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We investigate the properties of a frustrated spin-5/2 chain with next-nearest-neighbor two- and three-site
interactions, with two questions in mind: the nature of the transition into the dimerized phase induced by the
three-site interaction, and the possible presence of a critical floating phase at intermediate values of the next-
nearest-neighbor interaction. We provide strong evidence that the continuous transition into the dimerized phase,
which has been found to be generically in the Wess-Zumino-Witten SU(2)2S universality class up to spin S = 2,
is SU(2)5 only at two isolated points of the phase diagram, and that it is SU(2)3 in between, in agreement with
the presence of two relevant operators allowed by symmetry for SU(2)5, and with the conservation of the parity
of the level index along the renormalization flow between SU(2)k theories with different values of k. We also
find that the dimerization induced by the next-nearest-neighbor interaction is a three step process, with first a
small partially dimerized phase followed by a broad critical floating phase with incommensurate correlations
before the fully dimerized phase is reached. Implications for the iron oxide Bi3FeMo2O12 are briefly discussed.
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I. INTRODUCTION

Antiferromagnetic Heisenberg spin chains have attracted
a lot of attention over the years. Competing interactions in-
duce frustration and are known to lead to new phases and
quantum phase transitions. For example, the J1-J2 spin-1/2
chain undergoes a Kosterlitz-Thouless transition [1] into a
spontaneously dimerized phase [2] when the ratio of the
next-nearest-neighbor interaction to the nearest-neighbor one
J2/J1 > 0.24112 [3]. The picture is radically different for
spin-1 chain where both phases realized by J1-J2 model are
gapped and nondimerized. For small J2, the chain is in the
topologically nontrivial Haldane phase [4], while at large
values of J2, the ground state corresponds to two inter-twinned
Haldane chains [5–7], and a first-order transition separates the
two phases.

Recently, it has been shown that the three-site interaction
J3[(Si−1 · Si )(Si · Si+1) + H.c.] induces a fully dimerized state
in spin-S chains [8]. In fact, at J3 = J1/[4S(S + 1) − 2], the
fully dimerized state is an exact ground state [8]. For spin 1/2,
the J3 term reduces to the next-nearest-neighbor interaction,
while for larger spin the combination of these two types of
frustration lead to a very rich phase diagram [9–11]. The
exactly dimerized ground state found for the J3 interaction has
been shown to remain an exact eigenstate along the line [12]:

J3

J1 − 2J2
= 1

4S(S + 1) − 2
, (1)

but it only remains the ground state for not too small J3.
The numerical investigation of these models has been pri-

marily focused on the nature of the quantum phase transitions

into the dimerized phase and has already come up with a
number of surprising results. In particular, the quantum phase
transition between the fully dimerized phase and the next-
nearest-neighbor (NNN) Haldane phase in the spin-1 chain
has been shown to be continuous in the Ising universality
class while singlet-triplet gap never closes across the tran-
sition [9]. The transitions between the nondimerized phase
at small J2 and the fully dimerized phase were identified to
be in the Wess-Zumino-Witten (WZW) SU(2)k=2S univer-
sality classes at least for 1/2 � S � 2 [13], and interesting
result for the realization of the WZW SU(2)2S universality
classes that are otherwise better known to appear in integrable
spin-S chains with a microscopic Hamiltonian given by a
polynomial of degree 2S in (Si · Si+1) [14–16]. In spin-1 and
spin-3/2 chains, due to the presence of marginal operators,
these continuous WZW SU(2)2S transitions turn into first-
order transitions upon increasing the next-nearest-neighbor
coupling J2. This result came as a surprise for the spin-3/2
chain because it implies the existence of a counter-intuitive
first-order transition between the critical SU(2)1 [17] and the
fully dimerized phases. More importantly for our present pur-
pose, the straightforward generalization of WZW SU(2)k=2S

to larger spins contradicts field theory arguments [18], and the
nature of the dimerization transitions for S � 5/2 remains an
open problem.

Previous investigations of the J1-J2-J3 model also re-
vealed that for a large portion of the phase diagram spin-spin
correlations are incommensurate [6,7,10,11,19]. In the spin-
1 chain, where all three phases—Haldane, NNN-Haldane
and dimerized—are gapped, incommensurate correlations can
only be seen as short-range order. We argued [11] previously
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that, for the spin-1 chain, these incommensurate correlations
can be interpreted as twists of the valence-bond configuration
with an average distance between the twists that is related to
the wave-vector of the incommensurate phase, and that can be
tuned continuously with J2 and J3. When such a periodically
twisted Haldane chain is coupled with a critical spin-1/2
chain, as in the spin-3/2 chain at J2 ∼ J1, the short-range in-
commensurability turns into quasi-long-range order, resulting
in a floating phase [11]. One can expect this feature to be
generic for all zigzag chains with half-integer spins.

In the present paper, we study the combined effect of
next-nearest-neighbor and three-site interactions in the spin-
5/2 chain. The model is defined by the following J1-J2-J3

Hamiltonian:

H = J1

∑

i

Si · Si+1 + J2

∑

i

Si−1 · Si+1

+ J3

∑

i

[(Si−1 · Si )(Si · Si+1) + H.c.]. (2)

We focus on J1, J2, J3 > 0, and without loss of generality we
fix J1 = 1. At J2 = J3 = 0, the system is critical in the WZW
SU(2)1 universality class [17]. To explore the rest of the
phase diagram we rely on numerical simulations performed
with a state-of-the-art density matrix renormalization group
(DMRG) algorithm [20–23]. Throughout the paper, unless ex-
plicitly stated otherwise, we use a chain with an even number
of sites and open boundary conditions. In two-site DMRG
we typically keep up to 1800 states, perform six sweeps and
discard singular values smaller than 10−8.

The rest of the paper is organized as follows. In Sec. II, we
discuss the main properties of the phase diagram. In Sec. III,
we discuss at length the nature of the transition between the
critical and the fully dimerized phase. In Sec. IV, we focus
on the floating phase—critical phase with quasi-long-range
incommensurate order. Finally, we discuss the implications of
our results and put them in perspective in Sec. V.

II. PHASE DIAGRAM

The ground-state phase-diagram obtained with DMRG is
shown in Fig. 1. It consists of four phases: an SU(2)1 com-
mensurate critical phase at small J2 and J3, a fully dimerized
phase at large J3 and/or at very large J2, a partially dimerized
phase at J2 � 0.3–0.4 and small J3, and an extended critical
floating phase with incommensurate correlations that starts
above the partially dimerized phase and extends up to large
values of J2.

The system exhibits a very rich critical behavior. Apart
from the already mentioned commensurate and incommen-
surate (floating) critical phases, the system undergoes a
continuous WZW SU(2)3 phase transition at small values of
J2 (both positive and negative). This continuous transition
terminates on both sides at a critical end point in the WZW
SU(2)5 universality class, beyond which the transition be-
tween the critical and fully dimerized phases becomes first
order. A similar first-order transition between a critical and
a gapped (fully dimerized) phase has been recently reported
for the spin-3/2 chain [11]. To get an intuition on this rather
exotic transition, one can think of a level crossing between a
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FIG. 1. Phase diagram of the S = 5/2 chain with next-nearest-
neighbor J2 and three-site interactions J3. Both partially and fully
dimerized phases are gapped and spontaneously break the translation
symmetry. Both the commensurate critical and the incommensurate
critical (floating) phases are characterized by gapless spectra and
algebraically decaying correlations. The fully dimerized phase is
separated from the commensurate critical phase by a continuous
WZW SU(2)3 transition along the blue solid line that termi-
nates at the two end points (magenta circles) located at J2 ≈ 0.09
and J3 ≈ 0.0232499 and J2 ≈ −0.177 and J3 ≈ 0.039628, both
in the WZW SU(2)5 universality class. The partially dimerized
phase is separated from both the floating and critical phases by
Kosterlitz-Thouless critical lines (light and dark red). The transition
between the partially and fully dimerized phases is always first order
(thick dashed line). In the parameter range of the figure, the tran-
sition between the floating phase and the fully dimerized phase is
always first order. The ground state is exactly dimerized along the
orange dotted line given by Eq. (1). The dashed green lines inside
the fully and partially dimerized phases stand for the disorder lines
where the correlations become incommensurate. The dotted green
lines and gray dash-dotted lines are disorder lines. The sketches are
visualizations of the corresponding phases in terms of valence bond
singlets (VBS): dots state for spin-1/2, black lines for VBS singlets
and the red dashed line for a VBS singlet resonating between two
nearest-neighbor bonds.

twofold degenerate ground state on the dimerized side and a
continuum of low-lying states on the critical side.

On the phase diagram we can distinguish two differ-
ent dimerized phases with partial and full dimerization.
The partially dimerized phase is separated from both the
commensurate and the incommensurate critical phases by a
Kosterlitz-Thouless transition. In terms of valence bond sin-
glets (VBS), this phase can be visualized as five singlets
located on every other nearest-neighbor bond. Based on the
numerical value of the dimerization inside the partially dimer-
ized phase we visualize it as alternating double and triple
VBS singlets. We want to stress, however, that the edge
states that might appear in this phase are not protected, and
that there are other VBS representations topologically equiva-
lent to those shown in Fig. 1 that lead to partial dimerization.
The incommensurate correlations typical of the floating phase
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appear as short-range incommensurate correlations inside
the two gapped dimerized phases surrounding the floating
phase. In Fig. 1, we show the location of these disorder lines
where incommensurate values of the wave-vector q start to
dominate. We also mark the equal-q lines along which the
wave-vector q takes constant values.

We also provide numerical evidence that, at large J2, the
floating phase disappears to give way to the fully dimerized
phase, similar to the spin-3/2 case. Nevertheless, the floating
phase is remarkably extended and continues along J3 = 0 up
at least J2 ∼ 6.

Below we discuss the various critical regimes in details.

III. WESS-ZUMINO-WITTEN CRITICAL LINE AND THE
TWO END POINTS

We start our discussion with the most intriguing part of
the phase diagram—the continuous transition between the
commensurate critical phase and the fully dimerized phase.
Previous studies of the J1-J3 model for spin S � 2 [8,13]
identified the transitions to the fully dimerized phase to be
in the WZW SU(2)2S universality class. More recently, it
has been shown that in the presence of next-nearest-neighbor
interactions J2, these critical points are part of an extended
WZW SU(2)2S critical lines that, for both spin-1 and spin-3/2,
eventually turns into a first order transition due to the presence
of a marginal operator.

However, the naive generalization of this conclusion to
spins s � 5/2 would violate a field theory argument raised
in Ref. [18]. Let us briefly recap the argument here. In WZW
SU(2)5 critical theory there are two relevant operators with
dimensions x = 2/7 and 6/7 allowed by symmetry. By fine
tuning two external parameters (in our case J2 and J3) one
can eventually drive a system into an isolated WZW SU(2)5

critical point. However, by tuning only one parameter, for
instance, by scanning along a critical line, it is not possible
to get rid of both relevant operators. Thus the scenario where
the WZW SU(2)5 critical theory would be realized along a
line in a two-dimensional parameter space can be discarded.

This leads to a very natural question: if the entire
continuous phase transition that we observe between the
commensurate critical and the fully dimerized phases cannot
be in WZW SU(2)5 universality class, then what would be
the underlying critical theory of this transition? It is worth
noticing that the entire critical line including its end points
is adjacent to the commensurate critical phase described by
the WZW SU(2)1 theory. Now, according to Furuya and
Oshikawa [24], in the presence of both SU(2) and a discrete
Z2 symmetry of the WZW theory, which corresponds to the
translation symmetry for an antiferromagnetic spin chain, a
renormalization-group flow is only possible between WZW
SU(2)k theories if the parity of the level index k does not
change. This suggests that there are only two possible candi-
dates to which the WZW SU(2)k=5 can renormalize: either to
SU(2)k=1, the critical theory in the bulk of the critical phase,
or to SU(2)k=3, the critical theory that describes, e.g., the
transition into the dimerized phase of the spin-3/2 chain [11].

In order to explore the nature of the critical line, we first
have to locate it on the phase diagram. For this, we look
at the finite-size scaling of the middle chain dimerization

FIG. 2. (a) Example of finite-size scaling of the middle-chain
dimerization for J2 = 0. The critical point is associated with the
separatrix at J3 ≈ 0.02796, and the slope gives an effective scaling
dimension deff ≈ 0.298. (b) Resulting value of the effective scaling
dimension deff as a function of J2 along the transition between the
commensurate critical and the fully dimerized phases. We associate
the end points with the crossing points of the resulting curve and the
horizontal line dk=5 = 3/14 (dashed magenta). The dashed blue line
stands for dk=3 = 3/10.

Dmid = |〈SN/2−1 · SN/2〉 − 〈SN/2 · SN/2+1〉|. Figure 2(a) shows
an example of such a scaling for J2 = 0 plotted in a log-log
scale. Convex curves lead to a finite dimerization in the ther-
modynamic limit and are associated with the dimerized phase,
while concave curves point towards the nondimerized phase
(later we will come back to this point with an argument on
why close to the transition the scaling with the size forms a
concave curve, unlike in the middle of the commensurate crit-
ical phase, where the scaling is linear). Therefore we associate
the transition point with the separatrix, the slope of which
gives an estimate of the scaling dimension d . Note that this
method has an excellent resolution and allows one to locate
the critical point Jc

3 with an accuracy of O(10−6).
The scaling dimension d can be expressed as a combination

of two standard critical exponents as d = β/ν, where β con-
trols how the dimerization vanishes and ν how the correlation
length diverges upon approaching the phase transition from
the ordered (read fully dimerized) phase. In general, for WZW
SU(2)k , these critical exponents are controlled by the level
index k:

ν = 2 + k

2k
, β = 3

4k
, (3)

leading to the scaling dimension:

d = 3

2(2 + k)
. (4)

By keeping track of the extracted scaling dimension
d along the transition also for negative (ferromagnetic)
next-nearest-neighbor coupling J2 we obtained the results pre-
sented in Fig. 2(b) and came to the following conclusions:
(i) the curve never approaches the value d = 1/2, excluding
the WZW SU(2)1 from the possible candidates to describe
the critical line; (ii) for an extended interval of J2 the scal-
ing dimension takes values around d ≈ 0.3, in agreement
with our second candidate WZW SU(2)3; and (iii) if some-
where along the transition line there are isolated points in
the WZW SU(2)5 universality class, they have to be lo-
cated at points where the scaling dimension takes the values
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FIG. 3. Scaling of the middle chain dimerization D (left) and of the correlation length ξ upon approaching the phase transition from the
fully dimerized phase to the commensurate critical phase along four horizontal cuts. [(a) and (b)] Cut through the upper end point (J2 = 0.09);
the extracted critical exponents are in excellent agreement with the CFT predictions for WZW SU(2)5, β = 3/20 and ν = 7/10. [(c)–(f)]
Cuts through the continuous transition at [(c) and (d)] J2 = 0 and [(e) and (f)] J2 = −0.11. In both cases, the critical exponents are in good
agreement with the CFT predictions for WZW SU(2)3, β = 1/4 and ν = 5/6 ≈ 0.833. One can notice that the finite-size effect become
stronger for negative values of J2. [(g) and (h)] Cut through the lower end point at J2 ≈ −0.177. The results are again in a good agreement
with the values of WZW SU(2)5 critical exponents.

d = 3/14 ≈ 0.214. According to Fig. 2(b), this happens twice
at J2 ≈ −0.177 and at J2 ≈ 0.09. At this stage, the last state-
ment is a conjecture that we are going to test.

To check our hypothesis regarding the nature of the critical
line, we have extracted the critical exponents β and ν indepen-
dently. In Fig. 3, we present the results for four different cuts:
at J2 ≈ 0.09 [(a) and (b)] and at J2 ≈ −0.177 [(g) and (h)],
where the WZW SU(2)5 universality class can appear, and
along two arbitrary cuts through the critical line where d ≈
0.3—we have chosen J2 = 0 [(c) and (d)] and J2 = −0.11
[(e) and (f)]. For each cut, we fix the location of the crit-
ical point to the value obtained form the finite-size scaling
analysis of the dimerization (Jc

3 ≈ 0.023249 for J2 = 0.09,
Jc

3 ≈ 0.02796 for J2 = 0, Jc
3 ≈ 0.034823 for J2 = −0.11, and

Jc
3 ≈ 0.039628 for J2 = −0.177), and we perform simulations

on chains of different lengths to track the finite-size effects.
The values of the exponents extracted in this way can be found
in the panels of Fig. 3.

For both end points at J2 ≈ 0.09 and J2 ≈ −0.177, the
agreement with the CFT predictions for k = 5, i.e., ν = 7/10
and β = 3/20, is spectacular. This strongly suggests that the
continuous transition terminates on both sides at end points
in the WZW SU(2)5 universality class. For the two cuts in
the central part of the critical line, the values of the criti-
cal exponents agree within 5% with the CFT predictions for
SU(2)3, β = 1/4 and ν = 5/6 ≈ 0.833. For these two cuts,
one can spot significant finite-size effects that we believe
are due to the renormalization to the lower k = 3 level. We
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TABLE I. Lowest excitation energy with spin Sz
tot for both j = 0

and j = 5/2 WZW SU(2)5 conformal towers. See Appendix for the
construction.

j = 0

Sz
tot 0 1 2 3 4 5 6 7

(E − E0)N/πv 0 1 2 3 4 5 8 11

j = 5/2

Sz
tot 2.5 3.5 4.5 5.5 6.5 7.5 8.5 9.5

(E − E0)N/πv, 0 2 4 6 8 10 14 18

expect crossover effects to be even larger in the vicinity of the
end points, resulting in the apparent scaling dimension shown
in Fig. 2(b) that takes intermediate values. Nevertheless, our
results provide strong evidence in favor of an extended WZW
SU(2)3 line terminated at two WZW SU(2)5 end points as
shown in Fig. 1.

To the best of our knowledge, the realization of the WZW
SU(2)k=5 in a nonintegrable spin-5/2 chain is reported for the
first time. For this reason, we perform an additional check
of the universality class at the upper end point by looking at
the conformal tower of states. According to conformal field
theory [25], at the critical point and in the case of conformally
invariant boundary conditions, the energy excitation spectrum
scales linearly with the system size with a specific tower struc-
ture characteristic of the underlying theory. In our simulations,
we will only probe the lowest level for each magnetization
sector, i.e., the envelop of the tower. The ground state of the
system with N-even is a singlet and thus has total spin j = 0.
It appears as a lowest-energy state in the sector with zero total
magnetization Sz

tot = 0. The triplet excitation appears as the
lowest-energy state in the sector Sz

tot = 1, the quintuplet in the
sector Sz

tot = 2 etc. We restrict ourselves to Sz
tot = 7. For the

chain with an odd number of sites, we expect the ground state
to have total spin-5/2 and thus to be described by the j = 5/2
tower. In Appendix, we construct the envelop of these two
towers closely following Ref. [26]. The predictions for the
envelops are summarized in Table I.

In order to extract the tower of states from the energy
excitation spectrum, one has to know the sound velocity, a
nonuniversal constant. Here we extracted it by fitting the
lowest excitation level with N even, building on the fact that
the singlet-triplet gap scales as E1 − E0 ∝ πv/N , as shown in
Fig. 4(c), and we obtained the value v ≈ 3.51. For all other
levels, we fix the velocity to this value. The resulting towers
are presented in Fig. 4 and are in excellent agreement with the
predicted envelop.

Let us come back to the point postponed in the beginning
of this section, namely, why, on the commensurate critical side
of the transition, the dimerization in a log-log scale does not
scale linearly but builds a concave curve. As we now know, the
transition, if it is continuous, is either SU(2)k=3 or SU(2)k=5 at
the two end points. In both cases, the scaling dimension at the
transition is significantly smaller than the scaling dimension
d = 1/2 of the commensurate critical phase. This implies that,
on a finite-size chain, we will see a crossover from k = 3 or
k = 5 to k = 1, and the closer to the transition we are, the
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FIG. 4. Conformal towers of states [(a) and (b)] and finite-size
scaling of the excitation spectrum [(c) and (d)] at the WZW SU(2)5

end point at J2 = 0.09, J3 ≈ 0.02325. Symbols are DMRG data, gray
lines are CFT predictions. For N even, the ground state is in the
singlet sector computed within Sz

tot = 0 ( j = 0 tower), for N odd,
the ground state has Sz

tot = 5/2 ( j = 5/2 tower). The towers show
only the lowest state within each sector of total magnetization up to
Sz

tot = 7 for N even and up to Sz
tot = 9.5 for N odd. The nonuniversal

value of the sound velocity v ≈ 3.51 has been obtained by fitting the
singlet-triplet gap for N even with E1 − E0 ∝ πv/N .

larger the system size it will take before the 1/2 slope will
appear.

Finally, there is still one thing we have not discussed so far:
what happens beyond the SU(2)5 end points? The fast decay
of the scaling dimension d presented in Fig. 2(b) excludes the
possibility of a continuous transition either k = 1 or k = 3 and
suggests that the transition becomes first order. For negative
values of J2, this is in fact very natural. Indeed, the transition
line turns toward the right, and at J2 ≈ −0.25 it crosses the
line defined by Eq. (1) where the ground state is given by
the exactly dimerized state. This implies that the dimerization
jumps from D = S(S + 1) = 8.75 to a value that vanishes al-
gebraically with the system size in the commensurate critical
phase, in agreement with a first-order transition. For positive
values of J2, the exact line hits the transition when the system
is already in the partially dimerized phase, so we cannot
rely on the same argument. There we confirm the first-order
nature of the transition by the finite-jump in the middle-chain
dimerization presented in Fig. 5(a) and by the kink in the
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FIG. 5. (a) Finite jump in the dimerization and (b) kink in the
ground-state energy per site ε at the first order transition between the
commensurate critical and the fully dimerized phase above the upper
end point. The results have been obtained for N = 60 (blue circles)
and N = 120 (red squares). The black triangles stand for ε = (E120 −
E60 )/60—our estimate of the energy per site in the thermodynamic
limit.

ground-state energy per site shown in Fig. 5(b). In order to
eliminate the edge effects on the latter, we also estimated
the ground-state energy per site from the difference between
the two finite-size values as ε = (EN=120 − EN=60)/60. The
transition we observe at J2 = 0.12 is very weakly first order
and neither the jump in the dimerization nor the kink in
the ground-state energy are pronounced. However, since we
excluded other WZW transitions, a first-order transition is the
only option.

If we follow the line further up, the first order transition,
now between the two dimerized phases, becomes much more
pronounced, as shown in Fig. 6.

IV. FLOATING PHASE

Let us now focus on another exotic critical regime realized
in this phase diagram - the floating phase. According to the
classification introduced by Bak [27], the floating phase is
a critical phase in which the dominant wave-vector q is not
“frozen” to any specific value, but “floats” or changes con-
tinuously all over the phase. Let us first show that there is a
second critical phase on the phase diagram. For this, we look
at the dimerization as a function of the next-nearest-neighbor
coupling J2 along a vertical cut at J3 = 0.01 (see Fig. 7). For
small values of J2,the system is in the commensurate critical
phase, and the dimerization vanishes. Then, one can clearly
distinguish two phases with finite dimerization: a narrow
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FIG. 7. (a) Dimerization and (b) incommensurate wave-vector
q along a vertical cut at J3 = 0.01 as a function of J2. Blue and
red symbols correspond to the results obtained with N = 100 and
300, respectively. The background colors mark different phases and
match those of the main phase diagram in Fig. 1. (c) Dimerization
in the J1-J2 model (J3 = 0) as a function of J2. At very large J2, the
system enters the second dimerized phase.

partially dimerized phase with a maximal dimerization D ≈ 1
around J2 ≈ 0.3, and an extended fully dimerized phase above
J2 ≈ 0.75. However, between these two dimerized phases
there is a finite interval with a vanishing dimerization which,
for a half-integer spin chain, implies that the system is gapless
according to the Lieb-Schulz-Mattis theorem, hence critical
in 1D.

Remarkably enough, all four phases are realized in the
pure J1-J2 model. Our numerical results along the J3 = 0 axis
are presented in Fig. 7(c). They suggest that the system only
enters the second dimerized phase at very large J2. The finite-
size effects are very strong, so we cannot determine the critical
point or the value of the dimerization with quantitative accu-
racy. However, thanks to field theory arguments, one knows
that, in the limit J1/J2 � 1, the interchain zigzag coupling is a
relevant perturbation that is expected to induce dimerization,

(a) (b)
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FIG. 6. (a) Jump in the middle-chain dimerization and (b) kink in the ground-state energy per site at the first-order transition between the
partially and fully dimerized phases.
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FIG. 8. Example of the fit of the spin-spin correlation function
at the point inside the floating phase. In the first step (a), we fit the
main slope discarding the oscillations. In the second step (b), we fit
the reduced correlation function to extract the wave-vector q.

so we are confident that the development of dimerization at
large J2 is not a finite-size effect.

In order to extract the wave vector q, we fit the spin-
spin correlation function Ci, j = 〈Si · S j〉 − 〈Si〉 · 〈S j〉 to the
Ornstein-Zernicke form:

Ci, j ∝ e−|i− j|/ξ
√|i − j| cos(q|i − j| + ϕ0), (5)

where the effective correlation length ξ , the wave vector q
and the initial phase ϕ0 are fitting parameters. In the critical
phase, the correlations are expected to diverge algebraically,
however, the finite length of the chain together with the finite
bond dimension of the DMRG tensors result in an effective
finite correlation length. This allows us to define a unified
protocol for both gapped and gapless phases. In order to
extract the wave vector with a sufficiently high precision we
fit the correlation function in two steps. First, we discard the
oscillations and fit the main slope of the decay as shown in
Fig. 8(a). This allows us to perform a fit in a semilogarith-
mic scale ln C(x = |i − j|) ≈ c − x/ξ − ln(x)/2. Second, we
define a reduced correlation function

C̃i, j = Ci, j

√|i − j|
e−|i− j|/ξ+c

(6)

and fit it with a cosine C̃i, j ≈ a cos(q|i − j| + ϕ0) as shown in
Fig. 8(b). The agreement between the DMRG data (blue dots)
and the fit (red circles) is almost perfect.

Our results for the dominant wave vector q along J3 =
0.01 are summarized in Fig. 7(b). The system becomes in-
commensurate inside the partially dimerized phase, remains
incommensurate all over the critical (floating) phase, and
shortly after the transition to the fully dimerized phase it be-
comes commensurate again, but with a wave-vector q = π/2.
The evolution of the incommensurate wave vector all over the

floating phase has been indicated in the main phase diagram
in Fig. 1 with equal-q lines drawn with a step of 0.05π .

Let us briefly comment on the nature of the phase tran-
sitions to the floating phase. The entire floating phase is
surrounded by portions of the gapped phases with incommen-
surate short-range order, and the equal-q lines are continuous
through the phase boundary. Therefore, the transitions cannot
be classified as commensurate-incommensurate. By analogy
with the spin-3/2 case [11], we expect the transition to the
partially dimerized phase to be in the Kosterlitz-Thouless
universality class. The numerical verification of this predic-
tion is computationally very expensive however, and it goes
beyond the scope of this paper. The transition between the
floating phase and the dimerized phase has been located by
looking at the separatrix in the finite-size scaling of the local
dimerization. For the parameter range J2 � 1.5 of Fig. 1, the
slope of the separatrix, i.e., the effective scaling dimension,
never exceeds the value d ≈ 0.2, which excludes a WZW
SU(2)k transition for all allowed level indices k = 1, 3, 5. We
therefore conclude that the transition must be first order. This
is indirectly confirmed by the kinks in the equal-q lines at this
transition, as can be seen in the main phase diagram of Fig. 1
and more clearly in Fig. 7(b).

A similar magnetic floating phase has been reported re-
cently in the spin-3/2 version of the model [11]. It is already
well established that in the presence of next-nearest-neighbor
interaction the spin-S chain exhibits a disorder point - a point
beyond which the dominant wave-vector becomes incommen-
surate. When such an incommensurability appears inside a
gapped phase, for instance in the Haldane phase of the spin-1
chain, or in the partially dimerized phases of the spin-3/2
and spin-5/2 chains, the incommensurability only affects the
short-range correlations. If, however, the correlations are in-
commensurate inside a critical phase, the incommensurate
order naturally becomes quasi-long-ranged and a floating
phase appears.

V. DISCUSSION

To summarize, the spin-5/2 J1-J2-J3 chain leads to a rich
phase diagram that contains two dimerized phases and two
critical phases. The number of phases and their relative loca-
tion are very similar to those reported for spin-3/2 chain [11].
This suggests that one can expect a similar phase diagram for
all half-integer spin chains with S � 3/2.

For spin 5/2, we have nevertheless reported a number of
unexpected features. In particular, we have found the transi-
tion between the critical and the fully dimerized phases to
be (i) continuous WZW SU(2)k=3 for −0.177 � J2 � 0.09;
(ii) WZW SU(2)k=5 at both ends of this interval; and (iii) first
order otherwise. This result agrees with two strong constraints
imposed by field theory, namely, (i) that the WZW SU(2)k=5

universality class in a two-dimensional parameter space can
only be realized at isolated points due to the presence of two
relevant operators in the theory and (ii) that the renormal-
ization group flow is only possible between WZW SU(2)k

theories with different level indices k if the parity of the level
indices does not change.

For larger half-integer values of the spin, we expect the
same universality classes to be realized if the transition
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FIG. 9. Construction of the conformal towers of states of WZW SU(2)k=5 antiferromagnetic chains with total spin (a) j = 0 and
(b) 5/2. Starting from the ground state at n = 0, we follow the diagonal lines (blue) as described in the main text to find the states
with nonzero multiplicity. Every such state can serve as a new starting point for another diagonal line. The states that have the lowest n
for a fixed Sz

tot form the tower’s envelop and are marked with filled red circles. The middle line of the tower Sz
tot = 0 is shown in yellow for

convenience.

between the SU(2)1 commensurate phase and the dimerized
phase is continuous, namely, SU(2)k=3 along the line, and
SU(2)k=5 at the ends, because in a two-dimensional parameter
space these are the only theories with k odd and k > 1 that can
be stabilized by adjusting 1 and 2 parameters, respectively.
SU(2)k theories with k > 5 have more relevant operators and
require more parameters to be fine tuned.

Moreover, we have reported the emergence of an extended
floating phase—an exotic critical phase with quasi-long-range
incommensurate order. Compared to the spin-3/2 chain, the
floating phase in the spin-5/2 chain is much larger. According
to our results, upon increasing J2 to very large values, the sys-
tem eventually falls into the dimerized phase even for J3 = 0,
but the floating phase extends at least up to J2/J3 ∼ 6. For the
parameter range shown in Fig. 1, the transition between the
floating phase and the fully dimerized phase is always first
order. However, we cannot exclude that for larger values of
J2 the transition will eventually turn into a continuous one. In
this case, the most likely scenario is similar to the one realized
at small J2—the transition becomes continuous through an
end point in the WZW SU(2)5 universality class and is in the
WZW SU(2)3 universality class beyond it.

The floating phase appears to be a generic feature of a
zigzag chain with half-integer spins S � 3/2, and one can thus
hope to be able to observe it experimentally. In that respect,
the fact that it occupies a significant portion of the phase
diagram for S = 5/2 increases its chances to be realized in ex-
periments. A promising candidate is an iron oxide discovered
recently, Bi3FeMo2O12. It consists of well separated spin-5/2
chains, with coupling constants J2/J1 ≈ 1.1 [28]. The exper-
imental study reports gapless excitations [28]. According to

our theory, given its ratio J2/J1, this system cannot be in the
small J2 commensurate phase. It has to be in the floating
phase with incommensurate correlations. It would be very
interesting to check experimentally for the presence of this
quasi-long-range incommensurate order in this compound.
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APPENDIX: CONSTRUCTION OF WZW SU(2)5

CONFORMAL TOWERS OF STATES

We construct the conformal towers of states for WZW
SU(2)k=5 critical chains closely following the procedure in-
troduced in Ref. [26]. Let us remind it here: starting from any
state with some value of Sz

tot (Sz
L in the original notations) and

level n, follow the diagonal line to the point (−k sign(Sz
tot ) −

Sz
tot, n + k + 2|Sz

tot|). All grid nodes on this line will have a
nonzero multiplicity.
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For j = 0, we start with the ground state that has Sz
tot =

0. In order to apply the above rule, we assume Sz
tot = 0+ or

0−. This define two lines that start at (0,0) and stop at (5,5)
and (−5, 5). All states between and including these two points
have nonzero multiplicity. So, we can chose any node on this
line as a new starting point to continue the construction. The
obtained envelop is shown in Fig. 9(a).

For the chain with an odd number of sites, we expect the
ground state to have a total spin j = 5/2. This implies that
the ground state appears as the lowest energy state in all
sectors with total magnetization ranging from Sz

tot = −5/2
to 5/2. Starting from n = 0 and Sz

tot = ±3/2 and ±1/2,

one can also go to the points [k sign(Sz
tot ) − Sz

tot, n +
k − 2|Sz

tot|].
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