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Abstract.

In this work, we modify the standard flux tube simulation domain to include
arbitrary ion gyroradius-scale variation in the radial profile of the safety factor. To
determine how to appropriately include such a modification, we add a strong ion
gyroradius-scale source (inspired by electron cyclotron current drive) to the Fokker-
Planck equation, then perform a multi-scale analysis that distinguishes the fast
electrons driven by the source from the slow bulk thermal electrons. This allows us to
systematically derive the needed changes to the gyrokinetic model. We find new terms
that adjust the ion and electron parallel streaming to be along the modified field lines.
These terms have been successfully implemented in a gyrokinetic code (while retaining
the typical Fourier representation), which enables flux tube studies of non-monotonic
safety factor profiles and the associated profile shearing. As an illustrative example, we
investigate tokamaks with positive versus negative triangularity plasma shaping and
find that the importance of profile shearing is not significantly affected by the change
in shape.

1. Introduction

Gyrokinetic simulations are the highest-fidelity tool used to study turbulence in
magnetic fusion devices. While they typically require a supercomputer, nonlinear
gyrokinetic simulations can give quantitatively accurate predictions of energy transport
and many other statistical properties of turbulence [1, 2]. This capability is invaluable for
evaluating the performance of proposed designs, interpreting measurements on existing
experiments, and improving our understanding of the physics of plasmas.

The gyrokinetic model is a result of a formal asymptotic expansion of the Fokker-
Planck kinetic equation in p. = p;/a, the ratio of the ion gyroradius p; to the tokamak
minor radius a. All quantities are given a size with respect to p, and, by proceeding order
by order, the equations governing turbulence, neoclassical physics, MHD equilibrium,
and transport can be systematically derived [3]. This expansion explicitly separates the
time and space scales of the turbulence from those of the background plasma equilibrium
— the amplitude of turbulent fluctuations are assumed to be a factor of p, smaller than
the background equilibrium, while the timescale of the turbulence is a factor of p? faster
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than the equilibrium. Similarly, in the directions perpendicular to the magnetic field
the turbulent eddies have a spatial size comparable to p;, a factor of p, smaller than the
background quantities, which vary over the scale of a. On the other hand, parallel to
the magnetic field, the eddies are very extended and have a length comparable to a.

Because of the separation of scales at the heart of gyrokinetics and the anisotropy
of turbulence, it is natural to use a “flux tube” [4] — a simulation domain that is very
elongated along the magnetic field line and narrow in the perpendicular directions. The
perpendicular box widths are measured in p;, while the parallel length is measured in
number of poloidal turns around the tokamak cross-section. Thus, all the radial profiles
of equilibrium parameters (i.e. the density, flow, temperature, safety factor, and flux
surface shape) can be Taylor expanded to first order around the flux surface at the
center of the domain to reduce their variation to a simple linear dependence. For this
reason, simulations employing a flux tube are called “local.” Additional terms in the
Taylor expansion (e.g. the curvature of the profiles) are referred to as “profile shearing”
and are generally neglected in local gyrokinetics because they are small in p, < 1. This
means the safety factor (i.e. the number of toroidal turns a magnetic field line makes
per poloidal turn of the tokamak) profile is parameterized in local simulations by just
two scalar quantities: the value of the safety factor at the center of the domain ¢y and
the radial derivative of the safety factor § = (ry/qo)dq/dr. Specifically, it becomes

o) = o (1 Ty Ui ) | 1)

To

where r is a flux surface label and r is its value at the center of the domain. Recently
there have been several efforts to include profile shearing in temperature and density
5, 6, 7], flow [5, 8], flux surface shape [7], and the safety factor [7]. Importantly for this
work, the approach of [7] requires the safety factor profile to be monotonic and assumes
it varies over a much longer spatial scale than that of the turbulence. Additionally,
because flux tubes model an asymptotically narrow range of flux surfaces, it becomes
appropriate to apply periodic boundary conditions in the radial direction, in addition
to the binormal and parallel directions [4]. Thus, a Fourier representation is typically
employed in the directions perpendicular to the magnetic field line, which has several
advantages (e.g. the 3/2 rule can be employed to prevent aliasing issues [9, 10] and the
gyroaverage becomes a simple multiplication by a Bessel function [11]).

It is also common to perform gyrokinetic simulations using a “global” domain
[12, 13, 14, 15, 16], which spans a large fraction of the tokamak cross-section. While
global simulations generally still solve the same gyrokinetic model that results from the
asymptotic expansion in p, < 1, they retain the full radial profiles of the background
quantities. Thus, such simulations include profile shearing as well as other effects that
are formally small in p,. While global simulations cannot be claimed to be more accurate
as they don’t contain all terms that appear to next order in the p, expansion [17],
including some formally small terms can still be useful. For example, comparing global
and local simulations gives information about what numerical value of p, is needed for
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the asymptotic expansion to be valid [18].

Unfortunately, global simulations are substantially more computationally expensive
and less robust due to their greater complexity. They typically consider significantly
larger physical domains, which include a wider range of plasma conditions that must be
properly resolved. Additionally, because they include both turbulent and transport
timescales, they must include sources and sinks of particles and energy [12, 14] to
prevent turbulence from slowly flattening the driving gradients. Lastly, due to the
complexities of the plasma edge, the appropriate radial boundary conditions are unclear
[19]. Typically, Dirichlet boundary conditions are used together with buffer regions
[12, 14], but then the results must be tested to ensure that they are not contingent
on such an artificial boundary condition. The boundary conditions, together with the
explicit radial dependence of geometric coefficients in the equations, typically prevent
global simulations from employing a Fourier representation in the radial direction.

In this work, we will bridge the separation of scales in a novel way — we will
enable the flux tube simulation domain to model ion gyroradius-scale variation in the
radial profile of the magnetic shear. Specifically, we aim to model variation with a scale
that is tens to hundreds of gyroradii, yet still asymptotically smaller than the tokamak
minor radius. Importantly, this can be done in a computationally efficient manner, while
retaining the practical advantages of the flux tube. In particular, sources/sinks are not
required, periodic radial boundary conditions can be applied, and the perpendicular
spatial grid can still be discretized by a Fourier decomposition. This will enable reliable
local studies of profile shearing in the safety factor profile. Additionally, the model also
includes shearing in the steady-state profiles of temperature, density, and flow because
these will invariably adjust during the simulation to be consistent with the externally
imposed safety factor profile and the absence of sources/sinks. One interesting potential
application is reversed magnetic shear profiles, which have been found to enable internal
transport barrier formation [20, 21]. Such profiles include a point with § = 0, which
may make profile curvature particularly important. As discussed in the conclusions,
other potential applications include reducing the computation cost of simulating very
low but finite values of magnetic shear, investigating turbulent broadening of current
drive sources, and performing self-consistent studies of profile shearing in the density,
flow, and temperature profiles.

In section 2, we will explain how ion gyroradius-scale radial variation might arise
in experimental magnetic shear profiles and explain how it can fit into the standard
gyrokinetic asymptotic ordering. Then, in section 3 we will derive the equations for a
flux tube with non-uniform magnetic shear and implement them in the local gyrokinetic
code GENE [22]. In section 4, we will benchmark the code against linear analytic results
as well as conventional nonlinear flux tube simulations. Next, in section 5 we will present
an example application to illustrate its potential uses: comparing the importance of
profile shearing in positive and negative triangularity tokamaks. Finally, in section 6 we
will provide some concluding remarks.
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2. Physical origins and orderings

There are at least two mechanisms that could plausibly create ion gyroradius-scale
variation in the radial profile of the magnetic shear — Electron Cyclotron Current
Drive (ECCD) and the bootstrap current. ECCD is one of the primary steady-state
methods used to drive the toroidal plasma current [23] (which gives rise to the poloidal
magnetic field and thereby determines the safety factor and magnetic shear profiles). It
is one of only two non-inductive current drive systems planned for the initial operating
phase of ITER [24]. Its widespread use is largely due to its ability to provide highly
localized current drive, thereby enabling fine control over the safety factor profile [23].
In fact, the skin depth of radio-frequency waves around the electron cyclotron resonance
can be just ~ 10p; [23, 25, 26, 27|, similar to the typical size of turbulent eddies. Thus,
an ECCD system can be sufficiently localized to create a gyroradius-scale source of
toroidal current. Accordingly, there is evidence that ion gyroradius-scale structure can
be created experimentally (e.g. figure 15 of [28], figure 5.9 of [29]), although the magnetic
shear profile is difficult to measure directly. Alternatively, we note that the bootstrap
current arising from transport barriers can also have quite small-scale radial variation
(e.g. figure 5 of [30], figure 3.19 of [31], figure 1 of [32]). While we are not seeking to
rigorously model either of these sources of current drive, we will use the characteristics
of ECCD to motivate approximations to arrive at a plausible and internally consistent
simplified model that features non-uniform magnetic shear.

To show that a magnetic shear profile that varies across a flux tube and is fixed
in time can be made consistent with the gyrokinetic orderings, we will follow the
derivation in [3], but add a new source term S!?(r). Prior to the asymptotic expansion,
this source term would appear on the right side of the Fokker-Planck kinetic equation
(i.e. equation (1) of [3]). We will define this term to be a source of toroidal plasma
current [, that is carried by the electrons, varies radially on the ion gyroradius-scale (i.e.
dS!? /dr ~ S /p;), and averages to zero over the turbulent spatial scale in the radial
direction (i.e. (S!P(r))umn = 0). We want to choose the strength of SP(r) such that the
modulation it creates in the magnetic shear 5(r) competes against the standard magnetic
shear § of the background linear safety factor profile (i.e. §(r) ~ §). Regardless, because
of its small radial scale, this causes a negligible modification to the safety factor (i.e.
(qo/70) [ dr3(r) < qo). This is analogous to other background profiles, like temperature
or density, for which the turbulent fluctuations are strong enough to locally flatten the
background gradients, but not to modify the background value itself. To accomplish
this, we will order the strength of the source as Sé’p ~ pwFs, where F is the background
distribution function and w is the frequency of the turbulence.

Consequently, when performing the asymptotic expansion in p, < 1, the new
current drive source term will first appear at the order of neoclassical theory and
gyrokinetics (i.e. at O(p,wFy)). Since the source averages to zero over the turbulent
spatial scale, it does not appear in the neoclassical drift kinetic equation, the Grad-
Shafranov equation, nor the evolution equation for the mean magnetic field. In fact,
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the only place it appears is on the right side of the electron gyrokinetic equation.
To next order (i.e. at O(pwF,)), it appears in the transport equations. There its
gyroradius-scale contributions still average to zero, but it should be pointed out that
it could have an equilibrium-scale contribution. Specifically if the source depends on
the distribution function, an equilibrium-scale contribution could arise from a beating
between the spatial variation of the source and the spatial variation of the turbulent
portion of the distribution function. This would have to be included in the transport
modeling, but it is outside the scope of this work as we are exclusively concerned with
the gyrokinetic calculation.

3. Analytic gyrokinetic derivation

The starting point of our derivation is the real-space electromagnetic gyrokinetic model
[33] with the addition of the new source term S!P(r). The kinetic equation is given by

Ohs

. 5 Oh,
(0] + i) - ho + cquns 3 (O, 2)

L) - B ) (1)

where gslp is only non-zero for electrons. The unknowns are the non-adiabatic portion
hs = 6fs + (Zsep/Ts) Fars of the perturbed turbulent distribution function 0 fs and the
gyroaveraged fluctuating generalized potential (x), = (¢), — v)(4))p — ( AQW

comprising the electrostatic potential ¢ and the fluctuating magnetlc field 6B =V x A
(which is determined through the magnetic vector potentlal A) The distribution
function hy is a function of the guiding center position X parallel velocity vy, magnetlc
moment y = v? /(2B), and time ¢. The fields depend on the particle position ¥ = X+ Dss
but the gyroaverage (...), = (2m)~" 0 " | ¢dp(...) over the gyroangle ¢ is taken holding
the guiding center position constant. The subscripts || and L refer to the vector
components parallel and perpendicular to the direction of the background magnetic
field b = B /B respectively, where B is the background magnetic field and B is its
magnitude. The curvature drift cof = (Uﬁ/QS)B x (b - Vb) and the grad-B drift
cvpp = (u/ QS)IS x VB are written in a form to stress their velocity dependences, as
is the parallel acceleration c,u = —ul; . VB (i.e. the mirror term). Collisions are
included through the linearized collision operator C'Z, between species s and s'. The
particle charge number of species s is indicated by Z,, e is the elementary charge, Fy, is
the unshifted Maxwellian background distribution function with a temperature 7, and
number density ng, gs = bx 7, /€ is the gyroradius vector, ¢/, is the perpendicular
velocity, Qs = Zs,eB/my is the gyrofrequency, and my is the particle mass. Note that
we have ignored plasma rotation for simplicity. The model is closed through the field
equations of quasineutrality and the parallel and perpendicular components of Ampere’s
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law, given by
-1
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respectively, where o is the permeability of free space. Throughout this paper, for

ﬂdg& hs (f - ﬁs) (3)

dp by (7 — 1) (4)

de U1 hg (f - ﬁS) (5>

brevity, we will often omit some of the functional dependencies of quantities (e.g. the
velocity dependence of the distribution function or the poloidal dependence of the source
Selp) if they are not pertinent.

Rather than implementing a realistic current drive source in the gyrokinetic
equation [34], we will carry out a subsidiary asymptotic expansion inspired by properties
of ECCD. This will produce a reasonable and internally consistent simplified model that
features non-uniform magnetic shear. Specifically, we will perform multi-scale analysis
[35] to distinguish the standard electron thermal speed vy, from the characteristic speed
of the current drive source vy, which we will consider to be asymptotically fast. This
1s the central approzimation of the derivation and we believe it to be reasonable, given
that ECCD is thought to act on electrons with speeds several times larger than v, [23].
To execute the multi-scale analysis, we substitute v — v + vy and © — p + py for
electron dynamics. Here v); = ev)| and puy = eu are the new fast velocity coordinates
and € = vy, /vy < 1 is the small parameter of our subsidiary expansion (but € is still
taken as O(1) in the context of the primary p, < 1 expansion). The definitions of
v)y and py were chosen to be appropriate for parameterizing fast velocity scales, while
v| and g parameterize thermal velocity scales. Accordingly, we adopt the orderings
V|| ~ Vthe, V)jf ~ Vg, ft ~ Vi /B, and py ~ vgevy/B. Note, in particular, the ordering
of pg, which is suitable if the source 5’5{” injects a similar amount of momentum in
the parallel and perpendicular components of the electron velocity. Moreover, we will
see that such an ordering for uy is needed to allow the fast and thermal contributions
to compete in both components of Ampere’s law (i.e. equations (4) and (5)). While
we have taken vy, < vy, we still let vy < (m;/m.)vi;, so that the gyroradius of the
fast electrons remains much smaller than the thermal ion gyroradius. Next, we expand
hs = hso(vy, pt, 05, fg) + hsi(v)), g, vyf, ptg) + ... as well as the fields within y, where
the numerical subscript indicates the quantity’s relative size in € < 1. We carefully
choose our ordering in € for the current drive source Selp (v)1f, ptf) ~ €hevpe/a, which
will enable it to affect the turbulent dynamics, but not to dominate. Note that the
source is assumed to vary only on the fast velocity scale. Lastly, we will assume that
SEIP(UH 5 = 0,u5) = 0, which could perhaps be relaxed by changing the ordering of i,
but simplifies the calculation (as will be seen in Appendix A).

The derivation starts by considering the ion kinetic equation to show that the ion
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distribution function does not have a high velocity tail. Since the current drive source
does not explicitly appear, gelp can only affect ions indirectly through two quantities:
the electron distribution function or the electromagnetic fields. First, the electron
distribution function only appears in the ion kinetic equation through the collision
operator. Since the collisionality scales asymptotically as v=3, collisions that are ordered
to be O(1) in the thermal part of the distribution become much weaker (i.e. O(€*)) in the
high velocity tail. Moreover, we will find that the lowest order electron distribution has
no high velocity tail, making this effect even weaker. Therefore, collisions with electrons
drive a negligibly small high velocity ion tail. Second, though the electromagnetic fields
can be modified by a fast electron tail, they themselves are not functions of velocity, so
they do not drive instability at high velocities. Thus, while S'efp can affect ion behavior
at ion thermal speeds through the fields, it is unable to excite a high velocity tail in the
ion distribution function. Therefore, the ion distribution function only has activity at
thermal speeds, which is governed by the standard ion gyrokinetic equation

8hi0 A - 9 N = 8hz0 L
o +0)b - Vhio + (G0 + Evpp) - Vhio + cq) a0, = gs <Ciso><p (6)
55 (Fhao x Flxo)g) b= T 2002 4 2 (VP x Tl -

where (xo)y = (do)y — v (Ajo)y — (71 - ALo)-

Next we will consider the electron kinetic equation, which is considerably more
complicated to derive as it contains the current drive source on the right side. Thus, we
have relegated the details of the derivation to Appendix A and will only summarize
it here. We begin by taking the drift kinetic limit g, < o ~ X of the electron
gyrokinetic equation (even for the high velocity electron tail as we have assumed that
vy < (mi/me)vg;). We use drift kinetic electrons since it is a realistic assumption
that simplifies the calculation, and we are only seeking a reasonable and internally
consistent model for ion-scale turbulence. However, we believe it is possible to generalize
the calculation to gyrokinetic electrons by adjusting the orderings of vy, p1y, and S’elp
somewhat. Then we substitute v — v +wv)y and pp — p+py and perform the multi-scale
analysis by expanding order by order in € < 1. Due to the magnitude of the current
drive source S'elp(vn folbf) ~ €hevye/a, it does not appear until the third order of the
expansion, meaning that the zeroth, first, and second order distribution functions have
no high velocity tail. Thus, we find that the lowest order electron distribution function
only has a contribution at thermal velocity scales and is governed by equation (A.8),
which is identical in form to the standard drift kinetic equation. However, as with the
ion kinetic equation (i.e. equation (6)), this doesn’t imply that the current source has no
effect. Specifically, the electromagnetic fields can still be modified by the current source
through the field equations and affect the lowest order electron behavior at thermal
velocity scales. To see if this is the case, we must continue in our expansion in € to find
the lowest order effect of the source gelp . At third order, it appears and balances against
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the curvature drift to determine the lowest order fast electron distribution function

ahg?) — Sel(l])(UHf’ lu’f) (7)
or

2 2 7.
U} $Cr Vr

where the superscript f in h£3 is simply a reminder that it contains a contribution at
fast velocity scales. Here we've adopted the standard field-aligned coordinate system
(ar, 7, 0) typical of local gyrokinetic codes [4], where

O‘(Ta 67 C) = C - Q<T)6 (8)

is the binormal spatial coordinate, 6 is the straight-field line poloidal angle, and ( is the
toroidal angle.

To understand the impact of this fast electron tail, we must also consider the
electromagnetic fields, which are calculated through the quasineutrality equation and
Ampere’s law. We will give a summary of the derivation here, while the details can
be found in Appendix B. As done above, we start by taking the drift kinetic limit
for electrons, this time in equations (3) through (5). Then we expand to lowest order
in ¢ < 1, finding that the fast electron tail is one order too small to contribute to
the lowest order quasineutrality equation. This means that the charge density and,
hence, the electrostatic potential are determined solely by the distribution functions at
thermal velocity scales. However, in Ampere’s law the fast electron tail is one order
larger (because the electric current is proportional to velocity), so it is the same size as
the thermal contribution. Thus, the current source does affect the dynamics at thermal
velocity scales — it drives a high velocity tail in the electron distribution function (i.e.
equation (7)), which modifies the electric current in Ampere’s law and alters the lowest
order perturbed magnetic field through 6By and Ajy. Because Ampere’s law is linear
in both Aj and dB), we can choose to divide the perturbed magnetic field into the
portion arising from the thermal distribution and a new portion from the fast electron
tail according to Ajy = Af(é + Aﬁo and 0By = 5Bﬁ% + 5B‘J‘co. The thermal component of
these fields must satisfy the standard Ampere’s law already solved by gyrokinetic codes
(i.e. equations (B.7) and (B.8)), while the fast component of these fields must satisfy

—ViAl, = o <27rZeeB /_ ) dvy 5 /0 dpu s v,fhgjg) (9)
653{0 x b= g (—27TmeB /oo dvf/o dpey ,ufﬁhé X 5) : (10)

From equations (7), (9), and (10) we see that, since S/P is independent of ¢ and

«, SO are Aﬁo and (58";0. Thus, in the kinetic equations for electrons and ions, A\f\o

and 5B|’|t0 are eliminated by the time derivative and drop out of the turbulent drive

f
[10°

0B = 5Bﬁ’8—|—5BIJ‘CO, and the form of ¢y g into the standard electron drift kinetic equation

term too. They only survive through the nonlinear term. Substituting Ao = Aﬁ% +A
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(i.e. equation (A.8)), we see that the electron kinetic equation can be written as

hth L1040 o .
0 4y, <b+ — 0G5 b ) -V + Ga? - Vil g <b XV <B+5BHO>) T

ot B Or
+Ca||/L Z e ( hi}é X VX > b (11)

3 v 4

- ZeeFMe 3Xgh

1 /- S .
= (VFy x ¥ “’)-b,
T. ot B ( Me 2 VX0
where xi" = ¢ — vHAﬁ% + mep/(Ze€)o Bﬁ% This equation is identical to the standard
electron drift kinetic equation except for two terms: the one proportional to aAﬂO /Or and

the one proportional to 5BH0 These arise from the current drive source S*gp creating a
high velocity electron tail that modifies the magnetic field. The perpendicular magnetic
field modification A|f|0 alters the parallel streaming term as particles follow the modified
magnetic field lines, rather than the original background field. The modification to the
parallel component of the magnetic field 53‘{0 changes the local field strength, thereby
altering the grad-B drift. Similarly, we can separate the fast and thermal components
of the fields in equation (6) and write the ion kinetic equation as

f
i0 3 1 9(A \0></> A L o3
Moy S o G /. ot RVis Ohig _ L
+ QZ (b x V (B ,UB <UL AJ'0>4,0>> tho + Cal| aUH Zs:<czs>90
1 /o =) o ZieFwi9o)) 1 /s STVRUAT

where (xo) = (¢o)y — U||<Am)> — (@7, - A),,. Thus, we see that the ion gyrokinetic
equation has modifications analogous to the electron drift kinetic equation.

In the remainder of this paper, we will ignore the modification to the grad-B drift
from the current source (i.e. 5B|]‘co = Af = 0). It is an interesting physical effect
worth exploring and implementing in gyrokmetic codes, as we expect it to have just
as large of an impact as the modifications to the parallel streaming term. However,
it is outside the scope of the present paper. Instead we will focus on the new parallel
streaming term and show how it can represent a modification to the safety factor profile.
To demonstrate this, we will include an arbitrary safety factor modification ¢(r) in the

standard binormal coordinate « (defined by equation (8)) to produce

@ =¢—(q(r)+q(r)o (13)
=a—q(r)b. (14)

For simplicity we've chosen this form so that the modified field lines remain straight in
the (0,() plane. In the (&,r,6) coordinate system, the ion parallel streaming term in
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equation (12) becomes

or 00

oAl Yo . - oh;
+ ) (% ~b-Vo d(ﬂ) a—@o,

after ignoring several small terms in p, < 1. Note that we've replaced r in some places
with the poloidal magnetic flux i) because B = Va x V. Thus, we see that (&,r,0)
corresponds to an exactly field-aligned coordinate system if

.1 0A ..\ o .~ Ol
o <b+ EMW X b> g = vy b V6 20

1 8<Aﬁ0>w
b-vVo
Combining this result with equations (7) and (9), we find

9%q 2o Z.eB > > Sy (v,
_g = —— - /jO _ - / dUHf/ dﬂf < 0>‘P( [.f f) (17)
or (b-Vo)(Cs - V)|Vr]? J - 0 v\ f

q(r)

(16)

It is not necessarily possible to find a §(r) that satisfies this equation, except for
particular choices of S’EIS’ . This is because the left side of the equation depends only
on minor radius, while the right side can also depend on species and magnetic moment
(through the gyroaverage) and poloidal angle (through the geometric factors and 5'616’ ).
However, we remind the reader that the aim of this work is to model variation with a
scale that is tens to hundreds of ion gyroradii. Thus, if we choose Sjg to vary radially
over distances significantly longer than the ion gyroradius (i.e. aSig;’ Jor < 5615 /pi), then
the gyroaverage vanishes (i.e. (SF), = S'? as well as (Aﬁ0>¢, = Aﬁo) and the species
and magnetic moment dependences with it. Similarly, we are free to choose
sip  (0-VO)(E, - V)| Vr|?

Ip
1
Se(] X B ( 8)

so that the right side of equation (17) is independent of § (with the caveat that the

poloidal locations where ¢ - 61/1 = 0 must be treated properly as is done in Appendix

1

C). Thus, equation (17) shows that, by carefully choosing S &, we can create any radially-

€
periodic safety factor perturbation, so long as ¢(r) is long wavelength compared to the
ion gyroradius. Ultimately, this means we can specify G(r) as a free function instead of
having to specify SIE.

Note that if you wanted to study a shorter wavelength current modification, you

f
110

Additionally, we chose the form of equation (13) for simplicity, but other choices with

can by specifying A{ (r) instead of ¢(r) (while also retaining the ion gyroaverage).
a more complicated dependence on # are also possible. These would be represented by
a G(r,0) that depends on 6 and would correspond to different functional forms of S
through equation (17). Adding @ variation to ¢ would have the effect of altering the local
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magnetic shear, in addition to the global shear, which could be interesting to explore.
If you wanted to model a given ECCD source as faithfully as possible, you would just
specify Sjg directly and the modification to the safety factor would be an output of the
calculation.

To derive a form suitable for implementation in a gyrokinetic code, we will
substitute equation (16) into the parallel streaming term of the kinetic equations and
use the standard («,r,#) coordinate system to find

. 10Al L\ L .
o (b+ é OFr x b> - Vhe = vb- VO (ahso

~ ahsO
o o0 |, "1 ) - 19

«

We’ve chosen to use « instead of & because geometric coefficients that appear elsewhere
in the gyrokinetic equation (e.g. Vr - ﬁ&) would gain an explicit dependence on r from
the ion-scale variation of ¢(r), complicating the Fourier space treatment typically used.
Additionally, keeping the standard coordinates allows us to maintain all of the same flux
tube boundary conditions (including the twist-and-shift parallel condition [4]) without
needing any modifications. However, the downside of using « is that the coordinate
system is not exactly field-aligned when the modification to the magnetic geometry is
included. Specifically, increasing the amplitude of ¢(r) eventually requires proportionally
increasing the resolution in #. This is because, as q(r) is increased, turbulent eddies
(which stretch along modified magnetic field lines) begin to angle diagonally across the
(cr,0) grid. As a result, the spatial scale of the variation along the rows of 6 grid points
(at constant «) can become dominated by the perpendicular variation of the eddies.
To investigate this mathematically, we can imagine an idealized turbulent
perturbation written in the exactly field-aligned (&, r, 0) coordinate system as

o(a,r,0) = cos (Aa@) cos () , (20)

where \3 and )y are the wavelengths of the perturbations in the & and 6 directions
respectively. These wavelengths represent the typical scale of variation, so one would
need grid resolutions of Ad ~ A; and Af|; ~ Ay to properly resolve the perturbation.
Next, we can take equation (20), substitute equation (14), and use trigonometric
identities (i.e. the angle sum and product-to-sum relations) to write the perturbation
in the standard (a, 7, 6) coordinate system as

cos ((G(r)Aa + Ag) 0) + cos ((G(r)Aa — Ag) 6)
2
sin ((G(r)Aa + Ag) @) + sin ((¢(r)Aa — Xg) 0)

+ sin (A\z) 5 :

o(a,r,0) = cos (Nga)

(21)

Thus, we see that while the resolution in « can remain similar to the resolution in a,
the 6 resolution in the standard coordinate system Af|, must scale as

AG|, ~ q(r)Aa + Xo ~ G(r)Ada+ Af) . (22)
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For small ¢(r), the second term dominates and the required number of 6 grid points
remains unchanged between the two coordinate systems. However, as ¢(r) is increased,
the first term eventually dominates and the required parallel resolution A#|, ~ G(r)Ad
becomes proportional to ¢(r). Note that, because §(r) ~ p.qo the coordinate system
always remains field-aligned to lowest order in p,, so we never need parallel grid spacing
on the scale of p;. We just require progressively finer resolution on the equilibrium scale
a.

Because of our decision to use a, we can easily Fourier-analyze the parallel streaming
term on the right side of equation (19) (as well as the entire gyrokinetic model) to find

UHB . 69 <8h30

ka~=[/c .- o
0 +272{(qg+zq§)h (k —|—L n k:) (23)

kTkaé n=1

+ (CIS - Zq~§) hsO (kr - i_ﬂ-n’ ka):|) )

where L, is the radial width of the flux tube domain and k, and k, are the radial and
binormal Fourier wavenumbers respectively. For clarity we have explicitly written this

in terms of the sine and cosine coefficients of the Fourier-analyzed the safety factor
modification given by

i { cos <27m(r — ro)) + @ sin (22" (r — 7“0))] . (24)

n=1 r

Hereafter, for brevity we will use the coefficients of the exponential form of the Fourier
series, ¢F = (¢¥ —i¢>)/2 and ¢¥, = (G¢ +iG3)/2 (emphasizing that ¢¢ = ¢ = 0 for all
n < 0). Note that we have ignored g5 as it is an infinitesimal perturbation to qo. We
see from equation (23) that turbulence beats against the various radial wavenumbers
of the non-uniform safety factor profile to drive activity at other radial wavenumbers
through the three-wave coupling mechanism [36]. Note that this three-wave coupling
persists in linear as well as nonlinear calculations. Additionally, we see that one does
not need to specify the current drive source S” and add equations (A.15) and (9) to
the gyrokinetic model. Instead one can simply specify the Fourier coefficients of the
safety factor modification and solve the standard gyrokinetic system with the changes
to the parallel streaming term given by equation (23). Any long-wavelength choice for
G(r) corresponds to a physically possible current drive source through equation (17).

Importantly, equation (23) is straightforward to implement in a gyrokinetic code.
This has been done for the local gyrokinetic code GENE [22]. In practice, we chose
to specify the Fourier coefficients of the magnetic shear profile §(r) = (ro/qo)dq/dr,
59 = (ro/qo)(27n/L,)q> and 55 = —(rq/qo)(27n/L, )<, because the magnitude of these
coefficients can be directly compared against the background magnetic shear s value
(e.g. setting 5 = & and all other Fourier coefficients to zero will exactly cancel the
effective magnetic shear at r = ry regardless of the radial box size L,).
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4. Benchmarking

We will perform two benchmarks, one linear and one nonlinear, to verify our
computational implementation of non-uniform magnetic shear in GENE.

In the first benchmark, we will use the cold ion limit and an adiabatic treatment
of electrons to enable the analytic calculation of linear growth rates in the presence of
non-uniform magnetic shear. Though not the most realistic, these simplifications are
often used together to facilitate the study of plasma dynamics [37, 38, 39, 40, 41]. We
will start from the derivation in [42], which models Parallel Velocity Gradient (PVG)
turbulence in a slab geometry. By assuming the cold ion limit 7; < Z;T, and adiabatic
electrons, it rigorously derives two coupled fluid equations that exactly correspond to
the full electrostatic, collisionless gyrokinetic model. No fluid closure is required. We
will start from equations (16) and (17) in [42], but include the modifications to the
parallel streaming term arising from non-uniform magnetic shear (i.e. equation (23)).
The density evolution equation (after enforcing quasineutrality) is given by

o¢
ot

T. (06u; . ~=[.g 21 B 2m
+ - ( o> + Zk?y; |f1n6u|l (km + L_xn) + q, 5““ ky — L_xn =0

and the parallel velocity evolution equation is

Iw,  Zie [0 . =g 27 r 27 Ky
% o (azﬂky;{q_n(p kx+Lwn + ¢ kx—an =iy o,

(26)

(14 K208 + k2p%)

(25)

where pg = c¢g/Q; is the sound gyroradius, c¢g = /Z;T./m; is the sound speed,
wy|| = —du)/dx is the radial gradient of the background parallel flow velocity v,
ouy = (2xB/n;) [T dvy [57 dp vygi is a perturbed parallel flow velocity, g; = h; —
(ZieFumi/T;){($), is the so-called complementary distribution function evolved by GENE,
and we take the normalized coordinate system used by GENE where z is analogous
to r, y to a, and z to #. To produce these two equations, we have made several
choices to simplify the problem as much as possible, while still appropriately testing
the computational implementation of the non-uniform magnetic shear. Specifically, we
have assumed the most basic slab geometry in order to neglect the magnetic drifts and
simplify all geometric factors (war, = wary = OB/0z = 0 and |Vz| = [Vy| = |Vz| =
b-Vz=J=1in the terminology of [42]). We also chose to omit the density gradients,
temperature gradients, perpendicular velocity shear, and background global magnetic
shear (wy, = uy = § = 0 again in the terminology of [42]). Lastly, we have ignored
the nonlinear term as non-uniform magnetic shear already modifies the linear dynamics,
which are much less computationally expensive to calculate with GENE.

Combining the density and parallel velocity moments of equations (25) and (26),
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then Fourier-analyzing in 0/0t — iw and 0/0z — ik, gives
[( kxpS kypS) w? + kypsk.cswy — kgcﬂ o

[ 2 . 27
(o = 2hypstcs) 003 |0 (k4 20 ) 480 (k= o0 | 1)

n=1
27 L 21
— 12202 Z Z 25250 (ke T m)) 25,50 (ke t 0= m)

a0 (ko T nem) )+ 050 (ke Ten - m) )| <0

Note that, when the non-uniform shear and finite sound gyroradius effects are ignored,
this reduces to the typical PVG stability limit [37, 43]. For comparison against GENE,
we are interested in solving equation (27) for w, given a single k, mode and a finite grid

oL -
of k, modes. Thus, equation (27) can be cast as an eigenvalue problem A - ¢, = Ay
with eigenvalues of A = 0, where the elements of the vector ¢, are the amplitudes of ¢
for the different discrete k£, modes present in the simulation. The elements of the matrix

g
A are given by

Ay = [(1 + k2]ps + k:yps) (wL,/cs)? + kypsk.L.(wy)L./cs) — kﬁLz} dik

+ 2 [kyps(wvy L /es) = 2kypsk.Lz] 47 wpy (28)
Jmaz Jmaz+]
_k2 Z qj k+mq mp* + Z q] k— mqmp*
_jm'Ln _]mzn
jmam_j jmam
Y Gam @l Y Gkl

where 0, is the Kronecker delta, in the cold ion limit p, = pg/L., L, is the domain length
of the slab geometry, the radial modes present in the system are k, ; = k, 0+ 27j/L, for
J € [Jmins Jmaz), and the upper bounds of the summations are carefully chosen to prevent
modes from coupling to parallel velocity perturbations du that are off the numerical
grid. Since the right side of equation (27) is zero, we are seeking the values of w that
correspond to eigenvalues of A = 0. Thus, all the non-trivial solutions can be found by

simply requiring the determinant of Z to be equal to zero. This produces a polynomial
in w? with an order equal to the total number of radial modes in the grid. Thus, a closed
analytic solution exists for a grid with three radial modes (i.e. the general solution to
the cubic equation) and larger radial grids are straightforward to solve numerically.
Figure 1 shows a comparison between such a semi-analytic solution and GENE for
two cases, which both display excellent agreement. All simulations have T;/T, = 1074,
kyps = 0.3, L, = 20pg, and a radial grid with k,o = 0. All unspecified Fourier
coefficients, 57 and 3¢, are zero. Since GENE discretizes the z coordinate in real space,
one cannot cleanly select a particular value of k., to simulate. Thus, to ensure that
the simulation converges to the fastest-growing instability, it is important to initialize
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Figure 1. A linear PVG benchmark in a simple slab geometry for a range of different
5¢ values with either (a) jmin = —1, jmaz = 1, wy Lz/cs = 20/3, 57 = 0.8, 5§ =1,
55 = 1.2 or (b) jmin = —3, Jmaz = 3, wyLz/cs = 3, 57 = 05, 5§ = 0.5,
55 = 1.6. The fastest-growing instabilities calculated by GENE (black crosses) are
shown together with the semi-analytic result for kL. = 0 (green circles), kL. = 1
(blue triangles), kL. = —1 (red triangles), k)| L. = 2 (blue squares), kL. = —2 (red
squares), k| L. = 3 (blue pentagons), and kL. = —3 (red pentagons).

all k, modes using a perturbation with the fastest-growing value of k, (or test several
different simulations initialized with different k. perturbations). Otherwise unstable,
but sub-dominant k£, modes can temporarily prevail causing the initial value solver of
GENE to terminate prematurely and return a lower growth rate. Additionally, we note
that the presence of non-uniform magnetic shear can allow PVG modes with k£, = 0 to
be unstable. This initially appears surprising, given that the typical PVG instability
requires a finite parallel wavenumber & (i.e. a variation in duj along the field line)
(37, 42]. However, our result is not a numerical problem — it is a subtlety related to
the definition of k,. Since the coordinate system is no longer field-aligned due to non-
uniform magnetic shear, changing the z coordinate at constant x and y takes you across
field lines. Thus, k, is not actually the parallel wavenumber, so, even when k, = 0, the
parallel wavenumber £ can be finite and enable instability.

As a second benchmark, a nonlinear simulation was performed in tokamak geometry
using parameters inspired by the Cyclone Base Case (CBC) [44]. In it we employed
non-uniform magnetic shear to create the safety factor profile shown in figure 2. The
profile has two distinct regions within a single flux tube, both with a constant value
of magnetic shear. The left half has § = —0.4, while the right half has § = 0.6. This
creates significant differences in the transport properties of the two regions, which can be
compared with conventional simulations to verify our computational implementation.
This “two-region simulation” was electrostatic, used adiabatic electrons, and ignored
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Figure 2. (a) The desired total safety factor profile g(z) + ¢(x) (solid black),
its approximation using 16 Fourier terms (dotted red), and the unmodified safety
factor profile g(x) (dashed black). The solid black and dotted red profiles are nearly
indistinguishable. (b) The desired total magnetic shear profile § + 5(z) (solid black),
its approximation using 16 Fourier terms (dotted red), and the unmodified magnetic
shear profile § (dashed black), where z¢g = r9/Rp.

collisions in order to minimize computational cost. We used 16 Fourier terms in
equation (23) to approximate the desired §(x) profile. Adding additional terms did
not substantially change the results. The other simulation parameters and resolutions
are given in table 1. Note that the cold ion limit was not used and that a large value
of N, was chosen to ensure fully resolved turbulence despite the loss of an exactly field-
aligned grid (i.e. see discussion surrounding equation (22)). It is also important to
ensure that the simulation domain is sufficiently large in x so that the dynamics are
local and the middles of the two regions do not directly interact.

For the benchmark, we also ran two standard simulations to separately recreate each
half of the two-region case. Thus, one simulation had § = —0.4, the other had § = 0.6,
and neither included non-uniform magnetic shear. Both of these simulations had a radial
box size and radial resolution half as large as the two-region case and could employ a
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Parameter Value Parameter Value

Minor radius of flux tube, 79/ Ry 0.18 Ion-e¢” temperature ratio, T; /7, 1.0

Safety factor, qq 1.4 Magnetic shear, § 0.1

Temperature gradient, Ry/Lrs 9.0 Density gradient, Ry/L, 2.2

Ion-e” mass ratio, m;/m. 3672 Effective ion charge, Z.s¢ 1.0

4™ order x hyperdiffusion [45], €, 0.2 4™ order v hyperdiffusion [45], €, | 0.2

x/p; range, [0, L) [0,400) Number of z grid points, N, 512

y/p; range, [0, L,) 0,125) Number of y grid points, N, 64

z range [—7, ) Number of z points, N, 128

V)| /Vehs TADGE [—3, 3] Number of v}, grid points, Ny 32

1t/ (Ts/B,) range (0,3.43] Number of \/p grid points, N, 20

Table 1. The CBC parameters [44] (with a modified temperature gradient) and grid
resolutions used for the two-region simulation, where the geometry is specified using
the Miller model [46]. Note that all grids are equally spaced and Ry is the tokamak
major radius.

lower parallel resolution of just N, = 32. The crucial aspect of the benchmark concerns
the values to take for the background gradients in the two standard simulations. Since
the flux tube includes no sources of particles or energy, the quasi-steady state radial
fluxes are constrained to be constant across the minor radial extent of the domain. This
is true regardless of the presence of non-uniform magnetic shear. Because the local value
of the magnetic shear varies across the two-region domain, the flux-gradient relationship
is different at different radial locations. This means that turbulence must rearrange
energy, momentum, and particles within the flux tube to create the appropriate steady-
state zonal perturbations such that the fluxes are radially constant. In other words, the
turbulence modifies the background gradients to ensure uniform flux profiles. Therefore,
we computed the radial gradients of the time-averaged zonal temperature (07;), and
density (dn), perturbations in each half of the two region domain (see figure 3(a)).
Specifically, we averaged across z/L, € [1/8,3/8) and z/L, € [5/8,7/8) to omit the
transition zones between the two regions and over tuvy,; /Ry € [700, 1000] to ensure that
the zonal perturbations had time to fully form. We found the total ion temperature
gradient to be Ry/Lp; = 9.5 in the § = —0.4 region and Ry/Ly; = 8.3 in the § = 0.6
region. The direction of this result is intuitive as § < 0 is usually stabilizing compared
to 0 < § < 1 [47]. The density profile was not modified because the particle flux is
constrained to be zero when electrons are treated adiabatically.

Figure 3(b) shows the heat flux (normalized to the gyroBohm value @ ) from the
two-region simulation along with the standard simulations. We see from the dark red
and dark blue curves that, if the temperature gradient is not adjusted, the heat fluxes
disagree. However, if we use the local gradient values extracted from the respective
regions of the two-region simulation (the light red and blue curves), we get good
agreement. Thus, the flux-gradient relationship is the same in the standard and two-
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Figure 3. (a) The radial variation of the time-averaged, zonal turbulent temperature
perturbation at the outboard midplane with best-fit gradients for both regions, (b)
the ion heat flux time trace (thin) with its time average (thick), and (c¢) the two-point
parallel correlation function between the inboard and outboard midplanes with the
vertical grid lines indicating integer surfaces. Each plot shows the two-region, non-
uniform shear simulation with Ro/Ly; = 9 (black) as well as standard simulations
with § = 0.6 and Ro/Lp; = 8.3 (blue) as well as § = —0.4 and Ro/Ly; = 9.5 (red).
In addition, (b) shows standard simulations with § = 0.6 and Ry/Lz; = 9 (dark blue)
as well as § = —0.4 and Ry/Lp; = 9 (dark red). Note that the radial domain of the
standard simulations are half as wide and their correlation functions have been shifted
in x for ease of comparison.
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region simulations. This indicates that identical physical equilibria behave the same,
regardless of whether or not they were created with non-uniform magnetic shear. Lastly,
figure 3(c) shows the two-point parallel correlation between the inboard and outboard
midplanes [48]. Due to the parallel boundary condition [4], the flux tube topology
features several integer surfaces (i.e. flux surfaces with magnetic field lines that bite their
own tails after one poloidal turn) [48]. Importantly, these surfaces cause peaks in the
parallel correlation and their locations can be analytically calculated from the magnetic
equilibrium. In standard flux tube simulations with constant 3, the integer surfaces are
equally spaced, but this is no longer true in the presence of non-uniform shear. For
the two-region simulation, we see that the peaks occur at the calculated locations (i.e.
the vertical grid lines), indicating that the non-uniform shear modifies the magnetic
topology as expected. Furthermore, the widths and heights of the peaks in each half of
the radial domain agree nicely with those from the corresponding standard simulation.
Thus, the linear and nonlinear benchmarks give confidence that our implementation of
non-uniform magnetic shear in GENE is correct.

5. Illustrative example

To illustrate the possibilities that are enabled by non-uniform magnetic shear, we will
use our modifications to GENE to study the importance of profile shearing in tokamaks
with Positive Triangularity (PT) and Negative Triangularity (NT) plasma shaping.

Pioneered by JET and DIII-D [49] in the 1980s, the “D” shaped plasma cross-
section, termed positive triangularity, was found to significantly improve plasma
performance. However, recent experiments on TCV [50, 51, 52|, DIII-D [53], and
ASDEX Upgrade [54] have revealed that flipping the sign of triangularity to produce a
negative triangularity reversed-“D” cross-section also carries considerable advantages.
While there have been relatively few gyrokinetic studies of negative triangularity
[55, 56, 57|, there has been one study [58] specifically investigating global effects.
Comparing standard nonlinear local and global GENE [14] simulations of a PT and
a NT TCV [59] equilibrium, it found that global effects were more important for NT.
The two equilibria had similar safety factor profiles and total heating powers, but the
background temperature profiles were considerably different (due to the different heat
diffusivity in PT versus NT'). Both equilibria were found to be dominated by Trapped
Electron Mode (TEM) turbulence.

We will complement [58] by using flux tube simulations with non-uniform magnetic
shear to perform a second study of the impact of profile shearing in PT versus NT.
We will base the simulations on the standard CBC [44], which is dominated by Ion
Temperature Gradient (ITG) turbulence. We will include a full kinetic treatment of
electrons as it was found to be important to capture the differences in transport between
PT and NT. The parameters are identical to those of table 1 with a few exceptions: we
use the standard magnetic shear § = (.8, strong elongation x = 1.7, strong triangularity
0 = £0.5, and a modified domain discretization with L, = 125p;, N, = 128, N, = 32,
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Ny = 64, and N, = 10. The radial gradients of the shaping parameters were
omitted for simplicity (i.e. dk/dr = dj/dr = 0). The domain parameters are the
result of an extensive resolution study to adequately resolve the simulation at minimal
computational cost. In order to introduce profile shearing, we will add a single Fourier
harmonic with ¢ /p, = 35.8 (which corresponds to 3§ = 0.25 for L, = 125p; and n = 1)
to the safety factor profile specified according to equation (24). Then, we will scan its
wavelength A\ holding the amplitude of the safety factor modification G5 constant. In
practice A is changed using the Fourier mode number n appearing in equation (24) and
increasing the radial box width L, if needed. Note that none of the non-uniform shear
simulations required an increased parallel resolution N, because the first term on the
right side of equation (22) was always dominant.

Figure 4(a) shows the results of a linear scan. We see that at short wavelength
the growth rate is strongly reduced, while it converges to the uniform s result at long
wavelength. This makes sense. Since the amplitude of the radial variation in magnetic
shear is proportional to dg/dr ~ G5 /A, at short wavelength the variation in the magnetic
shear across the domain is very strong, while at sufficiently long wavelength the variation
in the shear becomes negligible. We also see that profile shearing is stabilizing, which
is consistent with past work using global simulations [18, 58, 60]. Figure 4(a) shows
data for PT and NT equilibria that have the same background gradients of density and
temperature. However, due to the stabilizing effect of its geometry, the linear growth rate
is much lower for NT. To control for the change in the linear drive, we ran two additional
cases in which we modified the strength of the background temperature gradients in
order to match the linear growth rates for PT and NT at large \. Surprisingly, we see
that the NT cases converge more quickly as A — oo, regardless of the strength of the
linear drive. This indicates that, in this linear study, global effects are less important
for negative triangularity, which is the opposite result of the nonlinear study in [58].
However, linear studies have important limitations. Individual linear results can be
idiosyncratic as the fastest-growing mode can be localized to particular radial regions.
Additionally, it does not include any of the physics of turbulent saturation, which can
be substantially different between PT and NT [61].

Thus, we performed an analogous nonlinear study, shown in figure 4(b). Because
the total heat fluxes in the standard PT and NT cases were fairly similar, we investigated
the impact of the drive by reducing the gradients in both cases, but such that their total
heat fluxes roughly matched one another’s. We see that all of the cases converge quite
similarly with A — neither the plasma shape, nor the strength of the drive appear to
significantly influence the impact of the profile shearing effect. To understand this,
we further analyzed the data by looking at the metric I, /A, where [, is a measure of
the radial size of the turbulent eddies and A is radial wavelength of the profile shearing.
One would expect the impact of profile shearing to decrease as I, /A gets smaller because
eddies can’t be stabilized by profile shearing if they aren’t large enough to perceive the
profile shearing. Figure 4(c) shows this metric computed for each simulation (taking
I, to be the e-folding eddy diameter of the radial two-point correlation function of the
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Figure 4. The (a) linear growth rate 7, (b) total nonlinear heat flux @, and (c) profile
shearing strength metric I, /A as a function of the wavelength X of a sinusoidal safety
factor modification for PT with Ry/L7s = 9 (solid dark blue, filled right-pointing
triangles), NT with Ry/Lrs = 9 (solid dark red, filled left-pointing triangles), PT
with Ro/Lrs = 6 (dashed light blue, empty right-pointing triangles), and NT with
Ro/Lrs = 12.9 in (a) or Ry/Lys = 7.2 in (b) (dashed light red, empty left-pointing
triangles). The horizontal grid lines in (a) and (b) indicate the result for uniform
magnetic shear.
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non-zonal ¢). We find that [,/ is relatively insensitive to the plasma shape and, more
surprisingly, to the drive as well. Since stronger turbulent drive causes higher heat
flux, we expected that this would have to result from larger eddies. However, while the
simulations with stronger drive did have larger heat flux, the average radial size of the
eddies remained approximately unchanged. In hindsight, this might still be consistent
with scaling arguments that predict [, ~ Ro/Lrs [62], since Ry/Lys is only varying by a
relatively small amount (i.e. 25% or 50%). Granted this surprise, however, the results
between figures 4(b) and (c) are consistent. The metric [,/ is relatively insensitive to
plasma shape and drive while varying much more substantially with A\, which is also
true of the total heat flux.

Nevertheless, it is important to note that the irrelevance of the plasma shape to
profile shearing differs from the global nonlinear results of [58]. The reasons behind this
are not obvious and a deeper understanding would require additional simulations of the
TCV equilibria (both global and local with non-uniform magnetic shear). This is outside
the scope of this work. Still, there are several differences between the studies that could
be important. First, this study holds the magnitude of the profile shearing constant,
while [58] uses measured TCV plasma profiles that are substantially different between
PT and NT. Perhaps the NT TCV profiles happen to have stronger profile shearing.
Additionally, this study and [58] use equilibria with different physical parameters and
hold different quantities constant in the PT-NT comparison. Perhaps in some regions
of parameter space switching from PT to NT changes the eddy size substantially,
while in others it doesn’t. Other more technical differences between the two studies
include the physical effects included in the simulation (e.g. [58] includes collisions,
impurities, and electromagnetic effects), the model used (non-uniform magnetic shear
versus global simulations), and the geometry specification (idealized analytic Miller
versus numerical TCV). Regardless of the reason, this study indicates that global effects
are not universally more important in tokamaks with N'T plasma shaping.

6. Conclusions

In this work, we have rigorously derived a reasonable and internally consistent
gyrokinetic model that includes ion gyroradius-scale variation in the magnetic shear
profile. This was done by adding an ECCD-inspired current drive source to the
Fokker-Planck equation, performing the standard gyrokinetic expansion, and making
a subsidiary asymptotic expansion to separate the velocity scale of the fast electrons
driven by ECCD from the typical thermal velocity of the electrons. Using this, we
modeled a current drive source that varies on a radial scale of tens to hundreds of
gyroradii, yet still asymptotically smaller than the tokamak minor radius. We found
that the effect of such a source can be made identical to locally modifying the radial
profile of the safety factor. The derivation produces a gyrokinetic model with new
terms that adjust the ion and electron parallel streaming to be along the modified field
lines. This functionality was implemented in the gyrokinetic code GENE (retaining the
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typical Fourier-space representation in the perpendicular spatial directions) and was
successfully benchmarked against analytic results as well as standard nonlinear flux tube
simulations. This functionality enables one to add arbitrary periodic radial variation to
the magnetic shear profile within the flux tube. However, it does cause the coordinate
system to depart from being exactly field-aligned. As a result, if the amplitude of the
variation becomes too large, properly resolving the turbulence requires one to increase
the parallel resolution proportionally.

As an additional benefit of the model, the non-uniform magnetic shear causes
the turbulent transport characteristics to vary within the domain. Thus, since there
are no sources of energy, particles, or momentum, the turbulence creates steady zonal
perturbations that adjust the corresponding background gradients such that all fluxes
are constant across the domain. This means that these simulations naturally include
the profile shearing in temperature, density, and flow that are self-consistent with the
imposed profile shearing in the safety factor. To illustrate possible applications, we
used the modified GENE code to study the importance of profile shearing in equilibria
with positive and negative triangularity. Using nonlinear simulations, we found little
difference between the two.

In the future, a flux tube with non-uniform magnetic shear, as developed in this
paper, could have a number of applications. First, it could enable efficient and reliable
simulations of reversed shear safety factor profiles, which is particularly relevant for
studying internal transport barriers. Second, non-uniform magnetic shear may reduce
the computational cost of simulating very low but finite values of magnetic shear. One
can create wide radial regions of very low shear within the flux tube, while still having
a moderate value of magnetic shear on average across the box. Thus, unlike standard
low shear simulations, the radial size of the flux tube will not be constrained to be very
large by the box discretization condition [4]. Third, using electromagnetic simulations,
one can study how the turbulence self-generates magnetic fields in reaction to the
externally imposed safety factor variation. In other words, at finite 3, to what degree
can the plasma cancel out the non-uniform safety factor profile? This may be useful
in understanding how, for example, turbulence broadens the current driven by ECCD.
One could create a safety factor profile with a single sharp spike and see how it is
broadened by the magnetic fields generated by the turbulence. Fourth, one could search
for non-uniform magnetic shear profiles that create large variation in the self-consistent
temperature and density profiles, and then use them to directly study the impact of
temperature and density profile shearing.
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Appendix A. Derivation of the modified electron kinetic equation

In this appendix we will rigorously derive the kinetic equation governing electron
dynamics in the presence of the ion gyroradius-scale current drive source, using the
multi-scale asymptotic analysis described in section 3. Since we plan to model ion
scale turbulence, we will start by taking the drift kinetic limit (i.e. p, < & ~ X ) for
simplicity. Even the high velocity electron tail can be treated as drift kinetic because

we have assumed that vy < (m;/me)vy,. In this limit, the electron kinetic equation is

Oh,
ot

- . Oh,
+ b Vhe + (Gof + Copp) + Vhe + cappi - ¢ (A1)

I s
1 /> - ~ ZeeFyeOx | 1 (= - S &l
= (Vhex Tx) b= S 5 (VP x V) - b 5

where the generalized potential has become (x), = x = ¢ — v|A}| + mep/(Z.e)d By for
electrons. Substituting v — v + vy and p — p+ py , then expanding to lowest order
in € < 1 gives the O(e 2hvie/a) equation

Gty - Vhey = 0. (A.2)

Note that no turbulent drive terms ever appear at the fast velocity scales because
the Maxwellian distribution function becomes exponentially small at high velocities.
Given that the perturbed distribution function has no spatially uniform contribution,
equation (A.2) implies that the electron distribution function can only be non-zero when
vy = 0 (except at poloidal locations where components of ¢, vanish, which are treated in

Appendix C). Since equation (A.2) gives no information about the distribution function
I

ej
J in the € < 1 expansion. This allows us to write

when vy = 0, we define h,; (v, i, p5) = hej(v), o1, v = 0, piy) for any asymptotic order

Bl V)|, My v =0
heO(UH,MUHf,/Jf) :{ OeO( I & ,Uf) e{\sfe . (A.S)
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Expanding to O(e 'h.vy/a) and employing equation (A.3) gives

q - B ; onl, 1 (= L mo .
C;«ﬂ)ﬁf . vhel + CvBHf - Vh!o -+ Cal|Lf 82}‘? — E (Vhe() %'V ( ZeeféBw)) -b=0.
(A4)

Evaluating this at vy = 0 and noting that there are no drive terms, we see that h!o =0
unless f1y = 0. Combining this result with equation (A.3) demonstrates that

R (v, 1) vyp = pyp =0
heO(UH?NaUHf?H’f) - { 0 0( I ) e{‘sfe / ) (A5)

where we define hi’;(vﬂ,u) = h!j(/UH,,U,ILLf = () at any asymptotic order j. Here hé’; is
the electron distribution function at thermal velocities, which is what standard kinetic
codes calculate. In other words, the lowest order electron distribution function has no
high velocity tail and can only have activity at thermal speeds. This is the same result
as we obtained earlier for the ion distribution function and is intuitive given that the
source SIP has yet to appear. Substituting equation (A.5) into equation (A.4) gives

Gty - Vher = 0. (A.6)
Therefore, as at lowest order we find
Bl (ot p1g) vy =0
he — el \Yll> o B f I1f . AT
ACTRVNT) { 0 olse (A7)

Going to O(hevipe/a) in our expansion of equation (A.1) and then evaluating the
result at v); = py = 0 gives

8hﬂé I \Tnth 2, = =1 th 8htl8 L
(9156 + b - Vhy + (C,J)H + Gopp) - VAL + cqpt 81}] — Z Clo (A.8)
1/ L\ 5 ZeeFuedxo 1 /e LN s
—E(thngx())w: 6TM§+E(VFM6><VXO>~Z),

where xo = ¢o — v Ajjo + mept/(Zee)6B)jo. This equation determines the lowest order
electron distribution function at thermal velocities ' and has an identical form to the
standard electron drift kinetic equation. Substituting equations (A.5), (A.7), and (A.8)
into the O(hevpe/a) equation at vy = 0 gives

. - 8h” 1 /> = [ M, -
CyBHf - Vh!1 + Ca||lf av]l B (Vhlell x V ( ZIL;f(SBHO)) -b=0. (Ag)

Thus, since there are still no drive terms, we see that hgl = 0 unless py = 0. Combining
this result with equation (A.7) demonstrates that

h‘fzh v, W V= U = 0
hex (v, 11,0115 1) :{ 0 {1 e{‘ge d : (A.10)
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Substituting equations (A.5), (A.8), and (A.10) into the O(hevine/a) equation gives

GKUﬁf ) ﬁhGQ = 07 (All)
so we know that
heo (v s p1g) - vy =0
h _ 2\l [ Hif) V|| f . A2
2(V)J; 145 V)£ 1) { 0 else 1)

Lastly, the O(ehevipe/a) electron drift kinetic equation is fairly lengthy, but finally
features the lowest order current drive source Selg . Evaluating this equation at vy =

py = 0 gives an equation that determines ht" but this quantity will not be needed.

el

Substituting this equation into the O(eh,vip./a) electron drift kinetic equation evaluated
at vy = 0 produces

- onl 1 (= S (mept -
Copiis - Vhly + ¢ 2 —(Vhl,x V([ —=LéByo ) ) -b=0. A13
Coniy - Vhey ety 5, - = g Ve Z.c O Bio (A.13)
Importantly, we used the assumption that gelp (v = 0,1u¢) = 0 to prevent the current
drive source from appearing on the right-hand side. Equation (A.13) demonstrates that

R (o, 1) vyp = pyp =0
hea (v, 11, V)1, fo5) :{ 0 201 Y (A.14)

has no high velocity electron tail. Finally, substituting this all into the O(ehevipe/a)
electron drift kinetic equation produces

c}vﬁf . 6}%3 = Se[é’(vnf, L), (A.15)

which governs the lowest order non-zero high velocity electron tail. We will label the
third-order distribution function h£3 = he3 with a superscript f as a reminder that
it contains activity at fast velocity scales. Given that we can assume that the source
doesn’t vary in the binormal direction within the flux tube and the parallel derivative is
small due to the anisotropy of the turbulence, we can finally calculate the fast electron
tail to be given by equation (7).

Appendix B. Derivation of the modified field equations

In this appendix we will rigorously carry out the multi-scale asymptotic expansion of
the quasineutrality equation and Ampere’s law, as described in section 3. Given that
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we have taken the drift kinetic limit for electrons, equations (3) through (5) become

-1
Z32€2Tls o) o0 2m
¢ = (Z - ) (ZZieB/ dv|/ duj{
s S i —00 0 0
+27TZe€B/ de/ du he>
—0o0 0
e’} 00 2
_ViAH = Uo <Z ZieB/ dUH/ d,u]{
i —0o0 0 0
+27TZG€B/ d’UH/ du ’U||h€)
—o0 0

e’} 00 2
VOB x b= <Z ZieB / duy / dp 7{
i —00 0 0

—27rmeB/ dv|/ dp u&he X 5) .
—00 0

Expanding each of these to lowest order in € < 1 and using equations (7), (A.5), (A.10),
and (A.14) gives

-1
Z2€2n5 00 00 2m
do = (Z T) (Z ZieB / du / dy ]{
s s i —0o0 0 0
+27Z.eB / dy| / dp hg’g)
—o0 0
e’} 00 2
_ViAHO = o <Z ZZ'BB/ dU”/ d,u?{
i —00 0 0

—|—27TZeeB/ dUH/ dpJUthé + QWZeeB/ d’U|f/ djiy U|fh£3)
—00 0 —00 0

00 00 2
ViB)jo X b= g <Z ZieB / duy / dp 7{
i —0o0 0 0

—27rmeB/ dv|/ d,uuﬁhig X 13—27TmeB/ dvf/ dps ,ufﬁhé; X B)
—0 0 —00 0

o hi (7~ ) (B)

_dp vyjhi (T = i) (B.2)

d ULhi (T — pi) (B.3)

dg hio (= pi) (B.4)

g vjho (7~ ) (B.5)

de TLhio (T — i) (B.6)

Here, in both the parallel and perpendicular components of Ampere’s law, we stress the
appearance of a new term arising from the fast electron tail created by the current drive
source. Even though the size of the fast electron distribution function is very small, its
high characteristic velocity causes it to carry electric current that competes with the
thermal contribution. Given that equations (B.5) and (B.6) are linear in Ay and 0Bj,
we can choose to divide the perturbed magnetic field into the portions arising from the
thermal distribution and from the fast electron tail according to Ay = Aﬂ% + Aﬁo and
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B0 = (5Bﬁ’5 + (5B|J‘CO. These fields are defined to satisfy

oo oo 27
_ViAﬂ% = Mo (Z ZieB/ d’UH / du % ng UHhiO (f— p_;) (B.?)
i —00 0 0 T
+27rZeeB/ dv)| /0 dp U”hi’é)
. . o0 oo 2T
V&Bﬁg X b= g (Z ZieB/ dv|/ du ]{ dp U1 hio (2 — p) (B.8)
i —00 0 0 Iz

—27TmeB/ dv|/ dp ,uﬁh’;% X 6)
—o0 0

as well as equations (9) and (10). The first two equations are the standard field equations
solved by gyrokinetic codes, while equations (9) and (10) are the new contributions to
the perturbed perpendicular and parallel magnetic field from the current drive source.
Analogously, we can write the generalized potential appearing in the electron drift kinetic
equation as

Xo = X5 + x4, (B.9)

where %' = ¢ — vHAﬁ’(‘) + meu/(Zee)éBf|’5 and \i = —U||Aﬁ0 + mepi/(Z.e)dB] and the

llo’
generalized potential appearing in the ion gyrokinetic equation as

(X0)e = (X0} + (x0)L, (B.10)

where <X0>foh = (o) — U|I<AT\}E)>¢ — (UL ATO%O and <X0>£ = _U||<Aﬁ0><p — (UL Af.g)so‘
From equations (7), (9), (10), and the form of y/ we see that, since S™ is

independent of ¢ and «, so is Aﬁo» 5B|]|CO,

ions and electrons (i.e. equations (6) and (A.8)), xJ only survives through the nonlinear

and \J. Thus, in the kinetic equations for

term and is eliminated by the time derivative and the turbulent drive term. Substituting
equation (B.9) and the forms of y{ and &z into equation (A.8), we see that the electron
dynamics are governed by equation (11). Similarly, by substituting equation (B.10) into
equation (6), we see that the ion dynamics follow equation (12).

Appendix C. Special case of vanishing magnetic drift components

Poloidal locations where components of the magnetic drifts vanish can create
singularities in the derivation presented in section 3 (e.g. equation (7) diverges where
g, -Vr = 0). The purpose of this appendix is to show that, even at these locations,
a current drive source S'CIP can always be found to create the pure form of the safety
factor modification assumed by equation (13) (i.e. a modification to the magnetic field
that preserves the straight-field line coordinate € and corresponds to arbitrary long-
wavelength radial variation of ¢(r)). Strictly-speaking, doing this is necessary to justify
specifying ¢(r) as an input to a gyrokinetic code, instead of having to use gelp .
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In practice, a vanishing binormal component does not cause any issues because the
current drive source S!? is uniform in this direction, as is the fast electron tail that it
drives. However, poloidal locations where ¢, - Vr =0 clearly require special treatment.
This occurs only where 0B/06 = 0 (typically the inboard and outboard midplanes),
which also implies that cyp - Vr = Ca| = 0.

When the radial magnetic drifts vanish, the dominant term balancing the current
drive source becomes parallel streaming, which is one order weaker in ¢ < 1 than the
curvature drift term. Thus, we will order S elp ~ S'ejf ~ €2h Ve /a to be one order smaller
at these locations, which we will see results in the size of the high velocity electron tail
remaining the same. Where ¢, - Vr =cop-Vr = Cq/ = 0, the O(e 2hevye/a) electron
drift kinetic equation (i.e. equation (A.2)) becomes

- 9 —, a heO
C¥jjg - Va% =0, (C.1)

showing that h.y must be constant in a when vy # 0. Using this result in the
O(e ' hevine/a) equation gives

A~ — = 8h6 N = ahe
v)fb - Vheo + Eﬁvﬁf . Vaa—al + cyppy - Va Gao (C.2)
maheg 8AH0 - = o Melly (= - o
W o e (vr X va) b A (Vheo x v5BH0) b=0.

e

Evaluating this at v); = 0 and noting the lack of drive terms, we see that h, = 0
when py # 0. Substituting this result into equation (C.2), averaging over o with
(1/L,) OLy da(...), and using the binormal periodicity of the flux tube, we find that

0 heO
00

UHf[; . 69 =0. (C3)
We can then enforce continuity in 6, using the solution of equation (A.5) at high
velocities, to demonstrate that h.o = 0 even at locations where ¢ - Vr =0. Substituting
this result into equation (C.2) shows that h.; must be constant in «, analogously to
equation (C.1). This process can be repeated order by order, noting that the equations
at thermal velocity scales (e.g. equation (A.8) and higher order versions) are valid at all
poloidal locations and can be employed to remove the thermal terms from an equation.
Using this method, one can show that he; = hep = 0 when vy # 0 or puy # 0, and hes
must be constant in o when vy # 0. At O(e*hevine/a), the current drive source finally
enters and we find
Ohly S (v, y)

= MINARAS A C.4
86. U||fb'V9 ( )

the analog to equation (7) at poloidal locations where ¢ - Vr = 0. Interestingly, this
is a constraint on the poloidal derivative of the distribution function, meaning that the
distribution function itself is determined by continuity with the solution at neighboring
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poloidal locations. Thus, we see that equation (7) still holds where ¢, - Vr = 0, where
we stress that equation (7) does not diverge because we have chosen that Se() x & - Vr
according to equation (18).

To show that a current drive source SP exists for every ¢(r) modification, we
combine equations (9) and (16) to find

%G 27%2 eB / / ahf
— = dps v C.h

We must show that §%¢/dr? is continuous with 6 and it is constant with 6 (i.e. its
poloidal derivative is zero) across locations with &, -Vr = 0. Given that we just enforced
continuity for h/, following equation (C.4), equation (C.5) itself is clearly continuous
with 6. To demonstrate that equation (C.5) is constant with 6, we will prove that its
poloidal derivative is zero everywhere. Since all other quantities are well-behaved with
0 and we already showed in section 3 that 9(823/9r2)/00 = 0 where &, - Vr # 0, we
only need to show that A(dhl,/01)/00 is continuous in § across the locations where
Cp * Vr=0.T hus, we can take the radial derivative of equation (C.4) and equate it to
the poloidal derivative of equation (7) to show that

05;% _b-v0 9 Sgg: (C6)
or V||f 00 E,{'VT ’

which again does not diverge as we have chosen that Slp Lo X Cp Vr. As long as the next

order contribution to the source is chosen according to this equation, the modifications to
the magnetic field created by the current drive source will correspond to the pure safety
factor modification assumed by the form of equation (13), even at poloidal locations
where &, - Vr = 0. Thus, we are free to specify the safety factor profile G(r) as an input
to gyrokinetic codes, rather than the current drive source gelp :
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