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Newton fractal pattern for classifying the roots of Bessel functions. This figure classifies the
roots of Bessel functions of the first kind J0(z) based on the initial guess in the complex plane
∀R(z) ∈ [0,1] and ∀I(z) ∈ [0,1] as z ∈C, where each colour indicates the rank of the root that
Newton’s method converged to after some pre-assumed iterations zi+1 = zi −αJ0(zi )/J ′0(zi )
with α = 1. These roots have been used in the spectral expansion of morphological features of
genus-0 surfaces and study the fractality of rough self-affine surfaces in this work.



Acknowledgements

This work has been compiled over the past four years (from 2018 to 2022) within the Earth-

quake Engineering and Structural Dynamics Laboratory (EESD) at Ecole Polytechnique Fédérale

de Lausanne (EPFL). During that period, I had the chance to interact and work side-by-side

with world experts on a wide spectrum of topics. This work was partially funded by the Swiss

National Science Foundation (SNSF) grant 200021_175903/1.

I owe a great debt of gratitude to my supervisor Katrin Beyer who closely guided me through

this life-changing journey. From the very first email (dated back to the 3rd of October, 2017)

and the early application process to the final finish line when she was always available with

her smiles and comforting trust. I am deeply thankful for her trust and the freedom she

granted me through the whole process of wandering around from optimisation heuristics to

microstructures, topology and geometry and finishing with signal processing works. By leaving

EPFL I will miss her energy, curiosity and her efforts in re-directing my-not-very-useful-ideas

into something practical and of use. A heartfelt appreciation goes to Yvonne Buehl-Brauch

for her life-saving skills and for organising my administrative life and passport-related issues

around Switzerland.

I would also like to extend my gratitude to my thesis jury: Prof. Alain Nussbaumer (president),

Prof. Matthew DeJong and Prof. Daniel V Oliveira (external reviewers) as well as Prof. William

Curtin (internal reviewer). I appreciate their feedback and input to deliver this work in its final

form.

Special thanks go to Prof. Jean-François Molinari (LSMS) for his support and all the scientific

discussions since my candidacy exam and for enabling the collaboration with his research

group. This fruitful collaboration allowed me to work closely with Dr. Guillaume Anciaux who

initiated all the useful discussions about rough surfaces. Also, I am thankful for meeting Dr.

Nicolas Richart, with whom I enjoyed all his scientific/non-scientific/3D-printing discussions

while he was complaining about my coding skills. During this period, I also had the chance to

work with Dr. Mohit Pundir and all the practical help he provided me with to start simulating

our walls.

Many thanks to Dr. Gary P.T. Choi (MIT) for his support and great input into our papers on

harmonic decomposition topics. I also would like to thank Dr. Ketson Roberto Maximiano

Dos Santos (EESD) for the nice collaboration and his priceless input into our work as well as

i

https://www.epfl.ch/labs/eesd/
https://www.epfl.ch/labs/lsms/
https://math.mit.edu/
https://www.epfl.ch/labs/eesd/


Acknowledgements

all the discussions that I appreciate. I would also like to thank my office mates at EESD starting

with Dr. Michele Godio and the soon-to-be-doctor Maria Pia Ciocci, who guided me through

my personal and scientific lives with a candle of Italian wisdom. And of course, I would like to

thank my current office mate Hnat Lesiv for the intellectual discussions and joyful times we

spent together with the sudden musical concerts along with our unofficial office mate and

good friend Andrea Cabriada Ascencio.

I would like to thank my former professors, colleagues and friends who I met at EPFL (Switzer-

land), PTE (Hungary) and IUG (Palestine). Prof. Mohammed Arafa, Prof. Samir Shehada, Prof.

Orbán Zoltán, Dr. Mahmoud Jahjouh, Dr. Ashraf Shaqfa, Dr. Alireza Khodaverdian, Ahmed

Qandeel, Sami Khalaf, Omar Falyouna, Hasan Al-Masri, Lina Al-Rabie, Dr. Nour Al-Rabie,

Dr. Julien Cloarec, Ali Mohammed Ali, Mohammed Al-Jamal, and Mohammed Ashour, Dr.

Mohammed Abed, Dr. Nasser Al-Imrani, Belal Al-Harazin, Renée Augustine, Huda Ghassan,

Yousef Al-Qahwaji, Ibraheem Hammoudah, Muhannad Abu Abdo, Murad Wafi, Qais Bajawi,

Modar Ali . . . thank you all. Also, I would love to thank Dr. Maja Baniček for her support and
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Preface

Historical stone masonry buildings are very vulnerable when subjected to earthquakes. The

seismic behaviour of stone masonry wall elements is usually characterised by experimental

campaigns. However, testing stone masonry walls is expensive and therefore we use numerical

simulations that model stones and mortar explicitly for expanding the investigated parameter

space.

An important input for such simulations is the geometry of the stones and their arrangement

in the walls, which we refer to as the microstructure of the wall. While tools exist to derive

such microstructures for 2D models, an approach for 3D models was still missing. Inspired by

how real masons build stone masonry walls, Mahmoud Shaqfa’s thesis started by developing

a new microstructure generator for stone masonry walls. The developed microstructure

algorithm was able to cover a wide range of common stone masonry typologies by translating

construction rules that are normally used by masons when building such walls into computer

algorithms. These generated microstructures of stone masonry walls will be used in the future

to feed micromechanical simulations.

As friction is the most important load-transferring mechanism in stone masonry, Mahmoud

focused in the following on analysing the geometric properties of rough surfaces across mul-

tiple scales. In particular, we wanted to modify the surface geometry such that for example

wavelengths above a certain threshold were removed. Such a method would allow projecting

the roughness of stones onto flat surfaces, which could then, for example, be used as moulds

for direct shear test samples. Mahmoud achieved this by putting forward the idea of using

harmonic decomposition methods to expand the geometry of open rough surface patches. To

achieve the latter, Mahmoud introduced the spherical cap harmonics and disk harmonics ap-

proaches. Also, he focused on accelerating these methods by proposing new solution schemes

to increase the computational efficiency of these methods. The provided tools can be used for

analysing self-affine rough surfaces. Indeed, the applications of the developed algorithms and

harmonic methods surpass the preset goals of this work and can find applications in fields

such as biomedical applications. All the developed codes in this work are publicly available to

the research community.

Lausanne, September 2022 Prof. Katrin Beyer
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Abstract

As historical stone masonry structures are vulnerable and prone to damage in earthquakes,

investigating their structural integrity is important to reduce injuries and casualties while

preserving their historical value. Stone masonry is a composite material that is built with

stones and binding mortar. Although experimental campaigns are crucial in understanding

the structural behaviour of these walls, the wide spectrum of existing stone masonry typologies

and the randomness in geometry and material properties render extensive testing campaigns

nearly impossible to account for all the uncertainties and variables. Numerical simulations

that explicitly represent the microstructure of the wall (i.e., the geometry and arrangement

of the stones) can complement experimental studies. However, methods for generating 3D

microstructures were lacking.

The focus of this dissertation is to study the geometry of the 3D microstructure of stone ma-

sonry walls at multiple scales, which opens unprecedented opportunities for studying the

micromechanical behaviour of these walls numerically. The first contribution of this thesis

was crafting the first 3D virtual microstructure generator that can cover the main typolo-

gies of stone masonry that are frequently found in historical buildings. The herein-created

microstructure generator borrowed the conventional packing problem analogy to pack the

generated stones inside the boundary of the walls following building and physical placement

rules to obtain realistic microstructures. The size spectrum, distribution, interlocking and

topology of the generated stones were thoroughly investigated. To quickly and efficiently

solve the posed packing problem of each stone, we proposed a general-purpose heuristic

algorithm that benefits from Pareto’s principle which is commonly known as the 80/20 rule.

This heuristic was called the Pareto sequential sampling (PSS) algorithm as it depends on

sampling most of the solutions, using any design of experiment (DoE) method, from a domain

that is known to be a prominent pool of solutions.

The second contribution was related to studying the topology and roughness of stones and

surfaces. The traditional spherical harmonics expansion was used to study the morphology of

closed surfaces of the nonconvex stones to estimate their fractal dimension and uniformly

remesh the triangulated surfaces to be used in numerical simulations. As the roughness

of natural stones changes on a single stone, we similarly studied the morphology of locally

sampled rough patches. We developed the spherical cap harmonics and disk harmonics
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Abstract

spectral approaches to provide us with information on the roughness and fractal dimension of

any isotropic self-affine rough surface. To speed up the numerical integration of these spectral

expansions, we proposed new algorithms based on the well-known Kaczmarz orthogonal

projection in a non-memory-intensive manner and using reasonable computational times.

The developed algorithms were hinged on the conjugate symmetry of the harmonic bases

and the sparsity of the real signals to lower the dimensionality of the problem and accelerate

the rate of convergence. These spectral methods are considered general-purpose and have

multiple applications in various fields such as medical imaging and computer graphics. With

this dissertation, we put forward geometrical and topological concepts that make detailed

micromechanical simulations of stone masonry walls practical.

Keywords: Stone masonry, microstructures generator, packing heuristics, metaheuristic opti-

misation, morphology, spherical harmonics, disk harmonics, self-affine surfaces, randomised

Kaczmarz, sparse systems
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Résumé

Les structures historiques en pierre naturelle sont vulnérables et susceptibles d’être endom-

magées lors des séismes. Ainsi, il est important d’examiner leur intégrité structurelle afin de

réduire le nombre de blessés et de victimes tout en préservant leur valeur historique. Ces

structures sont constituées d’un matériau composite de pierres naturelles et de mortier. Les

campagnes d’essais ont largement contribué à la compréhension du comportement structurel

de ce matériau. Toutefois, le large spectre des typologies de maçonnerie en pierre existantes

ainsi que le caractère aléatoire de leur géométrie et de leurs propriétés mécaniques rendent

ces campagnes insuffisantes pour tenir compte de toute incertitude. C’est ainsi que des simula-

tions numériques représentant explicitement la microstructure du matériau (i.e., la géométrie

et la disposition des pierres) s’avèrent indispensables pour compléter les observations. Cepen-

dant, des méthodes permettant de générer la microstructure du matériau en 3D font défaut

dans la littérature.

L’objectif de cette thèse est d’étudier la géométrie de la microstructure 3D des murs de maçon-

nerie en pierre naturelle à plusieurs échelles, ce qui ouvre des possibilités inédites pour étudier

numériquement le comportement micromécanique de ces murs. La première contribution de

cette thèse est l’élaboration du premier générateur virtuel de microstructures 3D capable de

générer les principales typologies de maçonnerie en pierre que l’on trouve dans la plupart

des bâtiments historiques. Ce générateur est inspiré de l’analogie du problème d’emballage

classique, en vue de positionner les pierres générées virtuellement à l’intérieur d’un mur

en suivant les règles de construction et de placement physique, obtenant, ainsi, des micro-

structures réalistes. La taille, la distribution, l’appareillage et la topologie des pierres générées

sont étudiés car ils ont un impact sur le comportement mécanique global de ces murs. Afin

de résoudre rapidement et efficacement le problème d’emballage de chaque pierre, nous

proposons un algorithme heuristique tirant parti de la Loi de Pareto, communément appelée

règle des 80/20. Cette heuristique est appelée algorithme d’échantillonnage séquentiel de

Pareto, car elle dépend de l’échantillonnage d’α% des solutions, fait en utilisant des méthodes

de plan d’expérience, à partir d’un domaine qui est connu pour être un bassin majeur de

solutions. La taille de ce domaine est proportionnelle à (100−α)% de la taille globale du

domaine, ce qui ressemble à un cas général de l’analogie 80/20, α/(100−α). Outre que pour

des problèmes d’emballage, l’algorithme d’échantillonnage séquentiel de Pareto a été utilisé
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Résumé

dans de nombreuses applications techniques et topologiques.

La deuxième contribution de cette thèse est l’étude de la topologie et de la rugosité des pierres

et des surfaces. Nous utilisons le développement traditionnel en harmoniques sphériques

pour étudier la morphologie des surfaces fermées de pierres non convexes, afin d’estimer

leur dimension fractale et de remailler uniformément les surfaces triangulées à utiliser dans

les simulations numériques. Comme la rugosité dans les pierres naturelles change sur une

seule pierre, nous étudions de la même manière la morphologie de régions rugueuses échan-

tillonnées localement. Nous avons développé les approches spectrales en harmoniques sur

calotte sphérique et sur disque pour obtenir des informations sur la rugosité et la dimension

fractale de toute surface rugueuse auto-affine isotrope. Dans le but d’accélérer l’intégration

numérique des développements spectraux proposés, nous proposons de nouvelles variantes

d’algorithmes basées sur la projection orthogonale de Kaczmarz, ce qui nous permet d’achever

une utilisation limitée de la mémoire ainsi que des temps de calcul raisonnables. Les algo-

rithmes développés s’appuient sur la propriété de symétrie conjuguée des bases harmoniques

(parité dans l’espace d’Hilbert) et la rareté des signaux réels pour réduire la dimensionnalité

du problème et accélérer le taux de convergence. Ces méthodes spectrales sont considérées

comme polyvalentes et ont de multiples applications dans des domaines divers, tels que l’ima-

gerie médicale, l’apprentissage automatique et l’infographie. Avec cette thèse, nous mettons

en avant des concepts géométriques et topologiques qui rendent pratiques les simulations

micromécaniques détaillées des murs de maçonnerie en pierre naturelle.

Mots clés : Maçonnerie en pierre naturelle, générateur de microstructures 3D, problème d’em-

ballage, optimisation métaheuristique, morphologie, harmoniques sphériques, harmoniques

de disque, surfaces auto-affines, projection de Kaczmarz randomisé, systèmes épars.
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1 Introduction

1.1 Problem statement

Historical city centres, especially across Europe, were usually architectured with historical

stone masonry buildings. The cultural heritage of these historical centres has large social

and economic values (Dümcke and Gnedovsky, 2013). Protecting these structures, without

compromising their historical value, is appended to the UN 2030’s agenda (UN General

Assembly, 2015). As a building material, stone masonry is a composite material constituted of

stones (inclusions or building units) and usually mortar (binding matrix). In this system, the

interface between mortar and stones is the weakest link. Cracks tend therefore to propagate

along the stone-mortar interfaces, crossing mortar joints when necessary (Zhang et al., 2017).

Next to the material properties of the mortar and stones, the shape, size and the way that

the stones are arranged in a wall as well as the roughness of the stone surfaces affect the

strength and the structural behaviour of these buildings. Under extreme natural events, such

as earthquakes, stone masonry buildings can witness partial or full collapse (Grünthal, 1998;

D’Ayala and Paganoni, 2011; T. Mahdi and A. Mahdi, 2013) leading to the loss of their structural

integrity.

Three damage types can be typically observed in stone masonry buildings after seismic loading:

(i) in-plane shear failure (IP), (ii) out-of-plane bending failure (OOP) and (iii) leaf separation

(Oliveira et al., 2012; Candela et al., 2016) [see Fig. 1.1 (A → C)]. Numerical simulation of

3D microstructures (e.g, using finite or discrete element models) can provide a deeper un-

derstanding of how stones and mortar explicitly interact under various loading conditions

and how this interaction impacts the overall behaviour and leads to in-plane, out-of-plane

or leaf separation failure in stone masonry walls. Thus, it is important to have a simulation

strategy that can capture these failure modes with reasonable accuracy. These simulations

need on one hand simulation approaches and on the other hand geometries and material

properties that serve as input for these simulations. While large strikes have been made with

regard to simulation approaches [e.g. (Lourenco, 1996; Asteris et al., 2015; McInerney and M. J.

DeJong, 2015; Zhang et al., 2018a; D’Altri et al., 2019)], tools for generating the microstructure

1



Chapter 1 Introduction

A) B) C)

Figure 1.1: Typical stone masonry failures after earthquakes–from Visso town in Italy, pho-
tos courtesy of EESD (2017). A) In-plane (IP) failure; B) out-of-plane (OOP) failure; C) leaf
separation that typically leads to OOP.

of the walls were lacking. Previous studies often addressed 2D sections of these walls while

for 3D models the wall microstructure was typically simplified by, for example, extruding the

thickness from the face of the walls using various approaches (Pulatsu et al., 2016; Cannizzaro

and P. B. Lourenço, 2017; Mordanova and Felice, 2020). Such geometrical assumptions make

the prediction of leaf separation impossible and limit the overall approach for a few stone

masonry typologies. The lack of 3D microstructure generators for stone masonry walls is

mainly attributed to the geometrical complexity of stone masonry walls, the large range of

existing typologies and their random nature whether from material or geometrical aspects.

A full geometric description of stone masonry walls and the arrangement of the stones would

not be complete without considering micro details of the stones such as the roughness.

Surface roughness is an integral part of simulating the bond between the stones and the

mortar represented by the interfaces (Zhang et al., 2018b) as, for example, the in-plane failure

of walls is heavily dependent on material properties such as cohesion and friction (Calvi et al.,

1996). Many numerical and empirical tools have been provided for statistically quantifying

and describing the roughness of surfaces, for example, the celebrated Fourier-filters method

(B. N. J. Persson et al., 2004). However, many geometrical challenges still exist in the currently

used techniques for attributing the roughness of real surfaces (Jacobs et al., 2017) and true

scalable and multiscale analysis of such surfaces is still needed. The analysis of surface

roughness will allow providing optimal friction and cohesion properties, as material inputs,

to feed the detailed micromechanical simulations or block-based simulations such as in

McInerney and M. J. DeJong (2015). Although micromechanical approaches seem out-of-

reach from engineering practice, they provide tools that help in “averaging” the material

properties of statistically similar microstructures or provide bounds for the behaviour of

simplified models (H. Kumar et al., 2006), for example, homogenised damage models in stone

masonry (Lourenco, 1996) or simplified analyses such as (Matthew J. DeJong et al., 2009).

2
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1.2 Objectives of the thesis

This dissertation is aiming to provide a comprehensive geometrical understanding of the

various stone masonry typologies taking into account the inherent geometrical randomness

of stones arrangement and topology. From the above discussions, we can distinguish a few

principal challenges for constructing realistic 3D microstructures of stone masonry walls:

i. How to generate realistic 3D stone masonry microstructures with various typologies?

ii. How to efficiently arrange stones based on predefined physical and building rules?

iii. How to generate and describe the topology of the stones?

The latter challenge is not trivial and poses multifold problems related to the shape descriptors

of such randomly shaped stones that can be sourced from nature. Some of the problems that

are related to the third principal challenge:

i. How to mathematically describe the shape of stones?

ii. How to uniquely describe every random stone but also classify morphologically similar

stones into groups?

iii. How to separate and make a clear distinction between the shape of the stones and the

roughness?

iv. How to study local rough patches of stones and compute the roughness at smaller scales?

To address the above-mentioned challenges, we implemented the first 3D virtual stone ma-

sonry microstructure generator. This generator answers the problems related to the arrange-

ment and distribution of stones (inclusions). The generation problem was tackled by bor-

rowing the packing problem analogy, where we packed stones (one by one) into a predefined

container following building and physical rules. With the sheer number of stones in each wall,

we needed a greedy (fast) approach to pack the stones in the container (boundaries of the

wall). So, we proposed a heuristic approach based on the Markov chain that allowed us to

allocate global solutions in reasonable times. This heuristic imitated the analogy of Pareto’s

rule (Pareto, 1897) and was used for many engineering applications well beyond the scope of

this work.

To study the topology and morphology of random rough stones, we used harmonic methods or

Fourier expansions that are extended in spherical and polar coordinate systems. Traditionally,

spectral methods were used for computing shape descriptors (signatures) of closed nonconvex

contours (Kuhl and Giardina, 1982) or surfaces (Brechbühler et al., 1995) and provide us with

information about the fractality scaling of the surfaces (Zhou et al., 2015). In this dissertation,

we extended such spectral methods to allow for testing open surface patches, for example, the

surfaces of the stones which naturally have varying roughness on different sides. To this end,

we proposed novel scalable harmonic expansion methods that to study single-edged genus-0

open surface patches, namely, the spherical cap harmonics and disk harmonics. Finally, we

proposed novel algorithms to speed up the integration of these harmonic functions in their

respective domain. These spectral methods can also be useful in applications that transcend

the context of this work, such as medical imaging.
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1.3 Arrangement of the thesis

This work is a compilation of five peer-reviewed papers that were slightly modified. The body

of this dissertation is arranged in the following order: Chapter 2 reviews the related literature to

our works. In Chapter 3, the Pareto sequential sampling (PSS) algorithm was first introduced as

we use it in two later chapters. Chapter 4 describes the proposed 3D microstructure generator

of stone masonry walls. In Chapters 5 and 6 we handle our proposed spectral methods for

studying the morphology of open surfaces via the spherical cap harmonics (SCH) and the

disk harmonics (DH), respectively. While in Chapter 7, we present three new algorithms for

integrating harmonic basis functions in a fast and scalable manner. The conclusions of this

work as well as the outlooks are presented in Chapters 9 and 8. Finally, to promote openness

and as a further step towards reproducible research, we link our generated data and codes in

Chapter 10.
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2 Literature review

In this chapter, we review the related and up-to-date works that this dissertation was based

on. To avoid repetition, we extracted this review from the five compiled papers and unified

them into this chapter, whereas we left the chapters to directly address the research questions.

This chapter starts with reviewing important concepts and works of heuristics and greedy

algorithms in Section 2.1 where we built on some of the ideas and criticisms about these

approaches in developing the PSS algorithm presented in Chapter 3. For the 3D microstructure

generator, numerous topics have been reviewed such as generating virtual microstructures

(Section 2.2), the types of packing problems and related packing heuristics (Section 2.3), shape

descriptors and complex particle generators (Section 2.4) and finite/discrete mesh generators

(Section 2.5).

As we deal with the harmonic expansion of complex surfaces, we summarised some of the

important works about the traditional spherical harmonics and elliptic Fourier descriptors

(Section 2.6) followed by some important works to localise the spectral expansion onto spher-

ical domains (Section 2.7). Then, we also summarised important works on expanding and

mapping genus-0 open surfaces (Sections 2.8 and 2.9) as an introduction to the newly pro-

posed approaches in Chapters 5 and 6. Next, we explained the gap in studying rough surfaces

and quantifying their fractality with existing methods such as the Fourier-filter approach

(Section 2.10) as we proposed solutions to bridge such drawbacks in Chapter 6. The harmonic

bases used in spherical cap harmonics and disk harmonics have been reviewed in Section

2.11, in addition to some of their applications in different scientific domains. Finally, we

revisited the integration of harmonic bases and common statistical regularisation approaches

in Section 2.12 as an introduction to Chapter 7 where we proposed new faster and more

efficient approaches based on the well-known randomised Kaczmarz algorithm.

2.1 Heuristics and global optimisation of combinatorial problems

Many metaheuristic algorithms were developed to solve optimisation problems by mimicking

biological and physical analogies (Ser et al., 2019), including algorithms such as Genetic
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Algorithms (GAs) (Holland, 1992), Particle Swarm Optimisation (PSO) (Kennedy and Eberhart,

1995) and the recent generalised version (GEPSO) (Sedighizadeh et al., 2021) and Harmony

Search (HS) (Z. Geem et al., 2002) and its latest modifications such as in Z. W. Geem and

Sim (2010), Shaqfa and Orbán (2019), and Jeong et al. (2020), as well as the recent Whales

Optimisation Algorithm (WOA) (Mirjalili and Lewis, 2016) and Pathfinder Algorithm (PFA)

(Yapici and Cetinkaya, 2019), to mention but a few. The candidate problems usually range from

continuous differentiable problems to discrete, noisy, and even loosely defined objectives,

such as in engineering applications.

Sequential sampling was used intensively in the second half of the last century for estimating

the distribution of unknown functions, and the influence of such methods is still highly echoed

in current engineering metamodels (R. Jin et al., 2002). As the purpose of this section is not

to review all the optimisation algorithms that employed sequential sampling techniques,

we advise the readers to refer to Homem-de-Mello and Bayraksan (2014) where they can

find a comprehensive review for algorithms used the Monte Carlo sampling approach for

solving optimisation problems. Holistically, metaheuristics can be seen as performance-

driven sequential sampling processes (Markovian processes) (X.-S. Yang et al., 2013), where

the efficiency of such algorithms depends on the random walks that are used to explore and

exploit the provided landscapes. Many random walks have been proposed in the literature,

such as Brownian motion (obeys Gaussian distribution) and the Lévy flights (obeys Lévy

distribution) for handling stochastic optimisation problems (see X.-S. Yang et al. (2013) and

X. Yang and Suash Deb (2009) for comparison).

Estimation of distribution algorithms (EDAs) is another rank of search methods that tries to

obtain better solutions from the search domain by estimating the probability density function

(PDF) over the whole landscape from the so-far sampled solutions (see Dai et al. (2019) for

a detailed review). One relatively recent method that has been used by many engineering

problems was proposed by Raphael and Smith (2003). In their method, they subdivide the

search domain into a fixed number of sub-domains and depending on the fitness of the

collected solutions the PDF of the domain evolves over time and the solutions are eventually

focused around the most promising regions.

2.2 Masonry typologies and microstructures

Any numerical simulation of masonry structures requires the input of an idealised geometry

of the structure but the literature on microstructure generators for stone masonry is scarce.

One study on this topic was presented by Zhang et al. (2018a), which tackles the problem of

generating a 2D wall microstructure for various stone masonry typologies. Moreover, they

provided numerical tools to quantify the generated typologies using the line of minimum

trace (LMT) following the work by Borri et al. (2015). In that paper, the authors generated a

cellular structure for stones in 2D where one cell represents one stone. Those cells are placed

from bottom to top and from left to right per layer. They then applied Voronoi cell splitting
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to further discretise the generated cells. Finally, to generate nonuniform mortar joints and

to round the corners of the stones, they used a weathering algorithm that affects the cell

boundaries by mimicking the wind erosion of rocks.

In some works, finite element meshes for 2D analyses were generated from images of stone

masonry walls [e.g. Šejnoha et al. (2008), Senthivel and P. B. Lourenço (2009), and Costa et al.

(2015)]. The same technique was applied in discrete element simulations using 3D models

assuming that the stone geometry was constant or ellipsoidal through the wall thickness [e.g.

Cannizzaro and P. B. Lourenço (2017), Pulatsu et al. (2016), Mordanova and Felice (2020),

Ferrante et al. (2020), and Tiberti and Milani (2020)].

A study that quantifies the geometrical characteristics of irregular stone masonry is presented

by Almeida et al. (2016). This work classified stone masonry per size and shape and per

horizontal and vertical alignments of the stones (interlocking). However, that work only

quantified the visible part, i.e. elevation texture, of the facades, while walls with multi-leaves

and different infills were not covered. Many other researchers, such as Calderini et al. (2009)

and Zhang et al. (2018a), studied and compared the in-plane mechanical behaviour of different

masonry typologies.

Calderini et al. (2010) identified the mechanical parameters using the diagonal compression

test for different typologies, including irregular rubble stone masonry. Hybrid simulations

combining FEM and DEM called hybrid FEM/DEM were also used such as the work by

Bagneris et al. (2013). We also refer the readers for a review paper that summarises other

common simulation techniques used in masonry by D’Altri et al. (2019). In this paper, we

target the simulation approach used by Zhang et al. as they consider detailed microstructure

treatment with explicit damage (fracture) and the following contact problem with the cohesive

zone model.

2.3 Microstructures as a packing optimisation problem

The approach used in this paper was initially inspired by a number of key works that generated

microstructures for other materials, such as concrete. In this literature, the Voronoi algorithm,

in both 2D and 3D, was used as a “Packing Algorithm” to help solve various problems, such as

for densely packed sphere-like particles in containers (Hales, 1992). This approach has found

its way into numerical simulations in many recent applications, such as in Mollon and J. Zhao

(2014), where they used Voronoi-based packing for 3D irregular granular material packing for

input geometries using the discrete element method (DEM). The literature here presents a

universal view on heterogeneous material microstructure generation, which packs complex-

shaped objects in a container of confining cementing medium using a packing problem

with constraints that control the distribution and arrangement of the objects. Accordingly, a

packing optimisation problem to maximise the coverage of such objects in a confined space

can be formulated.
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The explicit packing analogy has been used in simulations for many applications. One recent

paper by Partopour and Dixon (2017) studied the pressure drop, velocity profile, and heat

transfer of randomly packed beds of arbitrarily shaped particles using computational fluid

dynamics (CFD) simulations, where the geometry was prepared for these types of simulations

using the open-source package Blender (2020), wherein the objects were all packed using a

simple gravity-based approach for minimising the voids in the packed bed (maximise the

coverage rate). Chiarelli et al. (2015) used the historical Apollonian packing problem, see

Dodds and Weitz (2002b), to reconstruct a virtual asphalt mixture. In that paper, they made

3D asphalt samples based on 2D-generated layers by packing in-plane circles and ellipses that

grow through the layer until they contact air voids. The results were validated in 2D and 3D

using computed tomography (CT) scanning.

More recently, new algorithms were proposed for reconstructing virtual periodic heteroge-

neous microstructures using the packing analogy. M. Yang et al. (2018) proposed two packing

algorithms for constructing the microstructure of granular- and fibre-based materials. They

calibrated the extracted statistical data using CT and image processing with the microstructure

generator using the genetic algorithm [see Holland (1992)]. They detected overlaps (contact)

between objects using the bounding volume hierarchy method (BVH) (refer to Larsson and

Akenine-Möller (2006) for more details).

We further reviewed general-purpose packing algorithms for complex geometries in complex

containers. Automated construction using robots is a wide research area. Inspired by masonry

building manuals, Thangavelu et al. (2018) developed a method for 2D dry stacking (packing)

of irregular objects that depended on geometrical and physical constraints and estimated the

stability with mortar-free (dry stack) connections between stones. Another recent work by

Wermelinger et al. (2018) addressed autonomous construction by applying a heuristic-based

search for finding the best position for a site-found material of either rubble or stone and

stacking it in a vertical pack using only a robotic arm. These works could be useful in dry-stack

wall applications, which require static equilibrium checks to avoid structural instabilities.

One of the detailed 3D heuristics in the automated construction field is presented in Ma et al.

(2018). Here, the authors proposed the “most general” packing solver for the 3D packing of

irregular objects in both convex and nonconvex containers. They achieved a good coverage

rate compared to older literature by combining continuous and combinatorial optimisation

methods. More detailed literature about advances in packing heuristics can be found in the

pioneering PhD work by Egeblad (2008).

In this work, we considered the packing analogy to place items (masonry stones) in containers

(wall boundaries). However, the problem of packing objects in 3D space is very complex

and significantly more computationally demanding than in 2D space. Therefore, we herein

establish a simplified 3D heuristic approach that imitates the real construction process of

stone masonry walls.
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2.4 Complex particle geometry and shape descriptors

As outlined in the introduction, the shape of the stones used for virtual construction can

either be the geometries of real stones, which are obtained by scanning the stones, or virtually

generated stone shapes. The first step for building is to generate the particles, which itself

is not trivial. Before creating the particle, we need to be able to uniquely distinguish it from

other particles. For this, we use the shape descriptor, which is the signature that uniquely

differentiates between particles regardless of their orientation or location. Many methods exist

in the literature for describing the shape of objects from a conventional descriptor, such as

the elongation, roundness, sphericity, convexity, and angularity, as well as for mathematically

computed shape descriptors, such as the Fourier descriptors for 2D shapes and the spherical

harmonics for 3D objects (see B. Zhao and J. Wang (2016) as an example). To describe arbitrar-

ily shaped particles, the semi-analytical method of spherical harmonic transform can be used,

which is a 3D generalisation of Fourier descriptors (refer to E. Garboczi and J. Bullard (2017)

for a review of the topic). In his dissertation, Qian (2012) proposed a 3D concrete mesoscale

microstructure generator that used spherical harmonics to describe and place the star-shaped

particles of aggregate in the cement matrix.

With a spherical harmonics transform providing a unique description of particle morphology,

recent literature has used the inverse transform to then generate particles. Generating particles

is also a non-trivial process, as each particle should be unique but at the same time lays in a

certain predefined spectrum, which can normally be extracted from real scanned objects. For

instance, Zhou et al. (2015) used a database from the µCT (micro-CT) scanner to analyse and

reconstruct the morphology of random sand particles using the spherical harmonic method

associated with the principal components analysis (PCA). Wei et al. (2018b) also proposed

a simple methodology for generating granular particles from shape descriptors and laid out

a numerically based linkage between the traditional shape descriptors and the spherical

harmonics. That study based particle generation on the former research work by B. D. Zhao

et al. (2017), which studied the rotation-invariant descriptors on sand particles. Another

recent study by Wei et al. (2018a) used spherical harmonics associated with a statistics-based

fractal dimension (FD) to compute a multi-scale particle morphology of sand particles.

By combing spherical harmonics and probability density functions, Q. Sun and Zheng (2020)

were able to mutate different particles out of the data provided for only one µCT-scanned par-

ticle. In that paper, the authors mimicked gene-mutation techniques to add a user-controlled

variance to the identified spherical harmonics coefficients for the involved particle. The

aforementioned particle generators are mostly used to produce meshes for the DEM and for

relatively small sand particles. To characterise and reconstruct the particles and define their

roughness, the former studies normally used from 12 to 15 and sometimes up to 30 spherical

degrees. This is both sufficient for DEM applications and it kept the computational complexity

of the contact detection algorithms to a minimum. In contrast, Shaqfa et al. (2021b) recently

suggested the use of wavelengths to reconstruct objects and separate shapes by roughness

instead of the scale-dependent degree number. In this study, we used relatively larger granular
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particles (stones) to build stone masonry walls. To generate stones with higher morphological

details to sufficiently cover the texture (not only the form) of a particle, higher spherical de-

grees are normally needed. To generate such stones on-the-fly, as will be explained later in

context, we need a faster (more computationally efficient) hierarchical method that simply

and quickly codes the descriptors.

2.5 Finite/discrete element mesh generation

For the generated microstructure to serve as the basis for numerical simulations, it needs

to be transformed into a mesh that is suitable for finite or discrete element analysis. Any

such mesh requires an idealisation of the generated geometries, because the level at which

the details of the geometries can be represented depends on the element size of the mesh.

This idealisation is a critical step for the accuracy of the numerical simulations, though it can

be quite challenging in most complex microstructures. A few pioneering works generated

conformal finite element meshes for geometries that are either generated or obtained from CT

scans. Conformal meshes such as these have two opposing elements that lay on the boundary

of two different yarns that share the same node, edge and/or surface (coinciding elements).

One well-known tool for generating conformal meshes and for computing the properties

of the local behaviour of microstructures from 2D images is OOF2 (Reid et al., 2009), a 3D

extension of which was proposed in Coffman et al. (2012). Here, they constructed FEM meshes

using image segmentation and space-filling the different areas on the segmented images.

They started with coarse meshes that were refined in optimisation steps to reach the required

tetrahedral mesh. At about the same time, Lu and E. J. Garboczi (2014) treated the same

problem using a different approach wherein an assembly of open-source tools and newly

written codes (named MeshVol) was used to generate tetrahedral meshes based on differently

sourced surface data. Recently, Ehab Moustafa Kamel et al. (2019) proposed an approach for

conformal remeshing of complex inclusion-based microstructures of RVEs that are extracted

from experiments or artificially generated. Other remeshing approaches can also be found

for converting point-clouds to a corresponding voxel-based structure such as Castellazzi et al.

(2017).

2.6 Spherical harmonics analysis (SHA) and its applications in me-

chanics

The modern spherical harmonics analysis (SHA or SPHARM) for closed and nonconvex parti-

cles was developed by Brechbühler et al. (1995), who applied it to the field of medical imaging

for brain morphometry. SHA describes surfaces with few shape descriptors that are invariant

when rotating, translating and scaling the shapes. To apply SHA to any closed, nonconvex

surface, Brechbühler et al. (1995) proposed a parameterisation method that provides a unique

mapping of each vertex on a surface onto a unit sphere S2 through the use of equivalent

coordinates x(θ,φ), y(θ,φ) and z(θ,φ). In other words, their method can describe 3D, closed
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and randomly-shaped objects with a relatively small number of shape descriptors derived

from 2D signals mapped onto a unit sphere. The SHA method can therefore be considered a

3D generalisation of the traditional Elliptic Fourier Descriptors (EFDs) method [see (Persoon

and Fu, 1977; Rohlf and Archie, 1984; Kuhl and Giardina, 1982)], which was developed to

model 2D shapes (1D signals). The SHA method can also be used to accurately reconstruct 3D

shapes from their shape descriptors. Recently, Su and Yan (2019) found a correlation between

the SHA and EFD descriptors and used that for predicting the size of the irregular particles

from 2D images.

Since the original SHA work was published, many contributions generalised it for a broader

range of applications. While the original SHA dealt with voxel-based and simply connected

meshes, the Control of Area and Length Distortions (CALD) algorithm (Li Shen and Makedon,

2006) extended the parameterisation method to triangulated meshes, such as Standard Tes-

sellation Language (STL) meshes. The original SPHARM determines the coefficients of the

matrix by a least-squares algorithm that requires the calculation of the inverse. Modelling

complex shapes with small details requires such a vast number of vertices that calculating

the inverse is burdensome with the traditional SHA approach. Li Shen and Moo K. Chung

(2006a) used an iterative approach to expand the coefficients for the complex and large-scale

modelling of shapes. Other notable works include the weighted SPHARM method by Moo K

Chung et al. (2007), the SPHARM-PDM statistical toolbox for shape descriptors by Styner

et al. (2006), and the 3D analytic framework with improved spherical parameterisation and

SPHARM registration algorithms developed by Li Shen et al. (2009).

In biomedical imaging, shape descriptors based on SHA were used to reconstruct surfaces and

compare the morphology of organs. In engineering mechanics, two further questions were

investigated: (i) How can SHA shape descriptors be linked to the well-known, traditional shape

descriptors? (ii) How can the SHA shape descriptors be linked to mechanical parameters,

such as friction coefficients, and traditional morphology measures, such as fractal dimensions

(FD)? Here, we review studies in mechanics that used SHA for generating particles as well as

for simulating particle mechanics.

Zhou et al. (2015) scanned real particles, computed the distribution of the SHA shape descrip-

tors and then used these descriptors as inputs for a particle generator. The particle generator

used the shape descriptors to reconstruct particle shapes, which became inputs for Discrete

Element Method (DEM) simulations. Wei et al. (2018b) established links between the coeffi-

cients expanded from the SHA and traditional shape descriptors, namely, the form, roundness

and compactness, and used these as inputs for a particle generator. They applied their method

to Leighton Buzzard sand particles, which were scanned by B. D. Zhao et al. (2017) to reveal

an exponential decay of the rotation-invariant descriptors against the degree of expansion

on a log-log scale. In Wei et al. (2018a), the authors estimated the Hurst exponent (H) from

the exponential decay of the power spectrum computed from SHA coefficients; thus the SHA

is able to capture a self-similar phenomenon akin to the traditional Power Spectral Density

(PSD) analysis associated with Fourier expansion for 1D signals. Apart from methods based on
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power spectral analysis, the authors in Yotter et al. (2011) and De Miras et al. (2020) correlated

the FD in SHA by investigating the surface area evolution at an increasing reconstruction

degree in a log-log scale.

More recently, Wei et al. (2020) studied the contact between rough spheres and a smooth base

using finite element analysis. For this, they constructed roughened spheres using spherical

harmonics and considering more than 2000 degrees. The locally roughened patch on the

sphere was generated by assuming a certain FD and relative roughness measure. In contrast

with the traditional concept of computing Fourier coefficients along certain lines (see Russ

(1994) for details), the advantage of SHA-based fractal dimensions is that they are not direction-

dependent because they are intrinsically defined everywhere along the sphere and do not

expand sampled sections (1D signals). Furthermore, the SH basis functions constitute a

complete orthogonal set integrated over the entire surface of the sphere in Hilbert space

S2, which allows the power spectral analysis. Lately, Feng (2021) proposed a new energy-

conserving contact model for triangulated star-shaped particles reconstructed with the SH.

The model reduces the computational complexity of the discrete element simulations with

controllable mesh size obtained via the golden spiral lattice algorithm.

The SHA is therefore a very powerful tool for contact analysis. However, it is currently only

valid for closed objects. In this paper, we address this by offering an alternative method for

analysing the surface morphology—instead of analysing the surface of an entire closed object

using SHA, we study the morphology of a patch on this object using SCHA. Depending on the

size of the patch on a sphere, this usually requires significantly less degrees. In addition, this

method makes it possible to analyse regions of different roughness on the same closed object.

Here, we provide a general procedure suitable for nominally flat and open surface patches

and further show how the fractal dimension concept is an intrinsic property in such basis

functions defined over spheres, hemispheres and spherical caps.

2.7 Regional modelling of spatial frequencies on a sphere

This paper uses SCH basis functions to study the local roughness and morphological features

of rough surface patches that are regionally distributed over, for example, natural rocks, stones,

bones, faults, etc. The idea of applying an SCHA to a regional subset of data distributed

over a sphere was previously exploited in geophysics to study physical quantities such as

geomagnetic and gravitational fields (refer to Torta (2019) for a comprehensive review of other

applications). Many other methods can also be found in the literature for dealing with regional

data.

Multitaper spectral analysis is one common method for localising data using global basis

functions (integrated over the whole domain) such as the spherical harmonics. In this method,

the data outside the region of interest is tapered to zero. When the region of interest is a

patch with a free edge, it can be parameterised over an appropriate cap with an assumption

of a grid-of-zeros over the rest of the sphere. This technique can be implemented efficiently
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using sparse matrices; however, the data tapering will affect the analysis results (Wieczorek,

2015), and special relationships will be needed to link the localised analysis to the global one

(Wieczorek and Simons, 2005).

Another common approach is wavelet analysis, where the signals are multiplied (inner prod-

uct) with a wavelet function and then integrated over the entire domain. However, this analysis

becomes a function of the wavelet size (scale) and not the degrees of the SH expansion (Wiec-

zorek, 2015). Although it is tempting to use these approaches, and their computation is fast

and stable, they alter the actual signals and properties of the basis functions. Instead, we

herein consider a direct and analytical approach that defines global functions over the entire

regional domain without altering the actual data or basis functions.

2.8 Modelling arbitrarily shaped objects with free edges

For modelling arbitrarily shaped objects using SHA, most of the literature relates exclusively

to genus-0 closed objects. SHA requires an appropriate parameterisation algorithm (bijective

function) over a unit sphere S2, but does not cover open objects, which have a free boundary

along their edge. This problem was previously addressed using a hemispherical harmonic

(HSH) basis instead of SH basis. The HSH basis uses shifted associate Legendre polynomials

to describe a 2D function projected onto a hemisphere S2
θc≤π/2 with a free edge.

H. Huang et al. (2006) was the first to apply HSH functions to extract shape descriptors for

anatomical structures with free edges via a modified parameterisation algorithm of the original

one proposed by Brechbühler et al. (1995). By applying the proposed method to images of

ventricles, they concluded that it is more robust and natural than the SH basis for representing

free edges, which requires more effort to satisfactorily converge along the discontinuities. In

addition to having the naturally defined free edge in HSH, the convergence is also faster than

with the ordinary SH because of the distortion introduced by the parameterisation algorithm

and the maximum wavelength defined on the regionally-selected patch on the targeted object,

which will be discussed and demonstrated in later sections. As a similar strategy, Giri et al.

(2021a) recently developed a hemispherical area-preserving parameterisation algorithm and

analysed 60 hemispherical-like anatomical surfaces. They compared the results with ordinary

SH and also found significant improvements from 50 to 80% on the reconstruction quality.

They also proposed variants of HSH for other anatomical shapes (Giri et al., 2021b; G. P. T. Choi

et al., 2021).

2.9 Parameterisation algorithms of genus-0 surfaces

Before expanding spatial data using harmonic bases, the surface patch needs to be mapped

onto an equivalent parameterisation domain (i.e, spherical cap or disk). This mapping algo-

rithm assigns each vertex coordinate of the surface of the original object a unique coordinate

on the parameterisation domain. A proper parameterisation algorithm should distribute
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the morphological features uniformly over the surface without clustering (Brechbühler et al.,

1995). The mapping algorithms used here can be categorised into angle-preserving (confor-

mal) (M. Jin et al., 2004; G. P.-T. Choi and Lui, 2018) or area-preserving (Xin Zhao et al., 2013;

G. P. T. Choi and Rycroft, 2018). The former preserves the angles between the mesh elements

such that that the local morphological properties are preserved, but this could introduce

undesirable distortion in the element areas. The latter algorithm preserves the area of the

elements but can introduce sufficient angular distortion to jeopardise the representation of

the local morphological features. In general, angle and area preservation cannot be achieved

at the same time (Floater and Hormann, 2005), hence the choice of parameterisation method

depends on the application. In mesh fitting, it is often desirable to balance angle and area

distortions (Nadeem et al., 2017).

2.10 Studying the roughness of nominally flat and curved open

patches

In structural engineering, spectral decomposition of the surface morphology is useful when

analysing the interaction of rough surfaces, such as cracks within concrete or rock and struc-

tures built from natural stones. Such real surfaces are aperiodic, and as such, the traditional

power spectral density (PSD) method, the standard method for analysing surface morpholo-

gies, suffers from several limiting drawbacks (Jacobs et al., 2017):

• The Fourier transformation assumes that the signal is periodic; when applying the

method to aperiodic real surfaces, the required periodicity must be imposed on the data

using a windowing function, see Prabhu (2018) and Elson and Bennett (1995). These

windowing functions “taper” the data close to the boundaries of the image and work

like a low-pass filter. Studies indicate that the choice of windowing function affects the

PSD results (Jacobs et al., 2017).

• For the PSD method, the tilt of the input signal must be removed in a pre-processing step.

Jacobs et al. (2017) proposed a method for removing this tilt by fitting and subtracting a

plane from the signal to adjust the average tilt of the processed surface to zero. However,

such corrections are difficult to apply to curved surfaces and render the PSD results

sensitive to the pre-processing method.

Next to the PSD method for studying 3D rough surfaces, (hemi-)spherical harmonics analyses

have also been proposed. However, these basis functions also come with their own setbacks

[reviewed in Shaqfa et al. (2021b)]:

• Because spherical harmonics are used for studying closed genus-0 objects, open surfaces

cannot be expanded regionally on a closed sphere without proper windowing functions.

These windowing functions will alter the actual input signals (surface data) similarly to

the traditional PSD when forcing periodic boundary conditions.
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• The convergence of these functions is slow and could be sped up considerably with a

method that analyses the morphology at any starting scale from macro to micro and

across several orders of scales.

• Although recent papers employed hemispherical harmonics (variant basis functions

from spherical harmonics), these functions cannot accurately represent the morphology

of rough surface patches that are nominally flat due to the introduction of significant

distortion when mapping a flat surface to a hemisphere.

2.11 Harmonic basis functions

2.11.1 Spherical cap harmonic (SCH)

The SCH basis functions were first proposed by G. V. Haines (1985), and his codes with the

implementation details were published shortly thereafter (G V Haines, 1988). In his paper,

he solved the Sturm–Liouville (self-adjoint) boundary value problem to derive two mutually

orthogonal sets over a constrained spherical cap that satisfy the Laplacian. By applying one

of the Neumann or Dirichlet boundary conditions on the free edge of the cap, we can get a

general form of the associated Legendre function of real fractional (non-integer) degrees and

integer orders. To satisfy the applied boundary conditions, we first solve for eigenvalues of

the Sturm–Liouville boundary value problem, and these real and non-integer degrees of the

associated Legendre functions can be used to define the basis functions. The resulting basis

set depends on the applied boundary conditions; two types of bases are widely used and are

named the “even” and the “odd” basis functions (for more details, see Section 5.2).

Haines’s basis functions have been studied and revised several times. In general, they were

derived to analyse signals on a solid spherical cap with a finite thickness, which is described

by an internal (r = a) and external (r = b) radii. These basis functions were used to expand

physical quantities through the Lithosphere. However, in this work, we use the basis for a

spherical cap with zero thickness, i.e. a → b. This simplifies the problem because the normali-

sation of the spherical cone is ignored and the associated extra boundary conditions do not

need to be applied through the thickness b−a. Haines’s derivation of the normalisation factor

was indeed an approximation (Schmidt-normalised), and he claims that the normalisation

itself is not crucial as soon as the same normalisation factor is used for the reconstruction.

An analytical derivation for the normalisation factor was proposed by Hwang and S.-K. Chen

(1997), and they named it the fully normalised SCH.

To capture smaller minimum wavelengths at the surface of the earth than with the original

SCH, A. De Santis (1991) proposed a modified version developed by shifting the origin of

the spherical cap from the origin of the earth towards the surface. In 1992, Angelo De Santis

(1992) proposed using the ordinary SH defined over a hemisphere (using integer degrees) by

scaling the spherical cap data to fit over a hemisphere. Although it is tempting to use such

approximations to relax the complexity of the proposed functions in the original SCH, they
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are only valid for small half-angles (shallow spherical caps). More recently, Thébault and his

co-authors (Thébault et al., 2004; Thébault et al., 2006) proposed a new revised version of the

SCH to deal with problems mainly associated with the solid spherical cone. These papers are

considered out-of-scope here because we only deal with the surfaces of spherical caps. More

details about the history and the evolution of the method and its applications in geophysics

can be found in Torta (2019) and Torta et al. (2006).

2.11.2 Disk harmonics (DH)

To solve some of the drawbacks of the SCH bases (see Ch. 6), we used the disk harmonics bases.

The bases we refer to here are the Fourier-Bessel eigenfunctions and are also known as the

drumhead harmonic bases. Though these basis functions have been used in many engineer-

ing and physical applications, to our knowledge, it has not been employed for studying the

morphology of surfaces. In structural engineering, DH have been used to study the vibration

modal shapes of circular membranes, such as in the work by Kirchhoff (1850), Rayleigh (1877),

Timoshenko (1929) and Wah (1962). DH have also been used in image analysis. For pattern

recognition of 2D images, Verrall and Kakarala (1998) studied the reconstruction and invariant

descriptors and compared the results with other similar orthogonal bases, including Zernike

and pseudo-Zernike. Similar approaches also exist that use different orthogonal variants of a

radial basis on a disk [Sheng and Lixin Shen (1994), Ping et al. (2002), and Ren et al. (2003)].

The invariant descriptors extracted from DH can also be used beyond image compression and

reconstruction. For example, Z. Sun et al. (2020) used shape descriptors to rigorously gener-

alise convolutional neural networks (CNNs) for image analysis while maintaining affordable

computational efforts.

2.12 Integrating harmonic bases for expanding parametric surfaces

The current state-of-the-art morphological studies rely on conventional methods to compute

the coefficients (weights). These methods can be classified into (i) discrete/semi-analytical

methods on curvilinear domains (e.g., sphere, disk) (Xiao et al., 2010) and (ii) statistical

regularisation for irregular observations (e.g., sensed data). Among the techniques used for

the statistical regularisation one can include the ordinary least squares (OLS) (Goldberger,

1976), Moore–Penrose inverse (pseudo-inverse) (Penrose, 1955), QR decomposition (Andrilli

and Hecker, 2010), singular value decomposition (SVD) (Andrilli and Hecker, 2010), ridge

regression (Hoerl and Kennard, 1970) and Lasso (Tibshirani, 1996). However, such methods

can become computationally prohibitive for large systems; while some of them are memory-

intensive, especially with the double-precision for complex bases. Other works use iterative

and scalable approaches based on conventional least square solvers. As an example, the work

on spherical harmonics reconstruction by Shen and Chung (2006) Li Shen and Moo K. Chung

(2006a), where they fitted the residual error iteratively using multiple passes over the degrees

of the harmonic bases. Moo K Chung et al. (2007) used the same iterative algorithm and
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provided proof of its correctness. However, the complexity and accuracy of such an approach

is limited by the performance of the employed least-square solver.

Least squares solvers can be classified either as direct, such as the ones based on QR decom-

position and SVD (Andrilli and Hecker, 2010) or as iterative such as the Kaczmarz algorithm

(Kaczmarz, 1937; S. Kaczmarz, 1993). Kaczmarz algorithm was also rediscovered by Herman

(1980) as the algebraic reconstruction technique (ART). Techniques such as the QR decompo-

sition can be used to obtain the least-squares solution of inconsistent and/or overdetermined

systems with reduced round-off errors. However, if the rank of the basis matrix is small,

one can use its SVD to obtain its truncated pseudo-inverse to approximate the system’s so-

lution. On the other hand, Kaczmarz’s algorithm (KA) is an iterative projection technique

that is mainly used for solving overdetermined linear systems. The KA has been extensively

studied due to its simplicity and versatility in applications such as data reconstruction for

computer tomography (Eggermont et al., 1981; Herman, 2009) and numerical estimation of

sparse solutions of linear systems (Mansour and Yilmaz, 2013b; Mansour and Yilmaz, 2013a).

The conventional implementation of the KA uses the alternating orthogonal projection of

solutions onto hyperplanes of the linear system. A general relaxed Kaczmarz version was

also proposed by Tanabe (1971). Strohmer and Vershynin (2008) introduced the randomised

Kaczmarz (RK) method. In this regard, the RK method, differently from the KA, accesses the

rows of the basis matrix of a linear system randomly with probability proportional to the

square of their Euclidean norm. The RK method is known to have a linear convergence rate

and it is demonstrated that it can be faster than the conjugate gradient algorithm (Strohmer

and Vershynin, 2008). Recently, M.-z. Huang and Y. Wang (2021) proved the convergence of

the RK algorithm for complex-valued systems.

In practical applications, the main morphological features of parametric surfaces are well-

determined by few coefficients, making the signal projection onto an orthonormal basis

approximately sparse. Several techniques have been used to address this problem such as

compressed sampling (Donoho, 2006; E. J. Candès et al., 2006), where concepts of incoherence

and restricted isometry property are used to solve a convex optimisation problem to find the

vector of coefficients of a linear system with a minimum ℓp -norm, with 0 < p ≤ 2. However,

solving a convex optimisation problem can be prohibitive for large linear systems. As an

alternative, a modified version of the RK method, referred to as sparse randomised Kaczmarz

(SRK) (Mansour and Yilmaz, 2013b; Mansour and Yilmaz, 2013a), was developed for reaching

a fast convergence by projecting every iterate onto a weighted hyperplane determined by

the equations of the linear system. For real-valued signals, a modified version of the RK

methods was also introduced by Lorenz et al. (2014a) and Lorenz et al. (2014b) to accelerate

the convergence of the RK method by solving a regularisation problem in the ℓ1−norm sense

[see Schöpfer and Lorenz (2018)].
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3 Pareto-like sequential sampling
heuristic for global optimisation

In this chapter, we propose a simple global optimisation algorithm inspired by Pareto’s prin-

ciple. This algorithm samples most of its solutions within prominent search domains and is

equipped with a self-adaptive mechanism to control the dynamic tightening of the promi-

nent domains while the greediness of the algorithm increases over time (iterations). Unlike

traditional metaheuristics, the proposed method has no direct mutation- or crossover-like

operations. It depends solely on the sequential random sampling that can be used in diversifi-

cation and intensification processes while keeping the information-flow between generations

and the structural bias at a minimum. By using a simple topology, the algorithm avoids prema-

ture convergence by sampling new solutions every generation. A simple theoretical derivation

revealed that the exploration of this approach is unbiased and the rate of the diversification

is constant during the runtime. The trade-off balance between the diversification and the

intensification is explained theoretically and experimentally. This proposed approach has

been benchmarked against standard optimisation problems as well as a selected set of sim-

ple and complex engineering applications. We used 26 standard benchmarks with different

properties that cover most of the optimisation problems’ nature, three traditional engineering

problems and one real complex engineering problem from the state-of-the-art literature. The

algorithm performs well in finding global minima for nonconvex and multimodal functions,

especially with high dimensional problems and it was found very competitive in comparison

with the recent algorithmic proposals. Moreover, the algorithm outperforms and scales better

than recent algorithms when it is benchmarked under a limited number of iterations for the

composite CEC2017 problems. The design of this algorithm is kept simple so it can be easily

coupled or hybridised with other search paradigms.

This chapter is a slightly modified version of the published paper:

Mahmoud Shaqfa and Katrin Beyer (May 2021). “Pareto-like sequential sampling heuristic

for global optimisation”. In: Soft Computing. DOI: 10.1007/s00500- 021- 05853- 8. URL:

https://doi.org/10.1007/s00500-021-05853-8

19

https://doi.org/10.1007/s00500-021-05853-8
https://doi.org/10.1007/s00500-021-05853-8


Chapter 3 Pareto-like sequential sampling (PSS)

3.1 Introduction

Over the past few decades, global optimisation techniques for solving combinatorial problems

have flourished. The ever-increasing complexity of engineering applications means that

variable sets are growing larger and the subsequent landscapes that need to be explored by

these optimisation problems are becoming increasingly complicated.

Generally, most current memetic algorithms are population-based and heavily dependent–

as an initial step–on crude random sampling. This initial population step is crucial for the

overall performance of the algorithms, affects all subsequent search phases (Ser et al., 2019), is

independent of the objective function and is considered an unbiased step of metaheuristics.

Said otherwise, the quality of the chosen solutions in the initial population depends only

on the design-of-experiment (DOE) methods used (space-filling techniques). Such methods

assure equal accessibility to each part of the landscape. A plethora of publications dealt with

the influence of the initial sampling and the population size on the overall performance of

metaheuristics [such as in Poláková and Bujok (2018)]. For the here proposed algorithm,

we use at every iteration DOE methods for sampling the new generation, as this guarantees

simplicity and minimum structural bias of the algorithm.

The algorithm that we propose in this chapter builds on the gbest topology that was originally

used in the PSO algorithm by Eberhart and Kennedy (1995). This simple and conservative

topology prevents the algorithm from exploiting too much information from the candidates,

which could drag the algorithm into a structural bias (see Kononova et al. (2015) for definition)

or even a premature convergence in late stages. In this work, we demonstrate how this simple

algorithm can perform surprisingly well for complex optimisation problems, sometimes

outperforming the existing state-of-the-art metaheuristics.

We further postulate our motivation behind this algorithmic proposal where we will use it

as a heuristic for solving physical packing problems. The chosen topology of this algorithm

was tailored to analogise the exact mathematical solvers used in packing regular items (boxes)

in containers. Those solvers use the domain-reduction techniques of the available packing

domain as we add more items to the container; some areas become more occupied than others

and exploring the search domain of such areas is not computationally efficient. However, this

algorithm will be used for packing physical items that are highly irregular and nonconvex

in containers. Such complex geometries make the use of traditional methods impractical.

For a comprehensive review about the techniques of domain-reduction in mathematics

and optimisation problems we refer the reader to Puranik and Sahinidis (2017) and Caprara

and Locatelli (2010) and some examples such as Paulen et al. (2013) and for the packing

optimisation problems literature see Martello and Toth (1990) and Carlier et al. (2007).

Our algorithm uses only the best solution from the previous generation. This best solution will

be the centre of the tightened search domain, which is referred to as the current promising

region. The size of the current promising region will be a function of time–the more optimisa-

tion steps that have already been completed, the smaller the promising region will be. The
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boundaries of the prominent region are only updated if a better solution than any previously

obtained solution has been found. We sample inside and outside this region using a standard

DOE method; in this chapter we use Monte-Carlo sampling, though any other DOE method

could also be used such as the Latin Hypercube Sampling (LHS) method [see Owen (1992),

Tang (1993), and Ye (1998)].

The chosen topology in this work could be good for global exploration, as it maintains the pop-

ulation diversity, i.e., avoids premature convergence. Conversely, it could be problematic for

exploiting local solutions where this process normally depends on the intensified information

flow among the members of the population. Thus, this algorithm might be best hybridised in

sequential or parallel schemes with other well-known algorithms. For more about topologies

in metaheuristics, we refer the readers to Lynn et al. (2018) as they comprehensively review the

common algorithmic topologies used in the literature. However, in this work, we use the pro-

posed algorithm as a standalone metaheuristic, with its simple topology, when benchmarking

the algorithm against a range of problems and engineering applications.

The renowned No Free Lunch (NFL) theorems by Wolpert and Macready (1997) have proven

the non-uniformity of the superiority of algorithms for all ranks of optimisation problems. In

this spirit, we propose that our algorithm be used as template, which can be combined with

various DOE methods and other optimisation algorithms.

This work has been organised such that Section 3.2 explains the analogy, the topology and

the mathematical formulation of this algorithm. Section 3.3 provides a simple probabilistic

analysis of the parameter settings, including a numerical illustration. In Section 3.4, we test

and compare the performance of this simplified approach with the state-of-the-art algorithms.

Finally, our conclusions are provided in Section 3.5, some future applications for this approach

are given in Section 9.1 and links to the source code of the algorithm are provided in Section

10.1.

3.2 Pareto-like sequential sampling (PSS)

3.2.1 Analogy

As mentioned earlier, the main analogy of this model is to mimic the Pareto principle, which

implies that a “virtual few” of a population account for the majority of the effects (Pareto,

1897; Juran and Gryna, 1988). The Pareto principal is popularly referred to as the 80/20 rule.

This principle has been applied to a wide range of human relations and can be observed

when a small percentage of contributors make the bulk impact on human-related matters.

Historically, this 80/20 principle was first observed and described by the Italian professor

Vilfredo Pareto from the University of Lausanne (UNIL), Switzerland (Pareto, 1897).

We here employ the Pareto principle by more densely sampling the solutions’ design variables

from a tightened search domain, i.e., the current prominent region, while sampling the
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remainder of the solutions from the overall search domain.

In order to better understand the collective behaviour considered in our analogy, one out of

many possible examples, is by letting us imagine a selected group of people were appointed

to discuss a certain social problem in a local community to find a proper solution. First, the

problem will be communicated to each one of them individually and each one of them will

have an initial opinion about what the solution could look like. However, these appointees,

as representatives for the society, must sit together and meet regularly in order to reach a

consensus on the optimal solution. As the appointees regularly meet, every one of them must

express her/his own opinion, perspective and exchange ideas of different solutions. Every

meeting the majority of these individuals will group behind certain revealing ideas that could

be better to settle down the problem and try even to push it further by combining different

solutions or sub-solutions from other individuals to reach an optimal solution. While the rest

will always try to find better and optimal ideas that could convince the majority to shift to

their sides. In this particular example, the appointees are the population of the solutions as

they start randomly at one point (before the meetings and when they got informed) and then

they refine their ideas every time they meet (number of iterations).

3.2.2 Topology

In this work, we achieve the proposed analogy using mere performance-driven sequential

sampling (see Fig. 3.1) to create better generations every iteration. We do this in a way that is

compatible with any sampling method, i.e., classical DOE methods, such as the traditional

Monte Carlo (MC) and Latin Hypercube Sampling (LHS), though in this chapter we only use

the MC sampling approach. Unlike traditional Evolutionary Algorithms (EAs), this algorithm

does not use operations such as mutation or crossover to obtain better generations.

The process builds on the assumption that the current best solution vector, #x best , lays in a

sub-domain where the majority of the good features exist (components of #x ). We refer to

this sub-domain as the prominent region Ω
′
. Hence, we sample the majority of the features,

approximatelyα×100%, from the surrounding neighbourhood. This topology of keeping track

of only #x best each iteration is similar to the traditional gbest topology proposed by Eberhart

and Kennedy (1995).

The location and the size of the prominent domain changes every time the #x best changes. The

size of the prominent domain (bandwidth), as will be described later, depends on the time

remaining for the algorithm to make improvements and the predetermined size of the analogy

(1−α). The size of the prominent region is set to a maximum of (1−α)% of Ω, centred about
#x best , where α is the acceptance probability that allows us to sample the components of the

solutions from the prominent neighbourhood. The closer the algorithm gets to the maximum

number of iterations, i.e., the shorter the time left for the algorithm to make improvements,

the smaller the size of the prominent region.
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This algorithm explores and exploits the domain by giving special emphasis to the prominent

region around the current best solution. At each iteration, the algorithm performs the following

steps:

• Determine the new best fitness #x i
best ,

• Update the prominent region #η i if #x i
best is better than #x i−1

best ,

• Sample from the search domain using classical DOE methods; sample more densely

from the prominent regions #η i and less densely from the overall search domain.

3.2.3 Mathematical Model

Let the real-valued optimisation problem f ( #x ) be defined on the search domain Ω ∈ IRn

and for all sub-domains iΩ
′ ⊂Ω. The corresponding boundaries are

#

Γ and i
#

Γ
′

for the main

domain and the sub-domain, respectively.

optimise f ( #x ), #x ∈Ω,Ω⊂ IRn , where (3.1)

#x = {x1, . . . , xn},
#

Γ− ≤ #x ≤ #

Γ+.

More specifically, the lower and the upper bounds for the main domain and the sub-domain

can be written as [
#

Γ−,
#

Γ+] and [i #

Γ
′−,i

#

Γ
′+], respectively. Additionally, let there be a solution

vector #x opt that reclines in Ω
′

and minimises f (.), where f ( #x opt ) ≤ f ( #x ) ∀ #x ∈Ω is a global

solution. For clarity, the following notations will be used in this work: i is the current time step

(iteration), k is the index of the solution vector in the population matrix and j indicates the

j th design variable (feature x j ) of any solution vector #x .

The process of random feature selection depends either on the algorithm sampling a decision

variable xi
j ∈ #x j from the prominent domain Ω

′
or improvising and sampling randomly from

the entire region Ω. This decision is dependent on the acceptance probability α.

Like any other metaheuristic algorithm, the first step is the initial population sampling. For a

continuous landscape, the population can be composed by:

k
#x =

#

Γ−+ k
#u ⊙ (

#

Γ+− #

Γ−). (3.2)

In this equation, k
#u is a vector of random coefficients sampled using one of the classical DOE

methods. The ⊙ operator indicates an element-wise multiplication of vectors.

The matrix ui is sampled at each iteration i with the chosen DOE method. It contains the

sampled random coefficients; its size is β×n where β is the size of the population and n is the
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number of dimensions of the problem.

[ui ] =


1ui

1 1ui
2 . . . 1ui

n

2ui
1 2ui

2 . . . 2ui
n

...
...

. . .
...

βui
1 βui

2 . . . βui
n

 . (3.3)

After evaluating the initial population and determining the best solution #x i
best , the algorithm

estimates the domain-tightening coefficients to update the current prominent upper and

lower bounds for each design feature as per the following expressions:

i #

Γ
′+ = #x i

best + #η i , i #

Γ
′+ ≤ #

Γ+, (3.4)

i #

Γ
′− = #x i

best − #η i , i #

Γ
′− ≥ #

Γ−, (3.5)

#η i =
(1−α)

(
1− i

γ

)
2

(
#

Γ +− #

Γ −). (3.6)

The bandwidth ( #η i ) is updated every time #x i
best is updated (self-adaptive mechanism). As

can be seen in (3.6), we applied time-dependent bandwidth tightening using the term
(
1− i

γ

)
.

This controls the greediness of the algorithm with time: as time passes, the algorithm becomes

greedier. The (1−α) term in (3.6) is used to maintain the α/(1−α) ratio (resembling the

80/20 analogy). To control the number of features (design variables) that will be sampled per

solution from the prominent domain Ω
′
, the acceptance probability α has been used.

If the algorithm decides to draw from the prominent domain Ω
′
, the set of equations (3.4) to

(3.6) together with (3.7) are used to generate a feature as follows:

k xi
j = i

jΓ
′−+ k ui

j (i
jΓ

′+− i
jΓ

′−). (3.7)

If the algorithm decides to draw a feature from the overall domain Ω, then it will instead be

evaluated using:

k xi
j = jΓ

−+ k ui
j ( jΓ

+− jΓ
−). (3.8)

This recursive process runs until the stopping condition is satisfied, which we have set to the

maximum number of evaluations γ. Algorithm 1 explains the steps of the algorithm.
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Feasible search domain
Tightened search domain
Main domain boundaries
Tightened domain boundaries
Current best solution
Other population candidates
Instant message passing

Figure 3.1: The topology of Pareto-like Sequential Sampling (PSS) algorithm.

Algorithm 1: Pareto-like Sequential Sampling (PSS)

Result: Minimise the objective function f ( #x )
1 read parameter-settings;
2 pre-allocate and initialise memory containers;
3 begin
4 initialise a population sample ∈ #

Γ ;
5 evaluate the initial population;
6 for i = 1 to γ do
7 // best solution in iteration i is #x i

best
8 find the current best #x i

best ;

9 generate [ui ]β×n ∼U (0,1);
10 for k = 1 to β do
11 if f ( #x i

best ) < f ( #x i−1
best ) then

12 update #η i and i #

Γ
′
;

13 end
14 foreach x j ∈ #x do
15 if r and ∼U (0,1) ≤α then
16 // sample from the prominent domain Ω

′

17 choose random k xi
j ∈Γ

′
j ;

18 else
19 // sample from the overall domain Ω
20 choose random k xi

j ∈Γ j ;

21 end
22 end
23 [popul ati on]β×n ← k

#x ;
24 evaluate f (k

#x );

25 end
26 end
27 end
28 return #x best ;
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3.3 Parameters setting

Figure 3.2: A virtual 1D optimisation objective f ( #x ) – discretized space.

The No-Free-Lunch (NFL) theorem directly promotes that no algorithm has a global parame-

ters set that ensures an overall good performance for all the possible optimisation problems

(Arcuri and Fraser, 2013). In line with this, we provide a comprehensive theoretical and visual

explanation of the parameter-setting (tuning) for the PSS algorithm. A survey about tradi-

tional tuning techniques can be found in Eiben et al. (1999). The PSS algorithm is based on

three input parameters that need to be set by the user. Namely, the population size (β), the

maximum number of iterations (γ) and the acceptance probability (α). The taxonomy and

terminology used in this section are taken from Eiben et al. (1999). The derived formulae

here follow probabilistic rules that can be found in standard textbooks about the theory of

probability [for example see Capiński and Zastawniak (2001)]. In this section, we provide an

analytical investigation of the interaction between the three parameters and illustrate their

effects on finding the global optimum by means of a numerical example. Apart from this, the

self-adaptive mechanism for the prominent domain will not be discussed here (see Section

3.2.3).

Let f (x) be a 1D discrete optimisation problem with N finite possible solutions that we need

to minimise. Fig. 3.2 shows the distribution of x along the domain Ω. Now, let Ω
′

be the trueI

prominent domain around the optimum solution xopt . The red-dashed line, shown in Fig. 3.2,

represents the lowest valley of all local minima, wherein all the points below this line are better

than any local optima above it. If any solution below this line is chosen, it will always lead to

the global solution in the coming generations by using the gbest topology. Assuming that n
′

is the number of all possible points below the line ∈Ω′
and N is the number of all possible

solutions ∈Ω, the probability of finding a solution inside the true prominent domain in the

first step (initial population sampling) is:

P (x ∈Ω′
) =

n
′

N
. (3.9)

We can expand (3.9) to determine the probability of drawing at least one solution that lays in

IThis is an innate constitutive property of the distribution (the change) of f ( #x ) vs. any independent x j ∈ #x .
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Ω
′

(event A0) from β drawn solutions:

P (A0) = 1−
(
1− n

′

N

)β
. (3.10)

Equation (3.10) explains the exponential relationship between the landscape size and the

initial population size. The probability of event A0 is a problem-specific property that differs

per objective and independent design variable. The complementary event to A0 will be called

B0, wherein P (B0) = 1−P (A0) and P (B0) means none of the drawn β solutions initially is

located in the true prominent region.

After the population initialisation, the algorithm performance phase begins. In this phase,

the algorithm tests the acceptance-rejection paradigm against α for each solution compo-

nent (∀xi
j ∈ #x i ). If a random number r i ∼U (0,1) ≤α, the algorithm will sample the design

component from the prominent region, else it will be sampled from the overall region. The

probability of exploring new solutions ∈Ω
′

from the domain is defined in Equation (3.11).

This equation is independent of the time step, i and it is always constant if the population size

β is constant for a specific optimisation problem and an independent design variable.

P i (x ∈Ω′ |r i >α)
=

[
1−

(
1− n

′

N

)β]
(1−α). (3.11)

Now if the algorithm were to intensificate (success against α), the probability of getting a

better solution within the current fictitious prominent region is shown in the following:

P i (xi+1
best < xi

best |r i ≤α)
=

[
1−

(
1− ni

t

N i
t

)β]
α. (3.12)

Notice that Equation (3.12) is time-dependent. The terms ni
t and N i

t by definition depend

on the sub-region (the current fictitious prominent region) and they are a function of time

(notice the i superscription). This can be imagined as if the red-dotted line corresponds to

the current best solution and the algorithm tries to find a better sub-optimal. Put differently,

it implies–only in this algorithm–that the intensification property is time-dependent and it

resembles a perturbation problem.

In real life, the algorithm is not aware of the true prominent domain. Indeed, the only parame-

ters known to the algorithm are the domain and the objective function (as an evaluator). We

assume that the best-known solution so far lays in the prominent domain and hope that the

algorithm’s exploration will find a better one in the upcoming generations (if any).

If we have an optimisation problem with n dimensions where n > 1, we always assume

independent design variables. For expanding the reflections made above for n design variables,

the probability of obtaining an optimal solution can be calculated using the multiplication rule,

wherein every design variable is treated as an independent event. This simple probabilistic
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analysis shows that the algorithm is dependent on the distribution of the objective function,

though because the algorithmic parameters are interactive, they must be carefully set. From

this analysis, we can see that with a bigger β, we boost the probability of obtaining solutions

that belong to the true prominent region, i.e., global optimum. With a higher α, the algorithm

puts most of its effort into intensification, weakening the diversification. For multimodal and

nonconvex problems,α should be smaller than in convex and unimodal problems. Using more

iterations will always increase the probability of exploring better solutions. Finally, it is worth

mentioning that we used only MC sampling in the presented analysis. Unless mentioned

otherwise, we used a population of 30 and an acceptance probability of 0.95.

3.3.1 Numerical Illustration

The example shown in Fig. 3.3 and 3.4 indicates the solution of the standard 2D Schwefel

problem. The optimum solution f ( #x opt ) = 0.0 is obtained when both x1 and x2 hit 420.9687

(the red-dotted lines in Fig. 3.4). A population of 30 members and a sum of 20 iterations were

used to solve this problem. For this problem, we set α = 0.95 and 0.70. Fig. 3.4 reveals how the

algorithm adaptively changed the prominent search area Ω
′

(the grey fill-up) and dynamically

tightened it to control the greediness of the algorithm with respect to the remaining time (for

the two cases).

According to our definition of the true prominent region for Schwefel function Ω
′ ∈ [389.33,

452.16] ∀ x j (determined graphically), we say that the algorithm has globally converged if the

algorithm successfully found both x1 and x2 ∈Ω′
. We analysed 30 consecutive runs for each

case and the converged results are expressed as: average ± standard deviation (success rate

%). For Case (a), the results were 0.197345 ± 0.835687 (83.33%) and for Case (b), the results

were 2.435370 ± 2.599124 (96.67%). These results highlight the trade-off balance between the

diversification and the intensification processes explained in Equations (3.11) and (3.12). Side

by side, Fig. 3.5 (a) reveals the effect of choosing the population size (β) on the probability of

finding better initial solutions (event A0). Moreover, Fig. 3.5 (b) and 3.5 (c) explain the global

diversification (∀xi ∈Ω) and the intensification inside the true prominent domain (∀xi ∈Ω′
)

for different dimensions of Schwefel function, respectively.
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Figure 3.3: The population history for Case (a) – 2D Schwefel function.
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3.4 Benchmarks and comparisons

The presented PSS algorithm was used to solve a set of standard functions (Section 3.4.1), the

CEC2017 composite functions (Section 3.4.3) and another selected set of engineering problems

(Section 3.4.4). We benchmarked and compared the performance of the PSS algorithm with

the obtained results from other state-of-the-art algorithms, the results of which were mostly

retrieved directly from the source papers and not re-simulated herein. To obtain a meaningful

comparison, we used the same number of evaluations per problem as were used by the authors

of the other algorithms. This benchmarking approach follows the recommendations by Arcuri

and Fraser (2013) and Liao et al. (2015), which were recently reemphasised by Ser et al. (2019)

and used by Piotrowski and Napiorkowski (2018).

For the standard benchmarks, we chose state-of-the-art algorithms to compare with and

avoided using the classical and outperformed algorithms following the suggestions by Ser

et al. (2019) and Molina et al. (2018). The first algorithm we used in the benchmarking was the

Whale Optimisation Algorithm (WOA) as this is one of the recent and heavily cited algorithms

in the literature, which outperformed many other recent algorithmic proposals [see Mirjalili

and Lewis (2016)]. The second one was the Pathfinder Algorithm (PFA), which has also been

published recently and shown to outperform many other algorithms [see Yapici and Cetinkaya

(2019)].

For engineering benchmarks, we compared the obtained solution by directly adopting the best

results obtained from different algorithms in the literature. We also solved a recent engineering

case study with high dimensions that was solved by using the Modified Parameter-Setting-Free

Harmony Search (MPSFHS) algorithm by Shaqfa and Orbán (2019) and we used the same

algorithm to benchmark the new algorithm with regard to its scalability.

3.4.1 Standard Benchmarks

Here, we compare our proposed algorithm with the WOA (Mirjalili and Lewis, 2016) and the

PFA (Yapici and Cetinkaya, 2019) using the standard benchmarks explained in Table 3.1. We

carefully chose the benchmarks in this paper to cover a wide range of problems.

In Table 3.3, we compared the WOA with our proposed PSS method. The problems were solved

by assumingα = 0.95. For the population size and the number of iterations, we chose the same

values as in Mirjalili and Lewis (2016), i.e., a population size of 30 and a total of 500 iterations.

In general, 30 dimensions were used for all the proposed problems (n = 30) except for f13 and

f15 (see Table 3.1).

The reported results in Table 3.3 express the average ± the standard deviation for 25 consec-

utive runs per problem [as in Mirjalili and Lewis (2016)]. The boldfaced results indicate–for

each problem–the algorithm that performed the best in the comparison. From Table 3.3, it

can be seen that in easy unimodal and convex functions, the best algorithm was WOA. This
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behaviour was expected due to the weak intensification in the PSS algorithm that the crude

random walk usually reveals. For harder problems, such as nonconvex and/or multimodal

ones, though, the PSS algorithm was better able to allocate global optima–this finding holds

notably for the Schwefel function f11.

In Table 3.4, we compare the PSS algorithm to the recently proposed PFA algorithm (Yapici

and Cetinkaya, 2019). As in their work, the problems in this table were simulated using a

population size of 30 and 1000 iterations. For the PSS algorithm, α was set to 0.95 as per the

previous comparison. However, the number of dimensions used for f8 was 20, while for f7

n = 6 and for f14 and f16, n was set to 2 and 3, respectively, as shown in Table 3.1. The stated

results are for 30 consecutive runs per function [as in Yapici and Cetinkaya (2019)].

As can be seen in Table 3.4, f2 and f5 behaved the same as in Table 3.3 (the pronounced weak

intensification for the proposed approach). On the other hand, the results of f8 and f11, see

Table 3.4, were outperformed by the Pareto-like sampling. The results of f7, f14 and f16 are

almost identical.

3.4.2 Testing Scalability

With an increased dimensionality, the problem complexity increases and accordingly, the

search domain expands exponentially. To test the scalability of the current algorithm, we

compared the behaviour of the proposed approach with the PFA algorithm for f8 and f11

functions. The simulations were run 30 times for each, with 10, 50 and 100 dimensions as

illustrated in Table 3.5. As the results suggest, the proposed PSS algorithm outperformed the

PFA and registered fewer deteriorations in performance with the increase of dimensions.

As this test implies that increased dimensionality requires more computational capacity, we

ran simulations with the recently modified parameter-setting-free harmony search algorithm

(MPSFHS) and the proposed PSS approach to see how increasing the iterations could enhance

the results. To do this, f8 and f11 were solved for n = 100 and a total of 300,000 evaluations

(10,000 iterations with a population size of 30 for PSS). Table 3.6 illustrates the results of 30

consecutive runs for each algorithm. The PSS approach outperformed the MPSFHS algorithm

and considerable enhancements were seen in the end results.

3.4.3 Composite Benchmarks

In this section, we used the CEC2017 by N. Wu et al. (2016) and reviewed by Molina et al. (2018),

competition’s composite functions to benchmark the behaviour of the proposed algorithm

(PSS). The used functions are briefly described in Table 3.2. We first tested our algorithm

against these functions under extreme cases where only a few iterations are allowed. In Table

3.7, we ran 30 consecutive tests with n = 2, α = 0.95, β = 30 and with allowing a total of 10

iterations per run for the composite functions fc,1 → fc,8. We conducted a comparison under

the same conditions for the PSS, PFA, WOA and PSO algorithms. The MPSFHS was tuned
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to H MS = 30 m = 2, H MC Ri = 0.75, PARi = 0.15, H MC Rmax = 0.99, PARmi n = 0.05 and 300

iterations to have an equivalent number of evaluations as the PSS, PFA, WOA and PSO [for

more about the used parameter-settings refer to Shaqfa and Orbán (2019)].

The results shown in Table 3.7 suggest that the PSS algorithm can still be globally convergent

and allocate global minima in most of the runs and it scales well with the available time

(iterations). Indeed it scored the best results for most functions, though, the gap between

the PSS and the PFA algorithms was small. The best runs are revealed in Fig. 3.6 showing

two iteration-milestones i = 5 and i = 10. Notice that the reported results in Table 3.7 are

expressed in terms of the error values and computed as
(

fc,i ( #xi )− fc,i ( #     xopt )
)

and we revealed

the minimum, maximum, mean, median and the standard deviation of the error values as

recommended by the CEC2017 report [refer to N. Wu et al. (2016)].

In another extreme case we tested the functions fc,1 → fc,10 but this time with n = 100 and

by only employing 100 iterations. In this experiment, we only compared the PSS with the

PFA algorithm. The shown results in Table 3.8 suggest that the gap between the PSS and

the PFA widens. Indeed, the PSS outperformed the PFA in all the functions except fc,2 and

fc,7. These results signify the capability of the PSS algorithm to scale with high-dimensional

problems while exploiting very limited computational resources. This is quite important

for complex surrogate models that require a significant computational capacity for each

functional evaluation Forrester and Keane (2009) and Queipo et al. (2005).

We also conducted simulations similar to the ones presented by Yapici and Cetinkaya (2019)

and again we compared our results with the adopted ones directly from their paper. The

tests were conducted with different dimensions for each function; we used n = 10, n = 30 and

n = 50. 50 runs with 1000 iterations per each were used to run all the tests. α and β were also

set to be 0.95 and 30, respectively. The results of both algorithms, shown in Table 3.9, are

in proximity to each other for most functions. However, in their paper they compared the

performance of the PFA with other algorithms and the best performance was registered by the

Effective Butterfly Optimiser (EBO) (A. Kumar et al., 2017) and the enhanced version of the

Success-History based Adaptive Differential Evolution LSHADE-cnEpSin algorithm (A. Kumar

et al., 2017) and they outperformed, though the results are not shown here [refer to Yapici and

Cetinkaya (2019)], the PFA and the PSS as those algorithms (EBO and LSHADE-cnEpSin) were

specifically designed to solve the CEC2017 problems.

The CEC2017 report indeed recommends to measure the performance of the algorithms at

several iteration-milestones to monitor the convergence behaviour. However, the reported

error values in terms of the mean and standard deviation does not reveal the real distribution

of the data. For this purpose, we used the raincloud plots by Allen et al. (2019) to monitor

the convergence at several iteration-milestones. In Fig. 3.7, we evinced a sample of the

convergence data distribution at different milestones i = 50, i = 100, i = 500 and i = 1000

and for problem dimensions n = 30 and n = 50. As can be seen in the figure the results are

widely-distributed at the beginning of the performance stage (notice data at i = 50); at later
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iterations relatively narrower distributions can be identified. It can be noticed as well that

some distributions have two peaks and this could be related to the corresponding topology of

the function as they contain many attractive local minima that could trick the algorithm into

it (for example see fc,7 in Fig. 3.7 and the corresponding 2D surface in Fig. 3.6).

The raincloud figures help to visualise how frequent the algorithm could be trapped in local

minima and how often it converges globally. This is more clear in lower dimensions, for

instance, when n = 10 as shown in Fig. 3.8 three different distributions can be noticed as each

one of them represents a possible local minima. The consistency of the algorithm can be seen

as it generates more iterations it approaches global answers without being staggered at local

minima. Moreover, the dimensional discrepancy can be clearly distinguished on the same

figure for all the runs.

3.4.4 Engineering Benchmarks

Traditional Engineering Benchmarks

In this section, the PSS was tested and compared with some of the traditional constrained

engineering design problems, including: i) the cantilever beam design [Fig. 3.9 (a)], ii) the

train gears design [Fig. 3.9 (b)] and iii) the three-bar truss design [Fig. 3.9 (c)]. The reader

is referred to Yapici and Cetinkaya (2019) and Mirjalili (2015) for the formulations of these

problems.

The results of the three problems are shown in Table 3.10. For the first problem, we obtained

an almost-identical solution to the PFA algorithm. However, Sharma and Sah recently ob-

tained an even better optimum solution of 1.32545 with the novel hybrid algorithm m-MBOA

(Sharma and Saha, 2019). Another recently published article obtained an optimum solution of

1.330565414 by Xiaodong Zhao et al. (2020).

Regarding the train gears design problem, the PSS algorithm reached the same optimal answer

as many other algorithms using integer formulation, such as the Moth-flame Optimisation

Algorithm (MOA) (Mirjalili, 2015). Notwithstanding, Sharma and Saha (2019) claim to obtain

the optimum answer of 3.3610E −16 by considering the problem landscape as continuous.

By also considering the problem’s distribution to be continuous, we obtained a solution of

2.2695E −21 with #x = {43.170946, 14.205443, 17.919979, 40.869247}. However, these solution

must not be considered as a new valid optimum, as it disregards the nature of the problem by

dealing with the number of teeth per gear as a continuously distributed design variable.

Finally, the third case study minimises the weight of a three-bar truss structure. As can be seen

in Table 3.10, the PSS obtained a slightly better solution than the one obtained by Mirjalili

(2015). Sharma and Saha (2019) again detail a new optimal solution of 1.325454889710144,

which lays outside of the feasibility domain of the problem and is therefore inconsequential for

engineers. We believe that this solution is obtained by incorrectly enforcing the constraints or
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Table 3.1: Standard benchmark functions (refer to Jamil and X. Yang (2013) for details).

Function Expression

Sphere f1( #x ) =
n∑

i =1
x2

i

Sum squares f2( #x ) =
n∑

i =1
i x2

i

Chung Reynolds f3( #x ) =
( n∑

i =1
x2

i

)2

Schwefel2.21 f4( #x ) = max
i =1,...,n

|xi |

Schwefel2.22 f5( #x ) =
n∑

i =1
|xi |+

n∏
i =1

|xi |

Rosenbrock f6( #x ) =
n∑

i =1
[100(xi+1 −x2

i )2 + (1−xi )2]

Trid 6 f7( #x ) =
n∑

i =1
(xi −1)2 −

n∑
i =2

xi xi−1

Zakharov f8( #x ) =
n∑

i =1
x2

i + (
n∑

i =1
0.5i xi )2 + (

n∑
i =1

0.5i xi )4

Griewank f9( #x ) = 1+
n∑

i =1

x2
i

4000 −
n∏

i =1
cos( xip

i
)

Ackley f10( #x ) = −20exp

(
−0.2

√
1
n

n∑
i =1

x2
i

)
−exp

(
1
n

n∑
i =1

cos(2πxi )
)
+20+exp(1)

Schwefel f11( #x ) = 418.9829n −
n∑

i =1
xi si n(

p|xi |)

Shubert f12( #x ) =
n∏

i =1

(
5∑

j =1
cos

(
( j +1)xi + j

))
Six-hump camel f13(x1, x2) =

(
4−2.1x2

1 +
x4

1

3

)
x2

1 +x1x2 +
(
−4+4x2

2

)
x2

2

Goldstein f14(x1, x2) = [1+ (x1 +x2 +1)2(19−14x1 +3x2
1 −14x2 +6x1x2 + . . .

3x2
2)][30+ (2x1 −3x2)2(18−32x1 +12x2

1 +48x2 −36x1x2 +27x2
2)]

De Jong 5 f15(x1, x2) =

(
1

500
+

25∑
j =1

(
j +

2∑
i =1

(xi −ai j )6
)−1

)−1

Hartmann 3 f16(x1, x2, x3) = −
4∑

i =1
αi exp

(
−

3∑
j =1

Ai j (x j −Pi j )2
)
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Table 3.2: Composite benchmark functions – adopted from CEC2017 (N. Wu et al., 2016). The
definitions of the base functions (FN ) are defined in CEC2017.

Function definition f ( #x opt )

fc,1( #x ) =


F1 = Rotated and Shifted Rosenbrock’s Function,
F2 = Rotated and Shifted High Conditioned Elliptic Function,
F3 = Rotated and Shifted Rastrigin’s Function,
σ = [10,20,30],λ = [1,1E+06,1],bi as = [0,100,200].

2100

fc,2( #x ) =


F1 = Rotated and Shifted Rastrigin’s Function,
F2 = Rotated and Shifted Griewank’s Function,
F3 = = Rotated and Shifted Modified Schwefel’s Function,
σ = [10,20,30],λ = [1,10,1],bi as = [0,100,200].

2200

fc,3( #x ) =



F1 = Rotated and Shifted Rosenbrock’s Function,
F2 = Rotated and Shifted Ackley’s Function,
F3 = Rotated and Shifted Modified Schwefel’s Function,
F4 = Rotated and Shifted Rastrigin’s Function,
σ = [10,20,30,40],λ = [1,10,1,1],bi as = [0,100,200,300].

2300

fc,4( #x ) =



F1 = Rotated and Shifted Ackley’s Function,
F2 = Rotated and Shifted High Conditioned Elliptic Function,
F3 = Rotated and Shifted Griewank’s Function,
F4 = Rotated and Shifted Rastrigin’s Function,
σ = [10,20,30,40],λ = [1,1E+06,10,1],bi as = [0,100,200,400].

2400

fc,5( #x ) =



F1 = Rotated and Shifted Rastirigin’s Function,
F2 = Rotated and Shifted HappyCat Function,
F3 = Rotated and Shifted Ackley’s Function,
F4 = Rotated and Shifted Discus Function,
F5 = Rotated and Shifted Rosenbrock’s Function,
σ = [10,20,30,40,50],λ = [10,1,10,1E+06,1],
bi as = [0,100,200,300,400].

2500

fc,6( #x ) =



F1 = Rotated and Shifted Expanded Scaffer’s Function,
F2 = Rotated and Shifted Modified Schwefel’s Function,
F3 = Rotated and Shifted Griewank’s Function,
F4 = Rotated and Shifted Rosenborck’s Function,
F5 = Rotated and Shifted Rastrigin’s Function,
σ = [10,20,30,40],λ = [1E+26,10,1E+06,10,5E+04],
bi as = [0,100,200,300,400].

2600
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Table 3.2 (Continued): Composite benchmark functions – adopted from CEC2017 (N. Wu et al.,
2016). The definitions of the base functions (FN ) are defined in CEC2017.

Function definition fc ( #x opt )

fc,7( #x ) =



F1 = Rotated and Shifted HGBat Function,
F2 = Rotated and Shifted Rastrigin’s Function,
F3 = Rotated and Shifted Modified Schwefel’s Function,
F4 = Rotated and Shifted BentCigar Function,
F5 = Rotated and Shifted High Conditioned Elliptic Function,
F6 = Rotated and Shifted Expanded Scaffer’s Function,
σ = [10,20,30,40,50,60],λ = [10,10,2.5,1E+26,1E+06,5E+04],
bi as = [0,100,200,300,400,500].

2700

fc,8( #x ) =



F1 = Rotated and Shifted Ackley’s Function,
F2 = Rotated and Shifted Griewank’s Function,
F3 = Rotated and Shifted Discus Function,
F4 = Rotated and Shifted Rosenbrock’s Function,
F5 = Rotated and Shifted HappyCat Function,
F6 = Rotated and Shifted Expanded Scaffer’s Function,
σ = [10,20,30,40,50,60],λ = [10,10,1E+06,1,1,5E+04],
bi as = [0,100,200,300,400,500].

2800

fc,9( #x ) =


F1 = Hybrid Function 5,
F2 = Hybrid Function 8,
F3 = Hybrid Function 9,
σ = [10,30,50],λ = [1,1,1],bi as = [0,100,200].

2900

fc,10( #x ) =


F1 = Hybrid Function 5,
F2 = Hybrid Function 6,
F3 = Hybrid Function 7,
σ = [10,30,50],λ = [1,1,1],bi as = [0,100,200].

3000
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Table 3.3: Comparison with WOA (Mirjalili and Lewis, 2016).

Function Proposed Approach WOA (Mirjalili and Lewis, 2016) f ( #x opt )

f1 0.775955 ± 0.222759 1.41E-30 ± 4.91E-30 0
f4 5.154556 ± 2.273995 0.072581 ± 0.39747 0
f5 0.759658 ± 0.251091 1.06E-21 ± 2.39E-21 0
f6 26.778816 ± 3.804910 27.86558 ± 0.763626 0
f9 0.809812 ± 0.088605 0.000289 ± 0.001586 0
f10 2.230591 ± 0.810609 7.4043 ± 9.897572 0

f †
11 -12554.89 ± 33.2842 -5080.76 ± 695.7968 -12569.48

f13 -1.031611 ± 3.73E-05 -1.03163 ± 4.2E-07 -1.0316
f15 0.998004 ± 5.98E-10 2.111973 ± 2.498594 0.998004 ≈ 1

†This version of Schwefel min f ( #x opt ) = -418.9829×30 [see Mirjalili and Lewis (2016)]

Table 3.4: Comparison with PFA (Yapici and Cetinkaya, 2019).

Function Proposed Approach PFA (Yapici and Cetinkaya, 2019) f ( #x opt )

f2 0.117980 ± 0.048295 5.5674E-25 ± 7.9092E-25 0
f3 0.031421 ± 0.016130 9.9813E-46 ± 3.3585E-45 0
f5 0.437154 ± 0.249896 3.4831E-14 ± 6.2094E-14 0
f7 -49.996395 ± 0.004986 -50.0000 ± 1.98E-11 -50†

f8 0.081319 ± 0.027990 11.5480 ± 12.9802 0
f9 0.425310 ± 0.408112 0.0006 ± 0.0012 0
f11 0.610558 ± 0.145078 3.1549E+3 ± 5.6274E+2 0
f14 3.000043 ± 7.51E-5 3.0000 ± 2.4952E-16 3
f16 -3.855772 ± 0.009925 -3.8628 ± 1.5026E-15 -3.8628

†This value has been evaluated for n = 6 [as in Yapici and Cetinkaya (2019)]

Table 3.5: Scalability with PFA (Yapici and Cetinkaya, 2019).

Function n Proposed Approach PFA (Yapici and Cetinkaya, 2019) f ( #x opt )

f8

10 0.0143 ± 0.0206 2.17E-35 ± 1.09E-34 0
50 53.6161 ± 11.3012 343.1244 ± 92.1694 0
100 680.8374 ± 61.9845 1911.1759 ± 195.2386 0

f11

10 0.3395 ± 0.91820 449.5090 ± 184.2821 0
50 129.6466 ± 82.8948 6423.8391 ± 663.2207 0
100 7208.6969 ± 489.7975 13610.2227 ± 1361.9760 0
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Figure 3.6: The convergence of composite functions using α = 0.95, β = 30 and γ = 10 – illus-
trated the best runs for fc,1 → fc,4 where n = 2.
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Figure 3.6 (Continued): The convergence of composite functions using α = 0.95, β = 30 and
γ = 10 – illustrated the best runs for fc,5 → fc,8 where n = 2.
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1000) with a semi-log scale (on the y-axis). (insets), reveal the actual log-log scale convergence
curves for the all 50 runs.
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Table 3.6: Comparison with MPSFHS (Shaqfa and Orbán, 2019).

Function Proposed Approach MPSFHS (Shaqfa and Orbán, 2019) f ( #x opt )

f8 173.1648 ± 17.1974 1181.5644 ± 71.3395 0
f11 971.8366 ± 150.2988 1554.8070 ± 178.5386 0

Iterations50 100 500 1000 100 102
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Figure 3.8: The statistical distribution of convergence data of the composite function fc,4 for
n = 10, n = 30 and n = 50 at four different iteration-milestones (i = 50, i = 100, i = 500 and i =
1000). The right column shows the actual convergence curves in log-log scale corresponding
to n = 10, n = 30 and n = 50.
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Figure 3.9: (a) The cantilever beam design problem; (b) the train gears design problem [a
modified figure from Mirjalili (2015)]; (c) the three-bar truss design problem.
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Table 3.8: CEC2017 composite functions tested with n = 100 by using only 100 iterations for
both the PSS and PFA algorithms on fc,1 → fc,10 – reported the error values here

(
fc,i ( #xi )−

fc,i ( #x opt )
)
.

Algorithm fc,1 fc,2 fc,3 fc,4 fc,5

PSS

min 1.2002E+03 2.5724E+04 1.5424E+03 2.1423E+03 5.1997E+03
max 1.7306E+03 3.1503E+04 1.8003E+03 2.5840E+03 9.2997E+03
median 1.5094E+03 2.8014E+04 1.6500E+03 2.3455E+03 7.0022E+03
mean 1.4929E+03 2.7920E+04 1.6588E+03 2.3551E+03 7.0311E+03
std 1.0472E+02 1.3480E+03 7.0691E+01 1.1244E+02 1.0787E+03

fc,6 fc,7 fc,8 fc,9 fc,10

min 1.6692E+04 1.5568E+03 4.9472E+03 5.1738E+03 1.7476E+07
max 1.9222E+04 2.2142E+03 1.2336E+04 7.4074E+03 8.2332E+07
median 1.7630E+04 1.6990E+03 8.4480E+03 6.3363E+03 4.2002E+07
mean 1.7686E+04 1.7340E+03 8.7575E+03 6.2897E+03 4.2233E+07
std 8.4035E+02 1.4641E+02 1.9430E+03 5.6462E+02 1.6223E+07

Algorithm fc,1 fc,2 fc,3 fc,4 fc,5

PFA

min 1.3493E+03 2.4074E+04 2.3835E+04 2.1928E+03 5.6223E+03
max 1.9686E+03 3.2000E+04 3.3604E+04 2.8422E+03 1.6262E+04
median 1.5668E+03 2.6900E+04 2.8106E+04 2.5436E+03 6.9669E+03
mean 1.6031E+03 2.7021E+04 2.7941E+04 2.5141E+03 7.7530E+03
std 1.5386E+02 2.2703E+03 2.7965E+03 1.7907E+02 2.2391E+03

fc,6 fc,7 fc,8 fc,9 fc,10

min 1.6504E+04 1.1039E+03 7.0900E+03 5.7046E+03 4.2582E+07
max 2.2592E+04 1.8703E+03 1.6716E+04 1.0894E+04 2.0416E+08
median 1.9795E+04 1.4006E+03 1.1057E+04 7.7024E+03 9.5209E+07
mean 1.9688E+04 1.4345E+03 1.1339E+04 7.8995E+03 1.0203E+08
std 1.5073E+03 1.8877E+02 2.3745E+03 1.2773E+03 4.5804E+07
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it could be a simple typo. It is worth to mention that the recent Water Strider Algorithm (WSA)

by Kaveh and Eslamlou (2020) obtained a slightly better solution with a weight of 263.89584340

kN.

Design of Reinforced Concrete Beams

In the fourth design case study, we recall the problem of designing a reinforced concrete

beam [formulated in Shaqfa and Orbán (2019)]. In this example, the PSS algorithm solved

a complex weight minimisation case study that was presented and solved by Shaqfa and

Orbán (2019) using the MPSFHS algorithm. Herein, we used an α of 0.85 instead of 0.95 as

previously, because this problem required more diversification. Table 3.10 shows the difference

between the results obtained with both the MPSFHS and the PSS algorithms. For this discrete

problem with 25 independent design variables, the best answer was obtained by the MPSFHS.

However, the difference between the two is small and can be related to some details of the top

reinforcement (see Fig. 3.10). This level of perturbation normally requires a small-stepped

random walk algorithm to exploit small details. As outlined above, the PSS algorithm does

not perform well with regard to finding the local optimum and should be, for this purpose,

combined with other algorithms whenever necessary.

3.7m

235 mm 235 mm 160 mm 180 mm 235 mm 225 mm 235 mm

Ф2   10 mm - 4.1 m

1.35m3.7m
Section size

350 mm

250 mm

Ф8 mm
Stirrups

2Ф12 mm - 5.3 m

2Ф12 mm - 5.3 m

overall the middle span

235 mm

Ф8   12 mm - 2.9 m Ф3   12 mm - 2.6 m
Ф4   12 mm - 20.4 m (lap splices included) overall the beam spans

Stirrups spacings
arrangements

Figure 3.10: Case study (1) retrieved from Shaqfa and Orbán (2019) – best reinforcement details
by PSS.

3.5 Summary

In this work, we propose a heuristic approach that uses a simple analogy with classical DOE

methods. The presented approach samples solution features more densely in a detected

prominent region than in the entire search domain. The design of this algorithm was kept as

simple as possible, while avoiding structural bias and premature convergence. The algorithm

requires three input parameters, namely the population size (β), the maximum number

of iterations (γ) and the acceptance probability (α). We provided a simple probabilistic
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Table 3.10: Comparisons of solutions to engineering problems.

i) Cantilever Beam Design
Method Proposed Approach PFA (Yapici and Cetinkaya, 2019)
Weight 1.33995664399519 1.33995638

x1 6.01683010096092 6.0154633
x2 5.30655187659779 5.3090222
x3 4.49420948422588 4.4946314
x4 3.50272928517748 3.5017850
x5 2.15334341962752 2.1527578

ii) Train Gears Design
Method Proposed Approach MFO (Mirjalili, 2015)

Gear ratio 2.7009E-12 2.7009E-12
x1 43 43
x2 19 19
x3 16 16
x4 49 49

iii) Three-bar Truss Design
Method Proposed Approach MFO (Mirjalili, 2015)
Weight 263.895843501333 263.895979682

x1 0.788683438026281 0.788244770931922
x2 0.408224806061712 0.409466905784741

iv) Reinforced Concrete Beam Design
Method Proposed Approach MPSFHS (Shaqfa and Orbán, 2019)

Weight [kN] 42.138 42.125
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derivation for investigating good parameter choices. The algorithm was benchmarked against

state-of-the-art algorithms using a selected set of standard and engineering optimisation

problems. The algorithm behaved better in allocating global minima for nonconvex and

multimodal problems than the state-of-the-art algorithms, while it does need enhancements

on the intensification side to make better use of all the available solution vectors. Moreover,

the PSS algorithm proved useful and outperformed state-of-the-art algorithmic proposals

in the scalability problems and under extreme cases where only a few iterations are allowed.

Even though we used it as a standalone metaheuristic in this work when benchmarking the

algorithm, the algorithm will likely be most useful hybridised in sequential or parallel schemes

with other well-known algorithms, e.g., Lévy flights.
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4 A virtual microstructure generator for
3D stone masonry walls

Detailed micromodel simulations of stone masonry walls require as input a 3D mesh that

represents a realistic arrangement of stones in the masonry wall. In this paper, we constructed

the first 3D masonry microstructures to derive 2D and 3D finite or discrete element meshes

for a large range of stone and brick masonry typologies. The generation process was treated

as a constraint many-objective packing optimisation problem, which was designed to mimic

the building process of a mason. The generated walls were compared qualitatively and

quantitatively with real stone masonry samples of regular and irregular typologies. The

techniques in this paper for generating 3D meshes of stone masonry walls will serve as input

for simulations of individual walls, multiscale analyses of entire structures as well as for

homogenisation techniques.

This chapter is a slightly modified version of the published paper:

Mahmoud Shaqfa and Katrin Beyer (2022). “A virtual microstructure generator for 3D stone

masonry walls”. In: European Journal of Mechanics - A/Solids 96, p. 104656. ISSN: 0997-7538.

DOI: https://doi.org/10.1016/j.euromechsol.2022.104656. URL: https://www.sciencedirect.

com/science/article/pii/S0997753822001218

4.1 Introduction

Stone masonry has been used as a building material since the rise of human civilisations. Most

stone masonry structures are composition of natural stones and mortar assembled based on

diverse building techniques that varied between territories and the availability of local raw

materials and workmanship. Historical structures were built based on rules-of-thumb, past

experiences, trial-and-error and by comparative approaches with other standing structures

(Milani et al., 2017). As a result, a large range of microstructures can be found in historical stone

masonry due to the variety in stone shapes, arrangements, and workmanship. Microstructure—

sometimes also referred to as textured masonry as in D’Altri et al. (2019)—describes the shape

and size of the stones and their arrangements within the structural element.

49

https://doi.org/https://doi.org/10.1016/j.euromechsol.2022.104656
https://www.sciencedirect.com/science/article/pii/S0997753822001218
https://www.sciencedirect.com/science/article/pii/S0997753822001218


Chapter 4 Stone masonry 3D microstructure generator

Due to their often long life-spans, historical stone masonry structures generally underwent

plenty of alterations, including retrofitting and rehabilitation works (Asikoglu et al., 2019),

which alter their structural behaviour. Figure 4.1 shows an exterior wall of a stone masonry

structure that was extended vertically using different types of stones from the original con-

struction.

Figure 4.1: Mixed stone masonry typologies in historical structures [Cathedral of Zagreb–
Croatia, photo courtesy of EESD (2021)]

Historical stone masonry buildings are vulnerable under seismic actions due to the low tensile

strength of the mortar, the often poor interlocking between stones, and the large mass of the

stones [see Lagomarsino (2006)]. These structures are also susceptible to both out-of-plane

(OOP) as well as in-plane (IP) failures under seismic action, so understanding their mechanical

behaviour is important. Due to the large variety of stone masonry typologies, it is difficult

to characterise the behaviour only through experimental studies (Zhang et al., 2018a). In

addition, some factors such as the aleatoric uncertainty in material distribution cannot be

investigated experimentally and call for systematic numerical studies (Zhang et al., 2018a).

Many publications have addressed the computational assessment of these structures on

different scales—from macro to micro models (Zhang et al., 2017). In the past, researchers

often simplified, homogenised or reduced the complexity of the input geometries in order to

reduce the computational costs. With the increase in computer power and parallel computing

frameworks, analyses of detailed 3D micro-models become feasible. This requires both a

tool that can produce realistic microstructures of stone masonry elements as well as a finite

element simulation approach that can represent the detailed fracture mechanisms of stone

masonry elements (Zhang et al., 2018a). The objective of this paper is to present algorithms

that can generate realistic 3D microstructures of a large range of stone masonry typologies with

mortar joints. These microstructures can serve as input to detailed microstructure simulations
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[e.g. Zhang et al. (2018a) and Zhang et al. (2017)] or they can be post-processed further to

generate input geometries for simplified microstructure simulations where the mortar joint

is modelled through a zero-thickness contact surface [e.g. Abdulla et al. (2017)]. The latter

post-processing step is beyond the scope of this paper.

The generated 3D geometries will provide researchers with inputs that could, for example, be

used to study the interaction between the wall leaves and the IP and the OOP mechanisms of

historical stone masonry walls, rather than isolating the leaves and treating them individually.

For example, a frequently observed failure mode for IP loading is the formation of vertical

splitting cracks in the leaves that causes separation followed by buckling in the compression

zone (Rezaie et al., 2020; Felice, 2011). The separation of leaves reduces the OOP resistance,

and an OOP failure of a single leaf rather than both leaves together can become more likely.

Current 3D microstructure generator are based on 2D geometries, such as the apparent face

of the facade (Sejnoha et al., 2009), or the use of simple extrusion of the 2D faces to generate

3D models [such as Tiberti and Milani (2020)]. However, this ignores the geometrical variation

through the wall thickness, especially if there are multiple leaves. Next to improving our

understanding of the behaviour of stone masonry structures, the results of such 3D simulations

could provide a realistic basis for deriving 2D or 3D representative volume elements (RVEs)

for homogenisation models, respectively; see (Gusella and Cluni, 2006; Milani and Paulo B.

Lourenço, 2010; Cundari and Milani, 2013) as examples for nonperiodic RVE.

In this paper, we propose a method for generating 3D microstructures of stone masonry walls

based on mimicking the technique used by masons when building a wall. This metaphor was

handled as a packing optimisation problem by optimising a set of constrained nonconvex

and nonlinear equations. The solution to this optimisation problem is twofold, with the

first part consisting of a new heuristic based on Pareto’s principle (Shaqfa and Beyer, 2021)

and the second part consisting of an algorithm that aligns the stones to their final positions.

This process is repeated for each stone in the wall. The stone geometries can be obtained

from either scanning real stones or creating virtual stone shapes. For the latter approach,

we propose a new hierarchical stone generator that is briefly assessed herein using spherical

harmonics expansion. Finally, the generation of conformal finite/discrete element meshes

was handled by also employing spherical harmonics in remeshing stone surfaces.

The structure of this paper is organised as follows: Section 4.2 explains the proposed packing

problem for the stone microstructure, while Section 4.3 explains the generation of virtual

stones. Section 4.4 shows examples of generated 3D walls for different stone masonry ty-

pologies. Section 4.5 explains how we extract 3D meshes from the generated geometries

and outlines the remeshing approaches used. Finally, conclusions and future works are

summarised in Sections 4.6 and 9.2, respectively.
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4.2 Microstructure as a packing problem

This section describes the algorithm for developing the microstructure of a large range of

stone masonry walls using the packing analogy. The algorithms proposed here will be able to

describe the stones’ locations in the packing space, though the use of the Boolean process to

extract the mortar will be described in Section 4.5. The first subsection provides an overview

of the steps involved in the microstructure generator, which are described in detail in the

following subsections. Readers interested only in the overall idea, might read only Section 4.2.1

and then jump directly to the results presented in Section 4.4.

We start this section by introducing the terminology for describing the microstructure of stone

masonry walls. In Figure 4.2, we explain visually the leaves, layers, through-stones and the

vertical and horizontal mortar joints. Finally, the figure shows the difference between the

possible stone orientations.

4.2.1 Preamble

This subsection provides an overview of the pipeline of the microstructure generator for 3D

stone masonry walls, with references to the subsequent sections for more detail.

1. Define the size of the container. If the microstructure of an entire wall is to be generated,

this container should correspond to the wall size and also include openings in the wall,

if present. If the microstructure of RVEs is to be generated, the container should be

normally larger than the RVE’s size to make sure no boundary effects are existing from

the packing algorithm.

2. Generate the shape and size of a stone using the algorithm presented in Section 4.3 and

compute its bounding box, which describes the orientation and position of the stone

and can detect a collision with other stones (Section 4.2.2).

3. Perform a packing analogy for placing the stone, wherein we define the following objec-

tive functions and physical constraints designed to mimic the real construction process

(Section 4.2.3):

(a) Construct walls layer by layer from bottom to top.

(b) Pack the first stone of a layer as closely as possible to the origin of the wall and

then pack the subsequent stones as closely as possible to the placed stones [see

Equations (4.3) and (4.4)].

(c) Place the stones such that they bridge the vertical joints of the layer underneath.

This is a practice followed by masons because it maximises the strength of the wall

[see Equation (4.6)].

(d) Favour higher stones on top of stones of the previous layer in areas short in height

to yield well-aligned bed joints [see Equation (4.8)].
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Figure 4.2: Geometrical terminology: A) Schematic representations showing the difference
between the leaf and the layer (course), with a visualisation of the through-stones. B) The
difference between the vertical and horizontal mortar joints. C) The difference between a
length-wise and width-wise oriented stone.

(e) Only consider placements that do not collide with placed stones [see Equations

(4.11) and (4.12)].

4. Fill the small gaps between the layers and the leaves of the walls randomly with filler

stones where needed (Section 4.2.6).

5. Vertically pack the layers once they are assembled and stored in separate files (Sec-

tion 4.2.7).

6. Generate the mortar volume by a Boolean operation between a volume that has the

same length and height as the packing container but a slightly reduced size (input

parameter for offsets) to account for the fact that the mortar joints do not cover the faces

of the stones. This is discussed in the section on meshing (Section 4.5).
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4.2.2 Defining wall and stone entities in the packing space

All the objects, wall containers and stones in this part of the paper are surface meshes com-

posed of edges, nodes and faces (see Figure 4.3A). The faces of the stones are stitched together

to form watertight genus-0 meshes, meaning there are no openings in the surface and the

structure does not form holes. The locations and rotations of all objects are described relative

to their origin in the packing spaceS ∈R3. The surfaces that constitute one mesh object are all

gathered in a bounding volume, which is the cuboid box P that contains all the nodes, edges

and faces that belong to one mesh object. This bounding volume serves as the reference for

all the components that constitute the mesh objects (nodes, edges and faces). The usage of

such a hierarchy tree structure facilitates the translations and the contact (collision) detection

per mesh object [see Clark (1976)].

The origin of an object i is represented by the corner of the bounding box that is closest

to the origin with coordinates xi , yi and zi in the Cartesian space R3. The mathematical

representation of the origin O of any mesh object in the packing space S is expressed in Eqs.

(4.1) and (4.2). The origin O of any object is shown Figure 4.3B.

P = {(xi , yi , zi )|i = 0, ...,7, (xi , yi , zi ) ∈R3}; (4.1)

P =


x0 y0 z0

x1 y1 z1
...

...
...

x7 y7 z7

 .

O(P) = {(a,b,c)| a = min
∀xi∈P

x, b = min
∀yi∈P

y, c = min
∀zi∈P

z}. (4.2)

A) The surface components

Face

Node

Edge

Triangulated surface

Assembling XY

Z

O

Bounding volume Object

B) The object entity

Figure 4.3: Object representation in the packing space.

It should be noted that Eq. (4.2) is only valid for cuboid bounding boxes like the ones used

in this study, and the origin O does not always lay on the surface of the bounding volume for

other polygonal shapes, such as spherical bounding volumes. A special function is instead
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designated to compute the origin from Eq. (4.2) every time the orientation of the object

changes.

Walls are considered as the containers for all the packed items (stones). Our approach can deal

with different types of containers, such as convex (genus-0) and nonconvex with structural

openings, see Figure 4.4. The packing containers have dimensions of LX , LY and LZ extended

in the packing space S. As any other object in this packing algorithm, the containers are

described using the origin definition in Eq. (4.2).

A) Nonconvex container B) Convex container

LY
LX

LZ

X

Y
Z

O

Figure 4.4: Types of containers (walls).

4.2.3 Objective functions

As walls are built from the bottom to the top, we do the same here in our analogy wherein

walls are built layer by layer to reproduce the staggering of the vertical joints; this requires

knowing the stone layout of the previous layer. Historical masonry walls also typically have

multiple leaves, which we reproduce by dividing a layer into leaves that are built one by one.

For a similar packing configuration, see the bin packing problem in Lodi et al. (2002). With

these building requirements, the placement of one stone therefore depends on the stones that

were already placed in the current layer and the stones placed in the layer underneath. In

this section, we describe these relations mathematically and solve the resulting optimisation

problem. Because every stone is dependent on the locations of the previous stones, this

algorithm cannot be parallelised. For this reason, it is crucial to find a computationally

efficient algorithm for optimising the placement of a stone.

Set of objective functions

Here we describe the linearly combined objective functions that determine the best position

for each stone. These objective functions are simultaneously minimised in a twofold heuristic
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approach that combines first a global optimisation algorithm and second an exact alignment

algorithm.

We place the stones layer by layer and never on top of a previously laid stone before the current

layer is finished. For each stone S j , we have two continuous design variables that describe the

horizontal position of the stone x j and y j with regard to the origin of the layer; the vertical

coordinate z j with regard to the origin of the layer is initially zero. A binary design variable (r j )

describes the orientation of the stone; it is r j = 0 if the long dimension of the stone is parallel to

the global x−axis and r j = 1 if the long dimension of the stone is parallel to the global y−axis.

We considered only two rotational configurations instead of a continuous rotation angle in the

x − y plane. We consider this to be a reasonable approximation of reality, as the mason will lay

a stone roughly in a length-wise or width-wise orientation, and this assumption significantly

reduces the computational costs. Table 4.1 summarises the three design variables.

Table 4.1: Independent design variables.

Design variable Unit Type Notation Domain

x-coordinate mm continuous x j {x j |x j ∈ [0,LX − l j
x ]}

y-coordinate mm continuous y j {y j |y j ∈ [0,LY − l j
y ]}

r -orientation - binary r j {r j |r j ∈ {0,1}}

The placement of the j th stone in the i th layer, with stone dimensions ai
j , bi

j and c i
j , can be

expressed as
# 

ui
j = {xi

j , y i
j , zi

j ,r i
j } (see Figure 4.5), where all the stones have an initial value of

zi
j = 0 that will be changed with the vertical packing algorithm in a later stage (see Section 4.2.7).

Figure 4.5: The placement vector #u i
j of the j th stone in the i th layer with a size of ai

j width,

bi
j length and c i

j depth (height).

Objective 1: Place the first stone as close as possible to the origin of the container. The mason

usually places the first stone at an arbitrary end of the wall and then places the following

stones one by one along the length of the wall. We therefore place the first stone of a layer at

the origin O of the container, see Eq. (4.3), and all following stones as close as possible to the

origin, where ∥.∥ denotes the second Euclidean norm.

D
(

#u i
0

)
=

∥∥∥#u i
0 −

#
O

∥∥∥ . (4.3)
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Objective 2: Place stones as close as possible to previous stones. To minimise gaps between

stones, subsequent stones will be placed as closely as possible to the previously placed stones.

This is achieved by calculating the moment of the already-placed stones to the to-be-placed

stone j ∀ j > 0:

M(
#
S i ) =

∀k∈ #

Si∑
k=0

ai
k bi

k c i
k

ai
j bi

j c i
j

∥∥∥#u i
k − #u i

j

∥∥∥, where j ̸= k. (4.4)

This is important for reducing the travel time of the mason, who does not place stones ran-

domly over the length of the wall. Consequently, this objective reduces the gaps between the

bulk stones.

Objective 3: Stagger vertical joints. To stagger the vertical joints, the algorithm needs as input

the position and size of the stones in the layer underneath (i −1) and their distribution per

leaf. We therefore export a vector
#
S i−1 that stores the origins of all the stones #u i−1 in the

(i −1)th layer as well as their dimensions #a i−1,
#

b i−1 and #c i−1.

To stagger the vertical joints, we minimise the distance between the bounding box centroid

of the to-be-placed stone (Si
j ) and the location of the vertical joint that is closest along the

y-axis in the layer underneath. The y-coordinate of the vertical joints are approximated by

adding the length of the stone (bi−1
j ) in the layer underneath to the location of the stone itself

along the y-axis to be #v i−1
y ≈ #u i−1

y + #

b i−1. This approximation ignores the clearance (mortar

thickness if it exists) between the stones, which will be accounted for later (as in Section 4.2.5).

This objective is formulated as follows:

V (
#
S i−1, #u i

j ) = min
∀ j∈ #

S i−1

∥∥∥∥∥#v i−1
y −

(
#u i

j ,y +
bi

j

2

)∥∥∥∥∥ . (4.5)

Mathematically, this function creates several local minima in the overall objective function,

which are above the vertical joints of the layer underneath. To increase the sensitivity of

this objective function, we modified it using a power function based to a fixed positive real

coefficient A [see Eq. (4.6)]. The effect of this modification is explained in Section 4.2.3.

V (
#
S i−1, #u i

j ) = min
∀ j∈ #

S i−1

(
A

∥∥∥∥∥ #v i−1
y −

(
#u i

j ,y+
bi

j
2

)∥∥∥∥∥)
. (4.6)

Objective 4: Ensure that the layer has an approximately constant height. As we deal with

arbitrarily dimensioned stones, some stones might be significantly shorter in height than

adjacent stones in the same layer. This requires the mason to compensate for the shortage

in height in the lower layer by fitting larger stones on the top layer to obtain a more regular

distribution of the layers’ heights and therefore a better horizontality of the bed joint. Our

strategy here is to maximise the distance between the top level of the underneath stone and

the top level of the stone that is currently being added. We define the underneath stone by
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finding the closest j th stone in the (i −1)th layer that minimises the distance between the

vectors {xi−1
j , y i−1

j } and {xi
j , y i

j }. The algorithm must prioritise the areas with stones that have

low heights. This can be done as follows:

H(
#
S i−1, #u i

j ) =
∥∥∥c i−1

closest − c i
j

∥∥∥ . (4.7)

Here, we only compare the heights of the stones and not the altitudes of the stone tops,

because we assume building layers only with uz = 0 in separate files (will be changed later

in the vertical packing stage). Again, to increase the sensitivity of this objective, we used a

power function, though unlike the previous objectives, this one needs to be maximised. To be

able to combine it with the other objectives without a contradiction, we used a negative sign

before the real power base coefficient B so it also becomes an objective to be minimised [see

Eq. (4.8)].

H(
#
S i−1, #u i

j ) = −B

∥∥∥c i−1
closest−c i

j

∥∥∥
. (4.8)

Formulation of total objective function: The overall objective function can now be described

as the linear sum of all four objectives, represented by Eqs. (4.3), (4.4), (4.6), (4.8):

f (
#
S i ,

#
S i−1, #u i

j ) =α1

(
D

(
#u i

j

)+M(
#
S i )

)
+ . . .

α2V (
#
S i−1, #u i

j )+α3H(
#
S i−1, #u i

j ),

where α1,α2,α3 are the coefficients of the linear combination of all the objectives; note that

these coefficients were always set to 1.0 in all examples produced in this work.

Constraints on solution space: After defining the objective functions, we need to impose

physical constraints on the solution space (the valid packing domain). The first inequality

constraints describe the valid packing domain for the variables xi
j and y i

j to ensure that the

to-be-placed stone lays within the boundaries of the wall and leaves (if any). The valid packing

domain for a stone along the x and y axes is defined as follows:

0 < xi
j ≤ Lx −ai

j (r i
j ), (4.9)

0 < y i
j ≤ Ly −bi

j (r i
j ). (4.10)

As can be noticed from Eq. (4.9) and Eq. (4.10), the width and length of the stones are always

functions of the current orientation (r i
j ), as we define ai

j and bi
j to be measured along the x

and y axes, respectively (refer to Figure 4.5).

The third constraint is an equality constraint that ensures that none of the packed stones
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Figure 4.6: Data exported from the former (i −1)th layer (
#
S i−1) to the active i th layer-exported

data including the locations of the joints and the heights of the stones. The presented wall is a
single-leaf wall, and the concept was expanded in the same way per leaf in multi-leaf walls.

overlaps with any other objects in the packing space S. In this algorithm, we consider two

possible states, one valid and one invalid. The valid packing configuration is interlocking,

wherein two or more stones interlock in details of the shape (i.e., protrusions interlock in intru-

sions) (see Figure 4.7B). To rapidly detect any possible collision between the objects, we used

the bounding volume hierarchy (BVH) method. If, however, the to-be-placed stone overlaps

with an already-placed stone, it is an invalid state. Because this is physically impossible (see

Figure 4.7A), this behaviour will be penalised. At this point, we only optimise the locations

of the stones in the x − y plane, and thus we penalise the overlap violations by calculating

the overlapped area of the bounding volumes projected in the x − y plane. This penalisation

strategy will equip the solving algorithm with a sense of direction to gradually escape the

violations along the x and y directions.

Overlapping stones

A)

Penalized
area

Interlocking stones

B)

No penalties
imposed

Figure 4.7: Contact detection and penalisation of overlapping stones in the packing space.
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The first two constraints (inequality constraints) are imposed by dynamically changing the

allowed domain for sampling both the xi
j and y i

j values. However, the third constraint (equality

constraint) should ideally be zero. If it is not, the final value of the total objective function will

be modified with a penalty factor:

f (
#
S i ,

#
S i−1, #u i

j ) := f (
#
S i ,

#
S i−1, #u i

j ) p(
#
S i ). (4.11)

The penalty function p(
#

Si ) reads as follows:

p(
#
S i ) =

(
1+ω1c(

#
S i )

)ω2
, (4.12)

where c(
#
S i ) is the one-to-one collision violation calculated as the sum of all areas in violation

between the already-packed stones and the to-be-placed stone Si
j . ω1 and ω2 are the penalty

multiplier and the penalty exponent, respectively.

Examples and sensitivity of the objective functions

In this section, we study the sensitivity of the objective functions that are coded into Eq. (4.11)

by illustrating the various components of the objective functions for two simple cases (see

Figure 4.8). In both cases, we are trying to pack a stone in the second layer (L1) denoted by S1
0;

refer to Figure 4.8 to see the details of the packed layer L0. In case A, the underneath stones

in the former layer are all identical in size, whereas for case B, the stones in the first layer are

not all identical in height (see Figure 4.8). For this example, the valid packing domains for xi
j

and y i
j are [0,0.05] and [0,0.75] in meters [refer to Eqs. (4.9) and (4.10)]. In the upper part of

each panel of Figures 4.9, 4.10 and 4.11, we show a 2D slice of the objective function along the

y-axis at x = 0.1 m. In the bottom part of the figures, we show the contour map of the objective

functions distributed over the entire packing domain.

O

Z

Y

case (B)

X

YO

O

Z case (A)

Figure 4.8: The two packing configurations used to exemplify the interaction between different
objectives. In case A, all the stones in layer L0 have identical dimensions, while in case B, stone
S0

2 is shorter at half the height of the other stones in L0.
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Case A demonstrates the influence of the vertical joints on the overall objective function when

placing the first stone of the second layer S1
0. Figure 4.9A shows Eq. (4.3) when α2 and α3

are set to zero. It is clear that this simple objective does not account for the position of the

vertical joints in the layer underneath. However, when we add Eq. (4.6) by setting α2 = 1 to

the overall objective, we can see the effect of localising the vertical joints (see Figure 4.9B).

Equation (4.5) can be obtained by setting A = 10 and taking the log (.) function for Eq. (4.6), we

see that we get approximately a staircase-like function that almost plateaus at every exported

vertical joint. However, as the algorithms for solving for this objective are greedy, we need

to increase the sensitivity of the function to attract the current stone to the closest joint by

minimal efforts (iteration). We force this by changing the values of A in Eq. 4.6 (see Figure 4.9);

A = 8 was found to be satisfactory for all the tested cases. Note that Figure 4.9A corresponds to

the total objective function with α1 =α2 =α3 = 1 when placing the first stone of the wall in the

first layer (S0
0), with no pre-existing layers or stones (ignoring the vertical joints is equivalent

to not passing data from the former layer).

X

Y

X

Y

YO

Z

A)

B)

Figure 4.9: (A) The linear relation of a simple objective that considers only the distance to the
origin of the container. (B) The sensitivity to the A coefficient in generating the vertical joints,
which makes local optima. Case A was truncated after the 5th stone and shows only the first
five stones from the left.

In case B, we studied how to account for the height of the stones in the former layers. As

discussed earlier, we inverted the maximisation problem to a minimisation for consistency.

The effect of changing the power-base B is explained in Figure 4.10. We found that choosing

B = −20 is satisfactory for most cases.

Finally, we demonstrate the packing of the second stone (S1
1) to illustrate how already-packed

stone in the same layer affects the values of the objective function, how we localise the
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Y

Z ...

X

Y

Figure 4.10: The sensitivity of the power base B in generating the local minima, which accounts
for the shorter joints in the former layers. Case B was truncated after the 5th stone.

surrounding areas towards the already-packed stones, and how physical contact violations

(physical collisions) affect stones. These effects, as already explained, are lumped into Eqs.

(4.4) and (4.11). To calculate the weighted moment of pre-existing stones in the i th layer,

Eq. (4.4) comes into effect once we are placing a stone Si
j , where j > 0. In Figure 4.11, this

can be seen in the overall slopes (trends), in the 2D slices, about the first placed stone in the

second layer and apart from the penalised areas (rose-filled). In Figure 4.11A, the most sloped

regions are concentrated on the right side of the penalised domain, while in Figure 4.11B, two

sloping regions merge towards the penalised domain from the areas surrounding the stone.

The same holds for Figure 4.11C.

As explained earlier, we mathematically penalise physical collisions to prevent the algorithm

from placing stones with physical violations using Eq. (4.11). In Figure 4.11, we calibrated the

penalty multiplier and exponent to make sure that violated areas have artificially magnified

values that are on average larger than non-penalised areas of the objective function. The

coefficients ω1 and ω2 can be set as large as possible; we recommend values of 200 and 3,

respectively, as minimum satisfactory values.

4.2.4 Pareto-like sequential sampling (PSS) optimisation scheme

Because the stones need to be placed one after the other, the problem of placing the stones

within a wall cannot be parallelised. To find an optimal location for each stone at a time in a

computationally efficient way, a powerful optimisation algorithm is required for minimising

the objective function. For this purpose, we are using the new Pareto-like sequential sampling

(PSS) algorithm (Shaqfa and Beyer, 2021) that we developed for solving discrete and continu-

ous non-convex objectives with few iterations. The rationale behind using this algorithm is

discussed in Section 4.2.9.

The simple algorithm uses traditional design of experiments (DOEs) sampling techniques,

such as the Monte Carlo and the Latin hypercube, to explore possible locations in prominent

regions [more details are given in Shaqfa and Beyer (2021)]. For each stone Si
j , we need to op-

timise the placement #u i
j . For simplicity, we will refer to the objective function f (

#
S i ,

#
S i−1, #u i

j )
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Figure 4.11: The contributions of physical collision violations and packing around pre-existing
stones in the objective functions. The contact candidate (S1

0) is placed (A) at the beginning,
relative to the origin, of the wall; (B) in the middle of the wall; and (C) at the end of the wall.
Case B was truncated after the 5th stone.

as f i
j ( #u ), which will be dynamically constructed for each stone by accounting for the position

of all previously placed stones in layers i and i −1, the dimensions of the to-be-placed stone Si
j

and the stone’s j th rank. #u is the placement vector on the i th layer, and it takes into account

only the xi
j and y i

j components and not the orientation, as the alignment will be controlled

separately by a simple weighing coefficient. At iteration l , it becomes #u l = {xi ,l
j , y i ,l

j }. For the

orientation of the stone (rotation), we use a simple probability threshold θ; if a uniformly

sampled random number U ∼ (0,1) ≤ θ, then we lay the stone in a length-wise orientation and

vice versa.

In this paper, we used Latin hypercube sampling (LHS) with the PSS algorithm to draw solu-

tions from the search domain, as the PSS algorithm serves as a template that can be combined

with any sampling method. We demonstrate the robustness and the optimal settings for

adjusting this algorithm by testing its performance for the benchmark illustrated in Figure

4.12A. Here, we are trying to pack the 9th stone, i.e., Si
8, into the i th layer. There is only one

possible location (extreme case), so the PSS algorithm should find this gap with minimum
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effort, i.e., minimum number of iterations. Ideally, the algorithm should place the stone in

the available gap for every single run. The placement is successful if both components of

the placement vector #u l are allocated in the true prominent domain (see Shaqfa and Beyer

(2021) for definitions). This benchmark tests the ability of the algorithm to escape penalised

solutions (partially or completely overlapping with other stones in the scene). The dynami-

cally generated objective function ( f i
8 ) that accounts for all the pre-existing stones is shown in

Figure 4.12B.

For this benchmark, we used 51 consecutive runs to check the algorithm’s ability to find the

global optimum, and 100% of the 51 runs were globally convergent and led to no collision

violations. For this test, we used the following parameters for the PSS algorithm: Population

size β = 20, acceptance probability α = 0.70 and maximum number of iterations γ = 10 (corre-

sponds to γβ = 200 evaluations per run). The statistical results of the 51 runs are summarised

in Table 4.2, which indicate that the PSS algorithm can find global solutions with only a few

iterations. It also helps to realise that if the algorithm cannot install non-penalised stones, it is

a strong indication that the size of the stones should be reduced, as it is physically impossible

to pack a stone without physical overlaps; this conclusion will be used in designing the overall

packing interface (as will be explained later). Additionally, if we want to neatly place stones

that also account for the minimum thicknesses for the mortar joints, we need an exact algo-

rithm that follows the slopes of the objective functions (see Figure 4.12 for example) to refine

the final placement of the stone. This is explained in detail in the next section.
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Figure 4.12: Pareto-like sequential sampling (PSS) algorithm benchmarking case. A) The
dimensions and configuration for packing Si

8 stone in a container of size Lx = 0.2 and Ly =
0.9 (notice xi

8 ∈ (0,Lx − ai
8(r i

8)] and y i
8 ∈ (0,Ly −bi

8(r i
8)]). B) The surface of the dynamically

generated objective function f i
8 – A = 8, B = −20, ω1 = 400, and ω2 = 5.
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Table 4.2: Summary of the results from 51 consecutive runs of the PSS algorithm for the
benchmarking test described in Figure 4.12.

PSS xi
j ,opt y i

j ,opt Time (second)

mean 0.097968 0.519201 2.031847
median 0.096803 0.516702 2.034122
std 0.014918 0.007601 0.013623
min 0.072741 0.506102 1.986076
max 0.125756 0.544170 2.054800

4.2.5 Manhattan alignment algorithms

It is in the nature of heuristic algorithms, such as the PSS algorithm, that the exact global

solution might not be found. More specifically, the PSS algorithm might approximately allocate

the deepest valley (diversification or searching with large jumps), but not find the lowest point

of this valley (weak intensification or searching with small jumps). To search locally for the

exact minimum, the solution found by the PSS algorithm is therefore the starting point for

the Manhattan algorithm. These algorithms are designed to follow the slopes of the objective

functions in order to enhance the local positioning, to escape any possible physical violations

(collisions) if any, and to consider a minimum clearance between the neighbouring stones

(minimum mortar joint thickness).

The Manhattan algorithm was first inspired by the Manhattan distance (1st Euclidean norm

distance), which measures the distance between two points by summing the distances along

the major axes at right angles only. The algorithm moves the stones along four perpendicular

directions in the x − y plane and checks the slope of the objective functions in each direction.

If the slope is positive, i.e., leads to a larger value of the objective function, the algorithm

will go back one step to the previous location. If the slope is negative, i.e., leads to a smaller

value of the objective function, the Manhattan algorithm will keep moving the stone until the

slope changes sign. Eventually, the stone will hit one of the boundaries of the container or

another stone. In a second step mimicking the addition of mortar, a simpler mortar clearance

algorithm applies a minimum distance (clearance) between stones, if required by the masonry

typology. This algorithm checks only for overlapping and colliding objects and then leaves a

clearance (if needed). This clearance is important for the numerical solution, as the smallest

element representing this mortar joint will govern the size of the time step in the explicit

integration scheme [see Zhang et al. (2018a)].

To demonstrate the alignment of the Manhattan and mortar clearance algorithms, we again

use the example of test case B in Figure 4.11A. We assume that the PSS algorithm placed

the first stone (S1
0) in the second layer at about y = 0.05 m. Then, let us assume that the PSS

algorithm gave us a possible placement for the second stone (S1
1) along the y −axi s in the area

of y ∈ (0.1,0.2) m, where it suggests a physical overlap with the first stone (rose-shaded area).

This position is, however, penalised because it collides with the first stone in the second layer.

Therefore, the Manhattan algorithm then shifts the stone down the slope when checking the
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movement along the +y −axi s, as the movement along that direction minimises the objective

functions (less overlap). The algorithm should always end by shifting the stone to a point

close to y = 0.2 m for this particular example (the exact location depends on the predefined

step-size value), where the slope begins to rise again (Figure 4.11A). If a minimum vertical

joint thickness is imposed, the mortar clearance algorithm will push the stone further along

the y-direction to meet this criterion, regardless of the slopes of the objective function while

still accounting for the physical violations. Overall, this algorithm checks for both x and y

directions, though only the y direction is applicable in this example.

The efficiency of the PSS algorithm is also key to keeping the overall computational costs at

an acceptable level. For instance, the Manhattan algorithm is an exact algorithm that always

converges to the same destination given an initial starting point, though this algorithm cannot

jump between local minima. Moreover, it has a high numerical complexity and converges

slowly but constantly to the final solution. We therefore depend on the PSS algorithm to pro-

vide a globally convergent solution that will serve as the initial input point for the Manhattan

algorithm. As these algorithms performed as needed for our purposes, the design and the

implementation of these algorithms were kept simple.

4.2.6 Random space packing

Though the algorithms developed in the previous sections dealt well with packing of bulk

stones, placing small stones or pebbles greatly increases the computational complexity of

the packing algorithm. This is due to the number of collisions that need to be detected with

the already-placed stones, which renders the approach slow and requires a deviation from

the principles used for larger stones. There are also two other scenarios in which packing

pebbles is generally different and requires new algorithms: i) Some stone masonry typologies

require many filler stones between any two outer leaves. However, masons place these stones

randomly without any of the aforementioned placement rules. The sheer number of randomly

placed small crushed or pebble stones calls for new building techniques. ii) To level out the

bed joints, the microstructure generator offers the possibility to place additional bulk stones,

but this function of the microstructure generator does not follow the idealised construction

rules formerly used. The placement of filler stones for the two scenarios outlined above are

described in the following.

Random packing of filler stones

This part of our packing problem was inspired from the historical packing algorithm called

the Apollonian packing problem (APP), sometimes referred to as random Apollonian packing

(RAP) (Dodds and Weitz, 2002b) or disordered packing (Amirjanov and Sobolev, 2012). The

APP places seeds of particles in random locations and then grows these seeds until at least

one point of each particle is in contact with a surrounding particle. Such packing patterns

can be found in physics and in the structures of porous materials (Dodds and Weitz, 2002a).
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This algorithm can also be used for packing irregular shapes if a proper collision detection

algorithm is used; as an example, a 2D irregular growth-based concept was used in Dodds and

Weitz (2003).

We use this packing algorithm in 3D, mainly to fill the volume between the outer leaves with

pebbles, and it can also be used for filling gaps in the outer leaves. An algorithm such as this

that uses random space filling is especially useful for generating the irregular typologies of

stone masonry walls that exhibit unavoidable randomly scattered voids over the packing space.

One example of filler stones in the the middle leaf is shown in Figure 4.13, where we filled the

leaf without growth just by applying a minimum filler size. The algorithm is activated via a

user choice in the micro-structure generator, and we herein applied it to the final vertically

packed layers.

To place these filler stones, they are first seeded randomly using the space-filling LHS tech-

nique. We then check every seeded point to determine if it lies inside a bounding box of a

previously placed stone, wherein we delete that seed point. Using the bounding box rather

than the actual stone shape simplifies the check and reduced the complexity. Moreover,

points inside bounding boxes but not inside the volume mesh will most likely not survive the

minimum size constraint that we impose on the filler stones. The surviving seed points are

assigned to a stone typology and grown.

We use two types of growth processes, and the user can pick their preference. The first leads

to a denser filling than the second and can obtain filler stones of more realistic geometries.

Here, the seed point of each stone grows along three dimensions in a random order until it is

in contact with at least one other stone. The growth process is also ended if a user-defined

maximum size or aspect ratio is reached. The second growth process places filler stones of a

certain size and shape at the seed points and applies growth to all directions simultaneously.

Then we check if the placed filler stone in contact with another stone without the real-time

random directional growth check. Here, the shape of the filler stones is generated in the same

way as regular stones (see Section 4.3) and a minimum size is defined. If a filler stone cannot

grow to at least a specified size without contacting other stones or fillers, it will be deleted to

control the minimum surface mesh size. The growth process of all filler stones is sequential,

looping over all survived seed points and growing them one-by-one to avoid collision between

filler stones.

Random packing of bulk stones

In some stone masonry typologies, the dimensions of the stones in the same leaf range from

small to relatively large. This, as will be discussed in detail in Section 4.4, largely affects

the interlocking stones in both the vertical and horizontal mortar joints. In this section, we

concern ourselves only with the horizontal joints of the uncoursed stone masonry typologies

that result from height discrepancies in the sampled stones. Such discrepancies introduce

discontinuity in the horizontal joints where there is no clear distinction between the stone
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After fillers

A)

Before fillers

Gap = 0.05 m

Figure 4.13: Random filler stones packed between two identical leaves A) before filling the
middle leaf and B) after applying the random space filler.

layers (courses).

If stones have obviously different heights in real life, a mason would fill the short-in-height

stones with other short stones randomly collected from the stone pile or could break a big

stone into smaller pieces. This normally results in additional sub-horizontal/vertical layers in

the targeted vertical gap within one layer. In the former study by Zhang et al. (2018a), the 2D

microstructure generator accounted implicitly for such stone typologies by constructing big

stones and then applying the Voronoi algorithm to further discretise the big stones, resulting

in the sub-horizontal/vertical random mortar joints. However, we here explicitly target such

vertical gaps and try to fill them in a well-defined behaviour that yet holds some topological

randomness.

The algorithm proposed in this section is a special case of the random packing of filler stones,

wherein the locations of the voids are pre-allocated by a simple filter and the algorithm only

fills these vertical gaps on top of the preexisting bulk stones. The stones used here are bulkier

and similar to the topology of the bulk stones used in the stone masonry wall. The first step of

this algorithm is to identify and allocate all the vertical gaps by comparing the heights of all

the packed stones with the maximum stone height packed in that layer. The algorithm then

identifies the vertical gaps by simply calculating the shortage in heights for all the stones and

then compares these heights with the allowed gap size (a user-defined value per typology).

After identifying the vertical gaps, the algorithm randomly decides the number of sub-horizontal

and -vertical mortar joints by uniformly sampling the needed number of horizontal and ver-

tical stones. The range is usually practically defined from one to three layers based on our

observations of walls with such typologies. Next, the algorithm decides which seeds will grow

as stones according to the number of chosen stones. The locations of the seeds along the

y −axi s are drawn randomly along the available sub-gap, and lx and lz are placed in the mid-

dle of each sub-gap for simplicity. The seeds are then grown sequentially along all directions

until they contact other stones. However, as these fillers are considered to be bulk normal

stones that will need to be separated by a mortar layer, we enforced a growth correction step

that considers the mortar clearance and shrinks back the stones once they touch other stones

along a certain direction. The grown stones are then compared to minimum and maximum
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size criteria to ensure a sufficient size for a bulk stone and to prevent a stone from growing

beyond the gap limit and jeopardising the pattern of the stones.

One simple example in Figure 4.14B shows two possible outputs for filling the vertical gaps

on a prepacked layer of regular stones. As the random locations of the seeds shift back and

forth, the sub-vertical joint location changes. The number of horizontal sub-stones changes

randomly too, where we here used a maximum grid size of 2×2 sub-stones. While not exactly

reflecting the reality of building a wall, this algorithm does provide a good analogy for the

mason’s process of breaking down and fitting random stones from the stone pile into the

vertical gaps by simply measuring and trying to fill the gaps with minimal effort. This bulk

filler algorithm occurs when the algorithm is done packing the bulk stones in each layer

separately and before applying the vertical packing algorithm.

A)

Before fillers

0.025

0.05

B)

After fillers

Additional vertical 
joints

Horizontal sub-layer

Figure 4.14: Bulk stone filler for identified sub-layer showing the wall A) before filling the
sub-layers and B) after applying the bulk stone filler that creates additional vertical joints and
sub-layers. Part B also indicates two possible random outcomes for the algorithm.

4.2.7 Vertical packing algorithm

As soon as the layers are ready in their separate files, we compile them all together to constitute

the final 3D geometry of the wall before applying any required random fillers. For this, we

apply a simple algorithm to vertically pack the layers by minimising the height of the packed

layers. This type of packing problem is called strip packing (SP), wherein there are containers

of limited widths and lengths while the container heights are unbounded and therefore need

to be minimised (see Egeblad (2008) for extensive details). We kept the algorithm design

as simple as possible, as most of the factors giving the optimum design of the vertical and

horizontal mortar joints were already considered.

This algorithm is a mutant from the simple alignment algorithm explained in Section 4.2.5,

which first compiles all the layers from the separate files and then stacks them on top of

one another with a user-defined clearance between the layers. Then, it moves every stone
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downwards along the z −axi s until it contacts at least one other stone. One final correction

step considers the minimum horizontal mortar joint thickness. This algorithm usually occurs

before applying the random filler process for the middle leaves. It could be applied after, but

this could result in stone honeycombing in the layers, as the filler stones could prevent the

algorithm from moving stones downward.

4.2.8 Packing optimisation interface

This section explains the modular implementation of the virtual mason algorithm in the

software Blender©, including how all the different sub-algorithms (building techniques) will

compile as a whole. The algorithms proposed here and their order (the interface) can be

changed by the user. Roughly, we first start by packing the bulk stones in each leaf by compiling

the PSS and Manhattan (the mortar clearance is also included) algorithms together. We then

compile the bulk-stones filler, as the goal of the first stage is to create stone layers in separate

files.

As a first step of any programmatic interface, we load all the associated libraries and input

arguments to the current model before writing a new Blender©file (a Layeri .blend binary file).

Then the interface checks the designated directory to find and load the sizes and locations

of the stones
#
S i−1 placed in the previous layer (in the Layer(i −1).blend if i > 0); Figure 4.6

summarises the actual data that is transferred. If such a file does not exist in the designated

directory, either this is the first layer or the data-flow structure has been dropped from the

objective functions. The latter can be ignored according to the user’s choice.

After loading all the required data, we open the file for the new layer i and define the packing

container with the requested dimensions. In an optional additional step, the location and ge-

ometry of the through-stones can be defined, which is assumed to occur at the very beginning

of the construction of the first layer on the wall. Here, the algorithm tries to load any existing

data about the through-stones before packing any layer. We use LHS to place randomly sized

through-stones in the wall; this data is then saved in a designated binary file that will be read

each time we process a new layer. As this step is not necessary for all wall typologies and could

slightly differ per typology, we explain the details in Section 4.4.

The main critical loop for packing stones starts with randomly choosing a subset of stones

from the stone pile. The size of this subset is user-defined; in this paper we used five stones

generated randomly within the sampling domain. Then by comparing the bounding box

volume, the virtual mason will find the largest stone, among the subset that can fit in the

current layer, which becomes the next entity (stone) added to the packing domain. This

process is similar to reality, as masons try to fit the largest stone from the provided pile after

trying different stones in the targeted location to maximise the coverage rate in the packing

problem while satisfying all the objective functions and the imposed constraints.

To align and add the mortar clearance, each stone of the subset must be located by the PSS
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algorithm followed by the Manhattan and mortar clearance algorithms. After each successful

placement, the algorithm writes the updates to the Layeri .blend file. If the algorithm fails to

find a satisfactory stone in a proposed subset, it will repeat the same process for a predefined

number of trials with different chosen subsets. If it still fails, this is a strong indication that

the current size distribution for the stones is too big. In this case, the virtual mason algorithm

starts breaking the stones into smaller pieces (by scaling down) along a predefined direction

assigned by the user; this is analogous to selecting smaller stones from the pile or real masons

breaking up stones. Then the algorithm repeats the whole process again with the smaller or

crushed stones. This process continues until the algorithm reaches a certain predefined limit

scale where the regular bulk stone becomes like a filler stone. Then the leaf is considered fully

packed.

After repeating this process for all the leaves, the first packing stage is completed. If the

bulk-stone filling algorithm is activated (Section 4.14), the algorithm checks at the end of the

construction of a layer if the heights of the stones require additional bulk-filler, which puts

additional stones on top of the existing ones. When all layers are constructed, we call all the

saved layers in a designated local directory, place the layers on top of each other and apply

the vertical packing algorithm that minimises the height of all the packed layers and account

for the minimum thickness of the horizontal joints. This results in the full 3D wall packed in

one binary Blender© file. Finally, if specified by the user, the random stone filler is applied

(Section 4.13), and the geometry and location of the added filler stones are saved.

4.2.9 Commentary on the problem hardness

The packing problem is widely known as an NP-hard problem (Egeblad, 2008); and no ana-

lytical solutions exist for such combinatorial problems. The hardness of the problem in the

presented packing interface depends entirely on the provided parameter settings. The main

complexity here arises from the packing critical loop wherein the placement of each stone

requires trying different random subsets, solving for all the stones in these subsets and then

deciding which stones can best fit in the wall. Moreover, packing one stone means that this

stone is compared with all the already-placed packing entities, i.e. stones and containers. This

makes packing the first stone in an empty container the simplest, since no stones exist in

the packing space except the container, and any location within the container walls is a valid

solution. Placing each subsequent stone will be increasingly more difficult (“harder”) because

the available locations in the packing domain are reduced as we place randomly shaped stones.

As such, packing more stones requires additional contact checks with the existing stones.

Similar packing problems in the literature can be treated by reducing the valid sampling

domain in processes termed domain-reduction strategies [e.g. Paulen et al. (2013), Caprara

and Locatelli (2010), and Tawarmalani and Sahinidis (2002)]. To efficiently treat the problem

and reduce its hardness, we started by packing layers in only the x − y plane and dropping

the z −axi s optimisation for a later simple vertical packing algorithm. We instead implicitly
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project the 3D effects in the objective functions as explained in Eqs. (4.6) and (4.8). Such an

idealisation process in combinatorial problems is beneficial, as each added design parame-

ter exponentially increases the valid optimisation domain (see Shaqfa and Beyer (2021) for

details).

Unfortunately, domain-reduction strategies for regular objects cannot be easily applied over

nonconvex and randomly shaped domains. The derivation of such reduced domains is not

trivial in packing problems; indeed, it is computationally expensive and leads to complex

piece-wise functions representing the feasible domains in the herein x − y packing space.

For this reason we chose the PSS heuristic, the structure of which progressively reduces the

current domains over the iterations and targets only the promising areas. Indeed, as seen

in Section 4.2.4, the PSS algorithm needed only ten iterations to converge for the described

benchmark problem without missing it once for all the 51 consecutive runs. This algorithms is

generally analogous to the domain-reduction methods, e.g. Martello and Toth (1990), and can

be loosely defined as a trial-and-error process.

4.3 Stone generator

4.3.1 Stone generation algorithm

Stone masonry typologies are mainly a function of the shape and size distribution of stones.

Though stone geometries can be obtained from scanning real stones, this process is labour

and time intensive. Thus, for numerical simulations, it is often simpler to generate artificial

stone geometries. We herein propose a new, fast algorithm to generate morphologically similar

but random stones using a hierarchical approach.

The proposed algorithm consists of the following three steps (see Algorithm 2): (i) mesh refine-

ment, (ii) noise addition to vertices and (iii) Laplacian smoothing of the primitive geometry.

These operations can be fed into the algorithm in any arbitrary sequence or repetition to

obtain the desired stone morphology.

The algorithm starts with selecting a base primitive that closely approximates the form of the

intended final stone. We provide four different base primitives that can be used for generating

stones (see Figure 4.15 for details): A cuboid, an icosphere and two polyhedrons with different

numbers of vertices. The choice of base will significantly influence the form of the generated

stone. The sizes of these bases are all set to that of a unit bounding box; the stone will be scaled

at the last stage of the creation process to its final assigned size. In the examples presented

in Section 4.4, the sphere base is used for generating river-gravel filler stones, the cubic base

is used for cut stones or bricks, while the two polyhedron bases are used for stones with less

regular shapes, e.g. stones obtained from quarries. These bases are all made of triangulated

surfaces to be exported as STL files for further remeshing if needed.

The first operation, mesh refinement, enumerated by 1 in the topology vector, subdivides the
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A) B) C) D)

Figure 4.15: Polyhedrons used as stone bases. A) A cuboid base with 8 vertices, 18 edges and 12
faces; B) an icosphere with 12 vertices, 30 edges and 20 faces; C) A polyhedron base 1 with 16
vertices, 42 edges and 28 faces; D) A polyhedron base 2 with 24 vertices, 66 edges and 44 faces.

current mesh into smaller elements by bisecting the edges of the mesh elements. This helps

hold the current shape and also serves as a transition step to shape the next level of detail of

the stones. It should be used only when necessary, as it will increase the number of vertices,

edges and faces, thus increasing the size of the mesh and the time needed to manipulate the

stones by the packing algorithm. The second operation, the randomisation step, enumerated

by 2, adds random noise sampled uniformly over the offset range to the current vertices of the

mesh. For this purpose, an offset vector is defined, which assigns to each vertex the amount of

noise to be added in the x−, y− and z−directions. The offsets are defined as a ratio of unity,

which is the original base size, and are later scaled with the stone to its final size. Finally, the

third operation, enumerated by 3, smooths the stone shape using the Laplacian smoothing

algorithm, which adjusts each vertex as a function of its neighbouring vertexes. This step is

crucial, as it removes or smooths spikes and gives the stones a more natural look.

Figure 4.16 shows the generation of a stone from the original primitive shape (D) (see Figure

4.15) to the final shape. As a first step, noise was added to the vertices (second operation). This

is described by adding the entry 2 to the topology vector T . The added offsets were randomly

sampled from a uniform distribution with an upper bound of 0.2 and lower bound of 0.0, with

the results shown in Figure 4.16A. Then, two mesh refinement cycles were applied, and the

obtained shape is shown in Figure 4.16B. The typology vector was now T = [2,1,1] as the mesh

refinement was operation 1. We then repeated the same operations, 1 and 2, with different

sequences and offsets to shape the roughness and the texture of the stone. The results are

shown in plots 4.16C–E. Eventually, three smoothing cycles were applied, and the final stone

can be seen at Figure 4.16F.

Assembling the topology vector such that the generated stone shapes correspond to real stones

requires some trial and error. Within the scope of this work, we visually assessed the generated

stone shapes to judge whether they resembled real stones well enough to be used for the

construction of a particular masonry typology. It would also be possible to use quantitative

measures for characterising scanned real stones and comparing them to generated stones,

such as spherical harmonics (see Section 4.5.1). We could also compare measures derived

from real stones that have been scanned, though this would require data of scanned stones.

The choice of the primitive and of the topology vector affects the resulting finite element.

Mesh refinement directly affects the surface mesh size, and accordingly, the final volumetric
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T =[2, 1, 1, 2]
offset = [0.2, -, -, 0.08]

C)

T =[2, 1, 1, 2, 1, 2, 3, 3, 3]
offset = [0.2, -, -, 0.08, -, 0.02, -, -, -]

F)

T =[2, 1, 1]
offset = [0.2, -, -]

B)

T =[2, 1, 1, 2, 1, 2]
offset = [0.2, -, -, 0.08, -, 0.02]

E)

T =[2]
offset = [0.2]

A)

T =[2, 1, 1, 2, 1]
offset = [0.2, -, -, 0.08, 0]

D)

Figure 4.16: Example of stone shape generation using the base primitive (D) and a suite of nine
operations of mesh refinement, adding noise and smoothing. The example was generated
with seed No. 1550. The assigned size of the stone was 35 cm in length, 20 cm in width and 17
cm in height.

mesh. The smoothing step dampens the angularity of the elements that could cause unwanted

stress concentrations around the surfaces of the stones. Choosing the right topology vector

directly affects the speed of the packing algorithm in moving stones around the scene and the

final size of the 3D model. The primitive and the topology vector should therefore be chosen

with care.

4.4 Results and generated samples

In this section, we used the proposed algorithm to generate six walls that cover a wide range

of stone masonry typologies and discuss the results. We define the typologies according to the

topology of the stones and the sampling domain for the size of the stones. If the size-sampling

domain of the stones is narrow, all stones are roughly similarly sized; if it is wide, there are large

size differences between the stones. The constructed samples can be described as follows:

• Rubble stone masonry walls with a narrow size-sampling domain (Section 4.4.1) and

wide size-sampling domain (Section 4.4.1).

• Barely cut stone masonry walls with a narrow size-sampling domain that applies to only

the height of the stones without through-stones (Section 4.4.2) or with through-stones

(Section 4.4.2).

• Rough barely cut stone masonry walls with a wide size-sampling domain (Section 4.4.2).
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Algorithm 2: Stone generator

Result: Generate a stone
1 initialise a base primitive, topology vector T , and associated offset vector;

2 foreach v ∈ #
T do

3 switch v do
4 case 1 do
5 apply mesh refinement;
6 end
7 case 2 do
8 randomise the time seed;
9 apply random noise to vertices;

10 end
11 case 3 do
12 apply Laplacian smoothing;
13 end
14 end
15 end

• Dressed stone masonry walls with a relatively wide size-sampling domain (Section

4.4.3).

To manage the interactions of the herein proposed algorithms and their order, these walls

were constructed using different techniques and different programmatic interfaces. In this

work, we do not adopt particular masonry classification systems, as they are mostly empirical

and descriptive approaches; rather, we use them as guidelines to describe typologies with

different numerical input parameters. The different stone masonry typologies are achieved by

tweaking the following input parameters in particular:

• Stone shape and the distribution of stone sizes: The stone shapes are characterised by the

topology and offset vectors, which are the input parameters for the stone generator, and

the sampling range of the stone dimensions (ai
j , bi

j and c i
j ). Note that the parameter

settings of the objective functions remain constant in this paper.

• Leaves and through-stones: Variations in the masonry typologies are obtained by varying

the number of leaves and including or excluding through-stones.

• Filling processes: Variations in the stone topologies and sampling ranges call for different

building techniques, as masons try to maximise the density of the packed stones within

the volume of the wall to reduce the volume of required mortar. For this, we activate or

deactivate the complementary filling processes, such as the random packing of filler

and bulk stones (see Section 4.2.6).

The first typologies that we tested were rubble masonry constructed using undressed and
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roughly textured stones. Second, we constructed barely-cut stone masonry walls using smooth

stones with a relatively geometric form, e.g., cubic shapes. Eventually, we constructed a

running bond brick masonry wall as a challenging benchmark example for our heuristic and

aligning algorithms.

4.4.1 Rubble stone masonry typologies

Rubble stone masonry walls are typically constructed with two load-bearing rubble-stone

outer leaves. The third, inner leaf contains mainly mortar with some smaller stones embedded

in this mortar matrix (Kržan et al., 2014; Rezaie et al., 2020). The stones used to build rubble

stone masonry are irregularly shaped and largely undressed. They have a rough texture and

angular undressed edges similar to those shown within the groups (A) or (A∗) in Table A.1.

We construct two walls with different size-sampling ranges. The first wall has a narrow size-

sampling range for all three dimensions of the stones, while the second one has a narrow

sampling range for the horizontal ai
j and bi

j and a wider sampling range for c i
j (the heights of

the generated stones). Thus, the second wall uses bulk packing to maximise the volume of the

stones.

Rubble stone masonry walls with narrow stone size-sampling range

Generating the microstructure starts with packing the two outer leaves while leaving the space

between the leaves to be later filled with pebbles. The leaves were constructed using stones of

group A in Table A.1. The width (ai
j ) and length (bi

j ) of the stones were uniformly sampled

between 140− 170 mm for both ai
j and bi

j , while the height (c i
j ) was sampled uniformly

between 80−100 mm. The stone sizes were sampled from a relatively small range, meaning

they were relatively similar. The stones were placed such that the vertical joints were well

staggered. Some voids are generated at the end of the packing of a layer when stones from

the original sampling range would no longer fit. To fill these, we decreased the size-sampling

range by reducing the stones by up to 30% of their original sizes along both ai
j and bi

j and fit

them in-between the packed stones or at the ends using the virtual mason algorithm. This

shrinking process simulates a mason crushing the stones. After vertical packing, we used

pebbles to fill the void between the two outer leaves. These pebbles had a simple topology

(with one refinement and one randomisation cycle only) that was based on the icosphere base

primitive (Figure 4.15). Figure 4.17 shows various views and cross sections of one wall that

was created with this algorithm.

As can be seen in Figure 4.17, the vertical joints are well staggered due to the small sampling

ranges for ai
j and bi

j , meaning that the algorithm does not need to introduce many crushed

stones between the bulkier stones in the leaves. Additionally, another version of this wall was

constructed in Figure A.1 using the simplified stone topology illustrated in Table A.1 group

(A∗).
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Figure 4.17: Example of a rubble stone masonry typology for a narrow stone size-sampling
range. A) 3D diagonally cut and full orthographic views of the wall showing only the stones; B)
2D sections parallel to the Y Z plane; C) 2D sections parallel to the X Y plane; D) 2D sections
parallel to the X Z plane. In plots B–D the light–grey shades represents the “potential” mortar
layer while the dashed thin black line is the container for the packing problem.

Rubble stone masonry walls with a wide stone size-sampling range

This rubble stone masonry typology is the same as the previous wall, though the size-sampling

range was increased to 100−130 mm for ai
j , 150−210 mm for bi

j , and 40−150 mm for c i
j .

Moreover, we herein used the topology (A∗) from Table A.1, which is a simplified version of

the group (A) stones that is easier to construct and to use in the Boolean processes and the

finite/discrete element mesh. Noticeably, this layout mimics uncoursed stone masonry in

that the horizontal bed joints can no longer be identified due to the sampling range being the

largest for the height of the stones (uncoursed stone masonry). The vertical joints are also

a function of the horizontal sampling ranges; thus, the vertical joints are not well staggered

and a weak vertical interlocking can be expected. Masons try to level large height differences

between adjacent stones by placing one or more additional stones on the lower stone, which

we mimicked using the bulk filler algorithm. Figure 4.18 shows one of the generated examples

for such a stone masonry typology.
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Figure 4.18: Rubble stone masonry typology with large stone size-sampling range. A) 3D
diagonally cut and full views of the wall showing only the stones; B) 2D sections parallel to the
Y Z plane; C) 2D sections parallel to the X Y plane; D) 2D sections parallel to the X Z plane. In
plots B–D the light–grey shades represents the “potential” mortar layer while the dashed thin
black line is the container for the packing problem.

4.4.2 Barely cut stone masonry typologies

Here, we constructed four different stone masonry wall typologies from with barely-cut stones

using different building techniques, stone sampling ranges and topologies.

Barely cut stone masonry walls with small size-sampling range for the stone heights

The stones used in this wall were sampled from group (B) in Table A.1. The sampling range

for the height of the stones was rather tight (60−65 mm), resulting in walls with continuous

horizontal joints (well-coursed masonry). The stone widths and the lengths were sampled

from wider ranges, with ai
j ∼U (110,130) mm and bi

j ∼U (110,220) mm, respectively, resulting

in poorly staggered vertical joints with weak interlocking (as the parameter settings for the

objectives remained intact in this paper). Similar to the masonry wall built in the previous

section, the size-sampling domain of the stones was reduced to up to 15% of the original
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stones after no more stones of the original size could be packed in the layer. As described by

Corradi and Borri (2018), such well-coursed walls are usually constructed as double or triple

leaves with no through-stones, and the horizontal mortar joints are often thick. Figure 4.19

shows a generated wall of this typology.
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Figure 4.19: Barely cut and well-coursed stone masonry typology without through-stones. A)
3D diagonally cut and full views of the wall; B) 2D sections parallel to the Y Z plane; C) 2D
sections parallel to the X Y plane; D) 2D sections parallel to the X Z plane. In plots B–D the
light–grey shades represents the “potential” mortar layer while the dashed thin black line is
the container for the packing problem.

Barely cut stone masonry walls with small size-sampling range for the stone heights and

including through-stones

This type of wall is exactly the same as the former but features through-stones that connect

the two outer leaves. Through-stones have the same topology as the other bulk stones, and

their input parameter is their desired density distribution over the wall facade area (Kržan

et al., 2014). We used LHS to distribute and pre-place through-stones, and their locations were

considered for the overall container geometry for the packing of the layer. In this way, the

layers were built around the already-placed through-stones. In this wall, we used 10 stones/m2.

A generated example is shown in Figure 4.20.
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Figure 4.20: Barely cut and well-coursed stone masonry typology with through-stones. A) 3D
diagonally cut and full views of the wall showing only the stones; B) 2D sections parallel to the
Y Z plane; C) 2D sections parallel to the X Y plane; D) 2D sections parallel to the X Z plane. In
plots B–D the light–grey shades represents the “potential” mortar layer while the dashed thin
black line is the container for the packing problem.

Rough barely cut stone masonry walls with wide stone size-sampling ranges

Next, we constructed barely cut stone masonry walls with rough stones of rank C from Table

A.1. These walls consisted of two outer leaves and a middle rubble-leaf without through-stones.

The length bi
j and height c i

j were sampled from large ranges, while the width ai
j was sampled

from a narrower range: ai
j ∼U (110,130) mm, bi

j ∼U (150,210) mm and c i
j ∼U (40,150) mm.

The size of the crushed stones used at the end of a layer construction was 20% of the sizes of

the original stones.

The wide variation in the height sampling range led to uncoursed layers. It was assumed that

the mason will fill the layers so that they are approximately flush with the highest stone of a

layer, which we simulated using the bulk stone-filler algorithm. An example of a generated

wall of such a typology is shown in Figure 4.21.

4.4.3 Dressed stone masonry typology

This single-leaf stone masonry wall was constructed with dressed blocks of group (C∗) (Table

A.1). The vertical joints were well-staggered, but the bed joints were not completely horizontal

because of the relatively wide sampling range for the height of the units. The sampling ranges
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Figure 4.21: Rough barely cut stone masonry typologies with wide stone size-sampling ranges.
A) 3D diagonally cut and full views of the wall showing only the stones; B) 2D sections parallel
to the Y Z plane; C) 2D sections parallel to the X Y plane; D) 2D sections parallel to the X Z
plane. In plots B–D the light–grey shades represents the “potential” mortar layer while the
dashed thin black line is the container for the packing problem.

used for this typology were: ai
j ∼U (200,250) mm, bi

j ∼U (150,200) mm and c i
j ∼U (110,140)

mm. No filler stones (pebble stones) were used, which yielded large and irregular mortar joint

thicknesses. Stones crushed down to 40% of their original size were used to fill the bulk-voids.

Similar walls were experimentally tested by Godio et al. (2019). Figure 4.22 shows one example

of a generated microstructure for this typology.

4.4.4 Brick masonry wall as a benchmark

Here, we benchmarked our algorithm against the exact and well-defined geometric problem

of a running bond brick masonry wall. Though the herein proposed algorithm was not meant

to generate regular patterns such as running bond because these can be generated by simpler

routines, we can still use the example to test whether our algorithm converges to such special

cases and accurately places stones. More specifically, with this benchmark, we tested whether

our objective function does indeed place stones such that the vertical joints are staggered. In

this example, we used a very small step size of 0.1 mm and doubled the number of iterations

in the virtual mason algorithm from 10 to 20 with regard to the former examples. The final

result is shown in Figure 4.23.
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Figure 4.22: Stone masonry with dressed blocks. A) 3D diagonally cut and full views of the
wall showing only the stones; B) 2D sections parallel to the Y Z plane; C) 2D sections parallel
to the X Y plane; D) 2D sections parallel to the X Z plane. In plots B–D the light–grey shades
represents the “potential” mortar layer while the dashed thin black line is the container for the
packing problem.

4.5 Solid geometry processing and finite/discrete element mesh gen-

eration

The generated stone masonry microstructures serve as input for numerical simulations.

Though these generated 3D microstructures can also be used for generating 2D meshes,

we do not focus here on 2D meshes as they can be generated more simply through other

means, such as a 2D microstructure generator (Zhang et al., 2018a). This section therefore

describes the generation of 3D meshes for both finite (FEM) and hybrid finite/discrete ele-

ment (FEM/DEM) (Bagneris et al., 2013) simulations in which the mortar joints are modelled

explicitly [detailed micro-models (Lourenco, 1996)]. If the mortar joints are modelled through

zero thickness contact elements (simplified micro-models), further post-processing of the

microstructure is required, which is beyond the scope of this paper.

For the mesh generation, we used FreeCAD v0.18 (FreeCAD community, 2020) to control the

software packages GMSH (Marchandise et al., 2010; Geuzaine and Remacle, 2009) and Open-

Cascade (Open Cascade SAS (OCCT), 2018) using the available Python3.7 (Python Software

Foundation, 2018) interface. FreeCAD was chosen because it provides a stable environment

to control the flow of the process and file exchange between the two packages. Figure 4.24

summarises the entire process.
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Figure 4.23: A brick masonry wall benchmark case constructed of brick units sized 240 mm x
115 mm x 71 mm. A) 3D diagonally cut and full views of the wall showing only the stones; B)
2D sections parallel to the Y Z plane. In plot B the light–grey shades represents the “potential”
mortar layer while the dashed thin black line is the container for the packing problem.

In this section, we deal with two types of meshes: discrete and finite element. For the hybrid

FEM/DEM simulations, the meshes of two adjacent objects (here, stone-to-stone or stone-

to-mortar) do not need to be conformal. In finite element meshes, it is recommended that

the mesh be conformal; non-conformal meshes can be managed, but additional constraints

must be imposed (see G. Liu and Quek (2014) for details and examples). While the discrete

element mesh requires separate mesh files for the engrossed stones and mortar, the finite

element mesh requires only one file that is treated with a "Boolean Fragment"I operator. This

operator is applied on the solid entities together while assigning each solid with a different

"physical group" that in turn can be assigned different material properties (in any standard

finite element software). This latter step is essential for the finite element mesh constituted

from different solids (stones and mortar) and ensures conformity between the nodes that lie

on the common surfaces/edges between the objects; thus, they coincide. In addition, we have

automated the process of deriving any (2D or 3D) representative volume element (RVE) that

can be used for either testing homogenisation techniques or to simply cut out a part of interest

from the whole wall. Figures 4.25 and 4.26 show examples of extracting the 3D mortar and a

specific 2D and 3D RVE.

IA GMSH terminology that denotes the process of unifying different objects and deleting the duplicated surfaces
and nodes in between the solids.
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Figure 4.24: The software map and the operations used for each software package, from
generating stones to the final finite element and discrete element meshes.

Generating a conformal finite element mesh is more challenging than creating a non-conformal

one, so we herein briefly summarise this process:

• Read the output file of the packing algorithm into FreeCAD. This output is a set of STL

files produced by Blender© that describes the geometry of each stone by means of the

surface mesh and their locations in the microstructure of the wall.

• Use OpenCascade from FreeCAD to first produce the volumetric meshes of the stones

and then to create the corresponding mortar around the placed stones by applying the

necessary Boolean processes. We assume that there are no voids between the stones

and the mortar.

• Finally, use GMSH to produce the volumetric meshes with both the BREP or STEP solid

geometry files produced by OpenCascade. We here prefer the STEP geometry files as

they avoid any potential problems that arise with producing meshes with a negative

Jacobian.

Many other methods and packages can also provide the needed element mesh by treating the

geometries extracted from Blender© (STL files). For instance, 2D finite element meshes can

be derived using the OOF2 package [see Reid et al. (2009)]. Here, 2D images can be simply

rendered (rasterised output) in Blender©, which will output tomography-like sections that

can be segmented and treated by OOF2; the results look similar to the results in Zhang et al.

(2018a). Additionally, 3D meshes can be constructed using the same approach and sampling
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Figure 4.25: Generating a conformal finite element mesh from a wall segment generated
in Section 4.4.2. A) The geometry of the wall (stone arrangement) before applying the RVE
boundaries and mortar. The locations of the RVE and the 2D section are indicated; B) a 3D
RVE cutout of the stones; C) the corresponding mortar for the 3D RVE; D) a 2D RVE section at
x = 100 mm. The mortar accounts for about 35.4% of the total volume of this 3D RVE, while
the mortar area in this 2D RVE accounts for 29.2% (varies with the section depth).

many closely spaced 2D sections through the arranged stones in Blender©; afterwards, one can

generate 3D conformal finite element meshes in the extended package OOF3D [see Coffman

et al. (2012)] or by using the methodology in Lu and E. J. Garboczi (2014). Figure 4.27 shows

an example of a stone surface mesh (stone shown in Figure 4.16) that was converted to a

voxel-based structure before the surface was remeshed using different parameters in Figure

4.27C and D.

Notwithstanding, we herein used only the exact surface geometry constructed in Blender©,

as the other methods only estimate the geometry. This is especially problematic with the

pixel-wise methods that use a process for filling in between the 2D sections to construct 3D

meshes; this compromise can be clearly seen when comparing the meshes shown in Figure

4.27A, C and D, as it changes the morphological properties of the stones. Alternatively, we can

remesh, refine and/or smooth, the surface meshes of objects by extending the application of

the spherical harmonics reconstruction using Eq. (4.13). This technique does not compromise

the morphological features of the generated surfaces and removes possible artificial stress

concentrations. We generated a simple demonstration of this in Section 4.5.1.

The finite element mesh results are shown for the 2D and 3D RVEs in Figures 4.28 and 4.29.

We used a maximum element characteristic size of 30 mm, while the minimum size follows
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Figure 4.26: Generating a conformal finite element mesh from a wall segment generated
in Section 4.4.1. A) The geometry of the wall (stone arrangement) before applying the RVE
boundaries and mortar. The locations of the RVE and 2D section are shown; B) a 3D RVE
cutout of the stones; C) the corresponding mortar for the 3D RVE; D) a 2D RVE section at
x = 100 mm. The mortar accounts for about 44.2% of the total volume of this 3D RVE, while
the mortar area in this 2D RVE accounts for 24.2% (varies with the section depth).

the surface mesh geometry (extracted from the STL surfaces). Notice the difference between

the 2D and 3D sections and the associated ratio of the stones : mor t ar .

4.5.1 Remeshing with spherical harmonics and shape descriptors

One of the processes used in Section 4.3 for generating random stones is a subdivision op-

eration, which controls geometrical details on many levels. The more we use it, the more

smaller wavelengths in the surface roughness. However, too many subdivision cycles could

make the mesh too refined. This is problematic for generating finite element meshes, as

mesh solvers normally follow the triangulated boundaries of the objects. In this section, we

remesh the stone surfaces by fitting icospheres (see Figure 4.15B) with a user-defined mesh

size using spherical harmonic analysis coefficients. These coefficients can also be used to

characterise the generated stones by deriving shape descriptors (signatures). This can be

important for testing the ability of our stone generator approach to create unique, yet random,

stone topologies using the same topology and offset vectors.

As spherical harmonics are naturally solved on a unit sphere surface (2-sphere), we mapped
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A) B) C) D)

E)

Figure 4.27: Remeshing stones with traditional techniques. A) Surface mesh from Blender©; B)
voxel-based solid structure (similar to the tomography scan); C) remeshed version of the solid
in (A) done by setting the resolution of mesh voxelisation to 0.001 as per Qianqian Fang and
Boas (2009) and Lu and E. J. Garboczi (2014); D) remeshed as in (C) by setting the resolution of
mesh voxelisation to 0.02; E) volumetric finite element mesh of the surface mesh (A) using a
7005 tetrahedral element.

(parameterised) the stone surfaces onto a unit sphere by combining both of the recent spheri-

cal parametrisation methods proposed in P. T. Choi et al. (2015) and G. P. T. Choi et al. (2020b)

to generate conformal and area-preserving parametrisation. The parameterised coordinates

of an object x(θi ,φi ), y(θi ,φi ) and z(θi ,φi ) on a unit sphere can then be expanded with spher-

ical harmonics. θ and φ are the elevation and longitudinal angles, respectively, measured

along a unit sphere; θ ∈ [0,π] and φ ∈ [0,2π]. The coordinates can be expressed as a linearly

independent sum of the spherical harmonics basis as follows:x(θ,φ)

y(θ,φ)

z(θ,φ)

 =
Lmax∑
l=0

l∑
m=−l

cm
l Ym

l (θ,φ), (4.13)

Ym
l (θ,φ) =

√
2l +1

4π

(l −m)!

(l +m)!
Pm

l (cosθ)e i mφ, (4.14)

where Ym
l (θ,φ) is the spherical harmonics basis with l degrees (truncated up to Lmax ) arranged

in m orders (m ∈ [−l , l ]). Pm
l (.) is the associated Legendre polynomial and cm

l is the expansion

coefficient for a degree l and order m for the x, y and z coordinates. We expand the coefficients

using the least-square fit [refer to Brechbühler et al. (1995) and Shaqfa et al. (2021b)].

The obtained coefficients from the expansion (cm
l ) can be further applied for deriving unique

shape descriptors. These shape descriptors (signatures) must be invariant to size, rotation and

translation so objects can be readily compared (Kazhdan et al., 2003). In spherical harmonics,

rotation-invariant descriptors for the frequency accumulation can be obtained by computing
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C)

A)
B)

Figure 4.28: Finite element mesh for the 2D and 3D RVEs of the wall generated in Sec-
tion 4.4.2.A) A 3D finite element mesh of the RVE shown in Figure 4.25 with 110,791 first
order tetrahedral elements; B) a 3D oblique section in the RVE shows conformity between the
mortar and the stone meshes; C) a 2D finite element mesh at x = 100 mm with 6999 first-order
triangle elements.

L2 −nor m for each frequency degree l [see proofs by Kazhdan et al. (2003) and B. D. Zhao

et al. (2017)]:

D̂l =

√√√√ l∑
m=−l

||cm
l ||2, (l = 0, . . .Lmax ). (4.15)

Afterwards, we normalise the descriptors by accounting for the size of the objects by dividing

the descriptors in Eq. (4.15) by D̂1 (see Eq. 4.16), which is analogous to the size of the object.

Finally, we further normalise for the translation of the object by zeroing the vector c0
0, as it

reassembles the object’s origin in the Cartesian space (Wei et al., 2018a).

Dl =

√∑l
m=−l ||cm

l ||2
D̂1

, (l = 2, . . . ,Lmax ). (4.16)

These shape descriptors can also define the wavelengths associated with every degree l of

the analysis. This would be useful to reconstruct stones up to a pre-defined resolution in the
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A)

C)

B)

Figure 4.29: Finite element mesh for the 2D and 3D RVEs of the wall generated in Section 4.4.1.
A) A 3D finite element mesh of the RVE shown in Figure 4.26 with 125,932 first order tetrahedral
elements; B) a 3D oblique section in the RVE shows conformity between the mortar and the
stone meshes; C) a 2D finite element mesh at x = 80 mm with 6480 first-order triangle elements.

spectral domain. From (Shaqfa et al., 2021b), these degrees can be associated with wavelengths

ωl as:

ωl ≈
2π

l

√
a2 +b2

2
,∀ l ≥ 1, (4.17)

where a and b are the major and minor half-lengths of the first-degree ellipsoid (FDE) and can

be extracted from the matrix as (Brechbühler et al., 1995; Shaqfa et al., 2021b):

A =

p
3

2
p

2π

(
c−1

1 −c1
1, i (c−1

1 +c1
1),

p
2c0

1

)
. (4.18)

By solving the eigenproblem A AT , we can extract the three eigenvalues |λ1| ≥ |λ2| ≥ |λ3| that

determine the dimensions of the ellipsoid FDE along three orthogonal principle dimensions.

The remeshing and analysis results can be found in Section A.
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4.6 Summary

In this paper, we presented a new 3D stone masonry microstructure generator that generates

stones of different shapes and sizes and then uses them to construct stone masonry walls of

various typologies. We expect such detailed 3D geometric models to be used in finite and

discrete element simulations for providing new insights into the mechanical behaviour of

historical stone masonry walls. We believe that the availability of such detailed 3D geometric

models will change the way the community investigates stone masonry.

Here, we chose to formulate the problem so as to mimic the behaviour of a real mason in

building stone masonry walls. By exploiting the traditional packing problem analogy, we

packed stones by implicitly maximising the coverage rate of the stones inside the walls, which

minimises the overall mortar volume. We started packing bulk stones by minimising a set

of objective functions (building rules) that were solved by a new heuristic algorithm and

another exact one (the alignment algorithm). For multi-leaf walls, this process was followed

by different random packing techniques that would fill the space between the two outer leaves

with filler stones. We also proposed a new simple stone generator algorithm that takes into

account the hierarchical nature of the morphological features that cover the form, shape and

texture of natural stones. These processes allow us to generate a wide range of walls that were

grouped in a geometric taxonomy based on stones and joints dimensions.

The last part of this paper provided a pipeline for the conformal meshing of such complex

microstructures as well as a tool to extract user-defined 2D and 3D representative volume

elements (RVEs) from any constructed wall. We enhanced the surface mesh of the generated

stones using the spherical harmonics, where this could be particularly useful in case we were

dealing with lots of texture details and the triangulated surface mesh could witness large

distortion due to the noise addition process of vertices.
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5 Spherical cap harmonic analysis
(SCHA) for characterising the mor-
phology of rough surface patches

We use spherical cap harmonic (SCH) basis functions to analyse and reconstruct the mor-

phology of scanned genus-0 rough surface patches with open edges. We first develop a novel

one-to-one conformal mapping algorithm with minimal area distortion for parameterising a

surface onto a polar spherical cap with a prescribed half angle. We then show that as a gener-

alisation of the hemispherical harmonic analysis, the SCH analysis provides the most added

value for small half angles, i.e., for nominally flat surfaces where the distortion introduced

by the parameterisation algorithm is smaller when the surface is projected onto a spherical

cap with a small half angle than onto a hemisphere. From the power spectral analysis of

the expanded SCH coefficients, we estimate a direction-independent Hurst exponent. We

also estimate the wavelengths associated with the orders of the SCH basis functions from the

dimensions of the first degree ellipsoidal cap. By windowing the spectral domain, we limit the

bandwidth of wavelengths included in a reconstructed surface geometry. This bandlimiting

can be used for modifying surfaces, such as for generating finite or discrete element meshes

for contact problems.

This chapter is a slightly modified version of the published paper:

Mahmoud Shaqfa et al. (2021b). “Spherical cap harmonic analysis (SCHA) for characterising

the morphology of rough surface patches”. In: Powder Technology 393, pp. 837–856. ISSN:

0032-5910. DOI: https : / / doi . org / 10 . 1016 / j. powtec . 2021 . 07 . 081. URL: https : / / www.

sciencedirect.com/science/article/pii/S0032591021006720

Mixed contribution Please note that this work was implemented in collaboration with Dr.

Gary P.T. Choi (Massachusetts Institute of Technology–Department of Mathematics). As an

expert in computational geometry, Dr. Choi is responsible for crafting the spherical cap

conformal parametrisation approach presented in Section 5.3 and the associated codes as

commented per script (see the links in Chapter 10). For completeness, Section 5.3 was included

as a part of this thesis.
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5.1 Introduction

The mechanics of granular materials, such as soil mechanics, investigates the interaction

of particles at various loading conditions where the shape, size and material properties of

the particles can vary widely. Numerical models are therefore often used to study how the

mechanical behaviour of a material is influenced by the various particle morphology and

microstructures created by these particles. Similar problems exist in structural engineering

when modelling, for example, the microstructure of concrete aggregates or the various stones

in stone masonry elements, as the shape and roughness of the particles affect the matrices of

these materials.

Addressing these problems numerically requires the modelling of randomly shaped closed ob-

jects and their interactions. In such models, the shape of the particle is typically represented by

a finite or discrete element mesh, while the roughness of the surface is modelled through laws

that describe the interaction of two surfaces, such as friction models. Efficiently separating

“shape” and “roughness” of a randomly shaped particle is a challenging problem, though work

in this area helps us better understand the associated constitutive laws in numerical modelling.

In recent decades, the concept of spherical harmonics (SH) analysis has been frequently used

to describe the shape and roughness of stones or aggregates. However, while this approach is

transformative for closed objects, it is difficult to apply to the morphology of nominally flat

and open surfaces (topological disks with free edges). In this paper, we therefore propose the

use of spherical cap harmonic analysis (SCHA) for describing the geometry of open shapes.

The difference here is that while a traditional spherical harmonics analysis (SHA) describes

a function mapped onto an entire unit sphere, the SCHA describes a function mapped onto

a spherical cap via a half-angle θc (see Figure 5.1). SCHs are widely used in geophysics to

describe field data on planetary caps, but to our knowledge have never been used to describe

the geometry of a patch with free edges. Here we give example problems where SCHA can be

useful for describing the topological characterisation of a patch (i.e. an open shape with a free

edge):

• For studying the topology of a rough surface patch, such as a rock surface, and quantify-

ing its fractal dimension (FD).

• For characterising different roughness regions on rocks or faults, such as sedimentary

rocks made of several strata. The traditional SH approach, which assumes a closed ob-

ject, only exploits basis functions to fit all the surface variations and does not distinguish

regions of different roughness (multifractal surfaces).

• For matching objects based on surface characteristics. This can be useful for medical and

forensic anthropology applications, such as matching fractured bones or objects (see

National Institute of Justice (2017) and Jia et al. (2020) as examples), or for mechanical

applications, such as characterising the surfaces of fragmented rocks or soil particles (M.

Wu and J. J. Wang, 2018; M. Wu and J. Wang, 2019) by directly comparing and matching

the scanned fractured regions.
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Polar spherical cap

Unit sphere

Spherical cone

Figure 5.1: Representation of a polar spherical cap S2
θ≤θc

with half-angle θc , where the spheri-
cal cap harmonics analysis (SCHA) is defined over.

In this paper, we propose a new method for characterising the morphology of open surface

patches using SCH, focusing specifically on nominally flat patches, such as when the global

radius of the curvature of the targeted patches approaches infinity. The herein proposed SCHA

method allows us to study the structure of any arbitrary surface patch with faster convergence

than the traditional SHA as it scales to any level of detail with reasonable computational

complexity. It can also be used for reconstructing surfaces and modifying the morphology of

digital twins of real surfaces, which is useful when numerically studying contact problems

such as friction. Additionally, the chosen orthogonal basis functions allow us to conduct power

spectral analyses of the coefficients obtained from SCHA to estimate the fractal dimensions of

the surfaces.

To adapt the SCHA for these applications, a new conformal parameterisation algorithm with

minimal area distortion is herein proposed for parameterising the surface patches over a

unit spherical cap. The parameterisation assures a unique assignment for each vertex and

a uniform distribution of the morphological features over the spherical cap. Initially, the

algorithm parameterises the surface patch to a planar disk using the conformal mapping

algorithm proposed by P. T. Choi and Lui (2015) followed by a suitable rescaling. Then, using the

south-pole inverse stereographic projection, we conformally map the disk to a polar spherical

cap. Finally, we find an optimal Möbius transformation to minimise the area distortion on the

conformal spherical cap.

This chapter is structured as follows: We first provide an introduce the SCHA basis functions

and their solutions in Section 5.2. In Section 5.3, we describe the proposed conformal mapping

algorithm and then demonstrate the overall SCHA process in Section 5.4. Next, we explain

the shape descriptors and the derived fractal dimensions (FD) in Section 5.5. We solve the

problem of finding the optimal θc for the analysis in Section 5.6. In Section 5.7, we explain

how to modify the morphology by a proposed roughness projection methodology for the
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microstructures. The complete results are depicted in Section 5.8. Finally, we summarise the

main results of the paper and discuss possible future works in Sections 5.9 and 9.3, respectively.

5.2 Spherical cap harmonic (SCH) basis functions

In this section, we describe the set of orthogonal functions on the surface of the spherical cap

that we use for studying the geometry of a nominally flat and open-edged patch projected

onto the cap. To do this, we propose using the basis functions of the SCHs that satisfy the

Laplace equation in 3D; the derivations for these functions can be found in G. V. Haines (1985)

and Hwang and S.-K. Chen (1997). Here, we introduce the derivation only to the extent that

the definition and meaning of the various components of the functions are clear. It serves

also as documentation for the accompanying code, which is shared openly and in which these

equations have been implemented numerically.

Here, we are considering only polar spherical caps, meaning the local polar axis of the cap

coincides with the global polar axis of the unit sphere. The coordinates of any point on the unit

spherical cap are defined in terms of the angles θ and φ. The angle θ represents the latitude

(elevation angle), measured from the positive z-axis ∈ [0,θc ], and the angle φ represents the

azimuth angle (longitude), measured counter-clockwise from the positive x-axis ∈ [0,2π]. The

size of the spherical cap S2
θ≤θc

is therefore characterised by the half-angle of the spherical cap

θc , which is the latitude of the rim of the spherical cap as illustrated in Figure 5.1.

A 2D signal f (θ,φ), for which each value is paired with (θ,φ), can be written using the SCH

basis as [see G. V. Haines (1985)]:

f (θ,φ) =
∞∑

k=0

k∑
m=−k

θc qm
k

θc C m
k (θ,φ), (5.1)

where θc C m
k (θ,φ) are the SCHs and θc qm

k are specific constants (SCH coefficients). The

complex-valued SCHs of degree l and order m for a cap of size θc can be expressed as:

θc C m
k (θ,φ) = P̄ m

l (m)k
(cosθ)︸ ︷︷ ︸

ALF

Fourier︷ ︸︸ ︷
e i mφ . (5.2)

One way of solving the Laplace equation is by separating the independent variables, θ and φ

in our problem, into separate ordinary differential equations and then assuming the overall

solution to be the product of the separated solutions. The SCHs can therefore be written as a

product of the term that describes the variation with regard to the latitude θ and a term that

describes the variation with regard to the longitude φ. In polar caps, the longitudinal direction

(φ) of the spherical cap covers, by definition, complete circles (Parallels of Latitude), so we

apply the traditional Fourier method to capture the circular variations.

The variations along the latitudes, represented by (θ), are captured using, for example, associ-
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ated Legendre functions (ALF) as a mutually orthogonal set of basis functions. In the following

subsections, we describe the ALFs, how to stably compute them and how the degrees ls of

these ALFs are found. Then we explain one possible normalisation factor that we used in this

paper.

5.2.1 Associated Legendre function (ALF)

In classical SH, the degree l and the order m are integers, and the associated Legendre polyno-

mials (ALPs) are defined for the interval x ∈ [−1,1]. In this interval, they form an orthogonal

set of equations on a unit sphere (for x = cosθ,θ ∈ [0,π]). In the HSH basis functions, a linear

transformation shifts the orthogonality interval to either [0,1] or [−1,0] depending on whether

the lower S2
θ≥π/2 or upper S2

θ≤π/2 hemisphere is considered [see the works in H. Huang et al.

(2006) and Giri et al. (2021a)]. The hemisphere introduces a new boundary (free edge) at the

equator that must be defined with an additional appropriate boundary condition. However,

note that the tangent at the edge of the equator (the gradient with respect to θ) is zero. As

will be seen next, this is one of the Neumann boundary conditions for the boundary value

problem of ALFs, which makes it a special case of the SCH basis with integer degrees and

orders. The main challenges with SCHs are shifting the ALFs to be defined over the interval

[cosθc ,1] and assuring their orthogonality.

Using SH or HSH functions to describe a spherical cap (sub-region over the whole valid do-

main) will produce a set of ill-conditioned equations (Hwang and S.-K. Chen, 1997). Although

these sets could be used to some extent to reconstruct the input surfaces, the power spectral

analysis will be chaotic and without the clear attenuating trends normally produced when the

equations are well-conditioned. To find a suitable set of basis functions, G. V. Haines (1985)

proposed treating the problem as an inverse problem and determining the degrees l for the

ALPs that produce an orthogonal basis over the spherical cap while satisfying the boundary

conditions. These degrees are not constrained to integers, and in our case, the degrees will be

real-valued numbers. The orders m are still integers because, for polar caps, φ always varies

over complete circles.

The basis functions proposed by G. V. Haines (1985) satisfy three boundary conditions: (i)

continuity along the longitudes, (ii) regularity at the pole of the cap, and (iii) an arbitrary

signal value at the free-edge [see Fiori (2020) and Torta (2019)]. The first boundary condition

is assured by the use of polar spherical caps (notice the complete circles in Figure 5.1), as they

force the periodicity and the continuity along the longitudes to make the order m a positive or

negative integer:

f (θ,φ) = f (θ,φ+2π), (5.3)

∂ f (θ,φ)

∂φ
=
∂ f (θ,φ+2π)

∂φ
. (5.4)
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The second boundary condition, the regularity at the cap’s pole θ = 0, is satisfied through the

use of the first kind of ALFs, such that:

f (θ = 0,φ) = 0 if m ̸= 0, (5.5)

∂ f (θ = 0,φ)

∂φ
= 0 if m = 0. (5.6)

Note that even with the two above boundary conditions, the solution functions are still not

unique. To obtain unique solution functions, we need to impose a proper boundary condition

at the edge of the spherical cap. The third boundary condition is applied to the free edge at θc

(xc = cosθc ):

Ac P m
l (m)k

(xc )+Bc

dP m
l (m)k

(xc )

d x
= 0. (5.7)

Here, we use the degree notation l (m)k instead of l because the degrees are now back calcu-

lated for a specific order m and index k, which will be explained in detail below.

In Eq. (5.7), the case of Ac = 0 and Bc ̸= 0 corresponds to the application of the Neumann

boundary condition where the gradient with respect to θ at the cap’s rim at x = cosθ is zero.

It implies that f (θc ,φ) ̸= 0 ∀φ ∈ [0,2π] and can take any arbitrary value at the edge of the

spherical cap. Applying this boundary condition results in basis functions referred to by

G. V. Haines (1985) as the “even” (k −m = even) basis or by Hwang and S.-K. Chen (1997)

as set 2. The case of Ac ̸= 0 and Bc = 0 corresponds to the Dirichlet boundary conditions

f (θc ,φ) = 0 ∀φ ∈ [0,2π], and the resulting basis functions are known as the “odd” (k −m =

odd) set or set 1 by G. V. Haines (1985) or Hwang and S.-K. Chen (1997), respectively. The

boundary conditions for the two cases can therefore be rewritten as:

dP m
l (m)k

(xc )

d x
= 0 for k −m = even, (5.8)

P m
l (m)k

(xc ) = 0 for k −m = odd. (5.9)

The latter boundary condition, Eq. (5.8) or (5.9), is met by back calculating the roots l (m)k at

different orders m and indices k and then using them for constructing the basis functions for

different θc . Although it is tempting to use a combination of both sets to expand a signal (e.g.

see G. V. Haines (1985)), for the uniform convergence of the series, it is noteworthy that these

basis functions are mutually orthogonal and cannot be used together for the power spectral

analysis (De Santis et al., 1999). In this paper, we will only consider the even set, as it allows

arbitrary values for the signal at the cap’s rim ( f (θc ,φ) ̸= 0 ∀φ ∈ [0,2π]), which contrasts with
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the odd set that equates the signal at the rim to zero. This consideration therefore allows us to

correctly reconstruct any surface geometry.

Unlike the traditional ALPs, here the degrees l (m)k are determined such that the third bound-

ary condition is satisfied; thus, l (m)k are real numbers, though not necessarily integers; hence,

we use the index k to rank the orders. k is an integer index that arranges m from 0 to k, and

the degree l (m)k is the degree at the kth index and order m. The k index is useful for finding

the degrees on the applied boundary conditions. For instance, when k = 0, we find the first

degree l (m)k ≥ 0 where the boundary condition equation first crosses zero (first eigenvalue).

For constructing the ALFs with integer orders and real degrees, Hobson (1965) proposed the

use of hypergeometric functions. Note that in the following, we refer to associated Legendre

functions rather than polynomials because these basis functions are truncated numerically

at a predefined numerical threshold. These functions can also be referred to as fractional

ALFs, because the associated degrees are not integers. The ALFs can then be written as follows

[see G. V. Haines (1985), Hwang and S.-K. Chen (1997), and Hobson (1965)]:

P m
l (x) =

1

2mm!

Γ(l +m +1)

Γ(l −m +1)
(1−x2)

m
2

2 F1

(
m − l ,m + l +1;m +1;

1−x

2

)
, (5.10)

where Γ(·) is the gamma function, 2F1(a,b;c; z) is the hypergeometric function defined over a

unit disk |Z | < 1 and x = cosθ.

To find the zeros (eigenvalues) that satisfy the third boundary condition, we rewrite Legendre’s

differential equation in a Sturm-Liouville (S-L) form G. V. Haines (1985) and Hwang and S.-K.

Chen (1997):

d

d x

[
(1−x2)

dP m
l (x)

d x

]
+

[
l (l +1)− m2

1−x2

]
P m

l (x) = 0 (5.11)

and subject it to the boundary conditions explained in Eq. (5.7). The two equations that result

from the application of the Neumann and Dirichlet boundary conditions can then be written

in a simpler factorised form, as proposed by Hwang and S.-K. Chen (1997) for hypergeometric

functions:

l (m)k xc F
(
l (m)k ,m, xc

)− (
l (m)k −m

)
F

(
l (m)k −1,m, xc

)
= 0, (5.12)

F
(
l (m)k ,m, xc

)
= 0, (5.13)

where

F (l ,m, x) =2 F1

(
m − l ,m + l +1;m +1;

1−x

2

)
. (5.14)

Equation (5.12) is the equivalent of applying the Neumann boundary conditions (even set),
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and Eq. (5.13) corresponds to the Dirichlet boundary conditions (odd set).

Both Eqs. (5.12) and (5.13) have an infinite number of roots (eigenvalues) for the above-

mentioned S-L problem. Here, we are interested in finding the first k +1 eigenvalues l (m)k

where k ∈ {0, . . . , |m|}, which is done using a simple stepping solver based on Mueller’s method

for finding zeros (roots) (Muller, 1956). Additional results about the roots for θc = 5π/18 are

shown in Appendix C.4.

After finding the needed roots for the different m and k, we can substitute these roots directly

into Eq. (5.10) to obtain the needed ALF basis. Figure 5.2 shows the ALFs associated with the

roots for different k, where m = 0 and θc = 10◦ =π/18 (i.e. cos(π/18) = 0.985). Graphically, the

value k −m indicates how many times the basis function changes signs along the interval

[cosθc ,1]; the (k +1)th eigenvalue changes signs once more than the kth root, as it divides the

interval into regions with different signs. Together, k and m define the frequency classification

(harmonics) of the basis functions as zonal (m = 0), sectoral (|m| = k) or tesseral (0 < |m| < k)

regions on the SCH, as will be illustrated next. Figure 5.2 also shows the difference between

even and odd sets depending on the applied boundaries at x = cosθc .

Equations (5.10), (5.12) and (5.13) are dependent on the ordinary Gaussian hypergeometric

function evaluation 2F1(a,b;c; z). Unfortunately, the implementations given in G. V. Haines

(1985) and Hwang and S.-K. Chen (1997) using the recursive series are not numerically stable

for large degrees when k > 12 about the radius of convergence |Z | < 1. Indeed this is a well-

known problem for such functions, and different formulations can be found in the literature

with different implementations for different ranges of a, b, c and z (see Pearson et al. (2016),

who reviewed different hypergeometric functions and their different implementations and

stability conditions). Therefore, we herein use a Taylor series expansion for the first degrees

(up to k = 12) when a, b and c are relatively small. Otherwise, we use a 5th order Runge-Kutta

algorithm along with the Dormand-Prince method for solving the hypergeometric differential

equation (see Pearson et al. (2016) for more details).

5.2.2 Normalising the SCH basis functions

Normalising the basis functions is important for ensuring their orthonormality and for keeping

the calculation of the coefficients computationally manageable (Hwang and S.-K. Chen, 1997;

Fiori, 2020). Many normalisation methods have been proposed in the literature, such as

the “Heiskanen and Moritz” method (Hwang and S.-K. Chen, 1997) and the “Schmidt” or

“Neumann” methods (Hobson, 1965), and any of these can be used as long as the same

normalisation method is used for both the expansion and the reconstruction (G. V. Haines,

1985). In the following, we use the “Schmidt semi-normalised” method by G. V. Haines (1985).

This normalisation method requires solving the integral for the ALFs over the spherical cap

(mean square product), which can be retrieved from Lowes (1999) with a corrected sign from

98



Spherical cap harmonic analysis (SCHA) Chapter 5

0.985 0.990 0.995 1

A)

B)
0

1

2

3

4

5

6

7

8

1

0.5

0

-0.5

0

1

2

3

4

5

6

7

8

1

0.5

0

-0.5

Figure 5.2: The associated Legendre functions (ALFs) for θc =π/18, m = 0 and k ∈ {0,1, . . . ,8};
(A) the even basis and the corresponding eigenvalues from Eq. (5.12); (B) the odd basis and
the corresponding eigenvalues from Eq. (5.13).
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Smythe (1939):

∫ θc

0

[
P m

l (cosθ)
]2

sinθd x =

∣∣∣∣∣sinθ

(
∂P m

l

∂l

∂P m
l

∂θ︸ ︷︷ ︸
odd

−P m
l

∂

∂l

dP m
l

dθ︸ ︷︷ ︸
even

)∣∣∣∣∣
θc

0

1

2n +1
. (5.15)

However, this complex expression is difficult to solve (see Hwang and S.-K. Chen (1997) for

one approach using recursive expressions). In this work, we use the Schmidt semi-normalised

harmonics introduced by G. V. Haines (1985):

K m
l (m)k

=

 1, m = 0

k2−mp
mπ

(
l (m)k+m
l (m)k−m

) l (m)k
2 + 1

4
, m > 0

(5.16)

where

k = p
m
2 ee1+e2+..., (5.17)

with

p =

(
l (m)k

m

)2

, (5.18)

e1 = − 1

12m

(
1+ 1

p

)
, (5.19)

e2 =
1

360m3

(
1+ 3

p2 + 4

p3

)
. (5.20)

The final form of the normalised ALFs can be written as follows [see G. V. Haines (1985)]:

P̄ m
l (m)k

(x) = K m
l (m)k

(1−x2)
m
2

2 F1

(
m − l ,m + l +1;m +1;

1−x

2

)
. (5.21)

We use Eq. (5.21) as a part of the final SCH basis functions.

5.2.3 The SCH series

The complete form of the SCH can then be expressed by combining Legendre’s functions with

Fourier expansions:

θc C m
k (θ,φ) = P̄ m

l (m)k
(cosθ)︸ ︷︷ ︸

ALF

Four i er︷ ︸︸ ︷
e i mφ . (5.22)
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Figure 5.3: The normalised spherical cap harmonic (SCH) basis functions up to k = 4 at θc =

5π/18. The figures show R
(5π/18

C m
k (θ,φ)

)
. Note that at the breathing mode when k = m = 0,

the surface inflation is unity and is therefore not included in the colorbar. The complex part of
the basis are similar but rotated π/(2|m|) about the z-axis.

We can split this expression into a real part and an imaginary part:
R

(
θc C m

k (θ,φ)
)

= P̄ m
l (m)k

(cosθ)cos(mφ),

I
(
θc C m

k (θ,φ)
)

= P̄ m
l (m)k

(cosθ)sin(mφ).

(5.23)

The complex-valued equation (5.22) is only valid for non-negative orders |m|. To address this,

the redundant negative-orders equation can be written in terms of the positive ones, as they

reassemble π/2 rotations about the positive z-axis. By making use of the Condon-Shortly

phase factor, we can write the SCH functions for m < 0 as:

θc C−m
k (θ,φ) = (−1)m θc C m∗

k (θ,φ), (5.24)

where C m∗
k (θ,φ) is the complex conjugate of the SCH functions with positive orders. Figure 5.3

shows the real SCH functions (with positive and negative orders) for the half-angle θc = 5π/18

and up to k = 4.

We can write a bi-directional signal f (θ,φ) that is explicitly parameterised to unique θ ∈ [0,θc ]

and φ ∈ [0,2π] over a unit spherical cap S2
θ≤θc

as a linear sum of the independent harmonics

defined over the spherical cap:

f (θ,φ) =
∞∑

k=0

k∑
m=−k

θc qm
k

θc C m
k (θ,φ), (5.25)

where θc qm
k are the complex-valued SCH coefficients at order m and index k. In our case,

following the work in Brechbühler et al. (1995), the signal f (θ,φ) is the 3D vector that comprises

three orthogonal components in the Cartesian space extracted from the coordinates of the

101



Chapter 5 Spherical cap harmonic analysis (SCHA)

vertices:

f (θ,φ) =

x(θ,φ)

y(θ,φ)

z(θ,φ)

 . (5.26)

In practice, we truncate the series in Eq. (5.25) at k = Kmax, which reassembles the minimum-

accumulated wavelength (equivalent to the cut-off frequency)ωmin in the harmonic sum from

the original surface patch. Then, f (θ,φ) can be approximated by:

f (θ,φ) ≈
Kmax∑
k=0

k∑
m=−k

θc qm
k

θc C m
k (θ,φ). (5.27)

The coefficients θc qm
k can be expanded as:

θc qm
k = 〈 f (θ,φ), θc C m

k (θ,φ)〉, (5.28)

θc qm
k =

∫ θc

0

∫ 2π

0
f (θ,φ) θc C m

k (θ,φ)sinθdφdθ. (5.29)

However, this integral is valid only when the signal f (θ,φ) is defined everywhere over the

spherical cap (continuous signal). For discrete signals, we can estimate the coefficients using

least-square fitting algorithms, as will be discussed later in Section 5.4.

5.3 Spherical cap conformal parameterisation

Here we develop a conformal parameterisation method for mapping any surface S with

disk topology to the spherical cap S2
θ≤θc

, where θc is the prescribed half angle. The overall

spherical cap parameterisation f : S →S2
θ≤θc

is desired to be not only conformal but also

with low area distortion.

First, note that the south-pole stereographic projection τ given by

τ(x, y, z) =
( x

1+ z
,

y

1+ z

)
(5.30)

maps the spherical cap S2
θ≤θc

to a planar disk Dr centred at the origin with radius

r =

√
1−cosθc

1+cosθc
, (5.31)
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Figure 5.4: Parameterisation of the monkey head model. A) The monkey head (Suzanne)
benchmark mesh (Blender Online Community, 2020), with the heat map (texture) illustrating
the radial distance from the model’s centroid; B) The back view of the model reveals the open
boundary location; C) The conformal mapping onto the unit disk obtained using (P. T. Choi
and Lui, 2015); D) The convergence curve for finding the optimal Möbius transformation that
minimises the area distortion on the spherical cap using the PSS algorithm f : S →S2

θ≤θc
for

θc = 40◦ (i.e. r = 0.3640).

and the inverse south-pole stereographic projection τ−1 given by

τ−1(X ,Y ) =

(
2X

1+X 2 +Y 2 ,
2Y

1+X 2 +Y 2 ,
1−X 2 −Y 2

1+X 2 +Y 2

)
(5.32)

maps Dr to S2
θ≤θc

. As both τ and τ−1 are conformal, we were motivated to find an optimal

conformal mapping from the given surface S to the planar disk Dr so that we could apply the

inverse projection τ−1 to obtain the desired parameterisation.

PSS X Y dar ea

mean 0.031115190925885 2.283277253594884 1.621661326243250
median 0.032048117800906 2.418244833527807 1.621524158857667
std 0.005932670562184 0.753260686325562 3.56905230744E-04

Table 5.1: The results summary of 51 consecutive runs of the PSS algorithm for the bench-
marking test shown in Figure 5.4.

To achieve this, we first apply the disk conformal mapping method (P. T. Choi and Lui, 2015)

to map S onto the unit disk D in an angle-preserving manner (see P. T. Choi and Lui (2015)

for the algorithmic details). Denote the conformal mapping by g : S →D. Now, we search

for a conformal mapping h : D→ Dr that can further reduce the distortion in area of the

parameterisation. Mathematically, a Möbius transformation is a function that maps a complex

number z = X +Y i (where X , Y are real numbers and i is the imaginary number with i 2 = −1)

to another complex number (az +b)/(cz +d), where a,b,c,d are complex coefficients with

ad −bc ̸= 0. Möbius transformations are conformal and hence are a good candidate for the

mapping h in our problem. More specifically, here we consider a Möbius transformation

h :D→Dr in the form

h(X ,Y ) = r
(X +Y i )− (A+Bi )

1− (A−Bi )(X +Y i )
, (5.33)
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where A,B are two real numbers to be determined. To find the optimal h, we minimise the

following area distortion measure

darea = meanT∈F

∣∣∣∣∣∣log

Area(τ−1◦h◦g (T ))∑
T ′∈F Area(τ−1◦h◦g (T ′))

Area(T )∑
T ′∈F Area(T ′)

∣∣∣∣∣∣ , (5.34)

where F is the set of all triangular faces of S . The desired spherical cap parameterisation is

then given by

f = τ−1 ◦h ◦ g . (5.35)

In particular, since every step described above is conformal, the overall mapping f is also

conformal.

To explain the formulation of the area distortion measure darea in Eq. (5.34) more clearly,

we first consider the mathematical definition of area distortion. For any two surfaces M ,

N in the Euclidean space R3 with the same total surface area, a mapping f : M → N is

said to be area-preserving if for every open set U on M , the surface area of U is equal to

the surface area of f (U ). More generally, the area distortion of a mapping f can therefore

be evaluated using the dimensionless quantity
∣∣∣log Area( f (U ))

Area(U )

∣∣∣, which equals 0 if and only if

Area( f (U )) = Area(U ). In our problem, M corresponds to the input triangulated surface S

and hence it is natural to evaluate the area distortion by considering every triangular face T .

In other words, by minimising Eq. (5.34) we look for a Möbius transformation h such that the

area change of every triangular face under the spherical cap conformal parameterisation is

as small as possible. Moreover, note that the total surface area of the input surface S is not

necessarily equal to that of the target spherical cap domain S2
θ≤θc

. Therefore, we use the two

summation terms in Eq. (5.34) for normalising the total surface area of the input surface and

that of the spherical cap in the area distortion measure.

In practice, the solution of this objective function can be found using a global search heuristic

such as the Pareto-like Sequential Sampling (PSS) approach (see Shaqfa and Beyer (2021) for

details). Using a population size of 30 and an acceptance rate of α = 0.97, only 20 iterations are

needed for most of the problems to reach a good approximation. This approach is gradient-

free and does not require an initial value that could converge locally. Table 5.1 shows the

stability of the PSS approach, while Figure 5.4 shows the convergence and the final result

of the parameterisation step. Alternatively, the minimisation problem can also be solved

using MATLAB’s fmincon, using the modulus and argument of the complex number A+Bi

as variable. The solution obtained from this function was darea = 1.621523941729933 with

X = 0.032055812166766 and Y = 2.416521766598053, which is consistent with the PSS result.

Figure 5.5 shows several spherical cap parameterisation results with different prescribed θc for

the Stanford bunny model (The Stanford Bunny n.d.). To further assess the conformality of the

parameterisation results, we define the angle distortion dang l e as the average of the absolute

difference between every angle [vi , v j , vk ] in a triangular face in the input surface and that in

104



Spherical cap harmonic analysis (SCHA) Chapter 5

A) B) C)

E)D)
Free edge

Figure 5.5: Spherical cap parameterisation of the Stanford bunny. A) The Stanford Bunny
benchmark model (The Stanford Bunny n.d.) with an open base, where the heat map (texture)
illustrates the radial distance from the model’s centroid; B) The conformal mapping onto the
unit disk obtained using (P. T. Choi and Lui, 2015); C) The spherical cap parameterisation f :
S →S2

θ≤θc
for θc = 120◦ (i.e. r = 1.7321); D) The spherical cap parameterisation f : S →S2

θ≤θc

for θc = 90◦ (a hemisphere, i.e. r = 1.0); E) The spherical cap parameterisation f : S →S2
θ≤θc

for θc = 40◦ (i.e. r = 0.3640).

the spherical cap parameterisation f :

dang l e = mean
[vi ,v j ,vk ]

|∠([ f (vi ), f (v j ), f (vk )])−∠([vi , v j , vk ])|
180◦ . (5.36)

The values of dang l e for the parameterisations in Figure 5.5(C), (D), and (E) are 0.00828069,

0.00869725, and 0.00919996 respectively. The results show that the proposed parameterisation

method is highly conformal.

5.4 Numerical implementation of the spherical cap harmonic analy-

sis (SCHA)

In this section, we describe the numerical implementation of the SCHA method and use it to

reconstruct triangulated surface meshes.

5.4.1 Spherical cap harmonic analysis (SCHA)

SCHA comprises the computation of the weights θc qm
k by the integral in Eq. (5.29). However,

this integral cannot be calculated directly as the data is not defined everywhere over the

spherical cap. Instead, it can be estimated for discrete points that are distributed randomly

over the cap. For this reason, we estimate these coefficients using the least squares method

(statistical regularisation). Following the indexing system proposed in Brechbühler et al.
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(1995), the coefficients can be estimated as follows:

θc qm
k ≈ (B T B)−1B T V , (5.37)

where B contains the basis functions evaluated at the coordinates V that define the geometry

of the surface patch. If nv vertices describe the geometry of this surface patch in spatial

coordinates, the matrix V can be written as:

V =


x0 y0 z0

x1 y1 z1
...

. . .
...

xnv−1 ynv−1 znv−1

 . (5.38)

It should be noticed that the vertices defined in Eq. (5.38) are normalised against the mean, so

the actual expanded signals will be identified about a mean of zero. The matrix B holds the

SCH basis functions that can be obtained by evaluating Eqs. (5.22) and (5.24) for the positive

and negative orders, respectively, and can be written as:

B =


c(0,0) c(0,1) . . . c(0, j )

c(1,0) c(1,1) . . . c(1, j )
...

...
. . .

...

c(nv−1,0) c(nv−1,1) c(nv−1, j )

 , (5.39)

where ci , j is the basis function evaluated at the i th vertex for index j . The index j is calculated

as j (m,k) := k2 +k +m and −k ≤ m ≤ k for the zero-based numbering programming conven-

tion. This means we need to fit 3(Kmax +1)2 coefficients simultaneously for all the x(θ,φ),

y(θ,φ) and z(θ,φ) signals in f (θ,φ). The final complex-valued θc qm
k coefficient matrix can be

written as:

θc qm
k =


q0

x q0
y q0

z

q1
x q1

y q1
z

...
. . .

...

q j
x q j

y q j
z

 . (5.40)

The least squares fitting is a statistical regularisation method that provides a good approxi-

mations for the coefficients θc qm
k , as long as the number of equations on the spherical cap

is significantly larger than the expanded coefficients. Here, this condition is always satisfied

because our surfaces are defined by dense point clouds. Other regularisation methods that

enhance the accuracy of the least squares fitting and obtain a better orthogonality among the

columns in Eq. (5.39) can be found in the literature [e.g. see Korte and Holme (2003)] but are

not applied here.
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Figure 5.6: Transformation of a square grid to a geodesic dome grid (before triangulating the
surfaces) using the algorithm proposed by Roşca (2010). A) A square grid with 60 horizontal
and vertical lines resulting in 900 points of intersection (vertices); B) An area-preserving map of
the square grid onto a quad-grid disk; C) The final geodesic dome with θc =π/2 (a hemisphere);
D) The final geodesic dome with θc =π/3; E) The final geodesic dome with θc =π/18.

5.4.2 Spherical cap harmonic reconstruction

We can reconstruct the surface patch from Eq. (5.27) when the coefficients are known. To

obtain a homogeneous representation of all the morphological features over the cap domain,

this step requires uniformly sampled points (vertices). In ordinary SHA, convex icosahedrons

(geodesic polyhedrons) with different mesh refinements are often used for the reconstruction

because the vertices of these icosahedrons are equally spaced. Analogously, for SCHA, we

use geodesic domes with uniformly distributed vertices over a spherical cap (see Figure 5.7).

To construct these domes, we first construct a uniformly meshed unit disk and then use the

inverse Lambert azimuthal equal-area projection to project it to the desired spherical cap.

Like the approach presented in Section 5.3, we need to rescale the unit disk by an appropriate

scaling factor rl to yield a spherical cap with the correct area under the projection:

rl =
√

2(1−cosθc ). (5.41)

For reconstructing the surface patch, we need to choose a suitable mesh refinement for

practical and theoretical aspects. Practically, the complexity of the numerical models, e.g.

finite and discrete element methods, depends on the number of elements used to discretise

the continuum. Theoretically, we need a mesh size that represents the smallest required detail

depending on the application. If we imagine that a simple 1D wave propagates along a discrete

line, we need at least five knots (points) to capture the sign changes along a full wave. This

means that the distance between two adjacent vertices at a certain mesh refinement must

be at least one-fourth of the target minimum wavelength. The trade-off between capturing

morphological features and the numerical complexity should be calibrated through several

reconstruction trials. More details about the minimum and maximum wavelength associated

with the SCHA will be discussed in Section 5.6.1.
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A) B) C)
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Figure 5.7: Geodesic domes for θc = π/3 with different refinement cycles (N ). The domes
in A–C were obtained using the unit disk mesh generation method in Roşca (2010) followed
by the rescaling in Equation (5.41) and inverse Lambert’s projection in Equation (5.42). The
domes in D–E were obtained using the DistMesh method (P.-O. Persson and Strang, 2004)
followed by rescaling and the inverse Lambert’s projection. A) A mesh grid resolution of 12
results in 36 vertices; B) A mesh grid resolution of 20 results in 100 vertices; C) A mesh grid
resolution of 60 results in 900 vertices; D) An edge element size of 0.325 results in 35 vertices;
E) An edge element size of 0.185 results 103 vertices; F) An edge element size of 0.635 results in
896 vertices.

We consider two approaches for constructing a disk with a uniform grid. The first approach,

proposed by Roşca (2010), builds the disk-grid by transforming a rectangular grid of squares

to a quad-grid disk using an area-preserving map, which can be subsequently triangulated

using standard Delaunay triangulation. This approach gives us direct control of the number

of vertices on the spherical cap. Another approach is the DistMesh method proposed by P.-O.

Persson and Strang (2004), in which one can construct a uniform mesh on a unit disk by a

force-based smoothing approach. For this approach, the desired length of the edge elements

on the unit disk is a required input that indirectly controls the number of vertices on the

surface mesh. For both approaches, we need to rescale the resulting unit disk meshes using

Eq. (5.41) (the rescaled disk is denoted by Dl ) before applying the inverse Lambert’s projection

τ−1
l so that every (x, y) point on the rescaled disk is projected to the (X ,Y , Z ) on a spherical

cap to S2
θ≤θc

as:

τ−1
l (x, y) = (X ,Y , Z ) =

√
1− x2 + y2

4
x,

√
1− x2 + y2

4
y,−1+ x2 + y2

2

 . (5.42)

Figure 5.6 visualises the process in Roşca (2010), and Figure 5.7 shows the final geodesic domes

obtained using the two approaches.

5.5 Shape descriptors and fractal dimension (FD)

Like the traditional Elliptical Fourier Descriptors (EFD) (Hobson, 1965) and their 3D extension

to SH (Brechbühler et al., 1995), SCHA also yields coefficients that can describe and reconstruct
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surfaces. Because the SCH is a “local extension” of the ordinary SH, it matches most of its

properties (De Santis et al., 1999), such as the spectral power analysis for determining the

surface fractality. In this section, we describe the interpretation of the shape descriptors

derived from SCHA and their relationship to those derived from other traditional methods like

HSH. We also show how to estimate the wavelengths associated with each degree and extract

the fractal dimension (FD) from the attenuation of the shape descriptors.

5.5.1 Shape descriptors derived from SCHA

Shape descriptors tell us how similar or dissimilar surfaces are to each other and are particu-

larly useful for matching or classifying complex topologies. These shape descriptors must be

invariant to the location, rotation and size of the targeted surface. In this section, we compare

the shape descriptors derived from SCHA to those derived from SHA or EFD and explain some

additional properties of the SCH regional analysis.

By expanding the signal f (θ,φ) = (x(θ,φ), y(θ,φ), z(θ,φ))T , we simultaneously obtain the

coefficients for the three orthogonal signals. We first consider the “breathing” mode (cor-

responding to k = 0), where we have a constant shift for all the points in the signal. The

corresponding real-valued (k = m = 0) coefficients along the x, y and z axes are represented

by θc q0
0,x , θc q0

0,y and θc q0
0,z . These coefficients correspond to the geometric centroid of the

surface, which is similar to the EFD and SHA methods. Practically, we ignore these coefficients

and set them to zero to make the shape descriptors and the reconstruction invariant to the

location.

For k = 1, EFD basis functions define an ellipse in 2D, and SH functions define an ellipsoid

in 3D. However, in our case, the basis functions describe an ellipsoidal cap that is sized

by the 3×3 matrix θc qm
1 , m ∈ {−1,0,1}, herein referred to as the first-degree ellipsoidal cap

(FDEC). The FDEC determines the size and the orientation of the reconstructed surface,

and it also shapes the main domain (spatial space) of the other harmonics (for all |m| > 1).

Following Brechbühler et al. (1995), the size of the FDEC can be determined by rearranging the

coefficients from k = 1 to correspond to the ellipsoidal equation in the Cartesian coordinates:

A =
(
θc q−1

1 − θc q1
1 , i (θc q−1

1 + θc q1
1 ),

p
2θc q0

1

)
. (5.43)

Solving the eigenvalue problem of A AT will provide three eigenvalues |λ1| ≥ |λ2| ≥ |λ3|. Their

roots a =
√

|λ1| ≥ b =
√

|λ2| ≥ c =
√

|λ3| correspond to the amount of “stretch” along the

three principal axes of the ellipsoidal cap. The directions of the “stretches” will follow three

eigenvectors; two of them are in-plane orthogonal vectors and the third is an out-of-plane per-

pendicular vector. These three unit vectors describe the principal directions of the ellipsoidal

cap. Figure 5.8 shows the FDEC in an arbitrarily rotated Cartesian space.

When the size of the ellipsoidal cap is determined, the higher frequency basis functions will be

overlaid onto the domain of the FDEC. Numerically, the basis functions of the SCH are similar
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a

bc

FDEC

Figure 5.8: The first-degree ellipsoidal cap (FDEC) defined by k = 1; a is the half-major axis, b
is the half-minor axis and c is the ellipsoidal cap depth, where |c| ≤ |b| ≤ |a|.

for different θc ’s, but they are either “stretched” or “compressed” overS2
θ≤θc

. This constrains all

the domains to the size of the FDEC, which makes the proposed method invariant to θc . From

the point of view of the basis functions, this theoretically implies that there is no difference

between the SCHA and the HSHA, providing that we are using the same normalisation factor

(e.g. Schmidt semi-normalised). However, the results of the analysis will depend on the

introduced distortion between the real Cartesian space and the parameterisation space. This

problem will be discussed in Section 5.6.

The FDEC size is also important for estimating the wavelengths associated with the harmonics

expanded over the surfaces. In geophysics, the SCHA is used for a regional analysis over

planets and moons to directly estimate the average circumference. As we do not have a closed

surface that is approximately spherical, however, we use the FDEC to estimate the average

circumference of a full “virtual” ellipse that lies at θc ≡π/2 (Greenwich line) to estimate the

circumference (more details will be discussed in Section 5.6).

5.5.2 Shape descriptors for estimating the fractal dimension

Shape descriptors have been extensively studied in the SH literature. The most commonly

used descriptors are rotation-invariant ones that do not require the registration of the surface.

Based on the amplitudes calculated in the expansion stage θc qm
k , we can express the shape

descriptors [for instance see B. D. Zhao et al. (2017), Kazhdan et al. (2003), and Nie et al. (2020)]

as follows:

D̂k,x =

√√√√ k∑
m=−k

||θc qm
k,x ||2,
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D̂k,y =

√√√√ k∑
m=−k

||θc qm
k,y ||2,

D̂k,z =

√√√√ k∑
m=−k

||θc qm
k,z ||2.

Then, the resultant (radial) rotation-invariant descriptors can be expressed as:

D̂2
k = D̂2

k,x + D̂2
k,y + D̂2

k,z .

These descriptors need to be normalised with the size of the FDEC to obtain size-invariant

descriptors and to estimate the Hurst exponent, important for removing the dimensionality of

the data (Russ, 1994). Thus, the final shape descriptors can be written as:

D2
k =

D̂2
k

D̂2
1

, ∀k > 1. (5.44)

For nominally flat and circular surface patches, where the roughness (noise) only shifts the

z−coordinates, D̂2
k,x ≈ D̂2

k,y → 0 for k > 1.

The power spectral analysis determines the power accumulated at a certain wavelength of the

analysed surface, while the spectral attenuation computes the FD of the surface. Similar to

the PSD analysis, here we found that the accumulated power at each degree correlates with

the Hurst exponent H (see Russ (1994) and Hurst et al. (1965) for details) as follows:

D2
k ∝ k−2H . (5.45)

The FD can then be computed as [see Russ (1994)]:

F D = 3−H . (5.46)

For fractal surfaces, the Hurst coefficient is between 0 and 1 (0 < H < 1), and the FD is between

2 and 3 (2 < F D < 3). The higher the H exponent, the smoother the surface.

The Hurst exponent can be estimated from the rate of power attenuation with an increasing

k, as the slope of the fitted line on a log-log graph is −1/(2H). One common way to estimate

the exponent is through the least squares fit of the equation D2
k = ak−2H , where a is the

proportionality constant in Eq. (5.45). This approach estimates a radially symmetric Hurst

exponent for self-affine surfaces. Unlike the Hurst exponents computed by traditional methods

that investigate profiles along different directions, the Hurst exponent herein computed on

the basis of SCH coefficients is invariant to directions or rotations. We benchmarked this

approach against artificial fractal surfaces, and the results are presented in Section 5.8.3.
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5.6 Choosing the optimal half-angle θc and the appropriate surface

patch

5.6.1 Choosing the optimal half-angle θc

In Section 5.5, we explained that the SCH basis is invariant to θc , raising the question: What is

the optimal half-angle θc for the analysis? To answer this, we need to consider two aspects:

i) the numerical stability of the hypergeometric functions and ii) the distortion between the

object’s space and the parameterisation space. The stability of the hypergeometric functions

was briefly discussed in Section 5.2. In general, the smaller the θc , the faster the convergence

(less terms needed), but θc should not be too close to the singularity points θc ∈ {0,π}.

If this restraint is considered, we can choose the half-angle θc such that the distortion intro-

duced by the parameterisation is minimised. As compared to HSH, SCH offers this additional

parameter θc to minimise the distortion. We here adopt the area distortion (dar ea) used in

Eq. (5.34) to determine the optimal θc , though other measures can also be used.

To find the optimal θc that minimises the area distortion, we used the PSS algorithm (Shaqfa

and Beyer, 2021), which we used already for finding the optimal Möbius transformation for

h(X ,Y ) (see Section 5.3). Note that we used the area distortion measure dar ea as the objective

function as the proposed parameterisation method is highly conformal and always yields

a minimal angular distortion regardless of θc . We searched for the optimal θc in a domain

limited by a lower bound θLB and an upper bound θU B . The optimisation problem can then

be written as:

min
θc

(
min
X ,Y

darea

)
,

s.t. θLB ≤ θc ≤ θU B .
(5.47)

By investigating several benchmarks, we observed that the algorithm chooses the θc that

best represents the global concavity of the open surface. For instance, for the nominally flat

surfaces examined in Section 5.8, we find that θc is always as low as θLB , which we set to

π/18 = 10◦. For the portion extracted from the scanned stone (see Section C.2), we obtain

an optimal half angle of 99.9158◦, which corresponds to an area distortion of 0.240406. For

practical reasons, we can assume θc ≈ 90◦ (a hemisphere) with an area distortion of 0.253300.

In addition to the natural free edge, this helps explain why using HSH led to better results than

SH when studying skulls and ventricles in medical-imaging problems (H. Huang et al., 2006;

Giri et al., 2021a).

5.6.2 Wavelength analysis with θc

The literature review in Section 2.6 highlighted that separating the shape of an object from

its roughness is a challenging problem, with most prior works proposing the use of empirical
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rules based on the reconstruction quality. We here offer an alternative approach adopted from

the geophysics literature on SCH that determines the required number of degrees based on

the targeted wavelength range.

E. C. Bullard (1967) defined the wavelength in SH by ω = 2πr /n, where n is the SH degree and

r is the average radius of the sphere. G V Haines (1988) derived the relationship between the

degree and the spherical cap half-angle θc using an asymptotic approximation (for large k and

small m):

l (m)k ≈ π

2θc

(
k + 1

2

)
− 1

2
, (5.48)

where θc is in radians. Analogous to E. C. Bullard (1967), Haines concluded that the minimum

spherical cap wavelength associated with the kmax is ωmin = 2πr /l(m)k,max . Solving Eq. (5.48) for

kmax gives:

kmax ≈ 2θc

π

(
2πr

ωmin
+ 1

2

)
− 1

2
, (5.49)

where kmax is the maximum index required to cover or represent a minimum wavelength on

the expanded cap.

In geophysics, the term 2πr is the average circumference of the earth (or any other planet

under consideration). As we mentioned earlier and unlike in geophysics, here we expand

three orthogonal signals instead of the radial one. The size of the domain is described by the

three parameters a, b and c, which are determined by the FDEC for k = 1.

E. C. Bullard (1967) derived this expression from the number of divisions along the circum-

ference for a certain degree n; the maximum circle defined over the sphere (equator) occurs

when m = n (sectoral harmonics). Furthermore, he proved that this is true at any point on

the sphere for any arbitrary pole. Here, we apply the same concept by replacing n with k (the

index of the degrees). At m = k, the largest ellipse defined over the spherical cap changes its

sign k times. Thus, ω = ζ/k, where ζ is the circumference of the largest ellipse defined over

the first degree ellipsoidal cap (FDEC) (Figure 5.8). Additionally, ζ can be estimated from the

FDEC, which is described by the orthogonal vectors θc #q −1
1 , θc #q 0

1 and θc #q 1
1 (Section 5.5). The

wavelength at an index k can then be written as:

ωk ≈ 2π

k

√
a2 +b2

2
,∀k ≥ 1. (5.50)

Equation (5.50) can also be reached by assuming that the largest ellipse on an ellipsoidal cap

corresponds to the equator (runs through the Greenwich line), and thus θc →π/2. Then, by

letting r ≈
√

(a2 +b2)/2, the asymptotic formula in Eq. (5.49) will be the same as in Eq. (5.50).

Note that the (≈) sign in the above expressions denote that these formulae have been derived
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asymptotically (Torta, 2019), the circumference of the largest ellipse is also approximated, and

the circumference of the FDEC is not the final circumference of the expanded surface patch.

This equation is more accurate for circular patches where the FDEC perimeter is more circular

than elliptical.

5.6.3 Choosing the appropriate surface patch

Choosing the appropriate sampled surface patch eases the parameterisation process. It also

avoids over-/under-representation of certain morphological features over the targeted surface,

accordingly preventing potential problems in the subsequent analysis step. The following

points are recommendations for sampling a surface patch:

• Manifold edges and surfaces without opening (genus-0) meshes are required for the

parameterisation algorithm proposed in this paper.

• The input mesh must not contain duplicated faces, edges, vertices or skewed faces with

close-to-zero areas.

• A round surface patch avoids point clusters at sharp corners as a result of the parame-

terisation algorithm, which would lead to a poorly represented morphology.

• Circular patches with no sharp edges will cause the first ellipse to be mostly circular.

As a result, the wavelength definition will be more accurate because the circumference

estimate is more precise.

• The scanned surface patch should be sampled as uniformly as possible, which will make

the parameterisation algorithm more accurate due to the use of the least-squares fitting

method for computing the coefficients of the SCHA.

• When the surface patch does not have enough vertices to compute all degrees (results in

badly conditioned matrix B in Eq. [5.37]), the surface should be subdivided as needed to

increase the number of expanded equations and increase the quality of the coefficients.

• When the results are wavy when reconstructed with high degrees, we recommend sub-

dividing the overall surface or the local wavy areas to increase the number of expanded

equations, thus reducing the fitting error.

5.7 Windowing the spectral domain and roughness projection

In this section, we introduce a method for projecting the roughness on surfaces using the

analysis results expanded from the SCH, HSH and ordinary SH methods. This is useful

for studies of contact problems, as it allows for systematically modifying the bandwidth of

wavelengths included in the reconstruction and for altering a surface geometry. The isolated

or generated surface roughness can then be projected onto a donor mesh of the user’s choice.
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Let us assume that we have obtained the SCH coefficients up to the order Kmax either through

expansion or through artificial generation (not included in this paper). The rough surface is to

be projected onto a mesh that donates the general shape of the object, henceforth called the

“donor mesh”. The targeted vertices on the donor mesh can be determined and parameterised

to obtain fd (θ,φ) =
(
xd (θ,φ), yd (θ,φ), zd (θ,φ)

)T .

For the SH, we combined the parameterisation approaches by P. T. Choi et al. (2015) and G. P. T.

Choi et al. (2020b) to obtain a conformal spherical parameterisation of the donor mesh with

minimal area distortion. For the HSH and the SCH, we used the approach proposed in Section

5.3. However, instead of parameterising only the spherical cap, we parameterised the whole

donor mesh over a unit sphere and then constrained the targeted domain of the vertices to a

spherical cap with θc .

After parameterising the targeted vertices over the donor mesh, we projected the roughness

onto the surface using a simple bandwidth-limiting (windowing) function in the spectral

domain. Let us assume that k̄min ≥ 1 and k̄max ≤ Kmax are the minimum and maximum

indices, which correspond to ωmax and ωmin wavelengths computed from Eq. (5.50). The

roughness projection can then be implemented by modifying Eq. (5.27) to:

fd (θ,φ) ≈
k̄max∑

k=k̄min

k∑
m=−k

θc qm
k

θc C m
k,d (θ,φ), (5.51)

where C m
k,d (θ,φ) are the basis functions evaluated for the targeted domain on the donor mesh.

This expression is equivalent to multiplying the reconstruction expression in Eq. (5.27) by the

traditional rectangular eigenfunction window H(k) in the spectral domain (a sharp cut-off in

the spectral domain) where:

fd (θ,φ) ≈
Kmax∑
k=0

k∑
m=−k

H(k) θc qm
k

θc C m
k,d (θ,φ),

and

H(k) =

{
1, k̄min ≤ k ≤ k̄max,

0, otherwise.

The coefficients can be manipulated in the spectral domain by rotating and scaling as needed.

In this paper, we will not demonstrate the coefficients manipulation methods or the random

generation of fractal surfaces with a certain Hurst exponent.

5.8 Numerical examples and discussions for SCHA

In this section, we present and discuss the results of the proposed SCHA method. We begin

with a visual benchmark that helps build the intuitive arguments we raise about the scalability
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and wavelengths. Second, we benchmark the SCHA against various random fractal surfaces

to estimate the Hurst exponent. Then, we analyse and study a rough surface patch of a rock

whose geometry was obtained by laser scanning. Finally, we demonstrate an example of a

roughness projection from the scanned stone to alter the microstructure of a donor mesh.

5.8.1 Visual benchmark

We use a sculpture of a face [retrieved from Wikimedia Commons (2020)] for visualising the

reconstruction evolution with k. The 3D-scanned geometry of the face was first cleaned and

remeshed to a manifold surface with a reasonable number of vertices that sufficiently describe

the details. Figure 5.9(A) shows the input geometry that was used. This benchmark was chosen

for the following reasons:

• It is a nominally flat surface that contains large and small wavelengths (facial features).

To capture all the small details, a high number of orders is required.

• It has a significant number of vertices (more than 20,000), which increases the problem

complexity.

In this example, we used θc = π/18 to parameterise, expand and reconstruct the surface, as

this half angle is low enough to minimise the area distortion but also high enough for the

hypergeometric functions to be stable. The results in Figure 5.9(B)–(H) show the evolution of

the reconstruction stages with k.

The method starts with fitting the large wavelengths (low k’s). The large facial features, such as

the nose bone, begin to take shape at k = 3. The eyebrow ridges begin to take shape at k = 10.

Fine details like the mouth and the hair curls become visible only with higher k’s. One way to

measure the convergence of the spatial details is by simply measuring the distance between

the sampled points (Monte Carlo) on the input surface and the closest equivalent ones on the

reconstructed surface at a certain k. The root mean square error (RMSE) of these points is

then calculated using MeshLab (Cignoni et al., 2008) as the Euclidean distance normalised

by the diagonal of the bounding box of the surface. The results are shown in Figure 5.10; for

k = 40, the RMSE averaged over all points is 0.158282. Another measurement that can compare

the reconstruction of the original shape is the Hausdorff distance; see the inset included in

the same figure. It should be mentioned that when k = 40, the largest captured feature varied

at a wavelength of 184.589 mm, and the smallest varied at 4.858 mm.

Additionally, to investigate the influence of θc on the quality of the reconstruction, we also

expanded the input mesh up to k = 40 assuming θc = 5π/18. The RMSE for an expansion

and reconstruction with θc = 5π/18 was only 0.1215% larger than the one with θc = π/18.

Practically, this means that the analysis is invariant to θc , with the small difference due to the

numerical accuracy of the hypergeometric functions and the area distortion introduced by

the parameterisation. The area distortion after finding the optimal Möbius transformation
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A) B) C) D)

H)G)F)E)

Figure 5.9: The reconstruction of the face sculpture with SCH. A) The input surface after
remeshing with 21,280 vertices. It was expanded up to k = 40 and reconstructed with an
edge length of 0.032 on a unit disk; B) The reconstruction with k = 1 results in an FDEC with
2a = 123.381,2b = 111.336 and c = 19.844; C) Reconstruction at k = 3; D) Reconstruction at
k = 5; E) Reconstruction at k = 10; F) Reconstruction at k = 15; G) Reconstruction at k = 20; H)
Reconstruction at k = 40.

was 0.377619 for θc = 5π/18 and 0.341917 for θc =π/18.

5.8.2 Wavelength and patch size

As the face sculpture example contains large and small wavelengths, high orders of SCH were

needed to reconstruct the small details; compare Figure 5.9(G) and (H), where 20 additional

orders were added to capture the hair curls, the mouth and the nasal openings. To demonstrate

that the number of orders needed for reconstructing a certain detail depends on the size of the

patch, we considered a regional patch from the hair details to filter out the larger wavelength

(facial features, e.g. the nose). The considered local patch is the red-dotted region circled on

Figure 5.10(A).

We expanded the local patch by assuming θc = π/18 and using only k = 15. As we see from

Figure 5.11, 15 degrees were enough to reach almost the same RMSE accuracy as the whole

face with k = 40. This resembles about 15.23% of the overall computed SCH basis functions,

though this ratio does not scale linearly with the computational time. The minimum RMSE

for the simple distance between the surfaces at k = 15 was 0.104812. By changing the range of

targeted wavelengths, we can clearly see the faster convergence of this method with relatively

close scales of detail (wavelengths). At only k = 15, the largest captured feature varied at a
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Figure 5.10: The root mean square error (RMSE) for the face sculpture. The inset shows the
Hausdorff distance at k = 40, where 1,221,276 points were sampled on the original mesh
and were compared with the reconstructed mesh. For θc =π/18, the RMSE for the Hausdorff
distance was 0.229886, the mean error was 0.141412 and the highest error value scored was
2.799484. The reported data was extracted with the open source package MeshLab (Cignoni
et al., 2008).

wavelength of 59.761 mm and the smallest varied at 4.269 mm, in comparison with k = 40,

with 4.858 mm for the full sculpture. Furthermore, we compared this with the HSHA, and we

show that the error at least doubles for the different measures; see Section C.3 for full details.

5.8.3 Analysis of rough fractal surfaces

Here, we analysed rough artificially generated fractal surfaces, computed the Hurst coefficient

from the SCHA for these surfaces and compared the obtained coefficients to the input values

used for the generation. Many libraries have been developed for generating such surfaces

using the traditional power spectral density (PSD) method [reviewed in Jacobs et al. (2017) and

B. N. J. Persson et al. (2004)], such as Tamaas Library (Frérot et al., 2020). These benchmarks are

important in contact mechanics, which usually depends on exact asperity shapes, distributions

and their effects on the real contact area, as per Hyun et al. (2004).

We generated four fractal surfaces with a root-mean-squared roughness of 0.7E−2 mm and

Hurst exponents of H ∈ {0.4,0.5,0.6,0.9}; see Figure 5.12. To avoid biasing the first few k’s on

fitting the shape of the boundary lines and to expand the surfaces with fewer ks, notice that

the generated samples are all disks (circular boundary lines). To ensure reproducibility, all the

surfaces were generated with a fixed seed number of 10 and with no roll-off wave vector. In

the same figure, we show the analysis results (up to k = 40) in terms of the shape descriptors

(solid lines) in Eq. (5.44) and the fit of Eq. (5.45) (dashed lines).

The surface in Figure 5.12(A) was generated with a Hurst exponent of 0.4, and we estimated a

Hurst exponent of H = 0.4175, which corresponds to a fractal dimension of 2.5825 and an error

of +4.4%. For the generated surface with H = 0.5 (Figure 5.12(B)), we estimated H = 0.5197
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Figure 5.11: The root mean square error (RMSE) for the local patch on the visual benchmark.
The inset shows the Hausdorff distance at k = 15 where we used 602,087 points sampled on
the original mesh and compared these with the reconstructed mesh. At θc =π/18, the RMSE
for the Hausdorff distance was 0.149861, the mean error was 0.087238 and the highest error
value scored was 1.594269. The reported data was extracted with the open source package
MeshLab (Cignoni et al., 2008).

(+3.9%) and F D = 2.4802. For the third example with H = 0.6 (Figure 5.12(C)), we estimated the

H = 0.5922 (−1.3%) and F D = 2.4078. However, for the fourth sample generated with H = 0.9

(Figure 5.12(D)), we obtained H = 0.8370 (−7.0%) and F D = 2.1630. This error is typical for

higher values of H , as the surface seems finer and most of the spatial details are part of smaller

wavelengths, meaning that additional ks are needed to capture these finer details. Making

use of the scalability of the SCHA together with the nature of the fractal surfaces (repeats

itself at all scales), we cut out a smaller area at the centre of the patch in Figure 5.12(D). We

analysed the latter with k = 8, and the estimated Hurst exponent was 0.8850 and F D = 2.1150.

This agrees with the conclusions drawn by Florindo and Bruno (2011), who found using the

PSD that the attenuation slope of F D changes with the value of k and that most of the fractal

information is contained in the microscopic wavelengths when the change in the slope is

negligible.

5.8.4 Laser-scanned rough surface patch

Here, we scanned a real stone that had been previously used in an experimental campaign

(Rezaie et al., 2020). This type of stone is common in historical stone masonry walls, so

studying the stones’ interfacial properties helps define the mechanical behaviour of the walls.

The stone surface was acquired by laser scanning (Figure 5.13) with an accuracy of 0.01 mm

(Figure C.1). Additionally, we sampled (extracted) a small patch over the scanned surface of

the stone, see Figure C.1, to study the roughness of the surface.

The surface patch was expanded up to k = 40. The estimated dimensions of the FDEC (com-

puted from Eq. (5.43)) were: a = 24.7879 mm, b = 23.3502 mm and c = 5.7899 mm. From FDEC,
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Figure 5.12: The analysis results for artificially generated fractal surfaces with different Hurst
exponents. The solid lines represent the descriptors in Eq. (5.45) and the dashed lines represent
the fit of Eq. (5.45). (A) a surface generated with H = 0.4; (B) a surface generated with H = 0.5;
(C) surface generated with H = 0.6; (D) surface generated with H = 0.9.
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Figure 5.13: The laser scanner setup using the Quantum FARO Arm®; the left side of the picture
shows the laser scanner used to scan the stone, and the right side shows the stone pinned on a
steel frame for the scan to minimise the loss of surface data.

we can estimate the wavelengths of any index k from Eq. (5.50). For instance, with an esti-

mated average FDEC circumference of 151.2980 mm, the maximum and minimum computed

wavelengths ω2 ≈ 75.6490 mm and ω40 ≈ 1.9908 mm, respectively. Figure 5.14 summarises the

results of the analysis of the descriptors. From the analysis, the decay of the shape descriptors

gives us a Hurst exponent of H = 0.9464, which suggests that the surface is not very rough.

Later, this roughness information will be used for modifying the microstructure of a selected

object.

5.8.5 Example of roughness projection

As explained in Section 5.6, we start the roughness projection by parameterising the patch on

the donor mesh over a sphere with a prescribed θc . Figure 5.15 shows the parameterisation of

a selected patch on a donor mesh with various half-angles θc . For the projection, we used the

coefficients extracted from the patch in Figure 5.14. To alter the microstructure of the selected

face on the donor mesh, we only include wavelengths between wmax = 15.12 mm (kmin = 10)
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Figure 5.14: The SCHA for a patch sampled over the stone in Figure C.1. The analysis of
the results for k = 40 and the best fit for the first k = 12 are shown, with H = 0.9464 and
F D = 2.0537. The colour bar shows the height map of the patch in mm. The upper x-axis
shows the corresponding wavelengths ωk .

and wmin = 1.99 mm (kmax = 40). The resulting microstructure (see Eq. (5.51)) is shown in

Figure 5.16(A). To obtain the final finite element mesh, we remeshed the STL surface using

the OpenCASCADE library (Open Cascade SAS (OCCT), 2018) with various refinements (see

Figure 5.16(B) and (C)). The final volumetric finite element mesh was obtained using GMSH

(Geuzaine and Remacle, 2009).

5.9 Summary

In this paper, we conducted morphological analyses of open and nominally flat rough sur-

faces using the spherical cap harmonics (SCH), whose basis functions are a generalisation

of the hemispherical harmonics (HSH) basis. SCHs form an orthogonal basis and is suitable

for analysing an open surface that is projected onto a spherical cap with any half-angle θc

(Figure 5.1), while HSHs form a basis for a hemisphere (θc = π/2). SCHs have been widely

used in geophysics for describing fields (e.g. the magnetic field over a continent), but to

our knowledge, they have not yet been applied for characterising and reconstructing the

morphology of surfaces. We exploited the solution for the even set of Legendre functions of

the first kind together with the Fourier functions to constitute the final SCHs that satisfy the

Laplace equation on a spherical cap. We chose the even set to perform surface reconstruction

with free edges using the Neumann boundary conditions while simultaneously conducting

a power spectral analysis using the orthogonality of the even basis functions. We also used

SCH to analyse simply connected surfaces with vertices, edges and triangulated faces (the

Standard Triangle Language STL files). The first step of such analyses is to couple each vertex
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A) B)

C) D)

Figure 5.15: The parameterisation of a selected patch on a donor mesh over a unit sphere with
a prescribed θc . (A) The donor mesh with the selected (red-shaded) patch for projecting the
roughness; B) S2 ∪S2

θ≤π/2; C) S2 ∪S2
θ≤5π/18; D) S2 ∪S2

θ≤π/9.

A) B)

C)

Figure 5.16: Roughness projected on the selected face shown in Figure 5.15. (A) The roughness
projection on the triangulated face (STL file); (B), (C) The remeshed STL surface with different
refinements performed using the OpenCASCADE (Open Cascade SAS (OCCT), 2018) library
followed by volumetric finite element meshes generated by GMSH (Geuzaine and Remacle,
2009).
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on the surface with a unique pair of θ and φ (surface parameterisation). Thus, we proposed a

parameterisation algorithm that provides conformal one-to-one mapping with minimal area

distortion over a unit spherical cap with a prescribed half-angle θc (S2
θ≤θc

).

We showed that the proposed analysis approach is invariant to θc yet is sensitive to the distor-

tion introduced in the parameterised surface at different half angles (θc ’s). The unavoidable

distortion caused by the parameterisation algorithm can limit the analysis to certain half an-

gles. Therefore, we used a global optimisation approach to identify the optimal half-angle θc

that minimises the area distortion between the input and parameterised surfaces. As expected,

we found that the conventional HSH analysis is suitable for surfaces that can be parameterised

over a unit hemisphere without introducing significant area and angular distortions. For

nominally flat surfaces, however, the traditional HSH fails to analyse and reconstruct the

surfaces correctly because of the distortion.

To show the robustness of the morphological analysis and reconstruction convergence, we

applied the proposed method to a scanned face sculpture as a visual benchmark. This bench-

mark was chosen to contain relatively large and small wavelengths to test the convergence to

the smallest details. The face was analysed for two selected half angles to demonstrate that the

method is invariant to θc and that the quality of the analysis depends only on the distortion

introduced on the parameterised surface. We then demonstrated the convergence and the

scalability of the method to expand and reconstruct complex surfaces of a selected local patch

on the face. Because the patch was smaller than the entire face, fewer degrees were needed to

capture the same details (faster convergence). We finally compared this method with the HSH

and found that the reconstruction from HSH was wavy and showed larger error margins, as

was expected due to the distortion in the parameterisation.

We derived an approximate formula that links the size of the first degree ellipsoidal cap (FDEC)

with the wavelengths as a function of the index k. We then used the power spectral analysis of

the rotation-invariant shape descriptors that are invariant to translation, rotation, scale and

half-angle θc to find the fractal dimension (FD) of the analysed open surfaces. To benchmark

this approach, we generated fractal surfaces with the traditional PSD method and computed

the Hurst exponent for these surfaces from the SCHA results. The method yielded good

estimates of the Hurst exponent (errors between −7.0 and +4.4%).

As this method was proposed to study rough surfaces in contact, we also outline a method for

projecting real or artificially generated roughness onto a selected donor mesh. This method

can be used for the traditional SH, HSH and the SCH. We limited the bandwidth in the spectral

domain to reconstruct and alter the roughness of surfaces between user-defined upper and

lower limits.

The computational cost of this method was found especially expensive when evaluating the

sequential hypergeometric function, the critical loop, for k > 12. This is mostly due to using a

high-level programming language such as MATLAB and can be bested with using C or C++.
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6 Disk harmonics for analysing curved
and flat self-affine rough surfaces
and the topological reconstruction of
open surfaces

Describing the morphology of a rough surface is challenging. This can be done using harmonic

decomposition, such as spherical harmonics or, as recently proposed, spherical cap harmonics

for open surfaces. Here we propose the use of disk harmonics with Fourier-Bessel basis

functions for decomposing open single-edge genus-0 surfaces. We first parameterise the

surfaces onto the unit disk by developing a new combination of density-equalising and quasi-

conformal maps. We then use these harmonics to determine the Hurst exponent of the surface

by establishing a relationship between the Hurst exponent and the exponential decay of

amplitudes in the power spectrum. We achieve this by extending the Wiener-Khintchine

theorem, assuming self-affine surfaces with an isotropic power law. Finally, we show that this

approach can successfully measure the fractal dimension without introducing bias through

the assumed boundary conditions or depending on the surface lattice (grid) or the curvature of

the tested surface patches, which are known limitations of the standard Fourier-filter approach.

We also provide an analytical relationship between the decay of the Fourier-Bessel power

spectral density and the Hurst coefficient. This method is therefore useful for determining the

Hurst coefficient, and we expect it to also find utility for studying the morphology of complex

surface topologies and breaking them down into harmonics for analysis and reconstruction of

the surface.

This chapter is a slightly modified version of the published paper:

Shaqfa, Mahmoud, Gary P. T. Choi, Guillaume Anciaux, and Katrin Beyer (2022). “Disk

Harmonics for Analysing Curved and Flat Self-affine Rough Surfaces and the Topological

Reconstruction of Open Surfaces”. In: Submitted for publication.

125



Chapter 6 Disk harmonics analysis (DHA)

Mixed contribution Please note that this work was implemented in collaboration with Dr.

Gary P.T. Choi (Massachusetts Institute of Technology–Department of Mathematics) as well as

Dr. Guillaume Anciaux (LSMS–EPFL). Dr. Choi is responsible for crafting the area-preserving

planar disk parametrisation algorithm presented in Section 6.2 and the associated codes

as commented per script (see the links in Chapter 10). For completeness, Section 6.2 was

included as a part of this thesis. Next to Prof. Beyer, Dr. Anciaux co-supervised the work as

experts in contact mechanics of rough surfaces.

6.1 Introduction

To overcome the discussed issues in handling the morphology and roughness of open curved

and nominally flat surfaces in Chapter 2, we recently proposed the spherical cap harmonic

analysis (SCHA) (Shaqfa et al., 2021b) (or equivalently refer to Chapter 5). In that paper,

we showed how the surface analysis and reconstruction accuracy depends on the chosen

parametrisation algorithm. That paper also connected the analysis degrees with a physi-

cal wavelength of the surface and provided an empirical relationship between the shape

descriptors from SCHA and the fractal dimension of the surface.

In Shaqfa et al. (2021b), we used shallow spherical caps to minimise the distortion between

the spacial and parameterisation domains. We treated the determination of the optimal

half-angle θc of the spherical cap as an optimisation problem. In that paper, introducing θc as

a free parameter provided a flexible mapping approach, though the fact that θc was always

close to zero for flat surfaces means that this method worked only near a singular solution

for the spherical basis function. Practically, this indicates that the nominally flat surface

should instead be parameterised onto a planar disk instead of a curved shallow spherical

cap. Moreover, the additional projection from a topological disk to a spherical cap always

added distortion to both the areas and angles of the mesh elements, and the use of Gaussian

hypergeometric function 2F1(a,b;c; z) for the fractional associated Legendre functions made

the basis convergence slow and numerically unstable for high degrees.

To overcome these setbacks, we herein propose the use of disk harmonics (DH), which consist

of Fourier-Bessel basis functions over a planar disk in the polar coordinate system (Fig. 6.1).

These Fourier-Bessel functions are the natural extension of Fourier analysis in the polar

coordinate system and are unconditionally stable for any input which solves the stability

problem encountered for SCHA (Shaqfa et al., 2021b). Also, the mathematical connection

between the spherical harmonics and disk harmonics bases comes from assuming small

θc , the near-pole areas, as they tend to become flat surfaces, then, the associated Legendre

functions can be approximated by Bessel functions for large expansion degrees [see Eq. [9.1.71]

in the handbook of Abramowitz and Stegun (1964)]. Moreover, this method simplifies the

parametrisation process by avoiding the extra optimisation step used in SCHA, which maps

the planar disk onto the spherical cap using prescribed half-angle θc . This chapter depends

heavily on the concepts introduced in our previous work Shaqfa et al. (2021b), and for this
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Figure 6.1: A planar unit disk D
(
ρ(φ) ≤ 1 ∀φ ∈ [0,2π]

)
that is centred about the pole in a polar

coordinate system. The angle φ is measured counter-clockwise from the polar axis in radian.

reason, these concepts will be briefly revisited here. To the authors’ knowledge, this is the first

time these basis functions are used for studying the morphology of such open meshes.

In the following section, Section 6.2, we introduce our proposed combination of density-

equalising and quasi-conformal maps for achieving bijective disk area-preserving parame-

terisations. Section 6.3 explains the Fourier-Bessel basis functions as well as the imposed

boundary conditions and the corresponding eigenvalues. In Section 6.4, we interpret the

computed shape descriptors and discuss the normalisation approach. In Sections 6.5 and 6.6,

we validate the method against fractal self-affine surfaces and benchmark topology problems.

Sections 6.7 and 9.4 summarise our conclusions and set our resolutions for future works,

respectively. Two additional appendices support our derivations and include miscellaneous

results.

6.2 Planar disk parameterisation

In this section, we combine the density-equalising map (DEM) method (G. P. T. Choi and

Rycroft, 2018) and the quasi-conformal mapping method (P. T. Choi et al., 2015) to put forward

a planar disk area-preserving parameterization ϕ : S →D, where S is a simply connected

open surface in the form of a triangular mesh.

The DEM method (G. P. T. Choi and Rycroft, 2018) aims to smoothly map a given surface

onto a planar domain based on density diffusion. Suppose ρ is a density field prescribed on

S . The DEM method finds a parameterization of S onto the plane such that its Jacobian

determinant is proportional to ρ. In other words, it flattens S onto a planar domain and

deforms it such that the final density per unit area becomes a constant. In particular, to map

S onto the unit disk, we first compute an initial flattening map g : S →D onto the unit disk

using Tutte embedding (Tutte, 1963). We then apply the DEM method to find a mapping
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h :D→D by iteratively solving the following diffusion equation with the Neumann boundary

condition (G. P. T. Choi and Rycroft, 2018):{ ∂ρ
∂t

=∆ρ on g (S \∂S ),

(∇ρ) · n̂ = 0 on g (∂S ),
(6.1)

where n̂ is the unit outward normal. Throughout the iterations, the updated density field can

also update the vertex positions x on the planar domain over time (Gastner and Newman,

2004):

x(t ) = x(0)−
∫ t

0

∇ρ
ρ

dτ, (6.2)

where x(0) denotes the initial flattened domain. As t →∞, ρ is equalised, resulting in the

density-equalising map h(x(0)) = x(∞). In particular, with the initial density set using the area

of the triangular faces in S , the planar domain will be deformed based on the local area of

S , thereby resulting in a smooth area-preserving map h ◦ g : S →D (G. P. T. Choi and Rycroft,

2018; G. P. T. Choi et al., 2020a).

As mentioned in G. P. T. Choi and Rycroft (2018), there is no theoretical guarantee about the

bijectivity of the density-equalising map h. To ensure the bijectivity of h, we follow an idea

presented in an earlier work of P. T. Choi et al. (2015) and compute the Beltrami coefficient

µh : D→ C of the mapping h, which is a complex-valued function that measures the quasi-

conformal distortion caused by mapping h. In particular, ∥µh∥∞ < 1 if and only if h is a

bijective map (Lehto and Virtanen, 1973). Therefore, we herein propose a simple method

for achieving a bijective density-equalising map by first rescaling all large |µh(z)| to a smaller

magnitude to update the Beltrami coefficient µ̃h and then applying the linear Beltrami solver

(LBS) (P. T. Choi et al., 2015) to update the density-equalising map h̃ :D→D associated with

µ̃h . Note that this procedure only locally corrects the non-bijectivity and does not alter the

overall density-equalising effect of h.

Finally, the desired parameterisation ϕ : S →D is given by ϕ = h̃ ◦ g , where the choice of the

density in the DEM method produces ϕ as a smooth area-preserving mapping of S onto D.

Also, by Tutte’s spring theorem (Tutte, 1963) and quasi-conformal theory (Lehto and Virtanen,

1973), both g and h̃ are guaranteed to be bijective, such that ϕ is also bijective. Figure 6.2

shows the parameterisation steps of a benchmark triangular mesh.

6.3 Fourier-Bessel basis functions

In this section, the mathematical derivation of the DH basis functions will be briefly described.

For a more extensive derivation of these previously established basis functions, we refer the

reader to the following textbooks: Tolstov and Silverman (1976a), Spiegel (1974), Brown and

Churchill (1993) and Wolf (1979). Many variants for basis functions of flat disks can be found
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A) B) C)

Figure 6.2: A planar disk area-preserving parameterisation ϕ : S → D of a benchmark face
named Sophie (the mesh was retrieved from Riemannmapper: A Mesh Parameterization
toolkit (2022)). A) The input surface mesh S . B) The initial flattening map g : S → D. C)
The final area-preserving map ϕ : S →D given by ϕ = h̃ ◦ g , where h̃ is the updated map after
enforcing the bijectivity of the density-equalising map h.

in the literature, such as the Zernike and Chebyshev basis; comparisons can be found in Boyd

and Yu (2011). In this chapter, we will use the Fourier-Bessel basis functions
(
Dk

m(ρ,φ)
)

in the

polar coordinate systems for the DH analysis. The general solution takes the form:

Dk
m(ρ,φ) = N k

m Jm
(
l (m)k ρ

)︸ ︷︷ ︸
Bessel

Fourier︷ ︸︸ ︷
e i mφ . (6.3)

This general solution can represent functions or 2D signals defined in polar coordinates f (ρ,φ)

as the series expansion:

f (ρ,φ) =
∞∑

k=0

k∑
m=−k

qk
m Dk

m(ρ,φ), (6.4)

where qk
m represents the expansion coefficients for different orders, as we will explain next.

Let us map a bi-directional signal (function) f onto a unit planar disk D as f (ρ,φ), where

ρ ∈ [0,1] is the radial distance and φ ∈ [0,2π] is the counter-clockwise angle measured from

the polar axis in polar coordinates and centred about the origin (pole) (0,0) (Fig. 6.1). The

Laplacian in polar coordinates can then be written as:

∇2 f (ρ,φ) =
∂2 f

∂ρ2 + 1

ρ

∂ f

∂ρ
+ 1

ρ2

∂2 f

∂φ2 = 0. (6.5)

The solution functions, or eigenfunctions, that satisfy Laplace’s equation are called harmonic

functions and can be found by separating the independent variables ρ and φ. This gives two

differential equations, the first being a function of φ for which Fourier functions are solutions
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that are expressed with Euler’s formula:

Φm(φ) = e i mφ. (6.6)

Here, m is an integer representing Fourier’s eigenvalue in the complex domain. At this stage,

the different m values represent the orders of the solution functions [similar to the orders

in spherical harmonics, see Shaqfa et al. (2021b)]. To ensure periodicity and continuity (as

m ∈Z), f must satisfy the following boundary conditions:

f (ρ,φ) = f (ρ,φ+2π), (6.7)

∂ f (ρ,φ)

∂φ
=
∂ f (ρ,φ+2π)

∂φ
. (6.8)

Knowing the solution of Φm(φ) reduces the partial differential equation into the form of the

Sturm-Liouville (S-L) problem, which is a function of the radial distance ρ and the order m:

ρ2 f ′′+ρ f ′+ (ρ2 −m2) f = 0. (6.9)

The eigenfunctions of such a problem are the Bessel functions of the first and second kind

(Tolstov and Silverman, 1976a), and achieving a unique solution here requires applying proper

boundary conditions on the domain of ρ ∈ [0,1]. We know that the basis function must be

finite (non-singular) at the origin (ρ = 0), and this can only be satisfied by the Bessel function

of the first kind [see Boyd and Yu (2011)]. The general solution of this S-L problem is therefore:

R(ρ) = Jm
(
l (m)k ρ

)
, (6.10)

where Jm is the Bessel function of the first kind, and l (m)k is the kth eigenvalue of order m

of the S-L problem. The Bessel function of the first kind can be written in the series form as

(Tolstov and Silverman, 1976a):

Jm(x) =
∞∑

r =0

(−1)r ( x
2 )m+2r

r ! Γ(m + r +1)
. (6.11)

This series is numerically stable and converges for any value of x. To obtain a unique solution,

we need to constrain the edge of the disk at ρ(φ) = 1, ∀ φ ∈ [0,2π]. To correctly reconstruct the

problem presented here, at ρ(φ) = 1, we apply the Neumann boundary condition on the edge

and thus need to find the proper roots (eigenvalues) that satisfy this boundary condition [cf.

Shaqfa et al. (2021b)]

J ′m
(
l (m)k ·1

)
= 0. (6.12)
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The derivative J ′m(·) can be computed from the following recursive formula (Spiegel, 1974):

∂Jm(x)

∂x
=

m

x
Jm(x)− Jm+1(x). (6.13)

The functions Jm(x) and J ′m(x) have an infinite number of roots, and for large values of x,

the roots are approximately separated by π (see Eq. [D.4] in Appendix D.2). Some tabulated

data for the roots of J ′m(x) can be found in previous work (Tolstov and Silverman, 1976a;

Morgenthaler and Reismann, 1963). Figure 6.3 shows Jm(x) and J ′m(x) for m = 0 and m = 2 for

the first few eigenvalues (roots). These eigenvalues l (m)k for a certain order m and kth index

(rank) can be found by a simple stepping solver based on Mueller’s method (Muller, 1956),

which is similar to the one used in Shaqfa et al. (2021b).

Figure 6.3: Bessel functions and their derivatives for m ∈ {0,2} as well as their first few defined
roots l (m)k .

The frequency with which Eq. (6.10) changes its sign within ρ ∈ [0,1] depends on the eigenvalue

l (m)k . For a given eigenvalue, the function changes the signs k −m times within ρ ∈ [0,1].

Figure 6.4 shows how the functions change signs for m = 0 and m = 2.

The unnormalized harmonic functions can then be defined by the multiplication of Eqs. (6.6)

and (6.10) as R(ρ)Φ(φ). As the self-adjoint form implies that the eigenfunctions are orthogonal,

obtaining orthonormal basis functions requires that we derive the normalisation factors N k
m

for both Eqs. (6.6) and (6.10). These normalisation factors also ensure manageable calculations.

The choice of appropriate factors is application dependent, though differences will not affect

the results as long as we use the same normalisation for the analysis and the reconstruction.

Here, we chose to normalise both the Fourier and the Bessel basis. First, we need to normalise

the Fourier part, which can be done by solving the standard integral:∫ 2π

0
e i mφe−i m′φdφ = 2πδmm′ , (6.14)

where δmm′ refers to the Kronecker delta, which equals unity whenever m = m′ and equals zero

otherwise. Next, we need to normalise the Bessel functions over the orthogonality domain,

which can be done by solving the following integral over the domain ρ ∈ [0,1] with m → m′
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B)A)

k k
Figure 6.4: The unnormalized Bessel solutions for ρ ∈ [0,1], which change signs k −m times
within ρ ∈ [0,1]. Notice the influence of the Neumann boundary conditions near ρ ≤ 1 as
∂Jm(l (m)k ·1)/∂ρ = 0 (cf. with Fig. D.3, with Dirichlet BC).

(δmm′ = 1) (Tolstov and Silverman, 1976a; Wolf, 1979):∫ 1

0
ρ J 2

m

(
l (m)k ρ

)
dρ =

1

2

[
J ′ 2

m

(
l (m)k

)+(
1− m2

l (m)2
k

)
J 2

m

(
l (m)k

)]
. (6.15)

From Eq. (6.15), we can see two main terms with regards to the boundary conditions at the

edge (ρ = 1):
J ′ 2

m

(
l (m)k

)→ 0 ⇐= BC: J ′m
(
l (m)k

)
= 0,

(
1− m2

l (m)2
k

)
J 2

m

(
l (m)k

)→ 0 ⇐= BC: Jm
(
l (m)k

)
= 0.

(6.16)

In our case, as we apply the Neumann boundary condition at the edge of the unit disk,

the J ′m
(
l (m)k

)
term is a root so it will vanish at the edge of the disk ρ(φ) = 1 ∀φ ∈ [0,2π],

which leaves the term that contains Jm
(
l (m)k

)
from Eq. (6.15). The final normalisation factor

accounting for the orthonormality of both the Fourier and Bessel functions can then be written

as:

N k
m =

J−1
m

(
l (m)k

)√
π
(
1− m2

l (m)2
k

) . (6.17)

The orthonormal Fourier-Bessel harmonic functions can be written in the form:

Dk
m(ρ,φ) = N k

m Jm
(
l (m)k ρ

)
e i mφ. (6.18)
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This complex-valued equation contains real and imaginary terms as follows:
R

(
Dm

k (ρ,φ)
)

= N k
m Jm

(
l (m)k ρ

)
cos(mφ),

I
(
Dm

k (ρ,φ)
)

= N k
m Jm

(
l (m)k ρ

)
sin(mφ).

(6.19)

Eq. (6.18) is used for the basis of positive and integer orders m ∈Z+, while the basis of negative

m ∈Z− can be expressed using the Condon-Shortley phase factor as:

Dk
−m(ρ,φ) = (−1)m Dk∗

|m|(ρ,φ), (6.20)

where Dk∗
|m| is the complex conjugate of the basis function. This equation corresponds to a π/2

rotation about the z-axis of the basis functions of positive orders, while the complex part of

the basis functions is rotated by π/(2|m|) about the z-axis from the real part of the bases. The

Fourier-Bessel basis functions are shown in Figure 6.5, and a selected set of four bases have

been plotted in Figure 6.6. A real form of the basis in Eqs. (6.18) and (6.20) has been obtained

by Euler’s formula and is explained in Appendix D.1.

A bi-directional signal f that is parameterised onto a unit disk in the polar coordinates can

then be represented by the series expansion:

f (ρ,φ) =
∞∑

k=0

k∑
m=−k

qk
m Dk

m(ρ,φ). (6.21)

The signal f (ρ,φ), occurring in the Cartesian space, is parameterised onto 2D polar coordi-

nates over a planar unit disk, such as:

f (ρ,φ) =

x(ρ,φ)

y(ρ,φ)

z(ρ,φ)

 . (6.22)

In practice, Eq. (6.21) can be approximated by a truncated series with a maximum index

k = Kmax :

f̂ (ρ,φ) =
Kmax∑
k=0

k∑
m=−k

qk
m Dk

m(ρ,φ) = D(ρ,φ)Q. (6.23)

Here, qk
m are the expansion coefficients, which can be organised in a vector Q so that qk

m =

Qk2+k+m as described in Brechbühler et al. (1995). Because the basis functions are orthonor-

mal, these coefficients can be computed from the inner dot product:

qk
m = 〈 f (ρ,φ),Dk

m(ρ,φ)〉, with 〈 f , g 〉 =
∫ 2π

0

∫ 1

0
f (ρ,φ) g (ρ,φ)ρ dρ dφ. (6.24)

133



Chapter 6 Disk harmonics analysis (DHA)

However, the discretization of the planar disk resulting from the previously described pa-

rameterisation algorithm does not form a uniform distribution of the vertices, such that

orthogonality is not guaranteed. Instead, the optimal coefficients can be computed in the

least-square sense, which provides a statistical regularisation. The squared distance is defined

using the 2-norm
∥∥ f

∥∥2 = 〈 f , f 〉 (Brown and Churchill, 1993):

Γ(Q) =
∑
i∈V

∥∥ f (ρi ,φi )−D(ρi ,φi )Q
∥∥2 , (6.25)

which leads to the optimal coefficients Q when minimising Γ. This further leads to a linear

system to solve:

∀ j ∈ V 2
∑
i∈V

DT (ρ j ,φ j ) ·
(

f (ρi ,φi )−D(ρi ,φi )Q
)

= 0. (6.26)

Taking f (ρ,φ) as x(ρ,φ), y(ρ,φ) and z(ρ,φ) brings (Kmax +1)2 unknown coefficients per direc-

tion in the space, or in other words, brings one set of coefficients for each x, y and z. This

leads to the solution expressed with matrices as described in Brechbühler et al. (1995):

B T BQ = B T V , (6.27)

where Q holds the desired coefficients, while V is the matrix of the coordinates of the nv

vertices and B is the matrix holding the DH basis functions:

V =


x0 y0 z0

x1 y1 z1
...

. . .
...

xnv−1 ynv−1 znv−1

 , B =


D(ρ0,φ0)

D(ρ1,φ1)
...

D(ρnv−1,φnv−1)

 , Q =


q0

x q0
y q0

z

q1
x q1

y q1
z

...
. . .

...

q j
x q j

y q j
z

 . (6.28)

m=0 ... m=4m=-4 ...

k=0

k=4

...

Figure 6.5: The normalised Fourier-Bessel basis functions R
(
Dk

m(ρ,φ)
)
.
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Figure 6.6: The normalised Fourier-Bessel basis functions R
(
Dk

m(ρ,φ)
)
. The complex part of

the solution bases are identical to the real ones except that they are rotated π/(2|m|) about the
z-axis.

6.4 Shape descriptors and their interpretation

The DH analysis produces 3(Kmax+1)2 coefficients qk
m , which are referred to as Fourier weights

or amplitudes or more specifically polar Fourier descriptors (PFD). These weights can be

interpreted as invariant shape descriptors that characterise the surface similarly to coefficients

obtained by spherical (Brechbühler et al., 1995) and spherical cap (Shaqfa et al., 2021b)

harmonics analyses.

The zero index weights (q0
0,x , q0

0,y and q0
0,z ) define a constant shift of the geometric centre

of the surface with regard to the origin of the coordinate system. The weights for k = 1 for

the three directions constitute an ellipsoidal cap, here termed the first degree ellipsoidal

cap (FDEC). Figure 6.7 illustrates such a cap, which has already been introduced in Shaqfa

et al. (2021b). The FDEC size, determined by the lengths of the half axes, can be obtained by

rearranging the first degree basis functions D1
−1(ρ,φ), D1

0(ρ,φ) and D1
1(ρ,φ) to constitute a

minimum, saddle and a maximum point on each axis [for details, see Appendix D.4 as well as

Shaqfa et al. (2021b), Brechbühler et al. (1995), and Ritchie and Kemp (1999)], and the matrix

of the rearranged coefficients of k = 1 can be written as:

A =
(
N 1

1 (q1
−1 −q1

1 ), N 1
1 i (q1

−1 +q1
1 ), N 1

0 q1
0

)
, (6.29)

where the N terms are the normalisation factors computed in Eq. (6.17). Solving the eigenvalue

problem of this matrix (A AT ) yields the values and directions of the three main axes of the

ellipsoidal cap |λ1| ≥ |λ2| ≥ |λ3|, similar to the principal component analysis (PCA) for fitting

n-dimensional ellipsoids. The roots of these eigenvalues provide us with the size of the FDEC

a =
√

|λ1| ≥ b =
√

|λ2| ≥ c =
√

|λ3|.

Moreover, the descriptors derived from the expansion coefficients in Q are also invariant to

rotations and can be computed along each axis [for details, see Shaqfa et al. (2021b)]:

∀i ∈ {x, y, z} D̂k,i =

√√√√ k∑
m=−k

||qk
m,i ||2. (6.30)
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Figure 6.7: Fitting the first degree ellipsoidal cap (FDEC) defined by an expansion at k = 1.
A) We show how the FDEC, reconstructed at k = 1, represents an ellipsoidal cap fitted over
the input surface. B) The size of the cap is determined by a, representing the half-major
axis, b, representing the half-minor axis, and c, representing the ellipsoidal cap depth, where
|c| ≤ |b| ≤ |a|. Inset (B) was retrieved from Shaqfa et al. (2021b).

Normally, these descriptors can be used to compute the power spectral density (PSD) for

characterising the roughness of surfaces, and can be computed as:

D̂2
k = D̂2

k,x + D̂2
k,y + D̂2

k,z . (6.31)

However, these descriptors in Eq. (6.31) are size dependent. Normalising these descriptors is

particularly useful in morphological studies comparing various surfaces at different scales, but

it is not used in tribology applications as we are interested in the original PSD that also defines

the RMS of the height map. For applications where it is beneficial, such as morphological

comparisons, the descriptors can be normalised by dividing them along each axis by the

descriptors at k = 1 (representing the FDEC half-lengths) in that direction, as explained in

Appendix D.3, so that:

D2
k =

D̂2
k,x

D̂2
1,x

+
D̂2

k,y

D̂2
1,y

+
D̂2

k,z

D̂2
1,z

, ∀k > 1. (6.32)

This latter newly proposed expression deviates from what we normally find in the literature

to account for size normalisation, as we propose normalising each axis separately along the

principal axes of the FDEC for numerical comparison purposes only. In the special case where

the cap radii are the same in all directions (a = b = c = Rθc ), Eq. (6.32) gives the following

relation:

D2
k = κ(D̂2

k,x + D̂2
k,y + D̂2

k,z ), (6.33)

where κ = 1/R2
θc

is the Gaussian curvature of such a sphere. This also implies that the analysed

patch is aligned with the x − y plane; the surface has zero rotation with regard to the x and y

axes. Finally, as argued in Russ (1994), we note that the presented normalisation is sometimes

preferred for estimating the Hurst exponent from dimensionless data of the surface profile
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(Shaqfa et al., 2021b). However, in tribology, this is also not necessary and indeed does not

affect the decay slope of the PSD.

6.5 Fractal surfaces: Discussions and validations

The average statistical properties of randomly rough surfaces can be determined using height-

height autocorrelation functions (ACF) defined over the spatial domain of the surfaces. The

Wiener-Khintchine theorem relates the power spectrum of random surfaces to its correspond-

ing ACF. B. N. J. Persson et al. (2004) showed that for an isotropic surface, the decay of the

amplitudes obtained with the Fourier PSD is a function of the Hurst exponent.

In this section, we define a similar relationship between the PSD for the Fourier-Bessel basis

function and the Hurst exponent. We then analyse example surfaces and extract their fractal

dimensions (Hurst exponent) via the previously described decomposition with the disk har-

monics. We also explore the impact of the choice of the BC for the radial part of the bases [see

Eq. (6.12)] on the Hurst exponent when solving for the DH basis functions. This is important

as the free edge of the disk is defined by the radial Bessel functions. Finally, we demonstrate

how the Fourier-Bessel PSD is invariant with regard to the curvature of the analysed surfaces

and discuss errors that are introduced by the projection.

6.5.1 Fourier-Bessel functions and Hurst exponent

B. N. J. Persson et al. (2004) showed that the decay of the amplitudes obtained with the Fourier

PSD is equal to −2(1+H ) for an isotropic surface, where H is the Hurst exponent. In Appendix

D.5, we derive an equivalent relationship between the decay of the PSD obtained from the

Fourier-Bessel basis function and the Hurst coefficient. For this purpose, we use only the

Bessel functions of the first kind and zeroth order (m = 0). This latter limitation is based on

the work by Fung (1967), who generalised the traditional Fourier transform for 1D signals

to show that for 2D and 3D signals, the Wiener-Khintchine theorem can be extended to the

Bessel functions of the first kind and zeroth order. The zeroth order is also appropriate for the

isotropic self-affine surfaces that are analysed here due to the radial symmetry of these bases.

For these surfaces, we show that the decay in amplitudes of the PSD spectrum of order m = 0

obtained with Fourier-Bessel bases is proportional to the Hurst coefficient as:

D2
k,m=0 =

∣∣∣∣∣∣F (
l (0)k

)∣∣∣∣∣∣2 ∝λ−2(3/4+H),

where λ = l (0)k , which is a notation that will be used interchangeably. This is important

because the direct relationship between decay and the Hurst coefficient can be used to

estimate the Hurst coefficient from the analysed surfaces via Fourier-Bessel PSD. There are

two main advantages to using the Fourier-Bessel PSD rather than the standard Fourier PSD:

(i) It can be applied to any layout of vertices, meaning the vertices do not need to lie on a

predefined regular lattice (grid) and can be arranged arbitrarily. (ii) We can use this method to
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A) B)

Figure 6.8: Randomly generated self-affine isotropic surfaces made using the Fourier filter
method. A) A periodic fractal surface with Hurst exponent H = 0.9 and corresponding fractal
dimension D = 2.1. The root mean square (RMS) of the height map h(x, y) is 10, where all
the spatial units are measured in (length unit). B) Representation of the isotropic power law
C i so(q) = q−2(1+H) used for generating self-affine surfaces with qr = 0, ql = 22 and qs = 28 = 256
with a seed number of 101 (for reproducibility).

investigate the Hurst exponent of either nominally flat or curved isotropic self-affine surfaces

without prior treatment of the surfaces [resampling of vertices and removing the tilt, see Jacobs

et al. (2017)] or presumptions about the BC periodicity of the surface. Instead, we assume a

Neumann BC at the edge of the surface to allow for any arbitrary shift along the edge; we show

later that this does not show influence when analysing the surfaces.

This relationship between the Hurst exponent and the decay in the Fourier-Bessel PSD can be

confirmed by testing fractal surfaces generated as described previously (Jacobs et al., 2017;

B. N. J. Persson et al., 2004). The generation procedure, also described briefly in Appendix D.6,

produces isotropic surfaces such as the one shown in Figure 6.8. This surface-generating code,

like all other codes produced for this work, is publicly available (see Section 10.4).

To determine the Fourier-Bessel PSD from a disk-shaped parameterisation space, it is natural

to extract circular patches from surfaces. Sampling such patches must be done cautiously

to prevent the loss of statistical information from the generated surfaces; for this reason

we sample in Figure 6.8A the largest circular patch that fits into the original surface. As the

generated test-surfaces lie in the x − y plane and free of curvature, any patch shape can be

considered for the analysis if we consider only the PSD component embedded in the z(ρ,φ)

coordinates. Figure 6.9A and B show the computed PSD for surfaces generated with Hurst

exponents of H = 0.7 and 0.8, respectively. The fitted slopes obtained from fitting a power

equation D2
k,m=0 = aλb to the Fourier-Bessel PSDs on a log-log scale; to do so, we used a least

squares fit over the entire eigenvalue range that corresponds for 2 ≤ k ≤ 70; l (0)70 > 200 is

close to the eigenvalue of 256 of Fourier wherein we generated the surface. When plotting
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Figure 6.9: A) The power spectral density (PSD) computed using the Fourier-Bessel basis(
D2

k≥2,m=0,z

)
with a seed number of 101 (see Figure 6.8) where the computed Hurst exponent

of H = 0.78. B) The PSD
(
D2

k≥2,m=0,z

)
with a seed number of 51 and a computed Hurst exponent

of H = 0.80.

the best fit line, a was set to 1 to offset the lines from the PSD curves and make it easier to

compare the fitted slopes visually. In these plots, the line annotated with “Analytical” has a

slope of −2(3/4+H ) (Eq. [D.31]), where H has been set to the same value of the Hurst exponent

used for the generation (i.e., H = 0.7 and 0.8 respectively). The plot shows that the fitted slope

matched well the analytical slope of the Fourier-Bessel PSD and therefore produces good

estimates of the Hurst exponent (error of 5.62% and 0.10% for surfaces in Fig. 6.9A and B,

respectively). The plots also show the analytical decay of the Hurst exponent calculated from

the standard Fourier PSD in 1D or 2D cases and it shows that the decay of the Fourier-Bessel

PSD lies in between the 1D and 2D Fourier PSD.

6.5.2 Error introduced by sampling a circular patch from a patch of a different
shape

One source of error in estimating the Hurst exponent is the loss of data that results from

sampling a circular patch from a patch of a different shape. Non-circular patches that differ

from a disk shape force the amplitudes of the bases along the x(ρ,φ) and y(ρ,φ) to morph into

a non-circular shape resulting in distortion and therefore more artefacts when extracting the

Fourier-Bessel amplitudes. However, if we assumed a non-circular patch to be perfectly aligned

on the x − y plane and free of curvature, one can consider only the PSD component computed

along the z direction. While for curved surfaces, the Hurst exponent is also embedded in the

x and y coordinates of the surface. Circular patches are therefore more appropriate for real

surfaces where the curvature and alignment cannot be guaranteed and the height maps are

not fully embedded in the z component. When we sample circular patches that account for

the x and y components, their PSD can be computed as explained in Eq. (6.31); otherwise,

we can drop the x and y components of the PSD. This is similar to what we showed for SCHA

(Shaqfa et al., 2021b) as extracting disks rather than surfaces of other shapes result in less

139



Chapter 6 Disk harmonics analysis (DHA)

101 102

Eigenvalues l(0)k

D
2 k
,m
=
0

D
2 k
,m
=
0

Eigenvalues l(0)k

A) B)

101 102

10− 7

10− 5

10− 3

10− 1

101

Rectangular patch

Circular patch

Analytical

Rectangular patch fitted decay

Circular patch fitted decay

101 102

10− 7

10− 5

10− 3

10− 1

101

Rectangular patch

Circular patch

Analytical

Rectangular patch fitted decay

Circular patch fitted decay

Figure 6.10: Comparison between rectangular and circular patches, demonstrating that the
chosen boundaries of the surfaces do not affect the PSD, assuming no loss of data in the
sampled circular patch. A) The tested surface was generated with H = 0.95 and a seed number
of 2345. The obtained Hurst exponents were 0.92 and 0.99 for the rectangular and circular
patches. B) The tested surface was generated with H = 0.9 and a seed number of 7786. The
obtained Hurst exponents were 0.8967 and 0.8965 (almost matching) for the rectangular and
circular patches.

distortion and therefore less artefacts in the PSD.

Nevertheless, analysing non-circular patches can be of interest when we necessarily know

that the curvature and alignment of the surfaces are guaranteed and as all data points can

be considered along the direction of interest; usually the z axis as in this work. Here, we test

how much the PSD changes, due to the loss of the height map, from the generated fractal

surfaces (square patch) where we sampled the largest circular patch that can be sampled from

the generated surfaces (see Fig. 6.8A for illustration), and we compared the computed PSDs in

both cases along. We can therefore consider only the PSD component computed along the

z direction. In Figure 6.10, we show the extracted PSD for two generated surfaces (H = 0.9

and 0.95) and various seeds. The results were very similar, as the difference was less than

0.20% between the values obtained for the fitted decay and the Hurst exponents used for the

surface generation. However, the Hurst exponents derived from the original rectangular patch

analyses were always slightly closer to the analytical prediction. This is expected as these

patches consider all data while the circular patches neglect some. Larger deviations would be

possible for smaller circular patches, as they lose more data from the height maps.

In general, the resulting PSD curves, as shown in Figs. 6.9 and 6.10, are noisy, likely due to

the harmonic disagreement between the different eigenvalues used to generate surfaces (via

Fourier bases) versus the eigenvalues used to analyse them (Bessel-Fourier bases) as well as

the uniformity of the input grid for the DH parameterisation domain. In other words, the

noise in the PSD here corresponds to the interharmonics–the frequency component that does

not correspond to an integer in the periodic basis as |λ| ̸∈Z–of Fourier eigenvalues and not the

original ones that were used to generate the surface in the first place (also see the comments

on Eq. [D.30] about using different eigenvalues). Nevertheless, the results still correlate well
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with the expectation. Finally, the relatively low value (less than 10−5) as seen in the PSD in

Figure 6.9A at about l (0)k ≈ 40 corresponds to uncorrelated interharmonics and is considered

an outlier. Discounting such outliers can enhance the quality of the prediction.

6.5.3 Influence of the applied Neumann boundary conditions on the PSD

In Section 6.3, the Fourier-Bessel basis functions were computed by means of a specific

Neumann boundary condition imposed on the outmost edge of the disk [see Eq. (6.12)]. This

constrains the shape of the basis functions, which can introduce artefacts if the surface profile

is not compatible with such shapes. In the following we test whether the slope of the Fourier-

Bessel PSD is sensitive to the surface boundary conditions by randomly sampling patches

(random origin locations of the disks) of the same size on a self-affine fractal surface. To do

so, we generated a self-affine fractal surface, four times as large as the surface in Fig. 6.8, and

sampled 10 random circular patches of the same size. Figure 6.11A shows the large self-affine

generated surface and Fig. 6.11B shows the obtained PSDs and their corresponding slopes. As

shown in Fig. 6.10B, the circular patches leads to a very good estimate of the Hurst coefficient

of this surface with an average slope of −3.193±0.085 (mean ± standard deviation) and the

analytical decay was −3.1 for H = 0.8. If the Neumann BC of the Fourier-Bessel basis function

had an influence of the results, we should obtain a significant scatter and/or bias in the Hurst

coefficient estimates. We can therefore conclude that the Neumann BC do not influence the

analysis results significantly. In fact, the zero slope (Neumann BC) that is imposed at the

edge of the parameterisation domain ρ(φ) = 1 is only affecting the endpoint, and the slope in

the vicinity of that edge is arbitrarily changing with the bases and the corresponding weights

qk
m (see Fig. 6.4 and the discussion in Appendix D.8.1). Moreover, as we evaluate the basis

functions on a discrete grid with finite resolution, this effect should not be of concern, which

is confirmed by the analysis results presented here.

6.5.4 Curvature normalisation of rough surfaces

In this section, we show that the computed PSD is invariant to the curvature of the analysed

surfaces and also validate the normalisation proposed in Eq. (6.32) and elaborated in Appendix

D.3. This is crucial when applying this approach to real rough surfaces, which are mostly

curved. Furthermore, studying a portion of a surface may mask a curvature from longer

wavelengths, only visible when considering the entire surface. Therefore, curvature correction

opens the path to true multi-scale surface analysis. We discuss the test results and also the

errors that are introduced by the projection approach proposed to generate self-affine rough

curved surfaces.

Here, we controlled the level of curvature by curving nominally flat fractal surfaces (perfectly

aligned with the x − y plane, see Appendix D.6) onto spherical caps. We used spherical caps

as they have constant curvature along the surface where κ = 1/R2
θc

. We generated rough caps

using the Lambert azimuthal inverse projection of the sampled circular patch onto on a
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Figure 6.11: PSD comparison between multiple patches of the same size sampled over the
same surface. A) The generated self-affine surface with H = 0.8, qs = 29 = 512 and a seed
number of 807. B) Comparison between the obtained PSD per randomly sampled patch and
relative to the analytical prediction; fitting colours match the colours of the computed PSD.

spherical cap with prescribed radius Rθc and a half-angle θc . This step curves the smooth

domain of the sampled disk onto a smooth spherical cap (providing that h(x, y) = 0 at this

step). We then performed a radial projection of the height map h(x, y) from the rough disk

onto the spherical cap, as shown in the schematic in Figure 6.12. Such a radial projection

preserves the normals of the original faces of the mesh on the final spherical cap and ensures

the height maps are not restricted to a mere z component, as described by Eq. (6.32). However,

these projection steps lead to distortion of the angles of the triangles used to mesh the surface.

The effects of this distortion will be discussed next.

We applied this approach to circular patches that were generated with input Hurst exponents

of H = 0.7, 0.8 and 0.95. We projected the surfaces onto several spherical caps that have radii

ranging from 0.25, to 5 (unit length). We then performed a PSD analysis with a Fourier-Bessel

basis functions and fit the decaying slope to the computed moments D2
k (the resultant along

x, y and z). Figure 6.13 plots the back-calculated Hurst coefficients from the slopes against

spherical caps with different radii. From Fig. 6.13 we see that the mean back-calculated Hurst

exponents for curved caps were −3.421±0.064 for H = 0.95, −3.242±0.078 for H = 0.8 and

−3.022±0.138 for H = 0.7. The following observations can be made:

• The best estimates of the Hurst exponent are obtained for surfaces with larger curvatures

(smaller radii), and are therefore distorted with the projection (see Fig. D.2). However,

the projection onto the curved surface does seem to introduce some noise (Fig. 6.13A),

as the area-preserving algorithm used to parameterise the surface does not preserve

angles or distances (see Section 6.2 for further details).

• Hurst exponents of smoother surfaces (larger Hurst exponents) are better estimated

than Hurst exponents of rougher surfaces. This is again attributed to the distortion
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Projection of the domainA) B) Projection of the height map

Figure 6.12: Schematic explanation of the curvature projection process. A) The domain
projection using the inverse Lambert projection τ−1

l . B) The radial projection τ̃h for the height
maps h(x, y) such that the normals of the asperities are preserved (illustrated with a random
stroke of a constant height for visualisation purposes).

introduced by the projection (see Fig. D.2). It proves that the method presented in this

work is capable of removing the curvature of the surface assuming there is a method to

generate fractals on curved surfaces without projection artifacts or loss of data.

It also should be noted that the projection approach distorts the fit for the few first eigenvalues.

Generally speaking, the larger the radii used in the proposed caps, the higher the distortion

in our PSD and the corresponding computed decay (see the brief explanation in Appendix

D.7 and Fig. D.2 about how we measured and defined the angular distortion). From these

results, we see that the most reliable measurements for the curved surfaces were for smoother

surfaces wherein the scatter about the mean was smaller. Regardless, the purpose of this work

is not to handle and correct the projected distortion on such caps, but to show the ability

of the newly proposed method and the consequent invariance of the PSD for the curvature.

Indeed, the source of distortion does not exist for natural rough surfaces, for example as in

rocks and stones. The herein proposed validation, based on Lambert projection, works only

for large curvatures, when we have minimal distortion, where the PSD can be predicted with

good accuracy.
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Figure 6.13: Effects of curvature on rough spherical patches with various radii Rθc (θc = 10◦)
and H ∈ {0.7,0.8,0.95} with seed numbers of {101,51,9700}, respectively. A) The normalised
PSD for the curvature

(
D2

k≥2,m=0

)
as explained in Eqs. (6.32) and (6.33) for the generated surface

in Fig. 6.8, where the fitted PSD considers 2 ≤ k ≤ 70. The fitted slope for various spherical
patches, which were {−2.827, −2.925, −2.961, −3.034, −3.138, −3.247} for Rθc = 0.5,1, . . . ,5,
respectively; the analytical slope for H = 0.7 is −2.9. B) Surface generated with H = 0.8 with
Rθc = {∞,0.25,0.5,1,1.5,2,3}. Respectively, fitted decay slopes here were {−3.103, −3.159,
−3.149, −3.208, −3.257, −3.316, −3.362} considering that the analytical slope for H = 0.8 is −3.1.
C) Surface generated with H = 0.95 and Rθc = {∞,0.25,0.5,1,1.5,2,3}. The fitted decay slopes
here were {−3.373, −3.311, −3.467, −3.389, −3.406, −3.438, −3.517} for Rθc = {∞,0.25, . . . ,3},
respectively, considering that the analytical slope for H = 0.95 is −3.4.
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6.6 Surface morphology and reconstruction benchmarks

Descended from the spherical harmonics and elliptical Fourier descriptors, the DH method

we propose here is useful for numerous applications beyond the physics of rough surfaces,

such as for decomposing and reconstructing surfaces for statistical studies, including medical

imaging. To demonstrate such applications, we herein propose the Matterhorn mountain

in Zermatt, Switzerland as a benchmark for genus-0 single-edge open surfaces. Figure 6.14A

shows the input surface consisting of 93,635 vertices, and the following images (B-H) show

reconstructions at various degrees. In general, the higher the decomposition degree, the

smaller the wavelength, and thus, the higher the level of spatial details in the reconstruction.

Figure 6.14B shows the reconstruction of the Matterhorn from the FDEC (k = 1) up to the in-

clusion of the first 50 degrees (k = 50). To generate unit disks with uniform point distributions,

for the reconstruction problem, we used the method explained in Shaqfa et al. (2021b). Setting

an element edge size of 0.025 on the reconstruction domain of the unit disk provided 5,809

uniformly distributed reconstruction vertices. The error between the input and reconstructed

surface was measured by the RMSE of the Hausdorff distance, normalised by the length of

the diagonal distance of the bounding box. For the reconstructed surface with k = 50, the

error was 0.000703, which is very small and means that the reconstruction matches the input

surface. However, an edge size of 0.0075 of a unit disk (with 64,492 reconstruction vertices)

produces an RMSE of 0.000628 (not shown on the figure). The RMSE of the 2-norm distance

between the input and output vertices for edge lengths of 0.025 and 0.0075 were 0.402921 and

0.360014, respectively. Such results demonstrate the robustness and suitability of the proposed

approach for genus-0 single-edge open surfaces. More detailed comparisons between the

SCHA (Shaqfa et al., 2021b) and DHA methods as well as a brief commentary can be found in

Appendix D.9 using a 3D face as a benchmark.

6.7 Summary

To address the lack of methods for analysing nominally flat and open surfaces, in this chapter,

we used disk harmonics (DH) with the Fourier-Bessel basis function to decompose genus-0

single-edge disk topologies. We combined density-equalising and quasi-conformal maps to

compute a bijective area-preserving parameterisation of open surfaces onto the unit disk,

which allows us to use DH for these surfaces. The proposed DH approach is not only useful

for analysing and reconstructing surfaces, such as in biomedical imaging, but we also demon-

strated its ability to measure the Hurst exponent (fractal dimension) of isotropic self-affine

fractal surfaces. The latter was reached by exploiting an expansion of the Wiener-Khintchine

theorem that links the autocorrelation functions to the PSD computed by the DH basis of

the first kind and zeroth order. The obtained relationship between the PSD and the DH basis

(of m = 0) were confirmed by generating artificial fractal surfaces using the Fourier-Filter

method. We also showed how the PSD computed using these basis functions is invariant

to the pre-assumed Neumann boundary conditions on the edge of the disk, showing that
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A)

E) F) G) H)
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Figure 6.14: DH reconstruction of the Matterhorn mountain in Zermatt, Switzerland. A) The
northeast view of the Matterhorn (Wikipedia contributors, 2021; Federal Office of Topography
SwissTopo, 2021). The mountain was expanded up to k = 50 and reconstructed with an edge-
length of 0.025 (5,809 reconstruction vertices) on a unit disk. The reconstruction results at
different degrees: B) k = 1 results in an FDEC with a size of 2a = 601.77,2b = 512.18 and c =
176.97; C) k = 3; D) k = 5; E) k = 15; F) k = 20; G) k = 30 and H) k = 50. Note k = 5 means that all
degrees up to 5 are included.

our results are not affected by the imposed boundary conditions on the basis functions that

were used. To study the influence of the curvature on the measured PSD, we generated rough

fractal surfaces with prescribed curvatures using the Lambert azimuthal inverse projection

to map sampled circular patches onto spherical caps. These rough caps were then used to

test the independence of the Fourier-Bessel PSD from the principal curvatures of the surface.

Overall, our results correspond well with the theoretical expectations presented in this work.

This approach should overcome many of the drawbacks that can be found in the standard

Fourier-filter approach, which implies the use of periodic boundary conditions as well as data

interpolated on a regular rectangular lattice. Accounting for curvature is a new feature that will

improve the modelling of more complicated problems in the future, such as rough contacts

between surfaces and the mechanics of complicated interfaces.
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7 On the conjugate symmetry and spar-
sity of the harmonic decomposition
of parametric surfaces with the ran-
domised Kaczmarz method

The downside of increasing the resolution of scanning methods such as computed tomogra-

phy or light detection and ranging (LiDAR) is that the enormous amount of data makes the

morphological analysis of such scanned surfaces computationally challenging. This limitation

can be circumvented by the development of scalable and non–memory–intensive harmonic

expansion techniques. This work revisits the integration of harmonic functions to analyse and

reconstruct open and closed genus-0 surfaces using disk and spherical harmonics functions by

introducing three novel variants of the popular randomised Kaczmarz (RK) algorithm designed

to enhance the computational performance of projecting surfaces into the space of harmonic

functions. The first method considers the conjugate symmetry of complex harmonic bases

to reduce the dimensionality of the projection into the harmonic space. The second method

considers conjugate symmetry and takes advantage of the sparsity of projected signals, since

most of the signal’s energy is concentrated in a few orders and degrees. The third method

combines the developed algorithms to improve the convergence rate using the positive as-

pects of both sparsity and conjugate symmetry. To assess the numerical and computational

performance of the developed algorithms, we tested three surfaces and benchmarked the

results against conventional techniques, namely least-squares and the original RK. The devel-

oped algorithms outperform both conventional techniques in processing time for obtaining a

comparable root-mean-square error. The herein-developed algorithms could be applied to

improve estimations of the Hurst exponents of fractal surfaces, analyses of the morphology of

particles, data reconstruction in computer graphics, and biomedical imaging.

Mixed contribution Please note that this work was implemented in collaboration with Dr.

Ketson R. M. dos Santos (EPFL–EESD). As an expert in signal processing and retrieval of sparse
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signals, Dr. Santos helped in implementing, co-supervising and fast-tracking the overall work

presented in this chapter.

7.1 Introduction

Decomposing and reconstructing parametric surfaces are important processes for several

fields of science and engineering, including biomedical imaging (Brechbühler et al., 1995;

Deprez et al., 2020), anatomical representation (Giri et al., 2021a), morphological analyses of

particulate matter (B. D. Zhao et al., 2017) and analyses of rough surfaces with fractal properties

(Shaqfa et al., 2021b). However, as the resolution of measurement devices (e.g., computed

tomography, LiDAR) improves with technological advancements, the amount of acquired

data increases enormously and the morphological surface analysis becomes computationally

expensive. Therefore, it is necessary to develop efficient techniques for integrating harmonic

functions over large datasets and considering large expansion degrees.

The current state-of-the-art of morphological surface analysis relies on conventional methods

that are typically classified as either (i) discrete/semi-analytical methods on curvilinear do-

mains (e.g., sphere, disk) (Xiao et al., 2010) or (ii) statistical regularisation methods for irregular

observations (non-uniformly distributed samples; e.g., sensed data). Some of the techniques

used for statistical regularisation include the ordinary least squares (OLS) (Goldberger, 1976),

Moore–Penrose inverse (pseudo-inverse) (Penrose, 1955), QR decomposition (Andrilli and

Hecker, 2010), singular value decomposition (SVD) (Andrilli and Hecker, 2010), ridge regres-

sion (Hoerl and Kennard, 1970) and Lasso (Tibshirani, 1996). However, such methods can

become computationally prohibitive for large systems, and some are memory-intensive, es-

pecially with the double-precision decimals required for complex bases. Other techniques

use iterative and scalable approaches based on conventional least-squares solvers, such as

the work on spherical–harmonics-based data reconstruction by Li Shen and Moo K. Chung

(2006b) that iteratively fitted the residual error using multiple passes over the degrees of the

harmonic basis. Moo K Chung et al. (2007) used the same iterative algorithm and provided

proof of its correctness. However, the complexity and accuracy of such an approach are limited

by the performance of the employed least-squares solver.

Least-squares solvers can be classified either as direct, such as those based on QR decom-

position and SVD (Andrilli and Hecker, 2010), or as iterative, such as the Kaczmarz algo-

rithm (KA) (Kaczmarz, 1937; S. Kaczmarz, 1993). KA performs iterative projections to solve

overdetermined linear systems. The KA was rediscovered by Herman (1980) as the algebraic

reconstruction technique (ART) and has been extensively studied due to its simplicity and

versatility in applications such as data reconstruction for computer tomography (Eggermont

et al., 1981; Herman, 2009) and numerical estimations of sparse solutions of linear systems

(Mansour and Yilmaz, 2013b; Mansour and Yilmaz, 2013a). The conventional implementation

of the KA uses an alternating orthogonal projection of solutions onto hyperplanes of a linear

system. A general relaxed Kaczmarz version was also proposed by Tanabe (1971). Strohmer

148



Integration of harmonic bases Chapter 7

and Vershynin (2008) introduced the randomised Kaczmarz (RK) method that, differently from

the KA, randomly accesses the rows of the basis matrix of a linear system using a probability

proportional to the square of their Euclidean norm. The RK method has a linear convergence

rate and can be faster than the conjugate gradient algorithm (Strohmer and Vershynin, 2008).

Recently, M.-z. Huang and Y. Wang (2021) proved the convergence of the RK algorithm for

complex-valued systems.

In practical applications, the main morphological features of parametric surfaces are well-

determined by a few coefficients, leading to an approximately sparse signal that is projected

onto orthonormal bases. Several techniques have been used to address this problem, such

as compressed sampling (Donoho, 2006; E. J. Candès et al., 2006), where incoherence and

restricted isometry are used to solve a convex optimisation problem to find the vector of

coefficients of a linear system with a minimum ℓp -norm, with 0 < p ≤ 2. However, a convex

optimisation problem can be prohibitive for large linear systems. As an alternative, a modified

version of the RK method was developed for fast convergence by projecting every iterate onto

a weighted hyperplane determined by the equations of the linear system, a technique referred

to as sparse randomised Kaczmarz (SRK) (Mansour and Yilmaz, 2013b; Mansour and Yilmaz,

2013a). For real-valued signals, Lorenz et al. (2014a) and Lorenz et al. (2014b) also introduced

a modified version of the RK method to accelerate its convergence by solving a regularisation

problem in the ℓ1−norm sense [see Schöpfer and Lorenz (2018)].

In this work, the efficient decomposition of 3D real-valued parametric surfaces into harmonic

functions and their consequent reconstruction are performed using spherical harmonics

(Shaqfa et al., 2021b) for genus-0 closed surfaces and disk harmonics with Fourier-Bessel bases

for genus-0 open surfaces (Shaqfa et al., 2022). To speed up the statistical regularisation step,

we exploited the conjugate symmetry of harmonic bases and the sparsity of real-world signals

when projected onto them. In this regard, we herein developed novel techniques based on

the RK method as efficient and robust alternatives to conventional methods (e.g., OLS). We

used RK-based algorithms mainly due to their (i) flexibility, (ii) simplicity, (iii) well-established

theoretical construction and (iv) low computational complexity with small memory require-

ments. As a direct result of the conjugate symmetry of the harmonic bases, we reformulated

the linear least-squares (LLS) problem to treat the negative-order bases as dependent variables

(linearly mapped from the positive ones), effectively reducing the searching space of the vector

of coefficients. Furthermore, assuming that the vector of the coefficients is sparse, the sur-

face can be undersampled by expansion/reconstruction to reduce the computational cost of

solving the corresponding linear system. Finally, we present pertinent comparisons between

the conventional implementations of both RK and SRK algorithms and their modifications

accounting for the conjugate symmetry.

This chapter is organised into six sections, including this introduction. Section 7.2 introduces

the notation of harmonic bases and their parameterisation. Sections 7.3 and 7.4 discuss

conjugate symmetry and the sparsity, respectively. The results are shown and discussed in

Section 7.5, and the conclusions are presented in Section 7.6.
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7.2 Harmonic basis functions and their parametrisation

The harmonic decomposition of parametric surfaces consists of two main components: (i)

the definition of the harmonic basis and (ii) the bijective parameterisation that maps the

input surface onto a homomorphic domain of a similar genus; for example, a topological disk

harmonics could be used to decompose a single-edged open surface, or a 2-sphere harmonics

could be used to decompose a closed genus-0 surface. The bases are the eigenfunctions that

satisfy Laplace’s equation ∇2 f (q̂1, q̂2, q̂3) = 0 for any function f (q1, q2, q3) parameterised onto

a curvilinear coordinate system (q̂1, q̂2, q̂3). To find a surface that is homomorphic to the input

surface defined over a predefined expansion domain (i.e., a sphere or a disk in this chapter),

the coordinates here can be expressed as fq1 (q̂1, q̂2), fq2 (q̂1, q̂2) and fq3 (q̂1, q̂2) using bijective

mapping. In fact, bijective mapping can be classified as conformal and/or area-preserving

(Nadeem et al., 2017) and determines an “equivalent” disk or sphere while preserving specific

properties of the input surface. However, due to the mapping between a discrete surface and

the equivalent discrete domain, the orthogonality of the constructed bases is compromised

(Sneeuw, 1994), as the data points on the parameterisation domain do not usually follow the

mathematical construction of the bases.

The harmonic representation of a function f (q1, q2, q3) of a tri-dimensional Euclidean object

is given by (Tolstov and Silverman, 1976b) fq1 (q̂1, q̂2)

fq2 (q̂1, q̂2)

fq3 (q̂1, q̂2)

 =
∞∑

k=0

k∑
m=−k

qk
m B k

m(q̂1, q̂2), (7.1)

where

B k
m(q̂1, q̂2) = nk

m Ψ(q̂1,k,m) Φ(q̂2,m) (7.2)

is an eigenfunction that satisfies Laplace’s equation, whose solutions form orthonormal

bases. These bases functions are normalised by the factor nk
m , and its degrees k ≥ 0 and

orders m ∈ {−k,−k + 1, . . . ,k} determine the modes of vibration for steady-state solutions.

Furthermore, the amplitudes qk
m (linear weight), also referred to as Fourier weights, are the

coefficients determined by solving the corresponding linear system, as will be discussed in

the next section. These unknowns are determined by integrating the basis functions over the

parameterised domain, which is challenging due to the non-regularity of the constructed grid.

Some examples of harmonic functions commonly used in the expansion of genus-0 closed

and open surfaces include the spherical harmonics (Shaqfa et al., 2021b) and disk harmonics

(Shaqfa et al., 2022), respectively. The spherical harmonic bases are mathematically defined

by the following expression:

B m
k (θ,φ) = nk

m,SH P m
l (m)k

(cosθ)︸ ︷︷ ︸
Legendre

Fourier︷ ︸︸ ︷
e i mφ , (7.3)
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where φ and θ are the azimuthal (longitude) and elevation (latitude) angles, respectively, and

P m
l (m)k

is the associated Legendre polynomial (ALP) with l (m)k positive integer eigenvalues for

spherical or hemispherical harmonics. Similarly, the disk harmonic bases are determined by

the following expression:

B k
m(ρ,φ) = nk

m,D H Jm
(
l (m)k ρ

)︸ ︷︷ ︸
Bessel

Fourier︷ ︸︸ ︷
e i mφ , (7.4)

where ρ is the radial distance measured from the pole, φ is the azimuthal angle in polar

coordinates and Jm
(
l (m)k ρ

)
is the first-order Bessel polynomial with l (m)k eigenvalues

satisfying the boundary conditions in the outmost edge of the disk. In fact, both spherical and

disk harmonic bases are complex-valued; however, in this work, we assume that the input

surfaces are real-valued signals.

The morphological analysis presented in this work focuses on shell-like surfaces. Therefore,

q̂3 is ignored in the representation of tri-dimensional objects, meaning that the contour of a

tri-dimensional object is given by its outer surface. However, if a variable q̂3 is required, the

spherical harmonics can be extended to solid spherical harmonics or even solid spherical cap

harmonics (G. V. Haines, 1985). Similarly, the disk harmonics can be extended to cylindrical

harmonics.

7.3 Conjugate symmetry of harmonic bases

For curvilinear coordinates, the harmonic decomposition can be construed as an extension of

the celebrated unidimensional Fourier decomposition. For example, the decomposition of

surfaces based on spherical harmonics can be interpreted as an extension of the Fourier de-

composition on the spherical space S2. Moreover, these harmonic functions inherit the same

properties from the traditional Fourier bases. For real-valued input signals, the traditional

Fourier transform exhibits symmetry relations between the positive and negative harmonics.

This “conjugate symmetry” relationship, also known as “parity”, has been useful in many

imaging applications. Using this relationship, real-valued data can be reconstructed with only

half of the required harmonic functions at a reduced computational cost; see Bergland (1968)

and Sorensen et al. (1987) for more information. This parity depends on how the bases are

constructed and on how the data are parameterised with respect to their angular argument.

We define the integration domain of the orthonormal harmonic functions (on curvilinear

coordinates) onto a lattice (grid). Typically, when the measured n data points are not uniformly

parameterised on this lattice, LLS can be used to project the data V ∈Rn×D onto the curvilinear

space spanned by the harmonic bases B ∈Cn×β, where β = (Kmax +1)2 is the number of basis

functions, Kmax is the maximum expansion degree and D is the spatial dimension (D = 3 for

3D surfaces) over which the input data is spread. Thus, the vector of coefficients (amplitudes)

of the harmonic functions represents the projection of V onto the space spanned by B and can
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be estimated by solving the following minimisation problem:

Q̄ = min
Q∈Cβ×D

||BQ−V||22, (7.5)

whose solution is given by

Q̄ =
(
BT B

)−1
BT V, (7.6)

where Q̄ = {Q1,Q2, . . . ,QD } ∈ Cβ×D is a matrix containing the coefficients of the projection

with qk
m ∈ Q̄. Typically, B is a tall matrix (n > β). Therefore, the linear system BQ = V is

overdetermined and can be inconsistent depending on how the data (V) is sampled. Next, as

an efficient alternative to conventional statistical regularisation techniques, we introduce a

numerical scheme to solve this kind of linear system.

7.3.1 Solving linear systems with the randomised Kaczmarz method

Considering that the linear system presented in Eq. (7.5) is overdetermined, a unique solution

only exists if the system is consistent. However, the acquired data are noisy in real-world

applications, which can yield an inconsistent linear system. To solve this kind of problem,

methods such as the conjugate gradient can be employed (Axelsson, 1980); however, for an

improved rate of convergence, techniques such as the RK method (Strohmer and Vershynin,

2008) are a good alternative. In fact, Strohmer and Vershynin (2008) proposed this randomised

version of the Kaczmarz method and showed that its rate of convergence is linear if the

solutions are iteratively projected onto hyperplanes that are randomly selected from B with a

probability proportional to the square of their Euclidean norm. Thus, columns of the matrix Q

are updated according to the following rule:

Q j+1
d

:= Q j
d −λ

(
〈Bi ,Q j

d 〉−Vd ,i

) B∗
i

∥Bi∥2 , (7.7)

where Qd and Vd are the d th columns of Q and V, respectively, with d ∈ {1,2, . . . ,D}. In this

chapter, D = 3 as it is spatial data defined in the Cartesian coordinate system. Qd ,i is the i th

component of Qd and j tracks the iterations over the rows of B. Moreover, λ is a relaxation

factor (λ = 1 for the conventional Kaczmarz method), and B∗
i is the complex conjugate of the

i th row of B. The pseudo-code of this method is presented in Algorithm 3, and one can see that

the problem in Eq. (7.5) can be split into D sub-problems, each corresponding to a dimension

of the input data. Therefore, for D = 3 (d ∈ {1,2,3}), the components Vd ∈Rn of V ∈Rn×d are

parameterised on the domain q̂1× q̂2. Thus, Vd is an input of Algorithm 3, where the ordinates

corresponding to d = 1 are fq1 (q̂1, q̂2), the ordinates corresponding to d = 2 are fq2 (q̂1, q̂2) and

the ordinates corresponding to d = 3 are fq3 (q̂1, q̂2).

However, the searching space of the matrix Q has dimension β, which depends on the expan-

sion degrees k. Clearly, this search in a β-dimensional space has the potential to undermine
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Algorithm 3: Solve the LLS with Randomised Kaczmarz (RK) (Strohmer and Vershynin,
2008)

Input :B ∈Cn×β, Vd = [v0, . . . , vn−1], the relaxation constant λ, the maximum number of
projections γ and the initial guess Q0.

Output :The final Q ∈Cβ.
1 begin
2 Pre-compute the probability vector P = ∥Bi∥2

2 /∥B∥2
F , where P ∈Rn ;

3 pre-compute the the norms Oi = ∥Bi∥2
2 , where i ∈ {0,1, . . . ,n −1};

4 set j = 0;
5 while j < γ do
6 choose i ∼ P[i ], where i ∈ {0,1, . . . ,n −1};

7 Q j+1
d

:= Q j
d −λ

(
〈Bi ,Q j

d 〉−Vd ,i

)
B∗

i
Oi

;

8 j ++;

9 end
10 end

the convergence rate of the RK method. Therefore, the conjugate symmetry of the harmonic

bases could be exploited to reduce this search space, as discussed in the following section.

7.3.2 Enhanced randomised Kaczmarz method with conjugate symmetry

In this section, we modify the RK method to improve its rate of convergence by exploiting

the conjugate symmetry of harmonic bases. To this end, the harmonic basis functions can

be split into zero-order basis functions Bm0
(for m = 0), positive-order basis functions Bm+

(for m > 0) and negative-order basis functions Bm−
(redundant orders) (whence m < 0). Next,

we can group the zero- and positive-order basis functions into a single matrix denoted by

B† = Bm0 ∪Bm+
. Due to the conjugate symmetry between the positive- and negative-order

basis functions, the complex-valued matrix Bm−
can be linearly constructed from Bm+

as

presented in Eq. (7.8) and there is no need to include Bm−
in the harmonic expansion as

B k
−m(q̂1, q̂2) = (−1)mB k∗

m (q̂1, q̂2), (7.8)

where B k∗ is the complex conjugate of B k . Next, we define a linear map M such as

M :B k
−m ←bijective−−−−−→ B k

m . (7.9)

From this parity, it is well-known that (M ◦M )(B k−m) = B k−m . Furthermore, the same symmetry

mapping applies to the expansion coefficients qk
m as (M−1 ◦M−1)(qk

m) = qk
m if and only if the

input signal is real-valued. This linear dependency suggests that we can solve the linear system

of interest only for orders m ≥ 0, whereas the negative ones can be considered as dependent

variables such that M−1(qk
m) = qk−m . Consequently, we can rewrite the linear system in Eq. (7.5)
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with a reduced number of unknowns. Without losing generality, Eq. (7.5) can be written as

Q̄ = min
Q∈Cβ×D

∣∣∣∣∣∣∑
J

BJ QJ −V
∣∣∣∣∣∣2

2
, (7.10)

with the superscripts J ∈ {m0,m+,m−} denoting the m = 0, m > 0 and m < 0 orders, respec-

tively. Next, we can see that the number of basis functions in B is equal to β = (Kmax +1)2;

however, we can exploit the conjugate symmetry to construct a basis matrix B† with only

β† = (Kmax +2)(Kmax +1)/2 basis functions (includes only bases of m ≥ 0 orders). Therefore,

the ratio between the unknowns of both systems is equal to

β†

β
=

1

2

Kmax +2

Kmax +1
, (7.11)

whose limit for large Kmax (Kmax →∞) is limKmax→∞β†/β = 1/2. From a practical perspective,

β†/β< 0.51 for Kmax > 49. To eliminate the dependence between the linear system in Eq. (7.10)

and the negative-order basis functions and to render the LLS system real-valued, we use the

following identities:

M
(
B k
−m

)
= (−1)mB k ∗

−m = B k
m ,

M
(
qk
−m

)
= (−1)m qk ∗

−m = qk
m , (7.12)

M−1
(
qk

m

)
M−1

(
B k

m

)
= qk

−mB k
−m = (−1)2m qk ∗

m B k ∗
m = qk ∗

m B k ∗
m .

Next, the sum of the positive- and negative-order basis matrices Bm+
Qm+ +Bm−

Qm−
is ex-

pressed as

qk
mB k

m +qk
−mB k

−m = qk
mB k

m +qk ∗
m B k ∗

m . (7.13)

Then, after some algebraic manipulation, we obtain

qk
mB k

m +qk ∗
m B k ∗

m = 2R
[

qk
mB k

m

]
+I[0], (7.14)

where R[·] and I[·] take the real and imaginary part, respectively, of a complex argument

with I[0] = I[qk
mB k

m − qk
mB k

m] due to the complex conjugation. This result is then used to

re-write the linear system in Eq. (7.10) as dependent only on the positive- and zero-order basis

functions by substituting Eq. (7.13) into Eq. (7.10) to obtain

Q̄ = min
Q∈Cβ×D

∣∣∣∣∣∣Bm0
Qm0 +2R

[
Bm+

Qm+]
−V

∣∣∣∣∣∣2

2
. (7.15)

In fact, the basis functions of the irredundant system in Eq. (7.15) are all real-valued because

Bm0 ∪2R
[
Bm+] ∈ Rn×β†

. Since V ∈ Rn×3, it follows that Qm0 ∪Qm+ ∈ Rβ†×3. It is rather clear

that eliminating the negative orders from the matrix B renders Eq. (7.15) severely inconsistent.

Regardless, duplicating basis functions, including those constructed as linear combinations,
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yield a better estimation of the coefficients qk
|m|≤0 (Greenberg, 1996). With consistent data

containing a direct/semi-analytical integration on a regular grid, we can simply individually

integrate for the positive and zero orders (m ≥ 0), as they are independent of each other.

Thus, to circumvent this limitation around negative orders, we can resort to optimisation

schemes for obtaining the zero- and positive-order coefficients as independent design vari-

ables, whereas negative-order coefficients can be linearly mapped, from the positive-order

ones, as dependent variables (function of the positive-order coefficients). This approach

reduces the number of unknowns in the problem while preserving the current consistency

of the linear system. Thus, modifying the RK method to consider this relation between the

positive- and negative-order coefficients leads to the LLS optimisation problem

Q̄ = min
Q†∈Cβ†×D

∣∣∣∣∣∣B†Q† − V̂
∣∣∣∣∣∣2

2
,

(7.16)

where V̂ = (V−Bm−
Qm−

) and β† < β. Now, we can solve the problem in Eq. (7.16) with the

reduced dimensionality using the RK method equipped with the indexing system illustrated

in Fig. 7.1. In this Figure, the vector of coefficients normally stores the values of qk
m , and the

conjugate symmetry (labelled as sym) relates the negative- (red squares) and positive-order

(blue squares) coefficients, while the zero-order coefficients (green squares) remain intact. In

the original indexing system, the coefficients are arranged as {0,1, . . . ,k2 +k +m}, whereas for

the conjugate symmetry, they are arranged as {0,1, . . . ,k(k +1)/2+m}, which only accounts

for the zero- and positive-orders (see Fig. 7.1). The linear mapping between qk
m and qk−m

is also indicated in the same figure, where the negative-order coefficients are arranged as

{0,1, . . . ,k(k +1)/2+|m|−1}. We used this indexing system to herein develop a modified RK

method with conjugate symmetry (RK–CS) via two steps with updating rules given by

V̂d ,i := Vd ,i −〈B m−
i ,Q j ,m−

d 〉,

Q j+1,†
d

:= Q j ,†
d −λ

(
〈B †

i ,Q j ,†
d 〉− V̂d ,i

) B †∗
i

O†
i

, (7.17)

where Q†
d , V †

d and V̂ †
d are the d th columns of Q†, V† and V̂†, respectively, with d ∈ {1,2, . . . ,D};

Qd ,i is the i th component of Qd ; j tracks the iterations over the rows of B†; B † ∗
i is the complex

conjugate of the i th row of B†; and O†
i is the i th row of the vector O† =

∥∥∥B †
i

∥∥∥2

2
∈Rn . The steps of

the RK–CS method are presented in Algorithm 4. Here, the rearranged system with a symmetric

solution can reduce the computational complexity of the RK algorithm because it iterates over

hyperplanes of a proper subset B† ⊂ B with lower dimensionality. Moreover, it is well known

that the condition number κ(B†) of a submatrix generally has a lower value than κ(B) [see the

proof by Thompson (1975)]. Furthermore, Strohmer and Vershynin (2008) demonstrated that

the convergence rate is inversely proportional to the condition number κ(B) of B. Therefore,

the approach developed herein can accelerate the convergence rate of the RK algorithm with

harmonic bases.
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Algorithm 4: Solve LLS via RK with conjugate symmetry (RK–CS)

Input :B ∈Cn×β, Vd ∈Rn , relaxation λ, maximum projections γ and an initial guess
∀qk

0<m≤k ∈Q† (optional).

Output :The final Q ∈Cβ.
1 begin
2 Classify the bases B into B† and Bm−

;

3 pre-compute the probability vector P † =
∥∥∥B †

i

∥∥∥2

2
/
∥∥B†

∥∥2
F , where P † ∈Rn ;

4 pre-compute the norms vector O† =
∥∥∥B †

i

∥∥∥2

2
, where O† ∈Rn ;

5 set j = 0;
6 while j < γ do
7 choose i ∼ P[i ], where i ∈ {0,1, . . . ,n −1};

8 V̂d ,i = Vd ,i −〈B m−
i ,Q j ,m−

d 〉;
9 Q j+1,†

d
:= Q j ,†

d −λ
(
〈B †

i ,Q j ,†
d 〉− V̂d ,i

)
B †∗

i

O†
i

;

10 j ++;

11 end
12 end

Figure 7.1: Indexing system for arranging the bases in the conjugate symmetry formulation.

7.4 Sparsity in the harmonic bases

The vector of coefficients Q can be obtained by solving a linear system BQ = V as a minimisa-

tion problem in a ℓp−norm sense, where conventionally 0 ≤ p ≤ 2. Selecting an appropriate

technique to perform this task is mainly influenced by the sparsity of signals when projected

onto incoherent bases. However, finding the sparsest solution of a linear system is not an easy

task because it yields a combinatorial problem when solved in the ℓ0−norm sense. Nonethe-

less, compressed sensing theory (Donoho, 2006; E. J. Candès et al., 2006; E. Candès and Wakin,

2008) indicates that this criterion can be relaxed by assuming the signal as approximately

sparse, which yields a convex optimisation problem in the ℓ1−norm sense. Again however,

solving a convex optimisation problem to obtain the sparse vector of coefficients can be
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computationally challenging for large linear systems. We can work around solving a linear

system in the form BQ = V in the ℓ1−norm sense by substituting with its ℓ2−norm counterpart

containing an imposed compact support S for the vector of coefficients Q as established by

the weighting scheme introduced by Mansour and Yilmaz (2013b) and Mansour and Yilmaz

(2013a) in the development of the SRK method, which is a modified version of the RK with

a weighted projection step that gradually damps the coefficients qk
m that do not lie in the

support S with weights equal to 1/
√

j +1, where j represents the number of iterations. This

support S is adaptively determined at every step j such that S = supp(Q†
d |max{s,β†− j }). This

means that at every step j , the number of coefficients in the support S is reduced according

to the rule max{s,β† − j }, where s is the index of Qd delimiting the length of S and β† is the

length of Q†
d . In the limit j →∞, only S coefficients are used to represent the signal V. Here,

the SRK method is enriched using the conjugate symmetry of harmonic bases. This method,

referred to as SRK–CS, is constructed similarly to the SRK method presented in Algorithm 4

though also includes the adaptive construction of S and the weighting function W j (l ), where

l is the index of Q†
d ∈Cβ†

. The two-step update rule of the SRK–CS is given by

V̂d ,i := Vd ,i −
〈

W j ,m− ⊙B m−
i ,Q j ,m−

d

〉
,

Q j+1,†
d

:= Q j ,†
d −λ

(〈
W j ,† ⊙B †

i ,Q j ,†
d

〉
− V̂d ,i

) W j ,† ⊙B †∗
i

O†
i

, (7.18)

where O†
i =

∥∥∥W j ,† ⊙B †
i

∥∥∥2

2
, W j ,m−

are the weights corresponding to the negative-order coeffi-

cients Qd , and W j ,† are the weights for the positive- and zero-order coefficients Q†
d . The steps

of this technique are presented in Algorithm 5. Overall, this approach is known to be efficient

for solving both overdetermined and underdetermined systems (Mansour and Yilmaz, 2013b;

Mansour and Yilmaz, 2013a). Therefore, the compactness of the vector of coefficients Q,

obtained with the SRK–CS method, can be used to randomly undersample V ∈Rn×D , yielding

a vector Vr ∈ Rl×D while eliminating the corresponding rows of B ∈Cn×β, further yielding a

matrix Br ∈ Cl×β to obtain a reduced system Br Qr = Vr , where l ≪ n. However, the sparse

solution obtained using the SRK–CS method encodes only the low-frequency features of the

acquired signal, though the high-frequency content is still relevant to estimate the properties

of fractal surfaces; this problem has been investigated in the field of contact mechanics, such

as in Shaqfa et al. (2021b). Thus, we herein constructed a hybrid scheme using the solution

obtained with the SRK–CS method as an initial guess for the RK–CS method. We also demon-

strate that this approach can accelerate the convergence of the RK–CS method due to the

condition number of κ(B†
S) while exploiting the low computational cost when solving the

reduced linear system Br Qr = Vr using the SRK–CS. This approach can reduce the computa-

tional cost required to reach the optimal reconstruction of a parametric surface; however, the

SRK–CS method tends to be slower, in computational times, than the RK–CS when iterating

over the hyperplanes due to the extra floating-point operations for multiplying the weights

W j ,† and the rows of B. Moreover, the norms in O†
i cannot be pre-computed before the critical

while-loop of the algorithm, as we did in Algorithm 4.
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Algorithm 5: Solve sparse LLS via SRK (Mansour and Yilmaz, 2013b) with conjugate sym-
metry (SRK–CS)

Input :The matrix B ∈Cn×β, Vd ∈Rn , the relaxation parameter λ, the maximum number
of projections γ, the support length s, and an initial guess of Q†

d .

Output :Qd ∈Cβ.
1 begin
2 Classify the basis functions in B into B† and Bm−

;

3 Pre-compute the probability vector P † =
∥∥∥B †

i

∥∥∥2

2
/
∥∥B†

∥∥2
F , where P † ∈Rns ;

4 Set j = 0;
5 while j < γ do
6 Choose i ∼ P[i ], wherei ∈ {0,1, . . . ,n −1};

7 Estimate the support length as S = supp

(
Q j

∣∣∣∣
max

{
s, β†− j

});

8 Generate the vector of weights W j such as

W j (l ) =

{
1, l ∈ S,

1/
√

j +1, l ∈ Sc .

9 Compute the norms vector O†
i =

∥∥∥W j ,† ⊙B †
i

∥∥∥2

2
;

10 V̂d ,i = Vd ,i −〈W j ,m− ⊙B m−
i ,Qd

j ,m−〉;
11 Qd

j+1,† := Qd
j ,† −λ

(
〈W j ,† ⊙B †

i ,Qd
j ,†〉− V̂d ,i

)
W j ,†⊙B †∗

i

O†
i

;

12 j ++;

13 end
14 end
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7.5 Results

The algorithms proposed in Sections 7.3 and 7.4 are herein directly compared against conven-

tional ℓ2-norm solvers, such as the RK method (Strohmer and Vershynin, 2008) implemented

in Algorithm 3 and the SVD-based least square from LAPACK (Anderson et al., 1999). For

benchmarking, the numerical examples include the recently introduced disk harmonics (DH)

bases (Shaqfa et al., 2022) for reconstructing genus-0 open surfaces and spherical harmonics

(SH) bases for reconstructing genus-0 closed surfaces (Shaqfa et al., 2021b). The tested open

surfaces are (i) the sculpture of a face taken from Shaqfa et al. (2021b) and (ii) the Matterhorn

mountain in Switzerland taken from Shaqfa et al. (2022). The closed surface tests the recon-

struction of the left and right hemispheres of a human brain from a dense set of points in R3

with SH bases (Shaqfa et al., 2021b).

The performance of both RK- and SVD-based algorithms was compared to the RK method

with conjugate symmetry (RK–CS) (see Algorithm 4), the sparse RK method with conjugate

symmetry (SRK–CS) (see Algorithm 5) and the hybrid method combining the SRK–CS and

the RK–CS methods. The computational performance was measured as the average time

required for each solver to solve a linear system for all the dimensions d ∈ {1,2,3} using a

single processing core. Moreover, the error of the reconstructed surface was measured using

the root-mean-square error (RMSE) and the normalised RMSE (N–RMSE), which is given by

RMSE/∥V ∥2 ×1000. Furthermore, the number of projections (γ) was carefully selected for

each method such that no significant changes in the solution were observed with additional

iterations. A relaxation parameter λ = 0.3 was selected for the RK algorithms, as it suffices to

solve the overdetermined problems presented here.

7.5.1 Benchmarks

In the first example, we reconstructed a sculpture of a face composed of 21,238 points in R3

(Fig. 7.2A) using the disk harmonics bases with a maximum degree equal to k = 60. The vector

V resembles the point cloud of the surface and the input in the linear system in Eq. (5.37),

which was solved numerically using the conventional RK- and SVD-based solvers as well as

the newly proposed RK–CS. To solve this problem using the SRK–CS and the hybrid SRK–CS

+ RK–CS, we obtained a reduced system by undersampling V to obtain Vr , as described in

Section 7.4. Therefore, we used a subset of 10,000 points of V representing Vr , as shown in

Fig. 7.2B.

Figure 7.3A compares the convergence rates for the RK-based methods developed in this

work to reconstruct the surface representing a sculpture of a face. While all the algorithms

are convergent, different rates can be seen for the RMSE decay of the reconstruction error.

Clearly, all the herein-developed techniques outperform the conventional RK method for

reconstructing surfaces with harmonic bases for the given number of projections. However,

though the SRK–CS method has the fastest rate for the first few thousand projections, with

a support size equal to 500, it slows down significantly with a consequent convergence of
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B)A)

Figure 7.2: Point cloud of the sculpture face benchmark. A) The original set of points (V), and
B) a random, reduced subset of points sampled from the original set (Vr ) to be used with the
SRK–CS method.

the lower degrees k. To circumvent this limitation, we combined the SRK–CS and RK–CS

methods. To build on this, the SRK–CS was solved with 20,000 projections, which ended up as

a rather efficient approach, requiring less than half the number of points in the original set.

Finally, we used the solution provided by the SRK–CS method as the initial guess of the RK–CS

algorithm (using the full original system). Thus, we obtained an accelerated RMSE decay of

the reconstruction with a better final reconstruction in comparison with using only the RK–CS

or the SRK–CS methods alone.

To next compare the morphology of the reconstructed surface, we used the shape descriptors

(see Shaqfa et al. (2021b) for a detailed discussion) presented in Fig. 7.3B. On the one hand,

the solutions obtained with the herein-developed methods agree well with the LLS for low

degrees (k) corresponding to the low-frequency features of the surface. However, without the

conjugate symmetry, the RK method deviates significantly for higher degrees k. On the other

hand, the SRK–CS presents some significant oscillations for higher degrees k, but without

the bias observed in the conventional RK method. Furthermore, both RK–CS and its hybrid

counterpart (SRK–CS + RK–CS) reconstruct the face with high accuracy. These reconstructed

surfaces are shown in Figure 7.4, where we can see visually that both the RK–CS and SRK–CS

+ RK–CS methods outperform the conventional RK method, with a slight advantage for the

former. Table 7.1 shows a quantitative analysis of the reconstruction in terms of computational

performance and accuracy. Here also we can see that the RK-based methods outperform

the SVD-based method in terms of computational time. Furthermore, the motivation for

proposing the hybrid SRK–CS + RK–CS method was justified by the fact that a good RMSE and

N–RMSE were obtained for a reduced number of projections γ, which strongly influences the

computational cost.

The next benchmark surface we sought to reconstruct was the Matterhorn mountain, con-

stituted from 101,759 sampled points in R3 using the DH bases with a number of degrees

equal to k = 40. This large number of points yields a large overdetermined linear system with a
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Figure 7.3: The reconstruction errors for the combined x(ρ,φ), y(ρ,φ) and z(ρ,φ) of the 3D
face reconstruction taken from Shaqfa et al. (2021b). A) A comparison of the convergence rate
for the algorithms proposed in this chapter. B) The corresponding shape descriptors found by
different solvers using the best-obtained coefficients.

A) B) C)

Figure 7.4: Examples for the final reconstruction of the 3D face f (ρ,φ) done using the disk
harmonics bases (Shaqfa et al., 2022) with the herein proposed algorithms. A) Constructed via
the SRK–CS and RK–CS methods combined, B) RK–CS only and C) the original RK only. Refer
to Table 7.1 for the computational details.

matrix B of size 101,759×1,681. Therefore, we sought to undersample the original point cloud

[vector V in Eq. (5.37)] for the SRK–CS and the SRK–CS + RK–CS methods. Using the same

parameters as in the previous example and considering only 10,000 points randomly selected

from the original cloud, we show in Table 7.1 that the SRK–CS accurately approximated the

solution of the linear system in less than 29 seconds due to the reduced number of projections

required to obtain an acceptable RMSE and N–RMSE. The SRK–CS + RK–CS method presented

a RMSE lower than the one obtained by the SRK-CS method, also in less than 30 seconds.

Although the RK method achieved the best RMSE, it was the slowest. The reconstruction of

the surface of the Matterhorn is shown in Figure 6.14A–D for different degrees k, where we

can observe the effect of accumulating harmonics in the shape of the reconstructed surface as

it morphs over k → 40.

The last example presents a significant challenge, as the geometry of the surfaces of the left
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A) B)

C) D)

Figure 7.5: Example reconstruction of the Matterhorn mountain in Switzerland as f (ρ,φ) was
expanded in the disk harmonics bases (Shaqfa et al., 2022) using the RK–CS algorithm. A)
Reconstruction at degree k = 1 results in the first degree ellipsoidal cap (FDEC) (Shaqfa et al.,
2022), B) reconstruction at k = 6, C) reconstruction at k = 15 and finally D) reconstruction at
k = 40. Refer to Table 7.1 for the computational details.

and right hemispheres of a human brain contains significant harmonics contributions across

a wider set of wavelengths. The surfaces corresponding to the left and right hemispheres are

composed of 130,629 and 132,730 points in R3, respectively, and we used k = 60 degrees to

reconstruct these surfaces in this example. For the SRK–CS and SRK–CS + RK–CS methods,

50,000 points were randomly selected from the original point clouds of both hemispheres.

Table 7.1 shows that the RK method performs the worst computationally considering the

number of projections used was similar to other techniques, though the convergence of both

the RMSE and N–RMSE accelerated when accounting for conjugate symmetry. Furthermore,

the SRK–CS + RK–CS hybrid method achieved the best RMSE among the proposed algorithms

while being 26.85% faster than the SVD-based method. Fig. 7.6 presents the reconstruction of

the entire brain using the SRK–CS + RK–CS method with the spherical harmonics bases for

different degrees k, where an accurate reconstruction is achieved when k = 60.

7.5.2 Discussion

Considering the SVD-based method is optimised for inconsistent systems whereas the RK

method is designed for consistent ones, it makes sense that the RMSE and N–RMSE are lower

162



Integration of harmonic bases Chapter 7

Table 7.1: Comparison for the convergence of the algorithms and computational times.

Algorithm 3D face Matterhorn Human brain II

RK

Time (sec) 29.22 131.78 627.81
RMSE 0.2339 0.0933 0.9363
N–RMSE (‰) 0.0081 0.0109 0.0314
γ-projections ≈84.9k ≈407k ≈730k

RK–CS

Time (sec) 11.04 41.40 253.04
RMSE 0.1343 0.1021 0.8153
N–RMSE (‰) 0.0046 0.0119 0.0274
γ-projections ≈84.9k ≈407k ≈730k

SRK–CS

Time (sec) 42.84 28.66 396.99
RMSE 0.2087 0.1408 1.1575
N–RMSE (‰) 0.0072 0.0122 0.0389
γ-projections 80k 80k 740k

SRK–CS + RK–CS

Time (sec) 17.08 29.70 286.13
RMSE 0.1345 0.1041 0.7818
N–RMSE (‰) 0.0046 0.0122 0.0263
γ-projections ≈62.4k ≈223.5k ≈730k

SVD (LAPACK)I
Time (sec) 77.22 68.74 362.97
RMSE 0.1124 0.0863 0.6443
N–RMSE (‰) 0.0038 0.0100 0.0217

1 We used the SVD method ZGELSD (see Anderson et al. (1999)) as it was the fastest on a single core; using multiple cores
did not significantly enhance the time for the herein proposed problems.

2 We only reported the left hemisphere results in this table.
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A) B) C)

Figure 7.6: Example for the reconstruction of a human brain as f (θ,φ) was expanded via
the spherical harmonics bases Shaqfa et al. (2022) using the SRK–CS and RK–CS combined
method. A) Reconstruction at degree k = 10, B) reconstruction at k = 20, C) reconstruction at
k = 60. Refer to Table 7.1 for the computational details.

for the SVD-based method for all benchmarks used in this chapter (Table 7.1). However, this

accuracy difference is not significant for practical applications as observed in the visualisation

of the reconstructed surfaces. Otherwise, the RK-based methods developed herein outper-

form the SVD-based methods with respect to the computational time in most cases, even

considering that the algorithms developed for this chapter were implemented in Python3.8,

whereas the LAPACK solver used in the SVD-based method was written in Fortran and opti-

mised for higher computational performance (Anderson et al., 1999). It is worth mentioning

that the recorded processing times can differ depending on the operating system and the

hardware specifications of the computer; the results presented in this paper were obtained on

a computer containing an Intel Core i7-11370H CPU with a maximum clocking of 4.8 GHz on

a Debian-based operating system.

This work should spur the development of several new algorithms, such as combining the

RK–CS with the updated residual approach in Li Shen and Moo K. Chung (2006a) to solve

the harmonic problem hierarchically. Initial testing showed that such an approach can be

computationally expensive while slightly enhancing the final RMSE obtained by other methods

though might still be beneficial, especially with very large expansion degrees, such as k > 100.

Regardless, an alternative would be to generalise that approach by dividing the LLS system

into sets of degrees to obtain several subsystems. For example, we can solve the human

brain example with Kmax = 60 in two stages. The first stage will solve for the coefficients

from 0 ≤ k1 ≤ 42 (corresponding to 946 independent unknown design variables) to give the

LLS subsystem as B†,T
1 B†

1Q†
1 = B†,T

1 V̂; this would provide a solution vector for only the first

42 degrees. Then, the second stage will solve for the other half of the LLS system, where

42 < k2 ≤ 60 (with 945 independent unknown design variables) as B†,T
2 B†

2Q†
2 = B†,T

2 V̂12, such

that V̂12 = V̂2 −〈B1,Q1〉. For brevity, this case was not herein demonstrated, as this staged

RK–CS algorithm needs to be calibrated with the optimal number of stages to obtain the fastest

times and best convergence, representing considerable work.
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7.6 Summary

This chapter focused on the development of efficient and robust techniques for integrating

harmonic bases in the reconstruction of open and closed genus-0 surfaces. To this end, we

proposed three variants of the well-known RK method as scalable and faster alternatives to

conventional statistical regularisation techniques. The presented methods were developed

to exploit the conjugate symmetry of harmonic bases (also known as parity) and the sparsity

of real-world signals projected onto incoherent bases to accelerate the convergence of the

integration process in terms of the RMSE. The first method, referred to as RK–CS, uses the

conjugate symmetry between the negative- and positive-order basis functions to reduce the

dimensionality of the vector of coefficients for the linear system being solved, provided that

real-valued surface data are used. Here, conjugate symmetry dictates that the negative-order

harmonics are linearly mapped from the positive-order harmonic functions. To thus reduce

the number of columns by almost half and accelerate the rate of convergence, the orthogonal

projection step in the RK method was rearranged to solve the linear system for the zero- and

positive-order harmonics only, while linearly mapping the negative ones. It was demonstrated

that this modification effectively reduced the condition number of the basis matrix, resulting

in a faster convergence with a consequent reduction of the processing time while maintaining

the high accuracy of the surface reconstruction.

The second method developed here, referred to as SRK–CS, was modified from the RK to

impose compact support to the vector of coefficients by attenuating the coefficients corre-

sponding to higher frequencies. We showed that the conjugate symmetry can reduce the

search space of the vector of coefficients, helping the reconstruction of undersampled sig-

nals. However, the inherent limitation of the SRK–CS method to represent signals with short

wavelengths hinders the reconstruction of surfaces with high-frequency content. To further

accelerate the convergence of the RK–CS, a hybrid method was proposed to combine the SRK–

CS and RK–CS. For this third developed method, we used the SRK–CS on a subset of randomly

sampled points of a given surface to obtain an initial guess of the vector of coefficients of

the problem then solved the system with the RK–CS method using the full set of points. This

hybrid approach accelerated the decay of the RMSE and reduced the computational time, for

a given accuracy, in comparison to the other methods developed herein.

As numerical examples, we used two distinct harmonic bases: The recently developed disk

harmonics and the conventional spherical harmonics. We employed these bases in the

expansion/reconstruction of two open (i.e., sculpture of a face and the Matterhorn mountain)

and one closed (i.e., two hemispheres of a human brain) genus-0 surfaces, respectively. These

harmonic functions showed computational gains in the expansion/reconstruction process

over conventional LLS solvers (i.e., SVD-based method). As these methods were optimised

for solving inconsistent systems, the SVD-based method was slightly better with respect to

the RMSE, though the RK-based methods yielded highly accurate solutions with no apparent

visual or spectral disturbances and at a reduced computational cost. Therefore, the methods

developed in this work have the potential to make the parametric modelling of surfaces more
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computationally accessible for problems requiring the analysis of a number of surfaces, for

high-resolution expansions based on extremely dense surfaces, or even to reduce the training

time of machine learning applications.
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8 Conclusions

We provided multiscale methodologies that allow a comprehensive geometrical treatment

of 3D microstructures of historical stone masonry walls. In this chapter, we summarise and

highlight the key contributions of each chapter starting from the heuristic optimisation and the

3D microstructure generator and concluding with the harmonic expansions and the proposed

fast integration algorithms.

Pareto-like sequential sampling (PSS) First, we developed an optimisation heuristic that

was used in many engineering applications and assisted in two main works in this thesis that

were presented in Chapters 4 and 5. The PSS algorithm was inspired by Pareto’s rule (80/20)

and was developed to include the following features into it:

• Simplified search model to avoid structural bias in the search process, especially for the

diversification step.

• Its simple structure allowed a simple theoretical investigation of the convergence prop-

erties and explained the balance between the diversification and intensification abilities

of the algorithm.

• The algorithm had a constant probability of convergence to the global solution and we

demonstrated how this rate is dependent on the nature of the problem.

• We made it modular and easy to hybridise with other algorithms in the future.

The overall performance of this heuristic was good and competitive with the state-of-the-art

algorithmic proposals. Indeed, it performed exceptionally well in high-dimensional problems

when the computational power scarce with a few iterations is only allowed.

Stone masonry microstructure generator Second, we developed a virtual typology genera-

tor of 3D microstructures of historical stone masonry walls (see Ch. 4). The typology generator

167



Chapter 8 Conclusions

starts by generating random and morphologically similar stones, as per the target masonry

typology. Then we packed the stones into the wall boundaries. The placement of stones

borrowed the analogy of the traditional packing problem, where we packed stones into the

containers (walls) taking into account physical and building constraints. The physical and

building constraints, imposed on the optimisation objectives, were inspired by the behaviour

of the real masons and building rules. The posed multi-objective packing optimisation prob-

lem has been solved using the newly proposed heuristic (see the PSS algorithm in Ch. 3) that

allowed for fast and accurate placement of the stones. The outputs from the 3D microstructure

generator are:

• Generating various 3D typologies of stone masonry walls that can normally be found

around Europe in historical city centres.

• Remeshing the surfaces of the generated stones using the traditional spherical harmon-

ics up to a specified wavelength (or an equivalent mesh size).

• Generating conformal solid finite element meshes for the generated 3D RVEs of stones

and mortar.

In general, the pipeline of the proposed microstructure generator was able to provide reliable

geometries and meshes for common masonry typologies. In that chapter, we also classified

the typologies based on the size distribution of the stones and the used building techniques

rather than using only visual and empirical comparisons. Overall, this work opens the door to

a wide spectrum of numerical simulations and multiscale modelling work for historical stone

masonry structures, for example, studying the out-of-plane failure, leaf separation and the

interaction between the in-plane and out-of-plane behaviours. Less importantly, 2D meshes

can be extracted and could serve as input meshes for 2D numerical studies.

As we dealt in detail with the topology of the stones on the macro scale (shape of the stones)

in the microstructure generator, studying the roughness of natural stones and rocks was not

a straightforward process as natural rocks tend to have incoherent surface roughness due

to the conditions of their formation. For this, we started investigating and studying scalable

approaches that allow us to study the morphology of locally sampled surface patches at any

scale.

Spherical cap harmonics (SCH) In the third part of this thesis, we proposed the spherical cap

harmonics approach; as a special case from the well-known spherical harmonics expansion

of parametric surfaces. This method was proposed for studying the morphology of the open

genus-0 surfaces, such as the locally sampled rough patches. The key features of this part of

the dissertation are summarised as follows:

• Developed a bijective mapping that is conformal with minimal area distortion to pa-

rameterise open surfaces into spherical caps with an optimal half-angle θc .
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• Used the spherical cap bases to expand and reconstruct the open surfaces similar to the

traditional spherical harmonics approach.

• Provided an approach for modifying the roughness of surfaces by borrowing it from

other open surfaces (with an equivalent genus) and then remeshing the surfaces for

numerical simulations at different wavelengths.

• Estimated the Hurst exponent of self-affine fractal surfaces using the computed power

spectrum as an extension to the used approach in spherical harmonics.

This work is the first to allow for a flexible spectral expansion of any single-edged open surface

into a spherical cap of a “proper” size. The SCH approach was able to expand and reconstruct

complicated surfaces as well as successfully predict the Hurst exponents of different self-affine

surfaces. Indeed, this work was the first brick into a new multi-scale approach for studying

the morphology and roughness of surfaces. Though, the stability of the associated Legendre

functions was dependent on the radius of convergence of the hypergeometric function. The

letter rendered this approach slow and rather unstable for high expansion degrees (k > 50).

Disk harmonics (DH) Building on the SCH approach and to overcome its limitations, we

proposed the disk harmonics approach to expand open surfaces into flat disks via the Fourier-

Bessel bases. This work was also used to provide an analytical prediction of the fractal scaling

of self-affine surfaces. The following features have been developed in this work:

• Developed a new area-preserving mapping algorithm to parameterise genus-0 surfaces

into flat unit disks.

• Used the Fourier-Bessel bases with Neumann boundary conditions to allow for arbitrary

shifts along the edge of the expanded surfaces.

• Used the Wiener-Khintchine theorem to derive an analytical measurement of the Hurst

exponent of isotropic self-affine rough surfaces as a function of the power spectral

density.

• Provided proof that the fractal dimension measurements were independent of the

curvature of the analysed surfaces.

• Provided empirical proof and numerical explanation to show that the analysis is inde-

pendent of the imposed Neumann boundary conditions.

• Showed that the shape of the patch does not affect the analysis results providing that

the fractal information is embedded along a known direction and no curvature is con-

taminating the sampled noncircular surface patches.
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The DH approach proved to be robust in morphological analysis and reconstruction of open

surfaces as well as faster than the SCH approach with unconditionally stable bases. The

numerical results of analysing self-affine fractal surfaces demonstrated the accuracy of our

analytical prediction for nominally flat and curved surfaces. This work opens many opportu-

nities such as (i) multiscale analysis of real rough surfaces and (ii) correcting, for the first time,

the curvature of the analysed surfaces.

Fast integration of harmonics bases Parametric expansion of surfaces mostly relies on

traditional statistical regularisation techniques to integrate the coefficients of the harmonic

bases regardless of their origin. However, for large expansion degrees and densely sampled

surfaces, these regularisation approaches are not scalable and are deemed slow. To overcome

these challenges, we proposed new algorithms based on the randomised Kaczmarz (RK)

orthogonal projection algorithm that take into account the sparsity and conjugate symmetry

properties of these bases. The following are the main features we developed:

• Exploiting the conjugate symmetry properties of the harmonic bases to reduce the

number of the to-be-integrated coefficients nearly to the half and without compromising

the consistency of the system.

• Used the conjugate symmetry concept to propose a new randomised Kaczmarz (RK–CS)

algorithm that splits the orders of the bases into independent and dependent design

variables.

• Proposed another variant algorithm based on the sparse randomised Kaczmarz (SRK)

method to take into account the conjugate symmetry (SRK–CS) to further accelerate the

solution process assuming sparse support.

• Combined the SRK–CS with RK–CS to produce more accurate results with a faster rate

of convergence.

These algorithmic proposals (i.e, RK–CS, SRK–CS and their combination) have dramatically

accelerated the integration process in comparison with the most efficient methods that are

normally used such as the singular value decomposition (SVD) based methods. The accuracy

of the reconstructed benchmarks was comparable with the ones obtained from the SVD-

based method. These algorithms make the expansion of harmonic bases, regardless of their

origin, more practical and affordable by normal computers as well as they could help in future

works where we could incorporate them with machine learning approaches and huge data are

analysed.
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9 Outlooks and open research questions

In this chapter, we discuss possible research pathlines that stem from the presented works.

First, we discuss the potential complementary works to the herein-presented chapters. In

Sections 9.1 we talk about future extensions and possible hybridisation of the PSS algorithm,

while in Section 9.2 we discuss possible complementary works to the 3D microstructure

generator. In Section 9.3 we discuss the limitations of the SCH and possible ways of addressing

the drawbacks, while in Section 9.4 we discuss future works and the potentials of the DH

method in different applications. In Section 9.5 we consider possible variants and parallel

schemes for the proposed Kaczmarz-based methods.

Second, we also discuss possible numerical simulation approaches that can be built based

on our work for the 3D microstructure generator and the spectral methods in Section 9.6. In

Section 9.7 we discuss the potential applications of this work in digital twins and documenting

stone masonry walls, whereas in Section 9.8 we further talk about generative models for

statistically similar objects (e.g, stones and self-affine rough surfaces) based on the spectral

expansion techniques. It is worth mentioning that some of these works are currently being

implemented as part of the short-term vision of our unit EESD in EPFL.

9.1 Pareto-like sequential sampling approach

For future implementations of the PSS algorithm, we plan to apply the following developments:

• The lbest (Eberhart and Kennedy, 1995) analogy with the PSS algorithm, where it can

redefine the prominent domain region, Ω
′
, by using, for instance, the best (1−α)×β

candidates per iteration rather than the absolute best. This topology could be specifically

used to strengthen the intensification step of the algorithm.

• Hybridisation via other well-known algorithms, including but not limited to Lévy flights

(X. Yang and Suash Deb, 2009; X.-S. Yang et al., 2013) and spiral search (Mirjalili and

Lewis, 2016), could be another way to control the intensification step size in the PSS.
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Chapter 9 Outlooks and open research questions

With this, we can focus on enhancing the information flow between the generations of

solutions to dramatically strengthen the local search paradigm.

• Applying dynamic schemes for the number of population candidates to scale up or

down with the global and local search needs. Liang and Juarez (2020) applied a dynamic

approach for the population sizing in their algorithm Self-adaptive Virus Optimisation

Algorithm (SaVOA) and it seems as a promising technique to be applied with the PSS

algorithm.

• Hybridising the algorithm with sequential and parallel topologies could be an interesting

direction for multimodal optimisation problems.

9.2 Virtual microstructure generator

The work of the microstructure generator opens a wide spectrum of research and can be

considered as a step towards detailed 3D numerical models of stone masonry walls. Though

it is currently impossible to solve for such a vast number of degrees of freedom with an

average personal computer, we believe that this will be possible in the near future, which will

make this a simple and handy tool for engineers. Until then, some of the possible extensions

and research-oriented applications that could branch out from our work are summarised as

follows:

• Because of the lack of detailed literature data on the microstructure of real stone masonry

walls, such data could instead be provided by digitising real masonry walls. This could

yield useful statistical data about stone topologies and size distributions for specific

masonry typologies. The generated information would be useful as input for stone

generation and the validation of the generated microstructures of the walls.

• The proposed algorithm can also support the construction of real stone masonry walls

by indicating the best placement of stones. In this situation, the stone geometries must

be obtained by scanning the real stones available for the construction. For this purpose,

the objective functions should account for the physical stability of each newly added

stone, both with regard to the stability of the newly placed stone and the stability of the

whole wall when a stone is added. For dry stone masonry walls, this process is described

in (Wermelinger et al., 2018).

9.3 Spherical cap harmonics

In this section, we outline future developments for SCHA and to overcome some of the

drawbacks that we found.

• This work hinges on the numerical stability and accuracy of the computed basis func-

tions of SCH, which depends on the Gaussian hypergeometric function evaluation
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2F1(a,b;c; z). We provide a proof-of-concept implementation in MATLAB, which may

not be optimal in terms of computational efficiency. We now need a faster implementa-

tion of the hypergeometric functions in a more efficient environment (e.g. C++) that is

also stable for high orders.

• The SCH method can be seen as a corner stone for regional wavelet analyses for shape

morphology. Wavelet analyses conducted via traditional methods like SH could take

advantage of the stable and well-studied evaluation techniques of the traditional basis

function as well as any traditional recursive formulae (e.g. SH bases). The SCH serves

as an exact solution to compare with other potential regional analysis methods using

traditional basis functions.

• Implementing a recursive approach for computing the SCH bases can improve the

speed and efficiency.

9.4 Disk harmonics

We see several further applications of the proposed DH decomposition approach, and we are

interested in expanding this approach along the following lines:

• Studying the roughness of real scanned surfaces, taking particular advantage of this

method’s scalability for constructing the PSD over several decades. This tool will be

especially helpful in the experimental domain due to its ability to be invariant for the

curvature of surfaces, as most natural surfaces have some embedded curvature.

• Studying the contacts of rough surfaces with various imposed curvatures.

• Adding a new application to harmonic decomposition methods by studying shape-

morphing structures, such as in studying the physics of the growth of soft surfaces [see

H.-Y. Chen et al. (2018) and Rees et al. (2018)].

• Extending the current parameterisation and basis functions to account for genus-1 disks,

known as annuli or punctured disks, using an algorithm such as annulus conformal

map (ACM) as seen in G. P. T. Choi (2021) that accounts for two free edges on the

open surface and then expanding it via the Bessel function of the second kind. For

such parametrisations, we see applications particularly in bio-mechanics (e.g. bones,

vessels).

• Studying the influence of applying a mixed boundary condition on the edge of a disk

and how that might affect the overall PSD.
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9.5 Integrating harmonic functions

Many complementary works can be built based on our algorithmic proposals in Chapter 7,

however, the following developing lines also might be interesting:

• A detailed parametric study for the proposed variant algorithms RK–CS and SRK–CS as

well as the discussed staging approach, see Section 7.5.2, could help in making this work

more accessible to the parametric modelling and computer graphics community.

• Paralising the proposed algorithms using three processing cores (as D = 3) to solve

for fq1 (q̂1, q̂2), fq2 (q̂1, q̂2) and fq3 (q̂1, q̂2) independently in a non-memory intensive

manner. We also plan on implementing a modified version of the parallel RK algorithm

proposed in J. Liu et al. (2014) with the conjugate symmetry property.

• Efficient implementation of the proposed algorithms in a low-level programming lan-

guage such as C++20 would enhance the performance dramatically in comparison with

the used Python3.8 in this work.

9.6 Numerical simulations

Indeed, the largest portion of this work contributes to existing numerical simulation methods

of historical stone masonry walls. We here discuss possible works for analysing the microme-

chanical behaviour of the generated walls by the microstructure generator. Then we also

discuss possible works on simulating rough interfaces and studying shear test setups. First

numerical simulations:

• Building finite element simulation protocols using the herein-proposed 3D geometry

for shear-compression test (Zhang and Beyer, 2019), diagonal-compression test (Zhang

et al., 2017; Calderini et al., 2010) or the pull-out tests for studying the connections

between stone masonry walls and wood or steel connections, for example, see the work

in Giresini et al. (2020).

• Conducting a detailed comparison for various typologies of 3D stone masonry walls

taking into account the morphological details of the used stones. Meaning, we remesh

the stones using the spherical harmonics reconstruction step (see Fig. A.3) with various

wavelengths and run the above-mentioned simulation protocols to see the effect of the

stone shapes as a function of the wavelength. This is not only restricted to 3D meshes, as

it can be implemented for 2D walls as explained in Appendix B with the EFD remeshing

approach.

• The simulation of 3D microstructures is computationally expensive, multi-scale cou-

pling or models using direct homogenisation techniques will be useful for practical

engineering applications as our microstructure can provide the needed RVEs as inputs,

for example, the work by Cavalagli et al. (2011).
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• For imposing realistic numerical boundary conditions on the walls, similar to those used

in the experimental campaigns, we need an efficient coupling for the degrees of freedom

in numerical models via the multi-point constraints (MPC). Simulating rigid beams,

actuators movement and/or loading plates can dramatically increase the computational

time, however, the MPC provides a robust alternative to simulating the actual actuators

or rigid beams; see the work of Zhang and Beyer (2019) where they simulated the

actual loading beams. This implementation must take into account implicit and explicit

solvers without introducing ill-conditioned matrices or numerical artifacts. For more

about simulating special force-controlled and/or displacement-controlled boundary

conditions for masonry walls, we refer the readers to Wilding et al. (2018).

• Qualitative tools have been used for a long time in masonry to inspect the quality of

the built walls. Implementing the line of minimum trace (LMT) method for the 3D

microstructures might be beneficial as a fast tool to predict the quality of the generated

wall and its interlocking without running numerical simulations (c.f. the works by Zhang

et al. (2018a)).

Second, the herein-proposed spectral methods can be used in the following numerical appli-

cations:

• Currently, at EESD–EPFL, we are implementing an experimental campaign to study

the strength of the stone-mortar interfaces. In parallel with these activities, we will

implement numerical simulations for the used shear test setups, similar to those by

Zhang et al. (2018b), but with actual rough surfaces that are remeshed to a controlled

wavelength. Such experiments and numerical simulations will serve as inputs in the

full-scale modelling of stone masonry walls.

• Implementing a large-displacement contact algorithm (e.g, node-to-surface) while using

parametric description for the interfaces using spectral methods rather than explicitly

discretising the rough surfaces with all the details is a new interesting direction; see the

work by Paggi and Reinoso (2020) and Bonari et al. (2022).

• Implementing a discretisation tool based on the spectral methods’ reconstruction step

by linking the harmonic bases to the NURBS (nonuniform rational B-splines) ones [e.g,

using OPENCASCADE (Open Cascade SAS (OCCT), 2018)]. This will provide a native-

CAD implementation for the harmonic reconstruction stage that allows wavelength-

based remeshing next to the size of the mesh.

9.7 Digital twinning

Part of the current vision at EESD–EPFL, is to implement a robust digital twinning approach for

stone masonry and recycled rubble structures. This current work can potentially contribute to

this topic as follows:
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• Efficiently compressing the extracted big data from the process of scanning surfaces

of stones and walls and save the complex surfaces as a set of expansion coefficients

from the (hemi-)spherical (cap) harmonics and disk harmonics. In this case, no need

for storing the surface data (vertices, lines and faces) explicitly as we can retain such

information from the reconstruction stage of the used spectral method and for any

required resolution. Furthermore, these coefficients can be compressed in a form of

structured tables and binary formats such as HDF5.

• Converting the digital twinning process from mere visualisation of walls to integrate

them into numerical pipelines (see (Funari et al., 2021) for an example). This is crucial

as these simulations could be benchmarked one-to-one with their perspective twin

which can also help in calibrating the material properties. Also, these models can be

used for documenting the damage in 3D.

9.8 Topology generators

In this section, we discuss possible directions for generating virtual topologies of stones and

rough surfaces. We believe the following points will have many practical applications:

• Once the scanning data for stone surfaces are provided, an improved stone generator

algorithm could be developed by using the spherical harmonics reconstruction to

generate statistically and morphologically similar stones. A similar approach has been

investigated by Wei et al. (2020) and Wei et al. (2018b).

• Once we collected a large database for scanned stones of a specific typology and ex-

panded them with spherical harmonics, we can use the deep generative models (DGM)

(Ruthotto and Haber, 2021) to approximate the high-dimensional distribution of the

spectral expansion coefficients. This will allow us to generate realistic masonry stones,

per typology, to feed the proposed 3D microstructure generator. Similar works and

various applications can be found in (Ranzato et al., 2011; Goodfellow et al., 2014).

• Generating self-affine fractal surfaces could be of crucial importance in studying the

physics of contacting surfaces. However, we can generate isotropic self-affine surfaces

on flat disks with periodic boundary conditions. Generating rough surfaces with arbi-

trary boundary conditions would be useful for studying the tribology of such surfaces.

Also, we need a fractal surface generator for curved surfaces. This will assist in making

robust benchmarks to assess tools like the disk and spherical harmonics approaches

without distorting the statistical data using the mapping approach in Chapter 6.
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10 Reproducibility

In this chapter, we add links for where the readers can find our codes and data associated with

each chapter in this thesis. For better open-science practices and reproducibility, minimal ex-

amples are provided in each case as well as the configurations which can be used to reproduce

the results generated in this dissertation.

10.1 Pareto-like sequential sampling algorithm (PSS)

We provided the readers with the source code of the proposed algorithm in Chapter 3 written

in C++14, Python 3.7 and Octave (Matlab) programming languages. The source codes can be

downloaded from the following online platforms:

• Zenodo: 10.5281/zenodo.3630764

• Github: git@github.com:eesd-epfl/pareto-optimizer .git

The random nature of this heuristic, and all similar heuristics for that matter, implies that the

results should on average match the reported ones in Chapter 3.

10.2 Historical stone masonry microstructure

The main codes and generated data in Chapter 4 can be found on the following repositories:

• Zenodo: 10.5281/zenodo.5589471

• Github: git@github.com:eesd-epfl/stone-masonry-microstructure-generator-3d

The codes have also been compiled on a lightweight Linux distribution that is convenient to use

with virtual machines and allows the codes to run smoothly without prior setup. Unless fixing
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a specific seed number, the user of the code shall not expect matching walls or arrangement

of stones. However, the same typology of the walls must be retained in all the runs if the same

parameter settings were used.

10.3 Spherical cap harmonics analysis (SCHA)

The codes, generated data and the used surfaces in Chapter 5 are all made available and can

be found on Zenodo and GitHub (Shaqfa et al., 2021a):

• Zenodo: 10.5281/zenodo.4890809

• GitHub: git@github.com:eesd-epfl/spherical-cap-harmonics

10.4 Disk harmonics analysis (DHA)

The codes of the analysis/reconstruction as well as the fractal surfaces generator with the

preprocessing sheets in Chapter 6 are all made available and can be found on Zenodo (Shaqfa

et al., 2021a) and GitHub:

• GitHub: git@github.com:eesd-epfl/disk-harmonics

10.5 Integrating harmonic functions

The codes of the different variants of the randomised Kaczmarz algorithms as well as the

benchmark surfaces presented in Chapter 7 are all made available and can be found on

Zenodo (Shaqfa et al., 2021a) and GitHub:

• GitHub: git@github.com:eesd-epfl/harmonic-integration-via-kaczmarz

10.6 Elliptic Fourier descriptors (EFD) for meshing 2D microstruc-

tures

The codes that are used for the examples in Appendix B are openly available on GitHub:

• GitHub: git@github.com:eesd-epfl/eesd-epfl/PIC2FEM
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A Supplemental results: Historical
stone masonry microstructures

In this section we provide some additional results related to Sections 4.4 and 4.5.

A.1 Samples of the stones used

We here provide visual samples of the stones generated for the constructed stone masonry

typologies in Section 4.4. Table A.1 shows the differences between the stone topologies, with a

provided fixed time seed number for the noise generation operator in the algorithm so it can

be reproduced by the readers using the given codes.

A.2 Additional wall samples

In this subsection, we provide two additional walls as a complement to Section 4.4. For the

first, we constructed a rubble stone masonry wall with narrow stone size-sampling ranges.

Figure A.1 shows this reconstruction of the wall in Section 4.4.1. The only difference in this

new reconstruction is that we used a simplified stone topology that is faster for the packing

algorithm to manipulate and easier to use to construct a finite element mesh (used to extract

the RVE in Figure 4.26), while retaining the same morphological features (see Section 4.5.1 for

topological comparison).

For the second wall, see Figure A.2, we constructed a hybrid stone masonry typology that mixes

two typologies. The resulting wall is a combination of the rubble stone masonry walls with

narrow stone size-sampling ranges (see Section 4.4.1) sandwiching two layers of barely-cut and

well-coursed stone masonry typology without through stones (see Section 4.4.2). The inputs

defining this mixed typology are as described per typology in the corresponding sections.
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Figure A.1: Rubble typology generated using the simple building technique for narrow stone
size-sampling ranges of the seeded stones—similar to Figure 4.17 but with simpler stones. A)
3D diagonally sectioned and full orthographic projections of the wall showing only the stones;
B) 2D sections parallel to the Y Z plane; C) 2D section parallel to the X Y plane; D) 2D sections
parallel to the X Z plane. In plots B–D the light–grey shades represents the “potential” mortar
layer while the dashed thin black line is the container for the packing problem.

A.3 Spherical harmonics for finite element remeshing and shape

descriptors

We used spherical harmonics to describe and remesh surfaces of targeted stones, as these

surface meshes determine the quality of the volumetric mesh. Figure A.3 shows an example

of a stone (generated by our algorithm) that has too many triangles to be reliable for finite

element mesh. This figure also shows several options for different mesh refinements (of

icospheres) that conserve the morphological features of the original stone. This approach is to

substitute for the reviewed approaches in Section 4.5, as it is faster and more reliable without

compromising or approximating the main features of the remeshed stones.

Once the descriptors Dl , from l = 2 to l = Lmax , are plotted on a log-log scale, the amplitude

attenuation of the analysed objects resembles a linear relation (on a log-log scale) that can

be correlated with the exponential expression Dl ∝ lβ. Where β is the slope calculated from

the linear regression on the log-log plot and it expresses a fractal relation, β = −2H and H

is the Hurst exponent as explained by Russ (1994). The fractal dimension (FD) can be then

estimated by F D = 3−H = (6+β)/2 (Russ, 1994). Figure A.4 compares the fractal dimensions
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Figure A.2: A mixed typology combining two different building techniques for wide variations
in the heights of the sampled rubble stones. A) 3D diagonally sectioned and full orthographic
projections of the wall showing only the stones; B) 2D sections parallel to the Y Z plane; C)
2D section parallel to the X Y plane; D) 2D sections parallel to the X Z plane. In plots B–D the
light–grey shades represents the “potential” mortar layer while the dashed thin black line is
the container for the packing problem.

of two stone groups (A) and (A∗) (see Table A.1). The figure compiles 200 randomly sampled

stones (100 for each stone topology) and then expands this using spherical harmonics and

the descriptors calculated as per Eq. (4.16) with Lmax = 20. As both analysed topologies are

similar but (A∗ ) lacks roughness details, the FD was slightly smaller. It should be mentioned

that we used the same number of vertices on the analysed surfaces to have a constant number

of equations expanded over the unit sphere [5,634 equations >> (Lmax +1)2]; thus, there will

be the same numerical accuracy for identifying cm
l for all the stones. The FD can be useful for

extracting information correlating the contact stiffness and the relative roughness between

objects in the finite or discrete element methods [see Wei et al. (2020)].
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(A∗) in the same table.
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B Discussion: Elliptic Fourier de-
scriptors (EFD) for meshing 2D mi-
crostructures

This appendix has been added as a complementary part and to provide a historical context

to the spherical harmonics remeshing (see Section 4.5.1). Although the EFD approach was

first proposed by Kuhl and Giardina (1982), it has limited applications in mechanics and

most of these applications are limited to particulate-matter simulations (i.e, DEM modelling).

However, we use it here for continuum discretisation of images to be used with numerical

approaches such as FEM. With this approach, we show some practical examples for meshing

images after detecting the contours. The benefits of using Fourier descriptors are not limited

to meshing 2D closed contours (genus-0), as shown in Fig. B.1, but also to measure the

fractal dimension of the particles embedded in a binding matrix as in masonry or concrete 2D

microstructures. The fractal dimension is normally estimated by computing the PSD decay of

these particles in the log-log scale (Russ, 1994). We can also extend our findings in Shaqfa et al.

(2021b) for estimating the spatial wavelength of the first-degree ellipsoidal caps (FDEC) to

account for the first-degree ellipse (FDE) as they also appear at k = 1; see Fig. B.2 and Fig. B.3

when k = 1. The spatial wavelength of EFD can then be simply estimated, per contour, as in

Eq. (4.17).

The proposed approach in this study starts by segmenting images and determining the external

contours of the involved particles. One way to estimate the contours from images is by using

the open-source library OpenCV (Open Source Computer Vision Library). Then to take

advantage of the benefits of the fast Fourier transform (FFT) algorithm, we need to satisfy two

conditions: (i) uniformly resample (interpolate) the parameterisation coordinates x(φ) and

y(φ) into a regular lattice, and (ii) the signal should be periodic, which is the case for closed

contours. For the interpolation step, we used a cubic polynomial and found that the final

results are satisfying. Figure B.1 shows an example of extracting x(φ) and y(φ) ordinates of
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one of the detected contours in the logo of EPFL as an example. Notice that we simplified the

P-letter in the logo to be genus-0 by removing the inner loop.

As the input signals here (contour coordinates) are real numbers, we can also take advantage

of the conjugate symmetry property of the 1D Fourier expansion and use the real harmonics

transform, denoted here by RFFT, that takes about half the time and memory required in

comparison with the full FFT expansion (we obtain 2n−1 coefficients of a 2n input signal); see

Eq. (B.1):

f (φ) =

(
x(φ)

y(φ)

)
RFFT−−−→ F (k) =

(
X (k)

Y (k)

)
. (B.1)

For the reconstruction step, we need to decide on two factors: (i) Which harmonics (ks’) enter

the reconstruction step to compute the desired output coordinates x̂(φ) and ŷ(φ), as well as

(ii) the number of points used to evaluate the reconstruction of the signal (i.e, the refinement

[smoothness] of the reconstruction domain). For the first factor, we use a simple rectangular

windowing function that “tappers” to zero the unneeded harmonics (Fourier weights) out of

our domain of interest, while multiplying the ones we wish to stay by 1. Notice, our windowing

function affects only the positive harmonics as we use the RFFT expansion; see Eq. (B.2):

F (k) =

(
X (k)

Y (k)

)
rectangular−−−−−−−→
windowing

H(k)⊙F (k)
IRFFT−−−−→ f̂ (φ) =

(
x̂(φ)

ŷ(φ)

)
. (B.2)

Where ⊙ in Eq. (B.2) is the Hadamard (element-wise) product. The rectangular windowing

function H(k), with a sharp cutout in the spectral domain, can be written in our case as:

H(k) =

{
1, 0 ≤ k ≤ k̄max ,

0, otherwise.
(B.3)

This windowing function has only an upper limit k̄max that acts like a low-pass filter which

defines the maximum limit of the reconstruction. This filter always affects k > 1, as in the RFFT

k ∈Z+, while the first harmonic (k = 0) defines the geometric centroid of the contour (location)

[as explained in Shaqfa et al. (2021b)]. It should be mentioned that if we used FFT instead

of RFFT, the windowing function should be symmetric about k = 0 and can be expressed

differently as:

Hs ym(k) =

{
1, |k| ≤ k̄max ,

0, otherwise.
(B.4)

In Fig. B.2, the top two rows show the contour reconstruction using different harmonics

accumulated up to a predefined k and the number of segments sI used in each reconstruction.

For s < k, for example, when s = 8 and k ∈ {10,128} the reconstruction in both cases was

identical. This is due to the fact that finer spatial wavelengths cannot be represented into

IEquals the number of points used in the domain reconstruction of a 2D closed contour.
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such a coarse reconstruction grid. While for the case when s > k the reconstruction takes a

smoother shape as in the case where k = 3 and with segments s ∈ {8,50}.

After the reconstruction, we can write the coordinates of the output contours into a standard

FEM meshing engine such as GMSH (Geuzaine and Remacle, 2009) in our case. Some of

the generated FEM mesh examples are shown in the third row of Fig. B.2. Although in this

approach we try to control the segment size that has a direct effect on the smallest element

size in the mesh, the smallest element is still also controlled by the inter-distance between the

contours themselves.

Figure B.3, shows the reconstruction of the UK coastline problem where we estimated the

FD to be 1.197 with a difference of 4.24% error of the fractal dimension that was estimated in

different methods to be about 1.25 as was explained by Russ (1994). This error margin is due

to the segmentation and resampling errors of the analysed image.
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Figure B.1: A) The input contour lines (eight contours) of a simplified version of the EPFL logo.
B) Spatial representation of the P-letter from EPFL logo as an example where we deleted the
inner loop to make the contour genus-0. C) The x(φ) and y(φ) functions. D) The parameter-
isation of the uniformly sampled and periodic contour into a unit circle prior to the RFFT
expansion.

188

https://www.epfl.ch/about/overview/identity/


Elliptic Fourier descriptors (EFD) Chapter B

k=1

s=50 s=8

k=3

k=3, s=20
k=128, s=20

k=3, s=8

k=10
k=128

Figu
re

B
.2:T

h
e

fi
rsttw

o
row

s
sh

ow
h

ow
th

e
co

n
to

u
rs

m
o

rp
h

fro
m

low
to

h
igh

freq
u

en
cies

(k
)

an
d

h
ow

th
e

n
u

m
b

er
o

fsegm
en

ts
(s)

affects
th

e
reco

n
stru

ctio
n

;th
e

co
n

to
u

rs
w

ere
exp

an
d

ed
w

ith
a

m
axim

u
m

2
7

h
arm

o
n

ics.T
h

e
last

row
sh

ow
s

th
e

co
rresp

o
n

d
in

g
F

E
M

m
esh

fo
r

d
ifferen

t
freq

u
en

cies
an

d
segm

en
ts

to
co

n
tro

lth
e

m
esh

refi
n

em
en

ts.

189



Chapter B Elliptic Fourier descriptors (EFD)

A) B) C) D) E)

Figure B.3: A) The input map of the UK coastline that was uniformly resampled with 210

points. B) Reconstruction at k = 1; C) reconstruction at k = 5; D) reconstruction at k = 20; E)
reconstruction at k = 512 (maximum expansion degree with RFFT 2(10−1)).
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C Supplemental results: Spherical cap
harmonics

C.1 The scanned stone and the ordinary spherical harmonics analy-

sis

Figure C.1 shows the scans of the stone produced using the FARO arm laser scanner after

down-sampling the point cloud and remeshing the surface. Using the first degree of the

ellipsoid (FDE), which results from the degree l = 1 in the SHA, we can estimate the maximum

ellipse size at θ =π/2. The size of the ellipse can be written as Brechbühler et al. (1995):

A =

p
3

2
p

2π

(
θc q−1

1 − θc q1
1 , i (θc q−1

1 + θc q1
1 ),

p
2θc q0

1

)
. (C.1)

For the SHA, we used 45 degrees and set the size of the maximum ellipse on the FDE to

a = 66.913 mm, b = 65.088 mm and c = 47.998 mm. This corresponds to ωmax = 207.3668

mm (at l = 1) and ωmin = 4.8225 mm (at l = 45), which was calculated using the approximate

formula (5.50). The result of the reconstruction of the SH is shown in Figure C.2.

The size of the resulted basis function matrix, from SHA, is (lmax+1)2×nv with exactly 2,116×
444,653, and if we use double precision with ×64 bit-based systems, the size required to store

only the basis matrix will be 7.5270 gigabytes. With the SCH, we captured details up to a

wavelength of ωmin = 1.99 mm with only k = 40 (equivalent to l = 40), making the size of the

basis matrix stored only 220.1438 megabytes. The former calculations were estimated based

on the IEEE Standard for Floating-Point Arithmetic (IEEE 754) IEEE (1985).

C.2 Optimal half-angle θc for a part of the scanned stone

Figure C.3 shows the convergence to the optimal half-angle θc that minimises the area distor-

tion for extracted part of the scanned stone. The results were obtained by solving Eq. (5.47)

using the PSS algorithm. The HSH reconstruction result is shown in Figure C.2.
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Figure C.1: The laser scanning data after down-sampling the point cloud to 444,653 points
instead of nearly 23,000,000 points; the colour map shows the radial distance measured from
the centroid of the stone.

Spherical Harmonics

Hemispherical Harmonics

Spherical Cap Harmonics

Figure C.2: The reconstruction of the stone made using SH to analyse the whole stone (Lmax =
45), HSH for a regional analysis (Lmax = 45) and SCH for the regional analysis of nominally-flat
patches (Kmax = 40).
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Figure C.3: The optimal half-angle θc for the spherical cap parameterisation obtained for the
area extracted from the scanned stone in Figure C.1; the map shows the radial distance from
the centroid of the extracted part.
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Figure C.4: The root mean square error (RMSE) for the local patch on the visual benchmark,
as computer using HSH. The inset shows the Hausdorff distance at k = 15 where we used
1,202,087 points sampled on the original mesh and compared this value with the recon-
structed mesh. At θc =π/18, the RMSE for the Hausdorff distance was 0.310431, and the mean
error was 0.087238, while the highest error value scored was 1.594269. The reported data was
extracted using the open source package MeshLab Cignoni et al. (2008).

C.3 Hemispherical harmonics for nominally flat surfaces

Using HSH (refer to the basis functions in Giri et al. (2021a)) to analyse and reconstruct

nominally flat surfaces introduces waviness and does not necessarily require many more

degrees to converge as the reconstruction will not improve. To demonstrate this, we analysed

the surface patch sampled over the 3D face shown in Figures 5.9 and 5.11 with HSH. By

assuming that l = 15 (the same maximum order used in Figure 5.11), we found that the RMSE

was 0.283845 instead of 0.104812 as found by the SCHA. The RMSE of Hausdorff was 0.310431

instead of 0.149861, with a mean value of 0.174521 compared with 0.087238 in SCHA. The area

distortion introduced by the parameterisation algorithm for a hemisphere was 0.4691203496

compared to 0.2187252197 for θc =π/18. Using orders beyond l = 15 in the HSH analysis, the

overfitting waviness starts appearing in the reconstruction because of the increasing error

from the least-squares regularisation method. Figure C.4 summarises the analysis results. A

closer look at the Hausdorff distance (the inset from the same figure) shows a little waviness in

the domain.

C.4 Additional results for the Sturm-Liouville eigenvalues

In this section, we show the Neumann boundary conditions and eigenvalues of the S-L prob-

lem for visualising the sequence of eigenvalues and their effects on the wavelengths. Figure

C.5 shows the boundary condition of the even set. The locations of the eigenvalues on this

figure occur where we see the asymptotic points all over the surface that approach −∞ when

the
dP m

l (m)k
(xc )

d x → 0 (eigenvalues), localising the points (asymptotics). These asymptotic lines

are more obvious when the equations are plotted with greater accuracy (smaller step-size).
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Figure C.5: Surface plot of the boundary condition (5.7) plotted on a log scale along the

l (m)k and

∣∣∣∣dP m
l (m)k

(xc )

d x

∣∣∣∣ axes and plotted on the arithmetic scale for m (even Legendre’s basis

at θc = 5π/18). The pointy locals on the surface are the locations of the eigenvalues when

log

∣∣∣∣dP m
l (m)k

(xc )

d x

∣∣∣∣→−∞.

Figure C.6 shows the boundary conditions for three selected orders and explains how the

size of the plateaus increase with m and thus how they affect the wavelength contributions

at different levels when they come into effect in the expansion series. Figure C.7 shows an

example of the identified roots (eigenvalues) for the even boundary conditions at θc =π/18.
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Figure C.6: Plot of the boundary condition in Eq. (5.7) for m ∈ {5,10,20} (even Legendre’s basis
at θc = 5π/18). The vertical dashed lines mark the first identified eigenvalue at the end of the
plateau area and define the size of these plateaus for each m. Notice the matched colour code
of the solid and dashed lines. The vibrations (local minima) announce the locations of the

eigenvalues for different ks as log

∣∣∣∣dP m
l (m)k

(xc )

d x

∣∣∣∣→−∞.
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Figure C.7: Eigenvalues for the even set when the half-angle θc =π/18 and for k ∈ {0,1, . . . ,40}.
Notice when m > k l (m)k = 0.
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D Supplemental derivations and results:
Disk harmonics

D.1 Deriving the real orthonormal Fourier-Bessel harmonics

As real numbers require half the computer memory to preserve as complex ones, real harmon-

ics expression could be useful for expanding signals with ultra-high degrees. Similar to the

real spherical harmonics derived in Blanco et al. (1997) and Ritchie and Kemp (1999), we can

find an equivalent real expression for our disk harmonics basis Dk
m(ρ,φ) in Eq. (6.18). To form

this equivalency, we start by assuming that the basis functions corresponding to m > 0 will be

represented by cosine terms and those with m < 0 will be expressed by sines. By exploiting

Euler’s formula on the angular part of the basis, Eq. (6.6) can be adapted as such:

cos(mφ) =
Φm(φ)+Φ∗

m(φ)

2
=

e i mφ+e−i mφ

2
,

sin(mφ) =
Φm(φ)−Φ∗

m(φ)

2
=

e i mφ−e−i mφ

2i
.

Then the normalisation factor for the angular portion can be computed such that:∫ 2π

0
cos(mφ)cos(m′φ)dφ =πδmm′ . (D.1)

Similarly,∫ 2π

0
sin(mφ)sin(m′φ)dφ =πδmm′ . (D.2)

Comparison with Eq. (6.6) shows that there will be a change of factor
p

2 in the final normalisa-

tion. Thus, the new orthonormal real Fourier-Bessel basis functions D̃k
m(ρ,φ) can be written

as:

D̃k
m(ρ,φ) =


p

2N k
m Jm

(
l (m)k ρ

)
cos(mφ) m > 0

N k
m Jm

(
l (m)k ρ

)
m = 0p

2N k
|m| J|m|

(
l (|m|)k ρ

)
sin(|m|φ) m < 0

. (D.3)
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Although the latter expression implies rotation about the z-axis from the original complex

basis, the computed PSD should always remain invariant to the rotations of the basis functions

or signals.

D.2 Estimating the spatial wavelengths associated with Fourier-Bessel

functions

To estimate the wavelengths associated with any given surface, termed the spatial data, and

link it to the corresponding analysis degrees, we assume that the order m is very small: m → 0

and k ≫ m as k →∞. These assumptions are common in this field; see our previous work

Shaqfa et al. (2021b) for details about using such assumptions in spherical harmonics and

spherical cap harmonics. Here, we derive two expressions for the wavelengths from both parts

of the harmonic solution: (i) from Bessel functions by considering radial wave variation and

(ii) Fourier functions with the angular wave variation.

As we assume that k →∞, we need to find the asymptotic behaviour of Bessel functions for

large terms. Such behaviour can be found in traditional mathematics books (Tolstov and

Silverman, 1976a), where the Bessel function takes the form:

Jm(u) ≈
√

2

πu
sin

(
u − mπ

2
+ π

4

)
+O (u−3/2)+ . . . (D.4)

From Eq. (D.4), we can see that the Bessel function asymptotically behaves like a regular

sin x wave, and its roots approach the zeros of the trigonometric function with a slight phase

shift. We can also conclude that for large degree expansions, the spaces between eigenvalues

monotonically approach π, such that l (m)k+1 − l (m)k ≈π and can be estimated by (Tolstov

and Silverman, 1976a):

l (m)k ≈ kπ+ mπ

2
− π

4
. (D.5)

Additionally, as m → 0, we can estimate l (0)k to be:

l̂ (0)k = kπ− π

4
. (D.6)

Now, the wavelength of the radial functions that extend from the origin of the disk can be

written asωρk = 2πr /l̂ (m)k ; this term needs to be computed along the three principal directions

x, y and z. If we agree to consider the resultant of these terms and to consider the FDEC

dimensions as the accepted domain size, we can write the following equations:

ω
ρ

kπ
(
k − 1

4

)
≈ 2π

√
a2 +b2 + c2,
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ω
ρ

k ≈ 2
p

a2 +b2 + c2(
k − 1

4

) ,∀k ≥ 1 & k ∈Z+. (D.7)

Geometrically, Eq. (D.7) assumes equidistant oscillations and then takes the average variation

along a line that passes through the origin of the disk connecting any two arbitrary points that

lay on the edge of the disk (antipodal points).

Now, consider the angular portion of the basis functions that has a minimal wavelength of

ω
φ

mi n = ξ/m, where ξ is the length of the perimeter of the outermost closed-edge of the FDEC,

which can be approximated by ξ = 2π
√

(a2 +b2)/2 with a and b representing the half-lengths

defined on FDEC. If we assume that the smallest angular wavelength covered on the surface

occurs when k = m, then the angular wavelength can be written as:

ω
φ

k ≈ 2π

k

√
a2 +b2

2
,∀k ≥ 1. (D.8)

Equation (D.8) is equivalent to the term derived in Shaqfa et al. (2021b) that geometrically

measures the variations (propagation) occurring only along the perimeter of FDEC. In this

chapter, we use Eq. (D.8) as the wavelength ωk and use the terms wavelength ωk and angular

wavelength ωφk interchangeably, as this angular estimation is the common factor in spherical

harmonics, hemispherical harmonics, spherical cap harmonics and disk harmonics analyses.

Additionally, the angular wavelengths are uniformly distributed over the length of the in-plane

ellipse, though the radial wavelengths are not uniformly distributed along the radial lines of

the disks or caps, as the radial variations accumulate at the edge of the disk for large values of

m.

D.3 Curvature normalisation of the parametric form of an ellip-

soidal cap

To understand how to normalise the power spectrum of a curved surface, we use a simple

geometric example to show how the parametric form of the ellipsoidal cap can be linked with

the analytical Fourier-Bessel functions. First, we derive an equivalent formulation for the

ellipsoidal caps in the polar coordinates. Then, we show the relations with the DH and the

geometric interpretation of the coefficients estimated from the expansion process.

To start, the relations converting between the Cartesian (x, y, z) and cylindrical (ρ,φ, z) coordi-

nates can be defined as x = ρ cosφ, y = ρ sinφ and z = z. We also know the ellipsoidal equation

in the Cartesian coordinates is

x2

a2 + y2

b2 + z2

c2 = 1, (D.9)
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with a2 ≥ b2 ≥ c2. Now, let us assume the following:

x = aρ cosφ; y = bρ sinφ; z = cẑ, (D.10)

where ẑ is a dummy variable replaced at the end of this derivation. The applied domain of this

parametric form is ρ ∈ [0,1] and φ ∈ [0,2π]. By plugging Eq. (D.10) into Eq. (D.9), we get:

a2ρ2 cos2φ

a2 + b2ρ2 sin2φ

b2 + c2 ẑ2

c2 = 1. (D.11)

Now, our goal is to obtain a parametric expression for the Cartesian equation of an ellipsoid

in terms of the curvilinear coordinates parameterised only with ρ and φ along the x, y and

z axes, as is normal prior decomposing the parameterised surfaces. The parametric form of

an ellipsoidal cap in the polar coordinates can be reached by assuming that we also know

ρ2 = x2 + y2. Then, we can solve for the dummy variable ẑ as:

a2(x2 + y2)cos2φ

a2 + b2(x2 + y2)sin2φ

b2 + c2 ẑ2

c2 = 1,

x2 + y2 + ẑ2 = 1.

Then, it is easy to see that:

ẑ =
√

1− (x2 + y2) =
√

1−ρ2,

so that z = c
√

1−ρ2, and we get rid of ẑ. Now, we can check the solution by substituting in

Eq. (D.9):

a2ρ2 cos2φ

a2 + b2ρ2 sin2φ

b2 + c2(1−ρ2)

c2 = ρ2(cos2φ+ sin2φ
)+ (1−ρ2) = 1.

The final parametric form of the ellipsoidal cap can be summarised as:

f (ρ,φ)el l i psoi d =


x(ρ,φ) = aρ cosφ

y(ρ,φ) = bρ sinφ

z(ρ,φ) = c
√

(1−ρ2)

, (D.12)

or in the general matrix form with arbitrary rotationsx(ρ,φ)

y(ρ,φ)

z(ρ,φ)

 = [Rx (α)Ry (β)Rz (γ)]

ax bx cx

ay by cy

az bz cz


 ρ cosφ

ρ sinφ√
(1−ρ2)

 , (D.13)

where Rx (α), Ry (β) and Rz (γ) are rotation matrices about the x, y and z axes, respectively,

that are prescribed by Euler angles α, β and γ. For the semi-major and minor axes of ellipsoids

whose directions coincide with the Cartesian coordinate axes, α =β = γ = 0, the off-diagonal

coefficients in Eq. (D.13) are all zero.

200



Disk Harmonics Analysis (DHA) Chapter D

This parametric form allows us to parameterise the surface equation of an ellipsoid in terms

of φ and ρ so we can integrate the equations and compute the coefficients of the ellipsoidal

cap directly from the DH expansion. If we expand these functions with DH using k = 1 as an

example, we can obtain linear relations between the principal radii of an ellipsoidal cap and

the computed coefficients. From this we can deduce that the effect of the curvature on the

computed PSD is linear for all values of k. The coefficients along the x-axis in Eq. (D.13), for

example, can be integrated as follows:

q1
m,x

ax
= N 1

m

∫ 2π

0

∫ 1

0
ρ2 cosφ Jm

(
l (m)1 ρ

)
e i mφ dρ dφ = const . (D.14)

q1
m,y

bx
= N 1

m

∫ 2π

0

∫ 1

0
ρ2 sinφ Jm

(
l (m)1 ρ

)
e i mφ dρ dφ = const . (D.15)

q1
m,z

cx
= N 1

m

∫ 2π

0

∫ 1

0
ρ

√
(1−ρ2) Jm

(
l (m)1 ρ

)
e i mφ dρ dφ = const . (D.16)

For any combination of k and m in the DH basis functions, this linear relation with the

curvature components can be exploited to normalise for each direction to extract a curvature-

free PSD.

D.4 The size of the first degree ellipsoidal cap (FDEC)

The equations derived in Appendix D.3 are not valid for any random surface, as we do not

usually have an explicit parametric representation of random surfaces. Here we indicate why

the size of an FDEC at k = 1 (the simplest form of the decomposed object) can be estimated

the same way as in our previous work (Shaqfa et al., 2021b).

From Eq. (6.11) we can re-write Bessel functions in a series form. By assuming ρ << 1 near the

poles of the ellipsoidal caps (i.e, given that the Gaussian curvature is constant onto spherical

caps), we can ignore the higher order terms O (x2) as:

J0(l (m)kρ) = 1−O
((

l (m)kρ
)2

)
+ . . . (D.17)

J1(l (m)kρ) =
l (m)k

2
ρ+O

((
l (m)kρ

)2
)
+ . . . (D.18)

From the relationship between the polar and Cartesian coordinates, we can obtain the distri-

bution of spatial data as described by k = 1 (representing the FDEC). Then, the FDEC equation

D1
m can be approximated in the complex-valued form and re-parameterised in the Cartesian
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coordinates as follows:

f̂ (ρ,φ)1 =
1∑

m=−1
q1

m D1
m(ρ,φ),

D1
0(ρ,φ) ≈ N 1

0 l (0)1

2
,

D1
1(ρ,φ) ≈ N 1

1 l (1)1

2
(x + i y),

D1
−1(ρ,φ) ≈ −N 1

1 l (1)1

2
(x − i y).

From this, we can see the similarities with the solution method proposed in the previous

work of Brechbühler et al. (1995) and Shaqfa et al. (2021b) by solving the eigenproblem of the

matrix:

A =
(
N 1

1 (q1
−1 −q1

1 ), N 1
1 i (q1

−1 +q1
1 ), N 1

0 q1
0

)
.

Note that this method provides an approximate size of FDEC (assuming ρ << 1). The actual

size of FDEC can be obtained by applying the principal component analysis (PCA) to the

spatial data of the actual reconstructed surfaces at k = 1.

D.5 Hurst exponent of an isotropic self-affine surface with Fourier-

Bessel functions

Out of the many types of fractal surfaces, engineered and real surfaces are mainly found to be

self-similar or, more generally, self-affine Goedecke (2013). A self-similar surface extended

in the Cartesian coordinates f (x, y) is a surface that when magnified with a factor λ is found

to repeat itself such that f (x, y) = λ f (x/λ, y/λ). Self-affine surfaces are surfaces that when

magnified, scale as f (x, y) = λH f (x/λ, y/λ), with H representing the Hurst exponent (see

B. N. J. Persson et al. (2004) for details). The corresponding fractal dimension is related to the

Hurst exponent by D = 3−H [see Russ (1994)].

This work is limited to isotropic self-affine surfaces where the fractal dimension is radially

symmetric along with any open surface patch. This section will first briefly describe the

derivation of Bessel functions of the first kind and zeroth order starting from the double

Fourier transform; for details, we refer the readers to more detailed explanations elsewhere

(Fung, 1967; Hecht, 2002). Then, we proceed to find the analytical correlation between the

power spectrum computed using DH of a self-affine surface with the Hurst exponent. In other

words, we are looking for the exponential decay in the power spectrum when a surface is

decomposed with Fourier-Bessel basis functions.

We know that the unnormalised forward double-Fourier transform of a continuous signal in
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the time domain can be written as:

F (kx ,ky ) =

∞Ï
−∞

f (x, y)e−i (kx x+ky y) d x d y, (D.19)

and the inverse transform can be written as:

f (x, y) =

∞Ï
−∞

F (kx ,ky )e i (kx x+ky y) dkx dky , (D.20)

where kx and ky are the integer frequencies (harmonics) of the expansion along the x and y

axes.

Assume f (x, y) is a height map of a surface that is distributed onto a unit disk and pa-

rameterised as f (ρ,φ) with km =
√

k2
x +k2

y is the radial frequency, and thus it follows that

kx = km cosm, ky = km sinm, x = ρ cosφ, y = ρ sinφ with a finite area d x d y = ρdρdφ. Then

the latter equation becomes:

f (ρ,φ) =

∞Ï
−∞

F (km ,m)e i (kmρ cosφcosm+kmρ sinφsinm)ρdρdφ. (D.21)

Because we know that cos(φ−m) = cosφcosm + sinφsinm, we have:

f (x, y) =

∞Ï
−∞

F (km ,m)e i kmρ cos(φ−m)ρdρdφ. (D.22)

Then the forward transform over a unit disk can also be written as:

F (km ,m) =
∫ 1

0

∫ 2π

0
ρ f (ρ,φ)e−i kmρ cos(φ−m) dφdρ. (D.23)

And from what we know, the Bessel function of the first kind for the zeroth order—an even

function—can be alternatively written as (Spiegel, 1974; Watson, 1944) (notice the exponent

sign change):

J0(u) = J0(−u) =
1

2π

∫ 2π

0
e i u cos(v) d v. (D.24)

The exclusive use of the first kind Bessel function with m = 0 can be limited to describe only

functions that are radially symmetric (see Figure 6.5 where m = 0 for an illustration). Now, we

assume that the map f (ρ,φ)—though not the actual height map of the surface—is “statistically”

isotropic onto a unit disk. Then, f (ρ,φ) is radially symmetric about the origin of the disk

so that it can be infused into f (ρ). This directly implies that the Fourier-Bessel functions of

order m = 0 will be sufficient for decomposing isotropic self-affine surfaces. By substituting
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Eq. (D.24) into Eq. (D.23), we obtain:

F (km) = 2π
∫ 1

0
ρ f (ρ)J0(kmρ)dρ. (D.25)

Please note that km ̸= l (0)k , where km =
√

k2
x +k2

y , as kx ,ky ∈ Z; km does not represent the

roots (eigenvalues) of Bessel functions of the first kind and zeroth order.

Now, to define the linkage between the PSD computed from the DH basis functions and the

Hurst exponent H , we depend on the extension of the Wiener-Khintchine theorem for auto-

correlation functions by Fung (1967). In that paper, the author extended the one-dimensional

Fourier analysis to a multidimensional analysis and discovered that it can be extended by

Bessel functions of the first kind and with order m = 0, similar to the assumptions we have

reached.

From the Wiener-Khintchine theorem, we can write the height-height autocorrelation function

(ACF) as a function of the power spectrum. Let Ψ(ρ) = 〈 f (ρ) f (0)〉 be a height-height ACF, where

〈. . .〉 is the ensemble averaging of the height maps with a spatial delay; this is not to be confused

with the inner dot product 〈·, ·〉 that was assigned previously. Ensemble averaging is used

to average the heights over a set of independently generated surfaces that have a common

statistical property. The power spectrum can then be written as:

||F (km)||2 = lim
R→∞

2

R2

∫ R

0
〈 f (ρ) f (0)〉ρ J0(kmρ)dρ, (D.26)

where R is the radius of the considered surface in this analysis.

From Eq. (D.26), we are interested in the limiting behaviour of Bessel functions on an infinitely

extended disk where the PSD implies kmR in Eq. (D.26) or the equivalent to u → ∞ as in

Eq. (D.24). Then, the Bessel function of the first kind can be replaced by the asymptotic form

in Eq. (D.4) and plugged into Eq. (D.25) to obtain:

||F (km)||2 ≈ 1

R2

√
8

πkm

∫ R

0
〈 f (ρ) f (0)〉pρ sin

(
kmρ+ π

4

)
dρ. (D.27)

With a properly decaying power-law, the latter formula can be used for generating rough

fractal surfaces if we randomise the phase shift in the sine term using a uniformly distributed

noise.

Now, we can re-write Eq. (D.27) as if we zoom in to the disk details with a factor of λ, then

ρ = ρ′/λ→ dρ = dρ′/λ and let kmρ+π/4 ≈λρ (swapped for simplicity as the asymptotic roots

approximately equal the actual ones) as well as assuming a unit disk (R = 1) to ignore the size

normalisation:

||F (λ)||2 ≈
√

8

πkm

∫ 1

0
λ−3/2〈 f (ρ′/λ) f (0)〉

√
ρ′ sin

(
ρ′)dρ′. (D.28)
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Then, from the definition of a self-affine surface, we can define 〈λ2H f (ρ′/λ) f (0)〉 = 〈 f (ρ′) f (0)〉.
The power spectrum then becomes:

||F (λ)||2 ≈
√

8

πkm

∫ 1

0
λ−3/2λ−2H 〈 f (ρ′) f (0)〉

√
ρ′ sin

(
ρ′)dρ′. (D.29)

In the herein proposed analysis approach, we only evaluate this ACF function Ψ(ρ) at the

eigenvalues of the Fourier-Bessel functions and not the eigenvalues of the Fourier transform

(km). Let us assume that λ is the eigenvalues (zeros) of the Bessel functions of the first kind

and zeroth order such as λ = l (0)k . Thus, wherein λρ′ →∞, Eq. (D.29) can be written as:

||F (λ)||2 ≈
√

8

πkm

(
λ−2(3/4+H)

)∫ 1

0
〈 f (ρ′) f (0)〉

√
ρ′ sin

(
ρ′)dρ′. (D.30)

From the latter, we can clearly see that an isotropic self-affine surface will scale as:

||F (λ)||2 ∝λ−2(3/4+H), (D.31)

or in terms of the fractal dimension (D), as:

||F (λ)||2 ∝λ−(15/2−2D). (D.32)

Equation (D.30), shows the exponential decay of the power spectrum that occurs with increas-

ing eigenvalues of the Bessel functions. Note that in this work, the power spectrum means

the moments computed from the zeroth-order basis only as PSDDH,m=0 (as the ACF implies

in Eq. [D.26]). Experimentally, this should be realised from plotting the computed PSD using

Fourier-Bessel basis functions versus the eigenvalues (wave number) on a log-log scale graph

by fitting a power law function (with the least squares algorithm).

A brief commentary on the results of the derivation of Eq. (D.31):

• Comment 1: In this analysis, we are not concerned about the topological features and

the actual height map. Instead, we focus only on how these maps scale at different eigen-

values, which is the statistical property comprising such surfaces. Thus, we consider

f (ρ) rather than f (ρ,φ). This does not mean that our height map is actually radially

symmetric, but rather the surface is isotopically self-affine (in the power law).

• Comment 2: Integrating the harmonics of m = 0 only comes as a natural extension of

the Wiener-Khintchine theorem (Fung, 1967) for expanding ACF with 1D Fourier filters

into a multidimensional analysis. Also, the zeroth-order Bessel function occurs for all

analysis degrees from k = 0 up to any arbitrary k, but for other orders, such as m = 5 for

example, this is repeated for degrees k ≥ 5 only and cannot be found for lower degrees

or larger wavelengths. This means that not all orders are defined for all scales, apart
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from m = 0.

• Comment 3: Analysing randomly generated surfaces by only randomising the phase

using Fourier filters will result in a non-smooth (noisy) decay because the interharmon-

ics are fit based on the Bessel eigenvalues rather than the actual Fourier harmonics

(eigenvalues) that were used to generate the surface. Some interharmonics can also be

poorly correlated, leading them to effectively hit a zero, which was defined as below

10−8 in our experiments; thus we can exclude these values from the analysis.

• Comment 4: For analysing 1D rough profiles, regular 1D Fourier transform will be used,

and the Hurst exponent will be proportional to the power spectrum, such as ||F (kx )||2 ∝
λ−(1+2H). For 2D surfaces in rectangular coordinates, ||F (kx ,ky )||2 ∝ λ−2(1+H) with λs

representing the roots of sines and cosines in the Fourier transform [see B. N. J. Persson

et al. (2004)].

• Comment 5: Analysing surfaces with the ACF in Eqs. (D.27)–(D.30) while using λ = km

(assuming Fourier basis eigenvalues) will increase the spectrum decay by a factor of

λ−1/2 due to the constant multiplier
√

8
πkm

in the same equation. This makes the overall

exponential decay of λ−2(1+H), which corresponds to the result found in B. N. J. Persson

et al. (2004).

• Comment 6: The simplified function extracted from Eq. (D.29), f (ρ,φ) =
p
ρ sin(λρ),

simply resembles a wave function that travels from the origin of a disk, and the number

of oscillations is related to the index of the eigenvalue of the Bessel functions (k) (see

Fig. D.1). With a simple random phase shift on the sine term, one can use Eq. (D.27) for

generating fractal surfaces with a proper power law.

72

2 10.17 7 25.9 51.0415 40 129.59

Figure D.1: The simplified form of the Bessel functions of order m = 0 on a rectangular grid
f (ρ,φ) =

p
ρ sin(λρ) (cf. with Figure 6.6 for m = 0).
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D.6 Isotropic power-law for self-affine scaling surfaces

Because generating self-affine scaling (fractal) surfaces is important for many theoretical and

practical applications, several papers and methods have been proposed for handling this. For

the completeness of the paper, we herein briefly summarise the creation of an isotropic power-

law for the FFT filter method. For more details about the generation process, we recommend

reading B. N. J. Persson et al. (2004) and Jacobs et al. (2017). The herein used terminology,

notation and scaling relations are derived by B. N. J. Persson et al. (2004).

Persson et al. used an approach similar to the one in Appendix D.5 to find that the PSD is

proportional to the Hurst exponent H of an isotropic surface as:

C (q)i so ∝ q−2(1+H), (D.33)

where q is the wavevector (q = km in this part, though this section is kept consistent with

the original notations). The largest wavevector (smallest wavelength) is typically called the

cut-off wavevector qs at the atomic spacing, wherein this measurement is mostly limited

by the measurement accuracy. However, the smallest wavevectors (largest wavelength) is

ql . Normally for q < ql , the power law is considered constant and depends on the surface

treatment; the constant regime is extended to the roll-off wavevector qr . In general, qr < ql <
qs for any assumed power law of an isotropic self-affine scaling surface, and the power-law is

constituted by knowing H as:

C (q)i so =


0 q < qr

q−2(1+H)
l = const . qr ≤ q ≤ ql

q−2(1+H) ql ≤ q < qs

0 q ≥ qs

. (D.34)

An example of such a power law is shown in Figure 6.8 and used to generate self-affine surfaces

for the validation section in this thesis.

D.7 Generating curved fractal surfaces over spherical caps

We project rough fractal disks onto spherical caps to generate rough surfaces with a predefined

curvature and a power law. Smooth spherical caps have a constant Gaussian curvature

everywhere on the surface, and the principal curvatures can be computed as κ = 1/R2
θc

, where

Rθc is the radius of the sphere or cap. We can project the generated fractal disks onto a

predefined spherical cap using a proper mapping method, for which we herein used the

inverse Lambert azimuthal equal-area projection as in our previous work (Shaqfa et al., 2021b).

More specifically, the Lambert’s projection τl (X ,Y , Z ) and the Lambert’s inverse projection
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τ−1
l (x, y) are defined as:

τl (X ,Y , Z ) = (x, y) =

(√
2

1−Z
X ,

√
2

1−Z
Y

)
,

τ−1
l (x, y) = (X ,Y , Z ) =

√
1− x2 + y2

4
x,

√
1− x2 + y2

4
y,−1+ x2 + y2

2

 .

(D.35)

The Lambert’s inverse projection τ−1
l (x, y) can be applied over a rescaled disk denoted by Dl

and its generated height-map z = h(x, y) to get the needed spherical cap S2
θ≤θc

. To project a

unit disk onto a unit sphere with a prescribed half-angle θc , we need to scale the radius of the

disk with a scaling factor, derived in our previous work (Shaqfa et al., 2021b), to achieve the

required half-angle θc :

rl =
√

2(1−cosθc ). (D.36)

To this end, we can project a smooth circular disk onto a smooth spherical cap to define

the corresponding domain. Next, we also need to project the height map (generated surface

roughness over the disk domain) onto the smooth spherical cap S2
θ≤θc

such that we preserve

the normals of the map (normal-preserving map). Preserving normals means that the normals

of asperities, relative to their vicinity, must be pointing in the same direction as they did on

the original disk. The simplest projection that can preserve normals on caps is the radial

projection τ̃h , which rescales every point by (1+p
sc h(x, y)). The final coordinates of the

height maps are (X̃ , Ỹ , Z̃ ):

τ̃h ◦τ−1
l =


X̃ = X

(
1+p

sc h(x, y)
)

Ỹ = Y
(
1+p

sc h(x, y)
)

Z̃ = Z
(
1+p

sc h(x, y)
) , (D.37)

where sc is the ratio between the flat configuration of a spherical cap (prescribed with θc and

radius Rθc ) to the smooth (nominal) area of the generated rough disk.

This projection is not an isometric projection as it does not preserve neither the angles nor

the areas of the elements. The projection is thus a source of angular distortion that could

distort the PSD as it varies from the original smooth configuration to the newly introduced cap

configuration. Also, the final radially projected height map is not, in general, area-preserving.

We propose to compute the angle distortion as an average of the absolute difference between

the disk and cap meshes per element to be measured, as in our previous work (Shaqfa et al.,

2021b):

dang l e = mean
[vi ,v j ,vk ]

|∠([ f (vi ), f (v j ), f (vk )])−∠([vi , v j , vk ])|. (D.38)

Figure D.2A shows dang l e for three surface patches with θc = 10◦ using the inverse Lambert

azimuthal projection. The optimal point for dang l e is when Rθc = 0.35. Figure D.2B shows

208



Disk Harmonics Analysis (DHA) Chapter D

0 1 2 3 4 5
0

5

10

15
H=0.7, S=101
H=0.8, S=51
H=0.95, S=2345

10 30 50 70 90
3

5

7

9
A) B)

Figure D.2: Angular distortion associated with the roughness projection. A) Angular distortion
computed in degrees, for some of the selected patches with θc = 10◦ and various seed numbers
(S) when changing the radii Rθc . B) Angle distortion when changing the half-angle θc .

the dang l e dependency on of the cap’s half-angle θc and it shows that with small θc < 20◦ the

distortion is minimal. In general, when Rθc > 1 and θc > 20◦, there is a large angular distortion

in the curved rough surface. Also, the higher the H of the surface, the lower the obtained

distortion as the surface texture becomes smoother.

D.8 Supplemental results

D.8.1 A commentary on Bessel function boundary conditions

Similar to Figure 6.4 with the same orders and indices, Figure D.3 shows Bessel functions,

though with a Dirichlet BC imposed at ρ(φ) = 1,∀φ ∈ [0,2π] with m ∈ {0,2} and different k

indices. As can be seen, the end points all collapse at zero, which will obviously not retrieve

the right reconstruction of the free edge on the disk.

Instead, we applied the Neumann BC, and here we show how the imposed BC influences the

basis functions. Figure D.4 shows the change in slopes (in degrees) of both Bessel function

with the Neumann BC as shown in insets (A) and (B), and with the Dirichlet BC in (C) and (D).

The zero slope for the Neumann BC only affects the endpoint ρ = 1, and the slopes around

that vicinity change from one basis function to another, which indeed will arbitrarily change

with the realised expansion coefficients and will depend on the mesh size of the used finite

grid for the analysis and reconstruction stages.
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Figure D.3: The unnormalized Bessel functions with a Dirichlet BC for ρ ∈ [0,1] as the functions
change signs k −m times over the orthogonality domain.
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Figure D.4: The slopes of Bessel basis functions in degrees. (A), (B) The slopes of the plotted
basis functions in Figure 6.4 corresponded directly, one-to-one, with the Neumann BC as
∂Jm(l (m)k ·1)/∂ρ = 0. (C), (D) The slopes shown in Figure D.3 corresponded to the Dirichlet
BC as Jm(l (m)k ·1) = 0.

D.8.2 Eigenvalues of Bessel functions of the first kind

Many methods can be used for computing the eigenvalues (zeroes) of Bessel functions with

the proper boundary conditions. In this part, we used the same approach we used in the SCHA

method by Shaqfa et al. (2021b). Figure D.5 shows the roots (zeros) identified for the first 200
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Figure D.5: Eigenvalues for Bessel functions for k ∈ {0,1, . . . ,200}. Notice when m > k, l (m)k = 0.

degrees.

D.9 Comparison between DHA and SCHA for reconstructing open

surfaces

We analysed and reconstructed the 3D benchmark face used in our SCHA paper (Shaqfa et al.,

2021b), with Figure D.6 showing that the SCHA approach converges better than the DHA.

However, such results are highly dependent on the parameterisation method that is used,

and as these both differ, we cannot directly conclude which method is superior in spatial

convergence. The normalised RMSE computed for DHA was 0.203526, while from SCHA we

obtained 0.158282 as k = 40, which is a difference that cannot be spotted by an unaided eye;

notice the semi-log scale used in Figure D.6(B).

The added value of this approach is indeed more apparent when we compare the analysis

and reconstruction times of both approaches. Here, the DHA took well under half a minute,

while the SCHA took more than 16 hours to construct the basis functions only due to the poor

convergence of the hypergeometric functions; see Shaqfa et al. (2021b) for details. In this

context, we consider the DHA approach as far more advantageous than the SCHA, and the

DHA method can reach higher degrees that correspond to a better resolution.

Using DHA, we constructed the results of the face with k = 75 and a finer mesh size. In this

case, the resulting normalised RMSE was only 0.077543. The time needed for this analysis was

less than 5 minutes, which was accomplished by exploiting a parallel least-squares solver on
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RM
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Figure D.6: A comparison of the analysis and reconstruction between the SCHA method
in Shaqfa et al. (2021b) and the DHA approach proposed by this chapter. (A) The DHA-
reconstructed surface mesh at k = 40. (B) The convergence of the root mean square error
(RMSE) computed for both SCHA and DHA against the original input surface.

an Intel Core i7-11370H CPU with 4 cores and 8 threads and a maximum single-core frequency

of 4.80 GHz. Figure D.7 depicts the reconstruction results as well as the computed normalised

shape descriptors for all orders as well as for the zeroth order. It should be mentioned that

from Figure D.7, the problem was analysed for k = 80, though after k = 75, the model was

over-fitted as the PSD began to oscillate, and more data points were required to fit the shorter

wavelengths.
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Figure D.7: The reconstruction of the 3D face at k = 75. The solid red line shows only the
normalised descriptors of the zeroth-order harmonics, while the solid blue line shows the
normalised descriptors for all harmonics, including all orders up to k = 75. The computed
RMSE at that degree was 0.077543.
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