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Fracture toughness ratios for different rocks
[Senseny et al., 1984]

Rulison Field – Piceance
Basin, Garfield Country, 
Colorado, USA
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Fracture toughness ratios for different rocks
[Senseny et al., 1984]

Rulison Field – Piceance
Basin, Garfield Country, 
Colorado, USA

1

Lithology n. of rock

units

KIc

⇥
MPam1/2

⇤ KIc�max

KIc�min
Ref.

Sandstone

3 0.36 < KIc < 0.89 2.5 Nara et al., 2012

3 0.37 < KIc < 1.1 2.9 Roy et al., 2017

5 0.49 < KIc < 1.60 3.3 Noël et al., 2021

3 0.98 < KIc < 2.12 2.2 Thiercelin, 1989

3 0.53 < KIc < 0.73 1.38 Chandler et al., 2016

Limestone
3 0.48 < KIc < 0.92 1.9 Chandler et al., 2016

2 1.36 < KIc < 2.06 1.5 Gunsallus et al., 1984

Table 1: Mode-I fracture toughness ranges for typical rocks in unconventional

reservoirs ([2, 1]). For each lithology we report the range of fracture toughness

measured by each research group under the same conditions but testing different

rock units of the same lithology. Column “n.” indicates the number of differ-

ent rock units investigated. The ratio KIc�max/KIc�min represents the ratio

between the extremes of each range. Note that this ratio depends on the rock

unit tested in each study. Comparison between rows is not possible because of

the different methods and conditions defining fracture toughness. Each value

of fracture toughness is the average of at least 2 samples of the same rock unit

within the same lithology.

*= no explicit information is given about the direction of crack propagation

compared to the bedding planes. Otherwise:
a = arrester direction,
b = divider direction

References
[1] C Zou et al. Unconventional Petroleum Geology. Geology Press, Beijing,

second edition, 2013.

[2] J.W. Schmoker and Shirley A. Oscarson. Descriptions of continuous-type

(unconventional) plays of the u.s. geological survey 1995 national assessment

of united states oil and gas resources, 1995.
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Fracture toughness ratios for different rocks
[Senseny et al., 1984]

Rulison Field – Piceance
Basin, Garfield Country, 
Colorado, USA

Lithology n. of rock

units

KIc

⇥
MPam1/2

⇤ KIc�max

KIc�min
Ref.

Granite
a 1 2.14

5.9 Nara et al., 2012

Sandstone
a 3 0.36 < KIc < 0.89

Shale
b 1 0.31

3.4 Roy et al., 2017

Sandstone* 3 0.37 < KIc < 1.1

Mudstone* 1 2.12
4.9 Thiercelin, 1989

Shale* 1 0.43

Sandstone* 3 0.98 < KIc < 2.12

Shale
a 1 0.44

2.1 Chandler et al., 2016Shale
b 1 0.44

Limestone* 3 0.48 < KIc < 0.92

Sandstone* 3 0.53 < KIc < 0.73

Dolostone* 5 1.66 < KIc < 2.47
1.8 Gunsallus et al., 1984

Sandstone* 1 1.47

Limestone* 2 1.36 < KIc < 2.06

*= no explicit information is given about the

direction of crack propagation compared to

the bedding planes. Otherwise:
a = arrester

direction,
b = divider direction

Table 2: Comparison of Mode-I fracture toughness between lithologies studied

within the same reference. Each value of fracture toughness is the average of

at least 2 samples of the same rock unit within the same lithology. For each

lithology the range of fracture toughness is provided when more than one rock

unit is investigated.
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Lithology n. of rock

units

KIc

⇥
MPam1/2
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reservoirs ([2, 1]). For each lithology we report the range of fracture toughness

measured by each research group under the same conditions but testing different

rock units of the same lithology. Column “n.” indicates the number of differ-

ent rock units investigated. The ratio KIc�max/KIc�min represents the ratio

between the extremes of each range. Note that this ratio depends on the rock

unit tested in each study. Comparison between rows is not possible because of

the different methods and conditions defining fracture toughness. Each value

of fracture toughness is the average of at least 2 samples of the same rock unit

within the same lithology.

*= no explicit information is given about the direction of crack propagation

compared to the bedding planes. Otherwise:
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Linear Hydraulic Fracture Mechanics
Propagation conditions:

[Crouch et al, 1983][Hills et al, 2013]

<latexit sha1_base64="A2a+yyhKrDeWr9oKYAB9R/fyJQE="></latexit>

p = pf � �o = �E0

8⇡

Z

A(t)

w (x0, z0, t) dA (x0, z0)
h
(x0 � x)2 + (z0 � z)2

i3/2

<latexit sha1_base64="zo04bKiXR9Ue08LUtowpcU98mFg="></latexit>

q =
�w (x, z, t)3

12µ
rp (x, z, t)

[Peirce et al., 2008]

Elasticity:

on C(t)

[Zia & Lecampion, 2020]

Poiseuille’s law:

Volume conservation:

Net pressure Fracture 
velocity

Fracture opening

3

[e.g.: Batchelor, 1967]
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Elasticity operator Finite difference operator

[Anderson, 1965]
[Walker & Ni, 2011]

[Peirce et al., 2008] [Zia & Lecampion, 2020]
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§ Positive definite

§ 5-banded matrix
§ Positive definite

§ Full matrix
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Approximate

BICGSTAB

Preconditioner

Calculate

[Peirce, 2005]

§ Fast to compute

§ Fast to apply

§ Memory cheap

§ reduces the 
spectral radius of § Non symmetric

§ Non diagonal 
dominant

Solution of the linear system of equations

§ 9-banded matrix

Elastohydrodynamic system

Elasticity operator Finite difference operator

[Peirce et al., 2008] [Zia & Lecampion, 2020]

Anderson acceleration of fixed point iterations
[Anderson, 1965]
[Walker & Ni, 2011]

§ Positive definite

§ 5-banded matrix
§ Positive definite

§ Full matrix

4



Toeplitz structure
-matrix

Dot product in
Dot product in

Storage in 
Storage in[Hackbusch, 1999]
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Power balance in a moving coordinate system:

Energy balance:
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Propagation conditions:

Energy balance:
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STATE 1:
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7

steadily 
moving HF

STATE 2:

[Bunger et al., 2008]
[Garagash et al., 2011]
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[Garagash, 2009]

7

STATE 2:

 σo

KIc-1 
KIc-2 

z
Hx

KIc-2 

y

A

A‘
z

H/2

semi-infinite HF

finite HF

y

x

KIc-1 KIc-2 

V wp
f

V

[Bunger et al., 2008]
[Garagash et al., 2011]

10- 0.01 1 100

0.01

0.10

1

10

100

4

1
2

2
3

Average

steadily 
moving HF

Minimum 
toughness ratio 
that stops the 
fracture

dimensionless distance:

d
im

en
si

on
le

ss
 o

p
en

in
g:



EC
C

O
M

AS
 2

02
2

C
ar

lo
 P

er
uz

zo

such that
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Conclusions

§ The dominant dissipation mechanism 
determines whether an hydraulic fracture is 
immediately stopped by a toughness 
heterogeneity.

§ Two dimensionless number defines if the 
fracture breakthroughs immediately:

§ The importance of fracture toughness contrast 
observed in nature is not sufficient per se to 
identify when, if immediate, breakthrough 
happen.
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