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Abstract

Accurate simulations of molecular quantum dynamics are crucial for understanding numer-
ous natural processes and experimental results. Yet, such high-accuracy simulations are
challenging even for relatively simple systems where the Born–Oppenheimer approximation
is valid. Worse still, due to the ubiquity of conical intersections in molecules, it is often
necessary to go beyond this celebrated approximation and employ even more sophisticated
methods that can describe nonadiabatic processes involving multiple coupled electronic
states.

Geometric integrators provide a way to simulate nonadiabatic quantum dynamics with high
accuracy while exactly conserving geometric properties, such as norm, energy, symplecticity,
and time reversibility. However, the exact conservation of these properties typically leads
to a higher computational cost when compared with non-geometric integrators of the same
order of accuracy. We remedy this lack of efficiency by employing various composition
methods to obtain high-order geometric integrators, competitive in efficiency even with
some non-geometric integrators.

To overcome the limited applicability of the popular split-operator algorithms, we present
geometric integrators that can solve the time-dependent Schrödinger equation efficiently
regardless of the form of the Hamiltonian. Employing these integrators, we systematically
compare the different representations of the molecular Hamiltonian for their suitability for
simulating nonadiabatic dynamics at a conical intersection and find that the rarely used
exact quasidiabatic Hamiltonian, which includes the often-neglected residual nonadiabatic
couplings, yields the most accurate results. Accordingly, we present a method for quantifying
the validity of ignoring these residual couplings and show that depending on the system,
initial state, and employed quasidiabatization scheme, neglecting the residual couplings
can indeed result in inaccurate dynamics.

The computational cost of exact quantum simulations quickly becomes prohibitively high
as the system size increases. For high-dimensional simulations, one can either optimize the
available basis set, e.g., by employing adaptive phase space grids or, alternatively, employ
a more approximate approach, such as mixed quantum-classical Ehrenfest dynamics, that
provides a useful qualitative picture. Although Ehrenfest dynamics and exact quantum
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Abstract

dynamics simulated on an adaptive grid may appear unrelated, we show that, surprisingly,
the high-order geometric integrators for these two problems can, in fact, be obtained by
using the same splitting and composition methods.

Keywords: nonadiabatic quantum dynamics, geometric integrators, conical intersections,
exact quantum dynamics, quasidiabatization schemes, dynamic Fourier grid, Ehrenfest
dynamics, mixed quantum-classical dynamics, adaptive phase space grid
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Résumé

Les simulations précises de la dynamique quantique moléculaire sont cruciales pour com-
prendre de nombreux processus naturels et expériences. Pourtant, les simulations de haute
précision sont difficiles, même pour des systèmes relativement simples où l’approximation de
Born-Oppenheimer est valide. Pire encore, en raison de l’ubiquité des intersections coniques
dans les molécules, il est souvent nécessaire d’aller au-delà de cette célèbre approximation
et d’employer des méthodes encore plus sophistiquées qui peuvent décrire des processus
non adiabatiques impliquant de multiples états électroniques couplés.

Les intégrateurs géométriques offrent un moyen de simuler la dynamique quantique non
adiabatique avec une grande précision tout en conservant exactement les propriétés géo-
métriques telles que la norme, l’énergie, la symplecticité et la réversibilité temporelle.
Cependant, la conservation exacte de ces propriétés conduit généralement à un coût de
calcul plus élevé par rapport aux intégrateurs non géométriques du même ordre de précision.
Nous remédions à ce manque d’efficacité en employant diverses méthodes de composi-
tion pour obtenir des intégrateurs géométriques d’ordre de convergence élevé, qui sont
compétitifs en efficacité même avec certains intégrateurs non géométriques.

Pour surmonter l’applicabilité limitée des méthodes de splitting populaires, nous présentons
des intégrateurs géométriques qui peuvent résoudre efficacement l’équation de Schrödinger
dépendante du temps, quelle que soit la forme de l’hamiltonien. En utilisant ces intégra-
teurs, nous effectuons une comparaison systématique des différentes représentations de
l’hamiltonien moléculaire. Bien qu’il soit rarement utilisé, nous trouvons que l’hamiltonien
quasidiabatique exact, qui inclut les couplages résiduels souvent négligés, donne les résultats
les plus précis pour simuler la dynamique non adiabatique au niveau des intersections
coniques. Nous présentons donc une méthode pour quantifier la validité de l’ignorance
de ces couplages résiduels et montrons qu’en fonction du système, de l’état initial et du
schéma de quasidiabatisation utilisé, négliger les couplages résiduels peut en effet entraîner
une dynamique imprécise.

Le coût de calcul des simulations quantiques exactes devient rapidement prohibitif à mesure
que la taille du système augmente. Pour les simulations de grande dimension, on peut soit
optimiser l’ensemble de base disponible, en utilisant par exemple des grilles d’espace des
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Résumé

phases adaptatives, soit employer une méthode plus approximative, qui fournit une image
qualitative, comme avec la dynamique mixte quantique-classique d’Ehrenfest. Bien que la
dynamique d’Ehrenfest et la dynamique quantique exacte sur une grille adaptative puissent
sembler indépendantes, nous montrons que, étonnamment, les intégrateurs géométriques
d’ordre élevé pour ces deux problèmes peuvent, en fait, être obtenus en utilisant les mêmes
méthodes de splitting et de composition.

Mots-clés : dynamique quantique non adiabatique, intégrateurs géométriques, intersections
coniques, dynamique quantique exacte, schémas de quasidiabatisation, grille dynamique de
Fourier, dynamique d’Ehrenfest, dynamique mixte quantique-classique, grille d’espace des
phases adaptative
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1 Introduction

The Born–Oppenheimer approximation [1–5] serves as a cornerstone for the theoretical
description of numerous molecular phenomena. One of the most important implications of
this celebrated approximation is the notion of potential energy surfaces, invoked customarily
by chemists to understand and describe important processes, such as collisions, reactions,
and molecular dynamics. Under the Born–Oppenheimer approximation, the fast motion of
the electrons in a molecule is considered separately from the slower motion of the nuclei;
under usual circumstances, this approximation is well justified because the electronic mass
m is much smaller than the typical nuclear mass M [3].

The widely applicable Born–Oppenheimer approximation fails, however, in the vicinity
of conical intersections [6–11]: nuclear geometries where the potential energy surfaces of
two or more electronic states are degenerate. Because these conical intersections, once
considered exceptions, are much more ubiquitous than previously believed [12–15], accurate
simulation of molecular dynamics in the region of conical intersections is an indispensable
tool for understanding many experimental results (e.g., light-induced excitations [16–27]
and ultracold collisions [28–30]) and natural processes (e.g., those involved in human
vision [31, 32]). Yet, the numerical simulation of the molecular quantum dynamics in the
conical intersection region is complicated by the strong nonadiabatic couplings between
the electronic states. To describe the dynamics in the vicinity of a conical intersection
correctly, one has to employ one of several approaches to go beyond the Born–Oppenheimer
approximation [4, 23, 24, 33–40]: treating the electrons and nuclei on equal footing (i.e.,
without invoking the Born–Oppenheimer picture) [38, 39, 41–43], employing the exact
factorization approach [40, 44], or solving the time-dependent Schrödinger equation with a
truncated molecular Hamiltonian that includes only a few most significantly coupled [45, 46]
Born–Oppenheimer electronic states. In this thesis, we mainly focus on the third approach,
which is the most traditional and the most common.

This thesis aims to improve the efficiency of molecular quantum dynamics simulations,
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Chapter 1. Introduction

particularly in the region of conical intersections. To this end, we have developed and
employed various high-order geometric integrators [47–50], which preserve exactly many
important geometric properties, including the norm, energy, symplecticity, and time
reversibility. To provide a brief overview and theoretical background, in the rest of this
introductory chapter, we discuss the nonadiabatic molecular quantum dynamics (Sec. 1.1),
geometric properties of the exact solution to the time-dependent Schrödinger equation
(Sec. 1.2), and the geometric integration schemes (Sec. 1.3). At the end of this chapter, in
Sec. 1.4, we provide a general overview of the rest of the thesis.

This chapter has been partially adapted from Refs. [51–56].

1.1 Nonadiabatic molecular quantum dynamics

This thesis concerns numerical methods for solving the time-dependent Schrödinger equation

i~
d

dt
Ψt = HΨt, (1.1)

with the molecular state Ψt at time t and the standard molecular Hamiltonian

H := T̂nu + T̂el + V : (1.2)

the sum of the nuclear kinetic energy operator T̂nu, electronic kinetic energy operator T̂el,
and potential energy operator V = V (q̂, Q̂). The nuclear positions are denoted with a D-
dimensional vector Q, and the electronic positions are denoted with a d-dimensional vector
q. In general, we denote operators acting on both nuclei and electrons by a calligraphic
font, whereas the operators acting either only on nuclei or only on electrons will have a
hat (̂ ). We assume the usual form of the nuclear kinetic energy operator

T̂nu := Tnu(P̂ ) = 1
2 P̂ ·M

−1 · P̂ (1.3)

and electronic kinetic energy operator

T̂el := Tel(p̂) = 1
2 p̂ ·m

−1 · p̂, (1.4)

where P denotes nuclear momenta conjugate to Q, and p denotes electronic momenta
conjugate to q. In general, the nuclear and electronic mass matrices, M and m, can be real
symmetric D ×D and d× d matrices, respectively. In all considered examples, however,
M and m are diagonal matrices.

One of the most common approaches for solving the time-dependent Schrödinger equa-
tion (1.1) starts by representing the molecular Hamiltonian H and molecular state Ψt in
the basis of adiabatic electronic states |ϕad

n (Q)〉. These states are obtained by solving the
electronic time-independent Schrödinger equation

Ĥel(Q)|ϕad
n (Q)〉 = En(Q)|ϕad

n (Q)〉 (1.5)
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1.1. Nonadiabatic molecular quantum dynamics

for each fixed nuclear position Q and for n ∈ N; the electronic Hamiltonian Ĥel(Q) :=
T̂el + V (q̂, Q) in Eq. (1.5) is obtained by imposing that the nuclei are stationary (i.e., Q is
fixed and T̂nu = 0) in the molecular Hamiltonian (1.2). Although solving the eigenvalue
problem of Eq. (1.5) is an extremely difficult task in its own right [57], for most of this
thesis, we assume that the eigenvalues En(Q) and eigenstates |ϕad

n (Q)〉 have already been
obtained by employing one of many electronic structure methods [58–68]. In particular,
driven by the recent advancements in quantum computing hardware, there is renewed
interest in solving the electronic structure problems on a quantum computer [69, 70]:
Hybrid quantum-classical algorithms [71–77] for solving the time-independent Schrödinger
equation (1.5) on near-term quantum computers are being developed actively.

The adiabatic electronic states |ϕad
n (Q)〉 form a complete orthonormal set and, therefore, can

be employed to expand the exact solution to the time-dependent Schrödinger equation (1.1)
as an infinite series

|Ψexact,t(Q)〉 =
∞∑
n=1

ψad
n,t(Q)|ϕad

n (Q)〉, (1.6)

where we combine the coordinate representation for the nuclei with the representation-
independent Dirac notation for the adiabatic electronic states |ϕad

n (Q)〉. On each nth
adiabatic electronic state |ϕad

n (Q)〉, there is an associated time-dependent nuclear wave-
function ψad

n,t(Q) (a wavepacket). The so-called Born–Huang expansion [78] of Eq. (1.6) is
exact because an infinite number of electronic states are included. However, in practice,
the molecular wavepacket is usually approximated by truncating the sum in Eq. (1.6) to
include only the S most important states [34, 35, 79, 80]:

|Ψexact,t(Q)〉 ≈ |Ψappr,t(Q)〉 :=
S∑
n=1

ψad
n,t(Q)|ϕad

n (Q)〉. (1.7)

We shall omit the subscript “appr” in |Ψappr,t(Q)〉 from now on for brevity.

Simulating the nonadiabatic molecular quantum dynamics involves solving the ordinary
differential equation

i~
d

dt
ψad
t = Ĥadψ

ad
t (1.8)

obtained by substituting ansatz (1.7) in the standard molecular time-dependent Schrödinger
equation (1.1) and projecting onto states 〈ϕad

m (Q)| for m ∈ {1, . . . , S}. We expressed
Eq. (1.8) in a compact matrix notation, independent of the position or momentum rep-
resentation: bold font indicates either an S × S matrix (i.e., an electronic operator) or
an S-dimensional vector. In particular, Ĥad is the adiabatic Hamiltonian matrix with
elements (Ĥad)mn = 〈ϕad

m |H|ϕad
n 〉, and ψad

t is the molecular wavepacket in the adiabatic
representation. The adiabatic Hamiltonian matrix [23, 33–37, 80, 81]

Ĥad = 1
2M [P̂ 21− 2i~Fad(Q̂) · P̂ − ~2Gad(Q̂)] + Vad(Q̂) (1.9)
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Chapter 1. Introduction

depends on the diagonal adiabatic potential energy matrix

[Vad(Q)]mn = 〈ϕad
m (Q)|Ĥel(Q)|ϕad

n (Q)〉 = En(Q)δmn, (1.10)

nonadiabatic vector couplings

[Fad(Q)]mn = 〈ϕad
m (Q)|∇ϕad

n (Q)〉, (1.11)

and nonadiabatic scalar couplings

[Gad(Q)]mn = 〈ϕad
m (Q)|∇2ϕad

n (Q)〉. (1.12)

These nonadiabatic vector and scalar couplings, Fad(Q) and Gad(Q), are sometimes referred
to as the first-order and second-order derivative couplings. Note that in Eq. (1.9), for
simplicity, we scaled the nuclear coordinates so that each nuclear degree of freedom has
the same mass M , i.e., M is a scalar.

In numerous chemical processes, the adiabatic electronic states are well separated in energy,
and therefore the Born–Oppenheimer approximation of neglecting the couplings Fad(Q) and
Gad(Q) between the states is well justified. As a specific example, even the state-of-the-art
finite temperature two-dimensional electronic spectra [82] were simulated successfully [83–
85] under the Born–Oppenheimer approximation by employing a semiclassical method
based on the thawed Gaussian approximation [86–88]. Ignoring the nonadiabatic couplings
Fad(Q) and Gad(Q) in the adiabatic Hamiltonian matrix (1.9) simplifies the molecular
dynamics simulations because the different electronic states become decoupled, and the
nuclear wavepackets ψad

n,t on each electronic state can be propagated independently from one
another. However, the exact quantum simulation of this Born–Oppenheimer dynamics [89]
is still an extremely difficult computational task, which scales exponentially with the
number of nuclear degrees of freedom.

In the region of conical intersections, the problem is even further complicated because
it is necessary to go beyond the Born–Oppenheimer approximation and account for the
nonadiabatic couplings: ignoring these no longer insignificant couplings would lead to
inaccurate wavepacket dynamics. In particular, the nonadiabatic couplings diverge to
infinity [11] at conical intersections. Re-expressing the nonadiabatic vector couplings, using
the Hellmann–Feynman theorem, as

[Fad(Q)]mn = 〈ϕ
ad
m (Q)|∇Ĥel(Q)|ϕad

n (Q)〉
En(Q)− Em(Q) , m 6= n (1.13)

shows that these couplings are singular at a conical intersection Q = QCI, where Em(QCI) =
En(QCI) for some m 6= n [11, 23, 34–37, 90, 91]. Moreover, Meek and Levine [92] pointed
out recently that, unlike this singularity in Fad(Q), the singularity in the diagonal elements
[Gad(Q)]nn of the nonadiabatic scalar couplings is not even integrable over the domains
containing a conical intersection. In practice, these nonadiabatic scalar couplings Gad(Q)
are often neglected, but this approximation can cause significant errors [93, 94]: For
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1.1. Nonadiabatic molecular quantum dynamics

the adiabatic Hamiltonian (1.9) to be exact, it must include both Fad(Q) and Gad(Q).
Additionally, to simulate nonadiabatic quantum dynamics accurately in the adiabatic
representation, one must account for the geometric phase effect [95–102]: the sign change of
real-valued adiabatic electronic states along a closed path encircling a conical intersection.

A common strategy to circumvent the complications, namely the conical intersection
singularities and geometric phase effect, present in the adiabatic representation is per-
forming a coordinate-dependent unitary transformation [81, 103, 104] of the adiabatic
Hamiltonian (1.9). Although it would be desirable to eliminate the nonadiabatic couplings
completely by such unitary transformation, this so-called strict diabatization is, in general,
not possible in systems with more than one nuclear degree of freedom unless infinitely
many electronic states [S → ∞ in Eq. (1.7)] are considered [81, 105]. The best one can
do instead for a general subsystem with a finite number of electronic states is to reduce
the magnitude of the nonadiabatic couplings by the quasidiabatization of the molecular
Hamiltonian. The resulting exact quasidiabatic Hamiltonian still contains nonvanishing
“residual” couplings, but these couplings are often neglected to obtain the approximate
quasidiabatic Hamiltonian, whose additional benefit is a simpler, separable form convenient
for quantum simulations.

In what follows, we shall present various aspects of conical intersections in further detail,
but, for the ease of demonstration, let us limit our discussion temporarily to the simplest,
most common case involving only two significantly coupled electronic states (i.e., S = 2).
In such cases, and in our notation, the adiabatic Hamiltonian Ĥad is a 2 × 2 matrix of
nuclear operators. Moreover, for simplicity, we impose that the adiabatic electronic states
are purely real. As a consequence, we can express the nonadiabatic vector couplings in a
simpler form:

Fad(Q) = f(Q)
(

0 1
−1 0

)
. (1.14)

Consider a coordinate-dependent unitary transformation of Hamiltonian (1.9) through a
rotation

S(Q) =
(

cos θ(Q) sin θ(Q)
− sin θ(Q) cos θ(Q)

)
(1.15)

by angle θ(Q). This quasidiabatization yields the residual vector coupling (see Chapter 3
for further details)

Fqd(Q) := S(Q)Fad(Q)S(Q)† + S(Q)∇S(Q)†, (1.16)

and in order for this residual coupling to vanish, θ(Q) must be chosen such that [106, 107]

Fad(Q) = −[∇S(Q)†]S(Q),

f(Q) = ∇θ(Q) (1.17)

is satisfied. Unfortunately, in general, conditions (1.17) cannot be satisfied [105, 108]:
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Integrating both sides of Eq. (1.17) yields the rotation angle

θ(Q) = θ(Q0) +
∫ Q

Q0
f(Q′) · dQ′ (1.18)

that is not a well-defined function of Q because the line integral in Eq. (1.18) is, in general,
path-dependent [107, 109]. All one can do instead is to remove the curl-free part ∇ν(Q)
of the nonadiabatic coupling f(Q) by choosing θ(Q) = ν(Q) [81]. [We recall that, from
Helmholtz’s theorem [110], any vector can be expressed as a sum f(Q) = ∇ν(Q)+∇×B(Q)
of its curl-free component ∇ν(Q) and divergence-free component ∇×B(Q).] The resulting
exact quasidiabatic Hamiltonian contains nonzero residual nonadiabatic vector coupling

Fqd(Q) = ∇×B(Q)
(

0 1
−1 0

)
. (1.19)

In addition to the off-diagonal elements of Fqd(Q), the quasidiabatic states are also coupled
by the off-diagonal elements of the quasidiabatic potential energy matrix

Vqd(Q) = S(Q)Vad(Q)S(Q)†, (1.20)

which, in contrast to the adiabatic potential energy matrix Vad(Q), is not diagonal.

Exceptionally, if the system has only one nuclear degree of freedom (i.e., if D = 1), then
one can solve Eq. (1.17) by a simple integration to obtain the strictly diabatic Hamiltonian,
with vanishing residual couplings. Another peculiarity of one-dimensional systems is that
same-symmetry intersections are not allowed due to the noncrossing rule [34], and as a result,
avoided crossings, rather than intersections, are found predominantly. A typical example
of this avoided crossing (see Fig. 1.1) is observed between the ground- and excited-states
of sodium iodide (NaI) [17, 18, 111].

10 15

Q (a.u.)

−0.04

−0.02

0.00

0.02

E
n
(Q

)
(a

.u
.)

n = 1 n = 2

Figure 1.1 – Potential energy surfaces in the model [17] of sodium iodide (NaI) around
the avoided crossing. The ground (n = 1) and excited (n = 2) adiabatic potential energy
surfaces are shown in green solid and red dashed lines, respectively.

On the other hand, in multidimensional (D ≥ 2) systems, intersections are common [12–15].
As well as same-symmetry conical intersections, there also exist accidental symmetry-
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1.1. Nonadiabatic molecular quantum dynamics

allowed (i.e., different-symmetry) and symmetry-required conical intersections [90]; the
well-studied Jahn–Teller intersection [112–116] [see panel (a) of Fig. 1.2] is an example
of this symmetry-required conical intersection. In addition to the conical intersections,
the Renner–Teller intersections [117, 118] [see panel (b) of Fig. 1.2] also play a crucial
role in nonadiabatic dynamics: Although these Renner–Teller intersections, unlike conical
intersections, do not exhibit the geometric phase effect [80], the nonadiabatic couplings are
significant near the intersection and diverge at the exact point of intersection [following
from Eq. (1.13)].

Q1 (n.u.) Q2
(n.u.)

Q1 (n.u.) Q2
(n.u.)

E
n
(Q

)
(n

.u
.)

Figure 1.2 – Potential energy surfaces around the (a) Jahn–Teller (conical) and (b) Renner–
Teller intersections (both intersections are at Q = 0). The first and second excited adiabatic
potential energy surfaces, shown in green and red, touch (intersect) at Q = 0.

There exist many methods for simulating the molecular quantum dynamics in the re-
gion of strong nonadiabatic couplings. Methods that represent the wavefunction as a
superposition of time-dependent frozen Gaussians [86, 119] are especially well-suited
for studying the nonadiabatic population dynamics of large molecular systems. In the
variational multiconfigurational Gaussian method [120, 121], the frozen Gaussians move
according to the time-dependent variational principle [49], whereas in the ab initio multiple
spawning [122, 123] and multiconfigurational Ehrenfest [124, 125] methods, the Gaus-
sians follow classical and Ehrenfest trajectories, respectively. In principle, these frozen
Gaussian-based methods are applicable regardless of the representation of the molecular
Hamiltonian [126, 127], but because these methods are typically employed to simulate
on-the-fly ab initio molecular quantum dynamics, the adiabatic Hamiltonian, obtained
directly from the electronic structure calculations, is often the most suitable.

Full-dimensional nonadiabatic simulations of even larger chemical and biological systems
can be accomplished by employing one of the mixed quantum-classical methods, which treat
only the electrons quantum mechanically while treating the nuclei classically. These mixed
quantum-classical methods, including surface-hopping [128–132], mean-field Ehrenfest
dynamics [133–138], mapping Hamiltonian method [93, 139–144], and quantum-classical
Liouville approach [145–147], have been employed routinely to obtain informative approxi-
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mate descriptions of various nonadiabatic processes. Any representation of the molecular
Hamiltonian can be used to simulate the dynamics with these methods [93, 135], but one
must be cautious when simulating surface-hopping dynamics since the results may be very
different depending on the choice of the representation [135].

At the other extreme, if one requires high accuracy (exact) solutions, the method of
choice would be the multiconfigurational time-dependent Hartree method [148–150] or its
multilayer extension [151]. These methods expand the state using s sets of orthogonal
time-dependent basis functions ϕ(i)

ji
(Q̃i, t) for i ∈ {1, . . . , s}, where Q̃i := (Qa, Qb, . . . ) is

a composite coordinate of several nuclear coordinates. The multiconfigurational time-
dependent Hartree ansatz

ψ(Q, t) =
n1∑
j1=1
· · ·

ns∑
js=1

Aj1...js(t)ϕ
(1)
j1

(Q̃1, t) · · ·ϕ(s)
js

(Q̃s, t) (1.21)

introduces the expansion coefficient Aj1...js(t) to remedy the lack of correlation between the
different degrees of freedom: a major shortcoming of the simpler time-dependent Hartree
ansatz

ψ(Q, t) = a(t)ϕ(1)(Q1, t) · · ·ϕ(D)(QD, t). (1.22)

The full efficiency of the multiconfigurational time-dependent Hartree method can only
be exploited when it is possible to express the Hamiltonian as a sum of products of
one-dimensional operators. Therefore, to propagate the wavepacket by this method, one
commonly uses the approximate quasidiabatic Hamiltonian, which has the desired form
owing to the neglect of the residual nonadiabatic couplings (see Chapter 3 for details). The
multiconfigurational time-dependent Hartree method is very efficient also because only a
small fraction of the tensor-product Hilbert space is typically accessible during the time of
interest: In such dynamics, the time-dependent basis functions ϕ(i)

ji
(Q̃i, t) adapt to provide

the optimal description of the evolving wavepacket. However, there exist situations in which
the form of the Hamiltonian is complicated (see, e.g., Chapters 2–4) or the full Hilbert
space is accessible; then, full grid or time-independent basis sets may be preferable [49, 152].
There also exist situations where it is crucial to conserve the invariants of the exact solution
(see Sec. 1.2) exactly and regardless of the accuracy of the wavefunction; e.g., when the
total propagation time is long, the non-conservation of invariants may lead to unphysical
solutions. Because the methods introduced in this section typically conserve none or only
some of the invariants of the exact solution, geometric integrators (see Sec. 1.3) are needed
in such situations.

In summary, the exact quantum simulation of nonadiabatic molecular dynamics can be
performed by solving the seemingly simple ordinary differential equation (1.8). Yet, as
discussed in this section, it is, in fact, extremely challenging to solve this equation accurately.
Therefore, in this thesis, we propose several numerical techniques for simulating molecular
quantum dynamics with high efficiency while preserving exactly various geometric properties
of the exact solution. In the next Sec. 1.2, we discuss some of these geometric properties.
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1.2. Geometric properties of the exact solution to the time-dependent
Schrödinger equation

1.2 Geometric properties of the exact solution to the time-
dependent Schrödinger equation

In practical numerical simulations, we would typically solve the time-dependent Schrödinger
equation in some representation, e.g., the adiabatic representation [see Eq. (1.8)]. However,
in order that the presentation in this section is more general, we consider the standard
time-dependent Schrödinger equation (1.1). Most of this section can be adapted to
the time-dependent Schrödinger equation in a specific, e.g., adiabatic, representation by
replacing H with Ĥad and Ψt with ψad

t . Likewise, this section can be adapted to quantum
dynamics under the Born–Oppenheimer approximation, i.e., nuclear wavepacket dynamics,
by replacing Ψt with ψt and H with Ĥ.

The standard time-dependent Schrödinger equation (1.1) has the formal solution

Ψt = U(t)Ψ0, (1.23)

where Ψ0 is the initial molecular wavepacket, and

U(t) = exp (−itH/~) (1.24)

is the exact evolution operator. This exact evolution operator is linear, reversible, and
stable and, moreover, conserves both the norm and energy of the quantum state. In what
follows, we define and discuss the geometric properties of this evolution operator.

1.2.1 Conservation of the norm of the quantum state

An operator U on a Hilbert space is said to conserve the norm ‖Ψ‖ := 〈Ψ|Ψ〉1/2 if
‖UΨ‖ = ‖Ψ‖. When the considered operator U is linear, conserving the norm is equivalent
to conserving the inner-product

〈UΨ|UΦ〉 ≡ 〈Ψ|U†UΦ〉 = 〈Ψ|Φ〉, (1.25)

where U† is the Hermitian adjoint of U . For operator U to satisfy Eq. (1.25), the product
U†U has to be the identity operator, i.e.,

U−1 = U†. (1.26)

Operators that satisfy condition (1.26) are said to be unitary, and the exact evolution
operator is unitary because

U(t)† = exp (itH/~) = U(t)−1. (1.27)
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1.2.2 Conservation of the energy of the quantum state

The expectation value of energy

E(t) = 〈H〉Ψt := 〈Ψt|H|Ψt〉 (1.28)

is conserved if the evolution operator is unitary and commutes with the Hamiltonian:

E(t) = 〈Ψt|H|Ψt〉 = 〈U(t)Ψ0|H|U(t)Ψ0〉 = 〈Ψ0|U(t)†HU(t)|Ψ0〉

= 〈Ψ0|U(t)†U(t)H|Ψ0〉 = 〈Ψ0|H|Ψ0〉 = E(0). (1.29)

The unitarity of U(t) was demonstrated in Sec. 1.2.1, and because U(t) = exp (−itH/~)
can be Taylor expanded into a convergent series in powers of H, U(t) commutes with H.
As a result, the exact evolution operator conserves the energy.

1.2.3 Conservation of the symplectic two-form

An operator U is symplectic if it conserves the symplectic two-form ω(Ψ1,Ψ2), i.e., if
ω(UΨ1,UΨ2) = ω(Ψ1,Ψ2). In classical mechanics, the conservation of the classical (cl)
canonical two-form

ωcl := dQ ∧ dP (1.30)

has many far-reaching consequences, including Liouville’s theorem: the conservation of
phase space volume. In quantum mechanics, the quantum (qm) canonical two-form can be
defined as [49, 56, 153, 154]

ωqm(Ψ1,Ψ2) := 2~Im〈Ψ1|Ψ2〉. (1.31)

To demonstrate that this definition of the quantum canonical two-form is, in fact, analogous
to the classical canonical two-form (1.30), let us define the quantum Darboux coordinates
(qΨ, pΨ), consisting of the real and imaginary parts of the wavepacket Ψ(q,Q) in the
position representation:

qΨ :=
√

2~ReΨ(q,Q), pΨ :=
√

2~ImΨ(q,Q); (1.32)

we omit the dependence of qΨ and pΨ on q and Q for brevity. The canonical two-form
dqΨ ∧ dpΨ, analogous to Eq. (1.30), acts on states Ψ1 and Ψ2 as [56, 153]

dqΨ ∧ dpΨ(Ψ1,Ψ2) = 2~Im〈Ψ1|Ψ2〉 (1.33)

because

dqΨ ∧ dpΨ(Ψ1,Ψ2) = 〈dqΨ(Ψ1)|dpΨ(Ψ2)〉 − 〈dpΨ(Ψ1)|dqΨ(Ψ2)〉

= 2~[〈ReΨ1(q,Q)|ImΨ2(q,Q)〉 − 〈ImΨ1(q,Q)|ReΨ2(q,Q)〉]

= 2~Im〈Ψ1|Ψ2〉; (1.34)
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we have used that the tangent space of a vector space can be identified with the vector
space itself [155], i.e.,

dqΨ(Ψ) = qΨ =
√

2~ReΨ(q,Q), (1.35)

dpΨ(Ψ) = pΨ =
√

2~ImΨ(q,Q). (1.36)

The conservation of the symplectic two-form (1.31) follows from the conservation of the
inner-product 〈Ψ1|Ψ2〉 itself. The exact evolution operator U(t), which conserves the
inner-product (see Sec. 1.2.1), is, therefore, symplectic.

1.2.4 Symmetry and time reversibility

We define an adjoint U(t)∗ of an evolution operator U(t) as the evolution operator’s inverse
taken with a reversed time:

U(t)∗ := U(−t)−1. (1.37)

We call an evolution operator symmetric if it is equal to its own adjoint [47], i.e., if

U(t)∗ = U(t). (1.38)

If we define the time reversibility condition as

U(−t)U(t)Ψ0 = Ψ0, (1.39)

i.e., a forward propagation for time t being exactly canceled by an immediately following
backward propagation for the same time, then time reversibility in quantum dynamics
is a direct consequence of symmetry: Condition (1.39) is satisfied if U(t) = U(−t)−1,
which follows from the symmetry condition (1.38). The exact evolution operator is both
symmetric and time-reversible because U(t)∗ = exp (−itH/~) = U(t).

1.2.5 Stability

Let us measure the time dependence of the distance between two vectors Ψ1,t and Ψ2,t in
the Hilbert space using the metric

DΨ1,Ψ2(t) := ‖Ψ1,t −Ψ2,t‖. (1.40)

The time evolution is said to be

(i) stable [48, 156, 157] if for every ε > 0, there exists δ(ε) > 0 such that

DΨ1,Ψ2(0) < δ implies DΨ1,Ψ2(t) < ε for all t, (1.41)
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(ii) attracting [156, 157] if there exists a δ > 0 such that

DΨ1,Ψ2(0) < δ implies DΨ1,Ψ2(t)→ 0 as t→∞, (1.42)

(iii) asymptotically stable if it is both stable and attracting.

To aid the understanding of stability conditions (i)–(iii), a pictorial representation of
unstable, stable, and asymptotically stable time evolutions is presented in Fig. 1.3. The
exact evolution is stable (but not asymptotically stable) because DΨ1,Ψ2(t) = DΨ1,Ψ2(0)
due to norm conservation.

(b) (c)(a)
Unstable Stable

Asymptotically
stable

Figure 1.3 – Schematic representation of (a) unstable, (b) stable, and (c) asymptotically
stable time evolutions in the Euclidean space. The distance between corresponding points
on the solid and dashed curves (e.g., the tips of the arrows) is analogous to metric DΨ1,Ψ2(t)
in the Hilbert space. The red dotted lines represent the initial distance DΨ1,Ψ2(0).

1.3 Geometric integrators: Exact preservation of geometric
properties

One can obtain the exact solution (1.23) of the molecular time-dependent Schrödinger
equation (1.1) by applying the deceivingly simple exact evolution operator (1.24) to the
initial state Ψ0. However, it is almost always unfeasible to exponentiate the molecular
Hamiltonian H directly. Instead, one of many numerical integration methods has to be
employed to approximate the exact evolution operator at discrete times t = n∆t (for
n ∈ N):

U(t) ≈ U (∆t)
appr (t) := Uappr(∆t)n. (1.43)

The approximate solution
Ψ(∆t)
tf

:= U (∆t)
appr (tf )Ψ0 (1.44)

at some final time t = tf (with tf = nf∆t) approaches the exact solution Ψtf as ∆t→ 0
(and nf →∞).

There exist situations where, in addition to prescribed accuracy, it pays off to conserve
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certain invariants (discussed in Sec. 1.2) of the exact solution Ψt exactly, regardless of the
accuracy of the approximate solution Ψ(∆t)

t . In such situations, one should employ geometric
integrators [47–50]. These integrators acknowledge that the Schrödinger equation (1.1) is
special and not just another general differential equation. Using geometric integrators can
be likened to realizing that the Earth is not flat but round and that even approximate
models of its surface should take this curvature into account. Geometric integrators are
highly exploited in classical molecular dynamics, where the deceptively simple Verlet
algorithm [158, 159], despite its only second-order accuracy, conserves D invariants in a
D-dimensional system exactly. In state-of-the-art simulations of proteins, D can easily
reach thousands or even millions. In Sec. 1.3.1, we introduce the splitting method: a popular
geometric integration scheme used for a wide range of applications, including quantum
dynamics simulations. In fact, even the Verlet algorithm for classical dynamics is based on
this splitting method.

Some may support the use of non-geometric integrators with the argument that the time
discretization error of an invariant (e.g., energy or norm) that is not conserved by these
non-geometric integrators may be used to judge the accuracy of the approximate solution
Ψ(∆t)
t . This argument does not always hold and, in some cases, can even be dangerous

because the errors of the wavepacket can be much greater than the errors of the considered
non-conserved invariant (see, e.g., Refs. [51] and [52]). On the other hand, to reach the
same accuracy, non-geometric integrators often require less computational effort than
their geometric counterpart. To increase the efficiency of the geometric integrators—in
order that they are competitive with non-geometric integrators—one can employ various
composition methods and obtain integrators of high orders of convergence in the time step.
In Sec. 1.3.2, we introduce these composition methods.

1.3.1 Splitting methods

The splitting methods, based on the idea of decomposing the vector field into exactly
integrable components then treating them separately [47–50], have been used to yield
geometric integrators for solving differential equations in a variety of applications. Although
the idea behind the splitting method is much more general, we keep our presentation
specific to molecular quantum dynamics and refer the readers to Ref. [47] for a more
general discussion on the splitting methods. We shall call the geometric integrators
obtained by adopting the splitting idea in quantum dynamics the split-operator algorithms
[49, 50, 52, 89, 160, 161].

The requirement for the split-operator algorithms to be applicable to the time-dependent
Schrödinger equation (1.1) is that Hamiltonian H is separable into a sum of exactly solvable
parts, i.e., it can be expressed as

H = H1 +H2, (1.45)

where UH1(t) := exp (−itH1/~) and UH2(t) := exp (−itH2/~) can be evaluated easily. All
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Chapter 1. Introduction

split-operator (SO) algorithms are obtained by performing, in sequence, H1 propagation
and H2 propagation alternately: a general approximate time evolution operator has the
form

USO(∆t) =
NSO∏
j=1
UH2(dj∆t)UH1(cj∆t), (1.46)

where
NSO∑
j=1

cj =
NSO∑
j=1

dj = 1. (1.47)

Although H1 and H2 are not necessarily potential and kinetic energy operators, henceforth,
we replace H1 with T and H2 with V to reflect that, in all of the examples of the splitting
methods presented in this thesis, the Hamiltonian is separated into kinetic and potential
energies.

The simplest split-operator algorithms are first-order accurate in the time step [47–50, 52].
Depending on the order of kinetic and potential propagations, one obtains either the
potential-kinetic (VT) split-operator algorithm, with approximate evolution operator

UVT(∆t) := UV(∆t)UT (∆t), (1.48)

or the kinetic-potential (TV) split-operator algorithm, with approximate evolution operator

UTV(∆t) := UT (∆t)UV(∆t). (1.49)

Both these first-order algorithms are explicit, unitary, symplectic, and stable, but neither
conserves energy. The methods are neither symmetric nor time-reversible, and they are, in
fact, adjoints of each other: UVT(∆t)∗ = UTV(∆t) [52].

Because the two first-order split operator algorithms (1.48) and (1.49) are adjoints of each
other, they can be composed, each for a time step ∆t/2 [47], to yield symmetric (hence
time-reversible) second-order methods [160]. Depending on the order of composition, we
obtain either

UVTV(∆t) := UVT(∆t/2)UTV(∆t/2) (1.50)

in the potential-kinetic-potential (VTV) algorithm or

UTVT(∆t) := UTV(∆t/2)UVT(∆t/2) (1.51)

in the kinetic-potential-kinetic (TVT) algorithm. Both these algorithms, sometimes referred
to as Strang splitting [162], are explicit, unitary, symplectic, stable, symmetric, and time-
reversible regardless of the time step size ∆t. Neither method, however, conserves energy
exactly. The geometric properties of the first-order (VT and TV) split-operator algorithms
and second-order (VTV and TVT) split-operator algorithms are summarized in Table 1.1.

Owing to the symmetry of the two second-order split-operator algorithms, they can
be symmetrically composed with appropriately chosen time steps to obtain symmetric
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1.3. Geometric integrators: Exact preservation of geometric properties

Table 1.1 – Geometric properties of the first-order and second-order split-operator algo-
rithms. We use symbols + or − to denote whether the geometric property is or is not
preserved exactly.

Method Unitary Symplectic Energy Symmetric Time- Stable
conserving reversible

1st-order SO + + − − − +
2nd-order SO + + − + + +

integrators of arbitrary orders of accuracy in the time step [47, 48, 163, 164]. In the next
Sec. 1.3.2, we discuss various composition methods.

1.3.2 Composition methods

Like the splitting methods discussed in Sec. 1.3.1, the composition methods are very
widely applicable: the composition methods [47, 163, 164] introduced in this chapter can
be employed to obtain arbitrarily high-order integrators from any symmetric elementary
integration method. Yet, as in Sec. 1.3.1, we keep our presentation specific to molecular
quantum dynamics and refer the readers to Ref. [47] for a more general discussion.

Any symmetric integration method Up(∆t) of (necessarily even) order p can be recursively
composed with appropriately chosen time steps to obtain symmetric integrators of arbitrary
orders of accuracy in the time step [47, 52, 163, 164]. More precisely, there exist composition
coefficients γk, for k ∈ {1, . . . ,M} (whereM ∈ N), simultaneously satisfying the consistency
condition

γ1 + · · ·+ γM = 1, (1.52)

the symmetry condition
γM+1−k = γk, (1.53)

and the condition
γp+1

1 + · · ·+ γp+1
M = 0 (1.54)

for the increase of order, such that composing Up(∆t) with these coefficients γk yields a
symmetric integrator

Up+2(∆t) := Up(γM∆t) · · · Up(γ1∆t) (1.55)

of order p+ 2. The most common and well-known composition schemes are the triple jump
[163–166], with three composition steps (M = 3) and

γ1 = 1
2− 21/(p+1) , γ2 = − 21/(p+1)

2− 21/(p+1) , (1.56)

and the Suzuki-fractal, with five composition steps (M = 5) and

γ1 = γ2 = 1
4− 41/(p+1) , γ3 = − 41/(p+1)

4− 41/(p+1) . (1.57)
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The remaining coefficients [γ3 in Eq. (1.56) and γ4, γ5 in Eq. (1.57)] are obtained from the
symmetry condition (1.53).

Because each triple jump is formed of three steps whereas each Suzuki-fractal is formed
of five steps, the pth-order integrator obtained using the Suzuki-fractal has a factor of
(5/3)p/2−1 more composition steps than the pth-order integrator obtained using the triple
jump (see Fig. 1.4). Therefore, the pth-order method obtained from the Suzuki-fractal
takes (5/3)p/2−1 times longer to execute per time step than does the method of the
same order obtained using the triple jump. Yet, the leading order error coefficient of the
integrator based on the Suzuki-fractal is usually much smaller because the magnitude of
each composition step is smaller (as shown in Fig. 1.4). Consequently, to achieve the same
accuracy at some final time tf , larger time steps can typically be used when integrators
based on the Suzuki-fractal are employed instead of those based on the triple jump.
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Figure 1.4 – Schematic representation of recursive (triple jump and Suzuki-fractal) and
nonrecursive optimal composition schemes. The triple jump has 3p/2−1 composition steps
per time step, where p is the order of the method. On the other hand, the Suzuki-fractal
has 5p/2−1 composition steps.

Nonrecursive composition schemes that are more efficient than the recursive Suzuki-fractal
and triple jump have been obtained for various specific orders of accuracy. We shall refer
to these nonrecursive schemes as the optimal methods since they minimize the magnitude
of composition steps. This magnitude of composition steps can be defined as either the
absolute value of the largest composition step, maxk|γk|, or the L1-norm of the composition
coefficients,

∑M
k=1 |γk|. With either definition, the Suzuki-fractal is the optimal fourth-order

method. The optimal sixth-order and eighth-order methods, found by Kahan and Li [167]
by minimizing maxk|γk|, have two more composition steps (M = 9 in the sixth-order
optimal method, and M = 17 in the eighth-order optimal method) than the minimum
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1.4. Thesis overview

possible number of composition steps. The optimal tenth-order scheme, found by Sofroniou
and Spaletta [168] by minimizing

∑M
k=1 |γk|, has four more composition steps (M = 35)

than the minimum possible number of composition steps (see Fig. 1.4).

As well as improving the efficiency of the elementary method, the high-order integrators
obtained by employing any of the composition methods presented in this section preserve
every geometric property preserved by the elementary method. The condition that this
elementary method must be symmetric may seem difficult to satisfy, but symmetric methods
can be obtained simply by composing any first-order method with its adjoint [47]. For
example, the two first-order split-operator algorithms, which are adjoints of each other,
can be composed to obtain the two symmetric second-order split-operator algorithms.

1.4 Thesis overview

We have discussed in this chapter that the already computationally demanding molecular
quantum simulations are complicated even further in the conical intersection regions due
to the failure of the widely applicable Born–Oppenheimer approximation. Accordingly,
this thesis presents various efficient geometric integration techniques (see Secs. 1.2 and 1.3)
for quantum dynamics simulations, focusing on those in the vicinity of conical intersections
(see Sec. 1.1).

The split-operator algorithms (introduced in Sec. 1.3.1) are popular because they are explicit
and easy to implement and, at the same time, preserve many invariants of the exact solution
(see Sec. 1.2). Unfortunately, these algorithms can only be employed when the Hamiltonian
is separable into exactly solvable parts, and consequently, the split-operator algorithms
cannot be used to simulate the nonadiabatic dynamics in the adiabatic representation
since the adiabatic Hamiltonian (1.9) is not separable. In Chapter 2, we present geometric
integrators that are applicable much more generally: These implicit integrators apply to
both separable and nonseparable Hamiltonians, as long as one can evaluate the action of
the Hamiltonian on a quantum state. Furthermore, the integrators presented in Chapter 2
preserve all the geometric properties preserved by the symmetric split-operator algorithms
and, in addition, conserve energy exactly. In particular, because the presented integrators
are symmetric, one can compose them according to one of the composition schemes (see
Sec. 1.3.2) to obtain geometric integrators of arbitrary orders of accuracy.

Among the different forms of the molecular Hamiltonian, namely adiabatic, exact quasidia-
batic, and approximate quasidiabatic Hamiltonians, introduced in Sec. 1.1, choosing the
most appropriate form is a challenge faced by simulations of the nonadiabatic quantum
dynamics at a conical intersection. Therefore, to improve the efficiency of these nona-
diabatic simulations, a rigorous numerical comparison of the different Hamiltonians is
crucial. Yet, such comparison is difficult because of the exceptional nature of systems where
these different Hamiltonians can all be defined exactly and the necessity of an exceedingly
accurate numerical algorithm that avoids mixing numerical errors with errors due to the
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different forms of the Hamiltonian. Using the quadratic Jahn–Teller model [112, 169, 170]
and the generally applicable high-order geometric integrators from Chapter 2, we are able
to perform this rigorous comparison in Chapter 3.

In Chapter 4, we propose a general method, based on the integrators from Chapter 2,
for assessing the validity of a potentially drastic approximation: neglecting the residual
couplings in the exact quasidiabatic Hamiltonian. Then, this proposed method is applied
to quantify the validity of such approximation in the nonadiabatic simulations of nitrogen
trioxide (NO3) [112, 170–172] and hydrogen cyanide (HCN) [173–176].

Due to its high computational cost, the practicality of the exact quantum simulation
of nonadiabatic molecular dynamics is limited to small systems. Ehrenfest dynamics,
though a severe approximation to this exact quantum solution, can provide a useful
approximate description of some nonadiabatic processes at a much lower computational
cost. In Chapter 5, we propose geometric integrators based on the splitting method (from
Sec. 1.3.1) for Ehrenfest dynamics. These integrators, of arbitrary even orders of accuracy
in the time step, are symplectic, time-reversible, and norm-conserving regardless of the time
step used. Using a nonadiabatic simulation around a conical intersection as an example,
we numerically demonstrate that these integrators, indeed, preserve the listed geometric
properties exactly and, if accurate solutions are desired, can be even more efficient than
the most popular non-geometric integrators.

While this thesis concerns mostly simulations of nonadiabatic chemical processes involving
multiple electronic states, even simulating the exact quantum dynamics of a nuclear
wavepacket on a single electronic surface remains a computational challenge for all but
small molecules. In Chapter 6, we present an approach to reduce the computational cost
of one of the most accurate methods for simulating quantum dynamics: a combination
of the dynamic Fourier method with the split-operator algorithm (see Sec. 1.3.1) on a
tensor-product grid [50, 89, 160, 177, 178]. We achieve the reduction in the number of
required grid points (and thereby reduce the computational cost) by letting the grid move
together with the wavepacket (see Fig. 1.5).

We find that the naïve algorithm based on an alternate evolution of the wavefunction
and grid breaks the time reversibility. Instead, by evolving the wavefunction and grid
simultaneously, we could recover the time reversibility. This simultaneous evolution is
achieved by employing the splitting method (see Sec. 1.3.1). The use of the splitting
method here is closely related to the use of this method in Ehrenfest dynamics (shown in
Chapter 5) to overcome the complications arising from the coupling of classical nuclear
and quantum electronic motions. The applicability of the adaptive moving grid algorithm
to high-dimensional quantum dynamics is demonstrated by using the strongly anharmonic
eight-dimensional Hénon–Heiles model [179].

Chapter 7 concludes the thesis: We summarize its main results and contributions, outlining
the possible impact of our work on the field of theoretical physical chemistry. Moreover,
we propose possible future developments.
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Figure 1.5 – Schematic representation of the adaptive moving grid algorithm demonstrates
that, compared with the fixed phase space grid (black line), fewer grid points are required
when the adaptive phase space grid (blue line) is employed because the grid evolves together
with the wavepacket (represented by a red circle at t = 0 and a green circle at t = tf ). The
adaptive moving grid algorithm is expected to work particularly well when the wavepacket
remains localized.
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2 Efficient geometric integrators for
nonadiabatic quantum dynamics
in the adiabatic representation

In this chapter, we propose several implicit geometric integrators applicable regardless of the
form of the molecular Hamiltonian. These integrators will be employed here (and in later
Chapters 3 and 4) to simulate nonadiabatic quantum dynamics in the adiabatic or exact
quasidiabatic representation (see Sec. 1.1) because the popular split-operator algorithms
cannot be used for such simulations (see Sec. 2.1). Like the split-operator algorithms,
the proposed integrators can be composed according to the composition methods from
Sec. 1.3.2 to yield high-order integrators. Thus obtained high-order integrators preserve all
the geometric properties discussed in Sec. 1.2 and are highly efficient, especially if higher
accuracy is desired: The convergence and geometric properties are proven analytically
(Sec. 2.2) and demonstrated numerically (Sec. 2.3) on a two-surface sodium iodide model in
the adiabatic representation. In our numerical example, to reach a reasonable convergence
error of 10−5, a high-order integrator was ten times more efficient than the elementary
second-order integrator and 50% more efficient even than the “non-geometric” second-order
differencing. This chapter has been adapted from Ref. [51].

2.1 Introduction

The split-operator algorithms preserve numerous geometric properties of interest. However,
as discussed in Sec. 1.3.1, their use is limited to systems with Hamiltonians separable
into a sum Ĥ = T (P̂ ) + V(Q̂) of two terms, the first depending only on the momentum
operator and the second only on the position operator. One must use a different time
propagation scheme for systems with a non-separable Hamiltonian: e.g., the nonadiabatic
dynamics in the adiabatic representation [see Eq. (1.9)] and particles in crossed electric
and magnetic fields. The explicit Euler method is the simplest integrator applicable to
non-separable Hamiltonians; it is, however, unstable [47, 48]. The implicit Euler method,
on the other hand, is stable regardless of the size of the time step but requires solving a
large, although sparse, system of linear equations at every time step. Furthermore, the
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method fails to preserve the unitarity, time reversibility, energy conservation, and other
geometric properties of the exact evolution operator.

The second-order differencing method [177, 180, 181] introduces symmetry by combining a
forward and a backward step of the explicit Euler method; this second-order differencing
method is stable for small enough time steps and is explicit, but it does not conserve the
norm or energy exactly. Another issue with this method is that a much too small time
step is required to obtain an accurate solution [182]. This problem has been addressed by
the Chebyshev method [183] and short iterative Lanczos algorithm [181, 184, 185]: Both
methods increase the efficiency of numerical integration remarkably by approximating the
exact evolution operator effectively. However, these methods are neither time-reversible
nor symplectic, and the Chebyshev propagation scheme does not even conserve the norm.

To address the low accuracy or nonconservation of geometric properties by various general
nonadiabatic integrators, we propose time propagation schemes based on symmetric
compositions of the trapezoidal rule (also known as the Crank-Nicolson method [186,
187]) or implicit midpoint method. These elementary methods are unitary, symplectic,
energy-conserving, stable, symmetric, and time-reversible, and thus so are their symmetric
compositions. Furthermore, like any other symmetric second-order algorithm, both the
trapezoidal rule and implicit midpoint methods can be recursively composed (see Sec. 1.3.2)
to obtain integrators of arbitrary order of accuracy in the time step [47, 163, 164, 188].
The final benefit of the proposed geometric integrators is the simple, abstract, and general
implementation of the compositions of the trapezoidal rule and implicit midpoint methods.
Indeed, even these elementary methods themselves are compositions of the simpler explicit
and implicit Euler methods.

2.2 Theory

In order for the presentation here to be consistent with the rest of this chapter, we
restrict our discussion to nonadiabatic quantum dynamics simulations in the adiabatic
representation, i.e., solving the time-dependent Schrödinger equation (1.8). Moreover, for
brevity, in most of this chapter, we omit the subscript and superscript “ad” in Ĥad and ψad

t ,
respectively. The presented integrators, however, apply to any general Hamiltonian: one
can adapt the discussion of this section to solving a general time-dependent Schrödinger
equation

i~
d

dt
ψt = Ĥψt (2.1)

with Hamiltonian Ĥ by replacing Ĥ with Ĥ and ψt with ψt.
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2.2.1 Loss of geometric properties by approximate methods

The approximate time evolution operator Ûappr(∆t) is

Ûexpl(∆t) := 1− i

~
∆t Ĥ (2.2)

in the explicit Euler (expl) method and

Ûimpl(∆t) :=
(

1 + i

~
∆t Ĥ

)−1
(2.3)

in the implicit Euler (impl) method. Both Euler methods are of the first order in the time
step ∆t, and they are neither unitary nor symplectic. Due to their lack of unitarity, the
methods do not conserve energy, even though their evolution operators commute with the
Hamiltonian. Neither method is symmetric; in fact, they are adjoints of each other. Hence,
neither method is time-reversible. The explicit Euler method is unstable, with the distance
between two approximate solutions diverging, i.e.,

Dψexpl,1,ψexpl,2(t)→∞ as t→∞, (2.4)

whereas the implicit Euler method is asymptotically stable (see Fig. 1.3).

The second-order differencing (sod) method [177, 180, 181] recovers symmetry by combining
a forward and a backward step of the explicit Euler method:

ψsod,t+∆t −ψsod,t−∆t = −2 i
~

∆tĤψsod,t. (2.5)

This second-order differencing method can be also obtained directly from the time-dependent
Schrödinger equation by using a finite-difference approximation

ψ̇t ≈
ψt+∆t −ψt−∆t

2∆t . (2.6)

While it is almost as simple as the explicit Euler method to implement, the second-order
differencing has a higher, second-order of accuracy and, in contrast to the explicit Euler
method, it is symmetric, time-reversible, and at least conditionally stable, meaning that
it remains stable for sufficiently small time steps ∆t. The second order differencing does
not conserve the inner product, norm, energy, or symplectic two-form exactly. Yet, it
conserves quantities analogous to the inner product [see Eq. (A.22)], norm [177, 181], energy
[177, 181] [see Eq. (A.35)], and symplectic two-form [see Eq. (A.31)]. The corresponding
exact quantities are conserved only up to the fourth-order in ∆t (see Propositions 5 and 6
of Appendix A).

The properties of the different methods are summarized in Table 2.1; a more thorough
justification of these properties is provided in Appendix A.

Although the explicit and implicit Euler methods are not geometric, composing them in a
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specific way leads to arbitrary-order integrators that preserve many important geometric
properties of the exact solution. Like the elementary methods themselves, the resulting
compositions are applicable to systems with non-separable Hamiltonians.

Table 2.1 – Geometric properties and computational cost of various integrators. Cost is
measured by the number of Fourier transforms required per time step (see Sec. 2.2.3). I is
the number of iterations (e.g., in the generalized minimal residual method [189–191]) for
the implicit step, and n = 0, 1, 2, . . . is the number of recursive compositions. M is the total
number of composition steps per time step (M = 3n for the triple jump [163, 164], and
M = 5n for the Suzuki-fractal [163]). Like in Table 1.1, we use symbols + or − to denote
whether the geometric property is or is not preserved. We use the following abbreviations:
SOD for the second-order differencing, expl. for explicit, impl. for implicit, and SO for the
split-operator algorithm.

Method Order Unitary Symplectic Energy Symmetric Time- Stable Cost
conservation reversible

Elementary methods

1st-order SO 1 + + − − − + 2
Expl. Euler 1 − − − − − − 2D + 2
Impl. Euler 1 − − − − − +1 (2D + 2)(2 + I)

SOD 2 − − − + + +2 2D + 2

Recursively composable symmetric methods

2nd-order SO 2(n+ 1) + + − + + + 2M
Impl. midpoint 2(n+ 1) + + + + + + (2D + 2)(3 + I)M
Trapezoidal rule 2(n+ 1) + + + + + + (2D + 2)(3 + I)M
1 The implicit Euler method is asymptotically stable.
2 Stability holds for time steps that satisfy Eq. (A.51).

2.2.2 Recovery of geometric properties by composed methods

Composing the explicit and implicit Euler methods, each for a time step of ∆t/2, yields
a symmetric second-order method (see Proposition 7 of Appendix A). Depending on the
order of composition, one obtains either the trapezoidal rule (trap)

Ûtrap(∆t) := Ûimpl(∆t/2)Ûexpl(∆t/2), (2.7)

or implicit midpoint method (midp)

Ûmidp(∆t) := Ûexpl(∆t/2)Ûimpl(∆t/2). (2.8)

The trapezoidal rule is also known as the Crank-Nicolson method [186], though the latter
frequently implies a second-order finite-difference approximation to the spatial derivative
in the kinetic energy operator. In contrast, we use the dynamic Fourier method (see
Sec. 2.2.3), which has exponential convergence with grid density (see Appendix B).

Both the trapezoidal rule and implicit midpoint methods are Cayley transforms [192]
of (i∆t/2~)Ĥ and, therefore, are unitary. In addition, both methods are second-order
accurate in the time step; moreover, they are energy-conserving, symplectic, symmetric,
time-reversible, and stable regardless of the size of the time step. Like any symmetric
methods, both methods can be further recursively composed to obtain arbitrary-order
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methods (see Sec. 1.3.2). A summary of the properties is given in Table 2.1, and a detailed
justification is given in Appendix A.

It is necessary to emphasize that the geometric properties of the trapezoidal rule and
implicit midpoint methods are only preserved if the implicit step, which involves solving
a set of linear equations, is executed exactly (or, in practice, to machine accuracy). We
solved the system of equations using the generalized minimal residual method [189–191]: an
iterative method based on Arnoldi process [193, 194]. It was an appropriate choice because
the matrix being inverted was not positive-definite, symmetric, skew-symmetric, Hermitian,
or skew-Hermitian, and therefore neither conjugate gradient nor minimal residual method
was applicable [191]. The initial guess for the implicit step was approximated with the
explicit Euler method since for small time steps, the solutions from the explicit and implicit
Euler methods differ only by (∆t/~)2Ĥ2ψt. For a detailed algorithm of the generalized
minimal residual method, see Refs. [189–191] and the supplementary material for Ref. [195].

Theorem. All compositions of the trapezoidal rule or implicit midpoint method are unitary,
symplectic, stable, and energy-conserving. All symmetric compositions are symmetric and
therefore time-reversible.

Proof. We prove the theorem in much greater generality. Indeed, a composition of any
unitary operators Û1 and Û2 is unitary since

(Û2Û1)† = Û†1Û†2 = Û−1
1 Û−1

2 = (Û2Û1)−1.

A composition of any symplectic operators is symplectic since

ωqm(Û2Û1ψ1, Û2Û1ψ2) = ωqm(Û1ψ1, Û1ψ2) = ωqm(ψ1,ψ2).

A composition of any energy-conserving operators conserves energy since

〈Ĥ〉Û2Û1ψ
= 〈Ĥ〉Û1ψ

= 〈Ĥ〉ψ.

However, a composition of two symmetric operators is, in general, not symmetric:

(Û2Û1)∗ = Û∗1Û∗2 = Û1Û2 6= Û2Û1.

It is only symmetric if the two operators commute or if it is a symmetric composition, e.g.,

(Û1Û2Û1)∗ = Û∗1Û∗2Û∗1 = Û1Û2Û1.

Finally, a composition of time-reversible operators is not necessarily time-reversible since

Û2(−∆t2)Û1(−∆t1)Û2(∆t2)Û1(∆t1) = Û2(∆t2)−1Û1(∆t1)−1Û2(∆t2)Û1(∆t1) 6= 1.

The composition is time-reversible if the two operators commute or if it is a symmetric
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composition, e.g.,

Û1(−∆t1)Û2(−∆t2)Û1(−∆t1)Û1(∆t1)Û2(∆t2)Û1(∆t1)

= Û1(∆t1)−1Û2(∆t2)−1Û1(∆t1)−1Û1(∆t1)Û2(∆t2)Û1(∆t1) = 1.

2.2.3 Dynamic Fourier method

To propagate the wavepacket using the explicit or implicit Euler method, or one of their
compositions (see Secs. 2.2.1 and 2.2.2), only the action of the Hamiltonian operator Ĥ on
ψt is required, provided that the implicit steps are solved iteratively. The dynamic Fourier
method [50, 160, 177, 178] is an efficient approach to compute A(X̂)ψt, where A(X̂) is
an arbitrary S × S matrix (i.e., an electronic operator) that is a function of X̂, denoting
either the nuclear position (Q̂) or momentum (P̂ ) operator. Each action of A(X̂) on ψt is
evaluated in the X-representation (in which X̂ is a diagonal operator) by simple matrix-
vector multiplication, after Fourier transforming ψt to change the representation only if
required. On a grid of N points, A(X̂)ψt is evaluated as A(Xi)ψt(Xi), i ∈ {1, . . . , N},
where ψt(X) is the wavepacket in the X-representation and Xi are either the position
or momentum grid points. Each action of the adiabatic Hamiltonian matrix (1.9) on a
molecular wavepacket ψt requires 2D + 2 changes of the wavepacket’s representation.

2.2.4 Molecular Hamiltonian in the adiabatic basis

As discussed in Sec. 1.1, it is, in general, not possible to eliminate the nonadiabatic
couplings Fad and Gad through diabatization. However, if the system has only one nuclear
degree of freedom, the strictly diabatic Hamiltonian

Ĥsd = P̂ 2

2M 1 + Vsd(Q̂) (2.9)

can be obtained as an exact coordinate-dependent unitary transformation of the adiabatic
Hamiltonian Ĥad, i.e., in one-dimensional systems, one can find a unitary transformation
matrix T(Q̂) that satisfies

Ĥsd = T(Q̂)ĤadT(Q̂)†. (2.10)

In fact, the one-dimensional, two-surface (D = 1, S = 2) model of sodium iodide (NaI) [17],
used to demonstrate the geometric and convergence properties of the presented integrators,
is defined originally in the diabatic representation. This model is motivated by the seminal
experiment by Mokhtari et al. [18]. The strictly diabatic Hamiltonian in the model takes
form (2.9) with the potential energy matrix

Vsd(Q) =
(
Vionic(Q) Vcpl(Q)
Vcpl(Q) Vneutral(Q)

)
(2.11)
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consisting of the ionic potential

Vionic(Q) :=
(
ai
Q

)8
e−Q/ρ − q2

e

Q
− q2

e(λ+ + λ−)
2Q4 − bi

Q6 −
2q2
eλ+λ−
Q7 + ∆E0, (2.12)

neutral potential
Vneutral(Q) := ane

−βn(Q−Q0), (2.13)

and the Gaussian diabatic coupling

Vcpl(Q) := ace
−βc(Q−Qc)2

. (2.14)

The parameters in the elements (2.12)–(2.14) of the potential energy matrix were chosen
following Ref. [17] and are summarized in Table 2.2; we use atomic units (a.u.), and
therefore the reduced Planck constant ~, elementary charge qe, Bohr radius a0, and electron
mass m are all unity by definition.

Table 2.2 – Summary of the parameters in the sodium iodide model given in atomic units
(a.u.). The parameters of the ionic potential are taken from Ref. [196], the parameters of
the neutral potential are taken from Ref. [197], and the parameters of the diabatic coupling
are chosen to fit the energy gap from Ref. [198].

Ionic Neutral Coupling

ai 8.08 an 0.0299 ac 0.00020
bi 3.00 βn 2.16 βc 0.194
λ+ 2.75 Q0 5.05 Qc 13.1
λ− 43.4
ρ 0.659

∆E0 0.0763

The adiabatic Hamiltonian Ĥad is obtained by the transformation

Ĥad = T(Q̂)†ĤsdT(Q̂) (2.15)

that is an inverse of transformation (2.10), where the transformation matrix

T(Q) = 1√
Vcpl(Q) + ∆(Q)2

(
Vcpl(Q) −∆(Q)
∆(Q) Vcpl(Q)

)
(2.16)

diagonalizes the strictly diabatic potential energy matrix Vsd(Q). In Eq. (2.16), we have
introduced and used ∆(Q) := E1(Q)−Vionic(Q) = −[E2(Q)−Vneutral(Q)]; the two adiabatic
energies

E1,2(Q) = V̄ (Q)±
√

[∆V (Q)/2]2 + Vcpl(Q)2 (2.17)

depend on the average V̄ (Q) := [Vionic(Q) + Vneutral(Q)]/2 and difference ∆V (Q) :=
Vneutral(Q)− Vionic(Q) of the neutral and ionic potential energies.
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Finally, the transformed kinetic energy operator is

1
2MT(Q̂)†P̂ 2T(Q̂) = 1

2M [P̂ 21− 2i~T(Q̂)†T′(Q̂)P̂ − ~2T(Q)†T′′(Q̂)], (2.18)

and by comparing with Eq. (1.9), we see that, in the adiabatic basis, the nonadiabatic
couplings are given as

Fad(Q) = T(Q)†T′(Q) (2.19)

Gad(Q) = T(Q)†T′′(Q). (2.20)

We re-express the transformed kinetic energy operator (2.18) as a much simpler, exactly
Hermitian form

1
2M [P̂1− i~Fad(Q̂)]2 (2.21)

using the relationship
Gad(Q) = F′ad(Q) + Fad(Q)2 (2.22)

between the nonadiabatic couplings in Eqs. (2.19) and (2.20). Relationship (2.22) holds—
exceptionally—for systems, such as the NaI model, that can be represented exactly by a
finite number of states; in general, this relationship only holds when S →∞ (see Chapter 3
for further details). Evaluating Eq. (2.19), with transformation matrix (2.16), yields the
exact expression

Fad(Q) =
(

0 Fcpl(Q)
−Fcpl(Q) 0

)
(2.23)

for the nonadiabatic vector coupling, where

Fcpl(Q) =
V ′cpl(Q)∆(Q)− Vcpl(Q)∆′(Q)

Vcpl(Q)2 + ∆(Q)2 . (2.24)

2.3 Results and discussion

We test the geometric and convergence properties of the integrators presented in Secs. 2.2.1
and 2.2.2 on a simple one-dimensional (D = 1), two-surface (S = 2) model [17] of NaI.
Owing to the exceptional existence of the strictly diabatic Hamiltonian (see Sec. 2.2.4),
we could compare the proposed integrators, applied in the adiabatic basis, with the split-
operator algorithm, which can only be employed in the diabatic basis [52]. Such a rigorous
comparison is, in general, not possible because the split-operator algorithm requires the
strict diabatization of the adiabatic Hamiltonian, and this cannot be done exactly for ab
initio potential energy surfaces in higher dimensions unless S →∞.

Before the electronic excitation, the NaI molecule was assumed to be in the ground
vibrational eigenstate of a harmonic fit to the ground-state potential energy surface at the
equilibrium geometry. This vibrational wavepacket was then lifted to the excited-state
surface to obtain an initial Gaussian wavepacket (Q0 = 5 a.u., P0 = 0 a.u., σ0 = 0.1 a.u.)
for the nonadiabatic dynamics. This use of the sudden approximation assumes the validity
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of the Condon and ultrashort pulse approximations and the time-dependent perturbation
theory during the excitation process. The nonadiabatic dynamics was then performed by
solving the time-dependent Schrödinger equation using the dynamic Fourier method (see
Sec. 2.2.3) on a uniform grid with 2048 points between Q = 3.8 a.u. and Q = 47 a.u. In
Appendix B, we show that a wavepacket represented on such a grid is converged for the
entire duration of the dynamics. A long-enough propagation time, tf = 10500 a.u., was
chosen so that the wavepacket traverses the avoided crossing and simultaneously witnesses
the change of the nature of the excited adiabatic state from covalent to ionic. Panel (a)
of Fig. 2.1 shows that the two adiabatic states are coupled significantly near the avoided
crossing (see also Fig. 1.1). As the wavepacket passes through this avoided crossing, a small
population transfer occurs to the dissociative ground state, while most of the wavepacket
remains in the bound excited adiabatic state [see panel (b)]. Panel (b) of Fig. 2.1 also
confirms that the converged populations obtained with the different integrators agree on the
scale visible in the figure; in particular, the results obtained with the integrators designed
for the adiabatic basis agree with each other and also with the results of the split-operator
algorithm in the diabatic basis.

0.9

1.0

P2

(b)

SOD

Trapezoidal

Midpoint

Split-operator

0 5000 10000

t (a.u.)

0.0

0.1

P1

5 10 15 20 25

Q (a.u.)

0.00

0.25

0.50

0.75

1.00

E
n
(Q

)
(a

.u
.)

or
|ψ
t(
Q

)|/
3

(a)

E1(Q)

E2(Q)

|Fcpl(Q)|
ψad

1,t=tf
(Q)

ψad
2,t=0(Q)

ψad
2,t=tf

(Q)

P n

Figure 2.1 – Nonadiabatic dynamics of NaI. (a) Adiabatic potential energy surfaces with
the initial (t = 0) and final (t = tf ) nuclear wavepacket components in the ground and
excited adiabatic electronic states. [The initial molecular wavepacket is in the excited state,
and therefore the ground-state component ψ1,t=0(Q) = 0 is not shown.] (b) Ground- and
excited-state populations of NaI computed with four different second-order methods: SOD
stands for the second-order differencing. The populations were propagated with a time
step ∆t = 0.01 a.u., i.e., much more frequently than the markers suggest. The small time
step guaranteed wavepacket convergence errors below ≈ 10−6 in all methods.

To compare various integrators quantitatively, it is essential to “zoom in” and inspect
the convergence error at the final time t = tf ; after all, the dynamic Fourier method
[50, 160, 177] is expected to describe the wavepacket extremely accurately. In our setting,
the time discretization error at time t is defined as the distance Dψ(∆t),ψ(∆t/2)(t) between the
wavepacket ψ(∆t)

t propagated with the time step ∆t and the wavepacket ψ(∆t/2)
t propagated

with the half time step ∆t/2. We omit the split-operator algorithm, which served as a
benchmark in Fig. 2.1, from the following analysis because this algorithm is not applicable
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to time propagation in the adiabatic representation. For separable Hamiltonians, such as
the approximate quasidiabatic and strictly diabatic Hamiltonians (see Chapter 3), the split-
operator algorithms are more efficient than the proposed integrators of the corresponding
order (see Table 2.1 and Ref. [52]).

Figure 2.2 confirms, for each algorithm, the asymptotic order of convergence predicted
in Secs. 2.2.1 and 2.2.2. Recall that the trapezoidal rule and implicit midpoint methods
are obtained by composing the explicit and implicit Euler methods, and that the higher-
order methods are obtained from the trapezoidal rule or implicit midpoint method by
employing the triple jump, Suzuki-fractal, or optimal composition method. In Fig. 2.2
and all following figures, we omit the results of the implicit midpoint method and of
its compositions because they overlap almost perfectly with the corresponding results
for the trapezoidal rule method. It is clear that, for a given order of convergence, the
prefactor of the error is the largest for the triple jump composition [163, 164], intermediate
for the optimally composed [167, 168] method, and smallest for the Suzuki-fractal [163]
composition [see, e.g., panel (c) of Fig. 2.2]. Note, however, that due to its large number of
composition steps per time step, the Suzuki-fractal method is often not the most efficient:
typically, the optimal composition method is (see, e.g., Fig. 2.3). The correct order of
convergence of the composed methods is only guaranteed if the elementary second-order
method is exactly symmetric, which requires that the systems of linear equations arising
from implicit steps are solved numerically exactly. We obtain numerically exact solutions
to these implicit steps using the generalized minimal residual method.

In Section 2.2.1, we mentioned the instability of the explicit Euler method and the
conditional stability of the second-order differencing. Both properties are reflected in
panel (a) of Fig. 2.2 in the divergence of the errors of the two methods for large time
steps. The critical time step for the second-order differencing is ∆t ≈ 0.5 a.u., whereas
the explicit Euler method is unstable regardless of ∆t, but the effect of instability is more
clearly visible for larger time steps. In contrast, the trapezoidal rule, implicit midpoint
method, and their compositions are stable, but implicit, and therefore require the solution
of systems of linear equations. These methods could not be used beyond a certain time
step (maxk |γk|∆t ≈ 100 a.u. for both the trapezoidal rule and implicit midpoint methods)
because the iterative generalized minimal residual algorithm did not converge for very
large ∆t.

The efficiency of an algorithm cannot be judged solely from the convergence error for a given
time step ∆t because the number of composition steps depends on the composition scheme
and, indeed, grows exponentially for the triple-jump and Suzuki-fractal compositions.
Figure 2.3 displays the convergence error Dψ(∆t),ψ(0)(tf ) as a function of the computational
cost, which we measure by the central processing unit (CPU) time; ψ(0)

t is the wavepacket
propagated using an infinitesimal time step (in practice, using the optimally composed
tenth-order trapezoidal rule with ∆t = 0.01 a.u.). Among the elementary first-order and
second-order methods, compared in panel (a), the second-order differencing, which does not
require the solution of a system of linear equations, is the most efficient. The comparison
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Figure 2.2 – Convergence of the molecular wavefunction as a function of the time step. Gray
straight lines indicate various predicted orders of convergence O(∆tp). (a) All discussed
methods: explicit and implicit E stand for the explicit and implicit Euler methods. (b)
Methods composed through Suzuki’s fractals. (c) Sixth-order methods.

of the geometric integrators based on the trapezoidal rule [in panel (b)] shows that the
fourth-order Suzuki composition takes less CPU time to achieve convergence error as high as
10−2 than the elementary trapezoidal rule. Even when compared with the “non-geometric”
second-order differencing, this fourth-order geometric integrator achieves a 50% speedup
to reach 10−5 convergence error [see panel (c)]. For a more dramatic example, the CPU
time required to reach an error of 10−10 is roughly 1000 times longer for the original
trapezoidal rule than for its optimal 8th-order composition. (In Ref. [52], we confirm that
this gain in efficiency holds in higher dimensions by applying the compositions of the
trapezoidal rule to the nonadiabatic dynamics in a three-dimensional model of pyrazine
in the approximate quasidiabatic representation [199].) Panels (b) and (c) confirm that
the optimal compositions are the most efficient among the composition methods of the
same order (the Suzuki-fractal is the optimal fourth-order composition scheme). Finally,
note that the dependence of CPU time on the error in Fig. 2.3 is not monotonous for the
integrators with implicit steps: For larger time steps, the convergence of the numerical
solution to the system of linear equations required more iterations, and as a result, both
the error and CPU time increased together for time steps larger than a certain critical
value.

Besides increased efficiency, another benefit of the algorithms based on the composition
of the trapezoidal rule or implicit midpoint method is the conservation of the geometric
properties of the exact evolution operator. Conservation of energy, norm, symplectic two-
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Figure 2.3 – Efficiency of various methods shown using the dependence of the convergence er-
ror on the computational cost. Results of the elementary trapezoidal rule were extrapolated
using the line of best fit to highlight the speedup achieved with higher-order compositions.
(a) Elementary methods, (b) methods of second and higher orders of accuracy in the time
step, and (c) zoomed-in version of panel (b).

form, and time reversibility by the trapezoidal rule and its compositions is demonstrated
in Fig. 2.4. Time reversibility is measured by the distance of an initial state ψ0 from the
forward-backward state Û(−t)Û(t)ψ0. The tiny residual errors (< 2 · 10−12 in all cases) of
the invariants merely result from accumulated numerical errors of the fast Fourier transform
and generalized minimal residual algorithm. In contrast, the second-order differencing only
approximately conserves energy, norm, and symplectic two-form with much larger O(∆t4)
errors (see Propositions 5 and 6 of Appendix A). Although the second-order differencing
is time-reversible in theory, its practical implementation is not. For the second-order
differencing to be exactly time-reversible, the wavepackets both at time t = 0 and t = −∆t
would have to be known exactly before the start of the simulation. However, because
only ψ0 is typically available, ψ−∆t must be approximated with explicit methods, such
as the second-order Runge–Kutta scheme [177]. None of the four geometric properties or
any analogous quantities is conserved by the Euler methods. The explicit Euler method
is unstable regardless of ∆t and will, for long enough times, result in a divergent norm
even for a very small ∆t, implying that also the wavefunction will have an error increasing
beyond any bound. As for the implicit Euler method, its error of the norm converges to
−1 because ‖ψimpl,t‖ → 0 as t→∞.
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Figure 2.4 – Conservation of (a)–(c) energy, (d)–(f) norm, (g)–(i) symplectic two-form, and
(j)–(l) time reversibility by the Euler and second-order differencing methods [panels (a),
(d), (g), and (j)], elementary second-order methods [panels (b), (e), (h), and (k)], and
composed methods [panels (c), (f), (i), and (l)]. State φ0 is a Gaussian wavepacket with
Q0 = 5.05 a.u., P0 = 2.5 a.u., and σ0 identical to that of ψ0. For the Euler and second-order
differencing methods time step of ∆t = 0.5 a.u. was used to ensure the stability of the
second-order differencing. For all other methods, ten times larger time step (∆t = 5
a.u.) was used to highlight that the exact conservation of invariants is independent of the
accuracy of the wavefunction itself.

2.4 Conclusion

We have described the geometric integrators for nonadiabatic quantum dynamics in the
adiabatic representation, in which the popular split-operator algorithms cannot be used
due to the nonseparability of the Hamiltonian into its kinetic and potential terms. The
proposed methods are based on the symmetric composition of the trapezoidal rule or
implicit midpoint method and, as a result, are symmetric, stable, and energy-conserving.
In addition, these methods are unitary, symplectic, and time-reversible. We have shown
that unlike the original trapezoidal rule or implicit midpoint method, which are only
second-order, their recursive symmetric compositions can achieve accuracy of arbitrary
even order in the time step.

We have proven all these geometric and convergence properties analytically as well as
demonstrated them numerically on a one-dimensional, two-surface model of NaI photodis-
sociation. As expected, the higher-order integrators reduced the required computational
time significantly when higher accuracy was required. For example, even to achieve a
moderate wavefunction convergence error of 10−5, tenfold reduction in the computational
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cost was observed by using higher-order methods compared to the elementary trapezoidal
rule method. Probably, the Chebyshev method [183, 200] and short iterative Lanczos
method [184, 185] are more efficient in this and other typical systems, but these methods
do not conserve exactly all the invariants conserved by the described geometric integrators.

In the following, we shall make use of the proposed geometric integrators’ capability
of simulating nonadiabatic quantum dynamics efficiently regardless of the form of the
molecular Hamiltonian: In Chapter 3, we explore the different representations of the
molecular Hamiltonian to find the one most suitable for nonadiabatic simulations at a
conical intersection. In Chapter 4, we study the significance of the residual nonadiabatic
couplings in the quasidiabatic Hamiltonian.
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3 Which form of the molecular
Hamiltonian is the most suitable
for simulating the nonadiabatic
quantum dynamics at a conical
intersection?

One of the challenges faced by accurate simulations of quantum dynamics in the region of
conical intersections is choosing the most suitable form of the Hamiltonian. We employ the
generally applicable geometric integrators presented in Chapter 2 to perform a rigorous
comparison of the adiabatic, exact quasidiabatic, approximate quasidiabatic, and strictly
diabatic Hamiltonians (see Sec. 1.1). The high accuracy of the integrators from Chapter 2
allowed us to separate numerical errors from the errors due to the use of the different
Hamiltonians. We perform the rigorous numerical comparison on the quadratic Jahn–
Teller model, where all the different Hamiltonians can—exceptionally—be defined exactly,
and find that only the rarely employed exact quasidiabatic Hamiltonian yields nearly
identical results to the benchmark results of the strictly diabatic Hamiltonian, which is not
available in general. In this model and with the same Fourier grid, the commonly employed
approximate quasidiabatic Hamiltonian leads to inaccurate wavepacket dynamics, while the
Hamiltonian in the adiabatic basis is the least accurate due to the singular nonadiabatic
couplings at the conical intersection. This chapter has been adapted from Ref. [54].

3.1 Introduction

As introduced in Sec. 1.1, simulating the nonadiabatic quantum dynamics at a conical
intersection using the adiabatic Hamiltonian (1.9), obtained directly from the electronic
structure calculations, is problematic due to both the geometric phase effect [95–102] and
singular nonadiabatic couplings Fad(Q) and Gad(Q) [11]. These issues can be rectified
by a unitary transformation into the equivalent exact quasidiabatic Hamiltonian. Unlike
the adiabatic electronic states, only coupled through the nonadiabatic couplings, the
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quasidiabatic states have both the (likely small) residual nonadiabatic couplings and the
diabatic couplings: the off-diagonal elements of the potential energy matrix. However, the
exact quasidiabatic Hamiltonian is seldom used for nonadiabatic simulations; instead, the
approximate quasidiabatic Hamiltonian, which omits the residual nonadiabatic couplings,
is almost always used. The separable form of the approximate quasidiabatic Hamiltonian
allows using a wider range of time propagation schemes [47, 181, 183, 185] (including the
well-known split-operator algorithm [49, 50, 160]), but ignoring the residual nonadiabatic
couplings may be detrimental to the accuracy depending on the system, initial state,
and employed quasidiabatization scheme [55]. The strictly diabatic Hamiltonian, with
only diabatic couplings and no nonadiabatic couplings, would be the most suitable for
nonadiabatic quantum dynamics simulations, but, in typical systems, the strictly diabatic
states only exist when an infinite number of electronic states are considered [81, 105].

Advantages and disadvantages of the different forms of the molecular Hamiltonian have
been explored by numerous comparisons of the nonadiabatic dynamics simulated with
these different Hamiltonians: To name a few, there exist comparisons between the strictly
diabatic and approximate quasidiabatic Hamiltonians [81, 169, 173, 201, 202], between
the adiabatic and approximate quasidiabatic Hamiltonians [122, 203, 204], between the
adiabatic and exact quasidiabatic Hamiltonians [205, 206], and between the adiabatic
and strictly diabatic Hamiltonians [101, 207, 208]. To the best of our knowledge, no
study has compared all four different Hamiltonians—the adiabatic, exact quasidiabatic,
approximate quasidiabatic, and strictly diabatic Hamiltonians—on a single system. A
rigorous comparison is challenging because one must have both an appropriate system,
where the different Hamiltonians are defined exactly, and a highly accurate numerical
integrator, which allows separating numerical errors from the errors due to using different
forms of the Hamiltonian.

The two-dimensional (D = 2), two-state (S = 2) quadratic Jahn–Teller model [112, 115, 169,
170] is perfect for this comparison because analytical expressions exist for potential energy
surfaces and nonadiabatic couplings, in both the adiabatic and quasidiabatic representations,
and because this model—exceptionally—has the strictly diabatic Hamiltonian. Despite
its low-dimensionality, this E ⊗ e Jahn–Teller model provides an exemplary description
of realistic conical intersections because the two nuclear degrees of freedom included in
the model span the so-called g-h plane [34, 80]. In particular, the model exhibits both the
lifting of conical intersection degeneracy, resulting from the coupling between the electronic
and nuclear motions [34], and the geometric phase effect.

As for high-accuracy numerical integrators, the split-operator algorithms [49, 50, 160] are
applicable to both the approximate quasidiabatic and strictly diabatic Hamiltonians because
these Hamiltonians are separable (see Sec. 1.3.1). In contrast, neither the adiabatic nor exact
quasidiabatic Hamiltonian is separable due to the nonvanishing nonadiabatic couplings.
Although the split-operator algorithms cannot be used for these Hamiltonians, as presented
in Chapter 2, the wavepacket can be propagated with the implicit midpoint method [47, 48].
Both the split-operator and implicit midpoint methods preserve most geometric properties
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of the exact solution (see Table 2.1) and, in addition, can be symmetrically composed
[47, 163, 164, 167] to obtain integrators of arbitrary even order of accuracy in the time
step [51, 52].

Taking advantage of the suitable model and high-order geometric integrators, we compare
numerically the wavepackets and observables obtained from simulations with the four
different Hamiltonians: the adiabatic, exact quasidiabatic, approximate quasidiabatic, and
strictly diabatic Hamiltonians.

3.2 Theory

To discuss how we incorporate the geometric phase effect correctly in the adiabatic repre-
sentation, it is convenient to further generalize the approximate ansatz (1.7) by introducing
the coordinate-dependent phase factor eiAn(Q) associated with each nth adiabatic electronic
state:

|Ψt(Q)〉 =
S∑
n=1

[ψad
n,t(Q)e−iAn(Q)][eiAn(Q)|ϕad

n (Q)〉]. (3.1)

One is free to choose an overall phase An(Q) because if |ϕad
n (Q)〉 is a normalized solution

to the electronic time-independent Schrödinger equation (1.5), then so is eiAn(Q)|ϕad
n (Q)〉.

However, unless An(Q) is chosen carefully, the adiabatic states and, thus, also the corre-
sponding nuclear wavepackets undergo a sign change along a closed path encircling a conical
intersection [8, 95–102, 209–212]. In Sec. C.1 of Appendix C, we show that neglecting this
double-valuedness of the wavepackets is detrimental to accuracy. Instead, in the rest of
this chapter, we set phases An(Q) appropriately (see Sec. C.2 of Appendix C) to ensure
the single-valuedness of both the adiabatic states and the wavepackets. In other words, we
include the geometric phase in the adiabatic states in order to obtain the best possible
results in the adiabatic representation. From now on, we absorb the overall phase factors
e−iAn(Q) and eiAn(Q) into the nuclear wavefunctions ψad

n,t(Q) and adiabatic states |ϕad
n (Q)〉.

At a conical intersection, the singularities of nonadiabatic couplings Fad(Q) and Gad(Q)
(see Sec. 1.1) cause problems for quantum dynamics simulations (e.g., for grid-based
methods, an infinitely dense grid would be required to describe the singularity). These
singularities, however, can be removed by transforming the adiabatic Hamiltonian (1.9) to
the quasidiabatic basis

|ϕqd
n (Q)〉 =

S∑
m=1
|ϕad
m (Q)〉[S(Q)†]mn (3.2)

and thus obtaining the exact quasidiabatic Hamiltonian

Ĥqd-exact = S(Q̂)ĤadS(Q̂)† = 1
2M [P̂ 21− 2i~Fqd(Q̂) · P̂ − ~2Gqd(Q̂)] + Vqd(Q̂), (3.3)

where [Vqd(Q)]mn := 〈ϕqd
m (Q)|Hel(Q)|ϕqd

n (Q)〉 is the nondiagonal quasidiabatic potential
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energy matrix, while

[Fqd(Q)]mn := 〈ϕqd
m (Q)|∇ϕqd

n (Q)〉, [Gqd(Q)]mn := 〈ϕqd
m (Q)|∇2ϕqd

n (Q)〉

are the residual vector and scalar couplings, respectively. Note that the molecular state
|Ψt(Q)〉 from Eq. (1.7) is independent of the choice of basis because the transformation (3.2)
from the adiabatic to quasidiabatic electronic basis is accompanied by a simultaneous
transformation

ψqd
n,t(Q) =

S∑
m=1

[S(Q)]nmψad
m,t(Q) (3.4)

of nuclear wavefunctions.

Different transformation matrices S(Q) are obtained by different quasidiabatization schemes
[91], which include the block-diagonalization of the reference Hamiltonian matrix [173, 213–
215], integration of the nonadiabatic couplings [107, 108, 216–218], use of the molecular
properties [219–225], and construction of regularized quasidiabatic states [169, 201, 226].
We have chosen the regularized diabatization scheme because it is simple to implement and
because it removes the conical intersection singularity reliably and efficiently [103]. The
choice of quasidiabatization affects the magnitude of the residual couplings and, therefore,
their importance for the accuracy of nonadiabatic simulations (see Chapter 4).

One can solve the time-dependent Schrödinger equation in the quasidiabatic representation,
instead of the adiabatic representation, to obtain the exact solution

ψqd-exact
t := Ûqd-exact(t)ψqd-exact

0 ≡ exp(−itĤqd-exact/~)ψqd-exact
0 , (3.5)

which is equivalent to the solution

ψad
t := Ûad(t)ψad

0 (3.6)

obtained in the adiabatic representation: the two wavepackets ψqd-exact
t and ψad

t in the
quasidiabatic and adiabatic representations are related by the transformation

ψqd-exact
t = S(Q̂)ψad

t . (3.7)

However, it is much more common to use the simpler approximate quasidiabatic Hamiltonian

Ĥqd-approx = P̂ 2

2M 1 + Vqd(Q̂) (3.8)

instead of Ĥqd-exact to propagate the initial state. This approximation is typically justified,
albeit only heuristically, by referring to the “small” magnitude of the residual nonadiabatic
couplings. Nevertheless, the solution

ψqd-approx
t := Ûqd-approx(t)ψqd-approx

0 ≈ ψqd-exact
t (3.9)

obtained using Ĥqd-approx is not exact and would still be only approximate even if evaluated
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numerically exactly, i.e., ψqd-approx
t 6= S(Q̂)ψad

t for t 6= 0. At t = 0, the initial exact
quasidiabatic and approximate quasidiabatic states are identical:

ψqd-exact
0 = ψqd-approx

0 = S(Q̂)ψad
0 . (3.10)

Using the archetypal quadratic E ⊗ e Jahn–Teller model [169, 170], we have numerically
compared the three different solutions: ψad

t , ψqd-exact
t , and ψqd-approx

t . In this model, two
electronic states labeled by n = 1 and n = 2 are coupled by doubly degenerate normal
modes Q1 and Q2. Whenever convenient, we express the potential energy surface in polar
coordinates: the radius ρ(Q) :=

√
Q2

1 +Q2
2 and polar angle φ(Q) := arctan (Q2/Q1) in the

g-h plane [34, 80] formed by the two degenerate normal modes [169, 170]. In this chapter,
we work in natural units (n.u.) by setting k = M = ~ = 1 n.u., where M is the mass
associated with the degenerate normal modes (which differs from the electron mass used
in atomic units), and ~ω = ~

√
k/M = 1 n.u. is the quantum of the vibrational energy of

these modes [112, 170].

Although the strictly diabatic Hamiltonian

Ĥsd = P̂ 2

2M 1 + Vsd(Q̂) (3.11)

does not exist in general, it may exist exceptionally and, in fact, is used to define the
Jahn–Teller model [112, 169–172]. In Eq. (3.11), the diabatic potential energy matrix

Vsd(Q) =
(
Ediag(Q) Ecpl(Q)
Ecpl(Q)∗ Ediag(Q)

)
(3.12)

depends on the quadratic potential energy

Ediag(ρ) := kρ2/2 (3.13)

and Jahn–Teller coupling [171]

Ecpl(ρ, φ) := f(ρ)e−iφ + c2ρ
2e2iφ, (3.14)

where f(ρ) := c1ρ. In our study, the coupling coefficients were c1 = 1 n.u. and c2 = 0.25 n.u.
To simplify the following presentation, we rewrite Ecpl(Q) as Ecpl(Q) = |Ecpl(Q)|e−2iθ(Q)

using the mixing angle

θ(ρ, φ) := 1
2 arctan f(ρ) sinφ− c2ρ

2 sin 2φ
f(ρ) cosφ+ c2ρ2 cos 2φ. (3.15)

The adiabatic states in the Jahn–Teller model are obtained by a process inverse to
diabatization, i.e., by a unitary transformation of the strictly diabatic states using any
matrix that diagonalizes Vsd(Q). To ensure the single-valuedness of the resulting adiabatic
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electronic states (see Sec. C.2 of Appendix C), we employed the transformation matrix

T(Q) = 1√
2

(
e−iθ+(Q) e−iθ−(Q)

eiθ−(Q) −eiθ+(Q)

)
, (3.16)

where we have defined and used θ±(Q) := θ(Q)± θ1(Q), with θ1(Q) := φ/2, to simplify
matrix (3.16). In the resulting adiabatic representation, the diagonal potential energy
matrix Vad(Q) has elements E1(Q) = E+(Q) and E2(Q) = E−(Q), where

E±(Q) := Ediag(Q)± |Ecpl(Q)|. (3.17)

Matrix elements of Vad(Q) and Vsd(Q) are plotted in Fig. 3.1.

Q1 (n.u.) Q2
(n.u.)

E
n (Q

)
(n

.u
.)

E
d

ia
g (Q

)
(n

.u
.)

|E
cp

l (Q
)|

(n
.u

.)

Figure 3.1 – Potential energy surfaces in the quadratic E ⊗ e Jahn–Teller model around
the conical intersection Q = QCI = 0. (a) Adiabatic potential energy surfaces E1(Q) =
E+(Q) (red) and E2(Q) = E−(Q) (green), i.e., the two elements E1(Q) and E2(Q) of the
diagonal matrix Vad(Q) touch each other at the conical intersection. (b) Diagonal elements
[Vqd(Q)]11 = [Vqd(Q)]22 = [Vsd(Q)]11 = [Vsd(Q)]22 = Ediag(Q) of the quasidiabatic and
strictly diabatic potential energy matrices are shown together because they are all equal.
(c) Off-diagonal complex couplings [Vqd(Q)]12, [Vqd(Q)]21, [Vsd(Q)]12, and [Vsd(Q)]21 all
have the same magnitude |Ecpl(Q)|.

Transformation (3.16) also yields analytical expressions for the nonadiabatic vector cou-
plings [170, 171]

Fad(Q) = −i
(

∇θ1(Q) e2iθ1(Q)∇θ(Q)
e−2iθ1(Q)∇θ(Q) ∇θ1(Q)

)
(3.18)

40



3.2. Theory

and for the nonadiabatic scalar couplings

Gad(Q) =
(

X−(Q) e2iθ1(Q)Y+(Q)
−e−2iθ1(Q)Y−(Q) X+(Q)

)
, (3.19)

where X±(Q) := [∇θ(Q)]2 + [∇θ1(Q)]2 ± i∇2θ1(Q) and Y±(Q) := ±2[∇θ(Q)] · [∇θ1(Q)]−
i∇2θ(Q) were defined and used to simplify Eq. (3.19). Unlike the potential energy Vad(Q),
the nonadiabatic couplings Fad(Q) and Gad(Q) are affected by overall phases of the
adiabatic states. One of the most standard choices [169, 170] of An(Q) results in zero
diagonal elements of Fad(Q) and double-valued adiabatic states (see Sec. C.2 of Appendix C);
instead, we have chosen the phases An(Q) so that the adiabatic states are single-valued
and Fad(Q) contains nonzero diagonal elements [see Eq. (3.18)].

As expected, the nonadiabatic couplings diverge at the conical intersection at ρ = 0 since
the azimuthal component of ∇θ(Q) is

ρ−1∂θ(ρ, φ)
∂φ

= f(ρ)2 − 2c2
2ρ

4 − c2ρ
2f(ρ) cos 3φ

2ρ|Ecpl(ρ, φ)|2
ρ→0−−−→∞. (3.20)

In the quadratic E ⊗ e Jahn–Teller model, the regularized diabatization scheme [169, 201,
226] can be implemented analytically. The adiabatic to quasidiabatic transformation matrix

S(Q) = 1√
2

(
e−iθ1,+(Q) e−iθ1,−(Q)

eiθ1,−(Q) −eiθ1,+(Q)

)
(3.21)

is obtained simply by replacing θ(Q) with θ1(Q) in Eq. (3.16) for T(Q), i.e., θ1,±(Q) :=
θ1(Q)± θ1(Q). [Like Fad(Q) and Gad(Q), the transformation matrices T(Q) and S(Q) in
Eqs. (3.16) and (3.21) change according to overall phases An(Q) of the adiabatic states
(see Sec. C.2 of Appendix C).] The quasidiabatization yields the potential energy matrix

Vqd(Q) := S(Q)Vad(Q)S(Q)† =
(

Ediag(Q) |Ecpl(Q)|e−2iθ1(Q)

|Ecpl(Q)|e2iθ1(Q) Ediag(Q)

)
, (3.22)

residual vector couplings

Fqd(Q) := S(Q)Fad(Q)S(Q)† + S(Q)∇S(Q)† = −i∇[θ(Q)− θ1(Q)]
(

1 0
0 −1

)
, (3.23)

and residual scalar couplings

Gqd(Q) := S(Q)Gad(Q)S(Q)† + 2S(Q)Fad(Q)∇S(Q)† + S(Q)∇2S(Q)†

= −i∇2[θ(Q)− θ1(Q)]
(

1 0
0 −1

)
− [∇θ(Q)−∇θ1(Q)]2

(
1 0
0 1

)
. (3.24)

Like in Sec. 2.2.4, because a finite number of states represents the system exactly in both
the adiabatic and diabatic representations in the Jahn–Teller model, the multidimensional
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(D ≥ 2) analog of relationship (2.22), along with the corresponding relationship

Gqd(Q) = ∇ · Fqd(Q) + Fqd(Q)2 (3.25)

in the quasidiabatic representation, holds exceptionally. Using these relationships, we
re-express the adiabatic Hamiltonian (1.9) and exact quasidiabatic Hamiltonian (3.3) into
their simpler forms

Ĥad = 1
2M [P̂1− i~Fad(Q̂)]2 + Vad(Q̂), (3.26)

Ĥqd-exact = 1
2M [P̂1− i~Fqd(Q̂)]2 + Vqd(Q̂), (3.27)

which would generally only hold for S →∞.

We simulated the quantum dynamics following a transition from the ground vibrational
eigenstate of the electronic state of A symmetry, VA(Q) = −Egap +Ediag(Q), to the doubly
degenerate states of the Jahn–Teller model by choosing the initial state as [169]

ψsd
0 (ρ) = e−ρ

2/2~
√

2π~

(
1
1

)
. (3.28)

To obtain this initial wavepacket, we assumed an impulsive excitation, i.e., the validity of
the time-dependent perturbation theory and Condon approximation during the excitation.
The initial state (3.28), in the strictly diabatic representation, can be transformed easily
into the adiabatic and quasidiabatic representations:

ψad
0 = T(Q̂)†ψsd

0 (3.29)

ψqd-exact
0 = ψqd-approx

0 = S(Q̂)T(Q̂)†ψsd
0 , (3.30)

where we obtained Eq. (3.30) from Eq. (3.29) using Eq. (3.10).

Among various time propagation schemes [47, 181, 183, 185], we chose the geometric inte-
grators (see Sec. 1.3 and Refs. [47–49]) because they preserve exactly geometric properties
of the exact evolution (see Table 2.1 for a detailed summary and Sec. C.3 of Appendix C
for a numerical demonstration in the Jahn–Teller model). The composed [47, 163, 164]
TVT split-operator algorithm (see Sec. 1.3.1) was used to propagate the wavepacket with
the separable Hamiltonians (Ĥsd and Ĥqd-approx), whereas the composed implicit midpoint
method [47, 48] (see Sec. 2.2.2) was employed for propagations with the nonseparable
Hamiltonians (Ĥad and Ĥqd-exact). Both integrators were composed using the optimal
[167] eighth-order scheme (see Sec. 1.3.2), which, when combined with a small time step
∆t = 1/(40ω) = 0.025 n.u., led to time discretization errors negligible to the errors due to
the use of different forms of the Hamiltonian (see Sec. C.4 of Appendix C).

On a grid of infinite range and density, nonadiabatic quantum dynamics simulated using
Ĥsd, Ĥad, and Ĥqd-exact would be identical. Therefore, the comparison of these Hamiltonians
is only meaningful on a specific finite grid; we used a uniform grid of 64× 64 points defined
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between Ql = −10 n.u. and Ql = 10 n.u. for l ∈ {1, 2}. The favorable form of the strictly
diabatic Hamiltonian allowed us to obtain the exact reference solution ψref

t := Ûsd(t)ψsd
0

that is fully converged in both space and time. To ensure the complete grid convergence of
this reference wavepacket, we used a grid of 128× 128 points defined between Ql = −10

√
2

n.u. and Ql = 10
√

2 n.u. for l ∈ {1, 2}. In Sec. C.4 of Appendix C, we show that both the
spatial and time discretization errors of ψref

t are negligible (< 10−10). In contrast, even on
an infinite grid, the wavepacket ψqd-approx

t would still not be exact because the residual
nonadiabatic couplings have been ignored. Section C.4 of Appendix C shows that even on
a grid of 64× 64 points, the spatial discretization errors are only minor contributors to the
total errors of ψqd-approx

t .

3.3 Results and discussion

We compare the nonadiabatic quantum dynamics simulated using the adiabatic (Ĥad),
exact quasidiabatic (Ĥqd-exact), and approximate quasidiabatic (Ĥqd-approx) Hamiltonians.
The simulation in the adiabatic representation presented here incorporates the geometric
phase; for the results obtained without including the geometric phase, see Sec. C.1 of
Appendix C. The reference quantum dynamics, simulated using the strictly diabatic
Hamiltonian Ĥsd, was left out of the comparison and was only used as the benchmark
because this strictly diabatic Hamiltonian only exists, in general, when S →∞. Before
comparing the wavepackets, we first present a comparison of three observables: the power
spectrum obtained by Fourier transforming the autocorrelation function C(t) := 〈ψ0|ψt〉
(Fig. 3.2), population P1(t) of the first (n = 1) adiabatic electronic state (Fig. 3.3),
and position 〈ρ〉(t) (Fig. 3.4). The validity of this comparison holds because the time
discretization errors of the presented observables and the time and spatial discretization
errors of the reference observables are negligible (see Sec. C.4 of Appendix C).

Panels (a) of Figs. 3.2–3.4 show that none of these presented observables is obtained
accurately with the adiabatic Hamiltonian Ĥad even with the geometric phase included:
The positions and intensities of the peaks in the power spectrum are inaccurate, while
the population Pad

1 (t) and position 〈ρ〉ad(t) deviate very rapidly from the benchmark. In
contrast, all three observables are computed extremely accurately if the wavepacket is
propagated with the exact quasidiabatic Hamiltonian [see panels (b) of Figs. 3.2–3.4].
There is no visible difference between the observables obtained using Ĥqd-exact and the
benchmark obtained using Ĥsd.

Panel (c) of Fig. 3.2 shows that the spectrum obtained by Fourier transforming Cqd-approx(t)
is very similar to the benchmark spectrum; the differences are only clearly visible in the inset.
For applications that do not require extremely precise peak positions and intensities, even
the spectrum obtained using Ĥqd-approx would suffice. In contrast, in panels (c) of Figs. 3.3
and 3.4, we see that both the population and position obtained with the approximate
quasidiabatic Hamiltonian become inaccurate already after t ≈ 50 n.u. For t > 50 n.u.,
only the simulations using either the exact quasidiabatic or strictly diabatic Hamiltonian
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Figure 3.2 – Power spectrum computed by Fourier transforming the autocorrelation function
Ci(t) := 〈ψi0|ψit〉 of the wavepacket propagated with the (a) adiabatic (i = ad), (b) exact
quasidiabatic (i = qd-exact), or (c) approximate quasidiabatic (i = qd-approx) Hamiltonian
is compared with the benchmark spectrum (i = ref). To emulate the broadening of the
peaks, the autocorrelation function was multiplied by the damping function fdamp(t) =
exp[−(t/tdamp)2] with tdamp = 80 n.u. before the Fourier transformation. Zoomed-in
versions of the spectra are presented in the insets.
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Figure 3.3 – Time dependence of the population P i1(t) := 〈Ψi
t|P1|Ψi

t〉 of the first (n = 1)
adiabatic electronic state obtained from the wavepacket propagated with the (a) adi-
abatic (i = ad), (b) exact quasidiabatic (i = qd-exact), or (c) approximate quasidia-
batic (i = qd-approx) Hamiltonian is compared with the benchmark population Pref

1 (t);
Pn = |ϕad

n 〉〈ϕad
n | is the population operator of the nth state. The exact norm conservation

by the employed geometric integrators (see Sec. C.3 of Appendix C) implies that the
population of the second electronic state is P i2(t) = 1−P i1(t). Line labels are the same as
in Fig. 3.2.
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Figure 3.4 – Time dependence of the position 〈ρ〉i(t) := [
∑2
l=1〈ψit|Q̂l|ψit〉2]1/2 obtained

from the wavepacket propagated with the (a) adiabatic (i = ad), (b) exact quasidiabatic
(i = qd-exact), or (c) approximate quasidiabatic (i = qd-approx) Hamiltonian is compared
with the benchmark position 〈ρ〉ref(t). Line labels are the same as in Fig. 3.2.

described the population and position accurately. Among these two Hamiltonians, however,
only the exact quasidiabatic Hamiltonian exists in general unless S →∞ [81, 105].

Some observables may be accurate, even if they are computed from a poor wavepacket.
In contrast, an accurate wavepacket ensures the accuracy of every observable computed
from it. For a more stringent comparison between the different Hamiltonians, in Fig. 3.5,
we thus display the wavepackets at the final time. In order to compare them, we had to
first transform the wavepackets in all the different representations into the same strictly
diabatic representation [wavepackets in this strictly diabatic representation will have a
tilde (̃ )]:

ψ̃ref
tf

= ψref
tf

(3.31)

ψ̃ad
tf

= T(Q̂)ψad
tf

(3.32)

ψ̃itf = T(Q̂)S(Q̂)†ψitf , i ∈ {qd-exact, qd-approx}, (3.33)

where the last Eq. (3.33) applies to both ψqd-exact
tf

and ψqd-approx
tf

. Whereas ψ̃qd-exact
t

resembles the exact wavepacket ψ̃ref
t closely, and ψ̃qd-approx

t has a similar overall shape but
differs in the nodal structure and other details, ψ̃ad

t is completely different (see Fig. 3.5).

For a more quantitative comparison, we measure the error of the wavepacket ψ̃t using
quantum fidelity F(t) := |〈ψ̃ref

t |ψ̃t〉|2 [227] and distance D(t) := ‖ψ̃t−ψ̃ref
t ‖ between ψ̃t and

ψ̃ref
t . The quantitative comparison, shown in Fig. 3.6, confirms that the quantum dynamics

simulated using the exact quasidiabatic Hamiltonian is the most accurate: Quantum fidelity
Fqd-exact(t) remains close to its maximal value of Fmax = 1 until the final time. Likewise,
the distance Dqd-exact(tf ) at the final time is small (although nonzero). Because Fqd-exact(t)
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Figure 3.5 – Accuracy of the nonadiabatic quantum dynamics simulation demonstrated by
comparing the wavepackets at the final time t = tf propagated with the (a) adiabatic (i =
ad), (b) exact quasidiabatic (i = qd-exact), (c) approximate quasidiabatic (i = qd-approx),
or (d) strictly diabatic (i = ref) Hamiltonian. The reference wavepacket ψ̃ref

t serves as the
benchmark. We only show Re(ψ̃i2,tf ), i.e., the real part of the nuclear wavepacket on the
second strictly diabatic electronic state.
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Figure 3.6 – Time dependence of the accuracy of the wavepackets propagated with the
different forms of the molecular Hamiltonian. The difference between ψ̃it and the benchmark
wavepacket ψ̃ref

t is measured either with the (a) quantum fidelity Fi(t) = |〈ψ̃ref
t |ψ̃it〉|2 [227]

or (b) distance Di(t) = ‖ψ̃it − ψ̃ref
t ‖. Fidelity and distance were computed every hundredth

time step.

stays close to its maximal value, the nonzero distance between ψ̃qd-exact
t and ψ̃ref

t is likely
to be mostly due to an overall phase difference, which does not affect the local-in-time
observables, such as population and position, computed from the wavepackets [as shown in
panel (b) of Figs. 3.3 and 3.4]. Even the approximate quasidiabatic Hamiltonian yields a
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more accurate simulation at a conical intersection than the adiabatic Hamiltonian, which
suffers from numerical problems due to the singularity of Fad(Q) at Q = 0 [81]. The
rapid initial decrease of Fad(t) and increase of Dad(t) show that the wavepacket dynamics
simulated using Ĥad deviates quickly from the benchmark solution. The decay of the
fidelity and the increase in the distance are much more gradual in the simulations with the
approximate quasidiabatic Hamiltonian, though both rates of change are still much faster
than those in the simulation with the exact quasidiabatic Hamiltonian.

3.4 Conclusion

We rigorously compared the suitability of different forms of the molecular Hamiltonian for
simulating the nonadiabatic quantum dynamics at a conical intersection. This comparison
was possible by taking advantage of the high-order geometric integrators (from Chapter 2)
and exceptional existence of the strictly diabatic Hamiltonian in the E ⊗ e Jahn–Teller
model. The errors due to using the different forms of the molecular Hamiltonian were
measured by comparing the fully converged exact reference simulation with simulations
performed on a slightly sparser grid using the adiabatic, exact quasidiabatic, or approximate
quasidiabatic Hamiltonian. We found that the nonadiabatic quantum dynamics simulated
using the exact quasidiabatic Hamiltonian is nearly identical to the reference simulation
obtained using the strictly diabatic Hamiltonian. The regularized diabatization scheme [169,
201, 226] was chosen for its simplicity, but, as we shall demonstrate in Chapter 4, the
exact quasidiabatic Hamiltonian obtained with other schemes also leads to accurate
results because Hamiltonian (3.3) is exact regardless of the quasidiabatization scheme. In
contrast, the accuracy of the simulation with the approximate quasidiabatic Hamiltonian
depends on the size of the neglected residual nonadiabatic couplings and, therefore, on the
quasidiabatization scheme (see Chapter 4).

To return to the question posed in the title of this chapter, the approximate quasidiabatic
Hamiltonian is appropriate if a quick solution of moderate accuracy is desired because the
simple, separable form of this Hamiltonian allows using more efficient time-propagation
algorithms. The accuracy can be further improved by employing more sophisticated qua-
sidiabatization schemes, which reduce the size of the neglected residual couplings. The
adiabatic Hamiltonian, though exact, is not suitable for simulating quantum dynamics
at a conical intersection because of the singularity of the nonadiabatic couplings there;
large errors were observed since this singularity could not be described well on a finite grid.
Although it was not the subject of this study, the adiabatic Hamiltonian is suitable for
describing quantum dynamics of a high-dimensional wavepacket moving around (i.e., not
exactly through) a conical intersection, especially in on-the-fly ab initio trajectory-based
simulations, in which the adiabatic Hamiltonian is obtained directly from electronic struc-
ture calculations, because the finite number of trajectories propagated in such simulations
are unlikely to pass directly through the conical intersection [120, 122–124, 228]. Our results
clearly show that the rarely used exact quasidiabatic Hamiltonian is the most suitable
form of the molecular Hamiltonian for simulating nonadiabatic quantum dynamics directly
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at a conical intersection with high accuracy. Due to the inclusion of residual nonadiabatic
couplings in the Hamiltonian, one may use any, even the simplest, quasidiabatization
scheme.
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4 How important are the residual
nonadiabatic couplings for an
accurate simulation of nonadi-
abatic quantum dynamics in a
quasidiabatic representation?

Motivated by the high accuracy of the wavepacket propagated with the exact quasidiabatic
Hamiltonian and the inaccuracies caused by omitting the residual nonadiabatic couplings
observed in Chapter 3, in this chapter, we propose a method, based on the integrators
from Chapter 2, for quantifying the effect that neglecting the residual couplings has on
the accuracy of nonadiabatic dynamics simulations. The high accuracy and the norm-
conserving property of the integrators from Chapter 2 ensure the validity of the comparison
of the two wavepackets propagated with either the exact or approximate quasidiabatic
Hamiltonian. The usefulness of the proposed method is demonstrated on nonadiabatic
simulations in the Jahn–Teller model of nitrogen trioxide and in the induced Renner–
Teller model of hydrogen cyanide. We find that depending on the system, initial state,
and employed quasidiabatization scheme, neglecting the residual couplings can result in
inaccurate dynamics. In contrast, simulations with the exact quasidiabatic Hamiltonian,
which contains the residual couplings, always yield accurate results. This chapter has been
adapted from Ref. [55].

4.1 Introduction

In Chapter 3, we compared the different forms of the molecular Hamiltonian in order to
investigate their suitability for simulating nonadiabatic dynamics at a conical intersection.
The results obtained with the exact quasidiabatic Hamiltonian were highly accurate and
almost indistinguishable from the reference benchmark results, whereas the approximate
quasidiabatic Hamiltonian, due to its neglect of the residual nonadiabatic couplings, led
to inaccurate wavepacket dynamics. The generally applicable method proposed in this
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chapter quantifies the importance of the residual couplings for accuracy by comparing
nonadiabatic simulations performed with either the exact or approximate quasidiabatic
Hamiltonian.

By definition, and especially regardless of the magnitude of the residual couplings, the results
obtained with the exact quasidiabatic Hamiltonian can serve as the benchmark as long as
the numerical errors are negligible (see Sec. 3.3). Therefore, for a valid comparison, one
needs a time propagation scheme that can treat even the nonseparable exact quasidiabatic
Hamiltonian and ensures that the numerical errors are negligible to the errors due to
neglecting the residual couplings. Among various integrators [47, 48, 51, 181, 183–185, 200]
that satisfy both requirements, like in Chapter 3, we chose the optimal eighth-order [167]
composition [47, 49, 163, 164] of the implicit midpoint method [47, 48, 187] because it also
preserves various geometric properties of the exact solution (as we showed in Chapter 2).

After presenting the general method in Sec. 4.2, in Sec. 4.3, we provide realistic numerical
examples in which we employ this method to quantify the importance of the residual
couplings in nonadiabatic simulations of nitrogen trioxide (NO3) [112, 170–172] and hy-
drogen cyanide (HCN) [173–176]. Whereas the NO3 model was quasidiabatized with the
regularized diabatization scheme [169, 201, 226], the block-diagonalization scheme [173, 213–
215] was employed in the HCN model. To find out how the errors due to ignoring the
residual couplings depend on the sophistication of the quasidiabatization and on the initial
state, in Sec. 4.3.3, we compare the first-order and second-order regularized diabatization
schemes [169, 201, 226] on the model of a displaced excitation of NO3.

4.2 Theory

As discussed in Sec. 3.2, the conical intersection singularity can be removed by employing one
of many quasidiabatization schemes [107, 108, 169, 173, 201, 213–226], but the magnitude
of the residual nonadiabatic couplings in the resulting exact quasidiabatic Hamiltonian (3.3)
depends on the employed quasidiabatization scheme. Following Ref. [81], we measure this
magnitude with the quantity

R[Fqd(Q)] :=
∫
‖Fqd(Q)‖2dQ, (4.1)

where

‖Fqd(Q)‖2 := Tr[Fqd(Q)† · Fqd(Q)] = Tr[
D∑
l=1

Fqd(Q)†lFqd(Q)l] (4.2)

is the square of the Frobenius norm of Fqd(Q) [note that the evaluation of Eq. (4.2) involves
both a matrix product of S × S matrices and a scalar product of D-vectors]. Section D.1
of Appendix D describes the numerical evaluation of R[Fqd(Q)] in further detail.

Although the magnitudeR[Fqd(Q)] itself may indicate whether it is admissible to neglect the
residual couplings, a much more rigorous way to quantify the impact of this approximation
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on a particular nonadiabatic simulation consists in evaluating the quantum fidelity [227]

Fψqd-approx,ψqd-exact(t) := |〈ψqd-approx
t |ψqd-exact

t 〉|2 ∈ [0, 1] (4.3)

and distance

Dψqd-approx,ψqd-exact(t) := ‖ψqd-approx
t −ψqd-exact

t ‖ ∈ [0, 2] (4.4)

between the states ψqd-approx
t and ψqd-exact

t , evolved with the approximate and exact
quasidiabatic Hamiltonians, respectively, i.e.,

ψit = exp (−itĤi/~)ψqd
0 for i ∈ {qd-approx, qd-exact}. (4.5)

(Note that the initial state ψqd
0 is identical in both simulations: ψqd-exact

0 = ψqd-approx
0 =

ψqd
0 .) The more important the residual couplings, the smaller the quantum fidelity F(t)

and the larger the distance D(t). Here, and in the rest of this chapter, we omit subscript
“ψqd-approx,ψqd-exact” from Fψqd-approx,ψqd-exact(t) and Dψqd-approx,ψqd-exact(t) [in Eqs. (4.3) and
(4.4)] for brevity.

By both propagating and comparing the wavepackets ψqd-approx
t and ψqd-exact

t in the
same quasidiabatic representation, one avoids contaminating the errors due to the neglect
of the residual couplings with the numerical errors due to the transformation between
representations. In fact, as long as it is numerically converged, ψqd-exact

t serves as the exact
benchmark regardless of the size of the residual couplings because the exact quasidiabatic
Hamiltonian (3.3) and adiabatic Hamiltonian (1.9) are exact unitary transformations of
each other (see Sec. 3.2). For a valid comparison of the two wavepackets propagated with
either the exact or approximate quasidiabatic Hamiltonian, the numerical errors must be
much smaller than the errors due to omitting the residual couplings. By using the eighth-
order integrator obtained by composing the implicit midpoint method optimally [167] (see
Secs. 1.3.2 and 2.2.2), the time discretization errors are kept negligible (see Sec. D.2 of
Appendix D).

4.3 Numerical examples

We now apply the method proposed in Sec. 4.2 to nonadiabatic quantum simulations in
the cubic E ⊗ e Jahn–Teller model of NO3 [112, 115, 116, 170–172] and in the induced
Renner–Teller model of HCN [173–176]. Despite their reduced dimensionality, these two-
dimensional (D = 2), two-state (S = 2) models exhibit interesting dynamics [34, 171, 176]
due to the presence of strong nonadiabatic couplings; in particular, Fad(Q) diverges at
Q = 0, the point of intersection between the two adiabatic potential energy surfaces. In
both models, the doubly degenerate electronic states are coupled by the doubly degenerate
normal modes Q1 and Q2.

Like in Sec. 3.3, we use natural units (n.u.) throughout this section by setting k = M =
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~ = 1 n.u, and, whenever convenient, the potential energy surface is expressed in polar
coordinates. All numerical wavepacket propagations were performed with a small time
step of ∆t = 1/(40ω) = 0.025 n.u. on a uniform grid of N ×N points defined between
Ql = −Qlim and Ql = Qlim in both nuclear dimensions: N = 64 and Qlim = 10 n.u. in the
NO3 model, while N = 32 and Qlim = 7 n.u. in the HCN model.

4.3.1 Jahn–Teller effect in nitrogen trioxide

In Sec. 3.3, on a similar Jahn–Teller system, we showed that the exact quasidiabatic and
strictly diabatic Hamiltonians yield nearly identical results. Here, however, we intentionally
avoid using the strictly diabatic Hamiltonian as a benchmark and use it only to define
the model in order that the approach and conclusions of this study are applicable also to
systems where the strictly diabatic Hamiltonian does not exist [81, 105] (see Sec. 4.3.2 for
an explicit example of such a system).

We define the cubic E ⊗ e Jahn–Teller model by generalizing the quadratic Jahn–Teller
model from Sec. 3.2. The expressions for the strictly diabatic potential energy matrix
Vsd(Q) [Eq. (3.12)], transformation matrix T(Q) [Eq. (3.16)], adiabatic potential energies
E1 and E2 [Eq. (3.17)], and nonadiabatic couplings Fad(Q) and Gad(Q) [Eqs. (3.18)
and (3.19)] all remain identical except that, in the cubic model, Ediag(ρ) [see Eq. (3.13)]
and f(ρ) [see Eqs. (3.14) and (3.15)] have to be replaced with their cubic counterparts:
Ediag(ρ, φ) := kρ2/2 + 2αρ3 cos 3φ and f(ρ) := c1ρ+ c3ρ

3. In our nonadiabatic simulations
of NO3, we used the parameters α = −0.0125 n.u., c1 = 0.375 n.u., c2 = −0.0668 n.u., and
c3 = −0.0119 n.u. following Ref. [171]. Matrix elements of Vad(Q) and Vsd(Q) are plotted
in Fig. 4.1.

In Sec. 3.2, we showed that the regularized diabatization scheme [169, 201, 226] can be
implemented analytically in the E ⊗ e Jahn–Teller model [see Eq. (3.21)]. More generally,
the jth order generalization

S(Q) = 1√
2

(
e−iθj,+(Q) e−iθj,−(Q)

eiθj,−(Q) −eiθj,+(Q)

)
(4.6)

of the first-order adiabatic to quasidiabatic transformation matrix (3.21) can be obtained
by replacing θ1,±(Q) with θj,±(Q) := θj(Q) ± θ1(Q). In the first-order (j = 1) scheme
(which was already introduced and used in Chapter 3),

θ1(φ) := φ/2 (4.7)

and in the second-order (j = 2) scheme,

θ2(ρ, φ) := 1
2 arctan c1ρ sinφ− c2ρ

2 sin 2φ
c1ρ sinφ+ c2ρ2 sin 2φ. (4.8)

In the quadratic Jahn–Teller model, the second-order quasidiabatization is not meaningful
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Figure 4.1 – Potential energy surfaces in the cubic E ⊗ e model of the Jahn–Teller effect in
NO3 in the vicinity of the conical intersection at Q = QCI = 0. (a) Adiabatic potential
energy surfaces E1(Q) = E+(Q) (red) and E2(Q) = E−(Q) (green), i.e., the two elements
E1(Q) and E2(Q) of the diagonal matrix Vad(Q) touch each other at the conical intersection.
The strictly diabatic potential energy matrix Vsd(Q) consists of (b) the cubic potential
energy surfaces Ediag(Q) on the diagonal and (c) the off-diagonal complex couplings of
magnitude |Ecpl(Q)|.

as it is already identical to the strict diabatization [compare Eq. (4.8) with Eq. (3.15); note
that in the quadratic model, f(ρ) = c1ρ]. Likewise, in the cubic Jahn–Teller model, the
third-order quasidiabatization is identical to the strict diabatization, i.e., θ3(ρ, φ) = θ(ρ, φ).

The expressions for the “jth-order” quasidiabatic potential energy matrix Vqd(Q), residual
vector couplings Fqd(Q), and residual scalar couplings Gqd(Q) are obtained simply by
replacing θ1(Q) with θj(Q) in Eqs. (3.22), (3.23), and (3.24), respectively. In the NO3

model [171] employed for our study, the magnitude of the residual couplings in the first-order
(j = 1) scheme is R[Fqd(Q)] = 3.8 n.u.

The hermiticity of the exact quasidiabatic Hamiltonian (3.3) is broken on a finite grid
because the commutator relation [P̂ ,Fqd(Q̂)] = −i~∇ · Fqd(Q̂) holds only approximately
unless the grid is infinitely dense. Yet, the hermiticity of the Hamiltonian is essential
for the norm conservation (see Fig. D.5 in Sec. D.3 of Appendix D), which, in turn, is
required for quantum fidelity F(t) [Eq. (4.3)] and distance D(t) [Eq. (4.4)] to be valid
measures of the importance of the residual nonadiabatic couplings. To make the exact
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quasidiabatic Hamiltonian exactly Hermitian, we re-express it into its simpler form (3.27)
using relationship (3.25).

Another benefit of the simpler Hamiltonian (3.27) is the absence of Gqd(Q), the evaluation
of which represents the computational bottleneck in realistic systems. Likewise, the
equations of motion in the widely employed Meyer–Miller approach [139, 140, 229, 230]
can be simplified greatly [93] by starting from the simpler Hamiltonian (3.27) instead of
the original Hamiltonian (3.3). These two forms of the molecular Hamiltonian, however,
are strictly equivalent only if the electronic basis is complete [80, 81]. In generic systems,
in which the relation (3.25) does not hold, and thus one is obliged to use the original
Hamiltonian (3.3) and evaluate Gqd(Q), the computationally expensive evaluation of the
second derivatives of electronic wavefunctions with respect to nuclear coordinates can still
be avoided by using the relation

Gqd(Q) = ∇ · Fqd(Q)−Kqd(Q), (4.9)

where [Kqd(Q)]mn := 〈∇ϕqd
m (Q)|∇ϕqd

n (Q)〉 requires only the first derivatives of the qua-
sidiabatic electronic states |ϕqd

n (Q)〉, introduced in Eq. (3.2). In contrast to relation (3.25),
used to obtain the simpler Hamiltonian (3.27), relation (4.9) holds in arbitrary systems
and for finite S.

To analyze the importance of residual couplings in NO3, we simulated, with either the
exact or approximate quasidiabatic Hamiltonian, the quantum dynamics following an
electronic transition from the ground vibrational eigenstate of the ground electronic state
Vg(Q) = −Egap + kρ(Q)2/2 with Egap = 11 n.u. (1 n.u. of energy here corresponds
to 0.2 eV ≈ 0.007 a.u.). Invoking the time-dependent perturbation theory and Condon
approximation, we considered the initial state in the quasidiabatic representation to be

ψqd
0 (ρ) := e−ρ

2/2~
√

2π~

(
1
1

)
. (4.10)

Figure 4.2 shows that, in the nonadiabatic dynamics following the vertical excitation of
NO3, neglecting the residual couplings does not significantly affect the wavepacket [compare
panels (a) and (b)], power spectrum I(ω) [panel (c)], or population P1(t) [panel (d)]. Even
the fidelity F(t) [panel (e)] between the wavepackets propagated either with or without the
residual couplings remains close to the maximal value of 1 until the final time tf . Section D.4
of Appendix D further supports this conclusion by displaying the time dependence of
position 〈ρ〉(t), potential energy 〈Vqd〉(t), and distance D(t). In contrast, as we shall see in
Secs. 4.3.2 and 4.3.3, the residual couplings are much more significant in the HCN model
and in the displaced excitation of NO3.

In Sec. D.5 of Appendix D, we also analyze the importance of the residual couplings for
different Jahn–Teller coupling coefficients and different initial populations.
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Figure 4.2 – Importance of the residual nonadiabatic couplings in the NO3 model from
Sec. 4.3.1. The figure compares the wavepackets and observables obtained with either
the exact (i = qd-exact) or approximate (i = qd-approx) quasidiabatic Hamiltonian. (a)
and (b) Wavepackets propagated with (a) Ĥqd-exact from Eq. (3.27) and (b) Ĥqd-approx
from Eq. (3.8). [Only the real part of the nuclear wavepacket in the second (n = 2)
electronic state is shown.] (c) Power spectrum Ii(ω) obtained by Fourier transforming
the damped autocorrelation function. [To emulate the broadening of the spectral peaks,
the autocorrelation function Ci(t) := 〈ψqd

0 |ψit〉 was multiplied by the damping function
fdamp(t) = exp[(−t/tdamp)2] with tdamp = 17.5 n.u.] (d) Population P i1(t) := 〈Ψi

t|P1|Ψi
t〉 of

the first (n = 1) adiabatic electronic state; Pn := |ϕad
n 〉〈ϕad

n | is the population operator of
the nth adiabatic state. (e) Errors due to ignoring the residual couplings are measured by
quantum fidelity F(t) [Eq. (4.3)].

4.3.2 Induced Renner–Teller effect in hydrogen cyanide

The model of the induced Renner–Teller effect [173–176] is more realistic than the Jahn–
Teller model from Sec. 4.3.1: In particular, the strictly diabatic Hamiltonian (3.11) cannot
be defined and relationship (3.25) does not hold. Nevertheless, like in the Jahn–Teller
model, the nonadiabatic couplings between the adiabatic states are singular at Q = 0
[173]. Since Eq. (3.25) does not hold in the induced Renner–Teller model, the exactly
Hermitian Hamiltonian (3.27) cannot be used instead of the original exact quasidiabatic
Hamiltonian (3.3). Yet, even with this Hamiltonian (3.3), the norm is sufficiently converged
in grid density for the quantum fidelity F(t) and distance D(t) to be valid (see Fig. D.6 of
Appendix D).

We follow Ref. [173], where the induced Renner–Teller model is quasidiabatized with the
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block-diagonalization scheme, which minimizes the residual couplings locally (around Q = 0
in this model) [81]. The resulting quasidiabatic potential energy matrix

Vqd(ρ, φ) =
(

E+(ρ) E−(ρ)e−2iφ

E−(ρ)e2iφ E+(ρ)

)
(4.11)

with E±(ρ) := [E1(ρ)±E2(ρ)]/2 depends on the adiabatic potential energy surfaces E1(ρ) =
∆ +Eh(ρ)−w(ρ) and E2(ρ) = Eh(ρ), where Eh(ρ) := kρ2/2 and w(ρ) := (∆2 + 2λ2ρ2)1/2.
Analytical expressions for the nonadiabatic couplings, Fad(Q) and Gad(Q), and adiabatic to
quasidiabatic transformation matrix S(Q) can be found in Ref. [173]. In our nonadiabatic
simulations of HCN, we used parameters ∆ = 1.11 n.u. and λ = 1 n.u. following
Refs. [173, 174].

The residual vector and scalar couplings are [173], respectively,

Fqd(Q) = ivF (Q)
(

1 0
0 −1

)
(4.12)

and

Gqd(ρ, φ) = 2
(
fF (ρ)− fG(ρ) −fG(ρ)e−2iφ

−fG(ρ)e2iφ fF (ρ)− fG(ρ)

)
, (4.13)

where we have defined the D-dimensional (here D = 2) vector vF (Q) with components
vF (Q)1 = −fF (ρ(Q))Q2 and vF (Q)2 = fF (ρ(Q))Q1 and functions fF (ρ) := [1−w+(ρ)]/ρ2

and

fG(ρ) :=
[
w−(ρ)

2ρ

]2
−
[

λ

2
√

2w(ρ)

]2

+
[

λ2ρ

2w(ρ)2

]2

(4.14)

with w±(ρ) :=
√

[1±∆/w(ρ)]/2. The magnitude of the residual couplings (4.12) is
R[Fqd(Q)] = 0.37 n.u.; the adiabatic potential energy surfaces and functions fF and fG
are plotted in Fig. 4.3.

Similarly to Sec. 4.3.1, we simulate the dynamics following an electronic transition from the
ground vibrational eigenstate of Vg(ρ) = −Egap +Eh(ρ) with Egap = 153 n.u. (1 n.u. of
energy here corresponds to 0.09 eV ≈ 0.003 a.u.). Unlike their analogs in Sec. 4.3.1, however,
the two wavepackets, propagated with either the exact or approximate quasidiabatic Hamil-
tonian, differ significantly [compare panels (a) and (b) of Fig. 4.4]. Ignoring the residual
couplings also leads to large errors of the power spectrum I(ω) [panel (c)] and the population
P1(t) [panel (d)] and causes the fast decay of quantum fidelity F(t) [panel (e)]. In particular,
the population obtained with the approximate quasidiabatic Hamiltonian cannot be trusted
because, e.g., at t = 169 n.u., the error εres-cpl[P1(t)] := |Pqd-approx

1 (t)−Pqd-exact
1 (t)| due to

the neglect of the residual couplings is of the same order as the range RP1 := P1,max−P1,min

of the population in the whole simulation interval: εres-cpl[P1(t)]/RP1 = 0.7. Note also that
neither P1(t) nor F(t) is affected by the overall phases of the two wavepackets, though a
linearly growing overall phase difference appears to be the main contribution to the change
of the spectrum, which is mostly shifted [see panel (c) of Fig. 4.4].
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Figure 4.3 – Potential energy surfaces in the model of the induced Renner–Teller effect in
HCN in the vicinity of the Renner–Teller intersection at Q = 0. (a) The two adiabatic
potential energy surfaces E1(Q) (green) and E2(Q) (red) intersect (touch) at the point
Q = 0. The residual couplings (4.12) and (4.13) depend on plotted functions fF (Q) [panel
(b)] and fG(Q) [panel (c)].
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Figure 4.4 – Importance of the residual nonadiabatic couplings in the HCN model from
Sec. 4.3.2. See the caption of Fig. 4.2 for a detailed description of the content of the five
panels.
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4.3.3 Displaced excitation of nitrogen trioxide

Although the excited states of NO3 from Sec. 4.3.1 are bright states, the coupled states
modeled by the cubic E⊗e Jahn–Teller Hamiltonian can sometimes be dark. A wavepacket
might reach such dark states at a nuclear geometry that is not the ground state equilibrium
(e.g., via an intersection with a bright state). Motivated by this observation from Ref. [171],
we consider the initial state (4.10) displaced in both Q1 and Q2 by −0.8 n.u. Keeping all
other parameters fixed as in Sec. 4.3.1 will allow us to analyze how the importance of the
residual couplings for accuracy depends on the initial state and the quasidiabatization
method used.

Figure 4.5 shows that, in contrast to the vertical excitation from Sec. 4.3.1 (analyzed in
Fig. 4.2), ignoring the residual couplings obtained by applying the first-order regularized
scheme to the displaced excitation of NO3 affects both the wavepacket [compare panels (a)
and (b)] and observables significantly. Neither the spectrum I(ω) [panel (c)] nor population
P1(t) [panel (d)] is obtained accurately with the approximate quasidiabatic Hamiltonian.
For example, at t = 25 n.u., the error of the population is almost half of the range of
the population in the whole simulation interval: εres-cpl[P1(t)]/RP1 = 0.4. The quantum
fidelity [panel (e)] decreases rapidly to F(tf ) ≈ 0.3 at tf = 50 n.u.
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Figure 4.5 – Importance of the residual nonadiabatic couplings in the model of a displaced
excitation of NO3 from Sec 4.3.3. As in Fig. 4.2, the molecular Hamiltonian was quasidi-
abatized with the first-order (j = 1) scheme. See the caption of Fig. 4.2 for a detailed
description of the content of the five panels.
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The residual couplings, however, can be made less important by an improved quasidiabati-
zation. One can reduce the magnitude of the residual couplings from R[Fqd(Q)] = 3.8 n.u.
to R[Fqd(Q)] = 0.5 n.u. by employing the more sophisticated, second-order regularized
diabatization scheme [169, 201, 226] (see Sec. 4.3.1). When this second-order scheme is
used, the errors of the wavepacket ψt, spectrum I(ω), and population P1(t) due to the
neglect of the residual couplings all remain small (see Fig. 4.6); in particular, quantum
fidelity F(t) remains above 0.95 for all times until the final time tf = 50 n.u. [see panel (e)].
Note that the exact benchmark wavepackets [in panel (a) of Figs. 4.5 and 4.6] propagated
in the two different quasidiabatic representations are slightly different because they are
displayed in different representations and also because the initial states are different—they
have the same analytical form but in two different quasidiabatic representations.
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Figure 4.6 – Importance of the residual nonadiabatic couplings in the model of a displaced
excitation of NO3 from Sec 4.3.3. The only difference from Fig. 4.5 is that the molecular
Hamiltonian was quasidiabatized with the second-order (j = 2) scheme. See the caption of
Fig. 4.2 for a detailed description of the content of the five panels.

4.4 Conclusion

We have shown that the common practice of neglecting the residual nonadiabatic couplings
between quasidiabatic states can substantially lower the accuracy of nonadiabatic simu-
lations and that this decrease in the accuracy depends on the system, initial state, and
employed quasidiabatization scheme. One can, therefore, answer the question posed in the
title of this chapter only after a careful analysis. In Sec. 4.3, we have provided several
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Chapter 4. How important are the residual nonadiabatic couplings for an
accurate simulation of nonadiabatic quantum dynamics in a quasidiabatic
representation?

examples where the approximate quasidiabatic Hamiltonian gives wrong results. Because
it is potentially dangerous to employ an approximation without evaluating its impact, we
have proposed a method to rigorously quantify the errors caused by ignoring the residual
couplings.

When the residual couplings are significant and cannot be neglected, we suggest performing
nonadiabatic simulations with the rarely used exact quasidiabatic Hamiltonian (3.3), which
not only is analytically equivalent to the adiabatic Hamiltonian (1.9) but also yields
numerically accurate results regardless of the magnitude of the residual couplings (as
shown in Sec. 3.3 and Sec. D.2 of Appendix D). The general applicability of the exact
quasidiabatic Hamiltonian depends on the availability of residual nonadiabatic couplings;
fortunately, these couplings can be evaluated by employing recently developed schemes [231–
235] even in rather complicated multi-state systems involving multiple conical intersections
(including those between three electronic states [236–240]). In complex systems where all
practical quasidiabatization schemes lead to significant residual couplings, propagating
the wavepacket with the exact quasidiabatic Hamiltonian would be particularly beneficial.
Although the nonseparable form of this Hamiltonian complicates the time propagation,
there exist efficient geometric integrators, such as the high-order compositions of the
implicit midpoint method (see Chapter 2 for details), which are applicable even to such
Hamiltonians.

Last but not least, an accurate propagation of the wavepacket with the exact quasidiabatic
Hamiltonian would be extremely useful for establishing highly accurate benchmarks in
unfamiliar systems, where the impact of the residual nonadiabatic couplings on the quantum
dynamics simulations is not yet known.
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5 High-order geometric integrators
for representation-free Ehrenfest
dynamics

Unlike in Chapters 2–4, where we discussed exact nonadiabatic quantum simulations,
here, we instead focus on geometric integration schemes for Ehrenfest dynamics: a useful
approximation, widely employed for ab initio mixed quantum-classical molecular dynamics,
that can treat electronically nonadiabatic effects in large molecules (see Sec. 1.1). We
surpass apparent complications due to the coupling of classical nuclear and quantum
electronic motions and present efficient geometric integrators for “representation-free”
Ehrenfest dynamics, which do not rely on a diabatic or adiabatic representation of electronic
states. These numerical integrators, obtained by symmetrically composing the second-order
splitting method (see Sec. 1.3) and solving the kinetic and potential propagation steps
exactly, are of arbitrary even orders of accuracy in the time step and preserve important
geometric properties, including symplecticity and time reversibility. The convergence
and geometric properties are proven analytically (Sec. 5.2) and demonstrated numerically
(Sec. 5.3) on a four-dimensional extension of the Shin–Metiu model. In our numerical
example, the proposed integrators are competitive in efficiency even with the popular
non-geometric integrators: the two and three time step methods (see Sec. 5.2.6). This
chapter has been adapted from Ref. [56].

5.1 Introduction

Mixed quantum-classical methods, briefly introduced in Sec. 1.1, remedy one of the short-
comings of classical molecular dynamics: its inability to describe electronically nonadiabatic
processes [23, 24, 36], involving multiple significantly coupled [45, 46, 241] states. Although
a severe approximation to the exact quantum solution [135, 242, 243], Ehrenfest dynamics,
as one of the most popular mixed-quantum classical methods, can provide an instructive
first picture of nonadiabatic dynamics in some—especially strongly coupled—systems.
Indeed, Ehrenfest dynamics was successfully used to describe electron transfer [244–248],
nonadiabatic processes at metal surfaces [249–252], and photochemical processes [253–255].
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This mean-field theory was also employed recently to simplify the evaluation of the memory
kernel in the generalized master equation formalism [256]. In addition, Ehrenfest dynamics
provides a starting point for various refined methods. For example, a multi-trajectory,
locally mean-field generalization of Ehrenfest dynamics was used to evaluate vibronic
spectra [257] and, when combined with the semiclassical initial value representation, can
even describe wavepacket splitting [258]. A further generalization, the multiconfigurational
Ehrenfest method [259–261], includes correlations between Ehrenfest trajectories. In this
chapter, however, we consider only the most basic mean-field Ehrenfest method, whose
validity conditions were formulated by Bornemann et al. [262].

The coupling between nuclear and electronic dynamics complicates the numerical integration
in Ehrenfest dynamics. The widely used two and three time step methods [138, 263–266]
improve the efficiency by using different integration time steps that account for the different
time scales of nuclear and electronic motions. However, such integration schemes violate
the geometric properties (see Sec. 1.2) of the exact solution: the simpler, two time step
method is irreversible, and neither method is symplectic. Almost every geometric property
[47–49] can, however, be preserved exactly by employing the symplectic integrators [267]
based on the splitting method (see Sec. 1.3.1). This splitting method was employed to
obtain symplectic integrators in numerous applications, including molecular quantum
[160] and classical [158] dynamics, Schrödinger–Liouville–Ehrenfest dynamics [268], and
the Meyer–Miller–Stock–Thoss mapping approach [269–271]. In particular, because the
Ehrenfest method in either the adiabatic or diabatic representation can be formulated as a
special case of the mapping method [139, 144], the integrators developed for one of these
two methods should also apply to the other.

Motivated by on-the-fly ab initio applications that employ the increasingly practical
real-time time-dependent electronic structure methods [272, 273], we present high-order
geometric integrators based on the splitting and composition methods (see Sec. 1.3) for
representation-free Ehrenfest dynamics. These integrators do not rely on any particular
representation of electronic states and thus avoid the potentially expensive preliminary
construction of a truncated diabatic or adiabatic electronic basis.

After showing analytically, in Sec. 5.2, that the presented high-order geometric integrators
preserve almost all of the geometric properties of Ehrenfest dynamics, in Sec. 5.3, we
numerically demonstrate the efficiency and geometric properties of these integrators on
a four-dimensional extension [41, 42, 274] of the archetypal Shin–Metiu model [38, 275].
The first and second excited adiabatic states in this system are coupled significantly due
to a conical intersection.
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5.2 Theory

5.2.1 Time-dependent Hartree approximation for the molecular wave-
function

The time-dependent Hartree [49, 276–280] approximation is an optimal approximate solution
to the molecular time-dependent Schrödinger equation (1.1) among those in which the
molecular state can be written as the Hartree product

Ψt = atχtψt (5.1)

of the nuclear wavepacket χt and electronic wavepacket ψt; the complex number at is
inserted for convenience. In the time-dependent Hartree approximation, obtained by
applying the Dirac-Frenkel time-dependent variational principle [49, 281, 282] to ansatz
(5.1), the prefactor evolves as [49]

at = eiEt/~, (5.2)

and the nuclear and electronic states satisfy the system

i~χ̇t = Ĥnuχt, (5.3)

i~ψ̇t = Ĥelψt (5.4)

of coupled nonlinear Schrödinger equations with mean-field nuclear and electronic Hamil-
tonian operators

Ĥnu := 〈H〉ψt = 〈ψt|H|ψt〉, (5.5)

Ĥel := 〈H〉χt = 〈χt|H|χt〉. (5.6)

The mean-field operators satisfy the obvious identity 〈Ĥnu〉χt = 〈Ĥel〉ψt = E, and the
solution expressed by Eqs. (5.2)–(5.4) is unique except for an obvious gauge freedom in
redistributing the phase among at, χt, and ψt.

5.2.2 Mixed quantum-classical limit: Ehrenfest dynamics

In the classical limit for nuclei, the nuclear position and momentum operators Q̂ and P̂
are replaced with classical variables Q and P . Then, the mean-field nuclear Hamiltonian
(5.5) is no longer an operator, but a phase space function

Hnu(Q,P ) = 〈H(Q,P )〉ψt = 〈T̂el + Tnu(P ) + V̂ (Q)〉ψt , (5.7)

and the mean-field electronic Hamiltonian (5.6) becomes the molecular Hamiltonian
evaluated at the current nuclear positions and momenta, i.e.,

Ĥel(Qt, Pt) = H(Qt, Pt). (5.8)

63



Chapter 5. High-order geometric integrators for representation-free
Ehrenfest dynamics

We thus obtain the mixed quantum-classical Ehrenfest dynamics, in which the nuclear
positions and momenta evolve according to classical Hamilton’s equations of motion with
Hamiltonian Hnu(Q,P ) [Eq. (5.7)], and the electronic state evolves according to the time-
dependent Schrödinger equation with a time-dependent Hamiltonian Ĥel(Qt, Pt) [Eq. (5.8)]:

Q̇t = ∂Hnu
∂P

(Qt, Pt), (5.9)

Ṗt = −∂Hnu
∂Q

(Qt, Pt), (5.10)

i~ψ̇t = Ĥel(Qt, Pt)ψt. (5.11)

These three differential equations are coupled; moreover, the electronic time-dependent
Schrödinger equation (5.11) is nonlinear due to this coupling.

Equations (5.9)–(5.11) can be re-expressed as more compact Hamilton’s equations [267]

q̇eff,t = ∂Heff
∂peff

(qeff,t, peff,t), (5.12)

ṗeff,t = −∂Heff
∂qeff

(qeff,t, peff,t) (5.13)

associated with an effective mixed quantum-classical Hamiltonian

Heff(xeff) := 〈H(Q,P )〉ψ = 1
2~ [〈Ĥel(Q,P )〉qψ + 〈Ĥel(Q,P )〉pψ ], (5.14)

acting on an extended, effective mixed quantum-classical phase space with coordinates
xeff = (qeff , peff) = (Q, qψ, P, pψ). The quantum Darboux coordinates (qψ, pψ) consist of
the real and imaginary parts of the electronic wavefunction in the position representation:
qψ :=

√
2~Reψ(q) and pψ :=

√
2~Imψ(q) (for brevity, we omit the dependence of qψ and

pψ on q).

In general, qψ and pψ are real functions in an infinite-dimensional space, and therefore the
“quantum” part

q̇ψ,t = δHeff
δpψ

(qeff,t, peff,t), (5.15)

ṗψ,t = −δHeff
δqψ

(qeff,t, peff,t) (5.16)

of Eqs. (5.12) and (5.13) involves partial functional derivatives [153]:

δHeff
δqψ

= 1
2~

δ

δqψ

∫
[qψĤel(Q,P )qψ + pψĤel(Q,P )pψ]dq = ~−1Ĥel(Q,P )qψ, (5.17)

δHeff
δpψ

= 1
2~

δ

δpψ

∫
[qψĤel(Q,P )qψ + pψĤel(Q,P )pψ]dq = ~−1Ĥel(Q,P )pψ. (5.18)

Substituting Eqs. (5.17) and (5.18) into Hamilton’s equations (5.15) and (5.16) indeed
recovers the time-dependent Schrödinger equation (5.11) for the electronic wavefunction.
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In practice, qψ and pψ are typically represented on either a finite basis or a finite grid as
N -dimensional vectors, where N is the size of the basis or the number of grid points. In
such cases, functional derivatives (5.17) and (5.18) reduce to partial derivatives

∂Heff
∂qψ

= 1
2~

∂

∂qψ
[qTψHel(Q,P )qψ + pTψHel(Q,P )pψ] = ~−1Hel(Q,P )qψ, (5.19)

∂Heff
∂pψ

= 1
2~

∂

∂pψ
[qTψHel(Q,P )qψ + pTψHel(Q,P )pψ] = ~−1Hel(Q,P )pψ, (5.20)

where Hel(Q,P ) is an N ×N matrix representation of electronic operator Ĥel(Q,P ).

5.2.3 Geometric properties of Ehrenfest dynamics

Norm conservation

Ehrenfest dynamics conserves the norm ‖ψt‖ := 〈ψt|ψt〉1/2 of the electronic wavefunction
because

d

dt
‖ψt‖2 = 〈ψ̇t|ψt〉+ 〈ψt|ψ̇t〉 = i

~
[〈Ĥel(Qt, Pt)〉ψt − 〈Ĥel(Qt, Pt)〉ψt ] = 0, (5.21)

where we used Eq. (5.11) and the hermiticity of Ĥel(Qt, Pt).

Energy conservation

The total energy E = 〈H(Qt, Pt)〉ψt of the system is conserved, in general, by the time-
dependent variational principle and, in particular, by the time-dependent Hartree approxi-
mation. However, because we have, in addition, taken the mixed quantum-classical limit,
let us verify the conservation of energy explicitly:

dE

dt
= 〈ψ̇t|Ĥel(Qt, Pt)|ψt〉+ 〈ψt|Ĥel(Qt, Pt)|ψ̇t〉+ Q̇Tt ·

∂Hnu
∂Q

(Qt, Pt) + Ṗ Tt ·
∂Hnu
∂P

(Qt, Pt)

= i~(〈ψ̇t|ψ̇t〉 − 〈ψ̇t|ψ̇t〉)− Q̇Tt · Ṗt + Ṗ Tt · Q̇t = 0, (5.22)

where we used the hermiticity of Ĥel(Qt, Pt) and Eqs. (5.9)–(5.11). The energy conservation
also follows directly from the effective Hamiltonian structure:

dE

dt
= d

dt
Heff(qeff,t, peff,t) = q̇Teff,t

∂Heff
∂qeff

(qeff,t, peff,t) + ṗTeff,t
∂Heff
∂peff

(qeff,t, peff,t)

= −q̇Teff,tṗeff,t + ṗTeff,tq̇eff,t = 0, (5.23)

where we used Eqs. (5.12) and (5.13).
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Symplecticity

The effective, mixed quantum-classical symplectic two-form

ωeff := dqeff ∧ dpeff = ωcl + ωqm (5.24)

is a sum of the classical (cl) canonical two-form ωcl := dQ ∧ dP and the quantum (qm)
canonical two-form ωqm := dqψ ∧ dpψ, which acts on states ψ1 and ψ2 as ωqm(ψ1, ψ2) =
2~Im〈ψ1|ψ2〉 (see Sec. 1.2.3 and Refs. [49, 153, 154]). Let ΦHeff,t : xeff,0 7→ xeff,t denote the
Hamiltonian flow of Heff. The stability (or Jacobian) matrix Mt of the Hamiltonian flow
ΦH,t is a symplectic matrix. While this holds in general [48, 283], we show it explicitly for
our case in Sec. E.1 of Appendix E. As a direct result, Ehrenfest dynamics conserves the
effective symplectic two-form ωeff from Eq. (5.24).

Time reversibility

An involution is a mapping S that is its own inverse, i.e., S(S(x)) = x. We will consider
the involution

S =
(
ID+N 0

0 −ID+N

)
(5.25)

that changes the sign of the nuclear momenta and conjugates the electronic wavefunction
in the position representation (i.e., changes the sign of pψ). Following Ref. [48], we call a
flow Φt time-reversible under a general involution S if it satisfies

SΦt[SΦt(xeff)] = xeff . (5.26)

Because Hamiltonian Heff is an even function in peff , i.e., Heff(xeff) = Heff(Sxeff), the
Hamiltonian flow satisfies [48]

ΦHeff ,t(xeff) = SΦHeff ,−t(Sxeff). (5.27)

Since S−1 = S and, by definition, any flow is symmetric (i.e., Φ−t = Φ−1
t ) [47, 48], the

satisfaction of Eq. (5.27) implies the satisfaction of the time reversibility condition (5.26).

5.2.4 Geometric integrators for Ehrenfest dynamics

As introduced in Sec. 1.3, one can obtain an algorithm of arbitrary even order of accuracy
in ∆t by employing the splitting and composition methods simultaneously, as long as both
the kinetic and potential propagation steps can be solved exactly. Therefore, to present
arbitrary-order geometric integrators for Ehrenfest dynamics, we only need to show the
analytical solutions of the kinetic and potential propagation steps for arbitrary times t.
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Kinetic propagation: H(Q,P ) = T̂el + Tnu(P )

During the kinetic propagation, the Hamiltonian reduces to

H(Q,P ) = T̂el + Tnu(P ), (5.28)

and the equations of motion (5.9)–(5.11) become

Q̇t = M−1 · Pt, (5.29)

Ṗt = 0, (5.30)

i~ψ̇t = [T̂el + Tnu(Pt)]ψt, (5.31)

which are equivalent to Hamilton’s equations (5.12) and (5.13) with Heff = 〈T̂el +Tnu(P )〉ψ.
Because nuclear momenta Pt do not evolve during the kinetic propagation, Eqs. (5.29)–(5.31)
can be solved analytically to obtain

Qt = Q0 + tM−1 · P0, (5.32)

Pt = P0, (5.33)

ψt = e−it[T̂el+Tnu(P0)]/~ψ0. (5.34)

Since T̂el = T (p̂), Eq. (5.34) is easily evaluated in the momentum representation.

Potential propagation: H(Q,P ) = V̂ (Q)

During the potential propagation, the Hamiltonian reduces to

H(Q,P ) = V̂ (Q), (5.35)

and the equations of motion (5.9)–(5.11) become

Q̇t = 0, (5.36)

Ṗt = −〈V̂ ′(Qt)〉ψt , (5.37)

i~ψ̇t = V̂ (Qt)ψt, (5.38)

which are equivalent to Hamilton’s equations (5.12) and (5.13) with Heff = 〈V̂ (Q)〉ψ.
Because nuclear positions Qt do not evolve during the potential propagation, one can
replace Qt with Q0 in Eqs. (5.37) and (5.38). Even after the substitution of Qt = Q0,
however, Eq. (5.37) seems hard to solve due to an apparent coupling to Eq. (5.38). This
coupling can be removed by noting that

〈V̂ ′(Q0)〉ψt = 〈ψ0|eitV̂ (Q0)/~V̂ ′(Q0)e−itV̂ (Q0)/~|ψ0〉

= 〈ψ0|eitV̂ (Q0)/~e−itV̂ (Q0)/~V̂ ′(Q0)|ψ0〉 = 〈V̂ ′(Q0)〉ψ0 . (5.39)
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Consequently, Eqs. (5.36)–(5.38) can be solved analytically to obtain

Qt = Q0, (5.40)

Pt = P0 − t〈V̂ ′(Q0)〉ψ0 , (5.41)

ψt = e−itV̂ (Q0)/~ψ0. (5.42)

Since V̂ (Q) = V (q̂, Q), Eq. (5.42) is easily evaluated in the position representation.

5.2.5 Geometric properties of the geometric integrators for Ehrenfest
dynamics

In the algorithm proposed in Sec. 5.2.4, each potential or kinetic step of the Ehrenfest
dynamics is solved exactly. As a result, each of these steps has all the geometric properties of
the exact solution. The second-order Strang splitting method composed of two exact flows,
or any of the higher-order methods obtained from this elementary method by employing
one of the composition schemes from Sec. 1.3.2, preserves all the geometric properties (see
Sec. 5.2.3) of the exact solution except the conservation of energy (see Table 2.1, Theorem
in Sec. 2.2.2, and, e.g., Refs. [47, 48]).

5.2.6 Two and three time step methods

Two time step method

Unlike the proposed geometric integrators, which propagate Qt, Pt, and ψt simultaneously,
the two time step method [138, 263, 264] consists in alternately propagating the classical
nuclear phase space point and electronic wavefunction. The time step ∆tel = ∆t/nel for
the electronic propagation is typically much smaller than the time step ∆t for the nuclear
propagation (we used nel = 100).

In the two time step method, we employed the second-order Verlet algorithm [158] to
propagate the nuclear phase space point and the second-order VTV split-operator algorithm
[160] to propagate the electronic wavefunction. However, because the nuclear phase space
point and electronic wavefunction are propagated separately and alternately, the overall
two time step method is only first-order accurate in the time step. Moreover, the method is
neither time-reversible nor symplectic (see Fig. 5.6 in Sec. 5.3). See Sec. E.2 of Appendix E
for the detailed algorithm of the two time step method.

Three time step method

The three time step method [265, 266], owing to its symmetry, is both time-reversible and
second-order accurate in the time step [47]. However, the method is still not symplectic
(see Fig. 5.6 in Sec. 5.3).
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In addition to the nuclear time step ∆t and electronic time step ∆tel, used also in the two
time step method, the three time step method improves the efficiency by introducing the
intermediate nuclear-electronic coupling time step ∆tnu-el = ∆t/nnu-el = ∆telnel/nnu-el (we
used nnu-el = 10). See Sec. E.2 of Appendix E for the detailed algorithm of the three time
step method.

5.3 Results and discussion

We use a low-dimensional model that is solvable “numerically exactly” to demonstrate the
geometric and convergence properties of the presented integrators. Since the high efficiency
and geometric properties of these integrators are most meaningful when the mean-field
Ehrenfest approximation is valid, we have chosen the system and initial state carefully so
that numerically converged Ehrenfest and exact quantum simulations yield similar results.
At the same time, we have ensured that the resulting nonadiabatic simulation describes
a realistic light-induced excitation. (See references in Sec. 5.1 for higher-dimensional
examples where the Ehrenfest approximation was employed successfully.)

The four-dimensional extension [41, 42, 274] of the Shin–Metiu model [38, 275] consists
of an interacting electron and proton, both moving in two spatial dimensions and feeling
an additional field of two fixed protons (all three protons are distinguishable). The
four-dimensional (D = 2, d = 2) model Hamiltonian is of form (1.2) with

V = Vquartic(Q̂) + V en(|q̂ −Qa|) + V en(|q̂ −Qb|) + V en(|q̂ − Q̂|) + V nn(|Q̂−Qa|)

+ V nn(|Q̂−Qb|) + V nn(|Qa −Qb|), (5.43)

where Qa = (−L/2, 0) and Qb = (L/2, 0) are the positions of the two fixed protons, and

V en(ξ) = −1/
√
a+ ξ2, (5.44)

V nn(ξ) = 1/
√
b+ ξ2 (5.45)

are attractive and repulsive regularized Coulomb potentials, respectively. Following Ref. [42],
we take L = 4

√
3/5 a.u., a = 0.5 (a.u.)2, and b = 10 (a.u.)2. Quartic potential Vquartic(Q) =

(|Q|/Qc)4 with Qc = 3.5 a.u. ensures that the system remains bound.

For the dynamics, we considered the initial state

Ψ0(q,Q) = χgwp(Q−Q0)ϕ2(q;Q), (5.46)

where ϕn is the nth excited adiabatic electronic state (we omit the superscript “ad”), and

χgwp(Q) = 1√
π~σ2

e−Q
2/(2~σ2) (5.47)

is the ground vibrational eigenstate of a harmonic fit to the ground electronic state; here,
σ = 0.24 a.u. The displacement of the initial wavepacket by Q0 = (0.5 a.u., 1.5 a.u.) from
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the ground state equilibrium is, like in Sec. 4.3.3, motivated by the displaced excitation
of molecules. To obtain ϕ2(q;Q), we solved the electronic time-independent Schrödinger
equation

[T̂el + V̂ (Q)]ϕn(Q) = En(Q)ϕn(Q), (5.48)

where T̂el = T (p̂) and V̂ (Q) = V (q̂, Q) are operators acting on electrons. In the position
representation, Eq. (5.48) takes a more familiar form[

− ~2

2m
∂2

∂q2 + V (q;Q)
]
ϕn(q;Q) = En(Q)ϕn(q;Q). (5.49)

Section E.3 of Appendix E describes the method we employed to solve this equation.

Because our approach does not rely on a specific electronic basis (such as the basis of
adiabatic or diabatic electronic states) to represent the molecular wavepacket, the initial
state can be a general function of q and Q. To be specific, however, we chose to start
the dynamics from a single excited adiabatic electronic state (here ϕ2), which is the most
common choice in the literature studying nonadiabatic dynamics following a light-induced
excitation [2, 34, 36, 37, 82]. In the model described by Eqs. (5.43)–(5.45), the second
excited adiabatic state ϕ2 is, indeed, significantly coupled to the first excited state ϕ1 by a
conical intersection depicted in Fig. 5.1.

E
n
(Q

)
(a.u

.)

Figure 5.1 – Potential energy surfaces in the vicinity of the conical intersection at Q = QCI =
(0, 1.2 a.u.) in the model system from Sec. 5.3. Energies En(Q) := 〈ϕn(Q)|T̂el+V̂ (Q)|ϕn(Q)〉
of the first (n = 1) and second (n = 2) excited adiabatic electronic states ϕn(Q) are shown
in green and red, respectively.

In Fig. 5.2, we compare the exact quantum dynamics Ψt = U(t)Ψ0 with Ehrenfest dynamics
xeff,t = ΦHeff ,t(xeff,0). The initial state (Qt, Pt, ψt) |t=0 = (Q0, 0, ϕ2(Q0)) of the system,
and the equivalent initial mixed quantum-classical phase space point

xeff,0 = (Q0,
√

2~Reϕ2(q;Q0), 0, 0), (5.50)

can be thought of as state (5.46) with an infinitesimally narrow Gaussian wavepacket.
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The fourth component in Eq. (5.50) is zero because the state ϕ2(q;Q0), in the position
representation, is purely real: Imϕ2(q;Q0) = 0. We compare three observables: nuclear
position Q(t), adiabatic population Pn(t), and electronic density ρel(q, t). In quantum
dynamics, they are obtained from the full wavefunction Ψt as [42, 274]

Q(t) = 〈Q̂〉Ψt , (5.51)

Pn(t) = 〈P̂n〉Ψt , (5.52)

ρel(q, t) =
∫
dQ|Ψt(q,Q)|2. (5.53)

To find Pn(t) from Eq. (5.52), we computed the expectation value of the population
operator P̂n := |ϕn〉〈ϕn| in the position representation [274]:

〈P̂n〉Ψt =
∫ ∣∣∣∣∫ ϕn(q;Q)∗Ψt(q,Q)dq

∣∣∣∣2 dQ. (5.54)

In Ehrenfest dynamics, the nuclear position Q(t) is simply the current position Qt of the
trajectory, whereas the adiabatic population Pn(t) = |〈ϕn(Qt)|ψt〉|2 and electronic density
ρel(q, t) = |ψt(q)|2 depend on the electronic wavefunction ψt.

Figure 5.2 shows that during the considered time interval t ∈ [0, tf ] with tf = 170 a.u.,
Ehrenfest dynamics yields qualitatively correct results. In particular, the nuclear motion
towards the conical intersection Q = QCI = (0, 1.2 a.u.) [panels (a) and (b)] and the
resulting population transfer from the initial second excited to the first excited state
[panels (c) and (d)] are well described by Ehrenfest dynamics. The electronic densities
obtained from the exact quantum and Ehrenfest dynamics [panels (e) and (f)] at the final
time t = tf are also very similar. In this numerical example, the mean-field Ehrenfest
approximation works well because the nuclear density remains localized (not shown) and
because the electronic density is almost stationary.

In the following, we demonstrate the geometric properties and high efficiency of high-
order geometric integrators (from Sec. 5.2.4). Owing to the low electronic dimensionality
(d = 2) of the employed model, we could ensure that the numerical errors due to the
representation of the electronic wavefunction ψt(q) were negligible in comparison with
the time propagation errors: The wavefunction was represented, with high accuracy, on
a uniform grid (see Sec. E.3 of Appendix E for computational details). This approach,
however, would be too computationally demanding in practical, higher-dimensional (i.e.,
larger d) simulations. Instead, for such simulations, one of the real-time time-dependent
electronic structure methods [272, 273], such as real-time time-dependent Hartree–Fock
(TDHF) [138, 265, 284] and real-time time-dependent density functional theory (TDDFT)
[285–292], should be employed. In particular, because there exist implementations of
real-time TDDFT using the split-operator algorithms for the propagation of Kohn–Sham
orbitals [293–297], it should be straightforward to employ the presented integrators for
TDDFT-Ehrenfest simulations. However, the exact efficiency of the high-order geometric
integrators when applied to realistic TDDFT-Ehrenfest simulations is difficult to predict
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Figure 5.2 – Comparison of Ehrenfest dynamics with the exact quantum dynamics. (a)–(d)
Time dependence of nuclear position Ql(t) [l = 1 in panel (a), l = 2 in panel (b)] and
of the first and second excited adiabatic populations Pn(t) [n = 1 in panel (c), n = 2 in
panel (d)]. (e) and (f) Electronic densities at the final time t = tf obtained from quantum
dynamics [panel (e)] and Ehrenfest dynamics [panel (f)].

and is outside the scope of this study.

In Fig. 5.3, we demonstrate the geometric properties of the presented integrators (in all
figures, we omit the results of the TVT algorithm and its compositions because they are
nearly identical to the corresponding results for the VTV algorithm). The figure shows that
the norm of the electronic wavefunction [panels (a) and (b)], time reversibility [panels (c)
and (d)], and symplecticity [panels (e) and (f)] are conserved as functions of time [for a
fixed time step ∆t = 0.5 a.u., panels (a), (c), and (e)] and regardless of the time step ∆t
used [for a fixed final time tf = 170 a.u., panels (b), (d), and (f)].

We check the symplecticity of stability matrix Mt by measuring the Frobenius distance

dF (t) = ‖MT
t JMt − J‖ (5.55)

of MT
t JMt from J (see Sec. E.1 of Appendix E). Here,

J :=
(

0 −ID+N

ID+N 0

)
(5.56)

is the standard symplectic matrix, and the Frobenius norm is defined as ‖A‖ := 〈A,A〉1/2,
where 〈A,B〉 := Tr(A†B). Time reversibility of an approximate method that approximates
the exact flow Φt at discrete times t = n∆t by an iterated map Φ(∆t)

appr,t := (Φ(∆t)
appr)n : xeff,0 7→
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Figure 5.3 – Conservation of geometric properties by the geometric integrators presented in
Sec. 5.2.4. (a) and (b) Norm of the electronic wavefunction. (c) and (d) Time reversibility
[Eq. (5.57)]. (e) and (f) Symplecticity [Eq. (5.55)]. (g) and (h) Energy. Both the time
dependence of the geometric properties for a fixed time step ∆t = 0.5 a.u. [left-hand side
panels (a), (c), (e), and (g)] and the geometric properties at the final time, t = tf = 170
a.u., as functions of ∆t [right-hand side panels (b), (d), (f), and (h)] are shown. The costly
numerical propagation of stability matrix Mt is done separately from the main Ehrenfest
dynamics (see Sec. E.4 of Appendix E). Due to the prohibitive computational cost, only
the elementary second-order method is presented in panels (e) and (f); however, all of its
compositions are symplectic regardless of the time step (as justified in Sec. 5.2.5). Initial
energy of the system is E(0) = −0.2 a.u. To avoid clutter, only the higher-order integrators
obtained using the optimal composition schemes are shown; the Suzuki-fractal scheme is
the optimal fourth-order scheme (see Sec. 1.3.2).

x
(∆t)
eff,t is measured by the distance

T (t) := ‖xfb
eff,t − xeff,0‖ (5.57)

of the forward-backward propagated state xfb
eff,t := SΦ(∆t)

appr,t[SΦ(∆t)
appr,t(xeff,0)] from the initial

state xeff,0. The norm ‖xeff‖ := 〈xeff , xeff〉1/2 of an effective phase space point xeff is defined
using the scalar product 〈xeff,1, xeff,2〉 := QT1 · Q2 + P T1 · P2 + 〈ψ1|ψ2〉 of xeff,1 and xeff,2.
The corresponding squared “distance” ‖xeff,1 − xeff,2‖2 between points xeff,1 and xeff,2 is
simply the sum ‖Q1 −Q2‖2 + ‖P1 − P2‖2 + ‖ψ1 − ψ2‖2 of the squared distances between
Q1 and Q2, between P1 and P2, and between ψ1 and ψ2.

Panels (g) and (h) of Fig. 5.3 show that the energy is only conserved approximately, to
the same order as the order of convergence of the integrator. The loss of exact energy
conservation is standard for any splitting method [47, 52] and is due to alternating
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kinetic and potential propagations: the effective Hamiltonian alternates between Heff =
〈T̂el + Tnu(P )〉ψ and Heff = 〈V̂ (Q)〉ψ; its time-dependent nature breaks the conservation of
energy.

Figure 5.4 confirms the predicted asymptotic orders of convergence of the geometric
integrators. However, panel (b) may wrongly suggest that the Suzuki-fractal scheme leads
to the most efficient method, as it has the smallest error for each time step size. What
Fig. 5.4 does not show is that the sixth-order Suzuki-fractal scheme has a factor of 25/9
more substeps per time step than either the triple-jump or optimal scheme. If we instead
consider the dependence of the convergence error on the computational cost, the optimal
composition scheme indeed yields the most efficient method for each order of accuracy (see
Fig. E.1 in Appendix E).
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Figure 5.4 – Convergence of geometric integrators for Ehrenfest dynamics measured by the
convergence error of the final effective phase space point xeff,tf as a function of ∆t. Gray
straight lines indicate various predicted orders of convergenceO(∆tp). (a) Methods obtained
using the optimal composition schemes, i.e., methods presented in Fig. 5.3. (b) Sixth-order
methods obtained using the triple jump, Suzuki-fractal, and optimal composition schemes.
The error of an approximate method is measured by the distance ‖x(∆t)

eff,tf − x
(∆t/2)
eff,tf ‖ of

the final point x(∆t)
eff,tf = Φ(∆t)

appr,tf (xeff,0), obtained with time step ∆t, from the final point
x

(∆t/2)
eff,tf = Φ(∆t/2)

appr,tf (xeff,0), obtained with half time step ∆t/2.

To reach a modest convergence error of 10−3, the most efficient geometric integrator
(obtained using the optimal fourth-order composition scheme) is 15 times faster than the
two time step method and roughly twice slower than the three time step method (see
Fig. 5.5). Yet, a clear advantage of the geometric integrators over the other methods is the
exact conservation of geometric properties.

74



5.3. Results and discussion

100 101 102 103

CPU time (s)

10-10

10 -8

10 -6

10 -4

10 -2

10 0

‖x
(∆
t)

e
ff
,t
f
−
x

(∆
t/

2
)

e
ff
,t
f
‖

(a
.u

.)

Order

1

2

4

6

8

10

Method

Geometric

3 time step

2 time step

Figure 5.5 – Efficiency of the geometric integrators is compared with the efficiency of the
widely used two time step and three time step methods. Efficiency is measured using the
dependence of the convergence error on the computational cost. Only the higher-order
geometric integrators obtained using the optimal composition schemes are shown, for they
are the most efficient for each order of accuracy.

Both the two and three time step methods violate symplecticity; the two time step method,
in addition, violates time reversibility (see Fig. 5.6). Moreover, due to its higher order of
convergence in ∆t, the fourth-order geometric integrator becomes more efficient than even
the three time step method to reach convergence errors below 10−4 (see Fig. 5.5).
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Figure 5.6 – Violation of (a) time reversibility [see Eq. (5.57)] and (b) symplecticity [see
Eq. (5.55)] by the non-geometric integrators: The two time step method is neither reversible
nor symplectic, whereas the three time step method is time-reversible but not symplectic.
The geometric integrators exactly preserve both (c) time-reversibility and (d) symplecticity.
Time step of ∆t = 17 a.u. was used; for the two and three time step methods, the
corresponding convergence errors are 0.5 and 0.09, respectively, and for all of the presented
geometric integrators, the errors are > 1.4.
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5.4 Conclusion

We have demonstrated that the high-order geometric integrators for Ehrenfest dynamics
can be obtained by simultaneously employing the splitting and composition methods.
Since Ehrenfest dynamics already involves a rather severe approximation, one is often not
interested in numerically converged solutions. In such cases, geometric integrators become
much more relevant because only they guarantee the exact conservation of the geometric
invariants regardless of the accuracy of the solution.

That is not to say that the high-order geometric integrators are inefficient for high-accuracy
simulations. On the contrary, to reach an error of, e.g., 10−6, using the eighth-order
geometric integrator yields a four-fold speedup over the three time step method (see
Fig. 5.5) and a 5000-fold speedup over the two time step method. High-accuracy results
with negligible numerical errors may be desirable when the error introduced by the mean-
field Ehrenfest approximation is either very small or unknown.
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6 A time-reversible integrator for
the time-dependent Schrödinger
equation on an adaptive grid

In Chapters 2–4, we simulated the exact quantum dynamics using the dynamic Fourier
method; in fact, one of the most popular and accurate methods for quantum dynamics
simulations employs a combination of this dynamic Fourier method with the split-operator
algorithm (see Sec. 1.3.1) on a tensor-product grid. To reduce the number of required
grid points, we let the grid move together with the wavepacket. We find that the time
reversibility is violated unless the wavefunction and grid are evolved simultaneously and
achieve this simultaneous evolution by employing the splitting method. The adaptive grid
algorithm proposed here is indeed closely related to the geometric integrators, also based
on the splitting method, proposed in Chapter 5: The coupled equations of motion for the
grid and wavefunction in the adaptive grid algorithm are analogous to Eqs. (5.9)–(5.11)
in representation-free Ehrenfest dynamics. In contrast to previous Chapters 2–5, where
nonadiabatic simulations were considered, the algorithm proposed in this chapter improves
the efficiency of nuclear wavepacket dynamics, i.e., exact quantum simulations under the
Born–Oppenheimer approximation. We provide several numerical examples (Sec. 6.3) where
the grid adaptation reduced the required number of grid points, increased the attainable
total propagation time, or enabled simulations of high-dimensional systems. This chapter
has been adapted from Ref. [53].

6.1 Introduction

The time-dependent Schrödinger equation (1.1) with a standard separable molecular
Hamiltonian (1.45) can be solved both accurately and efficiently by employing a combination
of the dynamic Fourier method with a high-order split-operator algorithm [47, 49, 50, 160]
on a tensor-product grid [50, 160, 177]. However, there exist more suitable methods for
simulations that access only a small portion of the tensor-product Hilbert space. These
methods improve their efficiency by focusing the available computational resources on the
important portions of the full Hilbert space.
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In Sec. 1.1, we have introduced the multiconfigurational time-dependent Hartree (MCTDH)
method [148, 149, 151] as one of the most popular approaches for simulating nonadiabatic
molecular quantum dynamics. The pruned, collocation-based MCTDH method [298]
mitigates the problematic exponential scaling of the standard MCTDHmethod by employing
a pruned basis [299] and, simultaneously, extends the method’s applicability to more general
potential energy surfaces by using a collocation grid [300].

Another way to reduce the required computational resources is by appropriately truncating
a lattice of Gaussian basis functions [301–304] or a set of grid points [305, 306]. In particular,
sparse-grid methods [49, 307–309] reduce the number of required grid points by employing,
e.g., the Smolyak quadrature [310].

Making the grid adaptive [311] is yet another common approach for reducing the required
number of grid points. For example, the adaptive moving grid has been used to improve
the quantum trajectory method [312, 313] near wavefunction nodes [314–316], to treat the
interaction of molecules with intense time-dependent electromagnetic fields [317], and to
reduce the size [318, 319] of grids employed in discrete variable representation [320, 321].
This discrete variable representation has been employed extensively to compute vibrational
spectra [322, 323]; moreover, its parallelized [324, 325], time-dependent version [319, 326]
can simulate various multi-state, multi-dimensional quantum dynamics efficiently [327].

In this chapter, we present an approach to extend the applicability of a popular high-
accuracy quantum simulation technique—a combination of the dynamic Fourier method
with a split-operator algorithm—to higher-dimensional systems. The proposed method
reduces the required computational resources by employing an adaptive tensor-product
grid that moves according to the wavepacket expectation values of position and momentum.
Unlike the rest of this thesis, the adaptive moving grid algorithm proposed here is expected
to improve the efficiency of quantum dynamics simulations under the Born–Oppenheimer
approximation (i.e., quantum dynamics of a nuclear wavepacket). The proposed method
should perform particularly well for quantum simulations of systems occupying only a
small part of the accessible phase space at any given time (see Fig. 1.5).

The most naïve approach of evolving the grid only after each time step of wavefunction
propagation breaks the symmetry, and thus the time reversibility, of the split-operator
algorithm. We find that this time reversibility is restored when the grid is evolved
simultaneously with the wavepacket and achieve this simultaneous evolution by employing
the splitting method, like in Sec. 5.2.4. In fact, the coupled equations of motion for the
wavepacket and phase space grid in the adaptive moving grid method are comparable to
the equations of motion (5.9)–(5.11) in Ehrenfest dynamics.

In addition to the time reversibility, the proposed adaptive grid algorithm preserves all
the geometric properties preserved by the split-operator algorithm (see Table 2.1 for a
summary) and can be composed by various composition methods (see Sec. 1.3.2) to obtain
arbitrary-order integrators. As well as having favorable geometric properties, the proposed
algorithm is also simple to implement: its implementation does not depend on the form of
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the potential energy, and the grid adaptation requires no adjustable parameters.

6.2 Theory

The adaptive grid approach presented here, in principle, applies to any general time-
dependent Schrödinger equation (1.1) with a separable Hamiltonian (1.45). Yet, we shall
limit our presentation to the nuclear wavepacket dynamics on a single electronic surface
because the gain in efficiency from employing the adaptive grid should be the most profound
in such dynamics.

Before we present the time-reversible algorithm for solving the time-dependent Schrödinger
equation on an adaptive moving grid, let us first discuss in detail (in Secs. 6.2.1–6.2.3) a
widely used combination of the dynamic Fourier method with the split-operator algorithm
on a tensor-product grid and, at the same time, introduce our notation.

6.2.1 Dynamic Fourier method on a grid

As discussed in Sec. 2.2.3, in the dynamic Fourier method [50, 160, 177], the action
of a function f(X̂) of an operator X̂ on a wavepacket ψ is evaluated as f(X)ψ(X) in
the X-representation, where X is either the nuclear position Q or momentum P . The
wavefunction ψ is transformed, only if required, to the X-representation by either the
Fourier or inverse Fourier transformation:

ψ̃(P ) = (2π~)−D/2
∫
ψ(Q)e−iP ·Q/~dQ, (6.1)

ψ(Q) = (2π~)−D/2
∫
ψ̃(P )eiP ·Q/~dP. (6.2)

The dynamic Fourier method on a grid follows the same approach except that f(X)ψ(X)
and the integral transforms (6.1) and (6.2) are now discretized on a grid, consisting of
points XI for all I ∈ I. Here, the multi-index I = (i1, . . . , iD) is an ordered D-tuple of
integers from the set

I := {(i1, . . . , iD) : il ∈ {0, . . . , Nl − 1} for all l ∈ {1, . . . , D}} (6.3)

of all admissible multi-indices; Nl is the number of grid points in the lth dimension. When
iterating over all admissible multi-indices, we will simply write I ∈ I. The coordinates of
the “Ith” grid point XI are given by

XI,l := Xctr,l + (il −Nl/2)∆Xl for l ∈ {1, . . . , D}, (6.4)

where Xctr is the X-grid center, and ∆X is the X-spacing of the grid. For ease of
presentation, we impose that Nl is an even number and note that ∆Ql∆Pl = 2π~/Nl.
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On a grid, the application of operator f(X̂) on state ψ in the X-representation is given as

f(X)ψ(X) grid= f(XI)ψ(XI), (6.5)

where grid= denotes “is represented on a grid as.” The integral transforms (6.1) and (6.2) are
discretized on a grid as

ψ̃(PK) = CQ
∑
J∈I

ψ(QJ)e−iPK ·QJ/~, K ∈ I, (6.6)

ψ(QJ) = CP
∑
K∈I

ψ̃(PK)eiPK ·QJ/~, J ∈ I, (6.7)

with prefactors CX :=
∏D
l=1(∆Xl/

√
2π~).

We re-express Eqs. (6.6) and (6.7) in terms of the standard discrete Fourier transform by
scaling the wavefunctions as

ψ̃K := ψ̃(PK)/
√
CQ, (6.8)

ψJ := ψ(QJ)/
√
CP (6.9)

and using Eq. (6.4). We thus obtain

ψ̃K = 1√
N

∑
J∈I

e−2πi〈K,J〉e−iAKJ/~ψJ , K ∈ I, (6.10)

ψJ = 1√
N

∑
K∈I

e2πi〈J,K〉eiAKJ/~ψ̃K , J ∈ I, (6.11)

where N :=
∏D
l=1Nl denotes the total number of grid points; to simplify Eqs. (6.10) and

(6.11), we have introduced and used

AKJ =
D∑
l=1

[(Pctr,l −∆PlNl/2)(Qctr,l −∆QlNl/2)

+ Pctr,ljl∆Ql +Qctr,lkl∆Pl − π~(jl + kl)] (6.12)

and the multi-index inner product 〈K,J〉 :=
∑D
l=1 kljl/Nl. The scaled wavefunction ψ̃K

can be viewed as a standard discrete Fourier transform of e−iAKJ/~ψJ . Likewise, ψJ can
be viewed as a standard inverse discrete Fourier transform of eiAKJ/~ψ̃K . In practice,
the discrete Fourier transform is implemented using the celebrated fast Fourier transform
algorithm, which has even been parallelized by employing either the message passing
interface (MPI) or open multi-processing (openMP) interface [328].

6.2.2 Shifting the grid

In Sec. 6.2.1, we assumed that the grid centers are fixed, but this assumption will now
be lifted to allow for grid shifting. Moreover, all quantities defined in Sec. 6.2.1 will be

80



6.2. Theory

re-expressed in a more compact matrix form. Equations (6.10) and (6.11) thus become

ψ̃(Pctr) = T(Qctr, Pctr)ψ(Qctr), (6.13)

ψ(Qctr) = T̃(Qctr, Pctr)ψ̃(Pctr), (6.14)

where the “vectors” ψ(Qctr) and ψ̃(Pctr) are rank-D tensors with N components ψJ(Qctr)
and ψ̃K(Pctr), respectively, and the “matrices” representing the Fourier transforms are

[T(Qctr, Pctr)]KJ := 1√
N
e−2πi〈K,J〉e−iAKJ (Qctr,Pctr)/~, (6.15)

T̃(Qctr, Pctr) = T(Qctr, Pctr)−1 = T(Qctr, Pctr)†. (6.16)

In Eqs. (6.13) and (6.14), a compact notation for the “matrix-vector” multiplication, defined
by (Mψ)K :=

∑
J∈IMKJψJ , K ∈ I, is employed, and the tilde (̃ ) symbol above a matrix

denotes that it is applied to a wavefunction in the P -representation.

Equation (6.13) expresses that the position wavefunction ψ(Qctr) represented on the Q-grid
centered at Qctr is transformed to the momentum wavefunction ψ̃(Pctr) represented on
the P -grid centered at Pctr by applying T(Qctr, Pctr). Similarly, Eq. (6.14) expresses that
ψ̃(Pctr) is transformed to ψ(Qctr) by applying T̃(Qctr, Pctr).

6.2.3 Split-operator algorithm on a grid

Any split-operator algorithm can be obtained by composing the potential evolution operator
ÛV (∆t) and kinetic evolution operator ÛT (∆t) (see Sec. 1.3.1). These operators are
discretized on a grid as diagonal finite-dimensional tensors

[UV (∆t, Qctr)]JJ ′ = δJJ ′e
−i∆tV (QJ (Qctr))/~, (6.17)

[ŨT (∆t, Pctr)]KK′ = δKK′e
−i∆tT (PK(Pctr))/~. (6.18)

Therefore, the time-evolved wavefunctions are

〈Q|ÛV (∆t)ψ〉 grid=
√
CPUV (∆t, Qctr)ψ(Qctr), (6.19)

〈P |ÛT (∆t)ψ〉 grid=
√
CQŨT (∆t, Pctr)ψ̃(Pctr); (6.20)

note that at the end of the propagation, the scaled wavefunctions ψJ and ψ̃K are scaled
back to ψ(QJ) and ψ̃(PK) with factors

√
CP and

√
CQ, respectively [see Eqs. (6.8) and

(6.9)].

6.2.4 Loss of linearity by the grid adaptation

Henceforth, to be specific, we assume that the initial wavefunction is provided in the
Q-representation and that the solution at time t is desired also in the Q-representation. Let
the adaptive X-grid be centered at the wavefunction’s X-expectation value. The resulting
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equations of motion for the wavefunction and grid centers Xt := Xctr(t) are

i~ψ̇t(Qt) = H(Qt, Pt)ψt(Qt), (6.21)

Qt = 〈Q(Qt)〉ψt(Qt), (6.22)

Pt = 〈P̃(Pt)〉ψ̃t(Pt). (6.23)

In Eq. (6.21), Hamiltonian H(Qt, Pt) is represented on a grid centered at (Qt, Pt) and
contains appropriate Fourier transforms. In Eqs. (6.22) and (6.23), the expectation value
〈X(Xt)〉ψt(Xt) := 〈ψt(Xt)|X(Xt)ψt(Xt)〉 of operator [X(Xt)]II′ := δII′XI(Xt) is evaluated
as the inner product between ψt(Xt) and X(Xt)ψt(Xt): The inner product between two
general wavefunctions ψ and φ is defined as

〈ψ(Xt)|φ(Xt)〉 :=
D∏
l=1

∆Xl

∑
I∈I

ψ(XI(Xt))∗φ(XI(Xt)). (6.24)

The grid adaptation leads to the loss of some geometric properties even if Eqs. (6.21)–(6.23)
are solved exactly. In Eq. (6.21), the Hamiltonian is nonlinear due to its dependence on
ψt (via Qt and Pt), and the corresponding evolution operator is, therefore, also nonlinear
and does not conserve the inner product [329]. Consequently, the symplectic two-form
ωqm(ψ,φ) [49] is not preserved either. In contrast, the exact solution to Eqs. (6.21)–(6.23)
does conserve the norm and is both symmetric and time-reversible.

6.2.5 Loss of time reversibility by the naïve adaptive grid

Due to their mutual coupling, Eqs. (6.21)–(6.23) cannot, in general, be solved analytically.
The naïve adaptive grid approximation decouples these equations by first solving Eq. (6.21)
for the wavefunction with fixed Qt and Pt in the time interval t ∈ [0,∆t] to obtain

ψ∆t(Q0) = e−i∆tH(Q0,P0)/~ψ0(Q0) ≡ U(∆t;Q0, P0)ψ0(Q0). (6.25)

In practice, U(∆t;Q0, P0)ψ0(Q0) is approximated numerically using one of many time
propagation schemes, such as the split-operator algorithm (see Sec. 1.3.1), short iterative
Lanczos scheme [184, 185], and Crank–Nicolson method [186, 187]. The grid centers are
updated separately only in the subsequent step according to the propagated wavefunction:

Q∆t = 〈Q(Q0)〉ψ∆t(Q0), (6.26)

P∆t = 〈P̃(P0)〉ψ̃∆t(P0). (6.27)

Finally, the propagated wavefunction ψ∆t(Q0) is represented on the updated grid:

ψ̃∆t(P∆t) = T(Q0, P∆t)ψ∆t(Q0), (6.28)

ψ∆t(Q∆t) = T̃(Q∆t, P∆t)ψ̃∆t(P∆t). (6.29)
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The overall evolution operator for the naïve adaptive grid is, therefore,

Unaïve(∆t;ψ0, Q0, P0) := T̃(Q∆t, P∆t)T(Q0, P∆t)U(∆t;Q0, P0); (6.30)

the dependence of Unaïve on ψ0 is a result of the dependence of Q∆t and P∆t on ψ0.

The naïve adaptive grid algorithm conserves the norm ‖ψt(Qt)‖ := 〈ψt(Qt)|ψt(Qt)〉1/2

because Unaïve is a composition of three norm-conserving operators: That T and T̃ conserve
the norm follows from relationship (6.16), and U(∆t;Q0, P0) conserves the norm because
U† = U−1.

The naïve adaptive grid approach is neither symmetric nor time-reversible because

Unaïve(−∆t;ψ∆t, Q∆t, P∆t)Unaïve(∆t;ψ0, Q0, P0)

= T̃(Q′0, P ′0)T(Q∆t, P
′
0)U(−∆t;Q∆t, P∆t)T̃(Q∆t, P∆t)T(Q0, P∆t)U(∆t;Q0, P0) 6= 1 :

(6.31)

Expectation value X ′0 := 〈X(X∆t)〉ψ0(X∆t) is, in general, not the same as the initial X-grid
center (i.e., X ′0 6= X0) because X ′0 is evaluated on the grid centered at X∆t [whereas
X0 = 〈X(X0)〉ψ0(X0)]. Moreover, even in the unlikely situation that, by chance, Q′0 = Q0

and P ′0 = P0, inequality (6.31) still holds. As we shall see in the next Sec. 6.2.6, to preserve
the symmetry and time reversibility, the grid must be evolved simultaneously with the
wavefunction.

6.2.6 Recovery of time reversibility by a combination of the splitting
method and Ehrenfest theorem

The Ehrenfest theorem [330] states that the time derivatives of the position and momentum
expectation values satisfy

Q̇t =
〈
∂H
∂P

(Qt, Pt)
〉
ψt(Qt)

, (6.32)

Ṗt = −
〈
∂H
∂Q

(Qt, Pt)
〉
ψt(Qt)

. (6.33)

The system of differential and algebraic equations (6.21), (6.22), and (6.23) for ψt, Qt, and
Pt is equivalent to and hence can be replaced with the system of differential equations (6.21),
(6.32), and (6.33). These equations are analogous to the equations of motion (5.9)–(5.11) in
Ehrenfest dynamics and can be solved analytically if Ĥ = T (P̂ ) or Ĥ = V (Q̂). Therefore,
like in Sec. 5.2.4, we can employ the splitting method (see Sec. 1.3.1) together with the
composition method (see Sec. 1.3.2) to obtain high-order geometric integrators. We shall
now present the analytical solutions of the kinetic and potential steps for arbitrary times t.
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Kinetic propagation: Ĥ = T (P̂ )

When Ĥ = T (P̂ ), Eqs. (6.21), (6.32), and (6.33) become

i~ ˙̃ψt(Pt) = T̃(Pt)ψ̃t(Pt), (6.34)

Q̇t = M−1 · 〈P̃(Pt)〉ψ̃t(Pt), (6.35)

Ṗt = 0, (6.36)

where [T̃(Pt)]KK′ = δKK′T (PK(Pt)). Because the center Pt of the momentum grid does
not evolve during the kinetic propagation, one can replace Pt with P0 in Eqs. (6.34)–(6.36).
The apparent persisting coupling of Eq. (6.35) to Eq. (6.34) can be removed by noting that
〈P̃(Pt)〉ψ̃t(Pt) is time-independent because P̃(Pt) commutes with ŨT (t, Pt). As a result,
Eqs. (6.34)–(6.36) can be solved analytically to obtain

ψ̃t(Pt) = ŨT (t, P0)ψ̃0(P0), (6.37)

Qt = Q0 + tM−1 · P0, (6.38)

Pt = P0. (6.39)

The evaluation of ŨT (t, P0) in Eq. (6.37), as well as its action on ψ̃0(P0), can be parallelized
using the open multi-processing (openMP) interface.

Potential propagation: Ĥ = V (Q̂)

When Ĥ = V (Q̂), Eqs. (6.21), (6.32), and (6.33) become

i~ψ̇t(Qt) = V(Qt)ψt(Qt), (6.40)

Q̇t = 0, (6.41)

Ṗt = −
〈
∂V
∂Q

(Qt)
〉
ψt(Qt)

, (6.42)

where [V(Qt)]JJ ′ = δJJ ′V (QJ(Qt)). Because the center Qt of the position grid does not
evolve during the potential propagation, one can replace Qt with Q0 in Eqs. (6.40)–(6.42).
Like in the kinetic propagation, the apparent persisting coupling of Eq. (6.42) to Eq. (6.40)
can be removed by noting that 〈∂V/∂Q(Qt)〉ψt(Qt) is time-independent because ∂V/∂Q(Qt)
commutes with UV (t, Qt). As a result, Eqs. (6.40)–(6.42) can be solved analytically to
obtain

ψt(Qt) = UV (t, Q0)ψ0(Q0), (6.43)

Qt = Q0, (6.44)

Pt = P0 − t
〈
∂V
∂Q

(Q0)
〉
ψ0(Q0)

. (6.45)

The evaluation of UV (t, Q0) in Eq. (6.43), as well as its action on ψ0(Q0), can be parallelized
using the open multi-processing (openMP) interface.
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The overall evolution operators, which include the grid evolution, for the kinetic and
potential splitting steps are

UT,adapt(∆t;ψ0, Q0, P0) := T̃(Q∆t, P0)ŨT (∆t, P0)T(Q0, P0), (6.46)

UV,adapt(∆t;ψ0, Q0) := UV (∆t, Q0), (6.47)

respectively, where we have used that P∆t = P0 [see Eq. (6.39)] in Eq. (6.46).

That evolution operators UV,adapt(∆t;ψ0, Q0) and UT,adapt(∆t;ψ0, Q0, P0) conserve the
norm follows from Eq. (6.16) and the norm-conserving properties

UV (∆t, Q0)†UV (∆t, Q0) = ŨT (∆t, P0)†ŨT (∆t, P0) = 1 (6.48)

of UV (∆t, Q0) and ŨT (∆t, P0). Because any composition of norm-conserving operators
is also norm-conserving (see Theorem in Sec. 2.2.2), any high-order integrator composed
from UV,adapt(∆t;ψ0, Q0) and UT,adapt(∆t;ψ0, Q0, P0) conserves the norm.

Time reversibility of UV,adapt(∆t;ψ0, Q0) follows directly from the time reversibility

UV (−∆t, Q0)UV (∆t, Q0) = 1 (6.49)

of UV (∆t, Q0). Likewise, UT,adapt(∆t;ψ0, Q0, P0) is time-reversible

UT,adapt(−∆t;ψ∆t, Q∆t, P0)UT,adapt(∆t;ψ0, Q0, P0)

= T̃(Q0, P0)ŨT (−∆t, P0)T(Q∆t, P0)T̃(Q∆t, P0)ŨT (∆t, P0)T(Q0, P0) = 1 (6.50)

due to Eq. (6.16) and the time reversibility

ŨT (−∆t, P0)ŨT (∆t, P0) = 1 (6.51)

of ŨT (∆t, P0). Because any symmetric composition of time-reversible operators is also
time-reversible (see Theorem in Sec. 2.2.2), any symmetric integrator composed from
UV,adapt(∆t;ψ0, Q0) and UT,adapt(∆t;ψ0, Q0, P0) is time-reversible.

6.2.7 Stability of the time-reversible adaptive grid

Equations (6.38), (6.39), (6.44), and (6.45) for the evolution of the grid centers are
essentially the equations of the Verlet algorithm [48, 158, 159]. The stability [48, 157] of
the time-reversible adaptive grid method from Sec. 6.2.6, therefore, depends mostly on the
stability of this Verlet algorithm because the split-operator algorithms, by themselves, are
stable for all ∆t.

As a representative example, the Verlet algorithm applied to the harmonic oscillator is
stable for time steps that satisfy

∆t < tosc/π, (6.52)
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where tosc is the oscillation period [48]. In multidimensional harmonic models, the restric-
tion (6.52) must hold for the period tosc of the fastest normal mode [48].

6.3 Numerical examples

6.3.1 Three-dimensional harmonic model

To analyze the geometric and convergence properties of the algorithm proposed in Sec. 6.2.6,
we devised a two-surface three-dimensional harmonic model of electronic excitation of
a molecule. The initial vibrational state, determined using the ground-state potential
energy surface, was propagated solely on the energetically well-separated excited-state
surface, following an impulsive electronic excitation. More precisely, the initial state for
the propagation was the ground vibrational eigenstate

ψ(Q) = (π~)−D/4 exp(−Q2/2~) (6.53)

of the ground-state Hamiltonian

Ĥg =
D∑
l=1

ωl
2
(
P̂ 2
l + Q̂2

l

)
, (6.54)

whereQl is the lth ground-state normal mode coordinate, Pl is its conjugate momentum, and
ωl is the associated vibrational frequency. After the electronic excitation, the wavepacket
was propagated using the excited-state Hamiltonian

Ĥe =
D∑
l=1

ωl
2 P̂

2
l + 1

2(Q̂−Q0)T ·K · (Q̂−Q0), (6.55)

where Q0 is the displacement of the excited-state potential energy surface and K is a
symmetric positive definite matrix; K is not diagonal because the excited-state normal
modes were chosen to be Duschinsky rotated [331] with respect to the ground-state normal
modes. For the dynamics, natural units (n.u.) were used: ~ = ω2 = MH = 1 n.u., where
MH is the mass of a hydrogen atom. The diagonal (Kll) and off-diagonal (Klm) elements
of the K matrix, displacement Q0, and ground-state vibrational frequency ωl are listed
in Table 6.1, which also contains the initial parameters of the adaptive grid and the total
propagation time tf .

To verify that the grid adaptation does not decrease the accuracy of the solution, we
compared the wavefunction ψ(∆t)

t propagated (with time step ∆t) on the adaptive grid
with the corresponding “benchmark” reference wavefunction ψ(∆t)

ref,t propagated on the fixed
grid. Indeed, the errors D

ψ(∆t),ψ
(∆t)
ref

(t) := ‖ψ(∆t)
t − ψ(∆t)

ref,t ‖ were negligible (the errors were
5 × 10−11 at t = 0, and 2 × 10−10 at t = tf ). The wavefunctions were propagated with
the optimally composed tenth-order TVT split-operator algorithm with ∆t = tf/29. (See
Sec. 1.3.2 and the references therein for a detailed discussion on composition schemes.)
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Table 6.1 – Parameters for the quantum dynamics of the harmonic model from Sec. 6.3.1.
The parameters of the Hamiltonian (6.55) (i.e., the force constant K, displacement Q0,
and ground-state vibrational frequencies ω), initial parameters of the adaptive grid (i.e.,
N,Qctr,∆Q), and the total propagation time tf are shown in natural units (n.u.) defined
in Sec. 6.3.1.

Parameters Values Parameters Values

K11 1.997 ω1 2
K22 1.015 ω2 1
K33 2.48 ω3 2.5
K12 −0.04 N1 = N2 = N3 32
K13 −0.017 Qctr,1 = Qctr,2 = Qctr,3 0
K23 0.04 ∆Q1 = ∆Q2 = ∆Q3 0.4375
Q0,1 −7 tf 50

Q0,2 = Q0,3 7

We used a high-order integrator with an extremely small time step so that the error was
dominated by the grid adaptation and not by the time discretization. Both Q-range and
P -range of the fixed grid were chosen to be twice larger than the ranges of the adaptive
grid because the amplitude of the adaptive grid’s oscillation was approximately equal to its
range. In order that the fixed and adaptive grids had the same density, the fixed grid was
chosen to have 128× 128× 128 points (see Appendix F for the exponential convergence of
the wavefunction with the number of grid points).

Figure 6.1 shows that the expectation value of position is computed correctly on the
adaptive grid, even when the wavefunction moves beyond the range of the initial grid. In
fact, panels (d)–(f) show that the errors are minuscule (of the order of 10−11); the slow
linear increase in the error is only due to the accumulation of roundoff errors.

Figure 6.2 demonstrates that the compositions [47, 163, 164, 167, 168] of the proposed
adaptive grid algorithm achieve the predicted higher orders of accuracy. The figure also
demonstrates the divergence of the time discretization errors Dψ(∆t),ψ(∆t/2)(tf ) when the
composition substep size |γk|∆t does not satisfy condition (6.52). The accumulation of
roundoff errors does not allow the discretization errors to reach below ≈ 10−10.

Like in Chapters 2 and 5, higher-order methods require a longer computational time
per time step but converge faster with decreasing time step size. Therefore, to obtain
a wavefunction with a discretization error below a certain threshold value, higher-order
methods have a lower computational cost. Figure 6.3 shows that a tenfold speedup is
already achieved by using the optimal tenth-order instead of the second-order algorithm
to reach a moderate discretization error of 10−2. The speedup relative to the second-
order algorithm is much greater if a small error is desired, e.g., to reach an error of 10−9,
10000-fold speedup is achieved by using the optimal tenth-order algorithm.

Panel (a) of Fig. 6.4 shows that same as all splitting methods (see, e.g., Fig. 5.3), the energy
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Figure 6.1 – Accuracy of the adaptive grid used for quantum dynamics of the three-
dimensional harmonic model (6.55). (a)–(c) Position expectation values 〈Ql〉ψt computed
on the adaptive grid. (d)–(f) Difference ∆〈Ql〉 := 〈Ql〉ψt − 〈Ql〉ψref,t between the position
expectation values computed on the adaptive grid (32 × 32 × 32 points) and fixed grid
(128× 128× 128 points).
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Figure 6.2 – Convergence (up to the tenth-order) of the wavefunction as a function of the
time step in the harmonic system from Sec. 6.3.1. In this figure and Figs. 6.3–6.5, we only
show the results for the compositions of the TVT algorithm. Gray straight lines indicate
various predicted orders of convergence O(∆tp). (a) All discussed methods. (b) Methods
composed through the Suzuki-fractal scheme [163]. (c) Sixth-order methods.

is conserved to the same order of accuracy as the wavefunction itself. Panels (b) and (d)
demonstrate that the proposed algorithms are exactly norm-conserving and time-reversible,
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Figure 6.3 – Efficiency of the compositions of the proposed algorithm from Sec. 6.2.6 in the
harmonic system from Sec. 6.3.1. Results of the elementary second-order TVT algorithm
were extrapolated using the line of best fit beyond CPU time = 7× 104 s to highlight the
higher efficiency of the higher-order methods. (a) All discussed methods. (b) Optimally
composed methods; the Suzuki-fractal scheme is the optimal fourth-order composition
scheme (see Sec. 1.3.2).

as already justified analytically in Sec. 6.2.6. In Sec. 6.2.4, we showed that the grid
adaptation leads to the non-conservation of the inner product. Panel (c) may, therefore,
be misleading because the inner product appears to be conserved. However, the inner
product conservation does not hold in general, as shown in the example of collinear He–H2

scattering (see Sec. 6.3.2).

In all panels of Fig. 6.4, the slow increase in the error for decreasing time steps is due
to the accumulation of roundoff errors. As a result, the minuscule errors are larger for
methods with more composition steps per time step [47]. Panels (b), (c), and (d) show
that, on the other hand, the errors diverge for large time steps ∆t because of the instability
of the Verlet algorithm (see Sec. 6.2.7): Larger errors result from the methods with a larger
maximum composition coefficient, maxk |γk| [see Eq. (6.52)]. Moreover, for large ∆t, the
time reversibility of the proposed algorithm is lost because the centers of the position and
momentum grids diverge due to the instability of the Verlet algorithm, used for propagating
the grid centers. Likewise, beyond a certain time step size, the norm is no longer preserved
because it is evaluated on a grid whose center has diverged to infinity.

Figure 6.5 confirms that the naïve adaptive grid approach violates time reversibility. In
particular, panel (b) shows that even with a reasonable time step size ∆t = tf/27 = 0.4 n.u.,
the time propagation on the naïve adaptive grid is not time-reversible already after a short
propagation time t; the breaking of time reversibility is an inherent property.
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Figure 6.4 – Conservation of geometric properties by the proposed algorithm from Sec. 6.2.6
as a function of the time step in the harmonic system from Sec. 6.3.1: (a) energy
[E(0) = 140 n.u.], (b) norm, (c) inner product, and (d) time reversibility. To obtain
φ0, wavepacket (6.53) is displaced by Q1 = −1 n.u. and Q2 = Q3 = 1 n.u. (hence,
〈ψ0|φ0〉 = 0.5). Time reversibility is measured by the distance between ψ0 and the forward-
backward propagated state, i.e., ψ0 propagated forward in time for tf and then backward
in time for tf . Gray straight lines indicate predicted orders of convergence O(∆tp) for
p = 2, 4, and 10.
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Figure 6.5 – Violation of the time reversibility by the naïve adaptive grid algorithm in the
harmonic system from Sec. 6.3.1. Both the naïve (see Sec. 6.2.5) and proposed geometric
(see Sec. 6.2.6) adaptive grid algorithms were composed to the tenth-order using the optimal
scheme. (a) Time reversibility as a function of the time step ∆t for a fixed total propagation
time t = tf . (b) Time reversibility as a function of the propagation time t for a fixed time
step ∆t = tf/27.
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6.3.2 Collinear He–H2 scattering

As a more challenging test, we also applied the algorithm proposed in Sec. 6.2.6 to a highly
anharmonic system. Following Ref. [318], we simulated the collinear He–H2 scattering
using a modified [332] Secrest–Johnson [333] potential energy surface,

VSJ(Q) = D(1− e−βQ1)2 + e−α(Q2−Q1), (6.56)

where β = 0.158 n.u., D = 20 n.u., and α = 0.3 n.u. The natural units (n.u.) are different
from those defined in Sec. 6.3.1: ~ = 1 as before, but

√
2Dβ2/M1 = M1 = 1 instead. In

the collinear He–H2 scattering model, Q1 is the vibrational coordinate of H2, and Q2 is
the distance between the He atom and the center of mass of H2 [333]. In this coordinate
system, M1 = 1 n.u. and M2 = 2/3 n.u. [318, 333]. The Hamiltonian for this problem is
Ĥscat = T (P̂ ) + VSJ(Q̂), where T (P̂ ) takes the usual form (1.3).

Following Ref. [318], we consider the initial state that is a product of two one-dimensional
Gaussian wavepackets (gwp):

ψgwp,1(Q) = (π~)−1/4 exp(−Q2/2~),

ψgwp,2(Q) = (π~σ2
0)−1/4 exp[−(Q−Q0)2/2~σ2

0 + iP0(Q−Q0)/~]. (6.57)

The second Gaussian wavepacket ψgwp,2(Q) is sufficiently narrow and far from the in-
teraction region such that there is no significant initial interaction between He and H2:
σ2

0 = 8 n.u. and Q0 = 24 n.u. A negative initial momentum P0 = −3.56 n.u. ensures a
collision at a later time.

Figure 6.6 shows that the error of the wavefunction propagated on the adaptive grid
remains reasonably small (< 10−3) for six times longer than the error of the corresponding
wavefunction on the fixed grid. The significance is that for a given number of grid points
determined, e.g., by the available memory, the time scale of a simulation can be extended
by the grid adaptation.

Panels (a) and (b) of Fig. 6.7 show that the collision between He and H2 induces the
vibration of H2, which was originally in its ground vibrational state. Panels (c) and (d)
show that the error of the position expectation value is reasonably small until t ≈ 20 n.u.
on the adaptive grid. After t ≈ 20 n.u., however, the error starts to grow rapidly in
the second dimension because the width of the wavepacket in this dimension increases
approximately linearly from t ≈ 10 n.u. (not shown). Thus, a significant portion of the
wavepacket eventually escapes through the boundaries of the adaptive grid.

Finally, in Fig. 6.8, we show that the proposed algorithm preserves the geometric invariants
even in the collinear scattering of He–H2, where the wavepacket is more delocalized than
in the harmonic example from Sec. 6.3.1. As expected, the norm [panel (b)] and time
reversibility [panel (d)] are preserved exactly (the slow linear increase of the invariants is
again due to the accumulation of roundoff errors). On the other hand, the energy [panel (a)]
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the adaptive or fixed grid (both with 128 × 128 points) in the He–H2 scattering (from
Sec. 6.3.2). The “exact” reference wavefunction ψref,t was propagated on a fixed grid with
128 × 2048 points. The initial Q1 range of all grids was (−14 n.u., 14 n.u.). The initial
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n.u.) for the exact reference fixed grid. This and following Figs. 6.7 and 6.8 were produced
using the optimal tenth-order composition of the VTV algorithm with ∆t = 0.1 n.u. The
red dashed line at Dψ,ψref = 10−3 represents a reasonable error threshold.
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Figure 6.7 – Accuracy of the adaptive grid for simulating the He–H2 scattering (see
Sec. 6.3.2). (a) and (b) Expectation values of position computed on the adaptive grid. (c)
and (d) The difference between the position expectation values computed on the adaptive
grid (128× 128 points) and reference fixed grid (128× 2048 points).

and inner product [panel (c)] are not conserved. In particular, the apparent conservation
of the inner product observed in Sec. 6.3.1 is indeed not general.
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6.3. Numerical examples
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Figure 6.8 – Geometric properties of the adaptive grid algorithm proposed in Sec. 6.2.6
applied to the He–H2 scattering from Sec. 6.3.2: (a) energy [E(0) = 10 n.u.], (b) norm, (c)
inner product, and (d) time reversibility. Gaussian wavepacket φ0 is identical to ψ0, the
two-dimensional initial Gaussian wavepacket from Sec. 6.3.2, except that P0 in Eq. (6.57)
is −3.0 n.u. instead of −3.56 n.u. (hence, |〈ψ0|φ0〉| = 0.5).

6.3.3 Eight-dimensional Hénon–Heiles model

To demonstrate the applicability of the algorithm from Sec. 6.2.6 to high-dimensional
quantum dynamics, we applied it to the eight-dimensional Hénon–Heiles model

ĤHH = T (P̂ ) + VHH(Q̂), (6.58)

whose kinetic energy T (P̂ ) takes form (1.3), and the potential energy is given as

VHH(Q) = κ

2

D∑
l=1

Q2
l + λ

D−1∑
l=1

(Q2
lQl+1 −Q3

l+1/3) (6.59)

with D = 8. Simulating the quantum dynamics of the Hénon–Heiles system is challenging
because the potential VHH(Q) is anharmonic, unbound, and contains inter-mode couplings.
Following Ref. [334], the parameters were chosen to be λ = 0.111803 n.u. and M = 1 n.u.,
where the natural units (n.u.) were defined by setting ~ = MH = κ = 1 n.u. We considered
the initial state

ψ(Q) = (π~)−D/4 exp[−(Q−Q0)2/2~] (6.60)

with Q0,l = 2 n.u. for l ∈ {1, . . . , D}.

Panels (a) and (b) of Fig. 6.9 show that the autocorrelation function 〈ψ0|ψt〉 is obtained more
accurately by the adaptive grid algorithm than by the standard split-operator algorithm
on a fixed grid when both the adaptive and fixed grids have the same number (88) of
grid points. In particular, the detailed shape of the first recurrence of the autocorrelation
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function is described correctly only by the proposed algorithm [see insets of panels (a)
and (b) of Fig. 6.9]. Consequently, only the spectrum calculated using the adaptive grid
algorithm has the correct shape of the envelope [see panel (c)].
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Figure 6.9 – Autocorrelation function for the Hénon–Heiles model from Sec. 6.3.3 computed
using either (a) the split-operator algorithm on a fixed grid or (b) the proposed adaptive
grid algorithm (see Sec. 6.2.6). Both algorithms were composed to the fourth-order using
the Suzuki-fractal scheme. (c) Power spectra computed by Fourier transforming the
autocorrelation functions. To emulate the broadening of the peaks, the autocorrelation
functions were multiplied by the damping function fdamp(t) = exp[−(t/tdamp)2] with
tdamp = 30 n.u. before the Fourier transformation. The fixed grid was defined between
Ql = −3.5 n.u. and Ql = 3.5 n.u., and the initial adaptive grid was defined between
Ql = −3.0 n.u. and Ql = 7.0 n.u.; both grids had 88 points. The benchmark was calculated
using the MCTDH method [148].

6.4 Conclusion

We have described a split-operator algorithm on an adaptive phase space grid, whose
center moves with the wavepacket’s expectation values of position and momentum. By
propagating the grid center exactly and simultaneously with the wavefunction, the symmetry
and time reversibility were built into the proposed algorithm. Adapting the grid reduces
the number of required grid points while maintaining high accuracy in situations where
the wavepacket remains localized. Examples include harmonic systems or short-time
dynamics in moderately anharmonic systems. On the example of He–H2 scattering, we
showed that the proposed algorithm is also suitable for longer-time dynamics if only a
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moderate accuracy of the wavepacket is required, i.e., when one can ignore small parts
of the wavepacket escaping through the boundaries of the adaptive grid. The algorithm
allowed us to accurately compute the medium-resolution spectrum of the eight-dimensional
Hénon–Heiles system, which is not only high-dimensional but also highly nonlinear.

We showed both analytically and numerically that the time reversibility is lost by the
naïve grid adaptation. Then, we introduced an improvement that recovered the time
reversibility. The geometric properties of the resulting algorithm—norm conservation,
conditional stability, symmetry, and time reversibility—were demonstrated analytically
as well as numerically on three different model systems. Note that because neither the
Chebyshev method [183] nor the Lanczos method [184, 185] is time-reversible [49], it
is only reasonable to combine them with the naïve adaptive grid. Yet, combining the
Chebyshev method with adaptive grids would be inappropriate because the advantage of
the Chebyshev algorithm as a global, long time propagator would be lost by changing the
grid and therefore the Hamiltonian matrix regularly at small time intervals.

Because of its symmetry, the proposed algorithm can be composed to obtain higher-order
integrators. We verified that these higher-order integrators are more efficient compared
to the second-order integrator if high accuracy is desired. As an additional benefit, the
proposed algorithm requires no adjustable parameters for the grid adaptation because the
grid center follows the exact trajectory of the wavepacket’s expectation values of position
and momentum.

Finally, we hope that the proposed time-reversible integrator could be employed to yield
benchmark results for more approximate methods, such as the thawed Gaussian approx-
imation [86, 335, 336], that also rely on the wavepacket remaining localized for relevant
time scales.
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7 Conclusion and outlook

In this thesis, we presented high-order geometric integrators that improve the efficiency of
molecular quantum simulations. The integrators proposed in Chapter 2 were obtained by
composing the seemingly simple first-order explicit and implicit Euler methods. Although
neither of these first-order integrators is, by itself, practical for high-accuracy quantum
dynamics simulations, by simply composing these two methods according to the prescribed
scheme given by the composition methods (see Sec. 1.3.2), we were able to obtain efficient
high-order integrators that conserve all the important geometric properties (see Table 2.1)
of the exact solution.

Exploiting that we can employ the geometric integrators from Chapter 2 to solve the
time-dependent Schrödinger equation regardless of the form of the Hamiltonian, we could
compare the different forms of the molecular Hamiltonian to find that the exact quasidiabatic
Hamiltonian is the most suitable for nonadiabatic simulations at a conical intersection,
especially if high-accuracy results are desired. Further analysis in Chapter 4 showed
that omitting the seldom included residual nonadiabatic couplings from the quasidiabatic
Hamiltonian may lead to inaccurate wavepacket dynamics. The validity of this analysis
is well-justified because the employed models of nitrogen trioxide and hydrogen cyanide,
despite their reduced dimensionality, include the g-h plane and thus exhibit typical features
of the Jahn–Teller and Renner–Teller intersections, respectively. Yet, further work is
required to overcome the limitations of our analysis and demonstrate more concretely
that some experimental results can only be described correctly by including the residual
couplings. In particular, though we presented two examples—the vertical excitation of
hydrogen cyanide and the displaced excitation of nitrogen trioxide—where the neglect of
these couplings leads to an inaccurate spectrum, neither example simulates a truly realistic
experiment: The model of hydrogen cyanide includes only the Renner–Teller couplings
induced by the interaction of the Π states with the Σ state and neglects the inherent
Renner–Teller couplings within the Π states [173, 176] while the displaced excitation,
which may be observed in systems with a conical intersection between two dark states, is
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unrealistic in the case of the bright states of nitrogen trioxide considered in Chapter 4.
Nevertheless, the method for quantifying the validity of neglecting the residual nonadiabatic
couplings, proposed in Chapter 4, will prove useful when searching through a wide range
of systems to find an example where the residual nonadiabatic couplings must be included
to reproduce experimental results with high accuracy.

In principle, it should usually be possible to reduce the magnitude of the residual nonadia-
batic couplings sufficiently such that they can be omitted without affecting the accuracy
of the simulation [337]. In practice, the sophisticated quasidiabatization schemes, often
required to minimize the magnitude of the residual couplings, may be either too complicated
to implement or too computationally costly. The main advantage of the exact quasidiabatic
Hamiltonian is that it yields accurate dynamics regardless of the employed quasidiabatiza-
tion scheme. Thus, one is free to choose any, most convenient, quasidiabatization scheme
that removes the conical intersection singularity. The use of the exact quasidiabatic Hamil-
tonian was suggested recently also for the on-the-fly ab initio simulation of nonadiabatic
quantum dynamics [126, 127] and the partial linearized path-integral approach [206].

There exist remaining questions to be addressed before we can employ the exact qua-
sidiabatic Hamiltonian routinely for practical nonadiabatic dynamics simulations in the
conical intersection region: Though we showed (in Chapter 4) that neglecting the residual
couplings could result in inaccurate wavepacket dynamics, it remains to be seen whether
the more approximate methods, such as the mixed quantum-classical dynamics methods,
will benefit from the inclusion of the residual nonadiabatic couplings. The increase in
accuracy achieved by including the residual couplings may be negligible to the errors
of the approximation itself. Moreover, it was shown that depending on the system, the
inclusion of the nonadiabatic scalar couplings could be detrimental to the accuracy of some
surface-hopping simulations: In the mixed quantum-classical limit, the included scalar
couplings may wrongly introduce a repulsive barrier that prevents the classical nuclear
trajectories from accessing the coupling regions [338].

The inaccuracies caused by the inclusion of the nonadiabatic couplings have also been
attributed to the inherent problems associated with the truncated Born–Oppenheimer
states, including the dependence of the nonadiabatic couplings on the origin of the electronic
coordinate system and the nonvanishing couplings between the electronic states even at
infinite nuclear separation [339, 340]. Understanding and mitigating these issues will allow
us to employ the exact quasidiabatic Hamiltonian more widely in practical simulations.

The high-order geometric integrators (presented in Chapter 5) for representation-free
Ehrenfest dynamics demonstrated both high accuracy and exact preservation of various
geometric properties. Simulating representation-free Ehrenfest dynamics instead of the
more standard Ehrenfest dynamics in the truncated electronic state basis is expected to
be beneficial when one must include a large number of electronic states to yield a correct
description of the considered nonadiabatic process: representation-free Ehrenfest dynamics
essentially includes infinitely many electronic states. In order that the proposed integrators
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can be employed for practical on-the-fly ab initio simulations of realistic molecules, however,
it is crucial to interface the presented high-order integrators with practical real-time
electronic structure methods, such as the real-time time-dependent density functional
theory method [272, 273].

The adaptive moving grid algorithm from Chapter 6 allowed us to simulate the exact
quantum dynamics of a high-dimensional system: the eight-dimensional Hénon–Heiles
model. Yet, we found that this adaptive moving grid algorithm fails when the wavepacket
spreads beyond the boundary of the moving grid. To overcome this limitation, we can
adapt the width of the phase space grid, along with moving its center. The resulting
adaptive squeezed moving grid algorithm is expected to describe correctly a wider range
of quantum dynamics processes, including dissociation, difficult to describe using the
conventional method on a fixed phase space grid. Another limitation of the proposed
moving grid algorithm is its inability to describe wavepacket splitting, crucial for simulating
some experiments such as the emission spectrum of ammonia [341]. Accordingly, a useful
extension of the adaptive moving grid algorithm would be to allow for the “cloning” of the
phase space grid such that the resulting uncoupled cloned grids each move together with
the different parts of the wavepacket after it splits.

In this thesis, we limited our discussion to time-independent Hamiltonians: The interaction
between the molecule and light was simplified by employing approximations that allowed
us to omit the explicit photoexcitation process and, consequently, to initiate the dynamics
already on an excited electronic state. The applicability of the proposed geometric
integrators from Chapter 2 can be extended naturally to time-dependent Hamiltonians in
order that we can include interactions between the molecule and laser pulses explicitly. We
can also complement previous work [161] by extending the proposed geometric integrators
even further to treat different approximations of the molecule-field interaction: Condon,
rotating-wave, and ultrashort-pulse approximations and the time-dependent perturbation
theory.

To conclude, overcoming challenges associated with accurate simulations of nonadiabatic
quantum dynamics in the region of conical intersections has far-reaching implications, as
these conical intersections are ubiquitous in numerous photochemical and photophysical
processes. The work in this thesis contributes to solving this challenge.
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A Geometric properties of the inte-
grators from Chapter 2

The discussion in this appendix holds for the time-dependent Schrödinger equation with
a general Hamiltonian Ĥ, including the adiabatic Hamiltonian Ĥad and the exact qua-
sidiabatic Hamiltonian Ĥqd-exact, which are the most relevant to this thesis. To shorten
formulas, we set ~ = 1 and denote the time increment ∆t with ε throughout the appendix.
The reduced Planck constant ~ can be reintroduced by replacing each occurrence of t with
t/~ and ε with ε/~. To analyze the geometric properties of various integrators, we shall
use the following operator identities:

Proposition 1. Let Â and B̂ be invertible operators on a Hilbert space, and let Â† and
B̂† be their Hermitian adjoints. Then, both Â† and ÂB̂ are invertible, and the following
identities hold:

(Â†)−1 = (Â−1)†, (A.1)

(ÂB̂)−1 = B̂−1Â−1, (A.2)

(ÂB̂)† = B̂†Â†, (A.3)

(Â†)† = (Â−1)−1 = Â. (A.4)

Property (A.1) expresses the compatibility of the inverse and Hermitian adjoint operations,
while properties (A.2)–(A.4) express that these two operations are involutive antiautomor-
phisms on the group of invertible operators. All four properties are straightforward to
prove for finite-dimensional spaces [329], and the proofs for infinite-dimensional spaces can
be found in textbooks on advanced linear algebra or functional analysis [342].

Proposition 2. Let Â and B̂ be commuting operators on a vector space: [Â, B̂] :=
ÂB̂ − B̂Â = 0. If Â is invertible, then [Â−1, B̂] = 0. If both Â and B̂ are invertible, then
[Â−1, B̂−1] = 0.
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The first statement follows from the sequence of identities

Â−1B̂ = Â−1B̂ÂÂ−1 = Â−1ÂB̂Â−1 = B̂Â−1.

The second statement follows from the first by applying it twice, the second time for
Â := B̂ and B̂ := Â−1, or directly from

Â−1B̂−1 = (B̂Â)−1 = (ÂB̂)−1 = B̂−1Â−1,

using property (A.2).

Proposition 3. Let Â, B̂, and Ĥ be operators on a vector space. If [Ĥ, Â] = [Ĥ, B̂] = 0,
then [Ĥ, ÂB̂] = 0.

This proposition follows immediately from the identity [Ĥ, ÂB̂] = Â[Ĥ, B̂] + [Ĥ, Â]B̂.

A.1 Local error

The local error, defined as Ûappr(ε)− Û(ε), of an approximate evolution operator is obtained
by comparing the Taylor expansion of Ûappr(ε) with the Taylor expansion

Û(ε) = e−iεĤ = 1− iεĤ − 1
2!(εĤ)2 + i

3!(εĤ)3 +O(ε4) (A.5)

of the exact evolution operator. If the local error is O(εp+1), the method is said to be of
order p because the global error for a finite time t = Nε is O(εp) [47].

For the explicit Euler method, the Taylor expansion is identical to the evolution opera-
tor (2.2) itself, and therefore the leading order local error is (εĤ)2/2. The Taylor expansion
of the implicit Euler method (2.3) is the Neumann series [343]

Ûimpl(ε) = (1 + iεĤ)−1 = 1− iεĤ + (iεĤ)2 − (iεĤ)3 +O(ε4); (A.6)

consequently, the leading order local error is −(εĤ)2/2.

The Taylor expansions of the trapezoidal rule and implicit midpoint method are obtained
by composing Eqs. (2.2) and (A.6) with time steps ε/2:

Ûtrap(ε) = Ûmidp(ε) = 1− iεĤ − 1
2(εĤ)2 + i

4(εĤ)3 +O(ε4). (A.7)

The thus obtained leading order local error of both methods is i(εĤ)3/12.

Finally, the local error
− i3(εĤ)3 +O(ε4) (A.8)

of the second-order differencing method is found by Taylor expanding ψsod(t− ε), assumed
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to be exact, in Eq. (2.5) to obtain

ψsod(t+ ε) =
[
1− iεĤ − 1

2!(εĤ)2 − i

3!(εĤ)3 +O(ε4)
]
ψsod(t) (A.9)

and, consequently,

Ûsod(ε) = 1− iεĤ − 1
2!(εĤ)2 − i

3!(εĤ)3 +O(ε4). (A.10)

Subtracting Eq. (A.5) from Eq. (A.10) gives the local error (A.8).

A.2 Unitarity

Neither Euler method is unitary because

Ûexpl(ε)†Ûexpl(ε) = (1 + iεĤ)(1− iεĤ) = 1 + ε2Ĥ2 (A.11)

and

Ûimpl(ε)†Ûimpl(ε) = (1− iεĤ)−1(1 + iεĤ)−1 = [(1 + iεĤ)(1− iεĤ)]−1 = (1 + ε2Ĥ2)−1

= 1− ε2Ĥ2 +O(ε4). (A.12)

In contrast, both the trapezoidal rule and implicit midpoint methods are unitary because

Ûtrap(ε)†Ûtrap(ε) =
(

1 + iε

2 Ĥ
)(

1− iε

2 Ĥ
)−1 (

1 + iε

2 Ĥ
)−1 (

1− iε

2 Ĥ
)

=
(

1 + iε

2 Ĥ
)(

1 + iε

2 Ĥ
)−1 (

1− iε

2 Ĥ
)−1 (

1− iε

2 Ĥ
)

= 1 · 1 = 1, (A.13)

(Proposition 1 was used in the first line, and Proposition 2 was used in the second line)
and because

Ûmidp(ε)†Ûmidp(ε) =
(

1− iε

2 Ĥ
)−1 (

1 + iε

2 Ĥ
)(

1− iε

2 Ĥ
)(

1 + iε

2 Ĥ
)−1

=
(

1− iε

2 Ĥ
)−1 (

1− iε

2 Ĥ
)(

1 + iε

2 Ĥ
)(

1 + iε

2 Ĥ
)−1

= 1 · 1 = 1 (A.14)

(Proposition 1 was used in the first line).

The analysis of its geometric properties is simplified when the second-order differencing is
represented as a 2× 2 propagation matrix

Ûsod(ε) :=
(

1− (2εĤ)2 −2iεĤ
−2iεĤ 1

)
(A.15)
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acting on a vector of ψ at two different times [181]:(
ψsod(t+ ε)
ψsod(t)

)
= Ûsod(ε)

(
ψsod(t− ε)
ψsod(t− 2ε)

)
. (A.16)

Comparing the Hermitian conjugate

Ûsod(ε)† =
(

1− (2εĤ)2 2iεĤ
2iεĤ 1

)
(A.17)

of Ûsod(ε) with its inverse

Ûsod(ε)−1 =
(

1 2iεĤ
2iεĤ 1− (2εĤ)2

)
, (A.18)

found using that det[Ûsod(ε)] = 1, shows that the second-order differencing is not unitary.

If an operator Û(ε) is not unitary, we can obtain the time dependence of the norm from

‖ψ(t+ ε)‖2 = 〈ψ(t)|Û(ε)†Û(ε)|ψ(t)〉. (A.19)

For the explicit and implicit Euler methods, we find that

‖ψexpl(t+ ε)‖2 = ‖ψexpl(t)‖2 + ε2〈Ĥ2〉ψexpl(t), (A.20)

‖ψimpl(t+ ε)‖2 = ‖ψimpl(t)‖2 − ε2〈Ĥ2〉ψimpl(t) +O(ε4), (A.21)

where 〈Â〉ψ := 〈ψ|Â|ψ〉 denotes the expectation value of operator Â in state ψ.

Although the second-order differencing is not unitary, a conserved quantity analogous to
the inner product exists [177, 181]:

Proposition 4. The second-order differencing conserves the quantity

[〈ψsod(t)|φsod(t− ε)〉+ 〈ψsod(t− ε)|φsod(t)〉]/2. (A.22)

The proof starts by projecting 〈φsod(t)| on Eq. (2.5), which yields

〈φsod(t)|ψsod(t+ ε)〉 = 〈φsod(t)|ψsod(t− ε)〉 − 2iε〈φsod(t)|Ĥ|ψsod(t)〉. (A.23)

Adding the complex conjugate of Eq. (A.23) to the analog of Eq. (A.23) in which ψ and φ
are exchanged gives

〈ψsod(t)|φsod(t+ ε)〉+ 〈ψsod(t+ ε)|φsod(t)〉 = 〈ψsod(t)|φsod(t− ε)〉+ 〈ψsod(t− ε)|φsod(t)〉,

completing the proof. As an immediate corollary, obtained by setting φ = ψ, the second-
order differencing conserves an analog Re〈ψsod(t)|ψsod(t− ε)〉 of the norm [177].
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A.3. Symplecticity

Proposition 5. The global error of the inner product between two quantum states
propagated by the second-order differencing is fourth-order in the time step, i.e.,

〈ψsod(tf )|φsod(tf )〉 − 〈ψ(0)|φ(0)〉 = O(ε4). (A.24)

Assuming that the wavepackets at t = −ε are known exactly, Proposition 4 implies

〈ψsod(tf + ε)|φsod(tf )〉+ 〈ψsod(tf )|φsod(tf + ε)〉 = 〈ψ(0)|φ(−ε)〉+ 〈ψ(−ε)|φ(0)〉. (A.25)

By Taylor expanding ψ(−ε) and φ(−ε), and using Eq. (A.9), we obtain

〈ψsod(tf )|φsod(tf )〉 − ε2

2 〈ψsod(tf )|Ĥ2|φsod(tf )〉 = 〈ψ(0)|φ(0)〉 − ε2

2 〈ψ(0)|Ĥ2|φ(0)〉+O(ε4).

Rearranging the two sides gives

〈ψsod(tf )|φsod(tf )〉 − 〈ψ(0)|φ(0)〉 = ε2

2
[
〈ψsod(tf )|Ĥ2|φsod(tf )〉 − 〈ψ(0)|Ĥ2|φ(0)〉

]
+O(ε4).

(A.26)
The global error of the second-order differencing method is second-order in the time step,
and therefore

ψsod(tf ) = ψ(tf ) +O(ε2), (A.27)

φsod(tf ) = φ(tf ) +O(ε2). (A.28)

Noting that 〈ψ(tf )|Ĥ2|φ(tf )〉 = 〈ψ(0)|Ĥ2|φ(0)〉 under exact evolution, we obtain Proposi-
tion 5 by substituting Eqs. (A.27) and (A.28) into Eq. (A.26).

A.3 Symplecticity

Using shorthand notation ωappr|t := ωqm(ψappr(t), φappr(t)) and expressions (A.11) and
(A.12) for Ûappr(ε)†Ûappr(ε) in the two Euler methods gives

ωexpl|t+ε = ωexpl|t + 2~ε2Im〈ψexpl(t)|Ĥ2|φexpl(t)〉, (A.29)

ωimpl|t+ε = ωimpl|t − 2~ε2Im〈ψimpl(t)|Ĥ2|φimpl(t)〉+O(ε3), (A.30)

showing that neither first-order method is symplectic. In contrast, both the trapezoidal
rule and implicit midpoint methods are symplectic because they are unitary.

The second-order differencing is not symplectic strictly, but Proposition 4 implies that the
quantity

~Im[〈ψsod(t)|φsod(t− ε)〉+ 〈ψsod(t− ε)|φsod(t)〉] (A.31)

analogous to the symplectic two-form is conserved. In fact, Proposition 5 shows that the
global error of the symplectic two-form is O(ε4).
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A.4 Commutation of the evolution operator with the Hamil-
tonian

Evolution operators of both the explicit and implicit Euler methods commute with the
Hamiltonian:

[Ĥ, Ûexpl(ε)] = [Ĥ, 1− iεĤ] = 0, (A.32)

[Ĥ, Ûimpl(ε)] = [Ĥ, (1 + iεĤ)−1] = 0, (A.33)

where in Eq. (A.33), Proposition 2 was used. Applying Proposition 3 to Â = Ûexpl(ε/2) and
B̂ = Ûimpl(ε/2) (or vice versa) shows that the evolution operators of both the trapezoidal
rule and implicit midpoint methods commute with the Hamiltonian. As for the second-order
differencing, all entries in Ûsod(ε) are polynomials in Ĥ [see Eq. (A.15)] and hence commute
with Ĥ; as a result, [Ĥ, Ûsod(ε)] = 0.

A.5 Energy conservation

Neither Euler method is unitary, and hence neither conserves the energy. In contrast, both
the trapezoidal rule and implicit midpoint methods conserve energy because their evolution
operators are unitary and commute with the Hamiltonian.

The second-order differencing does not conserve energy exactly, but a conserved quantity
analogous to the energy was defined in Ref. [181]: Applying 〈ψsod(t)|Ĥ to Eq. (2.5) gives

〈ψsod(t)|Ĥ|ψsod(t+ ε)〉 = −2iε〈Ĥ2〉ψsod(t) + 〈ψsod(t)|Ĥ|ψsod(t− ε)〉. (A.34)

Because 〈Ĥ2〉ψsod(t) is real, taking the real part of Eq. (A.34) shows that

Re〈ψsod(t)|Ĥ|ψsod(t− ε)〉 (A.35)

is conserved.

Proposition 6. The global error of the expectation value of energy of the quantum
state propagated by the second-order differencing is fourth-order in the time step, i.e.,
〈Ĥ〉ψsod(tf ) − 〈Ĥ〉ψ(0) = O(ε4).

From Eq. (A.35),

Re〈ψsod(tf + ε)|Ĥ|ψsod(tf )〉 = Re〈ψ(0)|Ĥ|ψ(−ε)〉. (A.36)

Assuming, like in the proof of Proposition 5, that ψ(−ε) is known exactly, by Taylor
expanding ψ(−ε) and using Eq. (A.9), we obtain

〈Ĥ〉ψsod(tf ) − 〈Ĥ〉ψ(0) = ε2

2
[
〈Ĥ3〉ψsod(tf ) − 〈Ĥ3〉ψ(0)

]
+O(ε4). (A.37)
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Invoking Eq. (A.27) and identity 〈Ĥ3〉ψ(tf ) = 〈Ĥ3〉ψ(0) completes the proof.

A.6 Symmetry

Proposition 7. The adjoint of an evolution operator has the following properties:

[Û(ε)∗]∗ = Û(ε), (A.38)

[Û1(ε)Û2(ε)]∗ = Û2(ε)∗Û1(ε)∗, (A.39)

Û(ε)Û(ε)∗ is symmetric. (A.40)

Properties (A.38) and (A.39) mean, respectively, that the adjoint operation is an involution
and an antiautomorphism on the group of invertible operators, and property (A.40) provides
the simplest recipe for constructing a symmetric method: composing a general method
with its adjoint, with both composition coefficients of 1/2. All three properties follow
directly from the definition: the first because [Û(ε)∗]∗ = [Û(−ε)∗]−1 = [Û(ε)−1]−1, the
second because [Û1(ε)Û2(ε)]∗ = [Û1(−ε)Û2(−ε)]−1 = Û2(−ε)−1Û1(−ε)−1, and the third by
applying Eq. (A.39) to the product of Û(ε) and Û(ε)∗, then using Eq. (A.38).

That the explicit and implicit Euler methods are adjoints of each other follows from

Ûexpl(−ε)−1 = (1 + iĤε)−1 = Ûimpl(ε) (A.41)

and Eq. (A.38). Therefore, neither method is symmetric. In contrast, both the trapezoidal
rule and implicit midpoint methods are symmetric, as shown by applying property (A.40) to
the composition of the explicit and implicit Euler methods with composition coefficients 1/2.

Taking the inverse of Ûsod(−ε) [or equivalently, substituting ε = −ε in Eq. (A.18)] gives

Ûsod(−ε)−1 =
(

1 −2iεĤ
−2iεĤ 1− (2εĤ)2

)
=
(

0 1
1 0

)
Ûsod(ε)

(
0 1
1 0

)
, (A.42)

implying that the second-order differencing is symmetric as long as the sequence of
wavefunctions is reversed when taking the inverse.

A.7 Time reversibility

For a single time step of ε, time reversibility is a direct consequence of the symmetry of the
operator: if the operator is symmetric, i.e., if Û(−ε)−1 = Û(ε), then a forward propagation
is exactly canceled by the immediately following backward propagation:

Û(−ε)Û(ε) = Û(−ε)Û(−ε)−1 = 1. (A.43)
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This argument is easily extended, by induction, to a forward propagation for N steps
followed by a backward propagation for N steps:

Û(−ε)N Û(ε)N = 1.

As a result, the Euler methods are not time-reversible, whereas the trapezoidal rule, implicit
midpoint, and second-order differencing methods are.

A.8 Stability

The explicit Euler method is unstable because, using Eq. (A.20),

‖ψ(t+ε)−φ(t+ε)‖2 = ‖ψ(t)−φ(t)‖2+ε2〈Ĥ2〉ψ(t)−φ(t) ≥ (1+ε2E2
min)‖ψ(t)−φ(t)‖2, (A.44)

as long as Ĥ has no eigenvalue in the finite interval (−Emin, Emin); composing the above
inequality N times shows that

‖ψ(Nε)− φ(Nε)‖2 ≥ (1 + ε2E2
min)N‖ψ(0)− φ(0)‖2 →∞ (A.45)

as N →∞ for ψ(0) 6= φ(0).

Asymptotic stability of the implicit Euler method follows from an analogous inequality

‖ψ(t)−φ(t)‖2 = ‖ψ(t+ε)−φ(t+ε)‖2+ε2〈Ĥ2〉ψ(t+ε)−φ(t+ε) ≥ (1+ε2E2
min)‖ψ(t+ε)−φ(t+ε)‖2,

(A.46)
which implies

‖ψ(Nε)− φ(Nε)‖2 ≤ (1 + ε2E2
min)−N‖ψ(0)− φ(0)‖2 → 0 (A.47)

as N →∞.

Both the trapezoidal rule and implicit midpoint methods are unitary, and therefore

‖ψ(t+ ε)− φ(t+ ε)‖ = ‖ψ(t)− φ(t)‖; (A.48)

as a result, both methods are stable but not asymptotically stable.

Following Leforestier et al. [181] and slightly abusing notation, the stability of the second-
order differencing is analyzed by examining the eigenvalues

λ1,2 = 1− 2ε2Ĥ2 ± 2εĤ(ε2Ĥ2 − 1)
1
2 (A.49)

of Ûsod(ε) [see Eq. (A.15)]. For the method to be stable, the eigenvalues must be complex
units (i.e., |λ1,2| = 1), which is equivalent to requiring

ε2Ĥ2 − 1 < 0. (A.50)
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Otherwise, the magnitude of one of the eigenvalues is greater than unity and the method
is unstable [181]. For the stability criterion to be satisfied, the condition (A.50) must be
satisfied for all energy eigenstates, and therefore the method is stable only for time steps

ε < εcritical (A.51)

smaller than the critical time step εcritical := 1/Emax [181], where Emax is the largest
eigenvalue of the Hamiltonian operator approximated by a finite matrix.

109





B Exponential convergence of the
dynamic Fourier method with grid
density

Figure B.1 demonstrates the exponential convergence of the wavefunction with the number
of grid points. In order to have balanced position and momentum grids, the ranges and
densities of both the position and momentum grids were increased by a factor of

√
2 for

every doubling of the number of grid points. For the comparison of wavefunctions on grids
of different densities, the wavefunction on the sparser grid was first interpolated onto the
denser grid using trigonometric functions.
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Figure B.1 – Grid convergence of the wavepackets at the initial (t = 0) and final (t = tf )
times with the increasing number Ngrid of grid points in the nonadiabatic dynamics of
NaI (see Sec. 2.3). The grid convergence is measured by the distance D

ψ
(Ngrid)

,ψ(4096)(t)

between the wavepackets ψ(Ngrid)
t and ψ(4096)

t propagated on grids of Ngrid and 4096 points,
respectively. The optimally composed tenth-order trapezoidal rule with ∆t = 0.25 a.u. was
used.
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C Supplementary material for Chap-
ter 3

C.1 Nonadiabatic dynamics simulated without including the
geometric phase

The adiabatic Hamiltonian (3.26) can be transformed, with diagonal matrix [R(Q)]mn =
eiAn(Q)δmn, into the equivalent Hamiltonian

Ĥad-dv = R(Q̂)ĤadR(Q̂)† = 1
2M [P̂1− i~Fad-dv(Q̂)]2 + Vad(Q̂) (C.1)

represented using the double-valued adiabatic states (see Sec. C.2)

|ϕad-dv
n (Q)〉 = e−iAn(Q)|ϕad

n (Q)〉 =
S∑

m=1
|ϕad
m (Q)〉[R(Q)†]mn. (C.2)

Like the electronic states themselves, the initial state ψad-dv
0 = R(Q̂)ψad

0 in this represen-
tation is also double-valued. We examine the effect of neglecting the geometric phase by
simulating the dynamics with one of the two branches of the double-valued state ψad-dv

0 as
the initial wavepacket.

Figure C.1 shows that the power spectrum I(ω) [panel (a)], population P1(t) [panel (b)], and
position 〈ρ〉(t) [panel (c)] obtained in the adiabatic representation without the geometric
phase (i = ad-no-gp) are much less accurate than those observables obtained in the
adiabatic representation in which the geometric phase is included [i = ad; see panel (a) of
Figs. 3.2–3.4].

At the final time t = tf = 250 n.u., the wavepacket propagated in the adiabatic representa-
tion does not resemble the reference wavepacket ψ̃ref

tf
regardless of whether the geometric

phase is included or not [compare panels (a)–(c) of Fig. C.2]. We, therefore, present the
time dependence of various measures of the accuracy of the wavepacket ψ̃it propagated
either with (i = ad) or without (i = ad-no-gp) the geometric phase in Fig. C.3. The
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rapid decrease of quantum fidelityFad-no-gp(t) [panel (a)] and rapid increase of distance
Dad-no-gp(t) [panel (b)] from the reference wavepacket show that without the geometric
phase, the simulation becomes inaccurate almost immediately. The similarly sharp changes
in quantum fidelity F(t) and distance D(t) between the two wavepackets ψ̃ad

t and ψ̃ad-no-gp
t

propagated either with (i = ad) or without (i = ad-no-gp) the geometric phase (shown in
the right-hand panels of Fig. C.3) confirm that ignoring the geometric phase is responsible
for the rapid decrease in the accuracy of ψ̃ad-no-gp

t .
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Reference (i = ref) Adiabatic, no geometric phase (i = ad-no-gp)

Figure C.1 – (a) Power spectrum, (b) population, and (c) position obtained without
including the geometric phase in the adiabatic representation (i = ad-no-gp) are compared
with the reference observables obtained with the strictly diabatic Hamiltonian. Panels (a),
(b), and (c) are analogous to panel (a) of Figs. 3.2, 3.3, and 3.4, respectively.
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Figure C.2 – Effect of neglecting the geometric phase demonstrated by comparing the
wavepackets ψ̃itf at the final time, propagated in the adiabatic representation with [i = ad,
panel (a)] or without [i = ad-no-gp, panel (b)] the geometric phase. The benchmark
wavepacket ψ̃ref

tf
propagated in the strictly diabatic representation is shown as a reference

in panel (c).
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Figure C.3 – Time dependence of the accuracy of the nonadiabatic dynamics simulated in
the adiabatic representation either with (i = ad) or without (i = ad-no-gp) the geometric
phase is measured by (a) the quantum fidelity Fi(t) and (b) distance Di(t) between
ψ̃it and the benchmark wavepacket ψ̃ref

t . The importance of the geometric phase is
measured more directly by (c) the quantum fidelity F(t) = |〈ψ̃ad

t |ψ̃
ad-no-gp
t 〉|2 and (d)

distance D(t) = ‖ψ̃ad
t − ψ̃

ad-no-gp
t ‖ between the wavepackets propagated in the adiabatic

representation either with (i = ad) or without (i = ad-no-gp) the geometric phase.

C.2 Geometric phase effect in the E ⊗ e Jahn–Teller model

It is possible to incorporate the geometric phase effect in quantum dynamics simulations by
representing the molecular Hamiltonian using the double-valued adiabatic electronic states
|ϕad-dv
n (Q)〉, which change signs upon encircling a conical intersection. The sign changes of

these electronic states must be accompanied by compensating sign changes of the associated
nuclear wavefunctions ψad-dv

n,t (Q) in order that the total molecular wavepacket |Ψt(Q)〉 is
single-valued [209]. However, numerically representing, e.g., on a grid, a wavefunction
that undergoes a sign change around a conical intersection is difficult. Another way
of incorporating the geometric phase effect, according to the approach by Mead and
Truhlar [209], is to multiply the double-valued adiabatic electronic states by complex phase
factors eiAn(Q) to obtain the equivalent adiabatic states |ϕad

n (Q)〉 = eiAn(Q)|ϕad-dv
n (Q)〉 that

are single-valued. Following previous work [211, 212], we use the phase An(φ) = knφ/2,
where kn must be an odd integer to compensate for the sign change of |ϕad-dv

n (Q)〉 around
a conical intersection.

The multiplication of |ϕad-dv
n (Q)〉 by the coordinate-dependent phase factors does not

affect the diagonal adiabatic potential energy matrix because eiAn(Q) commutes with the
electronic Hamiltonian Ĥel(Q):

[Vad(Q)]mn = 〈ϕad
m (Q)|Ĥel(Q)|ϕad

n (Q)〉 = 〈ϕad-dv
m (Q)|e−iAm(Q)Ĥel(Q)eiAn(Q)|ϕad-dv

n (Q)〉

= e−iAmn(Q)[Vad-dv(Q)]mn = [Vad-dv(Q)]mn, (C.3)

where Amn(Q) := Am(Q) − An(Q). The last step of Eq. (C.3) holds since Vad-dv(Q) is
diagonal. In contrast, both the nuclear wavefunctions and nonadiabatic couplings are
affected by this transformation of the adiabatic electronic states: The nuclear wavefunctions
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transform as ψad
n,t(Q) = e−iAn(Q)ψad-dv

n,t (Q), and the nonadiabatic couplings transform as

[Fad(Q)]mn = 〈ϕad
m (Q)|∇ϕad

n (Q)〉 = 〈ϕad-dv
m (Q)|e−iAm(Q)∇eiAn(Q)|ϕad-dv

n (Q)〉

= e−iAmn(Q)[〈ϕad-dv
m (Q)|∇ϕad-dv

n (Q)〉+ i∇An(Q)δmn]

= e−iAmn(Q){[Fad-dv(Q)]mn + i∇An(Q)δmn} (C.4)

and

[Gad(Q)]mn = 〈ϕad
m (Q)|∇2ϕad

n (Q)〉 = 〈ϕad-dv
m (Q)|e−iAm(Q)∇2eiAn(Q)|ϕad-dv

n (Q)〉

= e−iAmn(Q){[Gad-dv(Q)]mn + 2i∇An(Q)[Fad-dv(Q)]mn + [i∇2An(Q)−∇An(Q)2]δmn}.
(C.5)

In the Jahn–Teller model, the adiabatic potential energy matrix is defined by diagonalizing
the strictly diabatic potential energy matrix [170]. In Refs. [169, 170], the strictly diabatic
potential energy matrix (3.12) is diagonalized by the transformation matrix

Tdv(Q) = 1√
2

(
e−iθ(Q) e−iθ(Q)

eiθ(Q) −eiθ(Q)

)
, (C.6)

which is one out of a continuum of possible transformation matrices that diagonalize
Vsd(Q). This standard choice of the transformation matrix Tdv(Q) yields the adiabatic
electronic states

|ϕad-dv
1 (Q)〉 = 1√

2
[e−iθ(Q)|ϕsd

1 〉+ eiθ(Q)|ϕsd
2 〉],

|ϕad-dv
2 (Q)〉 = 1√

2
[e−iθ(Q)|ϕsd

1 〉 − eiθ(Q)|ϕsd
2 〉] (C.7)

that are coupled through the nonadiabatic vector couplings

Fad-dv(Q) = −i∇θ(Q)
(

0 1
1 0

)
(C.8)

with vanishing diagonal elements. However, the states |ϕad-dv
n (Q)〉 are double-valued

because upon encircling a conical intersection [i.e., as the polar angle φ changes from
−π to π], θ(Q) changes from −π/2 to π/2, causing |ϕad-dv

n (Q)〉 to change sign. We,
therefore, multiply the double-valued states |ϕad-dv

n (Q)〉 with phase factors eiAn(Q), where
A1(Q) = −φ(Q)/2 = −θ1(Q) and A2(Q) = φ(Q)/2 = θ1(Q), to obtain the single-valued
adiabatic electronic states

|ϕad
1 (Q)〉 = 1√

2
[e−iθ+(Q)|ϕsd

1 〉+ eiθ−(Q)|ϕsd
2 〉],

|ϕad
2 (Q)〉 = 1√

2
[e−iθ−(Q)|ϕsd

1 〉 − eiθ+(Q)|ϕsd
2 〉]; (C.9)

we recall that θ±(Q) := θ(Q)±θ1(Q). These states are single-valued because θ+(Q) changes
from −π to π and θ−(Q) starts and ends at zero as φ(Q) goes from −π to π. Moreover, like
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Tdv(Q), the matrix T(Q) [see Eq. (3.16)], which transforms the strictly diabatic states |ϕsd
n 〉

directly into the single-valued adiabatic states |ϕad
n (Q)〉, also diagonalizes Vsd(Q) [into the

same diagonal matrix as does Tdv(Q)] because overall phases of the eigenvectors can be
freely chosen (and here this phase can be a function of Q). The two transformation matrices
T(Q) and Tdv(Q) are related by T(Q) = Tdv(Q)R(Q), where [R(Q)]mn = eiAn(Q)δmn.
Likewise, S(Q) = Sdv(Q)R(Q), where matrix

Sdv(Q) = 1√
2

(
e−iθ1(Q) e−iθ1(Q)

eiθ1(Q) −eiθ1(Q)

)
(C.10)

transforms the double-valued adiabatic states into the quasidiabatic states.

C.3 Conservation of geometric properties by the time prop-
agation schemes

In Fig. C.4, we show two of the geometric properties preserved exactly by the compositions
of the implicit midpoint method: the norm of the wavepacket and expectation value of
energy. Among these two properties, only the norm is conserved exactly by the compositions
of the split-operator algorithm (see Table 2.1).
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Figure C.4 – Exact conservation of the norm ‖ψit‖ of the wavepacket [panels (a)–(d)] and
of the expectation value Ei(t) := 〈Ĥi〉ψit of energy [panels (e)–(h)]. The initial value of the
wavepacket norm is ‖ψi0‖ = 1, for i ∈ {ad, qd-exact, qd-approx, ref}, and the initial values
of the energy are Ead(0) = 2 n.u. and Ei(0) = 1 n.u., for i ∈ {qd-exact, qd-approx, ref}.

We used the optimal eighth-order composition [167] of the split-operator algorithm [160] to
propagate the wavepacket with the separable Hamiltonians—the approximate quasidiabatic
and strictly diabatic Hamiltonians—and the optimal eighth-order composition [167] of the
implicit midpoint method [48, 187] to propagate the wavepacket with the nonseparable
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Hamiltonians—the adiabatic and exact quasidiabatic Hamiltonians. Because exact norm
and energy conservations are built into the compositions of the implicit midpoint method,
these geometric properties are conserved exactly regardless of the size of the time step.
Likewise, the norm is conserved exactly by the compositions of the split-operator algorithm.
The apparent conservation of energy by the split-operator algorithm in Fig. C.4 only results
from using a very small time step. In fact, it was shown in Ref. [52] that the energy
conservation by the compositions of the split-operator algorithms is not exact but follows
the order of convergence of the integrator.

C.4 Time and spatial discretization errors

To quantify the errors due to different forms of the molecular Hamiltonian, an exact
reference solution is required. In principle, the quantum dynamics simulated using any
of the three exact Hamiltonians—the strictly diabatic, exact quasidiabatic, and adiabatic
Hamiltonians—can serve as a benchmark, but the wavepacket propagated with the strictly
diabatic Hamiltonian is the easiest to converge in both time and space because of the
separable form of this Hamiltonian. We, therefore, chose the wavepacket propagated with
the strictly diabatic Hamiltonian as the benchmark. In Fig. C.5, we show that both the
time and spatial discretization errors of propagation with the reference Hamiltonian are
negligible (< 10−10). In particular, the numerical errors of the reference wavepacket are
minuscule compared to the errors due to different forms of the Hamiltonian (see Fig. 3.6).
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Figure C.5 – Time discretization errors ε(time)
∆t (ψref

t ) (dotted line) and spatial discretization
errors ε(grid)

N (ψref
t ) (solid line) of the reference wavepacket, propagated on a grid of 128×128

points (N = 128) using the optimal eighth-order composition of the TVT split-operator
algorithm with a time step of ∆t = 0.025 n.u. The minuscule (< 10−10) errors indicate
that the reference wavepacket is converged with respect to both the time step and grid size.

We used the distance functional ε(time)
∆t (ψt) := ‖ψ(∆t,N)

t −ψ(∆t/2,N)
t ‖ to estimate the time

discretization error of ψ(∆t,N)
t ; here, ψ(∆t,N)

t denotes the molecular wavepacket propagated
to time t with the time step of ∆t on a grid of N×N points. The spatial discretization errors
of ψ(∆t,N)

t were estimated by the distance functional ε(grid)
N (ψt) := ‖ψ(∆t,N)

t − ψ(∆t,2N)
t ‖.

The grid of 2N × 2N points is defined to be a factor of
√

2 wider in each dimension
compared to the grid of N ×N points. Correspondingly, the grid of 2N × 2N points is
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also a factor of
√

2 denser in each dimension compared to the grid of N ×N points.

For an observable A, we measured the time discretization errors using ε
(time)
∆t (A) :=

|A(∆t,N)−A(∆t/2,N)| and spatial discretization errors using ε(grid)
N (A) := |A(∆t,N)−A(∆t,2N)|,

where A(∆t,N) is the observable obtained from a simulation on a grid of N ×N points using
the time step ∆t. Figure C.6 shows that the time and spatial discretization errors of all
reference observables are negligible (< 3 · 10−10) except for the spatial discretization errors
of the population of the first (n = 1) adiabatic electronic state, which are almost entirely
due to the spatial discretization errors of the unitary transformation of the wavepacket
from the strictly diabatic to the adiabatic representation. Although larger, the spatial
discretization errors ε(grid)

N [Pref
1 (t)] of the reference population are still much smaller than

the differences shown in Fig. 3.3; even the virtually invisible differences between Pref
1 (t)

and Pqd-exact
1 (t) [in panel (b) of Fig. 3.3] are approximately an order of magnitude greater

than the spatial discretization errors of the reference population.
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Figure C.6 – Time discretization errors [panels (a), (c), and (e)] and the spatial discretization
errors [panels (b), (d), and (f)] of the reference observables: (a) and (b) the power spectrum,
(c) and (d) population of the first (n = 1) adiabatic electronic state, and (e) and (f) position.
Line labels are the same as in Fig. C.5.

Figure C.7 shows that the time discretization errors of the propagation with the adiabatic,
exact quasidiabatic, or approximate quasidiabatic Hamiltonian are negligible (i.e., at
least two orders of magnitude smaller) compared to the errors due to different forms
of the Hamiltonian (cf. Fig. 3.6). For the time step ∆t = 0.025 n.u. employed in
the simulations, the composed split-operator algorithm, used for propagations with the
approximate quasidiabatic Hamiltonian, leads to much smaller time discretization errors
compared to the composed implicit midpoint method, used for propagations with the
nonseparable (adiabatic and exact quasidiabatic) Hamiltonians. In both adiabatic and
quasidiabatic simulations, the time discretization errors of the observables (see Fig. C.8)
were negligible to the errors due to the different forms of the Hamiltonian (see Figs. 3.2–3.4).

The spatial discretization errors of the wavepacket propagated with either the adiabatic
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Figure C.7 – Time discretization errors of the wavepacket propagated with the (a) adiabatic
(i = ad), (b) exact quasidiabatic (i = qd-exact), or (c) approximate quasidiabatic (i =
qd-approx) Hamiltonian. The eighth-order composition of the implicit midpoint method
was used to propagate the wavepacket with either the adiabatic or exact quasidiabatic
Hamiltonian. The eighth-order composition of the TVT split-operator algorithm was used
to propagate the wavepacket with the approximate quasidiabatic Hamiltonian. The time
step ∆t = 0.025 n.u. was used in all simulations.
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Figure C.8 – Time discretization errors of the power spectrum [panels (a)–(c)], population
of the first (n = 1) adiabatic electronic state [panels (d)–(f)], and position [panels (g)–(i)]
obtained in the simulation with the adiabatic (top), exact quasidiabatic (middle), or
approximate quasidiabatic (bottom) Hamiltonian. Line labels are the same as in Fig. C.7.

or exact quasidiabatic Hamiltonian are synonymous with the errors due to the different
forms of the Hamiltonian. (Recall that if the nuclear wavefunctions were represented
exactly, e.g., by using a grid of an infinite extent and infinite density, then the wavepackets
propagated with the adiabatic or exact quasidiabatic Hamiltonian would be identical to
the exact reference wavepacket.) In contrast, the error due to using the approximate
quasidiabatic Hamiltonian consists of both the spatial discretization errors and errors due
to neglecting the residual nonadiabatic couplings. Comparing Fig. C.9 with Fig. 3.6 shows
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that neglecting the couplings is the dominant contribution.
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Figure C.9 – Spatial discretization errors of the wavepacket propagated with the approximate
quasidiabatic Hamiltonian on a grid of 64× 64 points (N = 64) using the optimal eighth-
order composition of the TVT split-operator algorithm with a time step of ∆t = 0.025 n.u.
The spatial discretization errors are approximately two orders of magnitude smaller than
the errors (shown in Fig. 3.6) due to using the approximate quasidiabatic Hamiltonian.
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D Supplementary material for Chap-
ter 4

D.1 Numerical evaluation of the magnitude of the residual
couplings

The evaluation of the magnitude R[Fqd(Q)] of residual couplings requires an integration
over the entire nuclear space [see Eq. (4.1)]. We approximate the integral numerically on a
finite grid of N ×N points between −Ql and Ql for l ∈ {1, 2}: we used a grid with N = 32
and Ql = 2.5 n.u. This grid, employed for evaluating R[Fqd(Q)], is narrower than the one
used for nonadiabatic simulations (for the simulations, we used N = 64 and Ql = 10 n.u.
in the NO3 model and N = 32 and Ql = 7 n.u. in the HCN model). The magnitude
R[Fqd(Q)] evaluated on a wider grid would not be informative, as can be seen from the
following consideration. In addition to the central conical intersection (at Q = 0), the cubic
Jahn–Teller model has six other conical intersections at ρ = ρ+ and φ = −2π/3, 0, 2π/3
and at ρ = ρ− and φ = −π/3, π/3, π, where ρ± = |[c2 ± (c2

2 − 4c1c3)1/2]/2c3|. Although
the singularities of the nonadiabatic couplings at these additional conical intersections
remain even after the quasidiabatization by the regularized diabatization scheme, these
singularities are sufficiently far from the region of the dynamics such that they do not have
a significant effect on the simulations (i.e., numerical convergence was achieved despite
the remaining singularities; see Sec. D.2). However, because it diverges to infinity, the
magnitude R[Fqd(Q)] of the residual couplings evaluated on a grid that includes these
additional conical intersections is not meaningful. We, therefore, evaluate R[Fqd(Q)] on a
narrower grid that does not include these singular residual couplings.

D.2 Negligibility of spatial and time discretization errors

For the results presented in Chapter 4 to be valid, both the spatial and time discretization
errors should be smaller than the errors due to the neglect of the residual nonadiabatic
couplings. We used distance functionals ε(grid)

N (ψt) and ε(time)
∆t (ψt) defined in Sec. C.4 to
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measure the spatial and time discretization errors of the wavepacket. Likewise, we used
ε
(grid)
N (A) and ε(time)

∆t (A) (see Sec. C.4) to measure the spatial and time discretization errors
of the observables.

Figures D.1–D.4 show that the grid discretization errors of the quantities presented in
Sec. 4.3 are smaller than the errors due to the neglect of the residual couplings. Moreover,
thanks to the high order of accuracy of the employed time propagation scheme, the
time discretization errors are negligible in comparison with the corresponding spatial
discretization errors. The small numerical errors of the wavepackets propagated with the
exact quasidiabatic Hamiltonian validate them as the reference benchmark wavepackets
because the exact quasidiabatic Hamiltonian is exact in the sense that it is a coordinate-
dependent unitary transform of the adiabatic Hamiltonian.
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Figure D.1 – Negligibility of spatial and time discretization errors of the quantities presented
in Fig. 4.2: (a) and (b) power spectrum Ii(ω), (c) and (d) population P i1(t), and (e) and
(f) wavepacket ψit obtained with either the exact [i = qd-exact; panels (a), (c), and (e)]
or approximate [i = qd-approx; panels (b), (d), and (f)] Hamiltonian. In each panel,
errors εres-cpl due to the neglect of the residual couplings are compared with the grid
discretization errors ε(grid)

N and time discretization errors ε(time)
∆t . Note that εres-cpl(ψt) ≡

D(t) := ‖ψqd-approx
t −ψqd-exact

t ‖.
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Figure D.2 – Negligibility of spatial and time discretization errors of the quantities presented
in Fig. 4.4. See the caption of Fig. D.1 for details.
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Figure D.3 – Negligibility of spatial and time discretization errors of the quantities presented
in Fig. 4.5. See the caption of Fig. D.1 for details.
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Figure D.4 – Negligibility of spatial and time discretization errors of the quantities presented
in Fig. 4.6. See the caption of Fig. D.1 for details.

D.3 Conservation of geometric properties by the implicit
midpoint method

Here, we demonstrate the exact conservation of the wavepacket’s norm ‖ψt‖ and energy E(t)
by the optimal eighth-order [167] composition [47, 49, 163, 164] of the implicit midpoint
method. Figure D.5 shows that both the norm and energy are conserved to machine
precision (< 10−12) in the model of vertical excitation of NO3 from Sec. 4.3.1. In fact, they
are conserved to machine precision regardless of the size of the time step (not shown). See
Chapter 2 and the references therein for the analytical proof and numerical demonstration
of the preservation of geometric properties of the exact solution by the compositions of the
implicit midpoint method.

Figure D.6 shows the norm and energy conservation in the HCN model from Sec. 4.3.2. Note
that here the norm is not conserved to machine precision but “only” to 10−8; the subtle
reason for this effect is that on a finite grid, the exact quasidiabatic Hamiltonian (3.3) is only
approximately Hermitian. In contrast, simulations with exactly Hermitian Hamiltonians
[e.g., Hamiltonians (3.8) and (3.27)] conserve the norm and energy exactly regardless of
the grid density (not shown).
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Figure D.5 – Exact conservation of geometric properties in the vertical excitation of
NO3 (from Sec. 4.3.1) by the employed integrator: the conservation of the (a) norm
and (b) energy of the wavepacket propagated with either the exact (i = qd-exact) or
approximate (i = qd-approx) quasidiabatic Hamiltonian. The initial values are ‖ψi0‖ = 1
and Ei(0) = 1 n.u.
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Figure D.6 – Exact conservation of geometric properties in the HCN model (from Sec. 4.3.2)
by the employed integrator. See the caption of Fig. D.5 for details. Here, the initial norm
is ‖ψi0‖ = 1 and the initial energies are Eqd-exact(0) = 0.6 n.u. and Eqd-approx(0) = 0.7 n.u.

D.4 Time dependence of position, potential energy, and dis-
tance

To supplement Figs. 4.2, 4.4–4.6, we present, in Figs. D.7–D.10, the time dependence of
the position 〈ρ〉i(t) := [

∑2
l=1〈ψit|Q̂l|ψit〉2]1/2 [panels (a)] and potential energy 〈Vqd〉i(t) :=

〈ψit|Vqd(Q̂)|ψit〉 [panels (b)] obtained with either the approximate (i = qd-approx) or exact
(i = qd-exact) quasidiabatic Hamiltonian. In panels (c), we show the distance

D(t) := ‖ψqd-approx
t −ψqd-exact

t ‖ (D.1)

between the wavepackets propagated with either the approximate or exact Hamiltonian.
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Figure D.7 – Importance of the residual nonadiabatic couplings in the NO3 model from
Sec. 4.3.1. The figure, which complements Fig. 4.2, shows the time dependence of (a)
position 〈ρ〉i(t), (b) potential energy 〈Vqd〉i(t), and (c) distance D(t) [Eq. (D.1)].
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Figure D.8 – Importance of the residual nonadiabatic couplings in the HCN model from
Sec. 4.3.2. The figure, which complements Fig. 4.4, shows the time dependence of (a)
position 〈ρ〉i(t), (b) potential energy 〈Vqd〉i(t), and (c) distance D(t) [Eq. (D.1)]. Note
that the wavepacket remains at 〈ρ〉i(t) = 0 throughout the dynamics and only its width
changes (not shown).
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Figure D.9 – Importance of the residual nonadiabatic couplings in the model of a displaced
excitation of NO3 from Sec. 4.3.3. The molecular Hamiltonian was quasidiabatized with
the first-order (j = 1) scheme. The figure, which complements Fig. 4.5, shows the time
dependence of (a) position 〈ρ〉i(t), (b) potential energy 〈Vqd〉i(t), and (c) distance D(t)
[Eq. (D.1)].
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Figure D.10 – Importance of the residual nonadiabatic couplings in the model of a displaced
excitation of NO3 from Sec. 4.3.3. The molecular Hamiltonian was quasidiabatized with
the second-order (j = 2) scheme. The figure, which complements Fig. 4.6, shows the time
dependence of (a) position 〈ρ〉i(t), (b) potential energy 〈Vqd〉i(t), and (c) distance D(t)
[Eq. (D.1)].
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D.5 Importance of the residual couplings for different Jahn–
Teller coupling coefficients and different initial popula-
tions

In panel (a) of Fig. D.11, we consider four sets of Jahn–Teller coupling coefficients, repre-
sented by triples C = (c1, c2, c3) [all in natural units (n.u.)]: C1 = (0.375,−0.0668,−0.0119),
C2 = (0.375,−0.05,−0.0155), C3 = (0.375,−0.037,−0.0185), and C4 = (1.5, 0.388, 0.052).
Among these, triple C1 consists of the coefficients of the NO3 model (see Sec. 4.3.3). The
other triples were chosen so that the magnitudes of the residual couplings in the first-order
quasidiabatization were R[Fqd(Q)] = 3.8 n.u. for both C1 and C4, R[Fqd(Q)] = 2.4 n.u.
for C2, and R[Fqd(Q)] = 1.6 n.u. for C3 and so that R[Fqd(Q)] = 0.5 n.u. for all four
triples if the second-order scheme was employed. Because the triples C1, C2, and C3 are
similar, the resulting nonadiabatic dynamics were also similar; in contrast, the dynamics
with triple C4 was very different (not shown). On one hand, panel (a) of Fig. D.11 shows
that there is a positive correlation between the magnitude and importance of the residual
couplings when the dynamics are similar. On the other hand, even when the magnitudes
R[Fqd(Q)] are the same, the importance of residual couplings can differ significantly if the
nonadiabatic dynamics are not the same (compare the results for C1 and C4).
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Figure D.11 – Importance of the residual couplings in the displaced excitation of NO3
(from Sec. 4.3.3) for (a) different Jahn–Teller coupling coefficients and (b) different initial
quasidiabatic populations P1(0). The importance of the residual couplings is measured
by quantum fidelity [like in panel (e) of Fig. 4.5] and shown only for the first-order
quasidiabatization scheme. Results based on the second-order quasidiabatization scheme
are not shown since they are very accurate [i.e., F(t) ≈ 1] in all presented cases. The
red solid lines in the two panels are identical to each other and to the black solid line in
panel (e) of Fig. 4.5.

In panel (b), we consider three different initial states that only differed in the initial
quasidiabatic populations: the population of the first state was P1(0) = 0.5, 0.9, or 0.1;
in all cases, P2(0) = 1− P1(0). The initial state with P1(0) = 0.5 was the one analyzed
in Sec. 4.3.3. Panel (b) of Fig. D.11 shows that, in the case of the displaced excitation of
NO3, the importance of the residual couplings is almost independent of the distribution
of the initial populations among the different states. This conclusion, however, may not
apply to other systems.
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E.1 Symplecticity of the exact Hamiltonian flow

We use the standard symplectic matrix (5.56) and re-express the effective symplectic
two-form (5.24) as [48]

ωeff = 1
2(Jdxeff) ∧ dxeff . (E.1)

Since dxeff,t = Mtdxeff,0, we have

(Jdxeff,t) ∧ dxeff,t = (JMtdxeff,0) ∧ (Mtdxeff,0) = (MT
t JMtdxeff,0) ∧ dxeff,0, (E.2)

and two-form ωeff is conserved [i.e., (Jdxeff,t) ∧ dxeff,t = (Jdxeff,0) ∧ dxeff,0] if Mt is a
symplectic matrix, i.e., if it satisfies the condition

MT
t JMt = J. (E.3)

Since M0 = I, Eq. (E.3) is trivially satisfied at t = 0. To show that the stability
matrix Mt of Hamiltonian flow ΦHeff ,t is symplectic, we therefore only have to show that
d(MT

t JMt)/dt = 0, which follows easily from the calculation

d

dt
MT
t JMt = ṀT

t JMt +MT
t JṀt

= MT
t Hess[Heff(xeff,t)]J2Mt +MT

t JJ
THess[Heff(xeff,t)]Mt

= −MT
t Hess[Heff(xeff,t)]Mt +MT

t Hess[Heff(xeff,t)]Mt = 0, (E.4)

where we have used the fact that the time derivative of the stability matrix satisfies [48]

Ṁt = JTHess[Heff(xeff,t)]Mt. (E.5)
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Although we did not need the explicit form

Hess[Heff(xeff)] =


〈HessV̂ (Q)〉ψ V̂ ′(Q)qψ/~ 0 V̂ ′(Q)pψ/~
V̂ ′(Q)qψ/~ Ĥel(Q,P )/~ Pqψ/(~M) 0

0 Pqψ/(~M) 1/M Ppψ/(~M)
V̂ ′(Q)pψ/~ 0 Ppψ/(~M) Ĥel(Q,P )/~

 (E.6)

of the Hessian of Heff(xeff) to prove the symplecticity of Mt, this expression will be useful
for the numerical propagation of the stability matrix (see Sec. E.4).

E.2 Detailed algorithms of the two and three time step
methods

E.2.1 Two time step method

The detailed algorithm of the two time step method is as follows (like in Sec. 5.2.6,
∆tel = ∆t/nel):
(Verlet algorithm with time step ∆t:)
Pt+∆t/2 = Pt − ∆t

2 〈V̂
′(Qt)〉ψt

Qt+∆t = Qt + ∆tM−1 · Pt+∆t/2

Pt+∆t = Pt+∆t/2 − ∆t
2 〈V̂

′(Qt+∆t)〉ψt
Do i = 1, . . . , nel

(VTV split-operator algorithm with time step ∆tel:)
ψt+i∆tel = Û

(∆tel)
VTV (Qt+∆t, Pt+∆t)ψt+(i−1)∆tel

End Do,
where the evolution operator

Û
(τ)
VTV(Q,P ) = Û

(τ/2)
V (Q)Û (τ)

T (P )Û (τ/2)
V (Q) (E.7)

for the VTV split-operator algorithm is composed of the potential and kinetic propagation
steps,

Û
(τ)
V (Q) = exp [−iτ V̂ (Q)/~], (E.8)

Û
(τ)
T (P ) = exp [−iτ T̂nu+el(P )/~]; (E.9)

here, T̂nu+el(P ) = Tnu(P ) + T̂el.

E.2.2 Three time step method

The detailed algorithm of the three time step method is as follows (like in Sec. 5.2.6,
∆tnu-el = ∆t/nnu-el = ∆telnel/nnu-el):
(Propagation of nuclear momentum by ∆t/2:)
Pt+∆t/2 = Pt − ∆t

2 〈V̂
′(Qt)〉ψt
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Do i = 1, . . . , nnu-el
(Propagation of nuclear position by ∆tnu-el/2:)
Qt+(2i−1)∆tnu-el/2 = Qt+(i−1)∆tnu-el + ∆tnu-el

2 M−1 · Pt+∆t/2

Do j = 1, . . . , nel/nnu-el

(VTV split-operator algorithm with the time step of ∆tel:)
ψt+(i−1)∆tnu-el+j∆tel = Û

(∆tel)
VTV (Qt+(2i−1)∆tnu-el/2, Pt+∆t/2)ψt+(i−1)∆tnu-el+(j−1)∆tel

End Do
(Propagation of nuclear position by ∆tnu-el/2:)
Qt+i∆tnu-el = Qt+(2i−1)∆tnu-el/2 + ∆tnu-el

2 M−1 · Pt+∆t/2

End Do
(Propagation of nuclear momentum by ∆t/2:)
Pt+∆t = Pt+∆t/2 − ∆t

2 〈V̂
′(Qt+∆t)〉ψt+∆t .

E.3 Computational details

In the exact quantum simulation, the full wavefunction Ψt was represented on a uniform
four-dimensional grid that is a tensor product of two different two-dimensional grids for
the nuclear and electronic degrees of freedom. A uniform grid of 101× 101 points defined
between Ql = −3 a.u. and Ql = 3 a.u. was used for the nuclear degrees of freedom. As
for the electronic degrees of freedom, a uniform grid of 64 × 64 points defined between
ql = −10 a.u. and ql = 10 a.u. was used; this grid was also used to represent the electronic
wavefunction in Ehrenfest simulations. We employed the second-order VTV split-operator
algorithm with time step ∆t = 0.1 a.u. for the numerical propagation of Ψt.

To obtain the initial states, we solved the electronic time-independent Schrödinger equa-
tion (5.48) with the imaginary time propagation method [344]: To prepare quantum initial
state (5.46), we solved the equation at every point on the nuclear grid. In contrast, to
obtain the initial effective phase space point (5.50) for Ehrenfest simulations, we only had
to solve the equation once at the initial nuclear position Q0.

E.4 Numerical propagation of the stability matrix

The numerical propagation of stability matrix Mt requires much more computational effort
than the propagation of the mixed quantum-classical phase space point xeff . It is, in
general, not necessary to propagate the stability matrix to simulate Ehrenfest dynamics.
Yet, to numerically demonstrate the symplecticity of the geometric integrators, i.e., to
prepare panels (e) and (f) of Fig. 5.3, we propagated also the stability matrix. Like in
the propagation of xeff , we only need to present the analytical solutions of the kinetic and
potential propagation steps for arbitrary times t because all presented geometric integrators
are composed of kinetic and potential propagations (see Sec. 5.2.4).
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During the kinetic propagation, the equation of motion

Ṁt = JTHess[〈T̂nu+el(Pt)〉ψt ]Mt (E.10)

for stability matrix Mt is obtained by reducing the effective Hamiltonian to Heff(xeff) =
〈T̂nu+el(P )〉ψ = 〈Tnu(P ) + T̂el〉ψ in Eq. (E.5). The explicit form of the Hessian is

Hess[〈T̂nu+el(P )〉ψ] =


0 0 0 0
0 T̂nu+el(P )/~ Pqψ/(~M) 0
0 Pqψ/(~M) 1/M Ppψ/(~M)
0 0 Ppψ/(~M) T̂nu+el(P )/~

 , (E.11)

and Eq. (E.10) can be solved analytically to yield

Mt =


1 tP0qψ,0/(~M) t/M tP0pψ,0/(~M)
0 cos[T̂nu+el(P0)t/~] tP0pψ,t/(~M) sin[T̂nu+el(P0)t/~]
0 0 1 0
0 − sin[T̂nu+el(P0)t/~] −tP0qψ,t/(~M) cos[T̂nu+el(P0)t/~]

M0, (E.12)

where the propagation of quantum Darboux coordinates

qψ,t = cos[T̂nu+el(P0)t/~]qψ,0 + sin[T̂nu+el(P0)t/~]pψ,0, (E.13)

pψ,t = − sin[T̂nu+el(P0)t/~]qψ,0 + cos[T̂nu+el(P0)t/~]pψ,0 (E.14)

for time t is equivalent to the standard propagation of electronic wavefunction ψt =
exp[−itT̂nu+el(P0)/~]ψ0 since ψt = (qψ,t + ipψ,t)/

√
2~.

During the potential propagation, the equation of motion

Ṁt = JTHess[〈V̂ (Qt)〉ψt ]Mt (E.15)

for stability matrix Mt is obtained by reducing the effective Hamiltonian to Heff(xeff) =
〈V̂ (Q)〉ψ in Eq. (E.5). The explicit form of the Hessian is

Hess[〈V̂ (Q)〉ψ] =


〈HessV̂ (Q)〉ψ V̂ ′(Q)qψ/~ 0 V̂ ′(Q)pψ/~
V̂ ′(Q)qψ/~ V̂ (Q)/~ 0 0

0 0 0 0
V̂ ′(Q)pψ/~ 0 0 V̂ (Q)/~

 , (E.16)

and Eq. (E.15) can be solved analytically to yield

Mt =


1 0 0 0

tV̂ ′(Q0)pψ,t/~ cos[V̂ (Q0)t/~] 0 sin[V̂ (Q0)t/~]
−t〈HessV̂ (Q0)〉ψ0 −tV̂ ′(Q0)qψ,0/~ 1 −tV̂ ′(Q0)pψ,0/~
−tV̂ ′(Q0)qψ,t/~ − sin[V̂ (Q0)t/~] 0 cos[V̂ (Q0)t/~]

M0, (E.17)
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where the propagation of quantum Darboux coordinates

qψ,t = cos[V̂ (Q0)t/~]qψ,0 + sin[V̂ (Q0)t/~]pψ,0, (E.18)

pψ,t = − sin[V̂ (Q0)t/~]qψ,0 + cos[V̂ (Q0)t/~]pψ,0 (E.19)

for time t is equivalent to the standard propagation of the electronic wavefunction ψt =
exp[−itV̂ (Q0)/~]ψ0 since ψt = (qψ,t + ipψ,t)/

√
2~.

E.5 Efficiency of the geometric integrators
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Figure E.1 – Efficiency of the geometric integrators presented in Sec. 5.2.4. Like in Fig. 5.5,
efficiency is measured using the dependence of the convergence error on the computational
cost (which we measure by CPU time). As expected, for each order of accuracy, the optimal
composition scheme yields the most efficient method.
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F Exponential convergence of the
adaptive moving grid algorithm
with grid density

Figure F.1 shows the exponential convergence of the wavefunction with the increasing
number of grid points. As expected, the convergence is slower with the fixed grid, which
must cover roughly four times larger phase space area in each dimension to account for the
movement of the wavepacket.
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M

10 0

10 -4

10 -8

10-12

D ψ
(
M

)
,ψ

(
2
M

)
(t
f
)

adaptive
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Figure F.1 – Convergence of the wavefunction ψ(M)
tf

with the increasing number of grid
points. Wavefunction ψ(M)

tf
is evaluated on either the adaptive or fixed grid of N = MD

points in the harmonic system from Sec. 6.3.1. For balanced Q-grid and P -grid, the ranges
and densities of both grids were increased by a factor of

√
2 for every doubling of the

number of grid points. For the comparison of wavefunctions on grids of different densities,
the wavefunction on the sparser grid was first interpolated onto the denser grid using
trigonometric functions. Both the proposed adaptive moving grid algorithm from Sec. 6.2.6
and the split-operator algorithm on a fixed grid were composed to the tenth order using
the optimal scheme; ∆t = 0.1 n.u.

The fast Fourier transform, the bottleneck of the combination of the dynamic Fourier method
with the split-operator algorithm on a tensor-product grid, scales as N logN . Because
N = MD, where M is the geometric average number of grid points in each dimension, the
method scales exponentially with the number of dimensions. Like the multiconfigurational
time-dependent Hartree or time-dependent discrete variable representation method, the
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Appendix F. Exponential convergence of the adaptive moving grid algorithm
with grid density

proposed algorithm does not remove the exponential scaling but slows down the exponential
growth significantly compared to the conventional split-operator algorithm on a fixed grid
(see, e.g., Fig. F.1). This is, indeed, what allowed us to treat the eight-dimensional
Hénon-Heiles system in Sec. 6.3.3.
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