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Long you live and high you fly

And smiles you’ll give and tears you’ll cry
And all you touch and all you see

Is all your life will ever be.

— Roger Waters

To my mother. ..
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Abstract

This work is devoted to nonperturbative methods to study quantum field theories in
curved maximally symmetric spacetimes like de Sitter and Anti-de Sitter.

In the first part, we cover some preliminary facts about conformal field theories in flat-
space. Therein, the conformal algebra is derived and the unitarity bounds as well as the
conformal bootstrap are discussed. Furthermore, we cover the basics of quantum field
theories in a fixed de Sitter background. We develop the Hilbert space decomposition of
quantum field theory in d-+ 1-dimensional de Sitter into irreducible unitary representations
of its isometry group SO(d + 1,1) as well as the notion of late-time boundary operators.
We also review the massive free field theory, in-in formalism and de Sitter-Euclidean
anti-de Sitter dictionary used in perturbative calculations.

The second part deals with the bulk two-point function and the boundary four-point
function. Firstly, the Kéllén—Lehmann spectral decomposition of the bulk two-point
functions is recovered and two inversion formulas for the spectral densities are presented —
one through analytical continuation from the sphere and the other through analytical
continuation from Anti-de Sitter. In the process, we exhibit a relation between poles in the
corresponding spectral densities and boundary CFT data. Next, we study the conformal
partial wave decomposition of the four-point functions of boundary operators. These
correlation functions are very similar to the ones of standard conformal field theory but
have different positivity properties that follow from unitarity in de Sitter. We conclude
by proposing a nonperturbative conformal bootstrap approach to the study of these
late-time four-point functions, and we illustrate our proposal with a concrete example for
two-dimensional de Sitter.

The last part develops a nonperturbative method called Hamiltonian truncation to
compute the energy spectrum of quantum field theories in two-dimensional anti-de Sitter.
The infinite volume of constant timeslices of anti-de Sitter leads to divergences in the
energy levels. We propose a simple prescription to obtain finite physical energies and test
it with numerical diagonalization in several models: the free massive scalar field, \¢*
theory, Lee-Yang and Ising field theory. Along the way, we discuss spontaneous symmetry
breaking in AdS and derive a compact formula for perturbation theory in quantum
mechanics at arbitrary order. Our results suggest that all conformal boundary conditions
for a given theory are connected via bulk renormalization group flows in Anti-de Sitter.
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Résumé

Ce travail est consacré aux méthodes nonperturbatives pour étudier les théories quantiques
des champs dans des espace-temps courbes & symétrie maximale comme de Sitter et
Anti-de Sitter.

Dans la premiére partie, nous présentons quelques faits préliminaires sur les théories
des champs conformes dans ’espace plat. L’algébre conforme est dérivée et les limites
d’unitarité ainsi que le bootstrap conforme sont discutés. De plus, nous abordons les
bases des théories quantiques des champs dans un arriére-plan fixe de de Sitter. Nous
développons la décomposition de ’espace de Hilbert de la théorie quantique des champs
dans un espace de de Sitter de dimension d + 1 en représentations unitaires irréductibles
de son groupe d’isométrie SO(d + 1, 1) ainsi que la notion d’opérateurs sur le bord au
temps tardif. Nous passons également en revue la théorie des champs libres massifs, le
formalisme in-in et le dictionnaire de Sitter-Anti-de Sitter Euclidéen utilisés dans les
calculs perturbatifs.

La deuxiéme partie traite de la fonction a deux points massive et de la fonction & quatre
points au bord. Tout d’abord, la décomposition spectrale de Kéllén—Lehmann des fonctions
& deux points de l'intérieur est obtenue et deux formules d’inversion pour les densités
spectrales sont présentées - 'une par continuation analytique & partir de la sphére et
Pautre par continuation analytique & partir d’Anti-de Sitter. Au cours du processus,
nous montrons une relation entre les péles des densités spectrales correspondantes et les
données de la CFT au bord. Ensuite, nous étudions la décomposition en ondes partielles
conformes des fonctions & quatre points d’opérateurs au bord. Ces fonctions de corrélation
sont trés similaires a celles de la théorie des champs conforme standard mais ont des
propriétés de positivité différentes qui découlent de I'unitarité en de Sitter. Nous concluons
en proposant une approche non-perturbative par bootstrap conforme pour I’étude de ces
fonctions & quatre points en temps tardif, et nous illustrons notre proposition par un
exemple concret pour l'espace de de Sitter & deux dimensions.

La derniére partie développe une méthode non-perturbative appelée troncature Hamilto-
nienne pour calculer le spectre d’énergie des théories quantiques des champs en Anti-de
Sitter & deux dimensions. Le volume infini des tranches de temps constant en Anti-de
Sitter conduit & des divergences dans les niveaux d’énergie. Nous proposons une prescrip-
tion simple pour obtenir des énergies physiques finies et la testons par diagonalisation
numeérique dans plusieurs modéles : le champ scalaire massif libre, la théorie A¢?, les
théories des champs de Lee-Yang et d’Ising. En cours de route, nous discutons de la



Résumé

brisure spontanée de symétrie en AdS et nous déduisons une formule compacte pour la
théorie des perturbations en mécanique quantique & un ordre arbitraire. Nos résultats
suggérent que toutes les conditions au bord conformes pour une théorie donnée sont
connectées via des flux du groupe de renormalisation & l'intérieur d’Anti-de Sitter.

Mots clés :

Théorie quantique des champs, Méthodes nonperturbatives, de Sitter espace-temps, Anti-
de Sitter espace-temps, Bootstrap conforme, Troncature Hamiltonienne
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Introduction

Why theoretical physics??

Human beings have always been questioning. From the very early stages of history, we
were amazed by the surrounding phenomena and tried to categorize, describe or explain
them. Thanks to our arguably most important intellectual tool, logic, not only did we
understand some of these phenomena, but also we were able to conquer nature with
technology and predict other phenomena. At the top of these logical approaches to the
world around us, sits a branch of science called physics. Some of the non-trivial byproducts
of this approach to the world are its mysterious relation to abstract mathematics, its
power to predict and its extreme objectiveness that unlike art does not vary in the
spacetime of the cultures and subcultures. In the next few paragraphs, I will briefly use
the historical facts I have in mind to describe my own motivation to study theoretical
physics!

The modern scientific method went on a long journey after its birth by Galileo Galilei?. It
went ahead of mathematics in the 17th and 18th centuries, enjoyed the powerful back and
forth between abstraction and observation by the beautiful mind, Sir Isaac Newton and it
got to relate the seemingly distinct subject of magnetism, electricity and light by James
Maxwell. But in the early 20th century, it reached the most exciting time of its life when it
got to the regime of Quantum Mechanics and Relativity. This stage has undeniable effects
on every physicist’s mind: First, the existence of phenomena well beyond our intuition.
Second, the almost purely theoretical motivation for the development of general relativity
by Albert Einstein, without the need to explain an already observed phenomenon. General
relativity surpassed expectations and predicted the Big Bang, expansion of the universe,
black holes, gravitational waves, etc that leads to Nobel prizes to this day. This theory
was so beautiful and successful that every physicist dreams of coming up with a new

!This subsection is a personal reply to a non-physicts and can be skipped.

%A1l knowledge of reality starts from experience and ends in it. Propositions arrived at by purely
logical means are completely empty as regards reality. Because Galileo saw this, and particularly because
he drummed it into the scientific world, he is the father of modern physics — indeed, of modern science
altogether’-Albert Einstein
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theory like that!

Our universe is ruled by quantum mechanics and our macroscopic life is only a classical
limit of it — whilst many of our daily experiences, like typing this thesis on a computer
with billions of transistors, rely on quantum mechanical principles. The rapid and glorious
development of quantum mechanics in the 1920s followed by Dirac’s genius led to a
relativistic wave equation with the prediction of the existence of a particle with the
same mass and spin as the electron but the opposite electric charge — positron3. The
field description of electromagnetism in classical physics motivated the development of
a new quantum theory of fields that later on included other particles and gave birth to
Quantum Electrodynamics (QED), “the most stringently tested and the most dramatically
successful of all physical theories” [2]. These developments went on to make quantum
field theory a framework that is now one of the pillars of modern physics. The fact that a
person sits in a room and uses the mixture of his logic and some basic observations to
build a consistent theory and then tells you to go out and find this particle in a lab or
that pattern in the sky is like magic. The only difference is that that person, a theoretical
physicist, quite willingly shares his tricks!

Nonperturbative quantum field theory

Quantum field theories (QFTs) have had incredible success in describing various phenom-
ena in particle physics, condensed matter physics and cosmology. In spite of the extensive
work on QFT in the last century, most of these studies are in a perturbative regime
where a quantity such as interaction coupling or one over the rank of the gauge group is
assumed to be very small (A < 1, % < 1). These systems make up a very small region
in theory space and cannot describe many of the most interesting physical phenomena.

The goal of this thesis is to nonperturbatively study QFT in a (d 4+ 1) fixed curved
background? and in particular maximally symmetric spacetimes. Maximally symmetric
spacetimes are homogeneous and isotropic. Hence, they have the maximal number of
isometries of 1(d + 1)(d + 2) with a constant Ricci scalar. A maximally symmetric
spacetime with (negative)positive curvature is called (Anti-)de Sitter ((A)dS). There are
multiple motivations to study (A)dS physics. First, let us mention the motivations for dS.

3As pointed out in [1], “there are serious reasons for being dissatisfied with the Dirac’s original
rationale” as (i) it would seem to rule out the existence of any particle of zero spin, (ii) the negative
sea argument does not work for charged bosons and (iii) magnetic moment of the electron predicted by
Dirac theory can be rescaled by adding another Lorentz invariant term called the Pauli term into wave
equation. These issues all will be solved by quantum field theory.

4In contrast with dynamical background, where the gravity is quantized and we need a theory of
quantum gravity.
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Quantum field theory in dS: Motivation

It is widely believed that our universe has gone through an exponential expansion of
spacetime called inflation [3-5]. Moreover, observations show that the universe is in an
accelerating expanding state called the cosmological constant dominated phase. Both of
these epochs are very well approximated by QFT in fixed background de Sitter [5].

It is difficult to put gravity and quantum mechanics together. String theory provides us
with a perturbative description of quantum gravity in which it uses perturbative techniques
to calculate the scattering amplitude of strings. Maldacena, in his revolutionary work of
AdS/CFT correspondence [6], paved the way for a nonperturbative definition of quantum
gravity in asymptotic AdS spacetime through the holographic principle. Now, the question
is: “can we propose a non-perturbation definition of quantum gravity in de Sitter and
ultimately the universe we live in?”. In this spirit, one finds the failed attempts to define
a stable de Sitter vacuum in string theory that motivated several conjectures called
Swampland-the low energy theories which are not compatible with string theory [7-12].
While QFT in rigid dS is fundamentally different from quantum gravity in a dynamical
background, it shows us the (indirect) path to cosmology in quantum gravity. For instance,
some large N QFTs on a rigid dS are the holographic dual of a gravitational spacetime
that includes an FRW-like geometry [13-18].

In contrast with the extensive studies of theories in other maximally symmetric spaces,
i.e. flat and AdS spacetimes, at both perturbative and nonperturbative levels, the QFT
in dS stayed rather unexplored. Some of the more recent works include the study of non-
gaussianities and perturbative calculations of boundary correlators such as cosmological
collider [19], cosmological optical theorem [20], dS-AdS dictionary |21, 22| and cosmological
bootstrap [23-25] as well as the resolution of IR instabilities [26]. The goal of this work
is to approach dS physics from a nonperturbative perspective.

The dS late-time correlation functions transform as conformal correlation functions under
the isometry group SO(d + 1,1) of dSgz41 [19]. This suggests that one can employ
conformal bootstrap methods to study QFT in dS which is the key ingredient of our
study section 4. Let us briefly recall the main ingredients of the conformal bootstrap
approach [27, 28] applicable to Conformal Field Theories (CFTs) in R?.

Conformal bootstrap

An abstract picture of the space of QFTs is that they are Renormalization Groups
(RG) flows between the scale-invariant theories called the UV and IR fixed points. For
most of the known examples, the scale invariance enhances to conformal symmetry
meaning that they are invariant under angle preserving transformations.> Conformal

°It is proven that scale invariance in two dimensional unitary theories get enhanced to conformal
symmetry [29, 30] but for higher dimensions it is still an open problem [31-34]
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Field Theories(CFTs) play a central role in different areas of physics such as critical
phenomena in statistical mechanics and quantum gravity in AdS via holography, to
name a few. They are highly constrained and the different microscopic systems can be
described by the same CFT (universality classes). The surprising fact is that very different
microscopic systems are described by the same CFT. The motivation to classify and
solve the space of CF'Ts using basic properties such as symmetries and other consistency
conditions led to a program called conformal bootstrap.

O1 O3 0 o Oy O3
N 1 3
: mekf34>&< — > fiskfar |,
k k
VRN J N
Oy Oy O O

4

Figure 1: A schematic illustration of crossing equation: Correlators can be expanded in
different channels using different operator product expansions with coefficients f;;; that
enjoy positivity conditions derived from unitarity.

In a CFT, the two and three-point functions are fixed up to a discrete set of numbers.
Then, with the help of the Operator Product Expansion (OPE), which replaces a product
of two local operators with a sum of operators (as represented by fusions of two legs in
figure 1), higher-point functions can be reduced to infinite sums of three-point functions.
Therefore, knowing this basic set of numbers, the so called CFT data, is the same as
knowing all n-point functions. As illustrated in figure 1, depending on the order of
performing OPE in correlators one obtains different expansions of the same correlator.
The statement that all of these different expansions have to agree with each other is
called crossing symmetry and it results in the consistency conditions called the bootstrap
equations.

The idea of the conformal bootstrap, in fact, goes back to groundbreaking papers by
Ferrara, Gatto, Grillo, and Polyakov [35, 36] which led to a partial classification of
two-dimensional CF'Ts in the '80s and '90s while the study of higher dimensional theories
procrastinated. The conformal bootstrap experienced a renaissance when the authors
of [27] proposed a numerical method based on linear programming which extracts rigorous
bounds on CFT data from conformal bootstrap equations.

Now let us sketch the key points of this method where the central observables are
four-point functions of primary operators— see section 1.4. For simplicity, consider four
identical scalar operators in Euclidean space,

G(x1, 2,3, 74) = (O(21)O0(22)O(23)O(24)) (1)
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such that crossing symmetry is just invariance under permutations of the points z; € R%.
Using the convergent Operator Product Expansion (OPE), one can derive the conformal
block decomposition

4
G(ry, w2, 03,24) = Yy CR,Guy (v1,79,23,24) ,  CXy >0, (2)
A

where Ca are theory-dependent OPE coefficients corresponding to foop, in figure. 1.
GlﬁfA are kinematic functions called conformal blocks. SO(d,2) unitarity implies that
C’il > 0 and imposes lower bounds on the dimensions A that can appear in (2).
Remarkably, the compatibility of crossing symmetry, unitarity and the conformal block
expansion (2) leads to non-trivial bounds in the space of CFTs. For example, it leads to
a very precise determination of critical exponents in the Ising and O(N) models in three

dimensions [37].

Nonperturbative cosmological bootstrap

QFT in dS contains observables like (1). These are obtained by studying four-point
correlations functions in the late-time limit. In this context, crossing symmetry still holds.
In fact, invariance under permutation of the points z; € R? is an immediate consequence
of operators commuting at spacelike separation. We can use the resolution of the identity
decomposed into unitary irreducible representations of SO(d + 1, 1) to obtain

G(z1, 22,23, T4) = Z/du I(v) \Illgiijg(xl,xg,xg,m), Ii(v) >0, (3)

¢

where W is a kinematic function often termed conformal partial wave®. SO(d + 1,1)
unitarity implies positivity of the expansion coefficients Ip(v) > 0. Our main message in
part I of this thesis is that the similarity between these two setups

Conformal Bootstrap : 1 + (2
QFT in dS Bootstrap : 1L + 3

suggests that one may be able to develop (numerical) conformal bootstrap methods to
obtain non-perturbative constraints on the space of QFTs in dS. In this work, we give
the first steps in this program.

Quantum field theory in AdS: Motivation

After a brief introduction on the Quantum field theory in dS spacetime, let us change the
curvature sign and go to AdS. There are various motivations to study QFTs that live in

SFor simplicity, here we assumed that only principal series representations contribute to this four-point
function. We discuss the appearance of other representations in more details in section 2.2.
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AdS. One is that it is the leading semi-classical approximation to quantum gravity where
the gravitational fluctuations are suppressed and one can assume a rigid background. So,
it carries some of the structures that appear in quantum gravity in AdS.

Second is that one can take the curvature of AdS to zero and recover the flat space
limit in which instead of directly studying the flat space physics, we can look at the
boundary correlation functions that define a conformal theory © and employ the power of
the conformal bootstrap. The AdS zero curvature-limit corresponds to the large scaling
dimension of the boundary operators. For instance, the authors of [38] find universal
bounds on the cubic couplings in 2D flat space QFTs using 1D conformal bootstrap by
obtaining flat space scattering amplitudes from the boundary correlators in this limit.

Lastly, AdS is like a box in both classical and quantum mechanical senses. At the classical
level, massive (or massless) particles in AdS would propagate close to the boundary
(in case of massless/light-like: all the way to the boundary) and bounce back. In the
quantum mechanical sense, AdS introduces an IR cutoff where it forbids large wavelength.
This leads to a discrete energy spectrum. Strictly speaking, the energies take the form of
A 4+ m where m is a set of non-positive integers. The discretized-spectrum nature of AdS
makes it a great lab for numerical investigations such as Hamiltonian truncation.

Hamiltonian truncation

Hamiltonian truncation methods in QFT are the generalized versions of the variational
method of Rayleigh-Ritz in quantum mechanics. They are numerical methods to find
the energy spectrum and eigenstates of a theory. In these methods, one starts from a
solvable theory with a known Hamiltonian Hy deformed by potential J:

H = Hy+ \U (4)

where deformation parameter A is not necessarily small meaning that this method is
nonperturbative. Then, after introducing a UV cutoff A, the Hamiltonian matrix will
be constructed in a truncated basis of the unperturbed theory, where the states have
energy less than A. By diagonalizing this matrix, one expects to recover the spectrum of
the theory as we increase A. Introducing a UV cutoff helps us to truncate the infinite-
dimensional Hilbert space to a finite-dimensional basis and makes it possible to feed it to
a computer.

In equal-time quantization of QFT in Minkowski or Euclidean space, one deals with the
spectrum that is labeled with a continuous parameter like momentum. So, there are
infinite number of states with energy less than a UV cutoff that makes it impossible to
truncate the Hilbert space to a finite-dimensional basis. There are different approaches to

"Here we avoid to call it a conformal "field" theory as this boundary theory does not possess stress
tensor.
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this technical problem. One is to put the theory on a spacetime with a compact spatial
section, for instance, on a cylinder R x S% [39-41] or sphere S%+! [42] so that the spectrum
becomes discretized with the natural IR regulator coming from the geometry. Then, one
can recover the R? or M? by taking the limit of radius R to infinity. Another approach is
to discretize the momentum directly [43, 44]. AdS spacetime, on the other hand, has a
discretized spectrum to begin with. So it is a great candidate to implement Hamiltonian
truncation.

Hamiltonian truncation in AdS

In this thesis, we shall study deformations of exactly solvable theories. The action is
given by

S=5+A dz\/gV(x) (5)
AdSgi1

where ¢ is the metric of AdSz;11 and V is a bulk local operator with mass dimension
Ay < d+ 1. Let us emphasize that the metric is non-dynamical: this is a study of QFT
in a fixed curved background. The unperturbed theory described by Sy can either be a
free theory or a solvable Boundary CFT (BCFT).8

In this setup, physical observables depend on the dimensionless parameter A = AR —4v.
This parameter allows us to continuously connect the perturbative regime of small A with
the strongly coupled regime of large A. This is similar to the case mentioned above of
QFT on R x 8. The choice of the AdS,4,; background has two main advantages. The
first is that it preserves more symmetry. The isometry group of (Lorentzian) AdSgy; is
the conformal group SO(2,d). This means that the Hilbert space of the theory organizes
into representations of the conformal algebra. The second advantage is that AdS has
a conformal boundary where we can place boundary operators and their correlation
functions solve conformal bootstrap equations. This means that the well-established
conformal bootstrap methods can be used to study non-conformal QFTs [38]. Notice that
the extrapolation to A\ — oo corresponds to the flat space limit where the mass spectrum
and scattering amplitudes of the QFT in flat space can be recovered.

In the present thesis, we choose to study the above setup in the Hamiltonian framework.
To be precise, we study the theory (5) in global coordinates, which endow AdS with
the topology of a solid cylinder. The Hilbert space is that of the undeformed theory

8Notice that AdSqy; is conformally equivalent to R? x R*. This is obvious in Poincaré coordinates

2 . .
dsias = % (d22 —+ dl'zdl'i) , 2zt e R?, z2>0.
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corresponding to Sp. The time evolution is governed by a Hamiltonian of the form?
H=Hy+\V (6)

where Hy is the Hamiltonian of the A = 0 theory, and the interaction term V' corresponds
to V integrated over a timeslice (this is explained in detail in section 7.3).

The key problem we address in our work is the diagonalization of H for finite A, which
describes how the states and their energies change after turning on the bulk interaction V.
Since the strength of the dimensionless coupling A grows with R, the small-radius limit
can be attacked in Rayleigh-Schrédinger perturbation theory (see e.g. [45]), but when R
is sufficiently large the theory is in a strong-coupling regime, and perturbation theory
breaks down!?. Nevertheless, we can attempt to study this diagonalization problem using
the Hamiltonian truncation toolbox. In this work, as the first step in this direction, we
focus on two-dimensional theories. We study several two-dimensional QFTs in AdSs
including deformation of free massive scalar with ¢* interaction and relevant deformations
of minimal models such as the Lee-Yang model and the Ising model. It is worth stressing
that the application of equal-time Hamiltonian truncation to infinite volume physics is
new — although lightcone conformal truncation |43, 44| can be used to treat flat-space
physics using Hamiltonian truncation technology.'! In this respect, AdS is an ideal
playground: due to the UV/IR connection familiar from AdS/CFT, the conformal theory
on the boundary provides a handle on the infrared behavior of the observables.

Outline

This thesis is made of three main parts.

Part 1is devoted to a brief summary of the basics of conformal field theories in d > 3
dimensions as well as QFT in dS. In section (1), we derive the conformal algebra and its
representations, we discuss the state-operator correspondence, the unitarity bounds and
operator product expansion, and we conclude with the conformal block expansion of the
four-point functions and the conformal bootstrap. Although on the way we might spell
out some details that have been skipped in standard sources, this section should be seen
more as a review rather than a complete pedagogical reference. For a more detailed and
self-contained discussion we refer to [48-51|. Section 2, provides some preliminaries for
Part II. It includes a review of the basics of maximally symmetric geometries to highlight
the similarities between (E)AdS, dS and Sphere, with a special emphasis on dS. Next,

®The Hamiltonian is dimensionless because we measure energies in units of 1/R, with R the AdS
radius.

108ee the recent work [46] for a lattice Monte Carlo approach to address the finite-coupling regime in
AdSs,.

171 lightcone conformal truncation, the need to work with a finite basis of states leads to an effective
IR cutoff, see for instance the discussion in appendix F of [47].

8
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in section 2.2, we review the unitary representations of QFT in dS and and present a
nonperturbative definition of dS correlation functions in section 2.3. Later, we solve free
field theory in dS, canonically quantize it and construct its Hilbert space. In section 2.5,
we review the in-in formalism that is used for perturbative calculations in dS, derive
the massive free field two-point function in dS and EAdS and state why they are very
similar. Then, we construct the dictionary between EAdS and dS Feynman diagrams. We
conclude part I with a section that is less pronounced in the literature where we construct
the Hilbert space representations and spell out the resolution of identity in (2.117).

Part 1l aims to initiate a nonperturbative treatment of QFT in rigid dS background. In
section 3, the focus is on the bulk two-point function, where we derive the Kéllén—Lehmann
representation as well as an inversion formula for the spectral density with two different
methods: analytical continuation from sphere in eq. (3.50a) and analytical continuation
from EAdS in eq. (3.58). Next, we clarify the concept of boundary operators by relating
them to spectral density poles and conclude with concrete examples of massive free field
and CF'T in bulk.

In section 4, we study the partial wave expansion of boundary four-point functions
and derive the corresponding positivity conditions. We then calculate the partial wave
coefficient of massive free theory in bulk as well as for the leading order of A\¢* interaction
in section 4.2. It turns out that unitarity requires appearance of local terms in free
theory discussed in section 4.2.2. Lastly, in section 5, we focus on dSy to set up a de
Sitter bootstrap program. After reviewing basics of the one-dimensional CFTs, we discuss
the convergence issue of partial wave expansion in dS. This issue has been overcome by
proposal of a regularization scheme in 5.3. In the end, a concrete example of non-trivial
bound on partial wave coefficietns is presented in section 5.4

Part 11l develops a Hamiltonian truncation method to compute the energy spectrum
of QFTs in two-dimensional EAdS. In section 7, we review some basic features of the
physics and symmetries of AdSs. In section 8, we explain in detail the existence of UV
divergences that arise in the Hamiltonian truncation scheme, and we explain how to
obtain the correct continuum limit in a large class of theories. This section contains one
of the main results of the this part, 7.e. eq. (8.1), which allows to obtain the correct
energy gaps. Finally, in sections 9 and 10, we present results for several theories. The
massive free scalar deformed by ¢? and ¢* operators is discussed in detail in section 9.
Next, in section 10, we study relevant deformations away from the Lee-Yang and Ising
minimal models. The exactly solvable models — e.g. the massive free theories — allow to
test the formula (8.1). On the contrary, figures 9.7, 10.5, 10.6, 10.17 and 10.18 contain
genuinely nonperturbative results on the spectrum of strongly coupled theories in EAdS.
Throughout this part and the corresponding appendices, we deal only with EAdS and
not AdS. So for convenience, we drop "Euclidean" and simply use AdS for EAdS.

We also include several complementary appendices. Some of them are devoted to the
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list of identities: sections A and F, as well as detailed calculations and derivations of
certain formulae: section B and C; while some of them are independent but conceptually
important discussions that do not fit within the storyline of the main parts. This includes
the derivation of a new simple formula for the order-A" correction to the eigenvalues of the
Hamiltonian in perturbation theory in appendix G, discussion of spontaneous symmetry
breaking in EAdS in appendix J and decomposition of unitary irreps of SO(2,2) into
SO(2,1) in appendix D.

Notation and conventions

e In this thesis we use mostly positive metric signature. We also used the shorthand
notation of z.y for z,y* and 22 for x,x#. We discuss the dSg4q and AdSg4q with
d-dimensional boundary theories.

e In the first and second part, when we are using the irreducible representations of
SO(d+1,1) or dimension of operators in QFT in dS, we frequently use A = % +iv.
Plus

e Any place we use ie prescription as a regulator, we assume € > 0 with € — 0.
e x;; is a short notation for z; — x;.

e In the third part and its corresponding appendices, we consider Euclidean AdS but
simply call it AdS for brevity.
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Il Conformal field theories

1.1 Conformal transformations

The IR and UV fixed points of the Renormalization Groups (RGs) are scale invariant.
The scale-invariance usually gets enhanced to the conformal invariance. This is proven in
two-dimensional unitary theories [29] but there is no proof for higher dimensions [31-34].
For a pedological discussion see [49, sec. 1.3] or [30]. This makes the study of CFTs an
important subject in theoretical physics.

Conformal invariance as transformations x#* — z* that preserve the angles translate to

diffeomorphisms in which the metric transforms as!

z® Oz’
g,u,u(x) — g/w(i') = gf:“gi’/gaﬁ(qj) - Q_Q(x)gm/(x> : (11)

From now on, we work in Euclidean space with g,,(x) = 6,, except it is mentioned
otherwise and = 1,2,---d. The generators of these diffeomorphisms are labelled by the
conformal Killing vector e. For an infinitesimal transformation z# — ¥ = a* + *(x),
eq. (1.1) gives the conformal Killing equation:

2
Ouey + 0ve, = E@.e Ouv - (1.2)

This is similar to the Killing equation with the difference that right-hand side there is

!This can be seen by considering the fact that the angle 6 between two vectors A*(z) and B*(x) are

cos(f) = \:\AI};’I = %, where A.B = A*B"g,, and |A| = VA.A.

13



Chapter 1. Conformal field theories

zero (0. = 0). The solution to eq. (1.2) is

e(x) = a* (translation)
e!(x) = mt x¥ rotation
(@) (rotation) .
e'(z) = cat | (dilatation)
eH(z) = 2(z.b)zH — 22 | (SCT)

where a#, m*,, c,b" are constants and m), is an antisymmetric tensor. Note that the
first two are associated with the Poincare transformations (0. = 0) only coming from
homogeneity and isotropy of the space. One may exponentiate these and find the finite

version of these transformations:

H(x) = a¥ 4+ a* | (translation)

H(z) = R z” (rotation)

H(z) = cat , (dilatation) (1.4)
xH — bHg?

oy T

() 1—2bax +b222’ (SCT)

where R, are rotation matrices in R%. The first three are easy to proof. To proof the last
one, note that the infinitesimal version of SCT can be written as an inversion defined as

I:zt =3l =—. (1.5)

followed by a translation of —b* and another inversion:

M

ffb’Q = " + 2(z.b)"* — 22bH (1.6)
fLaas iz

x2
where we dropped the higher order terms in b. Now since I? = 1, the finite version of
SCT is also an inversion followed by a finite translation of —b* and another inversion
which is given in (1.4).

1.2 Conformal algebra

The infinitesimal transformations of coordinates and the fields can in general be seen as

028 B(3) = O) + wa o () (1.7)

ot =at + e =2t + w,
dwg,

dwy

14



1.2 Conformal algebra

where w, represent an infinitesimal parameter and index a is just a label, not a Lorentz
index. The generator G, is defined as?

O(z) — O(z) = —w,G,O(x) (1.8)

— the variation of the field discarding the change of coordinates. Then by using the fact
that

O(z) = O(&) — “agizauo(i’) + wagj;(i:) (1.9)
one finds - SF
G, O(x) = ——09,0(x) + (x) . (1.10)

dwg dwg
Now, by asking that infinitesimal conformal transformations (1.3), leave our field invariant:

OF [dw, = 0, we find the generators of the conformal group

P, = -0, , (translation)

]\Ai w = Tp0y — 0, , (rotation) (1L11)
D=—-z0, (dilatation)

K = (220, — 22,2.0) , (SCT)

We name these differential generators with Q to contrast with the definition of corre-
sponding charges that will be defined later in section 1.3, but for convenience we will
drop the hat from now on. These generators satisfy commutation relation

[D,P,] =P, , D, K,] =-K, , Ky, Py =20, D —2M,, ,
My, Pp] = 0,pPy — 6,0 P, (M, Kp) = 00K, — 0,,K, (1.12)
(M, Mpo| = 0upMpus — 6upMye + SvoMpy — 610 My

as well as [P,,P,] =0, [K,,K,] =0 and [D,M,,] = 0. This is called the Euclidean
conformal algebra. Note that we found these commutation relations solely using group
theory facts. Now let us define the following generators

D = J—l,O s M,uy = J,ul/ 3
1 1 (1.13)
J—lauzi(Pu_Kﬁ ) JO,uzi(Pu‘FKu)
where Jap = —Jpa and A, B € —1,0,1,--- ,d. These generators obey commutation
relations:
[Jas, Jop] = —nmacJsp — nepJac +necJap +napJdse (1.14)

where nap = diag(—1,1,...,1). This is the familiar so(d + 1,1) algebra reminding us
that the Euclidean conformal group is isomorphic to the Lorentz group SO(d+1,1). This

2Some of the sources define G, with a —i in their definition: O(z) — O(z) = —iw,GaO(x). We picked
the convention without ¢ as it will put the commutation relation (1.12) in a more convenient form.

15
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means that the d-dimensional conformal group, unlike its rather non-trivial action on RY,
acts much more naturally (linearly) on the R1!. This is the basis of the embedding
space formalism. One application of the embedding space formalism, for instance, is an
easier way of finding the two and three-point functions. See e.g. [49, 50, 52].

1.3 Ward identities and conformal charges

A local QFT possesses a stress tensor that satisfies the Ward identity?

0T O1(21) - On(aa)) = = 3 8% = 2:)0” (O1(w1) -+ Onla) (1.15)

that in classical level reduces to the conversation of the stress tensor
0,T" =0 (1.16)

For each conformal Killing vector €, there exists a conserved charge operator defined as

Q(X) = —/ZdSMe,,(a:)T“”(:r) , (1.17)

where ¥ is a closed and oriented codimension-1 surface. Now, we will argue that the
traceless-ness of the stress tensor implies (1.2)%. First, note that the Q.(X) being a
conserved charge means that it is invariant under the deformations of surface ¥ as long
as it does not cross any operator. These type of operators are called topological surface
operators. The integration in (1.17) can be rewritten using the divergence theorem as an
integral over V', the interior of 3:

Q=) =~ [ o, (0T @) (1.18)
At the classical level, since the integration is valid for any deformation of X, one finds
0= 0u(e, TH) (1.19)
= O0ue, T + €,0,T" (1.20)
:;%@+&@ﬁw, (1.21)

where we used the conservation of the stress tensor and the fact that it is a symmetric
tensor. If we do not consider the traceless-ness of the stress tensor and take TH” as a
generic tensor, we arrive at (1.2) with right-hand side equal to zero. The solution of € is
the translation and rotation that exist in any QFT with Poincare invariance. However,
if traceless-ness is asked, the constraints are more powerful and we find (1.2) with the

3For the definition of the stress tensor see e.g. section 2.3 of [50]
4Here we are neglecting Weyl anomoly as we focus on flat metric.
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conformal Killing solution (1.3). At the quantum level, consider the correlation function

(Qe(X)O1(21) - -- On(2n)) (1.22)

as long as we do not cross any operator by a deformation of 3; to X9, the charge @
would not change, then one finds (1.2) using the Ward identity (1.3). In summary, the
assumption of traceless-ness of the stress tensor and the existence of the conserved charges
imply the conformal Killing equation.

The inverse is also true: the conformal Killing equation and traceless-ness define conserved
charges. The corresponding charges of the four types of the conformal transformation is
defined by (1.17) as

a,P" = —/ ds,a, T — PY= —/ as, .,
by b
1
mye M"Y’ = —/ dS,myex®TH - MY = —2/ ds,, (x°TH —x"TH?) ,
) b
cD = —/ dS,.cx, TH — D= —/ ds,xz, TH |
by b

b KY = — / dS, (2(z.b)z, — 2%b,) T" — K" =— / dS, (22" x,TH — 2*TH) .
Y by

These charges satisfy the conformal algebra of (1.12). For a proof look at e.g [51, sec 3.2]
where the commutation relations of charges with the stress tensor are established first.

1.4 Conformal representation: Primary operators

As usual in QFTs, we are interested in irreducible representations (irreps) of the symmetry
group to describe the Hilbert space®. In what follows we will build this irreducible

representation of the conformal group by organizing operators of the theory.

The dilatation and rotation in conformal algebra commute i.e. they belong to the
Cartan subalgebra. That means we can diagonalize them simultaneously and label our
representation with their eigenvalues. We choose to name the eigenvalue of rotation
operator M,,,, the spin £ and the eigenvalue of dilatation operator D, the scaling dimension
A. The reason for this particular naming will be apparent shortly. In summary, we have:

[D,0(0)] =A0(0) ,  [Mu, 0%(0)] = (£,,,)%0"(0) (1.23)

where a,b are SO(d) representation indices of O and X, matrix satisfies the SO(d)
algebra that is same algebra as M, s among themselves. According to (1.12), similar
to quantum harmonic oscillator problem, P* and K* respectively raise and lower the

®As a result of state-operator correspondence, we are able to do this for the operators as well. See
section 1.6
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Chapter 1. Conformal field theories

scaling dimension. It is also a reasonable physical assumption to ask that the scaling
dimension be bounded from below®. So we define the conformal primary operators as

(K., 0%(0)] =0 . (1.24)

By this, we reach a lowest weight representation in which each multiplet is made of a
primary operator and its tower of descendants with scaling dimensions integer-ly separated
from A defined as:

O(0) = Py -+ P,,00),  A—=A+n. (1.25)

It turns out that in a unitary CF'T, all operators can be written as a linear combination
of primaries and their descendants. This makes the spectrum and operator content of
CFTs pretty peculiar. As a side comment note that (1.23) commutation relations are not
necessarily valid for a generic operator.

To find the commutation relations of a primary operator at location x, one can use the
relation O(z) = e*FO(0)e™* ¥, the Baker-Campbell-Hausdorff formula and the conformal
algebra to reach:

£, 0°(0) = 0,0°6)
My, 0 (2)] = (20, — 5,0,)0° (2) o0
[D,0%x)] = (37 3 + A)@“( )
(K, 0%x)] = (22,2.0 — 220, + 24z, — 227 (X,,) %) O° ()

1.5 Radial quantization

No matter how one quantizes the field theory — canonical quantization or path integral
formalism — one needs a notion of the foliation of space-time. These foliations are
the Cauchy surfaces on which one asks particular boundary conditions for the path
integral quantization or particular commutation relations for canonical quantization.
Then one can evolve to another foliation by a time-like vector field like hamiltonian. We
usually quantize the theory with constant-time foliations (like most of the standard QFT
textbooks). Even if the space is Euclidean, we chose one of the coordinates to be the time
and foliate the space with constant-times. However, this is not the only way to quantize
the theory. Consider the foliation of space with spheres of radius r centered at the origin.
The time-evolution from one sphere with radius 71 to sphere with radius ro is with the
dilatation operator A = 2.9, = rd,. It turns out that this quantization — so-called radial
quantization — is a more convenient quatization in a CFT:

SFor example, as we see in section 1.8.1, the scale invariance of a theory results in the two-point
function of type: (O(z1)O(x2)) o |1 — za| **. We expect that a physically sensible theory does not
have growing two-point function when two operators are far from each other. This is similar to ask that
the energy of the system be bounded from below.
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1.6 The state-operator correspondence and OPE

Cylinder interpretation

The correlation functions of primary operators under Weyl transformations

Guv — guu = QQ($)QW/ (1.27)

satisfy the relation:

(O1(z1) - On(@n)) 02(2)g,, = <H QA}(J:‘Z)> (O1(21) -+ On(wn))y,, - (1.28)

This is not a trivial statement and we do not provide a proof here. For the sketch of the
proof see for example |51, section 6.4]. Equation (1.28) says that the correlation functions
of a CFT in flat space are related to the correlation functions of a CFT with a metric
equivalent to the flat space by Weyl transformation up to a product of some rescalling
Weyl factors.

Now consider the cylinder R x S9! that has the metric of the flat space R? in radial
coordinates:
dsga = dr? + r?dQ3_,
=7 (d7'2 + dQZ_l) , with r=¢" . (1.29)
= 62ng?%xsd—l

up to a Weyl factor of 2 = e7. So each sphere of radius r corresponds to a constant
time slice 7 on the cylinder. Therefore the radially quantized theory on flat space is
equivalent to the theory with ordinary equal-time quantization on the cylinder up to
the Weyl factors in (1.28). Moreover, the Dilatation in flat space is equal to the time
translation on cylinder: D = r0, = d;. This says that the spectrum of the dilatation on
R? is the same as the energy spectrum for the theory on R x S%~!. These are the basic
ingredients of one of the proofs of the state-operator correspondence:

1.6 The state-operator correspondence and OPE

The state-operator correspondence states that there is a one-to-one map between states
and local operators in a CFT. This can be seen by the cylinder picture we gave above. A
local operator at origin in R%, prepares a state on 7 = —oo in the cylinder that can evolve
and produce the state at time r or 7: Operator — State. On the other hand, a state at
time defined in time 7 can evolve back to 7 = —oo by the hamiltonian (and Dilatation
operator at the same time) on the cylinder. This process translates to the shrinking of
the spheres on R? all the way to the origin and defining a local operator at the origin:
State — Operator. In summary, we have:

O(0) +— O(0)]0) = |0(0)) (1.30)
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Chapter 1. Conformal field theories

One can also see that the operator at position x is a linear combination of descendants:

O()[0) = e*PO(0)e ™ = & |0(0)) = Y (2.P)" |O(0)) . (1.31)

n=0

In the arguments above we used the flat space-cylinder map that takes advantage of the
full conformal symmetry in equation (1.28) to prove the state-operator correspondence.
However, only scale invariance is enough to derive the state-operator map. We refer
to [51, sec 6] for the proof.

Operator product expansion

In a generic quantum field theory, one can expand a product of two operators in terms of
a linear combination of local operators:

O1(2)05(0) = Y Cfy(2)O0n(0) . (1.32)

This is called the Operator Product Expansion (OPE). In a radially quantized conformal
field theory, such a product produces a state on a sphere with radius r > |z|. Since
every state in a CF'T is a linear combination of primaries and their descendants, we can
decompose this state as

O1(x)0(0) [0) = > Cuak(w, P)Ox(0) |0) (1.33)
k

in which the sum is over primaries Oy and Ciox(z, P) produces descendants with its
dependency on translation generator P. As a result of the state-operator correspondence,
one can write the equation above in the terms of operators

Ol(xl)OQ(xg) = Z Clgk(aflg, 8@)0]{(1'2) . (1.34)
k

This is convergent inside any correlation function where one can find a sphere that involves
only operator O and Oz (|z12| < |z1,| and |z12| < |z2,| ). The convergence can be easily
shown by using the state operator-correspondence. Here we present a sketch of the proof
based on [53]. Imagine the product O;(z1)O2(z2) inside a correlation function (we may
change the ordering as it is a Euclidean correlation function):

(P1(y1) - -~ O (yn) O(21)O(22)) - (1.35)

Now we choose our quantization scheme to be a radial quantization of spheres with their
center at xo. The action of the operators O and ¢ on vacuum creates unique states in
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1.7 Unitarity bounds

the Hilbert space according to the state-operator map:

(W) = O1(21)Oa(22) [0) , (@] = (0[¢1(y1) -~ dnlyn) (1.36)

and the correlation function (1.35) is the scalar product (®|W¥). Since the dilatation
operator in radial quantization has a the hamiltonian interpretation on the cylinder, one
can expand the state |¥) as energy eigenstates with some coefficients:

) = an(z12) |En) - (1.37)

Note that the states |E,) are made up of the action of operators with scaling dimension
A, = E, according to the state-operator map and they can be written as primary
operators acting on vacuum following (1.31):

|E,) ~ (2.P)"O(0)]0) ,  with E, = Ap +n . (1.38)

which means that there is a one-to-one map between coefficients Ciox and a,(x12). Now
let us remind you that if one of the states in a scalar product of two states in a Hilbert is
expanded in a basis, then the expansion is convergent. Here |E,)s make up such a basis
as they are eigenvalues of the hamiltonian in the cylinder. Therefore, the expansion (1.34)
is convergent.

This was another important application of the state-operator correspondence. The
convergence of OPE has an important consequence in what comes next in this section.
In particular, it makes the conformal block expansion in (1.59) exponentially convergent
which is responsible for the power of the numerical bootstrap.

1.7 Unitarity bounds

The hermitian conjugation of real scalar operators in Euclidean signature translates to
the reflection 7 — —7:

Ol (r,2) = e ™ OV 0, 2)e™ = O(—1, Z) (1.39)

where H is the hamiltonian—the time translation generator. A similar relation holds for
spinning operators:

Ol (T, 8) =00 -0 OF , (—7.8), 0} =5" — 26,07 (1.40)

1 e V-V i

where the euclidean time 7 corresponds to the index p,v = 1. Now consider a state of
the form

W}> = Ol(lefl) o On(Tnafn) |0> (141)
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Chapter 1. Conformal field theories

where the operators are time-ordered (77 > 75 > - -+ > 7,,). The norm of this state in a
unitary theory has to be positive. This leads to the condition

(W) = (On(=mn, Zn) -+ On(=71,71)O1(71, 1) - - - On(Tn, Tp)) = 0 (1.42)
often called the reflection positivity.

The conjugation 7 — —7 in a theory on the cylinder will be an inversion when we go
back to flat space with radial quantization. More precisely we have:

xt . 2zt x,
) I =6} — 2

WY _ TV ... TVn.—2A
Oy oo ug (@) = Im I,uzx Ovy e ( w -

= (1.43)

Using this, one can show how the stress tensor and consequently the conformal charges
would transform under hermitian conjugation in radial quantization and find:

pt=p, M, =-M,, P =K,. (1.44)

Finally, let us consider the state
|Y) = P,P"|O) (1.45)

where O is a scalar primary operator. By demanding positivity for (¢|¢)) > 0, and using
P,I = K, from (1.44) as well as conformal algebra in (1.12), one obtains bounds on
dimensions of primary operators:

A =0 (identity operator) or A > ——. (1.46)
Similarly, there is a bound on the dimension of spinning primary operators given by:

A>d—2+1 (1.47)

1.8 Correlation functions

The lack of existence of a scale in conformal theories, makes the notion of asymptotic
states and consequently S-matrix hard to define (See [54] for a more recent discussion).
However, we have the notion of correlation functions that are perfectly definable either
through canonical quantization or path integral. This makes correlation functions of
operators and in particular primary operators the central objects in CFTs. For simplicity,
we focus on the scalar operators from now on except it is mentioned otherwise. Most of
the found general properties are true for the spinning operators as well. For a systematic
approach to the spinning correlators see [52].
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1.8 Correlation functions

1.8.1 Two-point functions

Due to translation and rotation invariance, the two-point functions is only a function of
the distance between two points:

(01(x1)O2(x2)) = f(|x1 — 22|) (translation and rotation invariance) .  (1.48)

Using (1.26) and scale invariance (meaning that the simultaneous action of D on all

operators in a correlator must vanish), we have
0= (21.01 + Ay + x2.02 + A2) f(|x1 — x2|) , (scale invariance) . (1.49)

hich leads t
which leads to c

[z —2]) = m (1.50)

where C' is some normalization constant. Then after using the same procedure for the

special conformal transformation, one finds

1)
(O1(1) O (9)) = —2LD2
|z12|™"

12

- ’$12’2A1

(1.51)

where in the second line we chose a basis in which the primaries are orthogonal. From

now on we work in this basis.

1.8.2 Three-point functions

With a more involved but similar calculation, one can find the three-point function of

primary operators as’

A123

<Ol ("Tl)OQ ($2)03($3)> - |x12|A1+A2*A3 |x23|A2+A3*A1 |x13|A1+A3*A2

(1.52)

where Ajo3 is the three-point function coefficient that cannot be set to 1 by rescaling.
This coefficient is in fact same as the OPE coefficient this is easy to verify by simply
writing OPE expansion of any two operators above and using (1.51)

(O1 (1) Os () Os(w3)) = 3 |3ch<\$ ) (0% (22)Os(a)

7 e (1.53)
= %C(’m’@)% :
’$12‘ 1 2 3 |x23| 3

see e.g. [55] that carries out the calculations directly or for example [49] that uses the embedding
space formalism for a more staightforward derivation
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Chapter 1. Conformal field theories

Since C(|x12|,02), depends only on A;’s and z;’s and their derivatives and it should
produce the three-point function structure of

1
A1+A2—A3 ’$23 ’A2+A3—A1 ‘$13‘A1+A3—A2

(1.54)
|z12]

in (1.52), one can identify the three-point function coefficient fi23 with the OPE coefficient

A123:
fi23 = A3 (1.55)

1.8.3 Four-point function

CFT four-point function is the first non-trivial n-point function in the sense that it is not
totally fixed (up to a coefficient) by conformal symmetry. Still, the conformal symmetry
constraints the four-point function. In particular, it is a function two variables

|12 |w54)? 214 |25)?
1712l 1754l — (1 —2)(1 - z) = ‘2l 13l (1.56)

U =2z = =
213224 213 24]*

that are called conformal cross ratios (this is true for d > 1. for d = 1 look at sec-
tion 5.1)[56]:

_ () (lwaal ) 9(2,%)
(O1(21)O2(22)O3(23)O4(24)) = <|x24| 23| (10512 g [RoTAd (1.57)

where 6ij = Az - AJ’.

Let us give an intuitive way to see that the four-point function is indeed only a function
of two cross ratios (up to the scaling factors behind g(z, zZ above)). Consider the following
conformal transformation. First, perform an inversion around a random point that does
not coincide with any of the points x;. Then with a translation, move the origin to
point x4 and perform another inversion to send x4 to co. So far this was only a special
conformal transformation. Next, using translation place x1 at the origin and afterward
with a rotation put xg on the z-axis. Plus with a scaling, one can place x3 at position
(1,0,0,---). Finally, we can rotate to place all the operators in one plane and end up

with two free parameters for the position of Os:
z1 =(0,0,0,--+), x2=(2,9,0,---), x3=(1,0,0,---), x4=00 (1.58)

which plugging it back in (1.56), one finds z = x + iy and z = x — 4y. This is showing
the fact that in the Euclidean CFT that is the main focus of this thesis, all operators are
spacelike separated. So, z, Z are complex conjugates of each other since u, v are both real.

However, in Lorentzian signature z, Z are real but free parameters.
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1.9 Conformal blocks

1.9 Conformal blocks

The CFT four-point function is the first non-trivial correlation function in CF'Ts that has
dynamical content. For simplicity let us consider correlators with all identical operators
from now on. The generalization to non-identical operators is straightforward. The
four-point function can be expanded by taking the OPE of the first and the second
operators plus the OPE of the third and the fourth operators:

<¢($1)¢($2)¢(w3)¢(lw4)> = 3 fo60 fap0 Cal12, 00y ) Co(34, 0ny) (O%(22) 0" (i)

0,0’
= [350Ca(w12,00) Ch (w34, Ouy) (O (w2) O (4))
(@]

1

Z fq%qSOGAo,Ko (Za 2) )
@)

(1.59)
in which a, b are short notations for the spin indices and fs40 are the OPE coefficients
that are real in a unitary theory. The function Ga,, ¢, (%, 2) is called the Conformal
Block. This function is the solution of the Casimir equation meaning that if we act with
a Casimir operator

C =D?— % (K, P" + P,K" + M, M") = A(A —d) —£({ +d — 2) (1.60)
on both sides, we find
C Grpio(22) = (AA —d) — L+ d = 2)) Gap e (2 2) - (1.61)
The solution to this equation has been found in d =1, d = 2 and d = 4 [56, 57]:

GRli(z) = kaa(z)
GRo(2,2) = kave(2)ka—e(2) + ka—o(2)kate(2) (1.62)

Gy (,2) = —Z (hayo(2)kao-2(2) — ka_r-2(2)knse(2))

z2—Z

with
ks(z) = 2712, F1(8/2,8/2,8,2) . (1.63)

Note that in d = 1, there is only one cross ratio. This can be seen in (1.58) as there
is only one coordinate (z and no y (no angle)). We have a specialized section about
one-dimensional CFTs: section 5.1. For the odd dimension (except d # 1) there is no
know closed formula for the conformal blocks; however, the solutions can be derived from
series expansion or recursion relations [58|. For the case of spinning operators see for

example [59].

The moral of this section is that four-point functions can be expanded in kinematical
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Chapter 1. Conformal field theories

functions of conformal blocks with some theoretical-dependent positive coefficients.

1.10 The conformal bootstrap

In the previous section, we expand the four-point function by applying the OPE (1.59).
There are multiple ways to apply the OPE. We fuse operators (1,2) and operators (3,4)
in (1.59). Equivalently we could perform OPE between (1,3) operators and (2,4) operators
or (1,4) and (2,3):

[ 1 [ 1 |—|—|—| [ ,—‘ 1 (1 64)
(@(z1)p(2)d(23)P(24)) = (D(21)P(22)P(w3)P(24)) = (D(21)P(22)P(23)p(24))

which is visualized in figure 1. The important point is that no matter in what channel
we expand the four-point function, they are still the expansion of the same four-point
function and they have to be equal. This statement is called the crossing symmetry
and (1.64) is called the crossing equation. The remaining question is: are the crossing
equations trivial? The answer is no. Because of the positivity of the conformal block
coefficients fq%qbo’ the crossing equations put constraints on OPE data: fq%qﬁo and Ap, Lo.
This is the philosophy behind the conformal bootstrap.

Let us illustrate the idea above with a concrete example. Take a four-point function of
identical scalar operators and expand them in two channels: OPEs (1,2) and (3,4), and
OPEs (1,4) and (2,3). The crossing equation reads

(1 —=2)(1— 2))A¢’ 9(z,2) = (22)A¢g(1 —2,1-2) (1.65)

where we use the fact that channel (1,4)-(2,3) is related to channel (1,2)-(3,4) by exchanging
points x1 <> x3 or xo <> x4. The above equation can be rewritten in a more convenient
form of

1= Z fRFne(z, %) (1.66)

AL

where we define
vA¢GA,g(u, v) — UA‘ﬁGA’g(’U, u)
ube — phe

FA’E(Z,Z) = (1.67)

and the sum is over all A, £ corresponding to the operators O € ¢ x ¢ except the identity
that we isolated on the left side of the equation (= 1) and we used new subscripts for f.
Before presenting a systematic treatment let us illustrate how the crossing equation (1.66)
can lead to non-trivial bounds with a simple example. For simplicity, let us focus on
d = 1 where the crossing equation is the same as (1.66) with z = Z and there is no sum
over spin (only parity even (¢ = 0) operators show up). There is a similar discussion for
d =41n [27|. Let us look at the plot of functions Fa for a list of As taking Ay = 1.2 for
instance — figure 1.1. It turns out that function Fa has a similar shape for different As.
In particular, pay attention to the symmetric point z = % After a certain A*(~ 4.431),
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1.10 The conformal bootstrap

as we increase A, all the second derivatives of Fa are positive.

Now imagine a theory in which the first operator that shows up in ¢ x ¢ OPE has
dimension higher than A*. If we apply the second derivative of z to both sides of (1.66)
for such theory, the left hand is trivially zero but the right-hand side will be a sum
of positive terms F > 0 with positive coefficients f2. This is a contradiction. The
conclusion is that: there is no CFT in which the first non-trivial operator in ¢ x ¢ OPE
has a dimension higher than A* or equivalently any consistent CF'T should have at least
one non-trivial operator with a dimension less than A* in its ¢ x ¢ OPE. Therefore we
put a bound on dimension of the first operator in the OPE.

Let us conclude this section with a systematic method to put bounds on CFT data. The
methodology is the same as above — finding an inconsistent theory. If one finds a linear
functional such that

all] =0,

(1.68)
a[Fa] >0, VA>A*,

then a theory that does not have any operator in OPE with A < A* is ruled out. It was
pointed out in |[27] that this problem can become a simple linear programming question.

Take o to be
Nmax

R CLok G (1.69)
m,n

The set of ay,, that satisfies (1.68) is a linear programming problem that can be solved
for example by LinearProgramming function of Wolfram Mathematica. As one increases
Nmax, & better bound will be achieved. It is analytically shown in [60, 61] that for d = 1,
the saturation of bounds is given by generalized free fermion with A* = 2A4 41, meaning
no theory has its first operator in ¢ x ¢ OPE with a dimension bigger than 2A4 + 1.
Numerically this can be seen as the ruled out region in the space of inconsistent A*s
converges to A* = 2A4 + 1 as one increases the cut-off Npyax.

The situation in higher dimensions is different. There is no analytical solution for such
problems and the power of numerical methods is more appreciated. In particular, it
turns out that sometimes there are kinks and islands in the space of allowed CFT
data. Interestingly enough, these points happen to be known theories — the Ising model,
see figure 1.2. The conformal bootstrap program has the record of the most precise
determination of the 3d Ising critical exponents to this date [37].
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Figure 1.1: The plot of Fa(z) for CFT; with Ay = 1.2. For all A > 4.4, the second
derivative at z = % is positive.
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Figure 1.2: Constraints on CFT data of a theory with Z global symmetry that includes

one Zs-even operator € and Zs-odd operator . The white region is the ruled out region

while the shaded region is allowed by the crossing symmetry constraint. The boundary of

this region has a kink remarkably close to the known 3D Ising model operator dimensions.

The plot is taken from [62].
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Quantum field theory in de Sitter

This section reviews the basics of QFT in a fixed de Sitter background. After defining
some maximally symmetric spaces including dS as hypersurfaces in the embedding space
and introducing some commonly used coordinate systems, we discuss the isometry group
of dS in detail. After that, we review the quantization of a massive free scalar field in
de Sitter. In section 2.5 we restate the Feynman rules of dS correlators using the in-in
formalism and derive the dS-EAdS dictionary. In 2.6, we state some non-perturbative
properties of QFT in dS. Namely, we discuss the structure of the Hilbert space and
correlation functions of bulk and boundary operators.

2.1 Geometry of maximally symmetric spaces

A d+1-dimensional maximally symmetric space is an isotropic and homogeneous manifold.
Maximally symmetric spaces, therefore, have the maximum number of isometries of (d +
1)(d + 2)/2 with a constant curvature. For each signature of metric (—, -+, —,+---,4),
they are categorized into three types: Zero curvature or flat, Positive curvature or de
Sitter /sphere and negative curvature or anti-de Sitter /hyperbolic space!.

In this section, we focus on two Euclidean space(time)s of Euclidean Anti-de Sitter
(EAdSgy1) and Sphere (S9+1) as well as two Lorentzian? spacetimes of de Sitter (dSz 1)
and Anti-de Sitter (AdSz41). In what follows we discuss these geometries and some of
their coordinate systems. Since we are mostly focusing on dS and EAdS, we cover them
in more detail.

!Strictly speaking, the list of maximally symmetric spaces are longer and it includes the quotients/covers
of the mentioned spaces. For example cylinder Rd/Z and torus Rd/Zd are also maximally symmetric.
See for example [63]

2By Lorentzian spacetime we mean the spacetimes that have only one time coordinate, meaning that
their metric has the signature (—,+.--- ,+).
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Chapter 2. Quantum field theory in de Sitter

2.1.1 Sphere

d + 1-dimensional sphere S9! is a compact Riemannian manifold which can be realized
as the embedding of set of points that are a distance R from the origin in R%+2:

gt (X092 + (xXH2 + .. 4+ (X2 =R?. (2.1)

Its symmetry group as seen from the definition (2.1) is SO(d+ 2) with rotation generators
that (2.1) is invariant under:

0 0

=Xp=——5 — Xp=—— 2.2
Jap = Xagys ~ Xogxa (22)

with A, B =1,...,d+ 2. These generators obey commutation relations
[JaB, Jop] = —6acIBp — dppJac +dpcJap +dapIBe (2.3)

where d4p is the Kronecker delta or equivalently the metric on Rd+2,

There are multiple coordinate systems for St but we present some of them that are
closely related to the ones we introduce later on for dS and (E)AdS. First, let us introduce
the global coordinates given by

X% = Rsing , X = Rcosfy (2.4)

where i = 1,...,d+ 1, 0 € [-7/2,7/2)3, y* € R and themselves belong to a lower
unit-dimensional sphere S¢ meaning that 3'y; = 1. The induced metric then reads

ds®* = R*(d#?* 4 cos® § dQ2) (2.5)

where dQ§ is the metric of the unit S?. Another coordinate system can be found by the
change of variable tanh(¢/2) = tan(6/2) which leads to

_ piinho Xi=Rp"Y (2.6)

XO
cosh¢ ’ cosh ¢

with ¢ € R. This coordinate system has the conformally flat metric of

R2

ds* = 5
cosh” ¢

(dp® + dQ23) . (2.7)

3Except for S that requires 6 € [—7, )
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2.1 Geometry of maximally symmetric spaces

2.1.2 Euclidean Anti-de Sitter spacetime

Euclidean anti-de Sitter spacetime can be defined as a set of points embedded in Minkowski

space MAtL1:

EAdSgy : —(X9? + (XH2 4+ ..+ (XTH2 = _R? (2.8)

which defines two disconnected hypersurfaces. In our convention, we pick EAdS to be
the one with X° > 0. This definition makes it manifest that EAdS is invariant under
SO(d + 1,1) rotation and boosts and hence its (d + 1)(d 4 2)/2 generators satisfy the
commutation relations of SO(d + 1, 1) algebra in (2.33). Let us present three coordinate
systems that are useful for us in this thesis. One is the global coordinate that is given by

XY= Rcoshpcoshr, X%'=Rcoshpsinh7, X" = Rsinhpy" . (2.9)

where = 1,...,d, Euclidean time 7 € R, p € R (see footnote 4) and y* € R? is a unit
vector (y*y, = 1). This coordinate system leads to the induced metric of

ds? = R?(cosh? pdr? 4 dp? + sinh? pdQ3_,) . (2.10)

with the change of variable of tanh p = sinr, we find radial coordinates:

cosh T sinh 7 sinr
X°=R , XHl'=R——  X'=R
CoST cosT CoST

", (2.11)

where © € [0,7/2)*. It is clear that these two coordinates satisfies X > 0. Radial
coordinate has the induced metric of

dr? + dr? 4+ sin? r dQ?l_l

ds® = R? 2
cos“r

(2.12)

which shows that it is conformal to a solid cylinder with the boundary at r = /2.
An important feature of this coordinate system that is useful for the argument of bulk
state-boundary operator map [38] is that the dilatation operator is the Hamiltonian
conjugate to the global time 7: D = 0,.

Another extremely useful conformally flat coordinate system called Poincare coordinates
is defined as

2 2 2 2
1 -1 H
XY = RHL . XM = RL . XM= i (2.13)
2z 2z z
with metric ) )
d dr
ds? = g0 (2.14)
z
where z# € R? with p1 = 1,--- ,d makes a flat d-dimensional Euclidean spacial slice and

“This is true for d > 2. In d = 1 the range is instead r € (—n/2,7/2) or p € R.
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Chapter 2. Quantum field theory in de Sitter

z > 0 to satisfy X > 0 condition. z = 0 plane is its conformal boundary meaning
that all of the EAdS generators in these coordinates will boil down to generators of a
d-dimensional conformal theory. We do not spell them out here but they are the same as
the dS counterparts in (2.34) if n — z.

2.1.3 Anti-de Sitter spacetime

Anti-de Sitter spacetime is a Lorentzian spacetime with a constant negative curvature
defined as a universal cover of the set of points embedded in R%? with the signature
(_a+7"'>+a_):

AdSg1 : (X2 £ (XH?2 4. - (XTYH)2 = _R? (2.15)

which is related to EAdS by wick rotation of X™ — ¢X™ for one of then’s: 1 <n <d+1.
Eq. (2.15) shows that the symmetry group of AdS is SO(d,2). We are not going to discuss
about AdS spacetime in this thesis. Only for the sake of completeness let us introduce
three coordinate systems. First is the global coordinates defined as

X% = Rcoshpcost , X = Rcoshpsint , X* = Rsinhpy” . (2.16)

for y =1,---,d with p € RT except for d = 1. t € [0,27) covers the whole hyperbola
in (2.15) but to avoid closed timelike curves, we define AdS to be the universal cover with
t € R. Global coordinates therefore have the metric

ds* = R?(— cosh? pdt® + dp® + sinh? pdQ3% ) . (2.17)

Radial coordinates are defined with the change of variable tanh p = sinr:

cost sint sinr
X°=R , X =R~ Xt=R
cosT cosT cosr

y* (2.18)

with 7 € [0, 7/2) (except for d = 1 similar to EAdS case that is explained in footnote 4). In
this coordinate system AdS is conformal to a solid cylinder with the conformal boundary
at r = m/2. The metric in these coordinates reads:

—dt? 4+ dr? + sin®r dQ?l_1

ds? = R? 2.19
5 cos? r ( )
The Poincare coordinates are defined as
2 2 32 2 2 72 T j
XOZRZ +x*—1 +17 Xd:RZ + x4 —t _17 Xd-l—lzRE, XJ:R:L;?
2z 2z z z
(2.20)
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2.1 Geometry of maximally symmetric spaces

where j =1,--- ,d—1 and z > 0. z is a spatial coordinate as can be seen in the metric’:
—dt? + d2? + di?
ds? = L (2.21)
z

One important point is that unlike in Fuclidean AdS, the Poincare coordinates do not
cover all AdS(similar to dS conformal coordinates) and it only covers a sub-region bounded
by a causal diamond wrapped around AdS. The z = 0 is the AdS conformal boundary
and the z — oo is the lightlike surface X° — X¢ = 0 that is called the Poincare horizon.

As one can explicitly see from the coordinates or metrics, AdS and EAdS are related by
the wick rotation in time coordinate t — it or t — iz%; hence, the "Euclidean" in EAdS.

2.1.4 de Sitter spacetime

De Sitter space in d + 1 dimensions (or dSz41) can be realized as the embedding of the
set of points that are a distance R from the origin® in Minkowski space M#t11 with the
signature (—, +,...,+):

dSgi1 : (X2 + (XH2 + ..+ (XTH2Z=R?, (2.22)

At this basic level, one can see the similarity between dS and sphere. They transform to
each other by wick rotation in X°. However, note that the embedding spaces are different.
Indeed sphere is embedded in a Euclidean space while dS is embedded in a Minkowski
space.

Let us present three different coordinate systems that cover all or part of dS. To start,
we may introduce global coordinates as follows

X% = Rsinht , X% = Rcoshty’ (2.23)

in which i = 1,...,d 4+ 1 and 3* € R are unit vectors (y'y; = 1), so they span the
d-sphere S? . The induced metric in global coordinates is given by

ds* = R? (—dt* + cosh*td23) , (2.24)

where dQ?l denotes the standard metric of the unit S%. After the change of variable
tan(7/2) = tanh(¢/2), we find

sinT Yi_p Y

X0=R ,
COST COST

(2.25)

This metric goes to EAdS metric in Poincare coordinates by £ — iz? which is X¢ — iX?
50ften the Hubble scale H = 1/R is used instead of R.
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Chapter 2. Quantum field theory in de Sitter

from which the metric reads

—dr? + dQZ

ds® = R? -
COoS“ T

(2.26)

with 7 € (—m/2,7/2) . We conclude that in these coordinates dS is conformally equivalent
to (part of) the Minkowski cylinder. This observation is important in the analysis of

conformal field theories in dS (see section 2.6.3).

Finally, it will be useful to foliate dS using flat slices. This can be done by

772_1_.%.2
2n

2 1— 2 L
T T xr=_R™ (2.27)

X0=R
2n n

,  X™'=R
for = 1,...,d. For definiteness, we will pick the Poincaré patch covering X?+ X1 > 0.
So, strictly speaking, such foliations only cover half of de Sitter space. However, this
region is causally complete, in the sense that it is impossible to send a message to the
other patch with X0 + X! < 0. This parametrization is called conformal or Poincaré
coordinates in which n < 0 and 2* € R%.

The coordinate 7 plays the role of a conformal time, whereas the * are spatial coordinates.
Poincare coordinates have the conformally flat metric of

—dn? + di?

2 _ p2
ds“ =R >

(2.28)
This will be the main coordinate system we use throughout this thesis, as it makes
manifests the conformal symmetry of the late-time boundary n = 0. Global and conformal
coordinates are related via the dictionary

— 1 p y"

— = 2.29
sinh(¢) + cosh(t)yd+! ’ v tanh(t) + yd+1 (2.29)

which maps the late-time Poincaré patch to the subset of global coordinates satisfying
y®1 4 tanh(t) > 0. Figure 2.1 shows a picture of dSz;; in the global coordinates of
Eq. (2.26), along with a Penrose diagram which shows timeslices with 1 = constant.

Let us draw your attention to the connection between dS and sphere. At the level
of embedding space, they are related by wick rotation X° — iX°. Moreover, the
corresponding coordinates and metrics map to each other by a wick rotation in time
t — 0 or 7 — i¢". In other words, Euclidean dS is indeed the sphere.

In summary, each of the mentioned d + 1-maximally symmetric spaces can be realized as
d+1-hypersurface of the set of points with distance R from the origin in a d+2-dimensional
embedding space: AdS in R%2, dS and EAdS in R4 and sphere in R4t2. The sphere

"This argument does not work for Poincare coordinates as we picked half of the space by condition
X0 4 xdt+t > 0 and such a transformation does not match with this condition
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2.1 Geometry of maximally symmetric spaces

Figure 2.1: Left: de Sitter spacetime dSz41 as a hollow Minkowski cylinder, cf. equa-
tion (2.26). Time 7 runs upwards from — /2 to /2. Every horizonal timeslice corresponds
to a copy of S%. The infinite past (resp. future) is shown as a solid red (blue) line. The
light blue area is the Poincaré patch X° 4+ X! > 0; the boundary between the two
patches is shown as a dashed line. Right: Penrose diagram of the same spacetime,
specializing to d = 1. Spatial slices S! are parametrized by an angle ¢ ~ ¢ + 2. Several
timeslices of fixed 7 < 0 in the conformal coordinates (2.28) are shown as thin purple
lines. The left and right sides of the diagram are identified, owing to the periodicity of ¢.

and EAdS are respectively the Euclidean version of dS and AdS with a Wick rotation of
the time coordinate. dS and Sphere have positive Ricci curvature of R = d(d + 1)/ R?
while AdS and EAdS have the negative sign: R = —d(d + 1)/R2.

Symmetries of dS

de Sitter space dSzy; is manifestly invariant under SO(d + 1,1), as can be seen from its
definition (2.22). As such, it has 3 (d+2)(d+1) Killing vectors. The symmetry generators

0 0
Jap=Xa—= Xp——, AB=1,...,d+2 2.30
AB A 8XB B aXA ) ) ; , 4+ ( )
are rotations and boosts that preserve the dS hypersurface in the embedding space, and
they obey commutation relations

[Jap, Jep] = —nacJpp — nepJac +necJap + napJee (2.31)
where nap = diag(—1,1,...,1). After relabeling the symmetry generators as follows
D = J , M, =J,,
0,d+1 124 pv (232)
Pu=Joyu+ Jatiu Ky = Jayi,u = Jou
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Chapter 2. Quantum field theory in de Sitter

with p,v = 1,...,d, we find that the new generators D, P,, K, and M,, obey the
familiar Euclidean conformal algebra:

[D,P,] =P, , D,K,]=-K, , (K, P)| =26,D —2M,, ,
My, Py] = 0up Py — 6,0 Py My, Kp| = 00K, — 0K, (2.33)
(M, Mpo] = 0upMpuo — SupMyo + 6vo Mpy — 0pa Mpy

as well as [P,,P,] =0, [K,,K,] =0 and [D,M,,] = 0. In our conventions, all these

generators are anti-hermitian.

Expressed in flat coordinates (1, z#), the corresponding Killing vectors of dSg41 can be
expressed as follows:®

PM:%’

M

pv - xuﬁ - xuiy ’
Ox Ox (2.34)

D:n——i—az“i
x

0 0 , 0
K, : (n? —332)8? +2xlma—n + 2z, e

Note that at the late-time boundary 1 = 0, the generators are the standard generators of
the conformal algebra in flat space. We will exploit the conformal symmetry of late-time
dS extensively throughout this thesis.

Finally, local operators in de Sitter transform under the SO(d + 1, 1) isometries according
to (2.34). To be precise, a local scalar operator ¢(n, ) transforms under the conformal

generator ) as

A~

(@, ¢(n,z)] = Q- (0, x) (2.35)

where @ is the Killing vector differential operator from Eq. (2.34) — for instance

(B ¢(n, )] = 0u(n, ), [D,d(n,2)] = (ndy +x - 0)p(, x) (2.36)

and likewise for the other generators.

2.2 Representation theory of SO(d + 1,1)

Throughout this thesis, we will need to deal with Hilbert spaces of QFTs in de Sitter. Such
Hilbert spaces are organized into unitary irreducible representations of the dS isometry

8Strictly speaking, the Killing vectors from Eq. (2.34) need to be defined with an additional minus
sign to be consistent with (2.33). The notation (2.34) will prove to be convenient later on. Here we avoid
equality sign and instead used “:” to emphasis these are not the isometry generators or Killing vectors Q
Instead we use the notation @ for the corresponding conserved charges.
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2.2 Representation theory of SO(d+1,1)

group, SO(d + 1,1). The representation theory of this group is rather complicated,
owing to its non-compactness, but for our purposes we will only need to recall some
basic facts about the most common representations. In general, we refer to [64, 65| for
an in-depth discussion of SO(d + 1, 1) group theory relevant to high-energy physics, or
more recently [66—68]. For a more pedological review also see [69, 70]. A technical and
explicit discussion for general d with a focus on special functions is presented in Ref. [71].
Concerning the case of dSsy, the representation theory of SO(2,1) or its double cover
SL(2,R) is discussed for example in [72-76].

As is well-known from d-dimensional CFT, one can construct infinite-dimensional rep-
resentations of SO(d + 1, 1) labeled by a dimension A and a representation g of SO(d).
In the present thesis, only traceless symmetric tensor representations of SO(d) will play
a role, and these are labeled by an integer £ = 0,1,2, ..., with £ = 0 corresponding to
the trivial representation. The dimension A can be any complex number, contrary to
unitary CFTs where A is always real and positive. We define A so that the SO(d+1,1)
quadratic Casimir given by

C =D? - Y(K,P"+ P,K" + M, M") (2.37)
have the Casimir eigenvalue of the
CA ) =AA—d)+l(l+d—-2). (2.38)

So each multiplet of representation is defined by a pair of a dimension and a spin: [A, £].
For generic values of A, the [A, ¢] representation is not unitary, and for special values of
A it is reducible. In any dimension d, there are two continuous families of unitary irreps:

e The principal series P has A = % +iv with v € R, and it exists for any spin ¢;

e The complementary series C has A = % + ¢ with ¢ € R, and the range of ¢
depends on £. To wit:

for spin £ =10, 0 < |c| < %3

: d
for spin £>1,0 < |c|] < §— 1.

The endpoints of the complementary series are known as exceptional series of
representations.

e In odd d, there are in addition discrete series representations D with integer or

half-integer values of A.

Finally, we stress that the representation [A, (] and its so-called shadow [d — A, (] are
unitarily equivalent. This means that principal series irreps with A = % + iv can be
identified, as well as complementary series irreps with A = % +c.
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Chapter 2. Quantum field theory in de Sitter

In d = 1, the group SL(2,R) = SU(1,1) has both “even” and “odd” principal series.”
The odd series of irreps does not factor down to an irrep of SO(2,1) = PSL(2,R) =
SL(2,R)/{£1}.

Tensor products

In this thesis, we expand correlation functions using the Hilbert space decomposition
into unitary irreducible representations. More precisely, we inject the resolution of
identity (2.117) into correlation functions of scalar operators. Therefore, to know which
irreps have a non-zero contribution to our correlation function expansion, we have to
know the decomposition of the tensor products of the mentioned irreps. We shall use
the notation R to denote the scalar representation and R4 for the spinning one. In this
work we start from states that belong to scalar principal series representations and then
analytically continue to complimentary series. We will come back to the complimentary
series shortly. Here we mention the list of tensor products of different representations
that would shed lights on what we expect to appear in correlation functions. However,
the two-point and four functions, we present a direct reasoning of what representations
to expect.

For dimensions d > 2, it is known that the tensor product of two (scalar) principal series
representations of the SO(d+1,1) is decomposable into principal series representations [64,
77, 78] only. Schematically!?:

Po ® Py = Po ford > 2. (2.40a)

In the case of d = 1 (that is to say dSs); however, the tensor product of two (even or odd)
principal series irreps generally contains both principal states irreps, as well as discrete
series irreps |79]:

Po ® Py = Py @& Dy ford=1. (240b)

For tensor products involving discrete series, we have schematically the tensor products

Po @ Do = Po & Do, (2.40c)
Dy ® Dy = Dy . (240d)

In summary, in decomposition for d > 2 only principal series show up, while for d = 1 one
has to add discrete series too. Note that this discussion is about the bulk states, not the

°For an explicit definition of these irreps, see [72, Ch. II §5], where they are labeled as PEw,
The irreps 2% are indistinguishable at the level of the Lie algebra, but they differ for finite group
transformations.

10Tn the case of spinning this is not the case and the discrete series show up:

P, @ P, =P, & D, . (2.39)

38



2.3 Correlation functions and boundary operators

boundary operators. In fact, because of the lack of bulk state-boundary operator map
in dS, the boundary operators follow (2.40) only in special cases like the free theory. In
other words, in a generic interacting QFTs, late-time operators in dS do not necessarily
fall into unitary irreps.

There are indirect ways to see the results above. For example in the case of boundary
four-point function, the injection of resolution of identity (2.117) leads to conformal partial
wave expansion (see 4). The completeness of partial waves that belong to principal series
in d > 2 is another way to see the result above. For the case of d = 1, one indeed needs
to add discrete series to the expansion. See [80, A.3| for a more detailed discussion!.
Another indirect way to find the list above is to take a bulk CFT with symmetry group
of SO(d + 1,2) and decompose its irreps to SO(d + 1,1) unitarity irreps. For the case of

d = 1, we explicitly construct the states and recover the results above in appendix D.

Complementary series

The complementary series of representations can be thought of as the analytic continuation
of the principal series. Moreover, it is shown in [81] that the complementary series would
generally show up in tensor products as a discrete set of isolated points, not a continuous
family:

Co ® Co = Py @ Cp (isolated points) . (2.41)

This can also be seen in examples in [80, A.3| and section 3.5.3 for instance. As we shall
see, the free massive scalar field with m? > 0 has single-particle states that fall into
principal or complementary series representations depending on the value of m?R?. Since
the Casimir eigenvalue is related to m via A(d — A) = m?R?, “light” fields with mass
mR < d/2 give rise to states in the complementary series while “heavy” fields with mass
mR > d/2 give rise to principal series states.

The full treatment of tensor products of unitary irreps of SO(d + 1,1) is quite technical
and deserves a more detailed discussion. We postpone it to upcoming work of [81].

2.3 Correlation functions and boundary operators

Correlation functions of local operators are one of the most basic observables in QFT. In
this thesis, we are interested in the expectation values of local operators in the Bunch-
Davies vacuum of de Sitter spacetime. These can be conveniently defined by the analytic
continuation of correlation functions of the same QFT on the Euclidean sphere S¢+1. As

"The discussion there is about boundary operators with dimensions in the principal series or on the
real line, but one can generalize the arguments to arbitrary dimensions by analytic continuation-taking
the pole crossings into account
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Chapter 2. Quantum field theory in de Sitter

discussed in 2.1, in global coordinates this corresponds to writing ¢ = 46, which transforms
the metric (2.24) into the sphere metric

ds* = R* (d0® + cos® 0dQ) = R*dQ7,, (2.42)

where 0 € [—g, g) We can then write!?

(Qe1(tr, 1) - - dnltn, yn)|€2) =
lim <¢1(01 = €1 — itl, yl) e ¢n<6n = €p — itn, yn)>5d+1 5 (243)

0<en<--<e1—0
recalling that y; € S?. We shall make heavy use of this approach in section 3.

The space of local operators of a QFT is independent of the background geometry where
it is placed. Moreover, for a UV-complete QFT defined as a relevant deformation of a UV
CFT, the space of local operators is the one of the UV CFT. In de Sitter, one can also
define boundary operators by pushing bulk local operators to future (or past) infinity.
This is more conveniently stated in conformal coordinates as an expansion around 7 = 0,

S0, 7) = boa(—n)> [Oa(w) + c1 10700 (w) + 2" (92)*Ou(a) +...]  (2.44)

= Z Do (—1) 0 F1 (Aa — 2 +1, 10?02) Ou(z).

The operators O, are primary boundary operators, obeying [K,, O(0)] = 0, whereas
operators of the form O0"Q, are SO(d + 1,1) descendants. In passing to the second
line in (2.44) we used the fact that the coefficients c¢1, co, ...are fixed by de Sitter
isometries.!3 It is also easy to check that O, satisfy the other commutation relation of
primary operators of a conformal theory—i.e. they define a conformal boundary theory. If
the bulk operator ¢ is hermitian, then the boundary operators O, can either be hermitian
with real A, or appear in conjugate pairs O, and O}, with scaling dimensions A, and
A% . The dimensions A, of boundary operators should not be confused with the labels A
of unitarity irreps in the Hilbert space. In particular, the values of A, are not restricted
to be real or of the form % + v with v € R.

For QFT in Anti-de Sitter spacetime (or Boundary CFT), there is a similar expansion

o(z,x) = Z apaz™ [On(z) 4 descendants] . (2.46)

2For simplicity we restricted to scalar local operators.
13In practice, this can be done by using the expansion above to compute the two-point function

({1, 2)On()|) = bga— D" (2.45)
@ —v? -l

which is fixed by symmetry. We normalize boundary operators to have unit two-point function. Also
notice that the oFy function in (2.44) can be recast as a Bessel function.
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2.4 Free scalar field in de Sitter

The convergence of this type of Operator Product Expansion (OPE) can be established
using a state-operator map [82, 83, 38]. In dS, the convergence of the series (2.44) is more
subtle. In particular, the OPE does not converge inside all matrix elements. For instance,
using conformal symmetry we easily find that

o “+iv
(QUo(n, 2)| + v, y) = cyiv) (‘x_yg_nz) i) ec. (247

At the same time,
wEStiv = (Q0.(2)| +iv,y) =0 (2.48)

as also follows from a symmetry argument. If the OPE (2.44) converged, then (2.48)
would imply that c,(iv) vanishes unless the late-time expansion (2.44) of ¢ contains an
operator of dimension A, = % +iv. Yet we will see later that cy(iv) is in general a
smooth, non-zero distribution for any non-trivial bulk operator ¢, even when its late-time
expansion (2.44) does not contain any principal series operators.

2.4 Free scalar field in de Sitter

Let us start the discussion of QFT in dS by constructing an explicit example: the massive
free scalar field. We will do so by canonically quantizing the theory in the flat slicing of
Eq. (2.28). In the process, we will describe in detail the Hilbert space and its symmetry
properties.

In order to construct the free scalar in dSgy 1, we start from the action

S = / d*x /=g [ 9" 0,60, ¢ + m2¢2] (2.49a)

- fonf o =) o]

where we define ¢ = 0¢/0n.** The Euler-Lagrange equation of motion for the field ¢
reads

1’ (&, n) — n(d — 1)(Z,n) + (m*R*> — n*02) p(F,m) =0 . (2.50)

Introducing Fourier modes

1 'k
o) = s [ g @ k) (251)

YMStrictly speaking, in passing from the first to the second line in (2.49), we have discarded the
early-time Poincaré patch covering X° 4+ X9*! < 0, but this will not influence the following discussion.
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Chapter 2. Quantum field theory in de Sitter

the equation of motion reads

2 é(k,m) —n(d — 1)d(k,n) + (A(d — A) + k*n?) ¢(k,n) = (2.52)

using the notation

A(d — A) = m*R? (2.53)

for future convenience.

As we will see later, A can be interpreted as a scaling dimension once the limit n — 0 is
taken. Depending on the value of m?R?, the dimension A can either be real or complex.
Let us discuss these cases separately. If 0 < m2R? < d?/4, then A takes values in the
range (0, d), which is the £ = 0 complementary series. On the other hand, if m?R? > d?/4
then A takes complex values: A = g + 4 with v € R. This is exactly the £ = 0 principal
series. Remark that the label v is only determined up to a sign. For a discussion of the
m? < 0 case, we refer to [84].

To proceed, we note that the solutions to the equation of motion can be written as Hankel
functions. The exact mode decomposition reads

o, k) = fuln)al + fu(n)a_y (2.54)

where a; and al obey canonical commutation relations
k
ar, al.]= (2m)%5%(k — K’ 2.55
k> g

and fi, fx are solutions to (2.52). As a second order differential equation, Eq. (2.52) has
two solutions: Hankel functions of the first and second kind. It turns out that by looking
at early times n — —oo and requiring the absence of the states with negative energy, one
of the solutions is not allowed. Look at our detailed discussion of the wave function of a
generic QFT in section 3.1 or [85, section 7.2]. One then finds that the solutions are

fem) = (=) hay([kln) » Fuln) = (=) b (|kIn) (2.56a)
where
hiv(2) == \é%e””/QHi(f)(—z) . ha(z) = */2%6—””/21{55)(—2) . (2.56D)

In particular, notice that h;, and h;, are invariant under v — —v, which is to be expected
since only the product A(d — A) = d?/4 + v? is physical. Note that the normalization of
the mode functions is chosen so that they obey

d -

)3 o) - fk<n>;f7fk<n> = —i(—p)@) (2.57a)
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2.4 Free scalar field in de Sitter

from which it follows that ¢ and its conjugate II satisfy canonical commutation relations:

[¢(n, 2),11(n,2")] = i6'D(z — '), T(nz)= (;z = (=R/n)"" ¢(n,x).  (2.57b)

At early times n — —oo, the field ¢(n, x) behaves similarly to a massless scalar field in
(d + 1)-dimensional flat space:

d?k
(27m)4/2k|

The factor —n/R is exactly the Weyl factor corresponding to the metric (2.28). This

[ez‘k-x+m\k\+i7r/4 alt + h,c,] , (2.58)

nN——00

bnx) ~  (—n/R)ED /

result can for instance be understood from the equation of motion (2.52), since at early
times both the damping term qu and the mass term proportional to A(d — A) become
irrelevant. Finally, we define the Bunch-Davies vacuum |€2) to be the state annihilated by
all ag, so that correlators at n — —oo are similar to ordinary Minkowski correlators.

The Hilbert space of free theory

Analogously to the quantization of a scalar field in flat space, the Hilbert state of the scalar

theory in dS is a Fock space consisting of a zero-particle vacuum state |(2), single-particle

states az |2) and multi-particle states aLl e aLn |2). It will be instructive to study the

properties of single-particle states, which we will denote by
1A k) == al]Q) . (2.59)
These states inherit a normalization from (2.55), namely
(AE|A K = (2m) 304k — k) . (2.60)

We claim that the |A, k) form an irreducible representation of the SO(d + 1, 1) algebra.
In order to obtain the transformation properties of the states in question, let us define
wave functions

Di(n, 2] A) 1= ROD2(Qo(n, )| A, k) = e (=) by () (2.61)

where the explicit expression on the RHS was obtained using (2.54), and we set A = %—Filj.
We will use the expression (2.61) to show how the states |A, k) form a representation of
SO(d+1,1).

To start, notice that the vacuum state |Q2) is annihilated by all generators. Moreover,
since ¢(n, ) is a local operator, it transforms under infinitesimal transformations as
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Chapter 2. Quantum field theory in de Sitter

in (2.35). From the above facts, we deduce for example that

ik (1, 2|A) = 0Dy (1, 3/A) (2.62a)
= (Q[Py, d(n, 7)]|A, k) (2.62Db)
=0—(Q|o(n, 2)Pu|A k) (2.62¢)

hence it follows that
Pu|A k) =ik, |AE) . (2.63a)

For the other generators, we find that similarly

DIAK) = — [k-0+ 2] |A k), (2.63b)
Awgmzikwﬁﬁwiwy—my+@—gﬂﬁzm¢% (2.63c)
M| A k) = k0, — ku0,] | A K) (2.63d)

where all derivatives act in k-space, that is to say 0, = 9/0k*. The derivation of the
identities (2.63) is tedious but straightforward. We perform these calculations in full
detail in appendix B

It is easy to check that the commutators of (2.63) are consistent with the conformal
algebra (2.33). Moreover, the Casimir (2.37) evaluates to

CIA k) = AA — d)|AK) . (2.64)

The action (2.63) is exactly the £ = 0 representation of SO(d + 1,1) from section 2.2.
Multi-particle states can also be organized in representations of SO(d + 1,1). If m? is
sufficiently large, then the single-particle state |A, k) is in the principal series, because
A = % + iv for some v € R. In d > 2 dimensions, two-particle states are then a
superposition of other principal series states [% +iv/ ¢ with v/ € Rand £ =0,1,2,... [65].
For d = 1, we expect that the Hilbert space of the theory also contains states in the
discrete series, having integer A. This observation will be important in section 5 when
we set up the bootstrap for QFT in dSs.

2.5 Perturbative QFT in de Sitter

In this section, we mention some of the tools that help us perform perturbative calculations
in dS. We start with a quick review of in-in or Schwinger-Keldysh formalism that provides
a recipe similar to Feynman rules in flat space to calculate correlators of dS. Moreover,
we discuss the fruitful relation between de Sitter space dS;y; and EAdSg41. This relation
paves the wave of perturbative calculation in dS by introducing a simple map between
dS late-time correlators and Witten diagrams in EAdS that have already developed to a
great extent in the past few decades. We conclude this section by explicitly carrying out
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2.5 Perturbative QFT in de Sitter

the relation between contact diagrams in dS and EAdS. Many of the results presented
below have appeared before, in particular in [86-88, 21]. We reproduce them here for
convenience but refer to the original works for more details.

2.5.1 In-in formalism

In the present section, we will briefly review the in-in formalism used in the computation
of dS correlators. Recall that the flat-space S-matrix is related to correlation functions
via LSZ reduction. There we assume cluster decomposition, meaning that in the far
past (starting from a so-called “in” state) and the far future (evolving towards an “out”
state), the states can be written as the product of non-interacting single-particle states.
In particular, we assume that the vacuum is the free theory vacuum |0). In other words,
we assume that we turn the interaction on and off adiabatically. In the case of dS,
we still may ask to turn interactions on adiabatically, but correlation functions at late
times (which are of interest to us) do not necessarily decompose into products of free
single-particle states. As such, there is no well-defined notion of “out’-states.!®

Consider correlator

Q) = (O, 21)O2(1, x3) - - - On(n), )

at some time 7. To calculate this correlation function, we use the in-in formalism in
which we evolve with a unitary operator from time 1y = —oo to n and evolve back in
time again to 1y = —oo as follows:

1—ie) -fn(1+i6)

— : ( 2 1 ! /
(Q(n)) = (T{e =i M Iy ()T {e ™ Jnotrvio T HIO Y (2.65)

where the T (resp. T) time-orders (anti-time-orders) operator products, cf. formula (1)
from [86]. Note that the ie on the right-hand side comes with a plus sign while the
one on the left has a minus sign. This has a convenient representation in the so-called
Schwinger-Keldysh picture, where we have a branch cut on the real axis of the n-plane.
To calculate the above correlator (Q(n)), we first evolve from 77 = —oo and move below
the cut to n (time ordered and n(1 + ie) with 7 < 0,e > 0) and go back from above the
cut (anti-time ordered and n(1 — ie)).

The prescription (2.65) results in a new set of Feynman rules, which are for instance
explained in the appendix of [86]. We review them here for completeness:

'50One way to derive perturbation theory in QFT textbooks makes use of the formula

(01 T{¢1(2)r(y)e” == *H11)} o)

QU T{p(x)(y)} |€) = roam (0] T{e 17 #H 10y |0y

where the |0) and |©2) are respectively the vacuum of the free theory and interacting theory. However, to
derive this formula, one needs to assume that it is possible to evolve back |0) with a unitary operator
U(t,t") from T — +oo to some t* = max(z, y, tintegra1). This is not possible in dS.
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Figure 2.2: The contour integral of the in-in formalism.

e Two different sets of vertices correspond to time-ordered and anti-time-ordered
terms. We call them right and left vertices, referring to their position in the operator
product (2.65). The right vertex gets multiplied by —i, while the left vertex gets
multiplied by +:.

e The external propagator emanating from a right vertex and the propagator between
two right vertices refer to the time-ordered propagator G = (T'¢(n1, x1)d(n2, T2)).

e Similarly, the external propagator leaving a left vertex and the propagator between
two left vertices denotes the anti-time ordered propagator G = (T'¢(n1, 1) (02, T2)).

e The propagator between a right and a left vertex represents the Wightman function

G = (¢p(m, 1) (12, 72)).

Another way to look at G™, G", G'" is indeed via their position on Schwinger-Keldysh
contour. More precisely:
G = (o(m, x1)¢(n3, x2))
G = (9, 21)$(n, 22)) | (2.66)
G = (p(n, 21)9(115, x2))

where the left and right are respectively corresponding to time and anti-time ordered part

of the contour with different ie prescription:'®

nt =n(1 +ie) , 0" =n(l —ie) . (2.67)

Consequently, to perform perturbation theory computations in dS, one requires the two-
point function of free theory. In the next section we restate the connection between EAdS
and dS, find the explicit expressions of their propagators and establish the relation between
the perturbative calculation of QFT in dS4y; and EAdS441 via analytical continuation.

Note that one could equivalently define the integral paths in (2.65) to be n F ie instead of 7(1 = i€),
and consequently ' = n — i, n” = 1 + ic considering n < 0. However, this will modify the sign of ie
prescription in (2.81) to —ie.
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2.5 Perturbative QFT in de Sitter

2.5.2 Two-point function in EAdS and dS

EAdS and dS are both maximally symmetric spacetimes that can be seen as hypersurfaces
living in the Minkowski space of M2, In what follows we will show that this simple
fact implies that the Wightman two-point function of one of these spacetimes can be
written as a linear combination of the other one. For simplicity, we focus on scalar fields
but a similar result holds for spinning two-point functions as well [89, 22|. This section is
heavily inspired by the beautiful paper of [89].

Let us, again, spell out the definition of dS and EAdS as hypersurfaces living in the
Minkowski space of M%+2:

XX =XX=—(X"2 4+ (X2 4+ ...+ (XHH2=R?  dS4y, (2.68a)
VY =YV A= (Y02 (Y12 ...+ (Y2 = _R? EAdSg4y: - (2.68b)

Notice that with the Wick rotation R — iR one goes from dS to EAdS and vice versa.

Let us also define the two-point invariants o as

Xl.Xg A YI-}/Q
Uds = R2 y O'E ds = ? . (269)
which for instance in Poincare coordinates are given by
545 _ i+ 5 — |zl SPAdS _ A+ 2+ el (2.70)
20110 ’ 22129
and are related to chordal distances via
X1 — X5)? Y, — Y5)?

R? R?

Note that oFAdS ¢ (—o00, —1] and saturates the bound at —1 when the points are on
top of each other X; — X5 while 095 € R. Moreover 095 > 1 corresponds to timelike
separated point, 095 < 1 corresponds to spacelike separated points and 095 = 1 is when
the two points are on each other’s lightcone.

The Wightman two-point function of a massive free scalar theory in dS and EAdS

1
1 Gf(21722)7 (272)

(9(Z1)p(Z2))¢ = I

is defined as the solution of the Klein-Gordon equation'? [89, 19, 90]

(V2 —m?) Ge(Z1,Z2) =0 . (2.73)

17Strictly speaking, Wightman two-point function is the solution of Green’s equation with the right
hand side proportional to a 6d+1(Zl — Z3). We eventually find the solution of this equation by requiring
the short distance limit to match with the flat space solution.
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Chapter 2. Quantum field theory in de Sitter

where V2 is the Laplacian in corresponding space that can be calculated from Laplacian
in embedding space

1
FR*V? = §JABJAB = —7%0% + Z.04(d + 2.9y) (2.74)

followed by a projection to dS or EAdS [50, 3.1]. The minus in F corresponds to dS
and the plus sign represents EAdS. The subscript “f’ stands for the fact that we are
calculating the two-point function of the free theory. The solution to this equation is a
function of the two-point invariant o = Z;.Z3/ R? and reads

[(1—0%)02 — (d+ 1)od, Fm*R*| G¢ =0, (2.75)
which after a change of variable of p = (1 F 0)/2 becomes a hypergeometric equation [90]

[p(l — P+ <d;1 —(d+ 1)p> dp F mZRQ] Gi=0. (2.76)

The solutions to this equation can be expressed in terms of two independent solutions of
24 Kummer’s solutions. For later convenience, we chose the particular linear combination

of

Gi(p) = Capa(1l/p) + Davva-a(l/p) (2.77a)
with
AA-2 41
m(ﬁ):EAzFl[ ’QA_;L? 5} , A:%Jr% d? F 4m2R? (2.77b)

where A is the scaling dimension of dS in (2.53) and EAdS satisfying A(A —d) = Fm2R2.
So far the result of the calculations of dS and EAdS are the same up to the Wick rotation
of R — ¢R. Moreover, it is now apparent that Wightman two-point functions of dSg11
and EAdS;1 are related with a linear map. We may now specify the boundary conditions
to fix Ca and Da that appear in the eq. (2.77a):

e Regularity of the solution for

— EAdS: the long-distance limit corresponding to p — oo. Considering that for a
unitary theory in EAdS we have m? > 0 or equivalently A > d, this condition
leads to DEAdS =0.

ds

— dS: antipodal points i.e. 09 — —1 or p% — 1. This condition leads to

dS _ pdS
cdS =3,

e Recovering the flat space limit in short-distance limit. According to (2.74) this

EAdS_> EAdS_>1_

corresponds to ¢95 — 1 and & —1 or equivalently p9 — 0 and p

In the end by recalling that o495 = 2p — 1 and 095 = 1 — 2p, one finds the EAdS
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2.5 Perturbative QFT in de Sitter

propagator to be

C AAN—2d4 1 2
EAdS; _EAdSy __ A ) 2 2
GreT = (—2 — 20BAdS)) A7 [ 2A —d+1 |1+ UEAdS] (2.78)
where DA
Ca = (2) ) (2.79)

e (A — 4 +1)
and the dS propagator to be

(¢ — A)T(A) 1 AA-2 4] 2

dS, _dSy\ __ 2 5

G 0%) = Ay (g 1[ it 1_0(4 G AGd-A
(A (d— A d+1 1+ 09
(4m) QF(T)

(2.80)
where we used the identity (A.10) to go from the first line to the second.

Remark that ¢P445 < —1, therefore two-point function found in (2.78) is indeed regular
at any separation as expected for a Euclidean free two-point function. On the other hand,
095 € R and when two points are timelike separated (¢4 > 1), then one needs an ie
prescription to deal with the branch cut in (2.80). In practice, when we are calculating

the in-in diagrams, we have a definite ie prescription given by (2.66):

G = G?S(ads —ie), Gl= G?S(st +ie), G = G?S(Uds —iesgn(n'—n")) . (2.81)

One may also derive this by Fourier transforming the two-point function to momentum
space using (2.54). For future reference, we note the Fourier decomposition in question:

ddk —ik-(x—2') T
G (™) = () [ e e Rk (k) - (282)

Let us comment on the meaning of regularity for antipodal separation in dS. This is
connected to the definition of the vacuum state. Indeed, dS does not possess a unique
solution for the vacuum state. There are a family of vacua that are invariant under dS
isometries. This family of vacua is labeled by a continuous complex parameter o and they
are called a-vacua. For more details look at e.g. [91-94]. Indeed the two-point function
in (2.80) is in the Bunch-Davies vacuum. We discussed a perturbative way of defining the
Bunch-Davies vacuum in section 2.4. Another way of defining the Bunch-Davies vacuum
is through analytical continuation from the sphere discussed in (2.3); hence, some call
the Bunch-Davies vacuum, the Euclidean vacuum. The vacuum state on the sphere is
well-defined and unique and it is natural to ask regularity of two-point functions when
the points are at antipodal positions. Therefore, after analytically continuing back to dS,
we require the two-point functions to be regular when 698 — —1. On the other hand,
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Chapter 2. Quantum field theory in de Sitter

the two-point function in alpha vacuum admits solutions that are singular at antipodal
points [91]:

(a] p(X1)$(Xa) |a) = cosh® a Gpp(X1, Xa) + sinh? a Gpp (X1, X2)

1 ~ .
+ 3 sinh 2« (GBD<X1, XQ) + GBD(Xl,XQ)) (2.83)

where |a) is the a-vacuum, and we pick a € R (o = 0 corresponds to the Bunch-Davies),
Gpp is the Wightman two-point function in the Bunch-Davies vacuum found in eq. (2.80)
and X = —X is the antipodal transformation.

Late-time limit and boundary operators

Let us briefly discuss the late-time boundary operators in a massive free theory. Take the
bulk-to-boundary expansion in (2.46) and (2.44). The action of the symmetry group on
these fields will fix the dimension of the first (primary) operator that shows up in the
expansion:

EAdS: O(z,z) ~ anz20(x)

z—07T

as: - glam) ~ ba (—=n)2O0(z) + bj (—n)> Ol () .

(2.84)

Note that since the scaling dimension A in EAdS in real and positive, only one term
shows up in the expansion but in dS if the free field is heavy enough (m?R? > d?/4)
then there appears a pair of hermitian conjugate operators with an equal real part for
scaling dimension. In the case of light fields (m?R? < d?/4), the boundary operators
are hermitian @ = Of and by = b. Now let us look at the late-time of two-point
functions (2.78) (for z; = 22 = z) and (2.80)(for 1y = n2 = n):

GEAGS I'(A) on 1
f ~ d P z A

=0t 27T (A — 44 1) |21
T(A)L(§ - A)

d
n—0~ 42Tl

(2.85)

1
(- ——< 4+ A d—A + (local terms) .

GdS
f |x12|2A

Note that both of them have the CFT two-point function structures on the right side
(Jx12|22). This is expected from (2.84) since, as mentioned in 2.3, the late-time boundary
is conformal meaning that the action of EAdS and dS isometries on the boundary operators
are the same as the ones of primary operators of a CFT. In this thesis, we pick the
convention that the two-point function is unit normalized: (O(x1)O(22)) = |z12| 24, this
fixes the bulk-boundary coefficients of (2.84):

(2.86)

aA:\/T: [ d F(A>d
2
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2.5 Perturbative QFT in de Sitter

Here, we neglect the local terms in eq. (2.85), but it turns out that their existence is
essential for maintaining unitarity. We will discuss this matter in detail in section 4.2.2.

2.5.3 EAdS-dS dictionary

In this section, we will reproduce the simple recipe to transform the Feynman diagrams
in dS to their EAdS counterparts with a Wick rotation. For definiteness, let us pick the
Poincare coordinates for both spacetimes. As discussed in section (2.5.1), the calculation
of Feynman diagrams in dS involves three types of propagators: G, G™,G'. These
propagators can be found by tracking their position on Schwinger-Keldysh contour (2.66)
and the notion of ' and " defined in (2.67).

Consider the transformation that Wick rotate the left and right Euclidean times differently:

s

' — —e'2z, n— —e ‘2z . (2.87)

This transformation implies
olS 5 GTAS Uff(ll) — —gBAdS (2.88)
where 0% corresponds to the two-point function invariant 95 in (2.70) with 7, = 1 and

no = 1°. Using the hypergeometric identity (A.8), one can easily show that under the
map of (2.87), G" transforms as

G 5 g(A)GEMS (PAS) 1 g(d — A)GEAL (o) (280
with ) e d
R T(A— 9l - A) d
g(A) = 5 = S A-g (2.90)
(IA m

where we used the notation GEAdS for GFAdS with scaling dimension A. Moreover, by
plugging transformation (2.88) in the first equation of (2.80) and using the (2.81) e

prescription, one finds transformation rules

ELUIN e—iTrAg(A)GEAdS(O_EAdS) _’_e—iﬂ'(d—A)g(d_ A)GE_ARS(O_EAdS) 7

. o (2.91)
Gll N GWAQ(A)GEAdS(O'EAdS) +em—(d A)g(d_ A)GE_ARS(O_EAdS) '

Equations (2.89) and (2.91) have a very important consequence: all dS in-in Feynman
diagrams map to a linear combination of EAdS diagrams. Notice that this statement is

true for any order in perturbation theory.

The only remaining required ingredient to complete the dS-EAdS dictionary is the measure
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Chapter 2. Quantum field theory in de Sitter

of in-in left and right vertices that are given by

dn” o d
right vertex : —i / % _y ein(d=1) / ZTil
l (2.92)
left vertex : i _dn —y etz (d=1) dz )
o =

There is a beautiful way to organize these rules presented by [21]. In this paper, the
authors propose an effective action of a theory with potential VEAS that naturally
produces the the correlator of a theory with potential V95,

Example: dS contact diagram

As the simplest example of the mentioned dictionary, let us consider the first order
correction to the dS scalar boundary n-point function—generated by the n-point contact
diagram of a A¢s - - - ¢, interaction:

(@1(10, 1) - -+ PnlN0; Tn)) y = (D1(10, 1) - P10, Tn)) gree + AD(10) (2.93)

where we set R = 1. According to the in-in formalism, this contact diagram is the sum of

two diagrams of n-external propagators that meet at left and right vertices:

D (o) = =i (no) +iD'(mo) , (2.94)
D% no) = /?70 %/ddeGw(no,xi,na,x) . (2.95)
- i=1

As seen in (2.91), each G*“ produces two bulk-boundary propagators related by a shadow
transformation corresponding to the two boundary operators @ and Of. Therefore, to

calculate the perturbative contribution to the correlator

(O(x1) - O(zn))as
we assign the first terms in (2.91), and define bulk to boundary propagators as

K™= lim_ g(A)e_mAGEAdS ,
T]()*)O

K= lim g(A)e™AGRAS
770~>0

(2.96)

We shall show that the dS contact diagram is simply proportional to the EAdS counterpart.
Let the dimension of each operator ¢; be A;. The two boundary correlators are generated
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2.6 Non-perturbative QFT in de Sitter

by the corresponding bulk correlators as

<¢1"'¢n>EAdS: H‘mi zOAt <O(3:1)"'0($n)>EAds )
=1

n

(1 Bndas s [ ba, (=m)§ (O(x1) -+ O(zn)) gs -

i=1

(2.97)

where Ay = > | A; and ap,, ba, are field ¢; bulk-to-boundary coefficient in (2.84)—
explicitly given by (2.86). Using (2.91) and (2.92) we then find:

contact . T H?_—l an; g(AZ) contact
e — — =2 = EFh 7 ce 2.
(O On)as — 2sin (2 (d At)) H? ba, (O1 On>EAdS (2.98)

where (O - - 0,)"" is the contribution of a bulk contact interaction (i.e. order A
contribution) to the boundary n-point function.

It is customary to write the EAdS contact diagram as

(01 Op)ipiat = (H ) (2.99)

1

® dz L Ai
Dy (x;) = 2.100
(:) /0 zd+1/R 1_11(22—1—@—:0]2) ( )

which is know as the D-function in the literature. Consequently, we have

with

<(’)1 - On>3%HtaCt = 2sin < d At ) (H ba, ) . (2.101)

2.6 Non-perturbative QFT in de Sitter

2.6.1 Hilbert space

In a general QFT, we expect that the Hilbert space falls into irreducible representations of
the isometry group of its spacetime, plus any additional global symmetries of the theory
in question. For a QFT on dS;y1, we therefore expect that all states form representations
of SO(d + 1,1), like the single-particle states |A, k) from section 2.4. In this section,
will argue that after taking spin into account, the representation (2.63) is essentially
unique up to a choice of A. For generic A such representations are non-unitary, but for
special values of A these states form principal, complementary or discrete series irreps, as
described in section 2.2. To prove this, let us write a generic state as |A, k)4, where A is
an abstract SO(d) index. Since the anti-hermitian momentum generators P, commute,
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Chapter 2. Quantum field theory in de Sitter

we can diagonalize them

PulA k)4 = iku| A, k) 4 (2.102)

as in (2.63). Next, let us briefly introduce some notation to describe spinning states
|A, k)4 where A is an abstract SO(d) index. Rotations act on such a state as

M| A k)4 = (kyOy — kudy + )| A, k) 4 (2.103)

where ¥, = —,,, acts on the A indices and obeys the same commutation relations
as My, In the present thesis, we will only deal with states that transform as traceless
symmetric tensors of spin £. It will be convenient to use an index-free notation as follows:

Ak, 2) o= | A K)oy, 2 2P (2.104)
where the indices p1,...,u¢ run over 1,...,d. The tensor properties of the above state
imply that

z“i\A k,zy =0|Ak,z) and ii]A k,z)y=0 (2.105)
82’“ s vy - s vy 82“ 8,2” s vy - . .
The spin operator ¥, now acts as
0 0
ZMV’A, k, Z> = (Zyazﬂ — z“an) ’A, k, Z> (2106)
such that
— 35S |A K, 2) = (0 +d —2)|A K, 2) (2.107)

which recovers the usual SO(d) Casimir eigenvalue of a spin-¢ representation. From
Egs. (2.102) and (2.103), the action of the other generators is fixed up to a single
parameter. For instance, the generator D should act as a scalar that assigns appropriate
weights to k* and 0/0k" because [D, P,| = P,. Hence D should be of the form

DIAkYa=—(k-0+B)|A k)a (2.108)

with some constant 3 to be determined. Likewise, we can write down a completely general
ansatz for K, which transforms as a vector and is built out of k#, 9/0k* and ¥,,. By
imposing that [D, K] and [K,, P,] close as in (2.33), and that [K,, K,] = 0, we find that
K, is fixed to

Ku|A k)4 =

ik, 0% — 2(k-9)0, — d o, + (A — 3)2“’?’3 — 2%, (a" +(A-9) ’;2> ]yA, E)a (2.109)

where A is now an arbitrary parameter. The requirement that [K,,, P,] reproduces the
commutation relation (2.33) fixes § = d/2 in (2.108). The equations (2.103), (2.102),
(2.108) and (2.109) thus form the most general consistent representation of SO(d 4 1,1)
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2.6 Non-perturbative QFT in de Sitter

that diagonalize P,. In addition, it is easy to see that the state |A, k)4 will have

2

1w+ Which for a spin-£ representation becomes

conformal Casimir eigenvalue A(A—d) — 1%
A(A—d)+L(l+d—2).

Notice that in (2.109) the action of K, is only determined up to a choice of sign, at
least for spinning states where X,,, # 0: both sign choices respect the conformal algebra
and lead to the same Casimir eigenvalue. Changing the sign is equivalent to redefining
A — d— A. In what follows, we will choose the + sign for definiteness.

Finally, the ground state |Q2) of any QFT in dS must be annihilated by all of the symmetry
generators, and as such it transforms as a trivial representation of dimension A =0, £ =0
and k, = 0.

2.6.2 Representations in position space

Although the above representations look complicated, we can show that they take a more
familiar form after introducing a specific Fourier-like transformation. To wit, define a

new family of states as'®
. %k ik-x || A—d/2
‘A7$>A = (27_‘_)61 € |k’ ‘A7k>A (2110)
where a factor of |k|*~%2 has been introduced for future convenience. We will argue that

the state |A,x) 4 transforms just like a primary operator of dimension A in flat-space
CFT. As a first hint, one readily computes that for a scalar state

/ d’k ik-(z—2') | .| A+A—d
(A z|A2') = (27T)de || (2.111)

provided that the k-space state |A, k) is normalized such that
(A KA K = (2m) 304k — k) . (2.112)

There are now two possibilities: if A is real (i.e. when A is in the complementary series),
then A = A. On the other hand, if A is in the principal series then A = d — A. We
conclude that

6z — ") Aed/2+iR

2.113
ca/lr — 2?2 A€R ( )

(A z]A 2!y = {
for some computable coefficient ca.!? For real A this is the form of a two-point function
in flat-space CFT, but when A is in the principal series the states |A, x) 4 have a delta
function normalization.

18These states can be found in the literature with different but equivalent definitions. see e.g. [64, 69, 70]
9The integral (2.111) diverges for A € R, so (2.113) is only true in the sense of distributions.
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Chapter 2. Quantum field theory in de Sitter

Let us make the above statement precise by computing the action of the SO(d + 1,1)
generators. On a state of the form (2.110), P, acts as

e | A2 0
PA,x)s = /ddk: R R A2 (k)| A k)4 = 5 1A ) (2.114a)

and likewise

D|A,z)a = (x- 0+ A)|A,2)4 (2.114b)
My |A 2y a = (2,0, — 2,0, + X)) |A, ) 4 (2.114c¢)
K, |A )4 = (22,(3 - 0) — 2°0, + 2Am, — 25, 27)|A, 2) 4 (2.114d)

where all derivatives act on . We spell out the derivation for the case of the scalar states
in appendix B. These formulas are exactly identical to those obtained by applying a
fictitious CFT operator (’)I(f) (z) of dimension A to the Bunch-Davies vacuum. From a
practical point of view, this implies that any n-point amplitude

(Qle(n, 21) - ¢, Tn)|A, ) 4 (2.115a)

has the exact same SO(d + 1, 1) transformation properties as an (n + 1)-point vacuum
. . . . (A), .
expectation value with an insertion of an operator O, (x):

(Qf¢(n1,21) -+~ ¢, 20) O ()] (2.115b)

However, unlike in flat-space CFT there is no state-operator correspondence: in general
there is no relation between the states |A, z) 4 and the algebra of local operators on the

timeslice n = 0.

For future reference, we remark that from (2.113) it follows that the resolution of the
identity operator inside an irrep can then be written as

A e g—i—iR : /ddﬂc A, z) 4 YA,z (2.116)

that after summing over all the irreps leads to:

3 +ic0o

I R A L
Q|+Z/_wo 2mN A ) /d x |A,z)q “(A x| + other irreps| (2.117)

where the sum over A formally stands for the sum over SO(d) representations, which for
our case of traceless symmetric representation will be simply a sum over spin £. Here we
did not explicitly spell out contributions from the irreps other than principal series as it
will not be apparent in our discussion for scalar operators in the next sections. N (A, /)
is a positive normalization coming from the Plancherel measure that we do not need its
explicit expression and the subscript x stands for normalization in position space. There
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2.6 Non-perturbative QFT in de Sitter

is a similar formula in momentum space that we mention here for completeness and future

convenience:

d’k .
2/27” Ne(ALD) /( ) IAE) 4 YA k| + other irreps . (2.118)

2.6.3 Conformal Field Theory in de Sitter

It is instructive to consider the case of a CFT on a de Sitter background. Given that the
de Sitter metric (2.28) is conformally flat, we can immediately write

é(n, z) = (=1/R)>* pgar(n, 7) , (2.119)

where we assumed that ¢ is a primary scalar operator of the bulk CFT and we denoted
by ¢gat(n, ) the same operator in flat Minkowski space with metric ds? = —dn? + dz?.
The OPE (2.44) then follows from expanding ¢ga¢(n, ) around the constant timeslice
n = 0. Clearly, in this case, the primary boundary operators O, are nothing but time
derivatives of ¢ga¢. Thus a conformal primary of dimension Ay gives rise to a family of
boundary operators with dimensions A, = Ay 4+ p with p=0,1,2,....

This construction is useful because it gives us an infinite set of data to test any bootstrap
approach to QFT in de Sitter. In particular, any CFT correlation function with all
operators inserted on a constant timeslice in Minkowski (or Euclidean) space can be
interpreted as a correlation function of operators on the future boundary of de Sitter
spacetime.

As mentioned above, the metric of de Sitter space (2.26) is a Weyl transformation of a
part of the Minkowski cylinder. It is instructive to understand how a unitary conformal
highest-weight representation on the Minkowski cylinder decomposes into irreps of the dS
isometry group. For this purpose it is useful to think of the CFT living on the lightcone

(X2 - (X2 (X4 (XY =0 (2.120)

of the embedding space R%2. Then dSg,; is the section defined by X! = R — compare
with (2.22) — and the Minkowski cylinder is the universal cover of the section defined by
(X712 + (X9%?2 = R2. The de Sitter isometry group SO(d + 1,1) can immediately be
identified as the subgroup of SO(d + 1,2) that leaves the coordinate X ~! invariant.

In appendix D, we focus on the d = 1 case and build unitary irreps of SO(2, 1) inside the
usual conformal family of SO(2,2) labeled by the primary state |A, ¢) of dimension A
and spin £. We show that there are principal series irreps with A = % + v for all v € R
and one discrete series irrep as long as £ > 1. We also found a complementary series irrep
if A < % We leave for the future the instructive exercise of extending this analysis to
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general spacetime dimension.

o8



Nonperturbative cosmological jgiumil

bootstrap

99






81 Bulk two-point function

In this chapter, we compute the two-point function (3.1) using the Hilbert space framework
from section 2.6 and in particular the resolution of identity in (2.118). This will lead to an
expression for G12(£) in terms of a spectral integral with definite positivity properties, also
known as the Kéllén-Lehmann decomposition. After that, we relate the correlator (3.1)
to its counterpart on sphere S4t! and its decomposition in terms of spherical harmonics.
After employing a Watson-Sommerfeld transformation, this leads to an explicit formula,
the so-called inversion formula, expressing the Kéllén—Lehmann spectral density in terms
of an integral over the discontinuity of G12(§). Moreover, we find another inversion
formula from the analytical continuation and harmonic analysis in EAdS and prove their
equivalence. Finally, we analyze the Kallén—Lehmann decomposition in several examples.

3.1 Kallén—Lehmann decomposition

Consider the two-point function of two scalar operators. Due to the translation and

rotation invariance of dS, this correlation function should be of the form

(Qlpr(n,2)d2(n', 2)|Q) = G12() (3.1)

where we define

4R2 2 4’

= = = 3.2
S 6 S G A RS (oo R (3:2)

as another representation of the only SO(d + 1, 1) invariant that can be built out of two
bulk points. We used the conformal coordinates defined in (2.27) for definiteness. Using
¢ instead of o is for later convenience. The invariant £ is positive (£ > 0) when X, X' are
spacelike separated, negative (£ < 0) when they are timelike separated and £ diverges
when X, X’ are lightlike separated. As such an ie prescription is required to define (3.1)
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Chapter 3. Bulk two-point function

properly when £ < 0. As discussed in full detail in section 2.5.2, the free propagator reads

(60020601 )}t = g CHlE:0) (53)
where F(d ' )P(d ) . ] et )
G +w)l(g —w ) d+1
Gi(&v) == (47r)d+11“(2d;1) F (2 iy, g vy == - §> (3.4)

writing m2R? = (d/2)? + v? as before. From now on we will set R = 1 unless otherwise
noted.

Let us now turn to the analysis of a generic two-point function of identical operators,
(Qo(n, z)p(n',2")|2). We will assume that ¢(n,z) is a Hermitian operator, although
much of the argument holds as well for a generic two-point function (¢;(n, z)¢;(1,z’))
of different scalar operators. We can analyze the (Q|o(n, z)p(n,2")|Q) correlator by
inserting a resolution of the identity (2.118):

d
ZGEDY v [ Gt 1A B AR+ (35)

writing . . . for states with SO(d) representations other than traceless symmetric tensors. In
the above formula, we allow for an arbitrary normalization factor N(A,¢) > 0, depending
on the normalization of the states |A, k), . 4, (which cannot depend on k,). We also
dropped the subscript k& compare to (2.118) to avoid clutter. Of course, there might
be several irreps with the same quantum numbers {A, ¢}, in which case an additional
label « is needed to distinguish such states. We will not explicitly write such a label,
but it is straightforward to adapt our analysis to this degenerate situation. In (3.5)
we assume that only states in the principal series contribute, so the A-integral runs
from d/2 — ico to d/2 + ico. This assumption seems to be correct in general; in specific
examples we will briefly revisit this assumption. For a more complete discussion, we refer
to section 2.2. Moreover, when we find an inversion formula, based on completeness of
Gegenbauer functions in the sphere or harmonic functions in EAdS, we basically prove
the completeness of principal series as far as the inversion formula is convergent.

After inserting the resolution of the identity (3.5) in the two-point function, one finds

(Qlp(n, z)p(1', m’)\9> = (Qe(n, z)IN(Qs(, 2)|2)

d
3 [ et v [ Gomya (OIS K OS50

First of all, remark that the one-point functions (Q|¢(r,2')|2) do not depend on the
coordinates 1 and z* because |Q2) is SO(d + 1,1) invariant. Hence we can replace the
second term with the constant (¢)? := (Q|#|2)2.
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3.1 Kallén—-Lehmann decomposition

Moving to the second term of (3.6), one can show that matrix elements of the form
(Qlo(n, z)|A,¢) with £ > 1 vanish. This can be proven either by using an explicit
computation or by working in embedding space. Therefore, only states with £ = 0
contribute, and the contribution of such a state is fixed by SO(d + 1,1) symmetry up to
two constants. Using an SO(d + 1,1) symmetry argument, one can show that the most
general form of the amplitude with the ¢ = 0 state is given by

(Q16(n, )|, k) = e (—)2 [y (i) hay (k) + @) B (lRD]  (3.7)

for two undetermined coefficients cg4(iv), ci)(iu) €Cand A = % + iv. We will now argue
that cgb(iy) has to vanish in any unitary QFT. For this argument, consider the early-time
limit n — —oo, where dS can be compared to flat space. Using the asymptotics of the
Hankel functions, the matrix element behaves in this limit as

e—ikvx(_n)(d—l)/Q

<Q|¢(n,x)\A,k> %N 5 (k) [C¢(i’/)€_inw(k)_m/4+cg)(iy)einw(k)+iﬂ/4
N——00 w

(3.8)
with w(k) := |k| and two important phases +inw(k). The formula (3.8) is reminiscent of
flat-space QFT, where operators evolve in time as

o(t,x) = eth(b(O,x)e_th ) (3.9)

Moreover, according to the Wightman axioms, the state ¢(0,z)|Q2) can only have support
inside the positive future lightcone. Consequently, if |E, k) is a state that diagonalizes H
and P, we must have

flat space :  (Q|o(t,z)|E, k) o« O(E)e ke iLt (3.10)

up to some constant that depends on the local operator ¢. We thus interpret the second
term in (3.8) as originating from a state of negative energy, which would violate the
Wightman axioms. Consequently, we have to require that C(ﬁb(il/) = 0 for all v.

We are now ready to compute the k-integral in (3.6). Since ¢ is a hermitian operator, it
follows that

(A Ko, a)|Q) = (Qo(r, 2)| A, k)™ = co(iv)™ ™ (=) han ([KI)  (3.11)

using the properties of the Hankel functions under complex conjugation. By performing
the k-integral in (3.6) and using Eq. (2.82), we conclude that

(@on,2)o0r#)10) = 0+ [ 57 pal+iv) Grlesv) (312)
R
with eoliv)?
. L Cop WV
p¢(g +iv) = 7]\[(% i) >0. (3.13)
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Chapter 3. Bulk two-point function

This is the desired Kéllén—Lehmann decomposition which applies to any two-point function
of bulk scalar operators. It is clear that similar Kallén-Lehmann decompositions exist for
all possible time-orderings.

In passing, let us comment on the apparent absence of states in the complementary
series of SO(d 4 1,1), having 0 < A < d, or even discrete series states. We did not
explicitly include such states in the resolution of the identity (3.6). One can nevertheless
accommodate for complementary series states in (3.12), by modifying the contour and
integrating over small imaginary values of v. This is equivalent to looking for a pole
crossing after analytical continuation off of the principal series.

Finally, we want to mention that (3.12) is not a novel result. Versions of the Kal-
lén—Lehmann decomposition have already appeared in the literature, using different
derivations and levels of mathematical rigor. An early reference to the Kéallén—Lehmann
decomposition in dS appeared in [95], and later works using such a representation can be
found in [96-104, 84].

3.2 Late-time limit and boundary OPE

Starting from the Kéllén-Lehmann representation (3.12), let us consider the late-time
behavior of the correlator (¢(n, z)p(n',2’)) in the limit n, n — 0~ at fixed z,z’. At the
level of the invariant £ from (3.2), this corresponds to the limit £ — 07. Also notice that
for sufficiently small  and 7’ the two insertions are spacelike separated, so there are no
subtleties regarding e prescriptions.

Let us rewrite G¢(&;v) in (3.4) in terms of a function 1, (§) and its shadow (v +— —v or
A — d— A) given by (2.80):

g(§ +iv)a,,, () + (v —v)

Ge(&v) = 5 (3.14a)
with
L —Ar(a AA-Ld=1
g(A) = W and YA (€) =22 P A —26(Z+1 ) ¢ . (3.14b)

The representation (3.14) is convenient to study the £ — 0 limit of the correlator because
when £ is small the hypergeometric function simplifies and we can replace it with the
leading term A (€) ~ £2.

We would now like to perform the Kallén—Lehmann integral (3.12) by deforming the
contour. As it stands, we can interpret the contour in (3.12) as running upwards in the
complex A plane, along the vertical line R(A) = d/2. We would like to close the contour
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3.2 Late-time limit and boundary OPE

to the right by adding an arc at infinity and picking up any possible poles. As a first step,
we therefore write

(@t 2000 2)10) = (6 + | B NINTINTNG (3.15)

4 i 2mi
exploiting the shadow symmetry of the representation (3.14) to drop one of the terms.
We claim that for sufficiently small £, the integration contour in (3.15) can be deformed
by closing the contour to the right. To prove this, we first notice that for sufficiently
small £ > 0, the function 1A (&) falls off for large real A:

D<E<ts wal) ~ WO WO = (3.16)

A—oo (1+v1-¢)2

and for the limit in question 0 < w(¢) ~ £ < 1, so the special function ¥a(§) indeed
decays exponentially fast on the right half-plane. This statement does not hold for the
shadow function 14_a(&). Next, let us investigate the function g(A). On the real line,
we have

1 Ad/2-1
ASoo 272 4A sin(7(4 — A))

g(A) (3.17)
up to a A-independent coefficient. It follows that g(A) has single poles at A = % + N.
Away from the real axis, the function g(A) decays rapidly.

Finally, we need to make some assumptions about the behavior of the distribution pg(A):
(i) Originally pys(A) is only defined on the axis R(A) = d/2, but we assume that it can be
analytically continued away from this axis. (ii) ps(A) does not grow too fast at infinity.
This is not a strong condition as

1 Ad/2—1£A
A)w(A) ~ . 3.18
SA) % i ST a) .19
for small £. (iii)we assume that
pold/2) = 0 (3.19)

in order to avoid picking up the pole at A = d/2 coming from g(A). The assumption (3.19)
seems to be satisfied in all known examples, cf. later in this section. However, this
assumption can be relaxed by explicitly adding the residue of the possible pole at
A = d/2. (iv) we assume that py is meromorphic, with single poles A, on the right

half-plane:
Res pg(As)

pe(A)

Considering these assumptions now, we may deform the contour. By Cauchy’s theorem,
the (¢¢) correlator will pick up two series of poles: one family coming from the function
g(A) at A = % +{1,2,3,...}, and a second family of poles coming from the spectral
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Chapter 3. Bulk two-point function

density py. Bringing everything together, we have!

(Qlp(n, z)p(n,2")|Q) = ZRes,% ) g(AL) 1, (€)

44 ) (3.21)

+ Z 2d+1+2nﬂ.d/2n| (% )¢d+n(§) :

In particular in the late-time limit, setting 7 = 7’ for convenience:

24
Qoo )) ~ (0%~ Y Repdean) (k) G2)
n—0 AL |z — |

omitting terms that are subleading as 7 — 0.2 Here we did not write the contributions
from residues of g(A,). We will come back to that shortly at the end of this section.
From (3.22) it is clear that the leading late-time behavior of the (¢¢) correlator comes
from poles in pd,(A) with the smallest real part, or to be precise the smallest R(A, —4) > 0.
In addition, if ps(% +n) # 0 then there are terms that scale as (—n)?*2" with n > 1.

Boundary OPE

We may now derive the result above from the OPE (2.44). This bulk-boundary OPE is
not necessarily convergent, but we can still try to reproduce the late-time behavior of the
(p(n, z)p(n, ")) correlator. The two-point function of conformal operators can only be

non-vanishing if they have the same scaling dimension?:
5aa’
(Oa(z)O (y)) = T yPae (3.23)

which still holds when A, is a complex number. The double sum over boundary operators;
therefore, collapses to a single sum, hence

(QUb(n, )0 2)|Q) ~ (6%)+ 3 (bsa) (1) D (10)Des (D) m (3.242)

where

Da(n0y) = oF1 (A — d/2 + 1, 1n°02) =1+ O(n*02) . (3.24b)

!The minus sign in the second term of (3.21) arises from the fact that the contour is taken in the
clockwise direction.

2There are two types of subleading terms. First, we have only kept the leading term in £ in the
hypergeometric function ;. (§). Second, we have approximated the invariant £ by its leading piece in the
limit n — 0.

3Here we are assuming that 2 and y are separate points. So we do not deal with contact terms
discussed in 4.2.2
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3.2 Late-time limit and boundary OPE

As before, we are interested in the limit n,7" — 0~. Hence we can approximate the
differential operator D, by its leading term, which leads to the asymptotic behavior

Ly \2Ae
Qo) 2))Q)  ~ <¢2>+Z<b¢a>2( ) (3.25)

n—0~ |z — /|

For this expansion to match (3.22), we require first of all that the poles A, equal the
boundary operator spectrum {A,} exactly. Moreover, the residues of p, are related to
the by, according to the dictionary

(b¢a)2 - _4Aag(Aoz) Resp(b(Aa) . (3'26)

This result should not be surprising. After all, the special functions 1A (§) appearing
in (3.21) are nothing but boundary conformal blocks [82] in d + 1 dimensions. To wit,
the spectral integral and its counterpart (3.21) appeared before in the BCFT context in a
slightly different form [105].

Notice that neither by, nor Res py(Ay) is required to be real-valued: in a generic QFT in
dS they are complex-valued. Nevertheless, the hermiticity of ¢ implies that

Po(B)* = ps(A7) (3.27)

hence the residue of a pole at A, and its complex conjugate A}, are necessarily related
via complex conjugation.

Finally, the terms scaling as £%2*" with n = 1,2,3,... in (3.21) and (3.22) cannot be
reproduced from the bulk-boundary OPE (2.44). It is therefore natural to assume that

p¢(%+n) =0 forall n=0,1,2,.... (3.28a)

We do not have a proof of this fact, beyond the fact that in all known examples

po(4 +iv) o vsinh(rv) = - (3.28b)
which indeed vanishes at A = d/2 + N. Likely this phenomenon has a group-theoretical
explanation. In the literature, it is common to write spectral integrals with a Plancherel
measure, schematically 1/(2mi) >, [dAB(A, £) — see for instance [65, Eq. (8.7)] or [106,
Eq. (74)] and [67]. This measure is not physical: from our point of view, it amounts
to a simple redefinition of py(A) = pu(A)/B(A,0) which does not affect observables.
Nevertheless, the analytic structure of py(A) is affected by this rescaling, and indeed the
¢ = 0 Plancherel measure (A, 0) contains a factor v sinh(7v) which furnishes the desires
zeroes (3.28a).
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Chapter 3. Bulk two-point function

3.3 Analytic continuation from S%*!

As discussed in section 2.3, the dS correlation functions, and in particular two-point
functions, can be defined by the analytic continuation of correlation functions on the
sphere S9!, In what follows, we use this fact to find a formula for the spectral density
of a generic scalar field theory in dS as an integral over the discontinuity of the two-point
function.

Let us therefore consider the two-point function (¢p(X)@(X’))ga+1 of a hermitian operator
#(X) on the sphere, where we parametrize S9*! by embedding space coordinates X A e
R*2 obeying X - X = R2. Such a two-point function can only depend on the invariant

X X'
where x = 1 (resp. = —1) corresponds to identical (resp. antipodal) insertions. Conse-
quently we write
(P(X)P(X")) gar1 = G(x) (3.30)

for some function G () which is not determined by symmetries. This correlator maps to
the dS two-point function from Eq. (3.1) via

=2 o é@):a(g: 2 ) (3.31)

l1—z l1—=z

From now on we will use this formula to identify both correlators, and write G(z) instead
of G(x) to avoid clutter.

It is well-known that any function of the invariant x can be decomposed in terms of
SO(d + 2) Gegenbauer polynomials:

Ga) = as O3 () (3.32)
J=0

for some coefficients a; that depend on the (¢¢) correlator in question. The Gegenbauers
form an orthogonal basis with respect to the norm

1
]2 = / da (1= o)l (3.33)

Most physical correlators are not square-integrable with respect to the measure (3.33)
due to singularities near x = 1. To be precise, for a correlator G to be square integrable,
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3.3 Analytic continuation from S%*!

we need that?

GE) ~ & and GE) ~ 1/(—1) with y<(d+1)/4.  (3.34)

£—o00 E—=17t
The Gegenbauer polynomials obey

a 24-1J1(J + )T (4)?
cz2=1 = 222

(3.35)

and in particular it follows that the coefficients ay can be recovered using orthogonality
of Gegenbauer polynomials (A.5) as

1 d
0y = k) / da (1= 2%) VR 0 (2)Gla) (3.36)

for J=0,1,2,....

Let us print a formula for the a; in a specific case, taking ¢ to be a free massive scalar,
so G(x) is the function G¢(§;v) from Eq. (3.3). The correlator in question is not square-
integrable in d > 3 dimensions: indeed the correlator grows as G¢(&;v) ~ & (@=1)/2 50 in
d > 3 dimensions it does not represent a square-integrable function on S*!. Nevertheless
one can compute the cofficients a; using the inversion formula (3.36), for instance by
analytically continuing in d. This computation was carried out in [100], yielding

1 T 2J +d
RI-L 4841 J(J +d) + m2R?

ay = (3.37)

We will shortly revisit the formula (3.37) from a different point of view in (3.60).

In Eq. (3.36), we presented a formula to invert the expansion (3.32), expressing a; as an
integral over the correlator G(z). The inversion formula (3.36) applies to integer J. In
appendix C, we obtain an alternative inversion formula that applies to complex values of
J. This inversion formula reads

1 DI +1) [ (z+1)2 2 J+d,J+3+1] 2
= — D'
“ T o T (I + 42 /1 de @-1) 5 2 2T rdvl [T isclG(z)]
(3.38)
where the discontinuity Disc[G(z)] is defined as
Disc[f(z)] := f(x + i€e) — f(x — ie) . (3.39)

Since the RHS of (3.38) is an analytic function of J, the above identity extends a; to an
analytic function of J on the complex plane.

4An equivalent condition for square integrability is that the coefficients as decrease faster than
las| o 1/J4=D/2 a5 follows from Parseval’s theorem.
— 00
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Chapter 3. Bulk two-point function

Let us briefly discuss the convergence of the integral in (3.38). Suppose that near x = 1
and z = oo the discontinuity of G(z) behaves as

Disc G(x) ot (x—ll)fs and Disc G(z) o z° (3.40)
for some exponents 0, €. Then convergence requires that § < 1 and R(J) > ¢, as follows
from analyzing the x — 1, 0o asymptotics of the 9 F7 hypergeometric appearing in (3.38).
Whenever (J) < ¢, the function a; can have singularities in the complex J-plane. Also
notice that the integrand involves the correlator G(z) analytically continued beyond the
Euclidean region —1 < x < 1. In fact, x > 1 maps to £ < 0, which describes timelike
separated points in de Sitter. In practice; however, one can calculate a; for a two-point
functions with § > 1 by means of analytical continuation from the convergent region, see
e.g. (3.5). In what follows, we will rederive the Kéllén—Lehmann decomposition using the

above inversion formula.

Recovering the spectral density

In order to derive the desired decomposition (3.12), let us turn our attention to the
original expansion (3.32). The two-point function is a sum over non-negative integers:

(z) . (3.41)

Swola

G(x)=> gsx), gsx)=a;C
J=0

Suppose that we can extend g;(x) to a function g;(x) which is analytic in J and coincides
with g(z) at integers: gsj(z) = gs(x) at J =0,1,2,.... Moreover, we imagine that we
are given a kernel K (J) that is meromorphic, having poles at the non-negative integers
with unit residue. We can then replace the sum (3.41) by the following integral:

Gla) = ¢ k() aa) (3.42)

where the contour ¢y consists of small circles around the non-negative integers, passed in
the counterclockwise sense. Such a contour is illustrated in figure 3.1. If we in addition
assume that the product K(J) gs(x) decays sufficiently fast at large |.J|, one can deform
the contour to an integral over a line with fixed real part, e.g. co in figure 3.1. The
act of expressing a discrete sum as contour integral in the complex plane is known as a
Watson-Sommerfeld transformation, see for instance [100].

The discussion so far was general and did not involve details about the decomposition (3.32)
of the (p¢) correlator. At this point, we will use some properties of the Gegenbauer
polynomials, and we will propose an explicit kernel K(J) as well as an analytic extension
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3.3 Analytic continuation from S%*!

€
: AN \i :é.) AN \i
E E\r(ﬁ‘Q
I . I ‘]
I o NN S NN ) ¢ >
: VY Y Y N \

_d _d
2 2

Figure 3.1: Illustration of contour integrals of Watson-Sommerfeld transformation. Left:

sum over non-negative integers as a set of contour integrals around the integers (3.42).

Right: Deforming the contour to a line integral with constant real part.

Gs(x) of gs(x), to wit

K= "7 and (@) = e ay O (<a) (3.43)
= n(nT) and gs(x):=e "a;C}(—x :

cf. [100, Egs. (20) and (21)]. For J ¢ N, the functions C;(—x) are so-called Gegenbauer
functions, which can be expressed as hypergeometric functions, cf. equation (A.4). The
choice of writing the function in terms of —z will be apparent soon in (3.47). For integer J,
the Gegenbauer functions reduce to the Gegenbauer polynomials that we have encountered
so far, up to a sign:

JEN: Ciea)=(-1)Cix) = gs(2)=gsx) (3.44)

as required. Moreover, it is easy to check that K (J) from (3.43) has poles at integer J
with unit residue.

To see that we are able to deform the contour, let us comment on the large-J behavior of
the integrand in (3.42). In appendix C.3, we show that the leading contribution at large
J of (3.38) is dominated by the x — 1 part of the integral. For a two-point function with
a power-law singularity at x =1

1

~Y —_— .4
((If) o1 (1 —.’13)6 ) (3 5&)
the large-J behaviour of a; is given by®
li L (3.45b)
im ay ~ .
J—o00 d |J‘d_2(S

®The proof in question assumes that § < 1. We expect (3.45) to hold for larger values of & as well.

This can be seen, for example, if one calculates ay for a CFT in the bulk.
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Chapter 3. Bulk two-point function

up to a J-independent constant. We are now ready to analyze the product K(J)g(z) at

large J:
e—arccos(x)| Im(J)|

K(J)jy(z) ~ Fam (3.46)

so away from the real axis, the function decreases exponentially, provided that z is in
the Euclidean region (—1,1). For sufficiently small ¢ the function decays as a power law
along the real axis as well. It is therefore possible to deform the contour ¢y to co, as in
Figure 3.1.

At this point, let us go back to the expression of the free theory two-point function
in eq. (3.3). The formula in question is valid both for S*! and dS4,;-as long as the
insertions are spacelike separated, otherwise an ie prescription is required. Given the
definition of the Gegenbauer functions (A.4) and (3.29), one can rewrite the propagator
as

ORI i

Gi(&v) = ——2—C2\(—2), A=_-+iv. 3.47
t(&v) inE sin(rd) A=) + v (3.47)

2

using the invariant ¢ instead of x for convenience from (3.31). Identifying —J with A,
we can therefore recast Eq. (3.42) as an integral of a_a running over the principal series
spectrum R(A) = d/2, to wit

a_A Gf(f; V) , (3.48)

Note that the minus sign a; — a_a has changed the orientation of the ¢y contour.
Of course, we recognize the above equation (3.48) as the Kallén-Lehmann decomposi-
tion (3.12), after identifying

d
27T§+1

d | N _ .
ol +0) = gy Jim (a0t 0igr) (3.49)

where we used the symmetry of the free propagator G¢(§;v) = Gf(§; —v) to replace

a_n = a_,, a in (3.48) by the shadow symmetric combination. We also kept the e
2
regulator that is important if a; has singularities on the line R(J) = —% as depicted in

figure 3.1. The only difference between (3.48) and (3.12) is the missing (¢)? term, which
should correspond to a pole at A =0 (or equivalently J = 0).

In case of no singularity on R(A) = d/2, one can use the hypergeometric identities (A.8)
and (A.9) to rewrite (3.49) as

1-A1—
3-d

2

d+ A ’1—95

o) = 5(8) [~ oo | piscia) (3.502)
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3.4 Analytic continuation from EAdS;;

where

—i(4m)@TD2 (1 = A)T(1 —d + A)
I35 T(A - §)T(4 - A)

B(A) = (3.50b)
writing A = d/2 4 iv. This is the promised inversion formula for spectral density. Let
us remind you that the integration is over timelike separation z = X.X’ > 1 which
corresponds to the timelike separated points in dS. So we expected a discontinuity in
the two-point function in this region. We will use this formula in section 3.5 to find for
instance the spectral density for a two-point function of a scalar operator of a bulk CFT.

The derivation in Sec. 3.1 was based on symmetry properties of the dS Hilbert space
alone which the positivity of p¢(% +iv) at real values of v is manifest there. The present
derivation was based on the analytic continuation of correlators from S+ to dSz;; which
leads to an explicit formula for pg(A) at complex values A but does not show a positivity
manifestly.

Note that we assumed that the complimentary series are not apparent here; however,
contour ¢z in figure 3.1 can be extended (to the dashed line) to take the complimentary
series into account. As is discussed in section 2.2, the complimentary series can be seen
as an analytic continuation of the principal series that will appear as pole crossings over
the solid line ¢y in figure 3.1. In section (3.5) we will see that this precisely happens for a
range of dimensions of operators in a bulk CFT.

3.4 Analytic continuation from EAdS,;

In this section, we derive an inversion formula for spectral density similar to the one
in (3.50a); instead, by analytic continuation of correlators from EAdSg41 to dSgy;1. In
the end, we show that these two inversion formulae are equivalent.

There is a simple dictionary between EAdS correlaros and dS correlators. We reviewed it
in section 2.5.3. In particular, the free scalar two-point function in dS can be written as

Gi(&) = D(iv)D(~iv)2 (€) (3.51)

where ¢ is the dS two-point function invariant defined in (3.2), again A = % + iv and
2,(¢) is the EAdS harmonic function [107]:

Q, = (G - GP)) (3.52)

This can be easily derived by using identity (A.8) in the definitions (2.78) and (2.80), or
directly from (2.89).
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Chapter 3. Bulk two-point function

The harmonic functions are orthonormal basis in AdS [107]:

6(v +7) + 6(v — )] Q. (X1, Xo) (3.53)

DO =

/ dY Q,(X1,Y)Q(Y, Xy) =
AdS

Here we explicitly use the coordinates on EAdS with uppercase letterd instead of the
EAdS two-point function invariant €495, Now, imagine that one analytically continues
the formula (3.12) to EAdS. Then the above orthogonality relation can be easily used to
invert (3.12) to find

d B 2
PG ) = R i, (X, Xa)

/ dY O, (X1, Y)G(Y, Xa2)  (3.54)
AdS

using that spectral density is shadow symmetric: p(v) = p(—v). Here G(X1, X») is the
dS two-point function in (3.12) analytically continued to EAdS for two separate points
X1 and XQ.

An important feature of this equation is that after the integration over EAdS, the integral
should produce something proportional to 2, (X1, X5). In other words, the equality above
is true for any X7 and Xa, so we are free to pick any two points on EAdS. A convenient
choice is to take them equal and place them at the origin:

X = X; = X9 = Origin, EAJdS origin in global coordinates: p =10

Note that unlike the AdS propagator, €, (X, X) is regular. Since we put X on the origin,
the angular part of the integral (3.54) is trivial. In global coordinates (2.16), we have

s=X.Y = —cosh(p), dY = dpsinh?(p)dQy . (3.55)

where dQg is the angular volume element that after integration produces the vol(S%)
spelled out in (4.14). Here, again we set AdS radius R = 1. Note that s = oPAdS {5 equal
to x after analytical continuation. We keep two separate letters for them to emphasize
which analytical continuation we are doing. Now we analytically continue back to dS by
requiring that

2
= , 3.56
f= 1 (3.56)
Substituting the ratio
0, (X, Itiv,d—iv |1+s
=,oF 3.57
Q,(x,x) 2! a4l 2 (3:57)
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and (3.55) in (3.54), we find an inversion formula for the spectral density:

A7z -1 d—1 Ad—A |1+s
)= iy | 0T [N [ e

[\V]IsH

(3.58)
where G(s) is the dS Wightman two-point function (Q|¢(n, z)p(n', 2")|Q) with the two-
point invariant £ related to s by (3.56).

This is another version of the inversion formula (3.50a) that was found by analytical
continuation from the sphere. The integration in (3.58) is over the spacelike separated
region where the Wightman two-point function is assumed to be well-defined and single-
valued, while the integral in 3.50a is over the timelike separated region (z € [1,00)) where
the two-point function has a branch cut and the integration is over its discontinuity.

We now argue that these two formulae are simply equivalent assuming that the Wightman
two-point function G is analytic in s (or x) except for the cut on timelike separated region
corresponding to x > 1.

Consider the integral (3.50a). The integral can be written as a contour integral going
around the branch cut x € [1,00) using the definition of discontinuity in (3.39). One
can deform the contour to the branch cut of 3F} in the integral that is x € (—oo, —1].
In this contour deforming process we assumed G(z) is analytic everywhere but the
mentioned branch cut and it decays sufficiently fast so that the contribution from the arc
at infinity vanishes®. Discontinuity of the hypergeometric functions is given by (A.15).
So discontinuity of the hypergeometric function in (3.50a) reads

DiSC[QFl B

22’me(3%d)
[(1—AT(1—d+ A4

1-A1l—d+A|1—x
3-d ]
2

(z

2_1)d212F1[ A1 ‘2] . (3.59)
2

Using this, one finds that (3.58) and (3.50a) are equivalent.

3.5 Examples

In the final part of this chapter, we will consider the Kéallén—-Lehmann decomposition in
two different settings. First, we will consider the (¢¢) and (¢?¢?) correlator in the theory
of a free massive scalar ¢, followed by the analysis of a generic conformally invariant
two-point function in dS.

5The hypergeometric in (3.50a) falls like x71+%, so the G(x) has to fall faster that 2% for this
contribution to vanish.
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Chapter 3. Bulk two-point function

3.5.1 Massive free boson: (¢¢)

As a first example, consider the correlator (¢¢) = G¢ where ¢ is a free massive field
in the bulk with mass m. Let us write Ag(d — Ay) = m?R? and set Ay = & + iy in
order to avoid overloading the labels A and v. There are two possible ways to obtain the
distribution a_a for complex values of A. On the one hand, in Eq. (3.37), a formula for
ay at integer J was presented, and the formula at hand can be analytically continued
simply by replacing J — —A. Alternatively, one can explicitly perform the integral (3.38),
as is done in appendix C.2. Regardless of the chosen method, the result reads

JUSAR 2A —d 1 1
a_p = = - — .
r(d) 2T A[d-A)-mPR2 T A-Ay A-d+A

This has poles at A = Ag and A = d — Ay, which fall exactly on the axis of integration
R(A) = %. Using the prescription (3.49), we find

(3.60)

o(p+v)+o(p—v)

5 (3.61)

%Pf(ﬁ +iv) =

which reproduces the correct answer. In the case where m? < d?/4 such that Ay is on
the complementary series, it is straightforward to adapt the above argument to obtain
a similar result. This can be done by two different means, one is take the contour cy
to include dashed line around complimentary series in figure 3.1 or simply take the
results from principal series and analytically continue A, away from principal series to
complimentary series.

3.5.2 Massive free boson: <¢2¢2>

Next, we can consider the two-point function of the (normal-ordered) operator ¢? in the
Gaussian theory. By Wick’s theorem

(@*(n,2)9* (', ') = 2Ge(& p)° (3.62)

and as a matter of principle, the spectral density ps2(A) can be obtained by applying the
inversion formula to the RHS of (3.62). For the moment let us assume that Ay belongs to
principal series. We will comment on the case of complementary series shortly. It turns
out that py2(A) has already been computed through other means in Ref. [84, Eq. (3.25)]".

"In that work, the Kallén-Lehmann decomposition of the more general correlator Gr(&; u1)Ge(€; )
is presented, which reduces to (3.63) for ui1 = po.
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3.5 Examples

The resulting formula is given by

_ wsinh(mv) T (%)FQ(iA)
por(B) = ot 2p(d) D(A)D(d - A)

XF<2A¢+2A d)F A¢2—A>F<d—2A2¢+A>F<2d—2§¢—A> 3.63)

writing A = d/2 +iv as usual. It is easy to check that py2 is invariant under A +— d — A.
Moreover, the correlator is apparently completely representated by the principal series:
the contour in (3.12) does not need to be deformed to account for complementary series
states.

At this point, we can analyze the spectrum of late-time operators appearing on the
bulk-boundary OPE of ¢? ~ >0 Oa. On the right half plane, the density has three
families of single poles:

A=2A4+2N, A=2d—-As)+2N and A=d+2N. (3.64a)

Because of their dimensions, the corresponding operators O, (x) can be interpreted as
scalar “double-trace” operators of the late-time CFT, schematically

ooro, oO'0"OT and O'O"O 4 OO"OT (3.64b)

where O and O have dimension Ay = d/2 + iy resp. d — Ay = d/2 — ip. Since the
late-time CFT is a mean-field theory built out of the operators @, OF, this is exactly the
expected result: there are no other SO(d) scalar operators built out of two operators in
the CFT in question that one can write down. Of course, the bulk-to-boundary OPE
coefficients by2;, can be obtained from (3.63) by computing residues.

In the case where Ay is real and belongs to the complementary series, one can repeat the
above analysis by analytic continuation. Notice that (3.63) has poles at

A:2A¢—d—2n

for non-negative integers n. When one analytically continues Ay to the real line a pole
crossing in integral of (3.12) can happen. More precisely, for ??Td < Ay < d one has to
deform the contour to go around these poles. Similar to what was discussed above and
in 2.2, one might interpret these poles as the complementary series contribution to (3.12).
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Chapter 3. Bulk two-point function

3.5.3 Bulk CFT correlator

As the second applicatoon of the Kallén—Lehmann representation, we consider the corre-
lation function of the following form:

1 . 1 5
Such a correlator arises for instance when one constructs a bulk CFT in de Sitter: the
correlator (3.65) corresponds to a scalar two-point function of an operator ¢ of dimension
[¢] = d. Unitarity requires that

d—1

0> —-

5 (unitarity). (3.66)

Note that 6 = (d — 1)/2 corresponds to a conformally coupled free boson. One can easily
check that (3.4) boils down to (3.65) after requiring Ay = 6 = (d — 1)/2 up to some
normalization.

The spectral density ps(A) for (3.65) can be computed in several ways, for instance
using alpha space techniques [105]. Alternatively, it can be computed starting from the
inversion formula (3.58) or (3.50a), making use of the fact that

2i sin(70)

Disc Gs(z) = w17

The integral appearing in the inversion formula can be computed exactly using (A.7)
yielding to

9d+2—6 1 (d+1)/2
(T —4+3)

ps(A) = - vsinh(mv) (6 — A)(6 —d+ A) . (3.67)

As before, the spectral density has support on the axis R(A) = d/2 and does not require
separate contributions from states in the complementary series — except for § < d/2 that
we will come back to it shortly. This appears to be specific to scalar two-point functions.
For the two-point functions of spinning bulk operators in dSs, it seems possible to have
contributions of discrete series states, as is discussed in appendix D. In an upcoming
work, we calculate the spectral density of bulk CFT for spinning operators and show that
indeed for d > 2 only principal series appear while for d = 1 there are contributions from
discrete series.

The bulk-boundary OPE of the CFT operator ¢ ~ > O, can be analyzed by closing
the contour in (3.12) and picking up poles on the right half-plane. For the density in
question (3.67), there is a single family of poles at

A=56+N. (3.68)
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An exception is given by the massless case 6 = (d — 1)/2, where only the term with A = §
arises. This set of boundary operators is precisely what we expect from the discussion in
2.6.3.

Finally, some care must be taken when (d —1)/2 < 6 < d/2. In that case, the first
pole in (3.68) has R(A;) = R(d) < d/2, so it is located left of the axis R(A) = d/2. To
reproduce the full correlator G(&), the contour in (3.12) must be deformed to include this
pole (and to exclude its shadow). This pole again can be interpreted as the contribution
from complementary series states. This is consistent with our analysis of the decomposition
of an SO(2,2) conformal family into irreps of SO(2,1), in appendix D.
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“ Boundary four-point function

The late-time expansion (2.44) defines boundary operators O,. The action of the
conformal generators on these boundary operators is like that of Euclidean conformal
generators on primary operators. In particular, (2.34) shows that the late-time boundary
operator O, (x) transforms as a primary operator with dimension A,. The (infinite) set
of correlation functions of the {O,} therefore defines a d-dimensional CFT on the n =0
timeslice. This CFT lacks some useful features of flat-space CFT, e.g. the state-operator
correspondence and OPE convergence. Moreover, the late-time CFT does not have a
stress-energy tensor 7),,. Nevertheless, one still can use the conformal symmetry on the
boundary to find non-trivial constraints.

In this section, by writing the complete set of states introduced previously, we expand the
four-point function of boundary operators in conformal partial waves and using unitarity,
we find positivity properties of their coefficients. We analyze the corresponding partial
wave expansion extensively in the case of the free massive field, and furthermore we
explore the A\¢* theory in dSgy; to leading order in A\. Along the way, we show that
unitarity suggests the existence of local terms in two-point functions.

4.1 Partial wave expansion

A four-point function of boundary operators can be expressed in terms of conformal
partial waves by adding a complete set of states (2.116)

(01020304) = (2]0102|2)(2]0304]€2)

d4i
> dA 1 d 1eee
+Z/ 27TZN A g) /d T <0102‘A7m>ﬂl---ﬂz . M<A>$|O3O4>
(4.1)
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Chapter 4. Boundary four-point function

omitting the explicit x;-dependence of the operators O;(x;) and dropping x subscript of
N(A,?) to avoid clutter. Once again we are assuming that the operators O; are scalars, so
only traceless symmetric tensor states are exchanged. We take only principal series states
contribution to the decomposition of this four-point function; however, the complimentary
series contribution can be recast by analytic continuation as discussed in 2.2. In the next
chapter, we revisit this decomposition by reintroducing the discrete series that appear
only in d = 1 for scalar four-point functions. We shall often omit the vacuum symbol |Q2)
to avoid cluttering.

We now establish explicitly the crucial fact that the matrix elements (O;02|A, z, 2)
and (A, x, 2|O030,) have the same structure as the three-point function (O1020(z)) and
(O(x)030,), where O is a fictional operator of dimension A and O its shadow [108] of
dimension d — A.! Here we used the index-free notation mentioned in 2.104. We stress
that @ and O are not physical operators: they are only used to label certain conformally
covariant objects. This follows from the fact that the action of isometries on |A, z, z) and
O(x)|Q?) are the same. The action of a general conformal charge on a correlator is

Q1+ Q24 ... +Qu){01--0p) =Y (O1-+-[Q,04] -+ Oy) "
i 4.2
—(QO1--0,) —{O1--0,Q) = 0

in which QZ is a differential operator acting on x;, that is to say
[Q, Oi(x:)] = Qi Oi(:) - (4.3)
Similarly, we have

(@1 + Q2+ Qa)(0105|A, 2, 2)
<[Q7 01]02|A7x7 Z) + <01[Q7 OQHA7$7 Z> + <0102Q|A7 $,Z> (44)
= <Q 0102|A,1‘, Z> =0

in which we used the result of the previous section to substitute the action of differential
operator with the Hilbert space operator @ on state |A, z, z). This is exactly the same
differential equation one finds for a three-point function. Therefore, (0103|A, x, 2) is
proportional to the conformal three-point structure (4.6b) which is fixed by the conformal
symmetry:

(010:2|A, z, z) = Fia2(A,0) (01020(z, 2)) , (4.5)

where F is independent of position. Using the shorthand notation |z;;| = |z; — z;|, the
three-point structure is given by

<01(SL‘1)(92({L‘2)03(ZL‘3, Z)) = <01(ZE1)02($2)O§1"'W (:E3)>Z#1 e 2 (4.6&)

'Here we used that the three-point structure of (OF(x)030.) is proportional to (O(x)0304) when O
is living on principal series, having A € % +R.
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4.1 Partial wave expansion

with
ZH o ZPe — traces
[N _
<Ol($1)02($2)031 é($3)> - ‘$12‘A1+A27A3|x13|A1+A3*A2|x23|A2+A3*A1 ’ (46b)
g = [21sllras] (x?s _ wé‘s) . (4.6c)
lw12|  \a2fy a3

Let us stress that the notation (O1020(z,z)) in (4.5) does not refer to a physical
correlation function: it is just a shorthand notation for the object (4.6b). Similarly, we
can write

(O1OY|A, 2, 2) = Frigi (A, 0)(00}O(z, 2))

(A, 2,2|0102) = Fii1 (A, 0)(0(,2)0:107)

where the second line is obtained from the first by complex conjugation. We also used
<OIO;O(33)>* = (O(x)O105) which can be explicitly checked from eq. (4.6b) when O is
in the principal series.

Using the above facts, Eq. (4.1) can be recast as

4o dA
2 .
<010203O4> = E /j Tm IAyg \Ijﬁjg(l'z) + <0102><0304> (47)
0 2

where we defined

 Fi(AOF (A0

IA,E = N(A,f) )
\I/ﬁff(il?i) = /ddx (01(21)O(22) Opypug (2))(OF 14 (2) O3 (w3) Os (4)) - (4.9)

(4.8)

We emphasize that unitarity leads to positivity properties of the partial wave coefficients
In . In particular, we have

Ing>0 if: O =0 and 0, =0}. (4.10)

Note that (O102|A, z, z) is symmetric under exchange of O; and O because boundary
operators commute, while the three-point structure (4.6b) changes by the factor (—1)°.
This means Fjo changes by the same factor under exchange of 01 and Oy. This leads to

Ing=Ia(~1) >0 if: 0,=0] and Oy =0}. (4.11)

This positivity property is at the core of the bootstrap approach to dS late-time correlators
that will be presented in the next section. The function \Ilﬁ"é defined in (4.9) is a solution
of the conformal Casimir equation, and is known as the Conformal Partial Wave.
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Chapter 4. Boundary four-point function

The set of conformal partial waves with A running over the principal series forms a
complete basis of four-point correlation functions, in a way that can be made precise [80].23
In the case of d = 1, we need to add discrete series states with A € NT to have a complete
set of states. Strictly speaking, eq .(4.7) will have an extra sum over positive integers.
We will see this explicitly in section 5.

We would like to briefly mention some properties of the conformal partial waves. The
partial waves satisfy the orthogonality relation

dd$1 e dd$4 A A
Wl (2) U5, (2i) = 2mna g bepd(v = V) 4.12
/vol(SO(d+1,1)) aul@i) A',e'(x) A (v — V) (4.12)

where A = g +iv, Al = % + i/ and the normalization factor reads

I rHlvol(S12) (2 +d-2)T({+d-2T(¢+1) T(A-HI(A-9)
BE7 ol(SO(d — 1)) 22+d=20(0 + §)2(A + 0 — 1)(A + £ — 1) D(A — )I(A — 1)
(4.13)
Here we use the shorthand notation A = d — A and [109]
900/2 9d—2_(d—2)(d+1)/4
vol($771) = = vol(SO(d — 1)) = = (4.14)
F(§> Hj:2 F(ﬁ)
The partial waves can also be written in terms of conformal blocks,
WX (as) = KRMGR (00) + KRS GR (1) (4.15)
d AdA— A _
Ava,  TD(A = HD(A + ¢ — )T (BEEz Rt P (S22 L0 HL) (4.16)

Al - F(A B I)F(d — A+ g)r(A+A1;A2+€>F(A+A2;A1+€)

where Gﬁiﬁ(xi) is proportional to the usual conformal block Gﬁig(z, Z), to be precise:

A 1 ‘1,14| Ag—Aq |1’14| Az—Ay A
Ganlri) = 212|312 gy BaTAa <\x24|) <\f€13|) Galz2), (417)

and we have introduced cross ratios z, zZ as

212 lzzal* _  |zaal’|was]? _
|2 13]?[24] PN (1-2)(1-2) (4.18)

For small z, zZ, the above definition of the conformal blocks fixes their short-distance

*Whenever R(A1 — Az) or R(Az — Ay) are large, the question of completeness of the principal series
of partial waves is subtle, see for instance [80, appendix A.3|.

3When the external operators @; all belong to the principal series, e.g. when the @; appear in the
boundary OPE of a massive free field ¢, this follows also from the tensor products (2.40).

84



4.2 Examples of partial wave coefficients

behavior to be

L+ 1)T(42) A 24z

l 2 = _

GAE(Z zZ) — (—1) 20+ %) (22)2 C,* <2 ﬁzz) 2~z 1, (4.19a)
| 1\" a

Gﬁfe(z’ z) — <—2) STET 2 zZz<K1. (4.19b)

OPE for boundary operators

Combining (4.7) with (4.15), one can write

d—i—zoo dA
(01050504 = Z / gKAdA‘LGAZ(QSZ) +(010,)(O504) . (4.20)

—100

Since the conformal block Gﬁié(:ci) decays exponentially when Re A — oo (whilst keeping
the z; fixed) we can deform the contour to the right and pick up poles along the way.
This gives

(010,0304) = = > > " Resa— AaIAgKA3A4GA (@) + (010)(0304) . (4.21)
L Aq

As discussed in [110, 65, 80| there are non-trivial cancellations among poles of the
conformal blocks and poles of the partial wave coefficients. When the dust settles, what
is left is the contribution from the dynamical (not spurious) poles of Ia ¢; these therefore

control the expansion in powers of |z; — z2|2.

This gives rise to an OPE between boundary operators, and we can read off the dimension
of the exchanged boundary operators from the position of the poles in the partial wave
coefficients I ¢. This is similar to what we saw in section 3.2 for the late time expansion
of the bulk two-point function from the Ké&llén-Lehnmann spectral decomposition.

4.2 Examples of partial wave coefficients

Before using the partial wave expansion in crossing equations to find non-trivial bounds,
we would like to present some simple examples to gain more intuition about the partial
wave coefficients Ia ¢. In what follows, we first consider a free massive field in dS which
leads to Mean Field Theory (MFT) type conformal correlators for late-time boundary
operators. We shall see that the positivity condition (4.10) requires a careful treatment
of contact terms in late-time correlators. Then, we consider a A¢? bulk interaction and
calculate the partial wave coefficients to the leading order in .
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Chapter 4. Boundary four-point function

4.2.1 Mean Field Theory

Consider the following four-point function of late-time boundary operators of a free

massive scalar field in dS,
(0,01010,) (4.22)

where we used O; as a short notation for O(x;). Since the bulk field is free, the four-point
function is given by three Wick contractions. Of course, this has the same structure as
MFET,

(010}0}OiEr = (010)(0}04) + (0104)(0L0)) + (010})(010s)  (4.23)
which can also be expanded as

(010}0505)nrr = <010*><O*O4>
d -
dA _ 2710 A .
+Z / a@ %gngz(xiwz /d %I&g\lfﬁjg(:ci)
0 2

Here we wrote the partial wave decomposition in the (12)(34) channel, identifying the

(4.24)

expansion of each of the 3 terms in (4.23). Namely, the first corresponds to the vacuum
contribution, the second we call I MFT and the third we denote as Ig , because it is a

pure contact term. Moreover, as we Will see in (4.34), the operators @ and O do not
commute. For the four-point function (4.22) we implictly use the radial ordering and

therefore MFT expansion of it has the unique form of (4.23).

Let us first calculate IX[};T. We have

d . -
1 1 270 gA )
(0:104)(0}0)) = : =D ,ﬁ ﬁIX,ET‘I’ﬁfz(%%
l 2

|:131 _ x4’d+21u |LU2 _ x3‘d 23

Using the orthogonality relation (4.12), one finds

MFT __ 1 / ddxl [N ddx5 A A S 1. e 2
e = nae ) vol(SO(d+1,1)) (0102){02051{010201..5ue (#5510 (310500

_ S([0]00)S([0]00) / d4a d?zoddas
B nAL vol(SO(d+1,1))

(01020, .., (w5)) (0" 44 (25) 02 01)

B (_1)£24—1r(£ +9)  TEwT(—ip) (A+-1DA+0-1I(A-DI(A-1)
- d
2

7500 +1) T(4+ip)(g —in) T(A-HT(§ - A)
(4.25)

where we used shorthand notation A = d — A as well as O to denote the exchanged

operator with spin £ in the integral representation of the conformal partial wave to
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4.2 Examples of partial wave coefficients

contrast with external operator O. In addition, we used the identity [67]

dfl: dx da? ~
Cae E/ v(il(Sléi)(diil,li)<Ol(m1)02(x2)05’€(3€5)><05’€(x5)01(x1)02(m2)>

vol(S9-2) '(t+d-2)
72 lvol(SO(d — 1)) 249200+ § - 1)

(4.26)

and the notion of shadow transform S[O(z)] that creates a linear map on the space of
three-point functions as [67]*

(S[01](21)Oa(2) O3(x3)) = S([01]0203)(O1 (1) Os(22)O3(x3)) - (4.27)

In particular, for scalar operators O; and Oy we have the explicit formula

(A — d)p(d=BrtBe—Aatbl) (A=At A Aot l

S([01]0203 ) =

4.28
I‘(d_ AI)F(A1+A227A3+5)F<A1+A32*A2+£) ( )

Note that in (4.25), we used the fact that by swapping O; and Oy in the three-point

structure defined in (4.6b), one picks a factor of (—1)".

IXH;T is negative for odd spins. On the other hand, according to (4.10) the partial wave
coefficients of the correlator (4.22) have to be non-negative for all spins and values of

A= % +iv with v > 0. We shall now see that the third term in (4.24) solves this problem.

4.2.2 Local terms in the Gaussian theory

At late times, the propagator of a massive field in dS441 contains a delta function term [19].
In this section, we calculate this local term explicitly, starting from the momentum-space
expression (2.82) of the propagator. We will also make contact with the boundary
OPE (2.44).

As before, we encode the mass m? of the scalar by the dimension A = d/24iu. Expanding
the Hankel functions in (2.82) around n = 0, we obtain

d , —in)? [ — Zip coth(m
el (-t [ 2k o [F(MM) (Y™ 4 e tgLu)]

(4.29)

4The shadow transformation is defined as
S(0@) = [ 'y(0=)0w)Ow)

where (O(z)O(y)) = ‘x_y‘% is two-point structure of operators O with dimension A = d — A.
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Chapter 4. Boundary four-point function

Performing the k-integral using

d 2a—d
/ddm etk |20 = s I'(g—a) (|k|)

['(a) 2
we find that
DG +ip) 1
(O, 2,)0(m,y)) ~ (=m)2" FrTa s TR
0 A y (4.30)

In what follows, we will refer to the third term as a local term.?

This expression should be compared with the expectation from the late-time OPE (2.44),
which in the case of a free massive bulk field simplifies to

o)~ BP0 +F (¥ O A=Grin. (43

The late time limit of the bulk two-point function is then given by

(b, m)d(y,n)) ~07(—n)2AbQ<0(w)C’)(y)> + (=02 (01 (2)01(y))

7“ (4.32)
+ (=)' ((0@)01 () + (0T () O())) -

Comparing with (4.30), one finds the anti-commutator to be

—q 4y,
{00t} = “GHts 0w ) . b= \/ = e

Let us draw your attention to the fact that O(z) and O(y)" do not commute at coinciding
points z — y5. One way to see this is the canonical commutation relations of ¢ and its
conjugate IT in (2.57b) which gives

0@).0(y)] = 2M|15|25(d) (x—1) . (4.34)

5The local term in (4.30) can be derived in an alternative way. Recall that the two-point function
can be written as (é(z,7)¢(y,n)) = F(£) with & = 4n?/|x — y[>. In the limit  — 0, we can then
write (¢(z,n)(y,n)) ~ (=) (x —y) [ d*wF(4/|w|?) + ... where the remaining terms vanish when
integrated over [ d%z. Using the explicit expression F' = G¢(&; 11) given in (3.4) one recovers the coefficient
of the local term in (4.30).

5We thank Victor Gorbenko and Matteo Delladio for pointing out this fact[111].
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4.2 Examples of partial wave coefficients

This together with (4.33) leads to

(0(x)0"(y)) = WW (z—y)=Csd Dz —y) (4.35a)
(O1(2)0(y)) = WW (x —y) = Cs6D(x — y) (4.35b)

where b here is same as b in (2.86) with A = 4 + ip.

Now, let us go back to (4.24) and find Ig ¢~ The calculation is very similar to the one of
IX}ZT in (4.25) except that we have the delta function of (4.35b) instead of the conformal
two-point functions that can easily be calculated by (4.26):

5(d) (xl — $3)5(d) (xg — $4)<@10205><O503@4>

I(; . 0505 / ddazl e ddx5

AT nay ) vol(SO(d+1,1)) (436)
_ CsCs _ ¢yMFT
=Cae— = (=1)Iap >0.
This leads to the total partial wave coeflicient
Ing=1INy" + 13, = (1 + (—1)€> Ry - (4.37)

This means that the total partial wave expansion vanishes for the odd spin and is
positive for even spins which agrees with the positivity condition (4.10). In

summary, the existence of the local terms is essential in unitary Mean Field Theories in
ds.

Let us remark that one could consider the correlator (O;(x1)O2(z2)O2(x3)O1(x4)) with

two different bulk fi elds. In this case, we would find a similar exp ression for II\A/[FE Tas
in (4.25) but there would be no local contribution. This is not in contradiction with

unitarity as this correlator no longer fulfills the positivity condition (4.10).

4.2.3 Adding interactions; ¢* theory at leading order

So far, we have considered the spectral decomposition of the correlator ((’)(’)T(’)T(’)>, where
O and Of were boundary operators with scaling dimensions d/2 =4 ig. This led to the
spectral density IXIET from Eq. (4.25). Closing the contour and picking up poles in the
A-plane, we find that the z12 — 0 OPE limit of (OOTOT0) is governed by boundary
operators with dimension

A=d+0+2N, (=0,1,2,.... (4.38a)

89



Chapter 4. Boundary four-point function

Had we instead considered the correlators (OOQO) or (OTOTOTO), then we would have
instead found double-trace operators with dimensions

d+2ip+£¢+2N resp. d—2ip+£+2N. (4.38b)

The locations of these three families of poles are depicted in figure 4.1.
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Figure 4.1: Analytic structure of the spectral density Ia ¢—¢ in the case of a free and a
weakly-coupled theory in dS. The solid circles are the locations of the poles for “single-
trace” and “double-trace” operators of the dS mean field theory. The single-trace poles
appear for instance in the two-point function of the bulk field. The three families of
double-trace poles are visible in different correlators, namely (OO00), (OOTOO") and
(OTOTOTO). After turning on interactions, the locations of the poles shifts, indicating
that boundary operators pick up anomalous dimensions. These shifted poles are shown
as crosses in the figure. Of course, new poles may appear too.

The above picture must be modified in interacting theories. If one can construct a QFT
in dS441 that is controlled by a small coupling A < 1, we expect that its spectrum is close
to (4.38), up to corrections of order A (or A2, depending on the operator and interaction
in question). Let us denote the dimensions of some boundary operator O, as A,(\), such
that A, (0) = AMFT The shifting of poles is shown in figure 4.1. We can ask how this
behavior can be reproduced from perturbation theory. Including interactions, a general
four-point function is modified according to

(01020304)\ = (O1 -+ Og)mpr + MNA(21, .. 0 24) + O()\Q) (4.39a)
for some diagram A(xq,...,x4), or by passing to the spectral representation
IneN) = INGT + AIX , + O(N?). (4.39b)
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4.2 Examples of partial wave coefficients

Now suppose that the full spectral density Ia ¢(A\) has a simple pole at A = A, () with
residue s(A). Expanding around A = 0, we then must have

s(A s(0 s'(0 s(0)A’ (0
A — (Al()\) A (Agé/[FT +A A _ (Ai/IFT + (A<—)A§4(FT))2 + 0N (4.40)

In particular, a double pole in the spectral density I “A“ ¢ signifies the fact that O, has an
anomalous dimension already at order .

To give an example of this phenomenon, let us consider ¢* theory in dSy, ;. Despite the
extensive literature calculating Witten diagrams in AdS (starting with [112, 113]), the
knowledge of late-time correlators in dS has been primitive until recent years. A recent
series of papers [87, 114, 115] has shed light on the relation between tree-level diagrams
in AdS and dS. We reviewed their result in section 2.5.2. For the case at hand, let us
rewrite (2.101), which states that for a general dS contact diagram

<01(xl)OZ(x2)03(x3)04(x4)>contact = 251n HbA DA1A2A3A4($1) (441&)

=1
where J
Ai:§+iﬂi and (=d+i(ur+...+pa) . (4.41b)
and bp is given by (2.86). The special function that appears here,
4 A
> dz z g
DA, AoAA, (T1, ..., :/ / de <> , 4.41c
1234(1 4) 0 Sd+1 Rd yll;[ z2—|—!y—xi!2 ( )

represents a contact diagram in Euclidean AdS. For definiteness, let us compute the
leading correction to the four-point function

<O(x1)0($2)OT(x3)OT(I'4)> (4.42)

which according to (4.10) has a positive spectral density. This is an example of a correlator
of the above type, with u; = po = p and pu3 = pg = —p, such that ¢ = d in the phase
factor sin(§¢). Moreover, the D-function has a known spectral representation [116].
Using these facts, we conclude that

D(§ +ip)T(+ip)
87rd+2

r<§iiu)r<Cl_2Aim> (g(%) )(( wl So0 . (4.43)

Here we use the shorthand notation of I'(a + b) := I'(a + b)I'(a — b). Interestingly, the
above analysis seems to indicate that the diagram in question vanishes identically when d

d

Icontact —sin (7_‘_ g )

1\3\&
~—
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Chapter 4. Boundary four-point function

1S even.

In order to read off the physical content of the partial wave coefficient IZOEtaCt, one
has to multiply I5°5*°* by the coefficient K§30’A4, see for instance Eq. (4.20). In the

s-channel, corresponding to @ x @ — Ot x O, we find that the physical poles are at
A =d =+ 2ip+ 2N:

d - d - +
K§7W7§*W Jcontact N Pn . 444
A0 A0 A—d+2ip+2n A —d F 2ip — 2n ( )

Since these are single poles, they do not have an interpretation of giving rise to anomalous
dimensions: instead, they mean that the boundary OPE coefficients copjoto1, , and their
counterparts with © <> O are generated at order A. In the cross-channel, corresponding
to the exchange @ x OF — O x O, we find both double and single poles at A = d + 2N:

On Tn

+ (A —d—2n)%’

d. - d -
K§+Z“7§_Z“120ntact N
A0 O Asdioan A—d—2n

n=0,1,2,... (4.45)

but there are no other physical poles present. This indicates that the double-trace
operators [0OT],, o with spin £ = 0 and dimension A = d + 2N have their scaling
dimension corrected at tree level. The presence of a single pole in (4.45) indicates that

their residues, i.e. the OPE coefficients ¢ also get renormalized.

2
0000t
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5 Setting up the QFT in dS Bootstrap

The Euclidean conformal boundary four-point functions enjoy crossing symmetry. In
other words, the four-point function is invariant under permutations of the external
operators. The partial wave expansions in each channel do not transform trivially under
these permutations. This results in a non-trivial set of equations called crossing equations.
This is the basic idea behind the conformal bootstrap program [27, 117]. Let us see how
the same philosophy works for QFTs in de Sitter.

Consider the four-point function of late-time boundary operators
(O1(21)O2(22)O3(23) Os(24)) - (5.1)

Out of 24 permutations of partial wave expansions for scalar operators, there are 3
equivalence classes. This can be checked from explicit expression of partial waves in
(4.15). We choose the channels s,¢ and u as representatives of these equivalence classes.
Hence, we end up with two sets of non-trivial crossing equations

+zoo dA —Hoo dA
Z/ Az‘I’Az(l‘z )+ D*(z:) Z/ AK\PAE(%)‘FD(%)a

2+zoo dA s 2+zoo dA " "
Z/ IAZ Ae(zi) + D% () Z/ IAe Ae(zi) + D" ()

(5.2)
where D7 (z;) is the contribution from the vacuum state in channel j:
DS( ) o 5(91(925(93(94 Dt( ) o 6020350104 Du( ) . 501035@204 (5 3)
v) T - I 1) . bl v) — 9 M
e e g
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Chapter 5. Setting up the QFT in dS Bootstrap

and we defined the s,t and w channel partial waves as follows

A A
Aelzi) = ‘I’ﬁ,lé aan (@1, 22, T3, 1)
Az, Ao, A1,A
\I’tA?K(IEi) = \IIA?é 2L 4([L‘3,$2,£{71,CL‘4) (54)
8 o(mi) = ORGP (@) w19, 74)

As discussed in section 4.1, the partial wave expansion is derived by inserting a complete
set of states in the four-point function and the unitarity of the bulk theory puts positivity
constraints on partial wave coefficients.! As a simple first step to extend the conformal
bootstrap approach to cosmological correlators, we will focus on correlators of the form

(O(21)0"(22) O(3) O (24)) (5:5)

where O may have complex dimension Ap = A,e + 14, with real part A, > %. In this
case, the t and s channels are equivalent, therefore ItA’e =1 Z,Z' In addition, the positivity
conditions (4.10) or (4.11) are satisfied in all channels. More precisely, we have

Iy=I3,(-1)>0, IX,>0.

For simplicity, from now on we focus on QFT on dSs, i.e. we take d = 1. This has the
important advantage of removing the infinite sums over spin ¢. However, it forces us to
take into account discrete series irreps of SO(2,1) = SL(2,R) [80, 119, 120, 79|. This is
what we explain next. We plan to extend the analysis to higher dimensions in the future.

5.1 Review of CFT,

We shall proceed with reviewing some basics of d = 1 conformal partial waves similar to
what we did in section 4.1. The four-point function, after stripping out the appropriate
scaling factors, is a function of a single cross ratio,

(01(21)02(3)O3(25) O (1)) ! o ®ou™ ) 5
T T T T4)) = —_— — z )
with a single cross ratio of
g = T12T (5.7)
13724

where we used z;; = x; — xj, Ajj = A+ Aj and 0;; = Aj — Aj. G(2) is singular at z =
0,1, co corresponding to coincident points. We will fix the external dimensions accordingly

!The constraints are more general for mixed correlators. The conformal bootstrap approach to mixed
correlators has been studied in great detail. A similar approach can be taken here by considering the
analogy between Fi2(A,£) in (4.5) and the OPE coefficients Ai20 in the usual conformal bootstrap.
Then, we reach a more general bootstrap problem. e.g. look at eq. (2.10) of [118].
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5.1 Review of CFT,

with the correlator (5.5), i.e. A; = Az = Ape + 1A, and Ag = Ay = Ape — i,

Let us expand the correlator G(z) in a complete set of eigenfunctions of the Casimir
operator, orthogonal with respect to inner product [120, 119]

(ro)= | T de 2 (2)g(2) - (5.8)

These are the conformal partial waves introduced in the previous chapter. However, for
d =1 the complete basis includes both principal and discrete series (A € N) with both
parities, which we denote by spin ¢ € {0, 1} [80]. These obey the orthogonality relations

(\Ijl+za€,q/1+lﬁ €’> = 27TTLAE Oppr 6 (a ,3) a, B € Ry, (5.9)

472
(\Ilm,lv \Pn,é’) = 2 —

5gg/5mn m,n €N, (510)

with vanishing inner product between partial waves in the discrete and principal series.
Notice that in this equation ¢ is the Kronecker delta. The normalization factor na , will
be given below. Using this basis, we can write the s-channel decomposition

Z/ 27‘(’ 2+w€ 2+w€ Z E\I]ne (5.11)

(=01 neN
(=0,1

that replaces (4.7) in d = 1.

The partial waves are given by integrals of the product of three-point structures as in
(4.9). More precisely, for £ =0 we have

\IjAo(z) _ r1 612 T14 043 /oo ds |$12| ’$34’
) T4 T13 oo ‘1’15‘A+612|$25|A_512 |x35|1—A+534‘1,45|1—A—634
o0 A—1-2iA;
=l /_Oo de |z — 2|A=2iBim | p|A+2iBim (5.12)

where in the second line, we fixed the conformal gauge by setting 1 =0, 2 = 2z, z3 =1,
x4 = 00 and x5 = x. In the case £ = 1, the three-point structure has an extra numerator
Z that can be derived from the higher dimensional scalar-scalar-spin-¢ correlator in (4.6b)

A
(O1(21)O2(22)O3(w3)) = A1+A2 Az AotBs—AL Ai+D3—As 0 (5.13)
Ta3 T13
with Z = |”"1|3x|1|;"|23|(i — =) = —sgn(z13) sgn(zez) sgn(z12).  Let us define © =

Z13 23
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Chapter 5. Setting up the QFT in dS Bootstrap

sgn (1271572534 35%45), then one finds

Una(z) = <m>612 <xl4>643 /oo dzs 215/ L o
) 24 x13 oo |$15|A+512‘x25‘A7512 |x35|17A+534|$45|17A7534

A [oe) |$ _ 1’A—1—2iAim
It / ey S~ )z - 1)) (5.14)

—00

For z € (0, 1), the partial waves with A on the principal series can be written as a linear
combination of a conformal block and its shadow

\I/A,g(z) = K1,A7g GAI(Z) + KA,E GlfA,g(Z) s (5.15)
where
Gar(2) = (1) 22 9 F1 (A + 208, A — 2i0;; 24 2) | (5.16)
_ VAD(A = HT(A + ¢ — 1) T(AAt38m (LA hm tl) (5.17)
ST TTA-DIA - A+ T(AR2Duwtlyp (A2l i) '

One way to find these expressions is to perform integrals (5.12) and (5.14) explicitly.
Alternatively, one can set d = 1 in the general formula (4.15). For integer A, corresponding
to the discrete series, we have instead

neN: \Ifmg(z) = Kl—n,é Gmg(z) . (5.18)

Finally, we would like to show that

4mtan(mA)
naL= Toa 1 (5.19)
As it is stated in [80]2, na ¢ in general dimension d can be written as
d—2 _ _
vol(S**)(20+d—-2)T({+d—-2) =wl({+1) (5.20)

- A o KA
et vol(SO(d — 1)) 920+d-21(¢ 4 )2 ApAt

In order to take the limit d — 1 of this expression, we shall analytically continue in d

using the recursion relation
vol(SO(d)) = vol(8471) vol(SO(d — 1)) , (5.21)

and the fact that vol(SO(2)) = vol(S!) = 27. This leads to the formal results
vol(SO(1)) = 1 and vol(SO(0)) = . Therefore, we find limg_,1 na, = 0 for all £ > 2.

2There is a slight difference in notations: [P = [therepthere  prhere _ gthere _ (_ 9)J prthere py¢
nhere — nthere
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5.2 A toy example: almost MFT

On the other hand, we find

4 tan(mA)

22
2A -1 (5:22)

limna o= limnaq1 =
d—1 ’ d—1 ’

5.2 A toy example: almost MFT

We would like to understand the convergence properties of the partial wave decomposition
(5.11). This is very important for the goal of developing a numerical bootstrap approach
to QFT in dS. With this in mind, let us consider the example of a weakly coupled massive
scalar field in dSs. In this case, we expect boundary operators almost on the principal
series, i.e. Ape — % < 1. On the other hand, the imaginary part A;,, can be large because
it is related to the mass of the bulk field via m?R? = % + A?m, if we turn off interactions.
The disconnected part of four-point function (O O;OBO:Ddisc = <0103><O;OI> gives:3
gdisc(z) = ’Z‘AOJFAB - |2«'|2ATe . (523)

Notice that if A, # % the local terms discussed in section 4.2.2 are not allowed in the
two-point function (OOT). Using orthogonality relation of WA, one is able to calculate
the partial wave coefficients. The basic integral to compute is the following

* dz
Wa = ~3 Gdise(2)Vae(2) (5.24a)
—0o0
00 ‘CL‘ o 1|A—1—2iAmL ® s |Z|A+2A,.e
= /OO dx ESEes /Oo o) —|$ AR, (00,0 + 60,1 sgn(zz(z — 1)(2 — x))).
(5.24b)

This integral can be done explicitly:*

20/TT (L + D) TR+ ilim — Are)T (3 — i — Are)
L({+1) T(Ave + iDip )T (Aye — iDiy)
F(E*AJEZAM )F(571+A2+2Are )

Waye =

— —— . (5.25)

3In the case of a single real operator @ = O, there are two more contributions from other channels.
The (stripped) four-point function for identical external operators reads

2A
z o

z—1

gdisc(z) =1+ |Z|2AO + ‘

The first term (= 1, from the s-channel) is non-normalizable with respect to the inner product (5.8). The
spectral density I(AR”)Z corresponding to the third term is equal to the density I(AQ’)Z up to a factor (—l)é.
This is a consequence of the behavior of the partial waves under z — z/(z — 1).

4In practice, we divide the integration domain in 9 regions according to the position of  with respect

to 0 and 1 and the position of z with respect to 0 and .
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Chapter 5. Setting up the QFT in dS Bootstrap

Then, the principal series partial wave coefficients are given by

IdlSC — 1 W _ 24_2F(€ + %) F(% + ZAzm - Are)r(% - iAim - Are) (2A - 1)
nae SN VAT + 1) T(Dve + ihim)D(Aye — iDiy)  tan(wA)

T ( Z—A—iz-ZAre )F( {— 1+A2+2Are )

)

F(1+Z+A2—2Are)F(2+Z—A272Am) ’ (5.26)
for A = % +¢v and v > 0, and the discrete series by
die  2n—1 2200+ DT (3 + il — Ae)T(3 — iliy — Are)
= (= - -
n,@ 47‘[’2 n, TF%F(E _|_ 1) F(Are + lAim)F(ATe - ZA'Lm)
9 — 1T 0—n+20, e T 0—14n+2A e

F( 1+£+774272A7‘6 )I‘( 2+Z*TL272AT6 )

Notice that Igisfc is shadow symmetric (i.e invariant under A — 1 — A) and has poles on
the real line at A € Z and A = 2A,. + 2k + £ for k£ € N and their shadow. The attentive
reader may worry that these partial wave coefficients do not satisfy the unitarity condition

I 1y, (= 1)¢ > 0 for v € R. The obvious solution is that I ‘lhfrc 0 is different from the full

Iy Nevertheless, it would be useful to better understand the emergence of the free
2

theory in dS, described in section 4.2, as the limit of an interacting QFT in dS.

Let us go back to (5.11) and use (5.15) to write,

Ginelz) = 3 / T o)+ Y ) (5.25)

£=0,1 neN
(=0,1
+zoo dA
Z / dlSCKl AZGAE + Z dlsc\Ian
¢=0,1"7 3710 neN

¢=0,1

Now, we can deform the A-contour to the right and pick up residues of the poles on
the positive real line. The poles at integer A precisely cancel the contribution from the
discrete series because fgfzc = ResA:nIgi}C. We are left with the contribution of the poles
at A =2A,.+ 2k + £ for k € N,

(o)
i 2Are 3
GU(2) = 21?2 = = > > Resazon,.+e42k (I8 K 2,0 +0120) 0 G20t t42k,0(2)
(=01 k=1
[o.¢]
= Z ZC?ooT[OTO]NG2ATE+Z+2I€,£(Z)- (5.29)
(=01 k=1

The second line defines OPE coefficients c?,)m OO Oy

because the double-trace exchanged operators [OTO]y,, are hermitian.

. The latter must be positive
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5.2 A toy example: almost MFT

(Non)-Convergence

Although the sum (5.29) converges for any external dimension Ap = A,¢ + iy, the
integral (5.28) is not always convergent. Let us take a closer look at this issue. We need
to study the asymptotic behavior of partial waves ¥ and the associated coefficients I.
Using Stirling’s approximation,

Idisc ~ QV4Are—1’ jdisc Q(_1)€+nn4Are—1’ (530)

1 .
§+“’7Z V—00 n,¢ n—oo T
where we defined

F(l - Are - ZAzm)F(% - Are + ZAzm)

= _\2 ) 5.31
@ 2487 =11 (Are + 18 ) T(Ave — i) (5:31)
Using (5.15) and the known large A behavior of conformal blocks [27, 121],
4p)>
NN C) 32
Gadle) (0 (532)
one can find the asymptotic behavior of the partial waves:
1
4p)%
Ui, (2) ~ 2(-1)0 /5 40)° sz — T, (5.33)

2 ) V—00 ; /1 —,02 4
—1)¢ 4+ (=1)" cosh(27A;
Woolz) 2y [T N EDNICOMETAm) (5.34)

n—oo n /1 — p2

where we used the p-coordinate defined as

p(z) = (—w ; x = log(p(2)) . (5.35)

Finally, the large v behavior of the integrand in (5.28) is

~ pABres cos(x v — %) , (5.36)
which means the integral is not convergent for A, > é.5 On the other hand, the structure
is somewhat familiar. This is like the Fourier transform of a monomial and it corresponds
to the behaviour ~ \az|%74Are as * — 0. Notice that x — 0 corresponds to z — 1 or
equivalently xzo — x3, which is the ¢ channel OPE limit. In fact, it is instructive to
compute the behavior as z — 1 of each term in (5.28). Using [122, 123]

A—00

Gaylz) ~ (=1)42 \/§K0(2A\/1 —2)  when (1—2)72~A, (5.37)

2
5One way to make this integral convergent is to introduce a Gaussian regulator e=<~ with € — 0.
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we find
1iico dA Q 2 _1\¢
2 dise cos(2mA )2 (2A,.)  (—1)
s 2 (1) (5.38)
~disc Q cosh(21 A ) T2(2A,e)  (—1)°
D L (2) e 5 S (5.38b)
neN

Although every term diverges as z — 1, the leading singular behavior cancels between the
spin 0 and spin 1 contributions. This had to happen because the correlator G45¢(z) =
’2A

|z|#re is regular.

Consider now the u channel OPE limit z — oo. For the case A;,, = 0, one can easily
obtain the the partial waves for negative z using the symmetry:

Tp(2) = (1) Tay <Z i 1) , z<0. (5.39)
This gives
1 4ico dA Q 2

2 08 Ldisc cos(2mAre )= (2Ar) N2Ae

/% e Yaelz) o~ o (—2) (5.40a)
2
jisc QT724re) _ _oa..

;In,e Une(z) o~ ——(=2) (5.40b)

which means that every term in (5.28) contributes to the leading divergence of G35¢(z) =

|2|?A7¢ as z — oco. In general, we expect G(z) ~ G45¢(2) as z — oo because the identity

dominates the u channel OPE. Therefore, we expect the full partial wave coeflicients
I%HM and jn’g to scale as in (5.30) for large v or n.°

This argument shows that the integral over the principal series in the partial wave
decomposition (5.11) does not converge absolutely. This issue poses an important obstacle
to any numerical bootstrap approach. In what follows, we will overcome this obstacle by
integrating the crossing equation over z against functions that vanish sufficiently fast at
z=0and z = 1.

5.3 Regularized crossing equation

In this section, we want to explore the consequences of the crossing equation (5.2) for
the case of a general correlator (O(x1)OT(22)O(x3)OT(24)), which is invariant under
T1 <> x3 or xo <> x4, which corresponds to the s — ¢t channel. We start with a method to
regularized the convergence issue mentioned in the previous section. To do so, we shall

SNote that the precise asymptotic behavior must be different to be compatible with unitarity. Never-
theless, we expect the same asymptotic power law behavior.
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5.3 Regularized crossing equation

use the following linear functional,

wlf] = /01 dz 27(1—2)? f(2) , (5.41)
where v and o should be large enough.
Since the partial wave coefficient of s-channel and ¢-channel of the correlator
(O(21)O" (22)O(3) O (4))

are the same, the crossing equation will look like”
TS s t
/0 Z L B, )+ D0 D LnaFi'(2) =0, (5.43)
£=0,1neN

where we define
F(2) = (1= 2)"2reWp g(2) — 22870 (1 = 2) (5.44)

and used Wl ,(z) = ¥4 ,(1 — 2) = Ua ¢(1 — 2). Acting with the functional w introduced
in (5.41) on this equation and using the identity (A.16), one finds a new form of the
crossing equation

Tdv Fst st=0, 5.45
0 QWZ; s+l v £+ZZ n,t (5.45)

¢=0,1neN

l{ﬂﬁreﬁ‘“ﬁinlﬂﬁre_WZkhn

Fs—t = (=1 J4 1-A/f
ae = =1 L(A42Ac+7+0+2)

(5.46)

1] <]

x {r(a + 7+ DT(2Ae + 0 + 1)3Fy | SH23im 8 28im S1 7+

+ A1-A.

"In case of identical operators, there would be contributions from disconnected parts on the right side:

dv 2A
/0 o TivaFiia(2) + ) LaFu( —(1—2z)*20 . (5.42)

ne2N
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Chapter 5. Setting up the QFT in dS Bootstrap

The formula for Fszt instead reads
KAre+iAim7AT€_iAim

S [ ———— 5.47
( )F(n+2Are+’y+a+2) (5.47)
1]—7%0}.

The advantage of the functional (5.41) is that we could compute its action on partial

s—t __
Fn,ﬂ -

%A iy 11— 2 i b+ 1
X \D(n+75+ 1L(20¢ + 0 + 1)z Fp | "G it S0 Tt

waves in terms of the hypergeometric function 3F5(1). In principle another linear function
might not lead to an analytical expressions like what we found above.

In appendix A.2, we show that

rs—t ~ —2—4A,¢—2min(o,y)
F%Jriu,ﬁ b0 Y ; (5.48)
which together with (5.30) implies that the v integral in the regularized crossing equation

(5.45) is convergent as long as
min(o,y) > —1. (5.49)

Similar crossing equations can be written down for decompositions in the other channels.

5.4 An invitation to the numerical bootstrap

The crossing symmetry plus positivity (from unitarity) lead to bounds on the space on
conformal field theories. In this section, following the strategy of the conformal bootstrap,
we will show that the same is true for QFT in dS.

Consider for definiteness the s — t crossing equation in (5.43) that is anti-symmetric
under exchange of v <> 0. Therefore, it is sufficient to concentrate on the case v > o.
In addition, we take external operators to be identical and hermitian with dimension
Ay > 1. This means we have to reintroduce disconnected terms in (5.43), which amounts
to adding a term

Fy+1DI2As +0+1)-T(o+1)I'(2As +v+1)

b(,0) = T(2As+7+0+2) (5.50)

to (5.45). For identical operators, the parity odd sector (¢ = 1) contribution vanishes and
we can rewrite a regularized crossing equation (5.45) as follows:

> dv ~ o s e
/O % I%+iV,OF§+§V70(7a U) + Z In,OFiot('yv U) + D(’% 0) =0, (5'51)
neN

At this point, we can rule out putative theories by applying linear functionals to this
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5.4 An invitation to the numerical bootstrap

equation (5.51). As an example of a putative theory, assume that the spectral density
obeys Ia_;, =0 for [v| <v*. Now, if one finds a linear functional a satisfying
2 b

a [Fft (7,0)} >0, for all |v| > v*,
5+iw,0
! [Frff]t(%a)} >0, for all n € N, (5.52)
Oz[D("y,O’)] =1,

then (5.51) cannot be satisfied by a unitary QFT in dS (since in a unitary QFT we must

have I4 > 0 and fn,O >0).

5 +ti,0

One may also find bounds on partial wave coefficients. For example, imagine that one
can find a linear functional « obeying the first two positivity conditions of (5.52), but
now « [D(v,0)] = —1. Then one obtains an upper bound on every discrete series partial

wave coefficient,
~ 1

Ino < W ) (5.53)

and this bound can be optimized by maximizing « {Fjg)t(’y, 0)]. We leave for the future
a systematic implementation using linear programming methods or the semidefinite solver
SDPB [124] that we expand a bit for the case of d =1 in appendix E.

We conclude this section with a proof-of-concept example of a ruled-out theory. Consider
1

equation (5.51) for an external operator of dimension Ay = 5 + % and let v = 2.1 and
o = 2. It turns out that Ff:;uo(’y,a) is positive for all v > 8.53 and F*/(v,0) is also
2 ) ’
positive for all even n € N.® Imagine a theory with vanishing I4 yivo for v < 8.53. Then
2 k)

there is an upper bound on I~270:

—D(y=21,0=2)
F5it(v=21,0=2)

Lo < ~ 6.43174 . (5.54)

One can improve this bound using linear programming methods. For example, taking
linear combinations with a specific set of eight different values of {v,0}, we found a
stronger bound

—a[D(y,0)]

i2’0 < rs—t
@ [Fz,o (%U)}

~ 5.67049 . (5.55)

We hope this simple example convinces the reader that these equations have the potential
to put non-trivial bounds on the space of QFTs in dS. Optimistically, with a proper
systematic treatment, they are sufficient to identify interesting theories at kinks or islands

8Note that odd values of n do not contribute for a four point function of identical hermitian operators
because F;Bi vanishes identically.
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of the allowed theory space.
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Conclusion

Albeit its direct connection to the real world, Quantum Field Theory (QFT) in de Sitter
(dS) spacetime has remained largely unexplored. d + 1-dimensional de Sitter (dSzy1)
is a maximally symmetric spacetime with the conformal group symmetry SO(d + 1,1).
The correlation functions of local operators, as the main observables of QFT in dSg,1
are constraint subject to the mentioned dS isometry group. In particular, the late-time
boundary of de Sitter defines a conformal theory in which one can define correlation
functions of primary boundary operators that satisfy the same Ward identities as the
correlation functions of primary operators in a CFT. Furthermore, the unitarity of the
theory in the bulk is highly constraining. All together, these properties of QFT in dS
suggest employing the conformal bootstrap methods [28, 27].

In this work, we took the first steps towards a nonperturbative treatment of QFT
in rigid dSg41 utilizing the conformal bootstrap ideology. The main toolbox is the
Hilbert space decomposition derived from the first principles in 2. The identity operator
can be decomposed into the unitary irreducible representations of dS isometry group
SO(d+1,1). In chapter 3, we make use of the resolution of identity in (2.118) to recover
the Kéllén—Lehmann decomposition of the bulk two-point function with a positive spectral
density. The spectral density carries information about the bulk-boundary expansion
spelled out in 3.2. In sections 3.3 and 3.4, we find two equivalent inversion formulas for
spectral density by analytic continuation from the sphere and Euclidean Anti-de Sitter
spaces. Through these inversion formulas, one can find the spectral density of theory such
as free field and bulk CFT and explore their boundary operator content — section 3.5.

The dS boundary four-point functions admit a partial wave expansion. The coefficients of
this expansion [ satisfy positivity conditions due to the unitarity of the bulk theory. This
has been shown in section 4.1. We illustrate the concept of I's by explicitly calculating
them in Generalized Free Field theory and to the first order of perturbation theory for A¢*
interaction. Along the way, it turns out that the local terms are unavoidable for a unitary
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Mean Field Theory. Finally, we focus on two-dimensional de Sitter spacetime and find
non-trivial bounds for partial wave coefficients in a particular setting as a proof-of-concept.

Our work, as a new approach, leaves many open questions for the future. Let us list some
of them:

e The Hilbert space of a QFT in dSy,; must decompose in unitary irreducible
representations of SO(d 4+ 1,1). Although these are studied and classified in a
formal way in the past, a more straightforward and more intuition-friendly group
theoretical treatment is lacking. There are two concrete cases where this question
can certainly be answered using group theory. The first is CFT in dS where one
should be able to decompose conformal multiplets of SO(d + 1,2) into irreps of
SO(d + 1,1), as we illustrated in appendix D for the case of dSe. The second is
free QFT in dS where one should be able to decompose the Fock space into irreps
of SO(d + 1,1). In this case, it would also be interesting to study the effect of
perturbative interactions on the structure of the Hilbert space. We investigate these
in a simple group theoretical approach using Harish-Chandra characters that we
hope to report on soon [81].

e What is the set of boundary operators present in a generic interacting QFT in
dS? For CFT in dS, we saw that all boundary operators are hermitian with real
scaling dimension A. On the other hand, a (sufficiently) massive free scalar in
dS gives rise to a pair of hermitian conjugate boundary operators of dimension
A= % + ip with p € R. How do these two special cases change under continuous
deformations of the QFT? In practice, we can study deformations of the CFT by

relevant bulk operators and of the free theory by turning on interactions.!

e The generalization of the Kéllén-Lehmann decomposition of the bulk two-point
functions for local operators with spin would be very helpful to shed light on the
two previous questions. We are planning to report on this soon.

e We introduced regularised crossing equations to ameliorate the convergence
properties of the integral over the continuous label v of principal series irreps. It is
important to develop a more systematic approach to this issue. In particular, we
did not address the case of higher dimensions d > 1.

e Pragmatically, the main open task is to set up a numerical conformal bootstrap
approach to the crossing equations for boundary four-point functions of QFT in
dS. We gave a proof of principle by deriving a bound in a toy example but it is
important to develop a systematic algorithm. To use SDPB [124] we will need

'One intriguing feature of the free limit of an interacting QFT is the appearance of local terms in the
two-point function of boundary operators (OOU when Ap = % + ¢u. This seems to be a discontinuous
effect because conformal symmetry forces (OO*) = 0 as long as real part of the scaling dimension
RAo # g and we expect 0 < RAp — % < 1 for a weakly coupled massive scalar field in dS.
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to devise a polynomial approximation to the partial waves (or their regularized
version). We initiated this for the case of d = 1 in appendix E.

There is an alternative approach based on 6j symbols that does not use conformal
partial waves. For simplicity let us focus on the first equation in (5.2). Integrating
both sides over all points z; against W) ,(z;) and using orthogonality of partial

waves, we find

1 dA’ ~ B
ItA’é _ Z/Qﬂ'@ IZ’,E’ jd(A/7£/,A,g’A1,A27A3,A4> +,th7€ 3 (61&)
v

nALe
1 d%zy - dixy A
st s Nt ) LA
Pae=0, / (50 1) Phules) = Dae) U/ (@), (6:1b)

where we used the notation of [125] for the 6 symbol J;. The disconnected
contribution Dgz can be computed in a similar fashion to the MFT partial wave
coefficients in (4.25) [67]. For the simple case (OOTOOT) discussed in (5.5), there
is no s or ¢t channel disconnect contribution and I° = I*. Therefore, equation
(6.1a) says that I® is invariant under convolution with the 6; symbol. It would be
interesting to explore this constraint together with positivity of I°.

What are the interesting questions about QFT in dS? In standard CFT, the
basic CF'T data are scaling dimensions and OPE coefficients and most bootstrap
studies derive bounds on these quantities. For QFT in dS, partial wave coefficients
Ia ¢ play a similar role to OPE coefficients in CFT. However, the former include
a set of non-negative functions of the continuous label v of principal series irreps.
What type of bounds should we aim for such functions? It would be useful to
develop more intuition from perturbative computations. Ideally, we would like to
find questions that can isolate some physical theory inside an island of the allowed
space of QFTs.

It would be interesting to understand the flat space limit of dS correlators [126, 23].
Perhaps there is a limiting procedure that takes dS partial wave coefficients I , into
flat space partial amplitudes fy(s), where the square of the center of mass energy
s ~ v2/R%. This is similar to known formulas for AdS [127-131, 38, 132, 133].

The consequences of perturbative unitarity are currently being investigated in a
program known as the cosmological bootstrap |23, 25, 134, 20]. Is it possible to make
contact between our work and the perturbative cosmological bootstrap? Perhaps
recent advances concerning cutting rules in (A)dS [135-137] can play a role here.

Massless fields in dS are known to give rise to infrared divergences in perturbation
theory [138-141]. Recently, the authors of [26] claimed to have resolved this issue. It
would be interesting to analyse this problem within our non-perturbative approach.

Can quantum gravity in dS be studied with our conformal bootstrap approach?
In the case of AdS, there is a rather systematic way to go from QFT to quantum
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gravity. In fact, the conformal bootstrap equations for the boundary correlators
are unchanged. The sole effect of quantum gravity in the bulk is the appearance of
new boundary operator: the stress tensor. The stress tensor is a special operator
because its correlation functions are constrained by Ward identities. It is tempting
to imitate this strategy in dS. As a first step, one should study a bulk massless
spin 2 field and analyse the correlators of its associated boundary operators. It

would also be very interesting to compare this approach to previous proposals for a
dS/CFT correspondence [142-144].



Hamitonian truncation in j3¢yasill

Anti-de Sitter spacetime
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fd Set up of Hamiltonian truncation in

AdSs

As promised, we will study QFTs defined in the bulk of (d + 1)-dimensional Euclidean
AdS spacetime, specializing to d = 1. We will drop the word “Euclidean” from now
on for convenience and simply use AdS. The generalization to higher d is relatively
straightforward, but will not be necessary in the rest of this work. For other studies of
QFT in AdS see e.g. [145-152]. In this section, we review some basic facts about the
correspondence between bulk (non-gravitational) AdS physics and the conformal theory
that lives on the boundary of AdS. For a more extensive pedagogical treatment, we refer
for instance to [153] and [50].

7.1 Geometry

Euclidean AdSs with radius R can be defined as a hyperboloid

—(XO?+ (X +(XP)?=-R*, X">0 (7.1)
inside R™2, which we will endow with global coordinates 7 € R and r € [—1, 7] via
XH(r,r) = 1 (cosh7,sinh 7, sinr). (7.2)
cosT

The coordinate 7 (resp. r) plays the role of a Euclidean time (resp. a space) coordinate.
In the above coordinates, the AdS metric is given by

R \2
ds? = <> [dr? + dr?] . (7.3)
CoST
The conformal boundary of AdSs is the union of the two lines r = :t%ﬂ'.

It follows from the definition (7.1) that AdSy is manifestly invariant under a group
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Chapter 7. Set up of Hamiltonian truncation in AdS,

SO(1,2) ~ SL(2,R) of continuous isometries. The corresponding Lie algebra is described
by three generators { H, P, K'} with commutators

[H,P|=P, [HK|]=-K, [PK]=-2H. (7.4)

The generators act on local scalar bulk operators as

[G,O(7,7)] = D¢ - O(1,7) (7.5)
where
DH = 87-, (7.6&)
Dp =e "(sinrd, + cosr0y), (7.6b)
Dk =€’ (sinrd; — cosr0,). (7.6¢)

In addition, there is a parity symmetry P (with P? = 1) that maps 7 — —r. Under parity,
the generators transform as

H
PlP|pl=|-P]. (7.7)
K

The symmetries of AdS put strong constraints on correlation functions of bulk operators.
For instance, any one-point correlation function (O;(7,7)) = () O;(7, 7)€ in the vacuum
state |2) must be constant.! Vacuum two point correlation functions of scalar bulk
operators — at say (7,7) and (7/,r") — only depend on a single SO(1,2) invariant

_(XH(T,r) — XH(r! r"))? _ cosh(r — 7') — cos(r — 1)

&=

= > 0. 7.8
4R? 2 cosrcosr! - (7.8)
Vacuum higher-point correlators or correlators inside excited states depend on a larger
number of SL(2,R) invariants.

7.2 The Hilbert space and the bulk-to-boundary OPE

The Hilbert space of a QFT in AdS, decomposes into multiplets of the isometry group
SL(2,R). Such a multiplet is defined by a primary state |v;), satisfying H [1;) = A; [1);)
and K [¢;) = 0. In a unitary QFT, all primary states must have A; > 0. Associated to
any primary state with A; > 0 are infinitely many descendant states of the form

1

[, n) == WP iy, n=0,1,2,... (7.9)

!By assumption, the vacuum state |Q2) is annihilated by all SL(2,R) generators.
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7.2 The Hilbert space and the bulk-to-boundary OPE

identifying [¢;,0) = |¢;), and writing (x), = I'(z + n)/I'(z) for the Pochhammer symbol.
The normalization in (7.9) is chosen such that the descendant states are unit-normalized,
as long as the primary state [¢;) is unit-normalized as well. The state |¢;, n) has energy
A; + n, and the generators K and P act as

K |¢i,n) =~v(Ain) [i,n—1) and P |Y;,n) =~v(Ain+1)|[v,n+1) (7.10)

using the shorthand notation v(A,n) := \/n(2A +n — 1). In addition, there is a unique
vacuum state |2) without descendants that is annihilated by all SL(2,R) generators, so
in particular it has Aqg = 0. Moreover, if the theory is invariant under parity, all primary
states have a definite parity, meaning that P [¢;) = m; |¢;) with m; = +1. Then from (7.7)
it follows that descendant states transform as

P i, n) = (=1)"m; [Yi,n) . (7.11)

In a QFT in AdS, one can define boundary operators as (rescaled) limits of local bulk
operators pushed to the conformal boundary of AdS. According to the bulk state —
boundary operator map [38], any primary state |1;) corresponds to a boundary primary
operator (; with dimension A;, according to the rule

i) = lim_eT0,(r)[9). (7.12)

Often, we will therefore use the notation |O;) for boundary states instead of |¢/;). Likewise,
descendant states [1;, n) can be obtained from boundary descendants [P, - - - [P, O;(7)] - - -].
Sometimes the operator picture will be useful, but we will not always explicitly identify
the local operators that generate specific states. For instance, a simple-looking state in
the Fock space of a massive boson could originate from a complicated-looking boundary
operator, and vice versa.

In turn, the state-operator map implies that any bulk operator can be expanded in a basis
of boundary scaling operators, placed at an arbitrary point in AdS. For instance, one can
replace a bulk operator V(7,r) with its bulk-to-boundary operator product expansion
(OPE) at the r = /2 boundary:

V(r,r) = Z b; (g — 7‘) . [O;(T) + descendants] (7.13)

where the sum runs over all primary operators O; and the b; are so-called bulk-to-
boundary OPE coefficients. As we will see shortly, the low-lying operators in the
bulk-to-boundary OPE of the deforming operator in eq. (5) are important in establishing
the UV completeness of the resulting interacting QFT.

In particular, all the examples treated in sections 9 and 10 belong to a special class of
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Chapter 7. Set up of Hamiltonian truncation in AdS,

QFTs in AdS: the Hilbert space of the undeformed theory has a gap larger than one
above the vacuum. In equations:

Ai>1, YV [y #[Q) . (7.14)

The absence of relevant deformations on the boundary removes the necessity of fine
tuning. Together with the absence of bulk UV divergences, which are the same as in flat
space, this condition ensures that the action (5) is well-defined without the addition of
counterterms, in a neighborhood of A = 0.2 Concretely, we shall point out at various
points in the next subsection and in section 8 where this condition is important.

7.3 The interacting Hamiltonian

Suppose that we're given an exactly solvable QFT in AdSs; denote its Euclidean action
by Sp. This can for instance be a two-dimensional rational BCFT, or a theory of free
massive bosons and/or fermions.> We can then turn on a relevant interaction, by shifting

So s S =Sy + A Vadiz V(z) (7.15)
AdSs

where V(z) is a bulk operator to which we can assign a scaling dimension Ay, < 2.4 The
generalization to multiple relevant operators V; is straightforward, but won’t be discussed
explicitly here. In the Hamiltonian picture, this translates to

S A 7r/2 d?"
Hy— H = Hy+ \V, V=R V/ ———= V(r=0,r) (7.16)
—n/2 (cosT)

writing A := AR%2~2V. The factor of R®V is absorbed into V in order to make the matrix
elements of V' dimensionless.

We would like to study the spectrum and eigenstates of H by diagonalizing it inside the
Hilbert space from section 7.2. Before we do so, let us first remark that the Hamiltonian H
from eq. (7.16) is not necessarily well-defined, since V' may not exist. A sufficient condition
for V to be well-defined is that V(7, ) vanishes sufficiently fast near the boundary. In

particular, we require that

lim V(r=0,r)=0 (7.17)

r—+m/2 COST

2Non-perturbatively, the scaling dimension may be pushed down to A = 1 at some value \*. In this
case the boundary condition becomes unstable and generically the theory cannot be defined beyond this
value. In chapters 9 and 10 we shall see that this phenomenon is generic. Further discussion can be
found in section 7.5 and section 11.

3See for example appendix A of [149] for a discussion of general free fields in AdSgy;.

4In the 2d Landau-Ginzburg theory of a scalar ¢, all polynomial operators V = ¢* have Ay = 0.
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inside any normalizable state. This means that the bulk-to-boundary OPE (7.13) of
VY should not contain operators with A; < 1. If this condition is not satisfied, an
IR regulator needs to be introduced and boundary counterterms corresponding to the
offending operators must be added to H. In particular, we require that the bulk one-point
function (V), which corresponds to the identity on the r.h.s. of eq. (7.13), vanishes.® From
the point of view of the boundary, the condition (7.14) corresponds to the fine tuning of
relevant operators at leading order in A. Therefore, it is not surprising that it may not be
sufficient for the theory to be well defined at finite . Nevertheless, (7.17) is special from
the point of view of Hamiltonian truncation, since it ensures that the matrix elements of
V' are finite. Notice also that it is special to AdS: for instance, it does not appear when
one attempts to study renormalization group (RG) flows on the strip R x [0, 7] using the
Truncated Conformal Space Approach (TCSA) [154]. Although we will focus on theories
which do not require an IR cutoff owing to the condition (7.14), we will nevertheless
introduce an IR cutoff € in certain arguments in chapter 8.

Even after ensuring that all the individual matrix elements of V' are well-defined, the
operator H may not be diagonalizable due to the presence of high-energy states in the
UV theory. This is a familiar problem in Hamiltonian truncation: for instance, it is
well-known in TCSA on R x S% that any perturbation with Ay > %(d + 1) leads to
a divergent cosmological constant [40]. As we mentioned, this is not surprising, since
UV-completeness in perturbation theory may require fine tuning at all orders in the
coupling. However, it turns out that any AdSs theory suffers from this problem, regardless
of the unperturbed theory Sy or the pertubation V. We shall address this issue in detail
in chapter 8.

In actual Hamiltonian truncation computations, one diagonalizes the Hamiltonian (7.16)
inside a subspace of the full Hilbert space. Typically, one fixes a UV cutoff A and keeps
all states with energy smaller than A in the A = 0 theory. Let us make this procedure
explicit by introducing some notation. In the Hilbert space, the action of the operator V'
can be represented by a matrix V, namely:

o0
Vigin) =Y Y V" wjm). (7.18)
j m=0
In turn, the matrix elements of V can be computed by integrating wavefunctions over

vIim— RAv /
Hn - (cosr)?

timeslices:
w/2 dr
(¢, m|V(0, 7)1, n). (7.19)

Such integrals always exist, owing to the condition (7.17). Consequently, the operator H

°In fact, removing the identity operator does not require the introduction of an explicit IR. cutoff.
Since (V(0,7)) does not depend on r, one can simply replace V — V — (V), which is equivalent to adding
a cosmological constant counterterm to S.
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acts as -
H i, m) = (B +n) [ n) + D0 Y0 VI [abym) (7.20)
7 m=0
In Hamiltonian truncation, one defines a truncated Hamiltonian H(A) simply starting
from (7.20) by discarding all states with energy strictly larger than A.

Due to the SL(2,R) symmetry of the theory, matrix elements with different m,n are
linearly related — see e.g. Ref. [45] for a discussion of this phenomenon in AdSs. The
resulting constraints on the matrix elements are discussed in appendix F.

Finally, let us comment on the choice of basis of the Hilbert space. In a unitary QFT, it
is always possible to organize the states such that the primaries are orthonormal, that is
to say (;|¢;) = 0;; for all ¢, j. This convention is assumed above in (7.18) and (7.19).
In practice, it is not necessary to organize the Hilbert space in terms of primaries and
descendants, let alone to impose an orthonormality condition between different primaries
of the same dimension A. Working in a completely general basis of states |¢;), the
eigenvalue equation H |¥) = £|V¥) can be recast as

Hij 7 =EGi B, |¥) =8 |g) (7.21)

where H;; = (¢;) Hp; and G;j = (pi|¢;) are Hermitian; the matrix G is known as the
Gram matrix corresponding to the basis |p;). The energies £ and eigenstates |¥) of
H are physical (up to a choice of normalization of |¥)), although the coefficients 3?
are basis-dependent. This is particularly important when the unperturbed theory is
non-unitary, in which case the Gram matrix is not positive definite, and there exists no
orthonormal basis of states. We will encounter a non-unitary QFT in the form of the
Lee-Yang model, discussed in section 10.2.

7.4 The energy spectrum

Let A;(\) be the eigenvalues of the AdS Hamiltonian. The dimensionless coupling
appearing in the Hamiltonian is A = AR2™2V so in the limit R — 0 the interaction
vanishes and A;(0) is the dimension of the i-th state in the non-interacting theory. At
small radius we can write

Az(j\) = Al(O) + wm;\ + wi,25\2 + ... (7.22)

for some coefficients w;,, that can be determined through Rayleigh-Schrédinger perturba-
tion theory (or alternatively, using Witten diagrams). In the presence of multiple relevant
interactions, Eq. (7.22) is modified in a straightforward way. Depending on the UV theory
and the perturbation in question, the perturbative expansion (7.22) can be asymptotic,

or it can have a finite radius of convergence. Crucially, every level A;(\) corresponding
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to an SL(2,R) primary is accompanied by an infinite tower of descendants with energies

Ai(A) +N.

When AdS has a large radius, it is expected to approximate flat-space physics. In this
work, we are interested in massive flows, where at low energies the Hamiltonian H
describes a theory of particles with masses m; > 0. We then have

AZ(S\) o~ miR = HZ‘R s (7.23)
A—00
for the lightest primary states, corresponding to single-particle states in the flat space
limit. In eq. (7.23), we defined the radius of AdS in units of the coupling:%

Ri= ’/\|1/(d+1—Av)R _ ’X’l/(d'i‘l—Av). (7.24)

A simple way to derive the linear growth in eq. (7.23) is by noticing that a rescaling
(r,7) = (7,7)/R is needed to obtain the flat space metric from eq. (7.3) in the R — oo
limit. The dimensionless coefficients x; > 0 can in general only be determined non-
perturbatively. More generally, the eigenvalues A; will grow like E; R when R — oo, with
FE; the center of mass energy of the corresponding state in the flat space limit.

In figure 7.1 we have drawn a schematic plot of the first few energies of an AdS Hamiltonian
as a function of R. Notice that the structure of SL(2,R) multiplets implies the existence
of many level crossings. These must occur whenever two primary states asymptote to
states of different (center of mass) energy in the flat space limit R — oco. This is surprising
because the interaction V' has non-zero matrix elements between different (undeformed)
SL(2,R) multiplets and generic Hamiltonians show level repulsion. In fact, this is what
we see at finite truncation A, since the cutoff breaks the SL(2,R) symmetry. As we shall
see, exact level crossing only happens in the limit A — oc.

Alternatively, it is possible to flow to a massless theory at large radius. In that case, the
levels A; will have a finite limit as R — oo, coinciding with the spectrum of a specific
boundary CFT. Such RG flows will not be encountered in the present work, hence we
will not discuss this case in more detail.

7.5 Spontaneous symmetry breaking

In flat space and infinite volume, QFTs may spontaneously break symmetries. It is natural
to ask if the same can happen in AdS. The answer is not obvious because AdS spatial
slices of constant 7 have infinite volume but behave like a box of finite volume, in the
sense that they give rise to a discrete energy spectrum. In addition, one may entertain
the possibility that a symmetry may be spontaneously broken inside a finite region of

5The notation R becomes ambiguous when there is more than one coupling, but this will not play a
role in the present work.
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Chapter 7. Set up of Hamiltonian truncation in AdS,

Perturbative regime Crossover Flat space limit

R

Figure 7.1: Sketch of the spectrum of the AdS Hamiltonian as a function of the AdS
radius R. The solid lines describe different primary states, and for every primary we have
drawn its five lowest descendants (dotted). Additional states at higher energies are not
shown (shaded region). The slope of the lines on the right side of the plot measures the
masses of different particles in flat space.

AdS and restored near the boundary due to the effect of symmetry-preserving boundary
conditions.

In [147], the phases of the O(N) model in AdS where studied at large N. The effective
potential was found to allow for symmetry preserving and symmetry breaking vacua, both
stable under small fluctuations of the fields. Expanding the fields around the two vacua,
the properties of the two phases where studied, but the existence of a phase transition
and the possibility of phase coexistence were not clarified.

In order to address these questions, in appendix J.1, we consider the following simple
model of a scalar field in AdS with Euclidean action

S = / dte /g B(@qﬁ)z + V(¢>)] , (7.25)

where V(0) = 0 and V(—¢) = V(¢) is Zz symmetric. Furthermore, we impose symmetry-
preserving boundary conditions ¢ — 0 at the AdS boundary. The global minimum of
V(¢) is attained at ¢ = ¢ # 0 in order to favour spontaneous symmetry breaking.

We claim that there are only two possibilities:

1. The global minimum of the action is zero and it is attained by the constant solution
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7.5 Spontaneous symmetry breaking

¢ =0.

2. The action is not bounded from below and its value can always be decreased further
by setting ¢ = ¢; in a bigger region of AdS.

The main consequence of this claim is that there is no choice of potential V'(¢) for which
the Euclidean path integral is dominated by a finite size bubble of the true vacuum
surrounded by a region of false vacuum close to the boundary of AdS. Notice that this
scenario would conflict with the homogeneous property of AdS. Indeed, if we could
decrease the action with a finite size bubble then we would decrease the action further
with several of them placed far apart. But merging bubbles of true vacuum decreases the
action further and we fall into case 2..

In flat Euclidean space only 2. is possible, except if ¢ = 0 is the global minimum of
V(¢). This is obvious because a large bubble of true vacuum gives a negative contribution
to the action (from the potential term) proportional to the volume of the bubble and
a positive contribution (from the kinetic term) proportional to the surface area of the
bubble. However, in AdS, area and volume both grow exponentially with the geodesic
radius and it is not obvious which term dominates. In appendix J.1 we will use the thin
wall approximation to get some intuition for the claim above. We present a more general
argument in appendix J.1. A quantitative conclusion of the argument presented there
is that, at least at the classical level, the symmetry preserving vacuum is unstable if
V"(0) < —d?/4. We recognize this as the Breitenlohner-Freedman bound [155].

The analysis of this simple model suggest that spontaneous symmetry breaking can
happen for QFT in AdS. Moreover, when it happens, it is very similar to infinite volume
flat space time. The main novelty is that symmetry preserving AdS boundary conditions
can make some stationary points of the potential fully stable even if they are not its global
minimum. However, if these vacua become unstable, then the true vacua correspond to
field configurations that break the symmetry all the way to the AdS boundary. Moreover,
as in flat space, they give rise to superselection sectors.

In this thesis, we shall study the theory of a scalar field with a quartic potential in
section 9.2. The considerations presented above suggest that the theory in AdS has two
phases, where the Zs symmetry is respectively preserved or broken. While in the flat
space limit the phase transition is continuous, we do not expect this to be the case at
finite R, since, as discussed, the Zs preserving boundary conditions may stabilize the
theory for a negative value of the mass square mass. Although studying the symmetry
breaking line will prove difficult in Hamiltonian truncation, we shall offer some more
comments in section 9.2.
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The computation of the spectrum of the interacting theory via Hamiltonian truncation is
straightforward in principle. The Hamiltonian of the exactly solvable theory induces a
grading of the Hilbert space, which is labeled by the discrete set of energies e;. We can
truncate the Hilbert space to the finite-dimensional space of states with energies e; < A,
and diagonalize the interacting Hamiltonian (6) in this subspace. As the cutoff is raised,
one expects to approximate the exact spectrum of the interacting energies with increasing

accuracy.

However, a naive implementation of this procedure for any theory in AdSs runs into
trouble: the vacuum energy Evac(A), as well as the rest of the spectrum &;(A), diverge in
the A — oo limit. Let us remark that these divergences do not arise from short-distance
singularities in the bulk. Rather, they are related to the non-compact nature of space.
Due to the UV-IR connection familiar from the AdS/CFT correspondence, in Hamiltonian
truncation the same divergences originate from the high-energy tail of the unperturbed
spectrum.

As a matter of principle, it is possible to subtract Eyac(A) from the Hamiltonian (adding
a cutoff-dependent counterterm proportional to the identity operator), which amounts to
measuring energy gaps £;(A) — Evac(A). Surprisingly, these gaps display a systematic shift
away from their physical values: they oscillate and fail to converge to a definite value
in the A — oo limit — see figure 8.3. Instead, we claim that the exact physical energy
spectrum is recovered by means of the following prescription:

Ei — Evae = lim Ei(A + €:) — Evac(A) . (8.1)

A—oo

The aim of this chapter is to illustrate the origin of the divergences, describe their nature
in Rayleigh-Schrodinger perturbation theory, and give an argument for the validity of the
simple prescription (8.1) to all orders. The examples in chapters 9 and 10 provide further
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Chapter 8. How to tame divergences

evidence to our claim.

8.1 An example

To get some intuition for the prescription (8.1), let us start with an example where we
know the exact spectrum of the Hamiltonian. Consider the case where Hy describes a
free scalar ¢ of mass m in AdSs. The field ¢ admits the following mode expansion

(r =0,r) = i Ja(r) (o} +a,) - (8.2)
n=0

The functions f,(r) are given explicitly in eq. (9.4), but their form will not be important
here. The creation and annihilation operators satisfy the usual commutation relations
[an, a;rn} = dnm- The Hilbert space of the theory is the Fock space generated by acting with
creation operators on the vacuum [Q2). In this basis, the non-interacting normal-ordered

Hamiltonian reads
o0

Hy = Z(A +n)ala, , (8.3)

n=0

where A is related to the mass m of the scalar field via A(A — 1) = m?R2.

We will study the following Hamiltonian:

H=Hy+\V (8.4)
where A = A\R? and /2
& dr 9
V_/ﬂ_/2(cos'r)2¢ (T—O,T) (85)

The new Hamiltonian H describes a free massive scalar with mass squared m? + 2.
Therefore, its spectrum is the same as Hy if we replace A by

1 1\? A 2 -
A(/\):2+\/<A—2> +2/\:A+A_%—2(A_%>3+0(>\3)- (8.6)

Let us now see how this result emerges in the Hamiltonian truncation approach. Firstly,
we write V in terms of the ladder operators

V= Z Apn(A)(al al + 24l a,, + a,,a,) , (8.7)
m,n=0

where the coefficients A,,,,(A) are given explicitly in eq. (9.15), but their form will not be
important here. Secondly, we truncate the Hilbert space to the states with unperturbed
energy less than A. We will finally diagonalize H inside this truncated Hilbert space.
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8.1 An example

It is instructive to study this problem perturbatively in A, using Rayleigh—Schrodinger
perturbation theory. We focus on the vacuum |€2) and on the first excited state |x) :=
|0) = a(T) |2). Explicitly, we obtain

m+n+2A<A
3 [(QV]m,n)|?
Eclh)=—x2 Y L LIE (8.8a)
a0 20 +m +n
m+A<A 2 m4n+3A<A 2
_ 3 32 [xXVIm)|* <o [(x|VIm, n,0)|
E() =A+ANVE) =X}, S - N ) e
m>1 m>n>0
(8.8b)

where we omit O(A3) terms with the sums running over normalized single-particle
states |m) = al,|Q), two particle states |m,n) o ahal|Q) and three-particle states
|m,n,0) ajnaj@ag;lﬂ> with unperturbed energy less than A. It is possible to use a
diagrammatic language to depict the terms in these expressions, as shown in figure 8.1.
In these diagrams, time runs upwards and the horizontal axis corresponds to different
mode numbers, e.g. the state |1,2,2,4) a{(aé)Qal |2) would be represented by single
lines at n = 1 and n = 4 and a double line at n = 2. The vertex V is represented by
crosses on the same dashed horizontal line and it can either lower or raise occupation
numbers according to (8.7). The original state appears both at the bottom and at the
top of the diagram. At order A2, the operator V is applied twice and, in principle, all
possible intermediate states need to be taken into account. However, working at finite
cutoff A means that only a finite number of intermediate states are allowed, namely those
with unperturbed energy smaller than A. This diagramatics is explained in more detail

in appendix G.2.

As shown in appendix G.3, both energies (at order A\?) diverge linearly with A,

Evac(A) ~ Ey(A) ~ —0oe(A)A2A . (8.9)

This divergence emerges from the double sums in (8.8), or equivalently from the diagrams
on the left most column of figure 8.1. Naively, one could think that the energy gap could
be obtained from the difference

lim & (A) — Evac(A) . (8.10)

A—o0

However this does not reproduce the exact result (8.6) at O(A\?). To find the solution of
this puzzle, let us look more carefully at the structure of the perturbative formulas (8.8).

123



Chapter 8. How to tame divergences

We can write

m+A<A1 m+3A<A1

. _ 3 32 [ (x| V]|m)]? 32 [(x[V|m,0,0)?
Ex(M) = Eucl(B2) =M+ MxIVI) =N 30 PREEEL SN 3T SRS
m>1 m>0
(8.11)
m+2A<As 5 minizASAY )
IS [{QV]m, 0)" 5o 3 |(2V |m, n)| + OOV
m>0 2A+’I7’L m>n>1 2A+m+n ’

where we used that (x|V|m,n,0) = (Q|V|m,n) for both m and n different from 0. Notice
that the last sum is suspicious because it only involves two-particle states with energy
between Ay and A; — A.! Indeed, the exact result is obtained in the limit Aj, Ay — oo
simply by dropping the contribution of the last term. This is what happens if we apply
the prescription (8.1). Diagrammatically, this corresponds to the cancellation of the
diagrams on the first two columns in figure 8.1. Although the diagrams in the first column
give rise to a linear divergence, the prescription (8.1) ensures that they cancel exactly.
Notice that, if we keep Aj — Ay fixed in the limit A1, A9 — oo, then the last sum in (8.11)
gives a finite contribution, due to the growth of the overlaps [(Q|V|m,n)|. This is the
same growth responsible for the linear divergence (8.9). Furthermore, the discreteness of
the unperturbed spectrum, labeled by integers m, n, generates the order one oscillation
visible in the left panel of figure 8.3. We shall comment further on these oscillations in

section 8.4.
K772 B R
=777 B A
01 2 3 n
K- 14-3 C - -y ¢ - -
K -4 -3 R ¢ - -

Figure 8.1: Diagrams contributing at second order in perturbation theory to the vacuum
energy (top row) and to the energy of the first excited state |x) = ag\ﬂ> (bottom row).
In the top row, we have intermediate two-particle states, while in the bottom row, we
have intermediate one and three particle states.

The divergence of the ground state energy as the cutoff is removed is a consequence of
the infinite volume of space. In fact, it is instructive to regulate the interaction term in

For simplicity, we assumed A2 < A1 — A.

124



8.1 An example

the free boson example so that it affects only a finite volume:

T/2—€ dr )
v = /_W/He o2 =0 (8.12)

For € > 0 the eigenvalues of the Hamiltonian are finite as A — oo. In particular, in figure
8.2 we compare the order A\? contribution to the vacuum energy, as given by (8.8), for the
theory with e = 0 (in blue) with the same quantity for e = 1/10 (in green) and € = 1/5
(in orange). The Casimir energy of the e = 0 theory grows linearly with A, whereas the
regulated theories have a finite limit as A — oo.

~
= ~
§ 9 _——
. __.
0
0 10 20 30 40 50 60

Figure 8.2: Order A? contribution to the Casimir energy of the ¢? flow, where the UV
theory is a massive free boson with A = /2. The notation ¢; ,, is defined in (8.19). Blue
dots: the theory without a spatial cutoff as given by (8.8a); green resp. orange dots: the
same theory cut off at € = 1/10 resp. € = 1/5. Notice that the Casimir energy of the full
theory diverges linearly with A, whereas the same interaction with € > 0 asymptotes to a
finite value. The asymptotic value appears to be reached when A ~ 1/e. The dotted blue
line shows the large-A behavior predicted using (8.9).

We can also study the energy gap between the state |x) = ag\Q) and the vacuum. In the
theory regulated with € > 0, we can compute the energy gap as in (8.10) because the
energy levels remain finite as A — co. However, convergence only emerges for A 2 1/e.
This explains why we cannot use the naive prescription (8.10) in the unregulated theory.

These issues are depicted in figure 8.3.

Let us summarize the general lesson. If we fix the vacuum energy to vanish for the
unperturbed Hamiltonian, then the energy of each state receives an infinite contribution
in the perturbed theory. The divergence of the vacuum energy is a general feature
of any QFT in infinite volume, and is not an issue in the continuum limit, since in a
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Figure 8.3: Order A\? contribution to the energy gap of the massive boson with A = /2,
comparing the naive prescription (8.10) (left) and the prescription (8.1) (right). The
unregulated theory is shown in blue; the same theory regulated with e = 1/10 (resp.
e = 1/5) are shown in green (orange). For € > 0 the two prescriptions agree as A — oo.
However, there are significant deviations (oscillations) for A < (few)/e. In particular,
for e = 0, only the prescription (8.1) converges to the exact result shown as a solid red
line; there are O(1) oscillations that persist up to arbitrarily large cutoff if the naive
prescription is used.

fixed background the vacuum energy is not observable. On the other hand, this means
that the spectrum of the Hamiltonian does not have a limit as the truncation level is
increased, which is the source of the ambiguity in the determination of the energy gaps.
We saw in a specific example that the divergence of the vacuum energy is linear with the
truncation cut-off A. In section 8.3, we show that this is a general feature of second order
perturbation theory. More generally, we expect this to be true at all orders, as we will
explain in section 8.5. In the same example, we also saw that the prescription (8.1) solves

the ambiguity and leads to the correct energy gaps.

It is worth noticing that, due to the mentioned UV /IR connection, the manifestation
of the problem in perturbation theory, i.e. the state-dependence of the contributions of
intermediate states close to the cutoff, is analogous to the situation in flat space when
authentic UV divergences are present [156, 47]. Contrary to the latter, though, the infinite
volume divergences we are concerned with all come from disconnected contributions. This
makes it plausible that the simple prescription (8.1) has a chance of working at all orders.
Indeed, let us now justify eq. (8.1) for a generic QFT in AdSs.

8.2 The strategy

As remarked in section 7.3, the theory associated to the action (5) may require a regulator
to cutoff divergences close to the boundary of AdS. If the QFT is UV complete, as we
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shall assume in this thesis, a set of counterterms exist such that all correlation functions
are finite and invariant under the AdS isometries when the cutoff is removed [157]. This
ensures that the energy gaps above the vacuum are well defined in the continuum limit,
as it can be seen for instance via the state operator map. In the following, we assume the
spectral condition (7.14), together with (V) = 0, so that such a procedure is not necessary.
Furthermore, we also assume that local UV divergences in the bulk are absent.

Nevertheless, our strategy will precisely consist in introducing a local cutoff at the AdS
boundary, such that, in the regulated theory, the individual energy levels are finite as
well. We shall find the regulated spectrum via Hamiltonian truncation, and analyze the
convergence properties as the truncation cutoff A is removed. Concretely, let us regulate
the theory by cutting off all integrals over AdS at a coordinate distance e from the
boundary, i.e. r € [—7/2+ €,7/2 — €]. This means modifying the operator V' from (7.16)
as follows:

V.= RAY /W/Z A o). (8.13)
)2+ (cOST)?

We shall keep € finite for the moment, and take the limit ¢ — 0 only when computing

physical observables. Quantities computed in the regulated theory will contain € as a

subscript or a superscript.

Our argument in favor of the validity of eq. (8.1) at all orders requires recasting the usual
Rayleigh-Schrédinger perturbation theory in a convenient if unusual form. A reminder
of perturbation theory in Quantum Mechanics can be found in appendix G, together
with the proof of the formulas which we use below. The interacting energies admit an

expansion of the form?
[e.e]

E =ei+ Y (-1, A", (8.14)
n=1
including the vacuum to which we associate the index ¢ = 2. Notice that the bare energies
e; do not need to be regulated. The coefficients ¢f ,, admit a compact expression in terms
of the spectral densities defined as follows:

<ZH/6(7_1 +... Tn—l) te ‘/;(7—1 + 72)‘4(71)‘/5(0)‘7;>conn

n—1 .50
= H/ day e~ (e Pinlat,...;an_1) . (8.15)
¢=1"0

The correlator on the left hand side is depicted in figure 8.4. Crucially, it is connected
with respect to the state |i), meaning that all the subtractions are evaluated in the same
state. Explicit examples for the first few values of n are given in appendix G, along with
the expression of the spectral densities in terms of the matrix elements of V. Now, the

2We assume that the ith state is non degenerate. We will comment on the degenerate case in section
8.6.
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Figure 8.4: A depiction of the correlation function on the Lh.s. of eq. (8.15). The vertical
thick lines denote the boundary of AdSs. The horizontal lines denote insertions of the
regulated potential V¢, as defined in eq. (8.13). The subtractions of disconnected pieces,
which define the connected correlator in eq. (8.15), are not shown.

general term in the perturbative expansion (8.14) reads

—1
Y | 8.16
Cin = 0 H pi,n(ala'--aan—l) . (8.16)

Qy — €;
—1 l i

This remarkably compact expression, compared to the increasingly convoluted textbook
formulas, does not seem to be well-known in the QFT literature. The fact that the Casimir
energy can be expressed in terms of connected Feynman diagrams appears (without proof)
already in refs. [158, 159] by Bender and Wu. A proof of the formula for the Casimir
energy is given in ref. [160| by Klassen and Melzer, specializing to the case of a perturbed
2d QFT. Finally, in [161, eq. (2.25)] by the same authors a formula is given (without
proof) for the Rayleigh-Schrodinger coefficients of the i-th state in the case of a perturbed
2d CFT on the cylinder. The formula appearing in [161] is generically divergent and needs
to be regulated — in the time domain, its integrands generically blow up as 7; — co. We
prove (8.16) in appendix G. Notice that, as long as € is finite, the integrals in eq. (8.16)
converge.

The coefficients of the perturbative expansion of the physical energy gaps can be written
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as follows:

e da
Cin = con =l | = |91 (@) = pha(d = ei)] (8.17)
(2

where the vector notation abbreviates the product in eq. (8.16). This formula is crucial
and deserves an important comment: the € — 0 limit is not guaranteed to commute with
the integral. The fact that it does is equivalent to the validity of eq. (8.1). Indeed, if
the limit can be taken inside the integration, we obtain the following simple chain of
equalities:

o (Maa . L L

e~0A—=o0 J a—e;

A -

da
— I . ) — Y — €; 8.18
Al—I>Iolo ; a—e [pz,n(a) pO,n(a 61)] ( )

= lim (Ci,n<A) — Com(A — 61)) s
A—o0

where we defined the expansion of the truncated energies:
E(A) =ei+ > (—1)"ein(A) X" (8.19)
n=1

Hence, we are left with the task of proving that the e — 0 and the A — oo limits do
commute. Of course, for this to be true it is not sufficient that the integral in the second
line of eq. (8.18) converges. Indeed, intuitively we should rule out the existence of
bumps which give a finite contribution to the integral, and run away to infinity as € — 0.
Formally, the dominated convergence theorem states that the limits commute if, for all
€ < €, the integrand is bounded by a fized function whose integral from 0 to oo converges.

Before engaging in the details of the argument, let us describe the main ingredients, which
are few and simple. Clearly, establishing the validity of the manipulations in eq. (8.18)
requires to bound the large & limit of the spectral densities pj ,. It is intuitive, albeit
hard to prove, that this limit is controlled by the small 7 limit of the correlator on the
Lh.s. of eq. (8.15). As it can be seen in figure 8.4, when one, or more, of the 7, go to
zero, the insertions of the potential collide. Non-analyticities in these limits may arise
because a subset of the perturbing operators V collide in the bulk, or, if € = 0, on the
boundary. Both contributions are important in establishing the rate of convergence of the
energy gaps as we lift the cutoff A, which we will analyze in section 8.7. On the contrary,
by assumption, the individual energy levels themselves are finite as long as ¢ > 0. Hence,
in order to establish the prescription (8.1) we are only interested in the fusion of the
insertions V with the boundary of AdS. As explained above, our assumptions also imply
that the OPE (7.13) is sufficiently soft to make the matrix elements of V' finite. We
conclude that the relevant small 7 singularities are due to the simultaneous collision of
multiple local operators V on a unique point on the AdS boundary. This prompts us to
study the OPE depicted in figure 8.5: the lightest operator appearing in the OPE, whose
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Figure 8.5: Sketch of the OPE channel relevant to establishing the singular behavior of
the correlator in eq. (8.15) as some of the 7,,, — 0. The OPE is obtained, as usual, by
projecting the insertions of the V operators on the L.h.s. onto a complete set of states on
the dashed semicircle. The coefficients of the OPE are higher-point functions involving
the insertions of V and the boundary operator 0. An explicit example is considered in
appendix H.2, see eq. (H.31) and figure H.3.

expectation value in the external state |i) does not vanish, is responsible for the small 7
singularity, and eventually for the growth of the spectral density at infinity.

In the following, we shall detail the above steps in the first non-trivial order in pertur-
bation theory. Then, we will discuss the generalization of the procedure to all orders
in perturbation theory. Finally, we will discuss the rate of convergence of Hamiltonian
truncation in AdS.

8.3 Divergence of the vacuum energy at second order

Let us begin by showing that the linear divergence of the vacuum energy with the
truncation level, which we observed in the example 8.1, is a general feature at second
order in perturbation theory. Since (Q|V|Q2) = 0, eq. (8.15) reduces in this case to

QVOVOI9) = [ dae ma(a) (8.20)

Since we are interested in characterizing the behavior of the first energy level as a function
of the cutoff A, we set € = 0 in this section. More general results can be found in appendix
H.1. As explained in section 8.2, we need to extract the large o behavior of pg2(«).
Reflection positivity ensures that pp2(a) > 0. This allows us to invoke a Tauberian
theorem [53] to rigorously tie the large a limit of the spectral density to the small 7 limit
of the correlator on the Lh.s. of eq. (8.20).

The latter limit is computed in appendix H.1, and reads as follows:3

@V (n)V(0)|0) "=° (8.21)

¢
T2

3 As explained in appendix H.1, this result is valid if Ay < 3/2, otherwise it must be replaced by eq.
(H.8). In particular, if Ay > 3/2, the leading contribution to the divergence of the vacuum energy comes
from a bulk UV singularity, which we assumed to avoid in this work.
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The coefficient of the singularity is theory dependent, and, as explained in the same
appendix, it can be computed as follows:

R2Av(QIV(r,7)V(0,7)|Q) = falé) | (8.22)

c= S/Oood§ arcsinh (2 €+ 1)) fa&), (8.23)

where we recall that £ is defined in eq. (7.8). In the language of the OPE described in
figure 8.5, the small 7 limit corresponds to the contribution of the identity operator, the
only one surviving when the r.h.s. of the OPE is evaluated in the vacuum.

As advertised, the Tauberian theorem reviewed in [53| implies the following asymptotics
for the integrated spectral density:

A
/ da po.a(a) MR §A2 . (8.24)
0

The contribution to the vacuum energy at second order can then be extracted from eq.
(8.14), by truncating the integral in eq. (8.16) to the region [0, A] and integrating by
parts:

Ea(A) Y —c AN+ 0N . (8.25)

We will have opportunities to check this formula in the examples of chapters 9 and 10.

8.4 The argument at second order

Let us now turn to our goal of establishing the prescription (8.1). At second order in
perturbation theory, the object of interest is the two-point function of the potential:

(iIVe(T)Ve(0)]i)conn = (il Ve(r)Ve(0) i) — (il Veli)* - (8.26)
Let us first point out the following simple but crucial fact. The difference of the spectral

densities appearing in eq. (8.18), with the shift in their arguments, is the spectral density
of the difference of the correlators in state |7) and in the vacuum:

9e(T) = (i Ve(T)Ve(0)]#) conn — (| Ve(T)Ve(0)[€2) conn

We shall denote the new spectral density as

Ap o) = piala+e;) — phala) . (8.28)
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We are interested in the large o behavior of the spectral density, and we would like to
leverage our knowledge of the correlation functions in position space. While it is clear that
singularities at small 7 in g.(7) are related to the large o behavior of the spectral density,
it is non-trivial to obtain a precise correspondence. Indeed, Apf, (a) is a non-positive
distribution, and the Tauberian theorems which usually provide those estimates cannot
be applied.* Instead, we shall tackle the question directly, and point out the additional
assumptions necessary to obtain the needed asymptotics. Let us first recall the naive
answer. [f the correlator has a singular power-like small 7 limit, i.e.

if gm0 B>o0, (8.29)

and if the spectral density had a power-like behavior at large a as well, then we would
conclude that
Ap; () T P (8.30)

Since the spectral densities are in general infinite sums of delta functions, we have to
interpret the last equation in an averaged sense. Let us describe how this works in more
detail.

We focus our attention on the following averaged spectral density:

A y-+ico dr
R(A) = / doe ApS o () = / . ﬁeATge(T) ., y>0. (8.31)
—00 y—ico

R(A) is a finite sum which can be easily inferred from eq. (G.8b). The right hand side
is obtained by commuting the a-integral with the inverse Laplace transform of g.(7), and
one can explicitly check that eq. (8.31) gives the correct result.” While the correlation
functions in eq. (8.27) are analytic when R7 > 0, singularities may arise in the left half
plane. In particular, as we show in appendix H.2, g.(7) generically has a branch point at
T=0,

7'20 TA*,Q

9e(7) ; (8.32)

where A, is the dimension of the leading boundary operator above the identity in the
OPE illustrated in figure 8.5 - see also figure H.3 and the detailed explanation in appendix
H.2. If the exactly solvable Hamiltonian corresponds to a CE'T, then A, < 2, due to the
universal presence of the displacement operator, see e.g. [163]. If A, = 2, the singularity
is logarithmic. More precisely, in appendix H.2, we show that, if A, < 2, g.(7) is bounded

4See however [162], where a lower bound on the average of a non-positive spectral density was obtained,
subject to a condition on the amount of negativity allowed.

This is how it goes: g(7) = >y ane” “"7. This sum converges absolutely for 7 > 0. Hence, we
o . fw+ioo dr _(A—an)T
n=0""Jy—ico 2mir

can commute the sum and the integral to get R.(A) = > . The last integral

converges and the result is the expected Re(A) =, _, an.
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as follows:®
T[22 0 A, <2

<170 - 8.33
log |7-‘ ) A* =2 ) |T| 0 ( )

|9¢(7)| < C(70) {
Here, 19 > 0 is an arbitrary fixed number. The crucial step in the derivation of this result
is that, when replacing the OPE of figure 8.5 in the left hand side of eq. (8.27), the
identity operator cancels out, and with it the strongest singularity (8.21) at small 7. As
a consequence, the spectral density (8.28) has a softer large o behavior than what would
happen without the shift. It is important that the bound (8.33) is uniform in e.

In chapter 9, we will consider deformations of free massive QFTs, for which A, > 2 is
possible. Although we have not analyzed this case in detail, we are confident that the
bound (8.33) still holds, up to analytic terms at 7 = 0. In other words, a strict bound can
be obtained when A, > 2 by taking enough derivatives of g.(7). We offer some comments
in this direction in appendix H.2. This turns into a bound for a higher moment of Ap,
which still allows to proceed with the argument. The examples in chapter 9 lend support
to this conclusion.

On the other hand, further singularities may appear on the imaginary 7 axis. A generic
example of the analytic structure in the 7 plane is depicted in figure 8.6. Let us now
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Figure 8.6: A sketch of the generic singularity structure of g.(7) The singularities are
generically branch points, and the cuts are oriented away from the region 7 > 0, where
the correlator is analytic. The black dashed contour is the original one in eq. (8.31), while
the blue dashed one is shifted to the left in order to leverage the exponential suppression
at large A. Finally, the red contour is K in eq. (8.34).

shift the integration contour in (8.31) to the left, as shown in figure 8.6. It is clear from

SMore precisely, this result assumes that the bulk OPE is non-singular. In appendix H.2 we also
discuss what happens if this is not the case, in a restricted scenario — see the paragraph around eq.
(H.42). See also the discussion in section 8.7. In general, as long as the small 7 limit is less singular than
77! and it is uniform in €, the rest of the argument goes through. The first condition is equivalent to
Ay > 2Ay — 2, Ay being the first operator above the identity in the V x V OPE. This is the same as

requiring that bulk UV divergences are absent, which we assume in this work.
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Chapter 8. How to tame divergences

eq. (8.31) that the part of the contour which runs in the left half plane is exponentially
suppressed at large A. As for the ®7 = 0 axis, if Apj-’Q(a) was positive, the stronger
singularity would be at 7 = 0, as it is easy to deduce from eq. (8.27). The large A limit of
R¢(A) would then be controlled by the strength of this singularity, a result familiar from
the Hardy-Littlewood Tauberian theorem. Since the spectral density is not necessarily
positive, we will assume that the large A behaviour of R.(A) is still dominated by the
singularity at 7 = 0. This assumption is not harmless, and we shall offer some comments
about it at the end of this chapter. Keeping in mind figure (8.6), we then obtain

dr eA — 1 dr
ar ge(7) + / " e(7)

2m T K 2miT

[Re(A)] ~ (8.34)

Here, K is a keyhole contour around the origin which extends up to o7 = —7y. With the
benefit of hindsight, we added and subtracted 1. Indeed, we can now shrink to the real
axis the first IC contour, and we can use the inequality (8.33) to write

[Re(A)] < 20(70)/0 A — 1|+ ‘/ 3o 9e(T (8.35)

—70

Notice that the first integral converges if A, > 1, which is guaranteed by the condition
(7.14). The second integral is finite and A independent. Therefore, under the assumptions
we have made, we conclude that”

|R(M)] < F(A) MR AZ2 (8.36)

with F'(A) independent of e. We shall now assume (8.36) to prove (8.18). It is sufficient
to integrate by parts once, to express the energy shift (8.17) in terms of R¢(A):

— e e A
Cia — Cog = lim Lim (RE(A 61) + RE( 67,) +/ (dOZQRE(a _ ez)) . (837)
g 0

e—0A—o0 A —¢; €; 04—62')

Thanks to eq. (8.36), we clearly can swap the small € and the large A limits in the first
two addends. As for the last integral, we can fix a constant A, and write the following

Tt should be noted that, when A, = 2, one obtains F(A) ~ log? A in eq. (8.36). This is sufficient
to prove the prescription (8.1), but is a weak bound. Indeed, the integrated spectral density R(A) is
expected to only grow like log A. The weak point is the inequality (8.35): when we shrink the contour &
onto the real axis, the integral of the left hand side reduces to the discontinuity, which replaces log
with a constant and does lead to the expected asymptotics.
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inequality:

/ - e =) - [ e

) *  da
< lim —_—
e—0 0 (Oé — ei)z

< A*LzRo(a—eiH T e
/0 ( ) .

a—e; a—e;)?

Re(a — ;) (8.38)

Here, we took the ¢ — 0 limit inside the integral over the finite domain [0, A,], and used
the inequality (8.36) to express the remaining integrand in terms of the positive and e
independent function F(A). Taking A, — oo, we finally obtain the sought result (8.18).
The prescription (8.1) at order A? in perturbation theory immediately follows.

Let us now come back to the additional singularities on the Im 7 axis in figure 8.6.
Contrary to the singularity at 7 = 0, the contribution of each of them is not enhanced by
the 1/7 pole in (8.31). Hence, if they are not enhanced with respect to eq. (8.33), they
are subleading at large A. This assumption hides a remarkable series of cancellations,
analogous to the cancellation of the identity block at 7 = 0, which, as discussed, leads
to the bound (8.33). Indeed, each of the correlators in eq. (8.27) is expected to have an
infinite series of double poles along the imaginary axis. The reason for this is that such
double poles lead to order one oscillations in the ¢; 2(A), the second order energy shifts in
eq. (8.19). The oscillations, visible for instance in figure 8.2, are a generic consequence of
the discreteness of the spectrum. Without an exact cancellation, the oscillations affect
the energy gaps as well, as in figure 8.3. The absence of order one oscillations in the
examples treated in chapters 9 and 10, then, gives evidence for the correctness of the
prescription (8.1) beyond the arguments presented so far. Analyzing these cancellations in
detail requires studying the correlators of the deformation V. in Lorentzian kinematics: an
interesting task for the future. For the moment, let us make a couple of simple remarks. If
the unperturbed spectrum has integer scaling dimensions, then all correlators are periodic
for 7 — 7+ 2mi. This is the case for the minimal models with the boundary condition we
choose in chapter 10. Then, barring additional singularities within the first period, the
cancellation of all the double poles simply follows from the result we proved for 7 = 0. On
the other hand, the periodicity is broken in the general case, including the perturbation
of massive free theories which we will treat in chapter 9. An example of this non periodic
behavior can be seen in appendix H.3. Nevertheless, we can still envision a mechanism for
the cancellation of the double poles. As we discussed in section 8.3 and in appendix H, the
double pole at 7 = 0 in each correlator in eq. (8.27) is due to a disconnected contribution.
If the unperturbed theory is free, such contribution corresponds to a disconnected Witten
diagram, where the boundary operators which create and annihilate the states |i) are
spectators. Such diagrams exchange a fixed number of particles, and so they are periodic
in Im(7) with period 27 up to a phase, which is crucially independent of the boundary
state |i). Therefore, again, each correlator in eq. (8.27) has an infinite series of double
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poles, which all cancel in g.(7). The absence of the double poles can be exhibited in
the example of a massive free scalar, and we do so in appendix H.3. More specifically,
there we also check that the remaining non-analyticities on the imaginary 7 axis are not
enhanced with respect to the 7 = 0 singularity.

A last comment is in order. Even if the leftover singularities in figure 8.6 are softer than
the one at 7 = 0, one could still worry that there is an infinite sum over all of them
at 7 = it,, for real t,,. However, this sum is suppressed by the presence of the rapidly

il The convergence of the sum then depends on the density of

oscillating phases e
the singularities along the imaginary axis, as Im 7 — co. One might expect this density
to be approximately constant. If the boundary spectrum of the unperturbed theory is
integer, this is obvious. In the general case, the exact periodicity may be replaced by
some recurrence time, fixed by the scaling dimensions A, which nevertheless should not
change this picture. Notice, however, that it is conceivable that non-analyticities appear
with a periodicity of some multiple of m even in the general case, in keeping with the
periodic structure of AdS in real time: this happens in the scalar example analyzed in
appendix H.3. All in all, if the density is at most constant, the sum converges at least

conditionally.

8.5 Generalization at all orders

The aim of this section is to sketch the generalization of the previous argument to all
orders in perturbation theory. We shall not attempt to be detailed in this case, rather we
will stress the ingredients that should make the argument follow through.

At n-th order in perturbation theory, we need to bound the (average of the) spectral
density

Ap; (@) = p (@ + ei) = pon(d) (8.39)

as the vector @ becomes large in a generic direction of its (n — 1) dimensional space. The
bound should be uniform in € and allow the integration of

o — €e;

A —
d
/ T ApE (- ) (8.40)
0

over a hypercube of size A, as A — co: see eq. (8.18). It is easy to see that, also in the
general case, Ap;n(éz’) is the Laplace transform of the following difference of connected
correlators:

9&(7) = (ilVe(ri + ... 7p—1) -+ Ve 4+ 72) Ve(71) Ve (0)[4) conn
— <Q|V;(T1 + .. .Tnfl) v ‘/6(7'1 + 7—2)‘/6(7_1)‘/6(0)|Q>c0nn . (841)

Recall that all the subtractions of disconnected pieces are computed in the state |i) for the
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first correlator and |€2) for the second. We maintain the assumption that the large & limit
of the spectral density is controlled by the limit of ¢”(7) when a subset of components of
the vector 7 vanish. In turn, this limit is controlled by the OPE channel of figure 8.5, at
the level of the correlation function of the local operators V.

Then, let us first consider the case where a proper subset of components of 7 vanish
together. In this case, the contribution from the identity in the OPE in figure 8.5 vanishes
separately in each connected correlator on the right hand side of eq. (8.41). This is
a general property of cumulants, valid in any state: they vanish whenever a subset of
random variables is statistically independent from the others.®

On the other hand, if all the components of 7 vanish together, then the contribution of
the identity does not cancel out at the level of the single connected correlator. Rather, it
cancels out in the difference (8.41), as it can be checked again by inserting a complete set
of states in the generating function.

The cancellation of the identity should be sufficient for the integral in eq. (8.40) to
converge uniformly in € and allow the chain of equalities (8.18) to hold. Let us sketch the
argument at the level of power counting, and let us focus on the radial behavior, where
all components of @ diverge with fixed ratios. In this case, the asymptotics of Ap; , is
controlled by the small |7] limit, for which we expect

g2 (P < Clr)l7> ", |7 <. (8.43)

Here, A, is the lowest state above the identity which couples to the n insertions of V),
and in the absence of selection rule it is the same as in eq. (8.32). The spectral density
would then be bounded by a function with the following asymptotics:

AP (@) S lal' =5 (8.44)

Of course, this equation is understood in an averaged sense, and a detailed computation
would make use of the integrated density analogous to eq. (8.31). Convergence of eq.
(8.40) is then guaranteed in the limit under scrutiny as long as A, > 1, which is enforced
by the spectral condition (7.14).

Let us finally point out that, running the previous argument for each connected correlator
in eq. (8.41), the presence of the identity in the OPE implies that each individual energy
level diverges linearly with A at all orders in perturbation theory.

8In practice, it can be easily verified by noticing that the OPE can be applied at the level of the
generating function. Schematically, for the case where one subset II of the insertions coalesce:

ZU) _ <Z|ezm J(zm)V(mm)|Z‘> N <Q|eZpEH J(zp)V(zp)|Q><i|eZm¢n J(zm)V(zm)‘i) = Z]'[Zﬁ ] (8.42)

Since the generating function factorizes, its log splits into a sum, and the connected correlator immediately
vanishes.
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8.6 Degenerate spectra

The main formula presented in (8.1) applies to any AdS Hamiltonian regulated by a
hard cutoff. However, the argument presented in chapter 8.4 and 8.5 is based on the
fact that in perturbation theory, energies &; are closely related to integrated correlation
functions. To be precise, the n-th order contribution of the energy &; is related to the
n-point connected correlator of V(7) in the state |i), as is shown in appendix G. This
relation does not hold in degenerate perturbation theory, as we will briefly discuss here.
Physically, theories with degenerate spectra are particularly important for Hamiltonian
truncation in AdSs, hence they deserve special attention. In 2d BCFTs degeneracies arise
because of the very nature of Virasoro modules, and in theories of free bosons or fermions,
degeneracies naturally arise from multi-particle states in Fock space.

For concreteness, we have in mind a unitary quantum theory where g > 2 states have
the same unperturbed energy e,. There are three different scenarios for the spectrum at

non-zero coupling A:

(i) the g-fold degeneracy is completely lifted at first order in perturbation theory;
(ii) the degeneracy is only fully lifted at some order n > 2 in perturbation theory;

(iii) the degeneracy is exact and present for any value of A.

Let us focus on the first scenario, since it applies generically.? It is well-known that the
appropriate eigenstates are eigenvectors |a) of V restricted to the degenerate subspace 2,

that is to say states satisfying
Hyla) =ei]a) and (a|V]B) = vabap (8.45)

and the requirement that the degeneracy is lifted at first order means that all v, € R
must be different. The energies &, are then determined unambiguously, taking the form

Eo = €x+ Mg — 22D £ X3 4 (8.46)

for some coefficients e&n) that can be determined using Rayleigh-Schrédinger perturbation

theory. Using the shorthand notation Vg, = (¢|V]¢), the first two coefficients can be

expressed as
1

€ — Cx

el = Vay Via (8.47a)

9Case (ii) can happen when V explicitly breaks a symmetry of the unperturbed Hamiltonian, and
(iii) is the hallmark of an unbroken symmetry /integrability, e.g. a boson or fermion perturbed by a mass

term ¢ or ).
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and
1 1 1
3=, v, Vo — Vo - Vap ——— V,
€& ) 61[} e, [02o) €¢ e, da Vo a) (ew — 6*)2 Yo
1 1 1
— V. Vi Voo - (8.47b
a¢e¢—e* W32}/3—1)0[ B¢e¢—e* dor ( )

In both (8.47a) and (8.47b) sums over intermediate states are implicit: sums over ¥, ¢
run over all states outside of 2, whereas the sum over 3 runs over all states in & except
)

the state |a) itself. As a matter of fact, the second-order energy es’ can be extracted
from the connected correlation function

ga2(1) = (a|V(1)V(0)]a) — (a]V]a)? (8.48)

exactly like in the case of non-degenerate quantum mechanics. However, the term in the
second line of (8.47b) appearing in the second line of the third-order energy (8.47b) is
qualitatively different. For one, it features four insertions of the matrix V', hence 6&3) is at
best related to a four-point function of V(1) inside the state |a)). More importantly, one
of the factors appearing on the second line of (8.47b) has 1/(vg — v,) as a denominator.
Such a denominator cannot arise from a correlation function of V(7) in the interaction
picture, obeying 0,V (1) = [Hop, V(7)]. We conclude that in general, the e cannot be
expressed in terms of connected correlators of V(7).

Nevertheless, it appears that the prescription (8.1) correctly predicts the spectra of AdS
theories with degenerate unperturbed spectra. It is not difficult to check the prescription
up to low orders in perturbation theory (for example in the case of a massive scalar
with integer A).1 In section 10.4, the ¢ deformation of the 2d Ising model is studied;
it is again degenerate at zero coupling, but its degeneracies are partially resolved at
finite coupling. This RG flow is studied using Hamiltonian truncation, and the results
agree well with analytic predictions (up to truncation errors), see figure 10.10. The
other Virasoro theories featured in this work also have denegeracies, but since they aren’t
exactly solvable, one cannot explicitly check the prescription (8.1) a posteriori.

In summary, there is no reason to doubt that the prescription (8.1) predicts correct spectra
for the case of degenerate AdS spectra, but we have not found a simple modification of
the proof from the non-degenerate case. We leave this problem open for future work.!!

0For generic A, the degeneracies present in the spectrum spectrum of the free massive scalar theory
persist when a ¢? interaction is turned on. When A is an integer there are additional degeneracies that
are lifted by a ¢? deformation.

11 the presence of degeneracies, it is tantalizing to split the Hamiltonian H = Ho + AV into two
pieces as H = Ho + AV, where Hy = Ho + APVP and V = V — PVP, where P projects onto a degenerate
subspace. The new unperturbed Hamiltonian Hy is now non-degenerate when A # 0. One can try to
rederive the prescription by treating V as a perturbation instead of V.
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8.7 Truncation errors

In the previous sections, we have discussed in detail a procedure that is needed to study
AdS Hamiltonians using a hard energy cutoff. In particular, we showed that the standard
TCSA prescription — fixing a cutoff A and subtracting the Casimir energy — predicts
wrong energy spectra. Given the correct prescription (8.1), Hamiltonian truncation in
AdS is still an approximation, since one necessarily works at some finite cutoff A. In this
section, we estimate the error on the energy levels due to this truncation, comparing the
situation in AdS to the better-understood problem of Hamiltonian truncation on finite
volume spaces.

The basic result we will work towards is closely related to the discussion from section 8.4
and its generalization to higher orders in perturbation theory from section 8.5. Concretely,
let’s consider the second-order contribution of some interaction AV to the i-th energy
level, working at cutoff A:

Agl (A) = 5@ (A) - gvac (A - ei)

=e; + Mi|V]i) + i(—l)"“X”Aci,n(A) : (8.49a)

n=2

where the first cutoff-dependent term is given by

A da
ACZ'Q(A) = / ) Api,g(a - 61') . (849]3)
o — €
Here, we use the definition (8.28) for the shifted spectral density Ap;2(«). Likewise,
the higher-order coefficients Ac;,,(A) can be expressed in terms of spectral densities
Ap;»(d). In contrast to the previous sections, here we no longer consider a spatial cutoff
e, working in full AdSy with € = 0 throughout. In an otherwise UV-finite theory, the
energy gap A&;(A) has a finite limit as A — oo, so the cutoff error is given by tails of
spectral integrals:

Api’g(a — ei) + 0(5\3) (8.50)

— [ da

cutoff error = A&;(00) — A&;(A) = =\

A O~ &
If we can bound integrals like (8.50), we immediately obtain the desired error estimates
for energy gaps in AdSo. But this is precisely what we did in section 8.4, using the crucial
eq. (8.36). Recall that this equation follows from considering the leading non-trivial
contribution to the OPE of figure 8.5, coming from a boundary operator ¥(7) of dimension
A,. We should expect the bound to be saturated, generically, and therefore we obtain an

error of the order
Ci

A—oo AB«—1 T

In light of the discussion in section 8.5, we expect eq. (8.51) to be true at all orders in

A&(oo) - Agz(l\) (8.51)
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X. The state-dependent coefficient ¢;(\) encodes the large-a asymptotics of the densities
Ap;,(a). For instance, eq. (9.21) gives ¢, the coefficient of the first excited state for
a free massive boson, at second order in perturbation theory. More generally, ¢; can be
determined in perturbation theory following the computations of appendix H.2 — see in
particular formula (H.31). For later reference, we mention that ¢; is proportional to the
boundary OPE coefficient Co,0,w (up to a number that depends on V and ¥ but not on
the state |i)), where O;(7) is the boundary operator corresponding to the state |3).

Now, by assumption there are no boundary states of dimension < 1 — otherwise, the
Hamiltonian is IR-divergent to begin with — hence error terms of the form (8.51) always
vanish as the cutoff is removed, but when the exponent A, — 1 is small, they can be
important. In particular, the identity module in Virasoro minimal models in AdSs contains
a state with A, = 2 that describes the displacement operator, leading to a 1/A error.
For theories of massive particles in the bulk of AdS, the dimension A, of the leading
boundary state depends on the particle’s mass (in units of the AdS radius): the heavier
the bulk particle is taken to be, the smaller the error (8.51) will be.

We stress that eq. (8.51) is true asymptotically, that is to say for A bigger than some
cutoff scale Ay which is a priori unknown. In particular, if Hamiltonian truncation
computations only probe cutoffs below Ag, the formula in question does not necessarily
predict the order of magnitude of actual cutoff errors. Nonetheless, the formula (8.51) is
consistent with all of the computations performed in the present work.

It is natural to ask whether the error (8.51) can be removed by adding so-called im-
provement terms to the Hamiltonian. These would be proportional to either boundary
or (integrated) bulk operators, with cutoff-dependent coefficients that vanish as A — oo,
and their role would be precisely to cancel large truncation errors in observables. Indeed,
since ¢; only depends on the state |i) through the OPE coefficient Cp,0,w, it should be
possible to remove the error (8.51) by adding a term to the Hamiltonian of the form
32

HHH"‘%W(T:O)_’_... (8.52)
for some computable coefficient y. As follows from eq. (H.31), the coefficient &y is
theory-dependent: it’s related to the integrated bulk-bulk-boundary correlator (VVW),
which is not fixed by conformal symmetry alone. We have not undertaken this exercise in
the present work, but it looks like an important step to take with the goal of performing
high-precision Hamiltonian truncation computations in the future, especially in the case

of Virasoro minimal models.

As we emphasized, eq. (8.51) captures the contribution of the bundary of AdS to the
truncation error. However, the large o behavior of the spectral density is also influenced
by bulk contributions. Equivalently, the bulk OPE contributes non-analytic terms in 7 to
the correlation functions (8.15). Let us focus again on the second order in perturbation
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theory. The singularities in question are in one-to-one correspondence with operators
appearing in the V x V OPE (taking the UV theory to be conformal for concreteness).
Indeed, suppose that V x V contains an operator V of dimension Ap. Then, as discussed
in appendix H.2 — see in particular eq. (H.42) — the subtracted two-point function of the
potential is expected to receive at small 7 a contribution of the following kind:

GV (T)V(0)[)eonn — (QV(T)V (0)|Qeonn_~ 7' 22V FEV (8.53)
Such terms have nothing to do with the geometry of AdS: they are also present if one
quantizes the same theory on the cylinder R x S*, see for example [40]. When eq. (8.53)
gives the leading small 7 behavior, the energy gaps have errors that go as

A& (0) — AE;(A) ol %, h=Ap—2Ay+2 (8.54)
for some coefficient d; which is proportional to the matrix element (i|V(r = 0,r)|q),
integrated over a timeslice. Here the exponent A only depends on the UV properties of
the theory: it does not depend on the choice of boundary conditions, for instance. By
definition, h > 0 in a UV-finite theory, as is the case for all theories discussed in the
present work, so errors of the above type vanish as the cutoff is removed. Nevertheless, a
word of caution is in order about eq. (8.53): boundary effects might modify it when the
integral of (i|V]i) over a time slice diverges. In appendix H.2, the precise conditions are
discussed. In the rest of the work, the bulk OPE will cause the leading truncation error
only for the ¢* deformation of a free massive scalar, see section 9.2. In that case, this
boundary enhancement does not take place.?

Truncation errors coming from bulk singularities can also be removed by adding local

counterterms to the Hamiltonian, i.e. by modifying H as follows:

co N2 [T/? dr -~
Hw— H+ Y =0 8.55
By /_ T V=0 (8.55)

for some computable coefficient cy,. For CFTs quantized on R x S4=1 these counterterms
were discussed in detail in [40] (and in the d = 2 case before in [164] and [165]). A detailed
discussion for the massive scalar on R x S is presented in [41] and related works [166-168].
In this thesis, we will not actually add improvement terms of the form (8.55), so we will
not discuss Hamiltonians of the above form in detail. The computation of the coefficient
¢y would go along the same lines as computations from the literature, apart from an
integration over an (infinite-volume) timeslice of AdSs, contrasting with the computation
on St from [166].13

12However, when h is integer, h = 2 in this case, the scaling (8.54) is typically enhanced by logarithms,
and in fact we will find the error to go as In(A)/A%.

3The computation on S* is simpler for an additional reason, namely the U (1) global symmetry that
acts by translations on the spatial circle, which is absent in AdS.
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scalar

After the general discussion of Hamiltonian truncation in the previous chapters, we will
now turn to a concrete quantum field theory: a massive scalar ¢, described by the action:

1 1
S = /d%;\/g <2(8u¢)2 + §m2¢2 + gR¢2 + local interactions) , (9.1)

where R = —2/R? is the scalar curvature of AdSz. The curvature coupling « is arbitrary,
but since the curvature is constant, any shift in £ can be reabsorbed into the definition of
m?, and henceforth we will set K = 0. The free theory was briefly treated in section 8.1;
here we will discuss the quantization in slightly more detail. We recall that ¢(7,r) has a
mode decomposition

oo
$(1=0,r) = fulr)(a, +a}) (9.2)
n=0
with creation and annihilation operators that obey canonical commutation relations
[ GIL] = Omn - (9.3)

The mode functions f,(r) are given by

A n.
falr) = \/ % gzég \/ a A')n (cosT)2 C2(sinr) . (9.4)

Here A is a positive root of A(A—1) = m?R? and C%(-) denotes a Gegenbauer polynomial.
The free Hamiltonian Hy is given in (8.3), and from it we can deduce that the n-th mode
ail has energy A + n.

As a consistency check of the above, we find that the Green’s function of the field ¢ is
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Chapter 9. Deformations of a free massive scalar

given by

2
QUTo(r, )b 1)) = - (D) e-a PH[A,A w_1

47 T(24) 2A J = G(S) (9:5)

where ¢ is the cross ratio from Eq. (7.8). This result could also have been derived directly,
by looking for SL(2,R)-invariant solutions of the equation of motion with the correct

boundary conditions.

In what follows, we will analyze the scalar theory in AdSs with the following interaction
terms turned on:

S:&+A%m&+aﬁ+m) (9.6)

where the ... can denote any local bulk interaction (not necessarily Zs-even, and possibly
containing derivatives). In the Hamiltonian language, these interactions read

H=Hy+ Vo +MVi+... (9.7)
where!
Ap =M R? and V= /dT " (T=0,7):. (9.8)
(cosr)? ’

The operators H, V,, etc. act on the Hilbert space of the free theory, which is the Fock
space generated by the modes {a:rz}%ozo. Its states can be labeled as follows

0= TL@m™ 12, My =TT, m!- 99

1¥) k>0

The factor ./\/w) has been chosen to make such a state unit-normalized. A state of the
form (9.9) has energy

Ho ) = ejgy [0), ey =D ne(A+k) . (9.10)
k>0

In Hamiltonian truncation, we keep only states with energy e < A below a cutoff A. Since
the spectrum of Hy is discrete, this means that H becomes a finite matrix, denoted by
H(A). If we let {|1;)} be a basis of low-energy states, then the matrix elements of H(A)
have the following form:

H(A)ij = (il Holwbj) + Ao (il Valby) + ... = ey 0ij + Ao (W] Valby) + . .. (9.11)

Finally, the spectrum of H can be approximated by explicitly diagonalizing H(A) for
sufficiently large values of A. We will explore this for both a ¢? and a ¢* deformation in
the next sections.

!Here normal ordering simply means moving annihilation operators to the right, e.g. :a{alag L= a;aial.
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9.1 ¢* deformation

9.1 ¢* deformation

In this section, we study the ¢? deformation, meaning that in (9.6) we allow for an
arbitrary value of A = Ag, but all other couplings are set to zero. Since this theory is
exactly solvable, it provides a way to test the proposed diagonalization procedure in a
controlled setting. To be precise, the spectrum of the theory with A # 0 is that of a free
theory with redefined mass m? — m? + 2, or equivalently

A—>A(5\):%+\/(A—%)z+25\. (9.12)

The spectrum of the theory with coupling A # 0 consists of single-particle states with

energy A(M) + Ng — Ng being the set of non-negative integers — two-particle states with

energies 2A(A) + No (most of which are degenerate), and likewise there are n-particle
states of energy nAjy + Ny for any integer n. The energy A()) can be computed in
perturbation theory; expanding (9.12) in a Taylor series around A = 0, we find that

Rayleigh-Schrodinger perturbation theory converges if and only if

2
A < A(A) = ;<A - ;) . (9.13)

For couplings larger than A\, (A), the correct spectrum can only be computed nonpertur-
batively.

In order to set up the Hamiltonian truncation, it will be convenient to express V5 in terms
of creation and annihilation operators

Vo = Z Apn(A)(al al + 24l a, + a,,a,) , (9.14)
m,n=0
with coeflicients
/2 dr Vyn (D)
A _ _ Jmn 1
) = [ ) = R (915)

where the matrix 7#;,, is computed in appendix F.3, and we report here the result for

convenience:
0 if m + n is odd;
YD) = 4 /(M + D/ A + M)y, m < n, m+n even; (9.16)

An algorithm that can be used to compute and diagonalize H(A) is described in great
detail in appenidx I. In what follows, we will simply discuss the results of various numerical
computations. In particular, we will check whether the spectrum of H(A) reproduces the
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Chapter 9. Deformations of a free massive scalar

exact spectrum predicted by Eq. (9.12).

Before turning to the numerical results, let us comment on the role of discrete symmetries.
Both the ¢? and ¢* interactions are invariant under parity P and the Z, symmetry
Z : ¢ = —¢. The individual creation operators a}; have quantum numbers (—1)* under
parity and —1 under Z.2 Therefore, a Fock space state 1)) = |ng, n1,n2,...) has quantum
numbers

Ply) = (D)™ ), Z|)= (1)), for my=D knp, zp=) ng. (9.17)

k>0 k>0

Given these symmetries, the diagonalization of H(A) can be performed independently
in the four different sectors of Hilbert space that contain states with quantum numbers
P =41 and Z = 41. Notice that the Casimir energy is determined by the vacuum state
which has quantum numbers P = Z = +1, so this sector plays a special role. For fixed
A and fixed couplings g, . .., eigenvalues of H(A) corresponding to different symmetry
sectors are expected to cross. However, we stress that the physical energies are not quite
the eigenvalues of H(A): the Casimir energy needs to be subtracted from the individual
levels, in accordance to the discussion in chapter 8.

Cutoff effects

As mentioned in section 8.1, one expects that the vacuum energy £q(A) grows linearly with
the cutoff A. We can check this both perturbatively (by means of a Rayleigh-Schrédinger
computation at second order in A?) and non-perturbatively, using Hamiltonian truncation.
Details for the perturbative computation are given in appendix G.3. The result of both
computations is shown in Figure 9.1. For concreteness, we take the single-particle energy
in the free theory to be A = 1.62.3 For the nonperturbative plot on the right hand side
we have set A = 2, beyond the radius of convergence of perturbation theory (9.13). By
eye, the linear growth of £(A) ot A can easily be seen in both cases.

Next, we can study the energy shift of the first excited state |y) = ag |©2). From (9.12),
we see that

_ - 4
2 3 —
= A7+ 0(\7), Cy = GA_1) (9.18)

Ay(A)=A+

W=kt
We can first of all reproduce this result analytically, using Rayleigh-Schrédinger pertur-
bation theory. This involves computing the difference g, (7) of the connected two-point
correlators of V5 inside the state |x) and the vacuum. For details, we refer to Appendix G;
the exact function g, (7) is spelled out in eq. (G.68). Integrating this correlator over 7

2For the V5 interaction, parity invariance follows from the fact that the coefficients Ay,n(A) from (9.15)
vanish if m + n is odd.
3This corresponds to a mass m*R? = A(A — 1) & 1, so a mass ~ 1 in units of the AdS radius.
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A =1.62, R ~ 0.316 (A = 0.1) A =1.62, R~ 141 (A =2)

-0.5
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— Second Order PT — Linear Fit
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Figure 9.1: The vacuum energy linear growth in cutoff. The left plot shows the agreement
of the data with second order perturbation theory. The right plot shows the linear growth
beyond perturbation theory (A = 2). R is the radius of AdS in units of the coupling, as
defined in eq. (7.24).

reproduces the exact result, as it should. At small 7, the function g, (7) behaves as

2 _
Gu(1) - P28

lytic + O(72271). 9.19
50 T (A L)sin(2rA) amalytic + O(r™=) (9.19)

While a logarithmic singularity appears for integer A, here we will assume for simplicity
that A is generic (and A > 1). The expression (9.19) can be used to deduce the large-A
behavior of Hamiltonian truncation. Indeed, the Laplace transform of g, (7) must behave
as

r(2A _ A
Arx(a) a:oo(A(_l))gal B ()= [Tt A () (00)
2

so the cutoff error can be estimated to be

2 [T da F(2A —1) X2
i A ~ : 21
A /A A Anla) ~ (A Ip A (9.21)

This convergence rate is in complete agreement with the discussion from section 8.7, since
the lowest-dimension boundary state that can be generated is the two-particle state with

dimension 2A. We therefore predict that at finite cutoff A, we measure an energy gap

A - rea—-1) 1 -
AE, = —)\? — o?
X €x + A — % <CX (A - %)2 A2A71 + ) + ( )

(9.22)

_ 0. _
~ 1.62 4 0.893) — \? <0.356 — % +.. > +O0(A%)

plugging in A = 1.62 when passing from the first to the second line.

In the left plot of figure 9.2, we compare Eq. (9.22) to Hamiltonian truncation data,
setting A = 0.1 such that terms of order A* and higher are subleading. We find excellent
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Chapter 9. Deformations of a free massive scalar

agreement between the numerical results and the analytical prediction (9.22). This
agreement relies crucially on the prescription (8.1): without the correct subtraction of the
Casimir energy, there would be a mismatch of order O(1) x A%, The second excited state
is the first SL(2,R) descendent of |x), namely |x') = aJ{ |2), which in the full theory has
energy A&, = A&, + 1: we will come back to this state in the next paragraph. After
that, the third excitated state is (azr])2 |2), which describes two particles at rest. In the
right plot of figure 9.2, we compare Hamiltonian truncation data for this state to the

exact result AE = 2A(N).

A =1.62, R~ 0.316 (A = 0.1) A =162, R~ 0.316 (A = 0.1)
1.x107'F 5 : | . d
> . . Data
5.x 1075} Data ] 1x 104
* 281 s
— second order PT — 1/A Fit
B : B
g . § 5.x107%
4] =
I I
| 1.x107% I
5 S
5.x 1070 BRI 1 Lx107%
. . . . . 5.x 107
10 15 20 25 30 10 15 20 25 30
A A

Figure 9.2: Log—log plot of Hamiltonian truncation deviation from the exact value as a
function of the cutoff A for coupling A = 0.1. The left plot shows the convergence for the
first excited state with the blue line equal to —\? %2822 extracted from eq. (9.22). The
right plot shows the convergence for the third excited state corresponding to a state with
two particles at rest. The blue line is a single parameter fit 1557.

An additional test of the truncation procedure involves computing differences of energies
between a primary state and its descendants. As a consequence of SL(2,R) invariance,
such differences must be exactly integer. However, the truncation breaks the SL(2,R)
symmetry, which can only be recovered in the continuum A — co. We expect that the
energy of the second state in the spectrum |x') = a{ |2) scales as

AE(A) = AE(A) ~ 1+ a2

~ AT (9.23)

for some power b > 0 and some coefficient a. In figure 9.3, we check this prediction
numerically for different values of the coupling A. Both for small (A = 0.1) and large
(A = 2) values of the coupling, we observe that SL(2,R) is restored in the continuum;
however, the plots show that this phenomenon is slower for the larger values of the
coupling. In passing, let us mention that it would be interesting to predict the coefficients
a, b appearing in (9.23), by analyzing the SL(2,R) breaking directly. We have not studied
this problem in more detail in the present work.
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A =1.62, R~ 0.316 (A = 0.1) A=1.62 R~1.41 (A =2)
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Figure 9.3: Difference of energies between the first primary state |y) and its first descen-
dant, verifying that the SL(2,R) spacetime symmetry of AdS is restored in the continuum
limit A — oo.

Spectrum

So far, we have checked in some examples that with the prescription (8.1), Hamiltonian
truncation in AdS agrees with exact results in the limit where the cutoff A is sent to infinity.
At this point, we can be more systematic and compute the first six energy levels of the ¢?
theory for a range of couplings, once more comparing the numerical data to exact results.
The results are shown in figure 9.4. Dots correspond to Hamiltonian truncation data; the
solid curves are the exact values. This plot probes couplings beyond the perturbation
theory radius of convergence A\.(A), which for A = 1.62 equals \.(1.62) ~ 0.63. To show
the breakdown of perturbation theory, we have in addition plotted the energy of the state
|x) computed up to order A? (shown in red) resp. A> (green) in perturbation theory; it is
clear that these perturbative curves deviate from the exact levels when A > A\(A). In
contrast, the Hamiltonian truncation data agrees with the exact data within error bars
also for larger values of . Finally, we want to mention that differences between energies
are indeed approximately integer, in accordance with SL(2,R) symmetry.

In figure 9.4, we notice crossings between one- and two-particle states, shown in black resp.
blue. These states have different quantum numbers: one-particle states have Z = —1,
whereas the blue curves have Z = 1. Therefore, there is no level repulsion even at finite
cutoff.

The data points in the above plot are extracted from “raw” Hamiltonian truncation data,
computed at some finite cutoff A, by extrapolating to A = co. Let us explain in some
detail the procedure that is used to go from unprocessed eigenvalues to these extrapolated
data with error bars. For the n-th excited state A&,, we gather a sequence of energies
{AE(A) | A < Apmax} by varying the cutoff A, going up to some maximal cutoff Apyax.

149



Chapter 9. Deformations of a free massive scalar

A =1.62

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Figure 9.4: Spectrum of the first six excited energies in the ¢? theory with A = 1.62.
Dots with error bars: Hamiltonian truncation data. Black and blue solid curves represent
the exact spectrum; the red and green dashed lines are exact results for the first level,
truncated to second resp. third order in perturbation theory. The black curves are the
one-particle state |x) and its first three descendants; the blue curves are the two-particle
state (ag)2 |©2) and its first descendant.

We then fit this sequence to the function

bn (Amax)

A& (M| Amax) & an(Amax) + —5r—7

(9.24)
which gives an optimal value of a,(Apax), the energy in the limit A — oco. There are two
sources of error associated to this procedure:

e For a given cutoff Apay, the truncation data don’t exactly match the fit (9.24). This
is the usual x? or goodness-of-fit error, caused by the fact that we are only taking
the leading cutoff error 1/A?2~1 into account. The size of this error can be extracted
from the ParameterTable option of NonLinearModelFit in Mathematica.

e The restriction to cutoffs up to Apax is arbitrary: if we changed Apax by one or
several units, the fit procedure would lead to a different extrapolated energy a,.
By computing a,, for a range of maximal cutoffs Ay ax, We can obtain an estimate
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9.2 ¢* flow

for the uncertainty associated to this phenomenon.

The total error bar we assign to an energy &, is the sum of these uncertainties.

9.2 ¢* flow

So far, we have discussed in detail Hamiltonian truncation result for the ¢? flow in AdSs.
This flow is exactly solvable, so it provided a good laboratory to test the prescription (8.1).
It is of course more interesting to study flows that are not exactly solvable, like the
#* interaction. To be precise, we will consider Hamiltonians of the form (9.7) with
A1 # 0. The two-dimensional ¢* flow has already been studied in detail using Hamiltonian
truncation, but on R x S! (see [41, 166, 169, 168]): here we will explore the same QFT,
but defined in AdS, instead of the cylinder.

Let us briefly discuss the physics to be expected as a function of the bare quartic coupling
A4 and the bare mass m?. On R?, the theory displays spontaneous symmetry breaking
(SSB): if the dimensionless ratio m?/)\, is sufficiently large, the vacuum is Z-invariant,
but below some critical value the field ¢ obtains a VEV and the ¢ — —¢ symmetry is
broken.* The transition between both phases is continuous and describes the 2d Ising
universality class. All of these effects have previously been observed in Hamiltonian
truncation on R x S', which is Weyl-equivalent to R?. Away from this critical value, the
mass gap is finite.

What is the fate of the phase transition in AdS? At finite radius, the physics depends
now on the two dimensionless couplings m?R? and A\4.°> As discussed in section 7.5, SSB
happens in AdS in a way analogous to flat space, up to boundary effects which might
make the false vacuum stable. Therefore, in the limit where m2R2, Ay — 400 with fixed
ratio, the physics ought to be the same as in flat space. In this thesis, we mainly focus
on testing this hypothesis. However, it is worth asking about the general features of the
phase diagram in the (m2R?, \4) plane. In particular, does the line of phase separation
extend all the way to Ay = 07 Is the phase transition continuous? Is it described by the
2d Ising CFT in AdS? As we shall see below, it is not easy to tackle these questions with
Hamiltonian truncation, so we will leave most of them open to future work. Nevertheless,
we can at least gather some information from the weak coupling side, A\s < 1. In this
limit, we can trust the semi-classical analysis of appendix J.1. In particular, let us recall
that the line Ay = 0, m?R? > —1/4, with Z» preserving boundary conditions, belongs
to the symmetric phase. We expect therefore the line of phase transition to obey the
equation m?R% = —1/4+ O(\4). This answers in the negative two of the above questions.

4The critical value of m? /A4 is of course scheme-dependent.

®In this initial discussion, we absorb Az in m?R?. The distinction will become relevant in the next
paragraph, where A2 will be chosen as a specific finite counterterm, to make the comparison to flat space
easier.
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At the phase transition, the expectation value of ¢ jumps from zero to a finite value:
i.e. the phase transition is discontinuous. Furthermore, as Ay — 0, the spectrum is
continuously connected to the one of a free boson with A =1/2, while, as we shall recall
in section 10.3, the Ising CFT is described by a free fermion.

Fixing the ¢? counterterm

We are most of all interested in the flat-space limit R — 0o, keeping the bare couplings
A2 and A4 fixed. Any “RG trajectory” (i.e. a sequence of spectra for a range of radii R)
therefore depends on the ratio A2 /A4 and in addition on the UV scaling dimension A of
the single-particle state (or equivalently on its mass m? = A(A — 1)/R?). Note that the
Hamiltonian is normal-ordered at fixed radius R. Therefore a trajectory of the form

H=Hy+ > Vi, Ao, Mg fixed (9.25)
k=24

does not describe a good RG trajectory: the normal-ordering counterterms implicit
in (9.25) are not the same as those in flat space, as has been explained in [41]. Instead,
we should use a Hamiltonian of the form

H = Hy + AV + 62(A) AV (9.26)

omitting terms proportional to the identity operator, since the Casimir energy is not
observable in AdS. We can compute the coefficient z(A) by adapting the derivation from
reference [41]. First, we notice that in flat space, the local operators ¢? and ¢* are
normal-ordered as follows

DA = @7 — Zp, i = ¢ —62Za0% + 323 (9.27)
where Za formally denotes the contraction

Za = Jim [B(X)6(Y) —:6(X)6(Y)1] = lim (6(X)6(Y))r (9.28)
Y—=X Y—=X
keeping the dependence of the correlator on the AdS radius explicit. This expression is
formal, since the limit ¥ — X diverges. However, the difference of Z measured at two
different radii is physical. For instance, we can compare the theory at a given R to the
same QFT quantized in the flat-space limit R = co. This leads to

2(A)=ZA — Zoo =

T on

<_; log A(A — 1) + ¢(A)> (9.29)

where 1(+) is the digamma function. This completely fixes the Hamiltonian (9.26).
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9.2 ¢* flow

Convergence estimates

Before we turn to numerical computations, let us first of all discuss the convergence rate,
that is to say the error due to working at finite cutoff A. Although in the previous section
we fixed a specific ¢? counterterm, let us for now consider the general Hamiltonian (9.25)

H = Hy+ X Vo + M\ V. (9.30)

For definiteness, let us focus on the leading energy shift of the first excited state |x) = ag) |0),
although much of the discussion does not depend sensitively on the choice of state. In
Rayleigh-Schrédinger perturbation theory, we have

AE (N2, Ag) = A+ Ao —W X2 —24- 20 —B- )\ +... (9.31)

2A —1
subtracting the Casimir energy and omitting terms of cubic and higher order in pertur-
bation theory. The coefficients W, A and B depend on A, and importantly they are
sensitive to the cutoff A, although they should have a finite limit as A — oco. We have
already encountered the W-term in section 9.1, and found that it evaluates to

4 1
W) = Ga 5 + O<A2A_1> . (9.32)

The coefficients A and B cannot be calculated in closed form, but they can be obtained
as integrals over AdS:

A= - = - )
/O dr A(r) and B /0 dr B(r) (9.33)
where
oy [P drdr! " "2
Al =2 i ol G ) (9.342)

B(1) = 192 cosh(AT) /W/Z drid?“’ fo(r) fo(r') G(&(T,m,7))3. (9.34b)
_n/2(cosrcosr’)? T

The expressions were obtained by evaluating connected two-point correlation functions of
Vo and Vj inside the state |x), and subtracting the same correlator inside the vacuum
state. In particular, G(§) was defined in eq. (9.5), and the cross ratio £ of eq. (7.8) is
evaluated at 7/ = 0. Let pa(«) and pg(«) be the spectral densities associated to A(T)
resp. B(7), that is to say

A(r) = /O ~da pala)e (@7 (9.35)

and likewise for B(7). We can likewise associate a spectral density py () to the diagram
W — in fact, pw () is exactly identical to Ap, (a) from (9.20). The total cutoff error is
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then

o0
d _ o _
—/ aA [ow (@) - A2+ 2p4() - Aody + pp(a) - /\Z] + subleading in pert. theory.
A O
(9.36)
If A is large, this error term is controlled by the asymptotic behavior of the densities
pw(a), pa(a) and pp(a). We have already seen that py(a) ~ 1/a?271. We will see
a—0o0
that for A > 3/2, the error will be dominated by the other two terms. Indeed, we claim
that

pa(e) ~ 1/a*> and pg(a) a:wln(a)/a2. (9.37)

a—00

Numerical evidence for this claim is presented in figure 9.5. If this claim holds, then the
total error term is of the order of

error term = (264 - MoAs +ep - A] + e A InA) (9.38)

i +...
for some coefficients €4, ep and /5, omitting terms subleading in A and in perturbation
theory. The leading large-a behavior of the diagrams A and B is due to bulk effects,
contrary to the diagram W which was due to a contribution close to the boundary. Indeed,
the same scaling has been observed on the cylinder R x St [41].

To make (9.38) precise, it makes sense to estimate the large-a asymptotics of p4 and
pp directly — or equivalently, the small-7 asymptotics of A(7) and B(7). We can do so
following the example of reference [41]. In particular, we choose to study dA(7)/dr and
dB(7)/dr instead of A(7) and B(7), and we replace the bulk-bulk propagator G(&) by its
Taylor series in the short-distance limit, to wit

€+ 295 + 20(A)

G(&) ~ = (9.39)
dropping analytic terms that vanish as ¢ — 0. This yields
24(A —1)
pale) a?r(2A —3)2A — 1)’ (9.40a)
144(A — 1) 2 X
() N A —sea 1) PO T Aoy TYA ) A

(9.40Db)

These formulas make precise the scaling predicted by (9.37). At the same time, we
can compute the densities pg p(a) directly for finite values of «, by expanding the
integrals (9.34) around large 7. In figure 9.5, the asymptotic formulas are compared to
these exact results for A = 2,2.5 and 4, finding good agreement.

Let us make two comments about egs. (9.40). For one, both densities have a pole at
A = 3/2. This is due to the truncation (9.39), which leads to additional divergences
close to the boundary of AdS — yet the full correlators A(7) and B(7) are integrable
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Figure 9.5: Left: the spectral density p4(c) multiplied by o2, for A = 2 (purple), A = 2.5
(green) and A = 4 (red), averaged over intervals [a — 2, a + 2] (since the densities have
delta function support). The horizontal dashed lines are the large-a predictions from
formula (9.40). Right: the same plot for the spectral density pp(«), plus comparison to
the asymptotic formula (9.40) (dashed).

for dimensions A > 1, where eq. (7.14) holds. Second, the asymptotic density shown for
pp(a) can become negative for small values of a; for instance for A = 1.62, the terms
shown are only positive for o 2 43. However, it can be shown that the full density pp(«)
is manifestly positive. This means that the asymptotic formula (9.40) is not necessarily a
good approximation to the actual density pp(«) for values of « that can be realized in
Hamiltonian truncation (say a < 25 — 40), at least for small values of A. Nevertheless,
figure 9.5 shows that for sufficiently large «, the scaling behavior (9.37) is observed.

Let us finally compare this asymptotic prediction from second-order perturbation theory
to Hamiltonian truncation data. It follows from the above discussion that the truncation
error of the ¢* Hamiltonian should be of the order of In(A)/A2, at least at second order in
the coupling®. We can thus fix the V5 counterterm according to section 9.2 and diagonalize
the Hamiltonian H for finite values of the cutoff A, computing the first excitated energy
level non-perturbatively using the presription (8.1). The results of this procedure are
shown in figure 9.6. As expected, we observe that the truncation data converge to a
constant in the limit A — oo, and we see that the truncation error goes to zero as
In(A)/A2.

Evidence for a phase transition

As we already discussed, we expect that the ¢* theory in AdS, exhibits sponteanous
symmetry breaking, just as in flat space. Already in finite volume, working on R x S*
where the S! has length L, truncation methods were used to study this transition [41]. In
that work, the bare mass m? was fixed, and for fixed but large mL > O(few) the authors

SWe don’t expect higher-order diagrams to be more UV-sensitive.
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A =1.62, R~ 0.447 (A = 0.2) A =162 Rx141(A=2)
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Figure 9.6: Hamiltonian truncation data for the energy shift of the state |y) due to the
¢* Hamiltonian (9.26) with A = 1.62, for a range of cutoffs up to A = 30. The left
(right) plot corresponds to quartic coupling A = 0.2 (A = 2). Blue curve: fit of the form
u —vIn(A)/A?, with the asymptotic value u shown as a horizontal dotted line.

scanned over the quartic coupling A\y. For A4 sufficiently small and positive bare mass,
the system is in the unbroken phase. In this phase, the energy gap of the theory, closes
continuously as A4 is increased to its critical value. For A4 larger than its critical value

the system is in the broken phase.

Here we can attempt to do the same thing: we can fix the bare mass m? and scan over
the dimensionless coupling A/m?. Since we want to be close to the flat-space limit, we
need to make sure that R is large compared to m?, or in other words that the UV scaling
dimension A is sufficiently large. To connect the notation used so far, this means that we
fix A > O(few) and scan over the dimensionless coupling A\/(m?R?) = \/[A(A —1)] =: x.
For any value of A and x, we can measure the mass gap. The resulting curves AE(x, A)
will depend on A, but if there is any universal flat-space physics, they should have a
well-defined limit as A — oco. The limiting curve A& (x,o0) should exhibit a gap that
closes in accordance with the critical exponents of the Ising universality class, and as a
matter of principle one should be able to read off the Ising BCFT spectrum. In fact, we
expect that the gap AE closes at the same critical coupling as in flat space.

In figure 9.7, we plot precisely these curves AE(x, A). As always, we subtract the Casimir
energy according to (8.1), and we divide the mass gap by A such that we can compare
curves of different UV dimensions A. On the z-axis, we vary the dimensionless quartic
coupling x = A/[A(A — 1)]. The plot provides evidence that the curves AE(x, A) indeed
have a finite limit as A — oo, although we cannot increase A further than A ~ 10 for
computational reasons. Semi-quantitatively, the plot is consistent with a critical coupling
of the order of \/m? ~ 3. Numerically, the convergence rate decreases rapidly for large
couplings: this can be seen for example by the large error bars appearing in figure 9.7.
Therefore, analyzing the phase transion in more detail is not feasible in the current set-up,
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9.2 ¢* flow

even by going to rather large cutoffs with ~ 5 - 10* states.

The prescription (8.1) does not always lead to positive energies, contrary to differences of
energies of a Hamiltonian, which are positive by construction. The value of e.g. the first
excited state & (A) — Eq(A — A) can indeed be negative, as seems to happen to points
with large couplings in figure 9.7. This would indicate that the vacuum exchanges roles
with an excited state (which has different quantum numbers!). However, we stress that
for the data points in question, the error bars are very significant, and it is not excluded
that the true energy in the limit A — oo is in fact slightly positive. For this reason, and
to avoid clutter, we have not shown any points with a seemingly negative energy. In
appendix J.2, we study an inverted harmonic oscillator with Hamiltonian truncation to
illustrate how the states in the broken phase are expected to have a large overlap with
unperturbed states close to the cutoff.

M(A(A -1))

Figure 9.7: Mass gap of the ¢* Hamiltonian (9.26) for a range of quartic couplings A
(x-axis), for a different set of UV scaling dimensions A (different curves, see legend).
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8] Deformations of conformal field
theories

In this chapter, the unperturbed Hamiltonian corresponds to a conformal field theory in
AdS. The deformation is triggered by a relevant operator. We shall focus, in particular,
on the simplest two dimensional CFTs, i.e. the Lee-Yang and the Ising models. Since
AdS is conformally flat, a CFT placed in AdS is equivalent to a CFT in the presence of a
flat boundary. More precisely, the equivalence is true if the boundary conditions preserve
the Weyl invariance of the bulk. This setup is usually referred to as a boundary conformal
field theory (BCFT) [170]. Since the subgroup of the conformal group preserved by a flat
boundary coincides with the isometries of AdS, any CFT placed in AdS with isometry
preserving boundary conditions will be related to a BCFT by a Weyl transformation.

In this chapter, we adopt the usual 2d CFT convention, reserving the name primaries
for the Virasoro primaries. On the other hand, the SL(2,R) primaries will be sometimes
denoted as quasiprimaries.

10.1 Virasoro minimal models and their deformations in
AdS,

We begin with a reminder of the basics of minimal models [171] in the presence of a
boundary, before moving on to AdS. A detailed exposition can be found in the original
references [170, 172-175|, in chapter 11 of [48|, or in the dedicated book [176]. A flat
boundary preserves a single copy of the Virasoro algebra, whose generators L,, n € Z
obey the usual commutation relation

C
(Lo, L] = (m — n)Lypyn + ﬁm(m2 — D)dmtno » (10.1)

We are assuming that conformal symmetry automatically promotes to Weyl invariance.
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Chapter 10. Deformations of conformal field theories

where c is the central charge of the 2d CFT.2 The SL(2,R) generators can be identified
with Virasoro generators as follows:

H=1IL,, P=L_, K=1L. (10.2)

The spectrum of boundary scaling operators, corresponding to the constant time slice
Hilbert space in AdS, is organized in representations of the Virasoro algebra. In the
minimal models, there are a finite number of so called Verma modules, which have a
Virasoro primary |x;) as a lowest-weight state. The primary satisfies Ly, |x;) = 0 for all
n > 1. The full Hilbert space is spanned by states of the form

L, Lon, |Xi) (10.3)

running over all Virasoro primaries |x;) and all integers ny,...,n, > 1. The SL(2,R)
primaries are those states |¥) satisying L; |¥) = 0. Under the parity transformation
P: r — —r, the Virasoro generators transform as

PL,P' = (-1)"L, (10.4)
which generalizes eq. (7.7).

Given a minimal model, the set of consistent boundary conditions is known [173, 175].
They are in one to one correspondence with the scalar Virasoro primary operators of the
CFT. In the following, we will only consider diagonal minimal models, where all primaries
are spinless. For instance, the Ising model has three Virasoro primaries: the identity,
the spin field o, the energy field e. Correspondingly, there are three conformal boundary
conditions. The boundary spectrum supported by each boundary condition is determined
as follows. Consider the fusion coefficients in the OPE

V¢ X V¢ ~ n¢¢iv7; s (10.5)

where V; and V; denote representations of the Virasoro algebra. Then, the boundary
condition labeled by ¢ supports boundary operators falling in the representations such
that n¢¢i = 0. For instance, the boundary spectrum of the o boundary condition in the
Ising model comprises the identity and the ¢ module, whose Virasoro primaries have
dimension Ag = 0 and A, = 1/2 respectively.

It is sometimes useful to map the theory to the exterior of the unit circle. In this setup,
the boundary condition generates a state in radial quantization, the so called Cardy
state, which allows for a decomposition in terms of local operators of the bulk CFT [174].
Only the operators appearing in this decomposition acquire a one-point function in the
presence of the boundary. For instance, the boundary state generated by the ¢ boundary

2A 2d CFT admits a conformal boundary only if the left and right central charges coincide, ¢ = &
[163].
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10.1 Virasoro minimal models and their deformations in AdSy

condition in the Ising model is

1) Caray = 1) = 1€)) (10.6)

where the Ishibashi states on the right hand side are a sum of left-right symmetric
descendants of the Virasoro primary, whose specific form we will not need [177]:

Lol 6 + ... (10.7)

A special boundary condition exists in all the minimal models. It is the one labeled by
the identity operator. It only supports the identity module, hence it does not allow for
relevant deformations. In the generic minimal model, denoted by M(p,q) in [48], the
identity module has two null vectors, at level 1 and (p — 1)(¢ — 1). In particular, the
non trivial null states are found at level 4 in the Lee-Yang model and at level 6 in the
Ising model. The leading boundary operator supported by the identity Cardy state is the
displacement operator [163], i.e. L_5|€), which has A = 2. This means that the rate of
convergence of TCSA in AdS cannot be faster than ~ 1/A, as explained in subsection 8.7.
The identity boundary condition corresponds to the so called extraordinary transition
in the corresponding statistical models, i.e. it breaks all the global symmetries of the
CFT. Indeed, the boundary OPE (7.13) of any bulk operator cannot be empty, and
therefore it must contain the identity module. Hence, all the bulk scalar operators acquire
a one-point function in the presence of the boundary. Although we will comment about
other boundary conditions in what follows, we shall be mainly interested in the one
labeled by the identity.

When mapping the CFT with a flat boundary to AdSs, it is important to notice that
the anomalous contribution to the stress tensor vanishes. Hence, the ground state energy
vanishes.* This is most easily checked in Poincaré coordinates. Using a pair of complex
coordinates z, Z, the metric reads

R2

Under the Weyl map from flat space, the stress tensor is in fact unchanged:
2 20 7.2 R AdS flat ¢ 2 2 flat
dSAdS =e€ dsﬂat y 0= log 17 ) Tzz = Tzz + m (820' — (820) ) = Tzz .

mz
(10.9)
It is then easy to check that the generators (10.1), obtained as modes of the stress tensor,

3Recall that |2) is the vacuum in radial quantization around a point on the defect. This quantization
scheme, which is the one relevant to the Hamiltonian truncation, should not be confused with the scheme
that gives rise to the Cardy states, as explained above.

4This should be contrasted with the BCFT on a strip, which is a finite volume system and as such
has a Casimir energy proportional to the central charge.
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Chapter 10. Deformations of conformal field theories

provide conserved quantities in AdS as well.

In what follows, we will trigger an RG flow in AdS by turning on a relevant Virasoro
scalar primary V. The relation between such operator in AdS and in flat space is

Im 2\ &Y
Vads = Wiat - (10.10)

R

One can then work out the action of the Virasoro generators on the AdS operator:

A Zn+1 _ 2n+1
(L, Vaas) = |2"110, + 2105 + 7" ((n +1)(z"+2") -2 z—zﬂ Vads -
(10.11)
As expected, the term proportional to Ay, vanishes for the SL(2,R) generators (10.2),
which simply act as diffeomorphisms. Henceforth, we drop the subscript from Vaqs, and
resume the convention set up in eq. (5). Eq. (10.11) allows to compute all the matrix
elements of the perturbing operator V between states of the kind (10.3), and hence the
matrix elements of the potential V', once the three-point functions (x;|V|x;) are known.’
Since the potential preserves the isometries of AdS, not all the matrix elements between
states belonging to the same SL(2,R) families are in fact independent. Rather, there
are recurrence relations between them, as is described in appendix F. Nevertheless these
relations do not speed up the computation of the matrix elements significantly, as we
discuss at the end of appendix I; instead, we compute all matrix elements individually in
our algorithm.

10.2 The Lee-Yang model

The Lee-Yang CFT is the diagonal modular invariant of the simplest minimal model,
denoted M(5,2) in [48]. This model was the theater where TCSA was first applied [39],
and was studied with the same technique on a strip in [154, 178]. It has central charge

22

10.12
= (10.12)

C =

and it is therefore non unitary. It contains two scalar Virasoro primaries, the identity 1
and the field V, with scaling dimensions

A1=0, Ap=-=. (10.13)

SOf course, to obtain the potential one can alternatively compute the matrix elements of Vg, in flat
space, and multiply them by the Weyl factor in eq. (10.10) before integrating on a constant time slice.

162



10.2 The Lee-Yang model

Consequently, it allows for two conformal boundary conditions®:

1/4 1/4
1L caray = <ﬁ+ 1) 1) + <\/5_ 1) V) (10.14a)

2v/5 2v/5

1/4 1/4
V)cardy = — (\/5\/% 2) |1)) + <\/5\/—g 2> V) . (10.14b)

As mentioned, we shall be primarily interested in the identity Cardy state. Eq. (10.14a)
implies that the operator V acquires a one-point function in the presence of the boundary:

\/5_1>1/4

(10.15)

(VI1)cardy = (2\/5

With the boundary state (10.14a), the partition function on the disk is not normalized to

one, rather

1/4
V5t 1) , (10.16)

2V5

where we emphasized that the same quantity gives the normalization of the vacuum

(1|11)caray = (2[2) = — <

in AdS. This normalization is irrelevant to the problem of finding the spectrum of the
Hamiltonian, and we shall find it convenient to remove this factor from our basis of states,
multiplying each one by (Q|Q)~1/2.7 Then, the expectation value of V in AdS, with unit
normalized vacuum, is

1/2
W= (oo g~ —ery () S om0

For the matrix elements of the potential to be finite, the one-point function of ¥V must be
fine tuned in the Hamiltonian. We therefore perturb the conformal fixed point with the
following coupling:

_ _ TI’/2 AV
wea [ (B ). 1019

—x/2 (cosT) ay

The theory can be studied for both signs of the coupling. The expectation from the
flow in flat space [39] is that A > 0 leads to a well defined flat space limit. This will be
confirmed by the numerics.

The Hilbert space of the model at the conformal fixed point consists of the states (10.3),
where the primary |x) = |Q2) is created by the identity operator on the boundary. The

5Tn order for the coefficients of the boundary state to be real, it is necessary to normalize the vacuum
in radial quantization around a point in the bulk as (1|1) = —1, see e.g. [178].

"The fact that this normalization is purely imaginary is not an issue. We simply define the scalar
product to be linear rather than sesquilinear, so that the vacuum is now unit normalized.
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Chapter 10. Deformations of conformal field theories

first few states and their degeneracies can be found in the following table:

A 01 2 3 4 5 6 7 8 9 10
states 101 1 11 2 2 3 3 4
sl(2) primaries 1 1 1 1 1

In the flat space limit, the Lee-Yang model flows to a massive theory, whose spectrum
includes a single stable particle. Since the flat space flow is integrable, the mass is
computable as a function of the scale set in the UV [179, 180]. Recalling that A= ARZ Ay,
we approach the flat space limit by taking R — oo after the rescaling (7,r) — (7,r)/R.
The flat space coupling is then found to be A/ay. The mass of the stable particle is
expressed in term of the coupling as follows [180]:

(AT _ gtopi2 = (DB/5T(A/5)Y
o <av> RS LN T3 (576 2.643. .. (10.19)

Plugging this relation in eq. (7.23), we obtain a prediction for the slope of the energy
levels of single particle states in the flat space limit:

Asingle particle K _ 5603 (10.20)
R R—o0 274,
a
1%
Here we used the definition of the AdS radius in units of the coupling, which in this case
reads

R=RATAv — RAY/12 | (10.21)

Eq. (10.20) is useful because it allows to estimate the finite size corrections in AdS. As
we shall see, the non unitary nature of this model hinders our ability to reach large values
of the radius within our computational limits.

Cutoff effects

As with every QFT in AdS, the vacuum energy is not observable in the continuum limit:
it diverges linearly with the cutoff A, as showcased in figure 10.1. However, we explained
in section 8.3 that the vacuum energy is computable in the Hamiltonian truncation
framework. In particular, we can compare the function £q(A) at small A with its value at
second order in perturbation theory. We recall from section 8.3 that the linear divergence
is given by

Ea(A) — C<A>2A+0(x3), c:—8/oood§arcsinh (2VEET D) F(©) . (10.22)

A—o0 ay
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10.2 The Lee-Yang model

where F(€) is the connected two-point function of the perturbation:
F(&) = R*> (V(7,1)V(0,0)) — a3, (10.23)

with the cross ratio £ defined in eq. (7.8). The correlation function is easily written as
a sum of two Virasoro blocks, corresponding to the fusion rule V x V =1+ V), see e.g.
[178]:

fo(©) —a} (10.24)

with
46 \?° 346 ¢ 16¢ \V/° 234 ¢
== (222 5 === (222 S5
fl(g) <1+§> 2141 5757571+€ ’ fV(é.) 1_'_5 2147 5757571+£
(10.25)
Performing the integration in eq. (10.22) numerically, we obtain
c=05786...,  Ea(A) — 0.5377 \2A + O(X\3) . (10.26)
—00

The left panel of figure 10.1 shows that eq. (10.26) does indeed fit the data accurately
at weak coupling. In the right panel, we see that the behavior is still linear when the
coupling is order one, as expected.

R=0.1(X~3.981 x 107%) R=11(X=1.257)

- Data
— Second Order PT

0.00035

0.00030

0.00025
§
0.00020

0.00015

0.00010

10 15 20 25 30 35 40

Figure 10.1: Vacuum energy as a function of the cutoff in the Lee-Yang model. The
black dots are the Hamiltonian truncation data: since the vacuum is parity even, the
Hamiltonian needs to be diagonalized anew only when A jumps by an even integer. In
the left plot, the solid red line is eq. (10.26). In the right plot, the solid blue line is a fit
to the data.

Since the lightest operator in the spectrum is the displacement operator, with A = 2, the
rate of convergence of the truncated spectrum to the exact values is A~! — see section 8.7.
This can be checked up to couplings of order one, as shown in figure 10.2.

On the other hand, the Lee-Yang model presents a specific obstruction to the computation
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R =0.2 (A=~0.021) R=1A=1)
- Data
2.05595,
————— Asymptotic Value 3.95
_ 1/AFit
b]) 2.05590 mr 3.90
5 5
2.05585, 315/
3.10]
10 15 20 25 30 35 40 10 15 20 25 30 35 40
A A

Figure 10.2: Energy of the first excited state in the Lee-Yang model, as a function of
the cutoff at weak and strong coupling. Notice that the first excited state is parity even,
hence again only points were A is even need to be computed. The asymptotic value is
obtained from the fit.

of the spectrum for large values of the coupling. Since the Hamiltonian is not Hermitian,
its eigenvalues are not guaranteed to be real at any finite value of the cutoff. In the
continuum limit, the spectrum is real in the flat space limit, and it is real at the conformal
fixed point. Our working hypothesis is that the Lee-Yang model is well defined in the
continuum in AdS for any value of the radius. However, for finite A the eigenvalues do
pick up an imaginary part when the radius is larger than a certain value R*. For the
vacuum energy, this can be seen in figure 10.3.

1.2 A
e 10 ° 26
1.0f 12 e 28
° 14 © 30
0.8f e 16 © 32
= e 18 34
W 0.6: © 20 ° 36
C‘? ’ o 22 ° 38
24 e 40
0.4f
0.2f
0.0t

1.150 1.155 1.160 1.165 1.170 1.175 1.180
R

Figure 10.3: Imaginary part of the vacuum energy in the Lee-Yang model as a function
of the radius of AdS, for different cutoffs.
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10.2 The Lee-Yang model

In order to provide evidence for the reality of the spectrum in AdS, we explored the
dependence of R* on the cutoff. Figure 10.4 shows that a logarithmic fit describes
reasonably well the data in our possession. If this behavior is valid at asymptotically large
values of A, the Lee-Yang model does indeed possess real energy levels in the continuum
limit. However, the computational effort to reach this regime is severe: since the number
of states grows exponentially with the cutoff, the spectrum cannot be real for a given
value R unless we include a number of states of the order ~ exp(aexp(8R)), for some

positive constants o and 5.

1.170

1.160,

15 20 25 30 35 40
A

Figure 10.4: R* is the value of the coupling beyond which the vacuum energy in the
Lee-Yang model becomes complex. The logarithmic fit is phenomenological, and the best
fitting function is R* = 1.12 + 0.01log(A). Notice that with the available range of values
for A it is hard to distinguish, for instance, between a logarithm and a power law with a
sufficiently small exponent.

The spectrum

Figure 10.5 shows the energy of the first excited state as a function of the radius of AdS.
At small radius, the slope of the curve is fixed by perturbation theory. The first excited
state starts its life as the displacement operator, with dimension A = 2, and deviates from
that value as ~ R2~2v = R'2/5_ On the other hand, at radii of order 1 in units of the
coupling, the truncation effects become big, and our extrapolation to the continuum limit
correspondingly poor. This is related to the appearance of complex energies described in
the previous subsection. Since the Hamiltonian is real, complex eigenvalues can only arise
in pairs, and the vacuum energy in particular can only become complex after colliding
with the first excited state. This is clearly visible in figure 10.5. Finally, the bulk of
the plot contains genuine non perturbative data. The extrapolation to infinite cutoff is
reliable, and the curve can be trusted. Although the energy of the first excited state is
order one, we may be tempted to recognize a region where the dependence on the radius
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Figure 10.5: Main plot: energy of the first excited state in the Lee Yang model, as a
function of the radius of AdS, for various choices of cutoff. The error bars are computed
according to the procedure explained in subsection 9.1. In the inset, the derivative of the
gap is computed discretely, by measuring the gap at two nearby values of R.

is approximately linear, see eq. (7.23). To test whether this is the case, in the inset of
figure 10.5 we plot the derivative of the energy of a few states with respect to the radius
of AdS. The curves do not show a pronounced plateau, which casts doubts on the fact
that flat space physics is already visible in the plot. A quantitative check in this direction
is provided by comparing the maximal slope of the first excited state, about ~ 1.85, with
the flat space prediction ~ 2.60 in eq. (10.20). The inset also reports the slope of the
energy levels which in the flat space limit we can tentatively associate to two and three
particle states, with all particles at rest. The peaks in this case lie at about ~ 3.5 and
~ 5.1 respectively. The ratios of these slopes to the slope of the first excited state are 1.9
and 2.8 respectively, which are not too far from the value 2 and 3 expected in the flat
space limit.®

Figure 10.6 shows the dependence of the energy of the first few excited states on the AdS

8Notice that the deviation of the energies of the multiparticle states from the sum of their constituents
is a measure of the strength of the (non gravitational) interactions, and they do not need to be of the
same order as the deviation of the energy of the single particle state from its value in the flat space limit.
For instance, in the case of a free scalar the binding energies are exactly zero for any value of the radius.
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0.0 0.2 0.4 0.6 0.8 1.0

R

Figure 10.6: Spectrum of the Lee-Yang model. All the data points are computed with
cutoff A = 40. To avoid clutter, we did not plot the extrapolated data with their error
bars, although the latter would be pretty small up to R ~ 0.8 as in figure 10.5. As
discussed in text, we cannot trust the data beyond R ~ 1, due to large truncation effects.

radius. We highlighted in red the parity even and in blue the parity odd eigenstates of the
Hamiltonian, recognizable from their CFT ancestors according to eq. (10.4). As it can
be checked via the character of the vacuum module, there are two quasi-primaries in the
Lee-Yang CFT in the range of scaling dimensions shown in figure 10.6: the displacement
operator at A = 2 and a new quasi-primary at A = 6. These are marked with a solid line
in the figure. Correspondingly, all states up to level 5 are non-degenerate, while the states
at level 6 and 7 are two-fold degenerate. The quasiprimary state starting at level 6 is on
its way to become a two-particle state in the flat space limit. The connection between
quasiprimaries in the BCFT and multiparticle states in the flat space limit has been
explained in section 7.4: since in the continuum the SL(2,R) structure forces smooth
level crossing between a quasiprimary and the descendants of a different conformal family,
we can track the quasiprimary state all the way from its origin in the BCF'T to the flat

space limit.

Finally, figure 10.7 shows the gap as a function of ), for an interval extending to negative
values. The energy of the first excited state is monotonic with A, and we expect that for a
certain value Apin of the coupling a new boundary operator with dimension A = 1 emerges.
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Chapter 10. Deformations of conformal field theories

We cannot reliably compute the spectrum for A close to Amin, since the truncation errors
become large, as it is visible towards the left of figure 10.7. Nevertheless, we can speculate
that A\pi, is the minimal value of the coupling for which the spectrum in the continuum
limit is real. Indeed, when the bulk perturbation turns on a marginal coupling, the latter
cannot be fine tuned, and generically a fixed point exists only on one side of Ayin. In fact,
a natural scenario is that when X\ = A\puin two fixed points collide and annihilate. In this
case, the only other available fixed point is obtained by deforming the Lee-Yang CFT
with the coupling (10.18), but this time starting from the boundary condition captured
by the Cardy state |V) Cardy (10.14b). This suggests a scenario analogous to the structure
of boundary conditions of a free scalar with negative mass squared in AdS. We shall
further discuss this hypothesis in section 11. For the moment, let us conclude by pointing
out an obvious consequence of these considerations: the theory defined by deforming the
Lee-Yang CFT with a coefficient A < 0 does not admit a flat space limit. On the contrary,

it features a maximum radius Rmax = (Amin/ )\)5/ 12,
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Figure 10.7: First excited state energy in the Lee-Yang model in a range of couplings
around A = 0. For the values of A towards the left of the plot, the convergence with the
cutoff A is very slow, and does not allow to extrapolate the value Apin defined in the
main text.
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10.3 The Ising model

10.3 The Ising model

The Ising model is the diagonal minimal model M (4, 3) with central charge
== (10.27)

Its field content consists of three Virasoro families:

1
A1 =0, Aazé, Ac=1. (10.28)
The spin operator ¢ is odd under the Zs symmetry of the model, while the energy operator
e is even. The Ising model enjoys a Kramers-Wannier duality [181] which flips the sign of
the € operator and replaces the o operator with its disorder counterpart p. The most
general bulk RG emanating from the 2d Ising model which preserves the AdS isometries

is given by the action

S = Stsing CFT — Ae \/§d2x e(x) — Ay / \/§d2x o(x) + A1 / \/gd%: , (10.29)
AdS AdS AdS

where A¢ (resp. A,) has mass dimension 1 (resp. 15/8) — there are no other relevant
scalar operators in the theory. The signs in front of A\ and A, are chosen for later
convenience. As before, the cosmological constant A1 must be tuned to make the theory
finite. Physically, A\c and A\, can be interpreted as a temperature 7" — T, resp. a magnetic
field. The action (10.29) is sometimes referred to as the Ising field theory.

In the following sections, we will study the action (10.29) in AdSs, picking a definite
boundary state. Let us first discuss the phenomenology of (10.29) in flat space, where it
has been studied in detail. Notice that the long-distance physics of (10.29) is controlled
by the dimensionless coupling 77 = A./|\¢|3/1, where the absolute value is a consequence
of the Zy symmetry. Due to Kramers-Wannier duality,  parametrizes the projective
line: the points n = oo are identified. There are two integrable points in the phase
diagram: n = 0 (A = 0), called the magnetic deformation, and n = 0o (A, = 0), the
thermal deformation. The thermal deformation is identical to the theory of a Majorana
fermion with mass m = 27)., provided that € has the canonical CFT normalization
(e(x)e(0)) = 1/|x|?. Surprisingly, the magnetic deformation can be exactly solved as
well [182, 183], and its particle content is known. For generic 7, the theory in flat space
or on the cylinder cannot be solved exactly, but a quantitative understanding of the
spectrum has been obtained in the series of papers [184-188|, some of which use variants
of Hamiltonian truncation on the cylinder R x S'. Finally, the thermal deformation of
the Ising model in AdSs was studied in Ref. [150].

Let us now turn to the definition of the model (10.29) in AdS. At the conformal fixed
point, as explained above, the relevant boundary conditions are labeled by the three
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primaries of the model:

1 1 1
D) caray = 21%“—» + Wk» + WIU» ; (10.30a)
1 1 1
’€>Cardy = 91/2 ’1>> + 91/2 ’€>> - 91/4 ’U» ’ (1030b)
10) Caray = 1) — l€) - (10.30c)

The boundary conditions labeled by 1 and e are mapped to each other by a spin flip:
they are fixed boundary conditions for the microscopic degrees of freedom. The spectrum
supported on both boundary conditions only includes the identity module. The ¢ Cardy
state, which is invariant under Zo, corresponds to free boundary conditions. Its spectrum
contains the identity module and the Zy odd module labeled by A = 1/2, which can be
identified with the family of states with an odd number of particles in the free fermion
description.

In the critical model, Kramers-Wannier duality can be implemented by a topological
defect D, [189], whose action on the boundary states teaches us how the boundary

conditions are mapped to each other:

Do |1>Cardy =D, |6>Cardy = ‘O—>Cardy ) Do ‘0—>Cardy = |1>Cardy + ‘6>Cardy : (1031)

As we shall discuss in a moment, the action of the duality is useful in understanding the
RG flow triggered by deforming the theory in AdS by the € operator.

We shall perform a Hamiltonian truncation study of the RG flows emanating from the
critical Ising model with 1 boundary condition. Here are the first few states and their
degeneracies:

A 01 2 3 4 5 6 7 8 9 10
states 1011 2 2 3 3 5 5 7
sl(2) primaries 1 1 1 1 2 2

We shall comment along the way about the other boundary conditions. Once we normalize
the vacuum state to one, the expectation values of the deforming operators are

(€) = (2R)‘A€<E|<;>|C§;dy = % : (10.32)
(o) = (2R) 2 T caray _ 2 (10.33)

(Q[2) (2R)!/3
These values determine A1 in eq. (10.29), as a function of A, and ..
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10.4 The Ising model with thermal deformation

In this section, we will consider the purely thermal deformation, setting A, = 0 in eq.
(10.29). Keeping into account eq. (10.32), the potential reads

W= —X/W/Q dr (RE(T —0,r) — 1> , (10.34)

_n/2 (cosT)? 2

with A = RA.. This flow is exactly solvable, since, as advertised, it is described by a
free Majorana fermion in AdS, with mass m = 2w \.. In fact, there is hardly the need
to perform any computation in order to describe the spectrum. Let us start from the
critical theory. A free Majorana fermion on the upper half plane admits two boundary
conditions, ¢ = v1), with v = 1. The chiral flip (1, %) — (—1,1), which corresponds
to the Kramers-Wannier duality of the Ising model, flips the sign of the mass and swaps
the boundary conditions. Hence, the theory in AdS is only allowed to depend on the
product mv. Furthermore, leading order perturbation theory is exact, so the trajectories
E(mR) must be linear. Finally, looking at the sign of m which admits a flat space limit,
we conclude that the slope of the first excited state is precisely the fermion mass:

1
E=mvR+ 3 v==l. (10.35)

The constant term is just the scaling dimension of a free massless fermion. The rest of
the spectrum is easily obtained by the usual Fock space construction. At the critical

point, a fermion in mode n has energy

1
ef =35 +n, (10.36)

and following the Pauli exclusion principle, no pair of fermions share the same mode.

Therefore, the energy of a state with IV fermions is

N =N
Ey = NmwR + - + oni,  mi#Emn (10.37)
=1

where n; is a non negative integer: n; € Ny.

In fact, the argument above fixes eq. (10.35) only up to a sign, but we can define the sign
in front of m in the Hamiltonian so as to obtain eq. (10.35) as written. Of course, the
sign might be fixed by computing the leading (and only) order in Rayleigh-Schrédinger
(RS) perturbation theory. Further details about the quantization of the free Majorana
fermion in AdSs can be found in [150]. Eq. (10.35) determines the spectrum of the Ising
model with any of the boundary states (10.30). Before comparing this prediction with
the result of Hamiltonian truncation, let us briefly discuss the cutoff effects.
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Chapter 10. Deformations of conformal field theories

Cutoff effects

As for any minimal model with the boundary condition labeled by the identity, the leading
operator at the conformal fixed point has A = 2. Hence, we expect the convergence
rate to approach A~! for a large enough cutoff. This is indeed the case, as it can be
seen in figure 10.8. The right panel, in particular, shows that in this case we can follow
the first excited state up to a larger coupling than in our previous examples: A\ = 2
corresponds to Rm = 47 ~ 12.6, so the radius of AdS is more than ten times larger
than the Compton wavelength of the fermion. On the other hand, it is worth mentioning
a feature of the convergence rate at weak coupling. Following appendix H.2, one can
compute the coefficient of the A=! term — i.e. ¢; in eq. (8.51) — at second order in
perturbation theory. It turns out that ¢; = O()3), ¢; being the coefficient associated to
the convergence of the first excited state. By reproducing the left plot of figure 10.8 at
different values of ), it is possible to confirm this fact.

R =0.01 (X =0.01) R=2(AX=2)

2.12568]
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Figure 10.8: Energy of the first excited state in the Ising model deformed by € versus
the cutoff, for weak and strong couplings. The dashed lines are the asymptotic values
extracted from the fit. The error bar can be found in figure 10.9.

Spectrum

Let us now associate the spectrum (10.35) to the boundary states (10.30) of the Ising
model. Again, let us start from the UV fixed point. The 1 and € boundary conditions
only support the vacuum Virasoro character. Hence, their spectrum at the fixed point
is integer spaced, and can be obtained from the Majorana fermion by projecting onto
the states with even fermion number.” The projection is obviously maintained by the
deformation (10.34). Therefore, the spectrum in AdS is obtained from eq. (10.37) with
the same projection. In particular, at A = 0 the first excited state is made of two fermions

9This projection is obtained by orbifolding the Z; symmetry, the twisted sector being implemented by
Ramond boundary conditions. In fact, the Ramond Ishibashi state for the Majorana fermion equals |o))
in eq. (10.30) [190]. Correspondingly, the two available boundary conditions for periodic (Neveu-Schwarz)
fermions equal [1),,qy + |€) caray a0d [0)ypq, Tespectively.
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Figure 10.9: Energy of the first excited state in the Ising model with thermal deformation
as a function of R.

in modes n = 0 and n = 1, with energy £ = 2. Similarly, the lowest energy state with
four fermions appears at £ = 8. In order to identify the spectrum, we still need to fix
the sign of v in eq. (10.35). The simplest way to do it is to perform a leading order
computation in RS perturbation theory. The result shows that, with the identification
m = 2w\, v = +1 for the 1 boundary condition.

We are ready to compare with the results of Hamiltonian truncation. The gap is shown
in figure 10.9, where the good convergence up to large values of the coupling is evident.
Figure 10.10 gathers several low lying states, up to the first couple of four-particle states.
Comparing with the table of quasiprimaries presented above, we see that, contrary to
the other examples considered in this work, the second quasiprimary above the vacuum
(A =4 at XA = 0) has the same slope as the first excited state. This agrees with the usual
expectation: while all the excited single particle states are SL(2,R) descendants, the
spectrum of two-particle states includes infinitely many quasiprimaries. Truncation errors
are small, but visible: they begin to lift the degeneracies in the upper right corner of the
plot.
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Figure 10.10: Spectrum of the Ising model with thermal deformation. The color distin-
guishes parity even (red) from parity odd (blue) eigenstates. The data is computed at
A = 28. Black and green lines mark the exact spectrum for the states with two and four
fermions respectively.

The level crossing among the first four-particle state and the two-particle states leaving
from A = 10 deserves a special discussion. This is the first example where level crossing
happens among states in the same parity sector. As we pointed out in subsection 7.4, in
the continuum limit the SL(2,R) symmetry implies exact level crossing. On the other
hand, at every finite truncation one expects level repulsion to take place. This creates a
puzzle for the prescription (8.1). What is the correct bare energy e; to be used in the
formula? The question is non trivial since our argument for the validity of eq. (8.1)
relies on studying the theory with a spatial cutoff, which again breaks SL(2,R). We find
experimentally that the correct procedure is to assign the bare energy e; following the
exact (A = 0o0) lines. In other words, the red data points on the green line on the right
of the crossing points are obtained from eq. (8.1) with ¢; = 8. Since level repulsion is
forbidden in the continuum, the prescription is in principle well defined. However, for a
finite cutoff A the levels do not exactly cross, so the procedure becomes ambiguous in a
region around the crossing point, whose size shrinks as the cutoff is increased.

Let us now briefly discuss the o boundary condition, eq. (10.30c). Since Kramers-
Wannier duality maps 1 to o — see eq. (10.31) — the spectrum originating from the
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Figure 10.11: Energy of the first excited state in the Ising model with thermal deformation,
in a range of couplings including A < 0. The solid line is the exact solution. Notice that
in this model A = R, hence this plot is the continuation of the plot in figure 10.9. We use
the label A for consistency with the other examples.
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Figure 10.12: Gap between the first excited state and its leading descendant, in the Ising
model with thermal deformation, for A < 0. When the coupling is sufficiently negative,
the restoration of conformal invariance is extremely slow, if at all present.

thermal deformation of the latter is obtained by choosing ¥ = —1 in eq. (10.37). Since
the o boundary condition admits a state with A = 1/2, the gap is given by the single
particle state in eq. (10.35), with slope —27 as a function of R. In general, the spectrum
is composed of both even and odd fermion states. The gap as a function of the radius of
AdS, for all the boundary conditions, is presented together in fig 11.2.
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Finally, let us again discuss what happens if we turn on the coupling with the wrong
sign, i.e. the sign which does not allow to reach the flat space limit. We expored this
question with Hamiltonian truncation, the result being shown in figure 10.11. Like with
the Lee-Yang model, our data become unreliable as the gap approaches A = 1. This
is showcased not only by the discrepancy between the data and the exact solution, but
also by the lack of SL(2,R) invariance of the spectrum — see figure 10.12. In the exact
theory, the gap A = 1 corresponds to A = —1/47. There, the free fermion Hamiltonian,
with the boundary conditions we are considering, stops being well defined. Indeed, the
integral of the Hamiltonian density diverges due to the behavior of the Fermi fields close
to the boundary [150]. On the other hand, the theory emanating from the o boundary
condition has rising trajectories in the direction of negative \, and is well defined beyond
the A = 1 point. Precisely at A = —1/4r, the spectra of the two theories, remarkably,
match, including all the multiplicities, as one can check by plugging mR = —1/2 in eq.
(10.37), and recalling that when v = 1 the Ising model is obtained by restricting to even
N. This situation is coherent with both the free boson spectrum at the BF bound and the
picture we sketched while discussing the Lee-Yang model. Again, we delay until section
11 a unified discussion.

10.5 The Ising model in a magnetic field

We now move on to discuss the deformation triggered by A, in eq. (10.29). More precisely,
we perturb the fixed point Hamiltonian with

B /2 Ay
AV = —/\/ (CO‘Z)Q (11 o(r=0,r)— 1> . ag =28 (10.38)
—7/2 o

Again, we consider the flow originating from the boundary condition labeled by the
identity. The sign is chosen so that, deforming the fixed point Hamiltonian with A > 0,
the energies monotonically increase with R. Notice that, since the Zs symmetry maps the
1 boundary condition into €, the sign of the magnetic field is meaningful. In particular,
comparing with eq. (10.33), we see that A > 0 corresponds to a magnetic field in the same
direction in the bulk as on the boundary. We shall analyze both positive and negative
values of A\ below.

In the R — oo limit, the particle content is known thanks to the integrability of the flow
in flat space. The integrable flat space theory contains 8 particles, 3 of which have mass
below the two-particle continuum [182]. The mass ratio of the two lightest particles is
given by
M2 _ 9cos T ~1.618 . (10.39)
mi 5
The Ising model with a magnetic field is not exactly solvable in AdS, and the results for

the spectrum presented below are new.
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10.5 The Ising model in a magnetic field

Cutoff effects

The analysis of the cutoff effects proceeds in parallel with the previous examples. In
figure 10.13 the expected 1/A convergence rate is tested, for A > 0, both at weak and at
strong coupling. While the left plot gives confidence that the asymptotic region has been
reached, the fit in the right plot is poorer. A similar situation emerges from the study
of the gap between the first excited state and its first descendant. In the left panel of
figure 10.14, we observe a steady convergence to the unit gap expected in the continuum.
In the right panel, the size of the violation of the SL(2,R) symmetry rapidly drops, but
then the convergence becomes slow. These are signs that around A\ = 1 it may be worth
pushing the numerics further in the future, or improving the convergence rate along the
lines of subsection 8.7. However, it is not easy to draw an indication of the size of the
error. For instance, primaries and descendants may be affected by cutoff effects in a
similar way, thus reducing the violation of conformal symmetry visible in figure 10.14.
On the other hand, the procedure explained in subsection 9.1, which extracts error bars
from the quality of the fits in figure 10.13, yields a small error: the error bars are smaller
than the size of the points in figure 10.17.

Finally, in figures 10.15 and 10.16, we repeated the analysis with a choice of two negative
values for A. As in the previous examples, if the sign of the coupling does not allow for a
flat space limit, the convergence rapidly deteriorates. As shown in the right panel of both
figures, at a coupling A ~ —0.1 the spectrum is hardly converged in the range of cutoffs
available to us.
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Figure 10.13: Energy of the first excited state in the Ising model deformed by o, as a
function of the cutoff, at weak and strong coupling.

Spectrum

We are ready to present the results of the TCSA applied to this model. Figure 10.17
shows the growth of the energy gaps with R, when the magnetic field in the bulk and on
the boundary are aligned (A > 0). Two conformal families are visible, the quasiprimaries
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Figure 10.14: Energy gap between the first primary and its first descendant for two
different couplings, in the Ising model with a magnetic field.
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Figure 10.15: Energy of the first excited state in the Ising model, as a function of the
cutoff, for two choices of negative magnetic field, A < 0.
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Figure 10.16: Energy gap between the first primary and its first descendant, as a function
of the cutoff, for two choices of negative magnetic field, A < 0.

being highlighted by black lines. They are on their way to become the first two particles
in the flat space spectrum with masses satisfying (10.39). However, the effects of the
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curvature are still sizable at these values of R: the ratio of the two slopes is at most
~ 1.5, to be compared with the exact value 1.618.

Figure 10.18 again shows the low lying spectrum, this time as a function of the intensity
of the magnetic field A. For negative values of ), the first excited state approaches the
threshold A = 1. As we pointed out in the previous examples, we expect the theory to
become unstable when this happens. Correspondingly, the convergence of the truncation
is poor for the leftmost points in the plot, and we cannot reliably draw conclusions about
the value of X\ where a new marginal operator arises, nor about the dependence A(\)
close to that point.

10
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Figure 10.17: Spectrum of the Ising model in a positive magnetic field, A > 0, as a
function of the radius of AdS. The red and blue points are the extrapolated data, even
and odd respectively under parity. The black lines highlight the first two quasiprimaries,
and are only meant to guide the eye.
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Figure 10.18: Spectrum of the Ising model in a magnetic field, as a function of the
magnitude of the field. Error bars as measured from the uncertainty in the extrapolation
are not shown: they would be small, throughout the plot, but as discussed in the text
they probably underestimate the deviation from the continuum limit.
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AdS spacetime provides a maximally symmetric IR regulator for QFT. Furthermore, one
can place operators at the conformal boundary of AdS and their correlations functions
obey all the conformal bootstrap axioms (except for the existence of a stress tensor).
This opens the possibility to study massive QFT with the non-perturbative conformal
bootstrap methods [38]. There are two main difficulties to realize this idea in practice.
The first is technical: the standard numerical conformal bootstrap methods converge
poorly for large scaling dimension of the external operators, which corresponds to the
regime of large AdS radius. The second is conceptual: how to specify the particular
solutions of the bootstrap equations that corresponds to a particular QFT in AdS? One of
our motivations to develop the present work was the need for more data to help address
the second question.

In this work, we showed that QFT in AdSs can be studied non-perturbatively using
Hamiltonian truncation. Our main target was the computation of the low-lying spectrum
of the Hamiltonian conjugate to global time (or equivalently the scaling dimensions of
boundary operators). We presented a concrete method to renormalize divergences in
Hamiltonian truncation and obtain finite physical results for the energy spectrum. In
this way, this work opens a new non-perturbative window into QFT on AdS spacetime.

Along the way, we gathered data about the spectrum at finite radius of a variety of two
dimensional QFTs. A striking feature of all the models we studied is the existence of
a minimal value of the coupling, Ayi,, beyond which the convergence of Hamiltonian
truncation becomes poor. When the model is exactly solvable, i.e. for the free boson and
the Ising model with zero magnetic field, the minimal coupling can be precisely identified:
it is the point where the spectra of the theories defined in the UV with different boundary
conditions become identical. This leads us to the following speculation:

All conformally invariant boundary conditions for a given CFT are connected by relevant
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deformations of this CF'T in AdS.

In figures 11.1 and 11.2 we depict how this may work for the spectrum of boundary
operators in the Lee-Yang and the Ising field theories. This speculation is supported by
the numerical results in figures 10.7 and 10.18. In figure 11.3, we show the analogous
figure for the exactly solvable model of a free massive scalar in AdSgy1. It is interesting
to notice that the free massive fermion provides an additional, somewhat degenerate,
instance of this phenomenon. Indeed, the spectra obtained by quantizing the theory
with the two possible boundary conditions are reported in eq. (10.37): rather than being
connected by a flow in AdS, they precisely coincide at the conformal fixed point A = 0.1

Leaving aside the case of the free fermion, let us comment on the expected behavior close
to the merging point of two curves. For concreteness, consider figure 11.1. The theory
emanating from the ¥ boundary condition has a relevant operator, which generically has
to be fine tuned on the boundary, in order to preserve the AdS isometries. Let us call
g the coupling of this operator. The fine tuning is possible as long as the operator is
not marginal, so this leads us to identify A\yin with the coupling where A = d = 1. If we
perturb A away from this value, the beta function has the form

Bl9) = (A= Aumin) =" + .. (11.1)

where we neglect higher order terms in the boundary coupling g and in the bulk coupling
(A — Amin).2 We are also careless about the magnitude of the coefficients in eq. (11.1):
they can be related to the appropriate bulk-to-boundary two-point function and boundary
three-point function. On the other hand, the signs have been chosen to match the
phenomenology in figure 11.1. Indeed, for A > Ani, there are two fixed points with
g = g+ = £/X — Amin. These fixed points correspond to the two curves merging at
A = Amin- In fact, the corresponding scaling dimension of the lightest boundary operator

is given by

d S
Ar=d+ dg(gi):dj:%//\—/\mm, (11.2)

in agreement with our sketch. The theory at A < Ay, should instead be described by
a complex CFT [191, 192|. The same features present themselves in all of the figures
in this chapter, except for the left panel in figure 11.2. In this case, the two curves
cross rather than merging smoothly, and the lower curve is allowed to proceed to the
left towards the flat space limit. The reason for this exception is simple: the relevant
operator oy is Z2 odd, while the bulk perturbation is Z, even. No fine tuning is necessary
in this case, hence no dangerous marginal operator is turned on at A = Apin. Finally,

!Notice instead that they do not coincide at Amin as defined in figure 11.2. As explained in section 10.4,
the spectrum of the Ising model with the |1), dy boundary condition equals the free fermion spectrum,
projected onto the even fermion number. It is this projected spectrum which merges with the full
fermionic theory flowing from the |o),, dy boundary condition. Without the projection, the two spectra
have different multiplicities at A = Amin. Moreover, the 1), ,, boundary condition has an additional
single fermion state with vanishing energy.

2A term proportional to g(A — Amin) can be eliminated by shifting g.
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this discussion suggests that turning on the relevant boundary operator allows to flow
between the theories which merge at Apin.

We look forward to learn about other studies that confirm or disprove the speculation
above.

A

Figure 11.1: Sketch of the scaling dimension of the first boundary operator (above the
identity) for the scaling Lee-Yang model in AdSy. At A = 0, the bulk theory is conformal
and the two black dots correspond to the two possible BCFTs (labeled by 1 and V) for
the Lee-Yang minimal model. We conjecture that the two curves merge (smoothly) at
A = Amin & —0.5 and A = 1 (see figure 10.7). We expect that A becomes complex for
A < Amin similarly to what happens for complex CFTs [192]. There is also a boundary
RG flow generated by the relevant boundary operator with A < 1 that goes from the
lower to the upper curve.

In this work, we also explored other aspects of QFT in curved space. In particular,
we discussed spontaneous symmetry breaking in AdS, both in the classical theory, in
section 7.5, and via Hamiltonian truncation for ¢* in section 9.2. Our considerations
leave open a few interesting questions, related to the nature of symmetry breaking at
finite AdS radius. Probably the most pressing one is: what is the signal on the boundary
of the phase transition in the bulk? When analyzing the ¢* theory, we provided evidence
for the fact that the bulk theory is not described by a CFT at the phase transition. This
evidence was based at weak coupling on connecting the phase transition line to a free
massive boson at the BF bound, whose stress tensor is not traceless. Hence, we should
not be looking for Virasoro symmetry in the boundary spectrum. On the other hand, the
appearance of the BF bound raises the tantalizing hypothesis that the (in)stability of
the false vacuum shares some similarities with the previously discussed (in)stability of a
theory under bulk deformations beyond a coupling Amin, due to the flow generated by a
marginal operator. It would be interesting to scrutinize this hypothesis further, perhaps
via a higher order computation at weak coupling.

Moving on to the more technical aspects, a lot of effort was devoted in this work to
overcome the challenges presented by Hamiltonian truncation in infinite volume, leading
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Figure 11.2: Sketch of the scaling dimension of the first boundary operator (above the
identity) for the Ising field theory in AdSs. The black dots mark the three possible BCFTs
(labeled by 1, € and o) for the Ising minimal model. On the left, we show the thermal
deformation that is exactly solvable in terms of a massive free fermion [150]. On the right,
we show (our best guess for) the magnetic deformation. The curve marked 1 was studied
with Hamiltonian truncation (see figure 10.18). The curve marked e is obtained from this
one by the Zy (spin flip) symmetry of the Ising model. This Z; symmetry implies that
the right picture should be symmetric under the reflection A — —X. We conjecture that
the curves merge (smoothly) at A = +Amin &~ +£0.1 and A = 1. There is also a boundary
RG flow generated by the relevant boundary operator with A < 1 that goes from the
lower to the upper curves. In the right plot, the flow is expected to land on the first
stable fixed point. This is clearly visible from the perturbative beta function (11.1) close
t0 Amin, Which describes a one-parameter flow.

up to the prescription (8.1). We hope that the lessons learned here will be useful in
studying other UV sensitive flows with the same framework. While the prescription has
been tested in a variety of situations, we came short of rigorously proving its validity. The
main obstacle is the lack of positivity of the spectral densities involved in the computation,
whose large energy limit is therefore not easily tied to the short distance limit of the
Laplace transform. Famously [53|, this problem would not be present if we wanted to
estimate the large energy limit of the spectral density averaged over a smooth measure.
This suggests that it may be worth applying to this problem the ideas of [193]|, where
a smooth cutoff was used instead of the usual sharp truncation of the Hilbert space to
a finite subspace. Another direction worth exploring is the possibility for eq. (8.1) to
emerge from a renormalization procedure, where the high energy tail of the spectrum is
integrated out systematically [40]. The difficulty is of course that the Hamiltonian in AdS
does not possess a continuum limit to start from. One possible starting point is the theory
with a spatial cutoff €, as in eq. (8.13), which is well defined. An RG derivation of the
prescription might be useful in elucidating the UV sensitivity of eq. (8.1), which depends
explicitly on the bare energies. For instance, this feature gives rise to an ambiguity along
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A

Figure 11.3: Scaling dimension of the first Zy-even boundary operator (above the identity)
for a free massive scalar field in AdS,,;, namely A = d 4+ /1 4+ 4X. The value A = 0
corresponds to a conformally coupled scalar. The black dots mark the two possible BCFTs
(Dirichlet or Neunmann boundary conditions). We see that the 2 curves merge smoothly
at A\ = —% and A = d. There is also a (Zy preserving) boundary RG flow generated by
the relevant boundary operator (¢?) with A < d that goes from the lower to the upper
curve.

the flow, namely the identification of the correct shift in the neighborhood of a level

crossing, as discussed in section 10.4.

With the aim of obtaining high precision results in Hamiltonian truncation at larger values
of the the AdS radius, it will be necessary to systematically improve the action along the
lines explained in section 8.7. This was important in previous works [41, 166, 168], and it
would be especially worth trying it when the UV boundary spectrum contains operators
with low scaling dimension, like the in the case of the minimal models.

A more ambitious way of improving the procedure is related to the fact that, in this work,
we did not take full advantage of the symmetries of AdS spacetime. The isometry group
of AdSy is SL(2,R) and states must fall into irreducible representations of this group.
We used this fact to test numerical convergence, but it would be interesting to exploit
it to accelerate the algorithm. Perhaps, we could start by finding the subspace of the
Hilbert space generated by primary operators by looking at the kernel of the symmetry
generator K, and then diagonalize H in this subspace. We leave the exploration of this
idea for the future.

One can also wonder if Hamiltonian truncation can be used to compute observables
other than the spectrum. One motivation is the following. It is well known that one
can extract scattering amplitudes from the finite size behaviour of the energy levels on a
compact space [194]. However, in its standard form, this method only gives access to the
elastic region of the 2 to 2 scattering amplitude. One advantage of AdS is that one can
extract scattering amplitudes at arbitrarily high energy from the flat space limit of the
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boundary correlation functions [128, 130, 38, 195, 132, 133]. It would be interesting to
adapt Hamiltonian truncation to compute boundary correlation functions and test this
idea in practice.

Finally, a rewarding byproduct of our efforts was the formula (G.9), which summarizes the
cumbersome sums characterizing Rayleigh-Schrodinger perturbation theory in a compact
and useful expression. We proved eq. (G.9) for non-degenerate perturbation theory. It

would be nice to generalize the formula to the degenerate case.
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AN Special functions

In this appendix, we list a number of identities that are used throughout this thesis.

A.1 Common special functions

Gamma function

The large limit of the gamma function is given by Stirling’s approximation as

lim I'(z) =4/ —e *2°. (A1)
|z| =00 4
This is true for any x on the complex plane but the negative real line. The convergence is
weaker as x approaches the negative real line and to get to the asymptotic regime, one
needs to go beyond |z| ~ 1/ in which 6 is the angle with the negative real line. In the
case in which z = x + iy with =,y € R and |y| > 1, one has:

T(z +iy) = (1 — i)y/me s W5 yita—s (A.2)

Barnes’s lemma

The following identity [196, Theorem 2.4.3| is known as Barnes’s second lemma:

1™ gep(eg @t L+ s)I(e+ (1 —e=3)

)
iso L(f+s)
~ T(@)I®)I'( el —e+a)l(1-e+b)I(1—e+c)
- O~ a7~ BT o )

21

which holds whene=a+b+c—d+1.
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Gegenbauer
The Gegenbauer function is defined as [197, 8.932.1]

I'(J + 2a) [—J, J + 20
241 9

Ci) = FT s rRe) a+i

1_2] (A4)

which matches with the Gegenbauer polynomials when J is a non-negative integer with
the following orthogonality relations:

A (=) O @IOR () = 5 e T ()

/1 71.2172(11'\(” 4 20&) (A5)

for n and m non-negative integer.

Hypergeometric function

In this thesis we may use two equivalent notation of hypergeometric functions:

ay,--- ’ap

qu(a1,~-,ap;bl,-"vb‘I;Z):qu[ by b

z} . (A.6)

Integrating a hypergeometric function against a monomial yields [197, 7.511]:

/oo dt ta—l 2F1(a, b; c; —t) — F(c)I‘(a)I‘(a — a)r(b — Oé)

g T(@ ()T —a) (A7)

where we assume the 0 < ®(a) < min{®(a),R(b)} for the integral to be convergent.

It is very useful to change the last argument of hypergeometric to its inverse. This can
be done by the identity [198, sec 2.9|

I'(b—a)l'(c)

oF 1 (a,b;¢;2) = m

— 1|1
N e

- . A.
a—b+1 z] + a<b (A.8)

There is also two other identities that happen to be helpful in some of the calculations in
this thesis [198, sec 2.9]:

o (a,b;e;2) = (1—2) %P oF (¢ —a,c— b c; 2) (A.9)
and
I'(b—a)l(c) _ a,c—b 1
Fi(a,b;c;2) = ————=(1 — %9 F; b. A.10
2Fi(a, bie; 2) F(b)F(c—a)( 2) "ok a—b+1|1—z] T *° (4.10)

Let us collect some results that involve the branch cut of the hypergeometric function
oFi(a,b, c; z) across the cut z € [1,00). In particular, we want to find the discontinuity
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(Disc) and the average (Ave) along the cut, which are defined as

Disc [f(2)] :== f(z+i€)—f(z—ie) and Ave[f(z)] := = (f(z +i€) + f(z —i€)) . (A.11)

N | —

Using (A.8) and

Disc[z?] = 2isinma (—2)? , (A.12)
we find that
Disc [2F1(a, b;c; z)] = Cos(ﬂ'a)r‘(lc) : Z;?EZ; 2% [a,;z_—bc—{—l——ll ﬂ +aeb (A13)
e I'b—a)l'(c) _, a,a—c+1 |1
Ave [oFy(a, b;c; 2)] = 2i sm(wa)F(C — a)F(b)Z 2 1 a—b+1 |3 +aeb.

Another way to find the discontinuity is to consider the integral representation [199,
15.6.1]

['(c) ! b—1 —b—1 _
Filabic;z) = =2 1—2)c (1 = za)70 .
oF1(a,b;c; 2) F(b)F(c—b)/O 2’7 (1 —x) (1—zz) *dx R(c) > R(b) >0
(A.14)
together with A.12. This yields
. o 2mil(e) 2t (2 — 1) 1-b1—a
Disc[2F1(a, b;¢; 2)] = T@T O e—a—bT 1) 2B 1—=2 (A.15)

which is in agreement with (A.1) using [199, 15.8.4].

Finally, the generalized hypergeometric function 3F5 has the following integral represen-
tation:

['(bo)
F(ag)r(bg — as

1
3F5(a1, a,a3;b1,b25t) = ) / 2871 — 2) 7Tl By (0, a0 by 2)
0

(A.16)

A.2 Estimates for I at large A

In this section we will provide some estimates for the quantity F defined in (5.46)
appearing in the one-dimensional bootstrap equation (5.45). Since only expressions for
£ = 0 are used in the present work, we will focus on that case, although the £ =1 case
can be studied similarly. The function F consists of four terms:

FZT;:O :I(Avvva) _I(A707’Y) +I(1 - A,’)/,O') _I(]- - Azo-v’Y) (A17a)
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with

i Aye—ing, DA+ + D24, + 0 + 1)
(A _ KAreJr’LAzm,Are iNim re
( 7770-) 1-A0 F(A+2Are+'}’+0’+2)
A+ 21Azma A — QZAzmy A+ v+ 1

X 3 F: 1l . (A.17b
352 AN, A4+ 2A e +y+0+2 ( )

Convergence of the hypergeometric functions requires that
14+2A,6e4+7v>0 and 1+2A,.4+0>0. (A.18)

In order to study the convergence of the bootstrap problem, we need to consider the
large-v limit for A = 1/2 + iv and the large-n limit of A =n € N. Let’s treat these cases
separately.

Principal series

First of all, let’s set A = 1/2 + iv and analyze the limit v — co. Notice that the four
terms in F are related to Z(A, v, o) via the permutations v — —v and/or v <+ 0. Hence
if we understand the large-v asymptotics of Z(A,~, o), it is straightforward to understand
the deduce the large-v behavior of the full function F.

For the case at hand, it will prove convenient to rewrite the 3F5(1) using a hypergeometric
transformation, which yields

AvetiBim, Ape—ifm LA +79 + DT (24, + 0 4 1)?
I(A,’Y,O') :KI—A,O F(A+2Are +7+O_+2)
) T(24)
I(A = 2iAim )T (1 + A + 2iQim + 28,¢ + 0)
A+ 200, 142000 + 0, 2+ 7 + 20 + 20pc + 0
247+ A+2A0 40, 1+ A+2i0im + 24 +0

(A.19)

X3 Fy ;
The new 3F5(1) converges when R(A) > 0, which holds in particular on the axis R(A) =
1/2. To begin, let us analyze the different factors appearing in Z from Eq. (A.19). The
K-function goes as

AT€+iAim7 Arc*iAim ~ —i7r/4 471'1/
Kg_w’o e VT 7 (A.20)
independently of A;y, (and in fact Kj_a did not depend on A, in the first place). Next,
the gamma functions go as

F4 eim-c 41'1/ 5

2 —
T e vl U2+l iy KT Mmoo (A2
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It remains to find the ¥ — oo asymptotics of the 3F5(1) hypergeometric function. But
it’s easy to show that

7 A+ 210, 14+20 0+ 0,2+ 7+ 200, + 20 + 0 }
342

247+ A+20 40, 1+ A+ 2iNi + 20 +0

~ 1. (A22)
A=%+il/ V—00
One way to show this is using the series representation of the 3F5(1), which converges for

the case in question. Schematically it is of the form

. 1
sF(1) =14 an(A) with an(A) e AT (A.23)
so the terms with n > 1 are unimportant in the limit |A| — oco. Bringing everything
together, we conclude that

, D(1+2A+0)?
1 e
(5 +iv,v,0) o 2TIA. 120 (A.24)

up to some O(1) numerical factor. Finally, we conclude that

Fs_t ~ 1/V2+4Are+2min(’77o-) . (A25)

%4_1‘;}7[:0 V—00

Discrete series

The analysis for A =n € N is similar. First note that F}, only consists of two terms:
Filty=12(n,y,0) = I(n,0,7) (A.26)

where Z(n,, o) is defined in (A.17b). For large n, the K-function behaves as:

Are‘i‘iAinu Are_iAim . 1

The large n limit of the rest of the terms in I(n,~, o) are thus very similar to the above
expression replacing v — n. In the end, one finds:

L(1+2A¢+0)?

Z(n,vy,0) o~ (14 (=1)" cosh(27A;)) FIA. T2 (A.28)
Including the second term with v <> o, we find that
Fs’;tzo n:oo 1/n2+4Are+2min('y,cr) ] (A29)
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Action of SO(d + 1, 1) generators

In this appendix, we find the action of SO(d + 1,1) generators on scalar sates |A, k)
and |A, z). For simplicity we focus on scalar states, but the generalization to traceless
symmetric spinning states is straightforward.

Take the wavefunction defined in (3.11) or (2.61):

d
2

©u(2,n) = (Qo(x,m)|A k) = e (=) 2 hay (|K[1n) (B.1)

where |) is the Bunch-Davis vacuum. We again used A = % +iv. The action of the
conformal generators on the field can be also expressed as the differential operator

Q. 6(z)] = Q ¢(x) (B.2)

in which @ is the corresponding Hilbert space charge operator of the Killing vector
differential operator Q. We use notation A to a distinguish differential operator from a
Hilbert space operator A. Acting on wavefunctions with Q and using the fact that the
Bunch-Davis vacuum is invariant under our isometries i.e. Q|0) = 0, one can find the
action of the charges on the states |A, k). For example, in the case of Q = P:

~

P, ®p(x,n) = 0uPi(z,n) = =ik, Pr(x,n) = =ik, (0|p(z)|A, k) (B.3)
= —(0[¢(2) PulA, k) .

We find the familiar relation

PuA k) = ik A K) (B.4)

With the same approach, one can find the action of the other generators on the chosen
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basis. The action of the dilatation operator is

D{0[6(2)|A, k) = (9, + 2.02) [ (=) hay (kln)e™] (B.5)
- [(—z‘k.x + D (kl) ()3 4 Kt (ki) () et
= (kok + 5 [ (ki) |

D{0[ ()|, k) = —(0l¢(2) DIA, k) | (B.6)

in which we use the fact that h;,(|k|n) is symmetric under exchange of k < 7 and
k.Opf(k) = kO f(k) to change the time derivative to momentum derivative. Hence the
action of the Dilatation operator on this basis is

DIA k) = — (k0% + )|A k) . (B.7)
Finally, for the case of Q = K, one finds
Rul016(@)| A, k) = ea((o — .2)0um + 2,mDy + 22,2.0;) [ (~) B (~hn) ]
= | (b0 = 00) + 22 (=i + G i+ Akl | (et
K, (0[6(2) A, k) = —(0]6(2) K|A k) (B.8)

where ¢o = @e% and we dropped the Hankel function type index and dependence on
—nk to avoid clutter. We also write 0_,1H;,(—nk) = H'. In parallel, we have

k ,
Opn® = co(—iwy, Hy, + 2 (—nk)HL) (=) % e |

I

k2 (
. ka ky,

O Opn® = co|—xqx, Hiy — mu?(—nk)H — T .2 L(— nk)H;

Spa Kuka ko s
(05 — g1 (k) Hy, + (55 ©) (k)2 Hi, ] (—n)2 e,
ko ky,
= co|—wor Hiy — iz, k2( nk)H;, — iz, k2( nk)H;
Spe - uka ok , kuka

(G2 =275 (k) Hi, = Zf)(—nk) H;, — ‘,;4 VW2 Hy (=) 3 e

in which we exchange second derivative of Hankel function with terms of the first derivative
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and zero derivatives using the its generating differential equation. This leads to

OO = ()T | — Mgk Y, — i) H (k) )
— (ka)z, Hiy — 0k Hiy — VZ%HW] ,

a0 e = o) B, [ T2 k) B, — i) 2
—x.x H; — 772Hi — ZEHZ } .

Then the particular linear combination of (—2k“Oga g + klﬁka Ogo — dOr)® is equal to

1/2

) d
02(—7])gem"’” [21'(—771{)]{{1,35# —2(k.x + ii)quw + (n? — w.2)k, Hy, + 2

Considering what we found in (B.8), we arrive at the following expression for K, acting

on |A,k):

1/2

CCKM‘A, k) =1 |:]{;M8kaaka — 2ka8kaaku — daku — k2k,{| ’A, ]{7> . (Bg)

The action of M, is the trivial action of SO(d) rotation group on scalars that we
do not spell it out here. One can explicitly check the action of quadratic Casimir
C = D% - L(K'P, + P*K, — M,,M"") will give the desired relation (2.64).

We may now derive the action of conformal generators on the position space states
. d
A, z) = /ddk eRTEATS A k) (B.10)

mentioned in 2.114a and 2.114b.

One careful reader may ask why it is not simply the Fourier transformation and it has
an extra factor of ¥2~%. This is due to the fact that we wanted this state to be like
a primary state at point x with dimension A. In fact, one can put a general function
instead and after imposing the right transformations under dilataion or special conformal
isometries, will find the suggested factor. One can easily check the action of P, on these
states:

P,|A, z) = /ddk e TEATE PIA k)
= i/ddk e RAE LA )

d (B.11)
=0, / A eFTEAT2 AL E)

= 0u|A, x)
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We also may check the action of dilatation operator D:
D|A, z) = /ddk e*T kA2 DIA, k)
dy. ikagpA—2 d
——/d E ek (ho+ DIAR)

: d
:z'aﬂ/ddk e TEATE 0| AL K) — 214 k)

- / % O (MR A ) — gm,@ (B.12)
= —ia“/ddk [m# + (A - ‘;)% (kA2 A k) — g\A,/@

— (2.0, +d+ (A — g) _ g)m,x>

= (2.0: + A)[A, )]

where we performed integral by parts and dropped the boundary terms (at & — oo). The
action of K, on (2.110) is

KA, z) = /ddk e EATE KA k)
2 (B.13)
: ik.x A—2 for «
= z/ddk eRTRATY (2K Opa O + kO Opa — dOpu — k)18, k)

One might rewrite each of the four terms using integral by parts
Ist term = —260‘/ddk‘ etheA—g Ok O | A k)

= 20~ / 'k [ma +(A- ;l)l;g} B W TN

= 2i(2.0, + A+ g) /ddk eFTEA=S 9l A, k)

= —2i(x.0, + A + g) /ddk ke A=g [z’xu + (A - g)% A, k)
d , d d
= 2(xux.0p + (A + 3 + Dzy)|A z) — 2i(x.0, + A + 5)(A - §)AM
= 2(xux.0p + (A + g + 1D)z,)||A, z) — 2i(A + g)(A — g)Au - 2i(A — g)xaauAa ,

(B.14)
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2nd term = 0, / Aok A2 O Opa| A k)

d. ko

— —aﬂ/ddk} eik'xkA_% |:’L.’Ba —+ (A — 2)142:| 8ka‘A, k>

dy. ikziA—2 | .« d E“q|. d .k,
zﬁu/dke k=72 [zx +(A2)l€2] [ma+(A2)k2 |A, k)
+d-2)a-Y9 /ddk eibopa-2 LA

2" k2 ) (B.15)
_ dy. kol A= 1 2 | o d ka  (A-9)>
—Qu/d ke k 2 [—x +2Z(A—§)F+T”A,k>
d
F(d-2)(A - Do
= (20— 20, ) + 20(A — 53" Aa)
d d
FillA - D24 (@2 - DA,
. dy. ikxiA—4 |, d\ ky
3rd term = id | d°k " k"2 zxu+(A—§)ﬁ |A, E),

= —dzA, @) +id(A — g)AM , (B.16)

4th term = —iu2Au )

in which we defined A, = [d% ¢* kA28 |A k) and ¢ = [dlk e*TkA5 LA K).
We also used the following identities: 9,1 = 1A, and %0, A, = £*0, A. Note that we
assume the boundary terms coming from integrals by parts vanish. Putting all these
together we find

\ KA, z) = (20,20, — 220, + 2A z,) |A, z) \ (B.17)

In conclusion, we showed that under the action of conformal generators D, K, P, and
M,,.,, position space state |A,x) defined in (2.110) behaves like a primary state in a
conformal theory. Hence, anY correlation function made of n operators sandwiched
between vacuum state |2) and primary state |A, x), behaves like n + 1 point function
with a insertion of primary operator O(x) with dimension A and spin ¢:

(Q[O1(21) - Op () |A, ) ~ (QO1 (1) - - O () O(2)) . (B.18)
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@] Spectral density inversion formula

In section 3.3, the analytic continuation of a two-point function on S%*! to de Sitter was
discussed. This appendix explains the proof of the inversion formula (3.38), which played
an important role in that section. In passing, we discuss its convergence and large J limit.

C.1 Froissart-Gribov trick

The standard Gegenbauer inversion formula on S%+! was shown in Eq. (3.36) in the main
text. In what follows we will derive the inversion formula (3.38) for complex J through
what is known as the Froissart-Gribov trick, which is a standard tool in S-matrix theory.
We refer [200] and [201] for recent discussions.

Let us write & = d/2 in what follows, and furthermore let
w(z) = (1 —2?)*1/2
Suppose that the function G(x) appearing in (3.36) is analytic in a neighborhood of

[—1,1]. Furthermore, suppose that we are given a function Q9(z) that is analytic in a
neighborhood of [—1, 1] but has the following discontinuity:

Disc [(22 - 1)0‘_1/262?(2)} = 2miw(x)C5(x) for ze[-1,1]. (C.1)
Given such a function, we have the following identity:

/ o w(w) C5()G(a) = 3= § d= (= 1) 2Q5()6(2) (©2)

in which the contour c is a closed loop around the line segment [—1, 1], circled in the
counterclockwise direction. It turns out that there exists a unique function satisfying (C.1),
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namely

o [ () 9

-1 22 -1 z—a

which by construction obeys (C.1); in fact, it can be shown that Q¢ is the unique function
obeying (C.1). In order to find an explicit representation of Q9 we first of all notice that
9 obeys the same ODE as the Gegenbauer function C§(x), namely

2

d d
[(1 - $2)@ — (2a + 1):13% + J(J + 2a)] flx)=0

which has a two-dimensional solution space. Either by computing the integral (C.3)
explicitly, or by imposing (C.1), one concludes that Q5(z) can be written as

N Jta+3,J+20]| 2
alL) ’ A4
@) @—1Vﬁa21[ 2J+20+1 |1—z2 (Cda)
where I'(J + 20)
™ + 2«
pu— . C-4b
N 2201 () I(J + a + 1) ( )
An equivalent form is
o N I+a,fH +all
QJ(Z) - SJ+2a 2F1 J4+a+1 22:| (C4C)

which agrees with [201], taking into account a different choice of normalization used there.
Moreover we see that

Q?][(Z) ~ 1/ZJ+2a

Z—00

so for sufficiently large J the function decreases rapidly at infinity.

The formula (C.2) already provides a formula for a; that is analytic in J:

227 (J+a)l(a)? 1

T AT 20) 2w j{dz(zQ—l)“‘l/ZQ%(z)G(z). (C.5)

However, we can further massage the RHS of (C.5) to obtain a form that is more
convenient for computations. We already saw that the function Q5(z) decreases faster
than 1/z7 at large z, so at least for large J we can deform the contour and drop any arcs
at infinity. Next, we expect that the function G(z) has a branch cut on the real axis past
the point z = 1, say at [1,00). Physically, this cut reflects the kinematics of the S+l
correlator, since z = 1 amounts to measuring the correlator at coincident points X = X’.
The function G(z) has to be finite on (—1,1), since these points are physical. Finally
z = —1 describes the correlator at antipodal points X = —X’, where it is completely

regular. Consequently, we do not expect G to have a branch cut on the negative real axis
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C.2 Example: a; of the massive boson

(—o0, —1]. Blowing up the contour ¢, we can therefore write

1;} Disc [G(x)] .

(C.6)
After setting o — d/2, this is precisely the inversion formula from Eq. (3.38). If G(x)
has any poles or other branch cuts beyond [1, 00), additional terms need to be added to
formula (C.6).

! 00 a3 1
o JI(e) 1 / dm((az—kl) 2 J+20,J +a+;
1

:2J1“(J+a)% x—l)‘”a*%2 ! 2J+2a+1

The derivation presented here suffers from one minor issue. In writing (C.2) we had to
assume that G(z) extends to an analytic function in a small neighborhood around [—1, 1].
Yet (C.6) allows for the possibility that G(z) has a branch cut starting at z = 1, and
indeed typical S?*! correlators have z = 1 as a branch point. In practice, if G (z) is not
too singular near z = 1 then the inversion formula still holds.

C.2 Example: a; of the massive boson

We now check the proposed inversion formula in the case of the free field of mass
m?R? = Ayg(d — Ag). In the z-coordinate, the propagator reads

1 1 D(HD(AHD(d - Ay)

Gi(z) = RA—1 gd/2+1 T(d)

2 F1 (C.7)

A¢,d—A¢ ‘14—1‘

d+1
5 2

The coefficients a; are computed in [100], and the result is printed in (3.37). Here we will
reproduce their result using the inversion formula. The discontinuity of the G¢(z) can be
computed in various ways, for instance using (A.1). Finding discontinuity of two-point
function reduces to calculating discontinuity of hyeprgeometric function in (C.7). Using
(A.15), one finds

Disc[G(z)] =

1+ Ag—d1—Ay [1—2
=
(C.8)
Before calculating the inversion formula integral, let us comment on its convergence. By
examining the limits z — 17 and z — oo, we conclude that (C.6) converges iff

r—=1T: RI+A5) >0, RJ+d—Ayg)>0 aswellas z—o00: d<3.

Let us now calculate the integral (C.6). Inside the integrand, we replace the o F appearing
in Disc G(x) with the help of the Barnes hypergeometric integral representation

SFi(a,b, ¢, 2) — I'(c) /VHOO s L'(s)I'(a—s)I'(b—s) (C.9)

2mil ()0 (b) Te—s) 9

—100
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Appendix C. Spectral density inversion formula

where v is chosen in such a way that the three families of poles in the s- plane that move
to the left and right are separated. After the change of variable x — t = —=5 and using
the identity (A.7), we can compute the t-integral exactly. This yields

aj = 9J+d i F(¥) F(2J+d+3) 1
mil(1— Ag)T(1+ Ay —d) T(J + d)T(J + L+ 1)
x /WOO gs LA =TI+ A —d—s)T(A = Ay —s)I(J +5+d 1) ()
i L(J—s+2)
The remaining Mellin-Barnes integral can be done using (A.3), which yields
R T4y DRI +d+1) 1 (C.11)

Captts2s T(d) TU+HTT+ S+ (T +d—2p)(J +4y)

Using some simplifications, we indeed recover the result (3.37).

C.3 Large J behavior

As discussed in section 3.3, we studied the analytic continuation of a; using the inversion
formula (3.38) to find the spectral density of the theory. As we change the contour
n (3.42), we need to know the large J behavior of a; and to be precise, we want to find
the upper bound of a; as we approach the limit |J| — co. We will argue that the J — oo
behavior is related to the z — 1 (or £ — o0) limit of the correlator. We have already
encountered this in one example: for the bulk CFT correlator (3.65), we computed that

2d+2ﬂ.(d+3)/2

vooo D(O(6 — 4 +1)

1
(1—z)°

Gs(z) = = ps(4+iv) p20-d (C.12a)

or using (3.49) and setting v — J, at least formally we obtain

ay ~ 1/J4% (C.12b)

J—00

We want to put this relation (C.12b) on a more solid footing by means of Eq. (3.38).

Let us spell out the assumptions going in the derivation below. We assume that the
discontinuity of G(x) behaves as

r+1
r—1

0
x>1: DiscG(z) = < > G(z) for some §<1. (C.13)

Here G(z) is a bounded and slowly varying function on [1, 00), having a finite limit as
x — 1. It turns out that the large-x behavior of G(z) is not really important, provided
that G(x) does not grow faster than any power law. The restriction 6 < 1 is necessary to
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C.3 Large J behavior

guarantuee convergence of the inversion formula at finite J, and the second assumption
(which is stronger in d < 2 but weaker for d > 2) is needed to have a uniform J — oo
limit, as we will see. For values § > 1 the integrand needs to be regulated, and we will
not discuss this case at present.

Given the above, we write the inversion formula for this case as

1 00 dx 9 J+1-6 N
~ .14
where we defined P
J+1,JJ+ 545 2
= o [ ! 22 . NI
Folz) =2 1[ o] +d+1 1+m] (C.15)

We have dropped some J-independent factors in the prefactor, as they will not play a
role later. Eq. (C.14) can be obtained from the inversion formula by a hypergeometric
transformation. The function F;(x) is a manifestly decreasing function of = that has a
finite limit as * — 1 (unless d = 1, in which case F;(z) diverges logarithmically) and
obeys Fy(z) — 1 as © — oc.

We now claim that in the J — oo limit, a; is dominated by the part of the integral near
x = 1. To wit, fix some ¢ > 1 and split the integral into two parts:

ay=a +al?, af}):/ [.] and aff):/ ..
1 c

Using the above assumptions, it is easy to show that

C
2JJd/2

J>1: }aff)‘ < (C.16)

(1)

for some constant C' > 0. This contribution is exponentially small, whereas a;” will scale
1)

as a power law. In order to estimate aj’, we first estimate 7 ;(x) using steepest descent.
In order to do so we employ the integral representation

d-1 7
fJ(1+y)—F(d+2J+l) /Oldt (y+2)(t(1—1t)) 2 <t(1—t)(y+2)> )

T+ 441 24y —2t 24y —2t
At large J, the integral is dominated by the contribution near

b ti(y) = 2PV VY2 HY)

2

After evaluating the integral using steepest descent, at large J and fixed y we then obtain

Fil+y) ~ 47 F(y)e /W (C.18)

J—00
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Appendix C. Spectral density inversion formula

where F (y) is a rather complicated function of y that does not depend on J and

aly) =m2—In[2 - 2+y)VyC+y) +yB3+y)| ~ V2 +0) . (C19)

Because of the exponential, values of x = 1 + y for which ¢(y) = 1/J are suppressed in
the integral (C.14) (which is cut off at = ¢). In terms of the variable

vi=/2yJ

this condition reads v < 1. The relevant limit is then

v? 1—4odros 1 * =3 _, v 1—d 3tdras 1 a1
]:J<1+2J2>J:ooj 22 ﬁ/o drrz e " =J 722 2 ﬁv2K%(v)
(C.20)

where we used the integral representation (C.17) with ¢ = 1 — r/.J because the integral is
dominated by 1 —t ~ 1/J. We can therefore remove the cutoff ¢, perform the indicated
change of variable and take the limit J > 1. Keeping track of powers of J, this results in
the following estimate:

(1) 1 2¥
@ J:oo Jd_25 ﬁ

+5@(0) 00 dv X G(O) 21+d76F(1 N 5)F(1+c12—26)
|| ) = 7om NG '
(C.21)
This is the desired result, provided that the integral on the RHS converges. It does so
precisely because of the assumption made in (C.13). This concludes the proof.
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From SO(2,2) to SO(2,1)

A generic quantum field theory on dS have the symmetries dicatated by background metric
of dS i.e. SO(d+ 1,1). A conformal theory, on the other hand, has more symmetries.
The fact that its energy-momentum tensor is traceless enhances it symmetry group to
SO(d + 1,2). In this appendix, we study how the unitary irreducible representations of
SO(d + 1,2) decompose into irreps of the subgroup SO(d + 1,1) in the case d = 1.

Take the generators of SO(d + 1,2) to be the Lorentz generators J4p in embedding space
RI*T1L2 with the metric n = diag(—1, —1,41,...,41) in which A, B € {~1,0,1,...,d+1}.
These satisfy these commutation relations (2.31) and are anti-hermitian JL 5= —JaB.

The generators of the SO(d + 1,2) conformal group can be written as

D= —iJ_ i (D.1)
P, = —iJ 14+ Joa (D.2)
Ko = —iJ_1a — Joa (D.3)

My = —idgp . (D.4)

where a,b € 1,2,...,d+ 1 and we used tildes to distinguish from the SO(d + 1,1)
generators defined by (2.32). The hermiticity properties are then

DI=D, (P)'=K,, (Mg =My. (D.5)

Notice that the conventions here differ from those in the main text, namely (2.32), which
led to anti-hermitian generators.

Let us now focus in the case d = 1 which corresponds to SO(2,1) = SL(2,R) (at the level
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Appendix D. From SO(2,2) to SO(2,1)

of the algebra). In this case, it is convenient to use the following basis for the algebra

5% = —iJig = Mya ,
. Ki— P, K —P
+_ _ _
ST = —iJog1 — Joo = 5 +1 5 ) (D.6)
Ky—P, K —P
5 +1 5 .

ST = —iJo1 + Jog = —

This leads to the usual SL(2,R) commutation relations
(5%, 8%] = +5%, [ST,87] = —287, (D.7)

and Casimir

1
C = (5%)?%- 5(S+S— +578%). (D.8)
The hermiticity properties are

(85T =57, (SHI=5-. (D.9)

Principal series representatlons have Casimir eigenvalue C' = —% -2 < i Comple-
mentary series have —1 < C < 0. Discrete series have C = k(k — 1) with k =1,2,....

A highest weight representation of SO(2,2) is the vector space generated by the states
In, i) = (P, —iP)" (P, +iP)"|A0),  n,ne{0,1,2,...}, (D.10)
with |A, ¢) a primary state,!
Ki|A0) = Ko|A ) =0,  Mpa|A0) =LA 0), DAL =AJA ). (D.11)
We would like to diagonalize the Casimir C' in this vector space. First notice that 5% is

already diagonal
S*|n,n) = (n —n+L)|n,n) = sln,n) . (D.12)

The action of the Casimir takes the form
1
Cln,n) = q(n)n,n) + w(n)ln — 1,7 — 1) + Z\n—i— L,n+1), (D.13)

where

g(n) = —n(A —0+2n) — (A +0) + (2 — A)

(D.14)
=A(—l—-2n+s—1)+l(s—2n)+2n(s—n) .

1Noticg that here we use A to denote the eigenvalue of the SO(2,2) dilatation generator D. The
notation A, used in the main text, would be appropriate but we shall use simply A to avoid cluttering
the equations in this appendix.
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and
n

n) =43 (A +0+2k—2)S (A—t+2—2
) kZ_l( )qz:;( q-2) (D.15)

=dn(A+l+n—1){l+n—s5)(A+n—s—1).
These functions were computed using the commutators
K(D+ S8*) - P(D — §%),
C,P]=K(D - S%)— P(D+ 5%,

] =

]
[K,P]=4(D - §%) , (D.16)
[K,P] =4(D + 5%) , '
[K,P|=0,
[K,P]=0.

where P = Pl — Z'PQ, P= Pl + in, K= IN(l — if(g and K = f(l + iKQ. In practice, we
used

Cln,n) = _ P ¥C, PIP*"'P"|A,0) + ) " P"P"¥[C, PIP*"'|A, £) + P"P"C|A, ()
k=1 k=1

together with

KPﬁ‘A,@:ZPN 1K, P|P17Y A, 0) _42 (Adqg—1—0+q—1)P" A0
q=1 =1
ClA &) = (2 = A) A 0) + PP|A H
(D.17)

Simultaneous eigenstates of S* (with eigenvalue s < /) and the Casimir C' can be written

as

= apn,L—s+n). (D.18)
Then, Cli) = A|¢) leads to the recursion equation

1
Aan = q(n)an, +w(n + 1)aps1 + 70n1 - (D.19)

The eigenvalues A will be fixed by requiring that the solution to this equation has finite

norm ~
(Wl) = lan*(n,t — s +nln, 0 — s+ n)
= (D.20)
—Zla 24575200 (0 — 5 4 ) (A + On(A = Doy
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Appendix D. From SO(2,2) to SO(2,1)

where we used
(n,nln,n) = 4" T"plal (A + 0)p(A — )5 . (D.21)

This expression for the norm follows from (using (D.17))

(n,nln,n) = (A (| K"K"P"P"|A, /)
(A — 0+ 7 — 1)(A (K" K" PP YA, ) (D.22)
n(A—0+n—1)(n,n—1n,n—1) .

4
4

It is convenient to define

Cn = an\/4f—s+2"n!(€ =5+ ) (A+0)n(A—0)pio—s (D.23)

so that the inner product becomes
o
(W) =" chel- (D.24)
n=0

The recursion relation then becomes
(A+ A+ 0A+2n—5)+2n? +2n(A — s) — As)
VRA+l+n—1){l+n—s)(A+n—s—1)

[+ DA+L+n)(l+n—s+1)(A+n—3s) B
A+ lin-— Dl tn—s)Atn—s—1) 70

Cn

This implies the following asymptotic behavior

R
h=—7[1+0(1/n)]+cc. (D.25)
n-2
where 4\ 41 = —v2. The complex parameter R cannot be determined from an asymptotic

analysis of the recursion relation. Here we assumed that the parameter v is real as
required for principal series representations. In this case, the state |¢) is delta-function
normalizable. Let us see how this works

+/

(Y'Y ~ 2|RR/| Zn:i [cos <V_2V/ logn + ¢ — ¢/> + cos <V 5

~2IRR’|/OOdy [COS(V;Vyﬂb—qb’) +cos(yzyy+¢+¢’)]

logn+¢+¢')]

~AT|RR | [6(v — V') + (v + V)]

(D.26)
where we used R = |R|e’® and R’ = |R|e"”’. Notice that the appearance of the §—functions
follows solely from the asymptotic behavior of the coefficients ¢,,. On the other hand,
orthogonality between eigenstates of different Casimir eigenvalue is guaranteed. We
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conclude that the SO(2,2) highest weight unitary irreducible representations contains
SO(2,1) principal series representations for all values of v € R (with v and —v identified).

For complementary and discrete series representations, we have 4\ 4+ 1 = v? with v > 0.
This leads to R
tn = s [L+0(1/n)] + —= [L + O(1/n)] . (D.27)

n 2 n 2

Generically, this leads to non-normalizable states

&0 /
W) ~ 3" n T 0. (D.28)
n
Of course, if R_ = 0 then we obtain a normalizable state. In fact, we will now construct
some exact solutions with R_ = 0. We suspect these exhaust the solutions with R_ =0

but have no proof of this fact.

Discrete series irreps are highest /lowest weight for S* and therefore, they must contain
a state that is annihilated by ST /S~. This condition leads to a first order recursion
relation. Firstly, notice that

—2iSt|n,n) = (K — P) P"P"|A0) = 4n(A — 0+ 70— 1)|n,ia — 1) — [n+ 1,n) (D.29)
where we used (D.17). Therefore, ST|¢)) = 0 leads to
4 —s+n)(A—-s+n—1)a, —a,—1=0. (D.30)

In particular, the equation with n = 0 can only be satisfied if s = £ or ag = 0.2 If ag # 0

then we find
ag

Anpl(A = 0),, (D-31)

an =

with associated norm
(WYY = |ag)? Z ~ Zn% (D.32)

which converges for (half-integer) ¢ < —1. Indeed, this solves the recursion relation (D.19)
with A = £(¢£ + 1). This matches exactly the expectation from the discrete series. In fact
there are more solutions of the form a,, = 0 for n < s — ¢ and

Qs—p

— 7 ——— n > . D
As—0+7 4”7_1'(A _ E)ﬁ 5 n>0 ( 33)

2There is another formal solution with £ > s = A — 1. The unitarity bound A > |¢| then implies that
the second possibility only works for A = £ and s = ¢ — 1. But then the states with non-zero i have zero
norm (they are descendants of the state associated to the divergence of the conserved current).
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Appendix D. From SO(2,2) to SO(2,1)

The norm of this state is (here n =n 4 s — /)
nen! (A +10), s
(W) = las—if? 24 f—van? (D.34)

We conclude that there is a normalizable highest weight state for every s = —1,—2,..., —|¢|.

Similarly, looking for lowest weight states obeying S~ |¢) = 0 we find states with s =
1,2,...,|¢|. We conclude that for each SO(2,2) conformal family based on a primary of
non-zero spin ¢, there are |¢| discrete series irreps of SO(2,1) with Casimir eigenvalue
A =s(s—1) with s € {1,2,...,]¢]}. This seems to be confirmed by numerical experiments
where we diagonalize matrix truncations of the Casimir operator.

There is also a complementary series irrep with Casimir eigenvalue A = A(A — 1) for
conformal families with A < % In this case, there is an exact solution

(£ —9)!
A nl(n+ £ —s)!

ap = ap . (D.35)
which matches the expansion (D.27) with R_ = 0. This gives a normalizable state
in the complementary series. Notice that this state is really normalizable as opposed
to delta-function normalizable like the principal series states. Finally, notice that the
unitarity bound A > |¢| implies that this complementary series irrep only exists for £ = 0
conformal families. The presence of this state matches the comments after equation (3.67)
about the Kéllén-Lehmann decomposition of the two-point function of a CFT primary

operator with scaling dimension smaller than %.
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|} Semidefinite Programming for Con-

formal Bootstrap

Semidefinite Programming (SDP) [202, 118, 124] has been proven to be a powerful
tool for the bootstrap program. The fact that, unlike linear programming, one is not
required to discretize the space of dimension of exchange operators, makes this method
incredibly faster especially for our case which involves numerically expensive functions
3Fy. Therefore, it is convenient to set up SDP for the crossing symmetry equation of F
found in chapter 5 to bootstrap correlators. This section is based on [203].

Let us review the main idea of translating the conformal bootstrap crossing equation to
an SDP problem where the unitarity condition implies that the dimension of the exchange
operator to be non-negative. Later, we will go back to the dS crossing equation where
instead of a sum, we deal with an integral over principal series and we already traded
the z-dependence with parameters v and o. For simplicity, we focus on one-dimensional
CFTs while the generalization to higher dimensions is straightforward.

E.1 Expanding the blocks in polynomials of A

The s —t channel of conformal crossing equation for the four-point function of all identical
operators ¢, takes the form of [60]

> poFalz)=0. (E.1)
Ocpxo
where
Fa(z) = 2728¢Ga(2) — (1 — 2) 722 Ga(1 - 2) | (E.2)

and the sum is over the operators that appear in OPE of ¢ x ¢ with real OPE coefficient
cppo and z and G(z) are the cross ratio and conformal block respectively, defined in (5.6).
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Appendix E. Semidefinite Programming for Conformal Bootstrap

Note that since we deal with all identical operators, we only have parity even £ = 0

contribution with discrete series on even integers. One can expand the conformal block

as a sum over its poles. To see this, imagine a function f(z) that asymptote to foo(2) at

large z which is analytical on the complex plane except on a series of poles. Then we have
1 f(@) Res(f, z)

flz) = — = fool2) + > — (E.3)

y /
2mi Jo 2 — =z z— 2z

poles

Using this, we are able to expand the conformal blocks in its poles.

Ga(z) x 2F1(A, A 2A, z) has poles on non-positive half integers: Ay = —% (keZ k>
0). Following the logic above, after factoring out (4p)?, the blocks in p coordinates look
like:

Gael2) = (~1/ () o (2) + (1) (4> H 2 (1)
k=0
where
o ¢ YN 5 _ 1 _ z
hale) = (1) () 2Gale). o= i = e

The residues in the sum above decay exponentially which result in fast convergence. So,
it would be a good approximation even if we truncate the sum above at an upper limit
kmax. If one combines terms in the sum above over a common denominator, the n-th
derivative of the block will be of the form

£(A)

07GA(z
ag e (A — Ay)

= (=1)"(4p0)* 0'(A, A)PL(A) (E5)

z2=2z0

in which P/ (A) is a polynomial of some degree n. Notice that since all of A;s are negative

and p is a positive number, ©'(A, A;) > 0. Fa(z) also has the same form at z = %

— A Pn(A)
. = (4p0) ]ZZ%" (A _ Ak)

2=3

O Fa(2) = 0(A, A)Pa(A) (E-6)

with positive O(A, A;) and Polynomial P,(A).

E.2 SDP set up

Let us go back to the crossing equation. If we find a functional « e.g a linear combination
of derivatives of z evaluated at some point z = zg

z=20

alfl=> andrf
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E.3 SDP for F

such that

a[Fy) =1, (E.7)
a[Fa] >0, VA >A*, (E.8)

then we rule out any theory that does not have any operator in OPE with A < A*. Since
©(D, A;) > 0 the condition above is equivalent to:

> anR(A) =1, (E.9)
> anPu(A) >0, VA= A*. (E.10)

With the help of the following elementary theorem, this set of conditions become a
Semidefinite Programming problem:

Theorem. Let P(x) be a polynomial in x. It satisfies
P,(z) >0, Ve >0 (E.11)

2F+ v (z) Mav(x) for
)"

if and only if it can be written in the form of P(x) = v’ (z)Mjv(x
2 n]

some semidefinite matrices My and My and v = (1,x,x ,...,J)’—

We can find a bound for OPE coefficients too. Imagine we isolate a term in the sum of
eq. (E.1) corresponding to the operator Oy. Then acting with a functional o we may
rewrite eq. (E.1) as

30,0l Fn,) = —alFo] — Z Go0,0lFa,] - (E.12)
0;#00

Requiring the constraints

alFa,] =1, (E.13)
alFa] >0, VA >A*, (E.14)

leads to the bound 63@00 < —alFp]. If we ask the SDP question to minimize —a[Fp]
with the constraints above, we would find a bound on cé(wo coefficients. For a more
pedological review of this see e.g. [27, 204, 203, 124]

E.3 SDP for I

For the crossing equation of F*~* which has been integrated over z, we essentially follow
the logic presented above. We would like to expand F5~t in terms of its poles and rewrite
it as a polynomial times a positive function like the right-hand side of eq. (E.6).
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Appendix E. Semidefinite Programming for Conformal Bootstrap

The first step is to find the poles and residues of Fst. For later convenience let us split
F5t to four parts

FXYy=fRe+ Fiae+ oo+ floae (E.15)
where
ftA,e = —fi,e(’Y © o), (E.16)
Fi, = (1)K 5, D(A 17+ DT@A, 40 4 1)
AT T(A+2A, +y+0+2) r

A+21AZ,A—21AZ,A+’Y+1

E
K2 A A2, 4y 0 42

’1} . (E17)
corresponding to the contribution of different channels and their shadow counterpart. We
use A; and A, as a shorter notation of A;,, and A,.. For the moment, we focus on fa ¢
and later we come back to FA,Z-

The poles of fAI have there different origins. One set of poles is coming from Kj_a ¢
and the rest is coming the I'(A + v + 1) and 3F5:

poles from gFy : A = —g ; poles from'(A+~y+1): A=—(1+7v)—k
A= L4k
poles from Kq_ay : 2+
A= =2k —10+£2A;

where k is a non negative integer number.

Finding the residue of the poles coming from K;_a ¢ and I'(A +vy+1) are straightforward

_1)k
considering that the residue of Gamma functions are: Res(I', —k) = % For the poles
of 3F5 term, we use the power series expansion of 3F5. After re-summing, we end up with
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E.3 SDP for F

another 3F. In summary, we find Res(f3 ,) =
(—1)FHE/aT (2k420F2i A )T (2k-+LF 2N+ )T (—k£2iA) T(2A,+0+1)T(A+vy+1)
T (k04 )T (kH0F 200+ 4 )T (2kH0F 20T (—2k+2iA;)  T(A+2A+7+042)

A+2i0;, A—2iA; , A+~y+1 _ . CA
><3F2 A A42A 47t +2 1 s A= -2k E:EQZAZ

TR (0—k— DT (3 (k+4+2iAi+ )T (5 (k+H£—2iA+1)) T(A+y+ DT (2A,+0+1)
RIT (k-+0+2)0(—k—2)0(3 (0—k+2iA+ 2)D (5 (0—k—2iA;+1))  T(A+2Ar+y+0+2)
A+2iA¢,A72’L’Ai,A+’y+1 _ 1

A A+2A A tot2 | L] A=5+k

x3Fy

(=) T2A+o+1)K1_a s
K T(A+2A,+y+o+2)

A+2iA;, A—2iA; Adryt1
X3k 2A,A+2A, +yto+2

q, A=—(1+7)—k

_TRAHo+1)K1 A ()R —5) 1 (— E42i00) 1 (— E—2iA) e ys
T (A+2A,+v+0+2) kl(k+1)1(—E4+2A, +74+0+2) 41

X3F2 |:—A+1+22Ai,—A+1—22Ai,—A+’Y+2 1

A=—

N

—2A+42,—A+2A,4+y+0+3 ’

\

Having the residues’ explicit expressions in hands, the natural thing to do is to put the
residues back into the sum in eq. (E.3) and truncate the sum at some upper limit kpax
considering the fact that foo = 0. However, the residues above will grow and the sum
is not convergent. One may try to group the poles and sum the poles inside a circle of
radius R in A plane but the sum would not be convergent.

Empirically, we know that the residues grow like
Res(fR) oc k27,

where 8 = 2A4 +v+ o0 +1. We get around this problem by factorizing A% 41 where § is
an integer 0 > [20] + 1, so the sum over residues converges. We pick 4 to be an integer
to avoid any branch cut. Defining g as

1 -

gA = ——— [R E.18
we find the pole expansion of § which is a convergent sum at a cost of introducing new
poles because of factor ﬁ' In the end, one finds

- Res(3)
A= (A% +1 : E.19
fA=(A%+1) A A (E.19)

Indeed, one can check this numerically and find the convergence to the exact value in
eq. (E.17).

219



Appendix E. Semidefinite Programming for Conformal Bootstrap

Let us simplify the s-channel part of F on principal series where by adding the shadow
part we find a function of v? for A = % + iv:

i = ((% +iv)’ +1) L‘é)jl + ((% —i)+ 1)) %)jl
7= (8= 35) 7 i = (8 - 3)
A A,
i iv)d) — — i)y iv)d A 1+ 2A,
:Z ((1/2+w)”) = (1/2 —iv)?) ;((i/z; )°) +(1/2 ))A]+2AJRQS(Q)J
_N ) P
_Zj:u2+A§_Hj(y2+Ag)

where p(v?) and P, (v?) are polynomials. As you can see, we end up with a similar form
as the theorem above where 2 > 0 can be treated as z > 0 which allows us to use the
powerful machinery of SDPB [124] to cosmological correlators.
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Il Symmetry constraints on matrix

elements

In this appendix, we consider constraints coming from AdS isometries (or boundary
conformal symmetry) on matrix elements of the operator

T2 dr
. pAy _
V=R /_W/2 (cos 12 V(T =0,r) (F.1)

where V is any local bulk operator. To this end, we fix two boundary primary states |);)
and [¢;) of dimension A; and Aj. We will use SL(2,R) symmetry to derive relations
between different matrix elements between descendants, that is to say between the matrix

elements

VI = (g, mlV [, m). (F.2)

The argument will make use of a second operator W, defined as follows:

A /2 dr
W:=R V/ 2 (eosT)? sinr V(0,r) (F.3)

along with its matrix elements which we denote as W’ . as in eq. (F.2). Parts of our
discussion will be similar in spirit to section 2.1 of reference [45]|, where relations between
matrix elements in AdS3 were derived using SO(2,2) group theory.

F.1 Relations between matrix elements of descendants

Let us proceed with the derivation of the promised relations. We derive them simply
by evaluating Ward identities. If G is a generator of SL(2,R), then G [¢;,n) can be
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Appendix F. Symmetry constraints on matrix elements

computed using eq. (7.10). To wit

H i, n) = (Ai +n) |¢i,n) (F.4a)
K [Yi,n) = v(Ai,n) [thi,n — 1), (F.4b)
Plpi,n) = v(Ay,n +1) [, n + 1) (F.4c)

where v(A,n) = /n(2A +n —1). At the same time, G acts on the local operators V
as a differential operator Dg, as specified in Eq. (7.6). For general G, we then have the
identity

(W5, m|[G, V(7,7)][¢hi, n) = Da - (b, m|V(7, 7)[¢i, m) (F.52)
= (5, m[ G)V(7, 1) [¢i, n) — (b, m| V(7,7)(G [¢hi, n)). (F.5Db)

For G = H, this implies that

0

(87’ + Ay +n—m) (i, m|V(r,7) i, n) =0 (F.6)

where A;j := A; — A;. This completely fixes the 7-dependence of (v;, m|V(7,r)|1;, n).
Likewise, for P we get

Dp - (5, m|V(7,r) |4, n) = y(Aj,m) {5, m — 1V (7, r)|vi, )
= 7(Ai,n 4 1)@y, mV(7,7) i, n + 1) (F.7)

and finally for K we have

D - (b, m|V (7, 7)[his ) = y(Ag,m + 1) (b, m + 1V (7, 7) [, n)
= (A ) (W, mV (7, )i, n = 1), (F.8)

To proceed, we explicitly apply the operators Dp and Dk, which are first order both in
0- and 0,. The 7-derivatives can be computed by means of (F.6). The LHS of (F.7) then
becomes

(...)=|(—=Ay +m—n)sinr + cosr 8870] (¢, m|V(0,7)|1s,n) (F.9)

setting 7 = 0 from now on. The sinr term can be integrated over r yielding something
proportional to the matrix element W ;mi;n. The second term can be computed similarly
after employing integration by parts:

/2 d B /2 d
/ ! cosrawj,m]V(O,r)\wi,n) :—/ ! sinr (5, m|V(0,7)[1;, n)

—n/2 (cosT)? —n/2 (cosr)?
(F.10a)

= —wWim (F.10Db)

in
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F.1 Relations between matrix elements of descendants

discarding a boundary term that vanishes. Integrating the RHS of (F.7) at 7 = 0 as well,
we obtain the relation

(=g +m—n— YW =y (A;, m)VI Ly (A n+ VI (Flla)

If we repeat this for K, we get in addition
(A +m —n+ D)W=y (A, m+ VI (A )V (FL1LD)

Moreover, matrix elements with either n = 0 or m = 0 can be computed as definite
integrals over

Jii(r) = 3|V (0, 7)) (F.12)

which only involves the primary states [¢; ;). To wit:

i'm m m' 7T/2 dT 7l(mfAij) .
V0= 0" ay) / ooz O ) (F.132)
J/m J—m

Wom. (_pymt 1 ml [T dr C;igmi%ﬂ)(smr)
0 T (_ ) (m+ ) (QA])m /71’/2 (COST‘)2 m— A’L] +1 f]l(r)‘

(F.13b)

Here C’,(f’)(') denotes a Gegenbauer polynomial. Matrix elements with m =0 but n # 0
can be computed similarly, exchanging A; <+ A; in the above formulas. In order to
derive (F.13), let

Fm(r) == (5, m[V(0,7)[¢)s) (F.14)

omitting labels for the external states |1; ;), and in particular Fo(r) = fj;(r). Setting
n =0 in (F.8), we get the recurrence relation

(—Ayj +m)sinr — cosr 9 Fon(1). (F.15)

1
]:m‘f’l(r) - ol ar

(Ajam+ 1)

After repeatedly integrating by parts and discarding (vanishing) boundary terms, the
formulas (F.13) are recovered.

The interpretation of the above results depends on the precise value of A;; = A; — Aj.
We will discuss the cases where A;; is fractional and integer separately:

e If A;; is non-integer, the relations (F.11) together with the “initial conditions” (F.13)
are sufficient to compute any matrix element of V. This can be done simply by
eliminating W from the equations (F.11).

e On the other hand, if A;; is an integer, it is not always possible to eliminate W
from the above equations. Instead, we find new relations between specific matrix
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elements:

(A, m+ YWHm L

im—2Ay;

= Aiym = AW+ VI

i;mfAij )

(F.16a)

jim+Aij jim+Aq—1 i+
V(Ai’ m + 1)WJ " ]i;m—i—l = V(Ajv m+ 5ij)W] " ! im + VJ " Ji;m

(F.16b)

which are once more derived by a judicious application of integration by parts. It
turns out that these identities are again sufficient to reduce the computation of the
matrix V to its boundary.

If A;; is integer, certain selection rules apply. For concreteness, consider the case A; = A;.
Then by setting m = n + 1 in the first relation of (F.11), we obtain the identity

0=7(Asn+ DV —y(An+ 1)V (F.17)

which implies that all matrix elements v/ mim withn = 0,1, 2,... are identical. This result
has a simple physical meaning. Indeed, if ¢; = 14, the diagonal of the matrix V""", is
proportional to the tree-level energy shift of the states |¢;,n). But by conformal symmetry,
all such energy shifts (or anomalous dimensions) must be identical. Consequently, it is
necessary that for A; = A;, the diagonal of the matrix V is constant.

Next, consider the case where A;; is a non-zero integer, say A;; =: s with s € {1,2,3,...}.
Then from (F.13a) it follows that V’ ;si;O vanishes — this is simply a property of the
Gegenbauer polynomials. But from Eq. (F.11) it follows that

V(A4 s+ VL = (A n+ VI (F.18)

for any n. Consequently, all matrix elements of the form A\ ;n+si,n vanish! If A;; is a

negative integer, a similar argument can be made.

Let us finally comment on parity. If |¢; ;) have the same parity and V respects parity,
then fj;(r) is even under r — —r. But then using (F.13) and (F.11), it can be shown
that matrix elements of V (resp. W) vanish if m +n is odd (resp. even). The same result
could have been derived directly since

(using the fact that PVP~! = +V) which for odd m + n is only possible if Vj;mim =0. A
similar argument can be applied to the case where |1); ;) have opposite parity.
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F.2 Example: vacuum amplitudes

F.2 Example: vacuum amplitudes

As an application of the above formalism, let’s consider the case where the in-state is the
vacuum |Q2). By SL(2,R) symmetry, the wavefunction f; o is completely fixed, up to an
overall constant:

fia(r) = @i V(r)|Q) = ay(cosr)>i. (F.20)

The coefficient «; can be interpreted as the bulk-boundary OPE coefficient of ¥V — O;
(up to a convention-dependent constant), see (7.13). A short computation shows that

. . DAY
VIR 0 VI i (A 4 2m)BOLA, — L, 3y, [2n(B0n F.21
. o= bt BGA - ) [ pERE (a2
where B is the beta function. As an application of this result, we note that
Vi;2n 9
lim 2 _ (F.22)

noee Vi Ay/B(3,A)

that is to say that the matrix elements VM”Q grow as /n at large n. In particular,
this result implies that the Casimir energy diverges at least linearly at second order in
perturbation theory.

F.3 Universality of matrix elements if A; — A; is an even
integer

If A;j is an even integer, that is to say |A; — Aj| = 2s for some integer s, and the in- and
out-states |1; ;) have the same parity, the matrix & ;mi;n is severely constrained. In fact,
we will prove that it is fixed in terms of s + 1 constants.

Theorem: let [¢; ;) be two primaries with m; = m; that satisfy A; = A; + 2s with
s €40,1,2,...}, and let V be a parity-preserving bulk perturbation. Then the matrix
V7. is completely fixed by SL(2,R) symmetry in terms of the s 4+ 1 constants

w/2
Ca(wjv ¢7,) = / dr P) (Sil’l T)2afji(r)7 a = 07 1,...,s. (FQS)

—x/2 (cosr)

Proof. by parity, only matrix elements with even m + n can be non-zero. Thus all
non-vanishing matrix elements with n = 0 are proportional to the following integral:

? T2 gy
V]’2mi;0 x / /QW C’;T:L”is(sin r)fii(r), m=0,1,2,...
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Appendix F. Symmetry constraints on matrix elements

as an immediate consequence of (F.13). But it’s easy to show that any such Gegenbauer
polynomial is a polynomial of degree < s in the variable z = (sinr)?. Indeed, we have

1—8)m
m!

—m—s (. (1+s)
SFi(-m,s,3,2), Com~S(sinr) = L

anT+s(Sin T) = 2F1(_57 -m, %7 Z)'

(F.24)
The first of these functions vanishes if m > s, due to the prefactor (1 — s),,; for m < s
it’s indeed a polynomial of degree m in the variable z. Likewise, the second function
in (F.24) is a polynomial in z of degree min(m, s). Consequently, any matrix element

with n = 0 can be expressed in terms of the parameters cq(1;, ;).

Now, the same argument can be applied to matrix elements with m = 0. Finally, all
other matrix elements, having m,n # 0 can be computed in terms of the previous ones
using the relations described in section F.1. O

In particular, for s = 0 (i.e. whenever A; = A;) the matrix v/ ;mim is completely universal,
meaning that it is fixed by symmetry up to an overall normalization. To be precise, we
have the following corollary:

Corollary: let |;;) be two primaries with A; = A; and m; = 7;. Then for any
parity-preserving bulk perturbation V', we have

(5, m| Vi, n) = Vi (Ds) (b5 |V ]1hi) (F.25)

where 7;,,(A;) is a matrix that only depends on A;, to wit:

0 if m+n is odd;
Yon(A) = ¢ /(M + D)pem /A + M)y, m <n, m+n even; (F.26)

Note: setting m = n, we see that the diagonal matrix elements are constant (since
Ynn(A) = 1). This is consistent with the discussion from the end of section F.1.

Proof. Since any possible solution to the Ward identities is unique in this case, it suffices
to check that ¥7,,(A;) solves (F.11). Indeed (F.26) is a valid solution, if we also have

(i, m|W by, n) = W (Di) (0 1V |1s) (F.27a)
for
0 if m 4+ n is even;
Wnn(D) = /(M + D/ A + M)y m < n, m+n odd; (F.27Db)
Wom(A) m > n.
This can be checked easily. 0
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@1 Rayleigh-Schrodinger perturbation

theory revisited

G.1 Rayleigh-Schrodinger coefficients and connected corre-
lators

In this appendix, we prove a relation between coefficients in Rayleigh-Schrédinger pertur-
bation theory and correlation functions. To be precise, we have in mind a Hamiltonian of
the form H = Hy + AV, where Hy has a non-degenerate discrete spectrum

O=e<e1 <ey<...

associated to normalized eigenstates |i), such that |0) is the Hy vacuum state. In
perturbation theory, the interacting energies can be expanded as

E=e + Z(—l)n-i_l(ii’n)\n (Gl)

n=1

for some constants ¢; ,, to be determined. Moreover, we can expand the eigenstates |(2;)
of H in terms of the eigenstates of Hy with certain coefficients:

|< |Q _61J+Z "an, ] —>7)>\ (GQ)

Normalization of the states |€2;) and |i) means that

an (i — 1) Zan i— ) Za,,,(j — 7). (G.3)
J#i J#i

From now on, we will use rule (G.3) to only consider coefficients with j # 1.

It’s the goal of Rayleigh-Schrédinger perturbation theory to provide formulas for ¢;,, and
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Appendix G. Rayleigh-Schrédinger perturbation theory revisited

an(j — 4). Some simple formulas are

. . 2 . . 2
ca = VI o= VI g g oo < JVIDE gy
— e (ej —€;)

At higher orders in perturbation theory, similar formulas quickly become cumbersome.

We claim that, roughly speaking, the coefficients ¢;,, can be expressed as an integral over
the n-point correlation function of the operator V' inside the state |i). Considering the
vacuum state at second order in perturbation theory, it is for instance well-known that

oo = / " dr OV (D)V(0)]0)eonn (G.5)
0

where the subscript (¢|Oy, - - - O1]i)conn means that contractions between the operators O;
must be subtracted in the state |i), e.g.

GV TV (0)i)eonn = GV (T)V(0)]) — (ilV])* = g(7) (G.6a)

GV (1 4+ 1)V (1)V(0)[1)conn = (i|V (11 + 1)V (1) V(0) i) — (i V']3)?
= (i[V]i) |gi(m1) + gi(72) + gi(T1 + 72) | (G.6b)
and so forth. However, it’s not possible to simply replace the in- and out-states in (G.5)
by |i) and (i| to reproduce the expression from Eq. (G.4) — in fact, the resulting integral

would diverge for a generic state |i). To proceed, we therefore define a spectral density
pi.n as follows:

n—1 .~
V(T4 oot o) < V)V (O)[i)eom = H/ dag e~ @ 5 (0 as)
(=170

(G.7)
which has the following inverse:
. nol ko dry .
pim(@) =] / Tewfezm GV (L + ... Tue1) - V(L 4+ 2)V (1) V(0)]3) conn
=1 Jy—ico ST
for v > 0.1 For n = 1,2, 3 we have for instance
Pil = <1‘V‘Z> (G.Sa)
piz(ar) =Y 6(ar — ex) |(i[V]E)|? (G.8b)
ki
pislar,az) = Y 6(ar — ex)d(az — eg) (i|V[0) (<€|V|k> - 5k£<i\V|i>) (EVIi). (G.8c)
k0

'We use that on the right half plane R(7;) > 0 the correlator is analytic.
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We will see that the Rayleigh-Schrédinger coefficients can be compactly expressed in
terms of the densities p;,, to wit:

n—1 /oo / ’ ( ) ( )
Cin =— Pin\C1,...,0n_1). G.9
1,n gl I1 0 ' : 7,1 n

For n = 1,2, it is easy to check that (G.9) agrees with (G.4). In the rest of this section,
the proof of formula (G.9) will be explained.

First, let us comment on some general features of the p; ,,(&). 2 This object is generally a
complex-valued distribution, in fact a sum (generally infinite) of delta functions. Also
notice that p only has support on oy > 0 since there are no states with energy e < 0, and
the distribution vanishes at oy = e; since p describes connected correlation functions. In
fact, it will be useful in the proof of (G.9) to write p as follows

pin(ar, . an 1) =Y o Y Slar—ej). . 6lan1 —ej, )Ujy .- (G.10)
J1#i Jn—1Fi

Moreover, since V' is a Hermitian operator it can be shown that

Pin(01, . Q0 1) = Pin(Qnot,. . gy, 01) (G.11)

reflecting a peculiarity from the configuration of the 7; in the correlator (G.7). For n = 2
the above identity means that p;2(a) € R. We also remark that the behavior of the p;
at infinity depends on the high-energy behavior of the quantum theory in question. For
instance, if k > 1 then

. ~ i . ~ c k—1
gi(7) o pigl@) ~ O (G.12)

T—=0 TK
appealing to a Tauberian theorem. In AdSs, this Tauberian formula applies with x = 2,
but in UV-finite quantum mechanics all correlators are integrable (having in particular
k < 1). In what follows it will be assumed that the integrals (G.9) are well-defined,
without requiring any additional subtractions.

The reader may worry about the seemingly divergent denominator H?;ll 1/(ay — €;)
n (G.9). However, recall that p;, vanishes on some domain |ay — e;j| < € due to the
connectedness of the correlator it describes, and consequently the integral (G.9) is well-
defined. If necessary, one can therefore replace all of the integrals by their principal
value

n—1
H / T g | / dae_ (@) (G.13)
R

Qp — €4 e—0t \[ei—€,ei+e] ¥ — €i

without changing the result.

2Here, we use the shorthand notation & = (a1y...,an-1).
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Appendix G. Rayleigh-Schrédinger perturbation theory revisited

Proof of (G.9)

Let us now describe a proof of the identity (G.9). The proof will rely on a systematic
evaluation of the Dyson operator

b
U(b,a) := Texp [—)\/ dr V(T):| . (G.14)
inside matrix elements. The operator U has the defining property
e H(b—a) _ e_HObU(b, a)eHOa (G.15)

which can easily be shown (the identity (G.15) is a tautology for b = a, and the two sides
obey the same differential equation with respect to b).

For concreteness, let us first consider the vacuum state |0) = |vac), for which the proof
of (G.9) is easiest. There we have for any 7' > 0 the exact identity

(vac|U(T,0)|vac) = Z(V&C|€H0T6_HT|QJ>(Qj\vac) = Zexp(—&T)|<vac|Qj>\2 (G.16)
j =0

where we have inserted a complete basis of states |2;) and used Eq. (G.15) to rewrite U.
Taking the limit 7" — oo, we have?

Eo(A) = — lim %m (vac|U (T, 0) |vac). (G.17)

T—o0

The object on the RHS is precisely the generator of connected correlation functions inside
the vacuum state. At n-th order in perturbation theory, we read off that

n—1 .50
Cvac,n = H / dry (vac|lV(ri +...7h_1) - V(11 + )V (71)V(0)|vac)eonn  (G.18a)
(=170

n—1 .~
doy
= H/ — puac(1, ..o 1) (G.18b)
0o
(=1
as claimed. Formula (G.18a) for the vacuum energy is not new — see a disussion below
equation (8.16) — and a formal version of (G.9) appeared previously without proof
in [161].4

For excited states the proof of (G.9) goes along the same lines, but it is more complicated.
To proceed, we insert the operator exp(&;T) exp(—HT) inside the unperturbed state |7).

$Notice that (vac|U(T,0)|vac) > 0 so the logarithm is well-defined.

4The formula in question involves connected correlators that are integrated over all of spacetime.
Beyond short-distance divergences, such correlators are also IR-divergent due to intermediate states
of energy below the energy e; of the external state |¢). Our formula (G.9) takes such divergences into
account and does not need any additional renormalization.
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G.1 Rayleigh-Schrédinger coefficients and connected correlators

This yields

65T<‘UTO Z‘ ‘Q |2 —(&=&)T
7=0

[e.e]
1= [(iley)? [1 — 708 08T g=(ej—ei) T (G.19)
J#i

writing 6&; = & — e; = O(A\). We have used the identity

[P+ Q)P =1 (G.20)
i

to obtain the above expression. We will show that formula (G.9) follows from matching
the terms linear in 7" on both sides of (G.19).

The LHS of (G.19) can be recast as

In(LHS) = 6&; (A T—|—Z D"A"X;,(T), (G.21)

T T
Xin(T) ::/ dr - / dry, (8|V(7) -+ V(1) %) conn- (G.22)
0 Tn—1
Using the spectral representation (G.7) we can write (G.22) as follows

X3 (T) :/0 das ..o Wa(ar — i, an1 — es|T) pin(@) (G.23)

)

where ®

T T—to T—tg-—tn—2
_ / dto / dty et .. / by e =11 (G.24)
0 0 0

Equivalently, we can define W by

T
Win(&|T) = / dtoQn 1(0n, - an 1 |T — to) (G.25)
0

with Q defined recursively

T
—aqt
QifaraulT) = [ dte Qi (ol 1), Q=1. (G26)
0
5This follows from (G.22) changing integration variables to ¢; = 541 — 75 with 4 =0,1,...,n — 1 and
T0 = 0.
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Appendix G. Rayleigh-Schrédinger perturbation theory revisited

It is not hard to see that this recursion relation leads to

1 N LA |
Qilar,...,q4|T) = ———— — . G.27
,L( z| ) 10 ...04 ; Qy gaj—ag ( )
VEIA

This can be easily checked by plugging (G.27) in (G.26) and using the identity

OZW‘Z ot (G.28)

j=1
J#L

which follows from the fact this rational function of «y vanishes as a; — oo and does
not have any poles (the reader may easily check that the apparent poles have vanishing
residue).

We can now use (G.27) in (G.24) to obtain

T
W(@T) = ——— — K, (@|T 2
Wa(@lT) = ———— ~ Ku(alT) (G.29)
where . )
S 1
K (G|T) = = (G.30)
~ q oy — Qg
it
This allows us to write (G.23), for n > 2, as follows:
Xin(T)=T = pz n(@) — da K (a — e;|T) pin (). (G.31)
0 a— 0

Here and in what follows we use a vector notation for spectral integrals, for instance

n—1
* da -\ o0 dOég
/0 @»_eif(a)—zﬂl/o ay e e an). (G.32)

We will now show that the only term that grows linearly with 7" in (G.31) is the first
term. More precisely, we will show that the second term in (G.31) evaluates to something
of the form
const. + Z Ps(T)e PT, (G.33)
B#0

for some values of § # 0 and Pg(T") some polynomial of T'. For n = 1 we simply have

Xi1(T) = Tpin = T(il[V]i). (G.34)
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For n = 2 the second integral is straightforward to do:

/ dalCo(a—e;;T)pi2(a Z\ i|\V[5)[PK2(ej — e|T). (G.35)
0
J#i

However, for n > 3 we have to worry about the denominators a; — ay. It is clear from
the definition (G.24) that W, (a1, ..., an—1|T) is completely regular when some of its
arguments ay coincide. Therefore, from (G.29) we conclude the same must be true of KC,,
although this is not obvious from the explicit formula (G.30).

For instance for n = 3 we have

2 2+ aT
atha Ks(a,d|T) = PR

exp(—aT) =: K5(T). (G.36)

Therefore, for n = 3 the second term in (G.31) evaluates to

o0
|daKa@ - ampa@ =X GVIRGIVIDGIVE Kale; - e ex — eiT)
0 dikti Nk
+ 20V — GVIDIGIVIZ K Ces — eilT), (G37)
JFi
which is of the general form (G.33).

For general n, we can use (G.10) to write the second term in (G.31) as follows

o0
/d&lcn( e Dpin(@ =3 S UpnsousKonles — €64y — il T).
0 Jl?’éZ In— 1751

(G.38)

Clearly the arguments of KC,, are always different from zero. Therefore, from (G.30) we
conclude that this is of the general form (G.33). The only subtlety is that for some terms
in the sum (G.38) the arguments of K, are exactly equal. In this case, one cannot use
(G.30) due to the presence of vanishing denominators. However, as explained above K,
always has a finite limit when several of its arguments coincide. Moreover, we can write

n—1

Ka(@|T) = go(a@) = Y e " gu(a), (G.39)
/=1

with gy(&) some rational functions that can be read off from (G.30). If ay and a2 coincide
then

n—1

Kn(on, a1, as,...|T) = go(d) — ZB_QETQE(CY) e g (a|T), (G.40)
=3
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Appendix G. Rayleigh-Schrédinger perturbation theory revisited

where go and gy>3 have finite limits when g — 1 and

g1(a@|T) = lim [g1(a1, 01+ €,a3,...) + e P ga(ar, a1 +€,a3,...)] (G.41)

T 2Ha]_a1 7 QHaj—al (G.42)

Due to the collision as — o the coefficient of the exponential e=*7 became a linear
function of T'. This is a general phenomena. When several a’s coincide the coefficient

apT

of the associated exponential e~ becomes a polynomial in 7.5 However, as long as

every ay # 0 the exponential never disappears and therefore (G.38) is indeed of the form
(G.33).

The RHS of (G.19) can also be expanded to

I(RHS) =) " (—1)"\"Y;n(T) (G.44)
n=2
for some functions Y; »(T'):
Vip(T) ==Y as(j— i) [1 - 6_(63'_“”} (G.45a)
JF#i
Vis(T) Zag Jj—1) [l—e (ej—ei) } TZ —ci1)as(j — i)e~(@—e)T
J#i YE)

(G.45Db)
and likewise for higher n. The coefficients a,, were defined in (G.2).

We can now directly compare (G.22) and (G.44) to obtain the desired formula, Eq. (G.9).
For n = 2, we obtain the relation

T [Cf,z —/ pi,Q(O‘)] =
0 «—¢€

00 1— e—(a e;)T (e;—en)T
/ do ————pi2( ZCLQ]*)Z) |:1—€ ie ] (G.46)
0 (o —e)? i

Since this equation must hold for any T > 0, we recover the n = 2 case of (G.9) along
with the standard result

[(i[V]5) [
= —. G.47
2(] - ) (61 _ 6j)2 ( )
SFor example,
22
lim  Ka(a, o, d"|T) = 3 + 6+ 4aT + ™17 exp(—aT). (G.43)

a’ o' sa ot 20t
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G.2 Feynman diagrams

The same strategy can be used to prove (G.9) for higher n. The logic is always the same,
namely to match all terms of order A" appearing in Egs. (G.22) and (G.44). The LHS
has two purely linear pieces in 7', namely
*© da .
(=1)" e, T + (—1)”T/ —pin(d)+.... (G.48)
0o & —¢€

which perfectly cancel, provided that (G.9) holds. The remaining term on the LHS comes
from the kernel K, and crucially it never contains a term growing linearly with 71" at
large T: at most it contains a constant and polynomials in 7" multiplied by (growing or
decaying) exponentials. This remainder term can be matched against the RHS — which
does not contain any term growing linearly with T — and this procedure gives expressions
for the coefficients a,(j — 7).

As mentioned at the beginning, the spectrum of the unperturbed Hamiltonian was taken
to be non-degenerate. Let us briefly discuss how the proof breaks down in case Hy is
degenerate. Suppose for instance that there are two vacua, that is to say g > 2 states
|vace) with eq = 0. Equation (G.16) still holds when |vac) is replaced by any of the |vac,),
or in fact by any linear combination |v) = ¢* |vacy). Equation (G.17) also holds, provided
that the true vacuum |2) at finite coupling has non-zero overlap with the starting state |v).
However, it is no longer true that the coefficients cyac n are described by equation (G.18a),
and indeed such integrated correlators generically diverge. In other words, the T" — oo
limit and the perturbative expansion do not commute.

G.2 Feynman diagrams

This section is dedicated to a detailed explanation of the diagrammatic representation of
RS perturbation theory, introduced in section 8.1. The reader may refer to figure G.1
to fix ideas, although similar pictures can be drawn for a generic interaction term. The
diagram is to be read from bottom to top, with time flowing upwards. The horizontal
axis corresponds to the mode numbers, e.g. the state |1,2,2,4) would be represented by
single lines at n = 1,4 and a double line at n = 2. Polynomial vertices can either lower
or raise occupation numbers. The diagram in figure G.1 would occur at second order in
perturbation theory for a theory with potential V3 = [ :¢3: . In the time domain it can
be read as

(0,1|Va(m2)|1,1,3)(1,1,3|V5(m1)[0, 1) (G.49)

or when computing energies it would contribute an amount

(58() 1D XQ ’<1) 1>3"/3‘0’ 1>‘2 - _ 725\2
’ Eo1 — FEi13 A+4

T2 gy
/ I AE G (G50)

—n/2(cosT)?
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Appendix G. Rayleigh-Schrédinger perturbation theory revisited

to the energy of the state |0,1). The functions f,(r) are defined in eq. (9.4). Vice
versa, by “cutting open” diagrams like figure G.1 horizontally, one easily recovers the
intermediate state and its energy.

X--¥---t--X
X--X%--r--%X
0 1 2 3 n

Figure G.1: An example Feynman diagram arising at second order in ¢? perturbation
theory. This diagram involves |0, 1) resp. (0, 1] as in- and out-states and |1,1, 3) as an
intermediate state.

G.3 Explicit calculations at second order in perturbation
theory

This section is a complement to section 8.1. There, after writing the potential V in
terms of ladder operators and introducing a truncation cutoff A, we expand the energy
of the vacuum |2) and of the excited state |x) = ag Q) up to second order in A using
Rayleigh-Schrédinger perturbation theory:

-\ |2
Eo = cq+ NQVIQ) - X KOV | oy | (G.51a)
1=2 p.s. € —eq
_ _ V1|2 _
Ey = ey + Mx|V]x) — M2 Z Vi +0(N\3). (G.51Db)
i=1 p.s., € — €x
3 p.s.

in which “n p.s.” stands for n-particle states and we used the fact that :$?: acting on an
n-particle state produces n — 2,n and (n + 2)-particle states. Substituting the operator
V in the sums above in terms of A,,, using eq. 9.15 and summing the states up to cutoff
A gives
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G.3 Explicit calculations at second order in perturbation theory

m+n+2A<A

- 1 A% (A)
A) = —4 2 mn
Eald) A oo N(m,n)2A+m+n’
m+A<A
X X AR (D)
Ey(A) = A+ 2 Ag — 4N Zl OT
42 erniASA 1 (Armn(A) + SomAon + onAom)?
= N(m,n,0) 2A+m+n
where N(¢,m,...,n) is the norm of the state azajn al, |2). In particular,
N(m,n) =14+ 0mpn , (G.53a)
(mnO)—1+5mn, m,n # 0, (G.53b)
N(m,0,0) = m#0, (G.53c¢)
N(0,0,0) = (G.53d)

In the large A limit, the two double sums in eq. (G.52) have the same linear asymptotic
behaviour. To see this, let us define

[(QVa|m, n) >
on(A) = E -, (G.54)
N 2A+m+n
such that
1A
2
32 3
Ea(A) A A NgoaN(A) +0(\7) . (G.55)

Eq. G.54 is a sum of O(V) terms that can be expressed in terms of the explicit coefficients
Vn(A) from eq. 9.16 . At large N we can replace this sum by an integral

>2A_1 , (G.56)

which can be expressed in terms of special functions if desired. We then have

lim ox(A) = oa(A) = 1)/01dx (

N0 (2A —1)? 2z

Ea(A)  ~ X205 (A)A + 0N, A0) (G.57a)
— 00

Ex(A)  ~ “A2050(A)A + O(N3,A) . (G.57b)
—00

As emphasized in section 8, the naive difference &, (A) — Eq(A) does not reproduce the
exact result (8.6). Let us show instead that the prescription (8.1) does the job. We begin
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Appendix G. Rayleigh-Schrédinger perturbation theory revisited

by computing

m+3A<A

m+A<A
- - P (A) - A3 (A)
_ _ — —4A)\2 Z0mA\T 42 Z20m\=
EX(A) Ea(A—A) = A+2XAp — 4\ mEZI - 4\ mgzo 4 oA (G.58)

In the limit A — oo, the above sums can be written in terms of hypergeometric functions:

o A (D) 2 11
- F 1|, G.59
mzzzl m ARA-1)? TP\ L4a1+A (G.59)
> 3
A(Q)m(A) _ 2 57171
Zm+2A_A(2A+1)(2A—1)23F2 LA LI+A L (G.60)

m=0

These formulas furnish a completely explicit expression for the energy shift (G.58) in the
limit A — oo, which agrees with the expected result (9.18).”

Similarly, we have checked that the second-order energy shift of the states ah |©2) for small
values of n is correctly reproduced with our prescription. In addition, we also checked
that the third-order energy shift of the state |x) is correctly reproduced.

Alternatively, we can reproduce the second-order energy shift of the state |x) by computing
the two-point connected correlator of Va(7) inside the state |i). Computing such correlators
is an efficient way to extract spectral densities more generally, that is to say for other
states or for energy shifts at higher orders in perturbation theory. Let us therefore briefly
spell out this computation. The correlator we need to compute is given by

9x (1) == (X|Va(7)V2(0) [X)conn — (2 V2(7)V2(0)[€2)conn- (G.61)

We will see that g, can be expressed in terms of the special function

> 11,1
ga(z) = Yoon(A)22" =3Fy | 27 (G.62)
7;) AA+ S

To derive this result, we recall that |x) = ag |2) and use the identities

{aka :gbn(’r? T) :] =n: e(A—HC)T fk’(r) :¢n—1(7_’ T): )

[:qﬁ"(r,r):,aT] =n.e (AHRT fr(r) :gb"*l(v', r):

"This check requires verifying an identity involving a sum of two hypergeometric 3F>(1) functions.
We have checked this identity numerically for many values of A, but we do not have an analytical proof
for any A.
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G.3 Explicit calculations at second order in perturbation theory

for k =0 and n = 2. Now, equation (G.61) can be restated as

95 (7) = (Qlao, Va(7)][V2(0), ab]|2) + (QU[Va(r), aflao, Va(0)]|Q) — (x[Valx)*  (G.63)
using the fact that (Q|V2|Q) vanishes. The first term in (G.63) works out to
AT / (drldr") fo(r) o) G(r,7(0, ) = 43 €72 Ag 5 (A)?
n=0

4

- a0 (G.64)

where G = (¢¢) is the scalar propagator and using the shorthand notation

fir-

Here we have used that all odd matrix elements Ago2,4+1 vanish, and that A,,, is

proportional to #;, . The second term in (G.63) works out to

4
—AT ! / AN —2AT —27
e /[dr] [dr'] fo(r) fo(r")G(7,7]0,7") = [N=E e ga(e™ 7). (G.66)
Finally,
4
(x|Valx)? = = @A 12 (G.67)
and thus 4
—2AT —27
9x(7) = A 12 [(1+e722T) ga(e™) —1]. (G.68)
Indeed we recover (by testing for various values of A) that
/ d 1 (G.69)
9T) = GA Ty '
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58 Short time singularities in the corre-

lators of V

In this appendix, we study the singularities of the following class of correlators,
(@[ Ve(rr + . Tn—1) -+ V(1 + 72) Ve(11) Ve (0)[7) conn (H.1)

when a subset of the 7; goes to zero. The subscript € denotes the regularized interaction,
as defined in eq. (8.13).

In this appendix, it will be convenient to redefine the spatial coordinate as

0 =71+ (H.2)
2
so that 6 € [0, 7]. Hence,
mT—E€ d@
— R™V H
Vir) = m [ s i) (H.3)
Furthermore, we set R = 1 from now on.
H.1 The vacuum two-point function
Let us begin with the vacuum two-point function of the potential:
¢  db,dbsy
@) = [ P avmevo.s)ie) .
¢ sin“ @y sin® 0y

The matrix elements in eq. (H.4) are computed by a Euclidean correlator as long as 7 > 0,
which we assume throughout this section. Notice that, since the vacuum expectation
value of V. vanishes by definition, the full correlator coincides with its connected part.
It will be convenient to keep in mind that the two-point function of V depends on the
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Appendix H. Short time singularities in the correlators of V'

position of the insertions only through their geodesic distance, or equivalently through
the cross ratio £ defined in eq. (7.8), which in the notation of this section reads

cosh 7 — cos(0; — 62)

€= (H.5)

2 sin 01 sin 6y

Hence, we also denote
(QV(7,00)(0,02)|2) = fa(€) - (H.6)

As discussed in section 8.3, the large energy limit of the Laplace transform of this correlator
controls the cutoff dependence of the vacuum energy at second order in perturbation
theory.

We start by discussing the e = 0 case. There are two possible sources of non-analyticities
as 7 — 0. First, the two-point function of the perturbing operator V has a short distance
singularity fixed by the OPE at the UV fixed point:!

fal§) ~ (O™, £—0. (H.7)

In order to isolate the contribution of this short distance limit to eq. (H.4), we approximate
fa as in eq. (H.7) and we rescale the difference (01 — 02) — 7(61 — 02), keeping 61 + 60
fixed. After sending 7 — 0 and integrating, we obtain

N nl (AV - %) I (AV - %) F200+1

(QV(m)V(0)|2) T(Ap)D(Ay — 1)

+... T—0. (H.8)
It is interesting to notice that the exponent is a property of the short distance physics,
and accordingly the integral over (6; — 2) reduces to an integral over a flat space two-
point function. It converges as long as Ay > 1/2; otherwise an IR divergence makes
the approximation (H.7) inadequate. On the other hand, the integral over (6; + 62) is
sensitive to the AdS geometry, and requires the stronger condition Ay > 3/2. As we
shall see momentarily, precisely when this condition is not satisfied the leading small 7
singularity is not given by eq. (H.8).

Indeed, a second source of non-analyticity arises from the region where both insertions of
V reach the same point on the boundary. In this case, the important contribution comes
from the region where 6; ~ 02 ~ 7, and from its image under parity (r—60;) ~ (1 —602) ~ 7.
It is simple to guess that this is the case by considering the cross ratio £ in eq. (H.5).
When 6; and 7 all vanish at the same rate, £ attains a finite limit. After performing the
change of variables 0; = z;7 in eq. (H.4) — still at e = 0 — and multiplying by 2 to keep
into account the contribution from the other AdS boundary, the leading contribution as

7 —01s © dzd 2
2 21dzo 1 -2
QV(H)V(0)|Q) ~ —= H.9
(QV(T)V(0)|) 7.2/0 z%zg fQ(4zle + ( )

'Logarithms arise when the UV fixed point is a free theory, like in chapter 9. Also, notice that the
subtraction of the vacuum expectation value of V has no effect on the leading singularity.
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H.1 The vacuum two-point function

Let us briefly discuss the convergence of this integral. As at least one of the z;’s goes
to zero, the boundary OPE can be used to factorize the double integral into a product.
We conclude that the integral converges at small z; if the boundary OPE of V does
not contain operators with scaling dimension A < 1. This is precisely the condition
(7.17) which ensures finiteness of the matrix elements of V', and is therefore satisfied by
assumption. At the other end of the integration region the integrand is suppressed, unless
2192 stays finite. In the latter case, fq is dominated by the bulk OPE limit as in eq. (H.7).
Hence, the integral in (H.9) converges as long as Ay < 3/2 . In the opposite case, the
leading small 7 singularity comes instead from the bulk OPE limit considered above, see
eq. (H.8).

Notice that, contrary to eq. (H.8), the theory dependence of the singularity in eq. (H.9)
is through the full two-point function fq. Although we could still perform one of the
two integrals to simplify the coefficient, we shall later obtain precisely this result as a
by-product of a more general analysis — see eqgs. (H.10,H.17).

Although the previous analysis is sufficient to isolate the leading small 7 singularities,
for completeness we now develop a more systematic formalism, which yields the matrix
element in eq. (H.4), with e = 0, as a single integral over the correlator (H.6). Since fq
only depends on the coordinates through the cross ratio £, it is convenient to separate
the kinematical from the theory dependent data as follows:
o0
@VOVOIR = [ dEKEN0O ) finlr) = HeoshT 1), (H10)

The kernel K is defined as

cosh T — cos(0; — 63)

K@ww=AW*%“2&ammﬁg—gx £(r.01,05) =

sin? ; sin? 6, 2 sin 01 sin 69

(H.11)
The kernel (H.11) can be expressed in terms of an elliptic integral for generic 7 > 0. We
will first integrate in #2. In Poincaré coordinates, the curve of constant geodesic distance
from a point x1 = (z, 2), z = exp(7 + 10), is a circle:

(z—2")(z -7

4ImzImz — (éRZ/ - §R27)2 + (Im - 0)2 = 7’2,

c=Imz(1+2, r=2Imz/&E+1). (H.12)

&=

Therefore, the d-function in eq. (H.11) has support at most in two points, at fixed 61, see
fig. H.1. We can then evaluate the integral in df, by changing variables, being careful
about the sign of the Jacobian 0&(7, 01, 02)/003. Referring again to fig. H.1, the geodesic
distance of the marked point at angle #> from the point at angle 8, is decreasing while
the former enters the solid circle, and increasing while it exits it. This fixes the sign of
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Appendix H. Short time singularities in the correlators of V'

Figure H.1: The dashed semi-circles are constant global time surfaces. The solid circle is
a surface of fixed geodesic distance from the V insertion at angle 6. The V insertion at
angle 09 is generic. The ¢ function in eq. (H.11) has support at the location of the two
red points.

the Jacobian. We obtain the following expression for the kernel:

4(142¢)coshr [7/?

K = do
(&) VEEFD)  Jowun
1
H.13
(sin2 01 + 4£(1 + €) sin? Hmin(T)) \/sim2 61 — sin? Oin (1) ! )
where inh
Omin(T) = arcsin _ AT , (H.14)
2¢/€6(1+¢)

We used the reflection symmetry  — 7 — 6 to restrict the integration region to 6; < 7/2.
At the minimal angle 8,,;, the solid circle of fig. H.1 becomes tangent to the semi-circle of
radius 1. As promised, eq. (H.13) expresses the kernel in terms of the incomplete elliptic
integral of the third kind:

41+ 2) 1 ( L 7y ! )
(el = E(€+1) cosht /1 — sin? Opin (1) " cosh? 7’ 2 Brain(7), 1 — sin® Oin(7) )
(H.15)

The full matrix element at fixed 7 may now be obtained by integrating the kernel as in
eq. (H.10). Alternatively, one can recover the small 7 limits in eqs. (H.8,H.9) as limits of
the kernel itself.

In particular, the bulk channel singularity is obtained by rescaling ¢ — 72€. In the 7 — 0
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limit, this reduces the kernel to a complete elliptic integral of the second kind:

K(T%¢|1) ~ \/E (1 - 5) 7= 0. (H.16)
This approximation to the kernel can then be used in eq. (H.10) together with eq. (H.7),
to recover eq. (H.8).

The kernel K (£|7) is more useful in deriving the coefficient of the boundary channel small
7 singularity, eq. (H.9). Indeed, in this case the cross ratio is held fixed, and the rescaling
0 — 76 in the integral form (H.13) yields a simple algebraic result:

K(|T) ~ 8 —5 arcsinh ( (€ + 1)) , T—=0. (H.17)

Replacing eq. (H.17) in eq. (H.10), we obtain the coefficient of the small 7 singularity in
eq. (H.9) as a single integral over the cross ratio, as promised.

To conclude this section, let us describe how the introduction of a non vanishing e cutoff
changes the kernel (H.11). Referring to fig. H.1, now the integration region of the
potential only extends on the wedge defined by 6 € [e, 7 — €]. Depending on the values of
&, 7 and ¢, one of three cases happens: none, one or both of the intersections marked in
red lie inside this wedge. Hence, the kernel is a piecewise continuous function. We shall
focus on the limit €, 7 — 0, while keeping €/7 fixed. It is useful to define the following

constants: )

a=1,  a.=4age+1), f*:%(\/omtlfl). (H.18)

€
If we perform the change of variable 6 — €6, it is not difficult to find the following result:

8arcsinh/a, , & <&,

VarFi-y/ar (Variliva—a\>
Kieglro ~ 5 { ~1los | VA (VEREA=R) |0 & <é<ant,
T

2
~2og (o + 1) (WETEIEIVE ) aevaa | s

(H.19)
We plot this function in fig H.2. As expected, the contribution to the two-point function
(H.4) of points whose cross ratio is larger than the value &, is suppressed.

H.2 The two-point function in a generic state

The aim of this section is to prove eq. (8.33). As discussed in section 8.4, this result is
instrumental in deriving a bound on the UV behavior of the spectral density Ap§,(a).
The object of interest is the following difference of correlation functions:

9e(1) = (i Ve(T)Ve(0)[4)conn — (2| Ve(T)Ve(0)[2)conn - (H.20)
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Appendix H. Short time singularities in the correlators of V'
T*K (€|, €)

&G 3
Figure H.2: Plot of eq. (H.19) for a choice of a.

The operators in the expectation values are ordered as written. Hence, only for 7 > 0 is
ge(7) computed by a Euclidean correlator. The left hand side of eq. (H.20) is defined by
analytic continuation everywhere else. We shall make the simplifying assumption that the
leading non-analytic behavior in g.(7) as 7 — 0 can be detected by approaching the limit
from real and positive 7. This is true in particular if 7 = 0 is not an essential singularity.?

As discussed in the previous section, there are two sources of non analyticities at small
7: the bulk ¥V x V OPE, and the simultaneous fusion of the same operators with the
boundary of AdS. Let us first focus on the latter, more complicated scenario. Clearly, as
long as € is finite, this singularity cannot arise. In other words, assuming for a moment
that the bulk OPE is sufficiently soft, g.(7) is bounded by a constant as 7 — 0. However,
the bound is lost as we also take ¢ — 0. What we need is a different bound, which persist
as the spatial cutoff is removed.

Let us begin by recalling that the connected two-point function with respect to any state
|i) can be written as

(i V(7,61)V(0,02)[i)conn = (i|V(7,61)V(0, 02) i) — (i[V(7,61)]i)(i[V(0,62)]i) . (H.21)

Although the connected correlator is invariant under a shift of ¥V by any c-number, recall
that our definition of V includes the subtraction of the cosmological constant, when
needed to make the matrix elements of the potential well defined. In this way, the second
addend on the right hand side of eq. (H.21) is 7 independent and, upon integration,
gives a finite contribution to g also in the ¢ — 0 limit. Since we are interested in the
non-analytic part, we shall drop it from now on. Hence, we replace eq. (H.20) by the
following:

Gu(r) = / 0% rr.0,,0,)

Sin2 91 sin2 02

f(7,01,02) = (i|V(7,01)V(0,02)[7) — (QV(7,01)V(0,0:)|Q) . (H.22)

2For instance, logarithmic singularities are allowed as well.
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H.2 The two-point function in a generic state

Figure H.3: The configuration which defines the p-coordinates. The largest dashed
semicircle has unit radius. Notice that an isometry can be used to place one of the
bulk operators perpendicularly above the middle point between the boundary operators,
without displacing the latter. Furthermore, using an inversion one can set r; < 1.

We immediately obtain an e-independent bound as follows:

T db,do
G < [ g S 0.00) (H.23)

Our aim will be now to bound the right hand side as 7 — 0. Let us make some simplifying

assumptions, which will be reconsidered at the end:

1 the state i) is created by a primary operator O;,

2 the boundary spectrum contains at least one operator with A < 2, and the three-

point function (OAVV) is non zero,

3 the bulk OPE V x V does not contain operators of dimension smaller than 2Ay,,

apart from the identity.

Since we are interested in the limit where both V’s go to the boundary simultaneously, it
is convenient to introduce the p-coordinates depicted in fig. H.3. These are related to the

(7,0) coordinates as follows:

1 :tani1 ro = <1+€27 — 2 C0892)1/2 CoOsSp = L-c™ .
2’ 1+ €27 + 2e7 cos by ’ V1+ e 4 —2e727 cos 26

(H.24)

Notice that the inversion symmetry (71,72, cos¢) — (1/r1,1/ra, cos ) is mapped to the
symmetry (61,02) — (7 — 01,7 — 02). We used it to restrict 6; to lie in the interval
[0, /2], and correspondingly r1 € [0,1]. On the other hand, the symmetry under swapping
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x1 <> x2 is not explicit in eq. (H.24). The inverse map is

1—r3 1. 1-2 2

f1 =2arctanr;, cosfy = "2 ., 7=—=log T2 COS Y + 7"3 ‘
V14 (2—4cos2)r3 + 713 2 1+ 2rgcosp + 13
(H.25)

Although the integration domain in eq. (H.23) covers a region where 7o > 1, the singularity
at small 7 arise from the limits 61, 83 — 0 or m. Up to the inversion symmetry, both of the
limits are mapped to r1, ro — 0. Hence, we can focus on the region where r1, ro < 19 < 1.
It is convenient to trade (61, 62) for r; and 7o in the integral (H.23), while keeping the 7
dependence explicit. Therefore, we use

1—r2 1+73
01 = 2arctanr; , B9 = arccos T% coshT | , cosp= kb tanh7, (H.26)
1+7; )

to obtain

o o coshr o [ L7 (L4 73)|f(r1, 72, 0(r2, 7))
| 6(7-) -9 h6 T " "2 7"2 2 2T 2 2T 3/2
cosh™ 5 Jo tanh(r/2) 1 [(7"2 — tanh 5) (1 — 15 tanh 5)]

+ terms finite at 7 =0, (H.27)

In eq. (H.27), we slightly abused notation in the argument of f. Notice also that we
inserted a factor 2 accounting for the inversion symmetry. We can further simplify the
integrand by bounding with constants all the parts which are regular, at 7 = 0, throughout
the region of integration. We thus obtain

Ge(7)| < A(ro, T)G(t), t= tanh% , (H.28)
(14 r2)t
@)= [any [Cara- g e DL cose =
(H.29)

The function A in eq. (H.28) has a finite value at 7 = 0, and since G(t) turns out to
diverge at small ¢, A can be chosen large enough to also account for the dropped finite
terms in eq. (H.27).

Let us discuss the dangerous limits in the region of integration of eq. (H.29). Due to
assumption 3 and the subtraction of the vacuum correlator in eq. (H.22), the bulk OPE is
non singular, hence the limit r;1 — 79 as t — 0 will not be discussed. The singularities at
the lower end of the integration range for r1 and ro are associated to the infinite volume
of AdS. At finite ¢, the condition (7.17) guarantees the integrability of the function in
the region where either r1 or (ro — t) are small: notice in particular that both limits are
boundary OPE limits, since ¢ = 0 when ro = t. On the other hand, the singularity of the
integrand is enhanced at t = 0, and the boundary OPE of each of the V’s does not fix
the behavior of f when r; ~ ro — 0. The usefulness of the p-coordinates is precisely that
they allow to write a power expansion for the correlator centered around rq, ro = 0 with
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H.2 The two-point function in a generic state

a finite radius of convergence. Indeed, the quantization on the unit half-circle dashed in
fig. H.3 yields an expansion in term of boundary operators. Dubbing ;s = max(ry,r2),
Tm = min(ry, re), we find?

flriyra0) = D i (QUO((= 1O ANANV L, oar)V (i /Tar, o)), (H.30)
A>0

where

(enr; om) < (so, g) : (H.31)

Again, we are abusing notation with respect to, e.g., eq. (H.22): the arguments of V are
(r,¢) from now on. The assignment of (¢nr, ) depends on 7y,. Here, the states |A)
form a complete set of eigenstates of the unperturbed Hamiltonian, but notice that the
identity is excluded from the sum, due to the subtraction of the vacuum correlator in
eq. (H.22). This subtraction differentiates the energy gaps from the eigenvalues of the
Hamiltonian themselves, and is ultimately what makes the former finite.

We first focus on the finitely many terms in eq. (H.31) with A < 2, which are present by
the assumption 2 above. To this end, we separate them using the triangular inequality:

| (7"1,7’2, )’ — Z CZ‘,AbIOCkA + fR(T’l,’I"Q,(,O) S Z |Ci,AblOCkA‘ + ’fR(Tl,’I"Q,SD” )
A<L2 AL2

(H.32)
with
ci,a = (Q[0;(=1)0;(1)[|A)

where blocka is a shorthand notation for each addend in eq. (H.31) and fr is defined by
the equation itself. We dub Ga the contribution of each block with A < 2 to eq. (H.29).
It is convenient to extract the singularity as r; ~ rg ~t — 0 via the change of variables
r; = z;t, which yields

Galt) = 15 / - / TR )3/2 AV oa)V /201, 9m)I0)

1+ (zzt)2> m

(a1, om) < (arccos <z2(1+t2) ,2> . (H.33)

Let us now discuss the behavior of the double integral as ¢ — 0. In this limit, when
1 < z9 <ro/t, cosp — 1/2z9 uniformly. Hence, the only ¢ dependence is left in the upper
limits of integration. But firstly, there are the infinite volume singularities of the measure,
at z1 = 0 and zo = 1. Close to this point, zp; = 2o ~ 1 and we can study the following

3The operators O; are normalized so that (Q|0;(—1)0;(1)|Q) = 1.

249



Appendix H. Short time singularities in the correlators of V'

simpler integral:

dz .
/ 1 / 3/2 AL, @(22))V (21, 7/2)|Q)],  sing(z2) ~ V2(z2 — 1)V/2 .
0
(H.34)
The 21, (22 — 1) — 0 limits are controlled by the boundary OPEs of the two insertions
respectively. Hence, the integrals factorize and we get

dz dz
i jzfo /1 W(@ —1)R0/2 (H.35)
Here, Ay is the lightest operator in the boundary OPE of V. As advertised, well-
definiteness of the matrix elements of the potential V(7) — i.e. eq. (7.17) — requires
Ag > 1. Therefore the integrals converge in this region. We also need to show convergence
in the region z; ~ 179/t — oo. Here, we can use a different approximation to the full
integral. Defining z; = v cosw and 29 = vsinw, the relevant integral is

w cos? w

1 s
% 3 1
/ dvr” 3 / dw—————— max(sinw, cos w)?
0 Sin

><]<A|V(1,g>v<m1n(tanw cot w), )\my (H.36)

The limits w — 0,7/2 are identical and are again OPE limits for the correlator. For

B0=2 and so it converges. The integral

instance, at small w the integrand behaves as w
over v converges as t — 0 if A < 2. On the contrary, if A = 2 this region gives the

dominating logarithmic contribution to the bound of the correlator at small 7.4

We now need to go back and estimate the contribution to G(t) of all the states with
A > 2 in the decomposition (H.31). Using eq. (H.32), this amounts in replacing f — fr
in eq. (H.29). In this case, we can simply set ¢ = 0 in the right hand side of the equation,?
and study the following integral:

o dn d’l”Q

/ |fR(T17T277T/2)| (H37)
0 T3

Now, fgr is a finite linear combination of two-point functions of V in the presence of

various boundary operators, and as such, it has the same OPE bounds already discussed

as 11 — 0 at fixed ro or vice versa. Hence, the integral converges there. On the other

“We would like to remark that this bound does not need to be saturated: there is no fundamental
reason why the correlator on the right hand side of eq. (H.36) cannot vanish in this specific configuration.
This happens for instance in the Ising model with a thermal deformation — see section 10.4 — as it is
easy to check directly. While this implies the absence of a log 7 for any external state at second order
in perturbation theory, the connected correlator (H.20) can be computed exactly at ¢ = 0 at least for
i) = L_2|Q): go(7) = 8% cosh 27 in this case. Not only there is no log 7, go is in fact analytic at 7 = 0.
The corresponding spectral density has a finite number of states, whose contribution to the energy gap
cancels exactly, as expected for the theory of a free fermion.

5One might object that cos ¢(r2,t) has a non uniform limit as ¢ — 0. However, fr depends on ¢ only
through the positions (r2 cos ¢, r2 sin ), which approaches (0, 72) uniformly.
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H.2 The two-point function in a generic state

hand, when r; ~ ro ~ v — 0, the subtractions make the behavior of the integrand softer:
fr ~ v™ with A > 2. To show rigorously that this suffices for the integral to converge,
let us go to polar coordinates in the (r1,r2) plane:

/ E / Cos2 wlsm [Fr(, @)l - (H.38)

At any fixed value of v, the angular integral converges. Since fr can be expressed as an
absolutely convergent series there, using eq. (H.31), the series can be integrated term by

/TO dv 3 kar® (H.39)

A>3

term, and we obtain

While the kA are theory dependent, the previous equation shows that the small v behavior
of the integrand is not enhanced by the integration over w. This is sufficient to show that
the integral converges. This concludes the proof that eq. (H.33) provides the leading
singularity as 7 — 0. As we stated at the beginning of the section, we work under the
assumption that the strength of the singularity is independent of the phase of 7. Hence,
although our manipulations are only valid for 7 > 0, we extend the conclusion to a
neighborhood of the origin:

|7 , AL <2
log|r|,  A.=2,

|A*—2

|G(T)| < C(70) { |T| < 710 - (H.40)

Here, A, is the lowest dimensional operator in the OPE (H.31).

We would like now to comment on the assumptions 1 - 3 above, in reversed order. If the
bulk OPE contains singularities above the identity, they can be added to the analysis.
In this thesis, the bulk OPE is relevant only for the ¢* deformation of a massive theory
considered in section 9.2, so we analyze this case separately in section 9.2. Here, we
limit ourselves to the simple scenario where the unperturbed Hamiltonian is a CFT,
and furthermore we assume the gap in the boundary spectrum is large enough to avoid
any enhancement of the bulk OPE singularity by boundary effects. As we will see in a
moment, a sufficient condition for this to happen is that the lowest boundary operator
has dimension A > 3. The limit where the two operators collide is controlled by the OPE
in the UV theory, schematically:

VXxV=1+V. (H.41)

The contribution of the identity cancels in the difference in eq. (H.22), so we concentrate
on the first non-trivial operator. Its contribution to eq. (H.23) can be computed by
rescaling (61 — 62) — 7(61 — 62), as we did in section H.1. In the small 7 limit, we obtain

o0

GE(T)NT1+A\7_2AV/ ) df <z‘|f/(0,9)|z'>/ dO_(1 + 0% )Av/2=Av (H.42)

sin* 0 —oo
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Appendix H. Short time singularities in the correlators of V'

The integral over _ = (01 — 02)/7 is dominated by the UV and is the same as in flat
space. The integral over 6 = (61 + 63)/2 is sensitive to the AdS geometry. The former
converges only when Aj,/2 — Ay is large enough. However, this IR feature is spurious:
one can for instance take derivatives of G¢(7), improving convergence without modifying
the non analytic parts of the result. On the other hand, the integral over 6 converges
when the leading boundary operator coupling to V has dimension A > 3. If this is not
the case, the crude approximations in eqs. (H.41,H.42) are inadequate: both bulk and
boundary effects must be taken into account to compute the small 7 singularity. We shall
not treat this more general case here.

The remaining assumptions are easier to relax. The role of assumption 2 is to make the
7 — 0 limit singular, so that any finite contribution to G¢(7) can be disregarded. When
this is not the case, one may consider derivatives of G¢(7) instead. Clearly, the leading
non analytic behavior can be made singular in this way. What needs to be proven, is that
said non analytic behavior can also be traced to the region covered by eq. (H.33), and
so still leads to an equation analogous to (H.40). Technically, this should come about
because of the dependence of 7o from 7 in eq. (H.24), which turns derivatives wrt 7
into derivatives wrt rps in eq. (H.31), in the region where r); = ro. We have not done
this analysis in detail, but these considerations prompt us to claim that eq. (H.40) can
be extended to A, > 2, simply by taking enough derivatives of both sides so that the
right hand side becomes singular. This is confirmed, for instance, in the case of the ¢?
deformation in section 9.1.

Finally, the purpose of assumption 1 is to make the transformation properties of the
matrix elements involved under AdS isometries simple. This is used in eq. (H.31) to write
f(ri,m2, @) in terms of the scaling operator O; evaluated at special positions. Had the
state |i) been created by a descendant in the origin, a more complicated linear combination
of descendants would have appeared in eq. (H.31). However, this only contributes a
numerical prefactor to the final result, and does not affect the 7 dependence. Hence, the
result (H.40) immediately extends to generic states in the Hilbert space. This concludes
our analysis.

H.3 Free scalar example

In this example, we consider the potential

/2 r
Vi(r) :/ d ¢2(7',r): . (H.43)

/2 COS2T

Let us concentrate to the the second-order contribution to the energy of the state
Ix) = ag |[vac). The relevant object is

9x (1) = (XIV(T)V(0)[x)conn — (UV(7)V(0)[2) conn - (H.44)
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H.3 Free scalar example

This difference was computed exactly in appendix G.3, with the result

4

gx(T) = @A—1)p [(1+e22T)gale ) —1] , (H.45)
where
(=3 Hoon(A)2 =3y | T 1T (1.46)
QAZ-—nzo 0,2n 27 =3l A,A—{—% .

We can use the result to explore in particular the behavior of g, (7) for imaginary 7,
which escapes the analysis of the previous sections. But first of all, at small 7 we have

4
~ analytic — /-2y H.4
9ul7) ry analytic - G e e T (H.47)

which is consistent with eq. (H.40), since the leading operator in the boundary OPE of
¢? has dimension A, = 2A.

On the other hand, the behavior of g, (7) for imaginary 7 depends on A. The function

gale ™)
the exponential €227 = e2P/a7 appearing in g, (7) is invariant under 7 — 7 + ¢ - 7.

is invariant under 7 — 7 + mi. Now if A is rational, say of the form A = p/q,

Consequently, on the imaginary axis g, is exactly periodic, with period ¢ - . The same
behavior occurs in the case of minimal models in the identity module: there, all correlators
are exactly invariant under 7 — 7 + mi. In contrast, if A is irrational, the function g, (1)
cannot be exactly periodic. In Fig. H.4 we plot |G(7 = it)| for a range of ¢, both for
rational and irrational A (namely A =2 and A = /7). Nevertheless, in both cases we
can check that there are no non-analyticities stronger than the one in eq. (H.47) for
imaginary 7. This fact simply follows from eqs. (H.45) and (H.46). Indeed, the only
source of singularities in g, (it) is the hypergeometric function, and, as stated above,
ga(e~2i)

the branch point at ¢ = 7n, n € Z. We conclude that the analytic structure of g, (7) is of

is periodic in ¢ with period 7. Then, the only non-analyticity along the path is

the form presented in figure 8.6, with power law monodromies along the imaginary axis,
all with the same exponent.
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Figure H.4: Plot of the correlator g, (7) for imaginary 7, for both A = 2 (blue) and
A = /7 (orange). Notice the periodicity of the blue curve (rational A), whereas the
orange curve (irrational A) does not have any obvious features.
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I} Algorithms

In this chapter, we present some of the algorithms we used in the numerics. The
calculations consist of three parts:

e finding the basis of states,
e constructing the Hamiltonian,

e diagonalizing the Hamiltonian.

Depending on the theory we study and the algorithm we use, each of the above can be
the bottleneck in runtime or memory.

I.1 Scalar field

As discussed in chapter 9, we construct the Hamiltonian in the truncated Fock space of
the free theory. The basis at cutoff A is made of states!

]‘ n; n n N,
) = g, 1, M2, ooy M) = m@m) max_(af)™ (@)™ (ah)™0 Q) . (L1)

with energies F, = ijémax ni(A +1i) < A. In particular, imax = [A —A] is the
highest mode possible for a one-particle state. The factor /\/M > 0 makes the state
unit-normalized. Finding the set of states in the free scalar theory is very fast and requires
little memory, compared to the other parts of the code. In table 1.1, we present the
number of states for a few different cutoffs.

!The labelling of the states introduced here differs from the one used in the rest of the thesis: see e.g.
eq. (8.8a).
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Appendix I. Algorithms

Table I.1: Number of states at cutoff A for A = 1.62 in scalar theory

A 10 15 20 25 30 35 40

#states 52 237 886 2904 8613 23620 60783

To build the Hamiltonian, we construct the V' matrix once for each desired A and then
save it. The Hamiltonian can then quickly be calculated using H = Hy + \V.

One method to build the V' matrix is to directly compute (;| V' |¢;) by commuting the
ladder operators.? A generic matrix element Vij is given by

(‘/2)13 = <¢J| Z Amn(A)(a:rnajz + 2a;[nan + aa,) [9i)

m,n=0

Va)ig = @il D Amnpg(A)(al,alafal+
m,n,p,q=0

+ 4ajnalba;,aq + 6al,al apa, + 4al, anapa, + amanayag) i)

where the states v; are defined as in eq. (I.1). Here A,,, can be expressed in closed
form in eq. (9.15), and if desired the Ay, can be computed analytically via a recursion
relation [205]. However, we calculated each of the A;,;,;, numerically and independently,
since the runtime of this operation is negligible compared to other parts of the code. Let
us emphasize a few points regarding the calculation of V:

e Both the ¢? and ¢* deformations preserve parity and Zy symmetry. Therefore, we
divide the Fock space into four sectors according to the eigenvalue under these
symmetries.

e The matrix A,,, is symmetric. So, the sum above can be reduced to m > n. This
decreases the runtime by almost a factor of 2. Similarly, the runtime for the ¢*
deformation decreases with a factor of ~ 4!, as we can reduce the sum 3.

t0 D mzn>pzg>0-

e The potential is symmetric: Vj; = V;;. So, it is sufficient to calculate the upper
triangular part.

e Most of the elements of the potential V;; vanish: V' is a sparse matriz. This is
because :¢?:, acting on a state with p particles, only produces states with p and
p £ 2 particles. Of course, taking this into account drastically reduces the number
of matrix elements which it is necessary to compute and store.

2AI_lother way is to act with the V operator on the state |1;) and expand it in our basis: V |¢);) =
> J V7 |1;). Typically, the method we used takes up more memory, whereas this method requires longer
runtimes.
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1.2 Minimal models

The last step is the diagonalization of the Hamiltonian. As we mentioned, we diagonalize
the four sectors with different parity and Zs symmetry separately. In this work, we
used Spectra, a C++ library, which uses the Arnoldi/Lanczos method to find the smallest
eigenvalues of a sparse matrix.

Let us give the reader an idea of the runtime of a typical code. In the case of the ¢?
deformation, for A = 1.62 and A = 34.13 (which corresponds to 19939 states), it takes
~ 44 CPU-seconds to compute the matrix V' and ~ 5 CPU-seconds to diagonalize the
full Hamiltonian, for a single coupling \.

1.2 Minimal models

In the case of a minimal model, as discussed in chapter 10, the Hilbert space is composed
by states of the form:

V) =Lon, - Lny [) (I.2)

where nq,...,n, > 1. In fact, it is sufficient to choose, say, 1 <n; < ... < n, in order to
span the whole Hilbert space. We dub this the ascending basis. We also define the level
of the state (I.2) as the sum ), n;. The level is the eigenvalue of the state (I1.2) under
the application of the unperturbed Hamiltonian L.

The states (1.2) form in general a reducible representation of the Virasoro algebra. Indeed,
the identity module of a minimal model M(p, ¢) has two null primary states at level 1 and
(p —1)(¢ — 1). The set of physical states is obtained by quotienting out the submodules
composed of all the Virasoro descendants of these two states. The null state at level 1 is
L_|Q), for every minimal model. The other primary null state, for the Lee-Yang model
and the Ising model respectively, is

5
jnull);y = <L4 - 3L2_2> 1), (1.3a)
22 31 16
]null>lsing = <L_6 + gL_zlL_Q — %ng - 27L32> ‘Q> . (Igb)

Let us emphasize that null states constitute the large majority of the states (I.2): for
instance, in the Lee-Yang model, at level 30 there are 5604 states of the kind (I.2), and
only 568 physical states. Quotienting out the submodule generated by L_ |Q2) is trivial
in the ascending basis: we just take n; > 1. On the contrary, in order to quotient out
the descendants of (I.3) we need to write them in the ascending basis, which requires
performing a large number of commutators. Rather than performing the commutators
directly, we employed a more efficient method, which we briefly describe with an example.
Consider the state

L_3L%,L_4|Q) . (1.4)

It is not hard to understand which states of the ascending basis are required to decompose
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it. We first consider all distinct subsets of the indices of the Virasoro generators which
appear in eq. (1.4) already in ascending order, i.e. excluding —4:3

{(—3), (—2), (=3, -2), (=2, -2), (—3, 2, —2)} . (L5)

Then, we sum the elements of each subset to —4, and we apply the resulting Virasoro
generator on the vacuum, together with the complement of the generators in the same
subset. Finally, we add the obvious L_4L_3L?, |2) to the basis which is an element of:

Span {L_7L%,|Q),L_L_3L_5|Q),L_gL_5|Q),L_sL_5|Q),L_11|Q),L_4L_3L*, |}

The coefficient of each state in the decomposition can be easily computed knowing the
multiplicities of the subsets (I.5) and the Virasoro algebra (10.1). The reason why this
method is faster than the blind application of the Virasoro algebra follows precisely
from the multiplicities of the subsets. When considering a descendant built by applying
the same generator many times, the distinct subsets are far less than the total number.
Correspondingly, when applying the commutation relations, a large number of identical
sub-operations are performed. The method just described allows to avoid this redundancy.

Since Lg is the unperturbed Hamiltonian, truncating the spectrum at cutoff A translates
into keeping physical states of level p < A. We collect in the table below the dimension
of the truncated Hilbert space for a few values of the cutoff:

A 5 10 15 20 25 30 35 40
#states of | 19 52 126|276 | 568 | 1103 | 2059
Lee-Yang
" f
#states of | 30 95 260 | 632 | 1426 | 3019 | 6099
Ising

Contrary to the case of free theory, the basis of states obtained with the procedure above
is not orthogonal. Hence, before proceeding to the computation of the potential V', we
need to evaluate the Gram matrix G, i.e. the matrix of scalar products in the basis of
physical states. This essentially reduces to the computation of overlaps of the kind

(Wilhi) = (Qf Lj, -+ Lj, L, -+~ L3y |) (1.6)

where the indices obey i, > ... > 141 > 1 and j, > ... > j; > 1. Since Ly is Hermitian,
and the states (I.2) are eigenvectors of Ly with eigenvalues equal to their level, the matrix
element (1.6) vanishes unless > jm — >, in = 0. Then, the overlap is simply computed
by using the Virasoro algebra to commute the generator with a larger index towards the
right, and recalling that the vacuum is annihilated by all the modes L, n > —2.

The potential V' involves the integral over the local operator V, see e.g. eq. (10.18).

3When decomposing more complicated states, in general not all the subsets contribute to the result.
The condition for a subset to be relevant is immediate and easy to implement in the code.
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Therefore, to compute its matrix elements we need the overlaps
(V| VIs) = (Q| Ly, --- L, VL_;,---L_; |Q) . (I.7)

Notice that this vanishes unless [¢;) and |¢;) share the same parity. These overlaps can
be computed by applying the Virasoro algebra, together with the action of the generators
on V, eq. (10.11),

n+1 _ zn+l1
(L, V] = | 2", + 270 + % <(n F1)(" 4 27) — 2 Z_i)] vV, (L8)

that we define as f)n(z, Z)V. Finally, using the fact that the expectation value of V in the
vacuum is a constant. More specifically, the strategy goes as follows. We first commute V
all the way to the left vacuum in eq. (I.7), and we reorder the result, such that in

(QVL_;, L. |9 (1.9)

there are only negative Virasoro modes. Then we commute the generators again to the
left of V. In the end, we find a sum over a set of differential operators acting on a constant
ay:

([ V]s) ZCIHsz z,Z) ay = ch’Dl 2,Z) ay . (I.10)

In order to compute the integral of eq. (I.7) over AdS, it is useful to describe the objects
D;(z, z) in some detail. Since, albeit not explicitly, the operators (I.8) are polynomials
in z and Zz, it follows that ©;(z, z) are polynomials as well. Furthermore, they are
homogeneous, and their degree d equals the sum of the indices m; in eq. (I.10). This sum
is independent of [, since it equals the difference of the levels of the states [1;) and |1;):

d=> my=(j1+ja+...+jg) — (i1 +iz+...+ip) . (1.11)

Finally, ©;(z, z) is symmetric under z <+ z. Now, D,(z, Z) can be easily evaluated on the
7 = 0 slice in global coordinates, which corresponds to z = 1/Z = ie'”. The previous
constraints then translate in the following equality:

d/2 d/2 /2
0, = Zal,k (ZZk n Z—Qk) Z oL ( (2r+m) e—ik(2r+7r)> - ZQal,k cos(2kr + k) .
k=0 k=0

(1.12)
To find V, we now need to integrate these trigonometric functions against the AdS
measure. It is simple to do this analytically, keeping in mind that we know that all the
matrix elements are finite. Hence, the constant terms oy in eq. (I.12) must all combine
to yield integrals of the following form:

/2 cos(2kr + k) — ldr — ok (1.13)

2
—z cos?(r)

3
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where k € N. Hence, the matrix elements of the potential are rational factors times 7. Of
course, computing V once for the highest interesting cutoff yields the Hamiltonian for
any value of the coupling A\. Like in the free scalar case, both V and the Gram matrix
are symmetric, so we only compute their upper triangular part. Furthermore, V is parity
preserving, so H is block diagonal.

The last step is to diagonalize the Hamiltonian. Due to the presence of a non-trivial
Gram matrix G, we need to solve the following generalized eigenvalue problem:

Hv=FEGuw, (L.14)

Empirically, we find that a higher precision in numerics is required to diagonalize the
Hamiltonian with respect to the scalar case. In fact, this step is the bottleneck in the code
runtime. Notice that, since the potential couples states with arbitrarily different unper-
turbed energy, when X is order one the off-diagonal matrix elements of the Hamiltonian
are large, contrary to the example discussed in section I.1.

We wrote the code for the minimal models in Mathematica. To give the reader an idea
of the runtime, it takes ~ 100 core-hours to find V at cutoff A = 40 (with 2059 states)
in the Lee-Yang model, whereas it takes ~ 400 core-hours to find V at cutoff A = 35
(with 3019 states) in the Ising model with thermal deformation. The diagonalization also
typically takes a core-hour for a single matrix. In order to produce a plot like the one
in figure 10.9, we need to diagonalize several Hamiltonians, corresponding to different
couplings A\ and truncation cutoffs A.

In appendix F, relations between matrix elements of the operator V were derived. As a
matter of principle, these recursion relations make it possible to compute many matrix
elements indirectly — once a small number of matrix elements is computed using the
algorithm discussed above, the rest of the matrix can be “filled in” using equations (F.11).
In our setup, we have instead chosen to compute all matrix elements directly. Indeed,
computing matrix elements indirectly requires organizing the Hilbert space of the theory
in terms of SL(2,R) primaries and descendants, which is doable but adds additional
complexity to the algorithm. Moreover, for moderate values of the cutoff A, a sizeable
fraction of the Hilbert space consists of SL(2,R) primaries, which in turns means that
many matrix elements of V' still need to be computed explicitly.
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3] Spontaneous symmetry breaking in

AdS

This appendix contain computations that have to do with symmetry breaking in AdS
and different boundary conditions.

J.1 All or nothing

Consider the following Euclidean action for a scalar field in AdS

5= [*ava |00 + V)] (1)

where V(0) = V’(0) = 0. The global minimum of V' (¢) is attained at ¢ = ¢; # 0. We use
the AdS metric
ds® = R? [dp2 + sinh? de?l] (J.2)

and impose boundary conditions

lim qﬁ(p)e%p =0, (J.3)

pP—00
so that the action gets a finite contribution from p — co. We claim that there are only
two possibilities:
1. Within field configurations satisfying the boundary condition (J.3), the global
minimum of the action is zero and it is attained by the constant solution ¢ = 0.
2. The action is not bounded from below and its value can always be decreased by

setting ¢ = ¢; in a bigger region of AdS.

In J.1 we will use the thin wall approximation to get some intuition for the claim above.
Then, we will present a more general argument in J.1.
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Thin wall approximation

In the thin wall approximation [206], the action is given in terms of the volume of the
region in the true vacuum and the area of the walls separating it from the false vacuum
¢ =0,

S = V(¢¢) volume + T area , (J.4)

where T' is the tension of the walls. To minimize the action, it is preferable to use spherical
bubbles because these have the minimal area for a given volume. For this reason we

consider a single spherical bubble of geodesic radius p, centred at p = 0 in the coordinates
(J.2). This gives

S(p) = TR Vol(9y) {sinhdp — b/p dt sinh® t] , b= ——— (J.5)
0

Case 1. above corresponds to b < d and the action is positive for bubbles of any

size. This follows from the fact that S(p) is positive for very small p and that its

derivative, % o dcosh p — bsinh p, is always positive if b < d. Case 2. corresponds to

b > d and very large bubbles decrease the action without bound. Indeed, in this case

S(p) ~ e (1 - 2) < 0 for large bubbles.

General spherical bubbles

Let us now consider the case of a general potential V (¢) and drop the thin wall approxi-
mation. We will analyse a single spherical bubble because breaking of spherical symmetry
should increase the action (from the kinetic term).

It is convenient to trade the boundary condition (J.3) for ¢(p,) = 0 for some fixed p,.
The action for the finite region p < py is clearly bounded from below if V' (¢) is bounded
from below. We will determine its absolute minimum and then study its dependence
with p,. This class of field configurations is sufficient to show that the action can be
unbounded from below in the limit p, — oo.

We are interested in the field profile ¢(p) that obeys the boundary condition ¢(p,) =0
and minimizes the action

s = R VoI, [ " dpsinh [}zf(pﬁ V()] - (1.6)

The corresponding Euler-Lagrange equations,

d

- tanhp¢l(p) ) (J7)

¢"(p) = V'(¢(p))

describe a particle with position ¢ moving in the potential —V(¢) with a friction force
depending on the time p (see figure J.1). This equation of motion allows for the following
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J.1 All or nothing

behaviour when p — 0: either ¢'(p) ~ p or ¢ diverges. We exclude the second possibility
because it would give an infinite contribution to the action (J.6).! Therefore we can use
the boundary condition ¢’(0) = 0, which means we are interested in trajectories that
start from rest. It is clear that ¢(p) = 0 is a solution but it may not be the only one.
The particle motion interpretation of (J.7), depicted in figure J.1, makes it clear that if
there is a non-trivial solution that arrives at ¢ = 0 for some finite time p, then a similar
solution will also exist for an arbitrary large p,. Recall that we are interested in the limit
of large p, that allows for arbitrary large bubbles of true vacuum in AdS. Using standard
methods, we can compute?

1 d 1
Smin =—=¢ * 2 . J.8
RAF1Vol(Qy) sinh? p, dp« 2 ? () (1:8)

Moreover, if a non-trivial solution exist then ¢/(p,)? tends to a positive constant as
px — 00, which implies that Sy — —oo in this limit.? This corresponds to case 2.
above. If the potential is such that for any p, the minimum of (J.6) is zero, then we fall

in case 1.

V(o)

~S\V

Figure J.1: The equation of motion (J.7) can be interpreted as a particle moving in the
potential —V'(¢) with time-dependent friction. We are interested in trajectories that start
from rest at p = 0 and reach ¢ = 0 at the time p = p,. Apart from the trivial trajectory
o#(p) = 0, there may be other classical trajectories with lower action. This depends on
the potential. However, if such a trajectory exist for some p, then it will also exist for
larger p,. Indeed, it is sufficient to start with a larger ¢(0), and ¢(0) — ¢; when p, — oo.
If V(0) < —% then there is always another trajectory because the late time motion
around ¢ = 0 is oscillatory. This corresponds to the Breitenlohner-Freedman criteria for
the instability of the trivial vacuum around ¢ = 0.

'f the potential goes like V ~ ¢" for large ¢ then the divergent solution has ¢’(p) ~ p~7 when p — 0
with v = min (d, ﬁ) One can check that this leads to a divergent integral in (J.6).
2Recall the classical result %S(qi, ti;qs,ty) = —E, relating the action S of the classical path from

q(t;) = qi to q(tf) = qy to its energy E.

3Indeed, suppose that a solution exists which starts at rest at ¢(0) = ¢o < ¢+ and arrives at ¢(p.) = 0.
Then the solution with ¢(0) — ¢: passes by ¢ with a non-vanishing velocity, and so arrives at ¢ = 0
with a larger velocity than the original solution.
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Appendix J. Spontaneous symmetry breaking in AdS

It is convenient to analyse the asymptotic behaviour of the equation of motion (J.7) for
large p and around ¢ = 0, where it reduces to a linear ODE:

¢"(p) +d¢'(p) = V"(0)¢(p) =0 . (J.9)
The general solution is ¢(p) = cye™ P + c_e™ " with

d d?
ar =21/ E v v (1.10)

2 4
We conclude that for V”(0) < —% the late-time motion is oscillatory and therefore the
particle reaches ¢ = 0 in finite time. This means that the vacuum ¢ = 0 is unstable
if V”(0) is below the Breitenlohner-Freedman bound [155]. If V”(0) > —% then the

late-time motion is repulsive or over-damped and we cannot decide if we fall in case
_a&

1. or 2. with an asymptotic analysis. A purely quadratic potential with V"(0) > —4

corresponds to case 1., as it can be checked explicitly.

J.2 Inverted harmonic oscillator

In this appendix we will consider the fact of the harmonic oscillator with a negative mass,
and in particular how such a system would be analyzed using Hamiltonian truncation
methods. To be precise, we consider the following Hamiltonian:

H=dla+g [(aT)2 +a2+2aTa} (J.11)

where [a, a'] = 1. Physically, this is nothing but a harmonic oscillator with unit frequency,
perturbed by the normal-ordered operator X2 with an (at least for now) arbitrary real
coupling g. The spectrum of H can easily be obtained using a Bogoliubov transformation,
using the Ansatz

b = cosh(0)a + sinh(0)a’ (J.12)

for some 6 € R to be determined. By construction, the annihilation operator b from (J.12)
and its partner b obey the canonical commutation relation [b, bT] = 1 for any 6. Setting

1
0= Zln(1+4g) (J.13)
we find that
1 1
H=/1+4gb'b+ &, 5925\/1—1—4g—§—g§0. (J.14)

In other words, H is a harmonic oscillator with frequency w = /1 + 4¢ in disguise, up to
a finite shift in the ground state energy.

The above reasoning applies to positive g, and in fact it’s easy to see that the same
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J.2 Inverted harmonic oscillator

formulas apply to slightly negative values of the coupling constant. By inspection of (J.13)
and (J.14) we see that the Bogoliubov transformation (J.12) works for any g > g, := —1/4.
However, the theory ceases to exist for g < g, — for instance, the energy /1 + 4g has a
branch cut starting at g = g,.

At the same time, we can analyze H using truncation methods. To do so we work in Fock

space, in a basis of the first N eigenstates of the ¢ = 0 Hamiltonian, to wit

k) = Jlﬂ () [vac) for k=0,...,N. (3.15)
The Hamiltonian then becomes a Hermitian matrix Hy(g) of size (N + 1) x (N + 1),
which is diagonalizable for any real value of g. Note that Hy(g) does not mix states
with even and odd mode number k, since the theory is invariant under the Zs symmetry
(a,a’) — (—a, —a'). In figure J.2 we plot the first 10 energy levels of Hy(g) for a range of
negative g, working at cutoff N = 50. For g > g, Hamiltonian truncation is in excellent
agreement with the analytic formula (J.14). Yet for g < g, we observe that states
with even and odd Z, parity become near-degenerate, emulating spontaneous symmetry
breaking in quantum field theory.

10

-30

-40

-0.5 -0.4 -0.3 -0.2 -0.1 0.0
9

Figure J.2: Spectrum of the cutoff Hamiltonian Hy(g) for N = 50 for g € [—1/2,0]. The
blue (resp. orange) curves have even (odd) Zs parity. The dotted red lines for g > g,
show the exact spectrum of the theory; the vertical black dotted line indicates g.

Although the theory is unphysical for g < g., we can nevertheless study the eigenstates
and eigenvalues of Hy(g) numerically. When Hamiltonian truncation converges, the
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Appendix J. Spontaneous symmetry breaking in AdS

ground state |Q2) should not be sensitive to the cutoff, N in this case. This means that
the overlap of |Q2) with Fock space states |k) having k ~ N ought to be negligeable when
N is large. To make this quantitative, we can introduce the integrated probability density

k
N )
PR = l@liP (.16)
§=0
which grows with k£ and obeys PS\J,V) = 1 (since |Q2) is normalized). Below in figure
(V) for various values of g, setting N = 200. For g > g, we see that

J.3 we display P}
|©2) has little overlap with states close to the cutoff, as expected (because Hamiltonian

truncation converges very rapidly in quantum mechanics). However, this behavior changes
dramatically as we lower g to g,. Already for g = g, — 1073, the ground state |Q2) consists
mostly of high-energy states, and as we lower g this effect becomes even more important.
Plots of P,gN) are shown in figure J.3. It is clear that for g < g,, at least some states in

1.0
0.8 A
S 06 ] -1
Jo | -0.249
0.4 | 0
— -0.251
— -05
0.2
0.0
0 50 100 150 200
k

Figure J.3: Probability P,(CN) to find the truncation ground state |2) in the first k¥ Fock
space states, working at cutoff N = 200. For g = 1 the ground state has almost no

overlap with high-energy states. As g \, gx, the overlap with states close to the cutoff
grows dramatically, and for values of g below gy, the ground state is very UV-sensitive.

the spectrum of Hy are extremely UV-sensitive; indeed, the spectrum &g, &1, ... for such
values of g depends strongly on the cutoff N, as shown in figure J.4.4 Surprisingly, the
parity of the k-th excited state goes as (—1)**V, that is to say that it alternates with N.

4From the plot, it appears that £ — Eq has a finite limit as N — oo, but & — g does not converge

as the cutoff is removed.

266



J.2 Inverted harmonic oscillator

10 .
8 ..o'.....
§6
I o
S
2
0
20 40 60 80 100
N

Figure J.4: The first two energies & and & (after subtracting the Casimir energy £q) of
the Hamiltonian Hy(g) for ¢ = —1/2, scanning over a range of cutoffs N. Blue (resp.
orange) points label Zy even (odd) states. In particular, it is clear that & — £q does not
have a finite limit as N — oo, and that the parity of the k-th eigenstate of H depends on
the sign (—1)V.
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