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Abstract

In this thesis, we reveal that supervised learning and inverse problems share similar mathe-

matical foundations. Consequently, we are able to present a unified variational view of these

tasks that we formulate as optimization problems posed over infinite-dimensional Banach

spaces. Throughout the thesis, we study this class of optimization problems from a mathe-

matical perspective. We start by specifying adequate search spaces and loss functionals that

are derived from applications. Next, we identify conditions that guarantee the existence of a

solution and we provide a (finite) parametric form for the optimal solution. Finally, we utilize

these theoretical characterizations to derive numerical solvers.

The thesis is divided into five parts. The first part is devoted to the theory of splines, a large

class of continuous-domain models that are optimal in many of the studied frameworks. Our

contributions in this part include the introduction of the notion of multi-splines, their theoret-

ical properties, and shortest-support generators. In the second part, we study a broad class

of optimization problems over Banach spaces and we prove a general representer theorem

that characterizes their solution sets. The third and fourth parts of the thesis invoke the appli-

cability of our general framework to supervised learning and inverse problems, respectively.

Specifically, we derive various learning schemes from our variational framework that inherit a

certain notion of “sparsity” and we establish the connection between our theory and deep

neural networks, which are state-of-the-art in supervised learning. Moreover, we deploy our

general theory to study continuous-domain inverse problems with multicomponent models,

which can be applied to various signal and image processing tasks, in particular, curve fitting.

Finally, we revisit the notions of splines and sparsity in the last part of the thesis, this time,

from a stochastic perspective.

Keywords: Supervised learning, inverse problems, nonparametric regression, representer

theorem, regularization theory, splines, sparsity, total variation, deep neural networks.
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Résumé

Dans cette thèse, nous révélons que l’apprentissage supervisé et les problèmes inverses par-

tagent des fondements mathématiques similaires. Par conséquent, nous présentons une vue

variationnelle unifiée de ces tâches que nous formulons comme des problèmes d’optimisation

posés sur des espaces de Banach de dimension infinie. Tout au long de la thèse, nous étudions

cette classe de problèmes d’optimisation d’un point de vue mathématique. Nous commen-

çons par spécifier des espaces de recherche adéquats et des fonctions coût qui sont utilisées en

pratique. Ensuite, nous identifions les conditions qui garantissent l’existence d’une solution

et nous donnons une forme paramétrique (finie) de la solution optimale. Enfin, nous utilisons

ces caractérisations théoriques pour en déduire des algorithmes de résolution numérique.

La thèse est divisée en cinq parties. La première partie est consacrée à la théorie des splines,

une grande classe de modèles dans le domaine continu qui sont optimaux dans de nombreux

cadres étudiés. Nos contributions dans cette partie incluent l’introduction de la notion de

multi-splines, de leurs propriétés théoriques et des générateurs de support le plus restreint.

Dans la deuxième partie, nous étudions une large classe de problèmes d’optimisation sur

des espaces de Banach et nous prouvons un théorème général de représentation qui carac-

térise leurs ensembles de solutions. Les troisième et quatrième parties de la thèse évoquent

l’applicabilité de notre cadre général à l’apprentissage supervisé et aux problèmes inverses,

respectivement. Plus précisément, nous dérivons divers schémas d’apprentissage de notre

cadre variationnel qui héritent d’une certaine notion de « parcimonie » et nous établissons le

lien entre notre théorie et les réseaux de neurones profonds, qui sont à la pointe de l’appren-

tissage supervisé. De plus, nous déployons notre théorie générale pour étudier des problèmes

inverses dans le domaine continu avec des modèles à composantes multiples, qui peuvent

être appliqués à diverses tâches de traitement du signal et d’image, en particulier l’ajustement

de courbe. Enfin, nous revisitons les notions de splines et de parcimonie dans la dernière

partie de la thèse d’une perspective stochastique cette fois-ci.

Mots clefs : Apprentissage supervisé, problèmes inverses, régression non paramétrique,

théorème de représentation, théorie de la régularisation, splines, parcimonie, variation totale,

réseaux de neurones profonds.
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Introduction

In this thesis, we develop a mathematical framework for the study of optimization problems

posed over Banach spaces. We have undertaken this work with the goal of providing a unified

theoretical view of two fundamental areas of modern data science; namely, inverse problems

and supervised learning. In this chapter, we briefly describe both domains to establish the

general context of our work. We then highlight the main contributions of our work and provide

a roadmap that outlines the organization of this thesis.

Inverse Problems

In a broad sense, the term inverse problem refers to the task of recovering an unknown signal

of interest from a collection of (possibly corrupted) observations. The problem has been

extensively studied over the past decades due to its wide range of applications. To illustrate

the generality of this concept, we point out that any imaging system at its core solves a specific

inverse problem. For example, in computed tomography, the image of a biological tissue is

being reconstructed from a set of X-ray projections taken at various angles.

Generally speaking, an inverse problem is defined through the specification of three com-

ponents, namely

1. a hypothesis space in which the signal of interest is presumed to exist;

2. a forward model that, for any element in the hypothesis space, generates a set of obser-

vations; and

3. the observed data that is often stored as an array.

In this thesis, we focus on continuous-domain linear inverse problems with finitely many

observations that are corrupted by noise. Precisely, the hypothesis space is assumed to be

an infinite-dimensional function space F (Rd ) (typically a Banach space) that contains the

signal of interest f : Rd → R. The forward model ν= (νm) : F (Rd ) → RM is assumed to be a

continuous vector-valued linear functional. Finally, the observed data is stored in a finite-

dimensional vector y = (ym) ≈ ν( f ) ∈ RM and the goal is to recover the unknown function

f ∈F (Rd ) from the vector of observations y.
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Supervised Learning

Given a sequence of data points {(xm , ym)}M
m=1 ⊆ X ×Y , the goal of supervised learning is

to find a mapping f : X → Y that adequately explains the data, so that f (xm) ≈ ym for all

m = 1, . . . , M , while avoiding overfitting. Supervised learning methods are now being vastly

exploited in various research areas such as drug discovery, decision making, medical image

analysis, and artificial intelligence.

In this thesis, we are interested in nonparametric regression, a branch of supervised

learning whose objective is to learn real-valued functions Rd →R from a prescribed infinite-

dimensional function space F (Rd ). Given that the sampling functional δx0 : F (Rd ) →R : f 7→
f (x0) is linear for any x0 ∈Rd , we highlight that nonparametric regression can be viewed as a

particular continuous-domain linear inverse problem with the forward operator

ν : f 7→ (
f (x1), . . . , f (xM )

) ∈RM . (1)

It is this last observation that provides the intellectual foundation of this thesis, where we

propose to construct a unified variational formalism that encompasses both frameworks.

Variational Formalism

From a variational perspective, inverse problems can be formulated as a minimization of the

form

min
f ∈F (Rd )

(
M∑

m=1
E(νm( f ), ym)+λR( f )

)
, (2)

where E :R×R→R is a loss function measuring the discrepancy between the acquired data

vector y and the reconstructed signal f , and R : F (Rd ) →R is a regularization functional that

enforces some prior knowledge on the signal of interest (e.g. regularity, sparsity) whose signifi-

cance is adjusted by the free parameter λ> 0. The aim of this thesis is to study optimization

problems of the form (2) and to use our theoretical findings in both supervised learning and

inverse problems.

Organization of The Thesis

We have divided the main contributions of this thesis into five groups. Each group is repre-

sented by an independent chapter (see, Fig 1, for a schematic illustration). We then conclude

the thesis in Chapter 6, where we provide a summary of our work (Section 6.1) that is followed

by an outlook on the future research directions (Section 6.2). In what follows, we describe the

principal chapters of this thesis in more details.
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Figure 1 – Roadmap of the thesis.

Spline Theory (Chapter 1)

Providing a link between the digital and analog worlds, splines play a key role in our study of

optimization problems over Banach spaces. In fact, we shall reveal that splines are optimal

solutions of many optimization problems of the form (2). We are motivated by this connection

to deepen our understanding of splines. To that end, we start this thesis with a brief overview

of the classical theory of splines, where we discuss basic notions and highlight main properties

(Section 1.1). Next, we study the support property of Hermite splines by proving that they are

maximally localized among pairs of functions with the same reproduction property (Section

1.2). Finally, we introduce a new family of splines, called multi-splines, and we detail their role

in generalized sampling (Section 1.3).

Relevant Publications:

• J. Fageot, S. Aziznejad, M. Unser, and V. Uhlmann, “Support and approximation proper-

ties of Hermite splines,” Journal of Computational and Applied Mathematics, vol. 368,

pp. 1-15, 2020.

• A. Goujon, S. Aziznejad, A. Naderi, and M. Unser, “Shortest-support multi-spline bases

for generalized sampling,” Journal of Computational and Applied Mathematics, vol. 395,

pp. 1–18, 2021.
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Optimization Over Banach Spaces (Chapter 2)

In the second part of this thesis, we study generic optimization problems of the form (2) that

are posed over Banach spaces. We are particularly interested in cases where the search space

has a direct sum/product structure, which will act as the foundation of our forthcoming con-

tributions in the areas of inverse problems and supervised learning. We first identify sufficient

conditions that guarantee the existence of a solution. This is the minimum requirement to

have a well-posed problem. Next, we characterize the solution set of these problems via a

representer theorem which shall be used throughout the thesis. Our machinery relies on

existing tools from functional analysis, in particular, duality theory.

Relevant Publication:

• M. Unser and S. Aziznejad, “Convex optimization in sums of Banach spaces,” Applied

and Computational Harmonic Analysis, vol. 56, pp. 1–25, 2022.

Supervised Learning (Chapter 3)

In Chapter 3, we leverage our general representer theorm in the context of supervised learning,

where we propose novel learning schemes that inherit a certain notion of sparsity. We start by

proposing a novel multi-kernel regression scheme that suggests a sparse kernel expansion

with adaptive (data-driven) kernel shapes and positions (Section 3.2). Next, we study the

problem of learning univariate functions under joint Lipschitz and sparsity constraints which,

subsequently, yields a gridless approach for learning linear splines with the fewest number

of knots (Section 3.3). Our theoretical findings in the previous section allow us to derive a

new method for learning linear spline activation functions for deep neural networks (Section

3.4). Finally, we introduce a novel Hessian-based seminorm for learning continuous and

piecewise-linear functions directly from the data (Section 3.5).

Relevant Publications:

• S. Aziznejad, H. Gupta, J. Campos, and M. Unser, “Deep neural networks with trainable

activations and controlled Lipschitz constant,” IEEE Transactions on Signal Processing,

vol. 68, pp. 4688–4699, 2020.

• S. Aziznejad and M. Unser, “Multikernel regression with sparsity constraint,” SIAM

Journal on Mathematics of Data Science, vol. 3, no. 1, pp. 201–224, 2021.

• S. Aziznejad and M. Unser, “Duality mapping for Schatten matrix norms,” Numerical

Functional Analysis and Optimization, vol. 42, no. 6, pp. 679–695, 2021.

• S. Aziznejad, T. Debarre, and M. Unser, “Sparsest univariate learning models under

Lipschitz constraint,” IEEE Open Journal of Signal Processing, vol. 3, pp. 140-154, 2022.
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• S. Aziznejad, J. Campos, and M. Unser, “Measuring complexity of learning schemes

using Hessian-Schatten total variation,” arXiv preprint arXiv:2112.06209, 2021.

• J. Campos, S. Aziznejad, and M. Unser, “Learning of continuous and piecewise-linear

functions with Hessian total-variation regularization,” IEEE Open Journal of Signal

Processing, vol. 3, pp. 36–48, 2021.

• P. Bohra, J. Campos, H. Gupta, S. Aziznejad, and M. Unser, “Learning activation functions

in deep (spline) neural networks,” IEEE Open Journal of Signal Processing, vol. 1, pp.

295-309, 2020.

Inverse Problems (Chapter 4)

Another consequence of our general representer theorem is discussed in the context of inverse

problems. To illustrate the concept, we focus on the family of one-dimensional inverse

problems with multicomponent signal priors. Precisely, we consider the problem of recovering

signals that can be decomposed as a sum of sparse (Section 4.2) and/or smooth (Section

4.3) components from a set of linear measurements. By adapting our general representer

theorem, we show how to solve these problems numerically in order to obtain a desirable

reconstruction. As an application, we use the developed schemes for sparse curve fitting

which can be practically used to generate stylized fonts and, more generally, any active contour

(Section 4.4).

Relevant Publications:

• T. Debarre, S. Aziznejad, and M. Unser, “Hybrid-spline dictionaries for continuous-

domain inverse problems,” IEEE Transactions on Signal Processing, vol. 67, no. 22, pp.

5824–5836, 2019.

• T. Debarre, S. Aziznejad, and M. Unser, “Continuous-domain formulation of inverse

problems for composite sparse-plus-smooth signals,” IEEE Open Journal of Signal Pro-

cessing, vol. 2, pp. 545–558, 2021.

• I. Lloréns Jover, T. Debarre, S. Aziznejad, and M. Unser, “Coupled splines for sparse

curve fitting,” arXiv preprint arXiv:2202.01641, 2022.

Splines and Stochastic Processes(Chapter 5)

In the last part, we revisit splines and sparsity from a stochastic point of view. This provides

a probabilistic perspective on the two main themes of this thesis. To that end, we study the

family of generalized Lévy processes. We highlight that these are limit points of compound-

Poisson processes (a.k.a. random splines). This enables us to develop a spline-based method

for generating gridless trajectories of any generalized Lévy process (Section 5.2). We then

study the compressibility of generalized Lévy processes in wavelet bases which provides a
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stochastic meaning for the notion of sparsity (Section 5.3). Finally, we provide an in-depth

study of the compressibility of compound-Poisson processes (Section 5.4).

Relevant Publications:

• S. Aziznejad and J. Fageot, “Wavelet analysis of the Besov regularity of Lévy white noise,”

Electronic Journal of Probability, vol. 25, pp. 1–38, 2020.

• L. Dadi, S. Aziznejad, and M. Unser, “Generating sparse stochastic processes using

matched splines,” IEEE Transactions on Signal Processing, vol. 68, pp. 4397–4406, 2020.

• S. Aziznejad and J. Fageot, “Wavelet compressibility of compound Poisson processes,”

IEEE Transactions on Information Theory, vol. 68, no. 4, pp. 2752-2766, 2022.
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1 Splines: The Old Ones and The New

This chapter1 is devoted to the theory of splines. We start with an overview of splines in Section

1.1, where we recall the main notions and highlight the key properties. We then focus on

the support property of Hermite splines in Section 1.2. Finally, we introduce the notion of

multi-splines and study their shortest-support bases in Section 1.3.

1.1 An Overview on Splines

Introduced by Schoenberg in his seminal paper [4], splines have been appearing in a variety

of research areas, such as interpolation [5], signal processing [6], approximation theory [7],

and machine learning [8], to name a few. In this section, we provide a very coarse overview of

spline theory. Our intent is to prepare the reader for the remainder of this thesis.

1.1.1 Basic Definition

A polynomial spline of degree n ∈N is a piecewise polynomial function s :R→R of the same

degree with (n −1) continuous derivatives2. Equivalently, one should have that

Dn+1{s} = w = ∑
k∈Z

akδ(·− zk ), (1.1)

where Dn+1 denotes the (weak) derivative operator of order (n +1) and w is the innovation

model of s which is specified by the spline coefficients ak ∈R\{0} and distinct knots zk ∈R. An

example of a spline of degree 0 with its innovation model is depicted in Figure 1.1.

1This chapter is based on our published works [1, 2]. Additionally, we use contents from [3] in Section 1.1.
2For degrees n = 1,2,3, we often use the terms linear, quadratic, and cubic splines, respectively.
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Chapter 1. Splines: The Old Ones and The New

Figure 1.1 – A spline of degree zero (blue) and its corresponding innovation model (red).

1.1.2 Green’s Function

The simplest splines of degree n are the polynomials of degree up to n whose associated

innovation models are zero. For the simplest nontrivial (with nonzero innovation model)

spline of degree n, one requires to solve the differential equation

Dn+1{s} = δ. (1.2)

Together with an adequate set of boundary conditions, the differential equation (1.2) has a

unique solution that is called the Green’s function of the (n +1)-th order derivative operator.

For example, the causal Green’s function of Dn+1 is the one-sided power function ρDn+1 :R→R,

ρDn+1 (x) = (x)n
+

M=
 xn

n! , x > 0

0, x ≤ 0.
(1.3)

Using this notion, one can rewrite (1.1) and obtain a generic expansion for any spline of degree

n as

s = p + ∑
k∈Z

akρDn+1 (·− zk ), (1.4)

where p is a polynomial of degree up to n.

1.1.3 B-Splines

The most popular splines in practice are cardinal splines whose knots are uniformly spaced,

so that

s = p + ∑
k∈Z

a[k]ρDn+1 (·−kh) (1.5)

for some grid size h > 0. Following (1.5), we observe that cardinal splines are continuous-

domain objects that admit a discrete and linear parametrization, which makes them appealing

in practice.

8



1.1. An Overview on Splines

The foundation of cardinal splines was laid by Schoenberg in [5, 9], where he showed that

(1.5) can be rewritten as

s = ∑
k∈Z

c[k]βDn+1

( ·−kh

h

)
(1.6)

for some sequence of coefficients c[k],k ∈Z and some compactly supported function βDn+1 :

R→R that is called the B-spline of degree n. B-splines allow an efficient and practical imple-

mentation, which is exploited in many fields [7, 10, 11, 12].

Interestingly, the B-splines can be constructed recursively with the relation

βDn+1 =βDn ∗βD =
∫
R
βDn (t )βD(·− t )dt , (1.7)

starting from βD, which is the rectangular window over [0,1)

βD(x) =
1, 0 ≤ x < 1

0, otherwise.
(1.8)

B-splines have also compact expressions in the Fourier domain. Indeed, by denoting β̂Dn as

the Fourier transform of βDn and rewriting (1.7) in the Fourier-domain, we observe that

�βDn+1 (ω) = β̂Dn (ω)

(
1−e−jω

jω

)
. (1.9)

Hence, one readily obtains the closed-form expression

�βDn+1 (ω) =
(

1−e−jω

jω

)n+1

, n ∈N. (1.10)

Using (1.10), we can also verify that the B-spline of degree n is indeed a spline of the same

degree. The corresponding innovation is

Dn+1{βDn+1 } = ∑
k∈Z

dDn+1 [k]δ(·−k), (1.11)

where (dDn+1 [k])k∈Z is called the B-spline innovation filter. It is a discrete finite-impulse-

response filter that is supported in {0, . . . ,n +1} and whose z transform is

DDn+1 (z)
M= ∑

k∈Z
dDn+1 [k]z−k = (1− z−1)n+1. (1.12)

Using this sequence, one readily verifies that

c = a ∗dDn+1 , (1.13)

where the sequences a[·] and c[·] are defined in (1.5) and (1.6), respectively. We provide a

summary of the relevant characteristics of B-splines for small values of n in Table 1.1. As

9
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L ρL(x) βL(x) dL

D 1+(x) βD(x) =
{

1, 0 ≤ x < 1

0, otherwise
(1,−1)

D2 x+ βD2 (x) =


x, 0 ≤ x < 1

2−x, 1 ≤ x < 2

0, otherwise

(1,−2,1)

D3 x2+/2 βD3 (x) =


x2/2, 0 ≤ x < 1

−x2 +3x −3/2, 1 ≤ x < 2

(3−x2)/2, 2 ≤ x < 3

0, otherwise

(1,−3,3,−1)

D4 x3+/6 βD4 (x) =



x3/6, 0 ≤ x < 1

−x3/2+2x2 −2x +2/3, 1 ≤ x < 2

x3/2−4x2 +10x −22/3, 2 ≤ x < 3

(4−x)3/6, 3 ≤ x < 4

0, otherwise

(1,−4,6,−4,1)

Table 1.1 – Characteristics of splines of degree n for n = 0,1,2,3.
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Figure 1.2 – The causal B-spline associated to the operator L = DN0 for N0 = 1,2,3,4.

shown in Figure 1.2, higher-order derivatives lead to smoother B-splines.

1.1.4 Approximation Power of Cardinal Splines

We now briefly discuss the approximation power of cardinal splines. To that end, let us denote

by Sn ⊂ L2(R), the space of cardinal splines of degree n with integer knots and finite energy.

Moreover, the integer-shift-invariant space generated by φ ∈ L2(R) is denoted by S(φ) and is

defined as [13, 14, 15, 16]

S(φ) = span
(
{φ(·−k)}k∈Z

)⊆ L2(R). (1.14)

10
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Remarkably, Sn is an integer-shift-invariant space and is generated by the B-spline of degree

n, Sn = S(βDn+1 ). Moreover, one can express Sn as

Sn =
{ ∑

k∈Z
c[k]βDn+1 (·−k) : c[·] ∈ `2(Z)

}
. (1.15)

To verify this, we note that B-splines generate a Riesz basis (See, Definition 1.2, for more

details), i.e. there exists A,B > 0 such that for any sequence c ∈ `2(Z), we have that

A‖c‖`2 ≤
∥∥∥∥∥ ∑

k∈Z
c[k]βDn+1 (·−k)

∥∥∥∥∥
L2

≤ B ‖c‖`2 . (1.16)

To study the approximation power of splines, let

Sh(φ) = { f (·/h) : f ∈ S(φ)} (1.17)

be the h-dilate of S(φ). The space S(φ) is said to have an approximation power of order M if

any sufficiently smooth and decaying function can be approached by an element of Sh(φ) with

an error decaying as O(hM ). The so called “Strang-Fix conditions” give sufficient conditions to

have a space with an approximation power of order M [1, 15, 17]. In particular, for compactly

supported and integrable generating functions, it is sufficient to have the space S(φ) reproduce

polynomials of degree up to (M −1).

Definition 1.1. The space S(φ) is said to reproduce polynomials of degree up to M if, for all

m = 0,1, ..., M, there exists sequences cm (not necessarily in (`2(Z))N ) such that 3

∀x ∈R, xm = ∑
k∈Z

cm[k]φ(x −k). (1.18)

A straightforward implication is that the space Sn has an approximation power of order

(n +1) since

1. it can reproduce polynomials of degree up to n;

2. it can be generated by the compactly supported function βDn+1 .

To conclude this part, let us highlight the support property of B-splines. Notice that the

B-spline of degree n is supported in [0,n +1]. Indeed, B-splines are known to be maximally

localized, meaning that they are minimally-supported among functions with the same approxi-

mation order [18, 19]. This result is classical in approximation theory: Schoenberg showed that

B-splines effectively have the adequate approximation order [5]. A complete characterization

of the piecewise-polynomial functions of minimal support with a given approximation order

can be found in [19, Theorem 1].

3for m = 0, we use in (1.18) the convention that xm = 1, including for x = 0.
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1.1.5 Spline Interpolation

To further illustrate the practical convenience of splines, we now detail an interpolation

method based on B-splines. Consider the problem of finding a cardinal spline s of degree n

that uniformly interpolates a finitely-supported sequence of data points y[m],m ∈Z such that

s(m) = y[m] for all m ∈Z. Using the expansion (1.6) of s, one can rewrite the latter condition

in terms of the B-spline coefficients as

y[m] = ∑
k∈Z

c[k]βDn+1 (m −k), m ∈Z. (1.19)

Taking the z-transform from both sides yields

Y (z) =C (z)B(z), ∀z ∈C\ {0}, (1.20)

where Y (z), C (z), and B(z) denote the z-transforms of the sequences y[k], c[k], and b[k]
M=

βDn+1 (k), respectively. This means that the sequence c[k] can be obtained via computing the

inverse z-transform of Y (z)/B(z). Remarkably, the latter inverse filtering can be implemented

efficiently (see, for example, [6]).

1.1.6 Linear Splines: A Special Case

Finally, we review the introduced concepts by focusing on the special case of (first-degree)

linear splines. These are, by definition, continuous and piecewise linear (CPWL) functions

R→R. As we shall see in Chapter 3, the notion of CPWL functions (which can be extended to

higher dimensions) plays an important role in nonparametric supervised learning and deep

learning theory.

The causal Green’s function of degree 1 is the rectified linear unit (ReLU) [20], defined as

ReLU(x)
M= x+ = max(x,0). (1.21)

This function has brought lots of attention in the past decade due to its usage as the activation

functions of deep neural networks (see, Section 3.4). Following (1.7), the B-spline of degree 1

is the triangle function

βD2 (·) = ReLU(·)−2ReLU(·−1)+ReLU(·−2) (1.22)

that is supported on [0,2] (see, Figure 1.2). This, in particular, implies that the B-spline

12
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innovation filter dD2 , introduced in (1.11), can be expressed as

d 2
D[k] =



1, k = 0

−2, k = 1

1, k = 2

0, otherwise.

(1.23)

Remarkably, the B-spline of degree 1 is interpolatory. In other words, for any discrete sequence

y[k],k ∈Z of data, the cardinal linear spline sint :R→R, defined as

sint =
∑

k∈Z
y[k]βD2 (·−k) (1.24)

satisfies sint(m) = y[m] for m ∈Z. This is due to the fact that the integer samples of the linear

B-spline coincides with the Kronecker delta sequence:

b[k] =βDn+1 (k) = δ[k]
M=

1, k = 0

0, otherwise.
(1.25)

1.1.7 Summary: Think Analog, Act Digital

We have provided a general overview of the theory of polynomial splines. Our main motivation

was to allow the general reader to get a sense of what will follow in the rest of this thesis.

We took the special case of linear splines as an elaborative example, due to their simple

characteristics as well as their particular relevance to this thesis.

Finally, we would like to highlight that the notion of polynomial splines has been extended

in various ways. A common thread among all these extensions is the bridge they create

between continuous and discrete worlds. These bridges are shown to be optimal in various

senses, some of which shall be demonstrated in this thesis.
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1.2 Hermite Splines

Introduced by I.J. Schoenberg [21, 22], the Hermite interpolation problem involves two se-

quences of discrete samples. They impose constraints not only on the resulting interpolated

function but also on its derivatives up to a given order. Hermite splines enjoy excellent approxi-

mation power while retaining interpolation properties and closed-form expression, in contrast

to existing similar functions. In this section4, we further demonstrate that Hermite splines

are maximally localized, in the sense that the size of their support is minimal among pairs of

functions with identical reproduction properties. This sheds a new light on the convenience

of Hermite splines in the context of computer graphics and geometrical design.

1.2.1 Background

Schoenberg defines the cardinal cubic-Hermite-interpolation problem as follows [21, 22]:

knowing the discrete sequences of numbers c[k] and d [k], k ∈Z, we look for a continuously

defined function fHer :R→R, that satisfies

fHer(k) = c[k], f ′
Her(k) = d [k] (1.26)

for all k ∈Z, such that fHer is piecewise polynomial of degree at most 3 and once differentiable

with continuous derivative at the integers. The existence and uniqueness of the solution is

guaranteed [21, Theorem 1] for any sequences c and d bounded by a polynomial. In [22], it is

shown that the Hermite spline fHer associated to the sequences c and d can be expressed as

fHer(t ) = ∑
k∈Z

(
c[k]φ1(t −k)+d [k]φ2(t −k)

)
, (1.27)

where the functions φ1 and φ2 are given by

φ1(t ) = (2|t |+1)(|t |−1)2
10≤|t |≤1, φ2(t ) = t (|t |−1)2

10≤|t |≤1. (1.28)

In addition to their fairly simple analytical expression, the cubic Hermite splines have other

important properties. First, they are of finite support in [−1,1]. Moreover, the generating

functions φ1, φ2 and their derivatives φ′
1, φ′

2 satisfy the joint interpolation conditions

φ1(k) = δ[k], φ′
2(k) = δ[k], φ′

1(k) = 0, φ2(k) = 0, (1.29)

for all k ∈Z. The functions and their first derivative are depicted in Figure 1.3, where the inter-

polation properties can easily be observed. The functions φ1 and φ2 are deeply intertwined as

c[k] = fHer(k) and d [k] = f ′
Her(k) in (1.27). The cubic Hermite splines are differentiable with

continuous derivatives (C 1-regular) at the integer knots points t = k. As a result, functions

generated by cubic Hermite splines are C 1-regular piecewise-cubic polynomials with knots at

integer locations.

4This section is based on our published work [1].
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1.2. Hermite Splines

Figure 1.3 – Cubic Hermite splines φ1 and φ2. The two functions and their derivatives are van-
ishing at the integers, with the exception of φ1(0) = 1 and φ′

2(0) = 1 (interpolation properties).
They are supported in [−1,1].

1.2.2 Context

Curves in the plane can be constructed from one-dimensional interpolation schemes by

interpolating along each spatial coordinate (see, for example, Section 4.4). The practical value

of Hermite splines in this context is to offer tangential control on the interpolated curve. This

can be easily understood through their link with Bézier curves [23]. The latter lie at the heart

of vector graphics and are popular tools for computer-aided geometrical design and modeling

[24, 25, 26]. Because of their small support, Hermite splines are also an interesting option for

the design of multiwavelets, which are wavelets with multiple generators [27, 28]. In practice,

Hermite splines thus provide a suitable solution to a number of problems, whether with respect

to simplicity of construction, efficiency, or convenience. This hands-on intuition can be

translated to formal properties of Hermite splines and mathematically characterized. We give

as examples the joint interpolation properties of Hermite splines that ensure that, at integer

values, the interpolated function exactly matches the sequences of samples and derivative

samples that were used to build it; their smoothness properties [29], which guarantee low

curvature of the interpolated curve under some mild conditions; and their statistical optimality

(in terms of MMSE) for the reconstruction of second-order Brownian motion from direct and

first-derivative samples [30].

In that spirit, we investigate the minimal-support property of Hermite splines. The short

support of Hermite splines is an important feature that makes them attractive in practice. The

size of the support relates to the local extent of modifications on the continuously defined

spline curve. More precisely, the modification of a coefficient in the sample sequence only

affects the interpolated curve at a distance that equals half of the support size. In the Hermite

case, a coefficient k therefore only influences the properties of the curve between coefficients

(k −1) and (k +1), which corresponds to the best case scenario. We formally demonstrate that

Hermite splines have the minimal support among all basis functions that generate cubic and

quadratic splines.
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1.2.3 Main Results

The Hermite splines φ1 and φ2, given by (1.28), are able to reproduce both βD3 and βD4 ,

the quadratic and cubic B-splines, respectively [29]. Many other pairs of basis functions,

starting with βD3 and βD4 themselves, can also reproduce quadratic and cubic splines. The

investigation of the support of a pair of functions that have the same reproduction properties

as the Hermite splines follows naturally. We characterize the support of such pairs of functions

in Theorem 1.1. This result then allows us to deduce the minimal-support property of Hermite

splines in Corollary 1.1.

Theorem 1.1. Let ϕ1,ϕ2 ∈ L2(R) be two compactly supported basis functions. We assume that

βD3 (t ) = ∑
k∈Z

(
a[k]ϕ1(t −k)+b[k]ϕ2(t −k)

)
, (1.30)

βD4 (t ) = ∑
k∈Z

(
c[k]ϕ1(t −k)+d [k]ϕ2(t −k)

)
, (1.31)

with reproduction sequences a,b,c,d that satisfy∑
k∈Z

k3(|a[k]|+ |b[k]|+ |c[k]|+ |d [k]|) <+∞. (1.32)

Then, we have that

|supp(ϕ1)|+ |supp(ϕ2)| ≥ 4. (1.33)

Proof. Firstly, we can restrict ourselves to compactly supported basis functions ϕ1 and ϕ2

(otherwise, |supp(ϕ1)|+ |supp(ϕ2)| =∞). Moreover, if one of the basis function, for instance

ϕ2, is identically zero, ϕ1 can reproduce βD4 and, subsequently, polynomials up to degree 3.

Hence, its support is at least of size four [19, Theorem 1]. Thus, we now assume that ϕ1 and ϕ2

are compactly supported functions that are not identically 0.

Step 1. We show that the extreme points of the supports of ϕ1 and ϕ2 are integers. For

x = a,b,c,d , we set X (ω) =∑
k∈Z x[k]e−jωk , the 2π-periodic Fourier transform of the sequence

x. Condition (1.32) ensures that X has a periodic continuous third derivative. In the Fourier

domain, (1.30) and (1.31) become

β̂D3 (ω) = (1−e−jω)3

(jω)3 = A(ω)ϕ̂1(ω)+B(ω)ϕ̂2(ω), (1.34)

β̂D4 (ω) = (1−e−jω)4

(jω)4 =C (ω)ϕ̂1(ω)+D(ω)ϕ̂2(ω). (1.35)

We set det(ω) = (A(ω)D(ω)−B(ω)C (ω)), which is itself a function with continuous third deriva-
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1.2. Hermite Splines

tive. From (1.34) and (1.35), we obtain that

det(ω)ϕ̂1(ω) = D(ω)
(1−e−jω)3

(jω)3 −B(ω)
(1−e−jω)4

(jω)4 , (1.36)

det(ω)ϕ̂2(ω) =−C (ω)
(1−e−jω)3

(jω)3 + A(ω)
(1−e−jω)4

(jω)4 . (1.37)

From (1.36), we deduce that, at least when det(ω) does not vanish, we have the relation

(jω)4ϕ̂1(ω) = (jω)F (ω)D(ω)− (1−e−jω)F (ω)B(ω), (1.38)

where F (ω) = (1−e−jω)3

det(ω) . The strategy of the proof is to show that the function F is continuous

and periodic, and that (1.38) is therefore valid for any ω ∈R. We study F in two steps: (i) first,

we show that det(ω) does not vanish for ω ∉ 2πZ; and (ii) we then demonstrate that F has a

limit at 0 by considering the Taylor expansion of det(ω).

(i) Let us start with the first issue. We show that det(ω) 6= 0 forω ∉ 2πZ by contradiction. Let

us fix ω0 ∈ (0,2π) and assume that det(ω0) = 0. We set α= 1−e−jω0

jω0
and γ= 1−e−jω0

j(ω0+2π) . Then, α 6= 0,

γ 6= 0, and α 6= γ, while, by periodicity, det(ω0) = det(ω0 +2π) = 0. Hence, (1.36) for ω=ω0 and

(ω0 +2π) implies that (
α3 −α4

γ3 −γ4

)(
D(ω0)

B(ω0)

)
=

(
0

0

)
. (1.39)

The matrix being invertible (with determinant α3γ3(α−γ) 6= 0), we deduce that D(ω0) =
B(ω0) = 0. Similary, (1.37) with ω=ω0 and (ω0 +2π) implies that A(ω0) =C (ω0) = 0. Injecting

this in (1.34) with ω = ω0, we deduce that β̂D3 (ω0) = α3 = 0, which contradicts our initial

assumption.

(ii) We now study det(ω) around the origin. The function admits a third-order continuous

derivative; hence, it can be McLaurin expanded at 0 as

det(ω) = det(0)+det(1)(0)ω+ 1

2
det(2)(0)ω2 + 1

6
det(3)(0)ω3 +o(ω3). (1.40)

Assume by contradiction that det(p)(0) = 0 for p = 0,1,2,3. Then, (1.40) gives that det(ω) =
o(ω3) around 0. From (1.36), we remark that

det(ω)(jω)3

(1−e−jω)3
ϕ̂1(ω) = D(ω)−B(ω)

1−e−jω

jω
. (1.41)

The function det(ω)(jω)3

(1−e−jω)3 vanishes at ω= 0 because det does and limω→0
(jω)3

(1−e−jω)3 = 1. Therefore,

the left term in (1.41) vanishes when ω goes to 0. Now, by periodicity, around 2π, we have that

det(ω) = o((ω−2π)3). Hence, det(ω)
(1−e−jω)3 = o(1) around 2π and, again, the left term in (1.41) is

also vanishing when ω goes to 2π.
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We deduce that the right term in (1.41) vanishes for both ω= 0 and ω= 2π. In other terms,

we have that

0 = D(0)−B(0) = D(2π)−0 (1.42)

and, since D(2π) = D(0) by periodicity, this implies that D(0) = B(0) = 0. A similar reasoning

shows that A(0) =C (0) = 0. From (1.34) with ω= 0, we obtain that β̂D4 (0) = 0, which is false.

As a consequence, at least one of the derivative of the McLaurin expansion (1.40) is nonzero,

from which we easily deduce that F (ω) = (1−e−jω)3

det(ω) has a limit (possibly 0) at the origin. The

function F is well-defined and continuous for ω ∉ 2πZ, continuously extendable at 0, and is

therefore a continuous periodic function.

At this stage, we obtained that (1.38) is valid for any ω ∈ R. The functions F (ω)D(ω) and

(1−e−jω)F (ω)B(ω) are 2π-periodic, hence their inverse Fourier transforms are sums of Dirac

impulses located at the integers. It means in particular that we have, in the time domain, that

ϕ(4)
1 (t ) = ∑

k∈Z

(
y[k]δ(t −k)+ z[k]δ′(t −k)

)
, (1.43)

where y and z are the inverse Fourier sequences of (1−e−jω)F (ω)B(ω) and F (ω)D(ω), respec-

tively. Since ϕ(4)
1 is compactly supported, like ϕ1, only finitely many entries of y and z are

non-zero. Then, ϕ1 is a compactly supported function whose fourth derivative has a support

with integer extreme points (due to (1.43)), and therefore has a support with integer extreme

points, too. The same reasoning applies for ϕ2, which concludes this part of the proof.

Step 2. We know that the supports of ϕ1 and ϕ2 are of the form [a,b] with a < b, a,b ∈Z.

By contradiction, we assume that |supp(ϕ1)| + |supp(ϕ2)| < 4. Then, one of the two basis

functions has a support of size one, for instance ϕ1. We also assume without loss of generality

that supp(ϕ1) = [0,1], implying that only y[0], y[1], z[0], z[1] are possibly nonzero in (1.43).

Going back to the Fourier domain, one obtains that

(jω)4ϕ̂1(ω) = y[0]+ y[1]e−jω+ jω(z[0]+ z[1]e−jω). (1.44)

The function ϕ1 is compactly supported. Its Fourier transform is hence infinitely smooth, and

we can do the McLaurin expansion of both sides in (1.44) up to order 3. This gives

o(ω3) = (y[0]+ y[1])+ jω(−y[1]+z[0]+z[1])+ω2(−y[1]/2+z[1])+ jω3(y[1]/6−z[1]/2)+o(ω3).

(1.45)

In particular, we obtain the relations

y[0]+ y[1] = z[0]+ z[1]− y[1] = z[1]− y[1]

2
= y[1]

6
− z[1]

2
= 0. (1.46)

This imposes that y[0] = y[1] = z[0] = z[1] = 0, which is absurd. Finally, it shows that

|supp(ϕ1)|+ |supp(ϕ2)| ≥ 4, as expected.

Remark 1.1. Condition (1.32) plays an important role in our proof by imposing some regularity
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1.2. Hermite Splines

in the Fourier domain. In practice, one even expects that compactly supported basis functions

can generate the B-splines βD3 and βD4 with finitely many coefficients, in which case (1.32) is

automatically satisfied. Later in Section 1.3, we shall prove a more general result (Theorem 1.3)

from which we can deduce a stronger version of Theorem 1.1 without the additional constraint

(1.32).

From Theorem 1.1, we easily deduce that Hermite splines have the minimal-support

property.

Corollary 1.1. The Hermite splines (φ1,φ2) are of minimal support among the pairs of functions

that are able to reproduce both quadratic and cubic B-splines with reproduction sequences

satisfying (1.32).

Proof. From [29, Appendix A], we know that Hermite splines can reproduce both quadratic and

cubic B-splines with compactly supported reproduction sequences. Moreover, the supports

of φ1 and φ2 are of size two, which implies that |supp(φ1)|+ |supp(φ2)| = 4. We conclude the

proof by invoking Theorem 1.1.

It is worth noting that the supports of the pair of Hermite splines jointly has the same size

as the B-spline βD4 . However, βD4 alone has lesser reproduction properties. Being of class C 2,

it is in particular unable to reproduce the quadratic spline βD3 , which only has C 1 transitions

at the integers. The simplest way of reproducingβD3 ,βD4 is to consider the basis pair (βD3 ,βD4 )

itself, which is not maximally localized since the sum of the supports is 7.

Last but not least, we show that two basis functions are needed to reproduce both cubic

and quadratic spline, as formalized in Theorem 1.2.

Theorem 1.2. There exists no single function ϕ ∈ L2(R) that is able to reproduce βD3 and βD4

with summable reproduction sequences.

Proof. By contradiction, let us assume that there exists ϕ such that βD3 = ∑
k∈Z a[k]ϕ(·−k)

and βD4 =∑
k∈Zb[k]ϕ(·−k) with a,b ∈ `1(Z). Then, the Fourier transforms A(ω) and B(ω) are

continuous 2π-periodic functions. In the Fourier domain, we have that

(
1−e−jω

jω

)3

= A(ω)ϕ̂(ω),

(
1−e−jω

jω

)4

= B(ω)ϕ̂(ω). (1.47)

Set ω0 ∈ (0,2π) and ω1 =ω0 +2π. The relation (1.47) imposes that A(ωi ), B(ωi ), and ϕ̂(ωi ) are

non-zero for i = 1,2, and

1−e−jωi

jωi
A(ωi )ϕ̂(ωi ) = B(ωi )ϕ̂(ωi ). (1.48)
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After simplifications, we deduce that

jωi = (1−e−jωi )A(ωi )

B(ωi )
. (1.49)

The right term in (1.49) is equal for ω0 and ω1 by periodicity, while the left term is not. This

contradicts our initial assumption and implies Theorem 1.2.

1.2.4 Summary

When dealing with B-splines, there is a tradeoff between the ability to reproduce smooth

functions, which increases with the degree of B-splines, and the possibility to allow for sharper

transitions, which decreases with the degree. On one hand, cubic splines can efficiently repro-

duce smooth functions and are able to capture C 2 transitions, but lack the power to capture

C 1 transitions. On the other hand, quadratic splines have a lesser approximation power, but

are preferred when dealing with less smooth (C 1) transitions. Hermite splines combine these

two strengths in one scheme and are, in terms of support size, better than any two-function

scheme, including the one composed of the classical cubic and quadratic B-splines. In ad-

dition, we also show that one necessarily requires two generators to achieve this optimality.

These results demonstrate that Hermite splines are maximally localized for the purpose of

representing piecewise-cubic functions that are continuously differentiable, as exploited, for

instance, in image processing for the design of deformable parametric contours [29].
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1.3 Multi-Splines

In this section5, we introduce the notion of multi-splines and we discuss their role in gen-

eralized sampling. Generalized sampling, consists in the recovery of a function f from the

samples of the responses of a collection of linear shift-invariant systems to the input f . The

reconstructed function is typically a member of a finitely generated integer-shift-invariant

space that can reproduce polynomials up to a given degree M . While this property allows for

an approximation power of order (M +1), it comes with a tradeoff on the length of the support

of the basis functions. Specifically, we prove that the sum of the length of the support of the

generators is at least (M +1). Following this result, we introduce the notion of shortest basis

of degree M , which is motivated by our desire to minimize computational costs. We then

demonstrate that any basis of shortest support generates a Riesz basis. Finally, we introduce

a recursive algorithm to construct the shortest-support basis for any multi-spline space. It

provides a generalization of both polynomial (Section 1.1) and Hermite splines (Section 1.2).

This framework paves the way for novel applications such as fast derivative sampling with

arbitrarily high approximation power.

1.3.1 Context

Since the formulation of Nyquist-Shannon’s celebrated sampling theorem [31], the reconstruc-

tion of a function from discrete measurements has been extended in many ways [32, 33]. In

particular, Papoulis proposed the framework of generalized sampling [34], where he showed

that any bandlimited function f is uniquely determined by the sequences of discrete mea-

surements (generalized samples)

gn(kT ) = (hn ∗ f )(kT ) = 〈 f ,ψn(·−kT )〉, n = 1, ..., N , k ∈Z, (1.50)

where (gn(t))n=1,...,N are the outcome of N linearly independent systems applied to f . The

sampling is assumed to proceed at 1/N the Nyquist rate (i.e., T = N TNyq = 2Nπ/ωmax, where

ωmax is the maximum frequency of f ). The functions ψn(t ) = hn(−t ), t ∈R, are called the anal-

ysis functions. They are the time-reversed versions of the impulse responses. The sampling

theorem was also generalized to many different function spaces such as integer-shift-invariant

spaces [35, 36], including spline spaces [37, 38, 39]. Following this extension and Papoulis’

theory, Unser and Zerubia introduced a framework to perform generalized sampling without

the bandlimited constraint [40, 41] which includes important cases such as interlaced and

derivative sampling in spline spaces.

Building on top of an impressive body of work from various communities, we propose a

systematic study of shortest bases for any multi-spline space. In particular, the main goal is

to generalize the concept of B-splines to any multi-spline space. To that end, we first study

finitely-generated shift-invariant spaces and the desirable properties of their generating func-

5This section is based on our published work [2].
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tions. We then focus on multi-spline spaces as a special case, where we present a method to

construct their shortest-support bases. Finally, we illustrate the applicability of our introduced

framework with some examples.

1.3.2 Finitely Generated Shift-Invariant Spaces

Here, we adopt the framework of generalized sampling and propose to reconstruct a function

f from discrete samples gn(k),k = 1, ..., N in an integer-shift-invariant subspace of L2(R) as

in some recent works [42, 43, 44]. The structure of such reconstruction spaces have been

thoroughly studied [13, 45, 46] and there exists theoretical results that lead to the critical

choice of relevant generating functions [14].

For a finite collectionφ= (φ1,φ2, . . . ,φN ) of functions in L2(R), the generated integer-shift-

invariant subspace is denoted by S(φ) and is defined as

S(φ) = S(φ1)+S(φ2)+·· ·+S(φN ), (1.51)

where we recall from (1.14) that

S(φn) = span
(
{φn(·−k)}k∈Z

)⊆ L2(R), n = 1, . . . , N . (1.52)

The space S(φ) is integer-shift-invariant in the sense that f (·−k) is in S(φ) for f ∈ S(φ) and

k ∈Z [13, 14, 15, 16]. Ideally, we would likeφ to generate a Riesz basis.

Definition 1.2. The set of functions {φn(·−k) : k ∈Z,n = 1, . . . , N } ⊂ L2(R) is said to be a Riesz

basis with bounds A,B ∈Rwith 0 < A ≤ B <+∞ if, for any vector of square-summable sequences

c = (c1, ...,cN ) ∈ (`2(Z))N , we have that

A‖c‖`2 ≤
∥∥∥∥∥ ∑

k∈Z
c[k]Tφ(·−k)

∥∥∥∥∥
L2(R)

≤ B ‖c‖`2 , (1.53)

where ‖c‖`2 =
(∑N

n=1 ‖cn‖2
`2

) 1
2

,φ= (φ1,φ2, . . . ,φN ) and where A and B are the tightest constants.

When this property is satisfied, we say that φ generates a Riesz basis. The Riesz-basis

property guarantees that any f ∈ S(φ) has the unique and stable representation [47]

f (·) = ∑
k∈Z

c[k]Tφ(·−k) = ∑
k∈Z

N∑
n=1

cn[k]φn(·−k). (1.54)

This property is well characterized in the Fourier domain via the Gramian matrix-valued

function

Ĝ(ω) = ∑
k∈Z

φ̂(ω+2kπ)φ̂(ω+2kπ)H = ∑
k∈Z

〈φ,φT (·−k)〉e−jωk , (1.55)

where the last equality follows from Poisson’s formula applied to the sampling at the integers
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of the matrix-valued autocorrelation function t 7→ 〈φ,φT (·− t )〉[48]. The Fourier equivalent of

the Riesz-basis condition is [45]

0 < A2 = essinf
ω∈[0,2π)

λmin(ω) ≤ esssup
ω∈[0,2π)

λmax(ω) = B 2 <+∞, (1.56)

where λmin(ω) and λmax(ω) are the smallest and largest eigenvalues of Ĝ(ω).

1.3.3 Shortest Bases of Shift-Invariant Spaces

We now introduce the notion of shortest bases. We recall that for a single generatorφ such that

S(φ) reproduces polynomials of degree up to M , Schoenberg stated that |supp(φ)| ≥ M +1 [5].

We now extend this result to any N ∈N\ {0}.

Theorem 1.3 (Minimal support). If S(φ) = S(φ1,φ2, . . . ,φN ) reproduces polynomials of degree

up to M, then |supp(φ)| ≥ M +1, where |supp(φ)| = ∑N
n=1 |supp(φn)|. In addition, if there is

equality, then

∑
k∈Z

N∑
n=1

1supp(φn )(x +k) = |supp(φ)| for almost every x ∈R. (1.57)

Proof. Ifφ is not compactly supported, then the inequality is clear. Now, we can assume that

φ is compactly supported. This implies that, for any x ∈ R, the sum
∑

k∈Z c[k]Tφ(x −k) =∑
k∈Z

∑N
n=1 cn[k]φn(x −k) has only a finite number of nonzero terms that are identified by the

set

Λ(x) = {
(n,k) ∈ {1, . . . , N }×Z : x ∈ supp(φn(·−k))

}
, (1.58)

and its cardinality

λ(x) = ∑
k∈Z

N∑
n=1

1supp(φn )(x +k) ∈N. (1.59)

Equation (1.59) follows from the fact that 1supp(φn )(x +k) is 1 if and only if (n,k) ∈Λ(x) and 0

otherwise. The function x 7→λ(x) is 1-periodic and bounded because supp(φn) are compact

subsets of R. Its average over one period reads (note that the sums are in fact all finite)

λ=
∫ 1

0

N∑
n=1

∑
k∈Z

1supp(φn )(x +k)dx =
N∑

n=1

∑
k∈Z

∫ 1

0
1supp(φn )(x +k)dx (1.60)

=
N∑

n=1

∫ ∞

−∞
1supp(φn )(x)dx = |supp(φ)|, (1.61)

where we applied Fubini’s Theorem in (1.60). Because λ is bounded and takes values in N,

it only takes a finite number of values. Consequently, there exists a set A ⊂ [0,1] of nonzero

measure such that λ is constant on A and no greater than its average, as in

∀x ∈ A : λ(x) =λA ≤λ= |supp(φ)|. (1.62)
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Noting that A is bounded and that the φn are compactly supported, the image of A under Λ,

denoted by Λ(A), is a finite set. Therefore, there exists B ⊂ A ⊂ [0,1] of nonzero measure such

that Λ is constant on B. This means that the set S(φ)|B of functions of S(φ) restricted to B is

spanned by λA functions (φn(·−k))(n,k)∈Λ(B).

Moreover, due to the reproducing property, the polynomials of degree up to M restricted

to B form a linear subspace of S(φ)|B whose dimension is (M +1), because B is infinite. Then,

we must have that λA ≥ M +1 and, since λA ≤ |supp(φ)|, we deduce the announced bound

|supp(φ)| ≥ M +1.

If λ is not a.e. constant, then A can be chosen so that λA < λ = |supp(φ)| and S(φ)|B is

spanned by fewer than |supp(φ)| functions. The reproduction property implies that |supp(φ)| >
M +1. This means that the equality |supp(φ)| = M +1 is possible only if λ is a.e. constant.

Following Theorem 1.3, we can introduce the central notion of shortest-support basis.

Definition 1.3. A collection of functionsφ ∈ (L2(R))N is said to be a shortest-support basis of

degree M if S(φ) reproduces polynomials of degree up to M with the shortest support, i.e. with

|supp(φ)| = M +1.

The qualifier of basis comes from Theorem 1.4.

Theorem 1.4. Any shortest-support basis generates a Riesz basis.

Proof. We define the kth slice of any function f as

∀x ∈R : Sk { f }(x) =
 f (x +k), x ∈ [0,1)

0, otherwise,
(1.63)

and the set of nonzero slices of all the generating functions as

T (φ) = {Sk {φn} : Sk {φn} 6≡ 0 and k ∈Z,n = 1, ..., N }. (1.64)

Step 1. We first show that F (φ) consists of linearly independent functions. Equivalently, we

prove that if T (φ) is not a set of linearly independent functions, then φ is not a shortest-

support basis. To that end, suppose that T (φ) is not a set of linearly independent functions.

This means that one can find a slice, say Sk0 {φq0 }, that depends linearly on the others. Now,

consider the integer-shift-invariant space generated by the set of functions T (φ)\{Sk0 {φq0 }}.

Note that the new generating functions differ now both in size (support size of at most 1) and

in number (possibly greater than N ). On one hand, the new integer-shift-invariant space is

larger than the initial space and, in particular, is still able to reproduce polynomials of degree

up to M . On the other hand, the sum of the support size of the generating functions is smaller

than |supp(φ)| because a nonzero slice was removed. So,φ cannot be of minimal support.

24



1.3. Multi-Splines

Step 2. To complete the proof, we show that if T (φ) is a set of linearly independent

functions, then φ generates a Riesz basis. We note that the generating functions can be

expressed in terms of their slices as φn(x) = ∑
k∈ZSk {φn}(x − k). The Riesz-basis property

is best characterized in the Fourier domain with the Gramian matrix (note that, φ being

compactly supported, all the sums are in fact finite), which leads to

(Ĝ(ω))mn = ∑
q∈Z

〈φm ,φn(·−q)〉e−jωq

= ∑
q∈Z

∑
k1∈Z

∑
k2∈Z

〈Sk1 {φm},Sk2 {φn}(·−q − (k2 −k1))〉e−jωq

= ∑
k1∈Z

∑
k2∈Z

〈Sk1 {φm},Sk2 {φn}〉ejω(k2−k1)

= 〈 ∑
k1∈Z

Sk1 {φm}e−jωk1 ,
∑

k2∈Z
Sk2 {φn}e−jωk2〉

= 〈φ̃m(ω, ·), φ̃n(ω, ·)〉, (1.65)

where φ̃n(ω, ·) is the finite weighted sum of slices

φ̃n(ω, x) = ∑
k∈Z

Sk {φn}(x)e− jωk . (1.66)

Due to the linear independence of T (φ), we deduce that for anyω ∈R, the functions (φ̃n(ω, ·))n=1,...,N

are linearly independent because the sums are finite. This means that Ĝ(ω) is the Gramian

matrix of a linearly independent family of functions, which is known to be equivalent to

detĜ(ω) > 0. In addition g : ω 7→ det(Ĝ(ω)) is a finite weighted sum of ejωk since φ is com-

pactly supported. It is therefore continuous and 2π-periodic. The image of [0,2π] under g is

therefore a closed interval such that

0 < essinf
ω∈[0,2π]

det(Ĝ(ω)) = min
ω∈[0,2π]

det(Ĝ(ω)) < esssup
ω∈[0,2π]

det(Ĝ(ω)) = max
ω∈[0,2π]

det(Ĝ(ω)) <+∞.

(1.67)

Noting that det(Ĝ(ω)) is the product of the eigenvalues of Ĝ(ω), Condition (1.56) is satisfied,

which means thatφ is a Riesz basis.

1.3.4 Multi-Spline Spaces and Their Shortest Bases

A cardinal multi-spline space is defined as the sum of N ∈N spline spaces: Sn = Sn1 +·· ·+SnN ,

n = (n1, ...,nN ) and n1 < ·· · < nN ∈ N. It is worth noting that, the multi-spline space Sn

inherits the highest approximation power of its spline spaces, i.e. its approximation power is

(nN +1), since SnN ⊂ Sn1 +·· ·+SnN . Moreover, in the case of consecutive spaces specified by

nk = n1 + (k −1), the resulting space is exactly the space of piecewise polynomials of degree

nN that are in C n1−1(R).

Some multi-spline spaces have proved to be of great interest for derivative sampling, where

the goal is to reconstruct a signal from the samples of the function and of its first-order
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derivative. The most well-known example is the pair of cubic Hermite splines (see, Section

1.2). The excellent approximation capabilities and minimal-support property of the Hermite

splines [1] give a strong incentive to investigate more general multi-spline spaces. The bicubic

Hermite splines are the backbone of many computer-graphics applications and closely linked

to Bézier curves [23, 29, 49, 50, 51]. Schoenberg and Lipow also found two fundamental

functions to reconstruct any function in S4 +S5 from its samples and the samples of its first-

order derivative. Nonetheless, those functions are not well-suited to practical applications

since they are not compactly supported.

With a single generator, the unique shortest basis of degree n ∈N (up to a scaling and a shift

operation) is the B-spline of degree n, which is a generator of Sn . Similar to our findings in

Section 1.2, we now prove that multi-spline spaces are not generated optimally by the classical

B-splines.

Proposition 1.1. Let N ∈ N \ {0} and n = (n1, . . . ,nN ) with n1 < ·· · < nN ∈ N. If N > 1, then

βn = (
βDn1+1 , ...,βDnN +1

)
is neither a shortest-support basis nor a Riesz basis.

Proof. We first note that the space S(βn) can reproduce polynomials of degree at most nN

due to the inclusion SnN = S(βDnN +1 ) ⊂ S(φ). Moreover, the sum of the support of βn is∑N
m=1(nm +1) > nN +1, which shows that the basis is not a shortest-support one.

Moreover, we invoke (1.65) to express the Gramian matrix as

(Ĝ(ω))pq = 〈β̃Dnp+1 (ω, ·), β̃Dnq+1|(ω, ·)〉, (1.68)

where β̃Dnp+1 (ω, ·) is the finite weighted sum of slices

β̃Dnp+1 (ω, x) = ∑
k∈Z

Sk {βDnp+1 }(x)e−jωk . (1.69)

It is known that βDnp+1 satisfies the partition of unity, meaning that, for any x ∈ R, we have

that
∑

k∈ZβDnp+1 (x −k) = 1. In terms of slices, it means that β̃Dnp+1 (0, x) =∑
k∈ZSk {βDnp+1 }(x) =

1[0,1)(x). The functions (β̃Dnp+1 (0, ·))p=1,...,N ) are therefore not linearly independent (because

they are equal) and detĜ(0) = 0. The mapping ω 7→ detĜ(ω) being continuous (due to the

compact support of B-splines), we deduce that

essinf
ω∈[0,2π]

detĜ(ω) = min
ω∈[0,2π]

detĜ(ω) = 0. (1.70)

Following (1.56), βn cannot be a Riesz basis.

Definition 1.4. A finite collectionφ of multi-spline functions is called an mB-spline of degree

n = (n1, . . . ,nN ) with n1 < ·· · < nN ∈N, if it is a shortest-support basis of the space Sn.

mB-splines are natural extensions of B-splines. Let us recall that the B-spline βDn+1 can be
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a S0 + S3
1 2

b S1 + S4
H1 = 1 H2 = 2

c S1 + S4
1 = H1 2 = H1 H2

Figure 1.4 – Increment step that yields a shortest-support basis of S1 +S4 starting from S0 +S3.
(a)A shortest-support basis (η1,η2) for S0 +S3 (|supp(η)| = 4). (b)The integration of η1 and η2

results in two generators of S1 +S4, H1 and H2. (c) To get compactly supported functions with
the same generating properties, we choose θ1 =∆H1 and θ2 = (H1 −H2). This yields a shortest
support-basis for S1 +S4 (|supp(θ)| = 5).

constructed recursively by noting that

βDn+1 (x) =∆
{∫ x

−∞
βDn (t )dt

}
, (1.71)

where ∆ is the finite difference operator ∆{ f }(x) = ( f (x)− f (x −1)). The integration increases

the polynomial degree, along with the smoothness at the knots, while ∆ ultimately returns

a compactly supported function. Inspired from this observation, we propose a recursive

algorithm for the construction of mB-splines in any multi-spline spaces.

Theorem 1.5. Let n1 < ·· · < nN ∈N \ {0}. There exists an mB-spline η= (η1, ...,ηN ) ∈ (L2(R))N

of Sn1 +·· ·+SnN .

Proof. We prove the existence by proposing a recursive algorithm that constructs the desired

mB-splines. To simplify the explanation, we say that the collectionφ= (φ1, ...,φN ) ∈ (L2(R))N

of compactly supported functions is standardized if, for n = 1, . . . , N , we have that

1.
∫
Rφn(t )dt ∈ {0,1},

2. inf{t ∈R : φn(t ) 6= 0} ∈ [0,1).

The second condition implies that the generating functions are causal, i.e. φn(t < 0) = 0. Note

that anyφ compactly supported can be standardized without altering S(φ).

Increment Step: Suppose that η= (η1, ...,ηN ) ∈ (L2(R))N is an mB-spline of Sn1 +·· ·+SnN .

The goal is to find an mB-spline of Sn1+1 +·· ·+SnN+1 ( See, Figure 1.4, for an illustration). It

will be a generator with a support size of (nN +2), able to reproduce the B-splines of degree

n1 +1, ...,nN +1.
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The collection of functions η is able to reproduce the B-splines of degree n1, . . . ,nN , that is,

for any s ∈ {1, ..., N } there exists a vector sequence c s = (c s
1, ...,c s

N ) so that

∀x ∈R :βDns+1 (x) = ∑
k∈Z

c s[k]Tη(x −k). (1.72)

To justify the calculations to come, we assume that

c s
1, ...,c s

N are causal sequences, i.e., c s
n[k] = 0 for any k < 0.

This assumption is not overly restrictive because it will hold for the starting basis of our

algorithm and then will be preserved through the construction process. In the end, all the

constructed bases will be able to reproduce the B-splines with causal sequences. Let H =
(H1, ..., HN ) be defined as

H(x) =
∫ x

−∞
η(t )dt . (1.73)

The integration of equation (1.72), followed by the application of the operator ∆, yields

βDns+2 (x) =∆
{ ∑

k∈Z
c s[k]T H(x −k)

}
= ∑

k∈Z
c s[k]T∆{H }(x −k)

= ∑
k∈Z

c s[k]T (H(x −k)−H(x −1−k)) = ∑
k∈Z

(c s[k]T −c s[k −1]T )H(x −k). (1.74)

The assumption that c s
1, ...,c s

N are causal and the fact that H is also causal (because η is

compactly supported and standardized) implies that, for any x ∈R, the sums in (1.74) have a

finite number of nonzero terms. This enables us to switch the order of the operations (sum,

integral, and ∆). Note that the sequence (c s[k]T − c s[k −1]T )k∈Z is causal. In short, H can

reproduce B-splines of degree ns +1 for s = 1, . . . , N with causal sequences, but it is obviously

not a shortest-support basis because its support is infinite.

The aim now is to find a basis with the same reproducing properties as H , but with minimal

support. To that end, we denote by s0 the index so that ηs0 is the shortest function in η that

satisfies
∫
R
ηs0 6= 0. It must exist; if not, the generating S(η) would only contains zero-mean

functions and could not reproduce the B-splines that are not zero-mean. A shortest-support

basis θ = (θ1, ...,θN ) is then given by

θs =


Hs if s 6= s0 and

∫
R
ηs(t )dt = 0

Hs −Hs0 if s 6= s0 and
∫
R
ηs(t )dt 6= 0

∆Hs0 s = s0

(1.75)

Because η is compactly supported and standardized, the choice of s0 ensures that

|supp(θs)| =
|supp(ηs)| s 6= s0

|supp(ηs0 )|+1 s = s0

(1.76)
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In short, |supp(θ)| = 1+|supp(η)| = nN +2. Noting that Hs0 =
∑

k∈Nθs0 (·−k), it is clear that θ

can reproduce H with causal coefficients. It also implies that θ can reproduce (βn1+1, ...,βnN+1)

with causal coefficients (see (1.74)), which justifies the original assumption. In conclusion, θ

is a shortest-support basis of Sn1+1 +·· ·+SnN+1.

Insertion Step: The present step enables us to add a generator to a shortest-support basis.

Suppose η = (η1, ...,ηN ) is a standardized shortest-support basis of Sn1 + ·· · + SnN and let

η′ = (δ,η1, ...,ηN ), where δ is the Dirac distribution. The increment step applied to η′ yields a

shortest-support basis for S0 +Sn1+1 +·· ·+SnN+1. Indeed, the shortest function of η being δ,

the new basis θ′ = (θ′0, ...,θ′N ) is given by

θ′n : x 7→


∆{

∫ x
−∞δ(t )dt } =β0(x), n = 0∫ x

−∞ηn(t )dt , n > 0 and
∫
R
ηn(t )dt = 0∫ x

−∞(ηn(t )−δ(t ))dt , n > 0 and
∫
R
ηn(t )dt 6= 0.

(1.77)

Because η is compactly supported and standardized, we have that

|supp(θ′n)| =
1, n = 0

|supp(ηn)|, otherwise,
(1.78)

which means that |supp(θ′)| = |supp(η′)|+1 = nN +2. The process also ensures that θ′ is a

shortest-support basis of S0 +Sn1+1 +·· ·+SnN+1.

Final procedure: Take η0 = (βnN−nN−1−1) a shortest support basis for SnN−nN−1−1. The in-

sertion step gives a shortest-support basis for S0+SnN−nN−1 . After (nN−1−nN−2−1) increment

steps and one insertion step, the process gives a shortest-support basis for S0 +SnN−1−nN−2 +
SnN−nN−2 . By iteration, a shortest-support basis for S0 +Sn2−n1 +·· ·+SnN−n1 is obtained. Ap-

plying n1 increment steps, we finally obtain a shortest-support basis for Sn1 +·· ·+SnN

We conclude this section with a result on the minimal number of generating functions

required to generate multi-spline spaces.

Theorem 1.6. Let n1 < ·· · < nN ∈N\ {0}. The space Sn = Sn1 +·· ·+SnN cannot be generated by

fewer than N compactly supported generating functions.

Proof. From Theorem 1.5, there exists an mB-spline of Sn composed of N functions, say,

η= (η1, . . . ,ηN ) ∈ (Sn)N . Letψ= (ψ1, ...,ψM ) ∈ (Sn)M be a collection of compactly supported

functions able to generate Sn. It means that η andψ can reproduce each other and, hence,

there exist vector sequences cp :Z→RM such that ηp =∑
k∈Z cp [k]Tψ(·−k) = cT

p ∗ψ, which

reads in matrix form

η= C∗ψ, C :Z→RN×M . (1.79)

Similarly, one can write that

ψ= B∗η, B :Z→RN×M . (1.80)
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Following the proof of Theorem 1.4, we know that the nonzero slices of η are linearly indepen-

dent (shortest-support basis). This implies that, to generate the compactly supported function

ψ, the sequence of matrices B must be compactly supported as well since the only way to

generate the zero function on a segment for η is to set the active coefficient of B to 0. Now,

one can mix the equations and find that

η= C∗ (B∗η) = (C∗B)∗η. (1.81)

The associativity of the convolution operations is justified by the fact that both η and B are

compactly supported, meaning that, for a given argument x, all sums are finite. Because the

slices of η are linearly independent, η can reproduce itself in a unique way, which gives

C∗B =δN×N . (1.82)

There exists s ∈N such that supp(B ) ⊂ {−s, ..., s} ⊂N. The behavior of C [k] when |k|→∞ is

not known, and it is easier to work with the truncated version C m =1{−s,...,ms}×C , where m ∈N
is a large enough integer m > 2N +1. The sequence of matrices C m ∗B is compactly supported

and satisfies supp(C m ∗B) ⊂ {−2s, ..., (m +1)s}. Following the properties of convolution of

compact sequences, we have, for any k = 0, ..., (m −1)s, that C m ∗B [k] =C ∗B [k] =δN×N [k].

Therefore, one can write that

Cm ∗B =δN×N + ∑
−2s≤k<0

(m−1)s+1≤k≤(m+1)s

Mkδ[·−k], (1.83)

where Mk ∈ RN×N are matrices that account for the fact that Cm is a truncated version of C.

This then translates into the following z-transform matrix relation (note that all sequences are

compactly supported so the z-transforms are well defined)

Ĉm(z)B̂(z) = IN×N+
min((m+1)s,−1)∑

max(−2s,(m−1)s)
z−k Mk = MN×N+

−1∑
k=−2s

z−k Mk+
(m+1)s∑

k=(m−1)s+1
z−k Mk = z−2s A(z),

(1.84)

where A(z) can be decomposed as

A(z) = z2s IN×N +P(z)+ z(m+1)s+1Q(z), (1.85)

where P(z) and Q(z) are polynomial matrices of degree (2s −1). The determinant of A(z) can

be expressed in terms of the columns of IN×N ,P(z), and Q(z) (denoted respectively ek ,pk (z),

and qk (z)), so that

z 7→ det A(z) = det(z2s e1 +p1(z)+ z(m+1)s q1(z), . . . , z2s eN +pN (z)+ z(m+1)s qN (z)). (1.86)

Knowing that the determinant is n-linear with respect to the columns, z 7→ detA(z) is a

polynomial function of degree at most (m +3)sN . We now want to prove that it cannot be

identically zero. To that end, we expand the determinant with respect to the columns and
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find that there is a unique term of the form λz2sN . It is obtained by picking for k = 1, . . . , N the

column ek z2s . The coefficient in front of z2sN is therefore det(e1, . . . ,eN ) = 1 6= 0. Indeed, for

other combinations of columns in the expansion, we would have that

• if at least one column of the form z(m+1)s qk (z) is chosen, then it results in a term of

degree at least (m +1)s > (2N +2)s > 2sN ;

• else, at least one column of the form pk (z) is chosen. Since the degree of pk (z) is lower

than 2s, the resulting term in the expansion has a degree lower than 2sN .

In the end, we proved that z 7→ detA(z) cannot be identically zero. Therefore, there exists

z0 ∈R so that rank(A(z0)) = N . It implies that

N = rank(Ĉm(z0)B̂(z0)) ≤ min(rank(Ĉm(z0)), rank(B̂(z0))) ≤ min(M , N ) ≤ M . (1.87)

Note that N is a lower bound and the number of generating function of a shortest-support

basis can exceed N . For instance, take η= (η1,η2) with

η1 : x 7→β0(2x) =1[0,1/2)(x) (1.88)

η2 : x 7→β0(2(x −1/2)) =1[1/2,1)(x). (1.89)

Since η1 +η2 =β0, η can reproduce S0. In addition, the fact that |supp(η)| = 1 means that it

is a shortest-support basis of degree 0 and now it is composed of two generating functions.

(Note that the space they generate is larger than S0).

1.3.5 Applications

Generalized Sampling in Multi-Spline Spaces

We consider a multi-spline space Sn along with the N -component mB-splineφ= (φ1, . . . ,φN )

and some corresponding analysis functionsψ= (ψ1, . . . ,ψN ). As we now show, the generalized-

sampling formulation presented in [40] can be extended to multiple generators. Let H be a

space considerably larger than S(φ). Consider f ∈H , from which we know only some discrete

measurements (g [n])n∈Z written

g [n] = 〈ψ(·−n), f 〉 = (〈ψ1(·−n), f 〉, ...,〈ψN (·−n), f 〉). (1.90)

To construct an approximation f̃ ∈ S(φ) of f , a standard way is to enforce consistency [36, 41],

in the sense that f and f̃ must give the same measurements. This formulation generalizes

the notion of interpolation. For instance, to interpolate the value of f and its derivative at the

sampling locations, take ψ1 = δ and ψ2 = δ′
. In such a case, consistency simply means that f
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and f̃ should have the same value and the same derivative at the grid points. In general, the

consistency requirement translates into

〈ψ(·−n), f 〉 = 〈ψ(·−n), f̃ 〉
= ∑

k∈Z
〈ψ(·−n),φT (·−k)〉 ·c[k]

= ∑
k∈Z

〈ψ(·− (n −k)),φT 〉 ·c[k]

= (AΦΨ∗c)[n] (1.91)

where (c [n])n∈Z is the unique vector sequence representing f̃ =∑
k∈Z c[k]Tφ(·−k) and AΦΨ[n] =

〈ψ(·−n),φT (·)〉 is the matrix-valued sequence of the measurements of the basis functions.

To solve our problem, we rely on the theory of signal and systems, including the z-transform.

Indeed, with this framework efficient implementation techniques naturally stand out. When

the matrix-valued filter AΦΨ is invertible (see [40, Proposition 1] for the invertibility condi-

tion), the vector c of sequences can be computed from the measurements by applying the

matrix-valued inverse filter Q, like in

c[n] = (Q∗g)[n]. (1.92)

Its transfer function verifies in the z-domain Q̂(z) = Â−1
ΦΨ(z). This matrix filter has not necessar-

ily a finite impulse response (FIR) but it can be decomposed as Q̂(z) = 1
det ÂΦΨ(z)

com(ÂΦΨ(z))T ,

where com(ÂΦΨ) denotes the cofactor matrix of ÂΦΨ. For compactly supported analysis

functions, the comatrix com(Â(z)) is FIR because it is a Laurent polynomial in z, so it is

straightforward to implement. On the contrary, 1
det ÂΦΨ(z)

is often not FIR. Nonetheless, it can

usually be implemented efficiently too, using the same techniques as in [12].

Derivative Sampling

The derivative sampling problem reads for f ∈H

find f̃ ∈ Sn :

 f̃ (k) = f (k)

f̃
′
(k) = f

′
(k)

,k ∈Z. (1.93)

The most relevant reconstruction spaces have the form Sn = S2p +S2p+1 [52]. The underlying

reason is that the filter complexity is the same for the spaces S2p +S2p+1 and S2p−1 +S2p , so,

the higher degree is preferred (the filter has 2(p −1) roots). Note that the same occurs when

one performs classical interpolation with B-splines and odd degrees are usually preferred.

To the best of our knowledge, when p > 1, no solution based on shortest-support bases and

recursive filtering has been proposed so far. Our construction of shortest-bases results in

generating functions that have a support size of (p +1). Due to the symmetry properties of

those functions, the entries of ÂΦΨ(z) have poles that come in reciprocal pairs. Consequently,

the inverse matrix filter can be implemented with efficient recursive techniques, as detailed in
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Figure 1.5 – Derivative sampling with optimal bases. The solid curve lies in S2 +S3 (cubic
piecewise polynomials with continuous derivative) and the dashed curve lies in S4+S5 (quintic
piecewise polynomials with continuous third derivative).

[11, 12]. An example is provided in Figure 1.5.

Bézier Curves

We now use our multi-spline formulation to revisit some Bézier curves and, in particular, the

cubic Bézier curves that are popular in computer graphics. Each portion of the curve is a cubic

polynomial defined by four control points.

• Starting point and ending point of the portion.

• Two handles that control the tangent of the curve at each extremity of the portion.

Thus, the value of the function and its left and right derivatives are controlled on the knots.

From a multi-spline perspective, any cubic Bézier curve lies in the space S1 +S2 +S3. With the

well chosen generating functions η1,η2, and η3 plotted in Figure 1.6, the interpolation formula

is explicit and reads

f̃ (x) = ∑
k∈Z

f (k)η1(x −k)+ ∑
k∈Z

f
′
(k−)η2(x −k)+ ∑

k∈Z
f

′
(k+)η3(x −k), (1.94)

where f ′(k−) and f ′(k+) denote the left and right derivatives at k, respectively. Interestingly,

η2 and η3 can be obtained from the bi-cubic Hermite splines, by splitting the antisymmetric

function into two functions. It gives a simple interpretation to cubic Bézier curves as illustrated

in Figure 1.7. Similarly, quadratic Bézier curves are also multi-splines, this time associated to

the space S1 +S2 (Figure 1.6).
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Figure 1.6 – Shortest-support bases for application in classical computer-graphics. (a) Shortest
basis for S1 +S2. The function η1 controls the value of the function on the knots while η2

controls the left derivative on the knots. These function reproduce any quadratic Bézier curve.
(b) Shortest basis for S1 +S2 +S3. The function η1 controls the value of the function on the
knots while η2 and η3 controls the left and right derivative, respectively, on the knots. These
functions can reproduce any cubic Bézier curve with the shortest support. They also give a
simple interpretation of such curves.

Figure 1.7 – The shortest basis of the space S1 +S2 +S3 allows one to control the value of the
function (green dots) and the left/right derivatives (handles). It yields the same curve as with
standard vector-graphics editors relying on cubic Bézier curves. In this figure, the parametric
curves are two-dimensional and the interpolation is performed component-wise.

Nonconsecutive Bi-Spline Spaces

Nonconsecutive multi-spline spaces are relevant to represent signals that have components

of different regularity (see, Chapter 4). For instance, the space S0 +Sp , with p > 0, consists of

smooth signals with sharp jumps. On Figure 1.8, we show shortest-support bases of S0 +Sp ,

for p ∈ {2,3,4}, that were obtained with our construction algorithm.
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Figure 1.8 – (a)(b)(c) Shortest-support bases for the spaces S0 +S2, S0 +S3 and S0 +S4. (d) An
example of a hybrid bi-spline that lies in the space S0 +S4.

1.3.6 Summary

We have introduced the notion of shortest-support bases of degree M . They are the shortest-

support collections of functions that generate a reconstruction space with an approximation

power of order (M +1). We proved that shortest-support bases necessarily generate Riesz

bases, a minimal requirement for practical applications. With a single generator, the unique

shortest-support basis of degree M is the well known B-spline of degree M . We extended this

notion to multiple generators and proposed a recursive method that yields shortest bases

for any multi-spline space. These new sets of functions helped us transpose the efficient

reconstruction techniques developed for B-splines, and perform generalized sampling.
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2 General Representer Theorem

In this chapter1, we characterize the solution of a broad class of convex optimization problems

that address the reconstruction of a function from a finite number of linear measurements.

The underlying hypothesis is that the solution is decomposable as a finite sum of components,

where each component belongs to its own prescribed Banach space; moreover, the prob-

lem is regularized by penalizing some composite norm of the solution. We establish general

conditions for existence and derive the generic parametric representation of the solution

components. These representations fall into three categories depending on the underlying

regularization norm: (i) a linear expansion in terms of predefined “kernels” when the compo-

nent space is a reproducing kernel Hilbert space (RKHS), (ii) a non-linear (duality) mapping

of a linear combination of measurement functionals when the component Banach space is

strictly convex, and, (iii) an adaptive expansion in terms of a small number of atoms within a

larger dictionary when the component Banach space is not strictly convex.

2.1 Context

2.1.1 From RKHS to Banach Spaces

Reproducing kernel Hilbert spaces (RKHS) play a central role in the classical formulations

of machine learning, statistical estimation, and the resolution of linear inverse problems

[54, 55]. They go hand in hand with quadratic (or Tikhonov) regularization and Gaussian

processes [56, 57]. The popularity of RKHS in machine learning stems from the fact that the

minimization of Hilbertian norms results in parametric solutions that are linear combinations

of kernels (basis functions) centered on the data points [54, 58, 59, 60], a remarkable property

that is supported by the celebrated representer theorem [61].

However, recent works that revolve around the concept of sparsity have demonstrated the

advantages of considering Banach spaces instead of Hilbert spaces. In particular, compressed

sensing relies on the minimization of `1-norms. Under suitable conditions, this enables the

1This chapter is based on our published work [53].
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exact recovery of a signal from a limited number of linear measurements [62, 63, 64, 65, 66, 67].

Researchers have established representer theorems that explain the sparsifying effect of the

`1-norm [68] and of its variants, including its continuous-domain counterpart: the M -norm

(a.k.a. the total-variation norm of a measure) [69, 70, 71, 72]. Likewise, it is proven in [73] that

non-uniform splines of a type that is matched to the regularization operator are universal

solutions of linear inverse problems with generalized total-variation regularization. The main

difference with the RKHS (or Tikhonov) framework is that the underlying basis functions—or

kernels—are selected in an adaptive fashion and are not necessarily placed on the data points

[74]. More recently, it has been shown that the effect of such minimum-norm regularization

could be characterized in full generality [75, 76].

2.1.2 From Sums of RKHS to Sums of Banach Spaces

It is a known fundamental property that a convex combination (resp., a tensor product)

of reproducing kernels retains the desirable reproducing-kernel property (a.k.a. positive-

definiteness) [77]. This has prompted researchers to extend the single-kernel Hilbertian

methods of machine learning to a whole range of composite problems that involve direct

products or direct sums of RKHS. Examples of practical developments that involve direct

product/sums of RKHS are: kernel methods for vector-valued data [78, 79], multi-kernel

learning [80, 78], multiscale approximation [81], and semi-parametric models of the form

f̃ = f + p0, where f ∈ H (RKHS) and the second component p0 ∈ span{pn}N0
n=1 is finite-

dimensional [54]. Likewise, the native spaces of variational splines have an inherent direct-

sum structure because the underlying regularization functional is a Hilbertian semi-norm

[82, 83, 84, 85].

While the Banach counterparts of these methods are still lacking for the most part, there is

recent evidence that the use of over-complete dictionaries—in particular, unions of bases—

is highly advantageous for the resolution of compressed-sensing problems with sparsity

constraints [86, 87, 88, 89, 90, 91, 92]. In the case where the dictionary is a single basis, there

is a direct relation between this type of signal recovery and the kind of `1-regularization

problem mentioned in Section 2.1.1 [67]. By taking inspiration from the large body of work

already available for RKHS, the next promising step is therefore to investigate this type of

reconstruction problem from the unifying perspective of an optimization in a sum of Banach

spaces.

2.2 Mathematical Foundations

A Banach space is a complete normed vector space. It is denoted by (X ,‖·‖X ) where X stands

for the vector space and ‖ · ‖X specifies the underlying norm or, simply, by X (for short). A

Banach space X has a unique topological dual X ′ which is itself a Banach space equipped

with the dual norm ‖ ·‖X ′ (see (2.3) below). Formally, an element f of the dual space X ′ is a

continuous linear functional f : X →R. Likewise, since X is embedded in the bidual space
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X ′′ = (X ′)′, an element ν ∈ X , which is therefore also included in X ′′, can be viewed as a

continuous linear functional ν : X ′ →R. The bilateral character of this association is described

by the duality product

X ×X ′ →R : (ν, f ) 7→ 〈ν, f 〉X×X ′ = 〈 f ,ν〉X ′×X ∈R, (2.1)

which is a map that is linear and continuous in both arguments. To avoid notational overload,

we shall henceforth drop the subscript in the specification of the duality product under the

understanding that the first argument is a linear functional that acts on the second argument;

for instance, ν : f 7→ 〈ν, f 〉, where f ∈X ′ usually also has a concrete identification as a vector

or a function. Mathematically, the continuity of the duality product or, equivalently, the

continuity of ν (or of f ) viewed as a linear functional—is expressed by the generic duality

bound ∣∣〈 f ,ν〉∣∣≤ ‖ν‖X ‖ f ‖X ′ , (2.2)

which holds for any (ν, f ) ∈X ×X ′—for more details, refer to [93, 94]. The upper bound in

(2.2) is consistent with the definition of the dual norm

‖ f ‖X ′
M= sup
ν∈X \{0}

〈 f ,ν〉
‖ν‖X

. (2.3)

In fact, the latter identification suggests that the bound in (2.2) is tight—a property that is

embodied in the fundamental notion of duality mapping [95].

Definition 2.1 (Duality mapping). Let (X ,X ′) be a dual pair of Banach spaces. Then, the

elements ν∗ ∈X ′ and ν ∈X form a (X ′,X )-conjugate pair if they satisfy:

1. Norm preservation: ‖ν∗‖X ′ = ‖ν‖X .

2. Sharp duality bound: 〈ν,ν∗〉 = ‖ν‖X ‖ν∗‖X ′ .

For any given ν ∈X , the set of admissible conjugates defines the duality mapping

J (ν) = {ν∗ ∈X ′ : ‖ν∗‖X ′ = ‖ν‖X and 〈ν,ν∗〉 = ‖ν‖X ‖ν∗‖X ′}, (2.4)

which is a nonempty subset of X ′. Whenever the duality mapping is single-valued (for instance,

when X ′ is strictly convex), one also defines the duality operator JX : X →X ′, which is such

that ν∗ = JX {ν}.

Definition 2.2. A Banach space X (or its associated norm ‖ ·‖X ) is said to be strictly convex if,

for all f1, f2 ∈X such that ‖ f1‖X = ‖ f2‖X = 1 and f1 6= f2, one has that ‖λ f1 + (1−λ) f2‖X < 1

for any λ ∈ (0,1).

The duality mapping is a powerful mathematical tool that facilitates the investigation of
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Chapter 2. General Representer Theorem

optimization problems in Banach spaces. A primary reference on the topic, which includes

the characterization of JX for the classical Lp spaces, is [96].

Note that the duality operator JX is bijective when X is reflexive and strictly convex [96, 97],

in which case J−1
X

= JX ′ : X ′ →X ′′ =X . It can therefore be viewed as the natural generalization

of the celebrated Riesz map [98, 94], which describes the linear isometric mapping of a Hilbert

space into its dual. The important difference, however, is that the operator JX is generally

nonlinear. In fact, it is linear if and only if X is a Hilbert space, in which case it coincides with

the Riesz map X →X ′ [96, 75].

We now define another notion that is used in our generic characterization, specifically

when the Banach search space is not strictly convex.

Definition 2.3 (Extremal points). Let C be a convex set of a Banach space X . The extremal

points of C are the points f ∈ C such that, if there exist f1, f2 ∈ C and t ∈ (0,1) such that

f = t f1 + (1− t ) f2, then it necessarily holds that f = f1 = f2. The set of these extremal points is

denoted by Ext(C ).

Our final tool is a transformation mechanism that generates application-specific Banach

spaces from some primary ones whose basic properties (e.g., the duality mapping and extremal

points of the unit ball) are known.

Proposition 2.1 (Isometric isomorphism). Let X be a primary Banach space, Y an arbitrary

vector space and T : X → Y a bijective between X and Y . Then, we have the following

properties:

1. The vector space Y , equipped with the norm ‖y‖Y
M= ‖T−1{y}‖X , is a Banach space that is

isometrically isomorphic to X . In other words, the operators T : X →Y and T−1 : Y →X

are isometries.

2. The continuous dual of Y is Y ′ = T−1∗(X ′), equipped with the norm ‖y∗‖Y ′ = ‖T∗{y∗}‖X ′ ,

where T∗ : Y ′ →X ′ is the adjoint operator of T.

3. The elements y∗ ∈ Y ′ and y ∈ Y form a conjugate pair if and only if x∗ = T∗{y∗} ∈ X ′

and x = T−1{y} ∈X are themselves (X ′,X )-Banach conjugates.

4. The element u ∈Y is an extremal point of the unit ball in Y if and only if e = T−1{u} ∈X

is an extremal point of the unit ball in X .

5. If X is a Hilbert space, then the spaces Y and Y ′ are Hilbert spaces as well. The corre-

sponding Riesz map is JY = T−1∗JX T−1 : Y →Y ′, where JX : X →X ′ is the Riesz map of

the primary space.

Proof. Since T is linear and one-to-one, the functional y 7→ ‖T−1 y‖X is a bona fide norm on
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Y . Moreover, from the definition of the Y -norm, we have that

‖T{xm}−T{xn}‖Y = ‖T{xm −xn}‖Y = ‖T−1T{xm −xn}‖X = ‖xm −xn‖X , (2.5)

for any xm , xn ∈ X . Together with the bijectivity of T, we deduce that T is an isomorphism

between X and Y . Hence, Y inherits the topological structure of X . This proves that Y is

indeed a Banach space.

The other properties are immediate consequences of the underlying isometry and the

definition of the adjoint, which translate into

〈x∗
1 , x2〉X ′×X = 〈x∗

1 ,T−1T{x2}〉X ′×X = 〈T−1∗{x∗
1 },T{x2}〉Y ′×Y = 〈y∗

1 , y2〉Y ′×Y (2.6)

for any (x∗
1 , x2) ∈X ′×X .

In particular, if X is a Hilbert space with inner product (·, ·)X , then x∗ = JX {x} ∈X ′ so that

〈x∗, x〉X ′×X = ‖x‖2
X

= (x, x)X . It follows that Y = T
(
X

)
is a Hilbert space equipped with the

inner product (y1, y2)Y = (T−1 y1,T−1 y2)X . Correspondingly, the dual space Y ′ = T−1∗(
X ′)

is the Hilbert space equipped with the inner product (y∗
1 , y∗

2 )Y ′ = (T∗y∗
1 ,T∗y∗

2 )X ′ . Moreover,

we have that (y1, y2)Y = 〈JY {y1}, y2〉Y ′×Y = (JY {y1}, JY {y2})Y ′ , the underlying duality operator

(Riesz map) being JY = T−1∗JX T−1 : Y →Y ′.

2.3 Optimization Over Banach Spaces: General Representer Theo-

rem

To set the stage, we now recall the primary results of [75] and [76] and introduce our abstract

optimization framework in the form of a single unified theorem.

Theorem 2.1 (General Banach representer theorem). Let us consider the following setting:

• A dual pair (X ,X ′) of Banach spaces.

• The analysis subspace Nν = span{νm}M
m=1 ⊂X with the νm being linearly independent.

• The linear measurement operator ν : X ′ →RM : f 7→ (〈ν1, f 〉, . . . ,〈νM , f 〉).

• The proper, lower-semicontinuous, and convex loss functional E :RM ×RM →R≥0∪{+∞}.

• Some arbitrary strictly increasing and convex function ψ :R≥0 →R≥0.

Then, for any fixed y ∈RM , the solution set of the generic optimization problem

S = argmin
f ∈X ′

(
E

(
y,ν( f )

)+ψ(‖ f ‖X ′
))

(2.7)

is nonempty, convex, and weak∗-compact.
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When E is strictly convex, or if it imposes the equality constraint y =ν( f ), then any solution

f0 ∈ S ⊂X ′ is an (X ′,X )-conjugate of a common ν0 ∈Nν ⊂X , so that S ⊆ J(ν0). Depending

on the type of Banach space, this then results in the following description of the solution(s):

• If X ′ is a Hilbert space and ψ is strictly convex, then the solution is unique and admits

the linear representation with parameter a ∈RM given as

f0 =
M∑

m=1
amϕm , (2.8)

with ϕm = JX {νm} ∈X ′.

• If X ′ is a strictly convex Banach space andψ is strictly convex, then the solution is unique

and admits the parametric representation

f0 = JX

{
M∑

m=1
amνm

}
. (2.9)

• Otherwise, when X ′ is not strictly convex, the solution set is the weak*-closure of the

convex hull of its extremal points which can all be expressed as

f0 =
K0∑

k=1
ck ek (2.10)

for some K0 ≤ M, c1, . . . ,cK0 ∈ R, where e1, . . . ,eK0 ∈ X ′ are some extremal points of the

unit ball BX ′ = {x ∈X : ‖x‖X ′ ≤ 1}.

While the characterization given by (2.10) is always valid, it is practical only when the

Banach space X ′ has a unit ball BX ′ with comparatively much fewer extremal points than

boundary points. The prototypical case is `1(Z), whose extremal points Ext(B`1(Z)) = {±δ[·−
m]}m∈Z (the signed Kronecker impulses shifted by m) are indexable, while its boundary points

{u[·] ∈ `1(Z) : ‖u‖`1 = 1} are uncountable. The extremal points of BX ′ can then be interpreted

as the elements of a constrained dictionary. This means that the linear expansion in (2.10)

is adaptive, meaning that the actual choice of K0 and of the basis functions ek ∈X ′ is data-

dependent. This is the main difference with the two other cases for which Theorem 2.1

provides an explicit description of the M-dimensional solution manifold.

We also remark that the representation (2.10) for the case where the solution is non-unique

is deducible from Theorem 3.1 of [76] by viewing an extreme point of the solution set as the

degenerate case of a face with dimension j = 0. Due to the particular importance of the

representation (2.10) and since the main result of [76] is more general than what is required

here, we now provide an alternative proof for this part.

Proof of (2.10). The proof presented in [76] relies on an earlier theorem by Klee [99], which is
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itself based on a foundational result by Dubins on the extreme points of the intersection of a

convex set and a series of hyperplanes [100]. Here, we have chosen the latter as our starting

point in order to simplify the argumentation.

Theorem 2.2 (Main result of [100]). Consider an arbitrary vector space V over the field of real

numbers, a convex set C ⊆V and M hyperplanes H1, . . . , HM ⊂V . Then, any extreme point of

C ∩ (⋂M
m=1 Hm

)
can be written as a convex combination of at most M +1 extreme points of C .

For the Banach space X ′, we denote the unit ball of size β as BX ′,β = { f ∈X ′ : ‖ f ‖X ′ ≤β}.

It then directly follows from Theorem 2.2 that any extreme point of

S = BX ′,β∩ { f ∈X ′ :ν( f ) = y} (2.11)

can be written as a convex combination of at most M +1 extreme points of BX ′,β. In what

follows, we show that, if

β= min
f ∈X ′ ‖ f ‖X ′ s.t. ν( f ) = y, (2.12)

then any extreme points f0 of S has the expansion

f0 =
K∑

k=1
ck fk , K ≤ M , (2.13)

where fk ∈ Ext(BX ′,β), and ck > 0 with
∑K

k=1 ck = 1. The connection with (2.10) is that (2.13) is

obviously also expressible in terms of the basis vectors ek = fk /β which, due to the homogene-

ity property of the norm, are extremal points of the unit ball in X ′.

Assume by contradiction that K = M +1 and that the set { f1, . . . , fM+1} is linearly indepen-

dent. The set of vectors {ν( f1), . . . ,ν( fM+1)} ⊆RM is clearly linearly dependent. Hence, there

exists (αm)M+1
m=1 6= 0 such that

ν(
M+1∑
m=1

αmfm) =
M+1∑
m=1

αmν( fm) = 0. (2.14)

Denote A =∑M+1
m=1 αm and consider the function fε = f0+ε∑M+1

m=1 αm fm for ε ∈R. On one hand,

for all values of ε with |ε| < εmax = minm cm
maxm |αm | , the function

fε
1+εA

=
M+1∑
m=1

cm +εαm

1+εA
fm (2.15)

is in the convex hull of { f1, . . . , fM+1}. Consequently, ‖ fε‖X ′ ≤ |1+ε|β. On the other hand, due

to (2.14), we have

ν( fε) =ν( f0)+ε
M+1∑
m=1

αmym = y. (2.16)
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Hence, due to the optimality of f0, we deduce that

|1+εA|β≥ ‖ fε‖X ′ ≥ ‖ f0‖X ′ =β, ∀ε ∈ (−εmax,εmax). (2.17)

This yields that |1+ εA| ≥ 1 for all ε ∈ (−εmax,εmax), which implies that A = 0. Consequently,

fε ∈S for all ε ∈ (−εmax,εmax). Now, since f0 is an extreme point of S , we deduce from f0 =
f−ε+ fε

2 that f0 = fε for all ε ∈ (−εmax,εmax), and hence,
∑M+1

m=1 αm fm = 0. This is in contradiction

with the linear independence of { f1, . . . , fM+1}.

While the abstract characterization in Theorem 2.1 is remarkably general, it is practical

only for the cases in which the duality operator JX : X → X ′ or the extremal points of the

unit ball in X ′ are known explicitly, for instance when X ′ is a RKHS [77, 8, 61] or when the

underlying norm is a variant of the `1-norm that promotes sparsity [68, 76, 72]. We shall extend

the applicability of Theorem 2.1 by starting from basic building blocks (elementary Banach

constituents) and by showing how these can be combined via the use of linear transforms and

of direct sums to specify more complex regularization norms that can accommodate mixture

models.

2.4 Composite Norms and Direct-Sum Spaces

In order to offer flexibility in the specification of direct-product or direct-sum topologies, we

introduce the finite-dimensional space Z = (RN ,‖ · ‖Z ). The underlying norm is said to be

monotone if

‖(a1, . . . , aN )‖Z ≤ ‖(b1, . . . ,bN )‖Z (2.18)

whenever 0 ≤ |an | ≤ |bn | for each n = 1, . . . , N , and, absolute if ‖z‖Z = ‖(zn)‖Z = ‖(|zn |)‖Z for

any z ∈RN . It is also known that a norm is monotone if and only if it is absolute [101, Theorem

2]. For instance, the latter property is obviously satisfied for ‖ ·‖Z = ‖·‖p with p ≥ 1, as well as

for any weighted version thereof. Moreover, the dual of an absolute norm is again absolute

[101, Theorem 1]. Given a series X1, . . . ,XN of Banach spaces, we then write (X1 ×·· ·×XN )Z
for the direct-product space equipped with the composite norm

‖(x1, . . . , xN )‖ = ‖(‖x1‖X1 , . . . ,‖xN‖XN )‖Z . (2.19)

Likewise, one can construct (internal) direct-sum spaces via the summation of comple-

mented Banach constituents.

Definition 2.4. A series X1, . . . ,XN of Banach subspaces of X is said to be complemented if

X =X1+·· ·+XN = {x = x1+·· ·+xN : xn ∈Xn ,n = 1, . . . , N } (as a set) and Xn1 ∩
∑

n 6=n1
Xn = {0}

when n1 = 1, . . . , N .

In that scenario, any x ∈ X has a unique representation as x = x1 + ·· · + xN with xn =
ProjXn

{x} ∈ Xn , where ProjXn
: X → Xn is the corresponding projection operator. We then
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designate X = (X1 ⊕·· ·⊕XN )Z as the (internal) direct-sum space equipped with the norm

‖x‖X = ‖(‖ProjX1
{x}‖X1 , . . . ,‖ProjXN

{x}‖XN )‖Z . (2.20)

We observe that (2.20) is compatible with (2.19) because ProjXn1
: X →Xn1 is such that

ProjXn1
{xn} =

{
xn1 , for n = n1

0, otherwise
(2.21)

for any xn ∈ Xn . This identification, together with the unicity of the sum decomposition,

implies that (X1 ⊕·· ·⊕XN )Z is a Banach space that is isometrically isomorphic to (X1 ×·· ·×
XN )Z .

We now highlight the key properties of the constructed direct-product/-sum spaces.

Theorem 2.3. Let (X ′
1,X1), . . . , (X ′

N ,XN ) be a series of dual pairs of Banach spaces and ‖ ·‖Z a

norm on RN that is absolute. Then, we have the following properties:

1. The continuous dual of X = (X1×·· ·×XN )Z is the direct-product space X ′ = (X ′
1×·· ·×

X ′
N )Z ′ .

2. The elements y = (y1, . . . , yN ) ∈X ′ and x = (x1, . . . , xN ) ∈X form a conjugate pair if and

only if yn =αn x∗
n , where x∗

n ∈X ′
n is a Banach conjugate of xn ∈Xn and αn ∈R≥0 is given

by

αn =
{ z∗

n
‖xn‖Xn

> 0, xn 6= 0

0, otherwise
(2.22)

with z∗ = (z∗
n ) ∈Z ′ a Banach conjugate of z = (‖x1‖X1 , . . . ,‖xN‖XN ) ∈Z .

3. The element e = (e1, . . . ,eN ) ∈X is an extremal point of the unit ball in X if and only if

(‖e1‖X1 , . . . ,‖eN‖XN ) is an extremal point of the unit ball in Z , and for each 1 ≤ n ≤ N

with en 6= 0, en
‖en‖Xn

is an extremal point of the unit ball of Xn .

4. If the Xn are complemented Banach subspaces of the (sum) space Xsum, then the con-

tinuous dual of Xsum = (X1 ⊕·· ·⊕XN )Z is the direct-sum Banach space X ′
sum = (X ′

1 ⊕
·· ·⊕X ′

N )Z ′ , which is isometrically isomorphic to the direct-product space X ′ in Item

1. Consequently, the properties in Item 2 and 3 also apply, with the convention that

xn = ProjXn
{x} and yn = ProjX ′

n
{y} for n = 1, . . . , N .

Proof. An element y = (y1, . . . , yN ) of X ′ is identified with the linear functional

x = (x1, . . . , xN ) 7→ 〈y, x〉X ′×X =
N∑

n=1
〈yn , xn〉X ′

n×Xn
. (2.23)
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The first property is a basic result in the theory of Banach spaces [93, Theorem 1.10.13] when

the outer norm is Euclidean with Z =Z ′ = (RN ,‖ ·‖2). The present setting is more general so

that we need to prove that the dual norm of y = (y1, . . . , yN ) ∈X ′ is precisely

‖y‖X ′ = sup
‖x‖X =1

〈y, x〉 =
∥∥∥(‖y1‖X ′

1
, . . . ,‖yN‖X ′

N
)
∥∥∥

Z ′ . (2.24)

Since the spaces (X ′
n ,Xn) form dual pairs, we have the generic duality inequalities

〈yn , xn〉X ′
n×Xn

≤ ∣∣〈yn , xn〉X ′
n×Xn

∣∣≤ ‖yn‖X ′
n
‖xn‖Xn (2.25)

with equality if and only if yn = αn x∗
n for some αn ∈ R+. This implies that, for any (y, x) ∈

X ′×X , we have that

〈y, x〉X ′×X =
N∑

n=1
〈yn , xn〉X ′

n×Xn
≤

N∑
n=1

∣∣〈yn , xn〉X ′
n×Xn

∣∣≤ N∑
n=1

‖yn‖X ′
n
‖xn‖Xn (2.26)

Likewise, by setting y = (‖y1‖X ′
1
, . . . ,‖yN‖X ′

N
) ∈Z ′ and z = (‖x1‖X1 , . . . ,‖xN‖XN ) ∈Z , we write

the complementary duality inequality

N∑
n=1

‖yn‖X ′
n
‖xn‖Xn = 〈y,z〉Z ′×Z ≤ ∣∣〈y,z〉Z ′×Z

∣∣≤ ‖y‖Z ′‖z‖Z . (2.27)

By observing that ‖z‖Z = ‖x‖X and combining these inequalities, we get that

〈y, x〉X ′×X ≤
N∑

n=1
‖yn‖X ′

n
‖xn‖Xn ≤ ‖y‖Z ′‖x‖Z = ‖y‖Z ′‖x‖X , (2.28)

which shows that ‖y‖X ′ is upper-bounded by ‖y‖Z ′ =
∥∥∥(‖y1‖X ′

1
, . . . ,‖yN‖X ′

N
)
∥∥∥

Z ′ . To prove that

we actually have ‖y‖X ′ = ‖y‖Z ′ , for any ε> 0, we need to find xε ∈X with ‖xε‖X = 1 such that

〈y, xε〉X ′×X ≥ ‖y‖Z ′ −ε. (2.29)

By definition of the dual norm ‖ ·‖Z ′ , we have that

‖y‖Z ′ = sup
α∈RN

‖α‖Z ≤1

yTα. (2.30)

Since RN is a finite-dimensional vector-space, the unit ball BZ = {α ∈ RN : ‖α‖Z ≤ 1} is

compact. Hence, there exists a vector α = (α1, . . . ,αN ) ∈ BZ that attains the supremum in

(2.30). In other words,

‖y‖Z ′ = yTα=
N∑

n=1
‖yn‖X ′

n
αn . (2.31)

Similarly, for any ε > 0, the definition of the dual norm implies the existence of unit-norm
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elements xn ∈Xn for n = 1, . . . , N such that

〈yn , xn〉X ′
n×Xn

≥ ‖yn‖X ′
n
− 2ε

N (α2
n +1)

. (2.32)

We then set xε = (α1x1, . . . ,αN xN ) ∈X and observe that

‖xε‖X = ∥∥(‖α1x1‖X1 , . . . ,‖αN xN‖XN )
∥∥

Z = ‖(|α1|, . . . , |αN |)‖Z = 1. (2.33)

Based on (2.32) and the inequality α
α2+1 ≤ 1

2 for all α ∈R, we then deduce that

〈y, xε〉X ′×X =
N∑

n=1
〈yn ,αn xn〉X ′

n×Xn
≥

N∑
n=1

αn

(
‖yn‖X ′

n
− 2ε

N (α2
n +1)

)

=
N∑

n=1
αn‖yn‖X ′

n
− 2ε

N

N∑
n=1

αn

α2
n +1

= ‖y‖Z ′ − 2ε

N

N∑
n=1

αn

α2
n +1

≥ ‖y‖Z ′ −ε, (2.34)

which, in light of the inequality ‖y‖X ′ ≤ ‖y‖Z ′ , allows us to conclude that ‖y‖X ′ = ‖y‖Z ′ .

To prove the second property, we observe that y ∈X ′ and x ∈X form a conjugate pair if and

only if an equality occurs in both (2.26) and (2.27). Inequalities (2.25) and (2.26) are saturated

if and only if yn =αn x∗
n , αn ∈R≥0, and (x∗

n , xn) form a (X ′
n ,Xn)-conjugate pair. The saturation

of (2.27) with ‖y‖X ′ = ‖y‖Z ′ = ‖z‖Z = ‖x‖X is then equivalent to y = z∗ = (z∗
1 , . . . , z∗

N ). Under

the assumption that xn 6= 0, this yields αn = z∗
n

‖x∗
n‖X ′

n

, which is the announced result since

‖x∗
n‖X ′

n
= ‖xn‖Xn .

The third property is due to Dowling and Saejung [102]. Finally, the last statement is a

direct consequence of the isometric isomorphism between Xsum = (X1 ⊕ . . . ,⊕XN )Z and

X = (X1 × . . . ,×XN )Z .

In particular, if ‖ · ‖Z = ‖ ·‖2 is the usual Euclidean norm, then z∗ in Property 2 is unique

and coincides with z, which implies that the Banach conjugate of x = (x1, . . . , xN ) ∈X is simply

x∗ = (x∗
1 , . . . , x∗

N ) ∈X ′.

The combination of these preparatory results and Theorem 2.1 allows us to deduce the

following.

Theorem 2.4 (Representer theorem for direct-product spaces). If the space X ′ in Theorem

2.1 has a direct-product decomposition as X ′ = (X ′
1 ×·· ·×X ′

N )Z ′ with predual X = (X1 ×·· ·×
XN )Z , where (X ′

1,X1), . . . , (X ′
N ,XN ) are dual pairs of Banach spaces and both E and ψ are

strictly convex, then the solutions f0 = ( f0,1, . . . , f0,N ) ∈ S ⊂X ′ of the optimization problem (2.7)

are (X ′,X )-Banach conjugates of a common

ν0 = (ν0,1, . . . ,ν0,N ) =
M∑

m=1
amνm , (2.35)

where νm = (νm,1, . . . ,νm,N ) ∈ X with νm,n ∈ Xn and a suitable set of coefficients a ∈ RM .
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Chapter 2. General Representer Theorem

Moreover, depending of the properties of the underlying Banach constituents, the solution

components f0,n ∈X ′
n have the following characterization with predefined scaling constants:

αn =
{ yn

y∗
n
> 0, yn 6= 0

0, otherwise,
(2.36)

where y = (‖ f0,1‖X ′
1
, . . . ,‖ f0,N‖X ′

N
) and y∗ = JZ ′{y}:

• If X ′
n is a Hilbert space and Z ′ is strictly convex, then f0,n is unique and admits the linear

representation

f0,n =αn

M∑
m=1

amϕm,n (2.37)

with ϕm,n = JXn {νm,n} ∈X ′
n , where JXn is the Riesz map Xn →X ′

n .

• If X ′
n is a strictly convex Banach space and Z ′ is strictly convex, then the solution compo-

nent is unique and admits the parametric representation

f0,n =αnJXn

{
M∑

m=1
amνm,n

}
(2.38)

where JXn is the (nonlinear) duality operator Xn →X ′
n .

• If X ′
n is a non-strictly convex Banach space, then the subcomponent solution set S|X ′

n
is

the weak*-closure of the convex hull of its extremal points, which can all be expressed as

f0,n =
K0∑

k=1
ck,nek,n , (2.39)

where e1,n , . . . ,eK0,n ∈X ′
n are some extremal points of the unit ball in X ′

n and c1,n , . . . ,cK0,n ∈
R some appropriate weights; the (minimal) number of atoms K0 ≤ M is common to all

the components associated with non-reflexive Banach spaces.

In the particular case where ‖ ·‖Z ′ = ‖·‖1, (2.39) can be replaced by

f0,n =
Kn∑

k=1
ck,nek,n (2.40)

with
∑N

n=1 Kn ≤ M. In addition, (2.38) (resp. (2.37)) remains valid for the components for which

the space X ′
n is strictly convex (resp., Hilbertian), with the caveat that the solution is no longer

guaranteed to be unique; this, then, contributes a degenerate version of (2.40) with Kn = 1,

c1,n = ‖ f0,n‖X ′
n

, and e1,n = f0,n/‖ f0,n‖X ′
n

.

Proof. The existence of solutions f0 ∈ X ′ and the property that S ⊆ JX (ν0) for some ν0 =∑M
m=1 amνm ∈Nν is ensured by Theorem 2.1. We then proceed in three steps.
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(i) Constant value of ψ(‖ f0‖X ′) for all f0 ∈ S.

The key here is the strict convexity of f 7→ E(y,ν( f )) together with the convexity of f 7→
ψ(‖ f ‖X ′). By applying a standard argument (by contradiction) that uses the convexity of S, we

show that there exist two constants C1 and C2 such that E(y,ν( f0)) =C1 and ψ(‖ f0‖X ′) =C2

for all f0 ∈ S (see, for instance, the last part of the proof in [74, Appendix B]). By invoking the

strict convexity of E , this then implies that all solutions share the same measurement vector

z0 =ν( f0). Likewise, when ψ is strictly convex, we readily deduce that ‖ f0‖X ′ takes a constant

value.

(ii) Uniqueness of ‖ f0,n‖X ′
n

in the strictly-convex case.

To show that ‖ f0,n‖X ′
n
= yn holds for all f0 ∈ S, we suppose that there exists another solution

f̃0 ∈ S such that ‖ f̃0‖X ′ = ‖ f0‖X ′ and ‖ f̃0,n‖X ′
n
= ỹn with ỹ 6= y. Since S is convex, λ f̃0+(1−λ) f0

with any λ ∈ (0,1) must also be a solution with associated norm ‖λ f̃0+(1−λ) f0‖X ′ ≤ ‖λỹ+(1−
λ)y‖Z ′ , by the triangle inequality. However, the norm equality ‖ f̃0‖X ′ = ‖ỹ‖Z ′ = ‖y‖Z ′ and the

strict-convexity of ‖ ·‖Z ′ (see Definition 2.2) implies that ‖λỹ+ (1−λ)y‖Z ′ < ‖y‖Z ′ = ‖ f0‖X ′ ,

which results in a contradiction.

(iii) Generic form of the solution component f0,n .

We assume that yn = ‖ f0,n‖X ′ 6= 0; otherwise, we simply have that f0,n = 0. From Property 2 in

Theorem 2.3, we know that f0 = ( f0,1, . . . , f0,N ) and ν0 = (ν0,1, . . . ,ν0,N ) form a conjugate pair if

and only if there exists f ∗
0,n ∈ JX ′

n
( f0,n) such that ν0,n = (y∗

n /yn) f ∗
0,n , where y∗ = (y∗

1 , . . . , y∗
N ) =

JX ′{y}.

When X ′
n is strictly convex, the duality mapping is single-valued. The representations in

(2.37) and (2.39) then directly follow from the primary expansion ν0,n =∑M
m=1 amνm,n and the

homogeneity property of the duality mapping expressed as JX {αν} =αJX {ν} for any ν ∈ X

and α ∈R≥0 (see [96]).

Since S is convex and weak∗-compact, we can invoke the Krein-Milman theorem, which

states that S is the closure of the convex hull of its extremal points. The same holds true

for the convex set S|X ′
n

(the restriction of S on X ′
n) with Ext(S|X ′

n
) ⊆ Ext(S)|X ′

n
. By recalling

that all points f0 ∈ Ext(S) can be represented as f0 = ( f0,1, . . . , f0,N ) = ∑K0

k=1 ck ek , where ek =
(ek,1, . . . ,ek,N ) ∈ Ext(BX ′) and K0 ≤ M (by Theorem 2.1), we obtain that

f0,n =
K0∑

k=1
ck‖ek,n‖X ′

n
ẽk,n , (2.41)

where ẽk,n = ek,n/‖ek,n‖X ′
n

are extremal points of the unit ball in X ′
n (by Theorem 2.3, Property

3). The announced statement with ck,n = ‖ek,n‖X ′
n

ck then follows from the property that (2.41)

is valid for all f0,n ∈ Ext(S)|X ′
n
⊇ Ext(S|X ′

n
). In fact, Property 3 in Theorem 2.3 tells us that the

subset of points f0,n ∈ Ext(S|X ′
n

) are those for which ek = y/‖y‖Z ′ are extremal points of the
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unit ball in Z ′. In particular, when ‖ · ‖Z ′ = ‖ ·‖1 (outer `1-norm), the ek all have the binary

form (0,0, . . . ,±1,0, . . . ) with a single active coefficient at n = nk , which then yields (2.40).

The outcome of Theorem 2.4 is that the generic form of the solution in Theorem 2.1 is

essentially transferred to the direct-product components, with the distribution of the relative

energy being controlled by the outer norm ‖ ·‖Z ′ . The effect of the `1-norm is significant in

that respect because it acts as a threshold that selectively blocks certain solution components

and lets others through.

2.5 Convex Optimization in Sums of Banach Spaces

The techniques that we describe next are relevant to inverse problems for which the solution f0

can be decomposed into a sum of components that have distinct smoothness and/or sparsity

properties. The solution then lives in a sum of Banach spaces. Beside the reconstruction of f0

from the noisy measurement y =ν( f )+ε, we are now faced with the additional challenge of

disambiguating the individual components of the solution.

Let X ′
1, . . . ,X ′

N be a series of Banach spaces whose elements are indexed over the same

domain. We then define the sum space

X ′
1 +·· ·+X ′

N = { f = f1 + f2 +·· ·+ fN : fn ∈X ′
n ,n = 1, . . . , N }. (2.42)

Given a linear measurement operator ν= (ν1, . . . ,νM ) : X ′
1 +·· ·+X ′

N →RM with νn ∈∩N
n=1Xn

and a set of measurements y ∈RM , we are then interested in the study of the solvability of the

convex optimization problem

S = argmin
( fn )N

n=1: fn∈X ′
n

(
E

(
y,ν(

N∑
n=1

fn)
)
+ψ

(∥∥∥(‖ f1‖X ′
1
, . . . ,‖ fN‖X ′

N
)
∥∥∥

Z ′

))
(2.43)

where the functions E and ψ are the same as in Theorem 2.1, while ‖ ·‖Z ′ is a suitable norm

that controls the coupling of the components. The idea here is to segregate the components

fn by favouring some “regularized” solutions f0 = ( f0,n)N
n=1 such that the ‖ f0,n‖X ′

n
are small in

an appropriate sense. Problem (2.43) is generally well defined. Its solution can be obtained as

a special case of Theorem 2.4. To see this, it suffices to invoke the linearity of νm , which yields

νm

( N∑
n=1

fn

)
=

N∑
n=1

〈νm , fn〉Xn×X ′
n
= 〈ν̃m , f 〉X×X ′ (2.44)

with f = ( f1, . . . , fN ) ∈ X ′ = (X ′
1 ×·· ·×X ′

N )Z ′ , and ν̃m = (νm , . . . ,νm) ∈ X = (X1 ×·· ·×XN )Z .

The multicomponent optimization problem (2.43) is therefore equivalent to (2.7) with X ′

being a direct-product space and the specific choice of a “replicated” measurement operator

ν̃= (ν, . . . ,ν). Consequently, we get the general form of the solution by simple substitution of

νm,n by νm in Theorem 2.4.
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2.6 Minimization of Semi-Norms

We now consider the scenario of a native Banach space X ′ that has a direct-sum decomposi-

tion as X ′ =U ′⊕Np, where U ′ is the dual of some primary Banach space (U ,‖·‖U ) and where

the complementary space Np is spanned by the finite-dimensional basis p = (p1, . . . , pN0 ).

Since Np = span{pn}N0
n=1 is of dimension N0 and hence also reflexive, the same holds true

for its continuous dual N ′
p . Moreover, due to the direct-sum property, there exists a unique

biorthonormal set of generators p∗
1 , . . . , p∗

N0
∈X such that N ′

p = span{p∗
n}N0

n=1 =Np∗ and

〈p∗
m , pn〉 = δ[m −n]

〈p∗
n , s〉 = 0

for any s ∈U ′ and m,n ∈ {1, . . . , N0}. This allows us to specify the canonical projector ProjNp
:

X ′ →Np as

ProjNp
{ f } =

N0∑
n=1

〈p∗
n , f 〉pn (2.45)

for any f ∈X ′. This identification also yields the complementary projector ProjU ′ : X ′ →U ′

as ProjU ′ = (Id−ProjNp
). Likewise, by interchanging the role of the synthesis and analysis

functionals in (2.45), we identify the canonical projector ProjNp∗ : X →Np∗ as

ProjNp∗ {ν} =
N0∑

n=1
〈pn ,ν〉p∗

n (2.46)

for any ν ∈X . We now have the means to specify and bound the norm of any f ∈X ′ as

‖ f ‖X ′ = (‖ f ‖U ′ ,‖ProjNp
{ f }‖Np )Z ′ ≤ ‖ f ‖U ′ +‖ProjNp

{ f }‖Np (2.47)

where the functional f 7→ ‖ f ‖U ′
M= ‖ProjU ′ f ‖U ′ is a semi-norm (resp., a norm) over X ′ (resp.,

U ′). Because the pn are linearly independent, we also note that the standard description of

U ′ as the complement of Np in X ′, given by

U ′ = {s ∈X ′ : ProjNp
{s} =

N0∑
n=1

〈p∗
n , s〉pn = 0},

is equivalent to

U ′ = {s ∈X ′ : p∗(s) = 0} (2.48)

where p∗( f ) = (〈p∗
1 , f 〉, . . . ,〈p∗

N0
, f 〉) is a vector-valued functional X ′ →RN0 . Likewise, we have

that

U = {u ∈X : p(u) = 0}, (2.49)

which, once again, capitalizes on the biorthonormality of (p∗,p).
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The consideration of such a direct-sum decomposition of a Banach space X ′ is relevant to

inverse problems because it suggests that one can substitute the original regularization term

‖ f ‖X ′ by the semi-norm ‖ f ‖U ′ when one wants to favor solutions with a strong contribution in

Np, the null space of the semi-norm. This is a standard technique in spline theory, albeit within

the classical context of RKHS spaces with ‖ f ‖U ′ = ‖L f ‖L2 , where L is a suitable differential

operator (e.g., a higher-order derivative or fractional Laplacian) with a null space Np that

consists of polynomials of degree n [82, 83, 84]. We now show how this technique can be

extended in full generality to Banach spaces. The basic requirement for this extension is that

the inverse problem be well-posed over Np. This is made explicit in (2.64), which is equivalent

to the fourth condition in Theorem 2.5.

Theorem 2.5 (General representer theorem for Banach semi-norms). Let us consider the

following setting:

• A dual pair of Banach spaces (X =U ⊕Np∗ ,X ′ =U ′⊕Np), where Np =N ′
p∗ is the vector

space spanned by the finite-dimensional basis p = (p1, . . . , pN0 ).

• The analysis subspace Nν = span{νm}M
m=1 ⊂X , with the νm being linearly independent

and M > N0.

• The linear measurement operator ν : X ′ →RM : f 7→ (〈ν1, f 〉, . . . ,〈νM , f 〉).

• The vectors v1, . . . ,vN0 ∈RM with [vn]m = 〈νm , pn〉 are linearly independent; they admit a

complementary set {u1, . . . ,uM−N0 } in RM such that RM = span{vn}N0
n=1 ⊕ span{um}M−N0

m=1 .

• A proper, lower-semicontinuous, coercive, and convex loss functional E : RM ×RM →
R≥0 ∪ {+∞}.

• Some arbitrary strictly increasing and convex function ψ :R≥0 →R≥0.

Then, for any fixed y ∈RM , the solution set of the generic optimization problem

S = arg min
f ∈X ′

(
E

(
y,ν( f )

)+ψ(‖ f ‖U ′
))

(2.50)

is nonempty, convex, and weak∗-compact.

If E is strictly convex, or if it imposes the equality constraint y = ν( f ), then any solution

f0 ∈ S ⊂X ′ has a unique decomposition as f0 = p0 + s0 with p0 ∈Np and s0 ∈U ′ the (U ′,U )-

conjugate of a common ν̃0 ∈U whose generic form is

ν̃0 =
M−N0∑
m=1

am ν̃m ∈Nν∩U (2.51)

with suitable coefficients a = (am) ∈RM−N0 and reduced basis functions ν̃m = ũT
mν ∈U , where

ũm ∈ RM is the unique (biorthogonal) vector such that ũT
mvn = 0 and ũT

mum′ = δ[m −m′] for
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any m,m′ ∈ {1, . . . , M −N0} and n ∈ {1, . . . , N0}. Depending on the Banach characteristics of U ′,
this then results in the following explicit description of the solution(s):

• If U ′ is a Hilbert space and ψ is strictly convex, then the solution f0 is unique and admits

the linear representation

f0 =
M−N0∑
m=1

amϕm +
N0∑

n=1
bn pn , (2.52)

with coefficients (a,b) ∈RM and basis functions pn ∈Np, ϕm = JU {ν̃m} ∈U ′, where JU is

the Riesz map U →U ′.

• If U ′ is a strictly convex Banach space and ψ is strictly increasing, then the solution is

unique and admits the parametric representation

f0 = JU

{
M−N0∑
m=1

am ν̃m

}
+

N0∑
n=1

bn pn (2.53)

where JU is the (nonlinear) duality operator U →U ′.

• Otherwise, when U ′ is not strictly convex, the solution set is the weak*-closure of the

convex hull of its extremal points, which can all be expressed as

f0 =
K0∑

k=1
ck ek +

N0∑
n=1

bn pn (2.54)

for some K0 ≤ (M −N0), c1, . . . ,cK0 ∈R, where e1, . . . ,eK0 ∈U ′ are some extremal points of

the unit ball BU ′ = {s ∈ U : ‖s‖U ′ ≤ 1}. The vector b = (bn) ∈ RN0 that characterizes the

null-space component of f0 is unique and common to all solutions whenever E is strictly

convex and Np∗ ⊂Nν.

Before proceeding with the proof of Theorem 2.5, we detail the way in which the reduced ba-

sis ν̃= (ν̃1, . . . , ν̃M−N0 ) in (2.51) is constructed. To that end, we first define the cross-correlation

matrix V = [v1 · · · vN0 ] = ν(p) ∈ RM×N0 with [V]m,n = 〈νm , pn〉. Let us highlight the following

notation that shall be used throughout this part: for any matrix A = [am,n] ∈ RM×N and any

vector ν= (νn) ∈X N , the vector ν̃= (ν̃m) = Aν ∈RM is defined as

ν̃m =
N∑

n=1
am,nνn . (2.55)

Proposition 2.2 (Direct-sum decomposition of the measurement space). Letν= (ν1, . . . ,νM ) ∈
X M with X =U ⊕Np∗ and p = (p1, . . . , pN0 ) ∈ (X ′)N0 be two vectors of linear functionals such

that the matrix V = ν(p) ∈ RM×N0 is of rank N0. Then, one can always find three matrices
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U ∈RM×(M−N0), Ṽ ∈RM×N0 , and Ũ ∈RM×(M−N0) such that[
ŨT

ṼT

][
U V

]
= IM . (2.56)

Based on these matrices, ν ∈X M has a unique and reversible decomposition as

ν= Uν̃+Vp̃∗, (2.57)

where

ν̃= (ν̃1, . . . , ν̃M−N0 ) = ŨTν ∈U M−N0 (2.58)

p̃∗ = (p̃∗
1 , . . . , p̃∗

N0
) = ṼTν ∈X N0 . (2.59)

In effect, this yields a decomposition of the measurement space Nν = span{νm}M
m=1 as Nν =

Np̃∗ ⊕Nν̃ with Nν̃ = span{ν̃m}M−N0
m=1 ⊂ U . In particular, if Np∗ ⊂ Nν, then there is a unique

matrix Ṽ ∈RM×N0 of rank N0 such that ṼTν= p∗ and such that the decomposition still applies

with Nν =Np∗ ⊕Nν̃.

Proof. Since the vectors v1, . . . ,vN0 ∈ RM are linearly independent, they can always be com-

pleted by adding some vectors vN0+1 = u1, . . . ,vM = uM−N0 to form a basis of RM . The linear

independence of the resulting family (basis property) is equivalent to the existence of a unique

dual basis ṽ1, . . . , ṽM ∈RM such that

〈ṽm ,vn〉 = ṽT
mvn = δm,n (2.60)

for m,n ∈ {1, . . . , M } (biorthonormality property). This means that any vector y ∈ RM has

a unique (and reversible) decomposition as y = ∑M
m=1〈ṽm ,y〉vm . By collecting the expan-

sion coefficients in the two vectors b̃ = (〈ṽ1,y〉, . . . ,〈ṽN0 ,y〉) and ỹ = (〈ṽN0+1,y〉, . . . ,〈ṽM ,y〉) and

identifying the matrices Ṽ = [ṽ1 · · · ṽN0 ], U = [vN0+1 · · · vM ], and Ũ = [ṽN0+1 · · · ṽM ], we then

observe that the decomposability of y ∈RM is equivalent to

y =
[

U V
][

ỹ

b̃

]
(2.61)

with

ỹ = ŨT y ∈RM−N0 , b̃ = ṼT y ∈RN0 . (2.62)

Likewise, the enabling biorthonormality property (2.60) is equivalent to the invertibility con-

dition (2.56).

By substituting y ∈ RM , ỹ ∈ RM−N0 , and b̃ ∈ RN0 by ν( f ), ν̃( f ), and p̃∗( f ), respectively, we

then rephrase (2.61) and (2.62) in term of functionals, which yields the reversible decompo-

sition described by (2.57), (2.58), and (2.59). To prove that Nν̃ ⊂ U = {u ∈ X : p(u) = 0}, we
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invoke the invertibility condition (2.56), which yields p(ν̃) = (
ν̃(p)

)T = (ŨT V)T = 0T . Since,

for any a ∈RM , we have that aT Uν̃ ∈ span{ν̃n}M−N0
n=1 and aT Vp̃∗ ∈ span{p̃∗

n}N0
n=1 with the linear

expansion of aTν ∈Nν in the corresponding basis being reversible, we can interpret (2.57) as

the direct-sum decomposition Nν =Nν̃⊕Np̃∗ .

The inclusion Np∗ ⊂Nν, together with the linear independence of the νm , is equivalent to

the existence of a unique transformation matrix ṼT of rank N0 such that p∗ = ṼTν. While this

sets the matrix Ṽ ∈RM×N0 , one is still left with sufficiently many degrees of freedom to select

the complementary matrices U and Ũ such that (2.56) holds.

We note that, irrespective of whether we fix Ṽ (second part of Proposition 2.2) or not, there

are generally infinitely many admissible choices for U in (2.56) and, hence, for the construction

of the reduced basis ν̃ defined by (2.58). This does not contradict the unicity of (2.51). Indeed,

different choices of extension correspond to different biorthogonal bases ν̃= (ν̃1, . . . , ν̃M−N0 )

of the same subspace.

Proof of Theorem 2.5.

(i) Existence: The classical conditions that ensure the existence of a minimizer of the functional

J( f ) = E
(
y,ν( f )

)+ψ(‖ f ‖U ′
)

are that J( f ) should be proper, convex, (weak∗-)lower-semi-

continuous, and coercive over X ′. These higher-level properties also imply that the solution

set S is convex, and weak∗-compact.

The first three conditions follow from the listed assumptions and the general properties

of a (semi-)norm—see argumentation in the proof of Theorem 2.1 in [103]. To establish

coercivity, we recall that the hypothesis νm ∈X implies the continuity of νm : X ′ →R due to

the continuous embedding of X in its bidual X ′′ = (X ′)′. Consequently, there exists some

constant A > 0 such that

‖ν( f )‖2 ≤ A‖ f ‖X ′ (2.63)

for all f ∈ X ′. Likewise, the linear independence of the vn and the property that all finite-

dimensional norms are equivalent implies the existence of B > 0 such that, for any p ∈Np,

B‖p‖Np ≤ ‖ν(p)‖2. (2.64)

By using the direct-sum decomposition f = s+p with (s, p) ∈U ′×Np, ‖ f ‖X ′ ≤ ‖s‖U ′ +‖p‖Np ,

and ‖s‖U ′ = ‖ f ‖U ′ , we readily deduce that

‖ν( f )‖2 ≥ ‖ν(p)‖2 −‖ν(s)‖2 ≥ B‖p‖Np − A‖s‖U ′ ≥ B‖ f ‖X ′ − (A+B)‖ f ‖U ′ , (2.65)

where we have made use of the triangle inequality and the two previous bounds. Let us now

consider some sequence ( fm) in X ′ with fm = (sm , qm) ∈U ′×Np such that ‖ fm‖X ′ ≥ ‖ fn‖X ′
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for m ≥ n and limm→∞ ‖ fm‖X ′ =∞. Then, there are two possible asymptotic behaviors for

the norm of sm = ProjU ′ fm :

1. The quantity ‖sm‖X ′ = ‖ fm‖U ′ →∞ as m →∞, in which case J( fm) →∞ due to the

unboundedness of ψ :R≥0 →R≥0 at infinity.

2. There exists a constant C such that ‖ fm‖U ′ ≤ C for all m. By invoking (2.65), we get

that ‖ν( fm)‖2 →∞ as m →∞, which, in turn, gives J ( fm) →∞, due to the coercivity of

E(·,y).

In summary, J ( f ) →∞ as ‖ f ‖X ′ →∞, which is the required coercivity property.

(ii) Representation of a solution: The underlying direct-sum property implies that any f0 ∈
S ⊂ X ′ has a unique decomposition as f0 = s0 + p0 with (s0, p0) ∈ U ′ ×Np. To derive the

parametric form of a solution, we momentarily assume that p0 (and, hence, ν(p0) ∈RM ) and

y0 =ν( f0) ∈RM are known. By making use of the decomposition of the measurement space

in Proposition 2.2, we observe that the penalized component s0 ∈U ′ solves the equivalent

constrained-optimization problem

s0 ∈ Sp0,y0 = argmin
s∈U ′ ‖s‖U ′ s.t. y0 −ν(p0) =ν(s) = Uν̃(s)+Vp̃∗(s), (2.66)

where ν̃ = ŨTν ∈ U M−N0 and p̃∗ = ṼTν ∈ X N0 . We now show that the effective number of

linear constraints in (2.66) is actually (M−N0) and not M , as may be thought on first inspection.

To that end, we multiply the linear constraint by ŨT ∈R(M−N0)×M on both sides and use the

properties that ŨT U = IM−N0 and ŨT V = 0 (see (2.56) in Proposition 2.2). This yields

s0 ∈ Sp0,y0 = argmin
s∈U ′ ‖s‖U ′ s.t. ν̃(s) = ỹ0, (2.67)

where ỹ0 = ŨT
(
y0−ν(p0)

)= ŨT y0 ∈RM−N0 . This latter simplification occurs because ŨTν(p) =
ν̃(p) = 0 for all p ∈ Np by construction. The theoretical significance of the cancellation of

ŨTν(p0) is that the above manipulation does not depend on p0, so that Sp0,y0 = Sy0 . In effect,

this means that the characterization of the optimal s0 in (2.67) holds for all solutions that

share the same measurements y0. This is true, in particular, when E is strictly convex, by a

standard argument in convex analysis. The description of s0 ∈U ′ as the (U ′,U )-conjugate of

a common ν̃0 ∈Nν̃, as well as (2.52), (2.53), and (2.54), then follow from Theorem 2.1.

For the special scenario Np∗ ⊂Nν, we select Ṽ such that p∗ = ṼTν (see the second part of

Proposition 2.2) and are then able to obtain the expansion of coefficients of p0 = ProjNp
{ f0}

directly from the measurements as b = p∗( f0) = ṼT y0, which establishes this part of the

solution as well for all f0 ∈ S.

When the (semi)-norm ‖·‖U ′ is strictly convex, Theorem 2.5 states that the unique solution

56



2.7. Summary

f0 lives in a finite-dimensional manifold that is parameterized by b ∈RN0 (for the null-space

component p0) and a ∈RM−N0 (for the preimage ν̃0 of the penalized component s0 = (ν̃0)∗).

While the two primary expansions are linear, the high-level ingredient of the representation is

the duality mapping, which introduces a nonlinearity in the non-Hilbert scenario. At any rate,

the main point is that the intrinsic dimensionality of the solution space is still M , as in the

case of Theorem 2.1, except that the repartition is now very different, with the contribution of

the null-space component p0 ∈Np being maximized since it is no longer penalized.

An important outcome of Theorem 2.5 is that it becomes possible to characterize the full

solution set S via the specification of a single pair (p0, ν̃0) ∈Np ×U . For the challenging cases

where there are multiple solutions (third scenario), this requires the additional assumption

that Np∗ ⊂ Nν, which has the desirable effect of decoupling the determination p0 from

that of ν̃0. It turns out that this decoupling is applicable to most practical problems that

involve a semi-norm regularization. The key is that it is generally possible to adapt the

semi-norm topology to the problem at hand by selecting a biorthonormal system (p∗,p) with

p∗
1 , . . . , p∗

N0
∈ span{νm}M

m=1 ⊂X (see, for instance, [73, 104]).

2.7 Summary

In this chapter, we presented a refinement of Theorem 2.1 for the cases where X ′ admits the

decomposition X ′ =X ′
1 ×·· ·×X ′

N (direct product of Banach spaces) or X ′ =X ′
1 ⊕·· ·⊕X ′

N

(direct sum of Banach spaces). Our main result is Theorem 2.4, which explicitly tells us how

the underlying direct-product duality mappings and extremal points can be determined from

the knowledge of the same entities for the simpler constituent spaces X ′
n . We then extend

Theorem 2.1 by replacing the original regularizing norm by a semi-norm that has a finite-

dimensional null space Np = span{p1, . . . , pN0 } ⊂X ′. The main result expressed by Theorem

2.5 is that this adds a null-space component p0 to the generic solution(s) of Theorem 2.1,

which is the desired outcome. At the same time, it reduces the intrinsic dimension of the

complementary component s0 = f0 − p0 from M to (M − N0). The mathematical analysis

amounts to making sure that the solution exists and to then properly split the problem in

order to decouple the determination of the two solution components. The significance of

our new Theorem 2.5 is to show that the traditional techniques of spline approximation

[82, 83, 8, 84], which involve semi-reproducing-kernel Hilbert spaces [85], are extendable

to Banach spaces in general. Likewise, the non-strictly convex scenario in Theorem 2.5 is

consistent with a number of recent results that have appeared in the literature for sparsity-

promoting functionals [73, 76, 72], although the overlap is only partial due to the generality of

our present formulation.
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3 Supervised Learning with Sparsity
Prior

In this chapter1, we employ our theoretical findings in Chapter 2 to develop novel supervised

learning schemes in the nonparametric setting. The common thread throughout all of our

proposed methods is the existence of the concept of sparsity, which facilitates learning simpler

and, hence, more interpretable models.

We begin with a brief introduction to supervised learning and common methods used

in this domain (Section 3.1). We then present a novel kernel-based regression scheme that

proposes a sparse and adaptive kernel expansion (Section 3.2). After that, we focus on the

problem of learning univariate models under joint sparsity and Lipschitz constraint (Section

3.3). This paves the way to develop a functional framework for learning activation functions

of deep neural networks (Section 3.4). Last but not least, we introduce a novel seminorm—

the Hessian-Schatten total variation—and propose its use as a regularization functional for

learning continuous and piecewise linear models (Section 3.5).

3.1 Overview on Supervised Learning

The determination of an unknown function from a series of samples is a classical problem

in machine learning. It falls under the category of “supervised learning,” which has been

abundantly described in the literature (see [112, 113, 8] for classical textbooks, as well as

[114, 115, 116, 117] for more recent ones). The goal of supervised learning is to recover a

target function f : Rd → R from its M noisy samples ym = f (xm)+ εm , m = 1,2, . . . , M . The

disturbance terms εm are typically assumed to be i.i.d. samples of a zero-mean probability

law (e.g., additive Gaussian noise) while the input vectors xm are either assumed to be in the

random or fixed design [116, Section 1.9].

1This chapter is based on our published [105, 106, 107, 108, 109, 110] and submitted [111] works.
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A common way of carrying out this task is to solve a minimization problem of the form

min
f ∈F (Rd )

(
M∑

m=1
E

(
f (xm), ym

)+R( f )

)
, (3.1)

where F (Rd ) is the underlying search space, the convex loss function E : Rd ×Rd → R≥0

enforces the consistency of the learned mapping with the given data points, and the regular-

ization functional R : F (Rd ) → R≥0 injects prior knowledge on the form of the mapping f ,

which is designed to alleviate the problem of overfitting.

3.1.1 Nonparametric Regression

In some cases, the optimization can be performed over an infinite-dimensional function

space. A prominent example is the family of reproducing-kernel Hilbert spaces (RKHS). The

Hilbert space H (Rd ) consisting of functions from Rd to R is called an RKHS if there exists a

bivariate symmetric and positive-definite function k : Rd ×Rd → R such that, for all x ∈ Rd ,

k(x , ·) ∈H (Rd ) and f (x) = 〈k(x , ·), f (·)〉H [77]. The function k(·, ·) is unique and is called the

reproducing kernel of H (Rd ).

Supervised learning over the RKHS H (Rd ) can be formulated through the minimization

min
f ∈H (Rd )

(
M∑

m=1
E( f (xm), ym)+λ‖ f ‖2

H

)
. (3.2)

The kernel representer theorem states that the solution of (3.2) admits the form

f (·) =
M∑

m=1
amk(·, xm) (3.3)

for some appropriate weights am ∈R, where m = 1,2, . . . , M [118, 61]. The expansion (3.3) is

the key element of kernel-based schemes in machine learning [54, 119, 120] and, in particular,

support-vector machines (SVM) [121, 117]. Moreover, optimal rates have been derived for

learning using the expansion (3.3) in several setups [122, 123, 124], particularly for Gaussian

kernels [125]. A central element in these analyses is that the regularization functional R(·)
(in this case, the underlying Hilbertian norm) directly controls the complexity of the learned

mapping [126, Section 2.4].

Computing the RKHS norm of a function f of the form (3.3) results in ‖ f ‖2
H

= aT Ga, where

G ∈ RM×M is a symmetric and positive-definite matrix with [G]m,n = k(xm , xn). It is called

the Gram matrix of the kernel k(·, ·). The practical outcome of this observation is that the

infinite-dimensional problem (3.2) over the space of functions H (Rd ) becomes equivalent to
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Figure 3.1 – Schematic view of a neural network with the layer descriptor (2,4,6,3,1). Each
layer consists of linear weights (arrows) and point-wise nonlinearities (circles).

the finite-dimensional problem [61]

min
a∈RM

(
M∑

m=1
E([Ga]m , ym)+λaT Ga

)
, (3.4)

which is of size M and can be computed numerically.

3.1.2 Parametric Regression

In cases when (3.1) cannot be recast as a finite-dimensional optimization problem, another

common approach is to restrict the search space F to a given family of parametric func-

tions fΘ, whereΘ denotes the vector of the underlying parameters. A celebrated example of

this approach is deep learning, which has become state-of-the-art for image classification

[127], inverse problems [128], and image segmentation [129]. The underlying principle is the

construction of an overall map fΘ :Rd →R built as a neural network via the composition of

parameterized affine mappings and pointwise nonlinearities known as activation functions.

The attribute “deep” refers to the high number of such module compositions (layers), which

is instrumental to improve the approximation power of the network [130, 131, 132] and its

generalization ability [133].

More precisely, an L-layer fully connected feed forward neural network fdeep :RN0 →RNL

with the layer descriptor (N0, N1, . . . , NL) is the composition of the vector-valued functions

fl :RNl−1 →RNl for l = 1, . . . ,L as

fdeep :RN0 →RNL : x 7→ fL ◦ · · · ◦ f1(x). (3.5)
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Figure 3.2 – Illustration of a CPWL function f :R2 →R. Left: 3D view. Right: 2D partitioning.

Each vector-valued function fl is a layer of the neural network fdeep and consists of two

elementary operations: linear transformations and point-wise nonlinearities. In other words,

for the l th layer, there exists weight vectors wn,l ∈ RNl−1 and nonlinear activation functions

σn,l :R→R for n = 1,2, . . . , Nl such that

fl (x) =
(
σ1,l (wT

1,l x),σ2,l (wT
2,l x), . . . ,σNl ,l (wT

Nl ,l x)
)

. (3.6)

One can also consider an alternative representation of the l th layer by defining the matrix

Wl =
[

w1,l w2,l · · · wNl ,l

]T
and the vector-valued nonlinear functionσl :RNl →RNl as the

mapping

(x1, . . . , xNl ) 7→ (σ1,l (x1),σ2,l (x2), . . . ,σNl ,l (xNl )). (3.7)

With this notation, the l th layer has simply the form fl =σl ◦Wl .

The classical choice for the activation function is the sigmoid function due to its biolog-

ical interpretation and universal approximation property [134]. However, neural networks

with sigmoidal activation functions suffer from vanishing gradients which essentially makes

training difficult and slow. This stems from the fact that the sigmoid function is bounded and

horizontally asymptotic at large positive and negative values. Currently, the popular activation

functions are rectified linear unit ReLU(x) = max(x,0) [20] and its variants such as LeakyReLU,

defined as LReLU(x) = max(x, ax) for some a ∈ (0,1) [135]. ReLU-based activation functions

have a wide range, which prevents the network from having vanishing gradients.

Neural networks with ReLU activation functions have been considered thoroughly in the

literature [136]. In particular, they are intimately connected to the family of continuous

and piecewise-linear (CPWL) functions. A function f : Ω→ R is said to be continuous and

piecewise-linear if

1. It is continuous.
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2. There exists a finite partitioning Ω = P1 tP2 t ·· ·tPN such that, for any n = 1, . . . , N ,

Pn is a convex polytope with the property that the restricted function f
∣∣
Pn

is an affine

mapping of the form f
∣∣
Pn

(x) = aT
n x +bn for all x ∈ Pn .

An example of a CPWL function is shown in Figure 3.2. The vector-valued extension is quite

straightforward; the mapping f = ( fi ) :Ω→Rd is CPWL if, fi :Ω→R is CPWL for i = 1, . . . ,d .

Following the above definition, it can be shown that the CPWL structure is preserved

through addition, scalar multiplication, and composition. Moreover, the univariate CPWL

functions are indeed linear splines which includes the ReLU activation function. Putting these

together, one readily observes that the input-output mapping of any feed-forward neural

network with ReLU activation functions is CPWL [130]. Interestingly, the converse of the latter

also holds: any CPWL function can be represented exactly by a deep ReLU neural network

[137]. This establishes a direct link with spline theory, as first highlighted by Poggio et al. [138]

and then further explored in various works [103, 139, 140, 141, 142].
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3.2 Multi-Kernel Regression

In this section2, we provide a Banach-space formulation of supervised learning with gen-

eralized total-variation (gTV) regularization. We identify the class of kernel functions that

are admissible in this framework. Then, we propose a variation of supervised learning in a

continuous-domain hybrid search space with gTV regularization. We show that the solution

admits a multi-kernel expansion with adaptive positions. In this representation, the number

of active kernels is upper-bounded by the number of data points while the gTV regulariza-

tion imposes an `1 penalty on the kernel coefficients. Finally, we illustrate numerically the

outcome of our theory.

3.2.1 Context

Toward Sparse Kernel Expansions

In the solution form (3.3), the kernels are shifted to the location of the data samples. This is

elegant but can become cumbersome when the number of samples M grows large. Several

schemes have been developed to reduce the number of active kernels. One proposed approach

is to use a sparsity-enforcing loss such as the ε-insensitive norm of SVM regression [143, 144,

145]. Another approach is to replace the quadratic regularization aT Ga in the reduced finite-

dimensional problem (3.4) by a sparsity-promoting penalty such as ‖a‖1 =∑M
m=1 |am |. This

results in (3.4) becoming

min
a∈RM

(
M∑

m=1
E([Ga]m , ym)+λ‖a‖1

)
, (3.8)

which is called the generalized LASSO [146]. The properties of this estimator have been studied

both from a statistical [147] and approximation-theoretical point of view [148]

In this work, we consider a Banach-space formulation of supervised learning. We choose

the generalized total-variation (gTV) norm as the regularization term in order to promote

sparsity in the continuous domain. The effect of gTV regularization has been extensively

studied in the context of linear inverse problems (see, Chapter 4). For an invertible operator L

(see Definition 3.1), the gTV norm is defined as

gTV( f ) = ‖L{ f }‖M , (3.9)

where M (Rd ) is the space of bounded Radon measures (see (3.19) for a precise definition) and

‖ ·‖M is the total-variation norm in the sense of measures [149].

2This section is based on our published work [105].
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One can formulate supervised learning with gTV regularization through the minimization

min
f ∈ML(Rd )

(
M∑

m=1
E( f (xm), ym)+λ‖L{ f }‖M

)
, (3.10)

where ML(Rd ) is the native Banach space of the operator L : ML(Rd ) →M (Rd ) equipped with

the gTV norm (see Definition 3.2). The fact that ML(Rd ) is a Banach space (i.e., a complete

normed space) follows from the invertibility of L (see Theorem 3.2). A consequence of the

general representer theorem of [73] is that there is always a solution of (3.10) that admits a

linear kernel expansion of the form

f (·) =
M0∑
l=1

al k(·, z l ), (3.11)

for some unknown integer M0 ≤ M , non-zero kernel weights al ∈R, and some distinct adaptive

kernel positions z l ∈ Rd [74]. There, the function k(·, ·) : Rd ×Rd → R is the shift-invariant

kernel associated to the Green’s function of the operator L. In other words, we have that

k(x , y) = ρL(x − y), where ρL = L−1{δ}.

There exist works on supervised learning over Banach spaces, especially via the concept of

reproducing-kernel Banach spaces (RKBS) [150, 151, 152]. However, there are several differ-

ences between RKBS and our proposed scheme of learning with gTV regularization. Firstly, as

highlighted in [152], the RKBS representer theorem yields a nonlinear kernel expansion for

the optimal solution. Secondly, its kernel positions necessarily coincide with the data points.

Last but not least, the Banach spaces in the RKBS theory are restricted to reflexive one, which

excludes the case of learning with gTV regularization that is known to enforce sparsity in the

continuous domain.

Let us also mention that a formulation with strong link to (3.10) has been presented in

[153] for learning a function f :Rd →R from a continuously indexed family of atoms {kz }z∈V ,

where V is a compact topological space. Putting it in a similar form as (3.10), the proposed

formulation in [153] for supervised learning is equivalent to the minimization

min
µ∈M (V )

(
M∑

m=1
E

(∫
V

kz (xm)dµ(z), ym

)
+λ‖µ‖M

)
, (3.12)

where M (V ) is the space of Radon measures over V . The relevant property there is that the

minimization of (3.12) introduces an atomic measure µ=∑M0

l=1 alδ(·− z l ). It hence suggests

the parametric form (3.11) with k(·, z l ) = kz l (·) for the learned function.

The minimization problem (3.12) is a synthetic-based formulation for supervised learning

where the basis functions are known a priori, in contrary to (3.10) which is an analysis-based

formalism that relies on regularization theory in Banach spaces. Interestingly, the two formu-

lations are equivalent when the family of atoms in (3.12) coincides with the class of shifted

Green’s function of the regularization operator L; that is, kz (·) = ρL(·− z).
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Last but not least, we discuss the connection between (3.10) and generalized LASSO. One

readily verifies that the gTV norm enforces an `1 penalty on the kernel coefficients al . More

precisely, the expansion (3.11) translates the original problem (3.10) into the discrete mini-

mization

min
a∈RM ,Z∈Rd×M0

(
M∑

m=1
E([GZa]m , ym)+λ‖a‖`1

)
, (3.13)

where Z =
(

z1, z2, . . . , z M0

)
is the kernel-position matrix and GZ ∈ RM×M0 is a matrix with

[GZ]m,l = k(xm , z l ). The reduced problem (3.13) can be seen as an extended version of the

generalized LASSO in (3.8). The fundamental difference is that the minimization is through

the positions as well.

Multikernel Schemes

The solution forms (3.3) and (3.11) heavily depend on the kernel function k(·, ·). Hence,

choosing the proper kernel is a challenging task that requires careful consideration. One

can use a cross-validation scheme in order to compare the performance of several kernel

estimators and select the best one for the desired application [80]. Another approach is

to learn a new kernel function kµ = ∑N
n=1µnkn from a family of given kernels k1,k2, . . . ,kN

[154, 155, 156, 78]. This transforms the original problem (3.4) into the joint optimization

min
µ∈RN ,a∈RM

(
M∑

m=1
E([Gµa]m , ym)+λaT Gµa +R(µ)

)
, (3.14)

where Gµ is the Gram matrix of the learned kernel kµ and R(·) regularizes the coefficient vector

µ, for example like in R(µ) = ‖µ‖`p =
(∑N

n=1 |µn |p
) 1

p for 1 ≤ p ≤ 2 [157, 158, 159, 160, 161]. The

learned function will then take the generic form

f (·) =
N∑

n=1

M∑
m=1

µn amk(·, xm). (3.15)

In this work, we propose a multi-kernel extension of supervised learning with gTV regular-

ization. To that end, we consider the minimization

min
fn∈MLn (Rd ),

f =∑N
n=1 fn

(
M∑

m=1
E( f (xm), ym)+λ

N∑
n=1

‖Ln{ fn}‖M

)
. (3.16)

In this formulation, the target function f is decomposed into N additive components, where

the smoothness of each component has been expressed by its corresponding regularization

operator. Our main result, which follows from Theorem 3.4, is the existence of a solution of
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(3.16) that yields a multi-kernel expansion of the target function and that takes the form

f (·) =
N∑

n=1

Mn∑
l=1

an,l kn(·, zn,l ), ‖a‖`0 ≤ M , (3.17)

where ‖a‖`0 is called the `0 norm of a and is equal to the number of nonzero elements of a,

and kn is the shift-invariant kernel associated to the operator Ln . Moreover, the total number

of nonzero coefficients is upper-bounded by the number M of data points and, hence, is not

growing with the number N of components. We also illustrate numerically the effect of using

multiple kernels.

3.2.2 Mathematical Background

Function Spaces

All the derivatives of a rapidly decaying function decay faster than the inverse of any poly-

nomial at infinity. Then, a smooth and slowly growing function is an element of C ∞(Rd )

such that all of its derivatives have asymptotic growth controlled by a polynomial. Finally, a

heavy-tailed function f :Rd →R satisfies f (x) ≥C (1+‖x‖)α for some finite constants C ,α> 0.

For p ∈ [1,∞), we denote by Lp (Rd ), the Banach space of measurable functions f :Rd →R

with finite Lp norm, i.e.

Lp (Rd ) =
{

f :Rd →Rmeasurable : ‖ f ‖Lp

M=
(∫
Rd

| f (x)|p dx
) 1

p <+∞
}

. (3.18)

The Schwartz space of smooth and rapidly decaying functionsϕ :Rd →R is denoted by S (Rd ).

Its topological dual is S ′(Rd ), the space of tempered distributions [162]. We remark that any

smooth and slowly growing function f : Rd → R specifies the continuous linear functional

ϕ 7→ ∫
Rd f (x)ϕ(x)dx over S (Rd ) and, hence, is an element of S ′(Rd ).

The space of continuous functions over Rd that vanish at infinity is C0(Rd ). It is a Banach

space equipped with the supremum norm ‖ ·‖L∞ . The space of Schwartz functions S (Rd ) is

densely embedded in C0(Rd ). Hence, the topological dual of C0(Rd ) can be defined as

M (Rd ) =

w ∈S ′(Rd ) : ‖w‖M
M= sup
ϕ∈S (Rd )
‖ϕ‖∞=1

|〈w,ϕ〉| <+∞

 . (3.19)

In fact, M (Rd ) is the Banach space of bounded Radon measures over Rd equipped with

the total-variation norm ‖ · ‖M [149]. It includes the shifted Dirac impulses δ(· − x0), with

‖δ(·−x0)‖M = 1. Moreover, L1(Rd ) ⊆M (Rd ) with the relation ‖ f ‖L1 = ‖ f ‖M for all f ∈ L1(Rd ).

This allows one to interpret (M (Rd ),‖ ·‖M ) as a generalization of (L1(Rd ),‖ ·‖L1 ). Finally, for

67



Chapter 3. Supervised Learning with Sparsity Prior

any sequence a = (an) ∈ `1(Z) and distinct locations xn ,n ∈Z, we have that

wa = ∑
n∈Z

anδ(·−xn) ∈M (R) and ‖wa‖M = ‖a‖`1 . (3.20)

This property establishes a tight link between the total-variation norm and the discrete `1

norm which is known to promote sparsity and is the key element in the field of compressed

sensing [62, 163, 66]. This enabled researchers to interpret the total-variation norm as a

sparsity-promoting norm in the continuous domain. Since then, additional connections have

been drawn between optimization problems that involve the total-variation norm and many

areas of research such as super resolution [164, 69, 70], kernel methods, [105, 153], and splines

[73, 3, 71, 72, 141]. The computational aspects of this framework have also been investigated,

leading to the development of practical algorithms in various settings [165, 166, 167].

For a Banach space X , we consider two topologies for its continuous dual space X ′. The

first one is the strong topology. It is induced from the dual norm in the sense that a sequence

{wn}∞n=0 ∈X ′ is said to converge in the strong topology to w∗ ∈X ′ if limn→∞ ‖wn −w∗‖X ′ = 0.

The second one is the weak*-topology that comes from the predual space X in the sense that

a sequence {wn}∞n=0 is said to converge in the weak*-topology to w∗ if, for any element ϕ ∈X ,

{〈wn ,ϕ〉}∞n=0 converges to 〈w∗,ϕ〉. Consequently, a functional ν : X ′ →R is weak*-continuous

if ν(wn) → ν(wlim) for any sequence {wn}n∈N ∈ X ′ that converges in the weak*-topology to

wlim. This can be shown to be equivalent to the inclusion ν ∈X . In other words, the predual

space X is isometrically isomorphic to the space of weak*-continuous functionals over X ′.

Finally, let us mention that any Banach space X is isometrically isomorphic to a closed

subspace of its second dual X ′′ = (
X ′)′ (see, for example, [94, pp. 95]). For the sake of

simplicity, we make the possible embedding mappings implicit in our framework. This leads

to writing the latter proposition simply, via the inclusion X ⊆X ′′. In this regard, a Banach

space is reflexive if we have that X = X ′′. Typical examples of reflexive Banach spaces are

Lp (Rd ) spaces for p ∈ (1,∞). By contrast, the space C0(Rd ) and, consequently, its dual M (Rd ),

are not reflexive.

Linear Operators

The linear operator L : S (Rd ) →S ′(Rd ) is called shift-invariant if, for any function ϕ ∈S (Rd )

and any shift value x0 ∈Rd , we have that

L{ϕ(·−x0)} = L{ϕ}(·−x0). (3.21)

We recall a variant of the celebrated Schwartz kernel theorem for linear and shift-invariant

(LSI) operators (see [168] for a “simple” proof of the general case).

Theorem 3.1 (Schwartz kernel theorem). For any LSI operator L : S (Rd ) →S ′(Rd ), there exists
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3.2. Multi-Kernel Regression

a unique distribution h ∈S ′(Rd ), known as the impulse response of L, such that

∀ϕ ∈S (Rd ) : L{ϕ}(·) =
∫
Rd

h(·− y)ϕ(y)dy . (3.22)

In this work, we restrict ourselves to the class of continuous LSI operators that have an

extended domain and are defined over the space of tempered distributions S ′(Rd ). One can

fully characterize this class in the Fourier domain. The Fourier transform is a well-defined

and continuous operator over S ′(Rd ) and is denoted by F : S ′(Rd ) →S ′(Rd ). Consequently,

the frequency response of the LSI operator L : S ′(Rd ) → S ′(Rd ) is defined as the Fourier

transform of its impulse response

L̂(ω)
M=F {L{δ}}(ω). (3.23)

It is known that the frequency response of any continuous LSI operator over S ′(Rd ) is a

smooth and slowly growing function [169]. Additionally, any smooth and slowly growing

function L̂(·) defines an LSI and continuous operator L : S ′(Rd ) →S ′(Rd ) via

L{ f } =F−1{L̂ f̂ }. (3.24)

Typical examples of such operators are polynomials of derivative in dimension d = 1 and

polynomials of the Laplacian operator for d > 1 [83].

3.2.3 Banach-Space Kernels

We now introduce our Banach-space framework of learning with gTV regularization. We start

by defining the class of kernel-admissible operators.

Definition 3.1. The linear operator L : S ′(Rd ) →S ′(Rd ) is called kernel-admissible (or simply

admissible) if

1. it is shift-invariant3;

2. it is an isomorphism over S ′(Rd ), meaning that it is continuous and invertible, its inverse

being the continuous operator L−1 : S ′(Rd ) →S ′(Rd );

3. the sampling functional δx0 : f 7→ f (x0) is weak*-continuous in the topology of its native

space (see Definition 3.2 and Theorem 3.2).

The restriction to LSI operators is not crucial to our framework. However, it lends itself to

the convenience of an analysis in the Fourier domain. It also allows us to provide necessary

3Although the notion of shift-invariant operators in (3.21) is defined for operators acting on Schwartz functions,
one can extend it by duality to those whose domain is S ′(Rd ). For more details on extension by duality, we refer to
[48, Section 3.3.2].
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and sufficient conditions to characterize the class of admissible operators (see Theorem 3.3).

The invertibility assumption, on the other hand, is essential to have decaying kernels; that

is, to have k(x − y) → 0 whenever ‖x − y‖→∞. In fact, it is known that the Green’s function

of any LSI operator with a nontrivial null space necessarily has a singularity in the Fourier

domain at the origin [48]. Finally, the assumption of the (weak*) continuity of the sampling

functional is a natural choice in learning theory. The main motivation here is to guarantee the

(weak*) lower semicontinuity of the global cost functional in (3.16). This can be used, together

with the generalized Weierstrass theorem, to prove the existence of solutions. Let us note that

the definition of weak*-continuity depends on the Banach structure of the native space. In

the sequel, we first properly define native spaces and then specify their underlying Banach

structures.

Definition 3.2. The native space of the LSI isomorphism L : S ′(Rd ) →S ′(Rd ) is the pre-image

of L over the space of bounded Radon measures; that is, the space ML(Rd ) = L−1{M (Rd )}.

Theorem 3.2 summarizes the important properties of the native spaces.

Theorem 3.2. Let L : S ′(Rd ) →S ′(Rd ) be an LSI isomorphism over S ′(Rd ). Then, its native

space is a topological vector space with the following properties:

1. It is a Banach space equipped with the generalized total-variation norm

gTV( f ) = ‖ f ‖ML

M= ‖L{ f }‖M . (3.25)

2. The restriction of L to its native space results in the isomorphism L : ML(Rd ) →M (Rd ).

3. The adjoint operator L∗ is well-defined over C0(Rd ) and its image is the Banach space

CL(Rd ) with the norm ‖ f ‖CL

M= ‖L−1∗{ f }‖L∞ .

4. The space CL(Rd ) is the predual of ML(Rd ), meaning that (CL(Rd ))′ =ML(Rd ).

5. The space of Schwartz functions is embedded in the native space. Moreover, the native

space itself is densely embedded in the space of tempered distributions. The embedding

hierarchy is indicated as

S (Rd ),→ML(Rd )
d .
,→S ′(Rd ). (3.26)

Proof. Item 1: The linearity and invertibility of L implies that the native space together with

the gTV norm is a bona fide Banach space.

Item 2: The restriction of L over its native space is injective (inherited from L) and is

continuous due to the definition of the gTV norm. For all w ∈M (Rd ), the relation L{L−1{w}} =
w implies that it is surjective as well and that its inverse is the restriction of L−1 over M (Rd )

which continuously maps M (Rd ) → ML(Rd ). This ensures that L : ML(Rd ) → M (Rd ) is an

isomorphism.
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3.2. Multi-Kernel Regression

Item 3: The isomorphism of Part 2 implies the existence of the adjoint operator over(
M (Rd )

)′
. By restricting the adjoint operator to C0(Rd ), we obtain the operator L∗ : C0(Rd ) →

CL(Rd ), where the space CL(Rd ) is the image of L∗ over C0(Rd ). This space, equipped with the

norm ‖ f ‖CL

M= ‖L−1∗{ f }‖L∞ , is a Banach space due to the linearity and invertibility of L−1∗.

Item 4: Similarly to Part 2, we readily verify that the adjoint operator L∗ : C0(Rd ) →CL(Rd )

is indeed an isomorphism. Therefore, the double-adjoint operator is the isomorphism L∗∗ :

(CL(Rd ))′ →M (Rd ). Consequently, the domains of L and L∗∗ must be equal, which implies

that CL(Rd ) is the predual of the native space.

Item 5: First, we show that the operator L is closed over the space of Schwartz functions. It

is known that the impulse response of L∗ : S →S is the flipped version of the one of L [48]. In

other words, the application of L∗ on a Schwartz function can be expressed by

∀ϕ ∈S (Rd ) : L∗{ϕ}(·) =
∫
Rd

h(x −·)ϕ(x)dx , (3.27)

where h ∈S ′(Rd ) is the impulse response of L, described in (3.22). By the change of variable

y = (−x), one verifies that, for any ϕ ∈S (Rd ), we have that

L{ϕ} = L∗{ϕ∨}∨, (3.28)

where ϕ∨ is the flipped version of ϕ ∈S (Rd ) with ϕ∨(x) =ϕ(−x) for all x ∈Rd . In effect, (3.28)

shows that L{ϕ} ∈S (Rd ) for any ϕ ∈S (Rd ).

Now, from the inclusions L{S (Rd )} ⊆S (Rd ) and S (Rd ) ⊆M (Rd ), we deduce that S (Rd ) ⊆
ML(Rd ). Moreover, ML(Rd ) ⊆S ′(Rd ) by Definition 3.2. This verifies the inclusion S (Rd ) ⊆
M (Rd ) ⊆ S ′(Rd ). To complete the proof, we need to show that the identity operators i d1 :

S (Rd ) →M (Rd ) and i d2 : M (Rd ) →S ′(Rd ) are continuous.

For a converging sequence of Schwartz functions ϕn
S→ϕ, the continuity of L implies that

L{ϕn}
S→ L{ϕ}. Since S (Rd ) is continuously embedded in M (Rd ), we have that L{ϕn}

M→ L{ϕ}

and, consequently, that ϕn
ML→ ϕ. This proves that the embedding is continuous, which

is denoted by S (Rd ),→ML(Rd ). Moreover, since the space M (Rd ) is continuously embed-

ded in S ′(Rd ), the convergence L{ϕn}
M→ L{ϕ} implies that L{ϕn}

S ′
→ L{ϕ}. This proves that

ML(Rd ),→S ′(Rd ). The latter continuous embedding is also dense due to the denseness of

S (Rd ) in S ′(Rd ) and the inclusion S (Rd ) ⊆ML(Rd ).

We have summarized the Banach spaces and the mappings between them in Figure 3.3.

Due to Theorem 3.2, the weak*-continuity of the sampling functional (Condition 3 in Defi-

nition 3.1) is equivalent to the inclusion of the shifted Dirac impulses in the predual of the

native space. In other words, for all x0 ∈Rd , one should have that δ(·−x0) ∈CL(Rd ).

We now define the shift-invariant kernel associated to an admissible operator.
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Chapter 3. Supervised Learning with Sparsity Prior

Figure 3.3 – A Schematic diagram that illustrates the Banach spaces of interest.

Definition 3.3. The shift-invariant kernel associated to the admissible operator L : S ′(Rd ) →
S ′(Rd ) is the bivariate function k :Rd ×Rd →R with k(x , y) = ρL(x − y), where ρL = L−1{δ} is

the Green’s function of L.

In Theorem 3.3, we provide the necessary and sufficient conditions that characterize the

class of admissible LSI operators.

Theorem 3.3. Let L be an admissible operator. Then, its associated Green’s function ρL = L−1{δ} :

Rd →R satisfies the following properties:

1. It is a continuous function that vanishes at infinity. In other words, ρL ∈C0(Rd ).

2. Its Fourier transform ρ̂L(ω) is a smooth, non-vanishing, slowly growing, and heavy-tailed

function ofω.

Additionally, any function ρ : Rd → R that satisfies these properties can be appointed to an

admissible operator L : S ′(Rd ) →S ′(Rd ) defined as

L{ f } =F−1

{
f̂ (ω)

ρ̂(ω)

}
. (3.29)

Proof. Assume that L is a kernel-admissible operator. The weak*-continuity of the sampling

functional implies that the shifted Dirac impulses δ(·−x0) should be included in the predual

space CL(Rd ). Therefore, L−1∗{δ(· − x0)} should be in C0(Rd ). Since, the Green’s functions
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3.2. Multi-Kernel Regression

of L and L∗ are flipped version of each other, we deduce that ρL = L−1{δ(· − x0)} ∈ C0(Rd ).

For the second property, we recall that the continuity of L−1 : S ′(Rd ) →S ′(Rd ) implies the

smoothness and slow growth of the Fourier transform of its frequency response. Hence, ρ̂L(ω)

is smooth and slowly growing. Similarly, the continuity of L implies that 1
ρ̂L(ω) is a smooth and

slowly growing function as well. Thus, ρ̂L(ω) is non-vanishing and heavy-tailed.

For the converse, assume that the function ρ satisfies Properties 1 and 2 in Theorem 3.3.

First, note that, if f , g :Rd →R are smooth and slowly growing functions and, moreover, g is

nonzero and heavy-tailed, then

∂

∂xi

(
f

g

)
=

∂ f
∂xi

g − ∂g
∂xi

f

g 2 (3.30)

is a quotient whose numerator is a smooth and slowly growing function and whose denomina-

tor g 2 is a nonzero, heavy-tailed, smooth, and slowly growing function. Hence, the quotient

itself is a smooth function whose growth is bounded by a polynomial. Based on this obser-

vation, one can deduce from induction that all the arbitrary-order derivatives of 1
ρ̂(ω) can be

expressed by a quotient with a slowly growing nominator and a heavy-tailed denominator. This

shows that 1
ρ̂(ω) is a smooth and slowly growing function as well. These properties ensure the

existence of continuous LSI operators L, L̃ : S ′(Rd ) →S ′(Rd ) with the frequency responses
1

ρ̂(ω) and ρ̂(ω), respectively. The one-to-one correspondence between an operator and its

frequency response then yields that L̃ = L−1, from which we conclude that L is an isomorphism

over S ′(Rd ). Moreover, due to Property 1, we know that the Green’s function of L is in C0(Rd ).

Hence, the Green’s function of L∗ is also in C0(Rd ) so that, for any x0 ∈Rd , we have that

L−1∗{δ(·−x0)} = L−1∗{δ}(·−x0) ∈C0(Rd ). (3.31)

In other words, δ(·− x0) ∈ L∗(C0(Rd )) =CL(Rd ), which shows that the sampling functionals

are weak*-continuous.

Remark 3.1. We have previously stated a well-known result by Schwartz that determines

the general family of LSI operators (not necessarily invertible) over S ′(Rd ). In Theorem 3.3,

particularly via Condition 2, we are excluding the noninvertible members of this family. Hence,

Condition 2 fully characterizes the class of linear isomorphisms over S ′(Rd ).

Using Theorem 3.3, we now draw a connection to the well-known class of reproducing

kernels, which are constrained to be symmetric (because of their positive-definiteness).

Corollary 3.1. Any symmetric admissible kernel (in the sense of Theorem 3.3) is a shift-invariant

reproducing kernel up to multiplication by a sign factor.

Proof. Let k(·, ·) be a symmetric and shift-invariant admissible kernel. Then, the corresponding

Green’s function ρL is also a symmetric function and, hence, its Fourier transform ρ̂L(ω) is

a real function that is also smooth and non-vanishing. Hence, the sign of ρ̂L(ω) is constant
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everywhere. By multiplying with a sign factor, we can then assume that ρ̂L(ω) is positive

everywhere. Now by invoking Bochner’s theorem (see, for example, [48, Appendix B]), we

deduce that ρL is a positive-definite function which, together with the symmetric assumption,

implies that k(·, ·) is indeed a reproducing kernel.

The practical implication of Theorem 3.3 is that it yields Fourier-domain criteria to de-

termine the admissibility of an operator L. In particular, and due to the Rieman-Lebesgue

lemma, if ρ̂L is an absolutely integrable function then condition 1 holds.

As the last part of this section, we use this characterization to introduce some families of

admissible kernels. Our first example is made of super-exponential kernels defined as

kα(x , y) = exp(−‖x − y‖αα), α ∈ (0,2), (3.32)

where ‖x‖α = (∑d
i=1 |xi |α

) 1
α for any x = (xi ) ∈ Rd . These functions are known to be positive-

definite [48, Appendix B]. Their inverse Fourier transforms (the so-called α-stable distribu-

tions) are heavy-tailed and infinitely smooth, with algebraically decaying derivatives of any

order [170, Chapter 5]. Hence, they satisfy the conditions of Theorem 3.3. Note that the clas-

sical Gaussian kernels are excluded because their frequency responses are not heavy-tailed.

However, one can get arbitrarily close by letting α tend to its critical value 2. Moreover, there

are arguments in regularized RKHS that support the use of Gaussian kernels. For example,

in [171, 172, 173], the Gaussian RKHS has been implicitly characterized by using the Taylor

expansion of the corresponding regularization operator. Further, [174] uses the notion of holo-

morphic functions to explicitly characterize Gaussian RKHS. We conjecture that the present

Banach-space formulation can be extended to cover Gaussian kernels as well. However, this

requires one to consider a space larger than S ′(R).

Our second example is made of Bessel potentials used in kernel estimation [175]. For a

positive real number s > d , we consider the operator (I−∆)
s
2 : S ′(Rd ) →S ′(Rd ), where ∆ is

the Laplacian operator. The Bessel potentials are the Green’s function of such operators. They

correspond to the shift-invariant kernels

Gs(x , y) =F−1

{
1

(1+‖ω‖2
2)

s
2

}
(x − y). (3.33)

Clearly, the function 1

(1+‖ω‖2
2)

s
2

is in L1(Rd ) for s > d . By invoking the Riemann-Lebesgue

lemma, we deduce that its inverse Fourier transform is a continuous function that vanishes

at infinity. Hence, the kernel function Gs(·, ·) satisfies Property 1 of Theorem 3.3. Moreover,

from the Fourier-domain definition (3.33) of Gs(·, ·), it can be seen that Property 2 also holds.

Together, we deduce the admissibility of these kernels. We remark that the Bessel potential

kernels are rotation-invariant as well.
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Figure 3.4 – Super-exponential kernels kα(r ) = exp(−γ‖r ‖αα) (left) and Bessel-potential kernels
Gs(γr ) (right), where r = (x − y). The plots are in the special case d = 1. The parameters
(α ∈ (0,2) and s > 2) and γ> 0 adjust smoothness and width of the kernel, respectively.

Our final example is a general class of separable shift-invariant kernels of the form

k(x , y) =
d∏

i=1
ρL(xi − yi ), (3.34)

where L : S ′(R) →S ′(R) is a stable rational operator whose frequency response is of the form

L̂(ω) = P (ω)
Q(ω) , where P and Q are polynomials with no real roots such that deg(P ) ≥ deg(Q)+2.

Since L̂(ω) is real, we conclude that that the tail of L̂(ω)−1 = Q(ω)
P (ω) behaves like ω−2 and is

absolutely integrable which, together with the Riemann-Lebesgue lemma, implies that ρL ∈
C0(R). The other conditions of Theorem 3.3 can be readily shown to be true so that any

separable kernel of the form (3.34) is admissible to our theory.

It is worth to mention that one can rotate and dilate any admissible kernel by considering

an invertible mixture matrix A and by defining the transformed kernel as k(Ax ,Ay). One readily

verifies that the transformed kernel also satisfies the conditions of Theorem 3.3 and, hence,

is also admissible. In Figure 3.4, we have plotted the super-exponential and Bessel-potential

kernels in dimension d = 1 for different sets of parameters. It can be seen that the width and

regularity of these kernels can be adjusted through their parameters. This can be exploited in

our framework of learning with multiple kernels to benefit from this diversity.
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3.2.4 Multiple-Kernel Regression

We now invoke our general results in Chapter 2 to prove a representer theorem for multiple-

kernel regression with gTV regularization. In effect, the gTV norm will force the learned

function to use the fewest active kernels.

Theorem 3.4 (Multiple-kernel regression with gTV). Given a training dataset that consists of

M distinct pairs (xm , ym) for m = 1,2, . . . , M, we consider the minimization problem

min
fn∈MLn (Rd ),

f =∑N
n=1 fn

(
M∑

m=1
E( f (xm), ym)+λ

N∑
n=1

‖Ln{ fn}‖M

)
, (3.35)

where E (·, y) is a strictly convex nonnegative function and Ln is a kernel-admissible operator in

the sense of Definition 3.1 for n = 1,2, . . . , N . Then, the solution set of this problem is nonempty,

convex, and weak*-compact. For any of its extreme points ( f1, f2, . . . , fN ), we have the kernel

expansions

fn =
Mn∑
l=1

an,l kn(·, zn,l ), n = 1,2, . . . , N (3.36)

for its components, where an,l ∈R are kernel weights, zn,l ∈Rd are adaptive kernel positions,

and kn :Rd ×Rd →R is the shift-invariant kernel associated to the regularization operator Ln

for n = 1,2, . . . , N . Moreover, the number of active kernels is upper-bounded by the number of

data points, so that
∑N

n=1 Mn ≤ M.

Proof. It is known that the extreme points of the unit ball of the total-variation norm are

of the form ±δ(· − x0) with x0 ∈ Rd [76]. Using Item 4 of Proposition 2.1, we deduce that

the extreme points of the unit ball of the gTV norm ‖Ln{·}‖M are of the form ±kn(·−x0).

Finally, we note that from Definition 3.1, we have that δxm ∈ CLn (Rd ) for m = 1, . . . , M and

n = 1, . . . , N . All these together allow us to invoke Theorem 2.4 (in particular, (2.40)) with

ν̃m = (
δxm , . . . ,δxm

) ∈∏N
n=1 CLn (Rd ) for m = 1, . . . , M ,ψ= i d , and ‖·‖Z ′ = ‖·‖1, which completes

the proof.

The practical outcome of Theorem 3.4 is that any extreme point of (3.35) maps into a

solution of the form

f (·) =
N∑

n=1

Mn∑
l=1

an,l kn(·, zn,l ) (3.37)

for the learned function. The solution form (3.37) has the following important properties:

• The number of active kernels is upper-bounded by the number of samples M . This

justifies the use of multiple kernels since the flexibility of the model will be increased

while the problem remains well-posed.
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3.2. Multi-Kernel Regression

• The gTV norm enforces an `1 penalty on the kernel coefficients. Practically, this will

result in an `1-minimization problem that is reminiscent of the generalized LASSO.

• The kernel positions are adaptive and will be chosen such that the solution becomes

sparse. In other words, the adaptiveness of the kernel positions, together with the

`1 regularization on the kernel coefficients, favors solutions with a small number of

nonzero terms in the expansion (3.35).

To conclude this section, let us mention that the existence of the kernel locations zn,l in

(3.37) is guaranteed by our representer theorem. However, unlike in RKHS methods, these

locations do not necessarily coincide with the data points. The adaptiveness comes from the

fact that the kernel positions become part of the reduced finite-dimensional optimization

problem (see (3.13) for the single-kernel scenario). Hence, an optimization scheme is required

in order to “learn” these unknown parameters along with the kernel weights.

3.2.5 Numerical Illustration

Here, we provide a numerical example in the case d = 1. We would like to emphasize that the

computational aspects of our framework (e.g., the derivation of efficient algorithms in high

dimensions) is left to future works. The sole purpose of our example is to illustrate the use

of Theorem 3.4 and highlight two important features, namely, adaptivity and sparsity. In our

example, we compare the performance of five kernel estimators:

1. RKHS L2: RKHS regularization (3.4).

2. RKHS L1: Generalized LASSO (3.8).

3. SimpleMKL: Multiple-kernel learning (MKL) using the SimpleMKL algorithm [156].

4. Single gTV: Single-kernel gTV regularized learning (3.13).

5. Multi gTV: Learning with multiple kernels and gTV regularization (3.35).

Setup

The ground-truth signal for our experiment is a piecewise linear function with four segments

that connects five points, located at {(0,0), (0.45,0), ( 7
15 ,−2), ( 8

15 ,2), (1,2)}. We then sample data

from the model ym = f (xm)+ εm ,m = 1, . . . , M , where εm ∼ N (0,σ2) is i.i.d. Gaussian with

σ= 0.1. We formed two training datasets of size M = 100. In the first one, xm are i.i.d. samples

of a uniform distribution over [0,1]. In the second case, we put a gap in the training dataset by

sampling xm uniformly over [0,1]\[0.6,0.8].

We use Gaussian kernels in the RKHS-based methods and super-exponential kernels with

α = 1.99 in the gTV-based methods. We have set α = 1.99 to have similar (near-Gaussian)
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Chapter 3. Supervised Learning with Sparsity Prior

Figure 3.5 – Performance of the kernel estimators in full dataset. Solid line: ground-truth (GT)
function. Dash-dotted line: reconstructed functions. Dots: noisy data points.

kernel shapes in all cases. All methods have access to ten different width parameters from 10

to 105 in log scale.

To avoid the difficulty of optimizing over the data centers in the gTV-based methods, which

would result in a nonconvex problem, we use a convex proxy in which a redundant set of

centers is placed on a grid and the excess ones are suppressed with the help of `1-minimization.

With this grid-based approach, the search for the kernel positions is reduced to a large-scale

`1-minimization problem for which robust algorithms are known to exist—specifically, we

have used fast iterative shrinkage-thresholding algorithm (FISTA) [176] in our example. This

scheme will obviously only work when the input dimension is very low, such as d = 1 in the

present example. In these cases, we have also used the multiresolution strategy of [166] to
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3.2. Multi-Kernel Regression

Figure 3.6 – Performance of the kernel estimators in missing dataset. Solid line: ground-truth
(GT) function. Dash-dotted line: reconstructed functions. Dots: noisy data points.

control the accuracy. More precisely, we start by considering 16 equi-spaced kernels and we

then use FISTA to solve the convex problem of finding the corresponding kernel coefficients.

The solution is propagated as initialization of a finer grid (with 32 kernels) and we continue

until we reach to the finest scale, with 1,024 kernels.

We set the data fidelity to be the quadratic term E(x, y) = (x − y)2 in all cases except for

MKL, since the SimpleMKL toolbox [156] uses the ε-insensitive SVM loss. The other methods

are implemented using the GlobalBioIm library [177] and the codes are all available online4.

To have a fair comparison, we optimize the hyper-parameters of each method by following a

standard K-fold cross-validation scheme, setting K = 5 in our example. This includes a tuning

4https://github.com/Biomedical-Imaging-Group/Multi-Kernel-Regression-gTV-
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Figure 3.7 – 100 largest coefficients of each expansion in the full-data case.

of the regularization parameter λ for all methods. In addition, we tune the width of the kernel

function in single-kernel schemes so that all methods have access to the same family of kernel

functions. For computing the test error, we consider a very fine grid with stepsize 10−4 over

[0,1] and we compute the MSE between the learned function and the ground-truth signal.

Results

We consider the reconstruction of a function from its noisy samples in two scenarios: full

data versus missing data. The results are depicted in Figures 3.5 and 3.6, respectively. As

we can see in Figure 3.5, due to the presence of a non-smooth region in the target function,

the single-kernel methods are forced to use narrow kernels with a small width which creates
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3.2. Multi-Kernel Regression

Table 3.1 – MSE and sparsity of the kernel estimators. The results are averaged over 10 runs.

Quantity Dataset L2-RKHS L1-RKHS SimpleMKL Single gTV Multi gTV

Sparsity
Full data 64.7 44.1 54.4 32.5 20.0

Missing data 66.1 39.3 56.0 32.9 31.1

MSE (dB)
Full data -17.2 -16.1 -15.2 -16.7 -18.1

Missing data -2.6 -2.7 -10.9 -3.9 -17.3

undesirable oscillations in the smoother regions. By contrast, our multi-kernel scheme uses

both narrow and wide kernels, hence providing the reconstruction with the least fluctuation.

In the presence of missing data, we observe in Figure 3.6 that the reconstructed function of

RKHS-based methods, exhibit an undesirable dip. This is due to the fact that, in the RKHS-

based methods, the kernel functions are located on the data points and their width is too

short to fill the gap in the data. By contrast, the kernel locations are adaptive in our scheme,

which yields a decent reconstruction in this case as well. Finally, we have plotted the 100

largest kernel coefficients of each expansion in the full-data experiment in Figure 3.7. This plot

highlights that the gTV-based methods are providing the sparsest representation for the target

function, as expected. Our visual observations are also supported quantitatively in Table 1,

where we report the mean-squared error (MSE) error and sparsity (number of coefficients that

are larger than one tenth of the maximum coefficient) of each method in the two scenarios.

3.2.6 Summary

We have provided a theoretical foundation for multiple-kernel regression with gTV regular-

ization. We have studied the Banach structure of our search space and identified the class of

kernel functions that are admissible. Then, we have derived a representer theorem that shows

that the learned function can be written as a linear combination of kernels with adaptive cen-

ters. Our representer theorem also provides an upper bound to the number of active elements,

which allows us to use as many kernels as convenient. We have illustrated numerically the

effect of using multiple kernels with a sparsity constraint.
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3.3 Sparsest Univariate Learning Models Under Lipschitz Constraint

3.3.1 Context

Besides the minimization of the prediction error, two of the most desirable properties of a

regression scheme are stability and interpretability. Driven by these principles, we introduce5

two variational formulations for regressing one-dimensional data that favor “stable” and

“simple” regression models. Similar to RKHS theory, the latter are nonparametric continuous-

domain problems. Inspired by the stability principle, we focus on the development of regres-

sion schemes with controlled Lipschitz regularity. This is motivated by the observation that

many analyses in deep learning require assumptions on the Lipschitz constant of the learned

mapping [178, 179, 180]. Likewise, in the context of so-called “plug-and-play” methods—i.e.

when a trainable module is inserted into an iterative-reconstruction framework—, the rate of

convergence of the overall scheme often depends on the Lipschitz constant of this module

[181, 182, 183, 184, 185, 186].

In our first formulation, we use the Lipschitz constant of the learned mapping as a regular-

ization term. Specifically, we consider the minimization problem

min
f ∈Lip(R)

(
M∑

m=1
E

(
f (xm), ym

)+λL( f )

)
, (3.38)

where Lip(R) is the space of Lipschitz-continuous real functions and L( f ) denotes the Lipschitz

constant of f ∈ Lip(R). In this formulation, one can implicitly control the Lipschitz regularity

of the learned function by varying the regularization parameter λ. We prove a representer

theorem that characterizes the solution set of (3.38). In particular, we prove that the global

minimum is achieved by a continuous and piecewise-linear (CPWL) mapping. Next, motivated

by the simplicity principle, we find the mapping with the minimal number of linear regions.

Note that many previous works study problems similar to (3.38) in more general settings,

typically using the Lipschitz constant of the nth derivative R( f ) = L( f (n)) with n ≥ 0 as

the regularization term [187, 188, 189, 190, 191, 192]. More recently, [193] has studied the

classification problem over metric spaces and derived a parametric form for a solution of this

problem. Our work complements this interesting line of research by providing an in-depth

analysis of the n = 0 case which is related to second-order total-variation minimization, and

by focusing more on computational aspects of (3.38). More precisely, we propose a two-step

algorithm to reach the sparsest CPWL solution of (3.38). The first step consists in solving a

discrete problem with `∞ regularization, and the second is a sparsification step proposed in

[194] that reaches the sparsest solution.

In the second scenario, we explicitly control the Lipschitz constant of the learned mapping

by imposing a hard constraint. Inspired by the theoretical insights of the first problem, we

add a second-order total-variation (TV) regularization term that is known to promote sparse

5This section is based on our published work [110].
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CPWL functions [103, 194]. This leads to the minimization problem

min
f ∈BV(2)(R)

(
M∑

m=1
E

(
f (xm), ym

)+λTV(2)( f )

)
, s.t. L( f ) ≤ L, (3.39)

where BV(2)(R) is the space of functions with bounded second-order TV and L is the user-

defined upper-bound for the desired Lipschitz regularity of the learned mapping. The interest-

ing aspect of (3.39) is that the simplicity and stability of the learned mapping can be adjusted

by tuning the parameters λ> 0 and L > 0, respectively. In this case as well, we prove a repre-

senter theorem which guarantees the existence of CPWL solutions. We propose a two-step

algorithm to find the sparsest CPWL solution which is similar to that of the first scenario. The

main difference is the first step, where the discrete problem has a `1 regularization term and a

`∞ constraint.

Another major motivation for this work is to further elucidate the tight connection between

CPWL functions and neural networks. When it comes to shallow networks, the connection with

our framework becomes even more explicit. It is well known in the literature that the standard

training (i.e., with weight decay) of a two-layer univariate ReLU network is equivalent to solving

a TV-based variational problem such as (3.39) without the Lipschitz constraint [195, 140]. This

is due to the fact that the weight-decay penalty can be shown to be equal to the second-order

TV of the input-output mapping of the full network at the optimum. As we demonstrate, these

results can be readily extended to prove the equivalence between the training of a Lipschitz-

constrained two-layer univariate ReLU network and our formulation (3.39). Our description

of the solution set of Problem (3.39) thus provides insights into the training of Lipschitz-aware

neural networks.

3.3.2 Mathematical Background

Weak Derivatives

Schwartz’ space of smooth and compactly supported test functions is denoted by D(R). It is

known that the nth-order derivative is a continuous mapping over D(R), which we denote

as Dn : D(R) → D(R) [169]. By duality, this allows one to extend the derivative operator to

the whole class D′(R) of distributions. The extended operator is called the nth-order weak

derivative and will be denoted by Dn : D′(R) → D′(R). For any w ∈ D′(R), the distribution

Dn{w} ∈ D′(R) is defined via its action on a generic test function ϕ ∈ D(R) as 〈Dn w,ϕ〉 =
(−1)n〈w,Dnϕ〉. The fundamental property is that the weak derivative of any Schwartz test

function ϕ ∈D(R) ⊆D′(R) is well-defined and coincides with the classical notion of derivative

(see [48, Section 3.3.2.] for more details on the extension by duality).
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Lipschitz Constant

Given generic Banach spaces (X ,‖ · ‖X ) and (Y ,‖ · ‖Y ), a function f : X → Y is said to be

Lipschitz-continuous if there exists a finite constant C > 0 such that

‖ f (x1)− f (x2)‖Y ≤C‖x1 −x2‖X , ∀x1, x2 ∈X . (3.40)

The minimal value of C is called the Lipschitz constant of f and is denoted by L( f ). In

particular, we denote by Lip(R), the space of Lipschitz-continuous functions f :R→Rwith a

finite Lipschitz constant, satisfying

L( f ) = sup
x1 6=x2

∣∣ f (x1)− f (x2)
∣∣

|x1 −x2|
< +∞. (3.41)

Following Rademacher’s theorem, any Lipschitz-continuous function f ∈ Lip(R) is differen-

tiable almost everywhere with a measurable and essentially bounded derivative. The Lipschitz

constant of the function then corresponds to the essential supremum of its derivative, so that

L( f ) = ‖D{ f }‖L∞ = esssup
x∈R

| f ′(x)|. (3.42)

Conversely, any distribution f ∈D′(R) whose weak derivative lies in L∞(R) is indeed a Lipschitz-

continuous function [196, Theorem 1.36]. In other words, we have that

Lip(R) = { f ∈D′(R) : D{ f } ∈ L∞(R)}. (3.43)

Second-Order Total-Variation

Finally, we introduce the space BV(2)(R) of functions with finite second-order total-variation,

defined as

TV(2)( f ) = ‖D2{ f }‖M = sup
ϕ∈D(R)
‖ϕ‖L∞=1

〈D2 f ,ϕ〉 = sup
ϕ∈D(R)
‖ϕ‖L∞=1

∫
R

f (x)ϕ′′(x)dx. (3.44)

Let us mention that the second-order total variation TV(2)( f )
M= ‖D2 f ‖M is only a semi-norm

in this space, since the null space of the linear operator D2 is nontrivial and consists of degree-

one polynomials (affine mappings in R). However, it can become a bona fide Banach space

with the BV(2) norm

‖ f ‖BV(2)
M= TV(2)( f )+| f (0)|+ | f (1)|. (3.45)

This space has been extensively studied in [103] and in a more general setting in [73]. Remark-

ably, the sampling functionals δx0 : f 7→ f (x0) for x0 ∈R are weak*-continuous in the topology

of BV(2)(R) [103, Theorem 1]. Moreover, any function f ∈ BV(2)(R) can be uniquely represented

as

f (x) =
∫
R

h(x, y)u(y)dy +b1 +b2x, (3.46)
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where h(x, y) = (x−y)+−(1−x)(−y)+−x(1−y)+, u = D2 f , b1 = f (0), and b2 = f (1)− f (0). This

result is a special case of Theorem 5 in [73].

Analogous to the famous total-variation regularization of Rudin-Osher-Fatemi [197], which

promotes piecewise-constant functions and causes the notorious staircase effect, the second-

order total variation favors CPWL functions. In dimension d = 1, this coincides with the known

class of nonuniform linear splines which has been extensively studied from an approximation-

theoretical point of view [10, 6]. Precisely, it has been shown [194, 73] that the extreme points

of the solution set of

min
f ∈BV(2)(R)

(
M∑

m=1
E( f (xm), ym)+λTV(2)( f )

)
(3.47)

are linear splines with the generic form

f (x) = b0 +b1x +
K∑

k=1
ak ReLU(x − zk ), (3.48)

where a = (ak ) ∈ RK and b = (b0,b1) ∈ R2 are expansion parameters, K < M , and {zk }K
k=1

are adaptive (learnable) knots. The regularization term for these functions has the simple

expression given by TV(2)( f ) = ‖a‖1. As a result, the original infinite-dimensional problem can

be recast as a finite-dimensional one, parameterized by K ,a,b, and {zk }K
k=1 [74].

3.3.3 Lipschitz-Aware Formulation for Supervised Learning

We now introduce our formulations for supervised learning that are based on controlling the

Lipschitz constant of the learned mapping. Let us first mention that the Lipschitz constant

can be indirectly controlled using a TV(2)-type regularizer. Indeed, the two seminorms are

connected, as demonstrated in Theorem 3.5.

Theorem 3.5. Any function with second-order bounded-variation is Lipschitz continuous.

Moreover, for any f ∈ BV(2)(R), we have the upper-bound

L( f ) ≤ TV2( f )+`( f ) (3.49)

for the Lipschitz constant of f , where

`( f ) = inf
x1 6=x2

∣∣ f (x1)− f (x2)
∣∣

|x1 −x2|
≥ 0. (3.50)

Finally, (3.49) is saturated if and only if f is monotone and convex/concave.

Proof. For any h > 0 and p = (p1, p2) ∈ R2 with p1 < p2, let us first define the test function
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ϕh(·;p) ∈C0(R) as

ϕh(x;p) = h−1(ReLU
(
x − (p1 −h)

)−ReLU(x −p1)+ReLU
(
x − (p2 +h)

)−ReLU(x −p2)
)
.

(3.51)

This function will be used on several occasions throughout the proof. In particular, we use

the explicit form of its second-order derivative given by

D2ϕh(·;p) = h−1(δ(·− (p1 −h)
)−δ(·−p1)+δ(·− (p2 +h)

)−δ(·−p2)
)
. (3.52)

Upper-Bound: Similar to (3.42), we have that `( f ) = essinfx∈R | f ′(x)|. For a fixed ε >
0, by definition of the essential supremum and infimum, there exist x̄, x ∈ R at which f is

differentiable with | f ′(x̄)| ≥ (
L( f )−ε) and | f ′(x)| ≤ (

`( f )+ε). Without loss of generality, we

assume that x̄ < x. Following the limit definition of the derivative, we then consider a small

radius h > 0 such that∣∣∣∣ f (x̄ +h)− f (x̄)

h

∣∣∣∣≥ | f ′(x̄)|−ε≥ L( f )−2ε,

∣∣∣∣ f (x +h)− f (x)

h

∣∣∣∣≤ | f ′(x)|+ε≤ `( f )+2ε.

(3.53)

Now, let us consider the test function ϕ = ϕh
(·; (x̄ +h, x)

)
. Following the definition of the

total-variation norm (as the dual of the supremum norm) together with ‖ϕ‖∞ = 1, we deduce

that TV(2)( f ) ≥ |〈D2 f ,ϕ〉| = |〈 f ,D2ϕ〉|, where the last equality follows from the self-adjointness

of the second-order derivative. Using (3.52), we thus have that

TV(2)( f ) ≥ h−1| f (x̄)− f (x̄ +h)+ f (x +h)− f (x)|

≥ | f (x̄ +h)− f (x̄)|
h

− | f (x +h)− f (x)|
h

≥ L( f )−2ε−`( f )−2ε= L( f )−`( f )−4ε. (3.54)

Finally, by letting ε→ 0, we deduce the desired upper-bound.

Saturation—Sufficient Conditions: Assume that f ∈ BV(2)(R) is convex and increasing; we

denote its second-order weak derivative by w = D2 f . Note that, in this case, the functions(− f (·)), f (−·), and
(− f (−·)) are concave/decreasing, convex/decreasing, and concave/in-

creasing, respectively. Hence, we only need to prove the saturation for f and the other cases

immediately follow.

For a fixed ε > 0, from (3.44) there exists a test function ψ ∈ D(R) with compact support

K = supp(ψ) such that ‖ψ‖L∞ = 1 and 〈w,ψ〉 ≥ (
TV(2)( f )−ε). For any T > 0, we consider the

86



3.3. Sparsest Univariate Learning Models Under Lipschitz Constraint

test function ψT =ϕ1 (·; (−T,T )). From (3.52), we obtain that

〈w,ψT 〉 = 〈 f ,D2ψT 〉
= (

f (T +1)− f (T )
)− (

f (−T )− f (−T −1)
)

≤ L( f )−`( f ), (3.55)

where we have used the increasing assumption to deduce that f (T +1) ≥ f (T ) and f (−T ) ≥
f (−T − 1). By choosing T large enough so that K ⊆ [−T,T ], we ensure that (ψT −ψ) is a

nonnegative function, since for all x ∈ K , we will have that ψT (x) = 1 = ‖ψ‖L∞ ≥ψ(x). Next,

the convexity of f implies that w = D2 f is a positive measure. Hence,

0 ≤ 〈w,ψT −ψ〉 ≤ L( f )−`( f )−TV(2)( f )+ε. (3.56)

By letting ε→ 0, we deduce that TV(2)( f ) ≤ (
L( f )−`( f )

)
, which implies the saturation of (3.49).

Saturation—Necessary Conditions: Let f ∈ BV(2)(R) be a function for which (3.49) is satu-

rated.

Monotonicity: Assume by contradiction that f is not monotone. Hence, there exists xn ∈R
such that f ′(xn) < 0. Indeed, if f ′ were a positive distribution, then for any a,b ∈ R with

a < b, we would have that
(

f (b)− f (a)
)= 〈 f ′,1[a,b]〉 ≥ 0, which contradicts the assumption of

non-monotonicity. Similarly, there exists xp ∈R such that f ′(xp ) > 0.

Next, consider a point xL ∈ R, distinct from xn and xp , such that | f ′(xL)| > (
L( f )−ε) > 0,

where 0 < ε < min(− f ′(xn ), f ′(xp ))
3 is a small constant. Without loss of generality, let us assume

that f ′(xL) > 0 and xn < xL . (For f ′(xL) < 0, the same arguments can be applied to xp instead

of xn .) There exists a small radius h ∈ (0, |xL−xn |
2 ) such that

f (xn +h)− f (xn)

h
≤ f ′(xn)+ε< 0,

f (xL +h)− f (xL)

h
≥ f ′(xL)−ε> 0. (3.57)

By considering the test function

ϕ=
ϕh(·; (xn +h, xL)), xn < xL

ϕh(·; (xL , xn +h)), xn > xL

(3.58)

and using (3.44) once again, we deduce that

TV(2)( f ) ≥ h−1
∣∣ f (xn)− f (xn +h)+ f (xL +h)− f (xL)

∣∣
= f (xL +h)− f (xL)

h
− f (xn +h)− f (xn)

h

≥ f ′(xL)−ε− f ′(xn)−ε≥ L( f )− f ′(xn)−3ε> L( f ), (3.59)

which contradicts the original assumption that (3.49) is saturated. For the case f ′(xL) < 0, the

same arguments can be applied to xp instead of xn . This proves that f is monotone. In the
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following, we consider the case where f is an increasing function; the decreasing case can be

deduced by symmetry.

Convexity/Concavity: We first consider the canonical decomposition f = D−2
φ w+p, where

w = D2 f , D−2
φ is a right inverse of the second-order derivative, and p(x) = ax +b is an affine

term [103, Proposition 9]. We then use the Jordan decomposition of w = D2 f as w = (w+−w−),

where w+, w− ∈M (R) are positive measures such that ‖w‖M = ‖w+‖M +‖w−‖M . This allows

us to form the decomposition f = (
f+− f−

)
, where fs = D−2

φ ws + ps , s ∈ {+,−}, p+(x) =
(A + a)x + b, and p−(x) = Ax with A > 0 being a sufficiently large constant such that the

functions f+ and f− are both convex and strictly increasing. Hence, they both satisfy the

sufficient conditions for saturation, which implies that TV(2)( fs) = (
L( fs)−`( fs)

)
for s ∈ {+,−}.

Assume by contradiction that ws 6= 0 for s ∈ {+,−} and let ε< min(TV(2)( f+),TV(2)( f−))
2 be a small

positive constant and let x̄, x ∈R such that f ′(x̄) ≥ (
L( f )−ε) and f ′(x) ≤ (

`( f )+ε). Using these

inequalities, we deduce that

TV(2)( f ) = L( f )−`( f ) ≤ f ′(x̄)− f ′(x)+2ε= (
f ′
+(x̄)− f ′

−(x̄)
)− (

f ′
+(x)− f ′

−(x)
)+2ε= A+− A−+2ε,

(3.60)

where As =
(

f ′
s (x̄)− f ′

s (x)
)

for s ∈ {+,−}. We now consider two cases:

Case I: x̄ > x. The convexity of f− implies that A− ≥ 0. Moreover, we have that A+ =(
f ′+(x̄)− f ′+(x)

)≤ (
L( f+)−`( f+)

)= TV(2)( f+). Using (3.60), this yields that TV(2)( f ) ≤ TV(2)( f+)+
2ε, which can be rewritten as 2ε ≥ TV(2)( f−). However, our original choice of ε implies that

ε< TV(2)( f−)/2 which is a contradiction and, hence, w− = 0 or w+ = 0, which implies that f is

either convex or concave.

Case II: x̄ ≤ x. Following a similar treatment, we deduce that A+ ≤ 0 and −A− ≤ TV(2)( f−).

Hence, we obtain that 2ε≥ TV(2)( f+) which is in contradiction with ε< TV(2)( f+)/2.

Lipschitz Regularization

We first consider the Lipschitz constant as a regularizer and study the minimization problem

VLip = argmin
f ∈Lip(R)

(
M∑

m=1
E( f (xm), ym)+λL( f )

)
, (3.61)

where E :R×R→R is a strictly convex and coercive function and where λ> 0 is the regular-

ization parameter. We also assume, without loss of generality, that the data points xm are

sorted in the increasing order x1 < x2 < ·· · < xM . In Theorem 3.6, we state our main theoretical

contributions regarding the minimization problem (3.61).

Theorem 3.6. Regarding the minimization problem (3.61), the following statements hold.

1. The solution set VLip is a nonempty, convex and weak*-compact subset of Lip(R).
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2. There exists a unique vector z = (zm) ∈RM such that

VLip = argmin
f ∈Lip(R)

L( f ), s.t. f (xm) = zm , ∀m. (3.62)

3. The optimal Lipschitz constant has the closed-form expression

Lmin = max
2≤m≤M

∣∣∣∣ zm − zm−1

xm −xm−1

∣∣∣∣ . (3.63)

Consequently, any Lmin-Lipschitz function f that satisfies f (xm) = zm ,m = 1, . . . , M is a

solution of (3.61).

4. Let E ⊆R2 be the union of the graphs of all solutions of (3.61), defined as

E = {
(x, y) ∈R2 : ∃ f ∈ VLip, y = f (x)

}
. (3.64)

Let us also define the right and left planar cones R,L ⊆R2 as

R = {α1(1,Lmin)+α2(1,−Lmin) :α1,α2 ≥ 0} , (3.65)

and L =−R. With the convention that R0 =LM+1 =R2, we have that

E =
M+1⋃
m=1

(Rm−1 ∩Lm) , (3.66)

where the Rm and Lm are shifted versions of R and L , with

Rm = (xm , zm)+R, Lm = (xm , zm)+L ,∀m. (3.67)

5. Any solution of the constrained minimization problem

min
f ∈BV(2)(R)

TV(2)( f ), s.t. f (xm) = zm ,1 ≤ m ≤ M (3.68)

is included in VLip. In particular, the solution set of (3.61) always includes a continuous

and piecewise-linear function.

Proof. Items 1 and 2: The first step is to show that the sampling functional δ(·−x0) : f 7→ f (x0)

is weak*-continuous in Lip(R). To that end, we identify the predual Banach space X such

that Lip(R) = X ′ and then show that shifted Dirac impulses are included in X , which is

equivalent to weak*-continuity. We recall that following (3.43), we can view Lip(R) as the

native Banach space associated to the pair (L∞(R),D). This allows us to deploy the machinery

of [104] to identify its predual space. In short, it follows from [104] that the predual space has

the direct-sum structure X = D(L1(R))⊕ span
(
e−(·)2

)
. In other words, any function f ∈X can

be decomposed as f = D{g }+ ce−(·)2
, where g ∈ L1(R) and c ∈R. One can formally verify that
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δ= D{sgn−erf}+ 2p
π

e−(·)2
, where sgn is the sign function and erf is the Gauss error function.

Due to the rapid decay of the erf function at t =−∞ and the symmetry of (sgn−erf), we deduce

that sgn−erf ∈ L1(R) and, hence, that δ ∈X . Finally, due to the shift-invariant structure of X ,

we deduce the weak*-continuity of the sampling functional δ(·−x0) for any x0 ∈R.

We now invoke Theorem 2.5 to deduce that the solution set VLip of (3.61) is a nonempty,

convex, weak*-compact set whose elements all pass through a fixed set of points. Put differ-

ently, the vector z = (zm) with zm = f (xm) is invariant to the choice of f ∈ VLip. Consequently,

we can represent VLip as a solution set of a constrained problem of the form (3.62).

Item 3: Let us first define the canonical CPWL interpolant of a collection of 1D data points.

Definition 3.4. For a series of data points (xm , zm),m = 1, . . . , M, the canonical interpolant

fcano :R→R is the unique CPWL function that passes through these points and is differentiable

over R\{x2, . . . , xM−1}.

We first prove that fcano is a solution of (3.62). Clearly, the Lipschitz constant of fcano is

equal to L( fcano) = Lmin, where Lmin is given in (3.63). Moreover, any function f that passes

through the data points (xm , zm) necessarily has a Lipschitz constant greater than or equal

to Lmin. This implies that fcano is a solution of (3.62) and Lmin is the minimal value of the

Lipschitz constant. Consequently, any function that satisfies the interpolation constraints and

is Lmin-Lipschitz is a solution of (3.62).

Item 4: Consider a generic point (x, y) ∈ E , and let m be such that x ∈ (xm−1, xm). By

definition of E , there exists a function f ∈ VLip such that y = f (x). From Item 3, we deduce that

L( f ) = Lmin. Hence, we have the inequalities∣∣∣∣ y − zm−1

x −xm−1

∣∣∣∣ ,

∣∣∣∣ y − zm

x −xm

∣∣∣∣≤ Lmin. (3.69)

These inequalities can readily be translated into the inclusion (x, y) ∈ Rm−1 ∩Lm , which

implies that E ⊆ ⋃M
m=1 (Rm−1 ∩Lm). To show the reverse inclusion, consider a point in

(x, y) ∈Rm−1 ∩Lm for some m ∈ {1, . . . , M +1} and denote by f̃cano the canonical interpolant

of {(xm , zm)}M
m=1 ∪ {(x, y)}. Following Item 3, the Lipschitz constant of f̃cano is given by

L( f̃cano) = max

(
Lmin,

∣∣∣∣ y − zm−1

x −xm−1

∣∣∣∣ ,

∣∣∣∣ y − zm

x −xm

∣∣∣∣)= Lmin, (3.70)

where we establish the last equality by translating the inclusion (x, y) ∈Rm−1 ∩Lm into the

inequalities in (3.69). This implies that f̃cano is a solution of (3.62) and so, by definition, we

have that (x, y) ∈ E .

Item 5: By [194, Proposition 5], fcano is also a solution of (3.68). We therefore need to prove

that any solution fopt of (3.68) has the same Lipschitz constant L( fopt) = L( fcano) = Lmin. Due

to the interpolation constraints, we necessarily have that L( fopt) ≥ L( fcano); we must now

prove the reverse inequality L( fopt) ≤ L( fcano). By [194, Theorem 2], fopt must follow fcano in
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Figure 3.8 – The union of the graphs of all solutions in a simple example with four data points.
Note that all solutions must directly connect (x2, z2) to (x3, z3), since the slope of this segment
is Lmin whose formula is given in (3.63).

R\[x2, xM−1]. Moreover, in each interval [xm , xm+1] for m ∈ {2, . . . , M −2}, fopt either follows

fcano or is concave or convex over the interval [xm−1, xm+2]. Hence, it suffices to prove that,

for any m ∈ {2, . . . , M −2}, we have that Lm( fopt) ≤ L( fcano), where Lm( f ) denotes the Lipschitz

constant of f restricted to the interval [xm , xm+1].

Let m be an index for which fopt need not follow fopt in [xm , xm+1]. (If no such index exists,

then the result is trivially true.) Assume that fopt is convex in the interval [xm−1, xm+2]; the

concave scenario is derived in a similar fashion. This implies that, in this interval, the function

(x̃1, x̃2) 7→ fopt(x̃2)− fopt(x̃1)
x̃2−x̃1

is increasing in both its variables.

Hence, for any x̃1, x̃2 ∈ [xm , xm+1] with x̃1 6= x̃2, we have that zm−zm−1
xm−xm−1

≤ fopt(x̃2)− fopt(x̃1)
x̃2−x̃1

≤
zm+2−zm+1
xm+2−xm+1

. This directly implies the desired result Lm( fopt) ≤ L( fcano).

We remark that the result that has the greatest practical relevance is stated in Item 5

which creates an interesting link with TV(2) minimization problems and hence guarantees the

existence of CPWL solutions.

Lipschitz Constraint

While the first formulation is interesting on its own right and results in learning CPWL map-

pings with tunable Lipschitz constants, it does not necessarily yield a sparse (and, hence,

interpretable) solution. In fact, the learned mapping can have undesirable oscillations as
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illustrated in Figure 3.11. This observation motivates us to propose a second formulation that

combines TV(2) regularization with a constraint over the Lipschitz constant, as expressed by

Vhyb = argmin
f ∈BV(2)(R)

(
M∑

m=1
E( f (xm), ym)+λTV(2)( f )

)
, s.t. L( f ) ≤ L̄. (3.71)

The quantity L̄ is the maximal value allowed for the Lipschitz constant of the learned

mapping. In this way, the stability is directly controlled by the user, while the regularization

term removes undesired oscillations (tunable withλ> 0). The solution set Vhyb is characterized

in Theorem 3.7, from which we also deduce the existence of CPWL solutions.

Theorem 3.7. The solution set Vhyb of Problem (3.71) is a nonempty, convex, and weak*-

compact subset of BV(2)(R) whose extreme points are linear splines with at most (M −1) linear

regions. Moreover, there exists a unique vector z = (zm) such that

Vhyb = argmin
f ∈BV(2)(R)

TV(2)( f ), s.t. f (xm) = zm ,1 ≤ m ≤ M . (3.72)

Finally, the optimal TV(2) cost has the closed-form expression

TVmin =
M−1∑
m=2

∣∣∣∣ zm − zm−1

xm −xm−1
− zm − zm+1

xm −xm+1

∣∣∣∣ . (3.73)

Proof. Existence: We rewrite the problem in (3.71) as an unconstrained minimization

Vhyb = argmin
f ∈MD2 (R)

M∑
m=1

E( f (xm), ym)+λTV(2)( f )+ iL( f )≤L̄ , (3.74)

where i A denotes the characteristic function of the set A and is defined as

i A( f ) =
0, f ∈ A

+∞, otherwise.
(3.75)

To prove the existence of a minimizer, we use a standard technique in convex analysis which

involves the generalized Weierstrass theorem [198] to show that the cost functional of (3.74) is

coercive and lower semicontinuous (in the weak*-topology), which is a sufficient condition

for the existence of a solution.

The cost functional in (3.71) consists of three terms: (i) an empirical loss term H( f ) =∑M
m=1 E( f (xm), ym); (ii) a second-order total-variation regularization term R( f ) =λTV(2)( f );

and (iii) a Lipschitz constraint i A , where A = {L( f ) ≤ L̄}. It is known (see [74] for a more general

statement) that the functional H ( f )+R( f ) is coercive and weak*-lowersemincontinuous. This,

together with the non-negativity of iE , yields the coercivity of the total cost. The only missing

item is the weak*-lowersemicontinuity of i A , for which it is sufficient to prove that A is a closed

set for the weak*-topology.
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Let fn ∈ BV(2)(R) be a sequence of functions with L( fn) ≤ L̄ converging in the weak*-

topology to flim ∈ BV(2)(R). To prove the weak*-closedness of A, we need to show that

L( flim) ≤ L̄, which is equivalent to | flim(a)− flim(b)| ≤ L̄|a −b| for any a,b ∈R.

For any n ∈N, we have that

| flim(a)− flim(b)| ≤ | flim(a)− fn(a)|+ | fn(a)− fn(b)|+ | fn(b)− flim(b)|. (3.76)

Using the weak*-continuity of the sampling functionals δ(·−a) and δ(·−b) in BV(2)(R) (see,

for example, [103]), we deduce that fn(a) → flim(a) and fn(b) → flim(b). Moreover, we have

the estimate | fn(a)− fn(b)| ≤ L̄|a −b| for any n ∈N. Using these and letting the limit n →+∞
in (3.76), we get the desired bound.

Form of the Solution Set: Now that we have proved the existence of a solution f ∗
0 ∈ Vhyb,

we can apply a standard argument based on the strict convexity of E (·, ·) (see, for example, [199,

Lemma 1]) to deduce that for any f ∗ ∈ Vhyb, we have that f ∗(xm) = f ∗
0 (xm) for m = 1, . . . , M .

Hence, the original Problem (3.71) is equivalent to

Vhyb = argmin
f ∈BV(2)(R)

TV(2)( f ), s.t.

L( f ) ≤ L̄,

f (xm) = f ∗
0 (xm), m = 1, . . . , M .

(3.77)

Since f ∗
0 ∈ Vhyb, we deduce that

L0
M= max

2≤m≤M

∣∣∣∣ f ∗
0 (xm)− f ∗

0 (xm−1)

xm −xm−1

∣∣∣∣≤ L( f ∗
0 ) ≤ L̄.

Yet, Item 5 in Theorem 3.6 implies that any solution f ∗ of the problem

argmin
f ∈BV(2)(R)

TV(2)( f ), s.t. f (xm) = f ∗
0 (xm), m = 1, . . . , M , (3.78)

is a solution of (3.62) with zm = f ∗
0 (xm). Hence, by Item 3 of Theorem 3.6, we have that

L( f ∗) = L0 ≤ L̄. This means that adding the Lipschitz constraint L( f ) ≤ L̄ does not change the

solution set of Problem (3.78). Hence, we have that

Vhyb = argmin
f ∈BV(2)(R)

TV(2)( f ), s.t. f (xm) = f ∗
0 (xm), m = 1, . . . , M . (3.79)

The solution set of (3.79) has been fully described in [194], which yields the announced

characterization.

Let us remark that the Lipschitz constraint only affects the vector z in (3.72), which forces

its entries to satisfy the inequalities∣∣∣∣ zm − zm−1

xm −xm−1

∣∣∣∣≤ L, m = 2, . . . , M . (3.80)
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Connection to Neural Networks

In this part, we show that our second formulation (3.71) is equivalent to training a two-layer

neural network with weight decay and a Lipschitz constraint. Let us recall that a univariate

ReLU network with two layers and skip connections is a mapping fθ :R→R of the form

fθ(x) = c0 + c1x +
K∑

k=1
vk ReLU(wk x −bk ), (3.81)

where c1 ∈R is the weight of the skip connection, K ∈N is the width of the network, vk , wk ∈
R,k = 1, . . . ,K are the linear weights and bk ∈R, k = 1, . . . ,K and c0 ∈R are the bias terms of the

first and second layers, respectively. These parameters are concatenated in a single vector

θ = (K ,v,w,b,c), and we denote by Θ the set of all possible parameter vectors θ. Thus, the

training problem with Lipschitz constraint and weight decay is formulated as

VN N = argmin
θ∈Θ

(
M∑

m=1
E( fθ(xm), ym)+λR(θ)

)
, s.t. L( fθ) ≤ L̄, (3.82)

where R(θ) = ∑K
k=1

( |vk |2+|wk |2
2

)
is the regularization term corresponding to weight decay. In

Proposition 3.1, we show the equivalence between this training problem and our Lipschitz-

constrained formulation (3.71).

Proposition 3.1. For any solution θ∗ of (3.82), fθ∗ is a CPWL solution of (3.71). Moreover, any

CPWL solution of (3.71) can be expressed as a two-layer ReLU network fθ∗ with skip connections

whose parameter vector is optimal in the sense of (3.82), i.e., θ∗ ∈ VN N .

Before going to the proof, we first state a useful lemma.

Lemma 3.1. For any θ∗ = (K ∗,v∗,w∗,b∗,c∗) ∈ VNN, we have that |v∗
k | = |w∗

k | for any k =
1, . . . ,K .

Proof. Let θ∗ = (K ∗,v∗,w∗,b∗,c∗) ∈ VN N and 1 ≤ k ≤ K . For any ε ∈ (−1,1), we define a

perturbed parameter vector θε = (K ∗,vε,wε,bε,c∗), where for any k ′ = 1, . . . ,K we have that

vε,k ′ =
v∗

k ′ , k ′ 6= k

(1+ε)
1
2 v∗

k , k ′ = k
, (3.83)

wε,k ′ =
w∗

k ′ , k ′ 6= k

(1+ε)−
1
2 w∗

k , k ′ = k
, (3.84)

bε,k ′ =
b∗

k ′ , k ′ 6= k

(1+ε)−
1
2 b∗

k , k ′ = k.
(3.85)

Due to the positive homogeneity of the ReLU, one readily deduces from (3.81) that fθ∗ = fθε
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for any ε ∈ (−1,1). This together with the optimality of θ∗ in Problem (3.82) implies that

v∗
k

2 +w∗
k

2 ≤ (1+ε)v∗
k

2 + (1+ε)−1w∗
k

2, ∀ε ∈ (−1,1). (3.86)

Multiplying both sides of the above inequality by (1+ε) > 0 yields

εw∗
k

2 ≤ ε(1+ε)v∗
k

2, ∀ε ∈ (−1,1). (3.87)

Letting ε→ 0+ yields w∗
k

2 ≤ v∗
k

2 and ε→ 0− yields w∗
k

2 ≥ v∗
k

2, which proves that |w∗
k | = |v∗

k |.

Proof of Proposition 3.1. Using Lemma 3.1, we observe that for any θ∗ ∈ VNN, we have that

R(θ∗) = 1

2

K∑
k=1

(v∗
k

2 +w∗
k

2) =
K∑

k=1
|v∗

k ||w∗
k | = TV(2)( fθ∗), (3.88)

where the last inequality comes from the simple observation that TV(2)(vReLU(w ·−b)) = |v ||w |
for any v, w,b ∈R. Hence, one can rewrite the solution set VNN as

VNN = argmin
θ∈Θred

(
M∑

m=1
E( fθ(xm), ym)+λTV(2)( fθ)

)
, s.t. L( fθ) ≤ L̄, (3.89)

whereΘred = {θ ∈Θ : R(θ) = TV(2)( fθ)} is the reduced parameter space. To prove the announced

equivalence, it remains to show that the mappingΘred → BV(2)(R) : θ 7→ fθ is a bijection onto

the CPWL members of BV(2)(R) with finitely many linear regions.

For any θ ∈Θred, the function fθ is a CPWL member of BV(2)(R) with finitely many linear

regions. To prove the converse, let f ∈ BV(2)(R) be a CPWL function with finitely many linear

regions. Using the canonical representation of f , there exist c0,c1 ∈ R, K ∈N and ak ,τk ∈ R
with ak 6= 0 for k = 1, . . . ,K such that

f (x) = c0 + c1x +
K∑

k=1
ak ReLU(x −τk ). (3.90)

Now by defining vk = akp|ak | , wk =p|ak | and, bk =p|ak |τk for k = 1, . . . ,K , the homogeneity

of the ReLU yields f = fθ with θ = (K ,c,v,w,b) ∈Θred, where the latter inclusion is due to the

equalities |vk | = |wk | for k = 1, . . . ,K .

Proposition 3.1 is an extension of the results of [195, 140], where this equivalence is proved

in the absence of a Lipschitz constraint. These works rely on a result (e.g., [195, Corollary

C.2]) that describes the energy propagation in the training of feed-forward neural networks

with weight decay, which can easily be extended to the Lipschitz-constrained case (Lemma

3.1). Proposition 3.1 provides a functional framework to study the training of Lipschitz-aware

neural networks, which is a nontrivial task. To this end, Proposition 3.1 allows us to deploy

our proposed algorithm. Our description of the solution set of Problem (3.71) (Theorem 3.7)
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and of its sparsest solutions (Theorem 3.8) also provides interesting insights on ReLU neural

networks.

3.3.4 Finding the Sparsest CPWL Solution

Here, we propose an algorithm to find the sparsest CPWL solution of Problems (3.61) and

(3.71). To that end, we first compute the vector z of the value of the optimal function at the

data points x1, . . . , xm . Using this vector, we then deploy the sparsification algorithm of [194],

whose use in the present method is motivated by the following theorem.

Theorem 3.8. Let (xm , zm) ∈ R2,m = 1, . . . , M be a collection of ordered data points with x1 <
·· · < xM . Then, the output fsparse of the sparsification algorithm of Debarre et al. in [194] is

the sparsest linear-spline interpolator of the data points. In other words, fsparse is the CPWL

interpolator with the fewest number of linear regions.

Proof. Let f ∗ be the output of [194, Algorithm 1]. It is thus a CPWL solution of Problem (3.62)

with the minimum number of linear regions. We prove that any CPWL interpolant f of the

data points Pm = (xm , zm),m = 1, . . . , M—not necessarily a minimizer of TV(2)( f )—has at least

as many linear regions as f ∗. Our proof is based on induction over the number M of data

points. The initialization M = 2 trivially holds, since f ∗ then has a single linear region—it is

simply the line connecting the two data points. Next, let M > 2 and assume that Theorem 3.8

holds for (M −1) or less data points (the induction hypothesis). The canonical interpolatant

fcano introduced in Definition 3.4 can be expressed as

fcano(x) =α1x +α2 +
M−1∑
m=2

am(x −xm)+ (3.91)

for some coefficients α1,α2, am ∈R. There are three possible scenarios:

1. all am ’s are positive (or negative);

2. at least one of them is zero;

3. there are two consecutive coefficients with opposite signs, so that am am+1 < 0 for some

m.

We analyze each case separately and use the induction hypothesis to deduce the desired result.

In this proof, we refer to singularities of CPWL functions (i.e., the boundary points between

linear regions) as knots.

Case 1: In this case, it is known that f ∗ has K = (dM
2 e−1

)
knots [194, Theorem 4]. Assume

by contradiction that there exists a CPWL interpolant f with fewer knots and consider the

K disjoint intervals (x2k−1, x2k+1) for 1 ≤ k ≤ (dM
2 e−1

) = K . We deduce that there exists an

96



3.3. Sparsest Univariate Learning Models Under Lipschitz Constraint

interval (x2k−1, x2k+1) in which f has no knots. This in turn implies that the data points P2k−1,

P2k , and P2k+1 are aligned, and so that a2k = 0, which yields a contradiction.

Case 2: Let m ∈ {2, M−1} be such that am = 0. Consider the collection of m < M data points

(Pm′)1≤m′≤m ; by the induction hypothesis, f ∗ interpolates them with the minimal number K1

of knots. The same applies to the collection of (M −m +1) < M points (Pm′)m≤m′≤M with K2

knots. Let f be a CPWL interpolant of all the M data points with the minimal number of knots.

By definition of the Ki , f must have at least K1 knots in the interval (x1, xm) and K2 knots in the

interval (xm , xM ). Since these intervals are disjoint, f must have at least K1 +K2 knots in total.

Yet, f ∗ has exactly (K1 +K2) knots: indeed, f ∗ follows fcano in the interval [xm−1, xm+1], which

has no knot at xm since am = 0 (the points Pm−1, Pm , and Pm+1 are aligned). This concludes

that f ∗ has the minimum number of knots.

Case 3: Let m ∈ {2, M − 2} be such that am am+1 < 0. Consider the collection of (m +
1) < M data points (Pm′)1≤m′≤m+1; by the induction hypothesis, f ∗ interpolates them with

the minimal number K1 of knots. Similarly, f ∗ interpolates the (M − m + 1) < M points

(Pm′)m≤m′≤M with the minimal number K2 of knots. Let f be a CPWL interpolant of all the M

data points with the minimal number of knots. We now state a useful lemma whose proof is

given below.

Lemma 3.2. Let m ∈ {2, . . . , M −2} be such that am am+1 < 0. Then, any CPWL interpolant f of

the data points (Pm′)1≤m′≤M can be modified to become another CPWL interpolant f̃ with as

many (or fewer) knots such that f̃ has no knot in the interval (xm , xm+1).

By Lemma 3.2, it can be modified to become another interpolant f̃ with the same total

number of knots and none in the interval (xm , xm+1). By definition of the Ki , f̃ must have at

least K1 knots in the interval (x1, xm+1) and K2 knots in the interval (xm , xM ). Yet, f̃ has no

knots in the interval (xm , xm+1), so it must have at least K1 knots in (x1, xm] and K2 knots in

[xm+1, xM ). Since these intervals are disjoint, f̃ must have at least (K1 +K2) knots in total. Yet,

f ∗ follows fcano in the interval [xm−1, xm+2] and thus also has no knot in the interval (x1, xm+1).

Therefore, by the induction hypothesis, f ∗ has K1 knots in (x1, xm] and K2 knots in [xm+1, xM ),

for a total of (K1+K2) knots. Since this is no more than f̃ , f ∗ has the minimal number of knots,

which proves the induction.

Proof of Lemma 3.2. Let f be a CPWL interpolant of the data points (Pm′)1≤m′≤M with P knots.

In what follows, we consider a CPWL function f̃ that follows f outside this interval and

(xm−1, xm+2), and we modify it inside this interval in order to remove all knots in (xm , xm+1)

without increasing the total number of knots.

We consider the case am > 0 and am+1 < 0 without loss of generality. Let s− = f ′(x−
m−1)

and s+ = f ′(x+
m+2) be the slopes of f before and after the interval of interest (xm−1, xm+2),

respectively, and we let s−cano = f ′
cano(x−

m−1) and s+cano = f ′
cano(x+

m+2) be those of fcano. We also

introduce the linear functions f −(x) = zm−1 + s−(x −xm−1) and f +(x) = zm+2 + s+(x −xm+2).
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They prolong f in a straight line after Pm−1 and before Pm+2, respectively. We now distinguish

cases based on s− and s+.

Case I: s− ≤ s−cano and s+ ≤ s+cano. Graphically, this corresponds to f lying in none of the

gray regions in Figure 3.9. In this case, the line (PmPm+1) intersects the linear function f − at

some point P− = (x−, z−) where x− ∈ (xm−1, xm), and with f + at some point P+ = (x+, z+) with

x+ ∈ (xm+1, xm+2). This is obvious graphically (see Figure 3.9 as an illustration for P−), and is

due to the fact that am > 0 and am+1 < 0. Hence, by taking an f̃ that connects the points Pm−1,

P−, P+, and Pm+2, then f̃ has two knots in [xm−1, xm+2] and its knots satisfy x−, x+ 6∈ (xm , xm+1).

Since f clearly cannot have fewer than two knots in this interval, this proves the desired result.

Case II: s+ > s+cano and s− > s−cano. In this case, f lies in both gray regions in Figure 3.9.

To pass through Pm , f must have at least one knot in [xm−1, xm); let P− = (x−, z−) be the

first of those knots (with x− < xm). Similarly, to pass through Pm+1, f must have a knot in

(xm+1, xm+2]; let P+ = (x+, z+) be the last of those knots (with x+ > xm+1). Then, f must

pass through the points P−, Pm , Pm+1, P+. Yet, the lines (P−Pm) and (Pm+1P+) clearly cannot

intersect in the interval [xm , xm+1], which implies that at least two knots are needed in the

interval (x−, x+). We conclude that f must have at least four knots in the interval [xm−1, xm+2].

Hence, we take an f̃ that simply connects the points Pm−1, Pm , Pm+1, and Pm+2 and follows f

elsewhere; the latter has four knots in [xm−1, xm+2], which is no more than f and thus fulfills

the requirements of the proof.

Case III: s+ > s+cano and s− ≤ s−cano. This case is illustrated in Figure 3.9: f is outside the

gray region on the left, and inside the one on the right. With a similar argument as in Case

II, f must have a least three knots in the interval [xm−1, xm+2]. The fact that am > 0 implies

that the line (PmPm+1) intersects the linear function f − at some point P− = (x−, z−) where

x− ∈ (xm−1, xm). We then take an f̃ that connects the points Pm−1, P−, Pm+1, and Pm+2 and

follows f elsewhere. The interpolant f̃ has three knots at x−, xm+1, and xm+2 in [xm−1, xm+2]

and thus satisfies the requirements of the proof.

Case IV: s+ ≤ s+cano and s− > s−cano. This is similar to Case III, and can be readily deduced by

symmetry, thus completing the proof of Lemma 3.2.

Theorem 3.8 is a strong enhancement of [194, Theorem 4] where it is merely established

that fsparse is the sparsest CPWL solution of (3.68). In Theorem 3.8, we prove that fsparse is

in fact the sparsest of all CPWL interpolants of the data points (xm , zm), without restricting

the search to the solutions of (3.68). This is a remarkable result in its own right, as it gives a

nontrivial answer to the seemingly simple question: how to interpolate data points with the

minimum number of lines? Here, we invoke Theorem 3.8 to deduce that, with the vector z

defined in Item 2 of Theorem 3.6, fsparse is the sparsest CPWL solution of (3.62). Similarly, with

the vector z defined in Theorem 3.7, fsparse is the sparsest CPWL solution of (3.71).

98



3.3. Sparsest Univariate Learning Models Under Lipschitz Constraint

x
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xm−1 xm xm+1 xm+2

Pm−1
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Pm+1

Pm+2
P−

Figure 3.9 – Illustration of Lemma 3.2 in the case am > 0 and am+1 < 0. The interpolant f
(solid line) satisfies s+ > s+cano and s− ≤ s−cano. The modified interpolant f̃ (dashed line) also
has three knots P−, Pm+1, and Pm+2, but none in (xm , xm+1).

In the remaining part of this section, we detail our computation of the vectors z defined in

Theorems 3.6 and 3.7. Let us define the empirical loss function F :RM →R≥0 as

F (z) =
M∑

m=1
E(zm , ym). (3.92)

For simplicity, we assume that F is differentiable; the prototypical example is the quadratic

loss F (z) = 1
2

∑M
m=1(zm−ym)2. Following this notation and using (3.63), the vector z in Problem

(3.62) is solution to the minimization problem

min
z∈RM

(F (z)+λ‖Linfz‖∞) , (3.93)

where the matrix Linf ∈R(M−1)×M is given by

[Linf]m,n =


−vm+1, n = m

vm+1, n = m +1

0, otherwise

(3.94)

where vm = (xm − xm−1)−1,m = 2, . . . , M . To solve (3.93), we use the well-known alternating-

direction method of multipliers (ADMM) [200] by defining the augmented Lagrangian as
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J (z,u,w) = F (z)+λ‖u‖∞+ ρ

2
‖Linfz−u‖2

2 +wT (Linfz−u), (3.95)

where ρ > 0 is a tunable parameter. The principle of ADMM is to sequentially update the

unknown variables z ∈RM and u,w ∈RM−1. Precisely, its kth iteration is given explicitly by

z(k+1) = argmin
z∈RM

J (z,u(k),w(k)), (3.96)

u(k+1) = argmin
u∈RM−1

J (z(k+1),u,w(k)), (3.97)

w(k+1) = w(k) +ρ
(
Linfz

(k+1) −u(k+1)
)

. (3.98)

The benefit of these sequential updates is that Problem (3.96) has a differentiable cost and

hence, can be efficiently solved using gradient-based methods. (In the case of the quadratic

loss E(z, y) = 1
2 (z − y)2, one can even obtain a closed-form solution.) Unfortunately, the cost

in (3.97) is not differentiable. However, one can rewrite the augmented Lagrangian as

J (zk ,u,wk ) = ρ

2

∥∥∥∥u−Linfzk −
1

ρ
wk

∥∥∥∥2

2
+λ‖u‖∞+Cnst., (3.99)

where the constant term accounts for all terms that do not depend on u. Then, by defining the

vector vk =
(
Linfzk + 1

ρwk

)
, we rewrite (3.97) as

u(k+1) = argmin
u∈RM−1

(
1

2
‖u−vk‖2

2 +
λ

ρ
‖u‖∞

)
= prox λ

ρ
‖·‖∞(vk ), (3.100)

by definition of the proximal operator. The proximal operator of the `∞-norm has computa-

tionally cheap implementations (see, for example, [201, Section 6.5.2]), which can be used to

update u via (3.100).

Similarly and using (3.73), we formulate the search for the vector z associated to the

Problem (3.71) as

min
z∈RM

(
F (z)+λ‖L1z‖1 + i‖Linfz‖∞≤L

)
, (3.101)

where L1 ∈R(M−2)×M with

[L1]m,n =



−vm+1, n = m

(vm+1 + vm+2), n = m +1

−vm+2, n = m +2,

0, otherwise

(3.102)
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for all m = 1, . . . , M −2 and n = 1, . . . , M . In this case, the augmented Lagrangian takes the form

J (z,u1,uinf,w1,winf) = F (z)+ ρ1

2
‖L1z−u1‖2

2 +wT
1 (L1z−u1)+‖u1‖1

+ ρinf

2
‖Linfz−uinf‖2

2 +wT
inf(Linfz−uinf)+ i‖uinf‖∞≤L . (3.103)

At the kth iteration, we then solve sequentially the following optimization problems

z(k+1) = argmin
z∈RM

J (z,u(k)
1 ,u(k)

inf ,w(k)
1 ,w(k)

inf ), (3.104)

u(k+1)
1 = argmin

u1∈RM−2

J (z(k+1),u1,u(k)
inf ,w(k)

1 ,w(k)
inf ), (3.105)

u(k+1)
inf = argmin

uinf∈RM−1

J (z(k+1),u(k+1)
1 ,uinf,w(k)

1 ,w(k)
inf ), (3.106)

w(k+1)
1 = w(k)

1 +ρ1

(
L1z(k+1) −u(k+1)

1

)
, (3.107)

w(k+1)
inf = w(k)

inf +ρinf

(
Linfz

(k+1) −u(k+1)
inf

)
. (3.108)

The cost function of Problem (3.104) is differentiable and so, we can solve it using gradient-

based methods. For Problem (3.105), we invoke the proximal operator of the `1-norm that

is known to be soft-thresholding [201, Section 6.5.2.]. Finally and for (3.106), the proximal

operator of the indicator function i‖·‖∞≤L is the projection over the `∞ ball which has the

simple separable expression

[proxi‖·‖∞≤L
(v)]n =


L, vn > L

vn , |vn | ≤ L

−L, vn <−L.

(3.109)

3.3.5 Numerical Illustration

In all our experiments, we consider the standard quadratic loss E(y, z) = 1
2 (y − z)2. We draw

the data-point locations xm randomly in the interval [0,1]. The values ym are then generated

as ym = f0(xm)+nm , where f0 is some known CPWL function (gold standard) and nm is drawn

i.i.d. from a zero-mean normal distribution with variance σ2.

Lipschitz Regularization

In this first experiment, we illustrate our first formulation (3.61). We take M = 50 data points,

a CPWL ground-truth f0 with 6 linear regions, and a noise level σ= 0.02.

The results are shown in Figure 3.10. In Figure 3.10a, we show the reconstructions for

extreme values ofλ. On one hand, λ→ 0 corresponds to the exact interpolation Problem (3.62).

On the other hand, λ = +∞ corresponds to constant regression. Obviously, neither is very

satisfactory: interpolation leads to overfitting (the reconstruction has 37 linear regions),
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-0.1

-0.05
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(a) Reconstructions for different values of λ. Number of linear regions: 10 for λ = 0.029
versus 37 for λ=+∞.

10-5 10-4 10-3 10-2 10-1 100
10-4

10-3

10-2

10-1

100
Quadratic loss

Lipschitz constant

(b) Evolution of the training error and the Lipschitz regularity with respect to λ. The
diamond corresponds to λ= 0.029 (shown in Figure 3.10a).

Figure 3.10 – Example of our first formulation (3.61) for M = 50 data points.

and the constant regression to underfitting. We show an example of a more satisfactory

reconstruction for λ= 0.029 (10 linear regions), which is visually acceptable. In Figure 3.10b,

we show the evolution of the quadratic loss 1
2

∑M
m=1( f ∗(xm)− ym)2 and the Lipschitz constant

L( f ∗), for various values of λ. With the aid of such curves, the user can choose what is

considered acceptable for either of these costs and select a suitable value of λ.

Limitations of Lipschitz-Only Regularization

Despite its interesting theoretical properties, Problem (3.61) does not always yield satisfactory

reconstructions. This is because it does not enforce a sparse reconstruction in the problem

formulation, despite the fact that our algorithm reconstructs (one of) the sparsest elements

of Vlip. This leads to learned mappings with too many linear regions and, consequently, poor
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(a) Lipschitz regularization.
Number of linear regions: 13.
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(b) Lipschitz regularization.
Number of linear regions: 9.
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(c) TV(2) regularization.
Number of linear regions: 2.

Figure 3.11 – Reconstructions with a ReLU ground truth and M = 30 data points.

interpretability.

One such example is shown in Figure 3.11, where we consider the shifted ReLU function

f0(·) = (·− 1
2 )+ as the ground-truth mapping. We also fix the standard deviation of the noise to

σ= 0.02. Figure 3.11a shows a reconstruction that solves Problem (3.61) with the regularization

parameter λ= 0.02. Although the reconstruction is satisfactory in the active section (x > 1/2),

it has many linear regions in the flat section (x < 1/2) that are not present in f0. This is due to

the fact that the active section forces the Lipschitz constant of the reconstruction to be around

1, while oscillations with a slope smaller than 1 in the flat section are not penalized by the

regularization. This problem clearly cannot be fixed by a simple increase in the regularization

parameter: withλ= 0.2 (Figure 3.11b), not only there are still too many linear regions in the flat

section (the reconstruction has 9 linear regions in total), but also the active section is poorly

reconstructed because the Lipschitz constant is penalized too heavily by the regularization.

Hence, to reconstruct such a ground truth accurately, it is necessary to enforce the sparsity

of the reconstruction, which is exactly the purpose of the TV(2) regularization. The reconstruc-

tion result of the TV(2)-regularized problem (i.e., Problem (3.71) with a relatively large Lipschitz

bound) with λ= 0.01 is also shown in Figure 3.11c; it is clearly much more satisfactory than

any of the Lipschitz-penalized reconstructions since it is very close to the ground truth and

has the same sparsity (two linear regions).

Lischitz-Constraint Formulation and Robustness to Outliers

In this final experiment, we demonstrate the pertinence of our second formulation (Prob-

lem (3.71)). More precisely, we examine the increased robustness to outliers of our second

formulation (3.71) with respect to TV(2) regularization. To that end, we generate the CPWL

ground truth f0 with 6 linear regions and M = 50 data points. We then consider an additive

Gaussian-noise model with low standard deviation σ= 10−3 for 90% of the data, and a much

stronger σ′ = 3.5∗10−2 for the remaining 10%, which can be considered outliers.
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Figure 3.12 – Reconstruction of M = 50 data points for λ= 10−4. Our second formulation with
L̄ = 0.66 produces 9 linear regions. We compare it to that of TV(2) which produces 12 linear
regions.

We show in Figure 3.12 the reconstruction results using our second formulation with

λ= 10−4 and L̄ = 0.66. The latter is quite satisfactory despite the presence of a strong outlier

around xm = 0.22. This is due to the fact that the Lipschitz constant is constrained. When

using TV(2)-regularization alone, at same regularization parameter, the reconstruction is very

similar in most regions but is much more sensitive to this outlier which leads to an unwanted

sharp peak and to the high Lipschitz constant L( f ∗) = 2.21. Moreover, our reconstruction is

more satisfactory in terms of sparsity (9 linear regions compared to 12, which is closer to the 6

linear regions of the target function f0).

3.3.6 Summary

We have proposed two schemes for the learning of one-dimensional continuous and piecewise-

linear (CPWL) mappings with tunable Lipschitz constant. In the first scheme, we directly

use the Lipschitz constant as a regularization term. We establish a representer theorem that

allows us to deduce the existence of a CPWL solution for this continuous-domain optimization

problem. In the second scheme, we use the second-order total-variation seminorm as the

regularization term to which we add a Lipschitz constraint. Again, we proved the existence

of a CPWL solution for this problem. Finally, we proposed an efficient algorithm to find the

sparsest CPWL solution of each problem. We illustrated the outcome of each scheme via

numerical examples.
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3.4 Learning Activation Functions of Deep Neural Networks

We introduce6 a variational framework to learn the activation functions of deep neural net-

works. Our aim is to increase the capacity of the network while controlling an upper-bound

of the actual Lipschitz constant of the input-output relation. To that end, we first establish

a global bound for the Lipschitz constant of neural networks. Based on the obtained bound,

we then formulate a variational problem for learning activation functions. Our variational

problem is infinite-dimensional and not computationally tractable. However, we prove that

there always exists a solution that has continuous and piecewise-linear (linear-spline) acti-

vations. This reduces the original problem to a finite-dimensional minimization where an

`1 penalty on the parameters of the activations favors the learning of sparse nonlinearities.

We propose a scalable algorithm for training activation functions that is based on B-spline

representation of cardinal splines. Finally, we numerically compare our scheme with standard

ReLU network and its variations, PReLU and LeakyReLU and we empirically demonstrate the

practical aspects of our framework.

3.4.1 Context

Although the ReLU networks are favorable, both from a theoretical and practical point of

view, one may want to go even farther and learn the activation functions as well. The min-

imal attempt is to learn the parameter a in LeakyReLU activations, which is known as the

parametric ReLU (PReLU) [202]. More generally, one can consider a parametric form for the

activations and learn the parameters in the training step. There is a rich literature on the

learning of activations represented by splines, a parametric form characterized by optimality

and universality [10, 6]. Examples are perceptive B-splines [203], Catmull-Rom cubic splines

[204, 205], and adaptive piecewise linear splines [206], to name a few.

In theoretical analyses of deep neural networks, the Lipschitz-continuity of the network

and the control of its regularity is of great importance and is crucial in several schemes of

deep learning, for example in Wasserstein GANs [178], in providing compressed sensing type

guarantees for generative models [179], in showing the convergence of CNN-based projection

algorithms to solve inverse problems [181], and in understanding the generalization property

of deep neural networks [180]. Moreover, the Lipschitz regularity drives the stability of neural

networks, a matter that has been tackled recently [207, 208, 209].

In this work, we propose a variational framework to learn the activation functions with the

motivation of increasing the capacity of the network while controlling its Lipschitz regularity.

To that end, we first provide a global bound for the Lipschitz constant of the input-output

relation of neural networks that have second-order bounded-variation activations. Based on

the minimization of this bound, we propose an optimization scheme in which we learn the

linear weights and the activation functions jointly. We show that there always exists a global

6This section is based on our published works [106, 107].
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solution of our proposed minimization made of linear spline activations. We also demonstrate

that our proposed regularization has a sparsity-promoting effect on the parameters of the

spline activations. Let us remark that our regularization, which is based on an upper-bound,

does not ensure that the actual Lipschitz constant of the neural network is minimized—it only

prevents it from exceeding a certain range.

3.4.2 Second-Order Bounded-Variation Activation Functions

We consider activations from the space of second-order bounded-variation functions BV(2)(R).

This ensures that the corresponding neural network satisfies several desirable properties which

we discuss in this section. The key feature of these activations is their Lipschitz continuity

(see, Theorem 3.9). Lipschitz functions are known to be continuous and differentiable almost

everywhere [210]. Moreover, in Proposition 3.2, we show that any element of BV(2)(R) has

well-defined right and left derivatives at any point. This is an important property for activation

functions, since it is the minimum requirement for performing gradient-based algorithms

that take advantage of the celebrated back-propagation scheme in the training step [211].

Proposition 3.2. For any function σ ∈ BV(2)(R) and any x0 ∈R, the left and right derivatives of

σ at the point x = x0 exist and are finite.

Proof. We prove the existence of the right derivative at x = 0 and deduce the existence of the

left derivative by symmetry. Moreover, since BV(2)(R) is a shift-invariant function space, the

existence of left and right derivatives will be ensured at any point x0 ∈R.

Let us denote

∆σ(a,b) = σ(a)−σ(b)

a −b
, a,b ∈R, a 6= b. (3.110)

From Theorem 3.9, we have that

−‖σ‖BV(2) ≤∆σ(a,b) ≤ ‖σ‖BV(2) , a,b ∈R, a 6= b. (3.111)

Define quantities Msup and Minf as

Msup = limsup
h→0+

∆σ(h,0), Minf = liminf
h→0+ ∆σ(h,0). (3.112)

The finiteness of |Msup| and |Minf| is guaranteed by (3.111). Now, it remains to show that

Msup = Minf to prove the existence of the right derivative. Assume, by contradiction, that

Msup > Minf. Consider a small value of 0 < ε < Msup−Minf

3 and define the constants C1 =(
Msup −ε

)
and C2 = (Minf +ε). Clearly, we have C1 −C2 ≥ ε > 0. Moreover, due to the defi-

nition of limsup and liminf, there exist sequences {an}∞n=0 and {bn}∞n=0 that are monotically

decreasing to 0 and are such that

∆σ(an ,0) >C1, ∆σ(bn ,0) <C2, an > bn > an+1, ∀n ∈N. (3.113)
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One then has that

σ(an) >C1an +σ(0), σ(bn) <C2bn +σ(0) (3.114)

and, consequently,

∆σ(an ,bn) ≥ C1an −C2bn

an −bn
>C1, (3.115)

∆σ(bn , an+1) ≤ C2bn −C1an+1

bn −an+1
<C2. (3.116)

From the definition of second-order total variation and using (3.115) and (3.116), we obtain

that

‖D2σ‖M ≥
∞∑

n=0
|∆σ(an ,bn)−∆σ(bn , an+1)|

≥
∞∑

n=0

(
C1an −C2bn

an −bn
− C2bn −C1an+1

bn −an+1

)
≥

∞∑
n=1

(C1 −C2) =
∞∑

n=0
ε=+∞, (3.117)

which contradicts the original assumption σ ∈ BV(2)(R). Hence, Msup = Minf and the right

derivative exists.

Let us mention that Lipschitz functions in general do not have one-sided derivatives at all

points; it is a property that is specific of BV(2) functions. As an example, consider the function

f :R→Rwith

f (x) =
x sin(log(x)), x > 0

0, x ≤ 0.
(3.118)

One readily verifies that f is Lipschitz-continuous with the constant C =p
2. However, for

positive values of h, the function f (h)
h = sin(− log(h)) oscillates between (−1) and 1 as h goes

to zero. Hence, f does not have a right derivative at the point x0 = 0.

In Theorem 3.9, we prove that any neural network with activations from BV(2)(R) specifies

a Lipschitz-continuous input-output relation. Moreover, we provide an upper-bound for

its Lipschitz constant. Before stating the theorem, let us define the (BV(2), p)-norm of the

nonlinear layer σl for any p ∈ [1,+∞) as

‖σl‖BV(2),p =
(

Nl∑
n=1

‖σn,l‖p

BV(2)

) 1
p

. (3.119)

Theorem 3.9. Any feed forward fully connected deep neural network fdeep : RN0 → RNL with

second-order bounded-variation activations σn,l ∈ BV(2)(R) is Lipschitz-continuous. Moreover,

if we consider the `p for p ∈ [1,∞] topology in the input and output spaces, the neural network
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satisfies the global Lipschitz bound∥∥fdeep(x1)− fdeep(x2)
∥∥

p ≤C‖x1 −x2‖p (3.120)

for all x1,x2 ∈RN0 , where

C =
(

L∏
l=1

‖Wl‖q,∞

)
.

(
L∏

l=1
‖σl‖BV(2),p

)
, (3.121)

q ∈ [1,∞] is such that 1
p + 1

q = 1 and ‖Wl‖q,∞ = maxn ‖wn,l‖q is the mixed norm (`q −`∞) of

the l th linear layer.

Proof. From Theorem 3.9, for any x1, x2 ∈RNl−1 , we have that∣∣∣σn,l (wT
n,l x1)−σn,l (wT

n,l x2)
∣∣∣≤ ‖σn,l‖BV(2)

∣∣∣wT
n,l (x1 −x2)

∣∣∣ . (3.122)

Now, by using Hölder’s inequality, we bound the Lipschitz constant of the linear layers as∣∣∣wT
n,l (x1 −x2)

∣∣∣≤ ‖wn,l‖q‖x1 −x2‖p . (3.123)

By combining (3.122) and (3.123) and using the fact that ‖wn,l‖q ≤ ‖Wl‖q,∞, we obtain that∣∣∣σn,l (wT
n,l x1)−σn,l (wT

n,l x2)
∣∣∣p ≤ ‖Wl‖p

q,∞‖σn,l‖p

BV(2)‖x1 −x2‖p
p , (3.124)

which is a Lipschitz bound for the (n, l )th neuron of the neural network. By summing up over

the neurons of layer l , we control the output of this layer as

‖fl (x1)− fl (x2)‖p ≤ ‖Wl‖q,∞‖σl‖BV(2),p‖x1 −x2‖p . (3.125)

Now, the composition of the layer inequalities results in the inequality (3.120) with the constant

introduced in (3.121).

When the standard Euclidean topology is assumed for the input and output spaces, Propo-

sition 3.3 provides an alternative bound for the Lipschitz constant of the neural network.

Proposition 3.3. Let fdeep :RN0 →RNL be a fully connected feed forward neural network with

activations selected from BV(2)(R). For all x1,x2 ∈RN0 we have that∥∥fdeep(x1)− fdeep(x2)
∥∥

2 ≤CE‖x1 −x2‖2, (3.126)

where

CE =
(

L∏
l=1

‖Wl‖F

)
.

(
L∏

l=1
‖σl‖BV(2),1

)
. (3.127)
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Proof. Following Theorem 3.9 and using Cauchy–Schwarz’ inequality, we obtain that∣∣∣σn,l (wT
n,l x1)−σn,l (wT

n,l x2)
∣∣∣≤ ‖σn,l‖BV(2)‖wn,l‖2‖x1 −x2‖2. (3.128)

Combining it with the known hierarchy between the discrete `p norms and, in particular, the

inequality ‖x‖2 ≤ ‖x‖1 for any x ∈RNl , we obtain that

‖fl (x1)− fl (x2)‖2 ≤ ‖fl (x1)− fl (x2)‖1

=
Nl∑

n=1

∣∣∣σn,l (wT
n,l x1)−σn,l (wT

n,l x2)
∣∣∣

≤
Nl∑

n=1
‖σn,l‖BV(2)‖wn,l‖2‖x1 −x2‖2

≤ ‖σl‖BV(2),2‖Wl‖F‖x1 −x2‖2
2. (3.129)

Note that in the last inequality of (3.129), we have again used Cauchy-Schwarz’ inequality.

Combining with ‖σl‖BV(2),2 ≤ ‖σl‖BV(2),1, we have that

‖fl (x1)− fl (x2)‖2 ≤ ‖σl‖BV(2),1‖Wl‖F‖x1 −x2‖2. (3.130)

Finally by composing (3.130) through the layers, we obtain the announced bound.

Proposition 3.3 will take a particular relevance where (3.127) will allow us to design a

joint-optimization problem to learn the linear weights and activations. Interestingly, the

proposed minimization is compatible with the use of weight decay [212] in the training of

neural networks (see (3.139) with R(W) = ‖W‖2
F ).

3.4.3 Representer Theorem

We now propose our variational formulation of learning Lipschitz-continuous activation

functions in a deep neural network. We select BV(2)(R) as our search space to ensure the

Lipschitz continuity of the input-output relation of the global network (see Theorem 3.9).

Similarly to the RKHS theory, the (weak*) continuity of the sampling functional is needed

to guarantee the well-posedness of the learning problem. We say that a sequence of neural

networks converges in the weak*-topology if

• the networks all have the same layer descriptor (architecture);

• for any neuron in the architecture, the corresponding linear weights converge in the

Euclidean topology and the corresponding activations converge in the weak*-topology

of BV(2)(R).

Theorem 3.10. For any x0 ∈ RN0 , the sampling functional δx0 : fdeep 7→ fdeep(x0) is weak*-

continuous in the space of neural networks with second-order bounded-variation activations.
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Before going to the proof, we first prove a lemma. We recall that a sequence of functions

ft : X →Y , t ∈N, converges pointwise to flim : X →Y if, for all x ∈X ,

flim(x) = lim
t→+∞ ft (x). (3.131)

Lemma 3.3. Given the Banach spaces X ,Y , and Z , consider the two sequences of functions

ft : X →Y and g t : Y →Z such that they converge pointwise to the functions flim : X →Y and

g lim : Y →Z , respectively. Moreover, assume that the functions g t are all Lipschitz-continuous

with a shared constant C > 0, so that, for any y1, y2 ∈Y , one has that

‖g t (y1)− g t (y2)‖Z ≤C‖y1 − y2‖Y , ∀t ∈N. (3.132)

Then, the composed sequence ht : X → Z with ht = g t ◦ ft converges pointwise to hlim =
g lim ◦ flim.

Proof. We use the triangle inequality to obtain that

‖ht (x)−hlim(x)‖Z ≤ ‖ht (x)− g t ( flim(x))‖Z +‖g t ( flim(x))−hlim(x)‖Z (3.133)

for all x ∈X . The uniform Lipschitz-continuity of g t then yields that

‖ht (x)− g t ( flim(x))‖Z = ‖g t ( ft (x))− g t ( flim(x))‖Z ≤C‖ ft (x)− flim(x)‖Y → 0 (3.134)

as t →+∞. This is due to the pointwise convergence of { ft } → flim. Similarly, the pointwise

convergence {g t } → g lim implies that

‖g t ( flim(x))− g lim( flim(x))‖Z → 0, t →+∞ (3.135)

which, together with (3.134) and (3.133), proves the pointwise convergence of ht → hlim as

t →+∞.

Proof of Theorem 3.10. Assume that the sequence {f(t )
deep} of neural networks with layers f(t )

l =
σ(t )

l ◦W(t )
l :RNl−1 →RNl for l = 1, . . . ,L (described in (3.5)) converges in the weak*-topology to

f lim
deep = flim

L ◦ · · · ◦ flim
1 , ∀l : flim

l =σlim
l ◦Wlim

l . (3.136)

By definition, every element of σ(t )
l converges in the weak*-topology to the corresponding

element in σlim
l . The convergence is also pointwise due to the weak*-continuity of the sam-

pling functional in the space of activation functions BV(2)(R). The conclusion is that f(t )
l also

converges pointwise to flim
l .

In addition, knowing that any norm is weak*-continuous in its corresponding Banach

space, one can find the uniform constant T1 > 0 such that, for all t > T1 and for all l = 1, . . . ,L,
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we have that

‖σ(t )
l ‖BV(2),2 ≤C1 = 2max

l
‖σlim

l ‖BV(2),2. (3.137)

Similarly, from the convergence W(t )
l → Wlim

l , one deduces that there exists a constant T2 > 0

such that, for all t > T2 and for all l = 1, . . . ,L, we have that

‖W(t )
l ‖2,∞ ≤C2 = 2max

l
‖Wlim

l ‖2,∞. (3.138)

Now, from (3.138) with p = q = 2 and using (3.125), (3.137), we deduce that, for t > max(T1,T2),

each layer of f(t )
deep is Lipschitz-continuous with the shared constant C =C1C2. Combining it

with the pointwise convergence f(t )
l →flim

l , one completes the proof by sequentially using the

outcome of Lemma 3.3.

Given the data-set (X ,Y ) of size M that consists in the pairs (xm ,ym) ∈RN0 ×RNL for m =
1,2, . . . , M , we then consider the following cost functional

J (fdeep; X ,Y ) =
M∑

m=1
E

(
ym , fdeep(xm)

)+ L∑
l=1

µl Rl (Wl )+
L∑

l=1
λl‖σl‖BV(2),1, (3.139)

where fdeep is a neural network with linear layers Wl and nonlinear layers σl = (σ1,l , . . . ,σNl ,l ),

as specified in (3.5) and (3.6), E(·, ·) is an arbitrary loss function, and Rl : RNl×Nl−1 → R is

a regularization functional for the linear weights of the l th layer. The standard choice for

weight regularization is the Frobenius norm R(W) = ‖W‖2
F , which corresponds to weight decay

scheme in deep learning. Finally, the positive constants µl ,λl > 0 balance the regularization

effect in the training step.

Theorem 3.11 states that, under some natural conditions, there always exists a solution

of (3.139) with continuous piecewise-linear activation functions, which we refer to as a deep-

spline neural network.

Theorem 3.11. Consider the training of a deep neural network via the minimization

min
wn,l∈RNl−1 ,
σn,l∈BV(2)(R)

J (fdeep; X ,Y ), (3.140)

where J (·; X ,Y ) is defined in (3.139). Moreover, assume that the loss function E(·, ·) is proper,

lower semi-continuous, and coercive. Assume that the regularization functionals Rl are contin-

uous, and coercive. Then, there always exists a solution f∗deep of (3.139) with activations σn,l of

the form

σn,l (x) =
Kn,l∑
k=1

an,l ,k ReLU(x −τn,l ,k )+b1,n,l x +b2,n,l , (3.141)

where Kn,l ≤ M and, an,l ,k ,τn,l ,k ,b·,n,l ∈R are adaptive parameters.

Proof. We divide the proof in two parts. First, we show the existence of the solution of (3.139)
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and, then, we show the existence of a solution with activations of the form (3.141).

Existence of Solution Consider an arbitrary neural network fdeep,0 with the cost

A =J (fdeep,0; X ,Y ). (3.142)

The coercivity of Rl guarantees the existence of the constants Bl for l = 1,2, . . . ,L such that

‖wn,l‖2 ≥ Bl ⇒ Rl (wn,l ) ≥ A

µl
. (3.143)

This allows us to transform the unconstrained problem (3.139) into the equivalent constrained

minimization

min
wn,l∈RNl−1 ,
σn,l∈BV(2)(R)

J (fdeep), s.t.



‖wn,l‖2 ≤ Bl ,

TV(2)(σn,l ) ≤ A/λl ,

|σn,l (0)| ≤ A/λl ,

|σn,l (1)| ≤ A/λl .

(3.144)

The equivalence is due to the fact that any neural network that does not satisfy the constraints

of (3.145) has a strictly bigger cost than fdeep,0 and, hence, is not in the solution set. Due to the

decomposition (3.46), we can rewrite (3.144) as

min
wn,l∈RNl−1 ,
un,l∈M (R)

b·,n,l∈R

J (fdeep), s.t.,


‖wn,l‖2 ≤ Bl ,

‖un,l‖M ≤ A/λl ,

|b1,n,l |, |b2,n,l | ≤ 2A/λl .

(3.145)

Due to the Banach-Anaoglu theorem [94], the feasible set in (3.145) is weak*-compact. More-

over, the cost functional defined in (3.139) is a composition and sum of lower-semicontinuous

functions and weak*-continuous functionals (see Theorem 3.10). Hence, it is itself weak*-lower

semicontinuous. This guarantees the existence of a minimizer of (3.145) (and, consequently,

of (3.140)), due to the generalized Weierstrass theorem [198].

Optimal Activations Let f̃deep be a solution of (3.140) with

f̃deep = f̃L ◦ · · · ◦ f̃1, ∀l : f̃l = σ̃l ◦W̃l . (3.146)

For any input vector xm in the dataset X , we then define the vectors z l ,m = (z1,l ,m , . . . , zNl ,l ,m), s l ,m =
(s1,l ,m , . . . , sNl ,l ,m) ∈RNl as

z l ,m = f̃l ◦ · · · ◦ f̃1(xm), (3.147)

s l ,m = W̃l ◦ f̃l−1 ◦ · · · ◦ f̃1(xm). (3.148)

Now, we show that the activation σ̃n,l of the neuron indexed by (n, l ) is indeed a solution of
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the minimization

min
σ∈BV(2)(R)

TV(2)(σ) = ‖D2σ‖M s.t .

σ(sn,l ,m) = zn,l ,m , m = 1,2, . . . , M ,

σ(x) = σ̃n,l (x), x ∈ {0,1}.
(3.149)

Assume by contradiction that there exists a function σ ∈ BV(2)(R) that satisfies the feasiblity

conditions (3.149) and is such that TV(2)(σ) < TV(2)(σ̃n,l ). Then, we have that

‖σ‖BV(2) = TV(2)(σ)+|σ(0)|+ |σ(1)| = TV(2)(σ)+|σ̃n,l (0)|+ |σ̃n,l (1)|
< TV(2)(σ̃n,l )+|σ̃n,l (0)|+ |σ̃n,l (1)|
= ‖σ̃n,l‖BV(2) . (3.150)

In addition, due to the feasiblity assumptions σ(sn,l ,m) = zn,l ,m for m = 1, . . . , M , one readily

verifies that, by replacing σ̃n,l by σ in the optimal neural network f̃deep, the data fidelity

term
∑M

m=1 E
(
ym , f̃deep(xm)

)
in (3.139) remains untouched. The same holds for the weight

regularization term
∑L

l=1 Rl (Wl ). However, from (3.150), one gets a strictly smaller overall BV(2)

penalty with σ that contradicts the optimality of f̃deep. With a similar argument, one sees that,

for any solution σ ∈ BV(2) of (3.149), the substitution of σ̃n,l by σ yields another solution of

(3.140). Due to Lemma 1 of [103], Problem (3.149) has a solution that is a linear spline of the

form (3.141) with Kn,l ≤
(
M̃ −2

)
, where M̃ = M +2 is the number of constraints in (3.149). By

using this result for every neuron (n, l ), we verify the existence of a deep-spline solution of

(3.140).

Theorem 3.11 suggests an optimal ReLU-based parametric to learn activations. This

is a remarkable property as it translates the original infinite-dimensional problem (3.140)

into a finite-dimensional parametric optimization, where one only needs to determine the

ReLU weights an,l ,k and positions τn,l ,k together with the affine terms b1,n,l ,b2,n,l . Let us

also mention that the baseline ReLU network and its variations (PReLU, LeakyReLU) are all

included in this scheme as special cases of an activation of the form (3.141) with K = 1.

A similar result has been shown in the deep-spline representer theorem of Unser in [103].

However, there are three fundamental differences. Firstly, we relax the assumption of having

normalized weights due to the practical considerations and the optimization challenges it

brings. Secondly, we slightly modify the regularization functional that enables us to control the

global Lipschitz constant of the neural network. Lastly, we show the existence of a minimizer

in our proposed variational formulation that is, to the best of our knowledge, the first result of

existence in this framework.

We remark that the choice of our regularization restrains the coefficients b1,n,l and b2,n,l

from taking high values. This enables us to obtain the global bound (3.121) for the Lipschitz

constant of the network, as opposed to the framework of [103], where only a semi-norm has

been used for the regularization. The payoff is that, in [103], the activations have at most

(M −2) knots, which are the junctions between the consecutive linear pieces of a piecewise
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linear function, while our bound is Kn,l ≤ M . This is the price to pay for controlling the

Lipschitz regularity of the network. However, this is inconsequential in practice since there are

usually much fewer knots than data points, because of the regularization penalty. The latter

is justified through the computation of the BV(2) norm of an activation of the form (3.141). It

yields

‖σn,l‖BV(2) = ‖an,l‖1 +|σ(1)|+ |σ(0)|, (3.151)

where an,l = (an,l ,1, . . . , an,l ,Kn,l ) is the vector of ReLU coefficients. This shows that the BV(2)-

regularization imposes an `1 penalty on the ReLU weights in the expansion (3.141), thus

promoting sparsity [213]. Another interesting property of the variational formulation (3.140)

is the relation between the energy of consecutive linear and nonlinear layers. In Theorem 3.12,

we exploit this relation.

Theorem 3.12. Consider Problem (3.140) with the weight regularization Rl (Wl ) = ‖Wl‖2
F and

positive parameters µl ,λl > 0 for all l = 1,2, . . . ,L. Then, for any of its local minima with the

linear layers Wl and nonlinear layers σl , we have that

λl‖σl‖BV(2),1 = 2µl+1‖Wl+1‖2
F , l = 1,2, . . . ,L−1. (3.152)

Proof. For any local minima fdeep of (3.140) with linear weights Wl and nonlinear layers σl

and for any layer l∗ 6= L, consider the perturbed network fdeep,ε with the linear layers

Wl ,ε =
Wl , l 6= l∗+1

(1+ε)Wl∗ , l = l∗+1
(3.153)

and the nonlinear layers

σl ,ε =
σl , l 6= l∗

(1+ε)−1σl∗ , l = l∗
(3.154)

for any ε ∈ (−1,1). One readily verifies that, for any x ∈ RN0 and any ε ∈ R, we have that

fdeep,ε(x) = fdeep(x) and, hence, both networks have the same data-fidelity penalty in the

global cost (3.139). In fact, the only difference between their overall cost is associated to the

regularization terms of the (l∗+1)th linear layer and the l th nonilnear layer. For those, the

scaling property of norms yields that

‖Wl∗+1,ε‖2
F = (1+ε)2‖Wl∗+1‖2

F , (3.155)

‖σl∗,ε‖BV(2),1 = (1+ε)−1‖σl∗‖BV(2),1. (3.156)

Due to the (local) optimality of fdeep, there exists a constant εmax such that, for all ε ∈ (−εmax,εmax),

we have that

J (fdeep) ≤J (fdeep,ε). (3.157)
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Now, from (3.155) and (3.156), we have that

µl∗+1‖Wl∗+1‖2
F +λl‖σl∗‖BV(2),1 ≤µl∗+1(1+ε)2‖Wl∗+1‖2

F +λl (1+ε)−1‖σl∗‖BV(2),1, (3.158)

for any ε ∈ (−εmax,εmax). By simplifying the latter inequality, we get that

0 ≤ εg (ε), ∀ε ∈ (−εmax,εmax), (3.159)

where g (ε) = µl∗+1‖Wl∗+1‖2
F (ε+2)−λl‖σ‖BV(2) (1+ ε)−1 is a continuous function of ε in the

interval (−1,1). This yields that g (ε) is nonnegative for positive values of ε and is nonpositive

for negative values of ε. Hence, we get that g (0) = 0 and, consequently, that

λl∗‖σl∗‖BV(2) = 2µl∗+1‖Wl∗+1‖2
F . (3.160)

Theorem 3.12 shows that the regularization constants µl and λl provide a balance between

the linear and nonlinear layers. In our experiments, we use the outcome of this theorem to

determine the value of λl . More precisely, we select λ such that (3.152) holds in the initial

setup. This is relevant in practice as it reduces the number of hyper-parameters that one needs

to tune and results in a faster training scheme. We also show experimentally that this choice

of λ is desirable.

3.4.4 Using B-Splines to Learn Activation Functions

According to Theorem 3.11, we can rewrite the original infinite-dimensional problem (3.140)

as

min
wn,l∈RNl−1 ,

an,l∈RKn,l

bi ,n,l∈R

M∑
m=1

E
(
ym , fdeep(xm)

)+ L∑
l=1

µl

Nl∑
n=1

‖wn,l‖2
2

+
L∑

l=1
λl

Nl∑
n=1

(‖an,l‖1 +|σn,l (1)|+ |σn,l (0)|) , (3.161)

where fdeep is the global input-output mapping and σn,l follows the parametric form given in

(3.141). Thus, we now optimize over a set of finitely many variables—the linear weights wn,l

and the unknown parameters of σn,l for each neuron (n, l ).

The major difficulty in optimizing the DNN with respect to the spline parameters is that the

number K = Kn,` of knots is unknown and that the activation model is nonlinear with respect

to the knot locations τk = τk,n,`. Our workaround is to place a fixed but highly redundant

set of knots on a uniform grid with a step size T . We then rely on the sparsifying effect of

`1-minimization to nullify the coefficients of a = (ak ) that are not needed. This amounts to
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Figure 3.13 – Decomposition of a deep spline activation function (solid line) in terms of B-
spline basis functions (dashed lines), as expressed by (3.163) with T = 1. The basis is composed
of (K −2) triangular functions, which are compactly supported and shifted replicates of each
other, plus 4 one-sided outside functions. The key property is that the evaluation of σ(x) for
any fixed x ∈R involves no more than two basis functions.

representing the spline activation functions by

σ(x) = b0 +b1x +
kmax∑

k=kmin

ak (x −kT )+, (3.162)

with TV(2)(σ) = ‖a‖1. The consideration of the linear model (3.162), thereafter referred to

as “gridded ReLU,” gives rise to a classical `1-optimization problem that can be handled

by most neural-network software frameworks. In the case of a shallow network with L = 1,

it even results in a convex problem that is reminiscent of the LASSO [214]. We also note

that (3.162) can be made arbitrarily close to (3.141) by taking T sufficiently small. While the

solution a is expected to be sparse, with few active knots, the downside of the approach is that

the underlying representation is cumbersome and badly conditioned due to the exploding

behavior of the basis functions (·−kT )+ at infinity.

While the direct connection with `1-minimization in (3.162) is very attractive, the less

favorable aspect of the model is that its computational cost is proportional to the underlying

number of ReLUs (or spline knots); that is, K = (kmax −kmin +1), which can be arbitrarily large

depending on the value of T . Here, we propose a way to bypass this limitation by switching to

another equivalent but maximally localized basis: the B-splines. Our model takes the form

σ(x) =
kmax+1∑

k=kmin−1
ckϕk

( x

T

)
, (3.163)

which involves triangular-shaped basis functions that are rescaled versions of B-splines de-

fined on an integer grid. As illustrated in Figure 1, the central bases for k = (kmin + 1) to
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(kmax −1) are shifted replicates of the compactly supported linear B-spline

ϕk (x) =βD2 (x −k), for kmin < k < kmax , (3.164)

where we recall from Section 1.1.6 that

βD2 (x) = (x +1)+−2(x)++ (x −1)+ =
1−|x|, x ∈ [−1,1]

0, otherwise.
(3.165)

The four remaining boundary basis functions are one-sided splines that allow the activation

function defined in (3.163) to exhibit a linear behavior at both ends, for x < kminT as well as

for x > kmaxT . Specifically, we have that

ϕkmin−1(x) = (−x +kmin)+, (3.166)

ϕkmin (x) = (−x +kmin +1)+− (−x +kmin)+, (3.167)

ϕkmax (x) = (x −kmax +1)+− (x −kmax)+, (3.168)

ϕkmax+1(x) = (x −kmax)+. (3.169)

The B-spline model defined in (3.163) has the same knots as those of the gridded ReLU

representation given by (3.162). It also has the same number of degrees of freedom; namely,

K +2 = (kmax +1)− (kmin −1)+1. By using the property that the ϕk can all be expanded in

terms of integer shifts of ReLUs (see (3.164)-(3.169)), we can show that the two sets of basis

functions span the same subspace. In doing so, we obtain a formula for the retrieval of the

ak and, hence, the TV(2)(σ)—in terms of the second-order difference of the ck . Specifically,

the relationship between the ReLU coefficients a ∈RK and the B-spline coefficients c ∈RK+2 is

given by


akmin

...

akmax

= 1

T



1 −2 1 0 · · · · · · 0

0 1 −2 1 0 · · · 0
...

. . .
. . .

. . .
...

...
. . .

. . .
. . . 0

0 · · · · · · 0 1 −2 1


︸ ︷︷ ︸

L∈R(K+2)×K



ckmin−1

ckmin

...

ckmax

ckmax+1

 , (3.170)

while the linear-term parameters b0,b1 can be determined from ckmin−1 and ckmin . From (3.170),

we see that the TV(2) regularization of σ can also be computed from the B-spline coefficients

as TV(2)(σ) = ‖Lc‖1.

While the gridded ReLU and B-spline models (3.162) and (3.163) are mathematically equiv-

alent, the advantage of (3.163) is that there are at most two active basis functions at any

given point x = x0, independently of the step size T . This has important implications for

the efficiency and scalability of both the evaluation of the DNN at a given point xm and the

computation of its gradient with respect to ck (as opposed to ak in the equivalent ReLU

representation).
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3.4.5 Numerical Illustration

Here, we discuss the practical aspects of our framework and conduct numerical experiments

in which we compare the performance of our method to ReLU neural networks and its variants:

LeakyReLU and PReLU activations.

Setup

We designed a simple experiment in which the goal is to classify points that are inside a circle of

area 2 centred at the origin. This is a classical two-dimensional supervised-learning problem,

where the target function is

1Circle(x1, x2) =
1, x2

1 +x2
2 ≤ 2

π

0, otherwise.
(3.171)

The training dataset is obtained by generating M = 1000 random points from a uniform

distribution on [−1,1]2. The points that lie inside and outside of the circle are then labeled as

1 and 0, respectively.

To illustrate the effect of our proposed scheme, we consider a family of fully connected

architectures with layer descriptors of the form (2,2W,1), where the width parameter W ∈N
governs the complexity of the architecture. We follow the classical choice of using a sigmoid

activation in the last layer, together with the binary cross-entropy loss

E(y, ŷ) =−y log(ŷ)− (1− y) log(1− ŷ). (3.172)

We take µ1 =µ2 =µ and, in each scheme, we tune the single hyper-parameter µ> 0.

In our Lipschitz-based design, we set K = 21 spline knots per activation functions. More-

over, we use Xavier’s rule [215] to initialize the linear weights. For the activations, we consider

the simple piecewise-linear functions absolute value and soft-thresholding, defined as

fabs(x) =
x, x ≥ 0

−x, x < 0,
(3.173)

fsoft(x) =


x − 1

2 , x ≥ 1
2

0, x ∈ (−1
2 , 1

2 )

x + 1
2 , x ≤−1

2 .

(3.174)

We then initialize half of the activations with fabs and the other half with fsoft. Intuitively, such

initializations may allow the network to be flexible to both even and odd functions.

Moreover, we deploy Theorem 3.12 to tune the parameter λ. A direct calculation reveals
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that

‖ fabs‖BV(2) = 3, ‖ fsoft‖BV(2) = 5

2
. (3.175)

This allows us to tune λ so that the optimality condition (3.152) holds in the initial setup. Due

to the Xavier initialization, the linear weights of the second layer have varianceσ2 = 2/(2W +1).

Therefore, we obtain that

λ= 16

11(2W +1)
µ. (3.176)

For an informed comparison, we also count the total number of parameters that is used in

each scheme to represent the learned function. More specifically, with the layer descriptor

(2,2W,1), there are 6W linear weights and one bias for the last (sigmoidal) activation. In

addition, there are parameters that depend on the specific activation we are using: There is

a bias parameter in ReLU and LeakyReLU activations. In addition to bias, PReLU activation

has an extra parameter (the slope in the negative part of the real line) as well and finally, the

number of parameters in our scheme is adaptive and is equal to the number of active ReLUs

plus the null-space coefficients in the representation (3.141).

Comparison with ReLU-Based Activation Functions

We display in Figure 3.14 the learned function f :R2 →R in each case. We also disclose in Table

3.2 the performance and the number of active parameters of each scheme. One verifies that

our scheme, already in the simplest configuration with layer descriptor (2,2,1), outperforms all

other methods, even when they are deployed over the richer architecture (2,10,1). Moreover,

there are fewer parameters in the final representation of the target function in our scheme,

as compared to the other methods. This experiment shows that the learning of activations

in simple architectures is beneficial as it compensates the low capacity of the network and

contributes to the generalization power of the global learning scheme.

In the minimal case W = 1, we expect the network to learn parabola-type activations. This

is due to the fact that the target function can be represented as

1Circle(x1, x2) =1[0, 2
π

](x2
1 +x2

2), (3.177)

which is the composition of the sum of two parabolas and a threshold function. To verify this

intuition, we have also plotted the learned activations for the case W = 1 in Figure 3.15.

Sparsity-Promoting Effect of BV(2)-Regularization

Despite allowing a large number of ReLUs in the expansion (3.141) (K = 21), the learned

activations (see Figure 3.15) have sparse expansion in the ReLU basis. This is due to the

sparsity-promoting effect of the BV(2)-norm on the ReLU coefficients and also the thresholding

step that we added at the end of training.
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Figure 3.14 – Area classification with different activations, namely ReLU, LeakyReLU, PReLU,
and our proposed scheme, which we refer to as Deep Lipschitz. In each case, we consider
W = 1,2,5 hidden neurons.

Effect of the Parameter λ

To investigate the effect of the parameter λ in our experiments, we have set the weight de-

cay parameter to µ= 10−4 and plotted in Figure 3.16 the error rate, our proposed Lipschitz

bound, and the total number of active ReLUs versus λ. As expected, the sparsity and Lips-

chitz regulariy of the network increases with λ. Consequently, one can control the overall

regularity/complexity of the network by tuning this parameter.

As for the error rate, a definite transition occurs asλ varies. This suggests a range of “proper”

values of λ (in this case, λ < 10−3) in which the error would not change much. The critical

value λ = 10−3 is certainly the best choice, since it has a small error and, in addition, the

overall network is maximally regularized in the sense of Lipschitz. However, one is required to

compute these curves for each value of µ to find the optimal λ, which can be time consuming.

A heuristic (but faster) approach is to honor (3.176). In this case, it yields λ≈ 0.5×10−5, which

lies within the favourable range of each plot.

Effect of the Parameter K

Until now, we have performed all experiments with K = 21 spline knots. In this section, we let

K vary and examine how this effects. We consider the area classification problem and train a
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Figure 3.15 – Learned activations in the area classification experiment for a simple network
with layer descriptor (2,2,1).
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Figure 3.16 – Error rate (left) and the total number of nonzero ReLU coefficients (right) versus
λ in the simple architecture with layer descriptor (2,2,1).

simple neural network with layer descriptor (2,2,1).

We also perform this experiment on the MNIST dataset [216] that consists of 28 × 28
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Table 3.2 – Number of parameters and Performance in the area classification experiment.

Architecture Nparam Performance

ReLU (2,10,1) 41 98.15

LeakyReLU (2,10,1) 41 98.12

PReLU (2,10,1) 51 98.19

Deep Lipschitz (2,2,1) 23 98.54

ReLU PReLU 3 5 7 11 15 21 31 51 81

Number of spline coefficients
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Figure 3.17 – The performance versus the number K of spline knots of each activation functions
in the area classification (left) and in the MNIST experiment (right).

grayscale images of digits from 0 to 9. In this case, we used a neural network that consists of

three blocks. The first two are each composed of three layers: 1) a convolutional layer with a

filter of size 5×5 and two output channels; 2) a nonlinear layer that has shared activations

across each output channels (two activations in each layer are being learned); and 3) a max-

pooling layer with kernel and stride of size 2. The third block is composed of a fully connected

layer with output of size 10 followed by soft-max. The output of the network represents the

probability of each digit.

The results are depicted in Figure 3.17. In both cases, we also indicated the performance of

ReLU and PReLU for comparison. We observe that the performance monotonically increases

with K until it reaches saturation. We conclude that, although finding the best value for K is

challenging, suboptimal value still leads to substantial improvements in the performance of

the network and typically to better performances than ReLU networks and its variants.

3.4.6 Summary

We have introduced a variational framework to learn the activations of a deep neural net-

work while controlling its global Lipschitz regularity. We have considered neural networks
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with second-order bounded-variation activations and we provided a global bound for their

Lipschitz constants. We have showed that the solution of our proposed variational problem

exists and is in the form of a deep-spline network with continuous piecewise linear activation

functions. Finally, we proposed an efficient algorithm based on B-splines that is scalable in

both time and memory.
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3.5 Learning Multivariate CPWL Functions

Our main objective in this section is to propose a functional framework for learning multivari-

ate CPWL functions. Our learning scheme is based on a novel Hessian-based seminorm that

quantifies the total “rugosity” of multivariate functions. Our contributions in this section are

threefold:

1. We fully characterize the duality mapping over the space of matrices that are equipped

with Schatten norms (Section 3.5.1). This is motivated by the centrality of the family of

Schatten norms in our proposed framework. Our approach is based on the analysis of

the saturation of the Hölder inequality for Schatten norms. We prove in our main result

that, for p ∈ (1,∞), the duality mapping over the space of real-valued matrices with

Schatten-p norm is a continuous and single-valued function. Moreover, we provide an

explicit form for its computation. For the special case p = 1, the mapping is set-valued;

by adding a rank constraint, we show that it can be reduced to a Borel-measurable

single-valued function for which we also provide a closed-form expression.

2. We define the Hessian-Schatten total variation (HTV) seminorm by specifying the

adequate matrix-valued Banach spaces that are equipped with suitable classes of mixed

norms (Section 3.5.2). We demonstrate that the HTV properly assesses the complexity

of supervised-learning schemes. In particular, we show that the HTV is invariant to

rotations, scalings, and translations. Additionally, its minimum value is achieved for

linear mappings, which supports the common intuition that linear regression is the

least complex learning model. We also present closed-form expressions of the HTV

of CPWL functions, where we show that the HTV reflects the total change in slopes

between linear regions that have a common facet. Hence, it can be viewed as a convex

relaxation (`1-type) of the number of linear regions (`0-type) of CPWL mappings.

3. Finally, we demonstrate the practical aspects of learning with HTV seminorm by focusing

on 2D mappings (Section 3.5.3). Motivated by the nature of the regularizer, we restrict

the search space to the span of piecewise-linear box splines shifted on a lattice. Our

formulation of the infinite-dimensional problem on this search space allows us to recast

it exactly as a finite-dimensional one that can be solved using standard methods in

convex optimization. We validate our framework in various experimental setups and

compare it with neural networks.
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3.5.1 Schatten Duality Mapping

In linear algebra and matrix analysis, Schatten norms are a family of spectral matrix norms

that are defined via the singular-value decomposition [217]. They have appeared in many

applications such as image reconstruction [218, 219], image denoising [220], and tensor

decomposition [221], to name a few.

Generally, the Schatten-p norm of a matrix is the `p norm of its singular values [222]. The

family contains some well-known matrix norms: the Frobenius and the spectral (operator)

norms are special cases in the family, with p = 2 and p =∞, respectively. The case p = 1 (trace

or nuclear norm) is of particular interest for applications as it can be used to recover low-rank

matrices [223]. This is the current paradigm in matrix completion, where the goal is to recover

an unknown matrix given some of its entries [224]. Prominent examples of applications that

can be reduced to low-rank matrix-recovery problems are phase retrieval [225], sensor-array

processing [226], system identification [227], and index coding [228, 229].

In addition to their many applications in data science, Schatten norms have been exten-

sively studied from a theoretical point of view. Various inequalities concerning Schatten norms

have been proven [230, 231, 232, 233, 234, 235, 236, 237, 238]; sharp bounds for commuta-

tors in Schatten spaces have been given [239, 240]; moreover, facial structure [241], Fréchet

differentiablity [242], and various other aspects [243, 244] have been studied already.

Our objective in this work7 is to investigate the duality mapping in spaces of matrices

that are equipped with Schatten norms. We first recall the notion of duality mapping for

finite-dimensional vector spaces (see, Chapter 2 for a more general definition).

Definition 3.5. Let V be a finite-dimensional vector space and let (‖ · ‖X ,‖ · ‖X ′) be a pair of

dual norms that are defined over V . The pair (u,v) ∈V ×V is said to be a (X , X ′)-conjugate, if

• 〈v,u〉 = ‖v‖X ′‖u‖X ,

• ‖v‖X ′ = ‖u‖X .

For any u ∈V , the set of all elements v ∈V such that (u,v) forms an (X , X ′)-conjugate is denoted

by JX (u) ⊆V . We refer to the set-valued mapping JX : V → 2V as the duality mapping. If, for

all u ∈V , the set JX (u) is a singleton, then we indicate the duality mapping for the X -norm via

the single-valued function JX : V →V with JX (u) = {JX (u)}.

The duality mapping is a powerful tool to understand the topological structure of Banach

spaces [95, 96]. It has been used to derive powerful characterizations of the solution of

variational problems in function spaces [191, 75] (e.g., Theorem 2.1) and also to determine

generalized linear inverse operators [245]. Here, we prove that the duality mapping over

Schatten-p spaces with p ∈ (1,+∞) is a single-valued and continuous function which, in

7From our published work [108].
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fact, highlights the strict convexity of these spaces. Although the provided characterization

is intuitive, we could not find it in the literature and this is, to the best of our knowledge,

the first work which provides a direct way of computing this mapping in this case. For the

special case p = 1, the mapping is set-valued. However, we prove that, by adding a rank

constraint, it reduces to a single-valued Borel-measurable function. In both cases, we also

derive closed-form expressions that allow one to compute them explicitly.

Duality Mapping for `p -Norms

We recall that for any p ∈ [1,+∞], the `p -norm of a vector u = (ui ) ∈Rn is defined as

‖u‖p =


(∑n
i=1 |ui |p

) 1
p , p <+∞

maxi |ui |, p =+∞.
(3.178)

It is widely known that the dual norm of `p is the `q -norm, where (p, q) are Hölder conjugates

(i.e., 1/p +1/q = 1) [94]. This stems from the Hölder inequality which states that

〈v,u〉 ≤ ‖u‖p‖v‖q , (3.179)

for all u = (ui ),v = (vi ) ∈Rn . In the sequel, we exclude the trivial cases u = 0 and v = 0 to avoid

unnecessary complexities in our statements.

When 1 < p <+∞, Inequality (3.179) is saturated if and only if ui vi ≥ 0 for i = 1, . . . ,n and

there exists a constant c > 0 such that |u|p = c|v|q , where |u|p = (|ui |p ). This ensures that the

duality mapping is single-valued and also yields the map

Jp (u) = sign(u)
|u|p−1

‖u‖p−2
p

. (3.180)

For p = 1, one can verify that the equality happens if and only if, for any index i = 1, . . . ,n with

ui 6= 0, one has that

vi = sign(ui )‖v‖∞. (3.181)

In other words, the vector v should attain its extreme values at places where u has nonzero

values, with the sign being determined by the corresponding element in u.

Due to (3.181), the set J1(u) is not necessarily a singleton. However, if we add an additional

sparsity constraint, then the mapping becomes single-valued. This leads us to introduce the

new notion of sparse duality mapping in Definition 3.6.

Definition 3.6. Let V be a finite-dimensional vector space and let s0 : V → N be an integer-

valued function that acts as a sparsity measure. Assuming a pair (‖ ·‖X ,‖ ·‖X ′) of dual norms

over V , we call the pair (u,v) ∈V ×V a sparse (X , X ′)-conjugate if

• (u,v) forms an (X , X ′)-conjugate pair. In other words, v ∈J (u).
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• The quantity s0(v) attains its minimal value over the set J (u).

We denote the set of sparse conjugates of u by JX ,s0 (u). Whenever JX ,s0 (u) is a singleton for

any u ∈V , we refer to the single-valued function JX ,s0 : V →V with JX ,s0 (u) = {JX ,s0 (u)} as the

sparse duality mapping.

Following Definition 3.6, if we use the `0-norm as the sparsity measure, that is s0(u) =
‖u‖0 = Card({i : ui 6= 0})8, then we have the sparse duality mapping

J1,0 :Rn →Rn : u = (ui ) 7→ v = (vi ) = J1,0(u),

vi =
sign(ui )‖u‖1, ui 6= 0

0, ui = 0.
(3.182)

Finally, we mention that, for p = +∞, the reduced set J∞,0 is not single-valued. Indeed,

let us define Imax(u) = {i : |ui | = ‖u‖∞} ⊆ {1, . . . ,n}. We readily deduce from (3.181) that v =
(v1, . . . , vn) ∈ J∞(u) if and only if vi = 0 whenever i 6∈ Imax(u) and sign(vi ) = sign(ui ) for

i ∈ Imax(u) with
∑

i∈Imax(u) |vi | = ‖u‖∞. This shows that J∞(u) is a convex set with J∞,0(u)

being its extreme points, where J∞,0(u) = {ui ei : i ∈ Imax(u)}.

Schatten Matrix Norms

It is widely known that any matrix A ∈Rm×n can be decomposed as

A = USVT , (3.183)

where U ∈Rm×m and V ∈Rn×n are orthogonal matrices and S is an m by n rectangular diagonal

matrix with nonnegative real entries σ1 ≥σ2 ≥ ·· · ≥σmin(m,n) ≥ 0 sorted in descending order

[246]. In the literature, (3.183) is known as the singular-value decomposition (SVD) and the

entriesσi are the singular values of A. In general, the SVD of a matrix A is not unique. However,

the diagonal matrix S and, consequently, its entries, are fully determined from A. In other

words, the values of σi are invariant to a specific choice of decomposition. This is why one

can refer to the diagonal entries of S as the “singular values” of A.

When A is not full rank, one can obtain a reduced version of (3.183). Indeed, if we denote

the rank of A by r , then we have that

A = Ur Sr VT
r , (3.184)

where Ur ∈ Rm×r and Vr ∈ Rn×r are (sub)-orthogonal matrices such that UT
r Ur = VT

r Vr = Ir

and Sr = diag(σ) is a diagonal matrix that contains positive singular valuesσ= (σ1, . . . ,σr ) ∈Rr

of A.
8Although this functional does not satisfy the homogeneity property of a norm, it has been widely referred to as

the `0-norm.
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For any p ∈ [1,+∞], the Schatten-p norm of A is defined as

‖A‖Sp =


(∑r
i=1σ

p
i

) 1
p , p <+∞

σ1, p =+∞.
(3.185)

We remark that (3.185) defines a family of quasi norms for p ∈ (0,1). In the extreme case

p = 0, the Schatten-0 norm actually coincides with the rank of the matrix, i.e. ‖A‖S0 = rank(A).

The Schatten quasi norms have also been studied in the literature from both theoretical and

practical point of views (see, [247, 248, 249, 250], and references therein).

For any p ∈ [1,∞], the dual of the Schatten-p norm is the Schatten-q norm, where q ∈ [1,∞]

is such that 1
p + 1

q = 1 [217]. This is due to the generalized version of Hölder’s inequality for

Schatten norms, as stated in Proposition 3.4.

Proposition 3.4. For any pair (p, q) ∈ [1,+∞]2 of Hölder conjugates with 1
p + 1

q = 1 and any

pair of matrices A,B ∈Rm×n , we have that

〈A,B〉 = Tr
(
AT B

)≤ ‖A‖Sp‖B‖Sq . (3.186)

While this is a known result (see, for example, [251]), it is also the basis for the present work,

which is the reason why we provide its proof for the sake of completeness.

Proof. Let us recall the reduced SVD of the matrix A as

A = Ur Sr VT
r , (3.187)

where r = rank(A), Ur = [u1 · · ·ur ] ∈ Rm×r , Vr = [v1 · · ·vr ] ∈ Rn×r , and S = diag(σ1, . . . ,σr ).

Similarly, for the matrix B, we have that

B = Ũr̃ S̃r̃ ṼT
r̃ , (3.188)

where r̃ = rank(A), Ũr̃ = [ũ1 · · · ũr̃ ] ∈ Rm×r̃ , Ṽr̃ = [ṽ1 · · · ṽr ] ∈ Rn×r̃ , and S̃ = diag(σ̃1, . . . , σ̃r̃ ). A

direct computation then reveals that

Tr
(
AT B

)= r∑
i=1

r̃∑
j=1

σi σ̃ j uT
i ũ j vT

i ṽ j . (3.189)

By using the weighted Hölder inequality for vectors [252], we obtain for p 6= 1 that

r∑
i=1

r̃∑
j=1

σi σ̃ j uT
i ũ j vT

i ṽ j ≤
(

r∑
i=1

σ
p
i

r̃∑
j=1

|uT
i ũ j vT

i ṽ j |
) 1

p
(

r̃∑
j=1

σ
p
j

r∑
i=1

|uT
i ũ j vT

i ṽ j |
) 1

q

(3.190)
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and for p = 1 that

r∑
i=1

r̃∑
j=1

σi σ̃ j uT
i ũ j vT

i ṽ j ≤
(

r∑
i=1

σi

r̃∑
j=1

|uT
i ũ j vT

i ṽ j |
)
‖σ̃‖∞. (3.191)

Finally, by invoking Cauchy-Schwartz and the orthonormality of the matrices Ur ,Vr ,Ũr̃ , Ṽr̃ ,

we deduce for i = 1, . . . ,r that

r̃∑
j=1

|uT
i ũ j vT

i ṽ j | ≤
(

r̃∑
j=1

(uT
i ũ j )2

) 1
2
(

r̃∑
j=1

(vT
i ṽ j )2

) 1
2

≤ ‖ui‖2‖vi‖2 = 1, (3.192)

For j = 1, . . . , r̃ , we deduce that

r∑
i=1

|uT
i ũ j vT

i ṽ j | ≤
(

r∑
i=1

(uT
i ũ j )2

) 1
2
(

r∑
i=1

(vT
i ṽ j )2

) 1
2

≤ ‖ũi‖2‖ṽi‖2 = 1. (3.193)

The combination of these inequalities completes the proof.

Main Results

In Proposition 3.5, we investigate the case where the Hölder inequality is saturated, in the

sense that

Tr
(
AT B

)= ‖A‖Sp‖B‖Sq . (3.194)

This saturation is central to our work, as it is tightly linked to the notion of duality mapping.

Proposition 3.5. Let (p, q) be a pair of Hölder conjugates and let A,B ∈ Rm×n be a pair of

nonzero matrices with reduced SVDs of the form

A = Ur diag(σ)VT
r , B = Ũr̃ diag(σ̃)ṼT

r̃ . (3.195)

• If p ∈ (1,∞), then the Hölder inequality is saturated if and only if we have that

B = cUr diag(Jp (σ))VT
r (3.196)

or, equivalently,

A = c−1Ũr̃ diag(Jq (σ̃))ṼT
r̃ , (3.197)

where c = ‖B‖Sq

‖A‖Sp
and Jp (·) and Jq (·) are the duality mappings for the `p and `q norms,

respectively (see (3.180)).

• If p = 1, then a necessary condition for the saturation of the Hölder inequality is that

rank(A) ≤ r1 ≤ rank(B), (3.198)

where r1 = Card({i : σ̃i = σ̃1}) is the multiplicity of the first singular value of B. Moreover,
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if we denote the first r1 singular vectors of B in (3.195) by Ũ1 ∈Rm×r1 and Ṽ1 ∈Rn×r1 , then

the Hölder inequality is saturated if and only if there exists a symmetric matrix X ∈Rr1×r1

such that

A = Ũ1XṼT
1 . (3.199)

Finally in the rank-equality case rank(A) = rank(B), we have saturation if and only if

B = cUr VT
r , (3.200)

where c = ‖B‖S∞ and the matrices Ur and Vr are defined in (3.195).

Proof. We separate the two cases and analyze each one independently.

Case 1: 1 < p < +∞. We prove (3.196) and deduce (3.197) by symmetry. Following the

proof of Proposition 3.5 and considering the reduced SVD of the matrices A and B given

in (3.187) and (3.188), we immediately see that the inequalities (3.190), (3.192), and (3.193)

should all be saturated. The equality condition of the weighted Hölder implies the existence

of a positive constant α > 0 such that, for all (i , j ) ∈ {1, . . . ,r }× {1, . . . , r̃ }, we have one of the

following conditions:

uT
i ũ j vT

i ṽ j = 0, or (3.201)

uT
i ũ j vT

i ṽ j > 0 and σ̃
q
j =ασ

p
i . (3.202)

Moreover, the saturation of (3.192) implies that

ui ∈ Range(Ũr̃ ), vi ∈ Range(Ṽr̃ ) ∀i = 1, . . . ,r (3.203)

and also that there exists a positive constant βi > 0 (positivity follows from (3.202) and (3.201))

such that

uT
i ũ j =βi vT

i ṽ j , ∀ j = 1, . . . , r̃ . (3.204)

However, from the normality of ui and (3.203), we have that

1 = ‖ui‖2
2 =

r̃∑
j=1

|uT
i ũ j |2 =β2

i

r̃∑
j=1

|vT
i ṽ j |2 =β2

i ‖v‖2
2 =β2

i (3.205)

which, together with the positivity of βi , leads to the conclusion that βi = 1 for i = 1, . . . ,r .

Using this, we rewrite (3.204) in matrix form as

UT
r Ũr̃ = VT

r Ṽr̃ . (3.206)
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Similarly, the saturation of (3.193) implies that

ũ j ∈ Range(Ur ), ṽi ∈ Range(Vr ), (3.207)

for all j = 1, . . . , r̃ . Putting together (3.203) and (3.207), we deduce that r = r̃ and

Range(Ur ) = Range(Ũr̃ ), Range(Vr ) = Range(Ṽr̃ ). (3.208)

This implies the existence of two orthogonal matrices P,Q ∈Rr×r such that

Ũr̃ = Ur P, Ṽr̃ = Vr Q. (3.209)

However, replacing (3.209) in (3.206), we conclude that

P = UT
r Ur P = UT

r Ũr̃ = VT
r Ṽr̃ = VT

r Vr Q = Q. (3.210)

This implies that the matrix B can be represented as

B = Ur PS̃r̃ PT VT
r = Ur S0VT

r , (3.211)

where S0 = PS̃r̃ PT . We now show that S0 is a diagonal matrix. Indeed, by denoting the (i , j )-th

entry of P as pi , j such that P = [p1 · · ·pr ] = [pi , j ], we rewrite (3.201) and (3.202) as

pi , j = 0, or (3.212)

pi , j > 0 and σ̃
q
j =ασ

p
i , (3.213)

for all (i , j ) ∈ {1, . . . ,r }2. Moreover, by expanding the (i , j )-th entry of the matrix S0, we have

that

[S0]i , j = [PS̃r̃ PT ]i , j =
r∑

k=1
pi ,k σ̃k p j ,k =

r∑
k=1

pi ,kσ
p
q

i α
1
q p j ,k

=σ
p
q

i α
1
q pT

i p j = [Jp (σ)]i cBδ[i − j ], (3.214)

where δ[·] denotes the Kronecker delta and cB = α
1
q > 0 is a positive constant. Finally, we

obtain the announced expression in (3.196) by replacing the above characterization of S0 in

(3.211).

For the converse, we note that, if the matrix B is in the form of (3.196), then we have that

Tr
(
AT B

)= Tr
(
Ur diag(σ)VT

r

(
Ur diag(Jp (σ))VT

r

)T
)

= cBTr
(
diag(σ)VT

r Vr diag(Jp (σ))UT
r Ur

)
= cBσ

T Jp (σ)

= cB‖σ‖p‖Jp (σ)‖q = ‖A‖Sp‖B‖Sq , (3.215)
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which shows that the equality is indeed saturated in this case.

Case 2: p = 1. In this case, the saturation of the weighted Hölder inequality implies that,

for all (i , j ) ∈ {1, . . . ,r }× {1, . . . , r̃ }, we have that

uT
i ũ j vT

i ṽ j = 0, or (3.216)

uT
i ũ j vT

i ṽ j > 0 and σ̃ j = σ̃1. (3.217)

For equality, we also need to have the saturation of (3.192), which we showed to be equivalent

to (3.203) and (3.206). From (3.203), we deduce the existence of matrices P1,P2 ∈ Rr̃×r such

that

Ur = Ũr̃ P1, Vr = Ṽr̃ P2. (3.218)

The replacement of these in (3.206) implies that

PT
1 = PT

1 ŨT
r̃ Ũr̃ = UT

r Ũr̃ = VT
r Ṽr̃ = PT

2 ṼT
r̃ Ṽr̃ = PT

2 , (3.219)

and, hence, that P1 = P2 = [pi , j ] ∈ Rr̃×r . Now, one can rewrite the conditions (3.216) and

(3.217) and deduce that, for any j = 1, . . . , r̃ , we have that

p j ,i = 0, ∀i = 1, . . . ,r or σ̃ j = σ̃1. (3.220)

From Conditions (3.220) and following the definition of r1 (the multiplicity of the largest

singular value), we deduce that

P1 =
[

P

0rres×r

]
, (3.221)

where P ∈Rr1×r and rres = (r̃ − r1). Using this form and the definition of Ũ1 and Ṽ1 (given in

the statement of the proposition), we rewrite (3.218) as

Ur = Ũ1P, Vr = Ṽ1P. (3.222)

Therefore,

Ir = UT
r Ur = PT ŨT

1 Ũ1P = PT P. (3.223)

Hence, P is a sub-orthogonal matrix and

rank(B) = r̃ ≥ r1 ≥ rank(P) ≥ r = rank(A). (3.224)

The replacement of (3.222) in the reduced SVD of A yields the announced expression with

X = PSPT .

Based on the definitions of r1, Ũ1, and Ṽ1, we note that one can rewrite the reduced SVD of

B as

B = σ̃1Ũ1ṼT
1 + ŨresS̃resṼT

res, (3.225)

where Ũres ∈ Rm×rres , S̃res ∈ Rrres×rres , and Ṽres ∈ Rn×rres are the remaining singular values and
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vectors such that

Ũ = [Ũ1 Ũres], Ṽ = [Ṽ1 Ṽres], S̃ =
[
σ̃1Ir1 0

0 S̃res

]
. (3.226)

Now, if A admits the form (3.199) and if we consider the SVD of X = PSPT (the assumption that

X is symmetric ensures that is has an orthogonal eigen-decomposition), then

Tr
(
AT B

)= Tr
(
Ṽ1PSPT ŨT

1

(
σ̃1Ũ1ṼT

1 + ŨresS̃resṼT
res

))
= σ̃1Tr

(
Ṽ1PSPT ŨT

1 Ũ1ṼT
1

)+Tr
(
Ṽ1PSPT ŨT

1 ŨresS̃resṼT
res

)
= σ̃1Tr

(
Ṽ1PSPT Ir1 ṼT

1

)+Tr
(
Ṽ1PSPT 0r1×rres S̃resṼT

res

)
= σ̃1Tr

(
SPT ṼT

1 Ṽ1P
)+0

= σ̃1Tr
(
SPT P

)
= σ̃1Tr(S) = ‖B‖S∞‖A‖S1 , (3.227)

which establishes the sufficiency in this case.

Finally, assuming that r = r1 = r̃ , we deduce that P ∈ Rr×r is an orthogonal matrix and,

hence, that P−1 = PT . Now, using (3.222) and the rank assumption, we can simplify the

expansion (3.225) as

B = σ̃1Ũ1ṼT
1 = σ̃1Ur PT (

Vr PT )T = σ̃1Ur PT PVT
r = σ̃1Ur VT

r . (3.228)

Remark 3.2. Note that even though the reduced SVD is not unique (i.e. there are multiple

choices for the sub-orthogonal matrices in (3.195)), the parametric forms given in Proposition

3.5 do not depend on a specific decomposition and the results are invariant to any arbitrary

choice of these reduced SVDs, primarily due to the “only if” parts of the statements.

We observe that, in the case p ∈ (1,∞), the saturation of Hölder inequality provides a

very tight link between the two matrices: If we know one of them, then the other lies in a

one-dimensional ray that is parameterized by the constant c > 0. However, in the special

case p = 1, the identification is not as simple. There again, for a given matrix B, one can fully

characterize the set of admissible matrices A. However, for the reverse direction, an additional

rank-equality constraint is essential to reduce the set of admissible matrices B to just one ray.

Inspired from Proposition 3.5, we now propose our main result in Theorem 3.13, where we

explicitly characterize the duality mapping for the Schatten p-norms.

Theorem 3.13. Let p, q ∈ [1,+∞] be a pair of Hölder conjugates with 1
p + 1

q = 1 and A ∈Rm×n a

matrix whose reduced SVD is specified in (3.184).

• If 1 < p <+∞, then the single-valued duality mapping JSp :Rm×n →Rm×n is well-defined
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and can be expressed as

JSp : A = Ur diag(σ)VT
r 7→ A∗ = Ur diag(Jp (σ))VT

r . (3.229)

• If p = 1 and if we consider the rank function as the sparsity measure in Definition 3.6,

then the sparse duality mapping JS1,rank :Rm×n →Rm×n is well-defined (singleton) and is

given as

JS1,rank : A = Ur diag(σ)VT
r 7→ A∗ = ‖σ‖1Ur VT

r . (3.230)

• If p =+∞, then the set-valued mapping JS∞(·) can be described as

JS∞(A) = {
σ1U1XVT

1 : X ∈Rr1×r1 is symmetric and ‖X‖S1 = 1
}

, (3.231)

where r1 denotes the multiplicity of the first singular value σ1 of A and U1,V1 are singular

vectors that correspond to σ1 in (3.184). Finally, the set of sparse dual conjugates is the

collection of rank-1 elements of JS∞(A) which can be characterized as

JS∞,rank(A) = {σ1U1ppT VT
1 : p ∈Rr1 ,‖p‖2 = 1}. (3.232)

Proof. Case I: 1 < p < +∞. Assume that (A,B) forms an (Sp ,Sq )-conjugate pair. Hence, we

have that 〈A,B〉 = ‖A‖Sp‖B‖Sq which, together with Proposition 3.5, implies that B admits the

form

B =
‖B‖Sq

‖A‖Sp

Ur diag(Jp (σ))VT
r = Ur diag(Jp (σ))VT

r . (3.233)

Case II: p = 1. Similarly to the previous case, consider A ∈ Rm×n and B ∈ JS1,rank(A). We

have that

Tr
(
AT B

)= ‖A‖S1‖B‖S∞ (3.234)

‖A‖S1 = ‖B‖S∞ (3.235)

rank(B) ≤ rank(C), ∀C ∈JS1 (A). (3.236)

From (3.234) and using Proposition 3.5, we deduce that rank(B) ≥ rank(A) which, together

with (3.236), implies that B should be equal to

B = ‖B‖S∞Ur VT
r = ‖σ‖1Ur VT

r , (3.237)

where the last equality is obtained using (3.235).

Case III: p =+∞. Following Proposition 3.5, any matrix B ∈JS∞(A) can be expressed as

B = U1X̃VT
1 , where X̃ ∈Rr1×r1 is a symmetric matrix. By defining X =σ−1

1 X̃, one readily verifies

that B = σ1U1XVT
1 . By recalling the normalization constraint ‖A‖S∞ = ‖B‖S1 , we therefore

obtain that

σ1 = ‖A‖S∞ = ‖B‖S1 =σ1‖X‖S1 , (3.238)
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which implies that ‖X‖S1 = 1. To show that JS∞(A) is convex, consider two symmetric matrices

X0 and X1 in the unit ball of Schatten-1 norm and define

Bα =σ1U1XαVT
1 , Xα =αX0 + (1−α)X1 (3.239)

for α ∈ [0,1]. On one hand, from the linearity of traces, we have that

Tr(AT Bα) = Tr
(
AT (αB1 + (1−α)B0)

)=αTr(AT B1)+ (1−α)Tr(AT B0).

On the other hand, from the definition of X0 and X1, we deduce that B0,B1 ∈JS∞(A). Hence,

Tr(AT Bα) =α‖A‖2
S∞ + (1−α)‖A‖2

S∞ = ‖A‖2
S∞ . (3.240)

However, from the Hölder inequality and the convexity of norms, we have that

Tr(AT Bα) ≤ ‖A‖S∞‖Bα‖S1 ≤ ‖A‖S∞
(
α‖B1‖S1 + (1−α)‖B0‖S1

)= ‖A‖S∞ . (3.241)

This implies that the Hölder inequality is saturated and also that ‖Bα‖S1 = ‖A‖S∞ which,

altogether, implies that Bα ∈JS∞(A) for all α ∈ [0,1].

Finally, we observe that the set JS∞(A) contains all matrices of the form B = U1ppT VT
1 for

any vector p ∈Rr1 with ‖p‖2 = 1. These are indeed all the rank-1 elements of JS∞(A) which,

due to the Definition 3.6, forms the set of sparse dual conjugates.

Discussion

Theorem 3.13 provides an interesting characterization of the duality mapping in three scenar-

ios: The first case is 1 < p <+∞ which is the most straightforward one. Theorem 3.13 tells us

that the mapping is single-valued and also gives a formula to compute the dual conjugate A∗

of any matrix A ∈Rm×n . . We use this result to deduce the continuity of the duality mapping as

well as the strict convexity of the Schatten space in this case (see Corollary 3.2). In the second

case, with p = 1, the mapping is not single-valued. However, there is a unique element in the

set of dual conjugates with the minimal rank (that is equal to the rank of A) and, hence, we

can construct a single-valued sparse duality mapping. Finally, we showed in the third case,

characterized by p =+∞, that neither the set of dual conjugates nor the ones with the minimal

rank are unique.

In Corollary 3.2, we highlight some consequences of Theorem 3.13 concerning the strict

convexity of Schatten spaces and the continuity of the duality mapping.

Corollary 3.2. The Banach space of m by n matrices equipped with the Schatten-p norm

is strictly convex, if and only if p ∈ (1,+∞). In this case, the function JSp : Rm×n → Rm×n is

continuous.

Proof. For p ∈ (1,+∞), we know from Theorem 3.13 that the duality mapping JSp is bijective.
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Moreover, it is known that all finite-dimensional Banach spaces are reflexive. Now, following

[253], we deduce the strict convexity of the space of m by n matrices with Schatten-p norm.

For p = 1 and p =+∞, we can readily verify that∥∥∥∥∥∥∥∥α


1 · · · 0
...

. . .
...

0 · · · 0

+ (1−α)


0 · · · 0
...

. . .
...

0 · · · 1


∥∥∥∥∥∥∥∥

S1

=

∥∥∥∥∥∥∥∥

α · · · 0
...

. . .
...

0 · · · (1−α)


∥∥∥∥∥∥∥∥

S1

= 1, (3.242)

∥∥∥∥∥∥∥∥α


1 · · · 0
...

. . .
...

0 · · · 0

+ (1−α)


1 · · · 0
...

. . .
...

0 · · · 1


∥∥∥∥∥∥∥∥

S∞

=

∥∥∥∥∥∥∥∥


1 · · · 0
...

. . .
...

0 · · · (1−α)


∥∥∥∥∥∥∥∥

S∞

= 1, (3.243)

for all α ∈ (0,1), which shows that the Schatten space is not strictly convex for p = 1,+∞.

Finally, the Schatten-p norm is known to be Fréchet differentiable for p ∈ (1,+∞) [242].

Moreover, the duality mapping of any Banach space with Fréchet-differentiable norms is

guaranteed to be continuous [254, 255]. Combining the two statements, we deduce the

continuity of the duality mapping in this case.

By contrast, the sparse duality mapping JS1,rank(·) is not continuous. This is best explained

by providing a counterexample. Specifically, let us consider the sequence of 2 by 2 matrices

Sk =
(

1 0

0 1
k

)
, k ∈N. (3.244)

It is clear that Sk → S∞ =
(

1 0

0 0

)
. However, we have that

∀k ∈N : JS1,rank(Sk ) =
(

1 0

0 1

)
, while JS1,rank(S∞) =

(
1 0

0 0

)
, (3.245)

which shows the discontinuity of JS1,rank in the space of 2 by 2 matrices. This can be generalized

to space of matrices with arbitrary dimensions m,n ∈N.

Although JS1,rank is not continuous, we now show that it is Borel-measurable and, hence,

that it can be approximated with arbitrary precision by a continuous mapping due to Lusin’s

theorem [94].

Proposition 3.6. For any m,n ∈N, the sparse duality mapping JS1,rank is a Borel-measurable

matrix-valued function over the space of m by n matrices.

Before going into the proof of Proposition 3.6, we present a preliminary result.

Lemma 3.4. The set Rr ⊆Rm×n of m by n matrices of rank r is Borel-measurable.
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Proof. First note that

R1 = {uvT : u ∈Rm ,v ∈Rn}. (3.246)

The set R1 is the image of the continuous mapping Rm ×Rn →Rm×n : (u,v) 7→ uvT and, hence,

is Borel-measurable.

Now, denote by R≤r ⊆ Rm×n , the set of matrices with rank no more than r . Using the

identity

R≤r =R1 +·· ·+R1, (r times), (3.247)

we deduce that R≤r and, consequently, Rr =R≤r \R≤(r−1) are also Borel-measurable sets.

Proof of Proposition 3.6. Consider a Borel-measurable set B ⊆ Rm×n . We show that Binv =
J−1

S1,rank(B) is also Borel-measurable. By defining Binv,r =Binv ∩Rr , we can partition Binv as

Binv =
min(m,n)⋃

r=1
Binv,r . (3.248)

Hence, it is sufficient to show that each partition Binv,r is Borel-measurable.

Define the set Pr ⊆R2
r as

Pr = {(A,B) ∈Rr ×B : Tr(AT B) = ‖A‖S1‖B‖S∞ , ‖A‖S1 = ‖B‖S∞}. (3.249)

The set Pr introduces a relation over Rr whose domain is Binv,r . In other words, we have that

Binv,r = {A ∈Rr : ∃B ∈B, (A,B) ∈Pr }. (3.250)

Since the trace and norm are continuous (and, consequently, Borel-measurable) functions

and Rr ×B is a Borel-measurable set (using Lemma 3.4), we deduce that the relation induced

from Pr is Borel-measurable as well. Finally, we use [256, Proposition 2.1] to show that its

domain is Borel-measurable.
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3.5.2 Hessian-Schatten Total Variation

We now introduce9 our novel seminorm—the Hessian-Schatten total variation (HTV)—and we

propose its use as a way to quantify the complexity of learning schemes. Our definition of the

HTV is based on a second-order extension of the space of functions with bounded variation

[257]. We show that the HTV seminorm satisfies the following desirable properties:

1. It assigns the zero value for linear regression, which is the simplest learning scheme.

2. It is invariant (up to a multiplicative factor) to simple transformations (such as linear

isometries and scaling) over the input domain.

3. It is defined for both smooth and CPWL functions. Hence, it is applicable to a broad

class of learning schemes, including ReLU neural networks and radial-basis functions.

4. It favors CPWL functions with a small number of linear regions, thus promoting a simpler

(and, hence, more interpretable) representation of the data (Occam’s razor principle).

We provide closed-form formulas for the HTV of both smooth and CPWL functions. For

smooth functions, the HTV coincides with the Hessian-Schatten seminorm which is often

used as a regularization term in linear inverse problems [219, 218]. For CPWL functions, the

HTV is a convex relaxation of the number of linear regions. This is analogous to the classical

`0 penalty in the field of compressed sensing, where it is often replaced by its convex proxy,

the `1 norm, to ensure tractability [62, 66].

Mathematical Background

Throughout this work, we denote the input domain by Ω⊆Rd . We assume Ω to be an open

ball of radius R > 0, with the convention that the case R =+∞ corresponds to Ω= Rd . It is

left to reader to verify that the function spaces that were defined throughout this section can

easily be adapted to this setting.

We denote by C0(Ω;Rd×d ) the space of continuous matrix-valued functions F :Ω→Rd×d

that vanish at infinity so that lim‖x‖→∞ ‖F(x)‖ = 0 whenever the domain is unbounded. (Note

that this definition does not depend on the choice of the norms, because they are all equivalent

in finite-dimensional vector spaces.) Any matrix-valued function F :Ω→Rd×d has the unique

representation

F = [ fi , j ] =


f1,1 · · · f1,d

...
. . .

...

fd ,1 · · · fd ,d

 , (3.251)

where each entry fi , j :Ω→R is a scalar-valued function for i , j = 1, . . . ,d . In this representation,

the space C0(Ω;Rd×d ) is the collection of matrix-valued functions of the form (3.251) with

9From our submitted work [111].
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fi , j ∈C0(Ω).

Definition 3.7. Let q ∈ [1,+∞]. For any F ∈C0(Ω;Rd×d ), the L∞-Sq mixed norm is defined as

‖F‖L∞,Sq

M=

∥∥∥∥∥∥∥∥

‖ f1,1‖L∞ · · · ‖ f1,d‖L∞

...
. . .

...

‖ fd ,1‖L∞ · · · ‖ fd ,d‖L∞


∥∥∥∥∥∥∥∥

Sq

. (3.252)

Remark 3.3. In Definition 3.7, the Sq -norm appears as the outer norm. We remain faithful to

this convention and always denote mixed norms in order of appearance, where the first is the

inner-norm and the second the outer-norm.

Following Theorem 2.3, we deduce that
(
C0(Ω;Rd×d ),‖ ·‖L∞,Sq

)
is a bona fide Banach space,

whose dual is (M (Ω,Rd×d ),‖ · ‖M ,Sp ), where M (Ω;Rd×d ) is the collection of matrix-valued

Radon measures of the form

W = [wi , j ] =


w1,1 · · · w1,d

...
. . .

...

wd ,1 · · · wd ,d

 , wi , j ∈M (Ω) ∀i , j = 1, . . . ,d , (3.253)

and the mixed M −Sp norm is defined as

‖W‖M ,Sp

M=

∥∥∥∥∥∥∥∥

‖w1,1‖M · · · ‖w1,d‖M

...
. . .

...

‖wd ,1‖M · · · ‖wd ,d‖M


∥∥∥∥∥∥∥∥

Sp

. (3.254)

The duality product 〈·, ·〉 : M (Ω;Rd×d )×C0(Ω;Rd×d ) →R is then defined as

〈W,F〉 M=
d∑

i=1

d∑
j=1

〈wi , j , fi , j 〉. (3.255)

Likewise, we denote by L1(Ω;Rd×d ), D(Ω;Rd×d ), and D′(Ω;Rd×d ), the matrix-valued general-

izations of the spaces L1(Ω), D(Ω) and D′(Ω), respectively.

Finally, we highlight that the operators ∂2 f
∂xi∂x j

: D′(Ω) →D′(Ω) are viewed as second-order

weak partial derivatives. More precisely, for any i , j = 1, . . . ,d and any w ∈D′(Ω) , the distribu-

tion ∂2w
∂xi∂x j

{w} ∈D′(Ω) is defined as

〈
∂2

∂xi∂x j
w,ϕ

〉
=

〈
w,

∂2

∂xi∂x j
ϕ

〉
, (3.256)

for all test functionsϕ ∈D(Ω). This leads to the following definition of the generalized Hessian

operator over the space of distributions.
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Definition 3.8. The Hessian operator H : D′(Ω) →D′(Ω;Rd×d ) is defined as

H{ f } =


∂2 f
∂x2

1
· · · ∂2 f

∂x1∂xd

...
. . .

...
∂2 f

∂xd∂x1
· · · ∂2 f

∂x2
d

 . (3.257)

Towards Defining The HTV

In order to properly define the HTV seminorm, we start by introducing a novel class of mixed

norms over C0(Ω;Rd×d ).

Definition 3.9. Let q ∈ [1,+∞]. For any F ∈C0(Ω;Rd×d ), the Sq −L∞ mixed-norm is defined as

‖F‖Sq ,L∞ = sup
x∈Ω

‖F(x)‖Sq . (3.258)

As previously mentioned, the dual norm of L∞−Sq mixed-norm is M−Sp , which is defined

over matrix-valued Radon measures. In Definition 3.9, we switched the order of application

of the individual norms; however, the two norms induce the same topology over the space

C0(Ω;Rd×d ).

Theorem 3.14. Regarding the mixed norms defined in Definitions 3.7 and 3.9

1. The functional F 7→ ‖F‖Sq ,L∞ is a well-defined (finite) norm over C0(Ω;Rd×d ).

2. The L∞−Sq and the Sq −L∞ mixed norms are equivalent, in the sense that there exists

positive constants A,B > 0 such that, for all F ∈C0(Ω;Rd×d ), we have that

A‖F‖Sq ,L∞ ≤ ‖F‖L∞,Sq ≤ B‖F‖Sq ,L∞ . (3.259)

3. The normed space
(
C0(Ω;Rd×d ),‖ ·‖Sq ,L∞

)
is a bona fide Banach space.

Proof. It is known that all norms are equivalent in finite-dimensional vector spaces. Conse-

quently, there exist positive constants c1,c2 > 0 such that

∀A = [ai , j ] ∈Rd×d , c1‖A‖sum ≤ ‖A‖Sq ≤ c2‖A‖sum, (3.260)

where ‖A‖sum =∑d
i=1

∑d
j=1 |ai , j |. This immediately yields that

c1

d∑
i=1

d∑
j=1

‖ fi , j‖L∞ ≤ ‖F‖L∞,Sq ≤ c2

d∑
i=1

d∑
j=1

‖ fi , j‖L∞ , (3.261)

as well as that

c1 sup
x∈Ω

‖F(x)‖sum ≤ ‖F‖Sq ,L∞ ≤ c2 sup
x∈Ω

‖F(x)‖sum, (3.262)
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for all F ∈C0(Ω;Rd×d ). On the one hand, we have that

sup
x∈Ω

‖F(x)‖sum = sup
x∈Ω

(
d∑

i , j=1
| fi , j (x)|

)
≤

d∑
i , j=1

sup
x∈Ω

| fi , j (x)| =
d∑

i , j=1
‖ fi , j‖L∞ . (3.263)

Combining (3.261), (3.262) and (3.263), we then deduce that

‖F‖Sq ,L∞ ≤ c2 sup
x∈Ω

‖F(x)‖sum ≤ c2

d∑
i , j=1

‖ fi , j‖L∞ ≤ c2

c1
‖F‖L∞,Sq . (3.264)

On the other hand, using ‖F(x)‖sum ≥ | fi , j (x)| for all i , j = 1, . . . ,d , we obtain that

‖ fi , j‖L∞ = sup
x∈Ω

| fi , j (x)| ≤ sup
x∈Ω

‖F(x)‖sum, ∀i , j = 1, . . . ,d . (3.265)

Summing over all i , j = 1, . . . ,d then gives that

d∑
i=1

d∑
j=1

‖ fi , j‖L∞ ≤ d 2 sup
x∈Ω

‖F(x)‖sum. (3.266)

Combining (3.261), (3.262), and (3.266), we obtain that

‖F‖L∞,Sq ≤ c2

d∑
i=1

d∑
j=1

‖ fi , j‖L∞ ≤ c2d 2 sup
x∈Ω

‖F(x)‖sum ≤ c2

c1
d 2‖F‖Sq ,L∞ . (3.267)

Finally, the inequalities (3.264) and (3.267) yield (3.259) with A = c1
c2

and B = c2
c1

d 2 (Item

2). Further, it guarantees that the functional F 7→ ‖F‖Sq ,L∞ is well-defined (finite) for all

F ∈ C0(Ω,Rd×d ). It is then easy to verify the remaining norm properties (positivity, homo-

geneity and the triangle inequality) of ‖ ·‖Sq ,L∞ (Item 1). As for Item 3, we note that the norm

equivalence implies that both norms induce the same topology over C0(Ω;Rd×d ). Hence,(
C0(Ω;Rd×d ),‖ ·‖Sq ,L∞

)
is a bona fide Banach space.

Using the outcomes of Theorem 3.14 and, in particular, Item 3, we are now ready to

introduce the Sp −M mixed norm defined over the space of matrix-valued Radon measures.

Definition 3.10. For any matrix-valued Radon measure W ∈M (Ω,Rd×d ), the Sp −M mixed-

norm is defined as

‖W‖Sp ,M
M= sup

{
〈W,F〉 : F ∈C0(Ω;Rd×d ),‖F‖Sq ,L∞ = 1

}
. (3.268)

Intuitively, the Sp −M norm of a matrix-valued function F : Ω→ Rd×d is equal to the

total-variation norm of the function x 7→ ‖F(x)‖Sq . However, this intuition cannot directly lead

to a general definition because the space M (Ω;Rd×d ) contains elements that do not have a

pointwise definition. We are therefore forced to define this norm by duality, as opposed to the

M −Sp norm given in (3.254).

141



Chapter 3. Supervised Learning with Sparsity Prior

We also remark that, due to the dense embedding D(Ω;Rd×d ) ,→ C0(Ω;Rd×d ), one can

alternatively express the Sp −M norm as

‖W‖Sp ,M = sup
{
〈W,F〉 : F ∈D(Ω;Rd×d ),‖F‖Sq ,L∞ = 1

}
, (3.269)

which is well-defined for all matrix-valued distributions. However, the only elements of

D′(Ω;Rd×d ) of finite Sp −M norm are precisely the matrix-valued finite Radon measures. In

other words, M (Ω,Rd×d ) is the largest subspace of D′(Ω;Rd×d ) with finite Sp −M norm.

In what follows, we strengthen the intuition behind the Sp −M norm by computing it for

two general classes of functions/distributions in M (Ω,Rd×d ) that are particularly important

in our framework: the absolutely integrable matrix-valued functions and the Dirac fence

distributions.

Definition 3.11. For any nonzero matrix A ∈ Rd×d , any convex compact set C ⊂ Rd1 with

d1 < d, and any measurable transformation T :Rd1 →Rd−d1 (not necessarily linear) such that

C ×T(C ) ⊆Ω, we define the corresponding Dirac fence D ∈M (Ω;Rd×d ) as

D(x1, x2) = A1x1∈Cδ(x2 −Tx1}), x1 ∈Rd1 , x2 ∈Rd−d1 , (x1, x2) ∈Ω. (3.270)

Dirac fence distributions are natural generalizations of the Dirac impulse to nonlinear (and

bounded) manifolds [258]. More precisely, for any test function F ∈C0(Ω;Rd×d ) and any Dirac

fence D of the form (3.270), we have that

〈D,F〉 =
∫

C
Tr

(
AT F(x1,Tx1)

)
dx1 ∈R. (3.271)

Intuitively, this corresponds to considering a “continuum” of low-dimensional Dirac impulses

on the d1-dimensional compact manifold C ×T(C ) that is embedded in Ω, as illustrated in

Figure 3.18.

Theorem 3.15. Let p ∈ [1,+∞).

1. For any matrix-valued function W ∈ L1(Ω,Rd×d ) ⊆M (Ω;Rd×d ), we have that

‖W‖Sp ,M = ∥∥‖W(·)‖Sp

∥∥
L1

=
∫
Ω

(
d∑

i=1
|σi (W(x))|p

) 1
p

dx . (3.272)

2. For any Dirac fence distribution D of the form (3.270), we have that

‖D‖Sp ,M = ‖A‖Sp Leb(C ), (3.273)

where Leb(C ) denotes the Lebesgue measure of C ⊆Rd1 .
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Figure 3.18 – Illustration of a Dirac fence with d = 2 and d1 = 1.

3. Consider two Dirac fences D1 and D2 of the form

Di (x1, x2) = Ai1x1∈Ciδ(x2 −Ti x1}), i = 1,2 (3.274)

and assume that the “intersection” of the two fences is of measure zero, in the sense that

C0 = {x1 ∈C1 ∩C2 : T1x1 = T2x1} is a subset of Rd1 whose Lebesgue measure is zero. Then,

we have that

‖D1 +D2‖Sp ,M = ‖D1‖Sp ,M +‖D2‖Sp ,M . (3.275)

Proof. Item 1: We first show that the right-hand side of (3.272) is well-defined and admits

a finite value. First, note that ‖W(·)‖Sp is the composition of the measurable function W :

Ω→Rd×d and the Schatten-p norm ‖ · ‖Sp :Rd×d →R that is continuous and, consequently,

measurable. This implies that ‖W(·)‖Sp is also a measurable function and, hence, its L1 norm

is well-defined. The last step is to show that the L1-norm is finite. From the norm-equivalence

property of finite-dimensional vector spaces, we deduce the existence of b > 0 such that, for

any A = [ai , j ] ∈Rd×d , we have that

‖A‖Sp ≤ b‖A‖sum, (3.276)

where ‖A‖sum =∑d
i=1

∑d
j=1 |ai , j |. This implies that

∥∥‖W(·)‖Sp

∥∥
L1

=
∫
Ω
‖W(x)‖Sp dx ≤ b

∫
Ω
‖W(x)‖sum dx

(i)= b
d∑

i=1

d∑
j=1

‖wi , j‖L1 <+∞, (3.277)
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where we have used Fubini’s theorem to deduce (i). Now, one readily verifies that

〈W,F〉 =
d∑

i , j=1
〈wi , j , fi , j 〉 =

d∑
i , j=1

∫
Ω

wi , j (x) fi , j (x)dx =
∫
Ω

(
d∑

i , j=1
wi , j (x) fi , j (x)

)
dx

≤
∫
Ω

∣∣∣∣∣ d∑
i , j=1

wi , j (x) fi , j (x)

∣∣∣∣∣dx
(i)≤

∫
Ω
‖W(x)‖Sp‖F(x)‖Sq dx

(ii)≤ ∥∥‖W(·)‖Sp

∥∥
L1
‖F‖Sq ,L∞ ,

(3.278)

where we have used the Hölder inequality for Schatten norms (see (3.186)) in (i) and the one

for Lp norms in (ii). We conclude that

‖W‖Sp ,M ≤ ∥∥‖W(·)‖Sp

∥∥
L1

. (3.279)

To show the equality, we need to prove that, for any ε > 0, there exists an element Fε ∈
C0(Ω;Rd×d ) with ‖Fε‖Sq ,L∞ = 1 such that

〈W,Fε〉 ≥
∥∥‖W(·)‖Sp

∥∥
L1
−ε. (3.280)

Consider the function F :Ω→Rd×d with

F(x) =


JSp ,rank(W(x))

‖W(x)‖Sp
, W(x) 6= 0

0, otherwise,
(3.281)

where JSp ,rank :Rd×d →R is the sparse duality mapping (see, Definition 3.6). We first note that

F is a measurable function. Indeed, from Proposition 3.6, we know that JSp ,rank is a measurable

mapping over Rd×d . Hence, its composition with the measurable function W is also measur-

able. Moreover, norms are continuous (and, so, Borel-measurable) functionals. Therefore, we

have that F(x) = 1W6=0
JSp ,rank(W(x))

‖W(x)‖Sp
is also Borel-measurable. Knowing the measurability of F,

we observe that ∫
Ω

Tr(WT (x)F(x))dx =
∫
Ω
‖W(x)‖Sp dx = ∥∥‖W(·)‖Sp

∥∥
L1

. (3.282)

We also note that ‖F‖Sq ,L∞ = 1. The final step is to use Lusin’s theorem (see [259, Theorem

7.10]) to find an ε-approximation Fε ∈C0(Ω;Rd×d ) of F on the unit Sq −L∞ ball so that∣∣∣∣∫
Ω

Tr(WT (x)F(x))dx −
∫
Ω

Tr(WT (x)Fε(x))dx

∣∣∣∣≤ ε. (3.283)

Now, combining (3.283) with (3.282), we deduce (3.280) which completes the proof.

Item 2: We first recall that the application of a distribution D of the form (3.270) to any
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element F ∈C0(Ω;Rd×d ) can be computed as

〈D,F〉 =
∫

C
Tr

(
AT F(x ,Tx)

)
dx . (3.284)

Using Hölder’s inequality, for any F ∈C0(Ω;Rd×d ) with ‖F‖Sq ,L∞ = 1, we obtain that∫
C

Tr
(
AT F(x ,Tx)

)
dx ≤

∫
C
‖A‖Sp‖F(x ,Tx)‖Sq dx

≤ ‖A‖Sp

∫
C

1dx = ‖A‖S1 Leb(C ),

which implies that ‖D‖Sp ,M ≤ ‖A‖Sp Leb(C ). To verify the equality, we consider an element

F ∈C0(Ω;Rd×d ) whose restriction on C is the constant matrix A∗ = ‖A‖−1
Sp

JSp ,rank(A).

Item 3: Following the assumption that Leb(C0) = 0, for any ε> 0, there exists a measurable

set E ⊆Rd1 with Leb(E ) = ε/2 such that C0 ⊆ E . From the construction, we deduce that the sets

C1\E and C2\E are separable; hence, there exists a function Fε ∈C0(Ω;Rd×d ) with ‖Fε‖Sq ,L∞ = 1

such that

Fε(x1,Ti x1) = A∗
i , ∀x1 ∈Ci \C0, i = 1,2, (3.285)

where A∗
i = ‖Ai‖−1

Sp
JSp ,rank(Ai ), i = 1,2. This implies that, for i = 1,2, we have that

〈Di ,Fε〉 =
∫

Ci

Tr
(
AT

i Fε(x1,Ti x1)
)

dx1

=
∫

C0

Tr
(
AT

i Fε(x1,Ti x1)
)

dx1 +
∫

Ci \C0

Tr
(
AT

i A∗
i

)
dx1

≥−Leb(C0)‖Ai‖Sp +Leb(Ci \C0)‖Ai‖Sp

≥ ‖Ai‖Sp (Leb(Ci )−ε). (3.286)

Hence, for any ε> 0, we have that

‖D1 +D2‖Sp ,M ≥ 〈D1 +D2,Fε〉
≥ ‖A1‖Sp Leb(C1)+‖A2‖Sp Leb(C2)−ε(‖A1‖Sp +‖A2‖Sp ).

By letting ε→ 0, we deduce that ‖D1 +D2‖Sp ,M ≥ ‖D1‖Sp ,M +‖D2‖Sp ,M which, together with

the triangle inequality, yields the announced equality.

We are now ready to define the HTV seminorm.

Definition 3.12. Let p ∈ [1,+∞]. The Hessian-Schatten total variation of any f ∈ D′(Ω) is

defined as

HTVp ( f ) = ‖H{ f }‖Sp ,M = sup
{
〈H{ f },F〉 : F ∈D(Ω;Rd×d ),‖F‖Sq ,L∞ = 1

}
, (3.287)

where q ∈ [1,+∞] is the Hölder conjugate of p with 1
p + 1

q = 1.
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We remark that the case p = 2 has been previously studied in the context of the space

of functions with bounded Hessian [260, 261, 262, 263]. In our work, we complement their

theoretical findings by extending the definition of the HTV to all Schatten norms with arbitrary

value of p ∈ [1,+∞]. We now prove some desirable properties of the HTV functional.

Theorem 3.16. The HTV seminorm satisfies the following properties.

1. Null Space: A distribution has a vanishing HTV if and only if it can be identified as an

affine function. In other words, we have that

NHTVp (Ω) = { f ∈D′(Ω) : HTVp ( f ) = 0} = {x 7→ aT x +b : a ∈Rd ,b ∈R}. (3.288)

2. Invariance: Let Ω=Rd . For any f ∈D′(Rd ), we have that

HTVp
(

f (·−x0)
)= HTVp

(
f
)

, ∀x0 ∈Rd , (3.289)

HTVp
(

f (α·))= |α|2−d HTVp
(

f
)

, ∀α ∈R, (3.290)

HTVp
(

f (U·))= HTVp
(

f
)

, ∀U ∈Rd×d : Orthonormal. (3.291)

Proof. Item 1: Starting from H{ f } = 0, we deduce that ∂2 f
∂x2

i
= 0 for i = 1, . . . ,d . Following

Proposition 6.1 in [48], we deduce that the null space of ∂2

∂x2
1

can only contain (multivariate)

polynomials. Using this, we infer that any p in the null space of ∂2

∂x2
1

is of the form p(x) =
a1x1 +q1(x) for some a1 ∈R and some multivariate polynomial q1 that does not depend on

x1. Finally, one verifies by induction that q1(x) =∑d
i=2 ai xi +q0(x), where q0 is a multivariate

polynomial that does not depend on any of its variables and so is constant, i.e. q0(x) = b for

some b ∈R. We conclude the proof by remarking that any affine mapping is indeed in the null

space of H.

Item 2: By invoking that H{ f (·−x0)} = H{ f }(·−x0), we immediately deduce that

HTVp
(

f (·−x0)
)= sup

{
〈H{ f }(·−x0),F〉 : F ∈D(Rd ;Rd×d ),‖F‖Sq ,L∞ = 1

}
= sup

{
〈H{ f },F(·+x0)〉 : F ∈D(Rd ;Rd×d ),‖F‖Sq ,L∞ = 1

}
= HTVp ( f ). (3.292)

Similarly, following the chain rule, we obtain that H{ f (α·)} =α2H{ f }(α·). This yields that

HTVp
(

f (α·))=α2 sup
{
〈H{ f }(α·),F〉 : F ∈D(Rd ;Rd×d ),‖F‖Sq ,L∞ = 1

}
=α2 sup

{
〈H{ f },α−d F(α−1·)〉 : F ∈D(Rd ;Rd×d ),‖F‖Sq ,L∞ = 1

}
= |α|2−d sup

{
〈H{ f },F(·)〉 : F ∈D(Rd ;Rd×d ),‖F‖Sq ,L∞ = 1

}
= |α|2−d HTVp ( f ). (3.293)
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As for the last invariance property, we use the formula for the Hessian of a rotated function

H{ f (U·)} = UT H{ f }(U·)U. (3.294)

This implies that

HTVp
(

f (U·))= sup
{
〈UT H{ f }(U·)U,F〉 : F ∈D(Rd ;Rd×d ),‖F‖Sq ,L∞ = 1

}
= sup

{
〈H{ f }(U·),UF(·)UT 〉 : F ∈D(Rd ;Rd×d ),‖F‖Sq ,L∞ = 1

}
= sup

{
〈H{ f },UF(UT ·)UT 〉 : F ∈D(Rd ;Rd×d ),‖F‖Sq ,L∞ = 1

}
= HTVp ( f ), (3.295)

where the last equality follows from the invariance of Schatten norms under orthogonal

transformations (as exploited, for example, in [219]).

Closed-Form Expressions for the HTV of Special Functions

Although Definition 3.12 introduces a formal way to compute the HTV of a given element

f ∈ D′(Ω), it is still very abstract and not practical. This is the reason why we now provide

closed-form expressions for the HTV of two general classes of functions.

Proposition 3.7 (Sobolev Compatibility). Let W 2
1 (Ω) be the Sobolev space of twice-differentiable

functions f : Ω → R whose second-order partial derivatives are in L1(Ω). Then, for any

p ∈ [1,+∞] and any Sobolev function f ∈W 2
1 (Ω), we have that

HTVp ( f ) = ‖H{ f }‖Sp ,L1 =
∫
Ω
‖H{ f }(x)‖Sp dx . (3.296)

Proof. This is a consequence of Theorem 3.15 since, for any f ∈ W 2
1 (Ω), the matrix-valued

function H{ f } :Ω→Rd×d : x 7→ H{ f }(x) is measurable and is in L1(Ω;Rd×d ).

Interestingly, Proposition 3.7 demonstrates that our introduced seminorm is a generaliza-

tion of the Hessian-Schatten regularization that has been used in inverse problems and image

reconstruction [219, 218].

Theorem 3.17 (HTV of CPWL Mappings). Let f :Ω→R be a CPWL function with linear regions

P1, . . . ,PN and denote the gradient of f at the interior of Pn by an =∇ f |Pn for n = 1, . . . , N . Then,

for any p ∈ [1,+∞], the corresponding HTV of f is given as

HTVp ( f ) = 1

2

N∑
n=1

∑
k∈adjn

‖an −ak‖2H d−1(Pn ∩Pk ), (3.297)

where adjn is the set of indices k ∈ {1, . . . , N } such that Pn and Pk are neighbors and H d−1 denotes

the (d −1)-dimensional Hausdorff measure.
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Before going to the proof, we first prove a useful lemma.

Lemma 3.5. Let f :Ω→R be a CPWL function described in Theorem 3.17. Then, the gradient

of f can be expressed as

∇ f (x) =
N∑

n=1
an1Pn (x), (3.298)

for almost every x ∈Ω.

Proof. The interior of Pn is denoted by Un with n = 1. . . , N . We then note thatΩ\
(⋃N

n=1 Un
)

is a

set of measure zero. Hence, it is sufficient to show that ∇ f (x) = an for any x0 = (x0,1, . . . , x0,d ) ∈
Un . We define the functions gi :R→R as

gi (x) = f (x0,1, . . . , x0,i−1, x, x0,i+1, . . . , x0,d ). (3.299)

Following the definition of CPWL mappings, gi is a linear spline (i.e., a 1D continuous and

piecewise-linear function). Hence, it is locally linear and can be expressed as gi (x) = an,i x +
(
∑

j 6=i an, j x0, j +b) in an open neighborhood of x0,i . Moreover, it is clear that an,i = g ′
i (x0,i ) =

∂ f
∂xi

(x0). Hence,

∇ f (x0) =
(
∂ f

∂x1
(x0), . . . ,

∂ f

∂xd
(x0)

)
= (

an,1, . . . , an,d
)= an . (3.300)

Proof of Theorem 3.17. We start by introducing some notions that are required in the proof.

For each n = 1, . . . , N and k ∈ adjn , we denote the intersection of Pn and Pk by Ln,k = Pn ∩Pk ,

which is itself a convex polytope with co-dimension (d − 1), in the sense that it lies on a

hyperplane Hn,k = {x ∈Rd : uT
n,k x +βn,k = 0} for some normal vector un,k = (un,k,i ) ∈Rd with

‖un,k‖2 = 1 and some shift value βn,k ∈ R. We adopt the convention that un,k refers to the

outward normal vector, so that uT
n,k x +βn,k ≤ 0 for all x ∈ Pn . We divide the proof in four steps:

Step 1: Transformation to the General Position. First, without any loss of generality, we

assume that all entries of un,k for all n = 1, . . . , N and k ∈ adjn are nonzero. Consider a unitary

matrix V ∈Rd×d such that [Vun,k ]i 6= 0 for all n = 1, . . . , N , k ∈ adjn , and i = 1, . . . ,d . We remark

that the function g = f (V·) is CPWL with linear regions P̃n = VT Pn and affine parameters

ãn = VT an and b̃n = bn for n = 1, . . . , N . Now, if (3.297) holds for g , then we can invoke the
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invariance properties of the HTV (see Theorem 3.16) to deduce that

HTVp ( f ) = HTVp
(
g
)

= 1

2

N∑
n=1

∑
k∈adjn

‖ãn − ãk‖2H d−1(P̃n ∩ P̃k )

= 1

2

N∑
n=1

∑
k∈adjn

‖VT (an −ak )‖2H d−1(VT (Pn ∩Pk ))

= 1

2

N∑
n=1

∑
k∈adjn

‖an −ak‖2H d−1(Pn ∩Pk ), (3.301)

where the last equality is due to the invariance of the Hausdorff measure and the `2 norm to

orthonormal transformations.

Step 2: Calculation of the Hessian Distribution. From now on, we assume that all entries

of un,k are nonzero, with

un,k,i = 0, n = 0, . . . , N , k ∈ adjn , i = 1, . . . ,d . (3.302)

This allows us to view Hn,k as the graph of the affine mapping Tn,k :Rd−1 →R, with

Tn,k (x1, . . . , xd−1) =βn,k −
∑d−1

i=1 un,k,i xi

un,k,d
, (3.303)

and to define Cn,k = {x ∈Rd−1 : (x ,Tn,k x) ∈ Ln,k } ⊆Ω as the preimage of Ln,k over Tn,k . We also

remark that, due to this affine projection, the (d −1)-dimensional Hausdorff measure of Ln,k

and the Lebesgue measure of Cn,k are related by the coefficient un,k,d . Indeed, we have that

H d−1(Ln,k ) = Leb(Cn,k )
|un,k,d | . Using these notions, we now compute the matrix-valued distribution

H{ f } ∈M (Ω;Rd×d ). We first note that, for all n = 0, . . . , N and i = 1, . . . ,d , we have that

∂1Pn

∂xi
(x) = ∑

k∈adjn

−sgn(un,k,i )δ

(
xi +

∑
j 6=i un,k, j x j +βn,k

un,k,i

)
1Ln,k (x). (3.304)

Using the relation δ(α·) = |α|−1δ(·) for all α ∈R, we obtain that

∂1Pn

∂xi
(x) = ∑

k∈adjn

−un,k,i

|un,k,d |
δ

(
xd −Tn,k x1

)
1Ln,k (x), (3.305)

where x1 = (x1, . . . , xd−1) ∈Rd−1. Following the definition of Cn,k , we immediately get that

δ
(
xd −Tn,k x1

)
1Ln,k (x) = δ(

xd −Tn,k x2
)
1Cn,k (x1), (3.306)

which leads to
∂1Pn

∂xi
(x) = ∑

k∈adjn

−un,k,i

|un,k,d |
δ

(
xd −Tn,k x1

)
1Cn,k (x1). (3.307)
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Combining (3.307) with Lemma 3.5, we then deduce that

∂2 f

∂xi∂x j
(x) =

N∑
n=1

an, j
∂1Pn

∂xi
(x) =

N∑
n=1

an, j
∑

k∈adjn

−un,k,i

|un,k,d |
δ

(
xd −Tn,k x1

)
1Cn,k (x1). (3.308)

Now, since Ln,k = Pn ∩Pk and un,k = (−uk,n), we can rewrite the second-order partial deriva-

tives as

∂2 f

∂xi∂x j
(x) = 1

2

N∑
n=1

∑
k∈adjn

(ak, j −an, j )
un,k,i

|un,k,d |
δ

(
xd −Tn,k x1

)
1Cn,k (x1). (3.309)

Putting it in matrix form, we conclude that the Hessian is a sum of disjoint Dirac fences, as in

H{ f }(x) =
[

∂2 f

∂xi∂x j
(x)

]
= 1

2

N∑
n=1

∑
k∈adjn

[
(ak, j −an, j )

un,k,i

|un,k,d |
]
δ

(
xd −Tn,k x1

)
1Cn,k (x1). (3.310)

Step 3: Computation of the HTV. By invoking Item 3 of Theorem 3.15, we deduce that

HTVp ( f ) = ∥∥H{ f }
∥∥

Sp ,M

= 1

2

N∑
n=1

∑
k∈adjn

∥∥∥∥[
(ak, j −an, j )

un,k,i

|un,k,d |
]
δ

(
xd −Tn,k x1

)
1Cn,k (x1)

∥∥∥∥
Sp ,M

= 1

2

N∑
n=1

∑
k∈adjn

∥∥∥∥[
(ak, j −an, j )

un,k,i

|un,k,d |
]∥∥∥∥

Sp

Leb(Cn,k ), (3.311)

where the last equality results from Item 2 of Theorem 3.15.

Finally, we use the continuity of f to deduce that, for any pair of points p1, p2 ∈ Hn,k , we

have that

aT
n p i +bn = aT

k p i +bk , i = 1,2. (3.312)

Subtracting the above equalities for i = 1 and i = 2, we obtain that

aT
n (p1 −p2) = aT

k (p1 −p2). (3.313)

However, (p1 −p2) is orthogonal to un,k . Hence, the vector (ak −an) points in the direction of

un,k . This implies that the matrix[
(ak, j −an, j )

un,k,i

|un,k,d |
]
= |un,k,d |−1un,k (ak −an)T = ‖ak −an‖2

|un,k,d |
un,k uT

n,k (3.314)

is rank-1 and symmetric. Hence, for any p ∈ [1,+∞], its Schatten-p norm is equal to the

absolute value of its trace. The replacement of this in (3.311) and the use of H d−1(Ln,k ) =
Leb(Cn,k )
|un,k,d | yields the announced expression (3.297).
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We conclude from (3.297) that the HTV seminorm accounts for the change of (directional)

slope in all the junctions in the partitioning. Specifically, the HTV of a CPWL function is

proportional to a weighted `1 penalty on the vector of slope changes, where the weights are

proportional to the volume of the intersection region. This can be seen as a convex relaxation

of the number of linear regions,. The latter has the disadvantage that is unable to differentiate

between small and large changes of slope. Another noteworthy observation is the invariance

of the HTV of CPWL functions to the value of p ∈ [1,+∞), which is unlike the case of Sobolev

functions in Proposition 3.7. This is due to the extreme sparsity of the Hessian of CPWL

functions. In fact, the Hessian matrix is zero everywhere except at the borders of linear regions.

There, it is a Dirac fence weighted by a rank-1 matrix. The invariance then follows from the

observation that the Schatten-p norms collapse to a single value in rank-1 matrices (i.e., their

only nonzero singular value).
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3.5.3 Learning with HTV

To further illustrate the practical aspect of our framework, we present10 a method to learn

sparse CPWL functions with HTV regularization in 2D. We consider a CPWL search space

spanned by linear-box-spline basis functions. These choices allow us to recast the infinite-

dimensional learning problem as a finite one which can be efficiently solved using known

optimization algorithms. Our framework presents itself as an alternative to training ReLU

networks for the learning of CPWL functions, with the following advantages:

1. the enforcement of sparsity, in the sense that we follow Occam’s razor principle by

promoting solutions with the fewest CPWL regions;

2. the use of a rotation, scale and translation-invariant regularization;

3. the reliance on a single hyperparameter—the regularization weight λ. This is in contrast

with the numerous hyperparameters found in neural networks such as the choice of

architecture and its components, learning rate schemes, and batch size, among others;

4. an improved model interpretability since we provide a linear parametrization for the

learned CPWL mapping.

Search Space

We remark that, although the HTV of CPWL functions has a simple closed-form expression, it

requires the complete knowledge of the domain partition and the gradients in each polytope.

To circumvent this, we construct a CPWL search space that is based on a uniform domain

partition. This allows us to obtain a tractable formula for computing the HTV of any model in

the space.

More precisely, we let this space be spanned by shifts of a CPWL basis function ϕ of the

form

ϕ(x1, x2) = [1−max(0, a1, a2)+min(0, a1, a2)]+ , (3.315)

where a1 = (x1 −x2/
p

3), a2 = (−2x2/
p

3), and [x]+
M= max(x,0).

We note that ϕ is, in fact, a scaled hexagonal box spline [264] (see, Proposition 3.8 below).

Box splines are multivariate extensions of B-splines [265]. In constrast to tensor products of

1D B-splines, they are non-separable, which makes them suitable for interpolation algorithms

taylored to non-Cartesian (and often optimal) sampling lattices [266, 267, 264]. They also find

applications in areas such as finite-element methods [268], computer-aided design [269], and

edge detection [270].

10From our published work [109].
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In dimension d = 2, we denote by kΞ : R2 7→ R, the box spline associated to the matrix

Ξ =
[
ξ1 · · · ξn

]
∈ R2×n . For n = 2 and an invertible matrix Ξ ∈ R2×2, kΞ is an indicator

function of the form

kΞ(x) = 1

|det(Ξ)|1S2 (x), (3.316)

where S2 =
{
Ξα : α ∈ [0,1)2

}
. For n ≥ 3, the box spline is defined recursively as

k[Ξ ξ](x) =
∫ 1

0
kΞ(x− tξ) dt . (3.317)

Box splines are nonnegative functions and have a unit integral over the entire space, with∫
R2 kΞ(x) dx = 1. Moreover, they are supported over the set

{
Ξα : α ∈ [0,1)n

}
and are sym-

metric with respect to the center of their support [269].

Proposition 3.8. The basis function ϕ is a scaled box spline whose associated matrix Ξ is (see

Figure 3.19)

Ξ=
[
ξ1 ξ2 ξ3

]
=

[
1 −1

2 −1
2

0 −
p

3
2

p
3

2

]
. (3.318)

Proof. Letα= 2/
p

3 andΞ ∈R2×3, the matrix given in (3.318). It follows from Definition (3.317)

that

kΞ(x) =α
∫ 1

0
1S2 (x− tξ3),∈ dt =αsupp

(
[0,1]∩ {t : x− tξ3 ∈ S2}

)
, (3.319)

where supp(B) is the length of the interval B ∈ R and S2 = {
t1ξ1 + t2ξ2 : t1, t2 ∈ [0,1)

}
. By

expressing x in the basis {ξ1,ξ2}, with x = a1ξ1+a2ξ2, a1, a2 ∈R, and using the relation (−ξ3) =
ξ1 +ξ2, we deduce that

khΞ(x) =αsupp
(
[0,1]∩ {t : (a1 + t )ξ1+

(a2 + t )ξ2 ∈ S2}
)

=αsupp
(
{t : 0 ≤ t ≤ 1, 0 ≤ a1 + t ≤ 1,

0 ≤ a2 + t ≤ 1}
)

=α [min(1,1−a1,1−a2)−max(0,−a1,−a2)]+

=α [1−max(0, a1, a2)+min(0, a1, a2)]+ . (3.320)

Finally, dividing both sides by α, we reach the desired result.

Additionally, we construct a hexagonal lattice on which we shift these basis functions. This

lattice is determined by the primitive vectors r1 = ξ1 and r2 = (−ξ2). For ease of representation,

we concatenate the primitive vectors into the lattice matrix R =
[

r1 r2

]
[271]. Then, the
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x

y

ξ1

ξ2

ξ3

Figure 3.19 – Hexagonal box-spline vectors.

search space with grid size h ∈R+ is defined as

XRh (R2) = span

({
ϕ

( ·
h
−Rk

)}
k∈Z2

)
. (3.321)

We observe that any model f ∈XRh (R2) can be expressed as

f (x) = ∑
k∈Z2

c[k]ϕ
( x

h
−Rk

)
(3.322)

for some set of box-spline coefficients {c[k]}k∈Z2 .

Analogous to the space of cardinal linear splines [271, 33], our search space satisfies some

desirable properties that are listed in Theorem 3.18.

Theorem 3.18. The search space XRh (R2) satisfies the following properties.

1. It reproduces any affine mapping, in the sense that any function of the form f (x) = aT x+b

can be expressed as (3.322).

2. The collection {ϕ(·/h −Rk)}k∈Z2 forms a Riesz basis for XRh (R2). This ensures a unique

and stable link between each model function and its coefficients [35].

3. The approximation error of our search space decays with h−2 as h → 0.

4. The atoms satisfy the interpolatory condition

∀k ∈Z2 : ϕ(Rk) =
1, k = 0

0, otherwise.
(3.323)

Consequently, we have that f (hRk) = c[k] for any f ∈XRh (R2) and any k ∈Z2.

5. The basis element ϕ is refinable, in the sense that ϕ(·/2h) can be exactly represented in

XRh (R2) with finitely many coefficients.

Proof. We prove the properties for a unit grid size (h = 1), without any loss of generality. To do

so, we rely on the Fourier-domain characterization of a generic box spline [272, Proposition
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17]. Specifying it for the case of the hexagonal box spline whose vectors are given in (3.318),

and using ξ1 +ξ2 +ξ3 = 0 and the relation ϕ=p
3/2kΞ, we get that

ϕ̂(ω) =
p

3

2

3∏
n=1

sinc

( 〈ω,ξn〉
2

)
, (3.324)

where sinc(x) = sin(x)
x .

Item 1 (Reproduction of affine mappings): We begin by proving that {ϕ(·−Rk)}k∈Z2 satis-

fies the partition-of-unity property∑
k∈Z2

ϕ(x−Rk) = 1, ∀x ∈R2. (3.325)

This condition implies that the search space is able to reproduce any constant function.

Let R̃ be the lattice matrix expressed as R̃ =
[
ξ1 ξ2

]
. One can readily verify that

∑
k∈Z2 ϕ(x−

Rk) =∑
k∈Z2 ϕ(x− R̃k). From the Poisson-sum formula for lattices [271], the partition-of-unity

property holds if and only if, for any k ∈Z2, we have that

1∣∣det(R̃)
∣∣ ϕ̂(2πR̃−T k) =

1, k = 0

0, k 6= 0.
(3.326)

Evaluating the Fourier transform (3.324) at the selected locations and using
∣∣det(R̃)

∣∣= p
3

2 , we

infer that

1∣∣det(R̃)
∣∣ ϕ̂(2πR̃−T k) =

3∏
n=1

sinc
(
π〈R̃−T k,ξn〉

)= 3∏
n=1

sinc
(
π〈k, R̃−1ξn〉

)
. (3.327)

We then observe that R̃−1ξ1 = (1,0), R̃−1ξ2 = (0,1), and R̃−1ξ3 = (−1,−1). This results in

1∣∣det(R̃)
∣∣ ϕ̂(2πR̃−T k) = sinc

(
π(k1 +k2)

) 2∏
n=1

sinc(πkn) =
1, k = 0

0, k 6= 0,
(3.328)

where, in the last equality, we have used that sinc(πk) = δ[k] for any k ∈Z.

Now, we show that the search space can approximate any linear function. Following the

Strang-Fix conditions [266, 273], we just need to prove that

∇ϕ̂(2πR̃−T k) = 0, ∀k ∈Z2 \ {0}. (3.329)

Using the product rule for differentiation, we observe that

∇ϕ̂(ω) =
p

3

2

3∑
n=1

∇sinc

(
〈ω,ξn〉

2

) ∏
m 6=n

sinc

(
〈ω,ξm〉

2

)
. (3.330)
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Evaluating this expression atω= 2πR̃−T k and defining βn,k = (p
3/2

)∇sinc(π〈R̃−T k,ξn〉), we

obtain that

∇ϕ̂(2πR̃−T k) =
3∑

n=1
βn,k

∏
m 6=n

sinc
(
π〈R̃−T k,ξm〉

)
. (3.331)

Then, we use that sinc
(
π〈R̃−T k,ξm〉

)
= sinc

(
π〈k, R̃−1ξm〉

)
to deduce that

∇ϕ̂(2πR̃−T k) =β1,ksinc(πk2)sinc(π(k1 +k2))

+β2,ksinc(πk1)sinc(π(k1 +k2))

+β3,ksinc(πk1)sinc(πk2). (3.332)

Finally, since sinc(πk) = δ[k] for any k ∈Z, all terms in (3.332) vanish for k ∈Z\ {0}.

Item 2 (Riesz basis): The collection {ϕ(·−Rk)}k∈Z2 is a Riesz basis if there exist λmin > 0

and λmax <+∞ such that, for any sequence c ∈ `2(Z), we have that

λmin ‖c‖2
2 ≤

∥∥∥∥∥ ∑
k∈Z2

c[k]ϕ(·−Rk)

∥∥∥∥∥
2

L2

≤λmax ‖c‖2
2 . (3.333)

To show that (3.333) is valid for the collection of our shifted search-space atoms, we use

Fourier-based conditions in the spirit of [271] and [35]. This leads to the bounds

λmin = min
[0,2π)2

1

|det(R)|
∑

k∈Z2

∣∣ϕ̂(R−T (
ω+2πk)

)∣∣2
, λmax = max

[0,2π)2

1

|det(R)|
∑

k∈Z2

∣∣ϕ̂(R−T (
ω+2πk)

)∣∣2
.

(3.334)

To obtain a more tractable expression for the summation on the right-hand side of (3.334), we

set x = 0 in the Poisson-sum formula for lattices [271] and deduce that

∑
k∈Z2

f (Rk) = 1

|det(R)|
∑

k∈Z2

f̂ (2πR−T k). (3.335)

Then, we consider the function f (τ) = cϕϕ(τ)e−j〈R−Tω0,τ〉, where cϕϕ(τ) = 〈ϕ(·−τ),ϕ〉, which

results in ∑
k∈Z2

〈ϕ(·−Rk),ϕ〉e−j〈ω,k〉 = 1

|det(R)|
∑

k∈Z2

∣∣ϕ̂(
R−T (ω+2πk)

)∣∣2
, (3.336)

where we have used that ĉϕϕ(ω) = ∣∣ϕ̂(ω)
∣∣2 and taken advantage of the modulation property of

the Fourier transform.

Due to the fact that ϕ is finitely supported, the summation on the left-hand side of (4.39)

contains only 7 nonzero terms: 1 term corresponding to the energy of the atom and 6 oth-

ers corresponding to the inner product with overlapping replicas. Therefore, (4.39) can be
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expanded as∑
k∈Z2

〈ϕ(·−Rk),ϕ〉e−j〈ω,k〉 =〈ϕ(·− r1),ϕ〉e−jω1 +〈ϕ(·+ r1),ϕ〉ejω1 (3.337)

+〈ϕ(·− r2),ϕ〉e−jω2 +〈ϕ(·+ r2),ϕ〉ejω2 (3.338)

+〈ϕ(·+ r1 − r2),ϕ〉e−j(ω2−ω1) +〈ϕ(·− r1 + r2),ϕ〉ej(ω2−ω1) +∥∥ϕ∥∥2
L2

.

(3.339)

We remark that the pairs of conjugate exponentials in (3.339) do arise due to the symmetry

in the location of the replicas. By simple computations, we deduce that
∥∥ϕ∥∥2

L2
=

p
3

4 and

〈ϕn ,ϕ〉 =
p

3
12 for any of the replicas ϕn , n = 1, . . . ,6. (Due to symmetries, the inner products are

all equal.) Combining (3.339) with (3.334) and (4.39), we conclude that

λmin =
p

3

12
min

[0,2π)2
(3+cos(ω1)+cos(ω2)+cos(−ω1 +ω2)) =

p
3

8
> 0, (3.340)

λmax =
p

3

12
max

[0,2π)2
(3+cos(ω1)+cos(ω2)+cos(−ω1 +ω2)) =

p
3

2
<+∞, (3.341)

which completes the proof.

Item 3 (Order of approximation): From Items 1 and 2, we know that the collection of the

search-space atoms {ϕ(·−Rk)}k∈Z2 forms a Riesz basis and reproduces first-degree polynomials.

Hence, it satisfies the first-order Strang-Fix conditions [274, Theorem 2.2.]. It follows that∥∥∥ f −ProjXRh
{ f }

∥∥∥
L2

=O (h−2), h → 0 (3.342)

for any sufficiently smooth function f :R2 →R [273].

Item 4 (Interpolatory atoms): Evaluating the partition of unity at x = Rk′, we have that∑
k∈Z2

ϕ(R(k′−k)) =ϕ(0)+ ∑
k6=k′

ϕ(R(k′−k)) = 1. (3.343)

Since ϕ(0) = 1 and ϕ(x) ≥ 0, ∀x ∈R2, it follows that

∀k ∈Z2 : ϕ(Rk) =
1, k = 0

0, Otherwise.
(3.344)

Item 5 (Refinable search space): We want to show that there exists a refinability filter

h ∈ `2(R2) such that

ϕ
(x

2

)
= ∑

k∈Z2

h[k]ϕ(x− R̃k), (3.345)
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where R̃ =
[
ξ1 ξ2

]
. In the Fourier domain, this condition is equivalent to

22ϕ̂(2ω) = H(ejR̃Tω)ϕ̂(ω). (3.346)

Computing 22ϕ̂(2ω)/ϕ̂(ω), we deduce that

H(ejR̃Tω) = 4ϕ̂(2ω)

ϕ̂(ω)
= 4

3∏
n=1

sinc(〈ω,ξn〉)
sinc

( 〈ω,ξn〉
2

) = 2
3∏

n=1

sin(〈ω,ξn〉)
sin

( 〈ω,ξn〉
2

) = 4
3∏

n=1
cos

( 〈ω,ξn〉
2

)
, (3.347)

where we have used the identity sin(x) = 2cos(x/2)sin(x/2). Observing that H(ejω) = H(ejR̃T (R̃−Tω)),

we get that

H(ejω) = 4
3∏

n=1
cos

( 〈ω, R̃−1ξn〉
2

)
= 1

2

(
1+e−jw1

)(
1+e−jw2

)(
1+ej(w1+w2)

)
, (3.348)

where 〈R̃−Tω,ξn〉 = 〈ω, R̃−1ξn〉 and ξ3 = (−ξ1 −ξ2). Taking the inverse Fourier transform of

(3.348), we write that

h[k1,k2] = δ[k1,k2]+ 1

2

(
δ[k1 −1,k2]+δ[k1 +1,k2]

+δ[k1,k2 −1]+δ[k1,k2 +1]

+δ[k1 −1,k2 −1]+δ[k1 +1,k2 +1]
)
. (3.349)

Finally, replacing (3.349) in (3.345), and again using that ξ3 = (−ξ1 −ξ2), we obtain that

ϕ
(x

2

)
= 1

2

∑
k∈{0,1}3

ϕ(x−Ξk) =

+ϕ(x)+ 1

2

(
ϕ(x−ξ1)+ϕ(x−ξ2)

+ϕ(x−ξ3)+ϕ(x−ξ1 −ξ2)

+ϕ(x−ξ1 −ξ3)+ϕ(x−ξ2 −ξ3)
)
. (3.350)

Finally, we formalize the functional-learning problem in our search space as the minimiza-

tion

min
f ∈XRh

(R2)

(
M∑

m=1
E

(
f (xm), ym

)+λHTV( f )

)
. (3.351)

where E :R×R→R≥0 is a strictly convex loss function (e.g. E(y, z) = (y − z)2 for the quadratic

loss). Note that we removed the subscript p in denoting the HTV seminorm, due to the

invariance of the latter to a specific choice of p ∈ [1,+∞] (see, Theorem 3.17).
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3.5. Learning Multivariate CPWL Functions

Exact Discretization

We now detail the algorithm we have developed to solve problem (3.351). The first step is

to express the value of a function f ∈ XRh (R2) at a given point x ∈ R2 in terms of the spline

coefficients c[·] associated to f . Due to the finite support of the atoms, we infer that, there are

at most three basis functions that are active in the computation of f (x). These active atoms

are located at the vertices of the triangle to which x belongs. For each datapoint xm , let us

denote its triangle by the index set {km,1,km,2,km,3}. From this, we express f (xm) as

f (xm) =
3∑

n=1
c[km,n]ϕ

(xm

h
−Rkm,n

)
= hT

m(c[km,1],c[km,2],c[km,3]), (3.352)

where hm,n =ϕ(xm/h −Rkm,n), n = 1,2,3.

The next step is to compute the HTV of any element in our search space.

Theorem 3.19. For any f ∈XRh (R2) of the form (3.322), we have that

HTV( f ) = ‖d1 ∗ c‖1,1 +‖d2 ∗ c‖1,1 +‖d3 ∗ c‖1,1 , (3.353)

where ‖A‖1,1 = ‖vec(A)‖1 is the sum of the absolute values of the entries of A, and

d1 =
[

a −a 0

0 −a a

]
, d2 =

 a 0

−a −a

0 a

 , d3 =
[
−a a

a −a

]
, (3.354)

with a = 2
p

3
3 .

Proof. Let ∆ denote the set of triangles that form the domain partition of our search space.

We have that

HTV( f ) = h

2

∑
P∈∆

∑
P̃∈adj(P )

∥∥∇ f
∣∣
P −∇ f

∣∣
P̃

∥∥
2 . (3.355)

Due to the specific form of our search space, we can rewrite (3.355) as a summation over the

lattice vertices rather than the triangles and associate three junctions to each vertex. This

leads to

HTV( f ) = h
∑

n∈Z2

3∑
k=1

∥∥ank −an
∥∥

2 , (3.356)

where an is the gradient of the triangle Pn associated with the vertex n. Similarly, the vector

ank is the gradient of the neighboring triangle that shares a border with Pn in the direction

of rk , where r1 = (1,0), r2 = ( 1
2 ,

p
3

2 ), and r3 = r2 −r1. By changing the order of summation, we
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obtain that

HTV( f ) = h
∑

n∈Z2

∥∥an1 −an
∥∥

2 +h
∑

n∈Z2

∥∥an2 −an
∥∥

2 +h
∑

n∈Z2

∥∥an3 −an
∥∥

2 . (3.357)

Each of the three terms of (3.357) can be computed via a filtering operation. Here, we just

prove this for the last term in the summation and we deduce the other two using similar

computations.

Using the notations k1 = n+ r1, k2 = n+ r2, and k3 = n+ r1 + r2, we write that



aT
n3

Rh(k3 −k2) = c[k3]− c[k2]

aT
n3

Rh(k3 −k1) = c[k3]− c[k1]

aT
n Rh(k1 −n) = c[k1]− c[n]

aT
n Rh(k2 −n) = c[k2]− c[n]

⇔



RT
h an3 =

c[k3]− c[k2]

c[k3]− c[k1]


RT

h an =
 c[k1]− c[n]

c[k2]− c[n]]

 ,

(3.358)

where Rh = h
[

r1 r2

]
is the lattice matrix. Combining these equations, we obtain that

RT
h (an3 −an) = (c[n]− c[k1]− c[k2]+ c[k3])1, (3.359)

where 1 = (1,1). The application of
(
R−1

h

)T to both sides of (3.359) leads to

(an3 −an) = (1,−1,−1,1)T z
(
R−1

h

)T 1, (3.360)

where z = (c[n],c[k1],c[k2],c[k3]). Using the homogeneity of the `2-norm, we verify that

∥∥an3 −an
∥∥

2 =
∣∣(1,−1,−1,1)T z

∣∣∥∥∥(
R−1

h

)T 1
∥∥∥

2
= 2

p
3

3h

∣∣(1,−1,−1,1)T z
∣∣ . (3.361)

By plugging in k1 = n+(1,0), k2 = n+(0,1) and k3 = n+(1,1), we express the last term in (3.357)

as

h
∑

n∈Z2

∥∥an3 −an
∥∥

2 =
2
p

3

3

∑
n∈Z2

∣∣c[n]− c[n+ (1,0)]− c[n+ (0,1)]+ c[n+ (1,1)]
∣∣

= ‖d3 ∗ c‖1,1. (3.362)

Theorem 3.19 provides a simple algorithm to evaluate HTV( f ) in terms of three convolu-

tions. We also remark that, for any admissible CPWL model f , the output of the digital filters

dn ,n = 1,2,3, are zero outside of a compact domain. This in effect allows us to consider an

equivalent finite lattice to represent f in practice.
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3.5. Learning Multivariate CPWL Functions

We now derive an exact finite-dimensional discretization of Problem (3.351). We consider

a finite lattice of square size (N ×N ) in such a way that all training data are contained in it.

The lattice coefficients are grouped into the vector c ∈RN 2
which is a (row-wise) vectorization

of the 2D array c[k],k ∈Ω, where Ω⊂Z2 is the set of lattice indices. Consequently, we define

the regularization matrix L ∈R3N 2×N 2
as

L =

L1

L2

L3

 , (3.363)

where Ln is a Toeplitz-like matrix associated to the 2D digital filter dn such that, for n = 1,2,3,

Lnc is the vectorized version of (dn ∗ c)[k],k ∈ Ω. Further, we define the forward matrix

H ∈ RM×N 2
such that its mth row corresponds to the datapoint xm , with f (xm) = [Hc]m for

m = 1, . . . , M . Using these, we restate (3.351) as the finite-dimensional minimization

argmin
c∈RN 2

M∑
m=1

E
(
[Hc]m , ym

)+λ‖Lc‖1 . (3.364)

Ultimately, the finite-dimensional problem (3.364) has the composite structure of the

generalized LASSO [275] which can be solved efficiently using known convex optimization

solvers (e.g. ADMM or its variants [200, 276, 201]). We denote the corresponding solution by

c0.

The discrete formulation (3.364) also highlights the sparsity-promoting effect of the HTV

regularization, due to the presence of the `1 penalty in (3.364). Consequently, we expect to

learn models with few linear regions. In order to find a sparser solution, we use the simplex

algorithm [277, 278] to solve the minimization

argmin
c∈RN 2

‖Lc‖1 , s.t . Hc = Hc0. (3.365)

This post-processing step is known to provide an extreme point of the solution set of (3.364)

[74] which, in our case, often leads to a sparser CPWL mapping.

Numerical Illustration

We now demonstrate the advantages of our pipeline by comparing it to other existing learning

methods. The Python code of all the experimental results is available on Github11.

Minimum-Norm Interpolation

We demonstrate the sparsity-promoting effect of the HTV regularizer in a controlled envi-

ronment in which we sample M = 12 points from a pyramid function fpyr whose vertices are

11https://github.com/joaquimcampos/HTV-Learn
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(a) (b)

(c) (d)

Figure 3.20 – Solutions of the minimum-HTV interpolation problem.

positioned on the lattice. This ensures that the target function can be represented exactly in

our search space. To isolate the effect of the regularization, we use simplex solver to find

argmin
f ∈XRh

(R2)
HTV( f ), s.t . f (xm) = fpyr(xm),m = 1, . . . , M (3.366)

by recasting it as a discrete minimization problem of the form (3.365).

In Figure 3.20, we show the results of successive experiments where we use a lattice of

size (20×20) (a total number of 421 parameters) with zero boundary conditions. We chose

a colormap based on the triangle normals so that co-planarities can be identified. Due to

randomness in the implementation of the algorithm, we obtained different solutions of (3.365).

They all resulted in the same minimal HTV( f ). We observe that the algorithm leads to sparse

solutions in all cases, with few faces. Indeed, from a search space which can model functions

with hundreds of faces (Figure 3.20a), we reached solutions with just 12 (3.20b), 7 (3.20c), and

6 (3.20b) faces, respectively.

Data-Fitting

In this experiment, we tackle a data-fitting problem and compare three approaches.

1. Ours, using HTV regularization and a CPWL search space (3.321).

2. ReLU neural networks, which also construct CPWL models.

3. Radial basis functions with Gaussian kernels—a classical approach in supervised learn-

ing [171, 174, 105].
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3.5. Learning Multivariate CPWL Functions

(a) GT and training
data.

(b) HTV,λ= 0.006. (c) Neural network. (d) RBF. (e) HTV, λ= 10.

(f) GT and training
data.

(g) HTV,λ= 0.006. (h) Neural network. (i) RBF. (j) HTV, λ= 10.

Figure 3.21 – A comparison between HTV regularization, ReLU neural network, and radial
basis functions in the 2D data-fitting example

The dataset consists of samples from a CPWL function with noisy labels. More precisely,

the labels are of the form

ym = h(xm)+ε, (3.367)

where ε ∼ N (0,σ2) and h is the CPWL function shown in Figures 3.21a and 3.21f. We use

200 datapoints and set σ= 1
20

∥∥ f
∥∥

L∞ . Note that the model cannot be represented exactly in

our search space since the data points do not fall on the lattice; however, the error can be

mitigated by a sufficient reduction of the stepsize of the grid.

The setup is as follows: for the data-fidelity term in (3.364), we use the quadratic loss

E(y, z) = (y − z)2. For the ReLU network, we use a fully connected architecture with 4 hidden

layers, each with 256 hidden neurons. The total number of parameters of the neural network

is 198401. We train the neural network for 500 epochs using an Adam optimizer [279] with a

batch size of 10 and weight decay. The initial learning rate is set to 10−3 and is decreased by

10 at epochs 375 and 425. For the HTV, we use a lattice size of size (64×64), giving a total of

4225 parameters. In all methods, we tune the corresponding hyperparameter on a validation

set (regularization weight λ for the HTV and radial-basis function (RBF), kernel size γ for the

RBF, and weight-decay parameter µ for the neural network) to have a fair comparison. To

assess sparsity, we sample the learned neural network and RBF models in the position of the

lattice vertices and vectorize these values (we denote the resulting vector by c), as done for our

method. Finally, for all methods, we compute the percentage of non-negligible “changes of

slope” as ‖Lc>ε‖0

3N 2 ·100, where ε= 10−4 and 3N 2 is the number of rows of L.

The results are shown in Table 3.3 and Figure 3.21, along with the ground-thruth (GT).

We observe that the HTV model performs significantly better than the radial-basis functions

and on par with the neural network. Furthermore, as seen in the last column of the table

and from the Figures, the HTV leads to a much sparser result. Moreover, we observe that the

level of sparsity for the HTV can be controlled with the regularization weight (higher leads to

sparser results). In the extreme case λ→+∞, the model should converge to the least-squares

linear approximation of the training data. The very high regularization weight λ= 10 allows
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Model Hyperparameters Test MSE Sparsity

HTV λ= 2×10−3 3.6×10−5 27%

HTV λ= 4×10−3 3.8×10−5 19%

HTV λ= 6×10−3 4.4×10−5 16%

HTV λ= 10 3.1×10−3 00%

ReLU µ= 1×10−6 3.7×10−5 63%

RBF λ= 0.08,γ= 7 5.5×10−5 88%

Table 3.3 – Test MSE and sparsity of each method in the data-fitting example.

us to verify this in practice. Indeed, the resulting model is linear and the data-fitting error is

precisely the same as the one obtained with a least-squares fit.

Real Dataset

We now benchmark the three methods of the previous experiment on a (non-CPWL) facial

dataset. This dataset is a 2D height map f : R2 → R that we construct by cutting a 3D face

model12 (Figure 3.22a). We then sample 8000 data points for training (Figure 3.22b).

Relative to the previous experiment, the setup has the following differences: for the HTV,

we use a lattice of size (194×194) (38025 parameters) and skip the simplex post-processing

step; for the neural network, we incorporate one additional hidden layer (264193 parameters),

increase the number of epochs to 2000 and the batch size to 100, and, lastly, decrease the

initial learning rate at epochs 1750 and 1900.

The results are shown in Table 3.4 and Figure 3.22. The HTV achieved the lowest test

mean-squared error (MSE) on par with the RBF which is expected to perform well due to the

high density of datapoints and the absence of noise. Regarding the effect of the regularization,

we again observe that, for the HTV, increasing it results in a model with fewer faces. In the case

of the RBF, the solutions present ringing artifacts, especially in a low-regularization regime.

Finally, we remark that the neural network constructs a coarse approximation of the data.

Finally, we introduce some gaps in the training data in order to make the fitting problem

more challenging. The results are depicted in Figure 3.23. This example highlights that the

HTV favors simple and intuitive models that are visually more adequate.

12https://www.turbosquid.com/3d-models/3d-male-head-model-1357522
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3.5. Learning Multivariate CPWL Functions

(a) GT. (b) GT and training
data.

(c) RBF, λ= 0.0001. (d) RBF, λ= 0.01.

(e) HTV, λ= 0.002. (f) HTV, λ= 0.007. (g) HTV, λ= 0.05. (h) Neural network.

Figure 3.22 – A comparison between HTV regularization, ReLU neural network, and radial
basis functions in the face dataset

Model Hyperparameters Test MSE Sparsity

HTV λ= 2×10−3 3.0×10−6 10%

HTV λ= 7×10−3 4.8×10−6 8%

HTV λ= 5×10−2 1.9×10−5 6%

ReLU µ= 1×10−6 5.1×10−6 12%

RBF λ= 10−4,γ= 50 3.2×10−6 31%

RBF λ= 10−2,γ= 50 3.4×10−6 24%

Table 3.4 – Test MSE and sparsity of each method in the face dataset.

3.5.4 Summary

In this section, we introduced a novel seminorm for learning continuous and piecewise linear

multivariate functions. To that end, we first studied the duality mapping in finite-dimensional

Schatten spaces. Based on a careful investigation of the cases where the Hölder inequality
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Figure 3.23 – Learning of a 2D height map of a face from its nonuniform samples.

saturates, we provided an explicit form for this mapping when p ∈ (1,+∞). Furthermore, by

adding a rank constraint, we proved that the mapping becomes single-valued for the special

case p = 1. As for p =+∞, we showed that the mapping yields a convex set whose elements

are explicitly characterized.

Next, we rigorously defined the HTV seminorm and showed that it satisfies the desirable

properties of a complexity measure for the study of learning schemes. Moreover, we computed

the HTV of two general classes of functions. In each case, we derived simple formulas for the

HTV that allowed us to interpret its underlying behavior.

Finally, we use the HTV seminorm as a regularization functional and proposed a method to

learn two-dimensional sparse CPWL mappings. We formulated the problem in a search space

consisting of shifts of CPWL box-splines in a lattice. By doing so, we were able to evaluate any

model in the search space, as well as compute its HTV, from the values at the lattice points

(model parameters). In particular, we showed that the latter can be computed with a three-

filter convolutional structure; this allows us to discretize the problem exactly and to recast it in

the form of the generalized LASSO. Finally, we demonstrated the sparsity-promoting effect

of our framework via numerical examples where we compared its performance with ReLU

neural networks and radial-basis functions.
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4 Linear Inverse Problems with Multi-
component Models

In this chapter1, we demonstrate the applicability of our general representer theorem (see

Chapter 2) in the context of solving linear inverse problems that admit a multicomponent

prior on the signal of interest. To illustrate the concept, we focus on the problem of recovering

continuous-domain 1D signals that can be written as the sum of two components. After

providing a short overview on linear inverse problems (Section 4.1), we consider two different

scenarios and treat each one separately. In the first scenario, both components are assumed

to be sparse, albeit in different transform domains (Section 4.2). In the second scenario, we

consider a composite “sparse-plus-smooth” model to address signals with components of dif-

ferent natures (Section 4.3). In both cases, we propose adequate variational formulations with

corresponding representer theorems and optimal methods to discretize the problems exactly.

Finally, we present a novel scheme for fitting curves to 2D point-clouds as an application of

our proposed framework (Section 4.4). Our formulation adopts the hybrid setting of Section

4.2 in the periodic case and can be used in practice to generate stylized fonts.

4.1 Overview on Linear Inverse Problem

In the traditional discrete formalism of linear inverse problems, the goal is to recover a signal

c0 ∈ RN based on some measurement vector y ∈ RM . These measurements are typically

acquired via a linear operator H ∈ RM×N that models the physics of the acquisition system

(forward model), so that Hc0 ≈ y. The recovery is often achieved by solving an optimization

problem that aims at minimizing the discrepancy between the measurements Hc of the

reconstructed signal c and the acquired data y. This data fidelity is measured with a suitable

convex loss functional E :RM ×RM →R, the prototypical example being the quadratic error

E(x,y) = 1
2‖x−y‖2

2. A regularization term is often added to the cost functional, which yields

1This chapter is based on our published [3, 280] and submitted [281] works.
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the optimization problem

argmin
c∈RN

 E(Hc,y)︸ ︷︷ ︸
Data fidelity

+ λR(Lc)︸ ︷︷ ︸
Regularization

 , (4.1)

where R is the regularization functional, L specifies a suitable transform domain, andλ> 0 is a

tuning parameter that determines the strength of the regularization. The use of regularization

can have multiple motivations:

1. to handle the ill-posedness of the inverse problem, which occurs when different signals

yield identical measurements;

2. to favor certain types of reconstructed signal (e.g. sparse or smooth) based on our prior

knowledge;

3. to improve the conditioning of the inverse problem and thus increase its numerical

stability and robustness to noise.

Historically, the first instance of regularization dates back to Tikhonov [282] with a quadratic

regularization functional R = ‖·‖2
2. Tikhonov regularization constrains the energy of Lc which,

when L is a finite-difference matrix, leads to a smooth signal c. Tikhonov regularization has

the practical advantage of being mathematically tractable which leads to a closed-form so-

lution. More recently, there has been growing interest in `1 regularization R = ‖ ·‖1, which

has peaked in popularity for compressed sensing [62, 163, 66, 67]. With `1 regularization, the

prior assumption is that the transform signal Lc0 is sparse, meaning that it has few nonzero

coefficients. Indeed, the `1 norm can be seen as a convex relaxation of the `0 “norm", which

counts the number of nonzero entries of a vector. The sparsity-promoting effect of `1 regular-

ization is well understood and documented [214, 163, 163]. It is now generally considered to

be superior to Tikhonov regularization for most applications [113]. Moreover, despite its non

differentiability, numerous efficient proximal algorithms based on the proximity operator of

the `1 norm have emerged to solve `1-regularized problems [176, 283, 200].

4.1.1 Continuous-Domain Problems

Until now, we have focused on the discrete setting, as it constitutes the vast majority of the

inverse-problem literature for computational feasibility reasons. However, most real-world

signals are inherently continuous. Therefore, when feasible, it is natural and desirable to

formulate the inverse problem in the continuous domain. Similarly to the discrete setting, we

are given measurements y = ν(s)+n ∈ RM , where ν : s → ν(s) ∈ RM is a continuous-domain

linear measurement operator and n ∈ RM is some additive noise. The inverse problem can
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then be formulated through the minimization

argmin
f ∈F

E(ν( f ),y)+λR
(
L{ f })

)
. (4.2)

In this case, the regularization operator L acts on signals that are defined over the continuum,

the prototypical example being derivative operators of different orders, L = Dn , n ∈N\{0}. The

classical choice for the functional R is the squared L2 norm, R = ‖·‖2
L2

, which corresponds to

the generalized Tikhonov (gTikhonov) regularization and is known to promote smoothness in

combination with the regularization operator L. More recently, the use of the total-variation

norm, R = ‖ · ‖M , has been also proposed [69, 73]. It can be viewed as the continuous

counterpart of the discrete `1 norm and the regularization term is called generalized TV

(gTV) due to the presence of the operator L. We refer to Section 3.2 for an application of gTV

regularization in supervised learning.

4.1.2 Representer Theorem

A classical way of discretizing a continuous-domain problem is to reformulate it as a finite-

dimensional one by relying on a representer theorem that gives a parametric form of the

solution. Prominent examples include representer theorems for problems formulated over

reproducing-kernel Hilbert spaces (RKHS) or semi-RKHS, which are foundational to the field of

machine learning [8, 61]. As demonstrated in [74, Theorem 3], the minimization Problem (4.2)

with gTikhonov regularization (i.e., R = ‖·‖2
L2

) falls into this category. The representer theorem

states that there is a unique solution of the form

s∗(x) = p(x)+
M∑

m=1
amhm(x), (4.3)

where the additional component p lies in the null space of L (i.e. L{p} = 0), hm is a (typically

quite smooth) kernel function that is fully determined by the choice of νm and L, and am ∈R
are expansion coefficients. Therefore, to solve the continuous-domain problem, one needs

only to optimize over the am coefficients and the null-space component p which lives in a

finite-dimensional space. This leads to a standard finite-dimensional problem with Tikhonov

regularization.

Concerning the minimization problems with gTV regularization (i.e., R = ‖·‖M ), several

representer theorems yield a parametric form of a sparse solution in different settings [284, 73,

72, 76]. The more specific case of our setting is tackled by [74, Theorem 4], which states that

there is an L-spline solution of the form

s∗(x) = p(x)+
K∑

k=1
akρL(x −xk ), (4.4)

where ak , xk ∈R, ρL is a Green’s function of L (i.e. L{ρL} = δ, where δ is the Dirac impulse), K
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is the number of atoms of s which is bounded by K ≤ (M −N0), N0 being the dimension of

the null space of L, and p lies in the null space of L. For example, when L = DN0 , the signal

s is a piecewise polynomial of degree (N0 −1) with smooth junctions at the knots xk . These

representer theorems have paved the way for various exact discretization methods. In the

gTikhonov case, one can optimize over the am coefficients in (4.3) directly [74]. For the gTV

case (4.4), grid-based techniques using a well-conditioned B-spline basis [166] as well as

grid-free techniques [71] have been proposed.
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4.2 Hybrid Models

In this section2, we study one-dimensional continuous-domain inverse problems with mul-

tiple generalized total-variation regularization, which involves the joint use of several regu-

larization operators. We first show that such inverse problems have hybrid-spline solutions

with a total sparsity bounded by the number of measurements. We then show that such

continuous-domain problems can be discretized in an exact way by using a union of B-spline

dictionary bases matched to the regularization operators.

4.2.1 Context

We are interested in multicomponent signals c =∑Q
i=1 ci such that each of the Q components ci

is sparse in a transform domain that is specified by the regularization matrix Li (i ∈ {1, . . . ,Q}).

For simplicity of exposition, we set Q = 2. In the discrete setting, a natural way of formulating

the recovery problem is by solving the minimization

(ĉ1, ĉ2) = argmin
c1,c2∈RN

(
‖H(c1 +c2)−y‖2

2 +λ
(
‖L1c1‖1 +‖L2c2‖1

))
, (4.5)

which yields the reconstructed signal c = c1 +c2.

Although this setting introduces practical and theoretical difficulties (due to the high

redundancy of the overcomplete dictionary), it is extremely useful in many applications

when a single dictionary is insufficient to represent the richness of a signal. In particular, the

problem of accurately reconstructing both components c1 and c2 is known as data separation

[66, Chapter 11], and has been studied extensively both theoretically and practically. In

fact, some of the first theoretical works concerning sparse vector recovery using `1-norm

minimization involved a concatenated dictionary consisting of a mixture of sinusoids and

spikes [285, 286]. The goal was to provide a condition under which `0 and `1 minimization

yield the same solution. This sparked an abundance of research, which extended and improved

these results for more general (non-orthonormal) dictionaries [86, 87, 287, 89]. An overview

is given in [288]. Later, these results were extended to images to separate point-like and

curve-like structures [289]. These works mostly tackle denoising problems characterized

by H = IN and M = N . In the field of compressed sensing, in which we have M ¿ N , [90]

considers redundant dictionaries in general. On the practical side, data separation is intimately

related to morphological component analysis (MCA), a method popularized by Starck et al.

[88, 290, 291, 292, 293] with applications in inpainting removal or the separation of texture

and natural parts of an image.

Several practicioners have used the above formulation for data-separation problems, most

notably Starck et al. in the context of MCA [88, 290, 291, 292]. More recently, this formulation

was applied to the task of separating cartoon and texture parts of an image in [294]. A similar

2This section is based on our published work [3].
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approach is used in low-rank plus sparse decomposition methods [295].

Despite these empirical works, virtually no theoretical study of Problem (4.5) has been

carried out. In [91], Candès et al. have named it the “split-analysis" problem. A theoretical

study was later done by Lin et al. in [92], where they show that the data separation problem

(i.e. the recovery of both components of the original signal) can be solved via Problem (4.5).

This result requires that H satisfies the restricted isometry property adapted to a dictionary

(D-RIP) and that L1 and L2 satisfy a mutual coherence condition.

While the literature on the topic is scarce in the discrete setting, to the best of our knowledge,

it is nonexistent in the continuous domain. Since most real-world signals are continuously

defined, the reconstruction of continuous-domain solutions is a desirable objective. Moreover,

although handling discrete signals is obviously appealing from a computational perspective,

it introduces discretization errors in the measurements. For instance, the discrete Fourier

transform (DFT) is often used as surrogate for the continuous Fourier transform to model MRI

measurements, which is by no means an exact discretization.

Main Contributions

In this work, we propose to use unions of dictionaries in a continuous-domain framework.

Our goal is to reconstruct a multicomponent continuous-domain 1D signal s = s1 + s2, where

s1 and s2 have different characteristics. We focus on continuous-domain inverse problems of

the form

s∗ = argmin
f

(
E(ν( f ),y)+λ(

(1−α)‖L1{ f1}‖M +α‖L2{ f2}‖M

))
, (4.6)

where E(·, ·) is a convex loss function, λ > 0 is the regularization parameter and α ∈ (0,1)

controls the weighing of the two regularization terms. We recall from Chapter 3 that the

regularization norm ‖ · ‖M generalizes the L1 norm [73] and is the continuous counterpart

of the `1 norm used in discrete problems. By adopting our general representer, presented in

Chapter 2, we prove that, for differential operators Li , Problem (4.6) leads to spline solutions

s∗ = s∗1 + s∗2 , where each component s∗i is an Li -spline. The reconstructed signal s∗ is therefore

a sum of different splines, which we coin as a hybrid spline. Moreover, the total sparsity of s∗

in this union of spline dictionaries is no larger than the number M of measurements. Finally,

we demonstrate how Problem (4.6) can be discretized in an exact way using B-splines, based

on the methodology of [166].

4.2.2 Theory

Our aim is to recover a continuous-domain signal s : R→ R given M noisy measurements

modeled as y = ν(s) + n, where n ∈ RM is some additive noise. The noiseless measure-

ments ν(s) are acquired through M linear measurement functionals ν = (ν1, . . . ,νM ), with
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ν(s) = (〈ν1, s〉, . . . ,〈νM , s〉). Here, 〈νm , s〉 stands for the duality product, which is given by∫
Rνm(x)s(x)dx when νm and s are ordinary functions. The νm functionals constitute the

(assumed) forward model.

Next, we sum up all the relevant information and notations that concern the regularization

operators Li (i ∈ {1,2}).

1. For the sake of clarity, we restrict ourselves to the class of differential operators Li = DNi

for some integers N2 > N1 ≥ 1. It therefore has a Green’s function denoted by ρLi which

verifies Li {ρLi } = δ (see, Section 1.1).

2. The native space of Li is denoted by MLi (R) and verifies ‖Li { fi }‖M < ∞ for any fi ∈
MLi (R).

3. The null space of Li is denoted by NLi and contains polynomials of degree less than Ni ,

NLi = span{pn = (·)n−1}Ni
n=1.

4. Following our convention N2 > N1, we note that the intersection of the null spaces

is NL1 ∩NL2 = NL1 . Consequently, we introduce the biorthogonal system (φ1,p1) =
(φn , pn)N1

n=1 for NL1 such that NL1 = span(p1) and φn(pm) = δ[m −n] (Kronecker delta).

Furthermore, we extend it to a biorthogonal system (φ2,p2) = (φn , pn)N2
n=1 for NL2 .

5. The restricted search space for L1 is defined as

ML1,φ1
(R) = { f ∈ML1 (R) :φ1( f ) = 0}. (4.7)

The space MLi ,φi
(R) is isometrically isomorphic to M (R). Indeed, from [73, Theorem 4]

we deduce that there exist stable right-inverse operators L−1
φ̃i

: M (R) →MLi ,φi
(R) that

act as isometries between these spaces.

6. Any f ∈MLi (R) has a unique representation as

f (x) = L−1
φ̃i

{wi }(x)+cT
i pi (x), (4.8)

where wi ∈M (R), and ci ∈RNi with i ∈ {1,2}. Consequently, f ∈ML1,φ1
(R), if and only if

c1 = 0.

We now have the necessary tools to present the main theoretical result of this work, on which

our implementation is based.

Theorem 4.1 (Continuous-domain representer theorem). Let Li = DNi for i = 1,2 with the

convention N2 > N1 ≥ 1. Let ν = (ν1, . . . ,νM ) be a linear measurement operator composed of

the M linear functionals νm : f 7→ νm( f ) ∈ R which are weak∗-continuous on both ML1 (R)

and ML2 (R). Assume that Nν∩NL2 = {0}, where Nν is the null space of ν (well-posedness
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assumption). Then, for any strictly convex loss function E :RM ×RM →R≥0, λ> 0, and α ∈ (0,1),

the linear inverse problem

V = argmin
f = f1+ f2

f1∈ML1,φ1 (R)
f2∈ML2 (R)

(
E(ν( f ),y)+λ(

(1−α)‖L1{ f1}‖M +α‖L2{ f2}‖M

))
(4.9)

has a solution s = s1 + s2, where the si are nonuniform splines associated to the operator Li for

i = 1,2 so that the reconstructed signal s admits the form

s(x) =
K1∑

k=1
a1,kρL1 (x −x1,k )+

K2∑
k=1

a2,kρL2 (x −x2,k )+q(x) (4.10)

for q ∈NL2 , ai ,k , xi ,k ∈R. Moreover, the sparsity indices Ki verify K1 +K2 ≤ M −N2.

Proof. Following (4.8), there is a bijection between V and

Ṽ = argmin
w∈M (R)2

q∈NL2

(
E(ν̃(w, q),y)+λ‖w‖hyb

)
, (4.11)

where w = (w1, w2), ν̃(w, q) =ν
(
L−1
φ̃1

{w1}+L−1
φ̃2

{w2}+q
)
, and ‖w‖hyb = (1−α)‖w1‖M+α‖w2‖M .

We first show two intermediate results:

Claim 1: ṽm : M (R)2 ×NL2 → R is weak*-continuous for m = 1, . . . , M . To verify this, we

take a sequence (wk , qk ) that converges to (wlim, qlim) in the weak*-topology. This implies that

f1,k = L−1
φ̃1

{w1,k } → f1,lim = L−1
φ̃1

{w1,lim} (4.12)

and

f2,k = L−1
φ̃2

{w2,k }+qk → f2,lim = L−1
φ̃2

{w2,lim}+qlim, (4.13)

where both convergences are in the weak*-topology as well. Now by invoking the weak*-

continuity of νm over both ML1 (R) and ML2 (R), we deduce that ṽm(wk , qk ) = νm( f1,k + f2,k ) →
νm( f1,lim + f2,lim) = ṽm(wlim, qlim).

Claim 2: The cross-correlation matrix V = [〈νm , pn〉] ∈RM×N2 has full rank. This is a direct

consequence of the well-posedness assumption Nν∩NL2 = {0}. Consequently, we deduce

that the mapping ν : NL2 →RM is coercive.

Following Claims 1 and 2, we are able to invoke Theorem 2.5, which guarantees the exis-

tence of a minimizer (w∗, q) of (4.11), where w∗ is a vector-valued atomic measure (i.e., its

components can be expressed as sums of Diracs). The final step is to use the decomposition

(4.8) to deduce the announced characterization.

The following observations can be made concerning Theorem 4.1:
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• We use the restricted search space ML1,φ1
(R) defined in (4.7) instead of the complete

space ML1 (R) in order to ensure that Problem (4.9) is well-posed 3. This does not restrict

the native space of the reconstructed signal s since ML1,φ1
(R)+ML2 (R) = ML1 (R)+

ML2 (R).

• Theorem 4.1 can readily be extended to Q operators L1, . . . ,LQ . However, for Q > 2, the

handling of the pairwise null space intersections would make the general formulation

more tedious. For the sake of clarity, we therefore only consider the case Q = 2.

• A remarkable feature of Theorem 4.1 is that the bound on the sparsity of the solutions

does not increase with the number Q of operators. This is particularly appealing from a

theoretical point of view since, compared to the single-operator framework of [73], we

essentially enrich our dictionary at no cost in terms of sparsity.

4.2.3 Exact Discretization

We now briefly explain our discretization method for Problem (4.9), which is based on the

methodology of [166]. For more details, we refer to our supporting publication [3].

We first introduce the discretized search space ML,h(R) associated to L as

ML,h(R)
M=

{
p + ∑

k∈Z
a[k]ρL(·−kh) : a ∈ `1(Z), p ∈NL

}
⊆ML(R), (4.14)

where h > 0 is the grid size. Given the form of the solutions (4.10) of our continuous-domain

inverse Problem (4.9), this choice of search space is a natural one. By picking h sufficiently

small, the aforementioned search space contains functions that are arbitrarily close to (4.10).

Moreover, we recall from Section 1.1 that the discretized search space can alternatively be

represented using B-splines. Specifically, we have that

ML,h(R) =
{ ∑

k∈Z
c[k]βL,h(·−kh) : c ∈ `1,L(Z)

}
, (4.15)

where βL,h =βL( ·
h ) is the scaled B-spline and

`1,L(Z) =
{

(c[k])k∈Z : (dL ∗ c) ∈ `1(Z)
}

. (4.16)

The use of the B-spline representation of ML,h(R) leads to well-conditioned problems and,

thus, to computationally effective algorithms. This is due to the advantageous properties

of B-splines, namely, their finite support and the fact that they produce a Riesz basis [296,

Theorem 1].

For the first component, we enforce the boundary conditionsφ1(s1) = 0. To that end, we

3An unbounded solution set would arise if we allowed ourselves to add contributions (p,−p) to a solution, with
arbitrary p ∈NL1 .
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define the matching search space for B-spline coefficients as

`1,L1,φ1
(Z) =

{
c ∈ `1,L1 (Z) :φ1,h(c) = 0

}
, (4.17)

whereφ1,h : `1,L1 (Z) →RN1 with

φ1,h(c) =φ1

( ∑
k∈Z

c[k]βL,h(·−kh)

)
. (4.18)

Since βDN0,1 is supported in [0, N0,1], the boundary conditionsφ1,h impose linear constraints

on only a few coefficients of c.

We now show that for any element in the discretized search space, the cost function in (4.9)

can be expressed as a functional of the B-spline coefficients. To see this, we first recall that for

any f ∈ML,h(R), we have that

‖L{ f }‖M =
∥∥∥∥∥L

{
p + ∑

k∈Z
a[k]ρL(·−kh)

}∥∥∥∥∥
M

=
∥∥∥∥∥ ∑

k∈Z
a[k]δ(·−kh)

∥∥∥∥∥
M

= ‖a‖`1 = ‖c ∗dL‖`1 ,

(4.19)

where the last equality follows from (1.13). For the measurement functional ν, we need to

compute the cross-product terms vL[k] = (〈νm ,βL,h(·−kh)〉)1≤m≤M ∈RM . Using this quantity,

we readily observe that for any f ∈ML,h(R), we have that

ν( f ) = ∑
k∈Z

c[k]vL[k] = 〈c,vL〉. (4.20)

All put together, we define the discretized problem as

Vh = argmin
ci∈`1,Li (Z),i=1,2

(
E

(〈c1,vL1〉+〈c2,vL2〉,y
)+λ(

α‖c1 ∗dL1‖`1 + (1−α)‖c2 ∗dL2‖`1

))
,

s.t. φ1,h(c1) = 0. (4.21)

In most cases, the measurement functional is compactly supported and, hence, so is vLi .

Moreover, by choosing compactly supported boundary conditionsφ1 (e.g., sampling of the

function and its higher-order derivatives), the condition φ1,h(c1) = 0 will also depend on

a finite number of coefficients c1[k]. Finally, due to the compact support of the filters dLi ,

one expects to be able to extrapolate a compactly supported sequence in a way that the

regularization penalty remains unchanged (see [166]). Hence, Problem (4.21) can be recast as

a finite-dimensional minimization that is the reminiscent of the generalized LASSO and can

be solved efficiently using iterative methods such as ADMM.

4.2.4 Numerical Illustration

In this part, we illustrate our framework with numerical examples. Our algorithms are imple-

mented using GlobalBioIm [177], a Matlab library developed in our group.

176



4.2. Hybrid Models

0 0.2 0.4 0.6 0.8 1
-0.5

0

0.5

1

1.5

2

2.5
Samples

Reconstructed signal

Figure 4.1 – Curve fitting for L1 = D, L2 = D2, M = 200, λ= 1.3, α= 0.05.

Curve Fitting

Curve fitting is particularly well-suited for smoothing problems, which consist in fitting a

continuous-domain function which is sparse in a certain dictionary basis from many noisy

data points. This is usually done in a single-operator framework, where the dictionary is

associated with a single brand of splines. In contrast with standard single-operator frameworks,

our approach allows for the joint use of several families of basis functions, and can therefore

represent a richer class of signals. An example of a curve-fitting reconstruction is given in

Figure 4.1. The chosen regularization operators are L1 = D and L2 = D2; our dictionary thus

consists of both piecewise-constant and piecewise-linear splines.

In this experiment, the data are M = 200 noisy samples of a hybrid spline s = s1 + s2, where

si is a sparse Li -spline of the form

si (x) =
Ksi∑
k=1

ak,iρLi (x −xk,i )+
N0,i∑
n=1

bn,i pn,i (x), (4.22)

where {pn,i }
N0,i

n=1 form a basis of NLi . The knot locations xi ,k ∈ IT are chosen at random and

the coefficients ak,i and bn,i are i.i.d. Gaussian random variables. We set λ = 1.3, α = 0.05,

ε= 10−3, and h = 1/29. The sparsity of the reconstructed signal is K1 = 7 and K2 = 3.

Observe that the reconstructed signal is very sparse and is satisfactory, in that it is close

to what a human would reconstruct. Another promising feature of this experiment is that

the balance between both dictionaries (i.e. D-splines and D2-splines) is well-suited to the

measurements. This was not obvious a priori, since at a very fine grid, a D-spline can be

approximated very well by a D2-spline with knots on the grid, and vice-versa. This is illustrated
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Figure 4.2 – Approximation of ρD with a D2-spline and vice-versa.

in Figure 4.2, where we voluntarily chose a coarse grid for visualization purposes. However,

although these approximations (in dotted lines) might yield measurements similar to the

corresponding Green’s functions (solid lines), the regularization costs are discriminating.

Therefore, when the weight parameter α is properly tuned, the reconstruction algorithm

selects the most “natural" type of spline for a given path.

Compressed Sensing

A second application of our framework is compressed-sensing-type problems, which attempt

to the recover a sparse multicomponent signals given a small number of measurements 4. We

use the same type of test signals as in (4.22), namely hybrid splines with low sparsity Ks1 +Ks2 .

The measurement functionals are assumed to take the form

νm(s) =
∫ T

0
cos(ωm x +φm)s(x)dx, (4.23)

where ωm ∈R are the sampling frequencies and φm ∈ [0,2π) some given phase offsets. This

amounts to sampling in the Fourier space — a rectangular window is applied in order to make

the measurement functional compactly supported. We choose Fourier measurements because

they are known to have good recovery properties according to the theory of compressed

sensing [297]. However, the absence of a restricted isometry property (RIP)-type assumption

prevents us from making any theoretical claims on the quality of the recovery.

An example run is shown in Figure 4.3 for a test signal with sparsity 15 (Ks1 = 5 and Ks2 = 10)

4Note that we are not interested in the data separation problem as in [92], but only in recovering the complete
multicomponent signal
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(a) Complete reconstructed signal (SNR = 21.6 dB, sparsity 17 + 7 = 24)
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Figure 4.3 – Reconstruction result with noiseless Fourier measurements for L1 = D, L2 = D4,
M = 30, λ= 10−15, α= 5×10−5. Final grid size: h = 1/28.

and M = 30. Since the measurements are noiseless and we are interested in recovering the

test signal as faithfully as possible, the data-fidelity term should be penalized much more

than the regularization term. We therefore pick the regularization parameter λ= 10−15 ¿ 1.

The reconstructed signal in Figure 4.3a is remarkably close to the test signal, considering the

difficulties of the problem. The separate components of the reconstructed signal compared

to those of the test signal are provided in Figure 4.3b. We observe that the separation is not

perfect: there is a small compensation effect between the two reconstructed components.
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4.2.5 Summary

We have established a representer theorem that states that hybrid splines are solutions of

continuous-domain inverse problems with multiple generalized total-variation regularization.

The regularization operators L1 and L2 are taken to be multiple-order derivatives, which lead

to piecewise-polynomial splines. This result implies that such problems can be solved exactly

using a concatenated dictionary that consists of L1 and L2-splines. We proposed an exact

B-spline-based discretization scheme to solve the continuous-domain problem in a suitable

search space. Finally, we have illustrated our algorithm within some numerical examples. Our

algorithm can be viewed as the continuous-domain counterpart of discrete data-separation

problems, such as morphological component analysis.
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4.3 Composite Models

In this section5, we present a framework for the reconstruction of 1D composite signals

assumed to be a mixture of two additive components, one sparse and the other smooth, given

a finite number of linear measurements. We prove that these penalties induce reconstructed

signals that indeed take the desired form of the sum of a sparse and a smooth component.

We then discretize this problem which in order to to solve it numerically. Our discretization

is exact in the sense that we are solving the continuous-domain problem over a restricted

shift-invariant search space without any discretization error.

4.3.1 Context

In Section 4.2, we have demonstrated the limitation of single-component models for modelling

real-world signals and we have presented a hybrid sparse-plus-sparse model. In this work, we

investigate composite models of the form s = s1 + s2 where the first component s1 is assumed

to be sparse in some given domain and is treated with `1 regularization, while s2 is assumed

to be smooth and is treated with `2 regularization. In discrete settings, a natural way of

reconstructing such signals is to solve the optimization problem

min
c1,c2∈RN

(
E(H(c1 +c2),y)+λ1‖L1c1‖1 +λ2‖L2c2‖2

2

)
, (4.24)

where c1,c2 are the two components of the signal c = c1 +c2, λ1,λ2 > 0 are tuning parame-

ters, L1 ∈ RN×N is a sparsifying transform for c1, and L2 ∈ RN×N is a low-energy-promoting

transform for c2. Amongst others, this modeling is considered in [298, 299, 300, 301, 302].

In this work, we adapt the discrete approach of (4.24) to 1D continuous-domain composite

signals by solving an optimization problem of the form

min
s1,s2

(
E(ν(s1 + s2),y)+λ1‖L1{s1}‖M +λ2‖L2{s2}‖2

L2

)
, (4.25)

where s1, s2 are the two components of the signal s = s1+s2 :R→R, ν= (ν1, . . . ,νM ) : s 7→ν(s) ∈
RM is the continuous-domain linear forward model, and L1, L2 are suitable continuously

defined regularization operators. Typical choices are Li = DN0,i for i ∈ {1,2}, where D is the

derivative operator and N0,i the order of the derivative.

We remark that the model of Meyer [303] and its generalization by Vese and Osher [304, 305]

follow the same idea as Problem (4.25), with the important difference that they use calculus-

of-variation techniques to solve it. There is a connection as well with the Mumford-Shah

functional [306], which is commonly used to segment an image in piecewise-smooth regions.

The main difference lies in the fact that the optimization is not performed over the different

components of the signal, but over the region boundaries. Another difference is that these

models assume that one has full access to the noisy signal over a continuum, whereas (4.25)

5From our published work [280].
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assumes that we only have access to some discrete measurements specified by the forward

model ν.

We prove that there exists a solution to (4.25) of the form s∗1 = s∗1 + s∗2 such that s∗1 is of

the form (4.4) and s∗2 is of the form (4.3): a “sparse plus smooth” solution. Building on this

representation, we propose an exact discretization scheme. Both components si for i ∈ {1,2}

are expressed in a suitable Riesz basis as si =∑
k ci [k]ϕi ,k , where ci [k] are the coefficients to

be optimized. This leads to an infinite-dimensional optimization problem reminiscent of the

infinite-dimensional compressed sensing framework of Adcock and Hansen [307] and the

wavelet-based model of Daubechies et al. [308]. However, these frameworks differ from our

original Problem (4.25) in that their native spaces admit a countable basis which leads to a

more straighforward discretization process.

To solve this infinite-dimensional problem numerically, we cast it as a finite-dimensional

problem under some mild assumptions. In our implementation, we choose basis functions

ϕ1,k =βL1 (·−k) and ϕ2,k =βL∗
2 L2 (·−k), where βL is the B-spline for the operator L. B-splines

are popular choices of basis functions [10, 12, 6], in large part due to their minimal-support

property. We show that optimizing over the spline coefficients leads to a discrete problem

similar to (4.24) of the form

min
(c1,c2)∈RN1×RN2

(
E(H1c1 +H2c2,y)+λ1‖L1c1‖1 +λ2‖L2c2‖2

2

)
, (4.26)

where Hi ∈ RM×Ni and Li ∈ RPi×Ni for i ∈ {1,2}. This discretization is exact in the sense that

it is equivalent to the continuous problem (4.25) when each component si lies in the space

generated by the basis functions {ϕi ,k }k∈Z. This is a consequence of our informed choice

of these basis functions ϕi ,k . Moreover, the short support of the B-splines leads to well-

conditioned Hi matrices and, thus, to a computationally feasible problem.

4.3.2 Theory

For the sake of clarity, we only consider the higher-order derivatives as our regularization

operators, i.e. Li = DNi with N2 ≥ N1 ≥ 16 for i = 1,2. For the sparse component, we use

the same regularization (gTV) as we did for the individual components of the hybrid model,

presented in Section 4.2. We recall that the restricted search space for the sparse component

is defined as

ML1,φ1
(R) = { f ∈ML1 (R) :φ1( f ) = 0}, (4.27)

where (φ1,p1) = (φn , pn)N1
n=1 is a biorthogonal system for NL1 . We also recall that any function

s1 ∈ML1 (R) has the unique decomposition

s1 = L−1
1,φ1

{w}+cT
1 p1, (4.28)

6Although the assumption N2 ≥ N1 is not necessary, we put it here for the sake of simplicity.
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where w ∈ M (R), c1 = φ1(s1) ∈ RN1 , and L−1
1,φ̃1

is the pseudo-inverse operator of L1 for the

biorthogonal system (φ1,p1).

The regularization norm ‖ · ‖L2 for the smooth component s2 in (4.25) is defined over the

Hilbert space L2(R). The corresponding native space of the smooth component s2 is the Hilbert

space HL2 (R) with the fundamental property that f ∈HL2 (R) if and only if L2{ f } ∈ L2(R). We

highlight that the biorthogonal system for NL1 can be extended to a biorthogonal system

(φ1,p1) = (φn , pn)N2
n=1 for NL2 . Similar to the sparse component, for any s2 ∈HL2 (R), there is a

unique decomposition

s2 = L−1
2,φ2

{h}+cT
2 p2, (4.29)

where c2 =φ2(s2) ∈RN2 and h ∈ L2(R).

We now present in Theorem 4.1 our problem formulation to reconstruct sparse-plus-

smooth composite signals. This representer Theorem gives a parametric form of a solution of

our optimization problem.

Theorem 4.2 (Continuous-domain representer theorem). Let E :RM ×RM →R≥0 be a strictly

convex functional. Let Li = DNi with N2 ≥ N1 ≥ 1 be regularization operators and let ν =
(ν1, . . . ,νM ) be a linear measurement operator composed of the M linear functionals νm : f 7→
νm( f ) ∈R that are weak∗-continuous over ML1 (R) and over HL2 (R). We assume that Nν∩NL2 =
{0}, where Nν is the null space of ν (well-posedness assumption). Then, for any λ1,λ2 > 0, the

optimization problem

V = argmin
s1∈ML1,φ0 (R)

s2∈HL2 (R)

(
E(ν(s1 + s2),y)+λ1‖L1{s1}‖M +λ2‖L2{s2}‖2

L2

)
(4.30)

has a solution (s∗1 , s∗2 ) ∈ V with the following components:

• the component s∗1 is a nonuniform L1-spline of the form

s∗1 (x) = p1(x)+
K1∑

k=1
a1,kρL1 (x −xk ) (4.31)

for some K1 ≤ (M −N1), where p1 ∈NL1 , and a1,k , xk ∈R;

• the component s∗2 is of the form

s∗2 (x) = p2(x)+
M∑

m=1
a2,mhm(x), (4.32)

where hm(x) = νm ∗F−1
{

1
|L̂2|2

}
(x), p2 ∈NL2 , a2,k ∈R, and where

∑M
m=1 a2,m〈q2,νm〉 = 0

for any q2 ∈NL2 .

Moreover, for any pair of solutions (s∗1 , s∗2 ), (s̃∗1 , s̃∗2 ) ∈ V , s∗2 and s̃∗2 differ only up to an element of

the null space NL2 , so that (s∗2 − s̃∗2 ) ∈NL2 .
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Proof. Using decompositions (4.28) and (4.29), we deduce that there is bijection between V

and the solution set

Ṽ = argmin
w∈M (R)
h∈L2(R)
c∈RN2

(
E(ν̃(w,h,c),y)+λ1‖w‖M +λ2‖h‖2

L2

)
, (4.33)

where ν̃ : M (R)×L2(R)×RN2 →RM with ν̃(w,h,c) =ν(s1+s2). Similar to the proof of Theorem

4.1, we can show that ν̃ is weak*-continuous and the cross-product matrix V = [〈νm , pn]〉] ∈
RM×N2 has full rank. Consequently, we deduce from Theorem 2.5 that the solution set Ṽ is

nonempty and contains an element (w̃ , h̃, c̃) ∈ Ṽ . Following the one-to-one correspondence

between Ṽ and V , we deduce that (s̃1, s̃2) is a solution of (4.30), where s̃1 = L−1
1,φ1

w̃ and s̃2 =
L−1

2,φ2
h̃ + c̃T p2. Using the representer theorem for the minimum-gTV interpolation problem

(see [73]), we deduce that there exists a minimizer s∗1 of the form (4.31) for the minimization

min
s1∈ML1,φ0 (R)

‖L1{s1}‖M s.t. ν(s1) =ν(s̃1). (4.34)

One can also readily verify that (s∗1 , s̃2) is a minimizer of the original problem. Similarly, one

can consider the minimization problem

min
s2∈HL2 (R)

‖L2{s2}‖L2 s.t. ν(s2) =ν(s̃2). (4.35)

It is known from [74, Theorem 3] that (4.35) has a minimizer s∗2 of the form (4.32). Again,

(s∗1 , s∗2 ) is a solution of the original problem, which matches the form specified by Theorem 4.2.

Finally, the uniqueness of the second component (up to a null-space element) directly follows

from the strict convexity of the mapping f 7→ ‖L2{ f }‖2
L2

.

4.3.3 Exact Discretization

In order to discretize Problem (4.30), we restrict the search spaces ML1,φ0
(R) and HL2 (R). For

the sparse component, we choose basis functions ϕ1,k = βL1,h(·−k) for all k ∈ Z. With this

choice, the restricted search space

V1(R) =
{

f = ∑
k∈Z

c1[k]ϕ1,k : c1 ∈V1(Z)

}
⊂ML1,φ0 (R) (4.36)

with the digital-filter space

V1(Z) =
{

(c1[k])k∈Z : (dL1 ∗ c1) ∈ `1(Z) and
∑

k∈Z
c1[k]φ1(ϕ1,k ) = 0

}
, (4.37)

is the largest possible reconstruction space [3, Equation (22)]. The choice of the basis functions

ϕ1,k is guided by the following considerations:
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4.3. Composite Models

• they generate the space of uniform L1 splines. This conforms with Theorem 4.2, which

states that the component s∗1 is an L1-spline;

• they enable exact computations in the continuous domain. In particular, by invoking

(1.13), we observe that ‖L1{
∑

k∈Z c1[k]ϕ1,k }‖M = ‖dL1 ∗ c1‖`1 ;

• the Riesz-basis property of B-splines leads to a well-conditioned system matrix, which

is paramount in numerical applications (see, Section 1.1.4).

Similarly, we define the restricted search space for the smooth component as

V2(R) =
{

f = ∑
k∈Z

c2[k]ϕ2,k : c2 ∈V2(Z)

}
⊂HL2 (R), (4.38)

where the basis functions ϕ2,k and the digital-filter space V2(Z) need to be chosen to have that

V2(R) ⊆HL2 (R).

At first glance, the most natural choice for ϕ2,k is to select the basis functions suggested

by (4.32) in Theorem 4.2: hm for 1 ≤ m ≤ M and a basis of NL2 , which yield a finite number

M +N2 of basis functions. However, this approach runs into the following hitches:

• the basis functions hm are typically increasing at infinity, which contradicts the Riesz-

basis requirement and leads to severely ill-conditioned optimization tasks [74];

• depending on the measurements operator ν, hm may lack a closed-form expression.

We therefore focus on these criteria, in a spirit similar to [309]. The ϕ2,k are chosen to be

regular shifts of a generating function ϕ2, with ϕ2,k =ϕ2(·−k) such that
{
L2{ϕ2,k }

}
k∈Z forms a

Riesz basis. Contrary to ϕ1,k , these requirements allow for many choices of ϕ2,k . In order to

perform exact discretization, one then only needs to compute the following autocorrelation

filter.

Proposition 4.1 (Autocorrelation filter for the smooth component). Let ϕ2 be a generating

function such that {ϕ2,k =ϕ2(·−k)}k∈Z form a Riesz basis. Then, the following two items hold:

• the inner product 〈L2{ϕ2,k },L2{ϕ2,k ′}〉L2 only depends on the difference (k −k ′). We can

thus introduce the autocorrelation filter

ρ[k] = 〈L2{ϕ2,k },L2{ϕ2,0}〉L2 = 〈L2{ϕ2,k+k ′},L2{ϕ2,k ′}〉L2 (4.39)

for any k,k ′ ∈Z;

• the filter ρ is positive semidefinite, with
∑

k,k ′∈Z c[k]c[k ′]ρ[k − k ′] ≥ 0 for any finitely

supported real digital filter c.
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Proof. The first item is proved with a simple change of variable in the integral that defines the

inner product. The second item is derived by observing that, for any c2, we have∥∥∥∥∥L2

{ ∑
k∈Z

c2[k]ϕ2,k

}∥∥∥∥∥
2

L2

= ∑
k,k ′∈Z

(
c2[k]c2[k ′]〈L2{ϕ2,k },L2{ϕ2,k ′}〉)

= ∑
k,k ′∈Z

c2[k]c2[k ′]ρ[k −k ′] ≥ 0. (4.40)

For our implementation, we make a specific choice of basis function ϕ2 among the many

choices for which the autocorrelation filter (4.39) can be computed analytically. We choose

the scaled L∗
2 L2 B-spline basis ϕ2 =βL∗

2 L2,h and ϕ2,k =ϕ2(·−k), where L∗
2 denotes the adjoint

operator of L2. This choice has the following additional advantages:

• the generator ϕ2 has a simple explicit expression that does not depend on the measure-

ment operator ν;

• the autocorrelation filter ρ also has a simple expression, as will be shown in Proposi-

tion 4.2;

• in the special case of the sampling operator νm = δ(·−xm), where the xm are the sam-

pling locations, this choice conforms with (4.32) in Theorem 4.2 since s∗2 is then an

L∗
2 L2-spline. Note, however, that we do not exploit the knowledge that s∗2 has knots at

the sampling locations xm .

With this basis function ϕ2 = βL∗
2 L2 , there is no straightforward choice for the digital-filter

space V2(Z). Our practical choice is given in (4.46) which is motivated from our discretization

method. To see this more clearly, we now prove a simpler form for the regularization term of

the smooth component that is based on the factorization of the autocorrelation sequence.

Proposition 4.2 (Factorization of the autocorrelation filter). When ϕ2 =βL2L∗
2
, the autocorre-

lation filter ρ defined in Proposition 4.1 is of the form

ρ = dL2 ∗d∨
L2
∗b, (4.41)

where b[k] =βL∗
2 L2 (k) is the B-spline kernel of the operator L∗

2 L2, which is a positive-semidefinite

filter of finite support. The filter ρ can thus be factorized as ρ = g ∗ g∨ with

g = dL2 ∗b1/2, (4.42)

where the finite-support filter b1/2 satisfies b = b1/2 ∗ (b1/2)∨.
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Proof. We have that

ρ[k] = 〈L2{ϕ2,k },L2{ϕ2,0}〉L2 = 〈L∗
2 L2{ϕ2,k },ϕ2,0〉H ′

L2
×HL2

= 〈 ∑
k ′∈Z

dL∗
2 L2 [k]δ(·− (k +k ′)),ϕ2,0〉H ′

L2
×HL2

= ∑
k ′∈Z

dL∗
2 L2 [k]b[k +k ′]

= (dL∗
2 L2 ∗b∨)[−k] = (dL∗

2 L2 ∗b)[k], (4.43)

where 〈·, ·〉H ′
L2
×HL2

denotes the duality product between HL2 (R) and its dual H ′
L2

(R), and the

last line results from the symmetry of ρ and b.

Next, we prove that b is positive-semidefinite. Indeed, for any finitely supported filter c , we

have that

∑
k,k ′∈Z

c[k]c[k ′]b[k −k ′] =
∥∥∥∥∥ ∑

k∈Z
c[k]βL2 (·−k)

∥∥∥∥∥
2

L2

≥ 0, (4.44)

where we have used the property

b[k] = (βL2 ∗β∨
L2

)(k) = 〈βL2 ,βL2 (·−k)〉L2 . (4.45)

Finally, to prove the existence of b1/2, we notice that b has the finite support due to the finite

support of βL∗
2 L2 . Since b is also symmetric, its z-transform satisfies B(z) = B(z−1); therefore,

for any zero zk of B(z), z−1
k is also a zero. Moreover, it is well known that B(±1) 6= 0, so that

zeros must come in pairs zk 6= z−1
k . Hence, B(z) can be written as B(z) =∏

k (1−zk z)(1−zk z−1).

Hence, to take b1/2 to be the inverse z-transform of B 1/2(z) =∏
k=1(1− zk z−1) is a valid choice

(we clearly have b = b1/2 ∗ (b1/2)∨), and (4.42) is readily obtained.

Using this factorization, we now define the discrete search space V2(Z) as

V2(Z) =
{

(c2[k])k∈Z : (g ∗ c2) ∈ `2(Z)

}
. (4.46)

Following Proposition 4.2, we observe that for any c ∈V2(Z), the function s2 =∑
k∈Z c2[k]ϕ2,k

satisfies ‖L2{s2}‖2
L2

= ‖g ∗ c2‖2
`2

= ‖b1/2 ∗ (dL2 ∗ c2)‖2
`2

<+∞, which proves that s2 ∈HL2 (R).

These choices enable us to discretize Problem (4.30) in an exact way in the Vi (R) spaces.

Precisely, it can be readily seen that the discrete problem

Vd = argmin
(c1,c2)∈V1(Z)×V2(Z)

(
E

( ∑
k1∈Z

c1[k]ν(ϕ1,k )+ ∑
k∈Z

c2[k]ν(ϕ2,k ),y

)
+λ1‖dL1 ∗ c1‖`1 +λ2‖g ∗ c2‖2

`2

)
(4.47)
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is equivalent to the restricted continuous-domain problem

Vres = argmin
(s1,s2)∈V1(R)×V2(R)

(
E(ν(s1 + s2),y)+λ1‖L1{s1}‖M +λ2‖L2{s2}‖2

L2

)
, (4.48)

in the sense that there exists a bijective linear mapping (c1,c2) 7→ (∑
k∈Z c1[k]ϕ1,k ,

∑
k∈Z c2[k]ϕ2,k

)
from Vd to Vres.

To solve Problem (4.47) numerically in an exact way, we note that the operators Li for

i ∈ {1,2} admit a B-spline with finite support, which implies that the filters dLi and g have

finite support. We also assume that the measurement functionals νm are compactly supported.

This is natural and is often fulfilled in practice, for instance in imaging with a finite field of view.

The support length then roughly corresponds to the number of grid points in the interval of

interest. These together with our choice of basis functions enable us to restrict Problem (4.47)

to the interval of interest. The restriction to a finite number of active spline coefficients leads

to finite-dimensional system and regularization matrices. This then can be solved efficiently

using iterative methods. For the precise setting of boundary conditions and algorithmic details,

we refer to our supporting paper [280].

4.3.4 Numerical Illustration

We now validate our reconstruction algorithm in a simulated setting. We generate a ground-

truth signal sGT = sGT
1 + sGT

2 . The sparse component sGT
1 is chosen to be an L1-spline with

few jumps, for which gTV is an adequate choice of regularization, as demonstrated by (4.31)

in our representer theorem. For the smooth component sGT
2 , we generate a realization of a

solution s2 of the stochastic differential equation L2s2 = w , where w is a Gaussian white noise

with standard deviation σ2 by following the method of [310]. The operator L2 then acts as a

whitening operator for the stochastic process s2. The reason for this choice is the connection

between the minimum mean-square estimation of such stochastic processes and the solutions

to variational problems with gTikhonov regularization ‖L2s2‖2
L2

[8, 311, 57].

Our forward model is the Fourier-domain cosine sampling operator of the form ν1(s) =∫ 1
0 s(t )dt (DC term) and

νm(s) =
∫ 1

0
cos(ωm t +θm)s(t )dt (4.49)

for 2 ≤ m ≤ M , where the sampling pulsations ωm are chosen at random within the interval

(0,ωmax], and the phases θm are chosen at random within the interval [0,2π). Notice that νm

is a Fourier-domain measurement of the restriction of s to the interval of interest [0,1]. Finally,

we use the standard quadratic error E(x,y) = 1
2‖x−y‖2

2 for the data-fidelity term.

We validate our sparse-plus-smooth model against more standard non-composite models.
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h Sparse plus smooth Sparse only Smooth only
26 18.02 17.72 18.16
27 21.87 21.08 18.16
28 23.46 22.07 18.16
29 27.02 23.01 18.16
210 25.70 23.04 18.16

Table 4.1 – SNR values (in dB) of the reconstructed signal with respect to the ground truth with
varying grid size h.

More precisely, for i ∈ {1,2} we solve the regularized problems

argmin
f ∈Xi

(
E(ν( f ),y)+λRi ( f )

)
(4.50)

with regularizers R1( f ) = ‖L1{ f }‖M (sparse model with native space X1 = ML1 (R)) and

R2( f ) = ‖L2{ f }‖L2 (smooth model with native space X2 =HL2 (R)). We discretize these prob-

lems using the reconstruction spaces Vi (R) without restricting V1(R) with the boundary con-

ditionsφ1. The sparse model thus amounts to an `1-regularized discrete problem which we

solve using ADMM, while the smooth model has a closed-form solution that can be obtained

by inverting a matrix.

For this comparison, we choose regularization operators L1 = D and L2 = D2 with M = 50

Fourier-domain measurements (cosine sampling with ωmax = 100). We generate the ground-

truth signal with K1 = 5 jumps whose i.i.d. Gaussian amplitudes have the variance σ2
1 = 1 for

sGT
1 . For the smooth component sGT

2 , we generate a realization of a Gaussian white noise w

with the variance σ2
2 = 100, such that L2{sGT

2 } = w . The measurements are corrupted by some

i.i.d. Gaussian white noise n ∈RM so that y =ν(sGT)+n. We set the signal-to-noise ratio (SNR)

between ν(sGT) and n to be 50 dB. The regularization parameters are selected through a grid

search with h = 1/29 to maximize the SNR of the reconstructed signal s with respect to the

ground truth. The SNR is defined as

SNR = 10log10

( ∫ T
0 (sGT(t ))2dt∫ T

0 (s(t )− sGT(t ))2dt

)
. (4.51)

The results of this comparison in terms of SNR are shown in Table 4.1 for varying grid

sizes h. For all methods, the SNR values increase when the grid size decreases, which is to

be expected since the grids are embedded. The only exception is the sparse-plus-smooth

reconstruction for the finest grid size, which is likely due to numerical issues arising from the

increased dimension (N ≈ 211) of the optimization problem. The effect of the grid size on

the quality of the reconstruction varies between the models: it is almost non-existent for the

smooth-only model, whereas it is most significant for our sparse-plus-smooth model. Over all

grid sizes, due to the fact that our sparse-plus-smooth signal model matches the ground truth,
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(a) Sparse-only model: SNR = 23.01 dB with λ= 10−9.
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(b) Smooth-only model: SNR = 18.16 dB with λ= 10−11.
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(c) Sparse-plus-smooth model: SNR = 27.02 dB with λ1 =
8 ·10−7 and λ2 = 5 ·10−10.

Figure 4.4 – Comparison between our sparse-plus-smooth model and non-composite models
with regularization operators L1 = D, L2 = D2, and M = 50 Fourier-domain measurements.

our reconstructed signal yields a higher SNR (27.02 dB) than the sparse-only (23.04 dB) and

smooth-only (18.16 dB) models.

The reconstruction results for the grid size h = 1/29 are shown in Figure 4.4. Our sparse-

plus-smooth reconstruction is qualitatively much more satisfactory. As can be observed in

the zoomed-in section, the sparse-only model is subject to a staircasing phenomenon in

the smooth regions of the ground-truth signal, a well-known shortcoming of total-variation

regularization. Conversely, our reconstruction is remarkably accurate in the smooth regions.

Finally, the smooth-only model fails both visually and in terms of SNR, due to its inability to

represent sharp jumps.

4.3.5 Summary

We have introduced a continuous-domain framework for the reconstruction of multicompo-

nent signals. It assumes two additive components, the first one being sparse and the other

one being smooth. The reconstruction is performed by solving a regularized inverse problem,

using a finite number of measurements of the signal. The form of a solution to this problem is

given by our representer theorem. This form justifies the choice of the search space in which

we discretize the problem. Our discretization is exact, in the sense that it amounts to solving

a continuous-domain optimization problem restricted to our search space. The discretized
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problem is then solved using our ADMM-based algorithm, which we validate on simulated

data.
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4.4 Curve Fitting

To conclude this chapter, we present7 a practical application of our multicomponent model

for the reconstruction of continuous-domain univariate signals. To that end, we formulate as

an inverse problem the construction of sparse parametric continuous curve models that fit a

sequence of contour points. Our prior is incorporated as a regularization term that encourages

rotation invariance and sparsity. We prove that an optimal solution to the inverse problem

is a closed curve with spline components. We then show how to efficiently solve the task

using B-splines as basis functions. We extend our problem formulation to curves made of two

distinct components with complementary smoothness properties and solve it using hybrid

splines. We illustrate the performance of our model on contours having different smoothness

properties. Our experimental results show that we can faithfully reconstruct any general

contour using few parameters, even in the presence of imprecisions in the measurements.

4.4.1 Context

Contour tracing is a common yet rich subject in the image processing and computer graphics

community. It produces a contour that accurately separates two regions of a given image. This

task is, however, not without difficulties. Firstly, the edges suffer from discretization effects and

intrinsic image noise. Secondly, the smoothness of the contour may need to be nonuniform,

since contours are often made of smooth parts joined by sharp discontinuities.

Our goal is to extract a continuous stylized sparse parametric curve that explains a given

set of ordered edge points given by possibly inaccurate two-dimensional coordinates, which is

particularly relevant for raster-to-vector conversion [312]. Our search for sparsity intimately

follows Occam’s razor principle of simplicity. Indeed, it heightens our probability of approach-

ing the true curve, as many real-world signals are sparse. This is the principle on which

compressed sensing hinges [62, 66].

Two main approaches come to mind when thinking of contour tracing. The first one

consists in joint edge detection and curve fitting. Parametric active contours are popular

examples of this approach as these methods provide efficient tools for the extraction of a

contour from an image. The contour consists in continuous curves that evolve through the

optimization of an energy functional and iteratively approximate an image edge [313, 314]. A

plethora of parametric snake models can be found in the literature [315, 316, 317, 318, 319].

Of particular relevance to this work is a snake model implementation that uses basis functions

and that allows for tangent control, a useful property when the smoothness of the contours is

nonuniform [29].

The second approach to contour tracing is discrete contour extraction and subsequent

curve fitting. In the first approach, the entire image was used to iteratively update the contour,

whereas the second approach interpolates a continuous parametric curve from a list of co-

7This section is based on our submitted work [281].

192



4.4. Curve Fitting

ordinates. A popular way to tackle this is through a regularized minimization problem, the

regularization enforcing prior knowledge about the curve [320, 321]. The method presented in

this work follows the paradigm of the second approach.

To attain our goal, we solve a bipartite optimization problem. On one hand, we want

that the candidate curve fits the existing contour points exactly. This is achieved through a

data-fidelity term. On the other hand, as an infinity of curves could satisfy this fit, we have to

enforce prior knowledge into our model. This prior knowledge is introduced as a regularization

cost coupled with a regularization operator, the result aiming at the enforcement of desired

properties. First, it is likely that the true curve has few variations, which implies that the

curve has a sparse representation. Second, it is frequent that variations happen over both

the horizontal and the vertical axes simultaneously. Moreover, the recovered curve should

be possibly denoised. Finally, the optimization cost should not depend on a rotation of the

system of coordinates. We show that these specifications lead us to a regularization cost that

consists of a mixed (TV-`2) norm. A similar setting was already explored in [322] to recover

signals using a sparsity-promoting regularizer, but the signals were discrete. In this work, we

explore the continuous setting, as we aim at the recovery of a continuous 2D curve. Similarly

to [166], we explore generalized total-variation (TV) regularization for continuous-domain

signal reconstruction using B-splines as basis functions for an exact discretization. Finally, we

choose to represent the curve with hybrid splines, which give us the tools to represent curves

with nonuniform smoothness. While [3] addressed signal reconstruction using hybrid splines,

this manuscript extends the setting for the handling of curves in 2D, which calls for a new

regularizer.

Our main contribution is threefold. Firstly, we introduce a continuous rotation-invariant

TV (RI-TV) norm as a regularization for the recovery of curves. It effectively reconstructs sparse

parametric curves from given contour points while being robust to noise. Secondly, we prove

a representer theorem according to which there exists a curve with spline components that

is a global minimizer of our optimization problem. Building upon this, we propose a curve

construction using B-splines, which allows us to discretize the continuous-domain problem

exactly with numerical efficiency. Finally, we present the combination of such RI-TV norm

with a hybrid framework to generate stylized curves with nonuniform smoothness properties.

4.4.2 Theory

Our goal is to recover a 2D parametric curve r(t ) = (x(t ), y(t )) that best fits a given ordered list

of points p[m] = (px [m], py [m]), m = 0, . . . , M −1. Contours being closed curves, we consider

the coordinate functions x(t ) and y(t ) to be periodic in t . Since we have M data locations, it is

convenient to deal with M-periodic functions. We consequently set t ∈TM = [0, M ].

Concurrently, we want to control the sparsity of the fitted curve. This can be achieved by

limiting the number of the singularities in the higher-order derivatives of its components. This

effectively means that r(t ) admits a sparse representation. To that end, we introduce two new
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elements: a differential operator L and the RI-TV regularization functional.

The mathematical foundation on which this work is built is based on Schwartz’ theory of

distributions [169] over the torus. This is in contrast to previous parts of this thesis, where

Euclidean spaces were used. To that end, we review previously defined notions once more

to highlight similarities and differences between the periodic and nonperiodic settings. To

that end, let us denote the Schwartz’ space of M-periodic smooth functions by S (TM ). Its

topological dual, S ′(TM ) is the space of tempered distributions over the torus. Moreover, the

space of periodic finite Radon measures is denoted by M (TM ). It is a Banach space equipped

with the total-variation norm

‖w‖TV
∆= sup
ϕ∈S (TM )
‖ϕ‖∞=1

〈w,ϕ〉. (4.52)

The first element we introduce in our problem formulation is L = Dα+1, the derivative

operator whose order (α+1), with α ∈N\ {0}, determines the smoothness of the components

of the constructed curve. The native space associated to the pair (L,M (TM )) is defined as

ML(TM ) = { f ∈ S ′(TM ) : ‖L{ f }‖TV < +∞}. It has been shown that ML(TM ) is isometrically

isomorphic to M0(TM )×R, where M0(TM ) = {w ∈M (TM ) : 〈w,1〉 = 0} is the space of Radon

measures with zero mean [323]. The explicit form of such an isometry between spaces (and its

inverse) is given by

ML(TM ) →M0(TM )×R : f 7→ (
L{ f },〈 f ,1〉) , (4.53)

M0(TM )×R→ML(TM ) : (w, a) 7→ L†{w}+a, (4.54)

where L† is the pseudoinverse of L. Finally, we note that the Green’s function of L = D(α+1),

defined as gL = L†{X}, is a continuous periodic function for all integers α≥ 1 [323].

Next, we define the periodic L-splines with respect to the operator L. A periodic L-spline is

a function s :TM →R that verifies that

L{s}(t ) =
K−1∑
k=0

a[k]XM (t − tk ), (4.55)

where XM (t) = ∑
k∈Zδ(t − Mk) ∈ S ′(TM ) is the M-periodic Dirac comb, K ∈ N \ {0} is the

number of knots, a[k] ∈ R is the amplitude of the kth jump, and tk ∈ R are distinct knot

locations.

The second element is R, a sparsity-promoting regularization functional with key charac-

teristics. Firstly, for 2D curves, the minimization of R(L{r}), where L{r} = (L{x},L{y}), should

enforce sparsity jointly for the two components of r. Indeed, we want r to have few variations,

and they often should occur along both components simultaneously. Secondly, R should

be invariant to a rotation of the system of coordinates. Similarly, R should be equivariant to

isotropic scaling, meaning that there exists a function A such that R(L{ar}) = A(a) R(L{r}) for
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any a 6= 0. We now introduce the RI-TV norm, which consists in a mixed continuous (TV-`2)

norm and satisfies our specifications.

Definition 4.1. Let p ∈ [1,+∞]. The
(
TV-`p

)
norm of any vector-valued tempered distribution

w =
[

w1 w2

]
∈S ′(T)2 is defined as

‖w‖TV−`p

∆= sup
ϕ=(ϕ1,ϕ2)∈S (TM )2

‖ϕ‖q,∞=1

(〈w1,ϕ1〉+〈w2,ϕ2〉
)

, (4.56)

where q ∈ [1,∞] is the Hölder conjugate of p with 1
p + 1

q = 1 and ‖ ·‖q,∞ is the (`q −L∞) mixed

norm, defined for anyϕ ∈S (TM )2 as

‖ϕ‖q,∞
∆= sup

t∈TM

‖ϕ(t )‖q . (4.57)

A mixed norm similar to (4.56) was previously introduced in [324] in the context of the

recovery of Dirac distributions. In Theorem 4.3, we compute the
(
TV-`p

)
norm for two general

classes of functions or distributions.

Theorem 4.3. 1. For any curve f = ( f1, f2) with absolutely integrable components fi ∈
L1(TM ), i = 1,2, we have that

∥∥[ f1 f2]
∥∥

TV−`p
=

∫ M

0
‖f(t )‖p dt . (4.58)

2. Let w = (w1, w2) be a vector-valued distribution of the form w = ∑K
k=1 a[k]XM (· − tk )

with a[k] ∈R2,k = 0, . . . ,K −1. Then, we have that

‖[w1 w2]‖TV−`p
=

K−1∑
k=0

‖a[k]‖p . (4.59)

Proof. Item 1: Letϕ= (ϕ1,ϕ2) ∈S (TM )2 be an arbitrary smooth curve with ‖ϕ‖q,∞ = 1. On

the one hand, the Hölder inequality for vectors implies that, for any t ∈TM ,∣∣ f1(t )ϕ1(t )+ f2(t )ϕ2(t )
∣∣≤ ‖f(t )‖p‖ϕ(t )‖q ≤ ‖f(t )‖p , (4.60)

where the last inequality is due to ‖ϕ‖q,∞ = 1. On the other hand, the inclusion fi ∈ L1(TM )

allows us to express the duality product 〈 fi ,ϕi 〉 as a simple integral of the form

〈 fi ,ϕi 〉 =
∫ M

0
fi (t )ϕi (t )dt , i = 1,2. (4.61)
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Combining (4.61) with (4.60), we obtain that

〈 f1,ϕ1〉+〈 f2,ϕ2〉 =
∫ M

0

(
f1(t )ϕ1(t )+ f2(t )ϕ2(t )

)
dt ≤

∫ M

0
‖f(t )‖p dt . (4.62)

Taking the supremum over allϕ ∈S (TM )2 with ‖ϕ‖q,∞ = 1 then yields that
∥∥[ f1 f2]

∥∥
TV−`p

≤∫ M
0 ‖f(t )‖p dt . To prove the equality, we first define the functions

gi :TM →R : t 7→1f(t ) 6=0
sgn( fi (t ))| fi (t )|(p−1)

‖f(t )‖(p−1)
p

, (4.63)

where 1A denotes the indicator function of the set A. We note that gi , i = 1,2 are Borel-

measurable with ‖gi‖L∞ ≤ 1 for i = 1,2. Further, one readily verifies that∫ M

0

(
f1(t )g1(t )+ f2(t )g2(t )

)
dt =

∫ M

0
‖f(t )‖p dt . (4.64)

By invoking a variant of Lusin’s theorem (see [259, Theorem 7.10]) on the space C (TM ) of M-

periodic continuous functions, we then consider the ε-approximations gi ,ε ∈C (TM ) of gi such

that ‖gi ,ε‖L∞ ≤ ‖gi‖L∞ ≤ 1, and
∫

E | fi (t)|dt ≤ ε/8, i = 1,2, where E = {t ∈ TM : gi ,ε(t) 6= gi (t)}.

This in effect implies that

∫ M

0

∣∣ fi (t )
∣∣ · ∣∣gi ,ε(t )− gi (t )

∣∣dt =
∫

E
| fi (t )| · ∣∣gi ,ε(t )− gi (t )

∣∣dt ≤ ‖1E fi‖L1‖gi ,ε− gi‖L∞ ≤ ε

4
.

(4.65)

We then invoke the denseness of S (TM ) in C (TM ) to deduce the existence ofϕi ,ε ∈S (TM )

with ‖gi ,ε−ϕi ,ε‖L∞ ≤ ε
4‖ fi ‖L1

. This gives us the upper-bound

∫ M

0

∣∣ fi (t )
∣∣ · ∣∣ϕi ,ε(t )− gi ,ε(t )

∣∣dt ≤ ‖ fi‖L1‖ϕi ,ε− gi ,ε‖L∞ ≤ ε

4
. (4.66)

Next, we use the triangle inequality to obtain the lower-bound

〈 fi ,ϕi ,ε〉 ≥
∫ M

0
fi (t )gi (t )dt −

∫ M

0
| fi (t )| · |gi (t )− gi ,ε(t )|dt −

∫ M

0
| fi (t )| · |gi ,ε(t )−ϕi ,ε(t )|dt

≥
∫ M

0
fi (t )gi (t )dt − ε

2
, i = 1,2, (4.67)

where the last inequality follows the combination of (4.65) and (4.66). Finally, we use (4.64) to
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conclude that

∥∥[ f1 f2]
∥∥

TV−`p
≥ 〈 f1,ϕ1,ε〉+〈 f2,ϕ2,ε〉

‖(ϕ1,ε,ϕ2,ε)‖q,∞
≥

∫ M
0 ‖f(t )‖p dt −ε

1+O(ε)
. (4.68)

We complete the proof by letting ε→ 0.

Item 2: Similarly to the previous part, for any smooth curve ϕ= (ϕ1,ϕ2) ∈S (TM )2 with

‖ϕ‖q,∞ = 1, we have that

〈w1,ϕ1〉+〈w2,ϕ2〉 =
K−1∑
k=0

(
a1[k]ϕ1(tk )+a2[k]ϕ2(tk )

)≤ K−1∑
k=0

‖a[k]‖p‖ϕ(tk )‖q ≤
K−1∑
k=0

‖a[k]‖p .

(4.69)

Taking the supremum over ϕ = (ϕ1,ϕ2) with ‖ϕ‖q,∞ = 1 then yields that ‖w‖TV−`p ≤∑K−1
k=0 ‖a[k]‖p . To prove the equality, we first define a set of vectorsϕk ∈R2 such that ‖ϕk‖∞ = 1

and a[k]Tϕk = ‖a[k]‖p for k = 0, . . . ,K −1. We then consider a smooth curve ϕ∗ ∈ S (TM )2

with ‖ϕ∗‖q,∞ = 1 such thatϕ∗(tk ) =ϕk . Using this, we then verify that

‖w‖TV−`p ≥ 〈w1,ϕ∗
1 〉+〈w2,ϕ∗

2 〉 =
∑

k∈Z
‖a[k]‖p . (4.70)

The outer TV norm promotes sparsity, as it is the continuous counterpart of the `1 norm

[166]. The inner `p norm in Item 1 induces a coupling of the f1 and f2 components. Indeed,

it first aggregates the f1 and f2 curve components, which the outer TV norm then jointly

sparsifies. This is true of any `p norm for p 6= 1. For p = 1, the components are no longer

coupled due to the separability of the norm. For p = 2 and any curve f = ( f1, f2), we set

R(f) = ∥∥[ f1 f2]
∥∥

TV−`2
. (4.71)

Proposition 4.3. The (TV-`2) norm, noted R, is invariant to rotation, in the sense that R(Rθf) =
R(f), where Rθ is a rotation matrix. Furthermore, the (TV-`2) norm is the only

(
TV-`p

)
norm

that is rotation invariant.

Proof. By substitution of Rθf in (4.56), we have that
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R(Rθf) = sup
ϕ∈S (TM )2

‖ϕ‖2,∞=1

(〈cos(θ) f1 − sin(θ) f2,ϕ1〉+〈sin(θ) f1 +cos(θ) f2,ϕ2〉
)

= sup
ϕ∈S (TM )2

‖ϕ‖2,∞=1

(〈 f1,cos(θ)ϕ1 + sin(θ)ϕ2〉+ 〈 f2,−sin(θ)ϕ1 +cos(θ)ϕ2〉
)

. (4.72)

We perform the change of variable ψ = R−θϕ. We readily conclude that, since R−θ is

bijective over S (TM )2, for anyϕ ∈S (TM )2, we have thatψ= R−θϕ ∈S (TM )2. Additionally,

and in accordance with (4.57), we have that

‖ψ‖2,∞ = sup
t∈TM

‖ψ(t )‖2 = sup
t∈TM

‖R−θϕ(t )‖2 = sup
t∈TM

‖ϕ(t )‖2, (4.73)

since R−θ is an isometry. Hence, it does not change the `2 norm of a vector. Consequently, we

have that

R(Rθf) = sup
ψ∈S (TM )2

‖ψ‖2,∞=1

(〈 f1,ψ1〉+〈 f2,ψ2〉
)=R(f). (4.74)

Moreover, according to Item 1 of Theorem 4.3, for any curve f = ( f1, f2) with absolutely inte-

grable components fi ∈ L1(TM ), i = 1,2, the TV−`p norm is

‖f‖TV−`p =
∫ M

0
(| f1(t )|p +| f2(t )|p )

1
p dt . (4.75)

We take f1(t ) = 1, f2(t ) = 0, and θ = π
4 . This gives us

‖f‖TV−`p =
∫ M

0
(|1|p +|0|p )

1
p dt = M . (4.76)

When applying the planar rotation Rθ to the curve f, we have that

‖Rθf‖TV−`p
=

∫ M

0
(| f1(t )cos(θ)− f2(t )sin(θ)|p +| f1(t )sin(θ)+ f2(t )cos(θ)|p )

1
p dt

=
∫ M

0
(|cos(θ)|p +|sin(θ)|p )

1
p dt (4.77)

=
∫ M

0

(
2

∣∣∣∣∣
p

2

2

∣∣∣∣∣
p) 1

p

dt = 2
1
p − 1

2 M . (4.78)

We conclude that ‖f‖TV−`p = ‖Rθf‖TV−`p
if and only if p = 2, which proves that the TV−`p
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norm is not rotation invariant for p 6= 2.

Our proposed minimization problem consists of two terms. The first one—the data-fidelity

term—ensures that the candidate curve r(t ) is close to the points p[m]. The second one, called

regularization, introduces our a priori desiderata for the reconstructed curve. The importance

of these two terms is weighted by a parameter λ > 0. The solution set of the minimization

problem is

V = argmin
r∈XL(TM )

(
M−1∑
m=0

∥∥r(t )|t=m −p[m]
∥∥2

2 +λR(L{r})

)
, (4.79)

where the search space XL is defined as

XL(TM ) = {r ∈S ′(TM )2 : R(L{r}) <+∞}. (4.80)

In the following proposition, we characterize the topological structure of the search space.

Proposition 4.4. The search space XL(TM ) can be expressed as

XL(TM ) =ML(TM )×ML(TM ). (4.81)

Moreover, the mapping

TL : XL(TM ) →M0(TM )2 ×R2 (4.82)

TL(r) = (L{r1},L{r2},〈r1,1〉,〈r2,1〉) (4.83)

is an isomorphism between XL(TM ) and M0(TM )2 ×R2 whose inverse is

T −1
L : M0(TM )2 ×R2 →ML(TM ) (4.84)

T −1
L (w,a) =

(
L†{w1}+a1,L†{w2}+a2

)
. (4.85)

Proof. Let r = (r1,r2) ∈XL(TM ). We have that

R (L{r}) = sup
ϕ∈S (TM )2

‖ϕ‖2,∞=1

(〈L{r1},ϕ1〉+〈L{r2},ϕ2〉
)

(4.86)

≥ sup
ϕ1∈S (TM )

‖(ϕ1,0)‖2,∞=1

〈L{r1},ϕ1〉 = sup
ϕ1∈S (TM )
‖ϕ1‖∞=1

〈L{r1},ϕ1〉 (4.87)

= ‖L{r1}‖TV, (4.88)
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from which we deduce that r1 ∈ML(TM ). Similarly, we get that r2 ∈ML(TM ) and, hence,

we have that XL(TM ) ⊆ (ML(TM ))2. For the reverse inclusion, let r1,r2 ∈ML(TM ). Using the

inequalities ‖ϕ‖2,∞ ≥ ‖ϕi‖∞ for i = 1,2, we deduce that

∣∣〈L{ri },ϕi 〉
∣∣≤ ‖L{ri }‖TV‖ϕi‖∞ ≤ ‖L{ri }‖TV‖ϕ‖2,∞. (4.89)

Hence, we have that

〈L{r1},ϕ1〉+〈L{r2},ϕ2〉 ≤ (‖L{r1}‖TV +‖L{r2}‖TV)‖ϕ‖2,∞, (4.90)

which implies that

R (L{r}) ≤ ‖L{r1}‖TV +‖L{r2}‖TV <+∞. (4.91)

Hence, we have the inclusion r ∈XL(TM ).

Following (4.91) and (4.88), we deduce that the norm topology of XL(TM ) is equivalent

to the product topology induced from ML(TM )×ML(TM ). This, together with the fact that

ML(TM ) is isometrically isomorphic to M0(TM )×R, implies that TL is an isomorphism. Its

inverse is readily deduced from (4.54).

The data-fidelity term in (4.79) penalizes the Euclidean distance between the sample

r(t )|t=m of the curve and the point p[m] for every m = 0, . . . , M −1. The fact that r is sampled

uniformly along the parameter axis encourages the reconstructed curve to be parametrized

by its curvilinear abscissa, promoting the arc length of r(t) to be a linear function of the

parameter t . The underlying assumption behind this statement is that the points p[m] are

spread approximately uniformly along the curve. This is an important assumption, since the

regularization term in (4.79) involves the derivatives of r(t ) and thus heavily depends on the

choice of parametrization. In that respect, the curvilinear abscissa is a desirable choice. In

practice, it often results in rough curves being penalized heavily by our regularization, which

other parametrizations may fail to achieve [316].

Our representer theorem specifies the form of the solution of (4.79).

Theorem 4.4. The solution set (4.79) is nonempty, convex, and weak*-compact. Moreover, any

extreme point r∗ of V is a periodic L-spline curve r∗ with at most K ≤ 2M +2 knots. Indeed, we

have that

L{r∗} =
K−1∑
k=0

akXM (·− tk ) (4.92)

for some distinct knot locations tk ∈TM and amplitude vectors ak ∈R2.
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Our strategy to characterize the solution set V defined in (4.79) consists in invoking the

main result of Boyer et al. [76], which requires the knowledge of the form of extreme points of

the unit ball of the regularization functional. To that end, we prove that the extreme points of

the RI-TV unit ball are vector-valued Dirac combs.

Proposition 4.5. An element w∗ ∈M (TM )2 is an extreme point of the RI-TV unit ball B = {w ∈
M (TM )2 : R(w) ≤ 1} if and only if it is a vector-valued Dirac comb of the form w∗ = aXM (·− t0)

for some t0 ∈TM and a ∈R2 with ‖a‖2 = 1.

Proof. Assume by contradiction that there exists an extreme point w∗ of B that is not a Dirac

comb. This implies that there exists an interval I ⊆TM such that w1 = w∗
1I and w2 = w∗

1I c

are both nonzero Radon measures that satisfy w∗ = w1 +w2. Due to their disjoint support, we

have that R(w∗) =R(w1)+R(w2). Let us now define the measures w+ = (1+ε)w1 + (1−δ)w2

and w− = (1−ε)w1 + (1+δ)w2, where ε,δ> 0 are small constants such that εR(w1) = δR(w2).

By observing that R(w+) =R(w−) = 1 and w∗ = w++w−
2 , we conclude that w∗ is not an extreme

point of B , which yields a contradiction. Hence, the extreme points of B can only be vector-

valued Dirac combs.

To prove the reverse inclusion, let w∗ = aXM (·− t0) with ‖a‖2 = 1. We now prove that w∗ is

an extreme point of B . Assume that there exist w1,w2 ∈ B such that w∗ = 1
2 (w1 +w2). Let us

define the measure w0 = w11t 6=t0 ∈M (TM )2 so that w1 = w0 +a1XM (·− t0) for some a1 ∈R2.

We then must have w2 = (−w0)+a2XM (·− t0) with a = 1
2 (a1 +a2). The construction implies

that

1 =R(wi ) =R(w0)+‖ai‖2 ≥ ‖ai‖2, i = 1,2. (4.93)

This, together with the triangle inequality, yields

2 = ‖2a‖2 ≤ ‖a1‖2 +‖a2‖2 ≤ 1+1 = 2. (4.94)

Hence, all inequalities must be saturated. In particular, we must have that w0 = 0 and

‖a‖2 = 1
2 (‖a1‖2 +‖a2‖2). Finally, we invoke the strict convexity of the `2 norm to conclude that

a = a1 = a2 and, thus, that w1 = w2, which in turn implies that w∗ is an extreme point of B .

Proof of Theorem 4.4. Let us define the cost functional E : M (TM )2 ×R2 →R∪ {+∞} as

E(w,a) =
M−1∑
m=0

∥∥νm(w)+a−p[m]
∥∥2

2 +
2∑

i=1
χ〈wi ,1〉=0, (4.95)

where χA denotes the characteristic function of the set A, and νm = (νm,1,νm,2) with
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νm,i (w) =
(
L†{wi }(t )

)∣∣∣
t=m

= 〈L†{wi },X(·−m)〉 = 〈wi ,L†∗{X(·−m)}〉 = 〈wi , gL(m −·)〉
(4.96)

for i = 1,2. We note that νm is weak*-continuous in the topology of ML(TM ) due to the

inclusion gL ∈C (TM ).

Then, we formulate a minimization problem that admits the solution set

Ṽ = argmin
w∈M (TM )2

a∈R2

J (w,a), (4.97)

where J (w,a) = E(w,a)+λR(w). We now characterize Ṽ by invoking Proposition 4.5 and

Theorem 2.5 which, together, imply that Ṽ is a nonempty, convex and weak*-compact set such

that for any of its extreme points (w∗,a0), we have that w∗ =∑K−1
k=0 akX(·− tk ) with K ≤ 2M +2

(the total number of linear measurements in (4.97)) for some ak ∈R2 and tk ∈TM . The final

step is to observe that the isomorphism TL defined in Proposition 4.4 allows us to write

E(TL(r)) =
M−1∑
m=0

∥∥r(t )|t=m −p[m]
∥∥2

2 (4.98)

for any r ∈ XL(TM ), from which we conclude that Ṽ = TL (V ), which yields the announced

characterization.

Theorem 4.4 states that the solution set (4.79) contains periodic L-splines. Even though our

work uses a mixed (TV-`2) norm as regularization, this result is reminiscent of [284, 73, 323],

which proves that inverse problems with TV regularization have spline solutions. However, not

all curves can be faithfully represented with a single type of spline. We propose to cater to this

by modeling our closed function as a sum of two components r(t ) = r1(t )+ r2(t ). Similarly to

the non-hybrid setting, we have M points p[m] = (px [m], py [m]), m = 0, . . . , M −1. Hence, we

again have that r is M-periodic with t ∈TM . Following the formulation for one-dimensional

signals in Section 4.2 and extending it to two dimensions, we consider continuous problems

of the form

argmin
ri∈XLi (TM )

r1(0)=0

M−1∑
m=0

∥∥r1(t )|t=m + r2(t )|t=m −p[m]
∥∥2

2 +λ1 ‖L1{r1}‖TV−`2
+λ2 ‖L2{r2}‖TV−`2

, (4.99)

where λ1, λ2 > 0 are the two regularization parameters weighting the two regularization terms,

and L1 and L2 are derivative operators of different orders. The constraint r1(0) = 0 is necessary

to handle the ill-posedness of the problem. Indeed, without this constraint, for any solution

(r1(t ),r2(t )) of Problem (4.99), the pair (r1 +v,r2 −v), where v is an arbitrary constant vector,

would clearly also be a solution. This implies that the solution set would be unbounded, which
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can be problematic for numerical implementations. The constraint r1(0) = 0 resolves this

issue without any restriction on the reconstructed curve, since any constant offset can be

included in the r2 component. See Section 4.2 for more details concerning this question and

implementation details.

Theorem 4.5. There exists a global minimizer r∗ of (4.99) that can be decomposed as r∗ = r∗1+r∗2 ,

where r∗i is a periodic Li -spline (see, (4.55)) with Ki knots, i = 1,2. Moreover, we have the bound

K1 +K2 ≤ 2M +2 for the total number of knots of r∗.

Proof. By invoking Proposition 4.4, we deduce that there is a bijection between Vhyb and the

solution set

Ṽhyb = argmin
w1,w2∈M0(T)2

a1,a2∈R2

E (w1,a1,w2,a2)+λ1R(w1)+λ2R(w2), (4.100)

where the data fidelity cost E :
(
M (T)2 ×R2

)2 →R≥0 satisfies

E(TL1 (r1),TL1 (r2)) =
M−1∑
m=0

∥∥r1(t )|t=m + r2(t )|t=m −p[m]
∥∥2

2 . (4.101)

This implies that there is a bijection between Vhyb and Ṽhyb. The last step is to note that for any

extreme point (w∗
1 ,w∗

2 ) of the unit ball {(w1,w2) ∈M (T)4 : λ1R(w1)+λ2R(w2) ≤ 1}, we have

that w∗
1 = 0 or w∗

2 = 0. This together with Theorem 2.5 concludes the proof.

4.4.3 Exact Discretization

In this section, we discuss our method of discretizing the original problem. For the sake of

simplicity, we only focus on the single setting; the hybrid formalism is the direct extension. As

suggested by Theorem 4.4, we take the stance of recasting the continuous-domain problem in

(4.79) as a finite-dimensional optimization problem by restricting the search space to periodic

L-splines with knots on a uniform grid. This allows us to effectively reduce the complexity of

our algorithmic resolution. To do so, we describe our closed curves r(t ) as linear combinations

of N shifts of the M-periodized basis function ϕM (t ) =∑
k∈Zϕ( t−Mk

h ), where h = M
N is the grid

stepsize. Following Theorem 4.4, we choose ϕM to be the M-periodization and h-dilation

of the B-spline generator ϕ = βDα+1 . These basis functions are weighted by two vectors of

coefficients cx = (cx [n])N−1
n=0 and cy = (cy [n])N−1

n=0 . Finally, the weighted functions are shifted by

multiples of the grid size h in order to describe

r(t ) =
[

x(t )

y(t )

]
=

[ ∑N−1
n=0 cx [n] ϕM (t −nh)∑N−1
n=0 cy [n] ϕM (t −nh)

]
. (4.102)

Our choice (4.102) of curve parametrization allows us to optimize solely on the coefficients

cx ,cy ∈ RN of two curve components. We implement a system matrix that interpolates the

coefficients using ϕM and samples them at the measurement locations. We introduce H ∈
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RM×N with

[H]m,n =ϕM (m −nh) . (4.103)

The regularization operator L becomes a circulant regularization matrix L ∈ RN×N com-

posed of shifted versions of the αth-order derivative operator coefficients dDα+1 . The regular-

ization matrix L is therefore constructed as

[L]m,n = 1

hα
dDα+1 [(m −n) mod N ]. (4.104)

Our mixed-norm regularization involves, in the discrete setting, an `1 −`2 norm given by

‖[f1 f2]‖`1−`2

∆=
N−1∑
n=0

√
(f1[n])2 + (f2[n])2, (4.105)

for f1, f2 ∈RN . Indeed, we have that (see Theorem 4.3):

∥∥[L{x} L{y}]
∥∥

TV−`2
= ∥∥L

[
cx cy

]∥∥
`1−`2

. (4.106)

Our discrete optimization problem therefore aims at finding cx and cy such that

argmin
cx ,cy∈RN

∥∥∥∥∥
[

H 0

0 H

][
cx

cy

]
−

[
px

py

]∥∥∥∥∥
2

2

+λ∥∥L
[
cx cy

]∥∥
`1−`2

. (4.107)

To solve Problem (4.107), we use the alternating-direction method of multipliers (ADMM)

solver [200] as implemented in the GlobalBioIm Matlab library [177] dedicated to the solution

of inverse problems.

4.4.4 Numerical Illustration

We evaluate the distance between the constructed curves and the contour points through the

quadratic fitting error (QFE) defined as

QFE = 1

M

M−1∑
m=0

∥∥r(t )|t=m −p[m]
∥∥2

2 . (4.108)

It is noteworthy that the QFE can be used at the same time in the single-spline setting and

in the hybrid setting. Indeed, by replacing the hybrid curve r = r1 +r2 in (4.108), we obtain a

QFE that is consistent with the data-fidelity term in (4.99).
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4.4. Curve Fitting

(a) RI-TV regularization, θ = 0◦, K = 20, λ= 700, QFE =
12.09.

(b) RI-TV regularization, θ = 40◦, K = 20, λ = 700,
QFE = 12.09.

(c) (TV-`1) regularization, θ = 0◦, K = 37, λ = 482.13,
QFE = 12.09.

(d) (TV-`1) regularization, θ = 40◦, K = 29, λ= 500.93,
QFE = 12.09.

Figure 4.5 – Solutions as a function of the rotation angle θ for RI-TV regularization and (TV-`1)
regularization for a same contour. M = 488, grid stepsize h = 1.9062, ϕ=β1.

To verify that our regularization norm is truly rotation-invariant, we apply a planar rotation

of angle θ to our data before we reconstruct the curve with the regularization operator L = D2.

We have added to the data a Gaussian perturbation with a signal-to-noise ratio (SNR) of 47.28

dB. We compare the curves reconstructed with our regularization to the curves resulting from

the (TV-`1) regularization of Definition 4.1. Indeed, `1 regularization is widely used in the

signal-processing community as a sparsifying prior. To do so, we choose λ in the non-rotated

(TV-`1) regularized curve (Figure 4.5c) so that the QFE matches the QFE from the non-rotated

RI-TV regularized curve (Figure 4.5a). When rotating the measurements, we adjust λ again so

that the QFE of the (TV-`1)-regularized curve on the rotated points matches the one of the

curve constructed with RI-TV regularization with rotated points. We see in Figure 4.5 that

the RI-TV-regularized problem provides the same solution regardless of θ. Indeed, the knot

locations do not differ between Figures 4.5a and 4.5b, nor does the number K of knots. This

is not the case for the purely (TV-`1)-regularized problem. Not only are the knot locations
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Measures

Reconstructed curve

Linear knot (x or y)

(a) RI-TV regularization, no noise,
λ= 8, K = 20, QFE = 5.86.

Measures

Reconstructed curve

Linear knot (x or y)

(b) RI-TV regularization, SNR =
47.05 dB, λ = 700, K = 20, QFE =
12.14.

Measures

Reconstructed curve

Linear knot (x or y)

(c) RI-TV regularization, SNR = 41.20
dB, λ= 800, K = 20, QFE = 18.95.

Measures

Reconstructed signal

Knot (x or y)

(d) (TV-`1) regularization, no noise,
λ= 10, K = 20, QFE = 5.86.

Measures

Reconstructed signal

Knot (x or y)

(e) (TV-`1) regularization, SNR =
47.05 dB, λ= 459.45, K = 36, QFE =
12.14.

Measures

Reconstructed signal

Knot (x or y)

(f) (TV-`1) regularization, SNR =
41.20 dB, λ= 531.35, K = 35, QFE =
18.95.

Figure 4.6 – Resilience to noise for RI-TV and (TV-`1) regularizations.

different when a rotation is applied to the measurements, but the number K of knots varies

with θ as well as the QFE of the curve. Additionally, one needs to adapt λ to obtain the same

QFE between the constructed curves on rotated and non-rotated measurements.

A beneficial feature derived from the enforcement of joint sparsity in the two curve compo-

nents is resilience of our reconstructions to imprecisions in the contour points. Indeed, when

we expect our data to be imprecise, we can choose to increase the regularization parameter λ

at the cost of data fidelity, as the curve cannot rely as much on the data. Particularly, when the

regularizer is TV-based, an increase in λ tends to smoothen sharp variations. This is visible in

Figure 4.6, where several curves have been reconstructed using linear B-splines β1. Figures

4.6a, 4.6b, and 4.6c are reconstructions of increasingly inaccurate measurements using RI-TV.

Figures 4.6d, 4.6e, and 4.6f depict reconstructions resulting from a sparsifying regularization

without coupling (TV-`1), using a λ tuned so that the QFE matches the QFE of the curves

regularized by RI-TV. When TV regularization is used, and as the contour becomes more

inaccurate, the number K of knots drastically increases and the angles are deformed. On the

contrary, for the reconstructions in Figures 4.6a, 4.6b, even as the noise and λ increase, the

number K of knots remains unchanged and the angles are fairly well preserved.

The single-component framework only allows for the use of one kind of B-spline per curve.
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Measures

Reconstructed signal

Linear knot (x or y)

(a) Spline degree: 1, λ= 31.87, K = 89.

Measures

Reconstructed curve

Cubic knot (x or y)

(b) Spline degree: 3, λ= 24.72, K =
44.

Measures

Reconstructed curve

Linear knot (x or y)

Cubic knot (x or y)

Lin and cub knot (x or y)

(c) Spline degrees: 1 and 3, λ1 = 80,
λ2 = 90, K = 37

Figure 4.7 – Noiseless curve reconstruction with a single spline, a hybrid setting, and RI-TV
regularization. All three reconstructions have a constant QFE = 8.88.

However, when the contour under consideration is composed of smooth sections and kinks, no

single type of B-spline can provide a faithful and sparse reconstruction. An example of curve

fitting that depicts this problem is given in Figure 4.7. We reconstructed the contour using first

β1 and β3 as basis functions, giving piecewise-linear and piecewise-cubic curves in Figures

4.7a and 4.7b, respectively. Figure 4.7c contains a reconstruction under the hybrid setting

L1 = D2 and L2 = D4, thus producing a curve that has both a linear and a cubic component.

While all three reconstructions yield the same QFE with respect to the data, the hybrid curve

has by far the smallest number of knots. Moreover, upon visual inspection, the hybrid curve in

Figure 4.7c portrays the most faithful reconstruction, as it does round neither the angles nor

the straight lines, nor does it straighten the smooth sections.

We can observe the effect of the parameters λ1 and λ2 on the constructed curve when the

hybrid reconstruction setting is applied to real contour points for a constant ratio of knots
K1
K2

= 0.86. In Figure 4.8, as λ1 and λ2 increase, the total number K of knots decreases and the

curve becomes more stylized. In addition, for all values of λ1 and λ2, our algorithm preserves

the kinks of the contour while mimicking its smooth segments.
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(a) Data. (b) λ1 = 5, λ2 = 95, K = 312, QFE = 0.80.

(c) λ1 = 20, λ2 = 980, K = 229, QFE = 1.11. (d) λ1 = 100, λ2 = 9900, K = 139, QFE = 2.82.

Figure 4.8 – Effect of λ1 and λ2 on the reconstructed hybrid curve for M = 2714 under RI-TV
regularization. The reconstructed curve is represented by the solid line. The round markers
and the triangular markers indicate the location of the linear and cubic knots, respectively.
The diamond-shaped markers indicate the superimposition of a linear knot and a cubic knot.
The data are extracted from the official Daft Punk logo 8.

4.4.5 Summary

We have introduced a framework to reconstruct sparse continuous curves from a list of

possibly inaccurate contour points using an RI-TV regularization norm. We have proved that

an optimal solution to our minimization problem is a curve that uses splines as basis functions,

and we have leveraged this result to provide an exact discretization of the continuous-domain

framework using B-splines. Furthermore, we have extended our formulation to reconstruct

curves with components of distinct smoothness properties using hybrid splines. We have

experimental confirmation of the rotation invariance of our regularizer. In addition, our

experimental results demonstrate that our formulation yields sparse reconstructions that are

close to the data points even when their noise increases, unlike other regularization methods.
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4.4. Curve Fitting

Finally, our hybrid-curve experiments demonstrate that we are able to faithfully reconstruct

any contour with a low number of knots.
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5 A Stochastic View on Splines

In the last part of this thesis1, we provide a stochastic view on sparsity and splines, the two

main themes of this thesis. Precisely, we study the family of sparse stochastic processes that

are known to be the limit point of “random splines”. By relying on the latter density result, we

propose a method based on B-splines to generate trajectories of these processes (Section 5.2).

We then characterize their compressibility by providing a precise identification of the Besov

regularity of their corresponding innovation models (Section 5.3). While our characterization

is sharp for most popular classes of stochastic processes, it only provides a lower-bound for

the family of random splines. Hence, we treat this case separately in Section 5.4 by introducing

a different machinery for studying their compressibility rate.

5.1 Overview on Sparse Stochastic Processes

5.1.1 Context

The statistical modelling of data plays a central role in numerous research domains, such as

signal processing [327] and pattern recognition [328]. In that regard, Gaussian models have

been the first and by far the most considered ones, thanks to their desirable mathematical

properties and relatively simple characterization. For instance, the Karhunen-Loève transform

(KLT) identifies the optimal basis for representing data with Gaussian priors [329] and Kalman

filters are optimal denoisers of Gaussian signals [330], both in the mean-square sense. These

facts, among others, have made Gaussian statistical priors very convenient in practice. They

also reveal the fundamental relationship between Fourier-based signal representations and

Gaussian models.

However, it has been a long standing observation that Gaussian models fail to capture

several key statistical properties of most naturally-occurring signals [331, 332]. Indeed, the

latter frequently have heavy-tailed marginals [333, 48, 334, 335] or richer structure of depen-

dencies than Gaussian ones [336, 337]. Real-world signals are highly structured and often

1This chapter is based on our published works [310, 325, 326].
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admit concise representations, typically on wavelet bases that appear to be genuinely versa-

tile [338, 339]. This has led to the current paradigm in modern data science where sparsity

plays one of the central roles in statistical learning [340, 341] and signal modelling [65, 342, 48].

Classical Gaussian priors cannot model sparsity as they tend to produce poorly compress-

ible signals [343, 344]. Many recent efforts in signal processing have been directed towards

the development of deterministic frameworks that are better tailored to the reconstruction

or synthesis of sparse signals, such as traditional compressed sensing [62, 163, 67] and its

infinite-dimensional extensions [345, 307, 66, 73].

The development of wavelet methods, based on the pioneering works of I. Daubechies, Y.

Meyer, and S. Mallat in the late 80’s [346, 347, 348], has shed new lights on signal representation.

Repeated numerical observations confirmed that wavelet-based compression techniques

such as JPEG-2000 [349] outperform classical Fourier-based standards (e.g., JPEG) for natural

images. This is despite the fact that the discrete Fourier transform (DFT) and its real-valued

counterpart, the discrete cosine transform (DCT) [350], are asymptotically equivalent to KLT

and, hence, are optimal for representing signals with Gaussian prior [351].

Sparsity being an essential component of modern signal processing [338, 62, 339], the

authors of [48] proposed a wider stochastic framework that encompasses both Gaussian

and sparsity-compatible models. Within this framework, a continuous-domain signal is a

realization of a stochastic process s that can be whitened by some linear, shift-invariant

operator L. The key here is that the resulting white noise, or innovation, is not necessarily

Gaussian. Put formally, signals are solutions of

Ls = w, (5.1)

where w is a well defined innovation process called a Lévy white noise [352]. The term Lévy

here comes from the fact that w is an object that can be interpreted as the derivative of a Lévy

process in the sense of distributions [170, 353]. Whenever w is non-Gaussian, the realizations

of s can be shown to be sparse. Accordingly, they have been named sparse stochastic processes

[48]. Specific instances of such processes have been used to model natural signals such as

images [354, 355], RF echoes in ultrasound [356], and network traffic in communication

systems [357, 358, 359].

5.1.2 Generalized Random Processes

The theory of generalized random processes was initiated independently by K. Itô [360] and

I.M. Gel’fand [361] in the 50’s and corresponds to the probabilistic counterpart of the theory of

generalized functions of L. Schwartz. It was later brought to light by Gel’fand himself together

with N.Y. Vilenkin in [362, Chapter III]. In this framework, a generalized random process is

characterized by its effects against test functions. This allows to consider random processes

that are not necessarily defined pointwise, as is the case for the Lévy white noise. The theory
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of generalized random processes, besides being very general, appears to be very flexible for

the construction and analysis of random processes. It is a powerful alternative to more classic

approaches, as argumented in [363, 364]. The theory of generalized random processes is used

as the ground for generalized CARMA processes [365] and fields [366, 367], for conformal

field theory in statistical physics [368], for studying the solutions of stochastic differential

PDEs [369, 370, 371], and as random models in signal processing [372, 373, 334, 48].

We recall that S (Rd ) is the space of rapidly decaying smooth functions from Rd to R

which is endowed with its natural Fréchet nuclear topology [374]. Its topological dual is the

space of tempered generalized functions S ′(Rd ). It is endowed with the strong topology and

B(S ′(Rd )) denotes the Borelian σ-field for this topology. Note that S ′(Rd ) can be endowed

with other natural σ-fields: the one associated to the weak-* topology or the cylindrical σ-field

generated by the cylinders

{u ∈S ′(Rd ), (〈u,ϕ1〉, . . . ,〈u,ϕN 〉) ∈ B} (5.2)

for N ≥ 1, ϕn ∈S (Rd ), and B a Borelian subset of RN . However, these different σ-fields are

known to coincide in this case [375, Proposition 3.8 and Corollary 3.9]2. See also Itô’s [370] and

Fernique’s monographs [364] for general discussions on the measurable structures of function

spaces. Throughout this chapter, we fix a complete probability space (Ω,F ,P).

Definition 5.1. A measurable function s from (Ω,F ) to (S ′(Rd ),B(S ′(Rd ))) is called a gener-

alized random process. Its probability law is the probability measure on S ′(Rd ) defined for

B ∈B(S ′(Rd )) by

Ps(B) =P({ω ∈Ω, s(ω) ∈ B}). (5.3)

The characteristic functional of s is the functional P̂s : S (Rd ) →C such that

P̂s(ϕ) =
∫
S ′(R)

ej〈u,ϕ〉dPs(u). (5.4)

It turns out that the characteristic functional is continuous, positive-definite over S (Rd ),

and normalized such that P̂s(0) = 1. The converse of this result is also true: if P̂ is a continu-

ous and positive-definite functional over S (Rd ) such that P̂(0) = 1, then it is the characteristic

functional of a generalized random process in S ′(R). This is known as the Bochner-Minlos the-

orem. It was initially proved in [376] and uses the nuclearity of S ′(R). See [377, Theorem 2.3]

for an elegant proof based on the Hermite expansion of tempered generalized functions [168].

It means in particular that one can define generalized random processes via the specification

of their characteristic functional. Following Gel’fand and Vilenkin, we use this principle to

introduce Lévy white noises.

We consider functionals of the form P̂(ϕ) = exp
(∫
Rd Ψ(ϕ(x))dx

)
. It is known that P̂ is a

characteristic functional over the space D(R) of compactly supported smooth functions if and

2This is true in general for the dual of a nuclear Fréchet space. Note that this is not obvious and is typically not
true for other spaces of generalized functions, such as D′(Rd ) [370].
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only if the functionΨ :R→C is continuous, conditionally positive-definite, withΨ(0) = 0 [362,

Section III-4, Theorems 3 and 4]. A function Ψ that satisfies these conditions is called a Lévy

exponent and can be decomposed according to the Lévy-Khintchine theorem [170, Theorem

8.1] as

Ψ(ξ) = jµξ− σ2ξ2

2
+

∫
R

(ejξt −1− jξt1|t |≤1)dν(t ), (5.5)

where µ ∈R, σ2 ≥ 0, and ν is a Lévy measure, which means a positive measure on R such that

ν({0}) = 0 and
∫
R inf(1, t 2)dν(t ) <∞. The triplet (µ,σ2,ν) is unique and called the Lévy triplet

of Ψ.

In our case, we are only interested in the definition of Lévy white noises over S ′(Rd ). This re-

quires an adaptation of the construction of Gel’fand and Vilenkin. We say that the characteris-

tic exponentΨ satisfies the ε-condition if there exists some ε> 0 such that
∫
R inf(|t |ε , t 2)dν(t ) <

∞, with ν the Lévy measure of Ψ. Then, the functional P̂(ϕ) = exp
(∫
RΨ(ϕ(x))dx

)
is a char-

acteristic functional over S (R) if and only if Ψ is a characteristic exponent that satisfies the

ε-condition. The sufficiency is proved in [378, Theorem 3] and the necessity in [379, Theorem

3.13] and, also, in [380].

Definition 5.2. A Lévy white noise in S ′(Rd ) (or simply a Lévy white noise) is a generalized

random process w with characteristic functional of the form

P̂w (ϕ) = exp

(∫
R
Ψ(ϕ(x))dx

)
(5.6)

for every ϕ ∈S (Rd ), where Ψ is a characteristic exponent that satisfies the ε-condition.

The Lévy triplet of w is denoted by (µ,σ2,ν). Then, we say that w is a Gaussian white

noise if ν= 0, a compound Poisson white noise if µ=σ2 = 0 and ν=λP, with λ> 0 and P a

probability measure on R such that P ({0}) = 0, and a Lévy white noise with finite moments if

E[
∣∣〈w,ϕ〉∣∣p ] <∞ for any ϕ ∈S (Rd ) and p > 0.

The ε-condition is extremely mild. Lévy white noises in S ′(Rd ) include stable white

noises, symmetric-gamma white noises, and compound Poisson white noises whose jumps

probability measure P admits a finite moment (
∫
Rd |t |εP (dt ) <∞ for some ε> 0) [381, Section

2.1.3]. Lévy white noises are stationary and independent at every point, meaning that 〈w,ϕ1〉
and 〈w,ϕ2〉 are independent as soon asϕ1 andϕ2 ∈S (Rd ) have disjoint supports [362, Section

III-4, Theorem 6].

One can extend the space of test functions a given Lévy white noise can be applied to. This

is done by approximating a test function ϕ with functions in S (Rd ) and showing that the

underlying sequence of random variables converges in probability to a random variable that

we denote by 〈w,ϕ〉. This principle is developed with more generality in [382] by connecting

the theory of generalized random processes to independently scattered random measures in

the sense of B.S. Rajput and J. Rosinski [383]; see also [384]. In particular, as soon asϕ ∈ L2(Rd )

is compactly supported, the random variable 〈w,ϕ〉 is well-defined [382, Proposition 5.10].
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Remark 5.1. The random variable 〈w,ϕ〉 can be interpreted as a stochastic integral with respect

to a Lévy sheets s :Rd →R such that D1 . . .Dd {s} = w, where Di is the partial derivative along

direction 1 ≤ i ≤ d. We recall that Lévy sheets are multivariate generalizations of the Lévy

processes [379, 385, 384]. In that case, we have the formal relation 〈w,ϕ〉 = ∫
Rd ϕ(x)ds(x), whose

precise meaning has been investigated in [379, 382].

To summarise, the three most important operational properties of Lévy white noises for

our purpose are:

1. Stationarity: For any ϕ ∈ S (Rd ) and τ ∈ Rd , the random variables 〈ϕ, w〉 and 〈ϕ(· −
τ), w〉 are identically distributed.

2. Independence: For any ϕ1,ϕ2 ∈ S (Rd ) with disjoint supports, the random variables

〈ϕ1, w〉 and 〈ϕ2, w〉 are independent.

3. Characterization of the probability law: For any Lévy white noises w in S ′(Rd ) and

for any test function ϕ ∈ S (Rd ), the characteristic function of the random variable

Xϕ = 〈ϕ, w〉 can be specified as

P̂Xϕ
(ξ) = E[ejξ〈ϕ,w〉] = exp

(∫
R
Ψ(ξϕ(x))dx

)
. (5.7)

5.1.3 Infinite Divisible Random Variables

Let us remark that in dimension d = 1, the Lévy exponent can alternatively be expressed as

Ψ(ξ) = log
(
P̂Xrect (ξ)

)
, (5.8)

where Xrect = 〈rect[0,1], w〉 is the observation of w through the rectangular window

rect[0,1](x) =
1, 0 < x ≤ 1

0, otherwise.
(5.9)

The distribution of Xrect gives us the Lévy exponent from which we can determine all the

statistics of w . In particular, the following Proposition from [48] connects the second-order

statistics of w to those of Xrect.

Proposition 5.1 ([48], Theorem 4.15). Let w be a Lévy white noise such that Xrect = 〈rect[0,1], w〉
has zero mean and a finite variance σ2

w = E[X 2
rect]. Then,

∀ϕ1,ϕ2 ∈S (R), E[〈ϕ1, w〉〈ϕ2, w〉] =σ2
w 〈ϕ1,ϕ2〉. (5.10)

It turns out that Xrect is an infinitely divisible random variable in the sense of Definition 5.3

[344].
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Table 5.1 – Infinitely divisible distributions and their Lévy exponents

Distribution Lévy exponent

Gaussian (µ,σ) jµξ−σ2ξ2/2

Symmetric α-stable (α,c),α ∈ (0,2] −|cξ|α

Gamma(α,β) −β log(1− jξ/α)

Laplace (µ,b) jµξ− log(1+b2ξ2)

Definition 5.3. A real-valued random variable X is said to be infinitely divisible if, for any

natural number M ∈N, there exist M independent and identically distributed random variables

X1, ..., XM such that

X = X1 +·· ·+XM . (5.11)

To check the infinite divisibility of Xrect, one can note that, for any M ∈N, we have that

Xrect = 〈rect[0,1], w〉 = 〈
M−1∑
m=0

rect[ m
M , m+1

M ], w〉 =
M−1∑
m=0

〈rect[ m
M , m+1

M ], w〉. (5.12)

The terms in the sum (5.12) are independent and identically distributed random variables as a

consequence of the independence and stationarity properties of white noises, which certifies

that 〈rect[0,1], w〉 is infinitely divisible.

The converse is also true: for any infinitely divisible random variable X with Lévy exponent

Ψ(ξ) = log(E[ejξX ]) that satisfies the ε-condition, there exists a well defined Lévy white noise

w whose statistics are determined by (5.7) [344, 378, 379]. This shows that there is a one-to-

one correspondence between infinitely divisible distributions and Lévy white noises through

〈rect[0,1], w〉.

The Gaussian, gamma, and α-stable distributions are classical examples of infinitely divisi-

ble distributions [170]. We can plug in their Lévy exponents in (5.7) to define their correspond-

ing Lévy white noises. We repeat in Table 5.1 some infinitely divisible distributions of interest,

along with their Lévy exponents[344].

5.1.4 Sparse Stochastic Processes

The sparse-stochastic-process framework of Unser et al. [48] is a comprehensive theory of

generalized Lévy Processes. These are stochastic processes that can be whitened by some

admissible linear, shift-invariant operator. More precisely, the generalized random process

s ∈ S ′(R) is a generalized Lévy process if there exists a linear, shift-invariant operator L :

S ′(R) →S ′(R) such that w = Ls is a Lévy white noise. Equivalently, one may view generalized
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Lévy processes as the solution of the stochastic differential equation

Ls = w. (5.13)

It has been shown that, under mild technical assumptions on L and w , a solution s of (5.13)

exists and constitutes a properly defined generalized stochastic process over S ′(R) [378].

When L is an operator with a trivial null space, such as L = (D−αj) with ℜ(α) 6= 0, we can

write that

s = L−1w, (5.14)

where L−1 is the inverse of L. However, when the null space is nontrivial, for instance when L

corresponds to an unstable ordinary differential equation, the specification of the boundary

conditions become necessary to uniquely identify the solution. The boundary conditions take

the form

φ`(s) = c`, `= 1, . . . , N0, (5.15)

where φ` : s 7→ φ(s) ∈ R are appropriate linear functionals, c` ∈ R, and N0 is the dimension

of the null space of L. For instance, one can impose that the process s takes fixed values at

reference locations t1 < . . . < tN0 ; that is, φ`(s) = s(t`) = c` for ` = 1, . . . , N0. Such boundary

conditions appear in the classical definition of Lévy processes (including Brownian motion),

where we have that φ(s) = s(0) = 0 (Chapter 7 of [48]). We formally write

s = L−1
φ w, (5.16)

where L−1
φ is the right inverse of L. It incorporates the boundary conditions (5.15) (Chapter 5.4

of [48]).

5.1.5 Compound-Poisson Processes

A case of special interest is when the Lévy exponent corresponds to a compound-Poisson

distribution. A compound-Poisson random variable X , with rate λ and amplitude law ν, is

defined as

X =
K∑

k=1
Ak , (5.17)

where the number K is a Poisson random variable with parameter λ and (Ak )K
k=1 is an

i.i.d. sequence drawn according to ν. We refer to the corresponding Lévy white noise w as a

compound-Poisson innovation. It is known to be equal in law to

w = ∑
k∈Z

Akδ(·−τk ), (5.18)

where the sequence (τk )k∈Z of locations of Diracs is a stationary Poisson point-process (in-

dependent of Ak s) with rate λ (see [386] for a formal definition of point processes). The key

217



Chapter 5. A Stochastic View on Splines

property regarding the Dirac locations is that the number N of τk in any interval [a,b] with

a < b is a Poisson random variable with parameter λ(b −a). Furthermore, condition to the

event N = n, the locations of jumps that are in [a,b] are drawn independently from a uniform

law over [a,b] [386, Section 2.1]. This implies that, if we denote by x = (x1, . . . , xN ), the ordered

set of Dirac locations that are in [a,b], then condition to the event {N = n} for any n ≥ 1, the

probability density function (PDF) of x is

px(u|N = n) = n!

(b −a)n 1a≤u1≤...≤un≤b (5.19)

for any vector u = (u1, . . . ,un) ∈ Rn . It is worth noting that the probability density of x, once

condition to N = n ≥ 1, does not depend on λ anymore.

On any finite interval, compound-Poisson innovations have a finite representation. They

can be stored on a computer with the quantization of real numbers as sole source of informa-

tion loss. They are therefore well adapted to simulation purposes.

When w is a compound-Poisson innovation of the form (5.18), the process s = L−1
φ w is

called a generalized Poisson process. In particular, compound Poisson processes with the

whitening operator L = D) are piecewise constant processes (see Figure 5.1).
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Figure 5.1 – Trajectories of compound Poisson processes with Gaussian jumps (different values
of λ) and a Brownian motion. All processes are normalized to have unit variance.

5.2 Generating Trajectories of Sparse Stochastic Processes

In this section3, we provide an algorithm to generate trajectories of sparse stochastic processes

that are solutions of linear ordinary differential equations driven by Lévy white noises. Our

method is based on a theoretical observation which states that these processes are limits in

law of generalized compound-Poisson processes. We derive an off-the-grid algorithm that gen-

erates arbitrarily close approximations of the target process. Our method relies on a B-spline

representation of generalized compound-Poisson processes. We illustrate numerically the

validity of our approach.

3This section is based on our published work [310].
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5.2.1 Context

The goal of this work is to generate realizations of the stochastic process s, defined in (5.1)

given its whitening operator L and a statistical characterization of its innovation process w .

The computer generation of these signals can be of great interest to practitioners who wish to

evaluate their reconstruction algorithms. We are thinking of works such as [387, 388, 389, 390],

where optimal estimators for interpolating and denoising such processes have been derived.

A possible approach to generate realizations of s would be to notice that, if L is a differential

operator such as D = d
dt or a polynomial in D, then (5.1) defines a stochastic differential

equation (SDE) [391]. This becomes more apparent when notating w with the alternative

notation dZt , where (Zt )t∈R+ is a Lévy process (Chapter 7.4 in [48]). For example, (D−αI)s = w

can be rewritten as dSt = αSt dt +dZt . A suitable SDE solver, such as the one studied in

[392], can then be used to generate an approximation of the signal. In particular, a common

method is to solve the linear system of stochastic difference equations that is obtained by

considering the discrete counter-part of the operator L (e.g. using finite differences instead of

the derivative), and by replacing the innovation process w with a discrete white noise (see, for

example, [393]).

It turns out that generic SDE solvers do not exploit the linearity of L. Here, the analytic

treatment of (5.1) can be pushed further to obtain an explicit solution. Brockwell shows in

[394] that s corresponds to the integral of a deterministic function with respect to a Lévy

process. The integral can then be approximated by substituting it with a Riemann sum defined

on a partition of the integration interval [395, Theorem 21].

These approaches, although valid, have drawbacks when it comes to the generation of

synthetic signals for the evaluation of algorithms. First, they directly depend on the existence

of a grid on which the approximation of the continuous process is sampled. This can lead

to complication in the context of the multi-resolution algorithms that manipulate grid-free

descriptions of signals. Second, the generated approximations are not solutions of an SDE

in the form of (5.1). In other words, the approximations are not mathematical objects of the

same nature as s.

In what follows, we propose a method that addresses both issues. It is based on a theoretical

result by Fageot et al. [393] that states that any sparse stochastic process s that is the solution of

(5.13) can be specified as the limit in law of a sequence {sn}n∈N of generalized Poisson processes

[393]. The corresponding driving processes wn = Lsn are compound-Poisson innovations of

the form

wn = ∑
k∈Z

Ak,nδ(·−τk,n) (5.20)

with rates λn = n and with i.i.d. amplitudes Ak,n that are infinitely divisible random variables

with Lévy exponent fn = 1
n f , where f is the Lévy exponent of w . These simpler processes have

the advantage of having a grid-free numerical representation despite having a continuously

defined domain. They fall within the category of (random) signals with a finite rate of innova-
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tion [396, 397]. They also have the desirable property of being whitened by the same operator

L as the approximated signal. This implies that they all have the same correlation structure as

the target signal (see Proposition 5.1).

Our method takes a sufficiently large value for n and generates a realization of the process

sn on a chosen interval. To do so, we consider an intermediary process called the generalized

increment process. Interestingly, this process can be represented as a weighted sum of shifted

B-splines and can be sampled very efficiently [296, 398]. The desired stochastic process sn is

then obtained from the latter by recursive filtering.

5.2.2 Mathematical Background: Rational Operators

We restrict ourselves to rational operators in D = d
dt , written L = P (D)Q(D)−1, where P and

Q are polynomials such that deg(P ) > deg(Q). The latter assumption is crucial to have the

minimum required regularity (point-wise definition) for the solution s of (5.1). The case L = D

is a typical choice that appears, for example, in the modeling of Brownian motion.

Rational operators are defined through their frequency response

L̂(ω) = P (jω)

Q(jω)
. (5.21)

They provide a succinct representation of the equation P (D)s =Q(D)w that we can simply

rewrite as Ls = w . The Green’s function of a differential operator L is a tempered distribution

ρL ∈S ′(R) that satisfies

LρL = δ. (5.22)

It can be viewed as the impulse response of the inverse of L. The canonical Green’s function is

ρL =F−1
{

1

L̂(ω)

}
, (5.23)

where L̂ is the frequency response of L (Chapter 5.2 of [48]). This definition can be made to

stay valid even when L̂ vanishes at some points, as long as 1
L̂(ω)

is in S ′(R).

Here, we describe a method to compute Green’s functions of rational operators. We begin

with the intermediate computation of the Green’s function of L = (D−αj)k . We have that

ρα,k (t ) =F−1
{

1

(jω−α)k

}
(t ) =

1+(t ) t k−1

(k−1)! e
αt , ℜ(α) ≤ 0

−1+(−t ) t k−1

(k−1)! e
αt , otherwise

(5.24)

is a Green’s function of L.

Now, recall that rational operators are of the form L = P (D)Q(D)−1, where P and Q are

polynomials. Taking {α1, ...,αm} to be the roots of P with multiplicity {γ1, ...,γm}, the inverse of

221



Chapter 5. A Stochastic View on Splines

the frequency response is given by

1

L̂(ω)
= Q(jω)∏m

i=1(jω−αi )γi
. (5.25)

This inverse is known to admit a partial-fraction decomposition of the form

1

L̂(ω)
=

m∑
i=1

γi∑
k=1

ci k

(jω−αi )k
(5.26)

for some constants ci k ∈C. The corresponding Green’s function is then given by:

ρL(t ) =F−1
{

1

L̂(ω)

}
(t ) =

m∑
i=1

γi∑
k=1

ci kF−1
{

1

(jω−αi )k

}
(t ) =

m∑
i=1

γi∑
k=1

ci kραi ,k (t ) (5.27)

5.2.3 Method

We now introduce our method for generating (approximate) trajectories of a sparse stochastic

process s that is whitened by a rational operator L and whose innovation noise is w . When

necessary, we assume general boundary conditions of the formφ`(s) = 0 for `= 1, ..., N0, where

N0 is the dimension of the null space of L.

As mentioned earlier, the process s is the limit of generalized compound-Poisson processes

sn driven by wn = Lsn , a compound-Poisson innovation of the form (5.20). The process sn can

therefore be written

sn = ∑
k∈Z

Ak,nρL(·−τk,n)+p0,n , (5.28)

where ρL is a Green’s function of L and p0,n is an element of the null space of L determined by

boundary conditions (it vanishes when L is invertible). Indeed, we have that

L

{ ∑
k∈Z

Ak,nρL(·−τk,n)+p0,n

}
= ∑

k∈Z
Ak,nL{ρL(·−τk,n)} = ∑

k∈Z
Ak,nδ(·−τk,n) = wn .

For large values of n, the process sn is assumed to be a good approximation of s. So, our goal is

to generate samples of sn on any uniform grid over any interval [0,T ]. More precisely, once an

interval [0,T ] is specified and a regular grid with step size h is provided, our aim is to obtain

the vector sn whose components are [sn]i = sn(i h), for i = 0, ...,
(dT

h e−1
)
.

We begin by obtaining a realization of the driving innovation wn . It consists of a sequence

of impulse locations (τk,n) and a corresponding sequence of amplitudes (Ak,n).

The sequence (τk,n) is a point Poisson process. Its realization on the interval [0,T ] is

simulated in two steps. First, a Poisson random variable K with parameter λ= nT is generated.

Then, K impulse locations (τk,n)k∈{1,...,K } are sampled uniformly on [0,T ].

The next step is to simulate the K corresponding amplitudes (Ak,n)k∈{1,...,K }. The character-
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Table 5.2 – The nth root of infinitely divisible distributions

Distribution nth Root

Gaussian (µ,σ) Gaussian (µn , σp
n

)

α-Stable (α,β,µ,c) If α 6= 1, (α,β, µn , c

n
1
α

),

If α= 1, (α,β, µn − 2
πcβ log(n)

n , c
n )

Gamma(α,β) Gamma(αn ,β)

Compound-Poisson of intensity λ Compound-Poisson of intensity λ
n

Laplace (µ,b) Xn = µ
n +b(G (n)

1 −G (n)
2 )

with G (n)
1 ,G (n)

1 ∼ Gamma( 1
n ,1)

istic function of the amplitudes variable A is

ξ 7→ exp

(
1

n
f (ξ)

)
. (5.29)

We refer to it as the nth root of the law of 〈rect[0,1], w〉. Our assumption in this work is that

there exists, for any n ∈N, a known method4 to generate infinitely divisible variables with Lévy

exponent 1
n f (ξ). For common parametric distributions such as α-stable, Laplace, and gamma

distributions, such sampling methods[400] are well known and implemented in scientific

computing libraries5. Simulating from their nth root is a simple matter of rescaling their

parameters, as summarized in Table 5.2. By applying the correct rescaling, we simulate K

independent amplitudes and thus obtain the sequence (Ak,n)k∈{1,...,K }.

With the impulse locations (τk,n)k∈{1,...,K } and amplitudes (Ak,n)k∈{1,...,K } in hand, we can

compute samples of

sn(·) =
K∑

k=1
Ak,nρL(·−τk,n)+p0,n (5.30)

on a grid.

A direct approach to generate sn is to use the expansion (5.30) and represent the process as

a sum of shifted Green’s functions. However in this case, the determination of sn(t ) at any point

t ∈ [0,T ] may require nontrivial computation of each and every term in (5.30). This stems from

the fact that Green’s functions are infinitely supported in general. There are therefore potential

drawbacks to expansions in the basis of shifted Green’s functions like (5.30). To overcome

these issues, we propose instead an alternative method based on B-splines.

4Workarounds exists for when a sampling method for the nth root 1
n f (ξ) is unavailable. For instance, one can

opt for an approximate sampling scheme such as in [399].
5E. Jones, et al., “SciPy: Open source scientific tools for Python,” 2001.
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Recall that L is a rational operator of the form P (D)Q(D)−1, where we take {α1, ...,αdeg(P )}

to be the roots of P , with possible repetitions. Its discrete counterpart Lh
d is defined as

Lh
d{ f } =

deg(P )∑
m=0

r [m] f (·−mh), (5.31)

where the sequence r is determined through its Fourier transform

R(ejω) =
deg(P )∑
m=0

r [m]e−jωm =
deg(P )∏
m=1

(1−eαm he−jωh). (5.32)

It is a finite impulse-response filter (FIR). Its null space contains the null space of L [296].

The function βh
L := Lh

d{ρL} is called the B-spline corresponding to L [7]. The B-spline has the

fundamental property of being the shortest possible function within the space of cardinal

L-splines (its support is included in [0,deg(P )×h]) [401, 18]. This will turn out to be crucial for

the numerical efficiency of our method. Moreover, they reproduce both the Green’s function

and elements in the null space of their corresponding operator L [48, Section 6.4.].

The application of Lh
d to sn yields

un(t ) = Lh
d{sn}(t ) =

deg(P )∑
m=0

r [m]sn(t −mh). (5.33)

The process un in (5.33) is called the generalized increment process. Interestingly, it can be

written as a sum of compactly supported terms, like

un(t ) = Lh
d{sn}(t ) =

K∑
k=1

Ak,nLh
d{ρL(·−τk,n)}(t )+Lh

d{p0,n}(t ) =
K∑

k=1
Ak,nβ

h
L (t −τk,n)+0. (5.34)

The process un , along with boundary conditions, is our alternate representation of sn . Now,

let un be the vector whose components are [un]i = u(i h), for i = 1, ...,
(dT

h e−1
)
. This vector

can be computed more efficiently than sn since the process un admits a representation with

compactly supported terms. Moreover, un is linearly related to the vector sn via a discrete

system of difference equations. Indeed, we have that

[un]i =
deg(P )∑
m=0

r [m][sn]i−m , (5.35)

for deg(P ) ≤ i ≤ (dT
h e−1

)
. For 0 < i < deg(P ), we have that

[un]i =
deg(P )∑
m=0

r [m]sn((i −m)h), (5.36)

where the values sn(−mh) for m = 0, ...,
(
deg(P )−1

)
provide the boundary values. These

relations are established by writing (5.33) with t = i h. The boundary values are determined by
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the null-space term p0,n , which is itself determined by the boundary conditions.

Thus, once we have evaluated un , we can obtain sn by solving (5.35), which is accomplished

by applying a recursive reverse filter to un . This is performed by rewriting (5.35) as

[sn]i = 1

r [0]

(
[un]i −

deg(P )∑
m=1

r [m][sn]i−m

)
. (5.37)

By substitution of the boundary values when necessary ( i.e., taking sn((i −m)h) instead of

[sn]i−m when (i −m) ≤ 0), (5.37) allows one to recursively compute the components of sn .

We now describe an efficient procedure to compute the generalized increment process.

The components of un are given by

[un]i =
K∑

k=0
Ak,nβ

h
L (i h −τk,n). (5.38)

The naive approach here would be to iterate through each grid point i independently and

compute [un]i . Doing so would require one to read the entire sequence of impulse locations

(τk ) for each i . This cannot be avoided since there is no information on the sequence (τk ),

aside from its inclusion in [0,T ]. We simply would not know which B-spline terms are inactive,

so we would have to iterate through them all. A more efficient approach is to iterate through

the list of impulses instead of the grid points.

The idea is as follows: First, initialize the vector un to zeros. Then, read the list of impulse

locations one by one. For each impulse at τk , find the grid points that lie within the support of

the B-spline at τk . Then, increment the value of un on those grid points by the contribution

of the considered B-spline. In one pass over the list of impulses, this method computes the

values [un]i = un(i h).

This intermediate computation of the generalized-increment process provides a consid-

erable gain in terms of efficiency. Instead of having a number of operations that scales with

dT
h e×K for the Green’s function representation, we have one that scales with deg(P )×(dT

h e+K
)
.

Here is a summary of the procedure that generates trajectories of Lsn = wn . The pseu-

docode of our method is also provided in Algorithm 1.

1. First, fix the infinitely divisible distribution6 that corresponds to w and define the

operator L by identifying the polynomials P and Q.

2. Pick a sufficiently large value for n. Intuitively, n should be large enough to ensure the

occurrence of several jumps in each bin. In other words, we expect n to be of the same

order as h−1. This has been validated with our numerical experiments as well, where we

show that it provides a good approximation of the underlying statistics of the process

6The choice here is restricted to parametric families we can rescale and simulate.
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Input :Coefficients of P and Q, approximation level n, interval size T , step size h
Output :Vector sn

Compute ρL and the FIR filter r [m]
Compute βh

L = Lh
d {ρL}

Generate [(τ1, A1), ..., (τK , AK )]
Initialize un with zeros as an array of size dT

h e
foreach (τk , Ak ) do

Find closest grid point igrid = bτi
h c

foreach i in {igrid, . . . , igrid +deg(P )} do
[un]i ←− [un]i + Ak ×βh

L (i h −τk )
end

end
Recursively apply a reverse filter to un following (5.37)

Algorithm 1: Procedure to obtain sn .

(see, Figures 5.4, 5.5, and 5.6).

3. Pick a simulation interval [0,T ] and generate wn . Determine an explicit form for ρL. At

this point, the grid-free approximation sn (expressed as in (5.30)) is available and can be

stored.

4. Fix a grid on [0,T ] by choosing a step size h. Then determine the vector sn with compo-

nent [sn]i = sn(i h). Compute the FIR filter Lh
d and obtain βh

L = Lh
d{ρL}. Then, compute

the generalized increment vector un .

5. To obtain sn , apply the reverse filter to un following (5.37). Take the values sn(−mh)

for m = 0, ...,
(
deg(P )−1

)
to be zero for most cases except when L has a nontrivial null

space, in which case it is derived from boundary conditions.

To show a merit of our proposed method, we prove that the generated approximations

preserve the correlation structure of the target process. We first note that for any white Lévy

noise w , we have that

wn
L−→ w, (5.39)

where the sequence of compound-Poisson innovations (wn)n∈N is defined in (5.20). We refer

to this approximating sequence in Proposition 5.2.

Proposition 5.2. Let w be a Lévy white noise such that Xrect = 〈rect[0,1], w〉 has zero mean and

the finite variance σ2
w = E[X 2

rect]. Let n ∈N and let wn be a compound-Poisson innovation that

approximates w as defined in (5.20). Denoting Xrect,n = 〈rect[0,1], wn〉, we have that

E[Xrect,n] = E[Xrect] = 0 (5.40)

and

σ2
wn

= E[X 2
rect,n] = E[X 2

rect] =σ2
w . (5.41)
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Proof. Since wn is a compound-Poisson innovation, Xrect, n is a compound-Poisson random

variable. It can be written

Xrect,n =
N∑

i=1
Ai (5.42)

where N is a Poisson random variable with rate λ= n and the Ai are independent identically

distributed infinitely divisible random variables with Lévy exponent 1
n f independent from N .

We have by independence of the (Ai ), that

Xrect,n =
n∑

i=1
Ai =d Xrect (5.43)

because the characteristic function of
∑n

i=1 Ai is (e
1
n )n = e f . This directly implies that Xrect,n

and Xrect have the same moments.

Now, if sn = L−1wn is a generalized Poisson process that approximates s = L−1w , then

E[〈ϕ1, sn〉〈ϕ2, sn〉] = E[〈ϕ1,L−1wn〉〈ϕ2,L−1wn〉]
= E[〈L−1∗ϕ1, wn〉〈L−1∗ϕ2, wn〉]
=σ2

wn
〈L−1∗ϕ1,L−1∗ϕ2〉

=σ2
w 〈L−1∗ϕ1,L−1∗ϕ2〉

= E[〈ϕ1, s〉〈ϕ2, s〉]. (5.44)

From (5.44), we concluded that, more than just approximated, the correlation structure is

preserved exactly in our method.

5.2.4 Numerical Illustration

In this section, we validate our approach by conducting several numerical experiments. Let

us also mention that a Python library that implements our algorithm can be found online7.

Moreover, an accompanying web interface is also designed and is available 8.

Among all processes we can generate, those that are solutions to Ds = w are called Lévy

processes when the boundary condition is s(0) = 0. We showcase in Figure 5.2 different Lévy

processes that correspond to several infinitely divisible distributions. For all four simulations,

we took n = 1,000 and h = 0.001. As we demonstrate later, a reasonable choice for these

parameter is to set nh to be a small integer (here, nh = 1). The visual appearance of the

trajectories matches our expectations: The trajectory driven by a Gaussian innovation has the

appearance of Brownian motion; the gamma Lévy process is nondecreasing.

7https://github.com/Biomedical-Imaging-Group/Generating-Sparse-Processes
8https://saturdaygenfo.pythonanywhere.com
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Figure 5.2 – Trajectories of Lévy processes (L = D) with different innovations. From top to
bottom: Laplace(0, 1), gamma(1, 1), Gaussian(0,1), and symmetric-α-stable with α= 1.23.

Figure 5.3 – Trajectories of the solution s of Ls = w for different operators L. In all cases, we
considered a symmetric-α-stable white noise w with α= 1.23.

Our framework allows for any rational operator of the form P (D)Q(D)−1, so long as deg(P ) >
deg(Q). In Figure 5.3, we generate trajectories of s that are solution of Ls = w , where w is a

symmetric-α-stable innovation with α= 1.23. Here we took n = 200 and h = 0.001. We see

that, for various choices of L, the characteristics of the signal are markedly different, which

exhibits the breadth of the modeling framework proposed in [48].

In Figure 5.4, we illustrate how an increase in n improves the approximation. In addition,
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Figure 5.4 – Approximations of Brownian motion (solution to Ds = w , with w a Gaussian white
Lévy noise) as n increases.

Figure 5.5 – Convergence of E[|〈rect[0,h], sn〉|p ] to E[|〈rect[0,h], s〉|p ] for p = 0.4, h = 0.01, and
several symmetric-α-stable Lévy white noises w . The expectations are estimated with 10,000
trajectories for each n.

we have depicted the convergence of moments in Figure 5.5. While the two figures emphasize

the effect of n, they are insufficient to provide a quantitative way to choose n.

Here, we propose a measure that is based on the statistics of the generalized increment

process. Since the process un is maximally decoupled, we can estimate the distribution of

Un = 〈βh∨
L , wn〉 from the samples {[un]i }i of the generalized increment process on the grid and
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Figure 5.6 – Kolmogorov-Smirnov (KS) divergence versus the average number of jumps per
bin (Njumps = nh).

Figure 5.7 – Single grid-free approximation sampled on grids that differ by their step size.

obtain the empirical cumulative distribution function (CDF) F̃n(·) of Un . We then compare

this empirical function to the reference CDF F (·) of U = 〈βh∨
L , w〉. For the comparison, we use

the Kolmogorov-Smirnov (KS) divergence [402] defined as

K S (F̃n ,F ) = max
x∈R

|F̃n(x)−F (x)|. (5.45)

We then select n such that the KS-divergence is smaller than a certain threshold (e.g., smaller
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Figure 5.8 – Average computation time for a trajectory of the solution of (D−0.5j)s = w , where
w a Gaussian white noise. The simulation interval is [0,1] with step size h = 0.001.

than 0.1). The choice of the threshold is conditioned by the desired numerical precision: The

lower the threshold, the more faithful the trajectories, but the higher the computational cost

of the algorithm.

Intuitively, we expect that it is necessary to have several jumps in each bin in order to

properly approximate the statistics of the process. The average number of jumps in each bin

of length h is Njumps = nh, so we expect n to be in the order of h−1.

In Figure 5.6, we have validated this intuition by plotting the KS-divergence for different

values of Njumps in various settings. In all cases, as Njumps increases, the KS-divergence

decreases to a baseline error value, due to the finite-sample estimation of the underlying

distribution.

Recall that a main motivation for our algorithm was to make it compatible with multi-

grid methods. In our approach, the approximation sn lives off the grid. It is only after the

specification of the step size h that sn is sampled on a grid. The generation of the random

variables to determine sn and the sampling on a grid are completely decoupled. This means

that the same approximation sn can be viewed through different grids, which we illustrate

in Figure 5.7. The solution to (D+1)2s = w , where w is a Gaussian white Lévy noise, is first

approximated by s1000. Then, it is viewed on different regular grids on [0,1].

A crucial component of our approach is the computation of the generalized increment u

in order to obtain the values of sn on a grid. This provides a gain in numerical efficiency that

can be felt even on moderately sized simulations. As can be seen in Figure 5.8, using a Green’s

function representation requires significantly more time than using an intermediate B-spline
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representation.

5.2.5 Summary

We have described a novel approach for generating sparse stochastic processes. Our method

leverages the properties of B-splines to guarantee good numerical efficiency. We have illus-

trated numerically the merits of our proposed algorithm.
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5.3 Besov Regularity of Lévy White Noises

In this section9, we study the Besov regularity of Lévy white noises. More precisely, we identify

the local smoothness and the asymptotic growth rate of the Lévy white noise. We do so by

characterizing the weighted Besov spaces in which it is located. We extend known results in

two ways. First, we obtain new bounds for the local smoothness via the Blumenthal-Getoor

indices of the Lévy white noise. We also deduce the critical local smoothness when the two

indices coincide, which is true for symmetric-α-stable, compound Poisson, and symmetric-

gamma white noises to name a few. Second, we express the critical asymptotic growth rate

in terms of the moment properties of the Lévy white noise. Previous analyses only provided

lower bounds for both the local smoothness and the asymptotic growth rate. Showing the

sharpness of these bounds requires us to determine in which Besov spaces a given Lévy white

noise is (almost surely) not. Our methods are based on the wavelet-domain characterization

of Besov spaces and precise moment estimates for the wavelet coefficients of the Lévy white

noise.

5.3.1 Introduction and Summary of the Main Results

We study the Besov regularity of Lévy white noises. We are especially interested in identifying

the critical local smoothness and the critical asymptotic growth rate of those random processes

for any integrability parameter p ∈ (0,∞]. In a nutshell, our contributions are as follows.

1. Wavelet Methods for Lévy White Noises. First appearing in the eighties, especially in the

works of Y. Meyer [348], I. Daubechies [346], and S. Mallat [347], wavelet techniques

have become primary tools in functional analysis [403]. As such, they are a natural

choice to study random processes, as is done, for instance, with fractional Brownian

motion [404], SαS processes [405], and with solutions of singular stochastic partial

differential equations [406, 407]. In this work, we demonstrate that wavelet methods

are also adapted to the analysis of the Lévy white noise. In particular, all our results are

derived using the wavelet characterization of weighted Besov spaces.

2. New Moment Estimates for Lévy White Noise. The wavelet method allows us to obtain

lower and upper bounds for the moments of a Lévy white noise as a function of the

wavelet scale. Our moment estimates, which are new contributions to the rich liter-

ature on the moments of Lévy and Lévy-type processes [408, 409, 410, 411, 412], are

fundamental for our study of the Besov regularity of the Lévy white noise.

3. Besov Regularity of Lévy White Noises. Regularity properties are usually stated in terms

of the inclusion of the process in some weighted Besov spaces (positive result). In

order to show that such a characterization is sharp, it is of interest to identify the

smoothness spaces in which the process is not included (negative result). To the best of

9This section is based on our published work [325].
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our knowledge, very little is known in this direction. A precise answer to this question

requires a more evolved analysis as compared to positive results. We achieve this goal

thanks to the use of wavelets.

It is worth noting that our analysis requires the identification of a new index associated

to a Lévy white noise, characterized by moment properties. By relying on this index, our

negative results suggest moreover that some of the previous state-of-the-art inclusions

are not sharp. We are then able to improve some of these results, in particular for the

growth properties of the Lévy white noise.

4. Critical Local Smoothness and Asymptotic Rate. The combination of positive and nega-

tive results allows us to determine the critical Besov parameters of a Lévy white noise,

both for the local smoothness and the asymptotic behavior. The results are summarized

in Theorem 5.1. Two consequences are the characterization of the critical Sobolev and

Hölder-Zigmund regularities of the Lévy white noise in Corollary 5.1.

Local Smoothness and Asymptotic Rate of Tempered Generalized Functions

Besov spaces are denoted by Bτ
p,q (Rd ), with τ ∈R the smoothness, p ∈ (0,∞] the integrability

parameter, and q ∈ (0,∞] a secondary parameter. In this work, we focus on the case p = q and

we use the simplified notation Bτ
p,p (Rd ) = Bτ

p (Rd ) for those spaces which are also referred to as

Slobodeckij spaces after [413]. See [414] or [415, Section 2.2.1] for more details. We say that f

is in the weighted Besov space Bτ
p (Rd ;ρ) with weight exponent ρ ∈R if 〈·〉ρ× f is in the classic

Besov space Bτ
p (Rd ), with the notation 〈x〉 = (1+‖x‖2)1/2. We precisely define weighted Besov

spaces in Section 5.3.2 in terms of wavelet expansions. For the time being, it is sufficient to

remember that the space of tempered generalized functions satisfies [416, Proposition 1]

S ′(Rd ) = ⋃
τ,ρ∈R

Bτ
p (Rd ;ρ) (5.46)

for any fixed 0 < p ≤∞. Ideally, we aim at identifying in which weighted Besov space a given

f ∈S ′(Rd ) is. The relation (5.46) implies that, for any p, there exists some τ,ρ ∈R for which

this is true. For a fixed p, Besov spaces are continuously embedded in the sense that, for

τ,τ0,τ1 ∈R and ρ,ρ0,ρ1 ∈R such that τ0 ≥ τ1 and ρ0 ≥ ρ1, we have

Bτ0
p (Rd ;ρ) ⊆ Bτ1

p (Rd ;ρ) and Bτ
p (Rd ;ρ0) ⊆ Bτ

p (Rd ;ρ1). (5.47)

To characterize the properties of f ∈S ′(Rd ), the key is to determine the two critical exponents

τp ( f ) ∈ (−∞,∞] and ρp ( f ) ∈ (−∞,∞] such that

• if τ< τp ( f ) and ρ < ρp ( f ), then f ∈ Bτ
p (Rd ;ρ); while

• if τ> τp ( f ) or ρ > ρp ( f ), then f ∉ Bτ
p (Rd ;ρ).

The case τp ( f ) =∞ corresponds to infinitely smooth functions, and ρp ( f ) =∞ means that f is
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rapidly decaying. The quantity τp ( f ) measures the local smoothness and ρp ( f ) the asymptotic

rate of f for the integrability parameter p. When ρp ( f ) ≤ 0 (which will be the case for the Lévy

white noise), we talk about the asymptotic growth rate of f .

Local Smoothness and Asymptotic Growth Rate of Lévy White Noises

Our main contributions concern the inclusion of a Lévy white noise w in weighted Besov

spaces. It includes positive (w is almost surely in a given Besov space) and negative (w is

almost surely not in a given Besov space) results. In order to characterize the local smoothness

τp (w) and the asymptotic growth rate ρp (w), let Ψ denotes the Lévy exponent of w . We

associate to w , its Blumenthal-Getoor indices, defined as

β∞ = inf

{
p > 0

∣∣∣∣ lim
|ξ|→∞

|Ψ(ξ)|
|ξ|p = 0

}
, (5.48)

β∞ = inf

{
p > 0

∣∣∣∣ liminf
|ξ|→∞

|Ψ(ξ)|
|ξ|p = 0

}
. (5.49)

The distinction is that β∞ considers the limit, while β∞ deals with the inferior limit. In general,

one has that 0 ≤β∞ ≤β∞ ≤ 2. The Blumenthal-Getoor indices are linked to the local behavior

of Lévy processes and Lévy white noises (see Section 5.3.2 for more details). In addition, we

introduce the moment index of the Lévy white noise w as

pmax = sup
{

p > 0
∣∣ E[|〈w,1[0,1]d 〉|p ] <∞}

, (5.50)

which is closely related—but in general not identical—to the Pruitt index (see Section 5.3.2).

As we shall see, pmax ∈ (0,∞] fully characterizes the asymptotic growth rate of w . The class

of Lévy white noises is rich, and includes Gaussian and compound Poisson white noises. We

summarize the results of this work in Theorem 5.1. We use the convention that 1/p = 0 when

p =∞.

Theorem 5.1. Consider a Lévy white noise w with Blumenthal-Getoor indices 0 ≤β∞ ≤β∞ ≤ 2

and moment index 0 < pmax ≤∞. We fix 0 < p ≤∞.

• If w is a Gaussian white noise, then, almost surely,

τp (w) =−d

2
and ρp (w) =−d

p
. (5.51)

• If w is a compound Poisson white noise, then, almost surely,

τp (w) = d

p
−d and ρp (w) =− d

min(p, pmax)
. (5.52)
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• If w is a Lévy white noise and not a Gaussian white noise, then, almost surely,

d

max(p,β∞)
−d ≤ τp (w) ≤ d

max(p,β∞)
−d . (5.53)

In particular, if p ≥β∞, then τp (w) = d/p −d.

• If w is a Lévy white noise and not a Gaussian white noise, then, almost surely, if p ∈ (0,2),

p is an even integer, or p =∞,

ρp (w) =− d

min(p, pmax)
, (5.54)

and for any 0 < p ≤∞,

ρp (w) ≥− d

min(p, pmax)
. (5.55)

In a nutshell, Theorem 5.1 provides:

1. A full characterization of the local smoothness and the asymptotic growth rate for

Gaussian and compound Poisson white noises;

2. A characterization of the asymptotic growth rate for any Lévy white noise for integrability

parameter p ≤ 2, p an even integer, or p =∞; and

3. A full characterization of the local smoothness of a Lévy white noise for which β∞ =β∞;

that is, for any p ∈ (0,∞],

τp (w) = d

max(p,β∞)
−d . (5.56)

We discuss the remaining cases—the local smoothness for β∞ <β∞ and the asymptotic

growth rate for p > 2, p ∉ 2N—in Section 5.3.9. Two direct consequences are the identification

of the Sobolev (p = 2) and Hölder-Zigmund (p =∞) regularity of Lévy white noises.

Corollary 5.1. Let w be a Lévy white noise in S ′(Rd ) with Blumenthal-Getoor indices 0 ≤β∞ ≤
β∞ ≤ 2 and moment index 0 < pmax ≤∞. Then, the Sobolev local smoothness and asymptotic

growth rate (p = 2) are

τ2(w) =−d

2
and ρ2(w) =− d

min(2, pmax)
. (5.57)

Moreover, the Hölder-Zigmund local smoothness and asymptotic growth rate (p =∞) are

τ∞(w) =−d

2
and ρ∞(w) = 0 if w is Gaussian, and (5.58)

τ∞(w) =−d and ρ∞(w) =− d

pmax
otherwise. (5.59)
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Proof. The case p = 2 is directly deduced from Theorem 5.1 and the relation β∞ ≤β∞ ≤ 2. For

p =∞, we use again Theorem 5.1 with p =∞. The Gaussian case follows from (5.51). For the

non-Gaussian case, (5.53) gives τ∞(w), while (5.54) gives ρ∞(w).

Local Smoothness of Lévy Processes

It is worth noting that the Sobolev regularity is the same—τ2(w) =−d/2—for any Lévy white

noise. We also observe that the Hölder-Zigmund regularity of any non-Gaussian Lévy white

noise is (−d) (which is also the regularity of a Dirac impulse), the Gaussian case being dif-

ferent and reaching a smoothness of (−d/2). In the one-dimensional setting (d = 1), this is

reminiscent to the fact that the Brownian motion is the only continuous random process with

independent and stationary increments, the other Lévy processes being only càdlàg (French

acronym for functions that are right continuous with left limits at every points) [417]. Using

Theorem 5.1, we deduce the local smoothness of Lévy processes in Corollary 5.2.

Corollary 5.2. Let s :R→R be a one-dimensional Lévy process with Blumenthal-Getoor indices

0 ≤β∞ ≤β∞ ≤ 2. Then, we have almost surely that, for any 0 < p ≤∞,

τp (s) = 1

2
if s is the Wiener process, and (5.60)

τp (s) = 1

p
if s is a compound Poisson process. (5.61)

In the general case, we have almost surely that, for any 0 < p ≤∞,

1

max(p,β∞)
≤ τp (s) ≤ 1

max(p,β∞)
. (5.62)

Proof. A one-dimensional Lévy white noise w is the weak derivative of the corresponding Lévy

process s with identical characteristic exponent. This well-known fact has been rigorously

shown in the sense of generalized random processes in [379, Definition 3.4 and Proposition

3.17]. A direct consequence is that τp (s) = τp (w)+1, where w = s′. Then, Corollary 5.2 is a

reformulation of the local smoothness results of Theorem 5.1 with d = 1.

Related Works on Lévy Processes and Lévy White Noises

In this section, for comparison purposes, we reinterpret all the results in terms of the critical

smoothness and asymptotic growth rate of the considered random processes.

Lévy Processes. Most of the attention has been so far devoted to classic Lévy processes. The

Wiener process was studied in [418, 419, 420, 421, 422, 423], while [419] also contains results

on the Besov regularity of fractional Brownian motions and SαS processes. By exploiting the

self-similarity of the stable processes, Ciesielski et al. obtained the following results for the
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Gaussian [419, Theorem IV.3] and stable non-Gaussian [419, Theorem VI.1] scenarios:

1

2
≤ τp (sGauss) ≤ 1

min(2, p)
, (5.63)

1

max(p,α)
≤ τp (sα) ≤ 1

min(p,α)
, (5.64)

for any p ≥ 1, where sGauss is the Brownian motion and sα is the SαS process with parameter

1 <α< 2.

The complete family of Lévy processes—and, more generally, of Lévy-type processes—

has been considered by R. Schilling in a series of papers [424, 425, 426] synthesized in [427,

Chapter V] and by V. Herren [428]. To summarize, Schilling has shown that, for a Lévy process

s with indices 0 ≤β∞ ≤ 2 and 0 < pmax ≤∞,

1

max(p,β∞)
≤ τp (s) ≤ 1

p
, (5.65)

− 1

p
− 1

min(pmax,2)
≤ ρp (s). (5.66)

We observe that (5.63), (5.64), and (5.65) are consistent with Corollary 5.2. Moreover, our

results provide an improvement by showing that the lower bounds of (5.63) and (5.64) are

actually sharp. Finally, we significantly improve the upper bound of (5.65) for general Lévy

processes.

In contrast to the smoothness, the growth rate (5.66) of the Lévy process s does not seem

to be related to the one of its derivative the Lévy white noise w = s′ by a simple relation. In

particular, the rate of s is expressed in terms of the Pruitt index β0 = min(pmax,2), conversely

to pmax for w (see Section 5.3.2). This needs to be confirmed by a precise estimation of ρp (s)

for which only a lower bound is known.

Lévy White Noises. M. Veraar extensively studied the local Besov regularity of the d-

dimensional Gaussian white noise. As a corollary of [429, Theorem 3.4], one then deduces

that τp (wGauss) = −d/2. This work is based on the specific properties of the Fourier series

expansion of the random process under the Gaussianity assumption, and cannot be directly

adapted to Lévy white noises.

In our own works, we have investigated the question for general Lévy white noises in

dimension d in the periodic [430] and global settings [431]. We obtained the lower bounds

d

max(p,β∞)
−d ≤τp (w), and (5.67)

− d

min(p, pmax,2)
≤ρp (w). (5.68)

These estimates are improved by Theorem 5.1, which provides an upper bound for τp (w) and
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shows that (5.67) is sharp when β∞ = β∞. It is also worth noticing that the lower bound of

(5.68) is sharp if and only if pmax ≤ 2.

Sketch of Proof and the Role of Wavelet Methods

Our techniques are based on the wavelet characterization of Besov spaces, as presented by H.

Triebel in [403]. We shall see that wavelets are especially relevant to the analysis of Lévy white

noises.

We briefly present the strategy of the proof of Theorem 5.1 when the ambiant dimension

is d = 1. The general case d ≥ 1 is analogous and will be comprehensively addressed in the

rest of the section. Let (ψM ,ψF ) be the (mother, father) Daubechies wavelets of a fixed order

(the choice of the order has no influence on the results as soon as it is large enough). For

j ∈N and k ∈ Z, we define the rescaled and shifted functions ψF,k =ψF (·−k) and ψ j ,M ,k =
2 j /2ψM (2 j ·−k). Then, the family (ψF,k )k∈Z∪ (ψ j ,M ,k ) j∈N,k∈Z forms an orthonormal basis of

L2(R) [432]. For a given one-dimensional Lévy white noise w , one considers the family of

random variables

(〈w,ψF,k〉)k∈Z∪ (〈w,ψ j ,M ,k〉) j∈N,k∈Z. (5.69)

We then have that w = ∑
k∈Z〈w,ψF,k〉ψF,k +∑

j∈N
∑

k∈Z〈w,ψ j ,M ,k〉ψ j ,M ,k , where the conver-

gence is almost sure in S ′(R).

Then, for 0 < p <∞ (the case p =∞ will be deduced by embedding and is not discussed in

this section) and τ,ρ ∈R, the random variable

‖w‖Bτ
p (R;ρ) =

( ∑
k∈Z

〈k〉ρp |〈w,ψF,k〉|p + ∑
j∈N

2 j (τp−1+ p
2 )

∑
k∈Z

〈2− j k〉ρp |〈w,ψ j ,M ,k〉|p
)1/p

(5.70)

is well-defined and takes values in [0,∞]. Here, ‖w‖Bτ
p (R;ρ) is the Besov (quasi-)norm of the

Lévy white noise (see Section 5.3.2). This means that w is a.s. (almost surely) in Bτ
p (R;ρ) if and

only if ‖w‖Bτ
p (R;ρ) <∞ a.s., and a.s. not in Bτ

p (R;ρ) if and only if ‖w‖Bτ
p (R;ρ) =∞ a.s.

We then fix 0 < p < ∞. We assume that we have guessed the values τp (w) and ρp (w)

introduced in Section 5.3.1. Here are the main steps leading to the proof that these values are

effectively the critical ones.

• For τ< τp (w) and ρ < ρp (w), we show that ‖w‖Bτ
p (R;ρ) <∞ a.s. For p < pmax (see (5.50)),

we establish the stronger result E
[
‖w‖p

Bτ
p (R;ρ)

]
<∞. This requires moment estimates for

the wavelet coefficients of a Lévy white noise, which gives a precise estimation of the

behavior of E[|〈w,ψ j ,M ,k〉|p ] as j goes to infinity. When p > pmax, the random variables

〈w,ψ j ,M ,k〉 have an infinite pth moment and the present method is not applicable.

In that case, we actually deduce the result using embedding relations between Besov

spaces. It turns out that this approach is sufficient to obtain sharp results.
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• For τ> τp (w), we show that ‖w‖Bτ
p (R;ρ) =∞ a.s. To do so, we only consider the mother

wavelet and truncate the sum over k to yield the lower bound

‖w‖p
Bτ

p (R;ρ) ≥C
∑
j∈N

2 j (τp−1+ p
2 )

∑
0≤k<2 j

|〈w,ψ j ,M ,k〉|p (5.71)

for some constant C such that 〈2− j k〉ρp ≥C for every j ∈N and 0 ≤ k < 2 j . We then need

to show that the wavelet coefficients 〈w,ψ j ,M ,k〉 cannot be too small altogether using

Borel-Cantelli-type arguments. Typically, this requires us to control the evolution of

quantities such as P(
∣∣〈w,ψ j ,M ,k〉

∣∣> x) with respect to j and is again based on moment

estimates.

• For ρ > ρp (w), we show again that ‖w‖Bτ
p (R;ρ) =∞ a.s. This time, we only consider the

father wavelet in (5.70) and use the lower bound

‖w‖p
Bτ

p (R;ρ) ≥
∑

k∈Z
〈k〉ρp |〈w,ψF,k〉|p . (5.72)

A Borel-Cantelli-type argument is again used to show that the |〈w,ψF,k〉| cannot be too

small altogether, and that the Besov norm is a.s. infinite.

5.3.2 Mathematical Background

The Lévy-Itô Decomposition of Lévy White Noises

The Lévy-Itô decomposition is a fundamental result of the theory of Lévy processes. It reveals

that a Lévy process s = (s(t))t∈R can be decomposed as s = s1 + s2 + s3, where s1 is a Wiener

process, s2 is a compound Poisson process, and s3 is a square integrable pure jump martingale,

which corresponds to the small jumps of s [433, Theorem 2.4.16], [170, Theorems 19.2 and

19.3]. The extension of the Lévy-Itô decomposition to the multivariate setting requires to

define Lévy fields, for which different constructions are possible [385, 434, 435]. This includes

Lévy sheets, that we already mentioned and for which the Lévy-Itô decomposition has been

extended for Lévy sheets in [436, Theorem 4.6]. Using the Lévy-Itô decomposition of Lévy

sheets, we are able to provide an identical result for the Lévy white noise. This is based on the

connection between Lévy sheets and Lévy white noises, which is one of the main contribution

of [379]. Indeed, the Lévy white noise w satisfies the relation

D1 . . .Dd {s} = w (5.73)

for some Lévy sheet s in S ′(Rd ) [379, Defintion 3.4 and Proposition 3.17]. In dimension d = 1,

we recover that the (weak) derivative of the Lévy process is a Lévy white noise.

Proposition 5.3. A Lévy white noise w can be decomposed as

w = w1 +w2 +w3 (5.74)
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with w1 a Gaussian white noise, w2 a compound Poisson white noise, and w3 a Lévy white

noise with finite moments, the three being independent.

Proof. According to (5.73), w = D1 . . .Dd {s} for some Lévy sheet s :Rd →R. Then, according

to [436, Theorem 4.6], s can be decomposed as s = s1 + s2 + s3 where s1 is a Brownian sheet,

s2 is a compound Poisson sheet, and s3 is Lévy sheet which is a square integrable pure jump

martingale (s3 corresponds to the small jumps of s). Moreover, the three random fields s1, s2, s3

are independent from each other. Then, the jumps of s3 are bounded by construction, implying

that it has finite moments [433, Theorem 2.4.7]. Finally, we have that

w = D1 . . .Dd {s} = D1 . . .Dd {s1}+D1 . . .Dd {s2}+D1 . . .Dd {s3} := w1 +w2 +w3, (5.75)

where w1 is a Gaussian white noise, w2 is a compound Poisson white noise, and w3 is a Lévy

white noise with finite moments. This last point is indeed ensured by the fact that the Lévy

measure ν3 associated to s3 and therefore w3 has a compact support. Hence, we have that∫
R |t |p dν3(t) <∞ for any p > 0. This implies that E[|〈w3,ϕ〉|p ] <∞ for any ϕ ∈ S (Rd ) and

p > 0 according to [170, Theorem 25.3] (see also Proposition 5.4 thereafter). Note moreover

that w1, w2, and w3 are independent, because the corresponding Lévy sheets are.

Indices of Lévy White Noises

We introduce various indices associated to Lévy white noises. First of all, we exclude Lévy

white noises with dominant drift via the following classic notion that appears for instance

in [408, 425].

Definition 5.4. We say that a Lévy white noise w with characteristic exponent Ψ satisfies the

sector condition if there exists M > 0 such that

∀ξ ∈R, |ℑ{Ψ(ξ)}| ≤ M |ℜ{Ψ(ξ)}| . (5.76)

This condition ensures that no drift is dominating the Lévy white noise. For instance, the

deterministic Lévy white noise w =µ 6= 0 a.s., which corresponds to the Lévy triplet (µ,0,0),

is such that Ψ(ξ) = jµξ and does not satisfy the sector condition. This is also the case for

w =µ+wα where wα is a SαS process with α ∈ (0,2]. It is worth noting that the characteristic

exponent of a symmetric Lévy white noise is real, and therefore satisfies the sector condition.

In the rest of this section, we will always assume that the sector condition is satisfied without

further mention.

In Theorem 5.1, the smoothness and growth rate of Lévy white noises is characterized in

terms of the indices (5.48), (5.49), and (5.50). We give here some additional insight about these

quantities. The index β∞ was introduced by R. Blumenthal and R. Getoor [437] to characterize

the behavior of Lévy processes at the origin. This quantity appears to be related to many

local properties of random processes driven by Lévy white noises, including the Hausdorff
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dimension of the image set [427], the spectrum of singularities [434, 438], the Besov regularity

[427, 431, 424, 426] and more generally sample path properties [439, 440, 441], the local self-

similarity [442], or the local compressiblity [443]. Finally, the index β∞ plays a crucial role in

the specification of negative results, such as the identification of the Besov spaces in which

the Lévy white noises are not. It satisfies moreover the relation 0 ≤β∞ ≤β∞ ≤ 2.

In [444], W. Pruitt proposed the index

β0 = sup

{
p > 0

∣∣∣∣ lim
|ξ|→0

|Ψ(ξ)|
|ξ|p = 0

}
(5.77)

as the asymptotic counterpart of β∞. This quantity appears in the asymptotic growth rate of

the supremum of Lévy(-type) processes [425] and the asymptotic self-similarity of random

processes driven by Lévy white noises [442]. The Pruitt index differs from the index pmax

that appears in Theorem 5.1. Actually, the two quantities are linked by the relation β0 =
min(pmax,2). This is shown by linking β0 to the Lévy measure [427] and knowing that β0 ≤ 2

(see the appendix of [408] for a short and elegant proof). This means that β0 < pmax when the

Lévy white noise has some finite pth moments fo p > 2, and one cannot recover pmax from

β0 in this case. It is therefore necessary to introduce the index pmax in addition to the Pruitt

index in our analysis. Note moreover that the moment index fully characterizes the moment

properties of the Lévy white noise in the following sense.

Proposition 5.4. Let 0 < p <∞ and w be a Lévy white noise with moment index pmax ∈ (0,∞].

We also fix a compactly supported and bounded test function ϕ 6= 0. If p < pmax, then

E[|〈w,ϕ〉|p ] <∞, (5.78)

while if p > pmax, then

E[|〈w,ϕ〉|p ] =∞. (5.79)

Proposition 5.4 can be deduced from more general results presented in [383] and [382],

where the set of test functions ϕ such that E[|〈w,ϕ〉|p ] <∞ is fully characterized. For us, it is

enough to know that the result is true for compactly supported bounded test functions, which

includes Daubechies wavelets. We provide a proof thereafter for the sake of completeness,

since this result is not exactly stated as such in the literature and known results require to

introduce tools that are unnecessary for this work. The first part (5.78) allows one to consider

the moments of 〈w,ϕ〉 for any p < pmax. The second part (5.79) shows that some moments

are infinite and will appear to be useful later on.

Proof of Proposition 5.4. The proof relies on the link between the moments of w and the

moments of its Lévy measure ν. According to [170, Theorem 25.3], a random variable X with

Lévy measure ν is such that

E[|X |p ] <∞ ⇐⇒
∫
|t |>1

|t |p dν(t ) <∞. (5.80)
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Applying this to X = 〈w,1[0,1)d 〉 (whose Lévy measure is indeed ν)) and using the definition of

pmax in (5.50), we deduce that∫
|t |>1

|t |p dν(t ) <∞ if p < pmax, and
∫
|t |>1

|t |p dν(t ) =∞ if p > pmax. (5.81)

According to [382, Proposition 3.14], we have that E[|〈w,ϕ〉|p ] <∞ if and only if∫
Rd

∫
R
|tϕ(x)|p1|tϕ(x)|>1dν(t )dx <∞. (5.82)

Let K be the compact support of ϕ. Moreover, the test function being non identically zero,

there exists m > 0 such that Leb({|ϕ| ≥ m}) > 0 where Leb is the Lebesgue measure. Set

p < pmax, then for every t ∈R and every x ∈ K , we have that 1|tϕ(x)|>1 ≤1|t |‖ϕ‖∞>1. Therefore,

according to the left side of (5.81),∫
Rd

∫
R
|tϕ(x)|p1|tϕ(x)|>1dν(t )dx ≤

∫
K

∫
R
|t |p‖ϕ‖p

∞1|t |‖ϕ‖∞>1dν(t )dx

= Leb(K )‖ϕ‖p
∞

∫
|t |>1/‖ϕ‖∞

|t |p dν(t ) <∞, (5.83)

proving (5.78). Moreover, if p > pmax, then, using the right side of (5.81) and the inequality

1|tϕ(x)|>1 ≥1|t |m>1 for every x ∈ {|ϕ| ≥ m}, we have∫
Rd

∫
R
|tϕ(x)|p1|tϕ(x)|>1dν(t )dx ≥

∫
|ϕ|≥m

∫
R
|t |p mp

1|t |m>1dν(t )dx

= Leb({|ϕ| ≥ m})mp
∫
|t |>1/m

|t |p dν(t ) =∞, (5.84)

and (5.79) is proved.

We now summarize how the indices of the Lévy-Itô decomposition of a Lévy white noise

behave in Proposition 5.5.

Proposition 5.5. Let w be a Lévy white noise w and let w = w1 + w2 + w3 be its Lévy-Itô

decomposition according to (5.74) in Proposition 5.3, where w1 is Gaussian, w2 is compound

Poisson, and w3 have finite moments.

(i) If w1, w2, and w3 are nonzero, then

β∞(w1) =β∞(w1) = 2, β∞(w2) =β∞(w2) = 0, and pmax(w1) = pmax(w3) =∞. (5.85)

(ii) If w = w2 +w3 has no Gaussian part (w1 = 0) with w3 nonzero, then

β∞(w) =β∞(w3), β∞(w) =β∞(w3), and pmax(w) = pmax(w2). (5.86)
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(iii) If w = w1 +w2 +w3 with w1 and w3 non zero, then

β∞(w) =β∞(w) = 2 and pmax(w) = pmax(w2). (5.87)

Proof. Let Ψ be the characteristic exponent of w , and (µ,σ2,ν) be its Lévy triplet. We assume

that µ= 0, what has no impact on the indices. The Lévy-Itô decomposition corresponds to the

following sum for the characteristic exponent:

Ψ(ξ) =−σ
2ξ2

2︸ ︷︷ ︸
Ψ1(ξ)

+
∫
R

(ejξt −1)1|t |>1dν(t )︸ ︷︷ ︸
Ψ2(ξ)

+
∫
R

(ejξt −1− jξt )1|t |≤1dν(t )︸ ︷︷ ︸
Ψ3(ξ)

, (5.88)

where, Ψ1, Ψ2, and Ψ3 are the characteristic exponents of w1, w2, and w3 respectively, with

respective triplets (0,σ2,0), (0,0,1|·|>1ν), and (0,0,1|·|≤1ν).

(i) The characteristic exponent of w1 is Ψ1(ξ) = −σ2ξ2/2, hence β∞(w1) = β∞(w1) = 2

follows directly from the definition of the indices in (5.48) and (5.49). Moreover,Ψ2 is bounded

due to |Ψ2(ξ)| ≤ 2
∫
|t |>1 dν(t ) <∞, therefore β∞(w2) =β∞(w2) = 0. Finally, we have seen in the

proof of Proposition 5.3 that the moments of w3 are finite, hence pmax(w3) =∞. It is moreover

clear that the moments of the Gaussian white noise are finite, hence pmax(w1) =∞ and the

relations (5.85) are proved.

(ii) Assume that w1 = 0. The characteristic exponent Ψ2 is bounded by some constant

C > 0. Hence, since Ψ(ξ) =Ψ2(ξ)+Ψ3(ξ), we deduce that

|Ψ3(ξ)|−C ≤ |Ψ(ξ)| ≤ |Ψ3(ξ)|+C (5.89)

for every ξ ∈R. The left inequality (5.89) implies that β∞(w) ≥β∞(w3) and β∞(w) ≥β∞(w3).

The right inequality gives the other inequalities for the Blumenthal–Getoor indices and there-

fore β∞(w) =β∞(w3) and β∞(w) =β∞(w3).

For the moment index, we recall that |a +b|p ≤ 2p−1(|a|p +|b|p ) (by convexity of x 7→ xp on

R+) for every a,b ∈R and p ≥ 1 and that |a +b|p ≤ (|a|p +|b|p ) when 0 < p < 1 (since x 7→ |x|p
is subadditive). We set cp = 2p−1 if p ≥ 1 and cp = 1 if 0 < p < 1. Then, if X and Y are two

random variables such that E[|Y |p ] <∞, then we have that

c−1
p E[|X |p ]−E[|Y |p ] ≤ E[|X +Y |p ] ≤ cp (E[|X |p ]+E[|Y |p ]). (5.90)

Applying (5.90) to X = 〈w2,1[0,1]d 〉 and Y = 〈w3,1[0,1]d 〉, the later having finite pth moments

for any p > 0, we deduce that

E
[∣∣〈w,1[0,1]d 〉

∣∣p]= E[|X +Y |p ] <∞ ⇐⇒ E
[∣∣〈w2,1[0,1]d 〉

∣∣p]= E[|X |p ] <∞. (5.91)

Hence, w and w2 have the same moment index.
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(iii) Assume that w1 6= 0. Using thatΨ1(ξ) =−σ2ξ2 and thatΨ2 andΨ3 (like every character-

istic exponent, see for instance [381, Proposition 2.4]), is asymptotically dominated by ξ 7→ ξ2,

we deduce that C1|Ψ1(ξ)| ≤ |Ψ(ξ)| ≤C2|Ψ1(ξ)| for some constants C1,C2 > 0 and every ξ ∈ R
such that |ξ| ≥ 1. Therefore, w and w1 have the same Blumenthal-Getoor indices β∞ =β∞ = 2.

We have shown the equalities on Blumenthal-Getoor indices in (5.86) and (5.87). The proof

for the moment index is identical to the case w1 = 1, this time with Y = 〈w1 +w3,1[0,1]d 〉.

Weighted Besov Spaces

As we have seen in Section 5.3.1, Besov spaces are natural candidates for characterizing

the regularity of Lévy processes and Lévy white noises. We define the family of weighted

Besov spaces based on wavelet methods, as exposed in [403]. Besov spaces have a long

history in functional analysis [415]. They were successfully revisited by the introduction

of wavelet methods following the works of Y. Meyer [348] and applied to the analysis of

stochastic processes, including the Brownian motion [418, 419, 421], the fractional Brownian

motion [445, 404], sparse random processes [334, 443, 405, 48], and general solutions of

SPDEs [446, 447].

Essentially, weighted Besov spaces are subspaces of S ′(Rd ) that are characterized by

weighted sequence norms of the wavelet coefficients. Following H. Triebel, we use the com-

pactly supported wavelets discovered by I. Daubechies [346], which we introduce first. The

scale and shift parameters of the wavelets are respectively denoted by j ∈ N and k ∈ Zd .

The symbols M and F refer to the gender of the wavelet (M for the mother wavelets and F

for the father wavelet). Consider two functions ψM and ψF ∈ L2(R). We set G 0 = {M ,F }d

and for j ≥ 1, G j = {M ,F }d \{(F, . . . ,F )}. Therefore, the cardinal of G 0 is Card(G 0) = 2d , while

Card(G j ) = 2d − 1 for j ≥ 1. For G = (G1, . . . ,Gd ) ∈ G 0, called a gender, we set, for every

x = (x1, . . . , xd ) ∈Rd , ψG (x) =∏d
i=1ψGi (xi ). For j ∈N, G ∈G j , and k ∈Zd , we define

ψ j ,G ,k := 2 j d/2ψG (2 j ·−k). (5.92)

We shall also use the notations F = (F, . . . ,F ) and M = (M , . . . , M) for the purely father and

purely mother genders. It is known that, for any r0 ≥ 1, there exists two functions ψM ,ψF ∈
L2(R), called Daubechies wavelets, that are compactly supported, with at least r0 continuous

derivatives and vanishing moments up to order at least (r0 −1), and such that the family10

{ψ j ,G ,k }( j ,G ,k)∈N×G j×Zd is an orthonormal basis of L2(Rd ) [403, Section 1.2.1].

We now introduce the family of weighted Besov spaces Bτ
p (Rd ;ρ). Traditionally, Besov

spaces also depend on the additional parameter q ∈ (0,∞] (see for instance [403, Definition

1.22]). We shall only consider the case q = p in this work, so that we do not refer to this

10There is a slight abuse of notation when we write ( j ,G ,k) ∈N×G j ×Zd , since j appears as the first element of
the triplet ( j ,G ,k) and specifies the location of the gender G ∈G j . We keep this notation for its convenience.
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parameter.

We introduce weighted Besov spaces in Definition 5.5 relying on the wavelet decomposition

of (generalized) functions. This construction is equivalent to the more usual Fourier-based

definitions, as proved in [403, Theorem 1.26]. We use the notation (x)+ = max(x,0).

Definition 5.5. Let τ,ρ ∈ R and 0 < p ≤ ∞. Fix an integer r0 > max(τ,d(1/p −1)+−τ) and

consider a family of Daubechies wavelets {ψ j ,G ,k }( j ,G ,k)∈N×G j×Zd , where ψM and ψF have at

least r0 continuous derivatives and ψM has vanishing moments up to order at least (r0 −1). The

weighted Besov space Bτ
p (Rd ;ρ) is the collection of tempered generalized functions f ∈S ′(Rd )

that can be written as

f = ∑
j∈N

∑
G∈G j

∑
k∈Zd

c j ,G ,kψ j ,G ,k , (5.93)

where the c j ,G ,k satisfy

∑
j∈N

2 j (τp−d+ d p
2 )

∑
G∈G j

∑
k∈Zd

〈2− j k〉ρp |c j ,G ,k |p <∞ (5.94)

and where the convergence (5.93) holds on S ′(Rd ). The usual adaptation is made for p =∞;

that is,

sup
j∈N

2 j (τ+ d
2 ) sup

G∈G j

sup
k∈Zd

〈2− j k〉ρ|c j ,G ,k | <∞. (5.95)

The integer r0 in Definition 5.5 is chosen such that the mother wavelet has enough van-

ishing moments and the mother and father wavelets are regular enough to be applied to a

function of Bτ
p (Rd ;ρ). We refer the reader to [403, Section 1.2.1] and references therein for

more details about the role of the smoothness and the vanishing moments of Daubechies

wavelets. When the convergence (5.93) occurs, the duality product 〈 f ,ψ j ,G ,k〉 is well defined

and we have c j ,G ,k = 〈 f ,ψ j ,G ,k〉. Moreover, for p <∞, the quantity

‖ f ‖Bτ
p (Rd ;ρ) :=

(∑
j∈N

2 j (τp−d+ d p
2 )

∑
G∈G j

∑
k∈Zd

〈2− j k〉ρp |〈 f ,ψ j ,G ,k〉|p
)1/p

(5.96)

is finite for any f ∈ Bτ
p (Rd ;ρ) and specifies a norm (a quasi-norm, respectively) on the space

Bτ
p (Rd ;ρ), with p ≥ 1 (p < 1, respectively). The space Bτ

p (Rd ;ρ) is a Banach (a quasi-Banach,

respectively) for this norm (quasi-norm, respectively) [403, Theorem 1.26]. For p =∞, (5.96)

becomes

‖ f ‖Bτ∞(Rd ;ρ) := sup
j∈N

2 j (τ+ d
2 ) sup

G∈G j

sup
k∈Zd

〈2− j k〉ρ|〈 f ,ψ j ,G ,k〉|, (5.97)

and Bτ∞(Rd ;ρ) is a Banach space for this norm.

Proposition 5.6 (Embeddings between weighted Besov spaces). Let 0 < p0 ≤ p1 ≤ ∞ and

τ0,τ1,ρ0,ρ1 ∈R.
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1
p

τ

τ0

1
p0

(a) The (1/p,τ)-diagram for fixed ρ0.

1
p

ρ

ρ0

1
p0

(b) The (1/p,ρ)-diagram for fixed τ0.

Figure 5.9 – Representation of the embeddings between Besov spaces: If f ∈ Bτ0
p0

(Rd ;ρ0), then f

is in every Besov space that is in the lower shaded green regions. Conversely, if f ∉ Bτ0
p0

(Rd ;ρ0),
then f is in none of the Besov spaces of the upper shaded red regions.

• We have the embedding Bτ0
p0

(Rd ;ρ0) ⊆ Bτ1
p1

(Rd ;ρ1) as soon as

τ0 −τ1 ≥ d

p0
− d

p1
and ρ0 ≥ ρ1. (5.98)

• We have the embedding Bτ1
p1

(Rd ;ρ1) ⊆ Bτ0
p0

(Rd ;ρ0) as soon as

ρ1 −ρ0 > d

p0
− d

p1
and τ1 > τ0. (5.99)

The embedding for the conditions (5.98) was proved by D.E. Edmunds and H. Triebel [448,

Equation (9), Section 4.2.3] for general weights. The embedding for the conditions (5.99) was

obtained in [431, Section 2.2.2]. Note that (5.47) is deduced from (5.98) by taking p0 = p1 = p.

The embedding relations are summarized in the two Triebel diagrams11 of Figure 5.9.

As a simple example, we obtain the Besov localization of the Dirac distribution. This result

is of course well-known (an alternative proof can be found for instance in [449]) but we provide

a new proof for two reasons: (1) it illustrates how to use the wavelet-based characterization

of Besov spaces and (2) the result will be used to obtain sharp results for compound Poisson

white noises.

Proposition 5.7. Let 0 < p <∞, τ ∈ R, and ρ ∈ R. Then, the Dirac impulse δ is in Bτ
p (Rd ;ρ) if

and only if τ< d
p −d. Moreover, δ ∈ Bτ∞(Rd ;ρ) if and only if τ≤−d.

11The representation of the smoothness properties in diagrams with axis (1/p,τ) is inherited from the work of H.
Triebel. It is very convenient because the smoothness has often a simple formulation in terms of 1/p, as appear
typically in our Theorem 5.1. This is also valid for the asymptotic rate ρ.
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We remark that the weight ρ ∈ R plays no role in Proposition 5.7. This is a simple conse-

quence of the fact that δ is compactly supported, and therefore insensitive to the weight, as

will appear in the proof.

Proof of Proposition 5.7. We first treat the case p <∞. The wavelet coefficients of δ are c j ,G ,k =
2 j d/2ψG (−k), hence the Besov (quasi-)norm of the Dirac impulse is given by

‖δ‖p
Bτ

p (Rd ;ρ)
= ∑

j∈N
2 j (τp−d+d p)

∑
G∈G j

∑
k∈Zd

〈2− j k〉ρp |ψG (−k)|p . (5.100)

We first introduce some notations. The 2d wavelets ψG with gender G describing G 0 are

bounded, hence the constant b = maxG∈G 0‖ψG‖∞ is finite. We denote by K the set of multi-

integers k ∈Zd such that ψG (−k) 6= 0 for some gender G ∈G 0. The set K is finite because the

2d wavelets are compactly supported and we set n0 = Card(K ). Moreover, the set K is non

empty; otherwise, (5.100) would imply that ‖δ‖p
Bτ

p (Rd ;ρ)
= 0, hence δ= 0, which is absurd. We

fix some element k0 ∈ K and G0 a gender such that ψG0 (−k0) 6= 0. We set a = |ψG0 (−k0)| > 0.

Then, there exists a constant M > 0 such that ‖2− j k‖ ≤ M for any j ∈ N and (−k) ∈ K . In

particular, for such k and j , we have that 1 ≤ 〈2− j k〉 = (1+‖2− j k‖2)1/2 ≤ 〈M〉, and therefore,

0 < min(1,〈M〉ρp ) ≤ 〈2− j k〉ρp ≤ max(1,〈M〉ρp ) <∞. (5.101)

Fix j ≥ 0. Then, we have the lower bound∑
G∈G j

∑
k∈Zd

〈2− j k〉ρp |ψG (−k)|p ≥ 〈2− j k0〉ρp ap ≥ A := min(1,〈M〉ρp )ap . (5.102)

We recall that Card(G j ) ≤ 2d . Then, we also have the upper bound∑
G∈G j

∑
k∈Zd

〈2− j k〉ρp |ψG (−k)|p ≤ ∑
G∈G j

∑
k∈K

〈2− j k〉ρp bp ≤ B := 2d n0 max(1,〈M〉ρp )bp . (5.103)

Combining (5.102) and (5.103), we therefore deduce that

A
∑
j∈N

2 j (τp−d+d p) ≤ ‖δ‖p
Bτ

p (Rd ;ρ)
≤ B

∑
j∈N

2 j (τp−d+d p). (5.104)

The sum converges for (τp −d +d p) < 0 and diverges otherwise, implying the result.

We now adapt the argument to the case p =∞ for which the Besov norm is given by

‖δ‖Bτ∞(Rd ;ρ) = sup
j∈N

2 j (τ+d) sup
G∈G j

sup
k∈Zd

〈2− j k〉ρ|ψG (−k)|. (5.105)
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We have that, for any j ∈N,

A′ := a min(1,〈M〉ρ) ≤ sup
G∈G 0

sup
k∈Zd

〈2− j k〉ρ|ψG (−k)| ≤ B ′ := b max(1,〈M〉ρ). (5.106)

Therefore, we deduce that

A′ sup
j∈N

2 j (τ+d) ≤ ‖δ‖Bτ∞(Rd ;ρ) ≤ B ′ sup
j∈N

2 j (τ+d), (5.107)

and ‖δ‖Bτ∞(Rd ;ρ) <∞ if and only if τ+d ≤ 0.

5.3.3 Gaussian White Noise

Our goal in this section is to prove the Gaussian part of Theorem 5.1. Without loss of generality,

we focus on the Gaussian white noise with zero mean and unit variance.

The Gaussian case is much simpler than the general one since the wavelet coefficients of

the Gaussian white noise are independent and identically distributed. We present it separately

for three reasons: (i) it can be considered as an instructive toy problem that already contains

some of the technicalities that will appear for the general case; (ii) it cannot be deduced from

the other sections, where the results are based on a careful study of the Lévy measure; and (iii)

the localization of the Gaussian white noise in weighted Besov spaces has not been addressed

in the literature, to the best of our knowledge. We first state three simple lemma that will be

useful throughout this work.

Lemma 5.1. Let (Nk )k≥1 be a sequence such that Nk →∞ when k →∞. Assume that we have

i.i.d. random variables Y i
k with k ≥ 1 and 1 ≤ i ≤ Nk such that Y i

k ≥ 0 and P(Y i
k > 0) > 0. Let

(Zk )k≥1 be the family of random variables such that Zk = 1
Nk

∑Nk

i=1 Y i
k . Then,

∑
k≥1 Zk =∞ a.s.

Proof. Let µ = E[Y i
k ] ∈ (0,∞]. If µ =∞, we set Ỹ i

k = min(Y i
k ,1). Then, the Ỹ i

k are i.i.d., non-

negative with P(Ỹ i
k > 0) > 0, and such that µ̃= E[Ỹ i

k ] ≤ 1 <∞. Moreover, we have that

∑
k≥1

Zk = ∑
k≥1

1

Nk

Nk∑
i=1

Y i
k ≥ ∑

k≥1

1

Nk

Nk∑
i=1

Ỹ i
k = ∑

k≥1
Z̃k , (5.108)

where we set Z̃k = 1
Nk

∑Nk

i=1 Ỹ i
k . Due to (5.108), it is then sufficient to demonstrate Lemma 5.1

for µ<∞, which we do now.

Let (Wk )k≥1 be a family of i.i.d. random variables whose common law is the one of the Y i
k

and define W k = 1
Nk

∑Nk

i=1 Wi . The weak law of large numbers implies that P(|W k −µ| ≥ x)

vanishes when k →∞ for any x > 0. Taking x =µ/2, we readily deduce that P(W k ≥µ/2) goes
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to 1 when k →∞. Moreover, we have the equality Zk
(L )= W k , therefore, we also have that

P(Zk ≥µ/2) −→
k→∞

1. (5.109)

This implies in particular that
∑

k≥1 P(Zk ≥ µ/2) =∞. The events {Zk ≥ µ/2} are moreover

independent due to the independence of the Y i
k . Using the Borel-Cantelli lemma, we deduce

that Zk ≥ µ/2 for infinitely many k a.s. An obvious consequence is then that
∑

k≥1 Zk =∞
a.s..

As a consequence of Lemma 5.1, we deduce Lemma 5.2.

Lemma 5.2. Assume that (Xk )k∈Zd , is a sequence of i.i.d. random variables such that P(|Xk | >
0) > 0. Then, ∑

k∈Zd

|Xk |
〈k〉d

=∞ a.s. (5.110)

Proof. First of all, the result for any dimension d is easily deduced from the one-dimensional

case. Moreover, |k| and 〈k〉 are equivalent asymptotically, hence it is equivalent to show that∑
k≥1

|Xk |
k =∞ for Xk i.i.d. with P(|Xk | > 0) > 0. Setting Zk = 1

2k−1

∑2k−1
`=2k−1 |X`| for k ≥ 1, we

deduce (5.110) by applying Lemma 5.1 with Nk = 2k−1 and Y i
k = X2k−1+i−1 and observing that∑

k≥1
|Xk |

k ≥ 1
2

∑
k≥1 Zk =∞.

Finally, we state the last lemma that deals with supremum of i.i.d. sequences of random

variables.

Lemma 5.3. Let (Xk )k≥1 be a sequence of i.i.d. random variables such that P(|Xk | ≥ M) > 0

for every M ≥ 0. Then, we have that, almost surely,

sup
k≥1

|Xk | =∞. (5.111)

Proof. Let M > 0. The assumption P(|Xk | ≥ M) > 0 and the fact that the events {|Xk | ≥ M }

are independent implies, thanks to the Borel-Cantelli lemma, that there exists almost surely

(infinitely many) k ≥ 1 such that |Xk | ≥ M . Hence, supk≥1 |Xk | ≥ M almost surely. This being

true for every M > 0, we deduce (5.111).

We characterize the Besov regularity of the Gaussian white noise in Proposition 5.8.

Proposition 5.8. Fix 0 < p ≤∞ and τ,ρ ∈R. The Gaussian white noise w is

• almost surely in Bτ
p (Rd ;ρ) if τ<−d/2 and ρ <−d/p, and

• almost surely not in Bτ
p (Rd ;ρ) if τ≥−d/2 or ρ ≥−d/p.
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A direct consequence of Proposition 5.8 is Corollary 5.3, where we identify the local smooth-

ness and the asymptotic growth rate of the Gaussian white noise, that are defined for (deter-

ministic) generalized functions in Section 5.3.1.

Corollary 5.3. Let w be a Gaussian white noise and 0 < p ≤∞. Then, we have almost surely

that

τp (w) =−d

2
and ρp (w) =−d

p
. (5.112)

Remark. The determination of the local smoothness and the asymptotic growth rate

is insensitive to the fact that the generalized function f is or is not in the critical space

B
τp ( f )
p (Rd ;ρp ( f )). For the Gaussian white noise, Proposition 5.8 implies that (almost surely)

w ∉ B
τp (w)
p (Rd ;ρp (w)) for every 0 < p ≤ ∞. In that sense, Proposition 5.8 contains more

information than Corollary 5.3, since we cannot deduce the critical cases treated in the

proposition from the result of the corollary.

Proof of Proposition 5.8. Recall that we restrict, without loss of generality, to Gaussian white

noise with unit variance σ2 = 1. Then, 〈w,ϕ1〉 and 〈w,ϕ2〉 are independent if and only if

〈ϕ1,ϕ2〉 = 0. Moreover, 〈w,ϕ〉 is a Gaussian random variable with variance ‖ϕ‖2
2 [362, Section

2.5]. The family of functions {ψ j ,G ,k }( j ,G ,k)∈N×G j×Zd being orthonormal, the random variables

〈w,ψ j ,G ,k〉 are therefore i.i.d. with law N (0,1).

Case p < ∞, τ < −d/2, and ρ < −d/p. For p > 0, we denote by Cp the pth moment of

a Gaussian random variable with zero mean and unit variance. In particular, we have that

E
[|〈w,ψ j ,G ,k〉|p

]=Cp for any j ∈N,G ∈G j ,k ∈Zd , and therefore

E

[
‖w‖p

Bτ
p (Rd ;ρ)

]
= ∑

j∈N
2 j (τp−d+ d p

2 )
∑

G∈G j

∑
k∈Zd

〈2− j k〉ρpE
[|〈w,ψ j ,G ,k〉|p

]
=Cp

∑
j∈N

2 j (τp−d+ d p
2 )Card(G j )

∑
k∈Zd

〈2− j k〉ρp

≤ 2dCp
∑
j∈N

2 j (τp−d+ d p
2 )

∑
k∈Zd

〈2− j k〉ρp . (5.113)

The last inequality is due to Card(G j ) ≤ 2d . Since ρp <−d and 〈2− j k〉 ∼
‖k‖→∞

2− j‖k‖, we have

that
∑

k∈Zd 〈2− j k〉ρp <∞. Moreover, we recognize a Riemann sum and have the convergence

2− j d
∑

k∈Zd

〈2− j k〉ρp −→
j→∞

∫
Rd
〈x〉ρp dx <∞. (5.114)

In particular, the series
∑

j 2 j (τp+ d p
2 )

(
2− j d ∑

k〈2− j k〉ρp
)

converges if and only if the series∑
j 2 j (τp+ d p

2 ) does; in other words, if and only if τ<−d/2. Finally, if τ<−d/2 and ρ <−d/p,

we have shown that E[‖w‖p
Bτ

p (Rd ;ρ)
] <∞ and therefore w ∈ Bτ

p (Rd ;ρ) almost surely.
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Case p <∞ and τ≥−d/2. Then, we have 2 j (τp−d+d p/2) ≥ 2− j d . We aim at establishing a

lower bound for the Besov norm of w and we restrict to the purely mother wavelet with gender

G = M = (M , . . . , M) ∈G j for any j ∈N. For k = (k1, . . . ,kd ) ∈Zd such that 0 ≤ ki < 2 j for every

i = 1, . . . ,d , we have that

〈2− j k〉ρp ≥C := min
‖x‖∞≤1

〈x〉ρp . (5.115)

For ‖x‖∞ ≤ 1, we have that 1 ≤ 〈x〉 = (1+‖x‖2)1/2 ≤ (1+d)1/2, hence C ≥ min(1,(1+d)ρp/2) > 0.

Then, we have

‖w‖p
Bτ

p (Rd ;ρ)
≥ ∑

j∈N
2− j d

∑
0≤k1,...,kd<2 j

〈2− j k〉ρp |〈w,ψ j ,M ,k〉|p

≥C
∑
j∈N

2− j d
∑

0≤k1,...,kd<2 j

|〈w,ψ j ,M ,k〉|p . (5.116)

The random variables 〈w,ψ j ,M ,k〉 are i.i.d. We can therefore apply Lemma 5.1 with blocks of

size 2 j d , which goes to infinity when j →∞ to conclude that ‖w‖p
Bτ

p (Rd ;ρ)
=∞ a.s.

Case p <∞ and ρ ≥−d/p. We retain only the father wavelet φ=ψF where F = (F, . . . ,F ) ∈
G 0 and the scale j = 0 and exploit the relation ρp ≥−d to deduce the lower bound

‖w‖p
Bτ

p (Rd ;ρ)
≥ ∑

k∈Zd

〈k〉ρp |〈w,φk〉|p ≥ ∑
k∈Zd

|〈w,φk〉|p
〈k〉d

, (5.117)

with the notation φk =φ(·−k). Finally, the random variables 〈w,φk〉 being i.i.d., Lemma 5.2

applies and ‖w‖p
Bτ

p (Rd ;ρ)
=∞ almost surely.

Case p =∞, τ < −d/2, and ρ < 0. This case is deduced using the embeddings between

Besov spaces. First of all, for ε≤ min(−d/2−τ,−ρ), we have that

B−d/2−ε
∞ (Rd ;−ε) ⊆ B−d/2−ε

∞ (Rd ;ρ) ⊆ Bτ
∞(Rd ;ρ) (5.118)

using (5.47) first for the weight and then for the smoothness parameters. It therefore suffices

to show the existence of 0 < ε≤ min(−d/2−τ,−ρ) such that w ∈ B−d/2−ε∞ (Rd ;−ε). Fix such an

ε. Then, for every p <∞, we already proved that w ∈ B−d/2−ε/2
p (Rd ;−d/p −ε/2) a.s. Applying

this to p = 2d/ε, we then remark that

B−d/2−ε/2
p (Rd ;−d/ρ−ε/2) = B−d/2−ε/2

2d/ε (Rd ;−ε). (5.119)

Moreover, applying Proposition 5.6 with p0 = 2d/ε< p1 =∞, τ0 =−d/2−ε/2, τ1 =−d/2−ε,

ρ0 =−d/p0 − ε/2 =−ε = ρ1, we easily verify that (5.98) is satisfied and therefore, using also

(5.118), we have a.s. that

w ∈ B−d/2−ε/2
2d/ε (Rd ;−ε) ⊂ B−d/2−ε

∞ (Rd ;−ε) ⊆ Bτ
∞(Rd ;ρ), (5.120)
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concluding this case.

Case p =∞ and τ≥−d/2. Note that the case τ>−d/2 can be deduced from the results for

p <∞ by embedding, but one cannot deduce the case τ=−d/2. By keeping only the purely

mother wavelet ψM with M = (M , . . . , M) and the shift parameter k = 0, the Besov norm (5.97)

applied to the Gaussian white noise is

‖w‖Bτ∞(Rd ;ρ) ≥ sup
j∈N

|〈w,ψ j ,M ,0〉|. (5.121)

The Gaussian random variables 〈w,ψ j ,M ,0〉 are independent and verifies the conditions of

Lemma 5.3 (since P(|〈w,ψ j ,M ,0〉| ≥ M) > 0 for every M ≥ 0). This implies that sup j∈N|〈w,ψ j ,M ,0〉| =
∞ a.s., and therefore w ∉ Bτ∞(Rd ;ρ) a.s. due to (5.121).

Case p =∞ and ρ ≥ 0. Again, the case ρ > 0 can be deduced from the results for p <∞
by embedding, but the case ρ = 0 cannot. Using that 〈k〉ρ ≥ 1 for ρ ≥ 0 and keeping only the

father wavelet φ=ψF with F = (F, . . . ,F ) ∈G 0 and the scale j = 0, the Besov norm (5.97) of w

is lower bounded by

‖w‖Bτ∞(Rd ;ρ) ≥ sup
k∈Z

|〈w,φk〉|. (5.122)

Again, Lemma 5.3 applies to the Gaussian random variables 〈w,φk〉 and maxk∈Z|〈w,φk〉| =∞
a.s., implying that ‖w‖Bτ∞(Rd ;ρ) =∞ a.s. due to (5.122).

The proof of Proposition 5.8 for the case ρ ≥ −d/p uses an argument that can be easily

adapted to any Lévy white noise. We hence state this result in full generality.

Proposition 5.9. Fix 0 < p ≤∞ and τ,ρ ∈ R. If w is a non-constant Lévy white noise, then

w ∉ Bτ
p (Rd ;ρ) as soon as ρ ≥−d/p.

Proof. The proof is very similar to the one of Proposition 5.8 for ρ ≥−d/p and p <∞, and for

ρ ≥ 0 and p =∞, except that we only consider father wavelet φ=ψF and its shifts φk =ψ0,F ,k

with k = k0Z
d , where k0 ∈N\{0} is chosen such that theφk have disjoint supports. In particular,

this implies the random variables 〈w,φk〉, are independent for k ∈ k0Z
d (the support of the

test functions being disjoint) and independent (the Lévy white noise being stationary). As a

consequence, (5.117) becomes

‖w‖p
Bτ

p (Rd ;ρ)
≥ ∑

k∈k0Z
d

〈k〉ρp |〈w,φk〉|p ≥ ∑
k∈k0Z

d

|〈w,φk〉|p
〈k〉d

(5.123)

and Lemma 5.2 applies again, implying that ‖w‖p
Bτ

p (Rd ;ρ)
=∞ a.s. Similarly, (5.122) becomes

‖w‖Bτ∞(Rd ;ρ) ≥ sup
k∈k0Z

|〈w,φk〉|. (5.124)
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Then, it suffices to observe that P(|〈w,ϕ〉| ≥ M) > 0 for any Lévy white noise w and any test

function ϕ 6= 0. Indeed, the probability measure of an infinitely divisible is not compactly

supported, except for constant Lévy white noise w = µ ∈ R, what we have excluded [170,

Corollary 24.4]. Applying Lemma 5.3, we deduce finally that w ∉ Bτ∞(Rd ;ρ) a.s.

5.3.4 Compound Poisson White Noise

Compound Poisson white noises are almost surely made of countably many Dirac impulses,

what will be crucial in their analysis. Our positive results are based on a careful estimation of

the moments of the compound Poisson white noise presented in Proposition 5.10.

Proposition 5.10. Let w be a compound Poisson white noise with moment index pmax ∈ (0,∞]

and 0 < p < pmax. Then, there exists a constant C such that

E[
∣∣〈w,ψ j ,G ,k〉

∣∣p ] ≤C 2 j pd/2− j d (5.125)

for every j ∈N, G ∈G j , and k ∈Zd .

Proof. We recall that the Lebesgue measure is denoted by Leb. Let λ> 0 and P be respectively

the sparsity parameter and the law of the jumps of w . Then, we have that

w
(L )= ∑

k∈N
akδ(·−xk ), (5.126)

where the ak are i.i.d. with law P , and the xk , independent from the ak , are randomly located

such that Card{k ∈N, xk ∈ B} is a Poisson random variable with parameter λLeb(B) for any

Borel set B ⊂ Rd with finite Lebesgue measure. For a demonstration that the right term in

(5.126) specifies a compound Poisson white noise in the sense of a generalized random process

with the adequate characteristic functional, we refer the reader to [450, Theorem 1].

Let ψ ∈ L2(Rd )\{0} be a compactly supported function and Iψ be the closed convex hull

of its support. In particular, 0 < Leb(Iψ) <∞. We set N (ψ) = Card{k ∈N, xk ∈ Iψ}, which is a

Poisson random variable with parameter λLeb(Iψ). We denote by a′
n and x ′

n , n = 1, . . . , N (ψ),

the weights and Dirac locations of the compound Poisson white noise w on Iψ. That is,
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〈w,ψ〉 =∑N (ψ)
n=1 a′

nψ(x ′
n). By conditioning on N (ψ), we then have that

E[
∣∣〈w,ψ〉∣∣p ] =

∞∑
N=1

P(N (ψ) = N )E
[∣∣〈w,ψ〉∣∣p |N (ψ) = N

]
=

∞∑
N=1

P(N (ψ) = N )E

[∣∣∣∣∣ N∑
n=1

a′
nψ(x ′

n)

∣∣∣∣∣
p

|N (ψ) = N

]
(i )≤

∞∑
N=1

P(N (ψ) = N )E

[
N max(0,p−1)

N∑
n=1

∣∣a′
nψ(x ′

n)
∣∣p |N (ψ) = N

]

≤ ‖ψ‖p
∞

∞∑
N=1

(
N max(0,p−1)P(N (ψ) = N )

(
N∑

n=1
E
[∣∣a′

n

∣∣p |N (ψ) = N
]))

(i i )= ‖ψ‖p
∞

∞∑
N=1

(
N max(0,p−1)P(N (ψ) = N )

(
N∑

n=1
E
[∣∣a′

n

∣∣p]))
(i i i )= ‖ψ‖p

∞E
[∣∣a′

1

∣∣p] ∞∑
N=1

N max(1,p)P(N (ψ) = N ), (5.127)

where (i ) uses the relation
∣∣∑N

n=1 yn
∣∣p ≤ N max(0,p−1) ∑N

n=1

∣∣yn
∣∣p , valid for any p > 0 and yn ∈

R [393, Eq.(50)], (i i ) is due to E
[∣∣a′

n

∣∣p |N (ψ) = N
]= E[∣∣a′

n

∣∣p]
, a′

n and N (ψ) being independent,

and (i i i ) comes from
∑N

n=1E
[∣∣a′

n

∣∣p]= NE
[∣∣a′

1

∣∣p]
, the a′

n sharing the same law.

Our goal is now to apply (5.127) to ψ =ψ j ,G ,k . For fixed j ≥ 1 and k ∈ Zd , the Lebesgue

measure of the convex hull Iψ j ,G ,k of the support of the ψ j ,G ,k is Leb(Iψ j ,G ,k ) = 2− j d Leb(IψG ).

Therefore, N (ψ j ,G ,k ) = Card{k ∈N, xk ∈ψ j ,G ,k } is a Poisson random variable with parameter

2− j dλLeb(IψG ). As a consequence, we have

∞∑
N=1

N max(1,p)P(N (ψ j ,G ,k ) = N ) =
∞∑

N=1
N max(1,p)e−2 j dλLeb(IψG ) (λLeb(IψG ))N 2− j d N

N !

≤
( ∞∑

N=1
N max(1,p) (λLeb(IψG ))N

N !

)
2− j d , (5.128)

where we used that 2− j d N ≤ 2− j d and e−2 j dλLeb(IψG ) ≤ 1. We have moreover the relation

‖ψ j ,G ,k‖p
∞ = 2 j pd/2‖ψG‖p

∞. (5.129)

Applying inequalities (5.128) and (5.129) in (5.127) with ψ=ψ j ,G ,k , we finally deduce (5.125)

(for the finite constant C = ‖ψG‖p
∞E

[∣∣a′
1

∣∣p]∑
N≥1 N max(1,p)(λLeb(IψG ))N /N !).

Proposition 5.11. Fix 0 < p ≤∞ and τ,ρ ∈R. Let w be a compound Poisson white noise with

index pmax ∈ (0,∞]. If 0 < p <∞, then, w is

• almost surely in Bτ
p (Rd ;ρ) if τ< d/p −d and ρ <−d/min(p, pmax), and

• almost surely not in Bτ
p (Rd ;ρ) if τ≥ d/p −d or ρ >−d/min(p, pmax), or ρ ≥−d/p.
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If p =∞, then w is

• almost surely in Bτ∞(Rd ;ρ) if τ<−d and ρ <−d/pmax, and

• almost surely not in Bτ∞(Rd ;ρ) if τ>−d or ρ >−d/pmax, or ρ ≥ 0.

In Proposition 5.11, we have split the results in two scenarii depending on what is know

when ρ and/or τ are equal to the critical values. The only remaining cases that are not covered

by Proposition 5.11 is when pmax <∞ and ρ =−d/pmax and when p =∞ and τ=−d . As for

the Gaussian white noise in Corollary 5.3, a direct consequence of Proposition 5.11 is the

identification of the local smoothness and the asymptotic growth rate of a compound Poisson

white noise.

Corollary 5.4. Let w be a compound Poisson white noise with moment index 0 < pmax ≤∞
and 0 < p ≤∞. Then, we have almost surely that

τp (w) = d

p
−d and ρp (w) =− d

min(p, pmax)
. (5.130)

Proof. The result is easily deduced from the definition of τp (w) and ρp (w) in Section 5.3.1.

Note that the two first cases treated in Proposition 5.11 gives together that τp (w) = d
p −d and

ρp (w) =− d
min(p,pmax) for p <∞ while the two last ones gives τ∞(w) =−d and ρ∞(w) =− d

pmax
.

Finally, (5.130) condenses all the results.

Proof of Proposition 5.11. Case p < pmax, τ < d/p −d , and ρ < −d/p. Under these assump-

tions, we apply Proposition 5.10 to deduce that

E

[
‖w‖p

Bτ
p (Rd ;ρ)

]
= ∑

j∈N
2 j (τp−d+d p/2)

∑
G∈G j

∑
k∈Zd

〈2− j k〉ρpE[
∣∣〈w,ψ j ,G ,k〉

∣∣p ]

≤C 2d
∑
j∈N

2 j (τp−d+d p) 1

2 j d

∑
k∈Zd

〈2− j k〉ρp , (5.131)

where C is the constant appearing in (5.125), and using that Card(G j ) ≤ 2d . Then,

1

2 j d

∑
k∈Zd

〈2− j k〉ρp −→
j→∞

∫
Rd
〈x〉ρp dx <∞

because ρ < −d/p. The sum in (5.131) is therefore finite if and only if
∑

j 2 j (τp−d+d p) <∞,

which happens here due to our assumption (τp −d +d p) < 0. This shows that w ∈ Bτ
p (Rd ;ρ)

almost surely.

Case pmax ≤ p, τ < d/p −d , and ρ < −d/pmax. We prove that w ∈ Bτ
p (Rd ;ρ) a.s. using

the embeddings between Besov spaces and the study of the case p < pmax before. From the

256



5.3. Besov Regularity of Lévy White Noises

conditions on τ and ρ, one can find p0 ∈ (0, pmax), τ0 ∈R, and ρ0 ∈R such that

ρ < ρ0 <− d

p0
<− d

pmax
, (5.132)

τ+ d

p0
− d

p
< τ0 < d

p0
−d . (5.133)

Then, in particular, p0 < p, τ0 −τ > d/p0 −d/p, and ρ0 > ρ, so that Bτ0
p0

(Rd ;ρ0) ⊂ Bτ
p (Rd ;ρ)

(according to (5.98)). Moreover, p0 < pmax, τ0 < d/p0 −d , and ρ0 <−d/p0. We are therefore

back to the first case, for which we have already shown that w ∈ Bτ0
p0

(Rd ;ρ0) a.s. In conclusion,

w ∈ Bτ
p (Rd ;ρ) a.s.

Combining these first two cases, we obtain that w ∈ Bτ
p (Rd ;ρ) if τ < d/p − d and ρ <

−d/min(p, pmax) for every p ∈ (0,∞].

Case p <∞ and τ≥ d/p −d . We use the representation (5.126) of the compound Poisson

white noise. Assume that w is in Bτ
p (Rd ;ρ) for some ρ ∈ R. Then, the product of w by any

compactly supported smooth test function ϕ is well-defined and also in Bτ
p (Rd ;ρ). Choosing a

(random) test function ϕ ∈S (Rd ) such that ϕ(x0) = 1 and ϕ(xn) = 0 for n 6= 0, we get

ϕw =ϕ ·a0δ(·−x0) = a0δ(·−x0) ∈ Bτ
p (Rd ;ρ), (5.134)

where a0 6= 0 a.s. This is absurd due to Proposition 5.7, proving that w ∉ Bτ
p (Rd ;ρ) for all ρ ∈R.

Case p = ∞ and τ > −d . The same argument than for the case p < ∞ and τ ≥ d/p −d

applies, using this time that w ∉ Bτ∞(Rd ;ρ) for any ρ > 0, again due to Proposition 5.7.

Case ρ ≥−d/p. This case has been treated in full generality in Proposition 5.9.

Case p > pmax and ρ >−d/pmax. This means in particular that pmax <∞. We treat the case

ρ < 0, the extension for ρ ≥ 0 clearly follows from the embedding relations between Besov

spaces. We set q := −d/ρ > pmax. In particular, according to Proposition 5.4, we have that

E[|〈w,ϕ〉|q ] =∞ for any compactly supported and bounded function ϕ 6= 0. Proceeding as for

(5.123), we have that

‖w‖p
Bτ

p (Rd ;ρ)
≥ ∑

k∈k0Z
d

|〈w,φk〉|p
〈k〉d p/q

, (5.135)

where k0 ≥ 1 is chosen such that the functions φk =φ(·−k) have disjoint supports. Then, the

random variables Xk = 〈w,φk〉 are i.i.d. The independence implies that the events Ak = {Xk ≥
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〈k〉d/q } are independent themselves. Then, the Xk having the same law, we have∑
k∈k0Z

d

P(Ak ) = ∑
k∈k0Z

d

P(|Xk | ≥ 〈k〉d/q ) = ∑
k∈k0Z

d

P(|X0|q ≥ 〈k〉d ) ≥ ∑
m≥1

P(|X0|q ≥ mk0).

(5.136)

Moreover, we have E[|X0|q ] = ∫ ∞
0 P(|X0|q ≥ x)dx = ∑

m≥1
∫ (m+1)k0

mk0
P(|X0|q ≥ x)dx. Exploit-

ing that P(|X0|q ≥ x) is decreasing in x, we moreover have that
∫ (m+1)k0

mk0
P(|X0|q ≥ x)dx ≤

k0P(|X0|q ≥ mk0), and therefore,

E[|X0|q ] ≤ ∑
m≥1

P(|X0|q ≥ mk0). (5.137)

The choice of q implies moreover that E[|X0|q ] = E[
∣∣〈w,φ〉∣∣q ] = ∞ due to Proposition 5.4.

Hence, from (5.136) and (5.137), we deduce that
∑

k∈k0Z
d P(Ak ) ≥ E[|X0|q ] =∞. The Borel-

Cantelli lemma then implies that |Xk |p ≥ 〈k〉d p/q for infinitely many k a.s. Back to (5.135), this

implies that ‖w‖p
Bτ

p (Rd ;ρ)
=∞ a.s.

5.3.5 Moment Estimates for the Lévy White Noise

The proof of Theorem 5.1 will be based on new estimates for the moments E[|〈w,ϕ〉|p ] of Lévy

white noises. In Section 5.3.5, we consider the case p = 2m where m ≥ 1 is an integer. This

will be critical when dealing with Lévy white noises with finite moments. In Section 5.3.5, we

determine lower bounds for the moments, which is the main technicality for the negative

Besov regularity results of Lévy white noises.

Moment Estimates for p = 2m ≥ 2

We estimate the evolution of the even moments of the wavelet coefficients of a Lévy white noise

w with the scale j . Most of the moment estimates in the literature deal with pth moments with

the restriction p ≤ 2 [408, 431, 409, 412], and we shall see that the extension to higher-order

moments calls for some technicalities.

Proposition 5.12. Let w be a Lévy white noise with finite moments and m ≥ 1 be an integer.

We assume that the moment index of w satisfies pmax > 2m. Then, there exists a constant C > 0

such that, for every j ∈N, G ∈G j , and k ∈Zd ,

E[〈w,ψ j ,G ,k〉2m] ≤C 2 j d(m−1). (5.138)

Proof. Consider a test function ϕ ∈S (Rd ) and set X = 〈w,ϕ〉. The characteristic function of

X is [381, Proposition 2.12]

P̂X (ξ) = exp

(∫
Rd
Ψ(ξϕ(x))dx

)
:= exp(Ψϕ(ξ)). (5.139)
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The functions P̂X and Ψϕ are (2m)-times differentiable because E[X 2m] <∞ [451, Theorem

1.5.1]. Their Taylor expansions give the moments and the cumulants of X , respectively. In

particular, we have that E[X 2m] = (−1)mP̂ (2m)
X (0). Using the Faà di Bruno formula with the

composite function ξ 7→ P̂X (ξ) = exp(Ψϕ(ξ)), we express the (2m)th derivative of P̂X as

P̂ (2m)
X (ξ) =

( ∑
n1,...,n2m :

∑
u unu=2m

(2m)!

n1! . . .n2m !

2m∏
v=1

(
Ψ(v)
ϕ (ξ)

v !

)nv )
P̂X (ξ). (5.140)

Exploiting that Ψ(v)
ϕ (0) = (∫

Rd (ϕ(x))v dx
)
Ψ(v)(0) for ξ= 0 [48, Proposition 9.11], we obtain the

bound, ∣∣∣P̂ (2m)
X (0)

∣∣∣≤C ′ ∑
n1,...,n2m :

∑
u unu=2m

2m∏
v=1

(∫
Rd

∣∣ϕ(x)
∣∣v dx

)nv

(5.141)

with C ′ > 0 a constant. We now apply (5.141) to ϕ=ψ j ,G ,k . Since we have∫
Rd

∣∣ψ j ,G ,k (x)
∣∣v dx = 2 j d v/2

∫
Rd

∣∣∣ψG (2 j x −k)
∣∣∣v

dx = 2 j d(v/2−1)
∫
Rd

∣∣ψG (x)
∣∣v dx , (5.142)

we deduce from (5.141) the new bound

E[〈w,ψ j ,G ,k〉2m] =
∣∣∣P̂ (2m)

〈w,ψ j ,G ,k 〉(0)
∣∣∣≤C ′′ ∑

n1,...,n2m :
∑

u unu=2m

2m∏
v=1

2 j dnv (v/2−1)

=C ′′ ∑
n1,...,n2m :

∑
u unu=2m

2 j d
∑

1≤v≤2m (nv (v/2−1)), (5.143)

where C ′′ is a new constant independent from j ,G ,k . Finally, since
∑

v nv v = 2m and
∑

v nv ≥ 1,

we have
∑

v (nv (v/2−1)) ≤ (m −1). Therefore, we obtain (5.138) for an adequate C > 0.

Lower Bound for Moment Estimates

In our previous moment estimates, we gave upper bounds for the quantity E[
∣∣〈w,ϕ〉∣∣p ] (see

not only Propositions 5.10 and 5.12, but also Theorem 2 in [431]). This allows one to identify

in which Besov space is w . We now address the following problem: Can we bound E[
∣∣〈w,ϕ〉∣∣p ]

from below with the moments of ϕ? Theorem 5.2 answers positively to this question and is

crucial for the proof of Theorem 5.1.

Theorem 5.2. Let w be a Lévy white noise whose indices satisfy 0 <β∞ ≤β∞ < pmax, ψ 6= 0 a

bounded, and compactly supported test function, and p an integrability parameter such that

0 < p <β∞. Then, for ε> 0 small enough, there exists constants A,B > 0 independent from j ∈N
and k ∈Zd such that

A2− jε2 j d p(1/2−1/β∞) ≤ E[
∣∣〈w,ψ j ,k〉

∣∣p ] ≤ B2 jε2 j d p(1/2−1/β∞) (5.144)

for any j ∈N and k ∈Zd , where we recall that ψ j ,k = 2 j d/2ψ(2 j ·−k).
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Proof. First of all, the shift parameter k in (5.144) can be omitted since w is stationary. We

also remark that the upper bound of (5.144) has already been proven [431, Corollary 1], where

the conditions p <β∞ < pmax are required. Actually, [431] does not consider the index pmax

and distinguishes between the conditions β∞ <β0 < 2 and β∞ ≤β0 = 2 with finite variance.

These two scenarios cover the condition β∞ < pmax of Theorem 5.2. Hence, we focus on the

lower bound.

Because p <β∞ ≤ 2, one can use the representation of the pth moment of 〈w,ϕ〉, that can

be found in [451, Theorem 1.5.9] (with n = 0 and δ= p):

E[
∣∣〈w,ϕ〉∣∣p ] = cp

∫
R

1−ℜ{P̂〈w,ϕ〉(ξ)}

|ξ|p+1 dξ (5.145)

for some explicit constant cp > 0.The relation (5.145) is often used for moment estimates, for

instance in [408, 412]. We then remark that

ℜ{P̂〈w,ϕ〉(ξ)} ≤
∣∣∣P̂〈w,ϕ〉(ξ)

∣∣∣= ∣∣∣P̂w (ξϕ)
∣∣∣= ∣∣∣∣exp

(∫
Rd
Ψ(ξϕ(x))dx

)∣∣∣∣
= exp

(∫
Rd

ℜ{Ψ(ξϕ(x))}dx
)

. (5.146)

The test function ϕ is chosed to be non-identically zero, hence there exists some constant

m > 0 such that Leb(
∣∣ϕ∣∣≥ m‖ϕ‖∞) > 0. We fix such a constant m and observe that

ϕ1|ϕ|>m‖ϕ‖∞ 6= 0. (5.147)

The sector condition (5.76) implies that one can found cΨ > 0 such that−ℜ{Ψ(ξ)} = |ℜ{Ψ}| (ξ) ≥
cΨ |Ψ(ξ)|. Thus, one has that

∣∣∣P̂〈w,ϕ〉(ξ)
∣∣∣≤ exp

(−cΨ
∫
Rd

∣∣Ψ(ξϕ(x))
∣∣dx

)
, and then

E[
∣∣〈w,ϕ〉∣∣p ] ≥ cp

∫
R

1−e−cΨ
∫
Rd |Ψ(ξϕ(x))|dx

|ξ|p+1 dξ. (5.148)

Now, by definition of the index β∞, the function |Ψ| is dominating |ξ|β∞−δ at infinity for an

arbitrarily small δ such that 0 < δ<β∞. We fix such δ and set β= (β∞−δ). This domination,

together with the continuity of the functions |Ψ| and |·|β1|·|>1 over [1,∞), imply the existence

of C > 0 such that, for any ξ ∈R, |Ψ(ξ)| ≥C |ξ|β1|ξ|>1. In particular, we have that∫ ∣∣Ψ(ξϕ(x))
∣∣dx ≥C |ξ|β

∫
Rd

∣∣ϕ(x)
∣∣β1|ξϕ(x)|>1dx

(i )≥ C1|ξ|>1/m‖ϕ‖∞ |ξ|β
∫
Rd

∣∣ϕ(x)
∣∣β1|ϕ(x)|>m‖ϕ‖∞dx

=C1|ξ|>1/m‖ϕ‖∞ |ξ|β ‖ϕ1|ϕ|>m‖ϕ‖∞‖
β

β
, (5.149)

where the (i ) uses that 1|ξϕ(x)|>1 ≥ 1|ϕ(x)|>m‖ϕ‖∞1|ξ|>1/m‖ϕ‖∞ , where m is such that (5.147)

holds.
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Combining (5.148) and (5.149), we therefore have

E[
∣∣〈w,ϕ〉∣∣p ] ≥ cp

∫
R

1−e−cΨC1|ξ|>1/m‖ϕ‖∞ |ξ|β‖ϕ1|ϕ|>m‖ϕ‖∞‖β
β

|ξ|p+1 dξ. (5.150)

We use the change of variable u = (cΨC )1/β‖ϕ1|ϕ|>m‖ϕ‖∞‖βξ to obtain

E[
∣∣〈w,ϕ〉∣∣p ] ≥C ′‖ϕ1|ϕ|>m‖ϕ‖∞‖

p
β

∫
R

1−exp

(
−|u|β1

|u|>C ′′ ‖ϕ1|ϕ|>m‖ϕ‖∞‖β
‖ϕ‖∞

)
|u|p+1 du (5.151)

for some constants C ′,C ′′ > 0.We now set ϕ=ψ j = 2 j d/2ψ(2 j ·), and observe that, with simple

changes of variable,

‖ϕ1|ϕ|>m‖ϕ‖∞‖
p
β
= 2

j d p
(

1
2− 1

β

)
‖ψ1|ψ|>m‖ψ‖∞‖

p
β

, (5.152)

‖ϕ1|ϕ|>m‖ϕ‖∞‖β
‖ϕ‖∞

=
2

j d
(

1
2− 1

β

)
‖ψ1|ψ|>m‖ψ‖∞‖β

2 j d/2‖ψ‖∞
= 2− j d/β

‖ψ1|ψ|>m‖ψ‖∞‖β
‖ψ‖∞

. (5.153)

In particular,

1
|u|>C ′′2− j d/β

‖ψ1|ψ|>m‖ψ‖∞‖β
‖ψ‖∞

≥1
|u|>C ′′ ‖ψ1|ψ|>m‖ψ‖∞‖β

‖ψ‖∞
(5.154)

for any j ∈N. Hence, we deduce using (5.151) with ϕ=ψ j that

E[
∣∣〈w,ψ j 〉

∣∣p ] ≥ B2
j d p

(
1
2− 1

β

)
(5.155)

with B > 0 a constant given by

B =C ′‖ψ1|ψ|>m‖ψ‖∞‖
p
β

∫
R

1−exp

(
−|u|β1

|u|>C ′′ ‖ψ1|ψ|>m‖ψ‖∞‖β
‖ψ‖∞

)
|u|p+1 du. (5.156)

Remark that B 6= 0 because ψ1|ψ|>m‖ψ‖∞ 6= 0 due to (5.152) and (5.147) . To conclude, we

remark that, for ε > 0 fixed, one can find δ > 0 small enough such that 2− jε2
j d

(
1
2− 1

β∞

)
≤

2
j d

(
1
2− 1

β∞−δ

)
= 2

j d
(

1
2− 1

β

)
for any j ∈N, which gives the lower bound in (5.144).

5.3.6 Lévy White Noise with Finite Moments

We consider Lévy white noises whose all the moments are finite, which means that pmax =
∞. Their specificity is that one can use the finiteness of the pth moments of the wavelet

coefficients of the Lévy white noise w for any p > 0. Thanks to the moment estimates in

Section 5.3.5, we have all the tools to deduce the Besov regularity of white noises with finite

moments.

261



Chapter 5. A Stochastic View on Splines

Proposition 5.13. Fix 0 < p ≤∞ and τ,ρ ∈R. Let w be a Lévy white noise with finite moments

and Blumenthal-Getoor indices 0 ≤β∞ ≤β∞ ≤ 2. Then, w is

• almost surely in Bτ
p (Rd ;ρ) if τ < d/max(p,β∞)−d and ρ < −d/p, for 0 < p ≤ 2, p an

even integer, or p =∞; and

• almost surely not in Bτ
p (Rd ;ρ) if τ> d/max(p,β∞)−d or ρ ≥−d/p for every 0 < p ≤∞.

As was the case for the Gaussian and compound Poisson cases, Proposition 5.13 allows to

deduce the asymptotic growth rate of Lévy white noises with finite moments. Moreover, we

obtain lower and upper bounds for the local smoothness in terms of the Blumenthal-Getoor

indices of the Lévy white noise.

Corollary 5.5. Let 0 < p ≤∞ and w be a Lévy white noise with finite moments and Blumenthal-

Getoor indices 0 ≤β∞ ≤β∞ ≤ 2. Then, we have that

d

max(p,β∞)
−d ≤ τp (w) ≤ d

max(p,β∞)
−d and ρp (w) ≥−d

p
. (5.157)

For p ∈ (0,2), p an even integer, or p =∞, we moreover have that

ρp (w) =−d

p
. (5.158)

Proof of Proposition 5.13. We only treat the case p < ∞. For p = ∞, the result is obtained

using embeddings (with p = 2m, m →∞ for positive results and p →∞ for negative results)

following the same arguments than for the Gaussian case in Proposition 5.8.

If τ < d/max(p,β∞)− d and ρ < −d/p. We first remark that for p ≤ 2, we have that

ρ < − d
min(p,2,pmax) = − d

min(p,pmax) , and the result is a consequence of our previous work [431,

Theorem 3]. We can therefore assume that p = 2m with m ≥ 1 an integer. Then, p = 2m ≥ 2 ≥
β∞, and the conditions on τ and ρ become τ< d

2m −d and ρ <− d
2m . Due to Proposition 5.12,

we have

E
[
‖w‖2m

Bτ
2m (Rd ;ρ)

]
= ∑

j∈N
2 j (2mτ−d+dm)

∑
G∈G j

∑
k∈Zd

〈2− j k〉2mρE[〈w,ψ j ,G ,k〉2m]

≤C 2d
∑
j∈N

2 j (2mτ−d+2dm) 1

2 j d

∑
k∈Zd

〈2− j k〉2mρ . (5.159)

Then, 1
2 j d

∑
k∈Zd 〈2− j k〉2mρ −→

j→∞
∫
Rd 〈x〉2mρdx <∞ since 2mρ <−d , and the series in (5.159) is

finite if and only if 2mτ−d +2dm < 0, what we assumed to be true. Finally, we have shown

that E
[
‖w‖2m

Bτ
2m (Rd ;ρ)

]
<∞, so that w ∈ Bτ

2m(Rd ;ρ) almost surely.
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Case τ> d/p −d . This part of the proof is actually valid for any Lévy white noise. It uses

the decomposition w = w1 +w2 with w1 a nontrivial compound Poisson white noise and w2 a

Lévy white noise with finite moments (see Proposition 5.3, here w2 combines the Gaussian

part and the finite-moment part of the Lévy-Itô decomposition). The main idea is that the

jumps of the compound Poisson part are by themselves enough to make the Besov norm

infinite.

One writes that w1
(L )= ∑

k∈Z akδ(·− xk ), as in (5.126). Then, almost surely, all the ak are

nonzero. Let m > 0 be such that P(|a0| ≥ m) > 0. One can assume without loss of generality

that m = 1 (otherwise, consider the white noise w/m). Then, there exists almost surely k ∈Z
such that |ak | ≥ 1 (it suffices to apply the Borel-Cantelli argument using the independence

of the ak ). For simplicity, one reorders the jumps such that this is achieved for k = 0, so that

|a0| ≥ 1.

We first introduce preliminary notations. Let [a,b] be a finite interval on which the mother

Daubechies wavelet is strictly positive. In particular, minx∈[a,b)|ψM (x)| := c > 0. Then, setting

K = [a,b)d and C = cd , we have that
∣∣ψM (x)

∣∣ ≥ C for every x ∈ K , with M = (M , . . . , M). For

each scale j ≥ 0, we define k j ∈Zd as the unique multi-integer such that 2 j x0−k j ∈ [a, a+1)d .

If b ≥ a +1, then 2 j x0 −k j ∈ K . Otherwise, due to the law of the location x0, there is almost

surely an infinity of scale j ≥ 0 such that 2 j x0 −k j ∈ [a,b)d = K . We denote by J the (random)

ensemble of such j . Then, for each j ∈ J , using that |a0| ≥ 1 and 2 j x0 −k j ∈ [a,b)d = K , we

deduce that ∣∣∣a0ψM (2 j x0 −k j )
∣∣∣≥C . (5.160)

Moreover, on each finite interval, there are almost surely finitely many jumps xk . In

particular, the random variable infk∈Z\{0}‖xk − x0‖ is a.s. strictly positive. This implies that

there exists a (random) integer j0 ∈N such that 2 j0‖xk −x0‖ > diam(Supp(ψM )) for any k 6= 0,

where diam(B) is the diameter of a Borelian set B ⊂Rd , understood as the Lebesgue measure

of its closed convex hull. We therefore have thatψM (2 j xk −k j ) = 0 for any j ≥ j0 and any k 6= 0.

From these preparatory considerations, one has a.s. that, for j ≥ j0, j ∈ J ,

∣∣∣〈w1,ψM (2 j ·−k j )〉
∣∣∣= ∣∣∣∣∣ ∑

k∈Z
akψM (2 j xk −k j )

∣∣∣∣∣= ∣∣∣a0ψM (2 j x0 −k j )
∣∣∣≥C . (5.161)

Let now focus on the Lévy white noise w2. Since w2 has a finite variance, we have that,

using the Markov inequality,

P

(∣∣∣〈w2,ψM (2 j ·−k j )〉
∣∣∣≥ C

2

)
≤ 4E

[〈w2,ψM (2 j ·−k j )〉2
]

C 2 = 4σ2
0‖ψM‖2

2

C 2 2− j d , (5.162)

where σ2
0 is the variance of w2 such that E[〈w2,ϕ〉2] = σ2

0‖ϕ‖2
2 for any test function ϕ. In
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particular, ∑
j∈N

P

(∣∣∣〈w2,ψM (2 j ·−k j )〉
∣∣∣≥ C

2

)
≤ 4σ2

0‖ψM‖2
2

C 2

∑
j∈N

2− j d <∞.

From a new Borel-Cantelli argument, we know that, almost surely, only finitely many j satisfy∣∣〈w2,ψM (2 j ·−k j )〉∣∣≥C /2. In particular, there exists a (random) integer j1 such that, for any

j ≥ j1,
∣∣〈w2,ψM (2 j ·−k j )〉∣∣≤C /2. Combining this to (5.161), we then have that, for j ∈ J such

that j ≥ max( j0, j1),∣∣∣〈w,ψM (2 j ·−k j )〉
∣∣∣≥ ∣∣∣〈w1,ψM (2 j ·−k j )〉

∣∣∣− ∣∣∣〈w2,ψM (2 j ·−k j )〉
∣∣∣≥C −C /2 =C /2. (5.163)

Note moreover that, by definition of k j , 2 j x0 −k j ∈ [a, a + 1)d , hence we have that ‖x0 −
2− j k j‖∞ ≤ M/2 j where M = max(|a| , |a +1|). Then, there exists a (random) integer j2 ≥ 1

such that, for every j ≥ j2, M/2 j ≤ ‖x0‖∞. We have moreover that ‖2− j k j‖2 ≤ d 1/2‖2− j k j‖∞ ≤
d 1/2(M/2 j +‖x0‖∞). Therefore, recalling that ρ < 0, for every j ≥ j2, we have

〈2− j k j 〉ρp ≥ (1+d(M/2 j +‖x0‖∞)2)ρp/2 ≥ (1+4d‖x0‖2
∞)ρp/2. (5.164)

Putting the pieces together, we can now lower bound the Besov norm of w by keeping only

the mother wavelet ψM , a scale j ∈ J such that j ≥ max( j0, j1, j2), and the corresponding shift

parameter k j . Then, combining (5.163) and (5.164), we obtain the almost-sure lower bound

‖w‖p
Bτ

p (Rd ;ρ)
≥ 2 j (τp−d+d p)〈2− j k j 〉pρ

∣∣∣〈w,ψM (2 j ·−k j )〉
∣∣∣p

≥ 2 j (τp−d+d p) (C /2)p (1+4d‖x0‖2
∞)ρp/2. (5.165)

This is valid for any j ∈ J such that j ≥ max( j0, j1, j2) and because J is infinite and (τp −d +
d p) > 0, one concludes that ‖w‖p

Bτ
p (Rd ;ρ)

=∞ almost surely.

Case 0 < p <β∞ and (d/β∞−d) < τ< (d/p −d). Assume that, under those assumptions,

we prove that w ∉ Bτ
p (Rd ;ρ) a.s. Then, together the case τ> (d/p −d) considered below and

using embeddings, we deduce the expected result for τ> p(d/max(β∞, p)−d).

As soon as f ∉ Bτ
p (Rd ;ρ) for some p > 0, we also have that f ∉ Bτ+ε

q (Rd ;ρ) for any q > p and

ε> 0 (see Figure 5.9). A crucial consequence for us is that it suffices to work with arbitrarily

small p in order to obtain the negative result we expect. We assume here that

p <β∞/2, p <
β∞β∞

2(β∞−β∞)
. (5.166)

Note that the right inequality in (5.166) simply means that p <∞ (i,e., no restriction) when

β∞ = β∞. We fix k0 ∈N\{0} such that, for any gender G , the functions Ψ0,G ,k0k have disjoint

support for every k ∈Zd . Then, at fixed G and j , the random variables (〈w,Ψ j ,G ,k〉)k∈k0Z
d are

264



5.3. Besov Regularity of Lévy White Noises

independent. By restricting the range of k and the gender to G = M , we have that

‖w‖p
Bτ

p (Rd ;ρ)
≥C

∑
j∈N

2 j (τp−d+d p/2)
∑

k∈k0Z
d ,0≤ki<k02 j

∣∣〈w,ψ j ,M ,k〉
∣∣p , (5.167)

with C = inf‖x‖∞≤k0〈x〉ρ > 0 is such that 〈2− j k〉 ≥C for any k ∈ k0{0, . . .2 j −1}d and any j ≥ 0.

We set X j ,k = 2
j d

(
1
β∞

− 1
2

)
〈w,ψ j ,M ,k〉 and

M j ,p := 2− j d
∑

k∈k0Z
d ,0≤ki<k02 j

∣∣X j ,k
∣∣p ,

which is an average among 2 j d independent random variables.

Recall that p <β∞/2. Moreover, since all the moments are finite, pmax =∞>β∞. Hence,

one can apply Theorem 5.2 with integrability parameters q = p and q = 2p, respectively. There

exists ε> 0 that can be choosen arbitrarily small and constants mq , Mq such that

mq 2− jε2
j qd

(
1
2− 1

β∞

)
≤ E[∣∣〈w,ψ j ,M ,k〉

∣∣q]≤ Mq 2 jε2
j qd

(
1
2− 1

β∞

)
(5.168)

for any j ∈N,k ∈Zd . In particular, with our notations, we have that

mq 2− jε ≤ E[M j ,q ] ≤ Mq 2 jε2
j qd

(
1
β∞

− 1
β∞

)
(5.169)

for any j ,k and for q = p or q = 2p. Then, we control the variance of M j ,q as follows:

Var(M j ,p ) = E[
(M j ,p −E[M j ,p ])2] (i )= 2− j dE

[
2− j d

( ∑
k∈k0Z

d ,0≤ki<k02 j

(∣∣X j ,k
∣∣p −E[

∣∣X j ,k
∣∣p ]

))2]

(i i )= 2− j dE

[
2− j d

∑
k∈k0Z

d ,0≤ki<k02 j

(
(
∣∣X j ,k

∣∣p −E[
∣∣X j ,k

∣∣p ])
)2

]
(i i i )≤ 2− j dE

[
2− j d

∑
k∈k0Z

d ,0≤ki<k02 j

∣∣X j ,k
∣∣2p

]
= 2− j dE[M j ,2p ]

(i v)≤ 2− j d 2 jε2
2 j pd

(
1
β∞

− 1
β∞

)
, (5.170)

where we used that E[M j ,p ] = E[
∣∣X j ,k

∣∣p ] for every k in (i ), the independence of the X j ,k in (i i ),

the relation Var(X ) ≤ E[X 2] in (i i i ), and the right side of (5.169) with q = 2p in (i v).

We then apply the Chebyshev’s inequality P(|X −E[X ]| ≥ x) ≤ VarX /x2 to X = M j ,p and
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x = 2− jεmp /2 to get

P(
∣∣M j ,p −E[M j ,p ]

∣∣≥ 2− jεmp /2) ≤ 4Var(M j ,p )

m2
p

22 jε

≤ 4M2p

m2
p

2
j
(
d(2p(1/β∞−1/β∞)−1)+3ε

)
(5.171)

where we used (5.170) in the last inequality. Due to the second inequality in (5.166), we have

that

2p

(
1

β∞
− 1

β∞

)
−1 < 0. (5.172)

Hence, the exponent d(2p(1/β∞−1/β∞)−1)+3ε in (5.171) is strictly negative for ε small

enough, what we assume from now. Therefore,
∑

j P(
∣∣M j ,p −E[M j ,p ]

∣∣ ≥ 2− jεmp /2) < ∞.

From the Borel-Cantelli lemma, only a finite number of such j can therefore satisfy the

relation
∣∣M j ,p −E[M j ,p ]

∣∣≥ 2− jεmp /2. A consequence is then that there exists almost surely a

random J ∈N such that for every j ≥ J ,

M j ,p ≥ E[M j ,p ]− ∣∣M j ,p −E[M j ,p ]
∣∣≥ mp 2− jε− mp

2
2− jε = mp

2
2− jε, (5.173)

where we used the lower bound in (5.169) with q = p. We deduce that

‖w‖p
Bτ

p (Rd ;ρ)
≥C

∑
j≥J

2 j p(τ−d+d/β∞)M j ,p ≥ C mp

2

∑
j≥J

2 j p(τ−d+d/β∞−ε).

For ε small enough, we have that (τ+d −d/β∞−ε) > 0 and, therefore, that ‖w‖p
Bτ

p (Rd ;ρ)
=∞

almost surely.

If ρ ≥−d/p. This case has been treated in full generality in Proposition 5.9.

5.3.7 Lévy White Noise: the General Case

This section gives us the opportunity to consolidate the results and to deduce the general case

from the previous ones. We say that a Lévy white noise w is non-Gaussian if its Lévy measure

is not identically zero. In particular, w can have a Gaussian part in the Lévy-Itô decomposition

(see Proposition 5.3). Proposition 5.14 characterizes the Besov regularity of non-Gaussian

Lévy white noises, the Gaussian white noise having already been treated in Section 5.3.3. We

conclude this section with the proof of Theorem 5.1.

Proposition 5.14. Fix 0 < p ≤∞ and τ,ρ ∈ R. Consider a non-Gaussian Lévy white noise w

with Blumenthal-Getoor and moment indices 0 ≤β∞ ≤β∞ ≤ 2 and 0 < pmax ≤∞. Then, w is

• almost surely in Bτ
p (Rd ;ρ) if τ< d/max(p,β∞)−d and ρ <−d/min(p, pmax), for 0 < p ≤

2, p an even integer, or p =∞; and
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• almost surely not in Bτ
p (Rd ;ρ) if τ> d/max(p,β∞)−d or ρ >−d/min(p, pmax) for every

0 < p ≤∞.

Proposition 5.14 reveals new information on the local smoothness and the asymptotic

growth rate of non-Gaussian Lévy white noises.

Corollary 5.6. Let 0 < p ≤∞ and w be a Lévy white noise with finite moments and Blumenthal-

Getoor indices 0 ≤β∞ ≤β∞ ≤ 2. Then, we have that

d

max(p,β∞)
−d ≤ τp (w) ≤ d

max(p,β∞)
−d and ρp (w) =− d

min(p, pmax)
. (5.174)

Proof of Proposition 5.14. According to Proposition 5.3, w = w1 +w2 with w1 a compound

Poisson white noise, w2 a Lévy white noise with finite moments (which can include a Gaussian

part). Moreover, due to Proposition 5.5, we have that

β∞ =β∞(w2) ≥β∞(w1) = 0, and (5.175)

pmax = pmax(w1) ≤ pmax(w2) =∞. (5.176)

Case τ<
(

d
max(p,β∞) −d

)
and ρ <− d

min(p,pmax) . Then, τ<
(

d
p −d

)
and ρ <− d

min(p,pmax(w1)) so

that w1 ∈ Bτ
p (Rd ;ρ) due to Proposition 5.11. Similarly, w2 ∈ Bτ

p (Rd ;ρ) due to Proposition 5.13.

Finally, w = w1 +w2 ∈ Bτ
p (Rd ;ρ).

Case τ>
(

d
max(p,β∞) −d

)
. The arguments of Proposition 5.13 for this case are still valid for w .

Case ρ >− d
min(p,pmax) . The case ρ ≥−d/p has been treated in Proposition 5.9. We therefore

already know that w ∉ Bτ
p (Rd ;ρ) if τ > d/max(p,β∞)−d or if ρ ≥ −d/p. The only remain-

ing case is when p > pmax, τ < d/max(p,β∞)−d , and −d/pmax < ρ < −d/p. In this case,

w2 ∈ Bτ
p (Rd ;ρ) from Proposition 5.13, while w1 ∉ Bτ

p (Rd ;ρ) with Proposition 5.11 due to the

condition ρ >−d/pmax. Finally, w ∉ Bτ
p (Rd ;ρ) a.s. as the sum of an element a.s. in Bτ

p (Rd ;ρ)

and an element a.s. not in Bτ
p (Rd ;ρ).

Finally, we can translate our results in terms of the local smoothness τp (w) and the asymp-

totic growth rate ρp (w) of Lévy white noises.

Proof of Theorem 5.1. The values of τp (w) and ρp (w) are directly deduced from Propositions

5.8, 5.11, and 5.14. Positive results (w ∈ Bτ
p (Rd ;ρ)) directly give lower bounds for τp (w) and

ρp (w), while negative results (w ∉ Bτ
p (Rd ;ρ)) provide upper bounds. For the Gaussian and

compound Poisson cases, studied separatly, there are no restrictions on 0 < p ≤∞. The case

of a general non-Gaussian Lévy white noise is deduced from Proposition 5.14.
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Table 5.3 – Lévy White Noises and their Indices

White noise Parameters P̂X (ξ) β∞ =β∞ pmax

Gaussian σ2 > 0 e−σ
2ω2/2 2 ∞

Cauchy [452] γ> 0 e−γ|ξ| 1 1

SαS [452] 0 <α< 2 e−|ξ|
α

α α

sum of SαS 0 <α1,α2 ≤ 2 e−|ξ|
α1−|ξ|α2 max(α1,α2) min(α1,α2)

Laplace [453] σ2 > 0 (1+σ2ξ/2)−1 0 ∞

symmetric Gamma [453] σ2,λ> 0 (1+σ2ξ/2)−λ 0 ∞

compound Poisson λ> 0 eλ(P̂ (ξ)−1) 0 ∞

with finite moments P

layered stable [454] 0 <α1,α2 < 2 see (5.177) α1 α2

inverse Gaussian [455] - e1−(1−2jξ)1/2
1/2 ∞

with finite moment (µ,σ2,ν) eψ(ξ) with ψ 2 ∞

and Gaussian part given by (5.5)

5.3.8 Discussion and Examples

Application to Subfamilies of Lévy White Noises

We apply Theorem 5.1 to deduce the local smoothness and asymptotic growth rate of specific

Lévy white noises. We consider Gaussian, symmetric-α-stable [452], symmetric Gamma

(including Laplace) [453], compound Poisson, inverse Gaussian [455], and layered stable white

noises [454]. All the underlying laws are known to be infinitely divisible [454, 170]. In Table 5.3,

we define the different families in terms of the characteristic function of X = 〈w,1[0,1]d 〉 and

give adequate references. Most of these families together with the convention we are following

in this work are introduced and detailed in [442, Section 5.1] and [381, Section 2.1.3].

The layered stable white noises have the particularity of describing the complete spectrum

of possible couples (α1,α2) = (β∞, pmax) ∈ (0,2)2. The characteristic exponent of a layered

268



5.3. Besov Regularity of Lévy White Noises

1
p

τ

0

−d

1

−d
2

(a)

1
p

ρ

0

−d

1

(b)

Figure 5.10 – Gaussian white noise
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Figure 5.11 – SαS white noise with α= 2/3

stable white noise is

Ψα1,α2 (ξ) =
∫
R

(cos(tξ)−1)
(
1|t |≤1 |t |−(α1+1) +1|t |>1 |t |−(α2+1))dt . (5.177)

We also provide a visualization of our results in terms of Triebel diagrams. In Figures 5.10

to 5.14, we plot the local smoothness 1
p 7→ τp (w) and asymptotic growth rate 1

p 7→ ρp (w) for

different Lévy white noises (with the exception of τp (w) which is not fully determined for

the general case in Figure 5.14; here, we represent the lower and upper bounds of (5.53)). A

given noise is almost surely in a Besov space Bτ
p (Rd ;ρ) if the points (1/p,τ) and (1/p,ρ) are

in the lower shaded green regions. A contrario, the Lévy white noise is almost surely not in
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Figure 5.12 – compound-Poisson white noise with pmax = 2
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Figure 5.13 – Symmetric-Gamma white noise

Bτ
p (Rd ;ρ) if (1/p,τ) or (1/p,ρ) are in the upper shaded red region. In Figure 5.14, the white

region corresponds to the case where we do not know if the Lévy white noise is or is not in

the corresponding Besov spaces, a situation that is examplified in Section 5.3.8 and discussed

in Section 5.3.9. In this diagrams, we moreover assume that our lower bound (5.54) is valid

for any p > 0, including no even integers when p ≥ 2. This conjectural point is discussed in

Section 5.3.9.

Lévy White Noises with Distinct Blumenthal-Getoor Indices

In Theorem 5.1, we obtained lower and upper bounds for the local regularity of a Lévy white

noise (see (5.53)). This bounds are equal if and only if β∞ =β∞. This equality is valid for all
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Figure 5.14 – Lévy white noise with 2/3 =β∞ <β∞ = 2 and pmax = 2/3

the examples presented in Section 5.3.8. It is however possible to construct characteristic

exponents with indices that take any values (β∞,β∞) ∈ [0,2]2 with the obvious constraint that

β∞ ≤β∞. This is done in [456, Examples 1.1.14, 1.1.15], where the authors introduce

Ψ0,β2,M (ξ) = ∑
k≥1

2β2M k−k (cos(2−M k
ξ)−1), (5.178)

Ψβ1,β2,M (ξ) =
∫
|t |≤1

cos(tξ)−1

|t |β1+1
dt +Ψβ2,M (ξ), (5.179)

with 0 < β1 ≤ β2 < 2 and M > 2/(2−β2), and show that Ψ0,β2,M (Ψβ1,β2,M , respectively) is a

characteristic exponent with Blumenthal-Getoor indices β∞ = 0 and β∞ =β2 (β∞ =β1 and

β∞ =β2, respectively).

5.3.9 Summary

We have obtained new results on the localization of Lévy white noises in weighted Besov

spaces, summarized in Theorem 5.1. This includes the identification of the local smoothness

in many cases (including the examples presented in Section 5.3.8), and lower and upper

bounds for the general case. We also identify the asymptotic growth rate of the Lévy white

noise in many situations, significantly improving known results.
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5.4 Special Case: Compound-Poisson Processes

By invoking the results of Section 5.3, we can characterize the compressibility of sparse

stochastic processes [443]. More precisely, it can be shown that the decay rate of the best M-

term approximation error of a process s is intimately linked to its local smoothness exponent

τp (s). This, in particular, implies that the best M-term approximation error of compound-

Poisson processes decays faster than any polynomial [457, Corollary 6.2].

In this work, we refine previous results by presenting a direct method for quantifying the

wavelet compressibility of compound Poisson processes. To that end, we expand the given

random process over the Haar wavelet basis and we analyse its asymptotic approximation

properties. By only considering the nonzero wavelet coefficients up to a given scale, what we

call the greedy approximation, we exploit the extreme sparsity of the wavelet expansion that

derives from the piecewise-constant nature of compound Poisson processes. More precisely,

we provide lower and upper bounds for the mean squared error of greedy approximation of

compound Poisson processes. We are then able to deduce that the greedy approximation

error has a sub-exponential and super-polynomial asymptotic behavior. Finally, we provide

numerical experiments to highlight the remarkable ability of wavelet-based dictionaries in

achieving highly compressible approximations of compound Poisson processes.

5.4.1 Context

The class of Lévy processes allows for various compressibility behaviors: the Brownian motion

is the less compressible, while the compound Poisson ones are at the other extreme. This

compressibility hierarchy has been recently revealed in two different theoretical frameworks.

In the first one, the compressibility is measured via the speed of convergence of the best

M-term approximation in wavelet bases. The decay rate of the best M-term error is known to

be directly linked to the Besov regularity [458, 459], which has been quantified for a broad class

of Lévy processes [424, 425, 429, 430, 431, 325]. Hence, the compressibility of Lévy processes

has already been characterized using this approach [460, 443] and synthesized in [381, Chapter

6]. In a nutshell, state-of-the-art results show that the best M-term quadratic approximation

error of the Brownian motion behaves asymptotically12 like 1/M , while the same quantity

decays faster than any polynomial for compound Poisson processes [443, Theorems 4 and 5].

In the second framework, the compressibility of a Lévy process is quantified in the informa-

tion theoretic sense through the entropy of the underlying Lévy white noise, as in [461, 462].

These two frameworks are complementary and based on totally different tools, but they are

consistent and lead to the same compressibility hierarchy.

This work contributes to the analysis of the compressibility of Lévy processes, focusing on

12More precisely, one can deduced from [443] that the wavelet approximation error of the Brownian motion
decays almost surely faster that 1/M1−ε and slower than 1/M1+ε for any ε> 0 when M →∞.
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the compound Poisson and Gaussian cases. We consider the Haar wavelet approximations of

these random processes and quantify the decay rate of their approximation error in the mean

squared sense.

More precisely, we focus on quantities such as

E
[‖s −PM {s}‖2

2

]
(5.180)

where s is a compound Poisson process or the Brownian motion and PM : L2([0,1]) → L2([0,1])

is a possibly nonlinear approximation operator based on M ≥ 1 Haar wavelet coefficients

of the input function. We compare various approximation schemes, depending on which

wavelet coefficients are chosen. The two best-known schemes are the linear and the best

M-term approximation, albeit both suffer from practical limitations. On one hand, the linear

scheme does not capture the sparsity that might be inherent in the signal of interest (see

Proposition 5.16). On the other hand, in order to exactly implement a compression scheme

based on the best M-term approximation of the random process, one needs to have access

to the full infinite set of wavelet coefficients. Without additional knowledge on the wavelet

expansion, the implementation may become cumbersome and not memory efficient, if not

impossible. This is why alternative approximation schemes have been proposed, most notably

the “tree approximation” scheme which has brought significant attention in the literature

[463, 464, 465, 466].

In the same spirit, we consider a very simple greedy approximation scheme, in which

only the first M nonzero wavelet coefficients are preserved. This scheme is well-suited to

compound Poisson processes, for which most of the wavelet coefficients are zero due to their

piecewise constancy.

Our main result is to provide lower and upper-bounds for the greedy approximation error

in the mean-squared sense (Theorem 5.3). It essentially states that the mean-square error of

the Haar greedy approximation of the compound Poisson process s behaves roughly as

E
[
‖s −Pgreedy

M {s}‖2
2

]
≈ E

[
2− M

N

]
(5.181)

where N is the (random) number of jumps of s (see (5.231) for the precise meaning of (5.181)).

This allows us to deduce that the mean-square error decays faster than any polynomial,

and slower than any exponential (Theorem 5.4). We also perform a similar analysis for the

linear approximation of the compound Poisson process, as well as for the linear and greedy

approximations of the Brownian motion. This highlights the specificity of the compound

Poisson processes: the greedy approximation dramatically outperforms the linear scheme for

compound Poisson processes, contrary to the Gaussian case. We summarize this situation in

Table I, where the main contribution is highlighted in bold.

Finally, we illustrate our theoretical findings with numerical examples in various cases.

Specifically, we highlight that the approximation error obtained within our method is close
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Table 5.4 – The decay rate of the MSE (5.180) of linear, greedy, and best M-term approximation
schemes for compound Poisson processes and the Brownian motion.

Brownian Motion Compound Poisson

Linear 1
M

1
M

Greedy 1
M EEEN∼Pois(λ)

[
2−

M
N

]

Best 1
M ¿ M−k ,∀k ∈N

to the best M-term approximation. Moreover, we highlight the role of the wavelet dictionary

by comparing the linear and best M-term schemes for compound Poisson processes and the

Brownian motion in a Fourier-type dictionary corresponding to the discrete cosine transform

(DCT). These empirical observations raise interesting theoretical questions which we briefly

expose and can be exploited in future works.

5.4.2 Mathematical Background

In this work, we shall consider compound Poisson processes and white noises that are zero-

mean, finite variance (which is equivalent to say that the jumps themselves are zero-mean

with finite variance), and whose probability law of jumps P has a PDF (in particular, it has no

atoms, what will be used in our analysis). The prototypical example is a compound Poisson

process with Gaussian jump heights. Throughout this work, we shall write the ordered jump

positions of compound Poisson processes with the letter x, and the unordered ones with the

letter τ.

We consider the family of Haar wavelets whose mother and father wavelets are respectively

ψ=1[0, 1
2 ] −1[ 1

2 ,1] and φ=1[0,1]. (5.182)

Haar wavelets are known to form an orthonormal basis for L2(R) [346]. This means that any

function f ∈ L2(R) admits the unique expansion

f (·) = ∑
j≥0

∑
k∈Z

〈 f ,ψ j ,k〉ψ j ,k (·)+ ∑
k∈Z

〈 f ,φk〉φk (·), (5.183)

where 〈·, ·〉 denotes the standard inner product in L2(R), defined as 〈ϕ1,ϕ2〉 =
∫
Rϕ1(x)ϕ2(x)dx.

The simple characteristics and implementation of Haar wavelets make them favorable in

practice [467, 468]. They are also compactly supported, which is of great importance in our

analysis, due to the whiteness property of Lévy white noises (see above). Last but not least, the

family consists of piecewise constant functions. Hence, it is natural to represent compound

Poisson processes (that are themselves almost surely piecewise constant) in this basis.

In the sequel, we restrict both the random processes and the wavelet transforms to [0,1]
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and study the local compressibility of compound Poisson processes over this compact interval.

Due to the support localization of the Haar wavelets, we readily see that the familyΨ=
{ψ j ,k } j≥0,0≤k≤2 j−1 ∪ {φ} forms an orthonormal basis of L2([0,1]), hence the Lévy process s can

be almost surely written as

s = 〈s,φ〉φ+ ∑
j≥0

2 j−1∑
k=0

〈s,ψ j ,k〉ψ j ,k . (5.184)

We consider three different approximation schemes for square-integrable functions over

[0,1]: the linear, best M-term, and greedy approximations. Our main goal and contribution

is to precisely quantify the approximation power of the greedy scheme. Before defining the

approximation schemes, let us introduce the natural indexing of wavelets by defining the

indexing function Ind :Ψ→N as

Ind(φ) = 0, Ind(ψ j ,k ) = 2 j +k, (5.185)

for all j ≥ 0 and k = 0, . . . ,2 j −1.

Definition 5.6. Let f ∈ L2([0,1]). We denote by

• Plin
M ( f ), the linear approximation of f , that is obtained by keeping the first M wavelet

coefficients (with respect to the indexing function Ind) of f in the expansion (5.184).

• Pbest
M ( f ), the best M-term approximation of f , that is obtained by keeping the M largest

wavelet coefficients of f .

The first scheme in Definition 5.6 is called linear due to the fact that Plin
M ( f ) depends

linearly on f . However, the best M-term approximation is adaptive to the signal and is

therefore nonlinear. One can hope that the adaptiveness of the best M-term approximation

significantly improve the quality of the approximation when compared with the linear one,

what appears to be the case for some classes of functions [458].

As an alternative approach, we consider a compression scheme for compound Poisson

processes that can be performed in an online fashion with respect to the stream of the wavelet

coefficients. The main idea is to exploit the tremendous sparsity of the expansion of compound

Poisson processes over the Haar wavelet basis, that is done by retaining only the nonzero

wavelet coefficients and is called the greedy approximation.

Definition 5.7. Let f ∈ L2([0,1]). We denote by Pgreedy
M ( f ), the greedy approximation of f , where

only the M first nonzero wavelet coefficients are preserved (the ordering being understood with

respect to the indexing function Ind in (5.185)).

As for the best M-term approximation, the greedy approximation of f is nonlinear with

respect to f . However, it is greedy in the sense that it can be computed by simply looking at
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the ordered wavelets coefficients. Hence, it does not necessitate to observe the complete set

of wavelet coefficients, contrary to the best M-term approximation. It therefore shares the

simplicity of the linear scheme and the adaptiveness of the optimal scheme (the best M-term).

The three approximation schemes introduced in this section clearly satisfy the relations

‖ f −Pbest
M ( f )‖2 ≤ ‖ f −Pgreedy

M ( f )‖2 ≤ ‖ f −Plin
M ( f )‖2 (5.186)

for any function f ∈ L2([0,1]) and any M ≥ 0.

Let s be a Lévy process. To quantify the performance of an approximation scheme, we

consider the mean-squared error (MSE), which we denote by MSEmethod
M for the approximation

scheme method ∈ {lin,greedy,best} and is defined as

MSEmethod
M = E

[
‖s −Pmethod

M (s)‖2
L2

]
. (5.187)

It is clear from (5.186) that

MSEbest
M ≤ MSEgreedy

M ≤ MSElin
M . (5.188)

5.4.3 Preliminary Results

In Lemma 5.4, we characterize the law of the minimal distance ∆ between two consecutive

jumps of a compound Poisson process.

Lemma 5.4. Consider a compound Poisson process s with parameters (P ,λ) and a fixed interval

[a,b]. Denote by N , the number of points in [a,b] and x = (x1, . . . , xN ), the ordered set of jumps

of s that are in [a,b]. With the convention x0 = a, we define the random variable ∆ as

∆=
(b −a), N = 0

min
1≤i≤N

(xi −xi−1), N ≥ 1.
(5.189)

Then, almost surely, ∆≤ (b −a)/N , and for any n ≥ 1 and δ ∈ [0, (b −a)/n], we have

P(∆≥ δ|N = n) =
(
1−n

δ

b −a

)n

. (5.190)

Proof. We first remark that the inequality ∆≤ (b −a)/N is obviously true when N = 0, since

∆ = (b − a) in this case. As for N ≥ 1, we have by definition of ∆ that ∆ ≤ xi − xi−1, for all

i = 1, . . . , N , with the convention that x0 = a. By summing up these equality for for all values of

i , we obtain that

N∆≤ xN −x0 ≤ b −a. (5.191)

This yields that ∆≤ (b −a)/N .
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For the second part, we define the random vector d = (d1, . . . ,dn) ∈ [0,1]n as

di = xi −xi−1

b −a
, i = 1,2, . . . ,n, (5.192)

By rewriting (5.192) in the vectorial form, we obtain that

d = Hx− a

b −a
e1, (5.193)

where e1 = (1,0, . . . ,0) ∈Rn , x = (x1, . . . , xn) and H ∈Rn×n is the lower-bidiagonal matrix

H = 1

b −a



1

−1 1

−1 1

. . .
. . .

−1 1


. (5.194)

Now, due to (5.19) and the change of variables (5.193), the PDF of d is

pd(v |N = n) = n!1v∈[0,1]n ,‖v‖1≤1, (5.195)

where ‖v‖1 = |v1|+ · · ·+ |vn | = v1 +·· ·+ vn for v ∈ [0,1]n . In addition, from the definition of ∆,

the probability of {∆≥ x} for any x ∈ [0, (b −a)/n] can be computed as

P(∆≥ x|N = n) =P(∩n
i=1{di ≥ x/(b −a)}|N = n

)
=

∫
[ x

b−a ,1]n
n!1‖v‖1≤1dv

= n!
∫

[0,1− x
b−a ]n

1‖u‖1≤1−n x
b−a

du, (5.196)

where the latter is obtained via the change of variable ui = vi − x
b−a for i = 1, . . . ,n. We remark

that if ui ≥ 0 for i = 1, . . . ,n and ‖u‖1 ≤ 1−nx/(b−a), then we would have ui ≤ 1−nx/(b−a) ≤
1− x/(b − a) for any i = 1, . . . ,n. In other words, the upper-limit of the integral in (5.196) is

redundant and can be replaced with +∞. Doing so, we obtain that

P(∆≥ x|N = n) = n!
∫

[0,+∞)n
1‖u‖1≤1−n x

b−a
du

(i )= n!

2n

∫
Rn
1‖u‖1≤1−n x

b−a
du

= n!

2n Leb
({
‖u‖1 ≤

(
1−n

x

b −a

)})
= n!

2n

(
1−n

x

b −a

)n
Leb({‖u‖1 ≤ 1}) , (5.197)
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where (i) is due to the symmetry of the integrand with respect to the sign of u and where Leb

denotes the Lebesgue measure. Finally, we use a known result stating that the volume of the

`1 unit ball in Rn is 2n/n! [469]. This yields to

P(∆≥ x|N = n) = n!

2n

(
1−n

x

b −a

)n 2n

n!
=

(
1−n

x

b −a

)n
.

The probability law of the Haar wavelet coefficients of s has been characterized in [470],

where their characteristic functions have been explicitly computed. Here, we study the law

of wavelet coefficients using the properties of the underlying Lévy white noise. In order to

achieve this goal, we introduce the auxiliary functions defined for t ∈ [0,1] as

φ̃(t ) = (1− t )1[0,1](t ), and (5.198)

ψ̃ j ,k (t ) =


2 j /2(k/2 j − t ), t ∈ [ k

2 j , k+1/2
2 j )

2 j /2(t − (k +1)/2 j ), t ∈ [ k+1/2
2 j , k+1

2 j )

0, otherwise,

(5.199)

for any j ≥ 0 and k = 0, . . . ,2 j −1. We conclude this part with Proposition 5.15, that expresses

the Haar wavelet coefficients of s using the underlying Lévy white noise and the auxiliary

functions (5.198) and (5.199).

Proposition 5.15. Let s be a Lévy process. Then, for any j ≥ 0 and 0 ≤ k ≤ 2 j −1, we have

〈s,ψ j ,k〉 = 〈w,ψ̃ j ,k〉, 〈s,φ〉 = 〈w, φ̃〉, (5.200)

where w is the Lévy white noise such that Ds = w.

Proof. A simple computation reveals that −Dψ̃ j ,k =ψ j ,k . Hence, using the known identity

D∗ =−D, we have that

〈s,ψ j ,k〉 = 〈s,−Dψ̃ j ,k〉 = 〈Ds,ψ̃ j ,k〉 = 〈w,ψ̃ j ,k〉. (5.201)

With a similar idea, we remark that Dφ̃= δ−φ. Combining with 〈s,δ〉 = s(0) = 0, we have that

〈s,φ〉 = 〈s,δ−Dφ̃〉 = s(0)+〈Ds, φ̃〉 = 〈w, φ̃〉. (5.202)

In Proposition 5.16, we determine the MSElin
M of any Lévy process that has finite variance.

Proposition 5.16. Let s be a Lévy process with finite variance σ2
0. Then, for every M ≥ 1, we
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have

MSElin
M = σ2

0

12

1

2J

(
2− m

2J

)
, (5.203)

where J = blog2 Mc and m = M −2J ∈ {0, . . . ,2J −1}. In particular, for every M ∈ 2N, we have that

MSElin
M = σ2

0

6M
. (5.204)

Proof. One observes from Definition 5.6 that

Plin
M (s) = 〈s,φ〉φ+

J−1∑
j=0

2 j−1∑
k=0

〈s,ψ j ,k〉ψ j ,k +
m−1∑
k=0

〈s,ψJ ,k〉ψJ ,k . (5.205)

This together with (5.184) yields that

s −Plin
M (s) = ∑

j≥J+1

2 j−1∑
k=0

〈s,ψ j ,k〉ψ j ,k +
2J−1∑
k=m

〈s,ψJ ,k〉ψJ ,k . (5.206)

Haar wavelets that are supported in [0,1], form an orthonormal basis for L2([0,1]). Using this,

we express the approximation error based on the wavelet coefficients, as

‖s −Plin
M (s)‖2

L2
= ∑

j≥J+1

2 j−1∑
k=0

|〈s,ψ j ,k〉|2 +
2J−1∑
k=m

|〈s,ψJ ,k〉|2. (5.207)

By taking expectation over both sides and by using Proposition 5.15, we have that

E[‖s −Plin
M (s)‖2

L2
] = ∑

j≥J+1

2 j−1∑
k=0

E[|〈s,ψ j ,k〉|2]+
2J−1∑
k=m

E[|〈s,ψJ ,k〉|2]

= ∑
j≥J+1

2 j−1∑
k=0

E[|〈w,ψ̃ j ,k〉|2]+
2J−1∑
k=m

E[|〈w,ψ̃J ,k〉|2] (5.208)

= ∑
j≥J+1

2 j−1∑
k=0

σ2
0‖ψ̃ j ,k‖2

L2
+

2J−1∑
k=m

σ2
0‖ψ̃J ,k‖2

L2
. (5.209)

Finally, we replace ‖ψ̃ j ,k‖2
L2

= 2−2 j

12 (obtained via a direct computation; see Figure 5.15 for

visualisation) for all j ≥ 0 and k = 0, . . . ,2 j −1 in the summation above to deduce that

E
[
‖s −Plin

M (s)‖2
L2

]
= σ2

0

12

( ∑
j≥J+1

2 j−1∑
k=0

2−2 j +
2J−1∑
k=m

2−2J

)

= σ2
0

12M

(
1

2J
+ 2J −m

22J

)
= σ2

0

12M

1

2J

(
2− m

2J

)
. (5.210)
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Figure 5.15 – Auxiliary functions φ̃ and ψ̃ j ,k for j = 0,1,2 and k = 0, . . . ,2 j −1.

Proposition 5.16 shows that the linear approximations of Lévy processes with finite variance

share the same mean-square error. Let us also remark that if s is a Brownian motion, then the

random variables X j ,k = 〈s,ψ j ,k〉 = 〈w,ψ̃ j ,k〉 are all Gaussian. Hence,

P(∃ j ,k : X j ,k = 0) ≤ ∑
j≥0

2 j−1∑
k=0

P(X j ,k = 0) = 0, (5.211)

and all the countably many wavelet coefficients are almost surely nonzero and hence, the

linear and greedy schemes coincide, as stated in Corollary 5.7.

Corollary 5.7. Let s be a Brownian motion. Then, for any M ≥ 0, we have the almost sure

relation

MSEgreedy
M = MSElin

M . (5.212)

When the wavelet coefficients are sparse (i.e. when at each scale, only a few of them are

nonzero), the linear and greedy approximation schemes are no longer identical. In Proposi-

tion 5.17, we study the sparsity of the wavelet coefficients of compound Poisson processes.

Precisely, we first characterize when a specific wavelet coefficient vanishes, depending on

the presence of jumps. Using this primary result, we provide upper and lower bounds for the

minimal (random) scale at which at least M wavelet coefficients are nonzero.

Proposition 5.17. Let s be a compound Poisson process whose law of jumps admits a PDF with

zero-mean and finite variance.

1. For all j ≥ 0 and k = 0, . . . ,2 j −1, denote K j ,k as the random number of jumps of s in the

support of ψ j ,k . Then, we almost surely have

〈s,ψ j ,k〉 = 0 ⇔ K j ,k = 0. (5.213)

In other words, the symmetric difference between the events 〈s,ψ j ,k〉 = 0 and K j ,k = 0 has

probability zero.
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2. Consider the wavelet expansion (5.184) of s and denote by NJ , the random number of

nonzero wavelet coefficients with scale no larger than J. Furthermore, condition to {N ≥ 1},

let JM be the smallest random value of J such that NJ ≥ M; that is, JM is characterized by

NJM−1 < M ≤ NJM . Then, we have⌈
M −2

N

⌉
≤ JM ≤

⌊
M −1

N
+ log∆−1

⌋
, (5.214)

where the random variable ∆ is defined in (5.189).

Proof. Item 1) Assume that K j ,k = 0. This means that s is constant over the support of ψ j ,k ,

taking the fixed (random) value s0. By recalling that∫
R
ψ j ,k (x)dx = 0, (5.215)

for all j ≥ 0 and k = 0, . . . ,2 j − 1, we deduce that the corresponding wavelet coefficient is

〈s,ψ j ,k〉 = s0
∫
Rψ j ,k (x)dx = 0.

For the converse, we show that, condition to the event {K j ,k = K } for an arbitrary (but fixed)

integer K ≥ 1, we have that

P
(〈s,ψ j ,k〉 = 0|K j ,k = K

)= 0. (5.216)

Consider the jumps that are inside the support of ψ j ,k and denote their (unordered) locations

and heights by {τ̃1, . . . , τ̃K } and {ã1, . . . , ãK }, respectively. Due to (5.200), we have that

〈s,ψ j ,k〉 = 〈w,ψ̃ j ,k〉 =
K∑

i=1
ãi ψ̃ j ,k (τ̃i ). (5.217)

We recall that the jump locations τ̃i are i.i.d. with a uniform law. Moreover, the jump heights

ãi are independent of τ̃i s and are themselves i.i.d. copies of a random variable that admits

PDF. This implies that the random variables Zi = ãi ψ̃ j ,k (τ̃i ) for i = 1, . . . ,K are also i.i.d. and

their law has a PDF too, which we denote by pZ . Finally, the random variable 〈s,ψ j ,k〉 also has

PDF (that is the K times convolution of pZ with itself) and thus, is nonzero with probability

one (no atoms).

Item 2) Recall that N is the total number of jumps of s over [0,1]. Due to (5.213) and the

fact that the waveletsψ j ,k for k = 0, . . . ,2 j −1 have disjoint support, at each scale j ≥ 1, at most

N wavelet coefficients are nonzero. On the other hand, the support of any wavelet function of

scale j is of size 2− j . Hence, due to the definition of ∆, the number of jumps in the support of

ψ j ,k is either one or is upper-bounded by the length of the interval divided by the minimum

distance (= 2− j∆−1). In other words, the support of each wavelet of scale j contains at most

max(1,2− j∆−1) jumps.

Denote by n j , the number of nonzero wavelet coefficients in the j th scale. Using the
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previous observation, we deduce for all j ≥ 1 that

N

max(1,2− j∆−1)
= N min(1,2 j∆) ≤ n j ≤ N . (5.218)

As for j = 0 (mother and father wavelets), we deduce similar to Item 1) that condition to N ≥ 1,

we have n0 = 2.

By defining Jlim = blog2(∆−1)c, one readily verifies that for j ≤ Jlim, we have min(1,2 j∆) =
2 j∆. By contrast, min(1,2 j∆) = 1 for j ≥ Jlim. Using these simple observations and by summing

up lower-bounds of (5.218) for j = 1, . . . , J (together with n0 = 2), we obtain, since
∑J

j=0 n j = NJ ,

that

2+N∆(2J+1 −2) ≤ NJ , ∀J ≤ Jlim, (5.219)

2+N∆(2Jlim+1 −2)+ (J − Jlim)N ≤ NJ , ∀J ≥ Jlim. (5.220)

To simplify the first lower-bound, we use the inequality 2x ≥ x for x = J +1+ log2∆, which

results to

2−2N∆+N (J +1+ log2∆) ≤ NJ , ∀J ≤ Jlim. (5.221)

As for the the second lower-bound, we use

Jlim ≤ log2(∆−1) ≤ Jlim +1 (5.222)

to obtain that

2+N∆(∆−1 −2)+ (J + log2∆)N ≤ NJ , ∀J ≥ Jlim. (5.223)

It is now readily to verify that the two lower-bounds in (5.221) and (5.223) are indeed equal

and hence, we have that

2+N (J +1−2∆+ log2∆) ≤ NJ , ∀J ≥ 0. (5.224)

Finally, using ∆N ≤ 1, we conclude that

N (J +1+ log2∆) ≤ NJ , ∀J ≥ 0. (5.225)

We follow the same principle to obtain an upper-bound for NJ as well. By summing up

upper-bounds of (5.218) for j = 1, . . . , J , together with n0 = 2, we obtain that

NJ ≤ 2+N J , ∀J ≥ 0. (5.226)

Now, by the definition of JM , we know that NJM ≥ M . Combining it with (5.226) applied to

J = JM yields that

M ≤ NJM ≤ N JM +2, (5.227)
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which implies the lower-bound

JM ≥ M −2

N
. (5.228)

Similarly, from the definition of JM , we have NJM−1 ≤ M −1. This together with (5.225) applied

to J = JM −1 gives

N (JM + log2∆) ≤ NJM−1 ≤ M −1, (5.229)

from which we deduce the upper-bound

JM ≤ M −1

N
+ log2∆

−1. (5.230)

We complete the proof of (5.214) by combining (5.228) and (5.230), knowing that JM ∈N.

5.4.4 Main Result

We now present our main result on characterizing the asymptotic behavior of the greedy

approximation of compound Poisson processes.

Theorem 5.3. Let s be a compound Poisson process with Poisson parameter λ> 0 whose law of

jumps admits a PDF with zero-mean and finite variance. Then for every M ∈N, we have that

C1M−1E[2− M
N ] ≤ MSEgreedy

M ≤C2ME[2− M
N ], (5.231)

where N is a Poisson random variable with parameter λ, and C1,C2 > 0 are some constants.

Proof of Theorem 5.3. Let σ2
0 <+∞ be the variance of the process s. We divide the proof and

show each side of the inequality (5.231) separately.

Upper-bound: First, we show that for any n ≥ 1, we have

E
[
‖s −Pgreedy

M (s)‖2
2|N = n

]
≤ σ2

0n

6λ
2− M−2

n . (5.232)

Let us then work conditionally to N = n. From Proposition 5.17, we have (condition to

N = n) that JM ≥ dM−2
n e. This implies that

‖s −Pgreedy
M (s)‖2 ≤ ‖s −Plin

2d M−2
n e(s)‖2. (5.233)
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Taking expectation from both sides yields

E
[
‖s −Pgreedy

M (s)‖2
2|N = n

]
≤ E

[
‖s −Plin

2d M−2
n e(s)‖2

2|N = n
]

= ∑
j≥d M−2

n e

2 j−1∑
k=0

E[|〈s,ψ j ,k〉|2|N = n], (5.234)

On the other hand, condition to N = n, we have the equality in law

w = Ds =
n∑

i=1
aiδ(·−τi ), (5.235)

where {τi }n
i=1 is the sequence of unordered jumps of s in [0,1] and {ai }n

i=1 is the sequence of

corresponding heights. Therefore, we have that

〈s,ψ j ,k〉 = 〈w,ψ̃ j ,k〉 =
n∑

i=1
Zi , (5.236)

where the random variables Zi = ai ψ̃ j ,k (τi ) are i.i.d. copies of a zero-mean random variable.

We recall that the law of jumps ai has zero-mean and variance σ2
0/λ. Hence, the second-order

moment of Zi can be computed as

E[Z 2
i |N = n] = E[a2

i ψ̃ j ,k (τi )2|N = n]
(i )= E[a2

i |N = n]E[ψ̃ j ,k (τi )2|N = n]

=σ
2
0

λ

∫
R
ψ̃ j ,k (x)2pτi |N=n(x)dx

(i i )= σ2
0

λ

∫ 1

0
ψ̃ j ,k (x)2dx = σ2

0

λ
‖ψ̃ j ,k‖2

2 =
σ2

0 ×2−2 j

12λ
,

(5.237)

where we used the independence of ai and τi in (i) and the uniform law of τi in (ii) and finally,

we replaced ‖ψ̃ j ,k‖2
L2

= 2−2 j

12 in the last equality. Now, due to the independence of the Zi , we

deduce that

E[〈s,ψ j ,k〉2|N = n] =
n∑

i=1
E[Z 2

i |N = n] = n
σ2

0 ×2−2 j

12λ
. (5.238)

By substituting (5.238) in (5.234), we obtain that

E
[
‖s −Pgreedy

M (s)‖2
2|N = n

]
≤ ∑

j≥d M−2
n e

2 j−1∑
k=0

n
σ2

02−2 j

12λ
= σ2

0n

12λ

∑
j≥d M−2

n e
2− j = σ2

0n

6λ
2−d M−2

n e ≤ σ2
0n

6λ
2− M−2

n ,

(5.239)

284



5.4. Special Case: Compound-Poisson Processes

By taking the expectation, we obtain that

E
[
‖s −Pgreedy

M (s)‖2
2

]
≤

∞∑
n=1

σ2
0n

6λ
2− M−2

n P(N = n)

=
M∑

n=1

σ2
0n

6λ
2− M−2

n P(N = n)+
∞∑

n=M+1

σ2
0n

6λ
2− M−2

n P(N = n)

≤ 2σ2
0

3λ
ME[2− M

N ]+ 2σ2
0

3λ

∞∑
n=M+1

nP(N = n), (5.240)

where in the last inequality, we have used 2− M
n ≤ 1 and 2

2
n ≤ 4 for all values of M ,n ≥ 1. Now,

by invoking the relation nP(N = n) = ne−λλn/n! =λP(N = n−1) for any n ≥ 1, we deduce that

∞∑
n=M+1

nP(N = n) =
∞∑

n=M+1
P(N = n −1) =λP(N ≥ M). (5.241)

On one hand, from the Chernov bound we have

P(N ≥ M) ≤ E[et N ]e−t M = eλ(et−1)e−t M , ∀t > 0, (5.242)

where we used

E[et N ] =
∞∑

n=0
e−λ

etnλn

n!
=

∞∑
n=0

e−λ
(λet )n

n!
= eλ(e t−1). (5.243)

Using (5.242) with t = ln2 (such that et = 2) yields

∞∑
n=M+1

nP(N = n) ≤ E[et N ]e−t M ≤λeλ2−M . (5.244)

Hence,

E
[
‖s −Pgreedy

M (s)‖2
2

]
≤ 2σ2

0

3λ
ME[2− M

N ]+ 2σ2
0

3
eλ2−M

= ME[2− M
N ]

2σ2
0

3λ

(
1+ λeλ2−M

ME[2− M
N ]

)

≤ ME[2− M
N ]

2σ2
0

3λ

(
1+ λeλ2−M

2−MP(N = 1)

)

= ME[2− M
N ]

2σ2
0

3λ
(1+e2λ), (5.245)

which is the announced upper-bound with the constant C2 = 2σ2
0

3λ (1+e2λ).

Lower-bound: Similar to the upper-bound, we show that for any n ≥ 1, we have the

inequality

E[‖s −Pgreedy
M (s)‖2

2|N = n] ≥ σ2
0

48eλ
n−12− M−1

n , (5.246)

which immediately implies the announced lower-bound.
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We treat the case N = 1 separately. Condition to N = 1, both wavelet coefficients of order

zero (associated to mother and father wavelets) are nonzero. Moreover, for any j ≥ 1, there is

exactly one wavelet coefficient of scale j that is nonzero. This implies that JM = M −2 and in

addition, we have that

E[‖s −Pgreedy
M (s)‖2

2|N = 1] = E[‖s −Plin
2M−1 (s)‖2

2|N = 1]. (5.247)

Similar to the proof of Proposition 5.16 and together with (5.238), we deduce that

E[‖s −Plin
2M−1 (s)‖2

2|N = 1] = ∑
j≥(M−1)

2J−1∑
k=0

E[〈s,ψ j ,k〉2|N = 1] = ∑
j≥(M−1)

2 j σ
2
0 ×2−2 j

12λ

= σ2
0

6λ
2−(M−1) ≥ σ2

0

48λe
2−(M−1), (5.248)

which together with (5.247) proves (5.246) in this case.

Consider an arbitrary integer n ≥ 2 and let us work conditionally to N = n. From the

definition of JM , we almost surely have that

‖s −Pgreedy
M (s)‖2 ≥ ‖s −Plin

2JM +1 (s)‖2. (5.249)

This together with the right inequality of (5.214) implies almost surely that

‖s −Pgreedy
M (s)‖2 ≥ ‖s −Plin

2b M−1
n +log2∆

−1c+1
(s)‖2. (5.250)

By defining δ= (2n2 −2n +2)−1 > 0 (the precise value will be used later) and J = bM−1
n +

log2(δ−1)c+1, we observe that

E
[
‖s −Pgreedy

M (s)‖2
2|N = n

]
≥ E

[
‖s −Plin

2b M−1
n +log2∆

−1c+1
(s)‖2

2|N = n
]

≥ E
[
1∆≥δ‖s −Plin

2b M−1
n +log2∆

−1c+1
(s)‖2

2|N = n
]

≥ E
[
1∆≥δ‖s −Plin

2J
(s)‖2

2|N = n
]

= E[1∆≥δ
∑
j≥J

2 j−1∑
k=0

〈s,ψ j ,k〉2|N = n]

= ∑
j≥J

2 j−1∑
k=0

E[1∆≥δ〈s,ψ j ,k〉2|N = n]. (5.251)

Similar to the upper-bound, we consider the jumps of s in [0,1] and we denote their (un-

ordered) locations and heights by τ1, . . . ,τn and a1, . . . , an , respectively. With regard to the

convention τ0 = 0, we consider the random variable ∆̃ = min0≤i< j<n−1 |τi −τ j | and conse-

quently, the event

E = {∆̃≥ δ}∩ {0 ≤ τ1, . . . ,τn−1 ≤ 1/2−δ}. (5.252)
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5.4. Special Case: Compound-Poisson Processes

We observe that condition to E ∩ {N = n}, we have that

∆= min

(
∆̃, min

1≤i≤n−1
(τn −τi )

)
≥ min(∆̃,δ) ≥ δ. (5.253)

This implies that condition to N = n, we have

1E1[1/2,1](τn) ≤1∆≥δ. (5.254)

On the other hand,

E
[
1∆≥δ〈s,ψ j ,k〉2|N = n

]= E[
1∆≥δ

(
n∑

i=1
ai ψ̃ j ,k (τi )

)2

|N = n

]

= E
[(

n∑
i=1

ai1∆≥δψ̃ j ,k (τi )

)2

|N = n

]
(i )=

n∑
i=1
E
[(

ai1∆≥δψ̃ j ,k (τi )
)2 |N = n

]
(i i )=

n∑
i=1
E[a2

i ]E
[
1∆≥δψ̃2

j ,k (τi )|N = n
]

, (5.255)

where we used the independence (condition to N = n) of jumps τi and heights ai of s in (i)

and we used the independence of ai from N and ∆ as well the fact that the law of ai has zero

mean in (ii). By substituting E[a2
i ] = σ2

0
λ and invoking (5.254), we obtain

E
[
1∆≥δ|〈s,ψ j ,k〉|2|N = n

]= n
σ2

0

λ
E[1∆≥δψ̃2

j ,k (τn)|N = n]

≥ n
σ2

0

λ
E[1E1τn∈[1/2,1]ψ̃

2
j ,k (τn)|N = n]

= n
σ2

0

λ
P[E |N = n]E[1xn∈[1/2,1]ψ̃

2
j ,k (xn)|N = n], (5.256)

where the latter is deduced from the independence of E and {1/2 ≤ τn ≤ 1} (condition to

N = n). By using Lemma 5.4 with a = 0 and b = 1/2−δ (we remind that δ= (2n2 −2n +2)−1),

we can compute the conditional probability of the event E as

P(E |N = n) =
(
1− (n −1)

δ

1/2−δ
)(n−1)

=
(
1− (n −1)

(2n2 −2n +2)−1

1/2− (2n2 −2n +2)−1

)(n−1)

= (
1−n−1)(n−1)

. (5.257)

Now, using Lemma 5.4 and the above computation, we have that
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E
[
1∆≥δ|〈s,ψ j ,k〉|2|N = n

]≥ n
σ2

0

λ
P(E |N = n)

∫ 1

1
2

ψ̃2
j ,k (x)dx

= σ2
0n

λ
(1−n−1)(n−1)‖ψ̃ j ,k1[1/2,1]‖2

2

(i )= σ2
0n

λ
(1−n−1)(n−1)

1k≥2 j−1‖ψ̃ j ,k‖2
2

(i i )≥ σ2
0n

λ
e−1

1k≥2 j−1‖ψ̃ j ,k‖2
2, (5.258)

where (i) simply exploits that ψ̃ j ,k1[1/2,1] = 0 for k ≤ 2 j−1 −1 together with ψ̃ j ,k1[1/2,1] = ψ̃ j ,k

for k ≥ 2 j−1 and (ii) uses (1−n−1)(n−1) ≥ e−1. Going back to (5.251), we obtain for any n ≥ 2

that

E[‖s −Pgreedy
M (s)‖2

2|N = n] ≥ ∑
j≥J

2 j−1∑
k=0

σ2
0n

λ
e−1‖ψ̃ j ,k‖2

21k≥2 j−1 =
∑
j≥J

σ2
0n

λ
e−1‖ψ̃ j ,k‖2

22 j−1 (i )= σ2
0n

12eλ
2−J

(i i )≥ σ2
0

24eλ
n2− M−1

n δ
(i i i )= σ2

0

48eλ

n

n2 −n +1
2− M−1

n

(i v)≥ σ2
0

48eλ
n−12− M−1

n , (5.259)

where (i) uses ‖ψ̃ j ,k‖2
L2

= 2−2 j /12, (ii) simply follows from bM−1
n + log2δ

−1c ≤ M−1
n + log2δ

−1,

(iii) uses the value of δ= (2n2 +2n −2)−1, and (iv) that n
n2−n+1 ≥ 1

n , due to n2 −n +1 ≤ n2 for

any n ≥ 1. Finally, we take the overall expectation to deduce that

E[‖s −Pgreedy
M (s)‖2

2] ≥
∞∑

n=1

σ2
0

48eλ
n−12− M−1

n P(N = n)

≥ σ2
0

48eλ

M∑
n=1

n−12− M
n P(N = n)

≥ σ2
0

48eλ
M−1

M∑
n=1

2− M
n P(N = n). (5.260)

We note that

M∑
n=1

2− M
n P(N = n) ≥ 2−MP(N = 1) =λe−λ2−M . (5.261)

Moreover, we use (5.242) to deduce that

∞∑
n=M+1

2− M
n P(N = n) ≤P(N ≥ M +1) ≤λeλ2−M . (5.262)
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Combining the two inequalities with (5.260) yields

E[‖s −Pgreedy
M (s)‖2

2] ≥ σ2
0

48eλ
M−1E[2− M

N ]

∑M
n=1 2− M

n P(N = n)

E[2− M
N ]

≥ σ2
0

48eλ
M−1E[2− M

N ]
λe−λ2−M

λe−λ2−M +λeλ2−M
= M−1E[2− M

N ]
σ2

0

48eλ(1+e2λ)
,

(5.263)

which yields the desired lower-bound with the constant C1 = σ2
0

48eλ(1+e2λ)
.

Theorem 5.3 provides lower and upper bounds for the greedy approximation error of

any finite-variance compound Poisson process. In Theorem 5.4, we use these bounds to

deduce sub-exponential super-polynomial behaviors for the greedy approximation error of

compound-Poisson processes.

Theorem 5.4. Let s be a compound Poisson process whose law of jumps admits a PDF with

zero-mean and finite variance. Then the greedy approximation error MSEgreedy
M of s follows a

sub-exponential and super-polynomial asymptotic behavior. Precisely, for any k ∈N, we have

that

lim
M→+∞

M k MSEgreedy
M = 0, (5.264)

and for any α> 0,

lim
M→+∞

eαM MSEgreedy
M =+∞. (5.265)

Proof. It is sufficient to prove that the quantity E[2−
M
N ] has sub-exponential and super-polynomial

asymptotic behavior.

Super-polynomiality: First note that there exists an integer number N0 ∈N such that for

every n ≥ N0, we have P(N = n) ≤ 2−n . We then consider the following decomposition for any

M ≥ N0 +1

E[2− M
N ] =

N0−1∑
n=1

P(N = n)2− M
n +

M−1∑
n=N0

P(N = n)2− M
n +

∞∑
n=M

P(N = n)2− M
n . (5.266)

We separately show that each term of the previous decomposition decays faster than the

inverse of any polynomial as M →∞.

For the first term, simply due to P(N = n) ≤ 1, we have that

M k
N0−1∑
n=1

P(N = n)2− M
n ≤ (N0 −1)M k 2− M

N0 −→ 0, (5.267)

as M →∞. Regarding the second term, we use the bound P(N = n) ≤ 2−n for n ≥ N0 to deduce
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that

∀n ≥ N0 :P(N = n)2− M
n ≤ 2−n− M

n ≤ 2−2
p

M , (5.268)

where in the last inequality, we have used x + y ≥ 2
p

x y with x = n and y = M/n. Hence,

M k
M−1∑
n=N0

P(N = n)2− M
n ≤ M k+12−2

p
M → 0, (5.269)

as M →∞. Finally for the last term, we use (5.242) with t = 1 to obtain that

M k
∞∑

n=M
P(N = n)2− M

n ≤ M k
∞∑

n=M−1
P(N = n) = M kP(N ≥ M) ≤ M k eλ(e−1)e−M → 0, (5.270)

as M →∞.

Sub-exponentiality: To show the sub-exponential behavior, we fix α> 0 and for all n0 ≥ 2,

we note that

eαME[2− M
N ] ≥ 2log2(e)αMP(N = n0)2− M

n0 =P(N = n0)2(α log2(e)− 1
n0

)M . (5.271)

Now by fixing n0 to be a sufficiently large integer so that log2 eα− 1
n0

> 0, we deduce that the

right hand side explodes.

An enlightening consequence of the super-polynomial behavior of the greedy approxima-

tion error is that it demonstrates that our provided lower- and upper-bounds are asymptoti-

cally comparable. Specifically from the upper-bound provided in Theorem 5.3, we deduce

that
MSEgreedy

M

E[2− M
N ](1−ε)

≤C2ME[2− M
N ]ε (5.272)

for any ε> 0. Moreover, Theorem 5.4 implies that the quantity ME[2− M
N ]ε tends to 0 as M →+∞

and is therefore bounded from above. Using a similar argumentation for the lower-bound of

Theorem 5.3, we obtain the following corollary.

Corollary 5.8. For any ε> 0, there are positive constants C1,ε,C2,ε > 0 such that

C1,εE[2− M
N ](1+ε) ≤ MSEgreedy

M ≤C2,εE[2− M
N ](1−ε), (5.273)

for all values of M ≥ 1.

Our theoretical analysis validates the two following observations in a rigorous manner:

• A piecewise constant function with a fixed number of jumps n ≥ 1 is such that its greedy

approximation in the Haar basis roughly behaves like O (2−M/n), which is exponential

and therefore decays to 0 faster than any polynomial. Note that the exponential decay is

faster for smaller values of n.
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5.4. Special Case: Compound-Poisson Processes

• The number of jumps N of a compound Poisson is random. It is almost surely finite but

can be arbitrarily large. The concrete effect is that the mean-square error of the greedy

approximation roughly behaves like O (E[2−M/N ]). The subexponential behavior of the

MSE is then a consequence, as we have shown.

It is worth noting that the characterization provided by Theorem 5.4 is not deducible from

earlier works that was based on the machinery of Besov regularity, such as [443]. Previous

works focus on the almost sure behavior of the approximation error, while we focus on the

mean-square approximation in this work. These are two different regimes and to the best of

our knowledge, the possible link between the two has not been investigated.

By contrast, we obtain some information regarding the asymptotic behavior of best M-

term approximation error of compound Poisson processes from Theorem 5.4. Indeed, by

combining (5.188) and (5.264), one observes that

limsupM→+∞M k MSEbest
M ≤ lim

M→+∞
M k MSEgreedy

M = 0, (5.274)

for any k ∈N. Using the fact that MSE is non-negative simply implies that

lim
M→+∞

M k MSEbest
M = 0. (5.275)

The super-polynomial decay of the greedy approximation error shows that this method,

despite being very simple and easily implemented, reaches excellent approximation per-

formances. In the next section, we will empirically show that the greedy scheme performs

similarly to the practically uncomputable best M-term approximation scheme.

5.4.5 Numerical Illustration

In this section, we provide a numerical demonstration of the main results of this work. First,

it is illustrative and reflects the potential practical impact of our theoretical claims in a com-

plementary and empirical manner. Second, it shows that the results obtained for the greedy

approximation method are similar to what would be obtained for the best M-term approxi-

mation. Finally, it emphasizes that wavelets are able to exploit the inherent sparsity of non-

Gaussian signals, which is not the case of traditional Fourier-based approximation schemes.

These empirical observations then give rise to open theoretical questions that might be of

interest to the community.

To simulate each approximation scheme, we first generate a signal that consists of 210 =
1024 equispaced samples of a given random process over [0,1]. We then compute its (discrete)

Haar wavelet coefficients of scale up to Jmax = 10. Finally, we create the approximated signal

according to the given approximation scheme13. We repeat each experiment 1000 times and

13For the best M-term approximation, we do not have access to the infinitely many wavelet coefficients but only
to the ones up to a given scale (Jmax = 10 in this case). This means that we only have an approximation of the best
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we report the average to reduce the effect of the underlying randomness (Monte Carlo method).

The averaged values are then good approximations of the quantities of interest, that is, the

MSEs given by (5.187) for different approximation schemes.

In the first experiment, we compute the MSE of greedy approximation for Brownian mo-

tions and compound Poisson processes with different values of λ= 10,50,100,500 and with

Gaussian jumps, as a function of the number M of coefficients that are preserved. We recall

that, N being the random number of jumps of the compound Poisson process s over [0,1],

λ= E[N ] is the averaged number of jumps. To have a fair comparison, we unify the variance

of the random processes in all cases to be σ2
0 = 1 (which corresponds to a law of jumps with

variance σ2
0/λ= 1/λ for compound Poisson processes).

The results are depicted in Figure 5.16, where in each case we plot the MSE in log scale, that

is log2(M) 7→ 10log10(MSE). From Proposition 5.16 and Corollary 5.7, we expect that the MSE

of Brownian motion follows a global linear decay in the log scale, while decaying sub-linearly

locally. Indeed, for M = 2J , J ∈N, we deduce from (5.204) that

10log10(MSEgreedy
M ) =α−βJ , (5.276)

where α= 10log10(σ2
0/6) and β= 10log10(2) which shows a linear decay with respect to J =

log2(M). However, in the regime when J = blog2(M)c is fixed, that is when 2J ≤ M < 2J+1, we

obtain from (5.203) that

10log10(MSEgreedy
M ) =α−β(J +1)+β log2

(
3− M

2J

)
, (5.277)

which shows that the error decays sub-linearly in this regime. These theoretical claims can be

observed in Figure 5.16, as well.

In addition, from Theorem 5.4, we know that the MSE of compound Poisson processes in

the log scale should asymptotically decay faster than any straight line. This is also observable

in Figure 5.16, indicating the dramatic difference between the compressiblity of compound

Poisson processes and Brownian motions, as expected.

We moreover remark in Figure 5.16 that the small-scale behavior (log2(M) = J ≤ 3) does not

distinguish between different values of λ, but also between compound Poisson processes and

the Brownian motion. Again, this empirical fact has a theoretical counterpart: it is linked with

the fact that the statistics of finite variance compound Poisson processes are barely distinguish-

able from the ones of the Brownian motion at coarse scales. This has been formalized in [442]

which states, when particularized to our case, that compound Poisson processes with finite

variance converge to the Brownian motion when zoomed out and correctly renormalized.

M-term for our simulations. However, the variance of the wavelet coefficients decay with the scale j like 2−2 j and
the coefficients at larger scales are therefore very small with high probability. Our approximation of the best M
terms is therefore excellent.
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5.4. Special Case: Compound-Poisson Processes

Figure 5.16 – Greedy approximations of Brownian motions and compound Poisson processes
with different values of λ and Gaussian jumps. We fix the variance to one in all cases.

Finally, we observe in Figure 5.16 that as λ→+∞, the greedy approximation of compound

Poisson processes converges pointwise to the one of Brownian motion. This empirical obser-

vation poses an interesting theoretical question which is also consistent with [393, Theorem

5], which states—when specialized to our problem—that the compound Poisson process with

constant variance σ2
0 and Gaussian jumps converges in law to the Brownian motion when

λ→∞.

As we have seen in the introduction, it is particularly satisfactory to characterize the

compressibility of Lévy processes via their best M-term approximation error in a given basis.

Although our greedy approximation error only provides an upper-bound for the best M-term

approximation error, we demonstrate numerically in Figure 5.17 that the two approximation

schemes are comparable in the sense of MSE. This is also an important observation, as it

reveals that the extremely simple greedy approximation performs almost as good as the

best M-term approximation, the latter being a theoretical bound for M-term approximation

schemes.

We now investigate the effect of the dictionary in which we perform the approximation

scheme. We consider the Haar transform and discrete cosine transform (DCT) for approximat-

ing the Brownian motion and compound Poisson processes with Gaussian jumps. The results

are depicted in Figure 5.18, where we plot the best M-term approximation error of each setup

in the log scale.

We observe that the DCT works slightly better than Haar for the Brownian motion. This
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is not surprising: The DCT is known to be asymptotically equivalent to the Karhunen-Loève

transform (KLT), which is optimal for Gaussian stationary processes [351]. It is worth noting

that this is also valid for the Brownian motion, which is not stationary but still admits stationary

increments.

However, there is a dramatic difference between Haar and DCT for compound Poisson

processes. We see in Figure 5.18 that, contrary to the Haar dictionary, the DCT is unable to

take advantage of the effective sparsity of compound Poisson processes. This is of course

not a surprise and is folklore knowledge, but it has not yet been justified theoretically for the

best of our knowledge. This is nevertheless consistent with recent theoretical and empirical

results demonstrating that wavelet methods outperform classical Fourier-based methods for

the analysis of sparse stochastic processes [48, 443].

5.4.6 Summary

The theoretical and empirical findings of this work are reminiscent to the so-called “Mallat’s

heuristic" [471], which states that

“Wavelets are the best bases for representing objects composed of singularities, when there

may be an arbitrary number of singularities, which may be located in all possible spatial

position."

and which remarkably describes the compound Poisson model.

To do so, we provided a theoretical analysis to characterize the compressibility of com-

pound Poisson processes. To that end, we introduced a simple approximation greedy scheme

performed over the Haar wavelet basis. We then provided comparable lower and upper-

bounds for the mean-squared approximation error. This enabled us to deduce the sub-

exponential super-polynomial asymptotic behavior for the error.
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5.4. Special Case: Compound-Poisson Processes

Figure 5.17 – Greedy and Best M-term approximation of a compound Poisson process (top)
with λ = 10 and Gaussian jumps and a Brownian motion (bottom). We normalize both
processes to have unit variance
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Figure 5.18 – Comparison of DCT versus Haar wavelets to optimally represent (best M-term) a
compound Poisson process (top) with λ= 10 and Gaussian jumps with a Brownian motion
(bottom). We normalize both random processes to have unit variance.
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6 Conclusion

In this thesis, we have provided a theoretical foundation for the study of convex optimization

problems posed over infinite-dimensional Banach spaces. By utilizing our general framework,

we have developed novel schemes for supervised learning and solving linear inverse problems.

We have established that splines are optimal in many of the proposed schemes. Consequently,

we have studied splines systematically from both deterministic and stochastic points of view.

In what follows, we first summarise the key contributions of this thesis (Section 6.1). We

then provide a brief overview of the future research directions (Section 6.2).

6.1 Summary of the Main Contributions

6.1.1 Spline Theory

We have studied multi-spline spaces and, in particular, their shortest-support generators. First,

we have proven the optimality of Hermite splines. Specifically, we have shown that they are

maximally localized among the pair of functions with similar reproduction ability (Theorem

1.1).

Next, we have considered general multi-spline spaces. We have defined the notion of

mB-splines (Definition 1.4) and proven a lower-bound for their support size (Theorem 1.3).

Moreover, we have shown that mB-splines generate Riesz bases (Thoerem 1.4). Finally, we have

proposed a recursive algorithm to construct mB-splines which demonstrates the sharpness of

our announced lower-bound on their support size (Theorem 1.5).

6.1.2 Optimization Theory

We have studied a broad class of convex optimization problems that are posed over infinite-

dimensional Banach spaces. Specifically, we have investigated the case where the search space

admits a direct-sum or direct-product decomposition. First, we have studied the topological
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structure of these spaces (Theorem 2.3). Next, we have proven a general representer theorem

that characterizes the solution set of the aforementioned optimization problems (Theorem

2.4). Finally, we have adapted the general representer theorem to the case in which a seminorm

is used as the regularization functional (Theorem 2.5).

6.1.3 Supervised Learning

Based on the general results of Chapter 2, we have developed novel schemes for supervised

learning that inherit a certain notion of “sparsity”.

Multi-Kernel Regression

We have developed a Banach-space formalism for learning with multiple kernels. As the

first step, we have characterized the topological structure of the underlying search space

(Theorem 3.2). Next, we have identified the class of kernel functions that are admissible in

our framework (Theorem 3.3). Finally, we have proven a representer theorem that suggests a

sparse and adaptive kernel expansion for the mapping to be learned (Theorem 3.4).

Univariate Learning Models Under Lipschitz Constraint

We have considered the problem of learning one-dimensional mappings under joint sparsity

and Lipschitz constraints. We have proposed two formulations that address these constraints

together. The first one uses the Lipschitz constant as a regularization term (Theorem 3.6),

while the second one involves a sparsity-promoting regularization term paired with a hard

constraint on the Lipschitz constant (Theorem 3.7). For both cases, we have presented efficient

algorithms for finding the sparsest linear spline solution (Section 3.3.4).

Learning Activation Functions of Deep Neural Networks

We have introduced a functional framework for the learning of activation functions of deep

neural networks. We have first identified the connection between our proposed formulation

and the global Lipschitz constant of the network (Theorem 3.9). Next, we have proven a

representer theorem that guarantees the existence of an optimal neural network with linear

spline activation functions (Theorem 3.11). Finally, we have proposed a B-spline based

algorithm for training linear spline activation functions that is scalable in time and memory

(Section 3.4.4).

Learning Multivariate CPWL Functions

We have introduced the HTV seminorm and proposed its use as a regularization functional for

learning multivariate CPWL functions. First, we have studied the duality mappings of Schatten
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matrix norms (Theorem 3.13). Then, we have rigorously defined the HTV seminorm and illus-

trated its suitability as a measure of complexity (Section 3.5.2). In particular, we have provided

a closed-form expression for the HTV of CPWL functions (Theorem 3.17). To demonstrate the

practical relevance of our theoretical findings, we have proposed a computational scheme for

learning two-dimensional CPWL mappings with HTV regularization (Section 3.5.3).

6.1.4 Inverse Problems

We have applied our Banach-space optimization theory to the class of linear inverse problems

involving multicomponent priors on the signal of interest. We have first studied hybrid

models that are the continuous-domain counterparts of redundant dictionaries used in the

framework of compressed-sensing (Section 4.2). We have then considered a composite sparse-

plus-smooth model for the target signal that deploys adequate regularization functionals for

each component (Section 4.3). Finally, we have developed a novel rotation-invariant and

sparsity-promoting regularization term for fitting curves to 2D point-clouds (Section 4.4).

In all of these cases, we have derived representer theorems that offer parametric forms for

the solutions to the respective problems (Theorems 4.1, 4.2 and 4.4, respectively). These

theoretical characterizations allowed us to discretize the problems exactly and solve them

numerically.

6.1.5 Stochastic Processes

We have studied the family of sparse stochastic processes that is known to be the limit point

of compound-Poisson processes. First, we have proposed a novel scheme, based on nonuni-

form B-splines, for generating gridless trajectories of a broad subfamily of sparse stochastic

processes (Section 5.2). Next, we have characterized the Besov regularity of Lévy white noises

(Theorem 5.1) which is tightly linked to the compressibility of sparse stochastic processes.

Finally, we have refined the existing compressibility rate for compound-Poisson processes by

providing a direct method for analyzing their wavelet compressibility (Theorem 5.3).

6.2 Outlook and Future Works

The work presented in this thesis opens several new fields of inquiry. Some of these future

lines of research are as follows:

• Vector-valued L-splines. In Chapter 1, we have developed a theory for multi-splines that

are sums of piecewise-polynomial functions. One can go even further and introduce a

vectorial extension of the notion of L-splines. This is motivated from applications where

different components of the signal are coupled. Examples include but are not limited

to multi-task learning, change-point detection and multimodal signal processing. An

open question is to develop a variational framework that demonstrates the optimality
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of this new family of splines.

• Sensitivity of infinite-dimensional optimization problems. While our representer the-

orems in Chapter 2 characterize the solution set of a broad class of optimization prob-

lems, they do not provide information about the sensitivity of the problem with respect

to its parameters. In particular, robustness of the optimal solution to small perturbations

of the measurement vector is of great importance for practical purposes. A possible

approach for such an analysis is to study the mathematical properties of the duality

mapping.

• Computational techniques for finding the optimal solution. A major challenge in

our theoretical framework is to numerically solve the proposed infinite-dimensional

problems. While our representer theorems allow us to recast these problems as finite-

dimensional ones, the latter are still high-dimensional and nonconvex. To illustrate the

relevance of our theory, we have proposed grid-based techniques in this thesis. However,

these methods are only feasible for low-dimensional problems and developing gridless

optimization techniques in higher dimensions will significantly improve the practical

relevance of the research presented in Chapters 3 and 4.

• Convergence of the sparse process generator. In Chapter 5 (and in particular, Section

5.2), we have proposed a method for generating approximated trajectories of sparse

stochastic processes. An open question is to study the convergence rate of our proposed

method. We suspect that the compressibility rate of the target process will have an effect

on the convergence speed. This conjecture stems from the compressibliity hierarchy that

has been developed in the remaining parts of Chapter 5, where we have demonstrated

that the compound-Poisson processes are among the most compressible members of

the family.
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