Robustness in deep learning: The good (width),
the bad (depth), and the ugly (initialization)

Zhenyu Zhu, Fanghui Liu, Grigorios G Chrysos, Volkan Cevher

EPFL, Switzerland
{[first name]. [surname] }@epfl.ch

Abstract

We study the average robustness notion in deep neural networks in (selected) wide
and narrow, deep and shallow, as well as lazy and non-lazy training settings. We
prove that in the under-parameterized setting, width has a negative effect while it
improves robustness in the over-parameterized setting. The effect of depth closely
depends on the initialization and the training mode. In particular, when initialized
with LeCun initialization, depth helps robustness with the lazy training regime. In
contrast, when initialized with Neural Tangent Kernel (NTK) and He-initialization,
depth hurts the robustness. Moreover, under the non-lazy training regime, we
demonstrate how the width of a two-layer ReL.U network benefits robustness. Our
theoretical developments improve the results by Huang et al.| [2021]], [Wu et al.
[2021] and are consistent with Bubeck and Sellke| [[2021]], Bubeck et al.|[2021]].

1 Introduction

It is now well-known that deep neural networks (DNNs) are susceptible to adversarially chosen, albeit
imperceptible, perturbations to their inputs [Goodfellow et al., 2015/ |Szegedy et al, [2014]. This
lack of robustness is worrying as DNNs are now deployed in many real-world applications [Eykholt;
et all |2018]]. As a result, new algorithms are more and more being developed to defend against
adversarial attacks to improve the DNN robustness. Among the current defense methods, the most
commonly used and arguably the most successful method is adversarial training based minimax
optimization [Athalye et al., 2018}, |Croce and Heinl 2020, Madry et al., | 2018]]. To study adversarial
attacks and defenses, we need to investigate the robustness of DNNSs at first.

A plethora of aspects on the robustness have been studied, ranging from algorithms to their initializa-
tion as well as from the width of neural networks to their depth (i.e., the architecture). On the practical
side, Madry et al.|[2018] advocate that adversarial training requires more parameters (e.g., width) for
better performance in minimax optimization, which would fall into the so-called over-parameterized
regimg'|[Zhang et al.,|2017]. On the theoretical side, recent works suggest that over-parameterization
may damage the adversarial robustness [Huang et al., 2021} [Wu et al., 2021} Zhou and Schoellig]
2019, [Hassani and Javanmard, 2022]. In stark contrast, Bubeck and Sellke| [2021]], Bubeck et al.
[2021]] argue that the robustness of DNNs needs enough parameters to be guaranteed. See a detailed

discussion in[Section 21

Our work aims to investigate this apparent contradiction in theory, and to close the gap as much as
possible. We begin with a definition of the perturbation stability of DNNs, which can be used to
describe the robustness, following the spirit of[Wu et al.|[2021]], Dohmatob and Bietti| [2022].

Definition 1 (perturbation stability). The perturbation stability of a neural network f(x; W) :
R? — R parameterized by the neural network parameter W under the data distribution Dx and a

!Over-parameterized regime requires the number of parameters in DNN to be (much) larger than the number
of training data.
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Figure 1: Schematic of our deep fully connected ReLU neural network.

Table 1: Comparison of the perturbation stability of a deep ReLU neural network (see under
three common Gaussian initializations with different variances. A formal definition of this neural

network refers to

Initialization name ‘ Initialization form

He et al |[2015] ‘51= 2. 8= ﬂL—\/EOéZI

/ L307nef'm/L3 41

Allen-Zhu et al. [2019] ‘ B=p1=1/2,8L= \@, a=1

perturbation radius € is defined as follows:

where & is uniformly sampled from an {5 norm ball of  with radius €, denoted as Unif(B(e, x)).

Vo ~Dx, &~ Unif(B(e,z)), (1)

Since our definition of the perturbation stability takes the expectation of the clean and the adversarial
data points, it is natural to describe the average robustness of a neural network. It can be noticed
that the larger value of the perturbation stability means worse robustness in average, i.e., average
robustness.

Based on the perturbation stability, we study the average robustness of neural networks under
different initializations in (selected) wide and narrow, deep and shallow, as well as lazy and non—lazyﬂ
training settings. Generally, non-lazy training makes the analysis of neural networks intractable as
DNN:ss in this regime cannot be simplified as a time-independent model [|Chizat and Bach|, [2018]], and
accordingly, the analysis in this regime is mainly restricted to the two-layer setting [Mei et al.| 2018
2019].

Overall, our results suggest that the width (good) helps average robustness in the over-parameterized
regime but the depth (bad) can help only under certain initializations (ugly). To be specific, we make
the following contributions and findings under the lazy/non-lazy training regimes, see Table[I]

In the lazy training regime, the derived upper-bounds for DNNs, suggest that

* along with the increase in width, the robustness firstly becomes worse in the under-
parameterized regime and then gets better, and finally tends to be a constant in highly
over-parameterized regimes, which implies the existence of a phase transition.

* the depth has more complex tendency on robustness, which largely depends on the initializa-
tion and the training mode. It can be grouped into two main classes (cf., Table[T): depth
helps robustness in an exponential order under the LeCun initialization [LeCun et al., 2012,
whereas it hurts robustness in a polynomial order under He-initialization [He et al.,|2015]]
and under Neural Tangent Kernel (NTK) initialization [[Allen-Zhu et al.l 2019]].

Surprisingly, standard tools on training dynamics of neural networks [Allen-Zhu et al., 2019, Du
et al.[ 2018 are sufficient to obtain our bounds, which explain the relationship between robustness

Here the lazy/non-lazy training regime indicates that neural network parameters change little/much during
training. These two phases are determined by different initializations [Woodworth et al.l 2020} [Luo et al.| 2021].



and the structural/architectural parameters of neural network. Our theoretical developments improve
the results by [Huang et al.[[2021]], [Wu et al.|[2021]], and are supported by empirical evidence.

In the non-lazy training regime, we derive upper-bounds for two-layer networks, suggesting that

* the width improves the robustness under different initializations.

* the convergence rates of the average robustness is affected by the initialization.

We also derive a sufficient condition to identify when DNNs enter in this regime, as an initial but
first attempt on understanding DNNSs in this regime. Our technical contribution lies in connecting
robustness to changes of neural network parameters during the early stages of training, which could
expand the application scope of deep learning theory beyond lazy training analysis [Jacot et al.,2018|
Allen-Zhu et al., 2019].

Notations: We use the shorthand [n] := {1,2,...,n} for a positive integer n. We denote by
a(n) < b(n): there exists a positive constant ¢ independent of n such that a(n) < ¢b(n). The
standard Gaussian distribution is A/ (0, 1) with the zero-mean and the identity variance. Uniform
distribution inside the sphere is Unif(B(e, x)) with the center « and radius e. We follow the standard
Bachmann-Landau notation in complexity theory e.g., O, o, €2, and © for order notation.

2 Related work

DNN s are demonstrated to be sensitive to adversarially chosen but undetectable noise both empirically
[Szegedy et al.,|2014] and theoretically [Huang et al.,[2021} Bubeck and Sellkel [2021]]. Adversarial
training [Athalye et al., [2018] |(Croce and Heinl [2020} [Zhang et al., 2020b] is a reliable way to
obtain adversarially robust neural network. Nevertheless, improving the overall robustness of
neural networks is still an unsolved problem in machine learning, especially when coupling with
initializations and parameters.

Over-parameterized neural networks under lazy/non-lazy training regimes: Modern DNNs in
practice [He et al.| |2016] work under the setting where the number of parameters is (much) larger
than the number of training data. Analysis of DNNs in terms of optimization [Safran et al.| 2021},
Zhou et al.,2021]] and generalization [Cao and Gul 2019] has received great attention in deep learning
theory [Zhang et al., 2017].

In deep learning theory, neural tangent kernel (NTK) [Jacot et al.,2018]] and mean field [Mei et al.|
2018]| analysis are two powerful tools for neural network analysis. To be specific, NTK builds an
equivalence between training dynamics by gradient-based algorithms of DNNs and kernel regression
under a specific initialization, and thus allows for deep networks analysis [[Allen-Zhu et al., 2019, [Du
et al,2019a |Chen et al., |2020]]. However, the NTK requires neural networks to belong in the lazy
training regime [Chizat et al.| 2019]], where neural networks are able to achieve zero training loss
but the parameters change little, or even remain unchanged during training. In contrast, mean-field
theory establishes global convergence by casting the network weights during training as an evolution
in the space of probability distributions under some certain initializations [Mei et al.||2018], |Chizat
and Bachl 2018]]. This strategy goes beyond lazy training regime, which allows for neural networks
parameters to change in a constant order after training.

If the neural networks parameters change a lot after training, or even tend to infinity, then neural
networks work in the non-lazy training regime. Analysis of DNNs under this setting appears
intractable and challenging, so the current work mainly focus as two-layer neural networks [Maennel
et al., 2018, [Luo et al.| 2021].

Robustness and over-parameterization Goodfellow et al. [2015] demonstrate that adversarial
learning helps robustness and reduces overfitting. Many works focus on influencing factors of
adversarial examples and robustness of the neural network [Schmidt et al., |2018, [Zhang et al.,
2020a} |Allen-Zhu and Lil 2022]]. The relation between model capacity and robustness is empirically
investigated by Madry et al.|[2018], i.e., neural network with insufficient capacity can seriously hurt
the robustness. [Bubeck et al.|[2021]] theoretically study the inherent trade-off between the size of
neural networks and their robustness, and they claim that over-parameterization is necessary for the
robustness of two-layer neural networks.

However, some recent works propose the opposite view. Under the lazy training regime, [Huang
et al.| [2021]] demonstrate that when over-parameterized neural networks get wider, the robustness



decrease in a polynomial order. Similarly, the depth hurts the robustness in an exponential order. |Wu
et al.[[2021]] affirm the view of [Huang et al.|[2021]] on the width. However for depth, they derive
a stronger bound that the robustness gets worse in a polynomial decay as the depth increases, as
suggested by |Hassani and Javanmard|[2022]: over-parameterization hurts robustness. In addition, Gao
et al.[[2019] also make a similar view: an increased model capacity (i.e., wider width and deeper
depth) deteriorates the robustness of neural networks. Nevertheless, we remark that, the results of
Hassani and Javanmard [2022] work in a slightly different setting than that of Bubeck et al.|[2021]] on
data interpolation, which requires a careful comparison. Accordingly, we adopt a complementary
view to the vast literature. We provide an in-depth theoretical analysis to investigate this apparent
contradiction in theory, and to close the gap as much as possible.

3 Problem setting

Let X C R?and Y C R° be compact metric spaces. We assume that the training set Dy, =
{(@;,y;)}_, is drawn from a unknown probability measure D on X x Y. Its marginal data
distribution is denoted by Dx. The goal of the classification task is to learn a neural network
f : X — Y such that f(x; W) parameterized by W is a good approximation of the label y €
Y corresponding to a new sample € X. In this paper, we use the empirical risk L(W) =

=S N f (s W) — s ||§ Then we make the following assumptions.

Assumption 1. We assume that the data satisfy ||x||2 = 1.

Remark: This assumption is standard in theory of over-parameterized neural networks and also
commonly used in practice [Du et al.,2019bjal |Allen-Zhu et al., 2019, |Oymak and Soltanolkotabi,
2020, Malach et al., 2020].

3.1 Network

We focus on the typical depth-L fully-connected ReLU neural networks admitting the width m; of
the [-th hidden layer, VI € [L] (cf., [Fig. I):

1 ;
hio==zi; hii=¢Wihi—1); flzsW)=fi= aWLhi,L—ﬁ Vie[L—-1],i€n],

2)
where z € R%, f(x) € R°, a is the scaling factor, and ¢ = max(0,z) is the ReLU activation
function. The neural network parameters formulate the tuple of weight matrices W := {W,}L_ | €
{Rmxd x (RmM>xm)L=2 » Roxm1 - According to the property ¢(z) = z¢’(z) of ReLU, we have
h;; = D; ;Wh;;_1, where D, ; is a diagonal matrix under the ReLU activation function defined as
below.

Definition 2 (Diagonal sign matrix). For eachi € [n], 1 € [L — 1] and k € [m], the diagonal sign
matrix D, ; is defined as: (D; 1)k = 1 {(Wih; —1)r > 0}.

In our setting, we consider the standard Gaussian initialization with different variances that includes
three typical initialization schemes in practice.

Initialization: Let mg = d, my, = oand mg = --- = my_1 = m, we make the standard
random initialization [W;]; ; ~ N(0, 8?) for every (i, j) € [my] x [m_1] and [ € [L]. Choosing
different variance, our work holds for three commonly used Gaussian initializations, i.e., LeCun
initialization [LeCun et al.l [2012], He-initialization [He et al.l 2015]] and Neural Tangent Kernel
(NTK) initialization [Allen-Zhu et al.l[2019], refer to the formal definition in details.

3.2 Discussion on various robustness metrics

In[Section 1] we have proposed our robustness metric: perturbation stability (cf., [Definition T). This

metric can be viewed as an expectation of the inner product of first-order approximation of adversarial
risk [Madry et al.,|2018]] and the perturbations with the uniform distribution, which measures the
average robustness of the neural network. As we mentioned before, under the same perturbation
radius ¢, a smaller value of P(f,¢) implies better perturbation stability, that is better average
robustness. Previous works [Hein and Andriushchenkol 2017, |Weng et al., 2018} 'Wu et al.| 2021},
Bubeck and Sellkel [2021]] use Lipschitzness to describe the robustness of the network, suggesting that
smaller Lipschitzness leads to robust models. However, Lipschitzness is only a worst-case measure,
and cannot reasonably describe the average changes of the entire dataset. Instead, we follow the



measure of Wu et al.[[2021]], Dohmatob and Bietti| [2022], that aims to comprehensively consider the
overall distribution of the data, not only the extreme case. Besides, the worst-case robustness can be
extended to a probabilistic robustness view [Robey et al., [2022]], which shares a similar spirit as our
average robustness concept. |Schmidt et al.|[2018]] present another definition of robustness, depending
on the misclassified error of an adversarial data point. Instead, our perturbation stability measures the
function value changes at the clean data point via Taylor expansion which can exclude the influence
of the learning capacity of the network.

4 Main results

In this section, we state the main theoretical results. Firstly, in we provide the upper
bound of the perturbation stability in lazy training regime for deep neural networks defined by [Eq. (2)]
The sufficient condition that the neural network (2)) is under non-lazy training regime is given

in Finally, in we provide the upper bound on the perturbation stability

during early training of two-layer network under the non-lazy training regime.

4.1 Upper bound of the perturbation stability of DNNs under the lazy training regime

We are now ready to state the main results under the lazy training regime. The following theorem
provides the upper bound of the perturbation stability and connects to the width, and the depth of
a deep fully-connected neural network under different standard Gaussian initialization. The proof

of Theorer Tjs defered to
Theorem 1. Given an L-layer neural network f defined by |Eq. (2)|trained by {(x;,y;)};_, satisfy-
ing [Assumption 1} for the convenience of analysis, we set « = T and 8 := o = --- = _1, define

a constant vy := 3/ % then under a small perturbation € , we have the following:

—‘@(f 9 < (x/L?’mzﬂ%ﬁ%e‘W/ P \/mOB%[f%)vL‘z. (3)

Remark: Our results cover the effect of the width and depth of neural network on robustness under
various common initializations depending on ~y % 1.

Comparison with three commonly used initializations: For the initializations used in practice,
our theoretical results can be mainly divided into two classes: 1) The depth helps robustness in

an exponential order under the LeCun initialization: [Theorem 1{implies that (1 / LSTme_m/ Ly

\/g) (@)L”. 2) The depth hurts the robustness in a polynomial order under He-initialization

\/@e*m/ Ly \/g) and under the NTK initialization \/@e*m/ L* 1 1) derived by|Theo]

When employing other initializations, the robustness could be hurted in a exponential order.
Below, we elaborate on these three initalizations:

1) LeCun initialization (y = ¥2): The order has three main parts: |/ £, ¢=m/L" and (¥2)E-2,

Regarding the width m, the first part L?’Tm is an increasing function of m and the second part

e~™/L" is a decreasing function of m. Accordingly, in the under-parameterized region (e.g., m

is small), LsTm plays a major role, so the stability will increase as m increases. After a critical

point, e~/ L’ plays a major role, so the stability will decrease as m increases. When m tends to

infinity, the first term of the bound tends to 0. Hence the perturbation stability tends to be a constant
and independent of the width m as the width m tends to infinity. It means that there exists a phase
transition phenomenon between the perturbation stability and over-parameterization in terms of the
width m.

Regarding the depth L, the constant v = g implies that the third part has a faster decrease speed
than the first and second parts and plays a major role in the tendency. The perturbation stability of
the neural network exponentially decreases with respect to the depth. That means, for the LeCun
initialization, the deeper the network, the better the robustness. Nevertheless, the energy of the



Table 2: Comparison of the orders of the proposed bound with other two recent works. Our results
are general to cover both under- and over-parameterized regimes, which expands the application
scope of previous results [Wu et al., [2021, Huang et al.| 2021]]. (The original result of [Wu et al.,

2021]] can be reduced to vVmL as the (log";n 3 > L'? condition is required).

Metrics | Our result \ 'Wu et al|[2021]] | [Huang et al.|[2021]]
P(f,e€)/e \/mee’m/Ls +1 ‘ L*m'3\/logm + v'mL ‘ 245 /m

LeCun initialization decreases as the network depth increases due to the variance 5 = 4/ % and the

activation function ReLU that loses half of the energy in every layer, which means that training deep
network with the LeCun initialization is very difficult. Hence we need a trade off between robustness
and training difficulty regarding the network depth in practice for the LeCun initialization.

2) He initialization and NTK initialization (v = 1): the bounds for these two initializations are
almost the same, and only differ in the feature dimension. We can see that phase transition phenomena
exist under these two initializations regarding the width m, similar to the LeCun initialization.
Regarding the depth, when L is large, the first part VI3 plays a major role in the perturbation
stability. So these two initializations hurt the robustness of the neural network at a polynomial order.

All of the three initializations admit v < 1. If some initialization schemes admit v > 1, then the
depth L will hurt the robustness of the neural network at an exponentially increasing rate.

Comparison with previous work: [Theorem I|provides a new relationship between the robustness
with width and depth of DNNs. We compare our result with [Wu et al.| 2021, [Huang et al.l 2021]]
using a basic NTK initialization [Allen-Zhu et al., 2019] (suppose that m > o and m > d). For
a better comparison, we derive their results under our robustness metric perturbation stability, as

reported by

Our results indicate a behavior transition on the width. For the over-parameterized regime, the
robustness of the neural network only depends on the perturbation energy, and it is almost independent
of the width m. The results on the width are significantly better than the previous results increasing
as the square root of m. For depth L, our results provide a tighter and more precise estimate as
compared to [Wu et al.,|2021] in a two-degree polynomial increasing order and [Huang et al., [2021]]
in an exponential increasing order.

Furthermore, compared with the results of Bubeck et al.|[2021]] showing that the robustness of the
two-layer neural network becomes better with the increase of the number of neurons (i.e., width), we
provide a more detailed and refined result on the robustness of DNNs under different initializations
and under-parameterized regimes.

4.2 Sufficient condition for neural network under non-lazy training regime

Beyond the lazy training regime, we turn our attention to the non-lazy training regime and provide
a sufficient condition for a (well-chosen) initialization of neural networks when entering into the
non-lazy training regime. This is a first attempt to understand the training dynamics of DNNSs in this
regime.

Our result requires a further assumption on the data and the empirical risk as follows.

Assumption 2. For a single-output network defined in Eq. @), we assume that maX;ep, ¥i = C1 >0
for some constant C'y. We also assume that the neural network can be well-trained such that the
empirical risk is O(L).

Remark: This is a common assumption in the field of optimization [[Song et al., 2021] in the under-
and over-parameterized regime, and we can even assume zero risk. Here we follow the specific
assumption of |Luo et al.[[2021]].

Now we are ready to present our result: a sufficient condition to identify when deep ReLU neural
networks fall into the non-lazy training regime, as a promising extension of [Luo et al.|[2021] on
two-layer neural networks. To avoid cluttering the analysis, we assume a single-output i.e., o = 1.

The proof of is deferred to [Appendix C



Theorem 2. Given an L-layer neural network f defined by with o = 1, trained by
{(zi,y:)}_,, under Assumptions and suppose that a > (m?3/? Zle Bi)Y and m > d
in then for sufficiently large m, with probability at least 1 — (L — 2) exp(—0(m?)) —
exp(—O(md)) — exp(—0O(m)) over the initialization, we have:

[Wi(t) — Wi(0)[|p
sup >1, Vviell].
t€[0,4-00) Wi (0)|g

Remark: The condition a > (m3/2 3% | ;)" implies that, a neural network falls in a non-lazy
training regime when the variance of the Gaussian initialization is very small. It can be achieved
by a typical case: taking m > L2, choosing o = 1 and VI € [L]; 3 = # Commonly used
initializations such as NTK initialization, LeCun initialization, He’s initialization lead to lazy training.

4.3 Upper bound of the perturbation stability for two-layer networks in non-lazy training

Unlike lazy training, weights of non-lazy training concentrate on few directions determined by the
input data in the early stages of training [Luo et al.| 2021]]. The following theorem describes the
neural network perturbation stability in the early training stage as a function of network width in the
non-lazy training regime. For ease of description, here we consider a special initialization scheme

under the non-lazy regime, the proof of is deferred to

Theorem 3. Given a two-layer neural network with single output f; defined by and trained

by {(zi,yi) iy satisfying using gradient descent under the squared loss, consider
7 Q) L

the following initialization in =2, a~1, 061 ~Py~pF~ # with ¢ > 1.5, m > n?
and training time less than a constant that only depends on n, m and )y , then for a small range of

perturbation e, with probability at least 1 —n exp(—7%) 3 over initialization, we have the following:

n

P(ft,€) vnlogm +n 1 1
<0 + .
€ me—1 m me—0.5
Remark: Under this setting of non-lazy training regime, the robustness and width of the neural
network are positively correlated in the early stages of training. That is, as the width m increases in

the over-parameterized regime, a Gaussian initialization with smaller variance leads to the robustness
increasing in a faster decay. Our result holds for other initialization schemes in the non-lazy training

regime, e.g., ¢ = 2 leads to &(fi,¢)/e < @<W>; and ¢ = 3 leads to Z(fi,€)/e <

@(\/%—&-n).

4)

5 Numerical evidence

We validate our theoretical results with a series of experiments. In[Section 5.2) we firstly verify that
our initialization settings belong in the lazy and the non-lazy training regimes. In we
explore the effect of varying widths from under-parameterized to over-parameterized regions on
the perturbation stability of neural networks. In[Section 5.4] we finally compare the effect of two
different initializations and the network depth on the perturbation stability. Additional experimental

results can be found in

5.1 Experimental settings

Here we present our experimental setting including models, hyper-parameters, the choice of width
and depth, and initialization schemes. We use the popular datasets of MNIST [Lecun et al., [199§|]
and CIFAR-10 [Krizhevsky et al.||2014] for experimental validation.

Models: We report results using the following models: fully connected ReLU neural network named
“FCN” in main paper and convolutional ReLU neural network named “CNN” in

Hyper-parameters: Unless mentioned otherwise, all models are trained for 50 epochs with a batch
size of 64. The initial value of the learning rate is 0.001. After the first 25 epochs, the learning rate is
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Figure 2: (a) Tendency with respect to time (training epochs) and (b) relationship between width and
lazy training ratio of neural networks. [Fig. 2(a)|shows that ratio x is small and almost unchanged,
recognized as lazy training. In[Fig. 2(b)| we can see that the x decreases with the increasing width.

multiplied by a factor of 0.1 every 10 epochs. The SGD is used to optimize all the models, while the
cross-entropy loss is used.

Width and depth: In order to verify our theoretical results, we conduct a series of experiments with
different depths and widths of the same type neural network. Specifically, our experiments include 11
different widths from 2* to 2'4, and four different choices of depths, i.e., 2,4,6, 8, 10.

Initialization: We report results using the following initializations: 1) He initialization where
Wi; ~ N(0, %), 2) LeCun initialization where W;; ~ N (0, ﬁ) and 3) An initialization allows
for non-lazy training regime on two-layer networks, i.e., 1 = 2 = 1/ m2and o = 1.

5.2 Validation for lazy and non-lazy training regimes

Before verifying our results, we need identify the lazy and non-lazy training regime under different
W@ -WiO)le

A ACIN
measure whether the neural network is under the lazy training regime. A smaller x implies that the
neural network is close to lazy training.

initializations. To this end, we define a measure lazy training ratio, i.e., k =

According to the theory, we employ the He initialization and the non lazy training initialization we
state in[Section 5.T]to conduct the experiment under two-layer neural networks to verify that their lazy
training ratio matches the theoretical results of lazy training and non-lazy training (i.e., the experiment
is under the correct regime). [Fig. 2(a) and [Fig. 2(b)] show the tendency of ratio with respect to time
(training epochs) and relationship between width and lazy training ratio of neural networks under
lazy training regime, respectively. We find that the ratio of lazy traing regime is almost a constant
that does not change with time, and this constant decreases with the width of network increases. This
is in line with what we know about lazy training [|Chizat et al., 2019]].

Likewise, [Fig. 3|shows the ratio tendency with time and width under non-lazy training regime. The
ratio increases almost linearly over time in In epoch 25 we decrease the learning rate,
which results in the increase rate of x changes. At the same time, shows a similar tendency
between the width and lazy training ratio as lazy training. However, the value of  is much higher
than that of lazy training regime. Combining the results about tendency with time, the ratio will be
expected to increase as time at a slow decay and tend to infinity under highly wide width setting.

5.3 Validation for width

We verify the relationship between the perturbation stability and the width of network as illustrated
by Eqgs. (@) and {@). We conduct a series of experiments on MNIST dataset using FCN with different
widths. shows the relationship between the perturbation stability and width of FCN with
different depths and training regimes. Here for lazy training and non-lazy training we use the same
initialization as

Fig. 4(a)|exhibits the relationship between the perturbation stability and the width for neural networks
with different depths of L = 2,4,6, 8, and 10. All of the five curves show the phase transition with
width, and the perturbation stability firstly increases and then decreases with width, which match our
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Figure 3: (a) Tendency with respect to time (training epochs) and relationship with width of non-lazy
training ratio of neural networks. shows that ratio x is changed a lot (increasing and then
remains unchanged), recognized as non-lazy training. The tendency of  for non-lazy training is
increasing with the width and then decreasing, i.e., a phase transition in[Fig. 3(b)}
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Figure 4: Influence of width of neural network on the perturbation stability. (a) phase transition of
the perturbation stability vs. width with five different depths under lazy training. (b) the difference
between lazy training and non-lazy training regimes for two layer neural networks.

theoretical results. shows the difference of the effect of width on the perturbation stability
of lazy and non-lazy training for two-layer neural networks. The perturbation stability of non-lazy
training is significantly smaller than that of lazy training, which means non-lazy training regime
is more robust. Besides, the perturbation stability of non-lazy training decrease with the width of
the neural network increases, which coincides with our theoretical result, i.e., no phase transition
phenomenon.

5.4 Validation for depth and initialization

Let us explore the effect of depth on the perturbation stability under lazy training regime with different
initializations in [Fig. 5(a)land|Fig. 5(b)} Our results show the tendency of the perturbation stability
for FCN with different widths and depths under the He initialization and the LeCun initialization,
respectively. We observe a similar phase transition phenomenon, and find that, the perturbation
stability under He initialization increases with depth, while the LeCun initialization shows the
opposite tendency, which verified our theory.

6 Conclusions

In this work, we explore the interplay of the width, the depth and the initialization of neural networks
on their average robustness with new theoretical bounds in an effort to address the apparent con-
tradiction in the literature. Our theoretical results hold in both the under- and over-parameterized
regimes. Intriguingly, we find a change of behavior in average robustness with respect to the depth,
initially exacerbating robustness and then alleviating it. We suspect that this could help explain the
contradictory messages in the literature. We also characterize the average robustness in the non-lazy
training regime for two layer neural networks and find that width always help, coinciding with the
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Figure 5: Relationship between the perturbation stability and depth of FCN under the He initialization
(a) and the LeCun initialization (b) different depths of L = 2,4,6, 8 and 10.

results [Bubeck and Sellkel 2021} Bubeck et al., [2021]. We also provide numerical evidence to
support the theoretical developments.
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Appendix introduction

The Appendix is organized as follows:

e In we state the symbols and notation used in this paper.

e In we provide the proofs and related lemmas of

* In we provide the proofs of

e In we provide the proofs and related lemmas of

* In we detail our experimental settings and exhibit additional experimental

results.

* In[Appendix F} we discuss several limitations of this work.
* Finally, in[Appendix G| we discuss the societal impact of this paper.

A Symbols and Notation

In the paper, vectors are indicated with bold small letters, matrices with bold capital letters. To
facilitate the understanding of our work, we include the some core symbols and notation in

Table 3: Core symbols and notations used in this project.

Symbol | Dimension(s) | Definition
N(p, o) - Gaussian distribution of mean p and variance o
Ber(m, p) - Bernoulli (Binomial) distribution with m trials and p success rate.
X2 (w) - Chi-square distribution of degree w.
lvlly - Euclidean norms of vectors v
| M|, - Spectral norms of matrices M
| M|z - Frobenius norms of matrices M
|M]|, - Nuclear norms of matrices M
A(M) - Eigenvalues of matrices M
MU - {-th row of matrices M
M, ; - (4, 7)-th element of matrices M
¢(z) = max(0, z) - ReLU activation function for scalar
o(v) = (d(v1), ..., P(vm)) - ReLU activation function for vectors
1{A} - Indicator function for event A
n - Size of the dataset
d - Input size of the network
o - Output size of the network
L - Depth of the network
m - Width of intermediate layer
B - Standard deviation of Gaussian initialization of [-th intermediate layer
«@ - Scale factor for the output layer
x; R The i-th data point
Yi R® The i-th target vector
Dx - Input data distribution
Dy - Target data distribution
W1 R™*d Weight matrix for the input layer
W, R™*™ Weight matrix for the [-th hidden layer
Wy, RO*™ Weight matrix for the output layer
hi,; R™ The [-th layer activation for input x;
fi R° Output of network for input x;
0,0,Qand © - Standard Bachmann-Landau order notation
P(A) - Probability of event A
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B Proof of upper bound of the Perturbation Stability in lazy training regime
for deep neural network

We present the details of our results from in this section. Firstly, we introduce some

lemmas in to facilitate the proof of theorems. Then, in we provide the
proof of (Theorem 1]

B.1 Relevant Lemmas

Lemma 1. Let w ~ N(0,0°1L,). Then, for two fixed non-zero vectors hy € R™ and hy € R", define
two random variables X = (w"hi1{w"hy > 0})? andY = s(w ' hy)?, where s ~ Ber(1,1/2)
follows a Bernoulli distribution with 1 trial and % success rate. Then X and Y have the same

C o d
distribution, denoted as X =Y.

Proof. Firstly, we derive the cumulative distribution function (CDF) of X. Obviously, X is non-
negative and w' hy ~ N(0, 2||hy||3L,), and then we have:

P(X =0)=P(w hy <0)+P(w hy >0,w h; =0),
which implies:
P(w hy < 0) <P(X =0) <P(w hy <0) +P(w'hy =0) =P(w"hy <0),
leading to P(X = 0) = P(w "hy < 0) = 1/2.
Accordingly, for z > 0, we have:
P(X <z)=P(w" hy <0)+Pw"hy >0,—vz <w' h <x)

1
=35+ P(w " hy >0, -z <w'hy < V)

1
=5+ Plw hy >0,—v/z <w'h; <0)+Plw hy >0,0<w h; <)

1
=5+ P(w hy <0,0<w hy <z)+P(w hy >0,0<w hy < Va)

=-+PO0<w'h <x)

Voo 2
+/ e 27idt,
0

\/ 27r0%

where we use the symmetry of the Gaussian random variable and o1 = ||h1||, 0.

N~ N

Then X admits the following cumulative distribution function:

ifr <0

F(X <z)= ifz=0 5)

= e O

Ve s
z 1 T 202 :
+ fo \/ﬁe idt ifx>0.

We then derive the CDF of Y. Obviously, Y is non-negative and P(Y = 0) = 1/2, which holds by
Y = 0iff s = 0. Accordingly, for x > 0, we have:

NG 1 _ 2
207 dt

Mysw=Pw=m+Pw=uwﬂﬁ3wﬁugwa:§+§/

e
7 \/270?
1 vz _ 42
:f—|—/ e 271dt.
0

2 \/ 2%0%

Then Y has the following cumulative distribution function:
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0 ifz <0
! ifz=0

F(Y <z)= B 6)
Ve T207 i
%-i—fo \/zlﬂiafe @idt ifx >0,
which implies X < Y by comparing [Eq. (5)|and [Eq. (6)} O

Lemma 2. Given two fixed non-zero vectors hy € RP and hy € RP, let W € R?*P be random
matrix with i.i.d. entries W ; ~ N (0,2/q) and a vector v = ¢/(Why)W h, € RY, then, we have

allvll3 2
2”,“”2% ~ x*(0), where p ~ Ber(q, 1/2).

Proof. According to the definition of v = ¢/(W hy)W h; € R?, we have:

q

Hv||§ = Z <Di7i <W[i],h1>>2 |

i=1

where D;; = 1 {{Wl, hy) > 0}, the W is defined in the second part of the Table 3

q >

recall s ~ Ber(1,1/2), we have:

qlvlly i ‘v

i=1

Let w; = (W, hi)/ ( 2"””3) then @; ~ N (0, 1) independently. Accordingly, by [Lemma 1

allvli3

2z ™ x2(0) with o ~ Ber(g,1/2) according to the definition of chi-square
2

which implies

distribution.
O

Lemma 3. (Dynamic equivalence under different scaling) Given an L-layer neural network f defined

by[Eq. (2} as follows: L -
flx) =Wro(Wp_1---p(Wiz)---), (7N

where [‘//‘\/}]” satisfy the initialization in ie,f:=0s=---=B_1.
Scaling all weights of f, than we get a new model f~ as follows.

fl@) =" Wio(Wi_y - ¢(Wia)---), ®
where [Wili; = [Wili; /vy Vi€ [L].

Then if we choose an appropriate learning rate 1) := % , f and f will have the same dynamics.

Proof. According to the chain rule, we have:

af d
A Y e,
dW; dwW;
If we choose learning rate 7 := %, then, we have:
AW, 14w,
—=——— Vie|[L].
a5 a el

Consider that W;(0) = 2W,(0) VI € [L], then, we have:

— 1~
Wi(t) = “Wilt) Vi€ [L].
That means f(t) = f(t) V¢ > 0, which concludes the proof. O
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Lemma 4. Given an L-layer neural network f defined by|Eq. (2)|trained by {(z;,y;)};_,, under a

small perturbation €, we have:

L3 2102122
Bosw |[Vaf(@) (@ —2) - WiDs Wis - DiWi(@— )| <0 (e#ﬂ/ %m/) |
2

€
where [W]; ; satisfy the initialization in x ~ Dx and & ~ Unif(B(¢, z)).

Proof. We set the weight of the neural network after training are W'. i.e.

flz) = Wro(Wr 1 6(Wiz)---).
According to the standard chain rule and we have:

Vof(z)' = W.D, \W,_,---D/W, = VLﬁ\/iﬁLqﬁ\/iq e ﬁ1ﬁ\/{7

where [W/]; ; = [Wili;/v I € [L].

Assume that the perturbation matrices satisfy Hﬁ\/} - W, H < w, VI € [L], where the parameter w
2
will be determined later. Then by |Allen-Zhu et al.|[2019, Lemma 7.4, Lemma 8.6, Lemma 8.7], we

obtain that for any integer s € [Q(L), O(L)] ,ford < O(

Togm T logm , with probability at least

nggm)

1 —exp ( — Q(slog m)) over the randomness of {W }£_, | it holds that:

HWLﬁL_lv/[\/i_l .D\W! - W.D, \W._,--D\W!

d 2

which implies that

L3slogm + w?L3m [dm _
[Vef(x)" = WDy \Wy_y-- DiWi|, < O(\/ s 751ﬁL’YL 2) ;

d

holds with probability at least 1 — exp ( — Q(slog m))

’ 2
If we choose s := | 73 l’c’fgm + loémj, then, we have:

L3w? +m+w2L3m [dm _
|Vef(x)" = WD Wiy DWW, < O(\/ 7515L’YL 2) )

d
with probability at least 1 — exp ( -Q(&% + w2)> :

sz—3y- We have

wem 2
d L3(m+1)> ™ 7 mpBipiy

the following probability inequality:

3,2 27,3 _ 2_
Let § := /L2e2tmiwrlim , fdm g, 3, 4L =2 we have w? = [42—m

ud? —m m
]P)( Hme(m)T — WLDL_1WL_1 .. oD1W1||2 > 5) S exp ( — m — ﬁ) = exp (
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2 v

52u + m?2

S L3(m+1)
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Then by the expectation integral equality [Vershynin, [2018, Lemma 1.2.1], the expectation is:

Evw vaf(m)T WD Wi_1---DiW;

+oo
) :/ IP’(Hwa(m)T—WLDL_1WL_1-~~D1W1
0

+oo 52u+m2
< _ 22T
= /o P ( L3(m + 1))d5

wL3(m+ 1) exo [ — m?
4u P (m+1)L3

)

> 6>d5
2

(10)
Finally, by the definition of &, we have:

vafT(w)(:c — &) - WDy Wi DiWi(z — .’i)H2 <e vaf(w)T —W.Dy Wi - D1W1H2 .
(11)

By|[Eq. (10)|and [Eq. (11)|and consider expectations for « and «’, we finish the proof.

O

Lemma 5. Given an L-layer neural network f defined by|Eq. (2)|trained by {(x;, y;)},,, under a
small €, expectation over x, &, W, we have:

) moB2 5% 2(L2)
Eoow [WiDpWiis - DiWi(e — )3 < "0 2.
where [W]; ; satisfy the initialization in and ¢ ~ Dx, & ~ Unif(B(¢, x)).
Proof. Define t; = D)W, --- DyW{(x — &), then:

Ezow WD 1Wip_1---DWi(x — if?)H; =Ezsw ||WLtL—1||§ .

(12)

By |Lemma 2| we have L1 F R x%(0), where o ~ Ber(m,1/2),Vl =2,--- | L — 1. By the law

B2llti-1]l;
of total expectation E[E[X Y]] - E[X], we have
tl 2 mBQ
w ”22 = BPEox*(0) = BBo = —— =7, V=2, , L - 1.
11113
Similarly, we have:
[ty _ mp?
- 2
& -y 2

[Wrtr_a]3

By the definition of chi-square distribution, we have AT
L - 2

2 2
Ew [Witr1ll5/ [to-1ll; = 0B3.

~ x*(0), which means

Then, according to the independence among IWete_ill; It |& — x||> and It vy ¢
: ez > Tl 2 Ik
[L — 2], we have:
Witr il [te-1l tills .
Baaw (Wit 1l = Bag bl oty 0 g2
[te-ally [l [l& -]
Wit _ 2 tr_ 2 1451 2 .
:EW” 12H2EWH 1”3 - Ew Jl ||2 ng,aE ||II)—IE||§
[EL-1ll; L2l & — |
moBQﬁZ'yZ(L_Q) A
= MO g, e - a3

using the definition of & which conclude the proof. O
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B.2  Proof of[Theorem 1]
Proof. According to the triangle inequality and the Jensen’s inequality, we have:
P(f.€) =Eaaw |Vaf(z)(x )llz
SEeaw [[Vaf(z)(@—2) - WD Wiy DiWi(z — 2)|,
1
) =

+Epo.w WD 1Wp_1---DiWi(z — )|,
SEm,w,W ||Vw.f( )(CE—:I: WLDL71WL71 D1W1(il,'—i7)||2

+ \/E:na:W WD \Wp_1---DiWy(x — 53)”3

< e O \/moﬂfﬂ%>7L2,

where the last inequality using the results of [Lemma 4|and [Lemma 5|

O

C Proof of sufficient condition for DNNs under the non-lazy training regime
In this section, we provide the proof of

Proof. By[Assumption 2]and by following the setting of Luo et al|[2021], w1th0ut loss of generality,

we have that there exits a 7* > 0 such that L(W (T*)) < 25— and y; > 1. Therefore, we have:
I ¢ 1
- — N (ST —y)? < LW <o
S (A (T < 5 T W) < o

which means | f1(T*) — y1| < 1. Accordingly, we conclude:

1 1
- S?ﬂ*z < f1(T™)

4
1 * *
= S WL(T")o (WL (T7) - - o (Wi (T7)1))
1 * * * * *
= EWL(T )D17L71(T )WLfl(T )"-Dlyl(T )Wl(T )(l:l
1 * * * * *
< S IWL Tl D11 (Tl WL (Tl - 1D1.1 (T WA (T)], |2l
]. * * *
< S IWL @l W (Tl - WA Tl
13)
where the last inequality uses[Assumption I|and 1-Lipschitz of ReLU.
According toDu et al.|[2018], Corollary 2.1] , we have:
d 2 d 2 d 2
—(||W- = —(||W- =...=—(||W .
SUWAR) = SAWal?) SAWL2)
Then for any [y, 15 € [L], we have:
Wi (T = W3, 0)IF = Wi (T = W (07
which implies:
WL (T, < W0, (T7) |lg
W2, (T*) |5
— I 2 = WL )1 + W, (0)]12 (14)

< \IWaL @) 2 + 1w, )2
< Wi () + Wi )] -
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According to |Luo et al.| [2021} Proposition 16] and the relationship between ¢ norm and Frobe-
nius norm, ie. |||l < /7|5, where the r is the rank of matrix, with probability at least

1 — (L — 2)exp(—O(m?)) — exp(—O(md)) — exp(—O(m)) over the initialization, we have
IW1(0) g < VA [W1(0)ly < /25551 [Wi(O)ll < Vi [Wi(0)lly < /25551, VI € [L—1]
and [|[W(0)[[p = [[WL(0)], < /5B

If we combine Egs. (I3) and (I4), for any [* € [L], with probability at least 1 — (L —
2) exp(—O(m?)) — exp(—O(md)) — exp(—O(m)) over the initialization, we have:

L LW Wi () [WA ),
-1 1 (% @)l + WO )
< ;<|W1*<T*>||F LZ( Wi >|F>)L
< 2 (1w )l + @Zﬁz)

Then with probability at least 1 — (L — 2) exp(—0(m?)) — exp(—0O(md)) — exp(—O(m)) over the

initialization, we have:
1/L 3 L
« 3m
Wi (T*) || > () —\/ 52 0 (15)
4 2L —

Therefore, with probability at least 1 — (L — 2) exp(—O(m?)) — exp(—O(md)) — exp(—O(m))
over the initialization, we have:

[Wi(t) = WiO)l[p _ [Wi(T") = Wi(0)[|g

sup 2
tef0,+00)  IIWi0)]lg [Wi(0)llp
IWi(T)llp
Wi (0)]|
7 L
(%)I/L - 32LL23 Zi:l Bi
a\1/L _ 3m3 _l; ﬁz
Z (4) 212 Zz_l 1
3 L
3? Zi:lﬁi
[e3 l/L 1
— L —— -1,

3?3 25:1 Bi L

where the second inequality uses triangle inequality and third inequality uses [Eq. (I5)]

Ifa > (m3/2 325 | B;)E, then with probability at least 1—(L—2) exp(—©(m?))—exp(—O(md))—
exp(—O(m)) over the initialization, we have:

[W.i(t) — Wi(0) |l
sup > 1.
te[0,+00) ”Wl(O)HF
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D Proof of the perturbation stability in non-lazy training regime for
two-layer networks

Without loss of generality, we consider two-layer neural networks with a scalar output without bias.

1 m
~ LS o), (16)
a r=1

where € R?, f(x) € R, ais the scaling factor. The parameters are initialized by a,.(0) ~ N(0, 53),
w,.(0) ~ N(0, 8#1,). Our result can be extended with slight modification to the multiple-output
case with bias setting.

Our proof requires some additional notation, which we establish below:

(2

m 2T T T
H} = S5Eun(0.6210).a~N (0,80 % 51 {w, @i > 0,w, @; > 0},
’J ZQQZG w~N062Id)$ zcjl{w x; > 0,w, a:j>0}
H, ;) = =2 Zar m mjl {'wr T, > O,wT(t)Ta}j > 0} ,

H; ;= pel ZGT 2zl 21 {wT(O)Taci > 0,w,(0) z; > 0},

Gis(0) = ol () ) (w (1) ;)

The minimum eigenvalue of H ;" is denoted as A and is assumed to be strictly greater than 0, i.e.
Ao = )\min<Ho<>) >0.

Remark: This assumption follows Du et al.| [2019b] but can be proved by Nguyen et al.|[2021] under
the NTK initialization. Moreover, |Chen and Xu| [2021]], (Geifman et al.| [2020], |Bietti and Mairal
[2019] discuss this assumption in different settings.

The following two symbols are used to measure the weight changes during training:

2
R, = @, [ Ao \/552’ and R, = a? o V21 .
nV 8nm 0 32n3m(Ry (R, + /8/7B2) + 53)

The last two symbols are used to characterize the early stages of neural network training:

f=—21lo (1 = fhudoa )
L= 7, %% 2y/n(vnfs + Ra) [y — £(0)],

2
tg _ _)\7 log (1 _ RaAOOé
0

2/n(31y/log(mn?) + Ry,) [ly — f(0)||2> '

Then we present the details of our results on|Section 4.3|in this section. Firstly, we introduce some

lemmas in to facilitate the proof of theorems. Then in we provide the
proof of Theorem 3
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D.1 Relevant Lemmas

Lemma 6. [|Du et al.l 2019b| Appendix A.1] Given a two-layer neural network f defined by|Eq. (16)

and trained by {x;, y; },_, using gradient descent with the quadratic loss, lety = (y1,...,y,) € R"
be the label vector and f(t) = (f1(t),..., fn(t)) € R™ be the output vector at time t, then, we have:
df(t
IO _ (1) + G - 1) (1s)

Proof. Our proof here just re-organizes |Du et al|[2019b, Appendix A.1]. For making our manuscript
self-contained, we provide a formal proof here.

We want to minimize the quadratic loss:

f(W,a,x;) yi]Q.

l\DM—l

n
i=1

Using the gradient descent algorithm, the formula for update the weights is:

W(it+1)=W(t) — T]W ,

at +1) = a(t) — y LW D), alt)

Oa(t)
According to the standard chain rule, we have:
W = i;[f(W(t), a(t),z;) — yila, ()1 {w, (t)z; >0} a;,
W = ;Z[f(w(t)ﬁ(t)wi) —yilo(w, (t)x;) .

Then, we have:

dt :Z<awT(t) > Zdart

Written in vector form, we have:

df(t)

P = (H®) + )y - £(1).

16n824/log(2n3)
Lemma?7. If a > —

with probability at least 1 — =, we have:

A 3
|H(0) — H>||, < Xf’, and  Anin(H(0)) 2 T)o.

Remark: This lemma is a modified version of |Du et al. [2019b, Lemma 3.1], which differs in the
initialization of a from Unif({—1, +1}) to Gaussian initialization. This makes our analysis relatively
intractable due to their analysis based on a? = 1, Vi € [m)].
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Proof. Firstly, for a fixed pair (i, j), H{Y is an average of ﬁi ; with respect to a,. . By Bernstein’s
inequality [Vershynin, 2018} Chapter 2], with probability at least 1 — §, we have:

- 20321 /1og(5) .

o
H - Hi -

Then, for fixed pair (3, j), 17{/” is an average of H;;(0) with respect to w,. By Hoeffding’s
inequality [[Vershynin, 2018} Chapter 2], with probability at least 1 — ¢’, we have:

2f2/1og(3)

(Hij(o) ~H,,|< -

Choose § := ¢’ := 51, we have with probability at least 1 — -5, for fixed pair (i, j):
4/35+/log(2n?
‘H(O)—Hf]o < M.

%
«

Consider the union bound over (4, j) pairs, with probability at least 1 — %, we have:

482+/1log(2n3
|H;(0) — Hzogo‘ < M_
a
Thus, we have:
00 o0 w12 _ 16n%B31log(2n?)
IH(0) = H™[5 < [ H(0) — H®|[p < ) [Hi(0) - HF|" < ——25=—.

4,3

a2

16n824/log(2n3 .
when o« > M, we have the desired result. O

0

Lemma 8. With probability at least 1 — % over initialization , if a set of weight vectors {w, },-_, and
the output weight {a,}""_, satisfy for all v € [m], |[w,(t) — w,(0)||, < Ry and |a,(t) — a,(0)| <
R, then, we have:

Ao

|H(t) — H(0)|, < %, and  Apin(H(t)) > 5

Proof. Firstly, we can derive that:

H, ,(t)— H, ;(0) = S i(ar(t)z — a,(0))z] ;1 {w,(0)T2; > 0,w,(0)Tx; >0},

Then we can compute the expectation of ’j-I\” (t) — H,,;(0) ‘:
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E f{\z,](t) —H, ,] ’ ag Z CL, — Gy ) ).’.U Scjl {UJ7- mi > 0,’[1)7-(0)ij > O}

IN

EE ’ar () — ar(0)2|

- ﬁu«: |(ar(t) — ar(0))(ar(t) + ar(0))]
mR

IN

(t) + ar(0)]
mR

IN

7 (Ra+ 2E|ar(0)])

( o + Ela-(0)])?

m(Rq + %52)2

I /\

(19)
Then we define the event:

Aip = {3 [wy(t) — w, (0)]| < Ry, 1 {wT(O)Tmi >0} #1 {wr(t)Tmi >0}}.

This event happens if and only if |w,(0)"@;| < R;. According to this, we can get P(4;,) =

PzNN(o,ﬁ‘f)ﬂZ\ < Ry,) < \/QEB further:

’

_ 1
E|H;(t) - Hm-(t)‘ = E

Zar(t x) x;1 {w,(t) @ > 0,w,(t) @; >0}
r=1

=3 an ()@ @51 {w, (0) s > 0,,(0) T; > 0} ‘

IN

1 m
? ZE<ar(t)2w:mj1 {Ai”“ U Aj""}>

e AR
a? Z ( \/27T51)
4R m

(20)

| /\

T a32mp ;War(t) —a,(0)? + a,(0)%)

4R, m
Sa%/ml< e ﬂfﬁ? ”}2)

where the last inequality uses the result of [Eq. (19)]
From Egqs. (T9) and (20), using Markov’s inequality. with probability at least 1 — 2, we have:

= ‘ 4R, ,nm

8 2
S m (Ra(Ra + \/;52) + 52) .
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Then, we have:

[H(0) ~ HO)l, < [ H0) ~ HO)
(n,n)
< > [Hiy(t) — Hij(0)]
(,5)=(1,1)
o N
< > ([0 - #1500 - 7o) )
(,5)=(1,1)

( \/>52 \/ﬂ& \/>52 +52)

|E() ~ HO)l, < %2

<z

Then, by [Eq. (I7)} we have:

which implies:

O

Lemma 9. Suppose that for 0 < s < t, Amin(H(s)) > 22 and |a,(s) — a,(0)| < R,. Then with
probability at least 1 — n exp(—n/2) over initialization, we have |[w,(t) — w,(0)]|, < R, for all
r € [m] and the t < 7.

Proof. By we have %&t) = (H(t) + G(t))(y — f(t)). Then we can calculate the

dynamics of risk function:

S lly— FOI3 = 2y — £0)T(H) + GOy~ £(1)
< =2y — £(0) (H®)(y - £(1)
< olly = F®l5 -
in the first inequality we use that the G(t) is Gram matrix thus it is positive. Then, we have
4oty — f(¢ )Hg < 0, then et ||y — F(2) Hg is a decreasing function with respect to ¢. Thus,
we can bound the risk:

ly — F(O))2 < e ly — £(0)2 . 1)

Then we bound the gradient of w,.. For 0 < s < ¢, With probability at least 1 — nexp(—n/2), we
have:

o] =2 oUW .a).20 - wo (1 {w] (e > 0}
2 i=1 2
< 2SI Ws)als) @) — il ar(0) + R
< Y2y — £(6)ly (VA + Ra)
< YUy £ B2y — SO
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where the second inequality is because of a,.(0) ~ N(0, 33), then with probability at least 1 —
exp(—n/2), we have a,(0) < y/nf2. Then, we have:

¢ Aot
Jo0r) = w0l < [ 09| ds < Y2 (s + R Iy - FOl (1 exp(-250).
2
(22)
If we account for ¢, then we conclude the proof. O

Lemma 10. Suppose that for 0 < s < t, Apin(H(8)) > % and ||w,(s) — w,(0)||, < Ry,. Then

with probability at least 1 — L over initialization, we have |a,(t) — a,(0)| < R, for all v € [m] and
the t < t5.

Proof. Note for any i € [n] and r € [m], w! (0)z; ~ N(0,52). Therefore applying Gaussian
tail bound and union bound, we have with probability at least 1— 2, foralli € [n] and r € [m],

|wT a;z’ < 381+/log(mn?), That means for 0 < s < ¢, With probablhty at least 1 — %, we have:

L) = |2 W0, a0, 2) — ylotw] (0z)
< Y2y — 56l (o] O] + B
< % —Ro0s/2 1y — £(0)], (361\/10g (mn?) 4+ Ry, )

Then, we have:

lar(t) — ar(0)], < /O

Bring in £, then finish the proof.

d
Ear(s)

as < 37 (30 logGmn) + R ) ly = O, (1~ exp(-51).
(23)

O
Lemma 11. Suppose 0 < t < min(t3,t3). Then with probability at least 1 — nexp(—n/2) — 2

over initialization, we have: A\pin(H (1)) > %

or(t) = (0 = 5Y2 (351 gl + R ) 1y = FO), (1~ exp(-241)) = 300,

NG
Aoy

Aot

[, (t) = wr (0)], < (VB2 + Ra) ly = FO)l, (1 = exp(=—)) = R, (1),

forallr € [m)].

Proof. Whent = 0, Apin(H (s)) > 3\, |a,(t) — a,(0)] =0 < R, and ||w,(t) — w,(0)[|, =0 <
R,,. Using induction, combine [Lemma 8| |[Lemma 9|and [Lemma 10} we have the result. [

D.2 Proof of

Proof. We can compute the gradient of the network that:

Vafi(x) = éZar(t)l {w!(t)z >0} w,/ (t)
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Then we can derive that:

P(f1,6) = Bas |~ > ar(0)1 {w] ()2 > 0} w] (t)(x - 2)

IN

r=1 (24)
lar ()] [[wr ()]l |2 — 2],

IA
o

8
NE

m

< =3 lan ()] oo, (0] -
r=1

Then by we have:

lar ()] < lar(t) = ar(0)| + |ar (0)] < R;(2) + |ar(0)] .

[ (@)l < [lwy () = wr(0)l + [[wr (0}l < B, (8) + [lw:(0)]l5 -

From [Eq. (19), we have E |a,(0)| = \/gﬂg. That means with probability at least 1 — X over

initialization, we have |a,.(0)| < \/gnﬂg.

By Vershynin|[2018} Chapter 3], with probability at least 1—§ over initialization, we have ||w, (0)|], <
461+/m + 281+/log n.

By combining the results above with |[Eq. (24)] and |[Lemma 11} with probability at least 1 —
nexp(—n/2) — 2 over initialization we obtain that:

¢ m
P(fee) < > lar(®)][wr (6)]]
r=1 (25)
2
< R0+ 20 (5 (1) + 450+ 281 o)
Supposethatawl,ﬂl N/BQNﬁN Wic,cz 1.5,m>>n2.Then Ra:@( 1 ), Rw 29(771”)’

n3m
Ri(t) = @(7”211‘?’”) and R}, (t) = ©( \/nldfm) Bring these results into[Eq. (25), with probability at

least 1 — nexp(—%) — 2 over initialization, we have:

n

@(ft,e)ge(g\/W+”< ! ! ))

m + m070.5
E Additional Experiments

A number of additional experiments are conducted in this section. Unless explicitly mentioned
otherwise, the experimental setup remains similar to the one in the main paper. The following
experiments are conducted below:

1. In[Appendix E.I| we compare the two different training regimes, lazy training and non-lazy
training.

2. In[Appendix E.2] we conduct some experiments to verify the reasonableness of using the
early-stop training in the paper.

3. In we extend the experiments in from fully connected network to

Convolutional Neural Network.
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Table 4: Comparison results of lazy training regime and non-lazy training regime of ResNet-110
under practical network/datasets.

Dataset Lazy training | Non-lazy training
CIFARI0 92.89% 92.14%
CIFAR100 71.08% 70.55%

4. In[Appendix E.4] we extend the experiments to some other initializations under non-lazy
training regime.

5. In we extend the experiments from He and LeCun initialization to NTK
initialization.

6. In we extend in from fully connected network to ResNet.

E.1 Comparison of Lazy training and Non-lazy training

In this section, we test the performance of lazy training regime and non-lazy training regime on
practical task and networks. We choose the ResNet-110 modeﬂ for these experiments. We adopt a
narrow model width for computational efficiency. We utilize the He initialization and the non-lazy
training initialization as mentioned in on two commonly used datasets CIFAR10 and
CIFAR100, of which results are provided in[Table 4] Notice that the non-lazy training regime achieves
a similar performance to lazy training regime. This implies that non-lazy training regime is also
needed for studying practical learning tasks.

E.2 Ablation study for why we use early stopping (training 50 epochs)

In this section, we conduct some experiments to verify the reasonableness of using the early-stop
training (50 epochs) method in the paper. The experimental results shown in indicate that the
loss and accuracy of the neural network almost not change from the 50th epoch to the 200th epoch
under two different network settings: width = 32, depth = 4 and width = 64, depth = 8. Such results
verify the rationality of our choice to run 50 epochs.

E.3 Extend the experiment in to CNN

In this section, we extend the experiments in [Section 5.3|from fully connected networks to convolu-
tional neural networks in Compared with the fully connected network, the main difference of
the convolutional neural network is that the gap between different depths is much larger than fully
connected network, which is more in line with the relationship between robustness and depth under

He initialization in[Theorem 1l
E.4 More experiments in non-lazy training regime

In this section, we extend the experiments of [Fig. 4(b)|to more initializations under non-lazy training
regime (the variance of the initial weight are — and ﬁ). Fig. 8| provides the relationship between
robustness and width of neural network for these two initializations and shows that the robustness
improves with the increase of the width of network which consistent with but the
difference between different initializations is not as large as our theoretical expectation, which may

indicate that the bound in is not tight enough.

E.5 More experiments in under NTK initialization

In this section, we extend the experiments in from He and LeCun initialization to NTK
initialization in Our experimental results show that, NTK initialization and He initialization
yield similar curves, but differs in the curve of L = 2. This may be because the infinite-width NTK is
equivalent to the linear model, and the large finite-width network approximates the linear model. This
phenomenon can be more easily detected for two-layer neural networks when compared to deeper
networks.

*https://github.com/bearpaw/pytorch-classification
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Figure 6: Verify the reasonableness of using the early-stop training, (a) accuracy and (b) loss for
network with width=32 and depth=4, (c) accuracy and (d) loss for network with width=64 and
depth=8

E.6 More experiments on ResNet

In this section, we extend the experiments in from fully connected networks to ResNet
in[Fig. 10} Compared with the fully connected network, the results of ResNet show similar character-
istics to our theory on fully connected networks. Specifically, the perturbation stability increases with
depth, and an insignificant phase transition can also be seen for width.

F Limitation and discussion

The limitation of this work is mainly manifested in that is built on two-layers neural
networks. Extending this results to deep neural networks beyond lazy training regime is non-trivial.
Firstly, the dynamics of the deep neural network and the bounds of the gap between the initialization
and the expectation of the gram matrix will become more complex. Secondly, due to the coupling
relationship between different layers, the critical change radius of the weight in is also
coupled with each other and is difficult to analyze. Then, due to the superposition of the previous two
points, the relationship between the weights changing with time in the early stage of training (similar
to[Cemma 9) and the width and initialization of the neural network will be difficult to distinguish,
which leads to the final result being complex, demanding and difficult to obtain a valid conclusion
about width and initialization.

G Societal impact

This is a theoretical work that explores the interplay of the width, the depth and the initialization
of neural networks on their average robustness. Our goal is to deepen the understanding of the
community in the factors that affect the robustness. We do not focus on obtaining any state-of-the-art
results in a particular task, which means there are other works that can be used for forming strong
adversarial attacks and can be used with malicious intent.
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Figure 7: Relationship between the perturbation stability and width of CNN under He initialization
for different depths of L = 4,6, 8 and 10.
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Figure 8: Influence of width of neural network on the perturbation stability under non-lazy training

regime. (a) the variance of the initial weight is ;. (b) the variance of the initial weight is
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Despite the theoretical nature of our work, we encourage researchers to further investigate the impact
of robustness on the society. We expect robustness to have a key role into a world where neural
networks are increasingly deployed into real-world applications.
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Figure 9: Relationship between the perturbation stability and depth of FCN under NTK initialization
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