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TYPICALITY RESULTS FOR WEAK SOLUTIONS OF THE
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

MARIA COoLOMBO, LuUiGlI DE ROSA™® AND MASSIMO SORELLA

Abstract. In this work we show that, in the class of L°°((0,7T); L*(T?)) distributional solutions of
the incompressible Navier-Stokes system, the ones which are smooth in some open interval of times are
meagre in the sense of Baire category, and the Leray ones are a nowhere dense set.

Mathematics Subject Classification. 35Q30 35D30, 76B03, 26A21.

Received November 29, 2021. Accepted May 2, 2022.

1. INTRODUCTION

In the last 15 years, the fundamental results of De Lellis and Székelyhidi [11, 12, 14] initiated a research
line which allowed to build nonsmooth distributional solutions of various equations in fluid dynamics with
increasingly many regularity properties. All these results share a common approach called convex integration,
which in this context points roughly speaking to build solutions of a nonlinear PDE by an iterative procedure,
where at each step the constructed functions solve the equation up to a smaller and smaller error, which is
corrected each time by means of the nonlinearity of the PDE. This lead to important results such as the proof of
the Onsager conjecture by Isett [3, 17] and the construction of nonsmooth distributional solutions to the Navier-
Stokes equations by Buckmaster and Vicol [2, 4, 8]. Related recent results were obtained for the hypodissipative
Navier-Stokes equations [9, 15] , the surface-quasigeostrophic equation [6, 7, 18] and the transport equation
[1, 20-22] (see also the references quoted therein).

A natural question is then “how many” such distributional solutions can be found, compared to the smooth
ones. In this paper we investigate this question in terms of Baire category. We focus on the Navier-Stokes system
in the spatial periodic setting T? = R3/Z3

in T3 x [0, 7] (1.1)

0w +diviv®@v)+Vp—Av =0
divo =0

where v : T% x [0,T] — R? represents the velocity of an incompressible fluid, p : T x [0,T] — R is the hydro-
dynamic pressure, with the constraint fw pdx = 0.
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We define the following complete metric space
D= {v e L>((0,T7); L*(T?)) : v is a distributional solution of (1.1)},
endowed with the metric dp(u,v) := [|[u — v||ps(L2), and its subsets

L:={veD: visa Leray-Hopf solution of (1.1)}
S:={veD:veC®T?x1I) for some open interval I C (0,T)} .

We refer to Section 2.1 for the definitions of distributional and Leray-Hopf solutions. Our main result is the
following

Theorem 1.1. The set L is nowhere dense in D while the set S is meagre in D.

We recall that £ is nowhere dense in D if and only if the closure of £ has empty interior. In particular, £ is
meagre in D.

A partial answer to the question of “how many” distributional solutions there are, compared to the smooth
ones, was given before by the so called “h-principle”, a term introduced by Gromov in the context of isometric
embeddings. In the context of the Euler equations (see for instance [13], Thm. 6), it states that arbitrarily close
in the weak L? topology to a (suitably defined) strict subsolution one can build an exact distributional solution.
In a slightly different direction, it has been shown in [10] that a dense set of initial data admits infinitely many
distributional solutions with the same kinetic energy, and in [2] that distributional solutions are nonunique for
any initial datum in L? for the Navier-Stokes system. Previously, convex integration was also used in [16] to
characterize typical energy profiles for the Euler equations in terms of Holder spaces, which requires to introduce
a suitable metric space to deal with the right energy regularity.

2. THE ITERATIVE PROPOSITION AND PROOF OF THE MAIN THEOREM

The proof of Theorem 1.1 is based on an iterative proposition, typical of convex integration schemes and
analogous to [4] of Section 7 and [2] of Section 2; in analogy with the latter, also here we use intermittent jets
(see Sect. 3 below) as the fundamental building blocks. At difference to the previously cited works, we need
to keep track of the kinetic energy in some intervals of time along the iteration in such a way to be able to
prescribe it in the limit, and we also need to make sure with a simple use of time cutoffs that the support of the
perturbation is localized in a converging sequence of enlarging sets. On the contrary, we do not use the cutoffs
to obtain a small set of singular times for our limit, as was done in [2].

In turn the proof of Theorem 1.1 follows from the iterative proposition in this way: to show that the subset
L is nowhere dense in the metric space D, we prove that for every v € L there are arbitrarily close elements
which belong to D\ £. In Step 1 of the proof we reduce to such statement, where we choose elements in D\ £
by imposing locally increasing kinetic energy.

The method presented here to prove Theorem 1.1 is quite general in contexts where the convex integration
scheme works and should apply also to other contexts.

2.1. Basic notations and definitions

We recall that a distributional solution of the system (1.1) is a vector field v € L2(T? x (0,7T); R3) such that

T
/ / (v-Op+v®@v:Vp+uv-Ap) dedt =0,
o Jts3
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for all ¢ € C°(T3 x (0,7);R3) such that divp = 0. The pressure does not appear in the distributional
formulation because it can be recovered as the unique 0-average solution of

— Ap = divdiv(v ®@ v). (2.1)

A Leray Hopf solution of the system (1.1) is a vector field v € L2((0,T); H'(T3)) N L>((0,T); L?(T?)) and
for a.e. s > 0 and for all ¢ € [s,T] the following inequality holds

2 t 2
/ de—l—/ |Vo(z, 7)2dzdr S/ de. (2.2)
T3 2 s T3 T3 2

It is a classical result by Leray that Leray-Hopf solutions are smooth outside a closed set of times of Hausdorff
dimension 1/2, see for instance [19].

2.2. The Navier—Stokes—Reynolds system

In this section, for every integer ¢ > 0 we will highlight the construction of a solution (vy,pq, Rq) to the
Navier-Stokes-Reynolds system

(2.3)

By + div(v, ® vg) + Vp, — Av, = div R,
divvg =0

where the Reynolds stress Ic%q is assumed to be a trace-free symmetric matrix valued function. Indeed for any
matrix A we will use the notation A to remark the traceless property.

2.3. Parameters

Define the frequency parameter A\, — +o0o and the amplitudes parameter 6, — 07 by

Ag = 27ra(bq),
—2
5y =A%
The sufficiently large (universal) parameter b is free, and so is the sufficiently small parameter 8 = 3(b). The

parameter a is chosen to be a sufficiently large multiple of the geometric constant n, defined in Lemma 3.1.
Moreover, we fix another parameter useful to prescribe a precise kinetic energy

2
€
= 5 2.4
(SUPEGA ||7§|CO|A|CO4(27T)3) (24)

where supgey [[7¢llco, [Al, Co are all universal constants independent on ¢, more precisely: 7 are functions
defined in Lemma 3.1, A is the finite set defined in Lemma 3.1, Cy is the constant given by Lemma A.3, € is a
free constant that will be used in the proof of Theorem 1.1.

Moreover, we will use the intermittent jets (defined in Sect. 3) to define the new velocity increment at step
qg+1.

2.4. Inductive estimates and iterative proposition

We define new “slow” parameters, for all ¢ > 0
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5q = (;)qﬂ, (2.5)

Sg=_si, (2.6)

=0

for some fixed parameter s > 0. By choosing a > ag(s) for a sufficiently large ag(s), we will guarantee that

s;_&l < Ag,

indeed s;l is a slow parameter compared to A;. Moreover we define the local time interval, for some small
number s > 0, for all ¢ > 0

I, = (to — Sqyto + Sy), (2.7)
for some ¢y € (0,1) and s = s(fp) > 0 sufficiently small such that
Bgs(to) = (to — 2s,tg + 28) C [0, 1].

Observe that I, C Ba,(to) for all ¢ > 0.

In the following, if not specified differently, every space norm is taken with respect to the sup in time localized
in the interval Bas(to), i.e. for example: if v € LE°LE, we denote [v||z» the quantity sup,cp,, 1,) lv(, 1)l Lz. We
use < as an inequality that holds up to a constant independent on g.

For ¢ > 0, we want to guarantee

€
l[vgllz2 < 2[lvollz> — 55;/2, (2.8a)
[Ryllzr < Ay %6441, (2.8b)
||'UqHCi,,t(’]I‘3><BZS(tO)) < qu, (2.8¢)
and moreover!
dut < eft) - / o, 1) Pz < 2L for all £ € 1, (2.9a)
510/ T8 5
Supp(R,) C I, (2.9b)
Suppy(vg —vg—1) C I, for all ¢ > 1, (2.9¢)

which are new with respect to the convex integration scheme proposed by Buckmaster and Vicol in [4] of
Section 7.

Proposition 2.1 (Iterative Proposition). Lete : [0,T] — (0,00) be a strictly positive smooth function. For every
€8>0 and to € (0,T) there exist b > 1, B(b) >0, ( >0, agp = ao(B3,b,(, e, ¢€,5) such that for any a > ag which
is a multiple of the geometric constant n. of Lemma 3.1, the following holds. Let (vq,pq, Rq) be a smooth triple
solving the Navier-Stokes-Reynolds system (2.3) in T3 x Bag(to) satisfying the inductive estimates (2.8)—(2.9).

THere Suppr(u) denotes the closure of {t € (0,1) : 3z € T3 wu(zx,t) # 0}.
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o

Then there exists a second smooth triple (vg41, Pg+1, Rg+1) which solves the Navier-Stokes-Reynolds system
in T3 x Bas(to) (2.3), satisfies the estimates (2.8) and (2.9) at level ¢ + 1. In addition, we have that

€ 1/2
1vg+1 = gllLoe (Bac(to)iL2(m3) < 77— 513 (2.10)
0y “4m

2.5. Proof of Theorem 1.1

Step 1. Let v € L=((0,T); L*(T?3)) be a distributional solution of (1.1), such that v € C°°(T? x I), for some
open interval I C (0,T). Then, we prove the following claim: for every e > 0, there exists a distributional solution
ve € L=((0,T); L3(T?)) of (1.1) such that

||U6 — UHLOO((O,T);(L2(T3)) <€ (211)

and the kinetic energy of v. is strictly increasing in a sub-interval of (0,T).
Let to € I and choose s > 0 such that Bas(tg) C I. Let g € C*°([0,T7]) be such that

—<g<ea  g¢(to)> sup
t€(0,1)

bl

d
— lv(z,t)|?dz
t s

and consider the kinetic energy (increasing in a neighbourhood of ¢)
e(t) ;:/ lo(z, £)[2da + g(t). (2.12)
T3

Since the function v is smooth in T? x I we consider the smooth solution p, with zero average, in T? x I of
(2.1), and define the starting triple (vg, po, Ro) := (v, p,0).

Clearly (v,p,0) satisfies the estimates (2.8) and (2.9) at step ¢ = 0, up to enlarge ao?, thus we can apply
Proposition 2.1 starting from the triple (vo, po, Ro). Hence, we get a sequence {v,}qen that satisfies (2.8), (2.9)
and moreover, from (2.10) we get

€ 1/2 € —Bbyg+1 €

D lvgsr —vgllzz < 55— 040 < = > (@) < g <e (2.13)
_ 4—pBb

>0 51/ 47 >0 51/ 47 >0 2(1 — a=hb)

where the last holds if ag is sufficiently large in order to have a=#” < 1/2. Hence, there exists the limit
Ue := limy 00 vg, in L%°(Bas(to); L?(T?)) such that ||oe — V|| oo (Ba (t0);22(13)) < € and it is a distributional
solution of the Navier-Stokes equations in Bas(tg) x T3, because by (2.8b) we have that lim, o Ic%q =0 in
L (Bas(to); L' (T?)). One can verify that the vector field

v, — { Ve N BQs(tO)
€ v in [0,T]\ Bas(to),

still solves (1.1) in [0, 7] x T3 and satisfies (2.11). Moreover the kinetic energy of v, is increasing in a neigh-
bourhood of ¢y thanks to (2.9a) and (2.12).

Step 2. We conclude the proof of Theorem 1.1.

‘27. .
To be precise we considered v_; = vg.
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Let vg be a distributional solution which is smooth in a subinterval of times and € > 0; for instance, any Leray
solution can be taken as vy since they are smooth outside a closed set of #!/2 measure 0. We apply the Step 1
and get a distributional solution of Navier-Stokes v. € L°((0,T); L?(T?)) such that [Jve — vy | Lo 0,1y, 22(13)) < €
with increasing kinetic energy in a sub-interval of [0, 7] and therefore such that v. € D\ L.

Since £ is closed with respect to L>L? convergence, we deduce that the interior of £ which coincides with
the interior of L, is empty.

To show that S is a meagre set in D, we rewrite it as

Sc U U {veD:veC®((t—s,t+s)x T},

seQt t€(0,1)NQ

and we notice that from Step 1 the right-hand side is a countable union of nowhere dense sets, hence it is
meagre.

3. INTERMITTENT JETS

In this section we recall from [4] the definition and the main properties of intermittent jets we will use in the
convex integration scheme.

3.1. A geometric lemma

We start with a geometric lemma. A proof of the following version, which is essentially due to De Lellis and
Székelyhidi Jr., can be found in Lemma 4.1 of [2]. This lemma allows us to reconstruct any symmetric 3 x 3
stress tensor R in a neighbourhood of the identity as a linear combination of a particular basis.

Lemma 3.1. Denote by Bf%"([d) the closed ball of radius 1/2 around the identity matrixz in the space of sym-
metric 3 x 3 matrices. There exists a finite set A C SN Q3 such that there exist C> functions ¢ : Bf%n(ld) - R
which obey

R=> %(REa¢,

£eEA

for every symmetric matriz R satisfying |R — Id| < 1/2. Moreover for each & € A, let use define A¢ € S*NQ3 to
be an orthogonal vector to £. Then for each & € A we have that {€, A¢, & x A} C S2N Q3 form an orthonormal
basis for R3. Furthermore, since we will periodize functions, let n. be the l.c.m. of the denominators of the
rational numbers §, A¢ and § x A¢, such that

{n.&,nAg,ni & x Ag} C 73,

3.2. Vector fields

Let ® : R2 = R be a smooth function with support contained in a ball of radius 1. We normalize ® such that
¢ = —Ad obeys

L

47T2 42 ¢2(Z‘1,$2)dl‘1d$2 =1. (31)
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We remark that by definition ¢ has zero average. Define 1) : R — R to be a smooth, zero average function
with support in the ball of radius 1 satisfying

]{Il//z(l’:a)dﬂﬂ:s = % /sz(xg)dl'g =1.

We define the parameters r, r|| and p as follows

L =Tl g+1 = )\;f{7(2ﬂ)_1/77 (323)
—4/7

P = g = A (3.2b)

W= g = A4 (2m) YT (3.2¢)

We define ¢, , @, , and ¢, to be the rescaled cut-off functions

1 r1 X2
¢m(9€17332) = E(b (M7 M) )

1
@TL(ZL'l,(EQ) = 7(1) <.’E1 fEQ) s

rLoo\TL 7L
1/2
1 T3
! f f
With this rescaling we have ¢,, = friAq)r . - Moreover the functions ¢,, and ®,, are supported in the ball

of radius r, in R2, tr,, is supported in the ball of radius 7| in R and we keep the normalization [|¢;, 2, = 4r?

and |9y, [|7. = 2.
We then periodize the previous functions abusing the notation

¢Tl (ml + 27'(—7747.’1/'2 + 27Tm) = ¢’I‘L (xlu 372);
D, (z1 4+ 2mn, 29 + 27m) = D, (21, 22),
Ve (T3 + 270) = Pp (23).

For every & € A (recalling the notations in Lem. 3.1), we introduce the functions defined on T3 x R

1#5(907 t) = wrn (n*rj_/\q—&-l(-r ' § + Ut))a (333‘)
Pe(z) := Py (Nur L A1 (T — ag) - Ag, nur i A1 (T — ag) - (§ X Ag)), (3.3b)
Pe(x) := Py (Mar L A g1 (@ — ag) - Ag, nar L A1 (7 — ag) - (§ X Ag)), (3.3¢c)

where o are shifts which ensure that the functions {®¢} have mutually disjoint support.
In order for such shifts a¢ to exist, it is sufficient to assume that r, is smaller than a universal constant,

which depends only on the geometry of the finite set A.
It is important to note that the function ¢ oscillates at frequency proportional to r J_ril)\q+17 whereas ¢

and ®, oscillate at frequency proportional to Agy;.

Definition 3.2. The intermittent jets are vector fields We : T2 x R — R? defined as

WE('I’ t) = 51/)5(56‘, t)d)g(:ﬂ)
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If 0 := Ag4171n« € N, thanks to the choice of n, in Lemma 3.1 we have that W, has zero average in T3 and

is (g)?) periodic. Moreover, by our choice of o, we have that
We @ We =0,

whenever £ # & € A, i.e. {We}een have mutually disjoint support. The essential identities obeyed by the
intermittent jets are

1
HW£||€P(T3) = @”wf”ip(jﬁ)H¢f||ip(jf3)
. 1
div(We @ We) = 2(We - Vipe) g€ = pat(%d)?ﬁ) (3.4)
][ Wg & Wg =£RE,
T3

where the last identity will be useful to apply Lemma 3.1.

We denote by P( the operator which projects a function onto its non-zero frequencies Po f = f — fTS f,and
by Py we will denote the usual Helmholtz projector onto divergence-free vector fields, Py f = f — V(A~tdiv f).
Motivated by (3.4), we define

W (a,1) = —immo&(@wz(x,t)s. (3.5)

Lastly, we note that the intermittent jets W, are not divergence free, then we introduce the following two
functions Wéc), Ve - T xR — R3

Vg(l‘,t) =

n*)‘ngl §¢§ ('Tv t)¢5($)7

1

2
n*)‘q—H

Wi (x,t) = Ve (x,t) x (V x e()E).

Using A®e = —\2, | n?¢p¢ we compute the intermittent jets in terms of Ve

Agr1miWe = A ni€eve = —ADeipe
=V X (eV x (Be€)) — Vipe X (V x Be8)
=V X VX (0ePel) =V x (Vipe x Be&) — Vipe x (V x BeE)
=V XV x (1hePel) — Vipe x (V x &8

— A2, n? (v XV x Ve — Wg‘:)) : (3.7)
from which we deduce
div(We + Wg(c)) =0.

Moreover, since 7 < 7|, the correction W¢ is comparatively small in L? with respect to We, more precisely
we state the following lemma (see [5], Sect. 7.4).



TYPICALITY RESULTS FOR WEAK SOLUTIONS 9

Lemma 3.3. For any N,M >0 and p € [1,00] the following inequalities hold

I9¥0M el o < 112 (“jT+1)N (HA;H“)M (3.80)
IVYGelle + VY Belle S r/P 7NN (3.8b)
IVNOMWe|» < 7«2L/1771r|1|/1771/2)\(11\£rl (Tli‘:ﬂrlﬂ)M (3.8¢)

[l
%'HvNay W lpo < PP PTEAN (”iﬁ““)M (3.8d)
A2 VN OM Vel o < o3P Hey PN (“HH”)M . (3.8¢)

The implicit constants are independent of Ag41,71,7||, [4-

4. PROOF OF THE ITERATIVE PROPOSITION
Given (vq,pq,ﬁch) a triple solving the Navier-Stokes-Reynolds system (2.3) in T? x Ba4(to) satisfying the

inductive estimates (2.8) and (2.9) at step ¢, we have to construct (vq+1,pq+1,1§q+1) which still solves the
Navier-Stokes-Reynolds system (2.3) in T3 x Bas(t) and satisfies the estimates (2.8) and (2.9) at step ¢ + 1

and the estimate (2.10) holds.

4.1. Mollification

In order to avoid a loss of derivatives in the iterative scheme, we replace v, by a mollified velocity field v,.
For this purpose we choose a small parameter £ € (0,1) which lies between A; ! and /\;_&1 and that satisfies

DV i (4.1a)
<N, (4.1b)

where 0 < a < 1. This can be done since ab > 4.
For instance, we may define ¢ as the geometric mean of the two bounds imposed before

_y—3a/2y-2
Ef/\ﬁ‘f Ay

With this choice we also have that ¢ < sqt1. Let {0¢}es0 and {¢,}es0 be two standard families of Friedrichs
mollifiers on R? (space) and R (time) respectively. We define the mollification of v, and R, in space and time,
at length scale ¢ by

Ty := (vq *o O1) *¢ e,

Fﬁ = (éq *z 0@) *t P,

where we possibly extend to 0 the definition of v, outside Bas(to). We have that T, solves

8tﬁé + div(fg ® E@) + Vp, — UA@@ = diV(RZ + Ecom) (42)
divoy =0,
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where ﬁcom is defined by

Reom = (T,87) — ((vqévq) %5 0p) *¢ pp.

We introduce the following notations U, (I,) := (to — Sy — ysto + Sq +y) and I, := Usqa (I,). Let 1 €
- 2
C°(I,;R™) such that

C

n(t) =1forall t € I,
Ngq

2
ller < (2) .

Moreover, we define
bg = 1o + (1 = n)vg.
Note that 0, satisfies
Suppy(9p — vg) C Iy C Ipia,

that will be crucial in order to guarantee (2.9c) at step ¢ + 1.
Moreover, using (4.2) and that (vq,pq, Rq) is a Navier-Stokes-Reynolds solution, we have that 0, satisfies

Bty + div (T © B¢) — Aty = (Te — vg) 0y + (1 — 1)div(Te@(vg — V1))
+1(1 = n)div(v,@(Te — vg))
+ 1div(Ry + Reom) + (1 — n)div(Ry) — Vi,
for some pressure .

We recall the inverse divergence operator from [12].

Definition 4.1. We define the Reynolds operator R : C>°(T3; R3) — C>°(T3;R3) as
1 -1 1Ty, 9 -1 BRIV AN -1
Rov = E(VIP’HA v+ (VPgA™v) ) + Z(VA v+ (VAT 0)") — §d1v (A~ vId),

for every smooth v with zero average. If v € C°°(T?;R?) we define Rv := R(v — fr v).
We have the following
Proposition 4.2 (R = div™'). For any v € C®(T?;R?) with zero average we have

- Ro(z) is a symmetric traceless matriz, for each x € T3,

- divRv=v— ng v,

— forp € (1,00), R can be extended to a continuous operator from LP to LP,
— forp € (1,00), RV can be extended to a continuous operator from LP to LP.

Using (2.9b) and that n(t) = 1 on I, we have

(1 —n)div(R,) = 0.
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Thus v, solves

00y + diV(f}g ® f)@) — AVp+ Vmp, = diV(R@ + Reom + RlOC)a

where Ry = nﬁg, Reom = nﬁcom and
Ripe :=1n(1 — n)mté(vq —7g) +n(l— n)vq@{)(m —vg) + R ((Te — vq)0em) .

A simple bound on Ty — v, on L{L? is given by

_ 1.
19e = vgllz2 S Lllvgller < E)‘;l < TOAqﬁgélH*Q?

where the last holds if 4¢ + 28b < . Then using the previous bound, (2.8a) and that |R||z2r2 S 1 by
Proposition 4.2, we have

1. _
”Rcom”L1 + HRlOCHL1 < gAqE§6q+27

where we used that )\g a>C (%)q, unless to possibly enlarge ag(s, (). Note that we also have the property on
the compact supports of the errors

Supp(R¢) U Supp(Reom) U Supp(Rioe) C Iy C Igya.

The mollified functions satisfy

1Telle, (15 x Bay (o)) S gl TH S AT, N > 1, (4.3a)
|Bellz> < Nvgllz> + llvg — Bellz < 2llvollzz — 6572 + A7, (4.3b)
150 = vgll2 S €25 < At (4.3¢)
[Rellzr < A;%0g41, (4.3d)
[Rellex, S A6 N N > 0. (4.3e)

We are now ready to go to the perturbation step, in which we will add a small perturbation to v, in order to
cancel the bigger error Ry proving (2.8b), (2.9b) and satisfying all the other estimates (2.8), (2.9) and (2.10).
4.2. Amplitudes

Here we define the amplitudes of the perturbation, namely the functions needed to apply Lemma 3.1 and
cancel the Reynolds error R;. We define x : Rt — RT, a smooth function such that

X(Z):_{1 if 0<z<1

z if z>2

and z < 2x(z) <4z for z € (1,2) and x(z) > 1 for all z € [0,00). We define for all t € Iy = [to — 5,t0 + 5]

() :
p(t) := -
3 fT3 Y (IRz(ﬂgt)l‘l)\q(Sl

g+1

)dx <e(t) -/, |0 (x, t)[2dw — ‘5‘12”) (4.4)
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and with a little abuse of notation we define

p(t) ;:p<t0+§) for allt>to+§,
S
p(t) =7 (to—3) forall t <to— .

Now, we consider another local cut-off in time 7 € C°(I,41; R™) such that

A(t) =1 for all t € I,
Ngq

N 2
files < (2)

and we define

x ¢85
plant) = 7P(0)pl0)x (WW) |

Og+1

Lemma 4.3. The following estimates hold

41 B(t) < 1911

(51)\5 o 61 ’

Ry(z,t) < 17

p(z,t) | ~ 2

ollz < 1675, 20t
51

Proof. Note that

lvallZe = 19ellZ2| < llvg = Tell 2 lvg + Bell e < Lllvgllerllvgllze S €A < AT Fg41,

(4.5)

(4.9)

where in the last inequality we used that 206 + % < a. Moreover, thanks to the construction of x and (2.8b) we

have

(2m)3 < / X <|Rg(x,t)|4)\g($1> dr < 2(27m)3.
TS

Og+1

Thus, thanks to (2.9a), (4.9) and (4.10) we get

p(t)

IN
w
/\

1 1) 1€1 616 +1
< P < Lttt
- 3-(2m)3 ( 61 ) T4

and similarly

p(t)

vy, ) 2da vxt 2do — \wajt
o : a

(4.10)

| Gyen
2

R ( / v (2, )| dm) .(1%)3 (/T |vq(1:,t)|2dx—/1r3 (50, )2z — "*;2)
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< 1 Og+1 Og+1  Og+2 < dg+1
= 6- 3 2 ¢ 9 | =550
6 (277) (51)\(1 )\q 61)\11
where the last holds if we choose ao(¢) sufficiently large. Thus (4.6) holds. 3
The proof of (4.7) follows from the following computation, observing that Supp;(R¢) C Iy, 7(t) = 1 for all
t € I, and that x(2) > 2/2 for all z >0

Ry(x,1) [Re(z, )] Gg1a
D | S ARG~ g < %
plat) |7 p(t) BEzDlanGs,  2p(t) X560

We conclude the proof by estimating

J L N G R P e
Og41

>1
%q+1 =

< 87° <5q+1;> + /3 8BS €1 Ry |da
T
S 87T3 <(Sq+1§1> + 8€1A(2ICHRZ”L1
1

1 J,
<8186 [ — +A;C ) Gy < 16706~
(51 a 51

O
We can now define the amplitudes functions a¢ : T2 x (0,7) — R as

oela.0) = ag guaint) = (a0 (10— 2D, (4.11)

where ¢ are defined in Lemma 3.1, hence we also get the identity
p(z,t)Id — Ry(z,t) = Y ai(z, ) @& (4.12)

£eA
Lemma 4.4. The following estimates hold
1/2

a2 < 26"10+|j\| M;/Q, (4.13)
lagllew, S €57, (4.14)

where Cy is the universal constant for which Lemma A.3 holds.

Proof. We define

ooy = gty P ),

Og+1
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Rg(.l?, t)
p(x,1t) ) ’

e (,) == py > (2, t)ye (Id —

The first estimate follows from (4.8) and the definition of €

1/2
1/2

1/2 Ky
- 3 €1 q+1 €
lagll2 < llpll 5" [Ivellcollfillco < (167r 5q+151) [vellco < 2ColA] 3mg1
4o,

We prove the second estimate. We introduce the notation Je(z,t) = 7 (Id—lff(gfg)) and thanks to

Proposition A.2 we have

_ 1/2 . 1/2 -
laelcy, < llorllex Fellco + 101" oo el

i

We now estimate every piece. Using Proposition A.1 and (2.9a)
plley S 5.
Thanks to the previous inequality, Proposition A.1 and Proposition A.2 we get

lprlley, S €742 (4.15)

Sq4+1
512’

Using Proposition A.1, estimate (4.3e), the previous estimate and that p is bounded from below by we

have

g 5_8_51\[

- Ry
Wellox < H
P llen

and using also that

gq;} > ¢ (choosing ¢ = ((«) sufficiently small), we have
12q

1/2 _5_
ot xS 07375N,

x,t ~
Hence
— —8—5N
[elley, <€ :

Moreover, by applying Proposition A.2 we get

laelley, < laelley, llco + Inllexllaellc, S laelcy,,

T s x

since sq_jl < Ag < 071 up to enlarge ao(s, a). O
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4.3. Principal part of the perturbation, incompressibility and temporal correctors

The principal part of wg4 is defined as

why =" agWe. (4.16)
gEA

(e)

The incompressibility corrector wqil, that we define in order to have the incompressibility of wqy1, is defined

as

wi)y ="V x (Vag x Ve) + Vag x V x Ve + ac W,
EEA

Note that

ép+)1 +w((1521 ZV x V x (agVe),
geA

div(wéﬁ)l + w((]i)l) =0,
where the first equation follows from a direct computation similar to (3.7) with amplitudes functions
agWe = agV x V x Ve — agW®
=V x (agV % Vg) — Vag x (V x V) — agW{”
=V XV x(agVe) =V x (Vag x V¢) — Vag x (VxVE)—agWéc).
Moreover, we introduce a temporal corrector similar to (3.5) with amplitude functions

((1t+1 ——;Z]P)HP;AO agﬁbgwgf) (4.17)

e

Note that w((;zl satisfies

drwll)y + 3" P o (a2div(We @ We))

£€A
= —— ZPHIP#O@)S (agéf)gwgf ZP#O aiat (d’gwgf))
MgeA MEEA
= (1d—Px) . Z P00y (a2p32E) — Z Po (Ouag (292€)) -
EEA §€A
=:V P41

From this computation and the identity (4.12), it follows that

div(wflﬁ_)l ® w((f_?l + Ry) + 6twq+1 Z div (azPo (We @ We)) 4+ Vp + 8twq+1
EeEA
=Y "Po (VaiPao (We @ We)) + Vp + Y P (addiv (We @ We)) + dpwll)y
feA EeA



16 M. COLOMBO ET AL.

1
=3 P (VaiPro (We ® We)) + Vp+ VPyi1 — = Y Puo (0af (6712€)) - (4.18)
SN £eEA

4.4. The velocity increment and proof of the inductive estimates

We now define the total increment
Wqt1 = w((lﬁ_)l + w(c)1 + w( ) (4.19)
and the new vector field is then given by
Vg+1 1= Vg + Wg1. (4.20)

In this section we verify that the inductive estimates (2.8) hold with ¢ replaced by ¢ + 1, and that (2.10) is
satisfied.

4.4.1. Proof of (2.10)

We want to apply Lemma A.3 in L? with f = a¢ and g, = W, which is by construction (g)3 —periodic

with 0 ~ Ag417.1, where ~ means up to a constant depending only on n, and £ € A. For this purpose, note that
by (4.4) we get

1/2 .
DJ g+1 —13j5
| a&”LQ-— 2Co|A| 47 51/2 ’
1/2
and thus we can take Cy = 2Co|A\ o 51/2 By conditions on £ we have /=13 < /\2+1, whereas by (3.2) we have that

1/7
Ag+171 = (%) . Thus, since a < 7_—170 and a is huge, Lemma A.3 is applicable. Combining the resulting

estimate with the normalization |W¢||2 = 1 we obtain

1/2

Cod 1

®) e € lap

||wq;ilHL2 < Z 20 TA| A 61/2 || E”L = m§5q+l' (421)
£eA 1

For the correctors w¢(16+)1 and w,(;zl we can use rougher estimates since they are considerably smaller than w,(ﬁr)l.

The following estimates are consequence of Proposition 4.2, estimates (3.2), (3.8) and Lemma 4.4

—8 2/p—1 1/p—1/2
e S llaelloo [Wells S €532 27V (4.22a)
£eA

lwi e 3 llagllez I Vellwn + llaglco W | s

LEA
2 11 1/2 2 11 1271
<€ 18 J_/10 H/p //\q+1+£ 8 /P |/P / rH
—18 2/p—1 1/p—1/2\—2/7
Y e R S TE e W (4.22b)
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t — — 2/p—2 1/p—1 _—
lwlillee S > NaglZolloel 3z, lvell?z, S €102 2 /P !
EeN
_ 2/p—1 1/p—1/2\—1/7
< 16rJ_/P rH/p / )\q+{ ’ (4.22¢)

where in the last inequality we used also the continuity of Py in L? (for any 1 < p < oo) and the fact that
002l e = 16| Lo 1] Lo, thanks to Fubini.

Combining (4.21), with the last two estimates of (4.22) for p = 2, and using (3.2), we obtain for a constant
C > 0 (which is independent of ¢) that?

€ 1 1/2 _18TL _ —-1/7
legrillze < (WQ% HOOTE OO )
1

€ 51/2 _ _ 3 €
< q+1 +C>\36a 2/7+O)\32a 1/7 <2 s
4ms;/2< 2 e H ) gt

Moreover from (4.3), by choosing ag sufficiently large we get

- € 1/2
[0g41 = vgllz < llwgrallze + 1[0 = vyl < —75 53
4mé;

thus (2.10) is satisfied.

4.4.2. Proof of (2.8a)
The bound (2.8a) follows easily from and the previous estimates (if ¢ # 0)

||Uq—&-1||L2 = ||Uq+1 — Yq "’Uq”L? < ||Uq||L2 + ||Uq+1 - ”q”LQ
€ 1/2 € .1/2
< 2[Jwollz2 — 55;/2 + 61/24775qu < 2||vollz2 — Eéqih
1

where in the last inequality we have used that a is taken sufficiently large and b > 1. If ¢ = 0, then (2.8a) is
trivial.

4.4.3. Proof of (2.9¢)
The property (2.9¢) is verified since

Vg1 — Vg = Vg — Vg + Wg41

and Suppr (9¢ — vq) C Suppyn C Ig41 , Supprwgt1 C Supppae C Supprn) C Igia.

4.4.4. Proof of (2.8¢c)

Taking either a spatial or a temporal derivative, using Lemma 3.3, Lemma 4.4, (3.2) and (4.1), we have

[w®) e

@

L Sllagller  [Welleo, + llaglico, IWellcr

3Tn the last inequality, we have implicitly used that o < 1/(7 - 74) and ag be sufficiently large.
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— 1 1/2 24-8/7426
A A T G SR C ISP Wit (i

eyl S llalles  IVeller , + llagleor W e
< 18y —1 71/2)\(131/\2 1+£—13 ﬁ o1 ITl/z/\qul N/\Zi?/7+36a,
1
t t
legilles , S legthllexs S - lagogullons
1 1 16 22 —1/2 3-2/7+34
S Sladllon I08lon, 0Ellcre S 2 ot g it S N

In the latter inequality we have used that Py is continuous on Hélder spaces. Therefore, using that o < 1/40,
that ag is sufficiently large and thanks to estimate (4.3a), we have

lvgtillct ,(Ba.(to)x1s) < N0ellcr ,(Bau (o) x9) + lwgstller, < )\3+1

4.5. The new Reynolds stress
Here we will define the new Reynolds stress éq+1. By definitions, U441 solves

div Rq+1 — qu+1

= 0y(V¢ + wgy1) + diV((@e +wgy1) @ (Ve + wet1)) — A(Tr + wgt1)

= —Awg1 + 815( q+1 + w((;+1) + div(e @ wgt1 + wgi1 ® Ve)

div(Riin)+Vpiin
. t t
+ div (( ) @ we +wl @ (W) + wéjﬁ)
div(Rmr)Jermr

+ div( (p) 1 ® w(p) + Ry) + 8tw e +div(Reom) — Vpe-

div(Rose)+Vpose

More precisely

Ripn = —RAwgs1 + RO(w)) +w))) + 5wy + wep1 &,
Reor : ( t(zi)l + wéll) wgr1 + wz(;+)1® ( ¢(1"21 + wﬁl) ;

Rose := Y R (VagPo(We @ We)) — — Z R (0ad(¢303€))
£eN K EeN

Dlin = 20y - Wq+1,

Peor = |wgr1|? — [l 2,

Posc := P+ Pq+17
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where the definitions of p,s. and Rys. are justified by the previous computation (4.18). Hence we define
DPg+1 = Pt — Pcor — Plin — Posc
and

Rqul = Rlin + Rco’r + Rosc + Rco’m + Rlom

where the last two were defined during the mollification step. We observe that the new Reynolds-stress }D%q+1 is
traceless, this property will be crucial in the energy estimates.

4.6. Estimates for the new Reynolds stress

We need to estimate the new stress éq+1 in L'. However, since the Calderén-Zygmund operator VR fails to
be bounded on L', we introduce an integrability parameter,

€ (1,2] such that p — 1 < 1.

Recalling the parameters choice (3.2), we fix p to obey

2/p 2 l/p 1 <( 7_(_)1/7)\13_({7_1)/(717) </\
q

m (4.23)

q+1>

where we recall that 0 < a < == 74 For instance, we take p = 323_270.

4.6.1. Linear error Reynolds stress

By using Proposition 4.2 we get that

IRiinllLe < IRAWgs1]|1e + |Te@wqs1 + wep1@0¢] Lo + RO (W) +wi? ) Lo

S IVwgrllze + 15l 2= lfwgsillze + Y 10V x (agVe)l s

EEA
S acllor [Wellwre + l3eller Y llagllor [Wellwee
§EA e
+ Y (llaglcr10:Vellwre + l10saell o [ Vellwrs).-

£eA

Thus, by appealing to Lemma 3.3, Lemma 4.4, estimates (4.3) and to the choice of p = 323—27(17 we conclude

-1 1-1/2 2.1 11 -1 11

D 18 P P
T Age1 +HL70r7 ’I‘H /\q+1 4+t q+1’l"J_ T

2

I Riinlle S €07
—18 37— —

Ng4 )‘?+1)‘q+1TLT|| ?< Agt1 g < 6)\q+15q+23

where for the last inequality we used that a < = 7 7 and 280+ 3¢ < 1—14

4.6.2. Corrector error

The estimate on the corrector error is a consequence of (4.22) and our choice of p

t
| Reorllzr < [10$?) 4+ wif) |l ponllwgs | p2e + 1w | pan [w0lDy +wlh) | pa
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t
< 20wl + w20 lwgra | p2e

—18 1/p—1 =% —-1/7 36a+5—-1/7 1 -3
SO TSN T < 6Aq+§5q+2,

where the last inequality is justified as before.

4.6.3. Oscillation error

By using the boundedness on LP of the Reynolds operator R, Lemma 3.3, Lemma 4.4, (3.2), Fubini (to
separate ¢¢ and 1¢) and the choice of p we can estimate the second summand in the definition of R,s. as

1 - L 1.

ES R @2 020)|| <Y laclZa loelon el S 10N < 2350
gen L cen

To estimate the remaining summand we will use Lemma A.4. We apply it with a = Vag, k=0 = Ag4171 and

P> (f) = Pro(We ® We), that is a T737pe1riodic function. Then, by choosing L > 1 sufficiently large we can

guarantee that K%—: < 1 in Lemma A.4 with our choice of parameters, we have

> R(VagPro(We @ We))|| S (Agarr) ™ IPso(We @ W)l o [ Va | co
gen .

—214y—1/7 2 21,—1/7 2-1 -3
S )\q+1 HWE”L?P N4 )\q-‘,-l Ty r\p

2a4a-1/7 _ 1,_3
ST < g)‘q+§5q+2~

Then (2.8b) at step ¢ + 1 follows easily using also the previous estimates for Reo,, and Rjoe

||ID%¢1+1HL1 < ||Rlin||L1 + HRCOT”Ll =+ ”ROSCHLl + ”RCOMHL1 + ||RZOCHL1

2 3 1,3 -3
< g)‘q+§6q+2 + g)‘q+§6q+2 < )\q+§6q+2’

where in the last inequality we have used that 26b + 3¢ < «. Finally, since Supppwg+1 C I41, then also (2.9b)
holds at step g + 1.

4.7. Energy estimate

In order to complete the proof of Proposition 2.1 we only need to prove the energy estimate (2.9a) at step
qg+1.

Lemma 4.5. The following estimate holds for all t € Iy

Stz _ e(t) — / g1 (a, t)]2de < ‘ngﬁ (4.24)
T3
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Proof. Recalling (4.16) and the mutually disjoint supports of {W¢}eca we notice that

i P =Y acWe| =D Tr(acWe @ agWe)

EeN EeN
= ZafTr (][ We ® Wg) Z agTr <W§ ® We — ][ We ® Wg)
§EA EeN
=3p+ Z ag (Wg @ We — f We® Wg) (4.25)
gEA

where in the last equation we used the traceless property of R, and (4.12).
Applying Lemma A.5 with f replaced by a? (which oscillates at frequency ~ ¢7°), the constant Cy ~ ¢~1¢
(thanks to the estimate of Lem. 4.4) and g, replaced with We @ We — £, We @ We (where 0 = Agy171), we get

1
/ > aiTx (W5 ® We —][ We @ W§> S < 5q6*2, (4.26)
T

3 T
cen q+17 1L

where in the last inequality we used that o < == 74 and 26b < 5;. We write the identity

t ~
*/ \vqﬂ\z = </ |5 + / |w¢(1]3r)1 ) - (/ |U’¢(zc+)1 +wz(1+)1\2+2/ W'wq+1>
T3 T3 T3

c t
_ (2 [ i+ +>1>) (4.27)

and thanks to (4.25), (4.26) and to the definition of p (4.5), using also that 7 =1 in Iy, we have

Oq+2 2, ®) | 20q+2
)‘3441 = (/ |V / |quj|»1 < %, for all t € I,

up to possibly enlarge ag(¢). Moreover, by using (4.3) and (4.22) we can estimate

)
2 q+2
‘/ |wq+1 q+1| +2/ U Wet1| <

(p) (c) (t)
‘2/@ qujH ( W t1 +wq+1)

q+1

< 6(1“1’2
— C/?’ )
)‘q-i-l

from which (4.24) follows. O
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APPENDIX A. USEFUL TOOLS

In this section we state some useful results needed in the convex integration scheme.
Proposition A.1. Let ¥ : Q = R and u : R™ — Q be two smooth functions, with Q@ C RN. Then, for every
m € N, there exists a constant C > 0 (depending only on m, N,n) such that

[¥ 0 )y < C([Wi[ulm + | D] om [|ull G [ulm),
(Vo ulm < C([PTafulm + [ DV [[cm-1[|ul[E1),

where [f]pm = max|g_m [|D? f|lo-

Proposition A.2. Let f,g: T? = R be two smooth real value functions. For any integer v > 0 there exists a
constant C' > 0, depending only on r such that

[f9lr < C([fIrllgllico + [ fllcoldlr),

where [f]pm = max|g_m || D? f|lo-
The following lemma is essentially Lemma 3.7 in [4].
Lemma A.3. Fix integers N,o > 1 and let ( > 1 such that

2mv/3¢ _

1
> <3 and

&w <1.

Let p € {1,2} and let f,g € C>(T3;R3). Suppose that there exists a constant Cy > 0 such that
IV fllee < Cy¢?,
holds for all 0 < j < N 4+ 4. Then we have that
[ £gollr < CoCtllgollLe,

where Cy is a universal constant.
The following lemma is essentially Lemma B.1 in [4].

Lemma A.4. Fiz k > 1, p € (1,2], and a sufficiently large L € N. Let a € C(T?) be such that there exists
1< X<k, Cp >0 with

ID7al|z < CaX,

for all 0 < j < L. Assume furthermore that [ a(x)Ps, f(x)dz = 0. Then we have

L
191 @Psa()ller S Ca (1 ; A) [P

R

for any f € LP(T3), where the implicit constant depends on p and L.
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Lemma A.5. Let g: T3 — R be an integrable function such that

ﬁ gle)dz =0,

and denote by g, : T2 — R the function g,(x) := g(ox). Let f: T3> — R be a C* function. Then we have

IV fllco
N pu ||ga||L1(’]1‘3)7

JRZCHEIEE

where < means up to a universal constant.
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