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Abstract: Information is the resolution of uncertainty and manifests itself as patterns. Although
complex, most observable phenomena are not random and instead are associated with deterministic,
chaotic systems. The underlying patterns and symmetries expressed from these phenomena deter-
mine their information content and compressibility. While some patterns, such as the existence of
Fourier modes, are easy to extract, advances in machine learning have enabled more comprehensive
methods in feature extraction, most notably in their ability to elicit non-linear relationships. Herein
we review methods concerned with the encoding and reconstruction of natural signals and how
they might inform the discovery of useful transform bases. Additionally, we illustrate the efficacy of
data-driven bases over generic ones in encoding information whilst discussing these developments in
the context of “fourth paradigm” metrology. Toward this end, we propose that existing metrological
standards and norms may need to be redefined within the context of a data-rich world.
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1. Introduction

Non-random, chaotic signals arise from natural and engineered processes [1]. As
such, information obtained from physical systems is routinely captured and stored in
increasingly large datasets. As the number of recorded observations tends toward the
number of all possible observations, any basis derived from this library of priors (e.g.,
via proper orthogonal decomposition) will span the feature space of all observations.
Measurements are observational snapshots encoded by devices calibrated for specific
uses [2] and are typically taken without knowledge of the underlying system. For example,
the amplification of recorded electrical signals is unbiased as to their source. Greater data
availability means that most contemporary measurements are not likely to retain especially
surprising information, reflected in the truism that the more we know about our world,
the less there is to discover. In fields where the structures and properties of physical
phenomena are well documented, there are more assumptions that can be made about the
design of measurement hardware, as well as the classification structure of a domain-specific
taxonomy. For example, while there are numerous species of insects that have yet to be
discovered, enough have been identified to reasonably conclude that any unknown species
that remain will most likely exhibit similar traits (i.e., comprising a chitinous exoskeleton
and similar physical morphology). Therefore, when entomologists go into the field to
search for novel species, they bring equipment to measure, document, and collect their
observations that is optimized for classifying prior observations. The axiom that many
new observations are likely to be unsurprising (i.e., derivative as opposed to truly novel)
raises an interesting epistemological question that is, by extension, extremely relevant in
metrology.
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1.1. The Shore of Our Ignorance

In 1992, the prominent 20th-century physicist John Archibald Wheeler addressed the
above question in an article published in the Scientific American wherein he remarked, “we
live on an island surrounded by a sea of ignorance. As our island of knowledge grows, so
does the shore of our ignorance” [3]. In other words, if we imagine that this island represents
all known things, then the shore is the set of all knowable unknowns and the surrounding
sea; the unknowable unknowns. This simple analogy illustrates an epistemological truism:
the further a concept is from a given reference, the harder it is to grasp. The shore in
Wheeler’s analogy serves as a meeting place between facts and hypotheses. Functionally,
this means that while the set of immediate knowledge is relatively small, we have access
to significantly more information by virtue of the principle of factor sparsity. Exploiting
this fact means leveraging shared features of known and unknown observations in order
to build a referential map between them. Once this connection is made, the unknown
becomes a known, and the island grows along with the shore of ignorance.

Within the context of our digital world, suppose we could aggregate all known infor-
mation into a central repository represented by a hypothetical data structure, L. We can
imagine this “island” of knowledge as an Encyclopedia Galactica [4]. Implicit in L are the
features unique to each known (books are made up of sentences, which are themselves com-
posed of words, constructed by morphemes, comprising letters (graphemes) represented as
individual glyphs). When new information is added to L, it can only be represented by the
features already comprised within L. We can think of the features of L as forming a type of
lexicographic basis like Kanji, where objects such as “hand” and “shoes” are represented
by individual characters. Presently, there are over 50,000 Kanji characters in use, and it
is rare that new Kanji are added (instead, new concepts are described by concatenating
characters). The origin of Kanji characters is not well known but speculated to be the
result of combined social and geographic factors [5]. Given a “Kanji” K, we say we can
describe new observations in an interpretable manner because every new observation is
communicated as a combination of prior concepts represented by individual morphemes.

The search for useful bases based on high-dimensional datasets is increasingly im-
portant for solving real-world machine learning tasks [6]. The problem is that deriving a
useful basis from enormous datasets is computationally intractable. While it always an
option to use the most basic “bits” (e.g., Fourier modes or wavelets), starting with some
structure based on observed regularities can dramatically increase the efficiency of the
encoder [7]. To make the computation tractable, we can limit the size of L by eliminating
redundancy. In other words, we reject new observations if they are too similar to existing
entries. Of course, this requires defining a similarity metric and establishing a “magic
number” threshold. Essentially, we want to keep L from becoming a useless Library of
Babel [8] by retaining informative collections and eschewing those that are either highly
complex or non-descriptive.

1.2. Compression, Complexity, and Clustering

Determining optimality in the descriptivity–complexity space is a wicked problem in
machine learning [9–11]. Loss functions rewarding descriptivity often overfit, and those
rewarding simplicity regularly return trivial (unactionable) solutions. While the principle
of factor sparsity implies the existence of the ideal “Goldilocks” regime within the 2D space
defined by descriptivity and complexity, there is no singular optimization framework to
select the best model parameters (n.b., the Akaike and Bayesian information criteria–AIC
and BIC, respectively–are used for model selection but require that the model distributions
are normal, thereby enabling the derivation of the log likelihood function c.f., X-means
clustering [12]). Towards this end, compression, complexity, and clustering are all closely
related because they are all tasked with object definition.

The process P illustrated in Figure 1 is fundamentally one of dimension reduction
wherein the clusters are assigned in the intrinsic dimensional space based on the relative
complexity of the encoded signals. In the “simple” case, gφ defines a linear map via the
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singular value decomposition (SVD) and the distance (i.e., algorithmic complexity) is defined
as the Euclidean length between compressed observations. By allowing gφ to be non-
linear and by clustering based on an affinity matrix derived from an information–theoretic
dissimilarity metric, we can remove as much contextual bias from the underlying datatype
as possible, allowing this method to generalize to any class of observations (e.g., video).
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Figure 1. Compression by a lossless encoder gφ removes redundancy. The observations in L are then
represented in the latent space defined by z and clustered according to their normalized compression
distance [13]: a tractable approximation of the algorithmic complexity (image inspiration from [6]).

Returning to our hypothetical library L ∈ Rn, we can see how applying P as an
online algorithm could be used to refine L from a Library of Babel into a tractable library of
primordial elements. In this way, P : L→ K where pi = ỹi is the median (n.b., the mean
can also be used but is less interpretable as medians correspond directly to entries in L) of
the i-th cluster such that yi ⊆ L for i = (1, ..., m) and m � n. It is important to make the
distinction between the learned basis Ψr ∈ Rr and K ∈ Rm. A good analogy is to think of
Ψr as an alphabet, and K as a phrase book. To get an idea of the relative sizes of n, m, and
r, the Oxford English Dictionary comprises n = 171, 476 words, while a typical English
phrase book uses no more than m = 2000 words. Finally, there are r = 26 letters in the
English alphabet. In other words, K is a “Pareto optimal” starting point for communication.

Suppose, as depicted in Figure 1, we have two classes of objects, A and B. We can
define their differences as the complexity of the shortest program that transforms A into
B. This is known as the algorithmic complexity and is effectively a theoretical measure
of distance between objects [14]. If we want to use prior observations b1, ..., bn ∈ B to
approximate unseen phenomena ai ∈ A, then

ai =
m

∑
j=1

xjbj such that m ∝ K(ai, B) (1)

(assuming target error is reached) where x is a coefficient vector of weights, and K(ai, B) is
the algorithmic (Kolmogorov) complexity between the observation and known morphemes.
The number of morphemes needed to describe new object scales proportionally with the
rarity (relative to the Kanji) of the object. Toward this end, a “good” Kanji should be large
enough to not require too many morphemes such that description becomes impractical
(n.b., a radix is an example of numeric Kanji. Binary is comprises 2 “morphemes” (i.e., 0,1);
if we want to represent the number 134 in binary, we need to concatenate 8 characters (i.e.,
10000110)—alternatively, in the decimal system, there are 10 morphemes such that we can
represent the same information with 3 characters) and not too many as to be intractable
(most native Japanese speakers are familiar with a couple thousand). While the original
Kanji emerged naturally over thousands of years and captures complex and poetic themes
that transcend quantitative analysis, modern machine learning methods contain all the
necessary tools to “learn” a living Kanji via an online version of the process P , given
sufficient exposure to training data and assuming that all data types can be accepted by the
autoencoder.

While a universal living Kanji for all past, present, and future knowledge will likely
remain a dream of theorists and science fiction authors, it does not mean that learned
reference libraries are infeasible for many domain-specific tasks. Fundamentally, the
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efficacy and tractability of learning a representative K is determined by the relative rarity
of the observation. Consequently, if the amount of “surprising” data increases, then so
must our access to unseen observations via the emergence of new basis modes embodying
this newfound “surprise”. Toward this end, features expressed as combinations of novel
basis modes, mined from the set of knowns, can be used to design optimized metrological
equipment for future unknowns. This positive feedback loop will accelerate discovery
by enabling the description of new observations. While up to this point, the discussion
has been highly theoretical, in the following sections, we will review specific methods in
machine learning and information theory with real-world applications. Additionally, we
will show how these methods can be applied via concrete examples with different data
types before concluding with an outlook toward a “fourth paradigm” for metrology in the
era of big data.

2. An Information Theoretic Approach to Measurement

As discussed, the principle of factor sparsity states that the majority of a systems
information is describable by a minority of the available content [15]. This creates an
opportunity to exploit statistical regularities and construct inference models from far fewer
observations. In the context of spectrometry, observed spectra are the result of the “vital few”
interacting with many reflective and absorbing materials [16,17], making observed spectra
naturally sparse (i.e., comprised of a few dominant signals). Signals that can be sparsely
represented are also highly compressible [18], meaning that the information contained
within the signal can be encoded by a much smaller number of non-zero coefficients
in a representative transform basis. The observation that many natural phenomena are
themselves sparse, is consistent with the atomic hypothesis and appears to be an axiom of
our universe [19]. For metrology, the implication of this axiom is that if all natural signals
can be reduced to an intrinsic dimension, then measurement devices (i.e., quantizers) should
be defined relative to this latent space rather than an arbitrary rate.

When a signal is measured, it is quantized into discrete bits of information which
can then be transmitted in an appropriate format. The sampling rate refers to the number
of bits collected over some unit interval. Resolution, on the other hand, is the smallest
detectable change typically defined over an interval δ [20]. A lossless quantizer will be able
to resolve changes greater than or equal to δ without loss of information. As described
by the Shannon–Nyquist sampling theorem [21], this specifies the sampling rate as being
twice the minimum bandwidth of the signal (assuming the signal is bandlimited). The
assumption that all signals are bandlimited is one of convenience, yet natural signals are
inherently non-bandlimited. Consequently, every measured signal (adhering to Shannon–
Nyquist theorem or not) is an approximation of the “true” signal, which we can only
assume exists as a platonic form.

Another way to think about quantification is in terms of the intrinsic dimension, z,
as illustrated in Figure 1. The intrinsic dimension is the number of features, or degrees
of freedom, needed to uniquely describe all of the information comprised within the sig-
nal [22]. Recent advances in sparse representation and linear programming were able
to demonstrate “sub-Nyquist” sampling by exploiting regularities in the intrinsic dimen-
sion via compressed sensing [23,24]. While compressed sensing is not, strictly speaking,
inconsistent or a violation of the Shannon–Nyquist theorem, it is a viable approach to
optimized sensing when signals are sparse relative to a generic transform basis. In practice,
compressed sensing has transformed sensing across disciplines and established itself as the
new baseline approach for many applications [25,26].

2.1. Intrinsic to What?

As we saw in Figure 1, the intrinsic dimension of an observation is defined by the
latent space z such that the error between the input and output is minimized and below a
predetermined error threshold. In the most general case, the latent space can be learned
using deep autoencoder networks as a non-linear mapping. In most applications, a simple
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linear map defined by the singular value decomposition (SVD) is sufficient. Toward this
end, for a given finite dataset of Ys, one can derive a set of eigenYs by computing the
principal components of the observation matrix Y. Functionally, these eigenvectors define a
coordinate system aligned with the variance associated to Y. Alternatively, another way
to approach the intrinsic dimension flirts with the sorites paradox wherein given a finite
(quantized) signal, if one were to iteratively remove points along the distribution, at some
iteration, for some set of selected and removed points, the signal becomes unrecoverable. If
the points are equally distributed, we know when the breaking point occurs (i.e., according
to Shannon–Nyquist), but this is less clear when deletion is neither random nor uniform.

In either case, the basis Ψr defines the low-rank approximation (an exact low-rank
structure is rare). Here, Ψr comprises r modes “learned” from the singular values, Σr.

Ψr = Y V Σ−1
r (2)

We say Ψr is a “data-driven” or tailored basis [7] because it is derived from the original
data matrix Y opposed to an “off-the-shelf”, universal, basis such as Fourier (n.b., we
will distinguish data-driven bases from universal ones, with the subscript “r” indicating
rank). The distinction between data-driven and universal bases is an important one that is
closely related to interpretability. Universal bases are, by definition, generic and, therefore,
removed from the structures and properties comprised within the signal. Each mode in
a generic basis is “free” in the sense that graphemes are “free” from meaning as defined
under the analogical concept interpretation [27]. Despite not (necessarily) being physically
interpretable, data-driven basis modes are linked to specific structures and properties,
thereby trading versatility for descriptivity and moving to a higher level of abstraction
along the Pareto frontier (i.e., from grapheme to morpheme).

In order to illustrate the differences between data-driven and universal bases, let
us take the example of finding the optimal sensor locations for encoding an observed
high-dimensional signal. We suppose that the measurement process is modeled by a matrix
P: Rn → Rp, where p ≥ r. For a simple (1D) signal such as a normalized spectral power
distribution, E(λ), the measured output is given by

y(λ) = PE(λ). (3)

The goal is then to use a universal Ψ or data-driven Ψr basis to reconstruct the mea-
surement.

y(λ) ≈ P
r

∑
i=1

xi ψi (4)

Unsurprisingly, determining the “best” P also depends on the type of basis used. For
a signal measured at p points, reconstruction error is minimal when the sample locations
correspond to the first non-zero p entries of P derived from a data-driven basis via QR
factorization with column pivoting [7].

ΨrP = QR (5)

In the case when p = r, QR factorization is much faster than conventional approaches
to model order reduction (MOR) running on O(rn2) [7], compared to convex optimiza-
tion methods [28] requiring O(n3) per iteration. Toward this end, QR factorization is an
attractive approach to optimal subset selection when the learned basis effectively captures
features unique to the observed signals. The efficacy of a basis to span feature space does
not necessarily increase with the size of the original data matrix (as is sometimes implied)
but instead scales with the homogeneity of the set. As Y becomes more heterogeneous, the
learned basis will become increasingly similar to a universal basis. In Figure 2, we can see
this in action when we derive the basis for sets of normalized spectral power distributions.
In this example, we derive Ψr via symmetric non-negative matrix factorization [29], which
is an alternative MOR that has practical advantages for spectral sensing (discussed in
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the following section). Suffice to say, the basis modes are constrained to be non-negative,
making them conceptually easier to interpret. In the four example sets we show, the
number of modes is kept at r = 6. For each set of derived basis modes, we compute an
index shown on the plot that evaluates the dissimilarity of the modes form fitted Gaussian
radial basis functions. Higher values indicate that the basis modes are less Gaussian (and
thus more “tailored” to the observations), which can also be seen upon visual inspection.
While this observation is fairly trivial, it supports the idea that the structure of universal
bases is emergent and primordial in that they represent forms that are shared amongst all
observations. In the limit that a set equally expresses all possible features, the common
denominator in any low-rank decomposition are universal basis modes.
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Figure 2. The advantage of using a data-driven basis to solve the tailored sensing problem over
classical compressed sensing illustrated in the reconstruction of a spectral power distribution sampled
at different rates. Although the tailored library K contains fewer modes, enough shared features
enable high-performance reconstruction, compared with generic Fourier modes (especially as seen in
recovering the structure in the highlighted box).

The example in Figure 2 illustrates the core trade-off between data-driven tailored and
universal bases, yet it should also be noted that the number of modes is fixed, and the
efficacy of the derived bases to reconstruct their corresponding set of observations will
not be the same. As the structure of the modes becomes more “normal”, the number of
modes needed to retain reconstruction fidelity increases. This is reflected in the compressed
sensing (CS) theorem [24,30] wherein given the reformalization of Equation (4), if we want
to use a generic basis to recover a measured signal, then

E(λ) = xPΨ = xΘ (6)

can be solved via
min ‖x‖1 subject to E(λ) = xΘ. (7)

In accordance with the CS theorem, reconstruction from p randomly sampled points
is possible with high probability when p ≥ 2Klog(n/K) + (7/5)K, where n is the number
of generic basis modes and K is the number of non-zero entries in x [31]. While there are a
few subtleties we will not discuss (and which are better explained in [26]), the ingenuity of
CS is that it allows for sub-Nyquist sampling without information loss by taking advantage
of the compressibility of natural signals in a universal transform basis. In other words,
the CS theorem demonstrates that for non-random signals, the intrinsic dimension of a
single can be much smaller than previously understood under the classical interpretation
of the Shannon–Nyquist theorem. In practice, this translates to sampling rates that can be
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roughly 10% of the classical Nyquist rate [6]. The key advantage of using generic bases is
that no a priori knowledge of the structures or properties of the unknown signal is required.
Therefore, representing a signal either in terms of the Nyquist rate or in terms of its sparse
representation in a generic transfer basis are functionally identical.

From the perspective of information theory, CS presents a novel way of thinking
about the intrinsic dimension of observables. It is an evolution of the Shannon–Nyquist
theorem and a mathematical embodiment of Occam’s razor [32]. Within the context of
the measurement of natural signals, such as light, CS provides the analytical framework
needed to define the ground truth signal length over a specified range based solely on the
amount of information comprised in the signal relative to the basis modes. In other words,
as a general theory, CS can be used to set standards and norms on the minimal acceptable
resolution and error (δ± ε) for measuring classes of natural signals. The problem with
compressed sensing is two-fold; first, the advantage in sampling may not always be that
competitive, especially when K is large. Second, because CS requires a universal basis and
random sensor placement, there is no possibility of taking advantage of optimized sensor
locations or informing the sampling protocol of devices via QR factorization.

2.2. Importance of Sparse Representation

Universality is typically a favorable property of bases for sparse representation, but in
many real-world applications, total generality often results in overfit models. Nowhere
is this more apparent than in the encoding of natural signals, which are well known to
express statistical regularities [1]. Critically, universality ignores the truism that growth is
the result of naturally occurring multiplicative processes [33], which are reflected in the
regularities characterized by the distributions of Pareto and Zipf [34]. Toward this end,
finding the “right” basis means balancing complexity and interpretability via a Pareto-
efficient multi-objective optimization framework.

While CS sets strict theoretical limits on signal compressibility and, consequently,
defines its intrinsic dimension, theorists realized that eschewing the statistical guarantees
[35], by using data-driven bases and overcomplete dictionaries, can lead to dramatic
increases in performance in practice [7]. Above all else, Equation (6) is tractable if, and only
if, x is sparse and the properties placed on Ψ for CS are to ensure that sparsity is guaranteed
without a priori knowledge of the underlying system. Since the seminal publication of
CS in 2006, access to information has dramatically evolved, allowing researchers to mine
extensive online libraries to build customized sparse representation dictionaries and data-
driven bases via state-of-the-art machine learning methods. One method that is particularly
well suited for CS is sparse dictionary learning (SDL), whose origins predate CS [36].

Like a basis, a dictionary is composed of basic elements. These basic elements are
referred to in the literature as “atoms” in order to differentiate them from basis modes
which form a linearly independent spanning set. This is the same distinction made previ-
ously between an alphabet of graphemes and a Kanji of morphemes. Practically, the SDL
optimization problem is similar to Equation (7), wherein a dictionary K is learned for a
given set of observations Y such that

min ‖x‖1 subject to ‖Y−Kx‖2
2 ≤ ε (8)

and ε represents the error tolerance. The dictionary learning process can also be made
into an online algorithm which has a number of advantages and is conceptually consistent
with the idea presented in Section 1.2 that a dictionary or “Kanji” should evolve as new
information is acquired. Additionally, online versions of conventional algorithms are be-
coming more common as streaming becomes an increasingly viable source of raw data [37].
The online dictionary learning (ODL) algorithm relies on the same optimization as above,
such that the following holds:

1. While t < T;
2. Draw a new sample, yt, and initialize K0 ⊂ Y and r � n;
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3. Find a sparse coding: xt = argmin
x∈Rn

1
2‖yt −Kt−1x‖2

2 + λ‖x‖1;

4. Update dictionary: Kt = argmin
K∈C

1
t ∑t

i=1

(
1
2‖yi −Kxi‖2

2 + λ‖xi‖1

)
;

5. Update number of iterations: t = t + 1.

C , {K ∈ Rr×n : ‖ki‖2
2 ≤ 1 ∀ i = (1, ..., n)} is a convex set of matrices constraining K,

and ki is the i-th atom in the learned dictionary [38]. In this example, the initial dictionary is
set to a random subset of our observational matrix Y. During each iteration, the optimization
process adjusts the structure of these vectors slightly to find a better sparse representation.
Consequently, after T iterations, the columns of KT no longer resemble true observations,
making them structurally more similar to cluster means. Toward this end, instead of
finding the best subset of representative signals within a training set, SDL finds the most
complete representation of each class of possible signals and balances information fidelity
and interpretability much better than PCA.

The advantage of SDL as an online algorithm is that as datasets continue to grow,
there is a high possibility that the elements in Y are naturally sparse, thereby requiring less
deformation of the signals in the ansatz dictionary K0. As we approach the limit where all
possible signals are contained in Y, the computational burden is to find the fewest number
d of representative spectra that contribute the most to a given observation (i.e., the vital
few). By discarding structurally similar signals, a learned dictionary K offers real-world
computational advantages. For this reason, big data can directly inform the best sparse
representation for data-driven compressed sensing applications. While “big data” is often
criticized as a wasteland of “digital garbage” [39], when used correctly, applications such as
compressed sensing an SDL provide a framework to maximize the efficacy of large datasets.

3. Data-Driven Measurement

When the sparse representation basis is derived from prior observations, we refer
to the reconstruction process as being data driven. In this section, we explore the data-
driven cousins to the compressed sensing problem and investigate their potential impact
on measurement. Let us start with a simple thought experiment: measuring the diameter
of a coin. There are two approaches that one could take: measure the coin directly with a
certified and calibrated device (e.g., a caliper), or identify the coin based on some features
and look up its diameter, based on the observation that this coin belongs to a specific
class of coins whose diameters are well known. The latter is a form of inference [40]
and may be more efficient in practice, especially when the relevant domain knowledge is
available. Suppose we expand the task to involve many coins; it will take much longer
to measure each individually rather than using visual inspection to count and sort them
before reporting the sizes for each class using a standard reference. Not only does this
method require less physical hardware (no caliper needed), but the recorded data will
comprise fewer bits, as class is a categorical and not continuous variable. Of course, this
inference method only works when sufficient knowledge exists (i.e., after many coins have
been measured) and therefore represents a data-driven approach. This simple example
highlights an important observation: in the limit in which we have perfect information
about a system, the effective intrinsic dimension of an observation is the minimum amount
of information needed to differentiate it from all other known observations within that
system [41]. Returning to the coin example, given that we know there is a finite number of
possible coins, we only need to compile a set of feature arrays that uniquely define a coin
within this finite set. Exchanging coins for any other data, we can imagine how increasing
observational records can re-contextualize measurement as a classification problem.

The caveat for any data-driven method is that a sufficient number of measurements
have to be made beforehand, either at or above the Nyquist rate (even if this is done
through compressed sensing) in order to infer the underlying structures and properties
of observations. To make an inference approach viable, a mathematical formalism is
needed, and recent advances in signal processing are moving in this direction already.
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Tailored sensing can be thought of as an extension of compressed sensing to a data-driven
basis [7]. To see how tailored sensing differs from compressive sensing, we can imagine
three different scenarios: (1) we have no prior information (i.e., the cardinality of the set of
prior information, n = 0), (2) we have access to a prior observation (n = 1) that is similar
to what we intend to measure, and (3) we have multiple prior observations (n ≥ r > 1)
that we can reference before we make a new observation. In the first case, we can sample
at the compressed sensing rate r ≥ 2Klog(n/K) + (7/5)K, where K is the sparsity of the
coefficient vector [31] and must use a generic basis for the reconstruction. In the second case,
we still have to use a generic basis (a single signal is not sufficient to derive a tailored basis),
but we can use the signal as a prior such that we can initiate the reconstruction process by
telling the algorithm to start with solutions close to this previous observation [42]. Lastly,
if we have access to a sufficient number of prior measurements (n ≥ r), we can use these
measurements to derive a tailored basis by decomposing the matrix of prior observations
into basic component elements (i.e., basis vectors). Under each of these three cases, the
intrinsic dimension of the signal changes as a function of available domain knowledge. In
other words, what defines the signal changes based on how much information is needed
to differentiate it from all other signals. Therefore, in the limit that we have measured
all possible signals, the intrinsic dimension of the signal would be the smallest lossless
embedding.

3.1. Compressed Sensing with Prior Information

Fundamentally, the success of data-driven methods is predicated on the observation
that the physical world is not random. Regularities, referred to in the literature as domain
knowledge, and prior information, or simply priors, enable opportunities to more efficiently
encode information. Priors are specifically interesting when collecting time-series data
since samples taken at time (t − ∆t) are not likely to differ significantly from a sample
taken at t. Furthermore, the amount of information required to determine if the scene
is changing is less than the information needed to capture the scene itself [43]. Many
real-world applications are made simpler with prior information (e.g., video analysis). The
compressed sensing problem with prior information (CSwP) can be written as

min ‖x‖1 + β‖x−w‖1 subject to y = xPΨ (9)

where Ψ is a generic basis matrix, x is a sparse coefficient vector, y is the measured output,
w is a similar signal or prior, and β is a positive coefficient balancing sparsity and prior
information. This echoes the compressed sensing problem closely with only the addition
of the prior information term. While there have been several methods proposed with
similar approaches to the CSwP algorithm, it has been shown that the solution is optimized
for β = 1 and translates to 71% reduction in the required rate to recover the unknown
information, compared to classical compressed sensing in specific compression tasks [42].
The more similar the prior is to the unknown signal, the smaller the amount of information
required to capture its properties. In cases where observations distort within a predictable
range, CSwP may provide significant advantages in encoder design and compression.

3.2. Tailored Sensing

Tailored sensing extends compressed sensing to further exploit statistical regularities
in vast collections of previous observations [7]. The easiest way to derive a tailored basis is
to apply PCA. As discussed, caution is advised, as the coordinate space formed by the PCA
basis is abstract in the sense that it represents the uniquely identifying features without
referencing specific physical properties of the signals themselves. While other matrix
decomposition methods may be better suited depending on context (c.f., non-negative
matrix factorization), PCA has routinely performed well for a diversity of applications [44].
Regardless, any orthogonal basis or overcomplete dictionary derived from the data will
outperform generic methods if the data under investigation are similar to those used to
derive the basis.
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Unlike generic bases, the information encoded in the learned basis can also be used to
determine sensor locations for optimized signal encoding. Returning to the coin analogy,
we can look at historical records of coins to find the features that maximally discriminate
them and define a classifier that looks for those specific traits. In practice, this means
using the tailored basis Ψ to derive sensor locations that are optimally placed to capture
the intrinsic properties of the signal. Recall that uniform sampling is penalized under
the Shannon–Nyquist theorem at twice the effective bandwidth that compressed sensing
requires. Tailored sensing only requires that the number of sample points is greater than
or equal to the intrinsic rank of the data, which can be determined via Equation (2). Since
the dominant columns of Ψr represent the majority of the information comprised in Y, we
can use Ψr to infer the optimal sensor locations given that we will use Ψr as the basis for
reconstruction.

The combination of tailored bases and QR factorization offers a robust framework
for establishing data-driven metrological standards and norms. The derivation of P from
Ψ is a direct and computationally light methodology that can inform directly the design
properties of an encoder, thereby circumventing guesswork and assumptions based on
uniform distribution or brute-force optimization. What P represents is as close as we can
get to a standard observer for a specific class of signals. In the limit that number of prior
observations goes to the infinite, P will become “generic” in the sense that it is optimized for
all conceivable observations of its approved class (i.e., visible spectral power distributions).

4. A Framework Toward “Fourth-Paradigm” Metrology

What makes one observation different from another is highly non-trivial yet essential
for constructing a system of measurement. Metrology has always relied on characterizing
the unknown by the known, even if the choice of the known reference is one of convenience
rather than rigor. Access to big data presents an opportunity to be rigorous with our choice
of reference standard by applying dimension reduction algorithms to our increasingly
vast datasets. From an information theoretic perspective, dissimilarity can be measured
as the complexity, and by extension, information entropy, of the function that maps one
observation to another [45]. Representing data collected from many natural systems with
well-known statistical regularities in a data-driven basis is an increasingly viable approach
with the opportunity to make significant improvements in the size and compressibility
of measurements. In Figure 3, we sketch out how the concepts reviewed herein could be
integrated into a singular data-driven framework.

The framework outlined in Figure 3 optimizes both the dictionary (Kanji) K and
the information encoder P. As L accumulates information, P will stabilize. In a way, P
represents the ultimate standard observer, which is importantly capable of evolving with
new information rather than being limited to a specific context or standard. While generic
and universal bases have a role sparse representation, we should not ignore the potential
of data-driven methods, especially considering how their relevance will continue to evolve,
depending on the efficacy of MOR and other machine-learning methods.
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Ẽ(l) = NE(l) 19

Non-random, chaotic, signals arise from natural and engineered processes [1]. As 20

such, information transmitted from physical systems is routinely captured and stored in 21

increasingly large datasets. As the number of recorded observations tends towards the 22

number of all possible observations (which is not necessarily infinite depending on the 23

domain), then any basis derived from this library of priors (e.g., via proper orthogonal 24

decomposition) will span the feature space of all observations. Broadly speaking, mea- 25

surements are observational snapshots encoded by devices calibrated for specific uses 26

[2] and are typically taken without knowledge of the underlying system. For example, 27

amplification of recorded electrical signals is unbiased as to their source. Greater data 28

availability means that most contemporary measurements are not likely to retain especially 29

surprising information, reflected in the truism, the more we know about our world, the less 30

there is to discover. In fields where the structures and properties of physical phenomena 31

are well-documented, there are more assumptions we can be made about the design of mea- 32

surement hardware, as well as the classification structure of a domain-specific taxonomy. 33

For example, while there are numerous species of insects that have yet to be discovered, 34

enough have been identified to reasonably conclude that any unknown species that remain 35

Version February 6, 2022 submitted to Information https://www.mdpi.com/journal/information

Citation: Webler, F.S. and Andersen, M.

Measurement in the age of information.

Information 2022, 1, 0. https://doi.org/

Received:

Accepted:

Published:

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Submitted to Information for

possible open access publication

under the terms and conditions

of the Creative Commons Attri-

bution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

Article

Measurement in the age of information

Forrest Simon Webler 1⇤ and Marilyne Andersen 1

1 Laboratory of Integrated Performance In Design (LIPID), School of Architecture, Civil and Environmental
Engineering (ENAC), École Polytechnique Fédérale de Lausanne (EPFL), Lausanne, Switzerland

* Correspondence: forrest.webler@epfl.ch

Abstract: Information is the resolution of uncertainty that manifests itself as patterns. Although 1

complex, most observable phenomena are not random and instead are associated to highly complex, 2

yet deterministic, chaotic systems. The underlying patterns and symmetries expressed from these 3

phenomena determine how much they can be compressed without losing information. While some 4

patterns like the existence of Fourier modes are easy to extract, advances in machine learning have 5

enabled more comprehensive methods in feature extraction most notably in their ability to find non- 6

linear relationships. Herein we review some of these methods and their application to the discovery 7

of new transform bases. We highlight the efficacy of these bases over generic ones (e.g., Fourier) 8

in encoding information and contextualize these developments in the evolution of metrology. In 9

short, the intrinsic dimension of a signal can be redefined in the dimension of a data-driven low-rank 10

feature space. Towards this end, the metrological standards and norms that determine the resolution 11

of devices used to encode information may need to be redefined within the context of an data-rich 12

world. 13

Keywords: measurement; big data; matrix decomposition; sparse representation; tailored sensing 14

1. Introduction 15

KP = QR 16

N : R• ! Rn
17

K L 18
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Figure 6.18: Neural network architectures commonly considered in the litera-
ture. The NNs are comprised of input nodes, output nodes, and hidden nodes.
Additionally, the nodes can have memory, perform convolution and/or pool-
ing, and perform a kernel transformation. Each network, and their acronym is
explained in the text.
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Figure 1. Compression by a lossless encoder gf removes redundancy. The observations in L are then
represented in the latent space defined by z and clustered according to their normalized compression
distance [13]; a tractable approximation of the algorithmic complexity.

dissimilarity metric, we can remove as much contextual bias from the underlying datatype 89

as possible allowing this method to generalize to any class of observations (e.g., video). 90

Returning to our hypothetical library L 2 Rn, we can see how applying P as an 91

online algorithm could be used to refine L from a Library of Babel into a tractable library 92

of primordial elements. In this way P : L ! K where pi = ỹi is the median2 of the i-th 93

cluster such that yi ✓ L for i = (1, ..., m) and m ⌧ n. It is important to make the distinction 94

between the learned basis Yr 2 Rr and K 2 Rm. A good analogy is to think of Yr as an 95

alphabet, and K as a phrase book3. In other words, K is a "Pareto optimal" starting point 96

for communication. 97

Suppose, as depicted in Figure 1, we have two classes of objects A and B. We can define 98

their differences as the complexity of the shortest program that transforms A into B. This 99

is known as the algorithmic complexity and is effectively a theoretical measure of distance 100

between objects [14]. If we want to use prior observations b1, ..., bn 2 B to approximate an 101

unseen phenomena ai 2 A, then 102

ai =
m

Â
j=1

xjbj such that m µ K(ai, B) (1)

where x is a coefficient vector of weights and K(ai, B) is the algorithmic (Kolmogorov) 103

complexity between the observation and known morphemes. The number of morphemes 104

needed to describe a new object scales proportionally with the rarity (relative to the Kanji) 105

of the object. Towards this end, a "good" Kanji should be large enough as not to not require 106

too many morphemes such that description becomes impractical4 and not too many as 107

to be intractable (most native Japanese are familiar with a couple thousand). While the 108

original Kanji emerged naturally over thousands of years and captures complex and poetic 109

themes that transcend quantitative analysis, modern machine learning methods contain 110

all the necessary tools to "learn" a living Kanji via an online version of the process P given 111

sufficient exposure to training data and assuming that all datatypes can be accepted by the 112

autoencoder. 113

While a universal living Kanji for all past, present, and future knowledge will likely 114

remain a dream of theorists and science-fiction authors, it does not mean that learned 115

reference libraries are infeasible for many domain-specific tasks. Fundamentally, the 116

efficacy and tractability of learning a representative K is determined by the relative rarity 117

of the observation. Consequently, if the amount of "surprising" data increases, then so 118

must our access to unseen observations via the emergence of new basis modes embodying 119

2 The mean (or any aggregator) can also be used but is less interpretable as medians correspond to entries in L.
3 To understand the relative size of n, m, and r, the Oxford English Dictionary comprises n = 171, 476 words

while a typical English phrase book uses no more than m = 2000 words. Finally, there are r = 26 letters in the
English alphabet.

4 A radix is an example of numeric Kanji. Binary is a "Kanji" with 2 "morphemes" (0,1). If we want to represent
the number 134 in binary, we need to concatenate 8 characters (i.e., 10000110). Alternatively, the decimal
system there are 10 morphemes such that we can represent the same information with 3 characters (i.e., 134).

Figure 3. An integrated framework for synthesizing new information into a tractable dictionary K
and optimal encoder structure P. As data are collected, they are fed back into the overcomplete library.
Process P is expanded in Figure 1.

5. Conclusions

Accelerating access to datasets across domains has led to a greater understanding
of the patterns and regularities that comprise observable phenomena. If we think of all
natural systems as unique configurations of low-dimensional dynamics, we can better
characterize the structures and properties of highly complex systems. While measurement
has traditionally been seen as objective, it is important to understand the limitations of
a one-size-fits-all approach to standards and practices in metrology. In this review, we
contextualized metrology through the lens of information theory by presenting methods
to deconstruct heterogeneous signal populations into increasingly homogeneous basic
elements. Specifically, we reviewed two approaches: compressed sensing and data-driven
tailored sensing. While both are methods of sparse signal recovery, the former is axiomati-
cally freer, while the latter is based on the existence of domain knowledge. Herein we have
sketched out a proposed framework that connects ideas in MOR and sparse representation
with the hope that metrology, in the context of “fourth-paradigm” ideology, may continue
to evolve.
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