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Foreword
The material of this thesis is schematically organized as follows:

• Chapter 1 starts with a basic review of the main properties of Composite Higgs
models. This is then followed by an original study on the constraints coming from
flavor physics on Partial Compositeness models for different symmetry assumptions.
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S. Chen, A. Glioti, R. Rattazzi, L. Ricci and A. Wulzer, Learning from radiation
at a very high energy lepton collider, JHEP 05 (2022) 180 [2202.10509].

• Chapter 4 contains both a review and original studies on the X(3872) resonance
through Effective field Theory and standard Quantum Mechanics techniques.

A. Esposito, A. Glioti, A.D. Polosa, R. Rattazzi and M. Tarquini, To appear.

• Chapter 5 is based on [3]:
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Abstract
Effective Field Theories have changed our understanding of Quantum Field Theories.
This thesis shows several applications of this powerful tool in the context of the Standard
Model and for searches of New Physics.
The thesis starts with a review of the Standard Model and its open questions and is
followed by an updated and systematic study of models of flavor in the context of Partial
Compositeness in Composite Higgs theories. Following that, the question on how to
measure the Wilson coefficients of the Standard Model effective operators at present and
future experiments is addressed: first by using modern Machine Learning techniques
by studying angular distributions for diboson production, followed then by a study on
ElectroWeak radiation at a future Muon Collider and how to use it to better probe the
new physics parameter space.
The fourth chapter deals instead with applying Non-Relativistic Effective Theories to
the study of exotic mesons in the Standard Model. The two competing interpretations, a
molecule formed of two mesons or a compact tetraquark state, and their consequences
are studied. In particular this study is done on the X(3872) exotic charmonium and the
consequences of the two accidental tunings of this system are discussed.
The last chapter addresses the problem of baryogenesis from the ElectroWeak phase
transition. A new scalar sector is introduced that decouples the physics responsible for
the generation of the baryon asymmetry from the weak scale. This helps solving the main
problems that ElectroWeak baryogenesis models face, namely the large modifications to
the Higgs physics and the need of large CP violating new effects.

Keywords: Effective Field Theory, Beyond the Standard Model, Compos-
ite Higgs, Flavor Physics, Machine Learning, Muon Collider, Tetraquark,
ElectroWeak Baryogenesis.
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Riassunto
Le Teorie di Campo Efficaci hanno cambiato il nostro modo di comprendere le Teorie di
Campo Quantistiche. Questa tesi mostra varie applicazioni di questo potente mezzo sia
nel contesto del Modello Standard che per le ricerche di Nuova Fisica.
La tesi inizia con una review del Modello Standard e dei suoi problemi ancora aperti ed
è poi seguito da uno studio aggiornato e sistematico dei modelli di flavor nelle teorie di
Higgs composto con Partial Compositeness. Di seguito, viene trattata la questione di
come misurare, in esperimenti attuali e futuri, i coefficienti di Wilson degli operatori
efficaci del Modello Standard: prima usando metodi basati su Machine Learning per
studiare le distribuzioni angolari nella produzione di dibosoni, poi studiando la radiazione
Elettrodebole ad un possible futuro acceleratore di muoni e come utilizzarla per esplorare
efficacemente lo spazio dei parametri della nuova fisica.
Il quarto capitolo invece riguarda l’applicazione di Teorie Efficaci Non-Relativistiche
allo studio di mesoni esotici nel Modello Standard. Vengono studiate le due possibili
interpretazioni, una molecola formata da due mesoni o uno stato compatto di quattro
quark, e le loro conseguenze. In particolare questo studio viene svolto sul charmonium
esotico X(3872) e vengono discusse le conseguenze dei due tuning accidentali di questo
sistema.
L’ultimo capitolo affronta il problema della bariogenesi dalla transizione di fase Elettro-
debole. Viene introdotto un nuovo settore scalare che disaccoppia la fisica responsabile
della generazione dell’asimmetria barionica dalla scala Elettrodebole. Questo aiuta a
risolvere i problemi principali che i modelli di bariogenesi Elettrodebole devono affrontare,
vale a dire le grandi modifiche alla fisica dell’Higgs e la necessità di nuovi effetti che
violano significativamente CP.

Parole chiave: Teorie di Campo Efficaci, Oltre il Modello Standard, Higgs
Composto, Fisica del Flavor, Machine Learning, Muon Collider, Tetraquark,
Bariogenesi Elettrodebole.
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Introduction

This thesis is a collection of works that show different applications of Effective Field
Theories to study physics Beyond the Standard Model (“New Physics”), but also less
clear aspects of the Standard Model itself (“Old Physics”). The notion of Effective Field
Theory dates back to the 70s with works by Wilson and Weinberg that lead to the modern
understanding of Quantum Field Theory. Effective Theories formalize ideas on which
physics is built upon since the early times, that when describing phenomena at a given
length scale one does not need to care about the details about what happens at much
shorter scales. This is the reason why it is possible to study classical mechanics without
knowing about the structure and dynamics of molecules and atoms, why it is possible
to do chemistry without knowing the details of the atomic nucleus, why it was possible
to study particle physics before the Standard Model without knowing the details of the
strong and weak interactions, but especially why it is possible to study the Standard
Model today without knowing what is hidden at distances much shorter than what we
can probe at LHC.

As a simple example that captures the main properties of effective theories we can
consider the multipole expansion in classical electrodynamics. One can imagine for
instance some object of finite size a with an arbitrarily complicated geometry and charge
distribution. If we knew exactly these two properties we could compute the electrostatic
potential generated by that object everywhere in space. However, assume that we are
only interested at measurements at distances R≫ a. In this case it is clear that all the
intricate details of the object in question get blurred out. We can indeed expand the
electrostatic potential in multipoles or, equivalently, in powers of a/R. At large distances
the whole system can be accurately described by only a few parameters, for example the
monopole moment. When R gets closer and closer to a we need to introduce more and
more moments until we hit the point R ∼ a where this description breaks down and we
need to introduce the full charge distribution in the theory. This example shows a few
important properties of effective theories:

• Universality: the long distance expansion in terms of multipoles has the same form
regardless of the microscopic details of the charge distribution. Furthermore, these
details are encoded in some effective parameters, the multipole moments, of which
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Introduction

only a finite number are relevant at a given distance R.

• Reductionism: when probing shorter and shorter distances, more and more param-
eters are needed until a new more fundamental description appears.

• Accidental Symmetries: at distances where the monopole dominates, the system
acquires an approximate SO(3) rotational invariance, regardless of the symmetries
of the underlying distribution. When also the dipole moment becomes relevant,
the symmetry is broken to a SO(2) rotation along the dipole axis. Finally, the
symmetry completely disappears when the next moments become important.

Effective Field Theories are a powerful tool both in the case where the fundamental
theory is known, but studied in a limit where only a few degrees of freedom are relevant,
and where the fundamental theory is not known but we would like to measure its long
distance effects. In this thesis we will see examples of both these applications. For the
first case we will study Effective Theories for QCD hadrons in a non-relativistic limit and
the dynamics of Matsubara zero modes in Quantum Field Theories at finite temperature.
For the second case instead, we will study the Standard Model as an Effective Theory
and parameterize the effects of New Physics in terms of higher-dimensional operators
involving Standard Model fields.

In order to properly introduce the concepts that will be studied later, the rest of this
introduction is going to briefly review the main properties of the Standard Model and its
problems.

The Standard Model Lagrangian

The Standard Model is the minimal model capable of explaining the vast majority of
collider data collected so far. With the exception of a few anomalies, perhaps expected
given the huge amount of data gathered so far, and some open problems that we will
address later, it is surprising the accuracy to which some of its predictions have been
verified since its first formulation roughly fifty years ago. The most extreme example is
the prediction of the anomalous magnetic moment of the electron, that agrees with the
measured value up to 9 digits.

The principles of Special Relativity and Quantum Mechanics, on which Quantum Field
Theories and in particular the Standard Model are based on, strongly constrain the
possible dynamics that are allowed, leading to a theory that consists of local quantized
fields described by a Hermitean and Lorentz invariant Lagrangian. A consequence of this
construction is that, once the particle content has been specified, i.e. the Lorentz and
gauge quantum numbers of the elementary states, the Lagrangian is simply built as the
most general Hermitean combination of gauge and Lorentz invariant local operators.

2
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The further requests of “renormalizability” limits the number of allowed operators to only
those with energy dimension less or equal to 4. In the Effective Field Theory language,
this request emerges naturally: assuming that there is a more fundamental theory with
some additional states of mass greater than some scale Λ, at energies E < Λ the true
theory can be matched to an effective theory expanded in inverse powers of Λ

Leff = Ld≤4 + 1
ΛL

d=5 + 1
Λ2L

d=6 + . . . . (1)

The d ≤ 4 part of the Lagrangian is what is usually referred to as the Standard Model
Lagrangian, while the higher dimensional terms parametrize correction to the Standard
Model due to the heavier physics that we have integrated out. As long as Λ is much
larger than the energies that we can probe experimentally, the first term of the equation
dominates.

The first ingredient to build the Standard Model is its gauge group

SU(3)c × SU(2)L × U(1)Y (2)

describing respectively the strong and electroweak interactions. The theory is then
built by specifying the field content. All the fermionic degrees of freedom come in
three generations, and are divided into quarks or leptons based on their color quantum
numbers. There exist three type of quarks based on their electroweak and Lorentz
quantum numbers: the left-handed doublets and two right-handed singlets

qiL =
(
uiL
diL

)
, uiR , diR . (3)

Similarly the leptons also come with a left-handed doublet and a right-handed singlet

LiL =
(
νiL
eiL

)
, eiR . (4)

The model is then completed by adding, as dictated by gauge invariance, one vector field
for each generator of the gauge group

Gaµ , W i
µ , Bµ (5)

and a finally the Higgs doublet, a scalar field necessary to allow mass terms for some
gauge bosons and fermions

H =
(

ϕ+

h+iϕZ√
2

)
. (6)

The Lorentz and gauge quantum numbers of these fields are summarized in Table 1.

3
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Field Lorentz SU(3)c SU(2)L U(1)Y
qL (1/2, 0) 3 2 1/6
uR (0, 1/2) 3 1 2/3
dR (0, 1/2) 3 1 −1/3
LL (1/2, 0) 1 2 −1/2
eR (0, 1/2) 1 1 −1
G (1/2, 1/2) 8 1 0
W (1/2, 1/2) 1 3 0
B (1/2, 1/2) 1 1 0
H (0, 0) 1 2 1/2

Table 1: Lorentz and Gauge quantum numbers of the Standard Model fields.

The Standard Model Lagrangian then reads

LSM =− 1
4G

a
µνG

µν
a −

1
4W

a
µνW

µν
a −

1
4BµνB

µν

+ iq̄iL /Dq
i
L + iūiR /Du

i
R + id̄iR /Dd

i
R + iL̄iL /DL

i
L + iēiR /De

i
R

+ (DµH)†DµH + µ2
HH

†H − λ(H†H)2

−
(
Y u
ij q̄

i
LH̃u

j
R + Y d

ij q̄
i
LHd

j
R + Y e

ijL̄
i
LH̃e

j
R + h.c.

)
,

(7)

where we the field strength tensors read generically in terms of a gauge field Aaµ, coupling
constant gA and structure constant fabc as

F aµν = ∂µA
a
ν − ∂νAaµ − igAfabcAbµAcν , (8)

the covariant derivatives are defined as

Dµ = ∂µ − igsλaGaµ − igT aW a
µ − ig′Y Bµ , (9)

and finally the conjugate Higgs field is

H̃ = iσ2H
∗ . (10)

The Lagrangian written in this way is however not parametrized in terms of fields that
correspond directly with the physical propagating degrees of freedom. For example it
does not contain any explicit mass terms for either gauge bosons or fermions, while the
mass term for the Higgs has the wrong sign. A more convenient parametrization, that
loses however the explicit SU(2)L invariance, but approximates the SM spectrum, is
obtained after expanding around the proper vacuum. The Higgs field obtains a vacuum
expectation value

⟨H⟩ = v√
2
≈ 246 GeV, v = µH√

λ
(11)

that breaks the electroweak gauge group down to the electromagnetic one SU(2)L ×

4
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U(1)Y → U(1)EM. The Higgs doublet can then be reparametrized as

H = eiσ
a πa(x)

v

(
0

v√
2 + h(x)√

2

)
(12)

where the fields factorized in front can be eliminated through a gauge transformation in
favor of the longitudinal degrees of freedom for the W and Z bosons. The kinetic term
of the Higgs gives rise to a mass term for these two vector bosons, defined as the linear
combinations

W±µ = 1√
2

(W 1
µ ∓ iW 2

µ) , Zµ = cos θwW 3
µ − sin θwBµ , (13)

where we defined the Weinberg angle

tan θw = g′

g
(14)

The W and Z boson thus acquire a mass of

mW = 1
2g v ≈ 80 GeV , mZ = 1

2

√
g2 + g′2 v ≈ 91 GeV (15)

while the photon field
Aµ = sin θwW 3

µ + cos θwBµ , (16)

remains massless and thus couples to the fermions in a gauge invariant way with a
coupling of

e = g sin θw (17)

The physical Higgs boson also acquires a mass term

mh =
√

2λv ≈ 125 GeV . (18)

Even though the SU(2)L gauge symmetry is no longer explicit, its signature can still be
found in the structure of the interaction involving the Higgs and the W and Z boson.
The Lagrangian of the Higgs sector can indeed be written in the compact form

LH = 1
2(∂µh)2− 1

2m
2
hh

2−λvh2− 1
4λh

4 +
[
m2
WW

µ+W−µ + 1
2m

2
ZZ

µZµ

](
1 + h

v

)2
. (19)

This structure implies strong correlations between the couplings of the Higgs with itself
and with the gauge bosons. Violations in the relationships among these couplings are
possible signatures of new physics in the electroweak sector.

Finally, this mechanism also leads to mass terms for the fermions of the form

Lmass = v√
2

(
Y u
ij ū

i
Lu

j
R + Y d

ijd
i
Ld

j
R + Y e

ij ē
i
Le

j
R + h.c.

)
(20)
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Similarly to before, note that in the Standard Model the interaction between the Higgs
and the fermions has exactly the same structure but with v ↔ h. This gives another set
of relations that could be possibly violated by new physics.

The Yukawa matrices Y can be diagonalized through bi-unitary transformations. In the
mass-diagonal basis, each fermion f gets a mass proportional to the Higgs expectation
value v and the eigenvalues yf of Y as in

mf = v√
2
yf . (21)

For the lepton sector this diagonalization leads to three massive leptons

me ≈ 0.51 MeV , mµ ≈ 106 MeV , mτ ≈ 1.78 GeV , (22)

and three massless neutrinos. The quark sector instead can only be diagonalized up to a
3× 3 unitary matrix that is usually redefined away to give a diagonal mass matrix, but a
non diagonal coupling with the W boson. The quark masses are given by

md(µMS = 2 GeV) ≈ 5 MeV , mu(µMS = 2 GeV) ≈ 2 MeV ,

ms(µMS = 2 GeV) ≈ 90 MeV , mc(µMS = mc) ≈ 1.3 GeV ,

mb(µMS = mb) ≈ 4.2 GeV , mt(on-shell) ≈ 173 GeV ,

(23)

where in parenthesis we denote the scale at which the renormalized masses are defined 1.
The remaining unitary matrix, named the Cabibbo–Kobayashi–Maskawa (CKM) matrix,
gives rise to flavor-changing transitions in the quark sector through the emission of a W
boson. This matrix can be parametrized in terms of three real numbers and a complex
phase. A convenient, although approximate, parametrization of this matrix that takes
into account the strong hierarchy among its entries is the Wolfenstein parametrization

VCKM =

 1− λ2

2 λ Aλ3(ρ− iη)
−λ 1− λ2

2 Aλ2

Aλ3(ρ+ iη) −Aλ2 1

+O(λ4) (24)

where the measured values are

λ ≈ 0.23 , A ≈ 0.8 , ρ ≈ 0.14 , η ≈ 0.35. (25)

It is important to notice that this matrix is the only source of flavor violation in the
quark sector.

1The exact definition of these masses is complicated since, except for the top, all the quarks only
appear in strongly coupled bound states. We will not discuss their definitions in detail.
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Global and approximate symmetries

Considering only the d ≤ 4 piece of the theory gives rise to several accidental symmetries,
that is symmetries that do not come from any principle but happen because the only
operators that violate them appear at d > 4. In this section we will review the most
important of these symmetries, may they be exact or only approximate, and consider
their consequences. Since higher dimension operators can violate them, they provide
targets to look for new physics.

The Standard Model Lagrangian has an exact U(1)4 symmetry related to the conservation
of the baryon number and the lepton family number. Under this symmetry all quark
fields rotate with the same phase while the three leptons rotate all independently each
with a different phase. This symmetry explicitly forbids transitions such as proton decay
p→ e+π0 or the neutrinoless muon decays µ+ → e+γ or µ+ → e+e+e−, none of which
have been observed so far. This symmetry is however known to be broken by the presence
of neutrino masses. The evidence of a non-zero neutrino masses indeed comes from the
observation of neutrino flavor oscillations. Neutrino masses introduce a mixing matrix
similar to the quark one, the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix, that
forces the mass eigenstates to be a linear combination of the flavor states.

The total lepton number symmetry in the Standard Model is accidental. It is indeed
broken by a dimension−5 operator (actually the only possible operator of this dimen-
sionality)

Ldim−5 = cij
Λ (L̄iLH̃)(H̃L̃jL) + h.c. , (26)

that gives the left-handed neutrinos a Majorana mass term after the Higgs takes an
expectation value. The current value of the neutrino masses ≲ 0.1 eV points to a scale
that generates this operator of roughly Λ ∼ v2/mν ≈ 1014 GeV.

The baryon number symmetry is also accidental, but this time it is broken at dimension−6.
For example by the operator

c

Λ2 ϵijk
(
q̄i,αL εαβ(qcL)j,β

) (
q̄k,γL εγδ(LcL)δ

)
, (27)

that breaks the combination B + L. This operator could induce the decay of the proton.
Given the current bound on the proton lifetime one can estimate Λ ≳ 1015 GeV. The
lepton and baryon number symmetries are also broken by quantum anomalies within the
Standard Model. However, baryon and number violating transitions due to this anomaly
are extremely suppressed. Such transitions become active at temperatures higher than
mW , as we will see in chapter 5.

Several symmetries also arise in the limit in which the Yukawa couplings go to zero.
The first one is an approximate SO(3) symmetry of the Higgs sector, broken by the
hypercharge gauging, dubbed custodial symmetry. The Higgs potential can indeed be
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rewritten in terms of a 2× 2 matrix

H = 1√
2

[
H̃ H

]
(28)

as
LHiggs = Tr[(DµH)†DµH]− µ2Tr[H†H] + λ(Tr[H†H])2 (29)

that is invariant under a SU(2)L × SU(2)R transformation

H → LHR† . (30)

The left group coincides with the gauge group, while the symmetry under the right
transformation is accidental. The hypercharge group U(1)Y gauges a subgroup of SU(2)R
breaking it explicitly. In the limit g′ → 0 this symmetry is however exact and forces the
mass of the W and Z bosons, that transform as a triplet under this symmetry, to be
equal. Restoring g′ this leads to the famous relation

ρ ≡ m2
W

m2
Z cos θw

= 1 . (31)

Since, the Yukawa couplings break this symmetry, this relation is corrected at loop level.
In particular the largest contribution comes from a top loop that gives a ∼ 1% correction

ρ = 1 + 3y2
t

4π2 . (32)

This relation is measured very precisely and can be easily spoiled already at tree level
by new physics and it is thus another important possible probe of new dynamics. An
example of an operator that would lead to a correction of the ρ parameter is the dimension
six operator

cT
Λ2 (H†←→D µH)(H†←→D µH) . (33)

When the Yukawa couplings are turned off, the Standard Model also gains an U(3)5

symmetry that prevents any mixing between different families and chiralities of the
fermions. When the Yukawas are turned back on, this group is broken to the U(1)4

mentioned above. The only flavor-breaking parameters are those of the CKM matrix and
the complex phase in this matrix is also the only source of CP violation in the model.
To be more precise, the Standard Model Lagrangian contains also the topological term

Ltopo = − θs
16π2G

a
µνG̃

µν
a , (34)

that would lead to CP violating effects in QCD. The θ parameter is however measured to
be compatible with zero θ ≲ 10−10 from the upper bounds on the neutron Electric Dipole
Moment (EDM). The reason for why this parameter is so small is still not currently
known, but several explanations have been proposed such as the axion or the Nelson-Barr
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mechanism. Both solutions require some new dynamics outside the Standard Model.

The fact that the only source of CP violation in the Standard Model is the CKM matrix
has an important consequence that leads to a large suppression of most CP violating
observables. The only physical phase of the matrix must indeed involve the product of
four components to form the Jarlskog invariant

Im[VijVklV ∗ilV ∗kj ] = J
∑
m,n

ϵikmϵjln . (35)

This quantity is the only imaginary part that is invariant under field redefinitions.
Numerically it turns out to be quite small

J ≈ A2λ6η ≈ 3× 10−5 (36)

and furthermore it involves four insertions of the CKM matrix spanning through all three
quark families. This has as a consequence that CP violating observables in the Standard
Model usually arise at loop level, making the effect of CP violation extremely small.

CP violation in the Standard Model has been measured in rare processes involving
hadrons. One important class of precision observables are the Flavor Changing Neutral
Currents (FCNC). In the Standard Model those are forbidden at tree-level, since both
the Z and γ couplings are flavor diagonal, and only appear at loop level. CP violation
can be measured in such observables, for example in the mixing between neutral mesons
and their decays. These effects are measured with great precision and are another great
probe of flavor- and CP-violating new physics, as we will see in chapter 1. New physics
can indeed contribute to these effects through dimension six operators such as the four
fermion ones

cij

Λ2 (f̄ iγµf j)(f̄ iγµf j) , (37)

with f i some Standard Model quark. From the K − K̄ mixing for example, assuming
c ∼ 1 one finds a bound on Λ of at least 105 − 106 TeV. A weaker coupling and some
symmetry assumptions on the dynamics that generates this operator can however lead
to a weaker bound and so a scale for new physics that is accessible to current or near
future experiments.

What is missing?

There are still several open questions regarding the Standard Model, ranging from
practical difficulties in extracting predictions, to observational facts that the model does
not capture. In this section we will schematically review the relevant ones, some of which
will serve as motivation for the works presented in this thesis.
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Starting from the Standard Model itself, even though we can write the theory in just a
few lines, it does not mean that we know how to extract all the possible predictions in a
accurate and systematic way. For example, due to its strongly coupled nature at low
energies, we do not have a first principles systematic way of computing the QCD hadron
spectrum or the parton distribution functions for the proton. Another example of this
is the existence of exotic QCD resonances, whose nature has not yet been understood.
One of such resonances in the charmonia sector, the famous X(3872), will be studied in
chapter 4 through non-relativistic effective theories.

Even in the perturbative regime there is no systematic way of computing observables up
to arbitrarily high precision. For example, even for the ElectroWeak theory the problem
of IR effects at high energy and their resummation has not been completely solved and
might become an issue for precision physics programs at future colliders. This will be
addressed in chapter 3.

The ones just mentioned are essentially technical and computational problems within
the Standard Model. There are however questions of a more fundamental nature that
suggest that we have to modify the theory and go beyond. We can broadly divide these
problems in two classes: the first one contains those for which we have observational
evidences that cannot be explained within the model itself, while the second one contains
the problems that appear at the theory level mainly because of difficulties in imagining
how the the model could emerge from a more fundamental theory.

Several of the problems of the first class are related to astrophysical and cosmological
observations. There is a large number of experimental evidences for the existence of dark
matter, from the galaxy rotational curves to the CMB spectrum, but the Standard Model
does not seem to contain any particle candidate that could explain it. Similarly there
is the problem of baryogenesis: after inflation the number of baryons and anti-baryons
in the universe should have been equal and, considering only Standard Model processes
alone, this equality would have remained constant as the universe cooled down. It is
however clear that this is not the case, since our universe contains only baryons and not
anti-baryons. There must then exist new physics capable of generating this asymmetry
during the cosmological evolution of the universe. Baryogenesis and dark matter will be
studied in chapter 5.

Also in this class we can put the already mentioned question of addressing the neutrino
masses. Finally there is of course the question of gravity. The Standard Model does not
include gravitational interactions. Extending the model with a massless spin−2 field, the
graviton, as to reproduce General Relativity, leads to an effective theory that breaks
down at energies of the order of the Planck scale ∼ 1019 GeV. So far, the only promising
attempt at a quantum theory of gravity seems to be String Theory.

The second class of problems contains puzzles about why the parameters of the Standard
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Model have the value that they have. One example already mentioned is the puzzle of
the θs QCD angle for which, since CP is violated in the electroweak sector, there is no
fundamental reason to expect it to be zero. Similarly, there are two more parameters
in the Standard Model Lagrangian whose value is smaller than expected: the vacuum
energy and the Higgs mass. These two are the only dimensionful parameters of the theory
and, since there is no additional symmetry that appears when either parameter is zero,
we would expect that any energy scale of the theory would directly contribute to them.

Let us take the Higgs mass as a more concrete example. We have seen that the Standard
Model is an effective theory valid up to some scale Λ. The fact that we have not seen any
violations of the fragile structure of the Standard Model would make us believe that Λ is
very high, for example Λ ∼ 1014 GeV as suggested by the neutrino masses. However, if we
believe that the Standard Model emerges from some new physics at that scale, building
a theory in which the Higgs mass is calculable and 12 order of magnitudes smaller than
Λ is extremely hard. Indeed, as with any quantum mechanical observables, the Higgs
mass receives contributions from states of all possible energies. Without knowing the
full fundamental theory, we can only estimate part of the contribution that comes from
E ≲ Λ, while the contributions coming from E ≳ Λ is unknown. Explicitly we have

m2
H ∼

3y2
t

4π2 Λ2 +
[
δm2

H

]
E≳Λ

, (38)

where the first term was estimated as the Standard Model contribution, coming from
a single top quark loop. To reproduce the observed Higgs mass, the two terms should
cancel out with a precision of ∼ (100 GeV/Λ)2. The question on how to generate a
scale separation between the weak scale and Λ is known as the Naturalness or Hierarchy
problem.

A way out is to imagine that there is some TeV scale dynamics that intervenes and
screens the Higgs mass from high energy quantum corrections. In chapter 1 we will
review the solution offered by Composite Higgs models, in which the Higgs is seen as
a composite particle that arises from a new QCD-like dynamics that confines at a few
TeV. An alternative solution to the Higgs mass problem is offered by Supersymmetry.
In these kinds of models a new space-time symmetry that links bosons and fermions
is introduced. The fermionic partner of the Higgs then gains a chiral symmetry in the
m2
H → 0 limit. This implies that corrections to the Higgs mass must be proportional to

m2
H itself, making it possible to have the Higgs naturally light.

Models of new physics should also try to explain the generation of the fermion mass
hierarchies and the CKM mixing angles. As we will see in chapter 1 this is not a trivial
task. At least for what regards Composite Higgs models, it seems that there is a tradeoff
between dynamically explaining the origin of these hierarchies and making sure not to
generate large contributions the processes that are extremely suppressed in the Standard
Model, such as the EDMs and FCNCs.
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To conclude this discussion, it is clear that the Standard Model itself cannot be complete
and it must be extended by adding new dynamics above the weak scale. If the new
physics scale is higher (but hopefully not too high) than what we can directly probe
with the current or future collider experiments, this new dynamics will manifest itself
as modifications of the Standard Model interactions through some higher dimensional
effective operators as in equation 1. Since these operators can give effects that grow with
the energy of the process, they could be measured as deviation in the high energy event
distributions. Chapters 2 and 3 will talk about how to measure and in some case amplify
such deviations to better probe new physics.

It must however be stressed that a description of new physics just based on the Effective
Field Theory point of view is incomplete and it should always be corroborated by an
explicit BSM model. It is indeed only with a model based on concrete dynamical
hypotheses and symmetries that we can properly estimate the scale of new physics, find
correlations between different operators and understand which operators are relevant for
a given observable and which are not.
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1 Flavor in Composite Higgs mod-
els

In this chapter we will study the properties of models of Higgs Compositeness (see [4]
for a complete review), in particular regarding their flavor structure in the quark sector.
Composite Higgs models are interesting since they offer a possible solution to the Higgs
mass naturalness problem. In these models the Higgs is not an elementary particle, but
a composite state emerging from some new dynamics that confines at a scale m∗ not
too far from the TeV scale. This scale is generated by the running of the couplings in
the new dynamics and can thus be naturally smaller than other scales in the theory.
This is similar to the Standard Model, where QCD confines at a scale ΛQCD ∼ 1 GeV
quite far from the ElectroWeak scale. Let’s see how this works in a little more detail.
Suppose that this new dynamics, that we will call the composite sector or strong sector
interchangeably, is created at a scale ΛUV ≫ TeV. In order not to introduce another
Naturalness problem, we assume that at this scale the theory is close to a fixed point
and does not contain any strongly relevant deformations. This fact makes it possible
to generate a large separation between the UV scale and the IR scale where the theory
confines. Indeed, taking a QCD-like dynamics as a concrete example, the RG running
gives

m∗ ≈ ΛUV e
− 2π

β0
1

αs(ΛUV) , (1.1)

where β0 > 0 is a constant that depends on the number of degrees of freedom of the
theory, while αs(ΛUV) is the coupling of this sector at the UV scale. The smallness of
αs(ΛUV) gets amplified by the exponential creating a large separation of scales.

At the scale m∗, the strong sector confines and creates some hadron-like composite states
among which the lightest ones will form the Standard Model Higgs doublet. To separate
these new states, that have not been seen experimentally, from the Higgs, we assume that
the Higgs is an approximate Goldstone Boson of a global symmetry that is spontaneously
broken by the confinement dynamics. This is similar to what happens in QCD where the
pions and kaons are lighter than the rest of the hadrons because they are approximate
Goldstone Bosons of the spontaneously broken chiral simmetry. The symmetry that

13
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protects the Higgs mass is then explicitly broken by the gauge and fermion interactions
allowing the generation of a potential for the Higgs at loop level. It should then be clear
that this mechanism can solve the Higgs naturalness problem only as long as the scale
m∗ is not too far from the ElectroWeak scale.

It is important to note, however, that this QCD analogy is not completely appropriate
for general Compostite Higgs models. Indeed, no explicit realization of such models are
known in four dimensions. The only known examples of Composite Higgs theories are
holographic models in five dimensions or models based on dimensional deconstruction.

In this chapter we will explore this idea in slightly more detail, first by reviewing the
main assumptions, ideas and properties of these models, and then by analyzing in details
the consequences in flavor physics, especially in the quark sector. The topics in the
review section are mainly based on the two reviews [4, 5], while the analysis on flavor is
original to this thesis work.

1.1 Minimal Model

The minimal Composite Higgs model [6] contain two weakly interacting sectors, that
we will refer to as the composite sector and the elementary sector. Both sectors, as
explained before, are generated at some high UV scale ΛUV ≫ TeV by some non-specified
dynamics.

The composite sector is characterized by an exact global symmetry group G. Around the
confinement scale m∗, this group is spontaneously broken to a subgroup H. These two
groups are assumed to be such that the Higgs doublet can be a Goldstone boson of such
a breaking, that is explicitly H ∈ G/H.

The elementary sector instead contains all the Standard Model particles, both fermions
and gauge bosons, except for the Higgs doublet. As we will see better later, these
elementary fermions do not exactly coincide with the Standard Model ones, but they mix
in the IR with some heavy composite resonances. Since we know that the Higgs carries
electroweak quantum numbers, the elementary electroweak gauge fields W and B must
gauge a SU(2)L × U(1)Y subgroup of H.

These two sectors interact via gauge interactions that couple the W and B to the conserved
currents of the composite sector under the Standard Model gauge group. Furthermore we
will assume some mixing interaction between the elementary fermions and the composite
sector in order to reproduce the Standard Model Yukawa interactions once the heavy
strong sector resonances are integrated out. The specifics of this interaction will be
thoroughly explored later and in this section we will focus on the Higgs and electroweak
sector of the theory.
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As we said, the composite sector is characterized by a spontaneously broken global
symmetry G → H ⊃ GEW . The so-called minimal model assumes G = SO(5)× U(1)X
and H = SO(4)× U(1)X . The Abelian U(1)X is needed in order to correctly reproduce
the hypercharges of the Standard Model fermions. The breaking G → H leads to four
real Goldstone bosons that match the component of the Standard Model Higgs doublet.
SO(4)×U(1)X also contains the Standard Model ElectroWeak group: SO(4) has indeed
the same algebra as SU(2)L × SU(2)R and the ElectroWeak group can be identified as
the product of SU(2)L and the U(1)Y generated by the diagonal generator T 3

R of SU(2)R
and the abelian U(1)X as Y = T 3

R+X. The choice of SO(4) also guarantees the presence
of the custodial symmetry and thus avoids large corrections to the ρ parameter.

A complete construction of the Effective Lagrangian for the Standard Model degrees of
freedom below the scale m∗ that implements the non-linear realization of the symmetry
group G would require the CCWZ construction [7, 8]. We will not go into details on this
topic, but only consider a simple Sigma-Model. The Lagrangian for the minimal model
can be built starting from a field Φ that transforms as a 5 of SO(5) described by the
Lagrangian [6, 9]

L = 1
2(DµΦ)2 − g2

∗
8 (|Φ|2 − f2)2 . (1.2)

The covariant derivative is defined as

DµΦ = (∂µ − igWα
µ T

α
L − ig;BµT 3

R)Φ , (1.3)

that explicitly breaks the SO(5) global symmetry to the Standard Model ElectroWeak
one due to the gauging. The field Φ is then parametrized in terms of the non-linearly
transforming Goldstone fields Πi

Φ(x) = exp
[
i

√
2
f

ΠiT̂
i

]
F , F =


0
0
0
0
f

 (1.4)

where F is the vacuum state, annihilated by all the SO(4) generators and f is the
expectation value of Φ that breaks SO(5) to SO(4). The generators T̂ i are the four
“broken” generators, that is the generators of SO(5) that are non zero on the vacuum
state. The vev f is related to the typical resonance mass m∗ and the coupling g∗ by

m∗ = g∗f , (1.5)

as one could see for example by considering the radial fluctuations of Φ. As already
mentioned, the fermion sector of the theory will be analyzed later. However, it is clear
that the Standard Model fermions do not correspond to representations of SO(4), so also
their interactions explicitly break the Goldstone symmetry. Integrating out the Standard
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Model fermions and gauge bosons at one loop, then creates a non-trivial potential for
the Goldstones that triggers ElectroWeak Symmetry Breaking. The Lagrangian (1.2) can
then be rewritten in terms of the Higgs doublet

H = 1√
2

(
Π2 + iΠ2

Π4 − iΠ3

)
, (1.6)

that, after ElectroWeak Symmetry Breaking and in the unitary gauge, becomes

H =
(

0
V+h√

2

)
, (1.7)

where V is the vacuum expectation value of the Higgs doublet. In terms of h and the
ElectroWeak bosons, the Lagrangian of the model (1.2) reads

L =1
2(∂µh)2 + g2

8 f
2 sin2 V + h

f

(
g2(W 1)2 + g2(W 2)2 + (gW 3 − g′B)2

)
=1

2(∂µh)2 + g2

4 f
2 sin2 V + h

f

(
|W |2 + 1

2 cos θw
Z2
)
.

(1.8)

Notice that the form of the term in parenthesis in the first line is forced by custodial
symmetry, in particular in the limit g′ → 0. In this model the mass of the W and Z

vector bosons read
mW = cos θwmZ = 1

2gf sin V
f
≡ 1

2gv , (1.9)

where v ≈ 246 GeV is the Standard Model ElectroWeak breaking scale. In the large f
limit, the Lagrangian (1.8) can be expanded around h = 0

L ⊃ g2v2

4

(
|W |2 + 1

2 cos θw
Z2
)[

2
√

1− ξ h
v

+ (1− 2ξ)h
2

v2 −
4
3ξ
√

1− ξ h
3

v3 + . . .

]
.

(1.10)
The parameter ξ = v2/f2 parametrizes the separation of scale between the G → H
breaking and the ElectroWeak symmetry breaking. In particular as ξ → 0, the Higgs
becomes effectively elementary and the Lagrangian coincides with the Standard Model.

The size of the parameter ξ is determined by the explicit form of the Higgs potential.
This potential can only be computed in explicit models, such as holographic or multi-site
models. It can however be estimated thanks to the symmetries of the model and the
power counting rules that will be introduced in the next section. In general the potential
has the form

V (h) ≈ −αf2 sin2 V + h

f
+ βf2 sin4 V + h

f
, (1.11)

where the parameter α receives contribution from both the gauge sector and the top-
quark, while the parameter β receives contribution from the top-quark only. In terms of
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these two parameters one finds that

ξ =α/2β (1.12)
m2
H = 8ξ(1− ξ)β . (1.13)

Separating the v and f scale requires that β ≫ α, however in all known cases the
two parameters appear either at the same order with respect to the composite theory
parameters or with β ≪ α. The situation ξ ≪ 1 thus usually requires some tuning
between the two α and β terms. The amount of tuning clearly increases the further m∗
is from the ElectroWeak scale. This roughly scales as

3yt
4π2

(
m∗
mH

)2
∼
(

m∗
500 GeV

)2
. (1.14)

A natural Composite Higgs model would require m∗ ∼ 500 GeV, but as we will see
later, this value has been excluded by direct searches and Electroweak precision tests.
Current flavor-universal bounds require m∗ ≳ 3 TeV, while, when considering also flavor
observables, this bound can be pushed to even higher values. How to keep the minimum
allowed m∗ as low as possible will be the topic discussed in the rest of the chapter.

1.1.1 Adding Fermions

Introducing the elementary Standard Model fermions into Composite Higgs models is
not a trivial task. Several things have to be accomplished in order to build a realistic
model. First of all the interaction between the elementary sector and the composite
strong dynamics must be able to generate the strongly hierarchical structure of the
Yukawa couplings. Ideally this would also come with a dynamical explanation on how
such a hierarchy is generated. However at the same time one must be careful not to
generate large contributions to the many processes that are suppressed by the delicate
flavor structure of the Standard Model. We will address the flavor problem in detail in
section 1.2.

The standard way to couple the elementary and strong sector in Composite Higgs theories
is through the mechanism of Partial Compositeness [10, 6]. According to this paradigm,
the elementary fermions are coupled through linear mixings to some composite operators

Lmix ∼ λiq q̄iLOiq + λiuŌ
i
uu

i
R + λidŌ

i
ud

i
R + h.c. , (1.15)

where the ratios ϵ ≡ λ/g∗ determine the amount of compositeness of each SM fermions.
Indeed, the physical states will be a mixture of the elementary and composite states with
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a mixing angle given by

sin θf = λf√
g2
∗ + (λf )2

= ϵf√
1 + (ϵf )2

. (1.16)

The maximal value of the mixings λ is g∗, which corresponds to the limit where the
elementary field is effectively composite. At energies smaller than the compositeness scale
m∗, the strong dynamics can be integrated out and the SM interactions are recovered.
In particular the Yukawa couplings are expected to be roughly

Y u ∼
λiqλ

j
u

g∗
, Y d ∼

λiqλ
j
d

g∗
, (1.17)

as we will see better later.

The structure of partial compositeness allows for a dynamical generation of the flavor
hierarchies by the RG running of the theory from the UV scale ΛUV ≫ TeV where the
composite and elementary sectors are first generated to the IR scale m∗. Qualitatively,
the energy scaling of λ is dictated by the anomalous dimension of the composite operators
γ = dim[O]− 5/2, where dim[O] is the conformal dimension of the operator O. For γ > 0
the running has the form

λ(m∗) ∼ λ(ΛUV)
(
m∗

ΛUV

)γ
, (1.18)

leading to a small mixing with the composite sector that could reproduce the Yukawas of
the lighter families, while a large mixing can be generated for γ ≲ 0 that could reproduce
the top Yukawa.

1.1.2 Power-counting

An alternative to eq. (1.8) would have been to work with an the explicitly SU(2)× U(1)
invariant effective Lagrangian written in terms of the doublet H. In this case, expanding
for large f , corresponds to a derivative expansion in term of higher dimensional operators

L = DµH
†DµH − 2

3f2 |H|
2DµH

†DµH + 1
6f2∂µ(H†H)∂µ(H†H) + . . . . (1.19)

This parametrization makes it explicit that the Standard Model is obtained for f →∞.
This will be the parametrization that we will use in the following, since it corresponds
to treating the Standard Model as an effective theory in which we have integrated out
states with a mass of the order of m∗.

Since we do not possess an explicit calculable model for Composite Higgs, the only way we
can extract some prediction is through power-counting rules based on some assumptions
on the composite dynamics. Such rules allow us to estimate the size of the coefficients of
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1.1 Minimal Model

the higher-dimensional operators of the effective theory at the scale m∗. The simplest
example of power-counting that can be considered in Composite Higgs models is the SILH
power-counting [11]. The strong dynamics of heavy composite resonances is assumed to
contain only one mass scale m∗ and one coupling g∗. This scenario is an extension of the
Naive Dimensional Analysis that is known to work quite well for QCD [12].

The origin of the two parameters m∗ and g∗ depend of course on the underlying model.
For example, in holographic models the role of m∗ is played by the mass of the Kaluza-
Klein modes m∗ ∼ 1/R, with R the compactification radius, while the role of g∗ is played
by g∗ = 4π/

√
N where the “number of colors” in the 4d theory is written in terms of the

5d gauge coupling as 1/N ≡ g2
5/(16π2R).

The form of the Lagrangian is then fixed, up to dimensionless numbers, by dimensional
analysis as

LEFT = m4
∗

g2
∗
L̂
[
∂

m∗
,
g∗H

m∗
,
g∗σ

m∗
,
g∗Ψ
m

3/2
∗

,
gA

m∗
,
λψ

m
3/2
∗

]
. (1.20)

In this formula L̂ is a generic dimensionless polynomial of the fields in the parenthesis
and it can be expanded to generate the Effective Lagrangian up to whatever order is
desired. The dimensionless-coefficients of this expansion are in general expected to be
O(1).

This formula deserves an explanation. The Higgs doublet H, scalar resonances σ and
fermionic resonances Ψ enter in the same way since they come from the same strong
dynamics. The factors of g∗ and m∗ in the expansion are dictated by dimensional analysis
1. For the elementary vector fields, collectively called A in the formula, the coupling
accompanying them is given by their gauge coupling g, since these fields have always to
appear in the form

Lint ⊃ gAµJµ ,

as dictated by gauge invariance. Similarly, for the elementary fermions ψ the relevant
coupling that enters is the mixing λ, that is the coupling that connects them with the
strong sector.

While equation (1.20) is true in general, it can be supplied with further rules based on
the assumptions on the UV dynamics. For example, in the minimal model operators that
violate custodial symmetry, such as

OT = cT
2f2 (H†←→D µH)2 , (1.21)

are only generated by loops of elementary states. When this happens, the coefficient is
multiplied by a factor of g2/16π2, where g is the relevant coupling needed to generate

1Even though g∗ and the other couplings appear dimensionless in natural units, they actually carry a
dimension in terms of powers of ℏ. Explicitly [g] = [ℏ]−1/2. Since the action has units of ℏ, this forces
the way in which couplings must appear in the effective Lagrangian.
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Chapter 1. Flavor in Composite Higgs models

that operator at loop level.

1.2 Flavor in Composite Higgs Models

1.2.1 Partial Compositeness

The most basic models that implement Partial Compositeness [10] are usually character-
ized by three sets of mixings

Lmix = λiaq q̄
i
LO

a
q + λaju Ō

a
uu

j
R + λajd Ō

a
dd
j
R + h.c. , (1.22)

where we are assuming one set of partners (Ou, Od, Oq) for each SM fermions. Notice that
in some realization of partial compositeness a second mixing term with the left-handed
doublet is introduced. This will be necessary for some of the scenarios we will consider
in the following, but in the general case we study here it is unnecessary. We assume that
the operators O come from the strongly coupled composite dynamics that we take to be
characterized by one typical mass scale m∗ and one typical coupling g∗.

We now consider the so-called anarchic partial compositeness scenario (see [4] for a
review) where no flavor symmetries are assumed on the strong sector, with the only
requirement for eq. (1.22) to reproduce the SM Yukawas at low energy. The mixing
matrices λ can written as

λiaq = Ciaq λ
a
q , λaiu = λauC

ai
u , λaid = λadC

ai
d (no sum) , (1.23)

with all the Cij a O(1) anarchic complex matrices and λj hierarchical vectors λ1 ≪ λ2 ≪
λ3.2 Such a structure could be for example naturally generated [6] by the RG running
from the scale at which the composite dynamic is created ΛUV down to the confinement
scale m∗, thanks to different scaling dimensions of the operators Oa.

In this scenario, at the scale m∗ the operators Oa of a given mixing do not have any
distinguishable quantum numbers and can be rotated in flavor space together with
rotations in the elementary sector in order to rewrite the mixing matrices λ in a more
convenient form

Lmix = λiq q̄
i
LO

i
q + λiuŌ

i
uu

i
R + λidŌ

i
dd
i
R + h.c. . (1.24)

At energies smaller than m∗, integrating out the composite resonances gives rise to the

2Notice that some realization of anarchic partial compositeness require two mixings for the SM
doublets [13]. However we remark that this is not needed to reproduce the SM and furthermore it requires
specific assumption on the UV model.
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1.2 Flavor in Composite Higgs Models

Standard Model Yukawa couplings as

Y ij
u =

λiqλ
j
u

g∗
cij , Y ij

d =
λiqλ

j
d

g∗
c′ij , (1.25)

where c and c′ are some O(1) complex anarchic matrices.

The requirement of reproducing the SM masses and the CKM matrix, fixes the hierarchy
among the different λ. Namely we have

mu

mc
∼
λ1
q

λ2
q

λ1
u

λ2
u

,
mc

mt
∼
λ2
q

λ3
q

λ2
u

λ3
u

,
md

ms
∼
λ1
q

λ2
d

λ1
d

λ2
d

,
md

mb
∼
λ2
q

λ3
d

λ2
d

λ3
d

, (1.26)

V ij
CKM ∼ V

ji
CKM ∼

λiq

λjq
for i < j , (1.27)

where the ± sign denotes an arbitrary linear combination of the two terms that could
also have opposite sign. The conditions in eq. (1.25) and eq. (1.26) fix the parameters of
the model up to one undetermined quantity, that in these models is conventionally taken
to be

xt = λ3
q/λ

3
u , with yt/g∗ ≲ xt ≲ g∗/yt . (1.28)

The total lack of a structure in flavor space leads to large tree-level contributions to many
of the SM flavor observables that are accidentally suppressed in the SM, especially CP
violating ones. For example, the composite dynamics generates an electric dipole moment
(EDM) for the neutron. To be compatible with the strong experimental constraint [14],
the scale m∗ must be really large. If the dipole is generated at tree-level in the strong
dynamics, we can estimate this effect as

dn ∼
mu/d

m2
∗
≤ 1.8× 10−26 cm =⇒ m∗ ≳ 45− 75 TeV . (1.29)

In models where the dipoles are only generated at loop level, the bound on m∗ would
instead be suppressed by a power of g∗/4π. Assuming a similar anarchic structure also
for the lepton sector, gives an even stronger constraint on m∗ coming from the much
more precisely measured EDM of the electron. In that case the bound becomes

de ≤ 1.1× 10−29 cm =⇒ m∗ ≳ 1300 TeV . (1.30)

Again, the bound on the mass gets reduced by a factor g∗/4π when the operator is
induced at 1-loop level.

Large tree-level contributions also appear to many other flavor observables. For example,
from the K − K̄ mixing we find m∗ ≳ 25 TeV, while from b→ sγ we have m∗ ≳ 29 TeV.

Finally it is important to note that in models in which we do not make any assumptions
on the composite sector, contributions to the neutron EDM might also come from flavor-
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Chapter 1. Flavor in Composite Higgs models

universal corrections to the Standard Model dynamics. For example, if the composite
sector violates CP also in the limit where all the mixing are turned off, we generate the
so-called Weinberg operator

L ⊃ c(m∗)
g3
s(m∗)
g2
∗m

2
∗

1
3!f

abcGaνµ G
bρ
ν G̃

cµ
ρ , (1.31)

that contributes to the neutron EDM [15]. Indeed, we can estimate from NDA up to a
dimensionless order one number

dn
e
≈ c(1 GeV)g

3
s(m∗)
g2
∗m

2
∗

ΛQCD
4π , (1.32)

where c(1 GeV) is the value of the Wilson Coefficient c(m∗) at the ΛQCD = 1 GeV scale.3

Such a running can be computed by first running from the scale m∗ to 1 TeV and then
down to ∼ 1 GeV using the results of [16]

c(1 GeV) ≈ 0.3 c(1 TeV) ≈ 0.3 c(m∗)
(

αs(m∗)
αs(1 TeV)

)15/14
. (1.33)

Imposing the current experimental constraint, this translates to a bound on the composite
parameters of

m∗g∗ ≳ 110 TeV . (1.34)

Even though this bound is weaker than the one from the quark dipole moments for large
values of g∗, it is completely independent on the flavor structure of the model and only
comes from the assumption of CP violation in the composite sector.

1.2.2 Symmetric strong sector

In the previous section we have seen that the hypothesis of anarchic partial compositeness
is incompatible with a small (≲ few TeV) value for m∗ as would be required to address
the hierarchy problem. The main issues are related to CP odd observables and flavor
transitions, especially the ones in the down sector, that are very well experimentally
constrained. A possible way out is to invoke some symmetries in the strong dynamics.
However, the price to pay if we follow this path is that the flavor hierarchy cannot be
explained via RG evolution as it is done in anarchic models. In this study we adopt this
paradigm and we show how, by motivated and structured assumptions on the strong
sector flavor symmetry group, we can maintain m∗ ≲ 10 TeV.

The first hypothesis is directly suggested by eq. (1.34): a TeV scale dynamics which
generate the CP odd Weinberg operator GGG̃ unavoidably produces a large neutron

3Arguments based on QCD sum-rules [15] estimate a smaller matching coefficient in eq. (1.32). In
particular in [15] it was found dn/e = c(1 GeV) g3

s(m∗)
g2

∗m2
∗

((10 − 30)MeV).
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1.2 Flavor in Composite Higgs Models

dipole moment. To avoid this, we then have to assume that the composite dynamics
respects CP and the only source of its breaking comes from the various mixings of
eq. (1.24), that is of course needed to reproduce the SM. This is however not enough to
avoid the large CP violating effects mentioned before. Indeed, the O(1) phases coming
from the mixings λ, in general, imply again the strong bounds of eqs. (1.29) and (1.30)
and from the other flavor violating observables. Some flavor symmetry is necessary.

A very efficient solution to this problem is given by Minimal Flavor Violation (MFV)
[17]. The idea is to assume that the only sources of violation of the flavor symmetries of
the SM quarks (or in general fermions) SU(3)q × SU(3)u × SU(3)d are given by the SM
Yukawas, transforming as spurions as

SU(3)q SU(3)u SU(3)d
Y u ∼ 3 3̄ 1
Y d ∼ 3 1 3̄

(1.35)

and that any new flavor violating contribution is proportional to them. Notice that this
hypothesis, together with a CP invariant strong dynamics, not only protect dipoles but
also screens (at least partially) flavor transitions, as we will see in detail later on.

In partial compositeness this idea is realized imposing flavor symmetries on the strong
sector [18, 19]. Starting from the double mixing Lagrangian

Lmix = λiaqu
q̄iLO

a
qu

+ λiaqd
q̄iLO

a
qd

+ λaju Ō
a
uu

j
R + λajd Ō

a
dd
j
R + h.c. , (1.36)

in the absence of the mixings λ, the elementary are symmetric under the flavor group
Fe = U(3)q × U(3)u × U(3)d. Similarly we assume a flavor group Fc under which the O
operators transform. To reproduce the SM Yukawas

Y ij
u ≃ (λquλu)ij , Y ij

d ≃ (λqd
λd)ij , (1.37)

it is clear that we need Oqu and Ou (Oqd
and Od) to transform under the same group. At

most Fc can be U(3)U × U(3)D, with an obvious notation. The MFV paradigm requires
the λs of eq. (1.36) to be spurions of the breaking of F ≡ Fe ×Fc to U(1)B according to
the same pattern of the SM Yukawas. This last point, together with eq. (1.37) selects
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Chapter 1. Flavor in Composite Higgs models

only few options, summarized by the following breaking scheme

Fe × (Fc ≡ U(3)U × U(3)D) λu∝λd∝1−−−−−−→ U(3)q × U(3)U+u × U(3)D+d
λqu∝Yu−−−−−→
λqd
∝Yd

U(1)B ,

(1.38)

Fe × (Fc ≡ U(3)U × U(3)D)
λqu∝λqd

∝1
−−−−−−−→ U(3)U+D+q × U(3)u × U(3)d

λu∝Yu−−−−→
λd∝Yd

U(1)B ,

(1.39)

Fe × (Fc ≡ U(3)U+D)
λqu∝λqd

∝1
−−−−−−−→ U(3)U+D+q × U(3)u × U(3)d

λu∝Yu−−−−→
λd∝Yd

U(1)B ,

(1.40)

Fe × (Fc ≡ U(3)U × U(3)D) λqu∝λd∝1−−−−−−−→ U(3)U+q × U(3)u × U(3)D+d
λqu∝Yu−−−−−→
λd∝Yd

U(1)B ,

(1.41)

Fe × (Fc ≡ U(3)U × U(3)D)
λu∝λqd

∝1
−−−−−−−→ U(3)U+u × U(3)D+q × U(3)d

λu∝Yu−−−−−→
λqd
∝Yd

U(1)B ,

(1.42)

that we will now review in turns.

Right-handed compositeness

The first pattern, in eq. (1.38), assumes both right handed quarks mixings to be completely
aligned with the composite fermions. Consequently the left handed mixings need to be
aligned with the SM Yukawas. This scenario, that we denote U(3)2

RC, has been widely
explored in the literature [13, 18]. Here we will briefly review it and present updated
bounds.

The model is characterized by the following form of the mixing parameters

U(3)2
RC : λiau ≡ εug∗δia , λiad ≡ εdg∗δai , λaiqu

≃ Y ai
u

εu
, λaiqd

≃ Y ai
d

εd
. (1.43)

We will assume that λ/g∗ < 1 such that a perturbative expansion of the Wilson coefficients
can be obtained by counting the insertions of the mixing the parameters. From this
assumption follows that yt/g∗ ≲ εu < 1 and yb/g∗ ≲ εd < 1.

As we have already anticipated, this scenario trivially protects the neutron EDM. The
reason is that the flavor quantum numbers of the dipole interactions are the same as the
Yukawa couplings. Therefore, at leading order in the insertion of the λ’s the coefficient
of the dipole is necessarily aligned with the SM fermion mass matrix and so, under our
assumption of CP-invariance up to λ, in the mass basis it is diagonal and real. Higher
order insertions of λ will induce a misaligned correction to the dipole. However, this
effect is parametrically suppressed by factors of order Y 2/16π2.
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1.2 Flavor in Composite Higgs Models

In this model the strongest constraints come from the interplay of the measurements of
the different four-fermion operators. Particularly important are the bounds from the
compositeness of the light families and the flavor transition involving down quarks, as
we will see in a moment. The U(3) symmetries of this scenario forces all up (down)
right-handed quarks to be equally composite, with a degree of compositeness measured
by the parameter εu (εd). The compositeness of the light families can be tested at the
(HL-)LHC by studying the dijet angular distributions [20]. In particular we focus on the
following two operators

O(1)
uu = (ūRγµuR)(ūRγµuR) , O(1)

dd = (d̄RγµdR)(d̄RγµdR) , (1.44)

whose coefficients are expected to be of order g2
∗ε

4
u/m

2
∗ and g2

∗ε
4
d/m

2
∗ respectively. The

projected 95%-bound for the 14 TeV LHC at 300 fb−1 integrated luminosity is [21]4

m∗ ≳ 12.7 g∗ε2
u TeV , m∗ ≳ 5.8 g∗ε2

d TeV . (1.45)

Regarding the flavor transitions instead, the most important bounds come from transition
involving the B quark. We firstly consider the rare leptonic decays of Bs mesons into
muons. In our scenarios, if we assume the leptons have a negligible mixing with the
composite sector, the dominant transitions come from modifications of the Z couplings:

[OZ ]ij = f̄ iγµf jJ (Z)
µ , (1.46)

where J (Z)
µ is the Standard Model current that couples to the Z. In our framework these

are induced by[
O(1)
Hq

]ij
=
(
H†i
←→
D µH

)
q̄iLγ

µqjL ,
[
O(3)
Hq

]ij
=
(
H†i
←→
D µτ

aH
)
q̄iLγ

µτaqjL , (1.47)

where τa ≡ σa/2 with σa the three Pauli matrices and the quarks have free flavor indices.
Integrating out the Higgs and the electroweak bosons we get the effective operators of
the form of eq. (1.46).

The Bs decay effective Hamiltonian is conventionally parameterized as

Heff = −4GF√
2
V tb

CKM(V ts
CKM)∗ e2

16π2

[
C10(s̄LγµbL)(ℓ̄γµγ5ℓ) + C ′10(s̄RγµbR)(ℓ̄γµγ5ℓ)

]
.

(1.48)
Notice that eq. (1.46) also contains the operators C9 and C ′9, of the same form of the
previous ones but coupled with the leptonic current without the γ5. The latter are
suppressed by a factor (1− 4 sin2 θw) ∼ 0.08 compared to the ones in (1.48).

4CMS [22] and ATLAS [23] only released 13 TeV results at 37 fb−1 at the time of writing. Moreover,
both the analyses consider only operators universal on the fermion family. We thus decided to use the
projections for the end of Run 3 from [21] for our bounds.
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The current neutral anomalies in the rare B decays point towards non-zero values for the
C

(′)
9/10 Wilson coefficients involving muons. Moreover the present fit prefers new physics

aligned to the direction C9 = −C10 (see [24]), even if some improvement with the data
can be obtained including the effect of only one operator among C9 and C10. We report
the results from [24], for the best fit in some new physics direction

C9 = −0.73± 0.15 , C10 = 0.54± 0.12 , C9 = −C10 = +0.39± 0.07 , (1.49)

where for each case all the other operators are set to zero.

The U(3)2
RC model we are considering here generates C10 with a coefficient that can be

estimated as
C10 =

√
2

GF

4π2

e2
y2
t

m2
∗ε

2
u

∼ 36.6 1
m2
∗ε

2
u

. (1.50)

The right-handed sector is instead diagonal and thus C ′10 is not generated at leading
order. Requiring C10 not to exceed twice the 1σ error on the single operator best fit in
eq. (1.49) we get the following bound on m∗

m∗ ≳
12.3
εu

TeV . (1.51)

With an appropriate choice of the composite group and the representation of the composite
operators coupled to the elementary fermions, this bound could become weaker. Indeed,
a PLR symmetry [25] can be invoked to suppress the deviations of the Z couplings to the
left-handed components of the down-type quarks arising from (1.104). In such a case the
leading contribution would come from operators of the type

q̄iLγ
µqjL ∂

νBνµ , q̄iLτ
aγµqjL (DνWνµ)a , (1.52)

and the resulting bound would be parametrically suppressed by a power of g(Z)
SM/g∗ =

g/(cW g∗)
m∗ ≳

9.2
g∗εu

TeV . (1.53)

The last important bounds come from the ∆F = 2 transitions in the B meson system.
The right-composite MFV model only generates the O1 operator of eq. (1.124)at tree-level.
Indeed in this model, the spurions accompanying fermion bilinears involving two quarks
of different chiralities (LR) or two right-handed quarks (RR) are clearly real and diagonal
in flavor since they are proportional to a Yukawa matrix or its square respectively. This
is not true however for bilinears involving only left-handed quarks (LL), since they are
proportional to a linear combination of YuY †u and YdY

†
d that is in general not diagonal.
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1.2 Flavor in Composite Higgs Models

The strongest bound comes from the Bd for which we estimate

AbsCbd1 ∼
A2y4

t λ
6

m2
∗g

2
∗ε

4
u

, (1.54)

whose corresponding bound on m∗ is

m∗ ≳
6.5
g∗ε2

u

. (1.55)

A complete analysis of all the bounds of this model, including also other observables, is
done in sec. 1.4.

Putting together the bounds just discussed, we find that this model requires quite a
large value for m∗. If we do not assume the PLR symmetry the strongest bounds are in
eq. (1.45) from quark compositeness, which tends to require small εu, and (1.51) from
∆F = 1 transitions, which require sizable εu. Marginalizing over εu we see that the lower
bound on the new physics mass scale reads m∗ ≳ 12.4g1/3

∗ ≳ 12.4 TeV. If one instead
assumes PLR, the bound from the Bs decay becomes subdominant. The minimum value
for m∗ can then be found by combining eq. (1.45) with eq. (1.55) to give

m∗ ≳ 9 TeV . (1.56)

This bound is obtained for εu = 0.85/√g∗, which for not so large g∗ is compatible with
the hypothesis of composite u-type quarks.

It is clear that the origin of this problem is that the mixing in the up-sector εu is the
same for both the light families (that control the quark compositeness bound) and the
top-quark (which gives the dominant contribution to flavor-violating processes). In
sec. 1.3 we will quantify the improvement obtain when separating the mixing parameters
of the first two families from that of the top quark.

Left-handed compositeness

The second and third patterns, in eqs. (1.39) and (1.40), feature SM doublets completely
aligned with the composite ones. From the flavor point of view, these two scenarios are
almost equivalent as long as the left handed mixings are comparable λqu ∼ λqd

. The
main qualitative difference is that imposing the larger symmetry Fc = U(3)U × U(3)D
suppresses tree-level transitions between right-handed up and down quarks. In other
words, the model (1.40) allows the flavor-violating structure (Y †uYd)ij ūiγµdj , whereas
these can only arise combined with a loop suppression g2

∗/16π2 in (1.39). These transitions
are, however, not significantly constrained experimentally, as we see in detail in sec. 1.4.
For this reason we will therefore only consider the case of (1.40) that can be realized
with a single mixing partner of the left-handed doublets. This scenario, that we denote
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U(3)LC, has been previously explored in [13, 18].

This model thus contains the following mixing parameters

U(3)LC : λiaq ≡ εqg∗δia , λaiu ≃
Y ai
u

εq
, λaid ≃

Y ai
d

εq
, (1.57)

where yt/g∗ ≲ εq < 1.

For the same reasons as U(3)2
RC, there is no contribution to the neutron EDM. Yet, this

implementation of MFV significantly suppresses flavor-changing transitions at tree-level.
This is readily understood since the spurion that controls LL structures is the identity,
while for the RL and RR structures we have respectively the Yukawa and its square,
which in the mass basis are diagonal. The only exception is the weakly-constrained
ūR − dR structures mentioned above.

The most relevant constraints arise from flavor conserving processes. For example,
consider the operator

O(1)
qq = (q̄LγµqL)(q̄LγµqL) , (1.58)

for left-handed transitions in dijet searches. Using again the bounds from [21], we find

m∗ ≳ 14.2 g∗ε2
q TeV , (1.59)

that clearly favors a small value for εq.

The strongest bound for this model however comes from the electroweak sector. The
operators in eq. (1.104) indeed generate a flavor universal correction to the W coupling
of the left-handed quarks as

g√
2

(1 + δgLW )ūVCKMγ
µPLdW

+
µ , (1.60)

where we estimate
δgLW ∼ v2 ε

2
qg

2
∗

m2
∗
. (1.61)

This correction is constrained by the measured unitarity condition on VCKM. Indeed, the
experimental condition [26] (1 + δgLW )2∑

i

∣∣V ui
CKM

∣∣2− 1 = (1.5± 0.7)× 10−3 in our model
(where VCKM is in fact unitary) reads (1 + δgLW )2 − 1 ≈ 2δgLW = (1.5± 0.7)× 10−3. By
requiring that this modification does not exceed twice the 1-σ error, we derive the bound

m∗ ≳ 9.3 g∗εq TeV . (1.62)

Since to reproduce the top Yukawa εq cannot be smaller than yt/g∗, this gives an absolute
lower bound on m∗:

m∗ ≳ 9.3 yt TeV ≈ 8 TeV . (1.63)
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1.3 Less symmetric strong sector

Similarly to U(3)2
RC, also in this model the origin of the strong lower bound on the new

physics scale is the universality of the εq parameter among the three families.

Mixed compositeness

Finally the two last scenarios of eqs. (1.41) and (1.42) are somehow hybrid between the
pattern previously described [18] and they maintain the same weak spots of the latter.
In particular the scenario described in eq. (1.42) has the same strong bounds of U(3)2

RC,
from b→ s transitions and compositeness of the light up families. The model of eq. (1.41),
regardless of the flavor structure is excluded up to m∗ > 8 TeV from the unitarity of the
CKM. For these reasons we will not analyze them further.

1.3 Less symmetric strong sector

We now go beyond MFV violation and we show how a smaller strong sector flavor group
Fc allows to keep m∗ relatively low. The logic we follow is to start from a MFV set-up,
identify its weak spots and then try to reduce the tension with the data by downgrading
Fc to a smaller group. We stress that our goal is not to find the composite Higgs model
less constrained by flavor measurements, in fact we can expect that ad-hoc constructions
and specific assumptions for the spurions λ can have weaker bounds than the ones we will
find in the rest of the section. Our procedure, on the contrary, is systematic and based
on two well defined hypotheses: the composite sector respects some flavor symmetry Fc
and some of the SM quarks belong to the strong sector. The amount of compositeness of
the latter are measured by some parameters ε and we can check a posteriori if ε ∼ 1 or
if ε≪ 1, meaning that our hypothesis is inconsistent. Furthermore we take as starting
point the Lagrangian of eq. (1.36), including one partner for each right-handed field and
at most two partners for the SM doublets.

1.3.1 Right-handed compositeness

We first start from the scenario where the right-handed quarks are aligned with the
composite sector. In sec. 1.2.2 we analyzed in detail how MFV can be realized in this
hypothesis and why this model is only consistent with data for large values of m∗. In
particular we saw that flavor transitions are enhanced by very composite right-handed
top. At the same time composite top means composite up and charm which are very
well tested and excluded by LHC measurements. The way out we want to explore is to
separate the top from the two lighter families reducing the U(3)U × U(3)D flavor group
to U(2)U × U(1)T × U(3)D. In this section we show how this scenario, that we denote
as U(2) × U(3)RC, has enough freedom to have the right-handed top fully composite,
maintaining at the same time mildly composite light quarks and not generating other
dangerous (CP odd) effects as electric dipoles. A previous study of this scenario is
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Chapter 1. Flavor in Composite Higgs models

Figure 1.1: Summary plot for the three right-handed compositeness models under
consideration.

presented in [27], that we update and extend in the following. Then later on we go
beyond that and we try to separate also the heaviest family in the down sector. We will
see that this scenario, where Fc = U(2)U × U(1)T × U(2)D × U(1)B, does not improve
significantly over U(2)× U(3)RC.

Our results are summarized in Fig. 1.1. We can see that MFV is excluded up m∗ ∼ 9 TeV,
independently of the other parameters of the model. This bound is obtained by combining
the constraints from compositeness and ∆F = 2 transitions in the B sector, while the
tail at small values of g∗ comes from the ∆F = 1 leptonic B decays. The minimal m∗
value is roughly a factor 3 larger than the minimum m∗ allowed by universal constraints.
The assumptions of U(2)2

RC slightly improve the situation as shown by the green contour,
that it is dominated by the b→ sγ transition. Yet, among the models we studied in this
section the mildest flavor-dependent constraints are found in the U(2)×U(3)RC scenario,
where the most relevant bound comes from rare B decays. In some sense this model
seems to have the ideal amount of symmetries necessary to avoid indirect searches; more
or less symmetries will just increase the tension with the data.

U(2)× U(3)RC

This model is characterized by the flavor group Fc = U(2)U × U(1)T × U(3)D and is
described by the following Lagrangian

LU(3)×U(2)RC
mix =λiAqu

q̄iLO
A
qu

+ λiaqd
q̄iLO

a
qd

+ λiqt
q̄iLOqt

+ g∗εuŌ
A
u u

i
RδAi + g∗εdŌ

a
dd
i
Rδai + g∗εtŌttR + h.c. .

(1.64)

where A = 1, 2 is the index of the U(2)U group, while a = 1, 2, 3 is the index of the U(3)D
group. The mixing parameters λ and ε can be identified as spurions of the breaking of
the flavor group F , transforming as in the table in App. 1.A. While in the down sector
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1.3 Less symmetric strong sector

this scenario is completely analogous to U(3)2
RC, it differs in the up sector, having the

top separated from the other two quarks forming a doublet of U(2)U . A scheme of the
symmetry breaking pattern for this and the other right-handed scenarios is reported in
Fig. 1.4.

The Yukawa couplings for the up and down sector are written in terms of the mixings as

Yu ∼ (λquεu|λqtεt) , Yd ∼ λqd
εd (1.65)

where the vertical bar means that the 3× 2 matrix and the 3× 1 vector should be stacked
together to form a 3 × 3 matrix. We parametrize the mixings λ in the most general
way that can reproduce the SM Yukawas. We only assume that λqt ≫ λqu , which may
be explained by RG effects similarly to anarchic Partial Compositeness. Under this
hypothesis λqt ∼ yt whereas λqu has the largest size of order yc. In order to generate a
Yukawa for the up-quark, we have to assume that one component is accidentally small
and of the order of yu. Using the flavor symmetries of the system, we can reduce them
in the following way

U(2)× U(3)RC :

λqu = 1
εu

 yu 0
0 yc
a yc b yc

 , λqt = 1
εt

 0
0
yt

 ,

λqd
= 1
εd
Ũd

 yd 0 0
0 ys 0
0 0 yb

 .

(1.66)

The coefficients a and b are assumed to be O(1) complex numbers with an arbitrary
phase and the matrix Ũ is a 3× 3 unitary matrix. Notice that, by field redefinition we
can remove all but one phase on Ũd meaning that in this model there are in total three
physical phases.

In this basis the Yukawa matrices are not diagonal and can be diagonalized with bi-
unitary transformations to go to the mass basis. In particular the two matrices Uu and
Vu that diagonalize Yu can be computed explicitly in the limit yu ≪ yc ≪ yt as shown in
app. 1.A. The matrix Ũd is instead identified in terms of the CKM matrix as

VCKM = U †uŨd . (1.67)

This model contains in total five additional real free parameters, namely εu, εd, εt, |a| ∼ 1
and |b| ∼ 1, and two additional CP violating phases, arg[a] and arg[b], compared to the
SM. Therefore, even if we assume a CP even strong sector, there are two additional
phases giving rise to new potentially measurable effects in electric dipole or CP odd
flavor transition. Moreover, notice that, from the Lagrangian in eq. (1.64) it is possible
to recover the U(3)2

RC model simply by setting a = b = 0 and εt = εu. This point is also
summarized in Fig. 1.4.
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We now inspect the bounds on this scenario in details.

Electric dipole cancellation

As we mentioned before, the new phases in the mixing of eq. (1.64) can in general produce
new observables effects. A remarkable property of all the models under exam in this
section, is the absence of electric dipole moments at leading order in the spurion insertions.
In the specific case of U(2)× U(3)RC, moreover, non-zero electric dipoles are generate
at 1-loop only for the up sector and they happen to be extremely suppressed, while
contributions from the down quarks come at at least 2-loops.

Contributions to the electric and chromoelectric dipole moments of the neutron are
induced by the imaginary part of the Wilson coefficients Cffγ and Cffg of the following
operators

Offγ = ef̄Lσ
µνγ5fRFµν , Offg = gsf̄Lσ

µνγ5fRGµν . (1.68)

In MFV, these are obviously aligned with the SM Yukawas at tree-level and so they are
real and diagonal in the mass basis. In the case of U(2) × U(3)RC the same is clearly
true for the down sector, which is completely equivalent to MFV, but the cancellation of
dipoles in the up sector is less trivial and requires a specific discussion.

Let start from the spurions in eq. (1.64), the flavour structure of the Wilson coefficient of
the operators in eq. (1.68) is

[Cuuγ ]ij ∝ [Cuug]ij ∝ (λquεu|xλqtεt)ij , (1.69)

where x is an O(1) real number with x−1 measuring the departure from the SM Yukawas,
and i, j denote the SM flavor. To prove the absence of electric dipoles we must show that
the coefficients in eq. (1.69), once rotated in the mass basis, have real diagonal entries
i = j. A way to see it is to start from the explicit form for the spurions in eq. (1.66) and
remove all the phases from λqu , λqt , εu and εt. This can be done, for instance, rotating
the SM fields, in the Lagrangian of eq. (1.64), as

u1
R → u1

R e
−iarg[a] , q1

L → q1
L e
−iarg[a] , u2

R → u2
R e
−iarg[b] , q2

L → q2
L e
−iarg[b] .

(1.70)

This field rotation removes the phases from the two parameters a and b and moves them
to the down sector. In this way the new up Yukawa in eq. (1.65) is now free of complex
entries and can be diagonalized by orthogonal matrices only. As a consequence the dipole
Wilson coefficient in eq. (1.69) is build out just starting from real objects and it is clearly
real itself. Moreover any additional rotation of the fields which keeps the Yukawas real
and diagonal in the mass basis, cannot modify the diagonal entries of eq. (1.69) resulting
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1.3 Less symmetric strong sector

Figure 1.2: A 1-loop contribution to the neutron EDM in our theory. The double line
represents states in the composite dynamics, while the single lines represent elementary
fermions.

in no-tree level electric dipoles.

There is another way to prove the absence of electric dipoles at tree level. Starting
again from eq. (1.69) we can see that, at tree level, [Cuuγ/g]ij is built out of λu,t and
ϵu/t. Since electric dipoles are observables, and so basis independent, we can search for
flavor invariants constructed as combinations of λu,t and ϵu/t. However, a basis for such
invariants is given by

λ†qt
λqt , Tr[λquλ

†
qu

] , Tr[(λquλ
†
qu

)2] , λ†qt
(λquλ

†
qu

)λqt , λ†qt
(λquλ

†
qu

)2λqt , |εt|2 , |εu|2 ,
(1.71)

and it is manifestly real. Therefore, the only way to have a complex invariant is to
include also the λqd

spurion, which can only occur at next to leading order.

In the U(2)× U(3)RC model the first diagonal imaginary contribution for the up-sector
requires at least one loop of the elementary fields, generated via a process similar to
Fig. 1.2. The Wilson coefficient of eq. (1.68) is given by

[Cuuγ ]ij = 1
16π2

v√
2

[
λqd

λ†qd
(λquεu|xλqtεt)

]ij
(1.72)

giving the following leading contribution to the electric dipole moment

dn ∼ e
y2
b

16π2
ℜ(a)Aηλ3

m2
∗ε

2
d

mc =⇒ m∗ >
0.05
εd

TeV . (1.73)

The latter is of the same order of the bound on ZbLbL from LEP measurements, reported
in Tab. 1.1 and it is clearly under control for εd ≳ 0.05. Notice that in the a→ 0 limit
the previous contributions goes to zero.

We also remark that 1-loop contributions to down quarks electric dipole moments are
zero, as can be seen by a straightforward calculation. Indeed the contribution reads

[Cddγ ]ij = 1
16π2

v√
2

[
(λquλ

†
qu

+ x1λqtλ
†
qt

+ x2λqd
λ†qd

)λqd

]ij
, (1.74)
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with x1 and x2 some O(1) real numbers. It is clear that the term proportional to x2 is
real and diagonal in the mass basis. The first two terms in the mass basis instead read

(λquλ
†
qu

+ x1λqtλ
†
qt

)λ†qd
→ V †CKM

[
Ȳ 2
u

ε2
u

+
(
x1
ε2
t

+ 1
ε2
u

)
U †uỸ

2
t Uu

]
VCKM

Ȳd
εd

(1.75)

with the notation of App. 1.A. Since this contribution is written as the product of a
Hermitean matrix and a real and diagonal matrix, the diagonal entries are real as well,
proving that also at 1-loop there is no contribution to dipoles.

Constraints

We just showed that the U(2)× U(3)RC scenario is safe from electric dipoles. Moreover,
since the down sector is aligned with the Yukawas, this model is also protected from
dipole operators mediating b→ sγ transitions, which usually give rise to strong bounds.
However, this model has a less trivial flavor structure than MFV and the less amount of
symmetries in the strong sector open the way to new potentially measurable effects. All
the constrains on the model are detailed in sec. 1.4, in the following we just discuss the
most important signatures of the model.

The strongest constraints on U(2)× U(3)RC come from the same observables as U(3)2
RC.

The bound from light fermion compositeness clearly coincides with eq. (1.45), i.e. we
have

m∗ ≳ 12.7 g∗ε2
u TeV , m∗ ≳ 5.8 g∗ε2

d TeV . (1.76)

The bounds from ∆F = 2 and ∆F = 1 transitions in the B sector of eqs. (1.55) and (1.51)
are instead now enhanced by a small εt. They are respectively

m∗ ≳
6.5
g∗ε2

t

, (1.77)

and

m∗ ≳
12.3
εt

TeV , (w/o PLR) m∗ ≳
9.2
g∗εt

TeV(w/ PLR) . (1.78)

It is clear that in this model we can have a small value for εu and εd in order to minimize
the bounds from compositeness, still keeping εt ∼ 1 to minimize the flavor bounds. The
ideal scenario has a maximal top compositeness εt = 1 and the PLR protection, in which
case we find m∗ ≳ 10.8 εu TeV. An order one value εu ∼ 0.3 is perfectly compatible with
the assumption of composite up-type quarks and would imply the relatively weak bound
m∗ ≳ 3 TeV. Much smaller values of εu would render the compositeness assumption
less plausible. In addition if εu ≲ 0.04 εt stronger bounds than the ones considered here
would arise from s-to-d ∆F = 2 transitions (see Tab. 1.4).
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1.3 Less symmetric strong sector

Figure 1.3: Current constraints on U(2)× U(3)RC model at 95% CL. The blue line is
obtained setting εt = 1. The black lines are the bounds from up quark compositeness for
two different values of εu.

Apart from what we just mentioned, no other large effects are generated in this model.
The strongest bound comes from eq. (1.78) that, in presence of PLR protection is relatively
under control. Moreover, the latter, has to be compared with the universal signatures
discussed in sec. 1.4.1, as shown by the summary plot in Fig. 1.3.

U(2)2
RC

We would like now to see if anything is gained by considering a smaller strong flavor
group Fc, studying the case where both the right-handed top and bottom possess only
an abelian flavor symmetry. The step of separating the bottom is not motivated by the
bounds previously discussed, which will not be relaxed. Considering this model is rather
aimed to see how much freedom we can leave to the strong sector before it results in
unwanted flavor signatures.

The scenario we consider now has so Fc = U(2)U × U(1)T × U(2)D × U(1)B that is then
broken by the right-handed mixings to U(2)u+U × U(1)t+T × U(2)d+D × U(1)b+B. The
mixing Lagrangian reads

LU(2)2
RC

mix =λiAqu
q̄iLO

A
qu

+ λiBqd
q̄iLO

B
qd

+ λiqt
q̄iLOqt + λiqb

q̄iLOqb

+ g∗εuŌ
A
u u

i
RδAi + g∗εdŌ

B
d d

i
RδBi + g∗εttRŌt + g∗εbbRŌb + h.c. ,

(1.79)

where the indices A,B = 1, 2 transform respectively under U(2)U and U(2)D. Analogously
to the U(2)× U(3)RC scenario the Yukawas take the following form

Yu ∼ (λquεu|λqtεt) , Yd ∼ (λqd
εd|λqb

εb) , (1.80)
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U(3)2
RC

Fe × U(3)2

εu εd

U(3)q × U(3)U+u
×U(3)D+d

U(1)B

λqu λqd

U(2)× U(3)RC

Fe × U(3)× U(2)× U(1)

U(3)q × U(3)D+d

εu
εt

εd

×U(2)U+u × U(1)T+t

λqt

λqu λqd

U(1)B

U(2)2
RC

Fe × U(2)2 × U(1)2

εu
εt

εd
εb

U(3)q × U(2)D+d × U(1)B+b
×U(2)U+u × U(1)T+t

λqt

λqu

λqb

λqd

U(1)B

εt = εu

a = b = 0

εb = εd

a′ = b′ = 0

Figure 1.4: Scheme of the various right-handed compositeness models under consideration.
Starting from the less symmetric U(2)2

RC on the right, it is possible to recover U(3)2
RC

switching off some of the parameters.

and we can parameterize the mixings λ as

U(2)2
RC :

λqu = 1
εu

 yu 0
0 yc
a yc b yc

 , λqt = 1
εt

 0
0
yt

 ,

λqd
= 1
εd
Ũd

 yd 0
0 ys

a′ ys b′ ys

 , λqb
= Ũd

1
εb

 0
0
yb

 ,

(1.81)

with Ũd a 3 × 3 unitary matrix.5 Notice that, even in this model, we can remove all
the phases but one from Ũd, with a total of 5 phases in eq. (1.81). The matrices that
diagonalize the Yukawas are once again reported in app. 1.A and Ũd is rewritten in terms
of the CKM as

VCKM = U †uŨdUd . (1.82)

Similarly to before, for this model we assume the parameters a, b, a′ and b′ to be O(1) with
arbitrary phases. The model and its relation to the other Right-handed compositeness
scenarios is summarazied in Fig. 1.4.

5We only need a single Ũd to reach this form: we start from a 3 × 3 unitary matrix that aligns λb in
the third direction and then we multiply it with a 2 × 2 block diagonal unitary matrix that leaves λb

invariant but allow to diagonalize the top 2 × 2 block of λd together with a U(2)D matrix on the right.
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Constraints

This model inherits many features of the U(2)× U(3)RC case just examined. The most
important aspect is the absence of the electric dipoles at tree-level. The proof simply
follows from the arguments presented for the U(2)× U(3)RC. In that model we showed
that one cannot build physical observables using only spurion in the up-sector, the same
arguments trivially extends also to the U(2)2

RC case for both the down and up sectors.
Moreover, notice that, differently from U(2) × U(3)RC now we have one-loop dipoles
for both up and down quarks. The latter are totally analogous to eq. (1.73) and are
negligible.

The compositeness bound of eq. (1.76) and the flavor bound of eqs. (1.78) and (1.77) apply
also here. In this model however we also generate additional flavor transitions. The first
one is the ∆F = 2 transition for right handed quarks. These bounds come from the
operator Õ1 of eq. (1.124). The complete list of bounds can be found in sec. 1.4, here we
report only the strongest one, related to Bd system and we get

m∗ ≳ 19.3 g∗ε2
b TeV . (1.83)

Additional effects are also present in ∆F = 1 (see sec. 1.4.2 for details), in fact, contrary
to U(3)2

RC and U(2)× U(3)RC the model U(2)2
RC has a less trivial structure in the down

sector and generate a non-suppressed C ′10 in eq. (1.48)

C ′10
∣∣
U(2)2

RC
=
√

2
GF

4π2

e2
1

V tb
CKM(V ts

CKM)∗
g2
∗ys(ε2

b − ε2
d)

m2
∗yb

∼ 23.9g
2
∗(ε2

b − ε2
d)

m2
∗

. (1.84)

Still from [24] we can read the bound on C ′10, which implies the following disequality on
m∗

|C ′10| ≲ 0.2 =⇒ m∗ ≳ 10.9 g∗εb TeV . (1.85)

The previous equation clearly tells that a small εb is preferred. Moreover there are two
effects that are enhanced by a small εb. The first is the anomalous ZbLbL coupling (see
Tab. 1.1), the second is the 1-loop contribution to neutron dipole moment. The latter
can be simply red from eq. (1.73) replacing εd → εb. Combining eq. (1.85) with the bound
from ZbLbL anomalous coupling in Tab. 1.1 we find

m∗ ≳ 0.9√g∗TeV , (1.86)

obtained marginalizing on εb. This effect is less relevant than universal constraints on
CH , as described in sec. 1.103. The lowest value of m∗ outlined in the previous formula
is obtained for εb = 0.086/√g∗. However, values of εb much smaller than unity are
incompatible with the hypothesis of b-quark compositeness. To defend this hypothesis
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much larger values of εb are necessary, and as a result a stronger constraint on m∗ follows.

The U(2)2
RC model also generates another ∆F = 1 effect, the B → Xsγ transitions, via

the so-called EW dipoles. These interactions are described according to the following
effective operators

f̄ iL(R)σµνf
j
R(L)F

µν
SM , (1.87)

with FµνSM the field strength of the SM gauge bosons and i, j the flavor indexes of the
fermions.

The strongest constraints on these kind of interactions come from the radiative decay of
B mesons. The effective Hamiltonian relevant for b→ s γ transition is

Heff = −4GF√
2
V tb

CKM(V ts
CKM)∗ mbe

16π2F
µν (C7s̄LσµνbR + C ′7s̄RσµνbL

)
, (1.88)

and the new physics contribution to the previous Wilson coefficient is constrained to be
[28] roughly

ReC7 ≲ 0.03 , |C ′7| ≲ 0.07 (1.89)

at 95% CL. In our model we estimate

C ′7
∣∣
U(2)2

RC
∼ ms

mb

b′4
√

2π2

GFV tb
CKM(V ts

CKM)∗m2
∗
∼ 2.4

(1 TeV
m2
∗

)2
, (1.90)

while C7 is suppressed by a further power or ms/mb. This translates into the much
stronger bound

m∗ ≳ 5.8 TeV . (1.91)

Combining all these bounds the largest possible value for εb is roughly εb ≲ 0.5/g∗.
The constraints on εd are much milder and read εd ≲ 1/√g∗. Overall, scenarios with
composite d-type quarks seem to require g∗ ∼ 1.

To conclude, separating the third family of the down-sector does not seem to offer a
significant improvement. Compared to the U(2)× U(3)RC model there are important
new signatures. The ∆F = 2 transition and the new correction to C ′10 may be suppressed
by taking εb small. However, the bound in eq. (1.91) gives a robust absolute lower bound
on m∗ independent on the other model parameters.
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U(3)LC

Fe × U(3)

εq

U(3)q+U+D × U(3)u × U(3)d

U(1)B

λqu λqd

U(2)LC

Fe × U(2)× U(1)

U(2)q+U+D × U(3)d

εq εq3

×U(3)u × U(1)q3+T+B

λqt

λqu λqd

λqb

U(1)B

εq3 = εq

a(′), b(′) → V 13,23
CKM

Figure 1.5: Same as Fig. 1.4 for the left-handed compositeness case. We are assuming
only one mixing for the SM doublets. There is not an easy way to reproduce MFV by
fixing the values of the four parameters a(′) b(′). In this limit they will be expressed as
some functions of the CKM angles and phase.

1.3.2 Left-handed compositeness

We now move on and we discuss the left-compositeness models. Our starting point is the
U(3)LC model of sec. 1.2.2, where for concreteness we assume only one mixing for each
SM doublet. We have seen that MFV model requires at least m∗ ≳ 8 TeV, due to the
tension with the precise measurement on the CKM matrix unitarity, see eq. (1.60). We
now try to relax this constrain assuming a smaller Fc.

U(2)LC

Following the same logic we adopted so far, we can start from U(3)LC and then separate
the third family reducing the strong sector flavor symmetries. More explicitly, we take
the left-handed mixing to break the composite group Fc = U(2)U+D × U(1)T+B and
the elementary flavor group to the diagonal U(2)q+U+D × U(1)q3+T+B, according to the
following Lagrangian

LU(2)LC
mix = g∗εq q̄

i
LO

A
q δiA + g∗εq3 q̄

3
LOq3 +λAiu Ō

A
u u

i
R +λitŌtu

i
R +λAid Ō

A
d d

i
R +λibŌbd

i
R +h.c. ,

(1.92)
where the index A = 1, 2 is the index of U(2)U+D. The SM Yukawas are then obtained
as

Yu ∼
(
λuεq

λtεq3

)
, Yd ∼

(
λdεq

λbεq3

)
, (1.93)
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where this time the 2× 3 and 1× 3 blocks are stacked on top of each other to form the
two 3× 3 matrices. Similarly to before, we can use the flavor symmetries to reduce the λ
mixings in the following form

U(2)LC :
λu = 1

εq

(
yu 0 a yc
0 yc b yc

)
, λt = 1

εq3

(
0 0 yt

)
,

λd = 1
εq
Ũ

(2)
d

(
yd 0 a′ ys
0 ys b′ ys

)
, λb = 1

εq3

(
0 0 yb

)
,

(1.94)

where a, b, a′ and b′ are complex numbers with arbitrary phases and Ũ
(2)
d is a 2 × 2

orthogonal matrix, since it is always possible to remove phases from Ũ
(2)
d by rephasing

the elementary quarks.

The matrices Uu, Vu, Ud and Vd that diagonalize the two Yukawas are reported in app. 1.A
and the CKM matrix is readily obtained as

VCKM = U †uŨdUd , Ũd ≡
(
Ũ

(2)
d 0
0 1

)
. (1.95)

An important difference with the previous model is that Ũd is now determined in terms
of a 2× 2 orthogonal matrix and thus contains only a single real parameter. This means
that three combinations of a, b, a′ and b′ are determined as function of two remaining
CKM angles and the CKM phases Thus, among a, b, a′ and b′ there are only 3 phases
and 2 real parameters. Given the form of Uu and Ud, we can see that for a generic 2× 2
rotation matrix of angle θ, VCKM is roughly

VCKM ∼


cos θ sin θ ayc

yt
+ a′ ys

yb

sin θ cos θ byc

yt
+ b′ ys

yb

ayc

yt
+ a′ ys

yb
byc

yt
+ b′ ys

yb
1

 . (1.96)

For all O(1) coefficients, the (1, 3) and (3, 1) components are one order of magnitude
larger than the SM measured value because of the ratio ys/yb ∼ 0.02. Thus, to reproduce
the CKM mixing angles we assume |a| ∼ |b| ∼ |b′| ∼ 1, θ ∼ λ and |a′| ∼ 0.1.

From the previous discussion it emerges that there is not an easy way to recover minimal
flavor violation just setting to zero some of the parameters. In general it is necessary to
set εq = εq3 and to fix a, b, a′ and b′ as functions of the various CKM entries. A cartoon
summarizing the model can be found in Fig. 1.5.

Constraints

The spurion structure of this model is analogous to the one of U(2)2
RC. Again this

scenario is free from dipole moment at leading order in the mixings λ. The proof follows
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from the same argument presented for U(2)×U(3)RC. Interestingly this model also does
not generate dipoles even at 1-loop. In fact, even at this order it is impossible to build
a combination of spurions that contributes to the dipoles and involves both up- and
down-type mixings. As we explained this is a necessary requirement to access one of the
physical phases of out model.

A first constraint to this model comes from the compositeness bound of eq. (1.59) that
gives

m∗ ≳ 14.2 g∗ε2
q TeV , (1.97)

which can however be satisfied by taking a small value for εq. The model however faces
several constraints from flavor-violating processes, in particular a strong bound comes
from the b→ sγ transitions induced by operators as in eq. (1.87). This effect, in analogy
to U(2)2

RC, gives

C7|U(2)2
LC
∼ ms

mb

4
√

2π2b′

GFV tb
CKM(V ts

CKM)∗m2
∗
∼ 2.4

(1 TeV
m2
∗

)2
, (1.98)

while C ′7 is suppressed by a further power or ms/mb. This translates into an absolute
lower bound on m∗ given by

m∗ ≳ 8.8 TeV . (1.99)

Moreover, the (semi-)leptonic Bs decays (see sec. 1.4.2) are also enhanced in this model,
giving

C10|U(2)LC
=
√

2
GF

4π2

e2
g2
∗(ε2

q3 − ε
2
q)

m2
∗

∼ 48.7
g2
∗ε

2
q3

m2
∗
, (1.100)

while the operator C ′10 is generated with a negligible coefficient. Again the C10 coefficient
can be suppressed in presence of PLR protections. Imposing the experimental bound we
find

m∗ ≳ 14.2 g∗εq3 TeV , (w/o PLR) m∗ ≳ 10.6 εq3 TeV(w/ PLR) , (1.101)

pushing toward the small εq3 direction.

From the previous discussion and from the various bounds reported in sec. 1.4 we find
that the strongest constraint is given by eq. (1.99), assuming PLR protection. In fact for
each value of m∗ above 8.8 TeV we can always find values of εq3 compatible. Concretely,
the strongest constraint on εq3 comes from the right-handed top coupling in table 1.1.

To conclude, in this section we have found that both U(3)LC and U(2)LC not allowed to
have m∗ in the few TeV range. While MFV is severely constrained by the CKM unitarity,
the less symmetric U(2)LC model suffers from large corrections to flavor-violating dipole
operators.
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1.3.3 Other possibilities

In the previous sections we just considered a minimalist set of scenarios of partial
compositieness and we need to comment on few more possibilities.

First of all, we remark that our logic was to start from the MFV hypothesis and then
lower down the symmetries of the strong sector. We have seen in sec. 1.2.2 that 5
realization of MFV, (summarized in eqs. (1.38, 1.39, 1.40, 1.41, 1.42)), are possible and
we considered explicitely how to improve the ones of eq. (1.38) and eq. (1.40), respectively
in sec. 1.3.1 and sec. 1.3.2. Nevertheless also the other scenarios might be improved by
the right choice of Fc and they deserve further investigations. For instance, given that
the strongest bounds are related to the up sector, we expect that the model in eq. (1.42)
can be improved following the same pattern we specified for eq. (1.38) resulting in similar
constraints.

A more careful discussion it is needed for the models in eqs. (1.41,1.39). In both of
them the strongest constraints are related to the unitarity of the CKM put under stress
by a large and equal compositeness of all the light families εqu ≳ yt/g∗. This can be
relaxed downgrading U(3)U → U(2)U × U(1)T and considering a smaller εqu to avoid
large LEP constrains. At the same time both of these scenarios, differently with U(2)LC
discussed before, are expected not to produce dangerous effects in the down sector, being
completely aligned with the SM Yukawas. Yet, we still have to quantify the values of the
different ε that makes this model compatibles with the various bound.
Moreover, we have to remark that in partial compositeness there can be different
realization from the ones we have studied only relying in a small set of hypotheses. For
instance one can start from the single mixing Lagrangian in eq. (1.22) and assume an
U(3) symmetry in the strong sector and λq ∝ λd [29].
Another possibility has been considered in [30, 13] and relies on an approximated U(2)2

symmetry. We still need a detailed analysis of this scenarios and a quantitative comparison
with the models we presented. We just mention that the minimal model considered in
[30] has a structure very similar to our U(2)2

RC model but on the contrary needs stronger
assumptions, namely the absence of some spurions that might cause additional effects.
Moreover the U(2)3 flavor symmetry cannot be realized according to our set of hypothesis
where the maximal amount of symmetry of the strong sector is U(3)2 and, up to the
mixings, the SM quarks always respect U(3)3.

1.4 Experimental constraints

In this section we summarize and extend the analysis performed so far on the various
bounds for the different models under consideration. We remark that this section
partially overlap with the previous discussion, moreover it aims to collect all the relevant
constraints.
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In order to make the discussion more systematic we define the tree-level flavor structures
[S]ij as the coefficient that involves the smallest number of mixing λ and ε for a given
flavor-dependent operators. In the rest of the section we often refer to these tree-level
flavor structures, whose explicit expression can be found in App. 1.A.

1.4.1 Universal constraints

The first class of effects we consider are the universal ones [31], where all the new
interactions among the SM fields can be described through higher dimensional operators
involving only SM bosons.

In composite Higgs models we can parameterize the leading effects according to the
following Lagrangian [11]

LSILH = cH
2
(
∂µ(H†H)

)2
+ cT

2
(
H†
←→
D µH

) (
H†
←→
D µH

)
+ ig

cW
2
(
H†
←→
D a

µH
)
DνW

aµν

+ig cB2
(
H†
←→
D µH

)
∂νB

µν − g2 c2W
2 (DµW a

µν)(DρW
aρν)− g′2 c2B

2 (∂µBµν)(∂ρBρν) ,

(1.102)

where the size of the Wilson coefficient, as function on the new physics parameters, can
estimated according to the so-called “SILH” power-counting. In particular, apart from
cT , we expect the other Wilson coefficients in eq. (1.102) to be general for composite
Higgs models, i.e. to not depend on the detailed flavor structure, and to scale as

cH ∼
g2
∗

m2
∗
, cW ∼ cB ∼

1
m2
∗
, c2W ∼ c2B ∼

1
m2
∗g

2
∗
, (1.103)

as functions of g∗ and m∗.

The operator cW and cB can be related to the S parameter[32] which has been constrained
by EWPT (see for instance [33]). The operator c2W and c2B are very well measured at
(HL)-LHC. W is expected to be stronger than Y and we can already read the bound
on W from recent run-2 results [34]. We extract the value for cH from [35].We report
the results for the current constraints in the left panel of Fig. 1.6. In the right panel
we report the projections for HL-LHC. The bounds are obtained from [36, 37] and we
updated the W constraint according to the projections of [38].6

The size of cT , on the contrary, is less generic and strongly depends on the specific
assumptions on the strong dynamics. Moreover the cT coefficient, usually related to the
T̂ oblique parameter, is protected by the custodial symmetry that we assume in all our
discussion. The main sources of custodial breaking, which generate a non-zero T̂ , are the

6Notice that the estimate in [38] assumes conservative hypothesis for the systematic uncertainties,
given the recent measurements at 100 fb−1 in [34].
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Chapter 1. Flavor in Composite Higgs models

Figure 1.6: Current and future universal constraints on CH-models at 95% CL. See the
main text for details.

exchanges of composite fermions, in the case the latter are not singlet under SU(2)R.7

These contributions have been computed in [13] for a defined fermion content. In the
various scenarios we consider we don’t find them competitive with the other constraints.

1.4.2 Anomalous couplings to SM gauge bosons

The first class of non universal effects we consider are the corrections to SM vector bosons
couplings. We focus on the following set of operators[

O(1)
Hq

]ij
=
(
H†i
←→
D µH

)
q̄iLγ

µqjL ,
[
O(3)
Hq

]ij
=
(
H†i
←→
D µτ

aH
)
q̄iLγ

µτaqjL ,

[OHu]ij =
(
H†i
←→
D µH

)
ūiRγ

µujR , [OHd]ij =
(
H†i
←→
D µH

)
d̄iRγ

µdjR ,
(1.104)

where τa ≡ σa/2 with σa the three Pauli matrices and the quarks have free flavor indices.
The previous operators can be further classified in two categories: the flavor diagonal
corrections to Z and W bosons couplings and the ∆F = 1 flavor transitions, that we
discuss respectively in sec. 1.4.2 and sec. 1.4.2.

∆F = 0

We already discussed in eqs. (1.60) and below the corrections to the W couplings,
particularly important in the case of left-handed compositeness. Other important bounds
come from bottom and top couplings to the Z. The former is very well constrained by
LEP measurements, resulting in the following 95% bounds [39]

|[C(1)
Hq3 + C

(3)
Hq3 ]33| ≲ 5.5−2 TeV−2 , |[CHd]33| ≲ 1.1−2 TeV−2 . (1.105)

7This contribution usually exceed the so-called IR effects [9].
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[C(1)
Hq + C

(3)
Hq]33 [CHd]33 [CHu]33

Fc P.C. Bound P.C. Bound P.C. Bound
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m2
∗ε

2
t

(
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b

m2
∗ε

2
b

)
4.8
εt

(0.08
εb

) ε2
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2
∗

m2
∗

1.1g∗εb
ε2

t g
2
∗

m2
∗

0.6 g∗εt

U(3)LC
ε2

qg
2
∗

m2
∗

5.5 g∗εq
y2

b

ε2
qm

2
∗

— y2
t

ε2
qm

2
∗

0.5
εq

U(2)LC
ε2

q3g
2
∗

m2
∗

5.5 g∗εq3
y2

b

ε2
q3m

2
∗

— y2
t

ε2
q3m

2
∗

0.5
εq3

Table 1.1: Constraints from anomalous Z/W coupling for the different scenarios under
consideration. For each operator and scenario we report the Naive Power Counting (PC),
assuming the operator is produced at TL, and the lower bound on m∗ expressed in TeV.

The top coupling instead is less precisely constrained by LHC measurements and we
estimate it from the individual operators reach on O

(3)
Hq3 , O(1)

Hq3 and OHt

|[C(3)
Hq]

33| ≲ 0.8−2 TeV−2 , |[C(1)
Hq]

33| ≲ 1.1−2 TeV−2 , |[CHu]33| ≲ 0.6−2 TeV−2 ,

(1.106)

extracted at 95% CL from [40]. In the previous equation while we are taking the single
operator reach for [OHu]33, we are considering the marginalized ones for O(3)

Hq3 , O(3)
Hq3

since in the two dimensional plane of their Wilson coefficients the direction corresponding
to the b couplings is the only very well tested (eq. (1.105)).

We report in table 1.1 the resulting power-counting and bounds on the Composite Higgs
parameters space for the various scenarios under consideration. We can notice that
the strongest bounds, for all the models, are given by the coupling the left bottom
to the Z. These effects are partially screened in models featuring PLR protection.8

As an example if in our model the up doublets partners transform in the (2,2)2/3

of SU(2)L × SU(2)R × U(1)X (see [6] for details), then the sum C
(3)
Hq3 + C

(1)
Hq3 is not

generated at leading order from the exchanges of Oqu . Notice that, in this case, additional
contributions come from the exchanges of the down doublets partners Oqd

. These effects
are proportional to y2

b and are typically small, they are reported in parenthesis in table 1.1.
The leading contribution to ZbLbL coupling is then generated through operators of the
form

[O(1)
qD]ij = q̄iLγ

νqjLD
νBµν , [O(3)

qD]ij = q̄iLτ
aγνqjLD

νW a
µν , (1.107)

giving rise to an anomalous Z coupling suppressed of g2
SM/g

2
∗ with respect to the O(3/1)

qH

8Notice that in some minimal models PLR arises as an accidental symmetry in the lowest order
derivative expansion [41].
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Fc [C(3)
Hq]33 [C(1)

qD + C
(3)
qD ]33 [CHd]33 [CHu]33

U(3)2
RC

0.7
εu

3.5
g∗εu

1.1g∗εd 0.6 g∗εu
U(3)× U(2)RC 0.7

εt

3.5
g∗εt

1.1g∗εd 0.6 g∗εt
U(2)2

RC
0.7
εt

3.5
g∗εt

1.1g∗εd 0.6 g∗εb
U(3)LC 0.8 g∗εq 4.1 εq — 0.5

εq

U(2)LC 0.8 g∗εq3 4.1 εq3 — 0.5
εq3

Table 1.2: Lower bound on m∗ in TeV from anomalous Z/W coupling for the different
scenarios under consideration. We assume custodial protection for the ZbLbL coupling.

contributions. We stress that in most of the models PLR protection is mandatory to
avoid large effects from ∆F = 1 b-to-s transitions. Moreover in presence of these PLR
protection the bounds get weaker, we report them in Tab. 1.2.

We also need to remark that in this section we are considering anomalous coupling only to
the third family even if Z coupling to light families have comparable experimental bounds
[39]. However we find that in LC models the strongest constraints arise from VCKM
unitarity and are slightly stronger than anomalous Z coupling effects. In RC models,
moreover, the compositeness of the light families is better constrained by compositeness
test at the LHC [18].

Finally, in U(3)LC and U(2)LC with only one partner for each SM doublet anomalous
right-handed DF = 1 effects are mediated by the operator

[OHq]ij =
(
H†c iDµH

)
ūR

iγµdjR . (1.108)

Furthermore, the only relevant effect is expected from the third family, generating a
Wilson Coefficient scaling as

[CHq]33 ∼ ybyt
ε2
q

1
m2
∗
, (1.109)

in case of MFV or U(2)LC through the replacement εq → εq3 . Given the present
experimental constraints [40], |[CHq]33| ≲ 3.6 TeV−2 at 95% CL, this effect is cleary
negligible.
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∆F = 1

Rare B-decays

We turn to rare (semi-)leptonic B decays. As already expained in the main text, we
focus on the following effective interaction Hamiltonian

Heff = −4GF√
2
V tb

CKM(V ts
CKM)∗ e2

16π2

[
C10(s̄LγµbL)(ℓ̄γµγ5ℓ) + C ′10(s̄RγµbR)(ℓ̄γµγ5ℓ)

+C9(s̄LγµbL)(ℓ̄γµℓ) + C ′9(s̄RγµbR)(ℓ̄γµℓ)
]
.

(1.110)

In all our models C(′)
9/10 are generated through the anomalous Z coupling operator of

eq. (1.46) and C
(′)
9 is suppressed with respect to C(′)

10 .

We can express C10 and C ′10 through the tree-level flavor structure reported in App. 1.A

C10 ≃
√

2
GF

1
V tb

CKM(V ts
CKM)∗

4π2

e2

[
g∗
m2
∗
SdLdL

]sb
, C ′10 ≃

√
2

GF

1
V tb

CKM(V ts
CKM)∗

4π2

e2

[
g∗
m2
∗
SdRdR

]sb
,

(1.111)

where we remind that the letter on the side of the brackets denote the quark type in the
mass basis. Again, in the presence of PLR protections, the C10 coefficient in eq. (1.111)
is suppressed by (g(Z)

SM/g∗)2. Notice that in App. 1.A we report the factors S only for
U(3)2

RC, U(2)× U(3)RC and U(2)LC. The case of U(3)2
RC can be obtained simply by the

replacements of figs. 1.4 and U(3)LC do not generate neither C(′)
10 nor C(′)

9 .

The scaling of the C(′)
10 Wilson coefficients are summarized in the following equations

U(3)2
RC : C10 =

√
2

GF

4π2

e2
y2

t

m2
∗ε2

u
, C ′10 = × ,

U(2)× U(3)RC : C10 =
√

2
GF

4π2

e2
y2

t

m2
∗ε

2
t
, C ′10 = × ,

U(2)2
RC : C10 =

√
2

GF

4π2

e2
y2

t

m2
∗ε

2
t
, C ′10 =

√
2

GF

4π2

e2
1

V tb
CKM(V ts

CKM)∗
ys

yb

g2
∗(ε2

b−ε
2
d)

m2
∗

U(3)LC : C10 = × , C ′10 = × ,
U(2)LC : C10 =

√
2

GF

4π2

e2
g2
∗(ε2

q3−ε
2
q)

m2
∗

, C ′10 =
√

2
GF

4π2

e2
1

V tb
CKM(V ts

CKM)∗
y2

s

m2
∗ε2

q3
,

(1.112)

where the×means that no tree-level effects are present. Imposing the following constraints
[24] on the Wilson Coefficient

|C10| ≲ 0.24 , |C ′10| ≲ 0.2 , (1.113)

we find the bounds on m∗ in table 1.3.
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Fc C10 C10 (w/PLR) C ′10
U(3)2

RC
12.3
εu

9.2
g∗εu

×
U(3)× U(2)RC 12.3

εt

9.2
g∗εt

×
U(2)2

RC
12.3
εt

9.2
g∗εt

10.9 g∗εb
U(3)LC × × ×
U(2)LC 14.2 g∗εq3 10.6εq3 —

Table 1.3: Constraints from the leptonic and semi-leptonic B decays. For each operator
and scenario we report the lower bound on m∗ expressed in TeV. With — and × we
indicate respectively that the bound is negligible or the operator is not generated at
leading order.

1.4.3 Dipole operators

All the model considered in this study generate negligible EDMs, as discussed in the main
text. Here we summarize the effects related to the so-called EW dipoles, i.e. interactions
described according to the effective operators of the form

f̄ iL(R)σµνf
j
R(L)F

µν
SM , (1.114)

with FµνSM the field strength of the SM gauge bosons and i, j the flavor indexes of the
fermions.

The B system

The effective Hamiltonian relevant for b→ s γ transition is

Heff = −4GF√
2
V tb

CKM(V ts
CKM)∗ mbe

16π2F
µν (C7s̄LσµνbR + C ′7s̄RσµνbL

)
. (1.115)

and the Wilson coefficient can be estimated as

C7 = 4
√

2π2

GFV tb
CKM(V ts

CKM)∗
v√
2mb

[
SuLdR

m2
∗

]sb
, C ′7 = 4

√
2π2

GFV tb
CKM(V ts

CKM)∗
v√
2mb

[
SuRdL

m2
∗

]sb
.

(1.116)
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From the explicit expression of App. 1.A we find

U(3)2
RC : C7 = × , C ′7 = × ,

U(2)× U(3)RC : C7 = × , C ′7 = × ,
U(2)2

RC : C7 =
(
ms
mb

)2 4
√

2π2

GFV
tb

CKM(V ts
CKM)∗m2

∗
, C ′7 = ms

mb

4
√

2π2

GFV
tb

CKM(V ts
CKM)∗m2

∗
,

U(3)LC : C7 = × , C ′7 = × ,
U(2)LC : C7 =

(
ms
mb

)
4
√

2π2

GFV
tb

CKM(V ts
CKM)∗m2

∗
, C ′7 =

(
ms
mb

)2 4
√

2π2

GFV
tb

CKM(V ts
CKM)∗m2

∗
.

(1.117)

Imposing the constraints from [28]

ReC7 < 0.03 , |C ′7| < 0.07 (1.118)

we get the following bounds

U(2)2
RC : m∗ > 5.8 TeV U(2)LC : m∗ > 8.8 TeV . (1.119)

The D system

Regarding the D mesons, the main ∆F = 1 constraints come from the direct CP violation
in the hadronic decays, usually encapsulated in the observable

∆aCP ≡ aK+K− − aπ+π− . (1.120)

The latest measured value is [42]

∆aCP = (−15.4± 2.9)× 10−4 , (1.121)

roughly compatible with the expected SM prediction. In our models, such transitions
could arise at tree-level from flavor-changing dipole operators

Heff = GF√
2
mc

4π2
(
C8ūLσ

µνgsGµνcR + C ′8c̄Lσ
µνgsGµνuR

)
. (1.122)

These operators are generated at tree-level by the three models in sec. 1.3, while for
MFV models they are zero. We estimate for all three models

U(2)× U(3)RC

U(2)2
RC : ImC8 ∼

4π2

m2
∗

2
GF

y2
c

y2
t

∼ 1.5× 10−4
(1 TeV

m∗

)2
,

U(2)LC

(1.123)
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Figure 1.7: 95% constraints on ∆F = 2 operators, from [44]

while C ′8 is further suppressed by yu/yc. The imaginary part of C8 enters at O(1) in
∆aCP as shown in [43]. However we see that for m∗ ≳ TeV this contribution is well
below the experimental accuracy, leading to no relevant bounds on the models.

1.4.4 Four-fermions operators

An important set of constraints comes from the ∆F = 2 transitions. Adopting the
convention of [4], the short-distance contact operators mediating the ∆F = 2 flavor
transitions can be reduced to

Oij1 = (f̄αiLγµfαjL)(f̄βiLγµf
β
jL) , Õij1 = (f̄αiRγµfαjR)(f̄βiRγµf

β
jR) ,

Oij2 = (f̄αiRfαjL)(f̄βiRf
β
jL) , Õij2 = (f̄αiLfαjR)(f̄βiLf

β
jR) ,

Oij3 = (f̄αiRf
β
jL)(f̄βiRf

α
jL) , Õij3 = (f̄αiLf

β
jR)(f̄βiLf

α
jR) ,

Oij4 = (f̄αiRfαjL)(f̄βiLf
β
jR) , Oij5 = (f̄αiRf

β
jL)(f̄βiLf

α
jR) ,

(1.124)

where i and j denote the flavor indices while α and β denote the color indices. In the
following we will neglect the Q3, Q̃3 and Q5 operators, since they have the same power
counting in terms of the new physics parameters, but a weaker experimental bound. The
bounds we use can be seen in Fig. 1.7 and are taken from [44].

The Kaon system

The strongest bounds for the Kaon system come from the K0 − K̄0 mixings and in
particular from the observables ∆mK and ϵK . In terms of the operators defined in (1.124),
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Fc Csd1 C̃sd1 Csd2 C̃sd2 Csd4
U(3)2

RC
4.3(8.6)
g∗ε2

u
× × × ×

U(3)× U(2)RC 4.3(8.6)
g∗ε2

t

[
0.4(0.8)
g∗εtεu

]
× × × ×

U(2)2
RC

4.3(8.6)
g∗ε2

t

[
0.4(0.8)
g∗εtεu

]
7.5(15)g∗ε2

b — — —
U(3)LC × × × × ×
U(2)LC 5.7(11.4)g∗ε2

q3 — — — —

Table 1.4: Constraints from the Kaon system ∆F = 2 transitions. For each operator and
scenario we report the lower bound on m∗ expressed in TeV. In parenthesis the projected
bounds for HL-LHC. In square brackets an additional contribution that become large for
small values of εu. With — and × we indicate respectively that the bound is negligible
or the operator is not generated at leading order.

the current and projected for HL-LHC bounds (in parenthesis) are

|ImCsd1 | ∼ |Im C̃sd1 | ≲ 2.5× 10−9 (6.3× 10−10) TeV−2 ,

|ImCsd2 | ∼ |Im C̃sd2 | ≲ 2.5× 10−11 (6.3× 10−12) TeV−2 ,

|Im C̃sd4 | ≲ 6.3× 10−12 (1.6× 10−12) TeV−2 .

(1.125)

Using the flavor structures of App. 1.A we find for the various models

U(3)2
RC : ImCsd1 = 2A

4y4
t ηλ

10

m2
∗g

2
∗ε4

u
, Im C̃sd1 = × ,

U(2)× U(3)RC : ImCsd1 = 2A
4y4

t ηλ
10

m2
∗g

2
∗ε

4
t
, Im C̃sd1 = × ,

U(2)2
RC : ImCsd1 = 2A

4y4
t ηλ

10

m2
∗g

2
∗ε

4
t
, Im C̃sd1 = y4

s

y4
b

g2
∗ε

4
b

m2
∗
,

U(3)LC : ImCsd1 = × , Im C̃sd1 = × ,
U(2)LC : ImCsd1 = 2A4ηλ10 g

2
∗ε

4
q3

m2
∗
, Im C̃sd1 = (a′)2 y2

dy
6
s

y4
b

1
g2
∗ε4

q
.

(1.126)

The U(2)×U(3)RC and U(2)2
RC models also generate a contribution to C1 that is enhanced

for small values of εu. We estimate this contribution to be

U(2)× U(3)RC :
U(2)2

RC :
ImCsd1 = 2A

4y2
cy

2
t ηλ

6

m2
∗g

2
∗ε

2
uε

2
t

(1.127)

The U(2)2
RC and U(2)LC models also generate the three mixed chirality operators O2,

Õ2 and O4, but with negligible coefficients compared to the experimental bound. The
bound on m∗ coming from all these operators is reported in Tab. 1.4.
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Chapter 1. Flavor in Composite Higgs models

The Bd and Bs system

Another important set of constraints from ∆F = 2 transitions, come from the flavor
violating processes involving the neutral Bd and Bs mesons. For these operators the
current experimental bounds [44] are

|AbsQbd1 | ∼ |Abs Q̃bd1 | ≲ 1× 10−6 (2.5× 10−7) TeV−2 ,

|AbsQbd2 | ∼ |Abs Q̃bd2 | ≲ 2.5× 10−7 (6.3× 10−8) TeV−2 ,

|Abs Q̃bd4 | ≲ 1.1× 10−7 (2.8× 10−8) TeV−2 ,

(1.128)

and

|ReQbs1 | ∼ |Re Q̃bs1 | ≲ 2.5× 10−5 (6.3× 10−6) TeV−2 ,

|ImQbs1 | ∼ |Im Q̃bs1 | ≲ 8× 10−6 (2× 10−6) TeV−2 ,

|ReQbs2 | ∼ |Re Q̃bs2 | ≲ 8.1× 10−6 (1.6× 10−8) TeV−2 ,

|ImQbs2 | ∼ |Im Q̃bs2 | ≲ 2.8× 10−6 (6.9× 10−7) TeV−2 ,

|Re Q̃bs4 | ≲ 4× 10−6 (1× 10−6) TeV−2 ,

|Im Q̃bs4 | ≲ 1× 10−6 (2.5× 10−7) TeV−2 .

(1.129)

For these observables we estimate

U(3)2
RC : AbsCbd1 = A2y4

t λ
6
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2
∗ε4

u
, Abs C̃bd1 = × ,
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t λ

6
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∗g

2
∗ε

4
t
, Abs C̃bd1 = × ,

U(2)2
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2
∗ε

4
t
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s
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b

g2
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4
b

m2
∗
,

U(3)LC : AbsCbd1 = × , Abs C̃bd1 = × ,
U(2)LC : AbsCbd1 = A2λ6 g

2
∗ε

4
q3

m2
∗
, Abs C̃bd1 = (a′)2 y2
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∗ε4
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,

(1.130)

and

U(3)2
RC : Re/ImCbs1 = A2y4

t λ
4

m2
∗g

2
∗ε4

u
(1 + iηλ2) , Re/Im C̃bs1 = × ,

U(2)× U(3)RC : Re/ImCbs1 = A2y4
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4
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2
∗ε

4
t
(1 + iηλ2) , Re/Im C̃bs1 = × ,
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s
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g2
∗ε

4
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∗
,

U(3)LC : Re/ImCbs1 = × , Re/Im C̃bs1 = × ,
U(2)LC : ReCbs1 = A2λ4 g

2
∗ε

4
q3

m2
∗
, Re/Im C̃bs1 = (a′)2 y4

s

g2
∗ε4

q
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(1.131)

Also in this case the mixed chirality operators are generated only for the U(2)2
RC and

U(2)LC models but give negligible bounds. The bounds on m∗ can be found in table 1.5.
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1.4 Experimental constraints

Fc Cbd1 C̃bd1 Cbd2 C̃bd2 Cbd4
U(3)2

RC
6.5(13)
g∗ε2

u
× × × ×

U(3)× U(2)RC 6.5(13)
g∗ε2

t
× × × ×

U(2)2
RC

6.5(13)
g∗ε2

t
19.3(38.7)g∗ε2

b — — —
U(3)LC × × × × ×
U(2)LC 8.7(17.3)g∗ε2

q3 — — — —

Fc Cbs1 C̃bs1 Cbs2 C̃bs2 Cbs4
U(3)2

RC
5.9(11.8)
g∗ε2

u
× × × ×

U(3)× U(2)RC 5.9(11.8)
g∗ε2

t
× × × ×

U(2)2
RC

5.9(11.8)
g∗ε2

t
6.8(13.6)g∗ε2

b — — —
U(3)LC × × × × ×
U(2)LC 7.9(15.8)g∗ε2

q3 — — — —

Table 1.5: Constraints from the Bd and Bs systems ∆F = 2 transitions. For each
operator and scenario we report the lower bound on m∗ expressed in TeV. In parenthesis
the projected bounds for HL-LHC. With — and × we indicate respectively that the
bound is negligible or the operator is not generated at leading order.

The D system

The final set of ∆F = 2 constraints we study come from the D system. These constraints
are complementary to the previous ones since they involve up-type quarks. The current
experimental bounds are [44]

|ImQcu1 | ∼ |Im Q̃cu1 | ≲ 1× 10−8 (1.6× 10−9) TeV−2 ,

|ImQcu2 | ∼ |Im Q̃cu2 | ≲ 2.5× 10−9 (2× 10−10) TeV−2 ,

|Im Q̃cu4 | ≲ 5× 10−10 (1× 10−10) TeV−2 .

(1.132)

In this sector most contributions are negligible compared to the experimental bounds.
We report here the only ones that could be potentially relevant

U(2)× U(3)RC : Im C̃cu1 = y4
c

y4
t

g2
∗ε

4
t

m2
∗
,

U(2)2
RC : Im C̃cu1 = y4

c

y4
t

g2
∗ε

4
t

m2
∗
,

U(2)LC : ImCcu1 = y4
c

y4
t
g2
∗ε

4
q3 .

(1.133)

The bounds on m∗ can be found in table 1.6.
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Fc Ccu1 C̃cu1 Ccu2 C̃cu2 Ccu4
U(3)2

RC — × × × ×
U(3)× U(2)RC — 0.12(0.31)g∗ε2

t — — —
U(2)2

RC — 0.12(0.31)g∗ε2
t — — —

U(3)LC × × × × ×
U(2)LC 0.12(0.31)g∗ε2

q3 — — — —

Table 1.6: Constraints from the D system ∆F = 2 transitions. For each operator and
scenario we report the lower bound on m∗ expressed in TeV. In parenthesis the projected
bounds for HL-LHC. With — and × we indicate respectively that the bound is negligible
or the operator is not generated at leading order.

1.5 Conclusions and outlook

In this work we have examined several possibilities for the flavor structure in Composite
Higgs models that implement Partial Compositeness. The class of models that we
studied have either the six right-handed SM quarks or the three left-handed ones strongly
composite. The models are further classified according to the flavor group of the composite
sector. The remaining mixings are instead taken to be generic, with the only request
that the Standard Model can be reproduced. The models we considered are summarized
in Fig. 1.4, for the right-handed compositeness models, and Fig. 1.5, for the left-handed
compositeness ones. The characteristic that unites all these models is the exact absence
of contributions to the neutron EDM at leading order in the number of spurion insertions,
assuming no additional CP violating effects arise from the strong sector.

We started from models that realize Minimal Flavor Violation and we then tried to reduce
the flavor symmetry group of the composite dynamics in order to relax the tension with
the experimental bounds. Regarding the right-handed compositeness models we have
seen that there is a clear advantage in going from U(3)2

RC to U(2)× U(3)RC since this
removes the strong constraints coming from the interplay of light quark compositeness
bounds and ∆F = 2 transitions in the B sector. Further reducing the symmmetry group
to U(2)2

RC is instead not so convenient, since this model introduces new flavor-violating
processes in the down sector. Most of these can be taken under control for sufficiently
small ϵb with the only exception being b→ sγ, which is independent on ϵb and gives an
irreducible bound on m∗ that was absent in U(2)× U(3)RC.

We tried to apply the same logic to the left-handed compositeness models (with a single
partner for the SM doublets), where the U(3)LC MFV model faces strong bounds from
combining light quark compositeness and the CKM unitarity constraints. This lead us to
consider the U(2)LC model that, however, introduces new flavor violating effects, absent
in MFV. Even for this model, we found the strongest constraint to come from the b→ sγ

transitions. In Fig. 1.8 we report a summary of the bounds of all the models studied.

It is interesting to notice that from the flavor point of view, in the scenarios considered the
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1.5 Conclusions and outlook

Figure 1.8: Summary of all the combined bounds for the various models examined in this
work. The grey area is for flavor-universal bounds and are common to all models. The
dotted lines are the two implementations of MFV for right- and left-handed compositeness
models.

strongest bounds always come from the B mesons mixings and decays. This is different
compared to the anarchic scenario where the strongest constraints are due to EDMs and
to the K mesons system. We started to assess the projected sensitivity expected from
the BELLE II [45] and HL-LHC [44] programs, but we still miss a complete study.9

In this direction we also plan to assess the impact of future collider on the different setup
we considered. Preliminary projections for a universal and top-philic composite dynamics
are already present in [2] but a systematic discussion on flavor is still missing.

Our study should also be extended to the lepton sector, already partially addressed in
the literature [19, 47]. Moreover an unified discussion of the SM flavor is still missing
and can be crucial in light of the foreseen experiments Mu3e [48] and Mu2e [49] that are
expected to improve the current bounds by four orders of magnitude.

Our preliminary results show that flavor observables, especially in the B meson sector,
play a remarkable role in the composite Higgs framework. Different flavor structures can
indeed completely exclude a strong dynamics accounting for the SM masses or can give
specific signatures of it. Research and progress in flavor physics is mandatory in order to
exploit the full potential of the next experiments and this can play a major role in our
understanding of fundamental physics in the next few years.

9See also [46].
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1.A Additional details on the models

In this appendix we go into more details in the construction of the three models presented
in section 1.3. In particular for each model we report the quantum number of the spurions,
the matrices that diagonalize the Yukawas and the tree-level flavor structures used to
built the Wilson coefficients in sec. 1.4. The diagonalizing matrices are computed in the
yu ≪ yc ≪ yt and yd ≪ ys ≪ yb limit and for each entry of the matrix we only report
the leading term of this expansion. The tree-level flavor structures are the coefficients in
the mass basis of all the possible fermion bilinears that can appear in the dim−6 effective
operators as fixed by spurion analysis. Explicitly if an operator contains the bilinear
. . . f̄ iχ(. . . )gjλ . . . of quarks f, g = u, d with chirality χ and λ and flavor i and j, by flavor
symmetry it will must appear with a coefficient

[Sfχgλ ]ij .

By tree-level we mean that in building [Sfχgλ ]ij we only have two spurion insertions
with the composite index contracted. In our conventions we take this structures to be
normalized in such a way that they have the units of measure of a single coupling.

1.A.1 U(2)× U(3)RC

This model is characterized by three diagonal right-handed mixings εu, εd and εt, and
three left-handed off-diagonal mixings λqu , λqd

and λqt . The mixing Lagrangian is
reported in (1.64) These parameters break the flavor group that for this model is assumed
to be

F = U(3)q × U(3)u × U(3)d × U(2)U × U(3)D × U(1)T .

The form that we assume for the λ mixing is reported in the main text in eq. (1.66),
where we assume the numbers a and b to be O(1) complex numbers with arbitrary phases.
The spurion non-abelian quantum numbers for these mixing parameters, with respect to
the full flavor group are

U(3)q U(3)u U(3)d U(2)U U(3)D U(1)T
λqu 3 1 1 2̄ 1 0
λqd

3 1 1 1 3̄ 0
λqt 3 1 1 1 1 -1
εuδAi 1 3̄ 1 2 1 0
εdδai 1 1 3̄ 1 3 0
εtδ3i 1 3̄ 1 1 1 1

In this model, the Yukawa matrices are given by (1.65). The only non-trivial matrix that
has to be diagonalized is Yu. For Yd the diagonalization matrix Ũd can be rewritten in
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terms of the CKM matrix as in eq.(1.67). We define the Uu and Vu matrices by

Yu = UuȲuV
†
u , (1.134)

where the bar indicates the diagonal and real matrix. The explicit form of Uu and Vu in
the limit yu ≪ yc ≪ yt is

Uu =


1 −a∗byuyc

y2
t

a∗ yuyc

y2
t

ab∗ yuyc

y2
t

1 b∗ y
2
c

y2
t

−ayuyc

y2
t

−by
2
c

y2
t

1

 , Vu =


1 −a∗by

2
c

y2
t

a∗ yc

yt

ab∗ y
2
u

y2
t

1 b∗ yc

yt

−ayc

yt
−byc

yt
1

 . (1.135)

Finally we consider the tree-level flavor structures of this model in the mass basis.

SdLdR = Ȳd (1.136)
SuLdR = VCKMS

dLdR (1.137)
SdRdR = g∗ε

2
d (1.138)

SuLuR = Ȳu + (x− 1)U †uỸtVu (1.139)

SdLuR = V †CKMS
uLuR (1.140)

SuRdR = 0 (1.141)
SuRuR = g∗V

†
udiag(ε2

u, ε
2
u, xε

2
t )Vu (1.142)

SuLuL = 1
g∗ε2

u

[
(Ȳu)2 +

(
ε2
u

ε2
t

x1 − 1
)
U †u(Ỹt)2Uu

]
+ x2
g∗ε2

d

VCKM(Ȳd)2V †CKM (1.143)

SuLdL = SuLuLVCKM (1.144)

SdLdL = V †CKMS
uLuLVCKM (1.145)

where we have defined the Ỹt matrix as

Ỹt =

 0 0 0
0 0 0
0 0 yt

 , (1.146)

and the x parameters are O(1) numbers that characterize the misalignment of these
structure with respect to the Yukawas.
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1.A.2 U(2)2
RC

This model is characterized by four diagonal right-handed mixings εu, εd, εt and εb, and
four left-handed off-diagonal mixings λu, λqd

, λqt and λqb
. The mixing Lagrangian is

written in (1.79) These parameters break the flavor group that for this model is assumed
to be

F = U(3)q × U(3)u × U(3)d × U(2)U × U(2)D × U(1)T × U(1)B .

The form that we assume for the λ mixing is reported in the main text in eq. (1.81),
where we assume the numbers a, b, a′ and b′ to be O(1) complex numbers with arbitrary
phases. The spurion non-abelian quantum numbers for these mixing parameters, with
respect to the full flavor group are

U(3)q U(3)u U(3)d U(2)U U(2)D U(1)T U(1)B
λqu 3 1 1 2̄ 1 0 0
λqd

3 1 1 1 3̄ 0 0
λqt 3 1 1 1 1 -1 0
λqb

3 1 1 1 1 0 -1
εuδAi 1 3̄ 1 2 1 0 0
εdδBi 1 1 3̄ 1 2 0 0
εtδ3i 1 3̄ 1 1 1 1 0
εbδ3i 1 1 3̄ 1 1 0 1

In this model, the Yukawa matrices are given by (1.80). We define the diagonalizing
matrices by

Yu = UuȲuV
†
u , Ũ †dYd = UdȲdV

†
d , (1.147)

where the bar indicates the diagonal and real matrices. The explicit form these matrices
in the limit yu ≪ yc ≪ yt and yd ≪ ys ≪ yb is
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Ud =
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s
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(1.148)
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Finally we consider the tree-level flavor structures of this model in the mass basis.

SdLdR =Ȳd + (x− 1)U †d ỸbVd (1.149)
SuLdR =VCKMS

dLdR (1.150)

SdRdR =g∗V †d diag(ε2
d, ε

2
d, xε

2
b)Vd (1.151)

SuLuR =Ȳu + (x− 1)U †uỸtVu (1.152)

SdLuR =V †CKMS
uLuR (1.153)

SuRdR =0 (1.154)
SuRuR =g∗V †udiag(ε2

u, ε
2
u, xε

2
t )Vu (1.155)

SuLuL = 1
g∗ε2

u

[
(Ȳu)2 +

(
ε2
u

ε2
t

x1 − 1
)
U †u(Ỹt)2Uu

]
(1.156)

+ VCKM
1

g∗ε2
d

[
x2(Ȳd)2 +

(
ε2
d

ε2
b

x3 − x2

)
U †d(Ỹb)2Ud

]
V †CKM (1.157)

SuLdL =SuLuLVCKM (1.158)

SdLdL =V †CKMS
uLuLVCKM (1.159)

where we have defined the Ỹt and Ỹb matrices as

Ỹt/b =

 0 0 0
0 0 0
0 0 yt/b

 , (1.160)

and the x parameters are O(1) numbers.

1.A.3 U(2)LC

This model is characterized by two diagonal left-handed mixings εq and εq3 , and four
right-handed off-diagonal mixings λu, λd, λt and λb. The mixing Lagrangian is written
in (1.92) These parameters break the flavor group that for this model is assumed to be

F = U(3)q × U(3)u × U(3)d × U(2)U+D × U(1)T+B

The form that we assume for the λ mixing is reported in the main text in eq. (1.94),
where we assume the numbers a, b and b′ to be O(1) complex numbers with arbitrary
phases, while a′ is O(0.1) with an arbitrary phase in order to reproduce the CKM. The
spurion non-abelian quantum numbers for these mixing parameters, with respect to the
full flavor group are
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U(3)q U(3)u U(3)d U(2)U+D U(1)T+B
λu 1 3̄ 1 2 0
λd 1 1 3̄ 2 -1
λt 1 3̄ 1 1 -1
λb 1 1 3̄ 1 0
εqδiA 3 1 1 2̄ 0
εq3δi3 3 1 1 1 1

In this model, the Yukawa matrices are given by (1.93). We define the diagonalizing
matrices by

Yu = UuȲuV
†
u , Ũ †dYd = UdȲdV

†
d , (1.161)

where the bar indicates the diagonal and real matrices. The explicit form these matrices
in the limit yu ≪ yc ≪ yt and yd ≪ ys ≪ yb is
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(1.162)
Finally we consider the tree-level flavor structures of this model in the mass basis.

SdLdR =Ȳd + (x− 1)U †d ỸbVd (1.163)
SuLdR =VCKMS

dLdR (1.164)

SdRdR = 1
g∗ε2

q

[
(Ȳd)2 +

(
ε2
q

ε2
q3

x− 1
)
V †d (Ỹb)2Vd

]
(1.165)

SuLuR =Ȳu + (x− 1)U †uỸtVu (1.166)

SdLuR =V †CKMS
uLuR (1.167)

SuRdR = 1
g∗ε2

q

[
ȲuVCKMȲd +

(
ε2
q

ε2
q3

x− 1
)
V †u ỸtỸbVd

]
(1.168)

SuRuR = 1
g∗ε2

q

[
(Ȳu)2 +

(
ε2
q

ε2
q3

x− 1
)
V †u (Ỹt)2Vu

]
(1.169)

SuLuL =g∗U †udiag(ε2
q , ε

2
q , xε

2
q3)Uu (1.170)

SuLdL =SuLuLVCKM (1.171)

SdLdL =V †CKMS
uLuLVCKM (1.172)
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where we have defined the Ỹt and Ỹb matrices as

Ỹt/b =

 0 0 0
0 0 0
0 0 yt/b

 , (1.173)

and the x parameters are O(1) numbers.
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2 Quadratic Classifiers for EFT

The amazing richness of LHC data makes searching for new physics an extremely complex
process. Three main steps can be identified, taking however into account that they are
strongly interconnected and not necessarily sequential in time. First, we need a target
new physics theory. In our case this is provided by the Standard Model (SM) itself,
supplemented by operators of energy dimension d > 4 that encapsulate the indirect effects
of heavy new particles and interactions. This setup is often dubbed the SM Effective
Field Theory (EFT) in the context of high-energy physics (see e.g. Refs. [50, 11, 51]).
However the EFT approach is extremely common and widely employed in many other
domains, eminently in Flavor Physics. The methodologies discussed in this chapter could
thus find applications also in other areas.

The second step is to turn the new physics theory into concrete predictions. These
should be sufficiently accurate, since the EFT operator effects are often a small correction
to the pure SM predictions. The predictions are provided by Monte Carlo generator
codes, which produce event samples that are representative of the true particles momenta
distributions. Accurate simulation of the detector response are further applied in order to
obtain a representation of the distribution as a function of the variables that are actually
observed in the experiment. It should be mentioned that this program occasionally
fails. Namely it could be impossible for the Monte Carlo codes to provide a sufficiently
accurate representation of all the components of the data distribution, for instance of
reducible backgrounds from misidentification. In this case, the artificial Monte Carlo
event sample should be supplemented with natural data collected in some control region,
which model the missing component. We will not discuss this case explicitly, however
it should be emphasized that our methodology would apply straightforwardly. Namely,
the “Monte Carlo” samples we refer to in what follows might well not be the output of a
Monte Carlo code, but rather have (partially) natural origin.

The final step, i.e. the actual comparison of the predictions with the data, is often further
split in two, by identifying suitable high-level observables (e.g. cross sections in bins)
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that are particularly sensitive to the EFT operators. These observables can be measured
in an experimental analysis that does not target the EFT explicitly, and compared
with the EFT predictions at a later stage. This is convenient from the experimental
viewpoint because the results are model independent and thus potentially useful also
to probe other new physics theories. If the measurements are performed at the truth
(unfolded) level, this is also convenient for theorists because detector effects need not
to be included in the predictions. However a strategy based on intermediate high-level
observables is unavoidably suboptimal. It would approach optimality only if the fully
differential distribution was measured for all the relevant variables, with sufficiently
narrow binning. However there are often too many discriminating variables to measure
their distribution fully differentially, and, even if this was feasible, one would not be able
to predict accurately the cross section in too many bins. In this situation, the sensitivity
to the presence (or absence) of the EFT operators could be strongly reduced and it could
be impossible to disentangle the effect of different operators and resolve flat directions
in the parameter space of the EFT Wilson coefficients. One should thus switch to the
direct comparison of the EFT with the data, by employing more sophisticated unbinned
multivariate data analysis techniques.

Several multivariate methods have been developed and applied to the EFT or to similar
problems, including Optimal Observables [52, 53], the so-called “Method of Moments” [54–
56] and similar approaches (see e.g. Ref. [57]) based on parametrizations of the scattering
amplitude. The virtue of these techniques is that they are still based on high-level
observables, making data/theory comparison simpler. The disadvantage is that they are
intrinsically suboptimal and not systematically improvable towards optimality.

A potentially optimal approach, which is closely analog to the one based on Machine
Learning we employ in this chapter, is the “Matrix Element Method” [58–62]. The main
idea behind this construction is that optimal data analysis performances are unmistakably
obtained by employing the likelihood L(c |D), i.e. the probability density of the observed
dataset “D” seen as a function of the free parameters “c” of the probability model. In
our case, the free parameters coincide with the EFT Wilson coefficients.1 The LHC
data consist of independent repeated measurements of the variable “x” that describes
the kinematical configuration of each observed event. Therefore the likelihood factorizes
and evaluating it requires only the knowledge of the distribution of x. More precisely,
since we are interested in L(c |D) only up to an overall c-independent normalization, it is
sufficient to know the ratio r(x, c) between the density as a function of c (and x) and the
density at some fixed value c = c. The SM point, c = 0, can be conventionally chosen.

It should be emphasized that extracting r(x, c) is a highly non-trivial task, as nicely

1The notion of “optimality” can be made fully rigorous and quantitative, both when the purpose of
the analysis is to measure the free parameters of the EFT and when it is to test the EFT hypothesis
(c ̸= 0) against the SM (c = 0) one, and both from a Bayesian and from a frequentist viewpoint. The
case of a frequentist hypothesis test is discussed in more details below.
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explained in Ref. [63] in terms of latent variables. The Monte Carlo generator code does
of course implement an analytic point-by-point representation of the density (and, in
turn, of r), which is however expressed in terms of abstract variables “z” and not of the
variables x that are actually observed. The analytic representation of r in the z variables
can be used as a surrogate of r(x, c) only if there is a faithful one-to-one correspondence
between z and x. This is typically the case at leading order, if showering and detector
effects are small, and if there are not undetected particles. However it is sufficient to have
neutrinos in the final state, or to include Next to Leading Order (NLO) corrections to
spoil the correspondence between z and x. Showering, hadronization and detector effects
also wash out the correspondence. In the Matrix Element Method, r(x, c) is obtained by
a phenomenological parameterization of these effects in terms of transfer functions that
translate the knowledge of the density at the “z” level into the one at the “x” level. The
free parameters of the phenomenological modeling of the transfer functions are fitted to
Monte Carlo samples.

The Matrix Element Method is potentially optimal and improvable towards optimal-
ity. However it is not “systematically” improvable, in the sense that a more accurate
reconstruction of r(x, c) requires a case-by-case optimization of the transfer function
modeling. With the alternative employed in this chapter, based on the reconstruction
of r(x, c) using Machine Learning techniques rather than phenomenological modeling,
systematic improvement is possible using bigger Neural Networks and larger training
sets. Furthermore refining the reconstruction by including additional effects requires
substantial effort and increases the computational complexity of the Matrix Element
Method, while the complexity of the Machine Learning-based reconstruction is a priori
independent of the degree of refinement of the simulations. Therefore it is important
to investigate these novel techniques as an alternative and/or as a complement to the
Matrix Element approach.

There is already a considerable literature on the reconstruction of r(x, c) using Neural
Networks [64–68, 63, 69] and several algorithms exist. Here we adopt the most basic
strategy, mathematically founded on the standard Statistical Learning problem of clas-
sification (see Section 2.1.1 for a brief review), which we improve by introducing the
notion of “Quadratic Classifier”. The relation between our methodology and the existing
literature, the possibility of integrating it in other algorithms and to apply it to different
problems is discussed in details in Section 2.1.2 and in the Conclusions. However it is
worth anticipating that, unlike simulator-assisted techniques [67], the Quadratic Classifier
only exploits Monte Carlo data samples (in the extended sense outlined above) and no
other information on the data generation process. It can thus be used as it is with any
Monte Carlo generator.

Apart from describing the Quadratic Classifier, the main aim of this chapter is to
investigate the potential impact of Machine Learning methods on LHC EFT searches,
from two viewpoints.
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The first question we address is if and to what extent statistically optimal sensitivity to
the presence or absence of the EFT operators can be achieved. In order to answer, a
rigorous quantitative notion of optimality is defined by exploiting the Neyman–Pearson
lemma [70], namely the fact that the “best” (maximum power at fixed size, in the
standard terminology of e.g. Ref. [71]) frequentist test between two simple hypotheses is
the one that employs the likelihood ratio as test statistic. By regarding the EFT at each
given value of the c Wilson coefficients as a simple hypothesis, to be compared with the
SM c = 0 hypothesis, we would thus obtain the strongest expected 95% Confidence Level
(CL) exclusion bounds on c (when the SM is true) if the true distribution ratio r(x, c)
was available and used for the test. This can be compared with the bound obtained by
employing the approximate ratio r̂(x, c) reconstructed by the Neural Network, allowing
us to quantify the approximation performances of the method in objective and useful
terms.2 Of course, the exact r(x, c) is not available in a realistic EFT problem, therefore
the comparison can only be performed on a toy problem. In order to make it as close as
possible to reality, our “Toy” problem is defined in terms of an analytical approximation
of the differential cross section of the process of interest (i.e. fully leptonic ZW, see below),
implemented in a dedicated Monte Carlo generator.

The second aim of this chapter is to quantify the potential gain in sensitivity of Machine
Learning techniques, compared with the basic approach based on differential cross section
measurements in bins. The associated production of a Z and a W boson decaying to
leptons, at high transverse momentum (pT,Z > 300 GeV) and with the total integrated
luminosity of the High Luminosity LHC (HL-LHC), is considered for illustration. This
final state has been selected to be relatively simple, but still described by a large enough
number of variables to justify the usage of unbinned analysis techniques. Moreover it has
been studied already quite extensively in the EFT literature (see e.g. Refs. [72–79]) and
a number of variables have been identified, including those associated with the vector
bosons decay products [80, 81, 76], with the potential of improving the sensitivity to the
EFT operators.

The comparison with the binned analysis is performed on the Toy version of the problem
mentioned above, on the exact tree-level (LO) modeling of the process and on NLO
QCD plus parton showering Monte Carlo data. By progressively refining our modeling
of the problem in these three stages, this comparison also illustrates the flexibility of the
approach and the fact that increasingly sophisticated descriptions of the data are not
harder for the machine to learn. This should be contrasted with the Matrix Element
method, which would instead need to be substantially redesigned at each step. As an
illustration, we will show that employing the analytical approximated distribution ratio,
that was optimal on the Toy problem, leads to considerably worse performances than

2It should be emphasized that we adopt this specific notion of “optimality” only because the frequentist
hypothesis test between two simple hypotheses is relatively easy to implement in a fully rigorous manner.
The reconstructed likelihood ratio could be employed for any other purpose and/or relying on asymptotic
approximations using standard statistical techniques.
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the Neural Network already at LO. At NLO the performances further deteriorate and
the reach is essentially identical to the one of the binned analysis.

The rest of the chapter is organized as follows. In Section 2.1 we introduce the Quadratic
Classifier as a natural improvement of the standard Neural Network classifier for cases,
like the one of the EFT, where the dependence of the distribution ratio on the “c”
parameters is known. The fully leptonic ZW process, the EFT operators we aim at
probing and the relevant kinematical variables, are discussed in Section 2.2. The Toy,
the LO and the NLO Monte Carlo generators employed in the analysis are also described.
The first set of results, aimed at assessing the optimality of the Quadratic Classifier on
the Toy data, are reported in Section 2.3. The results obtained with the LO Monte
Carlo are also discussed, showing the stability of the Neural Network performances as
opposite to the degradation of the sensitivity observed with the Matrix Element and
with the binned analysis methods. NLO results are shown in Section 2.4. We will see
that the Quadratic Classifier methodology applies straightforwardly at NLO in spite
of the fact that negative weights are present in the NLO Monte Carlo samples. The
only complication associated with negative weights, which we discuss in Section 2.4.1,
is not related with the reconstruction of the r̂(x, c) function by the Neural Network,
but with the calculation of the distribution of the variable r̂(x, c) itself, which is needed
for the hypothesis test. All the technical details on the Neural Network design and
training are summarized in Section 2.5, and our conclusions are reported in Section 2.6.
Appendices 2.A and 2.B contain the generalization of the Quadratic Classifier for an
arbitrary number of Wilson coefficients and the proof of its asymptotic optimality.

2.1 Teaching new physics to a machine

Consider two hypotheses, H0 and H1, on the physical theory that describes the distri-
bution of the variable x. In the concrete applications of the following sections, H0 will
be identified with the SM EFT and H1 with the SM theory. The statistical variable
x ∈ X describes the kinematical configuration in the search region of interest X. In the
following, x will describe the momenta of 3 leptons and the missing transverse momentum,
subject to selection cuts. Each of the two hypotheses (after choosing, if needed, their free
parameters) characterizes the distribution of x completely. Namely they contain all the
information that is needed to compute, in line of principle, the differential cross sections
dσ0(x) and dσ1(x). The differential cross sections describe both the probability density
function of x, which is obtained by normalization

pdf(x|H0,1) = 1
σ0,1(X)

dσ0,1
dx

, (2.1)

and the total number of instances of x (i.e. of events) that is expected to be found in the
dataset, denoted as N(X|H0,1). This is equal to the cross section integrated on X and
multiplied by the luminosity of the experiment, namely N(X|H0,1) = L · σ0,1(X).
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The total number of observed events follows a Poisson distribution. Hence for a given
observed dataset D = {xi}, with N observed events, the H1/H0 log likelihood ratio reads

λ(D) ≡ log L(H1|D)
L(H0|D) = N(X|H0)−N(X|H1)−

N∑
i=1

log dσ0(xi)
dσ1(xi)

. (2.2)

The statistic λ(D) is known as the “extended” log likelihood ratio [82], and it is the
central object for hypothesis testing (H0 versus H1) or for measurements (if H0 contains
free parameters), both from a Frequentist and from a Bayesian viewpoint. The “N” terms
in eq. (2.2) can be computed as Monte Carlo integrals. What is missing in order to
evaluate λ is thus the cross section ratio

r(x) ≡ dσ0(x)
dσ1(x) . (2.3)

This should be known locally in the phase space as a function of x.

The physical knowledge of the H0 and H1 models gets translated into Monte Carlo
generator codes, which allow us to estimate σ0,1(X) and to produce samples, S0,1, of
artificial events following the pdf(x|H0,1) distributions. More precisely, the Monte Carlo
generates weighted events e = (xe, we), with xe one instance of x and we the associated
weight. If the we’s are not all equal, xe does not follow the pdf of x and the expectation
value of the observables O(x) has to be computed as a weighted average. We choose the
normalization of the weights such that they sum up to σ0,1(X) over the entire sample∑

e∈S0,1

we = σ0,1(X) . (2.4)

With this convention, the weighted sum ofO(xe) approximates the integral ofO(x) ·dσ0,1(x)
on x ∈ X. Namely

∑
e∈S0,1

weO(xe)
LS−→

∫
x∈X

dσ0,1(x)O(x) = σ0,1(X) E [O|H0,1] , (2.5)

in the Large Sample (LS) limit where S0,1 are infinitely large. We will see below how
to construct an estimator r̂(x) for r(x) (or, in short, to fit r(x)) using finite S0 and S1
samples.

For tree-level Monte Carlo generators the previous formulas could be made simpler
by employing unweighted samples where all the weights are equal. However radiative
corrections need to be included for sufficiently accurate predictions, at least up to NLO in
the QCD loop expansion. NLO generators can only produce weighted events, and some
of the events have a negative weight. Therefore the NLO Monte Carlo samples cannot
be rigorously interpreted as a sampling of the underlying distribution. However provided
they consistently obey the LS limiting condition in eq. (2.5), they are equivalent to
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ordinary samples with positive weights for most applications, including the one described
below.

2.1.1 The Standard Classifier

The estimator r̂(x) can be obtained by solving the most basic Machine Learning problem,
namely supervised classification with real-output Neural Networks (see Ref. [83] for
an in-depth mathematical discussion). One considers a Neural Network acting on the
kinematical variables and returning f(x) ∈ (0, 1). This is trained on the two Monte Carlo
samples by minimizing the loss function

L[f(·)] =
∑
e∈S0

we[f(xe)]2 +
∑
e∈S1

we[1− f(xe)]2 , (2.6)

with respect to the free parameters (called weights and biases) of the Neural Network.
The trained Neural Network, f̂(x), is in one-to-one correspondence with r̂(x), namely

f̂(x) = 1
1 + r̂(x) ⇔ r̂(x) = 1

f̂(x)
− 1 . (2.7)

The reason why r̂(x), as defined above, approximates r(x) is easily understood as follows.
If the Monte Carlo training data are sufficiently abundant, the loss function in eq. (2.6)
approaches its Large Sample limit and becomes

L[f(·)] LS−→
∫
x∈X

dσ0(x)[f(x)]2 +
∫
x∈X

dσ1(x)[1− f(x)]2 . (2.8)

Furthermore if the Neural Network is sufficiently complex (i.e. contains a large number
of adjustable parameters) to be effectively equivalent to an arbitrary function of x, the
minimum of the loss can be obtained by variational calculus. By setting to zero the
functional derivative of L with respect to f one immediately finds

f̂(x) ≃ dσ1(x)
dσ1(x) + dσ0(x) = 1

1 + r(x) ⇒ r̂(x) ≃ r(x) . (2.9)

The same result holds for other loss functions such as the standard Cross-Entropy, which
has been found in Ref. [66] to have better performances for EFT applications, or the
more exotic “Maximum Likelihood” loss [84], which is conceptually appealing because
of its connection with the Maximum Likelihood principle. We observed no strikingly
different performances with the various options, but we did not investigate this point in
full detail. In what follows we stick to the quadratic loss in eq. (2.6).

The simple argument above already illustrates the two main competing aspects that
control the performances of the method and its ability to produce a satisfactory approxi-
mation of r(x). One is that the Neural Network should be complex in order to attain
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a configuration that is close enough to the (absolute) minimum, f(x) = 1/(1 + r(x)),
of the loss functional in eq. (2.8). In ordinary fitting, this is nothing but the request
that the fit function should contain enough adjustable parameters to model the target
function accurately. On the other hand if the Network is too complex, it can develop
sharp features, while we are entitled to take the Large Sample limit in eq. (2.8) only if f
is a smooth enough function of x. Namely we need f to vary appreciably only in regions
of the X space that contain enough Monte Carlo points. Otherwise the minimization of
eq. (2.6) brings f to approach zero at the individual points that belong to S0 sample, and
to approach one at those of the S1 sample. This phenomenon, called overfitting, makes
that for a given finite size of the training sample, optimal performances are obtained by
balancing the intrinsic approximation error of the Neural Network against the complexity
penalty due to overfitting. A third aspect, which is extremely important but more difficult
to control theoretically, is the concrete ability of the training algorithm to actually reach
the global minimum of the loss function in finite time. This requires a judicious choice of
the minimization algorithm and of the Neural Network activation functions.

The problem of fitting r(x) is mathematically equivalent to a classification problem. A
major practical difference however emerges when considering the level of accuracy that is
required on r̂(x) as an approximation of r(x). Not much accuracy is needed for ordinary
classification, because r̂(x) (or, equivalently, f̂(x)) is used as a discriminant variable to
distinguish instances of H0 from instances of H1 on an event-by-event basis. Namely,
one does not employ r̂(x) directly in the analysis of the data, but a thresholded version
of r̂(x) that isolates regions of the X space that are mostly H0-like (r is large) or H1-like
(r is small). Some correlation between r̂(x) and r(x), such that r̂(x) is large/small when
r(x) is large/small, is thus sufficient for good classification performances. Furthermore
the region where r(x) ≃ 1 is irrelevant for classification.

The situation is radically different in our case because the EFT operators are small
corrections to the SM. The regions where the EFT/SM distribution ratio is close to
one cover most of the phase-space, but these regions can contribute significantly to the
sensitivity if they are highly populated in the data sample. Mild departures of r(x) from
unity should thus be captured by r̂(x), with good accuracy relative to the magnitude of
these departures. Obviously the problem is increasingly severe when the free parameters
of the EFT (i.e. the Wilson coefficients “c”) approach the SM value c = 0 and r(x)
approaches one. On the other hand it is precisely when c is small, and the EFT is difficult
to see, that a faithful reconstruction of r(x) would be needed in order to improve the
sensitivity of the analysis.
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2.1.2 The Quadratic Classifier

Barring special circumstances, the EFT prediction for the differential cross section is a
quadratic polynomial in the Wilson coefficients.3 If a single operator is considered, so
that a single free parameter c is present and the SM corresponds to the value c = 0, the
EFT differential cross section reads

dσ0(x; c) = dσ1(x)
{

[1 + c α(x)]2 + [c β(x)]2
}
, (2.10)

where α(x) and β(x) are real functions of x. An estimator r̂(x, c) for the distribution
ratio in the entire Wilson coefficients parameters space could thus be obtained as

r̂(x, c) = [1 + c α̂(x)]2 + [c β̂(x)]2 , (2.11)

from estimators α̂(x) and β̂(x) of the coefficient functions α(x) and β(x). Notice
that eq. (2.10) parametrizes, for generic α(x) and β(x), the most general function of
x and c which is quadratic in c, which is always positive (like a cross section must
be) and which reduces to the SM cross section for c = 0. The equation admits a
straightforward generalization for an arbitrary number of c parameters, which we work
out in Appendix 2.A.

The estimators α̂(x) and β̂(x) are obtained as follows. We first define a function f(x; c) ∈
(0, 1), in terms of two neural networks nα and nβ with unbounded output (i.e. nα,β ∈
(−∞,+∞) up to weight-clipping regularization), with the following dependence on c:

f(x, c) ≡ 1
1 + [1 + cnα(x)]2 + [cnβ(x)]2 . (2.12)

Next, we consider a set C = {ci} of values of c and we generate the corresponding EFT
Monte Carlo samples S0(ci). At least two distinct values of ci ̸= 0 need to be employed,
however using more than two values is beneficial for the performances. Monte Carlo
samples are also generated for the H1 (i.e. c = 0) hypothesis, one for each of the S0(ci)
samples. These are denoted as S1(ci) in spite of the fact that they are all generated
according to the same c = 0 hypothesis. The samples are used to train the nα,β Networks,
with the loss function

L[nα(·),nβ(·)] =
∑
ci∈C

 ∑
e∈S0(ci)

we[f(xe, ci)]2 +
∑

e∈S1(ci)
we[1− f(xe, ci)]2

 . (2.13)

We stress that in the second term in the curly brackets, the function f is evaluated on
the same value of c = ci that is employed for the generation of the S0(ci) Monte Carlo

3The only exception is when the relevant EFT effects are modifications of the SM particles total decay
widths. Also notice that the cross section is quadratic only at the leading order in the EFT perturbative
expansion, which is however normally very well justified since the EFT effects are small. Higher orders
could nevertheless be straightforwardly included as higher order polynomial terms.
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sample which we sum over in the first term.

By taking the Large Sample limit for the loss function as in eq. (2.8), differentiating it
with respect to nα and nβ and using the quadratic condition (2.10), it is easy to show
that the trained Networks n̂α and n̂β approach α and β, respectively. Namely

α̂(x) ≡ n̂α(x) ≃ α(x) , β̂(x) ≡ n̂β(x) ≃ β(x) . (2.14)

More precisely, by taking the functional derivative one shows that the configuration
nα = α and nβ = β is a local minimum of the loss in the Large Sample limit. It is shown
in Appendix 2.B that this is actually the unique global minimum of the loss.

It is simple to illustrate the potential advantages of the Quadratic Classifier, based on the
analogy with the basic binned histogram approach to EFT searches. In that approach,
the X space is divided in bins and the likelihood ratio is approximated as a product
of Poisson distributions for the countings observed in each bin. Rather than r̂(x, c),
the theoretical input required to evaluate the likelihood are estimates σ̂0(b; c) for the
cross sections integrated in each bin “b”. Employing the Standard Classifier approach to
determine r̂(x, c) would correspond in this analogy to compute σ̂0(b; c) for each fixed
value of c using a dedicated Monte Carlo simulation. By scanning over c on a grid,
σ̂0(b; c) would be obtained by interpolation. Every EFT practitioner knows that this
is a is very demanding and often unfeasible way to proceed. Even leaving aside the
computational burden associated with the scan over c, the problem is that the small
values of c (say, c = c) we are interested in probing typically predict cross sections that
are very close to the SM value and it is precisely the small relative difference between
the EFT and the SM predictions what drives the sensitivity. A very small Monte Carlo
error, which in turn requires very accurate and demanding simulations, would be needed
in order to be sensitive to these small effects. In the Standard Classifier method, the
counterpart of this issue is the need of generating very large samples for training the
Neural Network. Furthermore, this should be done with several values of c for the
interpolation. This approach is computationally demanding even when a single Wilson
coefficient is considered, and it becomes rapidly unfeasible if c is a higher-dimensional
vector of Wilson coefficients to be scanned over.

The strategy that is normally adopted in standard binned analyses is closely analog
to a Quadratic Classifier. One enforces the quadratic dependence of σ0(b; c) on c as
in eq. (2.10), and estimates the three polynomial coefficients (i.e. the SM cross section
and the analog of α and β) in each bin by a χ2 fit to σ̂0(b; c), as estimated from the
Monte Carlo simulations for several values of c. The values of c used for the fit are much
larger that the reach of the experiment c = c, so that their effects are not too small and
can be captured by the Monte Carlo simulation. The Quadratic Classifier works in the
exact same way. It can learn α̂(x) and β̂(x) using training samples generated with large
values of c, for which the difference between the S0(c) and S1(c) is sizable. The training
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can thus recognize this difference, producing accurate estimates of α̂(x) and β̂(x). This
accurate knowledge results in an accurate estimate of r̂(x, c) and of its departures from
unity even at the small value c = c, because our method exploits the exact quadratic
relation in eq. (2.10).

It should be noted that the “Quadratic Classifier” introduced in eq. (2.12) is “Parametrized”
in the sense that it encapsulates the dependence on the c parameters, but it is the exact
opposite of the Parametrized Neural Network (or Parametrized Classifier) of Ref. [65].
In that case, the Wilson Coefficient c is given as an input to the Neural Network, which
acts on an enlarged (x, c) features space. The purpose is to let the Neural Network learn
also the dependence on c of the distribution ratio in cases where this is unknown. Here
instead we want to enforce the quadratic dependence of the distribution ratio on c, in
order to simplify the learning task.

An alternative strategy to exploit the analytic dependence on c is the one based on
“morphing” [68]. Morphing consists in selecting one point in the parameter space for each
of the coefficient functions that parametrize dσ0(x; c) as a function of c, and expressing
dσ0(x; c) as a linear combination of the cross-sections computed at these points. For
instance, a total of 3 “morphing basis points”, c1,2,3, are needed for a single Wilson
coefficient and quadratic dependence, and dσ0(x; c) is expressed as a linear combination
of dσ0(x; c1,2,3). This rewriting can be used to produce two distinct learning algorithms.

The first option is to learn the density ratios dσ0(x; c1,2,3)/dσ1(x) individually (one-by-
one or simultaneously), by using training data generated at the morphing basis points
c1,2,3, and to obtain r̂(x, c) using the morphing formula. In the analogy with ordinary
binning, this would correspond to extracting the dependence on c of the cross-sections
by a quadratic interpolation of σ̂0(b; c1,2,3) at the selected points. Of course it is possible
to reconstruct the cross sections accurately also by using 3 very accurate simulations,
rather than fitting less accurate simulations at several points. However a judicious choice
of the values of c1,2,3 is essential for a proper reconstruction of the quadratic and of the
linear term of the polynomial. For the former, it is sufficient to take c very large, but for
the latter a value of c should be selected that is neither too large, such that the quadratic
term dominates by too many orders of magnitude, nor too small such that the constant
SM term dominates. Notice that the optimal c depends on the analysis bin because
the EFT effects relative to the SM (and the relative importance of the quadratic and
linear terms) can be vastly different in different regions of the phase space. With “plain”
morphing as described above, we are obliged to employ only few values of c, which might
not be enough to cover the entire phase space accurately. With the Quadratic Classifier
instead, all values of c that are useful to learn the distribution in some region of the
phase space (see e.g. eq. (2.27)) can be included simultaneously in the training set.

Alternatively, one can use the morphing formula in place of eq. (2.10), producing a
different parameterization of the classifier than the one in eq. (2.12), to be trained
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with values of the parameters that are unrelated with the morphing basis points. The
parametrization employed in the Quadratic Classifier is arguably more convenient, as it is
simpler, universal and bounded to f ∈ (0, 1) interval owing to the positivity of eq. (2.10).
Importantly, also the condition r̂(x, 0) ≡ 1 is built-in in the Quadratic Classifier. However
this could be enforced in the morphing parameterization as well by selecting c = 0 as one
of the basis points. If this is done, we do not expect 4 a degradation of the performances
if employing the morphing-based parametrization rather then ours. Indeed, we believe
that the key of the success of the Quadratic Classifier that we observe stems from
the appropriate choice of the values of c used for training, and not from the specific
parametrization we employ. The non-optimal performances of the morphing strategy
observed in Ref. [68] (on a different process than the one we study) are probably to be
attributed to a non-optimal choice. Further investigations on this aspect are beyond the
scope of this study.

2.2 Fully leptonic ZW

Consider ZW production at the LHC with leptonic decays, namely Z → ℓ+ℓ− and
W → ℓν, where ℓ = e, µ. As explained in the Introduction, this is arguably the simplest
process, of established EFT relevance, where a multivariate approach is justified and
potentially improves the sensitivity. We focus on the high-energy tail of the process, with
a selection cut on the transverse momentum of the Z-boson, pT,Z > 300 GeV, because
of two independent reasons. First, because at high energy we can approximate the
differential cross section analytically and define a realistic enough Toy problem to assess
the optimality of the method. Second, because at high-energy the statistics is sufficiently
limited (less than 5× 103 expected events at the HL-LHC, including both W charges) to
expect systematic uncertainties not to play a dominant role. The reach we will estimate
in the pT,Z > 300 GeV region, on purely statistical bases, should thus be nearly realistic.

The high-energy regime, in spite of the relatively limited statistics, is the most relevant
one to probe those EFT operators that induce energy-growing corrections to the SM
amplitudes. There are only two CP-preserving and flavor-universal operators in the ZW
channel that induce quadratically energy-growing terms, namely 5

O(3)
φq = G(3)

φq

(
QLσ

aγµQL
)

(iH†
←→
DµH) , OW = GW εabcW

a ν
µ W b ρ

ν W c µ
ρ . (2.15)

We thus focus on these operators in our analysis. The BSM relevance of these operators is
well established in the literature. Searching for O(3)

φq in di-boson final states is among the
most promising probes of Higgs compositeness at the HL-LHC [75]. The operator OW is
generated with loop-suppressed coefficient in perturbative BSM models and in composite

4Provided that the possibility of having f outside the (0, 1) interval is not a problem when training,
for instance, with the cross-entropy loss function.

5We use the definition H†
←→
DµH = H†DµH − (DµH)†H.
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Figure 2.1: The kinematical variables in the “special’ coordinate frame [76].

Higgs models of SILH [11] type. However it does not experience loop suppression
for strongly-coupled BSM and is even potentially enhanced by the strong coupling in
particular scenarios [85].

Both O(3)
φq and OW contribute to the ZW production amplitudes with quadratically

energy-growing terms of order G · s, where s is the center-of-mass energy squared of the
diboson system. However the way in which this energy growth manifests itself in the
cross section is rather different for the two operators (see e.g. Refs. [76, 75]). The O(3)

φq

operator mainly contributes to the “00” helicity amplitude, in which the gauge bosons are
longitudinally polarized. The SM amplitude in this channel is sizable and has a constant
behavior with s at high energy. As a consequence, a sizable quadratically-growing
interference term between the SM and the BSM amplitudes is present in the cross section.
This happens even at the “inclusive” level, i.e. when only the hard scattering variables
describing ZW production (and not the decay ones) are measured.

On the contrary, the OW operator induces quadratically-growing contributions only in the
transverse polarization channels with equal helicity for the two gauge bosons (namely, ++
and −−). In the SM this channel is very suppressed at high energy, since its amplitude
decreases as m2

W /s. Therefore in inclusive observables the interference between OW
and the SM does not grow with the energy and is very small. In order to access (or
“resurrect” [76]) the interference, which is the dominant new physics contribution since
the Wilson coefficient of the operator is small, the vector bosons decay variables must be
measured. We thus expect that the sensitivity to OW will benefit more from an unbinned
multivariate analysis technique than the one on O(3)

φq .

The relevant kinematical variables that characterize the four-leptons final state are defined
as in Ref. [76] and depicted in Figure 2.1, where V1 is identified with the Z and V2 with
the W boson. The figure displays the kinematics in the rest frame of the ZW system,
obtained from the lab frame by a boost along the direction of motion (denoted as r̂
in the figure) of the ZW pair, followed by a suitable rotation that places the Z along
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the positive z axis and r̂ on the x-z plane with positive x component. The “inclusive”
variables associated with ZW production are the center-of-mass energy squared s and
Θ ∈ [0, π], which is defined as the angle between r̂ and the Z-boson momentum. The
decay kinematics is described by the polar and azimuthal decay angles θ1,2 and φ1,2. The
latter angles are in the rest frame of each boson and they are defined as those of the final
fermion or anti-fermion with helicity +1/2 (e.g. the ℓ+ in the case of a W+ and the ν
for a W−), denoted as f1,2

+ in the figure.6 The remaining variables that are needed to
characterize the four leptons completely are weakly sensitive to the presence of the EFT
operators and can be ignored, with the exception of the total transverse momentum of
the ZW system, pT,ZW, which is a useful discriminant at NLO [75].

The variables described above are useful for the theoretical calculation of the cross
section, but they cannot be used for our analysis because they are not experimentally
accessible. The “measured” variables we employ are defined as follows. First, since we
do not measure the neutrino (longitudinal) momentum, this needs to be reconstructed
by imposing the on-shell condition for the W. The reconstructed neutrino momentum,
rather than the true one, is used to define the kinematical variables and in particular s
and Θ. Moreover, since we do not measure the helicity of the fermions but only their
charge, the decay angles of the Z boson, denoted as θZ and φZ , are defined in terms of the
charge-plus lepton rather than of the helicity plus lepton. Depending on the (unobserved)
leptons helicities these angles are either equal to θ1 and φ1, or to π − θ1 and φ1 + π,
respectively. The W decay angles, defined in terms of the lepton or the reconstructed
neutrino depending on the charge of the W as previously explained, are denoted as θW
and φW . In summary, the variables we employ in the analysis are

{s, Θ, θW , φW , θZ , φZ , pT,ZW} , (2.16)

where of course pT,ZW is non-vanishing only at NLO.

The on-shell condition for the W boson has no real solution if the W-boson transverse
mass is larger that the W pole mass mW . The neutrino is reconstructed in this case
by assuming that the neutrino rapidity is equal to the one of the lepton. If instead the
transverse mass is smaller than mW , the condition has two distinct real solutions, each
of which produces a different reconstructed kinematics. For our analysis we picked one
of the two solutions at random on an event-by-event basis, while for the analysis of the
actual data it would be arguably more convenient to duplicate the kinematical variables
vector by including both solutions. Nothing changes in the discussion that follows if this
second option is adopted.

6The correct definition of φ2 appears in version four of Ref. [76].
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2.2.1 Analytic approximation

At the tree-level order, and based on the narrow-width approximation for the decays,
it is easy to approximate the cross section analytically in the high-energy regime. The
crucial simplification is that the reconstructed 3-momentum of the W boson (with any
of the two solutions for the neutrino) becomes exact when the W is boosted, so that
the reconstructed Θ and s variables approach the “true” ones of Figure 2.1. Notice that
Θ is the angle between the Z and the direction of motion of the ZW system in the lab
frame, which corresponds at tree-level to the direction of motion of the most energetic
incoming parton. In the kinematical region we are interested in, the (valence) quark is
more energetic than the anti-quark in more than 80% of the events. Therefore we can
identify Θ as the angle between the Z and the u quark or the d quark in the ud→ ZW+

and du→ ZW− processes, respectively.

With these identifications, the non-vanishing on-shell helicity amplitudes MhZhW
for the

hard scattering process ud→ ZW+, at leading order in the high-energy expansion, read

M00 = −g
2 sin Θ
2
√

2
−
√

2G(3)
φq s sin Θ , M++ =M−− = 3gcwGW s sin Θ√

2
,(2.17)

M−+ = −g
2(s2

w − 3 c2
w cos Θ)

3
√

2cw
cot Θ

2 , M+− = g2(s2
w − 3c2

w cos Θ)
3
√

2cw
tan Θ

2 ,

where g is the SU(2)L coupling, cw and sw are the cosine and the sine of the Weak
angle. An overall factor equal to the cosine of the Cabibbo angle has not been reported
for shortness. The amplitudes for the du → ZW− process can be obtained from the
ones above with the formal substitutions Θ→ −Θ and s2

w → −s2
w. The amplitudes are

non-vanishing only for left-chirality initial quarks. Notice that the above formulas depend
on the conventions in the definition of the wave-function of the external particles, and
that these conventions must match the ones employed in the decay amplitude for the
consistency of the final results. The wave-function reported in Ref. [86] are employed.

Let us now turn to the vector bosons decays. The decay amplitudes assume a very simple
form in terms of the θ = θ1,2 and φ = φ1,2 variables, namely

Ah = −
√

2gVmV e
ihφdh(θ) , (2.18)

where h is the helicity of the decaying vector boson (V = V1,2 = Z,W ) and dh(θ) are the
Wigner d-functions. The overall coupling factor gV depends on the nature of the boson
and, in the case of the Z, on the electric charge of the helicity-plus fermion it decays to.
Specifically, gW = g/

√
2 for the W, gZ = gL = −g(1− 2 s2

w)/2cw if the Z decays to an
helicity-plus ℓ+ and gZ = gR = g s2

w/cw if the Z decays to an helicity-plus ℓ−. The two
options for the helicity (which are physically distinct) correspond to two terms in the
cross section. In the first one the Z decay amplitude is evaluated with the gL coupling,
with θ = θ1 = θZ and φ = φ1 = φZ . In the second one we employ gR, θ = θ1 = π − θZ
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and φ = φ1 = φZ + π. There is no helicity ambiguity in the W-boson decay angles.
However the reconstruction of the azimuthal decay angle is exact in the high-energy limit
only up to a twofold ambiguity [76]. Namely the reconstructed φW approaches φ1 on one
of the two solutions for the neutrino (and we do not know which one), and π−φ1 on the
other. Since we are selecting one solution at random, we should average the cross section
over the two possibilities φ = φ2 = φW and φ = φ2 = π−φW for the W azimuthal angle.
The polar angle is instead θ = θ2 = θW in both cases.

Production and decay are conveniently combined using the density matrix notation. We
define the hard density matrix

dρhard
hZhW h′Zh

′
W

= 1
24 sMhZhW

(Mh′Zh
′
W

)∗ dΦZW , (2.19)

where dΦZW is the two-body phase space and the factor 1/24s takes care of the flux
and of the averages over the colors and the helicities of the initial quarks. The decay
processes are instead encoded into decay density matrices. The one for the Z-boson,
including the sum over the ℓ± helicities as previously explained, reads

dρZhZh
′
Z

= 1
2mZΓZ

[
AhZ
A∗h′Z

∣∣∣
gL,θZ ,φZ

+ AhZ
A∗h′Z

∣∣∣
gR,π−θZ ,φZ+π

]
dΦℓ+ℓ− , (2.20)

where ΓZ is the Z decay width. For the W, since we average on the neutrino reconstruction
ambiguity, we have

dρWhW h′W
= 1

2mWΓW
1
2

[
AhW

A∗h′W
∣∣∣ g√

2
,θW ,φW

+ AhW
A∗h′W

∣∣∣ g√
2
,θW ,π−φW

]
dΦℓν . (2.21)

The complete partonic differential cross section is finally simply given by

dσ̂ = 4
∑

dρhard
hZhW h′W h′Z

dρZhZh
′
Z
dρWhW h′W

, (2.22)

where the sum is performed on the four helicity indices and the factor of 4 takes into
account the decay channels into electrons and muons.

2.2.2 Monte Carlo Generators

For our analysis we use three Monte Carlo generators, of increasing accuracy.

The first one is the Toy generator that implements the analytic approximation of the
cross section in eq. (2.22), with the hard amplitudes expanded up to order G · s in the
EFT contribution and up to order s0 in the SM term, as in eq. (2.17). This implies, in
particular, that in the Toy Monte Carlo all the mixed transverse/longitudinal helicity
channels vanish exactly, that only the ±∓ and 00 channels are retained in the SM and
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that new physics is just in the 00 and ±± channels for O(3)
φq and OW , respectively. The

Toy Monte Carlo employs a simple fit to the (ud or du) parton luminosities obtained
from the nCTEQ15 [87] PDF set (implemented through the ManeParse [88] Mathematica
package). The variable s is sampled according to the parton luminosity, while all the other
variables are sampled uniformly. The cut pT,Z =

√
s/2 sin Θ > 300 GeV is implemented

at generation level. Since the analytical distribution is extremely fast to evaluate, this
basic approach is sufficient to obtain accurate Monte Carlo integrals and large unweighted
event samples in a very short time.

The second generator is MadGraph [89] at LO, with the EFT operators implemented
in the UFO model of Ref. [90]. We simulate the 2 → 4 process pp → µ+µ−e νe, with
the Z and the W decaying to opposite flavor leptons for a simpler reconstruction, and
multiply the resulting cross section by 4. The cut on pT,Z, defined as the sum of the µ+

and µ− momenta, is imposed at generation level, as well as the cuts

mT,eν ≤ 90 GeV , 70 GeV ≤ mµµ ≤ 110 GeV , (2.23)

on the transverse mass of the virtual W and the invariant mass of the virtual Z. These
are needed to suppress non-resonant contributions to the production of the 4 leptons.
Standard acceptance cuts on the charged leptons are also applied. The unweighted events
obtained with MadGraph are further processed to compute the kinematical variables in
eq. (2.16) after neutrino reconstruction, as detailed at the beginning of this section.

The MadGraph LO generator is slightly more accurate than the Toy one. It contains
all the ZW helicity amplitudes and no high-energy approximation. Furthermore, it
describes non-resonant topologies and off-shell vector bosons production, which affects
the reconstruction of the neutrino and in turn the reconstruction of the Z and W decay
variables [76]. Nevertheless on single-variable distributions the Toy Monte Carlo and the
LO one agree reasonably well, at around 10%.

The third and most refined generator is MadGraph at NLO in QCD, interfaced with
Pythia 8.244 [91, 92] for QCD parton showering. The complete 2 → 4 process is
generated like at LO, but no cuts could be applied at generation level apart from default
acceptance cuts on the leptons and the lower cut on mµµ in eq. (2.23). At NLO, the cut on
pT,Z needs to be replaced with the cut pT,V > 300 GeV, with pT,V = min[pT,Z, pT,W]. This
cut suppresses soft or collinear vector boson emission processes, which are insensitive to
the EFT. In order to populate the pT,V > 300 GeV tail of the distribution with sufficient
statistics, events were generated with a bias. The bias function was equal to one for
pT,V above 290 GeV, and equal to (pT,V/290 GeV)4 below. The momenta of the charged
leptons and the transverse momentum of the neutrino in the generated events were read
with MadAnalysis [93] and the kinematical variables in eq. (2.16) reconstructed like
at LO. The cut pT,V > 300 GeV and the remaining cuts in eq. (2.23) were imposed on
the reconstructed events. The total cut efficiency on the Monte Carlo data, thanks to
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the bias, was large enough (around 17%) to allow for an accurate prediction of the cross
section and for the generation of large enough event samples.

Even if ours is an electroweak process, it is known that NLO QCD corrections can in
principle affect significantly the sensitivity to the EFT operators. Relevant effects are
related with the tree-level zero [94] in the transverse amplitude, which is lifted at NLO,
and with the appearance of same-helicity transverse high-energy amplitudes due to real
NLO radiation [95]. All these effects are properly modeled by the MadGraph NLO
generator.

2.3 Optimality on Toy data

Our goal is to reconstruct the EFT-over-SM cross section ratio r(x, c) as accurately as
possible using the methods introduced in Section 2.1. Since r is known analytically for
the Toy problem, a simple qualitative assessment of the performances could be obtained
by a point-by-point comparison (see Figures 2.7 and 2.8) of r(x, c) with its approximation
r̂(x, c) provided by the trained Neural Network. However a point-by-point comparison
is not quantitatively relevant, since the level of accuracy that is needed for r̂(x, c) can
be vastly different in different regions of the phase-space, depending on the volume of
expected data and on the discriminating power of each region (i.e. on how much r is
different from one).

The final aim of the entire construction is to obtain an accurate modeling of the extended
log-likelihood ratio in eq. (2.2), to be eventually employed in the actual statistical analysis.
A quantitative measure of the r reconstruction performances is thus best defined in terms
of the performances of the final analysis that employs r̂, instead of r, in the likelihood
ratio. Among all possible statistical analyses that could be carried out, frequentist tests
to the EFT hypothesis H0(c) (regarded as a simple hypothesis for each given value of c),
against the SM one, H1, are considered for the illustration of the performances.

Four alternative test statistic variables are employed. One is the standard Poisson binned
likelihood ratio (see below). The others are unbinned and take the form

tc(D) = N(X|H0)−N(X|H1)−
N∑
i=1

τc(xi) , (2.24)

where τc(x) is either equal to the exact log[r(x, c)] or to log[r̂(x, c)], as reconstructed either
with the Standard Classifier or with the Quadratic Classifier described in Section 2.1.1
and 2.1.2, respectively. In each case the probability distributions of t in the two hypotheses
are computed with toy experiments (or with the simpler strategy of Section 2.4.1), and
used to estimate the expected (median) exclusion reach on c at 95% Confidence Level if
the SM hypothesis is true. In formulas, the 95% reaches (c2σ) we quote in what follows

80



2.3 Optimality on Toy data

are solutions to the implicit equation

p(tmed(c2σ); c2σ) = 0.05, with tmed(c) = Median [tc(D)|H1] , (2.25)

where the p-value is defined as

p(tc; c) =
∫ ∞
tc
dt′c pdf(t′c|H0(c)) . (2.26)

The two Wilson coefficients c = G
(3)
φq and c = GW are considered separately. Therefore

the results that follow are single-operator expected exclusion reaches.

Summarizing, the four methodologies we employ are

i) Matrix Element (ME)

In this case we set τc(x) = log[r(x, c)] in eq. (2.24), with r computed analytically
using eq. (2.22). Therefore t coincides with the log-likelihood ratio λ in eq. (2.2),
which in turn is the optimal discriminant between H0 and H1 due to the Neyman–
Pearson lemma [70]. Namely, a straightforward application of the lemma guarantees
that by employing t = λ as test statistic we will obtain the optimal (smallest) c2σ
reach, better than the one we could have obtained using any other variable. The
Matrix Element Method is thus optimal in this case, and the optimality of the
other methods can be assessed by comparing their c2σ reach with the one of the
Matrix Element.

ii) Standard Classifier (SC)

The second method consists in setting τc(x) = log[r̂(x, c)] in eq. (2.24), with
r̂ reconstructed by the Standard Classifier as in Section 2.1.1. Notice that a
separate training is needed to reconstruct r̂(x, c) for each value of the Wilson
Coefficient. Therefore computing c2σ, as defined in eq. (2.25), requires scanning
over c, performing first the Neural Network training and next the calculation of
the distributions of t by toy experiments. For the Quadratic Classifier (and for the
Matrix Element Method), the first step is not needed. The details on the Neural
Network architecture and training, and of its optimization, will be discussed in
Section 2.5.

iii) Quadratic Classifier (QC)

The third approach is to employ r̂(x, c) as reconstructed by the Quadratic Classifier
of Section 2.1.2. Implementation details are again postponed to Section 2.5, however
it is worth anticipating that the key for a successful reconstruction is to train using
values for the Wilson coefficients that are significantly larger than the actual reach.
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Specifically, we used

G(3)
φq : {±50,±20,±5} × 10−2 TeV−2 ,

GW : {±20,±10,±5} × 10−2 TeV−2 . (2.27)

These values have been selected as those that induce order one departures from the
SM cross section in the low, medium and high regions of the pT,Z distribution. If
willing to compute cross-section in each pT,Z region by quadratic interpolation, using
the values selected with this criterion can be shown to maximize the accuracy on
the reconstruction of the linear term, while still allowing for a good determination
of the quadratic term. We expect this choice to be optimal for the Quadratic
Classifier training as well. Also notice that the total number of training Monte
Carlo events is the same one (6M, see Section 2.5) employed for each of the separate
trainings performed on the Standard Classifier.

iv) Binned Analysis (BA)

Finally, in order to quantify the potential gain of the unbinned strategy, we also
perform a binned analysis. The test statistic in this case is provided by the sum over
the bins of the log-ratio of the SM over EFT Poisson likelihoods, with the expected
countings as a function of the Wilson coefficients computed from Monte Carlo
simulations. The test statistic distributions, and in turn the reach by eq. (2.25),
are computed with toy experiments like for the other methods and no asymptotic
formulas are employed.

For both G(3)
φq and GW we considered 3 bins in pT,Z, with the following boundaries

pT,Z[GeV] : {300, 500, 750, 1200} GeV . (2.28)

The pT,Z variable is an extremely important discriminant because it is sensitive to
the energy growth induced by the EFT. The three bins are selected based on the
studies in Refs. [76, 75], and a narrower binning has been checked not to improve
the sensitivity significantly. A cut cos Θ < 0.5 is imposed in the analysis targeting
G

(3)
φq , because this helps [75] in isolating the longitudinal helicity channel thanks

to the amplitude zero in the transverse SM amplitudes. For OW , no cos Θ cut is
performed, and each pT,Z is split in two bins, for cos 2φW larger and smaller than
zero. This is sufficient to partially capture the leading EFT/SM interference term
as discussed in Ref. [76].

Most likely the binned analysis could be improved by considering more (and/or
better) variables and a narrower binning. However it should be noticed that the
simple strategies described above already result from an optimization, targeted to
the specific operators at hand, and that the reach we obtain is consistent with the
sensitivity projections available in the literature.
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Figure 2.2: Expected exclusion reach on G
(3)
φq (left) and on GW (right). The results are

also reported in Table 2.1. Light-color stacked bars represent the errors.

2.3.1 Results

The results of the four methods are shown in Figure 2.2 (see also Table 2.1), together
with the ones obtained with the MadGraph LO description of the ZW process, to be
discussed in Section 2.3.2. The 2σ sensitivities reported in the figure are obtained by
interpolating the median p-value as a function of the Wilson Coefficient c, in the vicinity
of the reach, and computing c2σ by solving eq. (2.25). Further details on this procedure,
and the associated error, are given in Section 2.4.1.

The figure reveals a number of interesting aspects. First, by comparing the Matrix
Element reach with the one of the Binned Analysis we can quantify the potential gain
in sensitivity offered by a multivariate strategy. The improvement is moderate (around
30%) for G(3)

φq , but it is more than a factor of 2 (of 2.4) in the case of the GW operator
coefficient. The different behavior of the two operators was expected on physical grounds,
as discussed in details below. The figure also shows that the Quadratic Classifier is nearly
optimal. More precisely, the reach is identical to the one of the Matrix Element for
G

(3)
φq , and < 20% worse for GW . We will see in Section 2.5 that the residual gap for GW

can be eliminated with more training points than the ones used to produce Figure 2.2.
Suboptimal performances are shown in the figure in order to outline more clearly, in
Section 2.5, that our method is systematically improvable as long as larger and larger
Monte Carlo samples are available.

Finally, we see in the figure that the Standard Classifier is slightly less sensitive than
the Quadratic one, but still its performances are not far from optimality. This is
reassuring in light of possible applications of Statistical Learning methodologies to
different problems, where the dependence of the distribution ratio on the new physics
parameters is not known and the Quadratic Classifier approach cannot be adopted. On
the other hand, the Standard Classifier method is rather demanding. First, because it
requires separate trainings on a grid of values of c, out of which the reach should be
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extracted by interpolation. In turn, this requires a much larger number of training points
than the Quadratic Classifier, since at each point of the grid we use as many training
points as those the Quadratic Classifier needs in total for its training. Second, because we
observed hyperparameters optimization depends on the specific value of c that is selected
for training. Because of these technical difficulties, we only report sensitivity estimates
for the positive Wilson coefficients reach. Furthermore these estimates (see Table 2.1)
are based on the p-value obtained at a given point of the c grid without interpolation.
For the same reason, we did not try to apply the Standard Classifier methodology to the
LO and to the NLO data and we focus on the Quadratic Classifier in what follows.

Let us discuss now the physical origin of the different behaviors observed for the O(3)
φq

and for the OW operator. The point is that the new physics effects due to O(3)
φq have

very distinctive features which can be easily isolated even with a simple binned analysis
with few variables. Indeed O(3)

φq (see eq. (2.17)) only contributes to the 00 polarization
amplitude, which is non-vanishing in the SM as well and proportional to sin Θ. The
squared 00 amplitude thus contributes to the cross section with a sizable interference
term, which is peaked in the central scattering region cos Θ ∼ 0. The other helicity
channels play the role of background, and are peaked instead in the forward region. They
are actually almost zero (at LO) at cos Θ ≃ 0. Therefore a binned analysis targeting
central scattering (this is why we imposed the cut cos Θ < 0.5) is sufficient to isolate the
effects of O(3)

φq at the interference level and thus to probe G(3)
φq accurately. By including

the decay variables as in the multivariate analysis we gain sensitivity to new terms in the
cross section, namely to the interference between the 00 and the transverse amplitudes,
however these new terms are comparable with those that are probed already in the
Binned Analysis and thus they improve the reach only slightly.

The situation is very different for the OW operator. It contributes to the ++ and −−
helicity channels, that are highly suppressed in the SM and set exactly to zero in the Toy
version of the problem we are studying here. The pT,Z (and Θ) distribution depends only
at the quartic level on GW , i.e. through the square of the BSM amplitude, because the
interference between different helicity channels cancels out if we integrate the cross section
in eq. (2.22) over the ZW azimuthal decay angles. Our Binned Analysis is sensitive to
the interference term through the binning in φW , however this is not enough to approach
the optimal reach because all the other decay variables (and Θ as well) do possess some
discriminating power, from which we can benefit only through a multivariate analysis.
More specifically, one can readily see by direct calculation that the dependence on all our
kinematical variables of the GW interference contribution to the differential cross section
is different from the SM term. By integrating on any of this variables we partially lose
sensitivity to this difference, and this is why the multivariate analysis performs much
better than the binned one.
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2.3.2 MadGraph Leading Order

The analyses performed for the Toy dataset can be easily replicated for the Mad-
Graph LO Monte Carlo description of the process, obtaining the results shown in
Figure 2.2.

The most noticeable difference with what was found with the Toy Monte Carlo is the
strong degradation of the Matrix Element reach, and the fact that it gets weaker than
the one of the Quadratic Classifier. As usual, the effect is more pronounced for the
OW operator. This is not mathematically inconsistent because the analytic ratio r(x, c)
we employ for the Matrix Element test statistic is not equal anymore to the ratio of
the true distributions according to which the data are generated. Therefore it is not
supposed to give optimal performances. On the other hand the observed degradation is
quantitatively surprising for GW , especially in light of the fact that the MadGraph LO
Monte Carlo distributions seem quite similar to the ones of the Toy data at a superficial
look. The degradation is not due to the high-energy approximation in the ZW production
amplitude, indeed the results we are reporting are obtained with the exact tree-level
helicity amplitudes, which are employed in eq. (2.22) in place of the ones in eq. (2.17). It
is due to the other approximations we performed in the calculation of the cross section,
namely to the assumption that the initial quark is always more energetic than the
anti-quark, which allows us to interpret Θ as the angle between the quark and the Z, and
to the one of a perfect reconstruction (up to the ambiguity) of the neutrino momentum.
We verified that this is the case by repeating the Matrix Element analysis using the true
neutrino momentum and the actual direction of motion of the quark in the Monte Carlo
events. In this case the reach on GW gets closer to the one obtained with the Toy data.

The degradation of the Matrix Element reach should be contrasted with the relative
stability of the Quadratic Classifier method. Notice that the method is applied on
the MadGraph LO data in the exact same way as on the Toy data, namely the
architecture is the same, as well as the number of training point and the values of the
Wilson coefficients in eq. (2.27) used for training. The computational complexity of the
distribution ratio reconstruction is thus identical in the two cases, in spite of the fact that
the MadGraph LO Monte Carlo offers a slight more complete (or “complex”) description
of the data. The total computational cost is somewhat higher in the MadGraph LO
case, but just because the process of Monte Carlo events generation is in itself more costly.
Similar considerations hold at NLO, where the cost of event generation substantially
increases.

2.4 The reach at Next-to-Leading Order

Including NLO QCD corrections is in general essential for an accurate modeling of the
LHC data. Therefore it is imperative to check if and to what extend the findings of the
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previous section are confirmed with the MadGraph NLO Monte Carlo description of the
process, introduced in Section 2.2.2. As far as the reconstruction of r̂(x, c) is concerned,
using MadGraph NLO does not pose any conceptual or technical difficulty, provided
of course the (positive and negative) Monte Carlo weights are properly included in the
loss function as explained in Section 2.1. Computing the distribution of the test statistic
variable that we obtain after the reconstruction (or of the one we employ with the Matrix
Element method, for which the exact same issue is encountered) is instead slightly more
complicated than with the Toy and MadGraph LO data. This point is discussed in the
following section, while the illustration of the results is postponed to Section 2.4.2.

2.4.1 Estimating the test statistics distributions

As soon as τc(x) is known, either as an analytic function in the case of the Matrix Element
or as a (trained) Neural Network in the case of the Quadratic Classifier, the test statistic
tc(D), as defined in eq. (2.24), is fully specified. Namely we can concretely evaluate it
on any dataset D = {xi}, consisting of N repeated instances of the variable x, for each
given value of c. However in order to perform the hypothesis test, and eventually to
estimate the reach c2σ, we also need to estimate the probability distribution of tc(D)
under the H0 and under the H1 hypotheses. This is the problematic step at NLO, after
which the evaluation of c2σ proceeds in the exact same way as for the Toy and for the
LO data. Specifically, once we are given with

pdf(tc|H0(c)) and pdf(tc|H1) , (2.29)

we obtain the p-value as a function of tc and c as in eq. (2.26) from the former, while
from the latter we compute the median value of tc and in turn

pmed(c) ≡ p(tmed(c); c) , (2.30)

as a function of c. After scanning over c and interpolating pmed(c) in the vicinity of
the reach (actually we interpolate the logarithm of pmed(c), using three points in c and
quadratic interpolation), we can solve the equation pmed(c2σ) = 0.05 and obtain the
reach as defined in eq. (2.25). Given the error on pmed(c) at the three points used for the
interpolation, the error on the estimate of c2σ is obtained by error propagation.

It is conceptually trivial (but numerically demanding) to estimate the distributions if
artificial instances of the dataset D (aka “toy” datasets) are available. In this case
one can simply evaluate tc(D) on many toy datasets following the H0(c) and the H1
hypotheses and estimate the distributions. More precisely, one just needs the empirical
cumulative in H0(c) and the median of tc in H1. Toy datasets are readily obtained from
unweighted Monte Carlo samples by throwing N random instances of x from the sample,
with N itself thrown Poissonianly around the total expected number of events. This is
impossible at NLO because the events are necessarily weighted, therefore they are not a
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Toy Data LO NLO

G
(3)
φq

ME [−0.350(6), 0.356(8)] [−0.399(13), 0.384(12)] [−0.55(4), 0.464(14)]

SC ≳ 0.4 (p = 0.077(5)) — —

QC [−0.357(6), 0.365(8)] [−0.401(12), 0.374(10)] [−0.426(22), 0.401(21)]

BA [−0.48, 0.47] [−0.50, 0.50] [−0.58, 0.55]

GW

ME [−0.673(14), 0.697(11)] [−1.390(21), 1.357(22)] [−1.51(7), 1.93(14)]

SC ≲ 1 (p = 0.038(3)) — —

QC [−0.781(13), 0.822(13)] [−1.007(27), 0.987(26)] [−0.99(4), 1.08(12)]

BA [−1.67, 1.67] [−1.70, 1.85] [−1.63, 1.98]

Table 2.1: Bounds on the G(3)
φq and GW coefficients obtained for the Toy, LO and NLO

datasets. The rows correspond to the Matrix Element (ME), Standard Classifier (SC),
Quadratic Classifier (QC) and Binned Analysis (BA) approach. Notice that the errors
on the Binned Analysis bounds are negligible. The results are given in 10−2 TeV−2 units.

sampling of the underlying distribution of the variable x. As emphasized in Section 2.1,
NLO Monte Carlo data can only be used to compute expectation values of observables
O(x) as in eq. (2.5). For instance we can compute the cross section in any region of the
X space, and the mean or the higher order moments of the variable of interest, τc(x).

This suggests two options to estimate the distributions of the test statistic at NLO. The
first one is to compute the distribution of τc(x) by means of a (weighted) histogram with
many and very narrow bins. By knowing the cross section of each bin in τc, we know how
many events are expected to fall in that bin and generate toy datasets for τc accordingly.
This procedure is quite demanding, and it relies on a careful choice of the τc binning,
which can only be performed on a case-by-case basis. It is still useful to validate the
strategy we actually adopt, described below.

The second option is to approximate the distribution of tc in a “nearly Gaussian” form,
based on the Central Limit theorem. Namely we notice that tc is in a trivial linear
relation (see eq. (2.24)) with the variable

Tc(D) ≡ 1
N

N∑
i=1

τc(xi) , (2.31)

where N is Poisson-distributed with expected N, with N = N(X|H) and H = H0 or
H = H1. The xi’s are independent and sampled according to pdf(x|H). The cumulant-
generating function of Tc (which is a so-called “compound” Poisson variable [96]) is
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readily computed

KTc(ξ) ≡ log
{

E
[
eξTc

∣∣∣ H]} = N E
[
e

ξ
N
τc

∣∣∣ H]−N , (2.32)

by first taking the expectation on the xi’s conditional to N and next averaging over the
Poisson distribution of N . Therefore the cumulants of Tc,

κnTc
≡ dnKTc(ξ)

dξn

∣∣∣∣
ξ=0

= N1−nE [τnc | H] , (2.33)

are increasingly suppressed with N for larger and larger n > 1. Since N is of the order
of several thousands in our case, neglecting all cumulants apart from the first and the
second one, i.e. adopting a Gaussian distribution for Tc, might be a good approximation.

Actually it turns out that in order to model properly the 5% tail of the distribution,
which we need to probe for the exclusion limit, non-Gaussianity effects can be relevant.
These are included by using a skew-normal distribution for Tc, which contains one more
adjustable parameter than the Gaussian to model the skewness. The mean, standard
deviation and skewness of Tc are immediately obtained from eq. (2.33)

µ(Tc) = ⟨τc⟩ , σ(Tc) = 1√
N

√
⟨τ2
c ⟩ µ3(Tc) = 1√

N
⟨τ3
c ⟩

⟨τ2
c ⟩

3/2 , (2.34)

where ⟨·⟩ is used to denote expectation for brevity. By computing the expectation
values of τc, τ2

c and τ3
c using the Monte Carlo data, we thus find the parameters of the

skew-normal distribution for Tc and in turn the distribution of tc. We finally obtain the
median p-value from the definition in eq. (2.30). The errors on the expectation values
of τc are estimated from the fluctuations in the means on subsets of the entire Monte
Carlo sample. These errors are propagated to the p-value and eventually to the c2σ
estimated reach as previously explained. Accurate results (see Table 2.1) are obtained
with relatively small Monte Carlo samples. Namely, 500k event were used at NLO, 1M
at LO and 3M for the Toy data.

We cross-checked the above procedure in multiple ways. First, it reproduces within errors
the LO and Toy p-values obtained with the toy experiments. Second, we validated it
against the approach based on τc binning on NLO data, as previously mentioned. We also
verified that including the skewness changes the results only slightly, with respect to those
obtained in the Gaussian limit. Further improving the modeling of the non-Gaussiantiy
with more complex distributions than the skew-normal, with more adjustable parameters
in order to fit higher order moments of Tc, is therefore not expected to affect the results.
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Figure 2.3: Expected exclusion reach on G
(3)
φq (left) and on GW (right) with the various

methodologies described in the text. The results are also reported in Table 2.1.

2.4.2 Results

Our results with the MadGraph NLO Monte Carlo are reported in Figure 2.3 and in
Table 2.1. They essentially confirm the trend we already observed in the transition from
the Toy to the MadGraph LO data. The Matrix Element keeps losing sensitivity because
the analytic distribution ratio is now even more faraway from the actual distribution
ratio since it does not include NLO QCD effects. The reach of the Binned Analysis
deteriorates less, so that it becomes comparable to the one of the Matrix Element. The
Quadratic Classifier reach is remarkably stable. Actually it slightly improves with respect
to the LO one for GW . This is probably due to the appearance of same-helicity SM
transverse amplitudes (see Section 2.2.2) and of the corresponding interference term for
the OW operators.

Notice few minor differences in the implementation of the Quadratic Classifier and of
the Binned Analysis at NLO. The Quadratic Classifier now also employs the variable
pT,ZW, as discussed in Section 2.2. The Binned Analysis for G(3)

φq employs pT,ZW as well,
through a cut pT,ZW/pT,V < 0.5. This improves the reach [75] because it helps recovering
(partially) the background suppression due to the zero of the transverse amplitudes in
the central region.

2.5 Neural Network implementation and validation

The strategies described in Section 2.1 were implemented in Pytorch [97] and run on
NVIDIA GeForce GTX 1070 graphics card. Fully connected feedforward deep Neural
Networks were employed, acting on the features vector

x = {s, Θ, θW , θZ , pT,ZW, pT,Z, sinφW , cosφW , sinφZ , cosφZ} , (2.35)
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Figure 2.4: Evolution of the p-value for different architectures and training sample sizes.
On the left plot we compare the baseline setup with the baseline architecture Network
trained with 200k points per value of c (for a total of 2.4M points), and with the baseline
number of training points (500k, times 12) on architectures with one less (“3× 32”) and
one more (“5× 32”) hidden layer. On the right plot, a similar analysis is performed, but
with 3M points per value of c.

for a total of 10 features. Each feature is standardized with a linear transformation to
have zero mean and unit variance on the training sample. For the Quadratic Classifier
training, the Wilson coefficient employed in the parametrization (2.12) were scaled to
have unit variance on the training sample. Employing the redundant variables (i.e., pT,Z,
and the cosines and sines of φW,Z) is helpful for the performances, especially the angular
ones, which enforce the periodicity of the azimuthal angular variables. The “baseline”
results presented in Figures 2.2, 2.3 and in Table 2.1 were all obtained with the features
vector above and employing a total of 6 million training Monte Carlo points for each of
the two Wilson coefficients. Training was always performed with a single batch (which
was found to perform better in all cases), even if in practice the gradients calculation
was split in mini-batches of 100k points in order to avoid saturating the memory of the
GPU. Apart from these common aspects, the optimization of the Neural Network design
and of the training strategy is rather different for the Quadratic and for the Standard
Classifier methods. They are thus discussed separately in what follows.

2.5.1 The Quadratic Classifier

For the Quadratic Classifier, best performances were obtained with ReLU activation
functions and with the Adam Pytorch optimizer. The initial learning rate (set to 10−3)
does not strongly affect the performances. Other attempts, with Sigmoid activation
and/or with SGD optimizer, produced longer execution time and worse performances.
The baseline architecture for the two Neural Networks nα and nβ in eq. (2.12) consists of
4 hidden layers with 32 neurons, namely the architecture {10, 32, 32, 32, 32, 1}, including
the input and the output layers. Weight Clipping was implemented as a bound on the
L1 norm of the weights in each layer, but found not to play a significant role. The total
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Figure 2.5: Results of 5 different trainings of the same architecture (Baseline architecture
trained with 2.4M points) using: the same training data but different initialization seeds
(red points) and the same initialization but different training data samples (blue points).

training time, for 104 training epochs, is around 5 hours for the baseline architecture
and with the baseline number (6 million) of training points.

The Neural Network architecture was selected based on plots like those in Figure 2.4.
The left panel shows the evolution with the number of training epochs of the median
p-value (see eq. (2.30)) on Toy data for c = GW = 0.8× 10−2 TeV−2, with the baseline
and with larger and smaller Networks. We see that adding or removing one hidden layer
to the baseline architecture does not change the performances significantly. The plot
also shows that 104 epochs are sufficient for the convergence and that no overfitting
occurs. The degradation of the performances with less training point is also illustrated
in the plot. Of course, the p-value is evaluated using independent Monte Carlo samples,
not employed for training. The errors on the p-value are estimated from the error on
the skew-normal distribution parameters as explained in Section 2.4.1. In the baseline
configuration we used 500k EFT Monte Carlo training points for each of the 6 values of
GW in eq. (2.27), plus 500k for each associated SM sample. Each sample consists instead
of 3M points in the extended configuration employed on the right panel of Figure 2.4, for
a total of 36M. The same value of GW = 0.8× 10−2 TeV−2 is employed. The baseline
architecture becomes insufficient, and best results are obtained with the 6 hidden layers
of 32 neurons each.

The figure also demonstrates that the method is systematically improvable towards
optimality. The value of GW considered in the figure was not within the 95% CL reach
with the baseline setup, while it becomes visible with the extended configuration. All the
reaches reported in Table 2.1 would expectedly improve with the extended configuration.
The GW reach on Toy data becomes [−0.732(9), 0.764(14)] 10−2 TeV−2, which is now
only less than 10% worse than the optimal Matrix Element reach. Training takes around
30 hours with the extended configuration, while generating and processing the required
training points with MadGraph NLO (which is the most demanding generator) would
take around 10 days on a 32-cores workstation. We could thus try to improve also the
NLO reach even with limited computing resources.
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Figure 2.6: The p-value evolution during training for the Standard Classifier using
different architectures and activation functions. The value GW = 1 × 10−2 TeV−2 is
employed.

For the reproducibility of our results we also study how the performances depend on
the Neural Network initialization and on the statistical fluctuations of the Monte Carlo
training sample. This analysis is performed in a reduced setup, with a total of 2.4
million training point, and for GW = 0.8× 10−2 TeV−2. We see in Figure 2.5 that the
p-value fluctuates by varying the random seed used for training at a level comparable
with the error on its determination. Similar results are observed by employing different
independent Monte Carlo training samples. Notice that these fluctuations should not
be interpreted as additional contributions to the error on the p-value. Each individual
Neural Network obtained from each individual training defines a valid test statistic
variable, on which we are allowed to base our statistical analysis. Since the fluctuations
are comparable to the p-value estimate errors, our sensitivity projections were obtained
by randomly selecting one of the seed/training set configuration.

2.5.2 The Standard Classifier

Hyperparameters optimization is rather different for the Standard Classifier. We see in
Figure 2.6 that Networks with ReLU activation like those we employed for the Quadratic
Classifier displays overfitting, and Sigmoid activations need to be employed. The results
in Figures 2.2 and in Table 2.1 were obtained with 2 hidden layers with 32 neurons
each and Sigmoid activation. The figure shows that increasing the complexity does not
improve the performances.

This different behavior of the Standard Classifier compared with the Quadratic one is
probably due to the fact that training is performed on small Wilson coefficient EFT
data, whose underlying distribution is very similar to the one of the SM data sample.
Therefore there is not much genuine difference between the two training sets, and the
Network is sensitive to statistical fluctuations in the training samples. The Quadratic
Classifier instead is trained with large values of the Wilson coefficients. The optimizer
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Figure 2.7: Comparison between the reconstructed (α̂) and true (α) linear term of the
distribution ratio for the GW operator.
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Figure 2.8: Comparison between the reconstructed (τ̂c) and true (τc) distribution log-ratio
for GW = 1× 10−2 TeV−2. The Standard Classifier and the Quadratic one are considered
in the left and right panel of the figure, respectively.

thus drives the Neural Networks towards the deep minimum that corresponds to a proper
modeling of the distribution ratio, which is more stable against statistical fluctuations of
the training samples.

2.5.3 Validation

An important question is how to validate as “satisfactory” the outcome of the hyperpa-
rameters optimization described above. This is straightforward for the Toy version of
the problem, because we have to our disposal a rigorous notion of statistical optimality,
through the Neyman–Pearson lemma, and we do have direct access to the true distribu-
tion ratio through which the data are generated. Therefore we know that we can stop
optimization as soon as the reach of the Neural Network becomes sufficiently close to the
one of the Matrix Element method. We can also rely on a more naive validation test,
based on comparing point-by-point the distribution ratio learned by the Neural Network
with the true one, which is known analytically. For instance in Figure 2.7 we compare the
true linear term α(x) in eq. (2.10) (for the OW operator) with its estimator α̂(x) ≡ n̂α(x)
provided by the trained Neural Network. The baseline architecture is employed, with
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Figure 2.9: Distribution log-ratio for τ̂c, for c = GW = 0.8× 10−2 TeV−2. The accurate
determination displayed in the plots is obtained by the reweighting of a single Toy SM
Monte Carlo sample. The same approach, based on reweighting, could have been adopted
to asses the quality of the distribution ratio reconstruction on MadGraph Monte Carlo
data, using MadWeight.

increasing number of training points. While it is impossible to extract quantitative
information, a qualitative comparison between the three scatter plots confirms that more
training points improve the quality of the reconstruction. We also show, in Figure 2.8,
the correlation between the true and the reconstructed ratios (for GW = 1× 10−2 TeV−2,
which corresponds to the Standard Classifier 95% reach) obtained with the Quadratic and
with the Standard Classifier. The reconstruction obtained with the Quadratic Classifier
is more accurate as expected.

Validation is of course less easy if, as it is always the case on real problems, the true
distribution ratio is not known. One option is to proceed like we did in the present
work. Namely to identify a Toy version of the problem that is sufficiently close to the
real one and for which the distribution ratio is known. Since it is unlikely that the true
distribution is much harder to learn than the Toy distribution, and since we can establish
optimality on the Toy data using a certain architecture and training dataset size, we can
argue heuristically that the same configuration will be optimal also with a more refined
Monte Carlo description.

Finally, one can monitor heuristically how accurately the distribution ratio is recon-
structed, as follows. The true distribution log-ratio τc(x) = log r(x, c), seen as a statistical
variable for each fixed value of c, obeys, by definition, the equation

dσ0
dτc

= eτc
dσ1
dτc

. (2.36)

Therefore if we computed the distribution of τc (if it was known) in the EFT hypothesis
H0(c) and in the SM hypothesis H1, and take the log-ratio, the result would be a straight
line as a function of τc. By computing the same distributions for the reconstructed
distribution log-ratio τ̂c = log r̂(x, c), we can thus get an indication of how closely r̂(x, c)
approximates r(x, c). While no quantitative information can be extracted from these

94



2.6 Conclusions and outlook

plots, they clearly illustrate the improvement achieved by enlarging the size of the training
sample and the Neural Network architecture, as Figure 2.9 shows.

2.6 Conclusions and outlook

We studied the potential gain in sensitivity of EFT searches at the LHC from multi-
variate analysis techniques. The results reported in Figure 2.3 show that a considerable
improvement is possible, especially for operators (like OW ) with a complex interference
pattern that is difficult to capture with a Binned Analysis.

Multivariate analyses based on Statistical Learning techniques are particularly promising,
and should be considered as an alternative to the more standard (though not yet employed
for EFT LHC searches) Matrix Element method. The advantage is eminently practical,
because the Matrix Element method is optimal in principle, as much as the Statistical
Learning approach. However the Matrix Element method needs to be designed case-
by-case, and re-designed for each new effect one is willing to add for a more accurate
modeling of the distribution ratio. It already required some effort to compute the
approximate distribution in Section 2.2.1, which in turn provides the simplest modeling
of the distribution ratio to be employed in the Matrix Element approach, and we saw that
this modeling is inadequate to describe the LO and even less adequate at NLO. In order
to improve the modeling in the case at hand one should model the neutrino reconstruction
more accurately, for instance by performing the integral over the neutrino momentum
point-by-point in the space of the observed kinematical variables. The integral on the
radiation should be also performed if willing to add QCD NLO effects. The predictions
should be further refined including transfer functions for the detector effects, if the
method has to be employed on real data.

The situation is radically different with the Statistical Learning approach. We saw that
the exact same computational effort is required to reconstruct the distribution ratio at
the Toy level, at LO and at NLO. Furthermore the accuracy of the reconstruction can be
systematically improved using more training points and bigger Networks. The limiting
factor is not reconstructing the distribution ratio by the Neural Network training. That
step takes a quite small fraction of the computing time. The most time-consuming part
of the procedure is the generation of the Monte Carlo training data, which becomes
increasingly demanding as the sophistication of the Monte Carlo code increases. Even if we
are still far from the limit for our analysis, it would be worth investigating improvements
on this aspect based on Monte Carlo reweighting techniques.

It should be emphasized that Machine Learning methodologies are useful for EFT studies
not only in view of the possible application to the analysis of the real data. After
the conceptual and technical framework is in place, it is very easy to run the Machine
Learning algorithm on the specific EFT problem at hand, and to get a feeling of the
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potential improvement of the reach compared with other methods. For instance our
results show that the Binned Analysis we employed is inadequate for GW , and that even
for G(3)

φq it could be improved. Furthermore they provide a target for the sensitivity such
improvements should attain. Similarly, the results outline the importance of neutrino
reconstruction modeling and of NLO QCD corrections being implemented in the Matrix
Element method, if one is willing to adopt that strategy.

When it comes to the direct applicability of the method to the data, of the ZW process
for instance, two additional steps are needed. The first one is to further improve the level
of detail of the simulation. Detector effects could be added very easily with Delphes [98].
However the reliability of the Delphes description of the detectors should be cross-
checked with a complete simulation by the experimental collaborations, and the Delphes
simulation replaced with a full detector simulation, which is much more demanding, if
needed.

The second aspect is to include systematic uncertainties of theoretical and experimental
origin. It should be stressed that this is not more problematic in the Machine Learning
framework than it is in the Matrix Element or any other multivariate approach. In
particular it should be noticed that one has full control on the choice of the input
variables that are given to the Neural Network and from which the sensitivity emerges.
For instance in our case these would be the kinematical variables of the high-level
reconstructed leptons, better if including photon recombination, in order to reduce the
sensitivity to detector effects and showering, which might not be modeled accurately
enough. Similarly if jets were used in the final state, high level IR-safe observables would
be employed to be insensitive to hadronization, exactly like one would do for the Matrix
Element method. It should also be stressed, as explained in the Introduction, that our
method can be employed also in the presence of reducible backgrounds that must be
extracted from the data because no reliable Monte Carlo generator is available.

The simplest strategy to deal with uncertainties is to merely quantify their impact on
the sensitivity, using as discriminating variable the distribution ratio reconstructed from
the nominal Monte Carlo generator that does not incorporate uncertainties. This is
suboptimal, but sufficient to obtain conservative (i.e. correct) results, and to identify the
irrelevant sources of uncertainties. For better results one can include the uncertainties
in the likelihood (i.e. in the reconstructed distribution ratio) in the form of nuisance
parameters. This is perfectly compatible with the Machine Learning approach, and
already implemented in MadMiner [69] through morphing. Actually the Quadratic
Classifier we employ in this work could be useful also for this task. We will return to this
point at the end of the Section. While conceptually straightforward, it is quantitatively
important to assess the impact of uncertainties on the sensitivities we obtained in
Figure 2.3 on purely statistical grounds. This is left to future work.

One interesting technical element of the present work is the Quadratic Classifier, in-
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troduced in Section 2.1.2. We have found that it performs better than the Standard
Classifier, as expected since it is designed to be sensitive to the small departures from
the SM due to the EFT by exploiting the exact knowledge of the (quadratic) functional
dependence of the distribution ratio on the Wilson coefficients. Furthermore it is compu-
tationally much more convenient and thus feasible also when several EFT operators are
considered simultaneously and the scan over the Wilson coefficients becomes unfeasible.
The Quadratic Classifier has been found to be nearly optimal, with a rigorous notion of
optimality based on the Neyman–Pearson lemma.

We described in the body of the chapter the connection between the Quadratic Classifier
and other techniques based on Statistical Learning available in the literature, but we
did not yet discuss the relation with the most sophisticated such techniques, namely
the ones that exploit “hidden” information from the Monte Carlo simulator [67]. The
basic idea is that the simulator does contain the analytic information on the underlying
distribution, and so it does contain a representation of the EFT/SM distribution ratio in
terms of latent variables. One can incorporate this information in the loss function, so
that the machine does not need to learn the likelihood ratio from scratch, but only the
distortions of the likelihood ratio due to the transition between the latent and the true
variables. The Quadratic Classifier trick is orthogonal to this interesting idea, and it
could be straightforwardly implemented in the simulator-assisted methods by modifying
the loss function in close analogy with eq. (2.13). The advantages of parametrization in
that context could be the same we observed here.

On the other hand, simulator-assisted methods have also potential limitations, in two
respects. First, because there is a clear benefit from exploiting the latent-space distribution
ratio if the latter is similar to the one in the space of observables, but this is not necessarily
the case. For instance in ZW we saw that a proper modeling of the neutrino reconstruction
is crucial for the performances, and this is not captured by the latent-variables ratio that
involves the true neutrino momentum. This can be a problem for the validation of the
approach, due to the fact that any additional effect we include in the simulation, which
further distorts the observed ratio, might be more and more difficult for the machine to
learn. For instance a simulator-assisted method should be trivially optimal on the Toy
data, where the latent space coincides with the observed space and thus the likelihood
ratio employed in training coincides with the true one and the machine has nothing
to learn. However this does not mean that it will work on the LO data (using the
appropriate LO latent-variables ratio) because now the machine has the non-trivial task
to integrate out the neutrino. Instead for our method, that learns the distribution ratio
using no information from the Monte Carlo apart from the event sample itself, it is
arguably equally difficult to model the distribution ratio on the Toy, on the LO and on
the NLO data. Therefore the optimality on Toy data, which we can establish rigorously
because we know the exact distribution ratio, heuristically indicates that the algorithm
is optimal at LO and NLO as well. The second problem of simulator-assisted method is
that the required information on the latent-space distribution ratio might not be made
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available by the Monte Carlo code. In light of this, it is reassuring to have an alternative
method that does not rely on latent-space information, that is feasible and optimal, at
least in the case at hand.

Finally, it should be noticed that the parametrization trick is not specific of the EFT and
it could be applied to any situation where the functional dependence of the distribution
on the parameters is either exactly or approximately known. One should just replace
the quadratic dependence of eq. (2.12) on c with the appropriate (polynomial or not)
functional form. This could be useful to include the effect of nuisance parameters in the
likelihood. Nuisance parameters effects on the distribution can be normally modeled
linearly (or with an exponential, to avoid negative distributions) to good approximation
because their effects are small. However if they are too small (but still potentially
competitive with the EFT ones) it could be difficult for the machine to learn them
using simulations where the nuisances are varied within their one-sigma interval. If the
analytic dependence on the nuisance parameters is incorporated in the classifier, we could
ameliorate the situation by training with larger values of the parameters like we did in
this study to reconstruct the small EFT effects. Exploring this direction is left to future
work.

2.A The general Quadratic Classifier

Any quadratic-order real polynomial of n− 1 variables ci, i = 1, . . . n− 1, with arbitrary
constant, linear and quadratic terms, can be written as a quadratic form in the n-
dimensional variable

v(c) = (1, c1, . . . , cn−1)T . (2.37)

Namely, we write the polynomial as

P (c) = vT (c)Av(c) , (2.38)

with A a generic n-dimensional real symmetric square matrix.

If P (c) is non-negative for any value of c, it is easy to show that the matrix A must be
positive semi-definite. Being real, symmetric and positive semi-definite, it is possible to
use the Cholesky decomposition for A, and write it as

A = LTL , (2.39)

where L is a upper-triangular (i.e., Lij = 0 for j < i) real matrix. Therefore the most
general positive quadratic order polynomial reads

P (c) = vT (c)LTLv(c) =
n∑
i=1

 n∑
j=1

Lijvj(c)

2

=
n∑
i=1

Li1 +
n∑
j=2

Lijcj−1

2

, (2.40)
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which is manifestly non-negative because it is the sum of square terms. Moreover for
c = 0, since Li1 = L11δi1, we have P (0) = L2

11. The Cholesky decomposition is unique
up to sign flips of the rows of L. Rather than resolving this ambiguity, for instance by
choosing the diagonal entries of L to be positive, we adopt eq. (2.40) without further
constraints as the most general (though redundant) parametrization of P (c).

The EFT differential cross section is a positive quadratic polynomial in the Wilson
Coefficient ci at each phase-space point x, and it reduces to the SM cross section for
c = 0. It must therefore take the form

dσ0(x; c) = dσ1(x)
n∑
i=1

δi1 +
n∑
j=2

λ(x)ijcj−1

2

, (2.41)

with λ(x) an upper-triangular matrix of real functions. If only one c parameter is present
(i.e., n = 2), this reduces to eq. (2.10) with the identifications

λ(x)12 = α(x) λ(x)22 = β(x) . (2.42)

The Quadratic Classifier that generalizes eq. (2.12) is thus defined as

f(x, c) ≡ 1

1 +
n∑
i=1

[
δi1 +

n∑
j=2

n(x)ijcj−1

]2 , (2.43)

in terms of an upper-triangular matrix n(x) of real-output Neural Networks.

2.B Minimization of the parametrized loss

In the Large Sample limit, the loss function in eq. (2.13) becomes

L[n(·)] LS=
∑
c∈C

{∫
dσ0(x; c)[f(x, c)]2 +

∫
dσ1(x)[1− f(x, c)]2

}
, (2.44)

with the Quadratic Classifier f defined in eq. (2.43). By simple algebraic manipulations,
this can be rewritten as

L[n(·)] LS=
∑
c∈C

{∫
dσ1(x)dσ0(x; c)
dσ1(x) + dσ0(x; c) +

∫
[dσ1(x) + dσ0(x; c)]

[
f(x, c)− 1

1 + r(x, c)

]2
}
,

(2.45)
with r(x, c) = dσ0(x; c)/dσ1(x). The first integral is independent of f and thus it is
irrelevant for the minimization of the loss. The second one is the integral of a non-negative
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function of x which attains its global minimum (i.e., it vanishes) if and only if

f(x, c) = fmin(x, c) = 1
1 + r(x, c) , ∀ c ∈ C . (2.46)

By using eq. (2.41), and comparing with eq. (2.43), we immediately conclude that the
configuration n(x)ij = λ(x)ij is a global minimum of the loss and that this minimum is
unique provided the set C contains at least two distinct non-vanishing elements. More
precisely, this holds only up to sign ambiguities, associated with those of the Cholesky
decomposition. However this is irrelevant because the ambiguity cancels out in f , and in
turn it cancels out in the reconstructed distribution ratio r̂(x, c) = 1/f̂(x, c)− 1.

We have shown that the Quadratic Classifier reconstructs the distribution ratio exactly
(in the Large Sample limit and for infinitely complex Neural Network) at the global
minimum of the loss, and that this minimum is unique. Notice however that we could
not show that the Large Sample limit loss does not possess additional local minimums,
as it is instead readily proven for the standard classifier of Section 2.1.1 by variational
calculus.
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3 EW radiation at a High Energy
Muon Collider

The perspective of a future muon collider with high energy and high luminosity [99], whose
feasibility is being investigated by the International Muon Collider Collaboration [100], has
triggered a growing interest in the physics potential of lepton colliders with a center of mass
energy of 10 TeV or more [101–140]. Such a Very High Energy Lepton Collider (VHEL)
could greatly advance the post-LHC knowledge of fundamental physics [99] by directly
searching for new heavy particles (see e.g. [101–104]), and by precise measurements of
ElectroWeak (EW) scale processes exploiting the high luminosity of virtual vector bosons
pairs (see e.g. [104–106]). By these two search modes, the VHEL reach on new physics
is generally comparable to that of the most ambitious future collider projects, in the
corresponding domains of investigation. In particular it is comparable to the combined
reach of the -ee and -hh stages of the FCC program. The sensitivity is slightly weaker
or slightly stronger depending on the specific new physics target and, obviously, on the
assumed VHEL energy and luminosity.

At a VHEL, however, there also exists a third strategy of investigation [99, 105], based
on hard processes with energy scale comparable to the collider energy Ecm ∼ 10 TeV. As
the indirect effects of new heavy particles are enhanced at high energy, these processes
are extremely sensitive probes of new physics. With the target integrated luminosity of
10 ab−1, 2→ 2 scattering processes at Ecm = 10 TeV can be generically measured with
percent or few-percent precision. Such measurements are therefore sensitive to putative
new physics at a scale Λ ∼ 100 TeV when its effects, relative to the SM cross-section,
scale like (Ecm/Λ)2. In an Effective Field Theory (EFT) description of new physics, this
corresponds to an enhanced sensitivity to those dimension-6 operators that contribute to
the 2→ 2 processes with a quadratically growing-with-energy term. The VHEL sensitivity
to new physics through this kind of “high-energy” probes vastly and generically exceeds
the potential of any other future project that is currently under consideration [105]. In
particular it exceeds the sensitivity of precision measurements of EW-scale (∼ 100 GeV)
processes at future Higgs factories, where new physics at Λ ∼ 100 TeV produces effects at
the unobservable level of one part per million. It also exceeds the potential sensitivity of

101



Chapter 3. EW radiation at a High Energy Muon Collider

a 100 TeV proton collider, because the effective luminosity for partonic collisions above
10 TeV is significantly lower than that of the VHEL. The possibility of probing new
physics at the 100 TeV scale, and in particular of probing new physics that is either
flavor-universal or endowed with a flavor protection mechanism, is thus a unique feature
of the VHEL that deserves an extensive investigation.1

The above mentioned high-energy strategy exploits simple 2→ 2 processes with extremely
low or negligible background, whose target accuracy is statistically limited to 1%. At a
superficial look, it might thus seem that its implementation will not pose any specific
challenge, neither as concerns the feasibility of the measurements, nor as concerns the
theoretical predictions that are needed for their interpretation. However the situation is
slightly more complex, both experimentally and theoretically, owing to the phenomenon
of EW radiation [141–161], which becomes prominent at 10 TeV or above. This happens
because of the existence of a large separation between the hard scale E of the process
and the vector boson mass scale mw, which acts as an IR cutoff. As the hard scale is
increased, large logarithms logE2/m2

w (squared) enhance both virtual corrections and
real emission, up to the point where fixed-order perturbation theory becomes insufficient
and resummation is needed. The experimental implications of the copious emission of
real EW massive vector bosons should be assessed. It particular it should be studied
if and how it impacts the accuracy of the relevant cross-section measurements. In this
chapter we investigate the implications of EW radiation on the theoretical predictions
and, assuming purely statistical experimental errors, on the VHEL sensitivity to new
physics.

EW radiation obviously displays some similarities with QCD radiation, but also re-
markable differences. First, EW scattering processes violate the KLN theorem assump-
tions [162, 163] because the initial state particles are not EW singlets. Therefore no
cancellation takes place between virtual and real contributions, not even in “fully-inclusive”
cross-sections [141, 142]. Moreover the observables that are fully inclusive in the sense of
Ref. [141] are insufficient to characterize new physics because they require summing over
the “color” of the hard final-state particles. In the EW context, color sum means, for
instance, including transversely-polarized W and Z bosons and photons (or, longitudinal
W , Z and Higgs) in the same observable, while we need to keep them separate for
a comprehensive exploration of new physics. Unlike QCD (and QED), EW radiation
effects cannot be eliminated or systematically mitigated with a judicious choice of the
observables. They unavoidably play an important role in the predictions.

The second peculiarity of EW radiation is that the IR cutoff scale is physical, and the
theory is weakly-coupled at the IR scale. It should thus be possible to characterize the
radiation fully by first-principle suitably resummed perturbative calculations. Unlike

1Hard processes are also useful to investigate flavor non-universal effects, as we will see in Section 3.2.3
for Top Compositeness. See also Ref. [135] for a study of new physics potentially responsible for the g − 2
muon anomaly.
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QCD and QED, one can consider observables with an arbitrary degree of radiation
exclusiveness, among which “exclusive” scattering cross-sections with a fixed number
(2, in 2 → 2 processes) of hard partons in the final state and no extra massive vector
bosons.2 Fully-inclusive cross-sections can be also considered, however they are not
sufficiently informative on new physics as previously mentioned. In this chapter we
employ “semi-inclusive” final states, consisting of 2 hard partons with fixed EW color and
flavor carrying a large fraction of the total available energy Ecm and accompanied by an
arbitrary number of massive vectors, photons and other light particles3. Our resummed
predictions for semi-inclusive observables at the double logarithm (DL) accuracy are
obtained by extending the IR Evolution Equation (IREE) treatment of EW radiation
developed in Ref. [143]. Similarly, we employ the IREE to compute the more standard
exclusive cross-sections. Single-logarithmic terms turn out to be relevant, and they
are included at fixed one-loop order in the exclusive cross-sections using the results of
Ref. [165].

Finally, there is an interplay between EW radiation and short-distance physics that
has no analog in QED and QCD [105]. Based on a simplistic fixed order intuition, this
interplay can be exemplified by noticing that the emission of a soft W from one initial
lepton changes the total charge of the initial state of the hard 2→ 2 scattering process.
By allowing for the charged W emission one thus obtains a scattering cross-section that
is sensitive to charged current new physics interactions, while the exclusive process where
no radiation is allowed is only sensitive to neutral currents.4 The combined measurement
of the two types of cross-section thus enables a more effective and complete exploration
of new physics. In reality the situation is slightly more complex, because the neutral and
the charged current hard amplitudes both contribute to the resummed expression of the
neutral exclusive and of the charged and neutral semi-inclusive cross-sections. However,
since they appear in different combinations in the different cross-sections, the conclusion
is unchanged.

At a more quantitative level, we will see that the VHEL energy sits in an interestingly
“intermediate” regime for EW radiation. The energy is on one hand large enough for
the radiation effects to be important and require resummation. Accurate resummation
techniques, more accurate than the one considered in the present chapter, will thus be
needed to fully exploit the potential of the machine. On the other hand, the energy is not
yet in the asymptotic regime where the Sudakov exponentials entail a strong suppression

2In order to cope with QED and QCD radiation, the observable must still be inclusive over the
emission of photons and other light particles. The cross-section we define as “exclusive” coincides with
the “semi-inclusive” cross-section of Ref. [143]. Correspondingly, the “semi-inclusive” cross-section we
will readily introduce was not considered in Ref. [143]. See Section 3.1 for details.

3A similar observable is discussed in [164] to show the impact of weak gauge boson emission at LHC.
The final state they consider is somehow intermediate between the “fully-inclsuive” of [141] and the
“semi-inclusive” we study in this chapter

4More precisely, the charged and neutral current process depend on different linear combinations of
the Wilson coefficients of the operators parametrizing new physics.
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of the non-emission probability. Therefore in this regime the exclusive cross-sections are
still large, and comparable with the semi-inclusive (and fully-inclusive) ones. Observables
with a different degree of radiation inclusiveness can thus be measured with comparable
statistical accuracy and combined, potentially boosting, as previously explained, the
indirect sensitivity to heavy new physics.

The rest of the chapter is organized as follows. We start, in Section 3.1, by reviewing
the IREE approach to the DL resummation of exclusive cross-sections, extending it
to semi-inclusive ones. In this section we also present the calculation of the exclusive
and semi-inclusive di-fermion and di-boson production processes, to be employed in
Section 3.2 to estimate the sensitivity to dimension-6 EFT current-current contact
interactions of muon colliders with a center of mass energy ranging from 3 to 30 TeV.
The estimates include experimental reconstruction efficiencies at the level expected for
the CLIC detector at 3 TeV, which we extract from Ref. [166]. Our results do not depend
on the nature of the colliding leptons. In particular they do not include the effect of
Beamstrahlung, which is expectedly small at muon colliders but large at e+e− colliders
of the same energy. Up to this caveat, our results thus also apply to hypothetical linear
e+e− collider based on plasma wake field acceleration [167].5 In Section 3.2 we also study
the impact of the EFT sensitivity projections on concrete scenarios for Beyond-the-SM
(BSM) physics such as Higgs and Top Compositeness and a minimal Z ′ extension of the
EW sector. Our conclusions and an outlook on future work are reported in Section 3.3.
The first two appendices contain technicalities about the the derivation of the IREE.
The third one collects our sensitivity projections on EFT operators relevant for the Top
Compositeness scenario, while the fourth appendix extensively summarizes the BSM
sensitivity of muon colliders of different center of mass energies.

3.1 Theoretical predictions

Several approaches have been considered in the literature for the resummation of the effects
of EW radiation. Double logarithm (DL) contributions, of the form (α log2E2/m2

w)n

with arbitrary n, have been resummed in fully-inclusive and exclusive cross-sections, using
respectively Asymptotic Dynamics [141, 142] and IREE [143, 144]. In Soft-Collinear
Effective Theory (SCET) the expansion is already organized in exponential form. In that
case the resummation of leading logarithms (LL)6 as well as its extension to next-to-
leading (NLL) logarithm [150] has been studied. The study of EW parton distribution
or fragmentation functions [153–157] is obviously connected, but not directly relevant for
very high energy processes, where the main role is played by the emission of EW radiation
that is both collinear and soft. Notice however that in some framework [153–157] soft
effects are partially or completely included in parton distributions and fragmentation

5Notice that Beamstrahlung potentially entails a strong depletion of the high-energy luminosity peak,
which is the part of the luminosity spectrum that is relevant for the high-energy probes.

6These include but do not coincide with the pure DL, as explained, for instance, in Ref. [150].
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functions.

In this chapter we employ DL predictions based on the robust diagrammatic methodology
of the IREE [143], which we review and further develop in Section 3.1.1. We also
supplement our computations by the available virtual single logarithms (SL) at 1-loop
[165, 168]. Based on these results, we present in Sections 3.1.2 and 3.1.3 our theoretical
predictions for the di-fermion and di-boson production processes at the VHEL. While it
will emerge that single logarithms are potentially relevant, a systematic consideration of
these effects goes beyond the scope of the present work. Our finding that electroweak
radiation can be used to our own advantage in the exploration of new physics, strongly
motivates the systematic inclusion of subleading effects. A first simple step would be
to include in our predictions the single logarithms from real emissions at tree level. A
complete treatment including resummation would likely best be achieved by using SCET.

3.1.1 IR Evolution Equations

The basic idea of the IREE is to introduce an unphysical IR regulator λ with dimension
(energy)2 in the calculation of the observables and to write down a differential equation
for the evolution with λ of the result. Denoting by “E2” the hardness of the observable
under consideration, the choice λ ∼ E2 eliminates all the IR enhancements and makes
fixed-order perturbation theory well-behaved. For λ ∼ E2, the Born level computation
therefore offers a reliable approximation, which can be used as the initial condition for the
evolution equation to lower λ. The physical predictions are obtained from the solution of
the IREE in the limit λ→ 0.

In order to define the IR regulator, consider the 4-momenta ki of the external hard
particles that participate in the scattering process. They will correspond in our setup
to the 4 legs of a central energetic 2→ 2 processes. With the exception of the masses
k2
i ≪ E2, all the Lorentz invariants constructed with the ki’s are therefore large and of

order E2. Given a pair ij of external hard particles and given a radiation particle with
4-momentum q we define its hardness relative to the ij pair as

hij(q) ≡ 2
∣∣∣∣∣(ki · q)(kj · q)(ki · kj)

∣∣∣∣∣ . (3.1)

The IR regulator is provided by the lower bound λ

h(q) ≡ min
i ̸=j

hij(q) > λ . (3.2)

on the “absolute” hardness h of the radiation. Notice that the bound is imposed on the
4-momentum of each individual radiation particle, either virtual or real. Specifically,
eq. (3.2) applies to the off-shell loop momenta describing virtual radiation, as well as to
the on-shell momenta of real radiation particles in the final state of the process. The
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specific definition of the radiation hardness in eq. (3.1) is convenient because it reflects
the structure of the denominators that appear in the calculation of the IR-enhanced
diagrams, as we will readily see. At this stage, it is enough to remark that the lower cut
on h(q) in eq. (3.2) is a valid IR regulator as it eliminates both the regions where q is
soft and those where it is collinear to one of the hard partons.

The main peculiarity of the IREE formalism applied to EW radiation stems from the
presence of the physical scale mw ∼ 100 GeV associated to the masses of the EW bosons.
We will see that mw acts as a threshold that separates two different regimes, λ≫ m2

w
and λ≪ m2

w. In the former regime, the cut on the radiation hardness in eq. (3.2) is so
strong that the mass of the radiation particles can be safely neglected and the IREE
computed in the unbroken SU(2)L×U(1)Y EW gauge theory. Starting from the initial
condition at λ ∼ E2, the evolution is thus performed with the SU(2)L×U(1)Y evolution
kernel down to λ ∼ m2

w. At λ ≪ m2
w, the massive vector bosons do not contribute

to the evolution and the kernel is purely determined by the unbroken U(1)Q group of
electromagnetism.

Amplitude evolution

We start, following Ref. [143], from the IREE for the scattering amplitude with purely
hard external quanta and with regulator λ on the internal lines. While the discussion
holds for an arbitrary number of external legs, we focus for definiteness on 2 → 2
amplitudes, which we indicate by

Mα
λ =Mλ

[
p1(k1, α1) p2(k2, α2)→ p3(k3, α3) p4(k4, α4)

]
, (3.3)

where αi denotes the gauge group index of the external state pi, which is taken to
transform in an irreducible representation of the group. The amplitude is labeled by
the 4 indices α = α1α2α3α4, and it is IR-regulated according to eq. (3.2). Since no real
radiation is involved, the cut acts only on the momenta of virtual vector bosons in loop
diagrams. We aim at writing down the IREE for Mα

λ and to solve it given the initial
condition

Mα
E2 = Bα ≡ Born Amplitude . (3.4)

As we explained, for λ ≫ m2
w the effects of EW symmetry breaking (EWSB) can be

ignored, and Mα
λ equals the (IR-regulated) amplitude of the unbroken EW gauge theory.

More precisely, EWSB gives negligible relative corrections of order mw/
√
λ (or powers

thereof) to all those amplitudes that are not forbidden by the SU(2)L×U(1)Y exact
symmetry of the unbroken theory. The other amplitudes are sensitive to EWSB at the
leading order and therefore they cannot be studied in the unbroken theory.7 However

7For instance the amplitude with 3 transversely- and one longitudinally-polarized W bosons is
suppressed by mw/E already at the Born level, owing to the fact that it is impossible to form an SU(2)L
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their contribution to the physical scattering process is negligible and they can be safely
excluded from the discussion8 . Similarly, for the allowed processes, up to negligible
power corrections of order mw/E, the amplitude Mα

λ is an SU(2)L×U(1)Y invariant
tensor satisfying the charge conservation equation

(GA1c)αβM
β
λ + (GA2c)αβM

β
λ + (GA3 )αβM

β
λ + (GA4 )αβM

β
λ

λ≫m2
w= 0 , ∀A, α . (3.5)

In the equation, GAi denotes the generators associated with the representation of each
hard particle “i” under the EW group, acting only on the corresponding index “αi” of
the amplitude tensor. For instance

(GA3 )αβ = δα1
β1
δα2
β2

(GA3 )α3
β3
δα4
β4
. (3.6)

Notice that, in our notation, (α3, α4) run in the representations of the outgoing states,
while (α1, α2) run in the conjugate representation of the incoming particles. Consequently
in eq. (3.5), G1c = −G∗1 and G2c = −G∗2.

The IREE is obtained by computing the variation of the amplitude under an infinitesimal
variation λ → λ + δλ of the IR cutoff in eq. (3.2). This computation dramatically
simplifies in the leading DL approximation as one can infer by inspecting diagrams
involving a number n of soft/collinear virtual vector bosons. Indeed the maximal
logarithm power arises from the region where momenta are hierarchically separated
E2 ≫ h(q1) ≫ h(q2) ≫ · · · ≫ h(qn) with the softer legs dressing the subdiagrams
involving the harder legs, as shown in the left panel of Figure 3.1. In this configuration
only the outermost virtual vector can reach a virtuality h(qn) ∼ λ, the inner ones being
much harder in the dominant region of integration. The effect on Mα

λ of the variation of
λ is then computed by considering the variation of the endpoint of the integral over the
momentum of such outermost vector. More precisely we have that −δMα

λ ≡Mα
λ−Mα

λ+δλ
equals the integral over the outermost loop momentum in the infinitesimal strip

δσ = {q : h(q) ∈ [λ, λ+ δλ]} . (3.7)

The contribution to the variation from the vector that connects a given pair of hard
external legs can be depicted like on the right panel of Figure 3.1. The vector boson is
represented with a double line to indicate that its momentum q must be integrated only
over the strip δσ.

As we already said the leading contribution comes from the integration region where q is
soft (and also collinear), in which the vector boson emission is described by the eikonal

singlet with one doublet (i.e., the representation of longitudinal W ’s owing to the Equivalence Theorem)
and three triplets.

8Regarding power suppressed amplitudes, in [169] it has been found that they can receive positive
Sudakov enhancements. However due to the power-like suppression we don’t expect this to affect our
discussion.
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Figure 3.1: Left panel: the leading Sudakov diagrams topology. Right panel: a di-
agrammatic representation of the contributions to the amplitude variation that are
logarithmically enhanced. The momentum q is integrated over the infinitesimal strip
δσ (3.7).

formula

αiM
A,µ

ki

q
≃ kµi
ki · q

(GAi )αβMβ , αi M
A,µ

ki

q
≃ kµi
ki · q

(GAic)αβMβ , (3.8)

with Gi the group generator acting on particle “i” as in eq. (3.6). In line with our
conventions, as explained above, the generators of the charge-conjugate representation
Gic appear in the eikonal formula for vector boson emission from an incoming particle.
For brevity, we have included the gauge coupling constants in the definition of the
generators Gi. In terms of the canonical SU(2)L×U(1)Y generators we then have

G1,2,3
i = g T 1,2,3

i , GYi = g′ Yi . (3.9)

The integration over the soft q momentum factorizes with respect to the integral over the
harder lines, represented as a blob in Figure 3.1. Indeed in the eikonal (q → 0) limit the
virtual vector boson momentum can be neglected and the sub-amplitude blob evaluated on
the momenta ki of the external legs before the virtual vector boson emission/absorption.
Therefore the blob gives us back the original amplitude, with one less loop but this
is immaterial as Mα

λ is the all-loops amplitude. We can thus express the amplitude
variation in terms of the amplitude itself, eventually obtaining an evolution equation. In
covariant gauges, the leading DL contributions only arise from virtual vectors connecting
two distinct external lines. Therefore, we have

δMα
λ = −i

(2π)4

∑
j < i

∫
δσ
d4q

1
q2 + iϵ

ki · kj
(q · ki)(q · kj)

[∑
A

GAi ·GAj
]α
β
Mβ

λ , (3.10)

where the sum extends over the unordered ij pairs of distinct external legs and it
is understood that the conjugate generators must be employed for the incoming legs
i, j = 1, 2, due to eq. (3.8).
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The evaluation of the integral in eq. (3.10) is quite straightforward, and it is reported in
Appendix 3.A for completeness. This gives

δMα
λ = − 1

8π2
δλ

λ
log E

2

λ

1
2
∑
A, i

(GAi )αβ
∑
j ̸=i

(GAj )βγM
γ
λ , (3.11)

up to non logarithmically enhanced terms. Notice that in the equation we traded the
sum over unordered ij pairs for an ordered sum times 1/2. The sum over j ̸= i can be
performed using charge conservation according to eq. (3.5), giving

δMα
λ = 1

16π2
δλ

λ
log E

2

λ

∑
i

[∑
A

GAi G
A
i

]α
β
Mβ

λ

= 1
16π2

δλ

λ
log E

2

λ

∑
i

[
g2ci + g′ 2y2

i

]
Mα

λ , (3.12)

where for any given external particle with weak isospin spin ti and hypercharge yi, the
coefficients ci = ti(ti + 1) and y2

i are nothing but the Casimirs of respectively SU(2)L
and U(1)Y . We thus recovered the familiar result that, in DL accuracy, IR effects are
universal for each individual external particle and purely determined by the Casimir of
the corresponding gauge group representation.

We finally obtain an IREE

dMα
λ

d log2(E2/λ)
= −1

2KM
α
λ , where K λ≫m2

w= 1
16π2

∑
i

[
g2ci + g′ 2y2

i

]
, (3.13)

with, since the Casimir operators are proportional to the identity, an evolution kernel
K that is a mere multiplicative constant. Solving eq. (3.13) starting from the initial
condition (3.4) gives the amplitude evaluated with an IR cutoff scale λ = m2

w

Mα
m2

w
= exp

[
−
∑
i

g2ci + g′ 2y2
i

32π2 log2(E2/m2
w)
]
Bα . (3.14)

In order to continue the amplitude evolution to lower λ, we should now consider the
regime λ ≪ m2

w, write the corresponding IREE and solve them using eq. (3.14) as
initial condition. This is straightforward, because we have seen that all that matters for
the derivation of the IREE are the loop integrals in a strip where the virtual radiation
hardness is infinitesimally close to the cutoff λ as in eq. (3.7). In this region, a logarithmic
enhancement of the amplitude variation only originates from photon exchange diagrams.9

The IREE evolution kernel is thus immediately obtained by specifying the previous

9The calculation of the loop integral in Appendix 3.A shows explicitly that no enhancement emerges
from the exchange of vectors with mass mV much larger than λ.
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formulae to the U(1)Q gauge group of QED

K λ≪m2
w= 1

16π2

∑
i

[
e2q2

i

]
. (3.15)

Notice that in order to derive the IREE in this regime, only conservation of electric charge
must be employed. The conservation of the full SU(2)L×U(1)Y charges of eq. (3.5) is not
valid for λ≪ m2

w, where the effects of electroweak symmetry breaking are important.

Solving eq. (3.15) produces the regular QED Sudakov factors, which go to zero in the
physical limit λ→ 0 where the IR regulator is removed. Therefore the amplitude Mα

0
vanishes, and so does the cross-section of the corresponding fully-exclusive scattering
process, in which no extra radiation is present in the final state. More inclusive observables
need to be considered for a non-vanishing result. One possibility is to allow for the
presence of real photon radiation up to an upper threshold of order m2

w on the hardness
h. This defines a cross-section that we denote as exclusive because it indeed excludes
the radiation of massive EW bosons. In fact, it is easy to check that h(q) > m2 for
the emission of a real radiation quantum with q2 = m2. An upper cut h(q) < m2

w then
excludes the presence of massive EW bosons in the final state, but allows for (sufficiently)
soft photons. Ref. [143] considered this same observable (but calling it “semi-inclusive”)
showing that it stops evolving with λ below m2

w, due to the cancellation of real and
virtual IR effects in QED. Cross-sections that are exclusive according to our definition
can thus be computed at the DL accuracy by just squaring the λ = m2

w amplitude (3.14).
At the end of the next section we will re-derive the result of Ref. [143] for exclusive
cross-sections by a slightly different methodology, which is also suited for the calculation
of the other type of cross-sections we are interested in.

Density matrix evolution

It is possible to extend the IREE methodology to more complex quantities than the hard
Feynman amplitude. Specifically, we consider the hard “density matrix” 10

Dαᾱλ ≡Mα
λ(Mᾱ

λ)∗ +
∞∑
N=1

∫
dPhHN,λ

∑
ρ1...ρN

Mα;ρ
λ (Mᾱ;ρ

λ )∗ , (3.16)

which incorporates the emission of an arbitrary number N of radiation particles, with
gauge group indices denoted as ρ = ρ1 . . . ρN . In the equation,Mα

λ is the hard amplitude
with no extra emissions as in the previous section, while Mα;ρ

λ is the amplitude for the
production of the 2 hard particles plus the radiation. The virtual radiation particles
exchanged in the Feynman diagrams for the amplitude are subject to the IR hardness
cutoff λ as in eq. (3.2). The phase-space volume element dPhHN,λ =

∏N
k=1 dPhHk,λ for the

emission of real radiation is also constrained by eq. (3.2). The H superscript refers to

10The same object was dubbed “overlap matrix” in Ref. [142].
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the possible presence of an upper cutoff on the radiation hardness h(q) < H. In what
follows we will first consider processes we define as semi-inclusive, for which H ∼ E2.
For these processes the upper radiation cut is effectively absent, and plays no role in
the discussion. The exclusive processes defined in the previous section instead simply
correspond to H = m2

w.

It should be noted that eq. (3.16) formally violates the conservation of the total energy
and momentum, because in the radiation terms we are employing the same hard 4-
momenta that obey energy and momentum conservation in the absence of radiation.
It is understood that this makes sense only in the presence of an upper cutoff on the
total energy and momentum of the radiation, say a one tenth of E. In this way, the
radiation plays a minor role in the total balance of energy and momentum conservation
or, equivalently, the hard 4-momenta can be readjusted to balance the radiation emission
up to small corrections in the corresponding Feynman amplitudes. In practice, the cutoff
allows us to factorize the total phase-space into that for radiation, on one hand, and
that for the hard 2 → 2 process on the other, with the latter also including the delta
function of 4-momentum conservation. The density matrix (3.16) can thus be related to
the physical scattering cross-section.

An upper cut Erad < E/10 on the total radiation energy and momentum does not affect
the predictions at the double logarithm accuracy. Indeed a simple modification of the
real radiation integral (see the discussion around eq. (3.18) computation in Appendix 3.A
shows that the effect of this cut on the q momentum of the radiated particle merely
entails reduction of the double logarithm from log2E2/λ to log2E2

rad/λ. The difference
is then of order logE2/λ× logE2/E2

rad and falls into the same class as single logarithms
as long as E/Erad is not too small, with 1/10 qualifying.

The hard density matrix (3.16) is a simple generalization of the scattering cross-section
in which the conjugated amplitude indices ᾱ are not equal to the indices α of the non-
conjugated amplitude. It is a useful generalization because it obeys charge conservation
equations similar to eq. (3.5). Namely, in the regime λ≫ m2

w, we have

∑
i=1c,2c,3,4

[
(GAi )αβD

βᾱ
λ + (GAic)ᾱ

β̄
Dαβ̄λ

]
λ≫m2

w= 0 , ∀A, α, ᾱ , (3.17)

where the obvious relations [1c]c ≡ 1 [2c]c ≡ 2 should be understood. That way the
generators acting on the indices β̄ of the complex conjugated amplitude are those of
the corresponding charge conjugated representation. Eq. (3.17) holds only for λ≫ m2

w,
because in this regime both the virtual and the real emissions are nearly insensitive to
EWSB effects as previously explained. For λ≪ m2

w, only the electric charge generator is
conserved.

The IREE can be obtained like in the previous section by computing the variation of Dλ
under λ→ λ+ δλ, taking now also into account also the effect of the IR cutoff on real
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emission. The contribution of virtual loop momentum integrals is thus accompanied by
that of integrals over the momentum of real radiation. All integrals have to be performed
over the infinitesimal strip δσ defined in eq. (3.7). Logarithmically enhanced terms only
arise from the exchange of virtual or real gauge bosons between different external legs
(i ̸= j), like in Figure 3.2. The effects and the corresponding diagrams can be divided
into two classes. The first, in the left panel of Figure 3.2, is given by primary radiation
diagrams where vector bosons are exchanged between the hard legs. The second, in the
right panel, is given by secondary radiation diagrams where vector bosons connect to at
least one real radiation leg.

We will first consider the effects of primary radiation. The virtual radiation integral gives
the result already mentioned in eq. (3.11), and, as we show in Appendix 3.A, the result
is exactly the same for the real radiation integral. The total variation from primary
radiation is then

δDαᾱλ = − 1
16π2

δλ

λ
log E

2

λ

∑
i=1c,2c,3,4

∑
A

[
(GAi )αβ

∑
j ̸=i

[
(GAj )βγD

γᾱ
λ + (GAjc)ᾱ

β̄
Dββ̄λ

]

+(GAic)ᾱ
β̄

∑
j ̸=i

[
(GAj )αβD

ββ̄
λ + (GAjc)β̄γ̄D

αγ̄
λ

]]
.

(3.18)

The argument of the first sum, over the four external legs, collects the contributions of all
the radiation emitted from the leg “i” of the amplitude and of the conjugated amplitude.
A factor 1/2 is included to avoid double-counting. Notice that both virtual and real
radiation connecting one leg with itself is excluded from the sum, because, as we already
mentioned, no enhancement arises from those diagrams.

We can now proceed as in the previous section, and use the charge conservation in
eq. (3.17) to perform the sum over j in eq. (3.18). We find the IREE

dDαᾱλ
d log2(E2/λ)

= −Kαᾱ
ββ̄
Dββ̄λ , (3.19)

with an evolution kernel that is the direct sum of universal terms for each external leg

Kαᾱ
ββ̄

λ≫m2
w= 1

32π2

∑
i

[[∑
A

GAi G
A
i

]α
β
δᾱ
β̄

+ δαβ

[∑
A

GAicG
A
ic

]ᾱ
β̄

+ 2
∑
A

(GAi )αβ(GAic)ᾱ
β̄

]

= g2

16π2

∑
i

[
ci δ

αi
βi
δᾱi

β̄i
+

∑
A=1,2,3

(TAi )αi
βi

(TAic )ᾱi

β̄i

][∏
j ̸=i

δ
αj

βj
δ
ᾱj

β̄j

]

= g2

16π2

∑
i

[
Ki

]αiᾱi

βiβ̄i

[∏
j ̸=i

δ
αj

βj
δ
ᾱj

β̄j

]
. (3.20)

The kernel contains one term, provided by the SU(2)L Casimir ci = ti(ti + 1), which
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Figure 3.2: Diagrammatic representation of the contributions to the density matrix
variation from primary (left panel) and secondary (right panel) radiation. The vector
bosons are represented as double lines to indicate that their momenta have to be integrated
over the infinitesimal strip (3.7).

is proportional to the identity in the color indices of the density matrix tensor, plus a
non-diagonal term constructed with the SU(2)L group generators matrices TAi of the
external legs. Notice that the contribution of the U(1)Y hypercharge generator cancels.

There is one peculiarity of eq. (3.20) that is worth emphasizing. The semi-inclusive cross-
sections we are interested in are the diagonal entries (α = ᾱ) of the density matrix, with
no sum performed over the gauge group index α of the scattering particles.11 However
one can also consider inclusive cross-sections, where the sum over the gauge index αi
is performed for one or several external legs. By setting ᾱi = αi and summing over
αi, the SU(2)L generators in eq. (3.20) recombine to form the Casimir operator, and
the contribution to the evolution kernel from leg “i” cancels. We thus find that, at DL
accuracy, the cancellation between real and virtual IR effects in inclusive cross-sections
occurs on a leg-by-leg basis. Namely, the effects of soft/collinear emissions associated
to each individual leg cancel in the cross-section (and in the entire density matrix) for
processes that are inclusive over the color of the corresponding particle. This result is
stronger than the KLN theorem, which foresees a cancellation only when summing over
the color of all legs. The reason for the added strength is that we are here considering
radiation that is both soft and collinear. Notice however that fully inclusive observables
of practical relevance can only involve summation on the color of the final state particles.
This retains the IR effects associated with the colliding particles in the initial state
(e.g., two left-handed leptons ℓ+Lℓ

−
L ) which are not SU(2)L singlets. The resulting non-

cancellation of IR effects in “fully-inclusive” cross-sections, coincides with the result of
Ref. [142].

So far we have ignored the secondary radiation diagrams, depicted in the right panel

11This is true only in a basis where the gauge indices αi label the on-shell SM particles, while for the
calculation of di-boson cross-sections we work in a different basis. See Section 3.1.3 and Appendix 3.B
for details.
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of Figure 3.2. We show now that their contribution vanishes, giving full justification to
eq. (3.20). Secondary radiation diagrams correspond to the effect of the λ cutoff variation
on virtual or real vector bosons attached to one of the intermediate “ρ” particles in the
definition of the density matrix (3.16). Clearly these effects are potentially enhanced
only if the intermediate particle is relatively hard, such that a significant separation is
present between the IR cutoff λ and the scalar product between the intermediate particle
and the external leg momenta. We thus start considering vector bosons attached to the
hardest intermediate particle, with gauge index “ρ1” as in the figure. The density matrix
is inclusive over the color of the intermediate particle. However we can momentarily
define an “extended” density matrix Dα ;ρ1 ᾱ ;ρ̄1

λ with labels ρ1 and ρ̄1 for the gauge indices
of the amplitude and of the conjugate amplitude, as in the figure. The actual density
matrix is eventually obtained by first setting ρ1 = ρ̄1 and then summing. The effect on
the extended density matrix variation of all the radiation emitted from ρ1 and ρ̄1 can be
written in a form similar to eq. (3.18) and then simplified using the analog of eq. (3.17)
for the extended density matrix. The resulting contribution to the evolution kernel from
the intermediate ρ1 leg is the analog of that from the hard external legs in eq. (3.20).
But this contribution cancels out in the evolution of the actual density matrix, which
is inclusive over the ρ1 leg, because of the previously explained leg-by-leg cancellation
mechanism. The argument can of course be repeated for the diagrams involving the
second hardest intermediate particle, showing, as anticipated, that all the secondary
radiation diagrams can be ignored in the calculation of the evolution kernel.

It is straightforward to adapt the previous results to the regime λ≪ m2
w, in which only

the exchange of photons contributes to the evolution, as discussed in the previous section.
By specifying eq. (3.20) to the Abelian U(1)Q group we immediately find that the kernel
vanishes, owing to the well-known cancellation between real and virtual IR effects in
QED. For the calculation of the physical (λ → 0) density matrix, and in turn of the
semi-inclusive cross-section, we thus only need to solve the IREE with the λ ≫ m2

w
kernel (3.20), down to λ = m2

w.

For λ = E2 the hard density matrix (3.16) is well-approximated by its tree-level expression,
which serves as the initial condition for the evolution

DαᾱE2 = Bα(Bᾱ)∗ . (3.21)

The kernel is the direct sum of tensors, denoted as Ki in eq. (3.20), each acting on the
pair αi, ᾱi associated to the i-th external particle. Therefore the solution of the IREE
reads

Dαᾱsi ≡ Dαᾱm2
w

=
{∏

i

[
exp

[
− g2

16π2Ki log2(E2/m2
w)
]]αiᾱi

βiβ̄i

}
Bβ(Bβ̄)∗ , (3.22)

where the “si” subscript denotes the density matrix of the semi-inclusive process, with no
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upper cut on the real radiation hardness. The explicit form of the Ki exponentials in the
above equation is reported in eq.s (3.83) and (3.88) for external legs in the doublet and
triplet SU(2)L representations. Applications of eq. (3.22) to specific processes are shown
in Sections 3.1.2 and 3.1.3.

We have defined the density matrix (3.16) allowing for the presence of an upper cutoff
H on the real radiation, but this played no role in the previous discussion because this
cutoff is effectively absent (H ∼ E2) in our definition of semi-inclusive processes. In
exclusive processes we instead set H = m2

w, namely we veto real radiation particles with
hardness above m2

w. Obviously, for λ ≫ m2
w this upper cut is in contradiction with

the IR cutoff in eq. (3.2) on the radiation phase-space. Therefore in the density matrix
for the exclusive process no real radiation is present and in the λ ≫ m2

w regime the
result simply equals the square of the hard amplitude in eq. (3.3). The evolution up to
λ = m2

w can thus be obtained from the hard amplitude evolution (3.14) we obtained in
the previous section, or easily re-derived by dropping the terms in eq. (3.18) (namely, the
second and the third) that are due to real radiation. The contribution of real radiation
is instead restored for λ≪ m2

w and the evolution stops due to the cancellation between
virtual and real QED radiation as previously explained. The physical (λ→ 0) density
matrix for exclusive processes can thus be written in a simple closed form as

Dαᾱex = exp
[
−
∑
i

g2ci + g′ 2y2
i

16π2 log2(E2/m2
w)
]
Bα(Bᾱ)∗ . (3.23)

In Sections 3.1.2 and 3.1.3 we employ this formula to compute exclusive di-fermion
and di-boson production cross-sections, and discuss the need of supplementing it with
fixed-order single-logarithmic terms, from Ref. [165, 168].

Before concluding this section it is worth commenting on the experimental definition
of the semi-inclusive and exclusive processes, and on the perspectives for their actual
experimental detectability. The semi-inclusive process is characterized by two central
(specifically, emitted from 30 to 150 degrees from the beam line) energetic particles of
specific EW color and flavor. In particular we will require them to carry a total center of
mass energy above 85% of the VHEL Ecm, enforcing in this way the upper cut on the
total radiation 4-momentum required for the definition of the hard density matrix as
discussed below eq. (3.16). The two particles can be accompanied by the radiation of
EW bosons, photons, or any other soft particle.

Notice that in our calculation at the DL order we could ignore all the effects of collinear
(rather than soft-collinear) radiation, which emerge at the single logarithm. On the other
hand, the single logarithms associated with low-virtuality (below mw) photon splittings
are much larger than logE2/m2

w. In particular, the emission of real photons that are
energetic but collinear to a light charged hard particle (e.g., an electron or a muon) with
mass mℓ produces terms proportional to logE2/m2

ℓ . By the KLN theorem these terms
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will be canceled by the corresponding virtual contributions, but only in suitably-defined
observables that recombine the emitted photons in the experimental definition of the
hard particle 4-momentum. With a lower threshold of order mw on the energy of the
photons to be recombined, the net effect on our prediction should be of the order of a
single EW logarithm logE2/m2

w. A more detailed assessment of this aspect, and of the
possible interplay between the QED and the EW bosons collinear emissions, requires the
inclusion of single logarithms and goes beyond the scope of the present work. Similar
considerations hold for the collinear emission of QCD gluons to be collected into jets, in
the case of colored final states.

Up to the caveats outlined above, there are good perspectives for the actual direct
experimental detectability of semi-inclusive cross-sections. The situation is arguably
more problematic for the exclusive cross-section. In exclusive final states, we require
the presence of the two hard particles defined as above, plus the absence of any massive
vector boson (since h(q) > q2 = m2, as discussed at the end of the previous section), or
photons above the hardness upper threshold m2

w. However, it is experimentally impossible
to impose this radiation veto strictly because the limited coverage of the detector in
the forward and backward regions will not allow to tag EW bosons or photons that
are collinear to the beam. Furthermore our definition of the exclusive cross-section is
problematic in the case of QCD-colored final states. Indeed if the upper cut h(q) < m2

w
had to be imposed also on gluon radiation, QCD effects should be included in the
exclusive density matrix evolution (but not in the semi-inclusive one, where they cancel
because of color inclusivity), resulting in a large QCD Sudakov suppression factor in
eq. (3.23). This factor is as small as exp[−αs/(4π)(8/3) log2E2

cm/m
2
w] ∼ 0.03 for di-quark

final states at the highest VHEL energy Ecm = 30 TeV, entailing a strong suppression
of the cross-section. Avoiding this suppression requires a definition of the exclusive
cross-section with a higher threshold on the QCD radiation. We will further comment in
the Conclusions on the limitations of the exclusive cross-section definition employed in
this chapter.

3.1.2 Di-fermion production

The first process we investigate is the production of a highly energetic pair of fermions

ℓ+(k1) ℓ−(k2)→ f̄(k3) g(k4) +X , (3.24)

where f and g can be one of the six quarks, a lepton ℓ′ ̸= ℓ or a neutrino νℓ′ . We do
not discuss explicitly the final states with the same leptonic flavor as the initial state,
ℓ′ = ℓ, but these processes will be employed for the muon collider sensitivity projections
in Section 3.2. As previously discussed, the final state is characterized (both for exclusive
and semi-inclusive processes) by an invariant mass for the (f̄ , g) pair that is almost equal
to the center of mass energy Ecm of the colliding leptons and by central scattering angle
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θ∗ ∈ [30◦, 150◦]. Here θ∗ is the angle between the incoming ℓ+ and the final anti-fermion
f̄ in the lab frame. Notice that θ∗ almost coincides with the scattering angle in the center
of mass frame of the hard process, because of the tight cut on the invariant mass of the
(f̄ , g) pair.

In order to resum the DL it is convenient to organize the calculation of the cross-section
in terms of amplitudes and density matrices whose external legs are canonical irreducible
representations of the EW group. This is trivial to achieve for the di-fermion process
because the helicity eigenstates of quarks and leptons in the massless limit do indeed
transform as canonical representations (doublets and singlets, with specific hypercharge),
reported for completeness in Appendix 3.B. Furthermore, since we restrict our attention
to inelastic processes ℓ′ ̸= ℓ, the only sizable helicity amplitudes are those with the same
chirality χI (χO) for the two incoming (outgoing) fermions, corresponding to helicities
ψ̄+1/2ψ−1/2 for χ = L and ψ̄−1/2ψ+1/2 for χ = R. The dominance of such amplitudes
holds in the SM because of the vector-like structure of gauge interaction, and it will be
preserved by the 4-fermions new physics contact interaction operators we will study in
Section 3.2. We thus have to deal with four polarized cross-sections for each di-fermion
production process, labeled by χIχO = LL,LR,RL,RR. Each such cross-section will be
obtained from the diagonal α = ᾱ entries of the density matrices of Section 3.1.1, times
the appropriate phase-space factors.

Exclusive processes

Exclusive cross-sections are readily obtained from eq. (3.23), and take the form

dσex
d cos θ∗

= eDL dσB
d cos θ∗

, (3.25)

in terms of the corresponding Born-level differential cross-sections. The Double Log
exponent DL is of order g2/16π2 log2(E2

cm/m
2
w), which ranges from 0.14 at Ecm = 3 TeV

up to 0.25 (0.38) for Ecm = 10(30) TeV, times the sum of the four SU(2) Casimir of the
external legs. For LL chirality processes this factor is as large as 4× 1/2(1/2 + 1) = 3,
showing that DL resummation is mandatory at VHEL energies Ecm ≥ 10 TeV, at least
for this chirality. Double logs are still considerable for LR and RL chirality, while they
get smaller in the RR configuration because g′ 2 ∼ g2/4. Resummation might instead
not be necessary for Ecm = 3 TeV. However it will still be needed to include the effects
of radiation at fixed order since we aim, eventually, at theoretical predictions with
percent-level accuracy.

The DL Sudakov exponents in eq. (3.25) are listed in Table 3.1. The processes are
labeled taking into account that electric charge conservation enforces g = f in eq. (3.24),
since a charge mismatch cannot be compensated by the emission of charged W bosons,
which is forbidden in exclusive processes. The table also reports single logarithm (SL)
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3 TeV 10 TeV 30 TeV
DL eDL−1 SL(π2 ) DL eDL−1 SL(π2 ) DL eDL−1 SL(π2 )

ℓL → ℓ′L -0.46 -0.37 0.25 -0.82 -0.56 0.33 -1.23 -0.71 0.41
ℓL → qL -0.44 -0.36 0.25 -0.78 -0.54 0.34 -1.18 -0.69 0.42
ℓL → eR -0.32 -0.27 0.13 -0.56 -0.43 0.17 -0.85 -0.57 0.21
ℓL → uR -0.27 -0.24 0.11 -0.48 -0.38 0.15 -0.72 -0.51 0.18
ℓL → dR -0.24 -0.21 0.10 -0.43 -0.35 0.13 -0.64 -0.47 0.16
ℓR → ℓ′L -0.32 -0.27 0.13 -0.56 -0.43 0.17 -0.85 -0.57 0.21
ℓR → qL -0.30 -0.26 0.12 -0.53 -0.41 0.16 -0.79 -0.55 0.21
ℓR → ℓ′R -0.17 -0.16 0.07 -0.30 -0.26 0.09 -0.46 -0.37 0.12
ℓR → uR -0.12 -0.12 0.05 -0.22 -0.20 0.07 -0.33 -0.28 0.08
ℓR → dR -0.09 -0.09 0.04 -0.17 -0.16 0.05 -0.25 -0.22 0.06

Table 3.1: Double and single logarithmic corrections to the exclusive processes ℓ+ℓ− → f̄f .
The single-logarithmic corrections are evaluated at θ∗ = π/2.

contributions computed at the fixed one loop order, which we extract from Ref.s [165].12

Specifically, we employ the general formulae of Ref.s [165] to compute the 1-loop log-
enhanced cross-section, we subtract the corresponding DL and normalize to the Born
cross-section. We also subtract the single logarithms from the Renormalization Group
evolution, because we decided to compute the Born amplitude with the EW couplings at
the hard scale Ecm.13 Notice that the threshold for photon recombination into the hard
final state particles matters at the single-logarithmic order. Here we assume a scale of
recombination of order mw, for which the SL terms can be easily obtained by adding a
fictitious photon mass mγ = mw to the calculations of Ref.s [165, 168]. The SL terms
obtained in this way can be used for “improved” theoretical predictions

dσSL1
ex

d cos θ∗
= eDL(1 + SL(θ∗))

dσB
d cos θ∗

, (3.26)

that include single logarithms at fixed 1-loop order. We see in Table 3.1 that the SL
contributions are relatively large. It is unclear whether they require resummation or if
including them at fixed order (definitely higher than 1-loop, if we target 1% accuracy) is
sufficient.

Notice that, unlike double logarithms, the single logarithm contributions are not propor-
tional to the Born-level amplitude of the same scattering process. Namely the amplitudes
of the neutral-current processes in Table 3.1 receive SL corrections that are proportional
to Born charged-current amplitudes. Therefore it should be kept in mind the SL terms in

12Two loops NLL results for four-fermion processes are also available in [170, 171].
13The calculation is similar to the one performed by two of us in Ref. [172]. We refer the reader to

Section 2.3 of [172] for additional details, concerning in particular the inclusion of non-log-enhanced
angular-dependent terms.
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Figure 3.3: Impact of radiative corrections on the production of two up quarks at the
VHEL. The solid lines represent different predictions for the exclusive cross-section. The
dashed lines are double-logarithm semi-inclusive cross-sections resummed (in black) or at
one loop (in orange).

eq. (3.26), which we normalized to the Born cross-section of the process, depend on the
ratio between charged and neutral current Born amplitudes. We evaluated the amplitude
ratio within the SM to produce the results in Table 3.1. However the amplitude ratio
depends on the new physics contact interactions we consider in Section 3.2, entailing
a dependence of the SL terms on the new physics parameters. This is not the case for
the double logarithms, which are completely universal and insensitive to short-distance
physics. The single logarithms also carry a non-trivial dependence on the scattering
angle θ∗, as explicitly indicated in eq. (3.26). In Table 3.1 they are evaluated at central
angle θ∗ = π/2, where they are always positive. They can become negative, and typically
increase in magnitude, in the forward and backward scattering regions, which we however
exclude with the central cut θ∗ ∈ [30◦, 150◦]. Finally, notice that the SL terms are
affected by the sizable mass of the top quark, which we do include in the tt̄ production
process.

The impact of EW radiation effects on the total (unpolarized) cross-section in the
central region, relative to the Born, is displayed in Figure 3.3 as a function of Ecm. The
production of two light up-type quarks is considered for illustration, but the results for
the other final states are similar. The blue line is the one-loop DL prediction without
exponentiation, while in red we report the resummed DL prediction in eq. (3.25). The
green line (labeled DL1+SL1) represents the fixed-order one loop DL plus SL, while in
black we report the SL-improved prediction in eq. (3.26). The dashed lines are semi-
inclusive cross-sections computed below. We notice a significant cancellation between
double and single logarithmic terms. However this cancellation is not expected to be
structural and to survive at higher orders in perturbation theory.

We do not try to assign theoretical uncertainties to our predictions. However an upper
bound can be obtained by considering the orange line in the figure, in which the resummed
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DL are combined additively with the SL (i.e., as eDL + SL), rather than multiplicatively.
An alternative estimate of the uncertainties could be obtained by varying the scale of the
EW couplings employed for the evaluation of the radiation terms DL and SL. Varying
this scale from mw (which we employ for our predictions) to Ecm, the relative change of
the radiation effects is rather small, typically at the 10% level or less.

Semi-inclusive processes

The semi-inclusive cross-sections are the diagonal α = ᾱ entries of the semi-inclusive
density matrix in eq. (3.22), with the appropriate Ki exponential factors for each external
leg. The factors only depend on the SU(2)L quantum numbers of the legs and not of their
hypercharge (and QCD color). They are provided by eq. (3.83) for L-chirality external
external legs (which transform as doublets or conjugate-doublets) and they are trivial
for the R-handed singlets. Notice that eq. (3.83) (and the same is true for the triplet
exponential factor (3.88)) does not mix diagonal with off-diagonal entries of the density
matrix. Namely if we set α = ᾱ we obtain a tensor that is diagonal in β and β̄. Therefore
the DL resummed cross-sections, collected in a vector dσ⃗si, are linear combinations of
the Born cross-sections dσ⃗B. We express this relation as

dσ⃗si
d cos θ∗

= eDL · dσ⃗B
d cos θ∗

, (3.27)

where the Double-Logarithm terms “DL” are now matrices connecting the Born cross-
sections of different processes unlike for exclusive processes (3.25).

For an explicit illustration of the semi-inclusive cross-section calculation, and of the main
features of the result, we consider the RL-chirality production processes. In this case, we
have

dσ⃗si =


dσsi(ℓ+Rℓ

−
R→ ūLuL)

dσsi(ℓ+Rℓ
−
R→ ūLdL)

dσsi(ℓ+Rℓ
−
R→ d̄LuL)

dσsi(ℓ+Rℓ
−
R→ d̄LdL)

 , dσ⃗B=


dσB(ℓ+Rℓ

−
R→ ūLuL)
0
0

dσB(ℓ+Rℓ
−
R→ d̄LdL)

=dσB(ℓ+Rℓ
−
R→ q̄LqL)


1
0
0
1

 ,
(3.28)

where “u” and “d” denote here the up and down components of a L-handed fermion
doublet. The exponentiated DL matrix reads

eDL = 1
4 e
−L


4 cosh2(L/2) 2 sinh(L) 2 sinh(L) 4 sinh2(L/2)

2 sinh(L) 4 cosh2(L/2) 4 sinh2(L/2) 2 sinh(L)
2 sinh(L) 4 sinh2(L/2) 4 cosh2(L/2) 2 sinh(L)

4 sinh2(L/2) 2 sinh(L) 2 sinh(L) 4 cosh2(L/2)

 , (3.29)

where L = g2/16π2 log2(E2
cm/m

2
w).

120



3.1 Theoretical predictions

We see that DL effects induce a non-vanishing cross-section for charged processes with
g ≠ f in eq. (3.24), such as ūLdL and d̄LuL production. Clearly this stems from the
emission of real soft W -bosons, which is allowed in the semi-inclusive final state. Such
charged cross-sections are proportional to the Born cross-section for the corresponding
neutral (ūLuL or d̄LdL) processes, and they are not drastically smaller than those
because the double-logarithm is sizable at VHEL energies. Therefore they can be
measured bringing additional sensitivity to the charge-preserving Born amplitudes and to
the corresponding short-distance new physics effects. The interplay with short-distance
physics is even more interesting for the LL-chirality process. In that case, σ⃗si is a
16-dimensional vector that contains 4 observable (ℓ+ℓ−-initiated) processes with final
states ūLuL, ūLdL, d̄LuL and d̄LdL. DL is a 16× 16 matrix that relates the observable
processes to 16 Born amplitudes, among which those (like, e.g., ν̄ℓℓ− → ūLdL) that are
sensitive to new charged current interactions. We can thus probe the latter interactions
even with the neutral ℓ+ℓ− VHEL collisions.

The black dashed lines in Figure 3.3 quantify the impact of the EW radiation effects on
the neutral semi-inclusive cross-sections relative to the Born predictions. The effects are
smaller than for exclusive cross-sections, as qualitatively expected owing to the partial
cancellation between virtual and real radiation. While this suggests that resummation
might play a less relevant role in semi-inclusive predictions, we point out that one-loop
double logarithms are insufficient for accurate predictions. This is shown in the purple
dashed line in the figure, which is obtained by truncating at the one-loop order the
exponentiated DL matrix. It would be interesting to study the impact of single logarithms
on the predictions. This could be achieved by combining the single radiative logs from
Ref.s [165, 168] with the factorized formulas for real emissions in Ref.s [158, 86] (which
however would have to be extended to include also the soft radiation region), but is left
to future work.

As a final technical note, we remark that the DL matrix is negative semi-defined with a
single vanishing eigenvector that corresponds to the “fully-inclusive” cross-section, further
averaged over the SU(2)L color of the initial states. Specifically the vanishing eigenvector
of eq. (3.29) is (1, 1, 1, 1)t, which corresponds to the sum of the cross-sections over the
SU(2)L gauge indices of the final states. Therefore in this case the double logarithmic
effects cancel on the “fully-inclusive” cross-section, in accordance with the KLN theorem
since the right-handed initial leptons are SU(2)L singlets. Clearly this does not happen
for the LL-chirality processes (nor for LR-chirality) and the average over leptons and
neutrinos in the initial states would be necessary for the cancellation. The vanishing
eigenvalue controls the behavior of the DL exponential at asymptotically high energies.
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In the case of eq. (3.29), we have

eDL Ecm→∞−→ 1
4


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 , (3.30)

and all the semi-inclusive cross-section listed in eq (3.28) become equal. Notice how-
ever this only holds at asymptotic energies, way above the VHEL energies. Cross-
sections equality becomes a reasonable (better than order-one) approximation only for if
g2/16π2 log2(E2

cm/m
2
w) is as large as ∼ 1.5, i.e. Ecm ≳ 10000 TeV.

3.1.3 Di-boson production

We now turn to the production of two energetic vector or Higgs bosons. We are interested
in reactions that are not power-like suppressed at high energy, therefore we restrict our
attention to “longitudinal” processes entailing the production of zero-helicity W and Z

bosons and Higgs, and to “transverse” di-boson processes where the W and the Z (or,
the photon) have ±1 helicities. Indeed the “mixed” longitudinal/transverse production
processes are suppressed by mw/Ecm at the amplitude level, as readily understood (see
e.g. [161, 86]) by combining the Goldstone Boson Equivalence Theorem with the selection
rules associated with the SU(2)L×U(1)Y SM group.

The new physics interactions we consider in Section 3.2 only affect longitudinal di-boson
production cross-sections, which thus play the role of the signal in our analysis. We
nevertheless also need the transverse cross-sections for an estimate of the background.
We discuss the calculation of the (exclusive and semi-inclusive) cross-sections for the two
type of processes in turn.

Longitudinal di-boson

We consider the production, out of ℓ+ℓ−, of one of the following hard final states

W+
0 W

−
0 , Z0h , W±0 Z0 , W±0 h , (3.31)

where the subscript “0” refers to the helicity of the massive vectors, and “h” denotes
the physical Higgs particle. Obviously only the first two final states can be produced in
an exclusive process, while the latter ones require the emission of at least one charged
W and therefore they only occur at the semi-inclusive level. Notice that the ones listed
above are the only hard final states with longitudinal bosons and Higgs that can be
produced by soft EW bosons radiation out of sizable Born-level 2 → 2 cross-sections.
Therefore they are the only longitudinal di-boson processes that can be considered for
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precise VHEL measurements in the high-energy regime.

At energies much above mw, the adequate description of longitudinally-polarized massive
vectors is provided by the charged and neutral Goldstone boson scalars π± and π0 (see
Appendix 3.B). Together with the Higgs, they form a canonical SU(2)L×U(1)Y doublet
H with 1/2 hypercharge, reported in eq. (3.78). We thus need to consider amplitudes
and density matrices associated with the hard processes

ℓ+−1/2(k1)ℓ−+1/2(k1)→ H̄(k3, α
d̄
3)H(k4, α

d
4) ,

ℓ̄+1/2(k1, α
d̄
1)ℓ−1/2(k2, α

d
2)→ H̄(k3, α

d̄
3)H(k4, α

d
4) , (3.32)

for, respectively, L-handed and R-handed production.14 For the gauge group indices
we employ the same notation as in eq. (3.3), supplemented by the superscripts d (d̄) to
indicate that the indices belong to the doublet (conjugate-doublet) representation. With
a slight abuse of notation we are denoting as ℓ−1/2 = (νℓ,−1/2, ℓ

−
−1/2)t the lepton doublet

with −1/2 helicity and with ℓ+1/2 the conjugate-doublet with helicity +1/2. Notice that
final states with two H or two H̄ need not to be included because they are power-like
suppressed at high energy by hypercharge conservation.

The relevant density matrices are obtained as a straightforward application of the results
in Section 3.1.1. The need for employing H and H̄ as external states does not pose any
additional difficulty (relative to the di-fermion processes) in the evaluation of exclusive
cross-sections. That is because the double logs are mere multiplicative factors in front of
the Born-level density matrix (3.23). Therefore the exclusive cross-sections still take the
form of eq. (3.25) and are proportional to the corresponding Born-level predictions. For
the semi-inclusive cross-section, we can proceed as for di-fermions in the determination of
the Ki exponential factors, using in particular eq. (3.83) which also holds in the present
case because H and H̄ are doublets. However in order to apply eq. (3.22) we must first
express the Dαᾱsi density matrix, which is written in the isospin basis (H and H̄), in
the physical basis of the charge and CP eigenstates h, Z0 = π0 and W±0 = π±. This is
achieved by simply inverting eq. (3.78). The final result can again be expressed in terms
of the Born-level cross-sections in the form of eq. (3.27).

The results display the same qualitative features as di-fermions. In particular we observe
the same interplay between short-distance physics affecting the neutral- and the charged-
current Born amplitudes, which we investigate in Section 3.2 in details. Also at the
quantitative level, the relative impact of radiation radiation is similar, as expected because
SU(2)L doublets are involved also in these processes. This is shown in the left panel
of Figure 3.4, where we show the exclusive and semi-inclusive cross-section predictions
for W+

0 W
−
0 . The different predictions are obtained as explained in the previous section

for the di-fermion processes. Notice in particular the exclusive predictions that include
14The production from opposite-chirality leptons is negligible, both in the SM and in the presence of

the new contact interactions we investigate in the following section.
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Figure 3.4: Same as Figure 3.3, but for di-boson production. As explained in Section 3.2.2,
the cross-sections for W+W− production are integrated in the angular region θ∗ ∈
[67◦, 150◦].

one-loop single logarithms as in eq. (3.26). We employ these predictions for exclusive
cross-section in the phenomenological studies of Section 3.1.1.

Transverse di-boson

Vector bosons (W , Z, or γ) with transverse helicity T = ±1 have zero hypercharge and
they decompose as a real triplet plus a singlet under the SM SU(2)L, as in eq. (3.79).
Therefore three non-power-suppressed hard processes have to be considered for L-handed
production

µ̄+1/2(k1, α
d̄
1)ℓ−1/2(k2, α

d
2)→ B(k3)B(k4) ,

µ̄+1/2(k1, α
d̄
1)ℓ−1/2(k2, α

d
2)→W (k3, α

t
3)B(k4) , (3.33)

µ̄+1/2(k1, α
d̄
1)ℓ−1/2(k2, α

d
2)→W (k3, α

t
3)W (k4, α

t
4) ,

while only one is relevant for the production initiated by R-handed leptons 15

ℓ+−1/2(k1)ℓ−+1/2(k2)→ B(k3)B(k4) , (3.34)

The “t” superscript in eq. (3.33) refers to the triplet nature of the W indices.

Unlike for di-fermion and longitudinal di-boson, the transverse di-boson cross-sections
for L-handed initial leptons are linear combinations of several distinct density matrices
with different SU(2)L quantum numbers. Therefore the exclusive cross-sections are not
proportional, unlike in eq. (3.25), to the corresponding Born cross-sections in general. For
instance in the γγ cross-section the contribution from the WW final state experiences a
stronger Sudakov suppression (3.23) than one from the BB (or WB) final state, owing
to the higher SU(2)L Casimir of the final states.

15The Born process ℓ+
−1/2(k1)ℓ−+1/2(k2) → W (k3, αt

3) W (k4, αt
4) is power-suppressed in the SM.
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The evaluation of the semi-inclusive cross-sections proceeds as for the longitudinal di-
bosons. Namely we derive the cross-sections for the physical states by inverting eq. (3.79)
and we compute the double-logarithm exponentials using eq. (3.88) on the SU(2) triplet
subspace. Clearly the need of combining different density matrices complicates the
calculation, but it does not introduce any novel conceptual aspect. At the quantitative
level instead, the situation is significantly different than for di-fermions and longitudinal
di-bosons. As shown on the right panel of Figure 3.4, EW radiation effects are much
larger due to the larger Casimir ct = 2 of the triplet representation. A sufficiently
accurate modeling of these effects will probably require resummation even at the lowest
VHEL energy Ecm = 3 TeV.

The figure reports the cross-section of the W+
T W

−
T final state. This final state, together

with W+
T ZT, is the only transverse di-boson process we will consider in Section 3.2 (as a

background to the corresponding longitudinal processes). Notice however that there are
many other transverse di-boson processes (namely ZZ, Zγ, γγ, and Wγ) that can be
measured at the VHEL. These processes probe heavy new physics in the EW sector. In
particular, as shown in Refs. [136, 137, 140], they are sensitive (together with di-fermions)
to minimal Dark Matter in large-multiplets. The large effects of EW radiation might
have a strong impact on these studies.

3.2 Sensitivity projections

As described in the Introduction, we target effects from short-distance new physics
that grow quadratically with the collision energy, to be probed in ℓ+ℓ− collisions at the
highest available energy E = Ecm. In this section we consider the dimension-6 EFT
operators listed in Table 3.2, and we estimate the sensitivity of muon colliders of energies
Ecm = 3, 10, 14 or 30 TeV to their Wilson coefficients. We assume a baseline integrated
luminosity [99]

L̂ = 10 ab−1
(
ECM

10 TeV

)2
. (3.35)

Semi-quantitative comments on the impact of a reduced luminosity target are postponed
to the Conclusions. We base our projections on statistically-dominated measurements
of exclusive and semi-inclusive cross-sections for the processes listed in Table 3.3. In
the table, for each process we label with a check mark the operators that produce a
quadratically growing-with-energy correction to the SM cross-section.

The target EFT operators are selected to represent generic manifestations, at energies
much below the new physics scale, of the BSM scenarios we investigate in Section 3.2.3.
These are Composite Higgs, Composite Top and a minimal Z ′ model, which we select as
concrete examples of new physics in the Higgs, Top and EW-gauge sectors. Among the
many operators that emerge in these scenarios, we focused our attention on those that
display energy growth in 2→ 2 scattering processes at the muon collider. We will see in
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Section 3.2.3 that other operators offer a weaker sensitivity to the same BSM scenarios.

The phenomenological analysis of the various processes listed in Table 3.3 is described
in Sections 3.2.1 and 3.2.2, focusing respectively on the effects of the “W&Y” and of
the “Di-boson” operators of Table 3.2. In an attempt to mimic realistic experimental
results, we include reconstruction (and, in some case, mistag) efficiencies at a level
that is comparable with the CLIC detector performances, which we extract, whenever
possible, from Refs. [166, 173]. Table 3.3 displays surprisingly low efficiencies for certain
processes (e.g., tt̄), entailing a considerable degradation of the measurement uncertainty.
In Sections 3.2.1 and 3.2.2 we also present our results for the sensitivity of muon colliders
to the corresponding set of operators, with the main aim of outlining the impact of the
EW radiation effects on the analysis. The operators in the last class, dubbed “3rd family”
in Table 3.2, are not discussed explicitly but the sensitivity projection results are reported
in Appendix 3.C. The relevant final states, tt, bb and tb are discussed in Section 3.2.1.

3.2.1 W&Y operators

The first two operators we consider are those associated with the W and Y parameters
of LEP EW precision tests [32], namely O2W and O2B defined as in Table 3.2. These
operators arise in the so-called universal scenarios [32, 31], that is new physics that couples
dominantly to the bosonic sector of the SM. Employing O2W and O2B is convenient in
the low-energy context of the LEP experiment, however for our purpose it is better to
trade them for the current-current operators O′2W and O′2B (see again Table 3.2), using
the SM equations of motion. In doing so, we neglect the contribution to the O′W and O′B
operators, which are expected to have no impact on the sensitivity. In what follows we
parameterize the O′2W and O′2B operator coefficients

G′2W = −g
2W

2m2
w
, G′2B = − g

′2Y
2m2

w
, (3.36)

in terms of the dimensionless parameters W and Y.

The relevant scattering processes, listed in Table 3.3, are the production of two energetic
fermions in the central region of the detector. Specifically, as explained at the end of
Section 3.1, we have in mind the two hard particles whose invariant mass is higher than
around 85% of the total collider Ecm, and a scattering angle θ∗ ∈ [30◦, 150◦]. We assume
perfect detector sensitivity to massive W and Z bosons of arbitrary low 3-momentum,
enabling the measurement of exclusive scattering cross-sections where the emission of
massive vectors (and of photons with hardness above m2

w) is vetoed. The exclusive
cross-section measurements are combined with the semi-inclusive cross-sections, where
the emission of an arbitrary number (including zero) of massive vectors or hard photons
is allowed.
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SILH basis Warsaw-like basis

W&Y
O2W = (DµW

µν,a)2 O′2W = Ja,µL JaL,µ Ja,µL = 1
2
∑
f f̄γ

µσaf

O2B = (∂µBµν)2 O′2B = JµY JY,µ JµY =
∑
f Yf f̄γ

µf

Di-boson

OW = ig

2 (H†σa←→D µH)DνW a
µν O′W = g2

4 (H†i←→DµσaH)(L̄LγµσaLL)

OB = ig′

2 (H†←→DµH)∂νBµν O′B=−g
′2

4 (H†i←→DµH)(̄LLγµLL)

−g
′2

2 (H†i←→DµH)(l̄RγµlR)

O
(3)
qD = (q̄γµσaq)

(
DνW a

µν

)
O
′(3)
qD = (q̄γµσaq) JaL,µ

3rd family O
(1)
qD = (q̄γµq) (∂νBµν) O

′(1)
qD = (q̄γµσaq) JY,µ

OtD =
(
t̄γµt

)
(∂νBµν) O′tD =

(
t̄γµσat

)
JY,µ

Table 3.2: The operators under consideration in their “SILH” [11] form and, after using
the equations of motion, expressed as a linear combination of Warsaw [51] operators. Yf
is the hypercharge of the fermionic field f . In the operators involving the 3rd family the
fields t and q denote respectively the right-handed and left-handed top quark.

Process N (Ex) N (S-I) Eff. O′2W O′2B O′W O′B O
′(3)
qD O

′(1)
qD O′uD

e+ e− 6794 9088 100% ✓ ✓
eνe — 2305 100% ✓ ✓

µ+ µ− 206402 254388 100% ✓ ✓
µ νµ — 93010 100% ✓ ✓
τ+ τ− 6794 9088 25% ✓ ✓
τντ — 2305 50% ✓ ✓

jj (Nt) 19205 25725 100% ✓ ✓
jj (Ch) — 5653 100% ✓ ✓
c c̄ 9656 12775 25% ✓ ✓
cj — 5653 50% ✓ ✓
b b̄ 4573 6273 64% ✓ ✓ ✓ ✓
t t̄ 9771 11891 5% ✓ ✓ ✓ ✓ ✓
b t — 5713 57% ✓ ✓ ✓ ✓ ✓
Z0h 680 858 26% ✓ ✓

W+
0 W

−
0 1200 1456 44% ✓ ✓

W+
T W

−
T 2775 5027 44%

W±h — 506 19% ✓ ✓
W±0 Z0 — 399 23% ✓ ✓
W±T ZT — 2345 23%

Table 3.3: The exclusive and semi-inclusive processes employed for the sensitivity projec-
tions. The operators that give a growing-with-energy contribution to each operator are
labeled with a check mark. The expected number of events (before efficiencies) is for
Ecm = 10 TeV with the integrated luminosity (3.35).
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For each inclusive and semi-inclusive final state, we employ cross-section measurements in
10 equally-spaced bins of cos θ∗ in the range [−

√
3/2,
√

3/2]. In processes (e.g., jj, or bb̄)
where the two final states are effectively indistinguishable, cos θ∗ is defined to be positive
and 5 bins are employed. We assume cross-section measurements with purely statistical
uncertainties, which we estimate based on the number of events that are expected in the
SM.

Of course in order to combine the exclusive and semi-inclusive cross-sections for the same
(neutral) hard final state we must take into account that the exclusive events are also
counted in the measurement of the semi-inclusive cross-section. It is thus convenient to
consider a cross-section with radiation, defined as the difference between the semi-inclusive
and the exclusive cross-sections

σrad ≡ σsi − σex . (3.37)

The measurement of σrad can be combined with the one of σex since they are statistically
independent. For charged hard final states there is instead only one type of cross-section,
which necessarily involves EW radiation emission by charge conservation. We will refer
to the charged cross-section as “semi-inclusive” or “with radiation” interchangeably.

We now discuss the di-fermion processes individually.

• e+e−, µ+µ− and τ +τ −: We assume 100% reconstruction efficiency for muon
and electrons, and an efficiency of 50% [166] for each τ lepton. Notice that the
cross-section for muons is around 30 times larger than for the other leptons. This
is mostly due to the t-channel enhancement of the elastic µ+µ− scattering.

• cc and bb : We assume 50% and 80% efficiency for tagging respectively charm
and bottom quark jets [166]. We ignore the mis-tag of light jets, as well as c/b
misidentification. No information on the charge of the tagged quark is employed.

• jj : We consider the production of two light quarks u, d or s, which we suppose to
be reconstructed as jets with 100% efficiency. In Table 3.3 we report separately
the production of a neutral (Nt) and of a charged (Ch) quark/anti-quark pair, but
the two processes are collected into a single 2-jets final state. We also include the
contribution from mistagged b and c quarks.

• tt : Based on Ref.s [173, 174], we estimate as 5% the total efficiency for the
reconstruction of the tt̄ pair. This (somewhat low) efficiency estimate only includes
the semi-leptonic tt̄ final states, in which the charge of the tagged top quarks can
be measured.

• tb and cj : We use 50% and 80% tag efficiency for the charm and the bottom,
respectively, and

√
0.05 = 20% efficiency for the top. The charge of the top quark

is assumed to be reconstructed.

• eνe, µνµ and τντ : The efficiency is 100% for muons and electrons, and 50% for
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3.2 Sensitivity projections

Figure 3.5: 95% CL sensitivities to the W and Y parameters of the 30 TeV muon
collider. Exclusive and “with radiation” (i.e., semi-inclusive minus exclusive) cross-
section measurements of the cc process are considered in the left panel. The right panel
shows the impact of e+e− (exclusive and “with radiation”) and eν (that only exists at
the semi-inclusive level) final states.

the τ . It should be noted that, because of the invisible neutrino, the hard scattering
region of this final state can not be selected with a cut on the invariant mass of
the two particles. The selection will have instead to be performed on the energy
and the transverse momentum of the observed charged lepton.

The different dependence on W and Y of the neutral- and charged-current Born amplitudes
entails (see Section 3.1.2) a different dependence on these parameters of the exclusive and
semi-inclusive cross-sections. The statistical combination of the two types of cross-sections
can thus increase the sensitivity, as illustrated in Figure 3.5. The left panel displays the
95% CL sensitivity of cc production to W and Y, comparing the impact of the exclusive
cross-section (in green) to that (in orange) of the cross-section with radiation. The two
measurements probe different regions of the W and Y parameter space, and a significant
sensitivity gain is observed in their combination (in blue). The green and blue lines on
the right panel of Figure 3.5 display a similar complementarity pattern for the e+e− final
state. There also appears an even stronger complementarity with the measurement of
the eν cross-section, reported as a gray dashed line. The emergence of the eν process,
as well as the other charged final states in Table 3.3, is entirely due to EW radiation.
Nevertheless its (semi-inclusive) cross-section is large, because EW radiation is indeed
a prominent phenomenon at Ecm ≃ 10 TeV. Furthermore the cross-section displays a
peculiar dependence on new physics, producing a sensitivity contour that is different from
that of the e+e− measurements. The statistical combination of the three measurements
(in blue) improves the sensitivity significantly.
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Figure 3.6: 95% CL sensitivities to the W and Y at the 10 and 30 TeV muon collider.

The final results of our analysis including all channels are summarized in Figure 3.6
and in Table 3.4. The figure displays the sensitivity contours of exclusive measurements
as dotted lines, and the combined impact of charged and of neutral “with radiation”
cross-sections, in dashed. The combination of all measurements is also shown. The
table reports the results for 3, 10, 14 and 30 TeV, comparing the sensitivity of exclusive
cross-sections alone with the total combination.

At the High-Luminosity LHC (HL-LHC), it will be possible to probe the W and Y
parameters at the level of 4 · 10−5 and 8 · 10−5, respectively, at 95% CL [172, 175, 38].
Table 3.4 shows that the 3 TeV muon collider would improve by one order of magnitude or
more, and the sensitivity improves quadratically with the muon collider energy. Among
the other future collider projects [36], CLIC at 3 TeV has the best sensitivity, of around
4 · 10−6 for both parameters [166]. This is of course comparable with the 3 TeV muon
collider sensitivity, and a factor 10 worst than that of the muon collider at 10 TeV. The
comparison with FCC-hh projections is even more favorable to the muon collider.

3.2.2 Diboson operators

The setup for this analysis is similar to that of Ref. [105]. Namely we consider the SILH
operators OW and OB, we convert them into the current-current interactions O′W and
O′B as in Table 3.2, and we study their effect on the production of high-energy vector
bosons and Higgs. Notice that, by the equivalence theorem, O′W and O′B only significantly
affect the production of longitudinally polarized vector bosons. We are therefore here
studying the production of high-energy longitudinally vector bosons and Higgs, with the
production of transversely polarized vector bosons playing merely the role of background.
Since the effects are quadratically enhanced by the energy, such high-energy di-boson
processes are by far the best probe of these operators at the muon collider [105].
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Exclusive-only [95% CL] Combined [95% CL]
W×107 Y×107 ρW,Y W×107 Y×107 ρW,Y

3 TeV [−53, 53] [−48, 48] -0.72 [−41, 41] [−46, 46] -0.60
10 TeV [−5.71, 5.71] [−4.47, 4.47] -0.74 [−3.71, 3.71] [−4.16, 4.16] -0.54
14 TeV [−3.11, 3.11] [−2.31, 2.31] -0.74 [−1.90, 1.90] [−2.13, 2.13] -0.52
30 TeV [−0.80, 0.80] [−0.52, 0.52] -0.75 [−0.42, 0.42] [−0.47, 0.47] -0.48

Table 3.4: Single-operator 95% CL reach and correlation for the W&Y parameters at
different muon collider energies including only exclusive cross-sections and combining all
measurements. Since the likelihood is dominated by the linear terms in the new physics
parameters, the single parameter reach plus the correlation characterizes our results
completely.

We thus consider, among those in Table 3.3, the following final states

• Zh : Following Ref. [105], we consider an efficiency of 26% for tagging the two
hard and central final state particles, with a selection that reduces the background
to a manageable level. Notice that this final state is dominated by the longitudinal
helicity channel Z0h.

• W +W −: Again like in [105], we assume a 44% efficiency for the detection of the
two W bosons in the semi-leptonic decay channel, where the charge of the W ’s can
be reconstructed. Transverse WW production plays here the role of background.

• W h : We consider an efficiency of 19%, having in mind the leptonic W decay, and
h→ bb. Like for Zh, there is no relevant background from transverse production.

• W Z : We apply an efficiency of 23%, which corresponds to the leptonic W and the
hadronic Z decay. The background from transverse WZ production is considerable,
and is taken into account.

In our analysis we do not consider the possibility of employing the decay angles of the
bosons to extract information on their polarization. Therefore the transverse di-bosons
processes W+

T W
−
T and WTZT are effectively irreducible backgrounds to the corresponding

longitudinal processes, and the scattering angle θ∗ is the only discriminating variable.
An increased lower cut on θ∗ benefits the sensitivity, as it suppresses the t-channel
enhancement of the transverse background processes. After optimization we find, like in
Ref. [105], that a good signal sensitivity is obtained by the measurement of fiducial WW

and WZ cross-sections in the range

θ∗ ∈ [67◦, 150◦] . (3.38)

The possibility of binning θ∗ has been considered, but found not to improve the sensitivity.
Our analysis will thus be only based on the measurement of the fiducial WW and WZ
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Figure 3.7: Left: 95% sensitivity contours in the (CB, CW ) plane at the 30 TeV muon
collider. A second allowed region, not shown in the figure, can be eliminated by other
measurements [105]. Right: Zh and WW likelihood contours at tree-level. Notice that
the ellipses for WW and Zh are tangent in two points, one being the SM, the other being
the point where the amplitudes have the same magnitude as in the SM but opposite sign.

cross-sections in the above region, and of the Zh and Wh cross-sections for θ∗ ∈ [30◦, 150◦].
As in the previous section, both exclusive and semi-inclusive cross-sections will be
employed for the neutral processes WW and Zh, plus the semi-inclusive charged cross-
sections for Wh and WZ.

The results of our analysis are reported in Table 3.5 and on the left panel of Figure 3.7,
in terms of the dimensionful coefficients (CB and CW ) of the O′B and O′W operators of
Table 3.2. Our finding are quantitatively similar to the ones of Ref. [105]. We can thus
refer to that article for the (very favorable) assessment of the muon collider sensitivity to
CB and CW in comparison with current knowledge and with other future colliders. We
devote the rest of this section to discuss the approximate flat direction of the likelihood
in the (CB, CW ) plane, which we observe in Figure 3.7 (left panel).

The flat direction entails a strong degradation of the marginalized sensitivity, as in
Table 3.5. Furthermore this degradation brings the marginalized CB and CW limits to
large values, in a region where the likelihood is considerably affected by the contributions
to the cross-sections of the terms that are quadratic in the new physics parameters. In
theories like Composite Higgs where CB,W ∼ 1/m2

∗, this fact implies that the marginalized
limits correspond to a new physics scale m∗ not much above the collider energy. In fact,
looking at Table 3.5 we notice that the 30 TeV CB reach corresponds to m∗ = 43 TeV.
Thus, if new physics happened to sit along the flat direction in Figure 3.7, diboson
processes would fail to extend the muon collider sensitivity well above the direct mass-
reach. We do not have reasons to expect new physics to lie in that direction. Actually in
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Single Operator (Exclusive-only) [95% CL]
CB[10−4 TeV−2] CW [10−4 TeV−2]

Linear Quadratic Linear Quadratic
3 TeV [−170, 170] [−189, 157] [−77.4, 77.4] [−81, 74.4]
10 TeV [−15.3, 15.3] [−17, 14.2] [−8.18, 8.18] [−8.62, 7.82]
14 TeV [−7.86, 7.86] [−8.69, 7.25] [−4.40, 4.40] [−4.65, 4.20]
30 TeV [−1.73, 1.73] [−1.92, 1.6] [−1.1, 1.1] [−1.16, 1.04]

Single Operator (Combined) [95% CL]
CB[10−4 TeV−2] CW [10−4 TeV−2]

Linear Quadratic Linear Quadratic
3 TeV [−153, 153] [−169, 142] [−65.8, 65.8] [−68.2, 63.6]
10 TeV [−12.8, 12.8] [−13.9, 11.9] [−6.14, 6.14] [−6.37, 5.93]
14 TeV [−6.40, 6.40] [−6.95, 5.99] [−3.17, 3.17] [−3.29, 3.06]
30 TeV [−1.34, 1.34] [−1.44, 1.25] [−0.71, 0.71] [−0.737, 0.686]

Marginalized (Exclusive-only) [95% CL]
CB[10−4 TeV−2] CW [10−4 TeV−2]

Linear Quadratic Linear Quadratic
3 TeV [−478, 478] [−352, 596] [−217, 217] [−583, 125]
10 TeV [−53.2, 53.2] [−35.2, 50] [−28.4, 28.4] [−53.5, 14.2]
14 TeV [−29.4, 29.4] [−18.6, 25] [−16.5, 16.5] [−27.5, 7.82]
30 TeV [−7.98, 7.98] [−4.45, 5.19] [−5.04, 5.04] [−6.16, 2.05]

Marginalized (Combined) [95% CL]
CB[10−4 TeV−2] CW [10−4 TeV−2]

Linear Quadratic Linear Quadratic
3 TeV [−442, 442] [−341, 535] [−189, 189] [−426, 115]
10 TeV [−44, 44] [−33.4, 43.4] [−21.1, 21.1] [−35.1, 12.3]
14 TeV [−23.1, 23.1] [−17.6, 21.6] [−11.4, 11.4] [−17.6, 6.6]
30 TeV [−5.24, 5.24] [−4.12, 4.43] [−2.79, 2.79] [−3.70, 1.62]

Table 3.5: Single operator and marginalized 95% reach on CB and CW , at different muon
collider energies. The sensitivity of exclusive cross-section measurements alone is shown
separately from the combination of all the measurements. The significant degradation of
the marginalized bounds relative to the single-operators ones, and the strong sensitivity
to the quadratic terms at the marginalized level, is due to the approximately flat direction
displayed in Figure 3.7
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Process σB/σ0

(µµ)L → Zh
[
t2w(1 + E2

cmCB)− (1 + E2
cmCW )

]2
(µµ)L →WW

[
t2w(1 + E2

cmCB) + (1 + E2
cmCW )

]2
(µµ)R →WW/Zh

[
2t2w(1 + E2

cmCB)
]2

(µν)L →WZ/Wh
[√

2(1 + E2
cmCW )

]2

Figure 3.8: Left: Born-level cross-sections, with tw the tangent of the Weinberg angle,
normalized to a common σ0 (whose expression is irrelevant). Right: the angle between
the ZH and WW cross-section gradients as a function of the beam polarization fraction.

certain Composite Higgs models one expects it to lie in the nearly orthogonal direction
CB = CW [105]. However the presence of the flat direction is an obstruction to the broad
exploration of new physics and to the characterization of a putative discovery. It is thus
worth explaining its origin and discussing strategies to eliminate it.

The origin of the flat direction in the tree-level sensitivity contour (showed dashed, on the
left panel of Figure 3.7) is readily understood analytically, by considering the gradients
“∇” of the Born-level cross-sections in the (CB, CW ) plane, around the SM point (0, 0).
Using the results for WW and Zh shown in Figure 3.8 and rescaling the gradients by
the common factor 2E2

cmσ0 one finds

∇ZhL = (1−t2w){−t2w,+1} , ∇WW
L = (1+t2w){+t2w,+1} , ∇ZhR = ∇WW

R = 4 t4w{1, 0} ,
(3.39)

where sup- and sub-scripts refer respectively to the final states and to the chirality
of the incoming fermions. Notice that the Zh and WW gradients for right-handed
initial states are perfectly aligned, so that this contribution to the cross sections has
a flat direction (orthogonal to the gradient). The degeneracy can only be lifted by
the left-handed contribution to the cross sections. However, given the small value of
t2w ≃ 0.3, the gradients ∇ZhL and ∇WW

L also form a relatively small angle, ∼ 30◦. They
are thus not very effective in lifting the flat direction when considering the total (L+R)
contribution to the WW and Zh cross-section. Indeed, the angle between ∇ZhL +∇ZhR
and ∇WW

L + ∇WW
R is in the end only ∼ 17◦ and thus the flat directions of the two

cross-section measurements essentially coincide, as the right panel of Figure 3.7 shows.
The combined likelihood is consequently also flat, in the same direction.

As evident in eq. (3.39), the L-gradients form a large angle with the R-gradient. Therefore,
if one could use polarized beams, the degeneracy would be eliminated by measuring the
contribution of each chirality. Considering a polarization fraction −PL for the muon, and
+PL for the anti-muon beam, the cross-section gradients read (we indicate by ∇R the
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identical ∇ZhR , ∇WW
R )

∇ZhPL
= (1 + PL)2

4 ∇ZhL + (1− PL)2

4 ∇R , ∇WW
PL

= (1 + PL)2

4 ∇WW
L + (1− PL)2

4 ∇R .
(3.40)

The angle between the two gradients steeply increases for positive PL, as indicated by
the plot in the right panel of Figure 3.8. Correspondingly, even a modest amount of
polarization has a considerable impact on the sensitivity. The left panel of Figure 3.9
displays our sensitivity projections in a scheme where the VHEL integrated luminosity is
equally split between positive and negative PL = ±30%. The likelihood contour (in green)
corresponding to PL = +30% is significantly smaller than that (in blue) for PL = −30%,
owing to the lifting of the flat direction achieved for positive PL. On the other hand,
the measurements at PL = −30% probe a direction complementary to that probed at
PL = +30%. The combination of the two measurements thus benefits the sensitivity.
The impact of beam polarization was emphasized already in Ref. [105]. Here we confirm
that result, using more accurate predictions and including the entire set of exclusive and
semi-inclusive cross-section measurements previously described.

Up to this point, we discussed the flat direction in the un-polarized likelihood (left panel
of Figure 3.7) by employing the tree-level cross-sections. When considering also EW
radiation, the predictions are significantly affected, but the flat direction is not fully
eliminated. For the exclusive Zh and WW cross-sections this is easily understood, since
virtual radiation suppresses the L-processes more than the R ones, owing to the larger
Sudakov for incoming left-handed muons. The exclusive Zh and WW cross-sections
gradients are thus even more aligned than the gradients of the corresponding tree-level
predictions. The semi-inclusive cross-sections for Zh and WW production are also
quite aligned, among them and with the exclusive cross-sections. This was expected
because the partial cancellation between real and virtual logarithms make semi-inclusive
cross-sections not vastly different from the tree-level ones.

On the contrary, the measurement of the charged processes WZ and Wh could have been
expected to eliminate or mitigate the flat direction, because they are strongly sensitive
to the Born cross-section of the charged scattering (µν)L →WZ/Wh (see the left panel
of Figure 3.8). The associated gradient

∇ch
L = 2{0,+1} , (3.41)

points in a different direction than ∇ZhL , ∇WW
L and ∇R. Therefore the gradient of

σWh/WZ could in principle point in a direction that is completely different from that of
the (nearly parallel) gradients of the Zh and WW cross-sections. However, by expanding
at the first order in L = g2/16π2 log2(E2

cm/m
2
w), the unpolarized (longitudinal) WZ and
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Figure 3.9: Left Panel: 95% CL contours in for PL = ±30% beam polarization. Right
Panel: the impact of the ISR-inclusive Wh cross-section measurement.

Wh cross-sections are approximately equal and read

σWZ ≃ σWh ≃ 1
4L · (σ

Zh
B + σWW

B + σch
B ) , (3.42)

where σch
B is the charged Born cross-section reported on the left panel of Figure 3.8

(times 1/4, from the polarization average) and σBZh,WW are the Born cross-sections of the
neutral processes. Therefore, the charged cross-section gradient ∇ch

L must compete with
the (nearly parallel) gradients of Zh and WW , and its size happens to be insufficient to
produce a large misalignment angle between the σWh/WZ and σZh/WW gradients.

The situation would be improved, if we could tailor an observable in which the σZhB and
σWW
B contributions in eq. (3.42) are eliminated or reduced. Notice, for that purpose,

that the Zh and WW terms in eq. (3.42) can be interpreted as due to one hard µµ

neutral-current scattering, followed by the radiation of one charged W boson from the
final legs of the hard process. The W is thus preferentially collinear to the final states.
The σch

B term comes instead from the radiation of a W from the initial state, collinear to
the beam axis, followed by a hard µν scattering.16 This suggests to consider alternative
Wh and WZ cross-sections that exclude final state radiation (FSR) while being inclusive
on initial state radiation (ISR). FSR consists of soft radiation collinear to the hard
particles in the final state, which is precisely the source of the first two terms in eq. (3.42).
Excluding FSR, the resulting “ISR-inclusive” cross-sections are expected be roughly

σ
WZ/Wh
ISR−inc ≃

1
4Lσ

ch
B . (3.43)

16This interpretation would straightforwardly correspond to Feynman diagrams in a physical gauge,
where DL’s are associated to emissions from individual legs. We already remarked that in covariant
gauges instead they arise from the interference between emission from strictly different legs.
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This observable should thus be mostly sensitive to CW , and its measurement should
produce a nearly horizontal band in the (CB, CW ) plane, thus eliminating the flat
direction.

Unfortunately we are unable to produce resummed predictions for the ISR-inclusive
cross-sections with the IREE methodology. We can however illustrate the impact of
such measurements using tree-level MadGraph [89] predictions with the SMEFT@NLO
model [176], focusing in particular on the Wh channel. Specifically, we simulate the
process

µ+µ− →W+W−h , (3.44)

at Ecm = 30 TeV, with the following selection cuts. First, we identify as “hard” the
W boson that forms, together with the Higgs, the pair with the highest invariant mass.
Secondly we ask this mass to be above 0.85 ·Ecm = 25.5 TeV and the hard W and h to
be within the central region θ∗ ∈ [30◦, 150◦]. These selections enforce the occurrence of
a hard scattering, and correspond to our definition of a “semi-inclusive” process. We
further restrict to the “ISR-inclusive” region by asking the other (“soft”) W to be parallel
to the beam, in a cone of 20◦. Since the emission of at least one soft W is required for Wh

production, the latter cut effectively corresponds to a veto on central EW radiation.17

The above estimate of the ISR-inclusive cross-section produces the blue band on the right
panel of Figure 3.9. As expected, the band is nearly horizontal. In the figure we also
display, in green, the 95% CL contour of the likelihood including all the measurements
discussed in the present section, apart from the measurement of the semi-inclusive Wh

cross-section which is correlated with the ISR-inclusive measurement. The combination
of the two contours, shown in red, strongly mitigates the flat direction issue. Notice
however that our tree-level estimate of the ISR-inclusive cross-section could be subject to
large errors, and resummed predictions should be employed for a conclusive assessment
of the sensitivity gain.

3.2.3 BSM sensitivity

Composite Higgs.As a first concrete scenario of new physics we consider Composite
Higgs [177, 6, 4]. In this scenario, the Higgs is a composite Pseudo-Nambu-Goldstone
boson emerging from some strong dynamics at a scale m∗. In principle the underlying
dynamics could arise from gauge interactions, like in QCD. However the only concrete
realistic constructions, accounting for the origin of both the fermion masses and the
scale m∗ itself, have been obtained in the context of warped compactifications. In these
constructions, compositeness occurs in a holographic sense. Within the Composite Higgs
scenario, the size of the Wilson coefficients in the resulting low energy EFT, can be
estimated, under simple but robust dynamical assumptions, in terms of the mass scale

17The attempt made in Ref. [105] to exploit the W W h process did not impose the crucial angular cut
that defines the ISR-inclusive region.
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Figure 3.10: Left Panel: 95% exclusion reach on the Composite Higgs coupling-mass
parameter space. The reach for OH is taken from [105]. Right Panel: sensitivity
projections for a Y -universal Z ′ model. The gray band and the blue dash-dot line
represent respectively the region probed by the HL-LHC program and the sensitivity
projections for all other future collider projects [37].

m∗ and overall coupling strength g∗ of the underlying strong dynamics [11]. Furthermore,
simple considerations suggest g∗ ≲ 4π, while the existence of O(1) couplings within
the SM implies g∗ ≳ 1. The Composite Higgs power-counting rules predict the Wilson
coefficients of the operators in the left column of Table 3.2 to scale as

C2W = −c2W
2

g2

g2
∗m

2
∗
, C2B = −c2B

2
g′2

g2
∗m

2
∗
, CW = cW

1
m2
∗
, CB = cB

1
m2
∗
, (3.45)

where the dimensionless coefficients c2W , c2B, cW , cB are expected to be of order 1. Even
though it does not affect the processes studied in this chapter, an important role is also
played by

OH = ∂µ(H†H)∂µ(H†H), CH = cH
2
g2
∗

m2
∗
. (3.46)

In our sensitivity projections we will report the corresponding bounds, as obtained in [105]
by studying the process µ+µ− → hhνν at tree level. Other probes of CH at the muon
collider, from Higgs coupling measurements, are superior or competitive at the lower
energy muon colliders [105], but they are not considered in the sensitivity plots.

Using the above scalings, and setting all the c coefficients to 1, we can translate the
bounds of Section 3.2 for a 10 TeV muon collider into sensitivity estimates in the plane
(m∗, g∗), as in Figure 3.10. In the same plot we also report the HL-LHC sensitivity
projections, the envelope of the 95% CL sensitivity contours of all the future collider
projects that have been considered for the 2020 update of the European Strategy for
Particle Physics [37]. The advantage of the muon collider is evident. Results at muon
colliders with different energies, with an integrated luminosity scaling as in eq. (3.35),
are reported in Appendix 3.D.
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Figure 3.11: 95% exclusion reach for the two partial compositeness scenarios under
consideration. The green shapes represent the combined bound from the flavor universal
measurements, while the red contours also includes the di-top and di-bottom constraints.
The projected sensitivity of other future collider projects and the gray band of HL-LHC
are taken from Ref. [37]. The right panel (ϵt = 1) also includes the stronger CLIC
sensitivity estimated in Ref. [178].

Composite top.The results for purely bosonic operators we just discussed apply robustly
to basically all composite Higgs scenarios. Operators involving fermions are more sensitive
to the assumptions on the flavor dynamics, but one convenient option is offered by the
mechanism of partial compositeness [10], under which the elementary fermions mix
linearly with heavy partners in the strong sector. Due to its large Yukawa coupling,
the top quark is expected to have a large mixing with its partners and therefore precise
measurements involving the third family represent an appealing opportunity to probe
new physics.

At the muon collider the most relevant effects are expected in tt̄ and bb̄ production.18

Indeed the dimension-6 operators in the last block of Table 3.2 gives rise to contributions
that grow with Ecm and which can be exploited at the large energy of the muon collider.
In a model-independent approach one can parametrize the “amount of compositeness” of
respectively the 3rd quark family left-handed doublet and right-handed up-type singlet
by ϵq and ϵt. These quantities range from 0 to 1. Given the universal coupling strength
g∗ of the strong sector the resulting top Yukawa coupling scale as [11]

yt ∼ ϵqϵtg∗ . (3.47)

The relevant Wilson coefficients are then expected to scale as (see [174] for a short review)

C
(3)
qD = c

(3)
qD

g ϵ2q
m2
∗
, C

(1)
qD = c

(1)
qD

g′ϵ2q
m2
∗
, CtD = ctD

g′ϵ2t
m2
∗
, (3.48)

where the ci are, as usual, expected to be order 1 coefficient. For concreteness we focus
18See [179] for a similar analysis for CLIC.
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on two benchmark scenarios, where we fix ϵt and ϵq and leave g∗ and m∗ free. In the first
scenario, the right-handed top quark is assumed to be fully composite, corresponding
to ϵt = 1 and ϵq = yt/g∗. In the second, the two top chiralities are assumed equally
composite, that is ϵq = ϵt =

√
yt/g∗.

Notice that the contribution of the operator

Ott ≡
1
2(t̄RγµtR)(t̄RγµtR) , (3.49)

to the Wilson coefficients of the OtD, through Renormalization Group (RG) evolution, is
not negligible in the scenario of total right-handed top quark compositeness [178]. Using
the power-counting estimate

Ctt = ϵ4t
g2
∗

m2
∗
ctt , (3.50)

we obtain a correction [178] to the CtD coefficient at a scale µ = Ecm

CtD(µ) = CtD(m∗) + Ctt(m∗)
32
9

g′

16π2 log
(
m2
∗

µ2

)
= ϵ2t

g′

m2
∗

(
ctD + ctt

32
9
ϵ2t g

2
∗

16π2 log
(
m2
∗

µ2

))
.

(3.51)

This correction is sizable if ϵt ∼ 1, especially for large g∗, because the sensitivity of the
muon collider extends to a scale m∗ that is significantly larger than Ecm.

There are in principle three more operatorsOHt, O(1)
Hq and O(3)

Hq
(defined as in the “Warsaw”

basis [51]) that mix significantly with those in eq. (3.48) through RG evolution. However,
the their effects can only be important in the case where ϵq ∼ 1, which we do not
contemplate in our analysis. We will therefore neglect the RG effects of the latter three
operators and consider only those of Ott.

Our results are summarized in Figure 3.11, where we report the projected exclusion
reach in the g∗ and m∗ plane in the two scenarios under consideration for Ecm = 10
TeV. Additional results can be found in Appendix 3.D. Starting from the scenario
of equal compositeness (left panel) we notice that at g∗ the additional hypothesis of
top compositeness extends the muon collider potential to probe the scale of Higgs
compositeness m∗. The effect is even stronger for fully composite tR (right panel), which
shows that di-top measurements can cover up to m∗ ∼ 150 TeV for g∗ ≳ 8. We should
point out, however, that this result depends on the exact O(1) value of the ctt, ctD
coefficients in eq. (3.51). This dependence is illustrated in Figure 3.16, where we set
ctD = 1 and we vary the value of ctt.

Finally we remark that a detailed analysis of the composite Higgs scenario with partial
compositeness would require specific hypotheses on the flavor dynamics and a detailed
inspection of the flavor observables. Depending on those hypotheses, principally the
maximality or minimality of the underling flavor symmetry, the resulting flavor constraints
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on the new physics scale m∗ can vary dramatically. While a comprehensive analysis
clearly exceeds the purposes of this work, a perspective can be gained by considering
available studies. As shown in Ref. [46], under the strongest assumptions, that is for a
symmetry structure offering the best protection from unwanted effects, flavour and CP
observables could start exploring the range m∗ = O(10) TeV in the next decade or so,
given the availability of better measurements and assuming better theoretical predictions.
This is roughly the same range explored by a 3 TeV muon collider. Moreover the m∗ ∼ 50
TeV reach of a 10 TeV muon collider vastly surpasses any conceivable improvement of
flavour constraints, and competes with the more stringent flavour bounds obtained by
making more generic assumptions on the flavor dynamics. Notice also that the present
lepton flavor universality anomalies in B-decays, at least the seemingly more prominent
ones in neutral currents, suggest a new physics scale in the ∼ 30 TeV range, which could
be explored both directly and indirectly by the muon collider.

Y -Universal Z ′ modelThe Y -universal Z ′ model represents a simple extension of
the SM, featuring an additional heavy gauge boson, of mass MZ′ , on top of the SM
particles.19 In this benchmark scenario the new vector charges are aligned with the SM
hypercharge with coupling gZ′ . Requiring the width of the Z ′ to not exceed 0.3MZ′ sets
the perturbative limit on the coupling to be gZ′ ≲ 1.5. At energies below MZ′ , integrating
out the Z ′ only generates the O′2B operator of Table 3.2. The Wilson coefficient of the
operators corresponds, by eq. (3.36), to

Y =
(
gZ′mW

g′MZ′

)2
. (3.52)

The sensitivity projections are reported in the right panel of Figure 3.10. The orange and
green regions are the ones probed by muon colliders at 3 and 10 TeV energy, respectively.
The gray band represents the expected exclusion reach from HL-LHC, while the blue
line indicates the combined sensitivity from other future collider projects (dominantly
FCC, and the 3 TeV stage of CLIC). The 3 TeV muon collider sensitivity is obviously
similar to the one of CLIC. A 10 TeV machine would greatly improve this result probing
up to 500 TeV for large (but still perturbative) coupling. The dashed lines represent the
discovery reach, showing that already at 3 TeV there are vast opportunities for indirect
discovery, well above the region that the HL-LHC might exclude. Results at higher muon
collider energies are reported in Figure 3.14.

19See [37] for details. Concrete BSM scenarios featuring additional Z′s can be found, for instance, in
Ref. [180].
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Figure 3.12: Reach on the new physics scale at 2σ (continuous) and at 5σ (dashed),
relative to the collider energy, as a function of the integrated luminosity normalized to
eq. (3.35). The red lines are for Universal manifestations of Higgs compositeness, while
the green ones include the effect of Top compositeness in the ϵt = 1, ϵq = yt/g∗ scenario.
The blue lines are for the Y -universal Z ′ for a fixed coupling gZ′ = g.

3.3 Conclusions and outlook

We have studied the interplay between two classes of novel phenomena, which can be
observed at future lepton colliders with very large center of mass energy. The first class
consists of hard scattering processes induced by new physics at around 100 TeV. The
second class consists of the long-distance effects of EW radiation. Both phenomena play
a relevant role at lepton colliders with Ecm ∼ 10 TeV. In particular they are relevant at
muon colliders, which are the main target of the present work.

The interplay manifests itself in two ways. The first one is simply that EW radiation
effects on the SM predictions are large (see Sections 3.1.2 and 3.1.3) and require to
be included and resummed with high accuracy in order to isolate the putative BSM
contribution to the measurements. EW radiation thus plays for muon colliders a similar
role as QCD radiation for the LHC, with the difference (discussed in the Introduction)
that its effects can not be mitigated by the choice of suitable (inclusive) observables.
Therefore they are actually even more important for muon colliders than QCD is for the
LHC.

The second and possibly more interesting aspect of the interplay is given by the influence
on the pattern of EW radiation operated by the presence of new physics in the hard
scattering amplitude. This makes observables that require or that exclude the presence
of radiation display a different dependence on the new physics parameters, and the
sensitivity profits from their combined measurements as illustrated in Sections 3.2.1
and 3.2.2, and in Appendix 3.C.

Our sensitivity projections rely on putative measurements of exclusive and semi-inclusive
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cross-sections. Both classes of processes are characterized by the occurrence of a hard
scattering, with two particles in the final state carrying almost all the available energy.
The emission of additional EW bosons and hard photons is vetoed in the exclusive case
and allowed in the semi-inclusive one. We computed the resummed semi-inclusive cross-
sections in double logarithm (DL) approximation by extending the IREE methodology
[143], as described in Section 3.1.1. The exclusive cross-sections were computed at DL,
but also including single logarithms at 1-loop, which we found to be sizable.

The studies performed in this chapter should be improved and extended in many directions.
Better predictions will be definitely needed in order to approach the percent-level accuracy
target that is needed to fully exploit the statistical precision potential of a muon collider.
Moreover, given the magnitude of the radiation effects we observed, it is possible that
more accurate predictions will considerably affect some of our sensitivity projections.
A first step in that direction, which we leave for future work, is the inclusion of single
logarithms at fixed leading order in the semi-inclusive predictions. That could be achieved
by combining one loop virtual logarithms with a factorized treatment of real emission.
That calculation, would possibly also help clarify the connection between soft-collinear
effects (studied in this chapter) and the PDF/Fragmentation Function treatment of EW
radiation. It is not unconceivable that the same approach could be extended at the two
loop order. In parallel, the impact of resummation beyond DL should be assessed. The
SCET methodology currently offers the most promising approaches.

Another priority is to investigate further classes of cross-sections, sensitive to different
EW radiation patterns. Our results indicate that investigation should be done on the
basis of the structure of short distance new physics. At the end of Section 3.2.2 we took
one step in that direction, showing that the approximately flat direction in the (CB, CW )
likelihood contours is mitigated, in the absence of polarized beams, by considering an
“ISR-inclusive” cross-section. This third cross-section type is inclusive on radiation
collinear to the beam, but vetoes centrally emitted radiation. We could not compute the
ISR-inclusive cross-section at DL with our IREE methodology and limited ourself to a
tree-level estimate. A straightforward direction for progress would be to perform that
calculation and verify if and how it impacts our findings.

The definition and study of cross-sections should be also based on experimental con-
siderations. We already pointed out that exclusive cross-sections are problematic in
that regard. Indeed imposing the radiation veto requires experimental sensitivity to EW
radiation that is emitted in all directions, including the forward and backward regions
along the beam line. The angular coverage of the muon collider detector is still to be
quantified, however we expect that it will be insufficient for the measurement of exclusive
cross-sections.

In view of the above, it is important to emphasize that our sensitivity projections have
been verified to not change radically when exclusive cross-section measurements are not
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available. This conclusion is not in contradiction with (and cannot be inferred from) our
sensitivity plots, where (see e.g. Figure 3.6) we observe a strong complementarity between
“exclusive” observables and observables “with radiation”. Indeed for neutral processes
the latter observables consists of the difference between the semi-inclusive and the
exclusive cross-sections. Therefore the impact of eliminating the exclusive measurements
can not be estimated by suppressing the “exclusive” cross section measurement in the
computation of the likelihood. The proper estimate is obtained by employing the semi-
inclusive neutral processes without subtraction, combined with the charged measurements,
produces a combined reach that is not much inferior to the one that exploits the exclusive
measurements. In essence, the main sensitivity gain due to radiation stems from the
emergence of the charged processes and from their complementarity with the neutral ones.
The complementarity between neutral measurements with different degrees of radiation
inclusiveness (e.g., exclusive versus semi-inclusive) plays instead a less relevant role in
our results. This same qualitative behavior can be observed in the comparison between
the neutral and charged lepton production processes on the right panel of Figure 3.5.

On the other hand, the complementarity between exclusive and semi-inclusive mea-
surements exists and can benefit the sensitivity as we illustrated on the left panel of
Figure 3.5. It plays a marginal role in the combined fit to the limited number of EFT
operators we considered in this chapter. It could however be relevant in a more global
exploration and characterization of putative new physics. One way to recover sensitivity,
if exclusive measurements were indeed unavailable, could be to exploit the ISR-inclusive
cross-sections. These are easier to measure because they do not require sensitivity to
radiation in the forward and backward regions. This aspect should be investigated.

Our phenomenological results strengthen and extend previous estimates of the muon
collider sensitivity to heavy new physics. We have a considered a variety of BSM
scenarios with new physics coupled to the SM with electroweak strength. We found that
a Ecm = 10 TeV muon collider can probe up to a scale ranging from 50 to 200 TeV. The
reach improves linearly with Ecm. These figures are significantly above the potential
(direct and indirect) sensitivity of other future collider projects, and above the direct
sensitivity reach of the muon collider itself, which is obviously bounded by the collider
energy.

The indirect sensitivity to scales that are well above the direct reach is a great addition
to the physics case of a muon collider, whose relevance would not be diminished, but on
the contrary augmented, by the occurrence of a direct discovery. Indeed, direct hints for
new particles observed at the muon collider will turn into a full-fledged discovery of new
physics only after unveiling the underlying theoretical description of their dynamics. The
possibility of probing this dynamics well above the particle’s mass will play a decisive
role in this context. Furthermore, the direct manifestation of new physics might be
hard to detect. Perhaps, indirect probes will provide the first hint of its existence, to
be eventually confirmed by targeted direct searches. Finally, indirect searches for BSM
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phenomena based on precise measurements guarantee a sound output of the project.
The connection with the phenomenon of EW radiation, which is interesting per se, adds
scientific value to the program.

Before concluding, we discuss the impact of the integrated luminosity on our results. We
employed the baseline luminosity in eq. (3.35), which corresponds to 90 ab−1 for a 30 TeV
muon collider. Since the possibility of reducing the 90 ab−1 target is under discussion, it
is worth assessing the impact of a lower integrated luminosity on our conclusions. An
important aspect is associated with the actual experimental feasibility of the relevant
measurements. While a conclusive assessment will require dedicated studies, the expected
number of events in Table 3.3 20 and the corresponding efficiencies show that, with a
factor 10 reduction in luminosity, some of the processes we employed would be left with
a handful of observed events, possibly preventing the corresponding measurements. If
the reduction in luminosity were less extreme, the sensitivity to the scale of new physics
would simply deteriorate as the fourth root of the luminosity, as shown in Figure 3.12
for some of the BSM scenarios we studied in Section 3.2.3. The figure displays the
exclusion and discovery reach on the new physics scale normalized to the collider energy
Ecm = 30 TeV. This is the right figure of merit, since the goal is to extend the muon
collider sensitivity above the direct reach. The reduction by a factor of 101/4 = 1.8 due
to a factor 10 luminosity reduction partially undermines this goal, especially for what
concerns the generic manifestations of the Composite Higgs scenario.

3.A Radiation integrals

The contribution of virtual radiation to the amplitude variation in eq. (3.10) is propor-
tional to the integral

I ≡ −i
(2π)4

∫
δσ
d4q

1
q2 −m2

V + iϵ

(ki · kj)
(q · ki)(q · kj)

, (3.53)

where we included a mass mV ∼ mw for the virtual vector in order to verify explicitly
that the integral is log-enhanced only in the λ ≫ m2

w regime, where the IR cutoff is
much above the EW scale. We now proceed (following [181]) to the evaluation of I
assuming, for simplicity, exactly massless hard 4-momenta k2

i = k2
j = 0. The integral is

Lorentz-invariant, therefore it can only depend on the scalar product (ki · kj), that we
set to

(ki · kj) = 1
2(ki + kj)2 = 1

2E
2 , (3.54)

in what follows.

The calculation is conveniently performed in Sudakov coordinates [182]. Namely we

20The table is for Ecm = 10 TeV, however with the scaling in eq. (3.35) the results depend weakly on
the energy.
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parametrize the loop momentum q as

q = uki + vkj + q1
⊥ζ1 + q2

⊥ζ2 , (3.55)

where (ζ1)2 = (ζ2)2 = −1 and ζ1,2 · ki = ζ1,2 · kj = 0. In these coordinates

q2 = u v E2 − |q⊥|2 , (3.56)

and the infinitesimal strip δσ (3.7) that defines the integration region is expressed as

|u v|E2 ∈ [λ, λ+ δλ] . (3.57)

After the change of variables, the integral reads

I = i

(2π)4

∫
δσ

dudv

uv

∫
d2q⊥

|q⊥|2 − uvE2 +m2
V − iϵ

. (3.58)

The d2q⊥ integral must be performed up to an upper cutoff that justifies the usage of the
Eikonal approximation formula in eq. (3.8) for the gauge boson vertices. In particular we
notice that the actual denominators of the virtual legs in the diagram are not (ki,j · q)
as in the Eikonal formula, but rather (ki,j · q)± q2/2, with plus or minus for incoming
and outgoing particles, respectively. Neglecting q2/2 is justified only if |q⊥|2/2 is not as
large as to compete with the minimum among |ki · q| = |u|E2/2 and |kj · q| = |v|E2/2.
Therefore the q⊥ integral should be cutoff at

|q⊥|2 < Λ2 , with Λ2 = E2 min
[
|u|, |v|

]
. (3.59)

Similarly, the term proportional to uv in q2 should not be large compared to (ki,j · q),
therefore the u and v integrals are also bounded, in the region

|u| < 1 , |v| < 1 , (3.60)

supplemented by eq. (3.57).

The integration boundaries of u and v are invariant under u→ −u and under v → −v
reflections. We can thus perform the integral (3.58) in the first quadrant of the (u, v)
plane, provided we duly symmetrize the integrand. Furthermore we notice that first-
quadrant integration region (restricted to u < 1 and v < 1, owing to eq. (3.60)) is
conveniently described by the coordinates τ and y, defined by

u =
√
τey , v =

√
τe−y . (3.61)
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Indeed in these coordinates the condition (3.57) merely sets the value of τ to

τ = λ

E2 , with δτ = δλ

E2 , (3.62)

while the upper bound (3.59) on the |q⊥| integral reads

Λ2 = E2√τe−|y| = E
√
λ e−|y| . (3.63)

We can thus express the integral as

I = 2 i
(2π)3

δλ

λ

∫ yM

0
dy

∫ E
√
λe−y

0
d|q⊥|2

[
1

|q⊥|2 − λ+m2
V − iϵ

− 1
|q⊥|2 + λ+m2

V − iϵ

]
. (3.64)

where, since Λ2 is symmetric under y → −y, we could take the y integral from 0 to

yM = −1
2 log τ = log E√

λ
, (3.65)

and multiply by a factor 2.

The d|q⊥|2 integral in eq. (3.64) is readily performed. It is convenient to separate the
terms that emerge from the upper |q⊥|2 integration extreme from the one of the lower
extreme |q⊥|2 = 0, obtaining two contributions to I, IU and IL. We will readily see that
fhe former contribution is suppressed, therefore

I ≃ IL = 1
8π2

δλ

λ
log E

2

λ

i

π
log

[
λ+m2

V − i ϵ
−λ+m2

V − i ϵ

]
. (3.66)

The logarithm gives quite different results in the two regimes λ ≫ m2
w ∼ m2

V and
λ≪ m2

w ∼ m2
V . In the second one, the argument of the logarithm has positive real part,

almost equal to to 1 up to m2
V /λ power-corrections. In the first regime, the argument

has negative real part and the log equals +i π, plus λ/m2
V corrections. Namely

I
λ≫m2

w= − 1
8π2

δλ

λ
log E

2

λ

[
1+O(m2

V /λ)
]
, I

λ≪m2
w= − 1

8π2
δλ

λ
log E

2

λ
·O(λ/m2

V ) , (3.67)

from which we recover eq. (3.11). More precisely, notice that the integral for each pair
of external legs ij is controlled by the specific scale E2 = 2(ki · kj). In eq. (3.11) we
set all these scales equal up to corrections that are not log enhanced, but of order
one. This in turn corresponds to order 1/ log corrections to the evolution kernel and to
single-logarithm corrections to the solutions of the IREE.

The contribution to I from the upper |q⊥|2 integration extreme is suppressed. To see
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this it is convenient to employ the integration variable ρ = exp(y − yM), obtaining

IU = 2 i
(2π)3

δλ

λ

∫ 1
√
λ/E
dρ

1
ρ

log
[

1− ρ(1−m2
V /λ)

1 + ρ(1 +m2
V /λ)

]
, (3.68)

where we could drop the −iϵ because the argument of the logarithm has positive real
part in the entire range of integration. The ρ integral is finite for

√
λ/E → 0, therefore

it does not produce log-enhanced contributions. In particular the integral gives −π2/4
for λ≫ m2

w ∼ m2
V and it is power-suppressed in the opposite regime.

We now compute the contribution of real radiation to the density matrix variation, which
we employ in eq. (3.18). The relevant integral that controls the contribution from a real
radiation diagram like those in Figure 3.2, reads

IR ≡ −
1

(2π)3

∫
δσ

d3q

2q0
(ki · kj)

(ki · q)(kj · q)
= − 1

(2π)3

∫
δσ
d4q δ(q2 −m2

V ) θ(q0) (ki · kj)
(ki · q)(kj · q)

,

(3.69)
where we employed the eikonal formula in eq. (3.8), but ignored the “G” factors that are
included separately in eq. (3.18). Notice the presence of a minus sign, which is due to
three factors of −1. The first minus is due to the fact that applying the eikonal formula
to the conjugate amplitude gives the complex conjugate of the generator matrix “Gi” of
the corresponding leg, while eq. (3.18) is expressed in terms of the generators Gic = −G∗i
of the conjugate representation. The second minus sign emerges from the sum over the
polarizations of the real vector boson, which gives −ηµν . The third minus is because the
contribution to the variation is minus the integral over the strip δσ, since the λ cutoff is
a lower bound on the hardness.

In Sudakov coordinates (3.55), and setting (ki · kj) = E2/2, the integral becomes

IR = − 1
(2π)2

∫
δσ

dudv

uv
θ(u+ v)

∫
d|q⊥|2δ

(
uvE2 − |q⊥|2 −m2

V

)
. (3.70)

The integration extremes of all the variables are like those of the virtual integral, including
the condition (3.57) that defines the infinitesimal integration strip δσ. The delta function
in eq. (3.70) has support only if u v > 0, and the theta function further restricts the
integral to the first quadrant of the (u, v) plane. We can thus employ the τ and y

coordinates in eq. (3.61) and readily obtain

IR = − 1
8π2

δλ

λ
log E

2

λ
· θ(λ−m2

V ) . (3.71)

Evidently, the theta function condition is not satisfied for λ≪ m2
w ∼ m2

V , therefore the
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Bosons SU(2)L Y
W t 0
B s 0
H d +1/2
H̄ d̄ −1/2

Leptons SU(2)L Y
(νℓ,−1/2 , ℓ

−
−1/2) d −1/2

(ν̄ℓ,+1/2, ℓ
+
+1/2)t d̄ −1/2

ℓ−+1/2 s −1
ℓ+−1/2 s +1

Quarks SU(2)L Y
(u−1/2, d−1/2)t d +1/6
(ū+1/2, d̄+1/2)t d̄ −1/6

u+1/2 s +2/3
ū−1/2 s −2/3
d+1/2 s −1/3
d̄−1/2 s +1/3

Table 3.6: SU(2)L×U(1)Y quantum numbers of the SM particles in the high-energy
regime.

integral vanishes in this regime. In the other regime

IR
λ≫m2

w= = − 1
8π2

δλ

λ
log E

2

λ
, (3.72)

which is equal to the virtual radiation integral, as anticipated in the main text. Notice
that the pre-factor of eq. (3.18) contains an additional 1/2, due to the fact that the
real radiation contribution is effectively counted twice in the equation by the two terms
proportional to (GAi )(GAjc) and to (GAic)(GAj ) , which are equal after summing over i and
j.

3.B High-energy EW multiplets

The EW symmetry is effectively unbroken at energies much above the EW scale. Therefore
in this regime it is convenient to describe the SM particles in terms of representations of
the (linearly-realized) SM group SU(2)L×U(1)Y , with generators

T A = {T a,Y} , a = 1, 2, 3 . (3.73)

The generators act on the single particle states as

T A|p(k, α)⟩ = |p(k, β)⟩(TAr )βα , (3.74)
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with generator matrices TAr that define the representation “r” of the particle multiplet.
The field Φα

r that interpolates the multiplet from the vacuum, namely

⟨0|Φα
r (0)|p(k, β)⟩ ∝ δαβ , (3.75)

transforms with the same generator matrix, i.e.[
Φα

r (x), T A
]

= (TAr )αβΦα
r (x) . (3.76)

The SU(2)L representations of the SM particles and the corresponding U(1)Y charges
are listed in Table 3.6.

All the fermionic particles with helicity −1/2 transforms as doublets (i.e., r = d), the
anti-particles with helicity +1/2 transform in the conjugate (r = d̄) of the doublet
representation, while all the others are singlets. Obviously this is true only in the high
energy limit where the fermions are effectively massless and the helicity corresponds the
chirality of the corresponding interpolating fields. The doublet representation matrices
are the standard

T ad =
{(

0 +1/2
+1/2 0

)
,

(
0 −i/2

+i/2 0

)
,

(
+1/2 0

0 −1/2

)}
, T ad̄ = −(T ad )∗ = −(T ad )t .

(3.77)

The EW multiplets of bosonic particles are less well-known, but equally straightforward
to work out employing the standard Goldstone Boson Equivalence Theorem, or better
its stronger formulation in Ref.s [86, 183]. The point is that for massive W± and Z

vector bosons with 0 (longitudinal) helicity one can employ interpolating fields that
are a specific combination of the regular gauge fields W±µ and Zµ and of the Goldstone
boson scalar fields π± and πZ . The longitudinal states are thus a linear combination
of the quantum fluctuation modes associated to this two different type of fields, and
the scattering amplitudes with external longitudinal states are a linear combination of
Feynman diagrams where the external states are represented either as gauge fields or
as Goldstone fields. This is a convenient formalism in the high energy limit because
the polarization vector associated with gauge external lines vanishes as mw/E (unlike
the regular longitudinal polarization, that diverges as E/mw), and only the Goldstone
diagrams survive. In essence this means that the Goldstones, and not the gauge, are the
adequate interpolating fields for the longitudinal particles at high energy. Therefore the
EW quantum numbers of the longitudinal particles are the ones of the Goldstones, and
not of the gauge fields. The Goldstone bosons, together with the Higgs, form a doublet
with +1/2 hypercharge, and the corresponding conjugate doublet

H =
(
π+ ,

h+ iπZ√
2

)t
, H̄ =

(
π− ,

h− iπZ√
2

)t
. (3.78)
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3.B High-energy EW multiplets

Vector bosons with transverse helicity T = ±1 are instead well-described by gauge fields
even at high energy. Therefore they decompose into a triplet plus a singlet EW multiplet,
which are readily obtained by undoing the Weinberg rotation

W a =
(
W+

T +W−T√
2

, i
W+

T −W
−
T√

2
, cwZT + swγT

)t
, B = −swZT + cwγT . (3.79)

Explicitly, the triplet generator matrices are

T at =


0 0 0

0 0 −i
0 i 0

 ,

 0 0 i

0 0 0
−i 0 0

 ,

0 −i 0
i 0 0
0 0 0


 . (3.80)

We now proceed to the evaluation of the Ki exponentials in the explicit formula for the
semi-inclusive density matrix (3.22), for external legs in the doublet (or anti-doublet) or
in the triplet canonical representations defined by eq. (3.77) and (3.80). The K tensors
in eq. (3.20) are

[
Kd
]αᾱ
ββ̄

=
[
Kd̄

]αᾱ
ββ̄

= cd δ
α
β δ

ᾱ
β̄

+
∑
a

(T ad )αβ(T ad̄ )ᾱ
β̄

= δαβ δ
ᾱ
β̄
− 1

2δ
αᾱδββ̄ , (3.81)[

Kt
]αᾱ
ββ̄

= ct δ
α
β δ

ᾱ
β̄

+
∑
a

(T at )αβ(T at )ᾱ
β̄

= 2 δαβ δᾱβ̄ + δα
β̄
δᾱβ − δαᾱδββ̄ . (3.82)

The exponential of eq. (3.81) is trivial and we readily obtain
[

exp
(
−LKd

)]αᾱ
ββ̄

= e−Lδαβ δ
ᾱ
β̄

+ e−L/2 sinh(L/2)δαᾱδββ̄ , (3.83)

where we defined
L = g2

16π2 log2(E2/m2
w) . (3.84)

The exponential of eq. (3.82) is slightly more involved. First of all notice that the three
tensor structures in the right-hand-side of eq. (3.82) commute so we can exponentiate all
of them independently. In particular we get

exp
(
−2Lδαβ δᾱβ̄

)
= e−2Lδαβ δ

ᾱ
β̄

(3.85)

exp
(
−Lδα

β̄
δᾱβ

)
= cosh(L)δαβ δᾱβ̄ − sinh(L)δα

β̄
δᾱβ , (3.86)

exp
(
Lδαᾱδββ̄

)
= δαβ δ

ᾱ
β̄

+ 1
3
(
e3L − 1

)
δαᾱδββ̄ . (3.87)
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Taking the product of the factors just found, we get[
exp

(
−LKt

)]αᾱ
ββ̄

= e−2L
(
cosh(L)δαβ δᾱβ̄ − sinh(L)δα

β̄
δᾱβ

)
+ 2

3e
− 3

2L sinh (3L/2) δαᾱδββ̄ .

(3.88)

3.C 3rd family operators

The sensitivity to the 3rd family operators in Table 3.2 are summarized in this section.
In Figure 3.13 we report the two-dimensional contours in the (CtD, C(3)

qD) and (C(1)
qd , C

(3)
qD)

planes, with the third operator set to zero. We notice that the “with radiation” cross-
section measurements (see the main text) is mostly effective to probe C(3)

qD producing a
significant sensitivity improvement on the combined bound in this direction. The effect is
milder in the orthogonal directions. The likelihood is dominated by the linear term in the
new physics parameters so all our result can be expressed in terms of the single operator
reaches (at 95% CL) of and the correlations matrices in Table 3.7. In the table we report
the sensitivity of exclusive cross-section measurements alone, and the combination of all
the measurements.
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3.C 3rd family operators

Ecm = 3 TeV Ecm = 10 TeV

Ecm = 14 TeV Ecm = 30 TeV

Exclusive-only [95% CL] Combined [95% CL]
CtD C

(1)
qD C

(3)
qD CtD C

(1)
qD C

(3)
qD

3 TeV [−24.4, 24.4] [−9.47, 9.47] [−6.68, 6.68] [−23.1, 23.1] [−8.59, 8.59] [−5.45, 5.45]
10 TeV [−2.24, 2.24] [−0.97, 0.97] [−0.71, 0.71] [−2.04, 2.04] [−0.81, 0.81] [−0.49, 0.49]
14 TeV [−1.15, 1.15] [−0.52, 0.52] [−0.38, 0.38] [−1.03, 1.03] [−0.42, 0.42] [−0.25, 0.25]
30 TeV [−0.26, 0.26] [−0.13, 0.13] [−0.10, 0.10] [−0.22, 0.22] [−0.10, 0.10] [−0.05, 0.05]

Table 3.7: Single-operator 95% CL reach and correlation matrices for the Wlison coefficient
C

(3)
qD , C(1)

qD and C(3)
qD of the operators of Table 3.2 at different collider energies. All results

include exclusive cross-sections or combined measurements. The Wilson coefficient are
expressed in 10−4 TeV−2. Since the likelihood is dominated by the linear terms in the
new physics parameters, the single parameter reach and the correlation characterize our
results completely.
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Chapter 3. EW radiation at a High Energy Muon Collider

Figure 3.13: 95% CL contours in the (CtD, C(3)
qD) (left) and (C(1)

qd , C
(3)
qD) (right) planes at

the 10 and 30 TeV muon colliders.

Figure 3.14: The same as the right panel of Figure 3.10 for various collider energies.

3.D Summary plots

In this appendix we collect additional results skipped in the main text. In particular
in Figure 3.14 we report the sensitivity projections for the Y -universal Z ′ model, in the
(gZ′ ,MZ′) plane for the different collider energies. In Figure 3.15 we collect the sensitivity
projections for the composite Higgs model in the (m∗, g∗) plane for Ecm = 3, 14, 30 TeV.
Projections including composite top measurements can be found in Figure 3.17. Finally,
Figure 3.16 shows the dependence of the bound on the value of the ctt coefficients, as
explained in the main text.
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3.D Summary plots

Figure 3.15: The same as the left panel of Figure 3.10 for various collider energies.

Figure 3.16: The same as the right panel of Figure 3.11 for different values of ctt to show
the model dependence of the result.
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Figure 3.17: The same as Figure 3.11 for various collider energies. The blue line on the
equally-composite (left panels) projections are taken from [37], while on the right-handed
composite top scenario are taken from [178].
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4 Tetraquarks in a Non-Relativistic
Effective Field Theory

The thesis was so far focused on the search for physics Beyond the Standard Model, in
particular at energies much higher than the electroweak scale. In the examples presented
in the previous chapters, it is clear that an Effective Field Theory extension of the
Standard Model is a powerful way of parametrizing the low-energy effects of an unknown
underlying microscopic theory in a model independent way.

However, Effective Field Theories are extremely useful also in cases where the microscopic
theory is well known but cannot be used to make accurate predictions. In this chapter we
will see an application of such techiques for the study of the X(3872) exotic resonance,
a QCD tetraquark candidate whose fundamental nature is not yet understood due to
the non-perturbative nature of the theory. We will see that the seemingly accidental
tuning between the mass of this objects and the D −D∗ meson threshold will allow us
to describe its dynamics in terms of a non-relativistic EFT. Understanding this theory
will hopefully lead to a general parametrization for these objects in terms of Lagrangian
couplings that might be used to describe the experimental data on such resonances and
to understand their nature.

In sec. 4.1 we will give a short review about exotic QCD resonances and in particular
the X(3872). In sec. 4.2 we present the two main interpretations of such states as bound
states of two mesons or as compact QCD tetraquarks, showing hot recent studies seem
to prefer the latter possibility to the former. In sec 4.3 we study whether the exchange
of pions could mimic some of the results found in the previous section. Finally in sec. 4.4
we recap the main results and outlook future research directions on the topic.

4.1 Exotic resonances and the X(3872)

It is known since [184] that while QCD is written in terms of colored objects, quarks
q ∼ 3 ∈ SU(3), anti-quarks q̄ ∼ 3̄ ∈ SU(3) and gluons G ∼ 8 ∈ SU(3), at low energies
the physical states of the theory are color singlets, bound states of these elementary
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Figure 4.1: Summary of ordinary charmonia and the exotic XY ZP tetraquark and
pentaquark states. Figure taken from [187]

objects. The standard classification of such bound states is based on their constituents
and traditionally goes as

Meson = q̄iq
i , Baryion = ϵijkq

iqjqk , Anti-baryion = ϵijkq̄iq̄j q̄k .

However, the theory itself does not prevent other colorless combinations. Example of
these “exotic” states are the glueball GaGa, the tetraquark q̄q̄qq and the pentaquark
qqqqq̄. As it stands today, there seem to be evidence of the existence of several tetraquark
and pentaquark states (see [185, 186] for recent reviews on the topic). These evidences
are considerably stronger for the so-called hidden charm cc̄ and hidden beauty bb̄ states.
The reason is twofold. First of all, for states containing only light quarks it is difficult
to properly define the concept of an exotic state, since at strong coupling there is no
strong separation of scales and it is impossible to properly define what is the difference
between a qq̄ state as opposed to a qqq̄q̄ state. Furthermore, for the charmonia and
bottomonia QQ̄ states it is possible to predict the spectrum with high accuracy with
potential models since the quark masses are large enough to allow for a non-relativistic
Coulomb-like description of the bound state in terms of their constituent quarks. This
has made possible to identify several new states that do not agree with the predicted
spectrum. The first of such unexpected resonances was the X(3872), observed for the
first time in 2003 by Belle [188], in the decay

B0 → K0X → K0J/ψρ . (4.1)

The decay into a J/ψ signals the presence of a c and c̄ quarks in the X particle, however
this state does not fit into the charmonium predicted spectrum. The smoking gun
that confirmed the existence of multi-quark states was however the Z+(4430) charged
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4.1 Exotic resonances and the X(3872)

charmonium discovered by Belle in 2007 [189] in the decay

B0 → K−Z+ → K−J/ψρ+ . (4.2)

It is indeed clear that the state Z has to contain both a cc̄ pair and some light quarks in
order to have it charged.

Since then several other exotic states have been observed. The naming convention,
although not universally established, is as follows

• X states, e.g. X(3872), for neutral states observed in decays into ψ and pions and
positive parity.

• Y states, e.g. Y (4260), for neutral states observed in e+e− annihilations with
initial state radiation, therefore with negative parity.

• Z states, e.g. Z(4430), for isospin triplet states, thus both charged and neutral,
and positive parity

• P states, for pentaquark candidates.

A list of such states in the charmonium sector can be found in Fig. 4.1, taken from [187].
The most recent at the time of writing is the doubly charmed T+

cc (3875) state [190, 191]
that shares some of the properties that we will discuss in the chapter regarding the
X(3872) state.

Understanding the nature of these unconventional mesons is one of the greatest present
challenges in hadronic physics. Indeed, while it is now established that these states
contain four valence quarks, their binding mechanism is far less clear: are these resonances
a pure QCD tetraquark state bound by color interaction or are they bound states of
two color-neutral mesons? So far there has been no direct evidence for either these
hypotheses, meaning maybe that a satisfactory description of these objects should include
both possibilities. In the next section we will review the main physical properties and
observational consequences of the two models applied to the X(3872) resonance. But
before that it is necessary to briefly list what is experimentally known about this state.

As already mentioned, the X(3872) was first discovered in the J/ψπ+π− invariant
mass spectrum from a B meson decay, by the Belle experiment and has since then
been confirmed by multiple experiments (BaBar [192], CDF [193], D∅ [194], CMS [195],
LHCb [196]) from both B meson decays and in prompt production from pp or pp̄ collisions.
The state is confirmed to be neutral and have JPC = 1++ quantum numbers to a high
precision. One of the peculiarity of this hadron that makes it so puzzling is that its mass
is extremely fine-tuned to the D0D̄0∗ threshold. The current value for the difference
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from threshold is still zero within the uncertainties, but seems to be around [197]

ϵX ≡ |mX −mD0 −mD0∗ | = −0.07± 0.12 MeV . (4.3)

This tuning is what prompted the interpretation of this state as a molecule between the
D0 and D0∗ mesons. The main decay channel is indeed in D0D̄0π0 with a branching
ratio of [26]

Br[X → D0D̄0π0] = 0.5± 0.2 . (4.4)

The X can also decay to J/ψ ρ and J/ψ ω with roughly the same rate

Br[X → J/ψ ρ] ≈ Br[X → J/ψ ω] ≈ 0.05 , (4.5)

pointing to a large violation of isospin. The possibility of decaying in a I = 1 state
strongly disfavors the interpretation of the X as a pure charmonium or a c̄cG hybrid
state. The total width of the X has not yet been measured exactly and varies quite a
lot based on the parametrization used for the lineshape. The current value seems to be
around [198]

ΓX ≈ 0.1− 1 MeV . (4.6)

The measurement of the width is still challenging and requires to understand the most
general dynamics underlying this state. In the molecule picture one would expect the
width to be at least as large as the width of the shortest lived component, in this case the
D0∗, that is expected around 85 KeV. The total width is thus a fundamental parameter
that has to be measured precisely for this state in order to better study the nature of
this state.

4.2 Hadronic Molecule or Tetraquark?

4.2.1 Hadronic Molecule

Given the extreme closeness to the D0D∗0 threshold of the X(3872), a possible description
of this state that has been proposed is that of an hadronic molecule [199–201]. Similar
to how the deuterium is a bound state between a proton and a neutron, the X could be
a state made of the two D mesons bound by a potential slightly tuned in order to give a
particularly small binding energy. Given the measured value of the charge conjugation of
this state, C = +1, the molecule must have the structure

X = D0D̄0∗ +D0∗D̄0
√

2
. (4.7)

To form the molecule we assume an attractive potential between the two mesons given by
the exchange of lighter mesons. In this hypothesis the mass difference with the threshold
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must be assumed to be negative and it corresponds to the molecule binding energy B

ϵX = B ≈ −100 KeV . (4.8)

Such a small binding energy compared to the masses of the molecule constituents leads
to several important consequences. First of all, the typical momentum of the constituents
is very non-relativistic. Indeed we have

k ∼
√

2µrB ≈ 14 MeV≪ mD0 , (4.9)

where µr = 976 MeV is the reduced mass of the D0 and D0∗. This momentum scale is
also smaller than the one coming from the interaction range between the two mesons, that
can be estimated to be ≲ mπ from the Yukawa potential of a single pion exchange. As
we will see in the next section however, this estimate is not correct due to an accidental
fine tuning of the D0∗ mass and the D0 − π0 threshold. Indeed it turns out that

δ ≡ mD0∗ −mD0 −mπ0 ≈ 7 MeV . (4.10)

We will see in section 4.3 that this leads to a potential with a longer range compared to
the naive estimate. Still for the following arguments we can ignore this fact, since we
will see that it does not lead to any large deviations from what we will now find.

In the following, for simplicity of notation, we will refer to the D0 and the D0∗ simply as
D and D∗.

Quantum Mechanical approach

The scale separation between the momenta k and the mass mπ, or equivalently between
the size of the bound state and the maximum potential range, leads to an effective
description of the system in terms of long distance parameters that are insensitive
to the details of the potential. For example, just by traditional quantum mechanical
arguments we could proceed as follows [202]. We consider the wavefunction of the C = +1
combination of the DD∗ system in the center of mass frame. In the non-relativistic
limit, this system is predominantly in s-wave, so we can neglect the dependence on the
angular momentum. The radial s-wave Schrödinger equation for the radial wavefunction
ψ(r) = χ(r)/r of the DD∗ system in the center of mass frame reads

χ(r)′′ + 2µr[E − U(r)]χ(r) = 0 . (4.11)

As justified above, we assume that U(r) has a range of the order of m−1
π and it is tuned

in such a way to allow a single bound state with energy B ≪ U . In this hypothesis the
equation can be separated in two regions, for r < r̄ and r > r̄, with r̄ ∼ m−1

π and we will
consider low momenta kr̄ ≪ 1. When this happens, in the inner region we can neglect E
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compared to U
χ(r)′′ − 2µrU(r)χ(r) = 0 r < r̄ , (4.12)

while in the outer region we can neglect U(r)

χ(r)′′ + 2µrEχ(r) = 0 r > r̄ . (4.13)

This shows that for long wavelengths the potential only acts as a boundary condition at
r = r̄ ≈ 0 for the free Schrödinger equation. Furthermore a boundary condition is energy
independent since it is determined by the first equation and thus can be computed in the
special case E = −B. This leads to a universal prediction for the wavefunction of the
bound state

χ = e−r
√

2µrB , (4.14)

and for the scattering state for E = k2/2µr > 0

χ = sin(kr + δs) , (4.15)

where δs is the phase shift
k cot δs = −

√
2µrB . (4.16)

We see that in this approximation the whole dynamics is described by the single parameter
B. This last result can also be rewritten in terms of the D −D∗scattering amplitude

fs = 1
k cot δs − ik

= 1
−
√

2µrB − ik
, (4.17)

from which we see that the ϵ parameter is related to the scattering length as by

as = 1√
2µrB

≈ 14 fm≫ m−1
π . (4.18)

The small k expansion of the phase shift, known as the effective range expansion

k cot δ = − 1
aS

+ 1
2r0k

2 +O(k4) , (4.19)

is in this case exact. The effective range r0 arises from the finer details of the potential
that we have neglected and is thus expected to be of the order of m−1

π .

Non-relativistic EFT

The same system can be equivalently studied in a more modern Effective Field Theory
language. This theory will contain two interpolating fields for the scalar mesons D, D̄
and two vector fields D and D̄ for the spin-1 mesons and will be built by performing two
expansions: an expansion in low velocities v ≪ 1, that will give us the non-relativistic
limit, and an expansion in low momenta compared to the scale mπ. The most general
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. . .

Figure 4.2: The class of diagrams that contribute to the D0D̄∗0 scattering amplitude
in the non-relativistic EFT. The single line represents a D meson and the double line
represents a D∗.

Lagrangian reads

L =D†
(
i∂t + ∇2

2mD

)
D + D̄†

(
i∂t + ∇2

2mD

)
D̄

+D†
(
i∂t + ∇2

2mD∗

)
D + D̄†

(
i∂t + ∇2

2mD∗

)
D̄

+λ

2
(
DD̄ + DD̄

)† (
DD̄ + DD̄

)
+O

(
∇2

m2
π

) (4.20)

This Lagrangian deserves several comments. First of all, the meson fields become complex
in the non-relativistic limit. This is because in this limit due to the conservation of
the numbers of particles, each operator contains only either creation or annihilation
operators, and not both. This conservation law becomes in the effective theory a U(1)
global symmetry for each of the fields in the Lagrangian. The coupling λ represents the
short distance interaction between the C = + combination of mesons. We neglect other
combinations of couplings since they do not contribute to the X bounds state.

The conservation of the number of particles at each vertex makes it such that the only
diagrams that contribute to the DD∗ → DD∗ scattering amplitude are the ones in
Fig. 4.2, given by a series of bubbles. This simple structure makes it possible to resum
the whole series of diagrams in order to obtain the exact amplitude non-perturbatively
in λ.

The resummed amplitude in the center of mass frame is

As = − λ

1 + iλL(E) , (4.21)

where
L(E) = −iµr

π2 Λ + iµr
2π
√
−2Eµr − iε (4.22)

is the linearly divergent bubble regularized with a hard cutoff Λ ∼ mπ and ε > 0 tells us
the correct sheet for the square root. Renormalizing the amplitude, imposing that at
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E = 0 one has A = −λR gives the relation

1
λR

= 1
λ

+ µr
π2 Λ (4.23)

and the renormalized amplitude

As = − λR

1− λRµr

2π
√
−2Eµr − iε

. (4.24)

When E = k2/2µr this amplitude becomes

As = 2π
µr

(
− 2π
µrλR

− ik
)−1

= 2π
µr
fs , (4.25)

where fs is the same as eq. (4.17). From this result we immediately read the scattering
length

as = λRµr
2π , (4.26)

while the effective radius r0 is zero. A contribution to r0 would come from higher
derivative operators, such as

O6 = λ6
16m2

π

(
DD̄ + DD̄

)† (
D
←→
∇ 2D̄ + D←→∇ 2D̄

)
, (4.27)

where ←→∇ =←−∇ −−→∇ and is thus expected to be r0 ∼ m−1
π .

The amplitude (4.24) has a pole at the binding energy of the bound state E = −B with

B = 2π2

λ2
Rµ

3
r

= 1
2µra2

s

, (4.28)

that agrees with what found in eq. (4.18) using the simple Quantum Mechanics arguments.

Finally, from eq. (4.23) we can see what are the conditions necessary to obtain an
anomalously large scattering length or equivalently a small binding energy. We can
indeed rewrite the equation in terms of the physical scattering length coming from λR
and a “bare” scattering length coming from λ as

1
as
∼ 1
abare

+ 2
π
mπ , (4.29)

where we have also used the fact that Λ ∼ mπ. By dimensional analysis we would expect
a natural size for the bare scattering length of abare ∼ m−1

π . To obtain a scattering length
that is larger of a factor ∼ 10 than m−1

π , as it happens in the real case, there must be an
accidental cancellation of one part in ten between the two terms in eq. (4.29).
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4.2.2 Compact tetraquark

The second interpretation of the X(3872) that we want to consider is the possibility that
this state is a four quarks state tightly bound by QCD interactions [203, 204]. In this
section we will first review some of the problems that the molecule model faces when
compared to experimental data and then move on to see how the tetraquark hypothesis
can address some of those.

Problems of the Hadronic Molecule model

We have seen that it is possible to generate a shallow bound state between the two D and
D∗ mesons thanks to a moderate tuning and we have computed the consequences of such
hypothesis, in particular regarding the structure of the D −D∗ scattering amplitude in
the presence of such bound state. The most important prediction that we found is that
this amplitude has a large scattering length fixed by the X binding energy by eq. (4.18)
while it has a small ∼ m−1

π effective range.

The main reason that motivated the work of this chapter is indeed related to the measured
value of r0. It was recently found [198] that the latest experimental fit to the resonance
lineshape seem to give a value for scattering length and effective range of

aLHCb
s ∼ 28 fm, rLHCb

0 ∼ −5.3 fm . (4.30)

This result is particularly interesting because of its sign and size. From general quantum
mechanics arguments [202, 205] it can be proven that for a fully attractive potential r0
is expected to be positive . Furthermore as we have seen, we would expect its size to be
of the order of m−1

π ≈ +1.4 fm. This is indeed what happens for the deuteron, a loosely
bound state of a proton and a neutron for which we also have a large scattering length
ad
s ≈ +5.4 fm but a natural effective range rd

0 ≈ +1.7 fm. Explaining the size and sign
of r0 in the molecular model would require a second numerical accident, in addition to
the B tuning, that enhances the size of this coefficient. However, as we will see in the
next section, a more natural explanation would be the mixing with a compact state such
as a charmonium or a tetraquark.

Another important observable that could help discern the nature of the X(3872) would
be the partial width in J/ψ and a ρ or ω meson. Intuitively the, the molecular model
would predict a large width for the decay into D0D̄∗0 or DD̄π due to the molecular
dissociation or the decay of its D̄∗ component. The decay into a compact charmonium
should be extremely suppressed due the large difference in size between the molecule and
the charmonium. The probability that the charm and anti-charm quarks lie in a region
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of size of ∼ 1 fm is roughly given by

P ∼
(1 fm
as

)3
∼ 10−3 . (4.31)

Using this estimate, and computing the available phase space for the decays one can
estimate [185]

Γ(X → J/ψρ) ∼ Γ(X → J/ψω) ∼ 5 KeV . (4.32)

This result is compatible with the experimental measurement if the total width of the
X is of the order of ≲ 100 KeV. A more precise measurement of ΓX is thus needed to
assess this.

Another hint that the molecular picture for the X(3872) cannot be the full story, comes
from the observation of this resonance in prompt hadronic collisions. In particular,
comparing the production at high transverse momentum with those of deuterium or
other light nuclei, shows that the X is produced at much higher rates than what one
would expect for a loosely bound state [206, 207, 185] while it is comparable to the rates
of production of a standard charmonium. The intuitive picture behind this simple: we
have seen that the relative momenta of the D and D∗ inside the molecule is small from
equation (4.9). It then is clear then that the probability of creating the two hadrons at
high transverse momentum (p⊥ ≳ GeV) but low relative momentum should be much
smaller compared to creating a charmonium of similar mass with the same p⊥. The
experimental measure for such cross sections shows instead

σ(pp̄→ ψ(2S) + . . . ; p⊥ > 5 GeV)prompt = 67 nb (4.33)
σ(pp̄→ X(3872) + . . . ; p⊥ > 5 GeV)prompt = 30− 70 nb . (4.34)

In the molecular picture, this last cross section has an upper bound given by the
production cross section of a D and D∗ with a relative momentum of ∼ 14 KeV of (4.9)

σ(pp̄→ X(3872) + . . . ) ≈
∣∣∣∣∫
R
ψ(p) ⟨DD∗ + . . . |pp̄⟩

∣∣∣∣2 d3p

≲
∣∣∣∣∫
R
⟨DD∗ + . . . |pp̄⟩

∣∣∣∣2 d3p ,

(4.35)

where ψ(p) is the X(3872) molecule wave function in momentum space and R is a
ball in momentum space with radius k from (4.9). This upper bound was estimated by
Monte Carlo simulations and found to be ∼ 300 times smaller than what experimentally
measured. This result depends on the region of integration R and has been criticized, for
example in [208]. In [207] however the prompt production of the X was compared with
the experimental data for several light nuclei, that are obviously hadronic molecules, and
was still shown to be much higher than expected.

On the same line, the prompt production of the X and the ψ(2S) charmonium were
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compared in events with high multiplicity. In this kind of events final state interactions
become important and give very different predictions for the molecule and tetraquark
scenarios. Since the many final state collisions tend to lower the average relative
momentum, the rate of production of the molecule compared to the charmonium increases
with the number of particles in the final state. On the other hand for the tetraquark
picture the rate decreases. The results from [209] applied to the experimental results of
LHCb [210] show a strong preference with the tetraquark picture.

Finally, another problem of the molecular interpretation that is worth mentioning is
the fact that even though it has not yet been measured precisely, the total width of the
X(3872) seems to be larger or at best comparable to its binding energy. However, since
the binding energy and width are inversely related to the time it takes to respectively
form and destroy the bound state, this would lead to the paradoxical conclusion that
the X is a state that decays before it even has the chance to form. More accurate
measurements of these two parameters are however needed in order to confirm this.

Weinberg compositeness criterion

The question on how to distinguish a composite state from a compact one by looking at
long distance observables was already answered by Weinberg in 1965 [211]. His result
is now known as the Weinberg compositeness criterion and showed how it is possible
to determine whether the deuterium is an elementary particle or a proton-neutron
bound state from scattering experiments. In this context, the words “elementary” and
“composite” depend on the length scales that can be probed by the experiment. In this
case what we mean is that there exists an hierarchy of length scales set by the size of the
states l and the collision momentum k of the type

ln ≈ lp ≪ ld ≲ 1/k . (4.36)

In this limit the proton and neutron can be considered as point-like objects, while their
bound state cannot. The fact that the size of the deuteron is larger than the typical
nuclear size is due to another accidental tuning that, similarly to the X(3872) in the
previous sector, makes the binding energy particularly small (B ≈ 2.22 MeV).

The starting point of Weinberg’s argument is a Hamiltonian H composed of a free part
H0 and a potential term V that describes all the states with the same quantum numbers
of the deuteron. H0 will then contain a continuum of two particles proton-neutron states
|n p(k)⟩, where k is the relative momentum, and one (or more) discrete single particle
states |d⟩ that correspond to a possible elementary deuteron with a size comparable to
the nucleons. The full Hamiltonian H contains instead the physical deuteron state |d⟩
that has energy

H |d⟩ = −B |d⟩ (4.37)
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with respect to the p− n threshold. The existence of this state comes from the potential
V that contains both interactions between proton and neutron, that could generate a
bound state in the absence of |d⟩, and interaction between the elementary deuteron and
the continuum. The physical deuteron |d⟩ can then be written as a mixture of the two
H0 eigenstates, weighted by an overlap parameter Z defined as

Z ≡ | ⟨d|d⟩ |2 . (4.38)

This leads to the decomposition

|d⟩ =
√
Z |d⟩+

∫
d3k

(2π)3C(k) |n p(k)⟩ , (4.39)

where ∫
d3k

(2π)3 |C(k)|2 = 1− Z . (4.40)

The overlap Z satisfies 0 ≤ Z ≤ 1, where the case Z = 0 corresponds to the case in which
the physical deuterum is a pure bound state, while the case Z = 1 to the extreme limit
in which the theory is free, there are no interactions with the |np⟩ continuum and the
physical deuteron coincides with the bare one.

Weinberg then computes the elastic proton-neutron scattering amplitude in the small
scattering energy limit in which the potential can be treated as approximately local.
Explicitly he defines an effective coupling between the continuum and the physical state
|d⟩ as

g ≡ | ⟨np|V |d⟩ |E=0 , (4.41)

valid until ∼ 2µrE/m2
π ≪ 1. This effective coupling can be rewritten using eq. (4.37)

and (4.39) as

g2 = 2π
√

2µB
µ2 (1− Z) . (4.42)

From this, Weinberg solves the Lippmann-Schwinger equation to compute the scattering
phase-shift as a function of these parameters. We will not repeat the steps of his
derivations here since, as we will show in the next section, his results can be more easily
computed with a non-relativistic EFT language. The final result of the computation
gives for the scattering length and the effective range

as = 2(1− Z)
2− Z

1√
2µrB

+O(m−1
π )

r0 = − Z

1− Z
1√

2µrB
+O(m−1

π ) .
(4.43)

We can see that in the limit Z → 0, that corresponds to the case in which the deuteron
is a pure bound state, we find the results of the previous section and in particular the
fact that r0 is zero, up to finite potential range corrections. When 0 < Z ≲ 1 instead,
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. . .

Figure 4.3: The class of diagrams that contribute to the D0D̄∗0 scattering amplitude in
the non-relativistic EFT with the compact tetraquark. The double wiggly line represents
the X field.

we see that, up to m−1
π corrections, the effective range can be large for a shallow bound

state and, most importantly, negative.

By measuring scattering length and effective range one can determine the parameter Z
and thus measure if there exists a compact component in the bound state. If one applies
this criterion to the deuterium, where r0 ≈ +1.75 fm ≈ m−1

π one can conclude that Z has
to be small and thus the deuterium is simply a proton-neutron bound state. In the case
of the X(3872) instead r0 is measured to be negative and much larger than m−1

π from
eq. (4.30) and this leads to the conclusion that Z has to be significantly different from
zero, pointing out to the existence of a compact component in the X. Indeed substituting
the measured numbers from eq. (4.30) in eq. (4.43) one finds

Z ∼ 0.14 . (4.44)

EFT with the tetraquark

In this section we will extend the results of sec. 4.2.1 by showing how to extend the
non-relativistic EFT to include a compact tetraquark components. We will see that this
EFT reproduces Weinberg’s results [212].

To extend the theory we need to add a vector field X that will represent the elementary
component of the X(3872) and a cubic coupling between this object and the C = +
combination of the meson fields. We will assume the bare mass of the X to be tuned to
be close to the D0D̄∗0 threshold. The cubic coupling clearly violates the conservation
of the number of particles that is however a consequence of the non-relativistic limit.
Such a violation is however allowed as long as the mass difference between these states is
small, as it is in our hypotheses.

To be more specific, the non-relativistic limit of a QFT is taken by performing field
redefinitions of the type

ϕ(t,x) = 1√
2m

(
e−imtψ(t,x) + eimtψ†(t,x)

)
. (4.45)
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In order to allow for the X ↔ DD∗ transitions, we can perform a redefinition like

Xrel = 1√
2(mD +mD∗)

(
e−i(mD+mD∗ )tX + ei(mD+mD∗ )tX†

)
. (4.46)

The difference between the mass of the X and the threshold mD +mD∗ then becomes
an additional term in the kinetic part of the Hamiltonian that gives it a non-zero rest
energy. The full Lagrangian of the theory then is

L =D†
(
i∂t + ∇2

2mD

)
D + D̄†

(
i∂t + ∇2

2mD

)
D̄

+D†
(
i∂t + ∇2

2mD∗

)
D + D̄†

(
i∂t + ∇2

2mD∗

)
D̄

+X†
(
i∂t + ∇2

2(mD +mD∗)
− ϵ
)

X

+λ

2
(
DD̄ + DD̄

)† (
DD̄ + DD̄

)
+g

(
DD̄ + DD̄

)†
X + h.c. ,

(4.47)

where the parameter
ϵ = mX −mD∗ −mD , (4.48)

represents the “bare” distance from the threshold.

Also for this theory it is possible to compute the D0D̄∗0 scattering amplitude non-
perturbatively in both λ and g. The cubic interactions adds new diagrams where each
of the λ vertices of Fig. 4.2 can be replaced by X propagators. An example of such
diagrams can be seen in Fig. 4.3. The simplest way to see how to compute it is by solving
the diagrammatic equation of Fig. 4.4. The solution is easy since all the loops factorize
as simple products. The resummed renormalized amplitude obtained is

As = − g2 + (E − ϵ)λ
E − ϵ− µr

2π [g2 + (E − ϵ)λ]
√
−2µrE − iε

. (4.49)

From this we can extract the scattering length and effective range by expanding at low
momenta for E = k2/2µr to find

as = µr
2π

(
λ− g2

ϵ

)
, (4.50)

r0 = − 2πg2

(g2 − ϵλ)2µ2
r

= − g2

2πa2
sϵ

2 . (4.51)

We can see that in the limit g → 0 we recover the result of the molecule model and, in
particular, r0 → 0. When g ≠ 0 instead we find that r0 is negative as expected from
Weinberg’s criterion.
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= + + +

Figure 4.4: Diagrammatic equation for the full scattering amplitude (grey blob) of the
NR-EFT containing the D (single line) and D∗ (double line) mesons, and the compact
tetraquark X (double wiggly line).

These results are the same as Weinberg’s original paper. The matching is done more
easily in the limit λ = 0. In this limit the amplitude looks like

As = − g2

E − ϵ0 − g2
[
−µr

π2 Λ + µr

2π
√
−2µrE − iε

] , (4.52)

where we have reinstated the cutoff dependence in order to show more clearly the origin
of the tuning and we have thus introduced the parameter ϵ0 to distinguish it from the
renormalized ϵ in the previous equations.

In Weinberg’s language ϵ0 is the energy of the elementary X state in the free theory.
The amplitude has a pole at E = −B that corresponds to the mass of the physical X
state in the interacting theory and is obtained by the equation

−ϵ ≡ −ϵ0 + g2µr
π2 Λ = B + g2 µr

2π
√

2µrB . (4.53)

In this case we see that in order to have a state close to threshold, that is a small B,
we need a tuning in the value of the bare ϵ0, a parameter that is determined entirely by
short distance interactions mediated by gluons.

Weinberg’s effective coupling (4.41) can be obtained by taking the residue of the bound
state pole in the scattering amplitude

Res[As, E = −B] ≡ −g2
eff = − g2

1 + g2µ2
r/(2π

√
2µB)

. (4.54)

The proportionality constant between g2 and g2
eff is the wavefunction renormalization

constant Z between the elementary and physical X states

Zg2 = g2
eff . (4.55)

Indeed eliminating g in favor of Z from (4.54) gives

g2 = 2π
√

2µrB
µ2
r

(1− Z) , (4.56)
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exactly like in (4.42).

The final step to match with Weinberg is then to rewrite eq. (4.50) in terms of B and Z

using (4.53) and (4.42). This gives

as = 2(1− Z)
2− Z

1√
2µrB

(4.57)

r0 = − Z

1− Z
1√

2µrB
(4.58)

exactly like eq. (4.43) and Weinberg’s original result.

4.3 The role of the pion on the effective range

As we have already anticipated earlier, there is a second accidental tuning in the D0D̄∗0

system. The mass of the D∗0 is indeed close to the D0 π threshold as shown in eq. (4.10).
This leads to an interaction whose range is longer than what naively expected and the
pion should thus be included in the long distance EFT [213–216]. One might then
wonder whether this longer range interaction might lead to violations of the arguments
given before and could give a large correction to the effective radius. In this section
we address this problem using a non-relativistic quantum mechanical treatment based
on the distorted wave Born approximation. An expression for the effective range for
the X(3872), including the effect of pions, has already appeared in [216], where a non-
relativistic effective theory for the D∗0, the D0 and pion has been used. The approach
we use here considerably simplifies the problem, avoiding the calculation of several loop
Feynman diagrams. Despite the long range interactions, the pion is sufficiently weakly
coupled not to generate a large effective radius for a D0D̄∗0 molecule. Moreover, it
introduces a new feature in the effective range expansion, i.e. that the latter can be
complex.

4.3.1 The D0D̄∗0 potential

The non-relativistic D0D̄∗0 potential is related to the Fourier transform of the tree
level D0D̄∗0 → D0D̄∗0 scattering amplitude. At lowest order in the pion coupling, the
diagrams contributing to the process are those in Figure 4.5. Because of the accidents
described above, there is little phase space available to all the particles involved, which
are then characterized by small velocities. As we have already seen, the problem can be
treated in a non-relativistic effective field theory [213–216]. The theory including the
pion is given by adding to eq. (4.20) the interaction terms

Lpion =
(

g√
2fπ

)
1

2mπ

(
DD† · ∇π + D̄†D̄ · ∇π†

)
+ h.c. . (4.59)
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p2

p1, ε

p′
2
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1, ε

′
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p2

p1, ε

p′
1, ε

′

p′
2

(b)

Figure 4.5: Contact (left) and pion-mediated (right) tree level D0D̄∗0 interactions. The
single line represents a D0, the double line a D∗0 and the dashed one a neutral pion.
Finally, ε and ε′ are the polarization vectors of the incoming and outgoing D∗0.

At tree level we then find the following amplitudes

Aa = − λ , (4.60a)

Ab = − g2
π

2f2
π

ε·(p1 − p′2) ε′ ·(p1 − p′2)
µ2 − (p1 − p′2)2 , (4.60b)

where µ2 ≡ 2mπδ, with δ ≡ mD∗ −mD −mπ. As mentioned, µ2 ≪ m2
π. The coupling in

the second line can be extracted from the known D∗± decay width, and it is given by
g2
π/(4mπf

2
π) ≃ 3.7 × 10−8 MeV−3 [215]. Moreover, to keep our expressions simple, we

are working at lowest order in mπ ≪ mD.1 To be consistent with power counting, at
this order one should also include the higher derivative correction to the contact D0D̄∗0

interaction as in eq. (4.27), as explained, for example, in [213, 214]. Nonetheless, we
expect that such corrections give a contribution to the effective range of order m−1

π .
Here we are interested in tracking possible contributions substantially larger than that,
and we will therefore ignore these corrections. All the short distance contributions are
parametrized with the simplest contact interaction.

Denoting the initial positions and momenta of the D∗0 and of the D0 as (x1,p1) and
(x2,p2) respectively, and the final ones as (x′1,p′1) and (x′2,p′2), the position space matrix
element for the potential operator, U ≡ ⟨x′1,x′2|V |x1,x2⟩, is obtained from the Fourier
transform of the non-relativistic amplitude. Specifically, given the amplitude, one has

U = −
∫

d3p1
(2π)3

d3p2
(2π)3

d3p′1
(2π)3

d3p′2
(2π)3 M ei(p1·x1+p2·x2−p′1·x

′
1−p′2·x

′
2) (2π)3δ

(
p1+p2+p′1+p′2

)
.

(4.61)

1We checked that including corrections to this approximation [215] changes our results by a factor
smaller than 10%.
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For the contact interaction, Aa, one gets

Ua = −λ ε · ε′δ(3)(r)δ(3)
(
x1 − x′1

)
δ(3)

(
x2 − x′2

)
, (4.62)

where r ≡ x1 − x2 is the relative distance, and we are working in a basis where the
polarization vectors are constant. The meaning of the δ-functions is clear: the positions
of the D∗0 right before and right after the collision coincides, and the same is true for
the D0. Moreover, the interaction happens at short distances.

The Fourier transform of Ab, instead, returns (see also [217])

Ub = g2
π

8πf2
π

δ(3)
(
x1 − x′2

)
δ(3)

(
x2 − x′1

)
×
{[

ε·r̂ ε′ ·r̂
(

3
r3 + 3iµ

r2 −
µ2

r

)
− ε·ε′

( 1
r3 + iµ

r2

)]
e−iµr + 4π

3 δ(3)(r)
} (4.63a)

S-wave−−−−→ − g2

8πf2
π

δ(3)
(
x1 − x′2

)
δ(3)

(
x2 − x′1

)1
3ε·ε′

(
µ2 e

−iµr

r
+ 4πδ(3)(r)

)
, (4.63b)

where in the last line we projected on S-wave as appropriate for a loosely bound molecule.
The width of the D∗0 appearing in µ clearly serves as an IR regulator.

Some comments regarding the above matrix element are now in order. First of all, we
notice that the δ-functions dictate that the D0 and D∗0 exchange their positions right
after the collision, in agreement with the intuitive picture arising from the diagram (b)
in Figure 4.5. Secondly, this potential is complex and has infinite range. This reflects
the fact that, since the D∗0 decays into D0π0, the intermediate pion in this process can
be real, and hence propagate at arbitrarily large distances. For this reason, as we show
in the next section, the contribution to the effective range arising from these interactions
is now complex as well.

4.3.2 The scattering amplitude and the effective range

We compute the D0D̄∗0 scattering amplitude at lowest order in the pion interaction
using the so-called distorted wave Born approximation [218]. In order to do that, one
separates the potential into a short and a long distance contribution, VDD∗ = Vs + Vℓ,
where the latter is smaller than the former. In particular, from Eqs. (4.62) and (4.63),
they are given by

Vs = −
(
λ+ g2

π

6f2
π

)
δ(3)(r) δjj′ , Vℓ = −αe

−iµr

r
δjj′ , (4.64)
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where j and j′ are the initial and final spins of the D∗0, and we defined α ≡ g2
πµ

2/(24πf2
π)

for simplicity. The scattering amplitude can then be computed perturbatively in Vℓ,

fDD∗ = fs −
µr
2π ⟨ψ

−
s |Vℓ|ψ+

s ⟩+O
(
V 2
ℓ

)
, (4.65)

where µr is the D0D̄∗0 reduced mass, and fs and ψ±s are the amplitude and in/out states
arising from the short distance potential alone. They can be computed exactly and, in
S-wave, they are [219, 220]

fs = 1
−1/as − ik

, (4.66a)

ψ±s (r) = sin(kr)
kr

+ 1
−1/as ∓ ik

e±ikr

r
= e±iδs

sin(kr + δs)
kr

, (4.66b)

where k is the relative D0D̄∗0 momentum. Morever, δs is the short distance scattering
phase, related to the scattering length, as, by k cot δs = −1/as. The latter can be
related to the couplings in Eq. (4.64). However, it needs to be renormalized due to UV
divergences [219, 221] and, consequently, it is not computable within the long distance
theory: it must be taken from data. These results of course agree with what we found
in the previous section, with the difference that now we have included a short distance
contribution coming from the pion together with the usual λ.

With this at hand, using the distorted Born approximation we find that the leading order
correction to the scattering amplitude is

⟨ψ−s |Vℓ|ψ+
s ⟩ = −α e2iδs

∫
d3r

e−iµr

r

sin2(kr + δs)
(kr)2 , (4.67)

where the spin of the D∗0 plays no role since it is trivially conserved before and after
the collision. Once again, the amplitude above features a UV divergence, encoding the
unknown short distance physics. We choose to regularize it using a cutoff at r = r̄. At
leading order in r̄ → 0 one gets

⟨ψ−s |Vℓ|ψ+
s ⟩ = πα

k2

{
−
(
1− e2iδs

)2
(iπ + γE)− log

[
r̄(µ+ 2k)

]

+ 2e2iδs log(r̄µ)− e4iδs log
[
r̄(µ− 2k)

]}
+O(r̄) ,

(4.68)

where γE is the Euler-Mascheroni constant. For small relative momenta, the inverse
amplitude reads

f−1
DD∗ = − 1

aR
− ik + 2αµr

µ2

(
2

a2
Rµ

2 − 1− 8i
3aRµ

)
k2 +O

(
k4
)
, (4.69)
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where the O
(
k2
)

term determines the effective range and aR is the renormalized scattering
length, which again reabsorbs the UV divergence in a measurable quantity. The expression
in Eq. (4.69) reproduces exactly the result obtained in [216], up to an unspecified constant,
which the authors called F2. Unfortunately, the origin of such a term is not clear in [216].
The scattering length can be determined from the distance of the X(3872) from the
D0D̄∗0 threshold as aR = 1/

√
2µrB. Considering the current experimental bound, for

a molecular state one has 0 keV ≲ B ≲ 120 keV, from which one obtains the following
bounds on the real and imaginary parts of the effective range due to long range pion
exchange:

−0.20 fm ≲ Re r0 ≲ −0.15 fm , (4.70a)
−0.19 fm ≲ Im r0 ≲ 0 fm . (4.70b)

As one can see, the pion is too weakly coupled to generate a large, negative effective
range in a purely molecular scenario. Nonetheless, r0 can now have an imaginary part,
albeit small.

Note that this computation misses the contributions from the D∗ self-energy diagrams
from pion corrections. How to properly include such corrections in this formalism is still
part of our ongoing work.

4.4 Partial conclusions and Outlook

We have seen that the two description of the X(3872) as a DD∗ mesonic molecule or
as a compact tetraquark give very different predictions. There are many experimental
hints that point to a compact component of the X. We have seen in particular that the
effective range can be a direct measure of the mixing between the compact and molecular
component of the system. In the case of the X(3872), such parameter is measured to be
large and negative. According to Weinberg’s criterion, r0 is expected to be O(m−1

π ) for a
pure bound state, while for a compact object close to a threshold it should be negative,
with magnitude that can be larger than m−1

π .

We have then seen that the interaction due to pion exchanges, that have a longer range
than naively expected due to the mass tuning between the D∗ and the Dπ threshold,
while giving a negative contribution to r0, do not effect the validity of the argument and
cannot generate corrections to the effective range larger than m−1

π . The same arguments
could be applied to other exotic states close to meson threshold. For example the recently
discovered T+

cc (3875) was also measured to have a negative effective range (see Fig. 4.6).

Both the X(3872) and the T+
cc (3875) are exciting examples of fine-tuning. Understanding

their nature might tell us something about QCD and maybe teach us something about
fine-tunings in general. From the theoretical side, a complete understanding of these
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Figure 4.6: The value of the effective range for the X(3872) and the T+
cc (3875) from the

experimental lineshape from various studies. Plot taken from [186]

exotic resonances would require the understanding of what are the relevant parameters
to describe them. As mentioned, it is unclear whether the lineshape currently employed
by LHCb is the most general one, able to accommodate for the presence of compact
states and for additional thresholds. It is thus important to construct a general Effective
Theory that describes this states in order to identify which and how many parameters
are needed to fully capture the nature of these states.

From the experimental side, the smoking gun that might confirm the compact tetraquark
nature of this state would be the detection of its charged partners X±(3872) that are
predicted from isospin symmetry. The approximate SU(3)f flavor symmetry among the
three lighter quarks indeed leads to a prediction of the existence of flavor multiplets
for the tetraquarks exactly like what happens for the conventional hadrons [222]. This
pattern is not expected in molecular models. The color singlet mesons would be bound
together by forces mediated by the exchange of lighter color singlets. Due to the difference
in range between the exchange of pions and heavier mesons, different isospin/strangeness
combinations might not bind at all. Some of the exotic resonances that have been
observed seem indeed to fill in a flavor multiplet. For example in the JPC = 1++ family
there have been observed two other resonances: the X(4140), containing also a ss̄ pair
and the Zcs(4003) whose mass is at the exact midpoint between the X(4140) and the
X(3872) as predicted by the quark model. If the charged partners of the X(3872) were
observed this would confirm the validity of the tetraquark picture of these resonances.
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Chapter 4. Tetraquarks in a Non-Relativistic Effective Field Theory

4.A The B → KJ/ψρ amplitude

We now briefly show that, up to some overall short distance couplings, near the X(3872)
pole the B → KJ/ψρ amplitude coincides with the D0D̄∗0 → D0D̄∗0 one. The Hilbert
space is schematically made of the |B⟩, |K⟩, |DD∗⟩ and |J/ψρ⟩ states. The relevant
Hamiltonian can be written as

H = H0 + VDD∗ + VBK + VJ/ψρ , (4.71)

where the only non-vanishing matrix elements are given by ⟨DD∗|VDD∗ |DD∗⟩,
⟨DD∗K|VBK |B⟩ and ⟨J/ψρ|VJ/ψρ|DD∗⟩. Using the Lipmann-Schwinger equation, the
scattering matrix can be computed perturbatively in VBK and VJ/ψρ,

T = V + V (E −H + iϵ)−1V

⊃ VJ/ψρ(E −HDD∗ + iϵ)−1VBK ,
(4.72)

with HDD∗ ≡ H0 + VDD∗ . It then follows that

T (B → KJ/ψρ) = T (D0D̄∗0 → D0D̄∗0)
× ⟨J/ψρ|VJ/ψρV −1

DD∗ |DD
∗⟩

× ⟨DD∗K|V −1
DD∗VBK |B⟩ ,

(4.73)

where we used the fact that, near the pole of the X(3872), one has T (D0D̄∗0 → D0D̄∗0) ≃
⟨DD∗|VDD∗(E−HDD∗+iϵ)−1VDD∗ |DD∗⟩. The matrix elements ⟨J/ψρ|VJ/ψρV −1

DD∗ |DD∗⟩
and ⟨DD∗K|V −1

DD∗VBK |B⟩ are dominated by short distance contributions and, therefore,
the two amplitudes in Eq. (4.73) are related by a simple constant rescaling.
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5 EW Baryogenesis and Symmetry
non-restoration

The existence of a non-vanishing baryon number density in the universe is a fact of life
and a mystery of physics. According to our present understanding of the early universe,
such density cannot be simply accounted for by initial conditions, as any original density
would have been completely diluted by inflation. Dynamics during the Big Bang era must
be responsible for the observed ratio of baryon number over entropy ηb ≡ nb/s ≃ 10−10.
The conditions such dynamics should satisfy were famously spelled out by Sakharov a
long time ago. The first condition, concerning the existence of baryon number violating
interactions, is satisfied by the Standard Model (SM). This happens in a remarkable way:
on the one hand, at low temperature, baryon number emerges as an accidental symmetry
whose violation is negligibly small; on the other hand, at temperatures above the weak
scale, fast baryon number violation occurs through sphaleron processes. The other two
conditions, concerning CP-violation and departure from thermodynamic equilibrium,
are however not satisfied by the SM. The reasons for that are more quantitative than
structural. Indeed the SM is endowed with CP violation in the CKM matrix, but that
turns out to be insufficient, in view of the small value of quark masses and mixings. The
SM, given electroweak symmetry breaking, could also, in principle, experience an epoch
of departure from equilibrium when transiting from a high temperature symmetric phase
to a low temperature non-symmetric phase. However, given its parameters, in particular
given the Higgs mass, such transition is known to be a smooth second order crossover.
Baryogenesis thus requires new physics.

A potentially testable option is having baryogenesis occurring at the electroweak phase
transition [223][224][225]. A realistic model of electroweak (EW) scale baryogenesis
should involve new states so as to provide new sources of CP violation and a first order
electroweak phase transition. The new states should range from ∼ 100 GeV to several
hundreds GeV, with the upper range attainable only in the presence of somewhat strong
couplings (see for instance [226]). While this is interesting in view of a full test of this
scenario, it also implies, given the lack of clear evidence so far of new physics in direct
and indirect searches, that the models are already under pressure. In particular one
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Chapter 5. EW Baryogenesis and Symmetry non-restoration

major source of pressure comes from the need for new CP-violating phases: on the one
hand these are directly constrained by the searches for EDMs of elementary particles,
on the other their presence is typically associated to new sources of flavor violation,
with the corresponding strong bounds. To be more quantitative, a new physics sector
characterized by a mass scale Λ and CP-odd phases ϕCP is expected to generate an
electron EDM either at 1-loop (when direct couplings of order g to the SM fermions
are present), or 2-loop (when mainly couplings g to the bosonic sector of the SM exist).
Taking g of order the EW gauge coupling for illustration, in these two cases we estimate:

|de|
e

=

sinϕCP
g2

16π2
me
Λ2 ∼ 10−29cm× sinϕCP

(
50 TeV

Λ

)2
1− loop

sinϕCP
(

g2

16π2

)2
me
Λ2 ∼ 10−29cm× sinϕCP

(
2.5 TeV

Λ

)2
2− loop (Zee− Barr)

(5.1)

The recent improved bound on the electron EDM |de| < 1.1 × 10−29e cm [227] then
suggests that Λ should be well above the weak scale if sinϕCP ∼ 1. Scenarios with
suppressed CP-phases may allow the new physics to stay in the hundreds of GeV, but
in those cases achieving a sizable baryon asymmetry is rather difficult (see, e.g., [228]).
Even ignoring possible associated flavor-changing effects we must conclude that realizing
conventional scenarios of EW baryogenesis is at best extremely challenging. Clever flavor
model-building provides one way to limit this pressure, nonchalance provides another.
The goal of this chapter is to study an alternative scenario, where all constraints from
flavor and CP violation are structurally eliminated.

Our scenario is described as follows. Up to some high scale Λ≫ mW , say Λ = 100− 1000
TeV, the only sources of flavor and CP violation are the SM Yukawa couplings. One
should think of Λ as the scale of flavor, at which new sizable sources of CP and flavor
violation become active, without significantly affecting low energy observables. In view
of that, Λ seems the natural scale where to realize baryogenesis. Our idea is then simply
that the electroweak phase transition happens at T ∼ Λ rather than at T ∼ mW and that
moreover such a transition is first order with consequent departure from thermodynamic
equilibrium and generation of a baryon asymmetry. In order for such asymmetry to be
kept unsuppressed until the present day, the EW symmetry must remain broken at all
temperatures below ∼ Λ, so as to avoid wash-out from sphaleron processes. In the SM,
thermal effects, dominated by the top quark, are known to restore the EW symmetry at a
temperature Tc ≃ 160 GeV (see e.g. [229] for a recent calculation). In order to realize this
scenario there should therefore exist new degrees of freedom in the 100 GeV range and
coupled to the Higgs so as to prevent electroweak symmetry restoration at temperatures
above the weak scale and below Λ. The simplest option for such states is given by a
set of N SM neutral scalar fields Si bilinearly coupled to the Higgs. As we shall discuss
in detail, there exists a minimal value of N where the Higgs vacuum expectation value
(VEV) at finite temperature is big enough to suppress sphaleron processes at T < Λ while
preserving perturbativity. For reasons that emerge combining the structural consistency
of the model with the significant impact of the top Yukawa on the Higgs potential, this
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minimal N turns out to be quite large, N ≳ 100. Such large numbers, however, do
not imply complexity in the structure of the model: the scalars Si could fit in a single
multiplet of a global or local symmetry and the Lagrangian could be described by a
handful of couplings. Indeed we shall also make a simple remark showing there exists
a scaling region for the couplings and for N , where finite temperature effects are large
while zero temperature ones, like collider production rates or corrections to electroweak
precision quantities, decouple with inverse powers of N .

The main goal of this chapter is to study in detail the dynamics at temperatures below
Λ. The Si will have a mass in the 100 GeV range, so we must ensure they serve our
purpose (symmetry non-restoration) compatibly with all theoretical and phenomenological
constraints. In particular one issue concerns their problematic relic density, which we
shall eliminate by introducing additional interactions which can in principle be rather
weak.

For what concerns the EW phase transition dynamics at the scale Λ, there is great
freedom as there are no significant constraints on model-building at scales Λ ∼ 100−1000
TeV from low energy phenomenology. That was indeed the goal of the whole construction.
In view of that we shall limit ourselves to a simple sketch of possible scenarios at the
scale Λ.

This chapter is organized as follows. In Section 5.1.1 we identify a sufficient (and largely
model-independent) condition to ensure the primordial B + L asymmetry is not washed-
out by sphaleron processes at T < Λ. Our O(N) model is introduced in Section 5.1.2,
where its domain of validity as a perturbative effective field theory (EFT) is established.
Especially important for the reminder of the chapter is how the perturbativity and
stability conditions scale with N ≫ 1. We will see that large-N sectors have the ability to
qualitatively impact the finite-temperature dynamics while remaining essentially invisible
around the vacuum. In Section 5.1.3 we take a first look at the finite T behavior of our
model and roughly assess how large N needs to be in order to ensure EW symmetry
non-restoration. The need for a refined analysis is emphasized in Section 5.1.4. Here we
carefully assess the perturbative regime of the finite T version of our scenario and discuss
some computational subtleties that characterize our class of large-N models. A detailed
discussion of the effective potential at finite T is presented in Section 5.1.5. A large-N
technique is implemented to reliably take into account the most important contributions.
A numerical analysis is then used to identify the allowed parameter space of the model.
The main phenomenological constraints on the minimal O(N) scenario are presented in
Section 5.2. All direct and indirect signatures of Si at colliders are suppressed by powers
of N and may be hard to see. Simultaneously, the minimal model predicts N -enhanced
signals at direct dark matter experiments and is therefore incompatible with current data.
We thus discuss various possible extensions that eliminate the problem. A subset of these
extensions also features a realistic dark matter candidate. In particular in subsection 5.2.3
we focus on a scenario where the O(N) symmetry is partially gauged and where dark
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Chapter 5. EW Baryogenesis and Symmetry non-restoration

matter can plausibly be made of bound states. This is a novel dark matter scenario that
crucially combines compositeness and large-N . In view of its intricate phenomenology,
subsection 5.2.3 somewhat blew out of proportions: in spite of its interest this section
may be skipped in a first reading. In Section 5.3 we sketch possible variants of our
scenario. These include models with different symmetry structure but a comparable or
even larger number of degrees of freedom than in the model discussed in detail here.
However we also point out that a large N is not strictly necessary to our program if we
introduce additional EW-charged scalars. In Section 5.4 we show that there exists no
structural obstruction to the construction of complete models for EW baryogenesis. We
illustrate this by briefly discussing two possible scenarios of new physics at the flavor
scale Λ, one strongly- and one weakly-coupled. We present our conclusions in Section 5.5.

5.1 The low energy sector

In this section, assuming baryogenesis takes place via a first order electroweak phase
transition at T ∼ Λ≫ mW (see Section 5.4 for some models for the phase transition),
we shall study the conditions on the effective theory at E ≪ Λ for the baryon asymmetry
to survive. The crucial request concerns the suppression of sphaleron wash-out. After
quantifying this request in the next subsection, we will introduce a specific model and
study it in detail.

5.1.1 Avoiding sphaleron washout

Our basic assumption is that the baryon asymmetry is generated by the anomalous
electroweak baryon number violation during the electroweak phase transition at T ∼ Λ.
More precisely, this implies the asymmetry arises along the direction B + L, which is
anomalously broken by the electroweak interactions, while it vanishes in the exactly
conserved direction B − L. Because of that we must ensure that the anomalous B + L-
violating processes, the so-called sphalerons, remain inactive at T < Λ, as they would
otherwise wash-out this very same combination. 1

The rate of variation of the baryon number density normalized to the entropy density
Γb(T ) ≡ − d

dt ln ηb crucially depends on the weak coupling αw = g2/4π, on the temperature
T , and on the temperature-dependent Higgs vacuum expectation value (VEV) h(T ). 2

One can distinguish three qualitatively different regimes, which respectively correspond

1This issue of course does not arise in other scenarios of high scale baryogenesis, such as leptogenesis,
where the asymmetry is generated along the non-anomalous B − L direction.

2Throughout the chapter we adopt the convention h(0) ≡ v = 246 GeV, for which m2
W = g2h2/4 and

m2
t = y2

t h2/2.
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5.1 The low energy sector

to high, intermediate and low temperature:

high T : T ≳ gh(T )
αw

= 4π
g
h(T ) (5.2)

inter. T : g

4πh(T ) ≲ T ≲ 4π
g
h(T )

low T : T ≲ g

4πh(T ).

These ranges are essentially determined by the T -dependent vector boson mass mW ∼
gh(T ), and by the energy of the sphaleron configuration

Esph(T ) ≡ Bgh(T )
αw

, (5.3)

where B = B(λH/g2, g′2/g2) is a number of order unity. According to the zero-
temperature analysis of refs. [230][231][232], B ∼ 1.9.

In the high temperature regime the EW-symmetry is effectively unbroken: the sphaleron
barrier is overcome by thermal fluctuations, the rate is Γb ∼ 20α5

wT ≫ H [233][229]
and any asymmetry would be washed-out in a fraction of a Hubble time. On the
other hand, the low temperature regime approaches the zero temperature result, where
B + L-violating effects are ∝ e−2π/αw and can be safely neglected under all relevant
circumstances. Finally, in the intermediate regime one finds

Γb(T ) ∼ 0.1T
(
gh

T

)7 ( 4π
αw

)3
e−Esph/T , (5.4)

where to estimate the prefactor we used the results of [234] with κ ∼ 1 and ω− ∼ gh.
The reliability of this estimate of the actual sphaleron rate can be assessed observing
that (5.4) fits the numerical results of [229] quite well provided B → Bfit ≃ 2.2− 2.3. 3

We thus see that finite T effects modify the rate (5.4) appreciably. In what follows we
will still use (5.4), but will adopt the conservative value B = 1.8− 2.1.

As we will see shortly, in order to preserve the baryon asymmetry generated at the
phase transition, it is sufficient to ensure that, when the universe was in the range of
temperatures mW ≲ T ≲ Λ, the rate in eq.(5.4) was small enough. One can easily see
that the constraint on h(T )/T is strongest at the latest times, that is the lowest T ’s in
the range of interest. Indeed the preservation of the baryon asymmetry essentially gives
the constraint

∫
Γbdt ≲ 1, which by using Hubble law can be conveniently written as the

dT integral ∫
Γb(T )MP√

g∗

dT

T 3 =
∫
F (gh(T )/T ) MP√

g∗T

dT

T
≲ 1 (5.5)

where F (x) ∝ x7e−Bx/αw — implicitly defined by eqs.(5.4) and(5.5)— goes monotonically

3We thank M. Shaposhnikov for suggesting this fit.
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to 0 as x→ 0. The strongest constraint on h(T )/T is dominated by the region where T
is of order the weak scale and reads

h(T )
T

≳ 1.2− 1.5, (5.6)

with the upper (lower) value corresponding to B ≃ 1.8 (2.1). As promised at the beginning
of the paragraph, it is now apparent that requiring (5.6) for all T < Λ automatically
prevents us from entering the high T regime, where washout is unsuppressed. We
therefore conclude that eq. (5.6) represents a sufficient condition to avoid washout. Note
also that in the models we shall study h(T )/T is minimized at around the weak scale,
and therefore the argument leading to the numerical values shown in eq. (5.6) is justified.

5.1.2 A model

In order to guarantee the condition on h(T )/T discussed in the previous section we
must suitably modify the Higgs dynamics in the energy range between mW and Λ. A
simple model realizing that is constructed by adding to the SM a multiplet of scalars
Si transforming as the fundamental representation of a novel SO(N) symmetry. Other
options, based on different symmetries (possibly discrete) and multiplet content will
be mentioned in Section 5.3. Besides the gauge and Yukawa couplings of the SM, the
resulting model is defined by the scalar potential

V = m2
HH

†H + λH(H†H)2 + m2
S

2 S2 + λS
4 (S2)2 + λHSS

2H†H, (5.7)

which is the most general one based on symmetries and renormalizability. Here the SM
and O(N) indices have been suppressed for brevity. We will assume

m2
H < 0 m2

S >
λHS
λH

m2
H (5.8)

to ensure that in vacuum the Higgs has a non-vanishing expectation value whereas
⟨S⟩ = 0.

The basic idea, which is not new 4 but we believe we shall explore from a novel perspective,
is this: a negative off-diagonal quartic, λHS < 0, provides H with a negative Debye mass
at finite temperature, so that ⟨H⟩ ̸= 0 even at T ≫ mW . Of course this makes sense
as long as the potential is bounded from below and as long as all the couplings remain

4Symmetry non-restoration was first realized within a 2-scalar model (essentially the small N version
of the one we adopt below) by S. Weinberg [235]. The same picture was subsequently applied in different
contexts by other authors. Ref. [236][237] implemented it in models with spontaneous CP violation; ref.
[238] proposed that non-restoration might be used to avoid the monopole problem of GUTs, and the
same application has been suggested in [239]. Spontaneous B violation at finite T was used in a model
for baryogenesis via decays in [240], and a period of temporary color SU(3) breaking has been employed
in [241] in a model for EW baryogenesis. More recently, the idea of EW symmetry non-restoration has
been put forward in [242] and applied in the same context as ours in [243].
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5.1 The low energy sector

perturbative in a range of energies above the weak scale.

At tree level, the conditions for a potential bounded from below are easily found to be

λH , λS > 0 λHS > −
√
λHλS (5.9)

showing there exists a window −
√
λHλS < λHS < 0 where a negative λHS can in

principle achieve our goal of symmetry non-restoration. In order to ensure the absence
of instabilities within the EFT description below the scale Λ, the above conditions will
have to be satisfied by the running couplings at all RG scales µ ≲ Λ.

The conditions ensuring our construction makes sense as a weakly coupled EFT can be
established by a simple diagrammatic analysis to be

ϵH ≡ 6λH
16π2 ≪ 1, (5.10)

ϵS ≡ λSN

16π2 ≪ 1,

|ϵHS | ≡
2|λHS |

√
N

16π2 ≪ 1,

where we have allowed for the possibility that N ≫ 1 be counted in. One direct way to
derive these constraints is to consider s-wave 2→ 2 scattering in singlet states

|HH⟩ ≡ 1√
4

(|H1H1⟩+ · · ·+ |H4H4⟩) |SS⟩ ≡ 1√
N

(|S1S1⟩+ · · ·+ |SNSN ⟩) .

(5.11)
In the 2-dimensional Hilbert subspace with basis given by the ℓ = 0 singlet states
{|HH⟩, |SS⟩} the S-matrix is

S ≡ e2iδ = 1+ i

8πT + . . . (5.12)

with
T =

(
6λH 2λHS

√
N

2λHS
√
N λS(N + 2)

)
(5.13)

and with the dots corresponding to terms beyond the tree approximation. By the above
equation we deduce

δ = 1
16πT + . . . (5.14)

and requiring, in the spirit of naive dimensional analysis (NDA), that all the eigenvalues
of δ be ≲ π, we derive constraints that are parametrically equivalent to eq. (5.10). The
rule according to which

√
N appears in eq. (5.13) is easily established: any SS singlet,

either initial or final, counts O(
√
N), while HH counts O(1). One is easily convinced

that scattering in non-singlet channels gives weaker bounds, as the amplitudes are not
enhanced by powers of N . Alternatively, the same constraints (5.10) can be derived by
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Chapter 5. EW Baryogenesis and Symmetry non-restoration

considering the β-functions for (λH , λS , λHS), see (5.80) for the 1-loop approximation,
and requiring that the relative change of any of them is less than O(1) over one e-folding
of RG evolution. Notice that the window of negative λHS allowed by stability, eq. (5.9),
is described by ϵ2HS ≤ (2/3)ϵHϵS . Therefore, perturbativity of the diagonal quartics λH,S
plus stability guarantees perturbativity of the off-diagonal quartic λHS .

With eq. (5.10) satisfied, our model is a well defined weakly coupled EFT. Yet, remarkably,
in the large-N limit there remains one class of calculable quantum effects that is not
suppressed by the ϵ’s. These have to do with the renormalization of the mass of H
induced by the S-loop tadpole diagram in the left panel of Fig. 5.1. For instance, in
vacuum this diagram gives a contribution to the RG evolution of m2

H :

µ
d

dµ
m2
H = λHSN

8π2 m2
S ≡ ϵHS

√
Nm2

S , (5.15)

implying that for
√
N ≳ 1/|ϵHS | there remains a finite effect, for arbitrarily small |ϵHS |.

When compactifying some spacetime directions the same diagram contributes finite
mass corrections of Casimir type. In particular, by considering the system at finite
temperature and working with compactified euclidean time, this diagram provides a
negative contribution to the thermal mass 5

δm2
H = λHSN

12 T 2 = 2π2

3 ϵHS
√
NT 2 < 0. (5.16)

This result implies a very interesting property of this simple system at large-N : in the
scaling limit ϵH,S,HS → 0, N →∞ with ϵHS

√
N fixed, the theory is free, in particular

the S-matrix is trivial, yet at finite temperature a finite contribution to the H thermal
mass survives. For instance, in the case m2

H > 0, where the symmetry is unbroken in
the vacuum, an infinitesimally small ϵHS < 0 at sufficiently large N can still generate a
finite negative thermal mass and thus trigger symmetry breaking at finite temperature.
At large-N we can thus have a free theory, which when heated up undergoes a phase
transition. While this may seem paradoxical, one should consider that in order to heat
up a system of N →∞ fields one must provide an energy density that diverges in the
same way: the phase transition cannot occur at finite energy density.

The crucial implication of eq. (5.16), is that for sufficiently large N , eq. (5.6) can be
ensured at all T < Λ with ϵHS and ϵS small enough not to significantly perturb the SM
dynamics and compatibly with stability, ϵ2HS < (2/3)ϵHϵS . The main question concerns
the minimal value of N for which all constraints are met. As we shall discuss in detail in
the next subsections, for a combinations of factors, the needed value of N is quite large.

Before proceeding we would however like to make a few comments concerning naturalness.

5Here we consider mS ≪ T and neglected refinements needed when S itself acquires a sizable thermal
mass and which we shall discuss in detail later on.
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5.1 The low energy sector

Figure 5.1: LEFT: leading perturbative contribution to the Higgs thermal mass. The
solid (dashed) lines correspond to S (H). RIGHT: a sample of diagrams re-summed by
the large-N technique adopted in Section 5.1.5.

In our construction there is clearly no protection mechanism for the hierarchical separation
between mH ,mS and Λ. We do not want to try and further complicate the model to make
this separation natural. Indeed, in the case of conventional approaches to the hierarchy,
i.e. supersymmetry or compositeness, that would almost unavoidably force us to have
to deal with the problem of new sources of flavor violation at the weak scale, which is
what we wanted to avoid in the first place. One perhaps tenable perspective is that this
separation of scales has an anthropic origin. The Higgs mass mH could be pegged to its
value by the atomic principle [244], that is by the necessity for mW to be not too much
above ΛQCD in order to ensure nuclear and chemical complexity. The S mass mS , on the
other hand, could be pegged to the weak scale by the request of a sufficiently baryon-rich
universe: mS > mW would cause electroweak symmetry restoration at mW ≲ T ≲ mS

with corresponding sphaleron washout of the baryon asymmetry created at the scale Λ.
Of course, we are aware of the weakness of such anthropic reasoning: once one invokes a
multiverse of options it is well possible the baryon asymmetry can be generated by some
other mechanism, for instance by leptogenesis. Still our simple argument does not seem
fully implausible to us. 6

On the quantitative side, notice that, given the physical cut-off Λ, we expect a finite
correction to m2

H

δm2
H ∼

λHSN

8π2 Λ2 = ϵHS
√
NΛ2. (5.17)

Therefore the
√
N enhancement of the S-tadpole, which is essential for the vacuum

dynamics at finite T , implies a corresponding increase in the needed tuning. In practice
we shall need |λHS |N ∼ 8, so that the needed tuning is only a factor of a few worse than
the one due to the top quark contribution.

5.1.3 Thermal vacuum dynamics in first approximation

Here we would like to give a first rough idea of the range of parameters where the model
is compatible with our scenario for baryogenesis. In order to do so we approximate the

6In [245][246] anthropic arguments were similarly invoked to motivate the existence of a weak scale
sector with all the ingredients necessary to realize EW baryogenesis.
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thermal effective potential by the tree level potential with quartic couplings renormalized
at a scale ∼ T and supplemented by the leading 1-loop thermal corrections to the scalar
masses. In the next two sections we will perform a more accurate computation.

Now, according to the above approximation, the thermal potential is given by eq. (5.7)
with the scalar masses replaced by

m2
H → m2

H(T ) = m2
H +

[
N

12λHS + 1
2λH + 3

16g
2 + 1

16g
′2 + 1

4y
2
t

]
T 2 (5.18)

m2
S → m2

S(T ) = m2
S +

[(2 +N)
12 λS + 1

3λHS
]
T 2,

where all couplings are understood to be evaluated at an RG scale ∼ T . In the above
equation we have included the thermal corrections induced by S as well as those by
the leading SM couplings. Notice that the negative λHS contribution to m2

S(T ) is not
N -enhanced, so that in the scaling limit N → ∞ with λSN and λHSN fixed it can
be neglected. Moreover, it is easy to see that (5.8) is satisfied by the thermal masses
in eq. (5.18), implying that S does not acquire a VEV. On the other hand, we have
⟨H⟩ = (0, h/

√
2)t, with

h2(T )
T 2 = −m

2
H(T )
T 2λH

≃ −
[
N

12λHS + 1
2λH + 3

16g
2 + 1

16g
′2 + 1

4y
2
t

] 1
λH

(5.19)

≡
N
12 |λHS(T )| −A(T )

λH(T )

where we have grouped all the SM contributions into the quantity A(T ) > 0. We
conservatively neglected the zero temperature mass; being negative, it helps making h/T
bigger but also becomes quickly negligible as soon at T ≳ 100 GeV.

Now, given eq. (5.19), the requirement h(T )/T ≳ 1.2 in eq. (5.6) translates into a lower
bound |λHS(T )|N ≳ 12[A(T ) + (1.2)2λH(T )], which we shall impose for all T < Λ.
This bound is strongest at T ∼ 100 − 1000 GeV where it reads |λHS |N ≳ 8, since the
SM couplings are larger there. Moreover, we must simultaneously impose the stability
requirement λ2

HS(µ) ≤ λH(µ)λS(µ) at any scale µ < Λ, to ensure our effective field
theory makes sense. Combining these two constraints we obtain

N ≥ [NλHS(µ)]2

λH(µ)[NλS(µ)] = [NλHS(T )]2

λH(µ)[NλS(µ)]

(
λHS(µ)
λHS(T )

)2
(5.20)

≳ [12]2
[
A(T ) + (1.2)2λH(T )

]2
λH(µ)[16π2ϵS(µ)]

(
λHS(µ)
λHS(T )

)2

∼ 800
( 0.01
ϵS(µ)

) 0.04
λH(µ)

(
λHS(µ)
λHS(TeV)

)2
≳ 800

( 0.01
ϵS(Λ)

)
.

The right hand side in the second line of Eq. (5.20) decreases with T as the SM couplings
and |λHS | respectively decrease and increase with T . Moreover that same expression
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5.1 The low energy sector

increases with µ, with the quantitatively most important effect being associated with
the decrease in λH by a factor of about 3 − 4 when running between the weak scale
and 100− 1000 TeV. The final bound on N is therefore maximized at T ∼ TeV and for
the largest µ ∼ Λ, which in our picture could be 100 to 1000 TeV. We conclude that
unless ϵS(Λ) is rather strong, N must be in the hundreds. Notice also that the limiting
values N ∼ 800 and |λHS |N ∼ 8 consistently correspond to a rather weak coupling
|ϵHS | ∼ 0.004.

There are two ways in which the estimate (5.20) is inaccurate. The first is that in the
region where h/T ∼ 1 the thermal masses of the Higgs, W±, Z, and top-quark are not
negligible compared to the temperature, in which case the thermal loop correction to
the Higgs potential starts being affected by Boltzmann suppressions causing a deviation
from the simple expressions used in eq. (5.18). This effect tends to reduce A(T ) by a
few 10% percent thus allowing slightly smaller values of N . The second reason why
(5.20) is not fully accurate is that higher order corrections become significant already for
ϵS ∼ 0.01. That is related to the well-known poor convergence of thermal perturbation
theory. Whether or not these latter effects can help decrease the minimum value of N
is an intricate question that necessitates the careful analysis presented in the following
sections. In the next subsection we begin with a qualitative assessment of these issues.

5.1.4 3D or not 3D?

In order to set the stage for the refinement of the estimate of the previous section, we
will here first discuss the issue of perturbation theory, which is the most important and
subtle, and later address how a sizable h/T affects (5.20). The former issue was originally
discussed many years ago in the context of gauge theories, see e.g. [247][248][249][250],
while the second is a novel feature of the present framework.

The poorer convergence properties of perturbation theory in thermal field theory compared
to QFT at zero temperature, stems from two joint facts. The first is the presence of light
bosonic degrees of freedom (associated to the Matsubara zero modes) in the 3D effective
theory below the scale ∼ πT . The second is the IR relevance of their interactions, i.e. the
presence of couplings of positive mass dimension that become strong at sufficiently low
momenta. These facts can indeed lead to a complete breakdown of perturbation theory
at finite temperature even for perfectly weakly coupled QFTs. One example of that is
given by massless non-abelian gauge theories, which become strongly coupled at a scale
roughly of the order of their effective 3D coupling ∝ g2

3 = g2
4T . This for instance implies

the well know result that the free energy of hot QCD does not admit a series expansion
in g2

4 beyond the third order. Another example is given by systems in the neighborhood
of a phase transition where some scalar is tuned to be light. The resulting 3D strong
coupling can make it difficult to assess the order of the phase transition. Nevertheless,
even without going to such limiting situations, it is always the case that perturbation
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Chapter 5. EW Baryogenesis and Symmetry non-restoration

theory converges more slowly at finite temperature.

In order to better appreciate this issue let us consider the simple case of λφ4. The
dimensionless 4D quartic coupling λ matches to a dimension 1 coupling λeff = λT

in the 3D effective theory at scales p ≪ πT . In this situation, the loop expansion
parameter at external momentum p in the massless limit is proportional to λeff/p

and grows strong at sufficiently small p. The presence of a finite mass saturates this
IR growth. One can easily estimate the strength of the loop expansion parameter by
comparing, for instance, the tree and 1-loop contributions to the 4-point function at
small external momentum. 7 One finds that the loop expansion is roughly controlled by
ϵ3D = (3λT )/(16πmφ,0) = ϵ4D(πT/mφ,0), as dictated by dimensional analysis. In this
equation mφ,0 represents the mass of the zero mode including of course all thermal and
quantum corrections. As we already mentioned, in the vicinity of a second order phase
transition the effective mass mφ,0 can be small enough to make the IR 3D dynamics
strongly coupled even for an arbitrarily weak 4D quartic λ. However, even away from
such situation and focussing on the high temperature regime, one finds that ϵ3D is larger
that its 4D counterpart. Indeed, at temperatures much larger than the 4D mass mφ, the
mass of the zero mode is dominated by thermal corrections, which at sufficiently weak
coupling are well approximated by the 1-loop contribution

m2
φ,0 = λ

4T
2 + . . . (5.21)

so that the 3D loop expansion parameters is

ϵ3D ≡
3λT

16πmφ,0
∼ 3
√
λ

8π =
√

3
2
√
ϵ4D, (5.22)

where ϵ4D = 3λ/(16π2) is consistent with (5.10). This “square root" relation among the
expansion parameter in respectively 3D and 4D is at the origin of the lower convergence
rate of perturbation theory in thermal field theory. For instance, ϵ4D = 0.01, known
by practice to be well within the perturbative region, corresponds to ϵ3D ∼ 0.1, which
can easily lead to poor convergence in the presence of upward numerical “accidents".
Indeed our ϵ’s are just rough indicators of the convergence of the perturbative series:
perturbation theory can be safely applied when they are significantly ≪ 1, but not
necessarily so when they are just a few times smaller than 1. For instance the next loop
order contribution within the effective 3D theory to eq. (5.21) 8 is of relative size 4× ϵ3D,
which is ∼ 40% for a thoroughly weakly coupled 4D theory with ϵ4D = 0.01. The need
for applying resummation techniques in thermal field theory, is related to these simple
facts.

7We cannot proceed as in the previous section because in the Euclidean 3D theory there is no S-matrix.
The estimate is however comparable to that implied by the S-matrix of the 3D Minkowskian theory that
is obtained through Wick rotation.

8This contribution corresponds from the point of view of 4D diagrammatics to the resummation of
the so called daisy diagrams.
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We can easily adapt the above discussion to our model, focusing on the scalar sector,
where the parameter ϵS can potentially be sizable. In principle one should also consider
the light bosonic modes from the SM gauge sector. However, as it turns out, the overall
contribution of these modes is subdominant and the associated higher order effects are
thus not very significant. Indeed the leading SM contribution is by large the one from
the top quark, which we do not expect to suffer from 3D effects given the fermionic
Matsubara modes are all gapped. In view of that we shall neglect higher order effects
from the gauge sector.

For what concerns the scalar sector there are two main differences with respect to the
simple λφ4 case analyzed above. The first is that ours is a multi-field model. The second
is that the zero mode of the Higgs field has negative squared mass at all T ’s, leading
to symmetry breaking. Because of this second feature, the H spectrum separates into
the radial mode h plus the (eaten) Goldstone bosons. Moreover, in the shifted vacuum,
trilinear interactions appear. As in 3D the strength of the loop expansion parameter
depends on the IR details (the thermal masses), one should in principle perform a
detailed analysis to establish the regime of perturbativity of the theory. However, and
not surprisingly, if the vector boson mass (eaten Goldstones) and Higgs are roughly of the
same order then the estimates are quantitatively the same as in the absence of symmetry
breaking when written in terms of the physical H mass. In particular, the trilinears that
emerge in the broken phase do not change the overall picture qualitatively. 9 We will
therefore simplify the present discussion considering the 3D effective theory for H and S
in the absence of symmetry breaking.

The loop expansion parameters can be deduced by comparing leading and subleading
contributions to some observable. In the absence of a 3D S-matrix, a surrogate of the
analysis of section 5.1.2 is offered by the 2-point functions of linear combinations of
the canonically normalized composite operators OS = S2/

√
N and OH = H†H/

√
4.

Inspecting ⟨OO⟩ we find that the loop expansion parameters are:

ϵ3D
H ≡

6λH
16π

T

mh,0
≪ 1, (5.23)

ϵ3D
S ≡

λSN

16π
T

ms,0
≪ 1,

|ϵ3D
HS | ≡

2|λHS |
√
N

16π
T

max[mh,0,ms,0] ≪ 1,

where mh,0, ms,0 are the effective masses of the corresponding zero modes. 10 Com-
paring leading and subleading corrections to 4-point functions of S,H we find addi-
tional constraints. For example, requiring that the S and Higgs 1-loop contributions

9The stability constraint λ2
HS < λHλS plays a role to ensure this result.

10In the case of interest m2
H(T ) < 0 and the origin is unstable. Since our perturbative estimates only

make sense around an energy minimum, Eq. (5.23) should be interpreted as relations involving the zero
mode masses around the vacuum, where the Higgs mass is mh,0 ∼

√
2|mH(T )|.
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Chapter 5. EW Baryogenesis and Symmetry non-restoration

to ⟨SSSS⟩ be smaller than the tree-level respectively give λSNT/(8πms,0) ≪ 1 and
λ2
HST/(8πmh,0)≪ λS , which when combined imply

λ2
HSN

(8π)2
T 2

mh,0ms,0
∼ (ϵ3D

HS)2 max[mh,0,ms,0]2

mh,0ms,0
≪ 1. (5.24)

This may be actually a stronger condition than the last one of (5.23) depending on
the masses involved as well as the actual size of ϵ3D

HS . We will see below that a precise
determination of the expansion parameter associated to λHS is fortunately not necessary
because its perturbativity is always guaranteed by stability and ϵ3D

H,S ≪ 1.

Using eq.(5.18) for the 3D effective masses we can finally estimate the 3D expansion
parameters in analogy with the λφ4 we discussed above. Let us focus on ϵ3DH first. By
eq. (5.6), |mh,0|/(

√
2λHT ) ∼ h(T )/T ≳ 1.2− 1.5, the first of eqs. (5.23) implies

ϵ3DH ∼
√

3ϵH
4 × T

h(T ) ≲ 0.02− 0.03 (5.25)

where we used the value of λH renormalized at the weak scale. At higher scales λH
decreases so that the effective 3D coupling gets more suppressed. By the above equation
we conclude that ϵ3DH is rather small and hence that we do not expect the need to chase
higher order effects associated to this coupling. We expect similar conclusions concerning
the 3D fate of the electroweak gauge couplings. Notice also that this is just an upper
bound. There is in principle no limitation in making h(T )/T bigger by taking N larger.
Indeed for h(T )/T big enough, the gap in the Higgs (as well as W,Z, t) gets larger than
T , so that there is no significant 3D dynamics associated to this mode, as we shall discuss
in more detail at the end of this section.

Regarding ϵ3D
S we similarly have 11

ϵ3D
S =

√
3

2
√
ϵS . (5.26)

In this case however we are not forced to go to very small values of ϵS . To the contrary,
eq. (5.20) shows that the smallest N correspond to largish ϵS > 0.01, which in turn
implies ϵ3D

S ≳ 0.1. Under these circumstances, while the perturbative series in 4D may
still converge well, thermal 3D perturbation theory may require re-summation in order
to make more firm statements. Luckily this can be done at leading order in the 1/N
expansion, as we shall describe in the next section.

We should finally discuss perturbativity for ϵ3DHS . By using the stability constraint

11The relation coincides with eq.(5.22) as it is independent on N .
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λ2
HS ≤ λHλS and eq. (5.23) we have

|ϵ3DHS | ≤
√

2
3

√
ϵ3DH ϵ3D

S

√
min[mh,0,ms,0]
max[mh,0,ms,0] ≤

√
2
3

√
ϵ3DH ϵ3D

S (5.27)

somewhere in between the other two expansion parameters. Similarly, (5.24) is automati-
cally satisfied provided we combine stability and 3D perturbativity of λS,H .

Let us now discuss the impact of the sizable contribution to the thermal masses of
h,W,Z, t that a large h/T could imply. In ordinary QFT, at small N and at weak
coupling, thermal corrections to masses are parametrically smaller than the scale ∼ πT
controlling the Matsubara spectrum. This statement applies to all corrections, including
those induced via the effect of thermal loops on the VEVs of scalars. Given for instance
a trilinear coupling g, the condition for a small thermal correction to masses is roughly
g2T 2 ≲ π2T 2, which parametrically coincides with the smallness of the loop expansion
parameter g2/8π2. Notice in particular that at weak couplings the zero modes remain
lighter that ∼ πT , even if the relative effect is large, given the lightness of these modes at
tree level. The consequence on the 3D dynamics are just as we discussed above. However,
as our model clearly illustrates, the situation changes drastically when considering QFT
at large-N , even at weak coupling. As we discussed, in the limit N →∞ with ϵS and
ϵHS finite but perturbatively small, the tadpole correction of Fig. 5.1 to the thermal
Higgs mass scales like ϵHS

√
N →∞ and can consistently become much larger than πT .

When that is the case and λHS < 0 the resulting VEV of h will also shift the masses of
W,Z, t way above πT . More precisely that happens when ϵHS

√
N ≫ 1.

It is worth, to gain a better overview on the dynamics, to focus for a moment on the case
ϵHS
√
N ≫ 1, even though this would require N much larger than the lowest allowed

value. In this case, the heaviest SM states h,W,Z, t decouple from the thermal dynamics:
their density and all their effects, including those on the effective potential, are Boltzmann
suppressed. In particular they decouple from the 3D stochastic dynamics. Notice, in
contrast, that in the N scaling we are considering ϵS is fixed: as long as perturbation
theory applies, the mass ms,0 of the zero mode of S, see eq. (5.18), remains ≪ πT , and
this mode dominates the thermal dynamics. When ϵHS

√
N ≫ 1, with ϵS , |ϵHS | ≪ 1 the

thermal spectrum has then the rough structure

m2
h,m

2
W ,m

2
Z ,m

2
t ≳ π2|ϵHS |

√
NT 2 ≫ π2T 2 ≫ π2ϵST

2 ∼ m2
s . (5.28)

In order to systematically compute physical quantities one should then use an effective
field theory approach in three steps: 1) integrate out the heavy SM states h,W,Z, t
matching to an EFT for the remaining light (and nearly decoupled) SM states plus S; 2)
run this EFT down to the compactification scale ∼ πT ; 3) match to a 3D EFT for S.
Notice that the dynamics that determines the thermal masses of h,W,Z, t takes place
at much lower energies, at or below T . In a sense the situation is similar to the case,
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naturally realized in supersymmetry, where a flat direction field controlling the mass
of heavy states is stabilized by some IR dynamics. The difference with respect to our
case is that here the operator S2 controlling the heavy masses is a genuine composite,
in the sense that ⟨S⟩ = 0. Indeed the large size of ⟨S2⟩ is not driven by the flatness of
the potential but by the coherent pile-up of thermal fluctuations from N fields. We can
however formulate the dynamics in a way that is not too different from the case of a flat
direction. It just suffices to introduce an auxiliary field σ mediating the (S2)2 interaction,
as it is standard in the study of large-N models like the Gross-Neveu model or the O(N)
model. As discussed in the next section, one can start from the equivalent Lagrangian
eq. (5.29), which reduces to the original one by first integrating out σ. However, according
to the EFT picture outlined above, it is more convenient to first integrate out h as well
as W,Z, t, working around a background with non-vanishing σ. In such a way one derives
an EFT redundantly written in terms of S and σ, where all degrees of freedom are
light. This effective Lagrangian is exactly quadratic in S, and can be studied in a 1/N
expansion by first integrating out all of S. We will partly illustrate that in the next
section.

The extreme limit ϵHS
√
N ≫ 1 just described is formally interesting. However, the

estimates in (5.20) reveal that typical values of ϵHS
√
N are usually far away from it.

In these more realistic cases there is no big separation of scales, so we do not need to
construct the effective theory as outlined in the previous paragraph. As we will see in
the analysis of the next subsection, however, it is still useful to integrate-in the field σ

(which controls the mass of h,W,Z, t) and keep all non-linear terms in this quantity; on
the other hand, it suffices to work at one loop order in the SM couplings.

5.1.5 The effective potential

In this subsection we will find a more accurate approximation for the effective potential
and to the conditions necessary to satisfy (5.6).

We begin by recalling that eq. (5.20) indicates that the region of parameter space where
sphalerons are switched off at high T lies always at large N . Moreover the value of N
is minimized for the largest ϵS , compatibly with perturbativity. These two joint facts
prompt us to use the standard large-N methodology to re-sum all orders in ϵS . Indeed,
neglecting for the moment the effects of λHS , the loop expansion in the S sector is easily
seen to correspond to a series in λpSN

q ∝ ϵpSN
q−p with p ≥ q. Treating ϵS as a fixed

and not necessarily small parameter, the large-N resummation consistently captures at
leading order all the terms with p = q, with the next-to-leading terms (p = q+1) formally
suppressed by O(1/N). See the right of Fig. 5.1 for a sample of leading diagrams.

In the purely 4D case (T = 0), while the resummation of the leading p = q series makes
perfect sense, the dynamical regime ϵS ≳ O(1), where the effects would be most dramatic
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and interesting, lies unfortunately in the UV, where the theory is out of control. 12

However, at finite temperature, as we already reviewed, the effective coupling becomes
stronger in the 3D regime. In this situation, the resummation of the leading series in
1/N can capture more dramatic effects. For example, interpreting the mass ms,0 of the
zero mode of S as a free parameter, say by suitably tweaking the bare squared mass of
S (in particular allowing it to be negative), the IR dynamics in 3D potentially displays
various phases that are all tractable at large-N . In the strict ms,0 = 0 limit the system
flows to a CFT (the so-called O(N) model) in the far IR. The typical scale of the flow is
∼ λSNT/8π, where the coupling λ becomes strong but the 1/N approximation remains
reliable. For 0 < ms,0 ≲ λSNT/8π we have a strongly coupled gapped phase, while
for ms,0 ≳ O(λSNT/8π) we get back to a weakly coupled regime, where however the
effective coupling ϵ3DS ∼ λSNT/(8πms,0) is bigger than ϵS ; in particular, in the generic
high T phase we have seen that ϵ3DS ∼

√
ϵS . In our model (5.7) we are always in this latter

case and therefore it is the less dramatic, but still quantitatively important, series in ϵ3DS
that our large-N resummation shall capture. To be more quantitative, let us estimate the
range of ϵS compatible with the perturbative definition of our model. For that purpose,
observe that at leading order in 1/N , and considering the realistic limit ϵH ≪ ϵS , the
beta function µdϵS/dµ = 2ϵ2S develops a Landau pole at ΛL = µ exp[1/(2ϵS(µ))]. Having
a consistent theory below Λ = 100 TeV < ΛL then translates into the perturbativity
requirement ϵS(mt) ≲ 0.07. We confirmed numerically that the inclusion of all other
couplings does not alter this upper bound significantly. In the following we will therefore
stick to the domain ϵS(mt) ≲ 0.07. Such a value corresponds to √ϵS ∼ 0.25 for which
resummation of the leading 3D effects can make an almost O(1) effect.

Having identified a reliable and systematic re-summation suitable for our model, let
us now go back to our original task: finding the effective potential. An important
simplification in this analysis comes from the fact that the vacuum of S is trivial at all
temperatures whenever (5.8) holds. We have already shown this in the simplified analysis
of Section (5.1.3), but it turns out it is in fact a general result, as argued in Appendix 5.A.

Now, the standard technique to resum the leading loop effects at large-N in the O(N)
model involves the introduction of an auxiliary field σ mediating the interactions of
interest. In practice we shall add a trivial term 1

4λS

(
σ − λSS2 − 2λHSH†H

)2
to eq. (5.7),

such that the part of the Lagrangian that depends only on the scalar fields becomes:

L = DµH
†DµH −

(
m2
H + λHS

λS
σ

)
H†H − λH

(
1− λ2

HS

λHλS

)
(H†H)2 (5.29)

+ 1
2∂µS∂

µS − 1
2(m2

S + σ)S2 + 1
4λS

σ2.

Of course when integrating out σ this trivially gives back our Lagrangian. However, in

12The situation is famously reversed in Gross-Neveu model in 2D, where the coupling is asymptotically
free and the strong regime lies controllably in the IR.
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order to organize perturbation theory as an expansion in 1/N , it is convenient to first
integrate out S. The key property of eq. (5.29) is that S appears quadratically, so that it
can be integrated out exactly to give:

L → Leff = DµH
†DµH −

(
m2
H + λHS

λS
σ

)
H†H − λH

(
1− λ2

HS

λHλS

)
(H†H)2(5.30)

+ 1
4λS

σ2 +NΓ[m2
S + σ, ∂],

where Γ[m2
S +σ, ∂] is a calculable function of σ and its derivatives (Note we also used the

fact that ⟨S⟩ = 0 in deriving (5.30). We will assume this is understood in the following.).
The most salient property of the above result is that in the limit N →∞ with λSN fixed,
the action for σ in the second line is formally of order N . Neglecting for the moment the
first line involving the interaction with H, this implies that 1/N is the loop expansion
parameter for the self-interactions of σ. This is easily seen by going to a canonical basis
σ →

√
λSσ ∼ σ/

√
N and expanding Γ in powers of σ: the n-point couplings scale like

(1/
√
N)n−2 as befits 1/N being the loop counting parameter. By the same rescaling,

the σH†H coupling becomes λHS/
√
λS , which by the stability condition is ≤

√
λH . We

thus conclude that, in the large-N limit with the SM couplings and ϵS and ϵHS fixed, σ
interactions come in two classes: self interactions, with strength controlled by powers of
1/N , and interactions with the Higgs, whose strength is comparable, at most, to that of
the SM couplings.

Eq. (5.30) contains all the quantum fluctuations from S at leading order in 1/N , with
subleading effects associated to σ fluctuations not yet computed. When treating the
couplings as the bare ones, the above Lagrangian should then not involve any UV
divergence associate to the leading S loops. This is easily checked. Γ involves indeed
a logarithmic UV divergent σ2 piece that matches precisely the UV divergence in the
tree coefficient 1/4λS . Moreover, using the beta functions given in (5.80), one can easily
check that the other two combinations of couplings λHS/λS and λH − λ2

HS/λS are RG
invariant when considering the contributions that are purely induced by S-loops and
leading in the 1/N expansion. It follows that the corresponding bare couplings are free of
the associated UV divergences, as it should. This result means for instance that the two
point function of σ from eq. (5.30) will be determined in the leading log approximation
by λS renormalized at the largest scale among T ,

√
⟨σ⟩ and the external momentum ∂.

In practice when considering thermal loops the relevant scale will be T . Notice however
that Γ also contains finite corrections coming from 3D physics, whose relative size is
controlled by √ϵS and which we will take into account.

With all the above comments in place we can now compute the effective potential.
Motivated by the estimates in section 5.1.3 a reasonable approximation would be to work
at leading order in the 1/N expansion (but all orders in ϵS) and at 1-loop in the SM
couplings. Proceeding in the standard way we decompose the fields in their classical
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background plus their fluctuations. Ignoring the eaten Goldstones, which we will treat
separately, in the scalar sector we have

σ = σc + δσ H =
(

0
h+δh√

2

)
. (5.31)

When expanding the action at quadratic order in δσ and δh we find a slight complication
from a mixing term arising from the cubic interaction σH†H. It is then convenient to
integrate over the quantum fluctuations in two steps: we first perform a suitable shift
of δσ to eliminate the mixing and then compute the fluctuation determinant for the
resulting diagonal quadratic action. The first step corresponds to

δσ → δσ + λHS
λS

Gσσhδh (5.32)

with

Gσσ =
(

1
2λS

+ Nδ2Γ
δσδσ

)−1

(5.33)

the δσ propagator around the background. The δh self-energy gets corrected according
to

Σhh ≡ ∂2 +m2
H + λHS

λS
σc + 3λH

(
1− λ2

HS

λHλS

)
h2 (5.34)

→ Σhh + λ2
HS

λ2
S

Gσσh
2.

After this diagonalization we notice that the δσ fluctuation determinant contributes a
term that purely depends on σc and which is 1/N suppressed with respect to the leading
action for σ. In accordance to our goals we neglect this term. The δh contribution,
determined by the Tr ln of the self energy operator in eq. (5.34), corresponds to the SM
Higgs contribution to the 1-loop effective potential, dressed by an infinite class of S loops,
which resum the leading series in ϵS in the large-N limit. This computation is made
involved by the non trivial momentum dependence of Gσσ. In view of that, we have
chosen to simplify our computation by making the approximation Gσσ ≃ 2λS(T ). The
error this entails corresponds to O(√ϵS) relative to the h-loop contribution to the effective
potential. In view of the smallness of the leading Higgs loop contribution compared to
the combined effects of W,Z, t, we estimate this is a fair approximation. In principle,
with some extra effort, this approximation could be dropped. We plan to reconsider this
in the future, though it seems rather clear this is not going to change our estimates on
the range of parameters by more than a few percent.

With all the above comments in place, in particular as concerns our approximations,
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after some straightforward algebra, at last, the effective potential for h, σc reads

Veff(h, σc) = 1
2

(
m2
H + λHS

λS
σc

)
h2 + λH

4

(
1− λ2

HS

λHλS

)
h4 (5.35)

− 1
4λS

σ2
c +NV0(m2

S + σc)

+ V0

(
m2
H + λHS

λS
σc + λH

(
3− λ2

HS

λHλS

)
h2
)

+ 3V0

(
m2
H + λHS

λS
σc + λH

(
1− λ2

HS

λHλS

)
h2
)

+ 6V1

(
g2

4 h
2
)

+ 3V1

(
g2 + g′2

4 h2
)

+ 12V1/2

(
y2
t

2 h
2
)

where all the couplings should be taken renormalized at µ ∼ T and the functions Vj are
defined in Appendix 5.B. The contributions in the above equation are easily identified.
Besides the “tree" level terms in the first two lines, the third line corresponds to the
physical Higgs scalar fluctuation δh, the fourth to the eaten Goldstones in Landau (ξ = 0)
gauge, the fifth to respectively W,Z and t. Notice that the difference in the argument of
the function V0 for Higgs and Goldstones is also determined by the mixing with σ we
mentioned above.

Overall, (5.35) includes all 1-loop effects and re-sums all powers of ϵS at leading 1/N
order, but ignores genuinely 2-loop contributions involving the SM couplings — since
expected to be smaller than those solely controlled by ϵS — as well as corrections of
order √ϵS on the already small Higgs contribution in the third line. All effects scaling as
λHSN , which play a crucial role in symmetry non-restoration, come from σcλHS/λS and
have thus been taken into account in (5.35). An example of re-summed contributions is
shown in the right panel of Fig. 5.1.

The true effective potential for h is found solving numerically the classical equations of
motion for the constant configuration σc(h2) and replacing it back in (5.35), i.e.

Veff(h) = Veff(h, σc(h2)). (5.36)

Yet, before presenting our numerical results it is instructive to investigate the ideal limit
in which only the second line of (5.35) is kept. This limit is useful to quantify for which
values of ϵS our model is expected to be comfortably under perturbative control at finite
T . The numerical solution σc in this simplified case, and for the high T regime σc ≫ m2

S ,
is shown in Fig. 5.2 as a function of ϵS(µ = T ). The exact result (solid line) approaches
the expression σc = λSNT

2/12 (dotted line) found at leading order in an expansion in
ϵS (i.e. the one we used for example in (5.18)) only for σc/T 2 ≪ 1. Quantitatively, the
leading order expression σc = λSNT

2/12 is larger by a factor (1− 2
√

3ϵS +O(ϵS)), that
is 30− 40% already at ϵS ∼ 0.01 and gives us a measure of the perturbative domain at
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5.1 The low energy sector

high T . This result is especially important to us because physically σc represents the
thermal mass squared of the singlet (see also (5.77)), whereas σcλHS/λS is the dominant
thermal correction to the Higgs mass squared, see (5.35). What Fig. 5.2 demonstrates is
that when ϵS ≳ 0.01 a numerical study of (5.35), including in particular the full function
NV0(m2

S + σc), is necessary to obtain a careful assessment of the effective potential at
finite T .

We are finally ready to discuss our results. We derived Veff(h) numerically according to
(5.36) for a set of input values λS(mt), λHS(mt), N and

m2
s = m2

S + λHSv
2. (5.37)

We took yt(mt) = 0.934−0.951, g(mt) = 0.648, g′(mt) = 0.359, gs(mt) = 1.17, λH(mt) =
0.128 and mt = 173 GeV, mh = 125 GeV. Consistently with our approximations in the
effective potential, the RG evolution of the couplings is evaluated at 1-loop. The
renormalization scale was fixed at the value µ =

√
m2
t + T 2 to minimize the logs in Vj at

large T and avoid singularities at T = 0.

First we note that, as already anticipated when discussing (5.20), the function h(T )/T
increases at high T due to the decrease in λH(µ) and has a minimum at around the
temperature at which the transition between high and low T occurs. This implies that
the requirement that sphalerons are switched off at all T < Λ = 100 TeV is dominated
by low temperatures, which motivates a posteriori the approximation made in (5.6). This
behavior is shown in fig. 5.3. Our analysis also confirms the result (5.20) quantitatively:
h ≳ T requires large N and a sizable ϵS . Specifically, N ≳ 100− 200 seems unavoidable
if we require the description to stay perturbative up to Λ = 100 TeV.

In fig. 5.4 we show, for ϵS ∈ [0.01, 0.07] and ms = 0, the value Nmin corresponding
to the smallest N that gives h/T ≥ 1.2 − 1.5 compatibly with the stability condition
λ2
HS < λHλS all the way up to T = 100 TeV. As already evident from (5.20), Nmin is

obtained when maximizing ϵS . Moreover, for a given ϵS the minimum N is found at
the maximally allowed |λHS |. The ratio λ2

HS/λHλS increases with the RG scale, so that
that the stability constraint is dominated by large RG scales: demanding stability up to
our UV cutoff translates into |λHS(mt)|/

√
λS(mt)λH(mt) ≲ 0.4 − 0.6. In this respect

it is important to stress that the 1-loop approximation of the RG overestimates the
drop in λH(µ≫ mt)/λH(mt) when yt(mt) = 0.951 is used, and hence over-constraints
|λHS |, whereas an evolution closer to a 3-loop analysis is obtained for the lower value
yt(mt) = 0.934. In this sense the choice yt(mt) = 0.934 appears to be more accurate. As
the figure shows, the weaker drop in λH results in a weaker bound on N . Finally, we
verified that for N ≫ Nmin and ϵS → 0 our numerical solution h(T ) approaches (5.19),
as it should.

Additional information is provided by fig. 5.5. Taking the conservative value yt(mt) =

199



Chapter 5. EW Baryogenesis and Symmetry non-restoration

0.00 0.02 0.04 0.06 0.08 0.10
0.0

0.2

0.4

0.6

0.8

1.0

ϵS (T)

σ

T2

Figure 5.2: The solid curve shows the exact classical solution σ(s2 = 0)/T 2 of (5.30)
with H → 0, as a function of ϵS(µ = T ). The dotted line is the approximate expression
σ/T 2 = λSN/12 obtained at leading order in an expansion in ϵS ≪ 1.
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Figure 5.3: Here we show h/T as a function of the temperature for various values of
λHSN and ms = 0, ϵS = 0.03, N = 1000. The filled area identifies 1.2 ≤ h/T ≤ 1.5. As
discussed, these curves have a minimum at around 100− 1000 GeV, where the transition
between the high-T and low-T behavior takes place. The growth at high temperatures is
due to the running of λH .
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Figure 5.4: The colored area shows the minimum value of N for a given ϵS that
gives 1.2 ≤ h/T ≤ 1.5 for all T ≤ 100 TeV compatibly with the stability requirement
λ2
HS ≤ λHλS . Here we took ms = 0 and yt(mt) = 0.934 (red) 0.951 (blue).
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Figure 5.5: Region with h/T ≥ 1.2 in the N , λHSN < 0 plane. Here ms = 0, yt(mt) =
0.951.
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Figure 5.6: Nmin as a function of ms for a few representative values of ϵS (here yt(mt) =
0.951). In the colored region 1.2 ≤ h/T ≤ 1.5 and the model is stable for all T ≤ 100
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0.951, and again ms = 0, the plot shows what region in the N,λHSN < 0 plane is
selected by requiring h/T ≥ 1.2 and stability up to the UV cutoff, for a few choices of ϵS .
Note that |λHS |N ≳ 6− 9, compatibly with what we found in Section 5.1.3, where the
smaller values are obtained for smaller ϵS .

Another relevant question we can address with(5.35)concerns the allowed zero-temperature
mass (5.37) of the scalar. Crucially, S cannot be much heavier than mt because otherwise
it would not be able to generate large enough thermal corrections to the Higgs mass to
win over the positive top quark contribution. A more quantitative assessment of this
expectation is given in Fig. 5.6, where we present the minimal value of N required
to suppress sphaleron processes at all temperatures as a function of ms, and for a few
representative values of ϵS .

It is worth emphasizing that, while we have argued that N ≳ 100− 200 is unavoidable
within the minimal model (5.7) (see however possible extensions discussed in Section 5.3.2),
N cannot be arbitrary large. The reason is that in scenarios of EW baryogenesis one
expects [225]

ηb ∼ c sin θCP(20α5
w)/g∗, (5.38)

where 20α5
w measures the strength of the non-perturbative sphaleron effects (as in section

5.1.1), c is a function of the wall dynamics, θCP a CP-violating phase, and g∗ the total
number of relativistic degrees of freedom. In our scenario (5.38) is generated by the UV
dynamics at T ∼ Λ and having sin θCP ∼ 1 is not a problem. However, with g∗ ∼ N ≫ 100
the asymmetry would be suppressed by ∼ g∗,SM/g∗ ∼ 100/N compared to standard
scenarios of EW baryogenesis. For the typical values considered here, N ∼ 102 − 103,
the net effect is a mild O(1− 10) suppression, but much larger values of N are clearly
not viable. Specifically, from (5.38) we find the observed baryon asymmetry ηb ∼ 10−10

can only be reproduced provided N/c ≲ 104.

5.2 Phenomenology

In the previous section we have seen that S has to have a mass around the weak scale.
This opens the possibility of observing direct and indirect signatures of the new singlet,
as discussed in the present section.

5.2.1 Collider constraints

We have already emphasized that S does not acquire a VEV because of our assumption
(5.8): the O(N) symmetry remains unbroken. S must thus be produced in pairs in
accelerators, with rates proportional to λ2

HSN , and show up as missing energy. The most
dramatic effect consists in the generation of an invisible Higgs branching ratio, and is
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Figure 5.7: The two 1-loop diagrams contributing to the Higgs trilinear.

kinematically allowed only for m2
s < m2

h/4:

BR(h→ inv) = Γ(h→ SS)
Γtot

= λ2
HSv

2N

8πmhΓtot

(
1− 4m

2
s

m2
h

)1/2

. (5.39)

Requiring BR(h→ inv) < 10% and conservatively assuming |λHS |N = 10 (see Fig. 5.5)
we get the severe bound N ≳ 106. To avoid it in the following we will stick to the regime
ms > mh/2.

Direct production via vector boson fusion or associated production has been considered
in [251]. According to that study, for mh/2 < ms < O(mt) there exist realistic chances of
discovering S via direct production at a future 100 TeV pp collider as long as λHS

√
N ≳

0.2− 0.4, which for |λHS |N = 10 reads N ≲ O(103).

Besides direct processes, virtual effects can be important. Because the singlet does not
mix with H, all couplings of the Higgs boson to the SM vector bosons and fermions are
standard at tree level. Yet, 1-loop diagrams with virtual S’s modify them offering an
interesting indirect probe of the model. The most important effect in the N →∞ limit
concerns the Higgs wave function and corresponds to a universal reduction by a factor
(1− δZH/2) of on-shell Higgs couplings with respect to their SM value. One finds

δZH = λ2
HSNv

2

8π2m2
s

∫ 1

0
dx

x(1− x)

1− m2
h

m2
s
x(1− x)

(5.40)

= λ2
HSNv

2

48π2m2
s

f(m2
h/m

2
s),

where f(m2
h/m

2
s) is a decreasing function of ms, of order f = 3.5(1.5) for ms = 70(100)

GeV and quickly approaching f = 1 for larger masses. For ms = O(mh), and using
|λHS |N = 10 as a benchmark value, δZH ∼ (λ2

HSNv
2)/(48π2m2

s) ∼ 1/N . Future linear
colliders might be able to test N ∼ 100− 1000 [252] and thus a sizable portion of the
relevant parameter space.

Other corrections are less important. Consider for instance the corrections to the Higgs
trilinear arising at 1-loop from the diagrams in Figure 5.7. As S is light, the result can
only roughly be described as a momentum independent correction to the trilinear. We
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are here nonetheless only interested in a rough estimate of the size of the effects. The
triangle diagram in the left of Fig. 5.7 gives a correction ∼ λ3

HSNv
2/(24π2λHm

2
s) relative

to the SM trilinear. By taking |λHS |N = 10 this becomes ∼ (100/N)δZH ∼ 100/N2.
This is only comparable to the wave function effect in the limiting case N ∼ 100 and
moreover, in view of the expected experimental sensitivity on the trilinear, not relevant.
The diagram in the right of Fig. 5.7 gives a momentum dependent correction of the same
size ∼ 1/N as that induced by the wave function correction. This is also below the quoted
future sensitivities, modulo the unlikely possibility that the momentum dependence of
the correction could be used to boost up the signal.

5.2.2 Dark matter constraints and simple fixes

Within our framework S is exactly stable. Unfortunately it cannot be identified with the
dark matter because such a possibility appears to be in conflict with current direct and
indirect dark matter searches.

Let us see why this is the case. For our mechanism to work S must have been in thermal
equilibrium at temperatures above the weak scale. This happens for |λHS | ≳ 10−8,
or equivalently N ≲ 108(|λHS |N) ∼ 109. Its present-day energy density ρS is thus
determined by standard freeze-out dynamics. The main number-changing processes
setting ρS are annihilations into SM particles controlled by the interaction λHSH

†HS2.
In the regime of interest, ms > mh/2, the Higgs propagator is always off resonance, and
the largest annihilation rate is into Higgs pairs (for ms > mh) and vector boson pairs
(for ms > mW ). The thermally averaged cross section is ⟨σ(SiSj → SM)v⟩ ≡ δij⟨σannv⟩
with σannv maximized above threshold by ⟨σann,maxv⟩ ∼ λ2

HS/(8πm2
s). The density ni

of each of the i = 1, · · · , N scalar components is determined solving the Boltzmann
equation dni/dt+ 3Hni ≈ −

∑
j⟨σ(SiSj → SM)v⟩(ninj − neq

i n
eq
j ) with initial condition

ni ∼ neq
i ∼ T 3/π2 at high T > ms. Because by symmetry this equation is the same for

each ni one finds that the total number density
∑
i ni = ntot = Nni satisfies

dntot
dt

+ 3H(T )ntot ≈ −
⟨σannv⟩
N

[(ntot)2 − (neq
tot)2], (5.41)

which essentially coincides with the evolution of the density for a single scalar dark
matter candidate with an effective annihilation cross section ⟨σannv⟩/N . The solution
of (5.41) is a function ntot(T ) that decreases in time until the freeze-out temperature
Tfo/ms ∼ 1/30−1/20 that occurs when ntot(Tfo) ∼ NH(Tfo)/⟨σannv⟩. From that time on
S was out of equilibrium and ntot(T ) continued to decrease mainly due to the expansion of
the universe. For all T < Tfo the energy density per unit entropy remains approximately
constant and given by ρS/s = msntot/s =

√
180/πN(ms/Tfo)/[⟨σannv⟩MPl

√
g∗(Tfo)],

where H(T ) ∼ √g∗T 2/MPl and g∗ ∼ 100 (at decoupling the large number of S degrees
of freedom contribute negligibly to the entropy). We can now compare the latter with
the observed dark matter density, which itself is of order five times larger than that of
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baryons, i.e. ρDM/s ∼ 5mpηb with mp ∼ 1 GeV the proton mass and ηb ∼ 10−10 the
baryon density per unit entropy. Combining everything together we arrive at

ρS
ρDM

∼ N

⟨σannv⟩MPl

1
mpηb

(5.42)

≳ N

⟨σann,maxv⟩MPl

1
mpηb

∼
(
N

50

)3 ( ms

100 GeV

)2 ( 10
λHSN

)2
.

In many respects S behaves analogously to the singlet scalar dark matter (N = 1) studied
extensively in the literature (see e.g. [253–255] and references therein). For example,
similarly to what we saw for the thermal abundance, the annihilation rates relevant to
indirect dark matter searches are the same as those of a single scalar up to a suppression
1/N . As a consequence, once the cross section for annihilation into SM particles at
freeze-out is fixed to the value required to explain the dark matter of the universe, indirect
signatures are effectively the same as for the standard N = 1 case. The absence of
observational evidence of such signatures already represents an important constraint on
the model [253–255].

However, when considering direct detection signals the situation is much worse compared
to the well-studied singlet scalar dark matter model because in our scenario the number
of expected events is increased by a factor N ≫ 1.

Direct detection experiments set limits on the cross section for spin-independent scattering
of S off a nucleon n, which we write as σDD(Sin→ Sin) per each component i, and the
signal is proportional to the total present-day number density: NniσDD = ntotσDD =
(ρS/ms)σDD. An explicit calculation gives [253–255]

σDD = λ2
HS

πm2
s

µ2
nSm

2
n

m4
h

f2
N , (5.43)

where µnS is the reduced mass of the S-nucleon system, mn the nucleon mass, and
fN ∼ 0.3 a nuclear form factor. Assuming S constitutes the totality of the total dark
matter, the current experimental bound for a singlet of mass not too far from mh roughly
reads σDD < 10−46 cm2, see [256]. This translates into

N ≳ 2× 103, (5.44)

which is much larger than required for S to be the dark matter, see (5.42). In our
minimal scenario a large N implies a small annihilation rate and consequently a larger
abundance, and ultimately a signal stronger by a factor ρS/ρDM in direct detection
experiments. More precisely, the direct detection cross section and the annihilation
rate are related by σDD ∼ (µ2

nSm
2
n/m

4
h)⟨σann,maxv⟩. The actual bound in our model is
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(ρS/ρDM)σDD < 10−46 cm2 and reads:

10−46 cm2 >
ρS
ρDM

σDD ≳ N
µ2
nSm

2
n

m4
h

1
mpηbMPl

∼ N × 10−44 cm2, (5.45)

which is impossible to satisfy for any N ≥ 1 by at least a couple orders of magnitude.

We conclude that the minimal model (5.7) is not compatible with direct dark matter
searches. In the reminder of this section we will propose three classes of extensions.
We will entertain the possibility of adding new light particles that constitute the dark
matter (Section 5.2.2), or breaking the stabilizing O(N) symmetry, thereby making S
decay on cosmological scales and completely removing the dark matter from the model
(Section 5.2.2), or finally introducing a new confining force (Section 5.2.3). The main
lesson to be drawn from the following discussion is that it is possible to build simple
extensions of the toy model (5.7) that are compatible with all observations. However, at
this earlier stage we have no reason to prefer one of the following realizations over any
other, so a detailed analysis of concrete scenarios is left for future work. It is nevertheless
worth mentioning that the additional particles introduced in realistic models may affect
the numerical analysis in Section 5.1.5, so that a proper model-dependent analysis of
the finite-T effective potential may be required. Furthermore, the richer structure of
the realistic models potentially makes the prospects of detection a bit more exciting
compared to the original model of eq. (5.7).

Extension 1: adding a dark matter candidate

As our first extension we introduce new fermions that will play the role of the dark
matter. For definiteness we promote S to the traceless symmetric 2-index representation
of a global SO(n). With this slight modification the expression S2 in the potential (5.7)
should be interpreted as tr[S2]; in addition another quartic λ′Str[S4] as well as a new
soft trilinear µDtr[S3] are in principle allowed. With µ2

Dn ≪ 16π2m2
t (this condition

may be enforced by an approximate Z2 symmetry) and λ′S ≪ λSn the results of the
previous sections, in particular the suppression of sphalerons at high T , are left unchanged
provided we identify N = n(n+ 1)/2− 1.

Now, if no new ingredients are added, our estimate (5.42) shows that ρS/ρDM ≳ 1 for
N ≳ 50. Our plan here is to render S unstable and let its decay products be the dark
matter. This we achieve adding a pair of Weyl fermions χ with mass mχ < ms/2 in
the fundamental of SO(n), and introducing the coupling yχiχiSij . Note that χi is
exactly stable due to the SO(n) symmetry and an accidental Z2. In this new set up
S → χχ would quickly deplete the scalar population at a temperature Tdecay ≲ ms,
provided at this scale the decay rate is comparable or larger than H(T = Tdecay). We will
assume Tdecay ≳ TBBN ∼ 1 MeV to avoid affecting BBN. This corresponds to requiring
y2 ≳ 4π√g∗T 2

BBN/(msMPl).
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With a sizable y, however, χ gets thermalized at T ≳ ms via reactions such as Γ(χχ↔
SS),Γ(χχ ↔ SSS), the latter being mediated by an off-shell S; having no lighter
states to decay into, nor efficient annihilation channels, the present-day relic χ density
would then be way too large to be identified with the dark matter. To ensure χ be a
compelling dark matter candidate we impose the conservative conditions Γ(SSS → χχ) ∼
y2λ2

Sn
3T/(4π)5 ≲ H(ms), Γ(SS → χχ) ∼ y4n2T/(4π)3 ≲ H(ms), which guarantee χ

does not thermalize, and assume its primordial number density is negligible. In practice,
for a coupling in the range

4π√g∗
T 2

BBN
msMPl

≲ y2 ≲ min
[
4π√g∗

ms

MPl

√
N

ϵ2S
, 4π

√
√
g∗
ms

MPl

4π
N

]
(5.46)

χ was never thermalized at any T < Λ and the present-day density is entirely controlled
by S → χχ. The decay will generate a density of order ρχ/s ∼ (ρS/s)(mχ/ms), where
the suppression of mχ/ms arises from the fact that the energy density of χ approximately
scales as radiation from T ∼ ms down to T ∼ mχ, and only after that threshold χ started
to behave as cold dark matter. Choosing the masses such that (ρS/ρDM)(mχ/ms) ∼ 1
the fermion can thus be identified with the dark matter. The phase space bound mχ ≳
keV [257] combined with (5.42) tell us that the initial ρS cannot be arbitrarily large: the
viable regime is in practice limited to N ≲ 103 − 104. The conflict with direct dark
matter searches that the minimal model suffers from are here evaded: there is virtually
no hope of detecting χ because all interactions between the dark matter and the SM are
mediated by the Planck-suppressed coupling y, see (5.46).

Extension 2: breaking O(N) softly

Our second class of extensions has an unstable S, there is no dark matter candidate and
the direct/indirect detection constraints are trivially satisfied.

Let us consider for instance the most general set of soft terms we can add to (5.7):

δVsoft = ai
µ3

gS
Si + bij

µ2

2 SiSj + cijkgSµSiSjSk + digSµSi|H|2, (5.47)

where µ is a mass scale, gS a coupling and ai, bij , cijk, di arbitrary real matrices. We
assume that ai, bij , cijk, di are of order unity and µ≪ |mH |,mS , so that our analysis of
the physics at finite temperature in the O(N) symmetric model is not affected by the soft
terms in (5.47). Our main task here is to identify what values of µ are large enough to
trigger S decay on cosmological scales and simultaneously small enough to be consistent
with collider constraints.

Note that ai, di are invariant under two (in general inequivalent) O(N − 1) ⊂ O(N), and
when combined leave an O(N − 2) invariant. This means that in their presence only
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two components Si will be able to decay while additional soft terms are necessary to
destabilize the remaining N − 2 ones. Similarly, bij leaves intact a ZN2 subgroup and is
not enough by itself for our purpose either. Finally, cijk breaks O(N) completely.

The field fluctuations δh and δSi = Si − ⟨Si⟩ obtain a mass matrix that at leading order
in µ/∆m, where ∆m2 ≡ m2

h −m2
s, has the following structure

∼
(
m2
h +O(µ2) diµgSv

diµgSv δijm
2
s + b′ijµ

2

)
, (5.48)

where b′ijµ2 = bijµ
2 + 6cijkgSµ⟨Sk⟩ with ⟨Si⟩ ∼ diµgv2/m2

s +O(µ3). The diagonalization
may be done in two steps: we first act with a rotation of angle ∼ diµgSv/∆m2 to reduce
(5.48) to a block diagonal form and then diagonalize the N ×N block through a O(N)
orthogonal matrix R. Carrying out this procedure we find the mixing angles between
δSi and the Higgs are given by

sin θi ∼ Rijdj
µgSv

∆m2 . (5.49)

Assuming that the order one coefficients ai, bij , cijk and di are independent, we expect
b′ij is also independent from di. Furthermore, we choose the coupling gS such that
(gSv)2 ≲ ∆m2. 13 In this case all physical components δSi have a non-vanishing mixing
with the Higgs that allow for their decay into pairs of SM fermions or virtual gauge bosons.
The decay width is of order Γi ∼ sin2 θiΓtot, where we used the fact that msi ∼ mh is a
reasonable approximation and denoted by Γtot the Higgs width. In order not to spoil
the successes of standard BBN cosmology we have to require all singlet components are
removed from the plasma well before temperatures of order TBBN ∼ 1 MeV. Since Γtot ∼
MeV this gives θ2

i ≫
√
g∗MeV/MPl ∼ 10−21.

There is potentially another concern to take into account, however. If the scalars
decay when their energy density dominate the universe, then a large entropy can be
injected, in turn leading to a dilution of the baryon asymmetry. To avoid this we will
conservatively require all singlet components decay before the temperature T∗ at which
ρS(T ) = ρS(Tfo)(T/Tfo)3 starts to dominate over radiation. Recalling that in a standard
cosmology matter-radiation equality takes place at around Teq ∼ 1 eV, using (5.42) and
the benchmark values λHSN = 10, ms = 100 GeV, we estimate

T∗ ∼ Teq

(
N

50

)3
∼ 1 MeV

(
N

5000

)3
. (5.50)

For the values of N considered in this study T∗ < TBBN, so this request is weaker than

13If (gSv)2 ≳ ∆m2 the b′ contribution can become negligible compared to the off-diagonal terms
in (5.48). In this case the mass matrix would be nearly degenerate and the rotation R would orient
di in the direction of a single component of the δSi fields, allowing only for its mixing with an angle
∼

√
NµgSv/(∆m2), where we used the fact that a vector with random entries of order unity has |d| ∼

√
N .

Since we want all the components of S to decay, we choose to stay away from this region.
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demanding BBN remains standard.

At the same time, bounds from collider experiments tell us that the mixing cannot be
too large. In fact, too large mixing angles would imply the physical Higgs has couplings
to the SM particles suppressed with respect to those predicted by the SM by a factor
cos θ, with

cos2 θ ∼ 1−
∑
i

sin2 θi ∼ 1−N
(
µgSv

∆m2

)2
. (5.51)

To be consistent with experimental data, we require N(µgSv/∆m2)2 ≪ 10%.

The previous two conditions are satisfied in the region

10−21 ≪
(
µgSv

∆m2

)2
≪ 10−1

N
. (5.52)

We see that with values N ∼ 100− 1000 there is a large portion of parameter space that
allows us to remain compatible with both dark matter and collider bounds.

5.2.3 A more ambitious fix: confining S and composite dark matter

In this section we will explore a scenario where S is promoted to the anti-symmetric
representation of a dark SO(n) gauge group. Contrary to the previous model, the gauge
symmetry here forbids a scalar trilinear and the renormalizable Lagrangian remains
invariant under an accidental Z2 symmetry:

S → −S. (5.53)

We will assume that the symmetry (5.53) is preserved by our UV completion at the scale
∼ Λ. We do this in order to obtain a qualitatively different scenario compared to the one
discussed in Section 5.2.2. 14

Our earlier discussion on symmetry non-restoration goes through qualitatively unchanged
provided we identify N = n(n− 1)/2 ∼ n2/2. Yet, the calculation of the relic abundance
of S should take into account a new ingredient: the dark gauge bosons.

We estimate the population of S at freeze-out observing that the dominant annihilation

14In the absence of a Z2 symmetry S is expected to decay into exotic gauge bosons and SM particles.
For example, taking S in the 2-index symmetric of SO(n) allows a trilinear coupling S3, whose main
effect would be to trigger a (1-loop) width into dark gluons at the renormalizable level. The Z2-symmetric
scenario discussed in this section reveals a richer phenomenology, which we find interesting to investigate.
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channel is into dark gauge bosons:

ρS
s
∼ 8πm2

s

g4
D(ms)

ms/Tfo

MPl
√
g∗(Tfo)

, (5.54)

where the relevant number of relativistic degrees now should include the dark gluons as
well, i.e. g∗(Tfo) ∼ n2/2 ∼ N . With ms ∼ 100 GeV, a relic density comparable to the
dark matter is obtained for g4

D(ms)
√
N ∼ 10−3 − 10−2. The present-day abundance of S

may be however significantly affected due to novel non-perturbative effects at T ≪ ms.
In fact, at temperatures of order the strong coupling scale, which we may estimate using
the 1-loop beta function as mD ∼ ms exp[−24π2/(21g2

D(ms)(n − 2))] ≪ ms, the dark
gluons and S confine into SO(n)-singlet states with large self-couplings. It is therefore
important to understand what implications this new phase can have on the relic density
of the new particles.

First of all, let us consider the bound states — with masses ∼ mD — that are formed by
pure gluons, which we will refer to as dark glueballs. The CP-even dark glueballs are
unstable and can decay into light SM particles via the effective interaction

g2
D(n− 2)

96π2
λHS
m2
s

H†HFµνD FDµν , (5.55)

where FµνD and gD are the field strength and coupling of the dark gauge group. Denoting
by Φ the interpolating field for the CP-even dark glueballs, the decay may be estimated
observing that at the confinement scale naive dimensional analysis — combined with a
large-n counting — suggests g2

D(mD)n ∼ 16π2 and FµνD FDµν ∼ m3
DΦn/4π. In practice

the operator (5.55) interpolates a mixing of order θ ∼ (λHS
√
Nvm3

D)/(4πm2
sm

2
h) ≪ 1

between the CP-even dark glueballs and the Higgs boson. The main decay channels
the dark glueballs acquire are into SM fermions f , with a width of order Γ(dark glue→
ff̄) ∼ θ2mD(mf/v)2/(4π).

We conservatively require the glueballs disappear as soon as they become non-relativistic.
This request is motivated by the following consideration. At early times the universe
expansion is controlled by dark radiation due to the large number g∗ ∼ N of new
degrees of freedom. By continuity we therefore expect the density of non-relativistic
glueballs would dominate over SM radiation for a long time before they decay. If this
was the case we would experience a significant dilution of ηb due to either a large entropy
production from their out-of-equilibrium decay or a prolonged period of dark glueball-
dominated expansion. We evade these undesirable complications conservatively requiring
the glueballs disappear as soon as they formed. This gives the order of magnitude bound
mD ≳ (N/1000)1/5(mf/GeV)−2/5 GeV, which tells us that the dark dynamics should
confine at a scale not too far from the GeV. The proximity between the required mD and
the weak scale, or more precisely the S mass, implies the new gauge symmetry should
be rather strong already at T ∼ ms. Using our 1-loop estimate of mD this requirement
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approximately reads g2
D(ms)n ∼ 3.

The lightest CP-odd dark glueball is presumably heavier than the CP-even one, and
can therefore annihilate into the CP-even states. The associated cross section times
initial relative velocity (roughly of order vin ∼

√
T/mD ∼ 1 at the temperatures relevant

to this discussion) is ∼ π/[N2m2
D]. The power of N arises from the fact that trilinear

(quartic) glueball couplings are of order 1/n (1/n2), so the amplitude squared scales
as (1/n2)2 ∼ 1/N2. For the typical parameters we are interested in, mD ∼ 1 GeV and
N ∼ 103 (see (5.44)), these processes should be efficient enough to deplete the CP-odd
glueball abundance below the observed dark matter. The resulting relics would also
eventually decay into SM particles via CP-violating loops involving the Higgs and SM
fermions and gauge bosons. The time scale could be quite large, causing potential trouble
at later stages of cosmological evolution (BBN, CMB, etc.). Without resorting to a
detailed analysis, we notice however that all problems can be avoided by assuming the
topological vacuum angle θ̄D of the dark gauge group is non-vanishing. In that case the
CP-odd glueballs mix with angle θ̄D with the CP-even ones and decay on a time scale
1/[θ̄2

DΓ(dark glue→ ff̄)] ≲ 1010[10−8/θ̄D]2years. 15

The introduction of the dark gauge bosons opens a new decay channel for the Higgs;
because we have seen that the dark glueballs typically have long lifetimes, this new
channel corresponds to an invisible width for the Higgs and we have to make sure it is
not too large. In the limit ms ≫ mh, and neglecting radiative dark gluon corrections for
simplicity, we obtain:

Γ(h→ dark gluons) =
(
g2
D(n− 2)

16π2

)2
m3
h

288π

(
λHSv

m2
s

)2
n(n− 1). (5.56)

As an order of magnitude estimate, we will adopt the very same expression even in
the realistic regime ms ∼ mh. Taking as representative input values ms = 100 GeV,
|λHS |N = 10, and g2

D(ms)(n− 2) = 3 (as required to obtain a confinement scale around
the GeV), we find that (5.56) is < 10% of the total Higgs width as soon as n ≳ 20, i.e.
N ≳ 200.

Reannihilation after confinement and Sglueball dark matter

Next, we want to understand what happens to the population of exotic scalars. S confines
into glueball-like states of mass ∼ ms which belong to one of two classes of hadrons. In
the first class we find mesonic states, like Tr[SS], that carry no conserved Z2 charge.
These are Coulombian in nature, analogously to the quarkonium in QCD, have mass
2ms−O(α2

DmD) and a characteristic size of order the Bohr radius rSS ∼ 1/[αDms]. Here

15It is easy to convince oneself this additional source of CP violation does not affect baryogenesis: it
becomes potentially relevant only after sphalerons have already shut off and no B-violating process is
active.
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αD = g2
Dn/(4π) ∼ 0.2− 0.3 is the ’t Hooft coupling renormalized at a scale of order rSS

— somewhere in between 1/mD and 1/ms. The absence of any conserved charge implies
they quickly decay, with rates ∼ α5

Dms similarly to charmonium, essentially removing
part of the original S’s from the plasma. The other class of S-hadrons is built out of an
odd number of S’s, and carry a non-trivial charge (5.53). The stable configuration, which
we will call Sglueball, is composed of one S and gluons. It has mass ∼ ms and binding
energy ∼ mD. Its stability, however, does not immediately guarantee that the Sglueballs
represent a significant fraction of the dark matter, as they can efficiently re-annihilate at
late times through the strong interaction process

Sglueball + Sglueball→ [SS] + glueballs. (5.57)

followed by the cosmologically fast decay of the mesons into glueballs.

To establish how many Sglueballs are left today we need to quantify how efficient the
latter process is. A crude estimate can be obtained by a simple dimensional argument. At
small n the only available parameter is mD, which controls both the size of the Sglueballs
and the mass splittings. In this limit the cross section is thus expected to be geometrical
∼ π/m2

D. At large n the trilinear coupling between two Sglueballs and unstable mesons
[SS]∗ scales like 1/n, while the spectrum is basically fixed. We thus expect that, as long
as the resonant processes Sglueballs+Sglueballs→ [SS]∗ are kinematically accessible, the
cross section simply features a reduction by 1/n2: σSg ∼ π/(m2

Dn
2). If the resonant

reactions are not allowed, on the other hand, the generic large-n expectation is that
σSg ∼ π/(m2

Dn
4), corresponding to a two body ([SS] + glueball) final state.

We can understand these claims more quantitatively by considering the partial wave
decomposition of the annihilation cross section

σfi = π

k2
i

∞∑
ℓ=0

(2ℓ+ 1)|S(ℓ)
fi |

2 (5.58)

where by i we indicate the initial two Sglueball state, by ki their center of mass momentum
and by f any state they could annihilate into. At large n we expect S(ℓ)

fi to be well
described by Breit-Wigner amplitudes mediated by narrow [SS]∗ meson states

|S(ℓ)
fi |

2 ∼
∑
rℓ

Γ(ℓ,rℓ)
i Γ(ℓ,rℓ)

f

(Ei −M (ℓ,rℓ))2 + (Γ(ℓ,rℓ)
tot /2)2

, (5.59)

with rℓ any additional label identifying the intermediate states. The spectrum and
the widths are controlled by mD and by n. In particular, the typical expectation
for the Sglueball and [SS]∗ masses is respectively MSg = ms + cSgmD and M (ℓ,rℓ) =
2ms+c(ℓ,rℓ)mD, with the c’s O(1) coefficients. Given the initial energy Ei = 2

√
M2
Sg + k2

i
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the Breit-Wigner is thus controlled by

Ei −M (ℓ,rℓ) ≃ (2cSg − c(ℓ,rℓ))mD + k2
i

MSg
≡ c̄(ℓ,rℓ)mD + Ek (5.60)

with Ek ∼ T the kinetic energy of the initial Sglueball pair. On the other hand,
Γ(ℓ,rℓ)
i ≡ Γ([SS]∗ → Sglueball+Sglueball) and Γ(ℓ,rℓ)

f ≡ Γ([SS]∗ → [SS]+glueballs),
as well as the total width, are all of order Γ ∼ mD/n

2. Now, as explained below,
reannihilation is dominantly taking place around T ∼ mD/(20÷ 30) so that the thermal
breadth of the energy denominator (5.60) is larger than the resonance width as soon
as n2 ≳ 30. Thus, in our case, resonant annihilation happens for resonances that are
within the thermal breadth of the initial state energy. Assuming resonances are spaced
by O(mD) the probability for that to happen is pr ∼ T/mD. Such resonant partial waves
give a contribution to the cross section

∼ π

k2
i

(2ℓ+ 1) Γ
T
∼ π

k2
i

(2ℓ+ 1)mD

T

1
n2 (5.61)

while non-resonant partial waves give

∼ π

k2
i

(2ℓ+ 1) Γ2

m2
D

∼ π

k2
i

(2ℓ+ 1) 1
n4 . (5.62)

To complete our estimate we should finally take into account that, given the initial
momentum ki and given the typical range 1/mD of the interaction, we expect only partial
waves up to ℓmax ∼ ki× 1/mD to significantly contribute. A fraction pr ∼ T/mD of such
waves will be resonant, so that, as long as prℓmax ≫ 1, we statistically expect a number
∼ ℓmaxT/mD of resonant channels. Combined with eq.(5.61), this leads to an estimate

σfi

∣∣∣∣
prℓmax≫1

∼ π

k2
i

ℓ2max
1
n2 ∼

π

m2
D

1
n2 . (5.63)

On the other hand, for prℓmax ≲ 1 there is a good chance no channel is resonant, so that,
according to eq.(5.62) a more likely estimate for this case is

σfi

∣∣∣∣
prℓmax≲1

∼ π

k2
i

ℓ2max
1
n4 ∼

π

m2
D

1
n4 , (5.64)

where the two powers of angular momentum arise from summing over all partial waves
as indicated in (5.58). The parameters of our scenario make non-resonant annihilation
much more plausible. Indeed ℓmax ∼

√
Tms/mD so that

prℓmax ∼
(
T

mD

)3/2 (ms

mD

)1/2
∼ 0.1 (5.65)

Nonetheless, without a complete non perturbative control of our model, it seems impossible
to reach a definite conclusion. We shall thus discuss both possibilities.
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Having obtained a rough estimate of the cross section for (5.57) (see (5.61) and (5.62))
we can proceed to calculate the present-day abundance of Sglueballs. The latter is the
result of a complicated system of coupled Boltzmann equations involving the densities
of Sglueballs, mesons, and glueballs. Yet, we expect the dominant phase of S depletion
takes place at temperatures when the inverse reactions in (5.57) are negligible. A number
of considerations suggest that the critical temperature TD at which this condition starts
to hold lies in the range 16 mD/(20÷ 30) < TD < mD. In the following we will therefore
adopt the intermediate value TD = mD/10 as a reference. For T < TD the Sglueballs
yield Y approximately follows the equation dY/dt = −s⟨σSgvin⟩Y 2. We found that
⟨σSgvin⟩ ∼

√
T/msπ/(Nam2

D), where a = 2 generically and a = 1 for the special case
of resonant annihilation. The current energy density encapsulated in the Sglueballs is
finally estimated as

ρ

s
∼ msY0 = msYD

1 + YD
∫ t0
tD
dt s⟨σSgvin⟩

∼ ms∫ t0
tD
dt s⟨σSgvin⟩

∼ NamDms

πMPl
√
g∗(TD)

mD

TD

√
ms

TD

∼ 103(a−2) ρDM
s

(
N

103

)a ( mD

1 GeV

)2 ( ms

100 GeV

)(0.1 GeV
TD

)3/2
, (5.66)

where we have taken the Sglueball mass to be ms and neglected their small binding
energy O(mD)≪ ms. The primordial Sglueballs yield at TD, denoted by YD, is typically
a fraction of order unity of the freeze-out S population. In the second line of (5.66) we
used the fact that

∫ t0
tD
dt s⟨σSgvin⟩ > 1/YD for values of N satisfying N ≪ 108. The

main message to be qualitatively inferred from (5.66) is that the Sglueballs may be the
dark matter. This conclusion may however be invalidated in the (unlikely) presence of a
resonance (i.e. if a = 1).

An extension with mesonic dark matter

Here we show that there exists a minimal variation of the present model in which the
issue of resonant vs non-resonant annihilation does not arise and the new scalars can be
robustly argued to be the dark matter.

We introduce another scalar S′ of mass ms′ ∼ ms in the adjoint of SO(n) preserving a
Z2 × Z ′2 symmetry, and argue that the [SS′] meson becomes a potential dark matter
candidate. These are quarkonium-like states, with binding energy ∼ α2

DµSS′ and size
rSS′ ∼ 1/[αDµSS′ ], where µSS′ is the reduced mass of the SS′ system. Because of the
sizable binding energy, α2

DµSS′ > mD, the decay into a “Sglueball+S′glueball" pair is

16The upper bound may be estimated as follows. Because the [SS] mesons decay instantaneously (in
Hubble units) as soon as T < mD, one may naively expect that the inverse reactions in (5.57) would be
very unlikely already at T < mD. However, during meson de-excitation and decay many glueballs are
injected in the bath, and these latter may occasionally find an unstable meson and dissociate it back into
Sglueballs. This tells us that TD must be safely below the glueballs mass scale. A lower bound on TD

may instead be identified observing that if we wait a bit longer, at T < mD/(20 ÷ 30), the glueballs have
frozen out and the rate for the inverse (5.57) reaction is smaller than the expansion rate.
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expected to be kinematically forbidden. As a consequence, the [SS′]-meson is exactly
stable. The population of our dark matter candidate is mainly governed by annihilation
into pairs of unstable SS, S′S′ mesons (plus possibly dark glueballs):

[SS′] + [SS′]→ [SS] + [S′S′] (5.67)

For ms′ ≠ ms this channel is always energetically favored because the masses MSS,S′S′,SS′

of the mesons satisfy ∆M ≡ (MSS′ +MSS′)− (MSS +MS′S′) ∼
α2

D
2

(ms−ms′ )2

ms+ms′
> 0. The

reaction rate importantly depends on the final phase space, which is simply determined
by the relative velocity of the mesons in the center of mass frame. Indicating by µSS′
the reduced mass of the final state, in the non-relativistic limit we have

v2
fin = v2

in
MSS′

2µSS′
+ 2∆M

µSS′
≃ v2

in
(ms +ms′)2

4msms′
+ α2

D

(ms −ms′)2

msms′
[1 +O(α2

D)]. (5.68)

Of course we have vin = vfin when ms′ = ms, otherwise vfin ∼ αD. The rate for
(5.67) is dominated by the s-wave channel (the typical angular momentum is indeed
ℓ ∼ µSS′vinrSS′ ∼ vin/αD ≪ 1). The cross section is therefore set by the Bohr radius
of the initial states, σD ∝ (πr2

SS′)(vfin/vin), up to a ratio of final and initial relative
velocities arising from the incoming flux (∝ vin) and the phase space (∝ vfin). In addition,
since these are genuinely 2→ 2 reactions there is a (1/n2)2 factor from large-n counting.
Overall we obtain that the quantity relevant to our calculation, i.e. an average of the
cross section times relative velocity of the initial states, is given by

⟨σDvin⟩ ∼ πr2
SS′ × ⟨vfin⟩ ×

1
N2 ∼

π

N2αDµ2
SS′
×

1 ms′ ̸= ms

⟨vin⟩
αD

ms′ = ms.
(5.69)

This is a factor m2
D/(αDµ2

SS′) < 1 (ms′ ̸= ms) or ⟨vin⟩m2
D/(α2

Dµ
2
SS′) < 1 (ms′ = ms)

times the result (5.62) obtained above for the nonresonant Sglueball annihilation. A
calculation similar to (5.66), which may be repeated here with TD ∼ mD, then suggests
that the stable [SS′] meson may be the totality of the dark matter for the typical choice
µSS′ ∼ 50 GeV, mD ∼ 1 GeV, N ∼ 103 (consistent with (5.44)), and finally αD ∼ 0.2−0.3.
(Note that the term YD in the denominator of (5.66) is not negligible if the abundance at
freeze-out was already comparable to that of the present-day dark matter.) The above
estimates are only qualitative, however. We plan to come back to this interesting topic
in the future.

We have thus shown that the introduction of a dark gauge symmetry allows us to evade
the dark matter constraints consistently with all current bounds. We should however
warn the reader that, as opposed to the extensions discussed in Section 5.2.2 and 5.2.2,
these models introduce novel elements that can affect our analysis of the thermal effective
potential. In particular, the sizable g2

D(ms)n ∼ 3 required to ensure a fast enough
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decay rate for the dark glueballs also generates a non-negligible positive contribution
to the thermal S mass and thus tends to suppress the negative corrections to m2

h,0(T ).
Simultaneously, a non-negligible gauge coupling helps pushing the Landau pole of λS to
higher scales, facilitating an extension of our models beyond Λ > 100 TeV. While our
earlier results on the effective Higgs potential at finite T will remain qualitatively correct,
a careful assessment of Nmin should take these novel elements into account.

5.3 Comments on alternative models

We would like to argue now that the same qualitative conclusions we found for the O(N)
model extend to any large-N realization of the low energy sector. Furthermore, it is
possible to build small N sectors by introducing new EW-charged scalars.

5.3.1 Large-N models

We have found that a large-N dynamics offers a tractable framework in which a para-
metrically large Higgs VEV h(T )/T can be obtained while maintaining perturbativity.
It is a simple exercise to show that essentially all we have seen for the specific O(N)
model of (5.7) generalizes to a wider class of nearly-conformal large-N dynamics coupled
to H†H. The interaction does not necessarily involve fundamental scalars, and could in
principle be built out of a fermionic pair or a gauge field strength. In these latter cases it
may thus be possible to relax the stability constraint, that has played a key role in our
analysis, and even avoid the introduction of a new hierarchy problem if the new coupling
to the Higgs is non-renormalizable, i.e. it has dimension d ≳ 4. Unfortunately, in order
to overcome the resulting suppression (T/Λ)d−4 in the thermal Higgs mass — and thus
maintain the B + L asymmetry down to low T — we would be forced to take extremely
large values of N , which is in tension with the considerations made below (5.38). Overall,
the option of a non-renormalizable coupling to H†H seemed less convincing to us.

Even sticking to scenarios in which a renormalizable coupling to H†H is built out of
fundamental scalars, strictly speaking there is no necessity of having an approximate
O(N) symmetry: all is needed for our program to be realized is many degrees of freedom
coupled to the Higgs mass operator. Consider for instance a model with N scalars Si
and potential

V4 = λ′HSH
†H

∑
i

S2
i + λ′S

4
∑
i

S4
i + λ′

∑
ij

S2
i S

2
j , (5.70)

where we may assume λ′ ∼ λ′2HS/16π2 ≪ λ′S for simplicity. In this alternative model,
while we still have δm2

H ∼ λ′HSNT 2/12 at high T , the N dependence of the constraints
from stability and perturbativity are modified. Yet the analogue of eq. (5.20) giving the
lower bound on N is remarkably unaffected with respect to the original model of eq. (5.7).
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Indeed the loop expansion parameter for the S quartic is now given by ϵ′S ≡ λ′S/16π2

which does not carry any N dependence. On the other hand considering the potential
along the direction S2

i ∼ S2
j one obtains the stability constraint (λ′HSN)2 < λH(λ′SN).

This second result can be conveniently written as

N ≳ (λ′HSN)2

λHλ′S
(5.71)

which leads to the same constraint of eq. (5.20), once we notice that the loop expansion
parameter is now ϵ′S = λ′S/16π2 rather than ϵS = λSN/16π2. The parameter ϵ′S also
practically replaces ϵS when computing the effective potential, the Si thermal masses in
particular. So we again find no qualitative new feature arising from (5.70). This simple
alternative shows that, in scenarios where our mechanism is realized through couplings
to the Higgs bilinear H†H, the lower bound on N is structurally robust.

It would be interesting to investigate other applications for the large number of degrees of
freedom coupled to H†H that these models feature. A possible direction to explore is a
potential connection with the scenario of [245][258], where N ≫ 1 scalars are introduced
to address the cosmological constant problem and the hierarchy problem respectively.
See also [259] for a connection to the dark matter problem.

5.3.2 Models with smaller N

It is possible to realize simple perturbative scenarios that support significantly smaller
values of N . The key point is that we do not necessarily need to couple the new light
degrees of freedom, say S, to the SM Higgs at all. Our mechanism would work equally
well if we introduced a new EW-charged scalar that interacts with S via a negative
quartic, but with the SM mainly via the EW force. As a concrete example we may
introduce an inert H ′ at the weak scale, having the same SM charges as H but carrying
an unbroken Z2 parity. It is the latter scalar that acquires a large VEV at finite T and
suppresses B + L washout. Still, its zero-temperature mass squared may be chosen to
be positive so that H ′ does not contribute to EW symmetry breaking today, and all
precision EW observables remain essentially unaffected.

The discussion of Sections 5.1.3, 5.1.4, 5.1.5 applies to this scenario as well provided we
make a few important adjustments. First, the role of the Higgs boson is now played by H ′,
so its quartic λH′ is an unknown parameter. Second, the Z2 symmetry forbids a tree-level
interaction between H ′ and the SM fermions, in particular the top quark. This eliminates
the largest of the positive corrections in (5.19) and makes A smaller. Furthermore, it
implies the new quartic λH′ does not receive large renormalization effects and thus stays
almost constant (or maybe increases a bit) up to the UV cutoff. The stability condition
stays approximately unchanged through the RG scale, rather than becoming significantly
stronger at high scales as it was in our model. Finally, the function h′(T )/T now decreases
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with T , so the constraint h′/T > 1.2 we derived using (5.5) becomes in fact conservative.
All these effects tend to decrease the minimum N required to avoid washout of the
primordial asymmetry. For example, taking λH′(mt) = λH(mt)/2 and ϵS = 0.01 the
rough estimate (5.20) now gives N ≳ 60. Repeating the numerical analysis of Section 5.1.5
for λH′(mt) = λH(mt)/2, ϵS(mt) = 0.05, and still imposing the conservative constraint
h′(T )/T > 1.2, we find that Nmin ∼ 20. This is a significant difference compared to the
O(N) model considered in this chapter. Less exotic scenarios may now be envisioned.
For example, N = 24 ≳ Nmin can be obtained by simply promoting S to the adjoint
representation of an SU(5) gauge group, along the lines followed in Section 5.2.2.

The constraints discussed in Section 5.2 should be carefully re-assessed in models with
additional EW-charged scalars. As concerns to our previous example, we note that the
inert doublet H ′ is typically a small fraction of the dark matter, and that current bounds
from dark matter experiments are easily accommodated. Also, collider constraints are
rather weak provided we choose the H ′ couplings to the Higgs such that the mass splitting
between its components is ∆≪ mW , but nevertheless sufficiently large to allow a fast
decay of the charged scalar. This ensures the main signatures at colliders involve missing
energy, that are poorly constrained (see e.g. [260]). Furthermore, with ∆ ≪ mW the
new contribution to the EW parameters is safely below current bounds.

5.4 Electro-weak baryogenesis at Tc ≫ 100 GeV

In this section we sketch two examples of physics for the EW phase transition occurring
at the critical temperature Tc ∝ Λ. Our main goal is to illustrate the feasibility of our
program. In particular, focussing on our basic O(N) model we will show its compatibility
with a realistic scenario for baryogenesis at the scale Λ.

5.4.1 Weakly-coupled sectors

We start by considering scenarios in which the dynamics at ∼ Λ is weakly-coupled. One
simple option is to add a new scalar ϕ with potential couplings

∆V =
m2
ϕ

2 ϕ2 + λHϕϕ
2H2 + λϕSϕ

2S2 + λϕ
4 ϕ4 (5.72)

with m2
ϕ = Λ2 > 0, λHϕ, λϕ > 0, λϕS < 0. As in the previous section, we can consistently

assume m2
S(T ) is always positive, so that ⟨S⟩ = 0 at all temperatures. The main

role of S is to induce negative thermal masses for the other two scalars: m2
H,ϕ(T ) ∼

m2
H,ϕ − |λHS,ϕS |NT 2/12.

To get the basic picture we can study the thermal vacuum dynamics in the same
approximation used in Sec. 5.1.3, where the potential is determined by the quartic
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Figure 5.8: Schematic representation of the two kind of phase transitions studied in this
section. The red arrow represents a first order phase transition at T ∼ Tc ∝ Λ, while the
green dashed arrow shows a continuous change of the VEVs with the temperature T < Λ.

couplings renormalized at µ = T and by the 1-loop thermal masses. At high T , where
m2
H,ϕ(0) can be neglected, and assuming λHϕ >

√
λHλϕ one finds that there exist two

distinct vacua separated by a barrier: 0 ≡ (ϕ ≠ 0, h = 0) and 1 ≡ (ϕ = 0, h ̸= 0). We
choose the parameters such that the deepest minimum at high T is 0, which simply
requires

m4
ϕ(T ≫ Tc)
λϕ

>
m4
H(T ≫ Tc)
λH

. (5.73)

Defining |λHS/λϕS |
√
λϕ/λH = ζ > 0 and assuming the S loop tadpoles dominate

the thermal masses, the above request is equivalent to ζ < 1. Because m2
ϕ > 0 by

assumption, as T decreases m2
ϕ(T )/T 2 gets smaller in absolute value and eventually

becomes positive when T ≤ Tϕ ∼ 12m2
ϕ/(|λϕS |N). At the critical temperature T 2

c =
T 2
ϕ/(1 − ζ)[1 + O(m2

H/m
2
ϕ)] the solution 1 starts to become deeper and a first order

phase transition 0→ 1 can take place. For T ≪ Tc the physics is described by the model
of Section 5.1.2, and h(T ) continuously decreases with T down to its zero-temperature
value. A schematic picture of the phase diagram of this model is depicted in the left
panel of Figure 5.8.

The transition 0→ 1 can be strongly first order, however, only if it is rather fast and
occurs in the temperature range Tϕ < T < Tc. Indeed, after T < Tϕ the fields can
continuously roll down to h ̸= 0, thus avoiding the jump off the barrier. It is the strength
of the couplings that controls the temperature Tn at which bubbles of the true vacuum
start to nucleate, and thus the onset of the phase transition, as well as its overall duration.
While an accurate investigation is necessary to establish the region of parameter space
in which EW baryogenesis actually occurs, we observe that one can in principle tune
1 − ζ ∼ T 2

ϕ/T
2
c ≪ 1 in such a way that the barrier persists for a long time. 17 We are

17Actually, with 1 − ζ ≪ 1 the two vacua start almost degenerate at high T ; hence a small drop in T is
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Chapter 5. EW Baryogenesis and Symmetry non-restoration

thus confident that a non-vanishing region of parameter space where Tϕ < Tn < Tc can
be engineered and our program realized.

CP-violation at the bubble walls, necessary to generate a baryon asymmetry during
the transition, may be introduced in several ways. For example one option is through
vector-like fermions with SM quantum numbers, whose mass matrix (with eigenvalues
∼ Λ) and Yukawa couplings to the Higgs jointly violate CP. The key point is that these
states are heavy enough to avoid constraints from the non-observation of rare flavor and
CP violation at low energies.

5.4.2 Strongly-coupled sectors

It is interesting to investigate the alternative possibility that the heavy physics at Λ be
strongly-coupled. A seemingly natural assumption is then that both H,S emerge as
composite states. However, a more careful look reveals this might not be so simple to
realize. Indeed, the required large number of degrees of freedom in S must be associated
to a large number Nfund of fundamental constituents at the scale Λ. In such a framework
a generic expectation is that all non-perturbative effects, including bubble nucleation,
are exponentially suppressed by e−O(Nfund). This would be a disaster for us, because it
would mean that at T = O(Λ) bubble formation is too slow to drive a 1st order phase
transition. In this situation the phase transition would either never complete (see for
instance [261]), or complete at low temperatures where the CP violating sources are
decoupled, or complete at the disappearance of the barrier as a smooth crossover. A
more realistic possibility would be to have H,S emerge as composites from two distinct
dynamics: a “small N" Higgs dynamics governing baryogenesis and a large-N singlet
dynamics designed to preserve the asymmetry. 18

We here consider a simplified picture in which the Higgs is a composite Nambu-Goldstone
boson of a new strong dynamics at a scale Λ = gHf , whereas S is taken to be elementary.
We will argue that under reasonable assumptions, combining this picture with our scalar
S with a negative coupling to the Higgs results in a strongly first order EW phase
transition.

The picture is as follows. At T > Tc the EW symmetry is unbroken. At T = Tc the
strong Higgs dynamics undergoes a first order phase transition associated to a symmetry
breaking pattern G → H. For definiteness we will have in mind the minimal O(5)/O(4)
scenario, [6] but our results straightforwardly generalize to more complicated cosets.

enough for 1 to dominate, i.e. Tc ≫ Tϕ ∼ mϕ.
18One possible way to couple the two sectors, and ultimately generate the desired coupling λHSH†HS2

within a framework that does not suffer from the big hierarchy problem, is to postulate the UV (small N)
Higgs dynamics and the (large-N) S dynamics possess scalar operators OH,S having scaling dimension
close to two and being odd under some Z2 symmetry. In that case the nearly marginal operator
Lint = λ̄HSOHOS would be allowed and, after confinement and symmetry braking at a scale Λ, would
interpolate λHSH†HS2.
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5.4 Electro-weak baryogenesis at Tc ≫ 100 GeV

The Higgs is a Nambu-Goldstone mode of the coset G/H, that we parametrize via
sh ≡ sin(h/f). For T ≤ Tc the composite Higgs is an exact flat direction of the strong
dynamics. However, couplings to the SM and to S break G explicitly, thus lifting such a
degeneracy. Under the assumption that the largest T -dependent effects at temperatures
T ≤ Tc are controlled by the G-breaking coupling κ between S and the Higgs — as in
our toy model (5.7) — the full effective potential will typically acquire the form

V (h, s = 0) = m2
hf

2

8ξ
[
−2ξs2

h + s4
h +O(s6

h)
]
− κ

4NT
2f2s2

h [1 +O(1/N)] , (5.74)

where we used the fact that the couplings are engineered such that ξ ≡ ⟨s2
h(T = 0)⟩ ≪ 1,

as usual in composite Higgs models. (In (5.74) we assumed the coupling between the
Nambu-Goldstone Higgs and S is parametrized by ∼ κs2

hf
2S2, but one may consider

more general options.)

The vacuum solution derived from (5.74) reads

⟨s2
h(T )⟩ =

1 T∗ < T < Tc

ξ + (1− ξ)T 2

T 2
∗

T < T∗,
(5.75)

where T 2
∗ = (1− ξ)m2

h/(κNξ). We see that S destabilizes the EW-symmetric vacuum
h2 = 0 (solution 0) as soon as the phase transition occurs, so that the EW symmetry
abruptly goes from unbroken to broken right at the critical temperature, where h2 ∼
f2 (solution 1), before approaching its zero-temperature value h2 ≪ f2 (solution 2).
Specifically, the W -mass m2

W (T ) = g2f2⟨s2
h(T )⟩/4 jumps from mW = 0 at T > Tc to

some non-zero mW (T ) at all T < Tc. A schematic picture of the phase diagram of the
present scenario, 0→ 1→ 2, is shown in the right panel of Figure 5.8.

The sphaleron shut-off condition (5.6) in the present scenario becomes f2⟨s2
h(T )⟩/T 2 ≳ 1.

Using (5.75) we find that this is satisfied for all T∗ < T < Tc provided the transition in
the exotic dynamics is strongly first order, in the sense that Tc ≲ f . To ensure B + L

preservation at T < T∗ we should instead require

f2

T 2 ⟨s
2
h(T )⟩ = f2

T 2 ξ + κN

2λH
≳ 1. (5.76)

Recalling that (5.74) was derived in the simplified limit κN ≫ y2
t in which the SM thermal

loops are neglected, the latter condition is simply a re-writing of the request that (5.19)
be larger than unity.

To realize EW baryogenesis at Tc ≲ f we further postulate the existence of sizable
CP-violating couplings for the Higgs at those temperatures. These necessarily arise from
the new interactions that are introduced in order to reproduce the Yukawa couplings of
the SM. For example, in modern incarnations of the Composite Higgs, these emerge via
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Chapter 5. EW Baryogenesis and Symmetry non-restoration

interactions like yqOΨ, where q is a SM fermion and OΨ a family of composite fermionic
operators of the strong Higgs dynamics (see, e.g. [262][6]). After symmetry breaking OΨ
interpolate heavy vector-like resonances of mass Λ = gHf and the coupling generates a
q/Ψ mixing, which ultimately results in the SM Yukawas. The phases in the coupling
between q,Ψ and the bubble wall, ∼ yf/Λ = y/gH , are unsuppressed at T ∼ Tc, so
EW baryogenesis can take place efficiently. On the other hand, all corrections to low
energy rare processes are controlled by powers of E/Λ≪ 1 (where E is the characteristic
energy) and can be within current bounds given the large Λ considered here (see [43][47]
for details).

5.5 Conclusions

The absence of any indication of CP-violation beyond the SM puts significant pressure on
standard realizations of EW baryogenesis. Here we have demonstrated that it is possible
to build unconventional scenarios where all the relevant dynamics — CP-violation and
a strongly first order EW phase transition — takes place at a new threshold Λ≫ mW .
The physics threshold Λ may well be associated to the fundamental scale of flavor
violation and safely lie in the range Λ ∼ 100− 1000 TeV. The emerging picture suggests a
connection between flavor and CP violation, the EW phase transition, and baryogenesis,
and might feature interesting correlations in the corresponding indirect signatures (rare
flavor- and CP-violating processes, primordial gravitational waves) all being characterized
by Λ≫ mW .

This new class of scenarios for EW baryogenesis rests on the existence of a new sector
at the weak scale whose defining role is to prevent washout of the primordial B + L

asymmetry. Our setup essentially removes the CP-problem of the ordinary scenarios
for EW baryogenesis, but retains their predictivity: there must exist new physics at
the weak scale. The key novelty is that such new physics, i.e. our sector at the Fermi
scale, can be SM-neutral and CP-conserving, and therefore more easily compatible with
observations. All CP-odd phases beyond the SM are instead associated to physics at Λ
and decouple from low energy experiments, in agreement with observation. This setup
paves the way to a multitude of novel realizations of EW baryogenesis. In Section 5.4 we
have sketched two concrete scenarios, in which the low-energy sector is combined with a
complete picture at Λ that includes CP-violation and a strongly first order EW phase
transition, but many other realizations may be considered.

We have studied in detail a specific low-energy model consisting of a single scalar field
in the fundamental representation of a new global O(N), see (5.7), meant to represent
an existence proof of our low-energy sector. The parameter N is constrained by the
requirement of perturbativity and stability of the EFT. Both constraints are significantly
exacerbated by the largeness of the top quark Yukawa and the significant RG running
of the Higgs quartic, and at the end of the day they force N to be above 100. We have
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5.A Proof of ⟨S⟩ = 0

seen, however, that such values may be dramatically reduced when non-minimal Higgs
sectors at the weak scale are considered, see Section 5.3.

Our O(N) model reveals an interesting N →∞ scaling in which qualitatively important
effects are present at finite T despite the fact that the zero-temperature dynamics is
arbitrarily weakly-coupled. We studied in detail the effective potential at finite T resulting
from (5.7) and identified the regions of parameter space where our program is realized.
Our large-N expansion has been employed in order to obtain a reliable, and systematically
improvable, approximation of Veff .

The minimal model (5.7) also has an exactly stable dark matter candidate that is in
conflict with current direct detection experiments. We have illustrated various extensions
where this bound is evaded without affecting our main conclusions. A particularly
appealing option appears to arise when gauging a subgroup of the global symmetry of
the minimal model. We have discussed a specific incarnation with gauged SO(n) and
with matter consisting of just a real scalar S in the adjoint representation. We have
identified a range of parameters that is interesting for baryogenesis, dark matter, and
late cosmology (BBN and CMB): n is somewhat large n ≳ 50 and confinement happens
at a scale of order 1 GeV, parametrically well below the mass of S, ms ∼ 100 GeV,
see Section 5.2.3. Using generic properties of confining large-N gauge theories we have
argued that a bound state made of one S and gluons, the Sglueball, could be a plausible
dark matter candidate. Besides the standard perturbative calculable freeze-out of the
scalar S, which happens prior to confinement, the large-N suppression of rehannihilation
after confinement plays crucial a role. The resulting novel scenario for dark matter is
certainly worth a more detailed and careful study.

5.A Proof of ⟨S⟩ = 0

In this appendix we demonstrate that the true vacuum of (5.7), subject to (5.8), satisfies
s2 = ⟨S⟩2 = 0. We will work at leading non-trivial order in 1/N . Because s is not a flat
direction, subleading 1/N effects cannot impact the conclusion qualitatively.

To prove our claim, let us first simplify our discussion by considering an ideal model
without the Higgs, i.e. set H = 0 in (5.30). In this case the effective potential, that in
general depends on the space-time independent value s2, is simply obtained integrating out
σ from Leff = −1

2(m2
S +σ)s2 + 1

4λS
σ2 +NΓ[m2

S +σ] +O(1/N). As already emphasized in
the text, the large-N approximation corresponds to an expansion in loops of the auxiliary
field. The leading diagrams contributing to the effective potential for s are therefore
found solving the classical equation of motion of ∂Leff/∂σ = 0. The effective potential
for s2 at leading order in 1/N is finally given by plugging the space-time independent
classical solution σc(s2) back in Veff(s) ≡ −Leff(s, σc(s2)). By taking the total derivative
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of Veff with respect to s we see that

dVeff
ds

=
(
∂

∂s
+ ∂σc

∂s

∂

∂σc

)
Veff = ∂

∂s
Veff = (m2

S + σc)s. (5.77)

Superficially, eq. (5.77) tells us that dVeff/ds = 0 has two possible solutions: s = 0
or m2

S + σc = 0. However, it turns out that m2
S + σc = 0 is unphysical. Indeed, in

this latter case (and after having properly renormalized m2
S) we have −∂Leff/∂σc =

s2/2 +m2
S/(2λS)−NΓ′[0] = s2/2 +m2

S/(2λS) +NT 2/24 = 0, which cannot be satisfied
under the hypothesis (5.8). We thus conclude that s = 0 is the only stable solution at
this order. Also, differentiating twice the effective potential one finds that d2Veff/ds

2(s =
0) ≡ m2

S(T ) = m2
S + σc(s = 0) ∼ m2

S + λSNT
2/12 represents the full thermal mass. The

direction s is not flat and next to leading perturbative O(1/N) corrections will not spoil
our conclusion.

An analogous result extends to the case with the Higgs field (and the full SM) included.
The basic reason is that the SM loops are truly perturbative, and in particular not
enhanced by powers of N , and can thus be neglected at leading order. As it was argued
regarding the 1/N corrections, their inclusion cannot alter our arguments qualitatively.
This observation allows us to simplify our analysis by considering the Lagrangian (see
(5.30)):

Leff = −1
2

(
m2
H + λHS

λS
σ

)
h2 − λH

4

(
1− λ2

HS

λHλS

)
h4 (5.78)

− 1
2(m2

S + σ)s2 + 1
4λS

σ2 +NΓ[m2
S + σ] +O(1/N,SM loops).

It then immediately follows that (5.77) remains approximately correct. Furthermore, the
equation of motion at σc = −m2

S is now given by λSs2 +m2
S + λSNT

2/12 + λHSh
2 = 0:

replacing the solution h2, found differentiating (5.78), one can easily verify that this is
incompatible with eq (5.8) at any T . This again ensures that s = 0 is the only consistent
solution.

5.B Thermal potentials and beta functions

Within a 1-loop approximation, the integration of a particle of spin j = 0, 1/2, 1 and
(field-dependent) mass-squared M2 results in the following contribution to the finite-T
effective potential:

Vj(M2) = (−)2j 1
64π2 (M2)2[ln(M2/µ2)− cj ] (5.79)

+ (−)2jT

∫
dp⃗

(2π)3 ln
[
1− (−)2j exp

(
− 1
T

√
p⃗2 +M2

)]
.
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5.B Thermal potentials and beta functions

We expressed (5.79) in the MS scheme, with µ the renormalization point; c0,1/2 = 3/2 for
scalars and fermions whereas c1 = 5/6 for vectors.

An explicit 1-loop computation shows that (still in the MS scheme):

8π2µ
dλH
dµ

= (8 +NH)λ2
H +Nλ2

HS +O(g2λH , y
2
t λH , g

4, y4
t ) (5.80)

8π2µ
dλS
dµ

= (8 +N)λ2
S +NHλ

2
HS

8π2µ
dλHS
dµ

= λHS
[
(2 +NH)λH + (2 +N)λS + 4λHS +O(g2, y2

t )
]
,

where NH = 4. These equations were used in Section 5.1.5 as a non-trivial check of the
consistency of our effective potential (5.35). In fact we verified that, generalizing Veff to
include s ̸= 0, (5.80) follow from the RG invariance of the effective potential.
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