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Abstract

Many transportation markets are characterized by oligopolistic competition. In these
markets customers, suppliers and regulators make decisions that are influenced by the
preferences and the decisions of all other agents. In particular, capturing and
understanding demand heterogeneity is key for suppliers and regulators to develop
optimal strategies and policies. A state-of-the-art approach to model demand at a
disaggregate level is discrete choice modeling. This thesis deals with the integration of
discrete choice models into optimization and equilibrium problems by means of
simulation.

First, we analyze a deregulated competitive market. When a disaggregate heterogeneous
demand is considered, there is no theoretical guarantee that a market equilibrium
solution exists, nor it is possible to rely on derivative-based methods to find one.
Therefore, we propose a simulation-based heuristic to find approximate equilibrium
solutions. Numerical experiments show that the proposed algorithm can approximate the
results of an exact method that finds a pure equilibrium in the case of logit demand with
single-product offer and homogeneous customers. Furthermore, the algorithm succeeds
at finding approximate equilibria for two transportation case studies featuring more
complex discrete choice models, heterogeneous demand, multi-product offer by supplies,
and price differentiation, for which no analytical approach exists.

Then, the framework is extended to the case of a regulated competitive market. In this
case, the objective of the regulator is to find optimal price-based policies which affect the
behavior of all other agents towards welfare-maximizing outcomes. In transport markets,
economic instruments might target specific alternatives, to reduce externalities such as
congestion or emissions, or specific segments of the population. A mixed-integer linear
optimization model is presented which finds optimal policies subject to supply’s profit
maximization and demand’s utility maximization constraints. This model is included
into an adapted version of the simulation-based heuristic framework developed for
deregulated competition. Numerical experiments on an intercity travel case study show
how the regulator can optimize taxes and subsidies for different objective functions and
scenarios.

Finally, a deeper analysis is conducted on the choice-based optimization model that
represents a fundamental block, and the most computationally expensive one, of the
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Abstract

choice-based equilibrium framework. Because of simulation, the problem has a
block-diagonal structure that makes it suitable to the use of mathematical decomposition
techniques. Specifically, it is shown that a formulation in which all the decision variables
of the supplier are discrete is amenable to the use of Benders decomposition. Under this
assumption, a Benders decomposition scheme is derived and implemented within a
branch-and-cut approach to solve an uncapacitated facility location and pricing problem
with disaggregate demand. Numerical experiments that compare this approach with a
black-box solver show that the black-box solver is faster at solving small instances, while
Benders decomposition is faster on larger instances. The possibility to achieve speed-ups
through enhancements available in the literature and to tackle large problems with more
complex structures should motivate further investigation of Benders and other
decomposition techniques for other classes of choice-based optimization problems.

Keywords: disaggregate demand, discrete choice models, equilibrium, competition,
regulation, combinatorial optimization, Benders decomposition.
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Résumé

De nombreux marchés de transport sont caractérisés par une concurrence oligopolistique.
Sur ces marchés, les acteurs de l’offre et de la demande, ainsi que les régulateurs
prennent des décisions qui sont influencées par les préférences et les décisions des autres
agents. Il est particulièrement essentiel pour les acteurs de l’offre et les régulateurs de
considérer l’hétérogénéité de la demande lorsqu’ils développent leurs stratégies. La
référence méthodologique pour modéliser la demande à un niveau désagrégé est la
modélisation des choix discrets. Cette thèse a pour objectif l’intégration de modèles de
choix discrets dans les problèmes d’optimisation et d’équilibre de marché.

Nous considérons d’abord un marché concurrentiel déréglementé. Lorsqu’une demande
hétérogène désagrégée est considérée, il n’y a pas de garantie théorique qu’une solution
d’équilibre de marché existe, et il n’est pas possible de s’appuyer sur des méthodes
numériques pour en dériver une. Nous proposons dés lors une méthode heuristique qui
utilise la simulation pour trouver des solutions d’équilibre approximatives. Nos
expériences numériques montrent que l’algorithme proposé approche les résultats d’une
méthode exacte qui trouve un équilibre pur dans le cas simple d’une demande logit pour
un seul produit et des clients homogènes. L’algorithme réussit également à trouver des
équilibres approximatifs pour deux cas de transport incluant des modèles de choix
discrets plus complexes, considérant plusieurs produits différenciés en termes de prix et
des clients hétérogènes, pour lesquels aucune approche analytique n’existe.

Nous étendons ensuite ce cadre au cas d’un marché concurrentiel réglementé pour lequel
un régulateur décide de politiques de prix en ayant pour objectif la maximisation du
bien-être. Sur les marchés des transports, les instruments économiques peuvent cibler
des offres de transport spécifiques, pour réduire les externalités telles que les émissions,
ou des segments spécifiques de la population. Un modèle d’optimisation en nombres
entiers mixtes est présenté. L’objectif est de trouver des politiques optimales tout en
satisfaisant les contraintes de maximisation du profit pour les fournisseurs et de
maximisation de l’utilité pour les clients. Nos expériences numériques sur une étude de
cas de voyage interurbain montrent comment un régulateur peut optimiser les taxes et
les subventions pour différentes fonctions objectives et différents scénarios.

Nous terminons par une analyse du modèle d’optimisation basé sur les choix. En raison
de la simulation, le problème présente une structure bloc-diagonale qui le rend propice à
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Résumé

l’utilisation de techniques de décomposition mathématique. Plus précisément, une
formulation dans laquelle toutes les variables de décision du fournisseur sont discrètes se
prête à l’utilisation de la décomposition de Benders. Dans cette hypothèse, un schéma de
décomposition de Benders est dérivé et mis en œuvre dans le cadre d’une approche de
branchement et de coupe pour résoudre un problème de localisation et de tarification
d’installations sans contrainte de capacité avec une demande désagrégée. Nos
expériences numériques qui comparent cette approche avec un solveur commercial
montrent que ce dernier est plus rapide pour résoudre les petites instances, tandis que la
décomposition de Benders est plus rapide pour les instances plus importantes.

Mots-clés: demande désagrégée, modèles de choix discrets, équilibre, concurrence,
réglementation, optimisation combinatoire, décomposition de Benders.
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Riassunto

Nel settore dei trasporti molti mercati presentano una struttura oligopolistica in cui i
fornitori, i consumatori e il regolatore prendono delle decisioni che sono influenzate dalle
decisioni e dalle preferenze di tutti gli altri agenti. In particolare, affinché regolatore e
fornitori possano prendere decisioni ottimali, è fondamentale considerare l’eterogeneità di
comportamento dei consumatori. I modelli a scelta discreta rappresentano un approccio
all’avanguardia per modellare la domanda a livello disaggregato. Questa tesi si occupa
dell’integrazione di modelli a scelta discreta in modelli di ottimizzazione e di equilibrio
mediante l’utilizzo della simulazione.

Inizialmente si studia un mercato concorrenziale non regolamentato. Considerando
modelli di domanda disaggregata, non vi è alcuna garanzia teorica riguardo all’esistenza
di un equilibrio di mercato, né è possibile calcolare un tale equilibrio utilizzando metodi
basati sulle derivate. Per questa ragione, si propone un algoritmo euristico basato sulla
simulazione per trovare equilibri approssimati. Esperimenti numerici mostrano che
questo algoritmo approssima i risultati di un metodo esatto che trova l’equilibrio di
mercato nel caso di domanda logit con offerta monoprodotto e clienti omogenei. Inoltre,
si riesce a trovare equilibri di mercato approssimati per due casi studio nel campo dei
trasporti caratterizzati da modelli a scelta discreta più complessi, domanda eterogenea,
offerta multiprodotto e differenziazione dei prezzi, per i quali non esiste un metodo
risolutivo analitico.

L’analisi è poi estesa al caso di un mercato concorrenziale regolamentato. In questo
scenario il ruolo del regolatore consiste nello sviluppo di politiche pubbliche al fine di
raggiungere obiettivi di benessere sociale. Si esamina l’utilizzo di strumenti economici
per influenzare il comportamento di fornitori e consumatori attraverso misure indirizzate
ad alternative specifiche, per ridurre esternalità quali congestione o emissioni, oppure a
segmenti specifici della popolazione. Si presenta un modello di ottimizzazione lineare
intera mista che trova le decisioni ottime per il regolatore, rispettando i vincoli di
massimizzazione del profitto delle imprese e massimizzazione delle utilità degli individui.
Il modello è incorporato nell’algoritmo euristico sviluppato precedentemente per la
concorrenza non regolamentata. Esperimenti numerici su un mercato di trasporto
interurbano mostrano come l’algoritmo possa ottimizzare le politiche del regolatore per
diverse funzioni obiettivo.
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Riassunto

Infine, si analizza il modello di ottimizzazione del singolo fornitore. A causa dell’uso
della simulazione, la formulazione presenta una struttura diagonale a blocchi adatta
all’utilizzo di metodi di decomposizione, in particolare quando tutte le variabili
decisionali del fornitore sono discrete. Questa osservazione motiva l’implementazione di
una decomposizione di Benders all’interno di un algoritmo di branch and cut per
risolvere un problema di ottimizzazione di localizzazione e prezzo con domanda
disaggregata. Gli esperimenti numerici mostrano che le prestazioni dell’algoritmo sono
paragonabili a quelle di un solver commerciale. La possibilità di ottenere accelerazioni
tramite l’implementazione di tecniche disponibili in letteratura rende appetibile l’utilizzo
della decomposizione di Benders e di altre decomposizioni per problemi di ottimizzazione
con domanda disaggregata.

Parole chiave: domanda disaggregata, modelli a scelta discreta, equilibrio di mercato,
concorrenza, regolamentazione, ottimizzazione combinatoria, decomposizione di Benders.
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1
Introduction

1.1 Motivation
Oligopolistic competition occurs frequently in transportation markets for reasons such as
external regulations, limited capacity of the infrastructure and barriers to entry. In
oligopolies the decisions of agents such as customers, suppliers and regulators are
governed by complex interactions. Various methodologies exist which aim to model these
interactions mathematically, by combining demand and supply within a unique
framework. For markets where customers select one out of a finite set of mutually
exclusive alternatives, discrete choice models constitute a state-of-the-art approach to
model demand at a disaggregate level.

Rooted in the traditional microeconomic consumer theory, in which decision makers are
modeled as perfectly rational utility maximizing agents, discrete choice models are built
upon the assumption that utility functions are not fully known to the analyst and must
therefore be treated as continuous random variables. This framework is known as
random utility maximization theory (McFadden, 1974; Manski, 1977). For this reason,
discrete choice models are probabilistic models which are used to predict decisions.
Choice probabilities are expressed as a function of the explanatory variables, which
include the attributes of the alternatives and the socioeconomic characteristics of the
decision makers. The explanatory variables and the associated parameters produce the
deterministic (or systematic) component of the utility function. The assumption about
the distribution of the stochastic component of the utility function identifies various
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CHAPTER 1. INTRODUCTION

classes of discrete choice models. Popular discrete choice models are the logit and the
probit, built upon the assumption of extreme value distribution and normal distribution,
respectively. In practice, discrete choice models are widely used for prediction and
forecasting not only in transport planning, but also in fields such as healthcare and
quantitative marketing. The reason is that these models can account for product
differentiation and consumer behavioral heterogeneity at the individual level (Anderson
et al., 1992).

The integration of discrete choice models into prescriptive choice-based optimization
models is challenging, due to the non-linearity and non-convexity of the choice
probabilities. The simplest and most used discrete choice model in the choice-based
optimization literature is the logit model, which has a closed-form expression of the
choice probabilities, but relies on the independence from irrelevant alternatives (IIA)
assumption. On the contrary, the choice probabilities of most advanced models currently
considered in the choice modeling literature, including the mixed logit and the probit,
must be expressed as integrals and approximated numerically, for instance by using
simulation procedures (Train, 2009). As a result, while discrete choice models can
accurately capture heterogeneous customer behavior at a disaggregate level, their
mathematical properties make it difficult to embed them in tractable optimization
problems.

These challenges are even more remarkable when the focus shifts from an individual
supplier to multiple suppliers within the same market, to obtain choice-based equilibrium
models. The discipline that studies competition between decision makers when individual
choices jointly determine the outcome is game theory (Fudenberg and Tirole, 1991;
Osborne and Rubinstein, 1994). In a competitive market where a small number of firms
have non-negligible market power, the most relevant problem for the suppliers and for
the regulator is to determine equilibrium solutions, defined as stationary states in which
no agent can improve its status by unilaterally changing its decision (Nash, 1951).
Historically, the economic literature on equilibrium has largely focused on continuous
supply variables, such as quantities and prices, and aggregate demand. This modeling
framework requires profit functions to be continuous, continuously differentiable and
concave, in order to rely on derivative-based methods to find equilibrium outcomes.
Consequently, the integration of discrete choice models into continuous equilibrium
problems has been limited to simplistic specifications which do not allow to exploit the
strengths of advanced choice models to understand heterogeneity across the population
and correlation across alternatives.

While it has been common practice to sacrifice complexity at the demand level to retain
optimality and equilibrium conditions at the supply and at the market level, it is
legitimate to take a complementary stance and develop optimization and equilibrium
models that accommodate advanced discrete choice models of demand. There are several
reasons that could justify such a paradigm shift. First, there exist specification tests,
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such as the likelihood ratio test for nested hypotheses, that allow to say whether a
demand model is better than another model. This means that there is a quantifiable
trade-off between the realism of the assumptions on the demand model and the
complexity of the resulting supply optimization or market equilibrium problem which can
be practically assessed by the analyst on a case-by-case basis. Secondly, methodological
advances in discrete choice modeling allow to estimate models from increasingly large
data sets, also thanks to the use of machine learning techniques. This leads to richer and
more complex utility specifications which yield more precise representations of individual
behavior. In particular, there is a vast literature on choice models with latent variables,
modeling subjective behavioral dimensions such as attitudes and perceptions. Therefore,
the gap between state-of-the-art discrete choice models and discrete choice models used
in traditional choice-based optimization models has widened. Thirdly, the preservation of
the disaggregate dimension of discrete choice models within an optimization framework
can be exploited to design differentiated offers and policies that leverage on the
understanding of demand heterogeneity to target specific groups of the population. For
all these reasons, the integration of advanced discrete choice models into tractable
optimization and equilibrium models represents a relevant research topic which can help
broadening the perspective on choice-based optimization.

A methodological framework to handle the complexity of integrating discrete choice models
into optimization problems is introduced by Pacheco Paneque et al. (2021). The authors
rely on simulation to avoid the use of the non-linear choice probability expressions of
discrete choice models. More specifically, the stochasticity associated with the error term
of the utility function and of other distributed parameters is captured by drawing from the
known distributions of these functions. A sufficiently large number of simulation scenarios
are sampled, and in each of them the decision maker is assumed to deterministically
choose the alternative with the highest simulated utility. Then, the non-linear choice
probabilities can be approximated using sample average approximation (SAA) over the set
of scenarios. The relation between simulated utilities and choices can be enforced with a set
of linear constraints, which can be conveniently included in a mixed-integer optimization
model that describes the decision problem of the supplier. If all the supply decision
variables appear in the utility function of the customer linearly, then the choice-based
optimization problem is a mixed-integer linear program (MILP). The main advantage of
using simulation is that the structure of the MILP is independent from the discrete choice
model specification. This is not true when using the non-linear probability expressions,
which produce intractable models for all but the simplest optimization problems with
logit formulations. However, experiments by Pacheco Paneque et al. (2021) show that,
while a simulation-based approach has the advantage of accommodating a large variety
of advanced choice models available in the literature, the combinatorial nature of the
proposed scheme poses severe computational limitations on large-scale instances.

In this context, it is relevant to understand how choice-based optimization and
equilibrium models with disaggregate demand models can be made operational. This

3



CHAPTER 1. INTRODUCTION

thesis contributes to this effort by investigating two main research directions. The first
one is related to the development of mathematical models and algorithms for
choice-based equilibrium problems, while the second one deals with the identification of
meaningful problem reformulations and efficient algorithmic approaches to solve the
choice-based optimization problem of a single supplier.

1.2 Objectives
The objectives of this thesis can be categorized into three areas as follows:

1. Mathematical models: proposing optimization and equilibrium models which
accommodate advanced discrete choice models of demand; evaluating the decisions
of different agents such as customers, suppliers and regulator within a competitive
market through aggregate and disaggregate metrics such as market shares,
consumer surplus, profits and social welfare.

2. Algorithms: designing exact algorithms for choice-based optimization problems and
heuristic algorithms for choice-based equilibrium problems.

3. Applications: performing experiments on realistic case studies of transportation
markets for which non-trivial disaggregate choice models are published in the
literature; discussing how choice-based optimization and equilibrium models and
algorithms can be used to support the decision-making process of competing
suppliers and of a market regulator.

1.3 Contributions
In light of the objectives outlined above, the main scientific contributions of this thesis are
summarized here:

1. Mathematical models:

(a) In the context of deregulated competition with discrete choice models of
demand, we express the fixed-point iteration algorithm in the form of a
mixed-integer linear optimization problem that models a simultaneous game
in which each supplier solves a choice-based optimization problem with finite
strategy sets.

(b) In a regulated market, we define the regulator as an entity that can use
price-based instruments, that is, subsidies and taxes, to influence the behavior
of the other agents, and we derive an mixed-integer linear optimization
problem that maximizes a social welfare function which includes expected
maximum utilities of the consumers, expected profits of the suppliers, market
externalities and cost of policy implementation.
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(c) We identify a class of choice-based optimization problems where all variables
on the supply side are discrete and where the optimization problem of the
customer is a continuous knapsack problem. These convenient properties make
these problems amenable to the use of Benders decomposition.

2. Algorithms:

(a) We develop a simulation-based heuristic inspired by the fixed-point iteration
algorithm to find approximate equilibrium solutions of oligopolistic markets in
which demand is modeled at the disaggregate level.

(b) We adapt the above-mentioned heuristic to the case of a regulated market, to
find approximate equilibrium solutions subject to the use of economic
instruments by the regulator.

(c) We derive a Benders decomposition algorithm for the choice-based
optimization problem with discrete supply variables, we implement it within a
branch-and-cut algorithm and we perform extensive computational
experiments to benchmark our approach against a commercial solver.

3. Applications:

(a) We take two advanced discrete choice models from the transportation literature,
describing urban parking and intercity travel choices, and we include them
within our modeling framework.

(b) We motivate the importance of using disaggregate demand models to capture
preference heterogeneity by showing the added value of developing differentiated
strategies on the supplier side and differentiated policies on the regulator side.

(c) We analyze the results of computational experiments which show the potential
of the developed models and algorithms to inform decision-making processes of
suppliers and regulators, to optimize objectives such as profits or social welfare.

1.4 Outline
The remainder of this thesis is structured as follows.

Chapter 2 considers an oligopolistic market with disaggregate demand, where
consumers are utility maximizers and are modeled according to random utility theory. A
simulation-based heuristic is proposed which finds approximate market equilibria.
Numerical experiments show that this methodology approximates the results of an exact
method in the case of logit demand with single-product offer and homogeneous
customers, and finds approximate equilibria for two transportation case studies featuring
more complex discrete choice models, heterogeneous demand, multi-product offer by
supplies, and price differentiation, for which no analytical approach exists.

This chapter is based on the article:
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Bortolomiol, S., Lurkin, V., Bierlaire, M. (2021). A simulation-based
heuristic to find approximate equilibria with disaggregate demand models.
Transportation Science, 55(5):1025–1045.

Chapter 3 extends the competitive framework to the case of a regulated competitive
market in which the regulator aims to find optimal price-based policies which affect the
behavior of all other agents in order to achieve social welfare objectives. A mixed-integer
linear optimization model is developed to find optimal policies subject to supplier profit
maximization and consumer utility maximization constraints, and the algorithmic
framework presented in Chapter 2 is adapted to account for the regulator. The
methodology is tested on a transportation case study where price-based instruments are
used in the context of emissions reduction.

This chapter is based on the article:

Bortolomiol, S., Lurkin, V., Bierlaire, M. (2021). Price-based regulation of
oligopolistic markets under discrete choice models of demand. Accepted for
Publication in Transportation.

Chapter 4 looks at a class of choice-based optimization problems in which all variables on
the supply side are discrete. The use of simulation to approximate the choice probabilities
makes these problems similar to facility location problems with deterministic demand,
for which efficient decomposition algorithms exist. A Benders decomposition approach
is presented and a branch-and-Benders-cut algorithm is implemented. The algorithm is
tested on an uncapacitated facility location and pricing problem with disaggregate demand
and numerical experiments are undertaken to compare the computational performance of
the proposed approach against a commercial solver.

Part of the work contained in this chapter is included in the following conference paper:

Bortolomiol, S., Lurkin, V., Bierlaire, M., Bongiovanni, C. (2021). Benders
decomposition for choice-based optimization problems with discrete
upper-level variables. In Proceedings of the 21st Swiss Transport Research
Conference, Ascona, Switzerland.

Chapter 5 offers a comprehensive discussion of the main findings of this thesis and
provides some ideas for future research.
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2
A simulation-based heuristic to find approximate

equilibria with disaggregate demand models

This chapter is based on the article

Bortolomiol, S., Lurkin, V., Bierlaire, M. (2021). A simulation-based
heuristic to find approximate equilibria with disaggregate demand
models. Transportation Science, 55(5):1025–1045.

The work has been performed by the candidate under the supervision of Prof. Michel
Bierlaire and Prof. Virginie Lurkin.

2.1 Introduction
Oligopolistic competition happens in various markets when a limited number of suppliers
compete for the same pool of customers. This is often the case in transportation, due
to reasons such as external regulations, limited capacity of the infrastructure and other
barriers to entry (Bresnahan and Reiss, 1991; Starkie, 2002; Liu et al., 2011; Beck, 2011).
In oligopolies, suppliers make decisions that are influenced both by the preferences of
the customers, who are considering to purchase one of the alternative services available
on the market, and by the decisions of their competitors. Nowadays, these decisions are
informed by both detailed consumer data, from which precise individual behavioral models
are derived, and competitor insights, which allow a real-time reaction to market changes.

7
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Oligopolistic competition has been extensively analyzed through static and dynamic
models, with the goal of finding and evaluating market equilibria (Stigler, 1964;
Friedman, 1971; Shaked and Sutton, 1983; Maskin and Tirole, 1987, 1988a,b; Brander
and Zhang, 1993). Mathematically, an equilibrium is guaranteed to exist only if a
number of conditions related to continuity, differentiability and convexity are satisfied for
the demand, cost and profit functions (Murphy et al., 1982). In particular, these
requirements pose limitations on the demand function. Demand functions can be
estimated using aggregate or disaggregate data. The main benefit of estimating demand
at the disaggregate level is the possibility to account for product differentiation and
consumer behavioral heterogeneity at the individual level (Anderson et al., 1992).
Although there exists a large body of discrete choice modeling literature describing
complex disaggregate choice behavior, disaggregate demand models are generally
aggregated before being included in models of oligopolies (McFadden and Reid, 1975;
Koppelman, 1976; Ben-Akiva and Lerman, 1985; Berry et al., 1995). The reason is that
only the simplest disaggregate demand models, which require several limiting
assumptions, satisfy the equilibrium existence conditions. In all other general cases,
equilibrium existence is not guaranteed, and no analytical approach can be used to find
one (Hanson and Martin, 1996; Morrow and Skerlos, 2011; Gallego and Wang, 2014; Li
et al., 2019). While including disaggregate demand models in an equilibrium framework
comes at the expense of theoretical properties that characterize the existence and
uniqueness of equilibrium or approximate equilibrium solutions, the resulting market
model is nevertheless valuable to practitioners, since it can provide a detailed description
of consumer behavior.

In the absence of an equilibrium, stable outcomes can still exist if suppliers accept to make
suboptimal decisions. In this context, a state where no supplier can increase its profits
to more than 1 + ε times the current profits by unilaterally changing its own strategy is
defined as ε-approximate equilibrium (Daskalakis et al., 2007; Christodoulou et al., 2011).

The objective of this chapter is to develop an algorithmic approach to find approximate
equilibrium solutions of oligopolistic markets for which we have a general disaggregate
representation of demand. The framework allows to use an estimated discrete choice
model of demand and include it as such in a model of oligopolistic competition featuring
heterogeneous demand, multi-product offer by suppliers and price differentiation. This is
done by linearizing the utility functions of the consumers using simulation and embedding
them in the supplier optimization problem (Pacheco Paneque et al., 2021). Competition
among firms is modeled explicitly as a non-cooperative game in which all players optimize
their own decisions while accounting for the decisions of their competitors. To the best
of our knowledge, this is the first methodology which allows to effectively include general
discrete choice models of demand, which can bring more behavioral realism, in models
of competition by means of simulation. Our work is thus shedding light on a largely
unexplored area of research with numerous applications in transportation.
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The rest of the chapter is organized as follows. Section 2.2 provides a literature review
on oligopolistic competition and identifies the opportunity to enhance existing
approaches by modeling demand at a disaggregate level using general discrete choice
models. Section 2.3 outlines the three components of the modeling framework, namely
demand, supply and market interactions. Section 2.4 presents our model-based
algorithmic approach to find ε-approximate equilibrium solutions. Section 2.5 illustrates
numerical experiments that validate the algorithmic approach. Finally, Section 2.6
provides directions for future research.

2.2 Literature review
The discipline that studies competition between groups of decision-makers when individual
choices jointly determine the outcome is known as game theory. Fudenberg and Tirole
(1991) and Osborne and Rubinstein (1994) provide an overview of the principal concepts
in game theory. For the purpose of this research, we consider here supply-supply and
supply-demand interactions, which fit into the frameworks of the Nash non-cooperative
game and of the Stackelberg game, respectively. The Nash game (Nash, 1951) considers
players that have equal status. A Nash equilibrium solution of the game is a state in
which no player can improve its payoff by unilaterally changing their decision. Nisan
et al. (2007) describe several algorithmic methods used to find Nash equilibria under
various assumptions. The Stackelberg game (von Stackelberg, 1934) features two players,
identified as leader and follower, both trying to optimize their own objective function.
The leader knows the follower’s best responses to all the leader’s strategies, and will
therefore optimize its decisions accordingly. The Stackelberg game can be modeled as an
optimization problem having an optimization problem in the constraints (Bracken and
McGill, 1973), also known as bilevel program (Colson et al., 2007).

The theory of competition in non-cooperative games has been extensively used to
analyze oligopolistic markets where a small number of firms have non-negligible market
power. The first contributions date back to the seminal works by Cournot (1838) and
Bertrand (1883), who analyze a market where an homogeneous product is sold to an
homogeneous population and where firms compete on quantity and price, respectively.
Hotelling (1929) proposes a duopolistic game in which firms decide on the location of
production and on the price of the product, while the spatial distribution along a line of
the homogeneous and inelastic demand affects the cost of transportation from producers
to customers. Gabszewicz and Thisse (1979) consider consumers having identical
preferences but variable incomes who make indivisible and mutually exclusive purchases,
and conclude that the existence of a Cournot equilibrium requires the continuity in the
demand function and that the proof of existence based on fixed-point arguments is based
on the quasi-concavity of the profit functions. Murphy et al. (1982) propose a
mathematical programming approach to find market equilibria in an oligopolistic market
supplying an homogeneous product, in which firms must determine their production
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levels. Assumptions are made on the revenue curves, which must be concave, on the
demand curve, which must be continuously differentiable and on the supply curve, which
must be convex and continuously differentiable. When these conditions hold, the
equilibrium solution can be found by solving the Karush-Kuhn-Tucker conditions for the
optimization problems of the firms.

When consumers make a choice from a set of mutually exclusive alternatives, demand
can be modeled at the disaggregate level using discrete choice models. Following random
utility theory, discrete choice models are probabilistic, since the utility specification cannot
capture all the relevant factors that influence choice (Manski, 1977). The simplest and
most used discrete choice model is the logit model, which has a closed-form expression
of the choice probabilities, but relies on the IIA assumption. More complex models,
such as the nested logit model (Ben-Akiva and Lerman, 1985) and the mixed logit model
(McFadden and Train, 2000), relax the assumptions of the logit model and allow for
more realistic substitution patterns, random taste variation and correlation in unobserved
factors.

Choice-based optimization models incorporate discrete choice models of consumer
behavior into the optimization problem of the supplier. In the literature, applications of
choice-based optimization models include revenue management (Andersson, 1998; Talluri
and Van Ryzin, 2004; Vulcano et al., 2010) and facility location (Benati and Hansen,
2002; Haase, 2009). Hanson and Martin (1996) discuss the use of logit models in a profit
maximization problem with multiple products and multiple customer segments. The
authors show that this problem is generally non-concave and propose a path-following
approach that starts from a related concave logit profit function and allows to reach the
global optimum of the original non-concave logit profit function. Li et al. (2019) consider
optimal pricing under a discrete mixed logit model where demand is decomposed in a
finite number of market segments, each with its own set of parameters. The authors
show that the mixed logit profit function is not well-behaved and propose a
gradient-descent approach with randomized starting points to find stationary solutions.

In a competitive context, existence conditions for different classes of games under logit
and nested logit models are provided by Milgrom and Roberts (1990), Bernstein and
Federgruen (2004) and Li and Huh (2011), among others. Aksoy-Pierson et al. (2013)
consider a market with single-product firms offering differentiated products to customers
who can be segmented into homogeneous groups based on observable factors. Choice
probabilities of each group are computed with a logit model, and a unique price is
offered to all customers. The authors identify conditions on price bounds and segment
market shares that guarantee the existence and uniqueness of equilibrium. Gallego and
Wang (2014) note that a number of previously established equilibrium existence and
uniqueness results for price-competition game with multiple products and logit demand
require the price-sensitivity parameters for all the products of the same firm to be
identical, an assumption that is rejected by numerous empirical studies. The authors
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relax this assumption for a market with homogeneous demand and nested logit models,
and show that the multi-product pricing problem for each firm can be solved using as a
single decision variable the adjusted markup, defined as price minus cost minus the
reciprocal of the price sensitivity. Mild conditions are provided that guarantee existence
and uniqueness of a Nash equilibrium. Morrow and Skerlos (2011) study numerical
approaches to compute equilibrium prices of a market with multi-product offer and
homogeneous prices under a general mixed logit model of demand. The authors present
necessary stationarity condition and analyze numerical methods to compute equilibrium
prices. A case study about a new-vehicle market is used to compare variants of Newton’s
method and fixed-point iterations and to analyze the effect of the sample set size used
for the mixed logit simulation on the variability of choice probabilities and the resulting
equilibrium prices. Morrow and Skerlos (2011) state that determining existence or
uniqueness of Bertrand-Nash equilibrium prices with general discrete choice models,
heterogeneous multi-product firms and heterogeneous consumers is an open problem, but
they acknowledge that computational methods are a valid means to find solutions for
practical applications. In a dynamic context, Lin and Sibdari (2009) propose a model of
dynamic price competition between firms when each firm sells a single product in a
market of substitutable products. Using the multinomial logit model to describe the
discrete choice of a representative consumer, the authors show the existence of a Nash
equilibrium and propose policies to find the equilibrium in case of full and partial
information. Similarly, Levin et al. (2009) consider a stochastic dynamic game where
customers are subdivided into market segments and demonstrate the existence of
subgame equilibrium solution for each decision period under a number of different
assumptions with respect to information and competition, using a generalized choice
model of demand.

The surveyed contributions in the field of competition under disaggregate discrete choice
models of demand share the common finding that the existence of an equilibrium can
only be guaranteed thanks to limiting assumptions on the demand model. Such
assumptions are made in order to deal with the complexity of discrete choice
formulations while retaining equilibrium existence conditions. We take a complementary
stance and present a methodology that is applicable to complex discrete choice models at
the expense of pure equilibrium existence conditions. In this paper, we propose a
framework that accommodates advanced discrete choice models, such as the mixed logit,
with heterogeneous population, multi-product offer by suppliers and price differentiation.
A combination of all these features has not been found in the literature. Under these
assumptions, there is no guarantee that a pure Nash equilibrium exists. Nevertheless,
this should not prevent us from searching for potential market outcomes.

While the most important theoretical concept used to analyze oligopolistic markets is
that of equilibrium, it is widely acknowledged in the economic literature that in
non-cooperative games the utility maximization behavior is unlikely to hold true for all
agents. A suboptimal non-maximizing behavior could be purposely selected by colluding
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firms to avoid prisoner’s dilemma outcomes or could be caused by the hidden cost of
discovering better strategies (Stigler, 1964; Radner, 1980; Rotemberg and Saloner, 1986).
In the problem we study, we assume that suppliers do not know whether a pure Nash
equilibrium exists. Therefore, they are willing to accept ε-approximate equilibrium states
where no supplier can increase its payoff to more than 1 + ε times its current payoff by
unilaterally changing its suboptimal strategy.

For the rest of this work, we concentrate on static competition models and we neglect
considerations on capacity and congestion. Methodological tools to deal with congestion
effects in the demand response are available in the literature, but ad-hoc computational
methods must be investigated to make them operational in an equilibrium context
(Pacheco Paneque, 2020).

2.3 The modeling framework

2.3.1 Demand modeling

We consider a market where a number of different products are offered to a population.
The notation is as follows. Let N represent the set of customers (or groups of homogeneous
customers), who are assumed to be utility maximizers, and let I indicate the discrete and
finite set of alternatives available in the market. Utility functions Uin are defined for
each customer n ∈ N and alternative i ∈ I. Each utility function takes into account the
socioeconomic characteristics and the tastes of the individual as well as the attributes of the
alternative. According to random utility theory (Manski, 1977), Uin can be decomposed
into a systematic component Vin which includes all that is observed by the analyst and
a random term εin which captures the uncertainties caused by unobserved attributes and
unobserved taste variations. Therefore, the resulting discrete choice models are naturally
probabilistic. The probability that customer n chooses alternative i is defined as Pin =
Pr[Vin + εin = maxj∈I(Vjn + εjn)]. In order to be able to estimate choice probabilities,
assumptions must be made about the distribution of the error term.

Pacheco Paneque et al. (2021) propose a methodology to obtain choice probabilities by
relying on simulation to draw from the distribution of the error term of the utility function.
For each customer n and alternative i, a set R of draws are sampled from the known error
term distribution, corresponding to different behavioral scenarios. For each scenario r ∈ R,
the error term parameter ξinr is drawn and the utility becomes equal to

Uinr = Vin + ξinr. (2.1)
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Then, customers deterministically choose the alternative with the highest utility in each
scenario, that is

xinr =

1 if Uinr = maxj∈I Ujnr,
0 otherwise.

(2.2)

Over multiple scenarios, the probability that customer n chooses alternative i is expressed
by the following sample average function:

Pin = 1
|R|

∑
r∈R

xinr. (2.3)

This method is known as sample average approximation (SAA) and is frequently used in
stochastic optimization problems (Kleywegt et al., 2002). With a sufficient number of
simulation draws, the sample average function approximates the analytical choice
probability, where the latter exists.

2.3.2 Supply modeling

Suppliers are modeled as profit maximizers, according to the traditional microeconomic
treatment and without loss of generality, but their objective functions could also include
indicators other than profit. To optimize their objective function, suppliers make
strategic decisions about the availability of their products on the market and the
corresponding attributes such as price and quantity. We assume that suppliers choose
their strategies according to their knowledge of demand at a disaggregate level. A
majority of the existing works on choice-based optimization propose non-linear
formulations and estimate consumer choice probabilities with the logit model, whose
advantage is the existence of a closed-form expression.

In addition to the notation used in Section 2.3.1, consider a supplier k participating in
the market and let Ik ⊂ I indicate the subset of alternatives controlled by the supplier.
The parameters of the endogenous variables of the discrete choice model are indicated
with β, while the exogenous variables and the corresponding deterministic or distributed
parameters are grouped in the term q. Exogenous variables are all those which are not
affected by the decisions of the optimizing supplier, such as the socio-economic
characteristics of the customers and the attributes of the alternatives i /∈ Ik. Let Sk be
the set of strategies that can be selected by the optimizing supplier. Each strategy
sk ∈ Sk is composed of a vector of decision variables, which we can separate into the
vector pk of all prices pin, potentially differentiated for each (class of) customer n ∈ N
and alternative i ∈ Ik, and a generic vector Yk of all other decision variables, such as
levels of service, which can be alternative-specific, customer-specific or both. At this
point, no assumption is made on the strategy set, which could be finite or infinite and
could include discrete or continuous decision variables. For the sake of simplicity, in the
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rest of this work we make the two following assumptions: (i) no limitation exists on the
number of customers that can select any given alternative, and (ii) all utility functions
are demand-independent, that is, there is no congestion effect. Pacheco Paneque (2020)
shows how these assumptions can be relaxed in the case of a single optimizing supplier.

Then, the non-linear optimization problem of supplier k can be written as follows:

max
sk=(pk,Yk)

πsk =
∑
i∈Ik

∑
n∈N

pinPin − c(Yk), (2.4)

s.t. Pin = Pr(Vin + εin ≥ Vjn + εjn ∀j ∈ I) ∀i ∈ Ik, ∀n ∈ N, (2.5)
Vin = βp,inpin + βinYin + qin ∀i ∈ Ik, ∀n ∈ N. (2.6)

Objective function (2.4) maximizes the expected profit π of supplier k, calculated as the
difference between the expected revenues obtained from the sales and the cost of offering
the products. Notice that the function is non-convex due to the presence of the choice
probabilities, even with a logit model (Hanson and Martin, 1996). Constraints (2.5) are
the expressions of the choice probabilities, which depend on the chosen discrete choice
model. Constraints (2.6) define the deterministic part of the utility functions, composed
of an exogenous part qin and an endogenous part which depends on the chosen strategy
sk = (pk, Yk), which links the upper-level problem with the lower-level problem.

The choice probabilities of advanced discrete choice models, such as the mixed logit,
cannot be expressed in closed form. In order to integrate such models in a mixed-integer
optimization problem, we rely on simulation to draw from the error term distribution,
deriving the utilities (2.1) and the choice probabilities (2.2) (Pacheco Paneque et al.,
2021). We additionally define the auxiliary variables Unr = maxi Uinr, which represents
the maximum utility for customer n in scenario r, while the binary decision variables
xinr are equal to 1 if alternative i is chosen by customer n in scenario r and are equal
to 0 otherwise. Now constraints (2.5)-(2.6) can be replaced by the following constraints
(2.8)-(2.12) and the mixed-integer optimization problem of supplier k can be written as:

max
sk=(pk,Yk)

πsk = 1
|R|

∑
i∈Ik

∑
n∈N

∑
r∈R

pinxinr − c(Yk), (2.7)

s.t. Uinr = βp,inpin + βinYin + qin + ξinr ∀i ∈ Ik, ∀n ∈ N, ∀r ∈ R, (2.8)
Uinr ≤ Unr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (2.9)
Unr ≤ Uinr +MUnr(1− xinr) ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (2.10)∑
i∈I

xinr = 1 ∀n ∈ N, ∀r ∈ R, (2.11)

xinr ∈ {0, 1} ∀i ∈ I, ∀n ∈ N, ∀r ∈ R. (2.12)

Objective function (2.7) maximizes the expected profit π of supplier k using the SAA of the
choice probabilities. The utility functions (2.8) now include a sampled error term. Notice
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that the utility functions of the alternatives i /∈ Ik are parameters, since the decisions of all
suppliers but k are assumed to be given. In (2.9)-(2.12) we use big-M constraints to ensure
that in each behavioral scenario customers deterministically choose the alternative yielding
the highest utility. Notice that an optimal solution might be selected so that the optimizing
supplier receives marginal profit from one customer in one specific scenario where two
alternatives yield the same utility. In that case, the model would automatically assign the
customer to the alternative that maximizes the objective function. Experimentally, we
observe that the effect of one arbitrary tie-breaking procedure out of |N · R| scenarios is
negligible, tending to zero as the number of scenarios increases.

2.3.3 Market modeling

Let us consider an oligopolistic market where demand is modeled as in Section 2.3.1 and
supply as in Section 2.3.2. Because of imperfect competition, the payoff of each supplier
is a function of both the decisions of the customers and the strategies of the competitors.
All suppliers simultaneously solve a choice-based optimization problem, resulting in a
non-cooperative game for which we search for Nash equilibrium solutions.

The consequence of using demand functions based on disaggregate choice models, which are
highly non-linear and non-convex, is that there is no guarantee of existence or uniqueness
of a pure strategy Nash equilibrium for the problem, and it is not possible to rely on
first-order conditions to find an equilibrium solution. Therefore, here we focus on other
methods to find ε-approximate equilibrium solutions, with ε being a value sufficiently
small to justify the assumption of non-deviation from a state of stability. Notice that, in
general cases, the existence of a ε-equilibrium solution cannot be proved for any given ε.

The fixed-point iteration algorithm has been commonly used as a numerical procedure to
calculate Nash equilibria of simultaneous games. In transportation, examples include
Fisk (1984) and Adler (2001), among others. Starting from an initial market
configuration, best-response problems are solved for all players in a sequential manner,
until a solution already reached in one of the previous iterations is repeated. This
solution method is attractive from a computational perspective, since the complexity of
the algorithm is equivalent to the complexity of the choice-based optimization model
presented in Section 2.3.2. However, when best-response problems are non-convex, this
method can only be used as a heuristic, since the algorithm could iterate cyclically over a
set of strategies without the guarantee that a stable ε-equilibrium outcome is reached.

Let us now consider a setting in which suppliers have finite strategy sets and utility
functions are linearized as proposed by Pacheco Paneque et al. (2021). We observe that
the fixed-point iteration algorithm can be expressed in the form of a mixed-integer
optimization model which solves the simultaneous game with a one-step approach by
considering only two iterations of the algorithm. Specifically, we define as distance the
non-negative value measuring the sum of the profit differences between an initial solution
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and each player’s simultaneous best response to the initial solution. The objective of the
optimization model is to minimize such distance, while satisfying profit maximization
constraints for the suppliers and utility maximization constraints for the consumers. If
we start from an equilibrium solution of the problem, the sum of the profit differences
between the initial and the best-response configurations is equal to zero. Conversely, if
we do not start from an equilibrium solution, the distance is greater than zero, because
at least one of the suppliers changes its strategy to improve its profit, and a
near-equilibrium solution is found. Other metrics, such as the deviation in supply
strategies, could be utilized together with profits to measure the deviation between the
initial and the best-response configurations (Bertsimas et al., 2015).

To formalize the mixed-integer optimization model, let K represent the set of suppliers,
each controlling a subset of the alternatives that are available to the customers. We
impose that ∪k∈KIk ⊂ I, in order not to have a captive market and allow customers to
leave it without purchasing. Each supplier k ∈ K has a finite set of strategies Sk from
which to choose. In the presence of variables such as prices, which are usually modeled
as continuous variables, we assume that a finite subset can be derived. We define the
vector of the prices ps and of the other decisions Ys of supplier k playing strategy s ∈ Sk.
Additionally, let sK\{k} be the observed strategies chosen by all suppliers other than k. If
we define as πs the payoff obtained by supplier k when choosing strategy s, then in order
to find a Nash equilibrium solution we need to verify that

πmaxk = πs = max
s∈Sk

πs(s, sK\{k}) ∀k ∈ K. (2.13)

We define the binary decision variables ys, which are equal to 1 if strategy s ∈ Sk is
the best response of supplier k to the initial configuration and 0 otherwise. Finally, the
superscripts ′ and ′′ are used to indicate the variables of the initial configuration and of
the best response configurations, respectively.

Then, the fixed-point optimization model with linearized choice probabilities can be
written as follows:

min
∑
k∈K

(π
′′

k − π
′

k), (2.14)

s.t.

Initial configuration:

U
′

inr = βp,inp
′

in + βinY
′

in + qin + ξinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (2.15)

U
′

inr ≤ U
′

nr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (2.16)

U
′

nr ≤ U
′

inr +MUnr (1− x
′

inr) ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (2.17)∑
i∈I

x
′

inr = 1 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (2.18)
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π
′

k = 1
|R|

∑
i∈Ik

∑
n∈N

∑
r∈R

p
′

inx
′

inr − c(Y
′
) ∀k ∈ K, (2.19)

Final configuration:

U
′′

inrs = βp,inp
′′

ins + βinY
′′

ins + qin + ξinr ∀i ∈ Ik,∀n ∈ N, ∀r ∈ R,∀s ∈ Sk,∀k ∈ K, (2.20)

U
′′

inrs = U
′

inr ∀i /∈ Ik,∀n ∈ N, ∀r ∈ R,∀s ∈ Sk,∀k ∈ K, (2.21)

U
′′

inrs ≤ U
′′

nrs ∀i ∈ I, ∀n ∈ N, ∀r ∈ R,∀s ∈ Sk,∀k ∈ K, (2.22)

U
′′

nrs ≤ U
′′

inrs +MUnr (1− x
′′

inrs) ∀i ∈ I, ∀n ∈ N, ∀r ∈ R,∀s ∈ Sk,∀k ∈ K, (2.23)∑
i∈I

x
′′

inrs = 1 ∀n ∈ N, ∀r ∈ R,∀s ∈ Sk,∀k ∈ K, (2.24)

Best response constraints:

πs = 1
|R|

∑
i∈Ik

∑
n∈N

∑
r∈R

p
′′

insx
′′

inrs − c(Y
′′
) ∀s ∈ Sk,∀k ∈ K, (2.25)

πs ≤ π
′′

k ∀s ∈ Sk,∀k ∈ K, (2.26)

π
′′

k ≤ πs +M(1− ys) ∀s ∈ Sk,∀k ∈ K, (2.27)∑
s∈Sk

ys = 1 ∀k ∈ K, (2.28)

x
′

inr, x
′′

inrs ∈ {0, 1} ∀i ∈ I, ∀n ∈ N, ∀r ∈ R,∀s ∈ Sk,∀k ∈ K, (2.29)
ys ∈ {0, 1} ∀s ∈ Sk,∀k ∈ K. (2.30)

Objective function (2.14) minimizes the sum over all the suppliers of the difference
between the final and the initial profit. Constraints (2.15)-(2.18) define the utilities and
impose that customers choose the alternative with the highest utility in the initial
configuration. Constraints (2.19) calculate the profits in the initial configuration.
Constraints (2.20)-(2.24) impose the utility maximization principle in the best response
configurations. Here, utilities are evaluated for all strategies of all suppliers. In each
strategic scenario, the decisions of the optimizing supplier only affect the utility of its
alternatives (2.20), while the utilities of the competitors’ alternatives remain unchanged
with respect to the initial configuration (2.21). Finally, constraints (2.25)-(2.28) state
that each supplier selects the best response strategy to the initial configuration.

Starting from an initial unknown configuration, the model requires a number of strategic
scenarios to be solved that is equal to

∑
k∈K |Sk|. Since the optimization model

(2.14)-(2.30) is highly combinatorial, it cannot be used as a stand-alone method, since it
is not suitable to solve equilibrium problems with continuous variables or with large
discrete strategy spaces. However, the optimal solution of the model, found on restricted
strategy spaces, can be used as a candidate approximate equilibrium solution to be
verified on the original strategy spaces. An algorithmic framework which combines a
heuristic search and the mixed-integer optimization model (2.14)-(2.30) is proposed in
Section 2.4.
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2.4 Algorithmic solution
In this section, we propose a model-based algorithmic approach to find approximate
equilibrium solutions of the problem described in Section 2.3. The algorithm consists of
three blocks: (i) identify candidate equilibrium solutions or regions in a fast and efficient
way; (ii) use the fixed-point optimization model (2.14)-(2.30) on restricted strategy sets
to find subgame near-equilibria; (iii) verify if best response conditions are satisfied for
the initial problem and, if they are not, add strategies to the restricted problem. The
approximate equilibrium solutions of the problem can provide relevant insights for
decision-making or regulatory purposes. The pseudocode is presented in Algorithm 1.

2.4.1 Heuristic reduction of the search space

We start from an equilibrium problem with non-convex profit functions, which cannot be
solved using derivative-based methods. We first reduce the search space heuristically,
since the decision space of each supplier is, in principle, very large. This is particularly
true when the strategy chosen by the supplier is the result of multiple interconnected
decisions. Notice that often there exist constraints in real-life markets which define
relationships between different products, such as fare classes in airlines or discount levels
on off-peak trains in railways. Including such problem-specific constraints can help
reducing the search space and circumscribing potential equilibrium regions. On the
demand side, using the classic non-linear formulation of the discrete choice probabilities
(model (2.4)-(2.6)) when solving the best response problem is faster than using the
simulation-based linear formulation (model (2.7)-(2.12)) only for simple choice models
such as the logit. However, the computational performance of the non-linear formulation
rapidly deteriorates in case of more complex choice models or discrete supply decisions,
since derivative-based approaches cannot be used to find global optima. Notwithstanding
this limitation, at this stage any of the two formulations as well as any other heuristic
that finds near-optimal solutions of the choice-based optimization model can be used.

In the experiments described in Section 2.5, we initially solve the competitive game in a
sequential manner (Algorithm 1, lines 4-9), following the approach used by Adler et al.
(2010), among others. More specifically, we define an initial feasible market configuration
(line 4) and we rely on the linear formulation (2.7)-(2.12) to solve best response problems
based on the updated market conditions (lines 5-8) until we reach a state of the market
that was already visited in one of the previous iterations (line 9). If no solution is repeated,
the sequential approach is stopped when a given number of iterations is reached or when
other appropriate criteria, such as deviation between consecutive iterations, are satisfied.
Experimentally, we observe that the algorithm generally converges to a bounded region
of the solution space, reaching a cyclic equilibrium in which the solution iterates over a
finite set of best response strategies.
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Algorithm 1: Model-based heuristic to find approximate equilibria of a deregulated
competitive market.
Input : A set I of alternatives

A set K of suppliers, each k ∈ K controlling alternatives Ik ⊂ I
A set Sk of strategies for each k ∈ K
A heterogeneous population
An estimated discrete choice model of consumer behavior

Output: A list E of approximate equilibrium solutions
1 E ← ∅
2 repeat
3 Initialize ε = εstart
4 Assign a strategy sk ∈ Sk to each competitor k ∈ K

to create an initial market configuration S = ∪k∈Ksk
5 repeat
6 for k ∈ K do
7 Solve best response problem (2.7)-(2.12) for supplier k and obtain snewk

8 Update solution S by assigning sk ← snewk

9 until S is a previously visited solution or a stopping criterion is satisfied

10 Derive restricted strategy sets Sk ⊂ Sk from the results of the previous block
11 repeat
12 Solve fixed-point (FP) problem (2.14)-(2.30) for strategy sets Sk and

obtain subgame near-equilibrium solution SFP = ∪k∈KsFPk and profits πFPk
13 for k ∈ K do
14 Solve best response (BR) problem (2.7)-(2.12) for supplier k and

obtain sBRk and πBRk
15 if πBRk > (1 + ε)πFPk then
16 Add best response strategy sBRk to the restricted strategy set Sk

17 if ε-equilibrium solution not found for i iterations then
18 Modify restricted strategy set Sk
19 Increase ε
20 until πBRk ≤ (1 + ε)πFPk for all k ∈ K and SFP significantly different from all

S ∈ E
21 SFP is an ε-equilibrium solution of the problem

Add SFP to list E

22 until stopping criterion is satisfied
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2.4.2 Exact solution of the restricted problem

The first block of the algorithm identifies a candidate equilibrium region with heuristic
methods. The insights obtained from the first block, for instance in terms of bounds of
the decision variables, allow us to define restricted strategy sets Sk for all competitors
k ∈ K (line 10). Next, we use the fixed-point optimization model (2.14)-(2.30) to find
a subgame solution which is a candidate approximate equilibrium of the game. The size
of the problems that can be solved exactly with this model is limited, since the model
is combinatorial on the sets I, N , R and S. For this reason, using restricted strategy
sets allows to produce tighter bounds on the utility functions of the customers. Within a
limited range of supply decisions, we observe that small changes in the strategies produce
small changes in the utility functions of the customers, rarely affecting the ordinal ranking
of the utilities of the alternatives in their choice set.

The simulation of the error term of the utility function and the consequent use of binary
variables to model choices in each scenario r make it possible to precompute the choices
of customer n by comparing the lower and upper bounds of the utilities. In particular,

LB(Uinr) > max
j∈I:j 6=i

UB(Ujnr) =⇒

xinr = 1
xjnr = 0 ∀j ∈ I, j 6= i.

(2.31)

If this condition is verified, customer n is captive to alternative i in scenario r.
Therefore, this scenario can be removed from the optimization model. Using restricted
strategy sets with tight bounds can substantially reduce the size of the fixed-point
optimization model to be solved, since the optimal strategies around the equilibrium
region are ultimately determined by a subset of undecided customers who select one
among a subset of alternatives.

2.4.3 Verification of best response conditions

The solution obtained by solving the restricted problem with the fixed-point model
(line 12) to optimality must be verified on the original game by solving best response
problems for all competitors (lines 13-14). If no supplier can increase its profit by more
than ε by solving its best response problem, that is,

πBRk ≤ (1 + ε)πFPk ∀k ∈ K, (2.32)

then the optimal solution of the subgame is accepted as ε-equilibrium solution of the
game (lines 20-21). Contrarily, if at least one competitor can increase its profit by more
than ε, the optimal solution of the subgame is not accepted as game equilibrium and the
best response strategy is added to the restricted set (line 16). The fixed-point model is
then solved again with updated restricted strategy sets, following a column-generation-like
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approach. During the execution of the algorithm, if no ε-equilibrium solution is found
within a given time or number of iterations, diversification strategies such as modifying
the restricted strategy sets can be used. Furthermore, we allow the threshold value ε to
be increased within the algorithm (lines 17-19).

The algorithm combines a heuristic exploration of the solution space with the use of an
exact method to solve subproblems. After finding an ε-equilibrium solution, the algorithm
is restarted with a different initial solution until either a minimum number of different
approximate equilibrium solutions (not necessarily with the same value of ε) are found
or a time limit is reached (line 22). Similarity conditions can be implemented in the
algorithm in order to avoid finding approximate equilibrium solutions that are too similar
one another (line 20). Notice that, in the presence of continuous variables, there are either
zero or infinitely many ε-equilibrium solutions for any given ε, since the neighborhood of
an ε-equilibrium solution is also an ε-equilibrium. However, in an empirical application
such as pricing, it is of limited use to find two or more ε-equilibrium solutions where all
prices only differ marginally.

It is also important to acknowledge the difference between the approximate equilibrium
problem and the supplier optimization problem. In particular, when we take the point
of view of the suppliers, an ε1-approximate equilibrium solution could Pareto-dominate
ε2-approximate equilibrium solution even when ε2 < ε1. Provided that ε1 is a reasonable
value for which the non-deviation assumption holds for all suppliers, we consider both
solutions as valid approximate equilibrium solutions that could inform the final strategic
decision of each supplier, which we assume to be taken exogenously to our model.

Finally, different approximate equilibria can be compared in terms of stability, dominance,
tacit collusion or social welfare, from the point of view of both the suppliers and the market
regulator.

2.5 Numerical experiments
In this section, we present numerical experiments that illustrate the applicability of the
model-based algorithmic framework outlined in Section 2.4.

In Section 2.5.1, we take a simple case study presented by Lin and Sibdari (2009). First,
we show that our algorithmic approach can approximate the unique Nash equilibrium
solution for the case of a logit model with homogeneous demand. Then, we modify the
demand data to show the effects of including observed or unobserved heterogeneity in the
demand model.

Next, we tackle two case studies of competitive markets in transportation for which real,
non-trivial, disaggregate choice models are published in the literature. In Section 2.5.2,
we look at an urban parking choice case study, for which a mixed logit model estimation
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is taken from Ibeas et al. (2014). In Section 2.5.3, we analyze an intercity mode and
departure time choice case study in the context of high-speed rail competition, for which
a nested logit model estimation is derived from Cascetta and Coppola (2012). The latter
case study features heterogeneous demand, multi-product offer by suppliers and price
differentiation.

2.5.1 Logit with unique Nash equilibrium

Lin and Sibdari (2009) provide numerical experiments for a duopoly where each firm
offers a single product to a set N of homogeneous customers, for whom the systematic
components of the utility functions are defined as follows: V0 = 0 (opt-out alternative),
V1 = 5 − 0.1p1 (firm 1), V2 = 4 − 0.1p2 (firm 2). A multinomial logit model is used to
model the discrete choice of customers. We reproduce the results for a single-period game
with unlimited inventory. Under these conditions, there exists a unique Nash equilibrium
for the game (Bernstein and Federgruen, 2004), which is obtained analytically using the
closed-form expression of the logit probabilities. The equilibrium prices are p∗1 = 23.02
and p∗2 = 16.57, the choice probabilities are P ∗0 = 0.038, P ∗1 = 0.566 and P ∗2 = 0.396, and
the revenues are π∗1 = 13.02|N | and π∗2 = 6.57|N |.

2.5.1.1 Approximation of choice probabilities through simulation

First, we show that the simulation technique proposed by Pacheco Paneque et al. (2021)
approximates the logit choice probabilities obtained analytically. We consider the given
equilibrium prices and we compute the choice probabilities using (2.3), that is, we draw
|R| times from the error term Gumbel distribution to simulate the value of the utility
function (2.1) and we aggregate the deterministic choices made in each scenario using
sample average approximation (SAA). We replicate this experiment 100 times for
|R| = 10, 50, 100, 500, 1000, 5000, 10000. Figure 2.1 presents the boxplots of the SAA
probabilities for the three alternatives. The results show that, as the number of draws
becomes larger, the means of the SAA probabilities tend to the analytical value, while
the variance decreases considerably. This type of test can inform the choice of the value
of |R|, which in practical applications is generally a trade-off between accuracy and
computability.

2.5.1.2 Approximation of equilibrium solution

Secondly, we run Algorithm 1 to find approximate equilibrium solutions for the duopoly.
We stop the algorithm when five different solutions are found and we use |R| = 1000.
The solutions are presented in Table 2.1 and show that our methodology successfully finds
approximate equilibrium solutions that are close to the unique Nash equilibrium solution
found analytically by Lin and Sibdari (2009).
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Figure 2.1: Boxplot of the choice probabilities obtained for the equilibrium solution by Lin
and Sibdari (2009) when simulating the value of the utility function using the methodology
proposed by Pacheco Paneque et al. (2021) (100 independent replications).

Equilibrium Prices Profits Market shares

# ε 1 2 1 2 1 2 3

1 0.9% 21.77 17.63 12.89 6.54 0.037 0.592 0.371
2 0.7% 21.83 16.57 12.40 6.56 0.036 0.568 0.396
3 0.7% 22.56 17.94 13.06 6.83 0.040 0.579 0.381
4 0.7% 23.38 17.96 13.07 7.17 0.042 0.559 0.399
5 0.7% 21.90 16.65 12.44 6.59 0.036 0.568 0.396

Analytical 0 23.02 16.57 13.02 6.57 0.038 0.566 0.396

Table 2.1: List of approximate equilibrium solutions and comparison with the analytical
solution.

2.5.1.3 Variability due to simulation

Due to simulation, the ratio 1+ε between the best-response profit and the profit obtained
for a given candidate solution depends on the sample set. Morrow and Skerlos (2011)
find the variability of equilibrium solutions across samples to be dependent on the sample
set size, a result that is consistent with our analysis of the simulated choice probabilities
presented in Figure 2.1. Once an approximate equilibrium solution is found, a sensitivity
analysis can be performed by taking the approximate equilibrium prices and computing
the market shares and profits for 100 independent replications of the error term draws.
Then, with the same draws we solve best-response problems for the two suppliers to find
the potential increase in profits. Figure 2.2 shows the boxplots of the distribution of ε
for each of the five approximate equilibrium solutions. We can observe that the median
value of ε ranges between 0.9% (solution 4) and 1.6% (solution 1) and in none of the 100
independent replications it goes above 4.0% for any of the five solutions. This ex-post
verification on the approximate equilibrium solution allows to confirm the initial choice of
the value of |R|, or to reject it. In the latter case, the value |R| chosen in Section 2.5.1.1
should be increased and the algorithm rerun.
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Figure 2.2: Sensitivity analysis on the ε-equilibrium solutions obtained using Algorithm 1
(100 independent replications).

2.5.1.4 Accounting for observed and unobserved heterogeneity

There are two operational ways to account for heterogeneity when estimating the
parameters of a discrete choice model. Observed heterogeneity models define segments in
the population based on socioeconomic characteristics such as income, age or place of
residence, and assume that all individuals in the same segment share the same set of
parameters to be estimated from data. Let us imagine to re-estimate the demand model
used by Lin and Sibdari (2009) on the same data set by defining three consumer
segments, each covering a third of the population. Let us assume that the resulting
systematic components of the utility functions look as follows: V01 = V02 = V03 = 0
(opt-out alternative), V11 = 5 − 0.1p1 (firm 1, segment 1), V12 = 7 − 0.1p1 (firm 1,
segment 2), V13 = 3 − 0.1p1 (firm 1, segment 3), V21 = 4 − 0.1p1 (firm 2, segment 1),
V22 = 3 − 0.1p1 (firm 2, segment 2), V23 = 5 − 0.1p1 (firm 2, segment 3). Notice that
individuals in segment 1 have the same utility function of the homogeneous population of
the base scenario, while individuals in segments 2 and 3 deviate symmetrically from the
average behavior by exhibiting higher-than-average preferences for product 1 and
product 2, respectively. If the suppliers can price differentiate across the three segments,
we obtain three independent markets which can be solved analytically as above.
Contrarily, if price differentiation does not follow the demand estimation segments or is
not applied at all, analytical methods are generally not applicable and existence of
equilibrium is not guaranteed (Aksoy-Pierson et al., 2013). Algorithm 1 can be used in
all these cases. We test the case where a single price is defined for each alternative, and
we obtain the results shown in Table 2.2.
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Equilibrium Prices Profits Market shares

# ε 1 2 1 2 1 2 3

1 0.8% 33.85 26.04 16.92 11.02 0.077 0.500 0.423
2 0.8% 34.15 27.14 17.36 11.08 0.083 0.508 0.408
3 0.6% 34.14 26.15 17.01 11.12 0.077 0.498 0.425
4 0.7% 34.14 26.18 17.07 11.08 0.077 0.500 0.423
5 0.9% 34.19 27.15 17.38 11.09 0.083 0.508 0.408

Table 2.2: List of approximate equilibrium solutions (observed heterogeneity).

Equilibrium Prices Profits Market shares

# ε 1 2 1 2

1 0.9% 33.69 25.68 17.55 9.86 0.095 0.521 0.384
2 0.7% 33.46 25.68 17.53 9.79 0.095 0.524 0.381
3 0.7% 33.86 25.68 17.61 9.86 0.096 0.520 0.384
4 0.7% 33.23 25.68 17.48 9.76 0.094 0.526 0.380
5 0.7% 33.94 25.43 17.41 9.97 0.095 0.513 0.392

Table 2.3: List of approximate equilibrium solutions (unobserved heterogeneity).

Unobserved heterogeneity models assume that parameters are randomly distributed in
the population. Let us now imagine that the demand model used by Lin and Sibdari
(2009) is re-estimated on the same data set by allowing for randomly distributed
alternative-specific parameters. Let us assume that the resulting systematic components
of the utility functions look as follows: V0 = 0 (opt-out alternative), V1 = β1 − 0.1p1
(firm 1), V2 = β2 − 0.1p2 (firm 2), where β1 and β2 are normally distributed parameters
such that β1 =∼ N (5, 2) and β2 =∼ N (4, 1). Applying Algorithm 1 again, we obtain the
results shown in Table 2.3.

These stylized examples show how assumptions on demand heterogeneity can lead to large
differences in equilibrium prices, market shares and profits. When estimating discrete
choice models from real data, specification tests such as the likelihood-ratio test are used
to determine whether an unrestricted and a restricted model estimated from the same
data set are significantly different. While aggregation or simplifying assumptions on the
demand side lead to tractable equilibrium problems solvable with exact methods, we show
that our methodology makes it possible to use more complex and precise disaggregate
choice models in an equilibrium context. Ultimately, the trade-off between the increased
realism of the demand model and the complexity of the resulting market equilibrium
problem that leads to approximate results must be assessed on a case-by-case basis by the
analyst.

2.5.2 Parking choice

Ibeas et al. (2014) use a mixed logit model to study car driver’s behavior when choosing
among three different parking alternatives available in a small Spanish town. The mixed
logit model generalizes the logit model by incorporating unobserved variations in
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consumer tastes across the population (Boyd and Mellman, 1980). Recall that the choice
probabilities of the mixed logit model do not have a closed form and must be estimated
using numerical integration or approximation by simulation (McFadden and Train,
2000). While simulation constitutes an additional computational burden in non-linear
formulations, it adapts well to our modeling framework, since we can apply the same
technique used to linearize the utility expression (2.1), that is, drawing from the known
distribution of the error term.

By doing so, we obtain

Uinr = βp,inrpin + qinr + ξinr, (2.33)

where βp,inr and qinr can include distributed random parameters that vary for each draw r.
Randomly distributed parameters allow to better capture heterogeneity in the population
and, therefore, to better inform pricing strategies. For this reason, the mixed logit is
among the most common discrete choice models in transport applications (Train, 2009).

2.5.2.1 Instance description

In Ibeas et al. (2014), the three parking alternatives are on-street parking (FSP), paid
on-street parking (PSP) and paid underground parking (PUP). In our test scenario, we
assume that the two paid parking options are owned by two different suppliers, both aiming
at maximizing profits, while free on-street parking is considered as the opt-out option. The
two suppliers compete on price and we assume that all customers must pay the same price
for the same service. Furthermore, we assume that there are variable costs that depend
on the demand and are equal to 0.25 e per user for the PSP alternative and 0.50 e per
user for the PUP alternative. Table 2.4 presents all attributes of the alternatives.

Alternative FSP PSP PUP

Access time to parking (min) 10 10 5
Time to final destination (min) 10 10 10
Variable costs of operation (e) 0 0.25 0.50
Price (e) 0 pPSP pPUP

Table 2.4: Attributes of the alternatives for the parking instance.

The explanatory variables considered in the discrete choice model estimated by Ibeas et al.
(2014) include the following socioeconomic characteristics: trip origin (if outside town, it
affects the utility of free street parking), age of the vehicle (if less than three years old,
it affects the utility of paid underground parking), income of the driver (if low, it affects
the utility of paid alternatives), area of residency of the driver (if in town, it affects the
utility of paid alternatives). Additionally, the following attributes of the alternatives are
considered: access time to destination, access time to parking and parking fee. For the
latter two continuous variables, the corresponding coefficients are normally distributed
in the utility function. Table 2.5 illustrates the parameters of the discrete choice model
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β Value

ASCFSP 0.0
ASCPSP 32.0
ASCPUP 34.0
Fee (e) ∼ N (−32.328, 14.168)
Fee PSP - low income (e) −10.995
Fee PUP - low income (e) −13.729
Fee PSP - resident (e) −11.440
Fee PUP - resident (e) −10.668
Access time to parking (min) ∼ N (−0.788, 1.06)
Access time to destination (min) −0.612
Age of vehicle (1/0) 4.037
Origin (1/0) −5.762

Table 2.5: Model parameters derived from Ibeas et al. (2014).

(a) Prices (b) Profits

Figure 2.3: Evolution of prices and profits for one run of the fixed-point iteration algorithm
in the parking case study.

derived from Ibeas et al. (2014). The size of the set N of heterogeneous customers is fixed
and is equal to 50.

2.5.2.2 Notes on algorithm implementation

Following Algorithm 1, a strategy is initially assigned to each competitor. In this case,
the strategies of suppliers 1 and 2 correspond to a single price decision on PSP and
PUP, respectively. Then, best response problems are solved iteratively until a solution is
repeated or a near-equilibrium region is found. Figure 2.3 shows the evolution of prices
and profits during the iterative procedure for a given initial market configuration. Here,
we observe that the fixed-point iteration method quickly converges to a well-defined area
of the solution space. We conjecture that this is due to the relative simplicity of the supply
strategic decision in this specific experiment.

Next, restricted sets are generated which include strategies in the candidate equilibrium
region of both suppliers. Table 2.6 illustrates the column-generation-like technique
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Alternative | S | Bounds Subgame solution Best responses
ε

LB UB Price Profit Price Profit

PSP 5 0.423 0.423 0.423 5.799 0.432 5.886 0.015
PUP 5 0.583 0.584 0.584 1.327 0.612 1.335 0.006

PSP 6 0.423 0.432 0.432 5.892 0.432 5.892 0.000
PUP 6 0.583 0.612 0.584 1.416 0.593 1.471 0.039

... ... ... ... ... ... ... ... ...

PSP 10 0.423 0.447 0.432 6.117 0.430 6.186 0.011
PUP 10 0.583 0.612 0.593 1.449 0.593 1.469 0.014

Table 2.6: Illustration of the algorithm to find an ε-equilibrium solution for the parking
choice case study, with ε = 0.015.

through an example, when ε = 0.015. The first subgame includes 5 strategies for each
supplier, derived by considering evenly spaced prices between lower and upper bounds.
The fixed-point optimization model (2.14-2.30) yields a subgame optimal solution in
which PSP = 0.423 and PUP = 0.584. Then, best response problems are solved on the
original strategy sets, finding that the optimal solution of the subgame is not an
ε-equilibrium of the game, since supplier 1 can increase its profit by 1.51% by setting
PSP = 0.432. The best response strategies are then added to the restricted sets, and the
subgame will therefore have 6 strategies for each supplier in the next iteration. After a
number of iterations, a game ε-equilibrium solution is found, with PSP = 0.432 and
PUP = 0.593.

The algorithm is restarted until a predefined number of approximate equilibrium solutions
is found, possibly with different values of ε, to verify whether different initial states lead
to significantly different equilibrium regions.

2.5.2.3 Results

We run two scenarios for this case study. In both cases, we stop the algorithm when five
different approximate equilibrium solutions are found.

In the base scenario, we assume that the price paid by a customer for the chosen alternative
is equal to the revenue earned by the supplier that manages the alternative. Table 2.7 lists
the approximate equilibrium solutions for the base scenario. We observe that all solutions
are very similar. Indeed, in this case study, solving the game with the fixed-point iteration
method is sufficient to provide market insights, and the following steps of the algorithmic
framework provide little added value. This is generally not true for more complex markets,
as we will show in Section 2.5.3. Table 2.8 shows that, at approximate equilibrium prices,
town residents strongly favor paid on-street parking, while non-residents are almost equally
split between on-street and underground parking.

In the second scenario, we assume that the municipality decides to subsidize city residents
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Equilibrium Prices Profits

# ε PSP PUP PSP PUP

1 1.2% 0.428 0.588 5.95 1.40
2 1.5% 0.424 0.584 5.86 1.32
3 1.4% 0.432 0.593 6.12 1.45
4 1.4% 0.432 0.588 5.96 1.45
5 1.2% 0.434 0.590 6.01 1.49

Table 2.7: List of approximate equilibrium solutions of the base scenario of the parking
choice case study.

# Market shares Market shares residents Market shares non-residents

FSP PSP PUP FSP PSP PUP FSP PSP PUP

1 0.013 0.666 0.321 0.020 0.783 0.197 0.004 0.518 0.478
2 0.012 0.675 0.313 0.019 0.790 0.191 0.004 0.529 0.467
3 0.015 0.672 0.313 0.023 0.786 0.191 0.006 0.527 0.467
4 0.015 0.652 0.332 0.023 0.773 0.204 0.006 0.499 0.496
5 0.016 0.652 0.332 0.023 0.773 0.204 0.006 0.499 0.496

Table 2.8: Aggregate and disaggregate market shares for the approximate equilibrium
solutions of the base scenario of the parking case study.

Equilibrium Prices Profits

# ε PSP PUP PSP PUP

1 3.3% 0.385 0.611 3.86 2.37
2 4.1% 0.382 0.630 4.19 2.35
3 3.1% 0.386 0.628 4.24 2.38
4 5.0% 0.398 0.615 3.81 2.77
5 3.3% 0.400 0.613 3.84 2.75

Table 2.9: List of approximate equilibrium solutions of the PUP discount scenario of the
parking choice case study.

# Market shares Market shares residents Market shares non-residents

FSP PSP PUP FSP PSP PUP FSP PSP PUP

1 0.003 0.570 0.427 0.002 0.435 0.563 0.004 0.741 0.255
2 0.003 0.636 0.361 0.002 0.521 0.477 0.004 0.782 0.214
3 0.003 0.624 0.373 0.002 0.510 0.489 0.004 0.771 0.226
4 0.004 0.514 0.482 0.004 0.361 0.634 0.004 0.708 0.288
5 0.004 0.508 0.488 0.004 0.360 0.636 0.004 0.697 0.299

Table 2.10: Aggregate and disaggregate market shares for the approximate equilibrium
solutions of the PUP discount scenario of the parking case study.

by providing them with a 25% discount on the fare of the underground parking facility.
This means that, when a city resident choose the PUP alternative, the PUP supplier earns
a revenue which is equal to the approximate equilibrium price pPUP , but the user only pays
0.75pPUP . By using a disaggregate demand model, both suppliers can take into account
demand heterogeneity and optimally adapt their strategies to the new policy. Table 2.9
lists the new approximate equilibrium solutions. As expected, the strategic behavior of
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the two competitors changes as a result of the updated utility functions of a subset of
customers. We can compare the two scenarios in terms of aggregate and disaggregate
market shares through Tables 2.8 and 2.10. On the one hand, discounted PUP becomes
more desirable for city residents, therefore the PUP supplier can afford increasing the price
while capturing a much larger segment market share than before (47-64% versus 19-21%
in the base scenario). On the other hand, the PSP supplier must decrease its price in
order to make profits by targeting the non-residents, for whom no discount is available.

To conclude, with this simple example we show that it is possible to include an advanced
discrete choice model that does not have a closed-form expression of the choice probabilities
in an equilibrium problem. Indeed, the strength of the linearized choice-based optimization
model is that it overcomes the issue of having normally distributed parameters in the mixed
logit utility specification by relying on simulation. In the next case study, we analyze a
market with more alternatives and more complex strategic problems on the supply side,
which justifies the need of a scalable model-based algorithmic framework.

2.5.3 Schedule-based high-speed rail competition

The ongoing liberalization of domestic and international rail passenger services in Europe
led to the creation of new competitive markets on public transport routes which were
traditionally covered by a monopolistic operator. A plethora of contributions exist that
forecast and analyze the competitive high-speed rail (HSR) market in Italy (Ben-Akiva
et al., 2010; Cascetta and Coppola, 2012; Valeri, 2013; Capurso et al., 2019; Cascetta et al.,
2020), Sweden (Broman and Eliasson, 2019) and Germany (Ait Ali and Eliasson, 2019),
among others. In some of these cases and in many other high-demand international routes,
rail operators also compete with intercity bus operators (Grimaldi et al., 2017; Fageda and
Sansano, 2018) and low-cost or legacy airlines (Adler et al., 2010; Albalate et al., 2015).

Research on public transport has shown that a frequency-based representation of a
timetable is suitable to model travel choices in high-frequency urban transit systems, but
it is not appropriate to model choices of intercity trips, since the schedule of the
available services affects the decision of the traveler (Cascetta and Coppola, 2016).
Therefore, in the context of competitive HSR pricing, it is fundamental for the suppliers
to take into account the heterogeneity of customers in terms of desired time of travel and
willingness to pay to avoid early/late departures/arrivals. We follow the schedule-based
approach introduced by Nuzzolo et al. (2000) and applied by Cascetta and Coppola
(2012), which allows to investigate a railway demand model that, contrarily to
frequency-based representations, explicitly models each train service. This allows to
assign penalties for early departure and late arrival times with respect to the user’s
desired departure and arrival times, respectively. By using such detailed representation
of the choice set, it is possible to evaluate the effect of pricing policies and variations in
the schedule of single trains. To the best of our knowledge, there has not been any
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Alternative 0 1 2 3 4 5 6 7

Mode Car IC Air Air HSR HSR HSR HSR
Endogenous No No Yes Yes Yes Yes Yes Yes
Operator - - - - 1 1 2 2
Dep time - 2:00 7:10 8:10 5:45 6:45 5:40 6:40
Arr time - 10:00 8:20 9:20 8:45 9:45 9:00 10:00
Travel time (min) 360 480 70 70 180 180 200 200
Waiting time (min) - - 60 60 - - - -
Access time (min) - 0-60 30-60 30-60 0-60 0-60 0-60 0-60
Egress time (min) - 0-30 30-60 30-60 0-30 0-30 0-30 0-30
Price (e) 100 30 60 60 p4n p5n p6 p7

Table 2.11: Attributes of all scheduled services for the HSR problem instance.

attempt to include departure time choices at a disaggregate level when modeling pricing
decisions in a competitive rail market.

2.5.3.1 Instance description

In our case study, we consider a competitive intercity travel market with two HSR
companies, each operating two direct services connecting two cities in a typical morning
period. Train departure times and travel times are assumed to be exogenously given.
Additionally, we include two scheduled flights, a slow intercity train and private
transport as opt-out alternatives for which timetables and prices are fixed and
exogenously given. We endogenously model the pricing strategies of the two train
operators and we assume that they must decide on the prices at which to sell tickets for
each scheduled departure time. Table 2.11 presents the attributes of all scheduled
services.

A synthetic population of 1000 travelers is generated for the given origin-destination
pair. Each individual has a trip purpose (business or other), an income level (high or
low), a desired arrival time at destination between 9:00 and 11:00 which follows a
non-uniform distribution, and a specific origin location (urban or rural) which leads to
different access times to terminals. The following demand patterns are to be mentioned:
most business travelers desire to arrive at their final destination before 10:00, while most
other travelers are indifferent to arrival time; there is a higher proportion of high income
and business travelers among urban travelers than among rural travelers; a part of
business travelers are reimbursed and are therefore less price sensitive. We categorize the
synthetic population into 12 groups, each having homogeneous socioeconomic
characteristics. Table 2.12 represents the contingency table of the synthetic population.

For the discrete choice model, we refer to the model estimated by Cascetta and Coppola
(2012), which is derived from a combined revealed preference (RP) and stated preference
(SP) survey data set collected in Italy at the national level. Table 2.13 illustrates the
parameters used in our experiments. Two separate sets of parameters are considered for
business trips and other trip purposes. Additionally, the cost parameters are mode-specific
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Group (n) Size (θn) Trip purpose Reimbursement Income Origin

1 387 Other - Low Rural
2 81 Other - Low Urban
3 27 Other - High Rural
4 11 Other - High Urban
5 15 Business No Low Rural
6 44 Business Yes Low Rural
7 35 Business No Low Urban
8 146 Business Yes Low Urban
9 9 Business No High Rural
10 41 Business Yes High Rural
11 47 Business No High Urban
12 157 Business Yes High Urban

Table 2.12: Contingency table of the socioeconomic characteristics of the population.

β Business travelers Other purpose travelers

µHSR1 1.190 1.333
µHSR2 1.134 1.299
µAir 1.086 1.106
ASCCar 0.000* 0.000*
ASCIC -1.289* -2.138*
ASCAir -2.893* -1.856*
ASCHSR1 -0.825* -0.572*
ASCHSR2 -1.174* -1.069*
Travel time (min) -0.0133 -0.0054
Access/egress time (min) -0.00555 -0.0103
Early schedule delay (min) -0.00188 -0.00677
Late schedule delay (min) -0.0130 -0.00617

βcost Reimbursed High income Low income High income Low income

Cost car (euro) -0.0222* -0.0296* -0.0527 -0.0228* -0.0405
Cost Air (euro) -0.0109 -0.0113* -0.0201 -0.0109* -0.0194
Cost IC (euro) -0.0158 -0.0212* -0.0377 -0.0097* -0.0172
Cost HSR (euro) -0.0120 -0.0160* -0.0284 -0.0144* -0.0256

Value of Travel Time Reimbursed High income Low income High income Low income

Car (euro/h) 35.88* 26.95* 15.14 14.24* 8.00
Air (euro/h) 73.21 70.67* 39.70 29.73* 16.70
IC (euro/h) 50.51 37.68* 21.17 33.54* 18.84
HSR (euro/h) 66.50 50.02* 28.10 22.53* 12.66

Table 2.13: Model parameters derived from Cascetta and Coppola (2012). 2

and interact with income, producing different values of travel time savings. A nested
logit model is used where the three nests µHSR1, µHSR2 and µAir capture the correlation
between the scheduled services of the each of the two train operators and of the airline.
In the table, values without asterisk are taken as such from Cascetta and Coppola (2012).
The alternative-specific constants (ASCs) are calibrated to reflect some predefined modal
split estimates, following the procedure described in Hensher et al. (2005). The βcostcar
parameter for reimbursed business customers is derived by assuming that the ratio between
the values of travel time of reimbursed and non-reimbursed business travelers by car is
the same as for train alternatives. We have introduced an additional distinction between
high income and low income travelers, by arbitrarily assuming that βcost parameters of
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non-reimbursed business travelers and of other travelers from Cascetta and Coppola (2012)
apply to our low income segment of the population. βcost parameters for high income
customers are derived by assuming that the ratio between the values of travel time of high
income and low income customers is the same as in the SAMPERS long-distance model
developed in Sweden and reported in Börjesson (2014).

We remark that the data set used for the experiments and the derived results are
hypothetical and do not represent real scenarios that are related to choices made by
existing HSR operators.

2.5.3.2 Notes on algorithm implementation

This case study presents two additional sources of complexity compared to the parking
case study presented in Section 2.5.2: on the demand side, the nested logit model is used
to capture the similarities existing within subsets of alternatives which share observed
and unobserved attributes; on the supply side, each HSR operator makes a simultaneous
decision on the price of multiple alternatives.

We recall that, in the nested logit model, the deterministic utility Vin of customer n for
alternative i belonging to nest m is affected by the utilities of all the other alternatives j
that belong to the same nest by means of a logsum term:

Vin = V
′
in + log(µ exp(V ′in(µm − 1))(

∑
j∈m

exp(V ′jnµm))
µ
µm
−1). (2.34)

In (2.34) V ′in represents the logit utility, µ is a scale parameter which is commonly
normalized to 1 and µm ≥ 1 is a scale parameter that expresses the correlation between
alternatives in the same nest.

By inserting (2.34) into our linearized utility expression (2.1), we obtain

Uinr = V
′
in + log(µ exp(V ′in(µm − 1))(

∑
j∈m

exp(V ′jnµm))
µ
µm
−1) + ξinr, (2.35)

where V ′in = βp,inpi + qin and V
′
jn = βp,jnpj + qjn for all j ∈ m. Expression (2.35) is

non-linear due to the presence of endogenous variables, i.e. the prices pj of all high-speed
train services, in the logsum term. To overcome this issue, we initially fix the values of the
endogenous variables in the logsum term and only optimize for those in the logit utility
V
′
in. By doing so, the supply optimization problem is solved as a mixed-integer linear

problem. The initial logsum values need to be updated and the problem solved again in
an iterative fashion, until reaching convergence.

For the first heuristic block of our algorithmic framework, computational experiments show
that, when all scale parameters µm < 1.5 as in this case study, this iterative optimization
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(a) Prices (b) Profits

Figure 2.4: Evolution of prices and profits for one run of the fixed-point iteration algorithm
in the high-speed rail case study.

procedure is computationally tractable and convergence between the logsum variables and
the linear variables is reached in parallel with the convergence to an equilibrium region
of the competitive game. Preliminary tests indicate that convergence might be slower to
reach for higher values of µm, since small changes in the values of the endogenous variables
have large effects on the logsum terms, thus making the fixed-point method cumbersome.
We hypothesize that implementing smoothing techniques for the update of the logsum
terms could be beneficial, but further research should be conducted to derive more sound
conclusions on this matter. The value of the parameters µm is less of an issue when
solving for subgame equilibrium, provided that sufficiently tight bounds are imposed on
the distance between the strategies included in the restricted sets.

Similarly to the parking choice case study, we apply Algorithm 1 as such to find
approximate equilibrium solutions for the given market. We remark that in this case a
strategy corresponds to a bundle of price decisions on different alternatives. Therefore,
trade-offs exist between alternatives controlled by the same supplier which can lead to
different strategic behaviors in different regions of the solution space.

In the first block, we solve the problem using the fixed-point iteration algorithm. Figure 2.4
shows the evolution of prices and profits for a run of the algorithm, given a random initial
state of the market. We can notice that the algorithm converges to an equilibrium region
after a number of iterations (Figure 2.4a). However, none of these states is a stable
solution, because there is always a competitor who has an interest to deviate from the
current state by best-responding to the rival to increase its profits (Figure 2.4b).

Using the fixed-point iteration algorithm multiple times with different initial
configurations is insufficient to model the competitive behavior of the suppliers, because
neither the stability of the solution nor the potential existence of tacit collusion to
deviate from the purely non-cooperative outcome are taken into account. On the
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Supplier | S | Alternative Bounds Subgame solution Best responses
ε

LB UB Price Profit Price Profit

HSR1 4 4 86.68 116.09 106.29 36983 114.98 37787 0.0225 82.51 102.28 95.69 97.28

HSR2 4 6 64.58 82.25 76.36 24205 80.57 24660 0.0197 63.78 73.91 70.53 72.42

HSR1 5 4 86.68 116.09 116.09 38112 115.27 38248 0.0035 82.51 102.28 102.28 103.66

HSR2 5 6 64.58 82.25 80.57 25157 76.65 25520 0.0147 63.78 73.91 72.42 72.72

HSR1 6 4 86.68 116.09 114.98 37994 114.95 38277 0.0085 82.51 103.66 97.28 104.14

HSR2 6 6 64.58 82.25 80.57 24551 80.25 24852 0.0127 63.78 73.91 72.42 72.72

HSR1 7 4 86.68 116.09 114.98 37609 114.58 37901 0.0085 82.51 104.14 97.28 98.02

HSR2 7 6 64.58 82.25 76.65 24752 80.94 24911 0.0067 63.78 73.91 72.72 71.45

Table 2.14: Illustration of the algorithm to find an ε-equilibrium solution for the high-speed
rail case study with uniform pricing, with ε = 0.01.

contrary, relying on the fixed-point optimization model, albeit on restricted strategy sets,
allows to search for subgame solutions for which best response conditions are satisfied by
all suppliers simultaneously. The application to this case study of the
column-generation-like technique that forms the second and third blocks of the
algorithmic approach is illustrated in Table 2.14. Notice that the price bounds for the
fixed-point model are updated whenever new best response strategies are added to the
restricted sets. In principle, strategies could also be removed to keep the restricted sets
small and the bounds tight to precompute as many captive customer choices as possible.
Finally, the value of ε is subject to problem-specific considerations on competitive
behavior and can be updated during execution, since there is no guarantee that
ε-equilibrium solutions exist for any given ε. In these experiments, ε is initialized to 0.01
and then progressively increased through properly tuned parameters until the desired
number of solutions is found.

2.5.3.3 Results

We perform two experiments. In the first experiment, no price differentiation based on
customer groups is considered. We run the algorithm until five approximate equilibrium
solutions with different values of ε are found. The list of solutions is provided in Table 2.15.
Each row corresponds to a different solution, for which the prices for all alternatives and
the profits are reported. We notice that both suppliers price their first service higher than
the second, reflecting the demand of business customers who are less sensitive to cost and
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Equilibrium Prices Profits

# ε HSR11 HSR12 HSR21 HSR22 HSR1 HSR2

1 0.8% 114.98 97.28 76.65 72.72 37609 24752
2 0.5% 114.58 98.02 80.94 71.45 38051 24869
3 0.4% 114.63 98.36 80.74 72.33 38129 24908
4 1.0% 114.78 98.27 77.31 72.34 37988 24723
5 0.7% 114.75 97.96 81.26 71.23 38070 24901

Table 2.15: List of approximate equilibrium solutions of the HSR case study with uniform
pricing.

# Market shares Urban market shares Rural market shares

Opt-out HSR1 HSR2 Opt-out HSR1 HSR2 Opt-out HSR1 HSR2

1 0.321 0.353 0.326 0.232 0.425 0.343 0.403 0.286 0.311
2 0.316 0.359 0.325 0.229 0.430 0.340 0.395 0.294 0.311
3 0.321 0.359 0.320 0.231 0.430 0.339 0.403 0.294 0.304
4 0.321 0.354 0.326 0.231 0.429 0.340 0.403 0.285 0.313
5 0.324 0.355 0.322 0.229 0.430 0.340 0.410 0.286 0.305

Table 2.16: Aggregate and disaggregate market shares for the approximate equilibrium
solutions of the HSR case study with uniform pricing.

Equilibrium Prices Profits

# ε HSR11 HSR12 HSR2u1 HSR2r1 HSR2u2 HSR2r2 HSR1 HSR2

1 1.3% 115.02 97.73 107.39 58.91 88.69 70.66 38043 25783
2 1.5% 90.00 90.00 92.18 78.82 86.13 68.99 39021 25225
3 1.3% 110.27 97.11 105.02 63.55 82.02 72.53 38385 25726
4 1.1% 115.90 97.68 107.69 65.31 81.48 70.91 39034 25796
5 0.9% 115.33 89.99 104.95 63.21 97.35 72.90 38512 24847

Table 2.17: List of approximate equilibrium solutions of the HSR case study with price
differentiation.

# Market shares Urban market shares Rural market shares

Opt-out HSR1 HSR2 Opt-out HSR1 HSR2 Opt-out HSR1 HSR2

1 0.318 0.359 0.323 0.258 0.465 0.277 0.373 0.262 0.365
2 0.291 0.416 0.293 0.224 0.506 0.271 0.352 0.334 0.314
3 0.319 0.366 0.316 0.251 0.465 0.285 0.381 0.275 0.345
4 0.321 0.361 0.318 0.254 0.458 0.287 0.382 0.273 0.345
5 0.317 0.386 0.297 0.258 0.490 0.252 0.372 0.290 0.338

Table 2.18: Aggregate and disaggregate market shares for the approximate equilibrium
solutions of the HSR case study with price differentiation.

more sensitive to arrival time. Supplier 1 can set higher prices, reflecting the higher quality
of service perceived by the customers (notice the lower travel times in Table 2.11 and the
higher alternative specific constants in Table 2.13) and gets higher profits. Table 2.16
reports the market shares, both in aggregate form and segmented according to the origin
of the travelers.
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In the second experiment, we consider the case where Supplier 2 exploits the available
disaggregate demand model to develop a selling strategy that targets urban and rural
customers separately through price differentiation. This means that now Supplier 2 sets
four different prices purban6 , prural6 , purban7 and prural7 , while Supplier 2 keeps its uniform
pricing strategy, deciding on the two prices p4 and p5. The purpose of this test is to
check whether being able to price differentiate constitutes a competitive advantage
against suppliers that do not price differentiate. Table 2.17 lists the approximate
equilibrium solutions when Supplier 1 price differentiates. We can see that the
equilibrium prices of Supplier 2 for urban and rural customers reflect the different price
sensitivity of the two groups. Compared to the approximate equilibria of the uniform
pricing case, Supplier 2 tends to increase the price for urban customers and decrease the
price for rural customers, for both scheduled departures. Among urban customers, the
first service is again priced higher than the second. In most approximate equilibria,
profits are higher than in the uniform pricing case, both for Supplier 1 and Supplier 2.
Table 2.18 shows the effects on market shares. Compared to the uniform pricing case,
aggregate market shares remain stable, but notable differences exist in the segment
market shares, with Supplier 2 increasing its market share among rural customers and
Supplier 1 attracting more urban customers.

These considerations exemplify the type of analysis that can be carried out either by
the competitors or by an external market regulator who has access to estimations of
disaggregate demand data.

2.6 Conclusion
In this chapter we present a general framework to find approximate equilibrium solutions
of oligopolistic markets where demand is modeled at the disaggregate level using discrete
choice models. A disaggregate representation of demand allows to better account for
product differentiation and consumer behavioral heterogeneity at the individual level.
However, this comes at the expense of having a guarantee that a pure equilibrium exists,
since the supplier profit functions are non-convex. For this reason, we propose a
simulation-based heuristic approach that finds approximate equilibrium solutions. The
methodology is applied to two examples of oligopolistic markets within the
transportation sector, namely parking and high-speed rail, for which advanced choice
models, taken as such from the literature, are used to model demand. Numerical
experiments find approximate equilibrium solutions that provide meaningful information
for competing firms and policy-makers alike.

The interaction between demand and supply models is a fundamental problem in the
analysis of imperfect competition, and aggregation techniques have been largely utilized
to obtain demand functions that could be used in equilibrium models. Our work proposes
an alternative framework which requires limited assumptions on the specification of the
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used discrete choice models. This means that it can accommodate a large variety of choice
models available in the literature. The potential of our methodology needs to be evaluated
in light of the advances in discrete choice modeling, which allow for increasingly complex
and precise representations of individual behavior. In particular, there is a vast literature
on choice models with latent variables, modeling subjective behavioral dimensions such as
attitudes and perceptions. These models can be integrated in our framework exactly as
done for the two examples provided in this paper.

Searching for a pure equilibrium of a problem that has an aggregate demand model and
searching for an approximate equilibrium of a problem with a disaggregate demand model
are two valid approaches to find market equilibria. In general, since the inputs of the
two problems are different, the outputs cannot be compared. Both demand models are
approximations of the real demand. The reason for investigating equilibrium models with
disaggregate demand is that there exist specification tests that allow to say whether a
demand model is better than another model. In practice, the trade-off between the realism
of the assumptions (or lack thereof) and the complexity of the demand model must be
assessed on a case-by-case basis by the analyst.

The following research directions should be further investigated.

The modeling framework could be extended to take into account congestion effects and
capacity constraints, both of which are important phenomena in transportation.
Congestion can be included in the utility function by adding a demand-dependent
component. Due to the highly non-linear relation between demand and congestion in
transportation, an inner fixed-point iteration approach should be added to the
framework in order to reach lower-level user equilibrium. To include capacity constraints,
exogenous priority rules that simulate the arrival process of customers could be
implemented, as proposed by Binder et al. (2017). Such a methodology would also allow
for price differentiation based on the time of booking, in a revenue management fashion.

We acknowledge that the main limitation to the use of our algorithmic framework is the
computational complexity caused by the multidimensional solution space that must be
evaluated to solve the best response conditions to verify approximate equilibrium solutions.
At this point, the applicability of our framework to large-scale problem depends on the
capability to efficiently exploit the problem structure and find tight bounds or ad-hoc
algorithms. Pacheco Paneque (2020) proposes a Lagrangian decomposition scheme that
finds near-optimal solutions fast. In Chapter 4 we focus on Benders decomposition for
choice-based optimization problems with discrete upper-level variables.

Finally, in the context of regulated competition in transportation, the framework could
also incorporate the role of a regulator, which actively influences the market towards a
social welfare maximization outcome. This research question is developed in Chapter 3.
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3
Price-based regulation of oligopolistic markets

under discrete choice models of demand

This chapter is based on the article

Bortolomiol, S., Lurkin, V., Bierlaire, M. (2021). Price-based
regulation of oligopolistic markets under discrete choice models of
demand. Accepted for Publication in Transportation.

The work has been performed by the candidate under the supervision of Prof. Michel
Bierlaire and Prof. Virginie Lurkin.

3.1 Introduction
Public intervention in transport markets can be motivated by several phenomena. For
decades it has been acknowledged that transportation is a source of negative externalities,
two well-known cases of which are pollution and congestion. Policies to address these
issues include road pricing (Button and Verhoef, 1998; Anas and Lindsey, 2011), taxes on
fuel or on vehicle purchase (Fullerton and West, 2002; Eliasson et al., 2018) and creation
of low emission zones (De Borger and Proost, 2013; Cullinane and Bergqvist, 2014; Lurkin
et al., 2021), among others. Currently, much attention is given to the contribution of the
transport sector to the increase of greenhouse gas emissions which are a leading cause of
climate change (IPCC, 2014). Solutions that include a carbon tax are frequently proposed
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to reduce the negative impact of mobility on the environment. From a social perspective,
a public entity might want to intervene in a transport market to incentivize mobility
under certain circumstances. Indeed, improving mobility is often regarded as a means
to increase economic output and enhance access to job opportunities or other activities
(Van Goeverden et al., 2006; Guzman and Oviedo, 2018). Additionally, many transport
markets, alike other network industries such as energy and telecommunications, are natural
monopolies where suppliers benefit from large economies of scale and consumers place
greater value on large networks than on small ones (Farsi et al., 2007).

Public intervention can take many forms. In this work, we look at regulation. Regulation
is defined as an indirect public intervention aimed at orienting actors towards some
welfare goals (Ponti, 2011). In this context, regulation can be seen as a middle way
between a command-and-control approach and a pure market competition approach.
Market regulation options are generally framed within competition and antitrust laws
that exist at local, national and international level and determine how a regulator can
influence the market. One common approach to regulation is the use of economic
instruments such as subsidies and taxes, which are the focus of this contribution.

It is well-known that the acceptability of economic instruments for public policy depends
on the perceived fairness of the instruments and on their effects across the population
(Maestre-Andrés et al., 2019). To this end, discrete choice theory constitutes a powerful
framework to analyze demand at a disaggregate level by accounting for product
differentiation and consumer behavioral heterogeneity (Ben-Akiva and Lerman, 1985;
Anderson et al., 1992). A large body of discrete choice modeling literature exists which
describes complex disaggregate choice behavior. However, these models are generally
aggregated before being included in models of competitive markets (McFadden and Reid,
1975; Koppelman, 1976; Berry et al., 1995). The reason is that only the simplest
disaggregate demand models, which require several limiting assumptions, satisfy the
equilibrium existence conditions. In all other general cases, equilibrium existence is not
guaranteed, and no analytical approach can be used to find one (Morrow and Skerlos,
2011; Aksoy-Pierson et al., 2013; Gallego and Wang, 2014).

In this chapter, we build upon the model of market competition presented in Chapter 2
and we propose a framework to find optimal policies to regulate oligopolistic transport
markets where demand is modeled at a disaggregate level using discrete choice models.
In markets characterized by imperfect competition between suppliers and by
heterogeneous consumer demand, regulation affects the strategic decisions of suppliers,
which in turn are influenced by the preferences of the customers and by the decisions of
their competitors. Our approach allows to exploit an estimated discrete choice model
and include it by means of simulation in a model of regulated competition featuring
heterogeneous demand, multi-product offer by suppliers and price differentiation. The
use of models that capture complex disaggregate choice behavior allows the regulator to
account for product differentiation and consumer behavioral heterogeneity at the

40



3.2. LITERATURE REVIEW

individual level, and therefore to better tailor its policies based on trade-offs between
different agents.

The remainder of this chapter is organized as follows. Section 3.2 reviews the literature
on social welfare in presence of discrete choice models of user behavior and of imperfect
competition, and positions our contribution with respect to the literature. Section 3.3
presents our discrete choice-based optimization model for regulated competition. The
model can be integrated in an algorithmic framework that finds approximate equilibrium
solutions for the market. Section 3.4 illustrates numerical experiments performed on a
case study representing an intercity travel market. Finally, Section 3.5 provides directions
for future research.

3.2 Literature review
Welfare economics is generally understood as the problem of achieving a social maximum
derived from individual desires by comparing and ranking different social states (Arrow,
1951). Similarly, social choice theory aims at creating a framework that explores
normative principles to support policy design and evaluation (Hausman et al., 2016). If
we accept the postulate that interpersonal comparisons of utilities are meaningful, then
value judgements are required to define a relation between utilities of different
individuals and to aggregate them into a mathematical formula measuring social welfare.
The necessity and the appropriateness of comparing gains of certain individuals with
losses of other individuals when evaluating economic policies are central in the seminal
works by Pareto (1906), Bergson (1938) and Samuelson (1948). Pareto (1906) proposes
an ordinal approach to utilities and rejects the idea of welfare as an aggregation of
individual cardinal utilities. In this approach, social states can only be compared in
terms of preference and indifference relations for each individual. Then, a state is a
Pareto-improvement over another state if and only if at least one individual is better off
and, at the same time, no individual is worse off. Kaldor (1939) and Hicks (1939)
propose weaker efficiency conditions by relying on hypothetical compensations which
could be transferred from individuals who are better off to those who are worse off to
move from an initial state to a Pareto-improving state, without imposing any
distributional condition. Bergson (1938) and Samuelson (1948) take a different point of
view and introduce the concept of individualistic social welfare function. Such function
should allow the comparison of the utilities of different individuals and should take a
form chosen according to ethical value judgements, which are to be agreed upon by
society based on some sort of ethical assumptions. Later studies further develop these
concepts by looking at the interdependencies between an individual’s social welfare
function, representing ethical preferences, and their own utility function, representing
personal tastes (Harsanyi, 1955; Sen, 1977), and formalize interpersonal comparability
through social welfare functionals (d’Aspremont and Gevers, 2002; Sen, 2017). Social
welfare functionals are flexible enough to incorporate many approaches to public policy,
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allowing not only descriptive but also normative analyses. Indeed, the study of social
welfare has expanded to include subjective well-being, distributional preferences and
intergenerational equity (Fleurbaey, 2009).

Welfare economics uses social welfare functions to aggregate individual consumer behavior,
which is generally modeled as the choice of a bundle of continuous goods subject to a
budget constraint. Complementing the continuous case, the theory of discrete choice
modeling considers behavioral situations in which an agent makes a choice from a finite
set of discrete alternatives (Ben-Akiva and Lerman, 1985). Discrete choice models account
for consumer behavioral heterogeneity at the disaggregate level. As such, these models
allow for complex and precise representations of individual behavior by means of utility
functions that capture tastes and socioeconomic characteristics. Small and Rosen (1981)
discuss how conventional methods of applied welfare economics can be generalized to
handle random utility models of discrete choices. The authors recognize that welfare
judgments are of paramount interest when analyzing taxes and subsidies in some markets
for which discrete choice models are used. They conclude that welfare effects can be
derived directly from micro data using the utility functions, avoiding the explicit use of
aggregate demand functions, which are not normally obtained in closed form. In particular,
consumer surplus can be expressed in different forms depending on the random term
distributional assumptions. One of these forms is the log sum metric, utilized in the case of
multivariate extreme value distribution. Batley and Ibáñez (2013) analyze the assumptions
underlying the approach by Small and Rosen (1981). In particular, they show that the
consumer surplus measure requires income effects of price and income changes to be equal
to zero, thus excluding the possibility to have heterogeneous marginal utilities of income,
which causes path dependence. Notwithstanding this limitation, the literature on welfare
measurements using discrete choice models has largely followed the Marshallian framework
(Hess et al., 2018). Alternative approaches that account for non-constant marginal utility
of income rely on the Hicksian compensating variation (Hau, 1985; Jara-Díaz and Videla,
1990; McFadden, 1995; Morey et al., 2003; Batley and Dekker, 2019). However, both
analytical and simulation-based methods come with a substantial computational burden,
and this is the main reason for their limited use in practical applications to date. Finally,
another method to account for different marginal utilities of income is proposed by Hau
(1986), who modifies the approach by Small and Rosen (1981) to incorporate explicit
value judgements by assigning distributional weights to segments of the population. The
methodology is then used to carry out a transport infrastructure cost-benefit analysis
where the population is stratified by income.

In prescriptive studies, we encounter some works whose goal is to design optimal fares,
taxes or subsidies using a model of discrete choice. De Borger (2000) presents a model to
determine a welfare-optimal two-part tariff under logit model of discrete choice, subject
to budgetary constraints and distributional preferences. The fixed and the variable
components of the tariff mimic the choices of ownership of a vehicle and quantity of
consumption in terms of traveled kilometers. The expected value of the maximum utility

42



3.2. LITERATURE REVIEW

for the logit model is obtained using the log sum welfare measure, interpreted as
consumer surplus up to a constant, as in Small and Rosen (1981). It is shown that this
methodology can be generalized to other classes of discrete choice models, for which
there is no closed-form solution for the objective function, but no information is provided
about computational tractability. A similar approach is followed in De Borger and
Mayeres (2007), where nested constant elasticity of substitution utility functions are
used. Borndörfer et al. (2012) propose a non-linear formulation to optimize fares on a
public transport network. The demand functions take into account spatial heterogeneity
in terms of origin-destination pairs and are based on a logit model to compromise
between model accuracy and computability. Various objective functions are proposed to
allow for the maximization of revenue, profit, demand, user benefit and social welfare.

The assumption that consumers are the only agents who react to welfare-maximizing
policies is limiting when studying a regulated oligopolistic market where suppliers have
market power and have objectives that conflict with those of the regulator. Indeed, in
the latter case the outcome is determined jointly by all decision-makers, and the strategic
behavior of firms in oligopolies is usually modeled using game theory (Fudenberg and
Tirole, 1991; Osborne and Rubinstein, 1994). In a non-cooperative game, a Nash
equilibrium solution is defined as a state in which no player can improve its payoff by
unilaterally changing their decision (Nash, 1951). Mathematically, an equilibrium is
guaranteed to exist only if a number of conditions related to continuity, differentiability
and convexity are satisfied for the demand, cost and profit functions (Murphy et al.,
1982). In particular, these requirements pose limitations on the demand function. For
this reason, the works that include discrete choice models in models of competitive
markets and welfare analysis rely on simplifying assumptions that pose limitations on
the model specification. Two examples are provided. Anderson et al. (2001) propose a
welfare analysis of the efficiency of ad valorem and unit taxes in an imperfectly
competitive market where each firm produces a homogeneous good. Within their
analysis of Bertrand competition, the authors use a logit model to capture unobserved
heterogeneity across the population and suggest that it is possible to extend the results
to the case of differentiated products and to multiproduct firms. Ivaldi and Vibes (2008)
analyze intermodal and intramodal price competition in a single origin-destination
intercity passenger transport market where each firm controls one product, products are
differentiated and unobserved demand heterogeneity is captured by a nested logit model.
In this context, a unique Nash equilibrium solution exists and can be found by solving
the first-order conditions of the firms’ profit maximization problem. The welfare effects
of a kerosene tax are also evaluated by means of a sensitivity analysis.

These limitations on the demand function pose a severe restriction on the discrete choice
model specification, and therefore on the possibility to conduct a truly disaggregate
analysis and to develop disaggregate policies. We take a complementary stance and
present a methodology that is applicable to complex discrete choice models at the
expense of pure equilibrium existence conditions. With our work, we leverage on
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simulation to propose a comprehensive model that integrates general discrete choice
models into a game-theoretic model of regulated competition, where the regulator aims
to optimize a cardinal social welfare function which admits interpersonal comparisons of
utility. In this context, the added value of our framework is twofold. First, it allows to
generate a more precise representation of demand by modeling both observed and
unobserved heterogeneity at a disaggregate level. Secondly, it allows to develop policies
that leverage on disaggregate demand models to target specific segments of the
population.

3.3 A framework for regulated competition with discrete
choice models

We consider a regulated competitive market where a number of different products are
offered to a population by two or more suppliers that have market power.

The assumptions on demand and supply and the corresponding notation are unchanged
with respect to what described in Sections 2.3.1 and 2.3.2, respectively. Here, we assume
that the strategies that can be selected by supplier k consists in a vector (or bundle) pS of
decisions about all prices pSin, potentially differentiated for each (class of) consumer n ∈ N
and alternative i ∈ Ik. Furthermore, we assume the existence of a regulator, which is an
entity that can use economic instruments, that is, subsidies and taxes, to influence the
behavior of the other agents, thus modifying the equilibrium outcome of the market. In
a general case, we assume that the regulator has a budget B which is available to finance
some policies. The policies set by the regulator affect the price pin paid by consumer
(group) n for alternative i, which in return affects the utilities Uin of the consumers.

By combining the decisions of the regulator and of the suppliers, we obtain the prices pin
paid by the consumers, which can be decomposed as

pin = pSin + tin, (3.1)

where pSin is the revenue made by the supplier in case of purchase and tin is the tax or
the subsidy set by the regulator. If tin > 0, then a tax is imposed on the purchase of
alternative i by customer n. If tin < 0, then a subsidy is offered for the same purchase.

Then, we can write an optimization problem from the point of view of the regulator, whose
goal is to maximize a social welfare function (SWF) at equilibrium. The decision variables
of the regulator problem are the continuous tin variables, potentially differentiated for
each (class of) consumer n ∈ N and alternative i ∈ Ik. For modeling purposes, we define
bounds on the tax and subsidy levels, expressed by the non-negative parameters M t

in and
M s
in, such that −M s

in ≤ tin ≤M t
in.

Let us now look in detail at the different components of the modeling framework.
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3.3.1 Constraints

Three sets of conditions need to be enforced to model the common behavioral
assumptions about consumers and suppliers: (i) utility maximization conditions; (ii)
profit maximization conditions; (iii) equilibrium conditions. On top of them, other
problem-specific constraints can be defined to model specific market features.

3.3.1.1 Utility maximization

Concerning utility maximization, we impose a set of linear constraints by applying the
simulation-based linearization approach proposed by Pacheco Paneque et al. (2021). A
set R of independent draws are extracted from the known error term distribution of the
discrete choice model for each n ∈ N and i ∈ I, corresponding to different behavioral
scenarios. For each scenario r ∈ R, the drawn error term parameter ξinr is included in the
utility function as follows:

Uinr = Vin + ξinr, (3.2)

and consumers deterministically choose the alternative with the highest utility. This means
that the utility of the chosen alternative is equal to

Umaxnr = max
j∈I

Ujnr. (3.3)

Then, we can express the deterministic choice of consumer n ∈ N in a specific scenario
r ∈ R using the binary variable xinr as follows:

xinr =

1 if Uinr = Umaxnr ,

0 otherwise.
(3.4)

For each consumer n and scenario r, expressions (3.2)-(3.4) can be included in a
mixed-integer linear optimization model through the following set of constraints:

Uinr = βpin(pSin + tin) + qin + ξinr ∀i ∈ I, (3.5)
Uinr ≤ Umaxnr ∀i ∈ I, (3.6)
Umaxnr ≤ Uinr +MU (1− xinr) ∀i ∈ I, (3.7)∑
i∈I

xinr = 1 ∀i ∈ I, (3.8)

xinr ∈ {0, 1} ∀i ∈ I. (3.9)

Constraints (3.5) define the utility functions. Constraints (3.6)-(3.8) state that the
consumer chooses the alternative with the highest utility. The parameter MU must be
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sufficiently big to inactivate constraints (3.7) for all alternatives that are not chosen. A
valid value of MU is the difference between the highest and the lowest utility across all
alternatives, which itself depends on the bounds on prices, taxes and subsidies.
Constraints (3.9) are the domain constraints.

The choice probabilities are obtained by sample average approximation (SAA):

Pin =
∑
r∈R Pinr
| R |

. (3.10)

Similarly, the expected maximum utilities are computed as follows:

EMUn =
∑
r∈R U

max
nr

| R |
. (3.11)

3.3.1.2 Profit maximization

The profit maximization problem of each supplier can be expressed through the following
mixed-integer linear optimization model:

max
pS
k

πk =
∑
i∈Ik

∑
n∈N

θnPinp
S
in, (3.12)

s.t. constraints (3.5)-(3.9). (3.13)

In (3.12) pSin is the revenue obtained from the sale of product i to consumer n (see (3.1)),
Pin is the probability that consumer group n chooses alternative i ∈ Ik (see 3.10)), and
θn is the size of group n, i.e. the number of individuals with homogeneous socioeconomic
characteristics. The suppliers’ optimization problems constitute lower-level optimization
constraints for the regulator’s optimization problem.

3.3.1.3 Equilibrium conditions

Consistently with the framework for deregulated competition presented in Chapter 2,
we use ε-equilibrium conditions to identify stationary states of the system in which no
competitor can increase its profit to more than 1+ε times its current payoff by unilaterally
changing its strategy. Formally, let us consider a market state S = (pS , t), which is defined
by the strategies pSk of all suppliers k ∈ K and the vector of all taxes (or subsidies) tin set
by the regulator. Let us define as πk(S) the expected profit of supplier k in state S and
as πmaxk (S−k) the expected profit obtained by supplier k when best responding to state
S−k, defined by the strategies of the regulator and all suppliers except k. Then, S is an
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ε-equilibrium if

πmaxk (S−k) ≤ (1 + ε) πk(S) ∀k ∈ K. (3.14)

3.3.1.4 Problem-specific constraints

Other problem-specific constraints can be integrated in this mixed-integer linear
formulation. For instance, many competition laws impose that the taxation or
subsidization of products sold by competing suppliers must be fair, meaning that no
competitive advantage must arise due to the intervention of the government in the
market. On the supplier side, constraints can be included to ensure that demand for an
alternative does not exceed capacity. This can be achieved by means of exogenous
priority rules that simulate the arrival process of customers, as shown in Binder et al.
(2017). With this technique, it is also possible to model price differentiation strategies
based on the time of booking. On the consumer side, price bounds can be set to define
limits for price discrimination across different population groups. All these sets of
constraints reduce the feasible set of solutions in the optimization problems of the
regulator and of the suppliers. Their effect in terms of computational time and resulting
equilibrium is generally problem-dependent. In the case study presented in Section 3.4,
we show how our modeling framework can integrate some of these constraints. Other
constraints, including capacity constraints and the related congestion effects, come with
additional integrality constraints or non-linearities, which require the design of ad-hoc
algorithms to be tackled (Pacheco Paneque, 2020).

3.3.2 Objective function

The objective of the market regulator is to maximize a cardinal social welfare function
(SWF). We assume that this function takes into account the following components: (i)
expected maximum utilities of the consumers; (ii) expected profits of the suppliers; (iii)
market externalities; (iv) cost of policy implementation. To allow for comparability of
different terms, it is necessary to monetize all values that are measured in non-monetary
terms.

3.3.2.1 Expected utilities

As shown in (3.11), expected maximum utilities can be derived using SAA. The utility
functions must be converted from preference space into the equivalent formulation in
willingness-to-pay space, as discussed by Train and Weeks (2005). We consider linear
income effects, thus adhering to the assumption outlined by Batley and Ibáñez (2013)
under which the framework by Small and Rosen (1981) is consistent with economic theory.
This means that consumer surplus can be obtained by dividing the expected maximum
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utility by a cost coefficient βp, which corresponds to the constant marginal utility of
income.

This component of the SWF can then be written as follows:

SWFU =
∑
n∈N

θn
EMUn
βp

. (3.15)

3.3.2.2 Expected profits

The sum of the expected profits of the suppliers can also be obtained directly from the
discrete choice-based optimization model. The expected profits of supplier k are defined
in equation (3.12), so the sum of the expected profits is simply

SWFπ =
∑
k∈K

πk. (3.16)

3.3.2.3 Externalities

In transportation, externalities can be generally expressed as a function of demand, which
is itself derived from the choice probabilities, as follows:

di =
∑
n∈N

θnPin. (3.17)

In the case of environmental externalities, we may approximate CO2 and other emissions
to a linear function of demand:

SWFE = −
∑
i∈I

cidi, (3.18)

where di is the demand for alternative i and ci is a parameter representing the monetized
cost of emissions per person choosing alternative i, which can be expressed as

ci = `i · ei · SCC, (3.19)

where `i is the distance traveled if alternative i is chosen [km], ei is the CO2 emissions
produced per unit of distance when traveling with alternative i [ton/km] and SCC is the
social cost per unit of carbon emission [monetary unit/ton].

In the case of negative externalities caused by road congestion, it is well-known that a
non-linear relation exists between traffic volume and total travel time, which also affects
the utility of the users. This requires a fixed-point iteration approach to be used in order
to reach lower-level user equilibrium.
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3.3.2.4 Public budget

The monetary impact of the policy for the regulator is given by the difference between
the taxes that are collected and the subsidies that are handed out from and to consumers,
and is therefore conditional on their choices. The budget can be expressed as the sum of
the products of the continuous tax variables tin and the binary choice variables Pinr:

SWFB =
∑
i∈I

∑
n∈N

θn

∑
r∈R xinr
| R |

tin. (3.20)

3.3.2.5 Combining objectives

Expressions (3.15), (3.16), (3.18) and (3.20) capture different aspects of welfare which
are relevant in policy-making. They can be integrated in a unique objective function, or
alternatively they can be treated as different objectives in a multi-objective optimization
problem. In the rest of this work, we follow the former approach, that is, we define

SWF = SWFU + SWFπ + SWFE + SWFB. (3.21)

3.3.3 The full model

By combining the constraints presented in Section 3.3.1 and the objective function
presented in Section 3.3.2, we obtain the following mixed-integer linear optimization
model that maximizes the SWF as a function of the taxation and subsidization chosen
by the regulator:

max
t

SWF (t, pS) (3.22)

s.t.

−Ms
in ≤ tin ≤M t

in ∀i ∈ I, ∀n ∈ N, (3.23)
t′in = tin +Ms

in ∀i ∈ I, ∀n ∈ N, (3.24)
0 ≤ γ′inr ≤ (Ms

in +M t
in)xinr ∀i ∈ I, ∀n ∈ N,∀r ∈ R, (3.25)

t′in − (Ms
in +M t

in)(1− xinr) ≤ γ′inr ≤ t′in ∀i ∈ I, ∀n ∈ N,∀r ∈ R, (3.26)
−Ms

in ≤ γinr ≤M t
inxinr ∀i ∈ I, ∀n ∈ N,∀r ∈ R, (3.27)

γ′inr −Ms
in − (Ms

in +M t
in)(1− xinr) ≤ γinr ≤ γ′inr −Ms

in ∀i ∈ I, ∀n ∈ N,∀r ∈ R, (3.28)∑
i∈I

∑
n∈N

∑
r∈R

γinr ≤ B (3.29)

πk = max
pS
k

∑
i∈Ik

∑
n∈N

θnPinp
S
in ∀k ∈ K, (3.30)

s.t. Uinr = βpin(pSin + tin) + qin + ξinr ∀i ∈ I, ∀n ∈ N,∀r ∈ R, (3.31)
Uinr ≤ EMUnr ∀i ∈ I, ∀n ∈ N,∀r ∈ R, (3.32)
EMUnr ≤ Uinr +MU (1− xinr) ∀i ∈ I, ∀n ∈ N,∀r ∈ R, (3.33)
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∑
i∈I

xinr = 1 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (3.34)

xinr ∈ {0, 1} ∀i ∈ I, ∀n ∈ N, ∀r ∈ R. (3.35)

Objective function (3.22) maximizes the social welfare function defined by the regulator.
Constraints (3.23) impose that the subsidies and taxes set by the regulator respect the
given bounds. Constraints (3.24) define the non-negative variables t′in by means of a
transformation. Notice that the parameters M s

in and M t
in, which are upper bounds

representing the maximum possible values for the subsidies and taxes, are necessary to
linearize the product of the binary choice variable xinr and the continuous variable tin,
which is done in constraints (3.25)-(3.28). More specifically, constraints (3.25)-(3.26)
state that each auxiliary variable γ′inr is equal to t′in if xinr is equal to 1 and is equal to 0
if xinr is equal to 0, while constraints (3.27)-(3.28) say that γinr is equal to the product
tin · xinr. Constraint (3.29) ensures that the budget of the regulator is respected. The
expressions (3.30) represent the objective functions of the lower-level problem, enforcing
the profit maximization condition on all suppliers. Finally, constraints (3.31)-(3.35) are
the utility maximization constraints (3.5)-(3.9).

3.3.4 Model-based heuristic framework

To solve (3.22)-(3.35), we propose a model-based heuristic approach built upon the
fixed-point iteration algorithm which finds optimal policies subject to approximate
equilibrium conditions. This heuristic is an adapted version of Algorithm 1, developed
for deregulated competition and presented in Chapter 2. More specifically, two
mixed-integer linear optimization models are derived from (3.22)-(3.35): the supplier’s
profit maximization model (3.30)-(3.35), where the regulator’s decisions as well as the
prices of all other suppliers are fixed, and a modified regulator’s welfare maximization
model (3.22)-(3.29)+(3.31)-(3.35) where all supply prices are fixed and the optimization
constraints (3.30) are not enforced. Algorithm 2 presents the pseudocode of the proposed
approach.

Starting from an initial state S = (pS , t), the fixed-point iteration algorithm works as
follows. First, the regulator solves model (3.22)-(3.29)+(3.31)-(3.35) to find t∗ that
maximizes the SWF given pS . A new state S∗ = (pS , t∗) is obtained, for which the
expected profits πk(S∗) are computed. Then, each supplier solves model (3.30)-(3.35)
given t∗ and pS

∗
−k to obtain the best-response expected profits πBRk (S∗). With all

best-response profits, we can compute the value εS∗ as follows:

εS
∗ = min{ε | πmaxk (S∗−k) ≤ (1 + ε) πk(S∗) ∀k ∈ K}.

This value gives information about the stability of an approximate equilibrium solution,
that is, the higher εS∗ is, the less stable the solution is, since there is a greater incentive
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Algorithm 2:Model-based heuristic to find an approximate equilibrium of a regulated
competitive market.
Input : A set I of alternatives

A set K of suppliers
A heterogeneous population
An estimated discrete choice model of behavior

Output: An approximate equilibrium solution Se

1 Define an initial state S = (pS , t)

2 Sbest ← S ; εbest ←∞
3 repeat
4 Solve regulation model (3.22)-(3.29)+(3.31)-(3.35) to determine t∗ that maximizes

the SWF given pS

5 Define S∗ = (pS , t∗) and calculate πk(S∗) for all k ∈ K
6 for k ∈ K do
7 Solve supplier model (3.30)-(3.35) to find the best-response strategy pS∗k

that maximizes expected profits given S∗−k, and obtain πmaxk (S∗−k)

8 Compute εS∗ ← min{ε | πmaxk (S∗−k) ≤ (1 + ε) πk(S∗) ∀k ∈ K}.
9 if εS

∗
< εbest then

10 Sbest ← S∗ ; εbest ← εS
∗

11 Update S = (pS∗, t∗), where pS∗ is a vector of best response strategies pSk for all
k ∈ K

12 until stopping criterion is satisfied

for at least one supplier to move away from it. If εS∗ is lower than the current best ε, this
means that S∗ is the most stable solution found so far. Finally, state S is updated with
the best-response strategies of all suppliers before restarting with a new iteration. When
implementing the algorithm, checks can be made to track visited states and diversify the
search of the solution space within the algorithm. The algorithm can be terminated based
on different stopping criteria, such as finding an ε-equilibrium solution with ε lower than a
predefined target or reaching a maximum number of iterations. As discussed in Chapter 2,
when using demand functions based on general disaggregate choice models, there is no
pure equilibrium existence condition and the existence of a ε-equilibrium solution cannot
be proved for any given ε.

3.4 Case study
In this section, we illustrate the model-based algorithmic framework presented in
Section 3.3.4 on a case study for which a non-trivial discrete choice model of demand is
taken from the literature (Cascetta and Coppola, 2012).
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Alternative 0 1 2 3 4 5

Mode Car IC Air Air HSR HSR
Endogenous No No Yes Yes Yes Yes
Operator - - 2 2 1 1
Dep - 23:00 7:30 9:30 4:30 8:30
Arr - 9:00 9:00 11:00 10:30 14:30
TT 12h 10h 1h30’ 1h30’ 6h 6h
WT - - 1h 1h - -
Access - 0-60’ 30-60’ 30-60’ 0-60’ 0-60’
Egress - 0-30’ 30-60’ 30-60’ 0-30’ 0-30’
Price 120 e 60 e p2 p3 p4 p5
Tax/subsidy - tT RAIN tAIR tAIR tT RAIN tT RAIN

Table 3.1: Attributes of all scheduled services for the analyzed problem instance.

3.4.1 Data

We consider a competitive intercity travel market connecting two cities in a typical
morning period. The travel distance between the two cities is assumed to be 1200 km for
all travel modes. The market is served by an airline, a high-speed rail company and an
intercity train company operating under public service obligations. Additionally, we
include the possibility that customers use a private means of transport, which is modeled
as an opt-out alternative. We endogenously model the pricing strategies of the airline
and of the high-speed rail operator, which must decide on the prices at which to sell
tickets for each scheduled departure time. The price of the intercity train and of private
transport are assumed to be fixed and exogenously given. We also endogenously model
the policies of the regulator, which decides on taxes or subsidies that lead to a
welfare-maximizing outcome.

Table 3.1 shows the supply data used for the tests. Travelers can choose among six different
alternative services to go from origin to destination within a given time period. The car
alternative is modeled as an exogenous option, that is, all its attributes are assumed to
be parameters of the problem. Train and air alternatives are modeled endogenously, that
is, the two competing operators, each controlling two alternatives, determine prices in
response to the conditions of the market. Finally, the decisions of the regulator are also
modeled endogenously. The attributes that are included in the customer utility functions
for the different alternatives are cost, in-vehicle travel time, waiting time, access time to
and egress time from terminals, early or late arrival at destination with respect to the
desired arrival time of the traveler.

Furthermore, we generate a synthetic population of 1000 travelers for the given OD pair.
Individuals are characterized by a trip purpose (business or other), an income level (high
or low), and a specific origin location (urban or rural) which leads to different access times
to terminals. For the sake of the experiments, we assume that business travelers have a
desired arrival time at destination between 9:00 and 12:00, which follows a non-uniform
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Group (n) Size (θn) Trip purpose Reimbursement Income Origin

1 350 Other - Low Rural
2 332 Other - Low Urban
3 37 Other - High Rural
4 39 Other - High Urban
5 9 Business No Low Rural
6 24 Business Yes Low Rural
7 16 Business No Low Urban
8 68 Business Yes Low Urban
9 5 Business No High Rural
10 30 Business Yes High Rural
11 21 Business No High Urban
12 69 Business Yes High Urban

Table 3.2: Contingency table of the socioeconomic characteristics of the population.

distribution: 50% of them desire to arrive between 9:00 and 10:00 (peak period), the
rest between 10:00 and 12:00. Furthermore, we assume that all non-business travelers are
indifferent to arrival time. The following demand patterns are to be mentioned: there
is a higher proportion of high income and business travelers among urban travelers than
among rural travelers; a part of business travelers are reimbursed and are therefore less
price sensitive. We categorize the synthetic population in 12 groups of consumers, each
having homogeneous socioeconomic characteristics. Table 3.2 represents the contingency
table of the synthetic population.

The discrete choice model estimation, derived from Cascetta and Coppola (2012),
corresponds to the one described in Table 2.13 of Section 2.5.3.1 for the high-speed rail
case study in case of deregulated competition.

3.4.2 Numerical experiments

The framework described in Section 3.3 allows to model various policies and answer
questions about the strategic behavior of all agents at approximate equilibrium.
Common regulatory policies include price-based instruments such as taxes and subsidies,
but also other instruments such as emission allowances. With respect to demand, we can
look at the effect of taxes and subsidies on the choices and the utilities for the
population as a whole and for specific segments. With respect to supply, we can look at
the changes in the pricing strategies and at the effect of regulation on profits. With
respect to regulation and welfare, we can look at a social welfare function that combine
consumers’ utilities, suppliers’ profits, public budget and environmental effects to
understand trade-offs between these different objectives.

3.4.2.1 Base scenario

Initially, we assume that the regulator sets uniform taxes or subsidies across consumers.
Likewise, the suppliers set uniform prices to all consumers, that is, there is no price
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differentiation. Two components of the SWF, which are the sum of the expected profits
SWFπ and the public expenditure SWFB, are expressed in the monetary terms. The other
two components, which are the sum of the expected utilities SWFU and the externalities
SWFE , must be converted into monetary units. To convert the expected utilities, we set
the constant marginal utility of income to be the weighted average of the βcost parameters
across transport modes (see Table 2.13), with weights that reflect the market shares used
in the phase of calibration. The resulting value is −0.01832. To monetize externalities, we
use the social cost of carbon (SCC), defined as the monetary value of the damage caused
by emitting one more unit of carbon at some point of time (Nordhaus, 1994; Pearce, 2003;
Stern et al., 2006). The SCC is typically derived from integrated assessment models which
require an assumption on the future path of CO2 concentration in the atmosphere and
its consequences. Although the range of SCC estimates available in the literature is quite
broad, this indicator has been central in shaping climate policy and is extensively used
within cost-benefit analyses. Here, we test values ranging between 100 e and 300 e per
ton of carbon.

Additionally, we define the upper bounds M s
in and M t

in to be equal to 30 e for all
alternatives and customers, and we do not impose a public budget constraint.

Table 3.3 presents the approximate equilibrium solutions for 5 values of the SCC. These
solutions are obtained by running Algorithm 2 with two possible stopping criteria: either
a solution is found where no supplier can improve its profits by more than 1% by
best-responding, i.e. ε ≤ 0.01, or a maximum number of iterations (200 in our
experiments) is reached. In the latter case, we report the solution with the lowest value
of ε. For a broader analysis of the approximate equilibrium solutions found by using a
simulation-based framework, we refer the reader to the illustrative experiments presented
in Section 2.5.1.

By looking at the strategic policy decisions of the regulator, we observe that air taxes
and train subsidies increase for higher values of the SCC parameter. For SCC ≥ 250
e/ton, the regulator sets the maximum level of intervention. This result reflects the
relative importance of the cost of externalities with respect to all other objectives. On
the suppliers’ side, we see that, for moderate public intervention, the fares set by the
airline operator are higher than the fares offered by the high-speed rail operator. This
choice is motivated by the travelers’ willingness to pay for large travel time savings. When
air taxes and train subsidies increase, e.g. in the scenario with SCC = 200 e/ton, the
airline operator decreases its prices in order not to lose too many customers (i.e. high
market share, lower markup). Contrarily, the optimal prices of the high-speed rail operator
exhibit non-monotonic variations, for which different possible explanations coexist. In
fact, it is important to notice that profit functions are generally multimodal in presence
of disaggregate demand. On the one hand, similar profits can be obtained with different
pricing strategies and market shares. On the other hand, when a supplier manages two
or more alternatives, there is a form of internal competition between these alternatives,
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Air Prices HSR Prices Regulation Objective function

SCC ε tCO2 r2 r3 r4 r5 tTRAIN tAIR SWFU SWFπ SWFE SWFB

100 0.014 147.12 101.08 109.26 82.42 83.35 -14.61 2.26 0 90598 -14712 -6907
150 0.010 132.26 93.08 93.29 88.62 84.51 -29.68 12.73 8029 86723 -19838 -13207
200 0.008 125.43 81.28 79.92 86.97 76.04 -29.90 26.80 10516 79984 -25086 -9588
250 0.011 123.62 80.54 79.53 86.47 79.44 -30.00 30.00 9016 80315 -30906 -8955
300 0.010 118.39 79.96 90.34 86.20 76.49 -30.00 30.00 8804 80813 -35517 -10167

Table 3.3: Approximate equilibrium solutions for an objective function that maximizes
the social welfare function with values of the SCC between 100 and 300 e/ton.

which is particularly relevant when the desired arrival time of the demand does not play
a dominant role in the utility function, that is, they are nearly perfect substitutes. Notice
that this type of analysis is very much instance-dependent and is influenced by factors
such as similarities across alternatives, degree of heterogeneity across the population and
size of the population groups, among others.

By analyzing the different components of the SWF, we observe that, when we increase
the SCC, the increased relative weight of the emissions component causes a stronger
public intervention. The negative sign of the SWFB component indicates that the
money distributed to subsidize rail alternatives is larger than the money collected from
taxes on air tickets. We infer that this result is partially motivated by the fact that the
utility specification of the used choice model includes mode-specific βcost parameters. In
this particular case, this means that a unitary price change on the train alternatives has
a higher effect on the utility than a unitary price change on the air alternatives. In
general, the appropriateness of using mode-specific cost parameters and the selection of a
valid value for the marginal utility of income within our modeling framework are open
questions for which further research should be conducted to derive more sound
conclusions.

Table 3.4 shows the impact of regulation on utilities and market shares at a disaggregate
level, according to the defined income segments. The comparison between the scenarios
with SCC = 100 e/ton and SCC = 300 e/ton shows that heavier public intervention
causes the highest air-to-rail modal shift to occur among low income travelers, who are
more price sensitive. Furthermore, the prevalence of subsidies over taxes in these scenarios
has a positive effect on the segmented SWFU of both high income and low income travelers.
The values of SWFU for SCC = 100 e/ton are set to 0 and used as a benchmark. Notice
that all these analyses neglect all exogenous information such as the source of the public
budget.

3.4.2.2 Marginal cost of public funds

Next, we test a variant of the modeling framework in which a marginal cost of public funds
(MCF) is defined to penalize deviations from the deregulated scenario. In this case, the
MCF is applied to both handed-out subsidies and collected taxes and is proportional to
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Monetized utilities Market shares high income Market shares low income

SCC SWFHU SWFLU Car IC Air1 Air2 HSR1 HSR2 Car IC Air1 Air2 HSR1 HSR2

100 0 0 0.053 0.042 0.329 0.159 0.345 0.073 0.024 0.125 0.245 0.168 0.261 0.177
150 717 7312 0.046 0.046 0.301 0.162 0.366 0.079 0.015 0.141 0.198 0.153 0.275 0.218
200 832 9684 0.046 0.045 0.297 0.157 0.365 0.090 0.015 0.132 0.176 0.145 0.277 0.255
250 684 8332 0.047 0.045 0.290 0.154 0.378 0.086 0.015 0.141 0.174 0.140 0.284 0.247
300 569 8235 0.046 0.044 0.298 0.135 0.384 0.093 0.016 0.139 0.174 0.117 0.289 0.266

Table 3.4: Segmented monetized utilities and market shares for high and low income
customers with values of the SCC between 100 and 300 e/ton.

Air Prices HSR Prices Regulation Objective function

SCC ε tCO2 r2 r3 r4 r5 tTRAIN tAIR SWFU SWFπ SWFE SWFB

100 0.018 150.05 128.82 124.27 93.80 80.95 -0.03 0.00 -19446 102865 -15005 -14
150 0.015 143.84 103.09 108.98 79.68 80.82 -15.08 0.00 -2164 89625 -21576 -8371
200 0.012 132.69 97.12 99.48 84.90 83.71 -22.34 14.35 -2204 87548 -26537 -8011
250 0.011 123.74 79.91 89.67 87.05 85.74 -30.00 30.00 -6015 82956 -30934 -8930
300 0.011 124.17 79.02 80.25 85.75 79.55 -30.00 30.00 -9400 79956 -37252 -8831

Table 3.5: Approximate equilibrium solutions for an objective function that maximizes the
social welfare function with values of the SCC between 100 and 300 e/ton and marginal
cost of public funds equal to 0.1.

Air Prices HSR Prices Regulation Objective function

SCC ε tCO2 r2 r3 r4 r5 tHTRAIN tLTRAIN tHAIR tLAIR SWFU SWFπ SWFE SWFB

100 0.019 151.37 113.83 116.45 81.16 81.16 30.00 -29.96 30.00 -8.93 0 95298 -15137 -577
150 0.010 143.51 97.60 106.60 97.76 84.82 29.80 -29.93 30.00 -2.18 13355 90521 -21527 -9900
200 0.012 141.63 95.88 103.98 87.11 84.47 28.42 -30.00 30.00 -0.28 14292 89260 -28326 -9996
250 0.011 131.18 93.36 94.79 87.52 79.52 7.88 -30.00 30.00 12.12 14830 85876 -32795 -9394
300 0.014 120.05 84.72 107.15 88.24 82.70 3.33 -30.00 30.00 28.95 9898 85444 -36016 -7344

Table 3.6: Approximate equilibrium solutions for an objective function that maximizes
the social welfare function with values of the SCC between 100 and 300 e/ton, marginal
cost of public funds equal to 0.1, and disaggregate policy.

the level of public intervention. The value is arbitrarily set to 0.1. Table 3.5 presents the
aggregate results of the new scenario. A pairwise comparison of the results of Table 3.3
and Table 3.5 shows that the consequence of including the MCF is a lower intervention
for SCC ≤ 200 e/ton. As a result, the airline can set higher fares while preserving its
competitive advantage over the slower alternatives.

3.4.2.3 Disaggregate policy scenario

We perform a final set of experiments where the assumption of equal policy across the
population is relaxed. Specifically, the goal is to determine an optimal policy where the
decision of the regulator is different between the two identified income segments. The
results are presented in Table 3.6. We observe that both air and rail alternatives are taxed
for the high-income segment, while subsidies are given to low-income rail and air travelers
when SCC ≤ 200 e/ton. This is explained by the higher value assigned to monetary
savings by the low income segment, which is captured in the SWFU component of the
objective function. Indeed, all monetary transfers from suppliers or from the public budget
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to the consumers whose price sensitivity is higher (in absolute terms) than the value of the
marginal utility of income result in an increase in the SWF. Only for SCC ≥ 250 e/ton
does the emissions component SWFE play a dominant role in the objective function.

We remark that the presented segmentation is speculative and other socioeconomic
characteristics (e.g. geographic location, age) or policy strategies (e.g. only taxation,
only subsidization, revenue recycling) could be used to regulate a market at the
disaggregate level.

3.5 Conclusion
In this chapter we introduce a framework to find optimal price-based policies to regulate
markets characterized by oligopolistic competition and in which consumers make a
discrete choice among a finite set of alternatives. The optimization problem of the
regulator is written as a mixed-integer linear optimization problem, and the objective
function is a social welfare function which includes the utilities of the individuals, the
profits of the suppliers, the public budget and the effect of externalities. The framework
accommodates general disaggregate models of demand by relying on simulation to
linearize the expression of the consumers’ choice probabilities. Using a disaggregate
representation of demand allows to account for product differentiation and consumer
behavioral heterogeneity. However, this comes at the expense of equilibrium existence
condition. To find approximate equilibrium solutions, we propose a model-based
heuristic approach based on the fixed-point iteration algorithm. Our methodology is
tested on a transportation case study about an intercity travel market, where we
evaluate price-based instruments in a context of emissions reduction.

The proposed framework is very general and requires limited assumptions on the
specification of the used discrete choice models. This means that it can accommodate a
large variety of choice models available in the literature. In particular, the use of
disaggregate demand models allows to design disaggregate policies that leverage on
subsidization or taxation to obtain desirable outcomes from economic, social and
environmental points of view.

The following research directions could be further investigated.

Other experiments that could be performed through our framework could investigate
price differentiation strategies at the supply level. Additionally, decisions other than
price could be included in the framework, both for the suppliers and for the regulator.
Examples are product assortment, capacity levels and quality changes, among others.
Adapting the mathematical models is straightforward, if these variables appear as linear
or integer variables in the utility functions. However, these extensions would come with
additional computational complexity caused by the expanded solution space.
Consequently, the applicability of our framework to large-scale problem depends on the
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capability to efficiently exploit the problem structure and find tight bounds or ad-hoc
algorithms for the problem.

A fundamental issue in public policy is the aggregation of individual utilities into a social
welfare function. Different agents have different utilities and objectives that conjugate
individual and social welfare. Therefore, multi-objective social welfare optimization
problems cannot prescind from value judgements. In this context, our framework could
be adapted to incorporate distributional preferences, policy acceptability and perceived
fairness in the social welfare function.
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4
Benders decomposition for choice-based

optimization problems

Part of the work contained in this chapter is included in the conference paper

Bortolomiol, S., Lurkin, V., Bierlaire, M., Bongiovanni, C. (2021).
Benders decomposition for choice-based optimization problems with
discrete upper-level variables. In Proceedings of the 21st Swiss
Transport Research Conference, Ascona, Switzerland.

The work has been performed by the candidate under the supervision of Prof. Michel
Bierlaire and Prof. Virginie Lurkin and in collaboration with Dr. Claudia Bongiovanni.

4.1 Introduction
In Chapters 2 and 3 we present a modeling framework and an algorithmic approach to
find approximate equilibrium solutions for deregulated and regulated oligopolistic markets,
respectively. The fundamental block of this framework, and the most computationally
expensive one, is the choice-based optimization model that captures the decision process
of either a single supplier or a regulator. In this model the use of simulation produces a
number of independent behavioral scenarios at the customer level, which are necessary to
capture the uncertainty in the random term and in all other utility function parameters
whose values are governed by known probability distributions. Furthermore, if we look

59



CHAPTER 4. BENDERS DECOMPOSITION FOR CHOICE-BASED OPTIMIZATION
PROBLEMS

at the supplier level, strategic decisions are not scenario-dependent, that is, they are the
same across scenarios. Such a problem formulation results in a stochastic optimization
problem.

Stochastic optimization problems are well-known to be suitable to the use of
decomposition techniques. Decomposition techniques constitute a powerful toolbox that
can be used to solve many classes of optimization problems when general algorithms fail
to tackle large instances due to excessive problem size. A broad overview on
decomposition methods is provided by Conejo et al. (2006). Decomposition techniques
exploit two major types of problem structure: one characterized by complicating
constraints, and one characterized by complicating variables. Both complicating
constraints and complicating variables make an optimization problem more difficult to
solve. In a problem with complicating constraints, ignoring these constraints would lead
to an easier relaxed problem. An example of this case is given by the subtour elimination
constraints of routing problems, which are typically removed from the initial relaxed
problem and progressively included in the formulation when they are violated by the
incumbent solution of the relaxed problem. In a problem with complicating variables,
fixing these variables would make the resulting subproblem easier to solve than the
original one. This is the case, for instance, when fixing the integer variables of a MILP
and solving the remaining LP with an efficient algorithm such as the simplex. Notice
that one problem could be seen as a problem with complicating variables or with
complicating constraints. Multiple decomposition techniques can also be applied at once,
for instance in the case of multi-level optimization problems. The two most famous
decomposition algorithms for problems with complicating constraints and variables are
the Dantzig-Wolfe decomposition (Dantzig and Wolfe, 1960) and the Benders
decomposition (Benders, 1962), respectively.

In this chapter, we investigate the use of Benders decomposition, also known as L-shaped
method in stochastic programming, to solve choice-based optimization problems. Since
the integration of advanced discrete choice models into optimization problems is
computationally expensive, algorithmic improvements are needed in order to make the
proposed framework tractable for a large variety of problem definitions and sizes.
Indeed, while in Chapters 2 and 3 the focus rested on pricing, other optimization
problems with more complex strategic spaces could also benefit from a disaggregate
demand model. In particular, we point out that supply optimization problems typically
involve not only continuous, but also discrete variables, which often happen to be binary
variables in decision problems. These variables can directly influence the utility function
of the consumer, as in the case of pricing decisions, or can determine the availability of a
product to the customer, as in the case of assortment decisions. For this reason, we aim
at analyzing some reformulations, notably with discrete supply variables, to understand
their underlying problem structure and apply Benders decomposition.

The remainder of this chapter is organized as follows. Section 4.2 compares the
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choice-based optimization problem used in Chapters 2 and 3 with a reformulation which
requires all decision variables of the supplier to be discrete and finite. Computational
experiments are carried out to evaluate the trade-offs between the two approaches.
Section 4.3 reviews facility location problems, a well-studied class of operations research
problems, examines formulations with deterministic and probabilistic demand, and
compares these formulations with the choice-based optimization problem with discrete
upper-level variables. Section 4.4 introduces the Benders decomposition algorithm and
discusses variants, enhancements and applications. Section 4.5 derives a Benders
decomposition algorithm for the choice-based optimization problem with discrete
upper-level variables. Section 4.6 illustrates a case study of an uncapacitated facility
location and pricing problem with disaggregate demand and proposes some numerical
experiments to compare the computational performance of our Benders decomposition
approach with that of a commercial MILP solver. Finally, Section 4.7 summarizes the
main findings and suggests future extensions of this work from an algorithmic and from
an application perspective.

4.2 Choice-based optimization with continuous and discrete
variables

We consider a market where a discrete and finite set of products are offered to a
population. The assumptions on demand and the corresponding notation are unchanged
with respect to what described in Section 2.3.1. Again, following the approach
introduced by Pacheco Paneque et al. (2021), we approximate the choice probabilities
using a simulation-based linearization of the utility and a sample average approximation.

Furthermore, we consider a supplier k that controls a set of alternatives Ik ⊂ I. The
supplier makes decisions that affect these alternatives in order to optimize its objective
function, which in this discussion we assume to be related to profit maximization. In
Section 4.2.1 we look at a pricing problem, while in Section 4.2.2 we analyze a combined
assortment and pricing problem.

4.2.1 Pricing

We consider the case in which the supplier only controls the prices pi at which its
alternatives i ∈ Ik are offered. For the rest of this chapter, we assume that no price
differentiation is applied across customers. This assumption can be relaxed without
major modeling issues. However, additional computational costs would arise in presence
of capacity constraints or when a revenue management approach to pricing is adopted.
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4.2.1.1 Continuous price variables (CPP)

When prices are modeled as lower and upper bounded continuous variables, the Continuous
Pricing Problem (CPP) of the supplier can be written as follows:

max
p

∑
i∈Ik

∑
n∈N

∑
r∈R

1
|R|

θnpixinr, (4.1)

s.t.
∑
i∈I

xinr = 1 ∀n ∈ N, ∀r ∈ R, (4.2)

Uinr = βp,inrpi + qinr + ξinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.3)∑
j∈I

Ujnrxjnr ≥ Uinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.4)

0 ≤ pi ≤Mp
i ∀i ∈ I, (4.5)

xinr ∈ {0, 1} ∀i ∈ I, ∀n ∈ N, ∀r ∈ R. (4.6)

Objective function (4.1) maximizes revenues. For the sake of simplicity, here we neglect
all fixed and variable costs which the supplier might incur. Constraints (4.2) impose that
in each scenario every customer chooses one alternative. Notice that choice is modeled
through the binary constraints xinr. Constraints (4.3) defines the price-dependent utility
functions for each alternative, customer and scenario. Constraints (4.4) state that the
chosen alternative must be the one maximizing utility.

We can see that the objective function (4.1) and the set of constraints (4.4) are bilinear, as
they include a product of a binary and a continuous variable. Let us define the auxiliary
continuous variable winr = pi · xinr, which allows to linearize the product in the following
manner:

0 ≤ winr ≤ pi ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.7)
winr ≤Mp

i xinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.8)
pi − (1− xinr)Mp

i ≤ winr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R. (4.9)

Then, model (4.1)-(4.6) can be written as a mixed-integer linear optimization model as
follows:

max
p

∑
i∈Ik

∑
n∈N

∑
r∈R

1
|R|

θnwinr, (4.10)

s.t.
∑
i∈I

xinr = 1 ∀n ∈ N, ∀r ∈ R, (4.11)

Uinr = βp,inrpi + qinr + ξinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.12)
Uinr ≤ Unr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.13)
Unr ≤ Uinr +MU

nr(1− xinr) ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.14)
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pi − (1− xinr)Mp
i ≤ winr ≤ pi ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.15)

winr ≤Mp
i xinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.16)

pi ≤Mp
i ∀i ∈ I, (4.17)

pi ≥ 0 ∀i ∈ I, (4.18)
winr ≥ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R. (4.19)
xinr ∈ {0, 1} ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.20)

Notice that constraints (4.13)-(4.14) are a linear reformulation of the utility
maximization constraints (4.4). Although not desirable from a computational
perspective, big-M constraints are necessary to linearize the formulation. Model
(4.10)-(4.20) can be solved using a general MILP solver.

4.2.1.2 Discrete price variables (DPP)

To circumvent the issue of non-linearity, which requires the use of big-M constraints, we
explore here a different approach to model the interdependence between consumer utilities
and supplier profits. The main additional assumption is that all the decision variables of
the supplier can only take a finite set of values. In the case of continuous variables such as
prices, it is therefore necessary to identify a meaningful discretization, whose consequences
in terms of approximation must be evaluated on a case-by-case basis.

Starting from the non-linear model (4.1)-(4.6), for each alternative i ∈ Ik we constrain
prices pi to belong to the set Qi = {p1

i , p
2
i , ..., p

|Qi|
i }. This can be done by expanding the

set of alternatives I and creating from each original alternative i one alternative for every
price level p ∈ Qi. We define the expanded set of each alternative i ∈ Ik as Iexpi , the
expanded set of alternatives controlled by the supplier as Iexpk and the universal expanded
choice set as Iexp =

⋃
i I
exp
i ∪ (I \ Ik). All the utility functions defined for each customer

n ∈ N , alternative i ∈ Iexp and scenario r ∈ R are now parameters of the optimization
model, since they can be expressed as

Ûinr = βp,inrp̂i + qinr + ξinr ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R.

Note that, since utilities are now exogenous to the optimization model, any condition on
the linearity of the variables of the discrete choice specification can be lifted. Therefore,
the Discrete Pricing Problem (DPP) of the supplier can be written as follows:

max
y

∑
i∈Iexp

k

∑
n∈N

∑
r∈R

1
|R|

θnp̂ixinr, (4.21)

s.t.
∑

j∈Iexpi

yj = 1 ∀i ∈ I, (4.22)
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∑
i∈Iexp

xinr = 1 ∀n ∈ N, ∀r ∈ R, (4.23)

xinr ≤ yi ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.24)∑
j∈Iexp

Ûjnrxjnr ≥ Ûinryi ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.25)

xinr ∈ {0, 1} ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.26)
yi ∈ {0, 1} ∀i ∈ Iexp. (4.27)

Objective function (4.21) maximizes revenues. Constraints (4.22) require the supplier to
choose one price level for each alternative. This is enforced using the binary variables
yi. Constraints (4.23)-(4.24) ensure that in each scenario every customer chooses one
alternative, and the chosen alternative must correspond to a price level chosen by the
supplier. Constraints (4.25) impose that the chosen alternative must be the available
alternative that maximizes utility.

4.2.2 Assortment and pricing

Another aspect worth evaluating when discussing the differences between choice-based
optimization models with continuous and discrete price variables is the possibility to
incorporate other decision variables in the formulation, and the impact that these
decisions have from a computational perspective. Here, we consider the case of
assortment, that is, the decision about whether or not to offer any given product to the
customers. In many optimization problems, this is a strategic decision which is made
before the pricing stage, in a sequential manner. However, in other applications it can be
convenient to treat assortment decisions, such as facility location, and pricing decisions
as simultaneous. We define as fi the fixed cost of offering alternative i ∈ Ik.
Furthermore, we assume that all utilities Uinr are positive for each i ∈ I, n ∈ N and
r ∈ R. This can be obtained with a translation of the utility functions Uinr that is equal
across alternatives for each n ∈ N and r ∈ R. The translation is always possible when all
variables are bounded.

4.2.2.1 Assortment and continuous price variables (ACPP)

To include assortment decisions in the CPP, model (4.10)-(4.20) must be modified to
include a new set of auxiliary variables Uainr = Uinr · yi, which are needed to model the
fact that the customer must choose the alternative with the highest utility among those
that are made available by the supplier. This yields the following formulation for the
Assortment and Continuous Pricing Problem (ACPP):

max
p

−
∑
i∈Ik

fiyi +
∑
i∈Ik

∑
n∈N

∑
r∈R

θn
|R|

winr, (4.28)
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s.t.
∑
i∈I

xinr = 1 ∀n ∈ N, ∀r ∈ R, (4.29)

Uinr = βp,inrpi + qinr + ξinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.30)
Uainr ≤ Uinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.31)
Uinr ≤ Uainr +MUinr(1− yi) ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.32)
Uainr ≤MU

inryi ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.33)
Uainr ≤ Unr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.34)
Unr ≤ Uainr +MUnr(1− xinr) ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.35)
pi ≤Mp

i ∀i ∈ I, (4.36)
pi − (1− xinr)Mp

i ≤ winr ≤ pi ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.37)
winr ≤Mp

i xinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.38)
pi ≥ 0 ∀i ∈ I, (4.39)
winr ≥ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.40)
xinr ∈ {0, 1} ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.41)
yi ∈ {0, 1} ∀i ∈ I. (4.42)

In this model, constraints (4.31)-(4.33) operate as in (4.7)-(4.9) to linearize the product
Uinr · yi.

4.2.2.2 Assortment and discretized price variables (ADPP)

To include assortment decisions in the DPP, it is sufficient to remove the set of constraints
(4.22) from the model (4.21)-(4.27). Indeed, for an alternative i ∈ I, not choosing any of
the price levels that define the expanded set Iexpi is equivalent to not including alternative
i in the assortment. Therefore, the Assortment and Discrete Pricing Problem (ADPP)
can be expressed as follows:

max
y

−
∑
i∈Iexp

k

fiyi +
∑
i∈Iexp

k

∑
n∈N

∑
r∈R

1
|R|

θnp̂ixinr, (4.43)

s.t.
∑
i∈Iexp

xinr = 1 ∀n ∈ N, ∀r ∈ R, (4.44)

xinr ≤ yi ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.45)∑
j∈Iexp

Ûjnrxjnr ≥ Ûinryi ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.46)

xinr ∈ {0, 1} ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.47)
yi ∈ {0, 1} ∀i ∈ Iexp. (4.48)
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Alternative 0 1 2 3 4 5 6 7

Mode Car IC Air Air HSR HSR HSR HSR
Endogenous No No No No Yes Yes Yes Yes
Dep time - 2:00 7:10 8:10 5:45 6:45 5:40 6:40
Arr time - 10:00 8:20 9:20 8:45 9:45 9:00 10:00
Travel time (min) 360 480 70 70 180 180 200 200
Waiting time (min) - - 60 60 - - - -
Access time (min) - 0-60 30-60 30-60 0-60 0-60 0-60 0-60
Egress time (min) - 0-30 30-60 30-60 0-30 0-30 0-30 0-30
Price (e) 100 30 60 60 p4 p5 p6 p7

Table 4.1: Attributes of all scheduled services for the high-speed rail pricing problem
instance.

4.2.3 Computational analysis

We perform some experiments to compare the models detailed in Section 4.2.1 and
Section 4.2.2. We cover two cases: the first case considers prices to be the only decision
variables on the supply side (CPP and DPP); the second case combines assortment and
pricing (ACPP and ADPP). All MILP models are solved using CPLEX 20.1 with a time
limit of 36 hours.

4.2.3.1 Pricing

Instance description. As a case study, we consider an intercity transport market in
which various modes are available to travel between two cities in a typical morning
period. In this setting, we take the perspective of a high-speed rail operator wanting to
optimize prices in order to maximize profits. Departure times and travel times of all
scheduled alternatives are assumed to be exogenously given, together with the prices of
the non-high-speed rail and airline alternatives. Additionally, we include a private
transport option. Table 4.1 presents the attributes of all alternatives in the choice set.
The synthetic population and the discrete choice model estimation taken from Cascetta
and Coppola (2012) are the same as in Section 2.5.3.

Numerical results. Here, we are interested in solving the optimization problem of the
high-speed rail operator. The decision variables are the prices p4, p5, p6 and p7 of the
four high-speed rail departures. We execute experiments on models (4.10)-(4.20) and
(4.21)-(4.27) by varying the following parameters: (i) the number of simulation scenarios
|R| = 20, 50, 100, 200; (ii) the lower bound on the price variables pi ≥ 0 e or pi ≥ 100
e; (iii) for the model with discretized price levels, the size of the set Qi of prices, with
|Qi| = 21, 51, 101, assumed to be equal for each alternatives i ∈ Ik, which cover the feasible
range of the continuous problem by defining evenly spaced values between lower bound
and upper bound (which is set to 200 e for all alternatives and instances).
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β Value

Fee (e) ∼ N (−32.328, 14.168)
Fee PSP - low income (e) −10.995
Fee PUP - low income (e) −13.729
Travel time to parking (min) ∼ N (−0.788, 1.06)
Travel time to destination (min) −0.612
Age of vehicle (1/0) 4.037
Origin (1/0) −5.762

Table 4.3: Discrete choice model parameters used in the numerical experiments.

Table 4.2 shows the results of these numerical tests. As expected, computational times
increase for both the CPP and the DPP when the number of scenarios increases and
decrease when the bounds on the price variables are tighter. The latter observation
highlights the importance of providing tight variables bounds by excluding irrelevant
regions of the search space in order to increase the speed of convergence. The running
time of the DPP increases exponentially with the size of the expanded sets Iexpi . A
comparison between the CPP and the DPP shows that the DPP converges to optimality
faster than the CCP when |R| ≥ 100 and |Iexpi | = 21. It is also important to notice that
the CPP generalizes the DPP for any size of the discretized sets Iexpi , therefore the
optimal solution of the CPP is an upper bound (in a profit maximization context) of the
optimal solution of the DPP. The gap between the two optimal solutions depends on the
chosen discretization. In this case, it is never higher than 0.55% when UB −LB = 100 e
and |Iexpi | = 101, that is, when we allow the discretized price variables to take any
integer value between 100 e and 200 e.

4.2.3.2 Assortment and pricing

Instance description. For this set of experiments, we look at the combined problem
of selecting a number of sites where to open parking facilities among a set of candidate
locations and determining a price that customers must pay to access open facilities, with
the goal of maximizing the profits of the operator. We consider a city in which there exist
8 potential parking facility locations. The demand is constituted of commuters who want
to travel from the peripheral regions to the city center. Commuters have heterogeneous
socioeconomic characteristics, which lead to different preferences. We use the discrete
choice model estimated by Ibeas et al. (2014), who use a mixed logit model to study car
driver’s behavior when choosing among three different parking alternatives available in
a small Spanish town. The explanatory socioeconomic variables include trip origin, age
of the vehicle and income level. Additionally, the following attributes of the alternatives
are considered: type of parking (underground or on-street), travel time from parking
to destination, travel time from origin to parking and parking fee. For the latter two
continuous variables, the corresponding coefficients are normally distributed in the utility
function. Table 4.3 illustrates the parameters of the discrete choice model derived from
Ibeas et al. (2014).
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Instance ACPP ADPP Gap
|R| LB UB Time (s) Best |Iexpi | Time (s) Best

10 0.00 3.00 11706 907.8 16 132 864.0 4.82%
31 800 876.0 3.50%

20 0.00 3.00 129600* 877.0* 16 429 842.0 3.99%
31 2778 862.5 1.65%

50 0.00 3.00 129600* 842.8* 16 837 816.4 3.13%
31 12191 830.4 1.47%

100 0.00 3.00 129600* 844.0* 16 3419 828.2 1.87%
31 39425 831.8 1.45%

Table 4.4: Results for the parking case study when using the ACPP and the ADPP to
solve the supplier’s assortment and pricing problem to optimality.

Numerical results. The supplier’s decision variables include the binary choice of opening
or not each of the candidate facilities and the prices of the opened facilities. We perform
experiments on models (4.28)-(4.40) and (4.43)-(4.48) by varying the number of simulation
scenarios |R| = 10, 20, 50, 100 and the size of the sets Qi of discretized prices. Table 4.4
shows the results of these numerical tests. Results marked with an asterisk indicate that
optimality was not proven within the time limit of 36 hours. The major finding from this
set of experiments is that the presence of the binary assortment variables has a greater
impact on the ACPP than on the ADPP. Indeed, even a relatively small instance with
|Ik| = 8, |N | = 8 and |R| = 20 cannot be solved to optimality within 36 hours. By
observing the progression of the CPLEX log during the execution, we notice that for both
models good solutions are found early in the algorithm and that most of the subsequent
effort goes into closing the optimality gap.

4.2.4 Discussion

The numerical experiments reported in Section 4.2.3 show the trade-offs to be considered
when choosing between choice-based optimization models that do or do not include
continuous variables at the supply level. In particular, we see that a complex decision
space which includes both continuous and discrete variables (price and assortment, in
our case) cannot be handled efficiently by the MILP solver. Therefore, a model where all
upper-level variables are discrete provides a valuable alternative for practical
applications, on the condition that the discretization of the continuous variables is
informed by appropriate data-driven heuristics.

The attractiveness of the discrete formulation can be found in the lower-level utility
maximization problem. Indeed, the utility maximization problem for a single customer n
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and scenario r can be expressed as follows:

max
x

U =
∑
i∈I

Ûixi, (4.49)

s.t.
∑
i∈I

xi = 1, (4.50)

xi ≤ y∗i ∀i ∈ I, (4.51)
xi ≥ 0 ∀i ∈ I, (4.52)

where the indexes n and r have been dropped for the sake of simplicity. We notice that the
constraint matrix of problem (4.49)-(4.52) is totally unimodular. This convenient property
allows to relax the integrality constraints (4.26) on the choice variables xinr, which can
simply be replaced by the non-negativity constraints

xinr ≥ 0 ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R. (4.53)

This means that the customer’s utility maximization problem for each customer n and
scenario r is a continuous knapsack problem where the knapsack’s capacity is equal to
1 and each item (alternative) i has a weight of 1 and a profit of Ûinr. This property
will be exploited in Section 4.5 when deriving a Benders decomposition scheme for the
choice-based optimization with discrete variables.

4.3 Facility location problems
In this section we briefly introduce facility location problems, a well-studied class of
problems in the operations research literature, and we point at similarities between these
problems and the ADPP formulation of a choice-based optimization problem outlined in
Section 4.2.2.2.

Broadly speaking, a location problem consists in determining an optimal set of facilities
to be placed in the area of study in order to serve a geographically distributed demand.
We refer the reader to ReVelle and Eiselt (2005), Klose and Drexl (2005) and Melo et al.
(2009) for a detailed discussion of models, algorithms and applications of facility location
problems.

Facility location problems with deterministic demand. The simplest facility
location models are based on a deterministic assignment of customers to facilities, using
a deterministic cost matrix. Some of the most studied formulations in the literature are
the following: Uncapacitated Facility Location Problem (UFLP) (Cornuéjols et al., 1983;
Fischetti et al., 2017), whose objective function minimizes the sum of the assignment
costs over all customers; P-Median Problem (PMP) (Mladenović et al., 2007), which
imposes a fixed number of facilities to be opened; Maximum Capture Facility Location
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Problem (MCFLP) (ReVelle, 1986), whose objective is to maximize the market share of
the locations opened by the supplier subject to constraints related to opening costs or
number of facilities. All these formulations can be extended to include capacity
constraints which limit the number of customers that can be assigned to an open
location.

Here, we present the mathematical model for the UFLP. Let us consider a set of customers
N and a set of facilities I. The cost of assigning customer n ∈ N to facility i ∈ I

is captured by the parameter cin, assumed to be known and fixed for all n ∈ N and
i ∈ I. This parameter can carry several physical interpretations such as distance, travel
time or generalized cost. The decision of the supplier k involves determining a set of
facilities Iopen ⊆ Ik ⊆ I to be offered to the customers. The cost of opening a facility
i ∈ Ik is denoted as fi. Finally, a customer n ∈ N is assigned to facility i ∈ Iopen if
cin = minj∈Iopen cjn.

Then, the mathematical model for the UFLP reads as follows:

min
∑
i∈Ik

fiyi +
∑
i∈I

∑
n∈N

cinxin, (4.54)

s.t.
∑
i∈I

xin = 1 ∀n ∈ N, (4.55)

xin ≤ yi ∀i ∈ Ik, ∀n ∈ N, (4.56)
xin ≥ 0 ∀i ∈ I, ∀n ∈ N, (4.57)
yi ∈ {0, 1} ∀i ∈ Ik, (4.58)

Objective function (4.54) minimizes the sum of the fixed cost of opening facilities and the
allocation costs of customers. Constraints (4.55)-(4.56) assign each customer to one open
facility. Constraints (4.57)-(4.58) are the domain variables.

Let us compare the UFLP with the ADPP presented in Section 4.2. On the one hand,
the major difference consists in the relation between the objective of the customer and the
objective of the supplier. In the UFLP, the two objectives coincide, because the objective
function of each customer is incorporated into the objective function of the supplier. In the
ADPP, the two objectives diverge, because pricing decisions have opposite effects on the
objective functions of supplier and customers. For this reason, the utility maximization
constraints (4.25) are required in the ADPP, while they are implicitly satisfied in the
objective function (4.54) of the UFLP. On the other hand, the most relevant similarity is
the possibility to drop the integrality constraints on the customer choice variables of both
UFLP and ADPP. This means that efficient decomposition techniques proposed in the
facility location literature can be extended to the ADPP formulation for the choice-based
optimization problem with discrete upper-level variables. For example, a state-of-the-art
approach for large UFLP instances is Benders decomposition (Fischetti et al., 2017).
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Facility location problems with probabilistic demand. The geographical
dimension inherent to facility location problems makes them an interesting class of
problems to analyze in a disaggregate demand context using random utility theory.
Indeed, many of the early attempts to include discrete choice models into supply
optimization models have been motivated by location problems (Coelho and Wilson,
1976). For instance, Leonardi (1981) and Leonardi and Tadei (1984) recognize the value
of giving a microeconomic interpretation to the behavioral heterogeneity of customers by
using classical welfare concepts such as consumer surplus and net social benefit, which
appear explicitly in the disaggregate utility functions. The authors propose simple ascent
heuristics and local search algorithms to determine the set of optimal facilities under a
logit model of demand, and suggest extensions of their framework to multi-level systems
by using a nested logit model.

More recently, a lot of efforts have been dedicated to the maximum capture problem, a
specific problem in the facility location family in which the objective is to open a number
of facilities, usually fixed, in order to maximize the share of customers that select one of
the alternatives offered by the supplier. In these problems, the utility functions of the
customers are exogenous. Therefore, the choice probabilities associated with each solution
depend only on the composition of the subset of selected alternatives. Using the same
notation as in the deterministic case, the maximum capture problem under a logit model
reads as follows:

max
∑
n∈N

∑
i∈Ik e

Vinyi∑
i∈Ik e

Vinyi +
∑
i∈I\Ik e

Vin
, (4.59)

s.t.
∑
i∈Ik

yi = r, (4.60)

yi ∈ {0, 1} ∀i ∈ I. (4.61)

Objective function (4.59) maximizes the market share of the supplier’s locations,
corresponding to the sum of the logit choice probabilities. Notice that, for the problem
to be meaningful, we must have I \ Ik 6= ∅. Constraint (4.60) fixes the number of
locations r to be opened. Constraints (4.61) require the variables yi to be binary.

Works belonging to this stream include Benati and Hansen (2002), Haase (2009),
Aros-Vera et al. (2013), Freire et al. (2016), Ljubić and Moreno (2018), Mai and Lodi
(2020) and Dam et al. (2021). Two techniques are mostly proposed when the demand is
modeled using a logit model as in (4.59)-(4.61): one is based on the reformulation of the
problem as a mixed-integer linear program, while the other one solves the mixed-integer
non-linear program by relying on a branch-and-cut algorithm supported by
outer-approximation schemes. Computational analyses of different MILP and MINLP
approaches are provided by Haase and Müller (2014) and Ljubić and Moreno (2018),
respectively. Mai and Lodi (2020) observe that the maximum capture problem exhibits a
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specific problem structure in which the objective function is convex and continuously
differentiable, which is essential for the use of the outer-approximation scheme.
Furthermore, the extension from a logit to a mixed logit model preserves the problem
structure, but comes with an additional computational burden caused by the need to
simulate the distributed parameters. Dam et al. (2021) propose an algorithm combining
greedy heuristic, gradient-based local search and exchanging procedure to solve the
problem for any generalized extreme value model.

Departing from the maximum capture problem, Haase and Müller (2020) analyze a
constrained assortment optimization problem by treating it as a facility location
problem. This is done by including price design option, similarly to the approach
proposed in Section 4.2.1.2. The authors consider a mixed logit model, approximate the
choice probabilities using simulation, and solve a mixed-integer nonlinear optimization
problem where the objective function can account for maximum capture as well as as
profit maximization or other objectives. Due to nonconvexity, there is no proof of
optimality for the best found solution, although a post-evaluation can be carried out by
comparing the best solution with the optimal solution of a linear reformulation, in the
case of a simple logit model.

Positioning the ADPP in the facility location literature. The simulation-based
linearization of the utilities (Pacheco Paneque et al., 2021) and the discretization of
continuous upper-level variables outlined in Section 4.2.1.2 allow us to express a
choice-based optimization problem as a facility location problems with deterministic
demand. The two major caveats of this reformulation remain those related to the
approximation of the choice probabilities through simulation (see Section 2.5.1.1) and
the approximation of the continuous variables by means of discretized variables (see
Section 4.2.3), which must be carefully weighted when solving real-life instances.

In the remainder of this chapter, we concentrate our attention on the opportunities
arising from the ADPP reformulation. Specifically, the ADPP model allows to treat
choice-based optimization problems featuring random utilities, which are generally
non-linear and non-convex, as MILP models with integer upper-level variables and
continuous lower-level variables, thus opening the doors to the use of an efficient Benders
decomposition scheme.

4.4 Benders decomposition

4.4.1 Classical Benders decomposition

While Benders decomposition can also be applied to more generic optimization problems,
here we focus on mixed-integer linear programming (MILP) to present the classical version
of the Benders decomposition algorithm (Benders, 1962).
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Consider the following optimization problem:

min
y,x

fT y + cTx, (4.62)

s.t. Ay = b, (4.63)
By +Dx = d, (4.64)
x ≥ 0, (4.65)
y ∈ Z+, (4.66)

where x ∈ Rn2 , y ∈ Zn1 , A ∈ Rm1×n1 , B ∈ Rm2×n1 , D ∈ Rm2×n2 , b ∈ Rm1 , d ∈ Rm2 .

Model (4.62)-(4.66) can be rewritten as follows:

min
y∗∈Zn1

{
fT y∗ + min

x≥0
{cTx : Dx = d−By∗}

}
. (4.67)

In (4.67), y∗ is a feasible solution for the complicating integer variables. When we assume
that y∗ is fixed, the inner minimization problem is a continuous problem that can be
dualized as follows:

max
α∈Rm2

{
(d−By∗)Tα : Dα ≥ c

}
, (4.68)

where the variables α are associated with the primal constraints Dx = d−By∗.

From the strong duality theorem, we know that formulation (4.67) is equivalent to the
following formulation:

min
y∗∈Zn1

{
fT y∗ + max

α
{(d−By∗)Tα : Dα ≥ c}

}
. (4.69)

Notice that in (4.69) the feasible region F of the inner maximization problem is
independent from y∗. If the primal problem is feasible, then (4.68) can be feasible or
unbounded. Here, we restrict our discussion to the former case, in which the solution
belongs to the set E of the extreme points of F . By assuming dual feasibility, we can
reformulate (4.69) using an artificial continuous variable as follows:

min
y,z

fT y + z, (4.70)

s.t. Ay = b, (4.71)
z ≥ (d−By∗)Tαe, ∀e ∈ E (4.72)
y ∈ Z+, (4.73)
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This formulation is commonly referred to as Benders master problem (MP). The set of
constraints (4.72) are known as Benders optimality cuts and determine a lower bound of
the contribution to the objective function of the original continuous variables x, which
have been projected away. To avoid full enumeration, an iterative approach is adopted
in which the optimality cuts are initially excluded from the model and then progressively
added to the restricted master problem (RMP) using a dynamic cutting-plane generation
technique that consists in solving the RMP to obtain a trial value of the integer variables
y∗ and then solving the worker problem (4.68) with y∗ to get the dual variables αe and
produce a valid cut to add to the set (4.72).

This approach constitutes the classical implementation of Benders decomposition.

4.4.2 Issues and enhancements

Although Benders decomposition is guaranteed to converge to an optimal solution in a
finite number of iterations, the classical implementation is known to be inefficient for a
number of reasons. Here, we outline the most relevant issues and we discuss the
corresponding enhancements found in the literature. A more extensive treatment of the
algorithmic properties of Benders decomposition and its variations can be found in the
review paper by Rahmaniani et al. (2017).

Master problem. In the classical Benders decomposition, a restricted master problem,
whose size increases after each iteration, is solved at each iteration to obtain the optimal
integer variables that is used in the dual subproblem. For this reason, the master problem
usually represents the bottleneck of the algorithm. Some alternative strategies that have
been proposed in the literature to increase computational speed are the following: not
solving the RMP to optimality at each iteration, since in principle a feasible solution is
sufficient to generate Benders cuts at the subproblem level (Geoffrion and Graves, 1974);
using a cut selection strategy that only adds those cuts that improve the best-known upper
bound (Rei et al., 2009); adding cuts as lazy constraints, that is, keeping them in a pool
of constraints which are added only when they are violated by an incumbent solution.

A modern approach avoids solving a new MILP at each iteration by incorporating the
Benders decomposition into a general branch-and-cut algorithm (Fortz and Poss, 2009;
Ljubić et al., 2012; Fischetti et al., 2016). In this case, a single branch-and-bound
enumeration tree is generated for the initial restricted master problem, and Benders cuts
are separated on the fly while processing the nodes of the tree. This method is typically
referred to as branch-and-Benders-cut algorithm (BBC), and it has been shown to
consistently outperform the classical Benders decomposition and has become the
state-of-the-art implementation of Benders. Another advantage of this method is the
possibility to integrate Benders cuts and other cutting planes, by exploiting
problem-specific information while processing the branch-and-bound tree. Furthermore,
the BBC implementation offers potential speed-up opportunities in terms of heuristic
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strategies related to branching rules, node selection and pruning.

Worker problem. The worker problem is a linear problem that can be solved to
optimality using the simplex or other well-known algorithms. Two aspects are worth
discussing here.

The first aspect is related to the existence of a block-diagonal structure that allows
decomposing the worker problem into smaller independent subproblems. This possibility
often justifies the use of the Benders decomposition in the first place, and is particularly
relevant for stochastic optimization problems, which will be treated in depth in
Section 4.4.3. In this case, each subproblem r ∈ R will provide a set of dual variables αr

that can be used to generate the following outer linearization approximation to be added
to the restricted master problem:

zr ≥ (dr −Brȳ)Tαre. (4.74)

Notice that the resulting disaggregate cuts can either be added as such or else be fully or
partially aggregated (Birge and Louveaux, 1988). The efficiency of different cut bundling
strategies within a multi-cut scheme is problem-dependent. On the one hand, disaggregate
cuts provide subproblem-specific information that can help cutting the solution space more
efficiently. On the other hand, the addition of too many cuts, especially if redundant, might
slow down the algorithm. An example of computational analysis for a public transport
network design problem can be found in Mahéo et al. (2019), where intermediate bundling
approaches based on grouping strategies that are informed by problem inputs are found to
outperform both the fully disaggregated multi-cut approach and the single-cut approach.

The second aspect is related to the selection of the solution of the worker problem from
which Benders cut are generated. This is especially relevant when the worker problem is
degenerate and, therefore, different cuts could be obtained from different optimal solutions.
Magnanti and Wong (1981) introduced the concept of Pareto-optimal cuts to identify those
cuts that are not dominated for any feasible ȳ and showed that such cuts can be derived
by solving an auxiliary problem that uses a core point y0 of the set Y , that is, a point in
the relative interior of the convex hull defined by the feasible points of Y . This approach
has been further investigated by Papadakos (2008) and Sherali and Lunday (2013), among
others, who proposed enhancements to the Magnanti-Wong method.

4.4.3 Benders decomposition and stochastic optimization

Stochastic optimization methods rely upon a finite set of representative scenarios to
approximate the possible outcomes for the values of the stochastic parameters (Crainic
et al., 2021). In transport optimization problems, uncertainty can exist on parameters
such as expected demand, travel time and travel cost. In this context, solutions are
evaluated under each scenario and weighted according to the probability of occurrence of
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the scenario, and their overall quality is then a result of aggregation. The need to
generate a large number of scenarios to represent uncertainty produces large-scale
models which are characterized by sets of variables that are duplicated in each
independent scenario. These variables are referred to as second-stage variables, as
opposed to scenario-independent variables which are known as first-stage variables. The
results is a block-diagonal structure, which makes Benders decomposition a promising
solution approach when second-stage variables are linear. Indeed, this technique, also
called L-shaped method, has been used for decades in stochastic programming (see
Van Slyke and Wets (1969), Laporte and Louveaux (1993), Birge and Louveaux (2011)).

From a computational perspective, recent efforts to improve classical Benders
decomposition for stochastic optimization focus on exploiting information from relevant
scenarios. This is motivated by the observation that, when all second-stage information
is removed, the initial master problem is weak. Indeed, the lack of information about the
subproblems causes initial instability leading to an erratic progression of the bounds,
near-random variable fixing decisions and, consequently, slow convergence until a
significant amount of cuts are added. Crainic et al. (2021) propose partial Benders
decomposition, a methodology that aims at including some information from the scenario
subproblems in the master problem. The authors outline various data-driven scenario
retention and scenario creation strategies which are then tested on a stochastic network
design problem. Their results show that generating an artificial scenario from existing
ones and adding it to the master problem is a particularly effective strategy which allows
to find better bounds, reduce the size of the explored branch-and-bound trees and the
number the Benders cuts needed to prove optimality. The scenario generation strategy
outperforms the general purpose algorithm employed by CPLEX, while retaining
existing scenarios is only efficient in combination with the use of the artificial scenario.
However, the scenario creation strategy proposed by Crainic et al. (2021) relies on the
assumption that the constraint submatrix associated with the second-stage variables
does not contain stochastic parameters. This assumption is not valid for our
choice-based optimization problem, because the constraint submatrix associated with the
customer choice variables contains the scenario-specific utility functions.

Related to this challenge is also the work by Hewitt et al. (2021), who identify structures
in the scenario space by means of clustering methods. More specifically, once a set R of
scenarios is defined, opportunity costs are computed which measure the loss encountered
by taking the decision associated with, say, scenario r1 when scenario r2 actually occurs.
Then, using an opportunity cost distance function, scenarios can be compared and
clustered on a decisional basis in order to derive valid primal bounds, dual bounds and
Benders cuts from a reduced number of scenarios and solutions.
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4.4.4 Applications of Benders decomposition

Benders decomposition has proven to be a go-to methodology for several optimization
problems, which can be classified into three main non-mutually exclusive categories: (i)
planning problems where strategic decision variables, e.g. location or routing, are integer
and operational decision variables, e.g. prices or quantities, are continuous; (ii) stochastic
problems which require the evaluation of multiple scenarios which are only connected
at the level of the first-stage variables; (iii) bilevel problems where upper-level variables
capture the decisions of the leader and lower-level variables those of the follower.

A non-exhaustive list of applications of Benders decomposition includes deterministic
and stochastic facility location (Tang et al., 2013; Fischetti et al., 2017; Lin and Tian,
2021; Parragh et al., 2021), hub location (Contreras et al., 2011), production routing
under uncertainty (Adulyasak et al., 2015), network design problems (Binato et al., 2001;
Costa, 2005; Fortz and Poss, 2009; Fontaine and Minner, 2014, 2018; Mahéo et al., 2019;
Crainic et al., 2021), charging station location problem (Arslan and Karaşan, 2016),
electric location-routing problem (Çalık et al., 2021).

4.5 Benders decomposition for choice-based optimization
problems with discrete upper-level variables

In this section, we derive a Benders decomposition scheme for the ADPP introduced in
Section 4.2.2.2. This derivation can be easily generalized to any choice-based optimization
problem where simulation is used to approximate the choice probabilities of the customers
and where all the decision variables of the supplier are discrete.

Let us start from the MILP model (4.43)-(4.48), which describes the bilevel optimization
problem of the supplier, and the LP model (4.49)-(4.52), which describes the lower-level
optimization problem of a single customer. First, we rewrite the latter problem as a
minimization problem by changing the sign of the objective function (4.49):

min
x

∑
i∈Iexp

−Ûixi. (4.75)

Then, the dual of the customer optimization problem is derived by defining the variable
α
′ , corresponding to constraint (4.50) of the primal, and the set of variables α′′i for each
i ∈ Iexp, corresponding to the set of constraints (4.51) of the primal. The dual problem
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looks as follows:

max
α′ ,α′′

α
′ +

∑
i∈Iexp

y∗i α
′′
i , (4.76)

s.t. α
′ + α

′′
i ≤ −Ûi ∀i ∈ Iexp, (4.77)

α
′ ≤ 0, (4.78)

α
′′
i ≤ 0 ∀i ∈ Iexp. (4.79)

Strong duality conditions state that the primal optimal objective and the dual optimal
objective are equal, that is,∑

i∈Iexp
−Ûixi = α

′ +
∑
i∈Iexp

y∗i α
′′
i . (4.80)

Thanks to duality, we can then rewrite the utility maximization conditions (4.25) and
obtain the following formulation which is equivalent to model (4.43)-(4.48):

max
y

−
∑
i∈Iexp

k

fiyi +
∑
i∈Iexp

k

∑
n∈N

∑
r∈R

1
|R|

θnp̂ixinr, (4.81)

s.t.
∑

j∈Iexpi

yj = 1 ∀i ∈ I, (4.82)

∑
i∈Iexp

xinr = 1 ∀n ∈ N, ∀r ∈ R, (4.83)

xinr ≤ yi ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.84)∑
i∈Iexp

−Ûinrxinr = α
′
nr +

∑
i∈I

yiα
′′
inr ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.85)

− α′nr − α
′′
inr ≤ −Ûinr ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.86)

α
′
nr ≥ 0 ∀n ∈ N, ∀r ∈ R, (4.87)

α
′′
inr ≥ 0 ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.88)
xinr ≥ 0 ∀i ∈ Iexp, ∀n ∈ N, (4.89)
yi ∈ {0, 1} ∀i ∈ Iexpk . (4.90)

The product yi · α
′′
inr in constraints (4.85) can be linearized as in (4.7)-(4.9). We use the

auxiliary variables δinr = yi · α
′′
inr and write the following set of linear constraints:

δinr ≤ α
′′
inr ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.91)

δinr ≥ α
′′
inr −Minr(1− yi) ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R, (4.92)

δinr ≤Minryi ∀i ∈ Iexp,∀n ∈ N, ∀r ∈ R. (4.93)
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And we obtain the following mixed-integer linear optimization model:

max −
∑
i∈Iexp

k

fiyi +
∑
i∈Ik

∑
n∈N

∑
r∈R

1
|R|

θnp̂ixinr, (4.94)

s.t.
∑

j∈Iexpi

yj = 1 ∀i ∈ I, (4.95)

∑
i∈Iexp

xinr = 1 ∀n ∈ N, ∀r ∈ R, (4.96)

xinr ≤ yi ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.97)∑
i∈Iexp

−Ûinrxinr = α
′
nr +

∑
i∈I

δinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.98)

− α′nr − α
′′
inr ≤ −Ûinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.99)

δinr ≤ α
′′
inr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.100)

δinr ≥ α
′′
inr −Minr(1− yi) ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.101)

δinr ≤Minryi ∀i ∈ I, ∀n ∈ N, ∀r ∈ R. (4.102)

α
′
nr ≥ 0 ∀n ∈ N, ∀r ∈ R, (4.103)

α
′′
inr ≥ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.104)
δinr ≥ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.105)
xinr ≥ 0 ∀i ∈ I, ∀n ∈ N, (4.106)
yi ∈ {0, 1} ∀i ∈ Ik, (4.107)

A valid value for the Minr parameters used in the big-M constraints (4.101)-(4.102) is
Ûinr.

Let us now fix the decision variables yi of the supplier, which determine product assortment
and prices, to a value y∗i . We can then derive the worker problem, which is used to find
the optimal choices xinr given y∗i :

min
∑
i∈Iexp

k

fiy
∗
i −

∑
i∈Ik

∑
n∈N

∑
r∈R

1
|R|

θnp̂ixinr, (4.108)

s.t.
∑
i∈Iexp

xinr = 1 ∀n ∈ N, ∀r ∈ R, (γ1
nr) (4.109)

xinr ≤ y∗i ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (γ2
inr) (4.110)∑

i∈Iexp
−Ûinrxinr − α1

nr −
∑
i∈I

δinr ≤ 0 ∀n ∈ N, ∀r ∈ R, (γ3
nr) (4.111)

− α1
nr − α2

inr ≤ −Ûinr ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (γ4
inr) (4.112)

δinr − α2
inr ≤ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (γ5

inr) (4.113)
α2
inr − δinr ≤M(1− y∗i ) ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (γ6

inr) (4.114)
δinr ≤My∗i ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (γ7

inr) (4.115)
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α1
nr ≥ 0 ∀n ∈ N, ∀r ∈ R, (4.116)
α2
inr ≥ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.117)
δinr ≥ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.118)
xinr ≥ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R. (4.119)

From the primal formulation (4.108)-(4.119), we can derive the dual worker problem by
associating the sets of variables γ1

nr, γ2
inr, γ3

nr, γ4
inr, γ5

inr, γ6
inr and γ7

inr to the corresponding
sets of primal constraints, as follows:

max
∑
n∈N

∑
r∈R

(
γ1
nr +

∑
i∈I

y∗i γ
2
inr −

∑
i∈I

Ûinrγ
4
inr+

+
∑
i∈I

Minr(1− y∗i )γ6
inr +

∑
i∈I

Minry
∗
i γ

7
inr

)
, (4.120)

s.t. γ1
nr + γ2

inr − Ûinrγ3
nr ≤

1
|R|

θnp̂i ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.121)∑
i∈I
−γ3

inr − γ4
inr ≤ 0 ∀n ∈ N, ∀r ∈ R, (4.122)

− γ4
inr − γ5

inr + γ6
inr ≤ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.123)

γ5
inr − γ6

inr + γ7
inr ≤ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.124)

γ1
nr ≤ 0 ∀n ∈ N, ∀r ∈ R, (4.125)
γ2
inr ≤ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.126)
γ3
nr ≤ 0 ∀n ∈ N, ∀r ∈ R, (4.127)
γ4
inr ≤ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.128)
γ5
inr ≤ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.129)
γ6
inr ≤ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R, (4.130)
γ7
inr ≤ 0 ∀i ∈ I, ∀n ∈ N, ∀r ∈ R. (4.131)

Benders decomposition algorithm. Having derived the dual worker problem
(4.120)-(4.131), we can now fully outline the classical Benders decomposition algorithm
for the choice-based optimization problem with discrete variables:

1. Initialize UB =∞ and LB = −∞ of the master problem (MP).

2. Initialize the restricted master problem (RMP):

min
y,z

∑
i∈Iexp

k

fiy
∗
i + z (4.132)

s.t. Domain constraints on the y variables (4.133)
z ≥ LBz. (4.134)
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3. Solve current RMP. Save the solution y∗, z∗. Let f(y∗, z∗) be the optimal objective
value. Update LB = f(y∗, z∗).

4. Given y∗, compute f(y∗)ADPP for the original problem by deriving the choices for
each customer n ∈ N and scenario r ∈ R. This is equivalent to solving problem
(4.49)-(4.52), the solution of which corresponds to the alternative i with the highest
utility among those for which y∗i = 1. Update UB = min{UB, f(y∗)ADPP }.

5. If UB−LB ≤ ε, then stop. Else, solve the dual worker problem for y = y∗. Using the
optimal dual variables, add to the master problem an optimality cut of the following
form:

z ≥
∑
n∈N

∑
r∈R

(
γ1∗
nr +

∑
i∈I

γ2∗
inryi +

∑
i∈I
−Ûinrγ4∗

inr+

+
∑
i∈I

Minrγ
6∗
inr(1− yi) +

∑
i∈I

Minrγ
7∗
inryi

)
(4.135)

and go to step 3.

4.6 Computational experiments
In this section, we present a series of numerical experiments to evaluate the computational
performance of the Benders decomposition. All experiments are conducted on a single node
of a high performance computing cluster. The node has 2 Skylake processors running at
2.3 GHz, with 18 cores each and 192 GB of DDR3 RAM. The algorithms are coded using
Python 3.7, and we use the CPLEX Python API with CPLEX 20.1 to solve all MILPs. A
time limit of 48 hours is imposed on each experiment.

4.6.1 Instance generation

We consider the same parking choice problem setting as in Section 4.2.3.2 and the same
discrete choice model parameters shown in Table 4.3, derived from the mixed logit
estimation presented in Ibeas et al. (2014).

Given a heterogeneous population of 3000 people and a stylized city network, we generate
two sets of instances: (i) a set of small-size instances with |N | = 8 groups of customers
and |Ik| = 8 locations (N8I8 instances), and (ii) a set of larger instances with |N | = 80
groups of customers and |Ik| = 12 locations (N80I12 instances). In the N8I8 instances,
customers differ only in terms of the 8 origin location, while in the N80I12 instances
the 80 homogeneous groups are obtained from a factorial product of 20 origins, 2 income
levels and 2 vehicle age categories. The size θn of the groups varies between 200 and
500 in the N8I8 instances and between 10 and 80 in the N80I12 instances. Each of the
two sets contains 15 instances, obtained by varying the number of simulation scenarios
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(a) N8I8 graph. (b) N80I12 graph.

Figure 4.1: Origins and parking locations used in the two sets of instances.

(|R| = 50, 100, 200, 500, 1000 for the N8I8 instances and |R| = 5, 10, 20, 50, 100 for the
N80I12 instances) and the size of the sets of discretized prices (|Qi| = 3, 6, 12 for both sets
of instances). The origins of the demand (represented with red circles) and the candidate
locations of the facilities (represented with blue diamonds) for the two sets of instances
are presented in Figure 4.1.

4.6.2 Comparison between Benders decomposition and commercial
solver

We compare the computational performance of our Benders decomposition algorithm with
that of the CPLEX general purpose solver when solving the ADPP for the given problem.
These experiments are executed on a single thread, that is, the algorithms are sequential
and there is no parallelization.

Compared with the classical Benders algorithm introduced in Section 4.5, we have
applied the following changes to the Benders decomposition: (i) we implement a
branch-and-Benders-cut (BBC) algorithm where the separation procedure to generate
cutting planes is called using the CPLEX callback function at integer nodes only, since
adding cuts at all nodes would make the model too cumbersome and add little value due
to redundancies; (ii) we disable the presolve function of CPLEX when solving the master
problem in our BBC algorithm, since computational times are experimentally worse with
the presolve function activated; (iii) Benders optimality cuts are implemented in a
disaggregate multi-cut version. Indeed, in presence of independent scenarios and in
absence of interactions between customers (e.g. in the form of capacity constraints), the
dual worker problem (4.120)-(4.131) is composed of |N · R| independent subproblems,
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|R| |Iexpi | Best CPLEX (s) BBC (s) DualTime (%)

50 3 2625.00 4.92 33.78 0.84
50 6 2814.00 47.69 108.52 0.79
50 12 2892.00 684.46 383.59 0.52
100 3 2567.00 17.85 62.96 0.78
100 6 2857.00 258.60 237.33 0.61
100 12 2865.00 2047.72 1476.88 0.32
200 3 2588.50 39.53 131.01 0.75
200 6 2861.50 215.05 515.43 0.63
200 12 2861.50 4025.04 3268.00 0.25
500 3 2572.20 221.06 369.10 0.68
500 6 2824.30 1753.52 1784.22 0.38
500 12 2835.65 46166.88 20903.66 0.10
1000 3 2580.80 677.68 720.91 0.41
1000 6 2809.45 7913.22 6988.75 0.13
1000 12 2820.25 172000.00* 100862.04 0.03

Table 4.5: N8I8 instances: running time for the ADPP using CPLEX and the BBC
algorithm with disaggregate Benders cuts.

each of them producing a valid cut of the form

znr ≥
(
γ1∗
nr +

∑
i∈I

γ2∗
inryi −

∑
i∈I

Ûinrγ
4∗
inr +

∑
i∈I

Minrγ
6∗
inr(1− yi) +

∑
i∈I

Minrγ
7∗
inryi

)
;

(4.136)

and (iv) not all |N ·R| cuts need to be added at each iteration. Instead, we only add those
that cut off the current contribution of z(nr) to the master problem. The comparison
between znr and the right-hand side of the optimality cut is trivial: it can be made
by plugging the feasible y solution and the corresponding optimal duals into (4.136).
Experimentally, this reduces the number of disaggregate Benders cuts added to the master
problem by approximately 50%.

When using the general purpose solver developed by CPLEX, all settings are kept at their
predefined values.

Tables 4.5 and 4.6 report the running times of the two solution approaches for the small
and large instances, respectively. At a first glance, we notice that CPLEX is faster at
solving smaller instances, while BBC is faster at solving larger instances. The column
DualTime reports the proportion of time spent on solving dual worker problems within
the BBC scheme. The time required to solve a dual subproblem of the form of
(4.120)-(4.131) for a single n ∈ N and r ∈ R, with 5 · I + 2 variables and 3 · I + 1
constraints, ranges between 0.001− 0.003 seconds for |Qi| = 3, and 0.006− 0.010 seconds
for |Qi| = 12. On the one hand, in small instances the BBC algorithm spends the
majority of the time solving dual subproblems, which might explain the poor
performance against CPLEX. On the other hand, in larger instances the dual
subproblems become less and less relevant computationally because of their linear
nature, and the master problem becomes the bottleneck of the algorithm.
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|R| |Iexpi | Best CPLEX (s) BBC (s) DualTime (%)

5 3 2399.20 13.20 42.81 0.73
5 6 2526.20 165.68 230.17 0.54
5 12 2641.60 3685.49 1793.00 0.21
10 3 2330.20 87.79 106.40 0.64
10 6 2727.20 703.47 587.74 0.45
10 12 2795.10 10931.09 7627.22 0.10
20 3 2333.90 363.22 256.94 0.61
20 6 2585.15 1066.06 1669.50 0.28
20 12 2638.08 54336.94 27043.61 0.06
50 3 2268.08 849.04 886.41 0.36
50 6 2493.74 15095.45 12392.39 0.10
50 12 2530.17 172000.00* 172000.00* 0.02
100 3 2291.50 6066.25 3410.52 0.12
100 6 2522.12 59087.88 41840.98 0.06
100 12 2556.50 172000.00* 172000.00* 0.04

Table 4.6: N80I12 instances: running time for the ADPP using CPLEX and the BBC
algorithm with disaggregate Benders cuts.

(a) Fixed |Qi| = 6, varying |R|. (b) Fixed |R| = 100, varying |Qi|.

Figure 4.2: Computational experiments to evaluate the relation between number of
scenarios and running times and between number of price levels and running times.

To evaluate the effect of the size of |R| and |Qi| independently, we fix one of the two
parameters and let the other one vary. The results are shown in Figure 4.2. A visual
comparison between varying the number of scenarios (Figure 4.2a) and the number of
price discretizations (Figure 4.2b) can be made by comparing the slopes of the curves.
Specifically, increasing the value of |Qi| has a much larger effect on running times than
increasing the value of |R|, independently from the solution method. This is expected,
since the number of alternatives affects the binary assortment variables, while the number
of scenarios impacts the continuous choice variables, which are dealt with in the linear
worker problem of the Benders algorithm. These results indicate that future work should
address the issue of explicitly defining large sets of discrete variables, especially because
at most one of them can be selected in any solution.

85



CHAPTER 4. BENDERS DECOMPOSITION FOR CHOICE-BASED OPTIMIZATION
PROBLEMS

Finally, we report on the type of cuts automatically added by CPLEX, which are different
in the two cases. When used as a black-box solver, CPLEX uses mostly clique cuts and
implied bound cuts. During the BBC algorithm, CPLEX inserts mostly mixed integer
rounding cuts and, in smaller quantities, flow cuts. This difference is not unexpected,
as the two approaches work on different solution spaces. Further analyses should be
conducted to understand how these choices relate to the problem structures, in order to
inform the development of valid inequalities for the BBC algorithm.

4.6.3 Multithreading

Commercial MILP solvers such as CPLEX continuously employ heuristic techniques
when processing the branch-and-bound tree, most notably for node and variable
selection (Lodi and Zarpellon, 2017). Furthermore, in order to exploit the available
computational resources, other heuristic decisions concern the distribution of processes
over threads, using parallelization. Detailed discussions on parallel branch-and-bound
strategies can be found in Gendron and Crainic (1994) and Koch et al. (2012).

Here, we limit our analysis to an evaluation of the relation between number of threads
and computational times for the two ADPP solution methods. Figure 4.3 shows that
computational times decrease on all instances when changing from 1 to 2 threads using
the general purpose solver by CPLEX. This is not true when the BBC algorithm is used,
especially on the small instances, where losses due to synchronization across threads are
greater than the benefits of additional resources, making multithreading detrimental. More
fluctuations exist for both algorithms when increasing to 4, 8, 16 and 32 threads. Overall,
these preliminary experiments show that parallelization has the most beneficial effects on
the largest instances.

It is also important to note that the BBC algorithm has been coded as a sequential
algorithm, and improvements could be achieved by specifically designing the code for
multithreading. Another possible explanation of the negative effect of multithreading
when applying the BBC algorithm is the fact that the initial master problem has a weak
formulation and relaxation, since all lower-level variables and the related constraints are
removed from the formulation. This could lead to poorer heuristic decisions related to
branching and parallelization than for the full ADPP model. Potential remedies consist
in initializing the master problem with a precomputed set of Benders cuts or retaining in
the master problem some information about lower-level constraints and variables.

Finally, we mention that the largest instances in the N80I12 set cannot be solved with
the BBC algorithm and 16/32 threads due to memory limitations.
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(a) CPLEX. (b) BBC.

Figure 4.3: Computational times as a function of the number of threads on the N80I12
instances.

4.6.4 Other experiments and potential improvements

In addition to the Benders implementation illustrated in Section 4.6.2, we have
implemented and tested some variation of the Benders algorithm inspired from the
literature, which however have led to a deterioration of the results. We briefly report on
them for the sake of completeness.

Populating the master problem. Benders cuts can be generated before initializing the
restricted master problem. The objective of this approach consists in providing information
which could be beneficial when starting to process the branch-and-bound tree. In our
implementation, feasible primal solutions are obtained by solving to optimality the ADPP
subproblem for each scenario r ∈ R using CPLEX. Then, the corresponding Benders cuts
are obtained from the disaggregate dual worker problem and added to the master problem
either as constraints or as lazy constraints.

Clustering and partial Benders decomposition. We follow the approach proposed
by Hewitt et al. (2021) and solve to optimality the ADPP subproblem for each scenario
r ∈ R. Then, we assign each scenario to one of k clusters using the k-medoids approach,
and we retain the variables and constraints related to the medoid scenario of each cluster
in the master problem, thus applying a partial Benders decomposition (Crainic et al.,
2021). As above, the rationale is to keep some information about the lower-level in the
master problem, through a scenario retention strategy. We test different levels of scenario
retention by varying k between 0 and |R| and we observe that in our test instances full
Benders decomposition and no decomposition both perform better than partial Benders
decomposition. As observed in Section 4.4.3, scenario creation strategies, found to be the
most effective approach by Crainic et al. (2021), cannot be applied to our problem.
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4.7 Conclusion
In this chapter, we look at the choice-based optimization problem of a single supplier.
When we consider a problem definition where discrete assortment variables and continuous
pricing variables coexist, we experimentally verify that even a very small instance of the
mixed-integer linear optimization problem is intractable. On the contrary, a formulation
of equivalent size where all continuous pricing variables are discretized can be solved
to optimality using a commercial MILP solver and considering a reasonable number of
price levels. Although it is common to develop mathematical models with continuous
price variables, in real-life markets discrete prices are generally used for reasons such as
psychological pricing. Therefore, the findings of our numerical experiments can support
practical applications.

Furthermore, under the simulation framework introduced by Pacheco Paneque et al.
(2021), we show that the choice-based optimization problem with discrete supply
variables exhibits a convenient structure characterized by a totally unimodular
lower-level utility maximization problem. This property allows to relax the integrality
constraints on the customer choice variables, producing a linear subproblem for which
the strong duality theorem holds. Because of this property, we open the door to the use
of decomposition algorithms to exploit duality to tackle the MILP. Then, we derive a
Benders decomposition algorithm and implement it in its branch-and-Benders-cut
version. Numerical experiments show that our methodology is competitive against a
general purpose MILP solver on a set of instances of a facility location and pricing
problem. Specifically, the general purpose solver is faster at solving small instances,
while Benders decomposition is faster on larger instances. These findings show the
potential of the proposed approach for practical applications and suggest the need for
further research on algorithmic developments.

In particular, we recommend the following directions to be investigated.

In presence of continuous variables such as prices, discretizing always means restricting
the original problem. As shown by the experiments, computational times increase
exponentially with the size of the discretized set of binary variables. Given a large
discretized set, we suggest to avoid generating the whole set of upper-level variables, and
rely on a column generation strategy instead. A combination of Benders decomposition
and column generation has been used to solve a simultaneous aircraft routing and crew
scheduling problem (Cordeau et al., 2001), a multi-activity tour scheduling problem
(Restrepo et al., 2018), and a combined crew pairing and crew assignment problem
(Zeighami and Soumis, 2019), among others. All these problems exhibit a more complex
structure than the facility location problem studied in this chapter, and nested
decomposition techniques have proven to be particularly effective in these cases.

To reduce the amount of subproblems to be solved and Benders cuts to be generated,
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clustering techniques should be further investigated. While clustering at the scenario level
has been discussed in the stochastic optimization literature, clustering at the customer level
is problem-specific and could exploit the observed heterogeneity within the population.

In terms of applications, the importance of applying decomposition methods grows
together with problem size and complexity. So far, the use of choice-based optimization
models, both linear and non-linear, has been limited to relatively simple categories of
problems, such as pricing and facility location. The combined use of simulation and one
or more decomposition techniques could make choice-based optimization applicable to
other problems characterized by more complex interactions at the alternative level and
at the customer level, such as network design or scheduling, for which decomposition
techniques are widely used under the assumption of deterministic demand.
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5
Conclusion

Real-life interactions between consumers, suppliers and regulators of a competitive market
are complex and various. As a consequence, these interactions cannot be fully captured
by a mathematical model, because of the incomplete market knowledge of the analyst
and because of the excessive computational power needed to estimate or optimize such a
model. Therefore, designing a model of a competitive market always involves a trade-off
between the realism of the assumptions made about the behavior of the market agents
and the tractability of the resulting predictive or prescriptive models.

The goal of competition models is to find equilibrium solutions which represent stable
states of the market. The most common approach to achieve this end is the use of
derivative-based methods. These methods rely upon strong assumptions on the demand
model, which are required to preserve the convexity of the objective function in the
optimization problem of a supplier or regulator. For this reason, historically, market
equilibrium models have privileged simple aggregate demand models over more accurate
but complex disaggregate demand models. However, the increasing availability of
detailed demand data, from which precise individual behavioral models are derived, and
the methodological advances that allow to estimate demand models from large data sets
have contributed to make disaggregate models more appealing. In particular, discrete
choice models are a state-of-the-art approach to model at the disaggregate level decisions
involving a finite set of options.

In light of these considerations, this thesis investigates mathematical models and
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algorithms that allow to integrate discrete choice models into optimization and
equilibrium problems that can be used to inform the strategies of firms as well as public
policies. In Section 5.1 we summarize the main findings of our work. In Section 5.2 we
provide directions for future research.

5.1 Main findings
This thesis discusses a general framework for optimization and equilibrium problems in
which demand is modeled at a disaggregate level. Such framework accommodates
advanced discrete choice models by relying on simulation to linearize the expression of
the choice probabilities. The use of a disaggregate representation of demand allows to
account for product differentiation and consumer behavioral heterogeneity, leading to
more accurate predictions and to the possibility to develop targeted supply strategies
and public policies.

Chapter 2 presents a modeling framework that integrates an estimated discrete choice
model of demand within a model of deregulated competition. The preservation of the
complexity of the discrete choice model, whose non-linear and non-convex nature is
circumvented using simulation, comes at the expense of the mathematical properties that
guarantee the existence of an equilibrium solution. For this reason, a simulation-based
heuristic based on the fixed-point iteration algorithm is proposed in order to find
approximate equilibrium solutions. The proposed approach accommodates heterogeneous
demand and considers multi-product offer and price differentiation on the supply side.
This means that it is possible to analyze a market in which suppliers leverage on a
disaggregate description of demand to strategically target specific groups of the
population. This is the first methodology that combines all these features in an
equilibrium context. Numerical experiments show that the proposed algorithm can
approximate the results of an exact method that finds a pure equilibrium in the case of
logit demand with single-product offer and homogeneous customers. Furthermore,
approximate equilibria are computed for two transportation case studies featuring more
complex discrete choice models for which no analytical approach exists. In particular, we
highlight the successful application of our approach to model pricing decisions in a
competitive high-speed rail market using a schedule-based representation of the
timetable, which allows to capture substitution patterns based on willingness to pay to
avoid deviations from the desired arrival and departure times of travelers.

Chapter 3 looks at regulation, one of the most common forms of public intervention on
markets. In the transport industry, regulation can be motivated by economic, social
and environmental reasons. Building upon the model of market competition presented
in Chapter 2, we propose a framework to find optimal price-based policies to regulate
oligopolistic transport markets where demand is modeled at a disaggregate level. The
optimization problem of the regulator is written as a mixed-integer linear optimization
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problem. This model includes the utility maximization constraints of the customers, the
profit maximization constraints of the suppliers, and the market equilibrium constraints.
The objective function of the regulator is a social welfare function which includes the
utilities of the individuals, the profits of the suppliers, the public budget and the effect
of externalities. To allow for comparability of the different components of the objective
function, all values that are measured in non-monetary terms are monetized. The model
is then included within a heuristic approach which largely follows the algorithm presented
in Chapter 2. A case study is carried out to study an intercity travel market where
price-based instruments are used in a context of emissions reduction. Different sets of
experiments are performed to show the flexibility of the framework in accommodating
disaggregate policies and problem-specific constraints and objectives. The results show
that optimizing policies without or with segmentation can produce very different results.
This is particularly relevant when designing public policy, because the acceptability of
economic instruments heavily depends on the perceived fairness and on the distributional
effects across the population. Our methodology is therefore particularly appealing, as it
complements more traditional economic and environment analyses with a discrete choice
analysis of the disaggregate social impact of a policy, all within the same mathematical
framework.

Chapter 4 analyzes the choice-based optimization model that captures the decision
process of a single supplier. First, two formulations with continuous and with discrete
supply variables are compared computationally. Experimentally, we show that, in
presence of both continuous and discrete supply variables, the optimization problem is
intractable even for very small instances. On the contrary, the model in which all the
continuous decision variables of the supplier are discretized scales up better.
Furthermore, the formulation with discrete supply variables exhibits a block-diagonal
structure that is similar to that of facility location problems. This result enables us to
define a class of choice-based optimization problems with discrete upper-level variables,
which can approximate any choice-based optimization problem subject to a meaningful
discretization of the continuous variables. A Benders decomposition approach is
proposed for the choice-based optimization problem with discrete supply variables, and
the algorithm is implemented within a branch-and-cut scheme. A case study of an
uncapacitated facility location and pricing problem with disaggregate demand is used to
compare the computational performance of the proposed approach against a black-box
commercial MILP solver. Numerical experiments show that the black-box solver is faster
at solving small instances, while Benders decomposition is faster on larger instances.
The results show that there is potential to investigate further enhancements to and
applications of decomposition methods for choice-based optimization and equilibrium
problems.

Overall, the fundamental idea that underpins all the contributions presented in the
previous chapters is the integration of general discrete choice models and combinatorial
optimization within a unique framework, in order to account for complex demand-supply
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and supply-supply interactions. The findings of this thesis indicate that there is value in
harnessing disaggregate demand information for the purpose of developing disaggregate
strategies and policies.

5.2 Future research directions
Here we propose various research directions that could be followed to improve and widen
the modeling framework, strengthen the performance of the proposed algorithms and
evaluate their validity on a broad range of real-life applications.

From a discrete choice modeling perspective, the possibility to integrate disaggregate
demand into prescriptive supply models in the form of utility functions should motivate
a joint analysis for the selection of the discrete choice model, the identification of the
utility specification and the definition of the optimization model to be solved. In this
thesis we show that a discrete choice model such as the mixed logit fits well into the
proposed optimization and equilibrium framework, because it allows to handle the
simulation of the error term of the utility function in the same way as we normally treat
the randomly distributed parameters which characterize this model. Other choice models
could also be considered, not only from the logit family. In terms of utility specification,
an example of a coherent selection within a demand-supply model consists in defining
categorical variables which match the segments of the socioeconomic characteristics (e.g.
age, occupation, residence location) based on which suppliers and regulators want to
apply differentiated policies. Furthermore, it would be valuable to identify benchmark
data sets for different supply optimization and market equilibrium problems on which to
estimate various aggregate and disaggregate demand functions. Then, the comparison of
the results obtained by solving to optimality or equilibrium with different demand
functions can offer insights on the open question about the trade-off between the added
value of a more precise demand model and the computational cost that comes with it.

While choice-based optimization problems have been studied for decades, the integration
of advanced discrete choice models in this framework is a relatively new area of research
which leverages on the use of simulation. Indeed, simulation constitutes a powerful tool
that allows to disentangle the choice probability functions of discrete choice models from
their natural non-linear and non-convex form. However, its use is associated with a heavy
computational burden, which currently limits the size of the problems that can be tackled
using this approach. In this context, the use of variance reduction methods such as
control variates (Shapiro and Homem-de Mello, 1998) or importance sampling (Glynn and
Iglehart, 1989) could be investigated.

Concerning choice-based equilibrium problems, an interesting direction of research
concerns the concept of approximate equilibrium. In particular, it would be of great
value for practical applications to empirically estimate the value ε of acceptable loss due
to non-maximizing behavior of an optimizing agent. Indeed, determining a sound value
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of ε as a parameter of the model would allow to consider any ε-equilibrium solution as
equally meaningful from a supply behavioral perspective. A related open question
concerns the existence of approximate equilibrium solutions, since our simulation-based
heuristic cannot offer theoretical guarantees of algorithmic convergence for any given
value of ε. Treating the market equilibrium problem as a dynamic problem would be a
step towards reproducing the real nature of real-life oligopolistic competition, but the
resulting model would be hardly tractable.

From a combinatorial optimization perspective, the use of decomposition techniques is
worth a deeper analysis. Benders decomposition is a promising approach, but further study
is needed to find enhancements and valid cuts to improve the basic branch-and-Benders-cut
algorithm. Our experiments indicate that the size of the expanded choice set obtained by
discretizing the continuous variables has a larger computational impact than the number
of simulation scenarios. Keeping the number of variables low in the master problem is,
therefore, fundamental to tackle problems that are more complex than facility location.
One possibility is the use of column generation (Barnhart et al., 1998; Desaulniers et al.,
2006). In column generation, problems are initialized in a restricted form using only a
subset of the decision variables. Then, duality theory is used to derive a pricing problem
whose objective is to identify decision variables that are initially left out and that violate
some constraints of the dual problem, which correspond to primal variables to be added
to the restricted master problem, or to prove optimality, if no dual constraint is violated.
This iterative approach has been proven effective on problems such as vehicle routing
with time windows (Desrochers et al., 1992) and crew scheduling (Desrochers and Soumis,
1989), among others. A combination of column generation and Benders decomposition
could also be considered (Restrepo et al., 2018; Zeighami and Soumis, 2019).

Talking about applications, both the thesis by Pacheco Paneque (2020) and this thesis
focus largely on pricing problems, but there exist other problems that are worth to be
studied using a choice-based approach. Scheduling problems are a typical case in which
agents have heterogeneous and complex preference structures. Examples of such scheduling
problems include the tactical planning of public transport services and the assignment of
personnel to turns or tasks.

In conclusion, research on optimization and equilibrium problems with advanced discrete
choice models and disaggregate demand is still at its infancy. The availability of
individual demand data based on which an optimizer can personalize offers and
differentiate policies provides a strong case for including disaggregate demand models in
optimization and equilibrium problems. This thesis contributes to this effort by defining
for the first time a modeling framework for market competition and by proposing exact
methods and heuristic algorithms that are behaviorally sound and computationally
tractable for simple but realistic problems. Future contributions should both strengthen
the overarching theoretical framework and demonstrate its effectiveness for various
practical applications, also using appropriate ad-hoc algorithms whenever necessary.
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