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Abstract—As known, nonlinear loads in power systems origi-
nate harmonic distortion and power quality issues. Converter-
interfaced loads exhibit a nonlinear behaviour as well and
may largely contribute to increase the harmonic pollution.
The nonlinearities introduced by the PLL-synchronization and
power control originate, indeed, a coupling mechanism between
fundamental and harmonic frequencies. These harmonic coupling
effects are not captured by traditional Norton/Thevenin equiva-
lent converter models, leading to inaccurate harmonic power flow
analyses. This paper proposes a Linear Time Periodic model of a
PLL-synchronized converter to be used in Harmonic Power Flow
analyses. A realistic 18-bus distribution grid hosting substantial
amount of power-electronic interfaced resources is used as a case
study. It is revealed that, in high grid loadability condition and
with distorted grid supply voltage, the harmonics are significantly
amplified by the converters and the fundamental components of
the buses voltages are reduced, representing a risk for the voltage
stability. This phenomenon is also influenced by the tuning of the
current control loop and the PLL. The accuracy of the presented
analyses is validated by comparing the harmonic power flow
results with time-domain simulations.

Index Terms—Harmonic Power Flow, Voltage Source Con-
verter, Phase-Locked Loop, Distribution Grid, Microgrid

NOMENCLATURE

Grid nomenclature
R The set of nodes with grid following converters and

loads, with cardinality |R|.
S The set of nodes with slack buses and grid forming

converters, with cardinality |S|.
h Harmonic order.
Hmax Maximum harmonic order considered in the analyses.
kl Grid loadability factor.
Modeling nomenclature
∆θ ∈ R Harmonic disturbance on the PLL tracked angle.
Âκ ∈ C[4(2Hmax+1)]×[4(2Hmax+1)] The system Toepliz matrix

for the control software.
B̂κ ∈ C[4(2Hmax+1)]×[4(2Hmax+1)] The input Toepliz matrix

for the control software.
Ĉκ ∈ C[2(2Hmax+1)]×[4(2Hmax+1)] The output Toepliz matrix

for the control software.
D̂κ ∈ C[2(2Hmax+1)]×[4(2Hmax+1)] The feedthrough Toepliz

matrix for the control software.
Êκ ∈ C[4(2Hmax+1)]×[2(2Hmax+1)] The disturbance input

Toepliz matrix for the control software.

F̂κ ∈ C[2(2Hmax+1)]×[2(2Hmax+1)] The disturbance
feedthrough Toepliz matrix for the control software.

ĤR×R ∈ C[3|R|(2Hmax+1)]×[3|R|(2Hmax+1)] The block of Ĥ
linking V̂γ,R and Îφ,R.

ĤR×S ∈ C[3|R|(2Hmax+1)]×[3|S|(2Hmax+1)] The block of Ĥ
linking Îφ,R and Îφ,S .

ĤS×R ∈ C[3|S|(2Hmax+1)]×[3|R|(2Hmax+1)] The block of Ĥ
linking V̂γ,S and V̂γ,R.

ĤS×S ∈ C[3|S|(2Hmax+1)]×[3|S|(2Hmax+1)] The block of Ĥ
linking V̂γ,S and Îφ,S .

Ŷ ∈ C[3(2Hmax+1)]×[3(2Hmax+1)] Converter harmonic
frequency coupling matrix.

θ̃ ∈ R PLL tracked angle for the fundamental frequency.
Aκ(t) ∈ R4×4 The system matrix for the control software

LTP model.
Bκ(t) ∈ R4×4 The input matrix for the control software LTP

model.
Cκ(t) ∈ R2×4 The output matrix for the control software LTP

model.
Dκ(t) ∈ R2×4 The feedthrough matrix for the control soft-

ware LTP model.
Eκ(t) ∈ R4×2 The disturbance input matrix for the control

software LTP model.
Fκ(t) ∈ R2×2 The disturbance feedthrough matrix for the

control software LTP model.
iφ,κ ∈ R2 Converter output current expressed in dq frame
iφ,π ∈ R3 Converter output current expressed in abc frame
i∗φ ∈ R2 Current loop reference current expressed in dq frame
P ∗ ∈ R Active power reference from the system-level con-

troller.
Q∗ ∈ R Reactive power reference from the system-level con-

troller.
uκ ∈ R4 Input for the control software model.
vα,κ ∈ R2 Converter voltage reference expressed in dq frame
vα,π ∈ R3 Converter voltage reference expressed in abc frame
vγ,κ ∈ R2 Converter output voltage expressed in dq frame
vγ,π ∈ R3 Converter output voltage expressed in abc frame
w∗

κ ∈ R2 Reference for the converter from the system-level
controller.

yπ ∈ R6 Output for the power hardware model.
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I. INTRODUCTION

POWER electronics converters are becoming one of the
main assets in modern distribution networks. Indeed, they

operate as smart interfaces for renewable energy sources, DC
loads (e.g. electric vehicle charging stations) or battery energy
storage systems (BESS) [1], [2]. However, researches and field
experiences confirmed that the massive presence of power
converters can increase the harmonic pollution, especially in
power distribution grids [3], [4]. Several papers investigated
the mechanism of harmonic generation and amplification in
this context, nevertheless still many aspects of the phenomenon
remain not entirely understood [2], [3], [5].

As known, the converters nonlinearities play a fundamental
role in its harmonic response. While conventional nonlinear
loads generate harmonics due to nonlinear physical elements
(e.g. diodes, electronic ballast) [6], converter-interfaced loads
present nonlinearities in their low-level control [7]. Several
studies analyzed through linear models the influence of the
converter control system on the harmonic generation and
propagation into the grid, and investigated the possible pres-
ence and excitation of harmonic resonances emerging from
improper control tuning [2], [8]–[10]. Linear converter models,
e.g. impedance-based Norton/Thevenin models [11]–[13] or
Linear Time Invariant (LTI) state-space models [14], can iden-
tify the attenuation/amplification and phase shift introduced by
the converter at each harmonic frequency [2]. Nevertheless,
these models cannot capture the effect of the converter non-
linearities responsible of the cross-coupling among different
harmonic orders (frequency coupling terms), which can distort
the input waveform and even generate new harmonics, simi-
larly to other kinds of nonlinear loads [6], [8], [9]. Because
of the frequency coupling phenomena, the voltage/current
harmonics in the power system can affect also the fundamen-
tal voltages/currents and vice versa, modifying the electrical
power flow in the network with a possible impact on the
voltage stability [15]–[17]. Frequency coupling phenomena
in voltage source converters (VSCs) have been studied in
literature for the analysis of harmonics interactions [18]–[20],
small-signal stability [10], [21] and high-frequency resonances
in modular multilevel converters (MMC) [22], [23] among
them. Nevertheless, the impact of the frequency coupling terms
on Harmonic Power Flow (HPF) analyses of distribution grids
is nowadays still scarcely investigated in the literature.

The main VSC control nonlinearities, responsible of the
frequency coupling phenomena, are the power control and the
reference frame transformation, as shown in Fig. 1 [7], [24].
The power control, indicated as current reference calculation
ρ in Fig. 1, generates the current reference by dividing the
power set-points by the direct-axis grid voltage vγd

. The angle
θ̃ tracked by the PLL is used by the nonlinear reference
frame transformations, and is furthermore affected by the grid
harmonics [25]. Therefore, both the modeling of power control
and the synchronization are important for harmonic studies.

Linear Time Periodic (LTP) models are valuable tools for
the analysis of frequency coupling effects generated by non-
linearities [2], [10], [23], [26], [27]. Some researches proposed
LTP converter models and transformed them into an equivalent

Fundamental
frequency tracking

Harmonic
disturbance

Linear

Nonlinear

Fig. 1: The modeling of the converter control software with
consideration of the PLL synchronization.

LTI system according to Floquet theory, in order to perform
small-signal stability analyses under distorted grid conditions
[26], [28]. Another application of LTP systems is to model
the converters frequency coupling effects for static power
system analyses, i.e. Harmonic Power Flow. In this context,
a LTP-based modeling framework for converter-dominated
grids, and a relevant HPF formulation that can be solved
through Newton-Raphson algorithm, has been proposed and
validated in [8], [9].

The aforementioned modeling framework is adopted in this
paper to study the effect of the converter control nonlinearities
on the power system harmonic propagation, equilibrium point
and stability. A converter-dominated 18 bus Cigré benchmark
network is built within the HPF modeling framework by using
converters LTP models [29].

The main research objectives and main novelties of this
paper can be summarized as follows:

• The modeling and analysis of the frequency coupling
phenomena related to the converters PLL synchronization
by means of LTP modeling.

• The effects of the harmonic pollution on the fundamental
voltages at the grid buses, under different grid operating
conditions.

• The harmonics amplification effects in grid-connected
VSCs caused by the control system nonlinearities, de-
pending on the grid operating conditions.

• The effects of the VSCs control tuning (i.e. the current
controller and the PLL bandwidth) on the harmonic
propagation, with consideration of frequency coupling
phenomena.

The paper is structured as follows: section II explains the LTP
system theory, section III derives the converter model, section
IV presents the HPF results on a VSC-dominated distribution
grid and section V presents the conclusions.
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Fig. 2: The block diagram of the converter state-space model
used for the HPF framework.

II. THEORETICAL AND METHODOLOGICAL BACKGROUND

The proposed block scheme for the VSC modeling is
depicted in Fig. 2. The power hardware π is composed of a
three-phase PWM actuator α represented by a two-level VSC
and an L filter φ, modeled in the abc coordinate frame. The
dc-link voltage is assumed to be constant.

The converter control software κ is realized in the dq
coordinate frame and includes the inner current control (CC)
ξ, the PLL synchronization unit σ and the rotation matrices
T (∆θ), T−1(∆θ) (see section III). The abc/dq transforma-
tions, indicated with τπ|κ, τκ|π , are used to interface power
hardware and control software [8].

The current reference calculation block ρ generates the
current loop set-point i∗φ from the reference wκ coming from
the power system-level controller.

The power hardware π can be generically modeled as an
LTP system in the abc frame, as discussed in detail in [8]:

{
ẋπ(t) = Aπ(t)xπ(t) +Bπ(t)vα,π(t) + Eπ(t)vγ,π(t)

yπ(t) = Cπ(t)xπ(t) +Dπ(t)vα,π(t) + Fπ(t)vγ,π(t)
(1)

where yπ =
(
iφ,π vγ,π

)T
. With the assumption of two-level

topology for the actuator α operating in linear region, constant
dc voltage and neglecting the switching effects, the model (1)
becomes LTI (trivial case of LTP) [8], [23], [27].

The model of the control software block κ in Fig. 2 is
entirely defined in the dq reference frame. Under undistorted
and balanced grid conditions, being the control gains usually
constant over time, the control software κ can be considered

Nonlinear Time Invariant (NLTI), in the form:

{
ẋκ(t) = fκ(xκ(t), uκ(t), i

∗
φ(t))

vα,κ(t) = hκ(xκ(t), uκ(t), i
∗
φ(t))

(2)

where xκ =
(
xξ ∆θ Φγ

)T
, xξ ∈ R2 is the integral state

of the current controller and Φγ ∈ R is the integral state
of the PLL. The input of the control software is defined as
uκ =

(
iφ,κ vγ,κ

)T
. The nonlinearity of (2) is mainly due to

the rotation matrices T (∆θ), T−1(∆θ), and the investigation
of its effect on the harmonic propagation is a primary objective
in this paper and novelty with respect to [8], [9].

A. Control software model time-periodicity in harmonic dis-
torted conditions

In harmonic undistorted and balanced grid conditions, the
abc quantities iφ,π(t) and vγ,π(t) are purely sinusoidal in
steady-state. The sinusoidal abc quantities are transformed into
constant dq quantities iφ,κ(t) vγ,κ(t) by the reference frame
transformations. The linearization of the control software κ
model (2) will be thus realized around a constant equilibrium
point, denominated

(
x̄κ, ūκ, ī

∗
φ

)
, resulting in a LTI model [7],

[8].
In the case of harmonic distorted conditions, the abc

quantities iφ,π(t) and vγ,π(t) are not purely sinusoidal; their
transformation into the dq frame results in not constant, rather
time periodic signals

(
x̄κ(t), ūκ(t), ī

∗
φ(t)

)
.

The linearization of the model (2) is therefore realized in
this case around steady-state time periodic operating trajec-
tory:

(
x̄κ(t), ūκ(t), ī

∗
φ(t)

)
=
(
x̄κ(t+ T1), ūκ(t+ T1), ī

∗
φ(t+ T1)

)
(3)

assumed of period T1 = 1
f1

, with f1 being the fundamental
frequency of the system [7], [30].

The linearization, and in particular the evaluation of the
control software model (2) around the time-periodic trajectory(
x̄κ(t), ūκ(t), ī

∗
φ(t)

)
, makes it time periodic:

{
∆ẋκ(t) = Aκ(t)∆xκ(t) +B(t)∆uκ(t) + E(t)∆i∗φ(t)

∆vα,κ(t) = Cκ(t)∆xκ(t) +D(t)∆uκ(t) + F (t)∆i∗φ(t)

(4)

with 

∆xκ(t) = xκ(t)− x̄κ(t)

∆uκ(t) = uκ(t)− ūκ(t)

∆i∗φ(t) = i∗φ(t)− ī∗φ(t)

∆ẋκ(t) = xκ(t)− fκ
(
x̄κ(t), ūκ(t), ī

∗
φ(t)

)
∆vα,κ(t) = vα,κ(t)− hκ

(
x̄κ(t), ūκ(t), ī

∗
φ(t)

)
(5)
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and 

Aκ(t) =
∂f

∂xκ

∣∣∣∣
xκ=x̄κ(t),uκ=ūκ(t),i∗φ=ī∗φ(t)

Bκ(t) =
∂f

∂uκ

∣∣∣∣
xκ=x̄κ(t),uκ=ūκ(t),i∗φ=ī∗φ(t)

Cκ(t) =
∂h

∂xκ

∣∣∣∣
xκ=x̄κ(t),uκ=ūκ(t),i∗φ=ī∗φ(t)

Dκ(t) =
∂h

∂uκ

∣∣∣∣
xκ=x̄κ(t),uκ=ūκ(t),i∗φ=ī∗φ(t)

Eκ(t) =
∂f

∂i∗φ

∣∣∣∣
xκ=x̄κ(t),uκ=ūκ(t),i∗φ=ī∗φ(t)

Fκ(t) =
∂h

∂i∗φ

∣∣∣∣
xκ=x̄κ(t),uκ=ūκ(t),i∗φ=ī∗φ(t)

(6)

Regarding the Jacobian matrices in (6), Aκ contains the state
xκ(t) and the inputs uκ(t), i∗φ,κ(t), i.e. it is in the form
Aκ

(
xκ(t), uκ(t), i

∗
φ,κ(t)

)
and the same yields for Bκ, Cκ,

Dκ, Eκ, Fκ. The evaluation of the matrices in the form
Γ
(
xκ(t), uκ(t), i

∗
φ(t)

)
around

(
x̄κ(t), ūκ(t), ī

∗
φ(t)

)
according

to (6) generates a LTP system with matrices in the form Γ(t).
A challenge of using LTP models (as in (4)) for

HPF studies is that the steady-state operating trajectory(
x̄κ(t), ūκ(t), ī

∗
φ(t)

)
of each VSC depends on the whole grid

and is unknown a priori [7]. It becomes known only when the
HPF analysis of the considered grid converges to its solution
[8].

Therefore, the converters Jacobian matrices in (4) are re-
quired to have the form Γ

(
xκ(t), uκ(t), i

∗
φ(t)

)
in the HPF

formulation, and the evaluation process (6) has to be redone at
each Newton-Raphson iteration, updating

(
x̄κ(t), ūκ(t), ī

∗
φ(t)

)
at each step according to the HPF solution of the previous
iteration. This iterative evaluation of the LTP models allows
both to consider the constant power behaviour of the VSCs and
to correctly model the frequency coupling effects [7], [31].

Once the LTP model is obtained, the time-periodic vectors
(5) and matrices (6) of the model (4) can be expressed with
their Fourier series [8], with xκ(t) and Aκ(t) in the form:

xκ(t) =

Hmax∑
h=−Hmax

Xh exp(jh2πf1t)

Aκ(t) =

Hmax∑
h=−Hmax

Ah exp(jh2πf1t)

(7)

where Xh, Ah are respectively the complex Fourier coefficients
of the periodic vector xκ(t) and matrix Aκ(t). h and Hmax

are the generic and maximum harmonic order considered in
the analysis, respectively. As known, LTI systems can be
considered as particular cases of LTP systems where the
Fourier coefficients Xh, Ah are null for h ̸= 0.

From the model (4), the static relationship between the
Fourier coefficients of the states, inputs and outputs as in (7)
can be derived and expressed through the harmonic-domain
state-space model:{

jΩX̂κ = ÂκX̂κ + B̂κÛκ + ÊκÎ
∗
φ

V̂α,κ = ĈκX̂κ + D̂κÛκ + F̂κÎ
∗
φ

(8)

by substituting the time-domain derivative operator with the
frequency-domain operator jΩ, defined as:

jΩ = j2πf1diagh∈[−Hmax,...Hmax](h · I) (9)

and by using Toeplitz matrices constructed from the Fourier
coefficients of the form Xh, Ah as in (7), indicated with the hat
notation, e.g. X̂κ, Âκ [8], [9]. The same procedure is applied
to the power hardware model π in (1), obtaining a model in
the form:

{
jΩX̂π = ÂπX̂π + B̂πV̂α,π + ÊπV̂γ,π

Ŷπ = ĈπX̂κ + D̂πV̂α,π + F̂πV̂γ,π

(10)

B. Frequency coupling terms in PLL-synchronized VSCs

For the interconnection of the harmonic state-space models
of power hardware (10) and control software (8), the harmonic
model of the transformations τπ|κ and τκ|π in Fig. 2, denomi-
nated Tπ|κ and Tκ|π respectively, must be derived (see section
III).

After realizing the interconnections, a static frequency-
domain LTP model of the VSC internal response from the
VSC input voltage vγ,π (in harmonic domain V̂γ,π) to the grid
injected current iφ,π (in harmonic domain Îφ,π) is obtained:{

jΩX̂vsc = ÂvscX̂vsc + ÊvscV̂γ,π

Îφ,π = ĈvscX̂vsc + F̂vscV̂γ,π

(11)

The static transfer matrix Ŷ of the model (11) can be com-

puted as Ŷ = Ĉvsc

(
jΩI − Âvsc

)−1

Êvsc + F̂vsc and has

the dimension of an admittance matrix. Ŷ expresses the static
relationship between the Fourier coefficients of Îφ,π and V̂γ,π

and has a fundamental role in the modeling of the frequency
coupling effects due to the converter control nonlinearities.

By considering the harmonics until the 7th order (Hmax =
7), the block of Ŷ related to the positive Fourier images can
be written as:

Coupling terms between the harmonic voltages
and the fundamental current

Coupling terms between the fundamental voltage
and the harmonic currents

Linear Time Invariant part of the model

Fundamental Components

(12)

The terms on the diagonal of (12), highlighted in green,
describe the linear part of the VSC frequency response,
already captured by conventional LTI impedance-based or
state-space models [14], [32]. The off-diagonal terms represent
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the coupling between different harmonic orders due to the
system nonlinearity, not captured by LTI models. The study
of the coupling between the harmonics and the fundamental
frequencies is one of the primary goal of the paper. The
terms highlighted in yellow in (12) put in relation the bus
fundamental voltage and the current harmonics in the grid.
Conversely, the red terms in (12) relate the bus harmonic
voltage distortion and the converter fundamental current, i.e.
its operating point.

C. Harmonic Power Flow Framework

The considered HPF framework describes the power system
by two sets of nodal equations, formulated from the point of
view of the resources and the grid, respectively [8], [9]. All
the equation are expressed in the abc reference frame.

The grid nodes are divided into R nodes for grid following
converters (as in Fig. 2) and passive loads, and S nodes for
slack buses and grid forming converters. The equations from
the point of view of the resources can be written as:

Îφ,r = Ŷr

(
V̂γ,r, wk,r

)
for r ∈ R (13)

V̂γ,s = Ẑs

(
Îφ,s, V

∗
s , f

∗
s

)
for s ∈ S (14)

The linearization of (13) around the set-point defined by wk,r

contains the frequency coupling terms of the converter internal
response defined in (12). From the point of view of the grid,
the nodal equations are formulated by the hybrid parameters:

Îφ,R = ĤR×RV̂γ,R + ĤR×S Îφ,S (15)

V̂γ,S = ĤS×RV̂γ,R + ĤS×S Îφ,S (16)

where ĤR×R, ĤR×S , ĤS×R, ĤS×S are the blocks of the
hybrid transadmittance matrix associated with R and S.

The frequency dependency of the network cable parameters
in the nodal equations has been deeply discussed in [9], and it
has been found that its impact on the magnitude of the lines
admittance and on the results of the HPF analyses is negligible.
Therefore, this paper considers cable models with frequency
invariant parameters in (15)-(16).

At the equilibrium point, the mismatch between (13)-(14)
and (15)-(16) must be null, i.e.:{

∆V̂γ,S = 0

∆Îφ,R = 0
(17)

The mismatch equations (17) are solved by the HPF software
through Newton-Raphson algorithm [8], [9].

III. PLL-SYNCHRONIZED CONVERTER LINEAR TIME
PERIODIC MODELING

The modular modeling strategy used by the HPF framework
allows to derive the models of each of the blocks in Fig. 2
separately, and to obtain a VSC internal response model in
the form (11) by blocks interconnection. Each block can be
expressed through a differential algebraic model such as (2),
or through a simple algebraic input-output function (memory-
less system).

The modeling of the control software κ including the PLL
and the reference frame transformation matrices is the main
object of this section and one of the novelties of this paper
with respect to [8], [9].

For the current reference calculation block ρ, two different
strategies are considered. The first one is the constant power
control (PQ-control), where the converters receive the active
and reactive power set-points from the system-level controller
and compute the current reference from it.
PQ-controlled converters:

wκ =

(
P ∗(t)
Q∗(t)

)
(18)(

i∗φd
(t)

i∗φq
(t)

)
=

(
ṽγd

(t) ṽγq
(t)

ṽγq
(t) −ṽγd

(t)

)−1

wκ (19)

The second one is the constant current control, where the
VSCs receive a current set-point from the system-level con-
troller, thus their current reference calculation ρ block is a
unitary gain.
Current-controlled converters:

wκ =

(
i∗φd

(t)
i∗φq

(t)

)
(20)

In the case of PQ-controlled converters, equation (19) repre-
sents a nonlinearity and generates frequency coupling terms.
Since the modeling of this nonlinearity has been already
discussed in [9], it is beyond the scope of this paper.

A. Reference Frame Transformation model

The direct and inverse transformations between abc and dq
reference frames (represented in Fig. 1 by single blocks) are
treated in the proposed modeling strategy as two distinct cas-
caded blocks (as shown in a red frames in Fig. 2). The blocks
τπ|κ is aimed to synchronize the local dq reference frame with
the fundamental frequency f1 of the three-phase abc voltage
vγπ (t). The reference angle θ(t), used in τπ|κ(θ(t)), can be
therefore expressed as:

θ(t) = 2πf1t+ θ0 (21)

where θ0 is known constant offset. Under this assumption, the
reference frame transformation τπ|κ(θ) is:

τπ|κ(θ(t)) =

√
2

3

 cos(θ(t)) − sin(θ(t))
cos(θ(t)− 2π

3 ) − sin(θ(t)− 2π
3 )

cos(θ(t) + 2π
3 ) − sin(θ(t) + 2π

3 )


(22)

The block τκ|π(θ(t)) = τπ|κ(θ(t))
T realizes the inverse

transformation. The matrix (22) introduces frequency coupling
terms and its Fourier coefficients Tπ|κh

are computed as:
Tπ|κ1

=

√
2

3
exp (jθ0)


1
2 − 1

2j
1
2α

∗ − 1
2jα

∗

1
2α − 1

2jα


Tπ|κ(−1)

= T∗
π|κ1

0 for h ̸= 1 and h ̸= −1

(23)

where α = exp
(
j 2π

3

)
.
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The effect of the harmonics of the grid voltage vγ on the
synchronization angle θ is not considered in (21) [8], [9],
nevertheless its existence and relevance is well-documented
in the literature [25] and the modeling of its effect is one of
the main target of this paper.

A zero-average periodic signal ∆θ(t) is added to (21),
resulting in the new synchronization angle θ̃, which takes the
aforementioned effect into account:

θ̃(t) = 2πf1t+ θ0 +∆θ(t) = θ(t) + ∆θ(t) (24)

The variables expressed in the reference frame synchronized
with θ̃(t) are marked in this paper with □̃ (e.g. ṽγ), while
variables in the reference frame synchronized with θ(t) are
not marked (e.g. vγ), as clear from Fig. 2.

The addition of ∆θ(t) to θ(t) in (24) is modeled through
the dq rotation matrices T (∆θ(t)) and T−1(∆θ(t))

T (∆θ(t)) =

(
cos (∆θ(t)) sin (∆θ(t))
− sin (∆θ(t)) cos (∆θ(t))

)
(25)

cascaded with τκ|π(θ(t)) and τπ|κ(θ(t)), as in Fig. 2.
The frequency coupling terms introduced by the PLL syn-

chronization are due to T (∆θ(t)) and T−1(∆θ(t)). By apply-
ing the rotation matrix (25) to the grid voltage vγ , and consid-
ering the approximations cos (∆θ(t)) ≈ 1, sin (∆θ(t)) ≈ θ(t)
assuming ∆θ(t) small enough, the following expression is
obtained:(

ṽγd
(t)

ṽγq
(t)

)
=

(
1 ∆θ(t)

−∆θ(t) 1

)(
vγd

(t)
vγq

(t)

)
(26)

In (26), the nonlinearity given by the product of ∆θ(t) and
vγ(t) appears. According to section II, (26) can be linearized
around the time-periodic equilibrium trajectory of the variables
∆θ(t) and vγ(t), indicated with ∆Θ̄(t) and V̄γ(t) respectively.
By defining:

DΘ(t) =

(
1 ∆Θ̄(t)

−∆Θ̄(t) 1

)
(27)

the function (26) can be linearized as:
(
ṽγd

(t)
ṽγq (t)

)
= DΘ(t)

(
vγd

(t)
vγq (t)

)
+Ddirγ (t)∆θ(t)

Ddirγ (t) =

(
V̄γq (t)
−V̄γd

(t)

) (28)

An analogous expression can be written for the direct trans-
formation of the converter filter current iφ:

(
ĩφd

(t)

ĩφq (t)

)
= DΘ(t)

(
iφd

(t)
iφq

(t)

)
+Ddirφ(t)∆θ(t)

Ddirφ(t) =

(
Īφq

(t)
−Īφd

(t)

) (29)

The linearized inverse transformation of the actuator voltage
vα is obtained by the same mathemathical procedure, con-
sidering the inverse (transpose) T (∆θ(t))−1 matrix in (26),
obtaining:

(
vαd

(t)
vαq

(t)

)
= DT

Θ(t)

(
ṽαd

(t)
ṽαq

(t)

)
−Dinvα(t)∆θ(t)

Dinvα(t) =

(
V̄αq

(t)
−V̄αd

(t)

) (30)

The Fourier series expansion of the periodic matrices defined
in (27)-(30) can be computed as:

DΘ(t) =

N∑
h=−N

DΘ,h exp(jh2πf1t)

Ddirγ (t) =

N∑
h=−N

Ddirγ,h exp(jh2πf1t)

Ddirξ(t) =

N∑
h=−N

Ddirξ,h exp(jh2πf1t)

Dinvα(t) =

N∑
h=−N

Dinvα,h exp(jh2πf1t)

(31)

B. Modeling of synchronization σ and current control ξ

The synchronization block σ in Fig. 2 models the effect of
the input voltage vγ harmonics on the angle ∆θ. This paper
considers a traditional Synchronous Reference Frame PLL
(SRF-PLL), whose model is LTI and well-known in literature
[7], [32]:
(
∆̇θ

Φ̇γ

)
=

(
0 Ki,PLL

0 0

)(
∆θ

Φγ

)
+

(
0 Kp,PLL

0 1

)(
ṽγd(t)

ṽγq (t)

)

∆θ =
(
1 0

)(∆θ

Φγ

)
(32)

where Kp,PLL and Ki,PLL are the proportional and integral
gain of the PLL PI regulator. The model (32) is indicated in
this paper with the compact notation:{

ẋσ = Aσxσ +Bσ ṽγ,κ(t)

∆θ = Cσxσ

(33)

The model of the current controller ξ is also LTI and is also
well-known in literature [9]:{

ẋξ = Aξxξ +Bξ ĩφ(t) + Eξi
∗
φ(t)

ṽα = Cξxξ +Dξ ĩφ(t) + Fξi
∗
φ(t)

(34)

with{
Aξ = 02×2 Bξ = −I2×2 Eξ = I2×2

Cξ = KiI2×2 Dξ = −KpI2×2 Fξ = KpI2×2

(35)

where Kp and Ki are the proportional and integral gain of
the current PI regulator. The considered converter switching
frequency is 10 kHz, and the harmonics until the 7th order
are considered in the study, which justifies the assumption of
neglecting the switching effect, as in [8], [9], [33].

C. Full control software model by blocks interconnection

The state-space interconnected model of the whole control
software model κ highlighted in green in Fig. 2 can be
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obtained by interconnecting the different blocks. As discussed
in section II, its linearization results in a LTP system:

(
ẋξ(t)

ẋσ(t)

)
= Aκ(t)

(
xξ(t)

xσ(t)

)
+Bκ(t)

(
iφ,κ(t)

vγ,κ(t)

)
+ Eκ(t)i

∗
φ(t)

vα = Cκ(t)

(
xξ(t)

xσ(t)

)
+Dκ(t)

(
iφ,κ(t)

vγ,κ(t)

)
+ Fκ(t)i

∗
φ(t)

(36)

with

Aκ(t) =

(
Aξ BξDdirφ(t)Cσ

0 Aσ +BσDdirγ (t)Cσ

)

Bκ(t) =

(
Bξ(I +DΘ(t)) 0

0 Bσ(I +DΘ(t))

)
Cκ(t) =

(
Cξ DξDdirφ(t)Cσ +Dinvα(t)Cσ

)
Dκ(t) = Dξ(I +DΘ(t))

Eκ =

(
Eξ

0

)
Fκ = Fξ

(37)

The model time-periodicity is due to the periodic terms
Ddirγ (t), Ddirφ(t), Dinvα

(t) defined in (28)-(30) appearing
inside the linearized matrices Aκ(t), Bκ(t), Cκ(t) and Dκ(t)
in (37). The Fourier coefficients of the matrices (37) are:

For h = 0:

Aκ0 =

(
Aξ BξDdirφ,0Cσ

0 Aσ +BσDdirγ,0Cσ

)

Bκ0 =

(
BξDΘ,0 0

0 BσDΘ,0

)
Cκ0 =

(
Cξ DξDdirφ,0Cσ +Dinvα,0Cσ

)
Dκ0 = DξDΘ,0

Eκ0 =

(
Eξ

0

)
Fκ0 = Fξ

(38)

For h ̸= 0:

Aκh =

(
0 BξDdirφ,hCσ

0 BσDdirγ,hCσ

)

Bκh =

(
BξDΘ,h 0

0 BσDΘ,h

)
Cκh =

(
0 DξDdirφ,hCσ +Dinvα,hCσ

)
Dκh = DξDΘ,h

Eκh =

(
0

0

)
Fκh = 0

(39)

From the Fourier coefficients (38)-(39), the harmonic state-
space model in the form (8) can be built and embedded in the
HPF software [8], [9]. In order to get the equilibrium trajectory
of the state x̄κ(t) =

(
x̄ξ(t) x̄σ(t)

)T
, the derivative ẋκ(t) in

(36) has to be set to 0, and the resulting algebraic linear system
has to be solved in xκ [7].

It is important to observe that the frequency coupling terms
generated by the reference frame transformation depend on:
(i) the PLL tuning through the terms Bσ and (ii) the current
controller gains through the term Dξ in the Fourier coefficients
(39). The prominent cross-coupling between the current con-
troller and the PLL dynamics in the synchronization process
in weak grid has been highlighted in several recent studies
[32], [34], [35].

R01

R02 R03

R04

R06

R05 R07 R08

R09

R12

R13

R14

R15

R16

R10

R18

R17R11

Grid
Supply
Voltage

Fig. 3: The Cigré 18-bus benchmark distribution grid consid-
ered for the Harmonic Power Flow analysis [29], [36].

TABLE I: Line Configuration

Line name From To Cable type Length (m)
L-01 R01 R02 UG-01 105
L-02 R02 R03 UG-01 105
L-03 R03 R04 UG-01 105
L-04 R04 R05 UG-01 105
L-05 R05 R06 UG-01 105
L-06 R06 R07 UG-01 105
L-07 R07 R08 UG-01 105
L-08 R08 R09 UG-01 105
L-09 R09 R10 UG-01 105
L-10 R03 R11 UG-04 90
L-11 R04 R12 UG-02 105
L-12 R12 R13 UG-02 105
L-13 R13 R14 UG-02 105
L-14 R14 R15 UG-02 90
L-15 R06 R16 UG-06 90
L-16 R09 R17 UG-04 90
L-17 R10 R18 UG-05 90

IV. HARMONIC POWER FLOW ANALYSIS

The considered 18-bus distribution grid is depicted in Fig.
3. The grid topology and the cable types are adopted from
the Cigré benchmark grid in [29]; compared with the original
benchmark grid, the lengths of the cables are increased by
three times to obtain a weak grid (see Table I). The maximum
distance from the slack bus (from R01 to R18) is around 1
km, which is realistic for a low voltage network. The electrical
parameters of the different cable types are shown in Table II.
The lines R/X ratio is high, which is a typical characteristic
for low voltage distribution grids.

Different kinds of loads and generators are connected to the
grid buses, as reported in Table III (passive sign convention
has been adopted). The values are expressed in per unit with
respect to the base power Pb = 1 kW and base voltage
Vb = 325V. Two VSCs interfacing battery energy storage
systems (BESS) are connected to the buses R06 and R10,
operating with a power factor (PF) 0.8. A VSC-interfaced
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TABLE II: Cable Types

Cable type R′(Ω/km) X′(Ω/km) R′/X′ ratio
UG-01 0.163 0.136 1.199
UG-02 0.266 0.151 1.762
UG-04 1.541 0.206 7.481
UG-05 1.111 0.195 5.691
UG-06 0.569 0.174 3.270

TABLE III: Generation and load configuration for kl = 1 (per
phase, balanced)

Bus/Load ℜ(Yk) ℑ(Yk) |Ik| ∠Ik Pk Qk

R-06 - - - - -81.54 -61.15
R-10 - - 102.09 31.95 -81.54 -61.15
R-11 - - 50.96 36.87 86.63 54.02
R-15 - - - - -101.92 0
R-16 50.96 -50.96 - - 86.63 54.02
R-17 0 20.38 - - 86.63 54.02
R-18 - - - - 0 -31.60

Distributed Energy Resource (DER) operating at unity power
factor is connected at bus R15, while a Static synchronous
Compensator (STATCOM) is connected to bus R18 to support
the grid voltage. PQ-controlled converters interfacing DC
loads are connected to bus R11, R16 and R17, current-
controlled converters are connected to R10 and R11 and
passive loads are connected to the bus R16 and R17, according
to Table III. The distribution grid is connected to a main supply
grid at bus R1, assumed with a total harmonic distortion (THD)
of the voltage equal to 7.81%.

In order to analyze the grid under different operating
conditions, it is assumed that all the resources in Table III
(loads and generators) are multiplied by a scaling factor kl,
denominated grid loadability factor.

A. Proposed PLL-synchronized converter LTP model valida-
tion

Before realizing HPF analyses of the distribution grid in Fig.
3, the proposed converter LTP model has to be validated. The
validation is carried out by comparing the results obtained by
the HPF software with the steady-state harmonic spectra ob-
tained by a time-domain simulation (TDS) in Simulink®. The
harmonics until the 25th order are considered in the result. The
spectra of the TDS are computed through a Discrete Fourier
Transform (DFT) applied to a time-window of 5 periods of the
fundamental frequency. The results in the left side of Fig. 4
show a good accuracy of the HPF with respect to the TDS. To
better quantify the accuracy, two Key Performance Indicators
(KPIs) are defined as the errors between the harmonics phasors
obtained by the HPF and the TDS [9]:{

eabs(Iφ,h) = maxp∥|Iφ,h,p,HPF | − |Iφ,h,p,TDS |∥
earg(Iφ,h) = maxp∥∠Iφ,h,p,HPF − ∠Iφ,h,p,TDS∥

(40)

Thus, eabs and earg are the maximum absolute errors over all
the phases p ∈ P in magnitude and phase, respectively. The
graphs in the right side of Fig. 4 show the errors between the
HPF and the Simulink®model in terms of the KPIs defined
in (40). The maximum values of the KPIs are eabs(Iφ,17) =
1.21E-3 p.u. and earg(Iφ,13) = 0.32 deg, highlighted with red

accurate

accurate

Fig. 4: Validation of the proposed LTP converter model by
comparison with a time-domain simulation model.

inaccurate

inaccurate

Fig. 5: Inaccuracy of the conventional LTI converter model by
comparison with a time-domain simulation model.

lines in Fig. 4. These errors are below the accuracy of standard
measurement equipment and are therefore negligible.

The same tests have been carried out in Fig. 5 with a
conventional LTI model, built by linearizing the converter
state-space model around its nominal undistorted operating
point (Vγ = 1 p.u.) [11], [14]. The inaccuracy of LTI model
can be clearly seen in Fig. 5, both in the harmonics amplitudes
and phases. This result further motivates the importance of
LTP models for the realization of accurate HPF analyses. The
current waveform obtained from the time-domain simulation
in the tests of Figs. 4, 5 is shown in Fig. 6.

B. Effect of frequency coupling on the power system

The frequency coupling between fundamental and harmonic
quantities, explained in (12) at converter-level, has important
implications at power system-level. Stability issues such as
voltage instability, which are conventionally studied by only
considering the fundamental quantities (bus voltages, active
and reactive powers), are effectively dependent also on the
harmonics, because of their coupling with the fundamental.
In the following results, the harmonics until the 7th order are
considered in the grid supply voltage.
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Fig. 6: The waveform of the converter current in the time-
domain validation of the proposed converter LTP model.

(a)

(b)

Fig. 7: The frequency coupling effects on the fundamental
seen through HPF. (a) Bus fundamental voltages. (b) Bus
fundamental currents.

In Fig. 7, bus fundamental voltages and current injections
are shown for a medium loadability level kl = 0.3 and a
high loadability level kl = 0.58, comparing conventional LTI
models and proposed LTP models for power converters. The
maximum loadability limit of the considered 18-bus grid is
computed as kl = 0.62 by the HPF and validated through a
time-domain simulation model.

The fundamental voltage at the buses where loads are
connected tend to decrease in high loadability conditions [15],
[37]. In harmonic polluted scenarios, however, it is found that
the fundamental voltages of the buses are lower in the HPF
analyses using LTP models with respect to LTI models, as

(a)

(b)

Fig. 8: The frequency coupling effects on the harmonics seen
through HPF. (a) Bus voltages THD. (b) Bus currents THD.

shown in Fig. 7(a). The difference is much more prominent in
high loadability conditions (kl = 0.58). This is partly due to
the fact that the used LTI converter models do not consider the
nonlinear constant power behaviour of the VSCs, and partly
due to the coupling between harmonic frequencies, object of
this paper.

The frequency coupling terms highlighted in red in (12)
couple the fundamental current (related to the loadability) to
the voltage harmonics, resulting in higher voltage THD in high
loadability condition, confirmed by Fig. 8(a) with LTP models.
Higher harmonic voltages results in higher harmonic currents,
confirmed by Fig. 8(b). Higher harmonic currents flowing in
the network decrease the bus fundamental voltages because of
the coupling terms highlighted in yellow in (12), representing
therefore a burden for the system.

The reduction of the bus fundamental voltages due to har-
monics is further confirmed by the test in Fig. 9. A high load-
ability condition (kl = 0.58) is considered and the proposed
LTP converter models are used in the HPF framework. The bus
fundamental voltages and currents are compared in a scenario
without harmonics in the grid supply voltage (represented by
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Fig. 9: The reduction of the buses fundamental voltage due to
the frequency coupling terms in harmonic polluted networks.

accurate
accurate

accurateaccurate

Fig. 10: Validation of the HPF analysis in Figs. 7 and 8 by
comparison with the time-domain simulation of the benchmark
grid.

the blue bars) and a scenario with a THD = 7.81% (represented
by the orange bars). The buses voltage reduction in harmonic
polluted conditions can be clearly noticed in Fig. 9, and can
reach 0.02 p.u. in heavily loaded buses with already low
fundamental voltage. This phenomenon is relevant in voltage
stability studies, since it majorly affects the buses which have
already a high risk of voltage instability [15], [16].

As a matter of fact, the described frequency coupling phe-
nomena are not captured by conventional LTI models, yet they
create a ”vicious cycle” which can significantly deteriorate
the grid power quality and operation. These phenomena are
more prone to occur at high loadability conditions (kl = 0.58)
and with distorted grid voltage (THD = 7.81%). Under these
conditions, the power transmission is no longer predominantly
at the fundamental frequency f1, but it redistributes itself
on a wider harmonic frequency spectrum, as clear from the
increased current THD in Fig. 8(b).

Besides contributing to the bus voltage reduction, the power
converter nonlinearity acts as a harmonic amplifier analo-

Voltage and current waveforms at bus R11

(a)

(b)

Fig. 11: The frequency coupling effects seen through time-
domain simulation of the grid. (a) Bus R11 for kl = 0.3. (b)
Bus R11 for kl = 0.58.

gously to conventional nonlinear loads, as highlighted in Fig.
8(a), and can result in bus voltages THDs even higher than the
grid supply voltage THD. This prominent nonlinear harmonic
amplification is also not captured by conventional LTI models.

The HPF analyses carried out in Figs. 7 and 8 are further
validated by comparing the results with a time-domain simula-
tion of the considered distribution grid. The maximum absolute
errors of voltages and currents over all buses, quantified
through the KPI defined in (40), are depicted in Fig. 10. The
validation is done both in the case of medium loadability con-
dition (kl = 0.3) and high loadability conditions (kl = 0.58).

The results show that the maximum errors are eabs(Iφ,7) =
2.04E-3 p.u. for the magnitude at bus R17 and earg(Vγ,7) =
0.41 deg for the phase at bus R17, highlighted with red lines
in Fig. 4. The errors are generally higher in high loadability
condition (kl = 0.58), because when the grid approaches the
voltage stability limit the HPF problem becomes more and
more ill-conditioned [15], [16]. Nevertheless, even in high
loadability condition, the maximum errors shown in Fig. 4 are
below the accuracy of standard measurement equipment, and
the validity of the analyses in Figs. 7 and 8 is thus confirmed.

The voltage harmonic amplification phenomenon in Fig.
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(a)

accurate
accurate

accurate
accurate

(b)

Fig. 12: The comparison of the grid harmonic distortion with
a converted-interfaced load and a linear passive load. (a)
Harmonic Power Flow results. (b) Validation of the results
by comparison with time-domain simulation.

8(a) is further confirmed by the waveforms obtained from the
grid time-domain simulation. In Fig. 11 the voltage and current
waveforms at the bus R11 are shown both under medium
(kl = 0.3) and high (kl = 0.58) loadability condition. The
harmonic content is significantly higher in Fig. 11(b) with
respect to Fig. 11(a), which confirms that high loading levels
results in increased harmonic distortion in power electronics-
dominated grids connected to a distorted supply grid.

In Fig. 12(a), the effect on the harmonics of converter-
interfaced loads and linear passive loads are compared in
high loadability condition (kl = 0.58). The load configuration
in Table III is modified by substituting the PQ-controlled
converter-interfaced load in bus R17 with a passive RL load
absorbing an identical power. The new load configuration is
compared with the original one in Table III through a HPF
analysis, as shown in Fig. 12(a). It emerges that a converted-
interfaced load connected to the grid results in significantly
higher harmonic distortion than a passive load with the same
power. The effect is more prominent in the bus R17 at
which the load is connected, but it propagates also the in the

(a)

accurate
accurate

accurate accurate

(b)

Fig. 13: The influence of the current loop tuning on the bus
voltages and currents THD. (a) Harmonic Power Flow results.
(b) Validation of the results by comparison with time-domain
simulation.

rest of the grid. This results further highlights the harmonic
detrimental effect of grid-connected VSCs. The validation of
the result in Fig. 12(a) is presented in Fig. 12(b), which shows
absolute errors in magnitude and phase in the same extent of
Fig. 10, confirming the validity of the analysis.

C. Effect of the control tuning on the power system harmonics

The effect of the tuning of the current controller ξ and syn-
chronization σ on the power system harmonics is investigated
through HPF analysis in Figs. 13, 14 for a grid loadability
factor kl = 0.58. The current control proportional gain Kp and
the PLL gains Kp,PLL, Ki,PLL are contained in the matrices
Dξ, Bσ , Aσ in (35), (32), respectively. Thus, they are all
involved in the expression of the Fourier coefficients (39),
which are responsible of the frequency coupling mechanism.
The control parameters Kp, Kp,PLL, Ki,PLL are, however,
also involved on the small-signal stability of the grid, which
cannot be assessed through a static HPF model [7]. To ensure
the validity of the following HPF analyses, the grid stability
must be verified through a dynamic small-signal analysis or a
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Fig. 14: The influence of the PLL tuning on the bus voltages
and currents THD.

time-domain simulation, for all the considered control tunings
[7].

The tuning of the Kp is conventionally based on the desired
phase margin and the delay introduced by the Pulse Width
Modulation (PWM) and the digital computation [1]. However,
grid impedance variations have also an influence on the current
control dynamics, thus they need to be considered in the tuning
process [35]. In Fig. 13(a), the effect of a 20% increase of
the current loop proportional gain Kp of all the converters is
investigated. The variation of Kp has a small effect on the bus
voltage THD, but it has a relevant effect on the bus current
THD. Increasing the Kp brings a decreased current THD in
R06, R10, R15 and R18, and an increased current THD in
R01, R11 and R17. The behaviour of the bus current THD with
respect to the Kp depends on a number of factors, including
grid configuration, converter control strategy (PQ-controlled
or current-controlled converters), operating mode (generator
or load), and cable parameters among them.

The influence of the PLL tuning on the grid harmonics is
shown in Fig. 14. The PLL tuning is realized according to the
procedure in [1], which aims to obtain a desired settling time
TPLL with optimally damped dynamics. Different choices of
TPLL result in different Kp,PLL and Ki,PLL, which affect
the harmonic propagation in the grid, as shown in Fig. 14. By
decreasing TPLL (increasing Kp,PLL and Ki,PLL) both the
voltage and the current THD decrease in all the buses.

It is important to notice that, a 20% variation of the current
loop gain in Fig. 13(a) has an effect on the current THD
comparable to a 350% variation of the PLL settling time in
Fig. 14. The current THD is thus more sensible to the current
loop tuning than the PLL tuning. The validation of the result
in Fig. 13(a) is presented in Fig. 13(b), confirming also in this
case the validity of the analysis.

V. CONCLUSIONS

This paper proposes a Linear Time Periodic model of a
PLL-synchronized converter for Harmonic Power Flow stud-
ies. The proposed model captures the effects of the converter
nonlinearities due to the control system on the grid steady-

state operation. It is revealed that in high loadability con-
ditions and with distorted grid supply voltage, the converter
nonlinear response can have significant effects both on the
fundamental and the harmonic bus voltages and currents, not
captured by conventional LTI converters model. In particular,
the harmonic voltages and currents are significantly amplified
by the converter nonlinearities when the grid loadability factor
increases. Moreover, the bus fundamental voltages may expe-
rience decrease till 0.02 p.u. due to the harmonic pollution,
specially in heavily loaded buses, representing a risk for the
voltage stability. The converters current loop and PLL tuning
are also involved in the frequency coupling mechanism and
have an influence on the harmonic distortion in the grid. The
obtained results quantifies the importance of the frequency
coupling terms introduced by the converter nonlinearity and
the inaccuracy of conventional LTI converters models for
harmonic power flow analyses.
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