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Abstract

In this thesis, we study interactions between algebraic and coalgebraic structures in
oo-categories (more precisely, in the quasicategorical model of (oo, 1)-categories). We
define a notion of a Hopf algebra H in an Es-monoidal co-category and lift some results
about ordinary Hopf algebras, such as the fundamental theorem of Hopf modules, to this
setting. We also study Hopf-Galois extensions in this context. Given a candidate Hopf—
Galois extension, i.e., a map ¢: A — B of H-comodule algebras where H coacts on A
trivially, we construct a structured version of the comparison map B®4 B — H ® B that
allows us to compare the category of descent data for ¢ with a category of “B-modules
equipped with a semilinear coaction of H”. We provide further insights into the case of
commutative (i.e., Eo) comodule algebras over a commutative Hopf algebra, for instance
a description of the aforementioned category of modules equipped with a semilinear
coaction as the limit of a “categorified cobar construction”. Moreover, we provide a
simple description of comodules over a space in slice categories of the co-category of
spaces, which enables us to realize multiplicative Thom objects as comodule algebras
and thus incorporate them into the aforementioned framework.

Keywords: oo-category, Hopf algebra, comodule, Hopf—Galois extension, descent,
Thom object

Résumé

Dans cette these, on étudie les interactions entre les structures algébriques et coal-
gébriques dans les oo-catégories (plus précisément, dans le modele quasi-catégoriel des
(00, 1)-catégories). On définit une notion d'une algébre de Hopf H dans une oo-catégorie
Es-monoidale et adapte quelques résultats sur les algebres de Hopf ordinaires, comme
le théoreme fondamental des modules de Hopf, a ce cadre. On étudie également les
extensions de Hopf-Galois dans ce contexte. Etant donné un candidat pour une extension
de Hopf-Galois, c.-a-d. un morphisme ¢: A — B d’algebres dans la catégorie des H-
comodules, ou la coaction de H sur A est triviale, on construit une version plus élaborée
du morphisme de comparaison B®4 B — H ® B qui permet de comparer la catégorie des
données de descente pour ¢ avec une categorie de « B-modules munies par une coaction
semilinéaire de H ». Dans le cas des algebres commutatives (c.-a-d. E,) dans la catégorie
des comodules sur une algebre de Hopf commutative, on démontre des résultats plus
explicites, par exemple, on décrit la catégorie susmentionnée des modules munies par
une coaction semilinéaire comme la limite d’une « construction de bar catégorielle ». De
plus, on donne une description simple des comodules sur un espace dans les tranches
de la co-catégorie des espaces, qui permet de réaliser les objets de Thom multiplicatifs
comme algebres dans une catégorie des comodules et donc les intégrer dans le cadre
susmentionné.

Mots-clefs: oo-catégorie, algebre de Hopf, comodule, extension de Hopf—Galois, de-
scente, objet de Thom
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Introduction

In algebraic topology, one studies spaces by associating algebraic invariants such as
homology groups to them and reducing topological questions to algebraic questions
about these invariants. These invariants often come equipped with several algebraic and
coalgebraic structures whose interplay can be very revealing.

For example, consider a space X equipped with a multiplication p: X x X — X
that is associative and unital up to homotopy. Then the homology H,(X; k) of X with
coefficients in a field k admits a k-algebra structure given by the Pontryagin product,
which is defined as the composite

H, (X k) @, H (X k) 2 H (X x X3 k) 25 H (X k).

Moreover, H,(X;k) (in fact, the homology of any space) also admits a k-coalgebra
structure, i.e., a comultiplication

A: H (X k H. (X x X;k) = H (X k) @, Ho(X; k)

and a counit
X—{*})x
____)

e: (X k) < H.({}: k) = k

which satisfy coassociativity and counitality conditions dual to the associativity and
unitality of algebras. These two structures are compatible with each other in the sense that
A and e are homomorphisms of algebras (or equivalently, the Pontryagin product and the
associated unit map are maps of coalgebras) and thus define a bialgebra. The interactions
between these operations pose restrictions on the structure of the (co)homology of X,
whose study goes back to [Hop41].

One of the main insights of homotopy theory is that one should think of algebraic
structures of invariants of spaces as truncations of “homotopy coherent” algebraic struc-
tures in a higher category. For instance, many spaces such as loop spaces admit not
only a multiplication that is associative and unital up to homotopy, but in fact an
algebra structure over the little intervals operad [E;, which encodes homotopies between
associativity and unitality homotopies, homotopies between those, and so on, whose
systematic analysis goes back to [Sta63]. The aforementioned algebra structure on the
homology is then obtained by transferring the [E;-algebra structure of X along the functor
H.(—; k), under which homotopies between maps become equalities.

In this thesis, we study analogues of the aforementioned interplay between algebraic and
coalgebraic structures in the higher categorical setting. An important class of examples
that can be viewed through this lens is Thom spectra, whose study goes back to [Thob4,
Chapitre IV] as a means to classify certain classes of manifolds up to bordism. Consider
an E;-map f: X — BGL4(S) into the classifying space of the automorphisms of the
sphere spectrum and its Thom spectrum M(f). We can view the space X as a bialgebra
in the (higher) category of spaces and thus its suspension spectrum XX as a bialgebra
in the (higher) category of spectra. The Thom diagonal M(f) — (X°X) ® M(f) defines
a coaction of ¥°X on M(f), which is also a map of E;-ring spectra.



One of the main concepts we study here is that of a Hopf-Galois extension, which is a
generalization of the concept of a Galois extension, as we explain now. Let K C L be
fields and G a finite group acting on L via K-linear field automorphisms. Then L is a
G-Galois extension of K if and only if the following hold (cf. [Gre92, Section 0.1]).

« K agrees with the fixed field LE.
e Themapy: L&®g L — [ ec L given by (11 ®12) = ((9.11) l2)4eq is an isomorphism.

These conditions can be described in terms of the group algebra Z[G], or rather its
dual Z[G]", as follows. The group algebra is in fact a bialgebra whose comultiplication is
given by A(g) = g ® g. This bialgebra structure induces a dual bialgebra structure on
Z|G]" such that the action of G on L can be transposed to a coaction p: L — Z[G]" ® L
given by p(l) = X ec 9" @ (g.0), where g is the dual basis element corresponding to the
basis element g € Z[G]. Now the fixed point field L can be alternatively described as
the primitives

Primy v (L) = {l €L:p(l) =1z @I ( =Y ¢'® l)}

geG

of this coaction. Moreover, there is an isomorphism [],cq L = Z|G]” ® L under which
v(l; ® ly) can be identified with

> 9" @ ((gh) ) = p(h) - (1@ ).

geG

Motivated by this description, one can define “Galois extensions” over an arbitrary
bialgebra H as follows. Given a ring map ¢: A — B and a coaction p: B — H ® B that
is a ring map and such that ¢ factors through Primgy(B), ¢ is called an H-Hopf-Galois
extension if the following maps are isomorphisms.

o The restriction A — Primy(B)
e The map v: B®4 B — H ® B given by v(b; ® by) = p(b1) - (1 ® bs)

The definition of Hopf—Galois extensions in this form in the algebraic setting goes back
to [KT81]. In the homotopical setting, Galois and Hopf-Galois extensions of ring spectra
were introduced in [Rog08, Part I]. Variations of the notion of a Hopf-Galois extensions
in the context of model categories were also studied in [Rot09], [Hes09], [Karl4] and
[BH18].

While we draw a lot of inspiration from these works in point-set models, we use the
framework of quasicategories (which we refer to simply as co-categories) developed in
[Lur09] and [Lurl7]. Using non-strict models for higher categories appears to be necessary
in this context because, as shown in [PS18], all coalgebras in common point-set models
of spectra are cocommutative, whereas one would expect to have non-cocommutative
examples, such as dual group algebras of non-abelian groups. In the oo-categorical
setting, bialgebras and comodule algebras over them were studied in [Beal6] and [Bea2l],
results of which we use and build upon.

10



Structure of this thesis

In Section 1, we review certain aspects of algebraic and coalgebraic structures in
oo-categories that we need later.

In Section 2, we consider coalgebraic structures in the oo-category S of spaces. The
main result of this section (Proposition 2.0.6) states that a coaction of a space X on
an object f:Y — T of the slice category S)r is uniquely determined by a coaction
of X on Y, which allows us to view every such f as a comodule over its source Y
(cf. Construction 2.0.11). A monoidal version of this construction is used later in
Example 3.1.3 to realize multiplicative Thom objects as comodule algebras.

In Section 3, we discuss a precise definition of Hopf-Galois extensions in oo-categories
and relate them to questions of descent. The crucial ingredient for this discussion is a lift
of the map B ®4 B — H ® B sketched above to a map of comonads on the co-category
of B-modules (cf. Corollary 3.2.8).

In Section 4, we define a notion of Hopf algebras in oco-categories and lift some results
about Hopf algebras in the 1-categorical setting to our setup. In Corollary 4.2.9, we
obtain an equivalence between the base category and an oo-category of objects equipped
with an action and a coaction of a (certain type of) Hopf algebra that are compatible in
an appropriate sense. In Proposition 4.3.10, we identify the oo-category of comodules
over a dualizable coalgebra with the oo-category of modules over its dual.

In Section 5, we discuss the case where all the algebra structures in question are com-
mutative, which allows us to work with a simplified description of coalgebraic structures.
In Proposition 5.4.24, we show that for a commutative comodule algebra B over a commu-
tative Hopf algebra H, the oo-category of B-modules in the co-category of H-comodules
is equivalent to the limit of a “categorified cobar construction” LComodge (5)(C). In
Construction 5.5.6 we extend the map B®4 B — B ® H to more general “multiplicative
tensors with spaces”, which in particular yields an equivalence THH*(B) ~ (1,®p51¢)® B
for an H-Hopf-Galois extension A — B (cf. Example 5.5.9).

There are two appendices dedicated to rather long proofs that do not fit well into other
sections. In Appendix A, we show that defining bialgebras as “algebras in a monoidal
oo-category of coalgebras” and “coalgebras in a monoidal co-category of algebras” yield
equivalent results (cf. Corollary A.0.17). In Appendix B, we show that an adjunction
F.: D 2 £ :G of lax monoidal functors can be lifted to an adjunction between oo-
categories of R- and F'(R)-modules for every algebra R in D (cf. Proposition B.0.6).

General conventions

As mentioned above, we work with quasicategories, which we refer to as co-categories.
We freely employ the terminology and some results from [Lur09]. In particular, when we
speak of (co)limits, we mean them to be invariant under homotopy equivalences, hence
homotopy (co)limits in the classical terminology.

Our notation mostly agrees with that of [Lur09] and [Lurl7]. One significant difference
is that we implicitly identify a 1-category with its nerve in simplicial sets. For mapping
objects, we use the following notation.

11



Home(—,—) | morphism set in the 1-category C
Map.(—, —) | mapping space in the oo-category C
Fun(—, —) functor (oo-)category

For the simplex category A and its variations, we employ the following conventions.

Category ...of ... with objects .. .describing
B (co)augmented
Al finite ordinals n] =10,....n}, (co)simplicial
n e Z>,1 .
= objects
: : B (co)simplicial
A non-empty finite ordinals n], n € N=Zsg objects
finite ordinals with a B (left) split
A distinguished bottom o ={4,0,..m}, (co)simplicial
n € Ls_q .
element = objects
finite ordinals with a n]r=A{0,...,n, T}, (rlgbt) Spl.lt
At P (co)simplicial
distinguished top element n e Zs_ .
= objects
: : . (ny ={*1,...,n},
Fin, pointed finite sets neN = Zsg N/A

Recall that A is generated by coface maps 0: [n] — [n + 1] and codegeneracy maps
o7: [n+1] — [n] for varyingn € N, i € {0,...,n+1} and j € {0,...,n}. Moreover, A
can be obtained from A by adding an extra coface map ¢°: [—1] — [0] subject to certain
relations. We sometimes abbreviate the image of 4° under a functor as d* and the image
of 07 as s7. Besides the full inclusion A C A, we have non-full inclusions

add disjoint L forget distinction of L
A, Al y A

and

add disjoint T forget distinction of T
A, A+ y A,

which we use, for instance, to restrict split (co)simplicial objects to (co)augmented
(co)simplicial objects.

Unless more precision is necessary or preferable, we employ the usual abuse of notation
of using “underlying objects” to refer to more structured objects. Moreover, we use the
following notation for certain maps and functors induced by (co)algebraic structures,
often without explicitly introducing them in the specific case in question.

(e | multiplication of an algebra A, | comultiplication of a coalgebra

7, | unit map of an algebra €2 | counit map of a coalgebra

a7 | action map of a module p? | coaction map of a comodule

U, forgetful functor of a module v, forgetful functor of a comodule
" | category " | category

F; | free module functor C» | cofree comodule functor

12



1. Preliminaries

In this section, we discuss certain properties of oco-categories of (co)algebras and
(co)modules that we will need later. In addition to stating precise mathematical results,
we try to establish some intuition about these categories. Readers familiar with the
algebraic theory of co-operads of [Lurl7] and its extension to coalgebras and bialgebras
as discussed in, for instance, [Pér20], [Bea21] and [Lei22] could skip this section and look
up specific statements later as needed.

1.1. (Co)algebras and (co)modules

In [Lurl7, Definition 2.1.1.10], oo-operads (which are rather a generalization of colored
symmetric operads) are defined as functors p: O® — Fin, satisfying certain properties.
We will not unpack the full definition here, but the following description of the fibers of
p will be useful, especially in Appendix A.

Recall that a map f: (m) — (n) in Fin, is called inert if it restricts to a bijection
from a subset of {1,...,m} C (m) to {1,...,n} C (n) and maps the rest of (m) to the
base point. The definition of an co-operad guarantees that

o inert maps admit p-cocartesian lifts, which are called inert maps in O%, and

o for every partition ny + ... 4+ np = n € N, the functor O%O — Hle O%u) induced
by cocartesian lifts of the inert maps (f;: (n) — (n;))1<i<k, where f; maps the i-th
part of the partition bijectively to {1,...,n;} and collapses the rest of (n) to the
base point, is an equivalence.

Given v; € O%u) for 1 <14 <k, the essentially unique object of O% that corresponds
to (vi,...,v) € I1%, O%’m under the equivalence above is denoted by v; & ... ® vy,
(cf. [Lurl7, Remark 2.1.1.15]). Note that it comes equipped with inert morphisms
Tyt V1D ... 0 = v forl <i<k.

We think of O = (’)f’i> as the “underlying oo-category” or “oo-category of colors” of O%.
Pushing the colored operad analogy further, given o4,...,0,,0" € O, multimorphisms
from (01,...,0,) to o’ are encoded by a certain subspace of Mapye (01 & ... & 0,,0") (cf.
[Lurl7, Notation 2.1.1.16]).

In this framework, monoidal categories and algebras are defined as follows.

o [Lurl?7, Definition 2.1.2.13] Given an oo-operad O, an O-monoidal co-category is a
cocartesian fibration C® — O® such that the composite C® — O%® — Fin, exhibits
C® as an oo-operad. In this case, we also informally speak of an O-monoidal
structure on C = C%. The idea is that cocartesian lifts of a multimorphism

¢:01®...®0, — 0 define an associated operation ®”: C&q o, ~ [[1e C& — Cor.

o [Lurl?7, Definition 2.1.2.7] A map Q¥ — O% of co-operads is a map over Fin,
that preserves inert edges. The idea is that such a map is compatible with the
equivalences (—) @y ~ ((—)y)" and thus induces maps on spaces of multimorphisms.

13



o [Lurl7, Definition 2.1.3.1] Given a map f: Q¥ — O® of oco-operads and an O-
monoidal co-category C® — O%, the oco-category Algg0(C) of Q-algebras in C is
defined as the co-category of co-operad maps a: Q¥ — C® over O%. In this case,
the conditions guarantee that multimorphism ¢: q; @ ... ® q, — ¢ of Q induces a
map @/ (a(q1),...,a(q,)) — a(q’) encoding an associated operation.

When Q% — O is the identity map of O%, we also write Alg,(C) instead of
Algp,0(C). Note that the pullback C* xpe Q% — QF exhibits C xp Q as a
Q-monoidal co-category such that Algg ,o(C) ~ Alg,o(C X0 Q).

For a Q-coalgebra, we would like to have “cooperations” a(q') — @@ (a(q1),...,a(q,))
instead. We can achieve this by considering algebras in an appropriate “opposite O-
monoidal oco-category”.

Construction 1.1.1 (cf. [Lurl7, Remark 2.4.2.7]). Let O be an co-operad and p: C®¥ —
O% an O-monoidal oo-category.

Recall that under the straightening-unstraightening equivalence of [Lur09, Theorem
3.2.0.1], p: C® — O% corresponds to a functor p: O® — Cats to the co-category of
oo-categories. Composing p with (—)°” and unstraightening back, we obtain a fiberwise
opposite cocartesian fibration pP: (C®)" — OF satisfying (C®)'" ~ (C2)* for all
ve 8!

Using that (—)° commutes with products and the criterion of [Lurl7, Proposition
2.1.2.12], we see that pP exhibits the fiberwise opposite C*P of pay: C = C% — (’)%> =0
as an O-monoidal oo-category, which we call the (fiberwise) opposite O-monoidal oo-
category of C.

Note that when O = O% is a discrete co-category, CP can be identified with C°P, so
in that case, we obtain an O-monoidal structure on C°P. This will in fact be the case for
all the concrete operads we consider.

Definition 1.1.2. Let Q¥ — O% be a map of oo-operads and C an O-monoidal oco-
category. Using the opposite O-monoidal structure of Construction 1.1.1, we define the
oo-category of Q-coalgebras in C as

Coalgg/o (C) = Ang/O (CfOP)Op
and abbreviate Coalgy o as Coalg o

Convention 1.1.3. Defining coalgebraic structures as algebraic structures in an opposite
category allows us to use formally dualize the theory of algebras to coalgebras to a certain
extent.? When working with coalgebraic structures, we will often refer to algebraic
results and expect the reader to appropriately dualize them. This in particular applies
to the theory of monads developed in [Lurl7, Section 4.7], which we apply extensively to
comonads (cf. Subsection 1.3).

IThere is also a more direct construction of (—)®P carried out in [BGN18], which we will make use of
in particular in Appendix A.

2Note, however, that in many monoidal co-categories we are interested in (such as that of spectra),
the monoidal product commutes with colimits but not necessarily with limits, which breaks the
symmetry between the algebraic and the coalgebraic theory (cf. Remark 1.1.14).

14



Next, we discuss different notions of functors between O-monoidal oo-categories.

Definition 1.1.4. Let O be an oc-operad, and p: C® — O% and ¢: D® — 0% O-
monoidal oco-categories.

A laz O-monoidal functor F®: C® — D® is a map of oo-operads over O% (i.e., a
functor over O% that preserves inert morphisms). We view F/ f%: Cf% =C—+D= D% as
the underlying functor of F*®.

An oplaz O-monoidal functor is a lax monoidal functor F*: (C®)* — (D®)*P between
the opposite O-monoidal co-categories. If F%: (C®)§({§ = Clop — Dlop = (D®)ﬁ§’ maps
plP_cocartesian morphisms to ¢P-cocartesian morphisms, then it induces a functor

- fo o o . . .
(F%) " (CfOP)f P~C - D (Df"p)f P which we view as the underlying functor of

F? (viewed as an oplax O-monoidal functor). Note that if Oy, is discrete, then Ffﬁ)
always preserves cocartesian morphisms because cocartesian morphisms with respect to
a cocartesian fibration over a discrete oo-category are given by equivalences.

A strongly O-monoidal functor F®: C® — D? is a functor over O% that maps all
p-cocartesian morphisms to g-cocartesian morphisms. We denote the oo-category of such
functors by Fun(C, D) (cf. [Lurl7, Definition 2.1.3.7]). Note that a strongly O-monoidal
functor is in particular lax O-monoidal. Moreover, a strongly O-monoidal functor F'®
induces a strongly @-monoidal functor (F®)*: (C®)'P — (D®)P between the opposite
O-monoidal co-categories, implying in particular that its underlying functor can be
viewed also as the underlying functor of an oplax monoidal functor.

We will often not notationally distinguish between a lax, oplax or strongly O-monoidal
functor and its underlying functor. In particular, we will speak of a functor F': C — D
between the underlying co-categories being lax, oplax or strongly O-monoidal.

In order to relate the notions of Definition 1.1.4 to 1-categorical ones, consider a
multimorphism ¢: 0; @ 0, — 0 of O¥ and ¢; € CZ, c; € Co. Let F®: C® — D® be a
functor over Fin, preserving inert morphisms. Then we obtain a commutative diagram

F®(c1) & F®(ca) —— ®@H(F(c1), Flez))

R / ju )

F®(c; ® ) ——— F®(®(c1,2))

where the upper horizontal arrow is a g-cocartesian lift of ¢, the lower horizontal arrow is
the image under F® of a p-cocartesian lift of ¢, and w is induced by the universal property
of the diagonal composite as a g-cocartesian arrow. This induced map is analogous to the
comparison transformation F'(—) ® F(—) — F(— ® —) of lax monoidal functors in the
1-categorical setting. Moreover, if F'® maps all p-cocartesian morphisms to g-cocartesian
morphisms, then the lower map is also g-cocartesian and hence u an equivalence, which
is the oo-categorical analogue of the fact that “strongly monoidal functors commute with
tensor products”.

Remark 1.1.5. Let @® — O% be a map of oco-operads, and C® — O% and D® — O%
O-monoidal oo-categories. Then a lax O-monoidal functor F¥: C® — D® induces a
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functor Algg o (F%): Algg,o(C) — Algg (D) via postcomposition because a composite
of maps preserving inert morphisms also preserves inert morphisms. Dually, an oplax
O-monoidal functor induces a functor between coalgebra categories. We will often not
notationally distinguish such induced functors from their underlying functors.

Recall that in the 1-categorical setting, a lax monoidal structure on a right adjoint
functor G gives rise to an oplax monoidal structure on its left adjoint F' and vice versa.
For example, a natural transformation f: G(—) ® G(—) — G(— ® —) gives rise to a
natural transformation

uni B couni
F(=®—) =5 F(G(F(=) @ G(F(-))) & FGF(=) ® F(=))) =% F(=) @ F(-).
The following is an analogue of this phenomenon in the oo-categorical setting.

Fact 1.1.6 ([HHLN21, Therem 3.4.7]). Let O be an cc-operad, C® — O® and D® — O
O-monoidal co-categories, and G®: D® — C® a lax O-monoidal functor. Assume that
for all o € O, G: DY — C¥® admits a left adjoint F,. Then there exists an oplax
O-monoidal functor F*: (C&)*" — (D®)*® such that the fiber of F* over o € O is given
by (FE): (C2)™ — (D2)™.

In particular, if O = O% is discrete, the left adjoint of the underlying functor of a lax
monoidal functor admits an oplax monoidal structure. Dually, the right adjoint of the
underlying functor of an oplaz O-monoidal functor can be extended to a lax O-monoidal
functor.

Our most common application of Fact 1.1.6 will be constructing a lax O-monoidal
structure on the right adjoint of the underlying functor of a strongly O-monoidal functor.
Such a pair of functors induces further adjunctions of interest, to which Appendix B is
dedicated.

We will be mainly interested in (co)algebras over the oo-categorical version E? of the
little n-cubes operad for some n € N (see [Lurl7, Definition 5.1.0.2]), whose main features
can be summarized as follows.

o It has a single color %, so we can think of multimorphisms *®™ — x as m-ary
operations, which are are given by rectilinear configurations of m n-dimensional
open cubes in an n-dimensional open cube.

o Its composition maps are given by grafting such configurations.

o (E®)q is contractible because the endomorphism space of its single object, i.e.,
the space of rectilinear configurations of an n-cube in an n-cube, is contractible.

e For n > 1 and m > 1, m-ary operations of [, are generated by a single binary
operation (which is encoded by a disjoint embedding of 2 n-cubes in an n-cube)
under homotopies, permutations of inputs and grafting.

Notation 1.1.7. Let n € N. When working with an E,-monoidal co-category C, we will
denote its tensor product (induced by the generating binary operation of E,) by ®¢ (or
simply ® if there is no room for confusion) and its unit (induced by the unique O-ary
operation of E,,) by 1¢.
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Convention 1.1.8. In light of [Lurl7, Example 5.1.0.7], E{ is one of the many incarna-
tions of the operad that encodes associative algebras. We will freely use results proven
for different (but equivalent) manifestations of associative algebras, including the planar
version of [Lurl7, Section 4.1.3].

Moreover, when we speak of “algebras”, “coalgebras” etc. without further qualifiers, we
will mean algebras, coalgebras etc. over E;. In particular, we will employ the following
simplifications.

e By a “monoidal co-category” we will mean an [E;-monoidal co-category.

o When a map EY — O% of operads is clear from context, we will simply write Alg
instead of Algg, /0, and similarly for Coalg.

More generally, different E,,’s can be thought of encoding different levels of commu-
tativity of the generating binary operation. For instance, as any two embeddings of
two squares in a square are homotopic via embeddings, the binary operation of E, is
commutative up to homotopy, which in particular yields a braiding (—) ® (?7) ~ (?) ® (—)
for every Es-monoidal co-category. Es-monoidality is sufficient to obtain a symmetric
monoidal structure on the homotopy category of an oo-category (cf. [Lurl7, Corollary
5.1.1.7]), but on the level of co-categories, there are higher coherences to consider.

Convention 1.1.9. Consider the maps E§ — EY — EJ — ... of co-operads given
by taking the product of configurations with an open interval. We will usually make
restrictions along these maps implicit, e.g., view an E,-monoidal oo-category as an
[E,,-monoidal oco-category for all m < n.

By [Lurl7, Corollary 5.1.1.5], the colimit of this sequence is equivalent to the terminal
oo-operad Fin,. When we want to refer to Fin, as this colimit, i.e., an co-operad encoding
a “highly coherent” commutative multiplication, we will use the notation EZ . Moreover,
we will use the following terms for structures over E.

e By a “symmetric monoidal co-category” we will mean an [E.,-monoidal category.

o By a “commutative algebra” we will mean an E..-algebra. We will write CAlg
instead of Alg/g_.

e Dually, we will use the term “cocommutative” for E.,-coalgebras.

Next, we informally recall the operad LM of [Lurl7, Section 4.2}, which encodes a left
action of an algebra on an object.

o [Lurl7, Remarks 4.2.1.8 and 4.2.1.10] LM = £M%> is a discrete category with
two objects a and m, encoding the algebra and the object it acts on, respectively.
There is a map EY — LM® of oo-operads which, intuitively speaking, maps the
universal algebra in E; to the algebra a in LM. We will always mean this map
when we speak of the map EY — LM,
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o [Lurl7, Remarks 4.2.1.20 and 4.2.1.21] An £LM-monoidal co-category p: D® —
LM® encodes a monoidal structure on D, given by the pulling back p along the
map EY — LM, and a left-tensoring of Dy over D,, in particular “an action
map” Dy X Dy — Dy, which is informally also simply denoted by ®. When we
informally speak of an oco-category left-tensored over a monoidal co-category, we
will implicitly have an £M-monoidal category with appropriate fibers in mind.

o [Lurl7, Definition 4.2.1.13] Given an £LM-monoidal co-category D, Alg, (D) is

called co-category of left module objects of Dy and denoted by LMod?* (Dy) or
LMod(D,,) when there is no room for confusion. Intuitively, it can be thought of
as a category of pairs (A, M) where A is an algebra in D, acting on an object M
in Dy. The map EY — £LM® induces a functor 0p: LMod(Dy,) — Alg(D,) which
“forgets the module”. Its fiber over an algebra A € Alg(D,) is called the co-category
of left A-modules in Dy, and is denoted by LMod4(Dy,). Similarly, evaluation at m
induces a functor ¢p: LMod(Dy) — Dy that “forgets the action of the algebra”.

o [Lurl7, Remarks 4.2.1.5 and 4.2.1.9] The map E} — LM® admits a “retraction”
LM® — EP, which, intuitively speaking, classifies the universal algebra in E; as a
left module over itself. Given a monoidal oo-category C® — ES, pulling back along
this map yields an £LM-monoidal co-category, which encodes the left action of C
on itself. When we speak of modules in a monoidal category, we implicitly employ
this construction.

Similarly, there is an oo-operad RM encoding right modules and right-tensorings
(cf. [Lurl?, Variant 4.2.1.36]), and an co-operad BM encoding bimodules (cf. [Lurl?,
Definition 4.3.1.6]). Provided that the monoidal co-category in question admits geometric
realizations and the tensor product commutes with them in each variable, there is a
theory of relative tensor products developed in [Lurl7, Section 4.4], which is similar to
the 1-categorical case in the sense that it is associative, gives rise to restriction-extension
of scalars adjunctions etc. In particular, oo-categories of modules have functoriality
properties similar to their 1-categorical analogues, which we record below.

Fact 1.1.10. Let M be an oo-category left-tensored over a monoidal co-category C.
Then, by [Lurl7, Corollary 4.2.4.8] for every algebra R in C, we have a free-forgetful
adjunction Fr: M = LModgr(M) :Ug such that UgoFr ~ R® (—).

Moreover the forgetful functor c: LMod(M) — Alg(C) is a cartesian fibration, and a
map 1is Oc-cartesian if and only if its underlying map in M is an equivalence (cf. [Lurl?7,
Corollary 4.2.3.2]). This means that to each map ¢»: R — S of algebras in C, one can
functorially associate a restriction of scalars functor ¥*: LModg(M) — LModg(M)
that does not change the underlying objects in M.

If we further assume that C and M admit geometric realizations, and that both the
tensor product in C and the action of C on M preserve them in each variable, then each
such Y* admits a left adjoint ¢ : LModg(M) — LModg(M), called extension of scalars
along v (cf. [Lurl7, Proposition 4.6.2.17]). On the level of underlying objects, 1, sends
M € LModgr(M) to the relative tensor product S @r M. Moreover, as discussed in
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[Lurl7, Lemma 4.5.5.6], this implies that Oc is also a cocartesian fibration, i.e., extensions
of scalars are also functorial.

Remark 1.1.11. Let F': C — D be a lax monoidal functor between monoidal co-
categories. Then the functors induced on oco-categories of LM- and E;-algebras discussed
in Remark 1.1.5 fit into a commutative diagram

LMod(C) "M% [ Mod (D)

| Jo

Alg(C) ~aer) Alg(D).
In particular, for an algebra R € Alg(C), F' induces a functor LModz(C) — LModp(r)(D),
which we will often abbreviate as F or FE.

Moreover, LMod(F') maps ¢-cocartesian morphism to fp-cocartesian edges. Indeed, a
morphism f is fc-cocartesian if and only if its image under the functor ¢z: LMod(C) — C
that picks the the object being acted on is an equivalence, and similarly for . Now
sp(LMod(F)(f)) ~ F(sc(f)), which implies that LMod(F)(f) is Op-cocartesian if f is
Oc-cocartesian. This means that F' is compatible with restrictions of scalars in the sense
that for every map ¢: R — S of algebras in C, we have a commutative diagram

LMods(C) —“—— LModg(C)

s |

LMOdF(S) (D) W LMOdF(R)<D)

Now assume that C and D admit geometric realizations and their tensor products
preserve geometric realizations in each variable. Then, for a map ¥: R — S of algebras
in C, we obtain a comparison map F'(¢), o Fr — Fg o (cf. [Lur09, Remark 7.3.1.3]).
Unpacking the construction of relative tensor products as geometric realizations of bar
constructions ([Lurl7, Theorem 4.4.2.8]), this map can be factored as

[F(S)®@ F(R)* @ F(=)| = [F(S@ B** @ (-))] = F(IS® R** @ (-))),

where the former map is induced by the lax monoidality of F' and the latter map is a
colimit comparison map. Therefore, it is an equivalence if F' is strongly monoidal and
preserves geometric realizations. In summary, geometric-realization-preserving strongly
monoidal functors are also compatible with extensions of scalars.

We now move on to comodules.

Definition 1.1.12. Let D be an £LM-monoidal oo-category exhibiting M = D,, as
left-tensored over C := D,.
We define the oo-category of left comodule objects in M as

LComod(M) = Coalg (D) = Alg)rm (DP)P,
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which is equipped with a forgetful functor
LComod(M) = Alg, (D) — Alg(C*?)* = Coalg(C). (1.1.13)

We will employ similar notational conventions for LComod as for LMod, such as writing
LComodC(/\/l) to disambiguate the monoidal category and denoting the functor (1.1.13)
by 6 with appropriate indices.

For a coalgebra D in D, we define the oo-category of left D-comodules in M as®

LCOIIlOdD<M) = LCOD’IOd(M) X Coalg(C) {D}
Dualizing the first part of Fact 1.1.10, we obtain a cofree-forgetful adjunction
Vp: LComodp(M) =2 M :Cp.

Similarly, we see that the functor (1.1.13) is a cocartesian fibration, meaning that a map
(: D — E a map of coalgebras in C induces a corestriction of scalars functor

¢e: LComodp(M) — LComodg(M).

While these definitions are formally dual to the algebraic case, let us unpack them a bit
for the sake of clarity. Let D be a coalgebra with comultiplication Ap: D — D ® D and
counit ep: D — 1¢. A left D-comodule is an object M equipped with a coaction map
pv: M — D ® M satisfying duals of associativity and unitality conditions for an action.
The cofree left D-comodule on an object X € C is D ® X equipped with the coaction
map Ap @ X: D® X — D ® (D ® X). This defines a right adjoint of the forgetful
functor LComodp(C) — C with unit transformation pp: M — D ®@ M ~ Cp(Vp(M))
and counit transformation ep @ M: Vp(Cp(M)) ~ DM — M. Given a coalgebra map
(: D — FE and a left D-comodule M with coaction map py: M — D ® M, (,M has the

same underlying object and its coaction map is the composite M 2 D@ M b B QM.
Note that corestrictions of scalars depend covariantly on coalgebra maps.

Remark 1.1.14. One might consider constructing a right adjoint (# of the corestriction
of scalars functor (, by dualizing the construction of the extension of scalars functor of
Fact 1.1.10. However, recall that that construction relies on the theory of relative tensor
products, which in turn requires that the tensor product preserves geometric realizations
in each variable. Since the dual condition for limits of cosimplicial objects is not satisfied
in important examples such as the category of spectra, we will need a construction that
does not rely on “relative cotensor products” directly, even though it will be of similar
flavor (cf. Corollary 1.3.15).

Convention 1.1.15. When we speak of “modules” or “comodules” without further
qualifiers, we implicitly mean left modules and left comodules, respectively.

3Informally speaking, LComodp(M) is just “LModp(M°P)°?” but we would like to emphasize that
we are taking the fiberwise opposite of D® — LM%, not of C® — EY and M — {x} separately.
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Next, we recall some facts about how we can interpret monoidal oo-categories as
algebras in the co-category of oo-categories.

Fact 1.1.16 ([Lurl7, Example 2.4.2.4 and Proposition 2.4.2.5]). Let O be an co-operad.
Consider the co-category Cato, of oco-categories equipped with the symmetric monoidal
structure given by the cartesian product.

Then O-algebras in Caty, correspond to O-monoidal co-categories via an unstraighten-
ing construction. In particular, a monoidal structure on an oo-category C corresponds
to an algebra structure on C in Caty and a left-tensoring of an co-category M over
a monoidal co-category corresponds to a left module structure over the corresponding
algebra. Under this correspondence, maps of O-algebras in Caty, correspond to strongly
O-monoidal functors.

We will also use variants of this correspondence for presentable co-categories.*

Fact 1.1.17. Let Pr’ denote the oo-category of presentable co-categories with colimit-
preserving functors between them (cf. [Lur09, Definition 5.5.3.1]). Then, by [Lurl7,
Proposition 4.8.1.15], Pr* admits a symmetric monoidal structure and, by [Lurl?, Corol-
lary 4.8.1.4], the inclusion Prl — Cato is laz symmetric monoidal. For an co-operad
O, we will call an O-algebra in Pr” o presentably O-monoidal co-category.

Fact 1.1.18. By [Lurl7, Ezample 4.8.1.20], the co-category S of spaces is the unit of
Prl. In particular, it admits a commutative algebra structure in Pr’ (given by the product
of spaces) and every presentable co-category C is a left module over it. We will denote the
corresponding action map by O¢: S x C — C. By virtue of [Lur09, Corollary 4.4.4.9], for
a space X and an object C' of C, X ©¢ C' can be computed as the colimit of the constant
diagram X — C at C.

Moreover, by the initiality of the algebra structure of the monoidal unit S, for everyn €
NU{oc} and every presentably E,-monoidal co-category C, the functor (—)O¢le: S — C
lifts to a strongly E,-monoidal functor.

Fact 1.1.19. By [Lurl7, Proposition 4.8.2.1], the co-category S« of pointed spaces admits
a presentably symmetric monoidal structure (given by the smash product). Moreover, the
forgetful functor LModg, (PrL) — Prl is fully faithful and its image consists of presentable
pointed co-categories. Given a presentable pointed oco-category C, we will denote the
action map of its S.-module structure by ®¢: S, xC — C. By virtue of [RSV19, Corollary
2.40], for a pointed space ix: {x} — X and an object C of C, X ®c C can be computed
as the cofiber of the morphismix © C: {x}©C — X o C.

For instance, when C is the co-category Sp of spectra, the functors (—) ©g, 1g, and
(—)®sp 1gp, are given by the suspension spectrum functors ¥5°: & — Sp and X*: S, — Sp,
respectively.

Viewing monoidal categories as algebras in Cat., allows us to relate comodules over
algebras in different co-categories as follows.

4Most of our statements regarding presentable oco-categories can be generalized to oco-categories
admitting all colimits, but we restrict our attention to the former class for the sake of convenience.
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Construction 1.1.20. Let F'®: D® — £% be a strongly monoidal functor between
monoidal oo-categories and M an co-category left-tensored over £ encoded by an LM-
monoidal co-category M® — LM,

Viewing F as a map in Alg(Cat,,), we see that the left-tensoring of M over D given
by the restriction of its left-tensoring over £ along F' is encoded by a cartesian lift of F
to LMod(Cat.,) with target M® — LM®. In other words, we have an £LM-monoidal
oo-category MP — LM® equipped with an £M-monoidal functor Fe. M% — M®
such that

L4 M% X£M® ]E(? :D®,

e the induced functor F'® x ;e EY coincides with F®: D® — £° under the above
identification,

« F? is an equivalence, in particular (M%), ~ M.

Hence F® induces a commutative diagram

-~

D (£) £
LComod™ (M) LComod® (M)
on | [ (1.1.21)
Coalg(D) Coalg(€)

Coalg /£ a1

Coalg(F)
and similarly for modules.

The diagram (1.1.21) is in fact a pullback square, but we found it more appropriate to
prove this statement in Corollary 1.3.21 after having discussed comonads.

1.2. Bialgebras

We now move on to bialgebras, which combine algebraic and coalgebraic structures
and can be defined as algebras in an appropriate monoidal category of coalgebras (or
as coalgebras in an appropriate monoidal category of algebras). In the context of 1-
categories, the tensor product D ® E of two coalgebras in a braided monoidal category C
admits a coalgebra structure with comultiplication

DQE 22228 Do DO EQE~DQEQD®E

and counit
D®FE L5 1,0 1c ~ 1,

and this operation defines a monoidal structure on the category of coalgebras.

Viewing C as an Es-monoidal category, another explanation of this phenomenon is
as follows. Considering horizontal and vertical stacking of squares, the Ey-monoidal
structure yields a horizontal and a vertical tensor product, which we denote by ?|7 and
%, respectively. While these tensor products are equivalent, they play different roles
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here. Given vertical comultiplications Ap: D — % and Ag: E — %, we can define a
horizontal comultiplication on the horizontal tensor product D|E by

D|FE
Ap|Ag 7|7

D|E .
| D|E

Hence the category of “vertical coalgebras” admit a monoidal structure given by the
horizontal tensor product.

The distinction of the horizontal and the vertical binary operations of E; can be
encoded in a “product map” EY x EY — E (cf. Example 1.2.4). One can generalize
this perspective to obtain monoidal structures on co-categories of (co)algebras as follows.
Following [Lurl7, Definition 2.2.5.3], we call a functor f: P® x Q% — O% a bifunctor of
oo-operads if the diagram

o Q0 I o

J |

Fin, x Fin, — Fin,

where A denotes the smash product of pointed finite sets, commutes, and f maps pairs
of inert morphisms to inert morphisms.

Construction 1.2.1 ([Lurl7, Construction 3.2.4.1], see also [Lei22, Proposition E.4.1.4]).
Let f: P® x Q¥ — O% be a bifunctor of co-operads and p: C® — O% an O-monoidal
oo-category. By Fun™(Q%,C%®) C Fun(Q®,C®) we denote the full subcategory spanned
by functors that preserve inert morphisms. Let f: P® — Fun(Q%, O%) be the adjoint of
f. We define Ang/O(C)® as the pullback

Algg,0(C)® —— Fun™(Q®,C®)

-
p?J{ J{p* )

P T Fun(Q®, O%)

and let Algp /0(C) denote its fiber over P = P%.
Note that for all p € P, the fiber Algg/o(C);? is the oo-category of co-operad maps

~

$: Q® — C% such that po ¢ = f(p), ie., Algg 0(C), where we consider the algebra

~

category with respect to f(p): Q¥ — O®. We will therefore omit P from the notation
when P = P% is contractible (in particular when P = E; for some k € N U {oo}).

Fact 1.2.2 ([Lurl7, Proposition 3.2.4.3]). In the situation of Construction 1.2.1, p§
exhibits Algg/O(C) as a P-monoidal co-category and an arrow in Algg/O(C)®, which is
represented by a natural transformation T between functors Q% — C®, is pg—cocartesmn
if and only if for all q € Q, its component 14 is p-cocartesian in C%.

Remark 1.2.3. Construction 1.2.1 is functorial in P, Q and C as follows.
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Every map g¢: PY 5 PO of oo-operads induces a bifunctor
froPY % Q¥ 8 e oo Ly 0

whose adjoint Jz can be factored as P° & Pe L Fun(Q%, 0%). Hence we have an
equivalence Algg/O(C)® ~ AIgZ/O(C)® Xpe P

Similarly, every map h: 0% — Q% of oo-operads induces a bifunctor
P x Q¥ P2t po 9o 1y 0

and precomposition with h induces a restriction functor h*: Algh j0(C) — Algg 10(C).
Moreover, the componentwise description of p?—cocartesian arrows from Fact 1.2.2 implies
that h* is strongly PP-monoidal. In particular, considering the case where Q is the trivial
oc-operad T, we see that that for every q € Q, the “forgetful functor” Algg 0(C) =
Alg:i 10(C) = C xo P given by evaluation at q is strongly P-monoidal (cf. [Lurl7, Remark
2.1.3.6]).

Analogously, postcomposition with an O-monoidal functor C — C induces a strongly
P-monoidal functor Algh /0(C) — Algh 10(C).

Example 1.2.4. Let k,1 € N. Then, by [Lurl7, Construction 5.1.2.1], there is a bifunctor
Ey x Ef — Ei,, of operads informally given by “taking products of configurations”,
which induces an Eg-monoidal structure on the oo-category of E;-algebras in an Ej -

monoidal co-category C. This bifunctor is in fact undversal in the sense that Alg 5, (C) ~
Alg /g, (Algg, /g, ,,(C)) (cf. [Lurl7, Theorem 5.1.2.2]).

Example 1.2.5. Let p: @® — Fin, be an oco-operad. Then the composites
E€ x Q% = Fin, x Q% 2% Pin, x Fin, & Fin, = E2

and
. X Finy . . A .
0% x E;@; = Q% x Fin, ™% Fin, x Fin, & Fin, = IE?;

are bifunctors of operads.

In particular, the former bifunctor yields a symmetric monoidal structure on the
oo-category of Q-algebras in a symmetric monoidal oo-category (cf. [Lurl7, Example
3.2.4.4]). Moreover, when Q = E,, this symmetric monoidal structure is cocartesian
by [Lurl7, Proposition 3.2.4.7], i.e., the tensor product of commutative algebras is a
coproduct in the oo-category of commutative algebras.

Convention 1.2.6. For k,l € NU{oco}, whenever we use a bifunctor Ej x Ef — Ef,; of
oo-operads (where k+1 = oo whenever k or [ is 00), we will mean the bifunctor discussed
in Example 1.2.4 (if k,{ € N) or Example 1.2.5 (otherwise).

We now have all the ingredients to define bialgebras.
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Definition 1.2.7. Let f: P® x Q¥ — O® be a bifunctor of co-operads and C an
O-monoidal co-category. Note that the fiberwise opposite of the cocartesian fibration
Algh 0(CP)® — P of Fact 1.2.2 defines a P-monoidal structure on Coalgh 10(C)® =

P fop
Algg/o (CfOp) .

Moreover, note that taking pullbacks commutes with fiberwise opposites because under
the straightening-unstraightening equivalence, the pullback of a cocartesian fibration
along a functor corresponds to the restriction of its straightening along that functor.
Hence, for all p € P, Coalgh 10(C)y =~ Coalgg,0(C), where we consider coalgebras with

o~

respect to f(p): Q¥ — O%.
We define the oco-category of (P, Q)-bialgebras in C as

Bialgp o(C) = Alg/p(Coalgg/O(C)).

For now, we view bialgebras as “algebras in coalgebras”, but Appendix A is dedicated
to showing that Alg /p(Coalgg J0(C)) is in fact equivalent to Coalg /Q(Alg% 0(C)), where
the latter is constructed with respect to the bifunctor Q% x P® ~ P® x Q¥ — O% (cf.
Corollary A.0.17). We will use this equivalent description of bialgebras in several places,
most notably throughout Section 5.

Convention 1.2.8. In line with Convention 1.1.8, we will refer to (E;, E;)-bialgebras
simply as bialgebras and write Bialg instead of Bialgy, y . Similarly, in line with Con-
vention 1.1.9, we will refer to (E., E;)-bialgebras as commutative bialgebras and write
CBialg instead of Bialgg g, .

One of the main features of bialgebras is the fact that their (co)module categories admit
a monoidal structure given by the tensor product of underlying objects. Indeed, given
comodules M and N over a bialgebra H in a braided monoidal category, the composite

MoN2E peMeHoN~HoHoMeN M2 po Mo N
defines a coaction of H on M ® N.

In order carry out an analogous construction for an E,;-monoidal co-category C, one
considers the bifunctor EY x LM® — E$ given by precomposing the standard bifunctor
EY x EY — E with the oc-operad map LM® — E, and the associated monoidal
structure on LComod(C) (more precisely, Coalg,/g,(C)) obtained via Fact 1.2.2. An
object of LComod(C) corresponds to a pair (D, M) where D is a coalgebra coacting on an
object M. Given another such pair (£, N), the tensor product “(D, M) ®1,comod(c) (£, N)”
is given by (D ® E, M ® N) with coaction map

MNP Do M@ EQN~D®E®QM® N.

Hence, if D = E = H is a bialgebra, the desired tensor product of M and N in
LComodg(C) can be constructed as (pg),((H, M) ®@vrcomod(c) (H,N)). We review a
construction along these lines below.

While a significant portion of what we do with comodules over bialgebras can be
generalized to a bifunctor P® x EY — O, we restrict our attention to (Ey, E;)-bialgebras
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in Ej1-monoidal oo-categories for k € NU {oo} in order to avoid tracking bifunctors,
colors etc. In fact, we will be mostly interested in the cases k = 1 and k = oo.

Fact 1.2.9 ([Bea2l, Proposition 3.16 and Theorem 3.18], [Lei22, Definition 3.4.2.1 and
Remark 3.4.2.3]). For k € NU {oo}, consider the standard bifunctor E x Ef — Ef,,
and the oo-operad map LM® — ES. Let C be an Ey-monoidal oco-category. Consider
the Ei-monoidal functor

6% LComod(C)® = Coalg g, ,(C)® — Coalgg, /g, ,,(C)® = Coalg(C)®

of Remark 1.2.35.

In this situation, 0° is a cocartesian fibration. Moreover, given an (B, E;)-bialgebra
H in C, pulling back 0® along the corresponding map E; — Coalg(C)® yields an Ey-
monoidal structure on LComody (C) such that Vg : LComody(C) — C can be extended
to a strongly Ey-monoidal functor.

More generally, given a map &: H — H' of (Eg, Ey)-bialgebras in C, the functor
induced on pullbacks of 0° extends the corestriction of scalars functor & : LComody(C) —
LComod g (C) to a strongly Ex-monoidal functor.

Remark 1.2.10. In the situation of Fact 1.2.9, note that the strongly [E;-monoidal struc-
ture on Vg : LComody(C) — C induces a lax Ei-monoidal structure on its right adjoint
Cpy by virtue of Fact 1.1.6. Unpacking the constructions, we see that its comparison
transformation for X, Y € C is given by the composite

Cr(X)@Cr(V)~(HeX)® (HRY) 22X (o He X)@ (HR HRY)

~(HeH)e(HeoX)o (HeY))
pHOHEXGHEY, 1 o) (H @ X) @ (H®Y))
HOcr@XeendY, o (X®Y)~Ch(XR®Y),

which can be simplified to

(HoX)®(HoY)~(HoH) o (XeY) 22 He (X ®Y)

using the counitality of the comultiplication of H.

Definition 1.2.11. Let k € NU{oo}, C an E;,-monoidal co-category, and H an (Eg, E;)-
bialgebra in C. We call Alg , (LComodg (C)) oo-category of H-comodule Ey-algebras in
C.

Remark 1.2.12. In the situation of Definition 1.2.11, assume that C admits geometric
realizations and that the tensor product preserves them. Note that, by [Lurl7, Corol-
lary 4.2.3.3], the forgetful functor Vi : LComody(C) — C reflects colimits. Therefore,
LComodg (C) also admits geometric realizations and its tensor product preserves them
in each variable, which implies that extensions of scalars along maps of H-comodule
algebras exist (cf. Fact 1.1.10).

Moreover, note that Vg is a strongly (Ej-)monoidal functor which preserves geometric
realizations, so as discussed in Remark 1.1.11, it is compatible with restrictions and
extensions of scalars.
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We conclude this subsection with an alternative description of comodule algebras.

Lemma 1.2.13. Let k € NU{oo}, C an Ey1-monoidal co-category, and H an (Ex,Eq)-
bialgebra in C. Then Algy, (LComody(C)) is equivalent to the fiber of

Alg g, (0): Alg g, (LComod(C)) — Alg g, (Coalg(C))
over H.

Proof. Since Alg g, (Coalg(C)) is a full subcategory of Funge (E3, Coalg(C)®), H corre-

sponds to a functor h: E; — Coalg(C)®. Moreover, the fiber Alg g, (LComod(C)) g can
be identified with the pullback of the cospan

of Alg s (0
{ldgo} 20, Alg e, (Coalg(C)) 2 Al (LComod(C)®).

We would like to show that Alg g, (LComod(C)) is also a pullback of this cospan.
Now consider the commutative diagram

LComod(C)% —~— LComod(C)®
|
] -
EP? —" 5 Coalg(C)®
lp

Ey

where the upper square is a pullback square. This pullback square yields another pullback
square
1Po(=)

Fungs (EY, LComody(C)®) —— Fungs (EY, LComod(C)®)

qO(—)l J9®°(—)

{Idgs } o Funge (E, Coalg(C)®)

Hence, restricting the functor on the right to the full subcategories of functors that
preserve inert arrows, it will suffice to show that a functor a: Ef — LComodg(C)® over
Ey is in Alg g, (LComody(C)) if and only if t* o a lies in Alg , (LComod(C)).

In order to do so, it will suffice to show that inert morphisms in LComody(C)® are
precisely those whose image under (% is inert. Note that, by [Lur09, Proposition 2.4.1.3],
an arrow in LComod(C)® is inert if and only if it is a 8¥-cocartesian lift of an inert arrow
in Coalg(C)®. Therefore, as g-cartesian arrows are exactly those whose image under %
is §®-cocartesian, it will suffice to show that an arrow f in EY is inert if and only if h(f)
is inert. If f is inert, then h(f) is inert because h preserves inert morphisms. Conversely,
if h(f) is inert, then p(h(f)) = f is also inert. O
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1.3. (Co)monads

Next, we review the theory of coendomorphism objects and comonads, which will be
crucial for certain constructions on categories on comodules. We will also need the dual
theory of endomorphism objects, but we expect the reader to dualize the statements
as usual. Instead of the classical terminology of (co)algebras over a (co)monad, we will
speak of (co)modules over a (co)monad, which is in line with our treatment of these
objects as (co)modules in an oo-category left-tensored over a monoidal co-category (cf.
Example 1.3.4).

The citations in this section refer to different incarnations of (co)monads (the “operadic”
theory of monads of [Lurl7, Section 4.7], the “cosmological” approach to monads of
[RV16] and [RV20, Chapter 10], and the “combinatorial” model for comonads of [Kral§,
Chapter 2]), but they are all equivalent, for instance by an application of the Barr—
Beck-Lurie (co)monadicity theorem (cf. [Lurl7, Theorem 4.7.3.5] and [RV16, Theorem
7.2.7)).

Definition 1.3.1 ([Lurl7, Section 4.7.1]). Let M be an co-category left-tensored over a
monoidal oco-category C, M € M, and D € C.

We say that a map p: M — D ® M exhibits D as a coendomorphism object for M if
for all X € C, the composite

Mape (D, X) 2% Map, (D @ M, X @ M) 2% Map (M, X @ M) (1.3.2)

is an equivalence.

The key feature of a coendomorphism object is that it admits a coalgebra structure
with a certain universal property.

Fact 1.3.3 ([Lurl7, Corollary 4.7.1.40]). Let M be an oco-category left-tensored over a
monoidal co-category C and p: M — DM a map exhibiting D € C as a coendomorphism
object for M € M.

Then D admits an coalgebra structure, where, under the equivalence of (1.3.2), the
comultiplication map A: D — D®D is given by the preimage of (D®p)p € Map (M, D®
D ® M) and the counit map e€: D — 1¢ is given by the preimage of Idy, € Map (M, M).

Moreover, M admits a D-comodule structure where the coaction map is given by p,
which we call the tautological coaction of D on M. This coaction makes D the initial
[E;-coalgebra coacting on M in the sense that for every E € Coalg(C), there is a natural
equivalence

Mapcoaige) (D, E) ~ LComod g (M) X a4 {M}

such that an E-comodule structure with coaction map p': M — E ® M, corresponds to
an upgrade of the preimage of p' under (1.3.2) to a coalgebra map D — E.

Our first example concerns in fact endomorphism objects and lays the foundation for
the study of (co)monads.
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Example 1.3.4. Consider the action of the oco-category Cat,, of oco-categories equipped
with the monoidal structure given by the cartesian product on itself. Let M be an
oo-category.

We can construct a monoidal structure on Fun(M, M) whose tensor product is given
by the composition of functors by viewing it as a monoid object in marked simplicial
sets (where the marked edges are equivalences) and applying the rectification result of
of [Lurl7, Example 4.1.8.7]. (Co)algebras with respect to this monoidal structure are
called (co)monads. Combining the point-set level description of this monoidal structure
with a similar rectification result for modules ([Lurl7, Theorem 4.3.3.17]), we see that
oo-categories of the form Fun(N, M) are left-tensored over Fun(M, M) via composition.

Similarly, M admits a left-tensoring over Fun(M, M) whose action map is the eval-
uation functor e: Fun(M, M) x M — M. In fact, e exhibits Fun(M, M) as an
endomorphism object for M. Indeed, for every oo-category D, the composite

Mapc,,. (P, Fun(M, M)) M, Mapc,; (P x M, Fun(M, M) x M)
= Mapgg, (D x M, M)

is the restriction of the usual “uncurrying” equivalence to the maximal oco-groupoids of
functor categories.

The universal property of Fun(M, M) as an endomorphism object implies that the
adjoint C — Fun(M, M) of ®: C x M — M can be upgraded to a map of E;-algebras in
Cateo, i.e., to a strongly monoidal functor (cf. Fact 1.1.16). In particular, a left action of
Fun(M, M) on an oo-category can be restricted to a left action of C along this functor.

As in the 1-categorical case, adjunctions give rise to (co)monads.

Example 1.3.5 ([Lurl7, Lemma 4.7.3.1]). Let F': D = £ :G be an adjunction with
unit u: Idp — GF and counit ¢: FG — Idg. Consider Fun(D, £) as left-tensored over
Fun(&, £) via composition of functors.

Then the natural transformation Fu: F — FGF exhibits FG € Fun(£,€) as a
coendomorphism object for F' € Fun(D, £). In particular, FG admits the structure of a
coalgebra in Fun(&, £), i.e., the structure of a comonad on €.

The descriptions of Fact 1.3.3 imply that the comultiplication of this coalgebra structure
is given by FuG: FG — FGFG and its counit by ¢: FG — Idg. Moreover, given another
comonad O on £ coacting on I’ with coaction map r: F' — OF, the induced comonad
map F'G — O is given by

FG ™% 0FG 25 0.

Next, we record some facts about how functors into the coalgebra category of a comonad
encode “coalgebraic properties” of the comonad.

Fact 1.3.6 ([Kral8, Remark 2.4], see also [Lurl7, Remark 4.7.3.8]). Let F: D — & be a
functor and © a comonad on €. Then ©-comodule structures on F correspond to lifts

LComodg(€)
P
/// J{\/@ )

D——¢&
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where a lift F yields a coaction map

FEV@ﬁMV@C@V@ﬁZ@F

using the unit u: Ide — Vg Cg of the adjunction Vg 4 Cg.

Remark 1.3.7. Let F': D = £ :G be an adjunction. Fact 1.3.6 applies in particular to
the tautological coaction of the comonad F'G on F' discussed in Example 1.3.5, yielding
the standard lift F: D — LComodrg(€). The adjunction is called comonadic if F is an
equivalence. By the Barr-Beck-Lurie comonadicity theorem ([Lurl7, Theorem 4.7.3.5]),
this is the case if and only if F' is conservative, and £ admits and F' preserves limits of
F-split cosimplicial objects.

Now let © be another comonad on € such that F admits a lift F': D — LComode(&).
Applying the equivalence

MapCoalg(Fun(S,g)) (FG7 @) = LCOHIOd@(FU.Il(D,g)) X Fun(D,€) {F}

of Fact 1.3.3 to the corresponding ©-comodule structure on F'; we obtain a comonad
map (: FG — O.

By the naturality of the aforementioned equivalence, the image of the tautological
action of F'G on F under (, is the coaction of ® on F induced by the lift F. On the
level of lifts, this yields a commutative diagram

Y
LComodpg(€) — %, LComode &)

DT ¢

As for functors out of the coalgebra category of a comonad, they are often constructed
by defining the functor on the full subcategory of cofree comodules and “resolving” more
general comodules by cofree ones.

Definition 1.3.8. Let © be a comonad on an oo-category £. A resolution system
for © is a pair of functors Rg(—)+: LComodg(E) — Fun(A,,LComodg(€)) and
Rg(—)1: LComodg(E) — Fun(A |, &) such that the following hold.

1. They fit into a commutative diagram

///ﬁé(—)\)

LComode(€) oDy Fun(A,,LComodg(£)) Ol Fun(A, LComodg(£))

Ve o(-)
R (—)L Ve o(-) J

Ry (—)+

RS ()
Fun(A,, &) ————— Fun(AJr,S)\“2 Fun(A€)

la, (la

where R (=), R (—)4 and R&(—) are defined as appropriate restrictions.
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~—1
2. R@ (_)+ =~ IdLComode(g)'
3. For k>0, f{g(—)+ factors through the full subcategory of cofree ©-comodules.

4. For every M € LComode(€), f{'@(M)JF is a limiting cone.

We speak of cobar resolutions if for all M € LComode (€), the following conditions
hold as well.

e Fork € Zo_1, Ry(M)s =~ (Co Vo)F+1(M).

o Setting M = Vg (M), the resolutions can be depicted as

§_€@@2M——
- €@OM __ — ApgOM -
L eoM --- — Ao M — ¢ Oeg®OM —
M —ri— O(M) +6ceM — O*(M) —0neM~+ O3(M) ...,
—Op~ — < 0% M —
—©%x =

where the solid arrows depict the coaugmented cosimplicial object Rg (M) and
the dashed arrows arise from its lift Ré(M )1 to a split coaugmented cosimplicial
object. In other words, the coface maps of the resolutions are given by applying the
unit of the adjunction Vg - Cg, and the codegeneracy maps are given by applying
its counit.

In this case, for k € Z~_1, we denote the coaugmentation map M — (Co V@)k“M by
pi\gﬂ). B

Fact 1.3.9 ([Lurl7, Example 4.7.2.7 and Proposition 4.7.3.14], [RV20, Lemma 10.3.4
and Theorem 10.3.7]). Let © be a comonad on an co-category €. Then there exists a

cobar resolution system (Reg(—)+, R& (=)L) for ©.

Note that while any two cobar resolutions have homotopic coface and codegeneracy
maps, we cannot necessarily construct cosimplicial comparison maps between them be-
cause a cosimplicial object in an oo-category also involves possibly non-trivial homotopies
between composites of the generating maps. However, the arguments in this section will
depend only on the resolution properties and the maps that occur in the resolution, so
which “model” we use will not be relevant. The reason why we do not commit to a specific
one is that later, in Section 5, we will make use of a concrete cobar resolution system that
cannot be generalized to comodules over a general comonad (cf. Construction 5.1.17).

The idea of defining functors via resolutions is implemented as follows.

Proposition 1.3.10 (cf. [Kral8, Lemma 2.13]). Let A and © be comonads on oco-
categories D and &, respectively. Assume that LComod (D) admits limits of cosimplicial
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objects and that we are given a commutative diagram

LComod, (D) _F, LComodg(€)

w| Jve

D = £

such that F' admits a right adjoint G: € — D.

Then F admits a right adjoint G': LComode(€) — LComod, (D) such that G o Ce =~
CA o(G.

Proof. Arguing as in the proof of [Lurl7, Lemma 4.7.3. 13] it will suffice to show that
for every M € LComodg(€), the functor MachomOd@(g)(F( ), M): LComod, (D) — S
is representable.

If M ~ Co(X) is cofree, then we have natural equivalences

Mapy comodo(e) (F(—), Co(X)) ~ Mapg (Ve (F(-)), X)
~ Mapg (F(Va(-)), X)
~ Mapp(Va(—), G(X))
>~ Mapy,comod, (p) (— CA(G(X))), (1.3.11)

which defines the restriction G¢ of G to the full subcategory LComodg(€)¢ of cofree
©-comodules with the desired property.

For general M, we use a resolution RG(M ), which exists by Fact 1.3.9°. We have

M ~ lima Rg (M) and Rg (M) is a diagram in LComode (€)c. Hence we have natural
equivalences

MapLComod@(5)<F(_)7 ]\7) = MapLComod@(5)<F(_)7 hgl f{@(ﬂ))
= hgn MapLComod@(é')(F(_)? ]‘:N{.@(M))
= hm MapLComodA(D (_ éc o ﬁé(ﬂ))

= MapLComodA ( hm(GC ° R@(M))>

]

Remark 1.3.12. In the situation of Proposition 1.3.10, let M € LComodg(€) with
underlying object M € &£. Given a cobar resolution f{é(ﬂ ), we can describe the
cosimplicial object G o ﬁé(]\?) A — LComod, (D) used to define G(M) a bit more
explicitly as follows.

®Note that while Fact 1.3.9 guarantees the existence of cobar resolutions, here we only need a resolution.
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Note that for a map f: Ce(X) — Ce(Y) between cofree ©-comodules, G¢(f) is given
by the image of Id¢, (¢(x)) under the composite

(1.3.11) ~

Mapy comody (0) (CA(G(X)), CA(G(X))) = Mapycomode ) (F(Ca(G(X))), Co (X))

m} Machomod@(g)(F’(CA(G(X)))’ C@<Y))

(1.3.11)

>~ Mapycomod, () (CA(G(X)), CA(G(Y))).

While this yields a general formula for éc( f) in terms of units and counits of the

adjunctions involved, it is rather long, so we will unpack it only in some specific cases.
If f=Cg(f’) for some f': X — Y, then the diagram

Maby comod, (p) (Ca(G(X)), Ca(G(X))) = MabLcomods () (F(Ca(G(X))), Co(X))
CA(G(f’))O(—)l JCe(f’)O(—)
Mapy comod, () (Ca(G(X)), CA(G(Y))) =~ Ma’pLComod@(é‘)(F(CA(G(X)))v Ce(Y))
commutes by the naturality of the equivalences (1.3.11), which implies that éc( f) ~
Ca(G(f"),

If Y = Vo(Co(X)) and f is the unit map u: Co(X) — Co(Ve(Co(X))) of the
adjunction Vg 4 Cg, then G¢(u) is a map of the form

rx: Ca(G(X)) = Ca(G(Ve(Co(X)))) ~ CA(G(O(X)).

While “what it does” depends on the specific situation, it can in any case be thought of
as encoding a “right coaction” Cp oG — (C) oG) 0 © of © on C, oG.
Combining these, G¢ o Rg (M) can hence be depicted as

— Fo(M) —>
KM —— ¢ Cpr Geg®OM -

CA(G(M)) < CpGegM — CA(G(@(M)) — CrGAgM ~ CA(G(@Q(M)) cee
— CaGpyy — < Cp GOegM —
_CaGOp

which can be thought of as a “two sided cobar construction”.

Corollary 1.3.13 (cf. [RV16, Theorem 7.2.4]). Let F: D = £ :G be an adjunction.
Assume that D admits limits of cosimplicial objects. Then the standard lift F: D —
LComodrg(E) admits a right adjoint G.

Proof. We apply Proposition 1.3.10 to the diagram

FOVIdD
LComodyy, (D) —— LComodpg(E)

Vidp lz lv FG
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We will often be interested in the comonad associated to an extension-restriction of
scalars adjunction, for which we fix some terminology now.

Definition 1.3.14. Let C be a monoidal oco-category. Assume that C admits limits of
cosimplicial objects and geometric realizations of simplicial objects, and that the tensor
product preserves geometric realizations in each variable. Let ¢): R — S be a map of
algebras in C and consider the extension-restriction of scalars adjunction v, 4 ¢*.

We call the comonad ¥1* on LModg(C) induced by v, - ¢* the descent comonad of
). Moreover, we say that 1 admits descent® if the adjunction 1, - 1* is comonadic, i.e.,
if the standard lift ¢;: LModg(C) — LComod,,y+ (LModg(C)) of ¢ is an equivalence.

Now let M be an R-module. We call M S-complete if the unit map M — ¢* (¢, (M))
of the adjunction of Corollary 1.3.13 is an equivalence. Moreover, we set

C* () (M) = ¢ o Ry . (¥1(M)): A — LModg(C).

Note that as ¢*(1y(M)) ~ lima C*(¢))(M), the aforementioned unit map yields a lift of
C*(¢)(M) to an M-coaugmented cosimplicial object, which we denote by C% (¢)(M).
When M = R, we drop M from the notation and refer to C*(¢) as the Amitsur complex
of V.
Unpacking the maps discussed in Remark 1.3.12, C% (¢))(M) can be depicted as
- Y@RrS®RrM >
M —yorM — S Qp M +ps®rM — SQpr S Qr M
- S®RrYQrM »
Moreover, note that 1 is fully faithful if every R-module is S-complete. Hence, S-
completeness of R-modules can be viewed as a partial comonadicity condition for the
adjunction ¢, 4 ¥*.
As another application of Proposition 1.3.10, we can construct a right adjoint of
corestriction of scalars functors in certain cases.

Corollary 1.3.15. Let M be an oo-category left-tensored over a monoidal co-category
C and (: D — E a map of coalgebras in C. Assume further that LComodp(M) admits
limits of cosimplicial objects.

Then the corestriction of scalars functor (,: LComodp(M) — LComodg(M) admits
a right adjoint ¢*: LComodg(M) — LComodp(M).

Proof. Using the Barr—Beck—Lurie comonadicity theorem [Lurl7, Theorem 4.7.3.5], we
identify the comodule categories of D and E with the comodule categories of the associated
comonads D ® (—) and £ ® (—), and ¢ with a map D ® (=) — E ® (—) of comonads.
The result then follows by applying Proposition 1.3.10 to the diagram

LComodp(M) LN LComodg(M)

ol Jve

M M

SVarious other notions of (admitting or satisfying) “descent” exist in the literature. In particular, our
definition differs from [Mat16, Definition 3.17] (which requires pro-constantness of C®(¢)) and [RV20,
Definition 10.5.12] (which only requires fully faithfulness of ).
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]

Notation 1.3.16. Let M be an oo-category left-tensored over a monoidal oco-category
C and D a coalgebra in C. When dealing with the various resolutions with respect to
the associated comonad D ® (—), we will simplify the notation by writing Rp instead of
Rpg(-). Moreover, for a map ¢: D — E of coalgebras in C, we will denote the two sided

cobar construction (¢#)c o Ry (—) of Remark 1.3.12 by Q%,(D, —).

Unpacking the descriptions of Remark 1.3.12, the two-sided cobar construction
Q% (D, M) for a E-comodule can be depicted as

— ((D&C¢)oAD)RERQM

— ((D®C)eAp)®OM — — DRepQEQM ——
D® M +— DoegoM DFE®R®M —DbDoAgeM — DQEQEQM ...,
D®pnrr +— DRERep @M ——

— DREQpy —

which can be thought of as being formally dual to the two-sided bar construction for an
algebra. Hence (# can be thought of as “relative cotensor product” DOg(—).

We now fix some terminology for coalgebras equipped with a coalgebra map from the
tensor unit, which is the case, for instance, for bialgebras.

Definition 1.3.17. Let M be an oo-category left-tensored over a monoidal co-category
C and D a coaugmented coalgebra in C, i.e., a coalgebra equipped with a coalgebra map
np: le = D.

Corestriction along np yields a functor

Trivp: M ~ LComod;, (M) )., LComodp (M)

which we call the trivial comodule functor. Moreover, if M admits limits of cosimplicial
objects, then, by Corollary 1.3.15, Trivp admits a right adjoint

#
Primp: LComodp(M) Lo)7, LComod;, (M) ~ M.

which we call the primitives functor.

Remark 1.3.18. Note that in the situation of Definition 1.3.17, we have ep o np ~ Id4,,,
which implies that VpoTrivp ~ Idys. This equivalence of left adjoints induces an
equivalence Primp o Cp ~ Id, of right adjoints.

Remark 1.3.19. Let C be an E;;-monoidal co-category for k € N, and H an (E, Eq)-
bialgebra in C, which is in particular a coaugmented coalgebra via the unit map of its
algebra structure. Then, as a corestriction of scalars functor, Trivy : C — LComod g (C)
can be extended to a strongly Ei-monoidal functor with respect to the E;-monoidal
structure of Fact 1.2.9. Hence, by Fact 1.1.6, its right adjoint Primy admits a lax
E;-monoidal structure.
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We conclude this subsection with some properties of restricted left-tensorings of
Construction 1.1.20.

Lemma 1.3.20. Let F': D — & be a strongly monoidal functor between monoidal co-
categories, M an oo-category left-tensored over € (which we also view as left-tensored
over D wvia restriction along F), and D a coalgebra in D. Then the functor

Zp: LComodp(M) — LComodp(py(M)

induced by the functor LComod” (M) — LComod® (M) of Construction 1.1.20 is an
equivalence.

Proof. Note that =p and the forgetful functors fit into a commutative diagram

LComodp(M) ——=— LComodp(p)(M)

mM%F(D) ’

to which we can apply the criterion of [Lurl7, Corollary 4.7.3.16 and Remark 4.7.3.17].
As both Vp and Vp(p) are left adjoints of comonadic adjunctions, it will suffice to show
that for all X € M, the underlying map of the composite

ED CDX g CF(D) VF(D) ED CDX >~ CF(D) VD CDX i> CF(D) X,

where u is induced by the unit of adjunction Vgpy 4 Cp(p), and c is induced by the
counit of the adjunction Vp 4 Cp, is an equivalence. This underlying map is given by
the composite

AF(D)®X F(D)@F(ED)®XEF(D)®€F<D)®X
——__> \

F(D)® F(D)® X » F(D) ® X,

FD)® X
which is indeed an equivalence. O

While the proof of Lemma 1.3.20 does not mention comonads explicitly, it uses a
statement equivalent to the comonadicity theorem, which is arguably the “universal”
case. Indeed, the left-tensorings of M over C and D are given by restrictions of its left-
tensoring over Fun(M, M) along strongly monoidal functors F¢: C — Fun(M, M) and
Fp: D — Fun(M, M). The comonadicity of the categories of D- and F(D)-comodules
corresponds to the result of the lemma for F¢ and Fp, which implies the result for F' by
a 2-out-of-3 argument.

Corollary 1.3.21. Let F': D — & be a strongly monoidal functor between monoidal
oo-categories, M an oo-category left-tensored over £, which we also view as left-tensored
over D wvia restriction along F'. Then the diagram

Coalg ) £ a1 (}/7'\
—

LComod® (M) ' LComod? (M)

| |

Coalg(D) Coalg(€)

Coalg(F)

of Construction 1.1.20 is a pullback square.
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Proof. Recall that 6p and 6¢ are both cocartesian fibrations and in both cases, cocartesian
edges are those whose underlying map in £ is an equivalence. Hence, the projection
m: P — Coalg(D) of the pullback is a cocartesian fibration and the induced functor
Z: LComodP(M) — P preserves cocartesian edges. Therefore, by [Lur09, Corollary
2.4.4.4], it is enough to show that = induces equivalences on the fibers, which is exactly
the statement of Lemma 1.3.20. m

Remark 1.3.22. Let k € NU {oo} and F': D — & a strongly E;;-monoidal functor
between Ej;-monoidal co-categories. Then Coalg(F'): Coalg(D) — Coalg(€) is strongly
E;-monoidal with respect to the Ei-monoidal structures discussed in Fact 1.2.2. Moreover,
fc: LComod?(£) — Coalg(€) is strongly E;z-monoidal when we endow its source with
the E;-monoidal structure discussed in Fact 1.2.9.

Therefore, since limits in Algg, 5 (Cats) can be computed in Caty, (cf. [Lurl?,
Corollary 3.2.2.4]), the diagram

Coalg )z pq (F
_—

LComod” (&) ) LComod? (&)

eDJ J(’S

Coalg(D) Coalg(€)

Coalg(F)

of Corollary 1.3.21 can be upgraded to a pullback square of Ei-monoidal oco-categories.
In particular, LComod” (&) admits an E;-monoidal structure such that the functors
Coalg,r(F') and 0p are strongly Eg-monoidal.

1.4. Linear functors

We will also need versions of Example 1.3.4 through Remark 1.3.7 that are in an
appropriate sense compatible with the action of a monoidal co-category, so we review
the relevant theory now. Besides the usual algebra-coalgebra duality, some references
to [Lurl7, Chapter 4] in this subsection also implicitly switch the roles of left and right
actions.

As discussed in [Lurl7, Remark 4.3.3.7], for an algebra R in monoidal co-category C,
LModg(C) admits a right-tensoring over C, which is encoded by an RM-monoidal co-
category. Informally speaking, if M is a left R-module with action map o, : RQ M — M
and X € C, M ® X admits a left action of R given by ay @ X: R (M@ X) - M ® X.
Dually, for every coalgebra D in C, we obtain a right-tensoring of LComodp(C) over C
by taking the fiberwise opposite of the right-tensoring of LComodp(C)®® ~ LModp(CP)
over C°P. Moreover, note that if C admits geometric realizations and its tensor product
preserves them in each variable, also these right-tensorings preserve geometric realizations
in each variable.

Given oo-categories M and N that are right-tensored over C, we will be interested
in functors F: M — N that are compatible with the tensoring in the sense that for all
MeMand CeC, F(M®C)~F(M)® C, which can be formalized as follows.
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Definition 1.4.1 ([Lurl7, Definition 4.6.2.7, Remark 4.6.2.8]). Let C be a monoidal
co-category, M® — RM® and N® — RM® RM-monoidal oo-categories exhibiting
M = ME and N := N2 as right-tensored over C, with specified identifications

M xgm EY ~C® ~ N xpum EY.

of pullbacks along the co-operad map EY — RM® that “classifies the algebra in RM”.
Assume that M and A admit geometric realizations.

We call a strongly RM-monoidal functor F®: M® — N® right C-linear if its restric-
tion along EY — RM® induces Idce under the aforementioned identifications. The full
subcategory of

FunRMca(J\;l@,/\_/@) X Fun g (C®.C¥) {Idce }
1

spanned by right C-linear functors F®: M® — ./\7 ® such that F¥: M — N preserves
geometric realizations will be denoted by LIIIFUIIC (/\/l N).

Note that under the correspondence of Fact 1.1.16, a right C-linear functor can be
viewed as map of right C-modules in Cat,,. As we discuss below, there is a similar
description if we add the condition of preserving geometric realizations.

Remark 1.4.2. Let C be a monoidal co-category that admits geometric realizations and
whose tensor product preserves geometric realizations in each variable, and M, N, £
oo-categories right-tensored over C that admit geometric realizations and such that the
right-tensoring preservers geometric realizations in each variable.

Note that composition of functors over RM® preserves right C-linearity and preserva-
tion of geometric realizations in the fiber over m € RM = RM%. Hence we can restrict
the composition operation to a functor

LlnFunC TN L) x LmFunC M N) — LmFunC T(M, L).

These composition maps allow us to extend constructions of Example 1.3.4 from
functor categories to categories of rlght C-linear geometric-realization-preserving functors.
For instance, considering LlnFunc (/\/l M) as a marked simplicial set by marking
equivalences, the composition map ylelds a monoid object in marked simplicial sets and
hence a monoidal structure on LmFunC (/\/l M). Similarly, co-categories of the form
LinFunt®”? (W, M) are left-tensored over LinFunt*""} (M, M) via composition.

In fact, LinFun({;Aop}(M,./\/' ) can be seen as a “function object” in an appropriate co-
category as follows. By [Lurl7, Remark 4.8.1.5] and [Lur(09, Lemma 5.5.8.4], the cartesian
monoidal structure of Cat,, restricts to a cartesian monoidal structure on the co-category
Catoo ({A°P}) of co-categories admitting geometric realizations and functors that preserve
geometric realizations. As discussed in [Lurl7, Remark 4.8.1.9], the compatibility of
tensor products with geometric realizations means that C can be viewed as an algebra
and M, N, L as right modules over it in this co-category.

By [Lurl7, Remark 4.8.4.14], LlIlFUIl{A }( ,7), can be seen as a functor

RMode(Cato ({A%})) x RMode(Catoo({A%})) — Catoo ({APY).
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On the other hand, we can lift the functor (—) x M: Cats({AP}) — Cato ({A°P})
to RModc(Cato ({AP})), for instance by considering M as a 1cag ({aer})-C-bimodule.
This functor is left adjoint to LinFun({;Aop}(M, —), where the unit and the counit trans-
formations are induced by those of the adjunction (—) x M < Fun(M, —). In particular,
the evaluation functor LinFunéAop} (M, M) x M — M induces an equivalence

Funcatoo({Aop})((—), LiHFUHéAop}<M, ./\/l)) i) FunRModC(Catoo({Aop}))((_) X M, M)

that exhibits LinFunéAop}(M, M) as an endomorphism object for M.

We can therefore speak of right C-linear geometric-realization-preserving adjunctions
and (co)monads. In particular, one can construct linear (co)monads from linear adjunc-
tions as in Example 1.3.5, identify (co)module structures over linear (co)monads on
functors with certain linear lifts as in Fact 1.3.6 etc.

Lemma 1.4.3. Let C be a monoidal co-category that admits geometric realizations and
such that the tensor product preserves geometric realizations in each variable. Then,
for every algebra R in C, the adjunction Fr: C = LModg(C) :Ug is an adjunction of
right C-linear geometric-realization-preserving functors. Dually, for every coalgebra D
in C, the adjunction Vp: LComodp(C) &= C :Cp is also an adjunction of right C-linear
geometric-realization-preserving functors.

Proof. Right C-linearity of these adjunctions follows from [Lurl7, Lemmas 4.8.4.10 and
4.8.4.12], so it is enough to show that the functors preserve geometric realizations. The left
adjoints preserve colimits, in particular geometric realizations. Since the tensor product
preserves geometric realizations in each variable, [Lurl7, Corollary 4.2.3.5] implies that
Upg preserves geometric realizations. As for Cp, first note that the composite Vpo Cp
preserves geometric realizations as it is given by tensoring with D. Now Vp reflects
colimits, implying that Cp preserves geometric realizations as well. O]

Linear functors between module categories admit an “algebraic” description in terms
of bimodule categories.

Fact 1.4.4. Let C be an monoidal co-category and R, S algebras in C. Assume that
C admits geometric realizations, and that the tensor product preserves them in each
variable. Then, by [Lurl7, Theorems 4.8.4.1 and 4.3.2.7], the oco-category g Bimodg of

R-S-bimodules is equivalent to the oco-category LinFunéAop}(LModS(C), LModg(C)) via
functors informally given by

LinFun}*" (LModg(C), LModg(C)) —  Bimodg
F— F(S)

and

 Bimodg — LinFun}*" (LModg(C), LModz(C))
X=X Qs (—)
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Remark 1.4.5. Intuitively, the equivalences of Fact 1.4.4 can be thought of as the “mor-
phism part” of an equivalence between two incarnations of the “Morita (0o, 2)-category” of
C (cf. [Lurl7, discussion on page 738]). In particular, in the case where R = S, the equiv-
alence g Bimodg ~ LinFunéAop}(LModR(C), LModg(C)) is strongly monoidal when we
equip g Bimodp, with the relative tensor product and LinFunt®" (LModx(C), LModz(C))
with the composition monoidal structure. For the case where C is the module category of
an Eo-ring spectrum, such a strongly monoidal equivalence appears in [Bea2l, Theorem
4.2].

What we discuss here only suffices to construct a particular monoidal structure
on g Bimodg whose the tensor product is given by ®g by transferring the monoidal
structure on LinFunéAop}(LMod r(C),LModg(C)) along the aforementioned equivalence.
In particular, it is not evident that this monoidal structure agrees with the one of [Lurl?7,
Proposition 4.4.3.12].

However, the only case where we will need more coherence than the pointwise equiv-
alences of the form (X ®rY) ®g (—) ~ (X ®@r (—)) o (Y ®g (—)) is the case where
R = 1¢, and in that case once can check that the “standard” monoidal structure on
C ~ 1, Bimod;, agrees with the transferred one by observing that their action maps
C x C — C coincide and using the universal property of 1, Bimod;, ~ LinFunt2™ (¢, C)
as an endomorphism object for C.

Remark 1.4.6. Let C be a monoidal co-category and D a coalgebra in C. Assume
that C admits geometric realizations, and that the tensor product preserves geometric
realizations in each variable.

Then, the forgetful-cofree adjunction Vp: LComodp(C) &= C :Cp is an adjunction of
right C-linear functors that preserve geometric realizations by Lemma 1.4.3. Hence, by the
analogue of Example 1.3.5 for such functors, VpoCp ~ D ® (—) is a coendomorphism
object for Vp € LinFun({;Aop}(LComodD(C),C) in LinFunéAop}(C,C). Restricting this
along the strongly monoidal equivalence C ~ LinFunéAop} (C,C) of Remark 1.4.5 for
R =S = 1¢, we see that the natural transformation Vp(—) — D ® Vp(—) given by the
coaction map exhibits D as a coendomorphism object for Vp.
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2. Comodules over spaces

In this section, we review the theory of coalgebraic structures in the oo-category S
of spaces and give a simple description of comodules over spaces in the slice category
S)r of a space T' (Proposition 2.0.6), which will be useful later when we consider Thom
objects (cf. Example 3.1.3).

We start by recording a “purely categorical” description of coalgebras and comodules
in a cartesian symmetric monoidal co-category.

Fact 2.0.1. Let D be an oco-category equipped with a cartesian symmetric monoidal
structure. Fvery object X of D admits a unique coalgebra structure whose comultiplication
is the diagonal map (Idx,Idx): X — X x X. More precisely, for alll € NU {0}, the
(strongly symmetric monoidal) forgetful functor Coalgg, . (D) — D is an equivalence by
[Lur17, Proposition 2.4.5.9]. In particular, for all k € NU{oo}, we obtain an equivalence
Bialgg, g, (D) ~ Algg, &, (D).

Moreover, a coaction of an object X on another object Y is always of the form
(f,Idy): Y — X XY for somemap f: Y — X (cf. [BP19, Corollary 2.2]). More precisely,
by [HMS22, Corollary 2.6.6]7, we have an equivalence LComod(D) ~ Fun([1], D) under
which evaluation at 1 corresponds to the forgetful functor p: LComod(D) — Coalg(D) ~
D and evaluation at 0 corresponds to the to the functor ¢p: LComod(D) — D that picks
the object being coacted on.

In this situation, we will often implicitly identify D with Coalg(D). For instance, given
an oo-category M left-tensored over D and an object X € D, we will write LComod x (M)
for the co-category of comodules over the image of X under the equivalence D ~ Coalg(D).

Applying this to the cartesian symmetric monoidal co-category S, we obtain coalgebraic
structures that can be transferred to every presentably monoidal oo-category as follows.

Remark 2.0.2. Let k,l € NU {oco} and C a presentably E;;-monoidal co-category.
Then, using the equivalences of Fact 2.0.1, we obtain lifts of the strongly E,;-monoidal
functor (—=)©¢le: S — C of Fact 1.1.18 to functors S — Coalgg, /s, ,(C) and Algg, (S) —
Bialgg, g, (C). Moreover, Coalgg, i, ,(C) is presentable by [Pér20, Proposition 2.2.6] and
colimits in Coalgg, /g, ,, (C) can be computed in C by [Lurl7, Corollary 3.2.2.4]. Hence the
lift S — Coalgg, /g, ,, (C) of (=) ©¢ 1¢ can in fact be identified with (—) ®Coalg]El/]Ek+l © le.

Now let [ > 0. As every presentable oco-category is left-tensored over S in an essentially
unique way, pulling back the left-tensoring of C over itself along (—)©¢1c: S — C recovers
the original left-tensoring of C over S. In particular we obtain equivalent co-categories of
comodules over spaces (which we all denote by LComod®(C)) when we consider different
E;-monoidal structures on C.

However, the E;-monoidal structure on LComod®(C) discussed in Remark 1.3.22, and
therefore the Ei-monoidal structure on LComodx (C) ~ LComod xe.1.(C) for an Ei-space

"The cited corollary yields in fact an equivalence between the oo-category of coalgebras over the oo-
operad BM, which classifies two (co)algebras and a bi(co)module over them, and Fun([1] IT, [1], D).
The desired equivalence for LComod(D) can be obtained by restricting that equivalence to those
BM-comodules for which the coalgebra coacting from the right is the terminal object.

41



X, do depend on the E;-monoidal structure of LComod® (C), hence that of C. We will
therefore prefer to speak of X ©¢ 1¢-comodules instead of X-comodules in C when the
E;-monoidal structure of the comodule category is relevant.

Moreover, note that every colimit-preserving functor F': C — D between presentable
oo-categories (i.e., every morphism in Pr” ~ LModg(Pr")) induces a functor

LComod®(F): LComod®(C) — LComod®(D)
and similarly functors between comodule categories over a fixed space.

We now move on to our analysis of comodules over spaces in slice categories of the
form S,r for a space T'. We start by recording some properties of this co-category, which
are essentially consequences of it being a slice co-topos.

Fact 2.0.3 (cf. [Lur09, Proposition 6.3.5.1]). For a space T', S/r admits a cartesian
presentably symmetric monoidal structure given by fiber products over T

Moroever, the forgetful functor Vr: Syr — S admits a colimit-preserving right adjoint
Cr: S — Sy sending X € S to pry: X x T — T.% In particular, Vi preserves colimits
and thus induces functors on categories of comodules over spaces.

Viewing Cr as a colimit-preserving functor that is strongly symmetric monoidal with
respect to the cartesian symmetric monoidal structures in its source and target, we see that
it agrees with (—) Os,. Idr: & — Syr by the initiality of S in CAlg(Pr") (cf. Fact 1.1.18).
Hence, for a space X and an object f:Y —T of S;7, X Os,,. [ =~ (X 08,7 Idr) xp f is

given by Cp(X) X7 f, i.e., the composite X x Y 22 Y ENGS

Even though LComod® (S s7) depends only on the underlying co-category S;r, we will
use the cartesian monoidal structure on S/ to give an explicit description of comodules
over spaces. On the other hand, in our application to Thom objects, we will consider the
slice category of an Eg-space and equip it with a non-cartesian monoidal structure.

Fact 2.0.4 ([Lurl7, Theorem 2.2.2.4], [ABG18, Corollary 6.13]). Let k € NU {oo} and
P an Ey-space. Then the slice category S,p admits a presentably Ey-monoidal structure,
which we informally call the convolution monoidal structure, such that the forgetful
functor Vp: §)p — S is strongly Ei-monoidal.

Informally speaking, given two objects f: Y — P and g: Z — P, their tensor product
with respect to the convolution monoidal structure is given by the composite

Y x 2L pxptsp

and the unit of the convolution monoidal structure is the unit map np: {*x} — P of P.
Note that for a space X, X Os,, f can be alternatively described as the convolution
product of X Os,, np and f, so it can be identified with

consty, () X f

X xY PxPp

8As the notation might suggest, the adjunction V; 4 Cr corresponds to the forgetful-cofree adjunction
under the equivalence S, ~ LComodr(S).
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Moreover, Eg-algebras f: X — P with respect to this E;-monoidal structure correspond
to maps of E; spaces. For instance, the multiplication map of such an f in §,p is given
by a commutative diagram

X X X
~
" pwp /
MNP

which witnesses the compatibility of the multiplications of X and P.

Notation 2.0.5. For a space T', we will abbreviate ©s,, as ©Or. For k € N, U {oo} and
an Eg-space P, we will denote the tensor product of the convolution monoidal structure
of Fact 2.0.4 by ®p and its unit np: {*} — P by 1p. Moreover, when we need to
disambiguate the monoidal structure we use, we will decorate the objects in question
with X7 (or Xp) or ®p.

The key observation about comodules over spaces in S/r is that for a space X and
an object f: Y — T of S)r, an X-coaction f — X Op f corresponds to a commutative
diagram

) » X XY
)/prg
f Y
g

For every map g: Y — X of spaces, we obtain such a diagram by setting p := (g, Idy) and
every such diagram is of this form. Moreover, by Fact 2.0.1, a map Y — X corresponds
to an X-comodule structure on Y € §. This informal description can be made precise as
follows.

Proposition 2.0.6. Let T' be a space. Then the diagram

omod® (Vp
LComod®(S,r) LComod”(Vr) LComod®(S)
gﬁ/Tl }S : (2.0.7)
Sir S

Vr
where the vertical functors pick the objects being coacted on, is a pullback square.

Proof. Let us first describe the pullback. Consider the span category K = (@ < e — o),
which we identify with the pushout [1] LIy [1] equipped with inclusions i;: [1] — K
and iy: [1] < K. Using the identification LComod®(S) ~ Fun([1],S) of Fact 2.0.1, the
pullback in question can be computed as the iterated pullback

? —— Fun(K,S) AN Fun([1],S)

|© - |
Sy —— Fan([1},8) ——7— S
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Hence it will be enough to show that the functor I': LComod®(S,r) — Fun(K,S) that
sends an object f: Y — T of Sy equipped with a coaction (g,Idy): Y — X x Y to

T (i Y £ X exhibits its source as the fiber of iy* over S /7
We can describe LComod® (S 7) more explicitly by considering the cartesian monoidal
structure on §;7. Indeed, by Corollary 1.3.21, it is the pullback of the cospan

0 _xp
Coalg((—)orldr
o A

S X
Coalg(S) ) Coalg(S/7) " LComod®/ (S,r),

which, by Fact 2.0.1, is equivalent to the cospan
(=)orldr evy
S — S+ Fun([1], /7).

Now note that there is a pullback diagram

Fun([1], S,7) 25 Fun([1], S)

|
evy evi

Sr S

Vr

Hence, pasting pullback squares, we can identify LComodS(S /) with the pullback of
the cospan

Siff:ii/iljs L Pan([1],S) (2.0.8)
(D)xT

Now we “vary T”. Note that the span category K is also isomorphic to the cone
([0] IT [0])®. In this interpretation, the universal property of the product corresponds to a
pullback square

Fun(K,S) —— Fun([1],S)

J
(evn(l)ve%(l))l l ’
S

where P maps a span Z Ly 9% Xto (9,f): Y = X x Z. Moreover, we can recover the
pullback of the cospan (2.0.8) by taking the pullback of (ev;, (1), evi,(1)) along S x {T'} —
S xS.

Tracing the functors in question, we see that the “projection” LComodS(S/T) —
Fun(K,S) induced by this pullback description indeed agrees with the functor I" discussed
above. Moreover, (ev;, (1), ev;,(1)) can be factored as

(evg, (1)-i2”

Fun(K, S) L § x Fun([0], ) X, 5 5 8,
which exhibits its fiber over S x {T'} as the fiber of i,* over S/ O
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We could have stated and proven Proposition 2.0.6 purely in terms of slice categories
without mentioning monoidal structures or comodules, but the monoidal point of view will
be important when we consider Thom objects. In particular, we will use that the pullback
description of Proposition 2.0.6 is compatible with convolution monoidal structures in
the following sense.

Lemma 2.0.9. Let P be an Ey1-space for some k € NU {oo} and consider Proposi-
tion 2.0.6 for T = P. Then all the functors in the square (2.0.7) are strongly Ex-monoidal
with respect to the convolution monoidal structure on S;p. In particular, as limits of
E-monoidal co-categories can be computed in Cats, (2.0.7) can be viewed as a pullback
square of Ex-monoidal oo-categories.

Proof. The E;-monoidality of the bottom arrow and the right arrow is clear. For
the top arrow and the left arrow, we consider the strongly Ej.;-monoidal functors
F = (-)®p1p:S = Spp and Vp: §)p — S. Applying Coalg,,r((—) to various
restrictions of left-tensorings of S and S;p over themselves along these functors (cf.
Construction 1.1.20), we obtain a commutative diagram

LComod® (S ®
LComod®(S,p) —(/f)LComodS/’f (S/p)

LComodS(VP)J LCOmodS?If (Vp)l LComod(Ve) : (2010)
omo F ® omo v
LComod?(S) LComod’ ), 1 Comod /P (S) LComod (9 LComod?(S)

\_//—///

Now recall that the monoidal structure on LComod® (S /p) was defined in a way which
makes LComod” (S/p) tautologically strongly Ej-monoidal (cf. Remark 1.3.22). As
LComod(Vp) is also strongly Ei-monoidal, the commutativity of (2.0.10) implies that
LComod®(Vp), i.e., the top arrow in (2.0.7), is strongly E,-monoidal.

Now the left arrow in (2.0.7) is the composite of LComod” (S,p) with the strongly

®
E;-monoidal functor SS)p LComodS/PP (S/p) — S/p that picks the object being coacted
on, so it is also E;-monoidal. O

Given an object f: X — T of S/, our description of comodules over spaces in S)p
allows us to view it as a comodule over X as follows.

Construction 2.0.11. We consider the regular coaction functor R: Coalg(S) —
LComodS(S) induced by the map of operads LM® — E{, which equips the under-
lying object of a coalgebra D with a D-coaction given by its comultiplication. Note that
under the equivalences Coalg(S) ~ S and LComod®(S) ~ Fun([1],S), R sends a space
X to IdX
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Now let T" be a space. Then R fits into a commutative diagram

S =~ Coalg(S)
w

OImo §
LComod7(Vr) — LComod®(S) s, Coalg(S) -

s

S

|

Vr

(2.0.12)
in particular inducing the dashed functor &r: S;p — LComodS(S/T) by virtue of
Proposition 2.0.6. Informally speaking, & sends an object f: X — T to an X-comodule
with coaction map

(Idx,Idx) X x X

Jt\‘ T l/foprQ

Note that if ' = P is an E;;-space for some k € NU {oo}, then all the functors in
(2.0.12) are, hence &p is strongly E;-monoidal when we equip S/p with the convolution
monoidal structure (cf. Lemma 2.0.9). On the level of Ei-algebras, this yields a functor
Alg g, (&p): Algg, (S7F) — Alg g, (LComod®(S)p)).

Now let X be a Ej-space, which we view as an (Eg, E;)-bialgebra in §. When we
equip S/ and LComod®(S,7) with the functors into Coalg(S) depicted in (2.0.12), &p
can be viewed as a functor over Coalg(S) and hence Algp (&p) as a functor over
Alg g, (Coalg(S)). Looking at fibers over X € Algp, (Coalg(S)), we obtain a functor

Alg g, (Gp)x: Alg g, (S%f)x — Alg/Ek(LComodS(S/p))X. Combining Remark 1.3.22
and Lemma 1.2.13, we see that its target Alg/Ek(LComodS(S/p))X is equivalent to
Alg g, (LComodxc,1,(S/p)). As for the source, an algebra f in S/p (i.e., a Ep-map into

X

P)is in Alg s, (S/®}§))X if and only if its source is X. Hence, &p maps a map f: X — P
of Eg-spaces not only to an X-comodule, but in fact to an X ©p 1p-comodule algebra.
From now on, when there is no room for confusion, we will abbreviate Alg g, (&p) and

Alg/]Ek<6P)X as 613.

Remark 2.0.13. We expect the results of this section to generalize from the slice category
over a space (i.e., an co-groupoid) to a slice category over a (presentable) co-category C
as follows.

Consider the oco-category Sy¢ of oo-groupoids over C (i.e., the comma category of the
cospan {C} — Caty <= S). As in Proposition 2.0.6, we expect a comodule structure
over a space X on an object f: Y — C of S)¢ to be completely determined by a map
g: Y — X, and thus every such f to have a Y-comodule structure encoded by Idy as in
Construction 2.0.11.

Moreover, for k € NU {oo}, we expect an Ej1-monoidal structure on C to give rise to
a “convolution” [ -monoidal structure on S)¢ such that an E; -algebra f: Y — C
with respect to this monoidal structure corresponds to a map of E;,-algebras in Cat,
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i.e., a strongly E;;-monoidal functor. As in Construction 2.0.11, a strongly E;-monoidal
functor f: Y — C would thus give rise to an (Y Og e s /c)—comodule E-algebra using
the aforementioned comodule structure.
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3. Hopf-Galois extensions

In this section, we introduce one of the central concepts of this thesis.

Convention 3.0.1. We fix an E;-monoidal co-category C and a bialgebra H € Bialg(C).
We further assume that C admits geometric realizations of simplicial objects and limits
of cosimplicial objects, and that the tensor product preserves geometric realizations in
each variable separately.

The examples we have in mind are the oo-category S of spaces (equipped with the
cartesian product), the oo-category Sp of spectra (equipped with the smash product),
the oco-category LModg(Sp) of modules over an E,,-ring spectrum for n > 3 (equipped
with the relative smash product over R), and various localizations of those.

3.1. Hopf-Galois contexts
Definition 3.1.1. An H-Hopf-Galois-context is a map

@: Trivy(A) — B

of comodule algebras, where A € Alg(C) is an algebra and B € Alg(LComody(C)) is an
H-comodule algebra.

In this situation, we will denote the underlying algebra V(B) € Alg(C) by B and the
underlying map Vg (@): A ~ Vy(Trivy(A)) — B by .

Example 3.1.2. Let A € Alg(C). As the cofree comodule functor Cy: C — LComodg(C)
is lax monoidal (cf. Remark 1.2.10), Cy(A) lifts to an H-comodule algebra with multipli-
cation map

CA)@C(A) > HRIAQH®A~HRH®A® A 0o A~ Cy(A).

In particular, the underlying algebra of H lifts to H := Cp(1¢) € Alg(LComod(C)).

Moreover, since both adjoints of the adjunction Vg - Cg are lax monoidal, it lifts
to an adjunction between oo-categories of algebras (cf. Remark B.0.5). The adjoint
of the equivalence Vg (Trivy(A)) ~ A of Remark 1.3.18 can hence be upgraded to a
map nby: Trivg(A) — Cy(A) of H-comodule algebras, i.e., an H-Hopf-Galois context,
which we call the normal basis context of A. Unpacking the definitions, we see that the
underlying map of nby is given by ng ® A: A — H ® A. Accordingly, we will denote
nby, also by ng: Trivy(1e) — H.

Example 3.1.3. Assume that C is presentably Es-monoidal and consider the Picard
space Pic(C) of ®-invertible objects of C. By [ABG18, Theorem 1.5], there is a “Thom
object” functor M: S;picy — C that sends a map X — Pic(C) to the colimit of
the composite X — Pic(C) — C and is Es-monoidal with respect to the convolution
monoidal structure in the source. In particular, for every E;-space X, M induces a
functor My : Alg(LComodx oy, ¢ 1piee (S/picc))) — Alg(LComodxe,1.(C)).
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Now let f: X — Pic(C) be a map of E;-spaces, which we view as an algebra in S pic(c)-
In Construction 2.0.11, we saw that f can be lifted to an (X Opic(c) Lpic(c))-comodule
algebra Gpic(c)(f) with coaction map

(Idx,Idx) X x X

/constl X f
p Pic(C) x Pic(C) ¢
4ic<(,*)

Pic(C)

X

Let ny: Tl"iVX@piC<c)1pic(c>(1Pic(C)) — Gpic()(f) denote its unit map, which we can view
as an (X Opic(c) Lpic(c))-Hopf-Galois context in S;pic(c)-

Applying M to f, we obtain a (X ©¢ 1¢)-comodule algebra M(f) = Mx<6PiC(C)<f)),
whose coaction map M(f) — (X ©¢ 1¢) @ M(f) ~ X ©¢ M(f) is an incarnation of the
“Thom diagonal”. The unit map Mx(nf): Trivxee1.(1e) — M(f) of M(f) yields an
(X ©¢ 1¢)-Hopf-Galois context, which we call the Thom context of f.

Remark 3.1.4. In the context of Example 3.1.3, one might ask whether colimits of
certain functors f: X — C that do not necessarily factor through Pic(C) admit the
structure of a (X ©¢ 1¢)-comodule algebra. One possibility for this would be using the
generalization sketched in Remark 2.0.13 and working with S/¢ instead of S pic(c), which
would yield such a comodule algebra structure on the colimit of a strongly monoidal
functor f: X — C.° Another approach that could work also for laz monoidal functors is
as follows.

On the one hand, by [ABG18, Theorem 6.4], Fun(X,C) admits a pointwise monoidal
structure with respect to which const: C — Fun(X, C) is strongly monoidal. This induces
an oplax monoidal structure on its left adjoint colim: Fun(X,C) — C. Hence, as every
functor f: X — C is a comodule over the unit consty, of the pointwise monoidal structure,
we obtain a coaction of colim(consty,) ~ X ©¢ 1¢ on colim f (cf. [Bea2l, Corollary
4.14]).

On the other hand, when X is an E;-space, Fun(X,C) admits a Day convolution
monoidal structure by [ABG18, Theorem 6.15], with respect to which colim: Fun(X,C) —
C is strongly monoidal. Therefore, as algebras with respect to the Day convolution
monoidal structure correspond to lax monoidal functors, a lax monoidal structure on a
functor f: X — C induces an algebra structure on colim f.

Hence the question is whether the algebra structure on the colimit of a lax monoidal
functor f: X — C is compatible with its X-comodule structure. We expect this to be the
case because we expect the lift colimy: Fun(X,C) — LComodxe,1.(C) of the colimit
functor to be strongly monoidal with respect to the Day convolution monoidal structure
in the source and the monoidal structure of Fact 1.2.9 in the target.

Indeed, the Day convolution monoidal structure can be constructed using a method
similar to that of Fact 1.2.9 as follows. There is a cocartesian fibration p: 8/@23 — 8% whose

9Note, however, that if X is a grouplike Ei-space, then every strongly monoidal functor f: X — C
factors through Pic(C), so that case is already covered by Example 3.1.3.

50



straightening is a functor that extends Fun(—,C): S% ~ S — Caty,, where the functori-
ality is given by left Kan extension functors. The Day convolution monoidal structure on
Fun(X,C) can be obtained by pulling back p along the map X : E} — S® representing
the E;-structure of X. Hence, if we can define a functor colim: S/®c — LComod®(C)?®
over §® whose fiber at Y € § = SZ% is colimy : Fun(Y,C) — LComodyc,1.(C) and
that preserves cocartesian arrows, we can obtain an extension of colim’y to a strongly
monoidal functor by considering the pullback of colim along the map X : Ef — S®.

The main challenge here is constructing a functor colim with the desired fibers; once
such a functor is constructed we expect it to be straightforward to see that it preserves
cocartesian arrows. For instance, for a map u: Y — Y’ of spaces (i.e., a morphism in
S%), the underlying map of the comparison map wu, o colimy — colimy, ou; would simply
be the equivalence colimy ~ colimy- ou,.

Definition 3.1.5. We say that an H-Hopf-Galois-context ¢: Trivy(A) — B satisfies
the primitives condition if the adjoint map ¢: A — Primy(B) under the adjunction
Trivg 4 Primg of Definition 1.3.17 is an equivalence.

Example 3.1.6. Let A be an algebra in C and consider the normal basis context
nb: Trivg(A) — Cu(A) of Example 3.1.2, which was defined as the adjoint of the
equivalence Vi (Trivy(A)) ~ A with respect to the adjunction Vi < Cp. The adjoint of
this under the adjunction Trivy 4 Primy recovers the equivalence A ~ Primy(Cy(A))
discussed in Remark 1.3.18, meaning that every normal basis context satisfies the
primitives condition.

For Thom contexts, the primitives condition is usually verified via a completeness
criterion that we will establish in Example 3.2.14.

Definition 3.1.7. Let ¢: Trivy(A) — B be an H-Hopf-Galois-context and M €
LModg(C). The associated shear map is the composite'®

shs M : BoaM B Heo Boy M 12 oM,
When M = B, we will also simply write sh instead sh; B.

According to this definition, the shear map is only a map of objects in C, but we will
see in Corollary 3.2.8 that it underlies a more structured map.

Definition 3.1.8. We say that an H-Hopf Galois-context @: Trivy(A) — B satisfies
the normal basis condition if sh;: B®a B — H ® B is an equivalence.

Example 3.1.9. Let A be an algebra in C and consider the normal basis context
nb,s: Trivg(A) — Cy(A) of Example 3.1.2. Note that we have an equivalence
(Ag®A)RA(HRA) Qup
shyp,: (HR@A) @4 (HRA) —— HR(H®A) @4 (H®A) — "V H e (He A)
12 12 12

shg;@A: HoH®A RN H@H@H@AWH@;H@A

10 Note that the first map is well-defined because P3P =~ (H®¢)prvivya) =~ (HRp) (e @A) ~ 0 @¢.
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Hence shyy,, satisfies the normal basis condition if 7y : Trivg(1le) — H does. Bialgebras
H such that ny satisfies the normal basis condition will be studied more closely in
Section 4, where we call them Hopf algebras.

Example 3.1.10. Let X be an E;-space, which we view as a bialgebra in S. Then the
shear map of the associated normal basis context ny is given by

(Idx,Idx) XX/LX

X x X X xXx X — X xX.

[E;-spaces for which this map is an equivalence are called grouplike (cf. [Lurl7, Definition
5.2.6.2]).

Example 3.1.11. Assume that C is presentably Eo,-monoidal, and let f: X — P1C(C)
be a map of E;-spaces. Consider the Thom context MX(nf) Trivxee1.(1e) = M(f) of
Example 3.1.3.

Note that as M: S/ picc) — C is strongly Es-monoidal, the shear map

h~
MNx (np)

M(f®pice) f) = M(f)@M(f) (X Ocle) @M(f) ~ M((X Opic(c) Lpice) @Pic(c) f)

agrees with M(sh,, ). Viewing sh, .: f ®picc) f = (X Opic(c) Lpicc)) @picc) f @s a map
of spaces over Pic(C), we can depict it as a commutative diagram

X x X —IOxX v v w X X X x X
foJ/ chonstlc xfxf chonstlc xf
Pic(C) x Pic(C) Pic(C) x Pic(C) x Pic(C) Pic(C) x Pic(C) -

\ J{MPic(C)O(PiC(C) X ppic(c))
HPic(C) ch(C) HPic(C)

Now sh,,, is an equivalence in S, pic(c) if and only if the upper composite (X x pux) o
((Idx,Idx) x X), i.e., the shear map of the E;-space X, is an equivalence of spaces.

Hence Sh1\71X (n) is an equlvalence if X is a grouplike E;-space, in which case shg; <) is

an incarnation of the Thom isomorphism of [Mah79, Theorem 1.1].

Definition 3.1.12. An H-Hopf-Galois context ¢: Trivy(A) — B which satisfies both
the primitives condition and the normal basis condition (i.e., one for which ¢: A —
PrimH(é) and shz: B®4 B — H ® B are equivalences) is called an H-Hopf-Galois
extension.

This definition is a straightforward translation of [Rog08, Part I, Definition 12.1.5] for
point-set models, variants of which appeared as [Rot09, Definition 5.7], [Hes09, Definition
3.2] and [Karl4, Definition 2.3.1]. For coactions of spaces on ring spectra (in particular
for Thom spectra), it is essentially equivalent to [Beal6, Definition 4.2.2.5].
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3.2. The structured shear map

Convention 3.2.1. For the rest of this section, we fix an H-Hopf-Galois context
@: Trivy(A) — B.

In applications such as Corollary 3.2.11 and Corollary 3.2.13, we will need a more
structured version of the shear map sh; M: B ®4 M — H ® M introduced in Defini-
tion 3.1.7. First we note that the source B ® 4 M of the shear map can be identified with
the underlying object of the image of M under the endofunctor

gOggO* ~ B Xa (—)2 LMOdB(C) — LMOdB<C)

Moreover, by Example 1.3.5, ¢yp* admits a comonad structure which makes it the initial
comonad coacting on ;.

Given this universal property of p1¢*, we would like to lift H ®(—) to a comonad ©5 on
LModg(C) and construct an appropriate coaction of it on ¢, such that for M € LModg(C),
the component "M ~ B®4 M — H ® M ~ ©zM of the comonad map ¢1p* — O
given by the initiality of ¢yp* is the shear map.

We will realize the comonad ©5 as the associated comonad of a “forgetful-cofree’
adjunction LModz(LComody(C)) = LModp(C) constructed using the machinery of
Appendix B. This method of constructing a comonad on LModg(C) with the desired
properties is due to Hadrian Heine.

Y

Proposition 3.2.2. There is a comonadic adjunction

V5: LModgz(LComody(C)) = LModp(C) :Cy (3.2.3)

lifting the forgetful-cofree adjunction Vg : LComody(C) = C :Cy.

Proof. As Vi : LComody(C) — C admits a strongly monoidal structure and a right
adjoint Cp, Example B.0.4 and Corollary B.0.10 yield the desired lift. O]

Definition 3.2.4. Let O = V5 C5, the comonad associated to the adjunction (3.2.3).

Remark 3.2.5. Note that O3 is a lift of H ® (=) ~ V5 Cpg: C — C to a functor
LModg(C) — LModg(C), so the effect of ©5 on the underlying objects is indeed given
by tensoring with H.

Remark 3.2.6. The identification LModz(LComody(C)) ~ LComodgg(LModB(C)))
allows us, in some sense, to swap the order in which we consider “B-modules” and
“H-comodules”. One should, however, be careful about such statements because the
coaction of H on B introduces certain “twists” (which is one of the reasons why we insist
on making the comodule structure explicit by writing B instead of just B).

For example, unwinding the definitions of the functors constructed in the proof of
Proposition B.0.6, we see that Cj is in fact given by the composite

B (py: B=Cr(B))

LModp(C) 2 LModc,, () (LComody (C))

» LMod(LComodx(C)).
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Therefore, given a B-module M, the B-action on ©5M ~ VzCz M ~ H ® M is
informally given by b- (h ® m) = p(b) - (h ® m), not by b- (h®m) = h® (b-m) as
one might naively expect. One could say that objects of LComod@E(LModB(C)) are
B-modules equipped with a (pg-)semilinear coaction of H.

Next, we construct an appropriate © z-comodule structure on ;.

Lemma 3.2.7. ¢: LMod4(C) — LModg(C) lifts to a functor
@1 LModa(€) — LModz(LComody (C)) ~ LComode_(LMods(C))
such that for all N € LMod4(C), the induced coaction map
o ON~BRsN—>H®B®sN~0z50N
of Fact 1.3.6 is given by pz @a N.

Proof. We have a commutative diagram

LMoy (4 (LMod(C)) —2—+ LMod = (LModp (C))

Triv’;}[
v Trive (A) Y
H J/ J/ g ’

LMod4(C) === LModa(C) LModg(C)

@1

yielding a lift % == @, o Triviy. Now, for N € LMod4(C), the H-coaction on Trivi(N) is
given by ng @ N: N — H ® N. ¢, maps this to the coaction map

PE®aMEAN) u®BRAN

B®a N (HB)@sa(HIN)>HRQH®@B®sa N ———= HRB®y N,

which is homotopic to pz as pg o (H ® ng) ~ Idg. O

Corollary 3.2.8. There exists a comonad map p1p* — O5 whose component at M €
LModg(C) is given by the shear map B @4 M ~ ¢o*M — O5M ~ H® M.

Proof. Applying Example 1.3.5 to the coaction of Lemma 3.2.7, we obtain a comonad
map pp* — O with components

* ~ o~
re~¢ =pr®aM O~c,~H®an

gp@*M:B@AM—>H®B®AMB—>H®M2@§M (3.2.9)
as desired. O

Remark 3.2.10. Note that both ¢ip* and ©5 ~ VJ o(p5)" o C} are right C-linear
geometric-realization-preserving functors. Moreover, the factors that occur in (3.2.9),
hence shz(—) can be viewed as morphisms of right C-linear geometric-realization-
preserving functors.

Therefore, using the equivalence LinFunéAop}(LMod 5(C),LModg(C)) ~ g Bimodg of
Fact 1.4.4, we see that the natural transformation sh(—) is an equivalence if and only if
its component at B, i.e., sh;: B®sB— H®Bis.

In fact, one could equip B ®4 B and H ® B with appropriate B-B-bimodule coalgebra
structures and define the shear map as a morphism of such objects, which is the perspective
taken in [BH18, Definition 3.12].
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An immediate consequence of this structured shear map is the following “Hopf-Galois
descent” result.

Corollary 3.2.11. Assume that the shear map sh;: B®a B — H ® B is an equivalence.
Then ¢: A — B admits descent if and only if the lift

pr: LModa(C) — LComod@E(LModB(C))

of Lemma 3.2.7 is an equivalence.

Proof. As discussed in Remark 1.3.7, i, can be factored as

(sh-)

LModA(C) 25 LComod,,,(LModg(C)) ——= LComod@E(LModB(C)).

Now (shz), is an equivalence as it is the corestriction of scalars functor along an equivalence
of comonads, so @) is an equivalence if and only if @y is, i.e., if and only if ¢ admits
descent. O

For Hopf-Galois contexts satisfying the normal basis condition, the structured shear
map also allows us to replace the primitives condition by a completeness condition, which
is an oo-categorical version of [Rog08, Part I, Proposition 12.1.8].

Lemma 3.2.12. The functor

ivA 1
o1: LMod(C) LN LModyiv (4)(LComod (C)) £ LMod5(LComod (C)).

of Lemma 3.2.7 admits a right adjoint P; whose effect on underlying H-comodules is
given by taking primitives.

Proof. As discussed in Remark 1.2.12, ¢, admits a right adjoint ¢* which does not change
the underlying H-comodule. Moreover, since Trivy: C — LComody(C) is strongly
monoidal, Example B.0.4 and Corollary B.0.10 imply that the adjunction Trivy 4 Primg
can be lifted to an adjunction Triviy: LModa(C) 2 LModryiy,,4)(LComod(C)) : Pa.
Composing these two right adjoints, we obtain a right adjoint of p; with the desired
property. ]

Corollary 3.2.13. Assume that the shear map sh;: B®a B — H ® B is an equivalence.

Then A — Primy(B) is an equivalence if and only if A — lima C*(p) is an equivalence,
i.e., if and only if A is B-complete.

Proof. We have B ~ %(A), and the first map can be identified with the unit map of the ad-
junction @;: LMod4(C) = LComodgg(LModB(C)) : P of Lemma 3.2.12. Moreover, the
second map is the unit of the adjunction ;: LMod4(C) = LComod,,,+(LModg(C)) :¢*
of Corollary 1.3.13. Since we have an equivalence (sh3) : LComod,,,-(LModg(C)) —
LComodeg(LModB(C)) such that (shz) o ~ @i, one is an equivalence if and only the
other is. [
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Example 3.2.14. Assume that C is presentably Ey-monoidal. As discussed in Exam-
ple 3.1.11, the Thom context Mx(ny): Trivxe.1.(1c) — M(f) associated to a map
f: X — Pic(C) of grouplike E;-spaces satisfies the normal basis condition, so it is a
Hopf-Galois extension if and only if 1¢ is M( f)-complete.

For Thom spectra, i.e., in the case where C = Sp, this completeness condition is

closely related to orientability (cf. [Rot09, Proposition 6.9]). Indeed, if the composite

x4 Pic(Sp) 1ze0), Pic(LModyz(Sp)) is null-homotopic, then M( f) is connective, and

using the Hurewicz theorem, its O-th homotopy group can be computed as
To(M(f)) ~ mo(HZ@M(f)) ~ mo(MHZ® f)) ~ mo(EX X QHZ) ~ Hy(X; Z) ~ Z[m X].

Hence M(f) is a connective ring spectrum whose 0-th homotopy group is a group algebra.
The monoidal unit 1gp, i.e., the sphere spectrum is complete with respect to all such ring
spectra (cf. [Bou79, Theorem 6.5]).
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4. Hopf algebras

In this section, we introduce a notion of Hopf algebras in the co-categorical setting
and lift some results about Hopf algebras in the 1-categorical setting to oco-categories.
We continue to work with Convention 3.0.1, i.e., we consider a bialgebra H in a suitable
[E,;-monoidal oo-category C. Recall that H can be lifted to an H-comodule algebra
H = Cpy(1¢) € Alg(LComodg(C)) (cf. Example 3.1.2).

Definition 4.0.1. A bialgebra H is called a Hopf algebra if the associated shear map
sh—: Ho H =" Ho Ho H = H® H.

of Definition 3.1.7 is an equivalence.

As discussed in Example 3.1.10, every grouplike E;-space X is a Hopf algebra in S.
Consequently, if C is presentably E,-monoidal, X ©¢ 1¢ is a Hopf algebra in C.

4.1. The antipode

In the 1-categorical setting, Hopf algebras are usually defined in terms of an “antipode”
H — H (cf. [Mon93, Definition 1.5.1] and [Porl5, Definition 32]). In this subsection, we
relate our notion of a Hopf algebra to the classical definition.

Fact 4.1.1 ([Porl5, Proposition 22]). Given f,g: H — H, we call

frg HAE HoH I Heom M H

their convolution product. This operation endows moMape(H, H) ~ Homyec)(H, H)
with the structure of a monoid with unit ng o €g.

Definition 4.1.2. A homotopy antipode for H is an inverse of Idy with respect to the
convolution product, i.e., a map yg: H — H in C such that

pr(H @ xu)Ap = nueg = pu(xy @ H)Ag.

At first sight, a homotopy antipode is an additional structure map with which we can
equip a bialgebra. However, since the inverse of an element in a monoid is unique if it
exists, we can can speak of the property of “admitting a homotopy antipode”.

In the 1-categorical setting, an antipode yg: H — H always underlies a map of bialge-
bras when one considers the opposite multiplication and the opposite comultiplication in
either the source or the target (cf. [Porl5, Proposition 36]). In the oo-categorical setting,
lifting a homotopy antipode to a map of bialgebras would involve an infinite hierarchy of
coherence data and it is not clear whether it can always be done. This is the reason why
we prefer the term homotopy antipode, which is in line with the terminology of [Rot09,
Definition 5.9].

In order to relate the existence of a homotopy antipode with the invertibility of the
shear map, we generalize the construction of the shear map as follows.
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Proposition 4.1.3. The assignment that sends a map f: H — H to the composite

Sn(f): HoH 2 HoHoH X2 nonen 2 geon

defines a monoid homomorphism
EHI (Homho(c)(H, H), *, EHnH) — (Homho(c) (H & H, H X H), o, IdH@H)

Proof. Let f,g: H — H. Then we have a commutative diagram

Ag®H HRAgQH HRHRgRH

HQH HIH®H —— HQHQHRXH — HQIHQHKXH

AH®Hl / lH®f®H®H
AgQHRH
HR HR H HRHRHH
H®9®Hl lH@W«H@H
A HQRH

HeoHo A" HoHo H® H Helemn " oo He H
H®MH\L lH®H®;4H lH(XJ/LH

Now the left vertical composite is Z(g), the bottom horizontal composite is Zx(f), and
the composite of the top horizontal and the right vertical arrows is Zy(f * g). Hence
Eu(f*9) =Zu(f) oZu(g).

As for units, we have a commutative diagram

HoH2 2 geoHno ™"y B " o ne H " g H |
Idyg @ H HRIdy
implying that Zg(ngey) = ldpen- O

Corollary 4.1.4. If H admits a homotopy antipode, then H is a Hopf algebra, i.e., its
shear map Shn~H: H® H— H® H is an equivalence.

Proof. Note that Zp(Idy) = sh. Hence, since Z is a monoid homomorphism, sh~ is
o-invertible if Idy is *-invertible.

We can also go back from endomorphisms of H ® H to endomorphisms of H.

Proposition 4.1.5. The assignment that sends a map uw: H @ H — H ® H to the

composite

=) HEEM poHYS Heo H 2% g

defines a left inverse of the map Zp: Homyeey(H, H) — Homyoey(H ® H, H ® H) of
Proposition 4.1.3.
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Proof. Let f: H — H. Then we have a commutative diagram

Ag®H HefoH HQup eg®H

g2 pog 2 geogea ™ e He H " g o g 28

m %@n[{ €H®Im % ’

HeH en®H H f H Henm HeH

where the upper composite is Z;(Ex(f)) and the lower composite is f. O

Example 4.1.6. Consider the case where C is a preadditive (1-)category equipped with
the symmetric monoidal structure given by its biproduct &. Then every object X admits
a bialgebra structure whose multiplication is the fold map X & X — X and whose
comultiplication is the diagonal X — X @ X. Moreover, the convolution product of
endomorphisms of X coincides with the addition of endomorphisms obtained from the
preadditive structure.

Identifying Home (X @ X, X @ X) with 2 X 2 matrices with entries in Home (X, X),
Zx sends an endomorphism f: X — X to the matrix

Idx f

Ox Idx/’
which is where the terminology of “shear” maps comes from. Moreover, under this
identification, the retraction Z'y sends a matrix A to the entry A; 5. In particular, we see

that =y is not a monoid homomorphism in general because a matrix does not necessarily
have identities on the diagonal.

However, the restriction of =, to the image of =y is a homomorphism because the
inverse of a bijective monoid homomorphism is a monoid homomorphism. Therefore, as

monoid homomorphisms preserve invertibility, we have the following partial converse of
Corollary 4.1.4.

Corollary 4.1.7. If the shear map sh—: H ® H — H ® H admits an inverse that is in
the image of =g, i.e., is of the form

AgQH Hox®H

Ho He H 22X 1o 7o g 2o,

H® H 2221, ZOMH @ H,

then x is a homotopy antipode for H.

As we will see in Proposition 5.4.1, another setting where we can extract a homotopy
antipode from an inverse of the shear map is that of (co)commutative Hopf algebras. This
applies in particular to a grouplike E;-space X, whose comultiplication (Idy,Idy): X —
X x X is cocommutative. An antipode X — X sends a point z € X to an inverse of x
with respect to the multiplication of X.
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4.2. Hopf modules and descent

We now consider objects equipped with an action and a coaction of a bialgebra that
are compatible in an appropriate sense.

Definition 4.2.1. The category of (left) H-Hopf modules in C is
HopfMod, (€) = LModj;(LComod(C)) %" LComode_(LMody(C)),

where © 7 18 the comonad of Definition 3.2.4.

In the 1-categorical setting, the fundamental theorem of Hopf modules states that
category of Hopf modules is equivalent to the base category (cf. [Mon93, Theorem 1.9.4]).
We prove an oo-categorical version of this statement in Corollary 4.2.9, which requires
some preparation.

Let us first sketch the proof of the 1-categorical statement, on which our approach is
based. Note that every cofree H-comodule H ® X has a compatible H-module structure
given by pg @ X: H®(H®X) — X, yielding a lift Cg: C — HopfMod (C) of the cofree
H-comodule functor. Now (/]1\{ admits a left quasi-inverse because Primpg o Uz 06; ~
Primy o Cy ~ Ide, As for the right quasi-inverse, we can check that for every Hopf
module M, the composite

Heoxgo@M
—

M2 HeoM 2 Ho He M HoHoM 229 Ho M (4.2.2)

lands in H ® Primy (M) and defines an inverse to the map H ® Primy(M) — M
given by the restriction of ays, hence yielding a natural isomorphism Idpeptvod, ) =
(/j; o Primy o Ug.

In the 1-categorical setting Primy (M) is an equalizer, whereas in the oo-categorical
setting it is the limit of a cosimplicial diagram (cf. the proof of Proposition 1.3.10), which
makes it harder to show that the analogue of (4.2.2) factors through H ® Primy(M).
We circumvent this issue by working with a “dual shear map” instead of the antipode
(cf. Construction 4.2.6) and making the equivalence M ~ H ® Primy(M) implicit in
equivalences of module categories induced by this variant of this shear map.

We start with a general “codescent” statement for coaugmented coalgebras, which
yields an oo-category equivalent to C that is easier to compare with HopfMod(C).

Remark 4.2.3. Let np: 1¢ — D be a coaugmented coalgebra. Then the cofree co-
module functor Cp: C — LComodp is conservative because it admits a left inverse
Primp: LComodp — C.

Proposition 4.2.4. Let np: 1¢ — D be a coaugmented coalgebra. Then the adjunction
Vp - Cp is monadic, i.e., the standard lift Cp: C — LMod¢, v, (LComodp(C)) of Cp
to the module category of the monad Cp Vp is an equivalence.

Proof. We apply the Barr-Beck—Lurie monadicity theorem ([Lurl7, Theorem 4.7.3.5]).
First, note that Cp is conservative by Remark 4.2.3.
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Moreover, as the forgetful functor of a comodule category, Vp: LComodp(C) — C re-
flects colimits, so Cp-split simplicial objects in LComodp(C) admit geometric realizations,
as their images in C do.

Now let X* be a colimiting cocone of a Cp-split simplicial object. Then D ® X" ~
Vp Cp X" is a colimiting cocone as the tensor product of C preserves geometric realiza-
tions, so Cp X" is a colimiting cocone because Vp reflects colimits. O

Remark 4.2.5. Remark 4.2.3 can be formally dualized to augmented algebras, i.e.,
algebras R equipped with an algebra map eg: R — 1¢. In that case, the functor Fp ~
(nr),: C = LModg(C) is conservative as it admits a left inverse (eg),: LModg(C) — C.
On the other hand, the proof of Proposition 4.2.4 cannot be directly dualized to augmented
algebras as R ® — does not necessarily preserve limits of cosimplicial objects.

However, when R is dualizable!, R ® — is right adjoint to RV ® —, so it does preserve
limits. Hence, dualizing the argument of Proposition 4.2.4, we see that augmented
dualizable algebras admit descent.

We now construct a lift of Cy to HopfMod (C) and a dual version of the structured
shear map'2.

Construction 4.2.6. As Cp: C — LComody/(C) is lax monoidal, it sends 1¢-modules
to Cy(1¢) = H-modules. More precisely, we have lift

LMod;.(C) —— LMody(LComody(C)) = HopfMod(C)
_— ¥
R Ca |va

C = o LComodg(C)

This lift exhibits the functor Cy: C — LComody(C) as a module over the monad
Uy F5 on LComody(C). Unpacking the definitions, we see that the associated action
map at X € C is given by

UzFzCuX~>HoH® X M5 g o X ~ 0y X.

Now consider the monad Cy Vg on LComody(C), which is an endomorphism object
for Cy, i.e., a terminal monad acting on it. The aforementioned action of Uz F yields

a map shy : Uz F5z — Cg Vg of monads, which we call the dual shear map. Unpacking
the constructions, we see that its component at M € LComody(C) is given by

UpFaM~HoM 22 poHe MY HoM~CyVy M.

1 The notion of dualizability will be briefly reviewed in the beginning of Subsection 4.3

12We could formally dualize the construction in Subsection 3.2 where we consider maps of comodule
algebras to maps of module coalgebras, and apply it to the map eyg: H — 1¢ in order obtain a
map from a certain monad to Cy Vg. However, Construction 4.2.6 has the advantage of explicitly
describing the source as the monad associated to the comodule algebra H.
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Moreover, dualizing the discussion in Remark 1.3.7, we obtain a commutative diagram

1

. LModc,, v, (LComody(C)) — (ShH) LMod(LComodg(C))
Cr .
Cr Ucy vy
Pore
C o C

Lemma 4.2.7. Let H be a Hopf algebra with a homotopy antipode and M € LComody (C).
Then the dual shear map shy(M): H ® M — H ® M of Construction 4.2.6 is an
equivalence.

Proof. Diagram chases similar to the one in the proof of Proposition 4.1.3 show that

HoM ™ HoHeoM "0 HeoHeo M “% He M.
is a two sided inverse for shy(M): H® M — H @ M. O

Corollary 4.2.8. If H is a Hopf algebra with a homotopy antipode, then the dual shear
map shy: Uz Fgz — Cy Vg induces an equivalence shH LModc,, v, (LComody(C)) =
HopfMod H(C)

Now we can prove our version of the fundamental theorem of Hopf modules.

Corollary 4.2.9. If H is a Hopf algebra with a homotopy antipode, then the composite
Primy o Uz : HopfMody(C) — C is an inverse of the functor Cy: C — HopfMody(C)
of Construction 4.2.6.

Proof. Combining Proposition 4.2.4 and Corollary 4.2.8, we see that Cp ~ élvl*H oCpy is
an equivalence. Moreover, we have Primp o Uz oCpy =~ Primy o Cy ~ Id¢, meaning that

Primy o Uz is a left inverse for Cy. As Cp is an equivalence, Primpg o U is also a right
inverse. O

We end this subsection with another application of the dual shear map.

Lemma 4.2.10. If H is a Hopf algebra with a homotopy antipode, then the func-

tor Cy: C — HopfMod, (C) is equivalent to the functor (nH) C — HopfMody,(C) of
Lemma 3.2.7.

Proof. Note that the adjoint F¢,, v,, — Cpy Vy of the unit transformation Idy,comod H(C) —
CyVy ~ Uq, v, Cg Vy is an equivalence because its image under the conservative
functor U¢,, v, is an equivalence Uc,, v, Fo, vy, =~ Cuy Vg >~ Ug, VH@VH. Hence we
have a commutative diagram

LModc,, v, (LComod (C)) 2 HoptMod,,(C)

Fegvy
UCHVH/ ;
% l Ug

¢ IVE 1,Comody(C) 5 C C LComody(C)
v "
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which implies that
élvl*H oFc, v, o Trivy ~ é}vl}kq oCyoVyoTrivy ~ éE; o Cy ~ Cp. (4.2.11)
Now recall that @ is given by the composite

iv F”':(N)!
¢ 2, 1,Comod y (€) —— s LMod = (LComod (C)) = HopfMod,;(C).
Moreover, shy is an equivalence by Corollary 4.2.8, so Fz =~ shH o F¢, v, as both

functors are left adjoint to Uy ~ Ug,, v, o(élv1;)_1. Hence the left hand side of (4.2.11)

is in fact equivalent to (1), O
Combining Lemma 4.2.10, Corollary 4.2.9 and Corollary 3.2.11, we obtain the following.

Corollary 4.2.12. If H is a Hopf algebra with a homotopy antipode, then we have
equivalences

(sh~)
C ﬂ LComod ), (n,)* (C) —, HopfMody(C) .

L ~ T

—

("IH)!

In particular, ng: 1¢ — H admits descent.

4.3. Comodules over dualizable coalgebras

Recall that an object X € C is called right dualizable if there exists an object XV (a
right dual of X) together with morphisms cx: 1¢ - X ® XY and ex: XV ®@ X — 1¢
such that the composites

X XX v o XV o Xx X0, x

and
X\/ XV®cx XV®X®XV ex®XV XV

are equivalent to identities, in which case we also say that XV is left dualizable with left
dual X (cf. [Lurl7, Definition 4.6.1.1]). Note that this structure exhibits the functor
X ® (—) as a right adjoint of the functor XV ® (—) and determines X up to equivalence.

An object X is called dualizable if it is both left and right dualizable. In general, left
dualizability is not equivalent to right dualizability. However, if the braiding 7: (—)®(?) ~
(7) ® (=) squares to the identity, 7x xv o cx and ex o Txv x do exhibit XV as a left dual
of X, so that we can speak of the dual of X. We strengthen our assumption on C in
order to make use of this phenomenon.

Convention 4.3.1. In the rest of this section, we assume that the base category C is
Es-monoidal. This implies in particular that the braiding of C squares to the identity
and thus the notions of left and right dualizability coincide. We denote by Ciq C C the
full subcategory spanned by dualizable objects.
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Lemma 4.3.2. The Ez-monoidal structure of C restricts to a Ez-monoidal structure on
Ciq, and the assignment X — XV can be extended to a strongly Eq-monoidal equivalence

(_)\/: Cfd — Cdep_

Proof'?. Note that 1¢ is dualizable, and if X and Y are dualizable, then so is X®Y.
Now all the operations of E3 are generated by the unit and the tensor product, meaning
that Cgq is closed under all operations of Es. Hence, by [Lurl7, Proposition 2.2.1.1], the
[Es-monoidal structure of C restricts to a Es-monoidal structure on Cyq.

For the functoriality of (—)", we can adapt the argument of [Lurl8, Proposition 3.2.4]
(which deals with the symmetric monoidal case) as follows. We consider the cospan
Ciqa X Cq N Cia & (Crq) /10 The fact that every object of Cyq is dualizable implies the
projection A: (Cga X Cia) X ¢y (Cra) j1. — Cra X Cra s a perfect pairing in the sense of [Lurl?7,
Definition 5.2.1.8 and Corollary 5.2.1.22], yielding an equivalence (—)": Cqq — Ci®.
Now, by the Dunn additivity theorem ([Lurl7, Theorem 5.1.2.2]), Cyq can be seen as
an algebra in the oo-category of Es-monoidal co-categories, implying that the functor
®: Ciq X Ciqg — Cyq is strongly Es-monoidal. Moreover, (Cgq) /1. admits an Es-monoidal
structure such that the projection (Ctq) /1, —+ Cta is Eg-monoidal (and hence E;-monoidal).
This means that A\ can be upgraded to a pairing of Eo-monoidal oco-categories in the
sense of [Lurl7, Definition 5.2.2.20], lifting the associated equivalence (—)": Crq — Cia®
to a strongly E,-monoidal equivalence. O]

The monoidal equivalence (—)": Ciq — Ceq® gives us more possibilities of dualizing
algebraic structures to coalgebraic structures and vice versa. For instance, we will show
that for every dualizable coalgebra D, there is an equivalence LComodp(C) ~ LModpv(C)
that does not change the underlying objects (cf. Proposition 4.3.10), which generalizes
an analogous statement in the 1-categorical setting (cf. [Mon93, Lemma 1.6.4]').

Proposition 4.3.3. Let M be an co-category left-tensored over Crq, D € Ciq and M € M.
A map p: M — D ® M ezhibits D as a coendomorphism object for M in Ceq if and only
if the adjoint map p: DV @ M — M exhibits DV as an endomorphism object for M in
Ciq.

Proof. For all X € Cgq, there is a commutative diagram

Mape, (XY, DY) — 22 Map, (XY @ M, DY @ M) "0 Map, (X © M, M)
I
Mape, (X¥ ® D, 1¢) 22 Map, (XY @ D @ M, M) 222\ ap, (XY @ M, M) -
2 2 2
Map,, (D, X) T Oen Map (D ® M, X ® M) — S Map (M, X @ M)

13Note that for k > 3, this proof applies verbatim to an Ej-monoidal co-category D to yield a strongly
[Ej_1-monoidal equivalence (—)v: Drq — DsgP.

4Note that the cited lemma compares right comodules with left modules. We will comment on this
discrepancy in Remark 4.3.5.
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Since (—)V is an equivalence, the upper composite is an equivalence for all X if and
only if p: DY ® M — M exhibits DV as an endomorphism object for M, and the lower
composite is an equivalence for all X if and only if p: M — D ® M exhibits D as a
coendomorphism object for M. O]

Corollary 4.3.4. If D is a dualizable coalgebra in C, then there exists an algebra structure
on DV and a right C-linear geometric-realization-preserving lift

b LModpy(C)

- lUDv

LComodp(C) —
sending a D-comodule M with coaction map p: M — D ® M to a DV-module with the
same underlying object and action map given by the adjoint p: DY @ M — M.

Proof. As discussed in Remark 1.4.6, the natural transformation p_y: Vp(—=) = D ®

Vp(—) exhibits D as a coendomorphism object for Vp € LinFunt*" (LComodp(C), C).
Now, by Proposition 4.3.3, the adjoint transformation p_y: DY ® Vp(—=) = Vp(—)
exhibits DY as an endomorphism object for Vp. In particular, we obtain an algebra
structure on DY and an action of it on Vp extending p(_y. This action induces a lift
®p: LComodp(C) — LModpv(C) of Vp against Upv with the desired properties. [

Remark 4.3.5. Note that we have two different ways of dualizing the coalgebra structure
of a dualizable coalgebra D to an algebra structure on its dual DV. Namely, we could
view D as an algebra in Ci°” and transfer this algebra structure along the monoidal
equivalence ( —)V: Cea®® — Cgq of Lemma 4.3.2, or use Corollary 4.3.4. In this subsection
we work with the latter structure, but we expect the two to be opposites of each other.
We need to consider opposite algebras because Lemma 4.3.2 identifies (X ® Y)" with
XV®Y"V, whereas composing the adjunctions XV®(—) 4 X®(—) and YV ®(—) 1Y ®(—)
as implicitly done in Proposition 4.3.3 yields an identification (X @ V)" ~ YV ® XV,

The following lemma provides some evidence that the algebra structure of Corol-
lary 4.3.4 is the “correct” one.

Lemma 4.3.6. If D is a dualizable coalgebra in C, then the coalgebra structure on
D ~ (DY) constructed by iterating Corollary 4.5.4 agrees with its original coalgebra
structure.

Proof. Let D, denote the original coalgebra structure and D, the new one. By definition,
D, is a coendomorphism object for Upv € LinFunéAop}(LMode (C),C). Precomposing
the coaction of D, on Upv with the functor ®p: LComodp(C) — LModpv(C) of Corol-
lary 4.3.4, we obtain a coaction of D, on Upv ®p ~ Vp € LinFunéAop}(LComodD(C), C),
whose coaction map Vp(—) = D ® Vp(—) agrees with the coaction map p_y of D, as
the adjoint of p(_y is p—). Now, p_y exhibits D, as a coendomorphism object for Vp, so

by its universal property Idp extends to an equivalence D, ~ D, of coalgebras. O]
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Remark 4.3.7. Let D be a dualizable coalgebra in C. Applying (the dual of) Proposi-
tion 4.3.3 to DV, we obtain a lift

Yoy b LComodp(C)

g J/VD Y

where the coalgebra structure on D agrees with the original one by Lemma 4.3.6.

Remark 4.3.8. The functoriality of our construction of the dual algebra structure is
witnessed on the level of (co)module categories. Indeed, a map (: D — E of dualizable
coalgebras in C yields a functor

LModpv (C) ~2% LComodp(C) < LComods(C) 22 LMod (C) (4.3.9)

lifting Upv: LModpv — C against Ugv: LModgv — C and thus inducing an action of
EY on Upv.
As the action map of a DV-module M is mapped as

\IIDV\

(DY ® M 2y My 222 (M 24y D M)

& (M2 Do MY BEe M)
22 (BY o M M DY @ M 2% ),
the aforementioned action of EY on Upv is given by

) —Cv@UDV(—

EY® Upy(— L DY @ Upv(—) 2% Up(—).

Now, by the universal property of DV as an endomorphism object for Upv, this yields an
extension of ¢(V: EY — DY to an algebra map such that (V)" agrees with the composite
(4.3.9). Compatibility with identities and composition can be computed similarly by
considering actions on forgetful functors of module categories.

Proposition 4.3.10. If D is a dualizable coalgebra in C, then the functors
LComodp(C) 22 LModpv (C) LModpv (C) ~2% LComodp(C)
(p-M—->DM)— (p: DY@OM — M) (a: DY@ M — M) —— (a: M - D® M)

of Corollary 4.3.4 and Remark 4.3.7 are equivalences.

Proof. We start by showing that Wpv o &p: LComodp(C) — LComodp(C) is an equiva-
lence. We have a commutative diagram

\I/D\/O@D

LComodp(C) LComodp(C)
o
C
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where Vp is part of a comonadic adjunction Vp - Cp with unit u: Idycomoedy) — Cp Vb
and counit ¢: Vp Cp — Ide. Applying [Lurl7, Corollary 4.7.3.16 and Remark 4.7.3.17],
it will suffice to show that for all X € C, the underlying map of

UW y®p Cp X

Upv®pCp X CpVpUp®pCp X ~CpVpCp X 295 Cp X (4.3.11)
is an equivalence. Now, the underlying map of uy _, #, ¢, x is simply the coaction map of
Upv®p Cp X, which agrees with the coaction map of Cp X as it is given by the “adjoint
of its adjoint”. Therefore, the underlying map of (4.3.11) is equivalent to the composite

Do X 2225 Do Do x 220X e x

which is an indeed equivalence.
By a dual argument, &, o Wpv: LModpv(C) — LComodp(C) is also an equivalence.
Hence ®p and ¥pv are both equivalences. O

Convention 4.3.12. For a dualizable coalgebra D in C, we will from now on implicitly
identify LComodp(C) with LModpv(C) via ®p and Vpv.

Remark 4.3.13. Let (: D — F be a map of dualizable coalgebras in C. Then we have
an adjunction

(€Y,
LModgv(C) 1 LModpv(C)
1395
12 2

LComodg(C) — LComodp(C)

where the lower square commutes (cf. Remark 4.3.8). This yields a left adjoint of (,,
which we, in line with Convention 4.3.12, also denote by (¢V),. Note that left adjoints
obtained this way are compatible with identities and composition of coalgebra maps as
the corresponding right adjoints are.

We have seen that, up to homotopy, the algebra structure on DV is functorial and
®p is natural with respect to coalgebra maps. We expect that this functoriality and
naturality can be made coherent, which we make precise below.

The statement will make use of a duality notion for (co)cartesian fibrations. Recall that
a cartesian fibration p: X — S classifies a functor S°® — Cat,,, which is also classified
by a cocartesian fibration p¥: XV — S°P. An explicit model for (_2\/ can be found in
[BGN18, Definition 3.4]. Alternatively, p can be thought of as (p°?) . Intuitively, this
construction allows us to “take the opposite in the transversal direction without changing
the fibers”.

Conjecture 4.3.14. For every dualizable coalgebra D, the algebra structure on DV

constructed in Corollary 4.3.4 agrees with the opposite of the algebra structure obtained
by transferring the coalgebra structure of D along (—)": C® — Cya.
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Under this identification, the functor ®p: LComodp(C) — LModpv(C) is the fiber of
an equivalence ® that fits into a commutative diagram

I OTe e Yo el (¢ R —— R — » LMod%(C)"
eé(f)dalgl J(Gglfi)v y (4315)

Coalg(Cra) = Alg(Cta™)* W Alg(Ca)™ Tzv* Alg(Ca)™

where (—)' denotes the opposite algebra functor (cf. [Lurl7, Remark 4.1.1.7]). Moreover,
the equivalence ® s strongly monoidal with respect to the monoidal structures induced by
the bifunctor EY x LM® — ES (cf. Fact 1.2.2).

Remark 4.3.16. Compatibilities encoded in Conjecture 4.3.14 include the following.
For a dualizable bialgebra H, it implies that the equivalence ®y: LComody(C) =~
LModgv (C) is strongly monoidal with respect to the monoidal structure of Fact 1.2.9 in the
source and the analogous monoidal structure in the target. Indeed, the former monoidal
structure can be constructed as the pullback of (Hg):lg)@) . LComod“™(C)® — Coalg(Crq)®
along the map h: E® — Coalg(Cy)® that corresponds to H and the latter as the

pullback of ((025)@9)\/ along the composite of h with the lower composite Coalg(Ctq)® —
(Alg(Ceq)®)® of (4.3.15), which, under the equivalence Bialg(Cyy) ~ Coalg(Alg(Crq)) of
Corollary A.0.17, represents a dual bialgebra structure on H".

Moreover, as the lower composite in (4.3.15) maps a coalgebra of the form D ® E™Y
to the algebra DY ® (EY)"™, the conjectural equivalence ® maps (D ® E*)-comodules,
i.e., D-E-bicomodules to DY ® (EY)"V-modules, i.e., DV-E"-bimodules.

We conclude this section with an informal discussion of how Conjecture 4.3.14 could be
used to develop an analogue of equivariant homotopy theory for dualizable Hopf algebras.
Consider a topological group (or more generally, a grouplike E;-space) G and for the
sake of this illustration, assume that C is presentably Es-monoidal. Then G ©¢ 1¢, which
is an algebra (in fact, a Hopf algebra with a homotopy antipode) in C, can be thought
of as a group algebra, and the module category LModge.1.(C) can be thought of as the
oo-category of objects of C with a G-action.

Note that a large portion of (naive) G-equivariant homotopy theory can be formulated
in terms of the bialgebra structure of G ©¢ 1¢. For instance, equipping the tensor
product X ® Y of two G-objects with the diagonal G-action corresponds to their tensor
product with respect to the lift of the monoidal structure of C to LModge,1,(C) obtained
via the dual of Fact 1.2.9. Moreover, restriction of scalars along the augmentation
€coe1e: G Oc 1 — {*} ©¢ 1¢ ~ 1¢ corresponds to equipping an object with a trivial
G-action and extension of scalars along €ge.1, to the homotopy orbits functors.

Now assume that G ©¢ 1¢ is dualizable. This is for example the case when G is a
compact Lie group, and C is the oco-category Sp of spectra (or more generally, a stable
oo-category). There are also groups that are not dualizable in Sp but become such after
a localization, which have been studied under the name of stably dualizable groups (cf.
[Rog08, Part I1}). Then, using the equivalence LModgeo,1.(C) =~ LComod e .1,)v(C) and
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the identification (EG@c1C)V ~ NGoe1e)¥s We can interpret G-homotopy fixed points as
primitives with respect to (G O¢ 1¢)".

This interplay between modules over the group algebra and comodules over its dual is
also crucial for norm maps, whose analogue for general dualizable Hopf algebras with a
homotopy antipode we sketch now. We start with an analogue of homotopy orbits for a
dualizable coalgebra.

Definition 4.3.17. Let np: 1¢ — D be a coaugmented dualizable coalgebra in C.
Remark 4.3.13 implies in particular that Trivp ~ (np), ~ (np¥)" admits a left ad-
joint given by (np"),. We call this left adjoint the coorbits functor and denote it by
Coorbp: LComodp(C) — C.

Now consider the alternate norm map (—)ne — (EFG)")ne ® (=)' of [Rog08, Part
I1, Definition 5.2.7]. The analogue of the inverse dualizing object (($°G)")ng in our
setting is (D ®pv 1¢). The observation that (D ®pv 1¢) ® (—): C — C can be lifted to
LComodp(C) — LComodp(C) as D @pv (—) leads to the following definition.

Construction 4.3.18 (assuming Conjecture 4.3.14). Let np: 1¢ — D be a coaugmented
dualizable coalgebra in C. Note that the composite

Coorbp=~(np"), Trivp~(np")”

LComodp(C) C LComodp(C)

is given by tensoring over DY with the DV-DY bimodule 1.. Now np: 1¢ — D, consid-
ered as a map of D-D-bicomodules and thus of DY-D" bimodules, induces a natural
transformation

TI'iVD COOI‘bD ~ 1(} X pv (—) M} D X pv (—)
Using the adjunction Trivp - Primp, this yields a natural transformation
N’5: Coorbp — Primp(D ®pv (—)),
which we call the alternate conorm transformation.

If we had a suitable theory of a relative cotensor product [Ip, we could define an
analogue of the norm map (XXG)"“ @ (=))he — (=)' of [Rog08, Part II, Defi-
nition 5.2.2] dually as the adjoint Coorbp(DVOp(—)) — Primp of the transforma-
tion DYOp(—) — 1cOp(—) =~ Trivp o Primp induced by the D-D-bicomodule map
np": DY — 1¢. However, as discussed in Remark 1.1.14, we are lacking such a theory
for many of the examples we are interested in.

For a dualizable Hopf algebra H with a homotopy antipode, we expect that one can
circumvent this issue by showing that the twist €5 = H ®pv (—) is invertible and
defining the norm map as N, (€5 (—)).

Indeed, in the case of G-equivariant homotopy theory, the inverse dualizing object
((EFG)")ie is, as the name suggests, @-invertible, and its inverse is (Y°G)" (cf. [Rog08,
Part 11, Theorem 3.3.4]). Hence, at least on the level of underlying twists, one might
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expect that H @pv 1¢ is ®-invertible with inverse Prim, (H"), where the superscript r
indicates primitives with respect to the right coaction.

Now consider the variant of the equivalence C ~ HopfMod(C) of Corollary 4.2.9 for
right Hopf modules. We expect that the right action map pugy¥: HY @ H — H can be
lifted to a right Hopf module structure on H", which would imply that

HY ~ C%(Prim’y (HY)) ~ Prim};, (HY) ® H,

which is an analogue of [Rog08, Part II, Theorem 3.1.4]. Applying (—) ®gv 1¢, this
would yield the desired ®-invertibility result as

le ~ HY ®@pv 1¢ ~ Primy (HY) ® (H Qv 1¢).

A construction of a norm map for cocommutative bialgebras assuming the existence of
such invertible objects was carried out in in [Rak20, Subsection 2.4].

A sufficiently structured correspondence between G-objects and (G O¢ 1¢)"-comodules
would also allow us to make the relationship between Galois and Hopf—Galois extensions
sketched in the introduction precise.

Remark 4.3.19 (cf. [Rog08, Part I, Example 12.1.6]'*). Assume that C is presentably
[Es-monoidal, and let G be a topological group such that G ©¢ 1¢ is dualizable. Let
¢: A — B be a map of algebras with G-action (i.e., algebras in LModge,1,(C)), where
the action on the source is trivial. Let F¢(G, —) be a right adjoint of G ©¢ (—), for
instance (G O¢ 1¢)"” ® (—). Then ¢ is a G-Galois extension in the sense of [Rog08, Part
I, Definition 4.1.3] if the induced map A — B"¢ and the adjoint B ®4 B — F¢(G, B) of

GocB®y B LLLELNY ®4 B £5 B are equivalences.

Assuming that Conjecture 4.3.14 holds, we can transfer ¢ to a (G O¢ 1¢)”-Hopf-Galois
context via the strongly monoidal equivalence LModge.1,(C) =~ LComod e 1.7 (C).
Under this identification, the first map corresponds to the map A — Prim e,y B, 0
the first condition can be viewed as a primitives condition. Moreover, the second map
can be identified with the shear map

(Gocle)®up
5

B®a B 22245 (G oe10)' @ B®a B B,

so the second condition can be viewed as a normal basis condition. This means that
¢ is a Galois extension if and only if its image in LComod ¢s,1,)v(C) is a Hopf-Galois
extension.

15Note however, the cited example assumes that dual group algebras in EKMM spectra can be rigidified,
which is unlikely for non-abelian groups in light of [PS18, Theorem 1.1], which says that all comodules
in EKMM spectra are cocommutative.
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5. Hopf-Galois extensions of commutative algebras

Recall that by [Lurl7, Proposition 3.2.4.7], the tensor product of commutative algebras
in a symmetric monoidal co-category is a coproduct in the oo-category of commutative
algebras. In this section, we employ this fact to study Hopf-Galois extensions of
commutative algebras more closely.

Convention 5.0.1. Throughout this section, we work with a symmetric monoidal
oo-category C.

Due to the cocartesianness of the symmetric monoidal structure of CAlg(C), it will
be more convenient to consider coalgebraic structures in CAlg(C) instead of algebraic
structures in coalgebra or comodule categories.

Convention 5.0.2. In this section, our preferred model for the co-category of commuta-
tive bialgebras in C will be Coalg(CAlg(C)), which is equivalent to CAlg(Coalg(C)) used
in Definition 1.2.7 by Corollary A.0.17.

Similarly, we will work with LComod(CAlg(C)) instead of CAlg(LComod(C)) and
given H € Coalg(CAlg(C)) ~ Alg(CAlg(C)), with LComody(CAlg(C)) instead of
CAlg(LComody(C)) by employing the equivalences of Example A.0.18.

5.1. Overview of cosimplicial models

Coalgebras and comodules in cocartesian symmetric monoidal categories (such as
CAlg(C)) can be identified with cosimplicial objects that satisfy certain “dual Segal
conditions”.

Before we describe these “cosimplicial models”, let us first informally review the
general machinery that is used to construct such models.. We discuss the dual case
of algebraic structures, i.e., algebras over an oo-operad O, in a cartesian symmetric
monoidal co-category D to avoid cluttering the notation with fiberwise opposites.

e [Lurl7, Definition 2.4.2.1] An O-monoid in D is a functor M : O® — D such that for
every 01,...,0, € O%, a certain comparison map M(o; & ... @ o,) — [T, M(o;)
is an equivalence. Let Monp(C) denote the full subcategory of Fun(O®,C) spanned
by O-monoids.

o [Lurl?, Proposition 2.4.1.7] Let D* — Fin, be the cocartesian fibration encod-
ing the cartesian symmetric monoidal structure of D and 7: D* — D be the
functor that sends a tuple (D1,...,D,) € D, to [[;_; D;. Then the functor
7o (=): Fun(O0%®,D*) — Fun(O%, D) restricts to an equivalence Algy p_(C) =~
Mone(C).

o [Lurl7, Definition 2.4.2.8 and Proposition 2.4.2.11] This “monoid model” can be
simplified further if we have a suitable weak approzimation f: &€ — O% to O in the
sense of [Lurl7, Definition 2.3.3.6]. In that case, (=) o f: Monp(D) — Fun(€, D)
is fully faithful and its image can be described in terms of certain “Segal-type
conditions”.
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In [Lurl7, Construction 4.1.2.9], a weak approximation A°" — E{ is constructed,
which yields the following.

Fact 5.1.1 ([Lurl7, Definition 4.1.2.5 and Proposition 4.1.2.10]). The oco-category
CBialg(C) ~ Coalg(CAlg(C)) is equivalent to the full subcategory of Fun(A, CAlg(C))
spanned by cosimplicial objects $ such that for every n € N, the coface maps

(B — 1,3 2202 6 () bcicn

exhibit $([n]) as a coproduct of {H({i — 1,i}) }r<i<n. We will refer to this condition as
the dual Segal condition and objects satisfying it as comonoid objects.

Under this identification, the forgetful functor CBialg(C) — CAlg(C) corresponds to
evaluation at [1] € A.

Notation 5.1.2. When a commutative algebra H in C underlies a commutative bialgebra,
we will denote the corresponding cosimplicial commutative algebra by Q3%,: A — CAlg(C).

Remark 5.1.3. Let H be a commutative bialgebra in C. Unpacking the weak approxi-
mation A% — EY of [Lurl7, Construction 4.1.2.9], we see that the coalgebra structure of
H is encoded in Q3 as follows. First we note that for all n € N, we have Q}, ~ H®" by
the dual Segal condition. Under this identification, the codegeneracy map s’ is given by

Q! ~ HY @ H @ HOW—) HZCnelT 0, pren o o

As for coface maps, d° is given by

nE@H®M =1
e

it~ 1, @ HEY HE" ~ Q1

d" by
Qi ~ gD @ 1, HE D@, pren o
and d* for 0 < i < n by

®(i—1 ®(n—i—1
HOU-DQAyH®Mn—i )\

Oyt~ HP Y @ H@ HO Y HE™ ~ Q.

Moreover, the cosimplicial identities encode the coassociativity and the counitality of the
coalgebra structure.

Lemma 5.1.4. Let K be a simplicial set such that CAlg(C) admits colimits of diagrams of
shape K. Using the equivalence of Fact 5.1.1, we view as Coalg(CAlg(C)) a full subcategory
of Fun(A, CAlg(C)). Then Coalg(CAlg(C)) is closed under colimits of diagrams of shape
K in Fun(A, CAlg(C)).

Proof. Let f: K — Coalg(CAlg(C)) be a diagram and f: K — Fun(A, CAlg(C)) its
composite with the “inclusion” Coalg(CAlg(C)) — Fun(A, CAlg(C)). Now colimg f €
Fun(A, CAlg(C)) satisfies the dual Segal condition because each f(k) for k € K satisfies
the dual Segal condition and colimits commute with colimits, so we indeed have colimg f €
Coalg(CAlg(C)). O
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In [Lurl7, Remark 4.2.2.8], a weak approximation A% x [1] — LM® is constructed,
which yields a cosimplicial model for comodules. For the sake of notational convenience,
we consider [1] x A°P instead of A°P X [1] that appears there and identify ([1] x A°)% ~
[1]°" x A with [1] x A.

Fact 5.1.5 ([Lurl7, Definition 4.2.2.2 and Proposition 4.2.2.9]). LComod(CAlg(C)) s
equivalent to the full subcategory of Fun([1] x A, CAlg(C)) spanned by B such that

. sB|{O}><A is a comonoid object (i.e., encodes a commutative bialgebra in the sense
of the cosimplicial description of Fact 5.1.1),

o for all n € N, the maps B(0,[n]) — B(1,[n]) and B(1,0 — n): B(1,[0]) —
B(1,[n]) exhibit B(1,[n]) as a coproduct of B(0, [n]) and B(1,[0]).

We will refer to this condition as the left coaction condition.
This identification yields a commutative diagram

Coalg(CAlg(C)) «——— LComod(CAlg(C))
J [
/

€V(1,[0])

CAlg(c) »  (5-1.6)
Fun(A, CAlg(C)) «+— Fun([1] x A, CAlg(C))

(A{0}x A—[1]xA)*
where 0 forgets and < picks the object being coacted on, and the vertical arrows are
equivalences onto the full subcategories of comonoid and left coaction objects, respectively.

Notation 5.1.7. Let B be a commutative algebra in C equipped with a coaction of a
commutative bialgebra H in C. We will depict the functor [1] x A — CAlg(C) witnessing
the coaction as a map (g 1 Q3 — Qy(B) of cosimplicial commutative algebras.

Remark 5.1.8. Let B be a commutative algebra in C equipped with a coaction of a
commutative bialgebra H in C. Unpacking the weak approximation A°P x [1] — LM®
of [Lurl7, Remark 4.2.2.8], we see that Q%,(B) encodes the coaction of H on B as follows.
For all n € N, we have Q% (B) ~ Q% ® B ~ H®" ® B by the left coaction condition.
Under this identification, the coface map d" is given by

H®(nDgpp
_—

Q-Y(B)~ H*" Y B H®" @ B ~ Q% (B).

The other coface maps and the codegeneracy maps are given by tensoring the respective
maps of QY with B.

It is not a coincidence that the coface and codegeneracy maps of 23, (B) are reminiscent
of those of the cobar resolutions of Definition 1.3.8. Indeed, unpacking the definitions,
Lurie’s version of cobar construction R} (B),: A, — CAlg(C) from [Lurl7, Example
4.7.2.7] can be identified as the restriction of %,;(B) along the functor A, — A that
forgets the distinction of the bottom element. In Construction 5.1.17, we will construct
a version of cobar resolutions that is “internal to the cosimplicial models” and also has
this property, and see in Remark 5.1.23 that Q$,(B) can be identified with the two sided
cobar construction Q% (1¢, B) when working with these cobar resolutions.
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Notation 5.1.9. Note that in the cosimplicial context of Fact 5.1.5, a morphism in
LComod(CAlg(C)) corresponds to a commutative square

s | [F50 (5.1.10)
%, (B) — (B

of cosimplicial commutative algebras, where £* corresponds to a map of commutative
bialgebras with underlying commutative algebra map ¢ = &': H — H’ by virtue of
Fact 5.1.1 and ¢ :== ¢": B — B’ is a map of commutative algebras.

We will informally denote such a morphism as (£°,¢°%): (H,B) — (H', B').

Remark 5.1.11. Let H be a commutative bialgebra in C. Considering the fiber of
(A ={0} x A= [1] x A)": Fun([1]xA, CAlg(C)) — Fun(A, CAlg(C)) over Q};, we see
that in the cosimplicial model of Fact 5.1.5, morphisms in LComody (CAlg(C)) correspond
to commutative squares of the form (5.1.10) where £* is Idgs . Alternatively, as the afore-
mentioned functor corresponds to evy: Fun([1], Fun(A, CAlg(C))) — Fun(A, CAlg(C)),
LComody (CAlg(C)) can be viewed as the full subcategory of Fun(A, CAlg(C))as
spanned by the objects of the form 1y 5: Q3 — Qy(B).

Next, we give explicit descriptions of various constructions for comodule algebras in
the cosimplicial model.

Lemma 5.1.12. Assume that C admits geometric realizations and that the tensor product
preserves geometric realizations in each variable. Let &: H — H' be a map of commutative
bialgebras in C and B a commutative H-comodule algebra.

Then, in the cosimplicial description of Fact 5.1.5, the pushout square

Qy —S
”l J . (5.1.13)
r

Qy(B) —— 7

of simplicial commutative algebras corresponds to a cocartesian lift of & along the forgetful
functor 6: LComod(CAlg(C)) — Coalg(CAlg(C)). In particular, the right vertical arrow,
which we denote by vy 2 Oy — Qi (B), can be identified with &, B.

Proof. Note that by [Lur09, Lemma 6.1.1.1], cartesian arrows with respect to the functor
evo: Fun([1], Fun(A, CAlg(C))) — Fun(A, CAlg(C)) correspond to such pushout squares.
Hence, as evy “restricts to 6" (cf. the diagram (5.1.6)), it is enough to show that the right
arrow in (5.1.13) lies in the full subcategory that corresponds to LComod(CAlg(C)), i.e.,
that it satisfies the left coaction condition. This is the case because i3 g: Q3 — Qy(B)
satisfies the left coaction condition and colimits commute with colimits. ]

The following combinatorial constructions will be needed while dealing with cofree
comodule algebras and cobar resolutions.
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Construction 5.1.14. Let X*: A — D be a cosimplicial object and Y?: AL — D a
coaugmented cosimplicial object in an oo-category. Consider the ordinal sum functor
*: Ay x AL — Ay, which sends ([k],[]]) € Ay x A to [k + 1+ 1]. We denote its
various restrictions to A, A+ and A also by .

For ¢ € N, we will denote the cosimplicial object given by precomposing X*® with
(—)*[g—1]: A — A informally also by X**%, and use the notation Y™ for the analogous
construction for Y.

Now let ¢ > 1. Then (=) * [¢ — 1] can be viewed as a functor A, — A, meaning that
X**1 can be extended to a coaugmented cosimplicial object A, — D. Unpacking the
constructions, we see that its coaugmentation map X9t — X™%4 at the m-th level is
induced by the map [¢ — 1] — [m] x [¢ — 1] = [m + ¢] that maps the ¢ elements of [¢ — 1]
to the last g elements of [m + ¢| in order.

Moreover, for a map §: [k] — [I] in A4, the map fxId,_y): [k]*x[g—1] = [I]*x[¢—1] maps
the top ¢ elements to the top g elements in order. This means that (—)x[¢g—1]: A, — A
can be factored as

A+ (_)*[q_l] A

add disjoint Tl Tforget distinction of T -

AT S AT

Therefore, X**7: A, — D can be extended to a (right) split coaugmented cosimplicial
object A+ — D.

Similarly, for ¢ > 1, [g—1]*(—): A4 — A factors through [¢—2]x(—): AL — A, and
Xla=1** admits a (left) split coaugmentation by X! whose m-th level X971 — Xa+m jg
induced by the map [q] — [¢ — 1] x [m] = [¢ + m] that maps the elements of [¢ — 1] to
the first elements of [¢ + m] in order.

Moreover, note that for every map §: [k] — [I] in A, we have a commutative diagram

6k+1

k] =— [k + 1]

Bl lﬁ*[ﬂ] :

] —— [l +1]

5l+1

which yields a natural transformation 6***: Ida, — (=) * 0], hence natural transforma-
tions d*T1: X* — X**l and ¢**1: Y — VT

We now generalize [Lurl7, Example 4.2.2.4] to a description of cofree comodule algebras.

Lemma 5.1.15. Let H be a commutative bialgebra in C. Then, in the cosimplicial
description of Fact 5.1.5, the cofree functor Cy: CAlg(C) — LComodg(CAlg(C)) corre-
sponds to the functor that sends A € CAlg(C) to dgt! @ na: Qy — Q' @ A.

Proof. First we show that d;ill ® n4 satisfies the left coaction condition, so that we

obtain a well-defined functor C': CAlg(C) — LComodg(CAlg(C)). When considered as
a functor [1] x A — CAlg(C), d&;! @ na maps (0, [n]) — (1, [n]) to the map

dn+1®77A2H®n®77H®77A3H®n—>H®n®H®A
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and (1, 3) :== (1,0 — n) to
Q?[O}®A2(UH)®"®H®A:H®A—>H®H®H®Av

as 3 is the composite of “n 6°’s”. These two maps do exhibit their target as their
coproduct.

In order to identify C’ with Cp, we show that the former is also a right adjoint of the
forgetful functor Vy: LComody(CAlg(C)) — CAlg(C), which maps Q3, — Q¥ (B) to
0Y%(B) ~ B. We define the counit ¢ to be the transformation whose value at A € CAlg(C)
is given by ey ® A: Vg(C'(A)) ~ H® A — A.

In order to define the unit, consider a commutative H-comodule algebra t3; p: Q3 —
Q%,(B). Note that the cosimplicial map

E QY HECHD HECSs, et o B ~ 3 (B)
and the coaugmentation
®(o+1)
Q% CH0(BY: 0 (B) ~ B TR, et o g~ 0 (B)

exhibit the target as the coproduct Q%' ® B. Hence we have a commutative diagram

L;-I,B
Q3(B)
o1
ldQH(B)
ds.zH L;{+é
Q3 —1 Qe P O%HY(B) . (5.1.16)
o1 O—(o+1)
~| . e O(L R0 B)
. Q.—i—l B
dg, ®np H ©

Composing in the vertical direction, this yields a natural map ¢y 5 — d;;;l X np ~
C'(Vi(t3 ), which we take to be the value of the unit transformation u at ¢§; p: Q3 —
0%(B).

Now the triangle identity for Vg holds because the composite

VH('U«LO )ZVH(dL.;’lB)EdlZpB CVH(L;IB)EGH®B

Vu(typ) ~ B ne s H® B

is the identity and the triangle identity for C’ holds because the composite

~q0 1l ge+2 ~ .
uC,<A)_dé,(A)_d5‘)H ®RA~H®O*QAF®A

C'(A) ~ H®*D @ A » H®(12) @ A

C’(cA):H®('+1>®€H®A\
N

H®CH) @ A~ C'(A)

is the identity. |
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Construction 5.1.17. Let H be a commutative bialgebra. We now construct a cobar
resolution system for H in the sense of Definition 1.3.8 using the description of cofree
H-comodule algebras discussed in Lemma 5.1.15 (and its proof), which will be our
preferred model of cobar resolutions for commutative comodule algebras.

Informally, this new model of the cobar resolution of a commutative H-comodule
algebra 1y g1 Q3 — Q¥ (B) can be depicted as

L;—I’Bl dwu;{’BJ d-+2d-+1b;{’BJ e ldwgdwzd.ﬂb;{ﬁ 7 (5.1'18)
— dc+1 - . Sl'+1 j
V4(B) =15 Q31 (B) coett = O3 (B) — 25 037%(B)
—det2 = ogot2 —
— det+3 7

where we think of the horizontal maps as defining a coaugmented cosimplicial object R
in Fun([1] x A, CAlg(C)).

Note that we can identify each column Q% — Q%™ (B) with (Cy V)*(B) by iterating
the equivalence Q3 (B) ~ Q% ® B depicted in (5.1.16), so R, can be viewed as a
coaugmented cosimplicial commutative H-comodule algebra. Moreover, unpacking the
construction of the unit and counit maps of the adjunction Vg 4 Cg from the proof
of Lemma 5.1.15, one sees that the coface and codegeneracy maps of this coaugmented
cosimplicial object are indeed the ones expected from a cobar resolution.

In order to implement this idea, we first consider the functors Fy, F1: A x A — [1]x A
given by Fo([k], [n]) = (0, [n]) and Fi([k], [n]) = (1, [n] x [k]) for all [k] € Ay and [n] € A.
There is a natural transformation Fy — F; whose component at ([k],[n]) € Ay x A'is
given by (0 — 1, [n] < [n]*[k]), which gives rise to a functor F': Ay x [1] x A — [1] X A.

Precomposition with F' induces a functor

F*: Fun([1] x A, CAlg(C)) — Fun(A; x [1] x A, CAlg(C)),

which sends «}; g Qy — Q(B) to a coaugmented cosimplicial object of the form (5.1.18).
By the description of the levels of this coaugmented cosimplicial object (i.e., columns
of (5.1.18)) discussed above, F*(ty 5) factors through the full subcategory of objects
satisfying the left coaction condition, so F* can be restricted to a functor

Ry (—)4: LComody (CAlg(C)) — Fun(A ., LComody (CAlg(C))),

whose levels, face and degeneracy maps are those expected from a cobar resolution.

We move on to proving the remaining resolution properties. Consider the lower
row of (5.1.18) as a functor X: A, x A — CAlg(C), which is given by ([k],[n]) —
QM (B). Note that the n-th row of X is QI**(B), which can be extend to a (left) split
coaugmented object because, as discussed at the end of Construction 5.1.14, the functor
[n]x(=): A, — A can be extended to a functor A} — A.

Note that these row-wise splittings are not compatible with each other for varying n
because x: A, X A — A cannot be extended “globally” to a functor A} x A — A.
However, the existence of levelwise splittings does mean that R;{(B)Jr defined above is
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a limiting cone because limits in functor categories are computed pointwise (and the
“Q%,-component”, which is constant, is evidently also split).

Now consider Vy oR}(B),, which is simply the 0-th row of X, i.e., QU**(B). As
discussed above, it admits a splitting (that is natural in B). Hence we obtain a
functor Ry;(—)1: LComody(CAlg(C)) — Fun(A 1, CAlg(C)) such that Ry(—)1[a, =~

Vi oﬁ;l(_)-l-'

We conclude this subsection with cosimplicial descriptions of trivial coactions and
primitives.

Lemma 5.1.19. In the cosimplicial description of Fact 5.1.5, an object of the oo-category
Fun([1] x A, CAlg(C)) is equivalent to one in LComod;,(CAlg(C)) if and only if it is

equivalent to one of the form const,,: const;, — consty for some A € CAlg(C).

Proof. Note that consty, is an initial object of Fun(A, CAlg(C)) and satisfies the dual
Segal condition, so by Lemma 5.1.4, it is an initial object of Coalg(CAlg(C)), which is
indeed the commutative bialgebra structure on 1o we consider.

Now let A € CAlg(C). Then, asna: 1¢ — Aand Ids: A — A exhibit A as a coproduct
of 1¢ and A, const,, : constq, — consty satisfies the left coaction condition, i.e., lies in
LComod;,(CAlg(C)). Moreover, the underlying commutative algebra of const,,, i.e., its
evaluation at (1,[0]) € [1] x A is A.

Hence A — const,,, yields a section of the forgetful functor LComod,,(CAlg(C)) —
CAlg(C) and is thus an equivalence as the forgetful functor is. O

na»

Corollary 5.1.20. Let H be a commutative bialgebra in C. Then, in the cosimplicial de-
scription of Fact 5.1.5, the functor Trivy: CAlg(C) — LComody (CAlg(C)) corresponds
to the functor that sends A € CAlg(C) to QY @na: QY — QY @ A.

Proof. Consider the equivalence CAlg(C) ~ LComod;,.(CAlg(C)), under which A cor-
responds to const,,: const;, — consty by Lemma 5.1.19 and thus Trivyg A corre-
sponds to (ng),(const,,). Now, by Lemma 5.1.12, (ng),(const,,) is given by the
pushout of const,, : const;, — const, along 7y : consty, — 0%, which is equivalent to
QY @na: Oy — QY @ A O

Lemma 5.1.21. Let H be a commutative bialgebra in C. Assume that CAlg(C) admits
limits of cosimplicial objects. Then, in the cosimplicial description of Fact 5.1.5, the
primitives functor Primyg: LComodg(CAlg(C)) — CAlg(C) corresponds to the functor
sending QY — Q% (B) to lima Q%(B).

Proof. As Primy is a right adjoint of Trivy, it will suffice to show that the functor
sending QY — Q% (B) to lima Q%,(B) is also a right adjoint of Trivy.

Let A € CAlg(C) and B € LComody(CAlg(C)). Then, by Corollary 5.1.20, Trivy A is
given by Q% ®na: Q3 — Q% ® A. Moreover, identifying LComody (CAlg(C)) with a full
subcategory of Fun(A, Coalg(C))qs ; as discussed in Remark 5.1.11, we see that a map
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¢: Trivg A — B corresponds to a map ¢*: Q} ® A — Q% (B) such that ¢®o (QY ®@n4) ~
vy p- Depicting Q% ® A as a pushout, every such ¢*® yields commutative diagram

TH . .
consty, ——— QY ———= QY

constnAJ( - lQL@WA J{L;{,B .

const 4 had 0y A — Q% (B)

Translating this description to mapping spaces, we obtain a commutative diagram?!®

. . o (ny®A)* R
MachomodH(CAlg(C))(T“VH A, B) —— [Qy ® A, Qy(B)) - [const 4, Q3 (B)]
l - (Qh@ﬂA)*l - l(constnA)* .
o 923, 3 (B)] — 5o eonsta,., Q(B)

Note that the left square is a pullback square by the aforementioned description of
LComody(CAlg(C)) as the full subcategory of a coslice category. Moreover, the right
square is a pullback square by the universal property of 23, ® A as a pushout. Hence the
composite square is also a pullback square. Now, Mapg,,(a calg(c)) (consta., 2y (B)) =~
{*} by the initiality of constq,, implying that the composite of the upper horizontal
arrows is in fact an equivalence as the lower composite is.

Hence we obtain natural equivalences

Mapr comody (calg(c)) (Trive A, B) =~ Mappy,(a calg(e)) (consta, Q3 (B))
= MapCAlg(C) (A> hgn Q}I(B))v

which yields the desired adjunction. O

Example 5.1.22. Let H be a commutative bialgebra and A a commutative algebra in C.
Then, by Lemma 5.1.15, Q%,(Cy(A)) ~ Q%' ® A. As discussed in Construction 5.1.14,
this cosimplicial object admits a split coaugmentation by Q% ® A ~ 1, ® A ~ A, implying
that Primy (Cy(A)) ~ lima(Q3' @ A) ~ A as expected.

Remark 5.1.23. Let B be a commutative algebra in C on which a commutative
bialgebra H coacts. Note that, with respect to the version of the cobar resolution from
Construction 5.1.17, the two sided cobar construction 23;(1¢, B) can be computed as

. ) ~e 5.1.21 .. ~e n 9117 . n)xe
Q% (1c, B) = Primy oRy(B) "= [}jlenARH(B) =~ [}L%IQAQ[H] (B).

Now consider the bicosimplicial object ([%],[n]) Q[Hn]*[k](B). Analogous to the

coaugmentation in the horizontal direction discussed in Construction 5.1.17, its k-th
column Q?I;[k] (B) is equipped with a (right) split coaugmentation by Q% (B) obtained using
the extension of (—)x[k]: A, — A to a functor A+ — A discussed in Construction 5.1.14.
This exhibits each Qf;(B) as the limit limp,jea Q[g]*[k] (B) and hence yields an equivalence
0% (1¢, B) =~ Q% (B).

'"Here we use [—, —] instead of Mapp,,a,caig(c))(— —) to save space.

79



5.2. Relative Hopf—Galois contexts

Convention 5.2.1. For the rest of this section, we assume that C admits geometric
realizations of simplicial objects and limits of cosimplicial objects, and that the tensor
product preserves geometric realizations in each variable.

Note that, by [Lurl7, Corollaries 3.2.2.5 and 3.2.3.2|, these assumptions imply that
CAlg(C) also admits limits of cosimplicial objects and geometric realizations of simplicial
objects, and that these limits and colimits can be computed in C.

In this subsection, we introduce a relative variant of Hopf-Galois contexts for commu-
tative algebras. Even though it will not be important for the results of this thesis, the

relative perspective is crucial when one compares Hopf-Galois-extensions over different
bialgebras (cf. [Karl4, Chapter 4]).

Definition 5.2.2. A relative Hopf-Galois context of commutative algebras is a morphism
in LComod(CAlg(C)).

Note that the datum of a relative Hopf-Galois context (v*,¢*): (K, A) — (H, B) of
commutative algebras is equivalent to that of a map v: K — H of commutative bialgebras
and a map ¢: v(A) — B of commutative H-comodule algebras. In [BH18, Section
3], the point-set analogue of this kind of datum is used to define relative Hopf-Galois
extensions, which transfer to our setting below.

We could have defined relative Hopf—Galois contexts also in the non-commutative
setting as morphisms in LComod(Alg(C)) ~ Alg(LComod(C)). However, we refrained
from working in this more general setup because even our most basic constructions for
relative Hopf-Galois contexts such as Definition 5.2.9 rely on the cocartesian symmetric
monoidal structure on CAlg(C). We nevertheless expect that most of the constructions
of [BH18, Section 3] can be transferred to the non-commutative setting as well.

Remark 5.2.3. Since the unit map ngy: 1¢ — H of a commutative bialgebra H is
the unique map of commutative bialgebras it receives from 1., a relative Hopf—Galois
context of commutative algebras of the form (1¢, A) — (H, B) is uniquely determined
by a morphism (ny), (A) >~ Trivg(A) — B of commutative H-comodule algebras. The
underlying H-comodule algebra map of such a map yields an H-Hopf-Galois context
in the sense of Definition 3.1.1, but in general this notion is stronger as it requires an
“H-coaction via E.,-maps”.

For example, given a map f: X — Pic(C) of Ey-spaces, X O¢ 1¢ is a commutative
bialgebra and the Thom context Trivxe.1.(1c) — M(f) of Example 3.1.3 can be upgraded
to such a map of commutative (X ©¢ 1¢)-comodule algebras.

Example 5.2.4. Let v: K — H be a map of commutative bialgebras and A a commu-
tative algebra. Then we have a commutative diagram

° Y L]
%
QK QH
o+1 o+1
Ao ®77Al ldQH Qna -

o+1 o+1
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Note that, by Lemma 5.1.15, the vertical arrows can be identified with Cx(A) and Cy(A),
respectively. Hence this diagram depicts a relative Hopf—Galois context (K, K ® A) —
(H, H® A) of commutative algebras which can be thought of as a relative and commutative
version of normal basis contexts of Example 3.1.2.

The primitives condition in the relative setting involves primitives of both the source
and the target.

Definition 5.2.5. We say that a relative Hopf-Galois context (7, ¢*): (K, A) — (H, B)
of commutative algebras satisfies the primitives condition if the induced map
5.1.21 5.1.21

ligngp': lignQ;((A) ~" Primg(A) — Primy(B) =~ hgnQ}{(B) (5.2.6)

is an equivalence.

Remark 5.2.7. Let (n3,¢%): (1¢, A) — (H, B) be a relative Hopf-Galois context of
commutative algebras. Then the map (5.2.6) agrees with the map A — Primg(B)
adjoint to the map Trivy(A) — B induced by (0}, ¢*). Therefore, (03, ¢®) satisfies
the primitives condition in the sense of Definition 5.2.5 if and only if the associated
H-Hopf—-Galois context satisfies the primitives condition in the sense of Definition 3.1.5.

Example 5.2.8. Consider a relative normal basis context (v*,7*"' @ A): (K, K ® A) —
(H,H ® A) as discussed in Example 5.2.4. As in the absolute case (cf. Example 3.1.6),
such a context always satisfies the primitives condition. In fact, by virtue of the split
coaugmentations Q0 "tV 1, — Q% and QU7 1, — Q% of Construction 5.1.14,
lima (7*™ @ A) can be identified with 7° ® A ~1d;, ®A: 1c ® A — 1c ® A.

Next, we would like to define a variant of the shear map in the relative setting. Recall
that for an H-Hopf-Galois context Trivy(A) — B, we needed the triviality of the
H-coaction on A in order to have a well-defined map pz ®4 B: B&®s B — H® B®4 B,
which is the first factor of the shear map (cf. Footnote 10 on page 51). Therefore, in
order to construct a shear map for a relative Hopf—Galois context, we first “trivialize”
the coaction on the source.

Definition 5.2.9. For a map v: K — H of commutative bialgebras, we define Cof(y) =
H ® 1¢, which is a pushout H g 1 in CAlg(C). Using Lemma 5.1.4, we equip it with
the commutative bialgebra structure witnessed by the pushout Qg Ilgs Q5. (computed
in Fun(A, CAlg(C))). Let 75: Q3 — Q) denote the quotient map.

Construction 5.2.10. Let (v°,¢*): (K, A) — (H, B) be a relative Hopf-Galois context
of commutative algebras. Consider the commutative cube

~ i

01, Qot()

: (5.2.11)
5 (A)

T Q3 (B)
"

0 (A) ————— Qo

(B)

7)
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where all the faces except for the front and the back are pushout squares, and the left and
right squares witness corestrictions of scalars by Lemma 5.1.12. We denote the coaction
map Qcof )(B): Qot()(B) = B — Cof(7) @ B = Qgop) (B) by 7.

Now Q’ (A) is a constant cosimplicial object by Lemma 5.1.19, so the lower front
arrow const a =03, (A) = Q244 (B) yields a coaugmentation of the cosimplicial object

Doty by A, L., a functor Q¢ (B)+: Ap — CAlg(C) such that Qaéf(v)(B)Jr ~
A and Q'Cofm(B)JA ~ Q%,¢(,)(B). Moreover, under these identifications, the map
Q‘éoof(w)(B)Jr: Qaéf(v)(B)Jr — Qg (B) corresponds to the map A — Q¢ (B) ~ B
induced by the lower front arrow, i.e., to ¢.

Definition 5.2.12. Let (7*,¢*): (K, A) — (H, B) be a relative Hopf-Galois context of
commutative algebras. We define the associated shear map to be the composite

Cof(v) ® B,

which is a morphism of commutative algebras as the coaction map pg: B — Cof(v) ® B
and the multiplication map ug: B ®4 B — B are.

Remark 5.2.13. Note that for a relative Hopf-Galois context (v*,¢*): (K, A) — (H, B),
the underlying map of the shear map sh(,e ,¢) of Definition 5.2.12 agrees with the shear
map of Definition 3.1.7 associated to the Cof(v)-Hopf-Galois context Triveee(y)(A) = B
witnessed by the front face in the diagram (5.2.11) of Construction 5.2.10.

Lemma 5.2.14. Let (v*,¢%): (K,A) — (H, B) be a relative Hopf-Galois context of
commutative algebras. Consider the commutative diagram

P®aB

shiye ooyt B @4 B 22245, Cof(y) @ B @, B <2208,

A—* B
% lpB (5.2.15)

BncT(w)@BCOf( v) ® B

obtained by applying Q&z.\(B)+ to the identity §°0° = §'6°: [=1] — [0]. Then the
associated map B @4 B — Cof(y) ® B induced by the universal property of B ®4 B as a
pushout of commutative algebras agrees with the shear map shye ,oy of Definition 5.2.12.

Proof. By the universal property of the pushout, it is enough to check that the restriction
of shye o) B®a B — Cof () ® B along the first and the second factor coincides with pp
and o) ® B, respectively. This is indeed the case, as witnessed by the commutativity
of the diagram

B _

P ® [¢2)
BWYWA
B® AQDJ/

B ®A B BT> COf( ) X B ®A BCOf( = BCOf(’}/) ® B -

PRaB
NCot(7)®vp® 4 B
B NCof(v)®B
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Definition 5.2.16. We say that a relative Hopf-Galois context (7, ¢*): (K, A) — (H, B)
of commutative algebras satisfies the normal basis condition if sh(ye jey: B ®4 B —
Cof(v) ® B is an equivalence.

Remark 5.2.17. Let (03, ¢*): (1¢, A) — (H, B) be a relative Hopf-Galois context of
commutative algebras. Then Cof(ny) ~ H ®1, 1¢ ~ H and Sh(n;pso‘): BosB— H®B
agrees with the shear map of the associated H-Hopf-Galois context. Therefore, (n3, ¢*)
satisfies the normal basis condition in the sense of Definition 5.2.16 if and only if the
associated H-Hopf-Galois context satisfies the normal basis condition in the sense of
Definition 3.1.8.

Example 5.2.18. Consider a relative normal basis context (v*,7* ™' @ A): (K, K® A) —

(H,H ® A) as discussed in Example 5.2.4. Then the square (5.2.15) of Lemma 5.2.14 is
of the form

KoA—"" . oA
lan®A
TRA HoH®A )
|meH®A
H®A —— Cof(y) @ H® A
TNCof (v )R HR A
i.e., given by tensoring the corresponding square for the relative Hopf-Galois context
(v*,7*™): (K,K) — (H,H) by A. As (—)®A preserves colimits of commutative algebras,
Lemma 5.2.14 implies that sh(ys jet154) can be identified with sh(ye jet1) @A,
Therefore, as in Example 3.1.9, (7°*,7**! @ A) satisfies the normal basis condition if
(7*,7*"1) does. A bialgebra map v: K — H satisfying this condition is called a relative
Hopf algebra.

Definition 5.2.19. A relative Hopf-Galois context (7°,¢*): (K, A) — (H, B) of com-
mutative algebras which satisfies both the primitives and the normal basis condition (i.e.,
one for which lima ¢*: Primg(A) — Primg(B) and shye yo): B ®4 B — Cof(y) ® B
are equivalences) is called a relative Hopf-Galois extension of commutative algebras.

5.3. Another structured shear map

In this subsection, we discuss an extension of the shear map B ®4 B — Cof(v) ® B
associated to a relative Hopf-Galois context (v*,¢*): (K, A) — (H, B) to a cosimplicial
map C*(p) = Q2s,)(B) and its consequences. This extension is essentially equivalent
to the structured shear map of Subsection 3.2, but its construction is arguably simpler.

Remark 5.3.1. By [Lurl7, Corollary 2.4.3.10], the forgetful functor CAlg(CAlg(C)) —
CAlg(C) is a (strongly symmetric monoidal) equivalence. Hence we can view a morphism
¥ in CAlg(C) as a morphism in CAlg(CAlg(C)) and thus its coaugmented Amitsur
complex as a functor C%(¢): A, — CAlg(C). We will use this variant of C% (1)
throughout the remainder of this section.

83



In order to construct such a cosimplicial map, we will interpret the Amitsur complex
C*(¢)) of a map 1: R — S of commutative algebras as a “dual Cech nerve”. Indeed,
writing Spec T for the object of CAlg(C)® corresponding to T' € CAlg(C), C'(¢)) ~ S®rS
corresponds to Spec S Xgpee g Spec S, C* (1) ~ S ®p S ®p S to a “triple self-intersection”
etc. In fact, when studying descent for commutative algebras, one usually defines the
Amitsur complex as such a dual Cech nerve (cf. [Lurll, Proposition 5.7] and [GL21, text
between Propositions 6.4 and 6.5]), but we proceed by relating our existing notions to
the ones used in the aforementioned references.

The idea of a dual Cech nerve can be formalized as follows (cf. [Lur09, discussion after
Proposition 6.1.2.11]).

Lemma 5.3.2. Let ¢: R — S be a map of commutative algebras in C. Then the
coaugmented Amitsur complex C%(¢): A, — CAIg(C) is the left Kan extension of its
restriction to AS" = [1] (which is given by ¢: R — S).

Proof. We verify the conditions of [Lur09, Proposition 6.1.2.11]. We need to show that
d®,d': C(¢p) — Cl(v) exhibit C'(¢)) as the pushout of d°: C~1(¢)) — C°(¢)) along
itself, which is indeed the case because

_ ¥ g

JS@Rw
®r S

=y

<
«——

n

YRS S

is a pushout square in CAlg(C). Moreover, we need to show that for all m,n € N,
Clml=mnl (1)) and CIM=Imn (1)) exhibit CM*ml()) as a pushout of C*?"*+1(v)) along
COmF1(4))), which follows from the fact that

Rpn
VIRTERS | g@R(ntl)

S
S®R¢®RMJ J(5®R(n+1)®Rw®Rm

GOn(m+1) . G@r(ntm+1)
w@Rn®RS®R(m+1)

is a pushout square. [

Next, we would like to describe the comodule category LComody,y+(LModg(C)) of
the descent comonad in terms of the cosimplicial commutative algebra C®(1)), for which
some preparation will be needed.

Definition 5.3.3 ([Lur09, Definition 7.3.1.2]). Consider a commutative square

DL e
U{ JUQ (5.3.4)
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of co-categories, i.e., an equivalence F'U; ~ Uy F" of functors.
If F admits a right adjoint R (with unit transformation u) and F’ admits a right
adjoint R' (with counit transformation ¢'), we obtain a mate transformation

U R B REU,R ~ RU,F'R £, RU,.

We call the square (5.3.4) right adjointable if F' and F’ admits right adjoints and the
associated mate transformation is an equivalence.

Dually, if F' admits a left adjoint L and F’ admits a left adjoint L', we obtain a mate
transformation L'Uy — UL, and call the square left adjointable if it is an equivalence.

Lemma 5.3.5.17 Let ¢): R — S and v: R — T be maps of commutative algebras in C.

Then the diagram

LModg(C) — LModgs(C)

V!l J(S®RV)1

LMOdT (C) (m' LMOdS@RT (C)

is right adjointable.

Hence every diagram of oo-categories that is obtained by applying LMod_y(C) (with
functoriality given by extension of scalars) to a pushout diagram of commutative algebras
is right adjointable.

Proof. The functors ¢ and (¢ ® T'), admit right adjoints ¢* and (¢ ® T')", respectively.
The component of the associated mate transformation at M € LModg(C) is given by

TopM LR ¢ o TR M ~T @5 S @p M L2 T @0 M,

which is indeed an equivalence. O]

Proposition 5.3.6. Let ¥: R — S be a map of commutative algebras in C. Then
there exists an equivalence LComody,+(LModg(C)) ~ lima LModge(y)(C) that is com-
patible with the forgetful functor V,,-: LComody,y+(LModg(C)) — LModg(C) and the
projection lima LModgs(y)(C) — LModco(y)(C) ~ LModg(C).

Proof. First we note that for every 8: [m| — [n] in A, the diagram

(S®RMAD @ pep),
LMOdS®R(m+1) (C) — LMOdS®R(m+2) (C)

cf”(wi jcﬁ*w](w)!:(cw)msx (5.3.7)

LMOdS®R(n+1) (C) o LMOdS®R(n+2) (C)
(SPR( R gy,

17Tt is likely that this lemma is a special case of the intended form of [Lurll, Lemma 6.15], but in
the cited lemma some arrows are reversed, and the proposition cited in its proof cannot be found
anymore, so we sketch a proof here.
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is right adjointable, which follows from Lemma 5.3.5 as the corresponding diagram before
applying LMod(_(C) is a pushout diagram of commutative algebras.
This means in particular that [Lurl7, Theorem 4.7.5.2] is applicable to the composite!®

LMod_)(C)

A 9% A CU calg() Cat o,

which yields a right adjoint C: LModg(C) — lima LModge(y)(C) to the projection
V: lima LModge(y)(C) = LModeo(y)(C) =~ LModg(C) such that the adjunction V 4 C is
comonadic and Vo C ~ (S ®p )" (¢ ®r S),. Note that (S @z ¥)" (¢ @ S), ~ h)* by
Lemma 5.3.5 applied to the pushout of ¢ along itself. This defines a comonad structure
on Y¢p*, which will turn out to be equivalent to that of Definition 1.3.14. When we want
to notationally distinguish these two comonad structures in this proof, we will refer to
the “new” comonad as O.

Now the coaugmentation of C*(1) by R induces a coaugmentation of LModce ) (C) by
LModg(C), hence a lift 1: LModg(C) — lima LModce(y)(C) ~ LComode(LModg(C))
of 1y against V ~ Vg. By Fact 1.3.6, this lift yields a coaction of ©® on ), which, by the
initiality of the coaction of ¥y¥* on ¢y discussed in Example 1.3.5, induces a comonad
map Yp* — . Writing u for the unit of the adjunction V 4 C and ¢ for the counit of
the adjunction ¢, 4 ¢*, the underlying map of this comonad map can be unpacked as

i = V" S VOVt~ V Cg” 55V C.

Note that this map can be obtained by applying V to the right adjointability mate
transformation of the commutative square

LModg(C) —*—— LMods(C)

i H

LComode(LMods(C)) —— LMods(C)

, (5.3.8)

so it will suffice show that this square is right adjointable. In order to do so, we will make
use of the co-category Fun™4([1], Caty,) of [Lurl7, Definition 4.7.4.16], whose objects
are arrows in Cat,, that admit right adjoints (which we display horizontally) and whose
morphisms correspond to right adjointable squares.

Consider the functor A, — Fun([1], Cat.,) corresponding to the natural transformation
d**': LModcs 4)(C) — LModge+1y, (C) (cf. Construction 5.1.14). We would like to lift it

to a functor A*: A, — Fun™*9([1], Cat,,), which amounts to showing that the naturality
squares for d**! are right adjointable. These squares are all of the form (5.3.7), so they
are indeed right adjointable.

18Precomposing a cosimplicial object X*® with (—)°" in particular swaps d°: X™ — X"+ which is used
in the aforementioned theorem, and d"*1: X™ — X"*! which we consider in our application. This
proposition could be proven without this “twist”, but the twist will be crucial for cosimplicial objects
of the form Q% (B) (cf. Proposition 5.4.24).
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Now, by [Lurl7, Corollary 4.7.4.18], limits in Fun®™9([1], Cat.,) can be computed in
Fun([1], Cats,). Moreover, limits in Fun([1], Cat,) can be computed pointwise. Hence,
since the coaugmentation of LModge+1(4)(C) by LModco(y (C) ~ LModg(C) is split, the
limit of A*[, is given by V: LComodg(LModg(C)) =~ lima LModce(y)(C) — LModg(C).
Moreover, the underlying map of the induced map A~ — lima (A*|,) in Fun([1], Cats)
corresponds to the square (5.3.8), which shows that it is right adjointable as desired. [

The dual Cech nerve interpretation of the coaugmented Amitsur complex allows us to
extend the shear map to a cosimplicial map as follows.

Construction 5.3.9. Let (7°,¢°%): (K, A) — (H, B) be a relative Hopf-Galois context
of commutative algebras. Recall that by Lemma 5.3.2, C% (¢) is the left Kan extension
of ¢: [1] — CAlg(C) along the inclusion [1] = AT’ < A,, meaning that we have
equivalences

° ° 89 [—1 0
MapPpun(a, calg(c) (CL(9), Qo) (B)+) = Mappunq),calg(c)) (¥ QcOf([v) =0y,
=~ Mappuy (i), catge)) (5 ©)-

We let shi . o)t CL(p) = Qup(,) (B)+ be the map that corresponds to Id, under this
identification.
Note that we have equivalences

1 — —
Sh(v o (B @ayp) = Sh 006 () ~ QCof(v (B)o Sh(()w',cp') ~ ppoldp ~pp
and similarly
0 0
Sh%v',so') o(p®a B) ~ Sh(lv',go‘ oC” () = Ot (m(B)o Sh[()y-,@-) > Ncot(y) @ B.

Hence, by Lemma 5.2.14, sh(,. ,¢) can be recovered as sh (%%
Lemma 5.3.10. Let (v*,¢%): (K,A) — (H, B) be a relative Hopf-Galois context of
commutative algebras. Then shi,e o0 C%(p) = Qe (B)+ is an equivalence if and

only if its first level sh(ye sey: B ®4 B — Cof(v) ® B is an equivalence.

Proof. The “only if” direction is clear, so we show that shzw.#,.) is an equivalence if
sh(ye 4+) 18 an equivalence. Since the restriction of shi . ., to AT = [1] is Id, it will
suffice to show that sh’(@.#,.) is an equivalence for all n > 0, which we do by induction.

The case n = 1 is precisely the assumption that sh(,s .+ is an equivalence. Now let
n > 1. By the universal property of C% (), sh?,y.w.) can be described as as the dashed
arrow in the commutative diagram

B®A<’0®A("71)

B®An Sh?71
7®.0®)
p(nfl) ‘ \)
p®aB K Cof (7)?"V @ B
NCot () ®B r l
B®j B B®a(n+1) - NCot(y)@Cof (1) E DB
\\\\\\S (+®,0®)
Shw ¢*) ~ a
Cof(y) ® B Cof(7)®" @ B

Cof(y)®py
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induced by the universal property of the pushout. Note that the front face is a pushout
square too. Now sh(ye ,¢) and Sh (e @.) are equivalences by the induction hypothesis, so
the map Sh?v',w') they mduce on the pushouts is also an equivalence. O

Corollary 5.3.11. Let (7*,¢°%): (K, A) — (H, B) be a relative Hopf-Galois context of
commutative algebras whose shear map shye o)1 B®4 B — Cof(v) ® B is an equivalence.
Then LComod,,,+(LModg(C)) =~ lima LModge, (5 (C).

Proof. By Lemma 5.3.10, we have a cosimplicial equivalence C*(¢) ~ Q¢ (B). Hence

LComod,,,+(LModp(C)) “2° lim LModgs () (€) = lim LModog, (5(C).

O

Example 5.3.12. Let H be a commutative bialgebra and A a commutative algebra.
Consider the normal basis context (ng, ny ' ® A): (1¢, A) — (H, H® A). Then the asso-
ciated coaugmentation n5 "™ @ A: A - Q3 ® A ~ Q% (H @ A) of Construction 5.2.10
is split. Hence the induced coaugmentation LMod(C) — LModgs (rs.4)(C) is also split,
which means that it induces an equivalence F': LMod(C) ~ lima LModgs () (C).

This equivalence can be used to obtain an incarnation of descent for Hopf algebras

(Corollary 4.2.12) as follows. If H is a Hopf algebra, then Sh(n;{m?l@m PRE Shje ety ®A

U
is an equivalence. Moreover, the functor I’ can be factored as

(na®A),
N

200

LMOdA<C) LCOHIOd (na®A),(nERA)* (LMOdB(C)) ~ hm LMOdQ- $ (HRA) (C)

implying that (ny ® A), is also an equivalence, i.e., that ngy ® A: A - H ® A admits
descent.

5.4. Semilinear coactions of a commutative Hopf algebra

Let ¢: Trivg(A) — B be an H-Hopf-Galois context of commutative algebras. We
have realized the associated shear map as a morphism @ 1p* ~ B®4(—) - H®(—) ~ O3
of comonads in Corollary 3.2.8 and seen in Proposition 5.3.6 that the comodule category
of the source is equivalent to lima LModce () (C).

In light of the extension C*(p) — Q% (B) of the shear map to a cosimplicial map
constructed in Construction 5.3.9, it is natural to ask whether the comodule category
of ©, which depends only on the H-comodule algebra B and not on the Hopf-Galois
context, is equivalent to lima LModgs (5)(C) in general. We will see in Proposition 5.4.24
that this is indeed the case when H is a Hopf algebra.

We start with some generalities about commutative Hopf algebras.

Proposition 5.4.1. If H is a commutative Hopf algebra, then H admits a homotopy
antipode. Moreover, this homotopy antipode can be lifted to a map of commutative
algebras.
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Proof. Note that for commutative algebra maps f,g: H — H, their convolution product
f*g=pn(f®g)Ay is also a map of commutative algebras as puy, f ® g and Ap are.
Moreover, ngey and Idgy are also maps of commutative algebras. Hence the convolution
product monoid structure of Fact 4.1.1 can be restricted to a monoid structure on
Homypo(calg(ey) (H, H), and it is enough to show that Idy has an inverse in this monoid.
We show that this monoid is in fact a group.

Since H ® H is a coproduct in CAlg(C), we have

Homyocaigey) (H @ H, H) ~ Homyo(caig(cy) (H, H) x Homyo(caig(cy) (H, H).

Under this identification, the map induced by precomposition with sh(n;l’n;;l) acts as

(f,9) = pao(f®g)
— Wg © (f & g) @) Sh(n;{m;—;rl)

— (o (f ®g) oshys a1y o(H © ), g o (f @ g) 05l e, ol ® H)).

By Lemma 5.2.14, the first component can be simplified to ug o (f ® g)o Ay = fxg
and the second component to ug o (f @ g)o (g @ H) = pug o (ny @ g) = g.
Hence, since sh(n;m;{ﬂ) is an equivalence, the map (f, g) — (f *g, g) is a bijection. Con-

sidering a preimage of (g€, g) under this map, we see that every commutative algebra
map g: H — H has a left inverse with respect to convolution, so Homp(caig(ey) (H, H) is
a group as desired. O]

Remark 5.4.2. Dualizing the proof of Proposition 5.4.1, we see that also every cocom-
mutative Hopf algebra admits a homotopy antipode.

We have seen in Lemma 4.2.7 that the dual shear map associated to a Hopf algebra
with a homotopy antipode is an equivalence, so we obtain the following.

Corollary 5.4.3. Let H be a commutative Hopf algebra and M an H-comodule. Then
the dual shear map

shy(M): Heo M 222 o He M 22 oM

of Construction 4.2.6 is an equivalence.
Next, we give an alternative description of the dual shear map that will be useful later.

Lemma 5.4.4. Let H be a commutative bialgebra coacting on a commutative algebra B.
Then the map H ® B — H ® B of commutative algebras induced by the cospan

B He B2 g (5.4.5)

by considering the source as the coproduct of H and B in CAlg(C) agrees with the dual
shear map shy(B): H® B — H ® B.

In particular, if H is a Hopf algebra, (5.4.5) is a coproduct cospan because in that case,
the dual shear map is an equivalence by Corollary 5.4.5.
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Proof. As in the proof of Lemma 5.2.14, it is enough to check that restrictions of sh u(B)
along the structure maps of the coproduct recover the maps in (5.4.5), which is witnessed
by the commutativity of the diagram

H

H®np
H®npgen
H®r J \ HRNB

HeoB ™ teoHoB ™5 He B -

wos]  wmenss]

]

So far, we have been rather imprecise about the distinction between commutative
comodule algebras and their underlying commutative algebras, but we fix the following
convention to match the notation of Section 3.

Notation 5.4.6. Given a commutative algebra B on which a commutative bialgebra H
acts, we use the notation B to refer to the corresponding object in CAlg(LComodg(C)).

Before delving into the details, let us describe our overall strategy for proving the equiva-
lence LComodeg(LModB(C)) =~ lima LModge (5)(C). Instead of LComodeg(LModB (C)),
we work with the equivalent oco-category LModz(LComody(C)) (cf. Definition 3.2.4).
The idea is to construct a coaugmentation of the cosimplicial co-category LMon;{( B) (C)
by LModz(LComod(C)) whose n-th level is given by the composite

((CH VH)n(pg)O...Op§> = (p(~n+1)) |

LMod 5(LComod(C)) =% LMod,

Ca VH)an(LCOHlOdH (0))

PrimEqCH VH)n+1 B

> LMOdH@n@B(C) (547)

and show that the induced map to the limit is an equivalence.
While this resembles composing the coaugmentation of LModge 5, (LComody(C)) with

a cosimplicial map LModﬁ;{(B)(LComodH(C)) — LModge (5)(C), the functors induced by
Primy cannot necessarily be assembled into such a cosimplicial map because extensions
of scalars are not necessarily compatible with taking primitives. However, the extensions
of scalars in question will turn out to be compatible with taking primitives after pre-
composing with the coaugmentation of LModﬁ;{ ( B)(LComodH(C)). In order to express
this phenomenon, we work with the associated cocartesian fibrations over A instead of

cosimplicial co-categories.

Construction 5.4.8. Let H be a commutative bialgebra coacting on a commutative
algebra B. Consider the following functors.

« The projection LModz(LComody(C)) x A — A. It is a bicartesian fibration and
the straightening of the underlying cocartesian fibration corresponds to the constant
cosimplicial category on LModz(LComodg(C)).
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. ig — A given by the pullback of the forgetful functor §: LMod(LComodg (C)) —
Alg(LComody(C)) along the composite

A A BB, LComody(CAlg(C)) ~ CAlg(LComodg(C)) — Alg(LComodg(C)).

As the pullback of a bicartesian fibration (cf. Remark 1.2.12), it is a bicartesian
fibration. The straightening of its underlying cocartesian fibration is the cosimplicial
oo-category LModﬁ;{(B) (LComody(C)).

« Lz — A given by the pullback of the forgetful functor §: LMod(C) — Alg(C)
along the composite

A A 255 cae0) 5 Alg(C)

As the pullback of a bicartesian fibration (cf. Fact 1.1.10), it is a bicartesian
fibration. The straightening of its underlying cocartesian fibration is the cosimplicial
oo-category LModges (5)(C).

Note that the lax monoidal functor Primy: LComody(C) — C gives rise to a commu-
tative diagram

Alg(LComody (C)) < LMod(LComody/(C))
A

A" 5123 lAlg(PrimH) lLMod(Prim e
A

Alg(C) LMod(C)

0

Taking pullbacks, we obtain a functor Pg: EE — Lz over A. As discussed in Re-
mark 1.1.11, LMod(Primy) maps f-cartesian arrows to O-cartesian arrows, so the pullback
P5 also preserves cartesian arrows. In other words, taking primitives is compatible with
restrictions of scalars.

Moreover, unstraightening the natural transformation

COHStLModE(LComodH(C)) — LMOdﬁ;I(B) (LCOHlOdH(C))

induced by the coaugmentation of the cobar resolution PN{;{(B) by B, we obtain a functor
Ez: LModz(LComody(C)) x A — L over A that preserves cocartesian arrows.

Remark 5.4.9. In the context of Construction 5.4.8, the fiber of the composite
Ps o Ex: LModgz(LComody(C)) x A — Lz at [n] € A coincides with the desired
coaugmentation map LModz(LComody(C)) — LModyengp(C) of (5.4.7). Therefore,
we can obtain the desired coaugmentation of LModge (5 (C) by showing that P3o Ex
preserves cocartesian arrows and considering the natural transformation Pz o E induces
between straightenings. As E5 preserves cocartesian arrows, it will be enough to show
that P5 preserves cocartesian arrows that are in the image of E5.
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Now let a be a cocartesian lift of a map 8: [m] — [n] in INJE, exhibiting an object of
LModﬁz(B)(LComodH(C)) as the image of an object M’ € LModﬁwHw(B)(LComodH(C))

under EZ(B), As discussed in [Lur09, Remark 7.3.1.3], since Pg preserves cartesian
arrows, we have a simple criterion for determining whether Pz(a) is a cocartesian lift of
B. Namely, this is the case if and only if the component

Q% (B), Prim™® M’ — Prim™ @ R (B), M (5.4.10)
of the mate transformation associated to the commutative square

~B *
LModgn ,, (LComody (€)) " LModgn  (LComods(C))

Ry (B Ry (B
PrimHH( ) PrimHH( )

LMOdQ}fI(B) (C) LMOdQ’]g(B) (C)

QO (B)”

is an equivalence.

Specializing to the case where a is in the image of Fz, it will be enough to show
that (5.4.10) is an equivalence when M’ is of the form (pgwl))']\/[ for some M €
LMod3(LComod(C)).

In other words, we would like to show that for every §: [m] — [n], the natural

transformation

. Ro m . Ry N/B m
Q5 (B), Primy® (oY) — Primy P Ry (B), (00 ),

obtained by precomposing (5.4.10) with (p%ﬂﬂ))', which we call the critical mate for

f{Z(B ), is an equivalence. Moreover, by the horizontal pasting law for mate transforma-
tions, it will be enough to consider the critical mates for the generating maps of A, i.e.,
coface and codegeneracy maps of Ry (B).

We start with a lemma that will allow us to identify objects of the form (p%nﬂ)%

For B = Trivy(1c), it specializes to the equivalence H ® (—) ~ Cy Vy given by the dual
shear map of Construction 4.2.6.

Lemma 5.4.11. Let B be a commutative algebra on which a commutative Hopf algebra
H coacts. Then the functor (pz),: LModz(LComody(C)) — LModc, ) (LComodgy(C))
is equivalent to the composite

B

LModz(LComod(C)) ﬁ LModg(C) O, LModc,,(g)(LComody(C)).

Proof. Recall that by Proposition 3.2.2 (or rather Proposition B.0.6 from which it follows),
Vf] admits a right adjoint given by pz*o Cg, ~WhiCh is a lift of the right adjoint Cy of V.

Let u: IdLModg(LComod 2(C) — (pg* ) Cg) o Vg denote the associated unit transformation,
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whose underlying map is simply the coaction map of the underlying H-comodule. We
claim that for all M € LModz(LComod(C)), the adjoint

(050 M 22 (oo (og)” CHVEM B cEVEM (5412
of uys is an equivalence.

It is enough to show that the underlying map in C is an equivalence. For a map
: R — S of algebras, we will write Sy, ®pg (—) instead of just S ®g (—) in order
to distinguish tensor products with respect to different morphisms. Now, using the
description of the “summands” of the dual shear map shy(B): H ® B — H ® B from
Lemma 5.4.4, we see that it induces equivalences that fit into a commutative diagram

H®pn

HoM HHM
R R @M

(H®B)yyoB®BPM
—_—

(H® B)y,e8 @ M (H® B)y,e8 @ ps*(H® M) ,
§1H(B)®BMJv: STIH(B)®BPB*(H®M)J':

(H® B),; @ M (H® B),, ©p pp"(HO M) —rm HO M

QHQM

(H®B)pp®BpM
where the right triangle commutes because

aren(shy(B)® H® M)(H@np @ H® M)

~ agern(tp @ BRHQM)(H®pp @ H® M)(H®n @ H® M)
~ apger(ty ® BOHQ M)(H Qg @ @ H® M)

~ agem(H@Onp @ H®M) ~ ug @ M.

Note that the composite of the upper and the right curved arrow is the dual shear map
shy (M) of M, which is an equivalence by Corollary 5.4.3. Therefore, the composite of
the lower arrows, hence (5.4.12) is also an equivalence. [

Remark 5.4.13. Let B be a commutative algebra on which a com@utative Hopf algebra
H coacts and n € N. Recall that the coaugmentation map p(n+ ). B — (CugVy)"Bis

the composite Py VB O OPeyvy BOPE Hence, Lemma 5.4.11 implies that (pg+1))

|
factors through the functor

CVH CpVy)"B LMod #(Ch (C) — LMod nHE(LCOTHOdH(C))-

Vg)"B (Ce V)

Recall that all coface and codegeneracy maps that occur in ﬁ;I(B ) except for “d’’s”
are of the form Cg(v) for a map v of algebras in C (cf. Definition 1.3.8), so the following
lemma about such maps will imply that their critical mates are equivalences.

Lemma 5.4.14. Let H be a bialgebra, v: R — S a map of commutative algebras and
M € LModg(C). We identify Primy(Cg (1)) with v. Then the component

Wy PI‘HIISIH B Cl M — Prim$” () Cu(v), CEM
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of the mate transformation induced by the equivalence ¥* PrimgH(S ~ PrlmH CH(w)
is an equivalence.

Proof. Recall that like Primy, Cg is also lax monoidal and thus compatible with restric-
tions of scalars. Hence we have a commutative diagram

*

LModg(C) v LModx(C)
ci| o5
LModc,,(s)(LComody(C)) —— LGN —— LModc,, () (LComodg(C))
PrimSIH(S)l lPrimSIH(R)

LMods(C) LModg(C)

w*

By the vertical pasting law for mates, the mate transformation for the composite square
is given by the composite
o (1) PrimSH (%) e
o Prim S CE A —> Prim${ CH(¢)! chM —2 =5 PrimEH(S) Co M,
(5.4.15)
where v is the mate transformation associated to the lower square and £ is the mate
transformation associated to the upper square.

In order to show that ek (a) 18 an equivalence, it is enough to show that £y, and the
composite (5.4.15) are equivalences, i.e., that the upper square and the composite square
are left adjointable. The composite square is left adjointable because it can be identified
with a “degenerate square” whose mate transformation is an equivalence by the triangle
identity for the left adjoint ¢y of adjunction v, 4 *.

As for the upper square, it is enough to show that V77 &, is an equivalence
because Vy is conservative. Now the adjunction Cg (1)), —| Cu(¥)" is a lift of the
adjunction (H®y), 4 (H®1v)" along i ") and A %) 5o under the identification
A% C( )~ ~ (ng @ (—)),, % (5) ¢,s corresponds to the mate transformation associated
to the commutative square

Cu(S)

LMods(C) —%— LModg(C)
(77H®S)1J/ J(ﬁH@)R)! )

LMOdH®S(C) (Hz)* LMOdH®R(C)

whose commutativity is witnessed by the mate transformation associated to the equiv-
alence (H ® ¥),(ny ® R), ~ (ng ® S),¢ (cf. Lemma 5.3.5). Hence, when we consider
the mate associated to this square, the unit and counit transformations “cancel each
other” by triangle identities and we recover the original equivalence (H ® ¢),(ng ® R), ~

(ng ® S),¢, implying that VEH ) &y is an equivalence. H
As alluded to before, Remark 5.4.13 and Lemma 5.4.14 together yield the following.
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Corollary 5.4.16. Let B be a commutative algebra on which a commutative Hopf algebra
H coacts and B: [n] — [m] a map in A of the form o*: [m + 1] — [m] for 0 <i <m or
§": [n] = [n+1] for 0 <i <n+1. Then the critical mate for f{f{(B) is an equivalence.

The remaining coface maps in f{;{(B ) are of the form Picy which we take care

Vi)kB?
of now.

Lemma 5.4.17. Let B be a commutative algebra on which a commutative Hopf algebra
H coacts and M € LModg(C). Consider the map PCy vy B CyVy B — (Cq VH)QB of
commutative H-comodule algebras, whose image under Primyg we identify with the map
Ny @ B: B— H® B. Then the component

(ne ® B), Prim§ V7P CB M — Prim{-" Va)*B (P vy B), CEM (5.4.18)
of the mate transformation associated to the equivalence (ngy ® B)” Primy, o~
Prim 7 V1 B ( cuvaB) 08 an equivalence.

Proof. The map (5.4.18) is the composite

(i © B), Prim ¥ ¥ CF M 5 (ny @ B), Primy V" % (o, 5) (pc,, v, 5),Cn M
“1. . (CaVm)?2B
~ (ng @ B),(ny ® B) Prlm(HH m)? ( CHVHB) CB
= PrimgHVHﬁB ( CHVHB) CB

where v induced by the unit of the adjunction ( " and w is induced

Pcy vy §)1 n <pCHVH )
by the counit of the adjunction (ny ® B), 4 (ng ® B)". We identify the underlying maps
of v and w as follows.

First, consider the equivalence ¢z y;: ( CEM ~ CYrn BBl of

*anM with the unit map

PCuvy B,
Lemma 5.4.11. By its construction, precomposing (pCH Ve 5)

CEM — (pCHVHB) (pCH VHB) CP M of the adjunction (
ers the unit map ucs 5 c CEM — (P, vy 5) CyrcnB VCHB C2 M of the adjunction

V%H B (,oc Vi B) , whose underlying comodule map is the “coaction map”
pci pr- This means that the composite

Pe,, VHB) - (pCHV EE)* recov-

CVH Cy B

v': (ng ® B), Prim%HVHECfI M
CHVHE( CB M

CVH Cy B VCHB CB

1} (TIH@B),PI'IHI pCHVHB) (pCHVHB)

~ (ng ® B), PrlmCH Vu B (pCH VHB)

can be identified with (nz ® B), Primg” VHBuCgM. Hence, since Primpy(pce p) =~
ng ® M, the underlying map of v/ is given by

(H®B)®5(nu®M)

(H® B)®@p M » (H® B) ®@p (H® M). (5.4.19)
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Now, under the identification

(Cu Vi)*B

Primj; (P, v B) CEBM ~ Prlm(CH Va)* CVH CaByenB B M~ H® M,

w corresponds to the action map
(H®B)®p (H® M) — H® M,

whose composite with (5.4.19) is an equivalence. Hence the mate transformation (5.4.18)
is an equivalence because its underlying map can be identified with this composite. [

Remark 5.4.13 and Lemma 5.4.17 together yield the following.

Corollary 5.4.20. Let B be a commutative algebra on which a commutative Hopf algebra
H coacts and consider the coface map 6°: [n] — [n+1] for some n € N. Then the critical

~ 60
mate for Ry (B) is an equivalence.

Notation 5.4.21. Let B be a commutative algebra on which a commutative Hopf
algebra H coacts. Corollaries 5.4.16 and 5.4.20 imply that the cosimplicial co-category
LModgs (5)(C) admits a coaugmentation by LModz(LComod(C)) as discussed in Re-
mark 5.4.9. We denote the associated functor A, — Cat,, by L5.

Remark 5.4.22. Let B be a commutative algebra on which a commutative Hopf algebra
H coacts and n € N. Then the coaugmentation functor LModz(LComodg(C)) —
LModgz (5)(C) encoded in Lz can be simplified as

. (CgVm)"'B , (n+1
PrlquH H) (p%+ )>!

(Cu Vi)V B

~ Primy; o(p(CHVH)ng)! 0...0 (pg)!
5. 4: Prlm (Cu Vy)" B (CVH(CH Vu)"B o V(CH VH)"B) (C\I-/IHE o Vg)
~ (vg{CH Vi)" CVH (CuVH)"™ lB) o... 0 (V(CH Vy)B CVH B) VE

~ (nu @ H*""V @ B),0...0 (ng @ B), OVH ~ ((nu)®" ® B), o Vi

We would like to show that Lz is a limiting cone, for which we will need one last
lemma.

Lemma 5.4.23. Let H be a commutative Hopf algebra coacting on a commutative algebra
B. Then the diagram

B—" .HoB

pBl J{AH@B

is a pushout square.

96



Proof. Consider the commutative diagram

NH®B

/\

1c B B oB H®B

UH\L lpB lAH@B .

H®np H®pp

H—— H®B — HRRH®B
\/

H®nugs

Note that the left square is a pushout square by Lemma 5.4.4. Moreover, the cospan
formed by the lower composite and the right map is of the form (5.4.5) for the coaction of
H on the cofree comodule algebra H ® B. Hence, again by Lemma 5.4.4, the composite
square is also a pushout square. Therefore the right square is a pushout square. O

Proposition 5.4.24. Let H be a commutative Hopf algebra coacting on a commutative
algebra B. Then the functor LModz(LComody(C)) — lima LModgs (5)(C) induced by

Lz is an equivalence.

_\op L~
Proof. We apply [Lurl7, Corollary 4.7.5.3] to the composite A, o7, AL 5 Caty.t?
First, we need to show that E‘g: Cg — [,% is conservative, £§1 admits limits of

E‘g—spht cosimplicial objects and that Cg preserves such limits. Now L"g is given by the
composite

LMod3(LComod(C)) @) LMod, LComodg(C)) ——— LMod3p(C),

Cx vH)E(

which is, by Lemma 5.4.11, equivalent to Primg}H Vi)B CBVE ~ VE. The functor V% is
the left adjoint in a comonadic adjunction (cf. Proposition 3.2.2), so it has all the desired
properties.

The other condition we need to check is the right adjointability of squares of the form

g@{ chgw (5.4.25)

for all B: [m| — [n] in A . By the vertical pasting law for mate transformations, it is
enough consider the case where [ is one of the generating morphisms of A .

19As discussed in Footnote 18 on page 86, (—)°? swaps the roles of d°,d"*1: Q% (B) — Q4 (B), which
makes a substantial difference here because the former “inserts a unit” whereas the latter “applies

pB”
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For f = ¢°: [-1] — [0], we decompose the mate transformation associated to the
square (5.4.25) as?®

LMOdB
cE|
LMOdCH Vi B o
(o5)" =
LMod; i = LMody
e i
« LMOdCH Vu B é
(r3)
— I b Cp Vi B
LMod 3 o LModc,, v, B —— LModp
B’
(Pg)!l o MPCH v B,
CH(ﬂg)!
LModg,, y, 5~ IMod o,y o5 2%

— ~
| T [ (o),
~)* H
Culpz)

LMod. . 5 < LModygn

PrimEHngl % PN \

LMOdB LMOdH®B
(pB)”
LMOdB

By the triangle identities for adjunctions, pasting ¢; and u; yields an equivalence, and
similarly for ¢ and us. Moreover, pasting v and £ yields an equivalence by Lemma 5.4.17.
Hence it is enough to show that the square ¢ is right adjointable. By Lemma 5.3.5
(applied to the symmetric monoidal co-category LComody(C)), it will suffice to show
that the corresponding diagram of commutative H-comodule algebras before applying
LMod(_y(LComodg(C)) is a pushout square. As Vy is strongly symmetric monoidal
and reflects colimits, it is enough the show that the underlying diagram of commutative
algebras in C is a pushout square, which follows from Lemma 5.4.23.

The other generating maps : [m| — [n] of A, lie in A, in which case the square
(5.4.25) is of the form

(H®™®pp),

%, | |z,

LMOdH@n@B (C) e LMOdH®(n+1)®B (C)
(H®"®pp),

20We omit the “base categories” of module categories from the notation in order to save space.
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Hence, by Lemma 5.3.5, it is enough to show that the corresponding diagram of commu-
tative algebras before applying LMod(_)(C) is a pushout square.
If B =0":[n—1] — [n] for some n > 1, then the diagram in question is of the form

H®(n71)®pB
E——

H®(n71) ® B H®(n71) ® H ® B
H®("—1)®pBJ lHQ@(n—l)@AH@B .

-V HoB —— H" o H® H® B
H®(—DeoHpp

This square can be obtained by tensoring the pushout square of Lemma 5.4.23 with
H®"=1) 50 it is indeed a pushout square.
Otherwise, the square in question is of the form

Hem o g9 em o i @ B

Q%@Bl lQ%@H@B ,
H*"®B —— H*"®@ H® B
H®"®pp
which is also a pushout square. O

As many “derivates” of Cat,, admit limits that can be computed in Cat,, Proposi-
tion 5.4.24 can be refined to yield equivalences in these categories. For instance, since
LModge (5)(C) can be viewed as a diagram in Pr” if C is presentably symmetric monoidal

and limits in Pr’ can be computed in Cat,, by [Lur09, Proposition 5.5.3.13], we have
the following.

Corollary 5.4.26. Assume that C is presentably symmetric monoidal. Let H be a
commutative Hopf algebra in C and B a commutative H-comodule algebra. Then
LModz(LComody(C)) is presentable. In particular, LModmyiy, (1.)(LComodg(C)) ~
LComody(C) is presentable.

Similarly, as limits in CAlg(Cat.), i.e., the oco-category of symmetric monoidal co-
categories, can be computed in CAlg(Cat,,), we expect to have a symmetric monoidal
version of Proposition 5.4.24 as follows. The module category of a commutative algebra
R admits a symmetric monoidal structure given by ®g, and extensions of scalars along
morphisms of commutative algebras are strongly symmetric monoidal (cf. [Lurl?,
Theorem 4.5.3.1]). In particular, LModge ()(C) can be viewed as a cosimplicial object
in CAlg(Caty,). Moreover, in Remark 5.4.22 we have seen that the n-th coaugmentation

functor LMod3(C) — LModar ()(C) is equivalent to ((ng)*" ® B), o V& which can
be lifted to a strongly symmetric monoidal functor. It is therefore plausible that the
cosimplicial object Lz: Ay — Cato, can be lifted to CAlg(Cate,), which would lift the
equivalence LMod z(LComod (C)) =~ lima LModgs (5)(C) to a symmetric monoidal one.
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5.5. Tensors with spaces

We conclude this section with an interesting consequence of the normal basis condition
for certain tensors of commutative algebras with spaces.

Convention 5.5.1. For the rest of this section, we will assume that C is presentably
symmetric monoidal.

Remark 5.5.2. By [Lurl7, Corollary 3.2.3.5], the assumption that C is presentably
symmetric monoidal implies that CAlg(C) is presentable. Now let R € CAlg(C).
Then the coslice category CAlg(C)g, is presentable by [Lur09, Proposition 5.5.3.11].
Moreover, by [Lurl7, Corollary 3.4.1.7 and Theorem 5.1.4.10], we have an equiv-
alence CAlg(C)r; ~ CAlg(LModg(C)) when we equip LModg(C) with the relative
tensor product over R. Similarly, the slice category CAlg(C)r//r is presentable by
[Lur09, Proposition 5.5.3.10] and the aforementioned equivalence yields an equivalence
CAlg(C)r//r ~ CAlg(LModg(C)),r. Moreover, CAlg(C)r//r is pointed with zero object
R =R =R (ct. [Lur09, Lemma 7.2.2.9]).

Notation 5.5.3. Given a commutative algebra R in a presentably symmetric monoidal
oco-category D, we abbreviate Ocaigp),, : S x CAlg(D)r; — CAlg(D)r) as Or (cf.
Fact 1.1.18) and ®CAI(D) g /5t Sk X CAlg(D)ry/r — CAlg(D)r/r as ®g (cf. Fact 1.1.19).

Moreover, we will implicitly identify left and right R-modules (cf. [Lurl7, Section 4.5.1])
and denote the free left R-module functor also by (—) ® R.

The following lemma will allow us to relate tensors in different slice categories.

Lemma 5.5.4. Let F: D — & be a colimit-preserving strongly symmetric monoidal
functor between presentably symmetric monoidal co-categories. Then the induced functor
CAlg(D) 1, — CAIg(E)n, preserves colimits. In particular, it is compatible with the
respective tensorings over S, i.e., for a pointed space Y and an augmented commutative
algebra A in D, we have a natural equivalence. Y &1, F(A) ~ F(Y &1, A).

Proof. As colimits in slice categories can be computed in the underlying category, it
will suffice to show that the induced functor CAlg(F): CAlg(D) — CAlg(E) preserves
colimits. Combining [Lur09, Corollary 4.2.3.12] and [Lurl7, Lemma 1.3.3.10], it will
suffice to show that CAlg(F') preserves finite coproducts and sifted colimits. Now finite
coproducts in CAlg(D) are given by the tensor product, which is preserved as F strongly
symmetric monoidal. Moreover, by [Lurl7, Corollary 3.2.3.2], sifted colimits in CAlg(D)
and CAlg(€) can be computed in D and &, respectively, so CAlg(F') preserves sifted
colimits as F' does. O

Note that for a commutative algebra R in C, the free module functor (—) ® R: C —
LModg(C) preserves colimits as it admits a right adjoint and is strongly symmetric
monoidal by [Lurl7, Theorem 4.5.2.1], which implies the following.

Corollary 5.5.5. For a commutative algebra R, the functor

CAIg(C)1 /e = CAIE(C) 1, 2% CAIg(LModg(C))/r =~ CAIZ(C)r//n
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preserves colimits. Moreover, for a pointed space Y and an augmented commutative
algebra A, we have a natural equivalence Y ®r (A® R) ~ (Y ®1, A) ® R.

Now we can carry out the key construction of this subsection.

Construction 5.5.6. Let (13, ¢°%): (1¢, A) — (H, B) be a relative Hopf-Galois context
of commutative algebras. By [RS20, Proposition 3.20]*!, there is a colimit-preserving
functor T,,: S, — CAlg(C)p//p sending Y € S, to

1yOaB py ©B

BE{*}@AB_>Y@AB—>{*}®AB2B,

where iy : {¥} — Y denotes the inclusion of the base point and py: Y — {x} the
projection. Moreover, by Corollary 5.5.5, the composite

eH )®B
Ty Se 2y CAlZ(C)1e/1e 22 CAlE(C)pyym,

which is equivalent to (—) ®p (H ® B), also preserves colimits.

Now, by [RSV19, Theorem 2.29], evaluation at S° € S, induces an equivalence
Fun®(S., CAlg(C)p//p) ~ CAlg(C)p/ 5. In particular, every map S° ©4 B~ B®a B —
H® B~ (S°®;, H) ® B of augmented commutative B-algebras extends uniquely to a
natural transformation T, — T{p 5.

We claim that the shear map associated to (ny, ¢°®) is such a map. Indeed, we have a
commutative diagram

B B

nu®B
NHR®PR 4B

BoaB % HoBo,B X% g B

\ len®BoB

KB B®is B eg®B
K
B B

where the left column depicts T,(SY), the right column Ty, B)(SO) and the middle row

Sh(ﬂ;{#")‘
The value of the natural transformation 7, — T(’ u,p) induced by the shear map at
Y € S, is a map

p®aB nH®B

, (5.5.7)

shie: Y ©4B— (Y ®1, H) ®B

of augmented commutative B-algebras. Employing [RSV19, Theorem 2.29] again, we see
that shz;. is an equivalence for all Y if and only if it is an equivalence for Y = S, i.e., if
and only if the shear map B®4 B — H ® B is an equivalence.

21n [RS20], the authors work with commutative algebras in the co-category of spectra, but the argument
for the cited proposition applies verbatim to any presentably symmetric monoidal oco-category.
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Remark 5.5.8. Using the notation of Construction 5.5.6, [RS20, Proposition 3.20] also
yields an identification T,(Y) ~ Y ®p (B ®4 B) under which shg. is equivalent to the
map given by applying Y ®p (—) to the shear map B®4 B — H ® B.

Examplle 5.5.9. In the situation of Construction 5.5.6, we in particular have a comparison
map shi.: S'©4 B — (S' ®1, H) ® B. Note that the source S' ©4 B can be identified

with the topological Hochschild homology THH*(B) of B relative to A.

We can describe this map more explicitly by considering S* as the pushout of the span
{x} + SY = {x}. Applying (—) ©4 B and ((—) ®;, H) ® B to this span and using the
commutativity of the lower half of (5.5.7), we obtain a map of spans

B+ Be.B -+ B

H J{Sh(n;pso') H :

B - H®B - B

Now the pushout of the upper span is equivalent to THHA(B), the pushout of the lower
span is equivalent to (1¢ ®y 1¢) ® B, and the map induced on the pushouts corresponds

to shii. This is an analogue of the description of the relative Hochschild homology of
Hopf-Galois extensions in EKMM spectra from [Rot09, Theorem 10.7].

Example 5.5.10. Consider a map f: X — Pic(C) of grouplike E.-spaces. Then, as
discussed in Example 3.1.11, the shear map M(f)@M(f) = (XOcle)@M(f) >~ XOcM(f)
associated to the unit map 1¢ — M(f) is an equivalence.

Hence, for Y € S,, Construction 5.5.6 yields an equivalence

Y 01, M(f) ~ (Y ®1, (X ©¢ 1¢)) @ M(f).

Now (—)©¢1ce: S — C is a colimit-preserving symmetric monoidal functor, so Lemma 5.5.4
implies that Y ®1, (X O¢ 1¢) ~ (Y ® X) O¢ 1¢. We therefore have an equivalence

Y O1. M(f) = ((Y ®(q X) Oc 1) @ M(f) = (Y ®() X) Oc M(f).

When C is the module category of a commutative ring spectrum, this recovers [RSV19,
Theorem 4.13].
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A. Algebras in coalgebras versus coalgebras in algebras

Convention A.0.1. For the rest of this appendix, we fix a bifunctor f: P® x Q% — O®
of oco-operads and a O-monoidal co-category p: C¥ — O%.

In Definition 1.2.7, we defined the oo-category of (P, Q)-bialgebras as the co-category
of P-algebras in a P-monoidal category of Q-coalgebras and would now like to show
that this is equivalent to the oco-category of Q-coalgebras in a Q-monoidal oco-category
of P-algebras.

Equivalences along these lines were constructed in [Rak20, Propositions 2.1.2 and
2.2.10] in the case where P or Q is E., but the proofs rely on the fact that the symmetric
monoidal structure of CAlg(C) is cocartesian (and the dual property of cocommutative
coalgebras). In the case where f is the standard bifunctor Ef x EY — EJ, the desired
equivalence could be recovered from [Tor21, Theorem 1.1] by realizing the Eo-monoidal
oo-category C as a duoidal co-category in the sense of [Tor21, Definition 4.14].

Our proof strategy, which is due to Hadrian Heine, is as follows. Note that unpacking
Construction 1.2.1 and Fact 1.2.2, we can identify Alg /p(AIgZ s0(C)) with bifunctors
P x Q¥ — C® of oo-operads over O%. Inspired by this and using the machinery of
monoidal envelopes of [Lurl7, Section 2.2.4], we will show that both algebras in coalgebras
and coalgebras in algebras admit a description in terms of a notion of bifunctor, which
we define now.

Definition A.0.2. Let ¢: D® — Q% be a Q-monoidal co-category and s: €9 — P® a P-
monoidal co-category. A bifunctor of monoidal co-categories is a functor ¢: £¥ x D® —
C® making the diagram

£ x DO ¢, (®

oxa Jp

PO x Q¥ —— OF

commute and such that for every s-cocartesian morphism ¢ in £¥ and every g-cocartesian
morphism u in D®; the morphism ¢(¢, u) is p-cocartesian.

We denote the full subcategory of Funps(E® x D%, C®) spanned by bifunctors of
monoidal co-categories by BiFun®(&, D;C).

Remark A.0.3. Note that Definition A.0.2 is “symmetric in £ and D” in the sense that
the natural equivalence (—) x (7) ~ (?) x (—) induces an equivalence

BiFun® (&, D; C) ~ BiFun®(D, &;C).

Next, we would like to define an P-monoidal oco-category whose fiber at p € P
correspond to Q-monoidal functors D — C xp Q, where the pullback is taken with

~

respect to f(p): Q¥ — O%.

Definition A.0.4. Let ¢: D® — Q% be a Q-monoidal oco-category. As ¢ is in particular
a map of oo-operads by [Lurl7, Remark 2.1.2.14], we can consider Algh /O(C)® with
respect to the bifunctor f o (P x q): P® x D® — O.
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We define Fun??(D, C)® C Algh /@(C)® as the full subcategory spanned by the objects
whose associated functor g: D® — C® maps g-cocartesian edges to p-cocartesian edges
and denote by p?’c: Funf (D, C)® — P® the restriction of pfco(m@xq) ; Algg/O(C)@’ — Pe.

Proving that this indeed yields a P-monoidal structure on an appropriate co-category
of @-monoidal functors (Proposition A.0.10) will require some preparation. We start by
an alternative description of p?’c that makes it evident that it is a cocartesian fibration.

Definition A.0.5. Given cocartesian fibrations g: X — A and h: Y — B between
oo-categories, let Fun(g, h) denote the pullback

Fun(g,h) —— Fun(X,))

J
prg,hJ/ Jh*

Fun(A, B) — Fun(X, B)

We define Fun®*"*(X,)) C Fun(X,))) as the full subcategory spanned by the functors
which map g-cocartesian arrows to h-cocartesian arrows, and let he°®* be the restriction
of h, to Fun®**(X,Y). Moreover, we define pri%®: Fun®*(g, h) — Fun(A,B) as
the pullback of hS'* along g*.

For cartesian fibrations, Fun®"*(—, ?) is defined analogously.

Lemma A.0.6. In the situation of Definition A.0.5, h,, h°®", pr,, and pr;‘}fart are all
cocartesian fibrations.

Proof. As cocartesian fibrations are stable under pullback, it will suffice to show that h,
and h&° are cocartesian fibrations. By [Lurl7, Proposition 3.1.2.1], h, is a cocartesian
fibration, and a natural transformation is h,-cocartesian if and only if its components in
Y are h-cocartesian.

As for h¢e® it will suffice to show that for every h,-cocartesian morphism 7: 3 —
such that § maps g-cocartesian arrows to h-cocartesian arrows, v maps g-cocartesian
arrows to h-cocartesian as well. Now let a: v — w be a g-cocartesian arrow. Then we
have a naturality square

Note that 7, and 7,, are h-cocartesian by the componentwise description of h,-cocartesian
arrows. Therefore, as the composite v(a) o 7, =~ 7, 0 f(a) and 7, are h-cocartesian, v(a)
is h-cocartesian by [Lur09, Proposition 2.4.1.7]. O

Remark A.0.7. Let ¢: D® — Q% be a Q-monoidal co-category. Note that the adjoint
P — Fun(D?®, 0%) of f o (P® X q) can be factored as

P L Fun(Q®, 0%) L5 Fun(D?, 0%).
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Therefore, we can describe F un;’?(D, C)® as the iterated pullback

Fun??(D, C)® —— Fun®*"*(q,p) —— Fun®™" (D%, (%)

D,C - -
pf ’ J/ Plg,p D=

Ppe T Fun(Q%, O%) — Fun(D®, O%)

In particular, p?’c is a cocartesian fibration as it is the pullback of the cocartesian
fibration pr, .

Next, we discuss some properties of inert and more general cocartesian morphisms in
the oo-operads in question. The following lemma will allow us to do induction along
decompositions of the form z >~ v @ w in an O-monoidal co-category. It is essentially a
repacking of the argument of [Lurl7, Remark 2.2.4.8], but we include it here for the sake
of completion.

Lemma A.0.8. Let R be an oc-operad, p: F© — R® an R-monoidal oco-category.
Assume that we have a commutative diagram

g h
v 2 w
tvl Jtz th
Voe—— 2 ——
g h

in F®, where g, h, ¢’ and h' are inert, and t, and t,, are p-cocartesian. Then t, is also
p-cocartesian.

Proof. Let t: z — Z be a p-cocartesian lift of p(¢,). Then we have a commutative diagram

where the dashed arrows are obtained using the universal property of ¢ as a cocartesian
arrow. As the composite got ~ t, o g and ¢ are p-cocartesian, g is p-cocartesian by
[Lur09, Proposition 2.4.1.7], and similarly for .

Now let n,m € N such that v' € f% and w' € F%)' As g and ¢ are both p-
cocartesian, the equivalence Id,, 0g ~ ¢’os implies that the image of s under the projection

Fiminy = Frm is an equivalence, and similarly for its image under Fj; v — F. As
these projections exhibit F ff’n oy 85 A product, this means that s is an equivalence. Hence
t, is p-cocartesian as it is equivalent to a p-cocartesian arrow. ]
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As a first application, we show that the cocartesian morphisms discussed in Fact 1.2.2
satisfy a stronger condition.??

Lemma A.0.9. Consider a cocartesian arrow with respect to p?: Algg/O(C)® — P®,
which is represented by a natural transformation 7: ¢ — ¢ between functors Q¥ — C®.
Then T, is p-cocartesian for all vertices v of Q.

Proof. Let n € N such that v € Q%. We argue by induction on n. Forn <1, 7, is
p-cocartesian by the description of Fact 1.2.2, so let n > 1. Then there exist v; € Q%)

and vy € Q%%—D such that v ~ vy @ vy, and 7,, and 7,, are p-cocartesian by the induction
hypothesis. Under this identification, the naturality of 7 yields a commutative diagram

¢(v1) Hom) (v1 © v2) Ama), P(v2)

Tvll JTU l% :

/ / /
¢'(v1) p— ¢'(v1 @ v2) pr— ¢/ (v2)
Now the horizontal arrows are inert as ¢ and ¢’ preserve inert morphisms. Hence 7, is
p-cocartesian by Lemma A.0.8. [

We can now show that p?’c defines a P-monoidal co-category.

Proposition A.0.10. Let ¢: D® — Q% be a Q-monoidal co-category. Then the functor
p?’cz Funf(D,C)® — P® of Definition A.0.4 exhibits Funf (D, C) := Funf (D, C){], as a
P-monoidal co-category.

Proof. As discussed in Remark A.0.7, p?’c is a cocartesian fibration. By [Lurl7, Propo-
sition 2.1.2.12], it will suffice to show that for all n € N and all py,...,p, € P, the
comparison functor Funf (D, C)5 5 o, — [T7-; Fun? (D, C); induced by m,’s is an equiv-
alence. As this functor is the restriction of the analogous functor for the P-monoidal
oo-category Algg/O(C), it will suffice to show that an object of Algg/O(C)ﬁ@_._@pn lies in
Fun? (D,C)$ ¢ op, if its image in [T}, Algg/O(C)g lies in [, Fun?(D,C)$, which we
do by induction on n.

For n < 1, the statement holds tautologically, so let n > 1. Set v =p; D ... B pp_1.
As the comparison functor Funf (D,C)5 — [[}=; Funf(D,C)$ is an equivalence by the
inductive hypothesis, it will suffice to show that every object of Algg /O(C )?@pn whose image

in Algg/o(C)f]§ X Algg/O(C);?n lies in Funf (D, €)Y x Funf(D,C)3 is in Fun?(D,C)S,, .

Let such an object be given, which is represented by a functor ¢: D® — C® preserving

~

inert morphisms such that po ¢ ~ f(v @ p,) o g. We would like to show that for all
g-cocartesian morphisms ¢: w — w’ in D%, @(t) is p-cocartesian.

22In fact, the machinery of categorical patterns of [Lurl7, Appendix B| used in the proof of [Lurl7,
Proposition 3.2.4.3] seems to yield this apparently stronger notion, which has probably been simplified
in the statement of the cited proposition. Categorical patterns could possibly also be used to prove
Proposition A.0.10, but we include a more explicit proof here.
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Consider a pf%(?@ «q)-Cocartesian lift of m,: v & p, — v, which, by Lemma A.0.9,

~

corresponds to a natural transformation 7,: ¢ — ¢, lying over f(m,) whose components
are p-cocartesian. Now for all z € Q®, f(m,)(z) = f(m, 2) is an inert morphism in
O% as f is a bifunctor of co-operads. Hence the components of 7, are in fact inert
morphisms in C%, as they are p-cocartesian lifts of inert morphisms. We similarly have
a p?o(p(gx g)-cocartesian lift of m,, given by a natural transformation 7, : ¢ — ¢ with
inert components.

Using the naturality of 7, and 7,,, we obtain a commutative diagram

b1 (w) T G(w) T g, ()

<z>1(t)l Mt) l(ﬁz(t) :

(W) o BW) = dalw)
where the horizontal morphisms are inert. Hence, using Lemma A.0.8, it will suffice to
show that ¢;(t) and ¢9(t) are cocartesian.

Now ¢, represents the first component of the image of ¢ in Algg/O(C)S@ X Algg/o(C)?n,
and ¢» its second component, which, by assumption, lie in Funf?(D, C)® and Fun;‘?(D, C)?n,
respectively. Therefore ¢; and ¢ map the g-cocartesian arrow t to a p-cocartesian

arrow. O

Remark A.0.11. Let ¢: D® — Q% be a Q-monoidal co-category and s: £¥ — P®
a P-monoidal oco-category. In light of Proposition A.0.10, we can describe bifunctors
E® x D® — C® of monoidal co-categories alternatively as follows.

Viewing Fun;’?(D,C)‘@ as the pullback Fun®“"(q,p) X pun(@®,09) P® and using the
equivalence Fun(€¥, Fun(D®,C%)) ~ Fun(£® x D, C?), Funpe (€%, Funf (D, C)®) can
be identified with the full subcategory of Funps(E® x D® C®) spanned by functors
¢: EP x D® — C® over O% such that for every object v in £¥ and every g-cocartesian
morphism u in D, the morphism ¢(Id,, u) is p-cocartesian.

Moreover, by the componentwise description of cocartesian morphisms in Funf?(D, C)®,
the adjoint ¢: £ — Fum;(’?(D,C)® of such a ¢ maps s-cocartesian morphisms to p?’c—
cocartesian morphisms if and only if for every s-cocartesian morphism ¢ in £% and every
object w in D%, ¢(t,1d,,) is p-cocartesian. As every morphism (¢, ) in £ x D® admits a
decomposition of the form (¢,1d,,) o (Id,, ), this is the case if and only if ¢ is a bifunctor
of monoidal co-categories. This means that the equivalence Fun(€®, Fun(D®,C®)) ~
Fun(E® x D®,C%) restricts to an equivalence

Fun$ (€, Funf (D, C)) ~ BiFun®(€, D; ().

We now employ the monoidal envelopes of [Lurl7, Section 2.2.4]. By [Lurl7, Proposition
2.2.4.9]), for every map h: 0% — Q% of oo-operads that is also a categorical fibration,

there exists a Q-monoidal co-category eg: Envg(Q)® — Q% and an oo-operad map
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ig: 0% — Envo(Q)® that fit into a commutative diagram

and such that for every Q-monoidal oo-category D, restriction along iz induces an
equivalence Fung(EnVQ(Q), D) ~ Algg /Q(D). We now give an analogous description of

Algg,(C).

Proposition A.0.12. Let g: 0% 5 0% be a fibration of oc-operads (i.e., a map of
oo-operads that is also a categorical fibration). Then the functor

Funf (Envg(Q),C)® — Algg/O(C)®

induced by ig: Q¥ — Envg(Q)® is a strongly P-monoidal equivalence.

Proof. This comparison functor is the restriction of the strongly P-monoidal functor
Alggnvg@)/o(C)@ — Algg/o(0)® (cf. Remark 1.2.3) to a full subcategory closed un-

der cocartesian morphisms, so it maps p?nvg(g)’c—cocartesian morphisms to p?oUD@X 9"

cocartesian morphisms, i.e., is indeed strongly P-monoidal. Hence, as discussed in
[Lurl7, Remark 2.1.3.8], it will suffice to show that for all p € P, the induced functor
Funf (Enve(Q),C)y —>AAlgg 10(C)y is an equivalence. Considering algebras with respect
to the oo-operad map f(p): Q¥ — O, this functor can be identified with the composite

Fung(EnVQ(Q),C X0 Q) — Algé/g(c X0 Q) — Alg@/O(C),

where the first arrow is an equivalence by [Lurl7, Proposition 2.2.4.9] and the second by
the universal property of the pullback. O

Next, we would like to identify Coalgg,o(C) =~ Fung (Envg(Q),C* xo Q) with

Fung(Ean(Q)f(’p,C xo Q)", so that we can relate it to other constructions such as
Algp,0(C) that involve functors into C®. For this, we need to show that taking fiberwise

opposites is compatible with Fun®®*(—, ?) in an appropriate sense.

Lemma A.0.13. Let g: X — A and h: Y — B be cocartesian fibrations between
oo-categories. Then the cocartesian fibrations

(prige™)™ s Fan®** (g, h)"*" — Fun(A, B)

and
pr;?fsl;ffop : Funcocart(gf"p, hf°p) — Fun(A, B)

are naturally equivalent.
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Proof. Intuitively speaking, Fun“"(g, h)fOp is the oo-category of commutative squares

x5y

ol In

A= B
such that 7 preserves cocartesian morphisms, but where a morphism 5 — %’ in the fiber
over v € Fun(A, B) is given by a natural transformation 7/ — 7 in the opposite direction.
On the other hand, Fun®®"*(g®P pfP) is the co-category of commutative squares

Xfop l> yfop
ngPl lhfop
A—— B

such that 4 preserves cocartesian morphisms. These two types of squares correspond to
each other by taking fiberwise opposites of the vertical arrows.

Making this intuition precise requires a “sufficiently functorial” construction of (—)*"
that induces a comparison functor between Fun®“"(g, h)foP and Fun®*(gfp pfor)  As
we discuss below, a construction suitable for this purpose is the point-set level description
of (=) given in [BGN18, Theorem 1.4]. Namely, there is a functorial construction
()" sending a cocartesian fibration q: Z — D over an co-category to a cartesian
fibration ¢¥: ZY — D°P such that (¢")°" is a model for ¢P. Similarly, there is a duality
construction mapping cartesian fibrations to cocartesian fibrations that is also denoted
by (=)".

Therefore, taking opposites, it will suffice to construct an equivalence Fun®*"*(g, h)v ~
Fun“*(g¥, ") over Fun(A, B)*® ~ Fun(A°?, B°?). Moreover, in order to avoid cluttering
the notation with even more (—)“’s, we will implicitly dualize our cocartesian fibra-
tions g and h to cartesian fibrations by taking opposites and construct an equivalence
Fun®*(g, h)" ~ Fun®*(¢¥, V) over Fun(A, B)®® ~ Fun(A°P, B°P).

In order to construct the comparison functor, we need to unpack the definition of (—)V a
bit. In [BGN18, Definition 3.2], for an co-category D equipped with suitable subcategories
DT,DT C D, the effective Burnside co-category ABH(D,DT,DT) is constructed, whose
objects are those of D and whose morphisms are spans w < v — v in D such that u — v
lies in Dy and u — w lies in DT. Given a cartesian fibration q: Z — D, let D be the
subcategory of D that contains all objects and whose morphisms are equivalences, and
let tPZ be the subcategory of Z that contains all objects and whose morphisms are
g-cartesian morphisms. By [BGN18, Proposition 3.3], ¢ induces a cocartesian fibration

q: ANZ,Z xp 1D, /P Z) = AN(D, /D, D)

such that a morphism w < u — v in A*(Z, Z xp 1D, P Z) is cocartesian if and only if
u — v is an equivalence. Then, in [BGN18, Definition 3.4], ¢V is defined as the pullback
of ¢’ along the equivalence

ip: D — A(D /D, D)
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that sends a morphism v — w to the span w < v = v.

In order to save space, we will abbreviate A°T(—, (=), (—)") as A°T(—) when (—); and
(—)T are clear from the context.

The next relevant property of AT (D, Dy, D7) is the fact that it is a certain subsimplicial

set of a nerve construction Ng e (D) with respect to the cosimplicial object O([e])”"

[*])
given by opposites of twisted arrow categories (cf. [BGN18, Definition 2.1]). As N 3™
commutes with products, we have a natural transformation

o: Ny )op(Fun(—,?)) — Fun(N~([.Dop(—),Na(M)op(?)).

([o] 10)

This natural transformation yields a commutative diagram

AeH(Funcart (g, h)) ) Funcocart <g/’ h/)
ey | [ers
AT(Fun(A, B)) - Fun(A®F(A), AF(B)) - (A.0.14)
2'Fu:(A,B)\ /
Fun(A, B)”

where

« ® and ® are obtained by restricting ® to appropriate subsimplicial sets,

« ® maps (pr§y')-cocartesian arrows to prifii-cocartesian arrows,

o F is the functor induced by the functoriality of A°T(— i(—), —).

Now, by the naturality of i(_), F can be identified with igo(—)oi,": Fun(A°, B°P) —
Fun(A°f(A), A*T(B)). Moreover, note that the equivalence (—)" ~ (=)’ of cocartesian
fibrations induces a commutative diagram

Funcocart (g\/’ hV) o~ Funcocart (g/’ h/)
ey | [

Fun(A°P, B°?) —=— Fun(A®(A), A*T(B))

iBO(f)Oi_;

which we can in particular view as a pullback square.
Hence, considering the functor ® induces between the pullbacks along the lower diagonal
arrows in (A.0.14), we obtain a commutative diagram

Funcart (g7 h)\/ P Funcocart (g\/’ h\/)

)
cart\V /ocart
(prm)\ preciay

Fun(A, B)® ~ Fun(A°P, B°P)
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~ v ) :
where ® maps (pr{’}') -cocartesian arrows to prig“i-cocartesian arrows.

We now use the fiberwise criterion of [Lur09, Corollary 2.4.4.4] to show that d is an
equivalence. Let v: A — B be a functor, which we can equivalently view as a functor
y°P: A% — B°P. Then &, coincides with the functor Fun®"(g, h), " — Fun®“"*(g¥, h"),
induced by the functoriality of (—)". Now (—)" is an equivalence as the “double dual”
construction is equivalent to the identity by [BGN18, Proposition 4.1], so wa is indeed
an equivalence. O

Corollary A.0.15. Let g: D® — Q% be a Q-monoidal co-category. Then the cocartesian
f O (o]

fibrations (p?’c) * and p?f PLP e equivalent, i.e., we have a strongly P-monoidal

equivalence Funf (D, C)* ~ Funf (D", CP).

Proof. By Remark A.0.7, p?’c: Funf(D,C) — P is the pullback of pr,, along f and

f f
pfop cfop .

is the pullback of pr e op along f. Now (prq7p)f°p ~ Prfop yiop Dy Lemma A.0.13,
so the result follows by the compatibility of fiberwise opposites with pullbacks. m

Remark A.0.16. Applying Corollary A.0.15 to the case where P is the trivial operad,
we obtain an equivalence

Fung(D,C xp Q) ~ Fun§(D*P,C*? x ¢ Q)

for every map Q — O of oco-operads.

We can now show that co-categories of algebras in coalgebras and algebras in coalgebras
are equivalent.

Corollary A.0.17. There is an equivalence®

op

oph O fo
Alg,p(Algh o (C*P) ") 2Alg/Q(Algg/o(C) ")

that is natural in P®, Q¥ and C®, where the right hand side is constructed with respect
to the bifunctor f': Q% x P® ~ P® x Q¥ — 0%,

20r using the notation of Definition 1.2.7, Alg/p(Coalgg/O €)) ~ Coalg/Q(Algg/o €)).
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Proof. We have a chain

b
=

op O [Lurl7, Proposition 2.2.4.9] opy fo
Alg,p(Algg,0(C™") ™) e Fung (Envp(P), Algh 0 (C*?) ™)
AL Fung (Envp (P), Funf (Enve(Q) CfOP)fOP)
AR Fun (Envp(P), Funf?(Ean(Q)fOp, C))
0.

=
o
w

2
©
2
=

?(Envo(Q) ", Envp(P);C)
(Enve(Q)™, Fun§, (Envp(P),C))

®
%)
S(EHV (Q fop AlgP/(’)(C>)
®
g

hS

S

Re RS

A.

=]

11 F
12 F )
" Fund(Envo(Q), Alg2,0(0)™)”

sition 2.2.4.9] Alg/Q(Algg/o(C)fOp)op

of natural equivalences. O

12

[Lurl7, Prop

We end this appendix with a generalization of [Rak20, Proposition and 2.2.10].

Example A.0.18. Let k € NU{oo} and C an E;,;-monoidal co-category. Consider the
standard bifunctor Ef X Ef — E,; and the bifunctor Ef x LM® — Ef, | induced by the

oo-operad map LM® — EP. As discussed in Remark 1.2.3, we identify Algé?fm 10
with Algg, /g, (C)® Xg® LM®.
In this situation, Corollary A.0.17 yields a commutative diagram

Alg g, (LComod(C)) ~ LComod(Algg, /g, ,,(C))

| |

Alg g, (Coalg(C)) =~ Coalg(Alfg;Ek/Ek+1 (0))

Now let H € Coalg(Algg, g, ,,(C)) =~ Algg, /g, ,, (Coalg(C)) be a bialgebra. Then, consid-
ering fibers over H, we obtain an equivalence

Alg g, (LComody(C)) "2 Alg g (LComod(C))r ~ LComody(Algg, g, ,, (C))-
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B. Lifting adjunctions

In this appendix, we study certain adjunctions induced by an adjunction F': D = & :G
of lax monoidal functors. In particular, we show that such an adjunction gives rise to
an adjunction between LModg(D) and LModgr)(£) for every algebra R in D, which is
used in Subsection 3.2 to construct a comonad on the oco-category of modules over the
underlying algebra of a comodule algebra. We start by introducing some terminology.

Definition B.0.1. Let U,: D' — D, Uy: & — & be functors and F': D = £ :G an
adjunction. We call an adjunction F': D' = &' :G" a lift of F 4 G (along Uy and Us) if
the front and back faces of the diagram

F/

S

U{ ¢ JUQ
/ﬁ\
D K%/ &
commute, the image of the unit of F/ 4 G’ under U is equivalent to the unit of FF 4 G,
and the image of the counit of F' 4 G’ under U, is equivalent to the counit of F' 4 G.

When C :=D = £ and F H G is the identity adjunction, we call F" 4 G’ an adjunction
relative to C (cf. [Lurl7, Remark 7.3.2.3]).

Remark B.0.2. Note that by [RV16, Theorem 4.4.11], there is (up to homotopy) at
most one adjunction extending the datum of two functors and either a candidate unit
or a candidate counit transformation. Therefore, in the context of Definition B.0.1, the
compatibility with the unit implies the compatibility with the counit and vice versa.

As alluded to before, we will be interested in lifts of adjunctions of lax monoidal
functors.

Definition B.0.3. Let O be an oc-operad, D and & O-monoidal co-categories. An
adjunction of lax O-monoidal functors is an adjunction F®: D® = £% :G® relative to
O% such that F® and G® are lax O-monoidal.

Example B.0.4. Let O be an oc-operad, D and £ O-monoidal co-categories. Our
main source of adjunctions of lax O-monoidal functors are strongly O-monoidal functors
F®: D® — £% such that for every 0 € O = O%, F? admits a right adjoint G,.

Indeed, viewing the underlying functor of F'® as the underlying functor of an oplax
O-monoidal functor, Fact 1.1.6 yields a lax monoidal functor G®: €2 — D® whose fiber
over 0 € O is given by G,. Moreover, arguing as in the proof of [Lurl7, Proposition
7.3.2.6], the adjunctions F¥ 4 G, can be extended to an adjunction F'® 4 G relative to
0%,

Alternatively, one can apply [Lurl7, Corollary 7.3.2.7]** to F® in order to obtain a
right adjoint with the desired properties directly. In fact, the “only if” part of [Lurl?,

24Note that while it is not made explicit in its statement, this corollary applies only to strongly O-
monoidal functors because its proof uses [Lurl7, Proposition 7.3.2.6], which requires the functor in
question to preserve locally (co)cartesian morphisms.
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Proposition 7.3.2.6] implies that every adjunction D® = £ relative to O% is induced by
such an F'® through this mechanism.

Remark B.0.5. Let f: P® — O be a map of operads, D and £ O-monoidal co-
categories, and F'®: D® = £% :G® an adjunction of lax O-monoidal functors.

Using [Lurl7, Proposition 7.3.2.5], we can pull back this adjunction along f to obtain
an adjunction F5: D¥ Xpe P® = E¥ xpe P® :G3 relative to P¥. Note that F7 4 Gy
is an adjunction of lax P-monoidal functors because inert morphisms in D% X pe P® and
E® xpe P® are detected in D® and £, respectively.

Similarly, we can pull back F®: D® 2 £% :G® to an adjunction Ff%: D=¢& :G%.

Moreover, we can lift 7, + G{}, to an adjunction

Alg?/o(F®)¢ AlgP/O(D) = Algp/o(g) 3A1gP/o(G®)

by considering Algp,o(—) as a full subcategory of Funps(P®, —), and applying F'®,
G®, the unit transformation and the counit transformation “objectwise” (cf. [Lei22,
Proposition E.3.3.1]).

We now move on to the main result of this appendix.
Proposition B.0.6. Assume that we are given the following.

o LM-monoidal categories D and £ (exhibiting Dy, as left-tensored over Dy and &y
as left-tensored over &,, respectively).

o An adjunction F®: D® = £° :G® of lax LM®-monoidal functors.
o An algebra R € Alg(D,).

Then there exists a lifted adjunction

Fg

LModp(Dy) _ L LModp(s(En)

GRr
Ul{ lUF(R)
Fa

S
Gm

Proof. As discussed in Remark B.0.5, we can pull back the adjunction F® 4 G® along
the oo-operad map EY — LM® to obtain an adjunction Fg: DE = £ :Gg, of lax
monoidal functors. Moreover, F® 4 G® gives rise another adjunction

Fizoa: LMod(Dy) = Alg (D) & Alg)pq(E) = LMod(En) : Gryods

which is a lift of F, <§f> . G% (and hence in particular of FiY 4 G¥). Similarly, we obtain
an adjunction Fjjg: AlgéDa) = Alg(&,) :Gayg lifting Fy, 4 G,. By their “objectwise”
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description, these adjunctions fit into a tower

FLMoa
LMod(Dw) . L LMod(&y)
<«

l G1LMod l
G'D 06
Faig
Alg(D) 1L Alg(&)
L
Fy
Davr L &
Ga

of lifts.

Considering fibers over R € Alg(D,), F(R) € Alg(&,) and G(F(R)) € Alg(D,),
we obtain functors Fr: LModr(Dn) — LModpr)(En) and G%: LModpr)(Em) —
LModg(r(r))(Dw) lifting Fiy and Gy, respectively. Moreover, note that the restriction of
scalars ug*: LModg(r(r))(Pm) = LModg(Dy) along the unit ug: R — G(F(R)) associ-
ated to the adjunction Faj, 4 Gajg is a lift of Idp,,. Therefore, setting Gr = ugr* o Gy,
we obtain a functor LModp(r)(Em) — LModg(Dr) that is also a lift of Giy.

For S € Alg(D,), let tg: LModg(Dy) — LMod(D,,) denote the inclusion (and similarly
for algebras in &). Let v: tpur® — tg(r(r)) be a natural transformation whose compo-
nent at K € LModg(r(r))(Dn) is given by a cartesian lift of ugr: Op(ur*(K)) ~ R —
G(F(R)) ~ 0p(K). Let cumod: FrmodGrmod — Idiodce) be the counit of the adjunction
Finioa 7 Grnmoa. We define the counit cgp: FrGr — IdLModF(R)(S) as the restriction of the
composite

* ! * !
tp(r)© Fro Gr = tpry o Frougr o G ~FiMod © LR O uR” © Gp

FiModovoGly ,
FiMod © tar(r)) © G =~ FlMod © GLMod © LF(R)

CLMod OLR(R) B}
F(R)

to LMOdF(R) (Dm) .

Now, as v is a lift of the identity transformation of Idp,, and cpcomod is @ lift the counit
of [y, 14 G, cg is a lift of the counit of F,, 4 G, as well. Hence, by Remark B.0.2, it is
enough to show that cg is the counit of an adjunction Fr 4 Gg. It will therefore suffice
to show that for all A/ € LModg(Dy) and N € LModg(ry(En), the composite

Map (M, GaN) 25 Map gy (Fa M, FaGrN) 2% Map g (FRM,N)  (B.0.7)

is an equivalence.

On the level of LMod and Alg, the relevant mapping spaces fit into a commutative
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diagram?®

0
(M, ur*GraoalV] & (R, R]
_ Falg
m} (“R)N
Vs [Finod M, Finoatr*Grmoa V] [FaigR, Falg R
O
.
FLModUx
(M, Gimoa V] (R, GalgFarg R Falg(ug)-

0p

Faig
FLMod
% [

[Finod M, FinodGrmoa V] FrigR, FaigGagFaig R

= (cLMod) (calg)«
[FizmoaM, N| [FaigRR, Faig Y]

(B.0.8)
Since vg,,,..n Was chosen to be a cartesian lift of ur and therefore FinoqUa, o v 1S @
cartesian lift of Fyj,up (as its underlying morphism in &, is an equivalence), the upper
front and back squares in this diagram are pullback squares by [Lur09, Proposition 2.4.4.3].
In particular, the maps induced by v, and Fiyoqus on the fibers are equivalences.
Tracing Idg € [R, R] on the right face of (B.0.8), we obtain a commutative diagram

Os

Fag

{Idr} —— {ldg,,r}
(uR)*J( J{FAlg(uR)*

{ur} " {Faigur} ’
\\ l(CAlg)*
- {IdFAlgR}

which, taking fibers in the horizontal direction in (B.0.8), yields a commutative diagram

Map (M, GrN) — 2 Map(FrM, FRGrN)

(UGLMOdN)*JZ ZlFLMod (V61 Moa N )
ﬁbuR (QD> Frntod ﬁbFAlguR (05)
l(CLMod)*

Now the composite of the top horizontal map and the right vertical maps is precisely the
composite (B.0.7). As it is homotopic to the equivalence given by the composite of the
left vertical map and the lower diagonal map, it is itself an equivalence. O

ZHere we omit ¢’s and use [—, —] instead of Map,(—, —) to save space.
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Next, we observe that the lifting process of Proposition B.0.6 “preserves comonadicity”.

Lemma B.0.9. In the situation of Proposition B.0.6, if the adjunction Fy: Dyn 2 En :Gn
is comonadic, then so is the lifted adjunction

FRI LMOdR(Dm) = LMOdF(R) (gm) ZGR.
Proof. We would like to apply the Barr—Beck—Lurie comonadicity theorem ([Lurl?,
Theorem 4.7.3.5]), so we need to show that Fr is conservative, LModg(Dy,) admits limits

of Fr-split cosimplicial objects, and Fr preserves such limits. For this, we consider the
commutative diagram

LModz(Dy) —2 LModp (s (En)

URJ J{UF(R)

D En

Fin

Let f be a morphism in LModg(Dy,) such that Frf is an equivalence. Then the
morphism Upg) Frf ~ FnUg f in & is also equivalence. Now, I, is conservative as
the adjunction F,, 4 G, is comonadic, so Ugr f is an equivalence. Moreover, Ug is
conservative as the forgetful functor of a module category, so f is an equivalence. Hence
F'g is conservative.

Now let X: A — LModg(Dw) be an Fp-split cosimplicial object. Then Upg) FrX ~
FwUg X is also split, implying that Ur X is Fy-split. Hence, as F,, 4 G, is comonadic,
Ug X admits a limit in Dy,. Now, by [Lurl7, Corollary 4.2.3.3], Ug reflects limits, so X
admits a limit as well.

The argument for preservation is similar. Let X: AY — LModg(Dy) be a limiting
cone for X. Then Ug X< is a limiting cone in D,, as Ug also preserves limits by the
aforementioned corollary. Since Fy, 4 Gy, is comonadic, Fy, preserves limits of Fy-split
cosimplicial objects, so Fi, Ug X< is a limiting cone in &,. Now the limit-reflecting functor
Up(ry maps FrX™ to the limiting cone F, Ug X<, so FrX™ is also a limiting cone.  [J

We conclude our discussion by specializing Proposition B.0.6 to LM-monoidal oo-
categories induced by monoidal co-categories.

Corollary B.0.10. Let D and £ be monoidal co-categories and F®: D® = £% :G®
an adjunction of lax monoidal functors. Then the adjunction F': D = &€ :G lifts to an
adjunction

FRI LMOdR(D) = LMOdF(R)(g) 3GR.
Moreover, if F' 4G is comonadic, then so is Fr 4 Gpg.

Proof. We consider the left-tensorings of D and £ over themselves. As discussed in
Remark B.0.5, we can pull back the adjunction F'® 4 G® along the map LM® — EP of
oo-operads to obtain an adjunction

FZ@M: D® XE‘? £M® = 5® X]E? £M® G%M

of lax LM-monoidal functors. Now we can obtain the desired results by applying
Proposition B.0.6 and Lemma B.0.9 to the adjunction FZ,, 4 G% . O
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