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▪ Boundary region (edge and scrape-off-layer) controls the performance of fusion devices 
(H-L transition, pedestal, ELMs, …) 

▪ Boundary region is characterised by different plasma collisionality regimes:

Challenges of Simulating the Turbulent Boundary Plasmas 2
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GK Moment Approach
Chang C. S. et al. Nucl. Fusion, 2017Giacomin M. et al. JPP, 2020

▪ Two currently-used turbulent modelling approaches: 

• Drift-Kinetic (DK) fluid modelling (lowest-order 
moments, less expensive,  and  

, no kinetic effects, Full-F) 

• GyroKinetic (GK) modelling (expensive, , 
kinetic effects, also suitable for ) 

k⊥ρi ≪ 1
λmfpk∥ ≪ 1

k⊥ρi ∼ 1
λmfpk∥ ≳ 1

C.S. Chang et al

4

3. Validation against existing experimental data

3.1. General description of the simulation

Table 1 shows experimental discharges from three major US 
tokamaks that are used for validation of the XGC1 simulated 
divertor heat !ux width. The cases were part of the 2016 
US Department of Energy, Fusion Energy Science Theory/
Simulation Milestone Target Research [17]. These discharges 
have been chosen to represent the wide range of the poloidal 
magnetic "eld BP on the outboard midplane separatrix surface 
as used for the all-tokamak regression study in [18, 19], with 
roughly equal spacing between the lowest and the highest BP 
values. All the chosen cases are in the single X-point geom-
etry between or without ELMs with the magnetic drift directed 
toward the X-point.

Simulations performed in the present study are !ux-
driven, using the experimental level heat source input in the 
core plasma and the neutral particle recycling in the scrape-
off plasma. The neutral atomic recycling coef"cient is set to 
R  =  0.99 for a (approximate) conservation of the total plasma 
particle number inside the material limiter. R  =  0.99 is chosen 
to re!ect some vacuum pumping effect in the divertor area. 
R  =  1 will not make a difference in the time scale of edge 
turbulence and neoclassical dynamics considered here. The 

neutral atomic recycling source is poloidally localized to the 
divertor area in the simulation.

In the present study of attached plasmas, the atomic recy-
cling source is not placed right on the divertor plates. It is 
placed at the divertor entrance (horizontal X-point surface) 
in order to avoid concealing of plasma physics information 
by the strong neutral-particle atomic physics in the divertor 
chamber, while still preserving the total number of plasma 
particles. Generation of the neutral atoms near the divertor 
plates would raise the atomic neutral density in the divertor 
chamber (to a realistic level, though), and the resulting high 

Figure 1. Typical electrostatic edge turbulence structure in a tokamak plasma. Blobby structure around the separatrix and in the scrape-off 
layer, and the E  ×  B sheared streamer structures inward therein can be seen. Due to the openness of the inner boundary, turbulence in the 
core plasma is still developing even after the edge blobby turbulence has saturated. Visualization is by D. Pugmire of Oak Ridge National 
Laboratory in collaboration with the authors of this paper.

Table 1. Experimental discharges from three US tokamaks that 
are used for validation of XGC results. BT is the toroidal magnetic 
"eld strength at magnetic axis, IP is the plasma current, and BP is 
the poloidal magnetic "eld strength at outboard midplane separatrix 
surface.

Shot Time (ms) BT (T) IP (MA) Bpol,MP (T)

NSTX 132368 360 0.4 0.7 0.20
DIII-D 144977 3103 2.1 1.0 0.30
DIII-D 144981 3175 2.1 1.5 0.42
C-Mod 1100223026 1091 5.4 0.5 0.50
C-Mod 1100223012 1149 5.4 0.8 0.67
C-Mod 1100223023 1236 5.4 0.9 0.81
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ITER:  and  Te ∼ 10 − 104 eV n ∼ 1018 − 1020 m−3 ⇒ λmpf /R0 ∼
T2

e

neR0
∼ 10−1 − 103
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Tokamak Boundary Assumptions 

▪ Small parameters in the boundary region: 

Gyroaverged collision operator

▪ From  and  to collective dynamics,   (Full-F):·R ·v∥ Fa = Fa(R, v∥, μ, t)
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kṘFa

⌘
+

@

@vk

⇣
B⇤

k v̇kFa

⌘
= B⇤

k

X

b

hCabi

▪ Large fluctuations on large scales and small fluctuations on small scales:

The Gyrokinetic Model: Modelling Assumptions

Introduce the fundamental small parameter
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▪ Low frequency ordering:
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Gyro-Moment of Fa
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▪ Expansion of  (Full-F) on a Hermite-Laguerre polynomials basis:Fa

The new GK Moment Approach to the GK Boundary Model
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The Gyrokinetic Model: Full-F Hermite-Laguerre Expansion
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▪ Equation for  from the projection onto the Hermite-Laguerre basis of GK Equ.Npj
a

B. J. Frei et al., JPP 86, 905860205 (2020)
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▪ Gyro-Moment Hierarchy Equation and GK Field Equations
Projection of GK collision operator 
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Nonlinear GK Coulomb (Landau) Collision Operator
5

▪ To model collisional effects, nonlinear GK Coulomb collision operator is important: 
 and , Full-F and λmpf k∥ ≪ 1 ≳ 1 k⊥ρa,b ∼ 1

Finite Larmor radius (FLR) (important for  and for energetic particles)k⊥ρa,b ∼ 1

▪ Gyroaveraged of  performed in  phase-spaceCab (R, μ, v∥, t)
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The Gyrokinetic Model: Dynamical Reduction

Dynamical reduction from particle phase-space z⌫ = (x , v) to gyrocenter
phase-space Z ⌫
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▪ In  phase-space, Coulomb collision operator is defined by(x, v)
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Nonlinear GK Coulomb in the Gyro-Moment Approach
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▪ Perform the gyro-average of using a spherical harmonic multipole expansion in  of  

▪ Integration in  coordinates using a basis transformation from  to ,  

(ξ, v) Cab
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Numerical coefficients FLR Kernels

Jorge R., B. J. Frei and P. Ricci, JPP 85, 905850604 (2019)

▪ Arbitrary , and  ,  ratiosk⊥ ma /mb Ta /Tb

Full-F Nonlinear GK Coulomb Collision Operator
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FLR Kernels

Numerical coefficients

First Numerical Investigations: Linearized GK Coulomb 7

▪ Assuming  Fa = FaM + fa ( fa ≪ FaM)
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Field 

▪ Linearized GK Coulomb Collision Operator in the gyro-moment approach 
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▪ Gyro-moment approach applied to different simplified/ad hoc linearized collision 
operators (e.g. GK/DK Sugama, GK/DK pitch-angle, GK/DK Dougherty) 

Gyro-Moments
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Collisionless Microinstabilities in agreement with GENE

▪ Linearized Gyro-Moment Hierarchy equation implemented in flux-tube code 
▪ Retrieve ITG to TEM transition (cyclone base case parameters) with (P, J ) ≃ (32,16)

▪ Retrieve KBM transition at finite , with  
▪ Strong kinetic physics (e.g. trapped/passing boundary) require larger 

βe (P, J ) ≃ (32,16)
(P, J )

ITG TEM
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▪ Simplified/ad hoc collision operator are often considered  possible deviation with GK 
Coulomb operator 

▪ GK Sugama (good agreement with GENE) yields stronger collisional zonal flow (ZF) 
damping than GK Coulomb ( )

⇒

νi* ≃ 3.1

▪ Collision operator models might affect turbulent level through ZF saturation mechanism

Deviations between GK Coulomb and Other Collision Models
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▪ Collisionless limit retrieved with  and fluid limit retrieved with  
▪ ITG mode damped/suppressed by collisional FLR effects 
▪ Number of gyro-moments reduced with increasing collisionality Ideal for tokamak 

boundary modelling since 

(P, J ) ≃ (15,6) (P, J ) ≃ (4,1)

⇒
ν ∼ nT−3/2

Bridging Kinetic and Fluid Limits of ITG
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Conclusions

▪ A new GK model for the tokamak boundary based on a Hermite-Laguerre 
polynomials basis (gyro-moment expansion) 

▪ A nonlinear GK Coulomb collision operator (arbitrary mass and temperature ratios) 
is derived; a linear version derived and numerically implemented; gyro-moment 
expansion of different simplified/ad hoc collision operator models (e.g., Sugama 
operator) 

▪ Recover relevant microinstability linear properties  (e.g.,TEM, ITG and KBM); in 
agreement with GENE 

▪ Explore deviations between GK Coulomb and other collision operator models in 
linear cases (e.g., ZF damping and ITG) 

▪ Number of gyro-moment decreases with collisionality (SOL) and pressure 
gradients (edge)  optimal for edge and SOL modelling. 

▪ Extend to nonlinear and realistic 3D equilibrium and Full-F conditions
⇒

Thank you for your attention
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▪ Closure at arbitrary collisionality available: ,  

▪ Implemented in a flux-tube code: ,  

P = P(ν, k∥) J = J(ν, k⊥)

B = B0 ∇x × ∇y k⊥ = kx ∇x + ky ∇y

Magnetic DriftsParticle trappingLandau Damping

Background Gradient drive Linearized GK Collision Operators

First Numerical Investigations: Linearized Gyro-Moment Hierarchy Equation

<latexit sha1_base64="bMlR1pJmrdiLitow998Tx5r3muY="></latexit>
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▪ Assuming  Fa = FaM + fa ( fa ≪ FaM)
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Deviations between GK Coulomb and Other Collision Models

▪ Because analytically and numerically challenging, simplified/ad hoc collision operator are often 
considered  possible deviation with GK Coulomb operator 

▪ Relative deviation of ITG growth rate peak from GK Coulomb as a function of collisionality, 
, and normalized temperature gradient,  

⇒

ν = νii /[cs /LN] η = LN /LT

▪ Deviation up to  with GK Sugama (benchmarked with GENE); largest deviation with GK Dougherty 20 %
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Gyro-Moment Convergence improves with collisionality
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▪ Convergence rate increases with collisionality  on sITG growth rate peakν

▪ Ideal for tokamak boundary modelling since ν ∼ nT−3/2
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Cyclone Base Case in agreement with GENE

▪ Collisionless ITG with adiabatic electron: 

•  and  B = B0 ∇x × ∇y k⊥ = kx ∇x + ky ∇y

R /LTi

R /LTi

RTi
=

R
LTi

≃ − R∂x ln Ti
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Backup: Closures at Arbitrary Collisionality are Available
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▪ In the high-collisional limit, Chapman-Enskog procedure: 
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✏ ⇠ �mfp/Lk

▪ At arbitrary collisionality, an asymptotic semi-collisional closure; 
  and  assuming , Ha, Ma, Da ∼ O( p, j) ∂tNa ≪ CT

ab ⋅ Na ∼ νpαNa (Pc, Jc) ≫ 1

In practice, solve  up to . How to properly choose  ? ∂tNa = … (Pc, Jc) ≪ ∞ (Pc, Jc)

<latexit sha1_base64="nCU9EeE9Lpi399bMzKM3t91TNRo=">AAAB93icbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl047IF+4A2yGR60w6dmYSZiRBCv8Ctrt2JWz/HpX/itM3CVg8MHM45l3vnhAln2njel1NaW9/Y3CpvV3Z29/YPqodHHR2nimKbxjxWvZBo5Exi2zDDsZcoJCLk2A0ndzO/+4RKs1g+mCzBQJCRZBGjxFip1Xys1ry6N4f7l/gFqUEBm/8eDGOaCpSGcqJ13/cSE+REGUY5TiuDVGNC6ISMsG+pJAJ1kM8PnbpnVhm6Uazsk8adq78nciK0zkRok4KYsV71ZuJ/Xj810U2QM5mkBiVdLIpS7prYnf3aHTKF1PDMEkIVs7e6dEwUocZ2s7QlFFPbib/awF/Suaj7V3WvdVlr3BbtlOEETuEcfLiGBtxDE9pAAeEZXuDVyZw35935WERLTjFzDEtwPn8ATaOTbg==</latexit>

P

Energy

Pc ≃ Pc(ν, k∥)

Jc ≃ Jc(ν, k⊥)

∼ p−α(α > 0)
Collisional 
(dissipation) 
range where 
collisions 
dominate
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Backup: Zonal Flow Velocity-Space Structure 
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▪ Zonal flow ( ) residual is important in regulation of turbulent transport  

▪ Ballistic response of passing particle creates fine  structures ( )
ky = 0

v∥ kv∥
∼ k∥t

▪ In GENE, ; in 
MOLIX-X . 

▪ Velocity space structure 
comparison with GENE 
(  and 

)

kv∥
∼ Nv∥

/vT
kv∥

∼ p /vT

kx = 0.05/ρs
νi* ≃ 0.03
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RN =
R
LN

≃ − R∂x ln N

▪ Steep pressure gradients (e.g. mid-pedestal) alter linear properties of toroidal drift modes 
▪ Excitation of sub-dominant higher order ( ) eigenstates above linear critical gradient.ℓ > 0

Most unstable ℓ = 0 Most unstable ℓ = 2 Unconventional mode structure from  to ℓ = 0 ℓ = 2

Good agreement with GENE Direct eigenvalue solver

Steep Gradient H-Mode Conditions

RT =
R
LT

= RN
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Steep Gradient H-Mode Conditions

▪ Magnetic gradient drift resonance 
effects become negligible, i.e. 

 

▪ Hermite-Laguerre spectrum well 
resolved with  

▪ Number of gyro-moments is 
reduced at steep gradients 
(compared to core conditions), even 
in the collisionless case.

ω ∼ ω* ≫ k ⋅ vD

(P, J ) ≲ (24,8)


