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Abstract: The phase change of back-scattered light due to external perturbations is retrieved
in coherent Rayleigh-based distributed sensors by estimating the frequency shift (FS) between
the traces of different measurements. The uncertainty associated with the estimator, due to
the presence of system noises, can lead to an inaccurate evaluation of the FS. Additionally, in
coherent Rayleigh-based sensors, the calculation of the signal-to-noise ratio (SNR) from the
jagged back-scattered intensity trace using the statistical estimators can cause an erroneous
determination of the absolute value of the SNR. In this work, a method to accurately evaluate the
non-uniform SNR caused by the stochastic variation of the back-scattered light intensity along the
fibre is presented and validated. Furthermore, an analytical expression to evaluate the uncertainty
in the FS estimation using one of the standard estimators, namely cross-correlation, is presented. A
direct-detection frequency-scanned phase-sensitive optical time-domain reflectometer (φ-OTDR)
is employed for the experimental verification of the expression as a function of two crucial system
parameters: the SNR and the spatial resolution. The performance of various distributed sensing
system configurations utilising cross-correlation for determining the FS occurring due to the
external perturbations can be properly predicted hereafter with the aid of the analytical expression
presented in this study.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Over the past 50 years, distributed optical fibre sensors (DOFS) have received unprecedented
attention owing to their benefits in terms of long-haul detection, intrinsic safety, flexibility,
immunity to electromagnetic interference, and low cost [1,2]. Among the various types of
DOFS, distributed optical sensing based on Rayleigh scattering demonstrates a significantly high
sensitivity to external perturbations with frequency shifts of 1.3 GHz/K and 150 kHz/nϵ for
temperature and strain variations [3], respectively, outperforming systems based on Brillouin
scattering by at least 3 orders of magnitude. However, the enhanced sensitivity of such systems
to the external fluctuations, along with the inevitable system noises, can affect the system
performance through less reliable measurements. In addition, the Rayleigh back-scattered light,
a universal signal present in all types of optical fibres, is a feeble signal (with a back-scattering
coefficient of ∼ −72 dB/m for a standard single-mode fibre) which can potentially limit the system
performance through low SNR thereby impeding high spatial resolution measurements.

Several approaches have been discussed in the literature with the goal of optimising the
performance of DOFS based on coherent Rayleigh scattering through the ultimate parameter,
the SNR. Improving the SNR of a system can dramatically scale up its performance in terms
of sensing range, accuracy of the measurement, speed of acquisition, spatial resolution, along
with others [4]. A few methods employed for this purpose are conventional temporal averaging,
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spatial averaging [5], increasing the power of the launched pulse directly or with pulse coding
achieving an SNR enhancement of 8 dB [6,7], enhancing the back-scattered signal through Raman
amplification [8,9], data processing methods [10,11] increasing the SNR by 8.4 dB and 8.5 dB,
respectively, and enhancing the back-scattered light by manipulating the scattering properties
of the fibre [12–14] achieving an SNR as high as ∼ 35 dB [2]. Alongside the prodigious effort
made to achieve SNR enhancement, several works extensively discussed the possibility to resolve
the physical alterations at the sub-metre scale which will substantially improve the accuracy in
the determination of the exact location of the external perturbation [15,16].

Despite the tremendous work that has been carried out aiming at ameliorating the system
performance of Rayleigh-based DOFS through interdependent parameters such as SNR and
spatial resolution, a proper relationship pertaining the dependency of these parameters on the
measurement accuracy has not been properly addressed yet. For Brillouin-based DOFS, a
comprehensive model has been derived to estimate the FS uncertainty of the Brillouin gain
spectrum with respect to various measurement parameters [17]. The derived model is valid for any
system for which the peak value of a resonance is evaluated through quadratic least-square fitting.
In the case of coherent Rayleigh-based DOFS, for instance in direct-detection frequency-scanned
φ-OTDR systems, the most widely and commonly-used method to estimate the relative value of
the FS between reference and measurement signals is cross-correlation [18–20]. Cross-correlation
is a standard method utilised for delay estimation in sonar and radar systems [21–23], and is also
adopted in other coherent Rayleigh-based DOFS [24]. The presence of unavoidable additive
noise in the traces being correlated fundamentally limits the performance of the cross-correlation
estimator and leads to uncertainty in the estimated FS. Besides, other experimental parameters,
such as spatial resolution, can also influence the accuracy of estimation.

Due to the presence of stochastic refractive index fluctuations along the fibre, the Rayleigh
back-scattered intensity received from each location in the fibre in φ-OTDR, results from the
coherent superposition of numerous elementary waves with random phase, constructs a jagged
noise-like pattern. Due to the non-uniform distribution of the received scattered intensity along
the fibre, the calculation of the SNR of the system from the intensity distribution is highly
subjected to errors. This study presents a method to calculate the absolute value of the SNR from
the jagged φ-OTDR intensity trace, which turns out to be critical to make solid predictions and
to require a peculiar methodology.

This paper, thus, addresses in depth the fundamental question of predicting the accuracy of
the Rayleigh-based distributed sensing system on the measured quantity, given experimental
parameters such as the local SNR and the spatial resolution. Even though most of the fibre
sensing systems show a simple dependence in inverse proportion to the SNR, such as those based
on Raman and Brillouin scatterings, it must be mentioned that stating an equivalent dependence
for coherent Rayleigh systems is not that straightforward, since the information is extracted from
a mathematical operation of cross-correlation involving two independent traces, both subject to
noise. To demonstrate this, an analytical expression based on the concept of time-delay estimation
using cross-correlation in radar and sonar systems [21–23] is well adapted to the present scenario
and evaluated for determining the accuracy of the FS estimation employing cross-correlation in
φ-OTDR. It will be shown and experimentally validated that this inverse proportionality remains
also valid in coherent Rayleigh distributed sensors, while the spatial resolution impacts twice on
the accuracy through the SNR and the correlation peak spectral width, resulting in an inverse
squared dependence of the uncertainty on the spatial resolution. The analytical expression can be
applied to any system wherein the measurand is quantified through cross-correlation.
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2. Expression for estimating the measurement accuracy

2.1. Direct-detection frequency-scanned φ-OTDR

Direct-detection frequency-scanned φ-OTDR retrieves the phase information of the back-scattered
light at each position in the fibre through laser frequency (f ) scanning with a specified step size
(∆f ) [25] (Fig. 1(a)) followed by data processing. The methodology consists of interrogating
the fibre with highly coherent laser pulses, with a pulse width determined by the desired spatial
resolution of the measurement. The period of the pulses is made greater than the round trip
time of the pulse in the fibre, and the pulse optical carrier frequency is scanned over a preset
frequency range. The statistical distribution of coherent Rayleigh back-scattered intensity follows
an identical process as the generation of chaotic light, formally equivalent to a random walk
process, so that the normalised back-scattered intensity pattern received at the photo-detector
follows an exponentially decaying distribution [26]. The back-scattered optical intensity measured
by the photo-detector for each fibre location is thus a function of time (or equivalently a function
of distance, as shown in Fig. 1(b)), and the pulse laser optical frequency. Accordingly, a 2-D array
is constructed having the columns as the different positions throughout the sensing fibre, and the
rows as the scanned frequencies, which is illustrated on the upper part of Fig. 1(c). The intensity
of the light received at the photo-detector corresponding to each pulse at a specified frequency of
the laser constructs an irregular time-domain trace along the whole length of the fibre (Fig. 1(b)).
Such a trace corresponding to a particular frequency and a row in the array in Fig. 1(c) can be
considered as a fingerprint of the fibre as it is static under constant environmental conditions.

Fig. 1. Concept of frequency-scanned φ-OTDR: (a) Schematic showing optical pulses at
different frequencies separated by a frequency scan step of ∆f shot in a standard single-mode
fibre one at a time, (b) Rayleigh back-scattered intensity time-domain traces corresponding to
the different pulse frequencies entering the fibre, (c) Upper figure: Experimentally obtained
2-D array containing the different positions along the sensing fibre (columns) for different
frequencies in the scanning range (rows); (P1-Pn: positions, f1-fn: frequencies); Bottom
figure: Back-scattered intensity corresponding to a specific position in the fibre for all the
different pulse frequencies.
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The information in the array can be also interpreted column-wise and it similarly appears like
a jagged trace, representing the coherent Rayleigh spectral response at a given position (shown in
the lower portion of Fig. 1(c)) and will be designated hereafter as the artificially-constructed
signal. Indeed this signal is a spectral response and is not measured directly, but artificially
extracted from a set of time-domain traces.

Optical phase difference created by the localised external perturbations changes the pattern
of the artificially-constructed trace at this specified location as the optical path length of the
propagating light is changed as a consequence of the variation of refractive index that causes a
phase change on each elementary wave resulting in an effect equivalent to a frequency change.
This phase difference can thus be fully restored through an appropriate optical FS of f , which
then provides a direct indication of the local refractive index change at that location. One of the
most commonly-used methods in φ-OTDR to determine the FS caused by the localised external
perturbation acting along the fibre, is to compute the cross-correlation function between the
artificially-constructed reference trace (xr) and a subsequent measurement trace (xm) which is
given by [15]:

R̂xr ,xm (δf ) =
1
F

F∑︂
i=1

xr(fi) xm(fi − δf ) (1)

These signals are formed by the optical intensity values of the φ-OTDR time-domain signals
at one particular fibre position for all the pulse frequencies in the scanning range (depicted in
the lower portion of Fig. 1(c)). F is the number of frequencies in the total frequency-scan range
of the laser, δf is the FS that has to be determined. The value of δf that maximises the above
function, designated as δf max, provides a measured value of the FS. The accuracy with which
the FS can be estimated is influenced by a number of parameters. Hence, the uncertainty in the
estimation (FS uncertainty, σ) can be considered as the difference between the measured value
(δf max) and the true value estimated independently of the same set of measurements (δ̂f max) of
the FS which can be formulated as:

σ =

⌜⃓⎷
1
I

I∑︂
m=1

(δf max
xr,m+1 − δ̂f max

xr,m+1 )
2 (2)

where I is the total number of measurements. In the case when the true value is not independently
known, but is estimated from the same experimental sample of data, the normalising factor will
be 1

I−1 instead. The index of that value (xr,m+1) will no longer be relevant in that case.
It should be noted that the signals used for cross-correlation are artificially constructed, and

that there is no mathematical difference whatsoever between considering these signals to be
physically in any particular domain. They can be simply regarded as signals with a specific
number of samples in no defined domain, indicating that the physical quantity represented on
the x-axis is completely irrelevant for the estimation. Consequently, the FS estimation can be
approached in a similar manner as a time-delay estimation problem just like in the case of sonar
and radar systems [21–23].

2.2. Measurement accuracy estimation for a rectangular input pulse

Due to the presence of inevitable measurement noises, the cross-correlation estimator comprises
uncertainty which needs to be taken into consideration during the estimation. All sources of noise
in the system can be considered as zero-mean additive white Gaussian noise to the original signal.
In turn, the paper solely addresses uncertainty due to system noises. Any additional ambiguities
in the estimation, like laser frequency drifting or large errors resulting from correlation for
instance, do not result from noise and, hence, have to be addressed independently as elaborated in
great detail in one of the previous studies [15]. The estimated uncertainty in the FS determination
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is given by Eq. (2). Since the Rayleigh back-scattering can be considered as a random process
[27–29], a probabilistic model can be followed to obtain an expression for the uncertainty in the
determination of the FS using cross-correlation as presented in [30–34] in the case of time-domain
radar signals. Eventually, considering the mathematical equivalence between the time-delay
estimation in the case of the sonar and the radar systems and the FS estimation in the present
scenario, the expression for the uncertainty with which the FS can be determined is given as
[33,35]:

σ =
1
β
√

Me
=

1
βMo

(3)

where Mo represents the SNR calculated using the optical power and the parameter β represents
the square root of the second moment β2 of the power density |U(f )|2 of the artificially-constructed
signal u(x) expressed as follows:

β2 = 4π2

∫
f 2 |U(f )|2df∫
|U(f )|2df

(4)

where f is the laser frequency and U(f ) is the Fourier transform of u(x).
It should be noted that the SNR for the optical power of the signal is equivalent to the square root

of the SNR of the electrical power Me. In the present case of direct-detection frequency-scanned
φ-OTDR, the SNR (Mo) is calculated using the power of the optical signal received at the
photo-detector. Consequently, the dependence of σ on the SNR is inverse as shown in Eq. (3).
The handling of the artificially-constructed signal, and the proper usage of Eq. (3) for the case of
direct-detection frequency-scanned φ-OTDR is addressed in great detail under section 4.2.

The parameter β (mentioned in Eq. (3)) can be solved either numerically or analytically. Prior
knowledge of the shape of the power density of the signal under consideration is not required
when the numerical approach is followed. However, to obtain an analytical solution for β, an
expression for the power density needs to be formulated. In a previous work presented in [36],
the electrical power spectrum of the back-scattered light in direct-detection φ-OTDR (which
can be calculated from the auto-convolution of the optical power density of the input pulse)
for rectangular and sinc input pulses are given theoretically and validated experimentally. In
the case of a rectangular input pulse, the analytical expression for the electrical sinc-shaped
power density is given in [36]. However, this expression cannot be used in this study due to the
fact that the signal under consideration for estimating the FS using cross-correlation is not the
direct time-domain trace. In addition, the time-domain signals and the artificially-constructed
signals are not related by ergodicity which means that the power densities will not yield the
same distribution. Thus far, the power density of the artificially-constructed signal used in
cross-correlation in direct-detection frequency-scanned φ-OTDR has not been investigated in
any of the previous works. It is found that the power density for this artificially-constructed
signal (with a rectangular input pulse to the fibre) has a triangular shape (illustrated in Fig. 2).
The graph shows the summation of the power densities at each fibre position creating a smooth
curve that manifests the actual shape of the power density. It should be noted that the use of
the normalised frequency for the x-axis is for the generality of the concept, and will be further
elaborated in section 4.2. The triangular-shaped power density is expected in this case because
the artificially-constructed signal can be assimilated to a time-domain signal obtained using a sinc
input pulse. Therefore, the power density of the artificially-constructed signal is logically given by
the auto-correlation of a rectangular spectrum (for a sinc input pulse) which is triangular-shaped.

An analytical expression for β, given in Eq. (3), for a triangular-shaped power density is thus
obtained similarly to [37], and takes the following form:

β =
2π τ
√

6
(5)
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Fig. 2. Triangular-shaped power density of the signal under consideration as a function of
the normalised frequency.

where τ is the pulse width (full width at half maximum) of the rectangular input pulse, which
is also equivalent to the bandwidth of the power density of the artificially-constructed signal
under consideration. Thus, the analytical solution for the FS uncertainty of a direct-detection
frequency-scanned φ-OTDR system with a rectangular input pulse is given by:

σ =

√
6

2πτMo
(6)

The above equation relates, in the case of a rectangular input probe pulse, the uncertainty in
the FS estimation to the pulse width and the SNR of the signal.

3. Direct-detection frequency-scanned φ-OTDR setup

In this work an experimental setup for a direct-detection frequency-scanned φ-OTDR is employed
to verify the expression for the measurement uncertainty in Eq. (6). The functionalities of all
system components along with the devices used in the experimental setup will be thoroughly
elaborated in this section.

In the experimental setup displayed on Fig. 3, a 1 MHz bandwidth distributed feedback (DFB)
continuous-wave (CW) laser is used as the coherent light source of the φ-OTDR interrogation
system utilised in this work. The stability of the laser is highly essential to avoid significant laser
frequency drifts that could lead to additional uncertainty in the FS estimation. This, however, can
be mitigated by technical improvement, such as laser stabilisation by locking, or by performing a
fast measurement to make laser drifting negligible and measuring precisely the laser frequency
when data is acquired. External intensity modulation of the CW light is achieved by means of a
high extinction ratio (ER) semiconductor optical amplifier (SOA) leading to the generation of
optical pulses, with desired spatial resolution for the measurement. The power of the pulse is
then amplified by an Erbium-doped fibre amplifier (EDFA) followed by a variable attenuator,
which serves to limit the power directed into the fibres to avoid nonlinear optical effects such as
modulation instability.

The light then enters port 1 of a circulator, and passes through port 2 to travel into the fibre
under test, which in this case is a ∼ 100 m single-mode fibre. A second amplification stage is
required to boost the back-scattered signal before passing through a 1 nm optical filter, which is
necessary to filter out the ASE noise generated by the EDFAs. The signal is then captured by a
125 MHz photo-detector, and acquired by a data acquisition card (DAQ) at a sampling rate of
500 MS/s.
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Fig. 3. Experimental setup of a frequency-scanned φ-OTDR using direct detection (DFB:
Distributed feedback laser, SOA: Semiconductor optical amplifier, EDFA: Erbium-doped
fibre amplifier, TF: Tunable filter, VA: Variable attenuator, PD: Photo-detector, FUT: Fibre
Under Test).

The frequency sweep of the interrogating pulse is carried out by remotely controlling the laser
driver, which in turn tunes the current of the DFB laser. The current scan is performed over 10
mA (3.2 GHz frequency range) with a step of 0.01 mA (3.2 MHz frequency step). Since there is
no external perturbation applied to the fibre in the present scenario, the frequency scan range is
limited to 3.2 GHz. It should be pointed out that the fibre is immersed in a large water bath to
minimise any environmental influences occurring during the measurement.

4. Calculation of SNR and FS uncertainty

4.1. Calculation of the SNR in a φ-OTDR system

The SNR of a trace having an intensity distribution following an exponentially decaying probability
density function (PDF) can be estimated by the following equation [29,38]:

M =
µ

σn
(7)

where M is the SNR, µ and σn are the mean and the standard deviation of the signal, respectively,
for several consecutive measurements. Due to the jagged noise-like intensity pattern of the
time-domain trace of a φ-OTDR system governed by an exponential PDF, Eq. (7) can be used
for the rough estimation of the SNR since the limited sample leads to large uncertainties in the
estimation of the mean µ. However, a more solid approach is proposed, for a more accurate
estimation of the SNR of a φ-OTDR system. Using an incoherent OTDR setup, the back-reflection
coefficient of the fibre is calculated by the following equation:

αBS =
PBSo/Pino

Rsp
(8)

where αBS is the back-reflection coefficient (in m−1) measured at the input end of the fibre, PBSo

is the back-scattered power obtained from the OTDR trace (as shown in Fig. 4), Pino is the input
peak power to the fibre, and Rsp is the spatial resolution (in m) of the OTDR system (which
is equivalent to half of the physical length of the interrogation pulse launched into the fibre).
It should be noted that αBS is the product of the absolute value of the Rayleigh back-scatter
coefficient and the re-capture factor. In the case of a standard single-mode fibre, the αBS is
found to be −72.3 dB/m. The same method is utilised to calculate the αBS of a different type of
fibre under test as illustrated in Fig. 4. For the special fibre used in the current scenario, αBS
is calculated to be −64.3 dB/m. The difference in the value of αBS is explained by the fact that
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Fig. 4. Back-scattered OTDR trace in terms of back-scattered optical power (in µW) as a
function of the fibre distance (in m) for two set of fibres with different SNR, namely special
fibre and single-mode fibre (SMF). Note: The spike observed around 200 m is the reflection
at the fibre end.

the core of this special fibre has been subjected to refractive index manipulation to enhance the
back-scattering. Thus, αBS serves as a metric parameter for a given fibre under test.

Once the back-reflection coefficient of the fibre under test is known, the back-scattered power
(PBSϕ ) from the φ-OTDR system (depicted in Fig. 3), at a distance z in the fiber, can be simply
calculated using the following standard equation [39]:

PBSϕ = Pinϕ αBS Rsp exp (−2αz) (9)

where α is the total attenuation coefficient of the fibre, and the factor 2 accounts for the round trip
time that the light takes to reach the receiver at the input of the fibre. Using the conversion gain
of the photo-detector utilised in the setup along with the gain and loss in optical power caused by
the different optical components in the setup, the actual power reaching the photo-detector is
determined. The value of the power obtained is the optical power (which is equivalent to the
electrical voltage through the conversion gain of the photo-detector).

Different types of noises (such as optical and electrical noises) generated in the system will
be additive noises to the signal, and can be quantified by computing the standard deviation, at
each position in the fibre, of a number of time-domain traces. This value quantifies the overall
noise electrical voltage in the system, which when multiplied with the conversion gain of the
photo-detector results in an equivalent noise optical power value.

Thus, taking the ratio between the optical signal power and the noise power will yield the SNR
(Mo) of the system. It should be mentioned that the SNR (Me) is calculated as the integrated
square of the electrical voltage. This means that the SNR calculated in this section (i.e., Mo) is
equivalent to

√
Me.

4.2. Calculation of the FS uncertainty numerically

As mentioned earlier, the traces used for performing the cross-correlation are signals which
are artificially formed from the back-scattered optical intensity values for each fibre position
as a function of all the pulse frequencies within the scanning range (lower part of Fig. 1(c)).
However, it should be highlighted that throughout this study, no domain is defined for these
artificially-constructed signals, and they are considered as signals with a specific number of
samples. An example of such an artificially-constructed signal is shown in Fig. 5(a). In the
present experiment, the total number of rows in the acquired 2-D array (representing the total
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number of frequencies that are scanned in the frequency range) (upper part of Fig. 1(c)) is 1000.
Therefore, the signal depicted in Fig. 5(a) has the same number of points as the number of
frequencies in the scanning range which is 1000 samples. From the localised power density
(Fig. 5(b)) of this constructed signal depicted in Fig. 5(a), the term β in Eq. (3) is calculated. The
x-axis of Fig. 5(b) is expressed in the units of normalised frequency (cycles/sample) where the
axis is basically normalised by the step size (∆f ) of the artificially-constructed signal. Utilising
the normalised frequency here is merely to present the concept in a rather simple and general
manner that is independent of the step size. This is the most general approach which can be
followed for the calculation of β. In this approach, no prerequisite information about the power
density of the artificially-constructed signals is required. Finally, the value of the FS uncertainty
(σ) obtained in Eq. (3) is then scaled back by the original frequency scan step ∆f such that the
absolute value and the proper unit of σ are yielded.

Fig. 5. (a) Back-scattered zero-mean intensity; (b) Localised power density (norm. to max.)
of the signal in (a) as a function of the normalised frequency.

5. Experimental verification of the theoretical expressions

The absolute method of calculation of the SNR presented in section 4.1 for a φ-OTDR system is
compared to the conventional method of SNR estimation for a trace following an exponential
PDF. As illustrated in Fig. 6, the calculated SNR from the φ-OTDR time-domain traces using
Eq. (6) and the theoretical model resulted in nearly the same values. This can be explained as
follows: in the case of an OTDR, since an incoherent light source is used, the interrogating
input pulse will have a short coherence length unlike the coherent light pulse in the case of the
φ-OTDR. This makes the PDF of the OTDR time-domain trace follow a Gaussian distribution
with significantly lower variance [40,41]. Thus, the time-domain trace of the OTDR appears
to be like in Fig. 4, with the mean value of the time-domain trace obtained from the peak of
the Gaussian distribution. For the case of the φ-OTDR, the interrogating input pulse is highly
coherent, making the time-domain trace follow an exponentially decaying PDF. The expected
value (mean) of the exponentially decaying PDF of the time-domain trace will give the average
intensity of the back-scattered light. This implies that the mean value of the back-scattered
intensity obtained from the time-domain traces of the OTDR and the φ-OTDR are equivalent.
Thus, the SNR calculated using Eq. (6) or the proposed model will yield nearly the same result.
The comparison assures that Eq. (6) can be followed for a rough estimation of the SNR even for a
jagged intensity profile like in the case of a φ-OTDR system.

As explained in 2.2, an analytical expression is proposed to understand the influence of
two main system parameters on the measurement accuracy of the φ-OTDR, while estimated
using cross-correlation. The expression for calculating β given in Eq. (4) can be solved either
analytically (as given in section 2.2) or numerically (as given in section 4.2). The former requires
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Fig. 6. Log-log plot of SNR versus number of averages; blue dashed line: calculated SNR
using the theoretical model presented in section 4., red squares: calculated SNR using
the mean value of the jagged time-domain trace divided by the standard deviation of 20
time-domain traces.

a prior knowledge about the shape of the power density of the artificially-constructed trace,
unlike in the case of the latter. When the expression for β is solved numerically, the values
obtained for β are normalised by the step size of the artificially-constructed signal, hence an
associated normalised parameter β̄ = β × ∆f is introduced, and will be used in some figures in
the manuscript hereafter.

From the numerical calculations, it is found that the value of β̄ is varying with respect to the
SNR as depicted in Fig. 7. This phenomenon is quite ambiguous, but will be clearly elaborated
later on in this section.

Fig. 7. Graph showing the dependency of β̄ on the SNR. The black dashed line marks the
SNR (∼10 dB) at which the β̄ starts being constant which means that it is not dependent on
the SNR anymore.

To evaluate this dependency of β̄ on the SNR, the SNR is varied keeping the pulse width a
constant at 10 ns (corresponding to a spatial resolution of 1 m) during the experiment. Figure 8
illustrates the impact of the SNR on the power density. It is quite visible from the figure that
a higher SNR yielded a higher amplitude of the power density. β̄, however, is normalised,
hence the change in the amplitude of the power density through the SNR variation is cancelled
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out. Since β̄ is derived under the assumption that SNR>>1, the presence of noise can bring
unexpected ambiguities in the value of β̄, implying that the square root of the second moment
of the normalised power density will be higher for low SNR values. Figure 8(b) depicts β̄
corresponding to low and high SNR conditions. When the SNR is low, the square root of the
second moment of the power density, i.e., β̄ is high. Alternatively, when the SNR is higher, β̄ is
low and it will remain a constant for even higher SNR values (as shown in Fig. 7). This results in
an SNR-dependent β̄ in the low SNR regime, whereas as per the proposed model it should be
independent of the SNR. The latter condition is valid only when the SNR is relatively high, and
in the present case this value is found to be around 10 dB (illustrated in Fig. 7). The constant
value of the β̄ is found accordingly to be around ∼0.25.

Fig. 8. Graphs showing: (a) the localised power density as a function of frequency for two
different signal strengths (solid lines), the envelopes of the power densities (dashed lines);
and (b) the square root of the second moment of the power densities (β̄) in (a) as a function
of distance.

It ought to be remarked that a significant discrepancy between the FS uncertainty/measurement
accuracy calculated from the model and that from the experiment will occur (in the low SNR
regime) if the σ is calculated with noise-dependent β̄. However, fixing the β̄ to a constant value
of ∼0.25 in all SNR conditions will result in perfectly-matching experimental and theoretical
values, which indicates that the model is valid for all SNR cases as can be seen in Fig. 9. The
value of β̄ calculated numerically has to be de-normalised as follows β = β̄ × 1

∆f . Since ∆f = 3.2
MHz in our case the value of β ∼ 78 ns yielded can be then taken as a constant for any φ-OTDR
system using 10 ns rectangular pulses. Other pulse widths can be calculated using a simple
proportion.

Fig. 9. Graphs represent the log-log plot of the frequency uncertainty as a function of (a)
the optical power SNR (Mo); and (b) the number of averages.
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To validate the expression for the FS uncertainty proposed in Eq. (3), various measurements
are conducted along a ∼100 m long standard single-mode fibre with 1 m spatial resolution. The
SNR in the experiments is altered using two techniques; firstly by changing the input power to
the fibre while keeping the averages a constant, and secondly by keeping a constant input power
while increasing the number of averages. Figure 9(a) shows the FS uncertainty as a function of
the SNR for the case in which the SNR is altered by varying the input power. As can be observed,
the inverse proportionality between the FS uncertainty of the measurement and the SNR (Mo)
proposed by the theoretical model is validated through the significantly well-matched theoretical
and experimental values. In Fig. 9(b), the FS uncertainty is plotted against the number of averages
showing the second case in which the SNR is varied by increasing the number of averages. As per
the calculation from [17], the SNR is implicitly related to the number of averaged traces through
the relationship: SNR ∝

√︁
Navg where Navg is the number of time-averaged traces. Thus, applying

this relationship to Eq. (3), the FS uncertainty is related to the number of averages by 1/
√︁

Navg
which is illustrated in Fig. 9(b). Figure 9(a) and (b) show a remarkable agreement between the
measured FS uncertainty and the theoretically predicted FS uncertainty. This agreement thus
confirms the inverse and inverse square root relationship of σ with the SNR and the number of
averaged time-domain traces, respectively.

Another major parameter which plays a significant role in the FS estimation is the spatial
resolution of the φ-OTDR system (pulse width of the interrogating input pulse). It is found from a
number of experimental analyses that the uncertainty in the FS estimation using cross-correlation
decreases with the increase of the pulse width. The experiment is performed by keeping all system
parameters constant, and only varying the pulse width from 30 ns to 55 ns. From Eq. (8), it is
obvious that an increase in the pulse width (thereby the spatial resolution) of the input pulse by a
factor of 2 will increase the back-scattered power PBSϕ by 3 dB, which will be reflected in the SNR
as well. This implies that a change in the pulse width is coupled with a linear change in the SNR.
In the theoretical model proposed here, the relationship between the FS uncertainty and the pulse
width is reflected through the value β. Since these artificially-constructed signals can be thought
of as a spectral response of the time-domain traces, and are not directly measured but artificially
extracted from the time-domain traces, the alteration of the pulse width is reflected in the
artificially-constructed signals as well. Thus, a narrower pulse width results in spectrally-broader
individual features of the artificially-constructed signal (consecutive statistically-dependent points
in the signal form one peak), as a result of the broader spectral distribution of the pulse. The
power density of such an artificially-constructed signal is then calculated from the Fourier
transform of the signal’s auto-correlation function. Thus, it returns physically to the domain of
the interrogating signal (time-domain). The full width at half maximum yielded for this power
density is then linearly proportional to the pulse width used in the experiment. It should be
highlighted and clearly understood that both, the interrogating signal and the power density of
the artificially-constructed signal, are functions of the same domain and therefore vary jointly.

As given by the analytical expression in Eq. (4) for β for a rectangular input pulse, β̄ of the
power density linearly depends on the pulse width τ. Experimentally, this is demonstrated as
an increment in the width of the normalised power density as illustrated in Fig. 10(a), implying
that the square root of the second moment of the power density is proportional to the pulse
width. Figure 10(b) shows the linear dependency of β and the pulse width of the interrogating
pulse. It is, thus, confirmed that the larger the width of the interrogating pulse, the higher is
the value of β. Finally, the influence of the pulse width on the FS uncertainty is analysed. The
dependency of the FS uncertainty on the pulse width is expected to be inversely proportional as
proposed in the model. However, since the SNR is also varied with respect to the pulse width, the
dependence of the spatial resolution on the FS uncertainty is inverse square as validated through
the experimental results given in Fig. 10(c).
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Fig. 10. Graph showing: (a) the localised power density as a function of frequency for
different pulse widths (solid lines), the envelopes of the power densities (dashed lines); (b)
β̄ as a function of different pulse widths; and (c) the log-log plot of FS uncertainty as a
function of different pulse widths.

To sum up, the influence of two key system parameters (SNR and spatial resolution) on
the estimation of the FS using cross-correlation is evaluated properly through the presented
analytical model and the experimental results. These experimental validations confirm that the
proposed model for estimating the FS uncertainty for Rayleigh-based DOFS with the use of
cross-correlation is based on a solid background, and can be used to predict the accuracy of
such sensing systems. Besides, the model can be used as an efficient tool for optimising the
experimental parameters to achieve the best system performance.

6. Conclusion

An analytical expression for the estimation of the frequency shift uncertainty in a direct-
detection frequency-scanned φ-OTDR system is presented and validated for the first time, to
the best of our knowledge, in this work. The expression, based on cross-correlation, evaluates
the system performance through the investigation of the dependency of the frequency shift
uncertainty/measurement accuracy on the following major measurement parameters: SNR and
spatial resolution. According to the expression which is further validated through the experimental
results, the measurement accuracy of the φ-OTDR system is inversely proportional to the SNR
and the spatial resolution. In addition, the effective dependency of spatial resolution on the
measurement accuracy is inverse square when the linear dependency of spatial resolution on
the SNR is also taken into account. The proposed expression is valid in all cases of SNR and
all different pulse widths, irrespective of the shape of the interrogating laser pulse and delivers
a real quantitative prediction of the final uncertainty. Similar functional dependence of the
uncertainty on SNR and pulse width is expected using other techniques to determine the FS,
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such as the least-mean square method [15], though with possibly a different scaling factor to
be determined in a further work. A rigorous calculation of the SNR of the jagged noise-like
φ-OTDR trace is also proposed and compared to the conventional rough estimation of the SNR
of a signal following an exponentially decaying distribution for the first time, to the best of our
knowledge. The theoretically calculated SNR values match quite well with those obtained using
the conventional method indicating that one can undoubtedly follow the conventional method for
a rough estimation of the SNR.
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