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Abstract
Aluminium is a metal sought in the industry because of its various physical properties. It is

produced by an electrolysis reduction process in large cells. In these cells, a large electric

current goes through the electrolytic bath and the liquid aluminium. This electric current

generates electromagnetic forces that set the bath and the aluminium into motion. Moreover,

large quantities of carbon dioxide gas are produced through chemical reactions in the elec-

trolytic bath: the presence of these gases alleviates the density of the liquid bath and changes

the dynamics of the flow. Accurate knowledge of this fluid flow is essential to improve the

efficiency of the whole process. The purpose of this thesis is to study and approximate the

interaction of carbon dioxide with the fluid flow in the aluminium electrolysis process.

In the first chapter of this work, a mixture-averaged model is developed for mixtures of

gas and liquid. The model is based on the conservation of mass and momentum equations of

the two phases, liquid and gas. By combining these equations, a system is established that

takes into account the velocity of the liquid-gas mixture, the pressure, the gas velocity and the

local gas concentration as unknowns.

In the second chapter, a simplified problem is studied theoretically. It is shown that un-

der the assumption that the gas concentration is small, the problem is well-posed. Moreover,

we prove a priori error estimates of a finite element approximation of this problem. In the

third chapter, we compare this liquid-gas model with a water column reactor experiment.

Finally, the last chapter shows that the fluid flow is changed in aluminium electrolysis cells

when we take into account the density of the bath reduced by carbon dioxide. These changes

are quantified as being of the order of 30% and explain partially the differences between

previous models and observations from Rio Tinto Aluminium engineers.

Keywords Numerical simulations, Finite element methods, Partial differential equations,

Aluminium electrolysis, Mixture model, Diluted gas, Fluid with varying density
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Résumé
L’aluminium est un métal très prisé par l’industrie à cause de ses propriétés physiques parti-

culières. Il est produit notamment par un procédé d’électrolyse dans des cuves de grandes

dimensions. Dans ces cuves, un important courant électrique traverse le bain électrolytique

et l’aluminium liquide. Ces courants électriques génèrent des forces électromagnétiques qui

mettent le bain et l’aluminium en mouvement. De plus, d’importantes quantités de gaz carbo-

nique sont produites à travers les réactions chimiques dans le bain électrolytique : la présence

d’un tel gaz va alléger le bain liquide et changer la dynamique des écoulements. Une bonne

connaissance des ces écoulements est essentielle pour améliorer l’efficacité de tout le procédé.

L’objet de cette thèse est l’étude et la simulation de l’interaction du gaz carbonique avec les

écoulements des fluides dans le cadre du procédé d’électrolyse de l’aluminium.

Dans le premier chapitre de cette thèse, on développe un modèle de mélange moyen de

gaz et de liquide. Le modèle se base sur les équations de conservation de la masse et de la

quantité de mouvement des deux phases, liquide et gaz. En combinant ces équations, on

établit un système qui admet la vitesse du mélange liquide-gaz, la pression, la vitesse du gaz

et la concentration locale de gaz comme inconnues.

Dans le second chapitre, on étudie théoriquement un problème simplifié. On montre que

sous l’hypothèse que la concentration de gaz est faible et ne présente pas de variation abrupte,

le problème est bien-posé. De plus, on prouve des estimations d’erreur à priori pour une ap-

proximation numérique par des éléments finis. Au troisième chapitre, on compare le modèle

de mélange liquide-gaz avec une expérience de réacteur de colonne d’eau.

Finalement, le dernier chapitre montre que les écoulements sont changés dans des cuves

d’électrolyse d’aluminium lorsque l’on prend en compte la densité du bain allégé par du gaz

carbonique. Ces changements sont quantifiés comme étant de l’ordre de 30% et expliquent en

partie les différences constatées entre les précédents modèles et les observations des ingé-

nieurs de Rio Tinto Aluminium.

Mots-clés Simulations numériques, Méthode des éléments finis, Équations aux dérivées

partielles, Électrolyse de l’aluminium, Modèle de mélange, Gaz dissous, Fluide avec densité

variable
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Zusammenfassung
Aluminium ist in der Industrie ein beliebtes Material auf Grund seiner physikalischen Eigen-

schaften und wird typischerweise durch einen elektrolytischen Reduktionsprozess in großen

Zellen hergestellt. In diesen Zellen fließt ein starker elektrischer Strom durch ein elektroly-

tisches Bad und durch flüssiges Aluminium, was starke elektromagnetische Kräfte erzeugt,

welche wiederum das Bad und das flüssige Aluminium in Bewegung setzen. Des Weiteren wer-

den große Mengen Kohlendioxid durch chemische Prozesse im elektrolytischen Bad erzeugt.

Dies reduziert die Dichte des Bades und führt zu einer Veränderung der Fluiddynamik. Eine

genaue Kenntnis dieser Dynamik ist vonnöten um die Effektivität des gesamten Prozesses zu

verbessern. Der Zweck dieser Dissertation ist, den Einfluss des Kohlendioxids auf die Fluiddy-

namik im Aluminiumelektrolyseprozess zu studieren.

Im ersten Teil dieser Arbeit wird ein Modell für Gemische aus Gasen und Flüssigkeiten ent-

wickelt, welches gemittelte Mischungsverhältnisse nutzt. Dieses Modell basiert auf Erhaltungs-

gleichungen für den Impuls und die Masse der beiden Phasen. In dem man diese verbindet,

erhält man ein System aus partiellen Differenzialgleichungen, welche die Geschwindigkeit

des Gemisches, den Druck, die Geschwindigkeit des Gases und die lokale Konzentration des

Gases in Verbindung setzt.

Im zweiten Teil wird ein vereinfachtes Problem theoretisch behandelt. Es wird gezeigt, dass

das Problem, unter der Annahme dass die Konzentration des Gases gering ist, wohl-gestellt ist.

Des Weiteren werden a priori Fehlerschätzer für Finite Elemente Verfahren für dieses Problem

bewiesen. Im dritten Teil werden numerische Experimente des Modells mit Experimenten aus

einem Blasesäulenreaktor verglichen.

Im letzten Teil wird gezeigt, dass sich die Fluiddynamik in den Elektrolysezellen ändert, wenn

die Reduktion der Dichte durch das Kohlendioxid berücksichtigt wird. Diese Veränderungen

betragen bis zu 30 % und erklären zum Teil die Unterschiede zwischen vorhergehenden nu-

merischen Modellen und den Beobachtungen der Rio Tinto Aluminium Ingenieure.

Schlüsselwörter Numerische Simulationen, Finite Elemente Verfahren, Partielle Differen-

zialgleichungen, Aluminiumelektrolyse, Mischungsverhältnis, gemittelte Modelle, verdünntes

Gas, kompressible Fluid
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Notations
The following contains the different symbols used throughout the document

Related to physics

ρ Density of the mixture of liquid and gas [kg /m3]

u Velocity vector field of the mixture [m/s]

t Time [s]

τ Stress tensor of the mixture of liquid and gas [kg /m2s2]

p Pressure [kg /ms2]

µ Dynamic viscosity of the mixture [kg /ms]

F Vector field of external forces [kg /ms2]

ε(u) Shear rate tensor [1/s]

ug Gas velocity [m/s]

ul Liquid velocity [m/s]

pg Gas pressure [kg /ms2]

pl Liquid pressure [kg /ms2]

ρg Gas density [kg /m3]

ρl Liquid density [kg /m3]

µg Gas dynamic viscosity [kg /ms]

αg Gas volumetric ratio [−]

µl Liquid dynamic viscosity [kg /ms]

αl Liquid volumetric ratio [−]

τg Gas stress tensor [kg /m2s2]
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Notations

τl Liquid stress tensor [kg /m2s2]

F g External forces applying to the gas [kg /ms2]

F l External forces applying to the liquid [kg /ms2]

g Earth’s gravitational acceleration field [m/s2]

f g Interface momentum exchange force from the liquid to the gas [kg /ms2]

f l Interface momentum exchange force from the gas to the liquid [kg /ms2]

D Drag coefficient [kg /m3s]

pc Capillary pressure [kg /ms2]

r Reynolds Stress tensor [kg /m2s2]

K Gas diffusion coefficient [m2/s]

α̇sour ce Gas source term [1/s]

p0 Value of the pressure imposed at the outflow [kg /ms2]

d Bubble average diameter [m]

F S,1bubble Stokes drag force for a single bubble [kg m/s2]

F S Stokes drag force [kg /m2s2]

Reb Reynolds bubble number[−]

F D Drag force[kg m/s2]

CD Dimensionless drag coefficient [−]

F A Archimède force[kg m/s2]

ξ Normal component of the stress tensor through the outflow [kg /ms2]

µL Laminar viscosity [kg /ms]

µT Turbulent viscosity [kg /ms]

CT Turbulent parameter [m2]

µi ni t Dynamic viscosity of the mixture during initialisation [kg /ms]

KL Linear diffusion coefficient [m2/s]

KT Turbulent diffusion coefficient [m2/s]

K0 Diffusion for reference solution [m2/s]
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Notations

j Electric current density [A/m2]

B Magnetic field or magnetic flux density [kg /As2]

H Height of the interface compared to initial position [m]

ρal Liquid aluminium density [kg /m3]

ρel Liquid electrolyte bath density [kg /m3]

µal Liquid aluminium dynamic viscosity [kg /ms]

µel Liquid electrolyte bath dynamic viscosity [kg /ms]

Val u Volume of aluminium [m3]

ψ Jump of the viscous force along the normal through the interface [kg /ms2]

E Electric field [mkg /As3]

H Magnetic field [A/m]

µ0 Magnetic permeability of vacuum [kg m/A2s2]

µr Relative magnetic permeability [−]

σ Electric conductivity [A2s3/m3kg ]

V Electric potential [kg m2/s3 A]

ηF Faraday efficiency factor of an aluminium reduction cell [−]

ACD Distance between the interface and the anodes [m]

Symbols

Ω Lipschitz domain in Rd

d Space dimensions, typically d = 2,3

x Point in Rd . x = (x1, x2, . . . , xd )

∂Ω Lipschitz boundary of Ω in Rd−1

∂ Partial derivative

⊗ Outer product

I Identity matrix

div Divergence operator

∇ Gradient operator
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Notations

Γi n Inflow surface

Γout Outflow surface

Γ0 Boundary ∂Ω without Γout

; Empty set

n(P ) Unit normal vector to the surface ∂Ω at the point P ∈ ∂Ω

t 1(P ), t 1(P ) Unit tangent vectors to the surface ∂Ω at the point P ∈ ∂Ω

V Velocity space

L Pressure space

N Number of algorithm iterations

Ng Number of gas sub-algorithm iterations

S Normal stress tensor on the outflow space

F Linear operator of Navier-Stokes weak form

DF Gâteau derivative of F

Gθ Linear operator of gas velocity weak form

DGθ Gâteau derivative of Gθ

θ Reynolds regime parameter

h Mesh size

hK Diameter of tetrahedron K

Th Conformal mesh of Ω in triangles or tetrahedra of size h

∂Th The triangles or edges of Th that are on ∂Ω

∂Wh Piecewise linear finite element space associated with ∂Th

Wh Piecewise linear finite element space associated with Th

Wh Piecewise linear finite element space associated with mesh Th

V h Finite element space P1 for the velocities

P1(K ,T ) Set of polynomials of degree one on element K ,T

ϕ j Linear basis function

Lh Finite element space P1 for the pressure
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Notations

Nh Number of nodes of mesh Th

Sh Finite element space P1 for the normal stress tensor on the outflow

uh Finite element approximation of the mixture velocity

Vbubble,h Bubble space function

ug ,h Finite element approximation of the mixture velocity

ph Finite element approximation of the pressure

αg ,h Finite element approximation of the gas volumetric ratio

ρh Finite element approximation of the density

ξh Finite element approximation of the normal stress tensor on the outflow

∆t Time-step for the advection-diffusion equation

CS Stabilisation coefficient for the advection-diffusion equation

NNe Number of Newton iterations

Lp (Ω) Lebesgue space of degree p

W m,p (Ω) Sobolev space of Lp functions with weak k derivatives in Lp , for all 1 ≤ k ≤ m

H m(Ω) Sobolev space W m,2(Ω)

H m
0 (Ω) Closure of all C∞ functions with compact support in H m(Ω)

L0 Pressure space : zero average functions in L2(Ω)

U Velocity space : vector space, with each component in H 1
0 (Ω)

,→ Sobolev embedding

D(Ω) Space of C∞ functions with compact support in Ω

πh ,Πh Lagrange interpolant

U h Finite element space P1 for the velocity in the domain Ω

β Coefficient of the pressure stabilisation term

w h Finite element approximation of ρuh

h0 Upper bound for the size of the mesh h

rh ,Rh Clément interpolant

u∗ Velocity solution of the dual problem
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Notations

P∗ Pressure solution of the dual problem

ei Error indicator in a norm defined by i

ri Rate of convergence in a norm defined by i

O(h),O(h2) Big O notation for h,h2

Ni ter Number of iteration for the gmres solver

Hi ni t i al Initial height of the water in the cylinder

Dc Diameter of the water-column

nsp Number of spargers injecting the gas in the water-column

rsp Radius of a sparger injecting the gas in the water-column

Hc yl i nder Height of the water in the cylinder at equilibrium

ᾱg Average volumetric ratio of gas in the fluid Ω

Φi n Superficial gas velocity

Ωpr od Subregion of Ω, production region where α̇sour ce > 0

Hs Height of Ωpr od

rs Radius of Ωpr od

T OL Tolerance of the algorithm

∆∞ Relative difference in L∞ norm in domain Ω

∆0 Relative difference in L2 norm in domain Ω

uh,r e f ,ur e f Reference solution

Hd at a Height of the measurements device for experimental data

Ωal Domain of the liquid aluminium

Ωel Domain of the liquid electrolyte bath

Γ Interface between the electrolyte and the aluminium

[.] Jump operator through the interface

Γ̃ Fictitious interface between the electrolyte and the anodes

f. Friction coefficient

Z Space for the jump of the viscous force along the normal ψ
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Notations

Lal Pressure space in the aluminium domain

Lel Pressure space in the electrolyte domain

V g Space for the gas velocity in the electrolyte domain

Lel Finite element space P1 for the pressure in the electrolyte domain

Lal Finite element space P1 for the pressure in the aluminium domain

Ah Finite element space P1 for the gas ratio in the electrolyte domain

Sh, f e Finite element spaceP1 for the jump of the normal viscous force on the interface

Sh, f e Finite element space P1 for the normal viscous force on the outflow Γout

∆L2,Ω,∆L∞,Γ Relative difference in L2,L∞ norm in domain Ω,Γ
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Introduction

This research work is motivated by the industrial process of aluminium electrolysis [Hyd21]

and is financially supported by Rio Tinto Aluminium.

Aluminium is the chemical element of atomic number thirteen, which has low density, silver

colour, is resistant to corrosion and has important malleability. Aluminium is very much appre-

ciated by industry, in its pure form or alloyed with other metals, particularly in construction,

transport, aeronautics, packaging and electronics.

Aluminium is the most abundant metal in the earth’s crust, about 8% of its mass. It is not

present in pure form, but in minerals that contain oxides of aluminum, notably alumina Al2O3.

One of the main mineral forms of aluminum is bauxite, which is composed of about 50%

alumina, as well as silicates, iron oxides and other impurities in smaller quantities. Mostly

mined in Australia, South America and Asia, bauxite is processed using the alumina extraction

process (Bayer process) to obtain alumina. This process has remained practically the same for

a century, and is problematic because of the release of the bauxite residue called "red mud"

very harmful for the environment. Recently some new technologies have emerged in order

to obtain alumina with reduced environmental impact [Bor+16]. It takes about four tons of

bauxite to produce one ton of aluminum with the Bayer process.

According to [Das12], the aluminium production industry has a carbon footprint amounting

to 1.7% of global emissions from all sources and an electric current consumption representing

3% of the total worldwide, therefore huge efforts are done to enhance the process efficiency,

both for economical and ecological reasons.

Finally, the Hall-Héroult process of aluminum electrolysis is an expensive and complex process,

which extracts aluminum from alumina; it will be described in more details in this thesis. In

this process, large quantities of carbon dioxide are produced. The purpose of this thesis is to

predict the global effect of the carbon dioxide gas on the fluid flow with numerical simulations,

in order to optimise the industrial process.
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0.1 Aluminium electrolysis process

The Hall-Héroult electrolysis process allows to make pure aluminium from alumina Al2O3.

Discovered simultaneously and independently in 1886 by Paul Héroult and Charles Hall, it

is actively used today; for more details we refer to the work of [Grj+77; Hau13]. Aluminium

reduction occurs in huge cells, composed of various parts. A schematic representation of a

cell is given in Figure 1.

Figure 1 – Representation of the structure of the elements inside an aluminium electrolysis
cell, transverse cut. Inspired from [KHP19].

An outer steel shell contains the whole setup. On the top of the cell the current I is injected

through anode rods (Fig 1.b), and then through the anodes made of carbon (Fig 1.c), the

electrolyte (Fig 1.e), the aluminium (Fig 1.g) and the cathode (Fig 1.i). Under the cathode, the

iron bars, called collector bars (Fig 1.k), transport the electric current out of the cell. On the

bottom, some layers of insulating bricks (Fig 1.j) are used to reduce heat losses. The liquid

molten electrolysis bath and liquid aluminium are in a container made of carbon, and form

a two immiscible phase system separated by an interface (Fig 1.d) . The bottom part of the

container is called cathode, although from a chemical point of view the cathode also includes

liquid aluminium.
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0.1. Aluminium electrolysis process

The electric current heats the bath presenting a high electric resistance by Joule effect: at high

temperatures the bath and aluminium are liquid, and they are separated because of their

different densities, the aluminium having a density around 10% higher than the bath density.

The temperature required for all these elements to be liquid and the chemical reactions to

work properly is around 950°C. The temperature of the whole system is set such that a solid

layer of bath forms close to the side blocks of the cells (Fig 1.h): these solid layers of bath are

called bath ledges (Fig 1.m) and allows the thermal isolation of the cell while also protecting

the cell against the corrosion of the bath.

Chemical reactions occur in the molten bath. Alumina Al2O3 is inserted at controlled pace in

the bath through an injector (Fig 1.a) that is required to pierce the bath crust (Fig 1.d) formed

at the surface. The chemical challenge to separate aluminium and oxygen in the alumina

Al2O3 can be overcome using in particular cryolite N a3 AlF6 and Aluminium fluoride AlF3,

that act as flux to dissolve the aluminium. Alumina is dissolved in ions of aluminium by the

reaction:

Al2O3 → 2Al 3++3O2−.

Second, the carbon of the anodes react with the oxygen ions, and form carbon dioxide gas

CO2 by the transformation:

6O2−+3C → 3CO2 +12e−,

thus the anodes are slowly consumed, and need to be changed regularly. The lifespan of an

anode is a month in industrial context. A cell containing typically between twenty and forty

anodes (Figure 2), an anode is changed every day in an industrial cell on average. Recent devel-

opments aim to reduce the aluminium carbon footprint by using inert anodes [Yas+20] instead

of carbon anodes, diminishing the total carbon dioxide produced. Finally, the aluminium ions

are reduced in Aluminium through the main reaction:

2Al 3++6e− → 2Al .

As gravity drags the aluminium at the bottom of the cell, it is pumped out of the cell regularly,

through a tap hole (illustrated in Figure 2). The overall reduction reaction is:

2Al2O3 +3C → 3CO2 +4Al .

The carbon dioxide CO2 represents 90% of the gas produced in the reduction chemical re-

actions. In addition, some gases such as hydrogen fluoride HF , C F4 (PFC-14, tetrafluo-

romethane) and C2F6 (PFC-116, hexafluoroethane) are generated, mostly from secondary

reaction with the cryolite. All the gases escape the bath mainly through the channels between

the anodes, and are collected through gas collectors (Fig 1.o) in a gas treatment center (GTC).

The gases are then filtered in the GTC: in particular the hydrogen fluoride HF , highly toxic,

is recycled by fluorating fresh alumina. The carbon dioxide being the less threatening of the

different gases, it is released in the wild, unfortunately contributing to the greenhouse effects.
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Figure 2 – Scheme of the liquid region in an industrial cell seen from above.

In order for this process to work at industrial scale, a typical aluminium reduction cell measures

about 14[m] of length for 3[m] of width, shown in Figure 2. The anodes are arranged in two

parallel lines, where the distance between the two lines is called central channel. A huge

electric current in the range of 320[k A] is used, and to reduce the energy cost, the resistance

generated by the electrolytic bath has to be as low as possible. For this reason, the distance

between the anode surface and the aluminium-bath interface, called ACD1, is chosen between

20[mm] and 40[mm]. Figure 3 shows a factory with several industrial cells in series.

The huge electric current in a cell and its neighbours generate important electromagnetic

forces (Lorentz forces). These forces will put the electrolytic bath and the liquid aluminium

into movement, leading the interface between them to move as well. It is critical that the

interface does not move too much, because oscillations of the interface would reduce the ACD

locally: in the extreme case where the aluminium would touch the anode, a shortcut would

happen. This situation has to be avoided at all costs, as it would destabilise the system, as well

as the neighbouring cells.

Thus, the movement of the fluids in the aluminium reduction cells and their numerical

modelling are of paramount importance. The problem is especially challenging because of

the coupling between the magneto hydrodynamics and the free interface. Reference works

can be found in[GBL03; BE15], in [MR96; Sne85; DFR98] regarding the interface stability or in

several EPFL PhD thesis [Pai06; Ste09; Flo13; Roc16].

The software Alucell2[Ste09], allows to compute a stationary state numerical approximation

1for Anode-Cathode-Distance.
2The software Alucell, co-propriety of EPFL and Rio Tinto Aluminium, is developed by EPFL and YcoorSystems

SA (Sierre, Switzerland). The source code is written in C++ and Fortran, and uses a native script language to
implement algorithm related to the numerical modelling of aluminium electrolysis.
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0.1. Aluminium electrolysis process

Figure 3 – View of a hall with several aluminium electrolysis cells in serie. Siphoning of
aluminium is done on the right. Photo courtesy of Rio Tinto Aluminium.

of the fluid flow and the interface. Several new functionalities have been added since: the

ferromagnetic effects[DFF89], the thermal effects[Flo13; Saf05], alumina dissolution[Hof11;

Hil19] and different turbulence models[Roc16].

Furthermore, the movements of the gas modify the fluid flow, making the multi-physics at

stake even more complex. Similarly to recent models[Ein+17; SLL19; Zha+17], the purpose of

this thesis is to develop a model to take into account the global effect of the gas in numerical

simulations coupling the magneto-hydrodynamics and the free surface, and implement it in

the software Alucell.

Furthermore, an accurate prediction of the fluid velocity fields is also important in order to

study the transport of the alumina through the electrolysis cell. The concentration of alumina

should be balanced homogeneously through the whole cell to optimise the process. If the

concentration is too high, the alumina might solidify in aggregates and disturb the flow. If the

concentration is too low, the current efficiency decreases leading to the so-called anode effect:

in addition to carbon dioxide, more C F4 (PFC-14, tetrafluoromethane) and C2F6 (PFC-116,

hexafluoroethane) are generated, resulting in a layer of gas under the anode, insulating the

anode even more, leading to an increased voltage.

Numerical experiments indicate under-estimated velocities in the channels, leading for in-

stance to a wrong prediction of the alumina concentration. Taking into account the change of
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density due to the gas distribution will change the fluid flow, and hopefully, gives numerical

results closer to reality.

0.2 Aim of this work

The aim of this thesis consists into studying a model of diluted gas in numerical magneto-

hydrodynamics simulations, in order to evaluate how the liquid flow is modified by the density

composed of a mixture of gas and liquid. In particular, an algorithm is introduced in the

software Alucell in order to reach a stationary solution, with respect to the different magneto-

hydrodynamics unknowns, including the unknowns associated with the gas model. This

document is structured as follows:

In chapter 1, the mixture model that is going to be used in this thesis is presented. The model

takes its root in the coupling of the equations of conservation of mass and momentum for

respectively the gas phase and liquid phase. A few physical assumptions, in particular the

fact that the pressure of liquid, gas and mixture is the same, are considered. Two models of

drag forces are described, and a further simplified model of the gas velocity is introduced. In

addition, the weak formulation associated with the problem, as well as its corresponding finite

element approximations are presented. Finally, an iterative algorithm to reach a stationary

solution is described.

In chapter 2, extra assumptions are used to further simplify the model, and develop theoretical

results. The paramount assumption is that the gas density ρgαg is given as an input data,

and is not an unknown. In this case, it is shown that as long as the gas density satisfies some

regularity and bounds, the problem is well-posed. Moreover, a finite element approximation

of the problem is considered, and we proved that the standard a priori error estimates for the

velocity and the pressure can be recovered.

In chapter 3, the model is compared with a water-column experiment. While this situation dif-

fers completely from the aluminium electrolysis context, it allows to show that the behaviour

of the model is correct. In this context, the liquid is not driven by external forces (electromag-

netic forces) but is solely put into movement because of the gas density distribution. The

proposed stationary approach of chapter 1 is compared with experimental data collected from

[Gem+18; BRJ06] in this context.

Finally, in chapter 4, the magneto-hydrodynamics equations are presented. The algorithm of

chapter 1 is applied to the aluminium electrolysis process. The behaviour of the model with

variations of the different parameters are presented and discussed. The results show that the

velocity fields are indeed modified in the channels.
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1 A mixture model for a dilute disper-
sion of gas in a liquid

In this chapter a model of a two phase flow consisting of a gaseous phase diluted into a liquid

phase is presented. In order to introduce such a model, the general Navier-Stokes equations

with varying density are recalled. To establish this model, the equations of conservation of

mass and momentum for each phase are combined, and the resulting equations form a system

of Navier-Stokes equations with varying density. The model is expressed in Eulerian form,

thus the gas bubbles are not represented in this model. The model is based on [RL16; Pan06].

We denote x = (x1, x2, x3) any point of R3 and Ω⊂R3 the computational domain containing

the liquid, with boundary ∂Ω.

1.1 Navier-Stokes equations with varying density

Navier-Stokes equations describe the motion of viscous fluids. They arise from two conserva-

tion laws, namely the conservation of the momentum of the fluid:

∂(ρu)

∂t
+div(ρu ⊗u) = div(τ)+F , (1.1)

and the conservation of the mass of the fluid:

∂ρ

∂t
+div(ρu) = 0, (1.2)

where ρ is the density of the fluid, u its velocity, τ the stress tensor and F the density of body

forces applied to the fluid. The stress tensor is written as:

τ=−p I − 2

3
µdiv(u)I +2µε(u), (1.3)

where p is the pressure of the fluid and µ the viscosity of the fluid. Also

ε(u) = 1

2

(∇u +∇uT )
, with (∇u)i , j = ∂ui

∂x j
, 1 < i , j < 3,
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Chapter 1. A mixture model for a dilute dispersion of gas in a liquid

is the shear rate tensor. In equation (1.1), u ⊗u is the tensor given by (u ⊗u)i , j = ui u j , and the

divergence of a tensor τ is defined as (div(τ))i =∑3
j=1∂τi , j /∂x j , 1 < i < 3. When the unknowns

are the velocity u, the pressure p and the density ρ, the system of equations (1.1)-(1.2) is

incomplete, an additional scalar equation is required: for instance in the case of a perfect gas,

that would be an equation linking p and ρ. We will see in this chapter that ρ depends on the

quantity of gas introduced in the fluid. Since:

div(ρu ⊗u) = div(ρu)u + (ρu ·∇)u,

this equation together with (1.2) gives the non-conservative form of equations (1.1) and (1.2):

ρ
∂u

∂t
+ (ρu ·∇)u = div(τ)+F , (1.4)

∂ρ

∂t
+div(ρu) = 0, (1.5)

where τ is defined by relation (1.3). When the density is constant, the following relation holds

instead of (1.5):

div(u) = 0,

and then the viscous stress tensor τ in (1.3) simplifies to:

τ=−p I +2µε(u).

1.2 Derivation of a mixture model from conservation equations

Consider a domain Ω and a final time T > 0. The model described in this section relies

on a mixture between an incompressible gas and an incompressible liquid, as developed

by [Pan06; RL16]. Start by considering two different phases, the liquid denoted by l and the

diluted gas phase denoted by g . Then we write uk , pk ,ρk ,µk andαk the velocity field, pressure,

density, viscosity and volumetric fraction of each phase k ∈ {l , g } respectively. In particular the

volumetric fraction of each phase represents the percentage in volume of each phase at a given

location of the domain. Each phase k satisfies the equations of conservation of momentum

and mass:
∂(αkρk uk )

∂t
+div(αkρk uk ⊗uk ) = div(τk )+αkρk g + f k +F k , (1.6)

∂(αkρk )

∂t
+div(αkρk uk ) = 0, (1.7)

with the viscous tensor of each phaseτk =−pkαk I−2/3µk div(uk )I+2µkε(uk ), F k the external

forces, αkρk g the gravity force and f k the interface momentum exchange terms applied to

each phase k. The total conservation of volume implies:

αg +αl = 1,
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1.2. Derivation of a mixture model from conservation equations

which expresses the fact that the two phases fill the space. The interface momentum exchange

terms take the following form:

f l = pl∇αl +Dαgαl
(
ug −ul

)
,

f g = pg∇αg +Dαgαl
(
ul −ug

)
,

where the first term represents the effect of pressure force and the second term the drag force

exerted by the other component, proportional to the difference of velocities.

Remark 1. The drag coefficient D is discussed later in Section 1.6. From now we keep this

coefficient as general as possible.

The mixture is defined as the general substance composed of a part of liquid and a part of gas.

The population of gaseous bubbles diluted in the liquid is considered as a continuous phase

αg as in Figure 1.1. Then equations that describe directly the behaviour of the velocity and

density of the mixture can be derived. The momentum and mass conservation equations for

Figure 1.1 – The population of small gas bubbles diluted in the liquid is described with a
continuous phase, the volumetric ratio of gas αg .

the mixture are obtained by summing the corresponding equations for each component. In

particular the density of the mixture ρ is defined by:

ρ =αgρg +αlρl =αgρg + (1−αg )ρl . (1.8)

The velocity of the mixture u is defined by:

ρu =αgρg ug + (1−αg )ρl ul . (1.9)

Summing equations (1.6)-(1.7) for the gaseous phase k = g , l leads to:

∂(ρu)

∂t
+div(ρu ⊗u) = div(τ+ r )+ρg+F−pc∇αg , (1.10)

9
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∂ρ

∂t
+div

(
ρu

)= 0, (1.11)

where:

r =− αgρg

(1−αg )ρl
ρ

(
ug −u

)⊗ (
ug −u

)
is the Reynolds stress tensor, (1.12)

τ=τg +τl =−p I −2/3µdiv(u)I +2µε(u)

is the stress tensor of the mixture: it is not possible to compose it as the sum of the liquid

tensor and the gas tensor as a tensor depending only on the mixture velocity u. Therefore it is

rewritten as its classical formulation, where the viscosity of the mixture µ has to be described

with adequate constitutive physical law. The total pressure is given with:

p =αg pg + (1−αg )pl , (1.13)

and pc is the capillary pressure defined as the difference of pressures between each phase

pc = pl −pg . Using the different definitions, several variables can be eliminated. Indeed, as

αl = 1−αg , ρ depends only on αg thanks to (1.8). The liquid velocity ul can be written, thanks

to (1.9), as:

ul =
1

ρlαl

(
ρu −αgρg ug

)
. (1.14)

Assumptions to close the model

Different hypothesis are introduced in order to obtain a close system of equations. Consider

that the densities of each phase ρg and ρl are constant, that the density of the gas is signif-

icantly lower ρg << ρl , and also that the volumetric ratio of gas αg , as the diluted phase, is

smaller than the ratio of liquid. In the case of low velocities, the Reynolds stress tensor (1.12) r

can be neglected.

The drag force can be rewritten using (1.14):

Dαgαl
(
ul −ug

)= Dαg (1−αg )

(
ρ

(1−αg )ρl
u − αgρg

(1−αg )ρl
ug −ug

)
= Dαg

ρ

ρl

(
u −ug

)
.

An additional law is required for the capillary pressure pc to close the model. In this thesis

we consider that the surface tensions effects are neglected, so the capillary pressure pc = 0,

and therefore consider a unique pressure p = pg = pl . Finally no external force is exerted on

the gas, F g = 0 and positive gas diffusion coefficient K > 0 is included in the model to take

into account the gas diffusion in the applications, especially in aluminium electrolysis. Then

rewriting (1.6)(1.7) for the gas k = g and (1.10)(1.11) with these assumptions, the following

system can be deduced:

ρg
∂(αg ug )

∂t
+div(αgρg ug ⊗ug )+Dαg

ρ

ρl
ug −div(τg )+p∇αg =αgρg g +Dαg

ρ

ρl
u, (1.15)

10



1.3. Introduction of a gas production term in the system

∂αg

∂t
+div

(
αg ug −K∇αg

)= 0, (1.16)

∂(ρu)

∂t
+div(ρu ⊗u) = div(τ)+ρg+F, (1.17)

∂ρ

∂t
+div

(
ρu

)= 0, (1.18)

with:

τg =−pαg I −2/3µg div(ug )I +2µg ε(ug ), (1.19)

τ=−p I −2/3µdiv(u)I +2µε(u),

ρ =αgρg + (1−αg )ρl .

Then (1.15)-(1.18) forms a system of equations for the unknowns ug ,αg ,u and p, with the

different inputs given: ρg ,ρl ,µg ,D,µ,K and F . Appropriate initial and boundary conditions

are then required.

1.3 Introduction of a gas production term in the system

A particular attention is given to mass conservation of gas (1.16). Notice that if:

ug ·n = 0 on ∂Ω, (1.20)

with n being the unit normal vector to the external boundary of Ω, there is no influx nor

outflux of gas out of the domain Ω. It is completed with the condition for αg :

K∇αg ·n = 0 on ∂Ω, (1.21)

which represents the fact that the gas system is isolated, there is no gas diffusion through the

boundary ∂Ω. Therefore the initial quantity of gas is conserved if (1.20)(1.21) hold.

However in aluminium electrolysis the initial state of the system is not known, but the rate of

production of the system can be computed, as the quantity of gas produced in the domain Ω

per unit time is known. A first method could be to model the rate of production as an inflow,

i.e an incoming flux on a part of the boundary Γi n ⊂ ∂Ω, where Γi n = {x ∈ ∂Ω : ug ·n < 0}.

The use of an inflow can lead to various issues: the paramount one being that it requires to

fix both unknowns ug and αg on the inflow Γi n , and that in some practical cases fixing these

boundary conditions lead to severe numerical issues1. A different approach is proposed in

this thesis to introduce gas into the system: thanks to a volumetric source term, rewriting

1In particular the boundary conditions on the inflow would be to impose a gas velocity going down, where the
gas velocity goes naturally up everywhere because of gravity in this model. The composition of this boundary
condition and the model result in ill-posed model in our experience
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Chapter 1. A mixture model for a dilute dispersion of gas in a liquid

(1.16) as:
∂αg

∂t
+div

(
αg ug −K∇αg

)= α̇sour ce . (1.22)

Here the positive source term α̇sour ce ≥ 0 has the dimension of a frequency. The quantity

ρg α̇sour ce represents the mass of gas produced in the domain per unit volume per unit time.

If we require (1.22) to reach a stationary solution, then integrating (1.22) overΩ, and integrating

by part taking into account (1.21) gives compatibility condition:∫
Ω
α̇sour ce dx =

∫
∂Ω
αg ug ·nds =

∫
Γout

αg ug ·nds, (1.23)

where we denote:

Γout =
{

x ∈ ∂Ω : ug ·n 6= 0
}

,

∂Ω= Γout ∪Γ0,

Γ0 =
{

x ∈ ∂Ω : ug ·n = 0
}

.

Notice that it is necessary that Γout 6= ; as long as the source term α̇sour ce is positive if a

stationary state exists: otherwise the problem would be ill-posed. In practice Γout is an

outflow surface through which the gas is expelled out of Ω.

1.4 Boundary conditions with outflow

The introduction of an outflow of gas in the model induces different changes. For every

point P on the boundary ∂Ω, let n(P ), t 1(P ) and t 2(P ) denote the external unitary normal

vector outgoing the surface ∂Ω at point P the two unit basis vectors tangent to ∂Ω such that

(n(P ), t 1(P ), t 2(P )) form an orthonormal system. The boundary conditions on the mixture

velocity u are the following:

u = 0, on Γ0, (1.24)

u ·n = 0, on Γout , (1.25)

(τ ·n) · t i = 0 on Γout , i = 1,2. (1.26)

The two conditions (1.24-1.25) ensure that u ·n = 0 yields for the whole boundary ∂Ω, thus the

mixture is confined in the domain Ω.

Remark 2. In (1.26) the chosen notation is that the product (τ ·n) represents a matrix product

between a 3x3 matrix (τ) and a 3x1 vector, resulting in a vector 3x1:

(τ ·n)i =
3∑

j=1
τi , j n j .
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1.5. The stationary model

The second · with the vector t i here denotes the standard scalar product.

Remark 3. One immediately notices that since u ·n = 0 holds on the whole frontier and if the

gas velocity ug can be such that ug ·n > 0 on Γout , then the definition (1.9) implies that some

liquid velocity ul is coming into the domain, ul ·n 6= 0 on Γout . However :

ul =− αgρg

(1−αg )ρl
ug is very small on Γout when ρg /ρl << 1, u = 0, αg << 1,

and it is reasonable not to take it into account. (in the frame of aluminium electrolysis

ρg /ρl < 1/200 )

The pressure p in equations (1.15) and (1.17) is defined up to a constant. This constant is

determined for instance by imposing that:∫
Ω

pdx = 0, (1.27)

that is, p belongs to the space of zero average function. The boundary conditions for the gas

velocity ug are:

ug = 0, on Γ0, (1.28)

(τg ·n) ·n =αg p0, on Γout , (1.29)

Here p0 is such that: ∫
Γout

(τg ·n) ·nds =
∫
Γout

αg (τ ·n) ·nds

that is to say

p0 =
∫
Γout

(τ ·n) ·nds∫
Γout

ds
. (1.30)

that is the scalar p0 is the average of (τ ·n) ·n on the outflow surface Γout . The last condition

is:

(τg ·n) · t i = 0, on Γout , i = 1,2. (1.31)

With this definition, the constant p0 can be seen as a virtual pressure imposed on the outflow.

The pressure p may be defined with (1.27) or any other condition, the gas velocity ug resulting

from equation (1.15) and boundary conditions (1.28-1.31) is independent of the choice of this

constant, see Appendix A.1.

1.5 The stationary model

In the applications, the stationary solution of the equations are of primary interest, as it gives

key insights of the average behaviour of the system. Such an average system is obtained

through time evolution, up to a point when the solution does not evolve anymore, which is

13



Chapter 1. A mixture model for a dilute dispersion of gas in a liquid

considered as a steady state. Numerical experiments show that the time scale of the different

equations are not the same: in the applications, the time scale of the gas equation (1.22) is

much faster than the others. Consequently, an efficient method to reach a steady state is

to consider this last equation as a time-evolution one ( see 1.33 below), while solving the

others under their stationary form. Therefore, the following problem is considered: find the

unknowns ug ,αg ,u and p in Ω satisfying:

div(αgρg ug ⊗ug )+Dαg
ρ

ρl
ug −div(τg ) = p∇αg +αgρg g +Dαg

ρ

ρl
u, (1.32)

∂αg

∂t
+div

(
αg ug −K∇αg

)= α̇sour ce , (1.33)

div(ρu ⊗u) = div(τ)+ρg+F, (1.34)

div
(
ρu

)= 0, (1.35)

where we recall the definitions of τ,ρ and τg given by (1.3), (1.8) and (1.19):

τ=−p I −2/3µdiv(u)I +2µε(u),

ρ =αgρg + (1−αg )ρl ,

τg =−pαg I −2/3µg div(ug )I +2µg ε(ug ),

with the appropriate boundary conditions defined in (1.21)(1.24-1.31):

K∇αg ·n = 0, on ∂Ω,

u = 0, on Γ0,

u ·n = 0, on Γout ,

(τ ·n) · ti = 0 on Γout , i = 1,2,∫
Ω

pdx = 0,

ug = 0, on Γ0,

(τg ·n) ·n =αg p0 on Γout ,

p0 =
∫
Γout

(τ ·n) ·nds∫
Γout

ds
,

(τg ·n) · ti = 0 on Γout , i = 1,2.

14



1.6. On a drag force model

In addition, the stationary system can be completed with :∫
Ω
α̇sour ce dx =

∫
Γout

αg ug ·nds. (1.36)

Remark 4. Condition (1.36) is not satisfied for all time t . However, it is a necessary condition

when the solution is stationary, therefore it can be used in practice as an indicator that the

solution may be close to a steady state.

Remark 5. In this model, the velocity of the mixture u is very close to the liquid velocity ul ,

similarly to (1.14) :

(u −ul ) =
(
αgρg

ρ
ug +

(
(1−αg )ρl

ρ
−1

)
ul

)
, (1.37)

which is also very small when ρg /ρl << 1 and αg << 1.

1.6 On a drag force model

Consider equation (1.32), in which the Drag force is given in compact form as:

D
ρ

ρl
αg

(
u −ug

)= D(1−αg )αg
(
ul −ug

)
(1.38)

We are going to look more into details what is the Drag coefficient D: first a simple law is

derived in the so-called "Stokes" case, where some assumptions hold in the linear regime and

we will also state a more general Drag force that is used in the literature. We will see that both

forces are equivalent when the Reynolds number associated with the gas bubble flow is low.

1.6.1 Derivation of a Drag force in the Stokes regime

First the case of small spherical bubbles and small velocities is considered: with these as-

sumptions, the Stokes drag force applying on an individual spherical bubble of gas in the

surrounding fluid is described as Stokes force :

F S,1bubble = 3πµLd
(
ul −ug

)
, (1.39)

where d is the diameter of the bubble and µL the viscosity of the surrounding flow. It is then

convenient to sum the force on the population of bubbles, considering that the volume of

1[m3] holds n bubbles given by n = r
6αg

d 3π
, where r is a packing factor: in the cases of spheres,

its value is r = π

3
p

2
. Therefore, the drag term would be:

F S = Dαlαg
(
ul −ug

)= nαl F S,1bubble = 18
αgαlµLr

d 2

(
ul −ug

)= 18
αgρµLr

d 2ρl

(
u −ug

)
, (1.40)

where relation (1.14) was used in the last equality. The liquid volumetric ratioαl is usually close

to one, which is why it is usually neglected in the classical Stokes formula (1.39). In this thesis,
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Chapter 1. A mixture model for a dilute dispersion of gas in a liquid

this factor will be considered all the time. This expression shows that the bubble diameter is

paramount for the drag Force as the dependency is ∝ d−2. In our model, a constant bubble

diameter is considered as the average diameter of the population of bubbles. In the Stokes

regime, the drag coefficient is then:

D = 18µLr

d 2 . (1.41)

1.6.2 Turbulent Drag Force

The turbulence associated with a flow of bubble in a fluid is measured through the value of

the dimensionless Reynolds bubble number Reb :

Reb = ρl |ul −ug |d
µL

. (1.42)

An interesting approach is to consider one of the most general formulation for the Drag force

exerted on an object [LL59]:

|F D | = CDρl |U |2S

2
, (1.43)

where U is the difference of velocity between the object and the surroundings, S the area of a

cross-section transverse to the direction of the flux, and CD an dimensionless drag coefficient.

Applied to a spherical bubble of gas of diameter d in a fluid, it can be written:

F D,1bubble =CD
πd 2ρl

8

(
ul −ug

) |ul −ug |. (1.44)

CD is the dimensionless drag coefficient. When considering not a single bubble, but a dis-

persed population of bubble at different Reynolds numbers, a lot of different laws for the

coefficient CD exist in the literature: usually the coefficient is a function depending on the

Reynolds number, and possibly on the geometry of the bubbles. In our model, all the aspects

linked to the variations of the geometry of the bubbles are neglected, and the bubbles are

considered as spheres with constant average diameter d . The model of Drag coefficient of

Schiller will be considered [Sch33]:

CD = max

(
24

Reb

[
1+0.15Re0.687

b

]
,0.44

)
, (1.45)

Notice that when the bubble Reynolds number Reb << 1 is small, injecting CD = 24
Reb

in (1.44)

gives exactly the same expression as the Stokes Drag force in (1.39). Thus, using the same

reasoning as to obtain the force in (1.40), one gets:

F D = max

([
1+0.15Re0.687

b

]
,

0.44Reb

24

)
F S = f (Reb)F S . (1.46)

Therefore, the difference between the Stokes drag force F S and the more general form of the

Drag force F D depends on a function labeled f (Reb) which can be expressed directly with
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1.7. Simplified models

the Reynolds bubble number. In the applications, the Reynolds bubble number is most of

the time low and the Stokes approximation is sufficient. However, we will see that in some

cases, the more general expression of the Drag force is useful. With the model (1.46), the drag

coefficient is:

D = max

([
1+0.15Re0.687

b

]
,

0.44Reb

24

)
18µLr

d 2 . (1.47)

Notice that the Stokes regime (1.41) is the inferior bound of expression (1.47).

1.7 Simplified models

In this section, simpler models are presented and derived, with additional assumptions. These

models are easier to implement and to solve than the full model described in section 1.5,

therefore can be useful in practice, but take poorly into account boundary conditions. A

first simplification consists to eliminate the gas velocity from the system with additional

assumptions. A second simple model arises similarly when eliminating the gas velocity

assuming its velocity corresponds to the velocity of a single bubble in a flow at low Reynolds

number. We will see that these two models are very similar. Lastly, we will talk about the

Boussinesq approximation, which consists to take into account the variation of the density

only through the gravity force.

1.7.1 An explicit formula for the gas velocity

Notice that using div(−αg p I )+p∇αg =−αg∇p, equation (1.32) can be written as:

div(αgρg ug ⊗ug ) = div
(
2µg

(
ε(ug )−div(ug )I /3

))−αg∇p +αgρg g + Dαgρ

ρl

(
u −ug

)
. (1.48)

If only the last three terms are taken into account (we neglect the viscous and convective

terms), one gets:

−αg∇p +αgρg g + Dαgρ

ρl

(
u −ug

)= 0. (1.49)

Dividing by αg , re-arranging and using the Stokes expression (1.41) for the Drag coefficient D

gives:

ug = u − d 2ρl

18µrρ
(∇p −ρg g ) = ul −

d 2

18µrαl
(∇p −ρg g ). (1.50)

The last equality can be obtained using (1.38). Using one of the direct explicit relation (1.50)

for ug allows to eliminate ug ,and under these assumptions, system (1.32)-(1.35) is turned into

another problem:

ρ =αgρg + (1−αg )ρl ,

div(ρu ⊗u) = div(τ)+ρg+F, (1.34)
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Chapter 1. A mixture model for a dilute dispersion of gas in a liquid

div
(
ρu

)= 0, (1.35)

∂αg

∂t
+div

(
αg

(
u − d 2ρl

18µrρ
(∇p −ρg g )

)
−K∇αg

)
= α̇sour ce , (1.51)

with appropriate boundary conditions for the unknowns u, p and αg .

1.7.2 Connection with the velocity of a single bubble of gas in a fluid

Consider the situation of a single bubble of gas in a fluid. The velocity of the fluid u satisfies

equations of momentum and mass (1.34)-(1.35) for a constant density ρ = ρl . The motion of

this bubble is described by two forces: the Archimedes force F A lifting up the bubble in the

direction oppose to gravity g and the drag force F D exerted on the bubble by the surrounding

fluid, putting the bubble in movement in the same direction as the fluid.

Figure 1.2 – A bubble suddenly produced in a fluid in motion from left to right : the two
dominant forces are F A and F D .

The Archimedes force is defined by:

F A =−4

3
π(

d

2
)3(ρl −ρg )g , (1.52)

where d is the diameter of the bubble. Obviously, if the density ρg is equal to ρl , the resulting

force is zero. For a spherical bubble in a non turbulent regime at low velocity, the drag force

exerted on the bubble by the fluid is known as the Stokes drag law [Sto51; GM11]:

F D = 6πµ(d/2)(u −ug ). (1.53)

Taking into account these different forces, a simple model consists in looking at the equilibrium

of the forces exerted on the bubble: The Archimedes force will put into motion the bubble

with an ascending velocity, up to a limit vertical velocity given when the Archimedes force is in

balance with the Drag force (and gravity force) opposing this ascending movement.

When the forces balance each other:

F D +F A = 0, (1.54)
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1.7. Simplified models

Figure 1.3 – When the forces are balanced, the resulting limit velocity corresponds to the
velocity of the fluid with an additional vertical component.

which simplifies and gives the limit velocity of the bubble:

ug = u − d 2

18µ
(ρl −ρg )g . (1.55)

This relation is very similar to (1.50), up to factors αl , r and instead of the force ρl g , the

gradient of the pressure ∇p is used in (1.50).

Remark 6. One major drawback of both equations (1.50) and (1.55) is that they can not take

into account well boundary conditions of the problem2, however they can be computed very

easily and taken as a reference order of magnitude of the expected solutions in a wide range of

applications.

1.7.3 Boussinesq approximation of Navier-Stokes equation

Consider equations (1.34) and (1.35) for the unknowns u and p. As the density ρ is

ρ = (1−αg )ρl +αgρg ,

if αg << 1, the density is the constant ρl with a small perturbation. Then the first order

development in ρ of these equations is the Boussinesq approximation [Bou77], i.e solve the

following system for the unknowns u and p:

(ρl u ·∇)u −div
(
2µε(u)

)+∇p = F +ρg , (1.56)

div(u) = 0. (1.57)

The Boussinesq approximation can be useful in practice: for a quick implementation and fast

results, in some cases it is enough to take into account the variations of the density ρ only in

the gravity force. Another advantage for fast implementation is that combining the Boussinesq

approximation with the relation (1.55) to eliminate ug results into the following simplified

2For example, if an obstacle blocks the ascending direction of the bubbles.
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Chapter 1. A mixture model for a dilute dispersion of gas in a liquid

system:

ρ =αgρg + (1−αg )ρl ,

∂αg

∂t
+div

(
αg

(
u − d 2

18µ
(ρl g −ρg g )

)
−K∇αg

)
= α̇sour ce , (1.51)

div(ρl u ⊗u) = div(τ)+ρg+F, (1.56)

div(u) = 0, (1.57)

Notice that in (1.56-1.51), u as well as ug = u − d 2

18µ (ρl g −ρg g ) are divergence-free, which is

easier to treat and implement especially for the equation of advection-diffusion (1.51). In the

applications, numerical schemes conserving in particular the mass and other properties with

such velocity fields have been designed for example for the transport of the alumina in the

aluminium [Hil19; Hof11].

1.8 Weak formulation of the stationary system

In the following, the weak formulation for each equation of the stationary model is pre-

sented, including the relevant boundary conditions. The regularity in space of the unknowns

u, p,ug ,αg will not be mentioned except in chapter 2 when some theoretical results of exis-

tence are established.

1.8.1 Weak form of Navier-Stokes equations

First notice that using div(ρu) = 0, one gets:

div(ρu ⊗u) = (ρu ·∇)u +div(ρu)u = (ρu ·∇)u. (1.58)

Consider now for u the space satisfying (1.24):

V = {
v : (x1, x2, x3) ∈Ω→ v (x1, x2, x3) ∈R3 : v = 0 on Γ0

}
, (1.59)

where ∂Ω = Γout ∪Γ0, and Γout is the outflow part of the boundary where the gas escapes

out of the domain. Consider a regular vector function v ∈ V , we multiply (1.34) by v , and

integrating over Ω, one gets, using (1.58):∫
Ω

(ρu ·∇)u ·vdx −
∫
Ω

div(τ) ·vdx =
∫
Ω

(
F +ρg

) ·vdx. (1.60)
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1.8. Weak formulation of the stationary system

Then, integrating by part the expression with the stress tensor yields, as τ is symmetric:∫
Ω

div(τ) ·vdx =
∫
Ω

3∑
i=1

3∑
j=1

∂

∂x j
(τi j )v i dx =−

∫
Ω

3∑
i=1

3∑
j=1
τi j

∂v i

∂x j
dx +

∫
∂Ω

3∑
i=1

3∑
j=1
τi j v i n j ds.

So: ∫
Ω

div(τ) ·vdx =−
∫
Ω
τ : ε(v )dx +

∫
∂Ω

(τ ·n) ·vds. (1.61)

Explicitly, the first term in (1.61) corresponds to:∫
Ω
τ : ε(v )dx = 2

∫
Ω
µε(u) : ε(v )dx −2/3

∫
Ω
µdiv(u)div(v )dx −

∫
Ω

pdiv(v )dx. (1.62)

Notice the tensor product ε(u) : ε(v ) is given by

ε(u) : ε(v ) =
d∑

i , j=1
ε(u)i , j ε(v )i , j , (1.63)

and |ε(u)| = (ε(u) : ε(u))1/2. The same notation is adopted for τ : ε(v),∇u : ∇v . Furthermore,

notice that the second term in (1.61) can be decomposed in the Cartesian system defined by

(n, t 1, t 2), which together with the boundary conditions (1.24-1.26) and (1.59) give:∫
∂Ω

(τ ·n) ·vds =
∫
∂Ω

(τ ·n) ·n(v ·n)ds +
∫
∂Ω

(τ ·n) · t 1(v · t 1)ds

+
∫
∂Ω

(τ ·n) · t 2(v · t 2)ds =
∫
Γout

(τ ·n) ·n(v ·n)ds.
(1.64)

Let us define ξ= (τ ·n) ·n, ξ ∈ S with:

S = {s : (x1, x2, x3) ∈ ∂Ω→ s(x1, x2, x3) ∈R : s = 0 on Γ0} , (1.65)

then multiply the condition (1.25) by a function σ ∈ S and integrating over ∂Ω results into:∫
Γout

σ(u ·n)ds = 0, (1.66)

also let the space with zero average function be:

L =
{

f : (x1, x2, x3) ∈Ω→ f (x1, x2, x3) ∈R :
∫
Ω

f dx = 0

}
, (1.67)

and multiply (1.35) with a function q ∈ L to obtain:∫
Ω

div
(
ρu

)
qdx = 0. (1.68)
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Chapter 1. A mixture model for a dilute dispersion of gas in a liquid

Finally a weak formulation of equations (1.34-1.35) with boundary conditions (1.24-1.27)

consists into looking for (u, p,ξ) ∈V ×L×S such that:∫
Ω

(ρu ·∇)u ·vdx +
∫
Ω

2µ

(
ε(u) : ε(v )− 1

3
div(u)div(v )

)
dx

−
∫
Ω

pdiv(v )dx −
∫
Γout

ξ(v ·n)ds =
∫
Ω

(
F +ρg

) ·vdx,∫
Ω

div(ρu)qdx = 0,∫
Γout

σ(u ·n)ds = 0,

(1.69)

for all (v , q,σ) ∈V ×L ×S. Notice that the variable ξ is the normal part of the viscous forces

through the boundary Γout , and acts as a Lagrange multiplier to ensure the condition (u ·n)

on Γout .

1.8.2 Weak form of the gas momentum equation

For ρg > 0 a constant and αg a regular function, with ug ∈V , one gets:

div(ρgαg ug ⊗ug ) = (ρgαg ug ·∇)ug +div(ρgαg ug )ug . (1.70)

To treat the term div(ρgαg ug )ug , we choose to consider the stationary form of equation (1.33)

neglecting the diffusive term, thus ∂αg /∂t = 0 and K = 0 in (1.33) gives:

div
(
αg ug

)= α̇sour ce (1.71)

Then injecting (1.71) in (1.70) reads:

div(ρgαg ug ⊗ug ) = (ρgαg ug ·∇)ug +div(ρgαg ug )ug = (ρgαg ug ·∇)ug + (ρg α̇sour ce )ug .

(1.72)

Furthermore, the equality (1.61) for τ holds as well for τg . As in (1.64), the border integral of

the gas viscous tensor can be split in the (n, t 1, t 2) coordinate system, and using boundary

conditions (1.28-1.29) with ξ= (τ ·n) ·n ∈ S, it holds:∫
∂Ω

(τg ·n) ·vds =
∫
∂Ω

(τg ·n) ·n(v ·n)ds +
∫
∂Ω

(τg ·n) · t 1(v · t 1)ds

+
∫
∂Ω

(τg ·n) · t 2(v · t 2)ds =
∫
Γout

(τg ·n) ·n(v ·n)ds =
∫
Γout

αg p0(v ·n)ds.
(1.73)

Of course, p0 is the average of ξ on Γout :

p0 =
∫
Γout

(τ ·n) ·nds∫
Γout

ds
=

∫
Γout

ξds∫
Γout

ds
,
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Then multiplying the gas momentum equation (1.32) by a regular function v g ∈V , and using

(1.70)(1.73), an equivalent formulation of equation (1.32) with boundary conditions (1.28-1.29)

consists into looking for ug ∈V such that:∫
Ω

(ρgαg ug ·∇)ug ·v g dx +
∫
Ω

(ρg α̇sour ce )ug ·v g dx −
∫
Γout

αg p0(v g ·n)ds

+
∫
Ω

2µg

(
ε(ug ) : ε(v g )− 1

3
div(ug )div(v g )

)
dx +

∫
Ω

D
ρ

ρl
αg ug ·v g dx =

∫
Ω
αg pdiv(v g )dx

+
∫
Ω

p∇αg ·v g dx +
∫
Ω
αgρg g ·v g dx +

∫
Ω

D
ρ

ρl
αg u ·v g dx,

(1.74)

for all v g ∈V .

1.8.3 Weak form of the gas mass equation

Finally, we need to treat a weak form for the equation of mass conservation of the gas (1.33). In

particular, Multiplying equation (1.33) by any regular functionω : (x1, x2, x3) →ω(x1, x2, x3) ∈R
results in: ∫

Ω

∂αg

∂t
ωdx +

∫
Ω

div
(
αg ug

)
ωdx −

∫
Ω

div(K∇αg )ωdx =
∫
Ω
α̇sour ceωdx. (1.75)

Integrating by part yields:

−
∫
Ω

div(K∇αg )ωdx =
∫
Ω

K∇αg∇ωdx −
∫
∂Ω

K∇αg ·nωds. (1.76)

Using (1.76) and boundary condition (1.21) that allows to get rid of the boundary term leads

to the following weak formulation of (1.33) with boundary condition (1.21). We are looking for

αg : (x1, x2, x3) →αg (x1, x2, x3) ∈R satisfying:∫
Ω

∂αg

∂t
ωdx +

∫
Ω

div
(
αg ug

)
ωdx +

∫
Ω

K∇αg∇ωdx =
∫
Ω
α̇sour ceωdx, (1.77)

for allω : (x1, x2, x3) →ω(x1, x2, x3) ∈R. Notice that choosingω= 1 together with the stationary

condition ∂αg /∂t = 0 leads to the balance of mass (1.23).

1.9 Algorithm to solve the stationary problem

An iterative algorithm is required to solve the whole system of equations regrouping the weak

formulations of the Navier-Stokes system (1.69), the gas momentum system (1.74) and the

gas mass equation (1.77). Let n denotes n-th iteration of the algorithm and assume that

{ug }n , {αg }n , {p}n , {ξ}n and {u}n are known.

The following algorithm gives the step to obtain the unknowns at stage n +1, so to compute
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{ug }n+1, {αg }n+1, {p}n+1, {ξ}n+1 and {u}n+1:

1. Using (1.8) compute ρ = {αg }nρh + (1− {αg }n)ρl as input and solve Navier-Stokes equa-

tions (1.69) in order to obtain {u}n+1, { p}n+1, { ξ}n+1.

2. Let Ng be another positive integer and ∆t a positive time-step. Then perform a sub-

sequences algorithm: that is consider the sub-sequences {αg }n,k and {ug }n,k , where

k = 0, . . . , Ng denotes the iteration number of the sub-sequences. The following steps

are performed Ng times allowing to pass from the sub-sequences {αg }n,k and {ug }n,k to

the next sub-sequences {αg }n,k+1 and {ug }n,k+1:

(a) Take {u}n+1, { p}n+1, { ξ}n+1 and {αg }n,k as input in system (1.74) and solve it in

order to get {ug }n,k+1.

(b) Use {ug }n,k+1 as input and solve (1.77) with a time discretization scheme to obtain

{αg }n,k+1, with time-step ∆t . This time discretization should be seen as a contin-

uation method to reach a stationary solution. For simplicity the implicit Euler

scheme can be considered, i.e find {αg }n,k+1 ∈ A such that for all ω ∈ A, we have:∫
Ω

{αg }n,k+1 − {αg }n,k

∆t
ωdx+

∫
Ω

div
(
{αg }n,k+1{ug }n,k+1

)
ωdx+

∫
Ω

K∇{αg }n,k+1∇ωdx =
∫
Ω
α̇sour ceωdx

3. Then the values of the sub-sequences at number k = Ng are taken to update the se-

quences of the main algorithm: {ug }n,Ng → {ug }n+1, and {αg }n,Ng → {αg }n+1.

Navier-Stokes system: velocity u, pressure p, viscous force ξ

Gas momentum system:

velocity ug , constant p0

Gas mass equation : vol-

umetric gas ratio αg

Repetitions of steps 1. to 3. are performed up to a fixed number of iteration N or up to

a stop criteria. At this stage, one can assess at which point the solution is stationary by

checking if the following ratio is close to 1:

r =
∫
Γout

αg ug ·nds∫
Ω α̇sour ce dx

,

that is the production of gas in the domainΩ corresponds to the outflow escaping out through

the boundary Γout .
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1.10. Linearisation of the equations

1.10 Linearisation of the equations

In the applications of algorithm (1.9), three important non-linearities have to be addressed:

1. The effective viscosity µ in Navier-Stokes problem (1.69) is composed of two terms, the

constant laminar viscosity µL and the turbulent viscosity µT which takes into account

the average diffusion due to the turbulence:

µ=µL +µT . (1.78)

The turbulent viscosity µT follows a Smagorinski-kind model [Pop01] described in

[Roc16], and can be written:

µT =CTρ|ε(u)|, (1.79)

with CT a constant turbulent parameter3. The shear rate tensor ε(u) is defined in (1.1)

and |ε(u)| =
√∑

i , j (εi , j (u))2. Thus the term 2µ
(
ε(u) : ε(v )− 1

3 div(u)div(v )
)

in (1.69) is

non-linear with respect to u.

The viscosity used in the drag coefficient D in (1.41) will not include the turbulent

viscosity, only the laminar viscosity µL .

2. The standard convective term (ρu ·∇)u is a second non linearity in the Navier-Stokes

equation with respect to u, as well as the term (αgρg ug ·∇)ug in the gas momentum

equation (1.74).

3. If the general drag force (1.47) is used for the drag coefficient in the gas momentum

equation (1.74), the weak formulation for ug is non-linear.

In the following the Newton method to solve these non-linearities is detailed.

Remark 7. When considering the complete model, the non-linear interactions between the

different equations (1.69)-(1.74)- (1.77) are such that it is not useful to solve very accurately the

non-linearities specific to each of the different equations. (a low number of Newton iteration

for one of these equations is enough as it is useless to spend computational power when the

solution is far away). However, the Newton method will be useful when getting closer to the

stationary solution.

Taking into account the two first non-linearities, let us consider the weak form (1.69) of Navier-

Stokes equation. In the following, assume V to be the space for the velocity u or ug , L the

space for the pressure p and S the space for ξ, as in section 1.8. The linearisation of the weak

form of the equations in section 1.8 can be computed with a formal calculation. With ρ given

as fixed input, the following operator F : [V ×L×S] → [V ×L×S]′, where [V ×L×S]′ denotes

3In the literature, the dimension of CT is the unit of a distance squared l 2. The length is chosen as a characteristic
length of the problem, or in some cases, the mesh size h. In this thesis it is regrouped as one unique constant.
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Chapter 1. A mixture model for a dilute dispersion of gas in a liquid

the dual of [V ×L×S]:

<F (u, p,ξ), (v , q,σ) >=
∫
Ω

2(µL +CTρ|ε(u)|)
(
ε(u) : ε(v )− 1

3
div(u)div(v )

)
dx

+
∫
Ω

(ρu ·∇)u ·vdx −
∫
Ω

pdiv(v )dx −
∫
Γout

ξ(v ·n)ds

−
∫
Ω

(
F +ρg

) ·vdx +
∫
Ω

div(ρu)qdx +
∫
Γout

σ(u ·n)ds.

(1.80)

The Gateaux derivative of F in (u, p,ξ) in the direction (w ,r, s) exists for all (v , q,σ) ∈V ×L×S

and is:

< DF (u, p,ξ)(w ,r, t ); (v , q,σ) >=
∫
Ω

2(µL +CTρ|ε(u)|)
(
ε(w ) : ε(v )− 1

3
div(w )div(v )

)
dx

+
∫
Ω

2(CTρ)
ε(w ) : ε(u)

|ε(u)|
(
ε(u) : ε(v )− 1

3
div(u)div(v )

)
dx

+
∫
Ω

(ρw ·∇)u ·vdx +
∫
Ω

(ρu ·∇)w ·vdx −
∫
Ω

r div(v )dx

−
∫
Γout

t (v ·n)ds +
∫
Ω

div(ρw )qdx +
∫
Γout

σ(w ·n)ds.

(1.81)

The relation (1.81) holds directly for the linear terms. For the term (ρu ·∇)u, it is clear that for

K : V →V ′ with < K (u), v >= ∫
Ω(ρu ·∇)u ·vdx, it directly follows:

lim
t→0

K (u + t w )−K (u)

t
=

∫
Ω

(ρw ·∇)u ·vdx +
∫
Ω

(ρu ·∇)w ·vdx. (1.82)

Only the viscous terms are left, and if V : V →V ′ defined with

<V (u), v >= ∫
Ω2(CTρ|ε(u)|)(ε(u) : ε(v )− 1

3 div(u)div(v )
)

dx, the derivative can be written:

lim
t→0

V (u + t w )−V (u)

t
=

∫
Ω

2(CTρ|ε(u)|)
(
ε(w ) : ε(v )− 1

3
div(w )div(v )

)
dx

+
∫
Ω

2CTρ

(
lim
t→0

|ε(u + t w )|− |ε(u)|
t

)(
ε(u) : ε(v )− 1

3
div(u)div(v )

)
dx.

(1.83)

Finally, the following holds:

lim
t→0

|ε(u + t w )|− |ε(u)|
t

= lim
t→0

|ε(u + t w )|2 −|ε(u)|2
t (|ε(u + t w )|+ |ε(u)|) =

ε(w ) : ε(u)

|ε(u)| . (1.84)

This concludes the proof of (1.81).

Remark 8. This development is taken from [Roc16](pages 36-37) addressing the incompress-

ible Navier-Stokes equation case for different turbulent models, though there was a mistake of

a factor 2 in the original document (and in the numerical method), corrected here.
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1.10. Linearisation of the equations

Second, consider the gas velocity formulation (1.74) with a non linear Drag term (1.47). Thus,

define the operator Gθ : V →V ′ defined, for given and fixed αg , p,u,ξ,µg ,µL and parameter

θ ∈ {0,1} as inputs4, and the drag coefficient given by (1.47):

<Gθ(ug ), v >=
∫
Ω

(ρgαg ug ·∇)ug ·vdx +
∫
Ω

(ρg α̇sour ce )ug ·vdx −
∫
Γout

αg p0(v ·n)ds

+
∫
Ω

2µg

(
ε(ug ) : ε(v )− 1

3
div(ug )div(v )

)
dx −

∫
Ω

p∇αg ·vdx −
∫
Ω
αg pdiv(v )dx

−
∫
Ω
αgρg g ·vdx +θ

∫
Ω

[
1+0.15Re0.687

b

] 18µLr

d 2

ρ

ρl
αg (ug −u) ·vdx

+ (1−θ)
∫
Ω

0.44Reb

24

18µLr

d 2

ρ

ρl
αg (ug −u) ·vdx,

Reb(ug ) = ρl |u −ug |d
µL

.

(1.85)

Let us compute formally the Gateaux derivative of G in (ug ) in the direction (w ) exists for all

v ∈V :

< DGθ(ug )(w ), v >=
∫
Ω

(ρgαg w ·∇)ug ·vdx +
∫
Ω

(ρgαg ug ·∇)w ·vdx +
∫
Ω

(ρg α̇sour ce )w ·vdx

+
∫
Ω

2µg

(
ε(w ) : ε(v )− 1

3
div(w )div(v )

)
dx

+θ
∫
Ω

[
1+0.15Re0.687

b

] 18µLr

d 2

ρ

ρl
αg (w ) ·vdx

+ (1−θ)
∫
Ω

0.44Reb

24

18µLr

d 2

ρ

ρl
αg (w ) ·vdx,

+θ
∫
Ω

[
0.150.687Re0.687−1

b

] w · (ug −u)

|ug −u|
18rρ

d
αg (ug −u) ·vdx

+ (1−θ)
∫
Ω

0.44

24

w · (ug −u)

|ug −u|
18rρ

d
αg (ug −u) ·vdx,

Reb(ug ) = ρl |u −ug |d
µL

.

(1.86)

The assumption (1.86) is directly verified for the linear and constant term with respect to ug .

The derivative of (ρgαg ug ·∇)ug is directly obtained using (1.82) with ρ =αgρg and u = ug .

The only terms left are the non linear drag force terms. First take the operator T1 : V → V ′

defined with:

< T1(ug ), v >=
∫
Ω

[
1+0.15Re0.687

b

] 18µLr

d 2

ρ

ρl
αg (ug −u) ·vdx. (1.87)

4The value of θ will be 1 or 0 depending on the regime, given by the Reynolds number, in (1.47).
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Chapter 1. A mixture model for a dilute dispersion of gas in a liquid

Then:

lim
t→0

T1(ug + t w )−T1(ug )

t
=

∫
Ω

[
1+0.15Re0.687

b

] 18µLr

d 2

ρ

ρl
αg (w ) ·vdx

+
∫
Ω

(
lim
t→0

[
0.15

Reb(ug + t w )0.687 −Reb(ug )0.687

t

])
18µLr

d 2

ρ

ρl
αg (ug −u) ·vdx,

(1.88)

and with the chain rule:

lim
t→0

[
0.15

Reb(ug + t w )0.687 −Reb(ug )0.687

t

]
= 0.150.687Re0.687−1

b lim
t→0

Reb(ug + t w )−Reb(ug )

t
.

This last limit gives:

lim
t→0

Reb(ug + t w )−Reb(ug )

t
= lim

t→0

ρl d

µL

|ug + t w −u|− |ug −u|
t

=

lim
t→0

ρl d

µL

|ug + t w −u|2 −|ug −u|2
t (|ug + t w −u|+ |ug −u|) =

ρl d

µL

w · (ug −u)

|ug −u| .

(1.89)

Injecting this result in (1.88) gives the first term in the proposition. The second term can be

treated with the definition of T2 : V →V ′:

< T2(ug ), v >=
∫
Ω

0.44Reb

24

18µLr

d 2

ρ

ρl
αg (ug −u) ·vdx. (1.90)

The derivative of T2 writes:

lim
t→0

T2(ug + t w )−T2(ug )

t
=

∫
Ω

0.44Reb

24

18µLr

d 2

ρ

ρl
αg (w ) ·vdx

+
∫
Ω

0.44

24

(
lim
t→0

Reb(ug + t w )−Reb(ug )

t

)
18µLr

d 2

ρ

ρl
αg (ug −u) ·vdx =∫

Ω

0.44Reb

24

18µLr

d 2

ρ

ρl
αg (w ) ·vdx

+
∫
Ω

0.44

24

(
ρl d

µL

w · (ug −u)

|ug −u|
)

18µLr

d 2

ρ

ρl
αg (ug −u) ·vdx,

(1.91)

where the limit (1.89) was used in the second equality. Taking into account this last equality

proves (1.86).

1.11 Finite Element approximation of the stationary model

Let us assume that Ω is a polyhedral domain and introduce a conformal tetrahedral space

discretization. For any h > 0, let Th be a conformal regular mesh of Ω [Cia02a] in tetrahedra K

having diameter hK ≤ h. Also assume that the triangulation ∂Th of the surface ∂Ω of Ω into

triangles is such that each of this triangle if one of the faces of elements K ∈Th . Let us define
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1.11. Finite Element approximation of the stationary model

the piecewise linear finite element space:

Wh =
{

v ∈C 0
(
Ω

)
: v/K ∈P1(K ),∀K ∈Th

}
, (1.92)

where P1(K ) denotes the set of polynomials of degree 1 on K . Let P1,P2,...PNh be the nodes of

the tetrahedral mesh Th , and let ϕ1,ϕ2,...ϕNh the finite element basis of Wh , with ϕi (P j ) = δi j .

In addition, the following definition of the conforming bubble ϕK
b basis function for every

element K is : let, for the tetrahedron K , ϕK
i , i = 1,2,3,4 be the four finite element linear basis

functions on tetrahedron K . Also the discretized equivalent of spaces (1.59)(1.67) are:

V h =W 3
h ∩V , Lh =Wh ∩L. (1.93)

Then define :

ϕK
b = (256)

4∏
i=1

ϕK
i . (1.94)

The bubble basis function allows to define the bubble space function :

Vbubble,h =
{

v h :Ω→R3 | v h = ∑
K∈Th

v b
Kϕ

K
b , v b

K ∈R3

}
, (1.95)

This additional bubble space is used to ensure stabilisation of the Navier-Stokes problem, as

an equivalent method as the PSPG (Pressure Stabilized Petrov Galerkin) methods [BW90]. The

approximated solution uh of u is then discretized as:

uh ∈ (V h ⊕Vbubble,h),uh =
N1∑
j=1

u jϕ j +
∑

K∈Th

ub
Kϕ

K
b . (1.96)

Then let the piecewise linear finite element space:

∂Wh = {
v ∈C 0 (∂Ω) : vT ∈P1(T ),∀T ∈ ∂Th

}
, (1.97)

where P1(T ) denotes the set of polynomials of degree 1 on the triangle T , and then let:

Sh = ∂Wh ∩S (1.98)

be the discretized finite element space of S(1.65) on Γout . Then:

• The approximated Navier-Stokes system of (1.69) consists into looking for (uh , ph ,ξh) ∈
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Chapter 1. A mixture model for a dilute dispersion of gas in a liquid

Vh ⊕Vbubble,h ×Lh ×Sh such that :∫
Ω

(ρhuh ·∇)uh ·vdx +
∫
Ω

2µ

(
ε(uh) : ε(v )− 1

3
div(uh)div(v )

)
dx

−
∫
Ω

phdiv(v )dx −
∫
Γout

ξh(v ·n)ds =
∫
Ω

(
F +ρh g

) ·vdx,∫
Ω

div(ρhuh)qdx = 0,∫
Γout

σ(uh ·n)ds = 0,

(1.99)

∀(v , q,σ) ∈ Vh ⊕Vbubble,h ×Lh ×Sh . Here ρh is defined as its continuous equivalent ρ

(1.8), as ρh =αg ,hρg + (1−αg ,h)ρl .

• The approximated gas velocity system of (1.74) consists into looking for (ug ,h) ∈V h such

that :∫
Ω

(ρgαg ,hug ,h ·∇)ug ,h ·v g dx +
∫
Ω

(ρg α̇sour ce )ug ,h ·v g dx

−
∫
Γout

(αg ,h p0)(v g ·n)ds +
∫
Ω

2µg

(
ε(ug ,h) : ε(v g )− 1

3
div(ug ,h)div(v g )

)
dx

=
∫
Ω
αg ,h(ph)div(v g )dx +

∫
Ω

(ph)∇αg ,h ·v g dx +
∫
Ω
αg ,hρg g ·v g dx

+
∫
Ω

D
ρh

ρl
αg ,h

(
uh −ug ,h

) ·v g dx,

(1.100)

∀v g ∈V h .

• The approximated gas transport equation of (1.77) consists into looking for αg ,h ∈Wh

such that:

∫
Ω

αr+1
g ,h −αr

g ,h

∆t
ωdx +

∫
Ω

div
(
αg ,hug ,h

)
ωdx +

∫
Ω

K∇αg ,h∇ωdx

+ hCS

2|ug ,h |
∫
Ω

(ug ,h ·∇w)(div(αg ,hug ,h)− α̇sour ce )dx =
∫
Ω
α̇sour ceωdx,

(1.101)

∀ω ∈Wh . The term ∂αg ,h/∂t has been dicretized using an implicit Euler scheme: let a

fixed time-step ∆t > 0: the temporal discretization of (0,∞) is uniform and tn = n∆t , for

all n ∈N. Here ∆t is a numerical parameter. Here the coefficient CS is the coefficient

of the stabilisation term. This latter term is of the same kind as a SUPG [QV08] but is

instead the whole term div(αg ,hug ,h)− α̇sour ce is used instead of only ug ,h ·∇αg ,h .

Computation of the integrals

The integrals in (1.99-1.101) are computed exactly, with the exceptions of a few terms. In

particular the integrals of
∫
Ωdiv

(
αg ,hug ,h

)
ωdx in (1.101) and

∫
Ωdiv(ρhuh)qdx are computed

as a "finite element group formulation" [Kuz10]. In both cases, αg ,hug ,h and (ρhuh) are
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1.11. Finite Element approximation of the stationary model

projected on V h , and then the integral is performed exactly.

Newton’s method

In order to solve the non linearities in system (1.99) with respect to uh and of system (1.100)

with respect to ug ,h , the definition and results of section 1.10 are used. For the Navier-Stokes

equations (1.99), with ρh given and a viscosity which takes the form µ = µL +µT = µL +
CTρh |ε(uh)|, the idea is to approach (uh , ph ,ξh) ∈Vh⊕Vbubble,h×Lh×Sh such that (see (1.80)):

<F (uh , ph ,ξh), (v , q,σ) >= 0, (1.102)

for all (v , q,σ) ∈ Vh ⊕Vbubble,h × Lh × Sh . Then Newton’s method can be written: build a

sequence {um
h , pm

h ,ξm
h } such that:

<F (um
h , pm

h ,ξm
h ), (v , q,σ) >+< DF (um

h , pm
h ,ξm

h )(um+1
h −uk

h , pm+1
h −pm

h ,ξm+1
h −ξm

h ); (v , q,σ) >= 0,

with the definition of the jacobian in (1.81). The initial point with m = 0 is given with the prece-

dent iteration in algorithm (1.9). Then for m = 0,1, ..., NNe , the system is solved successively

NNe times, NNe being the number of Newton iteration.

The same method is applied with the non-linearity in the gas momentum equation (1.100),

with αg ,h and uh given as inputs. In order to find ug ,h ∈Vh such that:

<Gθ(ug ,h), v >= 0, (1.103)

for all v ∈Vh , use (1.86), and build a sequence {um
g ,h} with:

<Gθ(um
g ,h), v >+< DGθ(um

g ,h)(um+1
g ,h −um

g ,h); v >= 0, (1.104)

where again the index m = 0, ..., NNe is the Newton iteration to solve the part 2b in the algorithm

(1.9), with the value at m = 0 given with the precedent iteration.

Explicit example of Newton’s method for the gas velocity system

Assume that we are at iteration k at stage 2b of the algorithm described in section 1.9 and that

the drag coefficient follows the non-linear model (1.47):

D =
(
θ

[
1+0.15Re0.687

b

]+ (1−θ)
0.44Reb

24

18µLr

d 2

)
,θ =

1 if
[
1+0.15Re0.687

b

]≥ 0.44Reb
24 ,

0 if
[
1+0.15Re0.687

b

]< 0.44Reb
24 ,

Reb(ug ,h) = ρl |uh −ug ,h |d
µL

.

The discretization in finite elements is (1.100), where all the quantities αg ,h , ug ,h , uh and ph

from the precedent iteration are known. For Newton iterations m = 1, . . . , NNe , where NNe is
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the number of Newton iterations, here for ug ,h . The m-th iteration of ug ,h is denoted um
g ,h . The

linearisation of (1.100) and then one step of the Newton method consists into the following

laborious expression: look for um+1
g ,h ∈V h such that:

∫
Ω

(ρgαg ,hum+1
g ,h ·∇)um

g ,h ·v g ,hdx +
∫
Ω

(ρgαg ,hum
g ,h ·∇)um+1

g ,h ·v g ,hdx +
∫
Ω

(ρg α̇sour ce )um+1
g ,h ·v g dx

−
∫
Γout

(αg ,h p0)(v g ·n)ds +
∫
Ω

2µg

(
ε(um+1

g ,h ) : ε(v g )− 1

3
div(um+1

g ,h )div(v g )

)
dx

+θ
∫
Ω

[
1+0.15Re0.687

b

] 18µLr

d 2

ρh

ρl
αg ,hum+1

g ,h ·vdx + (1−θ)
∫
Ω

0.44

24

um+1
g ,h · (um

g ,h −uh)

|um
g ,h −uh |

18rρh

d
αg ,h(um

g ,h −uh) ·vdx

+θ
∫
Ω

[
(0.15)0.687Re0.687−1

b

] um+1
g ,h · (um

g ,h −uh)

|um
g ,h −uh |

18rρh

d
αg ,h(um

g ,h −uh) ·vdx

+ (1−θ)
∫
Ω

0.44Reb

24

18µLr

d 2

ρh

ρl
αg ,hum+1

g ,h ·vdx,

=
∫
Ω
αg ,h phdiv(v g )dx +

∫
Ω

ph∇αg ,h ·v g dx +
∫
Ω
αg ,hρg g ·v g dx

+θ
∫
Ω

[
1+0.15Re0.687

b

] 18µLr

d 2

ρh

ρl
αg ,huh ·vdx + (1−θ)

∫
Ω

0.44Reb

24

18µLr

d 2

ρh

ρl
αg ,huh ·vdx

+ (1−θ)
∫
Ω

0.44

24

um
g ,h · (um

g ,h −uh)

|um
g ,h −uh |

18rρh

d
αg ,h(um

g ,h −uh) ·vdx

+θ
∫
Ω

[
(0.15)0.687Re0.687−1

b

] um
g ,h · (um

g ,h −uh)

|um
g ,h −uh |

18rρh

d
αg ,h(um

g ,h −uh) ·vdx,

Reb(um
g ,h) =

ρl |uh −um
g ,h |d

µL
,θ =

1 if
[
1+0.15Re0.687

b

]≥ 0.44Reb
24 ,

0 if
[
1+0.15Re0.687

b

]< 0.44Reb
24 ,

∀v g ∈V h . The same can be applied for the Navier-Stokes equation (1.99) to obtain the explicit

Newton step. (see [Roc16] for reference) If the chosen drag coefficient model is the linear law

independent of ug , i.e D = 18µLr /d 2, then the drag force is linear with respect to ug and the

Newton’s step is useful only for the convective term (ρgαg ,hug ,h ·∇)ug ,h .
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2 Mathematical analysis of a simplified
model

In this chapter, the well-posedness of a simplified model is proved when the volumetric

ratio of gas αg is given as an input and is small enough. In addition a priori estimates on

this simplified problem are given for a stabilized finite element approximation. Most of the

arguments presented are rephrased from [SRP21]. In the frame of the industrial process, the

goal is to find a stationary solution as rapidly as possible. Numerical investigations have shown

that an efficient strategy is to perform one time step of (1.33) in order to obtain a new αg , then

to solve the stationary equations (1.32)(1.34)(1.35) to obtain u, p and ug . We therefore study

the well-posedness of (1.32)(1.34)(1.35), αg being a known quantity.

It is assumed that Ω is an open bounded domain in Rd , d = 2,3, with Lipschitz boundary ∂Ω.

The convective terms div(αgρg ug ⊗ug ) in (1.32) and div(ρu ⊗u) in (1.34) are disregarded;

in the applications their effects are of secondary importance; they could be treated as per-

turbations as in [CR97] or incorporated in the definition of the stress tensor as in [Gat+21].

Equations(1.32)(1.34)(1.35) then simplify to:

−div(τ) = ρg +F , (2.1)

div(ρu) = 0, (2.2)

−div(τg ) = p∇αg +αgρg g +Dαg
ρ

ρl
(u −ug ), (2.3)

where τ, τg and ρ is given by:

τ=−p I −2/dµdiv(u)I +2µε(u), (2.4)

τg =−pαg I −2/dµg div(ug )I +2µg ε(ug ). (2.5)

ρ =αgρg + (1−αg )ρl , (2.6)
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Chapter 2. Mathematical analysis of a simplified model

For the sake of simplicity we assume that µg ,D,ρl > ρg and µ are positive constants and

set ug = u = 0 on ∂Ω. Thus in this simplified problem there is no outflow surface Γout (and

associated quantities ξ and p0).

2.1 Sobolev spaces notation

The notations for Sobolev spaces with their associated semi-norms and norms are the fol-

lowing. Let K ⊂Ω be an open sub-domain of Ω with Lipschitz boundary ∂K . For a d-index

s = (s1, s2) ∈N2 if d = 2 or s = (s1, s2, s3) ∈N3 if d = 3, and for a differentiable function g :Rd →R,

we denote by |s| =∑d
i=1 si and D s g = ∂|s|g /(Πd

i=1∂xsi

i ). For 1 ≤ p <∞ and 0 ≤ m :

W m,p (K ) = {g ∈ Lp (K ) : D s g ∈ Lp (K ), 1 ≤ |s| ≤ m, },

and in the case where m = 0, W 0,p (K ) = Lp (K ). We will also use∣∣g ∣∣
m,p,K = (

∑
|s|=m

∥∥D s g
∥∥p

Lp (K ))
1/p and

∥∥g
∥∥

m,p,K = (
∑

|s|≤m

∥∥D s g
∥∥p

Lp (K ))
1/p .

When p = 2 we will use the notations H m(K ) =W m,2(K ) and for g ∈ H m(K ), the semi-norms∣∣g ∣∣
m,K = ∣∣g ∣∣

m,2,K and norms
∥∥g

∥∥
m,K = ∥∥g

∥∥
m,2,K . When K =Ω, H m

0 (Ω) will denote the closure

of all C∞ functions with compact support D(Ω) in H m(Ω). In this space, semi-norm |.|m,Ω and

norm ‖.‖m,Ω are equivalent. If u ∈ H m(Ω)d , we will denote by |u|m,Ω = (
∑d

i=1 |ui |2m,Ω)1/2 and

‖u‖m,Ω = (
∑d

i=1 ‖ui‖2
m,Ω)1/2. Finally, we will denote by

L0 =
{

v ∈ L2(Ω) :
∫
Ω

v d x = 0

}
, and U = H 1

0 (Ω)d .

2.2 Weak formulation

The weak form of Equation (2.1) and (2.2) is given by (u, p) ∈U ×L0 satisfying:∫
Ω

2µ

(
ε (u) : ε(v )− 1

d
divu div v

)
d x

−
∫
Ω

p div vd x =
∫
Ω

(
ρg +F

)
.vd x, ∀v ∈U , (2.7)∫

Ω
div(ρu)qd x = 0, ∀q ∈ L0. (2.8)

A weak form of (2.3) is ug ∈U such that:∫
Ω

2µg

(
ε(ug ) : ε(v )− 1

d
divug div v

)
d x +

∫
Ω

D
αgρ

ρl
ug .vd x

=
∫
Ω

p∇αg .vd x +
∫
Ω
αg p div vd x +

∫
Ω
αg (ρg g+D

ρ

ρl
u).vd x,∀v ∈U . (2.9)
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2.2. Weak formulation

We assume that g ∈Rd , F ∈ L2(Ω)d and also that αg ∈W 1,3(Ω)∩L∞ (Ω) is known and is such

that 0 ≤αg ≤ 1. Using (2.6) and 0 ≤αg ≤ 1 , it is obvious that ρ ∈W 1,3(Ω)∩L∞ (Ω), ρg ≤ ρ ≤ ρl ,

and
∂ρ

∂xi
= ∂αg

∂xi

(
ρg −ρl

)
.

A similar problem corresponding to Equations (2.7) and (2.8) is considered in [Ber+92; Ern96],

and in a first part of this analysis, we adapt some arguments of [Ber+92].

Lemma 1 (Isomorphic mapping). Assume 0 ≤ αg ≤ 1 and αg ∈ W 1,3(Ω). The mapping u ∈
U → ρu ∈U (with ρ given by (2.6)) is an isomorphism. There exists two positive constants γ1,

γ2 such that for every u ∈U :

|u|1,Ω ≤ γ1(1+ ∣∣αg
∣∣
1,3,Ω)

∣∣ρu
∣∣
1,Ω , (2.10)∣∣ρu

∣∣
1,Ω ≤ γ2(1+ ∣∣αg

∣∣
1,3,Ω) |u|1,Ω . (2.11)

In dimension d = 2, it is sufficient that αg ∈ W 1,2+k (Ω), k > 0, instead of αg ∈ W 1,3(Ω). Then

there exists two positive constants γ3, γ4 such that for every u ∈U :

|u|1,Ω ≤ γ3(1+ ∣∣αg
∣∣
1,2+k,Ω)

∣∣ρu
∣∣
1,Ω , (2.12)∣∣ρu

∣∣
1,Ω ≤ γ4(1+ ∣∣αg

∣∣
1,2+k,Ω) |u|1,Ω . (2.13)

Proof. Let u be in U and let us compute de partial derivatives of w = ρu. We verify that

∇w = ρ∇u+u⊗∇ρ with the notation (a⊗b)i , j = ai b j . At this point, we recall a useful Sobolev’s

embedding theorem [Cia02b]. In dimension d , for all integers m ≥ 0 and all 1 ≤ p ≤∞,

W m,p (Ω) ,→ Lp∗(Ω) with
1

p∗ = 1

p
− m

d
, if m < d

p
. (2.14)

Another useful theorem is the Kondrasov theorem which includes the compact injection:

W m,p (Ω) ,→c Lq (Ω) for all q ∈ [1,∞[, if m = d

p
. (2.15)

By using (2.6) we have ρg ≤ ρ ≤ ρl and ∇ρ = (
ρg −ρl

)∇αg .

Hölder inequalities imply

‖∇w‖0,Ω ≤ ρl ‖∇u‖0,Ω+C ‖u‖0,6,Ω
∥∥∇αg

∥∥
0,3,Ω , (2.16)

and

‖∇w‖0,Ω ≤ ρl ‖∇u‖0,Ω+C2 ‖u‖0,(4+2k)/k,Ω
∥∥∇αg

∥∥
0,2+k,Ω , (2.17)

where C ,C2 are constants independent of derivatives of αg . With continuous embedding

(2.14), d = 2,3, H 1
0 (Ω) ,→ L6(Ω) and we easily obtain (2.11) from (2.16). With the compact

35



Chapter 2. Mathematical analysis of a simplified model

injection (2.15) and d = 2, H 1
0 (Ω) ,→ L(4+2k)/k (Ω) and we obtain (2.13) from (2.17).

In order to obtain (2.10) , and (2.12), the same technique is used with

u = 1

ρ
w ,

1

ρl
≤ 1

ρ
≤ 1

ρg
and ∇ 1

ρ
=− 1

ρ2

(
ρg −ρl

)∇αg .

�

Lemma 2 (Korn equality). Assume u ∈U . Then∫
Ω
|ε(u)|2 d x = 1

2

∫
Ω

(|∇u|2 +|divu|2)d x.

Proof. Let u, v ∈ D(Ω)d . Then

∫
Ω
ε(u) : ε(v )d x =

∫
Ω

1

4

d∑
i , j=1

(
∂ui

∂x j
+ ∂u j

∂xi

)(
∂vi

∂x j
+ ∂v j

∂xi

)
d x =

∫
Ω

1

4

d∑
i , j=1

(
∂ui

∂x j

∂vi

∂x j
+ ∂u j

∂xi

∂v j

∂xi
+2

∂ui

∂x j

∂v j

∂xi

)
d x.

Integrating two times by part the last term gives

∫
Ω

∂ui

∂x j
.
∂v j

∂xi
d x =−

∫
Ω

∂2v j

∂xi∂x j
ui d x =

∫
Ω

∂v j

∂x j
.
∂ui

∂xi
d x

and ∫
Ω
ε(u) : ε(v )d x = 1

2

∫
Ω
∇u : ∇vd x + 1

2

∫
Ω

divu divv d x. (2.18)

To complete the proof of this lemma, it is enough to remark that D(Ω)d is dense in U and

taking v = u. �

In order to solve equations (2.7) and (2.8) , choose w = ρu and define two continuous bilinear

forms a : U ×U →R and b : U ×L0 →R by:

a(w , v ) =
∫
Ω

2µ

(
ε

(
w

ρ

)
: ε (v )− 1

d
div

(
w

ρ

)
div(v )

)
d x, (2.19)

and b(w , q) =
∫
Ω

div w qd x . (2.20)

Remark that the bilinear form a is not symmetric and depends on αg . With the change of
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2.2. Weak formulation

variables w = ρu, problem (2.7)-(2.8) is equivalent to find w ∈U and p ∈ L0 satisfying

a(w , v )−b(v , p) =
∫
Ω

(ρg +F ).vd x, ∀v ∈U , (2.21)

b(w , q) = 0 ∀q ∈ L0, (2.22)

In order to analyse equation (2.9), we define the continuous bilinear form ` : U ×U →R by:

`(u, v ) =
∫
Ω

2µg

(
ε(u) : ε(v )− 1

d
divu div v

)
d x +

∫
Ω

D
αgρ

ρl
u.vd x. (2.23)

We prove the following:

Lemma 3 (Coercivity of bilinear form a). There exists ε> 0 such that ifαg ∈W 1,3(Ω),
∣∣αg

∣∣
1,3,Ω ≤

ε and 0 ≤αg ≤ 1, then the bilinear form a(., .) is coercive on U .

Proof. Using Lemma 1, then w = ρu ∈U and, if
∣∣αg

∣∣
1,3,Ω is bounded, there exist two positive

constants β1 <β2 satisfying

β1 ‖u‖1,Ω ≤ ‖w‖1,Ω ≤β2 ‖u‖1,Ω . (2.24)

It is easy to verify that

ε(
w

ρ
) = 1

ρ
ε(w )− 1

2ρ2

(
∇ρ⊗w +w ⊗∇ρ

)
,

when (b ⊗c)i , j = bi c j . It follows that for v , w∈U

a(w, v ) =
∫
Ω

2µ

ρ

(
ε(w ) : ε(v )− 1

d
div w div v

)
d x

−
∫
Ω

µ

ρ2

((∇ρ⊗w +w ⊗∇ρ)
: ε(v )

)
d x (2.25)

+
∫
Ω

2µ

dρ2

(
w .∇ρdiv v

)
d x.

By using Lemma 2 and Hölder inequality, there exists a constant C independent of w and ∇αg

such that

a(w, w ) ≥ µ

ρg

(
|w |21,Ω−C

∥∥∇ρ∥∥
0,3,Ω ‖w‖0,6,Ω |w |1,Ω

)
.

It is sufficient to remark that H 1
0 (Ω) ,→ L6 (Ω) with continuous embedding(2.14), that ∇ρ =

(ρg −ρl )∇αg , that |.|1,Ω is equivalent to ‖.‖1,Ω in H 1
0 (Ω) , in order to prove that if

∣∣αg
∣∣
1,3,Ω is

small enough, then the bilinear form a(., .) is uniformly coercive on U . �

Proposition 1 (Well-posedness of the mixture problem). There exists ε> 0 such that if αg ∈
W 1,3(Ω),

∣∣αg
∣∣
1,3,Ω ≤ ε and 0 ≤αg ≤ 1, then Problem (2.7)-(2.8) , in which ρ is defined by (2.6),

possesses a unique solution
(
u, p

) ∈U ×L0. Moreover there exists a constant C such that ‖u‖1,Ω+∥∥p
∥∥

0,Ω ≤C .
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Chapter 2. Mathematical analysis of a simplified model

Proof. The usual inf−sup condition on b(., .), together with the previous lemma implies (see

[GR86], corollary 4.1 page 61, for instance) the existence and uniqueness of (w , p) ∈U ×L0 for

equations (2.21) and (2.22). By setting u = w/ρ and using (2.24), we can conclude. �

Proposition 2 (Well-posedness of the gas momentum equation). There exists ε> 0 such that

if αg ∈ W 1,3(Ω),
∣∣αg

∣∣
1,3,Ω ≤ ε and 0 ≤ αg ≤ 1, then Problem (2.9) possesses a unique solution

ug ∈U . Moreover there exists a constant C (independent of αg ) such that
∥∥ug

∥∥
1 ≤C .

Proof. Clearly, using Lemma 2 and the hypotheses of this Proposition, the bilinear form `

defined by (2.23) is coercive and continuous on U ×U .

In order to finish the proof of this Proposition, it remains to prove that the right member

of (2.9) is bounded for every v ∈ H 1
0 (Ω) , ‖v‖1,Ω = 1.

By estimating the three integrals of the right member of (2.9) , using Hölder inequalities

and hypotheses of this Proposition, one successively obtains:∣∣∣∣∫
Ω

p∇αg .vd x

∣∣∣∣≤ ε∥∥p
∥∥

0,Ω ‖v‖0,6,Ω ;

∣∣∣∣∫
Ω
αg p div vd x

∣∣∣∣≤ ∥∥p
∥∥

0,Ω ‖v‖1,Ω ;∣∣∣∣∫
Ω

(αgρg g+D
αgρ

ρl
u).vd x

∣∣∣∣≤ (ρg
∣∣g

∣∣+D ‖u‖0,Ω)‖v‖0,Ω .

Using again the embedding H 1
0 (Ω) ,→ L6 (Ω) , the result of proposition 2 is proved. �

In this section we have therefore proved that if αg : Ω → R is given such that 0 ≤ αg ≤ 1,

αg ∈W 1,3(Ω) with
∣∣αg

∣∣
1,3,Ω small enough1, then Problem (2.7) to (2.9) has a unique solution.

2.3 Numerical approximation of the simplified model

Let us assume that Ω is a polygonal (d = 2) or polyhedral domain (d = 3). For any h > 0, let

Th be a conformal regular triangular/tetrahedral mesh of Ω with triangles/tetrahedra K ∈Th

with diameter hK ≤ h.

Wh = {q ∈C 0
(
Ω

)
: q/K ∈P1(K ),∀K ∈Th}, (2.26)

where P1(K ) denotes the set of polynomials of degree 1 on K . Let P1,P2,...PNh be the nodes

of the triangular/tetrahedral mesh Th , and let ϕ1,ϕ2,...ϕNh the finite element basis of Wh . If

1In 2D (d = 2), if αg ∈W 1,s (Ω), s > 2 with |αg |1,s,Ω small enough
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2.3. Numerical approximation of the simplified model

q ∈C 0(Ω) we denote by πh q its Lagrange interpolation on Wh , i.e

πh q =
Nh∑
j=1

q(P j )ϕ j .

Now we define the following finite element spaces:

U h =U ∩W d
h , and Lh = L0 ∩Wh .

For a function v ∈C 0(Ω)d such that v = 0 on ∂Ω, we denote by Πh v its interpolation on U h ,

i.e.

Πh v =
Nh∑
j=1

v (P j )ϕ j .

An approximation of Problems (2.7)(2.8) and (2.9) will be: find
(
uh , ph ,ug ,h

) ∈U h ×Lh ×U h

such that for every v ∈U h , q ∈ Lh

∫
Ω

2µ

(
ε(uh) : ε(v )− 1

d
divuh div v

)
d x

−
∫
Ω

ph div vd x =
∫
Ω

(ρg +F ).vd x, (2.27)

∫
Ω

div
(
Πh

(
ρuh

))
qd x +βh2

∫
Ω
∇ph .∇qd x = 0, (2.28)

∫
Ω

2µg

(
ε(ug ,h) : ε(v )− 1

d
divug ,h div v

)
d x +

∫
Ω

D
αgρ

ρl
ug ,h .vd x (2.29)

=
∫
Ω

ph∇αg .vd x +
∫
Ω
αg ph div vd x +

∫
Ω

(αgρg g+D
αgρ

ρl
uh).vd x.

It is well known that if the stabilization term βh2
∫
Ω∇ph .∇q d x in (2.28) is missing, the nu-

merical method is not stable. Note that (2.28) , we have replaced ρuh by Πh(ρuh) to take into

account quadrature formula.

Remark 9. In practice in this thesis, the inf sup condition is satisfied using an enriched bubble

space for the velocity (see section 1.11). Here an analog of the pressure stabilized Petrov-

Galerkin (PSPG) stabilisation is considered instead, in order to prove the results clearly. Several

studies have shown the equivalence between both numerical methods from a theoretical

aspect if Th is uniform, as well as in practice [BW90; Lau16].

In order to analyse Equations (2.27) (2.28) , we proceed as in Lemma 1 by introducing the
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Chapter 2. Mathematical analysis of a simplified model

variable

w h =Πh(ρuh). (2.30)

Clearly

uh =Πh(w h/ρ), (2.31)

so that setting

ah(w h , v ) =
∫
Ω

2µ

(
ε(Πh(w h/ρ)) : ε(v )− 1

d
div(Πh(w h/ρ))div v

)
d x,

problem (2.27) (2.28) is equivalent to find w h ∈U h and ph ∈ Lh such that for every v ∈U h and

q ∈ Lh we have

ah(w h , v )−b(v , ph) =
∫
Ω

(ρg +F ).vd x, (2.32)

b(w h , q)+βh2
∫
Ω
∇ph .∇qd x = 0. (2.33)

In order to prove convergence of the solutions of (2.32)(2.33) towards that of (2.21)(2.22) ,

three lemmas are established.

Lemma 4 (Interpolation error). Let ρ ∈ W 2,3(Ω)∩W 1,∞(Ω). Then there exists a constant C

such that ∥∥ρq −Πh(ρq)
∥∥

1,Ω ≤C h
∥∥q

∥∥
1,Ω ∀q ∈Wh . (2.34)

Proof. Clearly, if ρ ∈ W 2,3(Ω)∩W 1,∞ (Ω) and q ∈ Wh , then ρq ∈ H 1(Ω) and ρq/K ∈ H 2 (K ) ,

∀K ∈ Γh . It is well known (see [Cia02a]) that the following estimate holds:∥∥ρq −πh(ρq)
∥∥2

1,Ω ≤C h2
∑

K∈Γh

∣∣ρq
∣∣2
2,K . (2.35)

When q ∈Wh , then ∂2q/∂xi∂x j = 0 on K and

∂2(ρq)

∂xi∂x j
= ∂2ρ

∂xi∂x j
q + ∂ρ

∂xi

∂q

∂x j
+ ∂ρ

∂x j

∂q

∂xi
.

Consequently

∥∥∥∥∂2(ρq)

∂xi∂x j

∥∥∥∥2

0,K

≤
∥∥∥∥ ∂2ρ

∂xi∂x j

∥∥∥∥2

0,3,K

∥∥q
∥∥2

0,6,K +
∥∥∥∥ ∂ρ∂xi

∥∥∥∥2

0,∞,K

∥∥∥∥ ∂q

∂x j

∥∥∥∥2

0,K

+
∥∥∥∥ ∂ρ∂x j

∥∥∥∥2

0,∞,K

∥∥∥∥ ∂q

∂xi

∥∥∥∥2

0,K

≤ C
(∣∣ρ∣∣2

2,3,K

∥∥q
∥∥2

0,6,K + ∣∣ρ∣∣2
1,∞,K

∣∣q∣∣2
1,K

)
.

Since
∥∥q

∥∥
0,6,K ≤C

∥∥q
∥∥

1,K , then (2.35) allows to conclude. �
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2.3. Numerical approximation of the simplified model

The equivalent discrete proposition of Lemma (1) can be stated.

Lemma 5 (Isomorphism of the numerical mapping). Assume 0 ≤αg ≤ 1 and αg ∈W 2,3(Ω)∩
W 1,∞(Ω). When ρ is given by (2.6), the application Th : U h →U h defined by

Th(ω) =Πh(ρω), ∀ω ∈U h (2.36)

is an isomorphism of U h uniformly in h, i.e, there exist two positive constants C1 and C2 such

that

C1 ‖ω‖1,Ω ≤ ‖Th(ω)‖1,Ω ≤C2 ‖ω‖1,Ω ∀ω ∈U h . (2.37)

Thus we have T −1
h (u) =Πh(ρ−1u), ∀u ∈U h .

Proof. Using Lemma 4:∥∥Πh(ρω)
∥∥

1,Ω ≤ ∥∥Πh(ρω)−ρω∥∥
1,Ω+∥∥ρω∥∥

1,Ω

≤ C h ‖ω‖1,Ω+∥∥ρ∥∥
1,∞,Ω ‖ω‖1,Ω .

The same applies to ρ−1 instead of ρ. �

Lemma 6 (Bound for the difference between a and ah). Under the assumptions of Lemma 5,

there exists a constant C > 0 such that

|a(ϕ,ψ)−ah(ϕ,ψ)| ≤C h
∥∥ϕ∥∥

1,Ω

∥∥ψ∥∥
1,Ω ∀ϕ,ψ ∈U h .

Proof. By bi-linearity of a and ah one gets ∀ϕ,ψ ∈U h :∣∣a(ϕ,ψ)−ah(ϕ,ψ)
∣∣=∣∣∣∣∣2µ

∫
Ω

(
ε

(
ϕ

ρ
−Πh

(
ϕ

ρ

))
: ε

(
ψ

)− 1

d
div

(
ϕ

ρ
−Πh

(
ϕ

ρ

))
div ψ

)
d x

∣∣∣∣∣ .

Using Lemma 4, there exists two constants C1,C2 such that

∣∣a(ϕ,ψ)−ah(ϕ,ψ)
∣∣≤C1

∥∥∥∥ϕρ −Πh(
ϕ

ρ
)

∥∥∥∥
1,Ω

∥∥ψ∥∥
1,Ω ≤C2h

∥∥ϕ∥∥
1,Ω

∥∥ψ∥∥
1,Ω .

�

Corollary 1 (Well-posedness of the approximated mixture problem). Assume 0 ≤αg ≤ 1 and

αg ∈W 2,3(Ω)∩W 1,∞(Ω), and let ε> 0 be such as in Lemma (3). Then there exists h0 > 0 such

that if h ≤ h0, Problem (2.32)(2.33) possesses a unique solution (w h , ph) ∈U h ×Lh . Moreover

there exists a constant C (independent of h) such that ‖w h‖1,Ω+h
∥∥∇ph

∥∥
0,Ω ≤C .

Proof. Under these assumptions, Lemma 6 and Lemma 3 imply that the bilinear form ah(., .)

is uniformly coercive on U h when h ≤ h0 is small enough, i.e there exists κ > 0 such that if
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h ≤ h0

ah(ϕ,ϕ) ≥ κ∥∥ϕ∥∥2
1,Ω , ∀ϕ ∈U h . (2.38)

Setting A((w , p); (v , q)) = ah(w , v) − b(v , p) + b(w , q) +βh2
∫
Ω∇p.∇qd x, it follows that A :

(U h ×Lh)× (U h ×Lh) →R is coercive on U h ×Lh provided with the norm ‖w‖1,Ω+h
∥∥∇p

∥∥
0,Ω ,

i.e:

A((w , p); (w , p)) ≥ κ‖w‖2
1,Ω+βh2

∥∥∇p
∥∥2

0,Ω , ∀(w , p) ∈U h ×Lh .

The proof of this corollary is a consequence of the equivalence of Problem (2.32)(2.33) with

A((w h , ph); (v , q)) = ∫
Ω(ρg +F ).vd x for every (v , q) ∈U h ×Lh . �

We now derive error estimates between (w , p) and (w h , ph) and, consequently, between u and

uh . To do this we assume that the solution of Problem (2.7)(2.8) satisfies

(u, p) ∈ H 2(Ω)d ×H 1(Ω). (2.39)

Let us remark that if assumption (2.39) is true and if αg ∈ W 2,3(Ω)∩W 1,∞(Ω), then (w , p) ∈
H 2(Ω)d ×H 1(Ω) when w = ρu.

Proposition 3 (A priori estimates for the mixture problem). Under the assumptions of Corollary

1 and (2.39) , there exists a constant C independent of h such that

‖u −uh‖1,Ω+h
∥∥∇(

p −ph
)∥∥

0,Ω ≤C h. (2.40)

Proof. By subtraction of (2.32) to (2.21) , we obtain for every v ∈U h :

a(w −w h , v )−b(v , p −ph) = ah(w h , v )−a(w h , v ), (2.41)

and consequently:

a(w −w h , w −w h)−b(w −w h , p −ph) (2.42)

= a(w −w h , w −v )−b(w −v , p −ph)+ah(w h , v −w h)−a(w h , v −w h).

By subtraction of (2.33) to (2.22) , it yields for every q ∈ Lh:

b(w −w h , q)−βh2 (∇ph ,∇q
)

0,Ω = 0, (2.43)

where
(∇ph ,∇q

)
0,Ω = ∫

Ω∇ph∇qd x denotes the scalar product in L2 (Ω)d . Consequently:

b(w −w h , p −ph)+βh2
∥∥∇(

p −ph
)∥∥2

0,Ω

= b(w −w h , p −q)+βh2 (∇p,∇(p −ph)
)

0,Ω−βh2 (∇ph ,∇(p −q)
)

0,Ω (2.44)
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By adding (2.42), (2.44), and by taking into account Lemmas 3, 6 and using:

|b(w −v , p −ph)| ≤ ‖w −v‖0,Ω
∥∥∇(p −ph)

∥∥
0,Ω ,∥∥∇(ph)

∥∥
0,Ω ≤ ∥∥∇(p −ph)

∥∥
0,Ω+∥∥∇p

∥∥
0,Ω ,

we have the following estimate:

‖w −w h‖2
1,Ω+h2

∥∥∇(
p −ph

)∥∥2
0,Ω

≤C

(
‖w −v‖1,Ω ‖w −w h‖1,Ω+‖w −v‖0,Ω

∥∥∇(
p −ph

)∥∥
0,Ω

+h ‖w h‖1,Ω ‖v −w h‖1,Ω+‖w −w h‖1,Ω

∥∥p −q
∥∥

0,Ω

+h2
(∥∥∇(p −ph)

∥∥
0,Ω

(
1+∥∥∇(p −q)

∥∥
0,Ω

)
+∥∥∇(p −q)

∥∥
0,Ω

))
,

for every
(
v , q

) ∈U h ×Lh .

Setting v = Πh w , and q = rh(p) (here rh : H 1 (Ω) → Lh is a Clement’s interpolation type;

see for instance [Clé75],
∥∥p − rh(p)

∥∥
s,Ω ≤C h1−s , s = 0,1) in this inequality and using the result

of corollary 1 leads to

‖w −w h‖2
1,Ω+h2

∥∥∇(
p −ph

)∥∥2
0,Ω

≤ C h

(
‖w −w h‖1,Ω+h

∥∥∇(
p −ph

)∥∥
0,Ω+h

)
.

This inequality proves (2.40) when we set u = w/ρ and uh =Πh(w h/ρ). �

In order to obtain an error estimate of
∥∥p −ph

∥∥
0,Ω, we proceed by duality like in [BD88].

Proposition 4 (A priori estimate for the pressure). Under the assumptions of Corollary 1 and

(2.39), there exists a constant C such that

||p −ph ||0,Ω ≤C h. (2.45)

Proof. We introduce the dual problem: find (W ,Q) ∈U ×L satisfying

a(v ,W )−b(v ,Q) = 0 ∀v ∈U , (2.46)

b(W , q) = (
p −ph , q

)
0,Ω ∀q ∈ L. (2.47)

Of course we have

‖W ‖1,Ω+‖Q‖0,Ω ≤C
∥∥p −ph

∥∥
0,Ω . (2.48)
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By taking q = p −ph in (2.47), it follows∥∥p −ph
∥∥2

0,Ω = b(W , p −ph) = b(W −RhW , p −ph)+b(RhW , p −ph),

where RhW is a Clement’s interpolation of W on V h (‖W −RhW ‖s,Ω ≤C h1−s ‖W ‖1,Ω , s = 0,1).

So we have with an integration by part:∥∥p −ph
∥∥2

0,Ω ≤C h
∥∥∇(

p −ph
)∥∥

0,Ω ‖W ‖1,Ω+ ∣∣b(RhW , p −ph)
∣∣

and by (2.48) and Proposition 3∥∥p −ph
∥∥2

0,Ω ≤C h
∥∥p −ph

∥∥
0,Ω+ ∣∣b(RhW , p −ph)

∣∣ . (2.49)

It remains to estimate
∣∣b(RhW , p −ph)

∣∣ .

Relation (2.41) with Lemma 6 imply∣∣b(RhW , p −ph)
∣∣≤ |a(w −w h ,RhW )|+ |ah (w h ,RhW )−a (w h ,RhW )|

≤C ‖w −w h‖1,Ω ‖RhW ‖1,Ω+C h ‖w h‖1,Ω ‖RhW ‖1,Ω ≤C h ‖W ‖1,Ω . (2.50)

This last estimate with (2.48) and (2.49) lead to the conclusion. �

In order to obtain an estimate for ‖u −uh‖0,Ω, we need to assume some extra hypothesis.

Assuming that for any G given in L2 (Ω)3 , the unique solution (u∗,P∗) ∈ U ×L of the dual

problem

a(v ,u∗)−b(v ,P∗) = (G, v )0,Ω, ∀v ∈U ,

b(u∗, q) = 0, ∀q ∈ L,

belongs to H 2(Ω)d ×H 1(Ω), and assuming that there exists C independent of G satisfying:∥∥u∗∥∥
2,Ω+∥∥P∗∥∥

1,Ω ≤C ‖G‖0,Ω . (2.51)

Remark 10. This hypothesis requires some regularity conditions on the domain shape and

on the regularity of αg . For instance, this hypothesis holds if αg ∈ D(Ω) and Ω is convex.

Then we can formulate the following proposition:

Proposition 5 (A priori estimate for the mixture velocity in L2 norm). Under the hypothesis of

Corollary 1 and (2.39), and that the condition (2.51) is satisfied, then there exists a constant C

such that

‖u −uh‖0,Ω ≤C h2. (2.52)
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2.3. Numerical approximation of the simplified model

Proof. Let u∗ ∈U and P∗ ∈ L given by

a(v ,u∗)−b(v ,P∗) = (w−wh , v )0,Ω, ∀v ∈V , (2.53)

b(u∗, q) = 0, ∀q ∈ L. (2.54)

Using (2.51) we have ∥∥u∗∥∥
2,Ω+∥∥P∗∥∥

1,Ω ≤C ‖w −w h‖0,Ω . (2.55)

Taking v = w −w h in (2.53) ,

‖w −w h‖2
0,Ω = a(w −w h ,u∗)−b(w −w h ,P∗)

= a(w −w h ,u∗−Πhu∗)−b(w −w h ,P∗−RhP∗) (2.56)

+ a(w −w h ,Πhu∗)−b(w −w h ,RhP∗),

where Rh is a Clement’s interpolation type. Since ‖P∗− rhP∗‖s,Ω ≤C h1−s ‖P∗‖s,Ω , s = 0,1 and

referring to (2.55) , we obtain∣∣a(w −w h ,u∗−Πhu∗)−b(w −w h ,P∗−RhP∗)
∣∣≤C h ‖w −w h‖1,Ω ‖w −w h‖0,Ω . (2.57)

In order to treat the last part of (2.56) , we use (2.41) and (2.43) to get∣∣a(w −w h ,Πhu∗)−b(w −w h ,RhP∗)
∣∣=∣∣∣b(Πhu∗, p −ph)+ah(w h ,Πhu∗)−a(w h ,Πhu∗)−βh2 (∇ph ,∇RhP∗)

0,Ω

∣∣∣ . (2.58)

Using (2.54) and Proposition 3 in this expression we have∣∣b(Πhu∗, p −ph)
∣∣≤ ∣∣b(Πhu∗−u∗, p −ph)

∣∣+ ∣∣b(u∗, p −ph)
∣∣

≤C
∥∥Πhu∗−u∗∥∥

0,Ω

∥∥∇(
p −ph

)∥∥
0,Ω ≤C h2

∣∣u∗∣∣
2,Ω ≤ C h2 ‖w −w h‖0,Ω . (2.59)

Moreover∣∣ah(w h ,Πhu∗)−a(w h ,Πhu∗)
∣∣

≤ ∣∣ah(w h ,Πhu∗−u∗)−a(w h ,Πhu∗−u∗)
∣∣+ ∣∣ah(w h ,u∗)−a(w h ,u∗)

∣∣
=

∣∣∣∣∫
Ω

2µ[ε(Πh(w h/ρ)−w h/ρ) : ε(Πhu∗−u∗)]d x

−
∫
Ω

[
1

d
div(Πh(w h/ρ)−w h/ρ)div(Πhu∗−u∗)]d x

∣∣∣∣
+

∣∣∣∣∫
Ω

2µ[ε(Πh(w h/ρ)−w h/ρ) : ε(u∗)]− 1

d
div(Πh(w h/ρ)−w h/ρ)div(u∗)]d x

∣∣∣∣
≤C

∥∥Πh(w h/ρ)−w h/ρ
∥∥

1,Ω

∥∥Πhu∗−u∗∥∥
1,Ω+∥∥Πh(w h/ρm)−w h/ρ

∥∥
0,Ω

∥∥u∗∥∥
2,Ω

≤C h2 ‖w h‖1,Ω

∥∥u∗∥∥
2,Ω ≤ C h2 ‖w −w h‖0,Ω .
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It follows that ∣∣a(w −w h ,Πhu∗)−b(w −w h ,rhP∗)
∣∣≤C h2 ‖w −w h‖0,Ω . (2.60)

Finally (2.56), (2.57), and (2.60) imply

‖w −w h‖0,Ω ≤C h2. (2.61)

Finally the estimate on u−uh is obtained from the estimate on w −w h by considering Lemma

5. �

In order to finish this section, we establish an error estimate for
∥∥ug −ug ,h

∥∥
1,Ω by considering

(2.9) and (2.29).

Proposition 6 (A priori estimate for the gas velocity). Under the hypothesis of Proposition 4,

and if ug ∈ H 2 (Ω)d , there exists a constant C independant of h ≤ h0 such that∥∥ug −ug ,h
∥∥

1,Ω ≤C h. (2.62)

Proof. Setting:

f (v ) =
∫
Ω

p∇αg .vd x +
∫
Ω
αg p div(v )d x +

∫
Ω

(αgρg g+D
αgρ

ρl
u).vd x,

and

fh (v ) =
∫
Ω

ph∇αg .vd x +
∫
Ω
αg ph div(v )d x +

∫
Ω

(αgρg g+D
αgρ

ρl
uh).vd x.

We have ∣∣ f (v )− fh (v )
∣∣ ≤ C {

∥∥p −ph
∥∥

0,Ω

∥∥αg
∥∥

1,3,Ω ‖v‖0,6,Ω

+ ∥∥p −ph
∥∥

0,Ω ‖v‖1,Ω+‖u −uh‖1,Ω ‖v‖1,Ω} (2.63)

and a consequence of Propositions 4 and 3 is that∣∣ f (v )− fh (v )
∣∣≤C h ‖v‖1,Ω ∀v ∈U . (2.64)

Thanks to the continuous and bilinear form l (., .) (2.23), Problems (2.9) and (2.29) can be

written as

l (ug , v ) = f (v ) ∀v ∈U , (2.65)

and

l (ug ,h , v ) = fh(v ) ∀v ∈U h . (2.66)
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Of course we have l (ug −ug ,h , v ) = f (v )− fh (v ) , ∀v ∈V h , and if ug ∈ H 2 (Ω)3

∣∣l (ug −ug ,h ,ug −ug ,h)
∣∣= ∣∣l (ug −ug ,h ,ug −Πhug )+ l (ug −ug ,h ,Πhug −ug ,h)

∣∣
≤ ∣∣l (ug −ug ,h ,ug −Πhug )

∣∣+ ∣∣ f (Πhug −ug ,h)− fh
(
Πhug −ug ,h

)∣∣ . (2.67)

Using (2.64) , we finally have

l (ug −ug ,h ,ug −ug ,h) ≤C h

(∥∥ug −ug ,h
∥∥

1,Ω+∥∥Πhug −ug ,h
∥∥

1,Ω

)
.

With the coercivity of l (., .) on U ×U we obtain the conclusion. �

In this section, we have discussed the hypothesis required to obtain a priori estimates of the

error in different norms for the numerical approximations uh , ph and ug ,h .

2.4 Numerical experiments for the simplified problem

Numerical experiments are prepared when d = 2 and d = 3 to check the expected convergence

rates with a given αg . Convergence is checked by computing the errors in the relevant norms

and rates defined by:

ei (m) = ‖m −mh‖i ,Ω , ri (m) = log(ei (m)/êi (m))

log(ĥ/h)
,

where m denotes the velocity, pressure, i = 0,1, e and ê denoting respectively the errors com-

puted on two consecutive meshes Th and Tĥ .

Here the mathematical system described in (2.1) and (2.2) is solved with the numerical ap-

proximations (2.27) and (2.28), performed with the open source software Fenics [Aln+15].

The resolution was performed with a direct solver using PETSC [Abh+18]. The python code

corresponding to these experiments is given in the Appendix (A.3).

2.4.1 Numerical experiment on a rectangle

Let Ω= (0,1)2, discretized with N 2 vertices cut into triangles. In this case ρ(x1, x2) is given by:

ρ(x1, x2) = 1−ρ1

(
1

2
tanh

(
γ(x2 − 1

2
)

)
+ 1

2

)
,

and the right hand side of (2.1) is computed such that the velocity field u(x1, x2) and the

pressure p(x1, x2) are given by:

u(x1, x2) = 1

ρ(x1, x2)

(
4(x2 −1)x2(x1 −1)2x2

1(x2 − 1
2 )

−(4(x1 − 1
2 ))x2

2 x1(x2 −1)2(x1 −1)

)
, (2.68)
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p(x1, x2) = 1

(
x1x2 − 1

4

)
,
∫
Ω

p(x1, x2)d x1d x2 = 0. (2.69)

The constants p0,u0 are chosen to quantify the sensitivity of the model to variation of density.

It can be checked that:

div(ρu) = 0 in Ω and u = 0 on ∂Ω. (2.70)

The results are reported in Tables 2.1 and 2.2 when ρ1 = 0 (constant density) and ρ1 = 1,γ= 10

(variable density). The result is observed in the H1 norm for u and L2 norm for p. As predicted

in Proposition 3, the H1 norm of the error of the velocity u converges at linear rate. Finally, the

convergence rate for the L2 norm of u is very close to O(h2), as expected by proposition 5.

N e0(p) r0(p) e1(um) r1(u) e0(u) r0(u)
10 1.2475e-02 - 1.8051e-02 - 9.5680e-04 -
14 1.1593e-02 2.18e-01 1.4323e-02 6.88e-01 7.9796e-04 5.40e-01
20 9.6923e-03 5.02e-01 1.0996e-02 7.41e-01 6.4996e-04 5.75e-01
28 7.3793e-03 8.10e-01 8.1998e-03 8.72e-01 4.8666e-04 8.60e-01
40 4.9873e-03 1.10 5.6973e-03 1.02 3.1915e-04 1.18
56 3.1956e-03 1.32 3.8978e-03 1.13 1.9568e-04 1.45
80 1.8924e-03 1.47 2.5645e-03 1.17 1.0871e-04 1.65

113 1.1078e-03 1.55 1.7106e-03 1.17 5.8846e-05 1.78
160 6.3827e-04 1.59 1.1480e-03 1.15 3.0841e-05 1.86
226 3.6817e-04 1.59 7.8123e-04 1.11 1.5958e-05 1.91
320 2.1205e-04 1.59 5.3566e-04 1.09 8.1291e-06 1.94
452 1.2315e-04 1.57 3.7126e-04 1.05 4.1317e-06 1.96
640 7.1606e-05 1.56 2.5824e-04 1.04 2.0806e-06 1.97
905 4.1914e-05 1.55 1.8068e-04 1.03 1.0473e-06 1.98

1280 2.4622e-05 1.53 1.2678e-04 1.02 5.2588e-07 1.99

Table 2.1 – Results in 2D with constant density (ρ1 = 0).

As expected, the errors with a varying density are systematically more important than the

incompressible case ρ = 1 constant. The values of the error for various input densities are

reported in Figure 2.1
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N e0(p) r0(p) e1(um) r1(u) e0(u) r0(u)
10 1.9882e-02 - 2.9164e-02 - 1.6887e-03 -
14 1.8678e-02 1.86e-01 2.3294e-02 6.68e-01 1.3733e-03 6.14e-01
20 1.5784e-02 4.72e-01 1.8042e-02 7.16e-01 1.0894e-03 6.49e-01
28 1.2184e-02 7.69e-01 1.3578e-02 8.45e-01 8.0851e-04 8.86e-01
40 8.3556e-03 1.06 9.4977e-03 1.00 5.3099e-04 1.18
56 5.4073e-03 1.29 6.5017e-03 1.13 3.2702e-04 1.44
80 3.2147e-03 1.46 4.2542e-03 1.19 1.8243e-04 1.64

113 1.8759e-03 1.56 2.8135e-03 1.20 9.8962e-05 1.77
160 1.0718e-03 1.61 1.8725e-03 1.17 5.1901e-05 1.86
226 6.1159e-04 1.62 1.2665e-03 1.13 2.6847e-05 1.91
320 3.4834e-04 1.62 8.6516e-04 1.10 1.3667e-05 1.94
452 2.0030e-04 1.60 5.9846e-04 1.07 6.9412e-06 1.96
640 1.1549e-04 1.58 4.1589e-04 1.05 3.4930e-06 1.97
905 6.7159e-05 1.56 2.9087e-04 1.03 1.7573e-06 1.98

1280 3.9252e-05 1.55 2.0408e-04 1.02 8.8203e-07 1.99

Table 2.2 – Results in 2D with variable density (ρ1 = 0.5, γ= 10).

Figure 2.1 – Errors of the velocity for various input densities.

2.4.2 Numerical experiment on a cube

Let Ω= (0,1)3 discretized with N 3 vertices cut into tetrahedrons. The density given by:

ρ(x1, x2, x3) = 1−ρ1

(
1

2
tanh

(
γ(x3 − 1

2
)

)
+ 1

2

)
,

the right hand side in (2.1) is computed such that the velocity field u(x1, x2, x3) and the pressure

p(x1, x2, x3) are given by:

u(x1, x2, x3) = 1

ρ(x1, x2, x3)
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 (4(2x2x3 −x2 −x3 +1))(x2 −1)x2(x1 −1)2(−x3 +x2)(x3 −1)x2
1 x3

−4(x2 −1)2(−x3 +x1)x2
2(x1 −1)(2x1x3 −x1 −x3 +1)(x3 −1)x1x3

(4(x2 −1))x2(−x2 +x1)(x1 −1)(2x1x2 −x1 −x2 +1)(x3 −1)2x1x2
3

 ,

p(x1, x2, x3) = 1

(
x1x2x3 − 1

8

)
,
∫
Ω

p(x1, x2, x3)d x1d x2d x3 = 0. (2.71)

div(ρu) = 0 in Ω and u = 0 on ∂Ω. (2.72)

where again ρ1,γ are parameters to quantify the sensitivity of the model to variation of density.

The numerical numbers of the errors and the convergence rates are given in Tables 2.3 and 2.4

As expected, the number of iterations of the gmres solver Ni ter is O(1/h).

N e0(p) r0(p) e1(u) r1(u) Ni ter

10 2.1659e-03 - 1.4218e-03 - 16
14 1.2639e-03 1.60 1.0299e-03 9.58e-01 22
20 8.6205e-04 1.07 7.6989e-04 8.16e-01 33
28 6.6104e-04 7.89e-01 5.8928e-04 7.95e-01 48
40 4.8304e-04 8.80e-01 4.2899e-04 8.90e-01 74
56 3.3334e-04 1.10 3.0383e-04 1.03 108
80 2.0911e-04 1.31e 2.0311e-04 1.13 185

113 1.2671e-04 1.45 1.3530e-04 1.18 294
160 7.4389e-05 1.53 8.9891e-05 1.18 497

Table 2.3 – Results in 3D with constant density (ρ1 = 0).

N e0(p) r0(p) e1(u) r1(u) Ni ter

10 2.4480e-03 - 2.1377e-03 - 15
14 1.6590e-03 1.16 1.6135e-03 8.36e-01 22
20 1.3048e-03 6.73e-01 1.2394e-03 7.40e-01 32
28 1.0656e-03 6.02e-01 9.6399e-04 7.47e-01 48
40 8.0283e-04 7.94e-01 7.1062e-04 8.55e-01 72
56 5.6394e-04 1.05e 5.0690e-04 1.00 104
80 3.5774e-04 1.28 3.3891e-04 1.13 185

113 2.1731e-04 1.44 2.2418e-04 1.20 291
160 1.2689e-04 1.55 1.4733e-04 1.20 521

Table 2.4 – Results in 3D with variable density (ρ1 = 0.5, γ= 10).
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3 Comparison with a water-column
experiment

In this chapter, the model presented in chapter 1 is applied to a water-column experiment.

The results of our model are compared with some experimental data that can be found in

[Gem19].

3.1 Introduction to water-column experiments

A cylindrical water-column reactor is filled with water up to an initial height Hi ni t i al . At the

bottom, some gas is injected through small holes. As the gas bubbles ascend through the

water column, the liquid starts to move, typically moving upwards in the centre of the column

and downwards close to the outer wall of the cylinder. In the original paper [Gem+18], the

evolution in time of the system is computed, and an average over a time sample of the physical

quantities are compared with numerical results. On average and in an homogeneous regime,

the solution can be approached by a steady-state method: our model aims to reproduce this

solution, and to study the impact of the parameters on the solution.

In this kind of experiment, the liquid is put into motion by the presence of the gas injected

in the domain. The drag coefficient and model of drag force is the paramount element

influencing the hydrodynamics.

3.2 Setup of the experiment

The experiment (Figure 3.1) consists into a vertical cylindrical container of total height of

3.25[m], diameter Dc = 0.4[m] filled with water up to x3 = Hi ni t i al = 4Dc = 1.6[m]. At the

bottom of the cylinder, at x3 = 0, different flows of gas (air) are injected through nsp = 92

perforated spargers with small holes of radius rsp = 1[mm], and injection velocity ug ,i n . The

experimental data (profile of velocity u and gas distribution αg ) are measured at x3 = 1[m].

Once the gas is progressively injected, the fluid in the column is put into movement, and

after some time, the movement is expected to be close to stationary (in a regime with low gas
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Chapter 3. Comparison with a water-column experiment

Figure 3.1 – Setup of the column from [Gem+18]: water-column (left), the small holes of the
sparger (right).
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3.3. Setup of the gas source term

volumetric ratio, low Φi n ) . At the top surface the gas escapes through the outflow surface

Γout . Measuring the new height of the mixture Hc yl i nder and comparing it to Hi ni t i al gives

the average of volumetric ratio of gas in the column:

Hc yl i nder −Hi ni t i al

Hc yl i nder
=

∫
Ωαg dx∫
Ωdx

= ᾱg . (3.1)

The measurements involve the average gas ratio ᾱg , the radial profile of the gas ratio αg and

the radial profile of the mixture velocity u at fixed height x3 = 1[m].

3.3 Setup of the gas source term

The primary parameter in this experiment is the amount of gas injected in the system (per unit

of time), represented in our model by α̇sour ce . We chose to consider a relatively low amount of

gas flow, leading to the homogeneous flow. When the amount of gas injected increases, the

flow becomes turbulent and the regime is heterogeneous. The amount of gas and the average

velocity at Γi n is defined with the gas superficial velocity Φi n[m/s]:

Φi n =
∫
Γi n
αg ug ·nds∫
Γi n

ds
,

which corresponds to a volumetric source term α̇sour ce [1/s] satisfying:

Φi n =
∫
Γi n
αg ug ·nds∫
Γi n

ds
=

∫
Ωpr od

α̇sour ce dx∫
Γi n

ds
, (3.2)

where Ωpr od ⊂ Ω is the volume, α̇sour ce is positive. In order to represent the fact that the

production is performed at the inflow, the subregion Ωpr od is close to the bottom of the

water-column at a specific height Hs . The typical source term α̇sour ce is illustrated in Figure

3.2.
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Chapter 3. Comparison with a water-column experiment

Figure 3.2 – Source term at the bottom of the water column, which decrease at a quadratic rate
up to x3 = Hs . The radial profile is set by rs : the profile is also quadratic with respect to the
radial position.

3.4 Algorithm setup

3.4.1 Boundary conditions

In addition to the boundary conditions defined in section 1.4, the boundary at the bottom of

the water column is denoted Γi n , such that ∂Ω= Γout ∪Γ0 ∪Γi n . The boundary conditions are

modified such that:

K∇αg ·n = 0, on ∂Ω, (3.3)

u ·n = 0, on ∂Ω\Γi n , (3.4)

(τ ·n) · t i = 0 on ∂Ω\Γi n , i = 1,2. (3.5)

u = 0, on Γi n , (3.6)

(τg ·n) ·n =αg p0, on Γout , (3.7)

with : p0 =
∫
Γout

(τ ·n) ·nds∫
Γout

ds
, (3.8)
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3.4. Algorithm setup

(τg ·n) · t i = 0, on ∂Ω\Γi n , i = 1,2. (3.9)

ug ·n = 0, on Γ0, (3.10)

ug = 0, on Γi n . (3.11)

The boundary conditions consist into a full sliding on the lateral wall of the cylinder, with a

zero velocity at the bottom for both velocities u and ug . Once the discretization is adapted to

these boundary conditions, the algorithm can be used.

3.4.2 Mesh

The generation of the mesh is used with the gmsh open source software [GR09]with the Frontal-

Delaunay algorithm for mesh generation, for both the surface and the volume, corresponding

to [Sch97]. An example sample of the gmsh code generating the cylinder is given in the

appendix A.2. A mesh contains 37’322 vertices and 203’394 elements is shown in Figure 3.4.3.

3.4.3 Initial conditions

Equipped with the discretized spaces corresponding to the boundary conditions, the finite

element discretization detailed in section 1.11 can be applied together with the algorithm

described in section 1.9.

The initialisation starts with the simplified lift (1.50) used for ug ,h(k = 0) as a starting point, i.e:

ug ,h(k = 0) =− d 2

18µL
((ρl −ρg )g ).

Let ∆t > 0 be a time-step. A first value of αg ,h is obtained taking as input ug ,h(k = 0), αr=0
g ,h = 0,

and looking for αr+1
g ,h ∈Wh :

∫
Ω

αr+1
g ,h −αr

g ,h

∆t
ωdx +

∫
Ω

div
(
αg ,hug ,h

)
ωdx +

∫
Ω

K∇αg ,h∇ωdx

+ hCS

2|ug ,h |
∫
Ω

(ug ,h ·∇w)(div(αg ,hug ,h)− α̇sour ce )dx =
∫
Ω
α̇sour ceωdx,

(3.12)

for all ω ∈ Wh . Equation (1.101) is solved successively for a number of iterations N0 such

that the virtual total amount of time elapsed is T0 = N0∆t = Hc yl i nder /ug ,h(k = 0). Then

αg ,h(k = 0), ug ,h(k = 0) and uh(k = 0) = 0 are given and the algorithm 1.9 can be started.
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Chapter 3. Comparison with a water-column experiment

Figure 3.3 – Mesh of the water-column with mesh parameter of size h = 0.02. On the left a 3D
view, then a cut in the middle in the x2-plane at x2 = 0.0, on the right a zoom on the mesh and
below the mesh from above at x3 = Hc yl i nder .

Initialisation of the viscosity

If the viscous terms dominates the convective terms (ρhuh ·∇)uh in (3.13) and (ρgαg ,hug ,h ·
∇)ug ,h in (3.14) (see details in chapter 1, (1.99)(1.100)) the resolution of the following system
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3.4. Algorithm setup

of equations should converge, as long as the unknown αg is small.∫
Ω

(ρhuh ·∇)uh ·vdx +
∫
Ω

2µ

(
ε(uh) : ε(v )− 1

3
div(uh)div(v )

)
dx

−
∫
Ω

phdiv(v )dx −
∫
Γout

ξh(v ·n)ds =
∫
Ω

(
F +ρh g

) ·vdx,∫
Ω

div(ρhuh)qdx = 0,∫
Γout

σ(uh ·n)ds = 0,

(3.13)

∫
Ω

(ρgαg ,hug ,h ·∇)ug ,h ·v g dx +
∫
Ω

(ρg α̇sour ce )ug ,h ·v g dx

−
∫
Γout

(αg ,h p0)(v g ·n)ds +
∫
Ω

2µg

(
ε(ug ,h) : ε(v g )− 1

3
div(ug ,h)div(v g )

)
dx

=
∫
Ω
αg ,h(ph)div(v g )dx +

∫
Ω

(ph)∇αg ,h ·v g dx +
∫
Ω
αg ,hρg g ·v g dx

+
∫
Ω

D
ρh

ρl
αg ,h

(
uh −ug ,h

) ·v g dx,

(3.14)

In the present approach, the viscosity of the mixture µ is given by:

µ=µL +µT =µL +Cρl 2|ε(uh)| =µL +CTρ|ε(uh)|. (3.15)

The laminar part of the viscosity is taken as µL = 0.13[kg /ms], from a calibration of the drag

force (see 3.5.3). If the algorithm of section 1.9 starts initially with (3.15), the algorithm does

not converge. An analysis shows that an artificially increased viscosity conditions the problem

well for the initialisation of (3.13) in [KLS06]. Therefore, the algorithm of section 1.9 is split

into two phases:

1. The problem is solved with a constant artificially increased viscosityµ=µi ni t = 4.5[kg /ms]

in (1.99). When this problem converges to a stationary solution, the next stage is com-

puted.

2. Then, the turbulent model of Smagorinski (3.15) is used for the turbulent viscosity

µT =CTρh |ε(uh)|, using as initialisation the solution of 1.

Then, the final solution considered is the solution obtained after the successive convergence

of each one of the two phases: the number of iterations N reported is the sum of the iterations

used in 1 and 2.
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Chapter 3. Comparison with a water-column experiment

3.4.4 Stop criteria

The convergence is checked following a criteria between two iterations k and k +1. In order

to check the convergence to a steady solution, we chose to check the relative L2 discrepancy

norm will be checked to be lower than some fixed tolerance T OL:

max

(
||uk+1 −uk ||L2(Ω)

||uk+1||L2(Ω)
,
||αk+1

g −αk
g ||L2(Ω)

||αk+1
g ||L2(Ω)

,
||uk+1

g −uk
g ||L2(Ω)

||uk+1
g ||L2(Ω)

)
< T OL, (3.16)

Notice that the norm above is not relevant to converge to a solution when one of this solution

is zero: however, in the following numerical experiments it is not the case. In addition the

following ratio is checked to be very close to one:

1−T OL < |
∫
Γout

αk+1
g uk+1

g ·nds∫
Ω α̇sour ce dx

| < 1+T OL, (3.17)

ensuring that the volumetric production of gas is indeed expelled out of the domain through

Γout .

3.5 Numerical results

3.5.1 Reference solution

Numerical default parameters

By default the numerical and physical parameters presented in Table 3.1 will be used. The main

parameters are the viscosities coefficients µL and CT . The viscosity µL is scaled with respect

to the drag force model in order to obtain an average gas distribution value ᾱg corresponding

to experimental data. (see section 3.5.3 below) The coefficient CT was scaled to obtain the

correct order of magnitude of the velocity u. The sensitivity of the results with some of these

parameters is discussed in the following.

Typical solution

The solution obtained with parameters in Table 3.1 is the reference solution uh,r e f .
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3.5. Numerical results

Name Notation Value Cross-reference

Initial water height without gas Hi ni t i al 1.6[m] section 3.2
Experimental average αg ᾱg [%] 10.78 (3.1)

Height of the water with gas Hc yl i nder 1.772[m] (3.1)
Diameter of the water column Dc 0.4[m] section 3.2

Source height Hs Hc yl i nder /16 [m] section 3.3
Source radius rs 0.2 [m] section 3.3

Gas inflow Φi n 0.03 [m/s] section 3.3
Liquid density ρl 1000 [kg /m3] (1.8)

Gas density ρg 2.5 [kg /m3] (1.8)
Laminar viscosity µL 0.13 [kg /ms] (3.15)

Artificial initial viscosity µi ni t 4.5 [kg /ms] initialisation (1)
Gas viscosity µg 0.13 [kg /ms] section 3.5.5

Laminar diffusion coefficient KL 2e −4[m2/s] section 3.5.5
Turbulent diffusion coefficient KT 2e −4[m2] section 3.5.5
Turbulent viscosity coefficient CT 1e −2 D2

c [m2] (3.15)
Bubble diameter d 7.0 [mm] section 3.5.3
Drag coefficient D 16µL/d 2 section 3.5.3

Time-step ∆t 2[s] section 3.4.3
Gas iterations Ng 10 section 3.4.3

Newton iterations NNe 3 (1.102)
Tolerance of algorithm TOL 2e −3 section 3.4.3, (3.16)

Element size h 0.02 [m] section 3.4.1

Table 3.1 – Default parameters.

This reference solution is shown in Figure 3.4 and Figure 3.5. The velocity is ascending in the

middle of the water column and going down on the sides, while the gas volumetric ratio αg is

slightly more concentrated in the middle. The gas velocity ug is ascending, with a stronger

amplitude in the middle.

The difference between a numerical solution uh and the reference solution uh,r e f will be

quantified with:

∆∞(uh) = 100

∥∥uh −uh,r e f
∥∥

L∞(Ω)∥∥uh,r e f
∥∥

L∞(Ω)

, (3.18)

∆0(uh) = 100

∥∥uh −uh,r e f
∥∥

L2(Ω)∥∥uh,r e f
∥∥

L2(Ω)

. (3.19)

The idea is that the difference in the ∆∞ norm illustrates if there is a localised difference in a

particular area, where the ∆0 norm reflects a global difference between two given solutions.
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Chapter 3. Comparison with a water-column experiment

Figure 3.4 – Results in the middle of the water column at x1 = 0. From left to right: the source
term, the amount of gas αg , the vertical component of the velocity u and the amplitude of the
gas velocity ug .
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3.5. Numerical results

Figure 3.5 – Illustration of the velocity fields of the mixture u on the left and gas velocity ug on
the right.
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Chapter 3. Comparison with a water-column experiment

3.5.2 Influence of the mesh size

A first simple experiment is performed with six sizes of mesh ranging from h = 0.04 to h =
0.0075. Convergence can be observed in Table 3.2 and Figure 3.6. Accurate results are observed

when the mesh size is h ≤ 0.02[m], thus the default setting is h = 0.02[m].

h[m] ᾱg [%] ||u||L∞(Ω) N
0.04 10.30 0.25 28
0.03 10.23 0.23 27
0.02 10.21 0.22 13

0.015 10.21 0.22 13
0.01 10.23 0.22 13

0.0075 10.23 0.22 13

Table 3.2 – Results for different mesh sizes. ᾱg denotes the average gas distribution obtained,
and N the number of iterations of the algorithm.

Figure 3.6 – Profile at x3 = 1[m]: on the left the profile of the velocity u, on the right the profile
of the gas distribution αg .

3.5.3 Influence of the drag coefficient

The drag force is driving the interaction between the two phases liquid and gas. As such,

depending on the model of Drag force, the constant viscosity µL appearing in the Drag force

can be calibrated with respect to the measurements of αg .The considered models of drag

forces compared in this section are (see section 1.6):

Model 1

D = 18µLr

d 2 , where µL = 0.13[kg /ms]. (3.20)
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3.5. Numerical results

In this first model, the only free parameter is the linear viscosity µL . The average diame-

ter of the bubbles is d and r is the packing sphere factor. The value µL = 0.13[kg /ms] is

the value that fits best the average gas distribution ᾱg with experimental data.

Model 2

D = max

([
1+0.15Re0.687

b

]
,

0.44Reb

24

)
18µLr

d 2 , where µL = 0.025[kg /ms], (3.21)

Reb = ρl |u −ug |d
µL

.

Both models are similar when the Reynolds number is low. The drag coefficient as a

function of µL is reported in Figure 3.7.

Figure 3.7 – Comparison of the amplitude of the drag coefficients D for the two models with
respect to the viscosity, for ρl = 1000[kg /m3] and d = 7[mm], assuming different constant
values of |u −ug | for (3.21).

Model 1, eq (3.20)

The model (3.20) is considered with different values of the viscosity µL . Results are reported

in Figure 3.8. Note that the method does not converge to a stationary solution when µL >
0.195[kg /ms]. As the drag coefficient increases, the gas velocity sticks more to the fluid flow,

and therefore the lift decreases, the gas is expelled more slowly out of the domain,αg increases
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Chapter 3. Comparison with a water-column experiment

as illustrated in Figure 3.9. Table 3.3 quantifies the change of the results with different values

of viscosity µL : note that the relationship between µL and ᾱg is close to linear.

µL[kg /ms] ∆∞(uh) ∆∞(αg ,h) ∆∞(ug ,h) ∆0(uh) ∆0(αg ,h) ∆0(ug ,h) ᾱg [%]
0.0325 45.3% 69.2% 156.0% 40.0% 69.4% 236.0% 3.08%
0.065 24.1% 43.1% 54.1% 19.2% 43.5% 79.2% 5.72%
0.13 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 10.21%

0.195 12.2% 33.8% 18.4% 7.6% 36.7% 26.6% 14.01%

Table 3.3 – Comparison of the model (3.20) with different values of µL . Discrepancy with
respect to the default value µL = 0.13[kg /ms].
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3.5. Numerical results

Figure 3.8 – The model (3.20): from the left to the right: gas velocity ug whenµL = 0.13[kg /ms],
then µL = 0.065[kg /ms]. Next the mixture velocity field u obtained for µL = 0.13[kg /ms] and
µL = 0.065[kg /ms].
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Chapter 3. Comparison with a water-column experiment

Figure 3.9 – The model (3.20): from the left to the right: the viscosity ranges from µL =
0.0325[kg /ms] to µL = 0.195[kg /ms], and the associated solution αg increases as well.
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3.5. Numerical results

Model 2, eq (3.21)

Next the comparison of different viscosity with the second Drag model (3.21) is reported

quantitatively in Table 3.3. Similar results are obtained: for a lower value of µL , the drag force

decreases. Inversely, an important value of the viscosity implies that the gas velocity ug will

stick more to the mixture velocity u. For the second model, the relationship between µL and

ᾱg is not linear any more, and the results are less sensitive to the viscosity.

Finally in Figure 3.10, the two models are compared to obtain the same average value of

ᾱg = 10.2%, with values respectively of µL = 0.13[kg /ms] and µL = 0.025[kg /ms]. The second

model (3.21) exhibits more gas at the bottom of the column, and less at the top . The vertical

gas velocity is more important in the second model close to the wall.

µL[kg /ms] ∆∞(uh) ∆∞(αg ,h) ∆∞(ug ,h) ∆0(uh) ∆0(αg ,h) ∆0(ug ,h) ᾱg [%]
0.01 21.9% 20.9% 21.1% 15.2% 20.7% 27.0% 8.14%
0.02 6.9% 6.13% 5.5% 4.4% 6.0% 6.5% 9.63%

0.025 0% 0% 0% 0% 0% 0% 10.23%
0.04 32.1% 17.9% 13.8% 15.2% 15.5% 14.0 % 11.8%
0.08 48.5% 49.9% 29.8% 29.1% 49.5% 33.8% 15.2%

Table 3.4 – Comparison of the model (3.21) with different values of µL . Discrepancy with
respect to the default value µL = 0.025[kg /ms].

Figure 3.10 – Comparison between the two models (3.20) and (3.21) .

As a conclusion, in this section, two models have been used: the first model (3.20) in the

Stokes approximation, which corresponds to a Drag force that is linear with the respect to the

difference of phase velocity u −ug . The second model (3.21) considers a non-linear law that
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Chapter 3. Comparison with a water-column experiment

depends on the Reynolds number, and retrieves the first model when the Reynolds number is

small. The constant viscosity µL has been calibrated for each model to reproduce a correct

average amplitude for the gas volumetric distribution αg . In the following, by default the first

model (3.20) will be used.

3.5.4 Comparison of simplified models

In this paragraph, the validity of the Boussinesq approximation (1.7.3) to obtain the velocity

u is verified.In addition, the resolution of the gas velocity ug in algorithm 1.9 (chapter 1) is

compared in two cases:

A Use the standard formulation of this thesis (3.14), look for the gas velocity ug :∫
Ω

(ρgαg ,hug ,h ·∇)ug ,h ·v g ,hdx +
∫
Ω

(ρg α̇sour ce )ug ,h ·v g dx

−
∫
Γout

(αg ,h p0)(v g ·n)ds +
∫
Ω

2µg

(
ε(ug ,h) : ε(v g )− 1

3
div(ug ,h)div(v g )

)
dx

=
∫
Ω
αg ,h(ph)div(v g )dx +

∫
Ω

(ph)∇αg ,h ·v g dx +
∫
Ω
αg ,hρg g ·v g dx

+
∫
Ω

D
ρh

ρl
αg ,h

(
uh −ug ,h

) ·v g dx,∀v g

(3.14)

B Use the approximation (1.50) for the gas velocity:

ug ,h = uh − d 2

18µL
((ρl −ρg )g ). (3.22)

Sensitivity due to Boussinesq approximation

Table 3.5 show that the solutions with and without Boussinesq approximation differ only

up to 2%. Therefore the Boussinesq approximation can be considered as very accurate. The

number of iterations for the algorithm was similar.

Gaz condition ∆∞(uh) ∆∞(αg ,h) ∆∞(ug ,h) ∆∞(ξh) N1 N2

A 2.2% 1.1% 1.0% 0.05% 12 13
B 2.2% 1.5% 1.0% 0.05% 13 14

Table 3.5 – Comparison with the Boussinesq approximation. The number of iterations of the
algorithm does not change much. The number N1 is the number of iterations obtained with
Boussinesq approximation and N2 without it.

Comparison with explicit gas velocity model
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3.5. Numerical results

Comparisons between models A to B are reported in Table 3.6 and Figure 3.11. The results

show almost no differences in the average behaviour, although they exhibit local differences

located at the very bottom and at the top of the outflow. This can be explained because

the boundary conditions are taken into account through the resolution of the finite element

approximation in case A : on the contrary in case B , the velocity exhibit no change on the

top surface, and is numerically imposed to zero at the bottom of the domain, resulting in a

discrete discontinuity regarding ug . In conclusion, the explicit model is sufficient for a simple

geometry such as a water-column, up to the boundary conditions that have to be carefully

treated.

∆∞(uh) ∆∞(αg ,h) ∆∞(ug ,h) ∆0(uh) ∆0(αg ,h) ∆0(ug ,h)
2.2% 18.9% 34.2% 1.2% 1.4% 3.2%

Table 3.6 – Difference with explicit model without Boussinesq approximation in L∞ and L2

norms.

Figure 3.11 – Results in the middle of the water column at x1 = 0 on the left, and on the surface
Γout on the right between cases A and B.
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3.5.5 Sensitivity to gas diffusion and to gas viscosity

Gas viscosity

In this section, the gas viscosity is considered as constant, and the influence of a constant gas

viscosity going from µg = 1e −3[kg /ms] to µg = 10[kg /ms] is measured. Table 3.7 quantifies

the difference between the solutions with different gas viscosities.

Viscosity µg [kg /ms] ∆∞(αg ,h) ∆∞(ug ,h) ∆0(αg ,h) ∆0(ug ,h) ᾱg [%]
1e-3 13.4% 50.2% 1.1% 4.1% 10.2%
1e-2 9.0% 16.6% 0.9% 2.3% 10.2%
1e-1 0.0% 0.0% 0.0% 0.0% 10.2%

1 11.0% 14.1% 2.5% 4.1% 10.2%
10 34.4% 27.3% 11.7% 16.1% 10.1%

Table 3.7 – Difference of results of simulations with different constant gas viscosities
µg [kg /ms], with as reference the case µg = 1e −1[kg /ms].

The number of iterations N of the algorithm to converge was unchanged. In regards of those

numbers, the gas viscosity µg does not change much the results, except if µg > 1[kg /ms]. In

Figure 3.12, it is shown that an increase of the gas viscosity results on an increase on the gas

vertical velocity close to the wall, and a small decrease in the centre of the water-column.

Consequently, the gas ratio αg tends to increase in the centre, and decrease close to the wall.

It is also observed that the difference between µg = 1e −1[kg /ms] and µg = 1e −3[kg /ms] is

negligible, the visible change being only present close to the bottom of the column, where the

boundary condition ug = 0 is imposed. With µg = 1e −4[kg /ms], small oscillations on ug in

this area prevented convergence.

The values in practice are in the order of magnitude of µg ≤ 0.5[kg /ms]. It can be observed

that the solutions do not change much globally in the L2 norm when comparing µg = 1e −
1[kg /ms],1e −2[kg /ms] and 1e −3[kg /ms]. In order to have a reasonable solution and avoid

the oscillations close to the bottom observed if µg is too low, the same value as the linear part

of the liquid viscosity is considered by default µg =µL = 0.13[kg /ms].
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3.5. Numerical results

Figure 3.12 – On the left, results between solutions with different gas viscosities µg in the
middle of the water column at x1 = 0. On the right, the difference is illustrated on Γout , viewed
from above.

Gas diffusion

On the other hand, the sensitivity to the gas diffusion with laminar coefficient KL and turbulent

coefficient KT are compared in terms of amplitude in the expression of the diffusion:

K = KL +KT |ε(ug ,h)|.

The default values are KL = 2e −4[m2/s] and KT = 2e −4[m2]. Quantification of the influence

of the diffusion coefficient is given in Table 3.8. The changes are relatively important regarding

the gas volumetric ratio αg and the velocity u: it can be observed that a stronger diffusion

leads to a slightly more important average gas value ᾱg .

Qualitative interpretation of the sensitivity of the gas diffusion can be done with Figure 3.13:

the greater the diffusion is, more gas αg is present close to the wall of the water-column, and

as a result, the convection movement of the velocity u seems to be weaker as well in this area.

In this section, the effect of different gas viscosities and gas diffusion coefficients have been

shown through different simulation results. If the viscosity µg is too small (smaller than

µg = 1e − 3[kg /ms]) the algorithm does not converge, as small oscillations appear at the

bottom of the water column. The impact in the results is relatively low for different gas

viscosity, except if the viscosity is very important (µg = 10). The diffusion can have a relatively
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Diffusion ∆∞(uh) ∆∞(αg ,h) ∆∞(ug ,h) ∆0(uh) ∆0(αg ,h) ∆0(ug ,h) N ᾱg [%]
K0-K0/8 13.9% 37.3% 8.4% 16.8% 17.5% 8.4% 16 9.8%
K0-K0/4 12.8% 27.3% 6.4% 14.3% 12.7% 5.2% 15 9.8%
K0-K0/2 8.6% 14.0% 4.0% 8.7% 6.4% 3.0% 13 10.0%
K0-2K0 15.7% 13.4% 7.2% 12.1% 6.0% 4.0% 13 10.4%
K0-4K0 39.7% 25.8% 18.3% 28.5% 11.0% 9.0% 15 10.6%

Table 3.8 – Comparison of the stationary flow with different gas diffusion coefficients K , with
reference case K0.

stronger impact on the global behaviour, but that remains limited when considering the

resulting velocity u, except if the diffusion is especially high.
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3.5. Numerical results

Figure 3.13 – Results in the middle of the water column at x1 = 0. From left to right :with less
diffusion, the gas volumetric ratio is lower close to the border, and more important inside. As
the difference of density is more important, the circulation of the liquid velocity is increased.
Due to the drag force, the same kind of difference is observed for the gas velocity.

3.5.6 Comparison with experimental data

The numerical velocity of compared with experimental data provided in [Gem19]. In the first

part, radial profiles are compared: the model is also compared with a second experiment, that

can be found in [BRJ06]. Second, comparison of the average gas ratio obtained with increasing

inflow is compared with the experimental numbers.

Radial profile of velocity u and gas volumetric ratio αg

The profiles obtained for the velocity u and the gas distributionαg with the default parameters

are compared with experimental data in Figure 3.14, with different choices of parameters.

It can be observed that the numerical solution is not corresponding for αg close to the wall
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Chapter 3. Comparison with a water-column experiment

Figure 3.14 – Comparison between the model and experimental measurements from [Gem19]
at x3 = 1[m].

and for the velocity u in the middle of the column.

Notice that none of the parameters allow to reproduce the bump observed in the velocity

radial profile. Regarding this case, we compared a second experiment with different water-

column geometry (smaller radius), but similar conditions, found in [BRJ06]: this second study

assesses the effects of the two kind of spargers on the flow, we considered the configuration

with smaller spargers, closer to the settings of the first experiment. Table 3.9 summarises the

parameters of the two experiments.

Figure 3.15 shows that the bump in the velocity radial profile is not observed in [BRJ06],

corresponding to the results of the numerical model.

Reference d [mm] φi n[m/s] Hc yl i nder [m] Dc [m] Hd at a[m] ᾱg [%] nsp rsp [mm]
[Gem19] 7 0.03 1.77 0.4 1.0=2.5 Dc 10.78 92 1
[BRJ06] 6 0.02 0.9 0.15 0.45=3Dc 5.5 25 2

Table 3.9 – Macroscopic characteristics of two water-columns in the homogeneous regimes
with different geometries and experimental set-ups: nsp is the number of spargers at the
inflow, rsp the radius of the spargers and Hd at a the height at which the data was measured.
The mesh size for the second experiment was h = 0.01[m].
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3.5. Numerical results

Figure 3.15 – Comparison between the model and experimental in the settings of [Gem19]
with data of [BRJ06].

Solutions with different inflows

The average gas volumetric ratio ᾱg is reported for different values of Φi n (defined in (3.2) ).

Comparisons with experiments are shown in Table 3.10. Experimental data are reported with

demineralised water by default and also with tap water to illustrate the sensitivity of the results

due to a parameter such as the quality of the water considered experimentally. On average,

the numerical results for αg follow the same tendency than the experimental data, although

for higher gas quantity, the numerical model overestimates the quantity of gas present in the

column. For Φi n ≥ 0.07[m/s], the numerical solution is not stationary.

Φi n[m/s] Exp 1 ᾱg [%] Exp 2 ᾱg [%] Simulation ᾱg [%] N
0.01 3.5 3.5 3.69 12
0.02 7.69 6.96 7.06 12
0.03 10.78 10.93 10.21 13
0.04 12.73 13.34 13.15 15
0.05 14.83 15.23 15.91 18
0.06 15.50 16.72 18.50 36

Table 3.10 – Average gas ᾱg for different values of inflow Φi n . Exp 1 corresponds to experimen-
tal data with demineralised water and Exp 2 with tap water. N is the number of iterations of
the algorithm to reach a stationary solution.
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Chapter 3. Comparison with a water-column experiment

Figure 3.16 – For different gas source values Φi n : on the left the vertical velocity u, on the right
values of αg along the radius R at x3 = 1[m].

3.6 Conclusion

In this section, the model has been applied to a water-column experiment. It has been shown

that the mesh size does not change much the results. The influence of the drag coefficient and

the diffusion of the gas has been shown to impact considerably the results. The gas viscosity

µg has only a secondary order effect. The Boussinesq approximation (1.7.3) and the explicit

formulation for the gas velocity (1.7.1) gave results very close to the general model.

Regarding the comparison with experimental data, the model seems to reproduce approxi-

mately the average gas quantity for low and non turbulent regime. When the algorithm is used

for more important gas flow, it does not converge. With regard to the radial profile measured

experimentally, the behaviour of the solution does not correspond completely for the velocity

u in the first experiment and is well reproduced in the second one. In both case, the exper-

imental data are observed for the profile of the gas ratio αg are not completely reproduced

close to the wall.
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4 Application to aluminium electrolysis

In this chapter, the model detailed and analysed in previous chapters is applied to fluid flow

simulations in aluminium reduction cells.

The software Alucell [Ste09] is the result of a collaboration of more than thirty years between

EPFL and Rio Tinto aluminium, with purpose to model the most important phenomena

related to aluminium electrolysis. The previous thesis have been dedicated to the magneto-

hydrodynamics (MHD) [Ste09], models of turbulence in the fluid [Roc16], the thermal effects

[Flo13; Saf05] or the alumina transport and dissolution [Hof11; Hil19]. Applications with

the software Alucell corresponding to measurements in industry modelling can be found in

[Ren+18].

In this thesis the modifications of the fluid flow induced due to the presence of gas is assessed.

The density is changed due to the gas volumetric distribution, impacting the fluid flow. The

equations describing the magneto-hydrodynamics are recalled. The equations of the gas are

presented in this context. Then the weak formulations are presented. Next, the algorithm

without gas is recalled and a new algorithm taking into account the gas equations is proposed.

4.1 The fluid flow model in aluminium electrolysis

In this section, the the magneto-hydrodynamics equations are presented in the framework of

aluminium electrolysis. The interactions taking place between the fluid flow, the magnetic

forces, the interface between the electrolyte and the liquid aluminium and the gas dynamics

are described.

4.1.1 Notations

An electrolysis cell contains the fluid domain, the anodes, cathodes, conductors and ferromag-

netic crates, illustrated with a middle cut view given in Figure 4.1. The fluid domain Ω is split

into the electrolytic bath denotedΩel , the aluminium regionΩal and the bath/metal interface
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CO2

Figure 4.1 – Cut view of an aluminium reduction cell.

Γ= Ω̄el ∩ Ω̄al . It is assumed that the interface Γ can be parametrised by a continuous function

H : (x1, x2) ∈Σ→ x3 = H(x1, x2) ∈R:Γ= {(x1, x2, x3) ∈Ω : x3 = H(x1, x2), (x1, x2) ∈Σ},

If x3 > H then x ∈Ωel and if x3 < H then x ∈Ωal , ∀x ∈Ω.
(4.1)

The top surface of the channels between the anodic blocs is denoted Γout .

Due to the important electric current density j , the corresponding electromagnetic forces

will put the fluid into motion. In the electrolytic bath, chemical reactions will lead to the

production of different gas, mostly Carbon dioxide (see section 4.1.6).

4.1.2 Hydrodynamic equations: two immiscible fluids

In this subsection, the electric density current j , the induced magnetic field B , as well as the

distribution of the volumetric gas ratioαg are assumed to be known and the goal is to compute

the velocity field u :Ω→R3, the pressure p :Ω→R and the interface height H :Σ→R between

the aluminium and electrolytic bath.

The stationary problem of Navier-Stokes consists in looking for the velocity field u :Ω→R3,
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4.1. The fluid flow model in aluminium electrolysis

the pressure p :Ω→R such thatdiv(ρu ⊗u)−div(τ) =−ρg + j ∧B ,

div(ρu) = 0,
in Ωel ∪Ωal . (4.2)

The problem is completed with u = 0 on the whole boundary ∂Ω to facilitate the reading of

the problem. In practice partial sliding is used on the boundary (see section 4.1.4).

In (4.2), the density in the fluid domainΩ is defined as a constant density ρal in the aluminium

and as a mixture in the electrolyte between the density of the liquid electrolyte ρel and the

density of the gas ρg ( as 1.8 ):

ρ[kg /m3] =
ρal if x ∈Ωal ;

αgρg + (1−αg )ρel if x ∈Ωel .
(4.3)

When the gas is not taken into account, αg = 0 everywhere and ρ = ρel is constant in the

electrolyte domain Ωel . The viscosity µ follows the Smagorinski turbulent model proposed

in [Roc16] (see 1.79), composed of a linear constant part respectively µal and µel in the

aluminium and in the electrolyte, as well as a turbulent part depending on the norm of ε(u):

µ[kg /ms] =
µal +CTρal |ε(u)| if x ∈Ωal ;

µel +CTρ|ε(u)| if x ∈Ωel ,
(4.4)

where the turbulent constant coefficient CT = 5e − 4[m2]1 in aluminium cells and ε(u) is

defined in (1.1) and |ε(u)| =
√∑

i , j (εi , j (u))2. The usual definition of the stress tensor τ is given

with:

τ=−p I − 2

3
µdiv(u)I +2µε(u), (4.5)

and the external forces have been written as F =−ρg + j ∧B .

On the interface Γ, we define the jump operator [.]. For any scalar field q defined in Ω, the

jump of q is the subtraction of its value in the electrolyte by its value in the aluminium:[
q
]

(x1, x2) = lim
ε→0+ q(x1, x2, H(x1, x2)+ε)−q(x1, x2, H(x1, x2)−ε) = qel −qal ,

and the notion of the jump through Γ can be naturally extended to a vector, by considering

the jump of each of its component.

The five following conditions hold on Γ. First, the velocity is assumed to be continuous across

the interface Γ:

[u] = 0, on Γ. (4.6)

1In the literature, CT = l 2CS , where l is a characteristic length and CS a dimensionless constant. In the case of
aluminium electrolysis, we equivalently consider l = 0.1 and CS = 5e −2, thus CT = 5e −4 as in [Roc16].
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In addition the velocity field is assumed to be tangent to the interface Γ:

u ·n = 0, on Γ, (4.7)

otherwise the interface would be transported. Finally the jump of the viscous forces through

the interface is assumed to be zero:

[τ ·n] · t i = 0, i = 1,2, on Γ, (4.8)

[τ ·n] ·n = 0, on Γ, (4.9)

reflecting that the forces are at equilibrium through the interface. Then the following stationary

problem can be stated, regrouping (4.2) to (4.9): find the velocity u, the pressure p and the

interface Γ such that:

div(ρu ⊗u)−div(τ) = F =−ρg + j ∧B , in Ωk , k = {el , al } (4.10a)

div(ρu) = 0, in Ω, (4.10b)

u = 0, on ∂Ω, (4.10c)

[u] = 0, on Γ, (4.10d)

u ·n = 0, on Γ, (4.10e)

[τ ·n] · t i = 0, i = 1,2, on Γ, (4.10f)

[τ ·n] ·n = 0, on Γ, (4.10g)∫
Ωal

dx =Val u , (4.10h)

where the condition (4.10h) ensures the conservation of the initial volume of aluminium Val u .

4.1.3 Principles of an algorithm to solve the hydrodynamic equations coupled to
the interface

The resolution of problem (4.10a-4.10h) usually requires an iterative algorithm that split the

problem into two systems: one of the four conditions (4.10d-4.10g) is usually relaxed to update

the interface while the other four conditions are used to compute the velocity. For example,

a classical approach consists to relax the immiscibility condition (4.10e), and solve (4.10a-

4.10d)(4.10f-4.10g) for the velocity and the pressure. Then the interface is computed (for

example with a time level-set transport equation with velocity u) with an equation that aims

to reach iteratively condition (4.10e). Condition (4.10h) is used in post-process to conserve

the volume of the fluids. This method is used in the framework of aluminium electrolysis in

[Pai06; Flo13; Roc16] for example.

A method which converges faster to the stationary solution of (4.10a-4.10h) will be used. This

method consists to relax the jump of the viscous force through the interface condition (4.10g)

80



4.1. The fluid flow model in aluminium electrolysis

and to consider the problem:

For a given interface Γ, find u and p satisfying (4.10a-4.10f). (4.11)

The interface is then updated to reach (4.10g). At iteration k, the velocity, pressure and

interface are given as uk , pk and Γk . A linearisation at first order between the velocity, pressure

and interface solutions of (4.10a-4.10h) and the velocity and pressure solutions of (4.10a-4.10f)

lead to an expression for the new interface. Details can be found in [DFF89], as well as well-

posedness and convergence of this iterative method in a simplified static case. With this

method, the new interface Γk+1 is computed with:

H k+1 = H k + (
[
τ(uk , pk )

] ·nk ) ·nk +C

[F 3]
, (4.12)

where C is chosen such that the conservation of the volume of Ωal (4.10h) holds and F 3 is

the third component of the external forces in (4.10a). Then the process can be repeated,

solving iteratively the problem (4.11) and using (4.12) to update the interface, up to a solution

satisfying (4.10a)-(4.10h)).

Remark 11. The pressure is discontinuous through the interface Γ. As the relation (4.10f)

is independent of the pressure p, a solution (u, p) solution of (4.11) also admits as solution

(u, q), where q = p + cel in Ωel and q = p + cal in Ωal , for any constant cel ,cal . The difference

between these two constants is set through (4.10h). (see later Remark 12)

4.1.4 Partially sliding boundary conditions for the fluid in aluminium electroly-
sis cells and weak formulation

In this paragraph, we introduce a different boundary condition than (4.10c) to allow sliding.

The friction coefficient fW all is introduced in [Roc16] (page 103). Notice that the dimension of

fW all is [kg /sm2]. Then the boundary conditions (4.10c) are replaced by:

u ·n = 0 on ∂Ω, (4.13)

(τ ·n) · t i =− fW all u · t i , i = 1,2, on ∂Ω, (4.14)

Notice that the limit when the coefficient fW all → 0 corresponds to a slip condition, while the

limit fW all →∞ corresponds together with (4.13) to the boundary condition (4.10c).

Typically the coefficient fW all varies from 0 to 1e6 on the boundary ∂Ω, see section 4.4.

The calculations described in section (1.8.1) can be used. In particular, the friction terms and

normal forces on the interface Γ come up when integrating the boundary part of the viscous

forces and using u, v satisfying boundary conditions (4.10e)-(4.10g)(4.13)-(4.14), giving the
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following relation when integrating the viscous tensor on ∂Ωel and ∂Ωal instead of (1.64):∫
∂Ωel

(τ ·n) ·vds +
∫
∂Ωal

(τ ·n) ·vds =
∫
∂Ω

(τ ·n) ·vds +
∫
Γ

[τ ·n] ·n(v ·n)ds

=
∫
Γ

[τ ·n] ·n(v ·n)ds +
∫
∂Ω

(τ ·n) ·n(v ·n)ds +
∫
∂Ω

(τ ·n) · t 1(v · t 1)ds +
∫
∂Ω

(τ ·n) · t 2(v · t 2)ds

=
∫
Γ

[τ ·n] ·n(v ·n)ds +
∫
Γout

(τ ·n) ·n(v ·n)ds + ∑
i=1,2

∫
∂Ω

(τ ·n) · t i (v · t i )ds

=
∫
Γout

ξ(v ·n)ds +
∫
Γ
ψ(v ·n)ds − ∑

i=1,2

∫
∂Ω

fw all u · t i (v · t i )ds.

(4.15)

In the above, we have chosen the variables ξ= (τ ·n) ·n on Γout and ψ= [τ ·n] ·n on Γ.

Weak formulation for the Navier-Stokes problem 4.11 with sliding conditions

In this paragraph, the weak formulation associated to (4.11) is presented, with the partially

sliding boundary conditions (4.13)-(4.14) instead of u = 0. The unknown corresponding to

ψ= (
[
τ(u, p)

] ·n) ·n on the interface Γ is introduced, which is exactly what is required to use

the algorithm to update the interface with (4.12). In addition the viscous force ξ= (τ ·n) ·n is

introduced on the gas outflow surface Γout , which is required in the boundary condition for

the gas. Consider the spaces:

S = {s : ∂Ω→R : s = 0 on ∂Ω\Γout } ,

Z = {
f : Γ→R

}
,

V = {
Ω→R3 : v ·n = 0 on ∂Ω\Γout ;

}
Lal u =

{
f :Ωal → R :

∫
Ωal

f dx = 0

}
,

Lel =
{

f :Ωel →R :
∫
Ωel

f dx = 0

}
.

Then a weak formulation of the initial Navier-Stokes system (4.2) with boundary conditions

(4.10e)-(4.10g)(4.13)-(4.14) integrated as in (4.15) consist into looking for (u, p,ξ,ψ) ∈ V ×
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(Lal u ⊕Lel )×S ×Z such that:∫
Ω

(ρu ·∇)u ·vdx +
∫
Ω

2µ

(
ε(u) : ε(v )− 1

3
div(u)div(v )

)
dx

−
∫
Ω

pdiv(v )dx −
∫
Γout

ξ(v ·n)ds −
∫
Γ
ψ(v ·n)ds +

∫
∂Ω

fw all u · t 1(v · t 1)ds

+
∫
∂Ω

fw all u · t 2(v · t 2)ds =
∫
Ω

(
F +ρg

) ·vdx,∫
Ω

div(ρu)qdx = 0,∫
Γout

ζout (u ·n)ds = 0,∫
Γ
ζ(u ·n)ds = 0,

(4.16)

for all (v , q,ζout ,ζ) ∈V × (Lal u ⊕Lel )×S ×Z .

Remark 12. The definition of the space (Lal u ⊕Lel ) is only a way to fix the two constants

cal ,cel mentioned in remark 11. More precisely, the second constant is implicitly changed in

the complete problem when fixing C in the conservation of the volume of aluminium (4.10h).

Then, the second constant in the weak formulation can be imposed in an arbitrary way in

(4.16) (in this case the choice of the space (Lal u ⊕Lel ) was made), as it will be adjusted to

condition (4.16) when using the algorithm procedure to modify the interface in (4.12) with the

constant C .

Remark 13. The pressure is often considered as a Lagrange multiplier associated with the

conservation of mass div(ρu) = 0. In a similar fashion, ξ and ψ can be seen as Lagrange

multipliers associated with the sliding condition u ·n = 0 on respectively the surface Γout and

the interface Γ.

4.1.5 Electromagnetic effects

This section describes the electromagnetic effects in the aluminium electrolysis process. This

description and the associated methods to solve them numerically in Alucell can be found in

[Ste09]. From the Maxwell equations, a model allows to compute the density of current j and

the induced magnetic field B .

Maxwell equations

The electromagnetic phenomena are described through Maxwell’s equations, coupling through

differential equations the current density j , the magnetic field B and the electric field E .

The first equation called Faraday’s law of induction, links the circulation of an electric field E

to the temporal variation of the magnetic field B . This temporal variation can be neglected
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[Ste09](page 90) and can be written under stationary form:

∇∧E = 0. (4.17)

The second law, named Ampere’s law, relates the magnetic field H = 1
µ0µr

B with time variation

of the electric field (this part is neglected, justification in [Mun04]). and the density of current

j . Under stationary form it reads:

∇∧H = j . (4.18)

In this case µ0 = 4π10−7[kg m/A2s2] is the magnetic permeability of vacuum and µr the

relative magnetic permeability of the materials In addition, if there are no ferromagnetic

effects (µr = 1) and the equation simplifies to:

∇∧B =µ0 j . (4.19)

The third law is the conservation of the magnetic field B :

div(B ) = 0, (4.20)

and lastly Ohm’s law binds the density of current j to the electric field E , the magnetic field B

and the fluid velocity u:

j =σ (E +u ∧B ) . (4.21)

σ is the conductivity of the different materials. In the fluid, σ(αg ) can depend on the volumet-

ric gas ratio αg . Applying the divergence operator on (4.19) gives the continuity equation for

the density of current j :

div( j ) = 0. (4.22)

Electric potential

In this paragraph, the magnetic field B is supposed given. Then because of the simplified

equation of Faraday (4.17), there exists an electric potential V such that:

E =−∇V. (4.23)

Then Ohm’s law (4.21) can be rewritten as:

j =σ (−∇V +u ∧B ) . (4.24)

Applying the divergence operator on (4.21), using the fact that the divergence of j is zero (4.22)

and Ampere’s law (4.19), one gets an elliptic equation for the potential V :

div(−σ∇V ) =−div(σu ∧B ), (4.25)

in the whole aluminium reduction cell. Then, if V ,u,B andσ are known, the density of current
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j can be directly computed with (4.24). The numerical method to solve (4.25) with as unknown

the electric potential V in the electrolysis cell will be used in the following. The details of the

method in Alucell can be found in [Roc16](page 83).

Magnetic induction

Assuming that the density of current j and the velocity u are given, it is possible to compute

the induced magnetic field B thanks to the integral formula of Biot-Savart:

B = µ0

4

∫
R3

j ∧ (x − y)

|x − y |3 dy. (4.26)

The magnetic field B depends on the current circulating in neighbouring cells, the metallic

structure surrounding the cell and the current distribution through the two fluids. In addition

the ferromagnetic cell shell screens partially the magnetic field. Details of the numerical

model computing ths magnetic field in Alucell can be found in [Ste09; Flu+10].

4.1.6 Gas dynamics

In this section, it is assumed that the velocity field of the mixture u and the pressure p as well

as the interface Γ are given as inputs. Then the dynamic of the gas is considered only in the

electrolyte domain Ωel with appropriate boundary conditions. The purpose of the equations

is to determine the gas volumetric ratio αg :Ωel →R and the gas velocity field ug :Ωel →R3.

The purpose is to reach a stationary solution, and time evolution is used as a continuation

method to approach a stationary equilibrium, solving:
div(αgρg ug ⊗ug )+Dαg

ρ

ρel
ug −div(τg )+p∇αg =αgρg g +Dαg

ρ

ρel
u,

∂αg

∂t
+div

(
αg ug −K∇αg

)= α̇sour ce ,

in Ωel . (4.27)

where the density ρ is the mixture density in the electrolyte:

ρ =αgρg + (1−αg )ρel , (4.28)

D is the drag coefficient described in section (1.6), and τg is the gas stress tensor:

τg =−pαg I +µg

(
−2

3
div(ug )I +2ε(ug )

)
, (4.29)

with µg = 0.5[kg /ms] taken as a constant similar to the values of the electrolytic viscosity

(see 4.59, [DFR98]). Finally the diffusion coefficient K is also composed of a linear part and a
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turbulent part:

K = KL +KT |ε(ug )|, KL = 5e −5[m2/s] and KT = 5e −4[m2]. (4.30)

The idea to use a turbulent coefficient comes into an analogy with the turbulent viscosity, for

which the turbulent coefficient CT (4.4) for electrolysis cells in industry is already calibrated.

Finally, α̇sour ce [1/s] is the volumetric internal source term from chemical reduction reactions,

see (4.39).

Boundary conditions and weak formulation

Similarly to section 1.4, it is assumed that the boundary of the electrolyte can be split into the

outflow Γout and ∂Ωel \Γout .On ∂Ωel \Γout , free slip boundary conditions are allowed: the gas

is allowed to slide and transport αg along the channels and anodes. On the surface Γout , the

special outflow conditions are considered. The constant p0 is defined as:

p0 =
∫
Γout

(τ ·n) ·nds∫
Γout

ds
.

Then the boundary conditions are:

(τg ·n) ·n =αg p0, on Γout , (4.31)

(τg ·n) · t i = 0, on ∂Ωel , i = 1,2, (4.32)

ug ·n = 0, on ∂Ωel \Γout , (4.33)

K∇αg ·n = 0, on ∂Ωel , (4.34)

Taken into account these boundary conditions, define the space:

V g = {
v :Ωel →R3 : v ·n = 0 on ∂Ωel \Γout

}
, (4.35)

and an equivalent formulation of the momentum equation in (4.27) with boundary conditions

(4.31-4.33) is to look for ug ∈V g :∫
Ωel

(ρgαg ug ·∇)ug ·v g dx +
∫
Ωel

(ρg α̇sour ce )ug ·v g dx −
∫
Γout

αg p0(v g ·n)ds

+
∫
Ωel

2µg

(
ε(ug ) : ε(v g )− 1

3
div(ug )div(v g )

)
dx +

∫
Ωel

D
ρ

ρel
αg ug ·v g dx =

∫
Ωel

αg pdiv(v g )dx

+
∫
Ωel

p∇αg ·v g dx +
∫
Ωel

αgρg g ·v g dx +
∫
Ωel

D
ρ

ρel
αg u ·v g dx,

(4.36)
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for all v g ∈V g . The equivalent formulation of the advection-diffusion equation in (4.27) with

boundary condition (4.34) consists into looking for αg :Ωel →R satisfying:∫
Ωel

∂αg

∂t
ωdx +

∫
Ωel

div
(
αg ug

)
ωdx +

∫
Ωel

K∇αg∇ωdx =
∫
Ωel

α̇sour ceωdx, (4.37)

for all ω :Ωel →R.

Gas production

The different chemical reactions (see introduction) occurring in an aluminium electrolysis

reduction cell are: 
Al2O3 → 2Al 3++3O2−

6O2−+3C → 3CO2 +12e−

2Al 3++6e− → 2Al ,

(4.38)

overall giving:

2Al2O3 +3C => 3CO2 +4Al .

As a result, for every 3 molecules of Carbon Dioxide produced, 4 molecules of aluminium are

obtained, and 12 electrons are exchanged in the process. Other gas are also released, but as

carbon dioxide amounts to 90% of te gases present, they are neglected. An estimate of the

amount of gas produced and the term α̇sour ce can be obtained, considering the scale of the

whole electrolysis cell and the total current I :∫
Ωel

ρg α̇sour ce dx = ηF I MCO2

4qe NA
= ηF I MCO2

4F
, (4.39)

In this case I is the total current used in the electrolysis cell, MCO2 = 44.009[g /mol ] is the

molar mass of carbon dioxide, qe = 1.6021× 10−19[C ] is the charge of one electron, NA =
6.0221×1023[1/mol ] is Avogadro constant, F = 96485.33[s A/mol ] is the Faraday constant and

η f is the Faraday efficiency, which is about η f = 0.95 for aluminium electrolysis [Cha17]. The

relation (4.39) gives an indication of the total amount of the term source, but does not express

its local distribution through the domain Ωel . A reasonable hypothesis consists into assuming

that the production of gas is proportional to the local current density j as it is the case for

some aluminium dissolution models for instance [Hof11; Hil19]:

α̇sour ce (x) = η f I MCO2

4Fρg

| j (x)|∫
Ωel

| j (x)|dx
. (4.40)

Finally, notice that the choice of the constant density ρg will scale accordingly the source term.

As the gas is diluted in the fluid, it is not clear what value is the most appropriate in practice.

The behaviour of carbon dioxide as a perfect gas would give ρg = 0.5[kg /m3], while the triple
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point for carbon dioxide is ρg = 467[kg /m3]. The lower the value of ρg , the greater α̇sour ce .

By default, the gas density is set at ρg = 10[kg /m3]. Section 4.6.1 shows the behaviour with

different amplitude of source term.

Remark 14. Another method to introduce gas in the electrolytic bath is to inject it under the

anodes by choosing a given gas velocity (going downwards vertically) and given value of αg ,

both imposed on the anodic surface. In practice, this method was found out to be unstable

with our algorithm : the intuitive explanation being that the gas velocity is naturally going up

vertically, and imposing a boundary condition with a velocity going down on the anodic plane

lead to a thin unstable layer. Second it would require to fix two parameters. And finally, we will

see that the solution of αg is not constant at all on the anodic surface, so fixing it as a constant

does not seem relevant in this model.

4.2 Space discretization and algorithm

This section is dedicated to the space discretization in finite elements of the problem presented

in section (4.1), and an algorithm consisting in solving the different physical processes one at

a time, while the variables associated with the other problems are used as given inputs. The

algorithm used in the Alucell software to reach a stationary solution being quite complicated,

a summary of the algorithm without gas is first presented. Second, the gas model is added as

an additional phase of the algorithm which will modify the density of the electrolyte ρel .

4.2.1 Meshes along the iterations

The initial mesh of the algorithm, see top of Figure 4.2, starts with a flat interface Γ0 located

at x3 = 0.2[m] above the bottom of Ω, that is cut into triangles. We also define a fictitious

interface Γ̃0 located at x3 = 0.232[m] (thus the ACD= 0.032[m]2 ), at the frontier between the

anodes and the electrolyte. We then mesh the initial aluminium domain Ω0
al (grey region in

Figure 4.2) and the initial electrolyte domain Ω0
el (red region in Figure 4.2) and denote T 0

h the

corresponding mesh of Ω0
al ∪Ω0

el into tetrahedra of maximum size h.

At iteration k, given Γk , Γ̃k and the mesh T k
h , we update the vertices of the interface Γk

according to (4.12) to obtain Γk+1. We also update the vertices of the fictitious interface to

obtain Γ̃k+1 by locating them at exactly ACD=0.032[m] above those of Γk+1. We then move

proportionally the vertices of the aluminium and electrolyte domains to obtain Ωk+1
al and

Ωk+1
el , see Figure 4.2, bottom. Notice that the mesh topology remains unchanged. Details of

this method can be found in [Pai06]. The electromagnetic variables are computed on a wider

mesh containing the whole cell structure including the fluid mesh Th . (see [Ste09; Roc16])

2ACD stands for Anode Cathode Distance, and is the height between the aluminium-bath interface and the
anodes.
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4.2. Space discretization and algorithm

Figure 4.2 – Top: initial mesh T 0
h . Bottom: deformed mesh T k

h . The grey region contains the
aluminium while the red region contains the electrolytic bath. The interface Γ0 at initialisation
is located at x3 = 0.2[m]. An additional fictitious interface is added at x3 = 0.032[m] above the
interface in order to have a constant distance between the interface and the anodes (green).

Finite element spaces

Define S k
h and Gh as discretizations into triangles of respectively Γk and Γout . For the fluid

domain Ω, consider the following spaces:

V k
h =

{
v ∈C 0(Ω̄k )3 : v1|K , v2|K , v3|K ∈P1(K ),∀K ∈T k

h ; v ·n = 0 on ∂Ω\Γout

}
, (4.41)

In addition, let Ppr es be a point of one of the vertices of the interface mesh G k
h . Then:

L k
el =

{
W ∈C 0(Ω̄k ) : W |K ∈P1(K ),∀K ∈T k

h ;W = 0 in Ωk
al \Γk ;W (Ppr es) = 0

}
, (4.42)

L k
al =

{
W ∈C 0(Ω̄k ) : W |K ∈P1(K ),∀K ∈T k

h ;W = 0 in Ωk
el \Γk ;W (Ppr es) = 0

}
, (4.43)
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Ak
h =

{
W ∈C 0(Ω̄k

el ) : W |K ∈P1(K ),∀K ∈T k
h ∩Ωk

el

}
, (4.44)

S k
h, f e =

{
W ∈C 0(Γ) : W |T ∈P1(T ), ∀T ∈S k

h

}
, (4.45)

Gh, f e =
{
W ∈C 0(Γout ) : W |T ∈P1(T ), ∀T ∈Gh

}
. (4.46)

4.2.2 Iterative algorithm without gas

Let the magnetic field B be given. The Alucell software successively performs the following

steps [Ste09; Roc16], updating the electric potential V k
h , the density current j k

h , the fluid

velocity uk
h , the pressure pk

h , the jump of the normal forces on the interface ψk
h and the height

of the bath-metal interface H k from step k to the next step k +1:

1. Compute the discretized potential V k+1
h on a mesh containing the whole cell solving

(4.25) as in [Roc16](page 83) and the current density j k+1
h with:

j k+1
h =σk

h

(
−∇V k+1

h +uk
h ∧B

)
. (4.47)

2. Solve the Navier-Stokes system to find the numerical velocity uk+1
h , the pressure pk+1

h
and the jump on Γk

h of the normal viscous forces ψk+1
h : look for (uk+1

h , pk+1
h ,ψk+1

h ) ∈
V k

h ⊕Vbubble,h ×L k
el ⊕L k

al ×S k
h, f e such that:

∫
Ω

(ρhuk+1
h ·∇)uk+1

h ·vdx +
∫
Ω

2µ
(
ε(uk+1

h ) : ε(v )
)

dx

+
∫
∂Ω

fw all u · t 1(v · t 1)ds +
∫
∂Ω

fw all u · t 2(v · t 2)ds

−
∫
Ω

pk+1
h div(v )dx −

∫
Γ
ψk+1

h (v ·n)ds =
∫
Ω

(
ρh g + j k+1

h ∧B
)
·vdx,∫

Ω
div(uk+1

h )qdx = 0,∫
Γ
ζ(uk+1

h ·n)ds = 0,

(4.48)

∀(v , q,ζ) ∈V k
h ⊕Vbubble,h ×L k

el ⊕L k
al ×S k

h, f e , where V bubble,h is the same bubble space

as in chapter 1 (see (1.95) and the density ρh follows the discretized equivalent of

definition (4.3)3. The system is linearised if needed and solved with Newton’s method as

3This is the case without gas, with αg = 0 everywhere. Notice that at the discrete level, the discretized integrals
over Ω containing density ρh is performed tetrahedron after tetrahedron: therefore either a tetrahedron is above
the interface Γ and belongs to Ωel , either it is below Γ and belongs to Ωal : there is no ambiguous case when
computing the integrals with ρh .
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detailed in section 1.10. Notice that the pressure pk+1
h is discontinuous on the interface

Γk
h , except on the point Ppr ess (4.42-4.43).

3. Finally the interface is moved following (4.12), i.e the new height of the interface is given

by:

H k+1 = H k + ψk+1
h +C[
ρh |g |

] , (4.49)

which is used to parametrised the new interface Γk+1
h , with x3 = H k+1(x1, x2). The

constant C is chosen such that the volume of aluminium is conserved:∫
Γ

H k (x1, x2)dx1dx2 =
∫
Γ

H k+1(x1, x2)dx1dx2 =V ol (Ωal ), (x1, x2) ∈ Γ0. (4.50)

At the end of this stage, the fluid mesh T k+1
h is adapted to the new interface Γk+1

h , with

the procedure described in [Pai06]: the nodes are moved along x3 proportionally to the

value of H k+1.

A repetition of steps 1. to 3. with appropriate boundary conditions converge, fortunately, to a

stationary solution in terms of electric potential, current density, velocity field, pressure and

interface in practice.

4.2.3 Iterative algorithm with gas

Now the algorithm 4.2.2 is modified to include the gas model of this thesis. The following

describes how to update the unknowns of the precedent algorithm V k
h , j k

h ,uk
h , pk

h ,ψk
h , H k , with

in addition the normal of the viscous force on the outflow Γout denoted by ξk
h , the gas velocity

uk
g ,h and the gas distribution αk

g ,h from step k to the next step k +1:

1. As previously described, compute the discretized potential V k+1
h on on a mesh contain-

ing the whole cell solving (4.25) and the current density j k+1
h with:

j k+1
h =σk

h

(
−∇V k+1

h +uk
h ∧B

)
. (4.51)

The influence of the gas modifying σk
h as depending on αk

g ,h is also investigated (section

4.6.3).

2. At this stage, the discrete density in the electrolyte is not constant and is modified by

the gas, computed as

ρh =
ρal if K j ∈Ωk

al ∩T k
h ;

αk
g ,hρg + (1−αk

g ,h)ρel if K j ∈Ωk
el ∩T k

h .
(4.52)

for each tetrahedron K j in T k
h . The following system with variable density is considered.

Search for (uk+1
h , pk+1

h ,ψk+1
h ,ξk+1

h ) ∈Vh ⊕Vbubble,h ×L k
el ⊕L k

al ×S k
h, f e ×G k

h, f e such that:
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∫
Ω

(ρhuk+1
h ·∇)uk+1

h ·vdx +
∫
Ω

2µ

(
ε(uk+1

h ) : ε(v )− 1

3
div(uk+1

h )div(v )

)
dx

−
∫
Ω

pk+1
h div(v )dx −

∫
Γout

ξk+1
h (v ·n)ds −

∫
Γ
ψk+1

h (v ·n)ds =
∫
Ω

(
ρh g + j k+1

h ∧B
)
·vdx,∫

Ω
div(ρhuk+1

h )qdx = 0,∫
Γout

ζout (uk+1
h ·n)ds = 0,∫

Γ
ζ(uk+1

h ·n)ds = 0,

(4.53)

∀(v , q,ζout ,ζ) ∈ Vh ⊕Vbubble,h ×L k
el ⊕L k

al ×S k
h, f e ×G k

h, f e . The system is linearised if

needed and solved with Newton’s method as detailed in section 1.10.

3. As before, the new height of the interface is given by:

H k+1 = H k + ψk+1
h +C[
ρh |g |

] , (4.54)

the only difference being that ρh has changed since it depends on αk
g ,h (4.3). The

constant C is chosen to conserve the aluminium volume and the nodes of the mesh are

moved with exactly the same procedure as (4.50).

4. The restriction of the variables uk+1
h , pk+1

h to Ωk+1
el ∩T k+1

h can be obtained directly

considering their values node by node and j k+1
h its value element by element. The

source is then defined as:

α̇h,sour ce =
η f I MCO2

4Fρg

| j k+1
h |∫

Ωel
| j k+1

h |dx
, for every element K in Ωk+1

el ∩T k+1
h . (4.55)

5. First compute the constant p0 as:

p0 =
∫
Γout

ξk+1
h ds∫

Γout
ds

, (4.56)

then for Ng steps, a sub-algorithm is going to be performed. The sub-sequences αk,r
g ,h ,

uk,r
g ,h are considered where the sub-index r = 0, . . . , Ng . Of course, the initialisation is

αk,r=0
g ,h =αk

g ,h and uk,r=0
g ,h = uk

g ,h . The sub-algorithm reads:
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(a) Look for uk,r+1
g ,h ∈V k+1

h ∩Ωk+1
el such that:

∫
Ωk+1

el

(ρgα
k,r
g ,huk,r+1

g ,h ·∇)uk,r+1
g ,h ·v g ,hdx +

∫
Ωk+1

el

(ρg α̇h,sour ce )uk,r+1
g ,h ·v g dx

−
∫
Γout

(αk,r
g ,h p0)(v g ·n)ds +

∫
Ωk+1

el

2µg

(
ε(uk,r+1

g ,h ) : ε(v g )− 1

3
div(uk,r+1

g ,h )div(v g )

)
dx

=
∫
Ωk+1

el

αk,r
g ,h(ph)div(v g )dx +

∫
Ωk+1

el

(pk+1
h )∇αk,r

g ,h ·v g dx +
∫
Ωk+1

el

αk,r
g ,hρg g ·v g dx

+
∫
Ωk+1

el

D
ρh

ρl
αk,r

g ,h

(
uk+1

h −uk,r+1
g ,h

)
·v g dx,

(4.57)

∀v g V k+1
h ∩Ωk+1

el . The linearisation (section 1.10) is applied for the non linear

terms.

(b) Then perform one time step of the advection-diffusion equation, that is look for

αk,r+1
g ,h ∈ Ak+1

h such that:

∫
Ωk+1

el

αk,r+1
g ,h −αk,r

g ,h

∆t
ωdx +

∫
Ωk+1

el

div
(
αk,r+1

g ,h uk,r+1
g ,h

)
ωdx +

∫
Ωk+1

el

K∇αk,r+1
g ,h ∇ωdx

+ hCS

2|uk,r+1
g ,h |

∫
Ωk+1

el

(uk,r+1
g ,h ·∇w)(div(αk,r+1

g ,h uk,r+1
g ,h )− α̇h,sour ce )dx =

∫
Ωk+1

el

α̇h,sour ceωdx,

(4.58)

for all ω ∈ Ak+1
h . Finally update the density ρh =αk,r+1

g ,h ρg + (1−αk,r+1
g ,h )ρel in Ωk+1

el ,h .

Repeat (4.57-4.58) Ng times.

6. At this stage, αk+1
g ,h is chosen as αk,r+1

g ,h and uk+1
g ,h as uk,r+1

g ,h . From a virtual time-flow

perspective, a time Tg = Ng∆t has elapsed: it is important that this virtual time is not

too small when aiming at a stationary state. Virtually uk+1
h , uk+1

g ,h and αk+1
g ,h can be seen

as the numerical solutions at time t = (k +1)∆t Ng .

Notice that if the algorithm with gas is used setting α̇sour ce = 0, steps 4 to 6 give for all steps

αg = 0 and ug = 0, thus giving the same results as the first algorithm 4.2.2.

4.2.4 Initialisation of the algorithms

The initial values of the unknowns of both algorithms are zeros: u0
h = 0, u0

g ,h = 0, α0
g ,h = 0,

H 0 = 0. System (4.53) is solved with a Newton method. The delicate part is to initialise the

solution appropriately. As it is discussed in [KLS06], a good initial guess consists into solving

the Stokes problem (ρhuh ·∇)uh neglected) with an artificial viscosity. A blind first step of the

method would not be a good choice because the turbulent viscosity µT =CTρ|ε(uh)| would
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be homogeneously zero. For this reason, the first iteration of Newton is computed with the

following tensor viscosity, which values have been calibrated with respect to the geometric

ratio of the cells in a study in [DFR98]:

µ= (µ)i , j =

10 10 0.5

10 10 0.5

0.5 0.5 1

 [kg /ms]. (4.59)

For the gas velocity system (4.57), the value µg = 0.5[kg /ms] is set.

4.3 Two aluminium reduction cell domains

In this section, two aluminium reduction cells are presented. Thew type of cells that are

considered are based on the AP technology developed by Rio Tinto. The first cells of this kind

were put in service in the early 1990, and more than four thousand of them are still operating

worldwide (in 2011) [Alu13]. The first cell is a so-called simplified cell containing six anodic

blocks, while the real scale industrial cell called AP32 is composed of twenty anodic blocs. The

two domains having a lot of similarities, a number of numerical experiments are performed

with the simplified cell, in order to spare computational time.

Figure 4.3 – Side view of a numerical aluminium electrolysis cells: the electric current comes
through the yellow bars, then through the anodic blocks (green), the electrolytic bath (red),
the aluminium liquid (grey) and finally the cathode (orange), and goes out through external
bars.

An industrial AP32 cell and its mesh is illustrated in Figure 4.3: it is constituted of twenty

anodic blocs4 and measures 14 meters in length and 3 meters of width. The height of the

aluminium liquid measures 20 centimetres and the bath up to the anode 3 centimetres, and the

4Each block being constituted of 2 anodes.
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4.3. Two aluminium reduction cell domains

Figure 4.4 – Perspective view of the fluid domain: the electrolytic bath (red) and the aluminium
liquid (grey).

liquid domain (aluminium and bath) is shown in Figure 4.4: notice that the elements density

is higher in the channels, in order to capture the movement in these areas. The channels

between the anodic blocs are 15 centimetres high.

The mesh of this industrial cell contains 1’569’507 vertices and 11’367’168 elements (Figure

4.3) and the fluid domain is made of 978’297 vertices and 7’273’152 elements (Figure 4.4).

In the following, in order to assess the effects of different parameters with a reasonable

computational time, a smaller and simplified cell of only six anodic blocs will be used. The

external forces on this cell are artificial, but we will see that the behaviour of the flow is similar

with the flow of the industrial cell. This small cell is composed of 283’362 vertices and 2’076’120

elements for the complete cell, and of 171’945 vertices and 1’231’416 elements for the fluid

domain. The fluid domain of this simplified cell and the surrounding blocks are shown in

Figure 4.5.

Typical results are shown for both cells in Figures 4.6 and 4.7. In both cases: the velocity
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Figure 4.5 – Perspective view of the smaller simplified cell, containing only six anodic blocs,
above a view of the cells with the anodes, and below only the mesh of the fluid domain viewed
from the top.

field is important in the central channels and along the left and right sides of the cell, leading

to eddies in these areas. The smaller lateral channels also exhibits a velocity field pointing

"outwards". Because of these common behaviours, some results on the smaller domain can

be reasonably assumed to be the same on the complete cell. Observe that the velocity field is

on average more important in the complete cells, leading to more important differences of

interface extreme values. The velocities are in the range of a few centimetres per second, up to

10[cm/s]: this corresponds to experimental data available in similar reduction cells on the

velocity fields [TH16].

Figure 4.7 shows the interface for both domains. The artificial cell includes a much flatter

interface than the industrial case. On the industrial cell, the variations of the interface height

can go up to 6[cm] with respect to the average (scaled at zero), for a distance interface to
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anode in the bath of only 3.2[cm].

Figure 4.6 – The velocity fields without gas for both cells, top: simplified cell, bottom: industrial
cell.
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Figure 4.7 – The interface height H without gas. Top: simplified cell, bottom: industrial cell.

4.3.1 Reference solution

The goal is now to study the influence of different parameters on the numerical solution. For

this purpose we define a reference solution uh,r e f (for all the relevant unknowns: the velocity,

gas velocity, interface, etc). The reference parameters are those given in Table 4.1.

The following notation is used to compare the reference solution uh,r e f with the solution uh

with different settings:

∆L2,Ωuh = 100

∥∥uh −uh,r e f
∥∥

L2(Ω)∥∥uh,r e f
∥∥

L2(Ω)

. (4.60)

In this example, the difference for a variable is computed in the L2 norm for the fluid domainΩ.

If the gas variables are compared (αg ,ug ), the integrals are computed only on the electrolyte

domain Ωel . If the interface height H is investigated with this notation, the norms will be

computed on Γ.
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Name Notation Value Cross-reference

Electrolytic bath density ρel 2130 [kg /m3] (4.3)
Aluminium density ρal 2270 [kg /m3] (4.3)

Gas density ρg 10 [kg /m3] (4.28)
Gas viscosity µg 0.5 [kg /ms] (4.29)

Laminar viscosity µL 0.5 [kg /ms] section 4.5.2
Electrolytic bath viscosity µel 0.002[kg /ms] (4.4)

Aluminium viscosity µal 0.002[kg /ms] (4.4)
Laminar diffusion coefficient KL 5e −5[m2/s] (4.30)

Turbulent diffusion coefficient KT 5e −4[m2] (4.30)
Turbulent viscosity coefficient CT 5e −4 [m2] (4.4)

Bubble diameter d 4.0 [mm] section 4.5.2
Drag coefficient D 18µL/d 2 section 4.5.2

Time-step ∆t 10[s] section 4.4.3
Gas iterations Ng 6 section 4.4.3

Newton iterations NNe 3, then 1 (4.4.2)
Friction coefficient external wall f0 1e6[kg /m2s] section 4.5.1

Friction coefficient anode f1 1e4[kg /m2s] section 4.5.1
Friction coefficient channels f2 1e3[kg /m2s] section 4.5.1

Friction coefficient top surface f3 0[kg /m2s] section 4.5.1
Total current for an industrial cell I 320′000[A] (4.39)

Source gas production term α̇sour ce [1/s]
ηF I MCO2

4F
(4.39), (4.40)

Table 4.1 – Parameters used to define the reference solution uh,r e f .

4.4 Numerical experiments : numerical parameters

In this section, numerical parameters are investigated in order to reduce the computing time

of the algorithm. The distribution of the computational time through one iteration of the

algorithm is presented. Then it is shown that a low number of Newton iteration NNe = 1 is

sufficient, as well as a low number of gas iterations Ng with a parameter ∆t between 1 and 100.

Finally, results with a mesh with elements twice smaller are compared.

4.4.1 Distribution of the computational time through an iteration on an indus-
trial cell

In the following sections, numerical parameters are investigated in order to converge as fast

as possible.These three parameters are the number of Newton iterations NNe , the time-step

for the gas system ∆t and the number of iterations of the gas sub-algorithm Ng . The first

parameter concerns both algorithms 4.2.2 without gas and 4.2.3 with gas, while the two

last only applies to the algorithm with gas 4.2.3. Table 4.2 shows the computational time is

dedicated to each phase of one iteration of the algorithm with gas 4.2.3 for the industrial AP32

cell, with a machine with a processor Intel(R) Xeon(R) CPU E5-1650 v3 of 3.50G H z, where the
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number of Newton iteration and of gas iteration is the unity, NNe = 1, Ng = 1. These numbers

should be as low as possible, while preserving the convergence of the algorithm.

Label Process in the algorithm Time on AP32 cell [s] Percent

A Maxwell, step 1 and (4.47) 34 4.8%
B Preconditioner of system (4.53) 55 7.8%
C Assembly and solving (4.53) 475 67.6%
D Move Γ (4.54) and preprocess Ωel (BC) 60 8.5%
E Assembly and solving (4.57) 50 7.1%
F Assembly and solving (4.58) 29 4.1%

A-F Total 703 100%

Table 4.2 – Computational time spent at each iteration of (4.2.3) with Ng = 1, NNe = 1 for the
industrial AP32 cell.

In the "assembly and solving" rows in Table 4.2, the solving is naturally the time consuming

part of the process. In Alucell the algorithm used to solve the finite element linear system is

the iterative algorithm GMRES[SS86] in the Petsc library[Abh+18].

If the number of Newton iterations NNe > 1 is not unity, part C in Table 4.2 is multiplied by the

corresponding factor. As it represents around 70% of an iteration of the algorithm when set to

unity, it is the first parameter to investigate.

If the number of iterations of the gas sub-algorithm Ng > 1 is not unity, parts E and F in Table

4.2 are multiplied accordingly. For the same reason it should be as low as possible.

Finally the time-step parameter ∆t only impacts part F in Table 4.2. If it is too small, the

algorithm would be meaningless as it would correspond to look at a very short time-scale. As

long as the virtual time associated, the product Ng ×∆t is sufficiently important, the solution

can be considered meaningful. In order to have a sufficient product Ng ×∆t , but also a low

Ng , the time-step should be as large as possible, as long as it converges.

In the following, it is considered that an absolute tolerance of 1e −5[m/s] on velocity fields of

the order of 1e −2 to 1e −1[m/s] is enough. In an industrial AP32 cell, 10 iterations suffice in

general to reach a discrepancy below 1e −5.

4.4.2 Influence of Newton iterations NNe on a small cell

The effect of NNe on the discrepancy of the velocity when using algorithm 4.2.2 is shown in

Figure 4.8. The number of Newton iteration does not change the rate of convergence, except at

the very first step of the algorithm. As a result, the number of Newton iteration will be NNe = 1

by default, except for the initialisation, where three Newton iterations are used.
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Figure 4.8 – Discrepancy of the velocity u through 50 iterations of algorithm (4.2.2) for different
Newton iteration NNe .

4.4.3 Influence of gas iteration Ng and time-step∆t on a small cell

In algorithm (4.2.3), numerical experiments showed that the initialisation should be performed

with ∆t < 1000[s]. The discrepancy of numerical experiments with various values of Ng and

∆t are shown in Figures 4.9 and 4.10. Figure 4.9 shows several cases where the product

Ng ×∆t = 60[s] is constant and Figure 4.10 shows various values of Ng . In particular, it

shows that Ng = 1 should be avoided, as it impacts the convergence, while a virtual time

Ng ×∆t = 60[s] gives the same convergence rate as a virtual time of Ng ×∆t = 4800[s]. The

default values are taken as ∆t = 10[s], Ng = 6.
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Figure 4.9 – Behaviour of the discrepancy of the velocity u through fifty iterations of algorithm
4.2.3 for different values of ∆t and Ng , while preserving the product Ng ×∆t .

Figure 4.10 – Behaviour of the discrepancy of the velocity u through fifty iterations of algorithm
4.2.3 for an increase value of the product Ng ×∆t .
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4.4.4 Comparison with a fine mesh on a small cell

In this subsection, the solutions of the mesh of size h shown in section of the simplified cell are

compared with solutions obtained on the same geometry, with a mesh size two times smaller

h/2. Four situations are compared:

A the solution of algorithm without gas 4.2.2 on the mesh of size h.

B The solution of algorithm with gas 4.2.3 on the mesh of size h.

C the solution of algorithm without gas 4.2.2 on the mesh of size h/2.

D The solution of algorithm with gas 4.2.3 on the mesh of size h/2.

Figure 4.11 shows that the velocity field u do not change much in the electrolyte between

the two meshes. Figure 4.12 shows similar results, except with the finer mesh in one lateral

channel. Figure 4.13 shows that the interface obtained with both meshes is similar.
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x3=0.22[m]

Velocity uref[m/s]

Di erence of Velocity u[m/s]

X1

X2

Case B Case D

x3=0.2[m]

Case  |A-B|  Case |C-D|

Figure 4.11 – On the left: results with mesh of size h. On the right: results with size h/2. Top:
velocity field of reference solution. Bottom: Difference of amplitude of the velocity field with
and without gas.
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Figure 4.12 – Velocity field u for cases A to D .

X2

X1

X3

Interface H [m]    

Case B, mesh h  Case D, mesh h/2  

Figure 4.13 – Interface Hobtained with gas, on the left with mesh of size h, on the right with
mesh of size h/2.
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4.4.5 Conclusion about the numerical parameters

The default values have been chosen as NNe = 1, Ng = 6 and ∆t = 10[s] for the examples in

the following of this thesis. With this setting, ten iterations are sufficient to reach a tolerance

of 10−5 in the algorithm without gas in the AP32 industrial cell. This result can be obtain in

roughly two hours. This is a substantial improvement compared to precedent thesis[Roc16;

Hil19] although the mesh of the fluid is refined in the channels, mainly due to the fact that the

Newton algorithm was not converging with the optimal rate previously (remark 8, chapter 1

). For this reason, the number of Newton iterations NNe chosen was higher than necessary,

resulting to an important computational cost. In the following, a unique Newton iteration per

surface iteration of the algorithm is sufficient. This results in a considerable reduction of the

computational time.

Moreover, notice that with these values, based on the computational time in Table 4.2, for each

iteration of the algorithm with gas 4.2.3, the amount of time dedicated to the gas system will be

(Ng times parts E and F) 474[s], 43% of the computational time. Taking only (Ng = 2,∆t = 100)

will reduce this time to 158[s], in this case the gas model would only account for 20% of the

computational time, while preserving the convergence.

In conclusion, the recommended setting is to take NNe = 1, a small value of Ng > 1 and

1 < ∆t < 1000. If the product Ng ×∆t > 60, the same convergence has been observed. The

mesh size does not seem to change much the solution, except in the lateral channels where

the number of elements is very low.

4.5 Numerical experiments on the smaller simplified electrolysis

cell: physical parameters

In this section, different physical parameters of the model are investigated on the simplified

cell. First the effect of the boundary conditions on the velocity field is discussed through

various choices of friction coefficients. Then. numerical experiments with different amplitudes

of Drag forces, turbulent diffusion coefficient and gas viscosities are presented

4.5.1 Boundary conditions and friction coefficients

In this section the influence of the friction coefficients is investigated, when using algorithm

4.2.2 without gas. The boundary conditions used for the mixture velocity u are:

u ·n = 0 on ∂Ω,

(τ ·n) · t i =− fW all u · t i , i = 1,2, on ∂Ω,

where fW all can take different values depending along the boundary ∂Ω. In the following, we

will distinguish four areas: the bottom and lateral external walls of the cell denoted ∂Ω0, the
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anodic surface ∂Ω1, the side channels ∂Ω2 and finally the top surface of the channels denoted

Γout :

fW all (x) =



f0 if x ∈ ∂Ω0,

f1 if x ∈ ∂Ω1,

f2 if x ∈ ∂Ω2,

f3 if x ∈ Γout .

(4.61)

These areas are illustrated for a small cell in Figure 4.14.

Figure 4.14 – Surfaces with possibly different friction coefficients: in blue the external walls, in
green the anodic surface, in orange the channels and in red the top surface of the channels.

The velocity for different values of fi is reported in Figure 4.18 and Figure 4.16. Depending on

the value of fi , the velocity change in the channels, as illustrated in Figure 4.17. Figure 4.19

shows that the interface is slightly modified, but the global shape remains unchanged.

Convergence with respect to k is slower for small values of fi (Remember that the problem is

ill-posed if fi = 0). Figure 4.15 shows the discrepancy curves for fifty iterations with different

values of friction coefficients. For fi = 1e2, the algorithm did not converge. Similarly the

convergence rate of the case f0 = 1e6, f1 = f2 = f3 = 0 in Figure 4.15 is so slow that it is just

enough to assume convergence.

Remark 15. The discrepancy between iteration k +1 and k in Figure 4.15 is not enough to

ensure the convergence of uk . Notice that it is possible that |uk+1 −uk | tends to 0 while uk+1

does not converge to a solution u. (The scalar example uk+1 −uk = 1/k converges to zero as

k →∞ but the sum
∑∞

k=1 uk =∑∞
k=1 1/k diverges.) However if |uk+1−uk | < 1/kp , for any p > 1,∑∞

k uk converges.(Cauchy) For this reason, if the discrepancy curve in Figure is clearly steeper

in Figure 4.15 than the curve f (k) = 0.01/k, convergence can be assumed.

In Table 4.3, numerical results are reported for the maximum velocity of the components

u1,u2,u3 with various coefficients fi : the velocity globally changes accordingly to the local
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Figure 4.15 – Convergence with friction coefficients without gas. For reference the curve
f (k) =C /k is plotted: a discrepancy with a rate decreasing faster implies convergence.

friction coefficient: it is increased when a lower value for the friction coefficient is taken. It

should be noted that the maximum of the velocity u: it is not affected friction coefficients,

except when fi = 1e4[kg /m2s] everywhere.

fW all [kg /m2s] Under the anode u[m/s] In the channels u[m/s] All[m/s]

f0 f1 f2 f3 |u1|L∞ |u2|L∞ |u3|L∞ |u1|L∞ |u2|L∞ |u3|L∞ |u|L∞(Ω)

∞ ∞ ∞ ∞ 3.8e −2 4.5e −2 2.5e −3 8.5e −2 5.4e −2 8.8e −3 1.43e −1
1e6 1e6 1e6 1e6 3.8e −2 4.5e −2 2.5e −3 8.6e −2 5.4e −2 9.0e −3 1.43e −1
1e4 1e4 1e4 1e4 4.8e −2 5.5e −2 3.0e −3 9.3e −2 6.2e −2 4.7e −2 1.73e −1
1e6 1e4 1e4 0.0 4.6e −2 5.4e −2 2.9e −3 9.9e −2 5.6e −2 1.4e −2 1.46e −1
1e6 1e3 1e3 0.0 6.6e −2 7.7e −2 5.1e −3 1.1e −1 7.8e −2 2.4e −2 1.53e −1
1e6 1e3 1e4 0.0 6.6e −2 7.1e −2 4.8e −3 1.0e −1 6.4e −2 1.7e −2 1.53e −1
1e6 1e4 1e3 0.0 4.7e −2 5.5e −2 2.9e −3 1.0e −1 6.4e −2 2.7e −2 1.46e −1
1e6 0.0 0.0 0.0 9.4e −2 1.2e −1 7.4e −3 1.3e −1 9.0e −2 3.0e −2 1.58e −1

Table 4.3 – Amplitude of the velocities with simulations with various friction coefficients after
convergence.

In conclusion, the velocity depends on the choice of the friction coefficients. The velocity in the

channels is particularly impacted. If the friction is too low, the algorithm fails to converge.In the

sequel we chose u = 0, f1 = 1e6[kg /m2s], f2 = 1e4[kg /m2s], f3 = 1e3[kg /m2s], f4 = 0[kg /m2s].
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Figure 4.16 – On the left: the velocity field in the aluminium at x3 = 0.17[m]. On the right:
the velocity field in the bath at x3 = 0.21[m]. On the top, the velocity field with the friction
coefficients of Table 4.2. In the middle the difference of velocity with the case u = 0 on ∂Ω. On
the bottom, the difference of velocity when the coefficient under the anode is reduced from
1e3 to 1e4.
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Figure 4.17 – The velocity field u with different friction coefficients fi .

X2

X1

X3

(I) u=0 II) f0=1e6, f1=f2=f3=1e4

III) f0=1e6, f1=1e4, f2=1e3, f3=0

Velocity u[m/s]      

Figure 4.18 – The velocity field u with different friction coefficients fi .
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Figure 4.19 – Interface bath aluminium H [m] view with different friction boundary conditions.
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4.5.2 Influence of the drag coefficient

Consider the algorithm 4.2.3 with the drag coefficient D is given by (1.41):

D = 18µLr

d 2 , where µL = 0.5[kg /ms]. (4.62)

Small diluted bubbles of diameter d = 4[mm] (see [Pon00]) are considered. On the other hand,

we also compare the second non-linear drag coefficient given by (1.47):

D = max

([
1+0.15Re0.687

b

]
,

0.44Reb

24

)
18µLr

d 2 , Reb = ρl |u −ug |d
µL

. (4.63)

The influence of µL is reported in Table 4.4 and 4.5: as expected, the changes are considerable

regarding the gas velocity ug , resulting in up to 27% of change in L2 norm for αg , and 25%

for the mixture velocity u. For µL = 2[kg /ms], the algorithm did not converge, for both (4.62)

and (4.63): the gas cannot be expelled out of the domain, similarly to the results in Chapter

3. For µL = 0.02,0.002[kg /ms], the algorithm did not converge with (4.62). Illustrations of

the different variables for two cases are reported in Figure 4.20. In particular notice that the

velocity u at the end of the main channels exhibits important changes.

µL[kg /ms] ∆L∞,Ωuh ∆L∞,Ωelαg ,h ∆L∞,Ωel ug ,h ∆L2,Ωuh ∆L2,Ωel
αg ,h ∆L2,Ωel

ug ,h ᾱg [%]
0.02 –% –% –% –% –% –% –%

0.125 29.9% 46.2% 39.7% 10.6% 27.8% 126.7% 1.30%
0.25 18.3% 32.9% 23.9% 6.0% 17.3% 54.8% 1.52%
0.5 0% 0 % 0% 0% 0% 0% 1.84%
1.0 39.3% 34.8% 18.2% 10.8% 23.9% 39.6% 2.30%
2.0 –% –% –% –% –% –% –%

Table 4.4 – Comparison of drag force with (4.62) with different values of µL , with the reference
being µL = 0.5[kg /ms].

µL[kg /ms] ∆L∞,Ωuh ∆L∞,Ωelαg ,h ∆L∞,Ωel ug ,h ∆L2,Ωuh ∆L2,Ωel
αg ,h ∆L2,Ωel

ug ,h ᾱg [%]
0.002 76.0% 67.9% 88.4% 26.6% 46.3% 567.2% 1.08%
0.02 41.3% 53.2% 43.8% 16.7% 33.5% 149.7% 1.78%

0.125 52.8% 38.4% 29.2% 16.8% 21.3% 69.2% 1.41%
0.25 59.7% 25.7% 27.6% 18.2% 12.4% 32.9% 1.58%
0.5 66.9% 24.3% 30.4% 20.6% 8.06% 19.4% 1.84%
1.0 69.3% 35.7% 30.8% 26.1% 23.9% 46.6% 2.20%
2.0 –% –% –% –% –% –% –%

Table 4.5 – Comparison of drag force (4.63) with different values of µL , with the reference being
µL = 0.5[kg /ms] and D given by (4.62).
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X2

X1

X3

X1

X2

Gas velocity ug[m/s]      

Mixture velocity u[m/s]      

Gas volumetric ratio       [-]      

Interface H [m]      

Figure 4.20 – On the left: simulations with µL = 0.125[kg /ms], and on the right with µL =
1[kg /ms] in a simplified electrolysis cell.
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4.5.3 Influence of the turbulent gas diffusion

In (4.58) we chose as default value:

K = KL +KT |ε(ug )|, with KL = 5e −5[m2/s] and KT = 5e −4[m2]. (4.30)

The influence of KT is shown in Table 4.6 and Figure 4.21. Amongst the various changes, notice

that under the anode, along x3, αg is increased when KT is small. With KT = 1.25e −4[m2], the

algorithm failed to converge.

KT [m2] ∆L∞,Ωuh ∆L∞,Ωelαg ,h ∆L∞,Ωel ug ,h ∆L2,Ωuh ∆L2,Ωel
αg ,h ∆L2,Ωel

ug ,h ᾱg [%]
25e-5 65.5% 61.9% 30.3% 19.6% 34.8% 17.5% 2.02%
5e-4 0% 0% 0% 0% 0% 0% 1.84%
1e-4 64.1% 48.8% 28.9% 19.9% 30.8% 17.7% 1.53%

Table 4.6 – Influence of the turbulent diffusion coefficient KT .

In this section, we have seen that the turbulent diffusion coefficient is a key element to the

numerical solutions. If its value is too low, the gas will increase under the anode without any

bound and prevent convergence. The more diffusion is added, the more the profile of gas will

be smoothed.
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X2

X1

X3

Figure 4.21 – Comparison with different value of turbulent diffusion coefficient KT with
reference value KT = 5e −4[m2].
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4.5.4 Influence of the gas viscosity

Table 4.7 and Figure 4.22 show when using several values of the gas viscosity µg compared to

the reference case µg = 0.5[kg /ms]. The algorithm did not converge for µg = 5e −4[kg /ms],

as expected from theory for a very small µg .

µg [kg /ms] ∆L∞,Ωuh ∆L∞,Ωelαg ,h ∆L∞,Ωel (ug ,h ∆L2,Ωuh ∆L2,Ωel
αg ,h ∆L2,Ωel

ug ,h ᾱg [%]
0.005 12.4% 41.0% 71.2% 4.77% 24.9% 45.9% 1.49%
0.05 9.93% 23.5% 38.0% 3.8% 16.3% 21.9% 1.60%
0.5 0% 0% 0% 0% 0% 0% 1.84%
5.0 27.3% 51.2% 17.8% 11.7% 41.8% 36.4% 2.41%

Table 4.7 – Comparison of the results with different value of the gas viscosity µg .

A lower gas viscosity would mostly change the sharpness of the gas velocity profile close to the

boundary: one effect of this is to increase its gradient right below the anodic surface. With our

turbulent diffusion model (4.30), this result in an increased diffusion under the anode.

4.5.5 Conclusion

The friction coefficients fi , drag coefficient D, turbulent diffusion coefficient KT and gas

viscosity µg have important influence on the solutions. In the gas model, D and KT have

quantitatively a stronger impact on the resulting mixture velocity u. The algorithm fails

to converge if the coefficient D is too high (µL > 2[kg /ms]), if the gas viscosity (µg < 5e −
4[kg /ms]), turbulent diffusion coefficient (KT < 1.25e −4[m2]) or the friction coefficients are

too small.
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X2

X1

X3

at x2=0.2[m], x3=0.3[m]      

Figure 4.22 – On the left: simulations with different values of µg . In particular the gas
distribution at the surface is given on the left for µg = 0.5[kg /ms] and on the right for
µg = 0.005[kg /ms].
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4.6 Numerical results on an industrial AP32 electrolysis cell

The AP32 industrial cell is considered in the following results : it is constituted of twenty

anodic blocs and measures fourteen meters in length. The total current going through this cell

amounts to 320′000[A], which corresponds to a production of carbon dioxide of 2990[kg /d ay].

The velocity of the fluid flow obtained with the model range up to 14[cm/s].

4.6.1 Effects of the gas

The amount of gas injected in the system is controlled through the source term α̇sour ce in

(4.40). In this section, we will use:

α̇sour ce (η) = ηα̇sour ce,r e f , η≥ 0, (4.64)

if η= 0, there is no gas production, and if η= 1, the standard production settings are used. For

values of η scenarii are reported in Table 4.8: η= 0.0,0.5,1.0,1.5 . For η= 2.0, the system did

not converge to a solution. In the following the changes are discussed in more details.

η[−] ∆L∞,Ωuh ∆L∞,Ωelαg ,h ∆L∞,Ωel ug ,h ∆L2,Ωuh ∆L2,Ωel
αg ,h ∆L2,Ωel

ug ,h ᾱg [%]
0.0 61.1% -% -% 29.1% -% -% 0.0%
0.5 20.3% 37.8% 20.3% 10.75% 40.1% 16.3% 1.32%
1.0 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 2.26%
1.5 14.9% 31.2% 20.6% 8.2% 11.8% 31.2% 3.03%

Table 4.8 – Comparison of the norms of the different unknowns with different η with the
reference η= 1.0.

Mixture velocity u

The mixture velocity field u is compared in the model with gas (η = 1) and without (η = 0)

in Figures 4.23 and 4.23, in two vertical cuts. (The initial interface is located at x3 = 0.2[m]

and the bottom of the aluminium at x3 = 0.0[m]). At x3 = 0.17, in the aluminium domain, the

velocity field is not changed much, in the order of 2[cm/s], when the maximum observed in

this cut is about 10[cm/s].

At x3 = 0.22, the most noticeable changes of velocity are located under the channels, with

amplitude up to 4[cm/s]. The area where the velocity field is not represented corresponds to

region where the solution interface H sank down to that point that the anodic plane is also

below the height x3 considered.5 Figure 4.25 compares results with an increasing amount of

gas (η= 0,0.5,1.0,1.5). In particular, notice that the amplitude of the velocity at the extremity

of the main channel (on the left of the figure) is increased due with a higher η. In the lateral

channels, a systematic increase of the velocity at the extremity of the channels close to the

wall is observed and illustrated in one location.

5see later Figure 4.29 showing the interface
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Gas velocity ug

From Figure 4.26, the vertical gas velocity is more important close to the wall of the main

channel than in the centre. At the end of lateral channels, it can be observed that increasing η

leads to a higher vertical velocity, so that more gas can be expelled. Going along x3 under an

anode from the interface aluminium-bath (initially at x3 = 0.2[m]) from x3 = 0.22 to x3 = 0.255,

the profile of the vertical velocity is not changed much: it always follows a parabolic profile,

with a value of zero on the interface as well as on the anodic plane. The horizontal components

of the gas velocity are not shown much, as they are very similar to the velocity u.

Gas distributionαg

Figure 4.27 shows: in the central channel the gas is localised with a higher concentration close

to the wall. In the lateral channel, the distribution does not change much, but naturally there

is more gas present with a higher value of η. Along x3, in the channels as well as under the

anodes, the quantity of gas increases, with a particularly important accumulation under the

anodic plane.
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Figure 4.23 – Illustrations of the velocity field u in a horizontal cut at x3 = 0.17[m]. Top: velocity
without gas η= 0, below: η= 1, bottom: difference of amplitude.
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Figure 4.24 – Illustrations of the velocity field u in a horizontal cut at x3 = 0.22[m]. Top: velocity
without gas η= 0, below: η= 1, bottom: difference of amplitude.
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at x1=-0.5[m],

x3=0.35[m]      
at x2=-0.3[m],

x3=0.23[m]      

at x2=1.5[m],

x3=0.3[m]      

Figure 4.25 – Illustrations of the velocity field components u1,u2 in various location of the
electrolysis cells for four scenarii, with increasing gas source term.
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Figure 4.26 – Illustrations of the gas velocity field component ug ,3 in various location of the
electrolysis cells for four scenarii, with increasing gas source term.
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Figure 4.27 – Illustrations of the gas distribution αg in various location of the electrolysis cells
for four scenarii, with increasing gas source term.

124



4.6. Numerical results on an industrial AP32 electrolysis cell

Interface

Figure 4.29 shows different shapes of interface. A tendency is perceptible to the naked eye:

the interface is mostly changed by the gas density: in areas where a lot of gas is present, the

alleviated density leads the interface to lift upwards: it is illustrated by Figure 4.28 showing the

red areas correspond to a move upwards of the interface when taking into account the gas:

it corresponds approximately to areas where gas distribution αg is concentrated under the

anodes. (see precedent Figure 4.27 ) Table 4.9 quantifies the relative change of the interface

being about 30% when taking into account the gas. The ||H ||0 norm can be seen as a way to

assess how flat the interface is: on average with and without gas, it does not change much.

As a sion, it seems that the numeric interface is changed mostly due to the accumulation of

gas in some specific area. In this industrial cell, in particular the highest point of the interface

(left and right middle of the cell) does go down, while the lowest part (center along x1, lower

value of x2) of the interface is lowered even more. The change is quantified at about 30%.

η[−] ∆L∞,ΓH ∆L2,ΓH ||H ||L2(Γ) Hmax [cm] Hmi n[cm]
0.0 0.0% 0.0% 0.16 4.4 -6.5
0.5 20.4% 24.2% 0.15 3.5 -6.6
1.0 28.7% 32.4% 0.15 3.2 -7.1
1.5 35.5% 37.9% 0.16 3.3 -7.4

Table 4.9 – Comparison of the different interfaces obtained with η = 0.0,0.5,1.0,1.5. The
reference solution Hr e f is without gas, η= 0.

Figure 4.28 – Illustration of the difference of the reference interface with gas Hr e f (η = 1)
compared to the interface without gas H with η= 0.
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X2

X1

X3

Interface H[m]

Figure 4.29 – Resulting interfaces with different quantities of gas considered in the model. The
amount of gas being controlled with parameter η.
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4.6.2 Source term geometry and model

In this section, two area are compared for the production region of α̇sour ce . The first setting

considers that the source is proportional to the electric current j , while the second setting

considers a homogeneous production in the upper half volume of the electrolytic bath under

the anode. Table 4.10 a change of about 18% in the gas distribution αg , and change the fluid

dynamics through the velocity u of about 9%.

∆L∞,ΓH ∆L∞,Ωuh ∆L∞,Ωelαg ,h ∆L∞,Ωel ug ,h ∆L2,ΓH ∆L2,Ωuh ∆L2,Ωel
αg ,h ∆L2,Ωel

ug ,h

5.8% 7.9% 17.4% 60.3% 5.5% 4.3% 18.1% 27.4%

Table 4.10 – Comparison of solutions with two settings of source terms α̇sour ce .

Figure 4.30 shows the two source profiles, as well as some example of the gas distribution αg

under an anode and the gas velocity in a neighbour channel: under this specific anode, to

regroup all the production under the anode (and not a part of the production in the channels)

globally increases the local production, and consequently the gas present. Notice that even

though the gas is produced in the upper half of the anode, some gas is diffused/transported to

the lower part. In sion, if the source term is chosen to be limited to the anode, the solution

is changed mostly in the following way: the quantity of gas is increased under the anodes,

although it is still diffused through the thin layer of the bath (height of 3.2[cm]).
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Figure 4.30 – Resulting interfaces with different gas source geometries.

4.6.3 Influence of the gas with variable conductivity

It is investigated if the fact the that electric conductivity σ in the bath is changed due to the

presence of gas also changes the solutions of the fluid problem. The gas can be considered as

an insulator, thus the conductivity in the Maxwell equations can be modified:

σ= (1−αg )σel , in Ωel , (4.65)

where σel is the constant conductivity of the electrolytic bath.

j =σ (−∇V +u ∧B ) , (4.24)

div(−σ∇V ) =−div(σu ∧B ) in Θ, (4.25)
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As it can be seen in Table 4.11, this influence is very low and negligible compared to other

effects.

∆L∞,ΓH ∆L∞,Ωuh ∆L∞,Ωelαg ,h ∆L∞,Ωel ug ,h ∆L2,ΓH ∆L2,Ωuh ∆L2,Ωel
αg ,h ∆L2,Ωel

ug ,h

0.9% 6.0% 2.2% 19.4% 1.9% 3.4% 2.2% 1.6%

Table 4.11 – Comparison of solutions of the solution when σ′ = (1−αg )σ, with the reference
solution when σ is constant in Ωel .

4.6.4 Comparison with simplified gas velocity model

Recall the simplified model (1.50) described in the first chapter where the gas velocity is given

with:

ug = u − d 2ρl

18µLrρ
(∇p −ρg g ) = u −λ(∇p −ρg g ). (4.66)

This model is rewritten here with parameter λ. When λ= d 2ρl

18µL rρ , the resulting gas velocity ug

is the same as the mixture velocity u with an additional vertical component. Of course, in

order to respect the boundary conditions, λ should be zero on the anodic surface (otherwise

ug ·n 6= 0 on the anodic surface). Two models are considered:

I A first case when λ= 0 under all the anode and on all the interface Γ.

II A second case when λ = 0 only on the nodes on the anodic surface and on all the

interface H .

Table 4.12 quantifies these two choices of models and compare them with the standard

formulation, as reference. As it could be expected the second model is closer to the standard

formulation.

Model ∆L∞,Ωuh ∆L∞,Ωelαg ,h ∆L∞,Ωel ug ,h ∆L2,Ωuh ∆L2,Ωel
αg ,h ∆L2,Ωel

ug ,h ᾱg [%]
Standard 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 2.21%
λ (I) 80.8% 62.2% 44.9% 20.1% 50.6% 55.9% 2.45%
λ (II) 16.3% 22.3% 22.3% 7.8% 20.8% 45.2% 1.95%

Table 4.12 – Comparison of the explicit model for gas velocity and reference model

In Figure 4.31, the gas velocity vertical component represents well the three models under one

anode: a parabolic curve for the standard model, a constant close to zero for the λ− (I ) model

and a Heaviside-like behaviour for the λ− (I I ) model with value zero on the interface and on

the anode. Under this anode, it results into a constant αg profile when the gas velocity is the
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same as the mixture velocity u along x3. Regarding the velocities, the λ− (I ) model results for

instance in a slight increase of amplitude in a lateral channel, and to a decrease in the main

channel on the left.

As a conclusion, we have seen that this simplified model is not very well suited for the appli-

cation with horizontal anodes, as it implies important difference. The second model λ− (I I )

is more appropriate, but results in a very sharp change of ug close to the boundaries, which

leads to change up to 16% to the velocity field u. This explicit model is advantageous when

the number of times the gas velocity system needs to be solved is important. It is not the case

for the numerical experiments presented. However, if a high number of iterations Ng would

be require for another numerical experiment, the model λ(I I ) should be considered as it gives

similar results.

4.6.5 Conclusion

In this section, it has been shown that the influence of the gas modifies the fluid velocities,

with order of magnitude of 30%. The boundary conditions of the problem also change the flow.

Partially sliding conditions converge as fast as the strong condition u = 0, and are appropriate

with the gas algorithm. The algorithm with gas converges with a similar rate to a stationary

solution, with a similar computational cost, than the algorithm without gas. The behaviour

of the model has been shown, when the different parameters of the model are modified,

indicating the default settings as reasonable. The most impacting parameters of the gas model

are the the drag coefficient D and the amplitude of the turbulent diffusion KT .

Furthermore, the velocity field numerically predicted is globally increased in amplitude in the

channels, when taking the gas into account: this can explain differences between numerical

predictions of previous models without gas and experimental observations by Rio Tinto

engineers. In addition, the distribution of the gas, through its density and the modified fluid

flow, changes the shape of the interface. On the other hand, the effect of the gas on the

conductivity is negligible.
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Figure 4.31 – Comparison between the two explicit models and the standard model for ug .
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5 Conclusion

The goal of this thesis was the study of a mixture model of liquid and diluted gas, to evaluate

how the the liquid flow is modified in the aluminium electrolysis process.

A model with a single pressure was developed in chapter 1, in which the main unknowns of the

problem are the mixture velocity, the pressure, the gas velocity, and the gas ratio. An algorithm

was proposed to solve the stationary problem associated with a finite element approximation.

The significant conclusions of this work are the following:

• In a closed domain, the theoretical analysis of a Stokes problem shows that as long as

the gas ratio αg is sufficiently small, the problem is well-posed.

• The gas problem is particularly sensitive to the drag force. Two models are compared.

The first model is linear with respect to the gas velocity, while the second one is non-

linear. The advantage of the second model is that it is compatible with a wider range of

viscosities (parameter).

• A simplified model is compared to compute explicitly the gas velocity as the sum of the

fluid velocity and the component due to Archimedes force. This model is accurate with

respect to the complete model in a domain such as a water-column, but is inadequate in

a domain like an aluminium reduction cell, where some geometric obstacles are present

in the x3 direction.

• Numerical recommendations have been given, resulting in an algorithm that converges

to a solution on an AP32 aluminium electrolysis cell in about two hours. With the

recommended parameters, the module to take into account the gas amounts to 20% of

the computational time.

• The effects of the gas on the liquid flow is measured at about 30% of change. The

most important modifications of the velocity field in an aluminium reduction cell take

place in the channels. However, these velocities also strongly depend on the boundary

conditions, through the friction coefficients that are considered.
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• The stationary volumetric rate of gas is large mostly under the anodes, and escapes up

quickly once in the channels. This distribution seems to be at the origin of the change

on the interface, modified of about 30%, which tends to be higher under the anodes,

compared to a model without any gas.

• The effect of the gas on the electric density current j through the conductivity σ is small

in this model. The resulting force j ∧B does not change much the fluid flow.

Regarding the applications of the model, we would do the following recommendations :

• From the theory and practice, the model is done to perform well when the gas ratio αg

is small. The model computing αg could be modified obtain an adequate αg by another

constitutive law, as long as it ensure that αg is bounded correctly.

• Measurements are necessary to validate and calibrate further the coefficients of the

model. Measurements of the gas velocity at the outflow would allow to calibrate accu-

rately the amplitude of the drag coefficient D .

• Computation of models of alumina dissolution [Hof11; Hil19] with the modified velocity

fields are to be investigated and confronted with real observations.
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A Appendix

A.1 Proof of the independence of the gas velocity with respect to the

choice of the constant for the pressure p

In this annex, the demonstration that the boundary conditions (1.28-1.31) make sense are

explicitly demonstrated in the following sense : assume that the pressure p is defined up to a

constant. Whatever the way the constant C is chosen, the solution ug will be the same, i.e it is

the same for p = P or p = P +C . The proof can be done with a more general condition instead

of (1.29), that is :

(τg ·n) ·n =αg (τ ·n) ·n, on Γout , (A.1)

Proposition 7. The boundary conditions(1.28)(1.31)(A.1) and equation (1.15) result in the

following weak form (see (1.74)) : we are looking for ug ∈V such that :∫
Ω

(ρgαg ug ·∇)ug ·v g dx +
∫
Ω

(ρg α̇sour ce )ug ·v g dx −
∫
Γout

αgξ(v g ·n)ds

+
∫
Ω

2µg

(
ε(ug ) : ε(v g )− 1

3
div(ug )div(v g )

)
dx +

∫
Ω

D
ρ

ρl
αg ug ·v g dx =

∫
Ω
αg pdiv(v g )dx

+
∫
Ω

p∇αg ·v g dx +
∫
Ω
αgρg g ·v g dx +

∫
Ω

D
ρ

ρl
αg u ·v g dx,

(A.2)

for all v g ∈ V , with ξ = (τ ·n) ·n = −p + ((−2/3µdiv(u)I +2µε(u)
) ·n

) ·n. The solution ug of

(A.2) does not change, taking p = P or p = P +C , for any constant C , and P ∈ L.

Proof. In order to do so, let us compute the subtraction of (A.2) with p = P and with p = P +C

resulting in : ∫
Γout

αg C (v g ·n)ds =
∫
Ω
αg C div(v g )dx +

∫
Ω

C∇αg ·v g dx, (A.3)
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and observe the following equality integrating by part :∫
Ω
αg C div(v g )dx =−

∫
Ω
∇(αg C ) · (v g )dx +

∫
∂Ω
αg C (v g ·n)ds. (A.4)

As on ∂Ω, v g ∈V is zero everywhere except on Γout , and as C is a constant, one can write:

−
∫
Ω
∇(αg C ) · (v g )dx +

∫
∂Ω
αg C (v g ·n)ds =−

∫
Ω

C∇(αg ) · (v g )dx +
∫
Γout

αg C (v g ·n)ds (A.5)

Thus the contribution of the terms expressed in (A.3) is zero :

−
∫
Γout

αg C (v g ·n)ds −
∫
Ω
αg C div(v g )dx −

∫
Ω

C∇αg ·v g dx = 0, (A.6)

for all v g ∈V , proving that the solution does not change for any constant C . �

Remark 16. The same reasoning holds when considering the average (see (1.29), (1.30) ) of

τ ·n) ·n on Γout :

ξ= p0 =
∫
Γout

(τ ·n) ·nds∫
Γout

ds
, (A.7)

which is the condition used by default in this thesis.

Remark 17. The property that the solution is independent of the choice of the constant C can

also be satisfied taking only ξ=−p. However, the pressure p in itself belongs to L2(Ω) and is

not well-defined on ∂Ω : therefore the mathematical analysis of the problem is impossible,

unless assuming extra regularity on the pressure p. (if p ∈ H 1(Ω)) The specific choice of

boundary condition presented in this thesis allows to compute a problem that is naturally

independent of the constant and also well-defined. Moreover, observe that using ξ=−p in

(A.2) can be further simplified, as :

−
∫
Γout

αgξ(v g ·n)ds −
∫
Ω
αg pdiv(v g )dx −

∫
Ω

p∇αg ·v g dx

=
∫
Γout

αg p(v g ·n)ds −
∫
Ω
αg pdiv(v g )dx −

∫
Ω

p∇αg ·v g dx

=
∫
Ω

div(αg p) ·v g dx −
∫
Ω

p∇αg ·v g dx

=
∫
Ω
αg∇p ·v g dx

(A.8)

Of course, in order to use (A.8), p needs to be at least H 1(Ω). The results can also be obtained

directly from the strong formulation of the gas momentum equation (1.15), giving a term with
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the gradient of the pressure. Then looking for ug ∈V , with ∇p defined, such that :∫
Ω

(ρgαg ug ·∇)ug ·v g dx +
∫
Ω

(ρg α̇sour ce )ug ·v g dx

+
∫
Ω

2µg

(
ε(ug ) : ε(v g )− 1

3
div(ug )div(v g )

)
dx +

∫
Ω

D
ρ

ρl
αg ug ·v g dx =

−
∫
Ω
αg∇p ·v g dx +

∫
Ω
αgρg g ·v g dx +

∫
Ω

D
ρ

ρl
αg u ·v g dx,

(A.9)

for all v g ∈V , corresponds to the strong form (1.15), together with boundary conditions (1.28)

and (1.31), and an implicit third boundary condition :

(τg ·n) ·n =−αg p, on Γout . (A.10)

Weak formulation (A.9) has the advantage of being easy to implement and gives good results

in practice (chapter 3). A typical example of applications where the use of (A.9) could not be

applicable is if the finite element approximation ph of p is a constant per element.

A.2 Gmsh simple code to generate a cylinder

This is the typical code used to generate the cylinder column. In this example, the parameters

considered are an element size of h = 0.02, Φ = 0.03[m/s] giving the final mixture height

h′ = 1.77248[m] and a radius r = 0.2[m] in the file mesh.geo and the mesh was generated with

gmsh 4.6.0 with the following command line :

gmsh -3 mesh.geo -o mesh.msh -format msh2

The mesh format is the old mesh format (msh2) for compatibility with our finite element code.

SetFactory("OpenCASCADE");
radius= 0.20000000E+00;
heigth= 0.17724800E+01;
px0=0.0;
px1=0.0;
px2=0.0;
hsize= 0.02;
cylinder1=newv;
Cylinder(cylinder1)=
{

px0,
px1,
px2,
0.0,
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0.0,
heigth,

radius
};
//Define length
Mesh.CharacteristicLengthMin=hsize/ 0.20000000E+01;
Mesh.CharacteristicLengthMax=hsize;
Mesh.Algorithm = 6;
Mesh.Algorithm3D = 4;
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A.3 Python code for chapter 2 : Stokes experiment

The two codes are performed with Python 3.6.9 and Fenics 2019.1.0. The code is avail-

able on github for download : https://github.com/etpsoutt/StokesCode.git.
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