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Abstract—There has been a recent surge in methods targeting
the recovery of a speed-of-sound map from pulse-echo ultrasound
measurements. We focused in this work on a particular technique
and identified a drawback shared by similar methods — namely
the necessity of a high number of insonification — that we
aim to circumvent. To do so, we first propose a beamforming
procedure based on the transformation of radio-frequency data
into a receive plane-wave basis. A method for extracting the local
aberration phase difference caused by speed-of-sound variations
is then presented. The speed-of-sound map can ultimately be
recovered by inverting a measurement model. Preliminary results
show that the proposed method is able to recover quantitatively
similar results — a slight reduction of root-mean-square error
from 9.35 m/s to 6.95 m/s on simulated data compared to an
implementation of the reference method — while requiring 21
plane waves instead of 111.

Index Terms—pulse-echo ultrasound, speed-of-sound recovery,
beamforming, inverse problem

I. INTRODUCTION

Traditional B-mode pulse-echo ultrasound imaging seeks
to estimate the tissue reflectivity function of the human soft
tissues. If the it is a useful biomarker for the diagnosis of a
broad range of conditions, some diseases unfortunately do not
— or only weakly — affect the reflectivity. There is therefore a
need for methods able to estimate other properties of tissues in
order to expand the capabilities of pulse-echo ultrasound while
benefiting from its portable, cheap and non-ionizing nature.

In this context, there is a current surge of methods aiming
at recovering the local speed-of-sound (SoS) from pulse-
echo measurements. Some of them already showed promising
results, for example in the detection of breast tumors [1] or
hepatic steatosis [2]. A family of methods based on the same
underlying principle can be highlighted. Their basic operating
principle can be summarized as:

1) reconstructing a set of complex radio-frequency (CRF)
images from a series of pulse-echo measurements,

2) comparing the images pairwise in order to extract aberra-
tion phase differences (or local displacements) generated
by SoS variations,
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3) modeling the phase differences as the results of a
tomographic operator acting on the slowness (i.e. the
inverse of the SoS) variations around its expected value,

4) inverting the model using an adapted regularizer in order
to recover a map of the local SoS.

Such a method was first proposed in [3] using a spatial
frequency domain model and taking into account only the
differences between transmit paths. Various modifications have
been proposed since, including — but not limited to —
expressing the model in a spatial domain and introducing a
TV-norm based regularizer [4]; using diverging waves instead
of plane-waves (PWs) [5]; but we heavily based ourselves
on [6] where they introduced the fundamental principle of
average angle comparison and considered a spatial domain
model taking into account both transmit and receive paths.

The method of [6] requires to reconstruct an image per
pair of transmit and receive angles. The key insight is then
to only compare the images corresponding to pairs whose
average angles are equal. It actually ensures that the point-
spread functions (PSF) of the images are aligned, guaranteeing
minimal artefacts in the phase extraction. However, spatially
resolved images cannot be reconstructed with single transmit
and receive angles; small apertures are required around each
angle in order to ensure sufficient image resolution and signal-
to-noise ratio. Those apertures have two main consequences,
namely that the aberration delays corresponding to several
angles are in fact reflected in an image — thus hurting
the accuracy of the model — and that a large number of
insonifications are required in order to enforce the small
aperture in transmission — 111 PWs being used in [6]. Our
aim is therefore to circumvent the requirement of an image
per angle pairs in order to alleviates the two aforementioned
weaknesses of the method.

II. METHOD

A. Plane-wave basis

The proposed method first assume that we have access to
measurements expressed in function of a transmit angle \Tx

and a receive angle \Rx. We can easily obtain data in function
of the former by sending PW steered by \Tx using a linear



transducer. The latter however cannot be directly obtained and
needs to be estimated in post-processing. This estimation can
be done through delay-and-sum, where the delays are the one
used to steer a PW with an angle \'G . More formally, we
suppose a linear transducer positioned along the G-axis, facing
the positive I. The CRF measurements — corresponding to
the analytic signals of the radio-frequency measurements —
obtained at time C by a sensor positioned in G = G0 when a
PW steered by \Tx is sent are denoted as <

(
\Tx, G0, C

)
. An

estimation of the measurements in a receive PW basis can be
then estimated as:
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where FPW
:

denotes eventual apodization weights (that we set
to 1 in order to retain a maximum energy from the received
signals). This transformation is in fact exact if we dispose of
data for G0 continuously ranging from −∞ to ∞. Due to the
discrete and limited in space nature of the sensors, artifacts
are therefore generated during the estimation of receive PW
measurements. They can become critical especially when C is
small (corresponding to the very near field) or when \Rx is
too large.

B. Beamforming
Once the measurements in a PW basis are obtained, the

signals can be aligned at each point of the medium r by using
the local delays corresponding to PWs, namely:

CPW (\, r) = 1
20
〈u(\), r〉 , u(\) =

[
− sin(\)
cos(\)

]
. (2)

It can be expressed mathematically as:
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A matrix of data indexed by \Tx and \Rx corresponding to each
point r of the medium is therefore generated. Those matrices
usually exhibit a very particular structure, they are nearly
constant along their diagonal, namely when \Tx + \Rx = cst.
This property occurs when the signals are maximally coherent
and any loss of coherence between the signals will tend to
make this structure disappear. Our aim is to use it to quantify
speed-of-sound variations.

We propose to reconstruct a series of images where each
corresponds to an antidiagonal of the matrix constructed in
(3), namely when \Tx − \Rx = cst. Since both \Tx and \Rx are
in practice discrete, we can estimate those images as:
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where F is a window (Hann in our case), for : = 1, ..., #dif.
This windowing is also necessary to reduce the amount of side
lobes in the images as well as to ensure a sufficient signal-to-
noise ratio. All those images benefits from a relatively small
PSF, ensuring a good spatial resolution. They are moreover
nearly identical up to a few factors, the most relevant ones in
our case being a shift of the fundamental spatial frequencies
of the images by a factor cos

(
(\Tx − \Rx)/2

)
and phase shifts

occurring due to SoS variations.

C. Aberration delay estimation

The aberration phases generated by SoS variations can now
be extracted from pairs of images. Two patches of size ΔG×ΔI
centered around rP extracted for a pair of images Wdif

:
and

Wdif
:+1 must first be selected. One must then compute the cross-

correlation between them, namely:
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where F denotes a boxcar window of the dimensions of the
patches. Once the cross-correlation is obtained, it needs to be
projected along directions parametrized by a series of angles
\mid. The argument of the resulting one dimensional function,
must then be evaluated at zero. The two operations can be
combined into:
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{∫

r
X
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,

(6)
which corresponds to the aberration phase generated by SoS
variations, up to a modulation by the shift in fundamental
frequency. A few hypotheses are required in order to establish
this equivalence, namely that

1) the sent pulse is narrow band,
2) the aberration phase can be assumed constant on the

patch,
3) the phase difference is small enough in order to neglect

any potential phase wrapping.

When those hypotheses are met, the equivalence can be
derived mathematically with an argument mostly based on the
projection-slice theorem. It is possible due to the very specific
structure of the images. The fact that each image constructed
in (4) ideally only contains one element per diagonal ensures
that the information relative to each angle \mid remains well
separated in the k-space. It allows us to benefit from fully
spatially resolved images while retaining the full information
about the aberration phases in each direction. This operation
can be repeated for different patches, ideally for rP spanning
the whole medium.

D. Speed-of-sound reconstruction

We can now recover the SoS map using a procedure very
similar to the one introduced in [6]. Let us first define a first



integral operator acting on the slowness map difference ΔB :

I\ {ΔB} (G, I) =
∫ I

Z=0

1
cos(\)ΔB (G − tan(\) (I − Z), Z) dZ .

(7)
The full model of the aberration phase can then be described
as:
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It namely corresponds to the difference between pairs of
integrals of the slowness maps along straight rays on both the
transmit and receive paths. Since in reality both the slowness
and aberration phase maps are discretized on grids of dimen-
sions #B

G#
B
I and #

q
G #

q
I respectively, the model would rather

correspond to a sparse matrix " ∈ R# B
G #

B
I ×# dif#mid#

q
G #

q
I ,

where #mid is the number of angles used for the aberration
phase estimation and #dif is the number of pairs considered.
We must notice that, since fewer are needed, the number of
pairs used in the model is different from the one used in
the phase extraction. Some of the extracted aberration phase
can be summed in a procedure that has become standard in
such SoS estimation methods. The slowness map can then be
recovered by inverting the following model:

arg min
�s∈X#B

G #B
I

1
2
‖"�s − 5‖2w +
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2
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_I

2
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where �G and �I denote the discrete estimations of the
derivative along the G and I axis respectively, and where
w ∈ {0, 1}# dif#mid#

q
G #

q
I denotes a mask describing where the

phase extraction is valid. This is a regularization strategy that
is similar to the one proposed in [6]. A closed form solution
can be found, namely:

�s =
[
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]−1
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which can be easily computed using conjugate gradient de-
scent. The SoS map can then be found as:

2 =
1

1
20
+ ΔB

, (11)

with 20 the speed-of-sound assumed in the image reconstruc-
tion.

III. EXPERIMENTS AND RESULTS

A. Parameters

A 9L-D (GE Healthcare, Chicago, Illinois, USA) transducer
using a transmit frequency of 5.208 Hz was used in our
experiments, along with a Vantage 256 system (Verasonics,
Kirkland, WA, USA). We first sent a series of 21 PWs
steered with angles ranging from -25° to 25°. The obtained
measurements where then estimated in a receive PW basis with
197 receive angles ranging from -30° to 30°. All the images

considered were reconstructed on a grid with a fine _/16
resolution on both G and I axes, while a Hann window ranging
from -5° to 5° was implemented in (4). We reconstructed
images for 11 angles \dif uniformly distributed between -10°
to 10°. The aberration phase estimation was performed using
patches of size 96 × 96, while we selected 16 rotation angles
\mid, uniformly distributed between -15° and 15°. The center
of the patches was set to lie on a 150×170 grid, downsampled
by a factor 16 compared to the images. The values obtained for
pairs of nearby \dif where then accumulated between -10° and
0°, and between 0° and 10° respectivity. The slowness map is
then reconstructed on a map identical to the patch map, with
both regularization parameters set to 1 × 10−9.

B. Experiments

Two experiments were performed in order to assess the
efficiency of the proposed method. We first generated synthetic
data using the k-wave ultrasound simulator [7]. A 1540 m s−1

synthetic phantom constituted of a 1560 m s−1 circular in-
clusion with a 5 mm radius at a depth of 1.2 cm and of a
zone strating at 2.5 cm — again with a SoS of 1560 m s−1 —
was used. We also tested our method on a CIRS model 073
multi-modality breast biopsy and sonographic trainer phantom
(CIRS, Norfolk, VA, USA), containing hyperechoic inclusions
with inhomogeneous SoS values. We implemented the method
described in [6] using our transducer and compare for each
experiment the results of both methods.

C. Results

The outcome of our experiments are depicted on Figure 1.
The results of both our implementation of the method proposed
in [6] and the proposed method are presented for the two
expriments conducted, along with the SoS ground truth map —
in the case of the k-wave simulation — and a B-mode image
— in the case of the breast phantom. It can be seen that the
proposed method is able to achieve a better contrast both on
the inclusions in the two cases, as well as on the far-field high-
SoS zone. A better recovery of the shapes of the inclusions
on the two cases as well as its position on the phantom case
is moreover achieved. It results into a reduction of the root-
mean-square error (RMSE) from 9.35 m s−1 to 6.95 m s−1 in
the simulation case.

IV. DISCUSSION

We can first notice that our experiments tend to show
that the proposed method is able to provide similar — if
not slightly better — results than the current method. This
improvement must however be confirmed since, first of all,
the results of our implementation are not as good as the one
reported in [6]. This is most likely due to the fact that we
have a different probe at our disposal. Better results might
probably be achieved with a full search of hyperparameters in
order to better adapt the method to our transducer. Moreover,
more elaborate regularization schemes have been developed
and we need to estimate what is —if any– the gain of quality
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Fig. 1. Results of our experiments: (a) Ground truth SoS map of the k-wave
simulation; (b) B-mode image of the breast phantom containing an inclusion
highlighted in red; (c), (d) results of the current methods on the simulation
and breast phantom respectively: (e), (f) results of the proposed method.

that our method is able to achieve using those regularizers as
well.

Nevertheless, we can see that the proposed method is able
to achieve at least similar results with a significant reduction
of the number of insonifications needed – namely 21 instead
of 111. It has a significant impact on the time, computational
complexity and memory footprint of the method, which can
help the deployement of such SoS pulse-echo imaging meth-
ods onto low-power devices.

Additionally, several critical points of the proposed method
can be identified. First of all, there is a trade-off between the
size of the patch — which must be high enough to ensure
a proper aberration phase estimation — and the accuracy of
the model — worsen by the smoothing effect induced by
the patch—, which is however similar to other methods of
the same kind. Also, a non-zero antidiagonal width must be
selected in order to ensure a sufficient contrast to noise ratio
and to remove grating-lobe-like artefacts. It also reduces the
accuracy of the model. It can be however alleviated by an
increase in the number of insonifications.

V. CONCLUSION AND FUTURE WORKS

We can see that the proposed method shows promising
results, particularly regarding the reduction of necessary in-
sonifications. Further work is however necessary in order to
fully assess its performances. We are currently working on
testing the method on a wider range of situations (most of all
during in-vivo experiment) as well as testing more advanced
regularizers. We can also notice that other application can be
investigated using the redundancy provided by the ”antidiag-
onal” images.
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