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Abstract

The quantification of uncertainties can be particularly challenging for problems requiring
long-time integration as the structure of the random solution might considerably change
over time. In this respect, dynamical low-rank approximation (DLRA) is very appealing.
It can be seen as a reduced basis method, thus solvable at a relatively low computational
cost, in which the solution is expanded as a linear combination of a few deterministic
functions with random coefficients. The distinctive feature of the DLRA is that both
the deterministic functions and random coefficients are computed on the fly and are free
to evolve in time, thus adjusting at each time to the current structure of the random
solution. This is achieved by suitably projecting the dynamics onto the tangent space of
a manifold consisting of all random functions with a fixed rank. In this thesis, we aim at
further analyzing and applying the DLR methods to time-dependent problems.

Our first work considers the DLRA of random parabolic equations and proposes a class
of fully discrete numerical schemes. Similarly to the continuous DLRA, our schemes
are shown to satisfy a discrete variational formulation. By exploiting this property,
we establish the stability of our schemes: we show that our explicit and semi-implicit
versions are conditionally stable under a “parabolic” type CFL condition which does not
depend on the smallest singular value of the DLR. solution; whereas our implicit scheme
is unconditionally stable. Moreover, we show that, in certain cases, the semi-implicit
scheme can be unconditionally stable if the randomness in the system is sufficiently small.
The analysis is supported by numerical results showing the sharpness of the obtained
stability conditions.

The discrete variational formulation is further applied in our second work, which derives
a-priori and a-posteriori error estimates for the discrete DLRA of a random parabolic
equation obtained by the three newly-proposed schemes. Under the assumption that the
right-hand side of the dynamical system lies in the tangent space up to a small remainder,
we show that the solution converges with standard convergence rates w.r.t. the time,
spatial, and stochastic discretization parameters, with constants independent of singular
values.

We follow by presenting a residual-based a-posteriori error estimation for a heat equation
with a random forcing term and a random diffusion coefficient which is assumed to depend
affinely on a finite number of independent random variables. The a-posteriori error
estimate consists of four parts: the finite element method error, the time discretization
error, the stochastic collocation error, and the rank truncation error. These estimators



Abstract

are then used to drive an adaptive choice of FE mesh, collocation points, time steps, and
time-varying rank.

The last part of the thesis examines the idea of applying the DLR method in data
assimilation problems, in particular the filtering problem. We propose two new filtering
algorithms. They both rely on complementing the DLRA with a Gaussian component.
More precisely, the DLR portion captures the non-Gaussian features in an evolving
low-dimensional subspace through interacting particles, whereas each particle carries a
Gaussian distribution on the whole ambient space. We study the effectiveness of these
algorithms on a filtering problem for the Lorenz-96 system.

Keywords: Dynamical low rank, Dynamically orthogonal approximation, Uncertainty
quantification, Data assimilation, Filtering problem, Error estimates, Splitting method



Résumé

La quantification des incertitudes peut étre particulierement difficile pour les problemes
nécessitant une intégration a long terme, car la structure de la solution aléatoire peut
considérablement changer avec le temps. Pour répondre a cette problématique, 'approxi-
mation dynamique a faible rang (DLRA) est trés attrayante. Elle peut étre considérée
comme une méthode de base réduite, donc soluble a un cotiit de calcul relativement
faible, dans laquelle la solution est étendue comme une combinaison linéaire de fonctions
déterministes avec des coefficients aléatoires. La caractéristique distinctive de la DLRA
est que les fonctions déterministes et les coefficients aléatoires sont calculés a la volée et
peuvent évoluer dans le temps, s’adaptant ainsi a chaque instant a la structure actuelle
de la solution aléatoire. Ceci est réalisé en projetant de maniére appropriée la dynamique
sur l’espace tangent d’une variété constitué de toutes les fonctions aléatoires avec un
rang fixe. Dans cette thése, on cherche & analyser plus en profondeur et & appliquer les
méthodes DLR aux probléemes dépendant du temps.

Notre premiere tache considere la DLRA des équations paraboliques aléatoires et propose
une classe de schémas numériques entierement discrets. Comme pour la DLRA continue,
on montre que nos schémas satisfont une formulation variationnelle discréte. En exploitant
cette propriété, on établit la stabilité de nos schémas : on montre que nos versions
explicite et semi-implicite sont conditionnellement stables sous une condition CFL de
type "parabolique" qui ne dépend pas de la plus petite valeur singuliere de la solution
DLR, tandis que notre schéma implicite est inconditionnellement stable. De plus, on
montre que, dans certains cas, le schéma semi-implicite peut étre inconditionnellement
stable si le caractere aléatoire du systeéme est suffissamment petit. L’analyse est soutenue
par des résultats numériques montrant la netteté des conditions de stabilité obtenues.
La formulation variationnelle discrete est appliquée dans la deuxieme partie du travail,
qui dérive des estimations d’erreur a-priori et a-posteriori pour la DLRA discréte d’une
équation parabolique aléatoire obtenue par les trois schémas nouvellement proposés. En
supposant que le c6té droit du systéeme dynamique se trouve dans I’espace tangent a un
petit reste pres, on montre que la solution converge avec des taux de convergence standard
en fonction des parameétres de discrétisation temporels, spatiaux et stochastiques, avec
des constantes indépendantes des valeurs singulieres.

On présente ensuite une estimation de l'erreur a posteriori basée sur les résidus pour une
équation de chaleur avec un terme de forcage aléatoire et un coefficient de diffusion aléa-
toire qui est supposé dépendre de maniere affine d’un nombre fini de variables aléatoires



Résumé

indépendantes. L’estimation de ’erreur a posteriori se compose de quatre parties : 'erreur
d’éléments finis, 'erreur de discrétisation temporelle, ’erreur de collocation stochastique
et lerreur de troncature de rang. Ces estimateurs sont ensuite utilisés pour piloter un
choix adaptatif de maillage FE, de points de collocation, de pas de temps, et de rang
variable dans le temps.

La derniére partie de cette these examine l'idée d’appliquer la méthode DLR & des
problémes d’assimilation de données, en particulier le probléme du filtrage. On propose
deux nouveaux algorithmes de filtrage. Ils reposent tous deux sur le fait de compléter
la DLR par une composante gaussienne. Plus précisément, la partie DLR capture les
caractéristiques non gaussiennes dans un sous-espace évolutif de faible dimension par
le biais de particules en interaction, tandis que chaque particule porte une distribution
gaussienne sur ’ensemble de I'espace ambiant. On étudie 'efficacité de ces algorithmes
sur un probleme de filtrage pour le systéeme Lorenz-96.

Mots clés : Approximation dynamique & faible rang, Approximation orthogonale dy-
namique, Quantification d’incertitude, Assimilation de données, Probleme de filtrage,
Estimations d’erreurs, Méthode de fractionnement
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Introduction

The development in technology and science within the last decades demonstrates a growing
importance of mathematical modeling and numerical simulations. The mathematical
model only gives an approximate description of reality. Physical processes are often
oversimplified, and the input data suffer from measurement errors or reduced availability.
Therefore, a reliable mathematical model needs to account for a modeling error and
uncertainty in the input data. Consider as an example the weather prediction. In order
to obtain a weather forecast, one needs to compute the solution of a large system of time-
dependent partial differential equations (PDEs), which only approximates the reality.
The model’s input data include physical parameters such as atmospheric emissions,
humidity, soil moisture (and many more), and initial and boundary conditions. The exact
quantification of most of these parameters is typically compromised by measurement
errors, reduced amount of data, or intrinsic variability of the parameter itself. The
uncertainty of the model and input parameters is naturally reflected in the uncertainty
of the solution. In the context of uncertainty quantification (UQ), we can distinguish
two main directions: the forward UQ), which quantifies the impact of uncertain inputs
on the model outputs, and the inverse UQ), which aims to reduce the uncertainty of the
model inputs using available experimental measurements of some model outputs. This
thesis focuses on the forward UQ in the first part and data assimilation (which combines
techniques of both forward and inverse UQ) in the second part.

0.1 Dynamical low rank approximation for forward UQ
In the present work, we consider a random evolutionary equation

i = F(u) (1)
with random initial condition and random operator F.

One of the most popular techniques for quantifying the uncertainty of such a problem
is the Monte Carlo (MC) method (see, e.g., [Fis96; Caf98]). The solution statistics are
approximated by drawing a sample of N independent realizations of the random data
and solving corresponding N deterministic evolution equations. This leads to a set of N
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solutions {u(j)};v;l approximating the distribution of u at any time instant. The MC
methods suffer from a slow convergence rate with respect to the number of particles.
There have been many improvements built upon the classic MC method, as the Quasi
Monte Carlo ([WS07; YY18; Gra+11; Nie92]) and the Multilevel Monte Carlo ([BL12;
Cli+11]), among others.

An alternative approach to sampling methods of MC type is provided by spectral methods,
which try to reconstruct the functional dependence of the solution on the random data.
Suppose we can parametrize the randomness in terms of a finite-dimensional random
vector w with known distribution. Motivated by the observation that the parameter-to-
solution map is smooth for many types of random equations, the method expands the
random solution over a suitable stochastic basis {Y;}2

R

ufC(t,w) =) Ui()Yi(w), (2)

=1

where {U;}£ | are deterministic coefficients and {Y;}£ | are e.g. multivariate polynomial
functions orthogonal w.r.t. the density function of the random vector w. This approach
is known as generalized Polynomial Chaos (gPC) expansion, see [XK02; XH05b; Wie38;
SG04; CM47]. The coefficients {U;} 21, can be obtained via Galerkin projection ([Bec+12;
BTZ04; GS91; MKO05]) or by e.g. stochastic collocation on tensor or sparse grids ([XHO05b;
MK10; BNT10]). Convergence rates are significantly higher compared to the standard
MC methods, provided that the parameter-to-solution map has high regularity and
the (effective) dimensionality of the stochastic space is not too large. This approach
remains challenging, however, if the two conditions mentioned above are not met and,
despite many improvements introduced via the sparse grid method or other sparsification
techniques, spectral methods still suffer from the so-called curse of dimensionality, i.e.,
an accuracy versus cost performance that is negatively affected by the high dimension of
the underlying stochastic space for many practical problems. An additional difficulty is
posed by long-time integration of the problem (1). As the dependence of the solution on
the random parameters may significantly vary in time, a set of fixed R stochastic basis
functions might be insufficient to provide a good accuracy for long times. Naturally this
can be overcome by increasing R — the number of terms in the expansion (2), however
with a consequent increase in computational cost (see [Ger+10; WKO06] for more details
and examples).

A different strategy arises from the field of model order reduction (MOR). The underlying
idea relies on the observation that for many types of problems, the collection of all
realizations of the solution u of problem (1) for all possible input parameters at all times
can be well approximated by a linear subspace Uy with a small dimension R. Assuming
that we are able to parametrize the subspace Ur by a set of R deterministic functions
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{U;}E |, called reduced bases, the solution at each time can be expressed as
R
uB () = 3" UYi(h) (3)
i=1

where {Y;} | are stochastic coefficients. The stochastic coefficients are then obtained by
projecting the equations (1) onto Ug, resulting in an R-dimensional system of equations.
This technique is known as the reduced basis method (see e.g. [Boy+10; CQR14; CQRI15;
CS15; EL13] for more details). The procedure consists of two stages: an offline stage which
computes the deterministic basis functions {U;}f; and an online stage in which the UQ
problem (1) is reduced to a low-dimensional and consequently a low-cost problem, solving
for {Y;(t)},. The difficulty of the method lies in a good choice of the deterministic basis
{Ui}fil characterizing the solution subspace Ugr. One of the most popular techniques is
the Proper Orthogonal Decomposition (POD) (see, e.g., [BGWO0T7; CF11; MK10; WP02]),
which collects snapshots of solutions precomputed for certain input parameters at certain
time instants in a matrix and applies a singular value decomposition (SVD) to extract
the R most dominant singular vectors. A considerable computational cost is required for
this procedure in case of long time integration problems. Recently, greedy approaches
have been proposed and applied in [Bau+15; Buf+12; CQR13; EKP11; GP05; Haal3;
NRPO09], trying to reduce the cost of the offline stage. However, applying any of these
methods becomes challenging when the collection of solutions for different parameters
considerably changes over time. For long time integration, this essentially leads to
increasing R dramatically, with, again, a consequent increase in the offline and online
computational cost.

We conclude that even if the solution of (1) allows a good low-rank approximation at
each time instant, fixing either the deterministic basis (3) or the stochastic basis (2) for
all times negatively influences the approximability properties of the expansion, leading
to excessively large R for long time integration problems. The most straightforward
approach to alleviate this issue is to allow both the deterministic functions {U;}£ | and
the stochastic functions {Y;(y)}£, to evolve in time

R

uPHR () = Y Ui()Yi(t), (4)

i=1

so that they can best approximate the solution at a given time instant. This is achieved
by fixing the rank R in time and imposing the functions (also called modes) {U;} £,
and {Y;}*, to be linearly independent. The collection of all such random fields forms a
manifold, denoted by Mg, and the evolution of the modes is derived from projecting the
governing equation (1) onto the tangent space of such manifold at the current solution
uPMR, This approach named dynamically orthogonal (DO) field expansion was first
proposed in the UQ context in [SL0O9] and applied to problems in ocean dynamics with
random data in [SL12; ULS13]. Similar ideas, using slightly different representation form
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for the solution, have been proposed in [CHZ13a; CHZ13b; CSK14| under the names
dynamically double orthogonal and bi-orthogonal expansions, respectively. In [MNZ15] it
was shown that these formulations are, in fact, equivalent. In [KKS06; MMC90; Zan+03;
Bec+99], a similar approach, known as multi-configuration time-dependent Hartree
(MCTDH) method, was used to approximate time-dependent Schrodinger equations.
The name Dynamical low rank approximation comes from [HLWO04; KLO7a], where
analogous ideas were applied in the context of matrix evolution equations (we will
use the acronym DLR for dynamical low rank and DLRA for dynamical low rank
approximation). This was further extended to deal with tensors in Tucker format in
[KL10; KLO7b; CL10], in Hierarchical Tucker or Tensor train in [LOV15a; Lub+13] and
tree tensor networks in [CLW21]. In [FL18], the authors provide a thorough analysis of
the geometry corresponding to this method in the matrix setting. Applications of the
DLRA include stiff matrix differential equations ([Men+18; OPW19]), multi-scale linear
transport equation ([EHW21]), different types of Vlasov equations [EL18; EOP20; EJ21],
Navier-Stokes equations [EHY21; MN18] and wave equations [MNV17]. A dynamical
low-rank approximation with a different choice of time-dependent deterministic basis was
considered in [FN17].

The analysis and development of the dynamical low rank approximation method is the
central topic of this thesis. In the field of forward UQ, our main focus was the analysis
of efficient discretization schemes for the DLRA of random PDEs. We will follow now

with descriptions of our main contributions

0.1.1 Main contributions
New fully discrete schemes for DLRA

We propose a new class of fully discrete schemes used to approximate time-dependent
partial differential equations with random parameters, stemming from the evolution
equations for the modes {U;}E ,{Y;}£ . This results in explicit, implicit and semi-
implicit schemes. Although not evident at first sight, we show that the explicit version of
our scheme can be reinterpreted as a projector-splitting scheme (whenever the discrete
solution is full-rank), which is a popular DLR integrator (see e.g. [LO14; LOV15b])
with highly advantageous properties in the presence of small singular values in the
solution ([KLW16]). In the rank-deficient case, our schemes may result in different
solutions. In Chapter 2, we show that the discrete DLR solution obtained by the newly-
proposed schemes satisfies a discrete variational formulation, analogous to the variational
formulation of the continuous DLR problem (see [MNZ15, Prop. 3.4]). Such formulation
is then key for analyzing the stability properties and deriving a-priori and a-posteriori
error estimates, which is the goal of Chapters 3, 4 and 5.
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Stability analysis

Chapter 3 is dedicated to analysing the stability properties of the proposed numerical
schemes applied to a parabolic PDE with random coefficients. We first show that in this
parabolic setting, the continuous DLR solution satisfies analogous stability properties as
the true solution of the considered problem, in the parabolic case. We then analyze the
stability of the fully discrete schemes from Chapter 2. Quite surprisingly, the stability
properties of both the discrete and the continuous DLR solutions do not depend on the
size of their singular values, even without any e-approximability condition on F. The
implicit scheme is proven to be unconditionally stable. This improves the stability result
which could be drawn from the error estimates derived in [KLW16]. The explicit scheme
remains stable under a standard parabolic stability condition between time and space
discretization parameters for an explicit propagation of parabolic equations. The semi-
implicit scheme is generally only conditionally stable under again a parabolic stability
condition, and becomes unconditionally stable under some restrictions on the size of the
randomness of the operator. As an application of the general theory developed in this
work, we consider the case of a heat equation with a random diffusion coefficient. We
dedicate a section to particularize the numerical schemes and the corresponding stability
results to this problem. The semi-implicit scheme turns out to be always unconditionally
stable if the diffusion coefficient depends affinely on the random variables. To the best
of our knowledge, this is the first work providing a stability analysis for a fully discrete
DLR solution obtained by a projector-splitting scheme and the results are published in
[KNV21].

A-priori error estimation

Chapter 4 deals with an a-priori error estimation for the fully discrete DLR solution of a
random parabolic equation obtained by the newly-proposed schemes of Chapter 2. The
considered discrete DLR solution is obtained by i) applying the finite element method
with continuous piece-wise polynomials of degree < r and elements of size h to treat the
spatial discretization; ii) the Monte Carlo method with N samples to treat the stochastic
discretization; iii) the time-marching scheme proposed in Chapter 2 with time step At.
Applying the discrete variational formulation derived in Chapter 2, we are able to adapt
the standard techniques derived for deterministic parabolic problems to our setting and
prove an O(e + At+h"+1/ VN ) error bound, under the assumptions that the projection
error of F(u) to the tangent space of Mg at u is of size ¢, that the initial condition is of
rank R, that the true solution is sufficiently smooth and an additional ‘stability condition’
on the deterministic basis. An important property of our error analysis is that all involved
constants are independent of the smallest singular values of the solution. In the context
of matrix evolution equations, the work [KLW16] proves a similar error bound O(e + At)
with constants independent of the singular values. As pointed out by their authors, a
limitation of their theoretical result is that it is applicable to stiff differential equations
such as discretized PDEs only under a severe CFL condition AtL <« 1, where L is the
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Lipschitz constant for F. Such a restriction is not present in our analysis. Furthermore,
in our setting, the operator F does not need to be uniformly bounded. On the other
hand, as opposed to the work in [KLW16], our results only apply to parabolic problems.

A-posteriori error estimation

Chapter 5 is concerned with an a-posteriori error estimation for a discrete DLR solution
of a random parabolic equation obtained by the newly-proposed schemes. The spatial
discretization is obtained by applying the finite element method with continuous piece-
wise polynomials, while the stochastic discretization is performed by the stochastic
collocation (SC) method [XHO05a; BNT10; NTWO08a|. Before tackling the problem for a
DLR solution, we direct our attention to an a-posteriori error estimation for a random
heat equation, with no DLRA involved. In this case, the time discretization is performed
via the #-scheme and the stochastic discretization using sparse grids. There is a vast
literature on a posteriori error estimation for deterministic parabolic problems (see e.g.
[EJ91; EJ95; Pic98; Ver03; LPP09; AMNO6]). There is much less literature available for
the a posteriori error estimation for random PDEs. When uncertainties are treated by
the stochastic Galerkin method [GDS03; LMK10], a posteriori error estimations together
with an adaptive algorithm have been proposed in [Kha+20; KPB18] for a linear elasticity
equation and in [Eig+13; Eig+14; Eig+15; BPS14; CPB19; BX20] for an elliptic PDE.
Concerning parabolic equations, the only work we are aware of considers uncertainty
only in the Robin boundary condition, solved by the perturbation approach in [Guil8].
The work [GN18] derives a residual based a posteriori error estimation for an elliptic
problem discretized by a stochastic collocation finite element method. There, the authors
propose an algorithm that adaptively builds the sparse grid based on the a posteriori
estimation of the SC error. Recently, a proof of convergence for such adaptive algorithm
has been derived in [FS21; Eig+21].

Our work extends the results obtained in [GN18] to a heat equation with random right
hand side and random diffusion coefficient that depends affinely on a finite number
of random variables. We adopt the setting from [Ver03] to treat the spatial and time
discretization errors. Our estimator allows spatial meshes and stochastic sparse grids
to change in time. The estimator naturally splits into a spatial discretization estimator,
time discretization estimator and stochastic discretization estimator, which are then used
to drive the adaptivity with respect to all three types of discretizations. We then propose
an adaptive algorithm to build a suitable time discretization and a FE mesh and sparse
grid common to all time steps, so as to achieve a prescribed tolerance on a global norm
of the error. We then apply this to a problem with a deterministic right hand side and a
diffusion coefficient depending affinely on few random variables. These results have been
published in [NV19].

We follow by applying analogous techniques to derive an a-posteriori error bound for a
DLR solution of a random parabolic equation. In this case, the stochastic discretization
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applies the tensor grid collocation method, spatial discretization the finite element method
and the time discretization follows the projector-splitting scheme proposed in Chapter 2.
Using the discrete variational formulation, we manage to split the estimator into a spatial
discretization estimator, time discretization estimator, stochastic discretization estimator
and a rank truncation estimator. For the case of a heat equation with diffusion coefficient
affine w.r.t. a few random variables, we derive fully computable error estimators for all
four error contributors. Similarly as before, we propose an adaptive algorithm to build a
suitable time discretization, an FE mesh and tensor grid common to all time steps, and
a rank for the DLRA which is allowed to change for different time steps, with the goal to
achieve a prescribed tolerance on a global norm of the error. The performance of the
algorithm is yet to be tested and is a part of our future research directions. We point the
reader to [CKL22] for a different algorithm that can be used to adapt the choice of the
DLR rank. To the best of our knowledge, both a-priori and a-posteriori error estimators
available in this work are the first results of this kind, derived for a fully discrete DLRA
of a solution to a PDE with random parameters.

0.2 Dynamical low rank approximation for data assimila-
tion

Alongside the development of mathematical models describing many real-world phenom-
ena, the last decades have witnessed a growing availability of data sets in almost all
engineering, science, and technology areas. When the underlying mathematical model is
a (possibly stochastic) dynamical system, and the data are ordered in time, the term
data assimilation refers to the effort of combining the data with the mathematical model.
The main application areas of data assimilation include atmospheric and oceanographic
sciences and other areas of geoscience. With the current environmental crisis, the
area of weather prediction and climate modeling offers high demands for efficient data
assimilation techniques.

There are two distinct areas in this field: the filtering problem, which tries to update the
knowledge of the state at time ¢ (and possibly reduce its uncertainty) by taking into
account the data up to time ¢ (i.e., data from the past and present); and the smoothing
problem, which allows updating the knowledge of the state at time ¢ by data from the
past, present, and future. In this work, we will focus on the filtering problem.

More precisely, let us denote the state (signal) at time ¢ by u(t). Suppose that the signal
is governed by the (possibly stochastic) dynamics

i = F(u) (5)

that the initial state u(0) has probability distribution u° on V', and that observations
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become available at discrete times t',¢2, ..., in the form
2" = H(u(t")) +n", n €N,

where H : V — Rl is an observation operator and n™ € RP, n = 1,2, ... are independent
noise terms following a probability density function p, : RP — R,. The goal is then
to compute the probability distribution of u™ = u(t") conditional on the observations
Zn = {z,..., 2"} collected up to time ", denoted by P(u"|Z™). Such calculation can
be split in two steps:

e prediction: given P(u™|Z") one computes first P(u"*1|Z"), called the forecast-

ed/predicted distribution, by evolving P(u™|Z™) through the system (5) up to time
tn+1;

e analysis: one then computes the new conditional measure P(u"*1|Z7+1)  called

+1

the filtering distribution, by incorporating the newly observed data z"™" using the

Bayes’ formula.

The literature on data assimilation is vast, and mostly driven by applications in oceanog-
raphy, atmospheric sciences, weather prediction or oil recovery [Kal02; Ben02; Eve09;
Abal3; MH12; RC15]. We point to the book [LSZ15] for an introduction to the topic
and its mathematical foundations. Various techniques have been developed over the
years to deal with the problem of filtering. For linear systems with additive Gaussian
noise, the Kalman filter (see [Kal60]) provides an exact algorithm to determine the
filtering distribution. Several extensions of Kalman filter have been proposed to enable
applications to nonlinear problems; we mention the extended Kalman filter [Jaz70] based
on linearized dynamics and the ensemble Kalman filter (EnKF) [Eve09; LE96b; LGMT09;
LXO08], which samples the dynamics yet still relying on a Gaussian approximation in the
analysis step. Kalman-based filters are robust with respect to the noise in the system and
observations, however they do not reproduce the correct posterior filtering distribution
for general nonlinear problems, as they all rely on invoking some Gaussian ansatz in
the algorithm. This issue is alleviated in another class of filters that has been widely
employed, the particle filters (PF). These are purely sampling based filters, which propa-
gate an empirical distribution through the system and update it (still as an empirical
distribution) in the analysis step. As such, they provide a consistent approximation
of the true filtering distribution in the limit of an infinite number of particles (see e.g.
[LSZ15; CD02; RH15; Lee+19]). The main limitation of particle filters developed so far
is that their efficiency degrades with the dimensionality of the problem. This is a topic
of active research in the field.

The real-world applications of data assimilation often involve a very high-dimensional
problem in the forecast step. When running a full-order model is extremely expensive,
one needs to rely on reduced-order modeling techniques. These typically consist in

8
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looking for a solution in a low-dimensional subspace. Works that apply some reduced-
basis approaches include [SSN15] for combining POD and DEIM with 4DVAR, and
[Cas+20] for combining reduced order models and deep neural networks for more efficient
predictions.

Especially in the context of data assimilation, the ‘optimal’ subspace that approximates
well the whole solution (or a large ensemble of particles) can significantly vary in time.
In this respect, employing the dynamical low rank approximation (DLRA) in the forecast
step seems very advantageous. The dominant subspace evolves in time, adjusting to the
underlying dynamical system at every time instant as well as the incoming observations.
The idea of applying DLR to filtering problems was recently explored in a few works. In
[SL13a], the authors use a DLR approximation in the prediction step. The forecasted
measure is then approximated by a Gaussian mixture model (GMM) and updated by
Kalman formulas in the analysis step. This strategy was applied in [SL13b] to deal
with double well diffusion problem and sudden expansion flows. A different strategy
was proposed in [MQS14; SM13; MS13] to treat turbulent dynamical systems. The
prediction step involves propagating an accurate approximation of the DLR solution in
the low-dimensional subspace coupled with a second order Gaussian closure solution in
the full space. At the beginning of the analysis step, the two solutions are then blended
into a conditional Gaussian particle distribution and updated via Bayes’ formula.

0.2.1 Main contributions

In our work, we start by exploring the idea of applying simple DLRA in the forecast
step, combined with standard algorithms in the analysis step (namely EnKF and PF).
Applying this strategy to the 40-dimensional Lorenz-96 system of equations (a simplified
model for atmospheric processes), we will see that completely dismissing the ommited
modes in the DLRA leads to loss of accuracy which has significant consequences in the
performance of the filters, including loss of information provided by the data. To improve
upon the simple DLRA, we complement the DLR signal by a Gaussian component.
This approach resembles the work introduced in [MQS14; QJM15; SM13]. However, we
provide a consistent way of complementing the DLRA of the signal by enlarging the set
of test functions in the DLR variational formulation (more details on the comparison
of these two works is available at the end of Section 7.2.4). We propose two algorithms
that complement the DLR signal by a term linear w.r.t. normally distributed random
variables, which then constitutes the Gaussian component. The first algorithm imposes
the DLR and linear term to be independent, whilst the second algorithm does not. At
the beginning of the analysis step, we build a Gaussian mixture distribution and update
it via Bayes’ formula. The numerical examples offer multiple scenarios which compare
the behaviour of these two algorithms with the simple DLR in the forecast step. We
will see that in the case of long observation times and large observation error, imposing
independence of the DLR and linear term causes unsatisfactory performance.
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The outline of the work is the following. In Chapter 6, we detail the mathematical
formulation of the filtering problem, provide an overview of the standard techniques
and present numerical results that apply these techniques to a 40-dimensional Lorenz-96
system of equations. Afterwards, in Chapter 7 we start with exploring the behaviour of
simple DLR in the forecast step, follow by describing the two newly-proposed algorithms
that complement the DLR signal by a Gaussian component and provide numerical results
comparing the proposed methods.

10
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I} Introduction to dynamical low
rank approximation

The considered DLR approximation of the solution is of the form
u(t) =a(t) + > _U;(t)Y;(t),  te (0,7, (1.1)

where R is the rank of the approximation, u(t) = E[u(t)] is the mean value of the DLR

R

solution, {U;(t)} is a time dependent set of deterministic basis functions, {Y;(t) ]

=1
is a time depend?ant set of zero mean stochastic basis functions. By suitably projecting
the residual of the differential equation, one can derive evolution equations for the mean
value u and the deterministic and stochastic modes {U; }le, {Yj}f:l (see [SL09; KLOT7al).
In the derivation of the method, the rank R is fixed in time. This condition is however
alleviated in Chapter 5, where an adaptive algorithm for a time-dependent choice of rank
is proposed. In this chapter, we start with stating the underlying problem in Section 1.1.
We follow by defining the dynamical low-rank approximation in Section 1.2 and recall the
equations for the modes. Further, we show that the DLR solution can be equivalently
defined as a solution of a variational formulation, for which we set up a geometrical
framework in Section 1.3. We point out that the details provided in this chapter are not

new and serve only as a summary of well-known results.

1.1 Problem statement

We start by introducing some notation. Let (£2, .4, p) be a probability space, where (2 is
a set of outcomes, A a o-algebra and p : A — [0, 1] a probability measure. Consider the
Hilbert space Lf, = LIQJ(Q) of real valued random variables on 2 with bounded second
moments

Lz(Q) ={v:Q — Rs.t. /Q lv|* dp < oo},

with associated scalar product (v, w>L% = [ vw dp and norm Hv||L§ = /(v, U>L§-

13



Chapter 1. Introduction to dynamical low rank approximation

Consider as well two separable Hilbert spaces H and V with scalar products (-,-),
(-,-)v, respectively. Suppose that H and V form a Gelfand triple (V, H,V'), i.e. V is a
dense subspace of H and the embedding V' < H is continuous with a continuity constant
Cp > 0. Let Lf,(Q; V), Lg(Q; H) be the Bochner spaces of square integrable V' (resp. H)
valued functions on 2 with scalar products

by = [ ol dp, vowe L)
W= [ @y ds vwe L),

respectively. Then, (L3(Q; V), L2(S% H), L3(Q; V")) is a Gelfand triple as well (see e.g.
[Leol7, Th. 8.17]), and we have

lollrzs < Collollvrs Vo€ L2@: V). (1.2)
We define the mean value of an integrable random variable v as E[v] = [, v(w) dp(w),
where the integral here denotes the Bochner integral in a suitable sense, depending on the
co-domain of the random variable considered. In what follows, we will use the notation
v to denote the mean value of v and v* := v — v to denote the derivation of v from its
mean value. Moreover, we let (-, )y, rz denote the duality pairing between L?)(Q; V)
and L%(Q; V):

dp(w).

for K € LA(Q: V'), ve LA%V),  (K,o)ymus = /Q (K@), vw),,,

The problem considered in this work is the following random evolution equation. Given
a final time T > 0 and a random initial condition ug € L%(Q; V'), the problem states:
Find a solution ugre € L*(0,T; L3(€% V) with dgre € L*(0,T; L3(€; V') satisfying

. - 20,
(utrue7U>V,V’Lg = (F(utrue)yfl))‘/,v’L%? Vv € Lp(Q7 V)? a.e. t € (OvT] (1 3)

Utrue (0) = uO’

where F is a random linear or nonlinear differential operator. We assume that equation
(1.3) admits a unique solution ugue € L2(0, T} L%(Q; V)) for a.e. t € [0,T). The operator
F will be further specified in Chapter 3 to describe parabolic problems.

The DLR approximation is closely related to the Karhunen-Loéve expansion, which we
detail in the following. Let u € L%(Q; H) be a random field. We define the covariance
operator Cy, : H — H as

(Cyv,w)g = E[{(u — u,v)g(u — u,w) g Yo, w € H,

which is self-adjoint and compact. Consider the sequence of non-negative decreasing

14
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eigenvalues of Cy, {pi}:2,, and the corresponding sequence of orthonormal eigenfunctions
{Z;}52, C H, satistying

CuZi = wiZi, (Zi,Zjyug =6;; Vi,j € NT.

The random variables 1

N

He) = =" Zi)u

are centered, mutually uncorrelated with unit variance, i.e.
E[vi] =0, Elviv] = dij, i,jeNT.

The Karhunen-Loeve expansion of the random function u € L%(Q; H) is given by
[e.e]
ww) =a+ Y (W) Zi
j=1

(see e.g. [GS91; LPS14] for more details). A truncated Karhunen-Loéve expansion with
rank R of the random function u is a truncation of the preceding expansion, i.e.

R
uw) =u+ Y Vivi(w)Zs (1.4)

i=1

and results in the best R-rank approximation of u w.r.t. the || - ||z, rz-norm. The decay
properties of eigenvalues have been investigated e.g. in the works [GS91; ST06].

1.2 Dynamical low rank approximation: equations

Dynamical low rank (DLR) approximation, or dynamically orthogonal (DO) approxi-
mation (see e.g. [KLO7a; SL09; KLO7b]) seeks an approximation of the solution wgye of
problem (1.3) in the form

w(t) =u(t) + Y _U;()Y;(t) = u(t) + UR)Y ()T, t€[0,T] (1.5)

where u(t) € V, U(t) = (Ui(t),...,Ug(t)) C V is a time dependent set of linearly
independent deterministic basis functions, which we will call deterministic modes, ¥ =
(Yi(t),...,Yr(t)) C L is a time dependent set, of linearly independent stochastic basis
functions, called stochastic modes. We call R the rank of a function u. Notice that U(t)
and Y (t) are interpreted here as row vectors.

There are three main formulations determining a unique representation for (1.5). The
DO formulation, proposed and applied in [SL09; SL12; ULS13], keeps the deterministic

15
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modes {U, }®_ | orthonormal in H at all times and the uniqueness of the representation
is guaranteed by the following dynamically orthogonal (DO) conditions:

(U:(),U;(t)) i = 655, (Ui(t),U;(t))g =0, E[Y;(t)] =0, V1<i,j<R, Vtelo,T]

The dual DO formulation ([MN18]) keeps the stochastic modes orthonormal, the deter-
ministic modes linearly independent and is characterized by the following DO conditions:

(Yi(t). Yy (0) 12 = 60 (Vilt),Y;(0) 2 =0 E[V;()] =0, VI<ij<R. Vtelo,T).

(1.6)
The last form is the so called double dynamically orthogonal (DDO) or bi-orthogonal
formulation, where the solution is sought in the form

R
=a(t)+ Y SytUi()Y;(t) =u(t) + USYT,  t€[0,T] (1.7)
i,j=1

with both deterministic and stochastic modes orthonormal in their respective Hilbert
spaces and the matrix S € R®*® of full rank (see e.g. [CHZ13a; CHZ13b; KLO07a]). The
corresponding DO conditions are

(Uit), U; () i = b5, (Ya(t), Yj(t)) 2 = 6i5,  E[Y;(2)] =0,
(Yi(),Y;(t))r2 =0, (Ui(t),Uj())u =0, V1<ij<R, Vte[o,T].

In [CSK14; MNZ15], it was shown that these formulations are equivalent. In our work,
we consider the dual DO formulation (1.6).

Plugging the DLR expansion (1.5) into the equation (1.3) and following analogous steps
as proposed in [SL09] leads to the DLR system of equations presented next.
Definition 1.2.1 (DLR solution). We define the DLR solution of problem (1.3) as

u(t) = a(t) + Y U(Yi(t) € L% V)

where @, {U;}2 |, {Y;} | are solutions of the following system of equations:

(u, v)yry = (E[F (u)], v)vrv VoeV (1.8)
(Uj,U)V/V = (E[]:(’LL)Y'],U)V/V Yv € V, ] = 1, .. .,R (1.9)
Y — Z [}"*( ), UZ-)V/V} =0 inL2 j=1,...,R (1.10)

with the initial conditions (0), {Y;(0)}% = {U;(0)}, such that u(0) € V, {Y;(0 )}5;2:1
satisfies the conditions (1.6), {U;(0 )} ‘| are hnearly independent in V, and u(0) +
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le Y;(0)U;(0) is a good approximation of ug. In (1.10), the matrix M € REXE ig
defined as M;; := (U;,Uj)m, 1 < 4,5 < R and PJJ; denotes the orthogonal projection
operator in the space Lz(Q) on the orthogonal complement of the R-dimensional subspace

Y =span{Yy,...,Yg}, ie.

R
733%[1/] = v — Py[v] :U—Z@,}/j}L%Yj, for v EL?,. (1.11)
j=1

For the initial condition one can use for instance the truncated Karhunen-Loéve expansion
of u" described in (1.4).

1.3 Geometrical interpretation and variational formulation

This subsection gives a geometrical interpretation of the DLR method and follows to
a large extent derivations from [MNZ15]. Such geometrical interpretation provides a
valuable insight into the method, which brings along various approaches to obtain ef-
fective discretization schemes, described in Chapter 2. We first introduce the notion of
a manifold of R-rank functions, characterize its tangent space in a point as well as the
orthogonal projection onto the tangent space.

The vector space consisting of all square integrable random variables with zero mean
value will be denoted by L?LO = L2,(Q) C L3(Q). The set of all random functions
v € L2(Q; V) with a fixed rank R forms a manifold which we will denote by Mg and
can be parametrized in the following way.

Definition 1.3.1 (Manifold of R-rank functions). By Mpr C LIQ)’O(Q; V') we denote the
manifold consisting of all rank R random functions with zero mean

R
Mp = {v* €L2o( V)| v =) UY,=UYT,
i=1 (1.12)

(Y3, Yj>Lg = 8ij, V1 <i,j < R, {U;}2 | linearly independent}.

It is well known that Mg admits an infinite dimensional Riemannian manifold structure

([FHN19)).

Proposition 1.3.1 (Tangent space at UYT). The tangent space TyyrMp at a point

17
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UYT € Mg can be characterized as

R
ToytMp = {&) € L2o(Q V) [6v =" UidY; + U;Y;,
=1

SU; €V, 6Y; € Lo, (83, Y) 2 =0, V1 <, j < R}. (1.13)

Further, we define an orthogonal projection onto the tangent space.

Proposition 1.3.2 (Orthogonal projection on TyyrMpg). The L/%’O(Q; H)-orthogonal
projection IIgyr[v] of a function v € LZ(Q, H) onto the tangent space TyyrMp is given
by

R R
Huyt[v] =D (0, Y3) 2Yi + Py [ (0, Ui (M~UT),]
i=1 i=1 (1-14)
= Py[v] + P [Pulv]] = Py[o] + Pulv] = Py [Pultl],

where U = span{Ui,...,Ur} and Py[] is the H-orthogonal projection onto the subspace
Uu.

For more details, see e.g. [MNZ15]. Note that IIy+[-] can be equivalently written as
Hyy+[] = Pull+ Py [Py[]] . In the following we will extend the domain of the projection
operator Ilyyr. Further, we will state two lemmas used to establish Theorem 1.3.5,
which presents the variational formulation of the DLR approximation.

The operator Iyyr can be extended to an operator from L%(Q; V') to L%(Q; V') as
Myy+[K] o= (K, Y) 12V T + Py (K, U)ywy MTUT| WK € L2 V),

The extended operator satisfies the following properties.

Lemma 1.3.3. Let UYT € Mp. Then it holds

(IC,HUYT [U])V’V,L% = (HUYT [’CL?})V’V,Lg? Yv € L§<Q’ V), K e LZ(Q, V/) (115)

Proof. First, we show that
(K, Pylv)vrv,rz = (PylK], v)vivez Vo€ L2 V), K e LA V).

18
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Indeed,
R
(K, Py[v])V’VvL/% - /Q (’C’;@aYﬁLgY;’) . dp = Z/ (v,;) LQY)V/vdp
R R
-3 (kY to.Yi) o =3 (U Vi, 0, ¥03).,

i=1

R
= z:l/g (<’C7E>L%}/i7v)v,vdp = (Py[K], U)V’V,L/%J

where in the forth step we applied Theorem 8.13 from [Leol7].
Now we proceed with proving (1.15)
(K, Hyyr[v])vrv,rz = (K, Py[v] + Py [Pulv vlviviez
= (Py[K], v)vrvrz + (Py (K], Pulv])viv,iz
L -1
PV ) iy + (P (0. 0) M
L -1 T
PyIK]. v)WL% + /Q (Pylkl UM (UT0) dp
(Py[K], v)vrvzz + (PFIKL Uy MTIUT, )

= (Hyy- [}qvv)\/’v,L%'

)V/vng

VIV, L2

We are now in the position to state the first variational formulation of the DLR equations.

Lemma 1.3.4. Let U,Y be the solution of the system (1.9)—(1.10). Then the zero-mean
part of the DLR solution u* = UYT satisfies

(@ = My [F*(w)], 0)yrviz =0, Yo e Ly(QV). (1.16)

Proof. First, we multiply equation (1.9) by Y; and take its weak formulation in Lz.
Summing over j results in

OYT —E|F@)Y|YT,vw =0 YweV,we L2
VIV,L2 g

Notice that E[}" *(u)Y} = E{]—" (u)Y} since Y C Lio. Analogously, we multiply (1.10) by
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Figure 1.1 — Illustration of the geometrical interpretation of dynamical low rank approxi-
mation.

U; and take its weak formulation in V'
R

(037 = S 05007,
=1

(F* (w), Ui)V’V] ; UU}) =0
VIV,L2

VUGV,wELi.

Summing over j, this leads to

(UYT — Py |(F*(u), U)V/VMlUT] , vw) =0 WweV,welL.
VIV,L2
Summing the derived equations we obtain
d * 2
—(UYT) = = [F ()], 2 =0 Vzespan{vw:veV,we L7}
dt V/V,L% p

In particular, this holds for any z being a Bochner integrable simple function, the
collection of which is dense in LIQ)(Q; V) (see [Leol7, Th. 8.15]). O

A dynamical system (1.3) can be seen as a time-dependent vector field F that assigns the
velocity F(v(t)) at time ¢ to each point v of the ambient space L2(2; H). Any rank R
approximation of the true solution forms a curve on the manifold Mg and consequently
its velocity vector field must be everywhere tangent to the manifold. Lemma 1.3.4
describes the geometrical idea behind the DLR method. Having a rank R solution
u* € Mg, the DLRA projects the right-hand side F*(u) onto the tangent space T« Mg
at u*, which assures that the solution of the resulting system remains in the manifold
and is thus of rank R. See Figure 1.1 for an illustration.

We can finally state the variational formulation corresponding to the DLR equations
(1.8)—(1.10).
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Theorem 1.3.5 (DLR variational formulation). Let u,U,Y be the solution of the system
(1.8)~(1.10). Then the DLR solution u=u+ UYT satisfies

(0 0) o = (F@0) e Vo=0407 0V 0" €T Mp. (117)

Proof. Based on Lemma 1.3.4 and Lemma 1.3.3 we can write

(u ’ U) VIV (H“* 7w, U) VIV,L2
= 0k — * * = 2 N
= (u ,v)vwg (F*(w), m, [U])V’V,L,% 0, YweILX(;V).
Since I+ [v] = v, Yv € Ty= Mg, this results in

(@ = F*(w), U)VIML% =0, VveT.Mp,

which can be equivalently written as

(" — F*(u), w+ v)v/V,L% =0, Yw e V, Yv € Ty= Mg, (1.18)
exploiting the fact that (u* — F*(u), w) v = 0, Vw € V. Likewise, equation (1.8)
can be equivalently written as -

(a —E[F(u)], w+ v)wv’Lz -0, VNweV,Yve TyMpg, (1.19)

exploiting the fact that <11 — E[F(u)], v) . 0 as E[v] =0 Vv € Ty»x Mp. Summing
p

(1.18) and (1.19) leads to the sought equation (1.17). O

Recently, the existence and uniqueness of the dynamical low rank approximation for
a class of random semi-linear evolutionary equations was established in [KN21] and
for linear parabolic equations in two space dimensions with a symmetric operator in

[BKU21].
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] Projector-splitting schemes and
their variational formulation

In the previous chapter we saw that the DLR method can be motivated from two fairly
distinct approaches: an algebraic approach, which considers a solution with a low-rank
format (1.5) and derives equations for the deterministic and stochastic modes; and a
geometric approach, which introduces the idea of projecting the operator on the tangent
space expressed via a variational formulation (see (1.16)). In Theorem 1.3.5, we showed
that these two approaches are in fact equivalent.

Similarly, to derive efficient discretization schemes, one can tackle the problem from two
distinct viewpoints. An algebraic one, which involves applying Runge-Kutta methods
of different orders (or other time-marching schemes) directly to the system of evolution
equations for the deterministic and stochastic basis functions (1.8) — (1.10) (see e.g.
[SL09; KLOT7al), and a geometric one, proposed in [LO14; LOV15b], where starting from
the variational formulation (1.16), the authors applied a splitting method to the projected
right-hand side, resulting in a so-called projector-splitting integrator. A similar idea
with a different splitting was applied in [BFFN21]. A different geometric approach was
considered in [KV18], where the authors explored projected Runge-Kutta methods, where
following a Runge-Kutta integration, the solution first leaves the manifold of R-rank
functions by increasing its rank, and then is retracted back to the manifold.

In the presence of small singular values in the solution, the system of evolution equations
becomes stiff as an inversion of a singular or nearly-singular matrix is required to solve it
and applying standard explicit or implicit Runge-Kutta methods leads to instabilities
(see [KLW16]). In this respect, the projector-splitting integrators (proposed in [LO14;
LOV15b] and applied in e.g. [EL18; Einl9]) are very appealing. Extensions of the
projector-splitting integrator to deal with symmetric matrices and rank adaptation are
available in [CL19; CKL22; CL21]. In [KLW16], the authors showed that when applying
the projector-splitting method for matrix differential equations one can bound the error
independently of the size of the singular values, under the assumption that the projection
error of F(u) to the tangent space of Mpg at w is of size €. A limitation of their theoretical
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result, as the authors point out, is that it requires a Lipschitz condition on F and is
applicable to discretized PDEs only under a severe condition AtL < 1 where At is the
step size and L is the Lipschitz constant, even for implicit schemes. Such condition
is, however, not observed in numerical experiments. Analogous error bounds as in
[KLW16] are obtained for the projected Runge-Kutta methods in [KV18], also for higher
order schemes, under the same e-approximability condition on F and under a restrictive
parabolic condition on the time step.

In this work, we first recall the projector-splitting integrators and summarize some of their
relevant properties. Then we propose a class of numerical schemes to approximate the
evolution equations for the mean, the deterministic basis and the stochastic basis, which
can be of explicit, semi-implicit or implicit type. Although not evident at first sight, we
show that the explicit version of our scheme can be reinterpreted as a projector-splitting
scheme, whenever the discrete solution is full-rank, and is thus equivalent to the scheme
from [LO14; LOV15b]. Our derivation allows for an easy construction of implicit or
semi-implicit versions. We show that the proposed discretization schemes can be written
in a discrete variational formulation analogous to the continuous one (1.17), which allows
for an easy geometric proof of the exactness property and becomes essential for stability
and error analysis available in Chapters 3, 4 and 5.

We start by describing the discretization of the stochastic and physical variables. After-
wards, we follow by recalling the projector-splitting integrator from [LO14; LOV15b] and
stating some of its beneficial properties in Section 2.1. In Section 2.2, we propose a new
time-marching scheme that discretizes the DLR equations and prove that the discrete
solution satisfies a discrete variational formulation. Finally, Section 2.3 is dedicated to
showing a link between the new-proposed scheme and the projector-splitting integrator.
The content provided in Sections 2.2-2.3 is original and taken essentially from [KNV21].
However, note that as opposed to [KNV21], where the authors considered only an elliptic
linear operator JF, here the results are available for a general operator F.

Stochastic discretization

We consider a discrete measure given by {wy, )\k}k 1, i.e. a set of sample pomts {Wk}k 1 C

Q with R < N < oo and a set of positive weights {)\k}k 1 Ak >0, Zk 1 Ak = 1, which
approximates the probability measure p

N
6= Aebuy, & p- (2.1)
k=1

The discrete probability space (2 = {wk} 1> 22, p) will replace the original one (Q, F, p)
in the discretization of the DLR equations. Notice, in particular, that a random variable
Z : Q — R measurable on (), 29,[3) can be represented as a vector z € RY with
2 = Z(wp), k=1,...,N. The sample points {wy}A_, can be taken as iid samples from

24



2.1. Projector-splitting integrator for DLRA

p (e.g. Monte Carlo samples) or chosen deterministically (e.g. deterministic quadrature
points with positive quadrature weights). The mean value of a random variable Z with
respect to the measure p is computed as

N
EslZ] =) Z(wi) -
k=1

We introduce also the semi-discrete scalar products (-, ), ;2 with x = V, H and their
b

corresponding induced norms || - ||, r2.
L2
p

Space discretization

We consider a general finite-dimensional subspace V;, C V whose dimension N}, is larger
than R and is determined by the discretization parameter h. Eventually, we will perform
a Galerkin projection of the DLR equations onto the subspace V3. We further assume
that an inverse inequality of the type

Ch

HU”V,Lf3 < HHUHH,L? eV, ® L3 (2.2)

holds for some p € N and C} > 0.
Time discretization

Concerning the time discretization, we divide the time interval into N equally spaced
subintervals 0 =ty < t; < --- < ty =T and denote the time step by At :=t,11 — t5.
We will consider various time discretization schemes specified in the rest of this chapter.

2.1 Projector-splitting integrator for DLRA

This section recalls some of the results presented in [LO14] while reformulating them
to adapt to our setting and notation. The method was originally proposed to deal with
time-dependent matrix evolution equations. To adhere to the finite-dimensional setting
of [LO14], we consider the problem (1.3) discretized in space and random variables

. _ 2
(utrueﬁ,ﬁa v) vz = (.F(utrue’h’;;),v) Vv Vv eV, ® L, ae. t e (0,7] 23)

Utrue,h,ﬁ(o) = Up ps

with u%ﬁ eV, ® L/% an approximation of u? € L%(Q; V).

The DLR format of choice is the so called DDO (double dynamically orthogonal) format,
i.e. both deterministic and stochastic modes are kept orthonormal. We will adapt the
algorithm from [LLO14] to approximate the DLR solution in the DDO format with an
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Chapter 2. Projector-splitting schemes and their variational formulation

isolated mean, i.e.
u(t) =u(t) + UH)SHV ()T € Vy® L3 (2.4)
with U orthonormal w.r.t. (-,-)g, V orthonormal in L% and S € REXE of full rank.

We start by describing a continuous-in-time splitting algorithm, discretized in physical
and stochastic space, and follow by proposing a fully discretized scheme.

In the following we focus on the evolution of the stochastic part of the DLR solution u*.
Let uZ; eEVL® L% denote the stochastic part of the DLR solution at time ¢"*. Stemming
from the variational formulation (1.16) for u* = USVT:

(@", v)yrvrz = u [F(W)], v)vrv Lz

= (Pv[F*(w)] = Pv[Pu[F* ()] + PulF* ()], v)yrvz, Yo e Ly V),

which includes three terms in the right-hand side, the first-order projector-splitting
algorithm splits the evolution into three steps:

1. Solve the differential equation

(ﬂ?, Uh)V’V,L% = (PVI []:*('Iu)], Uh)V’V,L%? Vvh S Vh & L%, t e [tn,tn+l]

ur(t") = uZ’;,
where u; = UrS;V7.
2. Solve the differential equation

(’l:L?I, Uh)V’V,L% = —(PVH [PUH []:*(ull)ﬂ, Uh)V’V,L%? Vvh (S Vh & L%, t e [tn’tn-i-l]

UII<tn) — u](tn+1),
where uy; = UrrSiiVir.
3. Solve the differential equation

(u}llv Uh)V’V,L% = (PUIU []:*(UIII)]? Uh)V’V,L%v Vop € Vi ® L%a te [tn’tn—H]

urrr(t") = urr (t"),
where u?H = U[[[S[[[V[[[.
As a final step, we take u};; (") as an approximation of Ufrye ﬁ(t”H), the stochastic

part of the solution of (2.3) at time ¢"*1. By standard theory (see e.g. [HWLO06)), this
method is of first order accuracy w.r.t. At.
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2.1. Projector-splitting integrator for DLRA

It turns out that such splitting combines well with the factorization (2.4). In the first
substep, K := US is updated, in the second substep S is updated and in the third
substep VST is updated. The equations 1. — 3. result in the following algorithm.

Algorithm 2.1.1 (Continuous-in-time projector-splitting scheme). Given the approxi-
mate solution w5 = UpSoVy at time " of the form (2.4) with

Uoj € Vi, Voj € Lo (Voi, Vo) iz = 0ig (Vo Ungdm =05, ij=1,... R

1. Solve R deterministic PDEs

(K(t), vn)vrv = B[ F(KOVIVol, vn)vrv,  Von € Vi, t € [t ¢"H]
K(t") = UpSo.

Compute Uy € V}, Sy € REXR guch that U5 = K(t"t1) and U; is orthonormal
in (-, g.

2. Solve the matrix differential equation (of size R X R)

$(t) = — (B [F* (Ui V) Val, Un)
S = 8.

. te [t
V'V

Set Sp = S(t"*1).
3. Solve R stochastic differential equations set in L%,o

L(t) = (F*(UL®)T), Uh)yrv
L(t") = VuS].

Compute V; € L%’O, S; € REXE such that V4S] = L(#"*1) in L%,o and V] is

orthonormal in (-, -) 2.
p

The stochastic part of the new solution ﬂzgl’* is then defined as

~n+1x T
uhﬁ = U151V1 .

The algorithm was first proposed to deal with a DLR approximation of time-dependent
matrices A(t) which are known a-priori, avoiding the need to compute an SVD at every
time step. In our setting, A(t) stands for ugrue p 5(t) represented as a matrix of size
Nj, x N, where the first index corresponds to the spatial degrees of freedom (dofs) and
the second index to the stochastic dofs. As an example, the algorithm can be applied in
a scenario in which the operator F does not depend on utrye 5, 1-€- f(utrue7h7ﬁ) =F. In
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this case the true solution e 4 5 is known a-priori and satisfies

t
Utrue,h,p(t) = Utrue h,5(0) +/0 F(s)ds.

tn+1

By AA let us denote the increment AA = utrue’h,ﬁ(t”“) — Utrue hp(t") = [ F(s)ds.
Interestingly, each of the equations 1.-3. can be solved exactly in a trivial way and the
resulting fully discrete scheme is summarized in the following 6—step algorithm, including
the computation of the mean value.

Algorithm 2.1.2 (Discrete-in-time projector-splitting scheme). Given the approximated
solution uj , = u" + UpSoVy at time t™ of the form (2.4) with

" Uoj € Vi, Voj € Lo, (Vou, Vo2 = 0ij, (UoinUo gl =i, i,j =1,... . R:

1. Compute the mean value 2"+ such that
2n+4+1 _/=n .
<u ,vh>H = <u 7Uh>H + (EP[AA], ’Uh> vV Yo, € V.
2. Solve for K7 such that

<K1,Uh>H = <U()S(),’Uh>H + (Eﬁ[AAVO], Uh)V’V Yup, € Vy,.

3. Compute Uy € Vj,, S; € REXE such that

U151 = K and U, is orthonormal in (-, ).

4. Set

S0 =81 - (Bs[aA V), Ul)V,V.

5. Compute L1 € L% such that

L =VpS7 + (AA, UI)V,V.

6. Compute V; € L,Qs,m S1 € REXE guch that

V1S = Ly in L3 and V; is orthonormal in (-, ) 2.
’ ’

The new solution ﬁZ;l is then defined as
~ntl _ 2ntl
UZ; ="t + U151V1T.

Note that, since AA = Ugrue (1" ) = Utrue 5 (t") € H, the duality pairings (-, )y
on the right hand side of the equations in Algorithm 2.1.2 are equal to (-, ).
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2.1. Projector-splitting integrator for DLRA

If the true solution e p 5 in not known a-priori and is defined as a solution of (1.3),
the work [LO14] proposes to define the increment AA as

NA = NFf ),

which is a fully discretized scheme and resembles the explicit Euler method. All the scalar
products (-, -} involving AA are consequently replaced by the dual pairing (-, )y v .

The projector-splitting algorithm has many favourable properties. First to mention, it
reproduces R-rank solutions exactly.

Theorem 2.1.3 (Exactness property). Let tirue p,;(t) € Vi ® L%, the solution of (2.3),
be of rank R for t™ <t < t"*1, so that Utrue,h,5(t) has a factorization (2.4), i.e.

Utrue,h,p(t) = u(t) + U@)SEV ()T,

Moreover, assume that the R x R matriz E[V (#"*1)TV (t")] is invertible. With ujy

Utrue,h,5 ("), the Algorithm 2.1.2 is exact: a’ggl = utrue’hyﬁ(t"“‘l).

SN

Proof. There are multiple available proofs, see e.g. [LO14; Wall8]. In Section 2.3 we
provide a new simple geometric proof. O

The second important property is the robustness of the algorithm to the presence of small
singular values of the solution or its approximation. The DLR equations (1.8) — (1.10)
involve an inversion of the matrix M, which for small singular values of the approximation
becomes nearly-singular. Applying standard explicit or implicit Runge-Kutta methods
leads to instabilities (see [KLW16]). Moreover, the local Lipschitz constant of the tangent
space projection IT,« in (1.16) is proportional to the inverse of the smallest non-zero
singular value of u (see [KL07a, Lemma 4.2]). Having small singular values cannot be
easily avoided in practical applications, since the smallest singular value retained in the
approximation is not expected to be much larger than the largest discarded singular
value of the solution, which needs to be small to obtain good accuracy. The following
theorem ensures us that under certain conditions on the operator F, the continuous-
in-time projector-splitting integrator provides an approximation whose error can be
bounded independently on the singular values. Again, to adhere to the finite-dimensional
setting of [KLW16], we consider the discrete problem (2.3). In addition, we assume that
F(u) € LA(Q: H), Vu € LA(Q; H).

Theorem 2.1.4. Let uiruep,; be the solution of the problem (2.3). Assume that the
following conditions hold
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Chapter 2. Projector-splitting schemes and their variational formulation

1. F is Lipschitz-continuous and bounded

1F(0) = F(0) 2 < Lllu = vll gz, (2.5)
IF@lsz < B, Vuve L3@H), te0,T] (2.6)

2. The non-tangential part of F(u) is e-small

|11 [}"(u)]HHL?) <e Vue M%’ﬁ in a neighbourhood of ufiye p, 5o t € [0,T7].
(2.7)

8. The error in the initial value is §-small

||712,ﬁ - Utrue,h,ﬁ(O)HH,Lg <4

Let ﬁzﬁ denote the rank-R approximation to utme’hﬁ(t”) obtained after n steps of the
continuous projector-splitting Algorithm 2.1.1. Then, the error satisfies for all n with
(At)n <T

Haﬁﬁ — utrue7h7ﬁ(t”)\|H,L§ < ¢pb + c1€ + e\t

where the constants c1, ca, cs only depend on L, B and T'. In particular, the constants are
independent of singular values of the exact or approximate solution.

It is further shown in [KLW16, Section 2.6.3] that an inexact solution of the matrix
differential equations in the projector-splitting integrator leads to an additional error that
is bounded in terms of the local errors in the inexact substeps, again with constants that
do not depend on small singular values. In Chapter 4, we derive an a-priori error estimate
for a DLR solution obtained by a scheme proposed in the following section. The governing
equation (1.3) is set in an infinite-dimensional setting, which means that the a-priori
estimate includes an error contribution w.r.t. the spatial and stochastic discretization as
well. Concerning the time discretization and rank truncation, the result is analogous to
Theorem 2.1.4, however, we manage to ease the conditions (2.5). In particular, we allow
for an operator F, which is not uniformly bounded and which satisfies only a one-sided
Lipschitz condition

(Fu) = F(v),u — U>H,L§ <Ilu— UH?—I,L%'

As pointed out by authors in [KLW16, Sec. 2.6.2], the dependence on L could not have
been avoided in their result so our analysis presents an improvement.
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2.2. A staggered time-marching scheme for DLR equations

2.2 A staggered time-marching scheme for DLR equations

In this section, we define a new fully discrete DLR solution, which, on the contrary
to the previous section, is derived by discretizing the DLR equations (1.8)—(1.10). We
propose a staggered time-marching scheme that decouples the update of the deterministic
and stochastic modes. Afterwards, we state and prove a variational formulation of the
discretized problem. Finally, we will show that the proposed scheme can be formulated as
a projector-splitting scheme for the Dual DO formulation and comment on its connection
to the projector-splitting scheme from the previous section.

The DLR solution v = u+ UYT appears in the right hand side of the system of equations
(1.8)—(1.10), both in the operator F and in the projector operator onto the tangent
space to the manifold. We will treat these two terms differently. Concerning the
projection operator, we adopt a staggered strategy, where, given the approximate solution
u? = @' 4+ UMY, we first update the mean @', then we update the deterministic
basis U"*! projecting on the subspace Y = span{Y™}; finally, we update the stochastic
basis Yt projecting on the orthogonal complement of J™ and on the updated subspace
U™ = span{U"*!}. Concerning the operator F, we will discuss hereafter different
discretization choices leading to explicit, semi-implicit or fully implicit algorithms.

2.2.1 Staggered time-marching scheme

We give in the next algorithm the general form of the discretization schemes that we
consider in this work.

Algorithm 2.2.1. Given the approximate solution uy, , = u" + SE, UlY" at time ¢,
with

WU eV, Yrel? j=1,...,R,
<Y¢n7an>L? = 0ij, E,;[an] =0, V1<i,j<R:
p

1. Compute the mean value @"*! such that

at —a = (B[ F(uf », ult! v v 2.8
A W), T ol F (Ul oo uhp )]s o . vp € Vi, (2.8)

2. Compute the deterministic basis U;‘H forj=1,...,R

grtt —pyn
J J _ R n n+lyyn
<At’vh>H = (Ep[]:(uh,ﬁauh,ﬁ )Yg ],Uh) vavvh € V. (2.9)
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3. Compute the stochastic basis {Y;‘H}le such that

}N/nJrl _yn

o~ (2.10)

1 1 x 1y e+l
Mn+ = Pﬁa;n |:(]: (U’Z’ﬁ, U;LL:E ), Un+ )V’V:| .
where M1 = (U1 g7+ Péyn [-] is the analog of the projector defined in
(1.11) but in the discrete space L%.

4. Reorthonormalize the stochastic basis: find (U1, Y™ H1) s.t.

R R
yntigntl — N7 yntlpntl yrHT ynthy L, = 1d. 2.11
]Z::I J UJ ]22:1 J UJ ’ { ’ >L;23 d ( )

5. Form the approximate solution at time step ¢,+1 as

R
+1 _ ntl +lyntl
up 5 =u" +> Uty . (2.12)
i=1

The expression F (uz > uZ:El) stands for an unspecified time integration of the operator
F(u(t)), t € [tn,tnt1] (three choices will be specified here after) and v* denotes the
0-mean part of a random variable v € L/% with respect to the discrete measure p, i.e.
v =v — Efv].

The newly computed solution uZ:El belongs to the tensor product space V; ® L%, since
we have a1, U;‘H € Vpand Y; € L%, 1 < j < R. Note that equation (2.10) is set in
L%. Since L% is a finite dimensional vector space isomorphic to RV , equation (2.10) can
be rewritten as a deterministic linear system of R x N equations with R x N unknowns.
This system can be decoupled into a linear system of size R x R for each collocation
point. If the deterministic modes U"*! are linearly independent, the system matrix is
invertible. Otherwise we interpret (2.10) in a minimal-norm least squares sense, choosing
a solution Y™ *1 if it exists, that minimizes the norm |[Y™+! — Y| ;2. This is discussed
in more details in Section 2.2.3. ’

The following lemma summarizes some properties satisfied by the proposed scheme
(2.8)—(2.10).

Lemma 2.2.2 (Discretization properties). Assuming that a solution (Y"1 U™+ qn+1)

of (2.8)—(2.10) exists, the following properties hold:

1. Discrete DO condition:

n

<f’z~"“ "

o~ ,]>L2:0, V1<i,j<R (2.13)
b
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2. E;[Y"] =0

g (YynHT Yy, =1d
P

Proof.

1. In the following proof we assume that the matrix M"*! = (U1, 1) is full
rank. For the rank-deficient case we refer the reader to the proof of Lemma 2.2.9.
Let us multiply equation (2.10) by Y™ from the left and take the L%—Scalar product.
Since the second term involves Pg:yn, the scalar product of Y™ with the second
term vanishes which, under the assumption that M"*?! is full rank, gives us the

discrete DO condition —_—
yn _yn
ynr > 0.
< ’ At L2
p

2. This is a consequence of the fact that we have E;Y"] = 0 and
R * (o o, n+1\ 7rn+l —
EpK]: (u", ut), U >V’V} =0.

3. This is immediate from the discrete DO property and (Y™, Y"),» = Id.
p

To complete the discretization scheme (2.8)(2.10) we need to specify the term F(uj, ;, qugl)

The DLR system stated in (1.8)—(1.10) is coupled. Therefore, an important feature we
would like to attain is to decouple the equations for the mean value, the deterministic
and the stochastic modes as much as possible. We describe hereafter 3 strategies for the

discretization of the operator evaluation term JF(uj, 5, uZ:El)

Explicit Euler scheme

The explicit Euler scheme performs the discretization

It decouples the system (2.8)—(2.10) since, for the computation of the new modes,
we require only the knowledge of the already-computed modes. The equations for
the stochastic modes {Yf“}f:l are coupled together through the matrix M"t! =
(U7 gty g e REXE but are otherwise decoupled between collocation points (i.e. N

linear systems of size R have to be solved).

Implicit Euler scheme
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The implicit Euler scheme performs the discretization
1 1
F(uh pyup ) = Flupsh).

This method couples the system (2.8)—(2.10) in a non-trivial way, which is why we do not
focus on this method in our numerical results. We mention it in the stability estimates
section (Section 3.3) for its interesting stability properties.

Semi-implicit scheme

The following technique is proposed for a more specified operator F that generalizes a
random parabolic equation. Assume that our operator F can be decomposed as

f(“’) = f - (»Cdet (u) + LStOCh(u))u

with both Lger and Lgiocn linear w.r.t u. The operator Lge; : V — V' is a deterministic
operator such that it induces a bounded and coercive bilinear form (-,-)z,., on V'

(U, V) 2401 = (Laet(u),v)vrv, u,veV (2.14)
and that its action on a function v = vivy with v1 € V, vy € L/Q) is defined as
£det(v) = ‘Cdet(vl)vl

Then, Lge is also a linear operator Lge; : Li(Q;V) — L%(Q;V/ ) (as well as Lget :
L%(Q; V) — L%(Q; V")) and induces a bounded coercive bilinear form on L%(Q; V)

(U V) Lgerp = /ﬂ (Laet(w),v)yry dp.
We propose a semi-implicit time integration of the operator evaluation term
Fuh gy uptt) = [P = (Laes(up 5') + Lstocn (uf ) (2.15)

where for f™"*! we can either take f»"*! = f(t,,1) or f»"+1 = f(t,) or any convex
combination of both. The resulting scheme is detailed in the next lemma.
Lemma 2.2.3. The semi-implicit integration scheme (2.15) combined with the general

steps (2.8)—(2.10) is equivalent to the following set of equations

<an+lv Uh>H =+ At<ﬂn+1> Uh>ﬁdet
= (@™, onh i — DB Laoen (] ) — F ], o)y Von € Vi (2.16)

(O on) i + AHUT 0p) 240,

= <an, Uh)H — At(Eﬁ[(ﬁstoch(ugp) - fn,n+1)an]7 Uh)V’V Yo € Vi (2.17)
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= —AtPsyn[(Lioen (uh p) — [T )y in L3. (2.18)

Proof. The equation for the mean (2.8) using the semi-implicit scheme (2.15) can be
written as

'L_Ln+1 = n B B
<u, Uh>H + (Eﬁ[ﬁdet(un+l)]a Uh) + (Eﬁ[ﬁdet(Un+1Yn+lT>]7vh)

At 1"4%

T1 T2
= - (Eﬁ [»Cstoch(uz,ﬁ) - fn,n+1], Uh)

\40%

Vv

Noticing that

T = (ﬁdet(ﬂn+1)’ Uh) vy <ﬂn+1’vh>ﬁdct

T2 = (Edet(UnJrl)Eﬁ[YnJrlT],Uh) - =0

gives us equation (2.16). Concerning the equation for the deterministic modes we derive

rrn+1 n
u op )+ (EA[gd (Y vh)
At I o P € VIR V'V
Ts
+ (Bl TN ) = = (Bol(Loroen(i ) = S Y L n)

Ty

The term T3 vanishes since E;[Y"] = 0 and the term T, can be further expressed as

T, = (Cdet(U"H)Eﬁ[Y"HTYj"L Uh) oy = (ﬁdet(U Ml)wh)

J Vv
= <an+1’ Uh) L et

where we used the discrete DO condition (2.13). Finally, the stochastic equation (2.10)
can be written as

<}~/n+1 _yn

rn+1 1
3 )(M )+ Poyn

(Lienlamth), oY)

Vv

Ts

1 P
N {(E:toch(ug,ﬁ)_fnn—’— aUn+)

V'V

1 * rrn+1vyn+17T\ rrn+1
+7>ﬁ7yn[(.cdet(U FLpmT) et o

Ts
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The term T vanishes since L}, (a"!) = 0. As for Tg, we derive

T6 — (L:(iet(UnJrl)f/nJrl"'7 Un+1)v . (Edet(0n+1) Eﬁ[?nJrlTYn] Yn"" Un+1>

"y , V'V
Id
_ g:)i" l:(ﬁdet(ﬁnJrl) Eﬁ [YTL+1T]’ ﬁn+1) V/V:|

=0
— <Un+1’ Un+1>£det (?n—f—lT N YnT)

which leads us to the sought equation (2.18).
O

We see from (2.16)—(2.18) that, similarly to the explicit Euler scheme, the equations
for the mean, deterministic modes and stochastic modes are decoupled. If the spatial
discretization of the PDEs (2.16) and (2.17) is performed by the Galerkin approximation,
the final linear system involves the inversion of the matrix

Aij = (@, 0i) H + DHQj, 0i) Laer»

where {¢;} is the basis of V}, in which the solution is represented. Both the mass matrix

(4, i) and the stiffness matrix (¢;, ¢;) are positive definite and do not evolve with

Laes
time, so that an LU factorization can be computed once and for all at the beginning
of the simulation. Concerning the stochastic equation (2.18), we need to solve a linear
system with the matrix M™+ 4 At(UHT U7+ . for each collocation point wy,, where
M = (U U+, This is in contrast to the explicit Euler method, where the
system involves only the matrix M™+!. The matrix M ! + AU T+ s
positive definite with the smallest singular value bigger than that of M™!. Notice,
however, that if M"™! is rank deficient, also the matrix M™+t + AU+ O+,
will be so. The computational complexity of the semi-implicit scheme w.r.t. the explicit
scheme depends on the operator Lget.

Note that there exists a unique discrete DLR solution for the explicit and semi-implicit
version of Algorithm 2.2.1 also in the rank-deficient case (see Lemma 2.2.10 below). The
existence of solutions for the implicit version remains still an open question.

2.2.2 Discrete variational formulation for the full-rank case

This subsection will closely follow the structure of the Subsection 1.3. We will introduce
analogous geometrical concepts for the discrete setting, i.e. manifold of R-rank functions,
tangent space and orthogonal projection, and will show in Theorem 2.2.7 that the scheme
from Algorithm 2.2.1 can be written in a (discrete) variational formulation, assuming
that the matrix M"*! stays full-rank.
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2.2. A staggered time-marching scheme for DLR equations

Definition 2.2.1 (Discrete manifold of R-rank functions). By ./\/l}é’ﬁ CVi® L,23,0 we
denote the manifold of all rank R functions with zero mean that belong to the (possibly
finite dimensional) space Vj, ® L%, namely

R
MisP — {v* EVh®Lio|v =Y UYi, {Yi}l, c L2,
i=1 (2.19)

(Yi,Yi) 2 = 8ij, V1 < i, j < R, {U;} | C V, linearly independent}.
p

Proposition 2.2.4 (Discrete tangent space at UYT). The tangent space Tyy+ M}}%’p
a point UYT € M%’p is formed as

R
TUYTM}EP = {(51) eV ® L%),O ‘ ov = Z U;0Y; + 0U;Y;,
i=1 (2.20)

U; € Vi, 0Y; € L2, (Y3, Yj) 2 =0, V1 <, j gR}.
p

The projection HUYT is defined in the discrete space Vj ® L% analogously to its continuous
version (1.14). It holds

s Vi@ L2 = ToyrME? Vi@ L2, YUYT e M.
A discrete analogue of Lemma 1.3.3 holds, i.e.
hp hp
(K, T+ [U])V'V,Lf3 = (I K], U)V/V,Lgv VeV, oL KeVyoLi (221
The solution of the proposed numerical scheme (2.8)—(2.11) satisfies a discrete variational

formulation analogous to the variational formulation (1.17). To show this, we first present
a technical lemma which will be important in deriving the variational formulation.

Lemma 2.2.5. Let uy , B uZ'H be the discrete DLR solution at tn, tn+1, respectively, from

the scheme in Algorithm 2.2.1. Then the zero-mean parts u;’ e uZ—; " satisfy

* h’A
1. uz‘ﬁ S TUn+1YnTMRp,

2. Un+1 * c TUn+1YnTM
Proof.

1. The solution uzz can be written as
e = grHOT 4 Uy,
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Chapter 2. Projector-splitting schemes and their variational formulation

Since (0T,Y™);2 = 0, using the definition (2.20) we have
p
ups € Tomirynt ML

2. The newly computed solution uzzl’* can be expressed as

’U,Z;;l’* _ Unﬂ—l(?n—‘rl o Yn)'r + [jn—l-lYnT.

Based on Lemma 2.2.2(1.) we know that (Y — Y"T ,Y™) 12 =0, i.e. again using
p

the definition (2.20) we have unJr1 € TUn+1YnTM

O

Remark 1. Note that for any function of the form v = UM KT or v = JY™" with

K e (L%)R, J € (Vi,)®, it holds v € Tgusryar M%’ﬁ since we have

JY" = UntioT 4 JY"™, Es[0TY"] =0

U KT = U (P [K)T + U™ (Poyn [KD)T, - ((Ppyn DT Y™) 2 = 0.

. h,p el . . . . n,*
Since TU»,L-HYnT MR is a vector space, it includes any linear combination of up’, and

n+1,x
up,
we derive the discrete variational formulation.

. The following lemma is an analogue of Lemma 1.3.4 and will become useful when

Lemma 2.2.6. Let uzﬁ, uZ'El be the discrete DLR solutions at times t,,t,+1 as defined

in Algorithm 2.2.1. Then the zero-mean parts u’}:'gl*,uz:a satisfy

+1
((uZp u;LL A)* _th

F*(up 5 up ! =0, Yu,eV,oL%
At Un+1YnT[ (uh,pauh”p )],’Uh VIV L2 5 Up h& P

Proof. Multiplying (2.9) by Y" and summing over j, we obtain

Lyt 1 i
< p,vh>H _ <E,3[f(uhp,ug; Yy ,vh> —0, VopeV

At V/V

Noticing that
B[ F (upy gy up §HY Y™ = Ep[F*(uf 5 up 51 Y ]Y™

o [ (e 1),
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2.2. A staggered time-marching scheme for DLR equations

and taking the weak formulation of (2.23) in L% results in

7 1 T +1
<Un+ Yn 7vh>H7L§ = <’U,h ’Uh>H L2 + At(lpﬁhyn [.F (Uh P’uZp )]7vh)V’\/'7L/25

Vup € Ve ® L3, (2.24)

Similarly, multiplying (2.10) by U"t!, and further writing (2.10) in a weak form in LA,
we obtain

UZ‘H* Un+1YTLT
1 Y n+1 rrn+1 rn+1\—17n+17 _
( - Py (B (g3, 07 (@) ,w>L% ~0,
p
Vw € L3 (2.25)
Since
ngn{(f*(uz,p,uz*,;l) U”H)V,V(M"H)*lﬁnw = Payn[Pynsa [F* () 5, up 5],

taking the weak formulation of (2.25) in V}, results in

n+1,% lin' Yn + T / +1] P
<uh:~: h)H 12 < ! >HL2 At( py"[ Z;{n 1[ (uhp’uh )]i|7vh)‘/’VL2
I ,5
Yo, € Vi, ® L. (2.26)

Finally, summing equations (2.24) and (2.26) results in (2.22). O

We now proceed with the discrete variational formulation.

n+1

Theorem 2.2.7 (Discrete variational formulation). Let uj 5 and uy 5" be the discrete

DLR solution at times t,, th+1, respectively, n=0,...,N —1, as deﬁned in Algorithm
2.2.1. Then it holds
uZJCI —up, 0o
_hp  Thp _ L
< At ) vh>H,L/23 (‘F(uh,P’uh,P ); Uh) V/V,L%’

Yoy, = v + v;, with vy, € Vi, and vy, € TUnJrlYnTMI;iPA. (2.27)

Proof. Thanks to Lemma 2.2.5 we have (u’g:gl — uﬁyﬁ)* € ’Tﬁnﬂyn/\/l%’ﬁ, and we can

derive
+1 +1
(. — uip)” o [Whp — i)

S Mgl N e T el

At H’L;% At H,L%
( n+l ' n )* (228)

_ < Unp ~Unp) s {Uh]>

At bl Un+lYnT H7Lf2§
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Chapter 2. Projector-splitting schemes and their variational formulation

and formula (2.21) gives us

h,p * (M n+1
(HUnHYnT I (uh»ﬁ’uh,ﬁ )l Uh) VIV,L2

Yoy, € TUn+1YnT M’;{ﬁ
Now summing this to equation (2.8) we obtain

~n+1 —n n+1 no\x
<“h,ﬁ — U+ (Uhy — Uk )

At

, Wh + Uh>
H,Lf3

= (Eﬁ[}_(uﬁ,a»“zl,ﬁ )]+ F* (uh gy gy ) wh + Uh) VIV,L2

Ywyp € Vi, Yoy, € TUWH»IYTLTM%ﬁ (2.30)

which is equivalent to the final result (2.27). In (2.30) we have employed

(! = uf )"
S e Pl _ ( ) n+1 ) N
w Fr(up syup 57), w =0, Ywp eV
< At ’ h>HL% (Wi s i )> on vivaz © TR
7
ﬂ}fil T )
wj’p - ) m Py n+1 = . aﬁ
< At 9 Uh>HL% (Ep[f(uh,pa uh,ﬁ ):I’ Uh)V’V,L% 0, vvh (& TU"+1Y"T MR s
p
which holds as E[vy,] = 0, Vv, € Tf]n+1ynTM}13ﬁ~ B

2.2.3 Discrete variational formulation for the rank-deficient case

The discrete variational formulation established in the previous section is valid only
in the case of the deterministic basis U"*! being linearly independent, since the proof
of Theorem 2.2.7 implicitly involves the inverse of M"t! = (U7 U1 . In this
subsection, we show that a discrete variational formulation can be generalized for the
rank-deficient case.

When applying the discretization scheme proposed in step 3. of Algorithm 2.2.1 with a
rank-deficient matrix M™!, we recall that the solution Y"*! is defined as the solution of

(2.10) minimizing ||[Y"** —Y™|| ;2. Note that minimizing ||[Y"** — Y| ;2 is equivalent to
b p
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2.2. A staggered time-marching scheme for DLR equations

minimizing the norm ||[Y"+(wy,) — Y"™(wy)||gr for every sample point wy, k=1,..., N,
where || - |2z = (-,")gr denotes the Euclidean scalar product in R*.

In what follows we will exploit the fact that the vector space L% is isomorphic to RV,

In particular, it holds that (Y+! — Y™)T € RE*N  where each column of (Y"1 — Ym)T
is given by (Y™ —Y™)(wp), k = 1,...,N. With a little abuse of notation, we use
Ul . RE — V}, to denote a linear operator which takes real coefficients and returns
the corresponding linear combination of the basis functions U"t'. By U"t1" : v}, — RE
we denote its dual.

Lemma 2.2.8. For any discrete solution Y"1 of equation (2.10) that minimizes the
norm ||Y™ — Y| 2, it holds that every column of the increment (Y™ — Y™)T lies in
p

the (-, -)gr-orthogonal complement of the kernel of M1, i.e.

@ -y e (ker(artyt)”

where ker(M™1) = {v € RE . M1y = 0}.
- - N
Proof. Seeking a contradiction, let us suppose that (Y"1 — y™)T ¢ (ker(M ”H)J—) .

Let
ZT =Y = Py VT =Y Y (2.31)

where Py, pne1)[v] € REXN for v € REXN denotes the column-wise application of (-, )RR-

orthogonal projection onto the kernel of M+, Then, such constructed Z satisfies

12 = Y™ @illpr = (T = Y™ = Py gy [T = Y7]) ()l
< T = V) ) [,

and solves (2.10):
Mn+1(Z _ Yn)T _ Mn—&—l(f/n—i—l _ Yn)T

v'v

)

where in the last step we used that ker(M" ') = ker(U™*!). This leads to a contradiction
that Y"1 was the solution minimizing ||Y"*! — Y| 2. O
p

When showing the equivalence between the DLR variational formulation (1.17) and the
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Chapter 2. Projector-splitting schemes and their variational formulation

DLR system of equations (1.8)—(1.10) in the continuous setting, the DO condition
Vi, Yj);2=0, V1<i,j<R (2.32)
p

plays an important role. In an analogous way, the discrete DO condition (property
1. from Lemma 2.2.2 for the full-rank case) plays an important role when showing
the equivalence between the discrete DLR system of equations and the discrete DLR
variational formulation.

Lemma 2.2.9. Any discrete solution Y"1 of equation (2.10) which minimizes the norm
Y™+ — Y| 2, satisfies the discrete DO condition
p

Y/n—‘rl —YnN\T .
<<At> Y >L2, ~0. (2.33)
p

Proof. Let Y™ +! be a solution of (2.10) minimizing ||Y"*!—~Y™|| ;2. Thanks to Lemma 2.2.8
p
we know that

- - N
(Yt —vm) e (ker(armth)t)
Now, let M™+1" denote the pseudoinverse of M™*1. Since
M N Yy =
for any v € ker(M™ 1)L, the solution Y™+ of equation (2.10) satisfies

on+1T _ T “rn+1t L
Yt =y AP,

* n n rn T
(F*(uf i), U +1)V,V]. (2.34)

Thus, if we have

=0,

T 1 * 1 & 1
6 (i)

Mn—&—l*)

then the statement will follow. But for the column space of

~ ~ + S
Péyn {(-7:*(“2,;37“221)7 Un+1) Mt ¢ RNXR

v'v

it holds

span {,Pg:yn {(]—"*(uﬁ’ﬁ, qugl), U"H) ]\Z/”+1+}

V’V}

C span {P;):yn

%, M n rTn nt
(7, 00, |} € 3

with yg“ C RV being the orthogonal complement to )™ in the scalar product (-,-) 2.
p
Now the proof is complete.
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2.2. A staggered time-marching scheme for DLR equations

In the following lemma we address the question of existence of a unique solution when
applying the explicit and semi-implicit scheme.

Lemma 2.2.10. For the explicit and semi-implicit scheme, as described in Section 2.2.1,
there exists a unique discrete solution Y"1 of equation (2.10) minimizing the norm
Y™+ =y 2.

p

Proof. We will start with the semi-implicit scheme. By virtue of Lemma 2.2.3, under
the discrete DO condition (2.33), applying the semi-implicit scheme to equation (2.10) is
equivalent to solving equation (2.18). We will first focus our attention to equation (2.18)
and show that there exists a unique solution minimizing ||[Y"*! — Y™||;2. This solution
will satisfy the discrete DO and consequently is a unique minimizing soiution of (2.10).
Equation (2.18) can be rewritten as

B (Y™ —y™)T = RHS in L, (2.35)
where

B=M"" + At<ﬁn+ﬂv ﬁn+1>£det

RHS = —At (0™, Pl [Lhioen (W p) = ) -

Since RHS above lies in the range of U™!", which is the same as the range of B, a
solution of (2.35) exists. Moreover, since the matrix B is positive definite on the space

. N
ker(B)*, any solution can be expressed as (Y™ — Y™ + W)T with WT € (ker(B))

- . - N

and a unique Y"t!" € REXN gych that (Y™ — Y™)T ¢ (ker(B)L) . The solution

Y™+ minimizes each column |[(Y"*' — Y™)(wp)|lgr, k = 1,..., N and thus it is the

unique solution of (2.35) that minimizes norm ||[Y"+! — Y™||;2. We observe that the
p

established solution Y™+! of equation (2.35) satisfies the discrete DO condition (2.33).
The argument is analogous to the proof of Lemma 2.2.9, but instead of M™*! here we
take B. Therefore, the statement for the semi-implicit scheme follows. The explicit case
can be shown by following analogous steps with

B=M"",
RHS = AT, Pl [F (i 1))

O]

Now we can proceed with showing the discrete variational formulation. It is not generally
easy to deal with the notion of a tangent space at a certain point on the manifold in the
rank-deficient case. In the following theorem we will, however, show that an analogous
discrete variational formulation holds. Given U € (V3,)F and Y € (L%jO)R, we define the
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Chapter 2. Projector-splitting schemes and their variational formulation

vector space Tyt as

R
Toyr = {511 e Vhp® L%,O ‘ ov = ZUléYZ + 0U,Y;
=1

SUs € Vi, 8Y; € Lo, (8Yi¥))2 =0 ¥ij= L., R},
’ P

It is easy to verify that, analogously to Lemma 2.2.5, the (possibly rank-deficient) discrete

DLR solutions uj, 5 and uzgl at times t,,t,+1, as defined in Algorithm 2.2.1 satisfy

1
ugﬁ S Tﬁn+1ynT, UZ:E S TUn+1YnT . (236)

Theorem 2.2.11. Let uj, ; and uz;l be the (possibly rank-deficient) discrete DLR
solution at times t,, tn11, respectively, n =0,..., N — 1, as defined in Algorithm 2.2.1.
Then the following variational formulation holds

uptt —up
5P 5P — n ~ TL"’:].
< A ; Uh> = (f(“h,p’uhw ), Uh)V/v,Lﬁ’ (2.37)

Yoy, = vy, + vj, with vy, € Vi, and vy € Tgniiynt-

H,12
p

Proof. First, consider equation (2.9) with v, = U ;‘H. Summing over j results in

k(M n n] yrn 1 rn nT 7
(B [(F* (uf o w5 Y™, T “)V/V = At(M O +1>H). (2.38)

Let us proceed with the equation (2.10):

yntl —yn n+1 s *(, M n+1ly rFrn+1
0= —g M = Py | (F i3, 0,
f/n-i—l —_yn

rn+1 k(oM n+A1 rrn—+1

N At M (]: (th,p g ), U )va
+ Y (BRI (Wh iy YO

B Y/n-‘,—l <[7n+17’ Un+1>H _ YnMn—i—l + YnMn—i—l _ Yn<UnT, Un+1>H

B Nt

* n+1\ Frn+1
— (F*(up g, O
n+1

_ <(“h,ﬁ —Upp) Un+1>
At ’

Vv

1\ 7+l
_ (]:*(UZ,[NUZ,JE )’ Un—I— >

H \40%
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Taking a weak formulation in L% o Tesults in

n+1

<(uh,ﬁ - UZ,p”)*

o * (M TL~|:1 _
At ’ wh>H L2 (F (Whpr i) wh) V'V,L2 0
p p
Vw, = U"H6YT, 6Y € (L3)". (2-39)
Concerning equation (2.9), we proceed as follows: Yoy, € (V},)F

U’I’L-l—l _ Un . n+1 .
= <At’vh>H h <E’3[(‘F(uh7ﬁ’uh,ﬁ )Y ]ﬂ%)

_JUMHE YY" — UNE, YY" E
- At 7vh -

n+1 no\x
_ <(uh,ﬁ —Uh7/3) ,’UhYnT>

V'V

AF (s, )
\748%

Yo, € (Vi)E, (2.40)

H,L? V'V,L2
p p

where in the second step we applied E,;[?”HTY”] = Id which holds thanks to the discrete
DO condition from Lemma 2.2.9. Summing equation (2.39) and (2.40) we obtain

n+1

< (upp —upp)”

% om n+1
wp, — [ F(uy 5, upy %), wy, =0
At ’ >H,L% ( (Whopr i) )V'V,L%
p p
Vwp € Tgntrynt-

The rest of the proof follows the same steps as in the proof of Theorem 2.2.7, i.e. summing
the mean value equation (2.8) and noting that some terms vanish. O

2.2.4 Reinterpretation as a projector-splitting scheme

The proposed Algorithm 2.2.1 was derived from the DLR system of equations (1.8)—(1.10).
This subsection is dedicated to showing that this scheme can in fact be formulated as a
projector-splitting scheme for the time discretization of the Dual DO approximation of
(1.3). Afterwards, we will continue by showing its connection to the projector-splitting
scheme described in Section 2.1, which was proposed in [LO14; LOV15b] and further
analyzed in [KLW16].

In what follows, we will focus on the evolution of uZ’;, i.e. the 0-mean part of the discrete
DLR solution u} >

Lemma 2.2.12. The discretized system of equations (2.9)—(2.10) can be equivalently
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reformulated as

Y] _ Tn,* +1
(@h,ps 0n) 1Lz = (g5 VR gz + At(Pﬁ,yn [F™ (uh pr up )]7Uh) Vi (2.41)
+1, _
(h s *’Uh>H,L% = <uh,ﬁavh>H7L2
iR N % +1
+ Dt (Pioyn [Pigns [F* (g )ﬂ,vh)v,m%, (2.42)

Yo, € Vi, ® L%,

where Uy, 5 = gntlyn’,

Proof. These equations are essentially equations (2.24) and (2.26), which are shown to
hold in the proof of Lemma 2.2.6. O

We recall that from Lemma 1.3.4, the zero-mean part of the continuous DLR approxima-
tion u* = UY'T satisfies

(@ = e [F(u) = f7] v)yrvez
= (& — Py[F*(u)] = Py [PulF* ()], v)yrvrz =0,
Vv e L2(Q; V).

Lemma 2.2.12 therefore shows that the time integration scheme corresponds to a
projection-splitting scheme in which first the projection Py [F*(u)] and then the projection
Py [PulF*(u)]] are applied.

2.3 Linking the projector-splitting integrator from Section
2.1 with the staggered scheme of Section 2.2

The projector-splitting scheme of Section 2.1 is a time integration scheme successfully
used for the integration of dynamical low rank approximation in the DDO formulation.
This section provides a detailed look into the comparison of the Algorithm 2.2.1 and the
Algorithm 2.1.2. We will see that, if the solution is full rank, these schemes are in fact
equivalent.

The projector-splitting integrator was originally proposed to deal with R-rank approxi-
mation of time-dependent matrices. For the case of time-dependent differential equations,
the authors in [LO14] propose to apply AA = At]:(u’,;ﬁ). In this work, we consider a
more general expression

AA = Nt (F(u 5, upth))

where F (uﬁ » uzzl) can be any of the explicit, implicit or semi-implicit discretizations
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2.3. Linking the projector-splitting integrator and the staggered scheme

detailed in Section 2.2.1.

Now, let us compare the steps of Algorithm 2.1.2 to Algorithm 2.2.1. We can easily
observe that "' = @"*1. Since Y =V}, we can see that equation (2.9) is equivalent
to step 1 with U” = UySy, i.e. K1 = UL, Further, we have

M = (@t U g = S[(UT, U S1 = ST 51
Equation (2.10) can be reformulated as

VIS8 = YSTS) — AtV (B [V (F7 (uh s ui5D)] UL) S

+ Ot (F (a5, TL) L, S0

which, provided S is invertible, is equivalent to

yrtigT = yn <§1T — OB [V (F (uf pyunsh))), Ul)v,v>

+ Ot (F (R a5, UL)

Note that the expression in brackets in the first term on the right hand side is exactly
the transpose of Sy from step 3:

ST — ot (Bp [y (F* (up i 5], U)o = S5

from which we deduce
Ly =Y"HST.

Finally, we have

~ 1 O X7 T 7 ¥ T 1
uZJg =SV = ULL] = U3 S Y = gty T = UZJI; ™

We conclude that the scheme in Algorithm 2.2.1 and the scheme in Algorithm 2.1.2
coincide in exact arithmetic, provided the matrix 5] is invertible. However, the numerical
behavior of the two schemes differs when S; is singular or close to singular. For M™t!
close to singular, solving equation (2.10) might lead to numerical instabilities. This
problem seems to be avoided in the projector-splitting scheme from [LO14; LOV15b], as
no matrix inversion is involved. Such ill conditioning is however hidden in performing
step 3. of Algorithm 2.1.2, since the QR or SVD decomposition can become unstable
for ill-conditioned matrices (see [GVL96, chap. 5]). In the case of a rank deficient basis
{U"+1}, Algorithm 2.2.1 updates the stochastic basis by solving equation (2.10) in a
least square sense while minimizing the norm ||[Y"*" —Y™||;2. The previous subsection
showed that such solution satisfies the discrete variational formulation which plays a
crucial role in stability estimation (see Section 3.4). On the other hand, Algorithm 2.1.2
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relies on the somehow arbitrary completion of the basis {U;} in the step 3. In presence
of rank deficiency, the two algorithms can deliver different solutions (see section 3.6.3 for
a numerical comparison). In the following theorem we show, that the discrete solution
obtained by the projector-splitting integrator of Algorithm 2.1.2 satisfies a similar discrete
variational formulation.

Lemma 2.3.1. Let 4 uh ,uZJCl be the discrete DLR solutions at times t,,tn+1 as defined

1*

in Algorithm 2.1.2. Then the zero-mean parts uh+ ﬁhﬁ satisfy

ﬁZH)]:’Uh) S =0, Vo, eVp® L%. (2.43)

Proof. Simply following a reversed order of the steps of the Algorithm 2.1.2, we derive
for Yo, € Vj, ® L%
(55" on) gz = (ULLE w2 = (USoV + DtUN(UL F= (@ 5, 055 vy 2, vn)
p
= (IWS\V — DULES[F* (a5, iy 51 V), Uyv,i2Vo
+ DLUL(UL FE (@ 5 5 ) vy g2, vh>HL%
= <K1V0T — A ULNE[F* (@ 50 5 Vo, Ul)V’VL2VO

h,ps
+ ALUL(UL, F* (@ 5, @ 51)) vy g2, 0 h>HL2
Lo

= (UoSoVy + By[F*(af, ; >vo1v — DUL(EF* (@ o 51 )VOL U)oy Vi
An* h,p *
= (@, + AR [F @ a5 on) vy 2.
Since Y™ = Vj, we arrive at the sought statement. O

Lemma 2.3.2. Let uy U "+1 be the discrete DLR solution at tn, tnt1, respectively, from
n4+1,%

the scheme in Algorithm 2. 1 2. Then the zero-mean parts uh ,uh 7 satisfy
1 uh 6 TUIYnT MR 9
2. un+1 * (S TU1Y"TM
Proof. The proof follows analogous steps as the proof of Lemma 2.2.5. O

Theorem 2.3.3. Let 4y, , and u"+1 be the (possibly rank-deficient) discrete DLR solution
at times ty, tn41, respectively, n = 0, ...,N —1, as defined in Algorithm 2.1.2. Then the
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following variational formulation holds
(Bre ZTho N (R, w)
At sy Uh H,L% h,p> h,p /o h V’V,L%’ (244)

Yop, = Op + v}, with o, € Vi, and. v}, € Ty, yur M.

Proof. Applying the variational formulation (2.43) together with Lemma 2.3.2 and (2.21)

we derive
~n+1 AN \*
U, ~ — U A N
( h,p h,p) _ % (an  antl h.p
<—At 2 Uh) 0 = F (uh’ﬁ,uh7ﬁ ), Up - Vo € Ty, ynt MEB".
Hp p

To incorporate the mean value in the variational formulation we follow analogous steps
as in the proof of Theorem 2.2.7. O

The variational formulation (2.44) holds in the rank-deficient case as well.

Remark 2. Note that the ordering of the equations in Algorithm 2.2.1 is crucial. When
dealing with the DO formulation, i.e. orthonormal deterministic basis and linearly
independent stochastic basis, we shall first update the stochastic basis and then evolve
the deterministic basis. For a reversed ordering the Theorem 2.2.7 would not hold.

Note that in the full-rank case (when M™*! is full rank), it holds
Ty MEP = Tonsnyr M.
However, in the rank deficient case,

h:ﬁ
TU1 ynT MR ?é TUn+1 ynT-

Comparing the variational formulations (2.27) and (2.44), it is clear, why the two discrete
DLR solutions are equal in the full-rank case but differ in the rank deficient case.

The discrete variational formulation provides a geometric insight into the projector-
splitting algorithm. It becomes useful when analysing stability, estimating the error
caused by discretization as well as providing a geometric proof for the exactness property,
available in the following.

Theorem 2.3.4 (Exactness property). Let Ugruep3(t) € Vi ® L% be of rank R for
" <t <" 50 that ugrwe n5(t) has a factorization (2.4), i.e.

Utrue,h,5(t) = u(t) + U ()S(E)V ()T

Moreover, assume that the R x R matriz E;[V (") TV (t")] is invertible. With ujy

>
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Utrue,h5(t"), and AA = utme’h’ﬁ(t"*l)—utme’h’ﬁ(t”), the Algorithm 2.1.2 is exact: QZ:EI =

utrue,h,ﬁ(tn+1) .

Proof. By assumption, E,[V (¢t"*1)TV (¢")] is invertible, therefore the range of wsrue p 5(t" 1)
lies in the range of the updated deterministic modes Uy given by the integrator. This
implies that

. . h,p
PU1 [Utrue’h’ﬁ(tn—‘rl)] = Utrue,hﬁ(tn—i_l) which gives us Utrueyhﬁ(tn—i_l) € TU1Y”T MR’p

Applying Lemma 2.3.2 and the variational formulation (2.43), we derive

>

N - ~ h,p
Z,ng = u;ll,,ﬁ + U’true:hvf’(thrl) - utrueyh,ﬁ(tn) + H(jlenT [urrue,h,ﬁ(tn+1) - urrue,h,ﬁ(tn)]

tn—l—l) n+1)'

= utrue,h,ﬁ(tn) + Utrue,h,ﬁ( - utrue,h,ﬁ(tn) = Utrue,h,,ﬁ(t

O]

Note that the exactness property holds for the discrete DLR solution obtained by
Algorithm 2.2.1 as well.
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8] Stability properties

The main goal of this chapter is to prove the stability of the newly-proposed numerical
schemes from Section 2.2 applied to a parabolic problem with random coefficients. The
stability of the implicit and explicit Euler schemes applied to deterministic parabolic
problems (with no DLR approximation) is well analyzed (see e.g. [EG04b]). A natural
question is to what extent constraining the dynamics to the low rank manifold influences
the stability properties. We will start this chapter by specifying the operator F from
(1.3) to describe parabolic problems with random coefficients in Section 3.1. In Section
of problem (1.3).
Then, in Section 3.3 we will see that these properties hold for the continuous DLR

3.2, we will first recall some stability properties of the true solution w,,,
solution as well. It turns out that our discretization schemes satisfy analogous stability
properties, as we will see in Section 3.4, under some stability conditions for the explicit
and semi-implicit scheme. The sharpness of the obtained stability conditions on the
time step and spatial discretization is supported by the numerical results provided in
Section 3.6. In the rest of this chapter we will assume that a solution of problem (1.3),
continuous DLR solution and discrete DLR solution exist. The results presented in this
chapter are original and based on the paper [KNV21].

3.1 Problem specification

In this section we will introduce a random operator £ particularizing the operator F
from (1.3) to comprise parabolic equations.

Let us consider a random operator L with values in the space of linear bounded operators
from V to V' that is uniformly bounded and coercive, i.e. a Borel measurable function

L: Q — LV, V")

w — L(w)

o1



Chapter 3. Stability properties

such that there exist C, Cp > 0 satisfying

(L(w)v,u)w > Crlvl| VweQ, Yvev, (3.1)
(L(w)v,w)w < Cllv|lv|lwllv Yw € Q, Yo, w € V. (3.2)

Associated to the random operator L, we introduce the operator £, defined as

L: L2(QV) — L2(Q; V)
u > L(u): L(u)(w)=Lwuw) eV Ywe.

Notice that for any strongly measurable u : 2 — V, the map w € Q — L(w)u(w) € V’
is strongly measurable, V' being separable (see [KNV21, Proposition A]). From the
uniform boundedness of L it follows immediately that, if u is square integrable, then £(u)
is square integrable as well and ||E(U)HL%(Q;VI) < CBHU/HL%(Q;V), Yu € L%(Q; V). The
operator L induces a bilinear form on L%(Q; V') defined as

Wiy = [ (L0 0w),, W), vweLn1),

v'v

which is coercive and bounded with coercivity and continuity constant C, and Cpg,
respectively, i.e.

(v,0)z,p = Cﬁ|’””%/,L%7

(u,v) 2,0 < Cgllully,czllvllv,2-

Then, given a final time 7' > 0, a random forcing term f € L?(0,T; L%(Q; H)) and a
random initial condition ug € L%(Q; V'), we consider now the following parabolic problem:
Find a solution ugre € L*(0,T; L2(€%; V) with dgre € L*(0,T; L3(€; V') satisfying

(@true, U) VIV,L2 + (E(Utrue); U) Vv, = <f, U>H,L,237
Yo e L2(Q; V), ae. t € (0,T] (3.3)

Utrue (0) = Uuq.

The general theory of parabolic equations (see e.g. [W1o87]) can be applied to problem
(3.3), at least in the case of L%(Q; V),L%(Q;H),L/%(Q; V') being separable, e.g. when
Q) is a Polish space and A is the corresponding Borel o-algebra. We conclude then
that problem (3.3) has a unique solution e which depends continuously on f and
ug. We note that the theory of parabolic equations would allow for less regular data
f e L*0,T; L2(Q; V') and ug € L2(Q; H). However, in this work we restrict our
attention to the case f € L?(0,T; L?)(Q; H)), ug € L%(Q; V).

92



3.2. Stability of the continuous problem

Concerning the discretization proposed in Chapter 2, note that the semi-discrete bilinear
form (-,-). ; defined as

N
(w)es =Y Llwe)v(wr)w(we) Ak
k=1

is coercive and bounded, with the same coercivity and continuity constants C,, Cg,
defined in (3.1), (3.2), respectively.

We will state two types of estimates: the first one holds for an operator £ as described
in this section and a second one additionally assuming the operator £ to be symmetric.
Note that in the second case the bilinear coercive form (-, )z , is a scalar product on
L%(Q; V).

3.2 Stability of the continuous problem

We state here some standard stability estimates concerning the solution ¢,y of prob-
lem (3.3).

Proposition 3.2.1. Let uywe € L2(0,T5 L2(Q;V)) be the solution of problem (3.3).
Then, the following estimates hold:

T
Jtwtrae(T) % 12 + Cr [ |trae ()7 2 i
"p 0 »=p

2
< lonene O3 + G 1o gy B4
2. if, in addition, £ is symmetric and e € L?(0,T; L/QJ(Q; H)), we have
T + [ i)
< e )12, + [ 7] PPN CE)

where Cz > 0 is the coercivity constant defined in (3.1) and Cp is the continuous embed-
ding constant defined in (1.2).

For f =0 and t1,t2 € [0,T], t; < t2, we have:

ltte(t2)ll 21,23 < Tutrae(t2) 12,22 (3.6)
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4. moreover, if £ is symmetric and e € L2(0, T} Lg(Q; H)), we have

Hutrue(t2)H£,P < ||utrue(t1)||£,p- (3.7)

Proof. As for part 1, choose ugye as a test function in the variational formulation (3.3).
Using [Zei90, Prop. 23.23] results in

1d
ignume”%{’% + (Utrue, Utrue) 2,0 = (fs Utrue) 11,12 < OP[| fll . 23] wervellvi 2
Cl% 2 C[, 2
< EH]PHH,L% + THUHUGHV,LI% for a.e. t € (O7T]

Multiplying by 2 and integrating over [0, T] gives the sought estimate. Part 2. is proved
in a similar way by considering i,y as a test function. We can derive

. 1d , _
”UtrueH%{,Lg + iauutruen%ﬁ = <f7 Utrue>H,Ll2) < HfHH,Lg”utrueHH,Lg
172 NerellF g
< L L
- 2 2

and obtain the result by multiplying by 2 and integrating over [0, T].

Part 3. and part 4. are consequences of part 1. and 2., where the final integration is
realized over [t1,t2] instead of [0, 7. O

3.3 Stability of the continuous DLR solution

Constraining the dynamics to the R-rank manifold does not destroy the stability properties
from Proposition 3.2.1.

Theorem 3.3.1. Let u € L*(0,T; L2(€%; V) with @ € L*(0,T; L3(2; V) be the contin-
uous DLR solution defined in Definition 1.2.1. Then u satisfies the same inequalities
(3.4), (3.5), (3.6), (3.7) as the true solution utyye.

Proof. Part 1: Let u=u+UYT with UYT € Mpg. Then, we have v* =u—u € Ty» Mp.
Indeed, since
R
=Y U0+ UY; €L2y(%V)
i=1
with (0, Y;>L/2) = 0, we can take u as a test function in the variational formulation (1.17).
The rest of the proof follows the same steps as in the proof of Proposition 3.2.1.
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3.4. Stability of the discrete DLR solution

Part 2: we express

R
ﬂ*:ZUij-I-Uij € TuMp
j=1

since (Y3, Yj>Lg = 0;5 and u* € L%(Q; V). As @ € V we can consider 1 as a test function
in the variational formulation (1.17) and arrive at the sought result.

Part 3. and 4. is obtained analogously. O

3.4 Stability of the discrete DLR solution

Now we proceed with showing stability properties of the fully discretized DLR system
from Algorithm 2.2.1 for the three different operator evaluation terms corresponding
to implicit Euler, explicit Euler and semi-implicit scheme. For each of them we will
establish boundedness of norms and a decrease of norms for the case of zero forcing term f.

The following simple lemma will be repeatedly used throughout.

Lemma 3.4.1. Let (-,-) : (V}, ® L/%) X (Vi ® L?}) — R be a symmetric bilinear form.
Then it holds

(o =) = 5 ({w,0) = 0,00 = W= v.w )
(w,w—v) = ;(<w,w) - <v,v>—|—(w—v,w—v>>
(v,w+v) = ;((v,v) - (w,w>+(w+v,w+v>>

for any v,w € V), ® L%.

3.4.1 Implicit Euler scheme

Applying an implicit operator evaluation, i.e. £(u27ﬁ,uﬁgl) = E(uﬁ}l) results in a
discretization scheme with the following stability properties.

Theorem 3.4.2. Let {ugﬁ}ﬁfzo be the discrete DLR solution as defined in Algorithm
2.2.1 with E(uzﬁﬁ,uz,;l) = E(uﬁfgl). Then the following estimates hold:

N-1 2 N—-1
N
ol cz + A2 30 N5 e < ek ol e + AtGE D2 1 () Iz
n=0 n=0
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2. if L is a symmetric operator we have

v N=Tygitl gm0 - N-1 )
up ollZ 5+ Ot Y || —E——E p < lup pllZ 5+ Ot D 1f (Ens 1)l 125
n=0 At H, ,?s n=0 TP

for any time and space discretization parameters At, h > 0 with Cr,Cp > 0 the coercivity
and continuous embedding constant defined in (3.1), (1.2), respectively.

In particular, for f =0 and n=0,...,N — 1 it holds:

: ||“h,,3

4. if L is a symmetric operator we have |lup 5 || 2,5 < [lu 5llc,p-

Proof. Thanks to Theorem 2.2.7, we know that the discretized DLR system of equations
with implicit operator evaluation can be written in a variational formulation as

UZJEI B uzﬁ n+1
<T’ Uh>H,L§ + <uhﬂ ’ Uh>£,ﬁ B <f(t”“)’ Uh>H,L§’ (3.8)

Yy, = Uy, + vy, with vy, € V3, and vy, € TUnJ,»lYnMI;ip,

1. Based on Lemma 2.2.5 we take v, = uﬁgl as a test function in the variational

formulation (3.8). Using Lemma 3.4.1 results in

n+1

(KA = [l ol 2 + i — sl (U > h )2
| Ci
= 200(f(tn1) i Jvrviez < Dt IF ne)l g2 + OtCelluf;
Using the coercivity condition (3.1) and summing over n =0,..., N — 1 gives us

the sought result.

2. Now, consider v, = (uZJCl up, 5)/t. Using Lemma 3.4.1, the variational formula-
tion results in
n+l 2

uhvﬁ U”,;L’p n+1 _ + ’ 77/"!‘1 n 2 R

At 2At H h,p ’ L.p ||uh,p |[, N3 ’ Up uh,p L.p
+1 t 2 +1
_ <f(t N “Z,ﬁ _“Z,ﬁ> - 1./ ( n+l)”H7L/23 +1 “Z,,a “Z,,a 2
nL At H.L2 - 2 2 At I_LLIQ5

Multiplying by 2At and summing over n =0,..., N — 1 leads us to the result.

o6



3.4. Stability of the discrete DLR solution

Parts 3. and 4. follow from part 1. and 2. without summing over n =0,...,N —1. O

3.4.2 Explicit Euler scheme

Concerning the explicit Euler scheme (see subsection 2.2.1), which applies the time
discretization L(uj, 5, uZH; ) = L(uj ;), the following stability result holds.

Theorem 3.4.3. Let {u} p}fy:() be the discrete DLR solution as defined in Algorithm
2.2.1 with ﬁ(“ﬁ,pa“h; ) = E(uﬁﬁ). Then the following estimates hold:

1.
N-1
| L2+At05 (1—r) D lluph et
n=0 i
At02 =
= Z ”f HHL2
p
for 0 < k and At, h satisfying
At kCpr
ﬁ S m. (3-9)
2. If L is a symmetric operator we have
Ap V-1
||UhN,ﬁ||£,p > ||uhp||£p + T Z 1f (tn HHL??
n=0
for At h satisfying
At 2—K .

Here Cp,Cp,Cp > 0 are the coercivity, continuity and continuous embedding constants
defined in (3.1), (3.2), (1.2), respectively and Ci is the inverse inequality constant intro-
duced in (2.2).

For f=0andn=0,...,N —1 it holds:

3. |Jup ”HL2 < HuthHL2

ot _ 20
= G20

under a weakened condition
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4. If L is a symmetric operator we have

1
lup 5tlep < lluh

,P‘

7p7
K o
under a weakened condition
At 2
o S FEo
h?» = C;Cp

Proof. Thanks to the Theorem 2.2.7 we can rewrite the system of equations in the

variational formulation

uz;l - uz,ﬁ n
<T, Uh>H7L§ + <Uh,fw ”h>£7ﬁ - <f(t")’ vh>H,L§’ (3.11)

Yo, = Uy, + vf, with v, € V}, and v}, € Tﬁn-i,-lynMI;%p

1. Based on Lemma 2.2.5 we take vy, = uZJCI as a test function in the variational

formulation (3.11) and using Lemma 3.4.1 results in

= Ml ol 2 + i =l 2 + 28¢5 i 5 e

= mt(f(tn),uh;l)wm; < DNty + ACe

We further proceed by estimating

+1 +1 +1 +1 +1
2At(u2p,uzp o.p = 208 {uy, 5 — uZp ,u’};‘p Yo+ 2At<uzp ,uZp VL.p

L2 + 2AtC Hun+1

> 2AtCBHu”+1 up 5 L2||u
C C3 1
> kO |l hlgpc luh
(3.12)
where, in the third step, we used the inequality
h?
||UnJrl - U};,ﬁ |HLﬁ > = ||UnJrl UZﬁHV,Lga

which holds based on assumption (2.2). Combining the terms, using the condition

(3.9) and summing over n = 0,..., N — 1 finishes the proof.

2. Lemma 2.2.5 enables us to take uZ'El —uj ; as a test function in (3.11). This results
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3.4. Stability of the discrete DLR solution

in
1
AtHUZJ,Zl — up p||H,L§ + <Uz,anZJ;1 Uh >L = (f(tn), Uﬁ)l UZ,;S>H,L§
R O LT T R
- 2K + YA - (313)
Using Lemma 3.4.1 we obtain
At 1
luptH 17,5 < lluk 51175 + —llfce )\IHL2+HU"+ —up 5|25
2—K
- ||u"“ i ol
At (2—k)
2 2 n+l
<|lupsllz,s + 7”f(tn)\|H,L§ + (1 - M) l[uh s pllz,p

t
<l g2+ S ()

where, in the second step, we used the assumption (2.2), (3.2) and the fact that

(1 - (é;g:i:) < 0, thanks to the stability condition (3.10).
I

. The proof of part 3. follows the same steps as the proof of Part 1. We have

= Nuh sl e + iy’ = whsllhy e + 208uh 5055 e = 0.

||Uh,p

In (3.12) we choose k = 2 and conclude the result.

. The proof of the forth property follows the same steps as the proof of Part 2. Since
there is no need to use the Young’s inequality in (3.13), the condition on At/h?P is

weakened:
lup 52,5 = llui 5125+ N st = ui 5lIZ5 — H iy Z,,stq,L;
2h%P

2 +1
<ol + (1 G ) Wi vk

As for the estimate in the || - ||y ;2-norm we can derive

b
At

i 17 2 = Nk pllFy 12 — <H up 525 = a5tz

et gl )

At< 2

p < h? = C2Cp"

where in the last inequality we applied [ju)

lup, 52,5 for

7[3

99



Chapter 3. Stability properties

3.4.3 Semi-implicit scheme

This subsection is dedicated to analyzing the semi- implicit scheme introduced in subsec-
tion 2.2.1 which applies the discretization [,(uz P uh 5 D= ﬁdet(uz;gl) + Latoch (uz ﬁ).

Apart from the inverse inequality (2.2) we will be using two additional inequalities. Let
us assume there exists a constant Cge; > 0 such that

(U ) £4er,p = Clet (U u) £ Yu eV, ® L%. (3.14)

This constant plays an important role in the stability estimation as it quantifies the
extent to which the operator is evaluated implicitly. Its significance is summarized in
Theorem 3.4.4. In addition we introduce a constant Cgiocn that bounds the stochasticity
of the operator

|(Lstoen (), v)yrv,r2] < Csvoanllully,z2]|vllv, L2 (3.15)

Theorem 3.4.4. Let {u’,}jﬁ}ﬁfzo be the discrete DLR solution as defined in Algorithm
2.2.1 with E(“Z,pauﬁl) Lget (UZ;I) +£stoch(uzyﬁ) with Laer and Lgtocn satisfying (3~14)
and (3.15), respectively. Then it holds

N-1

(L=r) > llups

n=0

At02 =
P Z ”fnn+1HHL§

for k >0 and At, h satisfying

Al “OL . (3.16)
h2p B 02 stoch
2. If L is a symmetric operator we have
lunplle.p < llup sllc.p + 2 Z Va7 L2 (3.17)

for At, h satisfying
At _ [+ if Caet =
% - 2 Zf C’det <

N[ N[ =

4=k
C7Cp(1-2Cqet)
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3.4. Stability of the discrete DLR solution

Here Cr,Cp,Cp,Ct > 0 are the coercivity, continuity, continuous embedding and in-
verse inequality constants defined in (3.1), (3.2), (1.2), (2.2), respectively. The constants
Clet, Cstoch were introduced in (3.14), (3.15).

For f =0 and L symmetric we have

n+1

Hu £p < Huth[;p, n=0,...,.N—-1 (3.18)

with At, h satisfying a weakened condition

= 2o if Caa < (3.19)

At _ { +00 if Cdet >
C2CB(1—2Cqqt)

N[ — D=

Proof. The variational formulation of the discrete DLR problem from Algorithm 2.2.1
reads in this case

uZ+ —uy 5 1
P 5P n-l— n R
S ”">H7L,% Qs ), (Gaanliig) ”h)v'wL% (3.20)
= <f"’”+1, Uh>HL2 Yoy, = vy, + vf, with vy, € Vj, and v, € T0n+1YnM]I7%ﬁ.
L5
1. We will consider vy, = uﬁtl as a test function in (3.20) and we derive
1 1
[ PR INT R P
2 1 2 1 1
= ‘|UZ,,3HH7L2 ||un+ UZ,ﬁHH,L/% + 2At<fn7n+ 7“22 >H,Lf3
+ 2At(£stoch(uh—;1 ’U,ziﬁ), U’Z’—El)vle%
02
2 1 2 P 142
< Huz,ﬁ L2 ||UnJr UZ,[)HH L2 + At*”fn’n—i— HH7L123 + AtC’lLHUh,,j
AtC C’I stoch n+1 n |2
+/€ ,CHU/ p h2pC H _uh,ﬁ”H’L’%'
Combining the terms and summing over n = 0,..., N — 1 finishes the proof.

2. We will proceed by taking v, = uhtl — up, 5 in the variational formulation (3.20)
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since (uZJCl up )" € TUnHYnMR (Lemma 2.2.5). We obtain

St % 1o+ (e~ ) (321)
+ (ESmCh(UZ,p)a up st — uZ,,s) vz + (ﬁdet(uﬁ,ﬁ)’ Uy = Zﬁ) VIV, L2
= g G )
+ (up, p7u221 Uly )25
= (gt =, >HL2<§uf”"“uw+wuu”“ i ol -
(3.22)

Using Lemma 3.4.1 we further derive

At
lup 517 5 < llu thcp ||f"’"+1HH 2t lup !
e uj 2
At hyp H7L/2§
- 2(“2;1 - uh 1) th; uz,ﬁ>£demf’
At
7”fn7n+1HH L2 + Hun—H UZ,ﬁ %,ﬁ
(2 - )t
T CI0sAt ” np — uhpllz.p — 2Cactllup ' = up oz 5
At 12
+ 7an’n+ HH,L?
(2- "‘?)th n+1
+ (1 — W - 2Cdet) ||uh,,3 - UZ,,; L.p>

where in the second step we used the inequalities (2.2), (3.2) and (3.14). From the
condition on At, h after summing over n =0, ..., N — 1 the equation (3.17) follows.

3. To treat the case of f = 0 we follow analogous steps as in Part 2. We consider
k = 0 as there is no need for the Young inequality in (3.22).

O]

Theorem 3.4.4 tells us that when £ is a symmetric operator, using the semi-implicit
scheme leads to a conditionally stable solution if Cyet € (0, 2) and an unconditionally
stable solution, if Cget > % (small randomness).

Remark 3. The discrete variational formulation (2.27) as well as the stability estimates
presented in this section hold for the full-rank solution of the projector-splitting scheme
from [LO14] with the ordering K, S, L, as presented in subsection 2.2.4. However, these
results do not hold with the ordering K, L, S, which was discussed in [LO14]. This might
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3.5. Example: random heat equation

be another reason why K, L, S performs poorly when compared to K, S, L (see [LO14,
sec.5.2]).

Remark 4. All of the derived estimates for the discrete DLR solution obtained by
Algorithm 2.2.1 hold also for the case of {uj; ,3}27:0 being rank-deficient for some n =
0,...,N as a consequence of Theorem 2.2.11 and the property (2.36). They hold as well
for the discrete DLR solution obtained by the Algorithm 2.1.2 thanks to the variational
formulation (2.44) and Lemma 2.3.2.

3.5 Example: random heat equation

In this section we will specifically address the case of a random heat equation. We will
analyze what the underlying assumptions require of this problem, present the explicit and
semi-implicit discretization schemes applied to a heat equation and state their stability
properties.

Let D Cc RY, 1 <d < 3 be a polygonal domain. Let V = H}(D) =: H}, H = L*(D) =:
L2, V' =H YD)=: H ! and L(x,¢)(v) = =V - (a(x,£)Vv) with
0 < amin < a(z,§) < amax < 00, Va € D, V¢ € Q. (3.23)

In this case, the scalar products (v, w)Hng, (v, w>V,L§v (v,w)c , are defined as

<v,w>HL2://vwd$dp

nr QJD

<v,w>VL2://Vv~dexdp
nr QJD

<v,w>£,p://aVv-Vw dz dp.
QJD

For the coercivity constant Cp,, it holds Cr > apin; for the continuity constant Cp,
we have Cg < amax; Cp is the Poincaré constant and the problem states: Given
f e L*0,T; L2(Q; L?)) and ug € L2(Q; L?), find wirae € L*(0,T; L2(; H)) with trye €
L2(0,T; L3(Q; H™')) such that

//utmeu dz der//aVutme-Vv dzx dp:// fv dx dp,
QJD QJD QJD

200). 771
Yv € LP(Q’ ‘HO) (324)
Utrye = 0 a.e. on (0,7] x 9D x

utrue(oa " ) = Uo a.e. in D x Q.
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Chapter 3. Stability properties

The discretization is performed as described in Section 2.2. To address the condition
(2.2) we can consider a triangulation 7j of the domain D specified by the discretization
parameter h and a corresponding finite element space V;, of continuous piece-wise
polynomials of degree < r. Under the condition that the family of meshes {7} is
quasi-uniform (see [EG04a, Def. 1.140] for definition), we have the inverse inequality (see

[EG04a, Cor. 1.141])
2

C
IVolle < S5 lvlE, Yvevs
for some Ct > 0. Integrating over (2 results in

CQ
Il 2 < Thloly e, WoeVie L2, (3.25)

i.e. we have the condition (2.2) with p = 1.

3.5.1 Explicit Euler scheme
Applying the explicit Euler scheme in the operator evaluation for a random heat equation,
ie.
L(ufy pyuptl) = =V - (aVuj ),
results in the following system of equations

<ﬂn+1, Uh)H = <1_Ln, 'Uh>H — At (Eﬁ[aVuZﬁ], Vvh>H + At(Eﬁ[f(tn)},’Uh>H, VUh S Vh

(U7 on) g = (UF onyu — Dt (BplaVugy ;Y]] Von) i + AKE[f () Y]], on) 1
Vj, Yo, € Vp,

- - - - T
MM Y ™ — Y™ = —At Py [(aVuy 5, VO ™) g — (f(tn), U™ ) g in L2.

The stability properties stated in Theorem 3.4.3 part 2. and 4. hold under the condition

At 22—k
T
h? — 01203
3.5.2 Semi-implicit scheme
Let us consider the decomposition
a=a+ asoch, Wwith a=E;la] and Eplagoen] =0, (3.26)

- L(u) ==V - (aVu)—V - (astocn V) .

Let Lstoch
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3.5. Example: random heat equation

The condition (2.14) is satisfied, since a is positive everywhere in D as assumed in (3.23)
Hence,

<u,v>£det:/qu-Vvd:L“, u,v €V
D

is a scalar product on V' = Hj(D). The semi-implicit time integration is realized by

L(uf, guptt) = =V - (@Vuptl) = V - (astoen VUi, 5)- (3.27)

Note that the condition (3.14) is automatically satisfied for a random heat equation
since we have

Hu||%detp://&Vu-Vudmdp> inf //aVu Vudz dp
’ QJD

zeDLEN a

— 2(0).
- EDHEEQ a || ”Ep Vu € Lp(Qv V)a

and il’lfzeDéeQ % > gmm > 0.

The system of equations (2.16)—(2.18) can be rewritten as

@ o) g+ At@va" Tt Vo) g

<u Uh>H At(
vn) i+ AHaVU, Vop) i
= <U s op)a — O(E

[aStOChVuh p] Vvh>Hd + At< [fn7n+1], vh>
(i
] )

plastoecn Vup, ;Y"1 Vop) gra + At(E

[fn’n+1an], Uh>H
(7t =y ) (3 4 M@, VO )

— _ AP yn[<astochvuh 5 VU +1> <fn,n+1*’ ﬁn+1>H]-

For a further specified diffusion coefficient we can state the following stability properties

Proposition 3.5.1. For the case

C_L(x) > astoch(xvf)’ Vre D,§ e

which is satisfied in particular if

a(z,€) = a(x —I—Za] x)&;,

(3.28)
Q c RM and Q is symmetric, ie. £ € Q = —£ €0

we have the stability properties (3.17) and (3.18) for any At, h
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Chapter 3. Stability properties

Proof. The condition a(z) > astoen(z, ) for every x € D, € € Q implies

a(x)
aw,€) =

N |

ie. Cget > infrepecn % > % Together with Theorem 3.4.4 we conclude the result. [

Proposition 3.5.1 tells us that applying a semi-implicit scheme to solve a heat equation
with diffusion coefficient as described in (3.28) results in an unconditionally stable scheme.
This result as well as some of the previous estimates will be numerically verified in the
following section.

3.6 Numerical results

This section is dedicated to numerically study the stability estimates derived for a discrete
DLR approximation in Section 3.4. In particular, we will be concerned with a random
heat equation, as introduced in (3.24), with zero forcing term and diffusion coefficient of
the form (3.28). We will look at the behavior of suitable norms of the solutions of the
discretization schemes introduced in Section 2.2.1. We will as well look at a discretization
scheme in which the projection is performed explicitly to see how important it is to project
on the new computed basis U™*! in (2.10). As a last result we provide a comparison
with the projector-splitting scheme from [LO14].

Let us consider problem (3.24) set in a unit square D = [0,1]?> and sample space
Q = [-1,1]™ with M specified below, and an uncertain diffusion coefficient

cos(2mmay) + cos(2mrmas)
a(z,§) = ao + Z mZn2

Em, (3.29)

where x = (w1, 22) € D, & = (&1,...,&m) € Q. Welet ap = 0.3, and equip ([—1, 1]M, B([-1, 1]M¥))

with the uniform measure p(d¢) = ®M A( dél with A the Lebesgue measure restricted to

the Borel o-algebra B([—1, 1]). In this case the conditions (3.23), (2.14) and (3.14) are
satisfied with amin > 0.04, Cyet > % The initial condition is chosen as

ug(z, §) = 10sin(rz) sin(mag) + 2sin(27z ) sin(2wx2)&;

)si )
+ 2sin(4mzy ) sin(4mzy)Eo + 2sin(6rx ) sin(6rws) €2
4
= 10sin(mz ) sin(mze) + 3 sin(6mzy) sin(6mxe) + 2sin(27z;) sin(2mx2)é)

+ 2sin(4mxy) sin(4rzg)&s + 2 sin(6mxy) sm(67m'2)( E[f%])
(3.30)
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3.6. Numerical results

The spatial discretization is performed by the finite element (FE) method with P1
finite elements over a uniform mesh. The dimension of the corresponding FE space is
determined by h—the element size. For this type of spatial discretization we have the
inverse inequality (3.25):

02
o]l < h%\lvlliug, Vv eV, ® LE.

Concerning the stochastic discretization we will consider a tensor grid quadrature with
Gauss-Legendre points for the case of a low-dimensional stochastic space M = 2 and
a Monte-Carlo quadrature for the case M = 10. The time integration implements the
explicit scheme and the semi-implicit scheme described in subsection 2.2.1. We will
consider the forcing term f = 0, i.e. a dissipative problem and time 7' such that the
energy norm (|| - ||z,5) of the solution attains a value smaller than 1071°. Our simulations
were performed using the Fenics library [Aln+15a).

3.6.1 Explicit scheme

Since f = 0, the result in Theorem 3.4.3 predicts a decay of the norm of the solution

n+1

1
b p oy

L,p [ug 5

£.p < llup pl mrz < hpllgrz  Yn=0,....N -1

under the stability condition

At 2
— < —— = K. 3.31
h? — CIQCB ( )
We aim at verifying such result numerically. We set a rank R = 3 and consider a
sample space [—1, 1]M of dimension M = 2 or M = 10 with either Gauss-Legendre or
Monte-Carlo (MC) stochastic discretization.

M=2

First we consider the sample space [—1,1]™ of dimension M = 2 and Gauss-Legendre
quadrature with 9 x 9 = 81 collocation points. From what we observed in our simulations,
for this test case we have K = 0.085. Figure 3.1 shows the behavior of the energy norm
(I - lz,5) and the L? norm (]| - HHL?)) in 3 different scenarios: in the first scenario we

set hy = 0.142, At; = 0.0018, i.e. the condition Atl/h% < K is satisfied and observe
that both the energy norm and the L? norm of the solution decrease in time (see Figure
3.1(a)); in the second scenario, we halved the element size hy = h1/2 and divided by
4 the time step Aty = At;/4 so that the condition (3.31) is still satisfied. The norms
again decreased in time (Figure 3.1(b)); in the third scenario we violated the condition
(3.31) by setting hg = h1/2 and Atz = At1/3. After a certain time the norms exploded
(Figure 3.1(c)).
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*  energy norm *  energy norm —&— energy norm
L2 norm L2 norm L2 norm
10° 10° 10°
-1

oo 05 10 15 20 00 05 10 15 20 25 000 0.005 0.010 0.015 020 0.025
time time time

(a) h1 =0.142 (b) hy =0.142/2 (c) hy =0.142/2
Aty = 0.0017 Aty = 0.0017/4 Aty =0.0017/3

Figure 3.1 — Behaviour of the energy norm (|| - ||z,,—blue) and the L? norm (| - |z, Lz
orange) when applying the explicit time integration scheme with M = 2 and 81 Gauss-
Legendre collocation points for three different pairs of the discretization parameters h, At.
When the condition (3.31) is satisfied the solution is stable [(a)—(b)], whereas violating
the condition results in instability [(c)].

To numerically demonstrate the sharpness of the condition (3.31), we ran the simulation
with 72 different pairs of discretization parameters h, At. The results are shown in Figure
3.2, where we depict whether the energy norm at time 7 is bellow 107!, in which case
the norm was consistently decreasing; or more than 10%, in which case the solution blew
up. We observe that a stable At has to be chosen to satisfy At < Kh?, which confirms
the sharpness of our theoretical derivations.

M =10

In our second example we will consider a higher-dimensional problem: M = 10 for which
we use a standard Monte-Carlo technique with 50 points. We observe a very similar
behaviour as in the small dimensional case. Figure 3.3 shows that satisfying the condition
At1/h? < K with K = 0.085 results in a stable scheme while violating it makes the
solution blow up.

3.6.2 Semi-implicit scheme

We proceed with the same test-case with M = 10, same spatial and stochastic discretiza-
tion, i.e. Monte-Carlo method with 50 samples and employ a semi-implicit scheme in the
operator evaluation. Since the diffusion coefficient considered is of the form (3.28) and
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. . . .
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1']-3 -
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] .
107 i i
Kh?
0.04 0.06 0.08 0.10 012 014
h
Figure 3.2 — This figure shows whether the energy norm || - ||z, of the solution was

monotonously decreasing till 10710 (blue) or has blown up (orange) for different choices
of time step At and discretization parameter h when applying the explicit scheme for
the operator evaluation. We observe a clear quadratic dependence of At on h. K was
set to 0.085.
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= energy norm «  energy norm —&— energy norm

L2 norm L2 norm L2 norm
0°
10! 100
10%
-1 -1

0o 0s 10 15 20 0.0 05 10 15 20 25 0.000 0.005 0.010 0.015 0.020
time time time

(a) hy = 0.142 (b) by = 0.142/2 (c) h1 = 0.142/2
Aty = 0.0017 Aty = 0.0017/4 Aty = 0.0017/3

Figure 3.3 — Behaviour of the energy norm (|| - |z ,—blue) and the L? norm

(I, L/z)—orange) when applying the explicit time integration scheme with M = 10 and
50 Monte Carlo points for three different pairs of the discretization parameters h, At. We
see, again, that satisfying the condition (3.31) ((a) and (b)) results in stable behaviour
while when violating the condition (c¢) the solution blows up.

f =0, Theorem 3.4.4 predicts

lupt e < lluksllcs — Vh, At ¥n=0,...,N —1.

We set the spatial discretization h = 0.142 and vary the time step At. We observe a
stable behaviour no matter what At is used, which confirms the theoretical result (see
Figure 3.4).

We report that the results for M = 2 with 81 Gauss-Legendre collocation points exhibited
a similar unconditionally-stable behaviour.

Explicit projection

The following results give an insight into the importance of performing the projection in
a ‘Gauss-Seidel’ way, i.e. projection on the stochastic basis is done explicitly, Y™ kept
from the previous time step, while the projection on the deterministic basis is done
implicitly, i.e. we use the new computed U™t} (see Algorithm 2.2.1 for more details).
For comparison we consider a fully explicit projection, i.e. Y™ as the stochastic basis
and U" as the deterministic basis. We use a semi-implicit scheme to treat the operator
evaluation term as described in subsection 2.2.1. As shown in Figure 3.5, in all 3 cases
the solution reaches the zero steady state, however, not in a monotonous way.
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—&— energy norm —8— Eenergy norm
10t 10°
107 A 1071 4
1073 4 1073 A
E E
2 2
107 10-°
1077 4 10-7 4
1077 4 1077 4
T T T T T T T T T T T T T
o 2 4 & 8 10 12 o 50 100 150 200 250
time time
(a) h =0.142,At; = 0.5 (b) b =0.142, Aty = 10

Figure 3.4 — Behaviour of the energy norm (|| - ||z,) for two different time steps when
applying the semi-implicit time integration scheme. We observe a decrease of norms for
arbitrarily large time step.

—e— semiimplicit proj —e— semiimplicit proj —e— semiimplicit proj
=~ explicit proj 1 =~ explicit proj X =~ explicit proj

0 20 40 6 8 100 120 140 160 0 500 1000 1500 2000 2500 3000 3500 0 1000 2000 3000 4000 5000 6000
time time time

(a) h=0.142, Aty =5 (b) h = 0.142, Aty = 100 (c) h = 0.142, Atz = 200

Figure 3.5 — Behaviour of the energy norm (|| - ||z,,) for 3 different time steps when
treating the projection in an explicit way (orange) and in a semi-implicit way (blue).
We used the semi-implicit scheme for the operator evaluation term. We see that, as
opposed to a semi-implicit projection, with an explicit projection we do not obtain an
unconditional norm decrease.
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a —e— energy norm Cholesky ? —e— energy norm LS
wl energy norm OR wl \ energy norm pivoted QR
107 \ 104

LY
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10 u 10
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-
.
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0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
time time
(a) R=3,At; =100 (b) R =20, Ats = 100

Figure 3.6 — Energy norm (|| - [|z,,) for 2 different ranks R = 3,20 and 2 different time
discretization schemes: Algorithm 2.1.2 with (pivoted) QR decomposition (orange) and
Algorithm 2.2.1 with Cholesky factorization or least squares. Both methods in both cases
exhibit a monotonous decrease of the energy norm.

3.6.3 Comparison with the DDO projector-splitting scheme

We now compare the performance of the discretization scheme from Algorithm 2.2.1 with
the projector-splitting scheme from Algorithm 2.1.2.

We proceed with setting h = 0.142, M = 10, At = 100, stochastic discretization is
performed again by Monte-Carlo method with 50 points and we implemented the semi-
implicit scheme in the operator evaluation for both the Algorithm 2.2.1 and the projector-
splitting Algorithm 2.1.2. We expect that the energy norm decreases on every step
independently of the time step size.

We fix R = 3. Throughout the whole simulation, the computed solution stays full rank,
in which case the two schemes have been shown to be equivalent (see subsection 2.2.4).
In Figure 3.6(a) this can be well observed. Steps 2. and 5. from Algorithm 2.1.2 are
performed by a QR decomposition, whereas the linear system in (2.10) is solved by the
Cholesky factorization (with a help of the SciPy library [JOP+01], version 0.19.1).

We now investigate the behavior of the two algorithms in presence of a rank deficient
solution. We fix R = 20. The initial condition (3.30) is of rank 3. For the first couple of
steps the discrete DLR solution therefore stays of rank lower than R = 20. The matrix
M™1 from (2.10) is singular and the solution of the system (2.10) is obtained as a least
squares solution implemented via an SVD decomposition. The threshold to detect the
effective rank of M"™t! is set to € o1 R where ¢ is the machine precision and o is the
largest singular value of M™t1. Steps 2. and 5. from Algorithm 2.1.2 are performed by a
pivoted QR decomposition. The solution obtained by both algorithms are proved to be
stable in this scenario. The two proposed schemes exhibit minor differences, however
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both of them are stable (see Figure 3.6(b)).
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“} A-priori error estimation

This chapter witnesses another use of the variational formulation (2.37) for the DLR
scheme proposed in Chapter 2. We present an a-priori error estimation for a fully discrete
DLR solution of a random parabolic equation obtained by the scheme described in
Algorithm 2.2.1. The spatial discretization is assumed to be performed by the finite
element method and the stochastic discretization by the Monte Carlo method. The
algorithm was derived applying a first-order-in-time approximation of the DLR equations
(1.8)—(1.10). However, the usual error bounds break down when the DLR approximation
has small singular values. On the other hand, we showed that the scheme is exact when
the true solution is of rank < R and we obtained stability estimates for the DLR solution
that do not depend on the smallest singular value. In this work, we derive an a-priori
error bound w.r.t. the spatial, time and stochastic discretization without dependence
on the smallest singular value. Such a result does not generally hold for a different
temporal discretization of (1.8)—(1.10). We point the reader to [KLW16], where the
authors considered a DLR approximation for time-dependent matrices or tensors applying
a continuous-in-time projector-splitting integrator (see Algorithm 2.1.1 in Section 2.1).
As recalled in Theorem 2.1.4, they proved a first-order convergence w.r.t. the time
step At which, as well, does not depend on the smallest singular value. More on the
comparison of these two results can be found at the end of Section 4.2. In this work, we
restrict ourselves to the case of £ being a random elliptic differential operator. We point
the reader to [Con20] for an a-priori error analysis for a continuous DLR approximation
for parabolic problems. We start with specifying the problem and the discretization in
Section 4.1. In Section 4.2, we state and prove the error estimation without taking into
account the stochastic discretization by expressing the error in the discrete || - || 2-norm.
This allows us to reuse the well-established results for a-priori error estimations for a
deterministic parabolic equation. Finally, in Section 4.3 we derive an error estimation
that includes the stochastic discretization contribution.
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4.1 Problem specification

In this work, we consider the same problem setting as in Chapter 3. The considered
physical spaces are, however, further specified and described in the this section.

Let D ¢ R% 1 < d < 3 be a polygonal domain with Lipschitz boundary, and let
V = H}(D) =: H}, H = L*(D) =: L?, V' = HY(D) =: H™! and H? := HP(D), p €
N,p > 1. Given a final time T > 0, a random forcing term f € L?(0,T; L%(Q;H))
and a random initial condition ug € LIQ)(Q; V), we assume that there exists a solution
Utrae € L2(0,T; L2(Q; V) with tirue € L*(0, T; L2(Q; V7)) satisfying

(utrue(w), v)

+ (Llume)@),v) = (@), ) a2,

Yo eV, Vwe Q, ae. t € (0,7 (4.1)
Utrue (0, w) = up(w), Yw € Q.

A% V'V,L2

Note that such solution satisfies the weak formulation (3.3) as well. The considered
operator £ is random and elliptic, as defined in Section 3.1. In addition, we assume that
L is a second order differential operator.

The spatial discretization is performed via the finite element method (see e.g. [QV08]).
We consider a triangulation 7 of the domain D specified by the discretization parameter
h and a corresponding finite element space V}, of continuous piece-wise polynomials of
degree < r, i.e.

Vi ={v, € C°(D): wy|p €P, VK € Ty}

Under the condition that the family of meshes {73} is quasi-uniform (see [EGO04a, Def.
1.140] for definition), we have the inverse inequality (see [EG04a, Cor. 1.141])

2 _CF ) 12
Vol < sz lvllz, Yo eV
h

for some C1; > 0. We now follow by introducing an operator which will be later used
when deriving the a-priori estimates. Let us consider a (random) ‘projection’ operator
Plp(w): V=V, for all w € Q defined as

=0 V’Uh S Vh,

Yu €'V, (L(P{jh(w)u —u), Uh)\/’v =

where L is the operator introduced in Section 3.1. The existence of such operator for
Vw € Q is ensured by the coercivity condition (3.1) and the Lax-Milgram lemma. If L is
symmetric, then Py, is simply an orthogonal projection operator onto Vj, w.r.t. the scalar
product (L(w)-,-)y+y. We further assume that 7, is a regular family of triangulations
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and that for Vw € € the solution ¢(w)(f) of the adjoint problem

pw)(f) eV (L)), (v = {f,v)u, YveV

satisfies ¢(f) € H? when f € H = L?. By proceeding as in [QV08, Sec. 3.5], we have for
Yw € Q)

1P py(w)w —wlv —i—h_lHPfh(w)w —w|lg < CprhP|w||gprr, 0<p<r weVnH T,

(4.2)
where Cpr > 0 is independent of w and h. In this work, we assume that Cpr is
independent of w. In addition, we have

”P{,thH,Lg < CT”wHH,L%' (4.3)

The stochastic discretization applies the Monte Carlo method, where the sample points
{wk}{y:l are taken as iid samples from p and the weights satisfy Ay = ﬁ, Vk=1,...,N.
The empirical measure as well as the computation of the expectation value are detailed
in Chapter 2.

Note that the true solution u.,e satisfies the following weak formulation w.r.t. the
empirical measure

(utrue,v,;) vz + (E(utrue),vﬁ> Vv = (f, Uﬁ>H,L§7 Vv, € L%(Q; V), a.e. t € (0,7].

(4.4)
We recall that the dicrete DLR solution satisfies
+1
uZ,f) —Unp n n+1 n,n+1
i o)y gy (BB RS 00) g = 5wy

V’Uhﬁ = + ’U;;ﬁ with v, € V}, and ,U;kl,ﬁ € TUn+lYnT M}}léﬁ
Both of these variational formulations will play a crucial role when deriving the a-priori
estimates.

Let uff . (0) denote the truncated Karhunen-Loéve expansion (1.4) of the initial condition
u?, for which we assume

rftae Ol 22 < elltirnelO)l e z2- (46)

Then the initial condition is defined by taking independent samples from uft ,(0) and
applying an operator Py : V — V),

u?L,ﬁ = {Pgugue(ov wj)};vzl‘ (47)
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We assume that this operator satisfies
llv— Pﬂ”]HHLi < ChTHUHHT,L%'

The choices for P} include projection on V;, w.r.t. the scalar product (-,-)y; if the
triangulation is quasi-uniform, projection on Vj, w.r.t. the scalar product (-,-)g; or if the
initial condition u°(w;) € H? for every sample point w;, we can apply the finite element
interpolation operator (see [QVO08, Sec. 3.4]).

In the error estimation for the semi-implicit scheme, we will use a constant Cget 5 that
bounds the operator Lget

’(ﬁdet(u)vv)V’V,L/%‘ < Cdet,BHUHV,Lﬁ“U’ VL2 (4.8)
To proceed with the a-priori error estimation, we need to state the following assumptions.

Assumptions 1.

We assume that the following inequalities hold for Vn =0,..., N — 1

1.
[Pkl < CRllKIlY, vEEV (4.9)

2.
[Pkl < CrlKllve, vE €V (4.10)

3.
I wsryme [ = L5 @Y )] lyrpz < (4.11)

We recall that Pj;,,1 denotes the H-orthogonal projection onto the subspace U™ and
was first introduced in (1.14). Concerning the first two inequalities, note that we can
bound HPL?"H [IC]HV in the following way

P

G -G
vV~ hP

H — hp

Skl

[Paatil], < [ Paraticl], < 5], <
(and analogously for HPL?"H [IC]HV,). This, however, yields the constant Cp dependent on
h, which results in suboptimal bounds. Inequalities (4.10)—(4.9) assume the constant Cp
to be independent of h for functions in a subspace "+, This assumption gets further
simplified for the DLR approximation in the DO form - with orthonormal determinic
modes {U; }le and linearly independent stochastic modes {Yj}f:l (see Lemma 4.2.2 for
further details). The third condition assumes that the operator is in the tangent space up
to a small remainder. We need this condition in order to obtain a low-rank approximation

error of order O(g). Note that this is analogous to the low-rank assumption (2.7) used
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in the work [KLW16], where such condition is required to hold in a neighbourhood of
the trajectory of the approximate solution. In our case, we assume it to hold at all
‘intermediate’ solutions U"+'Y" . The following lemma highlights the significance of
assumptions (4.9) — (4.10).

Lemma 4.1.1. Assumptions (4.9) — (4.10) imply

1.
[Ty K] e S AHCP)Klyr 2, VK€ LZV
p
2.
Mgy [/C]th 2 SU+Cp)[Klly 2, VK€ LioV,
b

Proof. We start with the first property.

[Mgnsyar k1], o < [PyniK)

+ [P P I

V! L2
p

+ HPgnH[/C]’

V! L2
p

< k]

172 172
8% 1487

<+ onlK]

v/ L2
p

The second property can be proved in an analogous way. O

4.2 Error estimates without stochastic error contribution

In this section we derive an a-priori error estimation for a fully discrete DLR solution
obtained by Algorithm 2.2.1. The error will be measured in a discrete stochastic norm
|| - || 2 which allows us to reuse some of the well-established results concerning a-priori
error estimation for a deterministic parabolic equation. In particular, we followed the
work presented in [QV08; Qua09].

Theorem 4.2.1. Let us assume that Ugrue € LOO(O,T;L%(Q;H’"H)), Utrue €
Lj(O,T;L%(Q;HT)), A’LLO(wi) € H', Vi = 1,...,N, f € L*®(0,T;L3(¢; H)), and
% € L*0,T; L%(Q;H)). Then, for the explicit scheme under the condition

At Cr
— < — 4.12
R lers (4.12)
for the semi-implicit scheme under the condition
At C
£ (4.13)

— S A
h? ZC%CS?toch
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and for the implicit scheme without any condition, the following a-priori error estimate
holds

N
||utrue(T) - U;X 2 Z Hutrue tn)
n=1
< collugfye(0) — utrue(O)HfHLg + 1% + oAt + e3h™,
p

R

true
utrue(0). The constants ¢, c1, ca, cs do not depend on At,h,e. Their dependence on the

choice of the stochastic discretization points {wi}i\il is specified in Remark 5.

where uik.(0) is the truncated Karhunen-Loéve expansion (1.4) of the initial condition

Proof. We will start with the proof for the implicit scheme obtained by considering
L(uj, 5, uZ; ) = ﬁ(uztl) and f7tl = 7+l We split the error at time ¢t = " into two

terms:

[eerue (") = gl 1,12 < Nwtre(®") = Ppptere (™)l ,12 + 1 PLpttre (87) —
(4.14)

The first term can be estimated by referring to (4.2):

Noq

||utrue(tn) - Pﬂhutrue(tn)H%{ 2 = Z ﬁ”utrue(tnawi) - Pﬂhutrue(tna wz)”%{
B

N
Z ’utrue Wz)”%{T < Ch2T||UtrueHLoo(QT;L%(Q;Hr))

and analogously for the || - ||y, ;2 -norm
"

H'LLtrue( ) Pl hutrue< n)H%/,L?) S Cherutrue(tn)H%[r-ﬁ-l,L?’
2r N
<Ch Hutrue||Lw(0,T;L§(Q;H7‘+1))

Now, let us focus on the second term. Setting eﬁ,ﬁ = ugﬁ — P{vhutrue(t”), we obtain

n+1

ehvp — ehvp _ n+1 . N 2 .
(“‘zgg“"+’ﬁ( . v hp>vq4L%——<5 7vhp)vq4L§ Vo, € L5(Q; Vi),

where for Yoy, 5 € L%(Q; V},) it holds

n+1 n
Uh X Uy A

h,p n+1
5”+10A) :(7+£UA V5
( " Phip VIV,L2 At ( h.p ) Uh.p VIV,L2

(P{,h(utrue (tn+1) — Utrue (tn))
At

+ £(P{hutrue(tn+1)) Vhp ).,
’ ’ >V VL2
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4.2. Error estimates without stochastic error contribution

n+1 n

uh o _uth n * n
= (T Bl )+ T £ (i 5]

ST () o)

<P1T,h(utl”ue(tn+1) - utrue(tn))
At

( [fn+1] + HU7L+1Y7LT [fn+1*] + HU7L+1Y7LT [E* (u;ll—tl)] ’ ,Uh,ﬁ)

. (Plr,h(utrue(tn—‘rl) - utrue(tn))
At

V'V, L2
p

+ E(P{hutrue (tn+1)) Yhp).,,
, ’ )v V.L2

V'V,L2
P

+ E(Utrue(tn+1))a Vhp ).,
)v V.2

Pr (utr (tn+1) — Utr (Utn))
_ [ pnt1 _ ntlyy _ Z Lh\7true = )
= (f L(utrue(t")) At ) Uh,p) V'V,L?

+ (H}(l]nﬂym (L7 (ujy ) fn+1*] Uh,ﬁ)

. Utrue(thrl) — Utrue (tn)
= Utrue(tn+1) - 7Uh,ﬁ> ,
( At V'V,L2

_ pr utrue(tn+1)_utrue(tn) A
+ (=P = ) s

V'V,L2
p

h,p + +1 11+
A T R T B

1 n 82utrue
= (t /tn (S—t ) o (8) dS,vhﬁ)x/vVL%
7p

* (Alt /tn (I = P p)(titrue)(5) ds,vh,ﬁ)

VIV, L2
p

h7” 1 *
b (M 1) = P )

g
V’V,Lﬁ
Concerning the last term we split it into
h,p L1 n+1* * 0, n+1
<HUn+IYnT Lf - L (uh,p )]s Vnp Vv
_ (e Lrntrr ntly nT
= (M U = @Y )
I
+ Hhvﬁ L[ﬁ*(ﬁn—f—lynT_ n+1)] R
Jn+1ynT Unp I O )iy 20
P
IT

where, for the estimation of the first term, we apply the low-rank assumption (4.11), i.e

‘v
P
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Chapter 4. A-priori error estimation

Concerning the second term, we proceed as
_ *rm+lynt ) ntl h,p L1 .
|11 = ‘(E oy up, ), HUnHYnT [vn, 5] e

. : , il
< Cgl|gmHyn" — grtlyntTy), L2HHUn+1ynT [Uh,ﬁ]”v,L%

- hp
< CBHUTL+1YnT _ pgntlyntlt HV,L,%th’f’ — H(jn+1ynT [vh,ﬁ]HV,L%

< Ol U™ Y™ = Y™ Ty 2 (24 Cp)longlly, 2

— At(2+ Cp)Cs (4.15)

Pgnia [Pyt [ (uy 51) = f7H]]

‘VLZ)th,ﬁHv,Lg

p

< AtCp(2+ Cp)Cp HE* U?ﬁ,}l) iy

Vi th,p“Hv,Lfa

an+1*

< AtCp(2+ Op)Cis (Hc O, n

[ e

1l oiraz@imy)

< AtCp(2+Cp)Cp (CBHUh

)ﬁ p‘7V
In the third and fifth step we applied Lemma 4.1.1.

We introduce the notations

Ky :=Cp(2+ Cp)Cp, (4.16)

(||Uh HVL2 ”f”Loo(OTL ©; H))) (CBHuh ||VL2 + Cp || fll o (0,75L2( H)))' (4.17)

Now, let us take vy, 5 = ezzl € L%(Q; V3,) and proceed by

> + Cl:||en+1HVL2

(et I o — e
2Nt H,L
tn+1

1 n 0? Utrue
E/t (5 — ") 55 ) ds

n

n+1
HL%Heh,ﬁ ||V,Lf3
p

tn+1

Alt / (I B P{,h)(utrue)(S) ds

+Cp

H/:%Heh”3
p

+ AtKlKQ(HUh

(0,T3L2(Q;H)) )||€Z4,§1

P 2V

tn+1

20123 82utrue 2 n
S@(/t =50 (S)HH,Lgd8> +—|yh B e

n

OP 2 e T . 2 n+1

r ([0 = P )6 sz ds) + SNt
262 Cﬁ n+1

+ I + §|| ||VL2
N2 K?

+ Tle(” n+1HVL2 £l 2o 0,72 (5007)) + *HGHHHVLz
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4.2. Error estimates without stochastic error contribution

20123' e 82ut1rue CP 2 2 et . 25
SCZAt/t“ ” o2 ( )||HL2dS+C Athr/tn ’Utrue( )|HTL2dS+CT;
20 K3
+ Tle(\ V.L2) [ £ oo (0,72 2(Q:H)) )+ H n+1||VL2
Rearranging the terms and summing over n =0,..., N — 1 we obtain
N 2 T 2
4013 2 0 Utrue 2
At / d
el > oot [ 175 6 ads
4C’P o [T, 4T
—LTh 7"/ . . d 2
+ Cﬁ 0 |utue< )‘H L2 S+C£
4K2 N-1
HOrE 2 A O0.1312(0:1))
n=

4C3 0%u 4C3 T
0 2 et 2 true 2 *op g2 . 2
<y + G2 [ o ()2 + b [ liwels) e 2 s

N 402 2 A2 é(l (QCBAt Z g, L2 + 2OPTHfHLoo (0,T5L2(%; H)))
< He?z,ﬁHHL% * h%[l(ipmtrue@Q(o’T;L?ﬁ(Q?Hr)) " 822
+ A (4CP I 62;;;% 120,722 2(;m)) T 46[’(21 (CBHU%@H%LL,Za
+ ST ey + T o))
L2 + =L 4CP !utrue\p 0.T:L2(HT)) T e g
+ At (4001D | i gtt;ue H%%o,T;L%(Q;H)) 45(21 (Céc?%Hutrue(D)H?{’L%

C2C2

+ B sy + BT o)

In the second step we applied our stability estimate stated in Theorem 3.4.2 to bound the

term At YN | IIuZ,p . In the last step we applied (4.3) to bound the norm ||u) , P

by CzH“true(O)H%{ 2
p

We follow by bounding the initial error ||e sl 2 . The initial condition is taken as

explained in (4.7), i.e. uf) »=1b Tult o (0, w])} We can then split the error as

||69L,ﬁ H,L2 = ||U9L T P{hutrue(O)HH,Lg

= || utrue( ) ugue(O)HHL/% + Hugue(o) - utrue(O)H}LL%
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Chapter 4. A-priori error estimation

+ Hutrue(o) - P{7hutrue(0)|’H L2

-
< O utene (Ol r 2 + [10240(0) = e 0) 32
where we used the assumption (4.6). The statement then follows from (4.2) and (4.14).

As for the explicit scheme, we proceed as follows:

Setting as before €hp 1= Up 5 — P{vhutrue(t”), we obtain

eZH ez R

P P n . n 9 .

(T + ﬁ(eh,ﬁ)a vh’ﬁ)V’VL% = (5 s Uh’ﬁ>V’VL% V’Uh”a & Lﬁ(Q, Vh),
p p

where, following analogous steps as in the derivation for the implicit scheme, for any
Upp € L%(Q; V3,) it holds

n+1 n
up,

o) (M Y pn
(s ,Uh,p)V,V7L§ = (2 +a(uh,p),Uh,p)vwfs
(Plr,h(utrlle(thrl) - utrue(tn))

At

. Utrue (tn+1) — Utrue (tn)
= Utrue(tn) - 7vh,f)> ,
( At VIV,L2

+ E(P{hutrue(tn))a Vh,p ).,
) )V V,Lg

utrue(tn+1) _utrue(tn) v A)
At »Chip VIV,L2

tn+1
+ ( I Pl h)(utrue)(s) ds, vh,ﬁ)

(o ) 1)

ViviL2
p
Concerning the last term, we split it as before into
h, L *
(HUSHWT [f" = L5 (upp)l, UW) VIV,L3
h,p 1 *rrn+1y nT
(HU'n+1Y'nT [f - ﬁ (U Y )] h»p) V/VL2
I
h,p Lok rn+1vynT n .
A Tl P T B

II
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4.2. Error estimates without stochastic error contribution

where, for the estimation of the first term, we apply the low-rank assumption (4.11), i.e

> v (4.18)
p
Concerning the second term, we proceed analogously to the implicit case and derive

(T h.p +
1] = ’(ﬁ oty — fp)s iy [Uh’ﬁ])V’VLZ
Lo

< CBH(?nHYnT —-uny™ Hv,Lg ”Uh,ﬁ - H?jfﬂym [Uh,ﬁ] HV,L%
< C(U"*! — Un)Yn)THV,L% (2+ CP)HUh,ﬁHV,Lf3

=At(2+Cp)Cpg

PynlL*(up ) — " ]Hv/ lmsllves (4.19)

T

< A2+ Cp)C || L7 (uf ) — £

v/,L2 th,ﬁHV,Li

+r

< At(2+ Cp)Ci (H£ ‘ L’%y,) lon,sllz2 v

<At(2+Cp)Cp (CBHuh,ﬁHv,Lg + CP||f”L°o(0,T;L§(Q;H)))

\% L2

V"
In the following computation, we employ K3 := (2 + Cp)Cp
Now, let us take vy, ; = eztl € L%(Q; V4) and proceed by

1
gz ehs 2 = lleh ol 2 + lleih = ef sl 2) + (b it

i /tn+1 (tn+1 - 8)8 Utrue (S) ds ||€n+1 ,
tn ot? g2 P 8%
p
1 t'ﬂ+1
) 1
+Cp At/ (I = P{ ) (tirue)(s) ds L H€n+ ”VL2 +€Hehp HL2
4Cf2) tn+1 62utrue 02 4 ) tn+1 . ) 482
< Cﬁm/tn | =g ) zds + G0 gt /t itene () 37 3 45 + 7o
ANPK3 1
+ ——2K3(||uf pHVL2 HfHLoo(OTL i) T fH n HVL2

Cc
Applying the same calculations as in (3.12) with k = 1/2, we derive

n+1

1
s €Z7ﬁ||12q,L,23 + <62,ﬁ7 €h,p )ep > C *”enHHVLZv

aaillns

which holds true thanks to the condition on the time step (4.12). The rest of the proof
is the analogous to the implicit case, employing the stability estimate for the explicit

scheme proved in Theorem 3.4.3.
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Chapter 4. A-priori error estimation

The last scheme to analyze is the semi-implicit scheme with L(uj, ; ,uZH) Edet(uzy) +
Lstoch (uf! p) and fontl = 7+l The error term ens satisfies

ezfl ~ Chy nt1 n+l__n n+1 2
( R HEER s )~ Lstoen (¢l —€h ), ) viviz ("4, wnz) vivaz 7m0 € Lo(8%: Vh),
(4.20)
where for any vy, 5 € L%(Q; V3,) it holds

Un+1 ul
n+1 _ h,p h,p n+1 n
(77 008y a = (PP 2 Laa5) + Lo ) )
p

(P{:h(utrue (tn+1) — Utrue (tn))
At

+ Estoch(P{7h(utrue (tn+1) — Utrue (tn)))y Uh,ﬁ)

V'V,L2
P

+ L(P[ jUtrue (tn+1))

V’V,Lg
h *
— (Bl + My 741

+ Hh?p [ﬁdet( ) + Estoch(uz,,ﬁ)] ) Uh,ﬁ)

Un+lynT V/‘/,L%

(P{,h(utrue (tn+1) — Utrue (tn))
At

+ ﬁstoch(P{,h(utrue (tn+l) — Utrue (tn)))’ Uh,ﬁ)

+ L(utrue(t"))

V'V,L2
p

Py g (e (") — Utrue (upn))
_ n+l nyy 1,h\Ytrue true\ Ut R
a (f lutrue(t")) At ’Uhvf’)va,L?s

h,p 1
+ (HUZ-HYM [Edet( ) + ﬁstoch(uzﬁ) o fn+ ]’ Uh’ﬁ) V’V,L?)

- <£stoch (P{h(utrue(tn—i_l) — Utrue (tn)))a Uh,ﬁ) VIV L2
Lo

. Utrue(tn+1) - utrue(tn)
= | Utrue (tn) - avh,[)) ,
( At VIV,L2

thrl)_utrue(tn) ; A)
At »Chip VIV,L2

h,p L1 1 1*
T2 e (Ll (5D + Lhroan (i 5) = £ ] vn )

b (- el

V'V,L2
14

-

+
N

Lt h(P{h(ut ue(tn+1) - utrue(tn>)) Vh,p ).,
stoc , r ) p)v V,L%

n+1 2
t 8 Utrue

. (tn-‘rl — s) BRI (8) ds, Uhyﬁ)

T~

’ 2
VIV,L2

1 tn+1
L= P () ds. o

n

+ (HngrlYnT [Edet( ) + Estoch( Z ) - fn—H*]a vh,ﬁ)

86



4.2. Error estimates without stochastic error contribution

tn+1

(el [

Concerning the second to last term, we split it into

Plplite) () ds).ng)
p

h.p 1 1* 1
(I8 17 = L) — L0 )

H J_ * ~ T
(W 0 = @Y, )

Un+1ynT V’V,L%
1
+ H’}yﬁ J‘[ﬁ* (Un—i—lYnT _un+1)] v A)
Un+lynT det h,p /D h,p V’V,L%
11
+ (T o @Y™ = )], vnp
Un+lynT stoch h,p)/1» h,p V/V,L/% '

117

In the estimation of I, we proceed in the same way as in (4.18). The estimation of IT is
performed equivalently to (4.15), where instead of Cg we use the constant Cyer 5. Lastly,
the term II1 can be bound equivalently to (4.19), using Cytocn instead of Cp.

Now, let us consider vy, ; = ez;gl € L%(Q; V1). Applying the same computations as in the

proof of Theorem 3.4.4 and using the time-step condition (4.13), we see that the left
hand side of (4.20) can be bounded from below by

1 12 2 3 192
sg ens ez — lleh ol zz) + FCclen s 1 ze
(32":1 — eZ N
) ) 1 1 1
< (FL M+ L) — Loanlefs =€) st L
P

Concerning the right-hand side, we then proceed as

+1 +1
(5n  Chp )\//VL%
p
o 0*u
+1 true n+1
<ol [ @ -] et
5
1 tn+1
. 1 1
+Cp E/tn (I_Plr,h)(utrue)(s) ds HL2|\€Z,JE V.L2 +€||€Z,J5 LV
Lo

+ 20K Ko (||uj, VL2 ||fHL°°(0,T;L%(Q;H)))||62,J;gl 2V
tn+l
+ CstocncrCp /t" (P{ 1) (ttrue) (s) ds HeZ}l V.2

H,L?
p

)
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Chapter 4. A-priori error estimation

8C2 52, o2 8 1 . 8o
< C;At/tn | =g () pads + o b /t e () e g2 s + o
16At2K12 802 0202 nt1
— LK3(|Jur o ln T ) MAt/ T 2 4
gy TR g Moy + =G0 00 | i)l
Cr 12
+ —=||ert, 7
1 e Il

where K1, Ky are defined analogously to (4.16), stemming from the estimation of IT and
III. The rest of the proof is analogous to the implicit or explicit case, employing the
stability estimate for the semi-implicit scheme proved in Theorem 3.4.4. O

Remark 5. In this remark we detail how the final constants c¢g, ¢1, 2, c3 appearing in
Theorem 4.2.1 depend on the choice and number of the samples {w; }évzl As a matter
of fact, they all depend on some discrete norm || - || z2,[| - ||y, 2 of the true solution or
forcing term. In particular, ’ ’

82Ut
Cy = Cl”ait;ueH%Q(O,T;Lé(Q;H)) + CQ”utrue(O)Hf'—LL?) + C3“f“%W(O7T7L§(Q,H))

. 2
+ Cal[titrue ”L2(0,T;L?(Q;V))
p

€3 = 05”utrueH%Q(O,T;L?)(Q;HT)) + Col[vtrue (0| . 12

The constants ¢y, ¢; and the new introduced constants C;,i = 1,...,6 do not depend on
the choice of the sampling points.

Let us comment on the comparison of Theorem 4.2.1 and Theorem 2.1.4, published in
[KLW16]. Both of these results show that the approximation error is of O(e + At) with
constants independent of the smallest singular value. As pointed out by their authors, a
limitation of their theoretical result is that it requires a (local) Lipschitz condition on
F, and is applicable to stiff differential equations such as discretized PDEs only under
a severe CFL condition AtL <« 1, where L is the Lipschitz constant for F. Such a
restriction is not present in our analysis. Furthermore, in our setting, the operator F
does not need to be uniformly bounded. On the other hand, we assume our operator to
be elliptic. By restricting ourselves to a parabolic problem, we have managed to bound
the error in a stronger norm. We have considered a problem set in an infinite-dimensional
setting, and provided convergence w.r.t. the spatial discretization parameter h (and the
number of collocation points N in the next section).

Let us consider now an approximation of the solution in a DO format (as opposed to the
Dual DO format used so far), i.e.

with the deterministic basis orthonormal in H, (U;,U;)g = Id, Y; with zero mean and

88



4.2. Error estimates without stochastic error contribution

the covariance matrix (YT,Y) 2 full rank. In this case, we should use a variant of
the projector-splitting scheme summarized in Algorithm 2.2.1, which updates first the
stochastic basis and then the deterministic basis. The discrete DLR approximation in
the DO format satisfies then a variational formulation analogous to (2.27)

n+1

uy = —ul .
h,p h,p > ( n n+1 ) < n,n+1 >
—oF P A + (L(ul 5, ul™ Up A = ) U A
< ét » Uh,p H’Lz ( h,p» h,p )7 h,p V/V,L% f y Vh,p H,L%’

Vvhﬁ =y + Uh,f)* with v, € V}, and vhﬁ* € TUnf/n.HT M}é’ﬁ.
The only change w.r.t. (2.27) is in the definition of the ‘intermediate’ point U"Y"+17
characterising the tangent space. Employing the DO format instead of the dual DO

format allows us to simplify assumptions (4.9) — (4.10), as they follow from the simpler
assumption that the deterministic basis remains bounded in the V-norm at all times.

Lemma 4.2.2. Let us assume

U™y <Cp,  V¥n=0,...,N. (4.21)
Then the following holds
[Mongerr K], o < Bl gz VK € Vi0
[Mongerr K[, o < Rl sz, VK € Vhe I

for some ki, ko independent of n.

Proof.

HHUnYnHT [IC]’

Py ia[K] + P i1 [Puun (K]

V’L?§’ VI L2
p p

< [Py [’C]HV',Lg + ||773%n+1 [Pun [’CHHV',Lg

< ”’C”V',Lg + | Pun [’C]HV',Lg

= Kl sz + | >0 Uy U "
=1

V!, L2
p

R
<|IKllyr 2 + Y MKy 2 UMl ¢ U1
p = [
<Cp =7
< kKl 22,

where the constant ¢ is the constant from the continuous embedding of H «— V'.
Analogous result holds for the second inequality, using the fact that V — H. O
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Chapter 4. A-priori error estimation

We see that, for the DLR solution in the DO format, we can bound the projection on
the tangent space by bounding the V- norm of the deterministic modes. Note that the
constant Cp in (4.21) can be again bounded using the inverse inequality (2.2)

U™ |lv < ﬁHU | < w

which, however, leads to a suboptimal result.

4.3 EFError estimate with stochastic error contribution

This subsection is dedicated to studying the error contribution caused by the stochastic
discretization which applies the Monte-Carlo method. The points {w; }5\7:1 C Q) are chosen
as i.i.d. samples from p. The fully discrete DLR solution obtained by Algorithm 2.2.1 is
a collection of N functions

uh o= ((Whp) s (Whp) ) € Vi X Vi o x Vi, V€N,

By Utrue,p = ((utme’ﬁ)(l), e (Utrue,ﬁ)(N)) let us denote the N-tuple of paths

((Utrue,ﬁ)(l)a SR (utrue,ﬁ)(ﬁ)) = (Utrue (-, w1), - -+, Utrue (- WN))

e L*(0,T;V) x ..., xL*0,T;V).

We express the stochastic discretization error w.r.t. a Lipschitz functional ® : H — R
[B(u) — B(v)| < Cript[lu— vl (4.22)
Note that consequently ¢ satisfies
|[®(w)] < Clipa (1 + [[ul|1)-

As functions of the sampling points {wi}zj-zl, both e s and {uz ﬁ},QV:l are random
variables with an underlying probability space

(QX...XQ7f®...®f7p®...®p).

By Eg, we denote the expectation with respect to p®@---® p on 2 x --- x (L.

Theorem 4.3.1. Consider a Lipschitz functional ® : H — R satisfying (4.22). Let
my, 5= Es[®(uj ;)] denote the sample mean of @ evaluated in the discrete DLR solution
at time t = t" obtained by Algorithm 2.2.1, and m™ := E,[®(utrue(t"))] the mean value
of ® evaluated at the true solution uirye at time t = t"™. Then for the quantities m’fl’,ﬁ and
m”, the following mean-square error estimate holds
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4.3. Error estimate with stochastic error contribution

where [|uftye(0) — e (0) | 2 is the error of the Karhunen-Loéve expansion truncation
it

2 C 1
lip,2 2 2
} = \/> 1 + Hutrue( )HH,Lg + a||f|’L2(0,t";L%(Q;H))

n __ n
m mh7ﬁ

1/2
+ C[Z'pJ (Co Hugue(()) - utme(O) H%L% + 6162 + égAtz + 53h2r> >

on the initial datum. The constants cg, c1,Co, 3 do not depend on any of the discretization
parameters At, h, {w; }}¥ ;.

Proof. The mean-square error of mj , can be split into

2
\/E®p b } < \/E®p

m" —my p Ep[q)(utrue(tn))] - Eﬁ[(b(utrue ()]

\/ Egp

Ep[®@(utrue (t"))] — Ej [P (utrue(t™))]
caused by approximating the mean value m" with the sample mean. It can be bounded

by

]

Es[®(utrue(t™))] — Eﬁ[q)(“ﬁ,a)]

]

2
] expresses the standard error

The first term \/ Eg,

2 Utrue (T - Utrue (T
Ep[®@(ttrue (t"))] — E5[® (wprue(t™))] }:\/Ep[i)( (t"))2] — K, [®( (t")))2

N

IEp utrue )2]

Wp Oﬁpz Hutruf( ")l +1)?]

IN

IN

QClsz +2C lzp2 [Hutrue(t )H%—I]
N

IN

zp2 + 2C lzp2 [”utrue(O)H%{ + CLCHfH%Q(O,t”,H)]
N

Clzp2
2(1 2
\/> (1+ Hutrue(O)HH,Lg + Hf”p 0,t7;L2(%H))

where in the fifth step we applied a stability result
ny||2 2 1 2
[utrae (") 177 < [|ttrae(0) 177 + Cfﬁ”fHL?(O,t”;H) Yw € Q,
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Chapter 4. A-priori error estimation

which holds for the true solution. The second term can be bounded as

I 1

- 2o (otomten i) ot ))

Ep[@(utrue(t"))] — Ep[® (ug,ﬁ)]

1Pt (t,67) — B )P

IN

Egp

<
I

M=

IN

- N
1
Bop| 3 2 Chpallsat ) — eI
-J:1

< V €2y B lutene(t") = 07 o1 1]

[y B 01 0) O+ 16+ catst ]
s
1/2
< Clipa (0 Belfe(0) = e O 3] + 1° + B lea) A8 + Bl
1/2
= Clip,l (CO E@P[Huﬁue(o) - utrue(O)H?{’L%] + 0152 + 52At2 =+ 63h2r> 7

where in the forth step we applied Theorem 4.2.1 and in the fifth step we applied the
observation that ¢y and ¢; do not depend on the choice of the sampling points. In the
last step we defined new constants éo, ¢3, which can be expressed as

N 0*u
& = Egp[ca] = C1Eg, |:Hﬁ”%2(0,T;L%(Q;H))} + CoEg)p {”Utrue(o)||12ﬁl,Ll2J

. 2
+ oy I i 0:rsz(0umy ) + OB limel Foorz0uv) |

2
0" Utrue

2
= Cl”w“%ﬂ(o,T;Lg(Q;H)) + 02”Utrue(0)”12q,Lg + C3Hf||Loo(0,T;L§(Q;H))

. 2
+ Calldsrnell 220,72 (217
Cy = E@p[C?)] = C5E®p |:Hutrue”%2(07T;L%(Q;Hr)):| + C6E®p|:Hutrue(0)HHT7Lg:|
= C5Hatrue||%2(07T;L%(Q;Hr)) + Cﬁ”QLtrue(O)HHr’L%.

As for the initial error, we proceed analogously

Eapllltirue (0) = trae(0) 5, r2] = lttiue(0) = terue (O)I17 2.

92



5] A-posteriori error estimation

The goal of this work is to derive a residual based a-posteriori error estimation for a
DLR approximation of a random parabolic equation, with a special focus on a random
heat equation with diffusion coefficient affine w.r.t. the random variables. The problem
is discretized by the finite element method (FEM) in physical space and a stochastic
collocation (SC) method in the random variables. Before tackling this problem, we direct
our attention to an a-posteriori error estimation of a random heat equation, without
any DLR error contribution. The results of this work are available in Section 5.1, which
follows very closely the publication [NV19]. Section 5.2 is then dedicated to deriving an
error estimation including a DLRA error contribution.

5.1 A posteriori error estimation for a random heat equa-
tion

In this section, we present a residual based a posteriori error estimation for a random
heat equation. The problem is discretized by a stochastic collocation finite element
method and advanced in time by the #-scheme. Concerning a reliable estimation of the
discretization error, the work [GN18] derives a residual based a posteriori error estimation
for an elliptic problem discretized by the stochastic collocation finite element method.
There, the authors propose an algorithm that adaptively builds the sparse grid based on
the a posteriori estimation of the SC error.

This work extends the results obtained in [GN18] to a heat equation with random right
hand side and random diffusion coefficient that depends affinely on a finite number
of random variables. The provided estimates bound the norm of the error in L? in
stochastic space, L? in time and H! in physical space. The estimator naturally splits
into a spatial discretization estimator, time discretization estimator and stochastic
discretization estimator, which are then used to drive the adaptivity with respect to all
three types of discretizations. We then propose an adaptive algorithm to build a suitable
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Chapter 5. A-posteriori error estimation

time discretization, as well as an FE mesh and a sparse grid common to all time steps,
so as to achieve a prescribed tolerance on a global norm of the error.

We start with introducing the problem, namely a heat equation with a random diffusion
coefficient and right hand side. We follow with defining the spatial, time and stochastic
discretization. We derive two residual based a posteriori error estimations. The first one
concerns the general case of sparse grids and spatial meshes that change in time. The
second one is simpler and concerns the case of spatial mesh and sparse grid kept fixed
over the time iterations. After, we propose an adaptive algorithm to build nonuniform
time discretizations, as well as nonuniform meshes and anisotropic sparse grids that are
fixed in time for the case of a deterministic right hand side. In the last part, we first
study on a specific example the behaviour and sharpness of all three components of the
estimator (spatial, temporal and stochastic) and then apply our adaptive algorithm and
assess its performance. The results presented in this section are summed up in the paper

INV19).

5.1.1 Problem statement

Let D C R? be an open polygonal domain with Lipschitz boundary dD and (2, F, P) be a
complete probability space. Given a final time T', random forcing term f : DxQx(0,7T) —
R, initial condition ug : D x €2 — R and a diffusion coefficient a : D x Q@ — R, the
problem states: find a solution uw: D x Q x (0,7] — R satisfying P—almost everywhere
in Q

ou

E—V-(aVU):f in D x Qx (0,7,
u=20 on 9D x Q x (0,77, (5.1)
u(-,-,0) = ug in D x Q.

Suppose that f € L%(0,T;L*(Q, H *(D))), ugp € L*(Q, H}(D)) and a is a random
variable on (2, F, P) taking values in W1 (D) (random field) satisfying

3 Amin, Gmaz : P(w € Q: 0 < amin < a(z,w) < Gz <00 YV € D) =1. (5.2)
In addition we require that the diffusion coefficient as well as the forcing term and the

initial condition can be parametrized by a finite number of independent, real-valued
random variables {Y;,}M_, defined on Q, i.e. f(z,w,t) = f(z,Y1(w),..., Yy (w),t),

ug(z,w) = up(x, Y1(w), ..., Yy (w)) and the dependence of a on {V;,}M_, is affine, i.e.
M
a(z,w) = ap(x) + Z am ()Y (w). (5.3)
m=1
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5.1. A posteriori error estimation for a random heat equation

The solution u then depends on the same random variables as well, i.e.
u(z,w,t) = u(z,Yi(w),...,Yy(w),t), and we can recast the probability space
(Q,F,P) into (', B(T"), p(y)dy) by introducing I' = T’y X - -+ x I'j; with T, = Y;,,(Q2)
for m = 1,..., M. The expression B(I') denotes the Borel c—algebra defined over
I'. The joint probability density function of the random vector Y = (Y1,...,Ys) is
denoted by p : T' — R and factorizes as p(y) = ITM_, p,, () for ally = (y1,...,yn) €T

In what follows we consider the following two Bochner spaces: for a given Banach space
(V.| - Ilv) and for any ¢1,t2 € [0,T7], t1 < ta we define

L%(t1,t9; V) = {v : (t1,t2) — Vv is strongly measurable and [Vl L2t 057y < 00}

where Hv||%2( V) = fttf |v(t)]|? dt and

t1,t2;

L?)(F; L%(ty,t9;V)) = {v : T — L*(t1,t2; V)| v is strongly measurable and

HU”L%(F;LQ(tl,tg;V)) < oo}
with ||U||%§(F,L2(t1,t2;v)) = Jr ||U(y)H2L2(t1,t2;v)P(y)dy- It holds
L(T; L2 (t, 23 V) = L2 (t1, 125 L3 (T3 V),
i.e. this Bochner space is isometrically isomorphic to the Bochner space L?(t1, to; L%(F; V)

[NeeO8, p. 12].

The (pointwise in I') weak formulation of problem (5.1) then reads: Find u € W where

— {w e 12 (F;L2<O7T; Hg(p))) and %ZJ € L%(F;LQ(O,T, Hl(D)))}

s.t.

[ 2D o) dr s [ ate)Vutept) Vol de= [ fep o) do
D D
Yo € HY(D), p—ae. y €T, and a.e. t € (0,7] (5.4)

with initial and boundary conditions:

u(z,y,0) = uo(z,y) p-ae. yel
u(z,y,t) =0 x € 0D, p-a.e. ye T ae te (0,7T).

We endow the Sobolev space Hi (D) with the gradient norm H’UHHé = ||Vv|lz2(p)- Based
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on the existence result of the deterministic problem [Dau+99, p.513], the assumption
(5.2) ensures the well-posedness of problem (5.4), i.e. there exists a unique solution
u € W which moreover satisfies

1 1/2

HUOHig(r;Hg(D)) + M”fH%g(F;B(O,T;L?(D)))

C

Amin

[l L2 (vsz20.mm3 (D)) <

5.1.2 Discretization aspects

In the following sub-sections we describe the techniques used for the discretization
of problem (5.4) and corresponding assumptions necessary for a rigorous a posteriori
estimation. We will closely follow the techniques used in [Verl3; Ver03] for the time
and space discretization and [GN18; NTW08a; NTWO08b; BNT10] for the stochastic
discretization by the stochastic collocation method.

Time discretization

For the time discretization we divide the time interval into N subintervals 0 = ¢y <
t; < --- <ty =T. By 7 we will denote the discretization 7 = {t,,}_; and 7,1 will
denote the length of the (n + 1)-th interval 7,41 = tp4+1 — t,,. We will also assume that f
is continuous w.r.t. time. We will use the abbreviations

g"(x,y) = g(z,y.tn), ¢" = (1-0)g" + 09"
The numerical scheme considered here for the time discretization is the 8—scheme with
6 €10,1].
Space discretization

The spatial discretization will be performed by the finite element method. To each
time instant ¢,, 0 < n < N, we associate a triangulation 7, of D which satisfies
U KeTh, K = D and a corresponding conforming finite element space V},, . For a rigorous
estimation we require the following conditions to be satisfied, which are taken from
[Ver03].

1. Affine equivalence: there is an invertible affine mapping for every element K € 7p,,
onto the standard reference d-simplex or the standard unit cube in R%.

2. Admissibility: any two elements either share a vertex or a complete edge (d = 2) or
a complete face (d = 3) or are disjoint.

3. Shape regularity: the ratio of the diameter of any element to the diameter of its
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5.1. A posteriori error estimation for a random heat equation

largest inscribed ball is bounded uniformly with respect to all partitions 75, and
to N.

4. Transition condition: for every n =1,..., N there is a refinement of both 7, and
Th,_,, denoted by ﬁn, which is an affinely equivalent, admissable and shape-regular
triangulation and such that

h
sup  sup sup < 0. (5.5)
1<n<N e, K'€Th,:KOK N
5. For every n=1,...,N, V}, consists of continuous functions which are piecewise

polynomials of degree < p,,, pn > 1 where p,, is uniformly bounded with respect to
N.

Stochastic discretization

The stochastic discretization is performed by a sparse grid collocation method, first
introduced in [Smo63]. We will briefly recall this method and refer the reader to
[NTWO08a; NTWO08b; BNT10] for more details.

Let us define a sequence of univariate polynomial interpolant operators

UM COT) = Py (Ty), G =1,...,M,

where m(i;), called a level function, denotes the number of collocation points for level i;
and P, (I';) is the space of polynomials over I'; with degree at most q. The function
m is a strictly increasing function satisfying m(0) = 0, m(1) = 1. For a multi-index
q = (q1,--.,qu) € N we denote by P,(I') the tensor product polynomial space
M
I[th(r) = ® =1 qu (Fj)~

A sparse grid is built over a multi-index set I C N% with the only assumption being that
I is downward-closed (called also admissibility condition), i.e.

Viel,i—ej el Vje{l,2,...,M} st. i;>1,

where e; is the j—th canonical unit vector.

By setting Z/I]Q =0 for j = {1,..., M} we can define the sparse grid interpolant Sy :
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L/QJ(I‘) NCOUT) = Pr:=@,er Pp(i)—1(T) of a continuous function f: ' — R by

Silfl(y) = > A™D[f](y), (5.6)
el
where
M . .
Am(l) _ ® (u;n(zj) _ u;n(ljfl))'
j=1

The operator S; can be equivalently expressed as a linear combination of tensor grid
interpolations (see [NTWO08b])

M .
S =S e QUM (Hy),  a= Y (~DH (5.7)

el j=1 ke{0,1}M
(i+k)el

with |k| = Zj]\il kj. We then call a sparse grid the collection of N.(I) points X(I) =
{y1,---,yn.n} that are used in (5.7) to build the interpolant S;[f]. The collocation
points are called nested if we have X (I) C X(J) whenever I C J. Since Sr[f] is linear in
the point evaluations {f(yx), yx € X(I)}, it can be written in the form

=
—~
~

)
Silfl(y) = f(yr) Li(y) (5.8)

k

Il
—

for suitable functions L. Finally, we introduce the notion of margin M7 of the index set
I defined by

Mr={ieNY\T: i—ejelforsomeje{l,...,M}}. (5.9)

Equation (5.4) will be collocated on the grid X'(I,,) = {y1,-..,yn.(1,)} defined by an
index set I, that is allowed to change between the time steps. In particular, we allow for
both refinement and coarsening of the index set. The collocation points are assumed to
be nested. This condition implies, in particular, that Sy, is interpolatory, i.e.

an[f](yk) :f(yk), k= 1,...,NC(In), n:O,...,N, (5.10)
see [BNROO, p. 277]. By I,,41 we will denote the index set

In+1 = In U In+1. (511)

The following proposition will be useful for the derivation of the error estimates.

Proposition 5.1.1. Let S; be an interpolatory sparse grid interpolant, as defined in
(5.6). Then
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1. Vf,g € COT) : Stlf gl = Silf Silgl,
2. Vfe ol : Srlf] € Pr,
3. VpePr(T): S1[p] = p-

A proof can be found in [GN18, p.3126] for part 1 and in [Béc+11, p.52] for part 2 and
part 3.

If Sy is interpolatory, then the functions Ly in (5.8) are Lagrangian, i.e. Ly(y;) = dji
and form a basis of P;.

5.1.3 Fully discrete problem

We allow the spatial and the stochastic grid to change over time and we define the
discrete solution for each n = 0,..., N as a function belonging to V},, ® Py :

Ne(In)
Upy, 1, = Z up 1k Le(Y),
k=1

n+1

Bt 1, Inst and for

where up op=up (yx) € V3, and u satisfies for all vy, ., € V},

all k=1,..., N.(I,4+1) the equation

n+1 n+1

1
/ Ut T k() = U, 1 (2 V)
D

Tn+1

(z)dx

vhn+1
+ /D a(x, yr) (HVUZ::l,InH,k(x) + (1= 0)Vuy, 1, (z, yk))VvhnH(a;)da; (5.12)

= / fne(m, yk) Uhn+1 (3?)(11'
D

with initial condition

N¢(Io)

Uno,1o(T,y) = Y Mpyuo(@, yi) Li(y) (5.13)
k=1

where IIj, is a Lagrange interpolation operator into V3. The Lax Milgram lemma implies
the existence of a unique sequence of solutions {uj In}gzo. Based on this sequence we

build a piecewise affine function @ on [0, T] which equals uj; ; at times ¢,, n=0,..., N,
ie. . , .
aft) = 2Lt o L e [t ). 5.14
( ) TTL+1 hnyln Tn+1 hn+]_,ln+]_ [ nsy n+1] ( )
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Note that i 1
U _ n+1 _an
E - Tn+1 (uhn+171n+l uhnyln) on (tn’tn+1]'
With this construction, for every n = 0,..., N — 1, the discretized solution belongs to
the space
s LQ(tn,th;]P>I~n+1 ® Viir) C L?(tns tny1; L3(T; Hy (D))
where V},, .. is the FE space corresponding to the refined triangulation Th., 1y see (5.5),

and I, 41 is the union of the index sets defined in (5.11).

5.1.4 Residual based a posteriori error estimation

In this section we will derive an a posteriori error estimate for u — @ which consists of
three error contributors: space, time and stochastic. First we shall start by stating the
equation satisfied by .

From (5.12) it is easy see that the discretized solution @ satisfies the following equation
in (tn,tn+1) and for each n=0,...,N — 1

di )
/D S[n+1 |:8t:| ’Uhn_‘_1 + /D S[n+1 {aVu} Vvhn+1 = /D an+1 |:f:| ’Uhn_,'_1
4 /D St [aVE — aVE] Vo, ., + /D St [ fons (5.15)

Yon, .1 € Vh,y,, everywhere in T'.

n+1

For any element, face or edge S, hg denotes its diameter. With every edge (d = 2) or
face (d = 3) E, we identify a unit vector ng orthogonal to it and denote the jump across
E in direction ng by [-]g. The assumption (5.2) ensures that the energy norm and the
H& norm are equivalent for every y € I, i.e. there exists 0 < ¢pnin < Cnaz S-t.

CminHVUHL?(D) < ||a1/2(y)vv||L2(D) < CmaxHVU||L2(D)7 p—ae inl

1

Amin

for any v € HS(D). The constants cmin, Cmaer can be bounded by ¢ > and

Cmaac S amaz .

Now we can proceed to state the a posteriori error estimate.

Theorem 5.1.2. Let u be the solution of (5.4) and @ be defined as in (5.14). Then there
exists a constant C' > 0 independent of the time step, mesh size, the sparse grid index set
such that

[ (u— a)(T)Hig(F;LQ(D)) + o [Ju — QH%?(QT;L;(P;H&(D)))

~ 2
< H(’LL - u)(O)HL%(F;LQ(D)) + 6gp(z + Ez%em + Egtm
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where
Nc(ln-l»l)
spa - Z AIn+1 Z
mzn n=0 k—1
o1 2
< > hk Hf ye) = 5 (k) + V- (a(yk)Vﬂ(yk)) . . (5.16)
K€Th, L2 (tn,tn+1;L2(K))
1 2
+ Y e latu) V) -nele LA
ECOK L2 (tn,tny1;L2(E))
and
N-1 Ne(In+1)
Gtem - Z A1n+1 Z (Hf yk f”e(yk)“%2(tn,tn+1;L2(D))
“min = ) k=1 (5.17)
+(1-6)° n "
s O V0~ ) ) ey
and
, 2
sto: Z Tn+1< Z HAm(z)(avuszn) .
mzn — c L2(T;L2(D))
n=0 ZGITL+10(InUMIn)
2
m(i) n+1
+ A Z HA (@Vuy ™ 1) L%(F;LQ(D)J
M (5.18)
LY [ameg
1 . 2
+ Z HAm(z) (uzn,ln) o .
Tn+1 i€lnai\Inia L3 (I5L2(D))

where Ap, ., denotes the Lebesgue constant corresponding to the index set I 1.

Proof. In what follows all equations hold a.e. in (¢,,ty+1), n =0,..., N — 1 and p-a.e.
in I" and we will omit the dependence on the variables x,y,t. We will start by dividing

the estimate into a stochastic and a deterministic part. For every v € H}(D) we have

/(g;t (2;; v—i—/av u—1qU Vv—/fv—/—fu—/aV&Vv:
Slnﬂ{/ fv— v—/aVﬂVv}}

=:Adet

+S]n+l{/DanLVv+/D?;Z—/DfU —(/DaVﬂVv—i—/Dgl:—/DﬂJ.

=:Asto
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We analyze Ag.; and Ay, separately. The term Age; accounts for both spatial and
temporal error contribution and we can use standard techniques for a posteriori error

estimation of deterministic heat equations, see [Ver13; Ver03]. For any vy, ., € V3., we
have
ou -
Aget = an+1 /D f(v - Uhn+1) - /D a(v - vhn+1> - /D CLVUV(U - vhn+1)
ot -
+ 51,41 /D Jh,y — /D B Untr ~ /DCLVquhn+1
ot -
= an+1 {/D f(?.l - Uhn+l) - . a(v - Uhn+1) - /D CLVUV(’U - Uhn+1):| (5.19)
:5Aspa
+ SIn_H |:‘/D (CLV@"G _ aVﬂ) Vvhnﬂ] + an+1 |:/D (f _ fna))vhn+1:|

=:Atem

where in the second equality we employed the equation (5.15) for 4. Now we have
divided Ag4e; into a spatial Ay, and a temporal Ayep, error contributor.

For the spatial part we will follow the estimation provided in [Ver03]. We denote by J,,
any of the quasi interpolation operators of [Ver99a] defined on H} (D) and with values in
the space of continuous, piecewise linear finite element functions corresponding to 7p,,.
Then, combining the interpolation error estimates of [Ver99aj, a standard trace theorem
[Ver99a, Lemma 3.2] and the condition 4. stated in (5.5), the following estimates hold
for every v € H} and for any element K € Ty, and interior edge/face E € &,

IV (0 = Tn0)ll L2y < NV (@0 = T )l g2y < €0 [Vl L2y »

v — Jhnv”L2(K) <lv-— ‘]hanLQ(K/) < cihgr HVUHB(JJK) < &hg HVUHB(@K) )
s s (5.20)
o = Jnooll gy < 2{hs” 1o = Jnooll 2y + Bl [V (0 = T o) 2y }

~ 11/2
< oohil* V0l 2o

where K’ denotes the element of 7, that contains K and @y denotes the subset that
consists of all elements of ﬁn sharing at least a vertex with K’. The constants cg, c1, co
only depend on the maximal ratio of the diameter of any element to the diameter of its
largest inscribed ball. The constants ¢, ¢ in addition depend on the maximal ratio

hiet /b
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With ng denoting a unit outward pointing normal we further derive

Aspa(ya [/ f yk n+1) - I %(M@)(U - Uhn+1>

Considering vy, ., = Jp, ., (v) leads us to

n+1 n+1

NC(ITH»I)
8 ou _
e 3| X dhuc | £ow) — G + 9 (sl Va@) | 19

k=1 Kefi‘hn+l

+ ) 62h11_‘3/2||[a(yk)va(yk)'nE]E||L2(E)HVUHLQ(LZ;K)}‘Lk(y)"

EEghn+1

Now, using the discrete Cauchy—Schwarz inequality and the fact that the domains wWg
only consist of a finite number of elements, this number being bounded by the maximal
ratio of the diameter of any element to the diameter of its largest inscribed ball and on
the ratios hy/hx, we derive

Ne(In+1) 9 2 1/2
A= S |5 #k|fn - G + V- (a Vi) )

k=1 Ke7-hn+1 LQ(K)

1/2

( > hellalys) Vi) - 77E]E||L2(E)) MLk(y)‘ Vol L2 (p)

EegthA

Nc(InJrl)

=0 > EL O L) 1Vl e
=1

As for the temporal part Agem,n, we proceed in a similar manner
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Ne(Int1)

Aten(y,) = [} o) (V) - Vi) Vo,
k=

() = ) o | Lat)

Nc(]nJrl)

<0 Y | Jawov (@) - aw)

k=1

—_

L2(D) (5.21)

+ | (P = )

Nc(InJrl)

=Cy Y &l ‘Lk(y)‘ VUl 22y »
=1

oy | [E£0)] 19015200,

where Cy depends on the Jj, ., interpolation operator norm and the Poincaré constant.

Now we focus on the term Ay, describing the stochastic part of the error. We will use
the fact that Sy, ., [aVup,,,] = S1,..[aV ST, [Un,.,]] given by Proposition 5.1.1. We
derive

Asoy,t) = 51, [/Davanr/Dg?—/va] _ (/DanLVv—F/DE;:—/va)

= /D (sln+1 [aVa] — ava)w+ /D (f - anﬂ[f]) v

n+1

n+1 ) _ _an
+/ (SI”+1[uhn+17In+l uthn] (uhn+17]n+1 uhn,In))v
D

Tn41

:/D (SI 1 [aVa] —aVu Vv+/ f— 51n+1[f]>

+/ Sn+1[ hnvln] SI”+1[uZn7[n} v
D Tn+1

<| ¥ AmOva) IVollzm + || 32 A™O(f) 0] z2(p)
ielg, £2(D) ielg, L2(D)
1 m(t n
T > A Dup 1) vl 22D
et i€l 1\ Iny1 L2(D)
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<03< S am@Eve)|  +| X amoy)

i€(In\Int1)UMp 12(D) il L2(D)
1 m(% n
| X a0 )IVelem
ntl i€Int1\Int1 L2(D)

sto

= C3 €4 IVl 22y

In the last inequality we used the affine dependence of a on the random variables,

stated in the assumption (5.3), Wthh allows us to restrict the sum over I¢ i1 to the

index set My U (In\ Int1) = €N (Inp1 U Mj ). This comes from the fact that

@ € P; ~ which implies aVu € Py 5,
n+1 n+1

fs” Since an+1uM~ is exact on P>

Tt Int1UMf nt1

(Proposition 5.1.1.3), we obtain

A" (Vi) =0, Vig Ly UM

Altogether we obtained for every n =0,...,N — 1

/Da(ua;ﬂ)er/DaV(uﬂ)-Vv

n+1)

<+ Z (€ + €50 [L20)] ) 190l 2y,

Taking v = u — @ € H} and using the Young inequality we have

1d . -
5&““ — @l|72(py (Y, ) + Cin |V (u = @) |72 py (9, 1)
1 n+1 NeGrt) n+1 n+1 2
<saCiEtenr X (Gl +ano) L))
min k=1

62

+ B 7 (1 — )3y (91

which holds for a.e. t € (t,,t,+1]. The last step is to integrate the last inequality w.r.t ¢
over (0,7) and w.r.t y over I'. Using the discrete Cauchy-Schwarz inequality we derive

N-1 Nc(1n+1

[ CX solmo) o aa

Nc(1n+1)

N-1 gy pNelln
= Z/t +/ Z Sléfnlk Pl Y. [Lkw)|ply) dy dt
n=0 """ k=1 1

n=0
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N-— c(1n+1 tn+ 1 N (In+1)
< Z ( / Etema(t) dt/ |Le ()| oy dy) (sup > ILk(y)I)
n= k=1 Vel k=1
N— In+1)
< Z ”f k) — " (i) 172 2
= — In+t1 = L2(tn,tn+1;L2 (D))
0°+(1-0)° n n
1w ) V@, 1 ) B2y ).
where in the last inequality we employed the observation
t—t
~nf _ ~ o n n+l _  n
a U= (0 e )(u u').
Analogously for the spatial part
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As for the stochastic part we derive
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Tnt1 m@(n |
+ e Z HA (h,..1,) L%(F;LQ(D))}

Tn+1 7,EIn+1\In+1
Nl Trn+1 m(4) n 2
- 05 Z Z HA (avuhn7[7L) 2(1:1.2
-~ 3 . L2(I;L2(D))
n= l€[n+1m(InUMIn)
m(7) n+1 2
+ A Z HA (avuhnH,InH) L2(1";L2(D)))
Ze]\4In+l ’
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+ Y |jam@) L2ty 1:L(DL2(D))
16[&-1
1 : 2
m(i)(, n
+ — Z HA (Uhn,ln) L%(F;LQ(D))}

Z'ef'n#»l\]'nnl»l

O O

The spatial and time estimators in (5.16), (5.17) depend on the Lebesgue constant Ay 1.
The growth of the Lebesgue constant depends on the choice of the level function m and
the type of the collocation points, which for the nested Clenshaw-Curtis points yields an
estimate A; ~ |I|? and for the projected Leja points an estimate A; ~ |I|3%¢ for any € > 0
(see [CCS14]). Such estimation can cause the estimator to be too conservative. This issue
was addressed in [GN18, Rem 4.4]. The following theorem provides an alternative way of
estimating the spatial and time estimator without involving the Lebesgue constant and
is an extension of the results from [GN18, Rem 4.4].

Theorem 5.1.3. The spatial estimator €spq from (5.16) and the time estimator €iem
from (5.17) can be alternatively expressed as

C N—1 || Ne(ns1) 2
=z 3 | (7w = 1) | 2eto)
min n=0 k=1 L2(tn tns 13 L3(T5L2(D)))
Nc(1n+1) L 2
+ Tt 0V (4, 1, 00) =, 00) | L)
=1 L3(TSL2(D))
(5.22)
and
spa Z Z spa K (5.23)
n=0 KET’ln+1
with
o, N B ’
(i) = 7 = 5 ) + ¥ (al) Vi) | 21(v)
e k=1 L2 (tn tns ;L3 (T5L2 (K)))
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2

Nc(1n+1) 1
+ Y he| > (2[ (yr)Va(yr) - nElE )Lk()
ECOK k=1 L2 (tn tnt1; L3 (T L2 (E)))

Proof. We follow by estimating the term Ay, from (5.21) by

Ne(In
Atem(y,t —/D Z a(ys (Vune(yk) Vﬁ(l/k))Lkz(y) Von,
k=1

Nc(ln+1

X () =) ) v

Nc(1n+l)

<o(|| X atw)(Varw) - Vi) Luw)
k=1 L2(D)
NC(InJrl)
Y (F) = () Ley) V2l 2y
k=1 L2(D)
= CEL V0l L2y

where we applied the same interpolation results as proposed in (5.20). Analogously for
the spatial estimation we derive

Ne(In+1) -
ot
Apalrt)= X | [ [#0 - G + V- (aova) | L)
Ke'fhn_,_l k=1
<v—vhnﬂ>}
Ne(In
- > / Z a(yk)Vi(yk) - nele Li(y) (v — vn,.,)
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Ne(Iny1) 9
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K€Th, 4 k=1 La(K)
Ne(In
+ ) Z a(yx)Vi(yr) - nele Li(y) v = Vhnis oy -
E€€h, Il k=1 L2(E)

Using again the interpolation results (5.20) and the discrete Cauchy-Schwarz inequality
we obtain

Ne(In+1) 94 )
> [F) = 5y +V - (alw) Valu) | L)

k=1

)1/2

Ly (K)

Aspa(y,t)ch > hk

KeTh
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Nc(In+1) 1/2
+ ( > kel > la(ye)Vilyk) - nele Li(y) ) ] IVl 2p)
E€én, k=1 L2(E)

= CEL IVll 2

The rest of the proof follows the same steps as in the proof of Theorem 5.1.2. O O

Remark 6. Note that the spatial estimator from Theorem 5.1.2 allows for different FE
meshes for different collocation points. This property is sacrificed in the spatial estimator
from Theorem 5.1.3. We shall also note that the error estimator derived in this work
is of suboptimal order in the case § = 1/2, which corresponds to the Crank-Nicolson
scheme. In order to restore the second order convergence one shall work with a piecewise
quadratic polynomial function in time instead of the linear one defined in (5.14). We
refer an interested reader to [LPP09; AMNOG].

5.1.5 Adaptive algorithm

The estimators from the preceding section provide us with an upper bound of the error
that is naturally localized in all variables - time, space and stochastics. There are many
possible choices of adaptive algorithms that can be constructed starting from these
estimators. Omne could drive the adaptive choice of time-varying finite element and
stochastic grids by a local in time error estimator, as was proposed in [Pic98; BR03] for
time varying FE or DG meshes in the case of a deterministic heat equation. Also, the
spatial estimator €gp, in Theorem 5.1.2 is naturally localized over the collocation points
so it allows for different adapted FE meshes in different collocation points. This idea has
been explored e.g. in [Eig+14] in the context of a stochastic Galerkin polynomial chaos
approximation of an elliptic problem with random coefficients. There are, however, many
problems whose behaviour does not require FE meshes and sparse grids that dramatically
change in time. Considering fixed in time FE meshes and sparse grids simplifies the
estimators and the adaptive process. In this work we will restrict to adapted FE meshes
and sparse grids which are fixed in time with the goal to obtain the overall error

e=|(u— a)(T)H%%(F;LQ(D)) + o lu = a”%,?(O,T;L%(F;Hg(D)))

under a prescribed tolerance TOL. We will apply the global spatial and time estimators
from Theorem 5.1.3, i.e. (5.22), (5.23) by localizing the spatial estimator into elements,
the time estimator into time steps and the stochastic estimator (5.18) into indices. For a
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deterministic right hand side the corresponding error estimators become

2

N:(I) -
c o1 -
ke = 1| 3 [ 1) = 500+ 9 - (alw) V()| L)
min k=1 L2(0,T§L%(F§L2(K)))
M) 2
S e Z ( a(ye) Vii(yr) - nelE )Lk( )
Conin ECOK = L2(0,T;L2(T;L%(E)))
(5.24)
for every element K € Ty,
2
Ne(I)
Gonn = g | 2 (100 = 700) | 240
el Ne(1) LQ“"‘"“?Lﬁ(DLQ(D);) (5.25)
S | 2 0oV (45 ) = k() | Eeto)
mzn k=1 L2(T;L%(D))
for every subinterval [t,,t,+1], n=0,...,N — 1, and
2
_ n m(7) Tl+1
€210 = 2 nZ:O T”“(HA aVuh,I)‘ L2(I5L2(D)) * HA (aVuy )‘ L,%(F;LQ(D)))
(5.26)

for every multi index ¢ € Mj.

Then the overall error € can be bounded by

5 < Z €spaK+ Z€temn+ Z 6stoz

KE7—}L iEMy

The algorithm will start with fairly coarse grids and index set T, 7, I, compute the
numerical solution @ and compute the estimators (5.24), (5.25), (5.26) for every cell, time
subinterval and index from the margin. Let N' = |T,|+ N + | M| denote the total number
of elements in {7, 7, M1}, i.e. number of cells + number of subintervals (N) + number
of indices in the margin M. Then we will refine a cell K whenever egp& x> (@TOL/N)?,
divide a time interval [t,, tn41] into 2 equal subintervals whenever €7, ,, > (« TOL/N)?
and add an index ¢ € M into the index set I whenever €2,,; > (aTOL/N)?, where
a > 1. Note that adding an index ¢ might result in adding more indices since we need to
keep the index set I downward closed. With the new refined mesh, time grid and sparse
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grid we need to compute a new solution @ and continue until the stopping criterion

N-1

2 ._ 2 2 2 2
ETh,T,I T E : €spa, K + § : €tem,n + § : €sto,i <TOL
KeTy, n=0 iEMy

is satisfied. This procedure is described in Algorithm 1. We shall note that a proof of
convergence for this algorithm is not available yet.

Algorithm 1: Adaptive algorithm
Data: TOL >0
Result: 7,1,7;, and @ s.t. e7;, -7 < TOL
Initialize 7, I, Tp;
compute @ on 7,1, Tp;
compute €spg K, €tem,ns Esto,i;
while e, ;1 > TOL do
set N = |Tp| + N + | Myl;

for K € 7;, do
if €gpa,x > @ TTOL then
L refine K

for n € {0,...,N — 1} do
if €temn > TOL then
| refine [ty,, ty41]

for i € M; do

if €510 > @ % then

LI:IUQ
add indices s.t. I is downward closed

update 7,1, Tp;
compute @ on new 7, I, Tp;
compute €spg K, €tem,ns €sto,is

5.1.6 Numerical results

This section is dedicated to study the effectiveness of the estimators in (5.24), (5.25),
(5.26) and the performance of the adaptive algorithm introduced in Section 5.1.5. The
practical computation of these estimators requires some estimation of the constants
Cly...,C4,Cmin a8 well as an approximate computation of the L%(F) norm. This is
discussed hereafter.

Let us consider problem (5.1.1) set in a unit square D = [0, 1]? with time domain [0, 1]
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and an uncertain diffusion coefficient

2
cos(2mmay) + cos(2mmas)
a('r?y) = aO + Z <7Tm)2

Ym (5.27)

m=1

with z = (21, 22), ¥y = (y1,y2) and ag > 0 set to satisfy

inf = 0.01.
a:ell)I,lyeF a(z,y)
The random variables are independent and uniformly distributed y,,, ~ U([—1, 1]) and
the forcing term is deterministic and time-independent

f(x) =20 1r(x)

with F' = [0.4,0.6] x [0.4,0.6] a square in the middle of the domain.

In all of our simulations we used the spatial and time estimators provided in Theorem
5.1.3 which do not require an explicit estimation of the Lebesgue constant. The norm
llg |l £2(r) for g € CO(I") is approximated using a set © C T of finite cardinality by

1
lallz =~ (g

1/2
> g(y)Q) :

yEO

We set © to consist of 500 randomly sampled points in I' = [~1, 1] according to the
distribution p, uniform on I'. As suggested in [GN18], instead of setting ¢in = /Tmin,
which may be too conservative, we will rather approximate it by

. la2(y) Vo)l z2(p)
Cmin = min =
veUCL2(THY(D)) veE  [[Vo(y)ll 2D

)

where we take U = {uﬁ ;s n=0,...,N} and E is a set of random samples of small
cardinality (different from ©). For the specific diffusion coefficient in (5.27) we estimated
min &~ 0.41. The norm ||g||z2(p, 1 is computed using the trapezoidal rule as suggested
in [Pic98]. We have considered P1 finite elements without fitting the FE mesh to the
subdomain F and € = 1, namely the implicit Euler method. The sparse grid consists of
Leja points built as symmetric Leja sequences within [—1,1] (see e.g. [CCS14]) with level
function m(i) = i. This combination satisfies the interpolatory condition (5.10). All our
simulations were performed using the FEniCS library [Aln+15b].

For a sharp behaviour of the estimators and an efficient performance of the adaptive
algorithm one needs a good estimation of the constants ci,ca,c3,¢4 in (5.24), (5.25),
(5.26). This requires a good estimation of the interpolation constants from (5.20) which is
not an easy task and we refer the reader to [Ver99a] for ways to bound the interpolation
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constants. In our case, we adopted the strategy proposed in [Pic98], i.e. estimated the
constants by observing the behaviour of the estimators vs. the behaviour of the error
with respect to a reference solution when refining individually uniform spatial grids,
uniform time grids and isotropic sparse grids for different solutions u. This is done on
relatively coarse FE meshes, sparse grids and time discretizations so that the overall
cost of estimating the constants is much smaller than the cost of the adaptive process.
We obtained the estimates ¢; = 0.016, ca = 0.023, ¢4 = 0.078. The term including the
constant cg is in our case equal to 0. Note that a correct estimation of the constants is
rather important. Poor estimation directly influences the stopping criterion. Moreover,
it may alter the balance between the three sources of discretization error which may lead
to over-refining in one variable while insufficiently refining in another one.

Numerical study of the performance of the estimators

This part is dedicated to study the effectiveness of the error estimator considering different
non uniform FE meshes, time discretizations and index sets. We proceed by studying
first a “marginalized” error and estimator, where by “marginalized” spatial error we
mean an error caused by only spatial discretization, i.e. the numerical solution and the
“true” solution are computed using the same (“overkilling”) discretization for time and
random variables. Analogously, for the marginalized time and stochastic errors.

In Figure 5.1 we show the convergence results for the marginalized time estimator. The
numerical and reference solution were computed on a uniform spatial grid consisting of
6400 triangles, with diameter 0.025 and a sparse grid having 113 collocation points. We
considered both uniform and non uniform time discretizations for the numerical solution
specified in Figure 5.1 (left). The reference solution was computed on a much finer time
grid. Figure 5.1 (right) shows the “true" error as well as the error estimator over the
sequence of time grids obtained by refinement of the three grids shown in the left plot.
We observe that the estimator provides a good control of the “true" error for all three
cases. In the same figure we have also plotted the reference function 2/N where N is the
number of time steps. We clearly see that the order of convergence is 1 in all cases, which
is expected as we used the implicit Euler method for the time discretization. We can as
well observe that the smallest error is attained for the non-uniform discretization that is
denser at the beginning of the interval. This is related to the fact that the considered
problem has a dissipative behavior.

The convergence study of the stochastic estimator was performed on a triangulation with
6400 triangles with diameter 0.025 and with 200 uniform time steps. The results are
shown in Figure 5.2. We considered sequences of anisotropic sparse grids with the index
sets defined as
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Figure 5.1 — Time error and estimator with respect to the number of time steps (right)
for solutions computed on refinements of 3 time grids (left).

with w = 1,...,8 and 8 = (B1,...,8m), Bm = 1. The weights  were fixed to
(1,2),(1,1),(2,1). Examples of such sparse grids with w = 5 can be seen in Figure 5.2
(left). The reference solution was computed with w = 15. Figure 5.2 (right) shows the
error and the estimator for the 3 considered choices of sparse grids. We observe again
that in all three cases we obtain a good estimation of the “true" error. Moreover, in
all cases we observe a subexponential convergence which is consistent with sparse grid
approximation results [NTWO08b; NTT16].

Concerning the spatial estimator, we fixed the number of collocation points to 113 built
as an isotropic sparse grid, the number of uniform time steps to 200 and computed the
numerical solution on non uniform triangulations specified in Figure 5.3 (left). The
convergence in Figure 5.3 was achieved by uniformly refining every cell, i.e. halving
the diameter of every cell at each iteration of the convergence study with the use of
refinement by longest edge bisection [BR14]. The Figure 5.3 shows that the estimators
provide a good control of the “true" error in all three cases. We also plot the function
C/v/Nrg where Npg is the number of finite element cells. We see that in all three cases

the error dacays as O( \/A%E) which corresponds to the theoretical order of convergence

1 with respect to the mesh size when using P1 finite elements on quasi-uniform meshes.

We now focus on the total error and consider several combinations of uniform refinements
in the different components (spatial, temporal, stochastic). We report in Table 5.1 the
behaviour of the estimator in all cases. From these results we conclude that the three
components of the estimator behave in a fairly independent way. The only dependency
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Table 5.1 — Error and error estimation when using different combinations of uniform
triangulations, uniform time steps and isotropic sparse grids

h T coll. pts  €spa €tem €sto 75,71 €
0.2 0.025 13 0.73 0.13 0.017 0.74 0.66
0.1 0.025 13 0.38 0.13 0.1 0.42 0.39
0.04 0.025 13 0.16 0.13 0.18 0.27 0.2
0.02 0.025 13 0.08 0.13 0.2 0.25 0.16
0.01 0.025 13 0.04 0.13 0.2 0.24 0.157
0.02 0.05 13 0.08 0.26 0.2 0.33 0.22
0.02 0.025 13 0.08 0.13 0.2 0.25 0.16
0.02 0.0125 13 0.081 0.068 0.2 0.22 0.15
0.02 0.025 5 0.08 0.13 0.34 0.37 0.18
0.02 0.025 13 0.08 0.13 0.2 0.25 0.16
0.02 0.025 25 0.08 0.13 0.07 0.15 0.11

we can observe is the stochastic estimator being dependent on the spatial discretization.
If the stochastic error is negligible compared to the spatial error, the stochastic estimator
grows as the spatial estimator decreases while refining the spatial grid. When they
reach a similar magnitude, decreasing the spatial error does not influence the stochastic
estimator anymore. All the numerical solutions were computed on uniform triangulations,
uniform time grids and isotropic sparse grids.

Numerical study of the performance of the adaptive algorithm

In this part we study the performance of the Algorithm 1 applied to problem (5.27).
We set the tolerance to TOL = 0.1, o = 1.5 and initialize the spatial grid as a uniform
triangulation having 25 points and 100 triangles. The initial time discretization was set
to have 25 equally spaced subintervals and the initial sparse grid was isotropic with 13
collocation points built over the index set I = {(1,1), (1,2),(1,3),(2,1),(2,2),(3,1)}.
The initial discretizations are depicted in Figure 5.4 (left) with their corresponding error
estimator (right). In Figure 5.5 (left) we show the final grids, the spatial triangulation
having 7490 triangles, the time grid consisting of 155 steps and the stochastic sparse
grid having 57 collocation points. As we can see, the algorithm was able to detect the
location and discontinuity of the forcing term. The final time discretization is clearly
consistent with the dissipative behaviour of this problem and the algorithm is also able
to identify the dominant random variable Y;. In Figure 5.5 (right) we can as well observe
that the estimator provides a good control over the error throughout the whole process.
As a last result we report in Table 5.2 the number of cells, time steps and collocation
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Figure 5.4 — Initial discretizations (left) when running the Algorithm 1 applied to
problem (5.27) and corresponding error estimators (right) for elements, time intervals
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Table 5.2 — Number of cells, time steps and collocation points when using the Algorithm
1 with different tolerances.

TOL no. of cells no. of time steps  no. of coll. points T, 71
0.4 492 36 17 0.3676
0.2 1808 70 33 0.1927
0.1 7490 155 57 0.0947
0.05 29106 357 89 0.0487

points in the final discretizations for different tolerances. We can see that halving the
tolerance results in approximately twice more time steps and four times more cells which
agrees with the expected order of convergence.

5.2 A posteriori error estimation for a DLRA of a random
parabolic equation

In this work we present a residual based a-posteriori error estimation for a DLR approxi-
mation of a random parabolic equation. The precise definition of the fully discrete DLR
solution is available in Section 2.2.1. The derivation of the error applies the variational
formulation (2.27), which requires the weights of the stochastic quadrature to be positive.
Therefore, as opposed to the previous section, we consider here a stochastic discretization
provided by tensor grids. The a-posteriori error estimate consists of four parts controlling
the space discretization error, the time discretization error, the stochastic collocation
error and the DLR error. These estimators can be used to drive an adaptive choice of
spatial, stochastic, time discretization parameters and rank in the DLR approximation.
This section starts with describing the governing problem and discretization techniques
in Section 5.2.1. We follow by deriving a heuristic a-posteriori error estimation for a
general random parabolic equation in Section 5.2.3. In Section 5.3 we derive a rigorous
a-posteriori error estimation for the same random heat equation discussed in the pre-
vious section, with a diffusion coefficient affine w.r.t. the random variables. Finally, in
Section 5.3.1 we propose an adaptive algorithm, where the derived estimators are used
to drive an adaptive choice of time, spatial, stochastic discretization and rank R for the
DLR approximation.

5.2.1 Discretization aspects

In this work we consider a DLR approximation of random parabolic equation, as described
in Section 3.1. Furthermore, let D C R?, 1 < d < 3 be a polygonal domain with Lipschitz
boundary. We assume that V = H}(D) =: H}, H = L*(D) =: L*, V' = H-Y(D) =: H!
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and the scalar products (v, w)p 2, (v, w)y, 1z are defined as

(v,w)HLzz//vwdxdp

e QJD

(v,w)VLzz//Vv-demdp.
e QJD

The discretization scheme is specified in Chapter 2. In particular, we apply the finite
element method for the spatial discretization. We consider a triangulation 7 of D which
satisfies Uger, K = D and a corresponding conforming finite element space Vj, which
consists of continuous functions that are piecewise polynomials of degree < r, r > 1. For
a rigorous estimation, we require the affine equivalence, admissibility and shape regularity
conditions from Section 5.1.2 to be satisfied. Note that for the sake of simplicity, we
assume that the spatial and stochastic discretizations, as well as the rank of the DLR
approximation, do not change in time.

The stochastic discretization is performed by the stochastic collocation method ([XHO05a;
BNT10]), in particular the tensor grid method with Gaussian quadrature points. Let
us assume that  C R is a product of intervals €, and that p factorizes as p(w) =
M pr(wim), Yw € Q. For each dimension m = 1,..., M, let Wnkms km =1,...,pm +1
be the p,, + 1 roots of the polynomial g, 41 of degree p,, that is orthogonal w.r.t. the
weight p,, i.e.

/Q Gpm+1(W)v(W)pm(w)dw =0 Yo € P, (),

where P, (Q,) = span(wi,, j =1,...,py) consists of univariate polynomials of order at
most pp,. By P,(€2) we denote the span of tensor product polynomials with degree at

most p = (p1,...,Pm), i.e.

M
PP(Q) = ® P m(Qm)
m=1

To any vector of indices [k1, ..., kas], we associate the global index k = k1 +p1(ka — 1) +

pip2(ks — 1)+ ... and we denote by wy, the point wy = [W1 &y, W2 ks - - - Wk, ] € 2. We
also introduce, for each m = 1,2,..., M, the Lagrangian basis {lmJ}?Qfl of the space

]Ppm7
Imj € Pp(@m)s  lmj(Wmik) =0k, Jk=1,....pm+1

and we set lg(w) = TM_,1,, 1. (wm). The weights are obtained as
_ 2 _ M
Ny, = /Q U, (@)pm(w)dw, Ay = I3 Ag,, > 0.

The expectation E,[g] of a function g : @ — V will be approximated by the Gauss
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quadrature formula

Yy
Eslgl = D Arg(ws)- (5.28)

Note that N = OM_, (pm + 1). We introduce the Lagrange interpolant operator Z, :
CO(Q; V) — Pp(R2) defined as

i
=" g(we)lp(w Vg € CO(Q; V).
k=1

5.2.2 Fully discrete problem

As described in Chapter 2, the fully discrete DLR solution up ; = ((uj ;)(1):-- - (ugﬂﬁ)(m)
satisfies the following equation, weakly in V3

(uZH)(k) — (ul A)(k) R .
PO (M0 G g ) ) = (T [ ) ),
(5.29)
where
082yl = Bl 1Y+ (0,07 — By (0, T Yy (1715741,

2(0.
g€ Ly V).

Note that in this work we allow for different time steps at different times, noting
A" = t"T1 — " We proceed by redefining the DLR solution uz 5 and consider its
interpolated version defined as

N
’LLh Z uhp k)lk( ) Yw € Q.
k=1

Note that up, ; € V; @ P,(Q), Vn = 0,...,N. The projection on the tangent space

H]:L_yﬁ

Gn+1ynt involves computing the mean value E,[L(uj ;, uzzl)Y"], which is obtained as

By [£(uh g up b)Y "] ~ Bo[L(uf 5, upy 6 Y™ Z AL (uy gy up 1) (@) Y™ ()
k=1

= BT [L(uh p up 5 )Y = By[L[L(up 5 up DY),

where in the last inequality we used the fact that the Gauss quadrature is exact for
polynomials up to degree 2p,,, + 1. The integrand Z, [E(uh Y uztl)}Y" is, in each variable,
a univariate polynomial of degree 2p,,, m = 1,..., M. The equation (5.29) can be

therefore rewritten as
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n+1 n
uh,A (Wk) - uh,A(wk) n n n,Mn
e A MWy [T (R 5y 5O () = Ty e [T (),

Vk=1,...,N, (5.30)

with the projection H%n +1yw7 iNVOlving computing the expectations exactly, i.e.

I ryur [9] = BolgV 1Y ™ + (9, 0™ vy = By[(g, U™ )y YY) (M) 71O,
2(0.1//
g e LP(Q, V.

Multiplying (5.30) by I;(w) and summing over k = 1,..., N, we see that the fully discrete
DLR solution satisfies the following variational formulation, for any vy, € L%(Q; Vi)

urtl —yn
h,p hvﬁ h n n+1
< Atn ”h>H,L% * (HU"HY"TIPE(“hvﬁ’“h,ﬁ ): n

_ Juh 41
= <Hgn+1ynTIpfnn ) Uh>

V'V,L2
2.0).
wp T E V). (531)

Based on the sequence of solutions {uj ﬁ}ﬁ;o C L2(€;V4), we build a piecewise affine
function @ € L?(0,T; L2(S2%; V4)) on [0, T], which equals uj, , at times ¢", n=0,..., N,
ie.

tn+1 —t t—n 1
a(t) = Y T A uptl, te [t . (5.32)
Note that 1
< P P n yn+1
U—Ta.e. On(t ,t ]

5.2.3 Residual based a-posteriori error estimation for a general ran-
dom parabolic equation

The objective of our work is to derive a residual based a-posteriori error estimation for
a DLR approximation of a random parabolic equation. First, we will start by deriving
an error estimation for a general elliptic operator £ and a discretization L(uﬁ S qugl),
which covers all explicit, implicit and semi-implicit scheme. Later, we will follow by
specifying all error estimates for all three schemes, for the case of a random heat equation

in Theorem 5.3.1.

In what follows, all equations hold a.e. in (¢*,¢"!). For any v € L?)(Q; V') we have

<utrue — U, ’U>HL2 + (£<Utrue - ﬁ), U) VIVL2
»Hp »Hp

- <f’v>H,Lg N <a’v>H 2 (ﬁ(a)’v)V'v,Lg

"
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=(f-Tfv), — (L@ - TL@),)

=:Asto
+ <Zp'f’v>H,L% B <a7U>H,L% B (Ipﬁ(ﬂ),v> VIV,L2

= Asto + <Ipf’v N vh>H 2 <ﬁ, v vh>H 2 (Ipﬁ(ﬂ)’v N vh)V’VL?
’ p

"

2 2
H,L2 V'V,L2

=:Aspa

+ <Ipf’ Uh>H,L§ N <ﬁ’ Uh>H 2 (Ipﬁ(a)’vh) VIV,L2

p

Aot (Bl ()~ (B,

Hp
= Agto + Agpa + (Tpf = L™ un) = (TL(W) = TL(uf p, uph), vn)

H,L2 V'V.L]
:5Atem,l
n+1
Uy » — Up 5
+1 h,p h,p n n+1
+<I n,n U> —<7v> _(IﬁuAuA U)
P/ o H,L2 At e pE (o thp ) on VIV,L2
n+1 n
Uy, ~~ — Uy 4
h,p h,p
_ H@ T n,n+1 v > _ <’7’ v > 5.33
< oyt [Inf J>on H,L2 At M e 533
h n n+1
(HUn+1ynT [ZpLup pr )]s Uh) V'V,L3

+ Asto + Aspa + Atem,l + (H}(L]n+1ynT [Ipfn7n+1* - Ip[’*(uz,p? uh—; )]7 Uh)

V'V,L2
= Ao + Aspa + Atem1 + (HZWY”T [Z, ot — (ot Uh) ViV L2
Hp
=:Arank
h * (T 1 T *
+ (HUn+1YnT [IPE (Un+ v )—Ipﬁ (UZ’P’thfr’ )]’Uh>V’V,L?).

::Atem,Q

In the last step, we applied equation (5.31) and split the remaining term into 2 terms, of
which A4, contributes to the rank-truncation error and Ayep, 2 contributes to the time
discretization error.

Concerning the term Ay, (t), we can bound it as

Awto®)] < IF = Tpflazllollncz + 1£@) = ZL@ v a0l 2
<Cpllf -1 fHHLzuvHVLg T 1£(@) — L@y sz llollv,za

Cr

4C -
PHf Lpf iz + LHﬁ(U)—Ipﬁ( )”V’L2+ 1ol .2

gsto(t)

As for the temporal terms Ayep,1(t), Atem,2(t), we can bound them as
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| Atem 1 ()] < CPIIZpf~Lpf ™"l o 12 th\lvm+HIp£(ﬁ>—IpE(UZ,w up O llve sz llonllv.cz
401301

1o f — Zpf™ +1HHL2 T i HI L(a) - Ip‘c(uh,pvuh—zl)HV’ 2t ||’UHVL2

gtem,l (t)

IN

[ Atem,2 ()] NG LETY™) - T L(uf up SO vz llvmlly cz

Cr

HHUn+1YnT
201

| /\

HHUWWT L L@ Y™ = TpL(up pouy I, rtyg [l

éatem,2(t)

The spatial contribution will be further specified for the random heat equation example.
For now, let us just assume that we can bound A, as

- ~ C,C
b)) = (TS — =T L@ 0= ),

< Eapalt) + — HUHVL2

And lastly, the rank-truncation contribution will be bounded by

1 y -
[Arans (0)] = ‘(H’lljﬁﬂym [Ipfn’m_l —-I,L (U”-HYnT)’v

")
V'V,L2

< pfn,n+1* o Zpﬁ*(0n+1YnT)

Cillvllv,zz
2

p

H U'n+1Y'nT

20t
Cr

h L1 1* 41y, nT 2 CE
o Lt — e (U y ™)

< o
— Un+lynT [ v L2
o

HUHVL?a

éa’r‘ank (t)

where

2% 2

grank (t) = 075 N [,P]jrwl [Ipfn’n_H* — Ipﬁ*(Un—FlYnT)H

2
V/,L2

Based on our previous computations, we obtain

<utrue — i, v>H , (E(utrue — @), v)

3 Vv

5C,
< Cg)sto + Cgospa + Cg‘;fem,l + Cg;fem,Z + C’gorank + — S ||’UHVL2

Now, taking v = Utrue — U € Lf,(Q; V) we derive

1d

2 dt — l[utrue — ﬂ”%{,L%(t) + Cr[ttrue — aH%/,Lg(t)

5C -
< (g)sto(t) + Cg)spa(t) + (g;fem,l(t) + @@tem,2 (t) + éﬂrank( ) + %Hutrue - UH%/,L/% (t)
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which results in

d . 3C, -
— ||ttrue — UH%LL/%(t) + — [ ttrue — u”%/,Lg(t)

dt 4
S 2(@@51&0(75) + @@spa(t) + (g;fem,l(t) + éatem,Q(t) + @ﬁrank(t))~
The last step is to integrate this inequality w.r.t. ¢ over (0,7"). In conclusion, we obtain

3C,

[werue(T) — a(T)H%I,Lg + T”utrue - ﬂH%Q(O,T;Lg(Q;V)) < [utrue(0) — ﬂ(o)H?{,Lg

+ 2 /OT (55,:0(?5) + (g}spa(t) + gtem,l(t) + gtemg(t) + @(drank(t)) dt. (534)

5.3 A posteriori error estimation for a DLRA of a random
heat equation

In this section, we detail all error estimators for the case of a random heat equation,
described in Section 3.5. In addition, let us assume that the diffusion coefficient a is

affine w.r.t. w = (w!,...,wM) € ie.

M
a(z,w) =a(z) + Z am(z)w™, Vre D,we, (5.35)
m=1

and that there exist amin, Gmax € R s.t.
plwe€Q: 0< amin < a(z,w) <amax <00 VzeD)=1. (5.36)

By astoen(r,w) we will denote the stochastic part of the diffusion coefficient, i.e.

astoch(wv w) = Z%:l am(x)wm.

For any element, face or edge S, hg denotes its diameter. With every edge (d = 2) or
face (d = 3) E, we identify a unit vector ng orthogonal to it and denote the jump across
E in direction ng by []|g.

Theorem 5.3.1. Consider a random heat equation with a diffusion coefficient affine
w.r.t. random variables satisfying (5.36). Let uirye be a solution of (5.4) and @ be defined
as in (5.32). Then there exists a constant C > 0, independent of the time step, mesh
size, tensor grid choice and DLR rank, such that

- 3 - -
Hutrue(T) - U(T)H%I,Lg + ZaminHutrue - u”%/Q(O,T;L%(Q;V)) < Hutrue(o) - U<O)H%I,Lg

+ Esto + Espa + Etem + Erank, (537)

where
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Esto = CHf _ZPfH%Q (0,7;L2(%;H))

+C Z At"(HaVU"H [aVu"H]HZ

. oV, Ip[avUzﬁ]H;LQ, (5.38)

sspazcixk( S W Flon) — ii(on) + V- (alwor) Vir(an)|

k=1 Key,

L2(0,T;L2 (K))

+ Z hEH wk Vu(wk “NE E’ LQ(OTLQ(E))) (539)
Ecé&,
. 2
Erank = C Z A" Z Ag||1I Un+1ynT [fn+1 ](wk) "
. 2
+C Z A Z Ak( S [kl 1T @Y ) )
n=0 k=1 KeTy,
* 2
+ 2 pr"[(avmﬂ ]EYnT) }(wk)‘LQ(E)
Ecéy
O g oG [ (1090 ey ) ]| e (5:40)
e for implicit scheme
Etem = { Etomy, for explicit scheme (5.41)

5?32‘ for semi-implicit scheme,

where
. N-1 N
fm = C 3 S MellFwn) = S @B gy
n=0 k=1
N-1 N
wi)V (gt (wr) = up pler) ) I
n=0 k=1

- N
Y a3 x(law) VO T -yl

+ Ha(wk)Mn+1—1vUvn+1TVU—n+l(Y/n+1 o Yn)T(Wk)H%—I”UanH%{) (542)
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1 N
Etem = C Z Z Mell £ (@r) = F™ (@) 172 n g1y

N-1 N Agn

+C 3 D> M=

n=0 k=1

||a(w V(“Z; (wi) — UZp(Wk))HJ%I

O A0S Al TG - U )y

Hlalwn) M@ U VEY T @) {10 ) (643

N-1 N
5?27121 = C Z Z >\k||f(wk> - fn+1(wk')||%2(tn7tn+l;H)
n=0 k=1
N-1 N NG ) )
+C 3 3 N (v (upbt wn) = wn) I
n=0 k=1
- llastoen (wi) V (s (wi) = uft p(eon) ) 1% )
N-1 N B B
+C X 86 Y n(IavEmH E vy
n=0 k=1

+ @M OO Y YT (w3103
+ | astocn (wi) V(U = UMY™ (wi) I

o () OO = OIVTHY T @) [0 ). (544

where A\ denotes the weight corresponding to the collocation point wi, k=1,... . N.

Proof. The proof comprises detailing the estimators provided in the previous section. As
for the time contribution, we have

40 2 N—-1 /tn+1

/’&m¢>dt 1T f — T 7n 3 ot

2 N—-1 n+1

1y(2
Z /t 1Zo(0) — T Luf o) B
We follow by further bounding this term for implicit, explicit and semi-implicit scheme.
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For the implicit scheme, we derive

T o 401%0% R 1 2
| i@ =E ST S @) = S @l e
n=0 k=1

402 N—-1 $ntl

N
+ CT: ) ZM/ Ha(Wk)V(“hfZl(wk) (t’w’f))uifdt

n=0 k=1 n

e To R

= D D Ml wr) = S ) [T iy

Cc n:Okfl
A S [ (1 ) et (a5 o = )
_ 4%%50% 3 i MellF@r) = P @) 2 o
n:Okﬁ:l
“N_: ékkﬁgnuaw(uww uf ) ) I

where we used the fact that u”+1 i = (1— ’Ztt: ) (uzzl—uﬁ ﬁ), t € (t",t"*1). Analogously,
for the explicit scheme we have

/ em 1 Z Z Ak?”f‘ wk} f (wk)”LQ(tn7tn+l;H)
n=0 k=1
402 N-1 N gnt1 . )
+ —ﬁl Z M /t o)V (uftpleon) — aft,on) ) [t
n=0 k=1

N tnt1 N2 ot . ,
Z)\k/ ( INT ) Ha(wk)V(uhp (wg) — “h,ﬁ(wk))HHdt

40 02 N-1 N
_ p i Z)\ka wi) = FH w22 gn g,

IV (w5t (wr) = i (eon) ) s

where we used the fact that u , — 4 = ('Z;f) (uzgl — uj, 5). Lastly we deal with the
semi-implicit scheme, for which we obtain

CQC%N 'Y +1 2
[ @< ST ST ) — £ e
n=0 k=1
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2 N—-1 t’n+1

N
S [ 189wy ) — alt ) e

=0 k=1
1

2 N— N tnt1
T N[ st (uf o) il 00)) et
n=0 k=1

a2 E
P LD Mllf(wr) = £ @) 12 0 gy
n=0 k=1
40% N—-1 N t'rH»l t—tn n+1 . ,
+c£n:0kzlxk/tn (1- Atn) @ (s wr) — uf plen)) [t
e il A N - . )
+ Cr n:o;;)\k /tn (W) ”CLStOCh(wk)v(uhp (wk) — uh,ﬁ(“k))HHdt
AC3CE A &
= =2 20 D Ml fwn) = £ @)
L n=0 k=1
402 N-1 N Agn § )
—i—CTl Z)\k (HaV(th;l(wk) uhﬁ(wk))H%{
n=0 k=1
+ ||astoch(wk)v(uz—; (Wk) uz,ﬁ(wk))u%—[)

The second part of the time contribution will be again distinguished for the implicit,
explicit and semi-implicit scheme. For the implicit case, we have

2012 Nl N +1 +1 ?
n n n n\T
‘/ im ‘ c. Zm P [Peaia [T £ (O — y™)T)]] v
2 N—-1 B 5 2
g Y AP (L0 =y
n=0 V’,L%
202 N—-1 N
< 285 S (Il W0 T vy
L n=0 k=1

+ “a(wk)Mn+1*1VUn+1TvUn+l(f/n+1 _ Yn)T(wk)H%IHUanHIZq) )
For the explicit case, we analogously derive

2 N—1
’/ tem2 ‘ 2C1 Z At"

2N1

zmnzAk(H ) V(O = UMY )

2

7)37” [PUH+1 [Ipﬁ ((UnH - Un)YnT)ﬂ

VI,L3

+lalo STV @ - UV ) [ 10 ).
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The last scheme to analyze, is the semi-implicit scheme, which satisfies

semi 2C2N ! n 1 rrn+1y nT n+1 2
/ Eremi (1) = AP [P [TIEO Y™ - LG ]|
n=0 »Hp
ﬁN_l n . —x7rntliynt+l _ ynyT 2
<, SAY Xl [lavUTTH (Y Y™) T (wi) |77
n=0 k=1

+ ”(—anJrl_lVUn+1Tvﬁn+1(Y/n+l B Yn)T(wk)||12qH(jn+1H%I
+ lastoen (W) V(O = UMY™ (w1

o )N VG = UM TIT Y ) [ [0 )

For the spatial part, we will follow the estimation provided in [Ver03]. We denote by
Jp, any of the quasi interpolation operators of [Ver99b| defined on V' and with values in
the space of continuous, piecewise linear finite element functions corresponding to 7.
Then, combining the interpolation error estimates of [Ver99b|, a standard trace theorem
[Ver99b, Lemma 3.2], the following estimates hold for every v € V' and for any element
K € Ty, and interior edge/face E € &,

V(v = Jho)ll 2y < collVoll 2,

v = Jnvllr2x) < E1hi ||Vl L2

(5.45)
lo = Jnvll 2y < e2{hp" o = Jnvll ey + hif 219 (0 = Jno)ll 2

- 1/2
< &hy?[Voll L2,

where 4 denotes the subset that consists of all elements of 7 sharing at least a vertex
with K. The constants c¢g, ¢1, ca, é2 only depend on the maximal ratio of the diameter of
any element to the diameter of its largest inscribed ball. Note that these estimates are
equivalent to the estimates in (5.20).

With ng denoting a unit outward pointing normal we further derive
|Aspal = ’<Ipf — i — Ip,L(1),v — Uh) VIV,L2

:/Q(/DIpf(w)<v—vh)(w)—/Dﬁ(w)(v—vh)(w)
_/ Ip[a(w)Vﬂ(w)]V(v—vh)(w)> dp
= [ (E [ (@r@) — i)+ BT - @) Vi) (o - u) @)

Ke9,
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-3 [5] el (v ) ) @

Eeéy,

Considering vj,(w) = Jpv(w) and applying (5.45) leads to

| Agpa| < /Q [ Z élhKHIpf(w) —ii(w) + Z,[V - (a(w)Vi(w))]

Ke,

’VU(Q))

LQ(K)‘ L2(9k)

+ > czh1/2HI[ w)Vii(w) - nE]E} L)
EE&),

( 3 h%KHI,,f — G+ L[V - (aVii)]

KeJ, L2 (k)

9 1/2
)

(ZAk( S 0 fen) i) + V- (alwn) Vi)

k=1 KeT,

HVU(w)

d
L2(’~YK)} P

<O Vo

L2 H,L3

Vv

(X el v nele] [}

Eeéy,

2

2
L*(K)

S ) I 1

(Z)\k( S° B flen) — i) + V- (alwr) V()

k=1 Keg,

+ > hEH [a(wr) Vi(wr) - nele
EEé&,

+ Z hEH[a(wk)VfL(wk) . 77E]E
Eeé),

2
L2(K)

2 Cr
o))+ ol

ie.

2
L2(K)

s =25 ( SO S ] — ) + 9 ) Vi)

k=1 Ke9,

Eeé,

22(}3)))'

Concerning the rank error estimation, we proceed as follows

grank _ %Cf ']DJJ;—7L |:P;{_n+l |:IprL+1* . Ipﬁ*(0n+1YnT)H j// L2
-
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For the second term, we perform the following computation. For v € L%(Q; V), it holds
(Pmﬂ [Pyn [I E*(U"“Y"T) ) = / / Pyn - (avm“)Y"T]*]vdxdp
V’VL2
— / / gt / Ut ps, [Ip[—v-(aVU”“)Y"T}*} dz vdazdp
D D
= Pyin | L[~V - (aVT" Y™ ]* 0 d
/Q;/K Yy { ol (a ) ] }v T
+> /E Pyn [Ip[[aVU”‘H .nE]EWT]*] v dzdp
E
_ Un+1Mn+1l( / TPl (72w . (avT™ )y 1| ds
L S [ 0P BV @v0 e
+Z/ Ut g, [Ip[[aVU”H -nE]EY”T]*}dgAc) vdadp
= / Z / Pu |2,V - (@VT™ Y™ |v da
Q
+3 /E P [T [[aV0™ el oy ] v dadp
E
— / > / (7”“1\%”“1(2 / Ut ps, [Ip[—v.(avU”“)Y"T]*]d@) vdzdp
Q K K K K
7// U“+1M"+1‘1(Z/;U"+”P§n [Ip[[avﬁnﬂ.nE]EynT]*}dg:a> vdzdp
= / Z / (Pyn V- a0y ]|
Q
—U”“M"+1‘1< /K Uty [Ip[—v.(avU”“)Y“T]*}dﬁ:) vdzdp
K
4 / 3 / P [TV - ]y 7] 0 dodp
Q E E
— / / U"“M”H‘l(z: /E Uttps, [Ip[[avﬁnﬂ.nE]EynT]*}d@> vdzdp
rrn+1 A
:/QZ/ I iyor [ Z[(—= V- @V )y ) o dedp
—i—/QZ/EPyn Ip[[aVU”H-nE]EY”T]*} vdzdp
E

T rn+171 n n nTix| 14
—/Q/DU g ( / O™ P [T, [[a VT - g Y™ }dx> vdzdp
where the expression HUn F1ynT + {Ip [( —V-(aVU ”“)Y”T)*H is considered as a function
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defined only inside of the elements K. We can further proceed as

| (% P [Zo£@ YT v)

VIV,L2
< Z [ e (Y - @Dy ™)) B [ PR
+ Z prn {( aVU"+1 . WE}EYnT)*] ‘ o2 HUHL2(E),L§

1 n mn n'ix
+ZHU”“M"“ |22 [T P [T [V T il ¥V ™[ 22y 22 [0l .22
< C?’<Z [y 1=V - @V Ty Y

+ Z prn [( [aVT™ . nE}EY"TY]

L2(K),L

L2(E),L}

n mn 1 n n n'*
+ZHU N g [0 P |2, [[aV O ] Y] ]rmE),Lg)uvrv,Lg

2
L2 (K)

- s( z (S [y 19 @O0 )|
> HP% [([avvnﬂ )Y )] ()|
E

2
L2(E)

9 1/2
LQ(E),L,%)) Folv.zz-

+ S TN [T RS [T @V T - ] g™ ()]
E

Plugging this in the definition of &%, we derive that

grank _ a0t (prn sznﬂ{ [f"+1*]ﬂ 2

H,L2

2
L2(K)

+ Cs Z Ak < Z HHU”'HY’” —V . (aVﬁ”"‘l)YnT)*](wk)‘

53 (H% (190 n)ey™") o)
E

[N g [0 P [ [V O - ] g™ (@)

2
L2(E)

2
L?(E)))'

The last error contribution to analyze is the stochastic error contribution. We recall that

T 4C§, 9
| Gttt = [ GRS = Tuslus + 1@ ~ L@ gt
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For the second term, we proceed by
2
dt

T o T
[ 1e@ - Bl < |
0 H,L2

tntt t —t" nt1 n+1
/ / Z /t ( g )(aVu —I,aVu, )
+ (t”Ztn—t) (aVuZﬁ — ZpaVuﬁﬁ))th dxdp

<2// Z /t"+1< t;ti")(avunﬂ Iavun+1)>2
tm
n <(tnztn_t) (aVup, — ZpaVuj, p)) “dtdzdp

aVi — I,[aVi]

9 N-1
= fAt” (HaVu"+1 paVu"'H

3 0L —i—HaVuhp IpaVuZﬁH;L%).

5.3.1 Adaptive algorithm

The estimators from the preceding section provide us with a fully computable upper
bound of the error caused by the spatial, time, stochastic discretization as well as the
rank truncation. In this section, we will see how these estimators can be naturally
localized in all variables — time, space, stochastics and rank. Up to this point, we only
considered DLR approximation with a rank R fixed in time. However, in what follows
we will allow different ranks R™ for different time intervals [t",¢"*1], n =0,..., N — 1.
At time ¢ = t"T!, the new obtained solution uztl is of rank R". When R" # R""!, we
need to update the solution thCI to be of rank R”Jrl so that the method can proceed
with the new time step. This is performed in the following way. If R® > R"*!, we lose
(R" — R™1) terms in (uzfl) = Y B Untly+l corresponding to the smallest singular
values of (uztl) This results in (uzfl) = SR UntLy et of rank R If, on the
other hand, R"*1 > R" we define a new solution (uZJﬁl) = SR Untlyntl | where
Urtl =0, forr=R"+1,...,R" " and Y"*! r = R" +1,..., R""! has to be chosen
in a way that {Y"“}Rn+ forms an orthonormal basis. Different possible choices of
{y B il be discussed here after.

We here propose an adaptive algorithm for the FE meshes, time discretization, tensor
grids and rank, with the goal to obtain the overall error

3
~ 2 ~112
[[utrue (T) — U(T)”H,Lg + Zaminnutrue - UHLQ(O,T;L?)(Q;V))

under a prescribed tolerance TOL. For a deterministic right hand side, the corresponding
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error estimators are summarized in the following theorem.

Theorem 5.3.2. Let us assume that the term f is deterministic. Then the stochastic
error estimator €y, from (5.38), the spatial error estimator espq from (5.39), the time
error estimator eiem, from (5.41) and the rank truncation error estimator €.qni from
(5.40) can be alternatively expressed as

Espa = Z Espa,K

Kegy,

N
Espa, K = Ch%{( Z )‘k(Hf(wk) - a(wk) + V- (a(wk)Vﬂ(wk»‘ iz(o T‘LQ(K)))
k=1 o

? 5.46
L2(0,T;L2(E)))’ <' )

b3 (3 (ol Vatan) - el

ECOK k=1
and
M
Estoch = Z Estoch,m
m=1

N—1
2
B n m n+1 m n+1
Estochm = C ZO At M(Hamw Vup ' = Iylamw™ Vuy ]HH,L,%
n=

+ HammeuZ,ﬁ - Ip[ammeuZ"ﬁ]H;LQ (5.47)

and

N-1
im im
Etem = Z gtem,n
n=0

N
Ellfrenm,n = C Z )\ka(Wk) - fn+1(wk)H%2(tn’tn+l;H)
k=1

N-1 N A

+ 30 3 Ay llalwn) V (g5 (wr) — uh () )l

n=0 k=1

N-1 N
+ D A ZAk(Hawk)vU"“(Y”“ = Y")T(wn)l
n=0 k=1
+ la(wp) M VTGO (P - Y”)T(wk)II%IIU"“&) (5.48)
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and analogously for 5%, e5Wi. The rank estimator can be localized in time

N-1
Erank = Z Erank,n;
n=0

where

Erankn = CAL" Z Ak( Z HHUn+1YnT [ — V- (astoen VO Y™
k=1 KeTy
2

+ EN [v : (astochVUn+1)YnT]} (Wk)’ L2(K)

2
L2(E)

2
L2<E>>'

In addition, €,qnkn can be further localized in new random directions for every n =
0,...,N—1as

+ > HPSJ; [[astochVﬁnH nelpY"" — Egllastoen VU™ UE]EYTLT]} (Wk)‘
Eeéy

+ Hﬁn+1Mn+l_1 H%—I

griTph {[astochV0n+l nelgY™

— Egl[astoon VO™ - 0] 5™ ]] ()|

M R"

Erankn = Z Zgrank,n,m,m (549)

m=1r=1

where

Erank,n,m,r = = CAt" Z Ak( Z H]-_-[Un+1ynTJ_ { -V (amVU:}+1)
k=1 KeTh

2
@Y~ Eglw™¥)] ()]

L2(K)
b Y [P [l VT el ~ Bl
Ecéy
IR CER v Caa Rt leA [y Pf,i {[amefﬁ“-nE]E(me—EN[WmK"n])}(“’“)’;(E))
(5.50)

Proof. The localization of the spatial error estimator into every element and time
estimator into every time step stems from a natural rearrangement of terms in the spatial
and time error estimates (5.39), (5.42). For a deterministic forcing term f, the stochastic
error estimate can be bounded as

Esto = Z A" <HaVu"+1 LylaVup ! H + HaVuh )~ 1 [awz,ﬁ]Hsz)
Lo

H,L2
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o

2
1 1
GstoVUZ?; —Ip[astOVqup? ]H +

2
n n
sto VU, 5 — Ip[astoVuhﬁ] H )

2 H,L2 H,Lj
N-1
< Z (H Z “mwmvunH - [amwmvunH]HH L2
= b
2
4 H Z amwmvuﬁl3 — IP[a?ﬂwmvuZﬁ]HH,L%)
B v ——
m=1 or
2
+ Hammeuh p Ip[amwmvuz ,?)]HH L2>
o
M N-1 2
Z M VAN <HammeuZ+1 Ip[amwmvumrl] H 2
m=1 n=0 H?Lp
2
e A A
o
As for the rank truncation error estimator, we proceed by
Erank = Z A" Z )‘k( Z HHU"HYnT [_ V- (astochV[jnH)YnT
n=0 k=1 KeTy,
- 2
+ EN [V : (astochVUnJrl)YnT” (wk) L2(K)
+ 3 [P 0o V0™ gl pY ™ ~ Egllaatoa VO™ -l ™) @),
Eeéy,
+ HUn-i—an—H*l H%IHUTL—HT,P)p;t [[astochVUn+1 ’ nE}EYnT
- Eg oV 0 el ), )
L(E)
M
PV SV ol A G
k=1 KeTy m=1
mYnT E R mYnT 2
B 2
n Z prn [ VUn—H . 77E]E (menT . EN[menT])} (wk) L2(E)
Eeé&y,
M
+ O A HUW@” [ Z VO™ ] g (WY = Eg[w™Y ™)) (wr) ;w))
) M R" -
ISPV SIS TR o) ol NP LR
n=0 k=1 KeTy, m=1r=1
2
(meTn . EN [wm}/rn])} (Wk) L2(K)
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M R . 2
+ 3 [P X om0 mel @ Bl o)
Ecé), m=1r=1
Fndl 12 || 1T ppt S Al
oA G O TPE (3 D am VO - sl
m=1r=1
2
(me;«n - E]\A[[wmyrn])} (Wk)’ LQ(E))
O

The overall error € can be bounded by

6 < Z Espa, K + Z Estoch,m + Z Etem,n + Z Erank,n - (551)

KeT,

Let 7 = {t"})_, denote the time discretization, & = {pm}m 1 the set of stochastic
polynomial degrees determining the tensor grid, and # = {R" the sequence of DLR
ranks for every time interval. The algorithm will start with falrly coarse grids T, 7, low
rank R = R",Vn and low polynomial orders p = (p1,...,pyn) determining the tensor
grid. We compute the numerical solution @ and compute the estimators (5.46), (5.48),
(5.47), and (5.49) for every cell, time subinterval, dimension of the stochastic space and
time interval. Let .4 = |T},| + 2N + M denote the total number of elements in the error
estimate (5.51), i.e. number of cells + number of subintervals (V) for time discretization
+ number of dimensions in the stochastic space (M) 4+ number of time intervals (V) for
the rank adaptivity. Then we will refine a cell K whenever egpq x > aTOL/. A, divide a
time interval [¢", t”+1] into 2 equal subintervals whenever ey, , > «TOL/.A, increase a
polynomial order p,, by 1 whenever egochm > «T'OL/A" and increase the DLR rank
R"™ by 1 whenever €,qp5n > ¢TOL/A ", where a > 1. With the new refined mesh, time
grid, tensor grid and DLR ranks we compute a new solution % and continue until the
stopping criterion

N-1 N-1
ETWT, PR = Z Espa, K + Z Estoch,m + Z Etem,n + Z Erank,n <TOL
Keg, m=1 n=0 n=0

is satisfied. This procedure is described in Algorithm 2. We note that there is no proof
of convergence for this algorithm.

n+1

As mentioned before, when increasing the rank of u;™", to proceed with the compu-

tation of u"+2 of rank R"™! > R" we need to choose the basis {Y"H}Ran 11, SO
that {YT”“},E;T forms an orthonormal basis in L% and that it leads to an improved
approximate solution. There are several options for this choice. We propose to perform

a Karhunen-Loeve expansion of TI' [Ip[/l*(f] ”“Y"T)” , which, as derived in the

Un+lYnT
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Chapter 5. A-posteriori error estimation

Algorithm 2: Adaptive algorithm for DLRA

Data: TOL >0

Result: 7,7, 2, % and 4 s.t. e7;, -2 < TOL
Initialize Ty, 7, &, %;

compute 4 on T, 7, P, X,

compute €gpa, K5 Etem,ns Estoch,m> Erank,n;

while e, » » % > TOL do

set A = |Tp| +2N + M,

for K € T, do
if egpa,x > @ TTOL then
L refine K

for n€{0,...,N —1} do
if €temn > TTOL then
| refine [ty,, ty41]
forme {1,...,M} do
if €stom > TTOL then
L Pm =pPm+1
for n € {0,...,N —1} do
if € qnkn > TOL then
L R"=R"+1
update Ty, 7, P, X,
compute % on new Ty, 7, &, X,
compute Espa, K5 Etem,n, Estochyms Erank,n}
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5.3. A posteriori error estimation for a DLRA of a random heat equation

proof of Theorem 5.3.1, for a random heat equation with an affine diffusion coefficient
and a deterministic forcing term takes the form

(i

frntiynT . [Ip[ﬁ*([jn—HYm )ﬂ ) U)

V'V,L2

_A;Angmwﬁ[zp[(—v-(avﬁ”“)Y"T)*Hvdm
+ZE:/E7D‘)J;n [IpK[anJ"H -nE]EY”T)*Hv dz

_/ UnJranJrl_l(Z/ o p, [Ip[[av(jnﬂ .nE]EYnT]*}dgE) vdz dp.
D r JE

We then set {Yﬁ“}fﬁ; 1 to be the R™™! — R™ random eigenvectors corresponding to
A 1 ~
the R"*1 — R™ most dominant singular values of Hg’f iyaT [Ip [£*(U ”“Y”T)]}. Note

R 1 .
that Hg’f iyt {Ip [E*(U”“Y"T)ﬂ is at most of rank R"™- M. A different approach is
to compute €,4nk n,m,r from (5.50) for all the R™ - M new directions, choose directions
with the highest error contribution €,qnk n,m, and orthonormalize them. Implementation
of this algorithm together with possible further improvements is a part of an ongoing

project.
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Discrete filtering problem:
overview

This chapter provides a mathematical formulation of the filtering problem as well as a
brief overview of the commonly used approaches to tackle it. We start by introducing
the problem in Section 6.1. In Section 6.2, we continue by describing some standard
algorithms used to deal with both linear and nonlinear filtering problems. The last section
provides a numerical comparison of the presented methods applied to a 40-dimensional
Lorenz-96 chaotic system of equations. We shall highlight that, apart from the numerical
experiments, none of the results stated in this chapter are new and we follow to a large
extent the book [LSZ15].

6.1 Problem statement

The problem introduced in Section 1.1 was set in an abstract Hilbert space H. Discretizing
the system in the physical variable leads to a finite-dimensional system, on which we
focus in this part of the thesis.

Let us consider a sequence of Nj-dimensional states u = {u"},en C RN: | also called a
signal, defined by the random recursion

u" = W)+ €", neN° (6.)

u’ ~ N(m?, "), '
where & = {£"},cno is an i.i.d. sequence with €0 ~ N(0,%), ¥ > 0, ¥ € RN
and accounts for the model error. The operator ¥ € C(R™», R™) is assumed to be
deterministic. Further, we assume that u° and ¢ are independent. In what follows, we
denote the joint probability density function of a multivariate Gaussian variable with
mean g and covariance matrix ¥ by RM 35 ¢ — N(&p,2) € RT. We will use the
notation N (p, X)) if there is no need to highlight the variable €.

At certain time instants {t" },cn, we are provided with (complete or incomplete) obser-
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Chapter 6. Discrete filtering problem: overview

vations {2" },en of the signal
2= Hu" " ne N (6.2)

where H € R>*Nn | < N, is a linear operator called an observation operator and
n = {n"}nen C R is an i.i.d. sequence, independent of (u°, ¢), with n' ~ N(0,T), T' > 0
and accounts for the observation error.

In this work, we assume the initial condition, model error and observation error to
be normally distributed. This assumption is not necessarily satisfied in all real-world
problems, however many of the techniques considered in this work do rely on this

assumption.
In our setting, the function W is the solution operator for a dynamical system of the form

W= F(u), te (" "

(W, e 0
u(t") = u",

meaning that ¥(u") in (6.1) gives the solution of (6.3) at time ¢"*!, assuming that the

solution exists uniquely.

Let Z" = {2*}?_, C R! denote the accumulated data up to time n. The discrete filtering
problem refers to a sequential update of the probability distribution of the signal, given
the data (observations). The objective is to determine P(u"|Z"), the probability density
function w.r.t. the Lebesgue measure , associated with the probability measure of the
random variable u"|Z" (see e.g. [Baull; LSZ15] for definition of conditional probability
distributions). This is done by applying two steps: forecast (or prediction) and analysis.
The forecast step takes in the filtering distribution at time ¢", P(u"|Z"), and through
the forward model (6.1) results in the so called forecasted distribution P(u"*1|Z"). The
analysis step takes in the forecasted distribution P(u"*1|Z™) and incorporates the newly
observed data 2! via the Bayes’ formula resulting in the posterior filtering distribution
P(u"1|Z"t1). The following formulas form a basis for numerous algorithms used to
approximate the sequence of filtering distributions P(u"|Z™), n € N.

Concerning the forecast step, it holds

P(u" T Z") = N P(u" T u™)P(u™| Z™) du™. (6.4)
RVR
Since the probability distribution P(u"*!|u") is determined by the forward model (6.1),
the forecast step provides a mapping P(u"|Z") s P(u"*1|Z™). As for the analysis step,
thanks to the Bayes’ formula we have that
P(szrl ’unJrl)P(unJrl lzn)

P(un+1|Zn+1) — P(un+1|Zn’ Zn-‘rl) — ]P’( n+1|Zn) . (6.5)
z
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Figure 6.1 — Evolution of an empirical measure of the first two components of a 40-
dimensional Lorenz-96 system, computed at the beginning of a forecast step (u™), at the

end of the forecast step (2"!) and at the end of the analysis step (u"*1).

The probability distribution P(z"*!|u"*!) is determined by the observation model (6.2).
Therefore, the analysis step provides a mapping P(u"*1|Z") s P(u"T!|Z7+1). By u"
we denote the probability measure on RV* corresponding to the distribution P(u"|Z"),

and gnt!

, the probability measure on RV» corresponding to P(u"*1|Z"). The Figure
6.1 gives an illustration of the measure updates, for a 40-dimensional Lorenz-96 system
of equations with full observations (see section 6.3 for more details on Lorenz-96). The
continuous measures are here approximated by empirical measures. The illustration
depicts the evolution of the first two components of the 40-dimensional state. The filtering
measure at time ", u™ (light blue), evolves into a forecasted measure at time ¢+, pn+!
(green), which is then updated by the observations z"*! into a filtering distribution at
time t" ™1, u"*! (dark blue). We see that in this particular case, the analysis step reduces

the variance by assimilating the observations and moves the measure closer to them.

6.2 Standard algorithms

This section is dedicated to describing various methods used to deal with the discrete
filtering problem. We start in subsection 6.2.1 with a linear problem with additive
Gaussian noise, for which the Kalman filter provides an exact algorithm. In subsection
6.2.2 we describe how the Kalman filter technique can be extended to efficiently treat
nonlinear problems. Lastly, we introduce the particle filter in subsection 6.2.3.
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6.2.1 The Kalman filter

Let us consider the scenario where W is an affine operator, i.e. there exists a matrix
M € RN»*Ne and a vector a € RV which satisfy

U(v)=Mv+a Yo e RV,

In this case, both the forecasted distribution P(u"!|Z") and the filtering distribution
P(u™|Z™), Vn € N are Gaussian (see e.g. [LSZ15, Lemma 1.5, 1.6] for a proof) and
therefore can be entirely characterized through its mean and covariance.

Let (m”,C™) denote the mean and the covariance matrix of u”|Z™ and (m™+!, C"t1)

denote the mean and the covariance of u"™!|Z". The forecasted mean and covariance

matrix satisfy
m"t = Mm" + a, CHl = MC"MT + 3. (6.6)

The Kalman filter then calculates the exact posterior filtering distribution P(u"*1|Z"+1),
characterized by m™*!, C"*1, which are obtained via the formulas from the following

lemma.

Lemma 6.2.1. Assume that C°, %, T > 0. Then C™ > 0, Vn € N, and

mn+1 — mn—i—l + Kn+1dn+1,

ontl — (I _ Kn+1H)C«n+1 (67)
where
dn+1 — Zn+1 _ Hmn—&—l’
S™ = HC™'HT +T,
Kntl = gntlgT(snth—L, (6.8)

For the proof we refer the reader to [LSZ15, p. 80-81]. The quantity d"*' measures the
difference between the observations of the predicted mean and the data and is referred
to as the innovation at time step n + 1. The matrix K"*! is called the Kalman gain.
Note that the matrix inversion in (6.8) takes place in the data space, whose dimension [
is, in many applications, much smaller than the state space dimension Njy,.

Remark 7. In the linear setting, the Kalman filter update formulas (6.7)—(6.8) can be
reinterpreted as solutions to a minimization problem. The update equation for the mean

m"*t! (6.7) can be rewritten as
m"! = arg min J(v) (6.9)

1 .
J(v) = i(Hz"H = Hol? + v = 2" i) (6.10)
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with 7™t C"*+1 given by (6.6) and ||v||% defined as |jv]|% = (v, K~'v) for K being a
symmetric and positive-definite matrix.

6.2.2 Approximate Gaussian filters

Dealing with nonlinear operators ¥ is more challenging. The Kalman filter can be
extended to treat nonlinear problems by invoking a Gaussian ansatz in the analysis step
of the filter. These approaches are proved to not approximate the filtering distribution
correctly in a general setting. We will mention three algorithms, namely 3DVAR, extended
Kalman filter and ensemble Kalman filter. All of these three algorithms approximate the
generally non-Gaussian forecasted distribution by a Gaussian distribution P(u"*1|Z") ~
N (", C"*1) and the subsequent analysis step applies the standard Kalman formulas
from Lemma 6.2.1.

3DVAR

The 3DVAR algorithm simply fixes the model covariance matrix for all time steps cn=C
using some prior knowledge and evolves the mean as m" ! = U(m"*1). Note that the
role of constant C' can be interpreted as fixing the regularization term in (6.9)—(6.10) for

all n.

We remark that the 3DVAR is a rather computationally inexpensive method, as it only
requires to evolve the mean value through the forward model.

Extended Kalman filter

The extended Kalman filter (ExKF) computes the model mean m™ ! in the same way

as 3DVAR, but the model covariance C"t! is obtained through a linearization of (6.1).
The resulting formulas for the prediction step are
> on (8‘1’
mn ou

The analysis step then applies standard Kalman formulas.

mn—l—l — ‘ll(mn+1), én-l—l — <§LILI

)T + Y. (6.11)

mn

The ExKF relies on a linearization of the forward operator ¥ so that the resulting
distribution is at all times Gaussian. For a highly nonlinear ¥ this strategy introduces a
large error in the forecast step.

Ensemble Kalman filter

The idea of the ensemble Kalman filter (EnKF) is to propagate a set of particles (called an

N

ensemble of particles), {u@)} j=1, through the forecast model (6.1). The model mean and

covariance (™! C"*1) are then approximated by sample mean and sample covariance
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estimators using this ensemble

ﬂa—g_lz\y(?)—i_é‘(] .7_17 7N7
N
sntl 1 An—i-l
N e (J)
. N
Crn—l—l An+1 S n—&—l)(u(]?l _ mn+1)T’

where {6) i " and at time t = 0, u(()j) %40, The analysis step then applies standard
Kalman formulas (6.7)-(6.8) to update the mean and covariance (see [Eve09] for an
overview of the methodology, written by one of its founders, and [LE96a] for an early
example of the power of the method). To restart the process, one needs to generate a
new ensemble of particles. There are many ways of achieving this (see e.g. [BEMO1;
And01; WHO2]). One of the most commonly used is the perturbed observation EnKF,
which applies

ugyt = (= K" H)at + Kt j=1,...,N,

) “(5)
(6.12)
n+l1l _ _n+1 n+1 _
Zg) = +10) ]—1,...N,

for the analysis step. Here, n?j)rl denote i.i.d. samples from N(0,T). The matrices S™1
and K™! are obtained as in (6.8). The algorithm provides update rules of the form

{u?j)};'v:1 = {ﬁzﬁ)-l}j\le — {u@.")'l}jy:h

resulting in approximations to the forecasted and filtering measures by empirical measures

A ZMI Za
=1

=1 “(4)

Note, that, except for linear problems, the approximations do not converge to the true
distribution p" for N — co. This limitation is overcome by the particle filter introduced
in the following subsection. Despite this limitation, the EnKF is still widely used in
practice as it often performs well in high-dimensional nonlinear problems.

6.2.3 The particle filter

Similarly to EnKF, the particle filter provides an approximation of the sought (filtering
and forecasted) measures by a convex combination of Dirac probability measures (also
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called empirical measure):

N

al N
~ ¢ Anl Antl n+1 n
sz:;/\(j)%@), + Z + 5?51, Z/\ + ;Am—l

which require the knowledge of the locations and weights {uzlj Al j 1> {ﬂ’&“ )\7(151}?7:1
of the associated particles. Note that in this case the Weights are not assumed to be
uniform. Thus the objective of particle filter algorithms is to propose the update rules

{u?]), 7(13)}?7:1 — {An-i-l )\n-‘rl}J ) — {un]—&)—len—f—l}] .

for the forecast and the analysis step, respectively.

Unlike the approximate Gaussian filters, the particle filter provides an approximation
which converges to the true posterior filtering distribution as N = x ([LSZ15, Th.
4.5]). However, particle filters do not perform well in real-world applications and further
improvements are necessary.

We will describe the algorithm in its basic form: the bootstrap filter.

Forecast
In the forecast step, we keep the weights unchanged )\?;)rl = )\?) and we let the particle

locations evolve through the system (6.1), i.e. ﬂ?f)“l U(uf ugy ) +&Gp i=1,... , N, where

{56.)}?7:1 is a set of i.i.d. samples from the distribution of £*. We thus obtain a particle
approximation of the forecasted measure

N

An+1 Z )5 —

“)

Analysis
The analysis step is performed via the Bayes’ formula (6.5) resulting in

"+15m+1 (6.13)
“)

HMZ

where the particle locations stay unchanged whereas the weights are updated as

An+1
n+1 () In+1 _ n n+1
N T Ty oy o =9GN AG) (6.14)

Here, g"(u) is given by
g™ (u" ) o< P(2"THum T, (6.15)
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where the constant of proportionality is irrelevant as the weights {/A\?]‘)H ;V: | are re-

normalized afterwards. The weights update (6.14) could lead to troublesome scenarios
when one of the particle weights approaches 1 and consequently all others approach 0.
This phenomenon is often referred to as the degeneracy of the particle filter. It can be
partially overcome by resampling, i.e. drawing N samples from the measure (6.13) and
assigning the weight ﬁ to each of them.

6.2.4 Optimal proposal particle filter

The optimal proposal particle filter (OP-PF) addresses the degeneracy issue in particle
filters with the goal of ensuring that all posterior particles have similar weights. The
OP-PF does not strictly follow the prediction and analysis paradigm of the ‘standard’
particle filter. The update of particle locations in the forecast step of the particle
filter can be reinterpreted as drawing samples ﬁ?;)rl ~ p(u?j), -) from a Markov kernel
p(u™, u™) = P(u™|u™) (see [LSZ15, Sec. 4.3.2.] for more details and e.g. [LSZ15, Sec.
1.4.1.] for more details on Markov kernels and Markov chains) and updating the weights
in the analysis step by incorporating the data via the Bayes’s law. The optimal proposal
aims to improve the proposal distirbution w.r.t. which the new particle locations are

drawn by including the data.
The so-called optimal proposal particle filter is found by choosing the Markov kernel
p(un’ un+1) — P(un—s—l‘un’ Zn—i—l)

thus, the final update position of the j-th particle is drawn from the posteriori distribution
u?;)H ~ P(-lu?j),z"*l). Applying Bayes’ law twice (see e.g. [Sny12] for more details),
one can show that the weight update for the j-th particle drawn from P(u’&?”u’&), 2L
satisfies
n+1 n+1l), n n
AGy o PG uG)AG)-

For general stochastic forward models, obtaining samples from IP’(qu)r1|u7(1j), 2"*1) is not
always possible. However, for the case of the forward model considered in this work (6.1),
i.e. a deterministic forward operator ¥ with additive Gaussian noise £, the distribution
and the weights are given in a closed form. The optimal proposal update of each particle

is Gaussian with P(u@ﬁl\u&), 2 = N(m?j)rl, @), where

Q'=S""+HTH,

(6.16)
n+1 __ n —-1( _n+1 n
mitt = W(ug) + QHTT T (" — HW(ufy)).
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The update of the weights satisfies

A

in+1 n+l|. n n n+l __ J

Gy =PET ()G A T oo
2 5=1 ()

with
P(zn—l—l‘u?j)) x exp ( — %(z"-ﬂ _ H\Il(u?j))y-(z + HFHT)_l(Z”+1 HY(u (]))>)

Applying the Woodbury matrix identity [LSZ15, Lemma 4.4], the formulas (6.16) can be
rewritten as Kalman formulas

—1
Q=(I-KH)Y, K = SHT(HSHT+T) (6.17)
miHl = w(uly) + Kd), dij) = (=" = HU(ufy))). (6.18)

6.2.5 The Gaussian mixture filter

As mentioned above, generally, the OP-PF does not follow the prediction and analysis
steps typical of most filtering algorithms. However, when applied to systems of the form
(6.1), it can be reinterpreted as a 2-step algorithm, solving for the forecast and analysis
steps. To show this, we first introduce Gaussian mixture models.

Gaussian mixture models (GMMs) provide an attractive framework to approximate
unknown distributions based on a set of ensemble realizations. We say that a random
vector u € RN is distributed according to a GMM if

M

M
u) =Y T X N(u;mun, ), Z = (6.19)
m=1 m=1
Here M € N is referred to as the mixture complexity; 7, € [0,1] are called the mixture
weights; m,, € RM are the mixture mean values and C,, € RN»*Nr are the mixture
covariance matrices. An important property of a GMM is that their Bayesian update
remains a GMM, if the observation operator is linear and the observation error is Gaussian.
This is in fact the scenario of the analysis step in our work, since observations are obtained

as (6.2).

Lemma 6.2.2. Let the forecasted disribution P(u"™t|Z™) be a GMM, i.e.
P n—i—l’Zn Z An+1 n—l—l; m%—s—l’ é%—i-l)‘
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Then the filtering distribution P(u"t|Z"1) is a GMM

M
P(un+1‘Zn+1) — Z ﬂ_%—&-l % N(un+1;mfn+1,0%+l),

m=1
where the updated weights, mean values and covariances are given by

m;anrl — TATL%+1 + Km(szrl _ ngjl),

CrHl = (I — K, H)CH,

(6.20)
ﬂ_n—i—l _ ﬁ-?nJrl : gm(szrl)

m iJ\il ﬁ;@ﬂ ‘gi(2n+1)’
with Ky, and gm(2) defined as

Ky =CrH HT(HCH HT 4T) 7L,

1 A

gm(z) x exp ( - 5(2 — HaMHT(HCY M HT +T) (2 - Hm’;,jl)).

Proof. For the details of the proof we refer the reader to [CBO1]. O

Note that the matrix K, in (6.20) is the Kalman gain matrix corresponding to the m-th
mixture component. The individual mixture mean values and mixture covariances are
updated in accordance with familiar Kalman update formulas (6.8). The coupling occurs
only through the weights, which are updated as in the particle filter (6.14).

Now, let us describe the Gaussian mixture filter (GMF) algorithm. Let the filtering
measure at time t" be approximated by an empirical measure

N
n __ n
w= Z)‘(j)éu?j)'
j=1
The GMF is realized through a forecast and an analysis step.

Forecast. In the forecast step we first keep the weights unchanged and we let the
particle locations evolve through the deterministic forward operator ¥ from (6.1), i.e.
a’g;l = ‘If(u?j)), j =1,...,N. Incorporating the model error results in a forecasted
distribution which is a Gaussian mixture where the mixture covariance matrix is constant
across all the mixture components

N
P(u"t|Z™) = Zl NGy x N(u"hagst, 5). (6.21)
iz

Analysis. Applying Lemma 6.2.2 we see that the analysis step results as well in a Gaussian
mixture with the mixture covariance matrices constant across all the mixture components:
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N
P™Zm) = 3 NG x N hmg ™, o, (6.22)
7j=1

where
Ct' = (I-KH)Y, K=SHT(HSH'+T)"",
m;”rl = ﬂz’;)rl + K (2" — Hﬁzlj)_l)a
Al 9z

m=1 Al g (27H1)

(6.23)

n+1l __
AGy =

with g;(z) o exp(—3(z — Hﬁ@.‘;l)T(HZHT +I)7Hz - Hﬁ?j‘;l)) To restart the process,
one needs to generate a new ensemble of particles. There are many ways of achieving
this. Here we propose the following

n+l n+1 n+1
ugy =my G (6.24)

n+1\N

where {’yw j=1 are 1.i.d. samples from N(0,C™*1). The resulting empirical filtering

distribution {)\Z,J)rl, u’(?)rl ;-\7:1 is, in fact, equivalent to the distribution resulting from the
optimal proposal particle filter (6.16), which means that the proposed GMF is the OP-PF.
This is true specifically for the case of deterministic operator ¥, normally distributed

additive model and observation error and linear observation operator.

6.3 Numerical example: Lorenz-96

The preceding section lead us through some of the most standard methods applied to deal
with the discrete filtering problem. In this section, we introduce a numerical example
which will be used throughout the whole work as a test case for comparison of different
filtering algorithms.

The performance of the aforementioned algorithms, as well as the performance of the
new-proposed techniques provided in the next chapter, will be tested on a guiding
numerical example, the 40-dimensional Lorenz-96 dynamical system ([Lor96]). This
system of equations is a simplified model of the chaotic nature of atmospheric processes,
and therefore a popular test case to assess the performance of filtering procedures in
turbulent dynamics. The equations take the form

U = ui—1(Wit1 —ui—2) —ui + F, i=1,...,40 (6.25)
Up = U40, U41 = UL, U—-1 = U39-
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This is a specific case of a more general quadratic system formulation
4= (L+ D)u+ B(u,u) + F, (6.26)

where L is a skew-symmetric linear operator, i.e. LT = —L, D is a negative definite
symmetric operator DT = D. The quadratic term B conserves energy which means
(B(u,u),u) = 0and Fis a forcing term. Many turbulent dynamical systems in geosciences
and engineering have such structure [Sal98; MX06].

To asses the performance of the various algorithms, we show the behavior of the RMSE
(root mean square error) of the signal u™ over time, defined as

n 1 y
RMSE(t ) = m Z ||U6) - Utrue(tn)||2'
R4V =1

For the numerical experiment in this section, we set the following parameters: final
time T = 30, time between observations At = 0.05, the model error covariance matrix
¥ = 10~*.1d, the observation error covariance matrix I' = 1072 - Id and the observation
operator H = Id. The data {z"},cn is obtained synthetically, i.e. there is a true signal
Utrye satisfying (6.1), for which 2" = Huge(t") 4+ 1, with n being a sample of n™.

We focus on the 3DVAR, extended Kalman filter (ExKF) and the ensemble Kalman
filter (EnKF) as examples of the approximate Gaussian filters from Section 6.2.2, and the
bootstrap filter (PF) and the Gaussian mixture filter (GMF) as examples of the particle
filters (in our setting GMF is equivalent to the optimal proposal particle filter and so
we consider it to be an example of a particle filter). The behaviour of their RMSEs is
depicted in Figure 6.2 and Figure 6.3. Since full observations are available, an algorithm
performs reliably if the RMSE is below the observation noise (otherwise one can consider

n+l _ zn-‘,—l

a trivial filtering with resulting in RMSE being equal to the observation

noise).

We see from the figure that the performance of the 3DVAR depends on the choice of the
constant covariance matrix C. Choosing C=10"*-1d expresses a rather high confidence
on the capability of the mean value to represent well the predicted measure ji. For a
highly non-linear system, like the Lorenz-96, this is not justified and the algorithm looses
track of the signal very quickly. Choosing C=1.- Id, on the contrary, expresses a high
uncertainty in the predicted measure. The updated filtering distribution relies mostly
on the information from the data and consequently the RMSE does not improve upon
the observation noise. Finally, setting C = 1072 1d provides satisfactory results. We
conclude that in this test case, 3DVAR does manage to track the signal, but an a-priori
insight into the choice of the constant covariance matrix is necessary. As for the extended
Kalman filter, the method manages to track the signal at the very beginning of the
experiment but then eventually loses track.
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—— no filter N =1000 W
—— 3DVAR var=1.
—— 3DVAR var=1le-2

10°{ —— 3DVAR var=1le-4
— ExKF

—— EnKFN=5
—— EnKF N=100

—— EnKF N'=1000
obs. noise

RMSE

1071 4

0 5 10 15 20 25 30
time

Figure 6.2 — Comparison of RMSEs when applying approximate Gaussian filters, namely
3DVAR with different covariance matrices, ExKF and EnKF with different number of
particles.

It comes as no surprise that the ensemble Kalman filter deals with the problem much
more efficiently, as it involves evolving a set of particles through a full non-linear system.
Its performance depends on the number of considered particles. In Figure 6.2 we see a
clear improvement when increasing N, where in fact N = 100 is sufficient to track the
signal. Although the EnKF is not consistent with the true filtering distribution, as long
as the signal is tracked, the filtering distribution remains well concentrated around the
‘true value’ and a Gaussian approximation turns out to perform well.

The particle filters are proven to provide an approximation which converges to the true
filtering distribution in the large-particle limit. However, in Figure 6.3 we see that to
avoid degeneracy, the most basic form, the bootstrap filter, requires evolving a high
number of particles N = 1000. This demand is weakened by the optimal-proposal particle
filter (or the Gaussian mixture filter), for which N = 100 is sufficient.

As a last test case, we provide a comparison of all algorithms: 3DVAR, ExKF, EnKF,
PF, GMF to a problem with partial observations. We set the following parameters: final
time T = 30, time between observations At = 0.05, the model error covariance matrix
¥ = 1072 .- 1d, the observation error covariance matrix I' = 1072 - Id. The observation
operator observes every second value of the 40-dimensional signal, i.e. [ = 20. We
note that in the case of partial observations, we do not expect the RMSE of any of
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1 — no filter N=1000 W
{ —— PFN=100

—— PFN=1000
1041 — GMFN=5

| — oMF N =100
1 —— GMF N=1000
- obs. noise

RMSE

Figure 6.3 — Comparison of RMSEs when applying particle filters, namely bootstrap
filter (PF) and optimal proposal particle filter (GMF), with different number of particles.

the algorithms to be necessarily below the observation noise. In Figure 6.4 we see that
indeed, none of the filters managed to keep the error below the observation noise. The
best results were achieved by the EnKF and GMF.
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3.5
—— no filter N=100
30 — 3DVARvar=L.
' —— 3DVAR var=1e-2
—— 3DVAR var=1e-3
2.5 — ExKF
—— EnKF N=100
204 — PFN=10000
u —— GMF N=100
E 1.5 4 - obs. noise
1.0 A
0.5 1
04~~~

Figure 6.4 — Comparison of RMSEs when applying approximate Gaussian filters and
particle filters to a problem with partial observations (I = 20).
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fd Dynamical low rank approxima-
tion for filtering problems

A concern with nonlinear data assimilation schemes as those presented in the previous
chapter is their difficulty in handling the dimensionality of the state space Np, which
can be very high in many atmospheric and geophysical applications. When running
a full-order model is extremely expensive and only a very few runs (particles) can be
performed in the forecast step, one needs to rely on reduced-order modeling techniques.
These typically consist in looking for a solution in a low-dimensional subspace. However,
especially in the context of data assimilation, the “optimal” subspace that approximates
well the whole solution (or a large ensemble of particles) can significantly vary in time.
In this respect, employing the dynamical low rank approximation (DLRA) in the forecast
step seems very advantageous. The dominant subspace evolves in time, adjusting to the
underlying dynamical system at every time instant as well as the incoming observations.
In this chapter, we will first explore the idea of applying simple DLRA in the forecast
step, combined with standard algorithms (introduced in Section 6.2) in the analysis step.
In Section 7.1, we will see that keeping the signal in a simple DLR form and completely
dismissing the omitted modes in the DLRA can result in unsatisfactory scenarios, as
shown in the numerical experiments presented in Section 7.1.3. In Section 7.2 we will
propose two new algorithms, which complement the signal in the DLR form by a Gaussian
component. In Section 7.2.5, their performance will be tested on a Lorenz-96 system of
equations (see Section 6.3 for the definition of the test case). We would like to point out
that all the work presented in this chapter is original.

7.1 Simple dynamical low rank approximation in the fore-
cast step

We will start our exploration of applying DLRA in filtering problems with the most

straightforward idea: replacing the full-order model in the forecast step by a signal in

the DLR form and performing the analysis step using some of the standard algorithms
introduced in Section 6.2.
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First, we recall the DLR formulation applied to our setting. Let us consider an abstract
probability triple (2, S, ), where € is the sample space characterizing all uncertainty in
the model, i.e. model error, observation error and initial condition.

We will denote by w € € an elementary event and the space of all square integrable
random functions taking values in R™, m € N, will be denoted by L?(2; R™)

L*(Q;R™) = {f : Q — R™, S-measurable | / | £(w)|? du(w) < 0o},
Q
where || - || = (-,+) is the standard Euclidean norm in R™. By L3(2;R™) C L?(2;R™)

we denote its subspace of all functions with zero mean.

7.1.1 Forecast step

We are looking for a signal uP™® ¢ L2(Q; R¥»), approximating the solution of (6.3) for
t € (t",#""1) in the form

R
Utre (t) & uPPR(t) = aPPR () + Y UL ()5 (1), (7.1)

r=1
where 4P is the mean value of uP*} U = (Uy,...,Ug) denotes a deterministic basis
orthonormal w.r.t. the Euclidean inner product (-,-) and Y = (Y7,...,YR) are zero mean

random coeflicients with bounded second moments, for which the covariance matrix
Cy := E[YTY] is full rank. The rank R is kept constant in time. Note that in this
work we consider the DLR form where the deterministic basis U is kept orthonormal, as
opposed to Chapter 2, in which the stochastic basis Y was kept orthonormal.

Initial condition

As the first step, we describe how to obtain the initial condition at time ¢" in the form
(7.1) starting from an arbitrary signal v € L2(Q;R™). Throughout the rest of the work,
we use the notation f* = f — E[f]. To start with, the Karhunen—Loéve expansion of u™*

results in N
h
u™ =" e,
k=1
where {ek}ivzhl C RMr are pairwise orthonormal vectors in RM and &€ = {¢1,...,¢n, }

are zero mean, pairwise uncorrelated random variables ordered by decreasing variance.
We can then set

R
uPLR.n — 7DLR.n 4 Z UMY, with
r=1

aPt = P Ut =, VP =¢,, VI<r <R

r
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In the rest of the work we will apply to following vector notation U = (Uy,...,UR) €
RV XE Y = (Y7,...,YR) € L2(; RE). By Py[v] we denote the projection

Pulv] == ZUi<Ui7U>a v e RN,

=1

Definition 7.1.1. We define the DLR solution of the problem (6.3) as

R
uPHR(t,w) = 2P (1) + Y Un ()Y (t,w) = aPMR () + U YT (¢, w),
r=1
where @PMR is the solution of
utt =E[FPMY)], te @t (7.3)

and {U,}2, {Y,}E | are solutions of the following variational formulation for ¢ €
(tn,tn+1)

EKUYT +UYT, v>] = EK]:* (uDLR), v>}
Yo € {w = 6UYT + USYT with §U € RM*E_(5UT,U) =0
oY € LA RM)}, (7.4)

with the initial conditions @P™R ("), {U,.(t")}; and {Y,.(t")} 2, obtained as described
in (7.2).

For completeness, we specify the detailed evolution equations for the DLR modes in the
following theorem.

Theorem 7.1.1. The variational formulation (7.4) results in the following system of
equations for the mean value WP™® and the DLR modes {U,, Y}

aDLR — E[I(UDLR)],

Yo = (Up, F{@P™)), 7 =1,...,R,

f:(Cy)lrUl - (E[f*(uDLR)m - U<U,E[f*(uDLRm]>), r=1,...,R,
=1

with Cy = E[YTY].

Proof. The proof can be found in [SLO09]. O
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The evolving measure is approximated by an empirical measure {uDLR )\(j)}é-v;l with

R
DLR DLR
u) + Zl UrYz () (7.6)

The weights do not evolve in time. In the computation of (7.5), we replace all expectations
E[-] by the sample averages E[], that is

N
EN DLR Z )\(] . R and E . []:* DLR Z )\ f* DLR 7(])
7=1

The resulting system of equations discretized in the random variable is
=DLR DLR
U =Eg[Fu )],

r(]) <UT,]:*( ](DJI)JR)>, T:l,...,R,

S (Ol = (Eg [P~ U0 By [P WPE]), ro1 R
=1

with Cy = EN[YTY]

By UPLR we will denote the DLR approximation of the forward operator ¥ from (6.1),
i.e. an operator that takes in a set of N particles and weights characterizing the filtering
distribution at time t?: yPMR» = {uDI;Rn /\?)} j=1, and applies the DLR method to

approximate the evolution of the system (6.3) on (¢, t"“) returning a set of forecasted

~DLR,n+1 _ {uDLR(tn+1) )\n+1 ~DLR n+l _ \I,DLR( DLR,n)'

particles and weights @ ) )X j=1 U

7.1.2 Model error and analysis step: ensemble Kalman filter and par-
ticle filter

By oPLRnH U™+ let us denote the mean value and deterministic basis, respectively,
resulting from (7.5) at time ¢"*1. The last part of the forecast step involves incorporating
the model erTor. The standard particle or ensemble Kalman filter adds N independent
samples {ﬁ( 1 of the model error to the particle locations obtained from evolving

the system. Slnce generally {f N, € RM are not restricted to any subspace, this
process would result in losing the low rank structure (7.6) of the signal. Instead, we add

samples from the model error projected on the subspace spanned by U"*1. The resulting

forecasted distribution is characterized by the set of particles aPMR-n+1 = {ADLR nt J 15

which satisfy

~DLR,n+1 DLR/, DLR,n . n s U
gy = (WPREPE) 4 Ponalel) G =1
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where Ppni1 [{@)] = gttt f&). Note that the projected model error samples can
be alternatively obtained as 56) = U”Jrlx?j) with X?j) ~ N(0,Xpn41) with By, =
O’n+1Tzﬁn+1 c RExR,

It is worth keeping in mind that, as opposed to EnKF or particle filter, where the
particles are evolved independently of each other and can be computed in parallel, the
operator WPLR requires the knowledge of all particle locations and consequently creates
correlations among them.

To incorporate the observation, we apply standard algorithms presented in Section 6.2
that deal with empirical measures, namely ensemble Kalman filter (EnKF') and particle
filter. The EnKF computes the sample mean and sample covariance using the forecasted
set of particles and updates the position of every particle via the Kalman formulas
(6.12). The particle filter updates the weights by formulas derived directly from the
Bayes’ formula (see (6.13)), which is often followed by a resampling step. Both of these
algorithms lead to an updated empirical filtering distribution P(u"*1|Z"*+1) given by
{)\Zﬁl,u]é};R’nH ;VZI We will present two lemmas that highlight the advantages and
disadvantages of the analysis step performed in the aforementioned way.

The forecasted particles are of the form

R
~DLR,n+1 _ 2DLR,n+1 Arn+1¥n+1
() =u +>_ U, (7.8)
r=1
where }A/T”“, r =1,..., R are the stochastic coefficients Y, resulting from (7.5) at time

"1 summed with the projected model error samples (£")gn+1 1= (Unt1 eny,

Lemma 7.1.2. Performing the ensemble Kalman filter update with perturbed observations
in the full state space with the forecasted distribution given by (7.8) and observations

2" s equivalent to applying

R
DLR,n+1 _ 2DLR,n+1 An4-1y n+1T
UG) =u +2_ U (7.9)

r=1

n+1T
Y’

where () are obtained by ensemble Kalman filter update formulas in an R-dimensional

stochastic subspace via

.FI = HU”Jrl, CN717n+1 = EN [?”HTY”H]
gntl — FICN f’”+1ﬁT +7T,

Kt = C'NY”HFIT(S'”"_I)_I (7.10)
Y;}J)” =(I- f(”“ﬁ))@f@f FRML j=1, N r=1,.. R,
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Proof. We start by noticing the following relations. The forecasted covariance matrix
satisfies

A 2 A T

CnJrl = UnJrlCN’f/nJA Un+1 )

and for the Kalman gain it holds K™+! = U1 K"+ which from the orthonormality of
Unt1 gives
KnJrl _ (7n+1TKn+l.

We follow by deriving
DLR,n+1 _ 2DLR,n+1 Arm4-1y n+17
v = HUTTYG)
ADLRn+1 | frntl (7 _ fontl fr\m+1T | fntl ntl
i + U™ (1= R YT + Rt

_ ~ADLR,n+1 Arn+1xn+1T Frn+1 gon+1( n+1  fpyon+1T
=u F OV  OTE T (- BT

~“DLR,n+1 Frn+19-n+17 n+1( _n+1 n+l _ rr2DLRn+1 _ 7pyn+1T
u F O K (- HYG)

_ @DLR,nJrl + Kn+1 (Zn+1 + nn+1 N HaDLR,n—I—l _ HUn—f—l}}(?)Jru)

() )
~DLR,n+1 n+1l( _n+1 n+l ~DLR,n+1
U + KT (gt - Hagy ),

i.e. we recovered exactly the formulas for the ensemble Kalman filter analysis step
introduced in (6.12). O

We stress that being able to carry out the analysis step within the subspace is very
favourable. The EnKF analysis step in the full state space requires computing the
covariance matrix C"t1 € RNexN, hwhich for a high N}, is unfeasible. We shall note that
for all the quantities in (7.10) it holds

_E[ c RlXR, CN7§7n+1 c RRXR, S’TL+1 c Rle7 Kn-ﬁ-l c RRXZ,

i.e. the update formulas do not see the squared full-state dimension Ny, x Np, if | < Np,.

Corollary 1. The particles {UBI)“R’"Jrl ;”;rll approximating the filtering distribution

P(u™*t1|Z"*1) obtained by either EnKF or particle filter formulas satisfy

A

DLR,n+1 - ADLR,n+1 Frn41 1 - 3
U cu " @span(U]T, . URTY), Vi=1,...,N,

i.e. the mean value as well as the R-dimensional DLR subspace spanning the particle
locations is not updated in the analysis step

gPERntl — gPLRnvl =gl — gl -y =1,.. R

Proof. For the EnKF the statement is a simple consequence of Lemma 7.1.2. For particle
filter it comes from the fact that the locations of the particles are not updated in the
analysis step and the resampling step does not enlarge the subspace spanning the particle
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Figure 7.1 — Evolution of an empirical measure of the first two components of a Lorenz-96
system, computed at the beginning of a forecast step (u™), at the end of the forecast step

(A™*1) and at the end of the analysis step (u"!). The forecast step was computed via

DLRA with R = 1.

locations. n

This behavior is clearly illustrated in Figure 7.1, which shows the evolution of the
empirical measure of the first two components of a signal, using DLR with R =1. All
measures concentrate along lines (1-dimensional subspaces), since the particle locations
are spanned by a 1-dimensional DLR subspace. We see that the measure at the beginning

of the forecast step p™ (lightblue) evolves into a"*!

(green). This update changes the
subspace U which is depicted as a change in the corresponding line. The analysis step
then updates the forecasted measure 4" into y"*! (dark blue) without updating the
DLR subspace, nor the mean value, i.e. the line along which the two measures are spread

remains unchanged.

We conclude that not having to update the R-dimensional subspace is advantageous in
terms of computational complexity. However, in the following lemma we can see the
drawback of not updating the subspace, at least in the case of full observations and an
observation error with a specified distribution.

Lemma 7.1.3. Consider a case with full observations H = 1d. Let us assume that there
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Chapter 7. Dynamical low rank approximation for filtering problems

is a state Uirue, such that

n+1

< = Hutrue(thrl) = utrue(thrl)-

By Pgnﬂ[utrue(t”“‘l)] we denote the orthogonal projection of Ugue(t"T!) on
span(U”H, o UEH) w.r.t. the inner product (u,v)r := (u, T~ ) induced by the covari-
ance matriz I'. In addition, by z?{rl we denote the observation associated to the projected
state

n+1 =H Pgn-u [Utrue (thrl)] P(I}n-u [Utrue (thrl)]'

Then, for the filtering distribution P(u™*t1|Z™ 2"*1), obtained by either EnKF or particle
filter analysis step, it holds

P(un+1|Zn’Zn+1) _ ]P)( n+1|Zn n+1)‘

Proof. We start with the analysis step performed via the particle filter. As described in
Section 6.2.3, in the analysis step, the locations remain unchanged and the weights get

updated via the formula (6.13). Since the observations are obtained through (6.2), the
.DLR,n+1

computation of ¢"(a Uiy ) from (6.15) involves
_DLR,
g (ARERH) oc exp (st — 2 HR) = exp (= S 4 g o)
1 N N
= exp ( — §HEDLR,n+1 + Un—i-lY'(?)-i—l P5n+1[ n+1] PUn+1 [ n+1]HF)
1/~ N A
= exp ( -5 (HUDLR,nH I Un+1y(?)+1 _ P[I;'n+l [szrl]HF

men ool + o)
sty grorgmi —pp o)

exp (<ﬁDLR,n+1,rPF$n+1 [zn+1]>r) exp ( _ % ‘pF$n+1[zn+1]Hi)

As the last two terms are constant across particles, they can be included in the propor-
tionality constant and we conclude

g (AI()JI)JRnJrl) exp(_%HﬁDLR,n—&-l_i_Un-H}}(?)Jrl PL [ HQ)

gPLRn+1 _ n+1H2)
i) )

— e (-1

As for the EnKF analysis step, we proceed in the following way. From the update
formulas (7.10) we can see the data gets incorporated through the term

f(n+lz?ﬁl — Rl (ol PR 77?51)
E n+1] +PF$H+1[;:”+1] _ HiPLRn+1 +nn+1).

n+1 I
= K"H(Py o

Un+1
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7.1. Simple dynamical low rank approximation in the forecast step

Using the Woodbury Matrix Identity ([LSZ15, Lemma 4.4]), we further derive

~ 1 - _arl
KnJrLPFUn-H [szrl] = CN7?71+1 HT(SnJrl) lprljn+1 [Zn+1]
= Cgynn AT (Td — T (O + FITF—lﬁ)—lﬁT)r—lpfénﬂ Ean
=0,

which proves the statement in the Lemma. O

In other words, if the forecasted particles belong to a certain subspace, in the analysis
step, they only learn from the part of the observations laying in the subspace and omit
completely its orthogonal complement. Depending on the scenario, a major portion of
the information might get lost. In the following section, we will see that these conclusions
play an important role when applying the proposed algorithms to the Lorenz-96 system.

7.1.3 Numerical examples: ensemble Kalman filter and particle filter

To assess the quality of these filtering algorithms, we consider the same test case as
described in Section 6.3. We set the following parameters: final time T = 100, time
between observations At = 0.05, the model error covariance matrix ¥ = 10~* - Id, the
observation error covariance matrix I' = 1072 - Id and the observation operator H = Id.
We set the number of particles N = 1000 sufficiently high, to see a clear impact of the
DLR approximation on the results.

Figure 7.2 depicts the RMS errors obtained by applying the DLR+EnKF with R =
5,10, 15. Increasing the rank, we see a clear improvement in the performance of the filter.
However, a rather high rank R = 15 is barely enough to keep track of the signal with a
sufficient accuracy.

From Figure 7.3 we can observe again the strong dependence of the reliability of the
PF on the number of particles. With N = 1000, the DLR~PF approach is able to track
correctly the state only when the rank is R = 30. For smaller rank, the filter procedure

at some point looses track of the state. Increasing the number of particles to N = 10000,
we manage to get satisfactory results with R = 20.

7.1.4 Model error and analysis step: Gaussian mixture filter

Another technique to investigate consists in applying the DLR approximation within the
forecast step of the GMF introduced in Subsection 6.2.5. This approach addresses the
conjecture that projecting the model error on a DLR subspace and consequently not
updating the subspace in the analysis step causes a significant loss of accuracy.
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no filter
DLR + EnKF,R=5
DLR + EnKF, R =10
DLR + EnkKF, R =15
full-order + EnkF
obs. noise

100 4

RMSE

1071 4

time

Figure 7.2 — Comparison of RMSEs when applying DLR with rank 5, 10, 15 vs. full-order
with 1000 particles in the prediction step and EnKF in the analysis step.

no filter, N = 1000

DLR + PF, R =10, N = 1000
DLR + PF, R =10, N = 10000
DLR + PF, R =20, N = 1000
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DLR + PF, R =30, N = 1000
w full-order + PF, N'= 1000
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Figure 7.3 — Comparison of RMSEs when applying DLR with rank 10, 20, 30 vs. full
order with 1000 or 10000 particles in the prediction step and particle filter in the analysis
step.
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7.1. Simple dynamical low rank approximation in the forecast step

The forecast step consists of two parts: evolving the system through the forward operator
¥ and incorporating the model error. The first part is executed in the same way as
the DLR-EnKF or the DLR-PF of the previous section — the forward operator ¥ is
approximated by the DLR method described in Section 7.1.1, resulting in a set of N

N N

particle locations and weights {(\IIDLR(uDLR’"))(.), )\E‘J.J)rl} . The second part of the
J Jj=

forecast step and the analysis step are performed analogously to the GMF algorithm

described in Section 6.2.5. The particles provide the mixture means while the model
error is used to build the mixture covariance of the forecasted distribution

N

P(u+[Zm) = 3 An N<u"+1; (WPt z). (7.11)
j=1

We recall that the mixture means are of the form

R
yPLR (, DLR,n ) — ;DLR,n+1 {rtlyntl
(ePHR ) U,
r=1
where yPMR+L Untl yotl e — 1 R are the mean, deterministic basis functions

and stochastic coefficients, respectively, resulting from (7.7) at time t"*!. Applying
Lemma 6.2.2 we see that the analysis step results in a Gaussian mixture

N
P(u™Y 271 ~ Z )\6351 x N (u"t; m;Hrl, ot (7.12)
j=1

with )\7(1].3“1, m[ ™, C" T computed with formulas (6.23).
Note that this algorithm does not project the model error on the DLR subspace. Real-
izations from the forecasted distribution (7.11), as well as from the filtering distribution
(7.12), are generally not restricted to a low-dimensional subspace. To restart the forecast
step for the new time step, we need obtain N new particles. This is performed analogously
to (6.24). In addition, we need to recover a low-rank format (7.1). This is realized via
an SVD decomposition which results in an updated DLR subspace that provides the

best R-rank approximation (in the E ||| - [|]-norm) to the samples of the filtered signal

at time "1

R
ul()jI)JR,n _ gDPLRt1 | Z UZLHY:&; (7.13)
r=1
Thanks to projecting the model error when applying the DLR-EnKF or DLR-PF, the
filtering algorithms of Sections 7.1.1, 7.1.2 never see the squared full-state dimension
Nj, X Nj, nor Nj x N (assuming [ < Nj). However, the GMF algorithm builds a
covariance matrix of size N, x INj, at the end of the forecast step and updates it in the
analysis step. This could be avoided by an approximation of the model error covariance
matrix by a matrix with a lower rank Ro < N, which consequently leads to an updated
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no filter
DLR + GMF, R=5
DLR + GMF, R=10
DLR + GMF, R=15
full-order + GMF
obs. noise
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Figure 7.4 — Comparison of RMSEs when applying DLRA with rank 5, 10, 15 vs. full-order
model with 1000 particles in the prediction step and GMF in the analysis step.

mixture covariance matrix of rank < 2R¢ (can be deduced from (6.20)).

7.1.5 Numerical examples: Gaussian mixture filter

Similarly to the previous numerical experiments, we test the performance of the proposed
combination of DLRA with GMF by setting the following parameters: final time 7" = 100,
time between observations At = 0.05, the model error covariance matrix 3 = 1074 - Id,
the observation error covariance matrix I' = 1072 - Id,the observation operator H = Id
and the number of particles N = 1000.

In Figure 7.4 we see that applying the GMF vastly improves the performance of the
particle filter in its simple form with numerical results provided in Figure 7.3. Rank
R = 15 is sufficient to track the signal. Comparing GMF and EnKF with results provided
in Figure 7.2, we observe that both filters require R = 15 but GMF attains lower mean
square error for such rank.

Having tested multiple techniques in combination with a simple DLRA in the prediction
step, we can conclude that the algorithms are capable of tracking the signal in a sufficient
way (at least w.r.t. the RMSE) but still a rather high rank (R = 15 for EnKF and
GMF, R = 20 for PF) is required. In the following section, we propose two methods that
manage to alleviate this demand by complementing the DLRA with a Gaussian term.
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7.2. Complemented dynamical low rank approximation

7.2 Complemented dynamical low rank approximation

The preceding section examined the idea of applying simple DLR approximation in
the forecast step combined with various filtering techniques for the analysis step. We
observed that completely omitting the portion of the signal not captured in the DLR
subspace causes an accuracy loss, which for small ranks R becomes rather significant.
The techniques presented in this section stem from the idea of approximating the omitted
modes by a Gaussian approximation. In the probabilistic description of these methods
we will focus on the evolution of the measures from time " to t"*!. The signal at the
beginning of each forecast step will be distributed as a Gaussian mixture
N
P(u™|Z"™) :Z ) X N(u;m?, C™). (7.14)

As the operator VU is deterministic, all the uncertainty in the system (6.3) arises from the
initial condition u™. The underlying abstract probability space (€2, S, ) can therefore be
parametrized as

Q=R x {mf,... m}}, 8=BRM) x 2"y
/’L = N(07 IthXNh) ® )\7

where A = {A7,..., A%} is a probability mass function over the (discrete) space
{mp,... ,m?\?} and the signal at the beginning of the forecast step satisfies

u"(w) = m + (C™)/24T, with w = (v, m) € Q. (7.15)

In particular, m is a discrete random variable taking values {m7,..., mxf} with probability

A and 7 is a standard normal vector independent of m. Throughout the evolution within

DLR

the forecast step, the signal can be split into two parts: u and the remaining portion

rest rest

exactly is computationally as expensive as
rest

which we will denote as u™'. Evolving u
evolving the full state uiye. To make the problem tractable we will enforce that u
follows a zero mean Gaussian distribution at all times. As such, it can be represented as

a linear combination of the Gaussian random vector

Utrue (B, w) = A(t) + uPHR (¢, w) + ™ (¢, w)

() + uP™R (¢, m,y) + A(t)AT (7.16)

%
N

where A(t) € RV»*Nr is unknown (as well as «P*R) and has to be determined through

the dynamics (6.3). The last term in (7.16) is then distributed as u**s* ~ N(0,T) with
T = AAT. The difficult part is to derive evolution equations for «P*R* and T' which
would avoid redundancy, i.e. a situation in which a portion of the signal is captured
in both terms. In Section 7.2.1 and 7.2.2, we propose two methods to propagate an
approximate solution in the form (7.16) for the system (6.3). Then, in Section 7.2.3
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we detail how to include the model error at the end of the forecast step and in Section
7.2.4, we detail the analysis step. Finally, Section 7.2.5 is dedicated to numerical results
comparing the proposed methods.

7.2.1 Forecast step: DLRA with an independent Gaussian component

We are looking for a signal u € L2(Q;R™") approximating the solution of (6.3) for
t € (t",#"1) in the form

R
u(t,w) = a(t) + P (G w) + u S (L w) = a(t) + > U ()Y (E,m, ) + A(t)yT

r=1

As mentioned above, the challenge is to derive evolution equations for

a, {U M {Y, 2 A, so that no portion of the signal is captured in both uP*®* and

rest DLR* rest

u"®**. This scenario is clearly avoided if u and u™" are kept independent. In our

first algorithm we therefore impose these terms to be independent at the initial time t"

and to remain independent over time. We denote this approximation by uPMRE+H
. R
PR w) = a(t) + Y U ()Y (t,m, y) + At)yT
r=1

with  Y(¢,m,v), A(t)yT independent. (7.17)
Note that tracking the signal in this form with Y approximated by particles {Y(;), A ;V 1
means tracking the signal as a Gaussian mixture at every time ¢

N
uPTRF (1) z_: () X N(u(t) + U)Y)(t), T(t))

with T = AAT.
Initial condition

The initial condition at time ¢t = t" resulting from the analysis step of the previous
time step is of the form (7.15). To proceed with our new-proposed method, we need
to construct an approximation of it in the form (7.17). Notice that (7.15) is not in
the form (7.17) because the mixture means mf, ... ,m' do not live, in general, in an
R-dimensional subspace. Even if they were, we would like to split the Gaussian part
(C™Y/24T into a component in the R-dimensional subspace (so that to have a GMM
in the DLR subspace) and an independent one in the orthogonal complement, which
is not always possible. We need therefore to make some approximation steps to recast
(7.15) into the form (7.17). The most natural idea is to assign uP*R*(#", w) to be the
R-truncation of the Karhunen-Lo¢ve expansion of m from (7.15) and A(t") = (C™)'/2.
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7.2. Complemented dynamical low rank approximation

As a consequence, the uP*R* depends only on the projected discrete variable m, which is
by construction independent of . This approach, however, does not lead to satisfactory
results. With time, the DLR part «P™}" which follows the nonlinear dynamics of the
problem, might not capture the dominant part of the solution and the independence
condition causes loss in accuracy. To mitigate this, we allow the DLR part uDLR*(t”) to
depend on w = (7, m), capturing the most dominant part of u" from (7.15) (not only m).

From the Karhunen—Loéve expansion of u™*

Np,
un* = Z gkelm
k=1

with & ordered with decreasing variance, it holds that & = {&1,...,&n, } are uncorrelated
random variables and {ek}g:hl are pairwise orthonormal w.r.t. the Euclidean inner
product (-,-). In particular, {ek}kNﬁl are the eigenvectors of the covariance matrix

Cm = Y3 ALy (m = m)(mff —m)T + O™, with m = Y704 Ajym7 and

*

&= W" Jex) =(m—m+ (C”)I/QVT,ek% k=1,...,N.
We denote the corresponding eigenvalues by {ﬁk}kN:hl so that E[£x&] = 0g0k. We then

set
" =Eu"|=m, U'=e, YV (w)=¢, V1I<r<R (7.18)

Notice that, by proceeding this way, the DLR part of the signal uPMR:"? = ﬂ”—i—Zﬁ:l uryr
has a GMM distribution concentrated on the R-dimensional subspace spanning U =
(U,...,UR)

N
uDLR,n ~ Z )\‘7]"/ X N(m + UUTm;-L*, UUTCHUUT)7
j=1

where m}‘* =mj —m. As such, it can be re-parametrized by a discrete random variable
m taking values {m + UUTm} ... m + UUTm}:} with probability A = {A7,..., A%},

and an R-dimensional standard normal vector 41.r = (31,...,3r) ~ N(0,Idgrxr) as
uPH RN = i+ U(UTCMU) V24 .

rest

Concerning the u part,

Np,

urest — " — uDLR,n — Z fkek
k=R+1

we proceed by simply replacing &, by Uik with Ariin, = (Yr+1s---.9N,) ~
N(0,Idn, —rxn,—r) and independent of 4;.z. This choice preserves the mean and
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covariance of u™!. In conclusion, our final approximation of the initial condition reads

1/2

WPLRAR — 4 (UTOMD)Y2AT 1 UL ((UL)TCRUL) A1, (7.19)

where UL = (egi1,...,en, ). We set
1/2
an = ut(whyrenut) ?

We work then in the probability space {2 parametrized by the discrete random variable m
and the Gaussian vector ¥ = (91.r, Yr+1:n,, ). In what follows, we rename m as m and ¥

DLR+i

as . In Theorem 7.2.1 we will see, that when propagating the signal u , there is no

need to track explicitly the dependence on yr41.n, and we will work only with "= AAT.

Note that the initial condition (6.1) at time ¢ = 0 is distributed normally u® ~ N (m°, C?)
and thus is a special case of (7.15) with Ay =1 A, =07=2,... . N. In this case, the
initial condition for the u*** is simplified. Indeed, the vectors {ek}g:"l are eigenvectors
of CY and the matrix (U+)TCOU is diagonal. Such initial condition is in fact exact. It is

clear that in this case, the ™ term is independent of the vP*R” term.

We follow by defining the complemented DLR solution for ¢ € (¢*,t"*1).

Definition 7.2.1. We define the DLR solution complemented by an independent Gaus-
sian term of the problem (6.3) as

R
uPT R (4 W) = a(t) + Z U-(t)Y,(t,m,y1.r) + A(t)VIT%-s-l:N,L’
r=1
where « is the solution of
i =E[F@PE), e @ (7.20)

and {U,}F, {V;} |, A are solutions of the following variational formulation for ¢ €
(tn, tn+1)
IEKUYT +UYT + AyRH:NhT, U>] =E <]~"* (uDLRH), U>]
Vo € {f = 6UYT + USYT + 6Av], .y, with 6U € RNF (5U,U) =0,
§A € RN >X(WNi=R) 5y ¢ [2(0;RE), §Y independent of yry1.x, }. (7.21)

We see that the independence of the two terms is enforced in the variational formulation
by constraining the set of test functions. We only allow the variations in Y which are
independent of the random variables Ygry1.n,. The detailed evolution equations for the
DLR modes and the matrix A will be specified in the following theorem for the case of
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the operator F of the form (6.26).
Theorem 7.2.1. Consider the problem (6.26), i.e. the operator F is of the form
F(u) = (L+ D)u+ B(u,u) + F.

The variational formulation (7.21) results in the following system of equations for the

mean value u and the matriz T = AAT:

Np
U= (L+D)a+F+B@u)+ Y SpuBvj,vk)
=1

. (7.22)
T = L,T +TL,T
with (Ly)ij = (Lij + Dij) + (B(4,v),vi) + (B(vj, 4), vi),

where {vk}g:"l is the canonical basis spanning RNr and S € RNv*Nu s o matriz approwi-

DLR+i

mating the covariance matrix of the full signal u obtained as

S = E[(uP™H — ) (PR — @) = UR[YTY]UT + T.

The DLR modes {U,,Y,}R | satisfy
R
Z (L + DUy, U\ Yy, + Z (@, Uy,), U\ Yy + (B(Uy, 0), Uy ) Yy

+Z (U, Ur), Up) (YYe — E[Y;%3])
7,k=1

= (F*WP) Uy, r=1,...,R, (7.23)

f: U;(Cy)jr = (E[F* @)Y, = Py [BIF WPR)Y]]),  r=1,...,R
j=1

where Cy = E[YTY].

Proof. For the sake of simplicity, we denote by uP™® = #(t) + ZR U, (t)Y,(t,v1.r) the
DLR portion of the signal, by uPLR* Z U, (t ) +(t,7v1.r) the stochastic part of the

rest

DLR portion of the signal and by u™" = A'yR +1.n,, the complementary independent

term.

The mean value can be obtained as a solution of the following equation

i =E[(L+ D)(a+uP"R 4yt + F
+E[B(a,a)] + E[B(a,uP"R")] + E[B(a, u™")]
+ E[BWP™R, 7)) + E[B(uPYR, uPYRY)] 4+ B[B(uPMRY, wrest)]
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+ E[B(urest7 ﬁ)] + IE[B(urest7 uDLR*>] + E[B(ureSt, urest)]
= (L+D)u+ F + B(u,u) + E[B(uP"", uPHR")]
+ E[B(urest’urest)]

R
= (L+ D)+ F+ B(w,a)+ Y E[Y;Yi]B(U;,Us)
k=1
+ Z [y B(Aj, Ay)
J,k=R+1
Np,
= (L+D)a+F+B(@a)+ Y SjBv;,v),
k=1

where {vk}g:hl is the canonical basis spanning RYY and S € RV is a matrix approxi-

DLR+i

mating the covariance matrix of the full signal u obtained as

S = E[(uPMH — @) (uPMRH _)T) = UE[YTY]UT + AAT.
We now proceed with deriving evolution equations for the stochastic DLR modes {Yr}ff:l.

Consider a test function of the form v = U,.0Y,.. Stemming from the variational formula-
tion (7.21), we derive

R Np,
E[Y;8Y,] = > (Uk, Un)E[Yi0Y,] + Uk, UnE[Yi0Y;] + Y (Ag, Up)El, 6Y5]
k=1 k=R+1

e[ (), )]

E[ L + D)uPLR, U,,>5YT} 1E KB(uDLR, uPLRY, U,,>5YT}
+E [<(L + D)urest, UT>5YT] +E [<B(uDLR, urest), Ur>5YT] (7.24)

+E [<B(urest, uPLRY, Ur>5n} +E [<B(urest, urest), UT>5YT} (7.25)

R
(L + D)Ux, U, E[Y30Y,] + 3 (B(a, Uy), U, E[Yi6Y,]
k=1 k=1

+ (B(Uy, u), Ur)E[Y;,0Y;] (7.26)

M:o

3 (B, U0, U) ([ — B Yidovi)).
k=1

All four terms in (7.24), (7.25) vanished since the considered ¢Y; is a random function
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independent of u™t. The resulting differential equation for the stochastic modes is
R
Z (L + D)Uy, U, Yk“‘z (@, Uk), Up)Yy, + (B(Uy, w), Ur) Yy

3 (B, U0, U) (Vi — BV )
j k=1

= (F* (P, U,), r=1,...,R,

which are the standard DLR equations for the stochastic modes when evaluating the

operator only in the DLR portion of the signal PR,

To derive the evolution equations for the deterministic modes, we consider the test
function v = P [6U,]Y, with §U, € RNr arbitrary. We follow by

R R
S EW YUk, P [6U)) + > EYY;(Uk, P[0T ])
k=1 k=1

R
E[Y:Y; (U, P 10U:]) + D EYRY, Uk, P [6U;]) + (E[u'Y; [Py [6U;])
k=1

]__*<UDLR+ rest) Pi[6U,)Y, >}

I
M=

3

=K

Il

=
l—llﬁ)_‘
TN T

(L + DuPHR, PE[U,])Y, } +E[<B( PLR PLR) PU[(SU]>YT]

+]E[<(L+D)ureSt,Pé[éUrDYr] +E[<B( DLR yrest) Dk (57, >Y}
(7.27)

~I—E{<B(urebt uPUR), P [5U,))Y, } +E{<B( rest,ufest),P(ﬂdUTDm}
(7.28)

R R
Z [V Y, ]((L + D)Uy, P[6U,]) + > (B(u,Uy) , PE[0U)E[Y:Y,]
k=1 k=1

R
+ (B(Ug, w), Pg [6UNEYY,] + Y (B(U;, Ur), Py [6U,])EY;Y3,Y,].
J,k=1

Analogously, the four terms in (7.27) and (7.28) vanished since Y, are independent of
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u™t. The evolution equation for the deterministic modes becomes

R R R
> EWY (U, PE[OUL]) <ZEYkY J(L+ DU, + Y B(, Uy E[YiY,]
k=1 k=1 k=1
f (7.29)
+ B(U, WENY;] + Y- B(U;, UpEY;YiYs], PE[6UL] ) ‘
7,k=1

< [f*(uDLR)YT}, PL [5UT]>, Vr=1,....R.
Using the symmetry of the projection operator 73(# w.r.t. the inner product (-,-), we
obtain
R

R
> EYRY[(PFUR, 6U,) = ° BV, ](Uk, 6U;) = (P [ELF* wPHM)Y,]], 60, ),
k=1 k=1

Vr=1,...,R.
Set in the physical space, this is equivalent to
R R
Z .Y, ]U E[( uPLR) Z uPLR) Uk>Uk)n], Vr=1,...,R,

which is the standard DLR system of deterministic equations to obtain the basis {U,} 2|,

evaluated only in the DLR portion of the signal uP™R.

As the last step, we develop equations for the matrix A tracking the linear dependence on
YR+1:N,,- Let us consider the test function v = Ay, for some l € {R+1,..., Ny}, dA €
RN in the variational formulation (7.21). We derive

Np
(A, 6A) = [ S Ak, 6A7)] + E[(aPPR 5 A)y] = [<f*(uDLR+i),5A>W}
k=R+1

= E[((L + D)u™*,5A)y| +E[(B(a, u™"),64)y]
+E{<B(urest rest (514 ’Yl} [ rest = 5A>7l}

Np,

= <(L + D) A, 5A> + < > B(u, Ap), 5A>E[7kw]
k=R+1
Np,
k=R+1 jk=R+1 ‘W—’

=0
- <(L i D)Al,5A> - <B(fe, Az),5z4> + <B(Al’a)"5‘4>'

rest

In the third equality, we used the fact the «P™? and v are independent. In the fourth

inequality, we applied the fact that the third moments of Gaussian random variables are
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7.2. Complemented dynamical low rank approximation

equal to zero. The resulting equation for each of the columns of the sought matrix A set
in the physical space becomes

Ay = (L+ D)A, + B(u, A) + B(Ay, ). (7.30)

rest

The evolution equation for the covariance matrix of the independent term u**** can be

obtained as

T =AAT + AAT = L, T +TL,T
with (Lu)ij = (Lij + Dz‘j) + (B(ﬂ,’t)j),’ui> + <B(vj,ﬂ),vi>.

We see that the DLR modes {U,,Y,}2 | follow exactly the standard DLR evolution
equations (7.5), where the operator F is evaluated only in the DLR portion of the signal

uPIR ( DLR+1) " This results in the stochastic modes dependent

not in the full signal «
only on the random variables v1.z. For their evolution we apply a particle approximation

1Y), )\(j)}j»v:l. The evolution of the complement is traced only through its covariance

DLR* rest

matrix T'. The two terms u and u"" communicate only through the mean value
% whose evolution involves the full covariance matrix S. There is therefore no need to

track the matrix A.

For high-dimensional problems, keeping track of the matrix 7' € RN»*Nnr is not feasible
and one needs to rely on some further low-rank or a particle approximation. This
approach is not analysed further in this work and remains a possible future research

direction. For completeness, we recall the dimension of all terms which determine the

distribution of uPLR+1:

aeRM, UeRV"E Yy e NxR, TeRNWN

7.2.2 Forecast step: DLRA with a linear complement

Similarly as before, in our second method we are looking for a signal v € L2(£2;RV»)
approximating the solution of (6.3) for ¢ € (¢",t"!) in the form

u(t,w) = a(t) + uPR(E, m, ) + AT

However, in this case we do not require independence between uP? and u™t = A~T.
First, let us introduce some new notation.
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We define the space of random functions linear w.r.t. v = (71,...,7n,) € RV
Wit = {f € LJ(uR)| f = By", B e R"Mhy.
In addition, we define the projection on W#in
Py : LG R) — Wi

Np,
Py [f] = > ELfve] -
k=1

Note that the space L3(£;R) can be split into
LA R) = Win @ Wint, (7.31)

Based on this decomposition, we split the signal u},,. € (L&(Q; ]R))Nh in two parts, the
linear component evolving only in (W,lyin)Nh and the DLR component evolving in its

) 1
orthogonal complement uPLR* ¢ ((W;m)N h) and we denote this approximate solution

by uDLR+€

R Np
uDLR+E(t7 w) = a(t) + Z U, ()Y, (t,w) + Z Ak (),
k=1

r=1

with {Y;}2, ¢ ((W};“)R)L. (7.32)

The linear part AyT = ZkN:hl Ap(t) v € (WE“)Nh captures the linear dependence on ~y

DLR+¢

of the full signal u , not only of the remaining part «****. On the other hand, the

. 1
DLR term remains well separated from A4T by enforcing uP*R* ¢ ((WS“)N h)
Initial condition

Again, as a first step we describe how to obtain the initial condition in the form (7.32).
The initial condition at time ¢" is distributed as a GM (7.14), which can be parametrized
as

u" =m+ (C™)/2yT

with m a discrete random variable taking values in {mf,..., m?vh} with probability
A={AT,... AR, } and v ~ N(0,1dp, xn, ) independent of m. In general, u” is not in the
form (7.32), so an approximation step is necessary. Differently from Section 7.2.1, this
time we perform a Karhunen—Loéve expansion only of the variable m (instead of u™):

Np,
m =E[m]+ ) &ex
k=1
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7.2. Complemented dynamical low rank approximation

with {ek}gil eigenvectors of the covariance matrix Zévzl )\?m;?m?T and & = (m —
E[m]aek>‘

We then set

u" =Eu"], U'=e, Y'=¢&, r=1,...,R

r

A" — (Cn)l/Z’

i.e. the means {m/ ;\7:1 are used to obtain the DLR portion of the signal and the GM

covariance C™ is used to compute the new matrix A", so that A" A"T = C".

For the time ¢ = 0, the initial condition is distributed as u® ~ N(m?, C?). It is therefore

natural to set the following initial conditions for the terms in (7.32)

ﬂo — mOj AO — (00)1/2’

. o (7.33)
U" - arbitrary orthonormal set of R vectors in R™"*, Y" = 0.

We follow by defining the complemented DLR solution for ¢ € (¢, t"*1).

Definition 7.2.2. We define the DLR solution complemented by a linear term of the
problem (6.3) as

R
WP (1 ) = a(t) + S0 U (Y5 (8 m, ) + AT
r=1
where wu is the solution of
u=E[F@PY),  te @t (7.34)

and {U,}, {V,;}E | A are solutions of the following variational formulation for ¢ €
(tn7 thrl)

EKUYT +UYT + AyT, v>] = E[<]:* (uDLRM), v>]
Vo € {w = 6UYT + USYT 4 §AyT with 6U € RVM*E_(5UT,U) =0
. 1
sA € RNV gy e (WimR) 7). (7.35)

The detailed evolution equations for the DLR modes and the matrix A will be specified
in the following theorem.

Theorem 7.2.2. The variational formulation (7.35) results in the following system of
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Chapter 7. Dynamical low rank approximation for filtering problems

equations for the mean value i, the DLR modes {U,, Y, Y| and the matriz A:
i = E[]:(UDLR+€)]
A :E[‘F*(UDLR+£)7]€]> k=1,...,Np
o L % (, DLR4( —
Yo = (U Pl [ @PRHO]), 7 =1, R (7,36

> (Cv)pU; = (BIF WP, - Py [BIF PR Y]), r=1,.. R

with Cy = E[YTY].

Proof. The equation for the matrix A follows from (7.35) by considering v = § A~ for
some 64 € RV» ke {1,...,Ny}. We derive

Np,
(Ag,0A) = (U, 6 A)B[Y ] + (U, SA)E[Y Tyi] + Y (Ay, SA)E 7]
=1

= (EIF* (PP )y, 54),

from which the equation for Ay follows.

As the next step, we derive equations for the deterministic modes U. Consider a test
function v = Pg[6U,]Y; for an arbitrary U, € R™:. From the variational formulation,

we obtain
. Nh .
> Uy, PEISUNE[Y; Y, + (Uy, PEISUEY; Y] + > (Ag, PEISUL]) B[y, Y7
]:]_ k=1

= (E[F*(uPYRHO] PE6U,]).  (7.37)

. 1
AsY € ((W%m)R) , we have that E[y;Y,] = 0. Using the symmetry of P w.r.t. the
inner product (-,-) and the DO condition (U;, Uy) = 0, VI, k, we obtain
R . R .
> _(U;, 0UnEY;Y,] = > (P (U], 6UnE[Y;Y,] = (P [EF (uPHH)], 6Uy),

J=1 J=1

which is equivalent to the equation in the theorem. Lastly, we focus on the equation for
the stochastic DLR modes {Y,}2 ;. We start by the following observation
Ny,
E[f Pwhn E[f Z E[vyg] k] ]E[Z E[f k] v] = E[ngn [f]v], Vf,v e L*(R),
k=1

which consequently implies E[f Pf;\,%in [v]] = E[P#vgin [f]v].
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7.2. Complemented dynamical low rank approximation

Now, consider v = U,.0Y, with 0V, s.t. JY, = Pi Wiin [6Z] for arbitrary §Z € L2(Q; RE).
We derive from the variational formulation

R Ny,
> (U, Un)EWY; Pyun[620) + (Uj, Up)ELY; Pyn [62]] + D (Ar, Un)Eli Pissn [62]]
j=1 k=1

= (E[F* () Py [02]), Uy).
Applying the following relations

(U,0)=0, (U;,Us) =6, ElnPyulsZ]] =0, E[Y;Pyul6Z]] = E[Y;5Z]
E[./T"*( DLR-&-Z)p#\}hn [52]] — ]E[P#V#m [f-*(uDLR-‘ré)](SZ]

we obtain
E[Y, 7] = E[(Pypua [F* (WP, U,)62Z],  Vj=1,...,R, VéZ e L*(RY),
Y

which is equivalent to the equation stated in the theorem.

An important difference between DLR with independent and linear term is the function

in which the operator F is evaluated. In the first method, in order to compute the

DLR*

DLR modes, the operator is evaluated only in the DLR component u (see equations

(7.22)—(7.23)). This clearly ensures the independence condition but brings along a further
approximation which might result in an accuracy loss during the time evolution. The
second algorithm does not impose any restrictive condition during the evolution, apart

from the standard DO condition (Ul, Uj) =0, Vi,j =1,...,R. The linear dependence

on ~ is tracked exactly. The operator F is, however, evaluated in the full signal uPTR+¢,

DLRJrf7 UDLRJrf)

In order to deal with the quadratic term B(u , we need to compute the

DLR+4

third moments of u , which is avoided in the first algorithm.

Computational aspects

DLR+Y

The evolution of u involves computing the third moments of the signal, including

DLR*

the mixed terms between u and AvyT. To make these accessible, we apply particle

approximation for both terms, i.e. tracking {Y(]-), fy(j)}N and replace all expectations

i=1
E[-] needed for (7.36) by E[].

For high dimensional problems, tracking the full matrix A € RV*Nt hecomes unfeasible.
In what follows, we address this issue by a low-rank approximation technique. Instead
of tracking the linear dependence on v, we only keep track of a linear dependence on
V'V Ty, formed by an orthonormal basis V € RV *M ' with M << Nj,.
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Chapter 7. Dynamical low rank approximation for filtering problems

Denoting B = BV € RNw>*M 3T = VTyT = (5,...,40)7 € RM we define the space of
all random functions linear w.r.t. 4

WM = {f € L§(R"";R)| f = ByT, B € RM},

The complemented DLR solution uPFR+

and analogously the projectors ngn, PWI'“

will be of the form

uPPRH (4 w) = a(t) + U Y (t,w) + A(t)7,
with A € RN (VR (W) (7.38)

As a consequence, the complexity of tracking the linear term is decreased to O(Ny, x M).
This is achieved by sacrificing the accuracy of the linear component of the signal.
Disregarding the particle approximation error, the linear dependence of the signal on ~y
in the former definition was tracked exactly. In the new definition, linear dependence of

the signal on 4 only is tracked exactly, the rest is approximated by DLR method. For
DLR+¢

completeness, we recall the dimension of all terms in {u j 1

GERM, UcRVYR y e NxR, AcRVWM 5cRM*N,

Note that by setting M = N}, we recover the former definition, and by setting M = 0,
we recover the simple DLR approximation uP™® of Section 7.1.4.

There are many options for the choice of the basis V. We propose M eigenvectors of
matrix C" corresponding to the M most dominant eigenvalues, where C" is the covariance
matrix from the GM at the start of the forecast step. With this choice we prescribe the
initial condition of matrix A in the following way

= VVA,

where vA € RM*M is g diagonal matrix with the square roots of the M most dominant
eigenvalues of C" on its diagonal and each column of V' constitutes a corresponding
eigenvector. This results in the best M-rank approximation of A™.

7.2.3 Including the model error

In the previous subsection we described two approximate methods that evolve the signal
through (6.3). The first method, that keeps the uP*} term and the linear term A~T
independent, naturally constitutes a GMM

N
P n+1‘Zn Z J)r % N ADJI)JRnJrl Tn—i—l)
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7.2. Complemented dynamical low rank approximation

n+1 + Un—i—lff(r;)—l—lT 7

where un—i—l Un+1 {Yn—i-l}
t=tnth

o 1, T are solutions of the equations (7.22)—(7.23) at time

The second method applies a particle approximation for both DLR and linear term and

results in

{ﬂ?(lj-i-l )\n-&-l}J L with @7(1]—;-1 _un+1 ﬁnJrl}A/(?;)—i-l +An+1’}/(j),

where 41, Ut {Y”H}N A1 are solutions of the equations (7.36) at time t = "1,
Similarly to the first method we build a GM at the end of the forecast step as

-

n n in ~DLR,n+1 jn in
P(u"tZ") ~ )\(‘S' N(u(j) AL AT
1

<.
I

GPLRn+1 _
(4)

I~
3

+1 Arn—41¥n+1T
HUTTY G
However, note that this step is only approximate, since we treat the «P™“® term and the

linear term A~T as if they were independent at the end of the evolution.

For both algorithms, the model error is then incorporated into the mixture covariance
and the forecast step results in the Gaussian mixture

2>

n+1|Zn Z % N AliI)JR ,n+1 Cn+1) (739)

where
~DLR,n+1 _ 2n+1 n+1xn+1T
i) ="+ U
C«nJrl _ An+1An+lT 4y,
7.2.4 Analysis step

The analysis step takes in a Gaussian mixture of the form (7.39). Applying Lemma 6.2.2,

we obtain the filtering distribution at time ¢"*! which is again a Gaussian mixture
N
P(un—&-l‘Zn—l-l Z n+1 Crn—l—l) (740)

with )\’(151, m" 1 C"*1 computed with formulas (6.23).

Remark 8. The first method - the DLRA complemented by an independent term strongly
resembles a method introduced in [MQS14; QJM15; SM13], called the QG-DO method.
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The authors proposed a method for the forecast step of the filtering problem, where they
run evolution equations for the mean and covariance matrix of the full signal u, alongside
with evolution equations for the DLR modes {U,, Yr}ﬁ:l, which are used to approximate
the third moments required in the evolution of the full covariance matrix. There is a
natural question arising, whether these two methods are not, in fact, equivalent. The
evolution equations for the mean value u as well as the evolution equations for the DLR
modes in QG-DO are equivalent to the equations stated in Theorem 7.2.1. In this remark,
we compare the evolution equation for the full covariance matrix of QG-DO, denoted by
S = E[(u — @)(u — E[u])T], with the full covariance matrix for the signal uP*?+1 denoted
by S. We will see that for the quadratic problem considered here, these matrices differ.

The evolution of S is given by
5’ = Lﬁg + gL% + Qp with (Lﬁ)ij = (Lij + Dij) + <B(’ﬁ, Uj), Uz‘> + <B(’Uj, ﬂ), Ui>
and

(Qr)ij = > _(vi, BU;, U))EY; Y Y, [(Ur, v5) + (v5, BU;, Un)E[Y; YV, (U, v;)
74,0

::(ELB(UDLRf’uDLRﬁ)UDLR*w> +_(EHUDLRfB(uDLRfquLR*)W)

ij ij

Now, let us denote by Hyyr : L2(Q; RV») — L2(Q; RN®) the operator

Myyr[vo] = Pylv] + Pi[Py[]],
R R
where Pyv] = Z(Ur,wUr, Py lv] = Z E[Y30](Cy ) Y

r=1 k,r=1

More details on the geometrical interpretation of the operator Ilyyr can be found
in Chapter 1. It is easy to see from Theorem 7.2.1, that the evolution equation for
uPMR* = UYT satisfies

(UY'T) = Hyy+ [F*(uPHF)].

Now we follow with the evolution equation of the full covariance matrix .S of the signal
DLRAi.
U :

S

E[(UYTUYDT +E(UYT)UYT)] + L, T+ TL]
Moy [F* PO Y )] + E[OY )y [F*@PPR)]T] + L, + TL]

E
E[((L+D)UYT + B(a, UYT) + BUYT,a) + Hyy<[BUYT,UYT)])(UYT)T|

+E[UYT)((L+ D)UY+ B(@,UYT) + BUYT, @) + My« [BUYT,UYT)])']
+ LT +TL]
= LUE[YTY|UT + UE[YTY|UTLY + L,T + TL]
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7.2. Complemented dynamical low rank approximation

+ E[yy+[BUYT, UYTUYT)T] + E[(UY )y« [BUYT,UYT)]T]
— L,S+SLT +Q,

where

Q)i = (E {HUYT [B(UDLR*’uDLR*)}uDLR*TDZj_i_<E [UDLR*HUYT [B(uDLR*’uDLR*)]T}Lj'

Comparing the equation for S and S we see, that the third order terms are approximated
differently. Both methods use the knowledge of the DLR modes but in our method,
the quadratic operator gets projected, whilst in the QG-DO method, it does not. On
the other hand, our approach allows for a variational formulation which brings along a
geometrical insight. Furthermore, interpreting the evolved signal as a DLR approximation
complemented by an independent term results in a natural characterization via GM with
a mixture covariance constant across the mixtures. In fact, to proceed with the analysis
step, the authors of QG-DO in [MQS14] propose to build a conditional Gaussian particle
distribution, with a constant covariance matrix across particles. The build-up is, however,
much less straightforward. The analysis step then applies the Bayes’ formula.

7.2.5 Numerical results

To asses the quality of the proposed algorithms, we provide two test cases with different
sets of parameters.

Test case I: frequent observations, small observation error

In the first experiment, we examine the proposed algorithms on the test case from Sections
7.1.3 and 7.1.5, i.e. setting the final time T = 100, time between observations At = 0.05,
the model error covariance matrix ¥ = 1074 - Id, the observation error covariance matrix
I' = 1072 - Id, the observation operator H = Id and number of particles N = 1000.

In Figure 7.5 we show the obtained RMS errors. We see that applying DLR with R = 10
complemented by an independent Gaussian approximation (orange) helps to correct
the signal obtained by a simple DLR (blue) and achieves a sufficient accuracy. In fact,
reducing the DLR approximation to R = 5 still maintains the desired accuracy. Applying
the DLR complemented by a full-rank linear term (red) does not further improve the
performance of the filter. In conclusion, tracking the third moments of the signal is
not necessary for this test case and DLR complemented by an independent Gaussian
approximation provides results with a satisfactory accuracy.

In Figure 7.6 we focus on the second approach and quantify the effect of different low-rank
approximations of the linear term. We see that providing a good approximation for
the linear part (M > 10) of the signal seems to be more important than an accurate
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—— DLR + GMF, R=10
DLR+i + GMF, R=10
—— DLR+i+ GMF, R=5
—— DLR+| + GMF, R=5,M= 40
——~- obs. noise

107 |

RMSE

1071

0 20 40 60 80 100
time

Figure 7.5 — Comparison of RMSEs for filtering algorithms with prediction step realized
by simple DLR with R = 10 vs DLR with R = 5,10 complemented by independent
(DLR+1) or full-rank linear (DLR+1) term. The analysis step applies GMF in all cases.

approximation of the higher-order terms. Since the observations are full, with a small
observation error and very frequent in time, they provide highly informative data. With
the time step being very small (At = 0.05), the nonlinear interactions in the dynamics do
not play a significant role and consequently the signal is sufficiently well approximated
by a Gaussian approximation and a DLR term with small R.

Test case II: rare observations, high observation error

Our second test case tries to examine the performance of both algorithms in a very
different scenario. We have less frequent full observations with a high observation error.
More specifically, we set the final time 7" = 100, time between observations At = 0.5, the
model error covariance matrix > = 0, the observation error covariance matrix I' = 3. - Id,
the observation operator H = Id and number of particles N = 1000. This setting provides
not very informative data and the filtering of such problem is difficult. With ¥ = 0 the
optimal proposal particle filter becomes the bootstrap particle filter, whose behaviour
is highly dependent on the number of particles (see Fig. 6.3). Observing a significant
difference between the DLR with R = 10 complemented by independent term (orange)
and by full-rank liner term (brown) in Figure 7.7, we conclude that in this scenario
tracking the third moments has a notable impact on the resulting approximation. The
signal can be comparably well approximated by R = 10 and M = 15.
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—— DLR + GMF, R=10
—— DLR+!+ GMF,R=10,M =5
—— DLR+! + GMF,R=10,M =10

10° —— DLR+| + GMF,R=5,M=10

——— DLR+| + GMF, R=5,M =15

—— DLR+| + GMF,R=5,M =40

obs. noise
w
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Figure 7.6 — Comparison of RMSEs for filtering algorithms with prediction step realized
by simple DLR with R = 10 vs DLR with R = 5,10 complemented by low-rank
approximation of the linear term (DLR+1). The analysis step applies GMF in all cases.

359 — nofilter
—— DLR+i + GMF, R=10
3.0 —— DLR+l + GMF,R=5M=20
—— DLR+| + GMF,R=5,M=40
—— DLR+| + GMF,R=10,M=15
2.51 —— DLR+| + GMF, R=10,M = 40
— =~ obs. noise
w 2.0 4
wn
s
= | e
1.5 A
1.0 4
0.5
0 20 40 60 80 100
time

Figure 7.7 — Comparison of RMS errors for filtering algorithms with prediction step
realized by DLR with R = 5,10 complemented by independent (DLR+i) or both full-rank
and low-rank linear (DLR+1) term. The analysis step applies GMF in all cases.
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—— DLR+!l + GMF, R=5,M=15
—— DLR+l + GMF, R=10,M =15

2.5 .
—— DLR+! + GMF, R=15M=15 |

——- obs. noise
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Figure 7.8 — Comparison of RMS errors for filtering algorithms with prediction step
realized by DLR with R = 5,10, 15 complemented by low-rank linear term (DLR+1) with
M = 15. The dimension of the observations is 17. The analysis step applies GMF in all
cases.

In Figure 7.8 we report numerical results obtained by running the same test case with
partial observations. The operator H observes every third value of the 40-dimensional
signal u, resulting in the dimension of observations [ = 17. The signal can be tracked by
15-rank DLR approximation and 15-rank approximation of the linear term. Note that for
a test case with partial observations, there is no expectation for the RMSE to be under
the observation noise.
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Conclusions and perspectives

This thesis covers most of the research work that the author has carried out during her
Ph.D. studies at EPFL. The work is divided into two parts; the first one concerns an
analysis of discretization schemes for dynamical low-rank approximation (DLRA), the
second one deals with applying DLRA in data assimilation.

In the first work, we proposed and analyzed three discretization schemes, namely explicit,
implicit and semi-implicit, to obtain a numerical solution of the DLR system of evolution
equations for the deterministic and stochastic modes. Such discrete DLR solution
was obtained by projecting the discretized dynamics on the tangent space of the low-
rank manifold at an intermediate point. This point was built using the new-computed
deterministic modes and old stochastic modes. We found this projection property to
be useful when investigating the stability of the DLR solution. The solution obtained
by the implicit scheme remains unconditionally bounded by the data in suitable norms.
Concerning the explicit and semi-implicit schemes, we derived stability conditions on the
time step, independent of the smallest singular value, under which the solution remains
bounded. Remarkably, applying the proposed semi-implicit scheme to a random heat
equation with diffusion coefficient affine with respect to random variables results in a
scheme unconditionally stable, with the same computational complexity as the explicit
scheme. Our theoretical derivations are supported by numerical tests applied to a random
heat equation with a zero-forcing term. In the semi-implicit case, we observed that the
norm of the solution consistently decreases for every time step considered. In the explicit
case, our numerical results suggest that our theoretical stability condition on the time
step is, in fact, sharp. Our future work includes investigating if the proposed approach
can be extended to higher-order projector-splitting integrators or used to show stability
properties for other types of equations.

Our second work involved deriving a-priori and a-posteriori error estimates for the fully
discrete DLR solution obtained by the discretization schemes proposed in the first project.
The projection property turns out to be the key element in both estimations. Concerning
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the a-priori error estimation, the problem is discretized by FEM in space, with piece-wise
polynomials of degree < r, Monte Carlo (MC) method in stochastic space and follows the
staggered time-marching scheme (described in Section 2.2). Under the approximability
assumption, that the operator F(u) maps onto the tangent space of Mg at u up to
a small reminder of size €, we proved the first-order convergence in time, r-th order
convergence in space and the standard (—%)—order of convergence w.r.t. the number of
MC samples. All the considered constants are independent of the smallest singular value
of the solution. The future directions include proving higher-order convergence rates for
higher-order projector-splitting integrators. Another open question is the possibility of
alleviating the e-approximability assumption.

Concerning the a-posteriori error estimation, we started with a residual-based a posteriori
error estimation for a heat equation with a random forcing term and a random diffusion
coefficient dependent on a finite number of independent random variables, with no DLR
approximation involved. Moreover, the dependency of the diffusion coefficient is assumed
to be affine. This problem was discretized by a 6-scheme in time, FEM in physical space,
and sparse grid collocation method in stochastic space, which required the use of nested
collocation points. The estimate consisted of three parts accounting for the FEM error,
time discretization error, and stochastic error, respectively. The derivation is valid for
the case of time-varying FE meshes and time-varying sparse grids, allowing for both
refinement and coarsening. We proposed an adaptive algorithm for the choice of time
discretization, FE mesh, and sparse grid, where the mesh and sparse grid are fixed in
time which simplifies the computation of the estimators. The estimators are localized on
each element of the FE mesh, each time step, and each index from the margin of the
sparse grid index set, and we perform a refinement whenever the localized estimate is
higher than a prescribed condition (see Algorithm 1). We studied the effectiveness of the
estimators over non-uniform time discretizations, non-uniform meshes, and anisotropic
sparse grids, fixed in time and applied the adaptive algorithm to a problem with a
deterministic time independent forcing term. This algorithm is one possible strategy.
Several other versions could be considered as well, for instance, to allow for coarsening in
the adaptive process for a more uniform distribution of the error. We believe that the
derived error estimates could provide a reliable basis for error estimation and adaptation
strategies that include time-varying FE meshes and sparse grids. One could, for example,
drive an adaptive choice of time-varying meshes and sparse girds by localizing the spatial
and stochastic estimator for a specific time step, as was proposed in [Pic98; BR03] for
time-varying FE or DG meshes in the case of a deterministic heat equation.

This work was then extended to treat the a-posteriori error estimation for a DLRA of a
random heat equation, again with the diffusion coefficient affine w.r.t. a finite number
of random variables. This problem is discretized by a FEM in physical space, tensor
grid collocation method in stochastic space, and the staggered time-marching scheme
(described in Section 2.2) for time integration. The estimate consists of parts accounting
for the FEM error, time discretization error, stochastic discretization error, and rank
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truncation error. The derivation only holds for fixed-in-time FE meshes and tensor
grids but could be extended to time-varying FE meshes and tensor grids. The rank
is allowed to change between the time intervals. The estimators are further localized
on each element of the FE mesh for the space estimator, each time step for the time
estimator, each dimension of the stochastic space for the stochastic error estimator, and
each time step for the rank truncation estimator. These localized error estimates can be
used to drive an adaptive algorithm for the choice of time discretization, FE mesh, tensor
grid, and time-varying rank. We proposed an algorithm that performs a refinement
whenever the localized estimate is higher than a prescribed condition (see Algorithm 2)
and discussed various ways of updating the rank. The implementation of this algorithm
is a part of an ongoing project, which includes a comparison of the different approaches
when the rank gets increased.

The last project corresponds to the second part of the thesis and is concerned with
applying DLR to data assimilation, particularly the filtering problem. The filtering
problem can be split into two steps: the forecast and the analysis. The forecast step
involves solving an often high-dimensional dynamical system of (stochastic) equations;
the analysis step incorporates data into the solution (also called the signal). In real-world
applications, computing the full system is unfeasible, and one needs to rely on some
model-order reduction technique. In our work, we examined the idea of applying the
DLRA in the forecast step. We started with the simple DLRA in the forecast step,
combined with ensemble Kalman filter or particle filter in the analysis step. We observed
that completely disregarding the omitted modes in the DLR approximation leads to
unsatisfactory results. To alleviate this issue, we proposed two new algorithms that
complement the DLRA with a Gaussian component, expressed as a part of the signal,
which is linear w.r.t. normally distributed random variables. The first algorithm assumed
the Gaussian component to be independent of the DLR part, the second one did not. We
applied both algorithms to deal with the filtering problem for a 40-dimensional Loren-96
system of equations (a simplified mathematical model of atmospheric processes) and
compared their performance in different scenarios. The first algorithm involves evolving
a full covariance matrix. The future directions comprise a low-rank approximation
or a particle approximation of the full covariance matrix. Furthermore, it would be
very interesting to see numerical results applying the proposed algorithm to a very
high-dimensional problem arising from real-world applications.
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