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Motivations

§ Only few lab experiments involving FDF have 
been made

§ No other fluid experiments involving fluid velocity 
measurement and coalescence of two FDF have 
been published in the literature

Single fracture experiment

Double fracture experiment
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Spatio–temporal evolution of fluid driven fractures (FDF)
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Figure 4.1: Photo of synthesized hydrogel with pre-cast wellbore. A blue bottle
behind the gel exhibits the high level transparency.

the literature for fracture energies at particular gel percentages (Tanaka et al., 2000;
Zhang et al., 2005). Normally these fracture energy values are obtained from peel tests.
Here we approached the measurement of these values using a technique outlined in
§ 4.3.3. It has been shown that an increase in monomer will always lead to an increase
in Young’s modulus (Denisin & Pruitt, 2016). However, an increase in cross-linker will
also increase the gel modulus up to around 7% wt. cross-linking. If the cross-linking is
increased beyond this, the gels become heterogeneous and the value of the Young’s
modulus will plateau (Denisin & Pruitt, 2016).

These cross-linked polyacrylamide gels are extremely transparent, which is evident
in Fig. 4.1. This level of transparency is a major advantage of the medium and permits
high precision optical measurements.

Polyacrylamide gels are also elastic and brittle materials. Elasticity and brittleness
are two di�erent properties. However, they are not independent for elastic solids.
Ideally fracture toughness KIC follows the relation (2.11), which incorporates both
elasticity and brittleness properties in the Young’s modulus and fracture surface energy,
respectively.

Rate-dependent fracture surface energies “s have been observed in several gel
systems. Chemically cross-linked polyacrylamide hydrogels exhibit a rate dependence
that decreases with increasing density of chemical cross-links (Tanaka et al., 2000).
Since we are using heavily cross-linked hydrogels we will assume the fracture energy
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§ Solid medium

Polyacrylamide hydrogel
• Linear elastic

• Brittle

Experimental set up: single fracture
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Figure 4.1: Photo of synthesized hydrogel with pre-cast wellbore. A blue bottle
behind the gel exhibits the high level transparency.

the literature for fracture energies at particular gel percentages (Tanaka et al., 2000;
Zhang et al., 2005). Normally these fracture energy values are obtained from peel tests.
Here we approached the measurement of these values using a technique outlined in
§ 4.3.3. It has been shown that an increase in monomer will always lead to an increase
in Young’s modulus (Denisin & Pruitt, 2016). However, an increase in cross-linker will
also increase the gel modulus up to around 7% wt. cross-linking. If the cross-linking is
increased beyond this, the gels become heterogeneous and the value of the Young’s
modulus will plateau (Denisin & Pruitt, 2016).

These cross-linked polyacrylamide gels are extremely transparent, which is evident
in Fig. 4.1. This level of transparency is a major advantage of the medium and permits
high precision optical measurements.

Polyacrylamide gels are also elastic and brittle materials. Elasticity and brittleness
are two di�erent properties. However, they are not independent for elastic solids.
Ideally fracture toughness KIC follows the relation (2.11), which incorporates both
elasticity and brittleness properties in the Young’s modulus and fracture surface energy,
respectively.

Rate-dependent fracture surface energies “s have been observed in several gel
systems. Chemically cross-linked polyacrylamide hydrogels exhibit a rate dependence
that decreases with increasing density of chemical cross-links (Tanaka et al., 2000).
Since we are using heavily cross-linked hydrogels we will assume the fracture energy
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Figure 4.1: Photo of synthesized hydrogel with pre-cast wellbore. A blue bottle
behind the gel exhibits the high level transparency.

the literature for fracture energies at particular gel percentages (Tanaka et al., 2000;
Zhang et al., 2005). Normally these fracture energy values are obtained from peel tests.
Here we approached the measurement of these values using a technique outlined in
§ 4.3.3. It has been shown that an increase in monomer will always lead to an increase
in Young’s modulus (Denisin & Pruitt, 2016). However, an increase in cross-linker will
also increase the gel modulus up to around 7% wt. cross-linking. If the cross-linking is
increased beyond this, the gels become heterogeneous and the value of the Young’s
modulus will plateau (Denisin & Pruitt, 2016).

These cross-linked polyacrylamide gels are extremely transparent, which is evident
in Fig. 4.1. This level of transparency is a major advantage of the medium and permits
high precision optical measurements.

Polyacrylamide gels are also elastic and brittle materials. Elasticity and brittleness
are two di�erent properties. However, they are not independent for elastic solids.
Ideally fracture toughness KIC follows the relation (2.11), which incorporates both
elasticity and brittleness properties in the Young’s modulus and fracture surface energy,
respectively.

Rate-dependent fracture surface energies “s have been observed in several gel
systems. Chemically cross-linked polyacrylamide hydrogels exhibit a rate dependence
that decreases with increasing density of chemical cross-links (Tanaka et al., 2000).
Since we are using heavily cross-linked hydrogels we will assume the fracture energy
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Figure 4.1: Photo of synthesized hydrogel with pre-cast wellbore. A blue bottle
behind the gel exhibits the high level transparency.

the literature for fracture energies at particular gel percentages (Tanaka et al., 2000;
Zhang et al., 2005). Normally these fracture energy values are obtained from peel tests.
Here we approached the measurement of these values using a technique outlined in
§ 4.3.3. It has been shown that an increase in monomer will always lead to an increase
in Young’s modulus (Denisin & Pruitt, 2016). However, an increase in cross-linker will
also increase the gel modulus up to around 7% wt. cross-linking. If the cross-linking is
increased beyond this, the gels become heterogeneous and the value of the Young’s
modulus will plateau (Denisin & Pruitt, 2016).

These cross-linked polyacrylamide gels are extremely transparent, which is evident
in Fig. 4.1. This level of transparency is a major advantage of the medium and permits
high precision optical measurements.

Polyacrylamide gels are also elastic and brittle materials. Elasticity and brittleness
are two di�erent properties. However, they are not independent for elastic solids.
Ideally fracture toughness KIC follows the relation (2.11), which incorporates both
elasticity and brittleness properties in the Young’s modulus and fracture surface energy,
respectively.

Rate-dependent fracture surface energies “s have been observed in several gel
systems. Chemically cross-linked polyacrylamide hydrogels exhibit a rate dependence
that decreases with increasing density of chemical cross-links (Tanaka et al., 2000).
Since we are using heavily cross-linked hydrogels we will assume the fracture energy
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µ ⇠ 10�3 � 10�1 Pa · sDynamic viscosity:plane of fracture propagation
free surface – no constraints 

<latexit sha1_base64="JaDKsTsiOK1SEqHm/pAbdP1ry2M=">AAACCHicbVC7TsMwFHV4lvIqMDJgUSExVFVSFcpYiYWxSPQhtVXkuE5r1XEi+wZRRR1Z+BUWBhBi5RPY+BuctAO0HMlXx+fcK/seLxJcg21/Wyura+sbm7mt/PbO7t5+4eCwpcNYUdakoQhVxyOaCS5ZEzgI1okUI4EnWNsbX6d++54pzUN5B5OI9QMylNznlICR3MJJL+JupQfsAZISnqa3aimtF1mtuYWiXbYz4GXizEkRzdFwC1+9QUjjgEmggmjddewI+glRwKlg03wv1iwidEyGrGuoJAHT/SRbZIrPjDLAfqjMkYAz9fdEQgKtJ4FnOgMCI73opeJ/XjcG/6qfcBnFwCSdPeTHAkOI01TwgCtGQUwMIVRx81dMR0QRCia7vAnBWVx5mbQqZeey7NxWi/XKPI4cOkan6Bw5qIbq6AY1UBNR9Iie0St6s56sF+vd+pi1rljzmSP0B9bnDyFwmLY=</latexit>⇡2, ⇡4,⇡5,⇡7

<latexit sha1_base64="yWsw9/X9UkizgUUpq0DOVoImKaY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS30/FwBtUa27dXYCsE68gNSjQGlS/+sOEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGLqwyJFGibSkkC/X3RE5jY6ZxaDtjimOz6s3F/7xehtFtkAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+vE7ajbp3XfcermrNRhFHGc7gHC7Bgxtowj20wAcGAp7hFd4c5bw4787HsrXkFDOn8AfO5w9zz45n</latexit>⇡1
<latexit sha1_base64="s7UEScY2xa8/emE8xCDKpDrp0Ys=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRv+xXqm7NnYOsEq8gVSjQ7Fe+eoOEZTFXyCQ1puu5KQY51SiY5NNyLzM8pWxMh7xrqaIxN0E+P3ZKzq0yIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFtkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT9mG4C2/vEpa9Zp3XfMerqqNehFHCU7hDC7AgxtowD00wQcGAp7hFd4c5bw4787HonXNKWZO4A+czx92145p</latexit>⇡3
<latexit sha1_base64="XPM6XSXQCygReGe9Uc+Nap1EjTI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWMF0xbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5m/udJ1SaJ/LRTFMMYjqSPOKMGiv5/ZQPGoNK1a25C5B14hWkCgVag8pXf5iwLEZpmKBa9zw3NUFOleFM4KzczzSmlE3oCHuWShqjDvLFsTNyaZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT9mG4K2+vE7a9ZrXqHkP19VmvYijBOdwAVfgwQ004R5a4AMDDs/wCm+OdF6cd+dj2brhFDNn8AfO5w97Y45s</latexit>⇡6 normal displacement equal to 0 

applied ⏊ displacement (1 mm)

Rigid plate || 
is not represented

<latexit sha1_base64="JaDKsTsiOK1SEqHm/pAbdP1ry2M=">AAACCHicbVC7TsMwFHV4lvIqMDJgUSExVFVSFcpYiYWxSPQhtVXkuE5r1XEi+wZRRR1Z+BUWBhBi5RPY+BuctAO0HMlXx+fcK/seLxJcg21/Wyura+sbm7mt/PbO7t5+4eCwpcNYUdakoQhVxyOaCS5ZEzgI1okUI4EnWNsbX6d++54pzUN5B5OI9QMylNznlICR3MJJL+JupQfsAZISnqa3aimtF1mtuYWiXbYz4GXizEkRzdFwC1+9QUjjgEmggmjddewI+glRwKlg03wv1iwidEyGrGuoJAHT/SRbZIrPjDLAfqjMkYAz9fdEQgKtJ4FnOgMCI73opeJ/XjcG/6qfcBnFwCSdPeTHAkOI01TwgCtGQUwMIVRx81dMR0QRCia7vAnBWVx5mbQqZeey7NxWi/XKPI4cOkan6Bw5qIbq6AY1UBNR9Iie0St6s56sF+vd+pi1rljzmSP0B9bnDyFwmLY=</latexit>⇡2, ⇡4,⇡5,⇡7

Poisson’s ratio: <latexit sha1_base64="ZyKjE4g+5As0eQ4tU/YCchofwmI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egF48RjAlklzA7mU2GzMwu8xBCyG948aCIV3/Gm3/jJNmDJhY0FFXddHclOWfaBMG3V1pZXVvfKG9WtrZ3dveq+wePOrOK0CbJeKbaCdaUM0mbhhlO27miWCSctpLh7dRvPVGlWSYfzCinscB9yVJGsHFSFEmLIs0ECvyLbrUW+MEMaJmEBalBgUa3+hX1MmIFlYZwrHUnDHITj7EyjHA6qURW0xyTIe7TjqMSC6rj8ezmCTpxSg+lmXIlDZqpvyfGWGg9EonrFNgM9KI3Ff/zOtak1/GYydwaKsl8UWo5MhmaBoB6TFFi+MgRTBRztyIywAoT42KquBDCxZeXyeOZH1764f15rX5TxFGGIziGUwjhCupwBw1oAoEcnuEV3jzrvXjv3se8teQVM4fwB97nD4GSkK8=</latexit>

⌫ ⇠ 0.5

Young’s mod.:

Rayleigh wave speed:

<latexit sha1_base64="vIUmxatqZo9EWt1kW9PJyKIcKrM=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHcWJIq6rIogssK9gFNLJPppB06eTBzI5bQnRt/xY0LRdz6C+78GydtFtp64HIP59zLzD1eLLgCy/o25uYXFpeWCyvF1bX1jU1za7uhokRSVqeRiGTLI4oJHrI6cBCsFUtGAk+wpje4zPzmPZOKR+EtDGPmBqQXcp9TAlrqmHtX2FE8wLZ1V8FHWTvGDrAHSPGgRkYds2SVrTHwLLFzUkI5ah3zy+lGNAlYCFQQpdq2FYObEgmcCjYqOoliMaED0mNtTUMSMOWm4ztG+EArXexHUlcIeKz+3khJoNQw8PRkQKCvpr1M/M9rJ+CfuykP4wRYSCcP+YnAEOEsFNzlklEQQ00IlVz/FdM+kYSCjq6oQ7CnT54ljUrZPi3bNyel6kUeRwHton10iGx0hqroGtVQHVH0iJ7RK3oznowX4934mIzOGfnODvoD4/MH3qSWzA==</latexit>

E ⇠ 102 � 103 kPa
<latexit sha1_base64="jdbJBbZlHerTvWiyblmhDSXr91Q=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQxDpTi7osulHcVLAP6ItMmrahycyQ3BHLMB/hxl9x40IRty7c+Temj4VWD1zu4Zx7Se7xQsE1OM6XlZqbX1hcSi9nVlbX1jfsza2KDiJFWZkGIlA1j2gmuM/KwEGwWqgYkZ5gVW9wMfKrd0xpHvi3MAxZU5Kez7ucEjBS2z64bsdXNMG4obnErtM6xoejVsANYPcQ4xLBMmnF7lE+adtZJ+eMgf8Sd0qyaIpS2/5sdAIaSeYDFUTruuuE0IyJAk4FSzKNSLOQ0AHpsbqhPpFMN+PxUQneM0oHdwNlygc8Vn9uxERqPZSemZQE+nrWG4n/efUIumfNmPthBMynk4e6kcAQ4FFCuMMVoyCGhhCquPkrpn2iCAWTY8aE4M6e/JdU8jn3JOfeFLLF82kcabSDdtE+ctEpKqJLVEJlRNEDekIv6NV6tJ6tN+t9Mpqypjvb6Besj2+9O5uD</latexit>

KIc ⇠ 103 � 104 Pa m1/2

<latexit sha1_base64="ekrnqb7H5815rc+r0v3YCb3WoCo=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQyCF+Nu8HUMevEYxTwgCWF2MkmGzOwuM73BsOzNi7/ixYMiXv0Fb/6Nk2QPmljQUFR1093lhYJrcJxvK7OwuLS8kl3Nra1vbG7Z2ztVHUSKsgoNRKDqHtFMcJ9VgINg9VAxIj3Bat7geuzXhkxpHvj3MApZS5Kez7ucEjBS294ftuO7BOOm5hKf4WNcdHAT2APEWJ7opG3nnYIzAZ4nbkryKEW5bX81OwGNJPOBCqJ1w3VCaMVEAaeCJblmpFlI6ID0WMNQn0imW/HkjwQfGqWDu4Ey5QOeqL8nYiK1HknPdEoCfT3rjcX/vEYE3ctWzP0wAubT6aJuJDAEeBwK7nDFKIiRIYQqbm7FtE8UoWCiy5kQ3NmX50m1WHDPC+7tab50lcaRRXvoAB0hF12gErpBZVRBFD2iZ/SK3qwn68V6tz6mrRkrndlFf2B9/gDlH5dt</latexit>

vR ⇠ 5� 20 m/s

Fracture toughness:

8



[O’Keeffe et al, 2017;  O’Keeffe, 2019]
36 Hydrogel properties and fracture surface patterns

Figure 4.1: Photo of synthesized hydrogel with pre-cast wellbore. A blue bottle
behind the gel exhibits the high level transparency.

the literature for fracture energies at particular gel percentages (Tanaka et al., 2000;
Zhang et al., 2005). Normally these fracture energy values are obtained from peel tests.
Here we approached the measurement of these values using a technique outlined in
§ 4.3.3. It has been shown that an increase in monomer will always lead to an increase
in Young’s modulus (Denisin & Pruitt, 2016). However, an increase in cross-linker will
also increase the gel modulus up to around 7% wt. cross-linking. If the cross-linking is
increased beyond this, the gels become heterogeneous and the value of the Young’s
modulus will plateau (Denisin & Pruitt, 2016).

These cross-linked polyacrylamide gels are extremely transparent, which is evident
in Fig. 4.1. This level of transparency is a major advantage of the medium and permits
high precision optical measurements.

Polyacrylamide gels are also elastic and brittle materials. Elasticity and brittleness
are two di�erent properties. However, they are not independent for elastic solids.
Ideally fracture toughness KIC follows the relation (2.11), which incorporates both
elasticity and brittleness properties in the Young’s modulus and fracture surface energy,
respectively.

Rate-dependent fracture surface energies “s have been observed in several gel
systems. Chemically cross-linked polyacrylamide hydrogels exhibit a rate dependence
that decreases with increasing density of chemical cross-links (Tanaka et al., 2000).
Since we are using heavily cross-linked hydrogels we will assume the fracture energy

Particle image velocimetry 

Light attenuation measurements
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§ Injected Fluids
Glycerin, silicone, syrup, water

§ Solid medium

Polyacrylamide hydrogel
• Linear elastic

• Brittle

Experimental set up: single fracture
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§ Solid medium
– homogeneous, isotropic

– linear elastic

– brittle 

– impermeable

– infinite medium

– negligible inertial effects

Mathematical model – solid medium

Linear momentum balance for a 3D-planar crack:

Material characterization taken from [O’Keeffe, 2019]
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§ Solid medium
– homogeneous, isotropic

– linear elastic

– brittle 

– impermeable

– infinite medium

– negligible inertial effects

Mathematical model – solid medium

Linear momentum balance for a 3D-planar crack:

Material characterization taken from [O’Keeffe, 2019]
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given time
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Propagation condition:

Local mode I, stress intensity factor 
Critical, mode I, stress intensity factor 

Fracture energy
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§ Solid medium
– homogeneous, isotropic

– linear elastic

– brittle 

– impermeable

– infinite medium

– negligible inertial effects

Mathematical model – solid medium

Linear momentum balance for a 3D-planar crack:

Material characterization taken from [O’Keeffe, 2019]
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§ Solid medium
– homogeneous, isotropic

– linear elastic

– brittle 

– impermeable

– infinite medium

– negligible inertial effects

Mathematical model – solid medium

Linear momentum balance for a 3D-planar crack:

Material characterization taken from [O’Keeffe, 2019]
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§ Solid medium
– homogeneous, isotropic

– linear elastic

– brittle 

– impermeable

– infinite medium

– negligible inertial effects

Mathematical model – solid medium

Linear momentum balance for a 3D-planar crack:

Material characterization taken from [O’Keeffe, 2019]
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Propagation condition:

Local mode I, stress intensity factor 
Critical, mode I, stress intensity factor 

Fracture energy

<latexit sha1_base64="TG3x721zJFKcLrZa656toznqdNo=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi6rLgxmUF+4AmhMl00g6dFzOTQgn9EzcuFHHrn7jzb5y2WWjrgQuHc+7l3ntSxaixQfDtra1vbG5tV3aqu3v7B4f+0XHbyFxj0sKSSd1NkSGMCtKy1DLSVZognjLSSUf3M78zJtpQKZ7sRJGYo4GgGcXIOinx/UhpqayE0QBxjhKT+LWgHswBV0lYkhoo0Uz8r6gvcc6JsJghY3phoGxcIG0pZmRajXJDFMIjNCA9RwXixMTF/PIpPHdKH2ZSuxIWztXfEwXixkx46jo5skOz7M3E/7xebrO7uKBC5ZYIvFiU5Qy6T2cxwD7VBFs2cQRhTd2tEA+RRti6sKouhHD55VXSvqqHN/Xw8brWuCzjqIBTcAYuQAhuQQM8gCZoAQzG4Bm8gjev8F68d+9j0brmlTMn4A+8zx+Q3ZOM</latexit>/ �s
<latexit sha1_base64="/TDEKSh/WrHFVhX8TFTcENZKbIY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKSiKjLohvFTQX7gDaEyfS2HTp5ODMRSszCX3HjQhG3/oY7/8ZJm4VWD1zu4Zx7mTvHiziTyrK+jMLc/MLiUnG5tLK6tr5hbm41ZRgLCg0a8lC0PSKBswAaiikO7UgA8T0OLW90kfmtexCShcGtGkfg+GQQsD6jRGnJNXcq125ylR7irNH0oMvhDlvYNctW1ZoA/yV2TsooR901P7u9kMY+BIpyImXHtiLlJEQoRjmkpW4sISJ0RAbQ0TQgPkgnmdyf4n2t9HA/FLoChSfqz42E+FKOfU9P+kQN5ayXif95nVj1z5yEBVGsIKDTh/oxxyrEWRi4xwRQxceaECqYvhXTIRGEKh1ZSYdgz375L2keVe2Tqn1zXK6d53EU0S7aQxVko1NUQ5eojhqIogf0hF7Qq/FoPBtvxvt0tGDkO9voF4yPb3GDlHI=</latexit>

(KI �KIc)  0
<latexit sha1_base64="7RMKtCZKEvU4BcINkOrtDgwpM5s=">AAACBnicbVDLSsNAFL3xWesr6lKEwSLUhSURUTdC0Y3ipoJ9QBvCZDpth04ezEyEErJy46+4caGIW7/BnX/jpM1CWw8MczjnXu69x4s4k8qyvo25+YXFpeXCSnF1bX1j09zabsgwFoTWSchD0fKwpJwFtK6Y4rQVCYp9j9OmN7zK/OYDFZKFwb0aRdTxcT9gPUaw0pJr7pVv3eQmPULZR9JD1FHMpxI10AWykGuWrIo1Bpoldk5KkKPmml+dbkhinwaKcCxl27Yi5SRYKEY4TYudWNIIkyHu07amAdaznGR8RooOtNJFvVDoFyg0Vn93JNiXcuR7utLHaiCnvUz8z2vHqnfuJCyIYkUDMhnUizlSIcoyQV0mKFF8pAkmguldERlggYnSyRV1CPb0ybOkcVyxTyv23UmpepnHUYBd2Icy2HAGVbiGGtSBwCM8wyu8GU/Gi/FufExK54y8Zwf+wPj8AXFzlos=</latexit>

(KI �KIc)⇥ V = 0

Local fracture front velocity

<latexit sha1_base64="7RMKtCZKEvU4BcINkOrtDgwpM5s=">AAACBnicbVDLSsNAFL3xWesr6lKEwSLUhSURUTdC0Y3ipoJ9QBvCZDpth04ezEyEErJy46+4caGIW7/BnX/jpM1CWw8MczjnXu69x4s4k8qyvo25+YXFpeXCSnF1bX1j09zabsgwFoTWSchD0fKwpJwFtK6Y4rQVCYp9j9OmN7zK/OYDFZKFwb0aRdTxcT9gPUaw0pJr7pVv3eQmPULZR9JD1FHMpxI10AWykGuWrIo1Bpoldk5KkKPmml+dbkhinwaKcCxl27Yi5SRYKEY4TYudWNIIkyHu07amAdaznGR8RooOtNJFvVDoFyg0Vn93JNiXcuR7utLHaiCnvUz8z2vHqnfuJCyIYkUDMhnUizlSIcoyQV0mKFF8pAkmguldERlggYnSyRV1CPb0ybOkcVyxTyv23UmpepnHUYBd2Icy2HAGVbiGGtSBwCM8wyu8GU/Gi/FufExK54y8Zwf+wPj8AXFzlos=</latexit>

(KI �KIc)⇥ V = 0



§ Solid medium
– homogeneous, isotropic

– linear elastic

– brittle 

– impermeable

– infinite medium

– negligible inertial effects

Mathematical model – solid medium

Linear momentum balance for a 3D-planar crack:

Material characterization taken from [O’Keeffe, 2019]
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Compression 

test

Poisson’s ratio

Hertzian 

contact

Young’s modulus

<latexit sha1_base64="Vu3zprrhvL/p6ZopDVTH7zeFky8=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiQxtHVXdOOyBfuANpTJdNKOnTyYmQgl9AvcuFDErZ/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p9e5372nQrI4ulWzhHohHkcsYAQrLbXksFyxzMt61XGryDItq2Y7dk6cmnvhIlsrOSqwQnNYfh+MYpKGNFKEYyn7tpUoL8NCMcLpvDRIJU0wmeIx7Wsa4ZBKL1scOkdnWhmhIBa6IoUW6veJDIdSzkJfd4ZYTeRvLxf/8vqpCupexqIkVTQiy0VBypGKUf41GjFBieIzTTARTN+KyAQLTJTOpqRD+PoU/U86jmlXTbvlVhpXqziKcAKncA421KABN9CENhCg8ABP8GzcGY/Gi/G6bC0Yq5lj+AHj7RNAu40/</latexit>s
<latexit sha1_base64="BG0hmqEYPi4+wZRv+Q+p9girVSw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diK/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGivV73ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDrpmM3A==</latexit>
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<latexit sha1_base64="Vu3zprrhvL/p6ZopDVTH7zeFky8=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiQxtHVXdOOyBfuANpTJdNKOnTyYmQgl9AvcuFDErZ/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1p9e5372nQrI4ulWzhHohHkcsYAQrLbXksFyxzMt61XGryDItq2Y7dk6cmnvhIlsrOSqwQnNYfh+MYpKGNFKEYyn7tpUoL8NCMcLpvDRIJU0wmeIx7Wsa4ZBKL1scOkdnWhmhIBa6IoUW6veJDIdSzkJfd4ZYTeRvLxf/8vqpCupexqIkVTQiy0VBypGKUf41GjFBieIzTTARTN+KyAQLTJTOpqRD+PoU/U86jmlXTbvlVhpXqziKcAKncA421KABN9CENhCg8ABP8GzcGY/Gi/G6bC0Yq5lj+AHj7RNAu40/</latexit>s

Crack tip opening:

Poisson’s ratio

Young’s mod. Fracture opening

Fluid 
pressure

Confining stress

<latexit sha1_base64="025ukPJXjgwHxsanF+6M2+W6GrE=">AAACA3icbVDLSgNBEOz1GeNr1ZteBoMQDwm7QTTHoAgeI5gHZGOYncwmQ2Znl5lZISwBL/6KFw+KePUnvPk3Th4HTSxoKKq66e7yY86Udpxva2l5ZXVtPbOR3dza3tm19/brKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vAHV2O/8UClYpG408OYtkPcEyxgBGsjdezDghdITNLrUVpGXsxQ3i14IrkvnY46ds4pOhOgReLOSA5mqHbsL68bkSSkQhOOlWq5TqzbKZaaEU5HWS9RNMZkgHu0ZajAIVXtdPLDCJ0YpYuCSJoSGk3U3xMpDpUahr7pDLHuq3lvLP7ntRIdlNspE3GiqSDTRUHCkY7QOBDUZZISzYeGYCKZuRWRPjaZaBNb1oTgzr+8SOqlontedG/PcpXLWRwZOIJjyIMLF1CBG6hCDQg8wjO8wpv1ZL1Y79bHtHXJms0cwB9Ynz+g2ZY6</latexit>
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Fracture area at a 
given time

Propagation condition:

Fracture toughness

Local mode I, stress intensity factor 
Critical, mode I, stress intensity factor 

Fracture energy

<latexit sha1_base64="TG3x721zJFKcLrZa656toznqdNo=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi6rLgxmUF+4AmhMl00g6dFzOTQgn9EzcuFHHrn7jzb5y2WWjrgQuHc+7l3ntSxaixQfDtra1vbG5tV3aqu3v7B4f+0XHbyFxj0sKSSd1NkSGMCtKy1DLSVZognjLSSUf3M78zJtpQKZ7sRJGYo4GgGcXIOinx/UhpqayE0QBxjhKT+LWgHswBV0lYkhoo0Uz8r6gvcc6JsJghY3phoGxcIG0pZmRajXJDFMIjNCA9RwXixMTF/PIpPHdKH2ZSuxIWztXfEwXixkx46jo5skOz7M3E/7xebrO7uKBC5ZYIvFiU5Qy6T2cxwD7VBFs2cQRhTd2tEA+RRti6sKouhHD55VXSvqqHN/Xw8brWuCzjqIBTcAYuQAhuQQM8gCZoAQzG4Bm8gjev8F68d+9j0brmlTMn4A+8zx+Q3ZOM</latexit>/ �s

<latexit sha1_base64="fW6PJk13E1tnWNEo2Xurl+WhdZ8="></latexit>
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<latexit sha1_base64="025ukPJXjgwHxsanF+6M2+W6GrE=">AAACA3icbVDLSgNBEOz1GeNr1ZteBoMQDwm7QTTHoAgeI5gHZGOYncwmQ2Znl5lZISwBL/6KFw+KePUnvPk3Th4HTSxoKKq66e7yY86Udpxva2l5ZXVtPbOR3dza3tm19/brKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vAHV2O/8UClYpG408OYtkPcEyxgBGsjdezDghdITNLrUVpGXsxQ3i14IrkvnY46ds4pOhOgReLOSA5mqHbsL68bkSSkQhOOlWq5TqzbKZaaEU5HWS9RNMZkgHu0ZajAIVXtdPLDCJ0YpYuCSJoSGk3U3xMpDpUahr7pDLHuq3lvLP7ntRIdlNspE3GiqSDTRUHCkY7QOBDUZZISzYeGYCKZuRWRPjaZaBNb1oTgzr+8SOqlontedG/PcpXLWRwZOIJjyIMLF1CBG6hCDQg8wjO8wpv1ZL1Y79bHtHXJms0cwB9Ynz+g2ZY6</latexit>
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<latexit sha1_base64="/TDEKSh/WrHFVhX8TFTcENZKbIY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKSiKjLohvFTQX7gDaEyfS2HTp5ODMRSszCX3HjQhG3/oY7/8ZJm4VWD1zu4Zx7mTvHiziTyrK+jMLc/MLiUnG5tLK6tr5hbm41ZRgLCg0a8lC0PSKBswAaiikO7UgA8T0OLW90kfmtexCShcGtGkfg+GQQsD6jRGnJNXcq125ylR7irNH0oMvhDlvYNctW1ZoA/yV2TsooR901P7u9kMY+BIpyImXHtiLlJEQoRjmkpW4sISJ0RAbQ0TQgPkgnmdyf4n2t9HA/FLoChSfqz42E+FKOfU9P+kQN5ayXif95nVj1z5yEBVGsIKDTh/oxxyrEWRi4xwRQxceaECqYvhXTIRGEKh1ZSYdgz375L2keVe2Tqn1zXK6d53EU0S7aQxVko1NUQ5eojhqIogf0hF7Qq/FoPBtvxvt0tGDkO9voF4yPb3GDlHI=</latexit>

(KI �KIc)  0
<latexit sha1_base64="7RMKtCZKEvU4BcINkOrtDgwpM5s=">AAACBnicbVDLSsNAFL3xWesr6lKEwSLUhSURUTdC0Y3ipoJ9QBvCZDpth04ezEyEErJy46+4caGIW7/BnX/jpM1CWw8MczjnXu69x4s4k8qyvo25+YXFpeXCSnF1bX1j09zabsgwFoTWSchD0fKwpJwFtK6Y4rQVCYp9j9OmN7zK/OYDFZKFwb0aRdTxcT9gPUaw0pJr7pVv3eQmPULZR9JD1FHMpxI10AWykGuWrIo1Bpoldk5KkKPmml+dbkhinwaKcCxl27Yi5SRYKEY4TYudWNIIkyHu07amAdaznGR8RooOtNJFvVDoFyg0Vn93JNiXcuR7utLHaiCnvUz8z2vHqnfuJCyIYkUDMhnUizlSIcoyQV0mKFF8pAkmguldERlggYnSyRV1CPb0ybOkcVyxTyv23UmpepnHUYBd2Icy2HAGVbiGGtSBwCM8wyu8GU/Gi/FufExK54y8Zwf+wPj8AXFzlos=</latexit>

(KI �KIc)⇥ V = 0

Local fracture front velocity

<latexit sha1_base64="7RMKtCZKEvU4BcINkOrtDgwpM5s=">AAACBnicbVDLSsNAFL3xWesr6lKEwSLUhSURUTdC0Y3ipoJ9QBvCZDpth04ezEyEErJy46+4caGIW7/BnX/jpM1CWw8MczjnXu69x4s4k8qyvo25+YXFpeXCSnF1bX1j09zabsgwFoTWSchD0fKwpJwFtK6Y4rQVCYp9j9OmN7zK/OYDFZKFwb0aRdTxcT9gPUaw0pJr7pVv3eQmPULZR9JD1FHMpxI10AWykGuWrIo1Bpoldk5KkKPmml+dbkhinwaKcCxl27Yi5SRYKEY4TYudWNIIkyHu07amAdaznGR8RooOtNJFvVDoFyg0Vn93JNiXcuR7utLHaiCnvUz8z2vHqnfuJCyIYkUDMhnUizlSIcoyQV0mKFF8pAkmguldERlggYnSyRV1CPb0ybOkcVyxTyv23UmpepnHUYBd2Icy2HAGVbiGGtSBwCM8wyu8GU/Gi/FufExK54y8Zwf+wPj8AXFzlos=</latexit>

(KI �KIc)⇥ V = 0
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§ Injected Fluid
– Newtonian, incompressible

– Lubrication approximation [Batchelor, 1967]

• Small Reynolds number

• Transverse length scale of the flow << length scale in the flow direction 

– Negligible fluid lag [Lecampion et al, 2017]

– Constant injection rate

Mathematical model – fluid phase

Mass conservation:

Lubrication approximation:

Fluid pressure

Dynamic viscosity 

This parameter has been measured using a U-tube viscometer 
[O’Keeffe, 2019]

See [Zia & Lecampion 2020] for further details and code 
verifications against semi-analytical solutions.

Dynamic viscosity 

Experimental errors

Young’s modulus

The orders of magnitude of the experimental errors have been 
estimated [O’Keeffe, 2019]

Dynamic viscosity

Inlet flux

Fracture energy

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="Dvcl503e5dp9sUYQWsnHuNz1gUc=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjSHgKcyI2zHoxWMEs0BmCD2dnqRJb3T3iDHkS7x4UMSrn+LNv7GTzEETHxQ83quiql6iGDU2CL69ldW19Y3NwlZxe2d3r+TvHzSNzDQmDSyZ1O0EGcKoIA1LLSNtpQniCSOtZHgz9VsPRBsqxb0dKRJz1Bc0pRhZJ3X9UoSU0vIRRorD86jS9ctBNZgBLpMwJ2WQo971v6KexBknwmKGjOmEgbLxGGlLMSOTYpQZohAeoj7pOCoQJyYezw6fwIpTejCV2pWwcKb+nhgjbsyIJ66TIzswi95U/M/rZDa9isdUqMwSgeeL0oxBK+E0BdijmmDLRo4grKm7FeIB0ghbl1XRhRAuvrxMmqfV8KIa3p2Va9d5HAVwBI7BCQjBJaiBW1AHDYBBBp7BK3jznrwX7937mLeuePnMIfgD7/MHpBCSbA==</latexit>

⇡ ±5%

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="025ukPJXjgwHxsanF+6M2+W6GrE=">AAACA3icbVDLSgNBEOz1GeNr1ZteBoMQDwm7QTTHoAgeI5gHZGOYncwmQ2Znl5lZISwBL/6KFw+KePUnvPk3Th4HTSxoKKq66e7yY86Udpxva2l5ZXVtPbOR3dza3tm19/brKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vAHV2O/8UClYpG408OYtkPcEyxgBGsjdezDghdITNLrUVpGXsxQ3i14IrkvnY46ds4pOhOgReLOSA5mqHbsL68bkSSkQhOOlWq5TqzbKZaaEU5HWS9RNMZkgHu0ZajAIVXtdPLDCJ0YpYuCSJoSGk3U3xMpDpUahr7pDLHuq3lvLP7ntRIdlNspE3GiqSDTRUHCkY7QOBDUZZISzYeGYCKZuRWRPjaZaBNb1oTgzr+8SOqlontedG/PcpXLWRwZOIJjyIMLF1CBG6hCDQg8wjO8wpv1ZL1Y79bHtHXJms0cwB9Ynz+g2ZY6</latexit>
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Inlet flux

Fluid flux

Fracture opening

<latexit sha1_base64="C6Cm4xCziimpVeNi5+i+1EB4bk4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahQim7Iuqx4MVjC/YD2qVk02wbmk3WJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmtx+p0kyKezOJqR/hoWAhI9hYqdPoy/JTZXLeL5bcqjsHWiVeRkqQod4vfvUGkiQRFYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUsFjqj20/m9U3RmlQEKpbIlDJqrvydSHGk9iQLbGWEz0sveTPzP6yYmvPFTJuLEUEEWi8KEIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRwYbgLb+8SloXVe+q6jUuS7VKFkceTuAUyuDBNdTgDurQBAIcnuEV3pwH58V5dz4WrTknmzmGP3A+fwAVjY9H</latexit>

Qo(x, y)

<latexit sha1_base64="C6Cm4xCziimpVeNi5+i+1EB4bk4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahQim7Iuqx4MVjC/YD2qVk02wbmk3WJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmtx+p0kyKezOJqR/hoWAhI9hYqdPoy/JTZXLeL5bcqjsHWiVeRkqQod4vfvUGkiQRFYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUsFjqj20/m9U3RmlQEKpbIlDJqrvydSHGk9iQLbGWEz0sveTPzP6yYmvPFTJuLEUEEWi8KEIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRwYbgLb+8SloXVe+q6jUuS7VKFkceTuAUyuDBNdTgDurQBAIcnuEV3pwH58V5dz4WrTknmzmGP3A+fwAVjY9H</latexit>

Qo(x, y)

<latexit sha1_base64="6qRlhxe/6yo/g4OuLoUhiIAPdXs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgIeFORC0DNpYRjQkkR9jb7CVLdveO3TkhhPwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v7Bo00yw3iDJTIxrYhaLoXmDRQoeSs1nKpI8mY0vJn6zSdurEj0A45SHira1yIWjKKT7jsq65YrftWfgSyTICcVyFHvlr86vYRlimtkklrbDvwUwzE1KJjkk1InszylbEj7vO2oporbcDw7dUJOnNIjcWJcaSQz9ffEmCprRypynYriwC56U/E/r51hfB2OhU4z5JrNF8WZJJiQ6d+kJwxnKEeOUGaEu5WwATWUoUun5EIIFl9eJo/n1eCyGtxdVGpneRxFOIJjOIUArqAGt1CHBjDowzO8wpsnvRfv3fuYtxa8fOYQ/sD7/AFYuI3G</latexit>µ

<latexit sha1_base64="TG3x721zJFKcLrZa656toznqdNo=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi6rLgxmUF+4AmhMl00g6dFzOTQgn9EzcuFHHrn7jzb5y2WWjrgQuHc+7l3ntSxaixQfDtra1vbG5tV3aqu3v7B4f+0XHbyFxj0sKSSd1NkSGMCtKy1DLSVZognjLSSUf3M78zJtpQKZ7sRJGYo4GgGcXIOinx/UhpqayE0QBxjhKT+LWgHswBV0lYkhoo0Uz8r6gvcc6JsJghY3phoGxcIG0pZmRajXJDFMIjNCA9RwXixMTF/PIpPHdKH2ZSuxIWztXfEwXixkx46jo5skOz7M3E/7xebrO7uKBC5ZYIvFiU5Qy6T2cxwD7VBFs2cQRhTd2tEA+RRti6sKouhHD55VXSvqqHN/Xw8brWuCzjqIBTcAYuQAhuQQM8gCZoAQzG4Bm8gjev8F68d+9j0brmlTMn4A+8zx+Q3ZOM</latexit>/ �s
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§ Injected Fluid
– Newtonian, incompressible

– Lubrication approximation [Batchelor, 1967]

• Small Reynolds number

• Transverse length scale of the flow << length scale in the flow direction 

– Negligible fluid lag [Lecampion et al, 2017]

– Constant injection rate

Mathematical model – fluid phase

Lubrication approximation:

Fluid pressure

Dynamic viscosity 

This parameter has been measured using a U-tube viscometer 
[O’Keeffe, 2019]

See [Zia & Lecampion 2020] for further details and code 
verifications against semi-analytical solutions.

Dynamic viscosity 

Experimental errors

Young’s modulus

The orders of magnitude of the experimental errors have been 
estimated [O’Keeffe, 2019]

Dynamic viscosity

Inlet flux

Fracture energy

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="Dvcl503e5dp9sUYQWsnHuNz1gUc=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjSHgKcyI2zHoxWMEs0BmCD2dnqRJb3T3iDHkS7x4UMSrn+LNv7GTzEETHxQ83quiql6iGDU2CL69ldW19Y3NwlZxe2d3r+TvHzSNzDQmDSyZ1O0EGcKoIA1LLSNtpQniCSOtZHgz9VsPRBsqxb0dKRJz1Bc0pRhZJ3X9UoSU0vIRRorD86jS9ctBNZgBLpMwJ2WQo971v6KexBknwmKGjOmEgbLxGGlLMSOTYpQZohAeoj7pOCoQJyYezw6fwIpTejCV2pWwcKb+nhgjbsyIJ66TIzswi95U/M/rZDa9isdUqMwSgeeL0oxBK+E0BdijmmDLRo4grKm7FeIB0ghbl1XRhRAuvrxMmqfV8KIa3p2Va9d5HAVwBI7BCQjBJaiBW1AHDYBBBp7BK3jznrwX7937mLeuePnMIfgD7/MHpBCSbA==</latexit>

⇡ ±5%

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="025ukPJXjgwHxsanF+6M2+W6GrE=">AAACA3icbVDLSgNBEOz1GeNr1ZteBoMQDwm7QTTHoAgeI5gHZGOYncwmQ2Znl5lZISwBL/6KFw+KePUnvPk3Th4HTSxoKKq66e7yY86Udpxva2l5ZXVtPbOR3dza3tm19/brKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vAHV2O/8UClYpG408OYtkPcEyxgBGsjdezDghdITNLrUVpGXsxQ3i14IrkvnY46ds4pOhOgReLOSA5mqHbsL68bkSSkQhOOlWq5TqzbKZaaEU5HWS9RNMZkgHu0ZajAIVXtdPLDCJ0YpYuCSJoSGk3U3xMpDpUahr7pDLHuq3lvLP7ntRIdlNspE3GiqSDTRUHCkY7QOBDUZZISzYeGYCKZuRWRPjaZaBNb1oTgzr+8SOqlontedG/PcpXLWRwZOIJjyIMLF1CBG6hCDQg8wjO8wpv1ZL1Y79bHtHXJms0cwB9Ynz+g2ZY6</latexit>

� E

8⇡(1� ⌫2)

Inlet flux

Fluid flux

Fracture opening

<latexit sha1_base64="C6Cm4xCziimpVeNi5+i+1EB4bk4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahQim7Iuqx4MVjC/YD2qVk02wbmk3WJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmtx+p0kyKezOJqR/hoWAhI9hYqdPoy/JTZXLeL5bcqjsHWiVeRkqQod4vfvUGkiQRFYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUsFjqj20/m9U3RmlQEKpbIlDJqrvydSHGk9iQLbGWEz0sveTPzP6yYmvPFTJuLEUEEWi8KEIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRwYbgLb+8SloXVe+q6jUuS7VKFkceTuAUyuDBNdTgDurQBAIcnuEV3pwH58V5dz4WrTknmzmGP3A+fwAVjY9H</latexit>

Qo(x, y)

<latexit sha1_base64="C6Cm4xCziimpVeNi5+i+1EB4bk4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahQim7Iuqx4MVjC/YD2qVk02wbmk3WJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmtx+p0kyKezOJqR/hoWAhI9hYqdPoy/JTZXLeL5bcqjsHWiVeRkqQod4vfvUGkiQRFYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUsFjqj20/m9U3RmlQEKpbIlDJqrvydSHGk9iQLbGWEz0sveTPzP6yYmvPFTJuLEUEEWi8KEIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRwYbgLb+8SloXVe+q6jUuS7VKFkceTuAUyuDBNdTgDurQBAIcnuEV3pwH58V5dz4WrTknmzmGP3A+fwAVjY9H</latexit>

Qo(x, y)

<latexit sha1_base64="6qRlhxe/6yo/g4OuLoUhiIAPdXs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgIeFORC0DNpYRjQkkR9jb7CVLdveO3TkhhPwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v7Bo00yw3iDJTIxrYhaLoXmDRQoeSs1nKpI8mY0vJn6zSdurEj0A45SHira1yIWjKKT7jsq65YrftWfgSyTICcVyFHvlr86vYRlimtkklrbDvwUwzE1KJjkk1InszylbEj7vO2oporbcDw7dUJOnNIjcWJcaSQz9ffEmCprRypynYriwC56U/E/r51hfB2OhU4z5JrNF8WZJJiQ6d+kJwxnKEeOUGaEu5WwATWUoUun5EIIFl9eJo/n1eCyGtxdVGpneRxFOIJjOIUArqAGt1CHBjDowzO8wpsnvRfv3fuYtxa8fOYQ/sD7/AFYuI3G</latexit>µ

<latexit sha1_base64="TG3x721zJFKcLrZa656toznqdNo=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi6rLgxmUF+4AmhMl00g6dFzOTQgn9EzcuFHHrn7jzb5y2WWjrgQuHc+7l3ntSxaixQfDtra1vbG5tV3aqu3v7B4f+0XHbyFxj0sKSSd1NkSGMCtKy1DLSVZognjLSSUf3M78zJtpQKZ7sRJGYo4GgGcXIOinx/UhpqayE0QBxjhKT+LWgHswBV0lYkhoo0Uz8r6gvcc6JsJghY3phoGxcIG0pZmRajXJDFMIjNCA9RwXixMTF/PIpPHdKH2ZSuxIWztXfEwXixkx46jo5skOz7M3E/7xebrO7uKBC5ZYIvFiU5Qy6T2cxwD7VBFs2cQRhTd2tEA+RRti6sKouhHD55VXSvqqHN/Xw8brWuCzjqIBTcAYuQAhuQQM8gCZoAQzG4Bm8gjev8F68d+9j0brmlTMn4A+8zx+Q3ZOM</latexit>/ �s

Width average mass conservation:
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§ Injected Fluid
– Newtonian, incompressible

– Lubrication approximation [Batchelor, 1967]

• Small Reynolds number

• Transverse length scale of the flow << length scale in the flow direction 

– Negligible fluid lag [Lecampion et al, 2017]

– Constant injection rate

Mathematical model – fluid phase

Width average mass conservation:

Width average balance of momentum:

Fluid pressure

Dynamic viscosity 

This parameter has been measured using a U-tube viscometer 
[O’Keeffe, 2019]

See [Zia & Lecampion 2020] for further details and code 
verifications against semi-analytical solutions.

Dynamic viscosity 

Experimental errors

Young’s modulus

The orders of magnitude of the experimental errors have been 
estimated [O’Keeffe, 2019]

Dynamic viscosity

Inlet flux

Fracture energy

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="Dvcl503e5dp9sUYQWsnHuNz1gUc=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjSHgKcyI2zHoxWMEs0BmCD2dnqRJb3T3iDHkS7x4UMSrn+LNv7GTzEETHxQ83quiql6iGDU2CL69ldW19Y3NwlZxe2d3r+TvHzSNzDQmDSyZ1O0EGcKoIA1LLSNtpQniCSOtZHgz9VsPRBsqxb0dKRJz1Bc0pRhZJ3X9UoSU0vIRRorD86jS9ctBNZgBLpMwJ2WQo971v6KexBknwmKGjOmEgbLxGGlLMSOTYpQZohAeoj7pOCoQJyYezw6fwIpTejCV2pWwcKb+nhgjbsyIJ66TIzswi95U/M/rZDa9isdUqMwSgeeL0oxBK+E0BdijmmDLRo4grKm7FeIB0ghbl1XRhRAuvrxMmqfV8KIa3p2Va9d5HAVwBI7BCQjBJaiBW1AHDYBBBp7BK3jznrwX7937mLeuePnMIfgD7/MHpBCSbA==</latexit>

⇡ ±5%

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="025ukPJXjgwHxsanF+6M2+W6GrE=">AAACA3icbVDLSgNBEOz1GeNr1ZteBoMQDwm7QTTHoAgeI5gHZGOYncwmQ2Znl5lZISwBL/6KFw+KePUnvPk3Th4HTSxoKKq66e7yY86Udpxva2l5ZXVtPbOR3dza3tm19/brKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vAHV2O/8UClYpG408OYtkPcEyxgBGsjdezDghdITNLrUVpGXsxQ3i14IrkvnY46ds4pOhOgReLOSA5mqHbsL68bkSSkQhOOlWq5TqzbKZaaEU5HWS9RNMZkgHu0ZajAIVXtdPLDCJ0YpYuCSJoSGk3U3xMpDpUahr7pDLHuq3lvLP7ntRIdlNspE3GiqSDTRUHCkY7QOBDUZZISzYeGYCKZuRWRPjaZaBNb1oTgzr+8SOqlontedG/PcpXLWRwZOIJjyIMLF1CBG6hCDQg8wjO8wpv1ZL1Y79bHtHXJms0cwB9Ynz+g2ZY6</latexit>

� E

8⇡(1� ⌫2)

Inlet flux

Fluid flux

Fracture opening

<latexit sha1_base64="C6Cm4xCziimpVeNi5+i+1EB4bk4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahQim7Iuqx4MVjC/YD2qVk02wbmk3WJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmtx+p0kyKezOJqR/hoWAhI9hYqdPoy/JTZXLeL5bcqjsHWiVeRkqQod4vfvUGkiQRFYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUsFjqj20/m9U3RmlQEKpbIlDJqrvydSHGk9iQLbGWEz0sveTPzP6yYmvPFTJuLEUEEWi8KEIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRwYbgLb+8SloXVe+q6jUuS7VKFkceTuAUyuDBNdTgDurQBAIcnuEV3pwH58V5dz4WrTknmzmGP3A+fwAVjY9H</latexit>

Qo(x, y)

<latexit sha1_base64="C6Cm4xCziimpVeNi5+i+1EB4bk4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahQim7Iuqx4MVjC/YD2qVk02wbmk3WJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmtx+p0kyKezOJqR/hoWAhI9hYqdPoy/JTZXLeL5bcqjsHWiVeRkqQod4vfvUGkiQRFYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUsFjqj20/m9U3RmlQEKpbIlDJqrvydSHGk9iQLbGWEz0sveTPzP6yYmvPFTJuLEUEEWi8KEIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRwYbgLb+8SloXVe+q6jUuS7VKFkceTuAUyuDBNdTgDurQBAIcnuEV3pwH58V5dz4WrTknmzmGP3A+fwAVjY9H</latexit>

Qo(x, y)

<latexit sha1_base64="6qRlhxe/6yo/g4OuLoUhiIAPdXs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgIeFORC0DNpYRjQkkR9jb7CVLdveO3TkhhPwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v7Bo00yw3iDJTIxrYhaLoXmDRQoeSs1nKpI8mY0vJn6zSdurEj0A45SHira1yIWjKKT7jsq65YrftWfgSyTICcVyFHvlr86vYRlimtkklrbDvwUwzE1KJjkk1InszylbEj7vO2oporbcDw7dUJOnNIjcWJcaSQz9ffEmCprRypynYriwC56U/E/r51hfB2OhU4z5JrNF8WZJJiQ6d+kJwxnKEeOUGaEu5WwATWUoUun5EIIFl9eJo/n1eCyGtxdVGpneRxFOIJjOIUArqAGt1CHBjDowzO8wpsnvRfv3fuYtxa8fOYQ/sD7/AFYuI3G</latexit>µ

<latexit sha1_base64="TG3x721zJFKcLrZa656toznqdNo=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi6rLgxmUF+4AmhMl00g6dFzOTQgn9EzcuFHHrn7jzb5y2WWjrgQuHc+7l3ntSxaixQfDtra1vbG5tV3aqu3v7B4f+0XHbyFxj0sKSSd1NkSGMCtKy1DLSVZognjLSSUf3M78zJtpQKZ7sRJGYo4GgGcXIOinx/UhpqayE0QBxjhKT+LWgHswBV0lYkhoo0Uz8r6gvcc6JsJghY3phoGxcIG0pZmRajXJDFMIjNCA9RwXixMTF/PIpPHdKH2ZSuxIWztXfEwXixkx46jo5skOz7M3E/7xebrO7uKBC5ZYIvFiU5Qy6T2cxwD7VBFs2cQRhTd2tEA+RRti6sKouhHD55VXSvqqHN/Xw8brWuCzjqIBTcAYuQAhuQQM8gCZoAQzG4Bm8gjev8F68d+9j0brmlTMn4A+8zx+Q3ZOM</latexit>/ �s
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§ Injected Fluid
– Newtonian, incompressible

– Lubrication approximation [Batchelor, 1967]

• Small Reynolds number

• Transverse length scale of the flow << length scale in the flow direction 

– Negligible fluid lag [Lecampion et al, 2017]

– Constant injection rate

Mathematical model – fluid phase

Fluid pressure

Dynamic viscosity 

This parameter has been measured using a U-tube viscometer 
[O’Keeffe, 2019]

See [Zia & Lecampion 2020] for further details and code 
verifications against semi-analytical solutions.

Dynamic viscosity 

Experimental errors

Young’s modulus

The orders of magnitude of the experimental errors have been 
estimated [O’Keeffe, 2019]

Dynamic viscosity

Inlet flux

Fracture energy

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="Dvcl503e5dp9sUYQWsnHuNz1gUc=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjSHgKcyI2zHoxWMEs0BmCD2dnqRJb3T3iDHkS7x4UMSrn+LNv7GTzEETHxQ83quiql6iGDU2CL69ldW19Y3NwlZxe2d3r+TvHzSNzDQmDSyZ1O0EGcKoIA1LLSNtpQniCSOtZHgz9VsPRBsqxb0dKRJz1Bc0pRhZJ3X9UoSU0vIRRorD86jS9ctBNZgBLpMwJ2WQo971v6KexBknwmKGjOmEgbLxGGlLMSOTYpQZohAeoj7pOCoQJyYezw6fwIpTejCV2pWwcKb+nhgjbsyIJ66TIzswi95U/M/rZDa9isdUqMwSgeeL0oxBK+E0BdijmmDLRo4grKm7FeIB0ghbl1XRhRAuvrxMmqfV8KIa3p2Va9d5HAVwBI7BCQjBJaiBW1AHDYBBBp7BK3jznrwX7937mLeuePnMIfgD7/MHpBCSbA==</latexit>

⇡ ±5%

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="025ukPJXjgwHxsanF+6M2+W6GrE=">AAACA3icbVDLSgNBEOz1GeNr1ZteBoMQDwm7QTTHoAgeI5gHZGOYncwmQ2Znl5lZISwBL/6KFw+KePUnvPk3Th4HTSxoKKq66e7yY86Udpxva2l5ZXVtPbOR3dza3tm19/brKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vAHV2O/8UClYpG408OYtkPcEyxgBGsjdezDghdITNLrUVpGXsxQ3i14IrkvnY46ds4pOhOgReLOSA5mqHbsL68bkSSkQhOOlWq5TqzbKZaaEU5HWS9RNMZkgHu0ZajAIVXtdPLDCJ0YpYuCSJoSGk3U3xMpDpUahr7pDLHuq3lvLP7ntRIdlNspE3GiqSDTRUHCkY7QOBDUZZISzYeGYCKZuRWRPjaZaBNb1oTgzr+8SOqlontedG/PcpXLWRwZOIJjyIMLF1CBG6hCDQg8wjO8wpv1ZL1Y79bHtHXJms0cwB9Ynz+g2ZY6</latexit>

� E

8⇡(1� ⌫2)

Inlet flux

Fluid flux

Fracture opening

<latexit sha1_base64="C6Cm4xCziimpVeNi5+i+1EB4bk4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahQim7Iuqx4MVjC/YD2qVk02wbmk3WJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmtx+p0kyKezOJqR/hoWAhI9hYqdPoy/JTZXLeL5bcqjsHWiVeRkqQod4vfvUGkiQRFYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUsFjqj20/m9U3RmlQEKpbIlDJqrvydSHGk9iQLbGWEz0sveTPzP6yYmvPFTJuLEUEEWi8KEIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRwYbgLb+8SloXVe+q6jUuS7VKFkceTuAUyuDBNdTgDurQBAIcnuEV3pwH58V5dz4WrTknmzmGP3A+fwAVjY9H</latexit>

Qo(x, y)

<latexit sha1_base64="C6Cm4xCziimpVeNi5+i+1EB4bk4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahQim7Iuqx4MVjC/YD2qVk02wbmk3WJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmtx+p0kyKezOJqR/hoWAhI9hYqdPoy/JTZXLeL5bcqjsHWiVeRkqQod4vfvUGkiQRFYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUsFjqj20/m9U3RmlQEKpbIlDJqrvydSHGk9iQLbGWEz0sveTPzP6yYmvPFTJuLEUEEWi8KEIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRwYbgLb+8SloXVe+q6jUuS7VKFkceTuAUyuDBNdTgDurQBAIcnuEV3pwH58V5dz4WrTknmzmGP3A+fwAVjY9H</latexit>

Qo(x, y)

<latexit sha1_base64="6qRlhxe/6yo/g4OuLoUhiIAPdXs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgIeFORC0DNpYRjQkkR9jb7CVLdveO3TkhhPwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v7Bo00yw3iDJTIxrYhaLoXmDRQoeSs1nKpI8mY0vJn6zSdurEj0A45SHira1yIWjKKT7jsq65YrftWfgSyTICcVyFHvlr86vYRlimtkklrbDvwUwzE1KJjkk1InszylbEj7vO2oporbcDw7dUJOnNIjcWJcaSQz9ffEmCprRypynYriwC56U/E/r51hfB2OhU4z5JrNF8WZJJiQ6d+kJwxnKEeOUGaEu5WwATWUoUun5EIIFl9eJo/n1eCyGtxdVGpneRxFOIJjOIUArqAGt1CHBjDowzO8wpsnvRfv3fuYtxa8fOYQ/sD7/AFYuI3G</latexit>µ

<latexit sha1_base64="TG3x721zJFKcLrZa656toznqdNo=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi6rLgxmUF+4AmhMl00g6dFzOTQgn9EzcuFHHrn7jzb5y2WWjrgQuHc+7l3ntSxaixQfDtra1vbG5tV3aqu3v7B4f+0XHbyFxj0sKSSd1NkSGMCtKy1DLSVZognjLSSUf3M78zJtpQKZ7sRJGYo4GgGcXIOinx/UhpqayE0QBxjhKT+LWgHswBV0lYkhoo0Uz8r6gvcc6JsJghY3phoGxcIG0pZmRajXJDFMIjNCA9RwXixMTF/PIpPHdKH2ZSuxIWztXfEwXixkx46jo5skOz7M3E/7xebrO7uKBC5ZYIvFiU5Qy6T2cxwD7VBFs2cQRhTd2tEA+RRti6sKouhHD55VXSvqqHN/Xw8brWuCzjqIBTcAYuQAhuQQM8gCZoAQzG4Bm8gjev8F68d+9j0brmlTMn4A+8zx+Q3ZOM</latexit>/ �s

Width average mass conservation:

Width average balance of momentum:
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§ Injected Fluid
– Newtonian, incompressible

– Lubrication approximation [Batchelor, 1967]

• Small Reynolds number

• Transverse length scale of the flow << length scale in the flow direction 

– Negligible fluid lag [Lecampion et al, 2017]

– Constant injection rate

Mathematical model – fluid phase

Fluid pressure

Dynamic viscosity 

This parameter has been measured using a U-tube viscometer 
[O’Keeffe, 2019]

See [Zia & Lecampion 2020] for further details and code 
verifications against semi-analytical solutions.

Dynamic viscosity 

Experimental errors

Young’s modulus

The orders of magnitude of the experimental errors have been 
estimated [O’Keeffe, 2019]

Dynamic viscosity

Inlet flux

Fracture energy

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="Dvcl503e5dp9sUYQWsnHuNz1gUc=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjSHgKcyI2zHoxWMEs0BmCD2dnqRJb3T3iDHkS7x4UMSrn+LNv7GTzEETHxQ83quiql6iGDU2CL69ldW19Y3NwlZxe2d3r+TvHzSNzDQmDSyZ1O0EGcKoIA1LLSNtpQniCSOtZHgz9VsPRBsqxb0dKRJz1Bc0pRhZJ3X9UoSU0vIRRorD86jS9ctBNZgBLpMwJ2WQo971v6KexBknwmKGjOmEgbLxGGlLMSOTYpQZohAeoj7pOCoQJyYezw6fwIpTejCV2pWwcKb+nhgjbsyIJ66TIzswi95U/M/rZDa9isdUqMwSgeeL0oxBK+E0BdijmmDLRo4grKm7FeIB0ghbl1XRhRAuvrxMmqfV8KIa3p2Va9d5HAVwBI7BCQjBJaiBW1AHDYBBBp7BK3jznrwX7937mLeuePnMIfgD7/MHpBCSbA==</latexit>

⇡ ±5%

<latexit sha1_base64="ZiX2FWrkH0j2dh2JTDPKBR2zdgU=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwRDwFHZF1GPQi8cI5gHZJcxOZpMh82JmNhiW/IkXD4p49U+8+TdOkj1oYkFDUdVNd1eiGDU2CL69tfWNza3t0k55d2//4NA/Om4ZmWlMmlgyqTsJMoRRQZqWWkY6ShPEE0bayehu5rfHRBsqxaOdKBJzNBA0pRhZJ/V8P0JKafkEI8VhGETVnl8JasEccJWEBamAAo2e/xX1Jc44ERYzZEw3DJSNc6QtxYxMy1FmiEJ4hAak66hAnJg4n18+hVWn9GEqtSth4Vz9PZEjbsyEJ66TIzs0y95M/M/rZja9iXMqVGaJwItFacaglXAWA+xTTbBlE0cQ1tTdCvEQaYStC6vsQgiXX14lrYtaeFULHy4r9dsijhI4BWfgHITgGtTBPWiAJsBgDJ7BK3jzcu/Fe/c+Fq1rXjFzAv7A+/wBEOaSog==</latexit>

⇡ ±10%

<latexit sha1_base64="025ukPJXjgwHxsanF+6M2+W6GrE=">AAACA3icbVDLSgNBEOz1GeNr1ZteBoMQDwm7QTTHoAgeI5gHZGOYncwmQ2Znl5lZISwBL/6KFw+KePUnvPk3Th4HTSxoKKq66e7yY86Udpxva2l5ZXVtPbOR3dza3tm19/brKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vAHV2O/8UClYpG408OYtkPcEyxgBGsjdezDghdITNLrUVpGXsxQ3i14IrkvnY46ds4pOhOgReLOSA5mqHbsL68bkSSkQhOOlWq5TqzbKZaaEU5HWS9RNMZkgHu0ZajAIVXtdPLDCJ0YpYuCSJoSGk3U3xMpDpUahr7pDLHuq3lvLP7ntRIdlNspE3GiqSDTRUHCkY7QOBDUZZISzYeGYCKZuRWRPjaZaBNb1oTgzr+8SOqlontedG/PcpXLWRwZOIJjyIMLF1CBG6hCDQg8wjO8wpv1ZL1Y79bHtHXJms0cwB9Ynz+g2ZY6</latexit>

� E

8⇡(1� ⌫2)

Inlet flux

Fluid flux

Fracture opening

<latexit sha1_base64="C6Cm4xCziimpVeNi5+i+1EB4bk4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahQim7Iuqx4MVjC/YD2qVk02wbmk3WJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmtx+p0kyKezOJqR/hoWAhI9hYqdPoy/JTZXLeL5bcqjsHWiVeRkqQod4vfvUGkiQRFYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUsFjqj20/m9U3RmlQEKpbIlDJqrvydSHGk9iQLbGWEz0sveTPzP6yYmvPFTJuLEUEEWi8KEIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRwYbgLb+8SloXVe+q6jUuS7VKFkceTuAUyuDBNdTgDurQBAIcnuEV3pwH58V5dz4WrTknmzmGP3A+fwAVjY9H</latexit>

Qo(x, y)

<latexit sha1_base64="C6Cm4xCziimpVeNi5+i+1EB4bk4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahQim7Iuqx4MVjC/YD2qVk02wbmk3WJCuWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hbmtx+p0kyKezOJqR/hoWAhI9hYqdPoy/JTZXLeL5bcqjsHWiVeRkqQod4vfvUGkiQRFYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUsFjqj20/m9U3RmlQEKpbIlDJqrvydSHGk9iQLbGWEz0sveTPzP6yYmvPFTJuLEUEEWi8KEIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRwYbgLb+8SloXVe+q6jUuS7VKFkceTuAUyuDBNdTgDurQBAIcnuEV3pwH58V5dz4WrTknmzmGP3A+fwAVjY9H</latexit>

Qo(x, y)

<latexit sha1_base64="6qRlhxe/6yo/g4OuLoUhiIAPdXs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgIeFORC0DNpYRjQkkR9jb7CVLdveO3TkhhPwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzolQKi77/7RVWVtfWN4qbpa3tnd298v7Bo00yw3iDJTIxrYhaLoXmDRQoeSs1nKpI8mY0vJn6zSdurEj0A45SHira1yIWjKKT7jsq65YrftWfgSyTICcVyFHvlr86vYRlimtkklrbDvwUwzE1KJjkk1InszylbEj7vO2oporbcDw7dUJOnNIjcWJcaSQz9ffEmCprRypynYriwC56U/E/r51hfB2OhU4z5JrNF8WZJJiQ6d+kJwxnKEeOUGaEu5WwATWUoUun5EIIFl9eJo/n1eCyGtxdVGpneRxFOIJjOIUArqAGt1CHBjDowzO8wpsnvRfv3fuYtxa8fOYQ/sD7/AFYuI3G</latexit>µ

<latexit sha1_base64="TG3x721zJFKcLrZa656toznqdNo=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi6rLgxmUF+4AmhMl00g6dFzOTQgn9EzcuFHHrn7jzb5y2WWjrgQuHc+7l3ntSxaixQfDtra1vbG5tV3aqu3v7B4f+0XHbyFxj0sKSSd1NkSGMCtKy1DLSVZognjLSSUf3M78zJtpQKZ7sRJGYo4GgGcXIOinx/UhpqayE0QBxjhKT+LWgHswBV0lYkhoo0Uz8r6gvcc6JsJghY3phoGxcIG0pZmRajXJDFMIjNCA9RwXixMTF/PIpPHdKH2ZSuxIWztXfEwXixkx46jo5skOz7M3E/7xebrO7uKBC5ZYIvFiU5Qy6T2cxwD7VBFs2cQRhTd2tEA+RRti6sKouhHD55VXSvqqHN/Xw8brWuCzjqIBTcAYuQAhuQQM8gCZoAQzG4Bm8gjev8F68d+9j0brmlTMn4A+8zx+Q3ZOM</latexit>/ �s

Width average mass conservation:

Width average balance of momentum:
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experiment

Fracture opening at the injection points:Experiment 3
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<latexit sha1_base64="xqSoMXJXtvS1JoDrDdF4SLQiFBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboRQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPJkvQj+hI8pAzaqzUzAblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uDp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJbf8plkhqUbLkoTAUxMZl/TYZcITMis4Qyxe2thI2poszYbEo2BG/15XXSvqp611WvWavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB5X+M9Q==</latexit>y

<latexit sha1_base64="BDoXrac9MIBESBU3KFrgOKAlSOc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+C8OO/Ox6K14OQzx/AHzucP4/uM9A==</latexit>x

<latexit sha1_base64="3KfLBpfImifjzgKAPClmcQpK8QE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+C8OO/Ox6K14OQzx/AHzucP5wOM9g==</latexit>z
<latexit sha1_base64="QpMSa70aiO8/d2oj102VTcA4iKs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeKF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPkJ+MvQ==</latexit>

A <latexit sha1_base64="q+2HbazOta45fQ5XpIpM88+5eNk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPkiOMvg==</latexit>

B

<latexit sha1_base64="QpMSa70aiO8/d2oj102VTcA4iKs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeKF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPkJ+MvQ==</latexit>

A
<latexit sha1_base64="q+2HbazOta45fQ5XpIpM88+5eNk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPkiOMvg==</latexit>

B
time starts from coalescence time starts from coalescence
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<latexit sha1_base64="QpMSa70aiO8/d2oj102VTcA4iKs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeKF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPkJ+MvQ==</latexit>

A

<latexit sha1_base64="q+2HbazOta45fQ5XpIpM88+5eNk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPkiOMvg==</latexit>

B

<latexit sha1_base64="xqSoMXJXtvS1JoDrDdF4SLQiFBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboRQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPJkvQj+hI8pAzaqzUzAblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uDp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJbf8plkhqUbLkoTAUxMZl/TYZcITMis4Qyxe2thI2poszYbEo2BG/15XXSvqp611WvWavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB5X+M9Q==</latexit>y

<latexit sha1_base64="BDoXrac9MIBESBU3KFrgOKAlSOc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+C8OO/Ox6K14OQzx/AHzucP4/uM9A==</latexit>x

<latexit sha1_base64="3KfLBpfImifjzgKAPClmcQpK8QE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+C8OO/Ox6K14OQzx/AHzucP5wOM9g==</latexit>z
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<latexit sha1_base64="xqSoMXJXtvS1JoDrDdF4SLQiFBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboRQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPJkvQj+hI8pAzaqzUzAblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvwpVYYzgbNSP9WYUDahI+xZKmmE2p8uDp2RC6sMSRgrW9KQhfp7YkojrbMosJ0RNWO96s3F/7xeasJbf8plkhqUbLkoTAUxMZl/TYZcITMis4Qyxe2thI2poszYbEo2BG/15XXSvqp611WvWavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB5X+M9Q==</latexit>y

<latexit sha1_base64="BDoXrac9MIBESBU3KFrgOKAlSOc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+C8OO/Ox6K14OQzx/AHzucP4/uM9A==</latexit>x

<latexit sha1_base64="3KfLBpfImifjzgKAPClmcQpK8QE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+C8OO/Ox6K14OQzx/AHzucP5wOM9g==</latexit>z
<latexit sha1_base64="QpMSa70aiO8/d2oj102VTcA4iKs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeKF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPkJ+MvQ==</latexit>

A <latexit sha1_base64="q+2HbazOta45fQ5XpIpM88+5eNk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPkiOMvg==</latexit>

B

<latexit sha1_base64="QpMSa70aiO8/d2oj102VTcA4iKs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeKF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5k2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6x6zVqlXsvjKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPkJ+MvQ==</latexit>
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§ The coalescence of two fluid driven fracture can be 
reproduced by the mathematical model, pending 
the elastic effect of the specimen boundaries.

§ The order of magnitude of the fluid velocity is 
captured.  

Experiment

Simulation


