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Abstract

Dynamics of nucleate boiling are strongly affected by the formation and behaviour of the microlayer,

a layer of liquid underneath growing bubbles. As a result of its minute thickness, very high heat

fluxes occur within the microlayer and its evaporation contributes significantly to the overall heat

transfer. Microlayer formation is, however, not guaranteed and the transition from the contact-line

to the microlayer regime of nucleate boiling is not fully understood. The difficulty of experimental

investigation of the microlayer and the uncertainties surrounding its formation and subsequent

evolution motivate the use of Direct Numerical Simulation (DNS) to model its behaviour. In this

work, a computational strategy for utilising DNS to model nucleate boiling by resolving explicitly

the microlayer is developed. The numerical method is based on the resolution of continuum

conservation equations for incompressible two-phase flows in Cartesian and axisymmetric cylin-

drical coordinates. The phasic interface is tracked by means of the geometric Volume-of-Fluid

(VOF) method and the algorithm is applicable both to adiabatic and volatile flows. Online, implicit

coupling of the fluid and solid domains for the solution of the conjugate heat-transfer problem is

included and closure models for the treatment of the interfacial heat-transfer resistance and the

dynamic contact angle are introduced. A rigorous verification and validation exercise is performed

to evaluate the efficacy of the numerical algorithm. Subsequently, a theoretical criterion for mod-

elling the transition between contact-line and microlayer regimes is derived, and tested. Very good

agreement is found with the reference experimental and simulation data and the predictive power

of the criterion is demonstrated with the aid of DNS results. The computational procedure is then

validated for simulations of nucleate boiling with resolved microlayer using relevant experimental

data recently measured at the Massachusetts Institute of Technology; it is shown that the main

observed growth features and surface heat-transfer characteristics are well-reproduced using the

overall method. A sensitivity study of the dependence of the initial microlayer thickness on the

growth conditions is performed and a universal equation describing the thickness distribution

is proposed with liquid properties and bubble expansion rate being the governing parameters.

Finally, the computational method is extended to coarse-mesh problems by introducing several

reduced-order models and the full bubble-growth cycle from nucleation to detachment is simulated.

Good agreement with reference measurements is again achieved and the experimental findings

regarding the force balance during nucleate boiling are confirmed.

Keywords: nucleate boiling, bubble growth, microlayer, Direct Numerical Simulation (DNS), inter-

face tracking, Volume-of-Fluid (VOF)
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Zusammenfassung

Die Dynamik des Blasensiedens wird stark von der Bildung und dem Verhalten der Mikroschicht,

einer Schicht der Flüssigkeit unterhalb wachsenden Blasen, beeinflusst. Aufgrund ihrer geringen

Dicke treten sehr hohe Wärmeströme innerhalb der Mikroschicht auf und ihre Verdämpfung trägt

wesentlich zum Gesamtwärmeübergang bei. Die Bildung der Mikroschicht ist jedoch nicht garan-

tiert und der Übergang von dem Kontaktlinien- zum Mikroschichtregime des Blasensiedens ist nicht

vollständig verstanden. Die Schwierigkeit der experimentellen Untersuchung der Mikroschicht

und die Unsicherheiten in Bezug auf ihre Bildung und Entwicklung motivieren die Verwendung

der Direkten Numerischen Simulation (DNS) in ihre Modellierung. In dieser Arbeit wird eine DNS

Strategie zur Untersuchung der Dynamik der Mikroschicht beim Blasensieden entwickelt. Die

Methode basiert auf der Auflösung von Kontinuumserhaltungsgleichungen für inkompressible

Zweiphasenströmungen. Die Phasengrenze wird mit der geometrischen Volume-of-Fluid (VOF)

Methode verfolgt und der Algorithmus ist sowohl auf adiabatische als auch auf volatile Strömungen

anwendbar. Online-Kopplung der Fluids- und Festkörperdomäne zur Lösung des konjugierten

Wärmeübergangsproblems wird aufgenommen und Modelle des Grenzflächenwärmeübergangswi-

derstandes und dynamisches Kontaktwinkels werden eingeführt. Eine Verifikations- und Validie-

rungsübung wird durchgeführt, um die Wirksamkeit des Algoritmus zu bewerten. Anschliessend

wird ein Kriterium zur Modellierung des Übergangs zwischen Kontaktlinien- und Mikroschichtre-

gimen abgeleitet und getestet. Es wird eine sehr gute Übereinstimmung mit den Referenzdaten

gefunden und die Vorhersagekraft des Kriteriums wird mit Hilfe von DNS-Ergebnissen demon-

striert. Das numerische Verfahren wird dann für Simulationen des Blasensiedens mit aufgelösten

Mikroschichten unter Verwendung relevanter experimenteller Daten validiert und es wird gezeigt,

dass die beobachteten Blasenwachstums- und Wärmeübertragungseigenschaften gut reproduziert

werden. Es wird eine Sensitivitätsstudie zur Abhängigkeit der anfänglichen Mikroschichtdicke von

den Wachstumsbedingungen durchgeführt und eine universelle Gleichung wird vorgeschlagen,

die die Dickenverteilung beschreibt. Die Flüssigkeitseigenschaften und die Blasenexpansionsrate

sind die bestimmenden Parameter in diese Gleichung. Schliesslich werden mehrere reduzierte

Modelle eingeführt und die numerische Methode auf grobgittere Probleme erweitert. Der volle

Blasenwachstumszyklus von der Keimbildung bis zur Ablösung wird simuliert, es wird wiederum

eine gute Übereinstimmung mit Referenzmessungen erreicht und die experimentellen Befunde

zum Kräftegleichgewicht beim Blasensieden bestätigt.

Stichwörter: Blasensieden, Blasenwachstum, Mikroschicht, Direkte Numerische Simulation (DNS),

Phasengrenzverfolgung, Volume-of-Fluid (VOF)

v





Contents

Acknowledgements i

Abstract iii

Zusammenfassung v

Glossary xi

Introduction 1

Microlayer phenomenon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Objectives of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

Outline of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

I Computational method development 11

1 Governing equations 13

1.1 Multiphase balance equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.2 Interface tracking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.3 Phasic conservation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.4 Momentum conservation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.5 Species transport . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.6 Temperature transport . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2 Adiabatic multiphase flows 27

2.1 Adiabatic flow solution algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.2 Literature review for the VOF method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3 Interface reconstruction in axisymmetric geometry . . . . . . . . . . . . . . . . . . . . 31

2.3.1 Forward problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.3.2 Inverse problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.3.3 Complementary problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.3.4 Normal vector calculation and global iterative reconstruction . . . . . . . . . 37

2.4 Volume fraction advection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.5 Surface tension force calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.6 Solution of momentum conservation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

vii



Contents

2.7 Enforcement of volume conservation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.8 Performance evaluation, verification and validation . . . . . . . . . . . . . . . . . . . 44

2.8.1 Computational efficiency of the direct inverse reconstruction method . . . . 44

2.8.2 Reversible advection problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.8.3 Rudman advection problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

2.8.4 Parasitic-current problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.8.5 Cylindrical dam break validation test . . . . . . . . . . . . . . . . . . . . . . . . 64

2.8.6 Single air bubble rise in liquid due to buoyancy . . . . . . . . . . . . . . . . . . 68

2.9 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3 Multiphase flows with heat and mass transfer 75

3.1 Volatile flow solution algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.2 Phasic velocity calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.3 Interfacial area density calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.3.1 Algebraic approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.3.2 Direct approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

3.4 Solution of species transport in the gas phase . . . . . . . . . . . . . . . . . . . . . . . 83

3.5 Temperature transport solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.6 Mass transfer rate calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.7 Performance evaluation, verification and validation . . . . . . . . . . . . . . . . . . . 86

3.7.1 Comparison of approaches for calculating interfacial area density . . . . . . . 87

3.7.2 One-dimensional problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.7.3 Bubble growth in quiescent superheated liquid . . . . . . . . . . . . . . . . . . 92

3.7.4 Bubble growth in superheated liquid under gravity . . . . . . . . . . . . . . . . 94

3.7.5 Bubble condensation with NCG in subcooled liquid under gravity . . . . . . . 100

3.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

4 Solid/fluid coupling 115

4.1 Conditions at the wall . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.2 Verification and validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.2.1 Contact angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.2.2 Conjugate heat transfer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

4.2.3 Nucleate boiling at high pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

II Analysis of nucleate boiling 131

5 Transition between contact-line and microlayer regimes 133

5.1 Criterion formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

5.2 Application to experimental data on plate dewetting . . . . . . . . . . . . . . . . . . . 136

5.3 Extension of theory to nucleate boiling . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

5.3.1 Numerical simulations of microlayer formation . . . . . . . . . . . . . . . . . . 140

5.3.2 Comparisons with reference DNS data . . . . . . . . . . . . . . . . . . . . . . . 143

5.3.3 Discussion of the results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

5.3.4 Demonstration of applicability . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

viii



Contents

6 Validation and sensitivity study 151

6.1 Interfacial heat-transfer resistance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

6.2 Apparent contact angle at the high-IHTR limit . . . . . . . . . . . . . . . . . . . . . . . 157

6.3 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

6.3.1 Simulation setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

6.3.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

6.4 Influence of mass-flux averaging and IHTR . . . . . . . . . . . . . . . . . . . . . . . . . 177

6.5 Initial microlayer thickness sensitivity study . . . . . . . . . . . . . . . . . . . . . . . . 179

6.5.1 Modelling of the initial microlayer thickness . . . . . . . . . . . . . . . . . . . . 179

6.5.2 Parameter study for coefficient determination . . . . . . . . . . . . . . . . . . . 183

6.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

7 Simulation of nucleate boiling till detachment 189

7.1 Proposed method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

7.2 Application to nucleate boiling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

7.2.1 Subgrid modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

7.2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198

7.2.3 Force balance analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

7.3 Implementation of surface roughness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205

7.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

Closure 209

Conclusion 211

Thesis summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

Recommendations for further research & development . . . . . . . . . . . . . . . . . . . . 218

Contribution and significance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

Appendix A Solution of the inverse interface reconstruction problem 225

A.1 Below transition point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

A.2 Above transition point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

Appendix B Marker Gradient method for interfacial area density calculation 229

B.1 Basic idea . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

B.2 Extension to more dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231

B.3 Verification and validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231

B.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

Appendix C Implementation of interfacial heat-transfer resistance 235

C.1 Cell centre in solid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236

C.2 Cell centre in fluid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239

Appendix D Discussion of the Smirnov equation 243

Bibliography 245

Curriculum Vitae 261

ix





Glossary

α Thermal diffusivity [m2/s]

βg Growth constant [-]

ε NCG volume fraction [-]

θ Contact angle [◦] or [rad]

κ Curvature [1/m]

λ Thermal conductivity [W/(m·K)]

µ,ν Dynamic [Pa·s] and kinematic [m2/s] viscosity

ρ Mass density [kg/m3]

σ Surface tension [N/m]

φ Liquid volume fraction [-]

aγ Interfacial area density [m2/m3]

c Area fraction, colour [-]

Cp ,cp Isobaric volumetric [J/(m3·K)] and specific [J/(kg·K)] heat capacity

Ca Capillary number [-], Eqs. 5.2 and 6.23

CFL Courant number [-], Eq. 2.63

d Diameter [m]

D Diffusion coefficient [m2/s]

g Gravitational acceleration [m/s2]

j q Heat flux [W/m2]

Ja Jakob number [-], Eq. 3.43

L Specific latent heat of phase transition [J/kg]
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Introduction

Nucleate boiling ranks among the most efficient heat-transfer mechanisms, finding application in a

multitude of industrial settings. During this process, vapour bubbles form (i.e. nucleate) at a heated

surface, they grow and subsequently detach, thereby removing a significant amount of energy from

the surface. However, the exact bubble-growth configuration is often unknown, complicating the

formulation of quantitative predictions about the heat-removal performance. This is exemplified

by the uncertainty surrounding the formation and behaviour of the so-called microlayer, a layer

of liquid underneath growing bubbles, evaporation of which can contribute significantly to the

overall heat transfer. This research investigates the dynamics of the microlayer by means of a

simulation approach developed for this purpose, with the aim to clarify both the conditions leading

to microlayer formation and its subsequent evolution.

In this chapter, an overview of the microlayer phenomenon within the framework of nucleate

boiling is first given, together with a brief history of its investigation. The recent developments

and the state of the existing research are summarised, followed by the identification of the gaps in

the current understanding. Then, the aims and scope of this research project are formulated and

the rationale behind the individual objectives is presented. Finally, the structure of this thesis is

outlined.

Microlayer phenomenon

During nucleate boiling, significant amount of energy is extracted from a heated surface through

bubble growth: liquid undergoes phase change turning into vapour and the heat of evaporation

is consumed in the process. In spite of the flow of thermal energy to the interface between liquid

and vapour, the bubble surface remains essentially everywhere at saturation temperature, which

is usually several degrees lower than the temperature of the solid wall. Under these conditions,

we refer to the surface as being superheated and the difference between its temperature and the

saturation temperature is called “superheat”. A representative nucleate-boiling configuration is

shown in Fig. 1 for water under atmospheric conditions. We can now identify the dominant heat-

transfer path as superheated wall → bubble surface, and recall the classic description of heat transfer

by the Fourier’s law of conduction:

Heat flow ∝ temperature difference

distance
× area. (1)

1
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110−120 ◦C

100 ◦C

∼1 mm

Figure 1 – High-speed camera snapshot of a bubble growing on a heated surface from the experi-
ment of Bucci (2020). The working fluid is water under atmospheric conditions, corresponding to a
saturation temperature of ∼100 ◦C.

With reference to Fig. 1, the efficiency of nucleate boiling as a heat-removal mechanism becomes

apparent:

1. the saturation conditions at the interface help to maintain a large temperature difference

between the wall and the bubble surface, and

2. the distance between the wall and the interface is relatively small.

Combined, these conditions facilitate the occurrence of high heat flow and thus effective removal

of thermal energy.

The dependence of heat flow on the inverse of the distance of separation motivates a more detailed

investigation of the region, in which the bubble interface comes within the immediate proximity of

the heated wall, indicated for a portion of the bubble by the green ellipse in Fig. 1. Oft-times, we find

that the bubble surface terminates at a distinct location at the wall, which can be identified from

camera snapshots, such as the one in Fig. 1. Without going into further detail, this configuration

is referred to as the contact-line regime of bubble growth; the name referring to the triple line of

contact among the solid, liquid and gas portions of the domain. Even though the heat transfer

through the region in the vicinity of the contact line is indeed vigorous, the small size of this region

diminishes its overall importance (since area is one of the factors in Eq. 1).

In other situations, an analysis of the dynamics of the highlighted region in Fig. 1 reveals that the

contact line visible in the figure is only apparent: the bubble surface does not terminate there but

instead curves strongly and extends underneath the bubble over a distance comparable with the

bubble dimensions. This liquid protrusion takes the form of a film separating the bubble from the

heated wall; due to its microscopic height, this film is known as a microlayer and the bubble is said

to be growing in the microlayer regime. Evidently, strong heat transfer in the microlayer is expected;

however, in contrast with the contact-line region, its large extent means that the heat flow through

the microlayer causing its evaporation will contribute significantly to the overall energy extraction.

For a schematic comparison, Fig. 2 shows bubbles growing in the contact-line and microlayer

regimes. Note that while bubbles in the former regime remain essentially spherical during their

2
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Solid wall

Liquid

Vapour

Dry patch
Contact line

evaporation

(a) Contact-line regime.

Solid wall

Vapour

Liquid

Contact line

Nucleation site

Dry patch

Up to few micrometres

Up to few millimetres

Microlayer

evaporation

(b) Microlayer regime.

Figure 2 – Schematic visualisation of the bubble-growth regimes: (a) contact-line regime and (b)
microlayer regime. Nucleation site is a location from which the bubble originally started growing
and dry patch corresponds to the part of the heated surface not covered by liquid.
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Introduction

growth (Son et al., 1999; Fischer et al., 2014; Huber et al., 2017), bubbles in the microlayer regime

feature a hemispherical or oblate shape (Utaka et al., 2013; Yabuki and Nakabeppu, 2014; Chen

et al., 2017; Jung and Kim, 2018), similar to the one shown in Fig. 1; the photographed bubble does

indeed manifest a microlayer (Bucci, 2020).

This shape distortion is a result of high speed of bubble growth, which is characteristic of the

microlayer regime. For a rough comparison, consider one of the experiments of Son et al. (1999), in

which water vapour bubbles grew in the contact-line regime: with wall superheat of 8.5 degrees,

the bubbles reached their detachment diameter of ∼3 mm in approximately 40 ms. Conversely,

water vapour bubbles in the microlayer regime investigated by Duan et al. (2013)—superheat was

9 degrees—detached with a diameter of ∼4 mm after growing for about 14 ms. This corresponds

to a 6- to 7-fold increase in the volumetric expansion rate. For experiments with water under

atmospheric conditions, the contribution of microlayer evaporation to the overall bubble growth

has been reported to reach 50% (Yabuki and Nakabeppu, 2014; Tanaka et al., 2021), owing to the

intense heat-transfer conditions within the microlayer: heat fluxes (heat flow over area) exceeding

1 MW/m2 have been measured (Yabuki and Nakabeppu, 2014; Tanaka et al., 2021). To put this

value into perspective, applied heat flux, i.e. heat supplied to the system, of 1-2 MW/m2 typically

corresponds to the limit of energy extraction by nucleate boiling from a smooth horizontal surface

under conventionally-studied conditions (Gaertner, 1965; Chen et al., 2020).

Understanding of the microlayer phenomenon is thus of utmost importance for the analysis of

nucleate boiling. Furthermore, researchers have also suggested the existence of a link between

the microlayer dynamics and the so-called Departure from Nucleate Boiling (DNB) condition, also

known as the boiling crisis, i.e. a situation, in which the nucleate-boiling regime can no longer

be sustained due to excessive applied heat flux and the system transitions into film boiling (Zhao

et al., 2002; Theofanous and Dinh, 2006). The heated surface becomes covered with vapour, heat

transfer deteriorates significantly and (recalling Eq. 1) the surface superheat drastically increases.

The occurrence of this transition is generally undesirable and the pursuit of its clarification further

motivates the investigation of the microlayer phenomenon, which has been studied for the last six

decades.

The existence of the microlayer was first postulated by Moore and Mesler (1961) on the basis

of their measurements of local temperature variations of the heated surface and subsequently

experimentally confirmed by Sharp (1964) and Jawurek (1969), who employed interferometry, i.e.

an imaging technique based on observation of light interference patterns, to quantify the thickness

of the microlayer. Both studies used arc lamps as light sources. Measurements of heat-transfer

characteristics of the surface underneath the microlayer were used to investigate its thickness by

Katto and Yokoya (1966); Cooper and Lloyd (1969) and later by Moriyama and Inoue (1996). The

accuracy of the interferometric approach was substantially improved by employment of lasers; this

was done by Voutsinos and Judd (1975); Koffman and Plesset (1983) and MacGregor and Jawurek

(1992). Simultaneously with these early experimental works, theoretical analyses of the microlayer,

mainly concerned with its thickness, were performed by Olander and Watts (1969); Cooper and

Lloyd (1969); Susmu (1970); van Ouwerkerk (1971); van Stralen et al. (1975) and Smirnov (1975).

In recent years, the development of modern methods has facilitated the execution of ever-more

detailed and challenging experiments. Nakamura and Utaka (2008) and Utaka et al. (2013, 2014)

investigated the microlayer structure with the laser extinction method, which can measure the

thickness locally based on the attenuation of a laser beam when it passes through the liquid film.
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Laser interferometry method has also been used for further studies by Gao et al. (2013); Utaka et al.

(2018); Zou et al. (2018); Liu et al. (2019) and Chen et al. (2017, 2020). Additional novel methods of

microlayer investigation include measurement of surface heat-transfer characteristics locally by mi-

crosensors (Yabuki and Nakabeppu, 2014, 2016, 2017; Yabuki et al., 2015) or globally by infrared (IR)

cameras (Gerardi et al., 2010; Duan et al., 2013; Surtaev et al., 2017; Serdyukov et al., 2018; Kangude

and Srivastava, 2020; Tanaka et al., 2021). Finally, Jung and Kim (2014, 2018, 2019) and Giustini et al.

(2020b) combined measurements of surface heat-transfer characteristics using IR thermometry

with microlayer profile evaluation by laser interferometry. Together with its contribution to the

overall phase-change rate, microlayer thickness has also been examined extensively, giving rise

to several fully empirical (Utaka et al., 2013; Yabuki and Nakabeppu, 2014; Tanaka et al., 2021) or

semi-empirical (Yabuki and Nakabeppu, 2017; Jung and Kim, 2018) correlations.

Overall, the body of experimental literature produced on the topic has provided an abundance of

data regarding the microlayer structure and its effect on the dynamics of the nucleate-boiling heat

transfer. Nevertheless, several limitations and deficiencies of the experimental approach can be

identified. The performed measurements of microlayer thickness are often indirect and/or rely

either on assumptions, such as no flow in the microlayer (Utaka et al., 2013; Yabuki and Nakabeppu,

2014), or numerical techniques (Bucci et al., 2016), which can be burdened by uncertainties (Kim

et al., 2020). Furthermore, an experimental setup can accommodate only a limited number of

diagnostic systems, reducing the amount of information which can be obtained in a synchronous

way. The possibility of generalisation of experimental results is also hindered by the limited available

combinations of working fluids and conditions and the inability to independently vary controlling

parameters, such as material properties, in a straightforward manner. A possibility to alleviate

these problems is offered by the use of Direct Numerical Simulation (DNS) for the modelling of

the bubble-growth process through the numerical solution of the equations of continuum fluid

dynamics. A DNS code can be used in tandem with an experiment to complement the measured

data or on its own to perform parametric studies to reveal system sensitivity to the governing

parameters and applied boundary conditions.

The DNS approach is a subset of the much broader field of Computational Fluid Dynamics (CFD).

History of the development of CFD methods is too long to be detailed here; turning to simulations of

boiling specifically, the pioneering work in the late 1990s was followed by the tackling of modelling

problems of gradually increasing difficulty after the turn of the millennium. This included film

boiling (Son and Dhir, 1998a,b, 2008; Juric and Tryggvason, 1998; Welch and Wilson, 2000; Welch

and Rachidi, 2002; Banerjee and Dhir, 2001; Esmaeeli and Tryggvason, 2004; Agarwal et al., 2004;

Tomar et al., 2005, 2009; Gibou et al., 2007; Welch and Biswas, 2007; Hardt and Wondra, 2008),

isolated nucleate boiling (Son et al., 1999, 2002; Singh and Dhir, 2000; Aparajith and Dhir, 2002;

Fuchs et al., 2006; Nam et al., 2011; Wu and Dhir, 2011; Dhir et al., 2012; Kunugi and Ose, 2014),

lateral merging of growing bubbles (Mukherjee and Dhir, 2004; Aparajith et al., 2006; Aparajith,

2006) and inclusion of heat transfer within the solid (Kunkelmann and Stephan, 2009, 2010; Aktinol

and Dhir, 2012; Sato and Ničeno, 2013, 2015; Zhang et al., 2015; Li et al., 2015; Huber et al., 2017;

Murallidharan et al., 2016; Giustini et al., 2017; Cao et al., 2019). Since then, attention has turned

mainly to the application of CFD to industrially-relevant boiling problems.

The distinction between DNS and other CFD approaches has traditionally been made in regard

to the absence of modelling of flow turbulence in DNS studies, which attempt to resolve all scales

of fluid motion; spectral methods are typically used for single-phase DNS because of their low

dissipation and dispersion errors (Ferziger and Peric, 2001). However, in the context of multiphase
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flows (i.e. flows containing two or more different phases, such as liquid and vapour coexisting during

boiling), the definition of DNS is less clear. For example, Sato and Ničeno (2015) simulated isolated

nucleate boiling without resorting to turbulence modelling; nevertheless, the microlayer was far too

thin to be captured in the simulation and was considered using a reduced-order model. Arguably,

such a representation does not qualify as complete DNS and neither should the simulations by

Kunkelmann and Stephan (2009, 2010); Aktinol and Dhir (2012); Sato and Ničeno (2013) and others,

who introduced a model for the dynamics of the region near the contact line. Indeed, due to the

large span of length scales (from nanometres in the vicinity of the contact line to millimetres on

the bubble scale) playing a role in the dynamics of nucleate boiling, it is difficult to indicate what

would correspond to complete DNS in such a configuration. Even in this work, which aims to

study dynamics of growing bubbles with a considerable level of detail, some models will still be

used to account for the unresolved scales. Thus, it appears prudent to label boiling simulations

by indicating the smallest scale represented: in this thesis, we will speak of DNS-BRM, i.e. Direct

Numerical Simulation of Boiling with a Resolved Microlayer.

The advent of high-performance computing coupled with the continuous development of numeri-

cal methods have made DNS-BRM possible in recent years. Hänsch and Walker (2016) and Guion

et al. (2018) succeeded in simulating bubble growth with microlayer formation while prescribing

the bubble expansion speed without implementing the equation for energy conservation. That was

done firstly in the work of Urbano et al. (2018). However, heat transfer between the solid and the

fluids was not resolved and the wall was assumed to be uniformly superheated and isothermal. In

their more recent work, Hänsch and Walker (2019) complemented their method by a reduced-order

microlayer depletion model and the wall temperature distribution was obtained by resolving the

heat transfer in the solid substrate. Nevertheless, the simulated growth of the bubble was again

prescribed to match experimental measurements of Jung and Kim (2014). A purely hydrodynamic

DNS-BRM with a fixed growth rate was also done by Giustini et al. (2020a); similar comparison

method with experiments of Jung and Kim (2018) as by Hänsch and Walker (2019) was employed.

Giustini et al. (2020a) also simulated microlayer formation during the boiling of sodium, whose

material properties differ significantly from those of the typically studied fluids, i.e. water and

ethanol at atmospheric conditions.

These pioneering works on DNS-BRM have already proved to be an invaluable complement to

the experimental approach: for example, Urbano et al. (2018) presented a first sensitivity study on

microlayer formation and Hänsch and Walker (2019) investigated the role of interfacial heat-transfer

resistance, a phenomenon which hurdles the heat flow through the microlayer. Nevertheless, a

survey of these works can identify several deficiencies:

1. Heat transfer has not yet been considered fully, i.e. both within the fluids and in the solid.

This is detrimental for the predictive capability of the simulations and limits their potential

for providing novel insight into the phenomenon.

2. Conditions at the contact line, their role and numerical implementation have not been inves-

tigated thoroughly, even though the results of the simulations have indicated the significance

of the contact-line dynamics with respect to both microlayer formation and its destruction.

3. The simulations have not been validated against a reference experimental data set, reducing

the confidence in the reported results.

When these issues are resolved, the resulting simulation method can be used for further studies of
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microlayer dynamics, focusing on providing quantitative answers to questions such as:

1. Why does a microlayer form?

2. After its formation, which factors influence its structure?

3. What is the role of microscopic physics, i.e. contact-line dynamics and interfacial heat-

transfer characteristics, in its evolution?

Development of a numerical method addressing the problems described above and its application

to the resolution of the enumerated questions are the principal goals of this research project, which

are detailed in the following section.

Objectives of the thesis

As alluded to above, the main focus of this PhD thesis is the numerical investigation of the microlayer

phenomenon by means of a computational method devised for this purpose. The specific objectives

are summarised as follows:

Objective 1. Develop, verify and validate a numerical method for high-resolution DNS of bounded

volatile flows.

Objective 2. Validate the developed method against experimental data on nucleate boiling.

Objective 3. Derive an understanding of microlayer dynamics.

The basis of the computational method to be developed in Objective 1 will be the CFD code PSI-

BOIL1, which is an open-source code maintained by the Computational Fluid Dynamics group in

the Laboratory for Scientific Computing and Modelling of the Paul Scherrer Institute. The primary

mission of its eleven-year-long development is basic research of volatile multiphase flows with

a special focus on the simulation of boiling. This has included isolated bubble growth (Sato and

Ničeno, 2013, 2015; Murallidharan et al., 2016; Giustini et al., 2017), multi-bubble nucleate-boiling

heat transfer (Sato and Ničeno, 2017) and the simulation of the transition from nucleate boiling

to the film-boiling regime with increasing applied heat flux (Sato and Ničeno, 2018). The boiling

simulations performed with PSI-BOIL so far have not possessed a sufficient level of detail to resolve

the microlayer explicitly. Instead, a simplified modelling approach to represent the microlayer

of Sato and Ničeno (2015) has been used. However, employing the code for simulations capable

of capturing the formation and evolution of the microlayer is not only a question of refining the

simulations, i.e. increasing the level of obtainable detail – in addition, significant development

effort is necessary. Namely:

(i) Improvement of the interface-tracking method. One of the essential components of a mul-

tiphase DNS code is the ability to track the interface between the individual phases. Even

though this functionality was implemented into PSI-BOIL several years ago by Sato and

Ničeno (2012a,b), the existing method is unsuitable for a DNS-BRM application for reasons

described later in this thesis. Thus, a new interface-tracking must be implemented into the

code.
1https://github.com/PSI-NES-LSM-CFD/PSI-Boil.
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(ii) Extension to axisymmetric cylindrical coordinates. PSI-BOIL has been designed to handle

three-dimensional problems in a Cartesian coordinate system. However, due to the extremely

high resolution required for a DNS-BRM study, a three-dimensional representation of boiling

with a resolved microlayer lies beyond the limits imposed by the contemporary availability of

computational resources. For this reason, the capability of simulating flows in axisymmetric

cylindrical coordinates must be introduced into the code.

Note that all existing DNS-BRM works referenced above have also employed this representa-

tion. Furthermore, experimental studies show that the shape of growing isolated bubbles

indeed features a very high level of axial symmetry (Chen et al., 2017).

(iii) Enhancement of boundary and interface treatment. The nature of the microlayer results in the

liquid/vapour interface coming into a close proximity to the heated wall. This necessitates

both the improvement of the treatment of the solid/fluid boundary, e.g. contact-angle imple-

mentation, within the code, as well as the introduction of several boundary and interfacial

closure models, which will be described later in the thesis.

The Direct Numerical Simulation approach attempts—as the name suggests—to minimise the

use of modelling simplifications and empiricism. Nevertheless, both of these aspects of scientific

investigation are, in fact, inescapable. Indeed, the mere act of choosing a theoretical framework

for the physical description of the problem (continuum mechanics in the case of this research

project) is the first of many modelling steps required for the construction of the method developed

in Objective 1. Similarly, simply by relying on material properties supplied by the literature, we

subject ourselves to the use of empirical knowledge. For this reason, the method must be shown

to be fit for its application, i.e. a study of microlayer dynamics, after its development. To this end,

a validation exercise will be conducted in Objective 2 using a comprehensive experimental data

set on first-bubble growth in the microlayer evaporation regime obtained at the Massachusetts

Institute of Technology. This will establish a level of confidence in the predictions provided by the

code.

With the DNS-BRM method available, we will use it to study the microlayer and its dynamics in

Objective 3. Primarily, we will work on answering the following research questions:

Question 1. In which situation does a microlayer form, i.e. which conditions facilitate a transi-

tion from the contact-line regime to the microlayer regime of boiling?

Question 2. What is the role of interfacial heat-transfer resistance and contact-line dynamics

during microlayer formation and its subsequent evolution?

Question 3. Which parameters control the thickness of the microlayer after its formation?

Although the recent works on the topic of nucleate boiling have made an appreciable contribution

to solving these questions, providing us with a solid foundation for this research project, this work

will focus on supplying quantitative answers and physical insight.

Due to the comprehensive nature of this project, the tasks set to be accomplished here will prove

to be of significance in diverse ways. Firstly, addressing the challenges posed by the difficult

simulated configuration will stimulate a development effort, which will push the boundaries of the

multiphase CFD field. This will both improve the capability of DNS methods to tackle fundamental
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problems and provide the foundation for transferring these methods to more application-oriented

computational codes. Secondly, by providing answers to the research questions listed above, this

project will contribute to the body of fundamental knowledge on nucleate-boiling heat transfer.

Not only will this facilitate the general advancement of science and motivate further research,

but—thanks to the importance of nucleate boiling in industrial settings—it will also have an impact

in the broader fields of applied research and engineering. A canonical example of such application

is the derivation of reduced-order models describing the microlayer dynamics, which can be then

used in simulations with a potential to encompass more than a single bubble in an axisymmetric

representation.

Boundaries and limitations of the research

To conclude this section, the boundaries of this research project together with its limitations are

summarised here. In terms of scope, this work will focus on studying isolated, axially-symmetric

bubbles growing on an upward-facing, horizontal smooth surface in presence of standard gravity. In

addition, only the first bubbles to nucleate on a surface after the onset of heating will be considered.

The bubbles will be taken to be growing in an initially quiescent, superheated or saturated liquid

bath; subcooled conditions will not be studied. Furthermore, no impurities in the liquid will

be allowed. The focus will primarily lie on fluids with high liquid/vapour density ratios and

material properties similar to those of fluids ordinarily used in experiments, i.e. water, ethanol and

fluorinated fluids under atmospheric conditions.

This particular selection of the working fluids is motivated by the available reference data. Indeed,

validation of the code against measurements done for water under atmospheric conditions restricts

the range of applicability to similar systems. The choice of single, symmetric bubbles stems both

from the reference data availability and the limitation imposed by the attainable computational

resources. The latter aspect will also constrain the study only to the initial stage of bubble growth,

prohibiting us from making extensive observations regarding the overall evolution of the microlayer,

shifting our focus mainly on its formation and initial structure.

Our choice of a purely computational methodology and its details also imposes limitations on this

project. The selected theoretical framework of continuum mechanics and the modelling choices

described further in the thesis (e.g. incompressible flow, heat-transfer-limited bubble growth, axial

symmetry, etc.) directly constrain the phenomena observable in our simulations; furthermore,

by relying on an approximate representation of the governing equations within a computer, the

numerical effects and their role in observed dynamics must always be taken into account.

Each of the aspects of our approach produces hurdles to the generalisibility of the outcomes of

this work, which are too numerous to be listed in an exhaustive manner. For example, by limiting

ourselves to the heat-transfer-limited bubble-growth regime, we have neglected the role of inertia

in the system dynamics (Faghri and Zhang, 2006). Similarly, effects of growth asymmetry, bubble

interactions, surface roughness or its possible inclination will also not be captured. Ultimately, the

scope of applicability of our results will have to be judged on a case-by-case basis with the role of

individual assumptions and simplifications carefully scrutinised in the process.
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Outline of the thesis

This thesis is divided into two main parts. In Part I, the development of the computational method

(Objective 1) is detailed. First, we present the governing equations of PSI-BOIL in Chapter 1. Then,

in Chapter 2, the approach for simulating adiabatic flows with a special focus on the interface-

tracking method and its implementation in axisymmetric cylindrical coordinates are described.

This is followed by a presentation of the numerical method for the resolution of heat and mass

transfer in volatile flow simulations in Chapter 3. Finally, coupling of the solid and fluid domains is

described in Chapter 4.

Part II is dedicated to the fundamental study of nucleate-boiling dynamics. In Chapter 5, a theoreti-

cal model for the transition between contact-line and microlayer regimes is derived, and tested.

Then, in Chapter 6, additions to the general computational method specific to the problem of

DNS-BRM are recounted and the validation exercise against the reference data is presented and we

deduce a correlation describing the initial thickness of the microlayer after its formation. Finally,

we show the applicability of PSI-BOIL to the study of the full bubble-growth cycle after introducing

several reduced-order models in Chapter 7.

The thesis is summarised in the Conclusion. There, the answers to the research questions formu-

lated above are also given, together with a list of recommendations for future work.
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1 Governing equations

The PSI-BOIL code is used to study volatile multiphase flows in the framework of continuum theory.

To this end, the governing equations for immiscible, incompressible flows with phase change

are solved; in this chapter, the theoretical foundation of the code is described. The recent paper

of Bothe (2020) is used as the basis for the presented derivations, due to its comprehensive and

succinct nature. Other references can, of course, be used, for example the monograph of Ishii and

Hibiki (2011).

1.1 Multiphase balance equations

The governing equations of fluid dynamics can be formulated in an integral, i.e. volume-integrated,

or a differential, i.e. local, manner. For example, given an extensive quantity B, its integral conserva-

tion equation can be written as:

d

d t

∫
Ω

bdV +
∫
∂Ω

j b ·dS =
∫
Ω

qbdV. (1.1)

Here, Ω is a fixed control volume, ∂Ω its boundary, dS = nsdS the outward-oriented differential

area element of ∂Ω, b the volumetric density of B [units of B/m3], j b the flux of B [units of B/(m2·s)]

and qb the volumetric source of B [units of B/(m3·s)]. Note that j b is customarily decomposed into

an advective and a diffusive component, j b = bu + j b,d , u being the fluid velocity [m/s] (Bothe,

2020). Equation 1.1 has a clear meaning in the sense of a control-volume balance equation; at the

same time, we can note the arbitrary choice of Ω and apply the Gauss-Ostrogradsky divergence

theorem to obtain:
∂b

∂t
+∇· j b = qb . (1.2)

This is the differential form of the conservation equation, formally defined at a point. Although

the differential forms of balance equations are customarily referenced in the literature, they must

be treated carefully in the context of multiphase flows – indeed our application of the divergence

theorem implicitly assumed that there are no discontinuities of b inΩ, which is usually not the case

for multiphase flows. For example, let the domain be occupied by two immiscible phases, liquid

and gas, and H [-] represents the indicator function of liquid, i.e.:

H(x) =
1 if x in liquid and

0 otherwise.
(1.3)
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If we assume no phase change to occur, a balance equation for H of the form (1.2) would be given

as (Maric et al., 2020):
∂H

∂t
+∇· (Hu) = 0, (1.4)

However, this expression implicitly assumes the incompressibility condition:

∇·u = 0, (1.5)

since it was formally deduced from the simple statement that fluid particles do not cross the phasic

interface (Maric et al., 2020):
D H

Dt
= ∂H

∂t
+u ·∇H = 0. (1.6)

Evidently, this equation is trivially valid everywhere except at the interface (H being piecewise

constant) – but there it can be valid only in a weak sense due to the discontinuity of H (Maric et al.,

2020), rendering the local formulation meaningless.

The presence of discontinuities at the interface points at the need for careful formulation and

interpretation of the governing equations for multiphase flows, especially if differential forms are

desired. To clarify this issue, Bothe (2020) derived the generic control-volume balance equation for

B as: ∫
Ω\Σ

(
∂b

∂t
+∇· j b

)
dV −

∫
Ω

qbdV =−
∫
Σ

[
∂ΣbΣ
∂t

+∇Σ ·
(
bΣwΣ+ j b,Σ

)]
dS +

∫
Σ

qb,ΣdS

+
∫
Σ

(
�b�wΣ−� j b ·n�

)
dS.

(1.7)

Here,Ω is again a fixed control volume, Σ a part of the phasic interface included inΩ, andΩ\Σ the

set difference of the two. Note that b can be a vector; then, j b becomes a second-order tensor. In

differential form, this equation decomposes into two (Bothe, 2020):

∂b

∂t
+∇· j b = qb inΩ\Σ and (1.8)

∂ΣbΣ
∂t

+∇Σ ·
(
bΣwΣ+ j b,Σ

)
−qb,Σ = �b�wΣ−� j b ·n� on Σ. (1.9)

Evidently, the first equation, corresponding to the left-hand side of the integral balance equation,

is equivalent to the standard expression presented at the beginning of this section. The second

one describes the local balance at the interface with bΣ being the surface density of B [units of

B/m2], j b,Σ the surface flux of B [units of B/(m·s)], qb,Σ the surface source of B [units of B/(m2·s)],

n the unit normal vector to the interface pointing towards the liquid [-], wΣ the speed of normal

displacement of the interface with wΣ = wΣn and �Q� quantifies a discontinuity jump in a quantity

Q:

�Q�(x) = lim
h→0+

(
Q(x +hn)−Q(x −hn)

)
. (1.10)

The two differential operators in Eq. 1.9, ∂Σ/∂t and ∇Σ, are the Lagrangian-type Thomas derivative

and the surface gradient with respect to Σ. However, since we will neglect any inhomogeneity and

accumulation at the interface, the reader is referred to Bothe (2020) for more details on this topic.

By assuming a zero-capacity, isotropic interface, the balance equations reduce to:∫
Ω\Σ

(
∂b

∂t
+∇· j b

)
dV −

∫
Ω

qbdV =
∫
Σ

(
�b�wΣ−� j b ·n�

)
dS +

∫
Σ

qb,ΣdS. (1.11)
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and:

∂b

∂t
+∇· j b = qb inΩ\Σ and (1.12)

� j b ·n�−�b�wΣ = qb,Σ on Σ. (1.13)

We will now use these equations to derive the governing equations of PSI-BOIL for interface tracking,

mass conservation, momentum conservation, species transport and temperature transport. We will

assume that the material properties of the two phases are constant with respect to the differential

and integral operators of the above equations. The corollary of phasic densities being constant is

the validity of the incompressibility condition:

∇·u = 0 inΩ\Σ. (1.14)

The computational domain will be considered to be composed of finite, convex cells with volume

∆V and bounded by a set of surfaces with areas ∆Si and outward-facing normal vectors ns,i . Note

that the presented theory can be extended in a straightforward manner to the situation where the

gas density is taken to be a linear combination of densities of the two species constituting the gas

phase (vapour and non-condensable gases), these being constant. For the sake of simplicity, this

situation is not considered here; the interested reader is referred to Bureš (2018); Bureš and Sato

(2020a).

1.2 Interface tracking

In PSI-BOIL, the phasic interface is captured implicitly by means of the liquid volume fraction, φ,

defined for a computational cell as:

φ= ∆Vl

∆V
= 1

∆V

∫
Ω

HdV = 1− ∆Vg

∆V
. (1.15)

The overline indicates that this variable is defined by integration over a finite volume or area and

∆Vl and ∆Vg are the volumes in the cell occupied by liquid and gas, respectively. With the choice

b = H , j b = Hu, qb = 0, Eq. 1.13 gives:

�Hu ·n�−wΣ = (ul ,Σ−wΣ) ·n = ql ,Σ =−ṁ′′

ρl
, (1.16)

where ṁ′′ is the interfacial evaporative mass flux [kg/(m2·s)], ρl the liquid mass density [kg/m3] and

ul ,Σ the liquid-side interfacial limit of velocity. Note that ṁ′′ > 0 corresponds to evaporation (phase

change from liquid to vapour) and ṁ′′ < 0 corresponds to condensation (vapour to liquid). We can

define a continuous extension of ul such that �ul ·n� = 0, and, since the vapour-side interfacial

limit of H is 0, we can also write:

�Hul ·n�−wΣ =−ṁ′′

ρl
. (1.17)

The two-phase transport theorem states that (Bothe, 2020):

d

d t

∫
Ω

bdV =
∫
Ω\Σ

∂b

∂t
dV −

∫
Σ
�b�wΣ dS; (1.18)
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for b = H this reduces into:
dφ

d t
∆V =−

∫
Σ

wΣ dS. (1.19)

Using Eq. 1.17, we obtain:

dφ

d t
∆V =−

∫
Σ
�Hul ·n� dS −

∫
Σ

ṁ′′

ρl
dS. (1.20)

The two-phase divergence theorem gives for a vector f (Bothe, 2020):∫
∂Ω

f ·dS =
∫
Ω\Σ

∇· f dV +
∫
Σ
� f ·n� dS. (1.21)

Since the divergence of Hul is trivially zero everywhere outside the interface due to constant liquid

density, we obtain:
dφ

d t
∆V =−

∫
∂Ω

Hul ·dS −
∫
Σ

ṁ′′

ρl
dS. (1.22)

We will now define the cell-wise interfacial area density aγ [m2/m3] as:

aγ =
∆Sγ
∆V

=
∫
ΣdS

∆V
. (1.23)

This allows us to write the final form of the volume-of-liquid conservation equation as:

dφ

d t
=− 1

∆V

∑
i

F l ,i −
ṁ

′′′

ρl
, (1.24)

where the evaporative mass source density ṁ
′′′

[kg/(m3·s)] is equal to:

ṁ
′′′ = aγṁ

′′ = aγ

∫
Σ

ṁ′′ dS, (1.25)

and F l ,i are liquid surface flows [m3/s].

1.3 Phasic conservation

It is evident that, if we consider a set of conservation laws including:

• liquid volume conservation,

• gas volume conservation,

• total volume conservation, and

• total mass conservation,

two of these equations are redundant by virtue of the constitutive relations:

∆Vg =∆V −∆Vl = (1−φ)∆V , (1.26)
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1.3. Phasic conservation

i.e. the computational cells containing only gas and liquid, and:

∆m =∆ml +∆mg =
∫
Ω\Σ

Hρl dV +
∫
Ω\Σ

(1−H)ρg dV

= ρl∆Vl +ρg∆Vg =
[
ρlφ+ρg (1−φ)

]
∆V.

(1.27)

Here, ∆m is the mass [kg] of the contents of the given cell and ∆ml and ∆mg the masses of liquid

and gas in the cell, respectively. Note that this expression allows us to define the so-called mixture

density ρ in a cell-wise manner as:

ρ = ∆m

∆V
= ρlφ+ρg (1−φ). (1.28)

Since the liquid volume conservation is enforced by the interface-tracking equation, we only

need one more equation to guarantee phasic conservation. To this end, we choose the volume-

conservation condition: we start with the two-phase divergence theorem for f = u and consider

that the constant phasic densities ensure ∇·u = 0 away from the interface:∫
∂Ω

u ·dS =
∫
Ω\Σ

∇·u dV +
∫
Σ
�u ·n� dS =

∫
Σ
�u ·n� dS. (1.29)

From Eq. 1.16, we know that:

�Hu ·n� = wΣ− ṁ′′

ρl
. (1.30)

By analogy:

�(1−H)u ·n� =−wΣ+ ṁ′′

ρv
. (1.31)

Thus, the volume conservation condition becomes:∫
∂Ω

u ·dS =
∫
Σ

ṁ′′
(

1

ρv
− 1

ρl

)
dS = ṁ

′′′
(

1

ρv
− 1

ρl

)
∆V. (1.32)

It must be noted that the discretisation of the term on the left-hand side,∫
∂Ω

u ·dS =∑
i

∫
∂Ωi

u ·dS =∑
i

∫
∂Ωi

[
Hul + (1−H)ug

]
·dS, (1.33)

is not trivial as the velocity is discontinuous across the interface. We use the second equality in the

above expression to define:

v =φul + (1−φ)ug =
∫
∂Ω

Hul ·dS +
∫
∂Ω

(1−H)ug ·dS, (1.34)

this being the volume-averaged velocity. Note that this quantity is different from the customary

barycentric (mass-averaged) velocity:

ub = 1

ρ

[
ρlφul +ρg (1−φ)ug

]
. (1.35)

Finally, the volume conservation condition takes the form:

∑
i

v ·ns,i∆Si = ṁ
′′′

(
1

ρv
− 1

ρl

)
∆V. (1.36)
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Chapter 1. Governing equations

1.4 Momentum conservation

Writing Eq. 1.11 for momentum b = ρu, qb = f (force density) [N/m3] and Jb = ρu ⊗u −S, where S

is the Cauchy stress tensor [Pa], we obtain:∫
Ω\Σ

(
∂(ρu)

∂t
+∇·(ρu⊗u)

)
dV =

∫
Ω\Σ

∇·S dV +
∫
Ω

f dV −
∫
Σ
�ρu⊗(u−wΣ)−S�·n dS+

∫
Σ

f ΣdS, (1.37)

where we have formally defined the mixture density at a point as:

ρ = Hρl + (1−H)ρg . (1.38)

We can further note that, onΩ\Σ, the single-phase continuity equation:

∂ρ

∂t
+∇· (ρu) = 0 (1.39)

holds locally. We can thus rewrite the first integral using straightforward manipulations as:∫
Ω\Σ

(
∂(ρu)

∂t
+∇· (ρu ⊗u)

)
dV =

∫
Ω\Σ

ρ

(
∂u

∂t
+ (u ·∇)u

)
dV =

∫
Ω\Σ

ρ
Du

Dt
dV =

∫
Ω\Σ

ρa dV , (1.40)

where we have defined the local acceleration a [m/s2]. Thus, after applying the two-phase diver-

gence theorem for the stress tensor S, we now have:∫
Ω\Σ

ρadV =
∫
∂Ω

S ·dS +
∫
Ω

f dV −
∫
Σ
�ρu ⊗ (u −wΣ)� ·n dS +

∫
Σ

f ΣdS. (1.41)

We also know that:

�ρu ⊗ (u −wΣ)� ·n = (−ṁ′′)�u� = (ṁ′′)2
(

1

ρl
− 1

ρv

)
n, (1.42)

this being a result of mass continuity and the assumption of tangential velocity being continuous. At

the same time, for systems with constant surface tension coefficient σ [N/m] (Landau and Lifshitz,

1987):

f Σ,σ =σκn. (1.43)

Here, κ [1/m] is the surface mean curvature, taken to be positive if the centre of curvature is in the

liquid phase, see Fig. 1.1. Overall, this allows us to simplify the balance equation into the form:∫
Ω\Σ

ρadV =
∫
∂Ω

S ·dS +
∫
Ω

f dV +
∫
Σ

[
σκ+ (ṁ′′)2

(
1

ρv
− 1

ρl

)]
n dS. (1.44)

The first interfacial term, σκ, is the well-known Laplace pressure jump, while the second one

corresponds to the recoil pressure due to phase change, which is generally negligible, although this

should be assessed on a case-by-case basis. Thus, we write the momentum balance equation in the

compact form as (assuming uniform external body acceleration b):

ρa∆V =S+ρb∆V + f σ∆V (1.45)

with f σ = aγ f Σ,σ.

So far, no approximations have been introduced. However, the end goal of this derivation is to
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1.4. Momentum conservation

H = 1

H = 0

Centre of
curvature

H = 0

H = 1

Centre of
curvature

Figure 1.1 – Illustration of the curvature sign convention. Curvature is negative in the left configura-
tion and positive in the right one.

deduce a discrete form of the momentum conservation equation, which will be used to numerically

solve for the single-fluid velocity, i.e. a vector field, which smoothly varies from the liquid to the gas

side of the interface. Furthermore, this field is augmented at each time step with the projection

method of Chorin (1968) so that it satisfies Eq. 1.36 with phase change potentially giving rise to a

discontinuous velocity jump. Thus, the single-fluid solution should be understood as a discrete

projection of a tentative solution onto the space of vector functions satisfying Eq. 1.36; such a

solution will inevitably deviate in interfacial cells from the barycentric velocity ub (Eq. 1.35), which

would be obtained from a rigorous solution of the integrated momentum conservation equation.

Arguably, this situation permits us to introduce heuristic approximations, as long as the overall

method provides credible (i.e. verified and validated) results – this being the ultimate measure of

efficacy of a computational approach.

First, we apply product decomposition to the integrated momentum change:

ρa∆V = ρDu†

Dt
∆V = ρ

∫
Ω\Σ

(
∂u†

∂t
+ (u† ·∇)u†

)
dV

= ρ
∫
Ω\Σ

(
∂u†

∂t
+∇· (u† ⊗u†)− (∇·u†)u†

)
dV

= ρ
(

du†

d t
∆V +∑

i
(u† ⊗u†) ·ns,i∆Si − (∇·u†) u†∆V

)
.

(1.46)

Here, we have used the two-phase divergence theorem and two-phase transport theorem under

the assumption that u† is continuous across the phasic interface; for the last equality, product

decomposition was used again. This equation should be assumed to be a definition of u†; thus, it is

not an approximation in the true sense of this word. The actual approximation employed is:

u† = v . (1.47)

Note that, for cells away from the interface, u† ≡ v , ∇·v = 0, and the density is constant, making the

above manipulation is exact.

The second approximation lies in the treatment of the—yet undefined—integral stress tensor S.

Locally, under the assumption of stress symmetry, the stress tensor S can be represented with the

help of traceless decomposition as Bothe (2020):

S = 1

3
Tr(S) I+S◦ =−P I+µ

(
∇u + (∇u)>

)
. (1.48)
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Figure 1.2 – Viscosity ratio µ̃/µg as a function of liquid volume fraction for a water-like system with
µl /µg = 100 and ρl /ρg = 1000 calculated using three different heuristic mixing laws.

Here I is the identity matrix; we have defined the mechanical pressure P [Pa] and used the standard

closure for S◦ through dynamic viscosity [Pa·s] and velocity gradient. Considering that ∇·u is zero

on Ω \Σ, the mechanical pressure can be shown to be equal to the thermodynamic pressure p

(Bothe, 2020). Furthermore, taking the divergence of S gives:

∇·S =−∇p +∇· (µ∇u)+∇· [µ(∇u)>] =−∇p +∇· (µ∇u), (1.49)

exploiting tensor algebra, ∇·u = 0 and µ being locally constant to make the third term vanish. We

now assume that S can be expressed as follows:

S=
∫
∂Ω

S ·dS =∑
i

S ·ns,i∆Si =−∇Π ∆V +∑
i
µ̃∇v ·ns,i∆Si . (1.50)

Setting aside the difference in symbols (Π instead of p, µ̃ instead ofµ, v instead of u), this expression

can be recognised to be formally identical to the finite volume formulation of the integral stress

tensor for a single-phase, incompressible fluid. Indeed, in computational cells away from the

interface, these two expressions coincide, if we choose a closure for µ̃ satisfying:

µ̃=
µl if φ= 1 and

µg if φ= 0.
(1.51)

The following heuristic closures are commonly used in the literature (Prosperetti, 2002):

µ̃=φµl + (1−φ)µg , (1.52)

1

µ̃
= φ

µl
+ 1−φ

µg
, (1.53)

ρ

µ̃
= φρl

µl
+ (1−φ)ρg

µg
. (1.54)

For illustration, Fig. 1.2 shows the dependence of µ̃ on φ for a water-like system with µl /µg = 100
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1.5. Species transport

and ρl /ρg = 1000 calculated using these three mixing laws. The final form of the momentum

conservation equation reads:

ρ

(
d v

d t
∆V +∑

i
(v ⊗v ) ·ns,i∆Si − (∇·v ) v ∆V

)
=−∇Π ∆V +∑

i
µ̃∇v ·ns,i∆Si +ρb∆V + f σ∆V.

(1.55)

As a final note, the pressure Π is a quantity defined in the context of the numerical solution

process through the projection algorithm of Chorin (1968), detailed in Chapter 2. AlthoughΠ often

exhibits the same characteristics as the thermodynamic pressure p, this is not guaranteed by such

a definition. For this reason, the numerical pressure field must be interpreted carefully.

1.5 Species transport

We will consider species transport to occur only in the gas phase. Thus, we will develop Eq. 1.11 for

partial mass density of non-condensable gases (NCGs) b = (1−H )ρ̃n = (1−H )ερn . Here, ε [-] is the

volume fraction of NCGs in the gas phase: for ideal gases (the case considered here), this quantity is

equivalent to the species molar fraction, see Bureš (2018) for a more detailed discussion. Locally in

the gas, the flux j n is equal to:

j n = ρ̃nun = ερnug + j d ,n . (1.56)

Here, un is the continuum mechanical velocity of the species (Bothe, 2020), ug the gas barycentric

velocity and j d ,n the diffusive flux. We now define the gas volume-averaged velocity v g as:

v g = εun + (1−ε)uv . (1.57)

For simplicity, we have assumed that the gas is a binary mixture of two species, non-condensable

gases and vapour. In that case, it is valid that (Bothe, 2020):

j d ,v =− j d ,n (1.58)

and we can derive that:

v g = ug +
(

1

ρn
− 1

ρv

)
j d ,n . (1.59)

After straightforward algebraic manipulations:

j n = ερn v g +
ρg

ρv
j d ,n . (1.60)

Although the closure for the diffusive flux j d ,n is generally non-trivial (Bothe, 2020), we will consider

for simplicity the Fick’s law (Cussler, 1984):

j d ,n =−Dρg∇Y , (1.61)

where D is the binary diffusion coefficient of the mixture [m2/s] and Y = ρ̃n/ρg = ερn/ρg is the

NCG mass fraction [-]. With a bit of algebra, we can finally write:

j n = ερn v g −Dρn∇ε. (1.62)
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Chapter 1. Governing equations

Formally:

j b = (1−H)ρ̃nun = (1−H)
[
ερn v g −Dρn∇ε

]
. (1.63)

and Eq. 1.11 with the help of the two-phase divergence theorem and two-phase transport theorem

reads:

d

d t

∫
Ω

(1−H)ερndV +
∫
∂Ω

(1−H)
[
ερn v g −Dρn∇ε

]
·dS =

∫
Ω

qbdV +
∫
Σ

qΣ,b dS. (1.64)

There are no sources of (1−H)ερn in the bulk; at the interface, we use the jump condition (1.13):

qΣ,b = � j b ·n�−�b�wΣ = �(1−H)ρ̃nun ·n�−�(1−H)ρ̃n�wΣ. (1.65)

As there are no NCGs in the liquid, we can formally write:

qΣ,b = �(1−H)ρ̃nun ·n�−�(1−H)ρ̃n�wΣ = �ρ̃nun ·n�−�ρ̃n�wΣ = qΣ,n = 0; (1.66)

the last equality comes from the lack of NCG sources at the interface. We remark in passing that

this equality can be manipulated into the form:

ṁ′′ =−Dρg∇Y ·n

Y
=−Dρv∇ε ·n

ε
. (1.67)

Returning to the integral balance equation, we note that ρn being constant together with the

presence of the (1−H) multiplier in the flux term allow to approximate:∫
∂Ω

(1−H)ερn v g ·dS ≈ ρn
∑

i
εF g ,i = ρn

∑
i
ε
[

v ·ns,i∆Si −F l ,i

]
. (1.68)

with Fg ,i being gas surface flows. Similarly:

−
∫
∂Ω

(1−H)Dρn∇ε ·dS ≈−ρnD
∑

i
(1−φ)∇ε ·ns,i∆Si . (1.69)

Thus, the final form of the NCG transport equation after dividing by ρn is:

d [(1−φ)ε]

d t
∆V +∑

i
ε
[

v ·ns,i∆Si −F l ,i

]
=∑

i
(1−φ)D∇ε ·ns,i∆Si . (1.70)

Note that this derivation was more general than the situation assumed in the rest of the thesis,

where ρg = ρv = ρn , Y = ε and v g = ug = u. Nevertheless, the final form of the NCG transport

equations would be identical.

1.6 Temperature transport

Energy conservation is the only balance equation considered in PSI-BOIL in a differential form.

Taking b = ρe and j b = j q −uS> in the generic balance equation and subtracting the kinetic-energy

balance equation gives (Bothe, 2020):

∂(ρe)

∂t
+∇· (ρeu + j q ) =∇u : S inΩ\Σ and (1.71)�

(−ṁ′′)
[

e + (u −wΣ)2

2

]�
−

�
(u −wΣ) · (Sn)

�
+� j q ·n� = 0 on Σ. (1.72)
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1.6. Temperature transport

Here, e is the internal energy density [J/m3] and j q the conductive heat flux [W/m2]. We have

assumed no internal heating and neglected surface inertia and spatial variation, as well as work of

species diffusion; furthermore, we will neglect heat generation due to viscous stress work, which

is reasonable as long as the kinetic energy is small in comparison to the flow enthalpy and/or

conductive heat diffusion. The term on the right-hand side can be then expressed as:

∇u : S ≈−∇u : (pI) =−p(∇·u) (1.73)

and the jump condition as:

0 =
�

(−ṁ′′)
[

e + (u −wΣ)2

2

]�
−

�
(u −wΣ) · (Sn)

�
+� j q ·n�

≈−�ṁ′′e�+
�

(u −wΣ) · (pIn)
�
+� j q ·n�

=−�ṁ′′e�−
�

ṁ′′

ρ
p

�
+� j q ·n� =−�ṁ′′h�+� j q ·n�.

(1.74)

Here, h = e +p/ρ is the enthalpy density; we have also neglected the interfacial jump in kinetic

energy, which is in general small in comparison to the latent heat of phase transition. We will also

express the conductive heat flux based on the linear closure by the standard Fourier’s law. Then, the

energy conservation equation reads:

∂(ρe)

∂t
+∇· (ρeu) =∇· (λ∇T )−p(∇·u) =λ∇2T −p(∇·u) inΩ\Σ and (1.75)

�λ∇T ·n� =−ṁ′′�h� = ṁ′′L on Σ, (1.76)

with T being the temperature [K], λ the thermal conductivity [W/(m·K)] assumed constant within

both phases and L the latent heat of vaporisation [J/kg]. From the second equation, we can deduce

the mass transfer closure law:

ṁ
′′′ = aγ

1

L

(
λl∇T |γ,l ·n −λg∇T |γ,g ·n

)
. (1.77)

To simplify the energy conservation equation in the bulk, we use steps analogous to those used to

manipulate the momentum equation to obtain:

ρ
De

Dt
=λ∇2T −p(∇·u). (1.78)

Following basic thermodynamic relations (Sonntag et al., 1998):

ρ
De

Dt
= ρDh

Dt
− Dp

Dt
+ p

ρ

Dρ

Dt
= ρcp

DT

Dt
+

[
1−ρT

(
∂(1/ρ)

∂T

)
p

]
Dp

Dt
− Dp

Dt
+ p

ρ

Dρ

Dt

=Cp
DT

Dt
−ρT

(
∂(1/ρ)

∂T

)
p

Dp

Dt
−p(∇·u).

(1.79)

In this equation, cp is the specific isobaric heat capacity [J/(kg·K)] with Cp = ρcp being the volu-

metric isobaric heat capacity [J/(m3·K)]. We have again used the continuity equation to simplify

the last term. Neglecting the compressibility effect, we can finally write the temperature-transport

equation:

Cp

(
∂T

∂t
+∇· (T u)−T (∇·u)

)
=λ∇2T inΩ\Σ. (1.80)
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Chapter 1. Governing equations

This equation is valid independently for the two phases separated by the phasic interface. We

also impose continuity of temperature across the interface as a simple closure connecting the two

phases; furthermore, we assume the thermostatic equilibrium condition, prescribing:

Tγ = Ts(pv ), (1.81)

i.e. the temperature of the interface is equal to the saturation temperature at the local vapour partial

pressure. With the help of the approximated Clausius-Clapeyron relation (Koutsoyiannis, 2012) and

the equality of pressure and volume fractions for ideal gases, this expression can be manipulated to

deduce the dependence of the interfacial temperature Tγ on the local NCG volume fraction εγ as:

T CC
γ = T0

/(
1− RmT0

L
ln(1−εγ)

)
. (1.82)

Here, Rm [J/(kg·K)] is the specific gas constant of the condensing species (liquid vapour) and T0

the saturation temperature at given system pressure. Note that the accuracy of Eq. 1.82 depends on

the correct estimation of the latent heat L, since this quantity is generally dependent on interfacial

temperature. If material-specific constants are available, a model based on the Antoine equation

(Thomson, 1946) can also be derived:

T An
γ = 273.15+B

/(
B

C + (T0 −273.15)
− log10(1−εγ)

)
−C , (1.83)

where B and C are Antoine equation coefficients.

Note that the above-presented formalism for mass-transfer rate neglects any effects of surface

tension, liquid viscosity and inertia (Scriven, 1959; Faghri and Zhang, 2006). However, this treatment

is considered adequate for all but the earliest stages of bubble growth (Forster and Zuber, 1955;

Scriven, 1959). Additionally, it must be remarked that, in the vicinity of the solid wall, the simple

thermostatic equilibrium assumption does not represent a sufficient closure. Due to the importance

of the near-wall heat transfer in this work, this issue is addressed in detail in Chapter 6.

1.7 Summary

In this chapter, the governing equations solved numerically by PSI-BOIL have been derived and the

underlying assumptions and simplifications have been discussed. The equations are summarised

below for completeness. Note that we will drop the overline for brevity and use customary symbols

(i.e. u rather than v , p instead of Π) from this point onwards; in spite of this, the fact that all

quantities are defined on a finite grid and do not necessarily have a point-value meaning must be

remembered.

1. Interface tracking:
dφ

d t
=− 1

∆V

∑
i

Fl ,i −
ṁ′′′

ρl
. (1.84)

2. Volume conservation: ∑
i

ui∆Si = ṁ′′′
(

1

ρv
− 1

ρl

)
∆V. (1.85)
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1.7. Summary

3. Momentum conservation:

ρ

(
du

d t
∆V +∑

i
(u ⊗u)i∆Si − (∇·u) u ∆V

)
=−∇p ∆V +∑

i
µ(∇u)i∆Si +ρb∆V +σκaγn∆V.

(1.86)

4. Species transport:

d [(1−φ)ε]

d t
∆V +∑

i
ε
(
ui∆Si −Fl ,i

)
=∑

i
(1−φ)D(∇ε)i∆Si . (1.87)

5. Temperature transport:

Cp,l

(
∂T

∂t
+∇· (T ul )−T (∇·ul )

)
=λl∇2T in the liquid, (1.88)

Cp,g

(
∂T

∂t
+∇· (T ug )−T (∇·ug )

)
=λg∇2T in the gas, (1.89)

T = Tγ(ε) at the interface. (1.90)

6. Mass-transfer closure law:

ṁ′′′ = aγ
1

L

(
λl∇T |γ,l ·n −λg∇T |γ,g ·n

)
. (1.91)

These equations have been used in PSI-BOIL before in essentially the same form (Sato and Ničeno,

2013; Bureš and Sato, 2020a). However, the numerical implementation has been changed signifi-

cantly during this project. Furthermore, the original version of PSI-BOIL was applicable only to

three-dimensional Cartesian grids. During this PhD project, the range of applicability is extended

to one-dimensional and two-dimensional Cartesian and, most importantly, to cylindrical axisym-

metric grids. In Chapter 2, the numerical method used for momentum conservation and interface

tracking in the absence of phase change is presented, together with the results of verification and

validation. The extension to the case involving mass transfer and species transport is described in

Chapter 3. Finally, the details of fluid-solid domain coupling are given in Chapter 4.
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2 Adiabatic multiphase flows

Historically, interface tracking in PSI-BOIL had been achieved by solving a transport equation for a

smeared colour function based on the third-order Constrained Interpolation Profile/Conservative

Semi-Lagrangian (CIP-CSL2) scheme (Nakamura et al., 2001) coupled with the sharpening scheme

of Olsson and Kreiss (2005) (Sato and Ničeno, 2012a). Although the CIP-CSL2 scheme is mass-

conservative, which is advantageous for the simulation of flows with phase change, it is unsuitable

for DNS-BRM for the following main reasons:

1. Smeared interface. As demonstrated in Fig. 2.1a, the use of a smeared colour function results

in the transition zone between the liquid and gas phases having a finite thickness of ∼3-5

cells. Although this is acceptable in the bulk, it would adversely influence the representation

of the microlayer in the simulation, considering that the microlayer itself is expected to have

a thickness on the order of several cells when grid spacing of 0.5-1 µm is employed.

2. Ill-posed wall boundary conditions of the sharpening scheme. The thickness of the transition

zone is controlled by a sharpening scheme, which is well-defined in the bulk of the domain.

Near walls, however, the sharpening scheme must be deactivated (Sato and Ničeno, 2012b),

resulting in the smearing of the interface at the solid boundary. This is in conflict with the

need for accurate representation of the wetting phenomenon, which is considered to be vital

for capturing the microlayer dynamics.

Therefore, we have decided to replace the CIP-CSL2 scheme with a different interface tracking

method (ITM), namely the geometric Volume-of-Fluid (VOF) method. This is a well-established,

inherently mass-conservative ITM; it is able to delineate the two phases in a sharp manner, reducing

the thickness of the transition zone to one cell (see Fig. 2.1b) and capturing the position of the

interface with subgrid accuracy.

In this chapter, the computational approach developed for the implementation of the geometric

VOF method in axisymmetric cylindrical coordinates without the presence of phase change is

described, together with the results of the subsequent verification and validation effort. The

methods used to solve the momentum and volume conservation equations are also presented,

although only small modifications with respect to the existing version—mainly related to the

addition of the axisymmetric coordinate system—have been introduced. The VOF interface tracking

method for two- and three- dimensional Cartesian geometries has also been implemented during

the project; this has been done using conventional techniques (Scardovelli and Zaleski, 2000, 2003;

López et al., 2009; Weymouth and Yue, 2010) and differs from the axisymmetric case only in details.
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(a) Smeared interface (CIP-CSL2). (b) Sharp interface (geometric VOF).

Figure 2.1 – Representation of two phases using volume fraction; red: liquid, blue: gas, remaining
colours: transition zone.

As the development of the method for axisymmetric coordinates has been the main goal of our

effort, the Cartesian case is covered here only in passing.

The text of this chapter is partially adapted from Bureš et al. (2021):

• Bureš, L., Sato, Y., and Pautz, A. (2021). Piecewise linear interface-capturing volume-of-

fluid method in axisymmetric cylindrical coordinates. Journal of Computational Physics,

436:110291.

Note that, in Bureš et al. (2021), opposite sign conventions for n and κ are used than in this thesis,

i.e. normal vector is taken to be positive if it points to the gas and κ is positive if the centre of

curvature is in the gas.

2.1 Adiabatic flow solution algorithm

In the framework of two-phase, single-component incompressible adiabatic flows, the canonical

solution algorithm couples the interface-tracking method with the solution of the momentum

conservation equation and enforcement of the volume conservation condition. Using first-order

discretisation in time and neglecting phase change, we write Eqs. 1.84 and 1.86 as:

φn+1 =φn − ∆t

∆V

∑
i

F n
l ,i , (2.1)

ρn
(

u?−un

∆t
∆V +∑

i
(un ⊗un)i∆Si − (∇·un) un ∆V

)
=−∇pn ∆V +∑

i
µn(∇u?)i∆Si +ρn g∆V + f n

σ∆V.
(2.2)

Here, ∆t is a discrete time step. Furthermore, we have assumed that the only body force acting in

the domain is gravity with g being gravitational acceleration. In the discretisation of the momentum

equation, the advection term was discretised using the forward Euler method and the diffusion term

using the backward Euler method. The star superscript indicates that the velocity field resulting

28



2.2. Literature review for the VOF method

from the solution of Eq. 2.2 is only tentative, since it does not respect volume conservation. This

condition is enforced by the projection algorithm of Chorin (1968), which consists of solving the

discrete Poisson equation for the increment of pressure p, which has been undefined until this

point: ∑
i

∆t

ρn ∇(
∆pn+1) ·∆S i =

∑
i

u? ·∆S i , (2.3)

followed by taking the projection step:

un+1 = u?− ∆t

ρ
∇(
∆pn+1), (2.4)

pn+1 = pn +∆pn+1. (2.5)

Evidently, the resulting velocity un+1 will be volume-conservative.

The overall solution algorithm can be summarised in the procedural steps listed below:

Step 1. Advance the volume fraction distribution by solving Eq. 2.1 using the geometric VOF

advection scheme.

Step 2. Calculate curvatures and surface tension force.

Step 3. Solve the momentum conservation equation (2.2) to obtain a tentative velocity field.

Step 4. Solve the Poisson equation for pressure, Eq. 2.3, and project the tentative velocity field

onto a volume-conservative one using Eq. 2.5.

Step 5. Advance the time step, and go back to Step 1.

All steps are described individually below in the same order as they appear in the algorithm;

the geometric VOF scheme consists of two inter-connected steps, interfacial reconstruction and

volume-fraction advection. They are treated separately after a brief literature of the state of the field

is given. Note that, although the algorithm was formulated in a single-pass manner, in-time-step

iterations are possible.

2.2 Literature review for the VOF method

The main focus of the VOF method is the resolution of the surface flows Fl ,i in Eq. 2.1. The

original algebraic VOF method (Hirt and Nichols, 1981), and many of its successors (Rudman,

1997; Ubbink and Issa, 1999), attempt to do so within the framework of the solver: i.e. without

recourse to independent reconstruction of the interface. As a result, the interface region will

have a finite thickness, determined by the underlying degree of grid refinement, often covering

several computational cells. Thus, the algebraic VOF method is similar to the CIP-CSL2 scheme. In

contrast, geometric VOF methods involve advective transport of the volume fraction field based on

a geometrical reconstruction of the interface within the computational cells. Typical reconstruction

techniques include the simple linear interface calculation (SLIC) (Noh and Woodward, 1976), which

crudely assumes that the interface is parallel to one of the cell faces, and the more advanced

piecewise linear interface calculation (PLIC) (Youngs, 1982), which reconstructs the interface as one

or multiple lines (in 2D), or one or multiple planes (in 3D), with arbitrary orientation with respect

to that of the computational cells. Advection of the interface, i.e. the computation of the surface

29



Chapter 2. Adiabatic multiphase flows

flows, can then be simulated using directional-split or unsplit schemes: in the former approach,

the phasic volume is transported in one direction at a time (Bna et al., 2013), while in the latter

approach it is transported in all directions simultaneously (Bna et al., 2013; Comminal et al., 2015).

Geometric PLIC-VOF methods were originally developed only for structured Cartesian meshes,

due to the difficulty in deriving appropriate interface reconstruction formulae. Subsequently,

however, the methods have been extended to axisymmetric cylindrical (Kothe et al., 1999), full cylin-

drical (Mehrabadi and Bussmann, 2006), and axisymmetric spherical (Fan and Bussmann, 2013;

Mehrabian et al., 2014) structured geometries. PLIC-VOF methods have also been implemented

on unstructured meshes at various levels of geometrical complexity, (Liovic et al., 2006; Jofre et al.,

2010; Huang et al., 2012; Maric et al., 2013; Jofre et al., 2014; Ivey and Moin, 2017; Dai and Tong,

2018; Maric et al., 2018; López et al., 2019); see also the recent review by Maric et al. (2020).

The interfacial geometry is usually described in terms of the pair {n,β}, where the unit vector

normal to the interface n is complemented by the line (plane) constant β [-] satisfying the equation:

n · x =β, (2.6)

in which x is the vector of coordinates. Under the assumption that the normal vector is calculated

via a numerical scheme, the volume fraction φ can be computed from β and n alone. This is the

so-called forward reconstruction, which can be formally represented as:

φ= ffwd(β;n). (2.7)

Conversely, β can be computed from φ and n using the inverse reconstruction:

β= finv(φ;n). (2.8)

Here, “forward” and “inverse” are chosen as descriptive labels only, which does not imply that the

forward reconstruction is performed first, followed by the inverse reconstruction. Instead, both

inverse and forward reconstruction are used in different parts of the overall PLIC-VOF advection

algorithm: the former for positioning of the interface after volume fraction advection, and the latter

typically for the calculation of fluid fluxes during the advection step (Scardovelli and Zaleski, 2000).

For rectangular, cuboidal, triangular and tetrahedral meshes, simple relations connecting the

volume fraction φ and the interfacial geometry exist, see e.g. Scardovelli and Zaleski (2000, 2003);

Yang and James (2006), and both the forward and inverse reconstructions can then be implemented

analytically. The geometrical complexity associated with arbitrary interfaces intersecting general

non-Cartesian meshes presents a challenge to the derivation of analogous relations in this context.

Although Dyadechko and Shashkov (2005) proved that relation (2.8) is strictly monotonic, and

that the pair {n,φ} is sufficient to compute β, no analytical relation for the inverse reconstruction

currently exists for an arbitrarily shaped cell (Maric et al., 2020). Thus the inverse problem is usually

solved using either an iterative root-finding algorithm or by use of a bracketing method (Maric

et al., 2020). The pioneering work on this topic is the algorithm of Rider and Kothe (1998) and

Kothe et al. (1999), which uses bracketing to obtain an initial guess followed by a Brent iteration

(Brent, 1971). The iterative step within this algorithm was later replaced by a direct analytical

solution utilising the results of the bracketing procedure (López and Hernandez, 2008). A similar

semi-analytic approach was developed by Diot et al. (2014) for 2D planar and axisymmetric convex

cells of arbitrary shape, and later extended to arbitrary convex 3D cells (Diot and François, 2016);
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2.3. Interface reconstruction in axisymmetric geometry

however, a Newton iteration was still necessary in axisymmetric geometry. The bracketing-analytic

approach was further optimised by López et al. (2016), and extended to non-convex polyhedra by

the same authors (López et al., 2019).

A specific example of a reconstruction method is the Moment-of-Fluid (MoF) reconstruction of

Dyadechko and Shashkov (2005) and Ahn and Shashkov (2008), which has the ability to reconstruct

the interface without reference to the details of the neighbouring cells, relying only on the volume

fraction within the cells and geometric centroids of the phasic volumes; i.e. the first and second

moments of the volume fraction distribution (Dyadechko and Shashkov, 2005). The MoF recon-

struction algorithm involves minimisation of an objective function quantifying the distance of the

reconstructed centroid to the tracked one; the original scheme employed a bracketing-analytic

approach within the iterative procedure (Dyadechko and Shashkov, 2005). This technique was later

extended to axisymmetric and full cylindrical coordinates by Anbarlooei and Mazaheri (2011) and

Friess et al. (2011). The MoF reconstruction was also further enhanced by introducing analytical

expressions for the objective function gradient relations for convex polyhedra (Chen and Zhang,

2016), 3D rectangular hexahedra (Milcent and Lemoine, 2020), and general polyhedra, as well as for

axisymmetric polygons (Lemoine, 2020). For 2D Cartesian meshes, Lemoine et al. (2017) were able

to replace the minimisation procedure by a direct inversion; the roots of the polynomials arising in

the solution process were found iteratively followed by a posteriori elimination of the unsuitable

ones. Although the authors hinted at application to rectangular meshes in other geometries, only

2D Cartesian meshes were treated in detail by Lemoine et al. (2017). Note that the MoF method

conceptually differs from the classical VOF approach due to the added necessity to explicitly track

the advection of the phasic geometric centroids (Dyadechko and Shashkov, 2005).

The iterative procedures usually employed for the inverse reconstruction, without the need for

semi-analytical techniques, have also been developed further. These include the secant/bisection

method proposed by Ahn and Shashkov (2007, 2008), which remains in common use today (Chen

and Zhang, 2019), and the efficient Predicted-Newton method of Chen and Zhang (2019).

In spite of the advancements in the development of solution techniques for the inverse reconstruc-

tion problem, a direct analytic solution still offers clear benefits in terms of speed and accuracy.

For this reason, we have first implemented the Cartesian reconstruction algorithm of Scardovelli

and Zaleski (2000, 2003) and then developed a novel implementation of the PLIC-VOF method

in axisymmetric cylindrical coordinates including a closed-form analytic solution of the inverse

reconstruction.

2.3 Interface reconstruction in axisymmetric geometry

Axisymmetric representation of a three-dimensional object corresponds to its projection on a

two-dimensional x-z plane, with x representing the radial and z the axial coordinate, respectively.

This transformation is shown schematically in Fig. 2.2. It can be seen that a “linear” interface in

an axisymmetric cylindrical geometry is, in the general case, a conical shell with the two extremes

being a disc perpendicular to the z-axis and a cylindrical shell. Furthermore, projected rectangular

cells represent hollow cylinders in three dimensions (see Fig. 2.2).

Within this framework, it is possible to define an area fraction, or colour function, c , of the projection

with respect to a given reference control area. Due to the radius effects, the colour function is not

equal to the volume fraction; nonetheless, c is a convenient variable to describe the interfacial
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cutting interface volumetrically-split cell
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dimensional
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Figure 2.2 – Schematic representation of the projection of a typical computational cell in axisym-
metric cylindrical geometry onto a two-dimensional x-z plane, with x representing the radial and z
the axial coordinate, respectively.
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Figure 2.3 – Schematic representation of the ‘standardisation’ of the interfacial geometry.
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geometry, as it allows us to re-use the theoretical framework developed for 2D Cartesian configu-

rations, for which c ≡φ, which also holds in three dimensions. Specifically, we can treat the x-z

projections of the computational cells as rectangular cells in a 2D Cartesian geometry. As shown in

Fig. 2.3, we can then translate, rotate/mirror and rescale the projected geometry such that Eq. 2.6

becomes:

m1ξ1 +m2ξ2 =α, (2.9)

where m1 ≥ 0, m2 ≥ 0, m1 +m2 = 1, ξ1,2 ∈ [0,1] and α ∈ [0,1]. For the example illustrated in Fig. 2.3,

|nz | > |nx |, nx < 0, and nz > 0. Thus, using basic geometric manipulations:

m1 = |nz |∆z

|nz |∆z +|nx |∆x
, m2 = |nx |∆x

|nz |∆z +|nx |∆x
, ξ1 = 1− z − z0

∆z
, ξ2 = x −x0

∆x
.

with x0 = (x0, z0) and ∆x = (∆x,∆z), as shown in Fig. 2.3. This ‘standardised’ representation of

the interfacial geometry was first presented by Gueyffier et al. (1999) and Scardovelli and Zaleski

(2000) and makes use of the invariance of c with respect to the mirroring of the PLIC-line. With

this representation, the results derived by Scardovelli and Zaleski (2000) are valid, and will only be

reproduced verbatim here for the sake of completeness:

c = α2

2m(1−m)
for 0 ≤α<α1, (2.10)

c = 1

1−m

(
α− m

2

)
= α

1−m
− c1 for α1 ≤α≤ 1

2
, (2.11)

α=
√

2m(1−m)c for 0 ≤ c < c1, (2.12)

α= (1−m)c + m

2
= (1−m)(c + c1) for c1 ≤ c ≤ 1

2
, (2.13)

α1 = m, (2.14)

c1 = m

2(1−m)
, (2.15)

where m = min(m1,m2). Equations 2.10 and 2.11 represent the solution of the forward problem

in 2D Cartesian geometry: that is, calculating the area fraction c from the line constant α given a

vector m according to c = ffwd(α;m). Equations 2.12 and 2.13 represent the solution of the inverse

problem in 2D Cartesian geometry: that is, calculating the line constant α from the area fraction c

given a vector m according to α= finv(c;m).

Even though the functions ffwd and finv are monotonic (Scardovelli and Zaleski, 2000; Maric et al.,

2020), it can be seen that both the forward and the inverse problems feature two solution branches.

The transition between these branches occurs at the point [α1,c1]. The values of these two param-

eters can be found by equating the two branches of the solution, i.e. by solving (2.10)=(2.11) and

(2.12)=(2.13).

Furthermore, it can be seen that Eqs. 2.10-2.13 are valid only on the intervals c ∈ [0,1/2] and

α ∈ [0,1/2]. The complementary solutions of the problems for which c ∈ (1/2,1] and α ∈ (1/2,1] can

be achieved simply by point reflection around [1/2,1/2] as:

c(α,m) = c̃(α̃,m̃) = 1− c(1−α,m), (2.16)

α(c,m) = α̃(c̃,m̃) = 1−α(1− c,m), (2.17)

as described by Scardovelli and Zaleski (2000). The above relations should be understood as
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x

z

0

x0
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∆xc

η0 = x0
∆x

ηc = xc
∆x = η0 + ∆xc

∆x

ηs = xs
∆x = η0 + 1

2

ξc,x = ∆xc
∆x

ξs,x = ∆xs
∆x = 1

2

∆x

c

Figure 2.4 – Schematic representation of the nomenclature used to describe the geometry. Note
that while the areas to the left of x = xs and to the right of it are the same, their respective volumes
of revolution are not equal due to the radius effects.

descriptions of the transformations:

c → c̃ = 1− c,

α→ α̃= 1−α,

m → m̃ = m,

which is equivalent to the swapping of the two phases in any given cell.

2.3.1 Forward problem in axisymmetric geometry (calculate φ fromα and n)

With reference to Fig. 2.4, the relation between the volume fraction φ in axisymmetric geometry

and the area fraction or colour function c in its two-dimensional projection is given by the Second

Theorem of Pappus (Zwillinger, 2002) as:

φ= c
ηc

ηs
= c

η0 +ξc,x

η0 +ξs,x
= c

η0 +ξc,x

η0 +1/2
≡ K (α,n,η0) · c, (2.18)

where ηc = xc /∆x is the reduced radial coordinate of the geometric centroid of the orange-coloured

area; likewise, ηs is the reduced radial coordinate of the geometric centroid of the bounding cell in

the x-z coordinate system. The parameter η0 is then the reduced radial coordinate of the inward

cell face, i.e. the face closer to the axis of symmetry. Also, ξc,x and ξs,x are the reduced in-cell radial

coordinates, these assuming values between 0 and 1. Again, the meanings of the individual symbols

are illustrated in Fig. 2.4.

With the help of the basic geometrical definitions, the following relations can be derived for the
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geometric centroid of the orange-coloured area in the standardised geometry described above:

ξc = (ξc,1,ξc,2) = α

3

(
1

m1
,

1

m2

)
, 0 ≤α< m1; (2.19)

ξc = (ξc,1,ξc,2) = 1

3

(
3α−2m1

2α−m1
,

1

m2

[
(2α−m1)− α−m1

2α−m1
α

])
, m1 ≤α≤ 1

2
; (2.20)

with m1 ≤ m2, and with ξc,i associated with its respective mi for i ∈ {1,2}. As the correspondence

between ξc,x in the real geometry and either ξc,1 or ξc,2 in the standardised representation is

orientation dependent, four cases must be distinguished, based on the conditions |nx |≶ |nz | and

nx ≷ 0. Here nx is the original x-component of the normal vector: |nx | ≤ |nz | results in ξc,x = ξc,1

and |nx | > |nz | results in ξc,x = ξc,2; nx > 0 results in the transformation ξc,x → 1− ξc,x . As an

example, in the configuration shown in Fig. 2.4, |nx | < |nz | and nx < 0, implying m1 = mx , m2 = mz ,

and ξc,x = ξc,1.

Table 2.1 lists the ξc,x values for all given cases. With ξc,x known in all cases in terms of the interface

geometry, Eq. 2.18, together with Eqs. 2.10 and 2.11, represent the solution of the forward problem

in axisymmetric geometry: i.e. φ= ffwd(α;n,η0), for α≤ 1/2.

Table 2.1 – Values of ξc,x for Eq. 2.18.

mx ≤ mz mx > mz

nx ≤ 0

ξc,x = α

3mx
, 0 ≤α< mx

ξc,x = 1

3

3α−2mx

2α−mx
, mx ≤α≤ 1

2

ξc,x = α

3mx
, 0 ≤α< mz

ξc,x = 1

3mx

[
(2α−mz )− α−mz

2α−mz
α

]
, mz ≤α≤ 1

2

nx > 0

ξc,x = 3mx −α
3mx

, 0 ≤α< mx

ξc,x = 1

3

3α−mx

2α−mx
, mx ≤α≤ 1

2

ξc,x = 3mx −α
3mx

, 0 ≤α< mz

ξc,x = 1

3mx

[
(3mx −2α+mz )+ α−mz

2α−mz
α

]
, mz ≤α≤ 1

2

2.3.2 Inverse problem in axisymmetric geometry (calculateα from φ and n)

The solution of the inverse problem, α= finv(φ;n,η0), is dependent on the geometric orientation

of the interface with respect to the coordinate system, and must be developed independently for

the four cases listed in Table 2.1. Table 2.2 presents a summary of the different branches of the

solution of the inverse problem for axisymmetric geometry for φ≤φmax. The parameter φmax is

case-dependent, and can be calculated by solving the forward problem according to:

φmax = ffwd(1/2;n,η0) = K (1/2;n,η0) · cmax = K (1/2;n,η0)

2
. (2.21)

This is in direct analogy with the Cartesian situation, for which cmax is given simply by cmax = 1/2.

Table 2.3 lists the auxiliary values required for the individual branches. As illustration, the solution

process is described for one of the branches in Appendix A.
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Table 2.2 – Solution of the inverse problem for axisymmetric geometry for φ≤φmax.

α(φ)

mx ≤ mz

nx ≤ 0

φ<φtr

φ<φcrit

(
Mφcrit

2

)1/3[
−1+2cos

(
ϕ0

3
+ π

6

)]
φ<φtr

φ≥φcrit

(
M

2

)1/3[
φ1/3

crit +
{

2φ−φcrit +2
√
φ

(
φ−φcrit

)}1/3

+
{

2φ−φcrit −2
√
φ

(
φ−φcrit

)}1/3]
φ≥φtr mzφ+ mx

2

η0 +2/3

η0 +1/2

mx ≤ mz

nx > 0

φ<φtr −
(

Mφcrit

2

)1/3[
−1+2sin

(
ϕ0

3

)]
φ≥φtr mzφ+ mx

2

η0 +1/3

η0 +1/2

mx > mz

nx ≤ 0

φ<φtr

φ<φcrit

(
Mφcrit

2

)1/3[
−1+2cos

(
ϕ0

3
+ π

6

)]
φ<φtr

φ≥φcrit

(
M

2

)1/3[{
2φ−φcrit +2

√
φ

(
φ−φcrit

)}1/3

+
{

2φ−φcrit −2
√
φ

(
φ−φcrit

)}1/3

−φ1/3
crit

]

φ≥φtr
1

2

[
mz −2mxη0 +

√
4m2

xη
2
0 +8m2

x

(
η0 + 1

2

)
φ− 1

3
m2

z

]

mx > mz

nx > 0

φ<φtr −
(

Mφcrit

2

)1/3[
−1+2sin

(
ϕ0

3

)]

φ≥φtr
1

2

[
mz +2mx

(
η0 +1

)
−

√
4m2

x

(
η0 +1

)2

−8m2
x

(
η0 + 1

2

)
φ− 1

3
m2

z

]

2.3.3 Complementary problem in axisymmetric geometry

So far, only the cases 0 ≤α≤αmax = 1/2 and 0 ≤φ≤φmax = ffwd(1/2;n,η0) have been considered.

To extend the solution to the full intervals α ∈ [0,1] and φ ∈ [0,1], we can use the principle of

complementarity, analogously to the two-dimensional Cartesian situation of Scardovelli and Zaleski

(2000). The equalities (analogous to Eqs. 2.16 and 2.17):

φ(1−α,−n,η0) = 1−φ(α,n,η0), and (2.22)

α(1−φ,−n,η0) = 1−α(φ,n,η0), (2.23)

hold, as the swapping of the two phases in a given cell is equivalent to the transformation:

φ→ φ̃= 1−φ,

α→ α̃= 1−α,

c → c̃ = 1− c,

n → ñ =−n,

η0 → η̃0 = η0.

Equation 2.22 is then a representation of the statement that the sum of the volume fractions of both

phases is equal to one. To prove Eq. 2.23, we use the fact that Eq. 2.17 corresponds to the same
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Table 2.3 – Auxiliary values required for the inverse problem for axisymmetric geometry.

mx ≤ mz mx > mz

nx ≤ 0

φtr = mx

2mz

η0 +1/3

η0 +1/2

φcrit = 2mx

3mz

η3
0

η0 +1/2

φtr = mz

2mx

η0 +mz /3mx

η0 +1/2

φcrit = 2mx

3mz

η3
0

η0 +1/2

nx > 0

φtr = mx

2mz

η0 +2/3

η0 +1/2

φcrit = 2mx

3mz

(η0 +1)3

η0 +1/2

φtr = mz

2mx

η0 +1−mz /3mx

η0 +1/2

φcrit = 2mx

3mz

(η0 +1)3

η0 +1/2

All
cases

M = 3m2
x mz

(
η0 + 1

2

)

ϕ0 = arcsin

(
1− 2φ

φcrit

)
, φmax = K (1/2,n,η0)

2

mx = |nx |∆x

|nx |∆x +|nz |∆z
, mz = |nz |∆x

|nx |∆x +|nz |∆z

transition, and so:

α(φ,n,η0) =α[c(φ;n,η0),n,η0] = α̃[c̃(φ̃; ñ,η0), ñ,η0] = 1−α[c̃(φ̃; ñ,η0), ñ,η0]

= 1−α(φ̃, ñ,η0) = 1−α(1−φ,−n,η0).
(2.24)

The relation c = f (φ;n,η0) is not developed specifically here, since it is not needed in the formula-

tion, though it could be derived by analogy to the other derivations presented. For the proof to hold,

however, it is sufficient to realise that such a relation exists and is unique. Using Eqs. 2.22 and 2.23,

solution of the inverse problem can now be extended to the full intervals α ∈ [0,1] and φ ∈ [0,1].

2.3.4 Normal vector calculation and global iterative reconstruction

In the interface reconstruction procedure described above, knowledge of the normal vector is a

pre-requisite for the solution of both the forward and inverse problems. In Cartesian geometry,

algorithms for calculating n based on a φ-value stencil are widely available; e.g. via the Young

method (Aulisa et al., 2007), the Centred Columns method (Aulisa et al., 2007), LVIRA (Pilliod and

Puckett, 2004; Aulisa et al., 2007) or ELVIRA (Pilliod and Puckett, 2004). In axisymmetric geometry,

the colour function c must be obtained from the volume fraction φ in order to accurately calculate

the normal vector, since c, rather than φ, characterises the geometry of the interface. An iterative

technique is therefore used to compute c and reconstruct the full geometry: i.e. to determine the

complete (n, α) pair, especially since the normal vector in general depends on the values of c in

multiple cells. The iterative reconstruction algorithm has been implemented according to the

following prescription, in which subscripts indicate the iteration count.

Step 1. Set c0 =φ everywhere.

Step 2. Calculate the normal vector field n0(c0) under this assumption.
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Step 3. Solve the inverse problem α0 = finv(φ,n0) for the line-constant field.

Step 4. Calculate c1 (Eqs. 2.10 and 2.11).

Step 5. Calculate the updated normal vector field n1(c1).

Step 6. Solve the forward problem φ?0 = ffwd(α0,n1) to obtain an estimate of the volume fraction

field, given the current (α,n) pair.

Step 7. If the chosen cost function Err(φ?0 ,φ) < ε, with ε being a prescribed tolerance, terminate

the iteration. Candidate cost functions include the L2-norm (N is the total number of grid

cells):

L2-error =
√√√√ 1

N

N∑
i=1

(
φ?0,i −φi

)2, (2.25)

or the L∞-norm:

L∞-error = max
∀ cells

|φ?0 −φ|. (2.26)

Step 8. If not satisfied, increment the iteration count and go back to Step 3.

The ELVIRA algorithm of Pilliod and Puckett (2004) has been implemented for the n calculations in

axisymmetric cylindrical and two-dimensional Cartesian geometries, due to its overall accuracy, and

its ability to reconstruct any linear interface exactly (Pilliod and Puckett, 2004). For the calculations

in three-dimensional Cartesian geometries, the Mixed Young/Centred Columns method of Aulisa

et al. (2007) has been chosen due to its simplicity.

2.4 Volume fraction advection

We have adopted the directional-split method (Bna et al., 2013) for the flow calculations in the

solution of the VOF advection equation (2.1) based on the interfacial reconstruction calculations

described in the previous section. We have implemented both the sequential flux-splitting approach

with independent splitting and the bounded conservative flux-splitting approach described by

Weymouth and Yue (2010) and then extended it for application to axisymmetric geometry. In the

former method, the flux in each direction is calculated independently, and large undershoots and

overshoots of the volume fraction (i.e. values outside the physically meaningful interval [0,1]) can

occur. The latter method was designed to resolve this problem (Weymouth and Yue, 2010); however,

it requires solving the inverse reconstruction problem after each directional sweep, and introduces

a corrective term to account for the non-zero divergence of the individual velocity components; see

Weymouth and Yue (2010) for a detailed discussion.

For both approaches, the liquid volume advected in the given direction (either x or z) must be

calculated for each cell to obtain the flux value. To this end, the forward reconstruction problem

must be solved within a segment of the computational cell delineated by the so-called cut-cell

fraction (CCF), which is calculated in 3D Cartesian VOF formulations according to (Weymouth and

Yue, 2010):

CCFcart,s = us∆t

∆s
, (2.27)

in which us is the advective velocity in the direction s ∈ {x, y, z} and ∆s is the cell extent in the given

direction (i.e. ∆x, ∆y or ∆z). This equation is also applicable for advection in the axial direction in
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CCV

LCL
ηw = η f

ηe
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CCF = CCV
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LCF = LCL
∆xCCV
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ηe = η f

∆x

0 > ux

Figure 2.5 – Schematic representation of the nomenclature used to describe advection in the radial
direction for cases with ux ≷ 0. In this representation, the z-axis is perpendicular to the page.

axisymmetric geometries, but the CCF for the radial advection then requires modification. It can be

derived from the continuity equation as:

CCFradial =
η2

f − (η f −LCFradial)
2

η2
e −η2

w
, (2.28)

where ηw and ηe are the reduced radial coordinates of the inward (west) and outward (east) faces of

the cell, η f is the reduced radial coordinate of the particular face (i.e. either ηw or ηe ), and LCFradial

is the radial line cut fraction in the given cell, as calculated from:

LCFradial = η f −
√
η2

f −2η f
ux∆t

∆x
. (2.29)

The meaning of the individual symbols is illustrated schematically in Fig. 2.5.

2.5 Surface tension force calculation

The surface tension force density in Eq. 2.2 is given as:

f σ =σκaγn, (2.30)

as described in Chapter 1. To approximate aγ, we start with the identity (Maric et al., 2020):∫
Σ

dS =
∫
Ω
||∇H ||dV , (2.31)

i.e. we represent the area of the interface in the cell using the total variation of Radon measure ∇H .

Based on the definition (1.23), we can immediately see:

aγ ∆V =
∫
Ω
||∇H ||dV. (2.32)

By considering c to be a discrete approximation of H , we can thus take:

aγ ≈ ||∇c||. (2.33)
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Similarly, a simple estimate of the normal vector n is given as (Brackbill et al., 1992):

n ≈ ∇c

||∇c|| ; (2.34)

this being an approximation of the distributional identity (Tryggvason et al., 2011):

∇H = ||∇H ||n. (2.35)

Combining these expressions allows us to write the discrete surface tension force density as:

f σ =σκ∇c, (2.36)

an expression originally due to Brackbill et al. (1992), who also noted that, in case of unequal phasic

densities, a more stable implementation can be achieved by using:

f σ =σκ 2ρ

ρl +ρg

∇ρ
ρl −ρg

. (2.37)

Thus, in PSI-BOIL, we use Eq. 2.36 for the unlikely case ρg = ρl (mostly in test problems) and Eq.

2.37 otherwise.

Both of the expressions for surface tension force require the estimation of the cell-wise curvature κ

of the interface. In the context of VOF methods generally, the current state-of-the-art for curvature

estimation is by means of the height-function method (Popinet, 2018), first comprehensively

presented by Sussman (2003) and Cummins et al. (2005); the review paper of Popinet (2018)

describes the height-function method in detail. With this approach, we first represent the interface

locally as a graph of a function, e.g. z = hz (x, y); from differential geometry, we then know that

(Peters, 2001; Shifrin, 2013):

κ=−
[
∂

∂x

(
1

s

∂hz

∂x

)
+ ∂

∂y

(
1

s

∂hz

∂y

)]
, (2.38)

with:

s =
√

1+
(
∂hz

∂x

)2

+
(
∂hz

∂y

)2

, (2.39)

and the minus sign coming from our choice of sign convention. To obtain an expression for κ in

axisymmetric geometry, we start with the other common expression for curvature (Peters, 2001):

κ=−(∇·n
)
, (2.40)

where we have assumed that the normal vector field is consistently extended into the vicinity of the

interface. Expanding the divergence operator then gives:

κ=−
(
∂nx

∂x
+ ∂nz

∂z

)
− nx

xr
=−(∇cart ·n

)− nx

xr
= κcart − nx

xr
. (2.41)

Here we have recognised the expression for the two-dimensional divergence of the normal vector,

which can be identified with the curvature as evaluated in a two-dimensional Cartesian projection

of the geometry on the x-z plane. The second term arises from the revolution around the z-axis;

xr is the radial position of the interface, and represents the radius of revolution around the z-axis.

Using Eq. 2.38 for z = hz (x) and x = hx (z), as well elementary differential geometry for expressing
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Figure 2.6 – Schematic representation of the height function method for the calculation of curvature
in the highlighted cell; the normal vector is indicated next to the stencil. Only 3×3 stencils in two
dimensions with uniform grid spacing are shown, for clarity. Left: |nz | > |nx |, implying the use of
a stencil aligned with the z-axis. Right: |nx | > |nz |, implying the use of a stencil aligned with the
x-axis.

nx , we obtain:

κcart =−∂
2hz

∂x2

/[
1+

(
∂hz

∂x

)2]1.5

=−∂
2hx

∂z2

/[
1+

(
∂hx

∂z

)2]1.5

, (2.42)

nx = ∂hz

∂x

/√
1+

(
∂hz

∂x

)2

=−1

/√
1+

(
∂hx

∂z

)2

. (2.43)

The key idea of the height-function method is to estimate the graph values (i.e. hz (x, y), hx (z),

etc.) by directional integrals of the volume fraction (area fraction in 2D) on a local stencil. In

axisymmetric geometry, the area fraction is represented by the colour function c used in our

calculations. We have implemented the height-function method with local topology adaptation

of López et al. (2009), in which a 3×7 stencil for 2D Cartesian and cylindrical problems and a

3×3×7 stencil for 3D problems are used for the height integrations. The major stencil direction is

determined by the dominant normal vector component: in 2D, |nx | > |nz | results in alignment of the

stencil with the x-direction, and |nx | < |nz | results in alignment of the stencil with the z-direction.

For the highly unlikely situation in which |nx | = |nz |, the major stencil direction is undefined; so in

this case we choose x, just for simplicity.

Figure 2.6 illustrates the curvature calculations in schematic form. For clarity, 3×3 stencils in two

dimensions with uniform grid spacing are shown. In the example on the left, |nz | > |nx |, implying

the use of a stencil aligned with the z-axis. In the example on the right, |nx | > |nz |, implying the use

of a stencil aligned with the x-axis. Note that to maintain consistent second-order accuracy of the

curvature estimation using height functions in axisymmetric geometry, the radius of revolution, xr

in Eq. 2.41, must take into account the position of the interface with respect to the given stencil

alignment, as indicated in Fig. 2.6.
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x

z

West (W)

East (E)

Bottom (B)

Top (T)

Figure 2.7 – Schematic representation of the staggered variable arrangement in two dimensions.
Grey: standard computational cells, purple: cells staggered in the x-direction, green: cells staggered
in the z-direction. The corresponding locations of centred and staggered variables are indicated;
on the right, the standard directional stencil is shown; the analogous labels in the y-direction are
South (S) and North (N).

After curvature calculations, its value is extrapolated to near-interfacial cells by iterative extension

through simple-averaging. This is necessary due to the smoothness of the surface tension force

expression (2.37); without an extension, some values of κ necessary for its computation would be

left undefined.

2.6 Solution of momentum conservation

The discretised variables of PSI-BOIL are arranged with the staggered approach (Harlow and Welch,

1965). This means scalar variables—such as volume fraction, temperature, pressure—are defined

at centres of computational cells, while vectorial variables (i.e. velocities) are defined at cell faces.

This way, the individual vectorial components are localised independently and can be considered

to be represented by additional scalar variables, localised in shifted (“staggered”) computational

cells. This arrangement, illustrated in Fig. 2.7 for two dimensions, is natural for the finite volume

method, as will be demonstrated in this section. Note that, although standard computational cells

have all face values defined (green and purple points in the figure), the staggered ones lack them in

the non-staggered directions.

To solve the momentum conservation equation (2.2), we will discretise it in space and then use

the standard methods for the resolution of systems of linear algebraic equations. First, we note

that the chosen temporal discretisation allows us to treat each direction independently. Using the

x-direction as an example:

ρn

∆t
u?∆V −∑

i
µn ∂u?

∂xi
ςi∆Si = ρn

(
1

∆t
un∆V −∑

i
unun

i ςi∆Si − (∇·un) un ∆V

)
− ∂pn

∂x
∆V +ρn gx∆V + f n

σ,x∆V.

(2.44)

Here, the volume ∆V and areas ∆Si correspond to the geometric characteristics of the cells stag-

gered in the x-direction, where u is defined; ςi is a sign value resulting from the original outward

orientation of ∆S i , i.e. +1 for the E/N/T directions and -1 for W /S/B (refer to Fig. 2.7). To complete

the transformation of the differential equation to a system of algebraic ones, we discretise the

velocity derivatives for each cell using second-order-accurate central differences as (taking the
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2.7. Enforcement of volume conservation

W -face as an example):
∂u?

∂xi
≈ u?C −u?W

∆xW
, (2.45)

where u?C is the value in the cell in question and u?W the value in the cell in the W -direction with

∆xW being the distance between the corresponding cell centres. The cell-centred derivative of the

pressure can be discretised similarly as:

∂pn

∂x
≈ pn

E −pn
W

∆xC
, (2.46)

∆xC being the cell extent in the x-direction. Here, the advantage of the staggered arrangement

becomes prominent: since the centres of standard cells correspond to faces of staggered ones and

vice versa, second-order-accurate differences can be obtained from only two values. The same

strategy is used for the surface-tension-force term when discretising Eq. 2.37:

f n
σ,x ≈ 2σ

ρ2
l −ρ2

g
κn

Cρ
n
C

ρn
E −ρn

W

∆xC
. (2.47)

Note that values of cell-centred variables necessary at centres or faces of staggered cells (curvature

and material properties due to them being functions of the cell-centred volume fraction) are

obtained by interpolation: harmonic for curvature and linear for everything else.

The advection term consists of two parts; to evaluate the divergence, it is first necessary to calculate

the values of velocity at the faces of the staggered cells. This is done by simple averaging. After

that, finite-difference discretisation is used. For the second advection term, face values of products

of advected and advecting velocity components such as uu or uw have to be computed. To this

end, we first use simple averaging for the advecting components; then, the values of the advected

components are recovered using a second-order flux-limiting, total-variation-diminishing (TVD)

scheme (Roe, 1986). Throughout this PhD project, the Superbee scheme has been employed, given

by Eq. 58 in Roe (1986). Use of other schemes, such as Minmod, has a minor impact on the overall

solution in most situations.

We can now finally write Eq. 2.44 as a linear algebraic system:

An~u? = ~f n , (2.48)

where the system matrix An has a band structure. For the resolution of this system constructed

independently for each velocity component, we use the Conjugate Gradient method with precondi-

tioning by second-order fill-in, incomplete Cholesky factorisation (Saad, 2003). Strictly speaking,

this method has been derived and its convergence proven only for symmetric system matrices; in

practice the asymmetry in our problems is sufficiently limited to warrant its functionality. When the

divergence of the solver is observed during the simulation, it is possible to switch to the Biconjugate

Gradient Stabilised method without preconditioning (Saad, 2003).

2.7 Enforcement of volume conservation

As described above, enforcement of volume conservation is achieved by the resolution of Eq. 2.3 and

the subsequent projection step (2.5). Evidently, the staggered variable arrangement again proves to

be beneficial since the partial derivatives of the pressure increment can be approximated at cell faces
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(centres of staggered cells) in a straightforward manner using two-point second-order-accurate

central differences.

The pressure equation (2.3) has the form of a finite-volume representation of a Poisson equation,

which is a partial differential equation of the elliptic type. It does not involve any evolution term

(i.e. a ∂/∂t term); as such, its discretised form must be solved at each time step – resolution of the

pressure-Poisson equation corresponds to the most computationally intensive step of the whole

solution algorithm, routinely consuming >50% of the total computational time; this fraction can

in certain cases attain values of ∼90%. Due to the size of the problems considered, direct solvers

are unfeasible and iterative schemes must be used. However, standard relaxation techniques such

as Jacobi and Gauss-Seidel methods (Saad, 2003) are known (Briggs et al., 2000) to smoothen the

residual error instead of efficiently reducing it. For this reason, we use the Algebraic Multigrid

method (Briggs et al., 2000) to solve the pressure-Poisson equation in PSI-BOIL. This approach

relies on the successive solution of the equation on a hierarchy of grids with increasing level of

coarseness traversed in a certain manner; the interested reader is referred to Briggs et al. (2000) for

a detailed description of this approach due to the large scope of this topic. Note that, in contrast to

the usually-employed strategies, we use Krylov-subspace solvers, such as the Conjugate Gradient

method, for the smoothing/solving steps.

During the course of this project, the implementation of the multigrid solver in PSI-BOIL has

been partially rewritten and greatly expanded. Originally, only the basic grid-traversal algorithm,

i.e. the V-cycle with zero initialisation, was available. Due to the its generally poor convergence

characteristics, the F-, W- and the accommodative cycle approaches were introduced as well as

the initialisation by the full multigrid scheme. Again, the reader is referred to Briggs et al. (2000).

The subsequent performance tests revealed that, overall, the zero-initialised F-cycle strikes balance

between convergence properties and computational intensity; as such, it has been used in all the

simulations presented in this work. This finding is in agreement with the literature as well as the

recommendations given in the Ansys® Fluent 2020 R1 Theory Guide.

2.8 Performance evaluation, verification and validation

In the previous sections, the theory and implementation of the adiabatic flow solution algorithm,

including interface tracking and the resolution of momentum and mass conservation, have been

described. This section reports on the results of performance evaluation of the method in ax-

isymmetric geometry. First, the computational efficiency of the developed inverse interface re-

construction method (Section 2.3.2) is examined. For verification purposes, artificial advection

problems, and problems involving the generation of parasitic currents, have been then selected for

simulation. For the validation, the well-known cylindrical dam-break problem, and bubble rise due

to buoyancy, have been chosen. Note that, barring influence of the outlet boundary conditions,

exact conservation of total volumetric content of both phases has been confirmed in all simulations.

The weighted-harmonic viscosity mixing rule (Eq. 1.54) has been used in calculations in which the

momentum conservation equation is solved, if not stated otherwise.

2.8.1 Computational efficiency of the direct inverse reconstruction method

The motivation for development of a direct solution of the inverse reconstruction problem is

computational efficiency, since iterative algorithms can achieve the same precision as bracketing
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or analytical algorithms. In this section, the performance of our method is evaluated. First, a

short summary on the iterative methods developed in the past is given, followed by quantitative

arguments justifying the performance superiority of our direct analytical method.

For axisymmetric cylindrical geometry, convergence of the inverse problem using the original

algorithm of Kothe et al. (1999) is reported to require ∼5 iterations after the bracketing procedure in

the general case, and up to 15 iterations in cases for which φ≈ 0. The later semi-analytic methods

of Dyadechko and Shashkov (2005) and Diot et al. (2014) reduced the average number of iterations

to & 3. López et al. (2016) demonstrated that the efficiency of their method for 2D problems is very

similar to the one of Diot et al. (2014), while being simpler and applicable to 3D problems as well.

Evidently, our direct solution of the inverse problem must be faster than that of the contemporary

iterative algorithms to justify its implementation into our code. Thanks to the simplicity of the

considered geometry, the Newton’s method (Zwillinger, 2002) represents an appealing reference

approach. In the Newton’s method, we define an objective function F (α) as (assuming fixed normal

vector n and reduced coordinate η0):

F (α) =φ(α)−φref, (2.49)

where φref is the volume fraction, for which we want to solve the inverse reconstruction problem.

We then construct and repeatedly solve an iterative map:

αn+1 =αn − F (αn)

F ′(αn)
=αn − φ(αn)−φref

φ′(αn)
(2.50)

with α0 being a suitable initial guess and ′ indicating differentiation with respect to α. The root

of the equation F (α) = 0, i.e. α such that φ(α) = φref, represents a superstable fixed point of this

iterative map (Strogatz, 2018); as a result, the Newton’s method (iterative solution of Eq. 2.50)

converges to the true solution of the inverse problem quadratically (Zwillinger, 2002).

The main challenge in implementing the Newton’s method lies in the efficient calculation of the

derivative in the denominator of Eq. 2.50. Chen and Zhang (2019) used the mean-value theorem to

express this derivative with the help of the area of the phasic interface, developing the so-called

Predicted-Newton (PN) method. Its main advantage is the simplicity and speed of evaluation of the

derivative, requiring only the identification of points where the interface intersects the bounding

cell.

Originally, we planned to compare the speed of execution of the PN method with our direct ap-

proach. In 2D axisymmetric geometry, the area of the phasic interface can be obtained as the

product of the length of the projected line segment and the radial coordinate of its geometric

centroid, as per the First Theorem of Pappus (Zwillinger, 2002). However, after implementation, we

have discovered that the efficiency of the PN method depends strongly on the orientation of the

phasic interface with respect to the bounding cell: the less aligned the interface is with the edges of

the cell, the more iterations are required to solve the inverse problem with the slowest convergence

occurring for the situation |nx | ≈ |nz |, for which multiple oscillations around the true value are

observed. This can be explained by the strong variation of the length of the line segment with α for

such configuration.

For this reason, we have decided to evaluate the derivative directly by taking advantage of the
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simplicity of Eq. 2.18 instead. By differentiating it, we obtain:

φ′(α,n,η0) = K ′(α,n,η0)c(α,n)+K (α,n,η0)c ′(α,n) = ξ′c,x c

η0 +1/2
+K c ′. (2.51)

The derivative c ′ can be evaluated immediately by the differentiation of Eqs. 2.10 and 2.11. Similarly,

ξ′c,x results from the formulae in Table 2.1 in a straightforward manner. To evaluate the initial

guess α0, we first wanted to use the method described by Chen and Zhang (2019); given a Hermite

interpolation polynomial H(α):

H(α) =−2α3 +3α2 −φref, (2.52)

it is trivial to verify that H(0) =−φref, H ′(0) = 0, H(1) = 1−φref, H ′(1) = 0, which corresponds to the

properties of the objective function F (α) at these points (with the exception of the unlikely situation

nx = 0 or nz = 0). Then, the initial guess can be found as the solution of the cubic polynomial

equation H(α) = 0 using similar methods to those utilised in Appendix A as:

α0 = 1

2
− sin

(
arcsin

(
1−2φref

)
3

)
. (2.53)

However, this expression includes a successive evaluation of an inverse trigonometric and a stan-

dard trigonometric function. We have ascertained by testing that an initial guess of comparable

quality but faster evaluation time can be deduced from a piecewise-quadratic interpolation polyno-

mial as:

α0 =


√
φref

2 if φref < 1/2 and

1−
√

1−φref

2 otherwise.
(2.54)

Note that this function, as well as its first derivative are continuous.

Although the convergence of the Newton’s method for functions with discontinuous second deriva-

tive is not guaranteed (Zwillinger, 2002), the interpolation procedure presented by Chen and Zhang

(2019) and designed to enforce the convergence has not been found to be necessary during the

evaluation of the test set presented below due to the high quality of the initial guess.

In order to compare the CPU time required for our direct approach against the iterative option,

we consider a single-cell reconstruction test, in which the volume fraction, φ, the normal vector

to the interface, n, and the reduced radial coordinate of the cell face, η0, are all given. In this

test, the corresponding α value is found using both the direct analytic solution of the inverse

reconstruction problem and the Newton’s iterative method. Our method for solving both the

forward and the inverse problems used in the process has been implemented into a C++ program

under the C++11 standard and compiled using the Intel® 2021.1.1 compiler1. Since the literature is

not fully consistent on the topic of compiler optimisation—e.g. López et al. (2016): no optimisation;

Diot et al. (2014); Chen and Zhang (2016): O2 optimisation—we employ compilation incorporating

both the O0 (no optimisation) and O3 (maximum optimisation) flags. The results with the O2

flag lie between these two. Double precision accuracy is used, and time is measured using the

high_resolution_clock class of the chrono2 library. To derive parameter values for comparison,

we consider a test matrix obtained from the Cartesian product of the following parametric spaces:

1https://software.intel.com/content/www/us/en/develop/documentation/cpp-compiler-developer-
guide-and-reference/.

2http://www.cplusplus.com/reference/chrono/high_resolution_clock/.
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(a) Compilation with O0 optimisation.
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(b) Compilation with O3 optimisation.

Figure 2.8 – Execution times for the iterative approach and the direct analytic inversion, as well
as their ratio and number of iterations required by the Newton’s method. Left: φ ∈ (0,1/2), right:
(1−φ) ∈ (0,1/2).
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Table 2.4 – Performance evaluation results for the iterative approach and for the direct analytic
inversion. Lines below the middle dividing line designated by? correspond to the iterative approach
with initial guess obtained by Eq. 2.53; the last line gives the time necessary to compute this guess.

O0 optimisation O3 optimisation

Mean Std. dev. Median Mean Std. dev. Median

Number of iterations [-] 3.3 1.0 3 3.3 1.0 3
Iterative exec. time [µs] 0.258 0.059 0.250 0.135 0.026 0.133

Direct exec. time [µs] 0.158 0.022 0.164 0.095 0.014 0.099
Ratio it./dir. [-] 1.65 0.37 1.59 1.45 0.32 1.40

?Number of iterations [-] 3.33 0.96 3 3.33 0.96 3
?Iterative exec. time [µs] 0.286 0.055 0.272 0.163 0.024 0.160

?Initial guess eval. time [µs] 0.0797 0.0037 0.0768 0.0741 0.0018 0.0739

• 54 values of φ, computed according to the formulae:

φi , j ,1 =Vi ×10E j and (2.55)

φi , j ,2 = 1−φi , j ,1, (2.56)

where Vi ∈ {1,2,4} and E j ∈ {−9,−8, . . . ,−1}. By distributing the points in this manner, the

execution speed can be evaluated even for fringe cases, such as φ= 10−8 or φ= 1−10−8.

• 9 values of η0: η0 ∈ {0.2,0.4,0.8,2,4,8,20,40,80}.

• 99 values of nx , distributed uniformly between -1 and 1. The absolute value |nz | of the

z-component of the normal vector is then equal to
√

1−n2
x ; sign of nz does not affect the

solution of either the forward or the inverse problem.

This procedure corresponds to 48114 test cases in total, which we run on a workstation with a 2.40

GHz Intel® Xeon® E5-2640 processor. To accurately measure the CPU time required for execution,

average values for each of these cases after 30000 runs are used. The error tolerance for the iterative

approach was chosen as 10−13: although the mean of the direct evaluation of
∣∣φref − ffwd[ finv(φref)]

∣∣
is 7×10−15 and median 1×10−16, for some cases this expression can attain values of O (10−13).

Thus, we consider 10−13 to be a reasonable tolerance criterion for the termination of the Newton’s

method.

Figure 2.8 shows the evaluated execution times for both the iterative approach and the direct

inversion without and with compiler optimisation, as well as their ratio and also the number of

iterations required by the Newton’s method after the initial guess; results have been averaged for

each volume fraction value considered. The overall results are reported in Table 2.4. Based on these

results, we can conclude that our direct analytic solution computationally outperforms the iterative

approach, with a ∼1.4-1.7× speed-up. Use of compiler optimisation reduces the advantage of the

direct inversion approach. Note that the decrease of the speed-up for values of φ close to 0 or 1

is partly a result of using an absolute tolerance as a stopping criterion, rather than relative one.

When only φ values between 0.1 and 0.9 are considered, the speed-up becomes 1.81±0.42 with O0

optimisation and 1.68±0.44 with O3 optimisation.
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2.8. Performance evaluation, verification and validation

Table 2.5 – Simulation parameters of reversible advection verification cases.

Radial Axial Initial circle Initial circle Total time
extent [m] extent [m] radius [m] location (x,z) [m] [s]

Stretch. field (0,L) (−2.5L,2.5L) 0.1L (0.7L,0) 3.20 L/A
Contract. field (0,L) (−0.25L,0.25L) 0.1L (0.1L+∆x,0) 2.64 L/A

Circ. vortex (0,L) (0,L) 0.2L (0.4L,0.4L) 15 L/A

2.8.2 Reversible advection problems

To verify the correct implementation of our advection algorithm into the code, the volume fraction

field has been artificially transported by means of prescribed divergence-free velocity fields in

different geometries for a pre-set number of time steps, and then run in reverse for the same

duration. The differences between the initial and final configurations are then quantified, together

with any under/overshoots of the volume fraction φ with respect to its physical range [0,1], i.e.

−φmi n and (φmax −1). Note that these are challenging tests of the model implementation. The

following velocity fields have been considered:

1. Stretching field:

u(x, z) =− Ax

L
; (2.57)

w(x, z) = 2
Az

L
. (2.58)

2. Contracting field:

u(x, z) = Ax

L
; (2.59)

w(x, z) =−2
Az

L
. (2.60)

3. Circular vortex:

u(x, z) =−A cos
(πz

L

)
sin

(πx

L

)
; (2.61)

w(x, z) = AL

πx
sin

(πz

L

)[
sin

(πx

L

)
+ πx

L
cos

(πx

L

)]
. (2.62)

In all cases, advection is applied to analytically initialised circles (corresponding to tori in axisym-

metric representation), and the domain dimensions taken as suitable multiples of L to accommo-

date the full advection process. Table 2.5 lists details of the chosen simulation parameters. Uniform

discretisation of the grid has been adopted in all cases. Grid resolution is measured in terms of

the number of cells per initial circle radius, with assumed values ranging from 20 to 240. The time

step is taken as constant for each simulation, so that the Courant number is limited by the CFL

condition:

CFL = vmax∆t

∆x
= CFLlim (2.63)

could be satisfied, with vmax taken here to be the maximum of
p

u2 +w2 in the computational

domain. Note that in the rest of the thesis, the CFL number is evaluated on the basis of the

directional velocities, i.e. using max{u/∆x, v/∆y, w/∆z}. Multiple values of the CFL limit in the

49



Chapter 2. Adiabatic multiphase flows
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t = 0 t = 1.6 L/A t = 3.2 L/A

Figure 2.9 – From left to right: initial, midpoint and final states of the domain in the “droplet-like”
stretching field reversible advection test case with bounded conservative flux splitting. There are 40
cells per initial circle radius; CFLlim = 0.2. Only top half of the domain is shown.

range [0.02,0.4] have been adopted to test the effect of time step on the simulation results. Both

“droplet-like” and inverted “bubble-like” tori have been tested: the effects of colour inversion, i.e.

whether liquid or gas is considered as the primary fluid, were found to be negligible. For a qualitative

illustration of the advection process, Figs. 2.9, 2.10, and 2.11 give snapshots of the simulations for

selected grid resolutions and CFLlim values. It can be seen that in all cases the initial and final states

bear much similarity, despite the challenging transient conditions imposed.

Comparison of flux calculation methods

We have performed calculations using both the sequential and bounded conservative flux-splitting

methods mentioned in Section 2.4. For a quantitative comparison of their convergence properties,

Figs. 2.12, 2.13 and 2.14 show the simulation errors as functions of CFLlim and grid resolution. The

L∞-errors of undershoot and overshoot in Fig. 2.13 are defined as:

L∞-error (undershoot) = max
∀ cells

(−φ), and (2.64)

L∞-error (overshoot) = max
∀ cells

(φ−1), (2.65)

while the final L1-error in Figs. 2.13 and 2.14 is calculated according to:

L1-error = 1

V

N∑
i=1

∣∣∣φfinal
i −φinitial

i

∣∣∣Vi , (2.66)

where N is the total number of grid cells, V the total domain volume, and Vi the volume of cell i .

It can be noticed in Fig. 2.12 that for the sequential flux-splitting method the undershoots −φmi n

and overshoots φmax −1 are quadratically dependent on CFLlim as a result of the over-estimation
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Figure 2.10 – From top to bottom: initial, midpoint and final states of the domain in the contracting
field “bubble-like” reversible advection test case with bounded conservative flux splitting. There
are 40 cells per initial circle radius; CFLlim = 0.2.
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0 x = L

z = L

t = 0 t = 7.5 L/A t = 15.0 L/A

0.00 0.50 1.00Vol. fraction

Figure 2.11 – From left to right: initial, midpoint and final states of the domain in the circular vortex
field “droplet-like” reversible advection test case with bounded conservative flux splitting. There
are 80 cells per initial circle radius; CFLlim = 0.2.
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Figure 2.12 – Maximum undershoot (left) and overshoot (right) of the volume fraction during the
simulations as functions of the imposed CFLlim for all reversible advection cases: grid resolution 20
cells per initial circle radius for the stretching and contracting field cases, and 80 cells per initial
circle radius for the circular vortex.
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Figure 2.13 – Final L1-errors of the volume fraction field as functions of the imposed CFLlim for
all reversible advection cases: grid resolution is 20 cells per initial circle radius for the stretching
and contracting field cases, and 80 cells per initial circle radius for the circular vortex. Values are
normalised in terms of the L1-error of the respective case, for CFLlim = 0.02 using the sequential
flux-splitting method.
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Figure 2.14 – Final L1-errors of the volume fraction field as functions of the reciprocal of the
grid resolution (measured in cells per initial circle radius) for all reversible advection cases for
CFLlim = 0.2; left: sequential flux-splitting method, right: bounded conservative flux-splitting
method. Values are normalised in terms of the L1-error of the respective case for the coarsest grid
resolution considered using the sequential flux-splitting method.
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of the flux caused by the independent splitting. However, there is no significant difference between

these two error estimates. For the bounded conservative method, no such trend can be discerned.

This is not surprising as this method was specifically designed to prevent any overshoot/undershoot

error resulting from the independent splitting for CFL < 0.5 (Weymouth and Yue, 2010). Thus, these

errors remain negligible, independently of the CFL number.

The final L1-error varies strongly with CFL for the sequential flux-splitting method. For example, as

can be discerned from Fig. 2.13, the CFL-dependence of the error for the stretching and contracting

field cases could be described as essentially linear, with a non-zero offset. This offset most probably

derives from errors induced by interface reconstruction, and as such would be independent of the

CFL number. While the final shape of the advected object is continuous and close to circular in

the stretching field and contracting field cases, strong fragmentation is observed in the circular

vortex cases, with the degree of severity increasing with increasing CFL number. This feature

tends to dominate the final error and, as a result, the L1-error is seen to be unacceptably high for

CFLlim & 0.2. This is a direct result of the over-estimation of the computed fluxes.

For the bounded conservative method, the final error depends only weakly on CFLlim. It can be

seen that it is lower than the error for the sequential flux-splitting method for all CFL values, with

the two apparently converging for CFLlim → 0, which is to be expected. The non-zero error offset as

CFLlim → 0 corresponds to the accumulated reconstruction error for the given grid resolution, as

the PLIC method with a finite grid spacing can never represent curved interfaces exactly; as a result,

the L1-error tends to a non-zero value as CFLlim → 0. Note that due to the very good performance

of the bounded conservative flux-splitting algorithm, the total error actually slightly decreases with

increasing CFL number. This could be attributed to the reduced number of time steps, thereby

reducing the number of interfacial reconstructions needed to be performed. Indeed, for a method

in which the L1-error is dominated by the reconstruction error, this would lead to a reduction of

the overall error.

For the dependence of the L1-error on grid resolution, the following observation can be made:

assuming that cells in the vicinity of the interface account for the major contribution to the error,

which is reasonable, and that the contribution ε of an individual cell is approximately constant,

the L1-error should be proportional to G−1, where G is the grid level quantifying the number of

cells per dimension, in our case the number of cells per initial circle radius. This deduction is a

consequence of the number of cells near the interface Nγ being O (G), and the total number of cells

N being O (G2). Hence:

L1-error ≈ Nγ

N
ε∝ G

G2 ε=G−1ε. (2.67)

Figure 2.14 shows that, for the sequential flux-splitting method, this dependence is exactly that

observed for the stretching field case, as well as for the circular vortex case (after some initial

non-monotonicity). In this case, the main source of error most probably results from surface frag-

mentation. The initial non-monotonic behaviour of the error corresponds to a qualitative change

resulting from grid refinement, since for the two coarsest grid spacings very strong fragmentation

occurs at the midpoint of the simulation in the tail of the spiral, which significantly increases the

final error. Similarly, for the contracting field case, with the sequential flux-splitting method, the

midpoint geometry is under-resolved for coarse grid spacings, whereas for fine grid spacings 1.5-

order accuracy is achieved. Switching to the bounded conservative flux-splitting method reduces

the error significantly; furthermore, the order of the asymptotic accuracy increases to ∼1.6 for

the stretching field case, ∼1.9 for the circular vortex case, and ∼3 for the contracting field case.
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Evidently, using this method, the error in interfacial cells reduces with increasing grid resolution.

As the bounded conservative flux-splitting method outperforms the sequential one in all cases, this

option will be adopted for the rest of the simulations described in this paper.

Evolution of interfacial position

For the stretching and contracting field cases, the u and w components of velocity are only de-

pendent on the x and z coordinates, respectively. Thus, for an infinitesimal fluid parcel located

originally at [x0, z0], its position as a function of time can be calculated analytically by solving two

first-order linear differential equations:

d x

d t
= u(x, z) =−S

Ax

L
, and (2.68)

d z

d t
= w(x, z) = 2S

Az

L
, (2.69)

in which S = 1 for the stretching field case and S =−1 for the contracting field case. For both, the

solution is:

x(t ) = x0 exp

(
−S

A

L
t

)
, and (2.70)

z(t ) = z0 exp

(
2S

A

L
t

)
. (2.71)

Figures 2.15 and 2.16 compare the position of the left (xmax) and top (zmax) edges of the advected

circle as functions of time, obtained from the simulations at various levels of grid refinement, with

the analytical solution. It can be observed that near-perfect agreement has been achieved overall,

the only exception being the contracting field advection with 10 cells per initial circle radius: here,

due to under-resolution of the midpoint condition at t = 1.32L/A (only 2 cells per axial extent of

the stretched circle), the algorithm fails to capture advection in the reverse direction. Note that

no analytical solution is available for the circular vortex case, but almost perfect recovery of the

initial conditions, as in the stretching and contracting field cases, gives strong indications that the

algorithm has been coded correctly.

Comparison with contemporary VOF methods

In order to compare our method with existing implementations of the (axisymmetric) PLIC-VOF

method, we have simulated the circular vortex case using the commercial CFD software Ansys®

Fluent 2020 R13 (ANSYS, 2020) and the open-source CFD code Basilisk4. Note that both Fluent and

Basilisk incorporate the PLIC geometric reconstruction algorithm: see the Ansys® Fluent 2020 R1

Theory Guide and the Basilisk source code at the referenced website. Basilisk uses the bounded

conservative flux-splitting advection method of Weymouth and Yue (2010); but we have not been

able to find out the precise details of the Fluent advection algorithm, either in the documentation

supplied with the code, nor in the open literature.

Figure 2.17 shows a comparison of the final L1-errors using our implementation with the sequential

flux-splitting method, our implementation with the the bounded conservative flux-splitting method,

Basilisk and Ansys® Fluent. For the simulations with variable CFLlim, a grid resolution of 100 cells

3https://www.ansys.com/resource-library/brochure/ansys-fluent.
4http://basilisk.fr.
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Figure 2.15 – Position of the left (xmax, shown in the left figure) and top (zmax, shown in the right
figure) edges of the advected circle as functions of time for the stretching-field/reversible advection
test case; results of four different grid resolutions are shown as well as the analytic solutions (Eqs.
2.70 and 2.71). Position is normalised by the initial circle radius R = 0.1L, and time is normalised in
terms of the total time (see Table 2.5).
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Figure 2.16 – Position of the left (xmax, shown in the left figure) and top (zmax, shown in the right
figure) edges of the advected circle as functions of time for the contracting field reversible advection
test case; results of four different grid resolutions are shown as well as the analytic solutions (Eqs.
2.70 and 2.71). Position is normalised by the initial circle radius R = 0.1L, and time is normalised by
the total time (see Table 2.5).
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Figure 2.17 – Final L1-errors of the volume fraction field as functions of imposed CFLlim (left) and
the reciprocal of the grid resolution measured in cells per initial circle radius (right). Results for the
circular vortex case are shown using our approach with the sequential flux-splitting method, our
approach with the bounded conservative flux-splitting method, Basilisk and Ansys® Fluent.
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Figure 2.18 – Maximum undershoot and overshoot of the volume fraction during the circular vortex
simulations as functions of the imposed CFLlim. Results obtained using Basilisk and our approach
with the sequential and the bounded conservative flux-splitting methods are shown. The results for
our approach with the sequential flux-splitting method overlap.

per initial circle radius is used for our method, and for Fluent, and 102.4 cells for Basilisk; this

minor discrepancy, resulting from the use of factors of 2 for domain discretisation in Basilisk, has a

negligible effect on the comparisons. For the simulations with variable grid resolution, CFLlim = 0.2

in all cases. It can be seen that our approach with the bounded conservative flux-splitting method

outperforms both Fluent and Basilisk under all conditions, meaning L1-errors are always smaller in

our case. Furthermore, Fig. 2.18 compares the overshoot and undershoot errors of our approach

against those of Basilisk, as functions of CFLlim. Our approach, with the bounded conservative

flux-splitting method, can again be seen to achieve superior performance in terms of L∞-error.

Note that with Fluent, no overshoots and undershoots of the volume fraction occur, possibly due

to clipping and filling of cells; as a result, the total volume of the phases is not exactly conserved

during the simulation.

2.8.3 Rudman advection problem

In the test cases described in the previous section, the imposition of exact flow reversal can obscure

the effects of the accumulating reconstruction errors. To evaluate the stability of the advection algo-

rithm with respect to the reconstruction method, we have considered one of the forced advection

test cases of Rudman (1997), also used, for example, by Harvie and Fletcher (2000). In this test case,

an analytically-initialised circle is advected using a constant, unidirectional velocity field and, after

a given number of time steps, the volumetric fraction distribution is compared to the analytical

solution. Note that for unidirectional flow, the sequential and bounded conservative flux-splitting

methods coincide.

In axisymmetric geometry, only advection in the axial z-direction can be considered in order to

avoid deformation of the advected objects due to radial stretching. In analogy to the original 2D
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Table 2.6 – Simulation parameters of the advection verification case of Rudman (1997). Initial
location refers to the coordinates of the centre of area of the advected circle.

Radial Axial Initial Total time
extent [m] extent [m] location (x,z) [m] [s]

(0,2.8) (0,4) (1.36,1.88) 4

1.00

0.50

0.00

Volume
fraction

z = 2.6

z = 0.4

x = 0.4 x = 2.6

t = 0 t = 4

Figure 2.19 – Initial (left) and final (right) states of the domain in the Rudman circle advection test
case. There are 400 cells per domain height; CFLlim = 0.2. Only that part of the domain containing
the circle is shown. Units in m and s.

Cartesian setup of Rudman (1997), we consider an advection velocity of w = 1 m/s in the positive

z-direction for a hollow circle with outer diameter of 1.6 m and inner diameter of 1.2 m. This

shape represents a body of rotation in axisymmetric geometry with circular cross-section. Table 2.6

gives details of the simulation parameters adopted here. The domain is taken as periodic in the

z-direction and the total time chosen so that the final position of the advected shape coincides with

its original location. Uniform grid discretisation is used in all cases. Grid resolution is measured in

terms of the number of cells per domain height, Lz = 4 m, ranging from 100 to 800. The time step

is taken as constant in each simulation, so that the CFL condition could be satisfied, the velocity

being constant and equal to the prescribed value of w = 1 m/s. Multiple values of the CFL limit

in the range [0.005,1] are adopted to test the effect of the size of the time step on the simulation

results.

Table 2.7 – Final L1-errors of the volume fraction field for various values of the grid resolution
(measured in terms of the number of cells per domain height) for the Rudman circle advection case,
with CFLlim = 0.2. Values are normalised by the L1-error for the coarsest grid resolution considered.

Grid Normalised
resolution [-] L1-error [-]

1 1.00
2 0.282
4 0.0889
8 0.0270
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Figure 2.20 – L1-errors per time step of the volume fraction field as a function of imposed CFLlim for
the Rudman advection test case for circle with grid resolution 200 cells per domain height. Values
are normalised in terms of the L1-error per time step for CFLlim = 0.005.

Figure 2.19 gives snapshots of the simulations for selected grid resolutions and CFLlim values. It

can be seen that the initial and final states are almost identical. Table 2.7 lists the final L1-error

as a function of grid resolution; the order of accuracy is ∼1.8. Regarding the dependence of the

final L1-error on the CFLlim number, the total error grows with decreasing CFLlim, due to the

increasing number of simulation steps which, in turn, correspond to an increased number of

interface reconstructions. Indeed, in the limit of CFLlim = 1, the total error is caused only by the

repeated reconstructions. However, the L1-error divided by the number of time steps, a measure

representative of error per time step, scales almost linearly with the CFLlim in the asymptotic region

(i.e. CFLlim . 0.1); see Fig. 2.20. The undershoots and overshoots of the solution are negligible for

all cases considered: both are results of independent splitting during flux calculations, and these

errors do not occur for unidirectional advection.

2.8.4 Parasitic-current problems

Parasitic-current problem in a stagnant configuration (static)

The parasitic current problem is a standard benchmark for the implementation of the surface

tension force in a code (Popinet, 2018). As described in detail by Popinet (2009), the test consists of

simulating a static sphere inside a stagnant bulk fluid. To represent this problem in axisymmetric

geometry, we analytically initialise a circle of radius R in a square domain of side length L, and then

calculate the corresponding volume fraction field using forward reconstruction. We choose L = 2

mm as a typical droplet/bubble size and R = 0.8L, following the choices made by Popinet (2009).

Making use of the symmetry boundary condition at z = 0, only a half of the sphere needs to be

simulated. Free-flow boundary conditions are applied at z = L and x = L. Figure 2.21 is a schematic

representation of the domain used.

The simulation is run until several multiples of a “suitable” time scale (see below) have elapsed to

allow the system to relax to its equilibrium state. If the surface tension force has been implemented

correctly, the amplitude of the velocity field should decrease below the prescribed residual tolerance
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Figure 2.21 – Schematic representation of the domain used for the static parasitic current problem.

of the iterative momentum equations solver. A “suitable” time scale T in this case would be:

T = max(Tσ,Tµ), (2.72)

in which Tσ is the capillary-wave time scale, calculated according to Popinet (2009) as:

Tσ =
√
ρd 3

σ
, (2.73)

where ρ the density of the fluid inside the sphere, and d = 2R the diameter of the sphere. The

viscous time scale, Tµ, is calculated as follows (Popinet, 2009):

Tµ = ρd 2

µ
, (2.74)

where µ is the dynamic viscosity of the fluid inside the sphere. The Laplace number La,

La =
T 2
µ

T 2
σ

, (2.75)

is an important dimensionless parameter characterising the problem. The two other control

parameters are the ratios of the densities and dynamic viscosities for the two fluids. During the

simulation performed here, the time step is limited by the capillary wave condition (Brackbill et al.,

1992):

∆t ≤Cσ

√
(ρ1 +ρ2)∆x3

σ
, (2.76)

where ρ1 and ρ2 are the densities of the fluid on either side of the interface. Even though the

condition in Eq. 2.76 was originally developed for 2D Cartesian geometry (Brackbill et al., 1992;

Sussman and Ohta, 2009), it is also applicable for spherical surfaces, since in that case it can be

derived by the requirement that the time step be smaller than the lowest admitted eigenperiod

of the spherical droplet oscillations (Landau and Lifshitz, 1987). Note that the exact value of the

coefficient Cσ has not been agreed upon in the literature (Popinet, 2018): for example, Brackbill et al.

(1992) derived Cσ = 1/
p

4π≈ 0.282, while Sussman and Ohta (2009) suggest Cσ = 1/
p

8π3 ≈ 0.063.
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Figure 2.22 – L∞-norm of the z-component of the velocity field in the domain, normalised in terms
of the capillary velocity, as a function of time, itself normalised in terms of the viscous time scale for
the “droplet-like” (left) and “bubble-like” (right) static parasitic current problems; results of four
different grid resolutions (measured in terms of number of cells per the domain width L) are shown.

Table 2.8 – Characteristics of surface tension verification cases.

Laplace Density Viscosity Cσ (Eq. 2.76) Bulk fluid
number La [-] ratio [-] ratio [-] [-]

‘Droplet-like” 2 ·105 1000 100 0.126 Heavier fluid
“Bubble-like” 2 ·106 1000 100 0.126 Lighter fluid
Artificial case 1 ·103 1 1 0.282 -

Correct implementation of the surface tension force in our code has been verified for three test

cases; their characteristics are summarised in Table 2.8. Four grid resolutions have been employed

(16, 32, 48, 64), each measured in terms of number of cells per domain width L. Note that for the

“droplet-like” cases, several million time steps are required to reach equilibrium conditions.

In all simulations, decay of parasitic currents has been observed. As illustration, Fig. 2.22 shows the

relaxation process for the “droplet-like” and“bubble-like” cases for different grid resolutions. The

capillary velocity scale used here for normalisation is given by Popinet (2009) as:

Uσ = d

Tσ
, (2.77)

with the L∞-norm defined as:

L∞-norm = max
∀ cells

∣∣∣∣∣∣ w

Uσ

∣∣∣∣∣∣. (2.78)

According to Popinet (2009), the interfacial shape adjusts itself during the relaxation process to

reach the static numerical equilibrium solution of the Young-Laplace equation:

∆p =σκ, (2.79)

where ∆p is the pressure jump across the interface. The relative L1-error of the interfacial curvature

in Fig. 2.23 is defined as:

L1-error = 1

Nγ

Nγ∑
i=1

∣∣∣∣∣∣κi −κtheor

κtheor

∣∣∣∣∣∣, (2.80)

with Nγ being the number of interfacial cells, and κtheor the theoretical value of the curvature of the
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Figure 2.23 – Relative L1-error of curvature as a function of time, normalised in terms of the viscous
time scale, for the static parasitic current problem. Results with grid resolution 32 are shown.

sphere, equal to:

κtheor =
2

R
= 2

0.8L
= 1250 m−1. (2.81)

The evolution of the L1-error is shown in Fig. 2.23 for all three cases (droplet-like, bubble-like,

artificial), each with a grid resolution of 32. Note that as the Laplace number increases (see Table

2.8) the relaxation process becomes longer, since the dampening effect of viscosity decreases. It

should also be noted that, at the end of the simulation, the L1-error = L∞-error for all cases. This

provides further evidence that equilibration has indeed been achieved.

Figure 2.24 shows the final relative error in the curvature (Eq. 2.80) as a function of the grid resolution

for all three cases. It can be seen that for the artificial case, in which the densities and viscosities

are equal, second-order accuracy has been achieved. For the bubble-like case, the error decays to

negligible levels with higher grid resolution, while for the droplet-like case, the grid dependency

cannot be clearly discerned. This adverse behaviour, as well as the observed non-monotonicity,

are issues remaining for further investigation. However, note that in all cases the error is anyway

extremely small (¿ 1%), and the solutions are stable.

Parasitic-current problem in advected configuration (dynamic)

As argued by Popinet (2009, 2018), the parasitic current problem in a stagnant configuration should

be complemented by a corresponding dynamic study, in which a sphere is advected with constant

velocity. Popinet (2009), for example, found that the simulation exhibited poor convergence

characteristics, as the interface was continuously perturbed during advection. In the present study,

advection in the axial direction has been tested for each of the three cases listed in Table 2.8. The

domain is taken as periodic in the z-direction, and a free-slip boundary condition is applied in the

radial direction; see Fig. 2.25. The radius of the advected sphere is taken as 0.5L, where L = 2 mm is

the domain radial extent. Two extreme values of the advection velocity are considered: 0.01Uσ and

10Uσ. Five grid resolutions are adopted (16, 32, 48, 64, 96), each measured in terms of number of

cells per domain width L.
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Figure 2.24 – Relative error of curvature as a function of the reciprocal of grid resolution (measured
in terms of number of cells per the domain width L) for the static parasitic current problem; the L1-
and L∞-errors are numerically identical. The solid line corresponds to a quadratic fit of the data
points.
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Figure 2.25 – Schematic representation of the domain used for the dynamic parasitic current
problem.
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(a) Advection velocity 0.01Uσ.
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(b) Advection velocity 10Uσ.

Figure 2.26 – L1-norm of the velocity field in the domain, normalised in terms of the capillary
velocity, as a function of time, itself normalised in terms of the viscous time scale, for the “artificial”
dynamic parasitic current problem; results for five grid resolutions are shown.

For the artificial case, the parasitic currents do not decay to zero, but rather display a stable,

oscillatory behaviour throughout the simulation: see Figs. 2.26a and 2.26b. This can be attributed

to the fact that the advection scheme fails to preserve the spherical shape of the advected object,

and corrective fluxes induced by the surface tension force arise as a result. The anomalous increase

in magnitude of the parasitic currents for grid resolution 64, for both advection velocities, remains

under investigation. Nonetheless, the results are encouraging in as far as the present algorithm

does not induce divergent solutions.

In cases for which unequal dynamic viscosities are featured, irregular and even divergent behaviour

has been observed when the weighted-harmonic mixing rule (Eq. 1.54) is used. By switching to

the classical harmonic mixing rule (Eq. 1.53), stable solutions, with parasitic currents of negligible

amplitude, could be achieved for the bubble-like cases. For the droplet-like cases, the solutions

were also stable, but with adverse properties:

• For an advection velocity of 0.01Uσ, the magnitude of the parasitic currents was comparable

to, or even exceeded, the applied advection velocity, with occasional “spikes” occurring for

some of the grid resolutions used.

• For an advection velocity of 10Uσ, the magnitude of the parasitic currents increased with the

grid refinement.

Note that such problems always diminish if equal dynamic viscosities are imposed for the droplet-

like cases. It appears that the representation of the stress balance at the phasic interface under

dynamic conditions requires further investigation and the heuristic closure introduced in Chapter 1

is not completely satisfactory, even under adiabatic conditions, and should be revisited in the future.

Due to the superior performance of the classical harmonic mixing rule in dynamic situations, it has

been adopted for the rest of the simulations presented in this thesis.

2.8.5 Cylindrical dam break validation test

The dam-break problem is a commonly-used experimental benchmark for testing interfacial track-

ing methodology (Sato and Ničeno, 2012b). In this problem, a free-standing column of liquid,

64



2.8. Performance evaluation, verification and validation

Table 2.9 – Characteristics of the axisymmetric dam-break problem of Maschek et al. (1992b), and
experimental results.

Initial radius Initial height Arrival time Time of Maximal
ID R0 [cm] H0 [cm] at wall [s] max. height [s] height [cm]

D1-1 5.5 5 0.24±0.02 0.34±0.02 3±1
D1-2 5.5 10 0.21±0.02 0.36±0.02 9±1
D1-3 5.5 20 0.20±0.02 0.42±0.02 16±1
D2-1 9.5 10 0.16±0.02 0.34±0.02 14±1
D2-2 9.5 20 0.15±0.02 0.40±0.02 22±1

Outlet
boundary

Axis of
symmetry

Wall

Origin

z
x

H0

R0

R

H = 2H0

Figure 2.27 – Schematic representation of the domain used for the dam-break problem.

Table 2.10 – Physical properties of fluids used in the dam break problem.

Density Dynamic Surface
[kg/m3] viscosity [Pa·s] tension [N/m]

Water 997.8 9.53×10−4 0.072
Air 1.2 1.82×10−5

Table 2.11 – Simulation results for the axisymmetric dam-break problem.

Initial radius Initial height Arrival time Time of Maximal
ID R0 [cm] H0 [cm] at wall [s] max. height [s] height [cm]

D1-1 5.5 5 0.23 0.31-0.32 5.0
D1-2 5.5 10 0.20 0.32-0.34 13.5
D1-3 5.5 20 0.20
D2-1 9.5 10 0.15 0.30-0.33 17.5
D2-2 9.5 20 0.15
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centrally located in a cylindrical vessel, is allowed to collapse under gravity. A diverging wave

spreads out radially at the base of the column. Then, depending on the particular experimental

set-up, sloshing, with different characteristics, takes place. The experimental study was performed

at the Karlsruhe Institute of Technology by Maschek et al. (1992b); the set of centralised dam-break

experiments without obstacles, presented in Table V.1.1 of their report, is used here for validation

purposes.

The computational domain has dimensions R ×H , where R = 22 cm is the radius of the container

and H is taken as double the height of the initial column H0, this to ensure that the upper outlet

boundary condition has no influence on the subsequent dynamics; the radius of the initial column

is R0. Figure 2.27 is a schematic representation of the fluid domain, and Table 2.9 gives the values

of R0 and H0 for all the cases studied here. Water, surrounded by air at room temperature, and at

atmospheric pressure, was used as the test liquid (Maschek et al., 1992b). Physical properties of

both fluids are presented in Table 2.10, and reflect normalised atmospheric conditions; surface

tension is considered in the simulation. Due to the negligible effect of surface wetting on the

problem dynamics, the wall adhesion force is neglected on the container walls. A uniform grid

discretisation is employed for all cases. A variable time step is used, with the limit imposed by

the Courant number, here taken as CFL < 0.2. A second upper limit is given by the capillary wave

condition (Eq. 2.76), with Cσ = 0.126: the absolute minimum of these two criteria denoting the time

step actually used in the simulation.

In the original experiments of Maschek et al. (1992b), the macroscopic characteristics (time of

arrival of liquid at the outer wall, time of maximal ascent at the outer constraining wall, etc.) have all

been recorded, and have provided valuable data for validation exercises. Some of these quantities

have been reproduced in Table 2.9, just for reference purposes. Note that the time of maximal

ascent at the outer constraining wall represents the limit of applying the axisymmetric assumption

to the problem, as confirmed by the photographs presented by Maschek et al. (1992b), in which

three-dimensional effects are observed.

The time of arrival at the outer wall is a well-defined quantity, which was measured with high

precision in the experiments. Moreover, the flow is essentially perfectly axisymmetric before impact

on the container wall. Thus, predictions of this quantity have been recorded for all the simulations

performed here, and are presented in Table 2.11. As can be seen from the comparison with the

measured values in Table 2.9, very good agreement has been achieved, all predictions falling within

the error bounds of the experimental values.

Note that this problem exhibits non-monotonic convergence behaviour with respect to the degree

of grid refinement, as illustrated in Fig. 2.28. With a grid resolution less than 880 cells per domain

radius R (i.e. grid spacing ∆x = 0.25 mm), almost no variation in the arrival time of the wave at

the confining wall is observed as a function of grid refinement. However, by further increasing the

grid resolution (i.e. using ever smaller meshes), significant improvement in overall agreement with

measured data is achieved. This can be explained by considering that the arrival time is affected

primarily by the overall momentum of the radially expanding wave, and only secondarily by its

actual physical shape. To capture the scales required to resolve the overall momentum, it appears

only a coarse grid is necessary. But, to capture the fine details of the wave, a high level of grid

refinement must be employed. A qualitative comparison of the shape of the diverging wave as a

function of grid resolution is shown in Fig. 2.29. Evidently, the leading edge is accurately resolved

only in the case of fine grid resolution, which, as a consequence, improves the accuracy of the
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Figure 2.28 – Deviation of calculated wall-arrival times from experimental values as functions of
the reciprocal of grid resolution (measured in terms of number of cells per domain radius R) for
the cylindrical dam-break problem. Values on the abscissa are normalised in terms of the coarsest
grid resolution considered (88 cells per domain radius R) and values on the ordinate in terms of the
experimental standard deviation (0.02 s). Refer to Table 2.9 for an explanation of the legend.

simulation results.

The importance of properly resolving the leading edge of the diverging wave diminishes with

increasing initial column height in the simulations, as demonstrated by the diminishing effect

of grid refinement on error shown in Fig. 2.28. This can be attributed to the fact that the higher

the initial column height, the higher the initial potential energy of the column, and the greater

the kinetic energy of the advancing radial wave, with the dynamics of the situation becoming

progressively more momentum-dominated.

After the impact of the liquid on the outer wall, the complexity of the interface structure gradually

increases with the corresponding loss of axial symmetry. This becomes even more pronounced

with increasing energy of the wave. Furthermore, corresponding generation of high-velocity eddies

in the gas phase imposes limitations on the time step determined by the CFL condition. For these

reasons, present simulations have been continued until the time of maximal height on the outer

containing cylinder only for the three cases with less energetic impacts, and earlier times of maximal

height (D1-1, D1-2 and D2-1). Predictions for the maximal height of the outer sloshing, as well as

its time, are presented in Table 2.11. While the times to maximum height are quite well-predicted,

the heights themselves are over-estimated somewhat. This could be attributed to the fact that the

higher the symmetry of the configuration, the more synchronised the system dynamics become

(Maschek et al., 1992b), and in the case of our simulations, perfect cylindrical symmetry is inherently

assumed, of course. Note that this could also explain the under-estimation of the arrival times and

times of maximal height obtained from the simulations (although these values remain within the

range of experimental uncertainty).

To illustrate the overall evolution of the flow, Fig. 2.30 shows several snapshots from the numerical

simulation for the D1-3 case, for which experimental photographs are available (Maschek et al.,

1992b). Several characteristics of the problem have been described by Maschek et al. (1992b), in

particular the relief wave on top of the collapsing column and the water “hump” at the leading edge
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Figure 2.29 – Details of the leading edge of the diverging wave for the D1-1 axisymmetric dam-break
problem. Three different levels of grid refinement are shown; the base grid resolution is 88 cells per
domain radius R. Units are in mm.

during the horizontal outward spreading at the base: both aspects can be clearly identified from

the simulation. For qualitative comparison purposes only, selected experimental snapshots of this

case are reproduced in Fig. 2.31.

2.8.6 Single air bubble rise in liquid due to buoyancy

Simulating the rise of a single, initially spherical, bubble in a stagnant liquid is a challenging test of

the stability and effectiveness of the coupling of the interface tracking method with the underlying

momentum solver, and the treatment of surface tension. In particular, bubbles rising in a highly

viscous liquid (e.g. a water-glycerin mixture) deform significantly, and a variety of bubble shapes are

often observed (Legendre et al., 2012). In order to accurately reproduce the terminal rise velocity,

and shape of the bubble, effects of external acceleration, viscosity and surface tension must be

correctly accounted for, as reported by Sato and Ničeno (2012b) and Hua et al. (2008).

To represent this problem in axisymmetric geometry, we analytically initialise a circle of radius R at

the bottom of a rectangular domain of dimensions L ×H , and then calculate the corresponding

volume fraction field using our forward reconstruction algorithm, as explained earlier. In order to

minimise the wall effects on the computational results, we choose L = 8R, as per the recommenda-

68



2.8. Performance evaluation, verification and validation

0.05

0.10

0.15

0.20

Relief wave

Humped leading edge

Black: t = 0.00 s
Red: t = 0.11 s

Blue: t = 0.19 s
Green: t = 0.24 s

0.05 0.10 0.15 0.20

Figure 2.30 – Evolution of the phasic interface in the D1-3 axisymmetric dam-break problem; grid
resolution 1760 cells per domain radius R. Units are in m.

tions of Hua et al. (2008) and the experimental findings of Krishna et al. (1999). The domain height

in the axial direction H is taken as a suitable multiple of R to accommodate the full motion of the

bubble in a static reference frame; here, we choose H = 30R . A free-flow outlet boundary condition

is applied at z = H , and no-slip wall boundary conditions are applied at z = 0 and x = L. Gravity is

considered to act in the negative z-direction. Figure 2.32 is a schematic representation of the fluid

domain.

A uniform grid discretisation is employed with 33 cells per initial bubble radius, corresponding

to 261360 grid cells in total. Grid convergence at this resolution was first confirmed by means of

grid sensitivity studies performed for several of the considered cases. A variable time step is used,

with the limit imposed by the Courant number, taken here as CFL < 0.25. A second upper limit on

the time step is given by the capillary wave condition (Eq. 2.76) with Cσ = 0.126, and the absolute

minimum of these two criteria is the time step actually used in the simulation.

To characterise the problem, the following dimensionless groups are commonly formed exclusively

from the liquid properties, since gas properties have a negligible effect on the dynamics of the

problem (Legendre et al., 2012):
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Figure 2.31 – Snapshots of the D1-3 axisymmetric dam-break experiment.

Reprinted from Maschek et al. (1992a), p. 31, Copyright (1992), with permission from Taylor & Francis.

• Morton number Mo:

Mo = gµ4
l

ρlσ3 , (2.82)

• Eötvös number Eo:

Eo = g d 2
0ρl

σ
, (2.83)

• Terminal Reynolds number Ret :

Ret = ρl d0Ut

µl
, (2.84)

• Terminal Weber number Wet :

Wet =
ρl d0U 2

t

σ
= Re2

t

√
Mo

Eo
. (2.85)

In these groups, d0 is the diameter of a volume-equivalent sphere (initial bubble diameter in our

simulations) and Ut the bubble terminal rise velocity.

The experimental data of Legendre et al. (2012), Hnat and Buckmaster (1976) and Bhaga and

Weber (1981) are taken for comparison purposes. Table 2.12 lists the characteristics of all the cases

considered, together with calculated terminal Reynolds and Weber numbers. Figure 2.33 shows

a visual comparison of the computed bubble shapes against measured experimental data. Note

that to obtain snapshots of the entire bubble cross-section, the plots of the simulation results have

been mirrored around the axis of symmetry during post-processing. It can be seen that the various

types of deformed bubble shapes (i.e. spherical, ellipsoidal and spherical-cap) are all well predicted.
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Chapter 2. Adiabatic multiphase flows

D = 2R
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Figure 2.32 – Schematic representation of the domain used for the bubble rise problem.

Figure 2.34 is a plot of the calculated terminal Reynolds numbers against the correlation group of

Rastello et al. (2011):

Ret ,cor = 2.05We2/3
t Mo−1/5. (2.86)

Selected experimental results are also shown. Good agreement between our computed values and

experimental data has clearly been achieved.

2.9 Summary

In this chapter, the numerical approaches to resolve the momentum and volume conservation and

especially phase conservation by means of an ITM have been detailed. While the momentum solver

and its coupling with the projection method utilising the pressure-Poisson equation are standard,

the axisymmetric implementation of the geometric VOF method used for interface tracking is rather

novel mainly due to the analytical approach to interface reconstruction. In this chapter, the details

of this method have been given, including interface reconstruction, volume fraction advection and

surface tension force calculation. This has been followed by a rigorous verification and validation

exercise, including an execution time comparison with iterative reconstruction approaches, a set

of forced advection problems, static and dynamic parasitic current problems, the axisymmetric

dam-break problem and the bubble rise in a quiescent liquid problem.

Our direct analytic solution procedure has been shown to outperform the iterative solution method

with a speed-up of about 1.4-1.7 and a comparison of error measures of our method with contem-

porary implementations of the axisymmetric PLIC-VOF method in the commercial CFD software
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2.9. Summary

1 2 3 4

5 6 7 8

9 10 11 12

Figure 2.33 – Comparison of simulated and experimental bubble shapes. Numbers correspond to
case identifiers listed in Table 2.12. The shadow observed below the bubble in Case 8 is an artefact
of the experimental measurement technique (Hnat and Buckmaster, 1976).

Reprinted from Legendre et al. (2012), p. 3, Copyright (2012), with permission from AIP Publishing, from
Hnat and Buckmaster (1976), p. 182, Copyright (1976), with permission from AIP Publishing, and from Bhaga
and Weber (1981), p. 66, Copyright (1981), with permission from Cambridge University Press.
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Figure 2.34 – Comparison of terminal Reynolds numbers against the correlation group of Rastello
et al. (2011), Eq. 2.86.
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Chapter 2. Adiabatic multiphase flows

Ansys® Fluent and open-source CFD code Basilisk have demonstrated the superior performance

of our method in terms of accuracy. The static parasitic current problems considered here has

showed that the discrete form of the Young-Laplace equilibrium condition can be achieved, after a

sufficiently long relaxation time, for a variety of grids and material properties. For configurations

in which both phases have the same density and dynamic viscosity, second-order accuracy has

been achieved. Furthermore, for these configurations, a stable solution of the dynamic parasitic

problem involving repeated perturbation of the phasic interface by continuous advection could be

demonstrated, with parasitic currents shown to be negligible.

For the dam-break problem, very good agreement of simulation results with experimental data has

been attained, and the dynamic characteristics of the problem well reproduced. For the bubble

rise problem, bubble shapes at various degrees of deformation have been well predicted, and

good agreement between computed values of terminal Reynolds numbers with those derived from

the experimental data has been achieved. Thus, we consider the overall adiabatic flow solver of

PSI-BOIL to be verified and validated for simulations using axisymmetric cylindrical coordinates;

in the next chapter, the coupling with a sharp-interface phase-change model is presented.
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3 Multiphase flows with heat and mass
transfer

In the previous chapter, the algorithm for interface tracking and resolution of momentum and vol-

ume conservation for adiabatic flows was described, together with the results of the corresponding

verification and validation exercise. In the presence of phase change, the ITM must be comple-

mented by an energy conservation solution method and a mass transfer model of comparable

fidelity. To match the accuracy and sharpness of the geometric VOF method, a subgrid-accurate

phase-change model must be considered. Several requirements can be formulated for such a

general-purpose, sharp-interface model:

1. Mass transfer should be implemented exactly at the phasic interface and conservation of

mass must be exactly satisfied.

2. Position of the interface should be considered with subgrid accuracy.

3. No assumptions on the condition of the individual phases should be made (e.g. superheated,

saturated).

4. It should be physics-based and free of empiricism.

5. It should not be restricted to problems involving species transport.

6. It should be applicable to problems with complex interfacial topology both in two and three

dimensions.

A careful review of the single-species phase-change models, detailed e.g. by Kharangate and Mu-

dawar (2017), reveals that essentially the only available approach with the potential to fulfil the

above requirements is to relate the phase-change rate to the interfacial energy balance, i.e. to use the

closure relation (1.91). With this method, the gradients of temperature must be calculated within

the individual phases while taking into account the interfacial temperature, avoiding the imprecise

mixture formulation. A challenging aspect of a subgrid-accurate model is the ability to consistently

account for the interfacial position both during the solution of the energy transport equation and in

mass-transfer calculations. For example, a naive one-fluid formulation of the energy conservation

equation without corrective techniques would result in the loss of information about temperature

in cells featuring the interface and a subsequent loss of accuracy. For this reason, we have decided

to retain the sharp-interface approach for the solution of the temperature-transport equation (1.90)

and the mass-transfer rate closure law (1.91), previously used in PSI-BOIL and described by Sato

and Ničeno (2013), for the use in this project and to couple it with the new geometric VOF ITM. To
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Chapter 3. Multiphase flows with heat and mass transfer

maintain the overall capabilities of the code, the implementation has been done both in Cartesian

and axisymmetric cylindrical geometries. Furthermore, the species transport method with implicit

diffusion of Bureš (2018) and Bureš and Sato (2020a) has also been included. In this chapter, this

effort is described, together with the results of the subsequent verification and validation exercise.

Note that the coupling of the geometric VOF method with sharp-interface phase-change models

has received some attention in the past. Pioneering work was conducted by Welch and Wilson

(2000), Welch and Rachidi (2002) and Agarwal et al. (2004), who focused on 2D simulations of film

boiling; in these works, the irregular stencil for temperature gradients was used only during mass

transfer rate calculations. Haelssig et al. (2010) simulated two-dimensional counter-current flow

with phase change using the approximate mixture formulation for treatment of near-interface cells.

Ling et al. (2014) and Sun et al. (2014) simulated 2D boiling, while considering one of the phases to

be saturated and approximating the temperature gradients in the interfacial cell by values at faces,

sacrificing accuracy in the process. In the latter work, 2D axisymmetric bubble condensation was

also presented. A 3D simulation of bubble-growth in a quiescent liquid was carried out by Akhtar

and Kleis (2011, 2013) using the mixture formulation, but the computed bubble shape was deformed

and the growth rate was non-monotonic. A two-dimensional axisymmetric simulation of the same

benchmark was successfully performed by Perez-Raya and Kandlikar (2018a) with only minor

distortions of the temperature boundary layer observed. Aside of using mixture thermal diffusivities

in interfacial cells, their method was able to capture the interface in a fully sharp manner. Perez-

Raya and Kandlikar (2018b) have successfully used their method for 2D axisymmetric simulations

of nucleate boiling.

Recently, the importance of computing the phasic velocity needed for volume fraction advection in

the presence of phase change in a divergence-free manner has been brought forward. To this end,

an extrapolation method has been proposed by Malan (2017); Malan et al. (2021) and implemented

in a solver combining the geometric VOF method with a sharp-interface phase-change model.

The two-fluid, irregular-stencil discretisation of enthalpy diffusion of Sato and Ničeno (2013) was

adopted. Malan (2017); Malan et al. (2021) successfully performed the 3D simulation of bubble

growth in a quiescent liquid and demonstrated convergence of their simulation to the analytical

solution with first-order accuracy and the shapes of both the bubble and the temperature boundary

layer have been shown to be preserved, at least in the direction normal to one of the coordinate

axes. Considering the success and simplicity of their extrapolation method, we have adopted a

modified version of their algorithm, as described below. Note that Scapin et al. (2020) have also

presented a method for velocity extrapolation; nevertheless, integration only within an algebraic

VOF solver was demonstrated in their work.

The coupling of the geometric VOF method to species transport, performed as a side development

here, has been also presented before in the open literature, most prominently in the work of

Schlottke and Weigand (2008) and subsequent works related to the DNS code FS3D (Eisenschmidt

et al., 2016). Nevertheless, with their approach, the mass-transfer rate is calculated from the local

concentration gradient, rendering their method incapable of simulating single-species problems.

The species transport in FS3D is treated explicitly and special flux-limiter functions are introduced

to avoid concentration errors near the interface (Bothe and Fleckenstein, 2013).

The text of this chapter, including the introduction above, is partially adapted from Bureš and Sato

(2021c):
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3.1. Volatile flow solution algorithm

• Bureš, L. and Sato, Y. (2021c). Direct numerical simulation of evaporation and condensation

with the geometric VOF method and a sharp-interface phase-change model. International

Journal of Heat and Mass Transfer, 173:121233,

with preliminary results presented at the Thermal and Fluids Engineering Conference (Bureš and

Sato, 2020b):

• Bureš, L. and Sato, Y. (2020b). Sharp-interface phase-change model with the VOF method. In

Proceedings of the 5th Thermal and Fluids Engineering Conference (TFEC 2020), pages 63–66.

The discussion of the interfacial area density computation methods, both below and in Appendix B,

also draws from (Bureš and Sato, 2021d):

• Bureš, L. and Sato, Y. (2021d). Marker Gradient method: Sharp and robust algorithm for inter-

facial area density calculation. In Proceedings of the 5-6th Thermal and Fluids Engineering

Conference (TFEC 2021), pages 249–258.

3.1 Volatile flow solution algorithm

Referring to the solution algorithm for adiabatic flows described in Section 2.1, it is obvious that

several steps must be added to take into account species transport, temperature transport and

phase change. Using first-order, operator-split discretisation in time, the species transport equation

(1.87) is written as:

(1−φn+1)∆V

∆t
ε? = (1−φn)∆V

∆t
εn −∑

i
εn

(
un

i ∆Si −F n
l ,i

)
, (3.1)

(1−φn+1)∆V

∆t
εn+1 −∑

i
(1−φn+1)D(∇εn+1)i∆Si = (1−φn+1)∆V

∆t
ε? (3.2)

Here, the advection term was discretised using the forward Euler method and the diffusion term

using the backward Euler method. Similarly, the temperature transport equation (1.90) for phase i

takes the time-discretised form:

T? = T n −∆t
(
∇· (T nun

i

)−T n(∇·un
i

))
, (3.3)

Cp,i

∆t
T n+1 −λi∇2T n+1 = Cp,i

∆t
T?. (3.4)

The values ε? and T? are tentative; the reasons for operator-splitting are technical and are described

below in the respective dedicated sections. The mass transfer closure law (1.91) is written simply as:

ṁ′′′,n = an
γ

1

L

(
λl∇T n |γ,l ·nn −λg∇T n |γ,g ·nn

)
. (3.5)

Aside of these additional equations, those described in the previous chapter, i.e. interface tracking,

momentum conservation and volume conservation, continue to play a role in the overall algorithm

and must be extended to take phase change into account. For the ITM, the necessary modifications

include the treatment of the phase-change source term on the right-hand side of Eq. 1.84, as well

as the aforementioned estimation of the phasic velocities, necessary also in the solution of the
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Chapter 3. Multiphase flows with heat and mass transfer

temperature transport equation (3.3). Using the operator-split approach again, we write:

φ? =φn − ∆t

ρl
ṁ′′′,n , (3.6)

φn+1 =φ?− ∆t

∆V

∑
i

F n
l ,i . (3.7)

Equation 3.7 is identical to Eq. 2.1; the surface flows F n
l ,i are calculated using the geometric advection

algorithm described in the previous chapter utilising the extrapolated liquid velocity. For the

momentum and volume conservation equations, the only difference is the addition of the phase-

change source term to the pressure-Poisson equation, which reads in the modified form as:

∑
i

∆t

ρn ∇(
∆pn+1) ·∆S i =

∑
i

u? ·∆S i −ṁ′′′,n
(

1

ρv
− 1

ρl

)
∆V. (3.8)

With this modification, the solution methods presented in Chapter 2 remain valid.

Overall, the solution algorithm from Section 2.1 is modified for volatile flows as follows:

Step 1. Calculate curvatures and surface tension force.

Step 2. Solve the momentum conservation equation (2.2) to obtain a tentative velocity field.

Step 3. Solve the Poisson equation for pressure, Eq. 3.8, and project the tentative velocity field

onto a volume-conservative one using Eq. 2.5.

Step 4. Calculate the tentative volume fraction field using Eq. 3.6.

Step 5. Calculate the liquid and gas velocity fields ul and ug using the velocity extrapolation

algorithm.

Step 6. Advance the tentative volume fraction distribution by solving Eq. 3.7 using the geometric

VOF advection scheme.

Step 7. Calculate interfacial area density aγ needed for Eq. 3.5.

Step 8. Solve species transport in the gas phase by resolution of Eqs. 3.1 and 3.2.

Step 9. Solve temperature transport by resolution of Eqs. 3.3 and 3.4 for both phases simultane-

ously.

Step 10. Calculate mass transfer ṁ′′′ between phases using Eq. 3.5.

Step 11. Advance the time step and go back to Step 1.

The newly-added steps, i.e. Step 5, Step 7, Step 8 Step 9 and Step 10 are described individually below

in the same order as they appear in the algorithm. The other steps are performed identically to the

adiabatic situation.

3.2 Phasic velocity calculation

A method to obtain the phasic velocities ul and ug required for the correct solution of Eq. 3.7, as

well as Eq. 3.3 solved in both phases, was presented by Malan (2017, pp. 64-66). Using this method
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3.2. Phasic velocity calculation

Figure 3.1 – Schematic representation of the velocity extrapolation domain; blue cells: liquid phase,
white cells: gas phase, yellow shading: solution domain of the extrapolation Poisson problem,
dashed line: phasic interface, orange line: free-flow boundary, blue line: wall boundary.

with ul as an example, its values in the interfacial cells and in the vapour phase are obtained using

divergence-free extrapolation from the liquid phase, ul = u +u+, where u+ is chosen such that:

∇·u+ =−∇·u. (3.9)

Equation 3.9 can be satisfied by solving a Poisson problem for corrective pressure p+ in direct

analogy to the projection method of Chorin (1968), see Eqs. 2.3 and 2.5. The resulting liquid velocity

is evidently divergence-free. We have adopted this approach with the following minor changes:

1. We define the solution domain as illustrated in Fig. 3.1. The wall boundary is shifted by

one layer further away from the interface in comparison with the original approach, cf. Fig.

3.1 and Fig. 11.2 of Malan (2017, p. 66). This way, velocities at faces of cells containing the

interface are always recalculated to avoid any reliance on ITM-based information on face

cutting (which might not be sufficiently robust) and we avoid using velocities from mixed

staggered cells.

2. The density in the system matrix—Eq. 11.20 of Malan (2017, p. 66)—is taken to be the constant

liquid density ρl . This accelerates the solution algorithm. The resulting Poisson problem has

the form: ∑
i

∆t

ρl
∇p+ ·∆S i =−∑

i
u ·∆S i . (3.10)

Two-point, second-order-accurate central differences are used to approximate the pressure

derivatives at the cell faces.

Jacobi iterations (Saad, 2003) are used for solving Eq. 3.10. A flagging algorithm is used to label the

interfacial and interface-adjacent cells: cells with a non-zero value of interfacial area density aγ are

marked as the former. The latter can be identified by having at least one directly-adjacent cell s
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interface

ECW

0 cc 1

∆x

WW

0

EE

1

x

0

1

H

Figure 3.2 – A 1D interface represented by the indicator function H (above) and its discretised
approximation using the colour function c (below). C: interfacial cell, 0 < cc < 1; W and WW : cells
located to the left of the interface, c = 0; E and EE: cells located to the right of the interface, c = 1;
grid spacing ∆x assumed uniform for simplicity.

whose centre lies in the other phase, i.e. a cell satisfying the condition:

(c −1/2)(cs −1/2) ≤ 0. (3.11)

The same approach is used to obtain the divergence-free extrapolation of the gas velocity, ug , the

only difference being the formal inversion l ↔ g in the above-described algorithm.

3.3 Interfacial area density calculation

As noted in Section 2.5, the interfacial area density aγ is formally defined as:

aγ =
Sγ
∆V

= 1

∆V

∫
Ω
||∇H ||dV. (3.12)

Note that ||∇H || can be considered to be a generalisation of the Dirac distribution δγ to two and

three dimensions (Lange, 2012). Multiple approaches to evaluate aγ exist; they are discussed

below. We also note in passing that the computation of this quantity can be largely avoided by

re-interpreting Eq. 3.6 within the framework of the geometric VOF method as a shift of the PLIC

interface by (ṁ′′/ρl )∆t in the interface-normal direction. This approach has been used by Malan

(2017) and Malan et al. (2021) and is not detailed here. Its implementation has been briefly tested

during this project and no significant variation of the overall results for the considered test problem

has been observed.

3.3.1 Algebraic approach

Equation 3.12 can be crudely approximated as:

aγ ≈ ||∇c||. (3.13)
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3.3. Interfacial area density calculation

Computing aγ through Eq. 3.13 is the so-called algebraic approach. This expression can be further

generalised to:

aγ ≈ f (c)||∇c||, (3.14)

where f (c) is a function of the colour function such that:∫ 1

0
f (c)dc = 1. (3.15)

To prove this, the theory of distributions must be generalised to define compound functions of the

indicator function H and the Dirac delta function δγ. A proof for polynomials in c can be found

within the framework of the algebra of Colombeau (2006), in which 2Hδγ ≈ δγ, 3H 2δγ ≈ δγ and so

on. Three common examples of Eq. 3.14 are:

a A
γ = 1||∇c||, (3.16)

aB
γ = 2c||∇c||, (3.17)

aC
γ = 6c(1− c)||∇c||. (3.18)

The two scaled variants have been introduced to reduce the smearing of the interface; nevertheless,

they present their own issues. This can be understood in 1D using a generic setup shown in Fig.

3.2. Two-point central differences are used for discretising the derivative of c. Evidently, aγ can be

non-zero only in cells labelled W, C, and E with values:

W : f (0)
cc −0

2∆x
∆x, (3.19)

C: f (cc )
1−0

2∆x
∆x, (3.20)

E: f (1)
1− cc

2∆x
∆x, (3.21)

and (in 1D interfacial area is simply equal to the number of interfaces):

Sγ =
∫ +∞

−∞
||∇H ||d x ≈∑

i

∫
i

f (c)
dc

d x
d x ≈∑

i
f (ci )

∆c

∆x

∣∣∣∣
i
∆x. (3.22)

It can be deduced that:

• f (c) = 1: Sγ is correctly equal to 1 but spread over 3 cells.

• f (c) = 2c: Sγ is correctly equal to 1 but spread over 2 cells in an asymmetric manner, i.e. by

formally replacing c → (1− c), a different distribution of aγ is resulting.

• f (c) = 6c(1− c): only one cell contains the interface but Sγ = 3cc (1− cc ), which is dependent

on the value of cc with a mean of 1/2.

These results hold in more complex situations as well as demonstrated in Section 3.7.1.

Due to the simplicity and robustness of the algebraic approach, it has been used in many works

before, recently e.g. by Haroun et al. (2010); Marschall et al. (2012); Magnini et al. (2013); Nieves-

Remacha et al. (2015), and it also represents the algorithm of choice in industrial applications

(Ansys® Fluent 2020 R1 Theory Guide). However, the smearing of the interface is in conflict

with the sharp-interface phase-change approach and thus we will not adopt it for the use in
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Chapter 3. Multiphase flows with heat and mass transfer

PSI-BOIL. In Appendix B, we present a novel algorithm for interfacial area density calculation,

the so-called Marker Gradient method, which preserves the favourable properties of algebraic

gradient calculations; nevertheless, the interface is represented in a sharp manner, allowing the

exact localisation of the mass-transfer rate. This method has been developed as a side result of the

overall PhD project and is not considered further in the main text, since it introduces a bias in the

total calculated area, which would be further exacerbated in an axisymmetric cylindrical geometry.

This problem can be easily avoided by using one of the other, more complex approaches discussed

below; the Marker Gradient method could find application in situations requiring less fidelity and

ease of implementation instead.

3.3.2 Direct approach

Due to the difficulties associated with discrete approximations of generalised functions, the alterna-

tive approach to the computation of aγ foregoes the second equality of Eq. 3.12 entirely and focuses

on calculating the interfacial area Sγ directly, using the local topology of the interface. Within the

framework of the geometric VOF method, it is possible to deduce Sγ in a straightforward manner

as a by-product of the interface reconstruction process, as has been done e.g. by Soh et al. (2016).

First the PLIC interface is reconstructed and coordinates x of its intersections with the edges of the

computational cell are found. In 2D, the evaluation of the length of the resulting line is trivial; in 3D,

the area of the resulting polygon is found using the Stokes’ theorem applied to the special problem

of polygonal area calculation (Zwillinger, 2002; López and Hernandez, 2008):

Sγ = 1

2

∣∣∣∣n ·
m−1∑
j=0

x j ×x j+1

∣∣∣∣, (3.23)

where m is the total number of intersecting points (i.e. vertices of the resulting polygon), xm ≡ x0

and the vertices are ordered in a circular manner. In order to avoid spurious interfaces created in

cells with c ≈ 0 or c ≈ 1 due to errors in volume fraction advection, we restrict the application of this

computational method to cells in the potential vicinity of the interface, which can be identified by

satisfying Eq. 3.11 at least for one cell s “touching” the given cell; this includes cells connected only

via a corner.

A related approach to calculate aγ derived from the rendering process used in computer graphics

consists of two steps:

1. Assume the colour function to be a smoothly-varying function with the c = 1/2 isosurface

corresponding to the phasic interface.

2. Reconstruct this isosurface and calculate its area within computational cells.

A canonical example of this method is the Marching Cubes (MC) algorithm of Lorensen and Cline

(1987) (Marching Squares in 2D), which has been used in PSI-BOIL before (Sato and Ničeno,

2013), although only in Cartesian geometry. While the VOF-based phasic interface cannot be

strictly identified with the c = 1/2 isosurface, only a minor difference is expected between these

two, which should be weighed against the robustness and sharpness of the MC algorithm. Our

concrete implementation of the MC algorithm relies on calculating nodal (i.e. cell-corner) values

of c by simple averaging, which are then used to find the c = 1/2 isosurface with the help of linear

interpolation. Note that, in 3D, the MC algorithm does not enforce interfaces to be planar within
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3.4. Solution of species transport in the gas phase

the cells but rather reconstructs them on the basis of a local surface triangulation.

Both geometric and rendering approaches are suitable candidates for calculating aγ as a part of a

sharp-interface phase-change model. For use in axisymmetric cylindrical coordinates, the length

of the line segment forming the interface in the given cell (determined either through a geometric

or a rendering approach) must be multiplied by the radial coordinate of its geometric centroid, as

per the First Theorem of Pappus (Zwillinger, 2002). Thus, if the line segment |ab| is bounded by

points a and b, aγ is calculated as:

aγ = Sab

∆V
= Lab

∆Scart

xab

xc
= ||a −b||

∆x∆z

xa +xb

2xc
= aγ,cart

xa +xb

2xc
, (3.24)

where aγ,cart is the length density of the interface in the 2D Cartesian projection.

In Section 3.7.1, the performance of the geometric and rendering approaches is compared in

Cartesian geometry; results of algebraic approaches based on nodal values of c are also shown for

completeness.

3.4 Solution of species transport in the gas phase

Equations 3.1 and 3.2 are solved only in the gas phase, i.e. on a dynamically-evolving computational

domain. In practice, we employ a solution method which combines the following advection and

diffusion steps, together with ghost-value extrapolation.

Advection step, Eq. 3.1

To evaluate the values of εn at cell faces, a second-order TVD scheme is used. After computing

ε?, its values are extrapolated to cells, for which φ>φcrit; this is done to avoid numerical errors in

cells where φ≈ 1. We have selected φcrit = 0.999 based on our simulation experience – a sensitivity

study for this parameter is shown in Section 3.7.5. The extrapolation is performed using an iterative

solution of the Hamilton-Jacobi equation (Osher and Fedkiw, 2003):

∂ε?

∂τ
+n ·∇ε? = 0, (3.25)

where τ [m] is a pseudo-time variable (used only to advance to the steady-state solution). Equation

3.25 is discretised in time using first-order Euler implicit scheme and in space using a first-order

upwind scheme; the pseudo-time step ∆τ is taken as minimal grid spacing in the domain. The

resulting system of linear algebraic equations is resolved by symmetric Gauss-Seidel iterations

(Saad, 2003) and iterated until a convergence criterion is satisfied.

Diffusion step, Eq. 3.2

The diffusion step, Eq. 3.2, is solved in an implicit manner and the derivatives are discretised using

two-point, second-order-accurate central scheme. To calculate the cell-face area available for

diffusion (i.e. the non-wetted fraction of the cell face represented by the product (1−φn+1)∆S), the

Marching Squares (see Section 3.3) algorithm is used due to the robustness of this approach. This

discretisation allows us to write the species transport equation as a linear algebraic system, Eq. 2.48,
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Figure 3.3 – Schematic representation of the discretisation of the energy conservation equation;
cells with a white-centre: liquid phase, cells with a purple centre: gas phase, blue line: phasic
interface. The coloured cells are referred in the text. Only a two-dimensional domain is shown for
simplicity.

where the system matrix has again a band structure. For the resolution of this system, in analogy to

Section 2.6, we use the Conjugate Gradient method. Due to the asymmetry of the system matrix,

we use diagonal preconditioning (Saad, 2003).

After solving for εn+1, it is again extrapolated to cells, for which φ > φcrit. Note that within this

framework, the algorithm remains non-conservative with respect to the species concentration; the

degree of non-conservation is discussed in Section 3.7.5.

3.5 Temperature transport solution

In Section 3.1, it was mentioned that Eqs. 3.3 and 3.4 are solved for both phases simultaneously.

This relies on the fact that, within a finite-difference framework, the computational domain can be

unambiguously decomposed into liquid and gas portions according to the condition c < 1/2 ⇒ cell

centre in gas and vice versa. Then, a sharp-interface discretisation approach is used, taking into

account the local interfacial temperature; in the presence of NCG, it is evaluated using either Eq.

1.82 or 1.83. To avoid unphysical oscillations of the interfacial temperature between successive time

steps, the under-relaxation approach described in Bureš (2018); Bureš and Sato (2020a) is used:

T n+1
γ = (1−α)T n

γ +αT?
γ , (3.26)

where α is an under-relaxation factor, taken as 0.01 based on our simulation experience, and T?
γ is

the value of interfacial temperature should no under-relaxation be employed.

The resulting decomposition of the computational domain is shown schematically in Fig. 3.3.
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3.5. Temperature transport solution

Advection step, Eq. 3.3

The advection step of temperature transport, Eq. 3.3, updates the local temperature field by applying

two flux terms. The latter one, T (∇·ui ), is evaluated in a standard manner at the cell centre with two-

point, second-order-accurate central differences used for the approximation of the divergence of

the phasic velocities. Note that this should be zero up to the tolerance of the extrapolation algorithm

described above. The former involves the computation of the divergence of the “temperature flux”,

∇ · (T ui
)
. To this end, the values of temperature at cell boundaries must be first estimated; a

second-order TVD scheme is used. When a ghost value is required (e.g. liquid temperature value at

the face between cells A and B in Fig. 3.3), linear extrapolation is used with the local temperature of

the interface Tγ and its position taken into account. This is done with subgrid accuracy based on

the geometric VOF reconstruction.

After resolving the advection step, the tentative temperature field T? is obtained. Before the

diffusion step is solved, we first check whether any cell centre changed phase during the time step,

i.e. if any cell satisfies:

(cn+1 −1/2)(cn −1/2) ≤ 0. (3.27)

For such cells, we overwrite the tentative value T? by the local interfacial temperature to avoid

“spill-over” of the temperature field from one phase to the other.

Diffusion step, Eq. 3.4

The diffusion step, Eq. 3.4, is solved in an implicit manner and the interfacial position is again

resolved. As a result, the non-uniform spacing must be taken into account; we employ a three-point,

central-difference scheme for the approximation of the Laplacian operator. Using the cyan-coloured

cell A in Fig. 3.3 as an example, the x-component of the diffusion term in Cartesian geometry is

calculated as:

λl
∂2T

∂x2 ≈λl

[
Aw Tw + Ae Te − (Aw + Ae )Tc

]
, (3.28)

where Tw is the temperature in the W -direction, i.e. the interfacial temperature Tγ, Te the temper-

ature in the E-direction and Tc the temperature in the given cell. The coefficients Aw and Ae are

deduced using a Taylor expansion as:

Aw = 2

∆xw (∆xw +∆xe )
, (3.29)

Ae = 2

∆xe (∆xw +∆xe )
, (3.30)

with ∆xw and ∆xe indicated in Fig. 3.3. In an axisymmetric geometry, a symmetric representation

is used for the radial component:

λl
1

x

d

d x

(
x

dT

d x

)
=λl

1

2

[
d 2T

d x2 + 1

x

d 2(xT )

d x2

]
≈λl

[
Aw Tw + Ae Te − (Aw + Ae )Tc

]
, (3.31)

where:

Aw = 1

∆xw (∆xw +∆xe )
+ 1

xc

xw

∆xw (∆xw +∆xe )
=

(
2− ∆xw

xc

)
1

∆xw (∆xw +∆xe )
, (3.32)

Ae = 1

∆xe (∆xw +∆xe )
+ 1

xc

xe

∆xe (∆xw +∆xe )
=

(
2+ ∆xe

xc

)
1

∆xe (∆xw +∆xe )
. (3.33)
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Chapter 3. Multiphase flows with heat and mass transfer

Here, xc is the distance of the centre of the given cell from the axis of symmetry.

Note that for cells away from the interface, this discretisation scheme is second-order-accurate.

At the interface, however, the asymmetry of the stencil results in first-order accuracy. We usually

employ the Conjugate Gradient method with preconditioning by second-order fill-in, incomplete

Cholesky factorisation for the resolution of the linear algebraic system resulting from the discretisa-

tion. Nevertheless, the asymmetry of the system in the interfacial cells, as well as the significant

jump in thermal conductivity occurring when solid-fluid heat transfer is involved (see Chapter 4),

sometimes necessitate the switch of the solution approach to the Biconjugate Gradient Stabilised

method.

3.6 Mass transfer rate calculations

To evaluate the temperature gradients at the liquid and gas sides of the interface, needed in Eq. 3.5,

we use fourth-order-accurate upwind differences for non-uniform grids evaluated at the interface.

The gradient components Gi which cannot be computed directly (such as both components of the

liquid temperature gradient for the red-coloured cell B in Fig. 3.3) are obtained by solving Eq. 3.25.

The values of Gi in cells away from the interface necessary to evaluate ∇Gi in Eq. 3.25 (such as the

green-coloured cell C in Fig. 3.3) are calculated using fourth-order-accurate central differences.

3.7 Performance evaluation, verification and validation

In the previous sections, the theory and implementation of the extension of the solution algorithm

to the case of volatile flows have been described. This section reports on the results of performance

evaluation of the method, both in Cartesian and axisymmetric geometries. First, the approaches

for calculating interfacial area density (Section 3.3) are compared. For verification purposes,

standard 1D evaporation benchmarks and the problem of bubble growth in superheated quiescent

liquid have been then selected for simulation. For the validation, problems of bubble growth in

superheated liquid and condensation in subcooled liquid under the effects of gravity are considered.

The latter benchmark involves non-condensable gases and thus it is also used for evaluating the

degree of species non-conservation.

To evaluate mass conservation of the interface tracking method, evolution of the total volume of

the confined gas phase Vg has been tracked. It is given as:

Vg (t ) =
∫
Ω

[1−φ(t )]dV ′ =VΩ−
∫
Ω
φ(t )dV ′ =VΩ−Vl (t ). (3.34)

Here, Ω represents the whole simulation domain and VΩ is its total volume, which is a constant

value; Vl is the time-dependent volume of the liquid phase. The total gas volume Vg has then been

expressed using the volumetric phase-change rate V̇g [m3/s] as:

Ṽg (t ) =Vg (0)+
∫ t

0
V̇g (t ′)d t ′. (3.35)

Equivalence of the two above expressions, Vg (t) = Ṽg (t), corresponds to the mass conservation

condition for the interface tracking method. In all cases considered here, this has been achieved

within numerical accuracy, that is, Vg (t )− Ṽg (t ) =O (ε), where VΩ− [Vl (t )+Vg (t )] =O (ε).
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Figure 3.4 – Relative error of total interfacial area for a 2D circle as as a function of the reciprocal of
grid resolution. Base-2 logarithmic abscissa is used.

3.7.1 Comparison of approaches for calculating interfacial area density

As a first test case, we analytically initialise a 2D circle centred in a periodic Cartesian domain. We

take its diameter as d = 1.01N∆x, where ∆x is the grid spacing and N is a grid level quantifying

the degree of grid refinement (approximately the number of cells per circle diameter). Uniformly

discretised square is used as the computational grid. Figure 3.4 shows the calculated relative error

of total interfacial area as a function of 16/N . Relative error E is calculated for a parameter A as:

E = Acalculated

Atheoretical
−1. (3.36)

The results for algebraic approach C (Eq. 3.18) are not shown as the underestimation of aC
γ is about

50% for all levels of grid refinement, as expected from the 1D analysis performed in Section 3.3. It

can be seen that the other two algebraic methods (Eqs. 3.16 and 3.17) feature an asymptotic bias

of about 0.2%, while the asymptotic bias of the MC method is ∼0.01%. The MC method is clearly

best-performing overall.

In terms of identifying interfacial cells, the algebraic approach C , the geometric approach and

the MC method all exhibited zero error. Note that this is not guaranteed for the Marching Cubes

algorithm; in other configurations it can over/underestimate the total number of interfacial cells

due to the misalignment of the VOF interface with the c = 1/2 isosurface. The algebraic approach A

distributes the interfacial area over a band of cells near the interface, resulting in an overestimation

of the total number of interfacial cells by a factor of 3 at all levels of grid refinement. For the

algebraic approach B , the overestimation factor asymptotically approaches 2. These results are

consistent with the 1D analysis performed in Section 3.3

As a second test case, we extend this problem to three dimensions. Since it is impossible to initialise

the volume fraction distribution corresponding to a sphere on a Cartesian grid analytically, we use

stratified sampling with m = 203 = 8000 evaluations per cell to initialise the sphere, i.e. a cell near

the interface is divided into 20×20×20 subcells and we evaluate if their centres are located inside or

outside of the sphere. Figure 3.5 shows that the results for algebraic approaches and the MC method
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Figure 3.5 – Relative error of total interfacial area for a 3D sphere as as a function of the reciprocal
of grid resolution. Base-2 logarithmic abscissa is used.

are very similar to the two-dimensional case (results for algebraic approach C are again omitted).

Conversely, the results of the geometric method deteriorate significantly; we can observe that it

features a non-zero bias (∼−0.2%), which is a result of the non-exact initialisation of the sphere. By

increasing the number of stratified sampling points m, the magnitude of the bias decreases. Since

the other methods are essentially insensitive to the value of m, this shows the lack of robustness of

the geometric method. The MC method is again clearly best-performing.

For this problem, the Marching Cubes algorithm misestimates the total number of interfacial cells

by up to several percent, depending on the grid resolution and the number of points m. Results for

other approaches remain similar to the two-dimensional case.

To complement the presented static analysis, Fig. 3.6 shows the evolution of the relative error of total

interfacial area for a 2D circle with N = 128 advected in the diagonal direction using the geometric

and MC approaches. The circle is advected over a distance equal to 2
p

2d with CFL = 0.05. Both

for the geometric approach and the MC method the interfacial area slowly increases over time due

to the deformation of the circle caused by errors in the advection scheme, even though the total

volume of both phases is kept exactly constant in time. While both approaches started with an error

of total area ≈ 0, the spurious increase for the geometric approach is faster and significantly more

erratic. This confirms the superiority of the MC method even when the VOF interface does not

perfectly align with the c = 1/2 isosurface. Similar conclusions can be reached when the advection

of a 3D sphere is tested.

The overall conclusion of the performed comparisons is that the MC method is highly robust and

accurate and introduces only a minor bias into the aγ calculations. For this reason, we have adopted

it for use in the rest of the PhD project.

3.7.2 One-dimensional problems

For verification purposes, we first consider the standard 1D evaporation problems in Cartesian

configuration: the Stefan problem (Son and Dhir, 1998a; Welch and Wilson, 2000) and the sucking
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Figure 3.6 – Relative error of total interfacial area for a 2D circle advected in the diagonal direction
as a function of normalised time. Grid resolution measured in the approximate number of cells per
circle diameter N is equal to 128.
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Figure 3.7 – Schematic representation of the one-dimensional phase-change problems.

Table 3.1 – Physical properties of water at atmospheric pressure and saturation.

Density Heat capacity Thermal conductivity Dyn. viscosity
ρ [kg/m3] cp [J/(kg·K)] λ [W/(m·K)] µ [Pa·s]

Liquid 958.4 4216 0.679 2.80×10−4

Vapour 0.597 2030 0.025 1.26×10−5

Latent heat L [J/kg]: 2.258×106

Surface tension σ [N/m]: 0.059
Saturation temperature Ts [K]: 373.15

89



Chapter 3. Multiphase flows with heat and mass transfer

Table 3.2 – Characteristics of the considered 1D evaporation problems. For the Stefan problem,
∆T = Twall −Ts . For the sucking problem, ∆T = Tout −Ts .

∆T [K] βg [-] t0 [ms] xγ,0 [mm] Lx [mm] N1 [-] ∆x1 [µm] CFLlim [-]

Stefan 10 0.0669 30 0.105 1 50 20 0.1
Sucking 5 0.7677 100 2.21 10 400 25 0.1

problem (Welch and Wilson, 2000). Figure 3.7 shows the configuration common to both of these

problems: a vapour film covering a wall with a temperature Twall expands as a result of phase

change occurring at the phasic interface, while the liquid bulk is pushed out through the outlet as a

result of this expansion with the temperature at the outlet being Tout. The interfacial velocity uγ is

equal to:

uγ = ṁ′′

ρv
, (3.37)

and the liquid is uniformly advected with the Stefan velocity ustefan:

ustefan = ṁ′′
(

1

ρv
− 1

ρl

)
. (3.38)

The analytical solution for the interfacial position as a function xγ(t) is given as (Son and Dhir,

1998a; Welch and Wilson, 2000):

xγ(t ) = 2βg
√
αv t , (3.39)

where αv =λv /Cp,v is the vapour thermal diffusivity [m2/s] and βg [-] a configuration-dependent

growth constant. We consider a model problem representing a water system at atmospheric

pressure, see Table 3.1 for physical properties.

In both problems, the heat is supplied from one side of the interface: in the Stefan problem, the wall

at the origin is superheated (Twall > Ts) and heat diffuses to the phasic interface through the vapour

film. Since the film is stagnant, the temperature profile is almost linear. In the sucking problem,

the liquid bulk is superheated (Tout > Ts). As a result, the sucking problem represents a combined

advection-diffusion problem and a boundary layer forms in the vicinity of the phasic interface.

Characteristics of both simulated problems are shown in Table 3.2. Here, t0 corresponds to time

chosen such that the position calculated using Eq. 3.39 corresponds to the initial film thickness xγ,0.

Furthermore, Lx is the extent of the considered simulation domain. Uniform grid discretisation

with grid spacing ∆x has been adopted. The number of computational cells for the coarsest grid

considered is N1 with the corresponding grid spacing being ∆x1. A variable time step ∆t is used

with the limit imposed by the Courant number and the CFLlim employed is listed in Table 3.2. The

temperature profiles are initialised using the analytical solution (Son and Dhir, 1998a; Welch and

Wilson, 2000).

Figure 3.8 shows the calculated interfacial positions as functions of time for both problems. The

grid level is defined in terms of the number of cells per domain extent Lx and normalised by the

value for coarsest grid N1 (see Table 3.2). To evaluate the accuracy order of the computational

method, we use the relative error (Eq. 3.36) of the calculated growth constant, βg ,calc. However,

since the temperature field stretches during the simulation as the vapour film expands, the error of

βg ,calc evolves through time. For this reason, we consider the L1-mean value of the error Ē1, defined
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Figure 3.8 – Interfacial positions as functions of time for considered 1D evaporation problems and
selected grid resolutions. The grid level is defined in terms of the number of cells per domain extent
Lx and normalised by the value for the coarsest grid N1 (see Table 3.2).
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Figure 3.9 – L1-mean relative errors of the growth constant βg (Eq. 3.40) for the 1D evaporation
problems as functions of inverse grid level (number of cells per domain extent Lx and normalised
by the value for the coarsest grid N1, see Table 3.2). Solid lines correspond to power law fits of data
points in the asymptotic region.
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as:

Ē1 = 1

tmax − t0

∑
i
|Ei |∆ti = 1

tmax − t0

∑
i

∣∣∣ βg,i

βg,theor
−1

∣∣∣∆ti = 1

tmax − t0

∑
i

∣∣∣ xi

xtheor(ti )
−1

∣∣∣∆ti , (3.40)

instead. In Eq. 3.40, the sum is performed over all time steps, (tmax − t0) is the total simulation

time, xi the position of the interface at time step i and xtheor(ti ) the position evaluated using the

analytical solution. The third equality in Eq. 3.40 results from introducing the presumed evolution

of the interfacial position, Eq. 3.39. For both problems, multiple levels of grid refinement have been

calculated and Fig. 3.9 shows the L1-mean relative errors of the calculated growth constants βg (Eq.

3.40). Power law fits have been applied to the data in the asymptotic region and a method order of

∼1 has been recovered for both problems. This is expected, since—as described in Section 3.5—the

diffusion term of the energy transport equation is discretised with first-order accuracy near the

interface and first-order extrapolation of temperature is used in the advection term.

3.7.3 Bubble growth in quiescent superheated liquid (Scriven problem)

Growth of a vapour bubble under zero gravity conditions in a uniformly superheated liquid is a

standard verification benchmark for CFD codes, see e.g. Kunkelmann and Stephan (2009); Sato

and Ničeno (2013); Malan et al. (2021). An analytical solution to this problem was given by Scriven

(1959) as:

R(t ) = 2βg
√
αl t , (3.41)

where R is the bubble radius, αl is the liquid thermal diffusivity and βg [-] is a configuration-

dependent growth constant, obtained as the root of the expression:

ρl

ρv

cp,l∆T

L+ (cp,l − cp,v )∆T
= 2β2

g

∫ 1

0
exp

[
−β2

g

(
(1− s)−2 −2

(
1− ρv

ρl

)
s −1

)]
d s. (3.42)

We consider a model problem representing a water system at atmospheric pressure, see Table 3.1 for

physical properties. With the choice of liquid superheat∆T = Tout−Ts = 1.25 K, the growth constant

βg for this configuration is equal to 4.063; note that, for water under atmospheric conditions, βg

calculated according to Eq. 3.42 is approximately equal to the Jakob number Ja [-] given as:

Ja = ρl Cp,l∆T

ρv L
. (3.43)

Bubble initial radius R0 is taken as 50 µm.

Both a two-dimensional axisymmetric and a three-dimensional Cartesian grid are considered.

Using symmetry boundary conditions, only 1/2 and 1/8 of the bubble are simulated in these two

cases, respectively. Domain side length S is taken as 187.5 µm in all directions. In the axisymmetric

case, the bubble shape is initialised analytically; in the Cartesian case, stratified sampling is used

to estimate the initial volume fraction field. The analytical solution of Scriven (1959) is used to

initialise the temperature field. Figure 3.10 shows a schematic representation of the domain used.

The y-direction for the three-dimensional Cartesian case is not shown. At the outlet, the Dirichlet

boundary condition for temperature is applied, T = Tout .

Uniform grid discretisation has been adopted. A variable time step ∆t is used, with the limit

imposed by the Courant number taken as CFL < 0.1. A second upper limit is given by the capillary-
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Figure 3.10 – Schematic representation of the domain used for the bubble growth in quiescent
superheated liquid problem.
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(a) Axisymmetric case.
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(b) Cartesian case.

Figure 3.11 – Radius as a function of time for the bubble growth in quiescent superheated liq-
uid problem. The grid level is defined in terms of the number of cells per domain width S and
normalised by 24 (value for coarsest grid).

wave condition (2.76) with Cσ = 0.1. The absolute minimum of these two criteria is the time step

actually used in the simulation.

Figure 3.11 shows the calculated bubble radii as functions of time for both axisymmetric and Carte-

sian cases and selected grid levels. The grid level is defined in terms of the number of cells per

domain width S and normalised by 24 (value for coarsest grid). Evidently, very well converging

behaviour has been achieved with both grids. Figure 3.12 shows the L1-mean relative error (Eq. 3.40

evaluated for bubble radius) of the calculated growth constant βg with respect to the theoretical

value. Power law fits have been applied to the data in the asymptotic region; the Cartesian results

have demonstrated a convergence order of ∼1.5, for the axisymmetric results, it is slightly higher.

The smaller order of the Cartesian method could be attributed to the worse convergence charac-

teristics of some aspects of the overall algorithm, e.g. normal vector and curvature calculations.

Note that, for all grid levels, the time step in the simulation was limited solely by the capillary-wave

condition (2.76). As a result, the CFL number observed during the simulations scaled with the
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Figure 3.12 – L1-mean relative error (Eq. 3.40) of the growth constant βg for the bubble growth in
quiescent superheated liquid problem as a function of inverse grid level (defined in terms of the
number of cells per domain width S and normalised by 24). Solid lines correspond to power law fits.

square root of the grid spacing, since:

CFL ∝ ∆t

∆x
∝ ∆x1.5

∆x
=
p
∆x. (3.44)

This means the reduction of error with grid refinement must be partially attributed to the reduction

of the time step. We assume a model for the error E of the form:

E ∝∆xαCFLβ∝∆xα+β/2, (3.45)

where α is the order of the method in space and β in time. Since first-order discretisation in time

is used, β= 1, and we verify the first-order spatial accuracy already demonstrated in the previous

section.

To illustrate the overall behaviour of the simulation, Fig. 3.13a shows instantaneous distributions of

volume fraction, pressure, volumetric mass source, and temperature for one of the axisymmetric

calculations. It can be observed that near-perfect levels of sharpness and symmetry have been

achieved in the simulation. Furthermore, Fig. 3.13b shows instantaneous distributions of volume

fraction and temperature for one of the Cartesian calculations. In planes both normal to the

coordinate axes and inclined with respect to the coordinate axes, near-perfect level of symmetry

has been achieved.

3.7.4 Bubble growth in superheated liquid under gravity

The natural extension of the bubble growth benchmark is the inclusion of gravity force. As a result,

the bubble is no longer stationary, but rather rises through the liquid bulk due to buoyancy. The flow

generated by the bubble motion increases the heat transfer to the interface; subsequently, bubble

growth rate is higher than the one predicted by the Scriven solution. Thus, both mass transfer at the

interface and the overall bubble motion must be predicted accurately to obtain correct results. For

validation, we have chosen the experimental data for ethanol of Florschuetz et al. (1969). Physical
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(a) Axisymmetric configuration; volume fraction, pressure, volumetric mass source and temperature shown.
Instantaneous radius is 120 µm, corresponding to a theoretical pressure jump due to surface tension equal
to 983 Pa, pressure is zero at the outlet.
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Figure 3.13 – Instantaneous distributions of selected variables for the bubble growth in quiescent
superheated liquid problem. Results are shown for grid level 8 (corresponding to 192 cells per
domain width S).
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Table 3.3 – Physical properties of ethanol at atmospheric pressure.

Density Heat capacity Thermal conductivity Dyn. viscosity
ρ [kg/m3] cp [J/(kg·K)] λ [W/(m·K)] µ [Pa·s]

Liquid 757.0 3000 0.154 4.29×10−4

Vapour 1.435 1830 0.020 1.04×10−5

Latent heat L [J/kg]: 9.630×105

Surface tension σ [N/m]: 0.018
Saturation temperature Ts [K]: 351.45

properties of an ethanol system at atmospheric pressure are listed in Table 3.3. The choice of ethanol

rather than water is convenient from the numerical point of view: since thermal diffusivity of liquid

ethanol at saturation is ∼2.5 smaller than the one of liquid water, the temperature boundary layer

around the rising bubble can be resolved with a lower number of computational cells. For ethanol,

experimental results for liquid superheat values 2.8-4.9 K have been reported by Florschuetz et al.

(1969). In our calculations, we have chosen ∆T = Tout −Ts = 3.1 K. Note that for such configuration,

the Scriven growth constant (Eq. 3.41) is equal to 5.399. Bubble initial diameter d0 is taken as

420 µm; for this size, buoyancy effects are still negligible (Florschuetz et al., 1969) and the zero-

gravity analytical solution can be used to initialise the temperature distribution in the simulation.

Gravitational acceleration g is set equal to 9.81 m/s2 and acting in the negative z-direction.

Both a two-dimensional axisymmetric and a three-dimensional Cartesian grid are considered.

Using symmetry boundary conditions for the three-dimensional grid, only 1/4 of the domain is

simulated in this case. The height of the domain in the z-direction Lz is taken as 20 mm and the

lateral width Lx (and Ly in the Cartesian case) as 4 mm. To reduce computational requirements

of the simulation, lateral dimensions are discretised uniformly only in the centre of the column

with stretched grid used for the rest. The bubble is initially positioned 1 mm above the column

bottom. In the axisymmetric case, its shape is initialised analytically; in the Cartesian case, stratified

sampling is used to estimate the initial volume fraction field. The zero-gravity analytical solution is

used to initialise the temperature field. Figure 3.14 shows a schematic representation of the domain

after initialisation. The y-direction for the three-dimensional Cartesian case is not shown. Both

at the outlet and at the no-slip walls, the Dirichlet boundary condition for temperature is applied,

T = Tout .

For the axisymmetric configuration, four levels of grid refinement are simulated. For the Cartesian

configuration, only three levels are considered due to the prohibitive cost of such a simulation

at the highest grid level. Table 3.4 summarises domain characteristics of the simulated cases. A

variable time step ∆t is used, with the limit imposed by the Courant number taken as CFL < 0.18

and second upper limit given by the capillary-wave condition (2.76) with Cσ = 0.42. The absolute

minimum of these two criteria is the time step actually used in the simulation.

Figure 3.15 shows the calculated bubble radii as functions of time for all considered cases. Same

expression as used by Florschuetz et al. (1969) is adopted to calculate the bubble radius Rbub:

Rbub =
dx +dy +2dz

8
, (3.46)

where dx, dy, and dz are bubble extents in the x-, y-, and z-directions, respectively. For ax-

isymmetric simulations, dy = dx. To maintain consistency with the data representation used by
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Figure 3.14 – Schematic representation of the domain used for the bubble growth under gravity
benchmark.
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Figure 3.15 – Radius as a function of time for the bubble growth under gravity benchmark, compared
with measurements of Florschuetz et al. (1969) and theoretical predictions (Scriven, 1959). Results
with both axisymmetric (left) and Cartesian grids (right) are shown. Grid level is defined in terms
of the number of cells per domain width Lx and normalised by 21. Values on the ordinate are
normalised by 2βg

p
αl .

0 10 20 30 40 50 60 70 80
Time [ms]

0

100

200

300

400

500

600

700

800

R
e
[-
]

Grid level = 2
Grid level = 3
Grid level = 4
Grid level = 5

0 10 20 30 40 50 60 70 80
Time [ms]

0

100

200

300

400

500

600

700

800
Grid level = 2
Grid level = 3
Grid level = 4

Figure 3.16 – Bubble Reynolds number as a function of time for the bubble growth under gravity
benchmark. Results with both axisymmetric (left) and Cartesian grids (right) are shown. Grid level
is defined in terms of the number of cells per domain width Lx and normalised by 21.
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Table 3.4 – Domain characteristics of the bubble growth under gravity benchmark. Grid level is
defined in terms of the number of cells per domain width Lx and normalised by 21.

Grid Minimum Total number of cells
level grid spacing Axisymmetric Cartesian

2 15.6 µm 215040 36126720
3 10.4 µm 483840 121927680
4 7.8 µm 860160 289013760
5 6.25 µm 1344000 -
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Figure 3.17 – Instantaneous distributions of volume fraction, pressure, volumetric mass source
and temperature for the bubble growth under gravity benchmark. Results are shown for grid
level 4 (corresponding to 84 cells per domain width Lx ) with axisymmetric configuration. Radius
calculated from Eq. 3.46 is 1.23 mm, corresponding to a theoretical pressure jump due to surface
tension equal to 28.7 Pa, pressure is zero at the outlet.
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Florschuetz et al. (1969), normalisation by 2βg
p
αl is used for Rbub (cf. Eq. 3.41). It can be observed

that good agreement with experimental data has been achieved. From the figure, it can be observed

that simulation results—the coarsest simulation notwithstanding—vary only slightly with grid

refinement; this is also evidenced by the plot of bubble Reynolds number Rebub, calculated as (Uz

being the bubble velocity in the z-direction):

Rebub =
ρl dbubUz

µl
= 2ρl RbubUz

µl
, (3.47)

shown in Fig. 3.16.

To illustrate the overall behaviour of the simulation, Fig. 3.17 shows instantaneous distributions of

volume fraction, pressure, volumetric mass source, and temperature for one of the axisymmetric

calculations. It can be observed that a near-perfect level of sharpness has been achieved in the

simulation. The highest volumetric mass source is located on the bubble top, off-centre. Here the

temperature boundary layer spans only 2-3 computational cells.

3.7.5 Bubble condensation with NCG in subcooled liquid under gravity

Direct-contact condensation of bubbles in subcooled liquid pools has been studied extensively

in the past; nevertheless, only a limited number of works take into account the presence of non-

condensable gases (Qu et al., 2015). Our previous work focused on the demonstration of the

capability of our numerical method to simulate this phenomenon (Bureš, 2018; Bureš and Sato,

2020a) using the smeared volume fraction (colour function) for phase representation. To evaluate

the performance of the code with the new interface-tracking method, we validate here our approach

against an experimental data set.

In this type of experiment, a bubble is generated by injection of gas to a liquid pool through a

nozzle. It detaches and starts to rise due to buoyancy. As a result of liquid subcooling, condensation

occurs and the bubble shrinks continuously until an equilibrium volume V∞ is achieved. Its value

is dictated by the initial amount of NCG in the gas mixture and liquid subcooling ∆T = T0−Tout as:

V∞ =Vinit
εinit

ε∞(∆T )
, (3.48)

with T0 being the reference saturation temperature at given system pressure, Vinit the initial de-

tached bubble volume, εinit the initial NCG volume fraction, and ε∞ the equilibrium NCG volume

fraction. Its value is determined from the condition Tγ(ε∞) = Tout.

Simulation setup

As reference data, we have chosen the experiments of Kalman (2003) involving condensation of

refrigerant R-1131 bubbles with non-zero air content in a subcooled liquid refrigerant pool. This

experiment has been compared to CFD results before, e.g. by Jia et al. (2019). Data sets of radius

and height as functions of time for single bubbles are provided by Kalman (2003) for several liquid

subcooling values. In our calculations, we have chosen those for ∆T = 5.4 K, Table 3.5 summarises

the experimental conditions and values chosen for our simulation.

11,1,2-Trichloro-1,2,2-trifluoroethane (Lemmon et al., 2018).
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Table 3.5 – Selected experimental conditions (Kalman, 2003) and simulation settings used for
validation. The latter have been chosen by averaging the two experimental cases.

System pres. Initial bubble Initial air
p0 [atm] radius R0 [mm] vol. fraction εinit [%]

Exp. CFF2121 1 1.3 0.2051
Exp. CFF2221 1 1.5 0.1914

Simulation 1 1.4 0.1983

Liquid subcooling ∆T [K]: 5.4
Equilibrium air vol. fraction ε∞ [%] 16.84

Table 3.6 – Physical properties of R-113 at atmospheric pressure.

Density Heat capacity Thermal conductivity Dyn. viscosity
ρ [kg/m3] cp [J/(kg·K)] λ [W/(m·K)] µ [Pa·s]

Liquid 1508 940.4 6.367×10−2 4.904×10−5

Vapour 7.424 691.4 9.506×10−3 1.028×10−5

Gas mixture diffusion coefficient D [m2/s]: 7.904×10−6

Latent heat L [J/kg]: 1.467×105

Surface tension σ [N/m]: 0.01470
Reference saturation temperature T0 [K]: 320.735

Physical properties of a R-113 system at atmospheric pressure are listed in Table 3.6. Majority of

the values have been obtained from the NIST catalogue (Lemmon et al., 2018). The latent heat

value has been taken from Lu et al. (2017). The R-113/dry-air binary diffusion coefficient has been

estimated using the FSG correlation (Fuller et al., 1966, 1969), presented here in SI units, except for

diffusion volumes ς assumed in cm3 by convention:

DFSG = 10−7 · 101325

p0
· T 1.75

0(
ς1/3

v +ς1/3
n

)2 ·
√

10−3

Mv
+ 10−3

Mn
. (3.49)

The atmospheric pressure and the corresponding saturation temperature of R-113 are used as the

reference pressure p0 and temperature T0 in Eq. 3.49. The molar masses Mv and Mn are equal to

187.4×10−3 kg/mol and 29.0×10−3 kg/mol, respectively. The diffusion volumes ςv and ςn have

been computed according to the method given by Fuller et al. (1966, 1969) as 138.9 cm3 and 19.7

cm3, respectively. For the dependence of the interfacial temperature Tγ on the NCG volume fraction

εγ, we use the Antoine relation (Eq. 1.83). The Antoine coefficients for R-113 have been taken from

Sanjari et al. (2013) and are presented in Table 3.7. Note that, for simplicity, we have assumed

the material properties of NCG, i.e. density, viscosity, heat capacity and thermal conductivity, to

be constant and equal to the R-113 vapour properties. As the air mass fraction remains . 2.5%

throughout the experiment, we consider this simplification to be justified. Furthermore, since gas

properties have negligible impact on the dynamics of bubble rise (Legendre et al., 2012) and heat

transfer occurs almost solely in the liquid, the main characteristics of the problem are well-captured.

During the bubble rise in this configuration, Reynolds numbers exceeding 1000 are observed. At

those values, rectilinear motion and symmetric bubble oscillations are no longer guaranteed, as

confirmed by the photographs presented by Kalman (2003). Bubbles in axisymmetric simulations

exhibited strong non-physical oscillations often resulting in their splitting. Thus, reduced-size
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Table 3.7 – Antoine-equation coefficients for R-113 (Sanjari et al., 2013).

A B C
6.88 1099.9 227.5
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∆T = T0 −Tout = 5.4 K

z

x

Outlet

No-slip wall

Gravity

No-slip
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εinit = 0.1983%
Tinit = 320.676 K

Figure 3.18 – Schematic representation of the domain used for the bubble condensation with NCG
in subcooled liquid under gravity benchmark.

axisymmetric simulations were used only for evaluation of grid convergence during the initial,

symmetric stage of the simulation and only results of full three-dimensional Cartesian simulations

have been considered for detailed analysis. The height of the domain in the z-direction Lz is taken

as 80 mm for the full simulations and 13.3 mm for the reduced-size ones. The lateral widths in the

3D Cartesian computations Lx and Ly are taken as 20 mm; for the axisymmetric simulations, the

equivalent radial half-width Lr = 10 mm is used. To reduce computational requirements, lateral

dimensions are discretised uniformly only in the centre of the column with stretched grid used for

the rest. Gravitational acceleration g is set equal to 9.81 m/s2 and acting in the negative z-direction.

In the experiment, the bubbles were generated by detachment from a vertical nozzle. We have

successfully simulated such a setup in Bureš (2018); Bureš and Sato (2020a). Here we want to

precisely control the bubble initial radius and NCG content for quantitative comparison purposes.

Thus, we omit the bubble-growth and detachment phases and instead initialise a stagnant, spherical
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Table 3.8 – Domain characteristics of the bubble condensation with NCG in subcooled liquid under
gravity benchmark. Grid level is defined in number of cells per domain width Lx and normalised by
64 (value for the coarsest grid).

Grid level Min. grid spacing Number of cells (axisym.) Number of cells (Cart.)

1 208.3 µm 3072 1622016
2 104.1 µm 12288 12976128
3 69.44 µm - 43794432
4 52.08 µm 49152 100663296
8 26.04 µm 196608 -

16 13.02 µm 786432 -

bubble 5 mm (2.5 mm for the axisymmetric simulations) above the bottom of the simulation

domain using stratified sampling to estimate the initial volume fraction field. Temperature in the

liquid is initialised as Tout. Initial value of the NCG volume fraction in the bubble is uniformly

set equal to εinit and its temperature is prescribed as Tinit = Tγ(εinit) = 320.676 K according to the

Antoine relation. Figure 3.18 shows a schematic representation of the full Cartesian domain after

initialisation. The y-direction is not shown. Both at the outlet and at the no-slip walls, the Dirichlet

boundary condition for temperature is applied, T = Tout, which is 5.4 K lower than the reference

saturation temperature T0.

Multiple levels of grid refinement are simulated. Table 3.8 summarises domain characteristics

of the simulated cases. A variable time step ∆t is used, with the limit imposed by the Courant

number taken as CFL < 0.1 and second upper limit given by the capillary-wave condition (2.76)

with Cσ = 0.28. The absolute minimum of these two criteria is the time step actually used in the

simulation.

Grid convergence study

Figure 3.19 presents the calculated volume-equivalent bubble radii and axial positions as functions

of time, respectively, for all even levels of grid refinement during the initial, symmetric portion of the

simulation. The axisymmetric simulations were terminated on the occurrence of unphysical bubble

break-up. It can be seen that axisymmetric and Cartesian results are highly similar and a converging

behaviour has been achieved, even though rather high level of grid refinement (8+) is required to

reach convergence. Due to the prohibitive cost of such grid refinement, these simulations could

not have not been conducted in the full Cartesian geometry. Thus, the rest of the analysis presented

here has been performed using the four calculated Cartesian results with lower grid resolution –

in spite of the lack of convergence, these results still bring useful insight into the dynamics of the

problem.

Quantitative comparison with the experiment

Figure 3.20 shows the calculated volume-equivalent bubble radii and axial positions as functions of

time for all considered levels of grid refinement in the full Cartesian representation. For grid level 1,

the bubble becomes too small with respect to the grid spacing (∼5 grid cells per bubble volume-

equivalent diameter at t & 0.35 s) due to condensation – the resulting under-resolution mars the rest

of the simulation. The bubble rise velocity is evidently overestimated with respect to the experiment.
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Figure 3.19 – Radius (top) and axial position (bottom) as functions of time for the bubble conden-
sation with NCG in subcooled liquid under gravity benchmark, compared with measurements of
Kalman (2003); initial stage of the simulation is shown. Grid level is defined in terms of the number
of cells per domain width Lx and normalised by 64 (value for the coarsest grid). Values on the
ordinate of the top figure are normalised by the initial bubble radius R0 (see Table 3.5).
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Figure 3.20 – Radius (top) and axial position (bottom) as functions of time for the bubble conden-
sation with NCG in subcooled liquid under gravity benchmark, compared with measurements of
Kalman (2003). Grid level is defined in terms of the number of cells per domain width Lx and nor-
malised by 64 (value for the coarsest grid). Values on the ordinate of the top figure are normalised
by the initial bubble radius R0 (see Table 3.5).
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Since the phase-change rate increases with the bubble Reynolds number (i.e. with its velocity), this

could explain the overestimation of the condensation rate by the simulation, observable in Figs.

3.19 and 3.20. The discrepancy between the experimental and computed rise velocities is clearly

visible during the adiabatic stage of the problem after the equilibrium concentration is achieved.

The overestimation of the rise velocity could be partially caused by the VOF advection scheme,

since a modest positive bias was observed in the adiabatic simulations presented in Chapter 2;

nevertheless, we believe that the lower experimental bubble rise velocity should be attributed

mainly to the presence of surfactants in the liquid – in Kalman (2003) as well as in the previous work

with the same experimental apparatus (Lerner et al., 1987), the presence of impurities in the liquid

and the resulting immobilisation of the bubble surface during the condensation of immiscible

fluids were assumed.
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(a) Bubble Reynolds number.
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Figure 3.21 – Selected results of the bubble condensation with NCG in subcooled liquid under
gravity benchmark. Grid level is defined in terms of the number of cells per domain width Lx and
normalised by 64 (value for the coarsest grid).
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Figure 3.22 – Radius as a function of time for the bubble condensation with NCG in subcooled
liquid under gravity benchmark, dashed lines represent the fitted numerical solutions of Eq. 3.51.
Grid level is defined in terms of the number of cells per domain width Lx and normalised by 64
(value for the coarsest grid). Values on the ordinate are normalised by the initial bubble radius R0

(see Table 3.5).
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Figure 3.21 shows additional computed results of this benchmark. In the plot of temporal evolution

of the bubble Reynolds number (Fig. 3.21a, calculated using Eq. 3.47), the initial oscillations and

their subsequent decay can be observed. At higher grid resolutions, the terminal Reynolds number

is achieved after the condensation process diminishes.

The NCG volume fraction (Fig. 3.21b) follows a sigmoidal curve. This could be explained as follows:

at the beginning of the simulation, the value of εbub is low and the NCG have a negligible impact on

the phase-change rate. Due to the rising motion, the superheated liquid surrounding the bubble is

being constantly replenished, resulting in the volumetric flux V̇ ′′ [m3/(m2·s)] being approximately

constant. And since:

4πR2V̇ ′′ = V̇ = 4πR2 dR

d t
, (3.50)

the radius decreases linearly during this phase. This can be confirmed by observing the plot in Fig.

3.20. And since εbub ∝ R−3, the bubble NCG volume fraction initially follows a cubic relationship.

As the bubble diminishes in size, the effect of NCG on the interfacial temperature increases and the

phase-change rate decreases, ultimately reducing to zero. Note that by assuming a constant heat

transfer coefficient in the liquid and linearising the Antoine relation, the approximate differential

equation for the full bubble radius evolution could be obtained as:

dR

d t
=−K (Tinit −Tout)

ε∞−ε(R)

ε∞−εinit
≈−K∆T

(
1− εinitR3

0

ε∞R3

)
, (3.51)

where K is related to the liquid heat-transfer coefficient h [W/(m2·K)] as:

K = h

Lρv
. (3.52)

A numerical solution of Eq. 3.51 can be used to fit the simulated evolution of the bubble radius, as

shown in Fig. 3.22. The deduced values of the liquid heat-transfer coefficients for all grid levels are

presented in Table 3.9. They can be compared with the commonly-used correlations for h:

• The correlation of Ranz and Marshall (1952), originally developed for droplet evaporation:

hRM = λl

d

(
2+0.6Re0.5Pr0.33

l

)
, (3.53)

where d is the bubble diameter, Re the bubble Reynolds number and Prl [-] the liquid Prandtl

number:

Prl =
µl cp,l

λl
. (3.54)

For R-113, Prl is equal to 7.24.

• The post-detachment correlation for bubble condensation of Chen and Mayinger (1992):

hCM = λl

dinit
·0.185Re0.7

initPr0.5
l , (3.55)

where dinit is the bubble detachment diameter and Reinit the bubble detachment Reynolds

number (i.e. dinit must be used as the length scale in Eq. 3.47). For our calculations, we

consider dinit as the initial bubble diameter.

To calculate the parameters needed for the expressions above (d and Re in Eq. 3.53 and Reinit in
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Table 3.9 – Values of the liquid heat-transfer coefficients h deduced using reduced-order modelling
for the bubble condensation with NCG in subcooled liquid under gravity benchmark. Grid level is
defined in number of cells per domain width Lx and normalised by 64 (value for the coarsest grid).

Grid level h [W/(m2·K)]

1 493
2 929
3 1268
4 1548

8

12

16

20

0.200.180.15

Vol. fraction [%]

320.6

318.0

315.3

Temperature [K]

z

x

Pressure [Pa]

950

920

890

[mm]-8 -4 0 4 8

Figure 3.23 – Instantaneous distribution of temperature (main figure), NCG volume fraction (right
inset), and pressure (left inset) for the bubble condensation with NCG in subcooled liquid under
gravity benchmark at t = 0.1 s. Pressure is zero at the outlet. Results are shown for grid level 4
(corresponding to 256 cells per domain width Lx ).
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Eq. 3.55), averaging during the non-equilibrium phase of the bubble condensation process has

been used. The resulting mean value of the bubble Reynolds number is ∼830 for grid levels 2, 3

and 4, i.e. slightly outside of the reported range of applicability of the Ranz-Marshall correlation

(Re < 800) (Al Issa et al., 2014). The Chen and Mayinger correlation is valid for Reinit < 104; in our

simulations Reinit is about 1300. The resulting predictions from the correlations are essentially

equal for grid levels 2, 3 and 4:

hRM ≈ 1400 W/m2K, (3.56)

hCM ≈ 1700 W/m2K. (3.57)

Although the values calculated using the reduced-order fitting (Table 3.9) approach the result of

the Chen and Mayinger correlation, the axisymmetric results in the previous section indicate that,

ultimately, the heat transfer coefficients deduced directly from our simulations will exceed those

from the experimental correlation. A direct analysis of the data which formed the basis of the Chen

and Mayinger correlation reveals that, for values of Reinit ≈ 1000 (where, by coincidence, essentially

all of their measured R-113 data is located), scatter of up to 100% has been reported. This suggests

that our data is, overall, consistent with this experimental correlation.

Qualitative observations

To illustrate the overall behaviour of the simulation, Fig. 3.23 shows a detail of instantaneous

distributions of temperature, NCG volume fraction, and pressure for one of the 3D Cartesian

calculations at t = 0.1 s. At this point, the simulation still has a high level of axial symmetry, although

a minor asymmetry can already be observed. The bubble oscillations can be clearly discerned

from the temperature field and effects of vortex shedding can be identified in the temperature

and pressure fields. The features of the volume-fraction distribution within the bubble, i.e. low

concentration of NCG in the centre and on the top of the bubble and high concentration on

its sides, are very similar to the ones observed in our previous work (Bureš, 2018; Bureš and

Sato, 2020a). Figure 3.24 shows the evolution of the simulated bubble motion from t = 0.00 s to

t = 0.34 s by plotting the φ= 0.5 isosurface. One snapshot per ∆t = 0.02 s is shown from t = 0.04 s.

The experimentally-observed overall dynamics as described by Kalman (2003), i.e. strong initial

deformation and oscillations and gradual transition to an oblate shape, are indeed observed in our

simulation.

As the liquid in the bulk is stagnant overall, the effect of the bubble motion is localised and the

introduced disturbances of the temperature field diminish slowly with respect to the time scales of

the bubble rise; thus, they can be used to further examine the bubble motion. In Fig. 3.25, contours

of disturbed temperature field at t = 0.26 s are shown. The equilibration of the bubble interfacial

temperature with the liquid bulk temperature and the corresponding onset of adiabatic bubble rise

are clearly visible between the two highest bubble contour snapshots. Furthermore, we can roughly

distinguish four stages of the bubble motion:

A. Initial stage (t . 0.10 s): rectilinear motion with oscillations.

B. Transition stage (0.10 s . t . 0.13 s).

C. Zigzag motion stage (0.13 s . t . 0.20 s).

D. Terminal stage: rectilinear motion and deceleration to terminal velocity (0.20 s . t ).

109



Chapter 3. Multiphase flows with heat and mass transfer
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Figure 3.24 – Evolution of the rising bubble
from t = 0.00 s to t = 0.34 s for the bubble con-
densation with NCG in subcooled liquid under
gravity benchmark.

These stages are further illustrated by the plot of

the transverse extents of the bubble in Fig. 3.26.

The complexity of the bubble motion stems from

the interplay of force balance, deformable bubble

shape and non-constant volume of the bubble. It

is rather interesting that the terminal rise velocity

is achieved by deceleration due to the condensa-

tion reducing the bubble diameter. Particularly

remarkable is the fact that we have managed to

capture the zigzag motion stage, which is known

to occur due to an instability resulting from an

intimate coupling of bubble path and geometry

(Cano-Lozano et al., 2016), although only one turn

is visible in the present simulation results due to

the very fast condensation. While the transition

from the linear motion to the zigzag motion has

been often observed experimentally and numeri-

cally (Cano-Lozano et al., 2016), the reverse tran-

sition is quite unusual – it requires the shrinkage

of the bubble to occur, which in turn increases its

sphericity. As bubble deformation is a prerequisite

of the occurrence of the zigzag and/or helical mo-

tion (Cano-Lozano et al., 2016), the linear motion

is restored when the bubble becomes sufficiently

spherical.

In Fig. 3.25, the structure of the vortices induced

by the rising bubble is visualized by the tempera-

ture contour. For instance, in the region D where

the bubble straightly raises, we can observe the

double-threaded wake behind the bubble. In the

region C, the wake and the vortices generated by

the zigzag motion can be seen, the vortices featur-

ing a kind of hairpin shape.

Evaluation of species conservation

As noted in Section 3.4, the species transport equa-

tion is non-conservative due to the extrapolation

of ε across the interface and due to the limiting

of the solution domain by the choice of a factor

φcrit. In this work, results with φcrit = 0.999 have been presented so far, a value chosen based on

the experience gained from our preliminary simulations. Figure 3.27a shows the evolution of the

relative species conservation error, RCE, calculated as:

RCE = ∆VNCG

VNCG,init
=

∑N
i εi (1−φi )∆Vi −εinitVinit

εinitVinit
, (3.58)
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Figure 3.25 – Contours of disturbed temperature field at t = 0.26 s for the bubble condensation with
NCG in subcooled liquid under gravity benchmark. In the figure on the right, it is overlaid by the
evolution of the simulated bubble motion from t = 0.00 s to t = 0.26 s.
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Figure 3.26 – Transverse (x and y) extents of the bubble as a function of time for the condensation
with NCG in subcooled liquid under gravity benchmark. Results for the finest grid level are shown.

where N is the total number of grid cells. For an exactly species-conservative algorithm, RCE should

be identically zero. It can be observed that at grid levels 3 and 4, the error of species-conservation is

comparable at around 0.6% – at the end of the simulation, this corresponds to an absolute error of

∼ 0.006 ·17% ≈ 0.1%.

To evaluate the effect of φcrit on simulation results and its relation to the species conservation

error, we have tested five additional values of φcrit for grid level 2 in the Cartesian configuration:

0.985, 0.995, 0.998, 0.999, and 0.9995. Negligible impact on the tracked simulation parameters

(bubble radius, Reynolds number, etc.) has been observed; this points at the overall robustness

of the solution algorithm. Nevertheless, φcrit strongly impacts the species conservation as can be

observed from Fig. 3.27b. It can be discerned that, starting from t ≈ 0.22 s, the NCG volume remains

essentially constant – this corresponds to the situation when the bubble does not deform and rises

rectilinearly. Before that, two opposing effects play a role in the NCG non-conservation:

• Bubble deformation: as the bubble deforms, the extrapolation of ε across the interface gains

on importance. Since constant extrapolation is used, when the ε gradient points towards

the interface (see Fig. 3.23), NCG mass is lost due to this effect. The lower the φcrit, the more

significant this phenomenon is.

• Generation of flotsam: due to the errors in the VOF advection, liquid cells with φ. 1 (flotsam)

are generated during the bubble rise. If the φcrit is set too high, the solution domain of the

NCG transport equation will contain erroneous cells, which can affect the NCG conservation.

As can be seen from Fig. 3.27b, for low φcrit values, the initial bubble oscillation phase results in a

significant loss of NCG mass due to extrapolation. After the oscillations diminish, the flotsam errors

start to dominate with their effect gaining on importance with increasing φcrit. Due to these two

sources of error having opposite trends, the optimal choice of φcrit depends on the given problem.

On the other hand, we can conclude that the non-conservation error is only weakly sensitive to

φcrit for values close to the baseline (0.995-0.999), which confirms it as a good initial choice.
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(a) Effect of grid refinement.
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Figure 3.27 – Species conservation error as a function of time (Eq. 3.58) for the bubble condensation
with NCG in subcooled liquid under gravity benchmark. Grid level is defined in terms of the number
of cells per domain width Lx and normalised by 64 (value for the coarsest grid).

While the results of this validation exercise are encouraging, the lack of species conservation and

the accuracy limited by grid spacing points at the need of further development of the species

transport solver, aimed mainly at attempting to achieve inherent species conservation and subgrid

accuracy akin to the rest of the computational method. Additionally, further development effort

(e.g. higher-order discretisation, adaptive grid refinement) is necessary to successfully demonstrate

grid convergence in the Cartesian geometry.

3.8 Summary

In this chapter, the numerical method for the resolution of heat and mass transfer in volatile flow

simulations has been described. This method has been extended to account for the transport of

NCG in the gas phase as well as their effect on the interfacial heat and mass transfer processes;

overall, the method is consistently applicable to single-species and multi-species problems. The

methods for estimation of the interfacial area density needed for the calculation of the mass-transfer

rate have been evaluated; the Marching Cubes algorithm has been found to be the best-performing

method and is used in the rest of this work.

A number of benchmark simulations have been performed to test the numerical algorithm. Aside
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of standard 1D evaporation problems, bubble growth in superheated quiescent liquid has been

simulated using 2D axisymmetric and 3D Cartesian representations. Near-perfect levels of sharp-

ness and symmetry have been achieved and first-order accuracy has been demonstrated. For

validation purposes, we have simulated rising evaporating and condensing bubbles with reason-

able agreement with experimental data, discrepancies being attributed mainly to the presence of

impurities in the experiment. In the latter benchmark, applicability of the method to problems

without inherent symmetry and featuring turbulence and NCG transport has been shown. Further-

more, the heat-transfer coefficient has been evaluated using a reduced-order model and found to

be consistent with the experimental correlations and the observed transitions of the bubble rise

motion from rectilinear to zigzag and back to rectilinear have been described. Finally, the degree of

species-conservation error has been discussed and its impact has been found to be minor.

Thus, we consider the overall volatile flow solver of PSI-BOIL to be verified and validated for

simulations using both Cartesian and 2D axisymmetric cylindrical coordinates; in the next chapter,

the treatment of the solid part of the computational domain is presented.
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4 Solid/fluid coupling

Chapters 2 and 3 describe the approach to the solution of the governing equations of PSI-BOIL from

Chapter 1 in detail. At the same time, simulations performed with this code dealing with the topic of

boiling focus not only on phenomena in the bulk fluid but also those occurring at its wall boundary.

This includes capturing the appropriate boundary conditions; furthermore, in most situations, the

thermal inertia of the solid is finite and the conjugate heat-transfer problem between the solid and

the fluid must be solved. For simulations of boiling with resolved microlayer, near-wall phenomena

are of utmost importance, as will be discussed in detail in the second part of this thesis; it may also

be recalled that proper capturing of the interface in the vicinity of the solid was one of the principal

motivations behind the implementation of the geometric VOF method and the subsequent vast

verification and validation exercise. Thus, the topic of this chapter is a small but vital piece of the

overall computational method, i.e. implementation of the solid substrate into the code.

In the solid part of the domain, only the transient heat conduction equation is actually solved:

Cp,sol
∂T

∂t
=λsol∇2T +q, (4.1)

where q [W/m3] is the volumetric heat source. This equation is—the source term notwithstanding—

equivalent to the fluid-domain temperature transport equation (1.90) due to the velocity in the

solid being identically zero. Since all computational cells can be unambiguously determined to be

solid or fluid, Eq. 4.1 should be seen simply as an extension of the description of the overall energy

balance, provided that the fluid and solid cells are correctly coupled within the solution algorithm

(see below). Numerical testing has revealed that it is preferable to solve Eq. 4.1 in the finite volume

formulation, i.e.:
Cp,sol

∆t
T n+1 −∑

i
λsol(∇T n+1)i

∆Si

∆V
= Cp,sol

∆t
T n +qn . (4.2)

Here, the usual discretisation in time has been considered; two-point, second-order-accurate cen-

tral differences are used to discretise the spatial derivatives. This equation is solved simultaneously

with the diffusion step of the fluid-domain temperature transport equation (3.4). As mentioned in

the previous chapter, the large jump in material properties between the fluid and the solid, whose

thermal conductivity is usually rather high, often necessitates the use of the Biconjugate Gradient

Stabilised solution method. We note in passing that the material properties of the solid are usually

taken as constant; nevertheless, it can be taken to be composed of two different materials. Then,
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Fluid cells

Ghost cells

Wall

Iterative extrapolation

Figure 4.1 – Schematic representation of the wall iterative extrapolation procedure. Note that
the shape of the interface in the fluid domain was slightly perturbed in the process due to the
normal vector perturbation. Also note the linear extension of the interface being limited only to the
adjacent ghost cell. Only two-dimensional situation is shown for clarity.

simple mixture formulation is used to obtain the mean cell values of Cp,sol and λsol:

Cp,sol =φsol,1Cp,1 + (1−φsol,2)Cp,2, (4.3)

λsol =φsol,1λ1 + (1−φsol,2)λ2, (4.4)

with φsol,1 being the volume fraction of material 1, λ1 and Cp,1 its properties and λ2 and Cp,2 the

properties of material 2. While this formulation is correct for the volumetric heat capacities, it is

only an approximation for λsol.

The other physical variables (u, p, φ, ε) are enforced not to change in solid cells during the solution

steps. When the solid constitutes a significant fraction of the computational domain, this can

sometimes lead to a slow-down of the Algebraic Multigrid solver for pressure, since fluid and solid

cells are blended together on coarser grids; this can be partially remedied by limiting the blending

through “informed” discretisation, i.e. by designing the computational grid in such a way that solid

and fluid cells remain separated on most levels of the grid hierarchy.

4.1 Conditions at the wall

For pressure and NCG volume fraction, zero-valued Neumann boundary conditions are used. For

velocity, simple no-slip/no-penetration BC is applied at the solid wall. Thus the hydrodynamic

boundary condition reduces to a contact-angle condition, which is described below, together

with the treatment of the boundary during interface reconstruction and energy conservation

resolution. Note that, although physical slip effects (i.e. existence of non-zero velocity at the wall in

the tangential direction) are not considered, the use of VOF methodology for interface advection

implies the existence of a numerical slip, characterised by a slip length equal to the half of the local

grid spacing (Afkhami and Bussmann, 2008; Afkhami et al., 2009).

Interface reconstruction

The subgrid-accurate implementation of phase change described in Chapter 3 requires the calcu-

lation of interfacial area density also in wall-adjacent cells. The nodal values of c required by the
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Figure 4.2 – Schematic represen-
tation of the liquid contact angle
θ. The triple (contact) line is indi-
cated.
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D

Figure 4.3 – Wall-normal height function method for the calcu-
lation of curvature near the solid/fluid boundary (indicated by
the black line). Only 3 cells in the wall-normal direction in two
dimensions with uniform grid spacing are shown, for clarity.

Marching Cubes algorithm then make use of ghost values in the wall. These are in turn obtained

using the following iterative extrapolation procedure:

Step 1. Perform the VOF reconstruction of the interfacial geometry in wall-adjacent cells, utilising

only information in fluid cells.

Step 2. Extend the linear interface from wall-adjacent cells to ghost cells, calculating cghost.

Step 3. Perform the VOF reconstruction of the interfacial geometry in wall-adjacent cells, utilising

full stencil including ghost cells.

Step 4. Compare the new normal vector field with the previous estimate. If the change is above a

specified tolerance, go to Step 2.

This method converges very quickly, requiring ∼1-2 iterations to reach negligible variation of the

normal vector field. A schematic representation of the wall iterative extrapolation procedure is

shown in Fig. 4.1. Note that this technique provides a natural boundary condition for the VOF

normal vector as a by-product; the extension of the interface is also valuable during curvature

calculations (see below).

Contact angle

The computation of the surface tension force in the near-wall cells must be augmented to account

for the Dirichlet boundary condition for the interfacial slope at the wall, i.e. the so-called (liquid)

contact angle θ, shown in Fig. 4.2. Although θ is traditionally considered to be a constant resulting

from the triple-line (solid-liquid-gas) force balance, provided that hysteresis effects are neglected

(de Gennes, 1985; Snoeijer et al., 2007), we will discuss how this is generalised for problems in-

volving volatile fluids simulated on a finite grid in Chapters 5 and 6. Nevertheless, the actual
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implementation of the contact angle is independent of the underlying physical/numerical model;

we use a variation of the height-function approach of Afkhami and Bussmann (2008).

To illustrate this approach, we will use the two-dimensional Cartesian configuration in Fig. 4.3.

Here, three rows of cells are shown: the bottom one corresponds to ghost cells in the solid, to

which colour has been extrapolated using the algorithm described in the previous section; the

other two lie in the fluid. Curvature in the wall-adjacent fluid cells can be computed using a similar

approach as in the bulk fluid—see Section 2.5—with heights constructed either in the wall-parallel

or wall-normal direction. Here we will discuss only the wall-normal approach, since it is the one

prevalently used in the rest of this work. For description of the wall-parallel approach, the reader is

referred to Afkhami and Bussmann (2008).

When the wall-normal approach is used, we construct heights using a cut stencil (5 cells in the

major direction, rather than 7). Here we take into account the ghost-cell extrapolation, as indicated

in Fig. 4.3. Evidently, for cell C, all three necessary heights (hB , hC , hD ) exceed the wall level and

the curvature can be calculated according to the usual expression. Conversely, the height hA is less

than the wall level: this indicates that the contact line is located in this cell. The original idea of

Afkhami and Bussmann (2008) is to replace hA by h?A , calculated as:

h?A = hB −∆x tanθ, (4.5)

where∆x is the grid spacing in the wall-tangential direction and θ is the contact angle. Subsequently,

the standard formula to estimate the curvature is used.

As discussed by Afkhami and Bussmann (2008), the wall-normal height construction approach

suffers from poor convergence properties; this is also shown below. Thus, for the majority of

contact-angle values, the use of the wall-parallel approach, in which the location of the contact line

can be evaluated with subgrid accuracy, would be preferred. However, the wall-parallel approach

starts to suffer from inaccuracies for small values of the contact angle (. 10◦), which are those

chiefly relevant for this project. The inaccuracies result from the need for excessive stencil extent.

Note that during the verification exercise below, the wall-parallel stencil extent has been considered

to be unlimited.

We remark in passing that, for 3D Cartesian problems, the curvature can be calculated based on a

3×3 height stencil. Again, taking the wall-normal direction for illustration, a generalisation of Eq.

4.5 can be constructed for each height hi less than the wall level as follows (h0 being the height in

the cell where the curvature is calculated):

h?i = h0 −∆n,i tanθ, (4.6)

where ∆n,i is the scalar product of the signed distance between the centres of the given cell and cell

i and the normal vector to the interface projected onto the wall plane and renormalised.

Note that in cells, where the height is less than the wall level, the values of κ are obtained by

extrapolation in both Cartesian and axisymmetric geometries, using the approach described in

Section 2.5.
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Solid Fluid

TM TC TP

∆xsol ∆xflu ∆xp
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Figure 4.4 – Schematic representation of the stencil used for the implicit discretisation of the
heat diffusion term of the energy transport equation in the vicinity of a solid/fluid boundary,
indicated here by the thick vertical line: Tb,sol and Tb,flu are the solid-side and liquid-side boundary
temperatures, respectively.

Energy conservation

At the solid/fluid boundary, both temperature and flux contact discontinuities are permitted and

modelled through contact heat-transfer resistance Rcc [K·m2/W] and solid-side Dirac source term

δq [W/m2], respectively. As a result, the solid-side and fluid-side boundary temperatures can be

derived from the overall flux continuity:

Tsol −Tb,sol

∆xsol/λsol
+δq = Tb,sol −Tb,flu

Rcc
= Tb,flu −Tflu

∆xflu/λflu
, (4.7)

where Tsol is the temperature in the solid at distance ∆xsol from the boundary and Tflu is the

temperature in the fluid at distance ∆xflu from the boundary; this could be either the distance to

the nearest mesh point or to the phasic interface. The resulting expressions are:

Tb,sol =
(Rcc +Rflu)(Tsol +Rsolδq )+RsolTflu

Rcc +Rflu +Rsol
, (4.8)

Tb,flu = Rflu(Tsol +Rsolδq )+ (Rcc +Rsol)Tflu

Rcc +Rflu +Rsol
, (4.9)

where Rsol =∆xsol/λsol and Rflu =∆xflu/λflu. For the purpose of implicit discretiion of the Laplacian

operator, we start with the generic, three-point central difference formula:

∂2T

∂x2 ≈ KP (TP −TC )+KB (Tb,flu −TC ). (4.10)

Here, TC is the value of temperature at the point, where the difference is calculated; for illustration,

we chose the solid-adjacent fluid cell, shown as the central cell in Fig. 4.4. The coefficients KP and

KB are functions of the distances ∆xp and ∆xb . Assuming now that Tb,flu has been computed from

TM and TC using Eq. 4.9, we can evaluate:

KB (Tb,flu −TC ) = KB

(
(Rcc +Rsol)TC +Rflu(TM +Rsolδq )

Rcc +Rflu +Rsol
−TC

)
= KB

(
RfluTM −RfluTC +RfluRsolδq

Rcc +Rflu +Rsol

)
= KB Rflu

Rcc +Rflu +Rsol

(
(TM −TC )+Rsolδq

)
≡ KM (TM −TC )+KM Rsolδq .

(4.11)
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Similar modifications are used for the solid finite-volume formulation. Thus, the conjugate heat-

transfer problem between the solid and the fluid can be solved by means of a fully coupled algorithm

with heat conduction treated implicitly in both parts of the domain.

Note that the Dirac wall source term can be useful in situations, in which a surface heater has

a thickness, which is negligible with respect to the local cell extent. The contact heat-transfer

resistance, usually referred to as the Kapitza resistance (Pollack, 1969), is a negligible quantity;

in this work, we use it for reduced-order modelling of the interfacial heat-transfer resistance, see

Chapter 6.

4.2 Verification and validation

In this section, the performance of the various aspects of the solid/fluid coupling method is

evaluated. First, the contact angle implementation is examined, followed by the conjugate heat

transfer. An example of validation using a single-bubble nucleate boiling problem is also included.

4.2.1 Contact angle

To test the contact angle implementation, we repeat the static parasitic current problem from

Section 2.8.4 for the artificial case (see Table 2.8). The chief difference is that the droplet is now

initialised such that it forms a triple line at a wall. Its 2D projection then corresponds to a circular

segment with a given contact angle. After initialisation, the simulation is again run until equilibra-

tion (suitable multiple of the viscous time scale is required as the total elapsed time); subsequently,

the numerical Young-Laplace equilibrium is achieved and the error of the droplet curvature can be

evaluated. Note that, at the end of the simulation, the L1-error is again equal to the L∞-error for all

cases tested.

Three values of contact angle have been considered, 40◦, 20◦ and 5◦, using both the wall-normal and

wall-parallel height construction methods. For further testing purposes, the wall has been included

both in the form of a domain boundary condition and as an in-domain solid/fluid boundary.

Additionally, colour inversion c → (1− c), switch to a 2D Cartesian geometry with and without

symmetry boundary condition at the origin have all been tested. These variations have a negligible

impact on the overall results confirming the consistent implementation of the method.

Table 4.1 summarises the obtained results. Evidently, the wall-normal approach is inferior to the

wall-parallel one, failing to demonstrate grid convergence. At the same time, the results of the

wall-parallel approach themselves deteriorate with decreasing contact angle as discussed above.

Note that the stencil used here for the wall-parallel height construction is unconstrained. If a stencil

with a limited extent is used, the degradation of the wall-parallel results becomes significantly

more pronounced. Since we are mainly interested in situations with θ . 10◦, the wall-normal

approach has been adopted in the rest of the work in spite of its limitations. We remark in passing

that the deficiencies of the wall-normal approach have also been highlighted by Afkhami and

Bussmann (2008) in their original paper. Evidently, the height-function method for contact angle

implementation requires further development effort. For illustration purposes, Fig. 4.5 shows the

equilibrated volume-fraction distributions for the cases 40◦-128, 20◦-256 and 5◦-1024, the first

number indicating contact angle and the second grid resolution employed (refer to Table 4.1);

wall-normal height construction has been used.
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Table 4.1 – Relative error of curvature in percent as a function of grid resolution (measured in terms
of number of cells per droplet radius) for the sessile droplet static parasitic current problem; the
L1- and L∞-errors are numerically identical. The grid resolution varies among the cases due to the
existence of a minimal number of cells required to resolve a circular segment with a given contact
angle. Results for both height construction methods are shown.

Grid resolution 16 32 64 128 256 512 768 1024

θ = 40◦, wall-normal 2.8 2.1 0.34 0.34 - - - -
θ = 40◦, wall-parallel 0.29 0.14 0.031 0.013 - - - -

θ = 20◦, wall-normal - 0.50 0.50 0.50 0.64 - - -
θ = 20◦, wall-parallel - 7.9 0.13 0.12 0.027 - - -

θ = 5◦, wall-normal - - - - - 1.4 1.4 1.4
θ = 5◦, wall-parallel - - - - - 7.5 1.2 1.3
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Figure 4.5 – Equilibrated volume-fraction distributions in the static parasitic current problem with
adhesion force. Cases 40◦-128 (top), 20◦-256 (middle) and 5◦-1024 (bottom) are shown, the first
number indicating applied contact angle and the second grid resolution employed (refer to Table
4.1); wall-normal height construction has been used. Units in m.
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Chapter 4. Solid/fluid coupling

4.2.2 Conjugate heat transfer

Devising a simple analytical benchmark akin to the Stefan or sucking problems and involving

conjugate heat transfer with surface jump conditions is not trivial, if possible at all. For this reason,

we have decided to verify the implementation of conjugate heat transfer using the Method of

Manufactured Solutions (MMS) (Roache, 1998, 2001; Salari and Knupp, 2000). This is a powerful

verification technique if a reference analytical solution (such as the Stefan problem, see Chapter 3),

traditionally used for verification by the Method of Exact Solutions (MES), is not available. It could

be argued that MMS even surpasses MES when code verification, rather than physical insight, is

the chief goal of the practitioner.

The problem presented here has been designed as a receding-film problem with the consideration

of conjugate heat transfer, see Fig. 4.6. We assume that a 1D film evaporates with the position of the

interface given as xγ(t ). We further consider the liquid temperature dependence to be exponential:

Tl (x, t ) = TsE(x, t ) = Ts exp
(
M ẋγ(t )[x −xγ(t )]

)
, (4.12)

where:

M = Lρl

Tsλl
. (4.13)

This temperature distribution satisfies the Stefan condition:

− λl

Lρl
T ′

l (xγ, t ) =−ẋγ(t ). (4.14)

We note in passing that:

Ė(x, t ) = M
(
[x −xγ(t )]ẍγ(t )− ẋ2

γ(t )
)
E(x, t ), (4.15)

E ′(x, t ) = M ẋγ(t )E(x, t ), (4.16)

E ′′(x, t ) = M 2ẋ2
γ(t )E(x, t ). (4.17)

The corresponding solid temperature distribution is:

Tsol(x, t ) = Ts

[(
λl

λsol
+D(t )

)
E(x, t )+C (t )E(0, t )

]
, (4.18)

where:

D(t ) = δq (t )

λsolTs

1

E ′(0, t )
= −ψẋγ(t )

λsolTs

1

M ẋγ(t )E(0, t )
=− ψ

λsolTsM

1

E(0, t )
(4.19)

and:

C (t ) =−
[
λl Rcc M ẋγ(t )+D(t )+

(
λl

λsol
−1

)]
. (4.20)

We have chosen the wall source term δq (t ) to depend on time as δq (t ) =−ψẋγ(t ) for simplicity. It

can be easily verified that both flux and temperature jump conditions are satisfied at the boundary.

The source terms needed to be imposed within both the liquid and the solid in order to enforce the
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Figure 4.6 – Schematic representation of the receding-film problem with conjugate heat transfer.

Table 4.2 – Parameters in the conjugate heat transfer verification problems. Here, Lsol is the extent
of the solid domain, ∆x the uniform grid spacing, G the grid level, ∆t the constant time step and Z
and x0 parametrise the evolution of the interfacial position (Eq. 4.25).

Ts L ρl ρsol λl λsol cp,l cp,sol Rcc Lsol ∆x ∆t

1 1 1 4 1 7 2 5 2.3 1 0.2/G 0.1∆x

Case 1: Z = 1, x0 = 1.03, ψ= 1.65
Case 2: Z = 1, x0 = 0.154, ψ= 7.65

desired temperature evolutions are given as:

ql (x, t ) =Cp,l Ṫl (x, t )−λl T ′′
l (x, t ) = Ts

[
Cp,l Ė(x, t )−λl E ′′(x, t )

]
, (4.21)

qsol(x, t ) =Cp,solṪs(x, t )−λsolT
′′
s (x, t )

= Ts

{
Cp,sol

[(
λl

λsol
+D(t )

)
Ė(x, t )+ Ḋ(t )E(x, t )+ Ċ (t )E(0, t )+C (t )Ė(0, t )

]
−λsol

(
λl

λsol
+D(t )

)
E ′′(x, t )

}
.

(4.22)

Here, we have evaluated:

Ḋ(t ) =− D(t )

E(0, t )
Ė(0, t ), (4.23)

Ċ (t ) =−λl Rcc M ẍγ(t )− Ḋ(t ). (4.24)

We have simulated this problem with two configurations, the selected parameters are given in Table

4.2. Units are not indicated (i.e. it can be assumed the parameters have been non-dimensionalised).

The evolution of the interfacial position has been chosen as:

xγ(t ) = x0 −Z t 2. (4.25)

Figure 4.7 shows the calculated interfacial positions as functions of time for both problems and

selected levels of grid refinement. The accuracy of the computational method has been evaluated

similarly to the procedure in Section 3.7; Fig. 4.8 gives the L1-mean relative errors of position as

functions of grid resolution for both cases. Same conclusion as in Section 3.7 can be drawn: the
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Figure 4.7 – Interfacial positions for the receding-film problems with conjugate heat transfer as
functions of time. Left: Case 1, x0 = 1.03, ψ= 1.65; right: Case 2, x0 = 0.154, ψ= 7.65 (see Table 4.2).
Only selected grid resolutions are shown.

0.01 0.10 1.00
1/Grid level [-]

0.01

0.10

1.00

N
or
m
al
ise

d
re
la
tiv

e
er
ro
r
[-
]

Case 1, x0 = 1.030
Case 2, x0 = 0.154
1.0-order

Figure 4.8 – L1-mean relative errors of position for the receding-film problems with conjugate heat
transfer as functions of inverse grid level 1/G . Results for Case 2 with G = 1 and G = 2 are not shown.
Values are normalised by the error for grid level 4.
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Table 4.3 – Heat-transfer conditions of the cases of nucleate boiling at high pressure.

Case 1 2 3

Pressure [MPa] 2.23 3.17 4.47
Applied heat flux jq [kW/m2] 12.2 9.72 7.29
Nucleation superheat ∆T [K] 2.694 2.315 1.824

Nucleation Jakob number Ja [-] 0.501 0.318 0.188

Table 4.4 – Material properties at saturation used in the simulations of nucleate boiling at high
pressure up to three significant digits. Here, β is the coefficient of volumetric thermal expansion
employed during the computation of the gravity force.

ρ [kg/m3] cp [J/(kg·K)] λ [W/(m·K)] µ [Pa·s] β [1/K]

Vapour (2.23 MPa) 11.2 3290 0.0421 1.63×10−5 2.04×10−3

Liquid (2.23 MPa) 843 4600 0.647 1.23×10−4 1.50×10−3

L = 1.87×106 J/kg, σ= 0.0335 N/m

Vapour (3.17 MPa) 15.9 3680 0.0467 1.70×10−5 1.96×10−3

Liquid (3.17 MPa) 818 4740 0.630 1.11×10−4 1.70×10−3

L = 1.78×106 J/kg, σ= 0.0291 N/m

Vapour (4.47 MPa) 22.5 4220 0.0525 1.77×10−5 1.89×10−3

Liquid (4.47 MPa) 788 4940 0.609 1.03×10−4 1.96×10−3

L = 1.68×106 J/kg, σ= 0.0244 N/m

Nickel 8910 444 90.9 - -

asymptotic region of accuracy is attained only when the interfacial evolution is already very close

to the analytical solution (Case 2). The asymptotic accuracy order is ∼1, showing that the conjugate

heat-transfer discretisation does not adversely impact grid convergence.

4.2.3 Nucleate boiling at high pressure

To validate a DNS code for single-bubble, nucleate-boiling simulations, the most appropriate

benchmark is the growth of an isolated first bubble on a heat-transfer surface. In such case, the

initial conditions (temperature, velocity) are well defined, allowing for a direct comparison between

the simulation and the experimental results. Unfortunately, availability of such reference problems

is limited; for this exercise, we have chosen the experiment of Sakashita (2011), who studied the

growth of first bubbles on a thin nickel heater foil. The working fluid was water under high-pressure

conditions. Sakashita (2011) provided data on the growth of bubbles at pressures 2.23 MPa, 3.17

MPa, 4.47 MPa, the respective heat-transfer conditions of the individual cases are given in Table 4.3

and material properties used in the simulations are summarised in Table 4.4. The Jakob numbers Ja

[-] listed in Table 4.3 are calculated using Eq. 3.43. The volumetric thermal expansion coefficients β

[1/K] (Table 4.4) are taken into account during the calculation of the gravity force, i.e. we have used

the Boussinesq approximation (Gray and Giorgini, 1976) for buoyancy.

The experiments of Sakashita (2011) have not been performed with DNS benchmarking as a primary

goal; for this reason, the available data is not complete. Most importantly, the wetting conditions

have not been reported and the nucleation superheat has only been estimated. For this reason, it is
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Figure 4.9 – Schematic representation of the computational domain used for simulations of nucleate
boiling at high pressure with x representing the radial and z the axial coordinate in an axisym-
metric cylindrical system, respectively. Lighter colour indicates a region with stretched grid. The
dimensions for individual cases are given in Table 4.5.

Table 4.5 – Domain dimensions in the simulations of nucleate boiling at high pressure, see Fig. 4.9.
Here, Ntot is the total number of computational cells.

Case x0 [µm] x1 [µm] z0 [µm] z1 [µm] Ntot [-]

1 328 576 321 565 160000
2 147 303 307 543 75264
3 51 159 94 222 12672

impossible to predict bubble detachment and only growth rates can be compared meaningfully. We

have chosen the contact angle as θ = 30◦ to ensure that the bubble remains attached throughout

the whole growth period. Furthermore, we have considered both the estimated nominal nucleation

superheat, as well as a ±15% bound to account for its uncertainty.

Figure 4.9 shows a schematic representation of the computational domain used and its dimensions

are specified in Table 4.5. The domain has been taken as axisymmetric. This simplification reduces

the number of computational cells significantly; the axial symmetry of growing bubbles in the

experiment has been confirmed by the photographs given in Sakashita (2011). To reduce the

computational requirements further, both dimensions have been discretised uniformly only in

the centre of the domain indicated by darker colour in Fig. 4.9; stretched grid has been used for

the remainder of the domain with the maximum cell aspect ratio of 4. The grid spacing in the

central region has been chosen as ∆x = 1 µm – this resolution has been confirmed as essentially

grid converged by a sensitivity study.

Axis-of-symmetry boundary condition (BC) has been applied at x = xmin and spherical outlet BC

has been considered at x = xmax and z = zmax with zero-valued Neumann BC for temperature. The

heater is included explicitly in the simulation and the conjugate heat transfer between the fluid and

solid phases is solved. The Joule heat source has been imposed as a uniform volumetric source and

zero heat flux BC has been applied at the bottom of the solid at z = zmin, where the heater was in

contact with air. The heater surface is treated as a no-slip wall. A vapour seed with radius R0 = 5 µm

is placed at the origin to initiate the bubble growth. The initial temperature distribution has been

obtained by solving a transient heating problem, in which the simulation was started at saturation
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Figure 4.10 – Bubble radius as a function of time for the benchmark of nucleate boiling at high
pressure, case 1 (p = 2.27 MPa), compared with measurements of Sakashita (2011).

conditions and run until the nucleation temperature at the origin was reached. No discernible

effects of natural convection occurred.

Throughout the simulation, a variable time step ∆t is used, with the limit imposed by the Courant

number taken as CFL < 0.05. A second upper limit is given by the capillary-wave condition (2.76)

with C∆t = 0.66 for the 4.47 MPa case, 0.55 for the 3.17 MPa case and 0.45 for the 2.23 MPa case,

respectively. The absolute minimum of these two criteria is the time step actually used in the

simulation. Note that, due to the small grid spacing and long growth times, a significant number

of time steps is required to capture the whole growth period; more than 550000 time steps were

needed for the case with the lowest pressure (2.23 MPa).

Figures 4.10, 4.11 and 4.12 show the comparison of the computed bubble radii as functions of

time with the experiment. As discussed above, bubble detachment has not been captured in

the simulations. The solid lines indicated as ‘baseline’ corresponds to simulations, in which the

nominal values of the nucleation superheat ∆T have been imposed (see Table 4.3); the dashed

lines in turn represent results with 0.85∆T and 1.15∆T . It can be observed that good agreement

has been achieved. Note that the green dotted lines in the figures correspond to the predictions

given by the Scriven solution (3.41). It is worth remarking that, even though the conditions of the

growth are quite different from the configuration of the Scriven problem, a reasonable estimate can

be obtained using this simple formula.

To illustrate the overall behaviour of the simulation, Fig. 4.13 shows instantaneous distributions of

temperature and volume fraction for case 2 (p = 3.17 MPa). It can be seen that, at the bubble base,

the heat is being “sucked” from the solid. Note that the near-wall heat transfer accounts for 10-20%

of the overall phase-change rate.
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Figure 4.11 – Bubble radius as a function of time for the benchmark of nucleate boiling at high
pressure, case 2 (p = 3.17 MPa), compared with measurements of Sakashita (2011).
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Figure 4.12 – Bubble radius as a function of time for the benchmark of nucleate boiling at high
pressure, case 3 (p = 4.47 MPa), compared with measurements of Sakashita (2011).
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Figure 4.13 – Instantaneous distributions of temperature and volume fraction for the benchmark of
nucleate boiling at high pressure, case 2 (p = 3.17 MPa). Left: dashed line indicates the solid/fluid
boundary. Right: grey colour indicates the solid.

4.3 Summary

In this chapter, the numerical approach for the coupling of fluid and solid domains has been

described. This includes methods for near-wall interface reconstruction, curvature calculation

and conjugate heat-transfer resolution. The wall-normal approach to height construction has

been found to be poorly performing. Nevertheless, for the range of contact angles considered in

most of the cases in this work, application of the wall-parallel approach is not feasible. For this

reason, the wall-normal construction method has been adopted; however, further development of

contact-angle implementation methods is desirable.

The conjugate heat-transfer implementation has been verified using a manufactured 1D evap-

oration problem. Convergence properties similar to those achieved for bulk-fluid problems in

Chapter 3 have been recovered, indicating the correctness of the implementation. We have also

considered a validation benchmark of bubble growth under high-pressure conditions. In spite of

the uncertainties associated with the experimental data, good agreement has been achieved.

This chapter concludes the description of the overall numerical method for the solution of contin-

uum equations of PSI-BOIL. In the second part of the thesis, the numerical and theoretical effort

dedicated to the problem of nucleate boiling is presented in detail. In Chapter 5, a criterion for the

transition between contact-line and microlayer regimes is presented and in Chapter 6, a validation

exercise and a sensitivity study on the initial microlayer thickness are performed. Finally, in Chapter

7, the entire bubble-growth cycle is simulated using a reduced-order approach.
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5 Transition between contact-line and
microlayer regimes

In the previous chapters, the numerical method for the simulation of volatile flows in the vicinity of a

solid wall has been described. In Chapter 4, we have presented simulations of nucleate boiling; thus,

the method should now be ready for application to DNS-BRM. As discussed in the Introduction,

our DNS-BRM objectives are validation, investigation of microlayer formation and evaluation of its

initial thickness distribution. A survey of the literature reveals, however, that reference experimental

data for the problem of microlayer formation is rather anecdotal: indeed, on one side we have the

experiments with smooth surfaces and near-perfect wetting conditions, in which a microlayer is

reported to form (Nakamura and Utaka, 2008; Utaka et al., 2013, 2014, 2018; Chen et al., 2017, 2020;

Yabuki and Nakabeppu, 2014, 2017; Tanaka et al., 2021; Jung and Kim, 2014, 2018; Duan et al., 2013),

while on the other side, when the contact angle is high, the bubbles stay in the contact-line regime

of boiling (Siegel and Keshock, 1964; Son et al., 1999; Nejati et al., 2020).

A validation exercise with respect to an experiment of the first type (i.e. water boiling on a smooth

surface) is performed in Chapter 6. This exercise allows us to compare the simulated evolution

of the growing bubble and its characteristics with reference measurements. However, it does not

markedly contribute towards the assessment of the credibility of PSI-BOIL when used to predict

the transition between contact-line and microlayer regimes of boiling (mainly due to the lack of

reported experimental wetting conditions). For this reason, we have decided to adopt a different

strategy for the analysis of this transition: we develop here a theoretical criterion quantifying the

conditions under which a microlayer forms and when the bubble remains in the contact-line regime

of boiling. We then test it against available reference data and discuss its predictions in relation to

PSI-BOIL simulations.

Conceptually, growth of a bubble on a solid surface during nucleate boiling represents an example of

dewetting in the presence of phase change. Problems involving adiabatic dewetting are well-known

to feature qualitative regime transitions associated with a certain critical velocity: e.g. droplets

undergo a shape transition if they are sliding “too quickly” along a surface (Le Grand et al., 2005),

and a liquid film, known as the Landau-Levich film (Landau and Levich, 1988), is known to adhere

to a plate if it is withdrawn from a liquid bath sufficiently fast.

The hypothesis that the microlayer formation mechanism could be understood in terms of a

dewetting transition in the presence of phase change has been discussed frequently in the past

(more recently by Guion et al., 2018; Afkhami et al., 2018). Also, Schweikert et al. (2019) performed

the plate withdrawal experiment for a volatile liquid in order to understand the transition between

the contact-line and microlayer regimes: they observed the occurrence of a wetting transition
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Figure 5.1 – A visualisation of the film profile with a receding contact line. A dewetting transition
occurs as the interfacial slope θapp → 0 at x = lm , since UCL ≥ UCL,crit. The inset (right) shows
schematically the effect of phase change on the interfacial slope in the microregion. Length scales
lm and a from Eq. 5.7 are indicated.

qualitatively similar to that of the adiabatic case (i.e. the Landau-Levich transition). Furthermore,

Urbano et al. (2018) simulated numerically microlayer formation during nucleate boiling using

DNS, and suggested that a microlayer would be formed if the radial bubble expansion velocity

exceeded a certain critical value, which the authors estimated from a fit to the data they obtained.

The available evidence led us to support the hypothesis of microlayer formation based on dewetting

and to investigate the possibility to quantify the threshold criterion between the contact-line regime

and the microlayer regime. For this particular exercise, only a limited number of simulations were

performed: indeed, the works of Urbano et al. (2018) and Schweikert et al. (2019) provided enough

data to serve as a foundation for our theoretical effort.

The text of this chapter, including the introduction above, is partially adapted from Bureš and Sato

(2021e):

• Bureš, L. and Sato, Y. (2021e). On the modelling of the transition between contact-line and

microlayer evaporation regimes in nucleate boiling. Journal of Fluid Mechanics, 916:A53.

5.1 Criterion formulation

In the context of dynamic, adiabatic wetting phenomena, analytic solutions of quasi-static, contact-

line motion have resulted in constitutive laws being proposed connecting the apparent contact

angle θapp (the macroscopically observed interfacial slope) with the microscopic contact angle θ0

and the capillary number Cau (Snoeijer et al., 2007; Bonn et al., 2009), viz:

θapp = f (Cau ,θ0). (5.1)

The capillary number is given as:

C a = µlUC L

σ
, (5.2)

with UC L being the contact-line velocity along the surface, taken positive for dewetting of the liquid

over the surface and negative for spreading. A prominent example of Eq. 5.1 is the generalised
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version of the Cox-Voinov law, written with the dewetting sign convection (Cox, 1986; Voinov, 1976)

as:

θ3
app −θ3

0 =−Cau

A
. (5.3)

This law has been shown to represent measured experimental data in a variety of configurations: for

example in droplet sliding (Le Grand et al., 2005), spreading (Kant et al., 2017) and spreading with

solidification (de Ruiter et al., 2017). The constant A is unknown a priori and is usually determined

by a fit to experimental data. Equation 5.3 was also found to hold in the presence of liquid-to-

vapour phase change by Janeček and Nikolayev (2013) from a numerical solution of the lubrication

equations, coupled with steady-state 1D heat conduction. However, in this context the equation

takes the form (Fourgeaud et al., 2016):

θ3
app −θ3

mr (∆T,Cau = 0) =−Cau

A
, (5.4)

where θmr (∆T,Cau = 0) is the static contact angle for the volatile liquid under non-isothermal

conditions, and takes into account the effect of phase change in the microregion on the interfacial

slope. We will denote this quantity by the symbol θmr,0 and, for brevity, refer to it as the non-

adiabatic contact angle. The actual value of θmr,0 can be non-zero, even for fully-wetting liquids

(Raj et al., 2012; Fourgeaud et al., 2016; Schweikert et al., 2019). Note that Eq. 5.4 essentially states

that the effect of phase change (∆T ) and contact line motion (Cau) on the apparent contact angle

can be decoupled (Janeček and Nikolayev, 2013; Fourgeaud et al., 2016).

A wetting transition as θapp → 0 has already been conjectured by Derjaguin and Levi (1964), analyti-

cally derived by Eggers (2005), and numerically confirmed by Snoeijer et al. (2007). Note that in

this last paper it was shown that, at the transition point, the solutions undergo a series of saddle-

node bifurcations, featuring a non-monotonically-shaped film, and asymptotically tending to an

infinitely long flat film behind the contact line. Under the condition θapp = 0, Eq. 5.4 immediately

gives, at the transition:

θ3
mr,0 =

Cau

A
. (5.5)

Rearranging, and using Eq. 5.2, we obtain a corresponding relation for the critical dewetting contact-

line velocity as:

UC L,crit = σ

µl
Aθ3

mr,0, (5.6)

and we identify the condition UC L ≥ UC L,crit with liquid-film (i.e. microlayer) formation due to

dewetting transition.

For the value of A, results of sliding droplet experiments suggest a value of A ≈ 4.5×10−3 for water

(Podgorski et al., 2001; Winkels et al., 2011). This value is considered to be anomalously low, and

possibly reflective of the occurrence of non-hydrodynamic dissipative mechanisms near the contact

line (de Ruiter et al., 2017). For sliding droplets, constituted by a silicone oil-water mixture, a value

of A ≈ 10−2 has been proposed (Podgorski et al., 2001; Le Grand et al., 2005; Winkels et al., 2011),

essentially independently of the degree of oil-water mixing. Generally, the choice of A remains a

source of uncertainty in Eq. 5.6, as it is a parameter dependent on properties of the test fluid, surface

characteristics, solid-fluid interactions, as well as on the particular geometry of the configuration.

At the same time, theoretical predictions from the original Cox-Voinov law give (Bonn et al., 2009):

A = 1

9ln(S)
= 1

9ln
(
lm/a

) , (5.7)
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where S is a ratio of two scales: a is a representative nanoscopic regularisation length scale. Under

adiabatic conditions, it can be taken to be the typical molecule size, of the order 0.1-1 nm (Podgorski

et al., 2001; Le Grand et al., 2005; Winkels et al., 2011), or the slip length, a typical value for very

smooth surfaces being 10 nm (Janeček and Nikolayev, 2013). In the context of microlayer formation,

a would be a typical scale of the microregion, of the order 10-100 nm (Janeček, 2012; Janeček and

Nikolayev, 2013; Fourgeaud et al., 2016), while lm represents a macroscopic dimension, dependent

on the problem in question. The described configuration is summarised schematically in Fig. 5.1.

5.2 Application to experimental data on plate dewetting

With their experiments at the Technical University Darmstadt, Schweikert et al. (2019) were able to

produce a regime map of microlayer formation for the fluorocarbon FC-72 based on the values of

the wall superheat ∆T (up to 5 K) and a critical plate withdrawal velocity of up to 45 mm/s (Fig. 9

in their paper). We have deduced the transition criterion directly from this figure to be (the plate

withdrawal velocity corresponding to the contact line velocity):

U Schweikert
C L,crit [m/s] = 3.12×10−3∆T 1.44. (5.8)

By equating the plate withdrawal velocity with the contact line velocity, we have assumed that the

principal effect of superheat in this experiment was to change the non-adiabatic contact angle,

presuming the impact of phase change on the contact line velocity to be minor, as indicated by

Fourgeaud et al. (2016). Therefore, to apply our criterion to these data, we converted the applied

superheats (∆T ) into θmr,0 values. Although this could be done numerically with the help of a

microregion model, such models do not generally predict the θmr,0 = f (∆T ) relationship accurately,

as can be seen from the attempts by Raj et al. (2012) and Janeček and Nikolayev (2013), especially

for values of the superheat corresponding to the experimental conditions considered here. At the

same time, FC-72 is known to be a non-polar liquid, fully wetting on the majority of surfaces (Reed

and Mudawar, 1997; Raj et al., 2012; Schweikert et al., 2019), and thus θmr,0 should be essentially

independent of the surface material in question. Indeed, even if a microregion model had been

used, the surface would be characterised only by the Hamaker constant (Israelachvili, 2011; Raj

et al., 2012), and the overall microregion model results would then be “very insensitive even to

large variations of more than one order of magnitude” of this constant (Raj et al., 2012), erasing any

differences between the materials comprising these surfaces.

For this reason, we consider the experimental, non-adiabatic contact angle values for FC-72 origi-

nally measured for copper by Raj et al. (2012) to be also applicable to the experimental conditions

of Schweikert et al. (2019) in spite of the difference in surface material (i.e. copper vs chromium,

both found to be essentially perfectly wetted by FC-72 under adiabatic conditions by the respective

authors). By using uncertainty-weighted, least-squares regression, together with a fit equation of

the form:

θmr,0 =C0∆T C1 , (5.9)

we recover the relation (see Fig. 5.2):

θmr,0,fit [◦] = 9.37∆T 0.54. (5.10)

Evidently, much better agreement with experimental data has been achieved with our relation than
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Figure 5.2 – Experimentally-measured values of the non-adiabatic contact angle of FC-72 on copper
(Raj et al., 2012) compared with a best-fit correlation (5.10), two bounding fitted correlations (5.12)
and (5.13), and the results of the microregion model of Raj et al. (2012), Eq. 5.11.

with the microregion model-based solution given by Raj et al. (2012), namely:

θ
Raj
mr,0 [◦] = 17.4∆T 0.323, (5.11)

especially in the interval of interest here, ∆T ≤ 5 K. In order to incorporate the effect of experimen-

tal uncertainties into our model, we also complement the best-estimate fit with two bounding

predictions, obtained by performing unweighted least-squares regression on the data (i) reduced

by one standard deviation (θlow
mr,0) and (ii) increased by one standard deviation (θhigh

mr,0 ). The resulting

fitted relations:

θlow
mr,0,fit [◦] = 6.54∆T 0.65, (5.12)

θ
high
mr,0,fit [◦] = 13.7∆T 0.42, (5.13)

are also shown in Fig. 5.2.

Introducing Eq. 5.10 into Eq. 5.8, we obtain:

U Schweikert
C L,crit [m/s] = 8.00×10−6θ2.67

mr,0,fit. (5.14)

The power-law dependence is remarkably close to the cubic relation predicted by the Cox-Voinov

law (Eq. 5.6), a fact further illustrated in Fig. 5.3, which shows the experimental results of Schweikert

et al. (2019) converted to UC L,crit −θmr,0 space via Eq. 5.10. Here, we have introduced a fit using

Eq. 5.6, and a very good delineation of the two regions has thereby been achieved. As can be seen,

some discrepancies persist for smaller values of θmr,0, for which the conversion of wall superheat

∆T to θmr,0 is the least precise (see Fig. 5.2); furthermore, any influence of heater surface material

characteristics would be most significant for such small superheat values.

From this fit, it is possible to deduce the (assumed constant) value of A in Eq. 5.6 to be 0.031.

Similarly, by considering the two bounding correlations (5.12) and (5.13) instead of Eq. 5.10, we
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Figure 5.3 – Experimental data on regime transition obtained by Schweikert et al. (2019), with
superheat values converted to non-adiabatic contact angle values using Eq. 5.10, and compared to
a fit according to Eq. 5.6.

have obtained Alow as 0.059 and Ahigh as 0.016. These values are within the range of the typical order

of magnitude estimates of A, as discussed in Section 5.1. Due to the logarithmic relation between A

and S and large spread in A caused by the uncertainties in the contact angle measurement of Raj

et al. (2012), significance of any point estimate of the ratio of scales S in Eq. 5.7 would be small and

thus it is not reported here.

Based on the arguments given in this section, we consider our correlation, Eq. 5.6, to represent the

experimentally-observed regime transition of Schweikert et al. (2019) sufficiently well.

5.3 Extension of theory to nucleate boiling

In the case of nucleate boiling, the contact line velocity is no longer an independent parameter, as

it was in the case of plate withdrawal; instead, it is related to the macroscopic bubble expansion.

Without the presence of a microlayer, bubbles are observed to remain essentially of the spherical-

cap type during growth (Son et al., 1999; Fischer et al., 2014) and, therefore, in a first approximation:

UC L ≈ sin(θmr,0)UBG , (5.15)

in which UBG is the radial bubble expansion velocity and the prefactor sin(θmr,0) results from

geometrical considerations (see Fig. 5.4). With reference to the figure, the radial contact line

position ξC L can be expressed as:

ξC L = R sin(θmr,0), (5.16)

and its velocity on the surface as:

UC L = dξC L

d t
≈ sin(θmr,0)

dR

d t
= sin(θmr,0)UBG . (5.17)

As our goal is to compare our criterion to the results of incompressible DNS, we consider bubble
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Figure 5.4 – Schematic representation of spherical-cap bubble growth.

growth solely in the heat-transfer-limited regime (Faghri and Zhang, 2006) here. The alternative

limiting situation, i.e. growth in the inertial regime, is discussed in Section 5.3.3. For bubbles

growing in uniformly superheated liquids (valid also if the thickness of the thermal boundary layer

is sufficiently large compared to the bubble radius), the bubble growth in the heat-transfer-limited

regime is given by Eq. 3.41, which can be rearranged to eliminate the explicit dependence on time

into the form:

UBG = dR

d t
= 2β2

g
αl

R
. (5.18)

Using this expression, we immediately recover the microlayer formation criterion for bubble growth

in the heat-transfer-limited regime from the condition UC L ≥UC L,crit as:

θ3
mr,0

sin(θmr,0)
≤

2β2
g

A

µlαl

σ

1

R
= 18β2

g ln(S)
µlαl

σ

1

R
, (5.19)

with A and S represented according to Eq. 5.7. Although multiple (approximate) expressions exist

for the growth constant βg (Fritz and Ende, 1936; Plesset and Zwick, 1954; Forster and Zuber,

1954), the quadratic dependence on βg evidenced in Eq. 5.19 signifies that it must be evaluated

carefully. For this reason, we utilise the full solution of Scriven (1959), Eq. 3.42. The applicability of

Scriven’s solution to bubble growth on a heat-transfer surface remains open to discussion, since

the solution is based on the assumptions of an unbounded domain in a uniformly superheated

liquid. Nevertheless, Cole and Shulman (1966) have pointed out that if the liquid surrounding

the bubble is superheated to the temperature of the wall, this description of the bubble growth

would still be justified. As we are considering here the initial stages of bubble growth, in which

the bubble is much smaller than the thickness of the thermal boundary layer, the assumption of

uniform superheat is considered to be acceptable.

According to our criterion, Eq. 5.19, a strong (inverse) dependence on the bubble radius R can be

observed. By rearranging the equation in the form:

Rcrit = 18β2
g ln(S)

µlαl

σ

sin(θmr,0)

θ3
mr,0

, (5.20)

we can interpret the resulting relation as a definition of a maximal bubble radius for which interfacial
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Figure 5.5 – Schematic representation of the computational domain to simulate bubble growth
with microlayer formation; x represents the radial and z the axial coordinate in an axisymmetric
cylindrical system, respectively.

deformation due to the mismatch between macroscopic expansion and contact line dynamics may

be observed. In a broader sense, Eq. 5.20 determines those bubble sizes for which hydrodynamic

effects contribute to microlayer expansion, rather than to its destruction. In other words, the

microlayer expands with bubble growth if R ≤ Rcrit, and contracts otherwise. Indeed, a microlayer

formed during nucleate boiling results in strong deformation of the overall bubble shape (Yabuki

and Nakabeppu, 2017; Chen et al., 2017), and the appearance of which indicates a significant

departure from equilibrium. As such, the presence of a microlayer should be seen as a dynamic

phenomenon with a variety of possible outcomes, ranging from its fully developed formation,

usually observed in experiments, to the transitory occurrence of highly deformed vapour/liquid

interfaces.

5.3.1 Numerical simulations of microlayer formation

Originally, we planned to employ PSI-BOIL to generate a reference DNS data set to compare our

criterion with. However, such a data set has already been compiled by Urbano et al. (2018); thus,

we decided not to repeat this effort. Furthermore, as discussed in Chapter 6, the geometric VOF

method suffers from several limitations when applied to DNS-BRM and, thus, we would not be able

to produce data spanning a range of superheat values comparable to the one of Urbano et al. (2018).

However, before performing a comparison of our criterion with their data, we present here results

of selected simulations of microlayer formation with PSI-BOIL, conducted as the first feasibility

study for DNS-BRM with our method and used to support the lines of argumentation developed

above and demonstrate the concepts presented.

Specifically, we simulate water boiling on a hot, horizontal surface under atmospheric conditions

with an applied wall superheat ∆T = 5 K. With this small degree of superheat, hydrodynamic

effects on contact-line motion are anticipated to play a significant role in the subsequent dynamics.

Figure 5.5 is a schematic representation of the axisymmetric computational domain adopted here,

including its dimensions. An axis-of-symmetry BC is applied at x = 0, and a non-slip adiabatic

wall BC is imposed at x = xmax . A very thin sapphire substrate (2 µm) is included explicitly to

capture the temperature gradient near the bubble contact line. The substrate surface is treated

as a non-slip wall, which results in the effective numerical slip length being half of the defined
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Table 5.1 – Cases selected for simulation to illustrate the sensitivity of bubble growth dynamics to
the initial radius.

Case ID Contact angle [◦] Initial radius [µm]

A 10 10
B 10 60
C 17 10
D 17 60
E 35 10

grid spacing (Afkhami et al., 2009); a free outflow BC is imposed at z = zmax . A Dirichlet BC for

temperature of ∆T = 5 K with respect to the liquid saturation temperature is applied at the bottom

of the substrate, z = zmi n . The temperature at z = zmax is fixed. Its value, as well as the initial

(constant) liquid temperature, depend on the given case, see below. Zero velocity is assumed at

the beginning of the simulation over the entire fluid domain, and the bubble growth is initiated by

placing a primordial vapour bubble at the origin (much smaller than that drawn in Fig. 5.5, which

is enlarged for illustrative purposes only). The initial radius and applied static contact angle also

depend on the given case. The domain is discretised uniformly with ∆x = 0.5 µm in both axial and

radial directions.

We have emphasised above that our microlayer formation criterion depends strongly on the initial

bubble radius. We reasoned that, in a DNS, interfacial deformation occurs if the initial bubble

radius falls below a certain critical value, determined from Eq. 5.20, and subsequent development of

the incipient microlayer is possible, but not guaranteed. Figure 5.6 gives snapshots of the calculated

bubble profiles for the cases listed in Table 5.1, which were selected as representative examples

showcasing the sensitivity of bubble growth dynamics to the initial bubble radius, and to the

prescribed contact angle with the hot surface. In these simulations, the fluid domain is taken to

be initially uniformly superheated with the same level of superheat as the solid wall: i.e. 5 K. The

initial bubble is defined as a spherical cap, with the centre of the sphere set in such a way that its

contact angle is that listed in Table 5.1. The snapshots shown in Fig. 5.6 are taken at t = 0.2 ms, a

duration sufficient to allow the bubble to grow appreciably, but still have dimensions small enough

to exclude the external influence of the domain boundaries.

It can be observed, that for a contact angle of 10◦ (Cases A, B in Table 5.1), a microlayer develops

for each value of the initial radius, though minor differences exist concerning the bubble size and

the microlayer profile. With a contact angle of 17◦ (Cases C, D), a microlayer is not formed for an

initial radius of 60 µm, but is formed with an initial radius of 10 µm. The difference between these

two cases may be attributed to the different initialisations: the smaller bubble (Case C) implies

a higher bubble growth rate and contact line velocity, and a rudimental microlayer has then an

opportunity to form. Note that the microlayer visible in the figure for Case C is only transient, and

soon collapses hydrodynamically, with the bubble transitioning to the contact-line growth regime.

This is shown in Fig. 5.7: there, it can also be observed that strong interfacial deformation occurs

for Case D, though only during a short period immediately after the initiation of the simulation. In

Case E, with the larger contact angle of 35◦, a microlayer is not formed, even for the smaller initial

radius of 10 µm. Evidently, by increasing the initial bubble radius, microlayer formation can be

prevented for essentially any contact angle value; for example, by choosing an initial radius 300 µm

(in a larger simulation domain), no microlayer would form for a contact angle of 10◦.
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Figure 5.6 – Bubble profiles at t = 200 µs. The colour legend (refer to Table 5.1 for an explanation
of the case labelling) is as follows: red – Case A, blue – Case B, green – Case C, magenta – Case D,
orange – Case E. Left: full bubble; right: details at the base of the bubble.
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Figure 5.7 – Details at the profiles at the base of the bubble for cases with a contact angle 17◦. The
colour legend (refer to Table 5.1 for an explanation of the case labelling) is as follows: red, blue,
magenta – Case C at t = 60 µs, at t = 200 µs, and at t = 350 µs, respectively; green, orange, grey –
Case D at t = 60 µs, t = 200 µs, and at t = 350 µs, respectively.
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Table 5.2 – Parameters used in the DNS study of Urbano et al. (2018).

ρv ρl Cp,v Cp,l λl µl

[kg/m3] [kg/m3] [J/(kg·K)] [J/(kg·K)] [W/(m·K)] [Pa·s]

0.5974 958 2034 4216 0.677 2.82×10−4

L σ R0 ∆x Ja range θmr,0 range
[J/kg] [N/m] [m] [m] [-] [◦]

2.256×106 0.058 6×10−5 5×10−7 21-102 15-90
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Figure 5.8 – Numerical results on the transition to the microlayer regime by Urbano et al. (2018)
compared with their best-fit correlation, Eq. 5.21, and to a fit according to our correlation, Eq. 5.19,
with βg determined from Eq. 3.42 and R = R0 from Table 5.2.

5.3.2 Comparisons with reference DNS data

We are not aware of any comprehensive experimental study of microlayer formation which would

have produced data similar to those of Schweikert et al. (2019) from their plate-withdrawal tests.

However, the work of Urbano et al. (2018) includes a set of predictions generated using DNS.

The solver used in their work has been rigorously verified, grid convergence studies have been

performed, and code predictions have been validated for a variety of phase-change configurations

including nucleate boiling (e.g. Huber et al., 2017; Urbano et al., 2019). Thus, we consider the results

of Urbano et al. (2018) to represent a trustworthy DNS database, against which we can compare our

findings.

In their study, the referenced authors examined microlayer formation in water under atmospheric

conditions for several variants of contact angle and degree of superheat. Table 5.2 lists important

parameters used in their simulations, and Fig. 5.8 gives a comparison of their numerical results

with their own best-fit correlation. The contact angle, measured in degrees, is expressed in this

correlation as follows: (
θmr,0 −5◦

313

)3

≤ µlαl

σ

Ja2

δK S
, (5.21)
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Figure 5.9 – Kays-Crawford boundary layer thickness, Eq. 5.22, as a function of Jakob number for
water under atmospheric conditions.

where δK S [m] is the Kays-Crawford free convection boundary layer thickness, given as (Kays et al.,

2003):

δK S = 7.14

(
µlαl

ρl gβl∆T

)1/3

. (5.22)

Figure 5.9 is a plot of δK S as a function of Jakob number for water under atmospheric conditions,

for which βl = 7.52×10−4 1/K.

Figure 5.8 also presents a fit of the intermediate data points using Eq. 5.19. The intermediate regime

was previously described by Urbano et al. (2018) in terms of the appearance of strong interfacial

deformation. Based on the discussion of the implications of Eq. 5.20 above, we conjecture that this

corresponds to the situation in which microlayer formation occurs only briefly after the onset of

bubble growth, but then fails to fully develop due to the slowing of the bubble expansion. According

to this line of reasoning, it follows immediately that the radius R in Eq. 5.19 should be identified

with the lowest available radius: i.e. the initial bubble radius R0.

Evidently, Eq. 5.19 captures the delineation between the regimes to very good accuracy for small

and moderate Jakob numbers. The associated value of ln(S) in Eq. 5.7 is ∼2, corresponding to a

ratio of scales S ≈ 7.2. Since this is a ratio of macroscopic to nanoscopic scales, the numerical value

might be considered extremely small, but this is not surprising considering that the numerical slip

length in a CFD simulation (without any special treatment) is of the order of the grid spacing ∆x

(Afkhami et al., 2018). In the simulations analysed here, ∆x = 0.5 µm; the microlayer scale after the

onset of bubble growth is O (1 µm) as shown in Fig. 5.10, which gives the profiles at the base of the

bubble for Cases A and C (from the previous section) early after the onset of growth. Evidently, the

ratio of scales adopted is consistent with these values. Note that it can be seen from Fig. 5.7 that the

value of lm , i.e. the half-width of the formed dewetting hump, increases with time. Nevertheless, for

initial microlayer formation the value early after the onset of growth should be decisive.
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Figure 5.10 – Details at the profiles at the base of the bubble at t = 20 µs. The colour legend (refer to
Table 5.1 for an explanation of the case labelling) is as follows: red – Case A, green – Case C. The
sharp bends of the profile at the base are a result of rendering and do not occur in the simulation.

5.3.3 Discussion of the results

Our microlayer formation criterion deduced above (Eq. 5.19) has several important characteristics.

Namely:

1. Its derivation is based on physical arguments. As a result, we consider that it offers new insights

into microlayer dynamics, and highlights the transient character of the phenomena resulting from

the interplay of dynamic wetting and bubble expansion due to phase change.

2. The expressions for the bubble expansion velocity (Eq. 5.18) and threshold condition (Eq. 5.6)

are based on concepts well-established in the literature: i.e. the solution of Scriven (1959) and the

conjecture of Derjaguin and Levi (1964).

3. The role of the initial liquid temperature distribution on microlayer formation in the heat-

transfer-limited regime is clarified in terms of the heat-transfer characteristics of the process.

Indeed, at the initial stage of bubble expansion, prior to (any possible) microlayer formation, heat

transfer from the liquid to the bubble interface is the major contributor to phase change; this

permits the approximation of the bubble growth rate by the formula for a bubble growing in a

superheated liquid, Eq. 5.18, to be adopted. During this time period, the temperature boundary

layer thickness is generally much thicker than the bubble radius (see Fig. 5.9), so this approximation

is expected to remain valid even under conditions of non-constant liquid superheat. Indeed, the

thickness of the boundary layer should therefore have only a negligible influence on the overall

dynamics; nevertheless, its thinning would act as an impediment to microlayer formation, since

the bubble expansion would then be diminished due to the associated reduction in the overall heat

flux. In the (hypothetical) case of the boundary layer thickness being comparable to the bubble

size, a correction would then need to be implemented. This could possibly follow along the lines
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Figure 5.11 – Bubble profiles for a contact angle of 10◦ and an initial radius of 10 µm, colour legend:
red – initially uniformly superheated liquid, t = 200µs, blue – liquid initially at saturation, t = 200µs,
green – liquid initially at saturation, t = 1000 µs. Left: full bubble, right: detail at the base of the
bubble.

of Cole and Shulman (1966), who introduced an “effective superheat” into their bubble-growth

correlations. The role of the initial liquid superheat on microlayer is illustrated in Fig. 5.11. This

figure gives snapshots of simulated bubble profiles for a contact angle of 10◦ and initial radius

10 µm, considering an ambient liquid initially being (a) uniformly superheated and (b) at saturation.

As can be seen, no microlayer has been formed in this case, which is not surprising, considering

that the rate of bubble growth is inhibited by the saturation condition of the surrounding liquid.

Based on the insights gained from the analysis above, some of the benefits and limitations of a

DNS-BRM investigation of microlayer dynamics should also be emphasised. Clearly, the ability to

freely vary material properties and boundary conditions allows DNS practitioners to methodically

investigate the governing parameter space. For example, in reality, the non-adiabatic contact angle

θmr,0 is also a function of the wall superheat rather than being an independent variable, further

complicating any interpretation of the experimental data. In Chapter 6, which is concerned with

validation of PSI-BOIL against an experiment, we discuss the implementation of θmr,0 using a

theoretical model.

From our own simulations presented above we have shown that the choice of the initial bubble size

strongly affects the absence or presence of bubble interfacial deformation, which in extreme cases

can lead to microlayer formation. For this reason, we conjecture that the sensitivity of the overall

results to the initial conditions must be carefully evaluated in DNS studies. Note that the role of

initial bubble radius on the observed dynamics, prominently featured in Eq. 5.19, is possibly an

artefact of the numerical method employed, which considers only the heat-transfer-limited growth

from a prescribed initial size. In reality, bubble nuclei start to grow from an embryonic radius Re ,

which can be estimated as (Forster and Zuber, 1955):

Re ≈ 2σTs

Lρv∆T
=O (1 µm). (5.23)

The initial growth then occurs in the inertial regime, rather than in the heat-transfer-limited regime

and the bubble-growth velocity can be approximately deduced from the asymptotic solution of the
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Figure 5.12 – Bubble profiles for a contact angle of 17◦ and an initial radius of 10 µm at t = 200 µs,
colour legend: red – resulting without special treatment, blue – resulting using the mesh-dependent
contact angle θδ (Eq. 5.27). Left: full bubble, right: detail of the base of the bubble.

Rayleigh equation for spherical bubble growth on a plane surface (Witze et al., 1968; Mikic et al.,

1970):

UBG = dR

d t
≈

√
π

7

ρv L

ρl

∆T

Ts
; (5.24)

this expression is independent of the bubble radius. Based on the conventional analysis comparing

the growth as determined by the formulae for the heat-transfer-limited and inertial regimes (Faghri

and Zhang, 2006) and taking water under atmospheric conditions with superheat 10 K as an

example, the inertial limit could be considered to be valid up to radii of ∼100-150 µm. This is in the

range of sizes for which the microlayer formation can already be observed. Thus, the microlayer

formation criterion taking into account the inertial regime, is resulting as:

θ3
mr,0

sin(θmr,0)
≤ 9ln(S)

µl

σ

√
π

7

ρv L

ρl

∆T

Ts
. (5.25)

Applicability of this criterion to experimental data and/or results of DNS solvers capable of simulat-

ing the inertial bubble-growth regime should be addressed in future work.

Furthermore, significant attention must be paid to the very high value of the numerical slip, ar-

tificially introduced into classical CFD simulations by the very nature of the solution algorithm

(Afkhami et al., 2018), and its impact on any deduced microlayer-forming criterion (e.g. via Eq. 5.19)

cannot be neglected. In addition, as the numerical slip length is at least an order of magnitude

larger than the physical one (O (100 nm) vs O (1−10 nm)), motion of the contact line is artificially

promoted in CFD simulations. This can be limited through the use of the so-called mesh-dependent

contact-angle implementations. A straightforward example of such a model is the approach based

on the theory of dynamic wetting proposed, for example, by Afkhami et al. (2009, 2018) and Legen-

dre and Maglio (2015). Using the Cox-Voinov theory as demonstration, we can demand that the

resulting interfacial slope is consistently reproduced, independently of mesh refinement. That is,

θ3
app = θ3

mr,0 −9Cau ln

(
x

a

)
= θ3

δ−9Cau ln

(
x

δ

)
, (5.26)
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Table 5.3 – Characteristics of cases selected for demonstration of regime transition. Initial radius of
10 µm

Fluid Water Ethanol FC-72

Case 1 2 3 1 2 3 1 2 3
∆T [K] 4 7 10 5 9 13 5 10 20

Rcrit [µm] 34.7 103 209 34.0 106 219 55.2 102 202

where θδ is the mesh-dependent numerical contact angle and δ a length characterising the numeri-

cal slip. In our case, δ=∆x/2. We can rearrange Eq. 5.26 as:

θδ = 3

√
θ3

mr,0 −9Cau ln

(
∆x

2a

)
. (5.27)

We have recalculated Case C (see Table 5.1) with a contact angle prescribed in this manner; the

regularisation length scale has been taken as a = 10 nm. Figure 5.12 shows snapshots of the bubble

profiles for a contact angle of 17◦ and initial radius 10 µm for both static and mesh-dependent

contact angle models. As can be seen, the microlayer formed in the case with a mesh-dependent

contact angle model is monotonic and the aforementioned “hump” is not present near the triple

line: the destruction of the microlayer occurs essentially only due to evaporation. Note that the

“stair-like” profile, which reflects the grid discretisation, is purely an artefact of the numerical

method, and was not observed in previous simulations in which the hydrodynamic motion of the

microlayer automatically corrects for such adverse behaviour.

5.3.4 Demonstration of applicability

We have discussed above that Rcrit, Eq. 5.20, can be interpreted as a measure of propensity to

microlayer formation. Furthermore, our simulations have indicated that, beyond a certain Rcrit,

qualitative regime transition will be indeed observed during bubble growth. Our experience with

bubbles growing from seeds with initial radii of ∼10 µm has shown that a configuration with Rcrit

sufficiently greater than 100 µm will feature bubbles in the microlayer regime. To illustrate this, we

consider three different working fluids:

1. Water under atmospheric conditions, contact angle θmr,0 = 30◦.

2. Ethanol under atmospheric conditions, contact angle θmr,0 = 30◦.

3. FC-72 under atmospheric conditions, contact angle given by Eq. 5.10.

We use a simulation setup, which is detailed in Section 6.5; it is almost identical to the one discussed

in Section 4.2.3, the difference being domain dimensions and the domain being initially uniformly

superheated rather than featuring a thermal boundary layer. Mesh-dependent contact angle based

on Eq. 5.27 with a = 10 nm is used. The properties of FC-72 have been taken from Appendix 5 of

Cardenas (2011).

Figure 5.13 shows the calculated critical radius for the three fluids considered as a function of

applied superheat. The ratio of scales S in Eq. 5.20 has been taken as 100, i.e. 1µm/10 nm, the former

value being representative of the microlayer scale and the latter being the chosen regularisation
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Figure 5.13 – Critical radius (Eq. 5.20) as a function of superheat for water, ethanol and FC-72 under
atmospheric conditions. Ratio of scales S = 100.

length a. For each working fluid, we have selected three superheat values for simulation – Table

5.3 shows the corresponding ∆T and Rcrit and the simulated bubble profiles are shown in Fig. 5.14.

The time stamps of the snapshots in the figures have been chosen so that the regime (microlayer

or contact-line) could be ascertained. Evidently, for the three configurations with Rcrit ≈ 200 µm a

microlayer can be observed, confirming the occurrence of regime transition.

5.4 Summary

In this chapter, we have studied the transition between the contact-line and the microlayer regimes

and proposed a rigorously-derived correlation for its prediction. We have assumed that microlayer

formation under a growing bubble on a hot surface corresponds physically to a dewetting transition,

occurring if the contact-line velocity is greater than a given critical value. The correlation proposed

for this transition is based on the Cox-Voinov law under non-adiabatic conditions. With reference

to the experimentally-measured data on non-adiabatic wetting of the fluorocarbon FC-72, we have

applied our criterion to an experiment featuring plate withdrawal from a volatile fluid, and have

achieved very good agreement with experimental data.

We have then extended the criterion to nucleate boiling by introducing a relation for the radial

bubble-growth velocity in the heat-transfer-limited regime, and compared results to detailed DNS

data. The agreement has again been shown to be very good for Jakob numbers .75 and we have

supported our arguments with our own DNS data. We have also briefly discussed the relative

benefits and limitations of DNS-BRM modelling of microlayer dynamics, and have identified

the main drawbacks to be the inability of standard incompressible DNS solvers to capture the

inertial-growth regime and the artificially large value of the numerical slip length occurring when

employing standard wetting models compared to the physical slip length. Finally, we have used

numerical simulations to showcase how the developed criterion can be used for the prediction of

the occurrence of microlayer formation.

In the next chapter, the validation of PSI-BOIL for DNS-BRM is performed and the other important

aspect of microlayer formation, i.e. its initial thickness, is discussed.

149



Chapter 5. Transition between contact-line and microlayer regimes

0.0 0.2 0.4 0.6 0.8
Radial coordinate [mm]

0.0

0.2

0.4

0.6

0.8
A
xi
al

co
or
di
na
te

[m
m
]

0.0 0.2 0.4 0.6
Position [mm]

0

2

4

6

M
ic
ro
la
ye
r
th
ic
kn
es
s
[µ
m
]

∆T = 4 K, t = 1.00 ms
∆T = 7 K, t = 0.80 ms
∆T = 10 K, t = 0.45 ms

(a) Water.

0.0 0.2 0.4 0.6 0.8
Radial coordinate [mm]

0.0

0.2

0.4

0.6

0.8

A
xi
al

co
or
di
na
te

[m
m
]

0.0 0.1 0.2 0.3
Position [mm]

0

1

2

3

4
M
ic
ro
la
ye
r
th
ic
kn
es
s
[µ
m
]

∆T = 5 K, t = 2.25 ms
∆T = 9 K, t = 1.75 ms
∆T = 13 K, t = 1.50 ms

(b) Ethanol.

0.0 0.2 0.4 0.6 0.8
Radial coordinate [mm]

0.0

0.2

0.4

0.6

0.8

A
xi
al

co
or
di
na
te

[m
m
]

0.0 0.2 0.4 0.6
Position [mm]

0

2

4

6

8

M
ic
ro
la
ye
r
th
ic
kn
es
s
[µ
m
]

∆T = 5 K, t = 2.00 ms
∆T = 10 K, t = 2.00 ms
∆T = 20 K, t = 1.40 ms

(c) FC-72.

Figure 5.14 – Bubble (left) and microlayer (right) profiles for cases listed in Table 5.1.
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6 Validation and sensitivity study

In the previous chapter, the transition between contact-line and microlayer regimes of nucleate

boiling has been discussed. It has been analysed theoretically and the resulting transition criterion

has been tested against reference experimental and DNS data. Furthermore, we have presented

some preliminary computations demonstrating the capability of PSI-BOIL to resolve the microlayer

in a simulation. Here, we first discuss microscopic physical phenomena necessary for the simulation

of microlayer evolution, i.e. interfacial heat-transfer resistance and contact angle modelling, and

then continue our computational effort with a validation exercise. We also conduct a review of

sensitivities of the simulation to particular settings, and assumptions, and perform a sensitivity

study on the microlayer thickness following its formation. As reference data for validation, we have

acquired comprehensive measurements of first-bubble growth in a microlayer regime taken at the

Massachusetts Institute of Technology by Bucci (2020), partially presented in Bucci et al. (2021). In

the present study, we have used the data for which the experimentalists had the highest confidence

in the fidelity of the reported results, corresponding to a situation with an applied heat flux of 425

kW/m2. The ordering of the chapters is a result of the unavoidable linearity of the text; in reality,

much of the work in Chapters 5, 6 and 7 has been conducted simultaneously.

The text of this chapter is partially adapted from Bureš and Sato (2021b):

• Bureš, L. and Sato, Y. (2021b). Comprehensive simulations of boiling with a resolved micro-

layer: validation and sensitivity study. Manuscript under review,

with preliminary results presented at the Thermal and Fluids Engineering Conference (Bureš and

Sato, 2021a):

• Bureš, L. and Sato, Y. (2021a). Analysis of dynamics of microlayer formation and destruction

in nucleate boiling. In Proceedings of the 5-6th Thermal and Fluids Engineering Conference

(TFEC 2021), pages 97–106.

N.B. In this chapter, work of Prof. Matteo Bucci (Bucci et al., 2016), Mr. Mattia Bucci (Bucci, 2020),

as well as their joint publication (Bucci et al., 2021) are referenced. We bring this to the reader’s

attention to avoid possible confusion of these two researchers.
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Chapter 6. Validation and sensitivity study

6.1 Interfacial heat-transfer resistance (IHTR)

In Chapter 1, we indicated that the liquid and vapour phases are constrained during the solution of

the energy conservation equation by a Dirichlet boundary condition for temperature at the phasic

interface. An estimate of the interfacial temperature Tγ can then be derived from the assumption of

thermostatic equilibrium: i.e. that the temperature is continuous across the interface, with Tγ equal

to the saturation temperature at the ambient system pressure Ts, with local pressure variations and

Kelvin effect (Thomson, 1872) being neglected and presence of NCG omitted for simplicity.

Discrepancy

Although the above assumption is generally acceptable for single-component multiphase systems

(Ishii and Hibiki, 2011), it is known that it can induce non-negligible error in the calculation of

heat flow through the microregion and microlayer of an expanding bubble from a heated surface

(Giustini et al., 2016). For illustration, consider a typical data point from the experiment of Bucci

(2020), with a measured wall superheat ∆Twall = Twall −Ts in the range of 5-10 K. Though the

microlayer thickness d was not explicitly measured in this experiment, during evaporation, values

of d = O (100 nm) would be expected, as indicated by other recent experiments (e.g. Chen et al.,

2020). Assuming steady-state 1D conduction through the liquid microlayer beneath the expanding

bubble (see Section 6.3 for a discussion of the validity of this assumption), this gives for the heat

flux jq :

jq =λl
∆Twall

d
=O (10 MW/m2). (6.1)

Such values should thus be routinely observed during an experiment of this type, but the maximal

values reported by Bucci (2020) are in the region of 2 MW/m2 in the 5-10 K superheat range. Such

a discrepancy is not exceptional, and has often been reported in the literature (e.g. Giustini et al.,

2016), and appears to indicate that the simple assumption of thermostatic equilibrium does not

capture the actual heat-transfer situation occurring in the microlayer.

Closure using statistical physics

An alternative closure model might be found in the framework of statistical physics. The Hertz-

Knudsen relation expresses the interfacial heat flux in the following form (Knudsen, 1950):

jq,γ = L√
2πRm

(
ωe

ps(Tγ,l )√
Tγ,l

−ωc
pv√
Tγ,v

)
. (6.2)

Here, ps(Tγ,l ) the saturation pressure at the liquid interfacial temperature Tγ,l , while pv is the

vapour pressure and Tγ,v the vapour interfacial temperature. In addition,ωc andωe [-] represent the

empirical accommodation coefficients for condensation and evaporation, introduced by Knudsen

(1950) to account for the imperfect transport of molecules between the phases. Using statistical rate

theory, Persad and Ward (2016) deduced closed-form expressions for ωc and ωe and demonstrated

that:

ωc ≈ωe ≈ 1. (6.3)
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6.1. Interfacial heat-transfer resistance

For small temperature variations in the domain, we can thus simplify the expression (6.2) accord-

ingly:

jq,γ ≈ L√
2πRmTref

(
ps(Tγ,l )−pv

)
, (6.4)

with Tref being a representative temperature value, such as Ts. This equation includes two indepen-

dent parameters: the liquid interfacial temperature Tγ,l and the vapour pressure pv . Typically, it is

assumed that the vapour is at saturation at the prevailing system pressure (Giustini et al., 2016),

giving:

jq,γ ≈ L√
2πRmTs

(
ps(Tγ,l )−ps(Ts)

)
. (6.5)

Using the linearised form of the Clausius-Clapeyron relation (Faghri and Zhang, 2006), we immedi-

ately deduce that:

jq,γ ≈ ρv L2√
2πRmT 3

s

(Tγ,l −Ts) = Tγ,l −Ts

Rγ
. (6.6)

Here, we have introduced the factor Rγ [K·m2/W] as the interfacial heat-transfer resistance (IHTR):

Rγ =
√

2πRmT 3
s

ρv L2 . (6.7)

However, this expression, when applied to water under atmospheric conditions, gives Rγ ' 1.3×10−7

K·m2/W. This value is too small to change the results of the calculations of heat flux in the microlayer,

such as those represented in Eq. 6.1. As discussed by Persad and Ward (2016), assumptions on

vapour conditions can significantly impact the accuracy of any expression deduced from the

Hertz-Knudsen relation, Eq. 6.2.

To the best of our knowledge, a satisfactory closure model describing vapour conditions in the

vicinity of the microlayer beneath a growing vapour bubble during boiling has not yet appeared in

the literature, and thereby represents an unknown in the understanding of the physical processes

taking place, which should be addressed in the future. For the present work, we are thus forced to

resort to the classical approach, in which we assume that pv = ps(Ts), and, although ωc ≈ωe ≡ω,

the accommodation coefficient is in fact not taken to be unity, and is a priori unknown. This gives,

following the same steps as above:

Rγ = 1

ω

√
2πRmT 3

s

ρv L2 , (6.8)

leaving the unknown ω yet to be determined.

Value of the accommodation coefficient

To evaluate ω, we appeal to the available experimental data. The data set of Bucci (2020) includes

both measurements of wall superheat and heat flux, with a spatial resolution of 30 µm, and a

temporal resolution of 200 µs. Employing the same 1D steady-state conduction model used before,

we can collate the given measurements according to the formula:

jq = ∆Twall

d/λl +Rγ
. (6.9)
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Edge of dry patch

jq,maxHeater

Twall,loc

d ≈ 0

Figure 6.1 – Schematic representation of the Rγ evaluation procedure. Here, jq,max is the maximal
heat flux for the given snapshot, and Twall,loc the locally-measured wall temperature.

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Position [mm]

3.0e-06

3.5e-06

4.0e-06

4.5e-06

5.0e-06

In
te
rf
ac
ia
lh

ea
t
tr
an
sf
er

re
sis
ta
nc
e
[K

·m
2 /
W
]

Processed experimental data
Eq. 6.8, ω = 0.0345

Figure 6.2 – Interfacial heat-transfer resistance evaluated using Eq. 6.10, and based on the data of
Bucci (2020). The mean value has been obtained by an averaging procedure with respect to time,
rather than one based on spatial position.

If we now assume that, for each temporal snapshot, the highest locally-measured value of jq

corresponds to the situation for which d → 0, we can deduce that, for each snapshot:

Rγ ≈
∆Twall,loc

jq,max
, (6.10)

where ∆Twall,loc is the corresponding locally-measured superheat value, see Fig. 6.1. Figure 6.2

shows the results of this processing of the available data. It can be observed that, despite deviations

from the norm, a justifiable prediction of Rγ can be estimated, with a mean value of Rγ ' 3.7×10−6

K·m2/W. Note that this is at least one order of magnitude larger than the classical value (Rγ '
1.3× 10−7 K·m2/W) based on the simplified Hertz-Knudsen relation (6.6). This new estimate

corresponds to a value of the accommodation coefficient ω in Eq. 6.8 of ∼0.0345, a value consistent

with the literature suggestions for water evaporation (Paul, 1962) and boiling (Giustini et al., 2016).

Consequently, we have adopted this value for the remainder of the work presented in this chapter.

Note that the equivalent liquid film thickness deq = λl Rγ is about 2 µm; i.e. the resistance of the

interface has essentially the same importance as the conductive resistance of the microlayer itself,

this being equal to d/λl =O (1 µm)/λl =O (10−6 K ·m2/W).

154



6.1. Interfacial heat-transfer resistance

In the above analysis, it has been assumed that the experimental measurement technique can

capture the location of the heat-flux extremum exactly. However, the IR camera used by Bucci

(2020) has only a finite spatial (∆x = 30 µm) and temporal (∆t = 200 µs) resolution. Thus, d in Eq.

6.9 should not be taken to be equal to zero, but rather has a value of

d = 1

∆t∆x

∫
∆t

∫
∆x

d(x ′, t ′)d t ′d x ′, (6.11)

the integrals representing averaging over a time step ∆t and a spatial segment with width ∆x. Note

that, based on the assessment of the evolution of the contact-line position given by Bucci (2020),

we have concluded that, during the period between two consecutive frames captured by the IR

camera, the contact line traverses a distance roughly equal to ∆x. Thus, d can be estimated in a

consistent way, i.e. Eq. 6.11 evaluated at each time step should result in the same value of d .

If we now consider the end result of the analysis conducted above as d → 0, we deduce that

ω= 0.0345 to be a lower-bound estimate for the accommodation coefficient, though we should

also deduce an upper bound based on the film thickness given by Eq. 6.11. We have noted in our

simulations in Chapter 5, as well as in those presented in Section 6.3 below that the microlayer

thickness does not gradually increase from zero near the contact line, but rather jumps abruptly

to a non-zero value, d1, as a result of the dynamics of dewetting. Thus, assuming the thickness

of the microlayer to have a step-like profile, the integral (6.11) reduces to d = d1. Based on our

preliminary simulations, we have chosen this value as ∼500 nm, a value we consider high enough

to result in a reasonable upper-bound estimate for ω. Indeed, setting d in Eq. 6.9 as d1 ' 500 nm,

and evaluating Rγ as:

Rγ =
∆Twall,loc

jq,max
− d1

λl
= Rγ(d = 0)− d1

λl
, (6.12)

this roughly corresponds to an increase of ω by about 33%, ωB ' 0.0460. This upper bound should

account for the uncertainty in the Rγ evaluation discussed here; results with both ωA = 0.0345 and

ωB = 0.0460 are presented in Section 6.3.

Full model implementation

To implement IHTR into the PSI-BOIL code, the Dirichlet condition (1.90) must be replaced by a

Robin-type (Papac et al., 2010) jump condition deduced from Eq. 6.6, with the interfacial heat flux

evaluated using the Fourier’s law of heat conduction:

Tγ,l −Ts

Rγ
=λl∇T |γ,l ·n −λv∇T |γ,v ·n. (6.13)

Implicit implementation of this jump condition, required for the sharp-interface discretisation

of the diffusion term of the energy conservation equation is non-trivial. For this reason, we first

assume that the vapour-side conditions play only a minor role in the overall dynamics at the

interface to obtain:

Tγ,v = Ts at the vapour side of the interface, (6.14)

Tγ,l −Ts

Rγ
= j q |γ,l ·n =λl∇T |γ,l ·n at the liquid side of the interface. (6.15)
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This is justified, since the vapour in the bubble is almost everywhere at saturation and its thermal

conductivity is low. Then, we further assume that the liquid-side heat flux in the direction tangential

to the interface is also negligible (which is typical both for boundary-layer situations at the interface

within the bulk fluid and for 1D conduction in the microlayer), i.e. j q |γ,l ≈ jq |γ,l n, which is

equivalent to the approximation introduced by Liu et al. (2000) in the context of their solution

approach for Poisson equations. This assumption immediately implies:

jq |γ,l =
Tγ,l −Ts

Rγ
(6.16)

and (in two dimensions with the extension to 3D being trivial):

j q |γ,l =
(

jq,x

jq,z

)∣∣∣∣
γ,l

= Tγ,l −Ts

Rγ

(
nx

nz

)
. (6.17)

Evidently, we can now decompose the Robin condition into two independent directional conditions

as follows:

∂T

∂x

∣∣∣∣
γ,l

= Tγ,l −Ts

λl Rγ
nx , (6.18)

∂T

∂z

∣∣∣∣
γ,l

= Tγ,l −Ts

λl Rγ
nz . (6.19)

These conditions can be implemented into the implicit, sharp-interface discretisation scheme

employed in PSI-BOIL to solve the energy conservation equation, by utilising conceptually similar

methods to those described earlier in Chapter 4 in the context of solid/fluid coupling, with the

resulting formulae given in Appendix C.

Our preliminary results indicate that introducing the interfacial heat-transfer resistance everywhere

on the bubble surface results in an unrealistically small growth rate. This would indicate that IHTR

only plays a significant role in the immediate vicinity of the heated surface. Although this might

appear to be unphysical, i.e. we would expect that the interface has the same heat-transfer resistance

everywhere, it is important to remember that the very concept of IHTR is speculative in itself.

Indeed, referring back to Eq. 6.4, we should actually be concerned with the near-interface vapour

conditions, which could vary around the bubble surface. Since we do not have any information

on the vapour pressure distribution, we have decided to continue our numerical exercise using a

simplified approach relying on localisation of IHTR effects in the microlayer, and critically assess its

success, or otherwise, against measured data. This approach is detailed below, while an example of

results of a simulation with IHTR prescribed everywhere on the bubble surface are given in Section

6.4 for comparison purposes, and where results of a simulation with ω= 1 are also given.

Near-wall implementation

Since any significant effect of IHTR is now assumed to be localised in the microlayer, for which

conduction in the wall-normal direction represents the dominant heat-transfer mechanism, a

simplified implementation of IHTR can be introduced directly at the solid wall boundary by means

of a numerically-equivalent, contact-heat-transfer resistance factor Rcc (see Chapter 4). This
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Figure 6.3 – Illustration of the concept of equivalent conductive resistance. Left: IHTR located at
the liquid/vapour interface; right: IHTR located at the solid/liquid boundary. Note that Tγ,l −Ts =
Tb,sol −Tb,l.

approach automatically preserves the overall conduction resistance, since

jq = Tb,sol −Tγ,l

d/λl
= Tb,sol −Ts

d/λl +Rγ
≡ Tb,sol −Ts

Rcc +d/λl
, (6.20)

provided that Rcc = Rγ. This simplification is illustrated schematically in Fig. 6.3. As can be seen,

the temperature discontinuity due to heat-transfer resistance has been effectively moved from the

liquid/vapour interface to the solid/liquid boundary; the overall temperature difference between

the wall temperature Tb,sol and the vapour temperature Ts has been preserved in the process.

6.2 Apparent contact angle at the high-IHTR limit

In spite of the apparent importance of the wetting conditions for microlayer formation discussed

in the previous chapter, relevant experimental data remains sparse. Even though perfect wetting

under adiabatic conditions has been reported by Bucci (2020), we have seen in Chapter 5 that

the presence of phase change, together with the motion of the contact line, significantly alter the

wetting phenomenon. In the case of DNS-BRM, the effects of the numerical slip length should also

be taken into account, further complicating the issue.

The traditional approach to the problem of dynamic wetting of volatile liquids is to appeal to the so-

called microregion model: a set of equations derived from 2D lubrication theory extended to include

heat transfer by including 1D steady-state conduction through the film thickness. In Chapter 5, we

have presented the classical result of Voinov (1976) and Cox (1986) describing dynamic wetting

under adiabatic conditions in the form of the Cox-Voinov law. In its original form, Eq. 5.3 reads:

θ(x)3 −θ3
0 =−9Cau ln

(
x/a

)=−9Cau lnχ, (6.21)

where θ(x) is the local interfacial slope and χ= x/a [-] a dimensionless distance. In a like manner,

Hocking (1995) gives a closed-form solution for the apparent contact angle in the presence of phase

change in the following form:

θ(x)4 −θ4
0 = 12Cae ln

(
Kχ

)
, (6.22)
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where Cae [-] is the evaporation capillary number of Morris (2001), namely:

Cae = µl∆Twall

ρl LRγσ
. (6.23)

Note that the parameter K in the argument of the logarithm in Eq. 6.22 results from the special

matching condition for droplets originally introduced by Hocking (1995). The asymptotic solution

thus produced was shown to be valid at the high-IHTR limit by Janeček and Anderson (2016).

The existence of analytical solutions for the situation of high IHTR (Hocking, 1995; Morris, 2001),

which is precisely the situation considered here, has motivated us to deduce an analytical solution

for θmr (∆T,UCL) combining phase change and contact-line motion directly. The leading-order

microregion equations, based on conventional analysis of e.g. Stephan and Busse (1992) and

Janeček and Nikolayev (2013), may be written:

dh

d x
= h′ = θ, (6.24)

dθ

d x
= h′′ =−κ, (6.25)

dκ

d x
= 3µl

σ

1

h3

(
Q

ρl L
−UCLh

)
, (6.26)

dQ

d x
= ∆Twall

Rγ+h/λl
, (6.27)

where x [m] is lateral distance from the contact line, h [m] is the film thickness, θ [-] its slope

with respect to the heated surface, κ its curvature [1/m], and Q the linearly-integrated heat flux

[W/m]. In the derivation of the above equations, Marangoni effects (Faghri and Zhang, 2006),

disjoining pressure (Faghri and Zhang, 2006; Janeček and Nikolayev, 2013), slip length (Janeček and

Nikolayev, 2013; Afkhami et al., 2018) and generalised Kelvin effect, i.e. the variation of interfacial

temperature due to that of the liquid free-surface pressure, see e.g. Faghri and Zhang (2006), are

not included, since we are only interested in the asymptotic solution far from the contact line,

where these effects are negligible. Introducing the high-IHTR assumption, RγÀ h/λl , allows us to

immediately integrate Eq. 6.27 to obtain:

Q ≈ ∆Twall

Rγ
x, (6.28)

reducing the total number of differential equations to three. Writing κ as −θ′ (valid in the leading-

order approximation, see Janeček and Nikolayev (2013)), and employing the slow-height variation

simplification, h ≈ θx (Voinov, 1976), traditionally used in the derivation of the Cox-Voinov law, we

obtain:

θ′′ =−3µl

σ

1

θ3x3

(
∆Twall

Rγρl L
x −UCLθx

)
=− 3

θ3x2

(
Cae −Cauθ

)
. (6.29)

The capillary numbers, Cau and Cae , are defined in Eqs. 5.2 and 6.23, respectively. We rearrange the

above equation in the form:

f (θ)θ′′ = θ3θ′′

Cae −Cauθ
=− 3

x2 (6.30)

and apply the approximation:

f (θ)θ′′ ≈
(∫

f (θ)dθ

)′′
, (6.31)
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which can be shown to be valid if: ∣∣ f (θ)θ′′
∣∣À ∣∣ f (θ)′

(
θ′

)2∣∣. (6.32)

We can now integrate Eq. 6.30 twice, as follows:∫ θ(x)

θ0

f (y)d y = 3ln

(
x

a

)
= 3lnχ, (6.33)

where a is a nanoscopic regularisation length, such as the slip length, Voinov length (Voinov, 1976)

or thermal regularisation length (Janeček and Anderson, 2016). An implicit solution of Eq. 6.33 can

be obtained, and expressed in the following form:

F (χ)−F0 =−
[

Ay
(
2A2 y2 +3Ay +6

)+6ln(1− Ay)

]θ(χ)

θ0

= 18A3Cau lnχ, (6.34)

with A = Cau/Cae . The inequality (6.32) can be shown to be valid for χ À 1. In the limiting

case, Cae → 0, Eq. 6.34 reduces to the Cox-Voinov law, and for Cau → 0 a Hocking-like solution is

obtained. Thus, Eq. 6.34 represents a generalisation of these two asymptotic variants to the problem

of dynamic wetting of volatile liquids in the high-IHTR limit. It is suitable for the application

considered in this work, since our goal is to implement an apparent contact angle at scales of

O (100 nm), i.e. the scale of the grid spacing considered in our simulations, for which χÀ 1, while

the conductive resistance of the film is still small in comparison to the value of IHTR (see Section

6.1).

Note that in the case of perfect wetting, with θ0 = 0, and with a receding, evaporating film (UCL > 0,

∆T > 0), the limit of θ(x) deduced from Eq. 6.34 as x →∞ is 1/A, viz:

θ(x →∞) → 1

A
= Cae

Cau
= ∆Twall

ρlUCLLRγ
. (6.35)

This solution can also be deduced from the film continuity equation, with Marangoni effects being

neglected (Qu et al., 2002):

−UCLθ+ 1

ρl L

∆Twall

h/λl +Rγ
= 0, (6.36)

in the limit h → 0. This means the limits of the microregion solution (as x,h →∞) and the macro-

scopic film solution (as h → 0) are consistent with one another.

The mesh-dependent contact angle discussed in Section 5.3.3 should also be applied in this frame-

work. Accordingly, we demand that the interfacial slope in the simulation should be reproduced

with respect to the analytical profile, independently of the degree of mesh refinement. This is

equivalent to prescribing:

F (x) = F0 −18A3Cau ln

(
x

a

)
= Fδ−18A3Cau ln

(
x

δ

)
, (6.37)

where Fδ is the integral defined in Eq. 6.33, evaluated for the mesh-dependent numerical contact

angle θδ, δ being a length characterising the numerical slip, i.e. ∆x/2. From this expression, we

recover:

Fδ = F0 −18A3Cau

[
ln

(
x

a

)
− ln

(
x

δ

)]
= F0 −18A3Cau ln

(
δ

a

)
. (6.38)
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For a grid spacing of O (100 nm) and a being typically 1-10 nm (Janeček and Nikolayev, 2013), the

value of the logarithm on the right hand side of Eq. 6.38 would be around 2-5. If we consider perfect

wetting (F0 = 0), and take the typical values of Cau (Eq. 5.2) and Cae (Eq. 6.23) observed in our

simulations—these being O (10−3) and O (10−6), respectively—and use them in Eq. 6.38 to evaluate

θδ, we find that the computed value is essentially equal to the asymptotic solution θδ → 1/A.

Accordingly, we can implement the dynamic contact angle directly from Eq. 6.35.

In general, the lower the value of the contact angle, the more is contact-line mobility inhibited, and

the role of hydrodynamic effects in microlayer destruction diminished: in other words, low values

of the contact angle cause the microlayer to be destroyed predominantly by evaporation (as was

shown in the previous chapter). By employing Eq. 6.35, the resulting contact angle corresponds to a

dynamic equilibrium situation (since θmr is influenced by UCL, and vice versa), and the predicted

values of the contact angle based on this equation have not exceeded 1◦ in the simulations we

will present in Section 6.3. The resulting reduced contact-line mobility could be the cause of the

discrepancy between experimental and calculated initial microlayer thickness distributions, as

discussed below, indicating that θmr is too small to represent the experimental conditions. Note

that the convergence issues related to contact-angle implementation (discussed in Section 4.2)

could also exacerbate the observed discrepancy.

Even though the exact value of the contact angle to be imposed in the simulations thus remains

uncertain, it can be seen from Eq. 6.35 that a high value of Rγ leads to a decrease in the interfacial

slope in the microregion, as measured by θmr , since it is inversely proportional to Rγ. Thus, it

appears that the importance of the dewetting phenomena in the microlayer regime is somehow

diminished during boiling. This is inconsistent with the results obtained from experiments on

volatile liquid films, where dewetting, as reported by Fourgeaud et al. (2016), appears to play a

decisive role in film destruction. It is possible that IHTR in volatile-film experiments might be

less influential than during nucleate boiling, resulting in the increase in contact angle due to

evaporation being much greater than in the situation considered here, and ultimately promoting

the effects of dewetting, though this interpretation could be considered speculative.

6.3 Validation

Bucci (2020) has performed a series of first-bubble growth experiments during pool boiling of water

under atmospheric conditions with heat supplied by a 1-mm-thick sapphire substrate incorporating

a 500-nm-thick titanium heater situated at the top. The experiment was initiated under saturation

and zero velocity conditions. After a period of continuous heating, an isolated bubble appeared

at a centrally-located nucleation site, and grew until detachment. For validation purposes, we

have chosen the bubble for which the experimentalists had the highest confidence in the fidelity of

their measurements, as discussed in a private communication. In the case considered, the applied

heat flux was 425 kW/m2 and the surface superheat at bubble nucleation was 12.55 K. Note that,

unfortunately, no quantitative estimations of the measurement error have been provided by Bucci

(2020).

6.3.1 Simulation setup

Since the experimental observations report essentially perfect axial symmetry of the growing bubble,

we have employed a cylindrical, axisymmetric domain for our simulations, incorporating three
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Figure 6.4 – Schematic representation of the computational domain used for the validation sim-
ulations based on the experiment of Bucci (2020), with x representing the radial and z the axial
coordinate in an axisymmetric cylindrical system, respectively. The dimensions of the fluid domain
are approximate and depend on the grid resolution used. Units in mm.

Table 6.1 – Domain characteristics for the grids considered: ∆xmin is the grid spacing in the
uniformly-discretised, fine-grid region of the domain (see Fig. 6.4) of dimensions xuni and zuni. For
the coarse grid, a typical CPU time is ∼20000 core-hours; for the fine grid, it is ∼400000 core-hours.

Grid ∆xmin [µm] xuni [mm] xmax [mm] zuni [mm] zmax [mm]

Coarse 1.05 0.808 1.30 0.868 1.39
Medium 0.749 0.832 1.31 0.875 1.37

Fine 0.475 0.852 1.32 0.825 1.28

Table 6.2 – Material properties used in our simulations up to three significant digits: β is the
coefficient of volumetric thermal expansion employed for the computation of the gravity force
(Boussinesq approximation).

ρ [kg/m3] cp [J/(kg·K)] λ [W/(m·K)] µ [Pa·s] β [1/K] L [J/kg] σ [N/m]

Vapour 0.598 2080 0.0246 1.22×10−5 2.68×10−3 - -
Liquid 958 4220 0.677 2.82×10−4 7.49×10−4 - -

Two-phase - - - - - 2.26×106 0.0589
Sapphire 3980 929 25.1 - - - -
Titanium 4510 544 17.0 - - - -
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Figure 6.5 – Applied heat flux during the pre-
nucleation transient heating problem, Eqs. 6.39
and 6.40.
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Figure 6.6 – Heater surface temperature at the
onset of nucleation from the experiment and
simulation with different applied heat fluxes.
Times to nucleation are indicated in the legend.

different grid resolutions, see Table 6.1; the problem domain is illustrated schematically in Fig. 6.4.

To reduce computational costs, both dimensions have been discretised uniformly only in the central

region of the domain, indicated by darker colour in Fig. 6.4; a stretched grid has been employed for

the remainder of the domain, with a gradual transition resulting in a maximum cell aspect ratio of 4.

To facilitate faster convergence of the algebraic multigrid solver used for the solution of the Poisson

equation for pressure, and to economise on computational effort, the number of cells for each grid

resolution was first chosen, and then the resultant domain size was computed. For this reason, the

radial and axial extents of the fluid domain vary slightly for the different grid resolutions.

With reference to Fig. 6.4, an axis-of-symmetry BC has been applied at x = xmin, and a free outflow

BC has been imposed at x = xmax and z = zmax, with a Neumann BC (zero heat flux) for temperature.

A zero heat-flux BC has also been applied at the bottom of the substrate at z = zmin, where the

material was in contact with air. The heater surface is treated as a no-slip wall. The titanium heater

is included explicitly in the simulation, and the conjugate heat transfer between the fluid and solid

phases is included in the calculation. A vapour seed bubble of radius R0 = 10 µm is placed at the

origin of coordinates to initiate the bubble growth; see Fig. 6.4. Material properties used in the

simulations are given in Table 6.2.

The initial temperature distribution was first obtained by solving the transient heating problem

in an extended configuration of the domain with uniform grid spacing ∆x =∆z = 1 µm, and grid

convergence was confirmed. The simulation was initiated under assumed saturation conditions,

and continued until the nucleation temperature at the origin was attained. No discernible effects

of natural convection could be seen at this stage. Although the experimental bubble-growth

results were reported by Bucci (2020) as fully axisymmetric, the heating power was not, due to the

rectangular geometry of the heater. In addition, non-uniformity of the heating power was also

reported. Thus, it may be seen that prescribing the heat flux uniformly within the heater at 425

kW/m2 during the heating phase has resulted in the calculated surface temperature distribution

not exactly matching that of the experiment, though the time-to-nucleation has been captured

adequately. For this reason, we have introduced an augmented heater power distribution, devised
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to reproduce both the time-to-nucleation and the transient temperature data reported by Bucci

(2020), with a special focus on the final surface temperature distribution at the onset of bubble

growth. The applied power distribution is shown in Fig. 6.5, together with the step profile used

originally. The two may be expressed as follows:

jstep [kW/m2] =
425 if x < xmax = 1+p2

2 ×1.5 mm and

0 otherwise.
(6.39)

jlin [kW/m2] = max

(
4 mm−x [mm]

4 mm
×481,0

)
. (6.40)

The resulting temperature distributions at the onset of nucleation are shown in Fig. 6.6. Clearly,

the linear-flux profile matches the experiment perfectly. In addition, Fig. 6.7 gives comparisons

of the measured superheat over the heater surface against those derived numerically with the

assumed linear heat-flux profile; again, the correspondence is excellent. The heater extent for the

step distribution (xmax in Eq. 6.39) was chosen based on the experimental heater half-width of

1.5 mm. But, even if a different value had been selected, the qualitative shape of the temperature

distribution measured by Bucci (2020) could not be reproduced. Nevertheless, the “engineered”

approach, represented by Eq. 6.40, has allowed us to obtain an initial temperature distribution

exactly matching that measured in the experiment, a prerequisite for the success of any subsequent

validation exercise focused on bubble growth. Note that during the simulation, a uniform heat

flux has been adopted; the short elapsed time of the simulation makes its impact on the numerical

predictions essentially negligible. The temperature distribution in the domain at the onset of

nucleation (t = 88.1 ms) is displayed in Fig. 6.8. It should also be remarked that, due to the short

heating time, the substrate is not uniformly superheated.

Throughout the simulation, a variable time step ∆t is used, with the limit imposed by the Courant

number taken as CFL < 0.02. A second upper limit is given by the capillary-wave condition (2.76)

with C∆t = 0.063, a value suggested by Sussman and Ohta (2009). The absolute minimum of these

two criteria is the time step actually used in the simulation. It transpires that, during the vigorous

initial growth of the bubble, the CFL condition dominates, while in latter stages of the expansion

the capillary-wave condition plays the limiting role. It should be noted that both conditions are

more stringent than usually employed in DNS of boiling, see e.g. the computations in Chapter

4. The need to limit the time step in a more stringent manner is a direct consequence of the fast

propagation of the liquid/vapour interface through the fluid domain in the current simulation, and

the very small grid spacing employed, both of these factors negatively impacting the stability of the

simulation, and necessitating tighter time-step control.

Preliminary simulations have indicated that a non-smooth distribution of the phase-change rate

over the bubble surface, occasioned by the thinness of the interfacial temperature boundary layer in

this application, has induced spurious capillary waves during the initial stages of the growth if the

two finer grids in Table 6.1 are employed. For this reason, we have introduced a global phase-change

rate averaging procedure into the simulations, which remains active until the bubble radius exceeds

150 µm, corresponding to 20-30 µs after the onset of bubble growth; i.e. about 5% of the total

simulation time. Specifically, this entails the phase-change rate being calculated over the entire

fluid domain, summed, and uniformly redistributed along the interface. Note that, for water under

atmospheric conditions and a superheat of 12.55 K, and based on conventional estimates of bubble

growth predicted by analytical formulae for the heat-transfer-limited and inertial regimes (Faghri

and Zhang, 2006), the growth should be considered inertia-dominated for radii up to 200 µm. Thus,
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Figure 6.7 – Evolution of the heater surface temperature before the onset of nucleation at t = 88.1 ms,
simulated results obtained with the linear power distribution, Eq. 6.40.
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it could be argued that stabilisation by global averaging employed in our simulations is only used

in the period for which the results of our heat-transfer-limited, incompressible solver are anyway

deviating from physical reality. A critical assessment of the effects of the averaging procedure (for

the coarse-grid simulation) is presented in Section 6.4.

The discussion above hints at limitations in the application of the sharp-interface geometric VOF

technique when applied to volatile flows involving rapid propagation of the liquid/vapour interface.

This is not surprising: indeed, the problem of bubble growth in a superheated, quiescent liquid as

discussed by Scriven (1959), which could be considered an antecedent of the problem of single-

bubble nucleate boiling, has been successfully simulated using the sharp-interface geometric

VOF method only very recently by Perez-Raya and Kandlikar (2018a); Malan et al. (2021) and by

us in Chapter 3. Nevertheless, the geometric VOF method does offer several advantages over

alternative approaches: principally the ability to capture microlayer formation even with a coarse

grid resolution (∼1 µm), as will be shown in Section 6.3.2.

6.3.2 Results

In the following, results of simulations of the single-bubble nucleate boiling problem in the config-

uration described in the previous section are presented. All simulations have been performed with

two accommodation coefficients, ωA = 0.0345 and ωB = 0.0460 (see Section 6.1). Depending on the

choice of the coefficient, a case label “A” or “B” is used in the text. Only selected results are shown

for Case B, for reasons of brevity.

Before comparing the simulation results against experimental measurement, Figs. 6.9, 6.10 and

6.11 are two snapshots, at times t = 0.2 ms and t = 0.4 ms, of the temperature, mass-flux and

velocity distributions, respectively. Specifically, we would like to focus on the zone of high heat

flux, located just outside the edge of the microlayer. Here, a very thin temperature boundary

layer has been formed, and very vigorous mass transfer is taking place. Due to the thinness of the

interfacial temperature boundary layer, of O (µm), very high grid resolution is required to resolve

the temperature gradients explicitly.

We turn now to the macroscopic growth characteristics. Figures 6.12, 6.13 and 6.14 show the

bubble lateral radius and its volume as functions of time, respectively. As can be seen, reasonable

agreement with the experimental results has been achieved, the fine-grid simulation proving

superior, as expected. Furthermore, the growth is faster for Case B with higher accommodation

coefficient. Figure 6.15 represents a more detailed comparison of the overall bubble shape obtained

from the fine-grid simulation compared to measurement. Although in the simulation the bubble

can be seen to grow more slowly than in the experiment, its shape, characterised mainly by a high

diameter-to-height aspect ratio, is well-predicted. The spurious capillary waves (i.e. the waviness of

the bubble surface), generated numerically during the early stages of the simulation, and discussed

previously, can also be noticed. We remark in passing that the analytical solution of Scriven (1959)

captures very well the overall evolution of the bubble volume (Fig. 6.14), as has also been reported

by Hänsch and Walker (2016, 2019). The Scriven solution is given as:

Vsc(t ) = 32π

3
β3

g (αl t )3/2. (6.41)

Figures 6.16, 6.17, 6.18 and 6.19 show the surface superheat (∆Twall) and heat-flux ( jq ) distributions
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Figure 6.9 – Temperature distribution at t = 0.2 ms (left) and t = 0.4 ms (right) for the medium-grid
simulation. The phasic interface is indicated by the white line. Units in µm.
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Figure 6.12 – Bubble lateral radius as a function of time in the validation simulation for all grid
resolutions considered (Case A), and compared against the measurements of Bucci (2020).
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Figure 6.13 – Bubble lateral radius as a function of time in the validation simulation for all grid
resolutions considered (Case B), and compared against the measurements of Bucci (2020).
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Figure 6.14 – Bubble volume as a function of time in the validation simulation for all grid resolutions
considered (Case A), and compared against the measurements of Bucci (2020) and the analytical
solution of Scriven (1959), Eq. 6.41.
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Figure 6.15 – Snapshots of the bubble profile obtained from the fine-grid simulation (Case A), and
compared against the measurements of Bucci (2020).
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Figure 6.16 – Two snapshots of the surface superheat distribution for Case A (ω= 0.0345) for all grid
resolutions considered compared with the measurements of Bucci (2020). Left: t = 0.21 ms; right:
t = 0.42 ms.
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Figure 6.17 – Two snapshots of the surface superheat distribution for Case B (ω= 0.0460) and for
grid resolutions considered compared with the measurements of Bucci (2020). Left: t = 0.21 ms;
right: t = 0.42 ms.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Position [mm]

0.0

0.5

1.0

1.5

2.0

2.5

H
ea
t
flu

x
[M

W
/m

2 ]

Microlayer

Dry patch

A
pp

ar
en
t
co
nt
ac
t
lin
e

Experiment
Coarse
Refined
Fine

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Position [mm]

0.0

0.5

1.0

1.5

2.0

2.5

H
ea
t
flu

x
[M

W
/m

2 ]

Experiment
Coarse
Refined
Fine

Figure 6.18 – Two snapshots of the surface heat-flux distribution for Case A (ω= 0.0345) for all grid
resolutions considered compared with the measurements of Bucci (2020). Left: t = 0.21 ms; right:
t = 0.42 ms.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Position [mm]

0.0

0.5

1.0

1.5

2.0

2.5

H
ea
t
flu

x
[M

W
/m

2 ]

Experiment
Coarse
Medium
Fine

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Position [mm]

0.0

0.5

1.0

1.5

2.0

2.5

H
ea
t
flu

x
[M

W
/m

2 ]

Experiment
Coarse
Medium
Fine

Figure 6.19 – Two snapshots of the surface heat-flux distribution for Case B (ω= 0.0460) for all grid
resolutions considered compared with the measurements of Bucci (2020). Left: t = 0.21 ms; right:
t = 0.42 ms.
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at times corresponding to the first two snapshots obtained experimentally by Bucci (2020) following

initial bubble nucleation. The measurements were obtained utilising an IR camera located at

the bottom of the substrate. It should be noted that the measurements could be classified as

“indirect”, since they rely on a methodology for the solution of the inverse heat-transfer problem

in the sapphire substrate developed earlier by Bucci et al. (2016). Using this methodology, the

temperature distribution was first obtained, and the heat flux calculated using the temperature

differences between the successive time frames. In order to match this approach for the simulations,

the flux distributions shown in Figs. 6.18 and 6.19 correspond to averages between t = 0.00 ms and

t = 0.21 ms, and between t = 0.21 ms and t = 0.42 ms, respectively.

The temperature profiles derived from the simulations are in good agreement with measurement,

being able to capture the location of both edges of the microlayer, as well as the temperature

variation over the surface. The experimental measurements appear to be bounded by the two

cases, giving credibility to our method of accommodation coefficient evaluation. Some differences

between the measured and simulated temperature profiles can be seen near the origin, where the

dry patch is located. It is possible that the measurement technique is less accurate if the surface is

not covered by liquid, though quantitative details of measurement uncertainty are not available.

Furthermore, the measured data have been obtained from the original 2D Cartesian data by means

of axisymmetric averaging, and thereby the number of data points used in the dry-patch region

would be strictly limited compared to elsewhere on the surface. On the simulation side, our method

for computing the IHTR (see Section 6.1) introduces a source of uncertainty into the predictions.

The heat-flux profiles seen in the earlier snapshot (t = 0.21 ms in Figs. 6.18 and 6.19), match the

experiment quite well for Case A for all grid resolutions; for the later snapshot (t = 0.42 ms), the

Case B results are superior.

We now examine the accuracy of the 1D quasi-static conduction model often employed in mi-

crolayer analyses (e.g. Utaka et al., 2013; Sato and Ničeno, 2015; Hänsch and Walker, 2019), i.e.

jq (x, t ) = ∆Twall(x, t )

d(x, t )/λl +Rγ
. (6.42)

In Fig. 6.20, two instantaneous snapshots of the surface heat-flux distribution obtained from

the fine-grid simulation (Case A) are compared to the predictions of the above 1D quasi-static

conduction model based on the local wall temperature and microlayer thickness. Evidently, a good

match between the two can be noted, except for the region at the outer edge of the microlayer.

Our final comparison with the experiment is focused on the distribution of the initial microlayer

thickness, i.e. the thickness of the microlayer when it is first formed at a specific location (Utaka

et al., 2013). Several authors, Kim and Buongiorno (2011), Utaka et al. (2013), Jung and Kim (2014,

2018), Chen et al. (2017, 2020), have recently succeeded in measuring this quantity directly using

optical methods. In contrast, Yabuki and Nakabeppu (2014, 2017) and Bucci (2020) employed an

indirect approach, based on assuming the microlayer being destroyed purely by evaporation. In

this case, the initial thickness d0(x) may be expressed formally as follows:

d0(x) = 1

ρl L

∫ t1

t0

jq (x, t ′)d t ′, (6.43)

with t0 and t1 referring to the times of initial local microlayer formation and its complete evapora-

tion, respectively. Equation 6.43 can be interpreted as an equality between the initial microlayer

thickness (left-hand side) and the evaporated microlayer thickness (right-hand side). The latter
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Figure 6.20 – Two snapshots of the surface heat-flux distribution obtained from the fine-grid
simulation (Case A) compared to a model based on 1D quasi-static conduction.
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Figure 6.21 – Initial microlayer thickness as a function of position for all simulations considered
(Case A). Fit performed using Eq. 6.44.

corresponds to liquid volume per area turned into vapour as a result of local heat flow through the

microlayer, sensible heat being neglected. The assumption of no hydrodynamic expulsion could be

questioned: for example, the experiments of Fourgeaud et al. (2016) indicate dewetting to play the

dominant role in volatile film destruction.

Figure 6.21 shows the distribution of the initial microlayer thickness obtained from all simulations

considered here. It is found that differences between the Cases A and B are minor, and therefore

only the former is presented for brevity. In order to evaluate d0(x), we record snapshots of the

instantaneous microlayer distribution every 5 µs in the simulations, and then compute d0(x = ξ(t )),

where ξ(t ) is the location of the outermost point for which the microlayer slope is less than 0.015

(∼0.9◦) at any given time. This criterion was chosen on the basis of the typical observation, e.g.

by Jung and Kim (2018), that the microlayer is essentially flat. Changing the limiter value to 0.010

and 0.020 had no impact on the overall results, so it is not considered to be a sensitive parameter.

Figure 6.22 shows two typical instantaneous microlayer distributions, obtained from the fine-grid
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Figure 6.22 – Two snapshots of the microlayer profile obtained from the fine-grid simulation (Case
A).
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Figure 6.23 – Propagation of the spurious wave on the microlayer surface for the fine-grid simulation
(Case A).
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Figure 6.24 – Fitted profile of the initial microlayer thickness distribution as obtained from the
fine-grid simulation and compared with the experimental measurements of Bucci (2020); Jung and
Kim (2018) and Chen et al. (2020).
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simulation, for Case A: it can be clearly seen that the exact choice of the limiter is immaterial,

as the slope of the microlayer exhibits an abrupt increase at its outer edge. Both Figs. 6.21 and

6.22 indicate that the microlayer profile is not smooth: this is an artifact of the geometric VOF

method, and the size of the “steps” in the profile directly reflects the grid spacing. Nonetheless,

it can be seen from Fig. 6.21 that the microlayer thickness distribution is captured consistently,

independently of the grid resolution. The non-monotonicity observed in Fig. 6.21 for the fine-grid

simulation is a result of one of the spurious capillary waves generated at the base of the bubble

having propagated onto the microlayer surface itself, see Fig. 6.23. It should be stressed that in fact

the microlayer profile is self-correcting: i.e. after the spurious wave has died out, the profile restores

itself to become monotonic, so this numerically-induced, artificial process is at least stable.

The profiles in Fig. 6.21 have been fitted using least-squares regression with fit functions of the

form:

d0,fit(x) =C0xC1 . (6.44)

It is worth remarking that the fitted results are very similar for all the three grid resolutions employed,

as confirmed in Fig. 6.21. Figure 6.24 is a comparison of the fitted results from the fine-grid

simulation with experimental measurements. Evidently, the simulation results over-estimate the

initial microlayer thickness with respect to the reference data of Bucci (2020) by a factor between 50-

100%. However, these measurements are lower than those obtained recently using optical methods

by Jung and Kim (2018) and Chen et al. (2020). In fact, these latter authors studied multiple bubbles,

subject to different applied heat fluxes: Fig. 6.24 displays the bounds of their measurements.

It is possible that, by equating the initial microlayer thickness with that obtained assuming pure

evaporation, Eq. 6.43, a bias has been introduced into the experimental data due to the neglect

of hydrodynamic expulsion (dewetting) effects. Figure 6.25 is a comparison of the initial and

evaporated microlayer thicknesses as derived from the fine-grid simulations. Here, the initial

microlayer thickness is obtained from successive analysis of the microlayer profile, while the

evaporated one is calculated using Eq. 6.43. Note that the evaporated thickness can be calculated

only in locations, at which the microlayer has completely dried out (see right-hand side of Eq. 6.43).

Due to the relatively long time to complete evaporation, this is achieved in our simulations only

very close to the origin, where the initial microlayer thickness is the thinnest. Both initial and

evaporated thicknesses are very similar for Cases A and B.

Since the value of the contact angle imposed in the simulation (Section 6.2) remains uncertain,

we have also performed a fine-grid computation with θmr ' 7.5◦ (a value resulting from Eq. 6.38

for UC L = 0, ω= 0.0345 and a = 10 nm) to demonstrate the sensitivity of results to this parameter;

the evolution of the evaporated thickness for this case (labelled ‘high CA’) is also shown in Fig.

6.25. Evidently, a much larger discrepancy between the initial and evaporated thicknesses occurs,

reflecting the additional liquid volume which has been advected away due to the liquid flow in the

microlayer (hydrodynamic expulsion). This showcases that any comparison between initial and

evaporated thicknesses is extremely sensitive to the assumed wetting conditions.

Note that we can also use the 1D quasi-static conduction model, Eq. 6.42 and Fig. 6.20, for an

indirect comparison of microlayer thickness obtained from the simulation with the results of Bucci

(2020). Equation 6.42 can be re-arranged into the form:

d(x, t ) =λl

(
∆Twall(x, t )

jq (x, t )
−Rγ

)
. (6.45)
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Figure 6.25 – Initial and evaporated microlayer thicknesses obtained from the fine-grid simulations
for both Cases A and B and under increased contact angle conditions. Initial thicknesses for all
cases overlap.

Acknowledging now the fact that the heat fluxes measured in the experiment correspond to averages

between the successive time frames n and n +1, we can use the measurements of Bucci (2020) to

deduce an average microlayer thickness between the time frames as:

d n+1/2(x) =λl

(
∆T n

wall(x)+∆T n+1
wall (x)

2 jq (x)n+1/2
−Rγ

)
. (6.46)

At the same time, we can use our instantaneous evaluations of the microlayer profile to obtain

average profiles over the same period; Figs. 6.26 and 6.27 show the resulting comparisons. It can be

observed that a good agreement has been recovered.

In summary, the results of the validation exercise are encouraging, with good agreement between

calculation and experiment for both macroscopic growth and surface heat-transfer characteristics

having been achieved. Furthermore, we have reasoned that the discrepancy between the initial

microlayer thickness observed experimentally and that predicted numerically could be due to the

neglect of hydrodynamic expulsion effects in the post-processing of the measurements. Additional

effort is also required with the simulations, in particular a rigorous demonstration of grid con-

vergence. Nevertheless, we have been able to reproduce numerically the overall dynamics of the

bubble-growth mechanism. The geometric VOF interface-tracking method employed here has

been found to possess some detrimental features (e.g. the creation of spurious capillary waves, or

the introduction of a step-wise continuous microlayer profile), as well as some beneficial ones (e.g.

the ability to capture microlayer formation even with a coarse grid), in addition to its well-known

merit of exact mass conservation and subgrid accuracy. In view of this, we have decided to exploit

the potential of the simulation method to analyse the initial microlayer thickness distribution in a

parametric study, see Section 6.5 below. Before doing so, however, we should discuss further the

role and effect of the several simulation settings and assumptions included in the method.
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Figure 6.26 – Two snapshots of the averaged microlayer profile for Case A (ω= 0.0345) for all grid
resolutions considered compared with the IR measurements of Bucci (2020) processed using Eq.
6.46. Left: t = 0.21 ms; right: t = 0.42 ms.
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Figure 6.27 – Two snapshots of the averaged microlayer profile for Case B (ω= 0.0460) for all grid
resolutions considered compared with the IR measurements of Bucci (2020) processed using Eq.
6.46. Left: t = 0.21 ms; right: t = 0.42 ms.

Table 6.3 – Simulation settings for cases presented in Section 6.4.

Case
Accommodation

coefficient
Mass-transfer

model
IHTR model

Baseline A 0.0345 Used Only within microlayer
Baseline B 0.0460 Used Only within microlayer

No averaging A 0.0345 Not used Only within microlayer
Full resistance A 0.0345 Used Entire bubble surface

Perfect evaporation A 1 Used Entire bubble surface
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6.4 Influence of mass-flux averaging and IHTR

Among the settings and assumptions employed in the simulations described in the previous section,

the following necessitate further scrutiny:

• initial mass-flux averaging for radii < 150 µm (Section 6.3.1), and

• the value and implementation of the interfacial heat-transfer resistance, Rγ (Section 6.1).

To this purpose, we have taken the basic coarse-mesh simulation (see Table 6.1) and modified the

entries accordingly to examine these issues:

(i) Without initial mass-flux averaging (no averaging, pure DNS).

(ii) Interfacial heat-transfer resistance considered everywhere with ω= 0.0345 (full resistance).

(iii) Interfacial heat-transfer resistance considered everywhere with ω= 1 (perfect evaporation).

For this case, we have explored both the coarse- and medium-grid options.

The second and third test cases require the use of our full IHTR model, see Section 6.1. The

expressions written in italics indicate the reference labels of the different cases. The results obtained

using the method without any modification with ω= 0.0345 (Case A), and detailed in the previous

sections, are referred to as baseline. Results forω= 0.0460 (Case B) are also shown for completeness.

The settings employed in the different cases are summarised in Table 6.3.

Figure 6.28 shows the bubble lateral radius as a function of time for all the test cases, while Fig. 6.29

gives the instantaneous microlayer distributions at t = 0.42 ms. In addition, Fig. 6.30 displays the

surface superheat (∆Twall) and averaged heat-flux ( jq ) distributions at the same time. The following

conclusions can be drawn:

1. Initial averaging (baseline) has only a minor impact on the overall results compared to the no

averaging case. Note that the procedure of initial averaging is needed for stabilisation during

the early stages of the growth for the two finer grids referred to in Section 6.3.

2. The increase in accommodation coefficient (i.e. to switch from baseline A to baseline B) acceler-

ates the bubble growth, see Fig. 6.28, and promotes heat flow from the solid surface through the

microlayer (Fig. 6.30). Nevertheless, the microlayer shape is affected only slightly, as is visible in

Fig. 6.29.

3. Considering IHTR to be imposed everywhere with ω = 0.0345 (full resistance) results in a

significant departure of the simulation results from the reference experimental data; indeed,

the bubble growth is grossly under-estimated, see Fig. 6.28. Thus, it appears that IHTR should

only be included locally underneath the growing bubble; more research is needed to clarify the

exact mechanism of the IHTR phenomenon to justify where exactly it should be applied and

which value of Rγ should be employed.

4. The assumption of perfect evaporation, on the other hand, leads to over-estimation of the

bubble-growth rate, see Fig. 6.28. Note that by increasing the degree of grid refinement, the

degree of over-estimation increases further. Additionally, the heat-transfer characteristics at the
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Figure 6.28 – Bubble lateral radius as a function of time in the simulation settings study for all test
cases considered, and compared with measurements of Bucci (2020).
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Figure 6.29 – Snapshots of the microlayer profile for all test cases at t = 0.42 ms.
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Figure 6.30 – Snapshots of the surface heat-transfer characteristics for all test cases compared with
the measurements of Bucci (2020) at t = 0.42 ms. Left: surface superheat; right: heat flux.
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Figure 6.31 – Initial microlayer thickness as a function of lateral position for water and ethanol with
the common Jakob number Ja = 30.

solid surface are in stark disagreement with the experimental values (i.e. the surface superheat

is reduced to ∼4 K, while the heat flux in the contact-line region exceeds 20 MW/m2, both of

these values being beyond the range shown in Fig. 6.30).

Overall, it appears our choice of IHTR implementation, and the introduction of initial mass-flux

averaging, are well justified.

6.5 Initial microlayer thickness sensitivity study

From the results presented in Section 6.3, we have observed that the geometric VOF method has the

potential to capture the initial microlayer formation phenomenon, even if a coarse grid is employed.

Thus, in order to economise on simulation time, we have decided to use the coarse-grid simulation

results to study the dependence of the observed initial microlayer thickness (IMT) on the actual

physical properties of the fluid. Additionally, we have modified the simulation set-up from that

presented in Section 6.3 (coarse-grid configuration) as follows: the zero-heat-flux BC at zmin is

replaced by a Dirichlet condition to maintain a constant superheat, and no heat source is imposed

within the substrate itself. Finally, only a thin solid region with thickness equal to 4 µm is retained

at the bottom of the computational domain, in contrast to that used hitherto. At the start of the

transient, the domain is initially assumed to be uniformly superheated. Since this is a sensitivity

study, and not a validation exercise, these simplifications are justifiable.

6.5.1 Modelling of the initial microlayer thickness

Typical analytical expressions for IMT (i.e. d0) distribution found in the literature are variations of

the original square-root law proposed by Cooper and Lloyd (1969):

d0(t ) ∝
√
µl

ρl
t =√

νl t , (6.47)
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Table 6.4 – Material properties of the artificial working fluid used in our simulations.

ρ [kg/m3] cp [J/(kg·K)] λ [W/(m·K)] µ [Pa·s] β [1/K] L [J/kg] σ [N/m]

Vapour 1 2000 0.01 1×10−5 2.5×10−3 - -
Liquid 1000 4000 cp,lµl /Prl 1.25×10−4 1×10−3 - -

Two-phase - - - - - 1×106 0.01

with νl being the kinematic viscosity of the liquid [m2/s]; in addition to the referenced paper, see the

works of van Ouwerkerk (1971) and van Stralen et al. (1975) for more details. Furthermore, Koffman

and Plesset (1983) and Yabuki and Nakabeppu (2017) have also correlated their experimental results

with Eq. 6.47. Combining the above IMT expression with a Scriven-type dependence of bubble

radius with respect to time, R(t) ∝p
αl t , as originally derived by Olander and Watts (1969), the

following dependence is suggested:

d0(ξ)

ξ
∝

√
νl

αl
=

√
cp,lµl

λl
=

√
Prl , (6.48)

where Prl [-] is the liquid Prandtl number. Here, we are using ξ(t ) to denote the instantaneous outer

edge of the microlayer. Thus, for two different fluids (under the restricted assumption of equal

Jakob numbers):
d0,1(ξ)

d0,2(ξ)
=

√
Prl ,1

Prl ,2
. (6.49)

For water and ethanol at atmospheric pressure, two working fluids commonly used for experimental

studies of bubble-growth, the ratio in Eq. 6.49 can be calculated using the respective properties

at saturation to have the value 2.18. The original measurement of this ratio from the experiment

of Koffman and Plesset (1983) was 1.6, though the more recent study of Utaka et al. (2013) gives a

value of 2.29. We have decided to test the appropriateness of the equation by directly simulating

bubble growth for both water and ethanol under atmospheric conditions, under the assumption of

a common Jakob number of 30. Figure 6.31 gives a comparison of the resulting IMT distributions

for the two fluids. The ratio between them, fitted using least-squares constant regression, is 1.91:

a value reasonably close to the theoretical prediction of 2.18. Encouraged by this result, we have

subsequently performed a set of simulations to evaluate the general efficacy of Eq. 6.48 using an

artificial working fluid, also with Ja = 30, the physical properties of which are listed in Table 6.4;

the molecular Prandtl number has been varied between Prl = 2 and Prl = 5. According to these

simulations, essentially no change in the IMT distribution has occurred in this case. Thus, it appears

that the model represented by Eq. 6.48 is not able to characterise the simulated IMT distribution.

A more detailed analysis of the IMT problem has been performed by Smirnov (1975), the result of

which reads, in a compact form:

d0,S(t ) =
√

2νl t

/(
K + 4n

We(t )

)
, (6.50)

where:

K = 9(1−n)−2
(n −1)(n −2)

n
+ 2n

3
, (6.51)

and n [-] is the exponent in the formula describing the evolution of the bubble radius R(t ) =Cr t n ;

i.e. n ≈ 1/2 for heat-transfer-limited bubble growth (giving K ≈ 11/6), and We(t ) is the instantaneous
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microlayer formation Weber number [-], given as:

We(t ) = ρl R(t )

σ

(
dR

dt

)2

= ρl

σ
n2C 3

r t 3n−2. (6.52)

Note that if we form a mean value of this Weber number over a given growth period, it becomes

almost identical to the mean Bond number of Yabuki and Nakabeppu (2017):

Bo = ρlξ
2U

σt
= ρlξ

σ
U

2 = ρlξ
3

σt 2 , (6.53)

with ξ being the position of the outer edge of the microlayer (i.e. the instantaneous location of

microlayer formation), and U = ξ/t . Note that, in Smirnov’s analysis, it was assumed that ξ≈ R.

Thus, the experimental result deduced by Yabuki and Nakabeppu (2017) as:

d0,Y (t ) =CY
√
νl t , with (6.54)

CY = min
(
0.34,0.13Bo

0.38)
, (6.55)

can be qualitatively explained by the fact that, for We À 1 (fast growth), no dependence of d0 on

surface tension should be observed, this being consistent with the classical film formation theory

of Landau and Levich (1988). We remark in passing that conceptually very similar results have been

obtained by Moriyama and Inoue (1996) for bubble growth in a constrained geometry with a Bond

number exponent of 0.41, a value remarkably close to the 0.38 proposed by Yabuki and Nakabeppu

(2017).

Smirnov’s equation (6.50) has recently been re-examined by Jung and Kim (2018), who suggested

the inclusion of an additional pre-multiplier to represent the deceleration of flow in the microlayer:

d0,J (t ) =Cdecd0,S(t ), (6.56)

for which Cdec < 1. Additionally, these same authors reasoned that growing bubbles are not perfectly

hemispherical, but rather of an oblate form, as illustrated in Fig. 6.32. Thus, in reality the microlayer

extent ξ(t ) will not be well approximated by the bubble lateral radius R(t ). Note that in the paper by

Jung and Kim (2018), the Smirnov equation, and its subsequent modifications, are not reproduced

correctly, possibly due to a typographic error: for example, Eq. 11 therein is inconsistent in terms of

units, and consequently the Weber dimensionless group cannot be recovered. Also, in their analysis,

the authors did not consider the fact that, by correctly assuming that ξ(t ) 6≈ R(t ), one of the original

assumptions of Smirnov (1975) is violated; indeed, Smirnov derived Eq. 6.50 from the relation:

d0,S(t ) =
√

2νl ξ̇

/(
− 2

ρl

dp

dξ
− ξ̈+ 2

3

ξ̇2

ξ

)
, (6.57)

the dot indicating a derivative with respect to time. It was assumed by Smirnov (1975) and Jung

and Kim (2018) that the pressure derivative can be computed using the inviscid Rayleigh-Plesset

equation (Faghri and Zhang, 2006), ultimately resulting in Eq. 6.50. However, as pointed out by Jung

and Kim (2018), and also seen in our simulations, ξ(t ) can be only 30% of R(t ), and the transition

zone of Smirnov (1975), i.e. the region between ξ and R in Fig. 6.32, can be much larger than

considered by the author. For this reason, we conclude that the Rayleigh-Plesset assumption is

not valid under the present circumstances, i.e. ξ 6≈ R. Alternatively, we could employ the standard,
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leading-order thin-film approximation (Faghri and Zhang, 2006) to obtain:

1

ρl

dp

dξ
=−2σ

ρl

1

R2

Ṙ

ξ̇
. (6.58)

Note that in our analysis we have approximated the surface tension term in the interface-normal

stress balance by assuming the bubble to have a uniform radius. Equation 6.58 can be compared

with the original expression of Smirnov (1975):

1

ρl

dp

dξ
≈ 1

ρl

dp

dR
=−2σ

ρl

1

R2 +4R̈ + R
...
R

Ṙ
. (6.59)

This relation had been obtained from the inviscid Rayleigh-Plesset equation (Faghri and Zhang,

2006), and differs from the thin-film expression, Eq. 6.58, by the inclusion of terms arising both

from inertial effects and the ξ(t ) ≈ R(t ) approximation.

Finally, the modified Smirnov equation reads as follows:

d0,MS(t ) =Cdec

√
2νl t

/(
K̃ + 4n

W̃e(t )

)
, (6.60)

Vapour

Liquid

Vapour

Liquid

ξ
R

ξ≈ R

ξ

R

ξ 6≈ R

Figure 6.32 – Schematic representation of bubble geometry during growth. Top: the idealised
configuration of Smirnov (1975), with ξ ≈ R; bottom: the actual configuration as observed in
experiments (e.g. Chen et al., 2017).
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6.5. Initial microlayer thickness sensitivity study

Table 6.5 – Characteristics of the selected cases of the sensitivity study illustrated in Fig. 6.35. Here,
Cdec and C̃dec correspond to the fitted values of the pre-multiplier in Eq. 6.60, the latter being
obtained if the Rayleigh-Plesset expression for pressure derivative is employed instead of Eq. 6.58.

Case ρl [kg/m3] νl [m2/s] σ [N/m] Cx [m/sm] m [-] Cr [m/sn] n [-] Cdec [-] C̃dec [-]

1 958 2.94×10−7 0.0589 0.0270 0.524 0.0672 0.586 0.295 0.476
2 1920 1.47×10−7 0.0589 0.0229 0.576 0.0365 0.566 0.304 0.434
3 757 5.66×10−7 0.0177 0.0237 0.520 0.0501 0.565 0.332 0.556
4 757 5.66×10−7 0.0177 0.0196 0.545 0.0367 0.570 0.257 0.379
5 1000 1.25×10−7 0.01 0.0150 0.516 0.0377 0.584 0.293 0.468
6 1000 1.50×10−7 0.01 0.0213 0.539 0.0402 0.578 0.301 0.494
7 1000 4.00×10−7 0.05 0.0103 0.538 0.0221 0.528 0.310 0.354
8 1000 4.00×10−7 0.05 0.00460 0.501 0.0164 0.525 0.364 0.385

with:

K̃ = 1−m + 2m

3
, (6.61)

W̃e(t ) = ρl R(t )

σ

(
dξ

dt

)2

= ρl

σ
m2Cr C 2

x t 2m+n−2, (6.62)

in which:

ξ(t ) =Cx t m , and (6.63)

R(t ) =Cr t n . (6.64)

It should be noted that the evaluation of the pressure gradient in Eq. 6.59 is questionable, as

discussed in Appendix D. Nevertheless, the ability of the modified Smirnov equation to adequately

reproduce the simulation results (detailed below), as well as the success of Jung and Kim (2018) in

correlating existing experimentally-measured data, has motivated the adoption of the equation in

our analyses.

6.5.2 Parameter study for coefficient determination

In order to test the appropriateness of the Smirnov equation (6.60), we have run more than 30

simulations for different fluid properties and Jakob numbers. We have used water, ethanol and

an artificial fluid (Table 6.4) as the basis of the study, and examined the effects of the variation of

parameters, both individually and in combination with each other. An illustrative sample from

the overall test matrix is given in Table 6.5. From this exercise, we have ascertained that ρl , µl , σ,

αl and Ja are indeed the key parameters affecting the IMT distribution; the last two parameters

enter the problem through Cr and Cx (Eqs. 6.63 and 6.64), both of which are roughly proportional

to 2βg
p
αl . Note that, for the cases considered, βg ≈ Ja. The parameters Cr , Cx , n and m have been

estimated directly from the numerical predictions using least-squares regression. From this, we

have deduced that:

n = 0.557±0.022,

m = 0.526±0.037.
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Figure 6.33 – Ratio ξ/R integrated over the growth period as a function of the mean Weber number
for Scriven growth, Eq. 6.65, for all cases in the sensitivity study. The power-law fit is given by Eq.
6.66.

Evidently, the early growth of the bubble is somewhat faster than theory suggests, n = 0.5, corre-

sponding to R(t ) ∝p
t . At the same time, the small standard deviations indicate that the values of

n and m might be considered universal. Conversely, we have found that the ratio ξ/R, averaged in

time during the period of bubble growth, varies significantly between the individual cases:

ξ/R = 0.59±0.13,

demonstrating strong dependence on the growth dynamics. In general, faster growth results in a

higher value of ξ/R and vice versa, which could be expected, since slowly growing bubbles would

have more time to relax their interface geometry to the equilibrium spherical shape under the

influence of the surface tension. The mean value 0.59 derived in our numerical study is very close

to the 0.6 suggested by Jung and Kim (2018), derived from their experimental data.

We assume that the bubble-shape relaxation to sphericity is principally governed by the interplay

of the inertial and surface-tension forces. A simple and straightforward choice of the dimensionless

group that could be used to devise a correlation for ξ/R is thus the mean Weber number derived for

Scriven growth, i.e.:

Wesc =
2ρlα

1.5
l

σ
√

tg
Ja3 ≈

2ρlβ
3
gα

1.5
l

σ
√

tg
= ρl RscrivenU 2

scriven

σ
. (6.65)

Figure 6.33 shows ξ/R plotted against this group for all the cases considered here, together with the

following power-law fit:

ξ/R = 0.52We
0.23
sc . (6.66)

Note that this fit should not be used for values of Wesc larger than those used in its derivation, the

range being 0 . Wesc . 10, otherwise ξ/R →∞ as Wesc →∞, even though the physical limits are

ξ/R → 1 as Wesc →∞.

This result provides another perspective on microlayer formation: i.e. for vanishing Weber number

the bubbles retain their highly-spherical initial shape during growth, and even though a microlayer

should form at the bubble base, its lateral extent would remain essentially negligible until bubble

184



6.6. Summary

0.0 0.1 0.2 0.3
Radial coordinate [mm]

0.0

0.1

0.2

0.3

A
xi
al

co
or
di
na
te

[m
m
]

t = 0.3 ms
t = 1.0 ms
t = 1.4 ms
t = 1.9 ms

Figure 6.34 – Evolution of bubble profile for Ja = 3 and contact angle of 1◦.

detachment. To illustrate such behaviour, we have simulated—in addition to the cases considered

in the parameter study—a bubble growing in water for Ja = 3, a value much smaller than that

considered in the study. Microlayer formation is to be expected due to the vanishing contact angle

assumed (θ = 1◦), according to the theory developed in Chapter 5; however, βg ≈ Ja being extremely

small (and correspondingly the Weber number, Eq. 6.65, also) results in the bubble remaining

spherical until detachment, see Fig. 6.34.

Figure 6.35 shows selected results (Table 6.5 lists the characteristics of the cases displayed) obtained

during the sensitivity study. Overall, very good agreement of the simulations with the modified

Smirnov equation (6.60), has been achieved and a prediction of the deceleration coefficient with a

rather low standard deviation has been deduced as:

Cdec = 0.312±0.027. (6.67)

In comparison, if the full Rayleigh-Plesset expression for pressure is used (i.e. one taking into

account the inertial terms, similarly to Eq. 6.59), the variation becomes much more uncertain:

C̃dec = 0.63±0.19. (6.68)

For a comprehensive evaluation of the efficacy of Eq. 6.60 with the coefficient Cdec taken as 0.312,

Fig. 6.36 presents a histogram of the ratio of the microlayer thickness predicted by the equation

against that obtained from the simulations. As can be seen, the majority of values fall within a

95%-confidence interval, given approximately as ±17%.

6.6 Summary

In this chapter, a comprehensive numerical study of bubble growth in the microlayer regime in

nucleate boiling has been reported. The topic of interfacial heat-transfer closure, and its importance

to the correct modelling of the near-wall heat-transfer characteristics, has been discussed. Even

though the classical approach of interfacial heat-transfer resistance appears to be in disagreement
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Figure 6.35 – Initial microlayer thickness as a function of time (solid lines) for selected cases in the
sensitivity study performed, together with fits (dashed lines) derived from the modified Smirnov
equation (6.60). The characteristics of the cases considered are listed in Table 6.5.
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Figure 6.36 – Histogram of the ratio of the microlayer thickness predicted by Eq. 6.60 and that
obtained from the simulations, d(6.60)/dsim. Dashed lines indicate the 95%-confidence level.
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with modern theories based on statistical physics, the lack of an alternative closure law has forced

us to employ it nonetheless. Based on experimental data, we have computed the bounds of

the accommodation coefficient, a constant designed to correlate interfacial heat flux with the

deviation of interfacial temperature from the saturation temperature, as 0.0345 (lower bound) and

0.0460 (upper bound), values consistent with the existing literature. We have then implemented

the resulting interfacial heat-transfer resistance everywhere on the bubble surface, as well as in

a restricted region only in the vicinity of the solid wall. Our simulation results indicate that in

the former case the resulting bubble growth is unphysically slow. This indicates a deficiency of

an interfacial heat-transfer-resistance approach that incorporates a constant accommodation

coefficient: more research is needed on this topic to determine the actual variation.

In order to provide a closure law for the dynamic contact angle that can be utilised in the subse-

quent simulations, we have investigated the implementation of a novel, asymptotic solution of

the microregion equations in the high-IHTR limit. Our solution represents a generalisation of the

well-established Cox-Voinov and Hocking-type laws, and our simulation results have shown that,

for typical values of contact-line dewetting velocity and wall superheat, this law results in vanish-

ingly small values of the contact angle. We have reasoned that the high interfacial heat-transfer

resistance (which leads to a reduction of the apparent contact angle) is possibly the main driver

behind microlayer formation and destruction, both of these effects being significantly affected by

the dynamic wetting conditions at the contact line.

Having complemented our simulation approach with methods for the treatment of microscopic

physical phenomena, we have subsequently performed a validation exercise based on the single-

bubble experiment of Bucci (2020). Even though issues associated with the interface-tracking

method employed—the geometric Volume-of-Fluid method—prevented us from achieving suffi-

cient grid convergence, our simulations have been able to capture the main growth features, such

as the bubble shape, rather well. Furthermore, the solid surface heat-transfer characteristics have

been well reproduced. It is noted that the simulated initial microlayer thickness appears to over-

estimate the reference values somewhat; we have reasoned that this discrepancy is a result of the

mismatch between initial and evaporated microlayer thicknesses for the reference values. We have

also highlighted the role of interfacial heat-transfer resistance in the simulations, demonstrating

the necessity for its correct implementation in the numerics.

Finally, we have exploited the ability of the geometric VOF method to represent the microlayer in the

simulation even if a coarse grid is employed, and have performed a sensitivity study on the initial

microlayer thickness. First, we have ascertained that the simple model of Cooper and Lloyd (1969),

or variations thereof, cannot describe the thickness distribution with sufficient accuracy. Conversely,

the analytical solution of Smirnov (1975), modified according to the arguments presented by

Jung and Kim (2018), as well as our own reasoning, captures the distribution very well over a broad

range of fluid properties and Jakob numbers; using our simulation results, we have deduced the

most appropriate value of the single parameter in the modified Smirnov equation. We have also

highlighted the effect of the mean Weber number for Scriven growth on microlayer dynamics, and

argued that, for vanishingly small Jakob numbers, the microlayer can remain of negligible extent,

even under conditions favourable to its formation.

In the next chapter, PSI-BOIL is applied to simulations of the full bubble-growth cycle. To this end,

several reduced-order models are developed and presented.
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7 Simulation of nucleate boiling till de-
tachment

In the previous chapters, we have developed and applied a DNS-BRM computational approach.

Even though this approach is very useful for investigations of the early stage of bubble growth,

providing detailed information on the growth regime, microlayer thickness evolution and mass-

transfer distribution, the extremely high resolution required limits its application to a narrow set

of fundamental studies. At the same time, a significant portion of the developed method is quite

general—as documented by the simulations presented in Chapters 3 and 4—and thus one could

envision its straightforward extension to problems involving the entire bubble-growth cycle or even

a multi-bubble nucleate boiling configuration, akin to the work of Sato and Ničeno (2015, 2017,

2018).

Unfortunately, when applied to problems with “practical” grid resolution, the sharp-interface

approach to energy conservation described in Chapter 3 can be troubled by accuracy issues. For

example, we again assume the model problem of spherically-symmetric bubble growth in a qui-

escent, superheated liquid (Scriven problem, see Section 3.7.3). For high liquid/vapour density

ratios, the growth constant βg (Eq. 3.42) is approximately equal to the Jakob number Ja (Eq. 3.43)

and the thickness of the temperature boundary layer in the vicinity of the phasic interface is aboutp
αl t = R/(2Ja), R being the instantaneous bubble radius. For a bubble radius of O (100 µm) and a

representative Jakob number Ja = 30, the boundary layer thickness can be only several micrometres

thick – a value too small to be correctly captured by a multiphase CFD simulation with a practical

grid resolution. Indeed, if we consider the Scriven problem for a configuration with βg ≈ 30 and

αl ≈ 1.67×10−7 m2/s and simulate it with the sharp-interface approach, we can observe in Fig.

7.1 that, even with grid spacing smaller than 10 µm, the growth of the bubble is under-estimated

significantly. The volume ratio VR in Fig. 7.1 is given as:

VR(t ) = Vsim(t )

Vtheor(t )
= 3

32π

∫
Ω[1−φ(t )]dV ′

β3
g (αl t )3/2

, (7.1)

i.e. as a ratio of Eqs. 3.34 and 6.41.

This adverse behaviour complicates the application of the sharp-interface treatment to more com-

plex problems, for which the number of computational cells required to resolve the temperature

boundary layers properly would lie beyond the limits imposed by the currently available com-

putational resources. For this reason, we have developed a semi-empirical modelling approach,

designed to improve the accuracy of this method, while preserving its favourable characteristics.

This approach, motivated by the desire to extend the developed method beyond its original appli-
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Figure 7.1 – Radius (left) and ratio of simulated and theoretical volume (right, Eq. 7.1) as functions
of time for the Scriven problem with βg ≈ 30 and αl ≈ 1.67×10−7 m2/s. Grid resolutions used are
indicated.

cation, is presented in this chapter and used to analyse the full growth cycle of the bubble studied

in Chapter 6 during our DNS-BRM validation exercise. Note that, for simplicity, non-condensable

gases and the effect of their concentration on interfacial temperature are not considered here;

nevertheless, the method described below can be used in PSI-BOIL in combination with NCG

transport.

7.1 Proposed method

The issue described above stems essentially from the smearing of the temperature boundary layer

in the vicinity of the interface when∆x & δT (theoretical boundary-layer thickness). This, in turn, is

resulting from the enforcement of very sharp temperature gradients in the near-interface cells by the

condition (1.90). Thus, a straightforward idea for rectifying this problem is to change the interfacial

boundary condition, i.e. to replace Eq. 1.90 resulting from continuum physics by a heuristic model

for a discrete computational grid. Indeed, consider the 1D configuration in Fig. 7.2, featuring

a typical, error-function-like boundary-layer profile. The point labelled as ‘C’ is located slightly

outside of the boundary layer: thus, it should not “see” its effect and a zero-derivative Neumann

condition in the direction of the interface would be a more appropriate description of the given

situation, when we calculate the temperature at ‘C’.

The Neumann condition represents a rather extreme example of modelling: as a result, all liquid

cells would remain at the far-field temperature T∞, independently of their distance from the

interface. Furthermore, grid refinement would not affect the temperature distribution and the

resulting discretisation would thus be inconsistent with the continuum solution. Evidently, we

can seek a middle ground between these two extremes (Dirichlet and Neumann conditions) by
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Figure 7.2 – Error-function-like boundary-layer profile: Γ is the interface and ‘C’ and ‘E’ correspond
to centres of computational cells. The original temperature profile is drawn in solid black; the hori-
zontal line represents the zero-derivative Neumann boundary condition and the two intermediate
lines correspond to Robin boundary conditions (7.3) with different values of Rn .

considering a Robin boundary condition instead, i.e.1:

Tγ,v = Ts at the vapour side of the interface, (7.2)

Tγ,l −Ts

Rn
= j q |l ,γ ·n =λl∇T |γ,l ·n at the liquid side of the interface, (7.3)

where Rn [K·m2/W] is a numerical interfacial heat-transfer resistance and Tγ,l the liquid-side

interfacial temperature, Tγ,l 6= Ts. The rationale behind Eq. 7.3 draws from the concept of physical

interfacial heat-transfer resistance Rγ discussed in Chapter 6, which is coupled to the interfacial

heat flux as:

jq,γ =
Tγ,l −Ts

Rγ
. (7.4)

We can re-arrange this expression to obtain:

Tγ,l = Ts +Rγ jq,γ. (7.5)

It can be seen that Eq. 7.4 is indeed a generalisation of the Dirichlet (Rγ → 0) and Neumann

(Rγ →∞) boundary conditions. By replacing Rγ with Rn , it can be also understood as a middle

ground between no modelling and full modelling (see Fig. 7.2 for a qualitative comparison).

Since Rn is conceptually identical to the physical interfacial heat-transfer resistance, we have

implemented it by using the approach developed in Section 6.1 and Appendix C. The chief difference

between the implementation of physical IHTR and the numerical one is that, during the evaluation

of phase-change rate, we do not consider Rn , i.e. the numerical resistance is applied only during

the resolution of the temperature-transport equation (energy balance equation).

1Since we are interested in situations, in which the liquid-side heat flux dominates, we only apply the Robin condition
at the liquid side of the interface. However, if smearing of temperature profiles occurs also at the vapour side, the model
can be applied there as well.
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Figure 7.3 – Radius as a function of time for the Scriven problem with βg ≈ 30 and αl ≈ 1.67×10−7

m2/s. Grid resolution is 31.25 µm and values of numerical heat-transfer resistance employed are
indicated.

Discussion

The modelling approach presented above possesses several advantages when applied to under-

resolved problems. It can be easily employed within the framework of a sharp-interface phasic

representation, maintaining the strict delineation between the two solution domains (liquid and

gas). After advancing the temperature-transport equation, the distribution of the phase-change

rate can be evaluated using standard sharp-interface approaches by computing the temperature

gradients to the interface (Eq. 1.91 – we reiterate that, in this step, no modelling is employed). This

is in contrast with typical reduced-order methods, in which the imprecise mixture formulation of

energy conservation is used and phase change is evaluated by deviatoric closure models, such as

the models of Lee (1980) or Chen et al. (2014), i.e.

ṁ′′′ ∝ (Tloc −Ts), (7.6)

Tloc being the local temperature. Even though the optimal value of Rn is unknown a priori and

must be determined empirically (as demonstrated below), much smaller variations in its value are

expected than for the proportionality constant employed in Eq. 7.6, which can span several orders

of magnitude, depending both on physical and numerical characteristics of the configuration in

question (Kharangate and Mudawar, 2017). This is mainly due to the rather weak link between the

actual physical mechanisms of phase change and the implementation of the deviatoric models,

which stands in contrast with the clear interpretation of the numerical interfacial heat-transfer

resistance model. Furthermore, the consistency of the overall numerical scheme can be enforced

by having Rn = f (∆x) with Rn → 0 as ∆x → 0.

Revisiting the Scriven problem

To demonstrate the proposed method, we return to the Scriven bubble-growth problem discussed

in the introduction to this chapter. We simulate it using the approach detailed in Section 3.7.3 with

the axisymmetric cylindrical coordinate system. The domain side length S is taken as 1 mm and the

initial radius R0 as 100 µm. We consider βg ≈ 30 and αl ≈ 1.67×10−7 m2/s.
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Figure 7.4 – Radius as a function of time for the Scriven problem with βg ≈ 30 and αl ≈ 1.67×10−7

m2/s. Left: Rn computed according to Eq. 7.7; right: Rn = 0 K·m2/W. Grid resolutions used are
indicated.
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Figure 7.5 – Radius as a function of time for the Scriven problem with βg ≈ 30 and αl ≈ 1.67×10−7

m2/s. Left: λl halved with respect to the base case and Rn doubled; right: λl doubled with respect
to the base case and Rn halved. Grid resolution is 31.25 µm and baseline Rn = 5.5×10−6 K·m2/W.

Omitting the coarsest mesh in Fig. 7.1, for which very poor behaviour of the bubble radius evolution

can be observed, we start by considering the configuration with∆x = 31.25µm. We have ascertained

by testing that a choice of Rn ≈ 5.5×10−6 K·m2/W allows us to reproduce better the analytical time,

at which R(t ) ≈ 900 µm (simulation-terminating condition), see Fig. 7.3. Note that the simulated

radius evolution follows a trend which is distorted significantly by the introduction of Rn , i.e. it is

far from the expected square-root law. This is due to the growth under-estimation in the absence of

Rn requiring in turn strong modelling as a remedy. For Rn & 10−4 K·m2/W, only minor variations of

the radius evolution are observed with increasing Rn , indicating that we have effectively reached

the zero-derivative limit (i.e. Neumann condition in Fig. 7.2).

Furthermore, we have deduced that Rn can be taken to approach zero cubically with grid refinement,

Rn

5.5×10−6 K ·m2/W
=

(
∆x

31.25 µm

)3

, (7.7)
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Figure 7.6 – Instantaneous distributions of volume fraction and temperature for the Scriven problem
with non-zero numerical resistance. Results are shown for grid spacing ∆x = 7.81 µm (top) and
∆x = 15.63 µm (bottom).

as shown in Fig. 7.4. We would like to stress that, during grid refinement, the results with non-zero

Rn remain closer to the analytical solution than those with no modelling involved. The dependence

of Rn on liquid thermal conductivity λl can also be recovered in a straightforward manner as:

Rn ∝ 1

λl
, (7.8)

this being a direct consequence of the relation between interfacial heat flux and Rn , see Fig. 7.5.

Unfortunately, the scaling of Rn with the other remaining controlling parameters, i.e. terminal

radius and growth constant βg , is not clear. Nevertheless, introducing numerical resistance with

a value based on some underlying reasoning, such as inverse scaling with the boundary-layer

thickness, does lead to improved results overall. It should be understood that the proposed nu-

merical interfacial heat-transfer resistance modelling approach is not meant to be a panacea for

under-resolved problems; rather a way to reconcile the discrepancies between reference data and

results of coarse-mesh simulations. The applicability of this method to numerical studies is further

discussed below.

For illustration purposes, Fig. 7.6 shows instantaneous distributions of volume fraction and temper-

ature for two different levels of grid refinement. Evidently, introduction of the numerical resistance

does not adversely affect the symmetry of the obtained results. The distortions of the temperature

field for the fine-grid simulation (∆x = 7.81 µm) are a result of parasitic currents manifesting them-
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Figure 7.7 – Schematic representation of the computational domain used for the growth-cycle
simulations. Units in mm. Darker colour indicates a region with a uniform grid.

selves due to the fast propagation of the phasic interface across a fine mesh; they occur also in the

case of zero Rn . Suppression of this adverse effect remains a topic for future study.

7.2 Application to nucleate boiling

A computational method capable of accurately mimicking the dynamics of bubble growth during

nucleate boiling would prove to be extremely useful in fundamental and applied studies. The

ability to match experimental results would produce a computational twin of the given experiment,

allowing the investigators to perform a complementary analysis of the problem using experimental

and computational methods in tandem. Furthermore, the developed reduced-order model (i.e.

evaluation of Rn for the given configuration) could be used to inform simulations of more com-

plex problems, such as pool boiling with multiple nucleation sites, naturally lending itself to the

multiscale simulation methodology.

In this section, we return to the experiment of Bucci (2020) with applied heat flux of 425 kW/m2 and

surface superheat at bubble nucleation of 12.55 K. The simulation setup is essentially identical to

the one in Chapter 6 with the chief difference being the dimensions of the computational domain,

see Fig. 7.7. Furthermore, the minimum grid spacing in the fluid domain is taken as ∆x = 10.4 µm.

In the solid domain, the grid is stretched further in the z-direction in order to capture heat transfer

near the boundary with high accuracy, starting with ∆z = 100 nm and finishing with ∆z = 41.6 µm.

The limit on the Courant number was taken as CFL < 0.15 and the pre-multiplier in Eq. 2.76 was

assumed as Cσ = 0.2.

7.2.1 Subgrid modelling

We have ascertained by testing that the optimal value of the numerical heat-transfer resistance to

be imposed at the phasic interface within the fluid domain (i.e. not at the solid wall) is equal to

0.645×10−6 K·m2/W. For comparison, Eq. 7.7 suggests a value about three times smaller, which

is at least within the same order of magnitude. Additionally, due to the complexity of the studied

problem, two additional subgrid models are necessary for a successful execution of this simulation:

a microlayer model and a contact-angle hysteresis model.
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Figure 7.8 – Evaporated microlayer thickness measured by Bucci (2020) and fitted by Eq. 7.9.

Microlayer model

In the previous chapters, we have seen that, due to the small thickness of the microlayer—this being

O (1 µm)—a very fine grid resolution (∆x . 1 µm) must be employed to capture the microlayer in

a simulation. At coarser grid resolutions, reduced-order models for its representation within the

simulation must be introduced. For the purposes of the work presented in this section, we have

adapted the microlayer model of Sato and Ničeno (2015) for use with the geometric VOF method.

Even though the essence of the model remains the same, several modifications must be highlighted:

1. No flow is assumed within the microlayer and its thickness is gradually diminished only

through evaporation. As discussed in the previous chapters, this assumption might be

violated as a result of microlayer dewetting. Thus, the imposed initial thickness of the

microlayer d0 must be assumed as the evaporated thickness (Eq. 6.43) measured in the

experiment. The concrete form of this correlation for the experiment of Bucci (2020) has

been deduced by least-squares fitting as:

d0(x) [m] = 4.63×10−5x0.456 [m], (7.9)

see Fig. 7.8. Note that flow into the microlayer is allowed at its bulk edge in order to facilitate

the transition to rewetting leading to the bubble detachment process.

2. Existence of (physical) heat-transfer resistance Rγ in the microlayer is assumed with the

lower-bound value deduced in Chapter 6 as 3.7×10−6 K·m2/W (accommodation coefficient

of 0.0345).

3. In Sato and Ničeno (2015), the imprecise mixture formulation was used for the solution of the

energy conservation equation in microlayer-containing computational cells; the microlayer

evaporation was introduced as an explicit heat sink. In the updated model, sharp-interface

formulation taking into account microlayer thickness is employed, consistently with the

solution algorithm in the rest of the domain.

4. Since the grid spacing (10 µm) is not significantly higher than the microlayer thickness, this

being O (1 µm), we have introduced a smooth transition between the unmodelled bulk region

and modelled microlayer as follows: when the liquid volume fraction in a wall-adjacent cell
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drops below a critical value, the given cell starts to be treated as a microlayer-containing cell

with thickness given as a minimum of the value suggested by Eq. 7.9 and the critical thickness

dcrit. With the critical volume-fraction value chosen as φcrit = 0.3, dcrit ≈ 3 µm. Optimally,

the critical value φcrit = 0.3 should be selected as small as possible; however, our preliminary

tests have indicated that for φcrit . 0.25 a spurious liquid subgrid film is adhered to the solid

surface during the bubble-growth stage. This has been probably caused by the “intermediate”

grid resolution with respect to the microlayer thickness, i.e.∆x is neither much higher than d0

(precluding the microlayer forming completely), nor small enough to capture the microlayer

explicitly.

5. The microlayer thickness is explicitly represented in the simulation by means of the liquid

volume fraction. Thus, no special treatment of the wall-adhesion force—see Sato and Ničeno

(2015) for an example—is necessary at the apparent contact line.

Contact-angle hysteresis model

It is well-known (de Gennes, 1985) that contact angles exhibit the so-called hysteresis property,

which has been neglected in this thesis so far. This means that the contact line can recede (i.e. liquid

moving away from the contact line, expansion of the dry region of solid/vapour contact) only for

angles of contact lower than a critical value θrec and advance (i.e. liquid moving towards the contact

line, shrinkage of the dry region) for angles of contact higher than a different critical value θadv,

θrec < θadv. For angles between these two values, the contact-line position should remain static.

This behaviour has indeed been observed in the experiments of Bucci (2020): due to the presence

of the microlayer during the receding phase, θrec unfortunately could not be evaluated from the

experimental measurements. However, since the behaviour of the microlayer is anyway modelled

in our simulations, it is not necessary to know the value of the receding contact angle. Conversely,

Bucci (2020) was able to measure θadv as ∼ 50◦−55◦.

For capturing the hysteresis property in our simulations, we have employed a simplified 2D, single-

bubble version of the model of Fang et al. (2008). In this model, we update the contact angle θ from

time step n to time step n +1 as:

θn+1 = max

[
θrec, min

(
θadv, θn −2sin2(θn)

H n+1 −H n

∆z

)]
. (7.10)

Here, ∆z is the grid spacing in the wall-normal (z-) direction in the contact-line cell row and H the

total wall-parallel (x-) liquid height in the contact-line cell row,

H =
N∑

i=1
ci∆xi , (7.11)

with N being the total number of cells in the x-direction, ci the liquid colour in cell i and ∆xi the

extent of cell i in the x-direction. The rationale behind Eq. 7.10 is that—as long as the angle of the

interface at the wall stays between the receding and advancing contact-angle values—any change

of the liquid content in the contact-line cell row corresponds to a rotation of the interface, rather

than to a change in the contact-line position. The exact form of Eq. 7.10 then follows from a simple

geometrical derivation based on the assumption that the interface is linear and has a slope equal

to tanθ. In our simulations, we assume θadv = 55◦ and θrec = 1◦, the latter value not having an

influence on the dynamics of the simulation and chosen only to avoid the unlikely situation when
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Figure 7.9 – Bubble lateral radius, height, and base radius as functions of time in the growth-cycle
simulation, compared with the measurements of Bucci (2020). Time of detachment is indicated.

sinθ would evaluate to zero.

Note that as long as the microlayer model is active (i.e. the microlayer exists and no flow is allowed

in its cells), the contact-angle model is unnecessary and, thus, it is not active during this time

period.

7.2.2 Results

Figure 7.9 shows the temporal evolution of bubble lateral radius, height, and base radius. Evidently,

very good agreement of simulation results with experimental data has been achieved; note that

the experimental and simulated times of detachment are essentially identical. Additionally, Figs.

7.10 and 7.11 give detailed comparisons of the overall bubble shape and surface superheat distri-

bution underneath the bubble at five different times, respectively: the simulation reproduces the

experimental measurements quite well.

The perfect agreement exhibited by the lateral radius evolution is no coincidence – indeed, we

have chosen the numerical resistance Rn = 0.645×10−6 K·m2/W precisely to achieve such corre-

spondence. However, the agreement of the other characteristics (height, base radius, detachment

time, surface temperature) has also been recovered in the process without further intervention.

Furthermore, it should be noted that removing the numerical resistance does not only reduce the

agreement, but rather causes the simulation to display completely different dynamics, see Fig.

7.12. At the onset of growth, bubble expansion is driven mainly by the heat supplied from the

surrounding superheated liquid (“bulk evaporation”). Without numerical resistance, this heat flow

is grossly under-estimated; as a result, the microlayer does not develop sufficiently, further damping

the growth of the bubble in the later stage. After the rudimentary microlayer evaporates, the bubble

starts to detach. The contact angle increases to the advancing contact angle θadv = 55◦ but, with a ra-

dius of < 1 mm, the bubble is too small to detach completely at this contact angle. For example, the

well-known correlation of Fritz and Ende (1936) (Faghri and Zhang, 2006) suggests Rdetach ≈ 1.4 mm

and in the experiment of Son et al. (1999) bubbles with θ = 50◦ detached at Rdetach ≈ 1.5 mm. Thus,
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Figure 7.10 – Snapshots of the bubble profile obtained from the growth-cycle simulation, compared
with the measurements of Bucci (2020).
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Figure 7.11 – Snapshots of the surface superheat distribution obtained from the growth-cycle
simulation, compared with the measurements of Bucci (2020).
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Figure 7.12 – Bubble lateral radius, height, and base radius as functions of time in the growth-
cycle simulation, compared with the measurements of Bucci (2020). No numerical resistance is
employed.

the bubble continues to grow slowly while remaining attached to the heater surface instead. This

showcases the non-linear character of bubble dynamics during nucleate boiling in the microlayer

regime: the initial growth is mainly driven by bulk evaporation and the microlayer expands during

this phase. The significant contribution of the microlayer evaporation then further accelerates

the growth. Therefore, without capturing the bulk evaporation correctly (achieved through the

introduction of Rn), the computational method is wholly incapable of reproducing the growth cycle

correctly.

For further illustration of the simulation (with non-zero Rn), Figs. 7.13, 7.14 and 7.15 give snapshots

of volume fraction, temperature and velocity distributions at t = 4 ms (growth phase) and t = 12

ms (detachment phase). Especially interesting is the transition of the flow pattern between the

growth and detachment phases visible in Fig. 7.15. During the growth phase, liquid is pushed out

in an almost radially-symmetric pattern. After the bubble starts to detach, an eddy with a size

comparable with the bubble lateral radius develops: the liquid is simultaneously displaced by the

bubble advancing in the positive z-direction while the solid surface is being rewetted due to the

advancing motion of the contact line.

Finally, Figs. 7.16 and 7.17 show (i) evaporative heat flow and its partitioning between microlayer

and bulk evaporation, and (ii) average heat-flux values for the whole bubble, the microlayer and

the bulk, respectively. The initial period of dominating bulk evaporation is clearly visible. It can be

also seen that, during its evaporation, the microlayer contributes &50% of the total phase-change

rate. We have calculated the overall contribution of microlayer evaporation for the entire growth

cycle to be 50.5%, a value which compares reasonably well with the ∼60% reported by Bucci (2020).

7.2.3 Force balance analysis

An example of application of the simulation method to the investigation of boiling physics is

the study of integral force balance during the bubble-growth cycle. Bucci et al. (2021) showed
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Figure 7.13 – Volume-fraction distribution at t = 4 ms (left) and t = 12 ms (right) in the growth-cycle
simulation. Volume fraction φ= 1: liquid, φ= 0: vapour. Grey colour indicates the solid substrate.
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experimentally that:
d pz

d t
' Ftot =

∑
F = Fb +Fh +Fa , (7.12)

i.e. the rate of change of the vapour bubble momentum in the z-direction pz [kg·m/s] is comparable

to the sum of the major contributing forces Ftot in the z-direction throughout the cycle (due to

axial symmetry, the forces in x and y directions are assumed to cancel with d px /d t = d py /d t = 0).

These forces are, respectively, (Bucci et al., 2021):

Fb = (ρl −ρv )gVb : buoyancy force, (7.13)

Fh =
∫

Sb

[σ(κref −κ)+ρl g (zref − z)]ez ·dS − (σκref +ρl g zref)πξ
2
w : HCP force and (7.14)

Fa =−2πξwσsinθw : adhesion force. (7.15)

Here, Vb is the bubble volume and ez the unit vector in the positive z-direction [-]. Additionally,

HCP stands for “hydrodynamic + contact pressure" and ref indicates a quantity evaluated at any

reference point on the bubble surface; in the following, we choose the reference point to be the

bubble apex (zref = zmax). Note that Fh should be independent of the choice of the reference point

(Bucci et al., 2021). Finally, the integral in the expression for Fh is evaluated over a portion of

the bubble surface Sb within a chosen control volume, as indicated in Fig. 7.18; ξw and θw are

also shown in the figure. This control-volume choice results in ξw and θw having the meaning

of apparent base radius and contact angle, respectively; after full microlayer evaporation, they

become the actual base radius and contact angle.
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bulk evaporation (right axis) as functions of time in the growth-cycle simulation.
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time in the growth-cycle simulation. Dashed line indicates the mean value (∼207 kW/m2) over the
entire growth period.
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Figure 7.18 – Schematic representation of the control volume (indicated by the dashed line) for the
force balance analysis during nucleate boiling. Even in a situation when a microlayer covers the
solid surface, it is not considered to be a part of the control volume.

The experimental findings of Bucci et al. (2021) have showed that the Newton’s second law is

satisfied during bubble growth without the need for additional forces, such as long-range London-

Van der Waals forces hypothesized by Thorncroft and Klausner (2001). Furthermore, according to

Bucci et al. (2021), |d pz /d t | =O (1 µN), while the magnitude of all forces on the right-hand side of

Eq. 7.12 is O (0.1−1 mN). This would mean that conventional bubble-detachment models based

on an estimation of the individual terms in Eq. 7.12 lack robustness, since they aim to evaluate

a “small” quantity d pz /d t on the basis of a sum of comparatively large quantities computed in a

semi-empirical manner, see e.g. Klausner et al. (1993).

We have decided to test the main finding of Bucci et al. (2021), i.e. Ftot ' 0, using our computational

method. Figure 7.19 shows the forces from the right-hand side of Eq. 7.12 evaluated during the

simulation and compared with the measurements of Bucci et al. (2021). The following observations

can be made:

1. As long as the microlayer exists and is being represented by the subgrid model (see Section

7.2.1), the agreement of the simulation with the experiment is poor. This is a result of

inadequate capturing of the bubble shape near its base (see Fig. 7.10, snapshot at t = 3 ms)

with the possible cause being the zero-flow enforcement within the microlayer preventing a

relaxation of the interfacial shape in the simulation. Furthermore, strong oscillations of the

HCP force occur (note that the plots in Fig. 7.19 have already been smoothed).

2. After the microlayer evaporates, the microlayer model is de-activated and the bubble shape

is allowed to relax. From that point onward (around t = 8.5 ms), very good agreement with

the experiment is attained.

3. Throughout the whole growth cycle, the total force acting on the bubble is very close to zero.

This is in direct agreement with the results of the experimental analysis.

Overall, our computational method is capable of supporting the experimental findings by a separate

numerical analysis.
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Figure 7.19 – Integral bubble forces (Eqs. 7.13, 7.14 and 7.15) as well as their sum as functions of
time in the nucleate-boiling simulation, compared with the measurements of Bucci et al. (2021).
Times of full microlayer evaporation and attainment of the advancing contact angle θadv in the
simulation are indicated. The plots of simulation data (except for the buoyancy force) have been
smoothed by a running-average filter for clarity.

We note in passing that, due to the independence of the overall force balance from the choice of the

control volume, it holds that:

sinθmr = ξw

ξC L
sinθw + 1

2πξC L

∫
SML

[σ(κref−κ)+ρl g (zref−z)]ez ·dS+σκref +ρl g zref

2σ

ξ2
w −ξ2

C L

ξC L
, (7.16)

where the integral represents the hydrodynamic force evaluated over the microlayer surface SML ,

i.e. between ξC L (true contact-line position, dry patch radius) and ξw (apparent base radius). This

equation could find application as a boundary condition in theoretical and numerical studies of

the microlayer shape within the framework of lubrication theory, which is conventionally used for

the investigation of thin film profiles (e.g. Qu et al., 2002; Eggers, 2005; Snoeijer et al., 2007).

7.3 Implementation of surface roughness

In all the simulations presented in this thesis, perfectly smooth solid surfaces have always been

considered – this assumption has been mentioned as one of the limitations of this work in the

Introduction. Since the solid surface in the primary reference experiment considered for validation

in Chapter 6 and here has been intentionally manufactured to be smooth, we believe our simplifi-

cation is justified. However, aside of such specially-prepared specimen, the majority of industrial

surfaces are uneven, i.e. they feature local deviations of surface topology from the idealised rep-

resentation. This so-called surface roughness can be observed, and quantified. No substantial

computational effort has been dedicated to simulations of boiling on rough surfaces during this

project; nevertheless, we would like to briefly present conceptual models for surface roughness in a

CFD simulation of boiling here.

N.B. One of the main effects of roughness, i.e. the formation of nucleation sites due to the creation

of cavities (Ishii and Hibiki, 2011), is not discussed here. See e.g. Sato and Ničeno (2017) for an
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example of implementation within a CFD framework.

Heat-flow enhancement factor

For a computational cell at a solid/fluid boundary, the heat flow Jq [W] across this boundary is

given in an idealised situation (smooth surface) as:

Jq,0 = jq,0∆S0 = λ∆T

∆x
∆S0 =∆T

∆S0

R0
. (7.17)

Temperature profile has been assumed to be linear in the wall-normal direction, with∆T indicating

the temperature difference between the cell centre and the boundary, and uniform in the wall-

parallel direction. We use subscript ‘0’ to indicate the characteristics of the ideal surface; ‘1’ is

employed for the rough surface in the text below.

Due to the unevenness of the surface caused by its roughness, both the area S and the distance d

are perturbed locally. Thus, the heat flow should be calculated as:

Jq,1 =
∫
∆S1

∆T (x)dS

R(x)
=λ

∫
∆S1

∆T (x)dS

d(x)
. (7.18)

We now express the local superheat ∆T (x) with the help of the mean value (which we identify as

∆T ) to obtain:

Jq,1 = λ∆T

d

∫
∆S1

dS =λ∆T
∆S0∆S1∫
∆S0

d(x)dS
= λ∆T

∆x
∆S0

∆S1

∆S0 +
∫
∆S0

d(x)/∆x dS
=ΨJq,0, (7.19)

where the heat-flow enhancement factorΨ [-] is equal to:

Ψ= ∆S1

∆S0 +
∫
∆S0

d(x)/d0 dS
=

∫
∆S0

dS/cosα(x)

∆S0 +
∫
∆S0

d(x)/∆x dS
. (7.20)

The integral in the numerator expresses the increase in the heat-transfer area due to the non-zero

angle α(x) the surface makes locally with the idealised boundary; this angle is assumed to remain

between −π/2 and π/2. The integral in the denominator corresponds to the normalised deviatoric

component of the distance between the cell centre and the rough boundary. For computational

cells with dimensions significantly larger than the wall-parallel roughness length scale, this term

should average to zero and:

Ψ≈ ∆S1

∆S0
=

∫
∆S0

dS/cosα(x)

∆S0
. (7.21)

In the process of discretisation of the energy conservation equation, heat-transfer resistances have

been employed (see Chapter 4 and Appendix C); it can be immediately deduced that roughness can

be incorporated into this process by replacing R0 with R1 = R0/Ψ. Note that, aside of geometrical

effects, roughness can introduce additional impediments to heat transfer, e.g. due to gas trapped in

the surface cavities. This can be easily incorporated into the framework considered by introducing

an additional, non-zero contact heat-transfer resistance Rcc.
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7.4. Summary

Wetting augmentation

The presence of roughness, an example of deviation from the idealised surface configuration, is

known to affect the local wetting conditions (de Gennes, 1985). With the help of thermodynamic

considerations, Marmur (1994) derived that (for α(x) between−π/2 and π/2):

θ1(x) = θ0 +α(x). (7.22)

Thus, the contact angle is simply augmented by the local surface angle due to the effect of roughness.

If contact-angle hysteresis is considered, both the advancing and the receding contact angles should

be modified. Note that, for three-dimensional problems, the orientation of the contact line on the

surface with respect to the local non-uniformities must be taken into account.

Employing the model given by Eq. 7.22, motion of the contact line can be both promoted or

hindered, depending on the local orientation of the surface. However, since the dimensions of the

computational cell are usually large in comparison with the wall-parallel roughness length scales of

surfaces of interest (see e.g. Anderson et al. (2019); Umretiya et al. (2019, 2020) for recent data from

the field of nuclear energy), the contact line will “see” both peaks and valleys of the surface within a

single computational cell. In other words, surface roughness should, overall, diminish contact-line

mobility, this effect being consistent with the established theory (Marmur, 1994). Thus, a simple

model capturing this behaviour is proposed as:

θrec,1(x) = θrec,0 −α(x). (7.23)

θadv,1(x) = θadv,0 +α(x). (7.24)

In case of highly heterogeneous surfaces, α can be taken to vary along the surface; anisotropic

effects could also be considered. A simplification of this model would be to introduce a global value

of α, leading to a hysteresis augmentation by 2α. Note that the additive models (7.23) and (7.24)

can be easily employed alongside other wetting effects (chemical inhomogeneity of the surface,

microregion dynamics). Furthermore, we would also like to remark that the heat-transfer model

presented above can also be formulated either in a local or global manner.

The effects of roughness both on wetting and heat transfer should be considered in a CFD simulation

of boiling in the future.

7.4 Summary

In this chapter, we have presented a modelling approach designed to remedy the issues arising

during the application of the sharp-interface energy-conservation solution method in multiphase

CFD simulations. Even though this method has favourable theoretical properties (phasic inter-

face remains at saturation, energy transport occurs separately within the individual phases), it is

troubled by accuracy problems when coarse grid resolutions are employed. Unfortunately, the

level of grid refinement necessary for attaining acceptable accuracy is too high in many practical

situations. Furthermore, we have demonstrated that for complex problems, such as nucleate

boiling in microlayer regime, the use of a coarse resolution results even in qualitative—rather than

only quantitative—changes in observed dynamics and reduced-order modelling is necessary for

enabling the simulation of such phenomena with the sharp-interface approach.
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Chapter 7. Simulation of nucleate boiling till detachment

We have shown that by replacing the physical interfacial condition (thermostatic equilibrium)

by a semi-empirical model consisting of a Robin boundary condition quantified by a so-called

numerical interfacial heat-transfer resistance Rn , the issue of phase-change rate under-estimation

can be greatly reduced. Even though the exact value of Rn must be determined empirically, it can

be estimated using model problems: for example, when simulating nucleate boiling in microlayer

regime, the actual value of the resistance differed from the one predicted by the solution of the

Scriven bubble-growth problem only by a factor of ∼3. Thus, an approximate value of Rn to be used

in a large-scale problem, such as multi-bubble pool boiling, can be “trained” in advance using a

simpler problem. Additionally, our model can be devised in a consistent manner, i.e. with Rn → 0

for grid spacing ∆x → 0. The introduction of numerical resistance has not negatively affected the

symmetry of the computational results.

The application of the proposed model allowed us to simulate the problem of single-bubble growth

in the microlayer regime with a good agreement with experimental data. We have demonstrated

that after introducing a single empirical constant Rn , we were able to recover such growth char-

acteristics as bubble shape and detachment time. Furthermore, we have used our simulation

approach to confirm the experimental finding of Bucci et al. (2021) that the Newton’s second

law is satisfied during the bubble-growth cycle without the need for additional forces and that

the sum of forcing acting on the bubble is close to zero, illustrating the advantages of combined

experimental/numerical investigation.

This chapter has been concluded by a brief summary of simple models for the implementation of

roughness in a multiphase CFD code, providing ideas for future development.
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Conclusion

In this thesis, the development and application of a numerical method for the simulation of

nucleate boiling with resolved microlayer, a thin layer of liquid which may adhere to the solid

surface underneath the growing bubble, has been detailed. This work has been motivated by the

importance of the microlayer in the overall growth dynamics and the uncertainties surrounding its

formation. The described project has had three main objectives:

Objective 1. Develop, verify and validate a numerical method for high-resolution DNS of bounded

volatile flows.

Objective 2. Validate the developed method against experimental data on nucleate boiling.

Objective 3. Derive an understanding of microlayer dynamics.

In Objective 3, we have focused on the following research questions:

Question 1. In which situation does a microlayer form, i.e. which conditions facilitate a transi-

tion from the contact-line regime to the microlayer regime of boiling?

Question 2. What is the role of interfacial heat-transfer resistance and contact-line dynamics

during microlayer formation and its subsequent evolution?

Question 3. Which parameters control the thickness of the microlayer after its formation?

This chapter concludes the thesis. We begin by reviewing the contents of its chapters and the

corresponding key findings; the way individual objectives have been fulfilled is described and the

answers to the research questions are given. The thesis summary is followed by a list of recommen-

dations for future work, which have arisen during the project. Finally, the major contributions of

this thesis and its significance are recounted.

Thesis summary

The topic of this thesis has been presented in the Introduction. There, the two main nucleate-boiling

bubble-growth regimes, contact-line and microlayer, have been introduced and the differences
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between the two have been highlighted. The heat-transfer characteristics of the microlayer regime

have been showcased, motivating its study; we have also mentioned the possibility of a con-

nection between this regime and the Departure from Nucleate Boiling phenomenon as another

driver behind fundamental research on this topic. We have then given the history of experimental

investigation and theoretical analysis of the microlayer phenomenon together with the recent

achievements. This has been followed by a brief summary of the deficiencies of experimental

methods and the role Direct Numerical Simulation (DNS) can play. After its introduction, history of

the application of DNS to the boiling phenomenon in general and to microlayer investigation in

particular has been presented; we have used the term DNS-BRM to describe a type of DNS study

aimed at investigating boiling with a microlayer being resolved explicitly in the simulation. Finally,

the deficiencies of the existing DNS-BRM studies have been recounted. The Introduction has been

concluded by a description of this research project, its objectives and the research questions it

tries to answer—these being enumerated above—as well as of its expected significance and its

boundaries and limitations. The outline of the thesis has formed the last part of the chapter.

Part I of the thesis has been dedicated to fulfilling Objective 1, i.e. development of the numerical

method and its implementation into the open-source Computational Fluid Dynamics (CFD) code

PSI-BOIL. This major undertaking has been documented in the first four (numbered) chapters of

the thesis.

In Chapter 1, we have derived the governing equations of PSI-BOIL, which are capable of describing

a volatile, two-phase (liquid/gas) system in the framework of continuum theory with the assump-

tions of immiscibility and incompressibility employed. We have started with the general multiphase

balance equations in the integral and differential formulation and used them to derive equations

for:

• interface tracking by means of liquid volume-fraction advection in the presence of phase

change,

• phasic conservation, cast in the form of a volume-conservation condition,

• momentum conservation based on the single-fluid formulation,

• species transport in the gas phase,

• temperature transport utilising the two-fluid formulation with sharp delineation of the

separating interface and

• interfacial mass-transfer closure law based on the heat-flux jump condition.

In the momentum-conservation equation, smeared-interface approach has been employed with

the continuity of single-fluid velocity across the interface assumed and the stress balance in the

interfacial cells replaced by a heuristic law for blending of dynamic viscosity. The surface-tension

force has been implemented as a volumetric source term. In the formulation of the temperature

transport equation, we have used the thermostatic assumption for interfacial temperature; the

effect of non-condensable gases on interfacial temperature has been included using constitutive

laws.

Chapter 2 has been dedicated to the description of the solution approach for adiabatic flows

with special emphasis on the topic of interface tracking in axisymmetric cylindrical coordinates.
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Firstly, we have enumerated the issues surrounding the application of the colour function approach

in a DNS-BRM study and motivated the introduction of the geometric Volume-of-Fluid (VOF)

method. We have then presented the discretisation of governing equations for non-volatile flows

(interface tracking, volume and momentum conservation) and described the Poisson equation

for pressure used to guarantee volume conservation within an incompressible flow framework.

Subsequently, the overall solution algorithm has been summarised. This has been followed by a

literature review for the geometric VOF method and the absence of analytic formulae for interface

reconstruction in axisymmetric cylindrical coordinates has been highlighted: we have developed

such formulae thereafter, including relations for both forward ad inverse reconstruction. We have

also presented our approach for volume-fraction advection and calculation of surface-tension force.

The latter has employed the height-function method for curvature calculations. The description of

the interface-tracking method has been followed by a summary of the implementation approach

for the momentum-conservation and pressure-Poisson equations, resolution of which constitutes

the projection algorithm for velocity computation.

After the presentation of the method for adiabatic two-phase flows, we have conducted a rigorous

exercise for performance evaluation, verification and validation. We have shown that our geometric

VOF reconstruction method features a speed-up with respect to iterative approaches. For verifi-

cation of volume-fraction advection, we have used several test problems; we have demonstrated

the superiority of the bounded conservative flux-splitting method, which has also been found to

outperform the commercial CFD software Ansys® Fluent and open-source CFD code Basilisk in

terms of accuracy. The coupling of the geometric VOF method with the momentum conservation

solver has been verified using a set of parasitic-current problems. In the static configuration, the

parasitic currents have been found to diminish in all tested situations with second-order accuracy

achieved for a case with density and viscosity ratios of unity. For this case, stable parasitic currents

have also been observed in the dynamic configuration; for other cases, we have found that the

dynamic simulation has behaved in an unstable manner. This points at the need of further devel-

opment of the coupling between the geometric VOF method and the momentum conservation

equations. We have concluded the evaluation of our method by simulating the problems of cylindri-

cal dam break and single air-bubble rise in a viscous liquid. Good agreement of simulation results

with experimental data has been attained, and the characteristics of the problems have been well

reproduced.

The flow solution algorithm has been extended to account for phase change and temperature

and species transport in Chapter 3. The ability to track non-condensable gases (NCG) in the gas

phase and to include their effect on interfacial temperature has been developed as a side project

without a direct connection to the main code-development objective. At the beginning of Chapter

3, we have formulated the requirements for a sharp-interface phase-change model suitable for

coupling with the geometric VOF method. Based on these requirements, we have concluded that the

only appropriate candidate is an approach based on a sharp discretisation of the interfacial jump

condition for heat flux. We have reviewed the existing literature on application of the geometric

VOF method with sharp-interface phase change, noting the recent advances in development of

methods for velocity extrapolation; we have also briefly discussed the existing works on coupling of

the geometric VOF method with NCG transport. Subsequently, the solution algorithm for volatile

flows and the modifications with respect to the one for adiabatic situations has been summarised.

We have presented the method for computation of phasic velocities from the mixture velocity and

the existing techniques for estimating interfacial area density have also been given. This has been
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followed by detailed descriptions of implementation of the species and temperature transport

equations, as well as of the mass-transfer closure law, the latter two involving subgrid-accurate

discretisation in the vicinity of the phasic interface.

In the first part of the performance evaluation, verification and validation exercise, we have shown

that the Marching Cubes algorithm for interfacial area density estimation is best-performing in

terms of accuracy and robustness. The standard verification benchmarks (Stefan, sucking and

Scriven problems) have been successfully solved and first-order accuracy has been demonstrated.

For the Scriven problem, which features a bubble growing in quiescent liquid in a radially-symmetric

manner, near-perfect levels of sharpness and symmetry have been achieved; we have also obtained

this result in the first validation exercise, a simulation of a rising, growing bubble, for which

good agreement with experimental measurements has been recovered. In the second validation

problem, a simulation of a rising, condensing bubble with a non-zero content of NCG, reasonable

agreement with the reference data has been achieved with the discrepancies attributed chiefly to

the effect of impurities in the experiment. The three-dimensional simulations performed have

been unfortunately too coarse to exhibit grid convergence. Nevertheless, we have been able to use

the computational results as a basis for reduced-order modelling of the heat-transfer coefficient; we

have also shown the occurrence of trajectory regime transitions during bubble rise. Furthermore,

this benchmark has been used to quantify the error in species conservation, the impact of which

has been found to be minor.

In Chapter 4, the numerical approach to the coupling of the flow solution algorithm to a transient

heat conduction solver in the solid domain has been described. Additionally, wall boundary condi-

tions for interface reconstruction and interfacial stress balance have been presented. The latter

has been implemented in the form of a contact-angle condition, which augments the computation

of curvature in cells in the vicinity of the solid wall. The energy conservation equation in the fluid

and solid parts of the domain has been implemented in an online-coupled way, allowing for the

presence of discontinuities in both temperature and heat flux at the solid/fluid boundary. In the

verification and validation exercise, issues with convergence and accuracy of the height-function

method for contact-angle implementation have been shown to arise in the static parasitic-current

benchmark, suggesting the need for further development. The algorithm for the solution of the

conjugate heat-transfer problem between the solid and the fluids has been verified using a manu-

factured one-dimensional test case; asymptotic first-order accuracy has again been recovered. In

this chapter, we have also presented simulations of nucleate boiling, featuring three first bubbles

with the test fluid being water under high-pressure conditions. Although the detachment process

could not have been captured due to the lack of data on wetting, growth of the bubbles has agreed

well with the reference data.

Overall, Part I of the thesis has documented the effort required for the development of a computa-

tional method for DNS-BRM applications. The main focus of this effort has been the implementa-

tion of axisymmetric cylindrical coordinates into the PSI-BOIL code, adaptation of the geometric

VOF method for volatile-flow applications and detailed coupling of solid and fluid domains. Both

implementation of well-established methods and introduction of novel approaches have been

necessary; the developed method has been rigorously verified and validated in a step-by-step

manner with the shortcomings arising throughout the process documented. The work in Part I

has culminated in a successful simulation of nucleate boiling in contact-line regime. Thereafter

we have deemed our method to be prepared for application to boiling with a resolved microlayer,

marking Objective 1 essentially fully complete, small exceptions being the treatment of heat transfer
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in the microlayer and contact-angle modelling, these topic being addressed in Chapter 6.

In Part II of the thesis, the developed method has been applied to the analysis of nucleate boiling.

Special emphasis has been put on the dynamics of the microlayer: both conditions leading to its

formation and its subsequent evolution have been studied. Additionally, full growth and detach-

ment of a bubble in the microlayer regime have been simulated with the help of reduced-order

modelling.

Chapter 5 has been dedicated to the development of a theoretical criterion for transition between

contact-line and microlayer regimes of nucleate boiling. Firstly, we have briefly reviewed the litera-

ture on the interplay between contact-line motion and the occurrence of a dewetting transition

with the role phase change plays in the problem also described. We have then formulated a micro-

layer formation criterion based on the Cox-Voinov law for volatile liquids. Using experimentally-

measured data on non-adiabatic wetting of fluorocarbon FC-72, we have successfully applied this

criterion to to an experiment featuring plate withdrawal from this liquid performed at the Technical

University Darmstadt, and have achieved very good agreement with experimental data in terms of

delineating the two regimes, i.e. contact-line and microlayer. The criterion has been subsequently

extended to nucleate-boiling situations by introducing a relation for the radial bubble-growth

velocity in the heat-transfer-limited regime.

To motivate the reasoning behind the actual form of our formation criterion, we have presented a

numerical study, featuring bubbles with various initial radii and contact angles. The simulations

shown in this study have been the first demonstration of DNS-BRM in this thesis. We have then

compared results of our criterion with a database on regime transition during nucleate boiling,

deduced from an existing DNS-BRM study. Very good agreement has again been demonstrated.

The obtained results have been subsequently discussed and the benefits of DNS-BRM have been

highlighted. Conversely, the inability of incompressible DNS solvers to capture the inertial regime

of bubble growth, which could potentially play an important role in microlayer formation, has

been pointed out as well. We have also mentioned the concept of numerical slip and its effects

on microlayer dynamics, presenting a simple approach for their suppression in form of the mesh-

dependent contact angle. This chapter has been concluded by a demonstration of capabilities of

the developed criterion: we have been able to predict microlayer formation for water, ethanol and

FC-72 under atmospheric conditions with the reference data provided by PSI-BOIL simulations.

Overall, the work in Chapter 5 has contributed towards fulfilling Objective 3, providing an answer

to Question 1:

• The transition from the contact-line regime to the microlayer regime of nucleate boiling is a

result of interplay of fluid properties, non-adiabatic wetting conditions and bubble growth

rate. Furthermore, a quantitative criterion for this transition has been deduced based on

physical arguments with the expressions for the bubble expansion velocity and threshold

condition obtained from concepts well-established in the literature.

We have arrived at this result using a theoretical analysis and reference data from the literature with

only partial involvement of our DNS-BRM; we consider Question 1 to be successfully answered, in

spite of a slight departure from the envisioned methodology.

In Chapter 6, a validation and sensitivity study on microlayer dynamics using DNS-BRM has been

conducted. We have concluded the work on Objective 1 by providing closure models for interfacial
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heat-transfer resistance (IHTR) and apparent contact angle to be imposed in the simulation. The

necessity for the former has been motivated by a discrepancy arising when the thermostatic

equilibrium condition is assumed to hold at the microlayer surface; even though evidence exists

that the concept of IHTR is only an imprecise approximation of the physical situation, the lack of

satisfactory closure models has forced to employ it nonetheless. The lower and upper bounds on

the value of the accommodation coefficient have been deduced using experimental data with the

results being in agreement with the existing literature; IHTR has been subsequently implemented

using two approaches, (i) everywhere on the bubble surface, (ii) in a restricted region only in the

vicinity of the solid wall. The contact-angle model has resulted from an analysis of the microregion

equations in the high-IHTR limit and has been shown to be a generalisation of existing models,

taking into account both contact-line motion and phase change. We have also demonstrated that its

application results in vanishing values of the contact angle, allowing the use of an implementation

based on an asymptotic value. The theoretical part of Chapter 6 has been concluded by a discussion

of the role of IHTR in microlayer dynamics: since the presence of IHTR diminishes the apparent

contact angle, microlayer formation is promoted; additionally, the reduced dewetting velocity

decreases the role of hydrodynamic expulsion in the microlayer destruction process.

Second part of Chapter 6 has included a detailed validation exercise for nucleate boiling in micro-

layer regime. We have described the reference problem featuring first-bubble growth in water under

atmospheric conditions, giving details of the simulation setup and numerical settings employed.

Attention has also been given to the way the initial temperature distribution has been obtained

to achieve correspondence with the experimental conditions. The difficulty of the chosen bench-

mark has forced us to introduce a method for initial phase-change rate averaging to prevent the

occurrence of interfacial instabilities. After presenting the overall computational strategy, we have

shown the results of our simulations including distributions of temperature, mass flux, velocity,

as well as macroscopic growth characteristics and details of surface temperature and heat flux.

Even though issues associated with the geometric VOF have prevented us from achieving sufficient

grid convergence, good agreement with the reference experimental data has been achieved. We

have also discussed the concepts of initial and evaporated microlayer thickness and demonstrated

how the microlayer has been captured in our simulations. The geometric VOF has been shown

to possess both beneficial (ability to consistently capture the microlayer even with a coarse grid

resolution) and detrimental (step-like microlayer structure, occurrence of spurious interfacial

waves) characteristics. In this exercise, we have confirmed the accuracy of the assumption of

one-dimensional, quasi-static conduction in the microlayer. We have also compared our results on

microlayer thickness distribution with the experimental data; the discrepancy has been attributed

to a possible mismatch between evaporated and microlayer thicknesses possibly due to the effects

of hydrodynamic expulsion, which have not been accounted for in the experiment. The need for

better wetting representation in simulations has been highlighted.

In general, after performing the comparisons discussed above, we have considered the validation

exercise, i.e. Objective 2, to be satisfactorily concluded. We have then performed a study on the

sensitivity of the computation results to some of the settings and assumptions employed. This

study has revealed that IHTR is necessary for achieving correspondence between simulations and

experiments; at the same time, it should be imposed only within the microlayer without affecting

phase change at the liquid/vapour interface far from the solid surface. Based on the work performed

in Chapters 5 and 6, we give the following answer to Question 2:

• Notwithstanding the small size of the contact-line region, it has a profound effect on micro-
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layer dynamics. Non-adiabatic wetting conditions play a vital role in microlayer formation

with the apparent contact angle being an instrumental parameter in the formation criterion.

Additionally, if the contact angle is high, microlayer dewetting will contribute significantly

towards its destruction, reducing the significance of evaporation.

• Similarly, interfacial heat-transfer resistance influences nucleate-boiling dynamics in a com-

plex way. Firstly, it introduces an upper limit on heat flux within the microlayer; experimental

evidence suggests that, for water under atmospheric conditions, IHTR is rather high and the

maximal heat fluxes are in the range of 2-3 MW/m2. This also diminishes the contribution of

the microregion to the total phase-change rate. At the same time, IHTR appears to reduce the

apparent contact angle – this, in turn, changes the wetting conditions. Although the present

work has indicated that the influence of both IHTR and apparent contact angle is significant,

uncertainties and knowledge gaps remain and should be a subject of future research.

The rest of Chapter 6 has focused on the last part of Objective 3, i.e. investigation of initial microlayer

thickness (IMT). We have first introduced a simplified computational setup for a parametric study

and then discussed existing models for IMT. The simplest theoretical approach suggesting a depen-

dence on the square root of the Prandtl number has been found to be incorrect. Among other issues,

it does not take into account the influence of capillary forces, the role of which has been recognised

in several experimental studies. In our study, we have observed that microlayer prominence is not

guaranteed by its formation. Indeed, if the bubble expansion rate, as characterised by the Weber

number, is small, the microlayer extent can be greatly reduced. We have then shown that the IMT

distribution as obtained from our simulations can be described by a modified form of the equation

of Smirnov with good agreement and we have successfully fitted the pre-multiplier constant in the

expression based on our results. Thus, the answer to Question 3 is given as:

• The IMT distribution is controlled by a combination of parameters, including expansion rate

of the bubble and base radii, as well as liquid density and kinematic viscosity and surface

tension.

Our work in Part I and in Chapters 5 and 6 has led to the successful fulfillment of all three objectives

set out in the Introduction. Furthermore, satisfactory answers have been provided to all research

questions posed. Due to the versatility of the method developed in this project, we have decided to

extend its application beyond the original scope – in Chapter 7, we have introduced several reduced-

order models for simulations of the full bubble-growth cycle from nucleation to detachment. We

have started by highlighting the shortcomings of the sharp-interface phase-change approach of

Chapter 3 when applied to coarse-mesh simulations, using the Scriven problem for illustration.

With the obtained results as motivation, we have presented the so-called numerical heat-transfer

resistance, explained the underlying reasoning and discussed the advantages of this approach. We

have then applied it to the Scriven problem and presented some scaling characteristics of numerical

resistance.

We have, subsequently, reviewed the motivation behind the development of reduced-order methods

for scientific investigation with nucleate boiling as a concrete example. Then the setup for a

coarse-mesh simulation of bubble-growth cycle has been described and the necessary subgrid

models have been presented in detail: aside of introduction of numerical resistance, a microlayer

model and a contact-angle hysteresis model have been necessary. Both models have been based
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on existing approaches with some modifications. The results of the reduced-order simulations

have demonstrated good agreement with the reference experimental data in terms of growth

characteristics, bubble shapes and surface temperature distributions. We have also shown that,

when numerical resistance is omitted, the simulation features qualitatively different dynamics,

further illustrating the non-linear character of the microlayer bubble-growth regime. Additional

results have been presented, including the flow pattern during bubble growth and detachment and

partitioning of heat transfer. Share of microlayer evaporation has been found to be comparable to

the experimental measurement. Finally, we have performed a force-balance analysis. During the

detachment phase, perfect correspondence to the reference data has been recovered; agreement

has been reduced in the period, during which the microlayer model has been active, most probably

due to the no-flow condition enforced by the model. Nevertheless, the main experimental finding

of negligible total force acting on the bubble during the growth cycle has been confirmed.

Even though the work documented in Chapter 7 has not been directly related to the main goals

of this thesis, we regard it to be a meaningful addition. We have demonstrated an approach to

extend the applicability of our simulation method to larger-scale problems; furthermore, we have

been able to perform additional comparisons with reference data. Our results have highlighted

another aspect of microlayer dynamics as well: during the initial growth period, heat flow from the

superheated liquid contributes significantly to bubble growth with the resulting vigorous expansion

being a pre-requisite of the full development of the microlayer regime. The presented models for

the implementation of roughness can also be considered in future CFD development.

Overall, we consider the research project described in this thesis to be successfully completed.

Recommendations for further research & development

During this project, multiple avenues for future work have been identified. These concern both

the development of computational methods and research on the topic of fundamental physics of

nucleate boiling.

Computational method development

Consistent two-fluid momentum conservation. In Chapters 1 and 2, we have shown that the

current implementation of momentum conservation in PSI-BOIL relies on the imprecise single-

fluid formulation. As a result, only mixture velocity is available in interfacial computational cells,

this issue being further exacerbated when volatile flows are considered (Chapter 3): the presence of

mass transfer results in the existence of discontinuity of normal velocity, which cannot be captured

using a single-fluid model. It is possible that the current treatment of momentum conservation

contributes to the issues observed in problems involving parasitic currents (Chapter 2) and during

bubble-growth simulations (e.g. in Chapters 6 and 7). Thus, development of a two-fluid formulation

with sharp-interface treatment should be attempted; additionally, it should be made consistent

with the volume-fraction advection equation. Effort on the latter topic has been recently presented

by Arrufat et al. (2021).

Sharp-interface species transport. The formulation of the species conservation equation (Chapter

1) allows only for transport within the gas phase. Simplified finite-volume formulation is employed,
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gradients of species volume fraction to the interface are not captured and extrapolation techniques

have to be used. As a result, the resulting solver is non-conservative with respect to the species

inventory, see Chapter 3, and the subgrid accuracy available for the resolution for temperature

transport equation is not realised with the species transport solver. Thus, a new formulation should

be devised, possibly on the basis of a finite-difference approach with the interfacial jump condition

on diffusive flux treated e.g. by the method described in Chapter 5 in the context of interfacial

heat-transfer resistance implementation. Additionally, the simulation method could be extended to

capture the effect of variable interfacial temperature on surface tension and to account for transport

of non-condensable gases in the liquid phase and across the phasic interface. This would make it

possible to capture various phenomena relevant to subcooled boiling conditions (e.g. Barthes et al.,

2007; Wu and Dhir, 2011).

Accuracy improvement for temperature transport. In Chapters 3 and 4, we have shown that our

solution approach for volatile flows demonstrates only first-order accuracy in space. This is mainly

a result of the discretisation of the diffusion term in the temperature transport equation, which

is first-order-accurate in the vicinity of the phasic interface. Remedying this drawback of the

computational method should be attempted, possibly through an implementation of a higher-

order scheme requiring a discretisation stencil wider than the compact, three-point stencil currently

in use in PSI-BOIL. Alternatively, a framework for solving the temperature transport equation on a

grid finer than the one used for the other conservation equations could be implemented, as has

been done by Can and Prosperetti (2012).

Contact-angle implementation improvement. The verification exercise in Chapter 4 has shown

that, for contact angles less than 45◦, the height-function implementation exhibits only limited

accuracy and fails to demonstrate grid convergence. For this reason, further development of

contact-angle representation in the framework of the geometric VOF method should be pursued.

Additionally, wetting implementation in three dimensions has not yet been thoroughly tested due

to the focus of this project on simulations in axisymmetric cylindrical coordinates; this also remains

a task for future work.

Full cylindrical coordinates implementation. During this project, applicability of the PSI-BOIL

code has been expanded from Cartesian to axisymmetric cylindrical coordinates. A natural exten-

sion would be to drop the requirement for axial symmetry and implement the option to simulate

flows in full cylindrical coordinates, allowing for more credible simulations of tube geometries.

Multigrid solver optimisation. The resolution of the Poisson equation for pressure by the multigrid

method (Chapter 2) accounts for a significant portion of the overall computational burden incurred

by the PSI-BOIL algorithm. Thus, a speed-up of the multigrid solver achieved by replacing its

existing implementation with an algorithm from an optimised scientific library, such as Trilinos1,

could result in acceleration of the code and major savings of computational time.

Extension to unstructured meshes. PSI-BOIL can currently handle problems featuring only very

simple geometries and which can be described using static, structured meshes; thus, it can be used

1https://trilinos.github.io.
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for rapid development and testing of novel computational methods. However, in order to apply

the resulting methods to complex problems, they should be implemented into a general-purpose,

unstructured-mesh code, such as T-Flows2, another code maintained by the Computational Fluid

Dynamics group. One of the methods developed in this project, which would possibly find ap-

plication in the framework of an unstructured-mesh solver, is the Marker Gradient method for

interfacial-area density calculation (Appendix B).

Inertial regime simulation. As has been discussed in Chapters 5 and 6, inertial regime of bubble

growth might play a role in microlayer formation. However, incompressible DNS solvers are unable

to capture this regime within a simulation. Thus, further development is desirable, either in the form

of implementation of compressible flow equations, or by introducing a reduced-order approach,

possibly akin to the one of Can and Prosperetti (2012). This will facilitate the investigation of the role

of inertial regime in dynamics of nucleate boiling and test the criterion for microlayer formation in

inertial regime presented in Chapter 5.

Exploration of the properties of numerical heat-transfer resistance. Even though a reduced-

order approach for coarse-mesh simulations has been presented in Chapter 7, no universal method

of deducing the value of numerical heat-transfer resistance has been given. Thus, to improve the

applicability of this method, the properties of numerical resistance should be examined in various

settings so that guidelines for its utilisation could be formalised.

Extended modelling of microlayer destruction. In Chapter 7, a modified version of the reduced-

order microlayer model of Sato and Ničeno (2015) has been presented, and applied. However, it

has also been pointed out that the model relies on the no-flow assumption: thus, the distribution

of the evaporated microlayer thickness must be known. According to the discussion in Chapter

6, dewetting effects might result in a significant difference between the initial and evaporated

microlayer thicknesses, preventing a straightforward utilisation of initial-thickness correlations.

Therefore, the model should be generalised to take dewetting into account, perhaps using some

relation for the receding contact-line velocity.

Fundamental physics of nucleate boiling

Wetting under non-adiabatic conditions. During the investigation of bubble dynamics in Chapters

5 and 6, the role of apparent contact angle under non-adiabatic conditions in both microlayer

formation and destruction has been repeatedly highlighted. However, only limited data on dynamic

wetting of volatile liquids is available in the open literature. For this reason, experiments should

be conducted to gather high-resolution data on this topic, serving both as an input to DNS-BRM

studies and as a validation database for microregion models. Additionally, the contact-angle model

deduced in Chapter 6 appears to produce values which are possibly too small to achieve agreement

with the experiment; thus, further effort is needed also in terms of theoretical modelling of wetting

under dynamic, volatile conditions.

2https://github.com/DelNov/T-Flows.
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Recommendations for further research & development

Reference data on microlayer formation. Although microlayer formation in nucleate boiling could

have been captured in our simulations, we have not been able to rigorously validate our code for

this application, since no systematic, experimental database of conditions leading to microlayer

formation exists in the open literature. Thus, such experiments should be devised, perhaps by

varying the system pressure, wetting conditions or the temperature for the onset of bubble nucle-

ation. If the experimental configurations are well characterised in terms of the parameters driving

microlayer formation (receding non-adiabatic contact angle, wall superheat, fluid properties), the

capability of DNS-BRM codes to predict the regime transition could be validated. Furthermore, this

would allow for further testing of our theoretical formation criterion.

Interfacial heat-transfer closure. In our DNS-BRM study in Chapter 6, we have used the concept

of IHTR as a closure for interfacial heat-transfer conditions. This is controversial for two reasons:

firstly, the value of the accommodation coefficient employed has been unknown a priori and we

have been forced to deduce it using experimental measurements, leading to a necessity of reliance

on empirical data and a questionable generalisability of our simulation method. Additionally, our

simulations have shown that IHTR must be introduced only within the microlayer and not at the

bubble interface surrounded by the bulk liquid, bringing further uncertainty into the problem.

Thus, the phenomenon of interfacial heat transfer should be studied further, focusing on questions

like:

1. Are the conditions of the microlayer in any way specific or can the dynamics be reproduced

in another configuration, such as during film evaporation?

2. Does the high value of heat flux play a role in determining IHTR?

3. Is the assumption of pure fluids (no impurities in liquid and vapour) correct?

4. Can a theoretical closure for interfacial heat transfer be derived without the requirement for

an empirical accommodation coefficient?

Review of the Smirnov equation. We have discussed in Chapter 6 and Appendix D that, even

though the modified Smirnov equation describes the IMT distribution quite well, its derivation

is somewhat questionable. For this reason, the equation should be revisited in the future, and its

derivation presented more rigorously to increase its credibility.

Extension to more complex problems. In this thesis, our computational method has been suc-

cessfully applied to the problem of pool boiling in axisymmetric, cylindrical coordinates. We have

focused on simulating single bubbles growing from a centrally-located nucleation site. In order to

take full advantage of the capabilities of the method, it should be used for investigation of more

complex problems. Physics of the microlayer during convective boiling could be investigated using

DNS-BRM of slug flow in cylindrical minichannels, validated on the basis of experimental data

similar to those of Morisaki et al. (2021). Furthermore, the multi-bubble pool boiling simulations

of Sato and Ničeno (2018) should be repeated with the modelling insights obtained in this work

taken into account; the subsequent target would be the extension of the pool-boiling methodology

to other working fluids than water under atmospheric conditions. Finally, modelling of surface

roughness presented in Chapter 7 should be implemented and its impact tested for simulations of

boiling on industrial surfaces.
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Further study of detachment dynamics. The findings of Bucci et al. (2021), confirmed numerically

in Chapter 7, indicate that bubble detachment is a dynamic process with the force balance being

satisfied throughout the full growth cycle. This complicates the formulation of models for the

bubble detachment diameter, traditionally relying on static force-balance analysis. Thus, the

process of bubble detachment should be studied further, using both experiments and simulations,

with the goal of developing a theoretical framework for the prediction of the bubble departure

diameter under various conditions.

Contribution and significance

The work conducted in this project has been fundamental in nature. Thus, the main contribution

lies in (i) development of computational methods for DNS and (ii) investigation of basic physics of

nucleate boiling. The significance of the presented results is supported by the scientific publications

associated with this project.

In terms of computational method development, we have presented:

1. analytical solutions of the forward and inverse PLIC-VOF interface reconstruction procedure

in axisymmetric, cylindrical coordinates,

2. a full implementation of the PLIC-VOF algorithm for axisymmetric, cylindrical geometry,

including a method for curvature estimation using height functions,

3. a first successful application of the geometric VOF method coupled with a sharp-interface

phase-change model and species transport to three-dimensional problems without symme-

try,

4. a reduced-order approach for the computation of interfacial area density,

5. an implicit implementation of interfacial heat-transfer resistance within the framework of a

sharp-interface phase-change model, and

6. a reduced-order approach for the application of sharp-interface phase-change modelling to

coarse-mesh configurations.

Items 1 and 2 have been published in the Journal of Computational Physics (Bureš et al., 2021),

Item 3 in the Proceedings of the 5th Thermal and Fluids Conference Bureš and Sato (2020b) and

in the International Journal of Heat and Mass Transfer (Bureš and Sato, 2021c) and Item 4 in the

Proceedings of the 5-6th Thermal and Fluids Conference (Bureš and Sato, 2021d). Item 6 will be

published in a manuscript currently under preparation.

Regarding investigation of fundamental physics of boiling, we have:

1. formulated and tested a theoretical criterion for microlayer formation,

2. demonstrated the applicability of the geometric VOF method with sharp-interface phase-

change to DNS-BRM,

3. validated the method for such simulations,
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4. discussed the role of wetting and interfacial heat-transfer resistance in microlayer dynamics,

5. presented an equation describing the distribution of the initial microlayer thickness, and

6. performed a force-balance analysis for the full bubble-growth cycle, from nucleation to

detachment.

Items 1 and 4 (partially) have been published in the Journal of Fluid Mechanics (Bureš and Sato,

2021e). Items 2, 3, 5 and 4 (partially) will be published in a manuscript currently under review

(Bureš and Sato, 2021b) and Item 6 in a manuscript currently under preparation.

This work has contributed to the development of the multiphase CFD field and to the body of

knowledge on nucleate-boiling heat transfer; furthermore, it constitutes a successful demonstra-

tion of modern scientific investigation, i.e. of (i) close collaboration between experimental and

computational research groups and (ii) use of multiscale simulation methodology. We believe that

this work can serve as an example of how research methods can complement one another, jointly

providing answers to questions surrounding complex physical problems, such as nucleate boiling.
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A Solution of the inverse interface recon-
struction problem

With reference to the terminology introduced in Section 2.3.2, we demonstrate the solution of the

inverse problem for the case mx ≤ mz , nx ≤ 0. The derivation for other cases follows analogously.

At the transition point, which it will be recalled is the point where two different branches of the

solution connect, the following relation holds:

φtr = mx

2mz

η0 +1/3

η0 +1/2
. (A.1)

A.1 φ<φtr

For φ<φtr, α(φ) is the solution of the cubic equation:(
η0 + 1

2

)
φ= α2

2mx mz

(
η0 + α

3mx

)
, (A.2)

which can be re-arranged (using standard notation for the cubic equation coefficients a,b,c) as:

α3 +aα2 + c =α3 +3mxη0α
2 −6m2

x mz

(
η0 + 1

2

)
φ= 0. (A.3)

Note that the coefficient b is absent here, since there is no linear term in the equation. According to

the Descartes’ rule of signs (Olver et al., 2010), only one solution of this equation is positive; this is

the one being sought. Following the standard rules for the solution of cubic equations (Zwillinger,

2002; Olver et al., 2010), we define:

p :=−a2

3
=−3m2

xη
2
0; (A.4)

q := 2a3

27
+ c = 2m3

xη
3
0 −6m2

x mz

(
η0 + 1

2

)
φ= 2m2

x

[
mxη

3
0 −3mz

(
η0 + 1

2

)
φ

]
. (A.5)

The cubic determinant ∆ is then determined according to:

∆= q2

4
+ p3

27
= 3m4

x mzφ

(
η0 + 1

2

)[
3mz

(
η0 + 1

2

)
φ−2mxη

3
0

]
. (A.6)
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It can be seen that the determinant can attain negative, zero or positive values; the sign can be

decided from the critical value (note that here mz > 0):

φcrit = 2mx

3mz

η3
0

η0 +1/2
= 4

3

η3
0

η0 +1/3
φtr. (A.7)

Using the above definition of φcrit, together with the definition:

M := 3m2
x mz

(
η0 + 1

2

)
, (A.8)

q can be rewritten as:

q = 2m2
x

[
mxη

3
0 −3mz

(
η0 + 1

2

)
φ

]
= M

(
φcrit −2φ

)
, (A.9)

p as:

p =−3m2
xη

2
0 =−3

(
Mφcrit

2

)2/3

, (A.10)

and finally the determinant ∆ as:

∆= 3m4
x mzφ

(
η0 + 1

2

)[
3mz

(
η0 + 1

2

)
φ−2mxη

3
0

]
= M 2φ

(
φ−φcrit

)
. (A.11)

∆< 0, φ<φcrit

For φ<φcrit, the determinant is negative. Then, three real solutions exist:

α1 = a

3

[
−1+2sin

(
ϕ0

3

)]
, (A.12)

α2 = a

3

[
−1−2sin

(
ϕ0

3
+ π

3

)]
, (A.13)

α3 = a

3

[
−1+2cos

(
ϕ0

3
+ π

6

)]
, (A.14)

with ϕ0 calculated according to:

ϕ0 = arcsin

(
27q

2a3

)
= arcsin

(
1− 2φ

φcrit

)
, (A.15)

in which the coefficient a/3 may be expressed in terms of M and φcrit as:

a

3
=

(
Mφcrit

2

)1/3

. (A.16)

It can be readily proved that α3 ≥α1 and α3 ≥α2; therefore, α3 is the only positive root, which is

the one sought for in this algorithm.
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A.2. Above transition point

∆> 0, φ>φcrit

For φ>φcrit, the determinant is positive. Then, only one real solution exists, and this has the form:

αsol =
(
− q

2
+
p
∆

)1/3

+
(
− q

2
−
p
∆

)1/3

− a

3

=
(

M

2

)1/3[{
2φ−φcrit +2

√
φ

(
φ−φcrit

)}1/3

+
{

2φ−φcrit −2
√
φ

(
φ−φcrit

)}1/3

−φ1/3
crit

]
.

(A.17)

∆= 0, φ=φcrit

For the case φ=φcrit, the determinant is zero. Then, two real solutions exist:

α1 =−2

(
q

2

)1/3

− a

3
=

(
M

2

)1/3[
2

{
2φ−φcrit

}1/3

−φ1/3
crit

]
, (A.18)

α2 =
(

q

2

)1/3

− a

3
=

(
M

2

)1/3[
−

{
2φ−φcrit

}1/3

−φ1/3
crit

]
. (A.19)

Evidently, α2 ≤ 0 and α2 = 0 if and only if α1 = 0. Consequently, α1 is the desired solution. It can

also be recognised that this is just a special case of the formula in which ∆> 0, A.1, so these two

cases do not have to be treated separately.

A.2 φ≥φtr

For φ≥φtr, α(φ) is the solution of the linear equation:(
η0 + 1

2

)
φ= 1

2mz

(
2α−mx

)(
η0 + 1

3

3α−2mx

2α−mx

)
= 1

2mz

[(
2α−mx

)
η0 + 1

3

(
3α−2mx

)]
, (A.20)

for which there is just one solution:

αsol = mzφ+ mx

2

η0 +2/3

η0 +1/2
. (A.21)

This concludes the solution of the inverse problem for all branches of the case in which mx ≤ mz ,

nx ≤ 0.
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B Marker Gradient method for interfacial
area density calculation

As described in Section 3.3, the algebraic approach to interfacial area density calculation produces

artificial smearing of the interface. We have attempted to solve this problem by developing a sharp

algebraic method, termed Marker Gradient (MG) method. This effort is detailed in this appendix.

Although we have succeeded in this endeavour, the MG method produces a bias in the calculated

area and its extension to axisymmetric cylindrical coordinates would only reduce its accuracy

further; as such, it is unsuitable for high-fidelity simulations and it has not been adopted for use in

PSI-BOIL.

This work was presented at the Thermal and Fluids Engineering Conference (Bureš and Sato, 2021d):

• Bureš, L. and Sato, Y. (2021d). Marker Gradient method: Sharp and robust algorithm for inter-

facial area density calculation. In Proceedings of the 5-6th Thermal and Fluids Engineering

Conference (TFEC 2021), pages 249–258.

Note that the verification and validation exercise here was performed with an earlier version of

the code; thus, the reported results of bubble-growth simulations differ from those presented in

Chapter 3 somewhat.

B.1 Basic idea

The smearing of the interfacial area density computed by the algebraic formula (3.14) is a conse-

quence of the smoothness of c in comparison to the indicator function H, further amplified by the

smoothing effect of the difference operator. At the same time, we can observe that the theoretical

value of aγ in the cell, in which a 1D interface is located (refer back to Fig. 3.2), is 1/∆x, where ∆x is

the grid spacing. This should be interpreted as a jump in H from 0 to 1 over one cell. By noticing

that the condition cc > 1/2 corresponds to the cell-centre value of H being Hc = 1 and vice versa,

we can formally define a different discrete approximation of the indicator function, the marker

function α assuming only binary values of 0 and 1, as:

α=
0 if c < 1/2 and

1 otherwise.
(B.1)

Unfortunately, by using marker values defined at cell centres, we can evaluate the interfacial area

only in staggered cells. To get aγ in the standard cells, it is necessary to estimate marker values at

229



Appendix B. Marker Gradient method for interfacial area density calculation

cell faces. We use a linear average for simplicity, e.g. for the face shared by the W and C cells in Fig.

B.1 we define:

αw,c =
0 if (cw + cc )/2 < 1/2 and

1 otherwise.
(B.2)

In the specific case of Fig. B.1, αw,c = 0. Similarly, αww,w = 0, αc,e = 1, αe,ee = 1. This is illustrated in

Fig. B.1. Evidently, if we compute aγ for cell i as:

aγ,i =
∣∣∣∣α+,i −α−,i

∆x

∣∣∣∣, (B.3)

whereα+,i andα−,i are the values at right and left faces of this cell, we will have exactly one cell con-

taining the interface with its interfacial area density being exactly 1/∆x. This is true independently

of the smoothness of c, as long as it is a monotonic function across the interface.

interface

ECW

0 cc 1

∆x

WW

0

EE

1

x

0

1

H

0 0 1 1

Figure B.1 – A 1D interface represented by the indicator function H (above) and its discretised
approximation using the cell-centred colour function c and the face-valued marker function α

(below). C: interfacial cell, 0 < cc < 1; W and WW : cells located to the left of the interface, c = 0; E
and EE: cells located to the right of the interface, c = 1. The face values of α are also indicated; grid
spacing ∆x assumed uniform for simplicity.

interface

∆x

∆y

Lx

Ly

x = y = 0

Figure B.2 – A linear interface in a two-
dimensional cell. Blue region indicates H = 0 and
orange region H = 1.

w = 1/4

w = 1/8

w = 1/16

Figure B.3 – Weight distribution in a three-
dimensional cube. Weight values are indi-
cated by the colour of the dots.

230



B.2. Extension to more dimensions

B.2 Extension to more dimensions

For simplicity, we first discuss the extension of the MG method to a two-dimensional Cartesian grid.

We start by noticing that if we knew the values of the marker function at the entire boundary of

a computational cell, we would be able to calculate the interfacial area density exactly for linear

interfaces. This can be shown using the configuration in Fig. B.2: here, the theoretical value of the

interfacial area density is:

aγ =
√

L2
x +L2

y

∆x∆y
. (B.4)

At the same time, we can express aγ as ||∇α|| and approximate the cell-wise derivative using a mean

expression (shown here for the x-direction):

∂α

∂x
≈ 1

∆y

∫ ∆y

0

α(∆x, y ′)−α(0, y ′)
∆x

d y ′ =− Ly

∆x∆y
. (B.5)

Using the equivalent expression for the derivative in the y-direction and the definition of the

gradient norm, we immediately recover the result from Eq. B.4, showing that, for linear interfaces,

the Marker Gradient method is exact with full knowledge of the marker function at cell boundaries.

This statement holds also on a 3D Cartesian grid as a corollary of the De Gua’s theorem, which is a

generalisation of the Pythagorean theorem (Conant and Beyer, 1974).

Evidently, on a discrete grid, we do not have the full information on the marker function values

everywhere at the cell boundaries. On a 2D Cartesian grid using a 3×3 stencil, we can deduce up to

8 values by averaging of adjacent cell-centred values (4 nodes and 4 faces) and on a 3D grid with a

3×3×3 stencil, this increases to up to 26 (8 nodes, 6 faces, and 12 edges). These values can be used

to approximate the integral in Eq. B.5 as follows (written for the x-direction in 3D):

∂α

∂x
≈ 1

∆Sx

∫
Sx

α(∆x, y ′, z ′)−α(0, y ′, z ′)
∆x

d y ′d z ′ ≈∑
i

wi
α+,i −α−,i

∆x
, (B.6)

where Sx is the face perpendicular to the x-direction and the weights of the evaluation points have

been deduced from simple geometric considerations with
∑

i wi = 1. The weight distribution for a

three-dimensional cube is illustrated in Fig. B.3. The number of available values plays a critical role

in the accuracy of the MG method as will be shown below.

B.3 Verification and validation

To verify and validate the presented Marker Gradient method, we first evaluate the surface area

of a static sphere initialised using stratified sampling in a 3D Cartesian domain. We discuss the

convergence of the total area as a function of number of evaluation points and grid resolution.

Second, we advect the sphere using a prescribed velocity field to see the effect of motion on the

calculated area. Finally, we repeat the simulations of the standard benchmark of bubble growth in

quiescent superheated liquid from Section 3.7. In all cases, we compare the results of the Marker

Gradient method with the Marching Cubes (MC) algorithm.
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Figure B.4 – Relative error of total interfacial area
and number of interfacial cells as a function of the
reciprocal of grid resolution for a static 3D sphere.
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Figure B.5 – Relative error of total interfacial
area as a function of the reciprocal of num-
ber of marker points per cell for the finest
resolution for a static 3D sphere.
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Figure B.6 – Relative error of total interfacial area for a 3D sphere advected in the diagonal direction
as a function of normalised time. Grid resolution measured in the approximate number of cells per
sphere diameter N is equal to 64.
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(a) Marching Cubes method.
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(b) Marker Gradient method.

Figure B.7 – Radius as a function of time for the bubble growth problem. The grid level is measured
in number of cells per domain width and normalised by 24 (value for coarsest grid).
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B.4. Summary

Static sphere surface area

We use stratified sampling with m = 203 = 8000 evaluations per cell to initialise the phasic volume

fractionφ for a 3D sphere in a periodic domain, i.e. a cell near the interface is divided into 20×20×20

subcells and we evaluate if their centres are located inside or outside of the sphere. We take its

diameter as d = 1.01N∆x, where ∆x is the grid spacing and N is a grid level quantifying the degree

of grid refinement (approximately the number of cells per sphere diameter). A uniformly discretised

cube is used as the computational grid. Figure B.4 shows the calculated relative error of total

interfacial area as a function of 16/N . The asymptotic bias of the Marker Gradient method can be

seen to strongly depend on the number of marker points per cell (in brackets). The asymptotic

bias of the MC method is ∼0.01%. The number of interfacial cells is identical for all MG methods

and the MC method; the error is also shown in Fig. B.4. The asymptotic bias is ∼5% due to the

misalignment of the φ= 0.5 isosurface with the geometric VOF interface; note that this number

depends on the number of sampling points m. Figure B.5 shows that the convergence of the MG

method with respect to the number of marker points per cell is approximately linear. For the

remaining calculations, the MG method with 26 markers is used.

Advected sphere surface area

Figure B.6 shows the evolution of the relative error of total interfacial area for the sphere from the

previous problem with N = 32 advected in the diagonal direction over a distance equal to 2
p

3d

with CFL = 0.05. The calculated area can be seen to be relatively stable with time.

Bubble growth in quiescent superheated liquid

Figures B.7a and B.7b present the comparison of calculated bubble radii at five levels of grid

refinement with the analytical solution of Scriven (1959) for both methods. The effect of the area

over-estimation by the MG method is discernible only at the finest levels of grid refinement. For

illustration, Figure B.8 shows instantaneous distributions of volume fraction and temperature

for one of the calculations: utilisation of the MG had no discernible effect on the symmetry and

sharpness of the solution. The slight asymmetry observed in the planes inclined with respect to the

coordinate axes occurred independently of the used interfacial area density method.

Bubble growth in superheated liquid under gravity

Figure B.9 presents the comparison of calculated bubble radius at the coarsest level of grid refine-

ment considered in Section 3.7 with the zero-gravity solution of Scriven (1959) and measurements

of Florschuetz et al. (1969). It can be observed that reasonable agreement with experimental data

has been achieved and the effect of the interfacial area model is negligible for such a realistic setup.

B.4 Summary

The MG method has been demonstrated to be a sharp equivalent of the standard algebraic ap-

proaches for interfacial area density computation. Its use introduces a bias into the aγ calculations:

although minor, it makes the MG method unsuitable for the problems considered in this thesis.

Nevertheless, it could find application in codes using unstructured meshes, leveraging its simplicity.
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Appendix B. Marker Gradient method for interfacial area density calculation
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Figure B.8 – Instantaneous distributions of volume fraction and temperature for the bubble growth
in quiescent superheated liquid problem at the highest level of grid refinement, Marker Gradient
method used for interfacial area density. Left: cut in the θ = 0◦ (x-z) plane. Right: cut in the θ = 45◦

plane, the abscissa corresponds to the r =
√

x2 + y2 direction and ordinate to the z-direction.
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Figure B.9 – Radius as a function of time for the bubble growth under gravity benchmark, compared
with measurements of Florschuetz et al. (1969) and theoretical predictions (Scriven, 1959). Grid
level is measured in number of cells per domain width and normalised by 21. For the calculations,
∆T = 3.1 K. Same radius normalisation as in Section 3.7 is used.
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C Implementation of interfacial heat-
transfer resistance

Thanks to the approximations presented in Chapter 6, the interfacial boundary condition for

non-zero Rγ can be discretised independently for both directions x and z (with the extension to

three dimensions being trivial). We can thus define directional resistance as follows (choosing the

x-component for illustration):

jq,x |l ,γ = jq |l ,γnx = Tγ−Ts

Rγ
nx = Tγ−Ts

Rx
. (C.1)

We have assumed nx > 0 for simplicity; the derivations presented below are independent of the sign

of nx with Rx = Rn/|nx |.

Discretising now the directional heat flux based on the Fourier’s law, any arbitrary linear difference

scheme of order n gives:

jq,x |l ,γ =λl

n∑
i=0

Ci Ti . (C.2)

For the special case of an upwind difference scheme with points numbered on the basis of their

distance from the interface:

jq,x |l ,γ =λl

( n∑
i=1

Ci Ti +C0Tγ

)
. (C.3)

Combining this expression with Eq. C.1 results in:(
1

Rx
−λl C0

)
Tγ =λl

n∑
i=1

Ci Ti + 1

Rx
Ts. (C.4)

It can be observed that Tγ is a linear function of the temperature stencil and the saturation temper-

ature. Thus, derivatives of temperature can be discretised implicitly. Defining ρ as 1/(λl Rx ) gives

for Tγ:

Tγ =
∑n

1 Ci Ti +ρTs

ρ−C0
. (C.5)

This expression can be used directly when only explicit discretisation is required (enthalpy advection

in Eq. 3.3, Section 3.5).

For implicit discretisation, we consider the generic, three-point central difference formula for the

second derivative (W, C and E indicate the customary compact-stencil labels west, east and centre):

∂2T

∂x2 ≈ KW TW +KE TE − (KW +KE )TC . (C.6)
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Appendix C. Implementation of interfacial heat-transfer resistance

Note that we focus on the discretisation of a second derivative in Cartesian coordinates for demon-

stration purposes; the presented formalism is more general and can be applied to other geometries

or finite-volume discretisation schemes. Referring to the situation depicted in Fig. C.1 in particular,

the coefficients in the above difference formula can be written (as detailed in Section 3.5) as:

KW = 2

∆xw (∆xw +∆xe )
, (C.7)

KE = 2

∆xe (∆xw +∆xe )
. (C.8)

We have deduced the discretisation formulae for all possible configurations encountered in our

simulations (e.g. a liquid cell between a solid cell and an interface), writing expressions for the

matrix elements AW , AE and AC , as well as for the contribution to the right-hand side f , i.e. the

final discretisation of Eq. 3.4 will read:

A ·~T =~b +~f , (C.9)

whereA is the system matrix, ~T the vector of discrete temperature values and~b the explicit right-

hand side. The formulae are given below. Note that they consider a general situation including

conjugate heat transfer and allowing both temperature and heat-flux jump discontinuities at the

solid/fluid boundary (contact heat-transfer resistance Rc and Dirac source term δq ), as described

in Chapter 4.

N.B. Formulae for some configurations, such as solid - solid - fluid, are not developed below. They

can be obtained using symmetry arguments (e.g. from fluid - solid - solid).

C.1 Cell centre in solid

For cells with a centre in solid, they can be neighboured by another solid cell or by a solid/fluid

boundary. We further distinguish whether the boundary is followed by bulk fluid or by a liquid/vap-

our interface. We do not consider solid cells bordered by a solid/fluid boundary from both sides.

Note that flu indicates fluid and sol solid.

solid - solid - solid (i.e. cell centre in solid with solid both in the west and in the east)

This situation corresponds to the one shown in Fig. C.1. Thus, in a straightforward manner:

AW = KW , (C.10)

AE = KE , (C.11)

AC =−(KW +KE ), (C.12)

f = 0. (C.13)

fluid - solid - solid

In this situation, shown in Fig. C.2(top):

KW = 2

∆xb(∆xb,c +∆xe )
. (C.14)
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C.1. Cell centre in solid

∆xe∆xw

RW =∆xw /λ

RE =∆xe /λ

TW TC TE

Figure C.1 – Schematic representation of a compact stencil without influence from interfacial or
boundary conditions.

Fluid Solid
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TW TC TE

∆xw,b ∆xb,c ∆xe

Tb, f Tb,s

Tγ

RW =∆xw,b/λW

RC =∆xb,c /λC

Figure C.2 – Schematic representation of a compact stencil in the vicinity of a solid/fluid boundary.
Top: bulk fluid cell adjacent to the boundary; bottom: phasic interface adjacent to the boundary.
In this figure, Tb,sol, Tb,flu and Tγ are the solid-side, liquid-side boundary temperatures and the
interfacial temperature, respectively.

TC

∆x01,w

Tγ,w Tγ,e

∆x01,e D1,W =∆x01,w

D1,E =∆x01,e

ρW = 1/(Rx,wλC )

ρE = 1/(Rx,eλC )

Figure C.3 – Schematic representation of a compact stencil with two interfaces.
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Appendix C. Implementation of interfacial heat-transfer resistance

We also identify:

TW ≡ Tflu, RW ≡ Rflu =∆xw,b/λw , (C.15)

TC ≡ Tsol, RC ≡ Rsol =∆xb,c /λc . (C.16)

Now we can use the formula for solid-side boundary temperature, Eq. 4.8, repeated here for clarity:

Tb,sol =
(Rcc +RW )(TC +RCδq )+RC TW

Rcc +RW +RC
, (C.17)

to deduce:

KW (Tb,sol −TC ) = KW

(
(Rcc +RW )(TC +RCδq )+RC TW

Rcc +RW +RC
−TC

)
= KW

(Rcc +RW )RCδq +RC (TW −TC )

Rcc +RW +RC

= KW RC

Rcc +RW +RC

(
(TW −TC )+ (Rcc +RW )δq

)
.

(C.18)

Thus:

AW = KW RC

Rcc +RW +RC
, (C.19)

AE = KE , (C.20)

AC =−(AW + AE ), (C.21)

f = AW (Rcc +RW )δq . (C.22)

interface - solid - solid

This configuration is shown in Fig. C.2(bottom). We use the fluid - solid - solid results and introduce

the (directional) interfacial heat-transfer resistance Rγ as a resistance extension, arising from the

simplification (Ts being the saturation temperature):

Tb,sol −Tγ
RW

= Tb,sol −Ts

RW +Rγ
. (C.23)

This allows us to write:

KW (Tb,sol −TC ) = KW RC

Rcc +RW +Rγ+RC

(
(Ts −TC )+ (Rcc +RW +Rγ)δq

)
(C.24)

and finally:

AW = 0, (C.25)

AE = KE , (C.26)

AC =−
(

KW RC

Rcc +RW +Rγ+RC
+KE

)
, (C.27)

f = KW RC

Rcc +RW +Rγ+RC

[
Ts + (Rcc +RW +Rγ)δq

]
. (C.28)
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C.2. Cell centre in fluid

C.2 Cell centre in fluid

For cells with a centre in fluid, they can be neighboured by another fluid cell, a phasic interface or

by a fluid/solid boundary. We first discuss the situation without the presence of an interface. We do

not consider fluid cells bordered by a fluid/solid boundary from both sides.

fluid - fluid - fluid

This situation corresponds to the one shown in Fig. C.1. Thus, in a straightforward manner:

AW = KW , (C.29)

AE = KE , (C.30)

AC =−(KW +KE ), (C.31)

f = 0. (C.32)

solid - fluid - fluid

We use the formula for fluid-side boundary temperature, Eq. 4.9, repeated here for clarity:

Tb,flu = RC(TW +RWδq )+ (RW +Rcc )TC

Rcc +RW +RC
, (C.33)

to deduce:

KW (Tb,flu −TC ) = KW

(
RC(TW +RWδq )+ (RW +Rcc )TC

Rcc +RW +RC
−TC

)
= KW

(
RC (TW −TC )+RC RW δq

Rcc +RW +RC

)
= KW RC

Rcc +RW +RC

(
(TW −TC )+RW δq

)
.

(C.34)

Thus:

AW = KW RC

Rcc +RW +RC
, (C.35)

AE = KE , (C.36)

AC =−(AW + AE ), (C.37)

f = AW RW δq . (C.38)

Cell centre in fluid, with interface and 1st-order discretisation of interfacial flux

By choosing 1st-order discretisation, we can simplify the formula for interfacial temperature (C.5)

as:

Tγ = D1T1 +ρTs

ρ−D0
. (C.39)
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Appendix C. Implementation of interfacial heat-transfer resistance

Here, cell 1 will always be the central cell. The coefficients are (∆x01 > 0 being the distance between

the interface and the central cell):

D0 = −1

∆x01
, (C.40)

D1 = 1

∆x01
. (C.41)

interface - fluid - fluid

The expression for Tγ allows us to write:

∂2T

∂x2 ≈ KW
D1TC +ρTs

ρ−D0
+KE TE − (KW +KE )TC

= KW
ρTs

ρ−D0
+KE TE −

(
KW +KE −KW

D1

ρ−D0

)
TC .

(C.42)

Thus:

AW = 0, (C.43)

AE = KE , (C.44)

AC =−
(
KW +KE −KW

D1

ρ−D0

)
, (C.45)

f = KW
ρTs

ρ−D0
. (C.46)

interface - fluid - interface

This situation is illustrated in Fig. C.3. The expression for Tγ used for both directions allows us to

write:

∂2T

∂x2 ≈ KW
D1,W TC +ρW T0,W

ρW −D0,W
+KE

D1,E TC +ρE T0,E

ρE −D0,E
− (KW +KE )TC

≈ KW
ρW T0,W

ρW −D0,W
+KE

ρE T0,E

ρE −D0,E
−

(
KW +KE −KW

D1,W

ρW −D0,W
−KE

D1,E

ρE −D0,E

)
TC .

(C.47)

This gives:

AW = 0, (C.48)

AE = 0, (C.49)

AC =−
(
KW +KE −KW

D1,W

ρW −D0,W
−KE

D1,E

ρE −D0,E

)
, (C.50)

f = KW
ρW T0,W

ρW −D0,W
+KE

ρE T0,E

ρE −D0,E
. (C.51)
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C.2. Cell centre in fluid

interface - fluid - solid

In a straightforward manner:

AW = 0, (C.52)

AE = KE RC

Rcc +RE +RC
, (C.53)

AC =−
(
KW + AE −KW

D1

ρ−D0

)
, (C.54)

f = AE REδq +KW
ρTs

ρ−D0
. (C.55)

Cell centre in fluid, with interface and 2nd-order discretisation of interfacial flux

If we use second-order interfacial-flux discretisation, the formula for interfacial temperature (C.5)

takes the form:

Tγ = C1T1 +C2T2 +ρTs

ρ−C0
. (C.56)

Here, cell 1 will always be the central cell and cell 2 the one further on the opposite side from the

interface (i.e. the cell to the west or east of the central cell, depending on the configuration). The

coefficients are (∆x01 > 0 and ∆x02 = [∆x01 +∆x12] > 0):

C0 =− 1

∆x01
− 1

∆x02
, (C.57)

C1 = −∆x02

∆x01(∆x01 −∆x02)
, (C.58)

C2 = ∆x01

∆x02(∆x01 −∆x02)
. (C.59)

Below, we neglect the unlikely situation interface - fluid - interface (for which the simple 1st-order

formulae can be used).

interface - fluid - fluid

The expression for Tγ allows us to write:

∂2T

∂x2 ≈ KW
C1TC +C2TE +ρTs

ρ−C0
+KE TE − (KW +KE )TC

= KW
ρTs

ρ−C0
+

(
KE +KW

C2

ρ−C0

)
TE −

(
KW +KE −KW

C1

ρ−C0

)
TC .

(C.60)

Thus:

AW = 0, (C.61)

AE = KE +KW
C2

ρ−C0
, (C.62)

AC =−
(
KW +KE −KW

C1

ρ−C0

)
, (C.63)

f = KW
ρTs

ρ−C0
. (C.64)
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Appendix C. Implementation of interfacial heat-transfer resistance

interface - fluid - solid

Starting with the formula for the second difference (note that C2,b is C2 evaluated with respect to

the position of the boundary):

∂2T

∂x2 ≈ KW
C1TC +C2,bTb,flu +ρTs

ρ−C0
+KE Tb,flu − (KW +KE )TC

≈ KW
ρTs

ρ−C0
+

(
KE +KW

C2,b

ρ−C0

)
Tb,flu −

(
KW +KE −KW

C1

ρ−C0

)
TC .

(C.65)

We decompose this as:

K ′
E Tb,flu =

(
KE +KW

C2,b

ρ−C0

)
Tb,flu, (C.66)

K ′
C TC =−

(
KW +KE −KW

C1

ρ−C0

)
TC , (C.67)

f ′ = KW
ρTs

ρ−C0
. (C.68)

By using the formula for the boundary temperature (C.33), the first expression becomes:

K ′
E Tb,flu = Rcc +RE +RC

(Rcc +RE )TC +RC (TE +REδq )

Rcc +RE +RC

= K ′
E

Rcc +RE

Rcc +RE +RC
TC +K ′

E
RC

Rcc +RE +RC
TE +K ′

E

RC REδq

Rcc +RE +RC
.

(C.69)

The resulting formulae are given as:

AW = 0, (C.70)

AE =
(
KE +KW

C2,b

ρ−C0

)
RC

Rcc +RE +RC

= KE RC

Rcc +RE +RC
+ C2,b

ρ−C0

KW RC

Rcc +RE +RC
,

(C.71)

AC =−
(
KW +KE −KW

C1

ρ−C0
− KE (Rcc +RE )

Rcc +RE +RC
− C2,b

ρ−C0

KW (Rcc +RE )

Rcc +RE +RC

)
=−

(
KW + KE RC

Rcc +RE +RC
−KW

C1

ρ−C0
− C2,b

ρ−C0

KW (Rcc +RE )

Rcc +RE +RC

)
,

(C.72)

f = KW
ρTs

ρ−C0
+ KE RC

Rcc +RE +RC
REδq + C2,b

ρ−C0

KW RC

Rcc +RE +RC
REδq . (C.73)
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D Discussion of the Smirnov equation

Smirnov (1975) derived an expression for the initial microlayer thickness, Eq. 6.50, by employing

thin-film equations in axisymmetric cylindrical coordinates. but with several simplifications.

For example, the axial z-component of the diffusion term in the radial x-momentum equation,

integrated over the film thickness, ∫ d0

0

∂2u

∂z2 d z,

has been approximated by:∫ d0

0

∂2u

∂z2 d z = ∂u

∂z

∣∣∣∣
z=d0

− ∂u

∂z

∣∣∣∣
z=0

≈−u(z = d0)

d0
=− ξ̇

d0
. (D.1)

See Figure D.1 for an explanation of the symbols used. In reality, exact equality between the terms

in Eq. D.1 cannot be presumed, due to the unknown velocity distribution in the film; thus, a

proportionality based on scaling considerations,∫ d0

0

∂2u

∂z2 d z ∝− ξ̇

d0
, (D.2)

should be used instead. Nevertheless, closer inspection of the subsequent derivation reveals

that by introducing the deceleration constant, Eq. 6.60, we have effectively implemented the

proportionality, rather than the exact equality.

x

z

d0(ξ)

ξ

u(ξ, z)

0

Figure D.1 – Schematic representation of the nomenclature used to describe the geometry in
Appendix D.
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Appendix D. Discussion of the Smirnov equation

More controversial is the assumption of Smirnov (1975) that:

∂pl

∂x

∣∣∣∣
x=R(t )

= 1

Ṙ

dpv

dt
, (D.3)

R being the bubble radius, leading to the approximation of the pressure gradient by means of the

Rayleigh-Plesset equation (Faghri and Zhang, 2006). In our modified approach, the equivalent

statement reads:
∂pl

∂x

∣∣∣∣
x=ξ(t )

= 1

ξ̇

dpv

dt
≈− Ṙ

ξ̇

2σ

R2 . (D.4)

In reality, the capillary pressure gradient should be taken as:

∂pl

∂x
∝ σκ

s
=−2σ

sR
, (D.5)

where κ is the characteristic macroscopic curvature (taken here to be equal to the bubble curvature)

and s the length of the dynamic meniscus (transition region between the macroscopic bubble and

the microlayer). For example, in the work of Landau and Levich (1988), this length has been derived

by equating the macroscopic curvature κ= 1/lc with the curvature of the dynamic meniscus d0/s2

as:

s =
√

d0lc , (D.6)

lc being a characteristic length, eventually leading to the classical result for thin-film deposition by

plate withdrawal:

d0 ∝ lc Ca2/3
u . (D.7)

In the context of the bubble-growth problem, a characteristic length would be the bubble radius.

In the work of Smirnov (1975), an experimental result of Labuntsov et al. (1970)1 is referenced,

suggesting (in the absence of inertial effects):

d0 ∝ RCa1/2
u . (D.8)

This would require the length scale of the dynamic meniscus to be the bubble radius R itself, indeed

corresponding to a capillary pressure gradient of the type (D.4) or something similar. However, an

a priori unknown pre-multiplying constant would have to be introduced – Smirnov’s derivation

again presumes that this constant can be taken to be 1 (i.e. exact equality). To our surprise, this

assumption does not deteriorate the overall results, but rather leads to a consistent prediction of the

only remaining fitted parameter, Cdec, as illustrated in Section 6.5. Thus, even though the derivation

leading to the Smirnov equation is somewhat questionable, it does appear to represent a very good

predictive capability. Nevertheless, the equation should be revisited in the future, and its derivation

presented more rigorously.

1Note that we have not been able to obtain the original reference.
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