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A general set of equations that govern global resistive interchange, resistive internal kink and
resistive infernal modes in a toroidal axisymmetric equilibrium are systematically derived in detail.
Tractable equations are developed such that resistive effects on the fundamental rational surface
can be treated together with resistive effects on the rational surfaces of the sidebands. Resistivity
introduces coupling of pressure driven toroidal instabilities with ion acoustic waves, while compres-
sion introduces flute-like flows and damping of instabilities, enhanced by toroidal effects. It is shown
under which equilibrium conditions global interchange, internal kink modes or infernal modes occur.
The m = 1 internal kink is derived for the first time from higher order infernal mode equations, and
new resistive infernal modes resonant at the ¢ = 1 surface are reduced analytically. Of particular
interest are the competing effects of resistive corrections on the rational surfaces of the fundamental
harmonic and on the sidebands, which in this paper is investigated for standard profiles developed

for the m = 1 internal kink problem.

I. INTRODUCTION

Pressure driven instabilities have unique and counter
intuitive properties in laboratory plasmas. The fact that
toroidal and full electromagnetic effects are leading order
of importance implies that pressure driven instabilities
should be weak. But nevertheless they often determine
the operating limits of experimental plasma scenarios.

The control of MHD oscillations such as tearing modes
and Edge Localised Modes (ELMs) has become critical
for developing scenarios for tokamak reactors such as
ITER and European DEMO. Experiments in JET show
that tearing modes enhance heavy impurity transport [1],
while infrequent large ELMs are dangerous for plasma
facing components, and also enhance the risk of heavy
impurity ingress. Consequently, experimental effort has
been focussed on constructing equilibria that can avoid
sawteeth (which can seed tearing modes) and also avoid
ELMs. A common feature of these scenarios can be an
extended region of low magnetic shear, something that
is particularly pronounced in so called hybrid scenarios,
which typically have the safety factor ¢ ~ 1 in the core
region. Pressure driven instabilities in equilibria with
such g-profiles are sometimes studied analytically with
so called infernal mode equations [2, 3], these equations
having been extended to include a vacuum region (so
called exfernal equations [4]) for modelling [5] of edge
harmonic oscillations (EHOs) which occur during ELM
free QH-modes. Nevertheless, these model equations are
not always appropriate for modelling experiments if the
safety factor evolves so that it is resonant with the main
harmonic of the pressure driven long wavelength insta-

bility, or its sidebands. An analytic model [6] has been
developed for resistive effects on the sidebands of infernal
modes, but not for resistive effects of the main harmonic,
or both. One of the topics treated in this paper is to
address these deficiencies.

The main aim of this paper is to develop a unified
set of equations which can treat long wavelength pres-
sure driven internal instabilities with resistive correc-
tions. The equations will also describe short wavelength
interchange modes. The only internal modes out of scope
are short wavelength ballooning modes. Hence, the sys-
tem of equations will be shown to reproduce toroidal in-
ternal kink modes (including m = 1 modes [7]) with resis-
tive corrections [8], resistive interchange (twisting) modes
[9-11] (as well as current driven tearing modes), and new
resonant resistive infernal modes. From the novel set of
equations it will be shown that new classes of pressure
driven internal kink modes can be described analytically
(though approximately), via both ideal and resistive de-
scriptions. Other more complicated modes are identified,
but their solution is left for future numerical analysis.
The derivation of these equations is quite involved, but
it is not too difficult to convey providing enough detail
is given. Indeed, justification of the lengthy derivation
provided here might readily be accepted given that the
m = 1 internal kink problem is developed fully, some-
thing that is beyond almost all papers and all textbooks.
The system of equations developed here also provides the
essentials for a code which aims to efficiently solve for
long wavelength pressure driven instabilities in a torus,
with or without resistive effects.

The paper is organised as follows. In section II the cou-



pled toroidal resistive eigenvalue equations are derived in
detail. Following that section ITI summarises the eigen-
value equations, discusses appropriate boundary condi-
tions for ideal and resistive problems, and defines sim-
plified equations for equilibria with ultra-low magnetic
shear. Section IV derives the m = 1 ideal internal kink
mode in a torus, recovering the results of Bussac et. al.
[7]. Section V identifies the conditions under which the
resistive infernal equations describe resistive interchange
modes. Section VI investigates infernal modes with and
without rational surfaces. We identify new classes of res-
onant infernal modes, and as an example we investigate
in detail the competing effects of resistivity on the main
harmonic and sideband of the m = n = 1 internal kink
mode in an equilibrium with low magnetic shear in the
core. A summary of the paper and a list of future related
work is presented in section VII.

II. DEVELOPMENT OF A GLOBAL LINEAR
SYSTEM OF RESISTIVE MHD EQUATIONS FOR
LONG WAVELENGTH PRESSURE DRIVEN
INSTABILITIES IN A TORUS

This section derives the global linear resistive MHD
equations for long wavelength internal instabilities in a
torus. It is undertaken in detail, which we hope will be
valuable both for understanding the results of this pa-
per, and as a reference. In this paper we do not treat
instabilities fundamentally driven by corrections associ-
ated with magnetic fluctuations extending beyond the
plasma (e.g. external kink modes), nor those strongly af-
fected by them (e.g. EHOs). Such modes, which may be
treated in future work, are not internal modes for which
all fluctuations vanish at the plasma-vacuum interface.

A. Convenient displacement variables in a resistive
plasma

The following linearised momentum equation in a
static MHD plasma is valid also in a resistive plasma:

X = —py*¢+(6B-V)B+(B-V)§B-V(6B-B)-V§P =0,

(1)
where (0 B-V)B+ (B-V)0B— V(6B - B) is perturbed
j X B, and §P is the total perturbed pressure:

§P=—-¢-VP-TPV ¢, (2)

(T the adiabatic index). In the ideal MHD model 0€ | /Ot
is the perpendicular flow associated with E-cross-B flow,
ie. 0¢, /0t = E x B/B?. But, in the resistive MHD
model, resistive Ohm’s law § E+0€& /0t x B = ndj applies,
so that,

6£L__77(V><5B)><B+6E><B
ot B? B2

For resistive MHD problems it can be convenient to re-
tain £ as an eigenfunction variable (in particular the ra-
dial component of &). We can develop resistive Ohm’s
law, using Faraday’s law, to yield,

06B 0¢
—— =Vx|=xB|-1nVx(VxdB),

at <at ) v < ( )

so that the expected ideal result is obtained in the limit
n = 0. Letting 9/0t = =, as expected for modes of type
dB ~ exp(~t), one may write

5B =6B; + AB (3)

where the ideal field d B; and resistive correction AB
are respectively

0B =V x (€ x B) (4)
AB = —%V % (V x 6B) = %VQ(JB). (5)

Now for the first novelty of this paper. We are free to
choose a gauge where the vector potential parallel to the
equilibrium magnetic field is zero. Thus, letting d A =
& X B one may write the perturbed magnetic field in
terms of a displacement & that accounts for ideal and
resistive motion,

0B =V x (& x B). (6)

Equating Eq. (6) with Eq. (3), and using (4) one easily
sees that the resistive correction to the magnetic field is

AB = -V x (A¢ x B) (7)

where the following resistive corrected ‘displacement’
variable will be used:

AL =€ —&p (8)

Using all the above results one may write down the dif-
ferential equations for the resistive correction Ag:

AB(A¢) = %vz[aBI(@ +AB(AS)],  (9)

with V2[X] the vector-Laplacian, operating on vector
X. The radial component of Eq. (9) will ultimately be
the differential equation relating the radial components
of £ and A¢, which must be solved in concert with the
main eigenvalue equation. The toroidal component of
Eq. (9) establishes the relations between the radial and
poloidal components of £ to relevant order, together with
consideration of the radial vorticity.

B. Inverse aspect ratio expansion of the
equilibrium

Concerning the equilibrium, the magnetic field for the
right handed flux coordinate system (7,6, ¢) is,

B=F(r)V¢+ %ng) x Vr,



so that B - V¢ = F/R?. In the above form of the field,

dy  rF(r)
dr — q(r)Ro’

where Ry = R(r = 0) and we will later have By = B(r =
0). The equilibrium and linearised stability equations
are expanded in local inverse aspect ratio e = r/Ry and
q(r) is the safety factor. The equilibrium will adopt 8 =
2P/B? ~ ¢2. With this conventional beta ordering, one
obtains F(r) = Fy+ F(r) where Fy = Ro By is a constant
and Fy(r)/Fy ~ €2 is a small radially varying correction,

dFQ « €
2 B = — —(9—
dr 0<2q2 q2( S)>7

where we recognise the important parameters for balloon-
ing modes and interchange modes, s = (r/q)dq/dr and
a = —2Ryq*(dP/dr)/B3. Expansion of the equilibrium
also defines the Shafranov shift A(r), where

BO 1 [+ 5,0].
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Ultimately the equilibrium is defined in terms of a
poloidal coordinate associated with Jacobian:

Bp(r) =

_ 1 _ rR(r, 0)?
J = Vr-(VOxVe¢) Ry (10)

For the sake of brevity we do not outline the equilibrium
expansion in terms of this straight field line coordinate
in further detail.

C. Inverse aspect ratio expansion of perturbations

The recent paper on parallel magnetic fluctuations [12]
provides an explanation of the e expansion of magnetic
and fluid fluctuations. A purpose of the current paper is
to generalise the results to include resistive contributions
to magnetic field fluctuations. It is a slightly awkward
problem. The reason being that the flute (fundamental
harmonic) component of the ideal radial perturbed field
0B - Vr vanishes on the rational surface, while the resis-
tive correction to the perturbed field (AB- V) does not.
As will be seen, this means that A& - Vr is singular on
the rational surface. It nevertheless remains convenient
to use A¢ and £ as variables because solution of the lin-
ear problem turns out to involve operations on AgA£”,
which is not singular (here Aq = ¢ — m/n). It is noted
that AB"™ oc AgAE", which is of course not singular on
the rational, except under the special case approaching
marginal stability, where all variables are singular.

In this work we attempt a general approach which
encompasses solutions compatible with resistive inter-
change and resistive infernal modes in a torus. Resistive

interchange modes occur in the limit of large magnetic
shear in the region around ¢; = m/n, or large mode
numbers, while resistive infernal modes introduce impor-
tant corrections over the interchange description if the
magnetic shear s is weak. Both can be unstable in plas-
mas with standard tokamak pressure gradients. We will
apply our work to cases where strong ballooning correc-
tions are not important, though crucially we keep weak
ballooning effects associated with infernal mode correc-
tions. This is achieved by assuming long wavelength in-
stabilities (small toroidal and poloidal mode numbers),
for which it will be necessary to carry only nearest neigh-
bour poloidal harmonics that satellite the main harmonic
m in the assumed nearly circular cross section geome-
try. It is recalled [9] that resistive interchange modes can
be unstable for cases with large magnetic shear because
the addition of resistivity tends to nullify the large mag-
netic field line bending stabilisation occurring in an ideal
plasma. In the core of the plasma where the magnetic
shear is expected to be weak, a relatively weak ballooning
parameter o ~ € will drive infernal modes.

The following concerning spatial components and in-
verse aspect ratio ordering applies equally to £, &, and
A (given the relative ordering assumption described just
above), though in what follows directly below it is cho-
sen to apply the discussion to € (which reduces notation).
We follow [7] and allow

§=§&5 +(B, (11)

where £ is chosen to have the property £z - V¢ = 0.
With this assumption, £ 5 has two covariant components.
The contravariant variables are defined as

& = (F/F)ép - Vr and & = (F/Fy)rép - V0.

Now £" and AE™ are chosen to be the fundamental vari-
ables for which the eigenvalue equations are to be solved.
On considering a (Shafranov) shifted near-circular equi-
librium, it can be shown that only the fundamental com-
ponent and the directly neighbouring poloidal sidebands
of € (and &, AL") contribute to the stability prob-
lem to relevant order in the expansion of the equation
of motion. No other components are required (unless the
plasma cross section is manifestly non-circular), i.e.

gr _ gr(m) + é""(erl) + gr(mil) + 0(64) (12)
where
€W = & () expling — il + ).

We now consider the above in the context of an expansion
in the local inverse aspect ratio e = r/Ry. We expand
the radial eigenfunctions as follows:

€ =€) + €] + 285 + €5,

where € above is a tag used simply to identify the ordering
of the terms. It can be shown that the sidebands are



order € smaller than the fundamental harmonic in the
region where they coexist. An expansion that satisfies
Eq. (12) to relevant order is

& = 5("’) = fg(m) exp(ing — im6 + yt)
& = ;(mﬂ) + £I(m_1), f;(l) = ff(l) exp(ing — ilf + )
& =0,

and it can be shown that &; doesn’t enter the stability
problem to the order calculated in this work (this will be
discussed later). Freely setting €2¢5 = 0 in the expan-
sion of the equations that follow applies equally to the
resistive variable A¢". In particular, with this choice, the
fundamental displacement is given by &; at all relevant
orders of accuracy. When expanding the equations to
highest order, the necessary corrections to the ideal and
resistive displacement variables (& and Ag) are taken up
by the poloidal component of the displacements. Hence
it is seen that,

¢ =&l + el + 265 + 5.

It turns out the equations that involve &5 are the same for
a cylindrical and toroidal equilibrium assumption. Since
eigenfunctions have a unique poloidal mode number in
a cylinder, it is clear that &§ has fundamental harmonic
only. One thus has:

€= g(m) = Ag(m) exp(ing — im0 + ~t)

g0 = gfmt) | blm=1) = 00 _ 00 o (ing — il + 1)
¢ = 53(’”) = £§(m> exp(ing — imb + ~t).

Hence, the role of £§ is to correct the flute contribution
to € 5 obtained at lower order in the governing equations.
As mentioned earlier, all that has been written here ap-
plies to ideal and resistive displacements. Finally, {g and
&5 will be considered in more detail later.

The parallel component of the fluid displacement ¢ can
be similarly Fourier analysed, i.e,

¢ = ¢ qpcmaD petm=b ¢l — (WO () expling—ild+t).

But, care needs to be taken with the expansion since it
is not found that ¢ ~ (™) For ideal MHD, it can
be shown that the flute component ((™ = 0, i.e. dom-
inant parallel displacements arrive from the sidebands.
For resistive MHD, a novel result is that é(m) ~ ((mED),
apparently indicating important flute-like inertia contri-
butions to the growth rate. Due to the rather different
nature of the ordering in € encountered for (, the sub-
script notation denoting the ordering in € is not adopted
for C.

Finally, as will seen in the forthcoming sections, it is
convenient to split X defined in Eq. (1) as follows,

X =Xp+ Xy, with, (13)
Xp=(6B-V)B+ (B-V)iB-V(B-B)

+V(&,-VP)+V(AE-VP)™ L V(TPV - &)™
(14)

X, = -6+ V(AL - VP) ™D L y(IPV .- €)Y
+V(A¢-VvP) ™) L y([PY-€) ™MD, (15)

Subscript I denotes inertia, and P potential. The re-
sult is general providing only one upper and one lower
sideband is required (which is valid for circular cross
section to relevant order in inverse aspect ratio). The
breaking up of X in this way is convenient when per-
forming vorticity operations, since near the rational sur-
face of the fundamental mode, the resistive corrections
of (TPV - &)™+ exactly cancel with (A - VP)(m+D),
both being inertia-like. The remaining inertia terms
(i.e. those involving the growth rate ) in X are
much simplified. Finally, the fundamental harmonic of
V(AE-VP)+V(I'PV -£) provides important contribu-
tions to X p that are not connected to inertia.

D. Plasma compression: resistive effects and
magnetic shear

The purpose of this section is to identify the limita-
tions of the problem investigated, and to examine some
fundamental properties. This section is redundant in the
ideal limit. It is first noted that the contravarient defini-
tions of the magnetic fields are defined exactly in terms
of the full resistive displacement:

6BT56B-V7":B-V§§:FO[1 0 +§ﬁ]§%,

R? [q00
(16)
0= _ B [0 (r€p) %R
om0 =108 99— gt | o (SR) - Sk |
6 — : %[55?% 3(’“5%)]
BI=ROB-Vo=—pl o |0 Y

with 0/0¢ = in. Also note that the magnetic operator
B -V has been defined above. The three components
of the field are given by two components of the resistive
displacement. The properties of these equations will be
examined in detail in the next section. Similarly

AB"=AB -Vr=—-B-VA{ =

F,[10 0 ;
R Laa ¥ aqﬂ A 19)
0 Ry [0 (rAgT)  oAg
AB :rAB-V(‘)—RQ[aT< ; ) %} (20)
¢ — . Fo [9AE" O(rAgT)
AB? = RAB Vqs_rR[ 50t | (21)



where it is recalled that 6B = 6 B; + AB.
The toroidal component of Ohm’s law Eq. (5) is exam-
ined next:

AB?® =1 [v26B] e,
Y

It is instructive to briefly consider perturbations in an
(R, Z, ¢) coordinate system. The equilibrium can be ex-
panded easily in this orthogonal coordinate system. A
covariant expansion of the perturbed field is,

0B =0Bgrer +0Bzez + (5B¢6¢

where ez, ez and ey are unit vectors and By = B?,
i.e. Eq. (18) applies to the toroidal covariant and con-
travariant forms. With this coordinate system the vector
Laplacian operating on d B is exactly,

1 2 00B
26B = |V26Bsr — — 6B ) 25B
V< l:V(SR R25R R2 a¢:| +[V5 Z}e
2 06B
2B B i
+|:V(5¢ R26 ¢+R2 8(;5:|

The toroidal component of resistive Ohm’s law Eq. (5) is
therefore,

We let

=7 [<a () w (7))

and we note that K is related to a projection of £ 5 with
the magnetic curvature, in particular:

K = 72€B . K':[l + O(E)].
It follows that,

V~£:—§5B}¢+K+B.VC
and therefore from Eq. (2),
R po
P=-¢£-VP-TP K+B-VC—f6BI .
On substituting Eq. (22

), we obtain to relevant order,

— _¢£VP-TP {K+B ve B <6B¢ ”v253¢>}

AB? — ( n ) ]iz% [<r2V2 B (7">2) §B® +2 (;) m(SBRl‘o develop an approximate equation for the evolution

R} R
0Bpgr can be constructed from the contravariant compo-
nents dB" and §BY defined in Eqs. (16) and (17). From
inspection of the dependence of §B", §B? and 6B? on &,
in Eqgs. (16) - (18) it is clear that formally §B" ~ efB?
and 6B? ~ e§B?. Tt therefore follows that formally
§Br ~ e6B® and thus, using AB? = §B? — cSB}l5 gives

5B =B -1 {VQ
! Y Rj

We drop the 1/R3 term in the expansion above, since
V2 ~ € ?/R3 or faster. Hence,

} §B? 4+ O(ed B?).

5B} = B% — gv‘ﬂsm + 0(edB?). (22)

We may now attempt to develop an evolution equation
for the perturbed pressure Eq. (2), i.e. 6P = —€£-VP —
T'PV - & The first job is to consider V - §. From Eq.
(11), and V - B = 0, we have

V- £E=V &5 +B-V(. (23)
Now using &5 - V¢ = 0 the following properties hold:

Vobp =t | (6 )+ (TEs ve)]
,1_ TR\ 0 (TR
—j_ar<F§) ae( ﬂ
1[0 (TF Eg J Fo
T or \rF rF

arem) 0%\ TF,
+( or +89> ’/‘F:|' (24)
0T s

f 0P, we recall that flute dominated modes conserve
the magnetic curvature (see e.g. Ref. [12], which for
an isotropic plasma requires that 0P = —BdB)). Since
6B = 6B?[1 + O(e)], we may adopt 6B? = —6P/B in
the above, to yield to relevant order,

P=—¢.VP-TP K+B~VC—#V25P , (25)

where we keep, for now, the V2§ P term, despite it be-
ing order 2 smaller than the other terms, in case radial
derivatives are very strong (which, as will be seen later,
will manifest itself as large magnetic shear). In the above,
we recognise each term in Eq. (6d) of [10]. In particular,
we recognise the last term, which is related to cross field
classical transport. The differential equation for 0P is

therefore,
[1_ g”vﬂ §P= €. VP -TP[K +B V(.

The resistive term on the left hand side introduces con-
siderable complexity. The main results section of GGJ [9]
dropped this term, but it was retained as a major line of
research in Refs. [11] and [10] in order to investigate the
stablisation of resistive interchange and resistive balloon-
ing modes by compression in a strongly sheared plasma.
It is instructive at this point to write down a schematic
of the terms that comprise the toroidal vorticity opera-
tion on the equation of motion ym (see definition later)
for the resistive infernal mode problem studied here. We
heuristically include contributions we expect from the in-
clusion of cross field classical transport, as indicated in
the governing stability criteria equations of Refs. [11] and



[10]. In particular where ideal modes are stable, we ex-
pect, assuming a parabolic type pressure profile, and an
exact resonance at q(rs) = gs:

v," 1 1 2
7~8R+ea 1-— —&—sea——q—a(r—b) o?
& q? mds

+ s2BT(1 + 2¢2), (26)

marginal stability being ngm) = 0. The first term in Vdgm)
above corresponds to field line bending stabilisation as-
sociated with resistive modes. Here we use subscript R
to indicate diminished effective shear by resistivity. It is
well known that field line bending stabilisation caused by
magnetic shear is strongly impaired for cases where ideal
modes are stable but resistive modes are unstable, hence
the effective shear s has the property sgp < s. The
second term is the standard Mercier-interchange contri-
bution. The third term is a correction to the interchange
contribution due to compression and resistivity. We de-
rive it and include its effects in this work, but it has been
seen before in Ref. [10], e.g. the content of the square
bracket in Eq. (40h) in Ref. [10]. The fourth term is the
drive from infernal modes. It is written here in terms
of the ideal drive, where the scaling compared to the
Mercier term can be seen directly in Eq. (33) of Ref. [12]
(note the scaling is obtained via a particular choice of g-
profile). The last term is the stabilising effect of classical
transport on compression. It is directly associated with
the last term in Eq. (25).

It is clear that the classical transport term can com-
pete with the Mercier term and the compression effect in
the third term only if s ~ 1. And, it can compete with
the infernal mode drive only if s ~ m~1(a/€)'/2, where
we take (rs/a)?q./qs ~ 1. We recall that our main inter-
est is for infernal modes, where for core modes typically
s ~ € and « ranges from a ~ € to a ~ 1 at rs. Near
the edge where we might use infernal mode physics to
describe edge harmonic oscillations, we may indeed have
s ~ 1, but we would have o ~ 1 and again 8 ~ €2. It
therefore appears that there are no obvious regimes of in-
terest in a tokamak where the classical resistive diffusion
contribution is leading order for long wavelength pres-
sure driven resistive instabilities. Mathematically, it is
clear that we may neglect classical transport correction
providing that s < «a, or at most, s ~ a. We will later
treat € and s as separate expansion parameters, adopting
a ~ ¢, and in the final collection of terms s ~ e. This
is done to ease the analytical calculations, but the final
equations can in principle treat applications where o ~ 1
with 3 ~ €2, together with s ~ ¢ or s ~ 1 (e.g. for edge
harmonic oscillations).

Treating problems for which s ~ «, or less, thereby
legitimately dropping the classical transport contribution
in all the follows, we henceforth adopt

P=-¢-VP-TP[K+B-V(. (27)

Hence, we deploy 0P = —¢ - VP —T'PV - £, with

L0 (TR, w0 (TF
7lea (7)o (T |+ 2w

V.€=

In addition, for convenience we take the magnetic shear
to be a small expansion parameter, and legitimately, keep
only linear terms in s for all contributions except the
field line bending terms, where clearly quadratic terms
are needed. This will be explained in more detail later.

E. Elimination of poloidal displacements

One can either solve the radial vorticity equation, or
the poloidal projection of the equation of motion, to yield
the results of this section. In either case, operations are
on X defined in Eq. (1). We choose the radial vorticity
operation on X = 0:

Vr(l)(X) _ %/ﬂ daexpl(zlo) Iv. <);><VV(;) _o
(29)

The effects of finite inertia are not necessary for the cal-
culations in this section, whose purpose is to identify the
poloidal components of the displacement in terms of the
radial displacements. The effects of inertia appear at an
order in € higher than is relevant for this section. Hence
our purposes are then met by solving:

V(X p)=0.

Noting P = P(r) one then solves the following for | =
m—1L1l=m,l=m+1:

0=VWY[(6B-V)B+ (B-V)dB-V(iB-B)

v {(+ag+ag) il 0

with d B given in terms of &€, according to Eq. (6) (here
we drop for convenience the (m) notation for leading or-
der displacements). Since 8 ~ €2, the displacements in-
side the {} brackets are required only to leading order,
and it is sufficient to take F = Fj inside the {} brack-
ets. Concerning A}, in Eq. (30), the section that solves
the parallel momentum equation obtains (TPV -£)(™) in
terms of the convenient variable A&, (see Eq. (48)). It
will be shown that on adopting the definition of TPV - £
from Eq. (28), one has

P
(TPV - ¢)™ = Ag;o%, with

r T Wf(”q — m)2
Aéto = =A% (wi(nq —m)? + 72q2> ’

where we note already the connection with sound waves
which have dispersion relation w? = k‘Hv = (ng —

m)?w?/q?, with ws = Vi/R = /T'P/(pR3) the sound




frequency. Note that AL, will play a role in the vicinity
of the rational surface unless v > (n — m/q)ws, which
will not be the case except very close to the rational sur-
face (note that we may expect v < ews. This convenient
representation for (TPV - &)™ would not be possible if
we had included the classical transport contribution to
oP.

1. Resistive displacements variables

The contravarient definitions of the magnetic fields are
defined exactly in terms of the full resistive displacement,
as given in Egs. (16) - (18). Covariant forms of d B are
also easily obtained in terms of &5, as required in Eq.
(30). Those properties help fulfill an objective of this
section, which is to obtain f% in terms of £, A&f and
A&ty for each order in e. The result of the expansion of
the radial vorticity is:

O() : v} (31)
]
O() : VI (X) =0 — g™ = —it——
(32)
0() VM(X) =0 — ey =i {2 (g + A
2 /
+ emiq {(ZL + q) Ag€po + %7" (Ag€Ro) ] }
(33)
O() : VM(X) =0 — & =0 (34)

where we have used & = &, + A&Y, X' = 0X/0r. Sub-
stitution of the above results into Eq. (18) gives that § B®
is zero to order € and €'. In addition, 6B? to order €2
is obtained by substituting the solution 5%2 given above,
and {5, = 0, into Eq. (18):

BO i€ -1
0B =—— (m) 3

B o
= *fo {2q2 (§o + Aérg) +

e (242 Matho + 2 (Aaho) | |

mq [ \m

Finally, as we see above, O(€®) Vr(m)(X) =0
yields that fz%m) = 0. One can also obtain from

O(e?) : Vr(mil)(X) = 0 relationships between ff%(;lil)

and 70" and ¢n,), but neither these harmonics, nor

higher harmonics, contribute to the stability problem at
relevant order.

2.  Fluid displacement variables

We now obtain the important relations between the
fluid displacement components £ and &7 (note, so far we
have obtained the relations for the resistive displacements
&r, €%). This is undertaken via the relation of Eq. (22),
i.e. 6BY = 6B% — (1/7)V26B?. We recall it was argued
that it is appropriate to drop the classical transport term
in the pressure evolution equation (25). Doing so clearly
requires that

QvQ ~ 671
v

or smaller, on assuming 3 ~ €2 and I' ~ 1. Since we have
obtained that 6B = §BY, i.e. By =0 and 6B =0, it
follows that

Fy [088  00h)
rR | 060 or

¢ _ 0 _ -[7“56]/
0B7, ]—0, — &= i
(35)
Had we retained the classical diffusion effect via assum-
ing an ordering 3(n/v)V? ~ 1, we would obtain a leading
order correction in the relationship between & and &f.
Presumably this explains partly why the associated con-
tribution manifests itself in Refs. [11] and [10] with the
toroidal inertia enhancement factor 1 + 2¢2. Finally, it
will be seen later that we do not require a relationship be-
tween £ and £ to the next order in e. However, for solv-
ing the global problem, we may wish to take inertia into
account in the sideband equations, and this will require a
relationship between §f(mil) and §I(mi1). Importantly,
inertia for the sidebands matters only in the high shear
region, where the sidebands are resonant, and in this re-
gion clearly classical transport associated with the main
mode is negligible. In addition, any classical transport
effects associated directly with the sidebands is negligible
to the required order of accuracy. Thus 53?1 = 0B =0,
so that where required, we may safely adopt,

r(m=+1) !
&y
g = ikl (36)

m=E1
Equation (35) will be required in the solution for the
parallel momentum equation, and in all the inertia con-
tributions to the toroidal vorticity.
It is useful to point out some additional properties that
follow from the results of this section, and the last one.
Since V - d B = 0, it is seen that

0 - 0 0 B
gy OB+ gl T (6B’ [r)] + 551T (0B®[R)] = 0.
Since 6B? = 0 to order e:
0 - 0 B
STOBT 4+ 5T OB )]+ O() =0, (31)

which can easily be verified on inspection of Egs. (16) -
(18), recalling that J = R?r/Ry and setting 6B? = 0.



The poloidal component of the field can be Fourier anal-
ysed in terms of the radial component of the field if
needed (the perturbed magnetic fields will be looked at
in detail later when considering the radial component of
Ohm’s law and the closure of the resistive MHD equa-
tions).

8. Special case m =1

Note for the m = 1 special case (e.g. quasi-interchange
mode for the case m = n = 1), Eq. (32) does not hold
for the lower sideband displacement m — 1 = 0. The
vorticity definition V™" is not useful, since the fact
that 0/060 = 0 for lower sideband perturbations of m = 1
modes means that the radial covariant component of X

(m—-1)

does not enter V. . We perform instead

% /7; df expli(m — 1)6)] ()BfPVe(;>

with m = 1, where we note that Xp - e, = 0, due to
there being no inertial layer for this special case (unless
g = 0 exists in the plasma). At the required order, we
may interchange between a radial contravarient or radial
covariant representation Xp,. The result is

i [ ()] =0

which is simply

dsBf® .
dr

on noting that 9¢?©99 = 0 for m = 1. The general
solution is f;(f) = ¢;7~ " + cor. Noting that this is the
solution in the whole plasma, boundary conditions at r =
0 and r = a are met only for ¢; = ¢co = 0. Hence the
result of this section is that

&) =0 (38)

so that the development of equations involving the lower
sibeband for the m = 1 case will involve 5;9{(10 ), which will
ultimately be analytically eliminated from the governing
eigenvalue equations. Regarding the fluid displacement
for m = 1 we find that 53?1(0) =0, and

g% =o.

F. Parallel flow in a resistive plasma, inertia X
and plasma compression

In this section we eliminate the parallel displacement
in favour of the radial displacement. In so doing, we
can obtain tractable forms for the inertia X; and the
effect of compression on the perturbed pressure. This is
undertaken most conveniently by taking the dot product
of the full momentum equation with the full magnetic
field B + 6 B, then linearising afterwards, i.e.

Linearisation { [—py?€ + (§ + 85) x (B+0B) — V(P +0P)] - (B+6éB)} =0

where B and P are considered equilibrium quantities in
the above. The parallel momentum equation of Eq. (39)
will also be Fourier analysed, with both the sidebands
and main harmonic playing a role. It is important to
highlight the contribution —4 B - V P, which vanishes for
ideal MHD on the rational surface (i.e. where the iner-
tia is relevant), but fundamentally does not vanish for
resistive MHD.

Adopting Eq. (11) for the full plasma displacement &,
the parallel momentum equation of Eq. (39) becomes, on
setting B - ¢ = (B? (noting that B - €5 ~ ¢(B? and thus
neglecting it),

dP
m/zB2<:_ﬂABT+PPB-V(V'€) (40)

—py?6-B—-6B-VP—-B-VéP=0 (39)
[
where the following has been used:
dP
0B"=0B7+AB" and B-V (£-VP)= d—dBf,
r

and where
5B} = (B V)& Vr) = (B V)¢,
AB" = —(B-V)(A¢ - Vr) = —%(B V)AL

The objective of this section is to solve Eq. (40) for ¢
(noting that the last term in Eq. (40) is dependent on (),
thus ultimately enabling the construction of X ; required
for the toroidal vorticity calculation. The plasma is not
incompressible. It is therefore necessary to examine V-&,



for which we may refer to Eq. (28), i.e

, JFy 0 JFy
7lea ()« ()] -2 -ve

It is only necessary to obtain V - £ directly in terms of
leading order fluid displacement. From Eq. (35), and in
addition using J(r,0) = rRo[l + 2(r/Rp) cos + O(€?)]
and F = Fy(1 + O(€?)), easily yields the leading order
result,

V.-€=

2Ry [7“50]
R? '

(41)
It is now possible to solve for (, which is written in the
general convenient form:

C(Tv 0, ¢, t) =

Vép= [56(2059—58811&9], with &) = —i

(r, 0) exp(ing — imb + ~t).
Since

F 0 0
2.9 = o (10055 + )

(where ¢' = rF/(qRp) has been used) one obtains

B V(= % % + Ci(ng — m)] exp(ing — imb + ~t).
(42)
Hence
Fo QC ¢
(V é) QR()RQ {B 892 (nq - m)%

~(ng = m)*C| —2q [ (1) cos 0 — & (r) sin 0] }
exp(ing — imb + t).

Substituting these results into Eq. (40) and noting the
sound frequency ws = I'P/(pR3) yields,

2 R 2 2
72qz< RB > Byl =% <;‘§:) (Zq AX) exp(—ing + imf — t)

R()BO r €
0%¢ ¢
2 J— [
+ w3 {B 892—i—12(nq )39
where
R2AB" 10 0 -
Ax =1 7 :_(—i_aqﬁ)Ag'

Equation (19) has been used in the last identity. We
solve Eq. (43) for ¢ to significant order in e. We may
replace (RB/(RoBy))? with unity since corrections occur
at order 2. We will check after Fourier analysing ¢ that
it was consistent to drop &€ 5-b on the left hand side of the
parallel momentum equation, and to drop higher order
terms in Eq. (41). The following Fourier expansion is
assumed:

¢(r,0)

= ("D (1) exp(i)+C ™ (r) +¢ Y () exp(—if).

(ng — m)%} — 2qw? [50( )sind — ég(r) cos 9} } , (43)

Similarly,
(7" 9 (b) |: (m— 1)( )GXp(’LH) n A (’rn)( )
+AAX(m+1) (r) exp(—i0)| exp(ing — im@ + ~t)
so that,
08"V () = fng(r) — (m - 118"V (),
08" (r) = Ing(r) — ml & (r)
qA”X(qul) r) = [ng(r) — (m + 1)]A€T(m+l)(r).

It is therefore seen that,
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v2¢*By [é(m_l) exp(i6) + (™ 4+ (D exp(—if) | =

w2 (rdP\ig[ « (m-
T (Pd) 7 lasx

2 exp(if) + qAAX(m) + qAAX(m

= exp(fiﬁ)}

— 2By {8 exp(it) 4+ C7) exep(—i6) + 2(ng — m) [V exp(i) — (D exp(—i)|

+(ng = m)? [(7 D exp(if) + C0 4 (0 exp(~i0)] }

+ w2q [ (exp(i0) — exp(~i6)) — & (exp(i0) + exp(~if)|

One then obtains the Fourier coefficients:

By(" D =¢

rdPy (igax "\
P dr T'e

Boltm) — o (9P igAx ™ w
0 N\ Par Te (ng — m)2w? + 724>

rdp\ (g™
P dr Te

Boltm D = g

where of course Eq. (35) is used to eliminate fg in favour

of ég Resistive corrections are those involving the har-
monics of Ay. In standard ideal MHD the flute harmonic
is zero at the order in which the ideal sidebands appear.
This justifies the approximation adopted for the deriva-
tives of the Jacobian, and the neglect of b-£ 5 in b-§. How-
ever, resistivity introduces apparently potentially large
flute flows, associated with the radial magnetic pertur-
bation on the rational surface (the fluctuation that causes
the magnetic island). For locally large magnetic shear,
the flute corrections can be expected to be as large as the
sideband flows, which generate the usual ideal MHD en-
hanced inertia factor. The effect of the new flute flow will

J

V.gzl(

exp(ing — im0 + t)
Ry

W2 (4P
w?(1 4 (ng —m))? + 72¢> *\ P dr

(€~ ic5) [WE(l + (ng i)Sm))Q + vzq"’} “
(45)
&+&)| | 1o

(

need to be carefully established. Although ¢(™) appears
to be singular on the ¢ = m/n surface (at the ideal MHD
accumulation point 42 = 0), the inertia y?Bo¢(™ has
no singularity. The parallel flow is clearly connected to
sound waves, which have dispersion relation w? = kjﬁVSQ,
with Vi = ws R the sound velocity as mentioned earlier.

Resistive corrections to the sidebands in the parallel
displacement are also considered. However, it will now
be seen that the effect of the resistive corrections to side-
bands cancel in the inertia contribution to X, i.e. in Eq.
(15). It is seen that X; and X requires calculation of
V -&. Noting Eqgs. (28), (41) and Eq. (42), and using the
above solutions for the ¢ harmonics yields,

Te

) <qu<’”*” exp(—if) — g&x" " exp<w>>

+2¢%2 (fg cosf — fg sin 9)

_2rar
S\ P dr

~ (m)

qAx

Le (ng —m)?w? +7%¢?

((nq —mlwi(1+ (ng —m)* +7°¢’] )] . (47)

Concerning the contribution (I'PV - £€)(™) in X p, using gAx "™ = (ng — m)AE", it is clearly seen that,

2

Ws

dpP
TPV .&)m = _2° (ng — A (™)
TPV -¢) oy (14— m)gAx (g —m

Hence adopting the convenient notation employed in Eq.

w2 + 72q2> - ar

P 9 w?
92 (g — m)2AETm) E .
(ng —m)"AL ((nq —m)?i + 72612)

(

(30):

dp
PV - &)™ = Agh —
(I'PV-£) §ro



we clearly obtain

(48)

20— m)2
A&to:—A&g( wi(ng = m) )

(ng —m)?w? +42¢?

Moving to the inertia component of the momen-
‘ - (m+1
tum equation, X;, we note that qAX(m ) _ —(1 -

nAq)AfTWH_l) and qAAX(mil) = (1+ nAq)AﬁT(m_l).
Adopting 7%¢> < w?, and dropping terms of type
nAgAE™ ) which vanish for Ag — 0 (unlike AgA£(™)
which does not vanish for Ag — 0) we easily obtain, for

Eq. (15), to leading relevant order in Aq and e:

X;=—py {Egn) + Bo¢"™b
~RoV [2¢% (§cos® — &Fsind)] ), (49)

with Bo¢(™) given by Eq. (45). The resistive sidebands
associated with Ax(™*1) contained in (T'PV - &)(m+1
cancel with terms of type (A& - VP)*D in X (to
leading order in Ag), which justifies the convenient defi-
nition of X in Eq. (15).

G. Ohm’s Law

This section obtains the required relation between £”
and A¢", which together with the toroidal vorticity op-
eration on X, closes the system of equations. The gov-
erning eigenvalue equation will depend only on the main
harmonic of AE" and £", and thus only this harmonic
is required in radial Ohm’s law. Note in this section
that subscript zero is removed from the displacements
(all expressions are in terms of leading order (in ¢) dis-
placements). The radial component of resistive Ohm’s
law Eq. (5) is

AB" =1 (V26B) e, with 6B =6B;+ AB.
v

0

—B - VAL ™ _nl [87"

_;r?’
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Notice that the relation involves the vector-Laplacian.
It turns out that it is sufficient to neglect toroidicity to
the required accuracy. Thus, adopting (r, 0, z) cylindrical
geometry, and using 9/0z = (1/R)9/9¢, we have that,

1 2 96B°
2 2 r r .
10 6B 1 0%6B" 1 0%6B"
26B" = = — - 7=
Vo r@r(r 8T>+r2 907 " R2 047

and 6B" = 6B -Vr = 0B - e,, and 6B? = 6B - ey =
réB - V. We may eliminate 6BY via Eq. (37), i.e. to
required order in e:

0 0

54080 = =5 (r0Bg).

For the main harmonic we have 9?0 B[,/00* = —m?3 B},
and to relevant order R=29%/0¢* = 0. Thus,

1 20
2 o 2 r r r :
(V?6By) - e, = V?6B, — —50B5 + e (r6Bp), with
10 00 B 0B}
2 r__ - 0 2 0
V2B, = ~ (r o ) mi—5
1[0 ([ 300B5 N e o
=3 [87” (r o ) +7r(1—m)oBj| .

Substituting these results into radial resistive Ohm’s law
gives:

ABj zg (V?6Bo) - e,
_nl 3 300Bg 2 r
=058 [87‘ (r 5 + (1 —m*)dB}

Writing the latter equation in terms of the magnetic oper-
ator and radial displacements (Egs. (16) and (19)) gives
for the main harmonic:

(7“3; {B- VfRO}) +7r(1—m*)B- Vfgm)}

_ni { 0 (7"3 9 {B . V(‘f?"(m) — Afr(m))}> +r(1— m2)B . V(gr(m) _ Agr(m)ﬂ .

_§r3 or ar

This equation can be written conveniently in terms of the variable Ax(™) = q t(ng — m)Af"(m) used in the parallel

momentum equation above.
perturbations (fundamental harmonic), one obtains

Taking the leading order identity for the magnetic operator, and the leading order

my_nlid(sd 11 i) o om) 1 m2 T3 iy o om)
X ~ 3 [d’r <T ar 1 & PR 3 +X +r(l—m”)<qs PR 3 +X (50)

where we identify the variable,

(m) _ AX(m) B Aqur(m)
= " = P .

X

(

As will be seen, similar expressions to (50) can be iden-



tified for the sideband variables providing that the main
harmonic is not dominant near the rational surfaces of
the sidebands (this is usually the case). Such an equa-
tion will be required where resistive effects are included
on all relevant rational surfaces.

It is useful to clearly write down the full radial mag-
netic field in various ways in terms of the variables we
have used in this paper. The standard ideal and resistive
corrected component in terms of these variables should
be clear in the following:

0B" = 6B} + AB”"
=B-Vvem — B.vAg™

B 1 1
nl(i ) (2]
0 qg m q m
B 1 Agrm)
ol 3 B)e )
0 qg m

__-0 - —— r(m m)| )
Aol (G- ) e e >

Or, in terms of the magnetic flux d1 and the resistive
displacement,

; 1
6B = gy = —Zling, (q - ”) o (53)

|
|
|
S

H. Resolution of eigenvalue equations via toroidal
vorticity

Having obtained the parallel and poloidal components
of the displacements in terms of the radial displacements
(resistive and ideal), we can now use the toroidal vor-
ticity operation to yield an eigenvalue equation in terms
of radial component of the displacements. The toroidal
vorticity operating on X is

Wy L [T exp(ild) RoJ X x V¢
Vo (X)= 277/ O— il By v B-V¢
(54)

First we solve for Vdfm)(Xp), then for Vdfm)(XI), and

then sum them together V(#(m)(Xp) + V¢m) (X;) =0,
thus giving the main eigenvalue equation. The main
eigenvalue equation depends on the sidebands of the fun-
damental displacement. The latter are eliminated by
solving the sideband harmonics of the toroidal vorticity:
Vdgmil)(X) = 0. It is first necessary to explain that a
double expansion is performed, in € and in shear s. Hence
the main vorticity equation is expanded as:

—T

V¢ = 60V¢0 + 61V¢1 + 61V¢1 + 62V¢2 + 63V¢3
where
Vm‘ = SOV¢Z'70 + 81V¢i71 + 82V¢Z‘,2 -+ S3V¢1-73

and €'s’ appearing in front of coefficients Vy; ; are just
tags, which are used to indicate the above expansion, but
are not included in the expansion that follows below.
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1. Solving for qu(m)(Xp)

We now solve the main harmonic V(m)(Xp). We do
this using the variables £", A" and A¢[.. Hence we write
& interms of €7, AE", and we use the properties from the
earlier sections to eliminate poloidal displacement com-
ponents etc (note for m = 1 case the radial component
of the lower sideband is eliminated instead). The main
harmonic displacements that appear in the following ex-
pressions are the leading order (in €), and for convenience
we henceforth drop the subscript zero denoting the order-
ing of the displacement. The lowest order expression for

V(b(m)(Xp) = 01in ¢, to all orders in s is:

r(m)
) x oyt @ a1 LY dg
VQSO (Xp) T rdr [r (q Qs> dr

—(m?-1) (1 - 1>2£}“§m)- (55)

q gs

This expression can be written in terms of the AgA&™("™)
(and hence in x("™) = AgA£"(™) /q, which is not singular
on the rational Surface)

Ld | ,(1 1)\*dgrtm
rdr " q qs dr
LT (L L) (s
7“d7° qs \q dr q
- (29) £ )
q
)

1
dr )
1 2
_ 2 _ - = r(m)
-1 (3= 1) ¢

V¢((T)n)( p)=

ds q

q
L /1 1Y [AgAgtm
o (B L) (B
ds \4 ¢ q
(56)
where we have also used the identity,
1 1 Agq
a s qqs

The expression Vdfgb )(X ) ~ €’s%£7 near the rational sur-
face in an ideal plasma. But, in a resistive plasma, where
ideal modes are stable, it can be seen from inspection
of Ohm’s law that (™) = AgAE" (™) /q ~ Ag€™™) /q.
As a consequence, field line bending is much dimin-
ished in the resistive regime. We may thus write that

VQEO )(Xp) ~ e¥s%E", where sp is an effective shear that

is diminished by resistivity, i.e. s% < s>
Moving now to the next order in € it is found that

Vqﬁ") = 0. To the next order in € it is noted that it is
not only convenient, but necessary to first exploit Eq.
(32) (or Eq. (38) for the case of m = 1). Not doing so
would require unnecessary higher order calculation of the

metric. Hence using the properties from the section on



radial vorticity (or equivalent for the m = 1 case), we

J
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obtain the following expansion in the shear:

Vi) (X p) =V (X p) + V(X p) + O(,5%)
m « 1 o r(m r(m m—+1 m—1
k=5 () 2] (e 406 5 5.
(m) Q[ mt1) , pm-n] _ 1 (e d rim) 4 Agrom\] _ @b d r(m) 4 pgr(m)
VKe) = (2000 4 20370] - & (5 ) rt [ (e + ag )] - S (Mgt ™ + Ag™)
A m
— S 21+ m)e + 2+ m)a — (4+3m)A"] 273
_Ag 2(1 — m)e+ (2 — m)a — (4 — 3m)A/] =Y
q::, 1,0
Ag, [ d (L) L me) d r(m) r(m)
- (2 ) =g o (e - 2]

+ A r(m-{—l)

q
e+ a—an[@+m)ge ™ + 2
Ag
i
A 1 d
—|—f[a —1—26@—6(4 a
qS qs

(where we have used dq/dr = dAq/dr), with Zﬁ?il) the

expansion (in components e and s) of Z{mi1)7 where

.0
Zfo) =t R(10) (59)
—(1:|:m) d
Z(m:l:l) _ ( r(m:tl) 24m 60
! 1+m dr ) ’ (60)

where the second expression is not valid for (m—1) = (0)
(the first expression should be used). The equations for

the sidebands ngil) will be identified from the sideband
components of the toroidal vorticity. It is in fact quite
difficult to fully identify Z("+1 in a convenient analytic
expression to order s' as will be seen. Even explicitly
identifying Z("*1) to order s° is delicate, but crucial, due
to constants of integration in the equation for ;%(mil),
which must be calculated by matching procedure if an
analytic treatment is pursued. In the above,

ZmED) _ Tf(lim)i( r(ma1) 2:tm)
1.0 1+m dr RO ’
Z(mEL) _ r_(lim)i( r(m+1) gim>
11 1+m dr ELL ’
except for (m — 1) = 0, for which, clearly,
000 0 0(0
= _ZgR(L)(V Z£1) = - R(l)l

Finally it can be shown that V(b(;n ) = 0. Vorticity to
this order depends on &5. One can obtain the neighbour-

0(m=£1) . r(m=£1) and gg(m) via

ing sidebands &4 in terms of &

Lodo\ s GOl (nerm) o Agr(m)
+2d> A (Af + AEL )

“(m—1
- m)ents V]

[862 + a(5e + 2a) — A (6e + Ta) + 12(A')? — %(26 + a)} (gﬂm) - Af’"(’”))

(58)

(

the radial vorticity, but their effects integrate to zero in
ym The

#3
flute component §g(m) is obtained to be zero in the ra-
dial vorticity (see Eq. (34) and associated discussion).

The effects of &,, &; and &, are also shown to be zero
in VdfgT ). The fact that Vé;ﬂ ) = 0 means that the prob-
lem outlined in this document is valid mathematically if
Agq ~ s ~ ¢, in particular it is valid to include Agq correc-

tions in Vé;n), i.e. with contributions Vé;nl) ~ e2Agem)
)

, in

= 0, as do arbitrary higher harmonics of &;.

and Agq corrections in the low shear region of Vdfinﬂ

particular Vd)({n 1i 2N eAg€™™) | These higher order cor-
rections are important for recovering and even extending
the correct results for some instabilities with an exact
rational surface, e.g. for the m = 1 internal kink mode.
Another ordering which is easier to handle analytically is

considered later, in particular where Aq ~ a ~ €2.

2. FEquations for V;mil)(Xp) and reduction of Vém>(Xp)
form #1

This section is valid for all cases except for the lower
sideband of a fundamental harmonic having m = 1,
where, as stated earlier, we require a different treatment
of the lower sideband. So, provided (m—1) # 0 we obtain

the following expansion for Vémil)(X P):

V" (Xp) = VT (Xp) + VT (X p)
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where € are tags, which are henceforth dropped. The €€”). Solving to the next order in €, zeroth order in s,
first contribution Vé’gil)(Xp) = 0 (note that ¢&"(m*1) ~  yields, on using Eq. (32):

r(m=+1)
3 1 n de(lo ~m(m+2) 1 n 2 r(m+1)
q m=tl1 dr q m=*l1 R1,0
q—4s

Tl:tm d

- s (o e 26}
plem d riEm g

~gmrrra [ () - e e € s8] o

where in the low shear region, essentially, §gmi1) = ¢"(mE1D) hut we keep the resistive notation in case we wish to
add resistive effects for the sidebands (relevant on their own singular surfaces) later on. Note that, in the low shear
region, the expression for Zmil is obtained by neglecting sideband inertia (setting X ; =0 in V(mil)( X)). So, direct
integration of Eq. (61) ylelds.

ZTO:H _ % (fr(m) + Af{:(m)) + Cvi,r,im7 (62)

where the constants of integration comprise the crucial drive for infernal modes. Notice from Eq. (62) that the fourth
line of V(;;n 1) in Eq. (58) cancels except for the integration constant associated with infernal mode drive.

Identifying Vdj(’l”il)(X p) to the next order in s, we obtain,

r(m=£1) 2
(m#1) _ li 3 1 o n de _ 1 N n r(m=£1)
V(bll (Xp) _{rdr [r (q m:l:l) dr m(m +2) g m=*l1l R1,0

n rlEm d |:,r(1:|:2m)d<r2:tm mil))]

}Linear in s

dr §R1 1

r i A/ i Aqgr(m) B Aqur(m)
(1 +m)dr v dr qs qs

plEm d A gT(m a Aqur(m) Aqur(m)
— < [(1+2 1+ —3A’ L
feEmar {[( metEmle 3l =\ T e T
A r(m)
+(2j:m)(e+oz—4A’)qf]7§' (63)

+1)
This equation can be written in terms of the new variable £ R;n 1 defined as :

SmE1) T —(Em) g ( Qimfr(mil))
o ltm dr R1,1
—(1+m) d

r(m)
T A (aemr(mi))) _ a4 B%R
“1xm dr(r SO8 ) ATdr( as

r(m)
b1 £ 2m)e + (1 4+ m)(a— 347 2Cr " 4, (

ds

AgAE™) | AgAE™
ds ds

r(m) r(m) r(m) r(m)
:Zﬂ&l) - A/Tdi (Aq§ ) +[(1 £2m)e + (1 £ m)(a — 3A")] Adp +a <AqA§ + AgALL ) ]
’ T qs s Py 7

(64)

In terms of this variable, we have for the following results for the linear shear contributions to the main vorticity and
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the sideband vorticty:

m (m+1) —(m—1) 1 EQ d r(m r(m " d r(m r(m
VEI(Xp) =5 ; [z +zn Y] - = <2q2> r 0 [ag (a0 + agt)] - 92 [agaet + ag™)
+ RW (65)
dfT(mil 1 2
(mE1) y N ld|gsf1 n R1,0 B Ltofl__" r(m=+1)
V‘M’l (Xp) {r dr [T (q m=+1 dr m(m ) qgq m=*l1 RL,0 Linear in s
plEm d d r(m=1) qSRr r(m)
P, (AE2m) 2 24mF 9+ AN )
by [ (PR ) ok a4 22 (66)
where
o 2(1 + m)e + (2 + m)a — (4 + 3m)A/] Zm )
- 3 1,0
_ Ad L1201 — m)e + (2 — m)a — (4 — 3m)A] Zm =D
qS ’
d (_(m+1) (m—1) d (m) r(m)
. “ B r(m
qg A {rdr (Z 210 ) rdr [a (6 + AL )}
Aq m r{m—
+ = [e +a —4A]] [(2 + m){R )4 +(2-m) R(l,O 1)}
Aq 2e r(m r(m
+ v [862 + a(4e + a) — A’ (6e + 4a) + 12(A")? — ?(26 + a)] (g (m) _ Ag >)
Agq € 1 do , r(m) r(m)
+ [m-qg (4 + 2rd> AT } (Ag + AL ) (67)

We obtain, on summing Egs. (57) and (65), and also Eqs. (61) and (66),

Vaﬁén)(Xp) =(% {e (1 — 1) — Cﬂ (g’“<m> +Ag;<m>) o [(z(m“) +Z<m+1>> n (z{jg—“ +Z§"{ 1))}

E q? 2¢2
1 [ ex d alA’ d -
_ = r(m) r(m)\| _ Bl r(m) r(m) (m)
q3 ( ) dr [Aq (A{ + AL )} q3 7Adr {Aq(Af + AL )} tE (68)
—r(m=%1)
24 (enimED L g ) 2
(m=+1) X _ li 3 1 . n ( R1,0 R1,1 _ +9 1 _ n (m#+1) |, zr(m=*l)
Vo (Xp) car | (q 1 ar m(m +2) g mtl (fmo +&Rr11 )
q—qs
r(m=+1)
1d 3 (1 n d§R1 0 1 n r(m=%1)
-2 z_ _ +9) (==
+{7’dr lr (q m:i:l) dr m(m ) qg m=*l gRlO . .
linear in s
q2(1 £m) dr 27“im myleTa qs

These two latter equations are simplified by defining:

m=£1 r(m=1) —r(m=1)
§R1 )+§R11 =¢R1
and correspondingly,
(m+1) —(m+1)

Z(’rn—i—l) + Z Zl

It is of course difficult to calculate the linear s contribution in Vémil)(X p) above. And it is not necessary, nor con-

venient to try. Even though negligible close to the main resonance, it is convenient to include quadratic contributions
together with the linear contributions in s in such a way that the sideband equations are valid in both the low and
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high shear regions. The result is evidently,
—r(m=+1)

(m£1) 5 :li 3 1_ n del

Vor ' (Xp) rdr [r (q m=£1 dr
plEm d

qf(l:l:m)%{%im

1 n 277'(mi1)
— +2)( = —
m(m ) (q m+ 1) R1

Agep™
q3

(&0 + Ag™) } + 2 m) (e +a—4a) (70)

The standard sideband equations in the high shear region coincide with Eq. (70) on setting £rm) = 0 and Af;(m) =0,
which is indeed the case in the high shear region due to strong field line bending damping of the main harmonic. It

is noted that
(ma1) _ r~1EM g

— —r(m=1) 2:tm
z (&™)
! 1+m dr

is obtained in full from the solution for Eﬁ{”in of the equation ngmil)(Xp) + Vémil)(XI) = 0, with Vémil)(Xp)
given in general by Eq. (70), and Vémil)(X 1) will be obtained in the next section. Boundary conditions would be

applied at » = 0 and r = a. One may choose instead to solve V(;"Lil)(Xp) = 0, with boundary conditions applied

in the high shear region where £"(™) is negligible. For the latter approach, the boundary conditions require careful

matching of EQMﬂ) across the transition. Including the field line bending terms of Eq. (56), 7577&1)

main equation as follows:

1 1 1\?derm| 1 3 /1 1 AgAgrm) 3 [ AgAET 1
v (xp) =2 (_> dgrtm | 1d {r <_ ) d (qf) (qéo)d()]
rdr q qs dr rdr qs \ q dr q qS q dr \ q
1 1\? 1/1 1 r(m)
—(m?-1) ( _ ) £rm) _ (m2 —1)= ( _ ) (AC]A‘§>
q qs ds \ 4 qs q

3

enters into the

| \a3
1 [ ex d rm ozA d r(m) rm -

It is finally noted that Egs. (70) and (71) are valid continuously in the whole plasma domain, so that when added to
global inertia contributions, we can expect to develop global continuous solutions to the eigenvalue problem.

3. FEquations for qumil)(Xp) and reduction of Vém)(Xp) form =1

This section treats the lower sideband equation for the case where m = 1. The equations for the upper sideband,
e.g. Eq. (70), remain valid for m = 1. We could address the problem once again with the toroidal vorticity, though

with renormalisation to remove the singularity, i.e. we calculate z'lVQEl)(X ) = 0, defined by Eq. (54). For the case

I =0, it turns out that the contribution from the radial covariant component of X p in iquﬁl)(X p) does not appear.
Neglecting the inertia contribution X ; at this order it can be shown that

1 (™ X
v (X) %/ dGexp(llﬁ)aa <B :(ﬁ) =0, with [=m—1=0,
where X py is the poloidal covariant component of X p. The solution, on using Eq. (38), is
- + 16 ——
dr [ ds R’ qs 53

—T

51 m—1) _ <£r(m) +A§r(m)) +iNr — i iq <A§T m +A§;(m)) +Cr, for m=1,

S

with C an integration constant. Again, we note that the above solution is valid for all r. Since §f(m71)(a) = 0,
€M) (a) = 0, A"(™)(a) = 0 and A{T(m)( ) = 0, the constant of integration is zero. Hence, from Eq. (59) we have

0) _ g r(m) r(m)
2% =5 (&0 + agt™) (72)

29— Ay % ﬁq (e - Ag“m))] N eiq (0™ — agtm) - a% (ag 4 ag™). (73)
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The modified variable defined by Eq. (64) is then
—(0) _ E r(m) r(m)
2 = S (¢ + ag™)

which together with fl(%m_l) = 0 for m = 1 can be substituted directly into Eq. (71) (note some terms don’t appear

for the case of m? — 1 = 0). The upper sideband is treated by solving Eq. (70) for 5537”“) and ngﬂ)

substitution into Eq. (71).

for m =1, and

4. The inertia contribution Vé(m>(X1)

It remains to evaluate the Vdfm)(X 1) so that when added to Eq. (71) we can establish the governing equation

Vdfm) (X) = 0. Recall X given by Eq. (49). The calculation is so straightforward that computer algebra simplification

is not required. Via the toroidal vorticity definition of Eq. (29) and following the approach given by Eqs. (20) and
(21) in Ref. [13] by writing X =Y + VW, we have

R o (OO P o (CO R T )|

with W = (py2Ro) [2¢% (€ cos0 — I sinf)] and Y = —py2(€p + (™ B). We require the covariant form Y =
Y, Vr+YyV0+ Yy Ve, where

Y, % Vi | =065 + ¢ B)| - Vi~ —pr

_ m m € m
Yo ~ V6| ~° [—mQ(&% V¢ )B)} VO~ —pyr (58 + gBoC( )> :

The problem can be solved trivially. Note Eq. (45) written in terms of x(™) is

Ry dP w? o w3
B (m) — a2 (m) 20 &4~ s — i (m) A
o MEXTUTP dr (ng — m)2w?2 + 242 moX (ng —m)2w? +~2¢? )’

where w? = wiT'P/B2 has been used, where w% = BZ/(pR3) is the square of the Alfvén frequency. Using also Eq.

(35) for eliminating §g(m) in favour of fg(m)

V(X)) _ld [7’3 <72(1 +2q2)) dﬁr(m)} 1) (72(1 +2q2)> er(m)

gives

rdr m2w? dr m2w?
1 da 2 x (™) ea d 2 x (™)
2 — —r— . 75
" 2¢2 ( cate dr) ((nq —m)*w? +72¢* - 22 dr \ (ng — m)2? + 1°¢ (75)

Equation (75) can be written in more convenient form by noting that

(m)~2,2 A Af(m) 2( . )2
(ng—m)Z 12 ¢ T WRAE q (ng —m)*w? +7%¢* ) (76)

Hence, we obtain

Vém) (X)) _1ld {T3 (72(1 + 2q2)) dﬁr(m)} ~(m?-1) (72(1 + 2612)) grim)

rdr 2 dr 2

m2w3 m2ws
1 da e\ d(x™ + ™)
+ 5 (26@ + Erdr) (X + Xp ) + <2q3> L (77)

S
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5. The inertia contribution Vé’"il)(XI)

We may follow the results of the last subsection, and the results for the parallel momentum equation, in order
to obtain the results needed here. We note that inertia matters for the sidebands only close to their own rational
surfaces. In those regions, the main harmonic is usually negligible. The two sidebands therefore decouple from the
main harmonic, and also decouple from one another. Hence, for constructing X ;, we therefore identify Eq. (49) as
the relevant inertia, but with m — m 4 1. In addition, for calculation to relevant order in € in the main eigenvalue
equation, we set ((M*1) = (0. Hence,

X, = —[WQ {gggm:tl) — RyV [2q2 (gr(m:tl) cosf — ge(mzl:l) sin 9)} } ) (78)
Following the last subsection which constructed Vdfm)(X 1), and noting Eq. (36), we clearly obtain,

(m1) Ld [ 5 (72(1+2¢%) dgrim*=D V(1 42¢%) \ (rima)
x)=-2 Cm(mt2) (12T
Vo (X1) rdr [T <(m +1)2w? dr m(m +2) (m £1)%w?% ¢ ’ (79)

valid for all cases except (m — 1) = (0), i.e. the lower sideband of the m = 1 case. An important point to note is
that since the inertia is important on the rational surface of the sideband, the value of ¢ in Eq. (79) will be essentially

gmEY = (m £ 1)/n. Therefore, for the upper sideband, the toroidal inertia enhancement 1 — 1 + ¢2 is larger than
for the main harmonic.

III. GOVERNING EIGENVALUE EQUATIONS

We now consider Vdfm)(X) = 0 by summing Egs. (71) and (77) and setting the result to zero. In Eq. (71) we will
= Aqur(m') as defined in Eq. (51), which will cleanly define the field line

bending terms. In the terms that are not associated with field line bending, we are free to replace AgAE"(™) /¢, with
AgAE™ ™) /g = x(™) since the corresponding corrections to Eq. (71) would appear at the next order in s. Similarly

we are free to replace Aqu;(nl)/qS with Aqulc(m)/q = Af{:(m) in Eq. (71). Noting the cancelation of the first term
on the last line of Eq. (71) with the last term of Eq. (77), and dropping over-line notation (and numerical subscripts)

in Z(m+D and fgmil), we have
1d 2(1 + 2¢2 1 1)\?| agrm 2(1 + 2¢2 1 1)?

A fy(“q>+(> ¢ _m?o1) 7(”(1)+<) £rm)
rdr mw% q Qs dr mewy q Qs

1d [r3 /1 1Y dy™ 3 d (1 1/1 1
R (D) Q) (o)
rdr | gs \q gs dr qs dr \ q s \q qs

e . (m)
adopt the resistive variable x(™) = AXn

ea (1 o aA’ d
o (1 rm) 4 AemmY L Y [pmt1) | pm=1) _, (ertm) o Aerm)] _ A m) o (m)
5 () (26 g [ 20— g = SR [ 7]
+ R(?n) (80)
with,
A m
R(™ 2121+ m)e + (2 4+ m)a — (4+ 3m)A"] Z{m+D
¢ '
A _
~ S0 - mye+ 2 - m)a— (4 - 3m)a] z7 Y
¢ :
Ag (m+1) |, (m-1) r(m) r(m)
2 A5+ 2 —a (¢ ag )]

A rim T(m-—
22 [e+ a —4A] {(2 + m)fR(LoH) +(2— m)fR(Lo 1)}

B
qs
r(m)
+ iQ {862 + a(4e + a) — A’ (6e + 4a) + 12(A")? — 32(26 + a)} (Aqg - X<m>)
qS qs qS
1 3 da m (m)
+? {ea (2—3) _A/Tdr] (X( )+ XY ) (81)
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(m)
r(m qx
AE ( ) — I

q—ds
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m m WEQ*(]S2
o and X(F):_X()((q—q)(( ) )

Wi+ (v?/m?)giq?

A. Governing sideband equations

We develop the general sideband equations Vd)(mil)(X ) = 0 by summing Egs. (70) and (79), giving on dropping

the overline notation,

Trdr dr

g_ld [Tg <72(1 - 2q2)) dg“fniﬂ] m(m+2) (72(1 + 2q2)) grime)

(m £1)2w?%
1d
rdr

B Tlim i { a
q2(1 £ m) dr \ 2rEm

(m £1)2w?%

1 n 2 dé.r(mil) 1 n 2 .
3 (= R _ +92 - r(m=£1)
" (q m =+ 1) dr m(m +2) g m=£l Sk

r(m)
(§r<m> n Ag;fm))} + (24 m)(e+a—4A)) iz <Aq§ - x“’”) : (82)

ds

S

Solution of this equation defines §g(mi1) in R(™ (if needed) and

Z(m:l:l)

d
—(1+m r(m=*1 +m
5 ) ] (gR( )7 2 )

which is required in Eq. (80). Note, for the special case m = 1, we use, instead of the above,

m— « m rim
Z( n—1) :§<§r( L)+A€F( )),

¢rim —0, for m=1. (83)

Inertia and resistivity is not required for the calculation of Z(©) providing that ¢ = 0 does not exist somewhere in the
plasma. Hence a different treatment would be required for the interesting case of the edge of a reverse field pinch.
[

B. Resistive (radial) Ohm’s law

Clearly an equation is required which relates x( to
¢ in the main harmonic and sideband equations. As-
suming that the main harmonic displacement is not
larger than sideband displacement on the sideband ra-
tional surface, radial Ohm’s law (Eq. (50) for the main
harmonic) applies for each harmonic separately, i.e.

w_nljd/sd 1 1) oo
X vy r3 {dr(r dr s q qs ¢

+X(l)}) +r(1-1%) {qs <(1J - qls) &+ X(”H 7

with ¢s = I/n and I = m — 1,m,m + 1. In the
sideband equation Eq. (82) 52(” = W A" with
x® = (g —1/n)A¢"® /q . Tt is thus possible to write Eq.
(82) in terms of 7™+ and x(m*1), In this paper either
resistive effects are ignored on the rational surfaces of the
sidebands, or analytic solutions can be used for treating
the narrow layer. Notice that there is no explicit toroidal
coupling in these equations.

C. Boundary conditions and associated
approximations

The general internal plasma problem is solved with
Dirichlet boundary conditions (BCs) for all variables
placed at » = 0 and the plasma edge r = a. We now con-
sider the consequences and potential remedies for having
rational surfaces associated with the sidebands. If the
fully global problem is attempted, with BCs applied at
r = 0 and r = a, one requires inertia in the sideband
equations, and if resistivity is considered for the side-
bands, then Ohm’s law for the sidebands has to be solved
too.

1. Ideal sidebands

First, if we wish to consider the fully global problem
with ideal sidebands, we note that fgmil) = grimEl)
and resistive Ohm’s law isn’t required for the sidebands.
We will nevertheless require inertia in the sideband equa-
tions if the sideband has a rational inside the plasma.

We now show how we may reduce the size of the prob-
lem, and avoid explicit inclusion of sideband inertia (note
inertia is always required for the main harmonic, even if



an exact rational for the main harmonic does not ex-
ist). Tt is always assumed that a rational for the main
mode exists, or there is an extremum in g where the field
line bending stabilisation is minimised. For both cases in
this subsection the associated radius is denoted r,. There
might in fact be two main mode rational surfaces, but it
is assumed here that the sidebands do not have rational
surfaces in between the main mode rational surfaces. If
there are two rational surfaces, the below assumes that
rs is the closest rational surface to the rational of the
sideband considered.

Consider now the region 0 < r < rs. If there exists
a rational ™Y < 1, for which ¢(r{"*") = (m + 1)/n
then for that variable, one may apply a Neumann BC:

+1)
. d r(m
}Hn ng =0
—0 T
rg'rrzi1)+5

while adopting Dirichlet BCs for the other variables. If
no sideband rationals exist in 0 < r < rg, then Dirichlet
BC’s are deployed for all variables at » = 0. Note that
what is written here does not hold for the m = 1 mode,
where Neumann BC’s must be placed at r = 0 for the
main harmonic, Dirichlet BC for the upper sideband, and
the lower sideband isn’t required. In addition, for the

m = 2 mode, Neumann BC’s will be applied for the lower
(m—1)

sideband, at » = 0 if it has no rational in 0 < r; < T,
or at rgm_l) if it does have a rational in 0 < Tgm_l) < 7.

For the region r; < r < a, if there exists a rational
r{™E) S . for which q(rgmil)) = (m =+ 1)/n then for

that variable, one may apply a Neumann BC:

d r(m=£1)
lim —& =0 (84)
6—0 dr rg’”ilhé

while adopting Dirichlet BCs for the other variables. If
no sideband rationals exist in 7y < r < a, then Dirichlet
BC’s are deployed for all variables at » = a. BC’s at
r = a should be modified if magnetic perturbations are
allowed to propagate into the vacuum region r» > a. This
is required for the study of Edge Harmonic Oscillations
[4].

2.  Resistive sidebands

The separation of regions described in the last sub-
section hold, but the BC’s for the resonant sideband is
adjusted to an appropriate Robin BC in order to take into
account the effect of resistivity. We follow the derivation
given in [6]. In the below we assume a sideband rational
rém“) > rg, but it can easily be applied to other cases
too, using the logic of the last subsection. We write the
resistive displacement for the upper sideband in terms of
its associated magnetic flux,

-1
i) _ R (1 m )\ ¥
-2 ( )L e
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In the region r > r, we may neglect the main harmonic
in the sideband equation of Eq. (82). Avoiding the iner-
tial region of the sideband too, the associated sideband
equation in terms of §1p = ¢ (Eq. (53)),

1 n d d 20
(q B m+1) [dr (rdrw) —(m+1) r]
vd|sd (1
r2dr {T dr (q)} =90, (86)
which can be reconciled with the usual cylindrical tear-
ing mode equation in the ‘outer’ region, noting that
(Ro/Bo)dJy/dr = (1/r*)(d/dr)[r®(d/dr)(1/q)].

We construct ¢ on the basis of large and small solutions
s and r. Here 9 is chosen to be continuous across
the rational, while s provides the jump in the deriva-
tive associated with A;. Both a jump in the derivative,
and a non-zero value in 1 are required at the rational
for tearing. Here, A%, is written explicitly in terms of

the growth rate (the standard ‘inner’ region result with
toroidal inertia corrections):

;o (2aT(3/4)\ (1+2¢%) Y4 (y/wa)?/ 453/
R~ ( F(1/4) ) T§m+1)[(m+1)s/q]1/2

, (87)

where ¢ and shear s etc are evaluated at the rational
surface of the sideband. Here S = Trw4 with 7 =
(r{" T2 /.

The advantage of composing ©(r) in terms of ¥, (r)
and ¥s(r) is that they can both be established in the

region rs < r < r§m+1) in advance of the eigenvalue cal-
culation. Both v, (r) and ¢ (r) for rs < r < rgmﬂ) are
obtained by solving Eq. (86) with boundary conditions
applied at rgmH) — §. The boundary conditions are
d
bl —5) =0, 2 = Y
dr r.(qurl)i(;
_ dyg _
(m+1) _ 5) = YL _ ’
q/jL (Ts ) wL ) dr T£m+1) s (U)L )

Note that one may freely choose e.g. (¢, ) = —1. How-
ever, we have to establish values of ¢, and (¢7)’. This
is achieved by solving Eq. (86) with BC’s 91, (a) = 0 and
dipr,/dr|, = —1, shooting inwards towards ™ from
a, calculating

dyr

(m+1) 5 d
wL (’I’S + )7 an dr rg"”rl)_‘_g

which are identified with, and therefore define respec-

tively, ¢; and (¢} ).
From the above results we may obtain the full radial

dependence of ¥ in region ry, < r < rgmﬂ) — 6. We
construct ¥ as a linear sum of the two solutions,

(1) = r(r) + Ay (s).



From the definition of A%, and from the characteristics
of 14(r) and 1, (r) across the rational surface, it is clear
that

, Y
A=-A .
T
A bit of elementary algebra gives,
réb__r 4
G )+ Aan( ar Ve AV

_ 1 r dvp(r) - r dis(r)
‘<1+A<r>) [wm) i TATD

with A(r)

= A (r) /1 (r). Hence, in terms of Al:

Y Yr ws(r)
AW = =8 )

which for an analytic approach is identified in terms of
eigenvalue v via Eq. (87).

Finally, we obtain the Robin boundary condition for

(m+1)

upon consideration of Eq. (85), where in the re-

(m+1)

gion rg <71 < 7Ts — 6 we have

rodgttt (1 \Trdg rdd
;zm+1) dr - \qg m+1 gdr ) dr

(88)

J

(L+m)(2 4+ m 4 b )2+ m + o)
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This final quantity will be evaluated at a location r <

™1 where Dirichlet BC’s may safely be applied to the

main harmonic (and lower sideband), noting that £gn+1)

is singular exactly at 7“( ml ), so proximity to the up-

per rational needs to be avoided. An analytic treatment
evaluates Eq. (88) at 7, (or r, depending on the problem
considered - see definitions of r, and r, below). Note
that for the ideal limit S — oo, AR — 0o and A — —o0,
so that ¢ — 1, which indeed recovers ideal results for
the upper sideband displacement when substituted into

Eq. (88).

3. Solution for Z(mil

To make analytic progress on some problems, it is use-
ful to be able to calculate Z; o. That is to evaluate Zf"ﬁl
to lowest order in Agq. Referring to Eq. (62) this requires
calculating the constants of integration C*. We define
radial positions r, < 75 and r, > 15, whereby |Ag/q| > €
for r < ry and r > 1y, and |Aq/q| ~ € for ro, < T < 71}
For this lowest order problem, we impose Dirichlet BC’s
for the main harmonic at r, and r,. The solutions for

C* in erﬁ(gnil) are easily shown [14] to be,

) 2+2m:|/ drrttma (gm +A§T(m))

(e 4 ag™),
(90)

(89)
S

reconcile ¢,,1+1 with Eq. (88) and preceding equations,

o = - {
(M = by 1) 2+ M+ Conp )1 2™ — (M= i) (2 M+ by)r
C_:_|: (I—-m)2—m+bn-1)2—m+cn_1)
(m+cm—1)(2 m + by, 1) a-am (m+bm—1)(2 m—+ Cp— 1
where
, dg(m:tl) evaluating the latter at 7.
— 1 R
bmzl:l - r1—1>I7I«17 g(mil) dr )
* SR
r dé.g%m:i:l)

Cm+1 — lim

The limit in b,,4+1 is taken to mean r approaching r,
from within the range 0 < r < r,, and the limit in ¢;,+1
is taken to mean r approaching r from within the range
r, < 1r < a. Note that f(mil) are obtained in these two
regions by solving the sideband equations (82) in the ab-
sence of the main harmonic and inertia. Those equations
are solved using the boundary conditions described in the
previous two subsections. Note, if we wish to include re-
sistive effects on upper sideband for example, we would

D. Equations for very low shear and pressure
gradients

Here we address the comment in Ref. [3] that there is
an alternative ordering problem for o ~ € and Ag ~ €2.
Waelbroeck [2] considered this ordering for the case ¢s =
1, and separately for m = 1. We again treat a double

expansion in € and s:

V¢ = 60V¢0 + 62V¢2 + 64V¢,4



where

V¢0 = S2V¢072
V¢2 = 62SV¢2,1
V¢4 = €4V¢4’0.

All of these terms are formally the same order if s ~ Ag ~
2. Clearly, we already have terms of type Vo and V4
in Eq. (80), which are respectively the field line bending
contributions and the infernal (and Mercier) contribu-
tions to the pressure. In the development of Eq. (80)
we kept some terms of type Vg2, in particular the con-
tribution of Eq. (58). But, we did not specifically calcu-
late R(™), which is defined by Eq. (81). With the mod-
ified ordering, terms in Eq. (81) are of leading order. In
particular those terms proportional to Age?, AgA’e and
Aq(A")2. The other terms can be ignored. In the limit
of very low magnetic shear we have A’ = ¢/4, giving,

2Aq6™ 113 1
CoBR {4—4(2—1” . (91)

R(m) — 7 :

Terms in R™) related to Z(mED do not enter because

ZmED) (™) with a ~ €2. Terms in R™) related
(m=+£1)
R1,0

case (since e+a —4A’ ~ O(€?)). The sideband equations
that govern Z(™*1) can neglect the last term in Eq. (82)
for the same reason.

cancel to relevant order for the very low shear

We now write the equations for the specific case of very
low shear and pressure gradients by depositing Eq. (91)
for R(™ in Eq. (80),

1d [ 4[20+2¢%) (1 1\?] derm
rdr m2w? q Qs dr

D (L 1)] et

m2w} q 4gs

Llafrr 1\ g d (1
rdr | gs \q qs dr qs dr \ q
1

() e ag)

+ 2 {ZW“) 4 zm=1) _ (g(m) n Ag;(m))}

1 1 :
- 1>:| |:qg ( _ ) 57(7n) + X(7n):| )
q d4s

(92)

0=
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The sideband equation is, on setting A’ = ¢/4 + O(€?):
1a

1 3 72(1 +2q2) dgr(mil)
rdr (m =+ 1)2w? dr

2 1 2 2

T3 1_ n 2 dfg(m:tl)
qg m=*l1 dr

1 2
i3y (12 g
qg m=*l

B rlxm i { a
21 +tm)dr

J1d
rdr

(0 + ag™) . (93)

2prEtm

As will be seen, for the special case m = 1, Eq. (92),
together with the lowest order solution (62) of Eq. (93),
is valid also for o ~ € and Ag ~ e. After demonstrating
that in the next section, we thus use Eqgs. (92) and (62)
for the rest of this paper, neglecting error imposed for
cases with m # 1, hoping that these are small. It is
expected in any case that the results will be qualitatively
correct, probably nearly correct quantitatively. We will
assess this in future work.

IV. RECOVERY OF IDEAL m =1 TOROIDAL
INTERNAL KINK FROM INFERNAL
EQUATIONS

We now solve the m = 1 ideal problem analytically, as-
suming that there is an exact rational surface at q(rs) =
m/n. It will be shown later that near marginal stability,
for arbitrarily low shear, an infernal mode with an exact
rational surface will have leading order radial displace-
ment of the form "™ = & (r/r,)™ "H(r — r,), where
H(r —rg) is unity for r < r4 and zero for r > r, where in
the following we assume that Aq ~ € in the region r < 7.
Following Eqs. (83) and (62) gives

Z(m—l) _ %fo, ;(mfl) -0

m+1 « r(m+1 r
Zi,o )= 550 +C*r, 51,(0 )= o (A/ - 4Ro) +
(94)

Ctr
2

for m = 1 in the low shear region, where we note that
ﬂ’fgnﬂ) satisfies the definition of Z{fgﬂ) having used
rA” = a+r/Ry—3r?A’ to leading order in Ag. Substi-

tuting these results into Eq. (81) gives

Aq [13 1
R = ?f [462 — 4é? (2 - 1) + %(1%’ —4a —3¢)| &

+ O(eAqC™)

S

for m = 1 to necessary order. We still require Zﬁ?ﬂ) in

the low shear region for the definition of Z(™*1) in the
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main harmonic equation. From Eq. (66) we may obtain in the low shear region for m = 1. We now see why we did

in the low shear region, not need to calculate the O(eAqC™T) corrections. Notice
that this is the result that would also have been obtained
Z(mil) _ Q%Z(mil) from the ultra-low shear and « equations of (92) together
b g ° with the lowest order solution for Z(™+1) given by Eq.
(m=£1) (62).
d [A
+m 1,0 q
_ 2(2 + m)r /dT Tim % |:q5:|

, For the case at hand, the last two lines of Eq. (95) will
—(14m) Aggrtm) 2 d [A adopt the Heaviside step function, but the inertia term
rr —rt— | —, . ) .
qs dr | r and field line bending terms do not, as these contribu-
tions require finer resolution. We now integrate Eq. (95)
where we have used € +a —4A’ = r2d/dr(A’/r). Hence, from 0 to rs, giving,
for the case at hand m = 1, using above expressions for

Z%H_l) and 51(57”1) we obtain,

—(2+m)(1+ m)rim/d

A —merim
25 = *qfq%(lm’ —da = 3e)§o + O(eAqC™) 1 {wmcfd ! y ) } =W (96)
S 0 T _
in the low shear region for m = 1. Substituting these )
results into the governing equation (80) we obtain
old ) s +2¢®) (1 1 dgrtm for m = 1, where
“rar ) m2w? q s dr
2(1 + 242 1 1)’
Sy [MT”QWQQ)+(CI_Q) e 21+2¢%) (1 1)?
A s AQQ — % + ( _ ) . (97)
mow, q qs
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(98)

In 6W we have set ¢ = ¢ma1 in the definition of C* given by Eq. (89) for m = 1. In addition, we have taken r, = 0
which gives b,,11 = 0 and we have set r, = 5 which is a valid choice for the resonant problem (as will be seen later).

Also, as mentioned above, we have taken £7(") = &H[r —rs] in the terms in SW. The result can be written in the
form,

W = (1—¢®)0We + ¢2oWr

N 1 (es [T drr? Todrr® 1 (101
e = {5 [M T raraa [TEEL (2o 1) (99)
qs ds Jo Ts 0 Ts ds q qs

. 1 [[34c)[ [ drr?> 1% 13, [Tdrr® (1 1
= —— - 6 s\~ T — ) 1
W= {L—C] [/o 3 a] 466/0 a ! <q qs) 100

where ¢, = r5/Ry. The growth rate can be easily established for the case where resistive effects at r4 are ignored by
careful calculation of the left hand side of Eq. (96), giving

with

LT, (101)

wa _qss(rs)\/l + 2¢2

where it is reminded that m = 1.
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A. Bussac form for internal kink mode and agreement with infernal mode description for small Ag/q¢s

The normalisation for 5W used in this paper differs from 6W in Ref. [7] by a factor €2¢;*. Hence multiplying the
relations in Ref. [7] by e2n* = €2/¢? (for m = 1) the internal kink mode in a torus with circular cross section, assuming
Agq/qs ~ 1, gives:

SW =(1-q2)6We + q2Wr
with
woed (5 [P (D) s E L
ﬁVT_g{ 2(b—c)o twbgn( )_3wé£¥i;$0%+a)_&jﬁ%ﬁ;$0%+ay}’ (103)
where
L E)
and

r dfr(erl)
é‘r(wz-&-l) dr

r dé"r(m+1)

b= y €= fr(nz-{-l) dr

7

rs+0

rs—0
with m = 1, and we note ¢ has the same definition as for infernal modes. We may define,
b=14+Ab, c¢c=-34+Ac

where for an unsheared g-profile Ab = Ac = 0. For the infernal mode applications considered here, where r, = 0, we
have Ac ~ 1 and Ab ~ Agq. Noting also that o ~ Aq, we obtain the following expansion:

1o 1
s 5ty = ~0 + [9_3<3+Z>5p} Ab+(3+

: ) 5, (5, + 20+ Ol

It is shown in the appendix that Ab = 8c[1 + O(Aq/qs)] for arbitrary rs, and we may use,

s dr Aq mdr (1 \? 1 1
o= —2/ — ( ) NN 2/ — () s ( - ) +0(A¢%/q2),
o Ts \Ts qs o Ts \Ts q qs
Expanding §We in Ag we may finally write the Bussac expressions in expanded form:
Bp /TS drr3 1 (1 1) 9 }
244 — (== =) +0(Aq
{qg 0 7-;1 ds q qs ( )
34c¢\ o 13 [Tdr (7 (1 1
T R (R P
l-c¢c 4 Jo rs \Ts q qs
[
The corrections O(Ag?, Agf,) cannot be ignored for

the standard ordering used in reference Ref. [7] (5, ~ 1,
Ag/qs ~ 1). But for infernal modes, we have that

2
€s

Weo=—-=
q

(105)

Wy =
q

2
2
s (106)

+O0(A¢, Aqﬂp)} :

known internal kink result for the specific safety factor
profile

(107)

Ag ~ €8, ~ 1, so that we can neglect O(Aq?, Agf3,)
terms in the results from Bussac. Thus the above ex-
pressions expanded from Bussac are identical to those
derived from the infernal mode approach, i.e. Egs. (99)
and (100). This point is further emphasised by noting
that the O(Ag¢?, Agf,) terms do not appear in the well

qQ=qs+ A[(r/rs)u - 1]7

gs = 1, in particular the expression for §Wr on page
1641 in Ref. [7] (here c is solved analytically in the limit
of small rg, i.e ¢ = =3+ 120A/(4 — v)). We recover
these well known results with the higher order infernal
mode equations of this paper, i.e. for n =1 and ¢; = 1,



substituting ¢ = —3 + 12vA/(4 —v) and 1/q — 1/qs =
Al — (r/rs)¥] into Eq. (100) or Eq. (106) we obtain,

W = —eguA{ (108)

5 13 }
4—v'P 16(4+v) [’
This agrees exactly with Eq. (7) of Ref. [17], and in-
deed with the results at the end of Ref. [7], i.e. marginal
poloidal beta 3, = [13(4—v)/(48(4+v))]'/?, which for the
quadratic g-profile v = 2 gives the well know marginal
value B, =~ 0.3 (which is a(r;) = 1.2¢; for a parabolic
pressure profile for which 8, = a/(4e)).

V. RESISTIVE INTERCHANGE MODES

The previous section on the m = 1 internal kink mode
has demonstrated that the low-shear, low-beta main har-
monic equation (92) together with the lowest order so-
lution (62) in the ideal limit recovered the ideal internal
kink result of Ref. [7]. We therefore adopt (92) together
with (62) for the rest of the analytic calculations in this
paper, also for resistive studies. We choose to drop the
resistive-compression contribution Aér from (62) and in
the definitions of C* and C~ given by Egs. (90) and
(89). Dropping this compression effect will increase the
growth rate by a factor, this factor vanishing where resis-
tive effects are negligible. We also drop terms in (92) that
involve Yy, except those involving derivatives in x, since
we know that x is localised near the rational surface.
The consequences of the approximations mentioned here
will be addressed in future work where the full governing
equations will be solved numerically. Setting A{;(m) =0
is expected to be the worst approximation in the forth-
coming results in this paper, which is based on solutions

of:
o Ld [ a2 1 1) gt
T rdr m2w? q qs dr
2 2 2
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= {13 (1 ﬂ (1 1>
— = =4S 1) g (- == )™, (109
a L4 q? “\e % : (109)

with C* and C~ defined by Egs. (90) and (89) in the
limit A& — 0.

We consider now interchange modes. These occur in
the limit when the radial scale length of the instability is
short, i.e. when the magnetic shear is large, and/or when
m is large. Since this paper deals with Ag/qs ~ €, we

+ [C’+rm + C_r_m]
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thus consider that interchange modes occur where m >
1. Under such conditions, the infernal mode corrections
associated with C* and C~ are insignificant. This can
be seen by inspection of Eq. (26), the last term on the
first line being due to C*, and it is seen [15] that it
scales as ~ 1/m. As mentioned, interchange modes are
highly localised, so the last term in Eq. (109) can also
be neglected (since it vanishes at the rational surface).
Hence, resistive interchange modes are governed by,

1d fs (22042 (1 1N dgrm)
rdr m2w? q qs dr
2(1 + 242 11N\ .
(mz 1)’7(22fJ)+(> 5()
m2w? q g

Ld [r3 /1 1\dx™ ¢ yd (1
o === 5 = —x" = =
rdr [gs \q qs) dr qs dr \ q
ea [ 1 alA’ d
= 2 ) @ [ (m) <m>}
q2 (qi )6 T T X ]
(110)

the left hand side being the field line bending and inertia
terms.

1. Ideal Interchange

In the ideal limit we set x = xr = 0. The left hand
side of Eq. (110) providing field line bending stabilisation,
and the right hand side causing potentially the drive for
interchange instability[16]. One obtains ideal instability

if
52 1
ez

and under those conditions, the growth rate normalised
to the Alfvén frequency is given by

v 165 exp{m [ea(1/q —1)/s2 — 1/4] 2 —C + 7/2)
wa 9svV/T+ 245 ’

where C' = 0.577.. is the Euler-Mascheroni constant.

2. Resistive Interchange

We now investigate the modification of the ideal stabil-
ity criteria and growth rates for interchange modes given
above due to resistive effects. At marginal stability resis-
tive Ohm’s law of Eq. (50) dictates that magnetic field
line bending at the rational surface vanishes, and we re-
call that interchange modes are essentially confined to
the rational surface at marginal stability. In particular

that,
1 1

111
q9 Gs (1



at marginal stability, and thus Aqu(m) = 0, so that the
field line bending terms on the left hand side of Eq. (110)
vanish. While the s?/(4¢2) stabilising term in the ideal
interchange criteria is lost due to resistivity, a new con-
tribution is gained from the last term on the right hand
side of Eq. (110). Evaluating d/dr(x™ +X§m)) at r =r;

for small (but non-zero «), using Eq. (76) for x("™) +X%m)

and Eq. (111) we arrive at

dg

o £7(m)
¢ dr

L

Ts

near the rational surface. Hence with the addition of this
new contribution, and the loss of the field line bending
contribution, resistive interchange are unstable for,

al

1
0< s’Dg, s*Dp=ea (2 — 1) —s?’H, H= .
q S

(112)
Ordinarily in a tokamak, with monotonically decreasing
pressure, and positive magnetic shear, H is stabilising.
This definition of H is important for internal kink modes,
and so is A, the growth rate normalised as follows in a
resistive plasma,

S

_ TAgsV/1+2¢3 = r?

sm ’

A= el )

(113)
where 74 = 1/w,. Following the dispersion relation of
Ref. [9],

27T (3/4) A5/ DR 1/3_—1/3
AIR:W 1_W ) LR:TTH/ Th / ;

(with Lg the resistive interchange layer width) the re-
sistive interchange growth rate is obtained with the ap-
proximation A, = 0, i.e. the dispersion relation is

A2 = %DR, (114)
all evaluated at r;. In terms of Lundquist number S =
TR/TA,

wA sm

2/3
\ = 51/31 ((Is\/ 1+ 2(13)

so that,

2/3 2/5

A g (mm) (Z0a)"

wA 4gs+/1 + 242 4
Important here to notice is the relatively slow scaling of
growth rate on Lundquist number (compared to standard
current driven tearing modes where v ~ §—3/ %), and that
the growth rate increases with reducing magnetic shear,
v ~ 572/3 (compared to standard current driven tearing
modes v ~ s2/°). This clearly motivates the study on
resistive infernal modes, which is the correct treatment
for long wavelength modes where the shear is weak.
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VI. ANALYTICAL RESISTIVE INFERNAL
MODES WITH ¢, =1

Having investigated resistive interchange modes from
the infernal mode description, we now investigate resis-
tive infernal modes and resistive kink modes. We choose
to simplify the problem by setting g, = 1, which removes
the interchange drive in an axisymmetric toroidal equi-
librium with circular cross section. Combined infernal
and interchange drive have been investigated previously
in Refs. [12, 15] in the ideal limit, but equilibria with
qs # 1 are out of scope for the resistive studies investi-
gated in the rest of this paper. We also set r, = 0 so
that the low shear region extends to the axis, assuming
a monotonically increasing g-profile, ensuring that the
lower sideband is not resonant. In order to look at the
nature of such resistive infernal modes, we first need to
consider ideal infernal modes, with and without exact
resonance of the fundamental harmonic.

A. Ideal problem in absence of ¢(r;) =1 rational
surface, assuming Aq ~ ¢ or larger

We start from Eq. (109), simplifying the term involving
(AQ?)" (neglecting spatial variation in the inertia contri-
bution in the (1 —m)(AQ?)" term) and treating the ideal

problem (x(™) — 0, Xém) — 0) for g = 1. Thus

cm @ | amg1 g 24 (rl_mgr(m))
" dr lr AQ dr
|3 1 r(m)
_ a? . (115)

where s = (r/q)dq/dr. Integrating from 0 to r, and using
BC at r = 0 yields,
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If there is no rational surface, the left hand side of Eq.
(116) is not singular even as v — 0. The left hand side
of Eq. (116) provides stabilising field line bending effects
at all radial positions, and it permits the establishment
of marginal stability conditions, where the destabilising
effect comes predominantly from the last term on the
right. As we will see, if on the other hand an exact ratio-
nal surface exists, the only means of obtaining marginal
stability conditions will be if we retain the first term on
the right of Eq. (116), since the left hand side will be

(116)



singular. By avoiding the rational, the pressure must
be reasonably large in order for a mode to be unstable
(since the field line bending term on the left hand side
of Eq. (116) produces a strong stabilising contribution).
We may therefore argue that it could be reasonable to
drop the first integral on the right hand side of Eq. (116)
providing that an exact rational is avoided, the shear is
weak (so (m — 1)s isn’t large), and Agq isn’t too small.
We will address this approximation in the next subsec-
tion, but currently adopting the approximation and not-
ing that by avoiding the rational we can always neglect
resistive effects in the core (so we can interchange Eg(m)
and £"("™)), we now have,

d (rl_m&r—{(m)) C+
2m+1A 2 — 2m
r Q — - /0 dt a(t)t*™.

This equation can be integrated again, and we apply
boundary conditions at » = 0, and r = r,. We note that
the outer boundary condition at r, will better defined if
there is a rational, but if there is not, we nevertheless
apply "™ (r,) = 0. It can be shown that the eigenvalue
equation is

1+ m —2-2m {m +2+ c]

1:2 b

x/orb dr% </0Tdvv2ma(11)>2. (117)

This yields v through the definition of AQ?, and from
knowledge of v, the eigenvector can be obtained:

&M (r) = &rm L= 1(r)/1(r)],

I(r):/r tA_z; : [/ dv v®™

where the constant

m —cC

] (118)

§o = TI(rb)

The critical point to notice here is that if there is an
exact resonance at r = rg, rs = 13, then as we approach
marginal stability we have AQ?(rs) — 0, and hence

lim €0 () = &o(r/ra)" Hr — 7). (119)

where we recognise the Heaviside step function H(r —
rs) =1for r <rsand H(r —rs) =0 for r > r,. And, if
there is a rational surface, the marginal stability criterion
v — 0 occurs only for @« — 0. Hence, if there is an exact
rational, under the approximation we have made in this
section (dropping the first term on the RHS of (116)),
physical marginal stability criteria cannot be obtained.

B. Ideal problem with exact rational surface
q(rs) =1

We have seen that near marginal stability, for the case
with an exact rational, the eigenfunction has a disconti-
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nuity at the rational, but is otherwise smooth, with the
eigenfunction given approximately by Eq. (119). We now
use this knowledge in a more refined ideal model with an
exact rational surface. The first step is to evaluate Eq.
(116) at r = rg. The right hand side of 