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A B S T R A C T

Buckled beams have become key building blocks in compliant mechanisms to achieve nonlinear
behaviors, such as bistability, constant-force and stiffness tuning. However, designing and
modeling such components is challenging due to their highly nonlinear characteristics and
existing models typically lack accuracy or rely on numerical computations. This paper aims at
giving closed-form formulas to efficiently characterize the snap-through behavior and facilitate
the design process of rotationally actuated pinned–pinned and fixed–pinned bistable buckled
beams. A new generic analytical model for precompressed beams based on Euler–Bernoulli
beam theory is first established and then applied to these two configurations. Finite element
and experimental validations are performed, showing excellent agreement with the model. The
results show that the angular input at the pinned beam extremity is significantly decoupled from
the angular or moment output at the other extremity, until snap-through. Additionally, we show
that the stable output values can be controlled by adjusting the precompression displacement
of the buckled beam. Finally, we demonstrate the practicality of the studied building blocks
and their modeling on a novel bistable gripper design.

. Introduction

Bistable mechanisms have the ability to maintain two specific distinct positions without the necessity of external power;
nergy is only required when switching from one stable position to the other. These mechanisms are highly beneficial for
icroelectromechanical systems (MEMS), such as electrical [1] or photonic [2] microswitches, microvalves [3], mechanical non-

olatile memory [4], and energy harvesters [5]. At micro- and nano-scale, bistable mechanisms usually rely on the geometrical
onlinearity of buckled beams in order to be compatible with monolithic microfabrication techniques. The precompression of the
eam can be achieved either by a prescribed compression displacement along the axial direction [6,7], or through residual stress
reated by heating or oxidation during the manufacturing process [5,8]. Alternatively, the beam can be preshaped in one of its two
table deflections, which greatly simplifies the fabrication and suppresses the need for axial preloading [9]. However, this creates
n asymmetry in the actuation characteristics. These bistable buckled beams can be used as building blocks for bistable flexure
echanisms [10] and even be combined serially to create multistable mechanisms [11].

Despite the wide interest in bistable mechanisms based on buckled beams, their modeling remains challenging due to their highly
onlinear characteristics, such as bifurcations and hysteresis. A first Lagrangian approach based on Euler–Bernoulli beam theory was

∗ Corresponding author.
E-mail addresses: loic.tissot-daguette@epfl.ch (L. Tissot-Daguette), hubert.schneegans@epfl.ch (H. Schneegans), etienne.thalmann@epfl.ch (E. Thalmann),

imon.henein@epfl.ch (S. Henein).
vailable online 30 April 2022
094-114X/© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
http://creativecommons.org/licenses/by/4.0/).

ttps://doi.org/10.1016/j.mechmachtheory.2022.104874
eceived 18 January 2022; Received in revised form 1 April 2022; Accepted 2 April 2022

http://www.elsevier.com/locate/mechmt
http://www.elsevier.com/locate/mechmt
mailto:loic.tissot-daguette@epfl.ch
mailto:hubert.schneegans@epfl.ch
mailto:etienne.thalmann@epfl.ch
mailto:simon.henein@epfl.ch
https://doi.org/10.1016/j.mechmachtheory.2022.104874
http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechmachtheory.2022.104874&domain=pdf
https://doi.org/10.1016/j.mechmachtheory.2022.104874
http://creativecommons.org/licenses/by/4.0/


Mechanism and Machine Theory 174 (2022) 104874L. Tissot-Daguette et al.

a
o
e
e

a
a
a
e
B
a
t
a
h
b
d
a
v
d

c
t
r

2

(
a

conducted by Vangbo [12] to model fixed–fixed buckled beams with lateral force actuation at their center. His analytical model
assumed small deformations and that the deflection of the beam is a superposition of its equilibrium shapes (also called buckling
modes). The force–displacement curve was obtained by minimizing the total energy of the system with the method of Lagrange
multipliers. Bifurcation points, constant negative stiffness region and snap-through behavior were formulated to help the design of
such buckled beams. Qiu et al. [9] applied the Lagrangian method on curved beams with center actuation. The authors assumed that
a finite superposition of the three first modes is enough to significantly characterize the force–displacement curve. This assumption
was validated by finite element method (FEM) and experiments. Later, Cazottes et al. [13] used the same approach to analyze
off-center actuations of buckled beams with fixed ends. Unlike in the case of center actuation, their model revealed hysteresis
phenomena in the actuation force–displacement curve. They also demonstrated a good agreement with experiments if a sufficient
number of first buckling modes is considered. Hussein and al. [14] showed the importance of high buckling modes in the derivation
of the beam internal stresses using the Lagrangian method. Yan et al. [15] then provided simple formulas for the critical force and
displacement values, for center and off-center force actuation.

Numerical approaches to the problem were also explored. Zhao et al. [16], developed a large deformation model with numerical
pproximations to characterize the actuation of fixed–guided inclined beams. Holst and al. [17] then formulated the deflection
f such beams in terms of elliptic integrals evaluated numerically. Alternatively, Camescasse et al. [18,19] derived and validated
xperimentally an elastica model to consider large deflections of pinned–pinned buckled beams actuated by central and non-central
xternal forces.

In this paper, we propose a new way of modeling bistable buckled beams that overcomes the drawbacks of the Lagrangian
pproach and the large deflection models. Indeed, the Lagrangian methods are only accurate for small deformations of the beam
nd their accuracy depends on the number of buckling modes considered. In contrast, elliptic integral methods are very accurate,
s they consider large deformations of the beam, but need numerical computations which prevents the derivation of closed-form
xpressions that can be directly used for the design. In our previous work, we developed a new analytical approach, based on Euler–
ernoulli beam theory, to model and design two specific mechanisms: (1) a constant-force surgical tool based on beam buckling [20]
nd (2) a stiffness tuning load cell based on a preloaded beam [21]. In this paper, we first generalize this analytical model in order
o model and design precompressed beams with different boundary conditions and actuation modes. We then apply this generic
pproach to pinned–pinned and fixed–pinned buckled beams that are rotationally actuated at one pinned end. These mechanisms
ave the advantage of decoupling the input actuation from the output angular motion or moment. Such mechanisms have already
een studied [10,22], but existing models fail to fully describe the behavior of the buckled beams and lack simple formulas for their
esign. In contrast, our model provides practical tools for the design of such mechanisms, in the form of explicit analytical expressions
nd normalized graphs for the actuation characteristics, strain energy, and internal stress of the beam. All our analytical results are
alidated by FEM simulations or experiments. In addition to this, the practicality of our new analytical method is demonstrated by
esigning and modeling a bistable gripper based on pinned–pinned and fixed–pinned buckled beams.

In summary, the main contributions of this paper are:

1. a generic analytical model of precompressed beams based on Euler–Bernoulli beam theory;
2. closed-form analytical formulas and normalized graphs to design pinned–pinned and fixed–pinned bistable buckled beam

mechanisms actuated by a moment or an angle;
3. a validation of the presented analytical model by FEM simulations and experimental testing;
4. a gripper design example demonstrating the benefits of such bistable mechanisms.

The pinned–pinned and fixed–pinned buckled beam mechanisms are described in Section 2. Their theoretical modeling is
onducted in Section 3. FEM and experimental methods to validate the analytical model are presented in Section 4. A synthesis of
he results is showcased and discussed in Section 5. An example of application of these mechanisms is given in Section 6. Concluding
emarks and future works are addressed in Section 7.

. Description of the mechanisms

We consider two rotationally driven bistable mechanisms where the bistability comes from: (1) a pinned–pinned buckled beam;
2) a fixed–pinned buckled beam. Their schematics are presented in Figs. 1 and 2. The mechanisms have an input pivot situated
t the right beam extremity, where a moment 𝑀in can be applied. For the pinned–pinned configuration, the output is the rotation

angle 𝜃out of the left pivot. For the fixed–pinned configuration, the output is the reaction moment 𝑀out applied to the fixed support.
For both mechanisms, the beam is considered initially straight (when the beam is stress free), slender and inextensible

(Figs. 1a and 2a). All the pin-joints are assumed to rotate without friction, parasitic motion or restoring torque, and their axis
of rotation coincides with the corresponding beam extremity.

A preloading stage, made of a position-controlled slider placed at the right extremity, is used to shorten the distance between
the beam’s ends by a displacement 𝛥𝑙. This axial precompression causes the beam to buckle into one of its two stable positions
(Figs. 1b and 2b). The initial length of the beam is 𝐿 and the horizontal projection of the beam length is denoted 𝑙 and is equal to
𝐿 − 𝛥𝑙. In Figs. 1c and 2c, the buckled beam is actuated in rotation at the input pivot (by a controlled moment 𝑀in or by a controlled
angle 𝜃in) to switch between the stable positions of the mechanism. The precompression displacement 𝛥𝑙 is considered constant
during the actuation. The output pivot angle 𝜃out and the output reaction moment 𝑀out (for the pinned–pinned and fixed–pinned
configurations, respectively) are functions of the input actuation. The relation between the input and output characteristics, as well
2

as the snap-through behavior during state switching of these two mechanisms, will be modeled analytically in the next section.
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a

Fig. 1. Pinned–pinned buckled beam (a) as-fabricated, (b) buckled into one of its two stable positions using the preloading stage, and (c) where a moment is
pplied to the input pivot to switch between the stable states.

Fig. 2. Fixed–pinned buckled beam (a) as-fabricated, (b) buckled into one of its two stable positions using the preloading stage, and (c) where a moment is
applied to the input pivot to switch between the stable states.
3
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Fig. 3. Deflection diagram and variables of a generic axially precompressed beam.

3. Theoretical modeling

In this section, a generic analytical model for precompressed beams is developed. This theoretical model allows to determine
the actuation characteristics of the pinned–pinned and fixed–pinned buckled beam bistable mechanisms described in Section 2.
Furthermore, it enables the derivation of simple formulas and normalized graphs for the design of such mechanisms.

3.1. Generic analytical model of precompressed beams

First, we introduce the general theoretical model of axially precompressed beams derived from Euler–Bernoulli beam theory. It is
assumed that the elastic behavior of the beam is linear and homogeneous, that the influence of gravity is negligible, and that dynamic
effects can be ignored. The reference frame is placed such that its origin coincides with the left extremity of the beam, see Fig. 3.
The 𝑥-axis is coaxial with the undeflected beam axis and the 𝑦-axis is perpendicular to it. For a given arclength coordinate 𝑠, we can
evaluate the beam angle 𝜃, the bending moment 𝑀 , the shear force 𝑉 and the compressive force 𝑃 . The moments 𝑀0 = 𝑀(𝑠 = 0)
and 𝑀𝑙 = 𝑀(𝑠 = 𝐿) stand respectively for the reaction moments at the left and right beam extremities.

Assuming small beam deflection angles, 𝜃 ≅ 𝑑𝑦∕𝑑𝑠, the Euler–Bernoulli moment–curvature relationship can be expressed as:

𝑀(𝑠) ≅ 𝐸𝐼
𝑑2𝑦(𝑠)
𝑑𝑠2

(1)

where 𝐸𝐼 stands for the flexural rigidity of the beam. The bending moment 𝑀(𝑠) is related to the beam reactions as follows:

𝑀(𝑠) = −𝑃𝑦(𝑠) + 𝑉 𝑥(𝑠) +𝑀0 (2)

Equalizing Eqs. (1) and (2), results in a differential equation which can only be solved with numerical methods [16–18,23–26].
o obtain closed-form solutions to the differential equation, we propose to linearize 𝑥(𝑠) with the approximation:

𝑥(𝑠) ≅ 𝑙
𝐿
𝑠 (3)

Note that this linearization satisfies the boundary conditions 𝑥(𝑠 = 0) = 0 and 𝑥(𝑠 = 𝐿) = 𝑙. Unlike Lagrangian-based methods [9,12–
15,27–30], where 𝑠 is directly approximated by 𝑥, Eq. (3) will allow to distinguish the use of the initial length 𝐿 from the projected
length 𝑙 in the analytical formulas describing precompressed beams.

Using the boundary condition 𝑦(𝑠 = 0) = 0, the differential equation from Eqs. (1) and (2), with the substitution of the
linearization (3), results in the general solution:

𝑦(𝑠) = 𝐴 sin(𝑘𝑠) + 𝐵(cos(𝑘𝑠) − 1) + 𝐶𝑠 (4)

where:

𝑘 =
√

𝑃
𝐸𝐼

(5)

𝐵 = −
𝑀0
𝑃

(6)

𝐶 = 𝑉
𝑃

𝑙
𝐿

(7)

Upon the substitution of Eq. (3) into Eq. (4), the beam deflection can be expressed as a function of the horizontal coordinate 𝑥:

𝑦(𝑥) = 𝐴 sin
(

𝑘𝐿𝑥) + 𝐵
(

cos
(

𝑘𝐿𝑥) − 1
)

+ 𝐶𝐿𝑥 (8)
4
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Since we assume that the beam contraction due to the axial load 𝑃 is negligible compared to the preload displacement 𝛥𝑙, the
total arclength of the beam is equal to its initial length 𝐿. Therefore, the horizontal projected length 𝑙 can be integrated as follows:

𝑙 = ∫

𝐿

0
cos(𝜃)𝑑𝑠 (9)

As small deflection angles are assumed, the first two terms of the power series expansion cos(𝜃) ≅ 1 − 𝜃2∕2 ≅ 1 − (𝑑𝑦∕𝑑𝑠)2∕2 yields
the preload displacement:

𝛥𝑙 = 𝐿 − 𝑙 = 1
2 ∫

𝐿

0

(

𝑑𝑦
𝑑𝑠

)2
𝑑𝑠 (10)

ubstituting the differentiation of Eq. (4) with respect to 𝑠 in Eq. (10), the integral results in the following constraint:

𝛥𝑙 =
(𝐴2 + 𝐵2)(𝑘𝐿)2

4𝐿
+

(𝐴2 − 𝐵2)𝑘𝐿 sin(2𝑘𝐿)
8𝐿

+
𝐴𝐵𝑘𝐿(cos(2𝑘𝐿) − 1)

4𝐿

+ 𝐶2𝐿
2

+ 𝐴𝐶 sin(𝑘𝐿) + 𝐵𝐶(cos(𝑘𝐿) − 1) (11)

Based on the load case, the deflection parameters 𝐴, 𝐵 and 𝐶 can now be determined using Eqs. (4)–(7) and (11), knowing the
boundary conditions of the beam and the precompression displacement. Note that the product 𝑘𝐿 is a non-dimensional parameter
that expresses the compression state of the beam. As we will see in the next sections, this parameter has specific values when the
beam is at equilibrium (i.e., when no external actuation is applied). It can also be varied to plot parametric load–displacement
curves that are useful for analyzing the transition between equilibrium states. Once the deflection parameters are obtained, we can
compute the strain energy and the maximum internal stress of the beam, respectively:

𝐸strain =
𝐸𝐼
2 ∫

𝐿

0

(

𝑑2𝑦
𝑑𝑠2

)2

𝑑𝑠

= 𝐸𝐼
𝐿2

(𝑘𝐿)3
(

(𝐴2 + 𝐵2)𝑘𝐿
4𝐿

−
(𝐴2 − 𝐵2) sin(2𝑘𝐿)

8𝐿
−

𝐴𝐵(cos(2𝑘𝐿) − 1)
4𝐿

)

(12)

𝜎max =
max(|𝑀(𝑠)|)ℎ

2𝐼

= 𝐸ℎ
2𝐿2

(𝑘𝐿)2 max
(

|

|

|

|

𝐴 sin
(

𝑘𝐿 𝑠
𝐿

)

+ 𝐵 cos
(

𝑘𝐿 𝑠
𝐿

)

|

|

|

|

)

, with 𝑠 ∈ [0, 𝐿] (13)

where ℎ stands for the beam thickness.

Remark 1. Computing the strain energy of a beam is useful to analyze its stable and unstable deflections. It can also be used to
evaluate the amount of energy stored (or released) during a given actuation.

Remark 2. The maximum stress formula allows to verify that the yield stress of the beam material is not exceeded. Since in this
model we assume a slender and inextensible beam, the stress due to the axial compression 𝜎comp = 𝑃∕(𝑏ℎ), where 𝑏 is the beam
out-of-plane width, is neglected with respect to the bending stress [14].

3.2. Pinned–pinned buckled beam

3.2.1. Modeling
In this section, we model the pinned–pinned buckled beam mechanism using the formulas from the generic analytical model of

Section 3.1. Applying the pinned–pinned boundary conditions, i.e., 𝑦(𝑠 = 𝐿) = 0 and 𝑀0 = 0 to Eqs. (4) and (6) yields:

𝐵 = 0 (14)

𝐶 = −𝐴
𝐿

sin(𝑘𝐿) (15)

The pinned–pinned buckled beam deflection can then be expressed as a function of 𝑠 and 𝑥, respectively:

𝑦(𝑠) = 𝐴
(

sin
(

𝑘𝐿 𝑠
𝐿

)

− sin(𝑘𝐿) 𝑠
𝐿

)

(16)

𝑦(𝑥) = 𝐴
(

sin
(

𝑘𝐿𝑥
𝑙

)

− sin(𝑘𝐿)𝑥
𝑙

)

(17)

Substituting Eqs. (14) and (15) into Eq. (11), the deflection parameter 𝐴 can be expressed as a function of the free parameter 𝑘𝐿:

𝐴 = ±2𝐿
√

𝛥𝑙
[

(𝑘𝐿)2 + 𝑘𝐿
sin(2𝑘𝐿)

+ cos(2𝑘𝐿) − 1
]− 1

2
(18)
5

𝐿 2
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The input moment can be obtained by substituting the second differentiation of Eq. (16) with respect to 𝑠 into Eq. (1) and
evaluating it at 𝑠 = 𝐿, yielding:

𝑀in = 𝑀(𝑠 = 𝐿) = −𝐸𝐼
𝐿

𝐴
𝐿
(𝑘𝐿)2 sin(𝑘𝐿) (19)

Considering 𝜃 ≅ 𝑑𝑦∕𝑑𝑠, the input and output angles follow from differentiating Eq. (16) with respect to 𝑠:

𝜃in = 𝜃(𝑠 = 𝐿) = 𝐴
𝐿
(𝑘𝐿 cos(𝑘𝐿) − sin(𝑘𝐿)) (20)

𝜃out = 𝜃(𝑠 = 0) = 𝐴
𝐿
(𝑘𝐿 − sin(𝑘𝐿)) (21)

The strain energy of the pinned–pinned beam can be calculated from Eq. (12):

𝐸strain =
1
4
𝐸𝐼
𝐿

(𝐴
𝐿

)2
(𝑘𝐿)3

(

𝑘𝐿 −
sin(2𝑘𝐿)

2

)

(22)

Since the curved coordinate 𝑠 takes any value between 0 and 𝐿, the maximum bending stress in the beam, given by Eq. (13), is:

𝜎max =
𝐸ℎ
2𝐿

|𝐴|
𝐿

(𝑘𝐿)2 ⋅

{

sin(𝑘𝐿), 0 ≤ 𝑘𝐿 < 𝜋
2

1, 𝑘𝐿 ≥ 𝜋
2

(23)

.2.2. Equilibrium positions
Equilibrium deflections of the beam occur, by definition, when the input moment 𝑀in is equal to zero. Since we consider deflected

eams, 𝐴 ≠ 0 in Eq. (16) and solving Eq. (19) leads to specific values for the parameter 𝑘𝐿:

(𝑘𝐿)equi = 𝑚𝜋, 𝑚 = 1, 2, 3,… (24)

here 𝑚 is generally called the buckling mode. If 𝑚 = 1, the beam is in its first buckling mode, 𝑚 = 2 corresponds to the second
uckling mode, etc. The deflection parameter 𝐴 always having two opposite solutions, see Eq. (18), all modes have two symmetrical
eflections. With global minimum energy, see Eq. (22), the two first mode solutions are the only stable equilibriums of the pinned–
inned buckled beam bistable mechanism. In stable state, the magnitude of the angles at both beam ends are equal and can be
alculated using Eqs. (20), (21) and (24):

𝜃stable = |𝜃in(𝑘𝐿 = 𝜋)| = |𝜃out (𝑘𝐿 = 𝜋)| = 2
√

𝛥𝑙
𝐿

(25)

Remark 3. Note that, for each mode, the input and output pivots of the pinned–pinned buckled beam have the same equilibrium
angle (in absolute value), see Eqs. (20), (21) and (24).

3.2.3. Actuation characteristics
Using an actuation on the input pivot, we can switch the stable state of the pinned–pinned buckled beam mechanism. The

actuation characteristics are plotted in Fig. 4. Parametric curves of the input moment (Eq. (19)), the output angle (Eq. (21)) and
the strain energy (Eq. (22)), as a function of the input angle (Eq. (20)) are plotted in Figs. 4a, 4b and 4c, respectively. The free
parameter 𝑘𝐿 is varied from 0 (no compressive force in Eq. (5)) to 2𝜋 (second mode). The two symmetrical branches, which we call

ranch 1 and Branch 2, correspond to the two opposite solutions of parameter 𝐴 in Eq. (18). They are plotted together to display
he possible snap-through transitions, i.e., unidirectional jumps from one branch to the other. Depending on the actuation type of
he input pivot, i.e., angle control or moment control, the system will follow different paths and will snap at different limit points.

e describe below examples for these two cases using Fig. 4 in order to demonstrate its practicality.
We can, for instance, describe how the mechanism reacts to a moment control at the input to switch its stable position from one

table position corresponding to the first mode (FM1) to the other symmetric one (FM2). From point FM1, by applying an increasing
nput moment the input angle increases until the system reaches the moment limit point ML1, see Fig. 4a. At this point, there are no
ther solutions on the current branch (Branch 1) if the input moment continues to rise (limit point instability). A solution (ML1’) on
he other branch (Branch 2) exists, leading to a snap-through from Branch 1 to Branch 2, as shown by the horizontal line of arrows
n Fig. 4a. Note that the point ML1’ is not on our calculated Branch 2 but on an extrapolated line from the zero compression point
ZC2), because the beam is in tension at ML1’ and our model only considers a compressive axial force 𝑃 . After snap-through, the
oment input can be decreased until returning to zero as the mechanism stabilizes at point FM2. Note that, as the system goes from
L1’ to FM2 along Branch 2, the beam axial load P changes sign when passing through ZC2 (transition from tensile to compressive

oad).
In the case of input angle control, the system will follow the same path from points FM1 to ML1 as for a moment control.

owever, after passing point ML1, the input moment will decrease as the input angle continues to increase, see Fig. 4a. When an
ngle limit point AL1 is reached, the mechanism will snap from Branch 1 to Branch 2 since no other solution exists with a larger
nput angle on Branch 1. This is shown by a vertical line of arrows on Fig. 4a. The system ends up at the post-snap point AL1’ where
he input angle can be decreased to reach the second stable position FM2.

For both moment and angle controls, after snap-through has occurred from Branch 1 to Branch 2, we can symmetrically reverse
he direction of the actuation to snap back to Branch 1 following a symmetrical but different path (due to hysteresis). Since moment
6
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and angle limits are encountered before the second mode points (SM1 and SM2), for both moment and angle controls, the second
and thus higher modes are never reached. For readability, and since all the points of the moment control path are also reached by
angle control, we only display angle control snap-through for the other actuation graphs (Figs. 4b and 4c).

Numerically, the input moment magnitude at moment limit points ML1 and ML2, denoted 𝑀in,lim, corresponds to the maximum
f the function 𝑀in(𝑘𝐿) (Eq. (19)) for 𝜋 ≤ 𝑘𝐿 ≤ 2𝜋 (i.e., between the first and second modes), namely when 𝑘𝐿 = 1.58𝜋:

𝑀in,lim = 10.28𝐸𝐼
𝐿

√

𝛥𝑙
𝐿

(26)

The input angle magnitude at angle limit points AL1 and AL2, denoted 𝜃in,lim, is the maximum of 𝜃in(𝑘𝐿) in Eq. (20) for
𝜋 ≤ 𝑘𝐿 ≤ 2𝜋, and is obtained when 𝑘𝐿 = 1.92𝜋:

𝜃in,lim = 2.07
√

𝛥𝑙
𝐿

(27)

Fig. 4b presents the graph of the output angle as a function of the input angle. In this figure, we can note that the output angle
eaches a maximum magnitude (points MOA1 and MOA2) under input angle control when switching branches. This maximum
utput angle is obtained when 𝑘𝐿 = 1.56𝜋 in Eq. (21) and is equal to:

𝜃out,max = 2.56
√

𝛥𝑙
𝐿

(28)

Remark 4. As the output angle varies only by 27.8% from first mode to angle limit, whereas the input angle changes sign, it is
reasonable to say that the mechanism output is quite decoupled from the input actuation until snap-through occurs, where the
output angle suddenly switches. For instance, the input–output decoupling behavior of a pinned–pinned buckled beam has been
exploited in the design of a fully compliant handheld tool used for surgical puncturing devices [10].

Fig. 4c presents the strain energy of the beam as a function of the input angle. We can point out two energy minima corresponding
to the two stable equilibriums FM1 and FM2 of the bistable mechanism. The energy difference from first mode (FM1 or FM2) to
angle limit (AL1 or AL2) corresponds to the actuation energy required to switch state. It also corresponds to the amount of energy
released during snap-through. If this energy is not harvested at the mechanism output, the beam will vibrate until the energy is
totally damped out. Note that the strain energy at angle limit points is slightly higher than for the second mode (see the zoomed
inset in Fig. 4c).

The snapping time (time taken to reach the stable position) and the resonance frequency will depend on the mass density of
the beam and the rotary inertia of the output pivot, in addition to the damping of the system [31,32]. If the output pivot inertia is
sufficiently high, the snap-through of the buckled beam itself can largely precede the motion of the output pivot.

The beam deflection is computed using Eq. (17) and is plotted in Fig. 4d for the states FM1, FM2, SM1, ML1, AL1 and ZC1 to
illustrate the critical shapes of the buckled beam during rotation actuation.

3.3. Fixed–pinned buckled beam

3.3.1. Modeling
We now derive the model of the fixed–pinned buckled beam. Using the boundary conditions 𝑑𝑦∕𝑑𝑠(𝑠 = 0) = 0 and 𝑦(𝑠 = 𝐿) = 0,

Eq. (4) gives:

𝐶 = −𝐴
𝐿
𝑘𝐿 (29)

𝐵 = −𝐴
𝑘𝐿 − sin(𝑘𝐿)
1 − cos(𝑘𝐿)

(30)

The fixed–pinned buckled beam deflection becomes:

𝑦(𝑠) = 𝐴
[

sin
(

𝑘𝐿 𝑠
𝐿

)

−
𝑘𝐿 − sin(𝑘𝐿)
1 − cos(𝑘𝐿)

(

cos
(

𝑘𝐿 𝑠
𝐿

)

− 1
)

− 𝑘𝐿 𝑠
𝐿

]

(31)

where, from Eqs. (11), (29) and (30):

𝐴 = ±2𝐿
√

𝛥𝑙
𝐿
(1 − cos(𝑘𝐿))⋅

[

(𝑘𝐿)4 − (𝑘𝐿)3
(

2 sin(𝑘𝐿) +
sin(2𝑘𝐿)

2

)

+ 2(𝑘𝐿)2(cos(𝑘𝐿) − cos(2𝑘𝐿)) − 𝑘𝐿(2 sin(𝑘𝐿) − sin(2𝑘𝐿))
]− 1

2
(32)

The input and output moments can be expressed by substituting the second differentiation of Eq. (31) with respect to 𝑠 into
Eq. (1), yielding:

𝑀in = 𝑀(𝑠 = 𝐿) = 𝐸𝐼
𝐿

𝐴
𝐿
(𝑘𝐿)2

𝑘𝐿 cos(𝑘𝐿) − sin(𝑘𝐿)
1 − cos(𝑘𝐿)

(33)

𝑀out = 𝑀(𝑠 = 0) = 𝐸𝐼 𝐴 (𝑘𝐿)2
𝑘𝐿 − sin(𝑘𝐿) (34)
7

𝐿 𝐿 1 − cos(𝑘𝐿)
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Fig. 4. Normalized actuation characteristics of the pinned–pinned buckled beam actuated in rotation at its right extremity. (a) Input moment versus input angle,
(b) output angle versus input angle, (c) beam strain energy versus input angle, and (d) beam deflections at critical points.

Considering 𝜃 ≅ 𝑑𝑦∕𝑑𝑠, the input angle follows from differentiating Eq. (31) with respect to 𝑠:

𝜃in = 𝜃(𝑠 = 𝐿) = 𝐴
𝐿
𝑘𝐿

𝑘𝐿 sin(𝑘𝐿) − 2(1 − cos(𝑘𝐿))
1 − cos(𝑘𝐿)

(35)

Using Eqs. (29), (30) and (32), the strain energy and the maximum stress can be calculated from Eqs. (12) and (13), respectively:

𝐸strain =
1
4
𝐸𝐼
𝐿

(𝐴
𝐿

)2 ( 𝑘𝐿
1 − cos(𝑘𝐿)

)2
⋅

[

(𝑘𝐿)4 − (𝑘𝐿)3
(

2 sin(𝑘𝐿) −
sin(2𝑘𝐿)

2

)

− (𝑘𝐿)2(2 cos(𝑘𝐿) − 1 − cos(2𝑘𝐿)) + 𝑘𝐿(2 sin(𝑘𝐿) − sin(2𝑘𝐿))
]

(36)

𝜎max =
𝐸ℎ
2𝐿

|𝐴|
𝐿

(𝑘𝐿)2

1 − cos(𝑘𝐿)
⋅

{

sin(𝑘𝐿) − 𝑘𝐿 cos(𝑘𝐿), 0 ≤ 𝑘𝐿 < 2.33
√

(𝑘𝐿)2 − 2𝑘𝐿 sin(𝑘𝐿) + 2(1 − cos(𝑘𝐿)), 𝑘𝐿 ≥ 2.33
(37)

3.3.2. Equilibrium positions
Equilibrium deflections of the fixed–pinned beam are obtained when 𝑀in = 0 (no external actuation) and 𝐴 ≠ 0 (post-buckling

deflection from Eq. (31)). Applying these conditions in Eqs. (32) and (33), the parameter 𝑘𝐿 becomes a solution of the transcendental
equation 𝑘𝐿 = tan(𝑘𝐿) leading to the following smallest nonzero roots:

(𝑘𝐿)equi = 4.49, 7.73, 10.90,… (38)

As for the pinned–pinned buckled beam, these specific values of 𝑘𝐿 are called buckling modes where 𝑘𝐿 = 4.49 corresponds to
he first buckling mode, 𝑘𝐿 = 7.73 is the second buckling mode, etc. The fixed–pinned buckled beam is also bistable with global
8

inimum energy at the first mode equilibriums (see Eq. (36)). When the beam is stable, i.e., at 𝑘𝐿 = 4.49 (first mode), the input
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angle and the output moment magnitudes can be expressed as, respectively, from Eqs. (35) and (34):

𝜃stable = 2.49
√

𝛥𝑙
𝐿

(39)

𝑀stable = 8.99𝐸𝐼
𝐿

√

𝛥𝑙
𝐿

(40)

Remark 5. As opposed to the double-pinned case, the input pivot of the fixed–pinned buckled beam has not the same angle
magnitude for each mode, see Eqs. (35) and (38).

3.3.3. Actuation characteristics
By actuating the input pivot of the fixed–pinned buckled beam mechanism, we can switch from one stable state to the other. The

actuation characteristics are plotted in Fig. 5. The parametric curves of the input moment (Eq. (33)), the output moment (Eq. (34))
and the strain energy (Eq. (36)) as a function of the input angle (Eq. (35)) are plotted in Figs. 5a, 5b and 5c, respectively. The
free parameter 𝑘𝐿 is varied from 0 (no compressive force) to 7.73 (second mode). The two symmetrical branches (Branch 1 and
Branch 2) are displayed to characterize the snap-through of the beam due to moment or angle controls. As in the pinned–pinned
case, the second and higher modes are never reached due to input moment limits (ML1 and ML2) and angle limits (AL1 and AL2)
encountered before the second mode points (SM1 and SM2). The magnitudes of the moment and angle limit points are:

𝑀in,lim = 12.90𝐸𝐼
𝐿

√

𝛥𝑙
𝐿

(41)

𝜃in,lim = 1.78
√

𝛥𝑙
𝐿

(42)

at 𝑘𝐿 = 6.49 and at 𝑘𝐿 = 7.59, respectively.
Compared to the double-pinned configuration, the points ML1’ and ML2’ are contained within Branch 2 and Branch 1 respectively,

see Figs. 4a and 5a, meaning that the beam is still in compression after snap-through under moment control. Another difference
is that the input pivot angle has a larger magnitude at the first modes FM1 and FM2 than at the angle limit points AL1 and AL2,
see Eqs. (39) and (42). This means that the input angle can continuously increase to pass from FM1 to FM2 (following the path
FM1—ML1—AL1—AL1’—FM2) and continuously decrease to come back to FM1 (through FM2—ML2—AL2—AL2’—FM1).

When angle control is used to switch state, Fig. 5b shows that the output moment magnitude continuously increases and reaches
a maximum value at the angle limit points AL1 and AL2. This maximum output moment magnitude is equal to:

𝑀out,max = 15.31𝐸𝐼
𝐿

√

𝛥𝑙
𝐿

(43)

The output moment magnitude increases thus by 70.3% from first mode to angle limit point, see Eqs. (40) and (43). After
snap-through, the output reaction moment is suddenly reversed.

Fig. 5c presents the strain energy of the beam as a function of the input angle. The bistability of the mechanism is noticed from
the two energy minima at the first mode points FM1 and FM2. The strain energy difference from first mode to angle limit point
corresponds to the required actuation energy to switch state. During snap-through, this energy will be damped during the vibration
of the beam, since the output, considered fixed, cannot harvest energy. Alternatively, the snap-through energy can be harvested by
a piezoelectric film attached on the top or bottom surface of the beam [33].

The deflected shape of the beam is computed using Eqs. (3) and (31) for the critical states FM1, FM2, SM1, ML1, AL1 and ZC1,
and plotted in Fig. 5d.

Remark 6. As seen in Figs. 4a and 5a, the second buckling mode is stable for small input angle disturbances since the tangent
stiffness is positive. However, those structures are unstable in second mode shape, as small disturbances applied laterally to the
beam lead to instability [34].

Remark 7. In this article, we derived a generic model for a slender beam under compression. However, by rotating its input beyond
the zero compression points ZC1 and ZC2 (see Figs. 4 and 5), the beam becomes subjected to tension. This case can be treated with
the presented model, by defining 𝑘𝐿 as an imaginary number (since 𝑃 < 0 in Eq. (5)).

4. Validation of the analytical model

4.1. Material and methods

In order to verify the accuracy of the analytical model derived in Section 3, we conduct a finite element analysis and a physical
experiment on a buckled beam with parameters listed in Table 1. Both pinned–pinned and fixed–pinned configurations of the buckled
beam are evaluated. As material for the elastic beam, spring steel (1.1274) was chosen for its high ratio of yield strength to Young’s
modulus (𝜎𝑦∕𝐸). The beam has a high slenderness ratio of 𝐿∕ℎ = 800, as assumed in the theoretical model. Since the angle limit is
always encountered after the moment limit (see Figs. 4a and 5a), angle control is selected to characterize the entire snap-through
behavior. Three different precompression displacements are tested (see Table 1), allowing to validate our model on different levels
of beam deformation.
9
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Fig. 5. Normalized actuation characteristics of the fixed–pinned buckled beam actuated in rotation at its right extremity. (a) Input moment versus input angle,
(b) output moment versus input angle, (c) beam strain energy versus input angle, and (d) beam deflections at critical points.

Table 1
Design parameters of the buckled beam.

Parameter Value

Material (spring steel 1.1274) 𝐸 210 GPa
𝜎𝑦 1600 MPa

Beam dimensions
ℎ 0.25 mm
𝑏 25 mm
𝐿 200 mm

Precompression displacements
3 mm

𝛥𝑙 5 mm
7.5 mm

4.2. Finite element method

A 2D stationary FEM simulation is conducted using the commercial software COMSOL Multiphysics 5.6 in order to verify the
heoretical model. The beam with dimensions stated in Table 1 is meshed with quadrilateral shell elements such that 4 elements are
apped across its thickness ℎ and 3200 elements along its length 𝐿. The material parameters are taken from Table 1 and the Poisson’s

ratio is set to zero (since Poisson effects are neglected in the analytical model). The stationary solver uses the Solid Mechanics module
to simulate the deformation of the beam. The Geometric Nonlinearity setting is selected to capture large deformation, buckling and
snap-through behaviors. The Segregated approach is adopted to speed up the convergence of the stationary solver.

Two rigid connectors attached at each beam end are used to define the boundary conditions (pinned–pinned or fixed–pinned),
the precompression displacement, and to actuate the right extremity with an incremental angle. For each actuating angle, the study
reuses the previous solution, allowing to stay on the same branch until the angle limit point causes a branch jump.
10
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For each boundary condition and each precompression displacement, the following results are exported: the input angle, the input
oment, the strain energy of the beam and the maximum von Mises stress in the beam. Depending on the boundary condition, the

utput angle or the output reaction moment is evaluated. These FEM results are presented and compared to the analytical model
n Section 5.

emark 8. It can happen that FEM models predict higher buckling modes than expected in practice. This can be avoided by using
mall bias forces applied laterally to the beam or initial imperfections to force the FEM solver to choose a direction of buckling
nd thus remove such unrealistic modes [15,17,35]. In our case, as we imposed an angle to the input pivot at the same time as the
reload, a buckling direction was already selected by the solver and no perturbation was needed.

.3. Experimental method

An experimental study was carried out to validate that the snap-through behaviors predicted by the theoretical and FEM models
lso happen in practice. Using the test bench shown in Fig. 6, a series of experiments were conducted to verify the nonlinear
oment–angle characteristics of the input and output pivots. The experimental setup consists of a beam (with properties specified

n Table 1) pinned at each end using two pivots. In order to limit friction, the pivots are implemented using ball bearings whose
xes coincide with the extremities of the beam. The bearing axes are also parallel to the direction of gravity in order to minimize
ravity-related effects. Rigid levers are fixed to each beam extremity to transform input and output angles and moments into linear
isplacements and forces that can be controlled and measured via the setup. In such manner, a displacement sensor (Keyence Model
K-H082) is used to measure the angle of the output pivot and two lateral linear stages are used to actuate the pivots independently
nd measure the reaction forces using force sensors (Kistler Model 9207 with force introducing cap No. 3.220.139). Note that these
re directly measured on the sides of the beam part clamped inside the lever, using lateral slots (see Fig. 6). Before testing, these force
ensors were calibrated to ensure a high measurement accuracy. Two axial linear stages are used to move the pivots independently
long the beam axis. The one at the output pivot is used to adjust the distance between the output bearing axis and the laser beam
f the displacement sensor. The other axial guide is used to set the precompression displacement.

At the start of the experiment, the beam is precompressed to one of the three preloadings defined in Table 1. The fixed–pinned
onfiguration is obtained by constraining the output lever angle to zero (verified with the laser displacement sensor) using the output
ateral linear stage. In the pinned–pinned configuration, the output lateral stage is separated from the output lever to leave it free
o rotate. For both boundary conditions scenarios, the measurements start at stable positions (Figs. 7a and 8a for pinned–pinned
nd fixed–pinned tests, respectively). In practice, the input force sensor cap is just in contact with the input lever, but no reaction
orce is measured. The input lever angle is then increased gradually using the input lateral stage. At each input angle increment,
he input and output moments are obtained from the force sensor readings and the output angle is measured by the laser sensor.
ll measurements are taken when the system is at static equilibrium to avoid dynamic effects. Some measurements are taken after

he snap-through for the pinned–pinned condition. However, for the fixed–pinned case, the experiment stops when the beam snaps
ince the output force sensor loses contact with the output lever. The experimental results are compared to the analytical and
EM models in Section 5. The uncertainty of the measurements (not shown on the graphs of Figs. 9–12 to preserve readability),
orresponds to ±1.3 deg for the input angle, ±0.6 deg for the output angle, ±4 Nmm for the input and output moments, and ±10 μm
or the end-shortening.

emark 9. This experimental setup only allows to actuate the input lever with a positive moment, which means that only one
ctuation path can be characterized. However, given the symmetry of the mechanisms, the characteristics and behaviors should be
ymmetrical and developing a test bench with input moment in both directions is not required.

. Results and discussions

In this section, the results of the analytical model, the FEM simulation and the experimental study are presented and discussed. In
ection 5.1, we show and compare the actuation characteristics of the pinned–pinned and fixed–pinned buckled beams. Section 5.2
ompares the analytical values of angles and moments at the critical points against FEM and experimental data, for different levels
f beam preloading. Possible discrepancies between the results allow to evaluate the accuracy of the analytical model presented in
his paper.

.1. Actuation characteristics

Analytical model, FEM and experimental results are presented together for the actuation characteristics of the pinned–pinned
nd fixed–pinned buckled beams in Figs. 9 and 10, respectively. For each configuration, we display the input moment, the beam
train energy, the output angle (for the pinned–pinned buckled beam) or the output moment (for the fixed–pinned buckled beam),
nd the maximum stress in the beam.

Figs. 9 and 10 show that the proposed model successfully predicts the key characteristics of the buckled beam actuation as the
nalytical results are consistent with the FEM and the experimental data. The maximum stress graphs (Figs. 9d and 10d) show that
11

he material yield strength 𝜎𝑦 (stated in Table 1) is not exceeded for the whole actuation.
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Fig. 6. Test bench used to characterize the switching behavior of the pinned–pinned and fixed–pinned buckled beams: (a) top view, and (b) perspective view.

Fig. 7. Actuation tests of the buckled beam with pinned–pinned boundary conditions. The buckled beam is shown in (a) stable position and (b) in angle limit
position.

It can be observed that the pinned–pinned and fixed–pinned bistable buckled beams have nearly the same behaviors under angle
control, namely:

1. The actuation characteristics involves two symmetrical branches.
2. To switch from one branch to the other, the magnitude of the input moment always reaches a maximum.
3. The beam snaps at an angle limit point before reaching its second buckling mode.
4. The output angle and moment are essentially decoupled from the input actuation until snap-through occurs, where the output
12
angle and moment suddenly change sign.
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Fig. 8. Actuation tests of the buckled beam with fixed–pinned boundary conditions. The buckled beam is shown in (a) stable position and (b) in angle limit
position.

Fig. 9. Pinned–pinned buckled beam actuation characteristics as a function of the input angle: (a) input moment, (b) output angle, (c) strain energy, and
(d) maximum stress. See Fig. 4 for the position of the critical points.
13



Mechanism and Machine Theory 174 (2022) 104874L. Tissot-Daguette et al.
Fig. 10. Fixed–pinned buckled beam actuation characteristics as a function of the input angle: (a) input moment, (b) output moment, (c) strain energy, and
(d) maximum stress. See Fig. 5 for the position of the critical points.

A major difference is that the first mode input angle 𝜃stable is smaller in magnitude than the input angle limit 𝜃in,lim for the pinned–
pinned buckled beam (see Figs. 4a and 9a), whereas it is the opposite for the fixed–pinned bucked beam (see Figs. 5a and 10a).
In the case of the fixed–pinned buckled beam, this leads to a change in sign for the input moment when the beam snaps under
angle control. In the case of the double-pinned buckled beam, this means that the input angle magnitude must be decreased after
snap-through under angle control for the beam to come back to its stable position.

In terms of power consumption to switch state for the same precompression displacement, compared to the fixed–pinned case,
the pinned–pinned buckled beam needs a lower input moment magnitude (∼20% lower from Eqs. (26) and (41)) and less input
energy (∼25% lower from Figs. 4c and 5c), but has a lower stable angle stroke (∼20% lower from Eqs. (25) and (39)).

Compared to force actuation, where snap-through of pinned–pinned and fixed–pinned buckled beams occurs at second mode [34],
this paper shows that moment actuation requires slightly more energy (see insets in Figs. 4c and 5c). Another difference is the
constant negative stiffness region demonstrated for pinned–pinned buckled beams under central actuating force [18], which is not
observed here. Actually, moment actuation shares similarities with off-center force actuation: two distinct symmetrical branches
and energy jumps to switch between them [18].

5.2. Critical angles and moments

The critical angles and moments correspond to the input and output angles and moments encountered at the critical points of
the actuation characteristics. Their analytical expressions (derived in Sections 3.2 and 3.3) are important as they are key actuation
parameters to design such buckled beams. These values are compared with FEM and experimental results in Figs. 11 and 12, as a
function of its precompression rate 𝛥𝑙∕𝐿, for pinned–pinned and fixed–pinned buckled beams, respectively.
14
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Fig. 11. Pinned–pinned buckled beam critical angles (a) and moments (b) as a function of the precompression rate.

Fig. 12. Fixed–pinned buckled beam critical angles (a) and moments (b) as a function of the precompression rate.

We can observe in these figures, that the results from our analytical model are consistent with the FEM and experimental data.
ndeed, for both pinned–pinned and fixed–pinned configurations, the relative errors between the simulation results and the analytical
odel are bounded within 2.5%. The error between the analytical curve and the FEM data has the tendency to increase when

ncreasing the beam precompression (as it can be observed in Figs. 11 and 12). This can be attributed to the small deformation
ssumption of our analytical model, which begins to leave its domain of validity. For higher deformations of the beam, it becomes
ecessary to adopt numerical models to evaluate the actuation characteristics with acceptable precision.

The major discrepancy between experimental data and the model is observed in the stable and maximum output moments (see
ig. 12b), where the relative error is bounded within 12%. These divergences between the theoretical and experimental results can
e attributed to manufacturing and assembly tolerances, small predeformations of the beam, and friction in the bearings of the test
ench.

. Example of application and design guidelines

In order to show the practical potential of the mechanisms described in this article and to demonstrate the strength of our
nalytical model, we give an example of its application on a novel bistable gripper. This mechanism presented in Fig. 13 uses the
15
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Fig. 13. Schematic of a bistable gripper based on a preloaded buckled beam. (a) The gripper mechanism is shown as-fabricated. (b) The buckled beam is
precompressed by the preloading stage in stable open position (the beam boundaries are in this case pinned–pinned). (c) The output state switches from open
to closed using an input actuation. (d) The gripper is in stable closed position (boundaries of the beam are hence fixed–pinned). (e) The output state switches
from closed to open using a reverse input actuation.

snap-through behavior of a buckled beam sustained by two pivots to grab and release an object via a rotating jaw placed at the
output pivot. The change of state between ‘‘open’’ and ‘‘closed’’ is performed using a rotating actuator at the input pivot.

Note that the open and closed states correspond respectively to the pinned–pinned and fixed–pinned configurations of the buckled
eam. Hence, the theoretical model derived in this paper can be used to design this bistable gripper for given gripping and actuation
pecifications. For instance, in open and closed stable positions, the jaw stroke 𝑑out (Fig. 13b) and the gripping force 𝐹out (Fig. 13d)

are given by Eqs. (25) and (40), respectively:

𝑑out,stable = 𝑟out𝜃out,stable = 2𝑟out

√

𝛥𝑙
𝐿

(44)

𝐹out,stable =
𝑀out,stable

𝑟out
= 8.99𝐸𝐼

𝐿

√

𝛥𝑙
𝐿

1
𝑟out

(45)

To switch the gripper state, the input actuator must provide enough torque 𝑀in to overpass the input moment limit 𝑀in,lim for
both pinned–pinned and fixed–pinned cases, expressed in Eqs. (26) and (41), respectively. The actuator angular stroke 𝜃in needs to
be sufficiently large to overpass the angle limits 𝜃in,lim for the pinned–pinned and fixed–pinned configurations given by Eqs. (27)
and (42), respectively. Finally, using Eqs. (23) and (37), we can verify that the maximum stress in the beam does not exceed the
material yield strength during the actuation.

Due to its bistable and snap-through behaviors, this novel gripper mechanism has many advantages, namely:

1. No power is required from the actuator to keep the stable output states (open and closed).
2. Very fast switching is obtained due to beam snap-through.
3. The static output force is limited to a maximum value (see Eq. (43)), preventing damaging the object.
4. The preloading stage allows to adjust the precompression, thus the stable output stroke and the gripping force according to

Eqs. (44) and (45).
16
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7. Conclusion and perspectives

In this article, we proposed to actuate pinned–pinned and fixed–pinned bistable buckled beams using a rotation at one of their
xtremities. By means of a new analytical model, we established normalized graphs and closed-form expressions that allow to
fficiently design these bistable mechanisms. The consistency of the theoretical results with FEM and experimental data, confirmed
oth the validity and the high accuracy of our model. The practicality of the new mechanisms and model was illustrated on a novel
ripper concept. As the proposed theoretical approach derived in Section 3.1 is generic, it can be next applied to a wide variety of
echanisms based on preloaded beams with different boundary conditions and actuations.

Our future research will evaluate the extension of the bistable gripper design of Section 6 to include an actuator based on
gonist–antagonist shape memory alloys (SMA). These have the advantage of being compact and lightweight, and only needing to
e activated to switch between the two stable states [36]. Additionally, the input and output pivots could be implemented with
lexures in order to make the mechanism monolithic and thus manufacturable at microscale for MEMS applications, e.g., micro-
anipulation [37]. The presented analytical model would hence have to be adapted to take into account angular stiffnesses at the

oundary conditions. Finally, it would be worthwhile studying the vibratory behavior of such buckled beam mechanisms during the
ransition between stable states.
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