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Abstract
Neural networks (NNs) have been very successful in a variety of tasks ranging from machine

translation to image classification. Despite their success, the reasons for their performance

are still not well-understood. This thesis explores two main themes: loss landscapes and

symmetries present in data.

Machine learning consists of training models on data by optimizing the model parameters.

This optimization is done by minimizing a loss function. NNs, a family of machine learning

models, are created by composing functions, called layers. Informally, they can be visualized

as a set of interconnected neurons.

Ten years ago, NNs became the most popular models of machine learning. With their success

come many open questions. For example, neural networks and glassy systems both have

many degrees of freedom and highly non-convex objective or energy functions, respectively.

However, glassy systems get stuck in local minima near where they are initialized, whereas

neural networks avoid this even when they 100s of times more parameters than the number of

data use to train them? (i) What drives this difference in behavior? (ii) How is it then that NNs

do not become too specialized to the training data (overfitting)?

In the first part of this thesis, we show that in classification tasks, NNs undergo a jamming

transition dependent on the number of parameters, N . This answers (i): With a sufficiently

high N above a critical number N∗, local minima are avoided. Then, we establish a "double-

descent" behavior in the test error of classification tasks: It decreases twice as a function of

N , before N∗ but also after, until infinity, where it converges to its minimum. We answer

(ii) by explaining the origins of this double-descent. Finally, we introduce a phase diagram

that describes the landscape of the loss function and unifies the two limits in which a neural

network can converge when sending N to infinity.

In the second part of this thesis, we explore the issue of the curse of dimensionality (CD):

Sampling a d-dimensional space requires an exponential number of points P . However, NNs

perform well even for P ¿ exp(d). Symmetries in the data play a role in this conundrum.

For example, to process images we use convolutional NNs (CNNs) which have the property

of being locally connected and equivariant with respect to translations, i.e., a translation in

the input leads to a corresponding translation in the output. Although empirical experience

suggests that locality and equivariance contribute to the success of CNNs, it is difficult to

understand how. Indeed, equivariance reduces the dimensionality of the data only slightly.

Stability toward diffeomorphisms however might be the key to CD. We studied how NNs

are affected by images distorted by diffeomorphisms. Our results suggest that locality and

iii



Abstract

equivariance allow, during learning, to develop stability towards diffeomorphisms relative to

other generic transformations.

Following this intuition, we have created new architectures by extending CNNs properties to

3D rotations.

Our work contributes to the current understanding of the behavior of neural networks empiri-

cally observed by machine learning practitioners. Moreover, the architectures developed for

3D rotation problems are currently being applied to a wide range of domains.
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Résumé
Les réseaux de neurones (NNs) ont connu un grand succès dans une variété de tâches qui

vont de la traduction automatique à la classification d’images. Malgré leur succès, leur fonc-

tionnement est encore mal compris. Cette thèse explore deux thèmes : leur dynamique d’ap-

prentissage ainsi que les symétries présentes dans les données.

L’apprentissage automatique consiste à entraîner des modèles sur des données en optimisant

les paramètres du modèle. Cette optimisation est faite en minimisant une fonction de coût.

Les NNs, une famille de modèles utilisables dans l’apprentissage automatique, sont créés

en composant des fonctions, appelées couches. Informellement, ils peuvent être visualisés

comme un ensemble de neurones interconnectés.

Il y a dix ans, les NNs sont devenus les modèles favoris de l’apprentissage automatique. Avec

leur succès viennent des énigmes. Parmi elles, la fonction de coût est similaire à la fonction

d’énergie d’un système physique vitreux : non-convexe avec beaucoup de degrés de libertés.

(i) Comment se fait-il donc que les NNs ne soient pas, comme les systèmes vitreux, piégés dans

un minimum local proche de l’initialisation? Autre énigme, les meilleurs NNs peuvent avoir

jusqu’à cent fois plus de paramètres que le nombre de données utilisées pour les entraîner. (ii)

Comment se fait-il donc que les NNs ne se spécialisent pas trop aux données d’apprentissage

(surapprentissage)?

Dans la première partie de cette thèse, nous montrons que dans les tâches de classification,

les NNs subissent une transition de jamming contrôlée par le nombre de paramètres N . Ce qui

répond à (i) : Avec un nombre suffisant de paramètres N supérieurs à un nombre critique N∗,

les minima locaux sont évités. Ensuite, nous découvrons la "double-descente" dans l’erreur

de test des tâches de classification : Elle décroît deux fois en fonction de N , avant N∗ mais

également après, jusqu’à l’infini où elle converge vers sont minimum. Nous répondons à (ii) en

expliquant les origines de la double-descente. Finalement, nous introduisons un diagramme

de phase qui décrit le paysage de la fonction de coût et unifie les deux limites dans lesquelles

un réseau de neurones peut converger lorsqu’on envoie N à l’infini.

Dans la deuxième partie de cette thèse, nous explorons la question de la malédiction de

la dimensionnalité (CD) : Échantillonner un espace de dimension d , nécessite un nombre

exponentiel de points P . Cependant, les NNs ont de bonnes performances, même pour

P ¿ exp(d). Les symétries contenues dans les données jouent un rôle dans cette énigme. Par

exemple, pour traiter des images on utilise des NNs convolutionnels (CNN) qui ont la propriété

d’être équivariants par rapport aux translations : Les translations commutent avec toutes leurs

couches. Bien que l’expérience empirique suggère que l’équivariance contribue au succès
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Résumé

des CNN, on comprend mal comment. En effet, elle ne réduit que peu la dimensionnalité

des données. Nous avons étudié comment les NNs sont affectés par des images déformées

par des difféomorphismes. Nos résultats suggèrent que l’équivariance permet, au cours de

l’apprentissage, de développer une stabilité envers les difféomorphismes.

Suivant cette intuition, nous avons créé de nouvelles architectures en étendant cette propriété

aux rotations en 3D.

Nos résultats proposent des réponses aux questions que se posent les praticiens des réseaux

de neurones. Nos architectures pour les problèmes liés aux rotations 3D sont maintenant

fréquemment utilisées.
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Introduction

Machine learning is the class of algorithms which train models on data by tuning parameters.

Supervised learning uses machine learning and annotated datasets to solve regression and

classification tasks. Both of these tasks consist of finding a predicting function that given some

input, predicts the correct output. Here is an example of a regression task: predict tomorrow’s

temperature, given meteorologic data from the past days. And here is one of a classification

tasks: classify bird songs into their corresponding bird specie.

Neural networks are a family of models made of an alternate composition of parametrized

linear functions and non-linear functions. Each repetition of a linear function followed by

a non-linear function is called a layer. Deep neural networks have many layers LeCun et al.

(2015). The simplest architecture (kind) of neural network is the Fully Connected network

(FC).

0.1 Fully-connected Neural Networks

Neural networks are parametrized functions:

f : W ×X → Y (1)

W =RN is the space of parameters, X =Rd is the input space and Y is the output space. The

main task of the neural network practitioner is to chose an architecture that has the suited

input and output format to the problem he has to solve.

The most versatile and simple architecture is the Fully-Connected (FC) network. It is however

not the most efficient. Its operations can be suggestively visualized as a network of intercon-

nected neurons. In this neuronal analogy, the FC is made of successive layers of neurons

where neurons of each layer are fully-connected to the neurons of the next layer. Figure 1

shows a fully-connected neural network of L = 3 hidden layers of fixed width (same h for all

hidden layers) of h = 9 neurons.
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z3

f (w, x)

d = 7

h = 9

L = 3

x

w1 w2 w3 w4

z2z1

Figure 1 – A fully-connected neural network with L = 3 hidden layers of h = 9 neurons and
two readout neurons. Information propagates from left-to-right. This network contains
N = 7×9+2×92 +9×2 = 243 parameters.

For an input x ∈ X =Rd , the output of the network (Y =Rc ) is given by the recurrence formula,

f (w, x) = h−aL+1 wL+1zL(x)+bL+1 zL(x) =φ(z̃L(x))

z̃ l+1(x) = h−al+1 w l+1z l (x)+bl+1 z l (x) =φ(z̃ l (x)) (2)

z̃1(x) = d−a1 w1x +b1

where w = {w1, . . . , wL+1,b1, . . . ,bL+1} are the parameters, w1 ∈ Rh×d , w2 . . . wL ∈ Rh×h and

wL+1 ∈Rc×h are called the weights and b1 . . .bL ∈Rh and bL+1 ∈Rc are the biases. z̃, z are the

pre- and post-activations, φ : R→ R is the activation function, we will often use the relu:

φ(z) = max(0,
p

2z).1 The total number of parameters is N = dh + (L−1)h2 +hc ≈ Lh2.

The choice for the constants {al } and the probability distributions used to initialize the weights

and biases are part of the initialization. Many different choices of initialization exist: Xavier is

balancing forward and backward passes Glorot and Bengio (2010), He adapts Xavier for relu
He et al. (2015), sparse initialization Martens (2010), orthogonal initialization Hu et al. (2020).

The two initializations we use NTP and MFP are listed in Table 1. They are inspired from Jacot

et al. (2018); Yang and Hu (2020). In both of them, the matrices are drawn from the normal

distribution w l
αβ

∼N (0,1)2 and the biases are initialized to zero.

1Assuming the distribution of the pre-activation to be symmetric, adding the factor
p

2 is a good practice to
ensure that the second moment of the pre- and post-activations remain equal.

2Comparing to the notation in Yang and Hu (2020), we only consider parametrizations with bl = 0.
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0.2. Algorithms

Definition NTP MFP3

al {previous width}−al w l 1/2

{
1/2 l ≤ L
1 l = L+1

Table 1 – Neural Tangent (NTP) and Mean Field (MFP) parametrizations. Notation taken from
Yang and Hu (2020).

0.2 Algorithms

Neural networks are trained by minimizing a loss function that measures how poorly the

network fits the trainset (subset of the available data used for the training). The trainset, R,

contains P pairs of input/output data point.

In the case of classification we need to distinguish the output of the predictor and the labels

of the dataset. Therefore Y will denote the set of outputs and Ȳ will denote the set of labels.

For the classification among c > 2 classes: Y = Rc and Ȳ = {1, . . . ,c}. For the case of binary

classification: Y =R and Ȳ = {±1}.

Gradient based algorithms use a loss function defined as

L (T , f ) = 1

|T |
∑

x,y∈T

`( f (x), y) (3)

where a predictor f : X → Y is evaluated on a set of inputs/labels T ⊂ X × Ȳ using an loss per

sample ` : Y × Ȳ →R.

The mathematically simplest optimization algorithm is gradientflow, it is defined as the

following partial differential equation

ẇ(t ) =− d

d w
L (T , f (w(t ))) (4)

however its implementation is non trivial.

Instead, the most common gradient based algorithm is Stochastic Gradient Descent (SGD)

Robbins and Monro (1951). At each epoch, the trainset R is randomly cut in batches of size b:

R =T1 ∪T2 ∪T3 ∪ . . . |Ti | = b (5)

Using a learning rate η, each step of SGD updates the parameters

wi+1 = wi −η∇L (Ti , f (wi )) (6)

Once all the batches has been used, we sample new batches and start the next epoch. The learn-

3A generalized version of the MFP of Yang and Hu (2020) for L hidden layers, it is equivalent to µP up to the
symmetry of the abc-Parametrizations.
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ing rate is typically decreased during the training. SGD is computationally efficient because

b ¿ P . However it is not the only motivation to use it, SGD improves the performance Keskar

et al. (2017); Smith and Le (2018). It is not clear why: Some proposed a Fokker-Planck formal-

ism with Ito calculus Chaudhari and Soatto (2018a), while others proposed that SGD regularize

the variance of gradients Roberts (2021a); Smith et al. (2021b).

For classification the most common loss is the cross entropy defined as

`(p, y) =− log
exp(py )∑c

i=1 exp(pi )
(7)

where p ∈ Y are the prediction of the model and are called in this case logits.

For binary classification the cross entropy becomes

`(p, y) =− log
exp(y p/2)

exp(p/2)+exp(−p/2)
= log(1+exp(−y p)) (8)

With the cross entropy, the loss never reaches zero. The user has to stop the training at an

arbitrary step. Usually the step to stop is determined by evaluating the loss on a subset of

the dataset independent from the trainset called the validationset. The algorithm is stepped

when the loss on the validationset stops decreasing.

0.3 Convolutional Neural Networks

A decade ago, neural networks became the favorite model in machine learning. Starting with

the problem of image classification Marr and Poggio (1979). Every year since 2010, happened

the largest contest of object recognition: ImageNet Large Scale Visual Recognition Challenge.

For this challenge, a trainset of many images is provided to the participants who has to come

up with an algorithm that is then tested on the testset by the organizers. In 2012, for the first

time, a neural network with an architecture specialized for images, called a convolutional

neural network (CNN) named AlexNet Krizhevsky et al. (2012), outperformed the competitors

by more than 10%, the top-5 error drop from 26.1% to 15.3%. Since that time neural network

kept improving and reach now a top-5 error of 2.1% Zhai et al. (2021). 4

5 Convolutional neural networks, inspired from the primate brain, perform much better than

FCs for a variety of tasks including image classification. Each hidden layer is composed

of a number of channels, each representing the data as a feature map – itself an image.

CNNs perform the same operations at distinct locations in the image, and enforce that these

operations are local. CNNs are thus more constrained than FCs, and, as illustrated in Figure 2

for one dimension, they can be obtained from the latter by imposing that some weights are

4https://paperswithcode.com/sota/image-classification-on-imagenet reports all the best architectures for
ImageNet.

5Paragraph adapted from Geiger et al. (2021)
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0.4. Questions

stride=2

p
er

ce
p

ti
ve

fi
el

d

Figure 2 – A 1-dimensional CNN. Neurons are connected to their neighbors of the previous
layer. Weights are shared: for instance all the red weights have the same value. At some layer,
the feature map resolution is reduced, here we show how it is done with the method called
stride. It requires many layers for the information to propagate from one side of the feature
map to the other side, the perceptive field of a neuron are the neurons of the previous layers
connected to it.

identical (to enforce translational equivariance) and other zero (to enforce locality).

0.4 Questions

Since the success of AlexNet in 2012 Krizhevsky et al. (2012), neural networks shined in

wide range of tasks including speech Amodei et al. (2016) and text recognition Shi et al.

(2016), self-driving cars Huval et al. (2015) and beating the best humans at Go Silver et al.

(2017) or video games Mnih et al. (2013). Neural networks are also used to create artificial

images Karras et al. (2020) and songs Topirceanu et al. (2014). Strikingly, the technological

success of neural networks is not understood. Among the open questions: Why the non

convexity of the loss does not leads to a dynamic stuck into local minima of high loss? Why the

overparameterization does not hurt performance by overfitting? How neural networks beat

the curse of dimensionality? These questions are developed now.

0.4.1 Non convex loss

6 A problem which made deep learning less popular in the 90’s, concerns learning. The loss

function has no guarantees to be convex, and the parameters space is high-dimensional. What

6Section partially adapted from Geiger et al. (2021)
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observed δ∼P−1/d

185.

Figure 3 – A: Sketch of the loss landscape. Starting from a random initialization, the dynamics
could get stuck in a bad minimum of the loss. B: Usual behaviour (blue line) of the test error
as a function of the number of parameters, expected to be minimal when N is of order of
the smallest value N∗ where data can be fitted. Green: observations indicate that for deep
learning, increasing the number of parameters generally improves behaviour, even in a regime
where data are perfectly fitted. C: Curse of dimensionality. In high dimensions, every point
lies far away from its neighbours, forbidding classification based on distances alone.

prevents then the learning dynamics to get stuck in poorly performing minima with high loss,

as sketched in Figure 3.A? In other words, under which conditions can one guarantee that

training data are well fitted? Is the loss landscape similar to the energy landscape of glassy

systems in physics, where the number of minima is exponential in the number of degrees of

freedom Berthier and Biroli (2011); Choromanska et al. (2015)?

The picture seems different than the glassy system. According to Lipton (2016), the loss

landscape of a small CNN trained on MNIST7 is locally non-convex, however weights do not

converge to critical points, instead traveling large distances through flat basins in weight

space.

Several works support that the loss function is characterized by a connected level set: any

two points in parameter space with identical loss are connected by a path in which the loss is

constant: (i) The quadratic loss of relu network with a single hidden layer is asymptotically

connected Freeman and Bruna (2017). (ii) The training error is zero at every differentiable

local minimum of the quadratic loss of a FC Soudry and Carmon (2016). (iii) For regression,

the zero loss set is a manifold of dimension N −P Cooper (2018). (iv) For over-parametrized

networks, the hessian has a sharp concentration of eigenvalues at zero Sagun et al. (2017a,b).

Other works argue that the dynamics act as an implicit regularizer that brings the weights

toward specific places of the landscape: (i) Gradient based algorithm with an alternative

geometry for the weight space provide beneficial implicit regularization Neyshabur et al.

(2017). (ii) In the same spirit Ji et al. (2021) proposed to use as metric the Fisher information

7MNIST is a dataset of 70000 handwritten digits. Each digits is a 28 pixels square image.
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matrix.

All these studies concerns over-parametrized networks. Under-parametrized neural networks

are however glassy Baity-Jesi et al. (2018). It raises the question whether there is a transition

between the under and over parametrized phases? And what is the nature of this transition?

Does it has consequences on the performance?

0.4.2 Overparameterization

ImageNet trainset contains P = 106 images. A surprising fact is that the State-Of-The-Art

networks for image classification have around N = 108 parameters.8 It is 100 times more than

P the number of images in the trainset. How is it that neural network don’t overfit while they

are typically overparametrized i.e. P ¿ N ?

9 In that regime, their capacity is very large: they can fit the trainset even if labels are random-

ized Zhang et al. (2017). Statistical learning theory then gives no guarantees that over-fitting

does not occur, and that the model learnt has any predictive power. Indeed from statistics

text books one expects a U-shape learning curve relating the test error to the number of

parameters of the model, as depicted in Figure 3.B. In this view, at small N the hypothesis

class of the learning algorithm is too small, leading to a bias in the learnt predictor. At large

N , it presents a large variance due to over-fitting noise in the data. A very puzzling aspect of

deep learning is that increasing N passed the point where all data are perfectly fitted does not

destroy predictive power, but instead improves it Neyshabur et al. (2017, 2018); Bansal et al.

(2018); Advani et al. (2020) as sketched in Figure 3.B.

0.4.3 Curse of dimensionality

10 Once learning is done, generalization performance can be estimated from a testset (data not

used to train, but whose distribution is identical to the trainset) by computing the probability

to misclassify one new datum, the so-called test error ε. How many data are needed to learn a

task is characterized by the learning curve ε(P ).11 Generally, it is observed that the test error

is well described by a power law decay P−β in the range of trainset size P available12 with

an exponent β that depends jointly on the data and the algorithm chosen. In Hestness et al.

(2017), β is reported for SOTA architecture for several tasks: see Table 2.

General arguments suggest that β should be extremely small — and learning thus essentially

8The architecture VOLO-D5 is the current SOTA with top-1 error of 12.9% Yuan et al. (2021). It contains N =
2.96 108 parameters.

9Paragraph adapted from Geiger et al. (2021)
10Section adapted from Geiger et al. (2021)
11A different network is trained for every P .
12For datasets where a finite fraction of the trainset is mislabeled, one expects the test error to eventually plateau

to a finite value. However, such a saturation of the test error is not seen in practice for various benchmarks,
suggesting that such a noise is small in magnitude.
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Task β≈ d ≈
translation 0.3-0.36 NA
language modeling 0.06-0.09 104

speech recognition 0.3 NA
image classification 0.3-0.5 105

Table 2 – Data from Hestness et al. (2017)

impossible — when the dimension d of the data is large, which is generally the case in

practice. For example in a regression task, if the only assumption on the target function is

that it is Lipschitz continuous, then the test error cannot be guaranteed to decay faster than

with an exponent β∼ 1/d Luxburg and Bousquet (2004). This curse of dimensionality Bach

(2017) stems from the geometrical fact that the distance δ among nearest-neighbour data

points decays extremely slowly in large d as δ ∼ P−1/d , as depicted in the Figure 3.C. Thus,

interpolation or classification methods based on distances are expected to be very imprecise

for generic data.

0.5 Summary of results

This thesis is split into two main parts and a third small one: A study of the loss landscape

where we give answers to the two first questions and depict a phase diagram for deep learning.

A second part on symmetries where we seek insight on how CNNs manage to beat the curse

of dimensionality and where we propose new architectures that could extend the success of

CNNs to other data types. Finally, two extra works, less directly related to the main story, are

reported at the end.

0.5.1 Part I: Landscape vs Parametrization

We showed a connection with the jamming phenomena, that we now introduce.

A Jamming Transition in Deep Learning

13 Describing the energy landscape of physical systems is a much studied problem, especially

in the context of glasses. Progress was made on this topic in the last fifteen years by considering

finite range interactions, for which bringing the energy to zero is equivalent to satisfying a set

of constraints. In that case, the landscape is controlled by a critical point O’Hern et al. (2003);

Wyart (2005); J Liu et al. (2010), the so-called jamming transition. It occurs as the particle

density φ increases. For φ > φc , a gradient descent from a random initial positions of the

particles gets stuck in one – out of many – meta-stable states, corresponding to a glassy solid

as depicted in Fig.4(B,D). For lower densities, the gradient descent reaches zero energy, as

13Section adapted from Geiger et al. (2021)
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(e) (f) (g) (h)
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Figure 4 – Sketch of the jamming transition for repulsive spheres and ellipses. (a,b,c,d) Both
systems transition from a fluid to a solid as the density passes some threshold, noted φS

for spheres and φE for ellipses. (e) For denser packings, the potential energy U becomes
finite. (f) The ratio N∆/N between the number of particles in contact N∆ (corresponding to
unsatisfied constraints) and the number of degrees of freedom N jumps discontinuously to
a finite value, which is unity for spheres but smaller for ellipses. (g,h) This difference has
dramatic consequence on the energy landscape, in particular on the spectrum of the Hessian.
In both cases, the spectrum becomes non-zero at jamming, but it displays a delta function
with finite weight for ellipses (indicating strictly flat directions), followed by a gap with no
eigenvalues, followed by a continuous spectrum (h, full line). For spheres, there is no delta
function nor gap (g, full line). As one enters the jammed phase, in both cases a characteristic
scale λ∼p

U appears in the spectrum (g and h, dotted lines). (Figure and caption taken from
Geiger et al. (2019).)

sketched in Fig.4(E) : particles can freely move without restoring forces, and the landscape has

many flat directions. It corresponds to the situations depicted in Fig.4(A,C).

There are two universality classes for jamming, leading to distinct properties for the curvature

of the landscape (i.e. the spectrum of the Hessian) Wyart et al. (2005); DeGiuli et al. (2014);

Franz et al. (2015); Brito et al. (2018); Mailman et al. (2009); Zeravcic et al. (2009), for the struc-

ture of the packing obtained Wyart (2012); Lerner et al. (2013); Charbonneau et al. (2014b,a)

and for the dynamical response to a perturbation Lerner et al. (2012); DeGiuli et al. (2015).

Spheres and ellipses fall in distinct classes as illustrated in Fig.4. More generally, the jamming

transition occurs generically in satisfiability problems with continuous degrees of freedom (it

can be defined with discrete degrees of freedom Krzakala and Kurchan (2007), but then differs

qualitatively; in particular, the discussion below does not apply to the discrete case).

In the work presented in Chapter 1, we show that deep neural networks also undergoes a

jamming transition: In the same spirit as introducing finite range interactions in glasses, by

choosing the appropriate loss function for classification (a change without consequences

on the performance) the structure of the loss function becomes very similar to the energy

function of glasses. As a consequence, (i) we predict a sharp jamming transition that (ii) fall

9
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into the universality class of ellipses. (iii) Close to the transition, the Hessian of the loss has

a delta in zero and a gap followed by a bulk. We confirmed all those predictions empirically.

Thus, we establish a sharp transition separating over and under parametrization.

Overparameterization & Double-Descent

Regression problems display a peak of the test error at the point where the train error becomes

zero Advani et al. (2020). In Chapter 2, we look how in classification tasks, the test error is

affected by the jamming transition. We observe the phenomenon that has later been coined

double-descent Belkin et al. (2019). This phenomena is visible in Figure 6 as a blue dashed

curve: The test error has a U-shape before jamming, (i) a peak at jamming, and (ii) a decrease

above jamming.

We show that (i) is due to the divergence of the model as N become close to the jamming

transition. We argue that the norm of the network scales as ‖ f ‖ ∼ 1/(N −N∗).

To think about (ii), the second descent, we need to introduce the infinite width limits in which

a neural network can eventually converge: the Mean-Field limit or the Neural Tangent Kernel

limit (NTK).

The Mean-Field Limit 14 Let’s consider the infinite width limit of a FC initialized with MFP.

In this limit, the weights must change significantly for the output to become O (1) and fit the

data. This recently discovered limit is called “mean field”, “rich" but also “feature learning

regime" in the literature, because the neurons learn how to respond to different aspects of

the input data – whereas, in the NTK limit, the neuron’s response evolves infinitesimally. This

regime has been studied in several works focusing mostly on one-hidden layer networks Mei

et al. (2018); Rotskoff and Vanden-Eijnden (2018); Chizat and Bach (2018); Sirignano and

Spiliopoulos (2020b); Mei et al. (2019); Nguyen (2019); Sirignano and Spiliopoulos (2020a),

with recent development for deeper nets, see e.g. Nguyen and Pham (2020). In this setting the

output function for a one hidden layer reads:

f̃ (w, x) = 1

h

h∑
i=1

W (2)
i φ(

1p
d

W (1)
i · x +Bi ), (9)

The law of large number can then be invoked to replace Eq.9 by an integral:

f̃ (w, x) →
∫

dW (2)dW (1)dB ρ(W (2),W (1),B) W (2)φ(
1p
d

W (1) · x +B) (10)

where ρ is the density of parameters. It is then straightforward to show that gradient flow leads

to a dynamics on ρ of the usual type for conserved quantities: it is the divergence of a flux

∂ρ/∂t =−∇· J . Here the divergence is computed with respect to the set of weights associated

14Section adapted from Geiger et al. (2021)
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with a single neuron, and the flux follows J = ρΨ(W (2),W (1),B ;ρt ) whereΨ is some function

that can be expressed in terms of the loss Mei et al. (2018). This formulation is equivalent to

the hydrodynamics description of interacting particles in some external potential. When the

number of particles (or neurons) is large, ρ is a more appropriate description than keeping

track of all the particle positions (the weights in that case).

NTK space ⊂ tangent space ⊂M ⊂F

f (w0)

Space of functions F =C 0(X → Y )

tangent space of M

f (w)

NTK space from trainset

M = { f (w) : w ∈W }

Figure 5 – In the space F of all continuous functions X → Y , the neural network f can
be seen as a manifold M of dimension N parametrized by its parameters W . The square
represents the tangent space of f (w0), also of dimension N . During the training in the NTK
limit, the trajectory is embedded into the space spanned by NTK evaluated on the trainset
span({Θ(·, x) : x,_ ∈R}), of dimension min(N ,P ).

The Kernel Limit FCs with NTP initialization converge to Gaussian processes as h → ∞
with a kernel that can be computed recursively Neal (1996); Williams (1997); Lee et al. (2018);

de G. Matthews et al. (2018); Novak et al. (2019); Yang (2019a). Recently, FCs with NTP

initialization has been shown to learn following another kernel called the Neural Tangent

Kernel (NTK) Jacot et al. (2018); Du et al. (2019); Allen-Zhu et al. (2019); Lee et al. (2019); Arora

et al. (2019); Park et al. (2019). It has been then recently generalized to any architectures Yang

(2019b, 2020a,b).

In this limit, the weights move only by a little. Therefore the model can be linearized which

implies that learning is a kernel method. Indeed, since the changes of the model, δ f , are

described by its gradients, δ f = ∇ f δw , and since the dynamics moves the weights in the

direction of the gradients, δw ∝∇ f , the learning is entirely described by the NTK:

Θ(w, x1, x2) =∇ f (w, x1) ·∇ f (w, x2) (11)

Figure 5 shows an intuitive picture of the NTK limit. In the space of continuous functions

from space X to space Y , the neural network can be seen as a manifold of dimension N

11
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parametrized by the weights and biases of the network, shown as the gray area on the figure.

When the parameters only change a little, the network remains in the tangent space of the

manifold, around the initialization, shown as the cyan square lying on top of the gray manifold.

Since the dynamics is controlled by the gradients evaluated at the point of the trainset, the

evolution of the network is restricted in an even smaller subspace, depicted as the red square.

Its dimension is limited by the number of points in the trainset, P .

It is shown in Jacot et al. (2018) that when h → ∞, the NTK (therefore the NTK space) is

independent of the initialization and it remains the same during the training.

The second descent We show that the second descent is the result of a noisy convergence

toward the well-defined infinite model (NTK or Mean-Field). The noise comes from the

initialization: For finite N , the neural network is affected by the random initialization in the

form of random fluctuations to its outputs. These fluctuations jeopardize the performance.

In Chapter 2, we give arguments for the scaling of the fluctuations and the scaling of the test

error, that we confirm empirically.

There is a simple way to remove the fluctuation at finite N : Ensemble averaging. Ensemble

averaging consists of training several networks with different random initialization and then

averaging their outputs into a single predictor. Plain blue lines of Figure 6 show the test error

of ensemble average predictors which is almost flat after the jamming transition. It suggests

that it may be optimal to train many neural networks just above jamming, at distributable

reasonable computational costs, instead of training a single big network at high computational

cost, as confirmed in Lee et al. (2020). These results were confirmed for deeper architectures

by Nakkiran et al. (2019) (like ResNet18 while we used shallow FCs and CNNs with up to 5

hidden layers).

A Phase Diagram for Learning Regimes

In Chapter 3, we present a phase diagram for deep learning that unifies jamming and different

learning regimes. In the large width limit, the NTP initialization leads to the NTK limit while

the MFP initialization leads to the Mean-Field limit. However the only difference between the

two initializations stands for a different prefactor multiplying the weights of the last layer. This

prefactor can be pushed outside of the model. Like Chizat et al. (2019), we used the predictor

F (w) =α( f (w)− f (w0)) (12)

where α ∈R is a constant and f is initialized with NTP.

We give arguments to extend the predictions of Chizat et al. (2019) to deep FCs. That are, (i)

the two infinite limits NTK and Mean-Field are mapped to two regimes at finite h: lazy regime

and feature regime, respectively. (ii) The crossover between the two regimes at some α∗ and

(iii) it scales as α∗ ∼ 1/
p

h.
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0.5. Summary of results

Figure 6 – Phase space of the landscape of a FC (L = 2) trained on MNIST binary (odd/even)
with gradientflow. The under-parametrized phase, filled in black, corresponds to the region
where the neural network is trapped in local minima of the loss. The dashed blue curves shows
the test error for three different values of α̃. The plain blue curves shows the ensemble average
test error i.e. the test error of the average of 20 independent trainings. The double-descent
phenomena is visible on the dashed blue curves. The black dashed lines are level sets of
constant relative evolution of the NTK. The green arrow indicates the direction of the NTK
limit.

We observe that the performance of deep neural networks depends on the regime and the

architecture. Using gradientflow, FCs tends to perform better in the lazy regime while CNNs

tends to perform better in the feature regime. This difference has been recently confirmed by

Lee et al. (2020).

This phase diagram puts together the jamming transition (that shows a little dependency on

α), the feature and lazy regimes and the NTK and Mean-Field limits. The phase diagram is

conveniently shown as a (h, α̃) plane where α̃=p
hα, since then the cross over happens for

α̃∗ ∼ 1.

Figure 6 shows horizontal black dashed lines that corresponds to level set of the relative

evolution of the neural tangent kernel. When the kernel evolution is small, the model is in the

lazy regime. When it is large (compare to its value at initialization), it shows that the model is

not linear anymore, indicating that features as been learned. In the (h, α̃) plane, the Mean-field

limit corresponds to the right border, pushed to infinity. While the NTK limit corresponds to a

limit in diagonal (α̃∼p
h) shown as a green arrow in Figure 6.
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These results are presented in Chapter 3.

0.5.2 Part II: Data Symmetries

Figure 7 – (Left) A butterfly has an approximate mirror symmetry. (Right) The spikes of a virus
are similar to each other and appears in many orientations.

Data contain symmetries. As exemplified in Figure 7, the two wings of a butterfly are sym-

metrical and the spikes at the surface of a virus are self similar. Natural images contains a

lot of textures with self-similar patterns. Natural images contain in particular the translation

symmetry: The absolute position of an object on an image does not affect its nature – the

image contains a cat regardless of whether the cat is in the top left or bottom right corner. Are

these symmetries exploited by deep neural networks?

If a model is stable to a set of transformations for which the target function is invariant, Bietti

et al. (2021) showed, for kernel methods, improvements in sample complexity by a factor equal

to the size of the set of transformations compared to the corresponding non-invariant model.

In fact, the convolution layers of CNNs are equivariant to translations. If the input z of a

convolution F is translated by t , Tt [z](s) = z(s − t ), the output of the convolution F [z] is equal

to the translated output of the original input.

Tt [F [z]] = F [Tt [z]] (13)

Making abstraction of the border effects and the discretization in partial pooling layers, 15 the

output of a CNN is invariant to translation: f (T [x]) = f (x). According to Bietti et al. (2021),

since the set of translations of images of d pixels is at most of cardinality d , invariance to

translations should effectively augment the trainset size by ∼ d .

15For instance, when using a stride of 2, a translation by an odd number of pixels will have a non-trivial effect on
the output.
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However, a factor d is not enough to beat the curse of dimensionality, requiring P ∼ (1/ε)d . It

has been suggested that invariance toward diffeomorphisms is important Azulay and Weiss

(2018); Zhang (2019); Dieleman et al. (2016).

Diffeomorphisms of 2D Images: relative stability matters

Figure 8 – (left) Original image (right) Image deformed by a random diffeomorphism sampled
from a maximum entropy distribution.

Diffeomorphisms are local translations, see an example in Figure 8. The composition of two

diffeomorphisms is a diffeomorphism. So, diffeomorphisms form a group much bigger than

the translations. Again, according to Bietti et al. (2021), having a model invariant to the group

of diffeomorphisms would effectively increase the size of the trainset much more than the

translations do.

However, image classification tasks are only stable to small diffeomorphisms. If the image

are too much scrambled, the information might be lost. To benefit from an effective trainset

augmentation, the model should be quasi-invariant to small diffeomorphisms but not to large

ones that might affect the label of the image. What is the best quantity that would measure it?

Non-parametric models have been created by hand to be stable to diffeomorphisms Bruna

and Mallat (2013); Mallat (2016). Those models are stable in the sense that | f (τx)− f (x)| <
C‖x‖supu |∇τ(u)|.

Modern architectures are often not constructed to be stable to diffeomorphisms if average

pooling operations are not present, still they perform better than those hand made models.

Could CNNs be able to learn to become stable to diffeomorphisms?

In Chapter 4, we test these ideas empirically. To do so, we sampled random diffeomorphisms

using maximum entropy distribution. We maximize the entropy with a temperature T fixing
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the expectation value of |∇τ(u)|2. By controlling the temperature we can probe different

amplitude of diffeomorphisms, see an example in Figure 8.

We show that CNNs do learn to become stable to diffeomorphisms relatively to the stability to

generic noise, unlike what was looked at in the past where only stability was considered. In

our experiments using CIFAR1016, we observed that stability to diffeomorphisms D f is not

well correlated to the test error. However, we observe a remarkable correlation between the

test error and the ratio

R f =
D f

G f
(14)

where G f is the stability toward additive Gaussian noise. It suggests that obtaining a small R f

is key to achieve good performance.

Equivariant Architectures

Some datasets like molecules, 3d shapes, point clouds, 3d graphs, proteins, etc. contain the

additional symmetries of rotations and mirror.

Cohen and Welling (2016) proposed to extend the architectures of CNNs to equivariant to

these additional symmetries. As a proof of concept, they implemented a CNNs equivariant to

the dihedral group (in addition to the translations). The dihedral group contains 8 elements.

It is generated by the 90 degree rotations and horizontal/vertical mirrors.

During his master thesis, the candidate independently developed a CNN equivariant to the

dihedral group. It allowed him to start a collaboration with Taco Cohen, author of Cohen and

Welling (2016) and later Tess Smidt, author of Thomas et al. (2018).

In Chapter 5, we present the work of these collaborations. We present three equivariant

architectures for 3D rotations. (i) SphericalCNN allows to treat signals on the 3D sphere, it

is the first neural network architecture equivariant with respect to a continuous group. (ii)

3D Steerable CNN, an architecture for 3D data equivariant to 3D translations and rotations.

Similar to Thomas et al. (2018) that is defined on point clouds. (iii) Euclidean Neural Networks

(e3nn), an extension of (ii) with the mirror symmetry and a more efficient and modular code.

e3nn converged into an open source library now used by many research groups.

Finally, we give a mathematical formalism that generalize many equivariant architectures. It

allows one to create new architecture and gives an uniform formalism to study them.

16CIFAR10 is a dataset of 60000 squared images of 32 pixels wide, labelled among 10 classes.

16



0.5. Summary of results

0.5.3 Part III: Miscellaneous

Training curve: asymptotic behavior of kernel regression

So far we looked at the loss landscape as a function of the number of parameters.

Generalization bounds for kernel ridge regression has been obtained in the past Scholkopf

and Smola (2001); Cucker and Smale (2002); Vapnik (1999); Györfi et al. (2002). In Chapter 6,

we derive how the test error change asymptotically with P for ridgeless kernel regression.

We use a Teacher-Student setup. As a dataset, we assume that the trainset has its points

x on a regular lattice and the Teacher generate the y ’s by sampling from a Gaussian field

with covariance equal to the kernel. The Student learns those data via kernel regression. For

translations invariant kernels, we derive analytically β, the exponent of the training curve:

ε∼ P−β+o(P−β). We found good agreements with experiments on CIFAR10 and MNIST.

A new direction: landscape in reinforcement learning

At the end of the candidate thesis, we started to study another problem in which the landscape

is non-convex: the reinforcement learning. We explored the landscape of the gain and optimal

solutions of a simple problem of hypothesis testing in which we can understand the optimal

strategies and study the glassiness of the gain landscape.

We consider the two arm bandit problem with an agent with finite memory. The problem is

defined as following: There is two arms (left and right) that the agent can pull to gain rewards.

The agent knows that, with equal probabilities, he is in one of the tow possible scenarios: (i)

the probability to get a reward is 1/2+µ/2 for the left arm and 1/2−µ/2 for the right arm, or

(ii) the contrary. At each play, the agent has only access to the last event (last reward and last

arm pulled) and the current state of its memory. From that he has to chose which arm play

and update its memory state.

We studied two types of memories for whose we found the optimal strategies and we showed

their dependency to the time horizon. The article is available in Chapter 7.
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neural networks

Mario Geiger,1, ∗ Stefano Spigler,1, ∗ Stéphane d’Ascoli,2, 3 Levent
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Deep learning has been immensely successful at a variety of tasks, ranging from classification
to artificial intelligence. Learning corresponds to fitting training data, which is implemented by
descending a very high-dimensional loss function. Understanding under which conditions neural
networks do not get stuck in poor minima of the loss, and how the landscape of that loss evolves as
depth is increased remains a challenge. Here we predict, and test empirically, an analogy between
this landscape and the energy landscape of repulsive ellipses. We argue that in fully-connected deep
networks a phase transition delimits the over- and under-parametrized regimes where fitting can or
cannot be achieved. In the vicinity of this transition, properties of the curvature of the minima of
the loss (the spectrum of the hessian) are critical. This transition shares direct similarities with the
jamming transition by which particles form a disordered solid as the density is increased, which also
occurs in certain classes of computational optimization and learning problems such as the perceptron.
Our analysis gives a simple explanation as to why poor minima of the loss cannot be encountered in
the overparametrized regime. Interestingly, we observe that the ability of fully-connected networks
to fit random data is independent of their depth, an independence that appears to also hold for
real data. We also study a quantity ∆ which characterizes how well (∆ < 0) or badly (∆ > 0) a
datum is learned. At the critical point it is power-law distributed on several decades, P+(∆) ∼ ∆θ

for ∆ > 0 and P−(∆) ∼ (−∆)−γ for ∆ < 0, with exponents that depend on the choice of activation
function. This observation suggests that near the transition the loss landscape has a hierarchical
structure and that the learning dynamics is prone to avalanche-like dynamics, with abrupt changes
in the set of patterns that are learned.

PACS numbers: 64.70.Pf,65.20.+w.77.22.-d

I. INTRODUCTION

Deep neural networks are now central tools for a vari-
ety of tasks including image classification [1, 2], speech
recognition [3] and the development of artificial intelli-
gence that can for example master the game of Go be-
yond human level [4, 5]. A neural network represents
a (very high-dimensional) function f that depends on a
large number of parameters N [2]. These parameters
are learned so as to correctly classify P training data by
minimizing some loss function L, generally via stochas-
tic gradient descent (a kind of noisy version of gradient
descent). There is great flexibility in the network archi-
tecture, loss function and minimization protocol one can
use. These features are ultimately selected to optimize
the classification of previously unseen data, or general-
ization. Although the current progress in designing [6, 7]
and training [8] networks that generalize well is unde-
niable, it remains mostly empirical. A general theory
explaining and fostering this success is lacking, and cen-
tral questions remain to be clarified. First, since the loss

∗ These two authors contributed equally.

function is generally not convex, why doesn’t the learn-
ing dynamics get stuck in poorly performing minima with
high loss? In other words, under which conditions can
one guarantee that training data are well fitted? Sec-
ond, what are the benefits of deeper networks? On the
one hand it is often argued, and proved in some cases,
that the advantage of deep networks stems from their en-
hanced expressive power, i.e. their ability to build com-
plex functions with a much smaller number of parame-
ters than needed for shallow networks [9–13]. Indeed if
deep networks are able to fit data with less parameters,
then they are likely to generalize better. On the other
hand, one can handcraft neural networks that fit even
structure-less, random data with a rather small number
of parameters N ∼ P [14–17]. These results for the static
capacity of networks appear to be independent of depth
[16, 17]. Yet, it is unclear whether such parsimonious
solutions can be found dynamically in practice simply by
descending the loss function, and whether depth can help
finding them. More generally, how is the loss landscape
affected by depth?

Complex physical systems with non-convex energy
landscapes featuring an exponentially large number of
local minima are called glassy [18]. Does the landscape
of deep learning fall into a known class of glassy systems?
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Along this line, an analogy between deep networks and
mean-field glasses (p-spins) has been proposed [19], in
which the learning dynamics is expected to get stuck in
the highest minima of the loss, which are the most abun-
dant. Yet, several numerical and rigorous works [20–23]
(the latter focusing on shallow and very overparametrized
networks) suggest a different landscape geometry where
the loss function is characterized by a connected level
set. Furthermore, studies of the Hessian of the loss func-
tion [24–26] and of the learning dynamics [27, 28] support
that the landscape is characterized by an abundance of
flat directions, even near its bottom, at odds with tradi-
tional glassy systems.

In the last decade several works have unveiled an anal-
ogy between the physical phenomenon of jamming [29,
30] and phase transitions taking place in certain classes of
computational optimization and learning problems [31–
33], in particular the perceptron [33, 34] — the simplest
neural network performing linear classification. In this
work we push this analogy further and show that the
geometry of the training loss landscape and the train-
ing dynamics of fully connected deep neural networks is
affected by a jamming transition similar to that of repul-
sive ellipses [30]. As illustrated in Fig. 2, jamming occurs
in packings of particles interacting through a finite-range
potential U , when the particle density φ reaches some
critical value φc. At that point, particles can no longer
be accommodated without touching each other and the
system becomes a solid with singular landscape proper-
ties, embodied for example in the spectrum of the Hessian
of U [35, 36], that at the transition displays many (al-
most) flat directions. Particles of different shapes, such
as spheres and ellipses, can lead to different jamming sce-
narios [37–40].

FIG. 1. N : degrees of freedom, P : training examples.

Here we show that for two commonly used loss
functions (cross-entropy and quadratic hinge), fully-
connected deep networks undergo a jamming transition
too, below which all data are correctly fitted and above
which they are not, both for real data (images) and ran-
dom data [41]. In both cases the transition appears to
be solely controlled by the number of parameters of the

network N , independently of depth. For random data,
the transition takes place as the quantity P/N increases
toward some critical value P/N∗. For the hinge loss, us-
ing results from the jamming literature we argue that
P/N∗ ≥ C0 where C0 is a constant that we can measure
a posteriori once learning took place. To hold, this re-
sult requires the network output to remain sensitive to
all its weights during training, as we observe empirically
in the examples we study. This view supports that the
dynamics cannot get stuck in poor minima in the over-
parametrized regime where networks tend to operate, be-
cause there are not enough constraints to form minima in
that regime. We also find that the jamming transition is
sharp and the landscape appears to fall in the same uni-
versality class independently of depth (as long as at least
one hidden layer is present). Differently from the (non-
convex) perceptron, that was proven to lie in the same
universality class as spherical particles [33, 34], we show
that deep networks instead jam in a manner similar to
ellipses. From our analysis we deduce the singular prop-
erties of the spectrum of the Hessian of the loss, which
indeed must display many flat directions. We find em-
pirically that other key quantities (the fraction of data
which are almost correctly or almost incorrectly classi-
fied) display power-law behaviours on several decades,
with new exponents. In glassy systems, such power-laws
reveal properties that cannot be reached by studying the
Hessian, in particular the fact that the dynamics occurs
via broadly distributed avalanches [42–44], indicative of
a hierarchical organization of the landscape [45]. This
observation thus suggests that these properties also char-
acterize deep networks near the transition. Note that in
this work we focus on training and the ability of deep
neural networks to fit a dataset. The implications and
the relations with generalization between jamming and
generalization are investigated in [46, 47].

II. ANALOGY BETWEEN JAMMING AND
DEEP LEARNING

A. Jamming

Understanding the energy landscape — in particular
the properties of the Hessian, referred to as vibrational
properties in this context — in disordered systems of
interacting particles is a long-standing and practically
important problem [48]. It was realized that for purely
repulsive, finite-range particles, such properties are sin-
gular near the jamming transition where the system be-
comes a solid [35, 36], allowing one to develop and test
theories for the vibrations of glasses, that turn out to ap-
ply in a broader class of systems where the interactions do
not necessarily have finite range [29]. Here we shall fol-
low the same strategy for deep networks, where the role of
the “interaction potential” is played by the choice of loss
function. Finite-range interactions are mimicked by the
hinge loss, for which we predict a sharp transition when
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(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 2. Sketch of the jamming transition for repulsive spheres and ellipses. (a,b,c,d) Both systems transition from a fluid to
a solid as the density passes some threshold, noted φS for spheres and φE for ellipses. (e) For denser packings, the potential
energy U becomes finite. (f) The ratio N∆/N between the number of particles in contact N∆ (corresponding to unsatisfied
constraints) and the number of degrees of freedom N jumps discontinuously to a finite value, which is unity for spheres but
smaller for ellipses. (g,h) This difference has dramatic consequence on the energy landscape, in particular on the spectrum
of the Hessian. In both cases, the spectrum becomes non-zero at jamming, but it displays a delta function with finite weight
for ellipses (indicating strictly flat directions), followed by a gap with no eigenvalues, followed by a continuous spectrum (h,
full line). For spheres, there is no delta function nor gap (g, full line). As one enters the jammed phase, in both cases a

characteristic scale λ ∼
√
U appears in the spectrum (g and h, dotted lines).

going from an overparametrized to an underparametrized
regime. At the transition, the Hessian is singular and
displays an abundance of low-energy modes. For other
types of losses — such as for the commonly used cross-
entropy loss defined below — the transition exists but its
effects on the spectrum are expected to be less sharp (see
discussion below).

We start by recalling some results on the jamming
transition. We will first discuss the case of spherical par-
ticles, since it has been studied thoroughly and is easier
to formalize. The behavior of elliptical particles will be
discussed later on. Consider spheres of radius R at po-
sitions {ri}, corresponding to a total number of degrees

of freedom Ñ . We denote by rij = ||ri − rj || the dis-
tance between particles i and j, and define their overlap
∆ij = 2R − rij . Two particles are said to be in contact
if ∆ij > 0, and N∆ denotes the number of such contacts.
We label by µ all the possible pairs of particles (ij) and
by m the sets of contacts. We consider the following
potential energy:

U =
∑

µ∈m

1

2
∆2
µ. (1)

We denote by N the effective number of degrees of free-
dom which affect the variables ∆µ. It is in general smaller

than Ñ because of (i) global translations or rotations of
the system and (ii) “rattlers”, i.e. particles which make
no contact with the others, whose degrees of freedom are
irrelevant as far as the solid phase is concerned.

As the jamming transition is approached from above
(large density φ), U → 0 as sketched in Fig. 2, implying
that ∆µ → 0 ∀µ ∈ m. As argued in [49], for each µ ∈ m
the constraint ∆µ = 0 defines a manifold of dimension
N − 1. Satisfying N∆ such equations thus generically
leads to a manifold of solutions of dimension N − N∆.
Imposing that solutions exist thus implies that, at jam-
ming, one has

N∆ ≤ N . (2)

Note that this argument implicitly assumes that the N∆

constraints are independent. In disordered systems this
assumption is generally correct in practice, but it may
break down if symmetries are present, which is the case
e.g. in crystals where Eq. (2) can be violated.

An opposite bound can be obtained for spheres by con-
siderations of stability, by imposing that in a stable min-
imum the Hessian must be positive definite [35]. The
Hessian is an N ×N matrix which can be written as [50]

HU =
∑

µ∈m
∇∆µ ⊗∇∆µ +

∑

µ∈m
∆µ∇⊗∇∆µ ≡ H0 +Hp ,

(3)
whereH0 andHp correspond to the first and second sum,
respectively. H0 is positive semi-definite, since it is the
sum of N∆ matrices of rank unity; thus rk(H0) ≤ N∆,
implying that the kernel of H0 is at least of dimen-
sion N − N∆. On the other hand for spheres — but
not for ellipses, and this will have major consequences

Chapter 1. A Jamming Transition in Deep Learning
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— Hp is negative definite, which simply stems from
the fact that the second-order contribution of the dis-
placement to the distance between two points is always
positive - a straightforward application of the Pythago-
ras theorem. It is easy to show [35] that any non-zero
vector |u〉 belonging to the kernel of H0 must satisfy
〈u|HU |u〉 = 〈u|Hp|u〉 < 0 [51]. Thus stability requires
that rk(H0) = N , implying that N∆ ≥ N . Together
with Eq. (2) that leads to N∆ = N : as spheres jam the
number of degrees of freedom and the number of con-
straints (stemming from contacts) are equal, as empir-
ically observed [52]. This property is often called iso-
staticity: when it holds, mean-field arguments [53–55]

predict that the density of vibrational modes D(
√
λ) dis-

plays a plateau up to vanishingly small λ, as observed
numerically [35, 36] and sketched in Fig. 2G.

However, for ellipses [37] (and as we shall see, for deep
networks), this argument breaks down because Hp is not
negative definite. Whether such a matrix has positive
eigenvalues or not plays a role of utmost importance in
the selection of the universality class of the jamming tran-
sition, and it has major consequences on the singularity
of the landscape, as it can be evinced from the spectrum
of the Hessian matrix. Indeed, for ellipses stability and
jamming can, and generically do, occur at:

N∆/N < 1, (4)

a situation that is referred to as hypostatic. The den-
sity of vibrational modes at jamming must then display
a delta function in zero of magnitude 1 − N∆/N , corre-
sponding to the kernel of H0 (Hp vanishes at jamming
since ∆µ → 0 ∀µ ∈ m). Mean-field arguments applied
to hypostatic materials [40, 56] predict that at larger λ,
the spectrum presents a gap before becoming continuous
again, as sketched in Fig. 2H. Away from jamming the
effects of Hp kick in and broaden the delta function by an
amount proportional to the typical value of the overlap
∆ ∼

√
U , as sketched in Fig. 2H.

We now show that even in the hypostatic case, stability
can be constraining. Let us denote by E− the vector
space spanned by the negative eigenvalues of Hp, whose
dimension very close to jamming is denotedN−. Stability
then imposes that the intersection of the kernel ofH0 and
E− is zero, which is possible only if

N∆ ≥ N−. (5)

Finally, another key structural property of the jam-
ming transition is contained in the distribution P+(∆)
of positive overlaps, sometimes referred to as forces (the
force between two particles is ∆ when ∆ > 0), and the
distribution P−(∆) of gaps (∆ < 0) between particles.
It was shown that even if a packing of spherical particles
is linearly stable, paths in the phase space that lower
the energy are easily found unless both distributions are
critical, with P+(∆) ∼ ∆θ and P−(∆) ∼ (−∆)−γ , with
γ ≥ (1−θ)/2 [42, 57], as numerically confirmed in [58, 59].
For a broad class of dynamics, this bound must be sat-
urated [43], a scenario referred to as marginal stability

which implies that the dynamics proceeds via power-
law distributed events (called avalanches) in which the
set of constraints change. Calculations in infinite di-
mensions [45, 60] showed that marginal stability is as-
sociated with a hierarchical organization of minima of
the energy (a phenomenon referred to as replica symme-
try breaking [61]), and exponents were found to follow
γ = 0.41269 . . . and θ = 0.42311 . . . which appear accu-
rate even in finite dimensions [57, 62].

B. Deep Learning

Set-up: We consider a binary classification prob-
lem, with a set of P distinct training data denoted as
{xµ, yµ}µ=1,...,P . The vector xµ is the datum itself, which
lives in dimension d (e.g. it could be an image), and
yµ = ±1 is its label. A network architecture corresponds
to a function f(x; W), where W denotes the vector of
parameters and f(x; W) corresponds to the output of
the network shown in Fig. 3. In this scheme, each neu-
ron sums the activity of all the neurons in the previ-
ous layer with some weights, sketched as connections
in Fig. 3 (each connection thus corresponds to one pa-

rameter W
(i)
α,β). Next, a bias B

(i)
α is added to this sum

(one additional parameter per neuron) to obtain the so-

called pre-activation (a
(i)
α in the picture and in the equa-

tions). The neuron activity is then a non-linear function
ρ of that pre-activation: in what follows we will deal
mainly with ρ(a) = aθ(a) — the so-called rectified lin-
ear unit — but we will also present some results with
ρ(a) = tanh(a). The computation is done iteratively
from the first layer (close to the input x) to the last one
(the output f(x; W)):

f(x; W) ≡ a(L+1), (6)

a
(i)
β =

∑

α

W
(i)
α,β ρ

(
a(i−1)
α

)
−B(i)

β , (7)

a
(1)
β =

∑

α

W
(1)
α,β xα −B

(1)
β . (8)

In our notation the vector W contains all the pa-
rameters, including the biases. W is learned by min-
imizing a cost function, which can generically be writ-

ten L(W) = 1
P

∑P
µ=1 ` (yµ, f(xµ; W)). A widely chosen

kind of loss is the cross entropy, `(y, f) = log
(
1 + e−yf

)
.

Another common choice is the hinge loss, defined as
`(y, f) = 1

2∆(y, f)2θ(∆(y, f)) = 1
2 max(0,∆(y, f))2,

where we have introduced the data overlap

∆(y, f) ≡ ε− yf, (9)

with ε > 0 being a constant. In what follows we choose
ε = 1/2 without loss of generality [63]. These loss func-
tions take such a simple form only for a binary classifi-
cation task, with labels y = ±1, where `(y, f) ≡ `(y · f);
the two loss functions are compared in Fig. 4. In the
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FIG. 3. Architecture of a fully-connected network with L hidden layers of constant size h. Points indicate neurons, connections
between them are characterized by a weight. Biases are not represented here.

Particles vs Neural networks

positions of particles (N degrees of freedom) ↔ parameters of the network (N degrees of freedom)

pairs of particles (ij) ↔ patterns µ

energy U ↔ loss L
long range interaction ↔ (for instance) cross-entropy

finite range interaction ↔ hinge loss

particle density φ ↔ number of data divided by the number of parameters P/N

separate two particles ↔ fit a datum

force distribution ↔ density of unsatisfied patterns P+(∆)

gap distribution ↔ density of satisfied patterns P−(∆)

TABLE I. Correspondence between the jargon of particle systems and that of neural networks.

hinge loss, the condition ∆µ = ∆ (yµ, f(xµ; W)) < 0 en-
sures that the datum µ is satisfied — that is, correctly
classified by a margin ε. The data which do not respect
this margin will be referred to as unsatisfied (not to be
confused with misclassified data, for which yµf(xµ) < 0)
— the number of such data will be denoted as N∆. With
this definition, L is formally identical to U in Eq. (1)
as already noted for the perceptron [55], and it can be
written as L(W) = 1

P

∑
µ∈m

1
2∆2

µ, where m is the set
of unsatisfied patterns. The correspondence between in-
teracting particles and neural networks is summarized in
Table I.

Performance of the hinge loss and its extension
to multi-class problems: This section can be skipped
at a first reading. We tested in the context of image clas-
sification that the hinge loss performs as well as the cross
entropy on a state-of-the-art architecture [64]: we ran the
implementation [65] for CIFAR-10 and we retrained it by
replacing the cross entropy by the hinge loss. To com-
pare the two losses in a standard setting we adapted the
hinge loss for multiple classes, although in what follows
we only study binary classification. To predict the label
of an input xµ among 10 possible labels c = 0, . . . , 9, the
network’s last layer returns as output a list of 10 values
fµ,c: each fµ,c can be interpreted as the probability that
c is the predicted label. Let tµ,c be the true target labels:

for each µ, tµ,c is equal to 1 if c is equal to the label of
xµ and −1 otherwise. Multiclass hinge loss can then be
written as

L =
1

10P

∑

µ,c

(ε− tµ,cfµ,c)2θ(ε− tµ,cfµ,c). (10)

We obtained an error of 3.72% by running their original
code (they report on github an error of 3.68%) and 3.61%,
3.65%, 3.82% in three runs with the hinge loss.

Effective number of parameters: Following the ar-
gument developed after Eq. (1), we expect that at the
transition point where the loss becomes non-zero, Eq. (2)
will hold true and N∆ ≤ N . (Related arguments were
recently made for a quadratic loss [23]. In this case, we
expect that the landscape will be related to that of floppy
spring networks, whose spectra were predicted in [56]).
Just as is the case for the jamming of particles, here we
must pay attention to the effective number of degrees
of freedom that do affect the output, Neff(W). in the
space of functions going from the neighborhoods of the
training set to real numbers, we consider the manifold of
functions f(x; W) obtained by varying W. We denote
by Neff(W) the dimension of the tangent space of this
manifold at W. We discuss in Appendix A how Neff(W)
can be measured. In general we have Neff(W) ≤ N . Sev-

Chapter 1. A Jamming Transition in Deep Learning
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FIG. 4. Cross entropy and hinge loss functions. If the network
classifies two classes with labels y = ±1 then the loss can be
written as `(y, f) = `(yf). The plot shows the two cases
studied in this work, namely the cross-entropy and the hinge
loss; for the latter, a parameter ε = 1

2
has been used.

eral reasons can make Neff(W) strictly smaller than N ,
including:

• The signal does not propagate in the network, i.e.
f(x; W) = C1 where C1 is a constant for all x
in the neighborhood of the training points xµ. In
that case, the manifold is of dimension unity and
Neff(W) = 1. This situation will occur for a poor
initialization of the weights as discussed in [66], or
for example if all biases are too negative on the neu-
rons of one layer for ReLU activation function. It
can also occur if the data xµ are chosen in an adver-
sarial manner for a given choice of initial weights.
For example, one can choose input patterns so as
to not activate the first layer of neurons (which is
possible if the number of such neurons is not too
large). Poor transmission will be enhanced (and
adversarial choices of data will be made simpler) if
the architecture presents some bottlenecks. In the
situation where Neff(W) = 1, it is very simple to
obtain local minima of the loss at finite loss values,
even when the model has many parameters.

• The activation function is linear, then the output
function is an affine function of the input, leading
to Neff ≤ d+ 1. Dimension-dependent bounds will
also exist if the activation function is polynomial
(because the output function then is also restricted
to be polynomial).

• Symmetries are present in the network, e.g. the
scale symmetry in ReLU networks. It will reduce
one degrees of freedom per node.

• Some neurons are never active e.g. in the ReLU
case, their associated weights do not contribute to
Neff .

Thus there are N − Neff directions in parameters space
that do not affect the function. These directions will

lead to zero modes in the Hessian at any minima of the
loss. In what follows we consider stability with respect to
the Neff directions orthogonal to those, which thus affect
the output function. Our results on the impossibility to
get stuck in bad minima are expressed in terms of Neff .
However, as reported in Appendix A, we find empirically
that for a proper initialization of the weights and rect-
angular fully connected networks, Neff ≈ N (the differ-
ence is small and equal to the number of hidden neurons,
and only results from the symmetry associated with each
ReLU neuron). Henceforth to simplify notations we will
use the symbol N to represent the number of effective
parameters. In the following sections, the Hessians are
computed with respect to all the N parameters.

Constraints on the stability of minima: Let us
suppose (and justify later) that for a fixed number of
data P , if N is sufficiently large then gradient descent
with proper weights initialization leads to L = 0, whereas
if N is very small after training L > 0. Consider that N
is increased from a small value. At some value N∗ the
loss obtained after training will approach zero [67], i.e.
limN→N∗ L = 0. In analogy with the behavior of pack-
ings of particles, we refer to this point as the jamming
transition. At the transition the stability constraint de-
veloped in Eq. (5) above also applies if the derivative of
f(x; W) is continuous, which holds true if the non-linear
function ρ is smooth. Thus we have:

P ≥ N∆ ≥ N− , (11)

since P ≥ N∆ (the number of unsatisfied patterns is
obviously smaller than the total number of patterns).

We shall assume that the fraction N−/N ≡ C0 of neg-
ative eigenvalues of Hp does not vanish in the large N
limit. In Appendix B we provide an argument support-
ing this result in the case of a specific non-linear function
(ReLU) and random data, that yields C0 = 1/2 inde-
pendently of depth. It implies that unlike for spheres,
but just like ellipses, Hp is not negative definite: we are
therefore in the hypostatic scenario where one expects
N∆ < N∗ at jamming, a point at which the spectrum
must display a fraction of flat directions, as well as stiff
ones, as described in Fig. 2H.

Moreover from this assumption and Eq.11, we obtain
that stability cannot be obtained for N ≥ P/C0. For
larger N , the dynamics cannot get stuck in a bad mini-
mum, because in this over-parametrized regime there are
not enough constraints to form them. It implies for the
jamming transition that:

N∗ ≤ P/C0. (12)

Notice that this bound is expected to be valid for any
monotonic cost function, as for instance the cross entropy
(the Hessian can always be decomposed as in Eq. (3)).
However, the spectrum of the Hessian would be different
[68].
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(a) (b) (c)

FIG. 5. Jamming transition with random data. (a) N∗ vs number of data P for different learning times as indicated in legend,
where t = 106 steps and a cross-entropy loss function is used. The curves at small times (orange and green) are shown as
diverging to indicate the absence of the transition. The dotted black line toward which the dynamics appear to converge has
slope 1, supporting N∗ ∼ P at long times. Here L = 5 and d = 25. (b) N∗ vs number of data P after t = 106 for various
depths L and input dimensions d as indicated in legend, using the same loss function. The transition shows little dependency
on L and d. (c) Same plot as (b) for a network with hinge loss, with d = h and t = 2 · 106. In the three plots (a,b,c), the black
line indicates the theoretical upper bound: P/N∗ = 1/2−Nc/N derived for the hinge loss.

Smooth vs non-smooth output function: In our
numerical study below, we consider the most common
choice for the non-linear function ρ, namely the recti-
fied linear unit (ReLU): ρ(a) = aΘ(a) = max(0, a). In
that case, as stated above we expect for random data the
spectrum of Hp to be symmetric (a fact that appears to
also hold true for the image dataset we use, see below),
thus N−/N = 1/2. Yet, with the ReLU, f(x; W) is not
continuous and presents cusps, so that the Hessian needs
not be positive definite for stability and Eq. (11) needs
to be modified. Introducing the number of directions
Nc presenting cusps, stability implies N∆ ≥ N− − Nc
leading to C0N

∗ ≤ P + Nc. Empirically we find that
Nc/N

∗ ∈ [0.21, 0.25] both for random data and images
as reported in Appendix C, implying that:

N∗ ≤ 4P. (13)

For comparison, below we also present results for net-
works with tanh activation functions. In that case the
landscape is smooth and the system ends up in min-
ima without negative eigenvalues. For such networks the
spectrum of Hp is not exactly symmetric, and we observe
C0 = N−/N ≈ 0.43.

Main results: Overall, our analysis supports that

1. In the case of hinge loss there is a sharp transi-
tion for N∗ ≤ P/C0 (N∗ < 4P with the ReLU),
below which the loss converges to some non-zero
value (under-parametrized phase) and above which
it becomes null (over-parametrized phase).

2. At that point the fraction N∆/N of unsatisfied con-
straints per degree of freedom jumps to a finite
value, see Fig. 6 (a,b).

3. Unlike for spheres or the perceptron, isostaticity

N∆/N = 1 cannot be guaranteed. Instead one ex-
pects generically N∆/N < 1 as for ellipses.

4. We are thus in the hypostatic universality class,
where the scaling properties of the spectrum of the
Hessian near jamming are prescribed in Fig.2.

In the next sections, we confirm these predictions in nu-
merical experiments and observe the generalization prop-
erties at and beyond the transition point.

III. FOR RANDOM DATA THE TRANSITION
OCCURS FOR N ∼ P

We begin the numerical study of the transition between
the overparametrized and underparametrized regime in
the case of random data, taken to lie on the d-dimensional
hyper-sphere of radius

√
d, xµ ∈ Sd with random label

yµ = ±1. The source code used to generate the simu-
lations described in this section and the following ones
is available at https://github.com/mariogeiger/nn_
jamming. We proceed as follows: we build a network
with a number of weights N large enough for it to be
able to fit the whole dataset without errors. Next, we
reduce the number of weights by decreasing the width h
while keeping the depth L fixed, until the network cannot
correctly classify all the data anymore within the chosen
learning time. We denote this transition point N∗.

We have noticed (data not shown) that the precise
location of the transition point P/N∗ has a mild de-
pendence on the dynamics (ADAM versus regular SGD,
choice of batch size, learning rate schedule, etc. . . ): the
same holds true for the jamming of repulsive particles,
where the choice of the dynamics affects the precise value
of the critical density φc, but not the critical behaviour
close to this point.

Chapter 1. A Jamming Transition in Deep Learning
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Cross-entropy loss: We first consider the cross-
entropy loss — the results are qualitatively similar to
those with the hinge loss. As initial condition for the dy-
namics we use the default initialization of pytorch [69].
The system then evolves according to a stochastic gradi-
ent descent (SGD) with a learning rate of 10−2 for 5 ·105

steps and 10−3 for 5 · 105 steps; the batch size is set to
min(P/2, 1024); only in this case, with the cross-entropy
loss, batch normalization is also used. In Fig. 5 (a) we
show how N∗ depends on the total learning time: the
larger is the learning time the more the asymptotic rela-
tionship N∗ vs P is consistent with an asymptotic linear
behaviour. Note that for large P and small times, errors
are always present and the transition cannot be found.

In Fig. 5 (b) we show N∗ versus the number of data P
after t = 106 steps for several depths L and input dimen-
sions d (we checked that t = 106 is enough to get con-
vergence to the conjectured asymptotic linear behaviour
for all depths investigated). It is noteworthy that (i)
the points always lie below the theoretical upper bound
P/N∗ = 1/2 − Nc/N , and (ii) the transition does not
appear to depend on L and d. Surprisingly, this result
indicates that in the present setup the ability of fully
connected networks to fit random data is independent of
the depth. As we shall see, we observe the same inde-
pendence on depth for the image data studied below.

Hinge loss: In order to test the dependence of our
results on the specific choice of the loss function, we per-
formed the same experiment using the hinge loss. In this
case we used an orthogonal initialization [70], no batch
normalization and t = 2 · 106 steps of ADAM [71] with
batch size = P and a learning rate starting at 10−4, pro-
gressively divided by 10 every 250k steps. The location
of the transition is shown in Fig. 5 (c): results are very
similar to that of the cross-entropy loss.

Hinge v.s. cross-entropy loss from a concep-
tual perspective: As shown above, both losses appears
to lead to similar performances. As shown in this sec-
tion, both of them also displays a transition where all
data are fitted. Yet, the nature of this transition is
harder to investigate for the cross-entropy. Indeed in
that case the total loss is never zero, except if the out-
put and therefore the weights diverge. Thus in the over-
parametrized phase, the learning dynamic never settles,
and the weights slowly drift to infinity. In practice, users
stop learning at finite times (which is not needed for the
hinge loss where the dynamics really stops in the over-
parametrized regime when the loss vanishes). Working
at finite time however blurs true critical behavior near
jamming, as discussed in [47].

IV. THE TRANSITION IS HYPOSTATIC

From the analysis of Section II, the number of con-
straints per parameter N∆/N is expected to jump dis-
continuously at the transition. To test this prediction we
consider several architectures, both with N ≈ 8000 and

d = h but with different depths L = 2, L = 3 and L = 5.
The vicinity of the transition is studied by varying P
around the transition value. We used the hinge loss with
the same gradient descent dynamics as described above,
for a duration of 107 steps. Fig. 6 (a) reports the ratio
N∆/N as a function of the ratio P/N and of the learning
time, as detailed in caption. It is clear that in the range
where N∆/N has reached a stationary value (i.e. for
P/N < 2.8 and P/N > 2.9), a jump has occurred from
0 to N∆/N ≈ 0.75, a result consistent with the bound
of Eq. (5) implying N∆/N ≥ (N− −Nc)/N ' 0.25. For
P/N ∈ [2.8, 2.9], the dynamics has not yet converged
and the data are somewhat scattered. This observation
is presumably the signature of the usual slowing down
that occurs near critical points.

Fig. 6 (b) shows the same quantity N∆/N , now plotted
as a function of the loss L. Strikingly, all the scatter is
gone, and one observes a clear discontinuous behaviour
for L → 0. Interestingly, this state of affairs is very sim-
ilar to the jamming transition of particles, for which the
noise in the data due to finite size effects is quite strong
when quantities are expressed in terms of the density φ
(analogous to P/N) but very small when quantities are
expressed in terms of potential energy U (analogous to
L) [52].

For the sake of completeness we also show the number
of misclassified data as a function of the loss in Fig. 6 (c).
The number of misclassified data increases monotonically
— and initially very slowly — with the loss. Indeed,
close to the jamming threshold in the underparametrized
phase, if 0 < ∆µ < ε the pattern µ is well classified
but the corresponding gap ∆µ is positive: unsatisfied
constraints do not lead to misclassification right away.

In Fig.6 (d) we show that N∆/N vs the loss L exhibits
a sharp transition also for networks with tanh activation
functions.

V. SPECTRUM OF THE HESSIAN OF THE
LOSS NEAR JAMMING

The Hessian is a key feature of landscapes, as it charac-
terizes its curvature, and it is also a central aspect of the
theoretical description above. In this section we system-
atically analyze the spectra of H, H0 and Hp. To test the
predictions on the singularity of the Hessian matrix, we
need to focus on the underparametrized data points near
the transition. These points are contained in the black
rectangle on the left side of Fig. 6 (b). The networks that
we use are relatively small, but, for reference, it would
be possible to compute the spectrum of the Hessian also
for large networks, as discussed e.g. in [72, 73]. The set-
ting is as above: the network uses the hinge loss and is
trained with ADAM with full batches (batch size = P ),
orthogonal initialization and no batch normalization.

Relu networks: At the end of each run, we compute
the hessian H of the loss L, as well as the two terms H0

and Hp contributing to it, as defined in Eq. (3). Fig. 7
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(a) (b)

(c) (d)

FIG. 6. Behaviour near the transition for random data. (a) Number of unsatisfied constraints N∆ per parameter N as a function
of P/N . Collections of vertical points correspond to the same run, but with different learning times from green (short time,
starting at 3 · 105 steps) to blue (107 steps). The data support a discontinuous jump in this quantity at some P/N ∈ [2.8, 2.9]
at asymptotically long times. Indeed, outside that range the learning dynamics appear to have converged to zero for r < 2.8,
and to some value > 0.7 for P/N > 2.9. In the interval P/N ∈ [2.8, 2.9], data are still evolving in time. (b) N∆/N vs L follows
a curve with almost no scatter for all L = 2, 3, 5. This is similar to the jamming transition where finite size noise is eliminated
when quantities are plotted against the potential energy, rather than the packing fraction [30]. The black rectangle on the left
side of the plot (small loss L and finite ratio N∆/N) marks the points in the underparametrized phase that are close to the
transition. (c) Relationship between the number of misclassified data (data points with negative yµf(xµ)) and L, displaying a
smooth behavior. (d) N∆/N vs L for a network with L = 3, but with tanh activation functions rather than ReLUs.

(a) shows the positive part of the spectrum of Hp for dif-
ferent values of the loss, illustrating that the dependence
on the latter is very significant. In Fig. 7 (b) we confirm
that the spectrum of Hp collapses when the eigenvalues

are re-scaled by L1/2, as expected from Section II. The
key observation is that these spectra are symmetric, as
argued in Appendix B. We also don’t observe any ac-
cumulation of eigenvalues at λ = 0, except for the triv-
ial zero modes stemming from the scaling symmetry of
ReLU neurons (whose number is the total number of hid-
den neurons, much smaller than the number of weights).
Fig. 7 (c) shows the spectrum ofH0 at the end of training
for runs close to the jamming transition. As expected it
is semi-positive definite, with a delta peak at λ = 0 cor-
responding to N − N∆ modes. It is followed by a gap
and a continuous spectrum, as predicted near the jam-
ming transition of particles if N∆ < N [56] (which occurs
for elliptic particles [40]). As the loss increases, N∆ in-
creases and the gap is reduced. Finally in Fig. 7 (d), the
spectrum of H is shown. Interestingly the spectrum of

the Hessian is not positive definite, but present some un-
stable modes. This phenomenon stems from our choice
of ReLU activation function, which leads to cusps in the
landscape as quantified in the C. Such cusps can stabi-
lize directions that would be unstable according to the
Hessian.

Tanh networks: On the contrary, networks with tanh
activation functions exhibit a smooth landscape, and in
principle the loss is able to reach minima without any
negative eigenvalues, since there are no cusps that could
possibly stabilize them. Indeed, when minimizing a tanh-
network with P = 11000 random patterns and N = 2232
parameters, we observe that after 10 million ADAM steps
there remain only 11 negative eigenvalues (between −5 ·
10−5 and −2 · 10−8), and after 100 million ADAM steps
only 6 were left (between −4 · 10−6 and −2 · 10−8). For
comparison, in ReLU networks the number of negative
eigenvalues at the end of training is about 10%N .

In Fig. 7 (e-g) we show the spectrum of the matrices
H0,Hp and H = H0 + Hp, for a tanh-network at jam-

Chapter 1. A Jamming Transition in Deep Learning
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(a) Hp (b) Hp (c) H0 (d) H

(e) Hp (f) H0 (g) H

FIG. 7. The data shown in this figure concern the underparametrized points close to the transition for random data, which in
Fig. 6 (b) are enclosed in a black rectangle. (a) Positive part of the spectrum ofHp for ten distinct runs in the underparametrized
phase close to the transition. The associated loss value grows from black (low) to yellow (high). (b) These spectra collapse

when plotted in terms of λ/
√
L as expected. Lighter colors correspond to higher losses. Note that they appear symmetric, in

agreement with our hypothesis estimating the number of negative modes (an argument that explains this fact can be found in
Appendix B). Colors are as in (d): L = 2 (blue), L = 3 (red) and L = 5 (green). (c) The spectrum of H0 contains a delta
function in zero of weight N −N∆, followed by a gap, followed by a continuous spectrum, as expected for hypostatic systems.
(d) The spectrum of the total Hessian H has a similar shape, excepted that the delta function is blurred. Note that H has
negative eigenvalues. These directions may in fact be stabilized by the Nc cusps of the linear rectifier, or alternatively may
indicate that the learning dynamics did not converge to a local minimum yet. The thickness of each line correspond to the
standard deviation. (e-g) Spectrum of the matrices Hp,H0 and H = H0 +Hp for tanh networks, respectively. Notice that the
spectrum of Hp is no longer symmetric, compared to the ReLU case: the faction of negative eigenvalues is C0 ≈ 0.43.

ming. The matrix H0 is qualitatively similar to what was
observed in ReLU-networks: it presents a delta peak in 0
and a gapped bulk of positive eigenvalues. The matrixHp
appears quite different, since it is no longer symmetric:
the number N− of negative eigenvalues is approximately
0.43N — therefore C0 = 0.43 instead of C0 = 0.5. The
total Hessian H is not gapped in the present case, even
though it displays two peaks. In order to clearly have a
gap we would have to sample points closer to jamming
(with a smaller loss, since Hp is proportional to

√
L close

to jamming).
Overall, as we move from the under-parametrized

phase to the over-parametrized one the situation is as
follows:

1. N below N∗: There are many constraints with re-
spect to the number of variable N , H0 is almost full
rank and can easily compensate the negative eigen-
values of Hp. The spectrum of Hp is symmetric.

2. N approaching N∗ from below: The rank of H0

decreases but it does not go below C0N since it
has to compensate the vanishingly small negative
eigenvalues of Hp.

3. As N is large enough, the dynamics finds a global

minimum at L = 0 and Hp vanishes.

VI. DISTRIBUTION OF GAPS REVEALS NEW
SINGULAR BEHAVIOUR

We now study the distribution of gaps ∆ < 0 and
overlaps ∆ > 0, which play an important role near jam-
ming. Positive ∆’s are associated with unsatisfied pat-
terns — which increase the loss of the system — whereas
negative ∆’s correspond to satisfied patterns — which
are correctly classified with a margin ε and do not con-
tribute to the loss. The latter offer an important measure
not only at the jamming transition, but also in the over-
parametrized regime, where they signal how much room
is left around a minimum of the loss to fit additional
patterns. In Fig. 8 (a,b) we show the two distributions
for different depths L = 2, 3, 5 (positive ∆’s have been
rescaled by L1/2). Remarkably, they behave as power

laws for about two decades, P+(∆/
√
L) ∼ (∆/

√
L)θ

and P−(∆) ∼ |∆|−γ , with novel exponents θ ≈ 0.3
and γ ≈ 0.2 that appear to differ from those found for
the jamming of particles (which are θ ≈ 0.42311 . . . and
γ ≈ 0.41269 . . . ). For comparison, in Fig. 8 (c,d) we show
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the distribution of the same variables for tanh-networks,
that also display power-law behaviors but with different
exponents θ ≈ 0.2 and γ ≈ 0.16.

In the case of spheres, the two exponents are related
by an inequality that happens to be saturated [42, 57].
The inequality comes from arguments on the stability of
jammed packings, and the fact that it is saturated (which
can be proven for certain dynamics [43]) implies that such
systems are marginally stable: they display an abundance
of low-energy excitations and are prone to avalanche dy-
namics and crackling response when perturbed [43], a
property associated with a hierarchical organization of
the loss landscape [44, 45]. The presence of such power
laws for deep networks thus suggests they are marginally
stable as well, and that the learning dynamics may occur
by avalanches where the unsatisfied constraints change
by bursts. This will be subject of detailed studies in a
future paper.

VII. IMAGE DATA: MNIST

We now consider a dataset called MNIST, which con-
sists of a collection of black and white pictures of 28×28
pixels depicting handwritten digits from 0 to 9. The
labels yµ in principle would be the digits themselves
(yµ ∈ {0, . . . , 9}), but to compare more directly with our
previous experiments we gathered all the digits into two
groups (even and odd numbers) with labels yµ = ±1. The
architecture of the network is as in the previous sections:
the d inputs are fed to a cascade of L fully-connected
layers with h neurons, that in the end result in a single
scalar output. The loss function used is the hinge loss.

If we kept the original input size of 28× 28 = 784 then
the majority of the network’s weights would be necessar-
ily concentrated in the first layer (the width h cannot be
too large in order to be able to compute the Hessian).
To avoid this issue, we opted for a reduction of the in-
put size. We performed a principal component analysis
(PCA) on the whole dataset and we identified the 10
dimensions that carry the most variance; then we used
the components of each image along these directions as
a new input of dimension d = 10. This projection hardly
diminishes the performance of the network (we find the
generalization accuracy to be larger than 90% at the jam-
ming transition in Fig. 10 for P ≥ 104).

In Fig. 9 we show that a jamming transition is also
found for real data with a discontinuous behavior of
N∆/N . Fig. 9 (a) shows the number of unsatisfied pat-
terns per parameter N∆/N increasing P at fixed N , and
in Fig. 9 (b) the same quantity is plotted against the loss.
As for random data, the latter is less noisy. In Fig. 9 (c)
we show that the number of misclassified data (i.e. the
number of patterns with yµf(xµ) < 0) grows smoothly
with the loss. These plots depict the same scenario as
we found for random data, namely the one presented in
Fig. 6 (a-c), except for the magnitude of the density of
constraints at the transition with N∆/N ≈ 0.5 rather

than N∆/N ≈ 0.7 as observed before. Hence, the number
of unsatisfied patterns at the transition is not universal.

Also the spectrum of the Hessian matrix is similar to
that of random data. In Fig. 9 (e-h) we show the positive
part of the spectrum of Hp, the total spectrum of Hp, the
spectrum of H0 and the spectrum of the total Hessian H,
respectively. As with random data: the matrix Hp has
a symmetric spectrum and the matrix H0 has a finite
number of zero modes and a gapped continuous distribu-
tion of modes at high energy. The spectrum of the total
Hessian is again similar to that of H0, where the delta
function in zero has been smeared.

The distribution of gaps (negative ∆’s) is plotted in
Fig. 9 (d), suggesting a power law with an exponent
γ = 0.25 that is slightly larger than the value found for
random data, γ ≈ 0.2. It is unclear whether this differ-
ence is significant. We observed that the distribution of
overlaps (positive ∆’s) has large sample to sample varia-
tions (not shown), and the acquisition of enough statistics
to measure it extensively will be done elsewhere.

A key difference between random and structured data
however is the location N∗ of the transition, shown in
Fig. 10 versus the number P of patterns. For a fixed
number P of MNIST pictures we ran several simulations
with networks of different sizes, and found in this way the
lowest value N∗ for which all patterns could still be clas-
sified correctly. In the figure we present the results for
two network architectures of different depths L = 1, 3, 5
(the width h was varied in order to control the network
size). Key results are that (i) N∗ is essentially indepen-
dent of depth, especially at larger P and (ii) the minimum
number of parameters N∗ to fit the data is significantly
smaller than for random data, a difference that seems
to increase with P . The behavior of N∗ in the (hypo-
thetical) limit P → ∞ could be indeed different from
the linear scaling of random data: a sub-linear scaling or
even a finite asymptotic value are possible alternatives.
More generally, how the data structure affects the loca-
tion of the transition N∗(P ) is an important question for
the future.

VIII. CONCLUSION

By slightly changing the loss function — i.e. by consid-
ering the hinge loss rather than the commonly used cross
entropy, a change that does not degrade performance —
we could recast the problem of minimizing the loss func-
tion of deep networks into a constraint satisfaction prob-
lem with continuous degrees of freedom. This kind of
problem has been abundantly studied in physics, in par-
ticular in the context of the jamming of particles, and
some theoretical tools developed in that field readily ap-
ply to deep networks. In particular from this analogy one
predicts a sharp transition as the number of parameters
is reduced, separating a region where all constraints can
be satisfied (that is, all the data are perfectly fitted) and
the loss is zero after learning, and a region where the ratio

Chapter 1. A Jamming Transition in Deep Learning
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(a) (b)

(c) (d)

FIG. 8. (a) Distribution of re-scaled overlaps z ≡ ∆/
√
L > 0 near threshold, supporting that P+(z) ∼ zθ with an exponent

θ ≈ 0.3 that does not vary with L in the range probed. (b) The distribution of gaps P−(∆) ∼ |∆|−γ for ∆ < 0, with γ ≈ 0.2,
which again does not vary with L. (c-d) Distribution of overlaps and gaps for tanh-networks. The exponents in this case are
different: θ ≈ 0.2, γ ≈ 0.16.

of the number of unsatisfied constraints to the number of
parameters is of order one. This ratio jumps discontinu-
ously at the transition, where it attains a value smaller
than one. Near that point, the spectrum of the Hes-
sian is singular, reminiscent of a critical behavior. One
key finding is that deep learning falls into the hypostatic
universality class, similar to that of ellispes. We also
observe a scaling behavior and new exponents character-
izing how well constraints are satisfied or not (through
the distributions P−(∆) and P+(∆), respectively). This
bears comparison with the known behavior of packings
of particles — where such singularities signal marginal-
ity and avalanche-type response — and of the perceptron
(the simplest, shallow, neural network), that lie in the
same universality class. Yet there is no theory so far to
explain these exponents for deep networks. These results
also shed light on some aspects of deep learning:

Not getting stuck in poor minima of the loss: Our anal-
ysis supports that in the overparametrized regime, the
dynamics does not get stuck in poor minima because
the number of constraints to satisfy (data to fit) P is
too small to hamper minimization: the system is in an
easy satisfiable phase. In particular assuming that a cer-
tain operator (namely the matrix Hp) has a fraction of
negative eigenvalues (which we could show in the case

of the ReLU activation function and random data, and
confirm numerically) implies that no poor minima exist
if P/N < P/N∗ = O(1). Here N is the number of ef-
fective degrees of freedom of the network, which in all
the cases we studied is essentially equal to the number of
parameters. This argument does not rule out the possi-
bility that, with a very poor choice of initial condition, a
poor minimum of the loss can be found. This is the case
in particular if the network does not propagate the sig-
nal (then N = 1 in our formalism, independently of the
number of parameters). Presumably usual tricks used to
train deep networks (batch normalization, residual links,
proper weight initialization, ...) ensure that the sensitiv-
ity of the network to its parameters is preserved during
training so that N is indeed similar to the number of pa-
rameters, a hypothesis that would be useful to test in a
broader setting.

In the under-parametrized phase the network gets
stuck at a positive loss, either because the ground state
is no longer at zero loss or because the system is trapped
in an excited local minimum. The fact that the jamming
transition itself depends on the dynamics (as is the case
for the jamming of particles) suggests that in the under-
parametrized case the network is in a local minimum.

Role of depth: We observed that depth is not helpful
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(a) (b) (c) (d)

(e)

Hp

(f)

Hp

(g)

H0

(h)

H

FIG. 9. Results with the MNIST dataset, keeping the first 10 PCA components. d = 10, h = 30 and L = 5 (N = 3900),
varying P = 1, . . . , 70k. (a) The number of unsatisfied patterns N∆/N jumps discontinuously when r = P/N is increased. (b)
The same quantity is less noisy when plotted against the loss. (c) The number of misclassified data is a smooth function of the
loss. (d) Distribution of the negative gaps (∆ < 0), with a tentative exponent γ = 0.25. In the second row (e-h), the Hessian
of the runs contained in the rectangle of plot (b) are shown: (e) positive part of the spectrum of Hp, in logarithmic scale; (f)
the total spectrum of Hp appears to be symmetric; (g) the spectrum of H0 presents a delta function in zero and a gapped
continuous spectrum at high frequencies; (h) the spectrum of the total Hessian H resembles that for random data: the delta
function in the spectrum of H0 is smeared.

to fit random data in fully connected networks: increas-
ing depth and reducing width so that the total number
of weights is fixed does not allow to fit the data with less
parameters. We have also observed that this finding con-
tinues to hold in a realistic case based on MNIST. This
may seem to clash with mathematical results, such as [9–
11, 13], which establish that depth enhances expressivity.
However, we tackle the question of expressivity for realis-
tic data and learning protocols, which is quite different.
Our results, that need confirmation by further studies
on a broader range of data, point toward a negative an-
swer for fully connected networks. It may be that the
added expressive power of deep networks is only useful
for architectures exploiting the symmetry and hierarchy
in the data (e.g. as in convolutional networks). Alterna-
tively, depth may play a role in accelerating the learning
dynamics [74].

Reference point for network architectures: key prop-
erties of deep networks, including the learning dynam-
ics and the generalization power, are believed to be af-
fected by the landscape geometry. We have argued that
there exists a critical line N∗(P ) where the landscape
is singular (with both flat and stiff directions), suggest-
ing that it will be a useful reference point to study dy-
namics and generalization. Concerning the former, our
observations suggest that learning near threshold may

occur by avalanches, that is, by abrupt changes in the
set of data that are correctly classified. In practice,
networks are generally trained in the overparametrized
regime N � N∗. It would be interesting to investigate
whether the learning dynamics, at intermediate times
where many data are not fitted yet, resembles the dy-
namics near threshold and displays bursts of changes in
the constraints. Concerning the latter, we have studied
the effect of jamming on generalization since this article
was first written, as appears in [46, 47].
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The manuscript [75], which appeared at the same time
than ours, shows that the critical properties of the jam-
ming transition found for the non-convex perceptron [34]
hold more generally in some shallow networks. This uni-
versality is an intriguing result. Understanding the con-
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FIG. 10. Results with the MNIST dataset, keeping the first
10 PCA components (see main text), with d = 10 and varying
P and h. The plot shows the number of parameters N∗ at
the jamming transition. For comparison, we also show the
theoretical upper bound (solid curve) and the results found
with random data (black points). The maximum number of
steps is 2 · 106.

nection with our findings, which show instead a jamming
transition similar to that of ellipses, is certainly worth
future studies.
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Dauphin, and Léon Bottou, “Empirical analysis of the
hessian of over-parametrized neural networks,” ICLR
2018 Workshop Contribution, arXiv:1706.04454 (2017).

[26] Andrew J Ballard, Ritankar Das, Stefano Martiniani,
Dhagash Mehta, Levent Sagun, Jacob D Stevenson, and
David J Wales, “Energy landscapes for machine learn-
ing,” Physical Chemistry Chemical Physics (2017).

[27] Zachary C Lipton, “Stuck in a what? adventures in
weight space,” International Conference on Learning
Representations (2016).

[28] Marco Baity-Jesi, Levent Sagun, Mario Geiger, Stefano
Spigler, Gerard Ben Arous, Chiara Cammarota, Yann
LeCun, Matthieu Wyart, and Giulio Biroli, “Compar-
ing dynamics: Deep neural networks versus glassy sys-
tems,” in Proceedings of the 35th International Con-
ference on Machine Learning , Proceedings of Machine
Learning Research, Vol. 80, edited by Jennifer Dy and
Andreas Krause (PMLR, Stockholmsmässan, Stockholm
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Appendix A: Effective number of degrees of freedom

Due to several effects discussed in the main text, the
function f(x; W) can effectively depend on less vari-
ables that the number of parameters, and thus reduce
the dimension of the space spanned by the gradients
∇Wf(x; W) that enters in the theory. For instance,
there could be symmetries that reduce the number of
effective degrees of freedom (e.g. each ReLU activation
function has one of such symmetries, since one can rescale
inputs and outputs in such a way that the post-activation
is left invariant); another reason could be that a neuron
might never activate for all the training data, thus ef-
fectively reducing the number of neurons in the network;
furthermore, we expect that the network’s true dimension
would also be reduced if its architecture presents some
bottlenecks, is poorly designed or poorly initialized. For
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example if all biases are too negative on the neurons of
one layer in the Relu case, the network does not transmit
any signals, leading to N = 1 and to the possible absence
of unstable directions even if the number of parameters
is very large.

It is tempting to define the effective dimension by
considering the dimension of the space spanned by
∇Wf(xµ; W) as µ varies. This definition is not practical
for small number of samples P however, because this di-
mension would be bounded by P . We can overcome such
a problem by considering a neighborhood of each point
xµ, where the network’s function and its gradient can be
expanded in the pattern space:

f(x) ≈ f(xµ) + (x− xµ) · ∇xf(xµ), (A1)

∇Wf(x) ≈ ∇Wf(xµ) + (x− xµ) · ∇x∇Wf(xµ). (A2)

Varying the pattern µ and the point x in the neighbor-
hood of xµ, we can build a family M of vectors:

M = {∇Wf(xµ) + (x− xµ) · ∇x∇Wf(xµ)}µ,x . (A3)

We then define the effective dimension N as the dimen-
sion of M . Because of the linear structure of M , it is
sufficient to consider, for each µ, only d+ 1 values for x,
e.g. x − xµ = 0, ê1, . . . , êd, where ên is the unit vector
along the direction n. The effective dimension is there-
fore

N = rk(G), (A4)

where the elements of the matrix G are defined as

Gi,α ≡ ∂Wif(xµ) + ên · ∇ên∂Wif(xµ), (A5)

with α ≡ (µ, n). The index n ranges from 0 to d, and
ê0 ≡ 0.

In Fig. 11 we show the effective number of parame-
ters N versus the total number of parameters Ñ , in the
case of a network with L = 3 layers trained on the first
10 PCA components of the MNIST dataset. There is
no noticeable difference between the two quantities: the
only reduction is due to the symmetries induced by the
ReLU functions (there is one such symmetry per neu-
ron. Indeed the ReLU function ρ(z) = zΘ(z) satisfies
Λρ(z/Λ) ≡ ρ(z).) We observed the same results for ran-
dom data.

Appendix B: sp(Hp) is symmetric for ReLu
activation function and random data

We consider Hp = −∑µ yµρ (∆µ) Ĥµ, where Ĥµ is the

Hessian of the network function f(xµ; W) and ρ is the
Relu function. We want to argue that the spectrum of
Hp is symmetric in the limit of large N .

FIG. 11. Results with the MNIST dataset, keeping the first
10 PCA components. d = 10 and L = 3, varying P and h.
Effective N vs total number of parameters Ñ . N is always
smaller than Ñ because there is a symmetry per each ReLU-
neuron in the network.

We do two main hypothesis: First, the trace of any
finite power of Hp is self-averaging (concentrates) with
respect to the average over the random data:

1

N
tr(Ĥp

n
) =

1

N
tr(Ĥp

n
).

Second,

1

N

∑

µ1,··· ,µn
yµ1

ρ(∆µ1
) · · · yµnρ(∆µn)tr(Ĥµ1

· · · Ĥµn) =

1

N

∑

µ1,··· ,µn
yµ1ρ(∆µ1) · · · yµnρ(∆µn)tr(Ĥµ1 · · · Ĥµn)

The first hypothesis is natural since Ĥp is a very large
random matrix, for which the density of eigenvalues is ex-
pected to become a non-fluctuating quantity. The second
hypothesis is more tricky: it is natural to assume that the
trace concentrates, however one also need to show that
the sub-leading corrections to the self-averaging of the
trace can be neglected.

Using these two hypothesis and the result, showed be-
low, that

tr(Ĥµ1
· · · Ĥµn) = 0 (B1)

for all n odds, one can conclude that all odds traces of
Ĥp are zero. This implies that the spectrum of Ĥp is
symmetric, more precisely that the fractions of negative
and positive eigenvalues are equal.

In order to show that the statement (B1) above holds,

let us argue first that tr(Ĥnµ) = 0 for any odd n.

tr(Ĥnµ) =
∑

i1,i2,...,in

Ĥµi1,i2Ĥ
µ
i2,i3
· · · Ĥµin,i1 , (B2)
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FIG. 12. Density of the pre-activations for each layers with L = 5 and random data, averaged over all the runs just above the
jamming transition with that architecture. Black: distribution obtained over the training set. Blue: previously unseen random
data (the two curves are on top of each other except for the delta in zero). The values indicate the mass of the peak in zero,
which is only present when the training set is considered.

where the indices i1, . . . , in stand for synapses connect-
ing a pair of neurons (i.e. each index is associated with a

synaptic weight W
(j)
α,β : we are not writing all the explicit

indexes for the sake of clarity). The term of the hessian
obtained when differentiating with respect to weights

W
(j)
α,β and W

(k)
γ,δ reads

Ĥµ;(jk)
αβ;γδ =

∑

π0,...,πL

θ(aµL,πL) · · · θ(aµ1,π1
)xµπ0
·

· ∂
W

(j)
α,β

∂
W

(k)
γ,δ

[
W (L+1)
πL W (L)

πL,πL−1
· · ·W (1)

π1π0

]
. (B3)

where we denoted with a the inputs in the nodes of the
network. Our argument is based on a symmetry of the
problem with random data: changing the sign of the
weight of the last layer W (L+1) −→ −W (L+1) and chang-
ing the labels yµ −→ −yµ leaves the loss unchanged. We

will show that this symmetry implies that tr(Ĥnµ) aver-
aged over the random labels is zero for odd n.

In fact, note that the sum in Eq.B3 contains a weight
per each layer in the network, with the exception of the
two layers j, k with respect to which we are deriving.
This implies that any element of the hessian matrix where
we have not differentiated with respect to the last layer
(j, k < L+1) is an odd function of the last layer W (L+1),
meaning that if W (L+1) −→ −W (L+1), then the sign of
all these Hessian elements is inverted as well.

If in the argument of the sum in Eq. (B2) there is
no index belonging to the last layer, then the whole
term changes sign under the transformation W (L+1) −→
−W (L+1). Suppose now that, on the contrary, there are
m terms with one index belonging to the last layer (we
need not consider the case of two indices both belonging
to the last layer because the corresponding term in the
Hessian would be 0, as one can see in Eq. (B3)). For each
index equal to L + 1 (the last layer), there are exactly

two terms: Ĥµj,L+1ĤµL+1,k (for some indexes j, k). Since
j, k cannot be L + 1 too, this implies that the number
m of terms with an index belonging to the last layer is
always even. Consequently, when the sign of W (L+1) is
reversed, the argument of the sum in Eq. (B2) is multi-
plied by (−1)n−m (once for each term without an index

belonging to the last layer), which is equal to −1 if n
is odd. The same symmetry can be used to show that
a matrix made of an odd product of matrices Ĥµ, such

as ĤµĤµ′Ĥµ′′ , must also have a symmetric spectrum,
concluding our argument.

Appendix C: Density of pre-activations for ReLU
activation functions

The densities of pre-activation (i.e. the value of the
neurons before applying the activation function) is shown
in Fig. 12 for random data. It contains a delta distribu-
tion in zero. The number Nc of pre-activations equal to
zero when feeding a network L = 5 all its random dataset
is Nc ≈ 0.21N , corresponding to the number of directions
in phase space where cusps are present in the loss func-
tion. For MNIST data we find Nc ≈ 0.19N . By taking
L = 2 and random data we find Nc ≈ 0.25N . In these
directions, stability can be achieved even if the hessian
would indicate an instability. For this reason, instead of
N− in Equation 11 one should use N/2−Nc ≈ 0.25N .
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2 Overparameterization & Double-
Descent

The following paper is the preprint version of Spigler et al. (2019). It is a short version of Geiger

et al. (2019) with added observation of double-descent.

Candidate contributions The candidate discovered the double-descent phenomenon in

classification with neural networks.
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Abstract. In this paper we first recall the recent result that in deep networks a
phase transition, analogous to the jamming transition of granular media, delimits
the over- and under-parametrized regimes where fitting can or cannot be achieved.
The analysis leading to this result support that for proper initialization and
architectures, in the whole over-parametrized regime poor minima of the loss are
not encountered during training, because the number of constraints that hinders
the dynamics is insufficient to allow for the emergence of stable minima. Next,
we study systematically how this transition affects generalization properties of
the network (i.e. its predictive power). As we increase the number of parameters
of a given model, starting from an under-parametrized network, we observe for
gradient descent that the generalization error displays three phases: (i) initial
decay, (ii) increase until the transition point — where it displays a cusp — and
(iii) slow decay toward an asymptote as the network width diverges. However
if early stopping is used, the cusp signaling the jamming transition disappears.
Thereby we identify the region where the classical phenomenon of over-fitting
takes place as the vicinity of the jamming transition, and the region where the
model keeps improving with increasing the number of parameters, thus organizing
previous empirical observations made in modern neural networks.

1. Introduction

Despite the remarkable progress in designing [1, 2] and training [3] neural networks,
there is still no general theory explaining their success, and their understanding remains
mostly empirical. Central questions need to be clarified, such as what conditions need
to be met in order to fit data properly, why the dynamics does not get stuck in spurious
local minima, and how the depth of the network affects its loss landscape.

Complex physical systems with non-convex energy landscapes featuring an
exponentially large number of local minima are called glasses [4]. An analogy between
deep networks and glasses has been proposed [5, 6], in which the learning dynamics is
expected to slow down and to get stuck in the highest minima of the loss. Yet, in the
regime where the number of parameters is large (often considered in practice), several
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numerical and rigorous works [7, 8, 9, 10, 11] suggest a different landscape geometry
where the loss function is characterized by a connected level set. Furthermore, studies
of the Hessian of the loss function [12, 13, 14] and of the learning dynamics [15, 16]
support that the landscape is characterized by an abundance of flat directions, even
near its bottom, at odds with traditional glasses.

1.1. Jamming transition and supervised learning

In a previous article [17] we have introduced an analogy between supervised learning
with deep neural networks and a class of glassy systems, namely random dense packings
of repulsive particles. It generalized a previous seminal analogy established between the
loss landscape of the perceptron (the simplest network without hidden neurons) and the
energy landscape of spherical particles [18], and specified the universality class to which
deep learning corresponds to. The critical behavior of these granular systems, although
very general, is of easier understanding when we consider particles that interact only
within a finite range: upon increasing their density, such systems undergo a critical
jamming transition [19, 20] when there is no longer space to accommodate all the
particles without them touching one another. Before the transition the energy is zero,
and after it increases with the density. The inclusion of longer-range interactions blurs
the transition but its effects are still affecting the energy landscape [19]. Deep networks
behave similarly when we look at the training loss, and, again, a clear criticality
emerges when considering a “finite-range” loss function — the hinge loss: when the
number P of training points is small enough, the network is able to learn the whole
training set and reaches zero training loss, and upon increasing the dataset size we
find a critical “jamming” point where perfect training does not occur and learning gets
stuck in a positive minimum of the the training loss.

up
pe

r b
ou

nd

jamming tra
nsit

ion

under-parametrized

over-parametrized

no sta
ble

local m
inima

Figure 1. N : degrees of freedom, P : training examples.

For the full analogy we point to the aforementioned paper [17]. In the present
work we first review the arguments that show that the existence of the jamming
transition, studied in the (N,P ) plane where N is the number of degrees of freedom
of the network (informally, its size) and P is the size of the training set. As it turns
out, there is a critical line N?(P ) (whose exact location can depend on the chosen
dynamics) delimiting two phases, one where the learning reaches zero training loss, and
one where it gets stuck in a minimum with finite loss — see Fig. 1. We present some
numerical results that characterize the different phases, both for random data and for
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the MNIST dataset, using fully-connected networks with ReLU activation functions.
Then, we show novel data that illustrate that this transition affects the most crucial
aspect of learning, namely the generalization error. We observe that generalization
properties are strongly affected by the proximity to the jamming transition: for a
gradient descent dynamics, in the under-parameterized phase before jamming (large P
or small N) the generalization error is increasing; at the transition it displays a cusp;
after jamming, in the over-parametrized phase, the error decreases monotonically. If
early stopping is used, the cusp disappears, implying that the jamming transition is
precisely the point where over-fitting is very strong.

1.2. Generalization versus over-fitting

The puzzle regarding the good generalization properties of neural networks despite
their large size has been the topic of study for several other works. Some of them focus
on the effects of various ways of regularizing the network, thereby effectively reducing
the dimension [21, 22, 23, 24]. Yet another body of works focus on the effects of sheer
size of a neural network [25, 26, 27].

Among previous studies, [28] stands out as a natural predecessor of our work.
In [28] the authors present one of the first empirical observations of the cusp in test
error of a non-linear model, a behaviour that is reminiscent of the perceptron. There,
the training dynamics is run on a two-layer student network whose training data is
provided by a teacher network with a similar architecture. The authors have observed
(i) a cusp in generalization error, and (ii) monotonic decay in the test error when early
stopping is used.

In this work, we show that the cusp in generalization corresponds to a phase
transition where the number of unsatisfied constraints suddenly drops to zero as N
increases. We quantify how the location of the transition N∗(P ) depends on P for
both random data and natural images, and find that the data structure significantly
affects N∗(P ). Our analysis makes it clear that N∗ 6= P , an assumption sometimes
made in previous studies. Overall, it relates the cusp in generalization to a well-known
body of literature in physics associated with the “jamming” transition.

Since the initial preparation of the present work, the field has progressed quickly
within a matter of months. The described cusp in the generalization error has been
observed empirically in [29] for random forest models and simple neural networks.
Further theoretical studies on regression showed a precise mathematical description
of the cusp behaviour in [30, 31, 32], albeit on models that are practically somewhat
further away from modern neural networks. Finally, in [33], our subsequent work, we
develop a quantitative theory for (i) the cusp which is associated to the divergence of
the norm of the output function at the critical point of the phase transition and (ii)
the asymptotic behaviour of the generalization error as N →∞ which is associated
with the reduced fluctuations of the output function. That work also shows that after
ensemble averaging several networks, performance is optimal near the jamming the
threshold, emphasizing the practical importance of this transition.

2. Theoretical framework

In this section we recall in detail the analogy between jamming and supervised learning
for deep neural networks [17, 18]. This will set the stage for the following thorough
analysis of the phase transition and its role on generalization.

Chapter 2. Overparameterization & Double-Descent
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h d x→

L+ 1

a(L+1) → f(x;W)· · ·

a
(L)
βa

(L−1)
α

W
(L)
α,β

W
(L+1)
α

a
(1)
δ

xγ

W
(1)
γ,δ

Figure 2. Architecture of a fully-connected network with L hidden layers
of constant size h. Points indicate neurons, connections between them are
characterized by a weight. Biases are not represented here.

2.1. Set-up

We consider a binary classification problem, with a set of P distinct training data
denoted {(xµ, yµ)}Pµ=1. The vector xµ is the input, which lives in a d-dimensional
space, and yµ = ±1 is its label. We denote by f(x;W) the output of a fully-connected
network corresponding to an input x, parametrized by W. We represent the network
as in Fig. 2, and the output function is written recursively as

f(x;W) ≡ a(L+1), (1)

a
(i)
β =

∑

α

W
(i)
α,β ρ

(
a(i−1)
α

)
−B(i)

β , (2)

a
(1)
β =

∑

α

W
(1)
α,β xα −B

(1)
β , (3)

where a(i)
α are the preactivations. In our notation the set of parameters W includes,

with a slight abuse of notation, both the weights W (i)
α,β and the biases B(i)

α . ρ(z) is the
non-linear activation function, e.g. the ReLU ρ(z) = zθ(z) or the hyperbolic tangent
ρ(z) = tanh(z). The parameters are learned by minimizing the quadratic hinge loss:

L(W) =
1

P

P∑

µ=1

1

2
max (0,∆µ)

2 ≡ 1

P

∑

µ∈m

1

2
∆2
µ, (4)

where ∆µ ≡ 1−yµf(xµ;W) and m is the set of patterns with ∆µ > 0 and contains N∆

elements. These patterns describe unsatisfied constraints: they are either incorrectly
classified or classified with an insufficient margin (whereas patterns with ∆µ < 0
are learned with margin 1). We adopt this loss function since it makes the jamming
transition simpler to analyze‡, but this choice does not influence the performance of
the network, as we have reported in [17].

‡ The often used cross-entropy loss function also displays a transition where all data are well-fitted.
However, in the over-parametrized regime the dynamic never stops, as the total loss vanishes only if
the output and therefore the weights diverge. Imposing a time cut-off is done in practice, but it blurs
the criticality near jamming, as exemplified below with the early stopping procedure.
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We are interested in the transition between an over-parametrized phase where
the network can satisfy all the constraints (L = 0) and an under-parametrized phase
where some constraints remain unsatisfied (L > 0).

2.2. A note on the effective number of parameters

In our discussion the notion of effective number of degrees of freedom is important. In
the space of functions going from the neighborhoods of the training set to real numbers,
consider the manifold of functions f(x;W) obtained by varying W. We denote by
Neff(W) the dimension of the tangent space of this manifold at W. In general we have
Neff(W) ≤ N . Several reasons can make Neff(W) strictly smaller than N , including:

• The signal does not propagate in the network, i.e. f(x;W) = C1 for all x in the
neighborhood of the training points xµ. In that case, the manifold is of dimension
unity and Neff(W) = 1. This situation will occur for a poor initialization of the
weights, for example if all biases are too negative on the neurons of one layer for
ReLU activation function (see for instance [34]). It can also occur if the data xµ are
chosen in an adversarial manner for a given choice of initial weights. For example,
one can choose input patterns so as to not activate the first layer of neurons (which
is possible if the number of such neurons is not too large). Poor transmission
will be enhanced (and adversarial choices of data will be made simpler) if the
architecture presents some bottlenecks. In the situation where Neff(W) = 1, it is
very simple to obtain local minima of the loss at finite loss values, even when the
model has many parameters.

• The activation function is linear. Then, the output is an affine function of the
input, leading to Neff ≤ d + 1. Dimension-dependent bounds will also exist if
the activation function is polynomial (because the output function then is also
restricted to be polynomial).

• Symmetries are present in the network, e.g. the scale symmetry in ReLU networks:
since the ReLU function is homogeneous, multiplying the weights of a layer by
some factor and dividing the weights in the next layer by the same factor leaves
the output function invariant. It will reduce one degrees of freedom per node.

• Some neurons are never active e.g. in the ReLU case, their associated weights do
not contribute to Neff .

Thus there are N − Neff directions in parameter space that do not affect the
function. These directions will lead to zero modes in the Hessian at any minimum
of the loss. In what follows we consider stability with respect to the relevant Neff

directions, which do affect the output function. Our results on the impossibility to get
stuck in bad minima are expressed in terms of Neff . However, as reported in Appendix
A.1, we find empirically that for a proper initialization of the weights and constant-
width fully connected networks, Neff ≈ N (the difference is small and equal to the
number of hidden neurons, and only results from the symmetry associated with each
ReLU neuron). Henceforth to simplify notations we will use the symbol N to represent
the number of effective parameters.

2.3. Constraints on the stability of minima

In this section we show that the existence of a minimum at a vanishingly small training
loss (i.e. approaching jamming) is enough to derive an upper bound for the transition
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in the (N,P ) plane.
Let us suppose (and justify later) that, for a fixed number of data P and with

proper initialization of weights, if N is large enough then gradient descent leads to
L = 0, whereas if N is small after training L > 0. Imagine increasing N starting
from a small value: at some N∗ the loss obtained after training approaches zero §, i.e.
limN→N∗ L = 0. We refer to this point as the jamming transition. A vanishing training
loss implies that ∆µ → 0 for each pattern µ = 1, . . . , P . As argued in [35], for each
µ ∈ m the constraint ∆µ ≈ 0 defines a manifold of dimension N − 1‖. Satisfying N∆

such equations thus generically leads to a manifold of solutions of dimension N −N∆¶.
Imposing that a solution exists implies that at jamming:

N∗ ≥ N∆. (5)

Smooth activation function: An opposite bound can be obtained by considerations
of stability (as was done for the jamming of repulsive spheres in [37]), by imposing
that in a stable minimum the Hessian must be positive definite if the output function
is smooth, as it must be the case if the activation function is smooth (see below for the
situation where the function displays cusps, as occurs for ReLU neurons). The Hessian
matrix, that is the matrix of second derivatives, is

HL =
1

P

∑

µ∈m
∇∆µ ⊗∇∆µ +

1

P

∑

µ∈m
∆µ∇⊗∇∆µ

≡ H0 +Hp. (6)

(Here ∇ is the gradient operator and ⊗ stands for tensor product). The first term H0

is positive semi-definite: it is the sum of N∆ rank-one matrices, thus rk(H0) ≤ N∆,
implying that the kernel of H0 is at least of dimension N −N∆.

Let us denote by E− the negative eigenspace+ of Hp and call N− its dimension.
Stability then imposes that ker(H0) ∩E− = {0}, which is only possible if N∆ ≥ N−.
Hence, minima with positive training loss (and therefore the minimum found right
above jamming) can only occur for:

P ≥ N∆ ≥ N−. (7)

(The first inequality trivially follows from the fact that the N∆ patterns belong to the
training set of size P ). As reported in [17], we observe empirically that the spectrum of
Hp is statistically symmetric in the cases that we consider in the present work, i.e. for
ReLU activation function, both for MNIST and random data, both at initialization and
at the end of training. In Appendix A.2 we provide a non-rigorous argument supporting
that in the case of ReLU activation functions and random data the spectrum of Hp is
indeed symmetric with limN→∞N−/N+ = 1 independently of depth, where N+ is the
number of positive eigenvalue. We conjecture that in general the limiting spectrum of
Hp as N,P →∞ (for any fixed ratio P/N) has a finite fraction C0 = N−/N of negative
eigenvalues for generic architectures and datasets. In [17] we observed C0 = 1/2 for

§ For finite P , N∗ will present fluctuations induced by differences of initial conditions. The fluctuations
of P/N∗ are however expected to vanish in the limit where P and N∗ become large. This phenomenon
is well-known for the jamming of particles, and is an instance of finite size effects.
‖ Related arguments were recently made for a quadratic loss [11]. In that case, we expect the
landscape to be related to that of floppy spring networks, whose spectra are predicted in [36].
¶ Note that this argument implicitly assumes that the N∆ constraints are independent. In disordered
systems this assumption is generally correct, but it may break down if symmetries are present.
+ The negative eigenspace is the subspace spanned by the eigenvectors associated with negative
eigenvalues.
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the ReLU activation function as expected, for tanh activation functions at jamming
and at the end of training we found C0 ≈ 0.43. Thus, C0 is not universal.

Finally we assume that the spectrum of Hp does not display a finite density of
zero eigenvalues (once restricted to the space of parameters that affect the output, of
dimension Neff , supposed here to be equal to N). Note that this assumption breaks
down if data can be identical with different labels, a case we exclude here ∗. Under
this assumption we obtain from Equation (7) that local minima with positive training
loss cannot be encountered if N > P/C0, implying in particular that:

N∗ ≤ P/C0 (8)

Non-smooth activation functions: With ReLU activation functions, the output
function f(x;W) is not smooth and presents cusps, so that the Hessian needs not be
positive definite for stability. A minimum can lie on a point where the second derivative
is not defined along some directions (because of the cusp), and we say that the cusp
stabilizes those directions. Equation (7) needs to be modified accordingly: introducing
the number of directions Nc ≡ βN presenting cusps near jamming, stability implies
N∆ > N− −Nc and:

N∆ ≥ N(C0 − β) (9)

implying in turn that:

N∗(P ) ≤ P

C0 − β
(10)

Numerically, we find that at jamming the fraction of directions along which there is a
cusp is Nc/N∗ ≡ β ∈ (0.21, 0.25) both for random data and images as reported in the
Appendix A.3. Using C0 = 1/2 for Relu, we obtain the bounds:

N∆ ≥ N/4 (11)
N∗ ≤ 4P. (12)

Main results: Overall, our analysis supports that for smooth activation functions
there exists a constant C0 such that:

• there is a transition for N∗(P ) ≤ P/C0 below which the training loss converges to
some non-zero value (under-parametrized phase) and above which it becomes null
(over-parametrized phase).
• At the transition, the fraction N∆/N of unsatisfied constraints per degree of

freedom jumps discontinuously to a finite value satisfying C0 ≤ N∆/N ≤ 1.

The complete list of results, including consequences of this analysis on the Hessian, is
included in [17].

For Relu activation function, C0 = 1/2 but the analysis is complicated by the
presence of cusps. The jamming transition is still sharp, i.e. characterized by a
discontinuous jump in constraints as specified by Eq.11.

In the next sections, we confirm these predictions for Relu in numerical experiments
and observe the generalization properties at and beyond the transition point.
∗ Indeed even in the over-parametrized case, if xi = xj but yi 6= yj then an exact cancellation of
terms occurs in the sum defining Hp, which can then be zero while L > 0.
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Figure 3. (A, B) Random data and (C, D) MNIST dataset. (A) and (C)
depict the location N∗ of the transition as a function of the number P , for
networks with different cost functions or sizes. (B) and (D) show that in the
L-N∆/N and P/N -N∆/N planes the transition displays a discontinuous
jump.

3. Location of the jamming transition

Here we present the numerical results on random data (uniformly distributed on a
hypersphere and with random labels yµ = ±1) and on the MNIST dataset (partitioned
into two groups according to the parity of the digits and with labels yµ = ±1). With
MNIST, in order not to have most of the weights in the first layer, we reduce the actual
input size by retaining only the first d = 10 principal components that carry the most
variance (this hardly diminishes the performance for such a task). Further description
of the protocols is in Appendix B.

In Fig. 3A,C we show the location of boundary N∗ versus the number of samples
P . N∗ is estimated numerically for each P by starting from a large value of N and
progressively decreasing it until L > 0 at the end of training. Varying input dimension,
depth and loss function (cross entropy or hinge) has little effect on the transition. This
result indicates that in the present setup the ability of fully-connected networks to fit
random data does not depend crucially on depth. Fig. 3C shows also a comparison
of random data with MNIST. A difference between random data and images is that
the minimum number of parameters N∗ needed to fit the real data is significantly
smaller and grows less fast as P increases — for P � 1, N∗(P ) could be sub-linear or
even tend to a finite asymptote: how the data structure affects N∗(P ) is an important
questions for future studies.

From the analysis of Section 2, the number of constraints per parameter N∆/N
is expected to jump discontinuously at the transition. This is shown in the insets of
Fig. 3B,D. The scatter in these plots presumably reflects finite size effects known to
occur near the jamming transition of particles [20]. All this scatter is however gone
when plotting N∆/N as a function of the loss itself, as shown in the main panels of
Fig. 3B,D.
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4. Generalization at and beyond jamming

In Fig. 4A we show the evolution of the generalization error for networks at four
different locations in the (N,P ) plane. The networks are trained on MNIST at fixed
P = 50k, and at different values N , both above, at and below jamming. Training is
run for a fixed number of steps of vanilla gradient descent (the simulation details are
in Appendix B). The profile of these curves is typical of most learning problems (if one
does not recur to early stopping): notice that the point of minimum generalization
error happens before the end of training. The increase of test error at late times is
referred to “over-fitting” in the field. Very interestingly, it is clear from this figure
that at small and large N , over-fitting is a weak effect, which however becomes very
significant at intermediate N .

To study this effect, we systematically vary N at fixed P . In Fig. 4B the solid
curve shows the generalization error against the network size N for three different
values of P (we sampled subsets of MNIST). The dashed curve represents the value
of the smallest error obtained during training, at prior time-steps (extracted from
the profiles shown in Fig. 4A). The former displays a cusp at the transition point,
as one can see clearly after rescaling the N -axis of each curve by the corresponding
value of N?(P ). Strong over-fitting, corresponding to the difference between the solid
and dashed lines, takes place only in the vicinity of the critical jamming transition
(Fig. 4B-C). We thus posit that at fixed P , the benefit of early stopping [22] should
diminish in the large-size limit. Beyond the jamming point, the accuracy keeps steadily
improving as the number of parameters increases [25, 26, 27], although it does so quite
slowly. We have provided a quantitative explanation for this phenomenon in [33]. In
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Figure 4. We trained a 5 hidden layer fully-connected network on MNIST.
(A) Typical evolution of the generalization error over training time, for
systems located at different points relatively to the jamming transition
(for P = 50k): over-fitting is marked by the gap between the value at the
end of training and the minimum at prior times. Notice that training of
over-parametrized systems halts sooner because the networks have achieved
zero loss over the training set. (B) Test error at the final point of training
(solid line) and minimum error achieved during training (dashed line) vs.
system size. (C) When N is scaled by N∗(P ) it is clear that over-fitting
occurs at the jamming transition.
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Appendix B.2 we have verified that the overall trends showed in Fig. 4 qualitatively
hold also for other depths.

Notice that although the cusp has been found also in shallow networks (in particular
the perceptron [38, 39]), their behavior is at odds with what we observe: for the
perceptron, test error asymptotically increases with N .

5. Conclusions

Understanding the effect of over-parametrization on the behavior of deep neural
networks is a central problem in machine learning. In this work, by focusing on the
hinge loss, we recast the minimization of the loss function as a constraint-satisfaction
problem with continuous degrees of freedom. A similar approach was used in the
field of interacting particles, which display a sharp jamming transition affecting the
landscape if the interaction is chosen to be finite range [20]. Following the analogy we
were able to predict a sharp transition as the number of network parameters is varied,
separating a region in the (P,N) plane where a global minimum can be found (L = 0)
from a region where the number of unsatisfied constraints is a fraction of the number of
parameters, so L > 0. These results also shed light on several aspects of deep learning:

Not getting stuck in local minima: In the over-parametrized regime, the dynamics
does not get stuck in local minima at finite loss value because the number of constraints
to satisfy is too small to hamper minimization. It follows from our assumptions on the
negative eigenspace of the matrix Hp that in this regime the landscape is flat and local
minima do not exist (assuming that the number of effective parameters that affect the
output function is N). For a smooth activation function we predict that one cannot get
stuck in a bad minimum for N ≥ P/C0, implying in particular that N∗ ≤ P/C0 where
C0 is a constant. We obtain a less demanding bound for ReLU activation functions due
to the presence of cusps in the landscape, a situation for which we expect C0 = 1/2.
In practice, for random data N∗(P ) scale linearly with P (in this sense, the bound is
tight). By contrast, for structured data N∗(P ) appears to scale sub-linearly with P .
Predicting the curve N∗(P ) remains a challenge for the future.

Reference point for fitting and generalization: There exists a critical curve N∗(P )
on the N -P plane above which the global minima of the landscape become accessible.
The curve also appears to be linked to the generalization potential of the model. We
show that in the cases that we considered, (i) the generalization error decreases when
N � N∗; then (ii) it increases and culminates in a cusp at N ≈ N∗ that is erased by
early stopping, most useful in this region; finally, (iii) in the over-parametrized phase,
it monotonically decreases, although very slowly.
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Appendix A. Network properties

In the following, we analyze numerically the networks properties that were used in the
previous analysis. This provides a numerical confirmation of our arguments, and an in
depth characterization of the networks.

Appendix A.1. Effective number of degrees of freedom

Due to several effects discussed above, the function f(x;W) can effectively depend on
less variables that the number of parameters, and thus reduce the dimension of the
space spanned by the gradients ∇Wf(x;W) that enters in the theory. For instance,
there could be symmetries that reduce the number of effective degrees of freedom
(e.g. each ReLU activation function has one of such symmetries, since one can rescale
inputs and outputs in such a way that the post-activation is left invariant); another

53



A jamming transition from under- to over-parametrization 13

reason could be that a neuron might never activate for all the training data, thus
effectively reducing the number of neurons in the network; furthermore, we expect that
the network’s true dimension would also be reduced if its architecture presents some
bottlenecks, is poorly designed or poorly initialized. For example if all biases are too
negative on the neurons of one layer in the Relu case, the network does not transmit
any signals, leading to N = 1 and to the possible absence of unstable directions even if
the number of parameters is very large.

It is tempting to define the effective dimension by considering the dimension of
the space spanned by ∇Wf(xµ;W) as µ varies. This definition is not practical for
small number of samples P however, because this dimension would be bounded by
P . We can overcome such a problem by considering a neighborhood of each point xµ,
where the network’s function and its gradient can be expanded in the pattern space:

f(x) ≈ f(xµ) + (x− xµ) · ∇xf(xµ), (A.1)

∇Wf(x) ≈ ∇Wf(xµ) + (x− xµ) · ∇x∇Wf(xµ). (A.2)

Varying the pattern µ and the point x in the neighborhood of xµ, we can build a
family M of vectors:

M = {∇Wf(xµ) + (x− xµ) · ∇x∇Wf(xµ)}µ,x . (A.3)

We then define the effective dimension Neff as the dimension of M . Because of the
linear structure of M , it is sufficient to consider, for each µ, only d+ 1 values for x, e.g.
x− xµ = 0, ê1, . . . , êd, where ên is the unit vector along the direction n. The effective
dimension is therefore

Neff = rk(G), (A.4)

where the elements of the matrix G are defined as

Gi,α ≡ ∂Wi
f(xµ) + ên · ∇ên∂Wi

f(xµ), (A.5)

with α ≡ (µ, n). The index n ranges from 0 to d, and ê0 ≡ 0.
In Fig. A1 we show the effective number of parameters Neff versus the total

number of parameters N , in the case of a network with L = 3 layers trained on the
first 10 PCA components of the MNIST dataset. There is no noticeable difference
between the two quantities: the only reduction is due to the symmetries induced by the
ReLU functions (there is one such symmetry per neuron. Indeed the ReLU function
ρ(z) = zΘ(z) satisfies Λρ(z/Λ) ≡ ρ(z).) We observed the same results for random
data.

Appendix A.2. sp(Hp) is symmetric for ReLu activation functions and random data

We consider Hp = −∑µ yµρ (∆µ) Ĥµ, where Ĥµ is the Hessian of the network function
f(xµ;W) and ρ is the Relu function. We want to argue that the spectrum of Hp is
symmetric in the limit of large N .

We do two main hypothesis: First, the trace of any finite power of Hp is self-
averaging (concentrates) with respect to the average over the random data:

1

N
tr(Ĥp

n
) =

1

N
tr(Ĥp

n
). (A.6)
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Figure A1. Results with the MNIST dataset, keeping the first 10 PCA
components. d = 10 and L = 3, varying P and h. Effective Neff vs total
number of parameters N . Neff is always smaller than N because there is a
symmetry per each ReLU-neuron in the network.

Second,
1

N

∑

µ1,···,µn
yµ1

ρ(∆µ1
) · · · yµnρ(∆µn)tr(Ĥµ1

· · · Ĥµn) =

=
1

N

∑

µ1,···,µn
yµ1

ρ(∆µ1
) · · · yµnρ(∆µn) · tr(Ĥµ1

· · · Ĥµn)

(A.7)

The first hypothesis is natural since Ĥp is a very large random matrix, for which
the density of eigenvalues is expected to become a non-fluctuating quantity. The second
hypothesis is more tricky: it is natural to assume that the trace concentrates, however
one also need to show that the sub-leading corrections to the self-averaging of the trace
can be neglected.

Using these two hypothesis and the result, showed below, that

tr(Ĥµ1
· · · Ĥµn) = 0 (A.8)

for all n odds, one can conclude that all odds traces of Ĥp are zero. This implies that
the spectrum of Ĥp is symmetric, more precisely that the fractions of negative and
positive eigenvalues are equal.

In order to show that the statement (A.8) above holds, let us argue first that
tr(Ĥnµ) = 0 for any odd n.

tr(Ĥnµ) =
∑

i1,i2,...,in

Ĥµi1,i2Ĥ
µ
i2,i3
· · · Ĥµin,i1 , (A.9)

where the indices i1, . . . , in stand for synapses connecting a pair of neurons (i.e. each
index is associated with a synaptic weight W (j)

α,β : we are not writing all the explicit
indexes for the sake of clarity). The term of the hessian obtained when differentiating
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with respect to weights W (j)
α,β and W (k)

γ,δ reads

Ĥµ;(jk)
αβ;γδ =

∑

π0,...,πL

θ(aµL,πL) · · · θ(aµ1,π1
)xµπ0
·

·∂
W

(j)
α,β

∂
W

(k)
γ,δ

[
W (L+1)
πL W (L)

πL,πL−1
· · ·W (1)

π1π0

]
.

(A.10)

where we denoted with a the inputs in the nodes of the network. Our argument is
based on a symmetry of the problem with random data: changing the sign of the weight
of the last layer W (L+1) −→ −W (L+1) and changing the labels yµ −→ −yµ leaves the
loss unchanged. We will show that this symmetry implies that tr(Ĥnµ) averaged over
the random labels is zero for odd n.

In fact, note that the sum in Equation (A.10) contains a weight per each layer
in the network, with the exception of the two layers j, k with respect to which we
are deriving. This implies that any element of the hessian matrix where we have not
differentiated with respect to the last layer (j, k < L + 1) is an odd function of the
last layer W (L+1), meaning that if W (L+1) −→ −W (L+1), then the sign of all these
Hessian elements is inverted as well.

If in the argument of the sum in Equation (A.9) there is no index belonging
to the last layer, then the whole term changes sign under the transformation
W (L+1) −→ −W (L+1). Suppose now that, on the contrary, there are m terms with
one index belonging to the last layer (we need not consider the case of two indices
both belonging to the last layer because the corresponding term in the Hessian would
be 0, as one can see in Equation (A.10)). For each index equal to L + 1 (the last
layer), there are exactly two terms: Ĥµj,L+1ĤµL+1,k (for some indexes j, k). Since j, k
cannot be L+ 1 too, this implies that the number m of terms with an index belonging
to the last layer is always even. Consequently, when the sign of W (L+1) is reversed,
the argument of the sum in Equation (A.9) is multiplied by (−1)n−m (once for each
term without an index belonging to the last layer), which is equal to −1 if n is odd.
The same symmetry can be used to show that a matrix made of an odd product of
matrices Ĥµ, such as ĤµĤµ′Ĥµ′′ , must also have a symmetric spectrum, concluding
our argument.
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Figure A2. Density of the pre-activations for each layers with L = 5 and
random data, averaged over all the runs just above the jamming transition
with that architecture. Black: distribution obtained over the training set.
Blue: previously unseen random data (the two curves are on top of each
other except for the delta in zero). The values indicate the mass of the peak
in zero, which is only present when the training set is considered.
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Appendix A.3. Density of pre-activations for ReLU activation functions

The densities of pre-activation (i.e. the value of the neurons before applying the
activation function) is shown in Fig. A2 for random data. It contains a delta distribution
in zero. The number Nc of pre-activations equal to zero when feeding a network L = 5
all its random dataset is Nc ≈ 0.21N , corresponding to the number of directions in
phase space where cusps are present in the loss function. For MNIST data we find
Nc ≈ 0.19N . By taking L = 2 and random data we find Nc ≈ 0.25N . In these
directions, stability can be achieved even if the hessian would indicate an instability.
For this reason, instead of N− in Equation (7) one should use N/2−Nc ≈ 0.25N .

Appendix B. Parameters used in simulations

Appendix B.1. Random data

The dataset is composed of P points taken to lie on the d-dimensional hyper-sphere of
radius

√
d, xµ ∈ Sd, with random label yµ = ±1. The networks are fully connected,

and have an input layer of size d and L layers with h neurons each, culminating in a
final layer of size 1. To find the transition we proceed as follows: we build a network
with a number of parameters N large enough for it to be able to fit the whole dataset
without errors. Next, we decrease the width h while keeping the depth L fixed, until
the network cannot correctly classify all the data anymore within the chosen learning
time. We denote this transition point N∗. As initial conditions for the dynamics we
use the default initialization of pytorch: weights and biases are initialized with a
uniform distribution on [−σ, σ], where σ2 = 1/fin and fin is the number of incoming
connections.

When using the cross entropy, the system evolves according to a stochastic gradient
descent (SGD) with a learning rate of 10−2 for 5 · 105 steps and 10−3 for 5 · 105 steps
(106 steps in total); the batch size is set to min(P/2, 1024), and batch normalization is
used. We do not use any explicit regularization in training the networks. In Fig. B1
we check that t = 106 is enough to converge.

102 103 104 105

P

102

103

104

105

N
∗

t
t/4

t/16

Figure B1. Convergence of the critical line for networks trained with cross
entropy on random data.

When using the hinge loss, we use an orthogonal initialization [42], no batch
normalization and t = 2 · 106 steps of ADAM [43] with batch size P and a learning rate
starting at 10−4. In the experiments of section 3 (not for the experiments of section 4),
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we progressively divided the learning rate by 10 every 250k steps. Also in this case we
do not use any explicit regularization in training the networks.

To observe the discontinuous jump in the number N∆ of unsatisfied constraints at
the transition (Fig. 3B and inset), we consider three architectures, both with N ≈ 8000
and d = h but with different depths L = 2, L = 3 and L = 5. The vicinity of the
transition is studied by varying P around the transition value and minimizing for 107

steps (a better minimization is needed to improve the precision close to the transition).

Details about Fig 3A hinge We took d = h and trained for 2M steps. For some
values of P ∈ (500, 60k), start at large h where we reach N∆ = 0 and decrease h until
N∆ > 0.1N .

Details about Fig 3B We trained networks of depth 2,3,5 with d = h = 62, 51, 40
respectively for 10M steps. For L = 3 (d = 51, h = 51) we ran 128 training varying P
from 21991 to 25918. For the value of N we take 7854 that correspond to the number
of parameters minus the number of neurons, per neuron there is a degree of freedom
lost in a symmetry induced by the homogeneity of the ReLU function. 37 of the runs
have N∆ = 0, 74 have N∆ > 0.4N . Among the 19 remaining ones, 14 of them have
N∆ between 1 and 4, we think that these runs encounter numerical precision issues,
we observed that using 32 bit precision accentuate this issue. We think that the 5 left
with 4 < N∆ < 0.4N has been stoped too early. The same observation apply for the
other depths.

Appendix B.2. Real data

The images in the MNIST dataset are gathered into two groups, with even and odd
numbers and with labels yµ = ±1. The architecture of the network is as in the previous
sections: the d inputs are fed to a cascade of L fully-connected layers with h neurons
each, that in the end result in a single scalar output. The loss function used is always
the hinge loss.

If we kept the original input size of 28× 28 = 784 (each picture is 28× 28 pixels)
then the majority of the network’s weights would be necessarily concentrated in the
first layer (the width h cannot be too large in order to be able to compute the Hessian).
To avoid this issue, we opt for a reduction of the input size. We perform a principal
component analysis (PCA) on the whole dataset and we identify the 10 dimensions
that carry the most variance on the whole dataset; then we use the components of
each image along these directions as a new input of dimension d = 10. This projection
hardly diminishes the performance of the network (which we find to be larger than
90% when using all the data and large N).

Details about Fig 3C We trained networks of depth 1,3,5 for 2M steps. For some
values of P ∈ (100, 50k), start at large h where we reach N∆ = 0 and decrease h until
N∆ > 0.1N .

Details about Fig 3D We trained a network of L = 5, d = 10, h = 30 for 3M steps.
With P varying from 31k to 68k (using trainset and testset of MNIST).
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Details about Fig 4 We trained a network of L = 5 and d = 10 for 500k steps. where
P ∈ {10k, 20k, 50k} and h varies from 1 to 3k. Fig B2 shows a comparison between
L = 5 and L = 2.
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Figure B2. Generalization on MNIST 10 PCA. Comparison between two
depth L = 2 and L = 5.
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Abstract

Supervised deep learning involves the training of neural net-
works with a large number N of parameters. For large enough
N , in the so-called over-parametrized regime, one can essen-
tially fit the training data points. Sparsity-based arguments
would suggest that the generalization error increases as N
grows past a certain threshold N∗. Instead, empirical studies
have shown that in the over-parametrized regime, generaliza-
tion error keeps decreasing with N . We resolve this paradox
through a new framework. We rely on the so-called Neural
Tangent Kernel, which connects large neural nets to kernel
methods, to show that the initialization causes finite-size ran-
dom fluctuations ‖fN − f̄N‖ ∼ N−1/4 of the neural net output
function fN around its expectation f̄N . These affect the
generalization error εN for classification: under natural as-
sumptions, it decays to a plateau value ε∞ in a power-law
fashion ∼ N−1/2. This description breaks down at a so-called
jamming transition N = N∗. At this threshold, we argue that
‖fN‖ diverges. This result leads to a plausible explanation for
the cusp in test error known to occur at N∗. Our results are
confirmed by extensive empirical observations on the MNIST
and CIFAR image datasets. Our analysis finally suggests that,
given a computational envelope, the smallest generalization
error is obtained using several networks of intermediate sizes,
just beyond N∗, and averaging their outputs.

Introduction

Deep neural networks (DNNs) have proven to be very success-
ful at a very wide range of tasks. In particular, for supervised
learning tasks, they have yielded breakthroughs in various
contexts, in particular for image classification [1, 2], speech
recognition [3], and automatic translation [4]. Yet, a theo-
retical framework to understand the remarkable successes of
DNNs remains to be constructed, and central questions need
to be clarified.

1M.G. and A.J. contributed equally to this work.
2E-mail: clement.hongler@epfl.ch, matthieu.wyart@epfl.ch

First, supervised learning for a DNN corresponds to ad-
justing N parameters which describe an output function
fN : Rnin → Rnout to fit P training data points (xi, yi)i=1,...,P

with xi ∈ Rnin , yi ∈ Rnout . In practice, it is done by initializing
the parameters randomly and minimizing a (non-convex) loss
function using a first-order method (e.g. gradient descent).
The dynamics of the training of DNNs, and the question of
whether a global minimum is attained are thus a priori delicate,
involving the understanding of a complex loss landscape.

Second, DNNs are in practice trained in the so-called over-
parametrized regime, where the number of parameters N is
much larger than the number of data points P . Thus, DNNs
are used in a regime where their capacity is very large (they can
still classify the data even if all their labels are randomized).
Surprisingly from the point of view of traditional statistical
learning theory [5] DNNs generalize very well in practice, even
without an explicit regularization. This thus raises the question
of an appropriate framework to understand generalizations of
DNNs.

Recent works suggest that the two questions above are
closely connected. Numerical and theoretical studies [6, 7,
8, 9, 10, 11, 12, 13, 14, 15, 16, 17] show that in the over-
parametrized regime, the loss landscape of DNNs is not rough
with isolated minima as initially thought [18, 19], but instead
has connected level sets and presents many flat directions,
even near its global minimum. In particular, recent works
on the over-parametrized regime of DNNs [20, 21, 22, 23]
have shown that the landscape around a typical initialization
point becomes essentially convex, allowing for convergence to
a global minimum during training.

In [16, 17], it has been observed that when optimizing DNNs
(using the so-called hinge loss), there is a sharp phase transition
— whose location can depend on the chosen dynamics — at
some N∗(P ) such that for N ≥ N∗ the dynamic process
reaches a global minimum of the loss. In particular whenever
N > N∗, the training error (i.e. the total of the loss on the
training set) reaches its global minimum. A counter-intuitive
aspect of deep learning is that increasing N above N∗ does
not destroy the predictive power by over-fitting the data, but
instead appears to improve the generalization performance (i.e.
the probability that a data point outside of the training set
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is correctly classified) [24, 25, 26, 27]. Indeed the test error
(the probability of an incorrect classification for an unseen
data point) has been observed to decrease as N → ∞ in a
slow power-law fashion [17]. In contrast, as N → N∗, the test
error blows up [27, 28, 17] (a phenomenon shown by the blue
curve in Fig. 2). In the context of least-squares regression, the
improvement of performance with N has been linked to the
observed diminishing fluctuations of the DNN function after
training [29], a result consistent with the notion of stronger
implicit regularization with increasing N [30, 31]. This raises
the question of understanding what controls these fluctuations
and how they affect the test error in a classification task.

In this work, we address these questions in the context of
classification tasks for fully-connected DNNs with a fixed num-
ber of layers L ≥ 2, with wide hidden layers. We develop a
framework based on a new connection between the N → ∞
limit of DNNs and kernel methods [20]. More precisely, the
training of DNNs can be recast as a kernel gradient descent
associated with the so-called Neural Tangent Kernel (NTK).
In the N → ∞ limit, the NTK becomes deterministic and
constant in time. This result explains why the generalization
performance converges as N → ∞, a result previously ob-
tained for single hidden layer neural networks using a different
approach [32, 33, 34, 35].

We consider a binary classification task; the DNN output
function fN : Rnin → R is used to predict whether a data
point belongs to the class ±1 depending on the sign of fN .

First, we introduce an NTK-based framework to study the
random fluctuations of the output function fN at the end of
training due to the random initialization of the parameters.
We find that (in the over-parametrized regime) the key finite-N
effect is that the NTK at initialization has random fluctuations
around its mean of order N−1/4, leading to similar fluctuations
for fN .

Second, we consider the fluctuations of the decision bound-
ary (the level set {fN (x) = 0}): we argue that a variation δfN
of fN yields an increase δε ∼ (δfN )2 to the test error. We use
this asymptotic result to predict the increase in generalization
performance yielded by an ensemble averaging on n samples
of the function fN (each trained on the data separately) as
n becomes large, as well as the increase in generalization
performance as N grows.

Finally, this description breaks down at the transition point
N∗, where the random fluctuations of fN appear to diverge
as a power law. We study this divergence through a simple
argument on non-linear networks, suggesting that ‖fN‖ ∼
(N −N∗)−1.

Overall, our work introduces a conceptual framework to
describe how generalization error in deep learning evolves
with the number of parameters. A practical consequence of
our analysis is that performing an ensemble average of (both
fully-connected and convolutional) DNNs with independent
initializations can improve performance significantly: for a
given computational envelope, it appears to be best to use
several nets of intermediate sizes N > N∗ and to average their
outputs.

Related works

After the electronic submission of the present work, and fol-
lowing on [17, 36], other articles have been written on the
nature of the “double descent” curve in the generalization
error (Fig. 2) [37, 38, 39] and on the asymptotic behavior of
wide networks [40, 41, 42, 43]. Very recently in [38], a rigor-
ous derivation of the double descent curve was obtained for
the mean square regression of simple functions using random
features models. Although the scaling arguments proposed
here are not mathematical proofs, they provide a quantitative
explanation of the double descent curve in a more general
setting, including the regression and classification of empirical
data by fully connected deep networks. Our predictions are
tested empirically in that setting. Finally, our analysis is
based on a scaling estimate of the fluctuations of the NTK
at initialization, recently supported by more detailed analysis
based on Feynman diagrams and path numbering [40, 41].

1 Setting

1.1 DNN Model and Training

We consider DNNs defining a real-valued output function
fN (x; θ) for x ∈ Rnin , where we aggregate the parameters into
θ ∈ RN . We first consider fully-connected DNNs of L layers,
where each layer is made of h neurons, as in Fig. 1. The output
function fN is constructed recursively as

fN (x; θ) ≡ a(L+1),

a
(i)
β =

∑

α

W
(i)
α,β ρ

(
a(i−1)
α

)
−B(i)

β ,

a
(1)
β =

∑

α

W
(1)
α,β xα −B

(1)
β .

W
(i)
α,β is the weight of the synapse from neuron α in layer (i−1)

to neuron β in layer (i), and B
(i)
β is the bias of neuron β in layer

(i), as depicted in Fig. 1. The vector θ contains all weights
and biases. ρ : R → R is a non-linear activation function.
Empirically we will use the standard ReLU ρ(a) = max(a, 0),
but any other common nonlinear functions can be used (e.g.
the softplus function). Polynomial functions must be avoided,
as they do not lead to positive definite kernels, see discussion
in [20].

The DNN function is used for binary classification: we aim
to find θ such that for a data point xµ, signf(xµ; θ) correctly
predicts the label yµ ∈ {±1}. To do so, we minimize on a
dataset (xµ, yµ)µ=1,...,P the square-hinge cost function

C =
1

P

P∑

µ=1

1

2
max(0,∆µ)2, (1)

where ∆µ ≡ εm − yµf(xµ; θ) and εm is the so-called margin,
fixed to 1 in our numerical tests.

The network is then trained using a first-order method,
such as gradient descent, for a maximum running time of t∗,
and is stopped as soon as the training loss hits its lowest
possible value (typically 0, unless two identical data points
have different labels). The jamming transition point is defined
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Figure 1: Architecture of a fully-connected network with L hidden layers of constant size h. Points indicate neurons,
connections between them are weighted (biases are not represented here).

as the smallest value of N for which we reach the lowest
possible loss at the end of training.

Note that the hinge loss leads to results that are very similar
to the ones relying on the more commonly used cross-entropy
loss [17]. It has the advantage however to stop in finite time
in the over-parametrized regime N > N∗.

1.2 Numerical Setting

We first consider the task of classifying the parity of digits on
the MNIST database [44]. For this architecture we consider
only the first ten PCA components of the images. We then
test our findings with a CNN architecture on the full images
in the CIFAR10 dataset.

The DNNs are trained using a full-batch procedure (as op-
posed to stochastic gradient) described in S.I, for a maximum
running time t∗ = 2 · 106 steps.

2 Numerical Results on MNIST

Fig. 2 demonstrates the performance of the above setup for
the MNIST dataset: we find that at the end of training, the
test error (i.e. the empirical generalization error) reaches
a local maximum in a cusp-like fashion near the jamming
transition N∗ and then slowly decreases as N becomes larger.
We denote by f̄nN the average of n samples of the function
fN taken with independent initial conditions. Remarkably, in
our experiments, ensemble-averaging with n = 20 leads to a
nearly flat test error for N > N∗; this supports the hypothesis
that the improvement of generalization performance with N
originates from reduced variance of fN when N gets large, as
recently observed for mean-square regression [29]. In addition
to this leading finite-size effect, an interesting sub-leading
finite-size effect can be observed, as discussed in Section 7.

3 Relationship Between Variance
and Generalization in Classifica-
tion Tasks 1

3.1 Regression task

For mean square regression of some target function ftrue, the
increase of the mean square test error implied by the fluc-
tuations of the output function is readily computed. Let us
write fN = f̄N + δfN , where f̄N = limn→∞ f̄nN is the output
of the learnt function, averaged over runs with different initial
condition. δfN is the relative distance between a single output
and this average. Then

∆ε = ||f̄N + δfN − ftrue||2µ − ||f̄N − ftrue||2µ = ||δfN ||2 (2)

is the contribution to the generalization error due to the fluc-
tuations of the output function. The bar represents averages
over different runs or initial conditions. For a measure µ on
Rnin , we set ||f ||2µ =

∫
dµ(x)f(x)2. The measure could be for

instance the empirical measure on the training set or on the
test set.

Our results below apply directly to mean square regression.
In the next paragraphs we will argue that a similar quadratic
relationship between test error and fluctuations also holds for
classification under mild assumptions on the data; so that our
results extend to that case as well.

3.2 Classification task

We now provide a heuristic argument relating fluctuations of
the output function fN to generalization performance. For
a random function f (e.g. a DNN function with random
initialization), we denote by 〈·〉 = 〈·〉f the expectation with
respect to f .

Consider a random smooth function f with expectation f̄ ,
and set δf ≡ f − f̄ . Let B, B̄ denote the decision boundaries
B = {f(x) = 0}, B̄ = {f̄(x) = 0}, and consider a point x0 that
is being classified differently by f and f̄ , i.e. f(x0)f̄(x0) < 0, as

1In spirit, this section shares some similarity with the bias variance
decomposition developed in [45], except that we consider averaging on
initial conditions instead of training set, and that we use the average
output function as predictor, rather than applying the majority rule on
a set of predictions.
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Figure 2: (A) Empirical test error v.s. number of parameters:
average curve (blue, averaged over 20 runs); early stopping
(green); ensemble average f̄nN (orange) over n = 20 independent
runs. In all the simulations, we used fully-connected networks
with depth L = 5 and input dimension nin = 10, trained for
t = 2·106 epochs to classify P = 10k MNIST images depending
on their parity, using their first 10 PCA components. The test
set consists of 50k images. The vertical dashed line corresponds
to the jamming transition: at that point the test error displays
a cusp-like local maximum. Ensemble averaging leads to an
essentially constant behavior when N becomes larger than
N∗. Black dashed line: asymptotic prediction of the form
εN − ε∞ = B0N

−1/2 + B1N
−3/4, with ε∞ = 0.054, B0 = 6.4

and B1 = −49. (B) Training error v.s. number of parameters.
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Figure 3: f(x) and the expected function f̄(x) (see Section 3)
classify points according to their sign. They agree on the
classification everywhere (±’s in the figure are examples where
the functions are respectively both positive or both negative)
except for the points that lie in between the two boundaries
f = 0 and f̄ = 0. In the figure, let x be one such point, and δ
is the typical distance from the boundary f = 0. In the limit
where f and f̄ are close to each other, δ is of the same order
of the distance between the two boundaries.

illustrated in Figure 3. Imagine drawing the shortest segment
passing through x0 that starts from a point in B̄ and ends in
B. If its length δ(x0) is small, then the signed distance δ(x0)
between B and B̄ is δ(x0) = δf(x0)/||∇f(x0)|| + o(δf(x0)).
Note that for smooth activation functions, the smoothness
of DNN output function is guaranteed and for ReLU-based
DNNs, the output function is smooth outside of the training
points (see S.I.). We show direct measurements of δ(x) in
Section A of S.I., supporting that this estimate still holds and
becomes more and more accurate as N →∞.

Next, we introduce the typical distance δ along the bound-
ary:

δ ≡ 〈|δf(x0)|/||∇f(x0)||〉x0
(3)

where the average is taken over all the test data x0 classified
differently by f and f̄ . As numerically shown in S.I., δ is
very well estimated by ||δf ||µ/||∇f ||µ where µ is the uniform
measure on all the test set.

We then denote by ∆ε the difference between the true test
error of f and that of f̄ . Under reasonable assumptions 2 it
can be expanded by considering a small perturbation of the
decision boundary B̄ of f̄ (that can consist of unconnected
parts):

∆ε =

∫

B

dxnin−1

[
∂ε

∂δ(x)
δ(x) +

1

2

∂2ε

∂2δ(x)
δ2(x) +O(δ3(x))

]
.

(4)
The fact that 〈δf(x)〉 = 0, suggests that 〈δ(x)〉 = O(δf(x)2).
This suggests in turn that in average the true test error in-
creases quadratically with the norm of fluctuations δf :

〈∆ε〉 ∼ 〈δ2〉 ∼
〈 ||δf ||2µ
||∇f ||2µ

〉
. (5)

Note that if f̄ displays a minimal true test error, the decision
boundary is optimal: ∂ε/∂δ(x) = 0 and ∂2ε/∂2δ(x) ≥ 0 for all
x ∈ B, implying that the prefactor in Eq. (5) must be positive
3. If the true test error is small, the decision boundary will
tend to be close to the ideal one, so that the prefactor in
Eq. (5) will still be positive. 4

Eq. (5) is a result on the ensemble average of the true test
error. Yet, our data in Fig. 2 supports that the test error
is a self-averaging quantity: the test error of a given output
function (blue points) lies close to its average (blue line).

4 Asymptotic generalization as n→
∞

Using the tools of the previous section, we can now study
how an ensemble average fnN of n networks behaves in the
n→∞ limit. The central limit theorem and the law of large
numbers imply that δfnN ∼ 1/

√
n while ||∇fnN ||µ converges to a

constant. Thus δ ∼ 1/
√
n and for the true test errors εnN and

2We assume that the true test error is a smooth function of the decision
boundary. This holds true if the probability distributions to find data of
different labels are themselves smooth functions of the input (this is the
case, for instance, if the input data have Gaussian noise).

3The pre-factor could be zero if the optimal boundary is degenerate,
a situation that will not occur generically if the data have e.g. Gaussian
noise.

4We expect this to be the case for the MNIST model we consider for
which the test error is a few percents.
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Figure 4: Left: increment of test error ε̄nN − ε̄N v.s. n, supporting ε̄nN − ε̄N ∼ 1/n. Center: δ as defined in Eq. (3) v.s. number
of average n, supporting δ ∼ 1/

√
n. Right: increase of test error ε̄nN − ε̄N as a function of the variation of the boundary

decision δ, supporting the prediction ε̄nN − ε̄N ∼ δ2. Here nin = 30, h = 60, L = 5, N = 16k and P = 10k. The value
ε̄N = 2.148% is extracted from the fit.

ε̄nN of fnN and f̄nN , we have εnN − ε̄nN ∼ 1/n. These predictions
are confirmed in Fig. 4.

5 Asymptotic Generalization as N →
∞

We now study the fluctuations of fN,t throughout training for
large networks using the NTK [20]. At initialization t = 0,
fN,t=0 is a random function whose limiting distribution as
N → ∞ is an explicit Gaussian [46, 47, 48]. These types of
fluctuations do not vanish as N →∞: the variance of fN,t=0

at initialization is essentially constant in N 5.
However, during the DNN training, the fluctuations of fN,t

will shrink around the training points [20]. At the end of
training, outside of the training points, the fluctuations due
to the random initialization of the parameters manifest them-
selves in two ways: from the randomness of the initialization
point in function space fN,t=0 and from the randomness of the
learning dynamics. The first one is essentially independent
of N . Hence, to understand the way the fluctuations of the
function at convergence t→∞ decrease with N , we must thus
study the random fluctuations of the training process. The
gradient descent dynamics of fN,t is described by the NTK
ΘN,t:

ΘN,t(x, x
′) =

N∑

k=1

d

dθk
fN,t(x)

d

dθk
fN,t(x

′) (6)

where d
dθk

fN,t is the derivative of the output of the network
with respect to one parameter θk and the sum is over all the net-
work’s parameters. For a general cost C(f) = 1

P

∑
i ci(f(xi)),

the function follows the kernel gradient ∇ΘN,tC|fN,t of the cost
during training

∂tfN,t(x) =−∇ΘN,tC|fN,t(x)

=− 1

P

∑

i

ΘN,t(x, xi)c
′
i(fN,t(xi)). (7)

5In our setup, the output variance at initialization is smaller than one.
It is possible to suppress the randomness of fN,t=0 at initialization by
training f ′

t = ft − ft=0. We have observed that it does not qualitatively
affects our results.

The NTK is random at initialization and varies during
training. However as the number h of neurons in each hidden
layer goes to infinity, the NTK converges to a deterministic
limit Θt

N → Θ∞ which stays constant throughout training
[20]. In this limit, the training corresponds to that of a kernel
method (i.e. the output evolves along the vector space spanned
by the functions Θ∞(x, xi)). The random fluctuations of the
training process have now themselves two sources: the random
fluctuations of the NTK at initialization, and the evolution of
the NTK during training. On the one hand, we have that the
variation of the NTK during training is of order 1/

√
N , as is

suggested by [49]:

∥∥Θt=0
N −Θt=T

N

∥∥
F

= O
(

1

h

)
= O

(
N−

1/2
)
.

(‖Θ‖F =
∑
ij Θ(xi, xj)

2 is the Frobenius norm of the Gram
matrix computed over the training set). On the other hand,
the random fluctuations of the NTK at initialization are of
order N−1/4

∥∥Θt=0
N −Θ∞

∥∥
F

= O
(

1√
h

)
= O

(
N−

1/4
)
. (8)

Eq. (8) can be readily obtained by re-writing Eq. (6) as a sum
on neurons and using the central limit theorem, as sketched
in S.I. and tested empirically in [49]. From the above, we see
that dominant source of random fluctuations during training
is due to the randomness of the NTK at initialization and is
of order N−1/4.

Because the NTK describes the behaviour of the function
fN,t during training, and because the time to converge to
a minimum of the loss converges to a constant as N → ∞,
from Eq. (7) we expect the variance of the NTK to induce
some variance of the same order to the function at the end of
training: this is proven in the case of the mean square loss in
the S.I. Hence, the random fluctuations of the kernel leads to
fluctuations of f t=∞N of order N−1/4, and we predict:

||fN,t=∞ − f̄N,t=∞||µ −
〈
||f∞ − f̄∞||µ

〉
∼ N−1/4, (9)

where the residual variance
〈
||f∞ − f̄∞||µ

〉
is due to the fact

that we consider a finite dataset. In our setting, since our
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Figure 5: Variance of the output (averaged over n = 20
networks) v.s. number of parameters for different measures
indicated in legend, showing a peak at jamming followed by a
decay as N grows. Here L = 5, nin = 10, P = 10k.

dataset is large, this residual term is negligible, leading one
to:

||fN,t=∞ − f̄N,t=∞||µ ∼ N−1/4. (10)

as checked in Fig.5.
We expect the fluctuations of ∇fN to be of the size as those

of fN , leading to ||∇fN ||µ = C0 + C1N
−1/4 + o(N−1/4). This

result is consistent with our observations, as shown in Fig. 6.A,
in which we find empirically that C1 is much larger than C0.
For the true test errors εN , ε̄N of fN , f̄N , from the decision
boundary discussion, we get

〈εN 〉 − ε̄N ∼ 〈δ2
N 〉,

where δN indicates the typical distance between the decision
boundaries f̄N = 0 and fN = 0, as supported by Fig. 6.B. The
fluctuations of the decision boundary δN can be approximated
by ||fN − f̄N ||/||µ∇fN ||µ, as supported by Fig. 6.C, leading to
δN = A0N

−1/4 +A1N
−1/2 + o(N−1/2). We then obtain the key

prediction

εN − ε̄N = B0N
−1/2 +B1N

−3/4 + o(N−
3/4). (11)

Since we measure both εN and ε̄N independently, we can test
the prediction for the leading exponent without any fitting
parameters, and indeed confirm that asymptotically εN − ε̄N
is of order N−1/2 as shown in Fig. 6.D.

Finally we estimate the evolution of test error with N . We
have:

εN − 〈ε∞〉 = (εN − ε̄N ) + (ε̄N − ε̄∞) + (ε̄∞ − 〈ε∞)〉, (12)

where ε∞ denotes the true test error of fN as N →∞ (notice
that ε∞ is still random, due to the random initialization and
the fact that we have a finite dataset). The first term was
estimated above, and turns out to be the dominant one for
large datasets. The last term is independent of N , and cancels
the first term for asymptotically large N (unaccessible in our
numerics).

We provide a scaling argument to estimate the size of the
second term. For large N , we expect the difference between

f̄N and f̄∞ to stem from (i) the evolution of the kernel with
time (which corresponds to learning features) and (ii) the fact
that the relationship between the kernel and the function at
infinite time is not linear, as described for the mean square
loss in Eq. (17) of the S.I. Both effects are O(N−1/2), i.e.
much smaller than the O(N−1/4) fluctuations of fN around
its mean. The typical distance δN,∞ between the interfaces
f̄N = 0 and f̄∞ = 0 is thus small and O(N−1/2). According
to Eq. (4) we get:

ε̄N − ε̄∞ =

∫

B

dxnin−1

[
∂ε

∂δ(x)
δN,∞(x) +O(δ2

N,∞(x))

]
(13)

Thus ε̄N − ε̄∞ = O(N−1/2) cannot be neglected a priori.
Overall, we get:

εN − ε∞ = B0N
−1/2 +B1N

−3/4 (14)

a form indeed consistent with observation as shown in Fig. 2.
For MNIST, both for FC and CNN (below), we always find

B0 > 0, consistent with the notion that the dominant effect
of finite N is the increase in fluctuations of the output.

Note that a direct fit of the test error vs N gives an apparent
exponent smaller than 1/2 [17], reflecting that (i) power-law
fits are less precise when the value for the asymptote (here
the value of ε∞) is a fitting parameter and (ii) that correction
to scaling needs to be incorporated for a good comparison
with the theory (a fact that ultimately stems from the large
correction to scaling of ||∇fN ||µ shown in Fig. 6.A).

6 Vicinity of the jamming transition

The asymptotic description for generalization in the large N
limit is not qualitatively useful for N ≤ N∗, where a cusp
in test error is found. In the perceptron, the simplest net-
work without hidden layers, the cusp in the test error at the
jamming point is also observed and predicted analytically
[50, 51, 52, 53, 54, 55]. Here instead, we argue that this cusp
is induced by a divergence of ||fN ||µ at N∗ when no regular-
ization is used, as apparent in Fig. 7.A (no such divergence
happens in the perceptron where ||fN ||µ is generally imposed).
Indeed following our argument of Section 3, this effect must
lead to singular fluctuations of the decision boundary at N∗,
suggesting a singular behavior for the true test error. This
phenomenon shares some similarity with the norm divergence
that occurs in linear networks with mean square loss for which
||fN ||µ ∼ |N − P |−2 [27, 28]. Yet, for losses better suited for
classification such as the hinge loss, we argue that this explo-
sion occurs at a different location with a different exponent.

Consider the hinge loss defined in Eq. (1). For N ≥ N∗,
the DNN is able to reach the global minimum of the loss,
therefore all ∆µ must be negative, i.e. all patterns must satisfy
yµf(xµ) > εm. The parameter εm plays the role of a margin
above which we are confident about the network’s prediction.
Because we do not use regularization on the norm ||f ||µ, the
precise choice of εm does not affect N∗. Indeed the weights can
always adjust during learning so as to multiply f by any scalar
λ, effectively reducing the margin by a factor 1/λ, making the
data easier to fit. By contrast, if a regularization is imposed
to fix ||f ||µ = λ (which may be hard to implement in practice),
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Figure 6: Here L = 5, nin = 10, P = 10k. (A) The median of ‖∇fN‖µ =
√∫

dµ(x)‖∇fN (x)‖2 over 20 runs (each appearing

as a dot) is indicated as a full line. The dashed line correspond to our asymptotic prediction ||∇fN || = C0 + C1N
−1/4 with

C0 = 2.1 and C1 = 51. (B) Test error v.s. variation of the boundary, together with fit of the form εN = ε∞ + D0δ
2
N . (C)

Variation of the boundary δN v.s. its estimate ||fN − f̄N ||/||∇fN ||, well fitted by a linear relationship. (D) εN − ε̄N v.s. N ,
with a fit of the form εN − ε̄N = E0N

−1/2 + E1N
−3/4 with E0 = 7.6 and E1 = −59. If exponents in the fits are not imposed,

we find for reasonable fitting ranges −0.28 instead of −1/4 in (A), 2.5 instead of 2 in (B), 1.1 instead of 1 in (C) and −0.42
instead of −1/2 in (D). Extracting exponents while also fitting for the location of the singularity, as is the case here for (A)
and (B), leads to rather sloppy fits.

then N∗ must be an increasing function of ε̃m ≡ εm/λ. We
assume that this function is differentiable in its argument
around zero, a fact know to be true for the perceptron [56, 57],
thus N∗(ε̃m) = N∗(0) + B0ε̃m + o(ε̃m). Now consider our
learning scheme (no regularization) for a network with 0 <
N/N∗(0) − 1 � 1, with initial conditions such that before
learning ||fN,t=0|| = 1. Initially, the effective margin is large
with ε̃m = 1. Yet, all data can be fitted and the loss brought
to zero if the norm increases so that ε̃m ≈ (N −N∗(0))/B0,
corresponding to ||f tN || ∼ (N −N∗)−1 where N∗ = N∗(0). At
later times, the loss is zero and the dynamics stops.

This predicted inverse relation is tested in Fig. 7.B. It is
important to note that, as it is the case for any critical points,
working at finite times cuts off a true singularity: as illustrated
in Fig. 7.B ||fN,t|| becomes more and more singular as t grows.
This effect also causes a shift of the transition N∗ where
the loss vanishes, that converges asymptotically to a well-
defined value in the limit t→∞ as documented in [16]. N∗ is
therefore defined when ‖fN,t‖ displays a power law as function
of N/N∗ − 1.

Note that for other losses like the cross-entropy, the dy-
namics never stops completely but becomes extremely slow
[15]. In such cases, we expect that asymptotically ||fN,t|| =∞
as soon as N > N∗, although this singularity should build
up logarithmically slowly in time. For finite learning times
we expect that a singularity will occur near N∗, but will be
blurred as for the hinge loss if t <∞.

7 Subleading Finite-Size Effect

For a given computational envelope, it appears be more ef-
ficient to take a value of N slightly bigger than N∗, and to
perform ensemble-averaging to reduce the variance. Quite
remarkably, as shown in Figure 2, an additional effect appears
to take place after ensemble-averaging: taking N only slightly
bigger than N∗ is not only more efficient from a computational
point of view, but it also yields to a slightly better general-
ization performance than N � N∗. This corresponds to the
middle term in Equation 13.
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Figure 8: Empirical test (A) and train (B) error v.s. f,
the number of filters at each convolutional layer: average
curve (blue dots, averaged over 20 runs); ensemble average f̄nN
(orange dots) over n = 20 independent weight initializations.
The architecture is a three convolutional and 1 fully-connected
layer and the model is trained on the standard CIFAR10 using
stochastic gradient descent with a fixed learning rate during
training. The jamming transition occurs at f ∈ {24, . . . , 28}.

This could be viewed as supporting the classical intuition
that keeping the models sparse by controlling the number
of parameters is useful, when one averages over differently
initialized networks and once the network is large enough. This
effect appears stronger for CNN architecture, as confirmed in
Section 8.

This effect could be explained by an evolution of the NTK
during training. It suggests the possibility that (with ensem-
bling) DNNs at finite N perform better than their kernel
method counterparts. It hence appears to be both a very
promising direction for future theoretical research and to be
of practical interest.

8 Extension to Convolutional Net-
works

In this section, we test the generality of our findings for Convo-
lutional Networks (CNNs) used for classification. We train the
CNN on the CIFAR10 dataset which consists of 50,000 training
and 10,000 test images of 32 by 32 resolution. Each image is
labeled by one of the ten possible classes. The architecture is
a vanilla model with 3 convolutional and 1 fully-connected lay-
ers. Each convolutional layer has f channels and the output of
the CNN is a 10-dimensional vector (see S.I. for more details).

The loss function is linear-hinge C = 1
P

∑P
µ=1 max(0,∆µ). We

vary f from 21 to 211. For each value of f, we train n = 20
models with independent random initial conditions. For each
f, the learning rate throughout is fixed at 1/f. The jamming
transition occurs just before f ∼ 28. Soon after the transi-
tion, at f ∼ 40, 48, 64, the mean performances are between
∼ %67 − 72. The performance of the ensemble averaging
is ∼ %80.5 − 80.7, and the average accuracy of the widest
models is a little bit less than ∼ %77.5. Peak performance
is achieved by ensembling with f = 64, yielding a value of
∼ 80.7%, while the average performance without ensembling
is lowest at f = 1280 with a value of ∼ 77.5%.
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9 Conclusion

We have provided a description for the evolution of the gen-
eralization performance of fixed-depth fully-connected deep
neural networks, as a function of their number of parame-
ters N . In the asymptotic regime of very large N , we find
empirically that the network output displays reduced fluctu-
ations with ||fN − f̄N ||µ ∼ N−1/4. We have argued that this
scaling behavior is expected from the finite N fluctuations of
the Neural Tangent Kernel known to control the dynamics at
N =∞. Next we have provided a general argument relating
fluctuations of the network output function to decreasing gen-
eralization performance, from which we predicted for the test
error εN−ε∞ = C0N

−1/2+C1N
−3/4+O(N−1), consistent with

our observation on MNIST. Overall this approach explains the
surprising finding that generalization keeps improving with
the number of parameters.

We have then argued that this description breaks down
at N = N∗ below which the training set is not fitted. For
the hinge loss where this jamming transition is akin to a
critical point, and in the case where no regularization (such
as early stopping) is used, we observe the apparent divergence
||fN || ∼ (N − N∗)−α. We have argued, based on reasonable
assumptions, that α = 1, consistent with our observations.
This predicted blow up of the norm of fN explains the spike
in the error observed at N∗.

Our analysis furthermore suggests that optimal generaliza-
tion does not require to take N much larger than N∗: since
improvement of generalization with N stems from reduced
variance in the output function, near-optimal generalization
is readily obtained by performing an ensemble average of net-
works with N fixed, e.g. taken to be a few times N∗. The use-
fulness of averaging breaks down near N∗, where the variance
of fN is too large. This suggests that given a computational
envelope, it is best from a generalization performance point
of view to ensemble slightly beyond the jamming transition
point. This is a result of practical importance which needs to
be tested in a wide range of architectures and datasets.
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A Materials and methods

Here follow some details on the initialization and training
dynamics used for the fully-connected networks. The weights of
the network are initialized according to the random orthogonal
scheme [58] and all biases are initialized to zero. The network
is not optimized using vanilla gradient descent, as learning
was then too slow to acquire appropriate statistics. Instead
we used ADAM [59] with full batch and learning rate set to
min(10−1h−1.5, 10−4) in order to have a smooth dynamics
for all values of h. The exponent −1.5 has been empirically
chosen so that the number of steps to converge is independent
of h [20]. The excellent match between theory and predictions
support that our conclusions are robust for a range of choices
of learning dynamics.

For convolutional networks the parameters are initialized
with the standard Xavier initialization and training minimizes
a linear-hinge loss6 with stochastic gradient descent, with
learning rate equal to 1/f — f being the number of channels

— and batch size 250. Momentum, weight decay, or data
augmentation were not used.

B Robustness of the boundaries dis-
tance δ(x) estimate

Fig.9 shows that the linear estimate for the distance δ(x)
between two decision boundaries, δ(x) = δf(x)/||∇f(x)||, holds
for ReLU nonlinear function and improves as N →∞.

x
x− δ ∇f(x)

‖∇f(x)‖

0

f(x)

x
x− δ ∇f(x)

‖∇f(x)‖
x

x− δ ∇f(x)

‖∇f(x)‖

Figure 9: Value of the output function f , in the direction of
its gradient starting from x. Here 200 curves are shown, corre-
sponding to 200 data points x in the test set within the decision
boundaries fN = 0 and f̄N = 0 — i.e. fN (x)f̄N (x) < 0. If the

linear prediction is exact, then we expect f(x− δ ∇f(x)
‖∇f(x)‖ ) = 0

where δ = δf(x)/||∇f(x)||. This prediction becomes accurate
for large N . To make this statement quantitative, the 25%,
50%, 75% percentile of the intersection with zero are indicated
with red ticks. Even for small N , the interval between the ticks
is small, so that the prediction is typically accurate. From left
to right N = 938, 13623, 6414815. Here nin = 10, L = 5 and
P = 10k.

Fig.10 illustrates the validity of the estimate of the typical
distance between two boundary decisions presented in the main
text δ ∼ ||δf ||µ/||∇f ||µ, where µ corresponds to the uniform
measure on all the test points.

6As in Eq. (1) without the square, namely C = 1
P

∑P
µ=1 max(0,∆µ).
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Figure 10: Test for the estimate of the distance δ between
the boundary decision of f and f̄ . Each point is measured
from a single ensemble average of various sizes. Here nin = 30,
h = 60, L = 5, N = 16k and P = 10k.

C Central limit theorem of the NTK

In this section, we present a heuristic for the finite-size effects
that are displayed by the NTK at initialization: informally,
this is the Central Limit Theorem counterpart to the NTK
asymptotic result, which can be viewed as a law of large
numbers. A rigorous derivation, including the behavior during
training, is beyond the scope of this paper.

The NTK can be re-written as:

∑
α

[
1+ 1

h

∑
β∈v−(α) aβ(x)aβ(x′)

][
ρ′(bα(x))ρ′(bα(x′)) ∂f(x)∂aα

∂f(x′)
∂aα

]

(15)
where aα(x) = ρ(bα(x)) is the activity of neuron α when data x
is shown, while bα(x) is its pre-activity and v−(α) is the set of
h neurons in the layer preceding α. The first bracket converges
to a well-defined limit described by a so-called activation kernel,
see [46, 47, 20]. The second bracket has fluctuations of size
comparable to its mean. The normalization is chosen such
that each layer contributes a finite amount to the kernel, so
that the mean is of order 1/h. For a given hidden layer,
the contributions of two neurons can be shown to have a
covariance that is positive and decays as 1/h3, and thus does
not affect the scaling expected from the Central Limit Theorem
for uncorrelated variables. For a rectangular network (i.e.
where all hidden layers with the same size), this suggests that
fluctuations associated with the contribution of one layer to
the kernel is of order 1/

√
h ∼ N−1/4.

D Fluctuations of output function
for the mean square error loss

In this section, we discuss the fluctuations of the output func-
tion after training for the mean square error loss: C(f) =
1

2P

∑
i |yi − f(xi)|2. We first investigate the variance of fN,t

in the limit N → ∞, then we explain the deviations due to
finite size effects, at last we discuss the hing loss case.

D.1 Infinite width

Let us first study the variance of fN,t in the limit N →∞. In
this limit, the function f∞,t=0 at initialization is a centered
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Gaussian process described by a covariance kernel Σ. During
training, the dynamics of f∞,t is described by a deterministic
kernel (the large limit NTK) Θ∞:

∂tf∞,t(x) =
1

P

∑

i

Θ∞(x, xi) (yi − f∞,t(xi)) .

If the NTK is positive definite (which is proven when the
inputs all lie on the unit circle and the non-linearity is not a
polynomial function), the network reaches a global minimum
at the end of training t→∞. In particular the values of the
function on training set are deterministic: f∞,t=∞(xi) = yi.
The values of the function outside the training set can be
studied using the vector of values of f∞,t on the training set

ỹt = (f∞,t(xi))i=1,...P . Denoting by Θ̃∞ = (Θ∞(xi, xj))ij the
empirical Gram matrix:

y = ỹt=∞ = ỹt=0 +
1

P

∫ ∞

0

Θ̃∞(y − ỹt)dt,

so that

1

P

∫ ∞

0

(y − ỹt)dt = Θ̃−1
∞ (y − ỹt=0) = Θ̃−1

∞ y − Θ̃−1
∞ ỹt=0.

These two terms represent the fact that the network needs
to learn the labels y and forget the random initialization. We
can therefore give a formula for the values outside the training
set, using the vector Θ̃∞,x = (Θ∞(x, xi))i=1,...P :

f∞,t(x) = f∞,t=0(x) + Θ̃∞,x
1

P

∫ ∞

0

(y − ỹt)dt

= f∞,t=0(x)− Θ̃∞,xΘ̃−1
∞ ỹt=0 + Θ̃∞,xΘ̃−1

∞ y. (16)

The first two terms are random, but they partly cancel each
other, their sum is a centered Gaussian distribution with zero
variance on the training set and a small variance for points
close to the training set: the more training data points used,
the lower the variance at initialization. The last term is equal
to the kernel regression on y with respect to the NTK, it is
not random.

This shows that even in the infinite-width limit, f∞,t=∞
has some variance which is due to the variance of f∞,t=0 at
initialization. Yet, in the setup where the number of data
points is large enough, the variance due to initialization almost
vanishes during training and the scaling of the variance due
to finite-size effects in N will appear in the last term.

Finally, note that Eq.16 of this S.M. implies that f∞,t(x) is
smooth if both Θ∞(x, x′) and f∞,t=0(x) are smooth functions
of x (this implication holds true for other choices of loss
function). Θ∞(x, x′) is smooth if the activation function is
smooth [20], and so does f∞,t=0(x) which is then a Gaussian
function of smooth covariance Σ(x, x′). For Relu neurons,
Θ∞(x, x′) displays a cusp at x = x′ while Σ(x, x′) is smooth,
so f∞,t(x) is smooth except on the training set, as supported
by Figure 1 of this S.M.

D.2 Finite width

For a finite width N , the training is also described by the
NTK ΘN,t which is random at initialization and varies during

training because it depends on the parameters. The integral
formula becomes

fN,t(x) = fN,t=0(x) +

∫ ∞

0

Θ̃N,x,t(y − ỹt)dt

However the noise at initialization is of order N−1/4, whereas
the rate of change is only of order Ω(N−1/2). We can therefore
make the approximation

fN,t(x) = fN,t=0(x) + Θ̃N,x,t=0

∫ ∞

0

(y − ỹt)dt+O(N−
1/2).

Assuming that there are enough parameters such that the
Gram matrix Θ̃N,t=0 is invertible, we can again decompose
the integral into two terms:

∫ ∞

0

(y − ỹt)dt = Θ̃−1
N y − Θ̃−1

N ỹt=0 +O(N−
1/2),

giving that

fN,t(x) = fN,t=0(x)−Θ̃N,x,t=0Θ̃−1
N ỹt=0+Θ̃N,x,t=0Θ̃−1

N y+O(N−
1/2).

(17)
Here again the first two terms almost cancel each other, but

the third term is random due to the randomness of the NTK
which is of order O(N−1/4), as needed.

D.3 Hinge Loss

For the hinge loss setup, we do not have such a strong con-
straint on the value of the function fN,t=∞ on the training
set ỹt=∞ as for regression, but we still know that they must
satisfy the margin constraints

ỹi,t=∞yi > 1.

The vector ỹt=∞ is therefore random for the hinge loss as a
result of the random initialization of fN,t=0 and the fluctua-
tions of the NTK. Again it is natural to assume the first type
of fluctuations to be subdominant and the second type to be
of order O(N−1/4).
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3 A Phase Diagram for Learning
Regimes

The following paper is the preprint version of Geiger et al. (2020c).

Candidate contributions The candidate participated in the scientific discussions and per-

formed the numerical experiments. The candidate proposed the modelα( f (w)− f (w0)) and to

use gradientflow to get rid of hyperparameters. The candidate observed that a kernel method

with the NTK of the end of training gives the same performance as the network itself.
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Disentangling feature and lazy training in deep neural
networks

Mario Geiger, Stefano Spigler, Arthur Jacot and Matthieu Wyart

October 6, 2020

Abstract
Two distinct limits for deep learning have been derived as the network width h→∞, depending on how

the weights of the last layer scale with h. In the Neural Tangent Kernel (NTK) limit, the dynamics becomes
linear in the weights and is described by a frozen kernel Θ (the NTK). By contrast, in the Mean-Field limit,
the dynamics can be expressed in terms of the distribution of the parameters associated with a neuron, that
follows a partial differential equation. In this work we consider deep networks where the weights in the last
layer scale as αh−1/2 at initialization. By varying α and h, we probe the crossover between the two limits.
We observe two the previously identified regimes of “lazy training” and “feature training”. In the lazy-
training regime, the dynamics is almost linear and the NTK barely changes after initialization. The feature-
training regime includes the mean-field formulation as a limiting case and is characterized by a kernel that
evolves in time, and thus learns some features. We perform numerical experiments on MNIST, Fashion-
MNIST, EMNIST and CIFAR10 and consider various architectures. We find that: (i) The two regimes are
separated by an α∗ that scales as 1√

h
. (ii) Network architecture and data structure play an important role

in determining which regime is better: in our tests, fully-connected networks perform generally better in
the lazy-training regime, unlike convolutional networks. (iii) In both regimes, the fluctuations δF induced
on the learned function by initial conditions decay as δF ∼ 1/

√
h, leading to a performance that increases

with h. The same improvement can also be obtained at an intermediate width by ensemble-averaging
several networks that are trained independently. (iv) In the feature-training regime we identify a time scale
t1 ∼

√
hα, such that for t� t1 the dynamics is linear. At t ∼ t1, the output has grown by a magnitude

√
h

and the changes of the tangent kernel ||∆Θ|| become significant. Ultimately, it follows ||∆Θ|| ∼ (
√
hα)−a

for ReLU and Softplus activation functions, with a < 2 and a → 2 as depth grows. We provide scaling
arguments supporting these findings.

1 Introduction and related works
Deep neural networks are successful at a variety of tasks, yet understanding why they work remains a chal-
lenge. A surprising observation is that their performance on supervised tasks keeps increasing with their
width h in the over-parametrized regime where they already fit all the training data (Neyshabur et al., 2017;
Bansal et al., 2018; Advani and Saxe, 2017; Spigler et al., 2018). This fact underlines the importance of
describing deep learning in the limit h→∞.

The transmission of the signal through the network in the infinite-width limit is well understood at initial-
ization. If the network weights are initialized as i.i.d. random variables with zero mean and a fixed variance
of order h−1/2, the output function f(x) is a Gaussian random processes with some covariance that can be
computed (Neal, 1996; Williams, 1997; Lee et al., 2018; de G. Matthews et al., 2018; Novak et al., 2019;
Yang, 2019).

Until recently much less was know about the evolution of infinitely-wide networks. It turns out that two
distinct limits emerge, depending on the initialization of the last layer of weights.

1

ar
X

iv
:1

90
6.

08
03

4v
4 

 [
cs

.L
G

] 
 4

 O
ct

 2
02

0
Chapter 3. A Phase Diagram for Learning Regimes

76



Mean Field limit A limiting behavior of neural networks, called “mean field” in the literature, has been
studied in several works focusing mostly on one-hidden layer networks (Mei et al., 2018; Rotskoff and
Vanden-Eijnden, 2018; Chizat and Bach, 2018; Sirignano and Spiliopoulos, 2018; Mei et al., 2019; Nguyen,
2019). In this setting the output function of the network with h hidden neurons corresponding to an input x is

f(w, x) =
1

h

h∑

i=1

ciσ(ai · x+ bi), (1)

where σ(·) is the non-linear activation function and wi = (ai, bi, ci) are the parameters associated with a
hidden neuron. At initialization, the terms in the sum are independent random variables. We can invoke the
law of large numbers: for large h the average tends to the expectation value

f(w, x)→
∫

dadbdc ρ(a, b, c) cσ(a · x+ b), (2)

and it has been shown in the literature that the training dynamics is controlled by a differential equation for
the density of parameters ρ:

∂tρt = 2∇ · (ρt∇Ψ(a, b, c; ρt)), (3)

Ψ(a, b, c; ρ) = V (a, b, c) +

∫
da′db′dc′ ρ(a′, b′, c′) U(a, b, c; a′, b′, c′). (4)

Here ∇ is the gradient with respect to (a, b, c) and U, V are potentials defined in (Mei et al., 2018). This is
equivalent to the hydrodynamic (continuous) description of interacting particles in some external potential.
The performance of a network is then expected to plateau on approaching this limit, as h→∞.

NTK limit Another limit has been identified when the weights in the last layer scale as h−1/2, which differs
from the h−1 scaling used in the mean-field setting. This limit also applies to deep fully-connected networks
and other architectures. The learning dynamics in this limit simplifies (Jacot et al., 2018; Du et al., 2019;
Allen-Zhu et al., 2018; Lee et al., 2019; Arora et al., 2019; Park et al., 2019) and is entirely described by the
neural tangent kernel (NTK) defined as:

Θ(w, x1, x2) = ∇wf(w, x1) · ∇wf(w, x2), (5)

where x1, x2 are two inputs and∇w is the gradient with respect to the parameters w. The kernel Θ is defined
at any time and typically evolves during the dynamics. As h → ∞, Θ(w, x1, x2) → Θ∞(x1, x2) does not
vary at initialization (and thus it does not depend on the specific choice of w) and does not evolve in time: the
kernel is frozen. The dynamics is guaranteed to converge on a time independent of h to a global minimum
of the loss, and as for usual kernel learning the function only evolves in the space spanned by the functions
Θ∞(xµ, x), where {xµ, µ = 1...n} is the training set.

The existence of two distinct limits raises both fundamental and practical questions. First, which limit
best characterizes the neural networks that are used in practice, and which one leads to a better performance?
These questions are still debated. In (Chizat and Bach, 2019), based on teacher-student numerical experi-
ments, it was argued that the NTK limit is unlikely to explain the success of neural networks. However, it
was recently shown that the NTK limit is able to achieve good performance on real datasets (Arora et al.,
2019) (significantly better than alternative kernel methods). Moreover, some predictions of the NTK limit
agree with observations in networks of sizes that are used in practice (Lee et al., 2019). Second, it was argued
that in the NTK limit the surprising improvement of performance with h stems from the h−1/2 fluctuations
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of the kernel at initialization, that ultimately leads to similar fluctuations in the learned function and de-
grades the performance of networks of small width (Geiger et al., 2019). These fluctuations can be removed
by ensemble-averaging output functions obtained with different initial conditions and trained independently,
leading to an excellent performance already near the underparametrized to overparametrized (or jamming)
transition h∗ beyond which all the training data are correctly fitted (Geiger et al., 2018). Does this line of
thought hold true in the mean-field limit?

Finally, unlike in the NTK limit where preactivations vary very weakly during training, in the mean field
limit feature training occurs. It is equivalent to saying that the tangent kernel (which can always be defined)
evolves in time (Rotskoff and Vanden-Eijnden, 2018; Mei et al., 2019; Chizat and Bach, 2019). What are the
characteristic time scales and magnitude of this evolution?

1.1 Our contributions
In this work we answer these questions empirically by learning a model of the form:

F (w, x) ≡ α [f(w, x)− f(w0, x)] , (6)

where f(w, x) is a deep network and w0 is the network parameters at initialization. This model is inspired
by (Chizat and Bach, 2019). For α = O(1) it falls into the framework of the NTK literature, whereas for
α = O(h−1/2) it corresponds to the mean-field framework. Our strategy is to consider a specific setup that
is fast to train, simple and to some extent theoretically tractable. Thus we focus on fully-connected (FC)
networks with Softplus activation functions and gradient-flow dynamics. In the main body of the work we
consider the Fashion-MNIST dataset, later in Section 7 we extend our study to other datasets, architectures
(including CNNs) and dynamics to verify the generality and robustness of our claims. For each setting we
study systematically the role of both α (varied on 11 orders of magnitude) and the width h, learning ensembles
of 10 to 20 networks so as to quantify precisely the magnitude of fluctuations induced by initialization and
the benefit of ensemble averaging.

Our main findings are as follows: (i) In the (α, h) plane two distinct regimes can be identified, sepa-
rated by α∗ = O(h−1/2), in which performance and dynamics are qualitatively different. (ii) Which regime
achieves a lower generalization error depends on the data structure and the network architecture. We find
that fully-connected architectures generally perform better in the lazy-training regime, while convolutional
networks trained on CIFAR10 with ADAM achieves a smaller error in the feature-training regime. (iii) The
fluctuations of the network output δF decay with the width as δF = O(h−1/2) in both regimes, leading to
a performance that increases with the degree of overparametrization. Because of the nature of the fluctua-
tions, a similar improvement can also be obtained at an intermediate width by ensemble-averaging several
independently-trained networks. (iv) In the feature-training regime there exist a characteristic time scale
t1 ∼

√
hα, such that for t � t1 the dynamics is linear. At t ∼ t1, the output grows by a factor

√
h and

the tangent kernel ||∆Θ|| varies significantly and can not be considered approximately constant any longer.
Ultimately, it follows ||∆Θ|| ∼ (

√
hα)−a for ReLU and Softplus activation functions, with a < 2 and a→ 2

as depth grows. We provide scaling arguments supporting these findings.
The implications of our work are both practical (in terms of which parameters and architectures lead

to improved performance) and conceptual (in quantifying the dynamics of feature training and providing
informal explanations for these observations). More generally, it suggests that future empirical studies of
deep learning would benefit from characterizing the regime in which they operate, since it will most likely
impact their results.

The code used for this article is available online at https://github.com/mariogeiger/feature_
lazy/tree/article.
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1.2 Related work
Our work is most closely related to (Chizat and Bach, 2019) and to (Chizat et al., 2019) that appeared simul-
taneously to ours. The scale α � h−1/2 separating the lazy and feature learning regimes was justified for a
one-hidden layer, in consistence with our findings that also apply to deep nets. The authors further suggest
that the feature learning regime should outperform the lazy training one, as they observe in two different se-
tups: i) a fully-connected one-hidden-layer network trained on data from a teacher network and ii) a VGG-11
deep network trained on CIFAR10 with a cross-entropy loss. Both setups achieve a smaller generalization
error away from the lazy-training regime. Our empirical analysis is much more extensive both in terms of
dataset and observables studied. It gives a different view, since for real data we find that for fully-connected
networks lazy training tends to outperform feature learning.

2 Notations and set-up
The following setup is used for all empirical results in the article, except for those presented in Section 7,
where we explore different settings.

We consider deep networks with L hidden layers performing a binary classification task. We denote by w
the set of parameters (or weights), and by f(w, x) the output of a network parametrized by w corresponding
to an input pattern x. The set of training data is T = {(xµ, yµ), µ = 1, . . . , n}, where yµ = ±1 is the label
associated with the pattern xµ and n is the number of training data. In what follows ȧ is the notation we use
for the time derivative of a variable a during training.

Parameter α: Instead of training a network f(w, x), we train F (w, x) = α(f(w, x) − f(w0, x)), i.e we
use this quantity as our predictor and train the weights w accordingly. Here w0 is the network’s parameters
at initialization. In the over-parametrized regime, this functional form ensures that for α → ∞, we enter in
what we call the lazy-training regime, where changes of weights are small. Indeed in order to obtain a zero
loss α(f(w, x)− f(w0, x)) must be O(1), thus 1 ∼ α(f(w, x)− f(w0, x)) ∼ α∇wf(w0, x) · dw. For large
α then |f(w, x)− f(w0, x)| is small: the dynamics can hence be considered linear (Chizat and Bach, 2019),
with f(w, x) − f(w0, x) ≈ ∇wf(w0, x) · (w − w0). Since the gradient of f(w0, x) does not scale with α,
this implies that ||dw|| ≡ ||w − w0|| ∼ α−1.

Learning is achieved via the minimization of the loss function

L(w) =
1

α2n

∑

(x,y)∈T
`(α(f(w, x)− f(w0, x)), y), (7)

where ` is the loss per pattern, T is the training set and n = |T |. The prefactor α−2 ensures that the
convergence time does not depend on α as α → ∞, since for that choice we have αḟ(w0) = O(α0) (i.e.
does not scale with α for large α).

Note that if we train directly αf(w, x) without removing its value at initialization, we expect no difference
with the present setting for α of order one or much smaller. This statement is confirmed numerically in
Appendix I. For α� 1 however, we find empirically that the learning dynamics does not converge.

Dynamics Since our goal is to build a connection between empirical and theoretical approaches, we focus
on a discrete version of continuous dynamics obeying simple differential equation. The simplest is the vanilla
gradient descent which reads ẇ = −∇wL and does not depend on any hyper-parameters. This dynamics is
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run in a discretized form, with a time step that is adapted at each step to ensure that

αmax
x∈T
|f(wi, x)− f(wi+1, x)| < 0.1, (8)

‖∇wLi −∇wLi+1‖2
‖∇wLi‖ ‖∇wLi+1‖

< ε∇ = 10−4. (9)

In Appendix G we checked that our results are independent of ε∇ for ε∇ ≤ 10−4.

Activation function The Softplus activation function is defined as spβ(x) = 1
β ln(1 + eβx). The larger

the parameter β, the sharper is the Softplus, and as β → ∞ it tends to a ReLU activation function. In our
experiments we take β = 5. In order to have preactivations of unit variance at initialization we also multiply
the Softplus by a prefactor a ≈ 1.404. The activation function that we use at all hidden neurons is then

σ(x) = a spβ=5(x) (10)

0 1
fy

0

1
`(
f
y
)

hinge
soft-hinge β = 20
soft-hinge β = 5
soft-hinge β = 1

Figure 1: Comparison between the hinge
loss and the soft-hinge losses spβ(1 − fy)
with β = 1, 5, 20. As β increases, the soft-
hinge loss tends to the hinge loss.

Non-smooth activation functions like ReLU can introduce
additional phenomena; for instance, we quantify its impact on
the evolution of the neural tangent kernel in Appendix F.

Loss function For the loss-per-pattern `(f, y) we use the
soft-hinge loss `(f, y) = spβ(1 − fy), where spβ is again
a Softplus function. This function is a smoothed version of
the hinge loss, to which it tends as β → ∞. We use the
value β = 20 as a compromise between smoothness and
being similar to the hinge loss, see Fig. 1. The stopping
criterion to end the learning dynamics is met when all pat-
terns are classified within a sufficient margin, that is when
α [f(w, xµ)− f(w0, xµ)] yµ > 1 for all µ = 1, . . . , n. Keep
in mind that this criterion makes sense only in the over-
parametrized phase (as it will be the case in what follows),
where networks manage to fit all the training set (Spigler et al.,
2018). The hinge loss results in essentially identical performance to the commonly used cross-entropy in
state-of-the-art architectures, but leads to a dynamics that stops in a finite time in the over-parametrized
regime considered here, removing the need to introduce an arbitrary temporal cut-off (Spigler et al., 2018).

Architecture We use a constant-width fully-connected architecture based on (Jacot et al., 2018). Given
an input pattern x ∈ Rd, we denote by z̃` the vector of preactivations at each hidden layer and by z` the
corresponding activations. The flow of signals through the network can be written iteratively as

z` = σ(z̃`), (11)

z̃1 = d−
1/2W 0x, (12)

z̃`+1 = h−
1/2W `z`, (13)

f(w, x) = h−
1/2WLzL. (14)

The matricesW ` contain the parameters of the `-th hidden layer, and the (vectorized) set of all these matrices
has been previously denoted as w. The width and depth of the network are h and L; in our simulations
we vary h but we mostly keep the depth L = 3 constant. The input patterns live a d-dimensional space.
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Fig. 2 illustrates the architecture and explains our notation. In order to have preactivations of order O(1) at
initialization, all the weights are initialized as standard Gaussian random variables, W `

ij ∼ N (0, 1). Note
that there is no bias, we discuss it in Appendix J.

x

z1 z2 z3

W 0 W 1 W 2 W 3 f(w, x)

Figure 2: Fully-connected architecture with L = 3 hidden layers.

Dataset We train our network to classify 28 × 28 grayscale images of clothes from the Fashion-MNIST
database (Xiao et al., 2017). For simplicity we split the original 10 classes in two sets and we perform binary
classification. For (x, y) ∈ T we have x ∈ R28×28 (d = 784) and y = ±1. The input is normalized on
the sphere,

∑
i x

2
i = d such that each component xi has unit variance. We took 1000 images of each class

(10000 in total) to make our train set and 5000 of each class (50000 in total) to make our test set. The train
set is smaller than usual (10000 instead of 50000) in order to shorten the training time.

3 Disentangling feature training and lazy training according to per-
formance

To argue the existence of two distinct regimes in deep neural networks, we evaluate their performance in the
(α, h) plane. How we vary parameters to probe this plane is represented in Fig. 3 (a). We consider plots
obtained at fixed h and varying α (Fig. 3 (c,d)) as well as fixed

√
hα (Fig. 3 (b)).

Fig. 3 (b) shows the test error as a function of the width h, for different values of
√
hα. For large h,

we observe that as
√
hα is increased the performance also increases, up to a point where it converges to a

limiting curve (for
√
hα ≥ 103 in the figures). This limiting curve coincides with the test error found if the

NTK is frozen at initialization (see Appendix A for a description of our dynamics in that case), represented
by a black solid line. Following (Chizat and Bach, 2019), we refer to this limiting behavior as lazy training.

There is a value of α for which we leave the lazy-training regime and enter a nonlinear regime that we
call feature training.1 To identify this regime, in Fig. 3 (c) we show the test error as a function of α for several
widths h, and the rescaled test error (in such a way that it takes values between 0 and 1) as a function of

√
hα

in Fig. 3 (d). The curves collapse, supporting that in the (α, h) plane the boundary between the two regimes
lies at a scale α∗ = O(h−1/2). It is precisely the scaling used in Mean Field.
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Figure 3: (a) Schematic representation of the parameters that we probe: either we fix α
√
h or we keep the

width h constant and we vary α. The location of the cross-over between the lazy and feature-training regimes
is also indicated. (b) Test error v.s. network’s width h for different values of

√
hα as indicated in legend. The

black solid line is the test error of the frozen NTK at initialization, a limit that is recovered as α
√
h → ∞.

(c) Test error v.s. α, for different widths h. (averaged over 20 initializations) (d) Same data as in (c): after an
arbitrary affine transformation (ax+ b) of the test error, the curves collapse when plotted against

√
hα.

4 Fluctuations of the output function and the effect of ensemble aver-
aging

As shown in Fig. 3, performance increases with h: adding more trainable parameters leads to better pre-
dictability and deep networks do not overfit. This surprising behavior was related to the fluctuations of
the output function induced by initial conditions, observed to decrease with h (Neal et al., 2019; Geiger
et al., 2019). To quantify the fluctuations in both regimes we train an ensemble of 20 identical functions
F (wi, x) = α [f(wi, x)− f(wi,0, x)] starting from different initial conditions, and then we measure the
ensemble average F̄ (x):

F̄ (x) ≡ α

20

20∑

i=1

(f(wi, x)− f(wi,0, x)) (15)

A single trained realization of the network fluctuates around the ensemble average F̄ (x), and therefore
1In our parlance, the NTK and mean-field limits correspond respectively to the lazy-training and feature-training regimes in the

h→∞ limit.
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Figure 4: (a) Variance of the network’s output v.s. its width h, for different values of
√
hα. In both regimes

the variance scales as Var[α(f − f0)] ∼ h−1 (20 initializations per point). For this panel (a) alone, the size
of the dataset was reduced to 103 because 104 requires higher h to observe the asymptotic behavior. See
Appendix H for an analysis of the dependence in the size of the dataset. (b) Variance of the network’s output
times its width v.s.

√
hα, for different network’s width. In the lazy-training regime, it needs a larger h (or

a smaller n) to observe the overlap of the curves. (c) Test error and ensemble-averaged test error v.s.
√
hα,

for several widths h (20 initializations per point). (d) Test error and ensemble-averaged test error v.s. h at
fixed values of

√
hα (20 initializations per point). Once ensemble averaged, lazy training performs better

than feature training

δF (w, x) ≡ F (w, x)− F̄ (x) is a random function, whose fluctuations are quantified by the variance:

VarF (w, x) =
〈[
F (wi, xµ)− F̄ (xµ)

]2〉
µ∈test

i∈ensemble

, (16)

where the average is both over the 20 output functions and over all points xµ in a test set. Other norms can
be used to quantify this variance, all yielding the same picture. In Fig. 4 (a-b) we compute these fluctuations
either in the feature-training or in the lazy-training regimes. In both cases we find the same decay with the
network width:

Var α [f(w, x)− f(w0, x)] ∼ h−1. (17)

In the feature-training regime, this observation is consistent with the predictions from (Rotskoff and Vanden-
Eijnden, 2018) (obtained for a one-hidden layer performing regression). Since δF is a random function with
zero expectation value and finite variance VarF ∼ h−1 we will write that δF ∼ h−1/2.
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In Fig. 4 (b), in the lazy-training regime, the curves do not overlap. This is a preasymptotic effect. In
Appendix H we show that the asymptotic power law is reached for smaller dataset sizes.

It was argued in (Geiger et al., 2019) that in the lazy-training regime this scaling simply stems from the
fluctuations of the NTK at initialization, that go as ||δΘ|| ∼ 1/

√
h and lead to similar fluctuations in δF . These

fluctuations were argued to lead to an asymptotic decrease of test error as 1/h, consistent with observations.
Interestingly, the same scaling for the fluctuations holds in the feature-training regime, presumably reflecting
the approximations expected from the Central Limit Theorem (CLT) when Eq. (1) is replaced by an integral.

As a consequence of these fluctuations, ensemble averaging output functions leads to an enhanced per-
formance in both regimes, as shown in Fig. 4 (c-d). We remark that:

(i) In each regime, the test error of the ensemble average is essentially independent of h. It implies that
the variation of performance with h is only a matter of diminishing fluctuations in the over-parametrized case
considered here (as shown below, we always fit all training data in these runs). It also supports that the plateau
value of the ensemble-average performance we observe corresponds to the performance of single network in
the h→∞ limit.

(ii) Interestingly, it is reported in (Geiger et al., 2019) that for a fixed α, the smallest test error of the
ensemble average is obtained at some finite hmin beyond h∗ implying that past hmin performance is decreas-
ing with growing h. It can now be simply explained: at fixed α one goes from feature to lazy training as h
increases, since

√
hα also increases and must eventually become much larger than one, leading to a change

in performance.
(iii) For small values of

√
hα (smaller than 10−4) the variance blows up. We leave the study of this

regime for future works. Since we observe that the test error also greatly increases for these values of
√
hα,

this regime is of less interest.

5 Training dynamics differs in the two regimes
The network is able to learn features in the feature-training regime, while it cannot in the lazy-training regime
because the NTK is frozen. To quantify feature training we measure the total relative variation of the kernel
at the end of training: ||Θ(w) − Θ(w0)||/||Θ(w0)||, where the norm of a kernel is defined as ||Θ(w)||2 =∑
µ,ν∈test set Θ(w, xµ, xν)2. This quantity is plotted in Fig. 5 (a, left) versus α for several widths h, and

versus
√
hα in Fig. 5 (a, right). The fact that the curves collapse indicates that α

√
h is the parameter that

controls feature training. In particular, the crossover α∗ ∼ h−1/2 precisely corresponds to the point where the
change of the kernel is of the order of the norm of the kernel at initialization. Moreover, in the feature-training
regime we find:

||Θ(w)−Θ(w0)||/||Θ(w0)|| ∼ (
√
hα)−a, (18)

with an exponent a ≈ 1.3. By contrast in the lazy-training regime ||Θ(w) − Θ(w0)||/||Θ(w0)|| ∼ 1/(
√
hα),

as expected for what concerns the dependency in h (Jacot et al., 2019; Geiger et al., 2019; Lee et al., 2019).
In Appendix F, we show that for a non-smooth activation function like the ReLU there is a third intermediary
regime where ||Θ(w)−Θ(w0)||/||Θ(w0)|| ∼ α−1/2.

In Appendix A, we show in Fig. 8 an example of the evolution of the kernel (represented by its Gram
matrix). We also present an interesting discovery: once the network has been trained, performing kernel
learning with the NTK obtained at the end essentially leads to the same generalization error.

We finally investigate the temporal evolution of learning, known to be characterized by several time scales
(Baity-Jesi et al., 2018). The rescaled loss α2L is shown in Fig. 5 (b). As expected (Jacot et al., 2018; Chizat
and Bach, 2019), in the lazy-training regime α2L(t) depends neither on α nor h. This is not true in feature
training however. We define tL/2 as the time for which the loss reduced by a half. Our key finding, visible in
Fig. 5 (b), is that the learning curves are very sharp in the feature-training regime and they overlap when we

9

Chapter 3. A Phase Diagram for Learning Regimes

84



10−5 10−2 101 104

α

10−7

10−3

101

105

109

‖Θ
−

Θ
0
‖

‖Θ
0
‖

h = 100
h = 300
h = 1000

10−4 10−1 102 105

√
hα

−1.3

-1

10−7 10−4 10−1 102 105

t

0
1

0
1

0
1

α
2
L

h = 100

h = 300

h = 1000

10−7 10−3 101

t/(
√
hα)

h = 100

h = 300

h = 1000

√
hα

10−5 10−2 101 104

α

10−6

10−4

10−2

100

t L
/
2
/(
√
h
α

)

10−4 10−1 102 105

√
hα

-1

10−4

10−1

102

105

(a)

(b)

(c)

Figure 5: (a) Relative evolution of the kernel ||Θ(w) − Θ(w0)||/||Θ(w0)|| v.s. α (left) and
√
hα (right). (b)

Rescaled loss α2L v.s. t (left) and t/
√
hα (right), for three different network’s width and for different values

of
√
hα indicated by the color bar. (c) The time for which the loss is reduced by half (divided by

√
hα) v.s.

α (left) and
√
hα (right). Notice that it reaches a plateau in the feature-training regime. For (a) and (c) each

point is averaged over 10 initializations.

rescale the time axis properly. Fig. 5 (b,c) show that in the feature-training regime:

tL/2 ∼
√
hα. (19)

In Section 6 we show that there is a time t1 that marks the timescale below which the dynamics remains
linear. In the feature-training regime we explain that tL/2 correspond to t1 due to the nonlinearity that makes
the dynamics evolve rapidly near t1.
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6 Arguments on kernel dynamics and regimes’ boundary
The arguments proposed in this section do not have the status of mathematical proofs. They provide heuristic
explanations for the scaling t1 ∼ α

√
h and α∗ ∼ 1/

√
h, and support that the output function grows by a

factor
√
h before the dynamics become highly non-linear. A simple assumption on the nature of the ensuing

non-linear dynamics leads to the prediction Eq. (18) with a = 2/(1 + 1/L), which we view as a good
approximation (not necessarily exact) of our observations.

Our starting point is that for the NTK initialization, we have at t = 0 that z̃α = O(1) and ∂f/∂z̃α =
O(1/

√
h), where z̃α is the preactivation of a hidden neuron. The second point can be derived iteratively

starting from the last hidden layer. Denote by W 0 the weight matrix connected to the input, and W ` the
weight matrix connecting two hidden neurons in the `−1 and ` hidden layers respectively, andWL the weight
vector connected to the output. It is then straightforward to show using the chain rule and σ′(z̃) = O(1) that
(see also (Arora et al., 2019)):

∂f

∂W 0
= O

(
1√
h

)
;

∂f

∂W `
= O

(
1

h

)
;

∂f

∂WL
= O

(
1√
h

)
. (20)

From which we deduce that:

Ẇ 0 = O
(

1√
hα

)
; Ẇ ` = O

(
1

hα

)
; ẆL = O

(
1√
hα

)
(21)

by using the gradient-descent formula (i.e. ẇ = −∇L).
Next, we consider how the neurons’ preactivations evolve in time. From the composition of derivatives,

one obtains ˙̃z`+1 = h−1/2(Ẇ `z`+W `ż`). It is clear from Eq. (21) that h−1/2Ẇ `z` = O
(

1√
hα

)
. Concerning

the product W `ż`, in the large-width limit it can be proven to be correctly estimated by considering that W `

and ż` are independent (Dyer and Gur-Ari, 2019). (This result simply stems from the fact that the time-
derivative of the preactivation of one neuron depends on all its h outgoing weights, and is therefore weakly
correlated to any of them). From the central limit theorem, the vectorW `ż` is thus of order

√
hż`. Proceeding

recursively from the input to the output we obtain:

˙̃z` = O
(

1√
hα

)
. (22)

We checked Eq. (22) numerically in Appendix D.
From Eq. (21) and Eq. (22) we expect that:

∀t� t1 ≡ α
√
h, WL(t)−WL(0) = o(1); z̃`(t)− z̃`(0) = o(1) (23)

Thus for t � t1, we are in the lazy-training regime where preactivations and weights did not have time to
evolve, and we expect the kernel variations to be small (see (Mei et al., 2019) for a related discussion). Since
the lazy-training regime finds a zero loss solution and stops in a timeO(1) (see Section 2), if t1 = α

√
h� 1

the network remains in it throughout learning. Thus α∗ ∼ 1/
√
h, as proposed for a single layer in (Chizat

and Bach, 2019).
By contrast, if α

√
h � 1 the dynamics has not stopped at times t ∼ t1, for which we have WL(t1) −

WL(0) = O(1) and z̃(t1) − z̃(0) = O(1): both the preactivations and the weights of the last layer have
changed significantly, leading to significant changes of∇wf and Θ. It is important to note that at t ∼ t1, the
scale of the output function is expected to change. Indeed at initialization the output function, which is a sum
made on the last layer of hidden neurons f(w, x) = 1√

h

∑h
i=1W

L
i σ(z̃Li ), is O(1) as expected from the CLT

applied to h uncorrelated terms (Neal, 1996). However, for t ∼ t1 this independence does not hold anymore,
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since the terms WL
i σ(z̃Li ) have evolved by O(1) to change the function f(w, x) in a specific direction. We

thus expect these correlations to build up linearly in time for t ∈ [0, t1] and to ultimately increase the output
by a factor

√
h at t ∼ t1, as confirmed in Appendix C. Note that this effect does not appear at intermediate

layers in the network, because the weights evolve much more slowly there as follows from Eq. (21).
Still, such an increase in the output is insufficient to find solutions deep in the feature-training regime,

since α[f(w(t1)) − f(w(0))] ∼ α
√
h � 1. We propose that for activation functions that increase linearly

at large arguments as those we use, the dynamics for t ≈ t1 approximately corresponds to an inflation
of the weights along the direction ẇ(t1). Specifically, we define an amplification factor λ(t) = ||w(t) −
w(0)||/||w(t1) − w(0)||, and assume for simplicity that this amplification is identical in each of the L + 1
layers of weights (we disregard in particular the fact that the last and first layer may behave differently,
as discussed in (Arora et al., 2019)). By definition, λ(t1) = 1. At the end t2 of training, for activation
functions that increase linearly at large arguments, we expect to have λ(t2) ∼ [α

√
h]−1/(L+1) to ensure that

α[f(w(t2))− f(w(0))] = O(1). Gradient with respect to weights are increased by λL, leading to an overall
inflation of the kernel:

Θ(t2)−Θ(0) ∼ Θ(t2) ∼ λ2L ∼ [α
√
h]−

2
1+1/L (24)

leading to a = 1.66 consistent with Eq. (18). We have checked this prediction with success for shallow
networks with L = 2, as shown in Appendix E.

7 Other experiments
We now check that our conclusions extend to other data sets, architectures and learning dynamics. In partic-
ular we consider under which circumstances feature training outperforms lazy training. Table 1 summarizes
our results. The key observation is that which regime works best depends on the architecture and on the data.
In particular, for the training set size 104 we focus on in this study (as it allows to study gradient descent in
a reasonable time), we generally find that FC performs better under the lazy training regime. For the CNN
architectures that we study, feature training tends to perform better.

MNIST and CIFAR10: We train the FC network defined in Section 2 on the MNIST and CIFAR10
datasets. CIFAR10 dataset contains 50000 + 10000 32 × 32 images in the trainset and testset, which are
split into 10 classes. We reduced the trainset to 10000 images split into 2 classes (5 classes merges into 1)
and the images are flatten into a vector of size 1024. In Fig. 6 we show the results. The picture is qualitatively
similar to what we see for Fashion-MNIST.

Table 1: Performance for different setups.
Architecture Dataset (binary, 10k) Algorithm Regime performing better
CNN (4 hidden layers) CIFAR10 ADAM (batch size 32) feature training
CNN (4 hidden layers) Fashion-MNIST ADAM (batch size 32) Not clear (Fig. 7(b))
FC (3 hidden layers) CIFAR10 ADAM (batch size 32) lazy training
FC (3,9 hidden layers) Fashion-MNIST Gradient flow lazy training
FC (3 hidden layers) MNIST Gradient flow lazy training
FC (3 hidden layers) EMNIST letters Gradient flow lazy training
FC (3 hidden layers) CIFAR10 Gradient flow lazy training
FC (5 hidden layers) MNIST 10 PCA Gradient flow feature training
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Figure 6: Binary classification on MNIST (a-d) and CIFAR10 (e-f ) with the setup presented in Section 2. (a)
MNIST test error (single shot and ensemble average over 20 instances) v.s.

√
hα for different widths h. (b)

MNIST test error v.s. the width h for different values of
√
hα. The black lines is the test error of the frozen

NTK at initialization, limit that is recovered as α→∞. Ensemble averages are computed over 10 instances.
(c) Same data as in (a): after rescaling the test error to be in (0, 1) the curves collapse when plotted against√
hα. (d) The network’s width times the variance of the output v.s.

√
hα for different widths h. This plot is

computed for the MNIST dataset and is averaged over 20 initializations. (e) CIFAR10 test error (single shot
and ensemble average over 20 instances) v.s.

√
hα for a network of width h = 100. (f) The network’s width

times the variance of the output v.s.
√
hα. This plot is computed for the CIFAR10 dataset and is averaged

over 20 initializations.

First ten principal components of MNIST PCA: As dataset we consider the projection of the handwritten
digits in the MNIST dataset onto their first 10 principal components, obtained via principal-component anal-
ysis (PCA). This dataset is harder to fit than the original MNIST. Using the FC network defined in Section 2,
we observe (see Fig. 7 (a)) that the test error for a single network as well as the ensemble-averaged test error
are nearly identical, even somewhat smaller in the feature-training regime than in the lazy-training regime,
contrarily to what was observed for the full MNIST dataset.
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Figure 7: Test error and ensemble average test error v.s.
√
hα for different setup. (a) MNIST reduced to its

first 10 PCA component trained on FC of width 100. (b) CIFAR10 trained on a CNN with the hinge loss and
ADAM. (c) The letters from EMNIST. (d) Two different depth on Fashion-MNIST.

EMNIST: Using again the FC network defined in Section 2, we consider the pictures of handwritten letters
in the EMNIST dataset. Fig. 7 (c) shows that the results are similar to what observed for Fashion-MNIST and
MNIST. Here two setups are compared, the current setup (described in Section 2) and an alternative setup
with β = 10 for the loss function and a value of τ proportional to the time.

CNN for CIFAR 10 and Fashion-MNIST: We train a convolutional neural network (CNN) with 4 hidden
layers (with stride and padding). It has Softplus activation function and no biases. We initialize the parameters
of the convolutional networks as standard Gaussians in such a way that the preactivations are of order unity.
Our architecture has 4 hidden layers, and we use a stride of /2 before the first layer and in the middle
of the network. After the convolutions we average the spatial dimensions, and the last layer is a simple
perceptron. The code is available on the repository. It is trained to classify images of the CIFAR10 dataset
(32 × 32 images). Our trainset contains 10000 images split into 2 classes. Learning is achieved with the
ADAM dynamics (Kingma and Ba, 2015). We observe, see Fig. 7 (b), that individual and ensemble-averaged
performance is better in the feature-training regime. For Fashion-MNIST, the optimal performance occurs in
a narrow range of intermediate α.

Effect of Depth: In Fig. 7 (d) we compare networks with different depths, L = 3 with L = 9. The setup
is defined in Section 2. We find that increasing depth does not change qualitatively the dependence of the
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test error with
√
hα. Quantitatively, depth has a very limited effect on the ensemble average performance,

but does decrease the performance of individual networks — presumably indicating that depth increases
fluctuations of the output function induced by random initialization.

8 Conclusion
We have shown that as the width h and the output scale α at initialization are varied, two regimes appear
depending on the value of α

√
h. In the feature-training regime features are learned (in the sense that the

tangent kernel evolves during training), whereas in the lazy-training regime the dynamics is controlled by a
frozen kernel. Our key findings are that: (i) In both regimes, fluctuations induced by initialization decrease
with h, explaining why performance increases with the width. (ii) In feature training, the learning dynamics
is linear for t � t1 ∼

√
hα, time at which the output of the model becomes of order

√
hα. If

√
hα � 1,

in order to fit the data the dynamics enters a non-linear regime for t ∼ t1 that affects the magnitude of the
kernel.

In treating these data sets, we have separated classes randomly into two groups. In the future, it would
be interesting to test performance with a binary classification where the categories are intuitively meaningful.
We have focused our comparison between these two learning regimes on a fixed data set size p, comparable
in order of magnitude but smaller than the full data set. In a recent work(Paccolat et al., 2020) we performed
that comparison as p varies for a CNN trained on MNIST. In that case, we found that for all p considered,
feature learning outperforms lazy training in terms of generalization error ε. For the training curve ε ∼ p−β

with βlazy = 1/3 and βfeature = 1/2, indicting that the feature learning regime was improving faster with
growing p than lazy training in relative terms.

On the empirical side, our work supports that studies of deep learning (e.g. on the role of regularization)
should specify in which regime their networks operate, since it is very likely that it affects their results. On
the theoretical side, there is little quantitative understanding on how much the performance should differ in
two regimes. The results that we presented in Section 7 show that it depends on both the structure of the data
and on the architecture of the network. Answering this point appears necessary to ultimately understand why
deep learning works.
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Clément Hongler, and Matthieu Wyart. Scaling description of generalization with number of parameters
in deep learning. arXiv preprint arXiv:1901.01608, 2019.

Arthur Jacot, Franck Gabriel, and Clément Hongler. Neural tangent kernel: Convergence and gener-
alization in neural networks. In Proceedings of the 32Nd International Conference on Neural Infor-
mation Processing Systems, NIPS’18, pages 8580–8589, USA, 2018. Curran Associates Inc. URL
http://dl.acm.org/citation.cfm?id=3327757.3327948.

Arthur Jacot, Franck Gabriel, and Clément Hongler. The asymptotic spectrum of the hessian of dnn through-
out training. arXiv preprint arXiv:1910.02875, 2019.

Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimization. International Conference
on Learning Representations, 2015.

Jae Hoon Lee, Yasaman Bahri, Roman Novak, Samuel S. Schoenholz, Jeffrey Pennington, and Jascha Sohl-
Dickstein. Deep neural networks as gaussian processes. ICLR, 2018.

16

91



Jaehoon Lee, Lechao Xiao, Samuel S Schoenholz, Yasaman Bahri, Jascha Sohl-Dickstein, and Jeffrey Pen-
nington. Wide neural networks of any depth evolve as linear models under gradient descent. arXiv preprint
arXiv:1902.06720, 2019.

Song Mei, Andrea Montanari, and Phan-Minh Nguyen. A mean field view of the landscape of two-layers
neural networks. arXiv preprint arXiv:1804.06561, 2018.

Song Mei, Theodor Misiakiewicz, and Andrea Montanari. Mean-field theory of two-layers neural networks:
dimension-free bounds and kernel limit. arXiv preprint arXiv:1902.06015, 2019.

Brady Neal, Sarthak Mittal, Aristide Baratin, Vinayak Tantia, Matthew Scicluna, Simon Lacoste-Julien, and
Ioannis Mitliagkas. A modern take on the bias-variance tradeoff in neural networks. 2019. URL https:
//openreview.net/forum?id=HkgmzhC5F7.

Radford M. Neal. Bayesian Learning for Neural Networks. Springer-Verlag New York, Inc., Secaucus, NJ,
USA, 1996. ISBN 0387947248.

Behnam Neyshabur, Ryota Tomioka, Ruslan Salakhutdinov, and Nathan Srebro. Geometry of optimization
and implicit regularization in deep learning. arXiv preprint arXiv:1705.03071, 2017.

Phan-Minh Nguyen. Mean field limit of the learning dynamics of multilayer neural networks. arXiv preprint
arXiv:1902.02880, 2019.

Roman Novak, Lechao Xiao, Yasaman Bahri, Jaehoon Lee, Greg Yang, Daniel A. Abolafia, Jeffrey Pen-
nington, and Jascha Sohl-dickstein. Bayesian deep convolutional networks with many channels are
gaussian processes. In International Conference on Learning Representations, 2019. URL https:
//openreview.net/forum?id=B1g30j0qF7.

Jonas Paccolat, Leonardo Petrini, Mario Geiger, Kevin Tyloo, and Matthieu Wyart. Geometric compression
of invariant manifolds in neural nets, 2020.

Daniel S Park, Jascha Sohl-Dickstein, Quoc V Le, and Samuel L Smith. The effect of network width on
stochastic gradient descent and generalization: an empirical study. arXiv preprint arXiv:1905.03776, 2019.

Grant M Rotskoff and Eric Vanden-Eijnden. Neural networks as interacting particle systems: Asymp-
totic convexity of the loss landscape and universal scaling of the approximation error. arXiv preprint
arXiv:1805.00915, 2018.

Justin Sirignano and Konstantinos Spiliopoulos. Mean field analysis of neural networks. arXiv preprint
arXiv:1805.01053, 2018.
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A Frozen NTK dynamics
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Figure 8: Gram matrix of the test set at initialization Θ(w0, xµ, xν) (a) and at the end of training Θ(w, xµ, xν)
(b), for a wide-resnet 28x10 architecture (Zagoruyko and Komodakis, 2016) (L = 25 hidden layers) trained
on a binary version of CIFAR10. The first half of the indices µ = 1 . . . n/2 has label y = 1 and the other
half has label y = −1. The kernel inflates during learning in a way that depends on the two classes. See
Appendix A for a description of the architecture. (c-d) Test error v.s. the width h for the regular dynamics,
the dynamics with the frozen kernel at initialization and the dynamics with the frozen kernel of the end of
training. The training performance is captured by the kernel.

Let us consider the first order approximation f̃w1
(w, x) of a model f(w, x) around w = w1,

f̃w1
(w, x) = ∇wf(w1, x) · w. (25)

For instance, w1 can be the value at initialization or at the end of another dynamics. We can then train this
linearized model keeping the gradients fixed:

˙̃
fw1(w) = ∇wf(w1) · ẇ, (26)

where ẇ depends on the gradient descent procedure. Using gradient descent,

˙̃
fw1

(w) = −∇wf(w1) · 1

n

∑

(x,y)∈T
`′(f̃w1

(w, x), y)∇wf(w1, x) (27)

By introducing the kernel we can rewrite the previous equation as

˙̃
fw1

(w) = − 1

n

∑

(x,y)∈T
`′(f̃w1

(w, x), y)Θ(w1, x) (28)

where Θ is the neural tangent kernel defined in Eq. (5). We call these equations the frozen kernel dynamics.
The results presented in Fig. 5 state that the network learns a kernel during the training dynamics, and

that this learned kernel coincides with the frozen kernel in the lazy-training regime as
√
hα → ∞. Another

way to see that the kernel changes during training is to plot the so-called Gram matrix of the frozen kernel,
namely the matrix (Θ(w, xµ, xν))µ,ν∈test set: in Fig. 8 (a-b) we show the Gram matrix of the neural tangent
kernel evaluated before and after training, where it is clear that there is an emergent structure that depends on
the dataset.
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The architecture used in in Fig. 5 is a resnet based on (Zagoruyko and Komodakis, 2016). We use no batch
normalization and initialization is as in our fully-connected networks. The code describing the architecture
is available in the supplementary material.

It is interesting to test if the performance of deep networks after learning is entirely encapsulated in the
kernel it has learned. We argue that indeed this is the case, and to make our point, we proceed as follows.
At any time t during training, we can compute the instantaneous neural tangent kernel Θ(w(t)) as in Eq. (5);
then, we perform a frozen kernel dynamics using that instantaneous kernel, and we evaluate its performance
on the test set. In Fig. 8 (c-d) we plot the test error of a network with α = 1 (referred to as “vanilla”) and
compare it to the test error of the frozen kernel, both at initialization (t = 0) and at the end of training. Quite
remarkably f̃w(t2) achieves the full performance of f .

B Dynamics of the Weights

In Fig. 9 we plot the rescaled evolution of the parameters
√
h||w−w0||/||w0|| versus α (left) and versus

√
hα

(right) showing that the curves collapse. We find:

||w − w0||
||w0||

∼ 1

hα
(29)

in the lazy-training regime. It is expected from Eq. (21), and the fact that the dynamics lasts O(1) in this
regime, jointly implying that the O(h2) internal weights evolve by O(1/(hα)). Finally

||w − w0||
||w0||

∼ (
√
hα)−b√
h

(30)

in the feature-training regime, where b ≈ 0.23 is compatible with 1/(L+1) ≈ 0.17 as proposed in Section 6.
Note that the denominator

√
h is also expected from Section 6, where it corresponds to the term ||w(t1) −

w(0)|| entering in the definition of λ. It comes from the fact that ||w(t1)− w(0)|| ∼
√
h, as follows from the

O(h2) internal weights evolving by O(1/
√
h) on the time scale t1, as can be deduced from Eq. (21).
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Figure 9: Relative evolution of the parameters
√
h||w−w0||/||w0|| v.s. α (left) and

√
hα (right). Each measure

is averaged over 10 initializations.
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C Dynamics of the Output function
To measure the amplitude of the output of a network f we define its norm as follow

||f(w)|| =
√
〈f(w, xµ)2〉µ∈test (31)

In Section 6 we argued that the dynamics is linear for t � t1 ∼ α
√
h. Fig. 10 (a,c,d) confirms that the

dynamics, characterized by ||f(wt) − f(w0)||, is indeed linear on a time scale of order t1, independently of
the value of α as shown in Fig. 10 (a) or h as shown in Fig. 10 (c,d).

Another important result of Section 6 is that at the end of the linear regime, the output has increased by
a relative amount ∼

√
h. This result is confirmed in Fig. 10(b) showing that 1√

h
||f(wt)|| is independent of h

for t ∼ t1.
These two facts taken together imply:

||f(wt)− f(w0)|| ∼ t

t1

√
h, t� t1 in feature training. (32)

This prediction is confirmed in Fig. 10 (d) showing α||f(wt)− f(w0)|| ∼ t/t1(
√
hα) which must behave

as t/t1 if (
√
hα) is hold fixed, as is the case in this figure.

D Preactivation evolution
Fig. 11 shows the amplitude of ˙̃z at initialization. We measured it using finite-difference method by applying
a single gradient descent step.

E Shallow network
In order to verify the depth dependence of our heuristic predictions about the powerlaw in α of the quantities
||Θ − Θ0|| and ||w − w0||, we reran the experiment with 2 hidden layers (L = 2) with the fully-connected
network and Softplus. In Table 2 we summarize the exponent found numerically, they are compatible the our
predictions.

Observable L = 5 L = 2 Prediction
||Θ−Θ0|| 1.7 (1.66) 1.25 (1.33) 2

1+1/L

||w − w0|| 0.23 (0.166) 0.35 (0.333) 1
1+L

Table 2: Powerlaw dependence in α, measure and prediction (in parenthesis) of the exponent a where O ∼
α−a for α� 1

F ReLU activation function
Fig. 12 shows the evolution of the kernel as a function of

√
hα for a network with ReLU activation function.

Differently from the Softplus case (see Fig. 5 (a)), here we observe the existence of three regimes, each
characterized by a different power law. The intermediate regime with slope −1/2 is not present for Softplus,
and it is compatible with the following explanation. The ReLU function x 7→ max(0, x) is non differentiable
in x = 0. It implies that w 7→ f(w) is not differentiable. For a finite dataset, w 7→ {f(w, xµ)}µ is
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Figure 10: Different measures of the network norm v.s. t/t1 for (a) a fixed width h and various α, (b,c,d) a
fixed value of

√
hα and various h. Here t1 is the time at which the loss reduced by half. The network used

here has L = 2 hidden layers and uses a Softplus activation function. Each curve is averaged along the y axis
for 10 realizations.

differentiable only on small patches. As we can see in Fig. 12 for large enough α, w evolution is so small that
f remains in a differentiable patch and we get the predicted result of slope −1. But for intermediate values
of α, the network change patches a number of times proportional to α−1 and assuming that each changes in
the kernel induced by these changes of patch are not correlated, their sum scales with α−1/2.

G Gradient flow verification
As we can see in Fig. 13, the constraint we put on the relative difference of gradients for the dynamics ensure
that the relative difference of the output is smaller than 10−3 when the constraint is divided by 100. Also we
see that the time of convergence is roughly doubled when the constraint is divided by 100.

H Variance and the size of the dataset in the lazy-training regime
In Fig. 14 the variance is shown as a function of the width, for different sizes of dataset n. (i) We see the
variance reaching the asymptotic behavior of h−1 when n is small enough. (ii) The data also suggest that the
variance grows with the size of the trainset like

√
n.
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Figure 11: ˙̃z at t = 0 v.s. h for different layers. Each measure is averaged over 5 networks. The network used
here has L = 5 hidden layers and uses a Softplus activation function.

Varf(w, x) =
〈[
f(wi, xµ)− f̄(xµ)

]2〉
µ∈test

i∈ensemble

. (33)

I f − f0 versus f
Fig. 15 shows the difference between the model F (w, x) = αf(w, x) and F (w, x) = α(f(w, x)−f(w0, x)).
Notice that removing the value of the output function at initialization drastically improves the performance
of the network for large values of α. The generalization error is the same for small α.

J Effect of biases
In Fig. 16 we test the helpfulness of introducing biases in hidden layers, by comparing the test error and the
variance of the output function in networks that have or have no biases. It turns out that biases are negligible
in the present setting. The setup is described in Section 2. A possible reason to use biases would be that
ReLU networks without biases are homogeneous functions. This mean that two data xµ, xν that are aligned,
in the sense that xµ = |λ|xν , cannot have different labels. This problem can often be neglected for two
reasons: first, in practice the datasets are normalized, so that two points are aligned only if they are identical;
second, the pictures in some datasets typically have constant pixels. For instance, in MNIST the top-left pixel
in every picture is black. Constant pixels behave effectively as a bias in any hidden neuron.
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Figure 13: (a) Relative difference of the output for two different values of ε∇ v.s.
√
hα. (b) Relative difference

of the output for two different momentum τ v.s.
√
hα. (c) Computation time v.s.

√
hα, for two different

values of ε∇. (d) Computation time v.s.
√
hα, for two different momentum τ .
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Figure 15: Comparison between the models αF (w, x) = α(f(w)− f(w0)) and αF (w, x) = αf(w, x). The
setup is described in Section 2. (a) Test error (with ensemble average in dashed line) v.s. α for a network
of two widths and for the two models. (averaged over 10 initializations) (b) The network’s width time the
variance of the output v.s. α. (averaged over 10 initializations). In the feature regime, both models behave
similarly because f(w0) is negligible compare to f(w).
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√
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network of width h = 100, averages are over 20 initializations. (d) We plot the width times the variance of
the output function v.s.

√
hα, averaged over 10 initializations.
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Abstract

Deep learning algorithms are responsible for a technological revolution in a variety of tasks including

image recognition or Go playing. Yet, why they work is not understood. Ultimately, they manage

to classify data lying in high dimension – a feat generically impossible due to the geometry of high

dimensional space and the associated curse of dimensionality. Understanding what kind of structure,

symmetry or invariance makes data such as images learnable is a fundamental challenge. Other puzzles

include that (i) learning corresponds to minimizing a loss in high dimension, which is in general not

convex and could well get stuck bad minima. (ii) Deep learning predicting power increases with the

number of fitting parameters, even in a regime where data are perfectly fitted. In this manuscript,

we review recent results elucidating (i,ii) and the perspective they offer on the (still unexplained)

curse of dimensionality paradox. We base our theoretical discussion on the (h, α) plane where h is

the network width and α the scale of the output of the network at initialization, and provide new

systematic measures of performance in that plane for MNIST and CIFAR 10. We argue that different

learning regimes can be organized into a phase diagram. A line of critical points sharply delimits an

under-parametrised phase from an over-parametrized one. In over-parametrized nets, learning can

operate in two regimes separated by a smooth cross-over. At large initialization, it corresponds to a

kernel method, whereas for small initializations features can be learnt, together with invariants in the

data. We review the properties of these different phases, of the transition separating them and some

open questions. Our treatment emphasizes analogies with physical systems, scaling arguments and

the development of numerical observables to quantitatively test these results empirically. Practical

implications are also discussed, including the benefit of averaging nets with distinct initial weights, or

the choice of parameters (h, α) optimizing performance.

1 Introduction

One of the prerequisites of human or artificial intelligence is to make sense of data that often lie in large

dimension. A classical case is computer vision, where one seeks to classify the content of a picture [1] whose

dimension is the number of pixels. In the supervised setting considered in this review, algorithms are trained

from known, labeled data. For example, one is given a training set of one million pictures of cats and dogs,

and knows which is which. The goal is to build an algorithm that can learn a rule from these examples, and
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predict if a new picture presents a cat or a dog. After sixty years of rather moderate progress, machine

learning is undergoing a revolution. Deep learning algorithms [2], which are inspired from the organisation

of our visual cortex, are now remarkably successful at a wide range of tasks including speech [3] and text

recognition [4], self-driving cars [5] and beating the best humans at Go [6] or video games [7]. Yet, there is

very limited understanding as to why these algorithms work. As explained below, there are several reasons

why deep learning in particular and supervised learning in general should not work. Most prominently, the

curse of dimensionality associated with the geometry of space in large dimension prohibits learning in a

generic setting. If high dimensional data can be learned, then there must have a lot of structure, invariances

and symmetries. Understanding what is the nature of this structure and how it can be harvested by neural

nets with suitable architectures is a challenge of our times.

In the part 1.1 of this introduction, we review the basic procedure of supervised learning with deep

nets, together with the quantification of its success via a learning curve exponent. In part 1.2, we discuss

several reasons making this success surprising. It includes the curse of dimensionality mentioned above, the

putative presence of the bad minima in the loss landscape and the fact that deep learning typically works

in an over-parametrized regime where the number of fitting parameters is much larger than the number

of data. In part 1.3, we review two recent ideas seeking to address these paradoxes. First, in the limit

where the network width (and thus the number of parameters) diverges, deep learning converges to two

distinct, well-defined algorithms (lazy training and feature learning) depending on the scale of initialization.

In each regime, a global minimum of the loss is found. Second, in the context of image classification it was

hypothesized that deep learning efficiently deals with the curse of dimensionality because neural nets learn

to become insensitive to smooth deformations of the image.

These two body of work raise various questions, detailed below. In a nutshell: (i) Is there a critical

number of parameters where one enters in the over-parametrized regime and bad minima in the loss

disappear? What is the nature of this transition, and the geometry of the loss-landscape in its vicinity?

(ii) Why does performance tends to improve asymptotically with the number of parameters even past this

transition? (iii) Once in the over-parametrized regime, where does the cross-over between lazy training and

feature learning takes place? Which regime performs better, and how does it depend on the data structure

and network architecture? (iv) How are simple invariants learnt in the feature learning regime, and how

does it affect the learning curve exponent? The goal of this manuscript, laid out in the part 1.4 of this

introduction, is both to review recent results addressing these questions in the context of classification in

deep nets, as well as to provide new systematic empirical data unifying these results into a phase diagram.

1.1 Presentation of deep learning and quantification of its successes

Signal propagation in some architectures: Deep learning is a fitting procedure, in which the functional

form used to interpolate the data depends on many parameters, and can be represented iteratively. State-of-

the-art (SOTA) architectures characterising this functional form can be extremely complex, here we restrict

ourselves to essential properties. We denote by f̃θ(x) the output of a network corresponding to an input x,

parametrized by θ. We reserve the notation fθ(x) for the prediction model, the relation between the two

will be defined in Eq.8. For fully connected nets (FC) – which, from a theoretical point of view, are the

2

103



Figure 1: Architecture of a fully-connected network with L hidden layers of neurons of constant size h.

Points indicate neurons, connections between them are characterized by a weight. Biases are not represented

here. The W ’s are the weights, x is the input, and the a’s are the preactivations as defined in Equations

(1-3). Taken from [8]. In red: Neural representation of the data at different depths (illustrative). Neurons

in the first layers respond to local, simple features, such as edges. Deeper in the network, neurons respond

to more and more high-level features such as cats or human faces. Adapted from [9].

most studied architectures – the output function can be written recursively as:

f̃θ(x) ≡ a(L+1), (1)

a
(i)
β =

∑

α

1√
h
W

(i)
α,β σ

(
a(i−1)
α

)
+B

(i)
β , (2)

a
(1)
β =

∑

α

1√
d
W

(1)
α,β xα +B

(1)
β , (3)

where a
(i)
α is the preactivation of neuron α, located at depth i and L the total number of layers. We consider

networks with a fixed number of hidden layers L, each of size h. In the following, given that the total

number of parameters follows N ∼ Lh2, we’ll use both h and N to refer to the network size. In our notation

the set of parameters θ includes both the weights W
(i)
α,β and the biases B

(i)
α . σ(z) is the non-linear activation

function, e.g. the ReLU σ(z) = max(z, 0). As is commonly done, we use the ”LeCun initialization” of the

weights, for which they are scaled by a factor 1/
√
h. It ensures that the limit of infinite width is not trivial,

see e.g. discussions in [10]. We represent the network in Fig. 1.

Convolutional neural nets (CNNs), inspired from the primate brain, perform much better than FCs for a

variety of tasks including image classification. Each hidden layer is composed of a number of channels, each

representing the data as a feature map – itself an image. CNNs perform the same operations at distinct

locations in the image, and enforce that these operations are local. CNNs are thus more constrained than

FCs, and they can be obtained from the latter by imposing that some weights are identical (to enforce

translational invariance) and others zero (to enforce locality).
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Learning Dynamics Weights are learnt by fitting the training set, which is done by minimising a loss or

cost function L. To simplify notations, we consider a binary classification problem, with a set of P distinct

training data denoted {(xµ, yµ)}Pµ=1. The vector xµ is the input, which lives in a d-dimensional space, and

yµ = ±1 is its label 1. L is a sum on all the training set of how each datum is well-fitted:

L(θ) =
1

P

P∑

µ=1

`(yµf(xµ)), (4)

where f is a model and ` is a decreasing function of its argument. Popular choices include the linear (γ = 1)

or quadratic (γ = 2) hinge loss `(yµf(xµ)) = max (0,∆µ)
γ

with ∆µ ≡ 1 − yµf(xµ), or the cross-entropy

`(yµf(xµ)) = log(1 + exp(−yµf(xµ))). The hinge loss has the advantage that bringing the loss Eq.4 to zero

is equivalent to satisfying a set of constraints ∆µ < 0, corresponding to fitting the data by a margin unity.

This fact is the basis for the analogy with other satisfiability problems encountered in physics, as discussed

below. This choice however does not influence significantly performance for SOTA architectures on usual

benchmarks [8].

Different procedures can then be used to minimise L, starting from a random initialization of the weights

(an important fact to keep in mind). In particular, gradient descent (GD) or stochastic gradient descent

(SGD) are commonly used. For SGD, only a (changing) subset of the terms entering the sum of Eq.4 is

considered at each minimisation time step. Various tricks can improve performance depending on the data

considered, including early stopping (minimisation is stopped before the loss hits bottom) or weight decay

(terms are then added to the loss to prevent weights to become too large).

Performance Once learning is done, generalization performance can be estimated from a test set (data

not used to train, but whose distribution is identical to the training set) by computing the probability

to misclassify one new datum, the so-called test error ε. How many data are needed to learn a task is

characterized by the learning curve ε(P ) 2. Generally, it is observed that the test error is well described by a

power law decay P−β in the range of training set size P available3 with an exponent β that depends jointly

on the data and the algorithm chosen. In [11], β is reported for SOTA architecture for several tasks: in

neural-machine translation β ≈ 0.3–0.36; in language modeling β ≈ 0.06–0.09; in speech recognition β ≈ 0.3

and in image classification (ImageNet) β ≈ 0.3–0.5.

Deep nets learn a hierarchical representation of the data Once learning took place, it is possible

to analyse to which features in the data neurons respond mostly to [9, 12]. Strikingly, findings are very

similar to what is found in the visual cortex of primates: neurons learn to respond to more and more abstract

aspects of the data as the signal progresses through the network, as illustrated in Fig.1. This observation is

believed to be an important aspect of why deep learning works, yet understanding how abstract features are

learnt dynamically, and how much it contributes to performance, remains a challenge.
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Figure 2: A: Curse of dimensionality. In high dimensions, every point lies far away from its neighbours,

forbidding classification based on distances alone. B: Sketch of the loss landscape. Starting from a random

initialization, the dynamics could get stuck in a bad minimum of the loss. C: Usual behaviour (blue line) of

the test error as a function of the number of parameters, expected to be minimal when N is of order of the

smallest value N∗ where data can be fitted. Green: observations indicate that for deep learning, increasing

the number of parameters generally improves behaviour, even in a regime where data are perfectly fitted.

1.2 Why deep learning should not work

Curse of dimensionality General arguments suggest that β should be extremely small — and learning

thus essentially impossible — when the dimension d of the data is large, which is generally the case in

practice. For example in a regression task, if the only assumption on the target function is that it is

Lipschitz continuous, then the test error cannot be guaranteed to decay faster than with an exponent

β ∼ 1/d [13]. This curse of dimensionality [14] stems from the geometrical fact that the distance δ among

nearest-neighbour data points decays extremely slowly in large d as δ ∼ P−1/d, as depicted in the Fig.2.A.

Thus, interpolation or classification methods based on distances are expected to be very imprecise for generic

data.

Bad minima in the loss landscape Another problem, which made deep learning less popular in the

90’s, concerns learning. The loss function has no guarantees to be convex, and the parameters space is

high-dimensional. What prevents then the learning dynamics to get stuck in poorly performing minima with

high loss, as sketched in Fig.2.B? In other words, under which conditions can one guarantee that training

data are well fitted? Is the loss landscape similar to the energy landscape of glassy systems in physics,

where the number of minima is exponential in the number of degrees of freedom [15,16]?

Over-parametrization Finally, neural nets are often trained in the over-parametrized regime, where

the number of parameters N is significantly larger than the number of data points P . In that regime,

their capacity is very large: they can fit the training set even if labels are randomized [17]. Statistical

1It is straightforward to extend the discussion to multi-class classification problem, as well as to regression.
2A different network is trained for every P .
3For data sets where a finite fraction of the training set is mislabeled, one expects the test error to eventually plateau to a

finite value. However, such a saturation of the test error is not seen in practice for various benchmarks, suggesting that such a

noise is small in magnitude.
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learning theory then gives no guarantees that over-fitting does not occur, and that the model learnt has any

predictive power. Indeed from statistics text books one expects a bell-shape learning curve relating the test

error to the number of parameters of the model, as depicted in Fig.2.C. A very puzzling aspect of deep

learning is that increasing N passed the point where all data are perfectly fitted does not destroy predictive

power, but instead improves it [18–21] as shown in Fig.2.

1.3 Current insights on these paradoxes

No bad minima in over-parametrized networks Recently, it was realised that the landscape of deep

learning is not glassy after all, if the number of parameters is sufficient. Theoretical works that focus on

nets with a huge number of parameters (and one hidden layer), and empirical work with more realistic

architectures [22–25], support that the loss function is characterized by a connected level set: any two

points in parameter space with identical loss are connected by a path in which the loss is constant. Moreover,

empirical studies of the curvature of the loss landscape (captured by the spectrum of the Hessian) [26–28]

and of SGD dynamics [29,30] reveal that the landscape displays a large number of flat directions, even at

its bottom. It is not the case for under-parametrized networks [30].

These observations raise key questions. Is there a phase transition in the landscape geometry as the

number of parameters grows? If so, what is its universality class? How does it affect performance?

f(t) f
ϑ f

ϑ

small h
large h

(a) (b) (c)

f(t)

Figure 3: A: sketch of the dynamics in function space for a finite width net. As weights change the

function evolves along the black manifold of expressible functions, which is curved. B: in the infinite

width limit, this manifold becomes flat even though the function evolves by O(1): the relationship between

function and weights became linear. C: interacting particles in a potential. When their number is large,

describing their density instead of their individual motion becomes favorable (image graciously shared by

Eric Vanden-Eijnden).

Implicit regularization and infinite width nets How can over-parametrized networks be predictive,

if they can fit any data? It must imply that the GD or SGD dynamics lead to specific minima of the

loss landscape where the function is more regular than for generic minima– a phenomenon coined implicit

regularization [18,19]. As sketched in Fig.2, performance is best as N →∞, triggering a huge interest in

that limit. To which algorithms does GD correspond to in that case?

NTK: The propagation of the input signal through infinite-width FC nets at initialization is now

well-understood. If the weights – defined in Eqs.3 – are initialized as i.i.d. random variables with zero

mean and variance one (a set-up we consider throughout this work), the output function f̃(x) is a Gaussian

random process. Its covariance can be computed recursively [31–36].
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Very recently it was realised that the learning dynamics also simplifies in this limit [10, 37–41]. The key

insight of [10] is that the output becomes a linear function of the weights then, as sketched in Fig.3 A,B.

Physically, very tiny changes of weights can interfere positively and change the output by O(1) which is

sufficient to learn, but is not sufficient to change the gradient ∇θf̃ .

More formally, the gradient flow dynamics at finite time can always be described by the neural tangent

kernel (NTK) defined as:

Θ(θ, x, y) = ∇θf̃θ(x) · ∇θf̃θ(y), (5)

where x, y are two inputs and ∇θ is the gradient with respect to the parameters θ. Specifically, ∂f̃(x)/∂t

can be expressed as a linear combination of the Θ(θ, x, xi); i.e. f̃ evolves within a space of dimension P .

In general, Θ depends on θ and thus on time and on the randomness of the initialization. Yet as h→∞,

Θ(θ, x, y) converges to a well-defined limit independent of initialization, and does not vary in time: deep

learning in that limit is thus essentially a kernel method [10].

Feature learning (hydrodynamic) regime: The infinite width limit can be taken differently by

adding a factor 1/
√
h in the definition of the output. Then the weights must change significantly for the

output to become O(1) and fit the data. This recently discovered limit is called “mean field”, “rich” but also

“feature learning regime” in the literature, because the neurons learn how to respond to different aspects of

the input data, as in Fig.1 – whereas, in the NTK limit, the neuron’s response evolves infinitesimally. This

regime has been studied in several works focusing mostly on one-hidden layer networks [42–48], with recent

development for deeper nets, see e.g. [49]. In this setting the output function for a one hidden layer reads:

f̃θ(x) =
1

h

h∑

i=1

W
(2)
i σ(

1√
d
W

(1)
i · x+Bi), (6)

The law of large number can then be invoked to replace Eq.6 by an integral:

f̃θ(x)→
∫

dW (2)dW (1)dB ρ(W (2),W (1), B) W (2)σ(
1√
d
W (1) · x+B) (7)

where ρ is the density of parameters. It is then straightforward to show that gradient flow leads to a

dynamics on ρ of the usual type for conserved quantities: it is the divergence of a flux ∂ρ/∂t = −∇ · J .

Here the divergence is computed with respect to the set of weights associated with a single neuron, and

the flux follows J = ρΨ(W (2),W (1), B; ρt) where Ψ is some function that can be expressed in terms of the

loss [42]. This formulation is equivalent to the hydrodynamics description of interacting particles in some

external potential. Fig.3.C illustrates that when the number of particles (or neurons) is large, ρ is a more

appropriate description than keeping track of all the particle positions (the weights in that case).

Lazy training: The fact that deep learning converges to well-defined algorithms as h diverges, explains

why performance converges to a well-defined value in that limit (which will depend on the limit considered),

as sketched in Fig.2. Yet, this distinction between a regime where the NTK does not change, and one

where it evolves and features are learnt can be made at finite h. Chizat and Bach proposed a model of the

form [50]:

fθ(x) ≡ α
[
f̃θ(x)− f̃θ(t=0)(x)

]
, (8)

α = O(1) corresponds to the NTK initialization and α = O(h−1/2) to the mean-field limit. In the over-

parametrised regime (our work below defines it sharply) where data are fitted, infinitesimal changes of

weights are sufficient to learn when α → ∞ at finite h, and the NTK does not evolve in time (but has
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fluctuations at initialization). This regime is sometimes referred to as lazy training, in our context we will

interchangeably denote it the NTK regime.

Overall, these findings are recent breakthrough in our understanding of neural nets. Yet they ask many

questions that are central to this review. If two limits exist, which one best characterises neural networks

that are used in practice? Which limit leads to a better performance? How does it depend on the architecture

and data structure? Which effect causes the improvement of performance as h increases?

Curse and invariance toward diffeomorphisms Mallat and Bruna [51,52] proposed that invariance

toward smooth deformations of the image, i.e. diffeomorphisms, may allow deep nets to beat the curse

of dimensionality. Specifically, consider the case where the input vector x is an image. It can be thought

as a function x(s) describing intensity in position s, where s ∈ [0, 1]2 4. A diffeomorphism is a bijective

deformation that changes the location s of the pixels to s′ = τ(s). In our review below, it will be useful

to introduce the pixel displacement field ξ(s) = τ(s) − s, analogous to the displacement field central to

elasticity. We denote by Tτ [x] the image deformed by τ , i.e. Tτ [x](s) = x(τ−1(s)). One expects that smooth

diffeomorphisms do not affect the label of an image: Prob(y(x) 6= y(Tτ [x]))� 1 if ‖∇sξ‖ � 1.

Mallat and Bruna could handcraft CNNs, the ”scattering transform”, that are insensitive to smooth

diffeomorphisms and perform well:

|f(x)− f(Tτ [x])| ≤ C0‖∇sξ‖. (9)

They hypothesised that during training, CNNs learn to satisfy Eq.9. In this view, by becoming insensitive

to many aspects of the data irrelevant for the task, CNNs effectively reduce the data dimension and make

the problem tractable.

A limitation of this framework is that it says little about how invariants are learnt dynamically. Yet, it

is the center of the problem. FC nets are more expressive than CNNs, and nothing a priori prevents them

from learning these invariants – yet, they presumably don’t, since their performance do not compare with

CNNs. Along this route, an interesting question is how to develop observables to characterise empirically

the dynamical emergence of invariants. Attempts have been made using mutual information approaches [53]

which display problems in such a deterministic setting [54]; or measures based on the effective dimension of

the neural representation of the data [55,56] which are informative but can sometimes lead to counter-intuitive

results 5. In Section 5 we discuss other observables based on kernel PCA of the NTK.

1.4 Organization of the manuscript

To think about the results above and the questions they raise in a unified manner, it is useful to consider

Fig.4. It shows novel empirical data for the performance of neural nets in the plane (h, α̃) where h is

the width and α̃ the rescaled initialization amplitude α̃ =
√
hα. Specifically, the ensemble test error of

fully-connected nets learning MNIST (a data set of images of digits [58]) and CIFAR10 (images of planes,

dogs, etc...) respectively with gradient descent is shown. This ensemble test error is computed by preparing,

for each point in the phase diagram, M = 15 nets with different initialization. The test error of the mean

4This space is in fact discrete due to the finite number of pixels, but this does not alter the discussion.
5The effective dimension is defined from how the distance δ among neighboring points varies with their number P , i.e.

δ ∼ P−1/deff . Its interpretation can be delicate, as it is observed to sometimes increase as the information propagates in the

network, which cannot be the case for the true dimension of the manifold representing the data.
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Figure 4: Phase diagram for the performance of deep learning in the width h v.s. rescaled initialization

magnitude α̃ =
√
hα plane, where α is defined in Eq.8. The architecture corresponds to a fully-connected

neural network with two hidden layers trained with gradient descent [57]. Binary classification was performed

for Left MNIST binary (odd/even) and Right CIFAR10 binary (classes have been regrouped in two sets).

The training sets have been reduced to 5000 samples. These data sets were first projected on 10 and 30 PCAs,

respectively. This dimensionality reduction of the problem is useful to study the jamming transition7but

not necessary to investigate the over-parametrized regime [57]. This choice does not affect qualitatively

the geometry of the diagram however. The colormap shows the generalization of the ensemble average

over 15 samples. The full black line indicates the cross-over from feature to lazy training. It is defined as

the location for which the change of the NTK after training ∆Θ = Θ(t =∞)−Θ(0) is equal in norm to

its magnitude at initialization, i.e. ‖∆Θ‖/‖Θ(0)‖ = 1. Choosing other values for this ratio (see dashed

lines) does not affect qualitatively the geometry of the cross-over line. The vertical color lines indicate

the jamming transition where the training loss hits zero (in the black region the training loss does not

reach zero). Its precise position depends on the time the simulation is allowed to run [8], as indicated in

legend (using a GPU V100 and the gradient flow algorithm of [57] (gradient descent with adaptive learning

rate)). It is expected and corresponds to the usual critical slowing down occurring near phase transitions.

Horizontal dashed lines correspond to the measures done in Fig.5. The code used to generate these data is

available at https://doi.org/10.5281/zenodo.4322828.

predictor 〈f〉 over the 15 trained nets is then shown. The black region corresponds to the under-parametrized

regime where the loss of individual nets does not converge to zero after learning. As discussed below, its

boundary corresponds to a line of critical points corresponding to a ”jamming transition” where the system

stops displaying a rough landscape. In the colored over-parametrized regime, the black line indicates a

cross-over separating the lazy training regime (where the total change of the NTK of individual nets during

learning is small in relative terms) from a feature learning regime (where the NTK evolves significantly).

Fig.5 shows the curves for the test error and the ensemble test error for three values of α̃, as h varies. At

9
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the jamming transition, the test error displays a peak as observed in [59]. A similar peak occurs in regression

problems [21], where it has a simpler origin and occurs when the number of parameters matches the number

of data. This shape for the test error has since then been coined double-descent [60]. Interestingly, as shown

in Fig.5 this phenomenon occurs independently of the value of α̃ (and thus of the over-parametrized regime

one enters into passed jamming) and vanishes when the ensemble average is taken, as observed in [61] and

recently confirmed in [62].

Our goal is to review, in non-technical terms, concepts and arguments justifying such a phase diagram

and discuss the learning of invariants in this context. In section 2, we will argue that the boundary of the

black region in Fig.4 is a line of critical point, analogous to the jamming transition occurring in repulsive

particles with finite-range interactions. For wider nets, the landscape is not glassy and displays many flat

directions. We will provide a simple geometric argument justifying why this transition in deep nets fall

into the universality classes of ellipsoid (rather than spherical) particles, which fixes the properties of the

landscape (such as the spectrum of the Hessian) near the transition. We will mention an argument à la

Landau justifying the cusp in the test error at that point. In Section 3, we will provide a quantitative

explanation as to why the test error keeps improving as the width increases passed this transition. Increasing

width turns out to eliminate the noise due to the random initialization of the weights, eventually leading

to the well-defined algorithms introduced above. Ensemble averaging at finite width efficiently eliminates

this source of noise as well as the double descent, as shown in Fig.5. In Section 4, we will explain why the

cross-over between the lazy and feature learning regimes corresponds asymptotically to a flat line in Fig.4.

We will review observations that lazy training outperforms feature learning for standard data sets of images

for fully connected architectures, but not for CNNs architectures, corresponding to a larger learning curve

exponent β. In Section 5, we review arguably the simplest model in which a neural net learns invariants in

the data structure, by considering that labels do not depend on some directions in input space. As observed

in real data, two distinct training exponents β in the lazy and feature learning can then be computed. We

conclude by discussing open questions.

2 Loss landscape and Jamming transition

Minimizing a loss is very similar to minimizing an energy. Describing the energy landscape of physical

systems is a much studied problem, especially in the context of glasses. Progress was made on this topic

in the last fifteen years by considering finite range interactions, for which bringing the energy to zero is

equivalent to satisfying a set of constraints. In that case, the landscape is controlled by a critical point [63–65],

the so-called jamming transition. It occurs as the particle density φ increases. For φ > φc, a gradient

descent from a random initial positions of the particles gets stuck in one – out of many – meta-stable states,

corresponding to a glassy solid as depicted in Fig.6B,D. For lower densities, the gradient descent reaches

zero energy, as sketched in Fig.6.E : particles can freely move without restoring forces, and the landscape

has many flat directions. It corresponds to the situations depicted in Fig.6A,C.

There are two universality classes for jamming, leading to distinct properties for the curvature of the

landscape (i.e. the spectrum of the Hessian) [66–71], for the structure of the packing obtained [72–75]

and for the dynamical response to a perturbation [76, 77]. Spheres and ellipses fall in distinct classes as

7Otherwise, for FC architectures the value of h at which the jamming transition occurs is a few neurons, leading to new

effects.
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Figure 5: Comparison of the generalization error and the ensemble generalization error for the same data,

architecture and learning dynamics used in Fig.4. Values of α̃ used are indicated in legends, and corresponds

to the colored horizontal dashed lines in Fig.4. The ensemble average is done over 20 samples. The vertical

lines indicate the location, or interval of locations, where the jamming transition occurs. Note that ensemble

averaging improves a lot performance at intermediate width, and eliminates the double descent both in the

lazy or feature learning regime.

illustrated in Fig.6. More generally, the jamming transition occurs generically in satisfiability problems

with continuous degrees of freedom (it can be defined with discrete degrees of freedom [78], but then differs

qualitatively; in particular, the present discussion does not apply to the discrete case). It occurs in the

perceptron [79–81] but also for deep nets [8, 59].

We will recall below a geometric argument introduced in [8] determining the universality class of the

jamming transition. For deep nets, jamming belongs to the universality class of ellipses [8,59]. The spectrum

of the loss near the jamming transition displays zero modes, a gap and a continuous part, as measured in

Fig7.C. Another implication of this analogy is the number N∆ of data whose margin is smaller than unity

after learning, which contribute to the loss. These data are conceptually similar to the support vectors

central to SVM algorithms. For particles, N∆ corresponds the number of pairs of particles still overlapping

after energy minimization. As illustrated in Fig7.B, N∆/N jumps from zero to a value strictly smaller than

one at jamming where the loss becomes positive, precisely as ellipses do.

Geometric argument fixing the universality class: Here we seek to give a simple intuition of the

result of [8] (a more rigorous argument can be found there). We consider continuous satisfiability problems

where one seeks to minimize an energy or loss function of the type:

U =
∑

µ∈m

1

2
∆2
µ. (10)
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 6: Sketch of the jamming transition for repulsive spheres and ellipses. (a,b,c,d) Both systems

transition from a fluid to a solid as the density passes some threshold, noted φS for spheres and φE for

ellipses. (e) For denser packings, the potential energy U becomes finite. (f) The ratio N∆/N between the

number of particles in contact N∆ (corresponding to unsatisfied constraints) and the number of degrees of

freedom N jumps discontinuously to a finite value, which is unity for spheres but smaller for ellipses. (g,h)

This difference has dramatic consequence on the energy landscape, in particular on the spectrum of the

Hessian. In both cases, the spectrum becomes non-zero at jamming, but it displays a delta function with

finite weight for ellipses (indicating strictly flat directions), followed by a gap with no eigenvalues, followed

by a continuous spectrum (h, full line). For spheres, there is no delta function nor gap (g, full line). As one

enters the jammed phase, in both cases a characteristic scale λ ∼
√
U appears in the spectrum (g and h,

dotted lines). From [8].
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Figure 7: A Phase diagram indicating where the hinge loss hits zero (in blue) or not (in white) at the end

of training, as the number of parameters N and training points P vary, for the MNIST data set discussed

above (binary classification, 10 PCAs) trained with a FC nets with 3 hidden layers. B Number of unsatisfied

patterns N∆/N as a function of the loss at the end of training, following the arrow indicated in panel A.

Here N is fixed, and P = 1, . . . 70k. C The spectrum of the dominant term in the Hessian near jamming H0

(averaged over the run at jamming, in the rectangle of B) presents a delta function in zero and a gaped

continuous spectrum at high frequencies, a generic feature of hypostatic jamming. D Fluctuations of the

output function along the arrow shown in A, averaged over 20 initial conditions. It decays asymptotically

as a power-law N−1/4 for the MNIST data set. At jamming, these fluctuations explode, consistent with a

quadratic singularity. From [8,61].

where the sum is made on all constraints that are not satisfied, corresponding to ∆µ > 0. The quantities ∆µ

can depend in general on the N degrees of freedom of the system. For systems of particles, U is an energy

and ∆µ is the overlap between a pair µ = (i, j) of particles i and j. For spheres it reads ∆ij = 2R − rij
where R is the particle radius and rij = ||ri − rj || the distance between particles i and j. In that case, N is

the number of particles times the spatial dimension. For the perceptron or deep nets, U corresponds to a

quadratic hinge loss generally denoted L defined in Eq.4 (it is straightforward to extend these arguments to

other hinge losses with γ > 1 [8, 63], the case γ = 1 of the linear hinge shares many similarities with those

but also display interesting differences [82]). As defined in the introduction, in that case ∆µ = 1− f(xµ)yµ.

As the jamming transition is a singular point, it is useful – but not strictly necessary 8 – to think of

approaching from the glassy (large density φ or under-parametrized) phase. It corresponds to U → 0 as

sketched in Fig. 6 E,F, implying that ∆µ → 0 ∀µ ∈ m. As argued in [83], for each µ ∈ m the constraint

∆µ = 0 defines a manifold of dimension N − 1. Satisfying N∆ such equations thus generically leads to a

manifold of solutions of dimension N −N∆. Imposing that solutions exist thus implies that, at jamming,

8Particles can always sit right at jamming if an infinitesimal pressure is applied to the system. In the context of neural nets,

it can also be achieved by introducing an additional term in the loss of the type λ||θ(t)− θ(t = 0)||2 penalizing the square

evolution of the weights (called ”weight decay”) of vanishing magnitude λ→ 0+.
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one has:

N∆ ≤ N . (11)

Note that this argument implicitly assumes that the N∆ constraints are independent, see [8] for more

discussions.

An opposite bound can be obtained by considerations of stability, by imposing that in a stable minimum

the Hessian must be positive definite [66]. The Hessian is an N ×N matrix which can be written as:

HU =
∑

µ∈m
∇∆µ ⊗∇∆µ +

∑

µ∈m
∆µH∆µ ≡ H0 +Hp , (12)

where H∆µ
is the Hessian of ∆µ, and H0 and Hp correspond to the first and second sum, respectively.

H0 is positive semi-definite, since it is the sum of N∆ positive semi-definite matrices of rank unity; thus

rk(H0) ≤ N∆, implying that the null-space of H0 is at least of dimension N −N∆. Hp becomes very small

approaching jamming, since the ∆µ’s vanish. Let us denote by N− the number of negative eigenvalues of

Hp. Requiring that HU has no negative eigenvalues thus implies:

N∆ ≥ N− . (13)

For spheres [64] (as well as for the perceptron if a negative margin is used while constraining the norm

of the weight vector), Hp is negative definite and N− = N . This results stems from the fact that H∆µ

is negative semi-definite. Indeed H∆µ
characterizes the second order change of overlap between particles,

and is negative because the distance between spheres moving transversely to their relative direction always

increase following Pythagoras theorem. In that case we thus have N∆ ≥ N . Together with Eq. (11) that

leads to N∆ = N : as spheres jam the number of degrees of freedom and the number of constraints (stemming

from contacts) are equal, as empirically observed [63]. This property is often called isostaticity.

However, in other problems such as ellipses and deep nets, H∆µ
and thus Hp have positive eigenvalues.

Indeed the overlap between two ellipses can increase if one of them rotates. Likewise, for a fully-connected

Relu net and random data at initialization, Hp has a symmetric spectrum and N− ≈ N/2. Generically one

expects then jamming to occur with N∆ < N as sketched for ellipses in Fig.6 and shown empirically for neural

nets learning MNIST in Fig.7. Jamming is then referred to as ”hypostatic”. The associated consequences

on the spectrum of the hessian shown on the same figures are derived in specific cases in [68, 69, 84]: it

always presents a delta function in zero and a gap at jamming.

Effect of the number of training data P The location of the jamming transition N∗(P ) depends on P .

This dependence is linear for random data but sub-linear for structured data [8], as exemplified in Fig.7.A.

Denoting N− = C0N , and using Eq.13 together with N∆ ≤ P , we obtain N∗(P ) ≤ P/C0, guaranteeing

convergence to a zero loss for a number of parameters linear in P if C0 > 0. We conjecture that C0 to

remain bounded by a strictly positive value for large N for generic data and architectures used in practice 9.

C0 can be measured a posteriori, leading to the bound corresponds to the dotted line in Fig.7.A. C0 a priori

depends on the choice of architecture, dynamics and data set. Controlling its value a priori is yet out of

reach 10, and would lead to a rather tight guarantee of convergence toward a global minimum of the loss.

9This fact does not hold for linear or polynomial activation function, see discussion in [8].
10Controlling H0 and Hp during learning was done only in the limit N →∞ which does not apply near jamming [85].
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Effect of the scale of initialization α̃ It is apparent in Fig.4 that the location of the jamming transition

depends on the scale of initialization α̃. From this figure, we observe the following general trend: the

jamming transition occurs with less parameters when the test error of the ensemble-averaged predictor is

small. It follows the intuition that an easier rule to learn should correspond to less parameters to fit the

data.

Effect of the Jamming transition on performance As the jamming transition is approached, the

norm ‖fN‖ of the predictor diverges [8], which is responsible in the cusp in the double descent displayed by

the test error in Fig.5. This divergence was first pointed out for regression [21]. Yet for classification, the

divergence defers quantitatively and is compatible with an inverse power-law, as illustrated in Fig.7.D. It can

be understood using an argument à la Landau, inspired by results on the perceptron [79,81]. The intuitive

idea is that, by increasing the norm of the predictor, one reduces effectively the unit margin required by the

hinge loss to fit the data. For N < N∗, data cannot be fitted even with a vanishing margin.

Specifically, consider that the norm of the predictor ‖fN‖ is fixed during training and denote by N∗(ε)

the jamming transition as a function of the margin ε. Assume (as occurs for the perceptron) that N∗(ε) is a

smooth function of ε, such that N∗(ε) ≈ N∗(0) +N ′∗(0)ε. For N just above N∗(0), margins of magnitude

unity cannot be fitted for a fixed norm of the predictor, but they can if that norm is allowed to increase by a

factor N ′∗(0)/(N −N∗(0)). Indeed it effectively reduces the margin by that amount to some effective value

ε̃ ≡ ε(N −N∗(0))/N ′∗(0). By construction, ε̃ satisfies N∗(ε̃) = N . This argument justifies the observed

inverse power-law.

Note that any perturbation to gradient flow (such as early stopping, using stochastic gradient descent or

weight decay) will destroy this divergence 11. Such regularizations are thus most efficient near jamming [59].

3 Double descent and the benefits of overparametrization

To avoid bad minima in the loss landscape, it is thus sufficient to crank up N passed N∗. But then, one

would naively expect to lower performance and overfit, as illustrated in the right panel of Fig.2. It is not

the case for classification and deep nets, as illustrated in Fig.5: performance is very poor and displays a

cusp right at the jamming transition point N∗, and then continuously improves as N →∞!

A scaling theory can be built to explain quantitatively why performance keeps improving with N passed

that point, and how fast the test error reaches its asymptotic behavior [61]. Essentially, at infinite width

learning corresponds to well-defined algorithms as discussed in introduction, but these algorithms become

noisier when the width is finite. Indeed as N ∼ h2 increases, the fluctuations on the learnt output function

induced by the random initialization of the weights decrease [86]. It follows ‖fN − 〈fN 〉‖ ∼ N−1/4 as

shown in Fig.7.D, where 〈fN 〉 is obtained by ensemble-averaging outputs trained with different random

initializations. This result is true both for the lazy training [61] and the feature learning [57] regime, as

justified below. The associated increase in test error is quadratic in the fluctuations (it is obvious for a

mean square error loss, but is also true for classification under reasonable assumptions [61]), leading to

〈ε(fN )〉 − ε(〈fN 〉) ∼ N−1/2 as observed [61]. This effect is responsible for the double descent, as can be

directly checked by considering the training curve ε(〈fN 〉) of the ensemble average function 〈fN 〉 in Fig.5

11They are relevant perturbations in the sense of critical phenomena.
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which does not display a second descent. More generally as apparent in Fig.4, at fixed α̃ =
√
hα, the

ensemble average test error weakly varies with h once in the over-parametrized regime.

In the lazy training regime, the fluctuations 〈‖fN − 〈fN 〉‖〉 ∼ N−1/4 simply mirror the fluctuations of

the NTK induced by initialization, argued to follow ‖ΘN − 〈ΘN 〉‖ ∼ N−1/4 ∼ h−1/2 in [61], as analytically

confirmed since then [87, 88]. For simple losses and gradient descent, the predictor fN must acquire the

same fluctuations [61], as observed.

Similar fluctuations induced by initial conditions 〈‖fN − 〈fN 〉‖〉 ∼ N−1/4 with identical consequences

occur in the feature learning regimes in neural nets [57]. Such fluctuations are certainly expected at

initialization for a one-hidden layer, since the density of neurons parameters ρ introduced in Eq.7 must

have finite sampling fluctuations of order δρ ∼ 1/
√
h ∼ N−1/4 as expected from the central limit theorem.

Because in the asymptotic regime N →∞ the value of ρ at initialization affects the learnt function, the

magnitude of fluctuations δρ (and thus of the learnt function fN ) induced by the random initialization will

still scale as N−1/4 after learning, as rigorously proven for a one-hidden layer in [89].

Overall, this scaling theory supports that for generic data sets and deep architectures, the second descent

results from the noise induced by finite N effects and initialization on the limiting algorithms reached as

N →∞. One interesting practical implication, apparent in Fig.4 and Fig.5, is that optimal performance is

found by ensemble averaging nets of limited width passed their jamming transition.

Since these arguments were proposed, the double descent curve has been analytically computed in the

simple case of linear data in the limit of infinite dimension and random features machines [46, 90], where it

was also shown [91,92] to result from the fluctuations of the kernel that vanish with increasing number of

neurons, confirming the present explanation.
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Figure 8: Left, Center: Ensemble-average test error vs. the scaling parameter α̃ =
√
hα. It illustrates

that the NTK regime (large
√
hα) tends to outperform the feature learning regime (small

√
hα) for FC

architecture (Left) but not in CNNs (Center). In the latter case, the training curve exponent β is larger in

the feature learning (blue curve, β ≈ 1/2) regime than in the NTK one (orange curve, β ≈ 1/3). From [57].

4 Disentangling the NTK and feature learning regimes

As discussed in the previous section, wider nets are more predictive. A comparable gain of performance

can however be obtained already at intermediate width, by ensemble averaging outputs over multiple
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initialization of the weights. As apparent in Fig.4, the rescaled magnitude of initialization α̃ = α
√
h which

allows to cross-over between the lazy training and feature learning regimes does affect performance. Which

regime best characterises deep nets used in practice? Which one performs better? Some predictions of

the NTK regime appear to hold in realistic architectures [39], and training nets in NTK limit can achieve

good performance on real datasets [40,93,94]. Yet, in several cases the feature learning regime beats the

NTK [50,95], in line with the common idea that building an abstract representation of the data such as

sketched in Fig.1 is useful. Several theoretical works show that NTK under-performs for specific, simple

models of data [14,96–99].

In [57], this question was investigated systematically for deep nets in the (α, h) plane, where α is the

scale of initialization introduced in [50] as defined in Eq.8. This study developed numerical methods of

adaptive learning rates to follow gradient flow while changing α by ten decades. The main results are as

follows:

(i) The cross-over between the two regimes occur when α
√
h = O(1) as apparent in Fig.4, extending

the result of [50] limited to one hidden layer nets. For α
√
h� 1, ‖∆Θ‖/‖Θ‖ � 1 while the opposite holds

true when α
√
h� 1. Here ∆Θ = Θ(t)−Θ(t = 0) characterises the evolution of the tangent kernel and t is

the learning time. It is convenient to divide the loss by α2 and consider L̃ ≡ L/α2, which can be shown

to ensure that the dynamics occurs on a time scale independent of α in the large α limit [50, 57]. This

result holds true for the usual choices of loss (cross-entropy, hinge, etc...) at any finite time. It also holds

true for t→∞ if the hinge loss is used, since in that case convergence to a zero loss occurs in finite time

independently of h and α.

Here we provide a schematic argument justifying this result, see [57] for a more detailed analysis. The

variation of the output f with respect to the pre-activation a (which are of order one at initialization)

of a given neuron is of order ∂f/∂a ∼ α/
√
h. This result is obvious for the last hidden layer (using that

the last weights are of order 1/
√
h), but can be justified recursively at all layers, as discussed in [57] and

derived implicitly in the NTK study [10]. For gradient flow, the variation ∆a of pre-activation due to

the evolution of the bias (considering the previous weights leads to a similar scaling) must be of order

∆a ∼ t(∂L̃/∂f)(∂f/∂a) ∼ t/α
√
h using that ∂L̃/∂f ∼ 1/α2. Thus ∆a is of order 1/α

√
h at the end of

training (since a zero hinge loss is reached on a time scale t = O(1)). The NTK regime must thus break

down when ∆a ∼ 1 when the relation between weights and output must become non-linear, corresponding

to a cross-over for α∗ ∼ 1/
√
h for large h.

A similar line of thought can be used at intermediate width. When reducing h so as to approach the

jamming transition from the over-parametrized phase, the norm of the output – and therefore weights

and pre-activations – explode as reviewed in Section 2. One is never then in the lazy training regime, and

the relationship between the variation of weights and the output must become non-linear. Thus, in the

vicinity of the jamming transition, the networks always lie in the feature learning regime. Consequently, the

cross-over lines separating lazy and feature learning must bend up and never cross the jamming line in Fig.4.

We do observe curves qualitatively bending up as expected (yet it is hard to make precise measurements

very close to jamming).

(ii) For fully-connected nets and gradient descent, the NTK tends to outperform the feature learning

regime, as exemplified in the Left panel of Fig.8. This result was found for a variety of data sets (MNIST,

Fashion-MNIST, CIFAR10, etc...), except for MNIST 10 PCA. It is apparent in Fig.4, where the best

performance for MNIST 10 PCA appears to occur the cross-over region α̃ ∼ 1.
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(iii) For CNN architectures, feature learning outperforms the NTK regime as shown in the central panel

of Fig.8. It corresponds to a larger training curve exponent β, as appears in the right panel of Fig.8. (ii,iii)

were recently confirmed by the Google team [62].

These observations raise various questions. What are the advantages and drawbacks of feature learning,

and why are the latter more apparent in FC rather than CNN architectures? For modern CNN architectures,

is the improvement of the learning curve exponent β in the feature learning regime key to understand how

the curse of dimensionality is beaten? Is it associated with learning invariants in the data? In our opinion,

the answers to these questions are yet unknown. To start tackling these questions, in the next section we

study a simple model of invariant data for which the improvement of the learning curve exponent β in the

feature learning regime can be computed.

5 Learning simple invariants by compressing irrelevant input di-

mensions

How can the curse of dimensionality be beaten? A favorable aspect of various data sets such as

images is that the data distribution P (x) is very anisotropic, consistent with the notion that the data lie in

a manifold of lower dimension. In that case, the distance between neighboring data reduces faster with

growing P , improving kernel methods [100]. The positive effect of a moderate anisotropy can also be shown

for kernel classification [101] and regression [99, 102]. Yet, even in simple data sets like MNIST of CIFAR10,

the intrinsic dimensions remain significant (dint ≈ 14 and dint ≈ 30 respectively [100]). This effect helps but

cannot resolve the curse of dimensionality for complex data set: indeed using Laplace or Gaussian kernels

(which are very similar to the NTK of fully connected nets) lead to β ≈ 0.4 for MNIST (which is decent)

but β ≈ 0.1 for CIFAR10, which implies very slow learning as the number of data increases.

As discussed in the introduction, another popular idea is that data sets as images are learnable because

they display many invariant transformations that leave the labels unchanged. By becoming insensitive to

those, the network essentially reduces the dimension of the data. This view is consistent with the notion

that deep learning leads to an abstract neural representation of the data sketched in Fig.1. This effect may

be responsible for our observation in the right panel of Fig.8 that the training curve exponent β is more

favorable in the feature learning regime. However, understanding how invariants are built dynamically and

how it affects performance and β remains a challenge.

Specific models of data can be built [43, 90, 99, 104] in which lazy training does not learn at all, whereas

neural nets trained in the feature learning regime succeed. These models however do not capture the two

finite and distinct learning curve exponents β observed in the two regimes.

The stripe model In [96, 101,103], a simple model of invariant is considered. The labels do not depend

on d⊥ = d− d‖ directions of input space, so that y(x) = y(x‖) where x = (x⊥, x‖). x⊥ could correspond for

example to uninformative pixels near the boundaries of pictures. For gradient descent, with the logistic loss,

a one-hidden layer can be shown to correspond to a max-margin classifier in a certain non-Hilbertian space

of functions [96]. Dimension-independent guarantees on performance can then be obtained if the data can

be separated after projection in a low dimensional space. The analysis is rigorous and general, but requires

to go to extremely long times not used in practice and does not predict values for β.
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Figure 9: Left: Distribution of the weights vectors ~W (1) pondered by the neuron second weight W (2) shown

at different time points during the learning process (as characterised by the value of the loss in legend) for

the stripe model. It reveals an alignment of the first layer of weight vectors in the informative direction.

Training data points are also shown, and coloured depending on their labels. Right: Training curve ε(P )

of a one hidden layer in the feature learning regime (blue), the NTK regime (red) and the NTK regime

after compressing the data in the perpendicular direction by the factor Λ (dashed red). Note the similarity

between this curve and the blue one, supporting that the main effect of learning feature for these data is

the geometric compression of uninformative directions in input space. From [103].

In [101,103], the hinge loss is considered. In that case, the dynamics stops after a reasonable time. If

the density of data points does not vanish at the interface between labels, and if the latter is sufficiently

smooth (e.g. planar or cylindrical), it is found that the test error decays as a power law in both regimes.

For the lazy training regime, scaling arguments inspired by electrostatics lead to βLazy = d/(3d − 2).

Feature learning performs better, as one find βFeature = (d + d⊥/2)/(3d − 2). The key effect leading to

an improvement of the feature learning regime is illustrated in Fig.9 for d‖ = 1, called the stripe model:

due to the absence of gradient in the orthogonal direction, the weights only grow along the d‖ dimensions.

Thus, for a infinitesimal initialization of the weights (α → 0), the neurons align along the informative

coordinate in the data. Accordingly, in relative terms, they become less sensitive to x⊥, which merely

acts as a source of noise. This denoising is limited by the finite size of the training set. Specifically, it is

found that Λ ≡W‖/W⊥ ∼
√
P where W‖ and W⊥ are the characteristic scales of the first layer of weights

in the informative and uninformative directions respectively. This effect is equivalent to a geometrical

compression of magnitude Λ of the input in the uninformative direction. Indeed performing this compression

by considering the transformed data (x‖, x⊥/Λ), and learning these in the NTK regime gives very similar

performance as learning the original data in the feature regime, see the right panel of Fig.9.

Kernel PCA of the NTK reveals a geometric compression of invariants The stripe models

illustrates that neural nets in the feature learning regime can learn to become insensitive to transformations

in the data that do not affect the labels. This insensitivity is limited by the sampling noise associated with a

finite data set. Is this phenomenon also occurring for more modern architectures and more subtle invariants

characterizing images? Measurements of the intrinsic dimension of the neural representation of data [55, 56]

or mutual information estimates [53] suggest that it may be so, but as mentioned in introduction these

observables have some limitations.
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Figure 10: Relationship between the kernel PCA of the NTK (obtained both at initialization and after

learning) and the labels. The mutual information (characterizing the amount of correlation) between the

top eigenvectors of the Gram matrix and the labels (A, B) and their projection ωλ (C, D) get large after

learning for both the stripe model (learnt with a FC with one hidden-layer) and MNIST (learnt with a

CNN). From [103].

In the feature learning regime, the NTK evolves in time. This evolution leads to a better kernel for the

task considered. Indeed, using a kernel method based on the NTK obtained at the end of training leads

to essentially identical performance than the neural net itself [103]. This observation is consistent with

previous ones showing that the NTK ”improves” in time [105,106], in the following sense. For kernels we

can always write Θ(x, y) = ψ(x) ·ψ(y), where ψ(x) is a vector of features. In the case of the NTK, ψ(x) can

be chosen as the gradient of the output f with respect to the weights – see Eq.5. Kernels tend to perform

better [107] if the vector of labels {y(xi)}i=1...P has large coefficients along the first PCAs of the features

vectors {ψ(xi)}i=1...P (an operation called kernel PCA [108]). Such an alignment between the first PCAs of

the features vectors of the NTK and the vector of labels is observed during learning [105,106].

Although there is no general theory as to why such an alignment occurs, the stripe model provides a

plausible explanation for this effect. In that case, this improvement must occur because one evolves from

an isotropic kernel to an anisotropic one with diminished sensitivity to uninformative directions x⊥. As a

result, the top kernel PCA becomes more informative on the label (Fig.10.A) on which they project more

(Fig.10.C). The same result is observed for a CNN trained on MNIST as shown in Fig.10.B,D. Overall,

this view support that the improvement of the NTK reveals the geometric compression of uninformative

directions in the data.

6 Conclusion

Don’t be afraid of bad minima! Just crank-up the number of parameters until you pass a jamming transition.

Beyond that point, bad minima are not encountered, and you can bring the loss to zero. Depending on

the network width and on how you scale the value of your function at initialization, deep learning can

then behave as a kernel method, or can alternatively learn features. Simple scaling arguments delimit the

corresponding phase diagram, and appear to hold for benchmark data sets. Remarkably, these arguments

depend very little on the specific data considered. Their practical implication is that ensemble averaging

nets with different initialization past the jamming transition can be an effective procedure, as found by

different groups [57,61,62].

Taking into account where you are in this phase diagram is arguably key to understand outstanding

questions on deep learning. It is true for example for the role of stochasticity in the dynamics, which appears
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to improve performance. It is natural that using stochastic gradient descent instead of gradient flow will

help near jamming, because the noise will regularize the divergence of the predictor norm – an effect that

can already be obtained with early stopping [59]. Likewise, for repulsive particles temperature regularizes

singularity near the jamming transition [109]. Yet, it would be useful to study its effect on performance for

the distinct regions of the phase diagram. It would be particularly interesting to know if one of the main

effects of stochasticity in the over-parametrized limit is to push upward the cross-over between the lazy and

feature learning regime in Fig.4, thus improving performance in CNNs where feature learning outperforms

lazy training.

Ultimately, the central question left to understand is performance, and how the curse of dimensionality

is beaten in deep nets. Even at an empirical level, the idea that invariance toward diffeomorphisms is the

central phenomenon behind this success is not established. At the theoretical level, this view as not been

combined with the recent improvement of our understanding of learning, which as mostly focused on fully

connected nets. In comparison, the effort to model how CNNs learn features is more modest, despite that

only those architectures tend to work well in practice. Such studies would arguably require to design simple

canonical models of data presenting complex invariants, which are currently scarce.
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4 Diffeomorphisms of 2D Images: rela-
tive stability matters

The following paper is a preprint Petrini et al. (2021).

Candidate contributions The candidate contributed to this paper by proposing to deform

images with diffeomorphisms and feed them to CNN to measure the response, realizing the

first experiments (basically the content of appendix A and B) and participating during the

discussions. The rest of the numerical experiments has been done by Leonardo Petrini.
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Abstract

Understanding why deep nets can classify data in large dimensions remains a chal-
lenge. It has been proposed that they do so by becoming stable to diffeomorphisms,
yet existing empirical measurements support that it is often not the case. We revisit
this question by defining a maximum-entropy distribution on diffeomorphisms, that
allows to study typical diffeomorphisms of a given norm. We confirm that stability
toward diffeomorphisms does not strongly correlate to performance on benchmark
data sets of images. By contrast, we find that the stability toward diffeomorphisms
relative to that of generic transformations Rf correlates remarkably with the test
error εt. It is of order unity at initialization but decreases by several decades during
training for state-of-the-art architectures. For CIFAR10 and 15 known architectures
we find εt ≈ 0.2

√
Rf , suggesting that obtaining a smallRf is important to achieve

good performance. We study how Rf depends on the size of the training set and
compare it to a simple model of invariant learning.

1 Introduction

Deep learning algorithms LeCun et al. (2015) are now remarkably successful at a wide range of
tasks Amodei et al. (2016); Huval et al. (2015); Mnih et al. (2013); Shi et al. (2016); Silver et al.
(2017). Yet, understanding how they can classify data in large dimensions remains a challenge. In
particular, the curse of dimensionality associated with the geometry of space in large dimension
prohibits learning in a generic setting Luxburg and Bousquet (2004). If high-dimensional data can be
learnt, then they must be highly structured.

A popular idea is that during training, hidden layers of neurons learn a representation Le (2013) that
is insensitive to aspects of the data unrelated to the task, effectively reducing the input dimension and
making the problem tractable Ansuini et al. (2019); Recanatesi et al. (2019); Shwartz-Ziv and Tishby
(2017). Several quantities have been introduced to study this effect empirically. It includes (i) the
mutual information between the hidden and visible layers of neurons Saxe et al. (2019); Shwartz-Ziv
and Tishby (2017), (ii) the intrinsic dimension of the neural representation of the data Ansuini et al.
(2019); Recanatesi et al. (2019) and (iii) the projection of the label of the data on the main features of
the network Kopitkov and Indelman (2020); Oymak et al. (2019); Paccolat et al. (2021a), the latter
being defined from the top eigenvectors of the Gram matrix of the neural tangent kernel (NTK) Jacot
et al. (2018). All these measures support that the neuronal representation of the data indeed becomes
well-suited to the task. Yet, they are agnostic to the nature of what varies in the data that need not
being represented by hidden neurons, and thus do not specify what it is.

Recently, there has been a considerable effort to understand the benefits of learning features for one-
hidden-layer fully connected nets. Learning features can occur and improve performance when the
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true function is highly anisotropic, in the sense that it depends only on a linear subspace of the input
space Bach (2017); Chizat and Bach (2020); Ghorbani et al. (2019, 2020); Paccolat et al. (2021a);
Refinetti et al. (2021); Yehudai and Shamir (2019). For image classification, such an anisotropy would
occur for example if pixels on the edge of the image are unrelated to the task. Yet, fully-connected
nets (unlike CNNs) acting on images tend to perform best in training regimes where features are not
learnt Geiger et al. (2021, 2020); Lee et al. (2020), suggesting that such a linear invariance in the data
is not central to the success of deep nets.

Instead, it has been proposed that images can be classified in high dimensions because classes
are invariant to smooth deformations or diffeomorphisms of small magnitude Bruna and Mallat
(2013); Mallat (2016). Specifically, Mallat and Bruna could handcraft convolution networks, the
scattering transforms, that perform well and are stable to smooth transformations, in the sense that
‖f(x)− f(τx)‖ is small if the norm of the diffeomorphism τ is small too. They hypothesized that
during training deep nets learn to become stable and thus less sensitive to these deformations, thus
improving performance. More recent works generalize this approach to more common CNNs and
discuss stability at initialization Bietti and Mairal (2019a,b). Interestingly, enforcing such a stability
can improve performance Kayhan and Gemert (2020).

Answering if deep nets become more stable to smooth deformations when trained and quantifying
how it affects performance remains a challenge. Recent empirical results revealed that small shifts of
images can change the output a lot Azulay and Weiss (2018); Dieleman et al. (2016); Zhang (2019),
in apparent contradiction with that hypothesis. Yet in these works, image transformations (i) led
to images whose statistics were very different from that of the training set or (ii) were cropping
the image, thus are not diffeophormisms. In Ruderman et al. (2018), a class of diffeomorphisms
(low-pass filter in spatial frequencies) was introduced to show that stability toward them can improve
during training, especially in architectures where pooling layers are absent. Yet, these studies do
not address how stability affects performance, and how it depends on the size of the training set. To
quantify these properties and to find robust empirical behaviors across architectures, we will argue
that the evolution of stability toward smooth deformations needs to be compared relatively to that of
any deformation, which turns out to vary significantly during training.

Note that in the context of adversarial robustness, attacks that are geometric transformations of small
norm that change the label have been studied Alaifari et al. (2018); Alcorn et al. (2019); Athalye et al.
(2018); Engstrom et al. (2019); Fawzi and Frossard (2015); Kanbak et al. (2018); Xiao et al. (2018).
These works differ for the literature above and from out study below in the sense that they consider
worst-case perturbations instead of typical ones.

1.1 Our Contributions

◦ We introduce a maximum entropy distribution of diffeomorphisms, that allow us to generate
typical diffeomorphisms of controlled norm. Their amplitude is governed by a "temperature"
parameter T .

◦ We define the relative stability to diffeomorphisms index Rf that characterizes the square
magnitude of the variation of the output function f with respect to the input when it is
transformed along a diffeomorphism, relatively to that of a random transformation of the
same amplitude. It is averaged on the test set as well as on the ensemble of diffeomorphisms
considered.

◦ We find that at initialization, Rf is close to unity for various data sets and architectures,
indicating that initially the output is as sensitive to smooth deformations as it is to random
perturbations of the image.

◦ Our central result is that after training, Rf correlates very strongly with the test error εt:
during training, Rf is reduced by several decades in current State Of The Art (SOTA) archi-
tectures on four benchmark datasets including MNIST Lecun et al. (1998), FashionMNIST
Xiao et al. (2017), CIFAR-10 Krizhevsky (2009) and ImageNet Deng et al. (2009). For more
primitive architectures (whose test error is higher) such as fully connected nets or simple
CNNs, Rf remains of order unity. For CIFAR10 we study 15 known architectures and find
empirically that εt ≈ 0.2

√
Rf .

◦ Rf decreases with the size of the training set P . We compare it to an inverse power 1/P
expected in simple models of invariant learning Paccolat et al. (2021a).
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The library implementing diffeomorphisms on images is available online at github.com/pcsl-
epfl/diffeomorphism.
The code for training neural nets can be found at github.com/leonardopetrini/diffeo-sota and the
corresponding pre-trained models at doi.org/10.5281/zenodo.5589870.

2 Maximum-entropy model of diffeomorphisms

2.1 Definition of maximum entropy model

We consider the case where the input vector x is an image. It can be thought as a function x(s)
describing intensity in position s = (u, v) ∈ [0, 1]2, where u and v are the horizontal and vertical
coordinates. To simplify notations we consider a single channel, in which case x(s) is a scalar
(but our analysis holds for colored images as well). We denote by τx the image deformed by τ ,
i.e. [τx](s) = x(s − τ(s)). τ(s) is a vector field of components (τu(s), τv(s)). The deformation
amplitude is measured by the norm

‖∇τ‖2 =

∫

[0,1]2
((∇τu)2 + (∇τv)2)dudv. (1)

To test the stability of deep nets toward diffeomorphisms, we seek to build typical diffeomorphisms
of controlled norm ‖∇τ‖. We thus consider the distribution over diffeomorphisms that maximizes
the entropy with a norm constraint. It can be solved by introducing a Lagrange multiplier T and by
decomposing these fields on their Fourier components, see e.g. Kardar (2007) or Appendix A. In this
canonical ensemble, one finds that τu and τv are independent with identical statistics. For the picture
frame not to be deformed, we impose fixed boundary conditions: τ = 0 if u = 0, 1 or v = 0, 1. One
then obtains:

τu =
∑

i,j∈N+

Cij sin(iπu) sin(jπv) (2)

where the Cij are Gaussian variables of zero mean and variance 〈C2
ij〉 = T/(i2 + j2). If the picture

is made of n× n pixels, the result is identical except that the sum runs on 0 < i, j ≤ n. For large n,
the norm then reads ‖∇τ‖2 = (π2/2)n2T , and is dominated by high spatial frequency modes. It
is useful to add another parameter c to cut-off the effect of high spatial frequencies, which can be
simply done by constraining the sum in Eq.2 to i2 + j2 ≤ c2, one then has ‖∇τ‖2 = (π3/8) c2T .

Once τ is generated, pixels are displaced to random positions. A new pixelated image can then be
obtained using standard interpolation methods. We use two interpolations, Gaussian and bi-linear1,
as described in Appendix C. As we shall see below, this choice does not affect our result as long as
the diffeomorphism induced a displacement of order of the pixel size, or larger. Examples are shown
in Fig.1 as a function of T and c.

2.2 Phase diagram of acceptable diffeomorphisms

Diffeomorphisms are bijective, which is not the case for our transformations if T is too large. When
this condition breaks down, a single domain of the picture can break into several pieces, as apparent
in Fig.1. It can be expressed as a condition on ∇τ that must be satisfied in every point in space
Lowe (2004), as recalled in Appendix B. This is satisfied locally with high probability if ‖τ‖2 � 1,
corresponding to T � (8/π3)/c2. In Appendix, we extract empirically a curve of similar form in the
(T, c) plane at which a diffeomorphism is obtained with probability at least 1/2 . For much smaller T ,
diffeomorphisms are obtained almost surely.

Finally, for diffeomorphisms to have noticeable consequences, their associated displacement must
be of the order of magnitude of the pixel size. Defining δ2 as the average square norm of the pixel
displacement at the center of the image in the unit of pixel size, it is straightforward to obtain from
Eq.2 that asymptotically for large c (cf. Appendix B for the derivation),

δ2 =
π

4
n2T ln(c). (3)

The line δ = 1/2 is indicated in Fig.1, using empirical measurements that add pre-asymptotic terms
to Eq.3. Overall, the green region corresponds to transformations that (i) are diffeomorphisms with
high probability and (ii) produce significant displacements at least of the order of the pixel size.

1Throughout the paper, if not specified otherwise, bi-linear interpolation is employed.
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Figure 1: Samples of max-
entropy diffeomorphisms
for different temperatures
T and high-frequency cut-
offs c for an ImageNet data-
point of resolution 320 ×
320. The green region cor-
responds to well behav-
ing diffeomorphisms (see
Section 2.2). The dashed
line corresponds to δ = 1.
The colored points on the
line are those we focus our
study in Section 3.

3 Measuring the relative stability to diffeomorphisms

Relative stability to diffeomorphisms To quantify how a deep net f learns to become less sen-
sitive to diffeomorphisms than to generic data transformations, we define the relative stability to
diffeomorphisms Rf as:

Rf =
〈‖f(τx)− f(x)‖2〉x,τ
〈‖f(x+ η)− f(x)‖2〉x,η

. (4)

where the notation 〈〉y can indicate alternatively the mean or the median with respect to the distribution
of y. In the numerator, this operation is made over the test set and over the ensemble of diffeomor-
phisms of parameters (T, c) (on which Rf implicitly depends). In the denominator, the average is on
the test set and on the vectors η sampled uniformly on the sphere of radius ‖η‖ = 〈‖τx− x‖〉x,τ . An
illustration of what Rf captures is shown in Fig.2. In the main text, we consider median quantities,
as they reflect better the typical values of distribution. In Appendix E.3 we show that our results for
mean quantities, for which our conclusions also apply.

Dependence of Rf on the diffeomorphism magnitude Ideally, Rf could be defined for infinites-
imal transformations, as it would then characterize the magnitude of the gradient of f along smooth
deformations of the images, normalized by the magnitude of the gradient in random directions. How-
ever, infinitesimal diffeomorphisms move the image much less than the pixel size, and their definition
thus depends significantly on the interpolation method used. It is illustrated in the left panels of Fig.3,
showing the dependence of Rf in terms of the diffeomorphism magnitude (here characterised by the
mean displacement magnitude at the center of the image δ) for several interpolation methods. We
do see that Rf becomes independent of the interpolation when δ becomes of order unity. In what
follows we thus focus on Rf (δ = 1), which we denote Rf .

SOTA architectures become relatively stable to diffeomorphisms during training, but are not
at initialization The central panels of Fig.3 show Rf at initialization (shaded), and after training
(full) for two SOTA architectures on four benchmark data sets. The first key result is that, at initial-
ization, these architectures are as sensitive to diffeomorphisms as they are to random transformations.
Relative stability to diffeomorphisms at initialization (guaranteed theoretically in some cases Bietti
and Mairal (2019a,b)) thus does not appear to be indicative of successful architectures.
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data-space

r

x+η

x

x τx

Figure 2: Illustrative drawing of the data-space Rn×n around a data-point x (black point). We
focus here on perturbations of fixed magnitude – i.e. on the sphere of radius r centered in x. The
intersection between the images of x transformed via typical diffeomorphisms and the sphere is
represented in dashed green. By contrast, the red point is an example of random transformation. For
large n, it is equivalent to adding an i.i.d. Gaussian noise to all the pixel values of x. Figures on the
right illustrate these transformations, the color of the dot labelling them corresponds to that of the
left illustration. The relative stability to diffeomorphisms Rf characterizes how a net f varies in the
green directions, normalized by random ones.

By contrast, for these SOTA architectures, relative stability toward diffeomorphisms builds up during
training on all the data sets probed. It is a significant effect, with values of Rf after training generally
found in the range Rf ∈ [10−2, 10−1].

Standard data augmentation techniques (translations, crops, and horizontal flips) are employed for
training. However, the results we find only mildly depend on using such techniques, see Fig.12 in
Appendix.

Learning relative stability to diffeos requires large training sets How many data are needed to
learn relative stability toward diffeomorphisms? To answer this question, newly initialized networks
are trained on different training-sets of size P . Rf is then measured for CIFAR10, as indicated in
the right panels of Fig.3. Neural nets need a certain number of training points (P ∼ 103) in order to
become relatively stable toward smooth deformations. Past that point, Rf monotonically decreases
with P . In a range of P , this decrease is approximately compatible with the an inverse behavior
Rf ∼ 1/P found in the simple model of Section 6. Additional results for MNIST and FashionMNIST
can be found in Fig.13, Appendix E.3.

Simple architectures do not become relatively stable to diffeomorphisms To test the universal-
ity of these results, we focus on two simple architectures: (i) a 4-hidden-layer fully connected (FC)
network (FullConn-L4) where each hidden layer has 64 neurons and (ii) LeNet LeCun et al. (1989)
that consists of two convolutional layers followed by local max-pooling and three fully-connected
layers.

Measurements of Rf for these networks are shown in Fig.4. For the FC net, Rf ≈ 1 at initialization
(as observed for SOTA nets) but grows after training on the full data set, showing that FC nets do not
learn to become relatively stable to smooth deformations. It is consistent with the modest evolution of
Rf (P ) with P , suggesting that huge training sets would be required to obtain Rf < 1. The situation
is similar for the primitive CNN LeNet, which only becomes slightly insensitive (Rf ≈ 0.6) in a
single data set (CIFAR10), and otherwise remains larger than unity.

Layers’ relative stability monotonically increases with depth Up to this point, we measured the
relative stability of the output function for any given architecture. We now study how relative stability
builds up as the input data propagate through the hidden layers. In Fig.14 of Appendix E.3, we report
Rf as a function of depth for both simple and deep nets. What we observe is Rf0 ≈ 1 independently

2With the only exception of the ImageNet results (central panel) in which only one trained network is
considered.
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reduced
sensitivity
to diffeo

Figure 3: Relative stability to diffeomorphisms Rf for SOTA architectures. Left panels: Rf vs.
diffeomorphism displacement magnitude δ at initialization (dashed lines) and after training (full lines)
on the full data set of CIFAR10 (P = 50k) for several cut-off parameters c and two interpolations
methods, as indicated in legend. ResNet is shown on the top and EfficientNet on the bottom. Central
panels: Rf (δ = 1) for four different data-sets (x−axis) and two different architectures at initialization
(shaded histograms) and after training (full histograms). The values of c (in different colors) are
(3, 5, 15) and (3, 10, 30) for the first three data-sets and ImageNet, respectively. ResNet18 and
EfficientNetB0 are employed for MNIST, F-MNIST and CIFAR10, ResNet101 and EfficientNetB2
for ImageNet. Right panels: Rf (δ = 1) vs. training set size P at c = 3 for ResNet18 (top) and
EfficientNetB0 (bottom) trained on CIFAR10. The value of Rf0 at initialization is indicated with
dashed lines. The triangles indicate the predicted slope Rf ∼ P−1 in a simple model of invariant
learning, see Section 6. Statistics: Each point in the graphs2 is obtained by training 16 differently
initialized networks on 16 different subsets of the data-sets; each network is then probed with 500
test samples in order to measure stability to diffeomorphisms and Gaussian noise. The resulting Rf
is obtained by log-averaging the results from single realizations.

Figure 4: Relative stability to diffeomorphisms Rf in primitive architectures. Top panels: Rf at
initialization (shaded) or for trained nets (full) for a fully connected net (left) or a primitive CNN
(right) at P = 50k. Bottom panels: Rf (P ) for c = 3 and different data sets as indicated in legend.
Statistics: see caption in the previous figure.

of depth at initialization, and monotonically decreases with depth after training. Overall, the gain
in relative stability appears to be well-spread through the net, as is also found for stability alone
Ruderman et al. (2018).
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4 Relative stability to diffeomorphisms indicates performance

Thus, SOTA architectures appear to become relatively stable to diffeomorphisms after training,
unlike primitive architectures. This observation suggests that high performance requires such a
relative stability to build up. To test further this hypothesis, we select a set of architectures that
have been relevant in the state of the art progress over the past decade; we systematically train them
in order to compare Rf to their test error εt. Apart from fully connected nets, we consider the
already cited LeNet (5 layers and ≈ 60k parameters); then AlexNet Krizhevsky et al. (2012) and
VGG Simonyan and Zisserman (2015), deeper (8-19 layers) and highly over-parametrized (10-20M
(million) params.) versions of the latter. We introduce batch-normalization in VGGs and skip
connections with ResNets. Finally, we go to EfficientNets, that have all the advancements introduced
in previous models and achieve SOTA performance with a relatively small number of parameters
(<10M); this is accomplished by designing an efficient small network and properly scaling it up.
Further details about these architectures can be found in Table 1, Appendix E.2.

The results are shown in Fig.5. The correlation between Rf and εt is remarkably high (corr. coeff.3 :
0.97), suggesting that generating low relative sensitivity to diffeomorphisms Rf is important to obtain
good performance. In Appendix E.3 we also report how changing the train set size P affects the
position of a network in the (εt, Rf ) plane, for the four architectures considered in the previous
section (Fig.18). We also show that our results are robust to changes of δ, c (Fig.21) and data sets
(Fig.20).

What architectures enable a low Rf value? The latter can be obtained with skip connections or not,
and for quite different depths as indicated in Fig.5. Also, the same architecture (EfficientNetB0)
trained by transfer learning from ImageNet – instead of directly on CIFAR10 – shows a large
improvement both in performance and in diffeomorphisms invariance. Clearly, Rf is much better
predicted by εt than by the specific features of the architecture indicated in Fig.5.

nets performance vs relative diffeo stability
CIFAR10 FullConnL2

FullConnL4
FullConnL6

VGG11

AlexNet

VGG11bn

LeNet

EfficientNetB0

VGG19bnVGG16bn

ResNet18
ResNet34

ResNet50

EfficientNetB0

EfficientNetB2

number of layers
2          50

batch-norm

skip connections

transfer learning from ImageNet

10%

3%

30%

Figure 5: Test error εt vs. relative stability to diffeomorphisms Rf computed at δ = 1 and c = 3
for common architectures when trained on the full 10-classes CIFAR10 dataset (P = 50k) with SGD
and the cross-entropy loss; the EfficientNets achieving the best performance are trained by transfer
learning from ImageNet (?) – more details on the training procedures can be found in Appendix E.1.
The color scale indicates depth, and the symbols the presence of batch-norm (�) and skip connections
(†). Dashed grey line: power low fit εt ≈ 0.2

√
Rf . Rf strongly correlates to εt, much less so to

depth or the presence of skip connections. Statistics: Each point is obtained by training 5 differently
initialized networks; each network is then probed with 500 test samples in order to measure Rf . The
results are obtained by log-averaging over single realizations. Error bars – omitted here – are shown
in Fig.19, Appendix E.3.
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5 Stability toward diffeomorphisms vs. noise

The relative stability to diffeomorphisms Rf can be written as Rf = Df/Gf where Gf characterizes
the stability with respect to additive noise and Df the stability toward diffeomorphisms:

Gf =
〈‖f(x+ η)− f(x)‖2〉x,η
〈‖f(x)− f(z)‖2〉x,z

, Df =
〈‖f(τx)− f(x)‖2〉x,τ
〈‖f(x)− f(z)‖2〉x,z

. (5)

Here, we chose to normalize these stabilities with the variation of f over the test set (to which both x
and z belong), and η is a random noise whose magnitude is prescribed as above. Stability toward
additive noise has been studied previously in fully connected architectures Novak et al. (2018) and
for CNNs as a function of spatial frequency in Tsuzuku and Sato (2019); Yin et al. (2019).

The decrease of Rf with growing training set size P could thus be due to an increase in the stability
toward diffeomorphisms (i.e. Df decreasing with P ) or a decrease of stability toward noise (Gf
increasing with P ). To test these possibilities, we show in Fig.6 Gf (P ), Df (P ) and Rf (P ) for
MNIST, Fashion MNIST and CIFAR10 for two SOTA architectures. The central results are that (i)
stability toward noise is always reduced for larger training sets. This observation is natural: when
more data needs to be fitted, the function becomes rougher. (ii) Stability toward diffeomorphisms
does not behave universally: it can increase with P or decrease depending on the architecture and the
training set. Additionally, Gf and Df alone show a much smaller correlation with performance than
Rf– see Figs.15,16,17 in Appendix E.3.

Figure 6: Stability toward Gaussian noise (Gf ) and diffeomorphisms (Df ) alone, and the rela-
tive stability Rf . Columns correspond to different data-sets (MNIST, FashionMNIST and CIFAR10)
and rows to architectures (ResNet18 and EfficientNetB0). Each panel reports Gf (blue), Df (orange)
and Rf (green) as a function of P and for different cut-off values c, as indicated in the legend.
Statistics: cf. caption in Fig.3. Error bars – omitted here – are shown in Fig.22, Appendix E.3.

6 A minimal model for learning invariants

In this section, we discuss the simplest model of invariance in data where stability to transformation
builds up, that can be compared with our observations of Rf above. Specifically, we consider the
"stripe" model Paccolat et al. (2021b), corresponding to a binary classification task for Gaussian-
distributed data points x = (x‖, x⊥) where the label function depends only on one direction in data
space, namely y(x) = y(x‖). Layers of y = +1 and y = −1 regions alternate along the direction
x‖, separated by parallel planes. Hence, the data present d − 1 invariant directions in input-space
denoted by x⊥ as illustrated in Fig.7-left.

When this model is learnt by a one-hidden-layer fully connected net, the first layer of weights can be
shown to align with the informative direction Paccolat et al. (2021a). The projection of these weights

3Correlation coefficient: Cov(log εt,logRf )√
Var(log εt)Var(logRf )

.
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Figure 7: Left: example of the
stripe model. Dots are data-
points, the vertical lines rep-
resent the decision boundary
and the color the class label.
Right: Relative stability Rf
for the stripe model in d = 30.
The slope of the curve is −1,
as predicted.

on the orthogonal space vanishes with the training set size P as 1/
√
P , an effect induced by the

sampling noise associated to finite training sets.

In this model, Rf can be defined as:

Rf =
〈‖f(x‖, x⊥ + ν)− f(x‖, x⊥)‖2〉x,ν

〈‖f(x+ η)− f(x)‖2〉x,η
, (6)

where we made explicit the dependence of f on the two linear subspaces. Here, the isotropic noise
ν is added only in the invariant directions. Again, we impose ‖η‖ = ‖ν‖. Rf (P ) is shown in Fig.
7-right. We observe that Rf (P ) ∼ P−1, as expected from the weight alignment mentioned above.

Interestingly, Fig.3 for CIFAR10 and SOTA architectures support that the 1/P behavior is compatible
with the observations for some range of P . In Appendix E.3, Fig.13, we show analogous results for
MNIST and Fashion-MNIST. We observe the 1/P power-law scaling for ResNets. It suggests that
for these architectures, learning to become invariant to diffeomorphisms may be limited by a naive
measure of sampling noise as well. By contrast for EfficientNets, in which the decrease in Rf is
more limited, a 1/P behavior cannot be identified.

7 Discussion

A common belief is that stability to random noise (small Gf ) and to diffeomorphisms (small Df )
are desirable properties of neural nets. Its underlying assumption is that the true data label mildly
depends on such transformations when they are small. Our observations suggest an alternative view:

1. Figs.6,16: better predictors are more sensitive to small perturbations in input space.

2. As a consequence, the notion that predictors are especially insensitive to diffeomorphisms is
not captured by stability alone, but rather by the relative stability Rf = Df/Gf .

3. We propose the following interpretation of Fig.5: to perform well, the predictor must build
large gradients in input space near the decision boundary – leading to a large Gf overall.
Networks that are relatively insensitive to diffeomorphisms (small Rf ) can discover with
less data that strong gradients must be there and generalize them to larger regions of input
space, improving performance and increasing Gf .

This last point can be illustrated in the simple model of Section 6, see Fig.7-left panel. Imagine
two data points of different labels falling close to the – e.g. – left true decision boundary. These
two points can be far from each other if their orthogonal coordinates differ. Yet, if Rf = 0 (now
defined in Eq.6), then the output does not depend on the orthogonal coordinates, and it will need to
build a strong gradient – in input space – along the parallel coordinate to fit these two data. This
strong gradient will exist throughout that entire decision boundary, improving performance but also
increasing Gf . Instead, if Rf = 1, fitting these two data will not lead to a strong gradient, since they
can be far from each other in input space. Beyond this intuition, in this model decreasing Rf can
quantitatively be shown to increase performance, see Paccolat et al. (2021b).
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8 Conclusion

We have introduced a novel empirical framework to characterize how deep nets become invariant to
diffeomorphisms. It is jointly based on a maximum-entropy distribution for diffeomorphisms, and on
the realization that stability of these transformations relative to generic ones Rf strongly correlates to
performance, instead of just the diffeomorphisms stability considered in the past.

The ensemble of smooth deformations we introduced may have interesting applications. It could
serve as a complement to traditional data-augmentation techniques (whose effect on relative stability
is discussed in Fig.12 of the Appendix). A similar idea is present in Hauberg et al. (2016); Shen
et al. (2020) but our deformations have the advantage of being easier to sample and data agnostic.
Moreover, the ensemble could be used to build adversarial attacks along smooth transformations, in
the spirit of Alaifari et al. (2018); Engstrom et al. (2019); Kanbak et al. (2018). It would be interesting
to test if networks robust to such attacks are more stable in relative terms, and how such robustness
affects their performance.

Finally, the tight correlation between relative stability Rf and test error εt suggests that if a predictor
displays a given Rf , its performance may be bounded from below. The relationships we observe
εt(Rf ) may then be indicative of this bound, which would be a fundamental property of a given data
set. Can it be predicted in terms of simpler properties of the data? Introducing simplified models of
data with controlled stability to diffeomorphisms beyond the toy model of Section 6 would be useful
to investigate this key question.
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A Maximum entropy calculation

Under the constraint on the borders, τu and τv can be expressed in a real Fourier basis as in Eq.2. By
injecting this form into ‖∇τ‖2 we obtain:

‖∇τ‖2 =
π2

4

∑

i,j∈N+

(C2
ij +D2

ij)(i
2 + j2) (7)

where Dij are the Fourier coefficients of τv. We aim at computing the probability distributions that
maximize their entropy while keeping the expectation value of ‖∇τ‖2 fixed. Since we have a sum
of quadratic random variables, the equipartition theorem Beale (1996) applies: the distributions are
normal and every quadratic term contributes in average equally to ‖∇τ‖2. Thus, the variance of the
coefficients follows T

i2+j2 where the parameter T determines the magnitude of the diffeomorphism.

B Boundaries of studied diffeomorphisms

Average pixel displacement magnitude δ We derive here the large-c asymptotic behavior of δ
(Eq.3). This is defined as the average square norm of the displacement field, in pixel units:

δ2 = n2
∫

[0,1]2
‖τ(u, v)‖2dudv

= 2Tn2
∑

i2+j2≤c2

1

i2 + j2

∫

[0,1]2
sin2(iπu) sin2(jπv)dudv

=
Tn2

2

∑

i2+j2≤c2

1

i2 + j2

≈ Tn2

2

∫

1≤x2+y2≤c2

1

x2 + y2
dxdy

=
πTn2

4

∫ c

1

1

r
dr

=
π

4
n2T log c,

where we approximated the sum with an integral, in the third step. The asymptotic relations for ‖∇τ‖
that are reported in the main text are computed in a similar fashion. In Fig.8, we check the agreement
between asymptotic prediction and empirical measurements. If δ � 1, our results strongly depend
on the choice of interpolation method. To avoid it, we only consider conditions for which δ ≥ 1/2,
leading to

T >
1

πn2 log c
. (8)
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Figure 8: Left: The characteristic displacement δ(c, T ) is observed to follow δ2 ' π
4n

2T log c. Right:
measurement of maxs Ξ supporting Eq.13.
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(a) (b) (c) (d)

Figure 9: (a) Idealized image at T = 0. (b) Diffeomorphism of the image. (c) Deformation of the
image at large T : colors get mixed-up together, shapes are not preserved anymore. (d) Allowed
region for vector transformations under τ . For any point in the image s and any direction u, only
displacement fields for which all the deformed direction u′ is non-zero generate diffeomorphisms.
The bound in Eq.12 (u′ · u > 0) correspond to the green region. The gray disc corresponds to the
bound ‖∇τ‖∞ < 1.

Condition for diffeomorphism in the (T, c) plane For a given value of c, there exists a tempera-
ture scale beyond which the transformation is not injective anymore, affecting the topology of the
image and creating spurious boundaries, see Fig.9a-c for an illustration. Specifically, consider a curve
passing by the point s in the deformed image. Its tangent direction is u at the point s. When going
back to the original image (s′ = s− τ(s)) the curve gets deformed and its tangent becomes

u′ = u− (u · ∇)τ(s). (9)
A smooth deformation is bijective iff all deformed curves remain curves which is equivalent to have
non-zero tangents everywhere

∀ s, u 6= 0 ‖u′‖ 6= 0. (10)
Imposing ‖u′‖ 6= 0 does not give us any constraint on τ . Therefore, we constraint τ a bit more and
allow only displacement fields such that u · u′ > 0, which is a sufficient condition for Eq.10 to be
satisfied – cf. Fig. 9d. By extremizing over u, this condition translates into

1
2

(√
(∂xτx − ∂yτy)2 + (∂xτy + ∂yτx)2 − ∂xτx − ∂yτy

)
< 1 (11)

or, equivalently,
Ξ = 1

2

(√
||∇τ ||2 − 2 det(∇τ)− Tr(∇τ)

)
< 1, (12)

were we identified by Ξ the l.h.s. of the inequality. We find that the median of the maximum of Ξ
over all the image (‖Ξ(s)‖∞) can be approximated by (see Fig.8b):

max
s

Ξ ' c

2

√
π3T log c. (13)

The resulting constraint on T reads

T <
4

π3c2 log c
. (14)

C Interpolation methods

When a deformation is applied to an image x, each of its pixels gets mapped, from the original pixels
grid, to new positions generally outside of the grid itself – cf. Fig. 9a-b. A procedure (interpolation
method) needs to be defined to project the deformed image back into the original grid.

For simplicity of notation, we describe interpolation methods considering the square [0, 1]2 as the
region in between four pixels – see an illustration in Fig. 10a. We propose here two different ways
to interpolate between pixels and then check that our measurements do not depend on the specific
method considered.

Bi-linear Interpolation The bi-linear interpolation consists, as the name suggests, of two steps of
linear interpolation, one on the horizontal, and one on the vertical direction – Fig. 10b. If we look at
the square [0, 1]2 and we apply a deformation τ such that (0, 0) 7→ (u, v), we have

x(u, v) = x(0, 0)(1− u)(1− v) + x(1, 0)u(1− v) + x(0, 1)(1− u)v + x(1, 1)uv. (15)
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x x

(a) (b) (c)
s3 s4

s2s1

s(u,v)

Figure 10: (a) We consider the region between four pixels as the square [0, 1]2 where, after the
application of a deformation τ , the pixel (0, 0) is mapped into (u, v). (b) Bi-linear interpolation:
the value of x in (u, v) is computed by two steps of linear interpolation. First, we compute x in the
red crosses, by averaging values on the vertical axis. Then, a line interpolates horizontally the values
in the red crosses to give the result. (c) Gaussian interpolation: we denote by si the pixel positions
in the original grid. The interpolated value of s in any point of the image is given by a weighted sum
of n× n Gaussian centered in each si – in red.

Gaussian Interpolation In this case, a Gaussian function4 is placed on top of each point in the
grid – cf. Fig.10. The pixel intensity x can be evaluated at any point outside the grid by computing

x(s) =

∑
i x(si)G(s− si)∑

iG(s− si)
. (16)

In order to fix the standard deviation σ of G, we introduce the participation ratio n. Given Ψi =
G(s, si)|s=(0.5,0.5), we define

n =

(∑
i Ψ2

i

)2
∑
i Ψ4

i

. (17)

The participation ratio is a measure of how many pixels contribute to the value of a new pixel,
which results from interpolation. We fix σ in such a way that the participation ratio for the Gaussian
interpolation matches the one for the bi-linear (n = 4), when the new pixel is equidistant from the
four pixels around. This gives σ = 0.4715.

Notice that this interpolation method is such that it applies a Gaussian smoothing of the image even if
τ is the identity. Consequently, when computing observables for f with the Gaussian interpolation,
we always compare f(τx) to f(x̃), where x̃ is the smoothed version of x, in such a way that
f(τ [T=0]x) = f(x̃).

Empirical results dependence on interpolation Finally, we checked to which extent our results
are affected by the specific choice of interpolation method. In particular, blue and red colors in Figs3,
13 correspond to bi-linear and Gaussian interpolation, respectively. The interpolation method only
affects the results in the small displacement limit (δ → 0).

Note: throughout the paper, if not specified otherwise, bi-linear interpolation is employed.

4G(s) = (2πσ2)−1/2e−s
2/2σ2

.
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D Stability to additive noise vs. noise magnitude
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Figure 11: Stability to isotropic noise Gf as a function of the noise magnitude ‖η‖ for CIFAR10
(left) and ImageNet (right). The color corresponds to two different classes of SOTA architecture:
ResNet and EfficientNet. The slope 2 at small ‖η‖ identifies the linear regime. For larger noise
magnitudes, non-linearities appear.

We introduced in Section 5 the stability toward additive noise:

Gf =
〈‖f(x+ η)− f(x)‖2〉x,η
〈‖f(x)− f(z)‖2〉x,z

. (18)

We study here the dependence of Gf on the noise magnitude ‖η‖. In the η → 0 limit, we expect the
network function to behave as its first-order Taylor expansion, leading to Gf ∝ ‖η‖2. Hence, for
small noise, Gf gives an estimate of the average magnitude of the gradient of f in a random direction
η.

Empirical results Measurements of Gf on SOTA nets trained on benchmark data-sets are shown
in Figure 11. We observe that the effect of non-linearities start to be significant around ‖η‖ = 1. For
large values of the noise – i.e. far away from data-points – the average gradient of f does not change
with training.

E Numerical experiments

In this Appendix, we provide details on the training procedure, on the different architectures employed
and some additional experimental results.

E.1 Image classification training set-up:

◦ Trainings are performed in PyTorch, the code can be found here
github.com/leonardopetrini/diffeo-sota.

◦ Loss function: cross-entropy.

◦ Batch size: 128.

◦ Dynamics:

– Fully connected nets: ADAM with learning rate = 0.1 and no scheduling.
– Transfer learning: SGD with learning rate = 10−2 for the last layer and 10−3 for

the rest of the network, momentum = 0.9 and weight decay = 10−3. Both learning
rates decay exponentially during training with a factor γ = 0.975.

– All the other networks are trained with SGD with learning rate = 0.1, momentum
= 0.9 and weight decay = 5× 10−4. The learning rate follows a cosine annealing
scheduling Loshchilov and Hutter (2016).
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◦ Early-stopping is performed – i.e. results shown are computed with the network obtaining
the best validation accuracy out of 250 training epochs.

◦ For the experiments involving a training on a subset of the training date of size P < Pmax,
the total number of epochs is accordingly re-scaled in order to keep constant the total number
of optimizer steps.

◦ Standard data augmentation is employed: different random translations and horizontal flips
of the input images are generated at each epoch. As a safety check, we verify that the
invariance learnt by the nets is not purely due to such augmentation (Fig.12).

◦ Experiments are run on 16 GPUs NVIDIA V100. Individual trainings run in ∼ 1 hour of
wall time. We estimate a total of a few thousands hours of computing time for running the
preliminary and actual experiments present in this work.

The stripe model is trained with an approximation of gradient flow introduced in Geiger et al. (2020),
see Paccolat et al. (2021a) for details.
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c = 3
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Figure 12: Effect of data augmentation on Rf . Relative stability to diffeomorphisms Rf after
training with different data augmentations: "none" (1st group of bars in each plot) for no data
augmentation, "translation" (2nd bars) corresponds to training on randomly translated (by 4 pixels)
and cropped inputs, and "diffeo" (3rd bars) to training on randomly deformed images with max-
entropy diffeomorphisms (T = 10−2, c = 1). Results are averaged over 5 trainings of ResNet18 on
MNIST (left), FashionMNIST (center), CIFAR10 (right). Colors indicate different cut-off values
when probing the trained networks. Different augmentations have a small quantitative, and no
qualitative effect on the results. As expected, augmenting the input images with smooth deformations
makes the net more invariant to such transformations.

A note on computing stabilities at init. in presence of batch-norm We recall that batch-norm
(BN) can work in either of two modes: training and evaluation. During training, BN computes the
mean and variance on the current batch and uses them to normalize the output of a given layer. At
the same time, it keeps memory of the running statistics on such batches, and this is used for the
normalization steps at inference time (evaluation mode). When probing a network at initialization for
computing stabilities, we put the network in evaluation mode, except for batch-norm (BN), which
operates in train mode. This is because BN running mean and variance are initialized to 0 and 1,
in such a way that its evaluation mode at initialization would correspond to not having BN at all,
compromising the input signal propagation in deep architectures.

18

151



E.2 Networks architectures

All networks implementations can be found at github.com/leonardopetrini/diffeo-
sota/tree/main/models. In Table 1, we report salient features of the network architectures
considered.

Table 1: Network architectures, main characteristics. We list here (columns) the classes of net
architectures used throughout the paper specifying some salient features (depth, number of parameters,
etc...) for each of them.

features FullConn LeNet AlexNet
LeCun et al. (1989) Krizhevsky et al. (2012)

depth 2, 4, 6 5 8
num. parameters 200k 62k 23 M

FC layers 2, 4, 6 3 3
activation ReLU ReLU ReLU
pooling / max max
dropout / / yes

batch norm / / /
skip connections / / /

features VGG ResNet EfficientNetB0-2
Simonyan and Zisserman (2015) He et al. (2016) Tan and Le (2019)

depth 11, 16, 19 18, 34, 50 18, 25
num. parameters 9-20 M 11-24 M 5, 9 M

FC layers 1 1 1
activation ReLU ReLU swish
pooling max avg. (last layer only) avg. (last layer only)
dropout / / yes + dropconnect

batch norm if ’bn’ in name yes yes
skip connections / yes yes (inv. residuals)
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E.3 Additional figures

We present here:

◦ Fig.13: Rf as a function of P for MNIST and FashionMNIST with the corresponding
predicted slope, omitted in the main text.

◦ Fig.14: Relative diffeomorphisms stability Rf as a function of depth for simple and deep
nets.

◦ Figs15,16: diffeomorphisms and inverse of the Gaussian stability Df and 1/Gf vs. test
error for CIFAR10 and the set of architectures considered in Section 4.

◦ Fig.17: Df , 1/Gf and Rf when using the mean in place of the median for computing
averages 〈·〉.

◦ Fig.18: curves in the (εt, Rf ) plane when varying the training set size P for FullyConnL4,
LeNet, ResNet18 and EfficientNetB0.

◦ Figs19, 22: error estimates for the main quantities of interest – often omitted in the main
text for the sake of figures’ clarity.
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Figure 13: Relative stability to diffeomorphisms Rf (P ) at δ = 1. Analogous to Figure 3-right but
here we have MNIST (a-b) and FashionMNIST (c-d) in place of CIFAR10. Stability monotonically
decreases with P . The triangles give a reference for the predicted slope in the stripe model – i.e.
Rf ∼ P−1 – see Section 6. The slopes in case of ResNets are compatible with the prediction. For
EfficientNets, the second panel of Fig.3 suggests that stability to diffeomorphisms is less important.
Here, we also see that it builds up more slowly when increasing the training set size. Finally, blue
and red colors indicate different interpolation methods used for generating image deformations, as
discussed in Appendix C. Results are not affected by this choice.
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Figure 14: Relative stability to diffeomorphisms as a function of depth. Rf as a function of the
layers relative depth (i.e. current layer depth

total depth ) where "0" identifies the output of the 1st layer and "1" the
last. The relative stability is measured for the output of layers (or blocks of layers) inside the nets
for simple architectures (1st column) and deep ones (2nd column) at initialization (dashed) and after
training (full lines). All nets are trained on the full CIFAR10 dataset. Rf0 ≈ 1 independently of
depth at initialization while it decreases monotonically as a function of depth after training. Statistics:
Each point is obtained by training 5 differently initialized networks; each network is then probed
with 500 test samples in order to measure Rf . The results are obtained by log-averaging over single
realizations.
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Figure 15: Test error εt vs. stability to diffeomorphisms Df for common architectures when
trained on the full 10-classes CIFAR10 dataset (P = 50k) with SGD and the cross-entropy loss; the
EfficientNets achieving the best performance are trained by transfer learning from ImageNet (?) –
more details on the training procedures can be found in Appendix E.1. The color scale indicates
depth, and the symbols the presence of batch-norm (�) and skip connections (†). Df correlation
with εt (corr. coeff.: 0.62) is much smaller than the one measured for Rf – see Fig.3. Statistics:
Each point is obtained by training 5 differently initialized networks; each network is then probed
with 500 test samples in order to measure Df . The results are obtained by log-averaging over single
realizations.
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Figure 16: Test error εt vs. inverse of stability to noise 1/Gf for common architectures when
trained on the full 10-classes CIFAR10 dataset (P = 50k) with SGD and the cross-entropy loss; the
EfficientNets achieving the best performance are trained by transfer learning from ImageNet (?) –
more details on the training procedures can be found in Appendix E.1. The color scale indicates
depth, and the symbols the presence of batch-norm (�) and skip connections (†). Gf correlation
with εt (corr. coeff.: 0.85) is less important than the one measured for Rf – see Fig.3. Statistics:
Each point is obtained by training 5 differently initialized networks; each network is then probed
with 500 test samples in order to measure Gf . The results are obtained by log-averaging over single
realizations.
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Figure 17: Test error εt vs. Df , 1/Gf and Rf where 〈·〉 is the mean. Analogous to Figs15-19, we
use here the mean instead of the median to compute averages over samples and transformations.
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Figure 18: Test error εt vs. relative stability to diffeomorphisms Rf for different training set
sizes P . Same data as Fig.5, we report here curves corresponding to training on different set sizes
for 4 architectures. The other architectures considered together with the power-law fit are left in
background. For a small training set, CNNs behave similarly. Statistics: Each point is obtained by
training 5 differently initialized networks; each network is then probed with 500 test samples in order
to measure Rf . The results are obtained by log-averaging over single realizations.
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Figure 19: Test error εt vs. relative stability to diffeomorphisms Rf with error estimates. Same
data as Fig.5, we report error bars here. Statistics: Each point is obtained by training 5 differently
initialized networks; each network is then probed with 500 test samples in order to measure Rf . The
results are obtained by log-averaging over single realizations.
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Figure 20: Test error εt vs. Df , Gf and Rf (on the columns) for different data sets (on the
rows). The corresponding correlation coefficients are shown in Table 2. Lines 1-2: MNIST and
SVHN both contain images of digits and show a similar εt(Rf ). Line 3: FashionMNIST results are
comparable to the CIFAR10 ones shown in the main text. Line 4: Tiny ImageNet32 is a re-scaled
(32x32 pixels) version of ImageNet with 200 classes and 100’000 training points. The task is harder
than the other data sets and is such that we could not train simple networks (FC, LeNet) on it – i.e.
the loss stays O(1) throughout training – so these are not reported here.

Table 2: Test error vs. stability: correlation coefficients for different data sets.

data-set Df Gf Rf

MNIST 0.71 -0.43 0.75
SVHN 0.87 -0.28 0.81

FashionMNIST 0.72 -0.68 0.94
Tiny ImageNet 0.69 -0.66 0.74
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Figure 21: Test error εt vs. Df , Gf and Rf for CIFAR10 and varying δ and cut-off c. Titles
report the values of the varying parameters together with corr. coeffs. Parameters corresponding to
allowed diffeo are indicated by the green background. Red and blue colors correspond to different
interpolation methods. Overall, results are robust when varying these parameters.
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Figure 22: Stability toward Gaussian noise (Gf ) and diffeomorphisms (Df ) alone, and the
relative stability Rf with the relative errors. Analogous to Fig.6 in which error estimates are
omitted to favour clarity. Here we fix the cut-off to c = 3 and show error estimates instead. Columns
correspond to different data-sets (MNIST, FashionMNIST and CIFAR10) and rows to architectures
(ResNet18 and EfficientNetB0). Each panel reports Gf (blue), Df (orange) and Rf (green) as a
function of P and for different cut-off values c, as indicated in the legend. Statistics: Each point
in the graphs is obtained by training 16 differently initialized networks on 16 different subsets of
the data-sets; each network is then probed with 500 test samples in order to measure stability to
diffeomorphisms and Gaussian noise. The resulting Rf is obtained by log-averaging the results from
single realizations. As we are plotting quantities in log scale, we report the relative error (shaded).
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5 Equivariant Architectures

5.1 Spherical CNN

The following paper is the preprint version of Cohen et al. (2018).

Candidate contributions After developing an equivariant 2D CNN for the dihedral group

(90 degree rotation and mirrors) during his master thesis, the candidate started a collaboration

with Taco Cohen. Taco Cohen wanted to develop Spherical CNN as a proof of concept for

neural networks equivariant with respect to a continuous group (a Lie group). The candidate

contributed to this paper by implementing most of the code and executing the numerical

experiment of recognition of the 3d shapes.
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ABSTRACT

Convolutional Neural Networks (CNNs) have become the method of choice for
learning problems involving 2D planar images. However, a number of problems of
recent interest have created a demand for models that can analyze spherical images.
Examples include omnidirectional vision for drones, robots, and autonomous cars,
molecular regression problems, and global weather and climate modelling. A
naive application of convolutional networks to a planar projection of the spherical
signal is destined to fail, because the space-varying distortions introduced by such
a projection will make translational weight sharing ineffective.
In this paper we introduce the building blocks for constructing spherical CNNs.
We propose a definition for the spherical cross-correlation that is both expres-
sive and rotation-equivariant. The spherical correlation satisfies a generalized
Fourier theorem, which allows us to compute it efficiently using a generalized
(non-commutative) Fast Fourier Transform (FFT) algorithm. We demonstrate the
computational efficiency, numerical accuracy, and effectiveness of spherical CNNs
applied to 3D model recognition and atomization energy regression.

1 INTRODUCTION

Figure 1: Any planar projec-
tion of a spherical signal will re-
sult in distortions. Rotation of a
spherical signal cannot be emu-
lated by translation of its planar
projection.

Convolutional networks are able to detect local patterns regardless
of their position in the image. Like patterns in a planar image,
patterns on the sphere can move around, but in this case the “move”
is a 3D rotation instead of a translation. In analogy to the planar
CNN, we would like to build a network that can detect patterns
regardless of how they are rotated over the sphere.

As shown in Figure 1, there is no good way to use translational
convolution or cross-correlation1 to analyze spherical signals. The
most obvious approach, then, is to change the definition of cross-
correlation by replacing filter translations by rotations. Doing so,
we run into a subtle but important difference between the plane
and the sphere: whereas the space of moves for the plane (2D
translations) is itself isomorphic to the plane, the space of moves
for the sphere (3D rotations) is a different, three-dimensional
manifold called SO(3)2. It follows that the result of a spherical
correlation (the output feature map) is to be considered a signal on
SO(3), not a signal on the sphere, S2. For this reason, we deploy
SO(3) group correlation in the higher layers of a spherical CNN
(Cohen and Welling, 2016).

∗Equal contribution.
1Despite the name, CNNs typically use cross-correlation instead of convolution in the forward pass. In this

paper we will generally use the term cross-correlation, or correlation for short.
2To be more precise: although the symmetry group of the plane contains more than just translations, the

translations form a subgroup that acts on the plane. In the case of the sphere there is no coherent way to define a
composition for points on the sphere, and so the sphere cannot act on itself (it is not a group). For this reason,
we must consider the whole of SO(3).
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The implementation of a spherical CNN (S2-CNN) involves two major challenges. Whereas a square
grid of pixels has discrete translation symmetries, no perfectly symmetrical grids for the sphere exist.
This means that there is no simple way to define the rotation of a spherical filter by one pixel. Instead,
in order to rotate a filter we would need to perform some kind of interpolation. The other challenge
is computational efficiency; SO(3) is a three-dimensional manifold, so a naive implementation of
SO(3) correlation is O(n6).

We address both of these problems using techniques from non-commutative harmonic analysis
(Chirikjian and Kyatkin, 2001; Folland, 1995). This field presents us with a far-reaching generalization
of the Fourier transform, which is applicable to signals on the sphere as well as the rotation group.
It is known that the SO(3) correlation satisfies a Fourier theorem with respect to the SO(3) Fourier
transform, and the same is true for our definition of S2 correlation. Hence, the S2 and SO(3)
correlation can be implemented efficiently using generalized FFT algorithms.

Because we are the first to use cross-correlation on a continuous group inside a multi-layer neural
network, we rigorously evaluate the degree to which the mathematical properties predicted by the
continuous theory hold in practice for our discretized implementation.

Furthermore, we demonstrate the utility of spherical CNNs for rotation invariant classification and
regression problems by experiments on three datasets. First, we show that spherical CNNs are much
better at rotation invariant classification of Spherical MNIST images than planar CNNs. Second, we
use the CNN for classifying 3D shapes. In a third experiment we use the model for molecular energy
regression, an important problem in computational chemistry.

CONTRIBUTIONS

The main contributions of this work are the following:

1. The theory of spherical CNNs.

2. The first automatically differentiable implementation of the generalized Fourier transform
for S2 and SO(3). Our PyTorch code is easy to use, fast, and memory efficient.

3. The first empirical support for the utility of spherical CNNs for rotation-invariant learning
problems.

2 RELATED WORK

It is well understood that the power of CNNs stems in large part from their ability to exploit
(translational) symmetries though a combination of weight sharing and translation equivariance.
It thus becomes natural to consider generalizations that exploit larger groups of symmetries, and
indeed this has been the subject of several recent papers by Gens and Domingos (2014); Olah (2014);
Dieleman et al. (2015; 2016); Cohen and Welling (2016); Ravanbakhsh et al. (2017); Zaheer et al.
(2017b); Guttenberg et al. (2016); Cohen and Welling (2017). With the exception of SO(2)-steerable
networks (Worrall et al., 2017; Weiler et al., 2017), these networks are all limited to discrete groups,
such as discrete rotations acting on planar images or permutations acting on point clouds. Other very
recent work is concerned with the analysis of spherical images, but does not define an equivariant
architecture (Su and Grauman, 2017; Boomsma and Frellsen, 2017). Our work is the first to achieve
equivariance to a continuous, non-commutative group (SO(3)), and the first to use the generalized
Fourier transform for fast group correlation. A preliminary version of this work appeared as Cohen
et al. (2017).

To efficiently perform cross-correlations on the sphere and rotation group, we use generalized FFT
algorithms. Generalized Fourier analysis, sometimes called abstract- or noncommutative harmonic
analysis, has a long history in mathematics and many books have been written on the subject
(Sugiura, 1990; Taylor, 1986; Folland, 1995). For a good engineering-oriented treatment which
covers generalized FFT algorithms, see (Chirikjian and Kyatkin, 2001). Other important works
include (Driscoll and Healy, 1994; Healy et al., 2003; Potts et al., 1998; Kunis and Potts, 2003; Drake
et al., 2008; Maslen, 1998; Rockmore, 2004; Kostelec and Rockmore, 2007; 2008; Potts et al., 2009;
Makadia et al., 2007; Gutman et al., 2008).
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3 CORRELATION ON THE SPHERE AND ROTATION GROUP

We will explain the S2 and SO(3) correlation by analogy to the classical planar Z2 correlation. The
planar correlation can be understood as follows:

The value of the output feature map at translation x ∈ Z2 is computed as an inner
product between the input feature map and a filter, shifted by x.

Similarly, the spherical correlation can be understood as follows:

The value of the output feature map evaluated at rotation R ∈ SO(3) is computed
as an inner product between the input feature map and a filter, rotated by R.

Because the output feature map is indexed by a rotation, it is modelled as a function on SO(3). We
will discuss this issue in more detail shortly.

The above definition refers to various concepts that we have not yet defined mathematically. In what
follows, we will go through the required concepts one by one and provide a precise definition. Our
goal for this section is only to present a mathematical model of spherical CNNs. Generalized Fourier
theory and implementation details will be treated later.

The Unit Sphere S2 can be defined as the set of points x ∈ R3 with norm 1. It is a two-dimensional
manifold, which can be parameterized by spherical coordinates α ∈ [0, 2π] and β ∈ [0, π].

Spherical Signals We model spherical images and filters as continuous functions f : S2 → RK ,
where K is the number of channels.

Rotations The set of rotations in three dimensions is called SO(3), the “special orthogonal group”.
Rotations can be represented by 3 × 3 matrices that preserve distance (i.e. ||Rx|| = ||x||) and
orientation (det(R) = +1). If we represent points on the sphere as 3D unit vectors x, we can perform
a rotation using the matrix-vector product Rx. The rotation group SO(3) is a three-dimensional
manifold, and can be parameterized by ZYZ-Euler angles α ∈ [0, 2π], β ∈ [0, π], and γ ∈ [0, 2π].

Rotation of Spherical Signals In order to define the spherical correlation, we need to know not only
how to rotate points x ∈ S2 but also how to rotate filters (i.e. functions) on the sphere. To this end,
we introduce the rotation operator LR that takes a function f and produces a rotated function LRf
by composing f with the rotation R−1:

[LRf ](x) = f(R−1x). (1)
Due to the inverse on R, we have LRR′ = LRLR′ .

Inner products The inner product on the vector space of spherical signals is defined as:

〈ψ, f〉 =

∫

S2

K∑

k=1

ψk(x)fk(x)dx, (2)

The integration measure dx denotes the standard rotation invariant integration measure on the sphere,
which can be expressed as dα sin(β)dβ/4π in spherical coordinates (see Appendix A). The invariance
of the measure ensures that

∫
S2 f(Rx)dx =

∫
S2 f(x)dx, for any rotation R ∈ SO(3). That is, the

volume under a spherical heightmap does not change when rotated. Using this fact, we can show that
LR−1 is adjoint to LR, which implies that LR is unitary:

〈LRψ, f〉 =

∫

S2

K∑

k=1

ψk(R−1x)fk(x)dx

=

∫

S2

K∑

k=1

ψk(x)fk(Rx)dx

= 〈ψ,LR−1f〉.

(3)

Spherical Correlation With these ingredients in place, we are now ready to state mathematically
what was stated in words before. For spherical signals f and ψ, we define the correlation as:

[ψ ? f ](R) = 〈LRψ, f〉 =

∫

S2

K∑

k=1

ψk(R−1x)fk(x)dx. (4)

3
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As mentioned before, the output of the spherical correlation is a function on SO(3). This is perhaps
somewhat counterintuitive, and indeed the conventional definition of spherical convolution gives
as output a function on the sphere. However, as shown in Appendix B, the conventional definition
effectively restricts the filter to be circularly symmetric about the Z axis, which would greatly limit
the expressive capacity of the network.

Rotation of SO(3) Signals We defined the rotation operator LR for spherical signals (eq. 1), and
used it to define spherical cross-correlation (eq. 4). To define the SO(3) correlation, we need to
generalize the rotation operator so that it can act on signals defined on SO(3). As we will show,
naively reusing eq. 1 is the way to go. That is, for f : SO(3)→ RK , and R,Q ∈ SO(3):

[LRf ](Q) = f(R−1Q). (5)

Note that while the argument R−1x in Eq. 1 denotes the rotation of x ∈ S2 by R−1 ∈ SO(3), the
analogous term R−1Q in Eq. 5 denotes to the composition of rotations (i.e. matrix multiplication).

Rotation Group Correlation Using the same analogy as before, we can define the correlation of
two signals on the rotation group, f, ψ : SO(3)→ RK , as follows:

[ψ ? f ](R) = 〈LRψ, f〉 =

∫

SO(3)

K∑

k=1

ψk(R−1Q)fk(Q)dQ. (6)

The integration measure dQ is the invariant measure on SO(3), which may be expressed in ZYZ-Euler
angles as dα sin(β)dβdγ/(8π2) (see Appendix A).

Equivariance As we have seen, correlation is defined in terms of the rotation operator LR. This
operator acts naturally on the input space of the network, but what justification do we have for using
it in the second layer and beyond?

The justification is provided by an important property, shared by all kinds of convolution and
correlation, called equivariance. A layer Φ is equivariant if Φ ◦ LR = TR ◦ Φ, for some operator TR.
Using the definition of correlation and the unitarity of LR, showing equivariance is a one liner:

[ψ ? [LQf ]](R) = 〈LRψ,LQf〉 = 〈LQ−1Rψ, f〉 = [ψ ? f ](Q−1R) = [LQ[ψ ? f ]](R). (7)

The derivation is valid for spherical correlation as well as rotation group correlation.

4 FAST SPHERICAL CORRELATION WITH G-FFT

It is well known that correlations and convolutions can be computed efficiently using the Fast Fourier
Transform (FFT). This is a result of the Fourier theorem, which states that f̂ ∗ ψ = f̂ · ψ̂. Since the
FFT can be computed in O(n log n) time and the product · has linear complexity, implementing the
correlation using FFTs is asymptotically faster than the naive O(n2) spatial implementation.

For functions on the sphere and rotation group, there is an analogous transform, which we will refer
to as the generalized Fourier transform (GFT) and a corresponding fast algorithm (GFFT). This
transform finds it roots in the representation theory of groups, but due to space constraints we will
not go into details here and instead refer the interested reader to Sugiura (1990) and Folland (1995).

Conceptually, the GFT is nothing more than the linear projection of a function onto a set of orthogonal
basis functions called “matrix element of irreducible unitary representations”. For the circle (S1) or
line (R), these are the familiar complex exponentials exp(inθ). For SO(3), we have the Wigner D-
functions Dl

mn(R) indexed by l ≥ 0 and −l ≤ m,n ≤ l. For S2, these are the spherical harmonics3

Y lm(x) indexed by l ≥ 0 and −l ≤ m ≤ l.
Denoting the manifold (S2 or SO(3)) by X and the corresponding basis functions by U l (which is
either vector-valued (Y l) or matrix-valued (Dl)), we can write the GFT of a function f : X → R as

f̂ l =

∫

X

f(x)U l(x)dx. (8)

3Technically, S2 is not a group and therefore does not have irreducible representations, but it is a quotient of
groups SO(3)/ SO(2) and we have the relation Y l

m = Dl
m0|S2
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This integral can be computed efficiently using a GFFT algorithm (see Section 4.1).

The inverse SO(3) Fourier transform is defined as:

f(R) =
b∑

l=0

(2l + 1)
l∑

m=−l

l∑

n=−l
f̂ lmnD

l
mn(R), (9)

and similarly for S2. The maximum frequency b is known as the bandwidth, and is related to the
resolution of the spatial grid (Kostelec and Rockmore, 2007).

Using the well-known (in fact, defining) property of the Wigner D-functions that Dl(R)Dl(R′) =
Dl(RR′) and Dl(R−1) = Dl(R)†, it can be shown (see Appendix D) that the SO(3) correlation
satisfies a Fourier theorem4: ψ̂ ? f = f̂ · ψ̂†, where · denotes matrix multiplication of the two block
matrices f̂ and ψ̂†.

Similarly, using Y (Rx) = D(R)Y (x) and Y lm = Dl
m0|S2 , one can derive an analogous S2 convolu-

tion theorem: ψ̂ ? f
l

= f̂ l · ψ̂l†, where f̂ l and ψ̂l are now vectors. This says that the SO(3)-FT of the
S2 correlation of two spherical signals can be computed by taking the outer product of the S2-FTs of
the signals. This is shown in figure 2.

SO(3) IFFT

S² FFT

S² DFT

Figure 2: Spherical correlation in the spectrum. The signal f and the locally-supported filter ψ
are Fourier transformed, block-wise tensored, summed over input channels, and finally inverse
transformed. Note that because the filter is locally supported, it is faster to use a matrix multiplication
(DFT) than an FFT algorithm for it. We parameterize the sphere using spherical coordinates α, β,
and SO(3) with ZYZ-Euler angles α, β, γ.

4.1 IMPLEMENTATION OF G-FFT AND SPECTRAL G-CONV

Here we sketch the implementation of GFFTs. For details, see (Kostelec and Rockmore, 2007).

The input of the SO(3) FFT is a spatial signal f on SO(3), sampled on a discrete grid and stored as
a 3D array. The axes correspond to the ZYZ-Euler angles α, β, γ. The first step of the SO(3)-FFT
is to perform a standard 2D translational FFT over the α and γ axes. The FFT’ed axes correspond
to the m,n axes of the result. The second and last step is a linear contraction of the β axis of the
FFT’ed array with a precomputed array of samples from the Wigner-d (small-d) functions dlmn(β).
Because the shape of dl depends on l (it is (2l+ 1)× (2l+ 1)), this linear contraction is implemented
as a custom GPU kernel. The output is a set of Fourier coefficients f̂ lmn for l ≥ n,m ≥ −l and
l = 0, . . . , Lmax.

The algorithm for the S2-FFTs is very similar, only in this case we FFT over the α axis only, and do
a linear contraction with precomputed Legendre functions over the β axis.

Our code is available at https://github.com/jonas-koehler/s2cnn.

5 EXPERIMENTS

In a first sequence of experiments, we evaluate the numerical stability and accuracy of our algorithm.
In a second sequence of experiments, we showcase that the new cross-correlation layers we have

4This result is valid for real functions. For complex functions, conjugate ψ on the left hand side.
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introduced are indeed useful building blocks for several real problems involving spherical signals. Our
examples for this are recognition of 3D shapes and predicting the atomization energy of molecules.

5.1 EQUIVARIANCE ERROR
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Figure 3: ∆ as a function of the resolution and the
number of layers.

In this paper we have presented the first in-
stance of a group equivariant CNN for a con-
tinuous, non-commutative group. In the dis-
crete case, one can prove that the network is
exactly equivariant, but although we can prove
[LRf ]∗ψ = LR[f ∗ψ] for continuous functions
f and ψ on the sphere or rotation group, this is
not exactly true for the discretized version that
we actually compute. Hence, it is reasonable to
ask if there are any significant discretization ar-
tifacts and whether they affect the equivariance
properties of the network. If equivariance can
not be maintained for many layers, one may ex-
pect the weight sharing scheme to become much
less effective.

We first tested the equivariance of the SO(3)
correlation at various resolutions b. We
do this by first sampling n = 500 ran-
dom rotations Ri as well as n feature maps
fi with K = 10 channels. Then we
compute ∆ = 1

n

∑n
i=1 std(LRi

Φ(fi) −
Φ(LRi

fi))/ std(Φ(fi)), where Φ is a composi-
tion of SO(3) correlation layers with randomly
initialized filters. In case of perfect equivariance,
we expect this quantity to be zero. The results
(figure 3 (top)), show that although the approximation error ∆ grows with the resolution and the
number of layers, it stays manageable for the range of resolutions of interest.

We repeat the experiment with ReLU activation function after each correlation operation. As shown
in figure 3 (bottom), the error is higher but stays flat. This indicates that the error is not due to the
network layers, but due to the feature map rotation, which is exact only for bandlimited functions.

5.2 ROTATED MNIST ON THE SPHERE

In this experiment we evaluate the generalization performance with respect to rotations of the input.
For testing we propose a version MNIST dataset projected on the sphere (see fig. 4). We created two
instances of this dataset: one in which each digit is projected on the northern hemisphere and one in
which each projected digit is additionally randomly rotated.

Figure 4: Two MNIST digits projected onto the
sphere using stereographic projection. Mapping
back to the plane results in non-linear distortions.

Architecture and Hyperparameters As a
baseline model, we use a simple CNN with lay-
ers conv-ReLU-conv-ReLU-FC-softmax, with
filters of size 5 × 5, k = 32, 64, 10 chan-
nels, and stride 3 in both layers (≈ 68K pa-
rameters). We compare to a spherical CNN
with layers S2conv-ReLU-SO(3)conv-ReLU-
FC-softmax, bandwidth b = 30, 10, 6 and k =
20, 40, 10 channels (≈ 58K parameters).

Results We trained each model on the non-
rotated (NR) and the rotated (R) training set and evaluated it on the non-rotated and rotated test set.
See table 1. While the planar CNN achieves high accuracy in the NR / NR regime, its performance
in the R / R regime is much worse, while the spherical CNN is unaffected. When trained on the

6

5.1. Spherical CNN

167



Published as a conference paper at ICLR 2018

ray casting
from the sphere to the origin

distance sphere-impact

normal at impact

Figure 5: The ray is cast from the surface of the sphere towards the origin. The first intersection with
the model gives the values of the signal. The two images of the right represent two spherical signals
in (α, β) coordinates. They contain respectively the distance from the sphere and the cosine of the
ray with the normal of the model. The red dot corresponds to the pixel set by the red line.

non-rotated dataset and evaluated on the rotated dataset (NR / R), the planar CNN does no better than
random chance. The spherical CNN shows a slight decrease in performance compared to R/R, but
still performs very well.

NR / NR R / R NR / R
planar 0.98 0.23 0.11

spherical 0.96 0.95 0.94

Table 1: Test accuracy for the networks evaluated on the spherical MNIST dataset. Here R = rotated,
NR = non-rotated and X / Y denotes, that the network was trained on X and evaluated on Y.

5.3 RECOGNITION OF 3D SHAPES

Next, we applied S2CNN to 3D shape classification. The SHREC17 task (Savva et al., 2017) contains
51300 3D models taken from the ShapeNet dataset (Chang et al., 2015) which have to be classified
into 55 common categories (tables, airplanes, persons, etc.). There is a consistently aligned regular
dataset and a version in which all models are randomly perturbed by rotations. We concentrate on the
latter to test the quality of our rotation equivariant representations learned by S2CNN.

Representation We project the 3D meshes onto an enclosing sphere using a straightforward ray
casting scheme (see Fig. 5). For each point on the sphere we send a ray towards the origin and collect
3 types of information from the intersection: ray length and cos / sin of the surface angle. We further
augment this information with ray casting information for the convex hull of the model, which in total
gives us 6 channels for the signal. This signal is discretized using a Driscoll-Healy grid (Driscoll and
Healy, 1994) with bandwidth b = 128. Ignoring non-convexity of surfaces we assume this projection
captures enough information of the shape to be useful for the recognition task.

Architecture and Hyperparameters Our network consists of an initial S2conv-BN-ReLU block
followed by two SO(3)conv-BN-ReLU blocks. The resulting filters are pooled using a max pooling
layer followed by a last batch normalization and then fed into a linear layer for the final classification.
It is important to note that the the max pooling happens over the group SO(3): if fk is the k-th filter in
the final layer (a function on SO(3)) the result of the pooling is maxx∈SO(3) fk(x). We used 50, 70,
and 350 features for the S2 and the two SO(3) layers, respectively. Further, in each layer we reduce
the resolution b, from 128, 32, 22 to 7 in the final layer. Each filter kernel ψ on SO(3) has non-local
support, where ψ(α, β, γ) 6= 0 iff β = π

2 and γ = 0 and the number of points of the discretization is
proportional to the bandwidth in each layer. The final network contains ≈ 1.4M parameters, takes
8GB of memory at batch size 16, and takes 50 hours to train.

7
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Method P@N R@N F1@N mAP NDCG
Tatsuma_ReVGG 0.705 0.769 0.719 0.696 0.783
Furuya_DLAN 0.814 0.683 0.706 0.656 0.754
SHREC16-Bai_GIFT 0.678 0.667 0.661 0.607 0.735
Deng_CM-VGG5-6DB 0.412 0.706 0.472 0.524 0.624
Ours 0.701 (3rd) 0.711 (2nd) 0.699 (3rd) 0.676 (2nd) 0.756 (2nd)

Table 2: Results and best competing methods for the SHREC17 competition.

Results We evaluated our trained model using the official metrics and compared to the top three
competitors in each category (see table 2 for results). Except for precision and F1@N, in which our
model ranks third, it is the runner up on each other metric. The main competitors, Tatsuma_ReVGG
and Furuya_DLAN use input representations and network architectures that are highly specialized
to the SHREC17 task. Given the rather task agnostic architecture of our model and the lossy input
representation we use, we interpret our models performance as strong empirical support for the
effectiveness of Spherical CNNs.

5.4 PREDICTION OF ATOMIZATION ENERGIES FROM MOLECULAR GEOMETRY

Finally, we apply S2CNN on molecular energy regression. In the QM7 task (Blum and Reymond,
2009; Rupp et al., 2012) the atomization energy of molecules has to be predicted from geometry and
charges. Molecules contain up to N = 23 atoms of T = 5 types (H, C, N, O, S). They are given as a
list of positions pi and charges zi for each atom i.

Representation by Coulomb matrices Rupp et al. (2012) propose a rotation and translation
invariant representation of molecules by defining the Coulomb matrix C ∈ RN×N (CM). For each
pair of atoms i 6= j they set Cij = (zizj)/(|pi − pj |) and Cii = 0.5z2.4i . Diagonal elements encode
the atomic energy by nuclear charge, while other elements encode Coulomb repulsion between atoms.
This representation is not permutation invariant. To this end Rupp et al. (2012) propose a distance
measure between Coulomb matrices used within Gaussian kernels whereas Montavon et al. (2012)
propose sorting C or random sampling index permutations.

Representation as a spherical signal We utilize spherical symmetries in the geometry by defining
a sphere Si around around pi for each atom i. The radius is kept uniform across atoms and molecules
and chosen minimal such that no intersections among spheres in the training set happen. Generalizing
the Coulomb matrix approach we define for each possible z and for each point x on Si potential
functions Uz(x) =

∑
j 6=i,zj=z

zi·z
|x−pi| producing a T channel spherical signal for each atom in the

molecule (see figure 6). This representation is invariant with respect to translations and equivariant
with respect to rotations. However, it is still not permutation invariant. The signal is discretized using
a Driscoll-Healy (Driscoll and Healy, 1994) grid with bandwidth b = 10 representing the molecule
as a sparse N × T × 2b× 2b tensor.

Architecture and Hyperparameters We use a deep ResNet style S2CNN. Each ResNet block is
made of S2/SO(3)conv-BN-ReLU-SO(3)conv-BN after which the input is added to the result. We
share weights among atoms making filters permutation invariant, by pushing the atom dimension
into the batch dimension. In each layer we downsample the bandwidth, while increasing the number
of features F . After integrating the signal over SO(3) each molecule becomes a N × F tensor. For
permutation invariance over atoms we follow Zaheer et al. (2017a) and embed each resulting feature
vector of an atom into a latent space using a MLP φ. Then we sum these latent representations over
the atom dimension and get our final regression value for the molecule by mapping with another
MLP ψ. Both φ and ψ are jointly optimized. Training a simple MLP only on the 5 frequencies of
atom types in a molecule already gives a RMSE of ∼ 19. Thus, we train the S2CNN on the residual
only, which improved convergence speed and stability over direct training. The final architecture is
sketched in table 3. It has about 1.4M parameters, consumes 7GB of memory at batch size 20, and
takes 3 hours to train.
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Figure 6: The five potential channels Uz with z ∈ {1, 6, 7, 8, 16} for a molecule containing atoms H
(red), C (green), N (orange), O (brown), S (gray).

Method Author RMSE
MLP / random CM (a) 5.96
LGIKA(RF) (b) 10.82
RBF kernels / random CM (a) 11.40
RBF kernels / sorted CM (a) 12.59
MLP / sorted CM (a) 16.06
Ours 8.47

S2CNN Layer Bandwidth Features
Input 5
ResBlock 10 20
ResBlock 8 40
ResBlock 6 60
ResBlock 4 80
ResBlock 2 160

DeepSet Layer Input/Hidden
φ (MLP) 160/150
ψ (MLP) 100/50

Table 3: Left: Experiment results for the QM7 task: (a) Montavon et al. (2012) (b) Raj et al. (2016).
Right: ResNet architecture for the molecule task.

Results We evaluate by RMSE and compare our results to Montavon et al. (2012) and Raj et al.
(2016) (see table 3). Our learned representation outperforms all kernel-based approaches and a
MLP trained on sorted Coulomb matrices. Superior performance could only be achieved for an
MLP trained on randomly permuted Coulomb matrices. However, sufficient sampling of random
permutations grows exponentially with N , so this method is unlikely to scale to large molecules.

6 DISCUSSION & CONCLUSION

In this paper we have presented the theory of Spherical CNNs and evaluated them on two important
learning problems. We have defined S2 and SO(3) cross-correlations, analyzed their properties,
and implemented a Generalized FFT-based correlation algorithm. Our numerical results confirm
the stability and accuracy of this algorithm, even for deep networks. Furthermore, we have shown
that Spherical CNNs can effectively generalize across rotations, and achieve near state-of-the-art
results on competitive 3D Model Recognition and Molecular Energy Regression challenges, without
excessive feature engineering and task-tuning.

For intrinsically volumetric tasks like 3D model recognition, we believe that further improvements
can be attained by generalizing further beyond SO(3) to the roto-translation group SE(3). The
development of Spherical CNNs is an important first step in this direction. Another interesting
generalization is the development of a Steerable CNN for the sphere (Cohen and Welling, 2017),
which would make it possible to analyze vector fields such as global wind directions, as well as other
sections of vector bundles over the sphere.

Perhaps the most exciting future application of the Spherical CNN is in omnidirectional vision.
Although very little omnidirectional image data is currently available in public repositories, the
increasing prevalence of omnidirectional sensors in drones, robots, and autonomous cars makes this a
very compelling application of our work.
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APPENDIX A: PARAMETERIZATION OF AND INTEGRATION ON S2 AND SO(3)

We use the ZYZ Euler parameterization for SO(3). An element R ∈ SO(3) is written as

R = R(α, β, γ) = Z(α)Y (β)Z(γ), (10)

where α ∈ [0, 2π], β ∈ [0, π] and γ ∈ [0, 2π], and Z resp. Y are rotations around the Z and Y axes.

Using this parameterization, the normalized Haar measure is

dR =
dα

2π

dβ sin(β)

2

dγ

2π
(11)

We have
∫
SO(3)

dR = 1. The Haar measure (Nachbin, 1965; Chirikjian and Kyatkin, 2001)
is sometimes called the invariant measure because it has the property that

∫
SO(3)

f(R′R)dR =∫
SO(3)

f(R)dR (this is analogous to the more familiar property
∫
R f(x + y)dx =

∫
R f(x)dx for

functions on the line). This invariance property allows us to do many useful substitutions.

We have a related parameterization for the sphere. An element x ∈ S2 is written

x(α, β) = Z(α)Y (β)n (12)

where n is the north pole.

This parameterization makes explicit the fact that the sphere is a quotient S2 = SO(3)/SO(2), where
H = SO(2) is the subgroup of rotations around the Z axis. Elements of this subgroup H leave the
north pole invariant, and have the form Z(γ). The point x(α, β) ∈ S2 is associated with the coset
representative x̄ = R(α, β, 0) ∈ SO(3). This element represents the coset x̄H = {R(α, β, γ)|γ ∈
[0, 2π]}.
The normalized Haar measure for the sphere is

dx =
dα

2π

dβ sinβ

2
(13)

The normalized Haar measure for SO(2) is

dh =
dγ

2π
(14)

So we have dR = dx dh, again reflecting the quotient structure.

We can think of a function on S2 as a γ-invariant function on SO(3). Given a function f : S2 → C
we associate the function f̄(α, β, γ) = f(α, β). When using normalized Haar measures, we have:

∫

SO(3)

f̄(R)dR =
1

8π2

∫ 2π

0

dα

∫ π

0

sinβdβ

∫ 2π

0

dγf̄(α, β, γ)

=
1

8π2

∫ 2π

0

dα

∫ π

0

sinβdβf(α, β)

∫ 2π

0

dγ

=
1

4π

∫ 2π

0

dα

∫ π

0

sinβdβf(α, β)

=

∫

S2

f(x)dx

(15)

This will allow us to define the Fourier transform on S2 from the Fourier transform on SO(3), by
viewing a function on S2 as a γ-invariant function on SO(3) and taking its SO(3)-Fourier transform.

APPENDIX B: CORRELATION & EQUIVARIANCE

We have defined the S2 correlation as

[ψ ? f ](R) = 〈LRψ, f〉 =

∫

S2

K∑

k=1

ψk(R−1x)fk(x)dx. (16)
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Without loss of generality, we will analyze here the single-channel case K = 1.

This operation is equivariant:

[ψ ? [LQf ]](R) =

∫

S2

ψ(R−1x)f(Q−1x)dx

=

∫

S2

ψ(R−1Qx)f(x)dx

=

∫

S2

ψ((Q−1R)−1x)f(x)dx

= [ψ ? f ](Q−1R)

= [LQ[ψ ? f ]](R)

(17)

A similar derivation can be made for the SO(3) correlation.

The spherical convolution defined by Driscoll and Healy (1994) is:

[f ∗ ψ](x) =

∫

SO(3)

f(Rn)ψ(R−1x)dR (18)

where n is the north pole. Note that in this definition, the output of the spherical convolution is a
function on the sphere, not a function on SO(3) as in our definition of cross-correlation. Note further
that unlike our definition, this definition involves an integral over SO(3).

If we write out the integral in terms of Euler angles, noting that the north-pole n is invariant to Z-axis
rotations by γ, i.e. R(α, β, γ)n = Z(α)Y (β)Z(γ)n = Z(α)Y (β)n, we see that this definition
implicitly integrates over γ in only one of the factors (namely ψ), making it invariant wrt γ rotation.
In other words, the filter is first “averaged” (making it circularly symmetric) before it is combined
with f (This was observed before by Makadia et al. (2007)). We consider this to be much too limited
for the purpose of pattern matching in spherical CNNs.

APPENDIX C: GENERALIZED FOURIER TRANSFORM

With each compact topological group (like SO(3)) is associated a discrete set of orthogonal functions
that arise as matrix elements of irreducible unitary representations of these groups. For the circle
(the group SO(2)) these are the complex exponentials (in the complex case) or sinusoids (for real
functions). For SO(3), these functions are known as the Wigner D-functions.

As discussed in the paper, the Wigner D-functions are parameterized by a degree parameter l ≥ 0
and order parameters m,n ∈ [−l, . . . , l]. In other words, we have a set of matrix-valued functions
Dl : SO(3)→ C(2l+1)×(2l+1).

The Wigner D-functions are orthogonal:

〈Dl
mn, D

l′
m′n′〉 =

∫ 2π

0

dα

2π

∫ π

0

dβ sinβ

2

∫ 2π

0

dγ

2π
Dl
mn(α, β, γ)Dl′

m′n′(α, β, γ) =
δll′δmm′δnn′

2l + 1
(19)

Furthermore, they are complete, meaning that any well behaved function f : SO(3) → C can be
written as a linear combination of Wigner D-functions. This is the idea of the Generalized Fourier
Transform F on SO(3):

f(R) = [F−1f̂ ](R) =

∞∑

l=0

(2l + 1)

l∑

m=−l

l∑

n=−l
f̂ lmnD

l
mn(R) (20)
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where f̂ lmn are called the Fourier coefficients of f . Using the orthogonality property of the Wigner
D-functions, one can see that the Fourier coefficients can be retrieved by computing the inner product
with the Wigner D-functions:

[Ff ]lmn =

∫

SO(3)

f(R)Dl
mn(R)dR

=

∫

SO(3)



∞∑

l′=0

(2l′ + 1)
l′∑

m′=−l′

l′∑

n′=−l′
f̂ l
′
m′n′D

l′
m′n′(R)


Dl

mn(R)dR

=
∞∑

l′=0

(2l′ + 1)
l′∑

m′=−l′

l′∑

n′=−l′
f̂ l
′
m′n′

∫

SO(3)

Dl′
m′n′(R)Dl

mndR

= f̂ lmn

(21)

APPENDIX D: FOURIER THEOREMS

Fourier convolution theorems for SO(3) and §2 can be found in Kostelec and Rockmore (2008);
Makadia et al. (2007); Gutman et al. (2008). We derive them here for completeness.

To derive the convolution theorems, we will use the defining property of the Wigner D-matrices: that
they are (irreducible, unitary) representations of SO(3). This means that they satisfy:

Dl(R)Dl(R′) = Dl(RR′), (22)

for any R,R′ ∈ SO(3). Notice that the complex exponentials satisfy an analogous criterion for the
circle group S1 ∼= SO(2). That is, einxeiny = ein(x+y), where x + y is the group operation for
SO(2).

Unitarity means that Dl(R)Dl†(R) = I . Irreducibility means, essentially, that the set of matrices
{Dl(R) |R ∈ SO(3)} cannot be simultaneously block-diagonalized.

To derive the Fourier theorem for SO(3), we use the invariance of the integration measure dR:∫
SO(3)

f(R′R)dR =
∫
SO(3)

f(R)dR.

With these facts understood, we can proceed to derive:

ψ̂ ? f
l

=

∫

SO(3)

(ψ ? f)(R)Dl(R)dR

=

∫

SO(3)

∫

SO(3)

ψ(R−1R′)f(R′)dR′Dl(R)dR

=

∫

SO(3)

∫

SO(3)

ψ(R−1)f(R′)Dl(R′R)dR′dR

=

∫

SO(3)

f(R′)Dl(R′)dR′
∫

SO(3)

ψ(R−1)Dl(R)dR

=

∫

SO(3)

f(R′)Dl(R′)dR′
∫

SO(3)

ψ(R)Dl(R)
†
dR

= f̂ l ψ̂l†

(23)

So the SO(3)-Fourier transform of the SO(3) convolution of ψ and f is equal to the matrix product
of the SO(3)-Fourier transforms f̂ and ψ̂.

For the sphere, we can derive an analogous transform that is sometimes called the spherical harmonics
transform. The spherical harmonics Y lm : S2 → C are a complete orthogonal family of functions.
The spherical harmonics are related to the Wigner D functions by the relation Dl

mn(α, β, γ) =
Y lm(α, β)einγ , so that Y lm(α, β) = Dl

m0(α, β, 0).
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The S2 convolution of f1 and f2 is equivalent to the SO(3) convolution of the associated right-
invariant functions f̄1, f̄2 (see Appendix A):

[f1 ? f2](R) =

∫

S2

f1(R−1x)f2(x)dx

=

∫

SO(2)

∫

S2

f1(R−1x)f2(x)dxdh

=

∫

SO(3)

f̄1(R−1R′)f̄2(R′)dR′

= [f̄1 ? f̄2](R)

(24)

The Fourier transform of a right invariant function on SO(3) equals

[F f̄ ]lmn =

∫ 2π

0

dα

2π

∫ π

0

dβ sinβ

2

∫ 2π

0

dγ

2π
f̄(α, β, γ)Dl

mn(α, β, γ)

=

∫ 2π

0

dα

2π

∫ π

0

dβ sinβ

2
f(α, β)

∫ 2π

0

dγ

2π
Dl
mn(α, β, γ)

= δn0

∫ 2π

0

dα

2π

∫ π

0

dβ sinβ

2
f(α, β)Dl

m0(α, β, 0)

= δn0

∫

S2

f(x)Y lm(x)dx

(25)

So we can think of the S2 Fourier transform of a function on S2 as the n = 0 column of the SO(3)
Fourier transform of the associated right-invariant function. This is a beautiful result that we have not
been able to find a reference for, though it seems likely that it has been observed before.
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5.2 3D Steerable CNN

The following paper is the preprint version of Weiler et al. (2018).

Candidate contributions Motivated by Taco Cohen’s vision, the candidate initiated the

project, derived the kernel space constraint, wrote the first network implementation and ran

the Shrec17 experiment.
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Abstract

We present a convolutional network that is equivariant to rigid body motions.
The model uses scalar-, vector-, and tensor fields over 3D Euclidean space to
represent data, and equivariant convolutions to map between such representations.
These SE(3)-equivariant convolutions utilize kernels which are parameterized
as a linear combination of a complete steerable kernel basis, which is derived
analytically in this paper. We prove that equivariant convolutions are the most
general equivariant linear maps between fields over R3. Our experimental results
confirm the effectiveness of 3D Steerable CNNs for the problem of amino acid
propensity prediction and protein structure classification, both of which have
inherent SE(3) symmetry.

1 Introduction
Increasingly, machine learning techniques are being applied in the natural sciences. Many problems
in this domain, such as the analysis of protein structure, exhibit exact or approximate symmetries.
It has long been understood that the equations that define a model or natural law should respect
the symmetries of the system under study, and that knowledge of symmetries provides a powerful
constraint on the space of admissible models. Indeed, in theoretical physics, this idea is enshrined
as a fundamental principle, known as Einstein’s principle of general covariance. Machine learning,
which is, like physics, concerned with the induction of predictive models, is no different: our models
must respect known symmetries in order to produce physically meaningful results.

A lot of recent work, reviewed in Sec. 2, has focused on the problem of developing equivariant
networks, which respect some known symmetry. In this paper, we develop the theory of SE(3)-
equivariant networks. This is far from trivial, because SE(3) is both non-commutative and non-
compact. Nevertheless, at run-time, all that is required to make a 3D convolution equivariant using our
method, is to parameterize the convolution kernel as a linear combination of pre-computed steerable
basis kernels. Hence, the 3D Steerable CNN incorporates equivariance to symmetry transformations
without deviating far from current engineering best practices.

The architectures presented here fall within the framework of Steerable G-CNNs [8, 10, 41, 46],
which represent their input as fields over a homogeneous space (R3 in this case), and use steerable

* Equal Contribution. MG initiated the project, derived the kernel space constraint, wrote the first network
implementation and ran the Shrec17 experiment. MW solved the kernel constraint analytically, designed the
anti-aliased kernel sampling in discrete space and coded / ran many of the CATH experiments.

Source code is available at https://github.com/mariogeiger/se3cnn.

32nd Conference on Neural Information Processing Systems (NIPS 2018), Montréal, Canada.
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filters [15, 38] to map between such representations. In this paper, the convolution kernel is modeled
as a tensor field satisfying an equivariance constraint, from which steerable filters arise automatically.

We evaluate the 3D Steerable CNN on two challenging problems: prediction of amino acid preferences
from atomic environments, and classification of protein structure. We show that a 3D Steerable CNN
improves upon state of the art performance on the former task. For the latter task, we introduce a
new and challenging dataset, and show that the 3D Steerable CNN consistently outperforms a strong
CNN baseline over a wide range of trainingset sizes.

2 Related Work
There is a rapidly growing body of work on neural networks that are equivariant to some group
of symmetries [3, 9, 10, 12, 19, 20, 29, 31–33, 37, 43, 47]. At a high level, these models can
be categorized along two axes: the group of symmetries they are equivariant to, and the type of
geometrical features they use [8]. The class of regular G-CNNs represents the input signal in terms of
scalar fields on a group G (e.g. SE(3)) or homogeneous space G/H (e.g. R3 = SE(3)/ SO(3)) and
maps between feature spaces of consecutive layers via group convolutions [9, 30]. Regular G-CNNs
can be seen as a special case of steerable (or induced) G-CNNs which represent features in terms
of more general fields over a homogeneous space [8, 10, 28, 31, 41]. The models described in this
paper are of the steerable kind, since they use general fields over R3. These fields typically consist of
multiple independently transforming geometrical quantities (vectors, tensors, etc.), and can thus be
seen as a formalization of the idea of convolutional capsules [18, 35].

Regular 3D G-CNNs operating on voxelized data via group convolutions were proposed in [44, 45].
These architectures were shown to achieve superior data efficiency over conventional 3D CNNs
in tasks like medical imaging and 3D model recognition. In contrast to 3D Steerable CNNs, both
networks are equivariant to certain discrete rotations only.

The most closely related works achieving full SE(3) equivariance are the Tensor Field Network
(TFN) [41] and the N-Body networks (NBNs) [27]. The main difference between 3D Steerable
CNNs and both TFN and NBN is that the latter work on irregular point clouds, whereas our model
operates on regular 3D grids. Point clouds are more general, but regular grids can be processed
more efficiently on current hardware. The second difference is that whereas the TFN and NBN use
Clebsch-Gordan coefficients to parameterize the network, we simply parameterize the convolution
kernel as a linear combination of steerable basis filters. Clebsch-Gordan coefficient tensors have 6
indices, and depend on various phase and normalization conventions, making them tricky to work
with. Our implementation requires only a very minimal change from the conventional 3D CNN.
Specifically, we compute conventional 3D convolutions with filters that are a linear combination of
pre-computed basis filters. Further, in contrast to TFN, we derive this filter basis directly from an
equivariance constraint and can therefore prove its completeness.

The two dimensional analog of our work is the SE(2) equivariant harmonic network [46]. The
harmonic network and 3D steerable CNN use features that transform under irreducible representations
of SO(2) resp. SO(3), and use filters related to the circular resp. spherical harmonics.

SE(3) equivariant models were already investigated in classical computer vision and signal processing.
In [34, 39], a spherical tensor algebra was utilized to expand signals in terms of spherical tensor
fields. In contrast to 3D Steerable CNNs, this expansion is fixed and not learned. Similar approaches
were used for detection and crossing preserving enhancement of fibrous structures in volumetric
biomedical images [13, 22, 23].

3 Convolutional feature spaces as fields
A convolutional network produces a stack of Kn feature maps fk in each layer n. In 3D, we can
model the feature maps as (well-behaved) functions fk : R3 → R. Written another way, we have a
map f : R3 → RKn that assigns to each position x a feature vector f(x) that lives in what we call
the fiber RKn at x. In practice f will have compact support, meaning that f(x) = 0 outside of some
compact domain Ω ∈ R3. We thus define the feature space Fn as the vector space of continuous
maps from R3 to RKn with compact support.

In this paper, we impose additional structure on the fibers. Specifically, we assume the fiber consists
of a number of geometrical quantities, such as scalars, vectors, and tensors, stacked into a single
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Kn-dimensional vector. The assignment of such a geometrical quantity to each point in space is
called a field. Thus, the feature spaces consist of a number of fields, each of which consists of a
number of channels (dimensions).

Before deriving SE(3)-equivariant networks in Sec. 4 we discuss the transformation properties of
fields and the kinds of fields we use in 3D Steerable CNNs.

3.1 Fields, Transformations and Disentangling

What makes a geometrical quantity (e.g. a vector) anything more than an arbitrary grouping of feature
channels? The answer is that under rigid body motions, information flows within the channels of
a single geometrical quantity, but not between different quantities. This idea is known as Weyl’s
principle, and has been proposed as a way of formalizing the notion of disentangling [6, 24].

Figure 1: To transform a vector field (L) by a 90◦

rotation g, first move each arrow to its new position (C),
keeping its orientation the same, then rotate the vector
itself (R). This is described by the induced representation
π = Ind

SE(2)

SO(3) ρ, where ρ(g) is a 3× 3 rotation matrix
that mixes the three coordinate channels.

As an example, consider the three-dimensional
vector field over R3, shown in Figure 1. At each
point x ∈ R3 there is a vector f(x) of dimension
K = 3. If the field is translated by t, each vector
x− t would simply move to a new (translated)
position x. When the field is rotated, however,
two things happen: the vector at r−1x is moved
to a new (rotated) position x, and each vector
is itself rotated by a 3× 3 rotation matrix ρ(r).
Thus, the rotation operator π(r) for vector fields
is defined as [π(r)f ](x) := ρ(r)f(r−1x). No-
tice that in order to rotate this field, we need all
three channels: we cannot rotate each channel
independently, because ρ introduces a functional
dependency between them. For contrast, con-
sider the common situation where in the input

space we have an RGB image with K = 3 channels. Then f(x) ∈ R3, and the rotation can be
described using the same formula ρ(r)f(r−1x) if we choose ρ(r) = I3 to be the 3×3 identity matrix
for all r. Since ρ(r) is diagonal for all r, the channels do not get mixed, and so in geometrical terms,
we would describe this feature space as consisting of three scalar fields, not a 3D vector field. The
RGB channels each have an independent physical meaning, while the x and y coordinate channels of
a vector do not.

The RGB and 3D-vector cases constitute two examples of fields, each one determined by a different
choice of ρ. As one might guess, there is a one-to-one correspondence between the type of field and
the type of transformation law (group representation) ρ. Hence, we can speak of a ρ-field.

So far, we have concentrated on the behaviour of a field under rotations and translations separately.
A 3D rigid body motion g ∈ SE(3) can always be decomposed into a rotation r ∈ SO(3) and a
translation t ∈ R3, written as g = tr. So the transformation law for a ρ-field is given by the formula

[π(tr)f ](x) := ρ(r)f(r−1(x− t)). (1)

The map π is known as the representation of SE(3) induced by the representation ρ of SO(3), which
is denoted by π = Ind

SE(3)
SO(3) ρ. For more information on induced representations, see [5, 8, 17].

3.2 Irreducible SO(3) features

We have seen that there is a correspondence between the type of field and the type of inducing
representation ρ, which describes the rotation behaviour of a single fiber. To get a better understanding
of the space of possible fields, we will now define precisely what it means to be a representation of
SO(3), and explain how any such representation can be constructed from elementary building blocks
called irreducible representations.

A group representation ρ assigns to each element in the group an invertible n× n matrix. Here n is
the dimension of the representation, which can be any positive integer (or even infinite). For ρ to be
called a representation of G, it has to satisfy ρ(gg′) = ρ(g)ρ(g′), where gg′ denotes the composition
of two transformations g, g′ ∈ G, and ρ(g)ρ(g′) denotes matrix multiplication.
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To make this more concrete, and to introduce the concept of an irreducible representation, we consider
the classical example of a rank-2 tensor (i.e. matrix). A 3× 3 matrix A transforms under rotations
as A 7→ R(r)AR(r)T , where R(r) is the 3× 3 rotation matrix representation of the abstract group
element r ∈ SO(3). This can be written in matrix-vector form using the Kronecker / tensor product:
vec(A) 7→ [R(r)⊗R(r)] vec(A) ≡ ρ(r) vec(A). This is a 9-dimensional representation of SO(3).

One can easily verify that the symmetric and anti-symmetric parts ofA remain symmetric respectively
anti-symmetric under rotations. This splits R3×3 into 6- and 3-dimensional linear subspaces that
transform independently. According to Weyl’s principle, these may be considered as distinct quanti-
ties, even if it is not immediately visible by looking at the coordinates Aij . The 6-dimensional space
can be further broken down, because scalar matrices Aij = αδij (which are invariant under rotation)
and traceless symmetric matrices also transform independently. Thus a rank-2 tensor decomposes
into representations of dimension 1 (trace), 3 (anti-symmetric part), and 5 (traceless symmetric part).
In representation-theoretic terms, we have reduced the 9-dimensional representation ρ into irreducible
representations of dimension 1, 3 and 5. We can write this as

ρ(r) = Q−1
[

2⊕

l=0

Dl(r)

]
Q, (2)

where we use
⊕

to denote the construction of a block-diagonal matrix with blocks Dl(r), and Q is a
change of basis matrix that extracts the trace, symmetric-traceless and anti-symmetric parts of A.

More generally, it can be shown that any representation of SO(3) can be decomposed into irreducible
representations of dimension 2l + 1, for l = 0, 1, 2, . . . ,∞. The irreducible representation acting on
this 2l + 1 dimensional space is known as the Wigner-D matrix of order l, denoted Dl(r). Note that
the Wigner-D matrix of order 4 is a representation of dimension 9, it has the same dimension as the
representation ρ acting on A but these are two different representations.

Since any SO(3) representation can be decomposed into irreducibles, we only use irreducible features
in our networks. This means that the feature vector f(x) in layer n is a stack of Fn features
f i(x) ∈ R2li+1, so that Kn =

∑Fn

i=1 2lin + 1.

4 SE(3)-Equivariant Networks

Our general approach to building SE(3)-equivariant networks will be as follows: First, we will
specify for each layer n a linear transformation law πn(g) : Fn → Fn, which describes how the
feature space Fn transforms under transformations of the input by g ∈ SE(3). Then, we will study
the vector space HomSE(3)(Fn,Fn+1) of equivariant linear maps (intertwiners) Φ between adjacent
feature spaces:

HomSE(3)(Fn,Fn+1) = {Φ ∈ Hom(Fn,Fn+1) |Φπn(g) = πn+1(g)Φ, ∀g ∈ SE(3)} (3)

Here Hom(Fn,Fn+1) is the space of linear (not necessarily equivariant) maps from Fn to Fn+1.

By finding a basis for the space of intertwiners and parameterizing Φn as a linear combination of
basis maps, we can make sure that layer n+ 1 transforms according to πn+1 if layer n transforms
according to πn, thus guaranteeing equivariance of the whole network by induction.

As explained in the previous section, fields transform according to induced representations [5, 8, 10,
17]. In this section we show that equivariant maps between induced representations of SE(3) can
always be expressed as convolutions with equivariant / steerable filter banks. The space of equivariant
filter banks turns out to be a linear subspace of the space of filter banks of a conventional 3D CNN.
The filter banks of our network are expanded in terms of a basis of this subspace with parameters
corresponding to expansion coefficients.

Sec. 4.1 derives the linear constraint on the kernel space for arbitrary induced representations. From
Sec. 4.2 on we specialize to representations induced from irreducible representations of SO(3) and
derive a basis of the equivariant kernel space for this choice analytically. Subsequent sections discuss
choices of equivariant nonlinearities and the actual discretized implementation.
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4.1 The Subspace of Equivariant Kernels
A continuous linear map between Fn and Fn+1 can be written using a continuous kernel κ with
signature κ : R3 × R3 → RKn+1×Kn , as follows:

[κ · f ](x) =

∫

R3

κ(x, y)f(y)dy (4)

Lemma 1. The map f 7→ κ · f is equivariant if and only if for all g ∈ SE(3),

κ(gx, gy) = ρ2(r)κ(x, y)ρ1(r)−1, (5)

Proof. For this map to be equivariant, it must satisfy κ · [π1(g)f ] = π2(g)[κ · f ]. Expanding the left
hand side of this constraint, using g = tr, and the substitution y 7→ gy, we find:

κ · [π1(g)f ](x) =

∫

R3

κ(x, gy)ρ1(r)f(y)dy (6)

For the right hand side,

π2(g)[κ · f ](x) = ρ2(r)

∫

R3

κ(g−1x, y)f(y)dy. (7)

Equating these, and using that the equality has to hold for arbitrary f ∈ Fn, we conclude:

ρ2(r)κ(g−1x, y) = κ(x, gy)ρ1(r). (8)

Substitution of x 7→ gx and right-multiplication by ρ1(r)−1 yields the result.

Theorem 2. A linear map from Fn to Fn+1 is equivariant if and only if it is a cross-correlation with
a rotation-steerable kernel.

Proof. Lemma 1 implies that we can write κ in terms of a one-argument kernel, since for g = −x :

κ(x, y) = κ(0, y − x) ≡ κ(y − x). (9)

Substituting this into Equation 4, we find

[κ · f ](x) =

∫

R3

κ(x, y)f(y)dy =

∫

R3

κ(y − x)f(y)dy = [κ ? f ](x). (10)

Cross-correlation is always translation-equivariant, but Eq. 5 still constrains κ rotationally:

κ(rx) = ρ2(r)κ(x)ρ1(r)−1. (11)

A kernel satisfying this constraint is called rotation-steerable.

We note that κ ? f (Eq. 10) is exactly the operation used in a conventional convolutional network, just
written in an unconventional form, using a matrix-valued kernel (“propagator”) κ : R3 → RKn+1×Kn .

Since Eq. 11 is a linear constraint on the correlation kernel κ, the space of equivariant kernels (i.e.
those satisfying Eq. 11) forms a vector space. We will now proceed to compute a basis for this space,
so that we can parameterize the kernel as a linear combination of basis kernels.

4.2 Solving for the Equivariant Kernel Basis
As mentioned before, we assume that the Kn-dimensional feature vectors f(x) = ⊕if i(x) consist of
irreducible features f i(x) of dimension 2 lin + 1. In other words, the representation ρn(r) that acts
on fibers in layer n is block-diagonal, with irreducible representation Dlin(r) as the i-th block. This
implies that the kernel κ : R3 → RKn+1×Kn splits into blocks1 κjl : R3 → R(2j+1)×(2l+1) mapping
between irreducible features. The blocks themselves are by Eq. 11 constrained to transform as

κjl(rx) = Dj(r)κjl(x)Dl(r)−1. (12)

1For more details on the block structure see Sec. 2.7 of [10]
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Figure 2: Angular part of the basis for the space of steerable kernels κjl (for j = l = 1, i.e. 3D vector fields as
input and output). From left to right we plot three 3× 3 matrices, for j − l ≤ J ≤ j + l i.e. J = 0, 1, 2. Each
3× 3 matrix corresponds to one learnable parameter per radial basis function ϕm. A seasoned eye will see the
identity, the curl (∇∧) and the gradient of the divergence (∇∇·).
To bring this constraint into a more manageable form, we vectorize these kernel blocks to vec(κjl(x)),
so that we can rewrite the constraint as a matrix-vector equation2

vec(κjl(rx)) = [Dj ⊗Dl](r) vec(κjl(x)), (13)

where we used the orthogonality ofDl. The tensor product of representations is itself a representation,
and hence can be decomposed into irreducible representations. For irreducible SO(3) representations
Dj and Dl of order j and l it is well known [17] that Dj ⊗ Dl can be decomposed in terms of
2 min(j, l) + 1 irreducible representations of order3 |j − l| ≤ J ≤ j + l. That is, we can find a
change of basis matrix4 Q of shape (2l+ 1)(2j + 1)× (2l+ 1)(2j + 1) such that the representation
becomes block diagonal:

[Dj ⊗Dl](r) = QT
[⊕j+l

J=|j−l|
DJ(r)

]
Q (14)

Thus, we can change the basis to ηjl(x) := Q vec(κjl(x)) such that constraint 12 becomes

ηjl(rx) =

[⊕j+l

J=|j−l|
DJ(r)

]
ηjl(x). (15)

The block diagonal form of the representation in this basis reveals that ηjl decomposes into
2 min(j, l) + 1 invariant subspaces of dimension 2J + 1 with separated constraints:

ηjl(x) =
⊕j+l

J=|j−l|
ηjl,J(x) , ηjl,J(rx) = DJ(r)ηjl,J(x) (16)

This is a famous equation for which the unique and complete solution is well-known to be given
by the spherical harmonics Y J(x) = (Y J−J(x), . . . , Y JJ (x)) ∈ R2J+1. More specifically, since x
lives in R3 instead of the sphere, the constraint only restricts the angular part of ηjl but leaves its
radial part free. Therefore, the solutions are given by spherical harmonics modulated by an arbitrary
continuous radial function ϕ : R+ → R as ηjl,J(x) = ϕ(‖x‖)Y J(x/‖x‖).

To obtain a complete basis, we can choose a set of radial basis functions ϕm : R+ → R, and define
kernel basis functions ηjl,Jm(x) = ϕm(‖x‖)Y J(x/‖x‖). Following [43], we choose a Gaussian
radial shell ϕm(‖x‖) = exp (− 1

2 (‖x‖ −m)2/σ2) in our implementation. The angular dependency
at a fixed radius of the basis for j = l = 1 is shown in Figure 2.

By mapping each ηjl,Jm back to the original basis via QT and unvectorizing, we obtain a basis
κjl,Jm for the space of equivariant kernels between features of order j and l. This basis is indexed by
the radial index m and frequency index J . In the forward pass, we linearly combine the basis kernels
as κjl =

∑
Jm w

jl,Jmκjl,Jm using learnable weights w, and stack them into a complete kernel κ,
which is passed to a standard 3D convolution routine.

4.3 Equivariant Nonlinearities
In order for the whole network to be equivariant, every layer, including the nonlinearities, must
be equivariant. In a regular G-CNN, any elementwise nonlinearity will be equivariant because the
regular representation acts by permuting the activations. In a steerable G-CNN however, special
equivariant nonlinearities are required.

2vectorize correspond to flatten it in numpy and the tensor product correspond to np.kron
3There is a fascinating analogy with the quantum states of a two particle system for which the angular

momentum states decompose in a similar fashion.
4Q can be expressed in terms of Clebsch-Gordan coefficients, but here we only need to know it exists.
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Trivial irreducible features, corresponding to scalar fields, do not transform under rotations. So for
these features we use conventional nonlinearities like ReLUs or sigmoids. For higher order features
we considered tensor product nonlinearities [27] and norm nonlinearities [46], but settled on a novel
gated nonlinearity. For each non-scalar irreducible feature κin ? fn−1(x) = f in(x) ∈ R2lin+1 in
layer n, we produce a scalar gate σ(γin ? fn−1(x)), where σ denotes the sigmoid function and γin
is another learnable rotation-steerable kernel. Then, we multiply the feature (a non-scalar field) by
the gate (a scalar field): f in(x)σ(γin ? fn−1(x)). Since γin ? fn−1 is a scalar field, σ(γin ? fn−1) is a
scalar field, and multiplying any feature by a scalar is equivariant. See Section 1.3 and Figure 5 in the
Supplementary Material for details.

4.4 Discretized Implementation

In a computer implementation of SE(3) equivariant networks, we need to sample both the fields /
feature maps and the kernel on a discrete sampling grid in Z3. Since this could introduce aliasing
artifacts, care is required to make sure that high-frequency filters, corresponding to large values of J ,
are not sampled on a grid of low spatial resolution. This is particularly important for small radii since
near the origin only a small number of pixels is covered per solid angle. In order to prevent aliasing
we hence introduce a radially dependent angular frequency cutoff. Aliasing effect originating from
the radial part of the kernel basis are counteracted by choosing a smooth Gaussian radial profile as
described above. Below we describe how our implementation works in detail.

4.4.1 Kernel space precomputation

Before training, we compute basis kernels κjl,Jm(xi) sampled on a s× s× s cubic grid of points
xi ∈ Z3, as follows. For each pair of output and input orders j and l we first sample spherical
harmonics Y J , |j − l| ≤ J ≤ j + l in a radially independent manner in an array of shape (2J + 1)×
s × s × s. Then, we transform the spherical harmonics back to the original basis by multiplying
by QJ ∈ R(2j+1)(2l+1)×(2J+1), consisting of 2J + 1 adjacent columns of Q, and unvectorize the
resulting array to unvec(QJY J(xi)) which has shape (2j + 1)× (2l + 1)× s× s× s.
The matrix Q itself could be expressed in terms of Clebsch-Gordan coefficients [17], but we find it
easier to compute it by numerically solving Eq. 14.

The radial dependence is introduced by multiplying the cubes with each windowing function ϕm. We
use integer means m = 0, . . . , bs/2c and a fixed width of σ = 0.6 for the radial Gaussian windows.

Sampling high-order spherical harmonics will introduce aliasing effects, particularly near the origin.
Hence, we introduce a radius-dependent bandlimit Jmmax, and create basis functions only for |j − l| ≤
J ≤ Jmmax. Each basis kernel is scaled to unit norm for effective signal propagation [43]. In total we
get B =

∑bs/2c
m=0

∑Jm
max
|j−l| 1 ≤ (bs/2c+ 1)(2 min(j, l) + 1) basis kernels mapping between fields of

order j and l, and thus a basis array of shape B × (2j + 1)× (2l + 1)× s× s× s.

4.4.2 Spatial dimension reduction

We found that the performance of the Steerable CNN models depends critically on the way of down-
sampling the fields. In particular, the standard procedure of downsampling via strided convolutions
performed poorly compared to smoothing features maps before subsampling. We followed [1] and
experiment with applying a low pass filtering before performing the downsampling step which can be
implemented either via an additional strided convolution with a Gaussian kernel or via an average
pooling. We observed significant improvements of the rotational equivariance by doing so. See
Table 2 in the Supplementary Material for a comparison between performances with and without low
pass filtering.

4.4.3 Forward pass

At training time, we linearly combine the basis kernels using learned weights, and stack them together
into a full filter bank of shape Kn+1 ×Kn × s × s × s, which is used in a standard convolution
routine. Once the network is trained, we can convert the network to a standard 3D CNN by linearly
combining the basis kernels with the learned weights, and storing only the resulting filter bank.
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5 Experiments
We performed several experiments to gauge the performance and data efficiency of our model.

5.1 Tetris
In order to confirm the equivariance of our model, we performed a variant of the Tetris experiments re-
ported by [41]. We constructed a 4-layer 3D Steerable CNN and trained it to classify 8 kinds of Tetris
blocks, stored as voxel grids, in a fixed orientation. Then we test on Tetris blocks rotated by random ro-
tations in SO(3). As expected, the 3D Steerable CNN generalizes over rotations and achieves 99±2%
accuracy on the test set. In contrast, a conventional CNN is not able to generalize over larger unseen
rotations and gets a result of only 27±7%. For both networks we repeated the experiment over 17 runs.
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Figure 3: Shrec17 results[2, 7, 14, 16, 25,
36, 40]. Comparison of different architec-
tures by number of parameters and score. See
Table 4 in the Supplementary Material for all
the details.

5.2 3D model classification
Moving beyond the simple Tetris blocks, we next con-
sidered classification of more complex 3D objects. The
SHREC17 task [36], which contains 51300 models of 3D
shapes belonging to 55 classes (chair, table, light, oven,
keyboard, etc), has a ‘perturbed’ category where images
are arbitrarily rotated, making it a well-suited test case
for our model. We converted the input into voxel grids
of size 64x64x64, and used an architecture similar to the
Tetris case, but with an increased number of layers (see
Table 3 in the Supplementary Material). Although we have
not done extensive fine-tuning on this dataset, we find our
model to perform comparably to the current state of the art,
see Figure 3 and Table 4 in the Supplementary Material.

5.3 Visualization of the equivariance property
We made a movie to show the action of rotating the input on the internal fields. We found that the
action are remarkably stable. A visualization is provided in https://youtu.be/ENLJACPHSEA.

5.4 Amino acid environments
Next, we considered the task of predicting amino acid preferences from the atomic environments, a
problem which has been studied by several groups in the last year [4, 42]. Since physical forces are
primarily a function of distance, one of the previous studies argued for the use of a concentric grid,
investigated strategies for conducting convolutions on such grids, and reported substantial gains when
using such convolutions over a standard 3D convolution in a regular grid (0.56 vs 0.50 accuracy) [4].

Since the classification of molecular environments involves the recognition of particular interactions
between atoms (e.g. hydrogen bonds), one would expect rotational equivariant convolutions to be
more suitable for the extraction of relevant features. We tested this hypothesis by constructing the
exact same network as used in the original study, merely replacing the conventional convolutional
layers with equivalent 3D steerable convolutional layers. Since the latter use substantially fewer
parameters per channel, we chose to use the same number of fields as the number of channels in the
original model, which still only corresponds to roughly half the number of parameters (32.6M vs
61.1M (regular grid), and 75.3M (concentric representation)). Without any alterations to the model
and using the same training procedure (apart from adjustment of learning rate and regularization
factor), we obtained a test accuracy of 0.58, substantially outperforming the conventional CNN on
this task, and also providing an improvement over the state-of-the-art on this problem.

5.5 CATH: Protein structure classification
The molecular environments considered in the task above are oriented based on the protein backbone.
Similar to standard images, this implies that the images have a natural orientation. For the final
experiment, we wished to investigate the performance of our Steerable 3D convolutions on a problem
domain with full rotational invariance, i.e. where the images have no inherent orientation. For this
purpose, we consider the task of classifying the overall shape of protein structures.
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We constructed a new data set, based on the CATH protein structure classification database [11],
version 4.2 (see http://cathdb.info/browse/tree). The database is a classification hierarchy
containing millions of experimentally determined protein domains at different levels of structural
detail. For this experiment, we considered the CATH classification-level of "architecture", which
splits proteins based on how protein secondary structure elements are organized in three dimensional
space. Predicting the architecture from the raw protein structure thus poses a particularly challenging
task for the model, which is required to not only detect the secondary structure elements at any
orientation in the 3D volume, but also detect how these secondary structures orient themselves relative
to one another. We limited ourselves to architectures with at least 500 proteins, which left us with
10 categories. For each of these, we balanced the data set so that all categories are represented by
the same number of structures (711), also ensuring that no two proteins within the set have more
than 40% sequence identity. See Supplementary Material for details. The new dataset is available at
https://github.com/wouterboomsma/cath_datasets.

We first established a state-of-the-art baseline consisting of a conventional 3D CNN, by conducting a
range of experiments with various architectures. We converged on a ResNet34-inspired architecture
with half as many channels as the original, and global pooling at the end. The final model consists of
15, 878, 764 parameters. For details on the experiments done to obtain the baseline, see Supplementary
Material.

Following the same ResNet template, we then constructed a 3D Steerable network by replacing each
layer by an equivariant version, keeping the number of 3D channels fixed. The channels are allocated
such that there is an equal number of fields of order l = 0, 1, 2, 3 in each layer except the last, where
we only used scalar fields (l = 0). This network contains only 143, 560 parameters, more than a
factor hundred less than the baseline.

We used the first seven of the ten splits for training, the eighth for validation and the last two for
testing. The data set was augmented by randomly rotating the input proteins whenever they were
presented to the model during training. Note that due to their rotational equivariance, 3D Steerable
CNNs benefit only marginally from rotational data augmentation compared to the baseline CNN. We
train the models for 100 epochs using the Adam optimizer [26], with an exponential learning rate
decay of 0.94 per epoch starting after an initial burn-in phase of 40 epochs.

20 21 22 23 24

training set size reduction factor

0.50

0.55

0.60

0.65

te
st

ac
cu

ra
cy

3D Steerable CNN
3D CNN

Figure 4: Accuracy on the CATH test set as a function
of increasing reduction in training set size.

Despite having 100 times fewer parame-
ters, a comparison between the accuracy
on the test set shows a clear benefit to the
3D Steerable CNN on this dataset (Figure 4,
leftmost value). We proceeded with an in-
vestigation of the dependency of this perfor-
mance on the size of the dataset by consid-
ering reductions of the size of each training
split in the dataset by increasing powers of
two, maintaining the same network archi-
tecture but re-optimizing the regularization
parameters of the networks. We found that
the proposed model outperforms the base-
line even when trained on a fraction of the
training set size. The results further demon-
strate the accuracy improvements across
these reductions to be robust (Figure 4).

6 Conclusion
In this paper we have presented 3D Steerable CNNs, a class of SE(3)-equivariant networks which
represents data in terms of various kinds of fields over R3. We have presented a comprehensive
theory of 3D Steerable CNNs, and have proven that convolutions with SO(3)-steerable filters provide
the most general way of mapping between fields in an equivariant manner, thus establishing SE(3)-
equivariant networks as a universal class of architectures. 3D Steerable CNNs require only a minor
adaptation to the code of a 3D CNN, and can be converted to a conventional 3D CNN after training.
Our results show that 3D Steerable CNNs are indeed equivariant, and that they show excellent
accuracy and data efficiency in amino acid propensity prediction and protein structure classification.
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Supplementary material
3D Steerable CNNs: Learning Rotationally Equivariant

Features in Volumetric Data

1 Design choices

1.1 Feature types and multiplicities

The choice of the types and multiplicities of the features is a hyperparameter of our network compara-
ble to the choice of channels in a conventional CNN. As in the latter we follow the logic of doubling
the number of multiplicities when downsampling the feature maps. The types and multiplicities of the
network’s input and output are prescribed by the problem to be solved. If one uses only scalar fields,
then the kernels can only be isotropic, higher order representation allows more complex kernels. A
more detailed investigation of the choice of these hyperparameters is left open for future work.

1.2 Normalization

We implemented an equivariant version of batch normalization [21]. For scalar fields, our implemen-
tation matches with the usual batch normalization. For the nonscalar fields we normalize them with
the average of their norms:

fi(x) 7→ fi(x)


 1

|B|
∑

j∈B

1

V

∫
dx||fj(x)||2 + ε



−1/2

(17)

where B is the batch and i, j are the batch indices.

In order to reduce the memory consumption, we merged the batch normalization operation with the
convolution

κ ? (Af +B)︸ ︷︷ ︸
BN

= (Aκ) ? f + κ ? B.

1.3 Nonlinearities

The nonlinearities of an equivariant network need to be adapted to be equivariant themselves. Note
that the domain and codomain of the nonlinearities might transform under different representations.
We give an overview over the nonlinearities with which we experimented in the following paragraphs.

Elementwise nonlinearities Scalar features do not transform under rotations. As a consequence,
they can be acted on by elementwise nonlinearities as in conventional CNNs. We chose ReLU
nonlinearities for all scalar features except those which are used as gates (see below).

F scalar
n F scalar

n

F scalar
n+1 F scalar

n+1

ReLU

Ind
SE(3)
SO(3)[id](g)

Ind
SE(3)
SO(3)[id](g)

ReLU

Norm nonlinearity The representations we are considering are all orthogonal and hence preserve
the norm of feature vectors:

‖ρ(r)f(x)‖ = fT (x)ρT (r)ρ(r)f(x) = fT (x)f(x) = ‖f(x)‖ ∀r ∈ SO(3), f ∈ F
It follows that any nonlinearity applied to the norm of the feature commutes with the group trans-
formation. Denoting a positive bias by β ∈ R+, we experimented with norm nonlinearites of the
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form

f(x) 7→ σnorm(f)(x) := ReLU (‖f(x)‖ − β)
f(x)

‖f(x)‖ .

Intuitively, the bias acts as a threshold on the norm of the feature vectors, setting small vectors to zero
and preserving the orientation of large feature vectors. In practice, this kind of nonlinearity tended to
converge slower than the gated nonlinearities, therefore we did not use them in our final experiments.
This issue might be related to the problem of finding a suitable initialization of the learned biases for
which we could not derive a proper scale. Norm nonlinearities were considered before in [46].

Fn Fn

Fn+1 Fn+1

σnorm

Ind
SE(3)
SO(3)[ρ](g)

Ind
SE(3)
SO(3)[ρ](g)

σnorm

Tensor product nonlinearity The tensor product of two fields f1 and f2 is in index notation
defined by

[f1 ⊗ f2]µν(x) = f1µ(x)f2ν (x).

This operation is nonlinear and equivariant and hence can be used in neural networks. We denote this
nonlinearity by

σ⊗ : Fn ⊕Fn → Fn+1 := Fn ⊗Fn.
Note that the output of this operation transforms under the tensor product representation ρ ⊗ ρ of
the input representations ρ. In our framework we could perform a change of basis Q defined by
Q[ρ⊗ ρ]Q−1 =

⊕
j D

j to obtain features transforming under irreducible representations.

Fn ⊕Fn Fn ⊕Fn

Fn+1 = Fn ⊗Fn Fn+1 = Fn ⊗Fn

σ⊗

Ind
SE(3)
SO(3)[ρ⊕ ρ](g)

Ind
SE(3)
SO(3)[ρ⊗ ρ](g)

σ⊗

Gated nonlinearity The gated nonlinearity acts on any feature vector by scaling it with a data
dependent gate. We compute the gating scalars for each output feature via a sigmoid nonlinearity
σ : F scalar

n → F scalar
n acting on an associated scalar feature. Figure 5 shows how the gated nonlinaritiy

is coupled with the convolution operation. One can view the gated nonlinearity as a special case of
the norm nonlinearity since it operates by changing the length of the feature vector. Simultaneously it
can also be seen as a tensor product nonlinearity where one of the two fields as a scalar field. We
found that the gated nonlinearities work in practice better than the the other options described above.

F scalar
n ⊕Fn F scalar

n ⊕Fn

Fn+1 Fn+1

σgate

Ind
SE(3)
SO(3)[id⊕ρ](g)

Ind
SE(3)
SO(3)[ρ](g)

σgate
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gated blockinput output

convolution

Figure 5: A gated nonlinearity requires one extra scalar field (represented by gray circles with an I)
per nonscalar output fields (represented by circles with a ρ). Specifically, the number of scalar output
channels for the preceding convolution operator is increased by the number of features acted on by
gated nonlinearities, and the extra scalar fields are computed in the same way as any other scalar field.
We use sigmoid for the gate fields. In this picture, there is one scalar field in the output. It is activated
with a ReLU.

2 Reduced parameter cost of 3D Steerable CNNs
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Figure 6: Performance of our 3D Steerable CNN
compared to a conventional 3D CNN with varying
numbers of filters.

In the main paper, we demonstrated that the
3D Steerable CNN outperforms a conventional
CNN despite having many fewer parameters. To
ensure that the reduced number of parameters
would not be an advantage also for the conven-
tional CNN (due to overfitting with the high-
capacity network), we trained a series of con-
ventional CNNs with reduced number of filters
in each layer (Figure 6). Note that the relative
performance gain of our model increases dra-
matically if we restrict the conventional CNN
to use the same number of parameters as the
Steerable CNN.

3 The Tetris experiment

The architecture used for the Tetris experiment has 4 hidden layers, the kernel size is 5 and the
padding is 4. We didn’t use batch normalization. Table 1 shows the multiplicities of the fields
representations and the sizes of the fields. We compare with a regular CNN that has the same feature
map sizes. The CNN is like the SE3 network simply without the constraint of being equivariant for
rotation. It has therefore much more parameters since its kernels are unconstrained. The SE3 network
has 41k parameters and the CNN has 6M parameters.

l = 0 l = 1 l = 2 l = 3 size CNN features
input 1 363 1

layer 1 4 4 4 1 403 43
layer 2 16 16 16 223 144
layer 3 32 16 16 133 160
layer 4 128 173 128
output 8 1 8

Table 1: Architecture of the network for the Tetris experiment. Between layer 1-2 and 2-3 there is a
stride of 2. Between layer 4 and the output there is a global average pooling.
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low pass filter disabled enabled
CNN 24%± 4% 27%± 7%
SE3 36%± 6% 99%± 2%

Table 2: Test accuracy to classify rotated pieces of Tetris. Average and standard deviation over 17
runs.

4 3D Model classification

To find the model we ran 10 different models by changing depth, multiplicities, dropout, low pass
filter or stride and two initialization method.

For this experiment we used a kernel size of 5 and a padding of 4. We used batch normalization.
In this architecture we did’t used the low pass filters. Table 3 shows the multiplicities of the fields
representations and the sizes of the fields. This network has 142k parameters.

We converted the 3d models into voxels of size 64 × 64 × 64 with the following code https:
//github.com/mariogeiger/obj2voxel.

Table 4 compares our results with results of the original competition and two other articles [7, 14].

l = 0 l = 1 l = 2 size
input 1 643

layer 1 8 4 2 343

layer 2 8 4 2 383

layer 3 16 8 4 213

layer 4 16 8 4 253

layer 5 32 16 8 153

layer 6 32 16 8 193

layer 7 32 16 8 123

layer 8 512 163

output 55 1
Table 3: Architecture of the network for the 3D Model experiment. Where the size decrease we used
a stride of 2. Between the last hidden layer and the output there is a global average pooling.

micro macro total
P@R R@N mAP P@R R@N mAP score input size params

Furuya [16] 0.814 0.683 0.656 0.607 0.539 0.476 1.13 126× 103 8.4M
Esteves [14] 0.717 0.737 0.685 0.450 0.550 0.444 1.13 2 × 642 0.5M
Tatsuma [40] 0.705 0.769 0.696 0.424 0.563 0.418 1.11 38× 2242 3M
Ours 0.704 0.706 0.661 0.490 0.549 0.449 1.11 1× 643 142k
Cohen [7] 0.701 0.711 0.676 - - - - 6× 1282 1.4M
Zhou [2] 0.660 0.650 0.567 0.443 0.508 0.406 0.97 50× 2242 36M
Kanezaki [25] 0.655 0.652 0.606 0.372 0.393 0.327 0.93 - 61M
Deng [36] 0.418 0.717 0.540 0.122 0.667 0.339 0.85 - 138M

Table 4: Results of the SHREC17 experiment.

5 The CATH experiment

5.1 The data set

The protein structures used in the CATH study were simplified to include only Cα atoms (one atom
per amino acid in the backbone), and placed at the center of a 503vx grid, where each voxel spans 0.2
nm. The values of the voxels were set to the densities arising from placing a Gaussian at each atom
position, with a standard deviation of half the voxel width. Since we limit ourselves to grids of size 5
nm, we exclude proteins which expand beyond a 5 nm sphere centered around their center of mass.
This constraint is only violated by a small fraction of the original dataset, and thus constitutes no
severe restriction.

For training purposes, we constructed a 10-fold split of the data. To rule out any overlap between the
splits (in addition to the 40% homology reduction), we further introduce a constraint that any two
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members from different splits are guaranteed to originate from different categories at the "superfamily"
level in the CATH hierarchy (the lowest level in the hierarchy), and all splits are guaranteed to have
members from all 10 architectures. Further details about the data set are provided on the website
(https://github.com/wouterboomsma/cath_datasets).

5.2 Establishing a state-of-the-art baseline

The baseline 3D CNN architecture for the CATH task was determined through a range of experiments,
ultimately converging on a ResNet34-like architecture, with half the number of channels compared to
the original implementation (but with an extra spatial dimension), and using a global pooling at the
end to obtain translational invariance. After establishing the architecture, we conducted additional
experiments to establish good values for the learning and drop-out rates (both in the linear and in the
convolutional layers). We settled on a 0.01 dropout rate in the convolutional layers, and L1 and L2
regularization values of 10−7. The final model consists of 15, 878, 764 parameters.

5.3 Architecture details

Following the same ResNet template, we then constructed a 3D Steerable network, by replacing
each layer with its equivariant equivalent. In contrast to the model architecture for the amino acid
environment, we here opted for a minimal architecture, where we use exactly the same number of
3D channels as in the baseline model, which leads to a model with the following block structure:
(2, 2, 2, 2), (((2, 2, 2, 2)×2)×3), (((4, 4, 4, 4)×2)×4), (((8, 8, 8, 8)×2)×6), (((16, 16, 16, 16)×
2)× 2 + ((256, 0, 0, 0)). Here the 4-tuples represent fields of order l = 0, 1, 2, 3, respectively. The
final block deviates slightly from the rest, since we wish to reduce to a scalar representation prior to
the pooling. Optimal regularization settings were found to be a capsule-wide convolutional dropout
rate of 0.1, and L1 and L2 regularization values of 10−8.5. In this minimal setup, the model contains
only 143, 560 parameters, more than a factor hundred less than the baseline.
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5.3. Euclidean Neural Networks

5.3 Euclidean Neural Networks

We implemented Euclidean Neural Networks (e3nn), a library that unifies Cohen et al. (2018);

Weiler et al. (2018); Thomas et al. (2018). In which we also added parity, an efficient imple-

mentation of spherical harmonics and an algorithm to automatically decompose geometric

tensors into irreps.

The code library has been written in PyTorch, a python library for neural networks.1 The

library works for both point cloud and voxel data. The SE(3) equivariance has been extended

to E(3) by adding the mirror symmetry giving the name of the library: Euclidean Neural

Networks (e3nn). The library implements efficient tensor products of irreps of O(3). It’s a

modular framework that allows to implement a wide class of architectures including SE(3)-

Transformers Fuchs et al. (2020). The library has proven its efficiency for molecular dynamics

and is particularly good at predicting non scalar quantities like forces Batzner et al. (2021).

In Smidt et al. (2021), we used e3nn as a tool to discover broken symmetries.

5.4 A General Theory of Equivariant CNNs on Homogeneous Spaces

The following paper is the preprint version of Cohen et al. (2019).

Candidate contributions The candidate contributed with the other authors to the elabora-

tion of the theory and to the mathematical proofs.

1The library is hosted on Github https://github.com/e3nn/e3nn
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Abstract

We present a general theory of Group equivariant Convolutional Neural Networks
(G-CNNs) on homogeneous spaces such as Euclidean space and the sphere. Feature
maps in these networks represent fields on a homogeneous base space, and layers
are equivariant maps between spaces of fields. The theory enables a systematic
classification of all existing G-CNNs in terms of their symmetry group, base
space, and field type. We also consider a fundamental question: what is the most
general kind of equivariant linear map between feature spaces (fields) of given
types? Following Mackey, we show that such maps correspond one-to-one with
convolutions using equivariant kernels, and characterize the space of such kernels.

1 Introduction
Through the use of convolution layers, Convolutional Neural Networks (CNNs) have a built-in
understanding of locality and translational symmetry that is inherent in many learning problems.
Because convolutions are translation equivariant (a shift of the input leads to a shift of the output),
convolution layers preserve the translation symmetry. This is important, because it means that further
layers of the network can also exploit the symmetry.

Motivated by the success of CNNs, many researchers have worked on generalizations, leading to a
growing body of work on Group equivariant CNNs (G-CNNs) for signals on Euclidean space and
the sphere [1–7] as well as graphs [8, 9]. With the proliferation of equivariant network layers, it has
become difficult to see the relations between the various approaches. Furthermore, when faced with
a new modality (diffusion tensor MRI, say), it may not be immediately obvious how to create an
equivariant network for it, or whether a given kind of equivariant layer is the most general one.

In this paper we present a general theory of homogeneous G-CNNs. Feature spaces are modelled
as spaces of fields on a homogeneous space. They are characterized by a group of symmetries
G, a subgroup H ≤ G that together with G determines a homogeneous space B ' G/H , and a
representation ρ of H that determines the type of field (vector, tensor, etc.). Related work is classified
by (G,H, ρ). The main theorems say that equivariant linear maps between fields over B can be
written as convolutions with an equivariant kernel, and that the space of equivariant kernels can be
realized in three equivalent ways. We will assume some familiarity with groups, cosets, quotients,
representations and related notions (see Appendix A).

This paper does not contain truly new mathematics (in the sense that a professional mathematician
with expertise in the relevant subjects would not be surprised by our results), but instead provides
a new formalism for the study of equivariant convolutional networks. This formalism turns out to
be a remarkably good fit for describing real-world G-CNNs. Moreover, by describing G-CNNs in a
language used throughout modern physics and mathematics (fields, fiber bundles, etc.), it becomes
possible to apply knowledge gained over many decades in those domains to machine learning.

*Qualcomm AI Research is an initiative of Qualcomm Technologies, Inc.

33rd Conference on Neural Information Processing Systems (NeurIPS 2019), Vancouver, Canada.
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1.1 Overview of the Theory

This paper has two main parts. First, in Sec. 2, we introduce a mathematical model for convolutional
feature spaces. The basic idea is that feature maps represent fields over a homogeneous space. As it
turns out, defining the notion of a field is quite a bit of work. So in order to motivate the introduction
of each of the required concepts, we will in this section provide an overview of the relevant concepts
and their relations, using the example of a Spherical CNN with vector field feature maps.

The second part of this paper (Section 3) is about maps between the feature spaces. We require these
to be equivariant, and focus in particular on the linear layers. The main theorems (3.1–3.4) show that
linear equivariant maps between the feature spaces are in one-to-one correspondence with equivariant
convolution kernels (i.e. convolution is all you need), and that the space of equivariant kernels can be
realized as a space of matrix-valued functions on a group, coset space, or double coset space, subject
to linear constraints.

In order to specify a convolutional feature space, we need to specify two things: a homogeneous
space B over which the field is defined, and the type of field (e.g. vector field, tensor field, etc.). A
homogeneous space for a group G is a space B where for any two x, y ∈ B there is a transformation
g ∈ G that relates them via gx = y. Here we consider the example of a vector field on the sphere
B = S2 with symmetry group G = SO(3), the group of 3D rotations. The sphere is a homogeneous
space for SO(3) because we can map any point on the sphere to any other via a rotation.

Formally, a field is defined as a section of a vector bundle associated to a principal bundle. In order
to understand what this means, we must first know what a fiber bundle is (Sec. 2.1), and understand
how the group G can be viewed as a principal bundle (Sec. 2.2). Briefly, a fiber bundle formalizes the
idea of parameterizing a set of identical spaces called fibers by another space called the base space.

Figure 1: SO(3) as
a principal SO(2)
bundle over S2.

The first way in which fiber bundles play a role in the theory is that the action
of G on B allows us to think of G as a “bundle of groups” or principal bundle.
Roughly speaking, this works as follows: if we fix an origin o ∈ B, we
can consider the stabilizer subgroup H ≤ G of transformations that leave o
unchanged: H = {g ∈ G | go = o}. For example, on the sphere the stabilizer
is SO(2), the group of rotations around the axis through o (e.g. the north pole).
As we will see in Section 2.2, this allows us to view G as a bundle with base
spaceB ' G/H and a fiberH . This is shown for the sphere in Fig. 1 (cartoon).
In this case, we can think of SO(3) as a bundle of circles (H = SO(2)) over
the sphere, which itself is the quotient S2 ' SO(3)/ SO(2).

Figure 2: Tangent
bundle of S2.

To define the associated bundle (Sec. 2.3) we take the principal bundle G and
replace the fiber H by a vector space V on which H acts linearly via a group
representation ρ. This yields a vector bundle with the same base space B and
a new fiber V . For example, the tangent bundle of S2 (Fig. 2) is obtained by
replacing the circular SO(2) fibers in Fig. 1 by 2D planes. Under the action
of H = SO(2), a tangent vector at the north pole is rotated (even though
the north pole itself is fixed by SO(2)), so we let ρ(h) be a 2 × 2 rotation
matrix. In a general convolutional feature space with n channels, V would be
an n-dimensional vector space. Finally, fields are defined as sections of this

bundle, i.e. an assignment to each point x of an element in the fiber over x (see Fig. 3).

Figure 3: Φ maps scalar fields to vector fields,
and is equivariant to the induced representation
πi = Ind

SO(3)
SO(2) ρi.

Having defined the feature space, we need to
specify how it transforms (e.g. say how a vector
field on S2 is rotated). The natural way to trans-
form a ρ-field is via the induced representation
π = IndGH ρ ofG (Section 2.4), which combines
the action of G on the base space B and the ac-
tion of ρ on the fiber V to produce an action on
sections of the associated bundle (See Figure 3).
Finally, having defined the feature spaces and
their transformation laws, we can study equiv-
ariant linear maps between them (Section 3). In
Sec. 4–6 we cover implementation aspects, re-
lated work, and concrete examples, respectively.
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2 Convolutional Feature Spaces

2.1 Fiber Bundles

Intuitively, a fiber bundle is a parameterization of a set of isomorphic spaces (the fibers) by another
space (the base). For example, we can think of a feature space in a classical CNN as a set of vector
spaces Vx ' Rn (n being the number of channels), one per position x in the plane [2]. This is an
example of a trivial bundle, because it is simply the Cartesian product of the plane and Rn. General
fiber bundles are only locally trivial, meaning that they locally look like a product while having a
different global topological structure.

Figure 4: Cylinder and
Möbius strip

The simplest example of a non-trivial bundle is the Mobius strip, which
locally looks like a product of the circle (the base) with a line segment
(the fiber), but is globally distinct from a cylinder (see Fig. 4). A more
practically relevant example is given by the tangent bundle of the sphere
(Fig. 2), which has as base space S2 and fibers that look like R2, but is
topologically distinct from S2 × R2 as a bundle.

Formally, a bundle consists of topological spaces E (total space), B (base space), F (canonical
fiber), and a projection map p : E → B, satisfying a local triviality condition. Basically, this
condition says that locally, the bundle looks like a product U × F of a piece U ⊆ B of the base
space, and F the canonical fiber. Formally, the condition is that for every a ∈ E, there is an
open neighbourhood U ⊆ B of p(a) and a homeomorphism ϕ : p−1(U) → U × F so that the

map p−1(U)
ϕ−→ U × F proj1−−−→ U agrees with p : p−1(U) → U (where proj1(u, f) = u). The

homeomorphism ϕ is said to locally trivialize the bundle above the trivializing neighbourhood U .

Considering that for any x ∈ U the preimage proj1
−1(x) is F , and ϕ is a homeomorphism, we

see that the preimage Fx = p−1(x) for x ∈ B is also homeomorphic to F . Thus, we call Fx the
fiber over x, and see that all fibers are homeomorphic. Knowing this, we can denote a bundle by its
projection map p : E → B, leaving the canonical fiber F implicit.

Various more refined notions of fiber bundle exist, each corresponding to a different kind of fiber. In
this paper we will work with principal bundles (bundles of groups) and vector bundles (bundles of
vector spaces).

A section s of a fiber bundle is an assignment to each x ∈ B of an element s(x) ∈ Fx. Formally, it is
a map s : B → E that satisfies p◦s = idB . If the bundle is trivial, a section is equivalent to a function
f : B → F , but for a non-trivial bundle we cannot continuously align all the fibers simultaneously,
and so we must keep each s(x) in its own fiber Fx. Nevertheless, on a trivializing neighbourhood
U ⊆ B, we can describe the section as a function sU : U → F , by setting ϕ(s(x)) = (x, sU (x)).

2.2 G as a Principal H-Bundle

Recall (Sec. 1.1) that with every feature space of a G-CNN is associated a homogeneous space
B (e.g. the sphere, projective space, hyperbolic space, Grassmann & Stiefel manifolds, etc.), and
recall further that such a space has a stabilizer subgroup H = {g ∈ G | go = o} (this group being
independent of origin o up to isomorphism). As discussed in Appendix A, the cosets gH of H (e.g.
the circles in Fig. 1) partition G, and the set of cosets, denoted G/H (e.g. the sphere in Fig. 1), can
be identified with B (up to a choice of origin).

It is this partitioning of G into cosets that induces a special kind of bundle structure on G. The
projection map that defines the bundle structure sends an element g ∈ G to the coset gH it belongs
to. Thus, it is a map p : G→ G/H , and we have a bundle with total space G, base space G/H and
canonical fiber H . Intuitively, this allows us to think of G as a base space G/H with a copy of H
attached at each point x ∈ G/H . The copies of H are glued together in a potentially twisted manner.

This bundle is called a principal H-bundle, because we have a transitive and fixed-point free group
action G×H → G that preserves the fibers. This action is given by right multiplication, g 7→ gh,
which preserves fibers because p(gh) = ghH = gH = p(g). That is, by right-multiplying an
element g ∈ G by h ∈ H , we get an element gh that is in general different from g but is still within
the same coset (i.e. fiber). That the action is transitive and free on cosets follows immediately from
the group axioms.
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One can think of a principal bundle as a bundle of generalized frames or gauges relative to which
geometrical quantities can be expressed numerically. Under this interpretation the fiber at x is a space
of generalized frames, and the action by H is a change of frame. For instance, each point on the
circles in Fig. 1 can be identified with a right-handed orthogonal frame, and the action of SO(2)
corresponds to a rotation of this frame. The group H may also include internal symmetries, such as
color space rotations, which do not relate in any way to the spatial dimensions of B.

In order to numerically represent a field on some neighbourhood U ⊆ G/H , we need to choose a
frame for each x ∈ U in a continuous manner. This is formalized as a section of the principal bundle.
Recall that a section of p : G→ G/H is a map s : G/H → G that satisfies p ◦ s = idG/H . Since
p projects g to its coset gH , the section chooses a representative s(gH) ∈ gH for each coset gH .
Non-trivial principal bundles do not have continuous global sections, but we can always use a local
section on U ⊆ G/H , and represent a field on overlapping local patches covering G/H .

Aside from the right action of H , which turns G into a principal H-bundle, we also have a left
action of G on itself, as well as an action of G on the base space G/H . In general, the action of
G on G/H does not agree with the action on G, in that gs(x) 6= s(gx), because the action on G
includes a twist of the fiber. This twist is described by the function h : G/H ×G→ H defined by
gs(x) = s(gx)h(x, g) (whenever both s(x) and s(gx) are defined). This function will be used in
various calculations below. We note for the interested reader that h satisfies the cocycle condition
h(x, g1g2) = h(g2x, g1)h(x, g2).

2.3 The Associated Vector Bundle

Feature spaces are defined as spaces of sections of the associated vector bundle, which we will now
define. In physics, a section of an associated bundle is simply called a field.

To define the associated vector bundle, we start with the principal H-bundle G
p−→ G/H , and

essentially replace the fibers (cosets) by vector spaces V . The space V ' Rn carries a group
representation ρ of H that describes the transformation behaviour of the feature vectors in V under a
change of frame. These features could for instance transform as a scalar, a vector, a tensor, or some
other geometrical quantity [2, 6, 8]. Figure 3 shows an example of a vector field (ρ(h) being a 2× 2
rotation matrix in this case) and a scalar field (ρ(h) = 1).

The first step in constructing the associated vector bundle is to take the product G× V . In the context
of representation learning, we can think of an element (g, v) of G× V as a feature vector v ∈ V and
an associated pose variable g ∈ G that describes how the feature detector was steered to obtain v.
For instance, in a Spherical CNN [10] one would rotate a filter bank by g ∈ SO(3) and match it with
the input to obtain v. If we apply a transformation h ∈ H to g and simultaneously apply its inverse
to v, we get an equivalent element (gh, ρ(h−1)v). In a Spherical CNN, this would correspond to a
change in orientation of the filters by h ∈ SO(2).

So in order to create the associated bundle, we take the quotient of the product G × V by this
action: A = G ×ρ V = (G × V )/H . In other words, the elements of A are orbits, defined as
[g, v] = {(gh, ρ(h−1)v) | h ∈ H}. The projection pA : A → G/H is defined as pA([g, v]) = gH .
One may check that this is well defined, i.e. independent of the orbit representative g of [g, v] =
[gh, ρ(h−1)v]. Thus, the associated bundle has base G/H and fiber V , meaning that locally it looks
like G/H × V . We note that the associated bundle construction works for any principal H-bundle,
nog just p : G→ G/H , which suggests a direction for further generalization [11].

A field (“stack of feature maps”) is a section of the associated bundle, meaning that it is a map
s : G/H → A such that πρ ◦ s = idG/H . We will refer to the space of sections of the associated
vector bundle as I. Concretely, we have two ways to encode a section: as functions f : G → V
subject to a constraint, and as local functions from U ⊆ G/H to V . We will now define both.

2.3.1 Sections as Mackey Functions

The construction of the associated bundle as a product G × V subject to an equivalence relation
suggests a way to describe sections concretely: a section can be represented by a function f : G→ V
subject to the equivariance condition

f(gh) = ρ(h−1)f(g). (1)
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Such functions are called Mackey functions. They provide a redundant encoding of a section of A,
by encoding the value of the section relative to any choice of frame / section of the principal bundle
simultaneously, with the equivariance constraint ensuring consistency.

A linear combination of Mackey functions is a Mackey function, so they form a vector space, which we
will refer to as IG. Mackey functions are easy to work with because they allow a concrete and global
description of a field, but their redundancy makes them unsuitable for computer implementation.

2.3.2 Local Sections as Functions on G/H

The associated bundle has base G/H and fiber V , so locally, we can describe a section as an
unconstrained function f : U → V where U ⊆ G/H is a trivializing neighbourhood (see Sec. 2.1).
We refer to the space of such sections as IC . Given a local section f ∈ IC , we can encode it as a
Mackey function through the following lifting isomorphism Λ : IC → IG:

[Λf ](g) = ρ(h(g)−1)f(gH),

[Λ−1f ′](x) = f ′(s(x)),
(2)

where h(g) = h(H, g) = s(gH)−1g ∈ H and s(x) ∈ G is a coset representative for x ∈ G/H .
This map is analogous to the lifting defined by [12] for scalar fields (i.e. ρ(h) = I), and can be
defined more generally for any principal / associated bundle [13].

2.4 The Induced Representation

The induced representation π = IndGH ρ describes the action of G on fields. In IG, it is defined as:

[πG(g)f ](k) = f(g−1k). (3)

In IC , we can define the induced representation πC on a local neighbourhood U as
[πC(g)f ](x) = ρ(h(g−1, x)−1)f(g−1x). (4)

Here we have assumed that h is defined at (g−1, x). If it is not, one would need to
change to a different section of G → G/H . One may verify, using the composition
law for h (Sec. 2.2), that Eq. 4 does indeed define a representation of G. Moreover,
one may verify that πG(g) ◦ Λ = Λ ◦ πC(g), i.e. they define isomorphic representations.

f(x) f(g−1x) ρ(g)f(g−1x)

Figure 5: The rotation of a planar vector
field in two steps: moving each vector to
its new position without changing its ori-
entation, and then rotating the vectors.

We can interpret Eq. 4 as follows. To transform a field,
we move the fiber at g−1x to x, and we apply a trans-
formation to the fiber itself using ρ. This is visualized
in Fig. 5 for a planar vector field. Some other exam-
ples include an RGB image (ρ(h) = I3), a field of wind
directions on earth (ρ(h) a 2×2 rotation matrix), a diffu-
sion tensor MRI image (ρ(h) a representation of SO(3)
acting on 2-tensors), a regular G-CNN on Z3 [14, 15]
(ρ a regular representation of H).

3 Equivariant Maps and Convolutions

Each feature space in a G-CNN is defined as the space of sections of some associated vector
bundle, defined by a choice of base G/H and representation ρ of H that describes how the fibers
transform. A layer in a G-CNN is a map between these feature spaces that is equivariant to the
induced representations acting on them. In this section we will show that equivariant linear maps can
always be written as a convolution-like operation using an equivariant kernel. We will first derive this
result for the induced representation realized in the space IG of Mackey functions, and then convert
the result to local sections of the associated vector bundle in Section 3.2. We will assume that G is
locally compact and unimodular.

Consider adjacent feature spaces i = 1, 2 with a representation (ρi, Vi) ofHi ≤ G. Let πi = IndGHi
ρi

be the representation acting on IiG. A bounded linear operator I1G → I2G can be written as

[κ · f ](g) =

∫

G

κ(g, g′)f(g′)dg′, (5)
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using a two-argument linear operator-valued kernel κ : G×G→ Hom(V1, V2), where Hom(V1, V2)
denotes the space of linear maps V1 → V2. Choosing bases, we get a matrix-valued kernel.

We are interested in the space of equivariant linear maps between induced representations, defined
as H = HomG(I1, I2) = {Φ ∈ Hom(I1, I2) |Φπ1(g) = π2(g)Φ, ∀g ∈ G}. In order for Eq. 5 to
define an equivariant map Φ ∈ H, the kernel κ must satisfy a constraint. By (partially) resolving this
constraint, we will show that Eq. 5 can always be written as a cross-correlation1

Theorem 3.1. (convolution is all you need) An equivariant map Φ ∈ H can always be written as a
convolution-like integral.

Proof. Since we are only interested in equivariant maps, we get a constraint on κ. For all u, g ∈ G:

[κ · [π1(u)f ]](g) = [π2(u)[κ · f ]](g)

⇔
∫

G

κ(g, g′)f(u−1g′)dg′ =

∫

G

κ(u−1g, g′)f(g′)dg′

⇔
∫

G

κ(g, ug′)f(g′)dg′ =

∫

G

κ(u−1g, g′)f(g′)dg′

⇔ κ(g, ug′) = κ(u−1g, g′)

⇔ κ(ug, ug′) = κ(g, g′)

(6)

Hence, without loss of generality, we can define the two-argument kernel κ(·, ·) in terms of a
one-argument kernel: κ(g−1g′) ≡ κ(e, g−1g′) = κ(ge, gg−1g′) = κ(g, g′).

The application of κ to f thus reduces to a cross-correlation:

[κ · f ](g) =

∫

G

κ(g, g′)f(g′)dg′ =

∫

G

κ(g−1g′)f(g′)dg′ = [κ ? f ](g). (7)

3.1 The Space of Equivariant Kernels

The constraint Eq. 6 implies a constraint on the one-argument kernel κ. The space of admissible
kernels is in one-to-one correspondence with the space of equivariant maps. Here we give three
different characterizations of this space of kernels. Detailed proofs can be found in Appendix B.
Theorem 3.2. H is isomorphic to the space of bi-equivariant kernels on G, defined as:

KG = {κ : G→ Hom(V1, V2) |κ(h2gh1) = ρ2(h2)κ(g)ρ1(h1),

∀g ∈ G, h1 ∈ H1, h2 ∈ H2}.
(8)

Proof. It is easily verified (see supp. mat.) that right equivariance follows from the fact that f ∈ I1G
is a Mackey function, and left equivariance follows from the requirement that κ ? f ∈ I2G should be a
Mackey function. The isomorphism is given by ΓG : KG → H defined as [ΓGκ]f = κ ? f .

The analogous result for the two argument kernel is that κ(gh2, g
′h1) should be equal to

ρ2(h−12 )κ(g, g′)ρ1(h1) for g, g′ ∈ G, h1 ∈ H1, h2 ∈ H2. This has the following interesting in-
terpretation: κ is a section of a certain associated bundle. We define a right-action of H1 ×H2 on
G×G by setting (g, g′)·(h1, h2) = (gh1, g

′h2) and a representation ρ12 ofH1×H2 on Hom(V1, V2)
by setting ρ12(h1, h2)Ψ = ρ2(h2)Ψρ1(h−11 ) for Ψ ∈ Hom(V1, V2). Then the constraint on κ(·, ·)
can be written as κ((g, g′)·(h1, h2)) = ρ12((h1, h2)−1)κ((g, g′)). We recognize this as the condition
of being a Mackey function (Eq. 1) for the bundle (G×G)×ρ12 Hom(V1, V2).

There is another another way to characterize the space of equivariant kernels:
Theorem 3.3. H is isomorphic to the space of left-equivariant kernels on G/H1, defined as:

KC = {←−κ : G/H1 → Hom(V1, V2) |←−κ (h2x) = ρ2(h2)←−κ (x)ρ1(h1(x, h2)−1),

∀h2 ∈ H2, x ∈ G/H1}
(9)

1As in most of the CNN literature, we will not be precise about distinguishing convolution and correlation.
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Proof. using the decomposition g = s(gH1)h1(g) (see Appendix A), we can define

κ(g) = κ(s(gH1)h1(g)) = κ(s(gH1)) ρ1(h1(g)) ≡ ←−κ (gH1)ρ1(h1(g)), (10)

This defines the lifting isomorphism for kernels, ΛK : KC → KG. It is easy to verify that when
defined in this way, κ satisfies right H1-equivariance.

We still have the left H2-equivariance constraint from Eq. 8, which translates to←−κ as follows (details
in supp. mat.). For g ∈ G, h2 ∈ H2 and x ∈ G/H1,

κ(h2g) = ρ2(h2)κ(g)⇔←−κ (h2x) = ρ2(h2)←−κ (x)ρ1(h1(x, h2)−1). (11)

Theorem 3.4. H is isomorphic to the space of Hγ(x)H1

2 -equivariant kernels on H2\G/H1:

KD = {κ̄ : H2\G/H1 → Hom(V1, V2) | κ̄(x) = ρ2(h)κ̄(x)ρx1(h)−1,

∀x ∈ H2\G/H1, h ∈ Hγ(x)H1

2 },
(12)

Where γ : H2\G/H1 → G is a choice of double coset representatives, and ρx1 is a representation of
the stabilizer Hγ(x)H1

2 = {h ∈ H2 |hγ(x)H1 = γ(x)H1} ≤ H1, defined as

ρx1(h) = ρ1(h1(γ(x)H1, h)) = ρ1(γ(x)−1hγ(x)), (13)

Proof. In supplementary material. For examples, see Section 6.

3.2 Local Sections on G/H

We have seen that an equivariant map between spaces of Mackey functions can always be realized as
a cross-correlation on G, and we have studied the properties of the kernel, which can be encoded as
a kernel on G or G/H1 or H2\G/H1, subject to the appropriate constraints. When implementing
a G-CNN, it would be wasteful to use a Mackey function on G, so we need to understand what it
means for fields realized by local functions f : U → V for U ⊆ G/H1. This is done by sandwiching
the cross-correlation κ? : I1G → I2G with the lifting isomorphisms Λi : IiC → IiG.

[Λ−12 [κ ? [Λ1f ]]](x) =

∫

G

κ(s2(x)−1s1(y))f(y)dy

=

∫

G/H1

←−κ (s2(x)−1y)ρ1(h1(s2(x)−1s1(y)))f(y)dy
(14)

Which we refer to as the ρ1-twisted cross-correlation on G/H1. We note that for semidirect product
groups, the ρ1 factor disappears and we are left with a standard cross-correlation on G/H1 with
an equivariant kernel ←−κ ∈ KC . We note the similarity of this expression to gauge equivariant
convolution as defined in [11].

3.3 Equivariant Nonlinearities

The network as a whole is equivariant if all of its layers are equivariant. So our theory would not be
complete without a discussion of equivariant nonlinearities and other kinds of layers. In a regular
G-CNN [1], ρ is the regular representation of H , which means that it can be realized by permutation
matrices. Since permutations and pointwise nonlinearities commute, any such nonlinearity can be
used. For other kinds of representations ρ, special equivariant nonlinearities must be used. Some
choices include norm nonlinearities [3] for unitary representations, tensor product nonlinearities [8],
or gated nonlinearities where a scalar field is normalized by a sigmoid and then multiplied by another
field [6]. Other constructions, such as batchnorm and ResNets, can also be made equivariant [1, 2].
A comprehensive overview and comparison over equivariant nonlinearities can be found in [7].
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4 Implementation

Several different approaches to implementing group equivariant CNNs have been proposed in the
literature. The implementation details thereby depend on the specific choice of symmetry group
G, the homogeneous space G/H , its discretization and the representation ρ. In any case, since the
equivariance constraints on convolution kernels are linear, the space of H-equivariant kernels is a
linear subspace of the unrestricted kernel space. This implies that it is sufficient to solve for a basis
of H-equivariant kernels, in terms of which any equivariant kernel can be expanded using learned
weights.

A case of high practical importance are equivariant CNNs on Euclidean spaces Rd. Implementations
mostly operate on discrete pixel grids. In this case, the steerable kernel basis is typically pre-sampled
on a small grid, linearly combined during the forward pass, and then used in a standard convolution
routine. The sampling procedure requires particular attention since it might introduce aliasing
artifacts [4, 6]. A more in depth discussion of an implementation of equivariant CNNs, operating on
Euclidean pixel grids, is provided in [7]. Alternatively to processing signals on a pixel grid, signals on
Euclidean spaces might be sampled on an irregular point cloud. In this case the steerable kernel space
is typically implemented as an analytical function, which is subsequently sampled on the cloud [5].

Implementations of spherical CNNs depend on the choice of signal representation as well. In [10],
the authors choose a spectral approach to represent the signal and kernels in Fourier space. The
equivariant convolution is performed by exploiting the Fourier theorem. Other approaches define
the convolution spatially. In these cases, some grid on the sphere is chosen on which the signal
is sampled. As in the Euclidean case, the convolution is performed by matching the signal with a
H-equivariant kernel, which is being expanded in terms of a pre-computed basis.

5 Related Work

In Appendix D, we provide a systematic classification of equivariant CNNs on homogeneous spaces,
according to the theory presented in this paper. Besides these references, several papers deserve
special mention. Most closely related is the work of [12], whose theory is analogous to ours, but only
covers scalar fields (corresponding to using a trivial representation ρ(h) = I in our theory). A proper
treatment of general fields as we do here is more difficult, as it requires the use of fiber bundles and
induced representations. The first use of induced representations and fields in CNNs is [2], and the
first CNN on a non-trivial homogeneous space (the Sphere) is [16].

A framework for (non-convolutional) networks equivariant to finite groups was presented by [17], and
equivariant set and graph networks are analyzed by [18–21]. Our use of fields (with ρ block-diagonal)
can be viewed as a formalization of convolutional capsules [22, 23]. Other related work includes
[24–31]. A preliminary version of this paper appeared as [32].

For mathematical background, we recommend [13, 33–37]. The study of induced representations and
equivariant maps between them was pioneered by Mackey [38–41], who rigorously proved results
essentially similar to the ones in this paper, though presented in a more abstract form that may not be
easy to recognize as having relevance to the theory of equivariant CNNs.

6 Concrete Examples

6.1 The rotation group SO(3) and spherical CNNs

The group of 3D rotations SO(3) is a three-dimensional manifold that can be parameterized by ZYZ
Euler angles α ∈ [0, 2π), β ∈ [0, π] and γ ∈ [0, 2π), i.e. g = Z(α)Y (β)Z(γ), (where Z and Y
denote rotations around the Z and Y axes). For this example we choose H = H1 = H2 = SO(2) =
{Z(α) |α ∈ [0, 2π)} as the group of rotations around the Z-axis, i.e. the stabilizer subgroup of the
north pole of the sphere. A left H-coset is then a subset of SO(3) of the form

gH = {Z(α)Y (β)Z(γ)Z(α′) |α′ ∈ [0, 2π)} = {Z(α)Y (β)Z(α′) |α′ ∈ [0, 2π)}.
Thus, the coset space G/H is the sphere S2, parameterized by spherical coordinates α and β. As
expected, the stabilizer Hx of a point x ∈ S2 is the set of rotations around the axis through x, which
is isomorphic to H = SO(2).
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Figure 6: Quotients of SO(3) and SE(3).

What about the double coset space (Appendix A.1)? The orbit of a point x(α, β) ∈ S2 under H is a
circle around the Z axis at lattitude β, so the double coset space H\G/H , which indexes these orbits,
is the segment [0, π) (see Fig. 6).

The section s : G/H → G may be defined (almost everywhere) as s(α, β) = Z(α)Y (β) ∈ SO(3),
and γ(β) = Y (β) ∈ SO(3). Then the stabilizer Hγ(β)H1

2 for β ∈ H\G/H is the set of Z-axis
rotations that leave the point γ(β)H1 = (0, β) ∈ S2 invariant. For the north and south pole (β = 0
or β = π), this stabilizer is all of H = SO(2), but for other points it is the trivial subgroup {e}.
Thus, according to Theorem 3.4, the equivariant kernels are matrix-valued functions on the segment
[0, π), that are mostly unconstrained (except at the poles). As functions on G/H1 (Theorem 3.3),
they are matrix-valued functions satisfying←−κ (rx) = ρ2(r)←−κ (x)ρ1(h1(x, r)−1) for r ∈ SO(2) and
x ∈ S2. This says that as a function on the sphere←−κ is determined on SO(2)-orbits {rx | r ∈ SO(2)}
(lattitudinal circles around the Z axis) by its value on one point of the orbit. Indeed, if ρ(h) = 1 is
the trivial representation, we see that←−κ is constant on these orbits, in agreement with [42] who use
isotropic filters. For ρ2 a regular representation of SO(2), we recover the non-isotropic method of
[10]. For segmentation tasks, one can use a trivial representation for ρ2 in the output layer to obtain a
scalar feature map on S2, analogous to [43]. Other choices, such as ρ the standard 2D representation
of SO(2), would make it possible to build spherical CNNs that can process vector fields, but this has
not been done yet.

6.2 The roto-translation group SE(3) and 3D Steerable CNNs

The group of rigid body motions SE(3) is a 6D manifold R3 o SO(3). We choose H = H1 = H2 =
SO(3) (rotations around the origin). A left H-coset is a set of the form gH = trH = {trr′ | r′ ∈
SO(3)} = {tr | r ∈ SO(3)} where t is the translation component of g. Thus, the coset space G/H
is R3. The stabilizer Hx of a point x ∈ R3 is the set of rotations around x, which is isomorphic
to SO(3). The orbit of a point x ∈ R3 is a spherical shell of radius ‖x‖, so the double coset space
H\G/H , which indexes these orbits, is the set of radii [0,∞).

Since SE(3) is a trivial principal SO(3) bundle, we can choose a global section s : G/H → G by
taking s(x) to be the translation by x. As double coset representatives we can choose γ(‖x‖) to
be the translation by (0, 0, ‖x‖). Then the stabilizer Hγ(‖x‖)H1

2 for ‖x‖ ∈ H\G/H is the set of
rotations around Z, i.e. SO(2), except for ‖x‖ = 0, where it is SO(3).

For any representations ρ1, ρ2, the equivariant maps between sections of the associated vector bundle
are given by convolutions with matrix-valued kernels on R3 that satisfy←−κ (rx) = ρ2(r)←−κ (x)ρ1(r−1)
for r ∈ SO(3) and x ∈ R3. This follows from Theorem 3.3 with the simplification h1(x, r) = r
for all r ∈ H , because SE(3) is a semidirect product (Appendix A.2). Alternatively, we can define←−κ in terms of κ̄, which is a kernel on H\G/H = [0,∞) satisfying κ̄(x) = ρ2(r)κ̄(x)ρ1(r) for
r ∈ SO(2) and x ∈ [0,∞). This is in agreement with the results obtained by [6].

7 Conclusion

In this paper we have developed a general theory of equivariant convolutional networks on homoge-
neous spaces using the formalism of fiber bundles and fields. Field theories are the de facto standard
formalism for modern physical theories, and this paper shows that the same formalism can elegantly
describe the de facto standard learning machine: the convolutional network and its generalizations.
By connecting this very successful class of networks to modern theories in mathematics and physics,
our theory provides many opportunities for the development of new theoretical insights about deep
learning, and the development of new equivariant network architectures.
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A General facts about Groups and Quotients

Let G be a group and H a subgroup of G. A left coset of H in G is a set gH = {gh | h ∈ H} for
g ∈ G. The cosets form a partition of G. The set of all cosets is called the quotient space or coset
space, and is denoted G/H . There is a canonical projection p : G → G/H that assigns to each
element g the coset it is in. This can be written as p(g) = gH . Fig. 7 provides an illustration for the
group of symmetries of a triangle, and the subgroup H of reflections.

The quotient space carries a left action of G, which we denote with ux for u ∈ G and x ∈ G/H .
This works fine because this action is associative with the group operation:

u(gH) = (ug)H. (15)

for u, g ∈ G. One may verify that this action is well defined, i.e. does not depend on the particular
coset representative g. Furthermore, the action is transitive, meaning that we can reach any coset
from any other coset by transforming it with an appropriate u ∈ G. A space like G/H on which G
acts transitively is called a homogeneous space for G. Indeed, any homogeneous space is isomorphic
to some quotient space G/H .

A section of p is a map s : G/H → G such that p ◦ s = idG/H . We can think of s as choosing a
coset representative for each coset, i.e. s(x) ∈ x. In general, although p is unique, s is not; there can
be many ways to choose coset representatives. However, the constructions we consider will always
be independent of the particular choice of section.

Although it is not strictly necessary, we will assume that s maps the coset H = eH of the identity to
the identity e ∈ G:

s(H) = e (16)
We can always do this, for given a section s′ with s′(H) = h 6= e, we can define the section
s(x) = h−1s′(hx) so that s(H) = h−1s′(hH) = h−1s′(H) = h−1h = e. This is indeed a section,
for p(s(x)) = p(h−1s′(hx)) = h−1p(s′(hx)) = h−1hx = x (where we used Eq. 15 which can be
rewritten as up(g) = p(ug)).

One useful rule of calculation is

(gs(x))H = g(s(x)H) = gx = s(gx)H, (17)

for g ∈ G and x ∈ G/H . The projection onto H is necessary, for in general gs(x) 6= s(gx). These
two terms are however related, through a function h : G/H ×G→ H , defined as follows:

gs(x) = s(gx)h(x, g) (18)

That is,
h(x, g) = s(gx)−1gs(x) . (19)

We can think of h(x, g) as the element of H that we can apply to s(gx) (on the right) to get gs(x).
The h function will play an important role in the definition of the induced representation, and is
illustrated in Fig. 7.

From the fiber bundle perspective, we can interpret Eq. 19 as follows. The group G can be viewed as
a principal bundle with base space G/H and fibers gH . If we apply g to the coset representative s(x),
we move to a different coset, namely the one represented by s(gx) (representing a different point
in the base space). Additionally, the fiber is twisted by the right action of h(x, g). That is, h(x, g)
moves s(gx) to another element in its coset, namely to gs(x).

The following composition rule for h is very useful in derivations:

h(x, g1g2) = s(g1g2x)−1g1g2s(x)

= [s(g1g2x)−1g1s(g2x)][s(g2x)−1g2s(x)]

= h(g2x, g1)h(x, g2)

(20)

For elements h ∈ H , we find:

h(H,h) = s(H)−1hs(H) = h. (21)

Also, for any coset x,

h(H, s(x)) = s(s(x)H)−1s(x)s(H) = s(H) = e. (22)
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Figure 7: A Cayley diagram of the group D3 of symmetries of a triangle. The group is generated
by rotations r and flips f . The elements of the group are indicated by hexagons. The red arrows
correspond to right multiplication by r, while the blue lines correspond to right multiplication by f .
Cosets of the group of flips (H = {e, f}) are shaded in gray. As always, the cosets partition the group.
As coset representatives, we choose s(H) = e, s(rH) = r, and s(r2H) = r2f . The difference
between s(rx) and rs(x) is indicated. For this choice of section, we must set h(x, r) = h(rH, r) = f ,
so that s(rx)h(x, r) = (r2f)(f) = r2 = rs(x).

Using Eq. 20 and 22, this yields,

h(H, s(x)h) = h(hH, s(x))h(H,h) = h, (23)

for any h ∈ H and x ∈ G/H .

For x = H , Eq. 19 specializes to:

g = gs(H) = s(gH)h(H, g) ≡ s(gH)h(g), (24)

where we defined
h(g) = h(H, g) = s(gH)−1g (25)

This shows that we can always factorize g uniquely into a part s(gH) that represents the coset of g,
and a part h(g) ∈ H that tells us where g is within the coset:

g = s(gH)h(g) (26)

A useful property of h(g) is that for any h ∈ H ,

h(gh) = s(ghH)−1gh = s(gH)−1gh = h(g)h. (27)

It is also easy to see that
h(s(x)) = e. (28)

When dealing with different subgroups H1 and H2 of G (associated with the input and output space
of an intertwiner), we will write hi for an element of Hi, si : G/Hi → G, for the corresponding
section, and hi : G/Hi ×G→ Hi for the h-function (for i = 1, 2).

A.1 Double cosets

A (H2, H1)-double coset is a set of the form H2gH1 for H2, H1 subgroups of G. The space of
(H2, H1)-double cosets is called H2\G/H1 ≡ {H2gH1 | g ∈ G}. As with left cosets, we assume a
section γ : H2\G/H1 → G is given, satisfying γ(H2gH1) ∈ H2gH1.

The double coset space H2\G/H1 can be understood as the space of H2-orbits in G/H1, that is,
H2\G/H1 = {H2x|x ∈ G/H1}. Note that although G acts transitively on G/H1 (meaning that
there is only one G-orbit in G/H1), the subgroup H2 does not. Hence, the space G/H1 splits into
a number of disjoint orbits H2x (for x = gH1 ∈ G/H1), and these are precisely the double cosets
H2gH1.

Of course, H2 does act transitively within a single orbit H2x, sending x 7→ h2x (both of which are in
H2x, for x ∈ G/H1). In general this action is not necessarily fixed point free which means that there

14

5.4. A General Theory of Equivariant CNNs on Homogeneous Spaces

209



may exist some h2 ∈ H2 which map the left cosets to themselves. These are exactly the elements in
the stabilizer of x = gH1, given by

Hx
2 = {h ∈ H2 |hx = x}

= {h ∈ H2 |hs1(x)H1 = s1(x)H1}
= {h ∈ H2 |hs1(x) ∈ s1(x)H1}
= {h ∈ H2 |h ∈ s1(x)H1s1(x)−1}
= s1(x)H1s1(x)−1 ∩H2.

(29)

Clearly, Hx
2 is a subgroup of H2. Furthermore, Hx

2 is conjugate to (and hence isomorphic to) the
subgroup s1(x)−1Hx

2 s1(x) = H1 ∩ s1(x)−1H2s1(x), which is a subgroup of H1.

For double cosets x ∈ H2\G/H1, we will overload the notation to Hx
2 ≡ Hγ(x)H1

2 . Like the coset
stabilizer, this double coset stabilizer can be expressed as

Hx
2 = γ(x)H1γ(x)−1 ∩H2 (30)

A.2 Semidirect products

For a semidirect product group G, such as SE(2) = R2 o SO(2), some things simplify. Let
G = N oH where H ≤ G is a subgroup, N ≤ G is a normal subgroup and N ∩H = {e}. For
every g ∈ G there is a unique way of decomposing it into nh where n ∈ N and h ∈ H . Thus, the
left H coset of g ∈ G depends only on the N part of g:

gH = nhH = nH (31)

It follows that for a semidirect product group, we can define the section so that it always outputs an
element of N ⊆ G, instead of a general element of G. Specifically, we can set s(gH) = s(nhH) =
s(nH) = n. It follows that s(nx) = ns(x) ∀n ∈ N, x ∈ G/H . This allow us to simplify
expressions involving h:

h(x, g) = s(gx)−1gs(x)

= s(gs(x)H)−1gs(x)

= s(gs(x)g−1︸ ︷︷ ︸
∈N

gH)−1gs(x)

=
(
gs(x)g−1 s(gH)

)−1
gs(x)

= s(gH)−1g

= h(g)

(32)

A.3 Haar measure

When we integrate over a group G, we will use the Haar measure, which is the essentially unique
measure dg that is invariant in the following sense:

∫

G

f(g)dg =

∫

G

f(ug)dg ∀u ∈ G. (33)

Such measures always exist for locally compact groups, thus covering most cases of interest [35].
For discrete groups, the Haar measure is the counting measure, and integration can be understood as
a discrete sum.

We can integrate over G/H by using an integral over G,
∫

G/H

f(x)dx =

∫

G

f(gH)dg. (34)
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B Proofs

B.1 Bi-equivariance of one-argument kernels on G

B.1.1 Left equivariance of κ

We want the result κ ? f (or κ · f ) to live in I2G, which means that this function has to satisfy the
Mackey condition,

[κ ? f ](gh2) = ρ2(h−12 )[κ ? f ](g)

⇔
∫

G

κ((gh2)−1g′)f(g′)dg′ = ρ2(h−12 )

∫

G

κ(g−1g′)f(g′)dg′

⇔ κ(h−12 g−1g′) = ρ2(h−12 )κ(g−1g′)

⇔ κ(h2g) = ρ2(h2)κ(g)

(35)

for all h2 ∈ H2 and g ∈ G.

B.1.2 Right equivariance of κ

The fact that f ∈ I1G satisfies the Mackey condition (f(gh) = ρ1(h)f(g) for h ∈ H1) implies a
symmetry in the correlation κ ? f . That is, if we apply a right-H1-shift to the kernel, i.e. [Rhκ](g) =
κ(gh), we find that

[[Rhκ] ? f ](g) =

∫

G

κ(g−1uh)f(u)du

=

∫

G

κ(g−1u)f(uh−1)du

=

∫

G

κ(g−1u)ρ1(h)f(u)du.

(36)

It follows that we can take (for h ∈ H1),

κ(gh) = κ(g)ρ1(h). (37)

B.2 Kernels on H2\G/H1

We have seen the space KC of H2-equivariant kernels on G/H1 appear in our analysis of both IG
and IC . Kernels in this space have to satisfy the constraint (for h ∈ H2):

←−κ (hy) = ρ2(h)←−κ (y)ρ1(h1(y, h)−1) (38)

Here we will show that this space is equivalent to the space

KD = {κ̄ : H2\G/H1 → Hom(V1, V2) | κ̄(x) = ρ2(h)κ̄(x)ρx1(h)−1,

∀x ∈ H2\G/H1, h ∈ Hγ(x)H1

2 },
(39)

where we defined the representation ρx1 of the stabilizer Hγ(x)H1

2 ,

ρx1(h) = ρ1(h1(γ(x)H1, h))

= ρ1(γ(x)−1hγ(x)),
(40)

with the section γ : H2\G/H1 → G being defined as in section A.1. To show the equivalence of KC
and KD, we define an ismorphism ΩK : KD → KC . We begin by defining Ω−1K :

κ̄(x) = [Ω−1K
←−κ ](x) =←−κ (γ(x)H1). (41)

We verify that for←−κ ∈ KC we have κ̄ ∈ KD. Let h ∈ Hγ(x)H1

2 , then

κ̄(x) =←−κ (γ(x)H1)

=←−κ (hγ(x)H1)

= ρ2(h)←−κ (γ(x)H1)ρ1(h1(γ(x)H1, h))−1

= ρ2(h)κ̄(x)ρx1(h)−1

(42)
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To define ΩK, we use the decomposition y = hγ(H2y)H1 for y ∈ G/H1 and h ∈ H2. Note that h
may not be unique, because H2 does not in general act freely on G/H1.
←−κ (y) = [ΩKκ̄](y) = [ΩKκ̄](hγ(H2y)H1) = ρ2(h)κ̄(H2y)ρ1(h1(γ(H2y)H1, h))−1. (43)

We verify that for κ̄ ∈ KD we have←−κ ∈ KC .
←−κ (h′y) =←−κ (h′hγ(H2y)H1)

= ρ2(h′h)κ̄(H2y)ρ1(h1(γ(H2y)H1, h
′h))−1

= ρ2(h′h)κ̄(H2y)ρ1(h1(hγ(H2y)H1, h
′)h1(γ(H2y)H1, h))−1

= ρ2(h′)ρ2(h)κ̄(H2y)ρ1(h1(γ(H2y)H1, h))−1ρ1(h1(hγ(H2y)H1, h
′))−1

= ρ2(h′)ρ2(h)κ̄(H2y)ρ1(h1(γ(H2y)H1, h))−1ρ1(h1(y, h′))−1

= ρ2(h′)←−κ (y)ρ1(h1(y, h′))−1

(44)

We verify that ΩK and Ω−1K are indeed inverses:

[ΩK[Ω−1K
←−κ ]](y) = [ΩK[Ω−1K

←−κ ]](hγ(H2y)H1)

= ρ2(h)[Ω−1K
←−κ ](H2y)ρ1(h1(γ(H2y)H1, h))−1

= ρ2(h)←−κ (γ(H2y)H1)ρ1(h1(γ(H2y)H1, h))−1

=←−κ (hγ(H2y)H1)

=←−κ (y).

(45)

In the other direction,

[Ω−1K [ΩKκ̄]](x) = [ΩKκ̄](γ(x)H1)

= [ΩKκ̄](γ(H2γ(x)H1)H1)

= ρ2(e)κ̄(H2γ(x)H1)ρ1(h1(γ(H2γ(x)H1)H1, e))
−1

= κ̄(x)

(46)

C Limitations of the Theory

The theory presented here is quite general but still has several limitations. Firstly, we only cover
fields over homogeneous spaces. Although fields can be defined over more general manifolds,
and indeed there has been some effort aimed at defining convolutional networks on general (or
Riemannian) manifolds [44], we restrict our attention to homogeneous spaces because they come
naturally equipped with a group action to which the network can be made equivariant. A more general
theory would not be able to make use of this additional structure.

For reasons of mathematical elegance and simplicity, the theory idealizes feature maps as fields over
a possibly continuous base space, but a computer implementation will usually involve discretizing
this space. A similar approach is used in signal processing, where discretization is justified by various
sampling theorems and band-limit assumptions. It seems likely that a similar theory can be developed
for deep networks, but this has not been done yet.
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D Classification of Equivariant CNNs

G H G/H ρ Reference
Z2 {1} Z2 regular Lecun 1990 [45]

p4, p4m C4, D4 Z2 regular Cohen 2016 [1],
" " " " Dieleman 2016 [46]

p4, p4m C4, D4 Z2 irrep & regular Cohen 2017 [2]
p6, p6m C6, D6 Z2 regular Hoogeboom 2018 [47]
Z3 oH D4, D4h, O,Oh Z3 regular Winkels 2018 [14]
Z3 oH V, T4, O Z3 regular Worrall 2018 [15]
R2o CN CN R2 regular Weiler 2017 [4]

" " " " Zhou 2017 [48]
" " " " Bekkers 2018 [49]
" " " irrep & regular Marcos 2017 [50]

SE(2) SO(2) R2 irrep Worrall 2017 [3]
R2oH ≤ E(2) O(2),SO(2), CN , DN R2 any representation Weiler 2019 [7]
R2o (R+, ∗) (R+, ∗) R2 regular & trivial Ghosh 2019 [51]

" " " regular Worrall 2019 [52]
" " " " Sosnovik 2019 [53]

SE(3) SO(3) R3 irrep Kondor 2018 [8]
" " " irrep & regular Thomas 2018 [5]
" " " irrep Weiler 2018 [6]
" " " irrep Kondor 2018 [54]
" " " irrep Anderson 2019 [55]

SO(3) SO(2) S2 regular Cohen 2018 [10]
" " " trivial Esteves 2018 [42]
" " " " Perraudin 2018 [56]
" " " irrep Jiang 2019 [57]
G H G/H trivial Kondor 2018 [12]

Table 1: A taxonomy of G-CNNs. Methods are classified by the group G they are equivariant to, the
subgroup H that acts on the fibers, the base space G/H to which the fibers are attached (implied by
G and H), and the type of field ρ (regular, irreducible or trivial).
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Abstract

How many training data are needed to learn a supervised task? It is often observed that the
generalization error decreases as n−β where n is the number of training examples and β an exponent
that depends on both data and algorithm. In this work we measure β when applying kernel methods
to real datasets. For MNIST we find β ≈ 0.4 and for CIFAR10 β ≈ 0.1, for both regression
and classification tasks, and for Gaussian or Laplace kernels. To rationalize the existence of non-
trivial exponents that can be independent of the specific kernel used, we study the Teacher-Student
framework for kernels. In this scheme, a Teacher generates data according to a Gaussian random field,
and a Student learns them via kernel regression. With a simplifying assumption — namely that the
data are sampled from a regular lattice — we derive analytically β for translation invariant kernels,
using previous results from the kriging literature. Provided that the Student is not too sensitive
to high frequencies, β depends only on the smoothness and dimension of the training data. We
confirm numerically that these predictions hold when the training points are sampled at random on
a hypersphere. Overall, the test error is found to be controlled by the magnitude of the projection
of the true function on the kernel eigenvectors whose rank is larger than n. Using this idea we
predict the exponent β from real data by performing kernel PCA, leading to β ≈ 0.36 for MNIST
and β ≈ 0.07 for CIFAR10, in good agreement with observations. We argue that these rather large
exponents are possible due to the small effective dimension of the data.

1 Introduction
In supervised learning machines learn from a finite collection of n training data, and their gener-

alization error is then evaluated on unseen data drawn from the same distribution. How many data
are needed to learn a task is characterized by the learning curve relating generalization error to n. In
various cases, the generalization error decays as a power law n−β , with an exponent β that depends on
both the data and the algorithm. In [1] β is reported for state-of-the-art (SOTA) deep neural networks
for various tasks: in for neural-machine translation β ≈ 0.3–0.36 (for fixed model size) or β ≈ 0.13
(for best-fit models at any n); language modeling shows β ≈ 0.06–0.09; in speech recognition β ≈ 0.3;
SOTA models for image classification (on ImageNet) have exponents β ≈ 0.3–0.5. Currently there is
no available theory of deep learning to rationalize these observations. Recently it was shown that for
a proper initialization of the weights, deep learning in the infinite-width limit [2] converges to kernel
learning. Moreover, it is nowadays part of the lore that there exist kernels whose performance is nearly
comparable to deep networks [3, 4], at least for some tasks. It is thus of great interest to understand the
learning curves of kernels. For regression, if the target function being learned is simply assumed to be
Lipschitz, then the best guarantee is β = 1/d [5, 6] where d is the data dimension. Thus for large d, β is
very small: learning is completely inefficient, a phenomenon referred to as the curse of dimensionality.
As a result, various works on kernel regression make the much stronger assumption that the training
points are sampled from a target function that belongs to the reproducing kernel Hilbert space (RKHS)
of the kernel (for Gaussian r [7]). With this assumption β does not depend on d (for instance in [8]
β = 1/2 is guaranteed). Yet, RKHS is a very strong assumption which requires the smoothness of the
target function to increase with d [6] (for Gaussian random fields see Appendix H), which may not be
realistic in large dimensions.
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In Section 3 we compute β empirically for kernel methods applied on MNIST and CIFAR10 datasets.
We find βMNIST ≈ 0.4 and βCIFAR10 ≈ 0.1 respectively. Quite remarkably, we observe essentially the
same exponents for regression and classification tasks, using either a Gaussian or a Laplace kernel. Thus
the exponents are not as small as 1/d (d = 784 for MNIST, d = 3072 for CIFAR10), but neither are
they 1/2 as one would expect under the RKHS assumption. These facts call for frameworks in which
assumptions on the smoothness of the data can be intermediary between Lipschitz and RKHS. Here we
study such a framework for regression, in which the target function is assumed to be a Gaussian random
field of zero mean with translation-invariant isotropic covariance KT (x). The data can equivalently be
thought as being synthesized by a “Teacher” kernel KT (x). Learning is performed with a “Student” kernel
KS(x) that minimizes the mean-square error. In general KT (x) 6= KS(x). In this set-up learning is very
similar to a technique referred to as kriging, or Gaussian process regression, originally developed in the
geostatistics community [9, 10].

To quantify learning, in Section 4 we first perform numerical experiments for data points distributed
uniformly at random on a hypersphere of varying dimension d, focusing on a Laplace kernel for the
Student, and considering a Laplace or Gaussian kernel for the Teacher. We observe that in both cases
β(d) is a decreasing function. In Section 5, to derive β(d) we consider the simplified situation where the
Gaussian random field is sampled at training points lying on a regular lattice. Building on the kriging
literature [10], we show that β is controlled by the high-frequency scaling of both the Teacher and Student
kernels: assuming that the Fourier transforms of the kernels decay as K̃T (w) = cT ||w||−αT + o (||w||−αT )
and K̃S(w) = cS ||w||−αS + o (||w||−αS ), we obtain

β =
1

d
min(αT − d, 2αS). (1)

Importantly (i) Eq. (1) leads to a prediction for β(d) that accurately matches our numerical study for
random training data points, leading to the conjecture that Eq. (1) holds in that case as well. We
offer the following interpretation: ultimately, kernel methods are performing a local interpolation whose
quality depends on the distance δ(n) between adjacent data points. δ(n) is asymptotically similar for
random data or data sitting on a lattice. (ii) If the kernel KS is not too sensitive to high-frequencies,
then learning is optimal as far as scaling is concerned and β = (αT − d)/d. We will argue that the
smoothness index s ≡ [(αT −d)/2] characterizes the number of derivatives of the target function that are
continuous. We thus recover the curse of dimensionality: s needs to be of order d to have non-vanishing
β in large dimensions.

We show that in some regime, the test error for Gaussian data is controlled by an exponent a
describing how the coefficients of the true function in the eigenbasis of the kernel decay with rank. We
estimate a by the kernel principal component analysis (kernel PCA) based on diagonalizing the Gram
matrix. This measure yields a prediction for the learning curve exponent β that matches the numerical
fit, with βMNIST ≈ 0.36 and βCIFAR10 ≈ 0.07. We show in Appendix I using the recent formalism of
[11], which does not assume Gaussianity but makes more technical assumptions, that the result of our
theorem Eq.1 is recovered, supporting further its validity for real data.

Finally, we discuss the following apparent paradox: β is significant for MNIST and CIFAR10, for
which d is a priori very large, leading to a smoothness value s in the hundreds in both cases, which
appears unrealistic. In Section 7 The paradox is resolved by considering that real datasets actually live
on lower-dimensional manifolds. As far as kernel learning is concerned, our findings support that the
correct definition of dimension should be based on how the nearest-neighbors distance δ(n) scales with
n: δ(n) ∼ n−1/deff . Direct measurements of δ(n) support that MNIST and CIFAR10 live on manifolds of
lower dimensions deff

MNIST ≈ 15 and deff
CIFAR10 ≈ 35.

2 Related works
Part of the literature has investigated the problem of kernel regression from a different point of view,

namely the optimal worst-case performance (see for instance [12, 13, 14]). The target function is not
assumed to be generated by a Gaussian random field, but its regularity is controlled using a source
condition that constrains the decay of its coefficients in the eigenbasis of the kernel. For uniform data
distributions and isotropic kernels this is similar to controlling how the Fourier transform of the target
function decays at high frequency. What we study in the present work is, on the contrary, the typical
performance. Indeed, it turns out that both the worst-case and the typical learning curve decay as power
laws, and the latter decays faster.
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The Teacher-Student framework for kernel regression was previously introduced in [15, 16], where a
formula for the learning curve was derived based on a few uncontrolled approximations. It is easy to show
that their results match the predictions of our theorem, although in [16] the case where the performance
is limited by the Student (αT − d > 2αS) is ignored. More recently, [11] generalized this approach using
similar approximations and extended it to kernel regression applied to any target function (or ensemble
thereof). Kernel PCA on MNIST was used to support that these approximations hold well on real data.
An asymptotic scaling relation between β and a was obtained, again the presence of other regimes was
not noted. By contrast we perform an exact calculations for the asymptotic behavior of Gaussian data on
a lattice. In Appendix I we show that the two approaches are consistent and lead to the same asymptotic
predictions for β.

Our set-up of Teacher-Student learning with kernels is also referred to as kriging, or Gaussian process
regression, and it was originally developed in the geostatistics community [9]. In Section 5 we present our
theorem, that allows one to know the rate at which the test error decreases as we increase the number of
training points, assumed to lie on a high-dimensional regular lattice. Similar results have been previously
derived in the kriging literature [10] when sampling occurs on the regular lattice with the exception of
the origin, where the inference is made. Here we propose an alternative derivation that some readers
might find simpler. We also study a slightly different problem: instead of computing the test error when
the inference is carried on at the origin, we compute the average error for a test point that lie at an
arbitrary point, sampled uniformly at random and not necessarily on the lattice. Then, in what follows
we show, via extensive numerical simulations, that such predictions are accurate even when the training
points do not lie on a regular lattice, but are taken at random on a hypersphere. An exact proof of our
result in such a general setting is difficult and cannot be found even in the kriging literature. To our
knowledge the results that get closer to the point are those discussed in [17], where the author studies
one-dimensional processes where the training data are not necessarily evenly spaced.

In this work the effective dimension of the data plays an import role, as it controls how the distance
between nearest neighbors scales with the dataset size. Of course, there exists a vast literature [18, 19,
20, 21, 22, 23, 24] devoted to the study of effective dimensions, where other definitions are analyzed. The
effective dimensions that we find are compatible with those obtained with more refined methods.

3 Learning curve for kernel methods applied to real data
In what follows we apply kernel methods to the MNIST and CIFAR10 datasets, each consisting of a

set of images (xµ)nµ=1. We simplify the problem by considering only two classes whose label Z(xµ) = ±1
correspond to odd and even numbers for MNIST, and to two groups of 5 classes in CIFAR10. The goal is
to infer the value of the label ẐS(x) of an image x that does not belong to the dataset. The S subscript
reminds us that inference is performed using a positive definite kernel KS . We perform inference in both
a regression and a classification setting. The following algorithms and associated results can be found
in [25].

Regression. Learning corresponds to minimizing a mean-square error:

min

n∑

µ=1

[
ẐS(xµ)− Z(xµ)

]2
. (2)

For algorithms seeking solutions of the form ẐS(x) =
∑
µ aµKS(xµ, x) ≡ a · kS(x) by minimizing the

man-square loss over the vector a, one obtains:

ẐS(x) = kS(x) ·K−1
S Z, (3)

where the vector Z contains all the labels in the training set, Z ≡ (Z(xµ))nµ=1, and KS,µν ≡ KS(xµ, xν)
is the Gram matrix. The Gram matrix is always invertible if the kernel KS is positive definite. The
generalization error is then evaluated as the expected mean-square error on unseen data, estimated by
averaging over a test set composed of ntest unseen data points:

MSE =
1

ntest

ntest∑

µ=1

[
ẐS(xµ)− Z(xµ)

]2
. (4)
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Classification. We perform kernel classification via the algorithm soft-margin SVM. The details can
be found in Appendix A. After learning from the training data with a student kernel KS , performance
is evaluated via the generalization error. It is estimated as the fraction of correctly predicted labels for
data points belonging to a test set with ntest elements.
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Figure 1: Learning curves for regression on MNIST and CIFAR10 ( top row); and for classification on
MNIST and CIFAR10 (bottom row). Curves are averaged over 400 runs. A power law is plotted to
estimate the asymptotic behavior at large n: the exponent is fitted on the last decade on the average of
the two curves, since it does not seem to depend significantly on the specific kernel or on the task. In each
setting we use both a Gaussian kernelK(x) ∝ exp(−||x||2/(2σ2)) and a Laplace oneK(x) ∝ exp(−||x||/σ),
with σ = 1000.

In Fig. 1 we present the learning curves for (binary) MNIST and CIFAR10, for regression and classifi-
cation. Learning is performed both with a Gaussian kernel K(x) ∝ exp(−||x||2/(2σ2)) and a Laplace one
K(x) ∝ exp(−||x||/σ). Remarkably, the power laws in the two tasks are essentially identical (although
the estimated exponent appears to be slightly larger, in absolute value, for classification). Moreover, the
two kernels display a very similar behavior, compatible with the same exponent: about −0.4 for MNIST
and −0.1 for CIFAR10. The presented data are for σ = 1000; in Appendix B we show that the same
behaviour is observed for different values.

4 Generalization scaling in kernel Teacher-Student problems
We study β in a simplified setting where the data is assumed to follow a Gaussian distribution

with known covariance. It falls into the class of teacher-Student problems, which are characterized
by a machine (the Teacher) that generates the data, and another machine (the Student) that tries to
learn from them. The Teacher-Student paradigm has been broadly used to study supervised learning
[26, 27, 15, 16, 28, 29, 30, 31, 32, 33]. He we restrict our attention to kernel methods: we assume that
a target function is distributed according to a Gaussian random field Z ∼ N (0,KT ) — the Teacher —
characterized by a translation-invariant isotropic covariance function KT (x, x′) = KT (||x−x′||), and that
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the training dataset consists the finite set of n observations Z = (Z(xµ))nµ=1. This is equivalent to saying
that the vector of training points follows a centered Gaussian distribution with a covariance matrix that
depends on KT and on the location of the points (xµ)nµ=1:

Z ∼ N (0,KT ) , where KT = (KT (xµ, xν))nµ,ν=1. (5)

Once the Teacher has generated the dataset, the rest follows as in the kernel regression described in
the previous section. We use another translation-invariant isotropic kernel KS(x, x′) — the Student
— to infer the value of the field at another point, ẐS(x), with a regression task, i.e. minimizing the
mean-square error in Eq. (2). The solution is therefore given again by Eq. (3).

Fig. 2 (a-b) shows the mean-square error obtained numerically. In the examples the Student is always
taken to be a Laplace kernel, and the Teacher is either a Laplace kernel or a Gaussian kernel. The points
(xµ)nµ=1 are taken uniformly at random on the unit d-dimensional hypersphere for several dimensions
d and for several dataset sizes n. We take σS = σT = d as we observed that with this choice smaller
datasets were enough to approach a limiting curve — in Appendix C we show the plots for the case
σS = σT = 10, which appears to converge to the same limit curve with increasing n, but at a smaller
pace. The figure shows that when n is large enough, the mean-square error behaves as a power law
(dashed lines) with an exponent that depends on the spatial dimension of the data, as well as on the
kernels. The fitted exponents are plotted in Fig. 2 (c-d) as a function of the spatial dimension d for
different dataset sizes n. In the next section we will discuss the theoretical prediction, that in the figure
is plotted a thick black line. The figure shows that as the dataset gets bigger, the asymptotic exponent
tends to our prediction. In Appendix D we present the learning curves of Gaussian Students with both
a Laplace and a Gaussian kernel. When both kernels are Gaussian the test error decays exponentially
fast, a result that matches our theoretical prediction. In Appendix E we also provide further numerical
results for the case where the Teacher kernel is a Matérn kernel (as defined therein).

5 Analytic asymptotics for the kernel Teacher-Student problem
on a lattice

In this section we compute analytically the exponent that describe the asymptotic decay of the
generalization error when the number n of training data increases. In order to derive the result we
assume that both the Teacher Gaussian random field lives on a bounded hypercube, x ∈ V ≡ [0, L]d,
where L is a constant and d is the spatial dimension. The fields and the kernels can then be thought
of as L-periodic along each dimension. Furthermore, to make the problem tractable we assume that
the points (xµ)nµ=1 live on a regular lattice, covering all the hypercube V. Therefore, the linear spacing
between neighboring points is δ = Ln−1/d. This is a different setting than the one used in the numerical
simulations presented in the previous section for which the data distribution if Gaussian, showing that
our results below are robust to such differences.

Generalization error is then evaluated via the typical mean-square error

EMSE = E
[
Z(x)− ẐS(x)

]2
, (6)

where the expectation is taken over both the Teacher process and the point x at which we estimate the
field, assumed to be uniformly distributed in the hypercube V. In Appendix F we prove the following:

Theorem 1. Let K̃T (w) = cT ||w||−αT + o (||w||−αT ) and K̃S(w) = cS ||w||−αS + o (||w||−αS ) as ||w|| →
∞, where K̃T (w) and K̃S(w) are the Fourier transforms of the kernels KT (x), KS(x) respectively,
assumed to be positive definite. We assume that K̃T (w) and K̃S(w) have a finite limit as ||w|| → 0
and that K(0) <∞. Then,

EMSE = n−β + o
(
n−β

)
with β =

1

d
min(αT − d, 2αS). (7)

Moreover, in the case of a Gaussian kernel the result holds valid if we take the corresponding exponent
to be α =∞.

Apart from the specific value of the exponent in Eq. (7), Theorem 1 implies that if the Student kernel
decays fast enough in the frequency domain, then β depends only on the data through the behaviour
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of the Teacher kernel at high frequencies. One then recovers β = (αT − d)/d, also found for the Bayes-
optimal setting where the Student is identical to the Teacher.

Consider the predictions of Theorem 1 in the cases presented in Fig. 2 (a-b) of Gaussian and Laplace
kernels. If both kernels are Laplace kernels then αT = αS = d+ 1 and EMSE ∼ n−1/d, which scales very
slowly with the dataset size in large dimensions. If the Teacher is a Gaussian kernel (αT =∞) and the
Student is a Laplace kernel then β = 2(1 + 1/d), leading to β → 2 as d→∞. In Fig. 2 (c-d) we compare
these predictions with the exponents extracted from Fig. 2 (a-b). We plot logEMSE/ log n ≡ −β, against
the dimension d of the data, varying the dataset size n. The exponents extracted numerically tend to
our analytical predictions when n is large enough.

Notice that, although the theory and the experiments do not assume the same distribution for the
sampling points (xµ)nµ=1, this does not seem to yield any difference in the asymptotic behavior of the
generalization error, leading to the conjecture that our predictions are exact even when the training set is
random, and does not correspond to a lattice. The conjecture can be proven in one dimension following
results of the kriging literature [17], but generalization to higher d is a much harder problem. Intuitively,
for kernel learning performs an expansion, whose quality is governed by the target function smoothness
and the typical distance δmin between a point and its nearest neighbors in the training set. Both for
random points or on a lattice, one has δmin ∼ n−1/d when n is large enough, thus both situations lead
to the same β. This is shown in Fig. 4 (left).

Theorem 1 underlines that kernel methods are subjected to the curse of dimensionality. Indeed for

Figure 2: Results for the Teacher-Student kernel regression problem, where the Student is always a
Laplace kernel. Data points are sampled uniformly at random on a d-dimensional hypersphere. (Top
row) Mean-square error versus the size of the training dataset, for Gaussian and Laplace Teachers and
for multiple spatial dimensions. Dotted lines are the fitted power laws — we fit starting from n = 700.
(Bottom row) Fitted exponent −β = logEMSE/ log n against the spatial dimension, for several dataset
sizes. We fit from n = 0 to a varying n (written in the legends). The thick black lines are the theoretical
predictions.
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appropriate students, one obtains β = (αT −d)/d. Let us define the smoothness index s ≡ [(αT −d)/2] =
βd/2, which must be O(d) to avoid β → 0 for large d. The two Lemmas below, derived in Appendix,
indicate that the target function is s time differentiable (in a mean-square sense). Thus learning with
kernels in very large dimension can only occur if the target function is O(d) times differentiable, a
condition that appears very restrictive in large d.

Lemma 1. Let K(x, x′) be a translation-invariant isotropic kernel such that K̃(w) = c||w||−α +
o (||w||−α) as ||w|| → ∞ and ||w||dK̃(w) → 0 as ||w|| → 0. If α > d + n for some n ∈ Z+, then
K(x) ∈ Cn, that is, it is at least n-times differentiable. (Proof in Appendix G).

Lemma 2. Let Z ∼ N (0,K) be a d-dimensional Gaussian random field, with K ∈ C2n being a
2n-times differentiable kernel. Then Z is n-times mean-square differentiable in the sense that

• derivatives of Z(x) are a Gaussian random fields;

• E∂n1
x1
· · · ∂ndxdZ(x) = 0;

• E∂n1
x1
· · · ∂ndxdZ(x) · ∂n

′
1

x1 · · · ∂n
′
d

xdZ(x′) = ∂
n1+n′1
x1 · · · ∂nd+n′d

xd K(x− x′) <∞ if the derivatives of K
exist.

In particular, E∂mxiZ(x) · ∂mxiZ(x′) = ∂2m
xi K(x− x′) <∞ ∀m ≤ n. (Proof in Appendix G).

Interpretation of Theorem 1: When the student does not limit performance, i.e. when 2αS > αT−d
and β = αT−d

d , we can interpret the result as follows. An isotropic Student kernel corresponds to a
Gaussian prior on the Fourier coefficients of the target function being learned. The student puts large
(low) power at low (high) frequencies, and it can then reconstruct a number of the order of n largest
Fourier coefficients, which corresponds to frequencies w of norm ||w|| ≤ 1/δ ∼ n1/d. Fourier coefficients
Z̃(w) at higher frequencies cannot be learned, and the mean square error is then simply of order of the
sum of the squares of these coefficients:

EMSE ∼
∑

||w||≥n1/d

|Z̃(w)|2 ∼
∑

||w||≥n1/d

||w||−αT ∼ n
d−αT
d ∼ n−β . (8)

6 Learning curve exponent of real data
Eq. (8) is not readily applicable to real data which are neither Gaussian nor uniformly distributed.

However it supports the following broader result: kernel methods can predict well of order n first coef-
ficients of the true function in the eigenbasis of the kernel, but not the following ones. For any student
kernel KS , let λ1 ≥ λρ ≥ . . . be its eigenvalues (positive and real, because of symmetry and positive
definiteness) and φρ(x) the associated eigenfunctions:

∫
ddy p(y)KS(x− y)φρ(y) = λρφρ(x), (9)

where p(x) is the density of the data points. Then the kernel can be decomposed in its eigenmodes:

KS(x− y) =
∑

ρ≥1

λρφρ(x)φρ(y). (10)

The eigenfunctions of K make a complete basis, and we can write any function Z(x) as

Z(x) =
∑

ρ

qρφρ(x). (11)

The generalization of our result then simply reads:

EMSE ∼
∑

ρ≥n
q2
ρ. (12)
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Assuming a power-law behavior q2
ρ ∼ ρ−a then leads to β = a− 1.

To extract the exponent a and test this prediction for real data, we first approximate the eigenvalue
equation Eq. (9) for the Student kernel with the diagonalization of its finite-dimensional Gram matrix
KS computed on a large dataset of size ñ:

KSφρ ∼ λρφρ, (13)

where now we have ñ eigenvalues λ1 ≥ · · · ≥ λñ and the eigenvectors φ
ρ
are ñ-dimensional eigenvectors.

Computing this diagonalization for a given training set is referred to (uncentered) kernel PCA. This
procedure is a discretized version of Eq. (10) and yields only an approximation to the largest ñ eigenvalues
of the kernel, that are exactly recovered as ñ→∞ (in Fig. 9 in Appendix J we show that the eigenvalues
of the Gram matrix converge when ñ increases, and that their density displays the power-law behavior
that one can extract from the kernel operator with a uniform distribution p(x)). The coefficient qρ is
then estimated by the scalar products

(
Z · φ

ρ

)
, where Z = (Z(x1), · · · , Z(xñ)) is the vector of the target

function’s values on the train set.
Finally, we approximate Eq. (12) as:

ñ∑

ρ=n

(
Z · φ

ρ

)2

. (14)

This quantity is plotted in Fig. 3, where we show that it correlates remarkably well with the true
learning curve. Fitting these cumulative curves whose exponent is 1− a for asymptotically large ñ (here
we plotted several curves for growing ñ) we extract an exponent aMNIST = 1.36 leading to β̂MNIST ≈ 0.36

and aCIFAR10 = 1.07 leading to β̂CIFAR10 ≈ 0.07 that are very close to the exponents that we measured
in Section 3.
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0.36
Regression

102 103 104
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4 × 10 1

6 × 10 1
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CIFAR10
n = 104

n = 3 103

n = 103

n = 3 102

0.07
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Figure 3: Several measures of the learning curves for MNIST (left) and CIFAR10 (right). In every plot,
the gray solid line is the numerical evaluation of the generalization error (shifted for clarity). Colored
lines are computed using Eq. (14) for several values of ñ, and the dashed black line is the a fit of the
power-law decay with which we extract the predicted exponents β̂MNIST ≈ 0.36 and β̂CIFAR10 ≈ 0.07.

Support for the genericity of Eq. (12) can be obtained from the recent paper [11], where the authors
derived a formula for the generalization error based on the decomposition of the target function on the
eigenbasis of the kernel. The formula is derived with uncontrolled approximations, but applies to a
generic target function (or ensembles thereof) and a generic data point distribution p(x), and matches
well their numerical experiments. In Appendix I we show that the asymptotic limit (large n) of their
formula yields Eq. (12). Furthermore, Eq.7 is recovered if a power-law decay of the coefficient of the true
function in the eigenbasis of the kernel is assumed- thus generalizing our result to non-Gaussian data.
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Figure 4: Average distance from one point to its nearest neighbor as a function of the dataset size n.
(Left) For random points on d-dimensional hypersphere, 〈δmin〉 ∼ n−1/d. Colored solid curves are found
numerically, dashed lines are the theoretical asymptotic prediction and the gray lines are numerical fit
(we fitted only starting from n ≈ 6000 to reduce finite size effects, and the fit have been rescaled to
match the data at n = 10). The larger d, the stronger the preasymptotic effects (a larger n is needed
to observe the predicted scaling). (Right) Comparison between random data on 15- and 35-dimensional
hyperspheres and the MNIST, CIFAR10 datasets. According to this definition of effective dimension,
MNIST live on a 15-dimensional manifold and CIFAR10 on a 35-dimensional one. Data have been
rescaled along the y-axis for ease of comparison.

7 Effective dimension of real data
Both our predictions and empirical observations support rather large values of β. From a Gaussian

random process point of view, it is surprising: the exponent β avoids the curse of dimensionality only
if the smoothness of the Teacher is of the order of the data dimension. If these observations were to
hold true also for real data, it would seem to imply that MNIST and CIFAR10 must be hundreds or
thousands of times differentiable! However, there is a simple catch: real data actually live on a manifold
of much lower dimensionality. Above we have argued that the quantity that governs the asymptotic
learning curve is the typical distance δmin between neighboring points in the training set. A simple way
to measure the effective dimension deff of real data consists then in plotting the (asymptotic) dependence
of δmin on the number of points n in a random subset of the dataset, and fitting

δmin ∼ n−1/deff . (15)

In Fig. 4 (right) we show that for MNIST and CIFAR10 there is indeed a power-law relation linking δmin

to n, and that the effective dimension extracted this way is much smaller than the embedding dimension
of the datasets:

dMNIST
eff ≈ 15� 784 = dMNIST, (16)

dCIFAR10
eff ≈ 35� 3072 = dCIFAR10. (17)

This measure is consistent with previous extrapolations of the intrinsic dimension of MNIST [19, 20, 22,
23].

8 Conclusion
In this work we have shown for CIFAR10 and MNIST respectively that kernel regression and clas-

sification display a power-law decay in the learning curves, quite remarkably with essentially the same
exponent β regardless of task and kernel — a fact yet to be explained. These exponents are much larger
than β = 1/d expected for Lipschitz target functions and smaller than β = 1/2 expected for RKHS
target functions.

This observation led us to study a Teacher-Student framework for regression in which data are modeled
as Gaussian random fields of varying smoothness, in which intermediary values of β are obtained. We
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find two regimes depending on the respective smoothness of the Teacher and Student kernels. If the
student is smooth enough — i.e. it puts a sufficiently low prior on high frequency components — then β
is entirely controlled by the Teacher. We obtain that the smoothness index must scale with the dimension
for β to be finite as d→∞, recovering the curse of dimensionality.

In our calculations, the dimension enters as the parameter relating the number of points to the
nearest-neighbor distance δ ∼ n−1/d. Thus in practice the parameter d considered should be the effective
dimension deff of the data, which is much smaller than the number of pixels for MNIST and CIFAR
data. It explains why β is not very small in these cases.

Finally, for Gaussian fields our result is equivalent to the statement that β is governed by the power
of the true function past the first ∼ n eigenvectors of the kernel. We test this more general idea both for
CIFAR and MNIST and find that it correctly predicts β. Understanding what controls this power in a
general setting (which include the effective dimension of the data and presumably a generalized quantity
characterizing smoothness) thus appears necessary to understand how many data are required to learn
a task.
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A Soft-margin Support Vector Machines
The kernel classification task is performed via the algorithm known as soft-margin Support Vector

Machine.
We want to find a function ẐS(x) such that its sign correctly predicts the label of the data. In this

context we model such a function as a linear prediction after projecting the data on a feature space via
x→ φ(x):

ẐS(x) = w · φ
S

(xµ) + b, (18)

where w, b are parameters to be learned from the training data. The kernel is related to the feature space
via KS(x, x′) = φ

S
(x) ·φ

S
(x′). We require that Z(xµ)ẐS(xµ) > 1− ξµ for all training points. Ideally we

want to have some large margins 1− ξµ = 1, but we allow some of them to be smaller by introducing the
slack variables ξµ and penalizing large values. To achieve this the following constrained minimization is
performed:

min
w,b,ξ

1

2
||w||2 + C

∑

µ

ξµ subjected to ∀µ Z(xµ)
[
w · φ

S
(xµ) + b

]
≥ 1− ξµ, ξµ ≥ 0. (19)

This problem can be expressed in a dual formulation as

min
a

1

2
a ·QSa−

n∑

µ=1

aµ subjected to Z · a = 0, 0 ≤ aµ ≤ C, (20)

where QS,µ,ν = Z(xµ)Z(xν)KS(xµ, xν) and Z is the vector of the labels of the training points. Here C
(= 104 in our simulations) controls the trade-off between minimizing the training error and maximizing
the margins 1 − ξµ. For the details we refer to [25]. If a? is the solution to the minimization problem,
than

w? =
∑

µ

a?µφS(xµ), (21)

b? = Z(xµ)−
∑

ν

aνyνKS(xµ, xν) for any µ such that aµ < C. (22)

The predicted label for unseen data points is then

sign(ẐS(x)) = sign(
∑

µ

Z(xµ)aµKS(xµ, x) + b?) (23)

The generalization error is now defined as the probability that an unseen image has a predicted label
different from the true one, and such a probability is again estimated as an average over a test set with
ntest elements:

Error =
1

ntest

ntest∑

µ=1

θ
[
−sign

(
ẐS(xµ)

)
Z(xµ)

]
. (24)

B Different kernel variances
In Fig. 5 we show the learning curves for kernel regression on the MNIST (parity) dataset — the

same setting as in Fig. 1 (a). Several Laplace kernels of varying variance σ are used. The variance
ranges several orders of magnitude and the learning curves all decay with the same exponent, although
for σ = 10 the algorithm achieves suboptimal performance and the test errors are increased by some
factor.

C Different choice of kernel variances
In Fig. 6 we show the learning curves for the Teacher-Student kernel regression problem, with a

Student kernel that is always Laplace and a Teacher that can be either Gaussian or Laplace. We show
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Figure 5: Learning curves for kernel regression on the MNIST dataset. Regression is performed with
several Laplace kernels of varying variance σ ranging from σ = 10 to σ = 10000.

how the test error decays with the size of the training dataset and how the asymptotic exponent depends
on the spatial dimension. Every experiment is run with two different choices of the kernel variances: in
one case σT = σS = d and in the other σT = σS = 10. We observed that scaling the variances with the
spatial dimension leads faster to the results that we predicted in this paper, but overall the choice has
little effect on the exponents (both tend towards the prediction as the dataset size is increased).

D Gaussian Students
In this appendix we present the learning curves of Gaussian Students: the Fourier transform of these

kernels decays faster than any power law and one can effectively consider αS = ∞. If the Teacher is
Laplace (αT = d+1) then the predicted exponent is finite and takes the values β = 1

d min(αT −d, 2αS) =
1
d min(1,∞) = 1

d . Such a case is displayed in Fig. 7 (left) in dimension d = 6. However, if we consider
the Teacher to be Gaussian as well, then the predicted exponent would be β = 1

d min(∞,∞) =∞. This
case corresponds to Fig. 7 (center): the test errors decays faster than a power law. In Fig. 7 (right) we
compare the case where both kernels are Gaussian to the case where both kernels are Laplace: while the
latter decays as a power law, the former decays much faster.
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Figure 6: In these plots we show the results for the Teacher-Student kernel regression. The Student is
always a Laplace kernel, the Teacher is either Gaussian or Laplace. The four plots on the left depict the
mean-square error against the size of the dataset for different spatial dimensions of the data, those on
the right show the fitted asymptotic exponent against the spatial dimension for different dataset sizes.
For every case we show both the the results for σT = σS = d and σT = σS = 10.
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Figure 7: Left: The test error of a Laplace Teacher (αT = d + 1) with a Gaussian Student (αS = ∞)
decays as a power law with the predicted exponent β = 1

d min(1,∞) = 1
6 in d = 6 dimensions. Center:

When both the Teacher and the Student are Gaussian the test error decays faster than any power law
as the number n of data is increased. This plot confirm this by showing that the logarithm of the test
error decays linearly as a function of n

1
3 . Right: Comparison between the learning curves for the cases

where both kernels are either Laplace (top blue line) or Gaussian (bottom orange line). While the former
decays algebraically with the predicted exponent, the latter decays exponentially, in agreement with the
prediction β = ∞ found within our framework. In all these plots we have taken the variances of both
the Teacher and Student kernels to be equal to the dimension d = 6.

E Matérn Teachers
To further test the applicability of our theory, we show here some numerical simulations for a Teacher

kernel that is a Matérn covariance function and a Laplace kernel as student. We ran the simulations in
1d: the data points are sampled uniformly on a 1-dimensional circle embedded in R2. Matérn kernels
are parametrized by a parameter ν > 0:

KT (x) =
21−ν

Γ(ν)
zνKν(z), (25)

where z =
√

2ν ||x||σ (σ being the kernel variance), Γ is the gamma function and Kν is the Bessel function
of the second kind with parameter ν. Interestingly we recover the Laplace kernel for ν = 1/2 and the
Gaussian kernel for ν =∞. As one can find in e.g. [34], the exponent αT that governs the decay at high
frequency of this kernels is αT = d+ 2ν. Varying ν we can change the smoothness of the target function.

For d = 1 our prediction for the learning curve exponent β is

β =
1

d
min(αT − d, 2αS) = min(2ν, 4). (26)

In Fig. 8 we verify that our prediction matches the numerical results.

F Proof of theorem
We prove here Theorem 1:
Theorem 1 Let K̃T (w) = cT ||w||−αT +o (||w||−αT ) and K̃S(w) = cS ||w||−αS +o (||w||−αS ) as ||w|| → ∞,

where K̃T (w) and K̃S(w) are the Fourier transforms of the kernels KT (x), KS(x) respectively, assumed
to be positive definite. We assume that K̃T (w) and K̃S(w) have a finite limit as ||w|| → 0 and that
K(0) <∞. Then,

EMSE = n−β + o
(
n−β

)
with β =

1

d
min(αT − d, 2αS). (27)

Moreover, in the case of a Gaussian kernel the result holds valid if we take the corresponding exponent
to be α =∞.

Proof. Our strategy is to compute how the mean-square test error scales with distance δ between two
nearest neighbors on the d-dimensional regular lattice. At the end, we will use the fact that δ ∝ n−1/d,
where n is the number of sampled points on the lattice.
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Figure 8: Mean-squared error for Matérn Teacher kernels and Laplace students. The variance of the
kernels is equal to 2 for all the curves.

We denote by F̃ (w) the Fourier transform of a function F : V → R:

F̃ (w) = L−
d/2

∫

V
dx e−iw·xF (x), where w ∈ L ≡ 2π

L
Zd, (28)

F (x) = L−
d/2
∑

w∈L
eiw·xF̃ (w). (29)

If Z ∼ N (0,K) is a Gaussian field with translation-invariant covariance K then by definition

EZ(x)Z(x′) = K(x− x′). (30)

Properties of the Fourier transform of a Gaussian field:

K̃(w) = K̃(−w) ∈ R, (31)

EZ̃(w) = 0, (32)

EZ̃(w)Z̃(w′) = L
d/2δww′K̃(w). (33)

Eq. (31) comes from the fact that K(x) is an even, real-valued function. The real and imaginary parts
of Z̃(w) are Gaussian random variables. They are all independent except that Z̃(−w) = Z̃(w). Eq. (33)
follows from the fact that Z(x) and K(x) are L-periodic functions, and therefore eiw·xK̃(w) is the Fourier
transform of K(·+ x) if w ∈ 2π

L Zd. #
The solution Eq. (3) for kernel regression has two interpretations. In Section 4 we introduced it as the

quantity that minimizes a quadratic error, but it can also be seen as the maximum-a-posteriori (MAP)
estimation of another formulation of the problem [34]. The field Z(x) is assumed to be drawn from a
Gaussian distribution with covariance function KS(x): KS therefore plays a role in the prior distribution
of the data Z = (Z(xµ)nµ=1). Inference about the value of the field ẐS(x) at another location is then
performed by maximizing its posterior distribution,

ẐS(x) ≡ arg max P (Z(x)|Z) . (34)

Such a posterior distribution is Gaussian, and its mean — and therefore also the value that maximizes
the probability — is exactly Eq. (3):

ẐS(x) = kS(x) ·K−1
S Z, (35)
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where where Z =
(
Z(xµ)

)n
µ=1

are the training data, kS(x) =
(
KS(xµ, x)

)n
µ=1

andKS =
(
KS(xµ, xν)

)n
µ,ν=1

is the Gram matrix, that is invertible since the kernel KS is assumed to be positive definite. By Fourier
transforming this relation we find

Z̃S(w) = Z̃?(w)
K̃S(w)

K̃?
S(w)

, (36)

where we have defined F ?(w) ≡∑n∈Zd F
(
w + 2πn

δ

)
for a generic function F .

Another way to reach Eq. (36) is to consider that we are observing the quantities

Z̃?(w) ≡ δdL−d/2
∑

x∈lattice

e−iw·xZ(x) ≡
∑

n∈Zd
Z̃

(
w +

2πn

δ

)
. (37)

Given that we know the prior distribution of the Fourier components on the right-hand side in Eq. (37),
we can infer their posterior distribution once their sums are constrained by the value of Z̃?(w), and it is
straightforward to see that we recover Eq. (36).

The mean-square error can then be written using the Parseval-Plancherel identity,

EMSE = L−dE
∫

V
dx [Z(x)− ẐS(x)]2 = L−dE

∑

w∈L

∣∣∣∣∣Z̃(w)− Z̃?(w)
K̃S(w)

K̃?
S(w)

∣∣∣∣∣

2

. (38)

By taking the expectation value with respect to the Teacher and using Eq. (31)-Eq. (33) we can write
the mean-square error as

EMSE = L−dE
∑

w∈L

[
Z̃(w)Z̃(w)− 2Z̃(w)Z̃?(w)

K̃S(w)

K̃?
S(w)

+ Z̃?(w)Z̃?(w)
K̃2
S(w)

K̃?
S

2
(w)

]
=

= L−dE
∑

w∈L
Z̃(w)Z̃(w)− 2

K̃S(w)

K̃?
S(w)

∑

n∈Zd
Z̃(w)Z̃

(
w +

2πn

δ

)
+

+
K̃2
S(w)

K̃?
S

2
(w)

∑

n,n′∈Zd
Z̃

(
w +

2πn

δ

)
Z̃

(
w +

2πn′

δ

)
=

= L−
d/2
∑

w∈L
K̃T (w)− 2

K̃S(w)

K̃?
S(w)

K̃T (w) +
K̃2
S(w)

K̃?
S

2
(w)

∑

n∈Zd
K̃T

(
w +

2πn

δ

)
=

= L−
d/2

∑

w∈L∩B
K̃?
T (w)− 2

[K̃T K̃S ]?(w)

K̃?
S(w)

+
K̃?
T (w)[K̃2

S ]?(w)

K̃?
S(w)2

, (39)

where B =
[
−πδ , πδ

]d is the Brillouin zone.
At high frequencies, K̃T (w) = cT ||w||−αT + o (||w||−αT ) and K̃S(w) = cS ||w||−αS + o (||w||−αS ). There-

fore:

K̃?
T (w) = K̃T (w) + δαT cT

∑

n∈Zd\{0}
||wδ + 2πn||−αT + o

(
||w||−αT

)
≡

≡ K̃T (w) + δαT cT ψT (wδ) + o
(
||w||−αT

)
. (40)

This equation defines the function ψT , and a similar equation holds for the Student as well. The
hypothesis KT (0) ∝

∫
dw K̃T (w) < ∞ implies αT > d and therefore

∑
n∈Zd ||n||−αT < ∞ (and likewise

for the Student). Then, ψαT (0), ψαS (0) are finite; furthermore, the w’s in the sum Eq. (39) are at most
of order O

(
δ−1
)
, therefore the terms ψα(wδ) are O(δ0) and do not influence how Eq. (39) scales with δ.

Applying Eq. (40), expanding for δ � 1 and keeping only the leading orders, we find

EMSE =

= L−
d/2


 ∑

w∈L∩B
2cTψαT (wδ)δαT + c2Sψ2αS (wδ)

K̃T (w)

K̃2
S(w)

δ2αS + o
(
||w||−αT

)
+ o

(
||w||−2αS

)

 =

= L−
d/2


 ∑

w∈L∩B
2cTψαT (wδ)δαT + c2Sψ2αS (wδ)

K̃T (w)

K̃2
S(w)

δ2αS


+ o

(
||w||−αT−d

)
+ o

(
||w||−2αS−d) . (41)
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We have neglected terms proportional to, for instance, δαT+αS , since they are subleading with respect
to δαT , but we must keep both δαT and δαS since we do not know a priori which one is dominant. The
additional term δ−d in the subleading terms comes from the fact that |L ∩ B| = O

(
δ−d
)
.

The first term in Eq. (41) is the simplest to deal with: since ||wδ|| is smaller than some constant for
all w ∈ L ∩ B and the function ψαT (wδ) has a finite limit, we have

δαT
∑

w∈L∩B
2cTψαT (wδ) = O (δαT |L ∩ B|) = O

(
δαT−d

)
. (42)

We then split the second term in Eq. (41) in two contributions:

Small ||w|| We consider “small” all the terms w ∈ L ∩ B such that ||w|| < Γ, where Γ� 1 is O(δ0) but
large. As δ → 0, ψ2αS (wδ)→ ψ2αS (0) which is finite because K(0) <∞. Therefore

δ2αS
∑

w∈L∩B
||w||<Γ

c2Sψ2αS (wδ)
K̃T (w)

K̃2
S(w)

→ δ2αSc2Sψ2αS (0)
∑

w∈L∩B
||w||<Γ

K̃T (w)

K̃2
S(w)

. (43)

The summand is real and strictly positive because the positive definiteness of the kernels implies that
their Fourier transforms are strictly positive. Moreover, as δ → 0, L ∩ B ∩ {||w|| < Γ} → L ∩ {||w|| < Γ},
which contains a finite number of elements, independent of δ. Therefore

δ2αS
∑

w∈L∩B
||w||<Γ

c2Sψ2αS (wδ)
K̃T (w)

K̃2
S(w)

= O
(
δ2αS

)
. (44)

Large ||w|| “Large” w are those with ||w|| > Γ: we recall that Γ� 1 is O(δ0) but large. This allows us
to approximate K̃T , K̃S in the sum with their asymptotic behavior:

δ2αS
∑

w∈L∩B
||w||>Γ

c2Sψ2αS (wδ)
K̃T (w)

K̃2
S(w)

∝ δ2αS
∑

w∈L∩B
||w||>Γ

||w||−αT+2αS + o
(
||w||−αT+2αS

)
≈

≈ δ2αS

∫ 1/δ

Γ

dwwd−1−αT+2αS + o
(
||w||−αT+2αS

)
= O

(
δmin(αT−d,2αS)

)
. (45)

Finally, putting Eq. (42), Eq. (44) and Eq. (45) together,

EMSE = O
(
δmin(αT−d,2αS)

)
. (46)

The proof is concluded by considering that δ = O
(
n−1/d

)
.

In the case of a Gaussian kernel K(x) ∝ exp(−||x||2/(2σ2)) — and therefore K̃(w) ∝ exp(−σ2||w||2/2)
— one has to redo the calculations starting from Eq. (39), but the final result can be easily recovered by
taking the limit α→ +∞ (Gaussian kernels decay faster than any power law).

G Proofs of lemmas
Lemma 1 Let K(x, x′) be a translation-invariant isotropic kernel such that K̃(w) = c||w||−α +

o (||w||−α) as ||w|| → ∞ and ||w||dK̃(w)→ 0 as ||w|| → 0. If α > d+n for some n ∈ Z+, then K(x) ∈ Cn,
that is, it is at least n-times differentiable.

Proof. The kernel is rotational invariant in real space (K(x) = K(||x||)) and therefore also in the frequency
domain. Then, calling ε̂1 = (1, 0, . . . ) the unitary vector along the first dimension x1,

K(x) ∝
∫

dw eiw·ε̂1xK̃(||w||). (47)
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It follows that

|∂mK(x)| ∝
∣∣∣∣
∫

dw (w · ε̂1)meiw·ε̂1xK̃(||w||)
∣∣∣∣ <

∫
dw |w · ε̂1|m|K̃(||w||)| ∝

∝
∫ ∞

0

dwwd−1+m|K̃(w)|
∫ π

0

dφ1| cos(φ1)|m ∝
∫ ∞

0

dwwd−1+m|K̃(w)|. (48)

We want to claim that this quantity is finite if m ≤ n. Convergence at infinity requires m < α − d,
that is always smaller than or equal to n because of the hypothesis of the lemma. Convergence in zero
requires that wd+m|K̃(w)| → 0, and we want this to hold for all 0 ≤ m < α − d, the most constraining
one being the condition with m = 0.

Lemma 2 Let Z ∼ N (0,K) be a d-dimensional Gaussian random field, with K ∈ C2n being a
2n-times differentiable kernel. Then Z is n-times differentiable in the sense that

• derivatives of Z(x) are a Gaussian random fields;

• E∂n1
x1
· · · ∂ndxdZ(x) = 0;

• E∂n1
x1
· · · ∂ndxdZ(x) ·∂n

′
1

x1 · · · ∂n
′
d

xdZ(x′) = ∂
n1+n′1
x1 · · · ∂nd+n′d

xd K(x−x′) <∞ if the derivatives of K exist.

In particular, E∂mxiZ(x) · ∂mxiZ(x′) = ∂2m
xi K(x− x′) <∞ ∀m ≤ n.

Proof. Derivatives of Z(x) are defined as limits of sums and differences of the field Z evaluated at different
points, therefore they are Gaussian random fields too, and furthermore it is straightforward to see that
their expected value is always 0 if the field itself is zero centered.

The correlation can be computed via induction. Assume that E∂n1
x1
· · · ∂ndxdZ(x) · ∂n

′
1

x1 · · · ∂n
′
d

xdZ(x′) =

∂
n1+n′1
x1 · · · ∂nd+n′d

xd K(x− x′) holds true. Then, if we increment n1:

E∂n1+1
x1

· · · ∂ndxdZ(x) · ∂n
′
1

x1 · · · ∂n
′
d

xdZ(x′) =

= lim
h→0

h−1E
[
∂n1
x1
· · · ∂ndxdZ(x+ hε̂1)− ∂n1

x1
· · · ∂ndxdZ(x)

]
· ∂n

′
1

x1 · · · ∂n
′
d

xdZ(x′) =

= lim
h→0

h−1
[
∂
n1+n′1
x1 · · · ∂nd+n′d

xd K(x− x′ + hε̂1)− ∂n1+n′1
x1 · · · ∂nd+n′d

xd K(x− x′)
]

=

= ∂
n1+1+n′1
x1 · · · ∂nd+n′d

xd K(x− x′). (49)

Of course by symmetry the same can be said about the increase of any other exponent. To conclude the
induction proof we simply recall that by definition EZ(x)Z(x′) = K(x− x′).

H RKHS hypothesis ans smoothness
It is important to note the high degree of smoothness underlying the RKHS hypothesis. Consider for

instance realizations Z(x) of a Teacher Gaussian process with covariance KT and assume that they lie
in the RKHS of the Student kernel KS (notice that they never belong to the RKHS of the same kernel
KT ), namely

E||Z||2KS = E
∫

dxd yZ(x)K−1
S (x− y)Z(y) =

∫
dw K̃T (w)K̃−1

S (w) <∞. (50)

If the Teacher and Student kernels decay in the frequency domain with exponents αT and αS respectively,
convergence requires αT > αS+d, andKS(0) ∝

∫
dw K̃S(w) <∞ (true for many commonly used kernels)

implies αS > d. Then using Lemma 1 and Lemma 2 we can conclude that the realizations Z(x) must be
at least bd/2c-times mean-square differentiable to be RKHS.
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I Asymptotic limit of the PDE approximation
In this appendix we show how to recover the prediction of Theorem 1 using the approach presented

in [11], that can be applied to a generic target function (not necessarily Gaussian nor evaluated only on
a regular lattice). They derive their main formula, that we write below, by computing the amount of
generalization error due to each eigenmode of the (Student) kernel. In order to carry out the calculations
they introduce a partial differential equation that they solve with two different approximations.

In the following we denote by λ1 ≥ · · · ≥ λρ ≥ · · · the eigenvalues of the kernel, and by φρ(x) the
corresponding eigenfunctions. In [11] they show that the generalization error can be written as:

EMSE =
∑

ρ

Eρ(n), (51)

Eρ(n) =
∑

ρ

Ew2
ρ

λρ

(
1

λρ
+

n

t(n)

)−2(
1− nγ(n)

t(n)2

)−1

, (52)

γ(n) =
∑

ρ

λ2
ρ(

1 + λρ
n
t(n)

)2 , (53)

t(n) =
∑

ρ

λρ
1 + λρ

n
t(n)

. (54)

The term Ew2
ρ is the variance of the coefficients of the target function in the kernel eigenbasis, defined

as:
wρ = λ−

1/2
ρ 〈Z, φρ〉 , (55)

(the factor in front of the scalar product is to keep our notation consistent with that of [11]), to help the
reader compare the two works. Notice that the variance can be computed with respect to an ensemble
of target functions, but this ensemble may contain one deterministic function only.

In order to compute sums over the eigenmodes we will always replace them with integrals over
eigenvalues. To do so, we must also introduce a density of eigenvalues D(λ):

∑
ρ f(λρ)→

∫
dλD(λ)f(λ).

The asymptotic behavior of this density for small eigenvalues can be derived as follows (for a given kernel
whose Fourier transform decays with an exponent α):

D(λ) =
∑

ρ

δ(λ− λρ) ∼
∫

ddw δ(λ− ||w||−α) ∼
∫ ∞

0

dwwd−1δ(λ− w−α) = λ−θ, (56)

where we have defined the exponent θ ≡ 1 + d
α . Notice that 1 < θ < 2, and that of course this exponent

depends on the kernel. We can use this density also to derive a scaling behavior of small eigenvalues:
indeed, the ρ-th (� 1) eigenvalue can be estimated by

ρ ∼
∫ λ1

λρ

dλD(λ) ∼
∫ λ1

λρ

dλλ−θ ∼ λ−(θ−1)
ρ . (57)

The last equation follows from the fact that λρ � λ1 and that θ > 1.
We now have to estimate the asymptotic behavior of the implicitly defined function t(n). It is easy

to see that this function must go to 0 as n→∞, therefore we can assume it small. Splitting the integral
according to whether the denominator in the definition of t(n) is dominated by the first or second term,

t(n) ∼
∫

dλλ−θ
λ

1 + λ n
t(n)

∼
∫ t(n)

n

0

dλλ−θ +

∫ λ1

t(n)
n

dλλ−θ
t(n)

n
∼
(
t(n)

n

)2−θ
. (58)

Therefore, t(n) ∼ n−
2−θ
θ−1 , and with a similar approximation we can also deduce that γ(n) ∼ n−

3−θ
θ−1 .

Injecting all we know in the formula for the generalization error and splitting the integral we find

EMSE ∼
∑

ρ

Ew2
ρ

λρ

(
1

λρ
+ n

1
θ−1

)−2

(1− n0)−1 ∼
∑

ρ

Ew2
ρ

λρ

(
1

λρ
+

1

λn

)−2

∼ λ2
n

∑

ρ≤n

Ew2
ρ

λρ
+
∑

ρ>n

Ew2
ρλρ.

(59)
In the second equality we have used the fact that λn ∼ n−

1
θ−1 to introduce the n-th eigenvalue into the

formula. Then, we approximated the sum by splitting it in two sums, one over the first n eigenvalues
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(ρ ≤ n, therefore λρ ≥ λn) and one over the remaining ones (ρ > n). Notice that the second sum is
indeed the sum in Eq. (12).

Next we assume that Ew2
ρ behaves asymptotically as a power law with respect to small eigenvalues,

Ew2
ρ ∼ λqρ, with an exponent q that can be either positive or negative. We can now compute each of the

integrals in the previous equation:

λ2
n

∑

ρ≤n

Ew2
ρ

λρ
∼ λ2

n

∫ λ1

λn

dλλ−θλq−1, (60)

∑

ρ>n

Ew2
ρλρ ∼

∫ λn

0

dλλ−θλq+1 ∼ λq−θ+2
n ∼ n− q−θ+2

θ−1 . (61)

For the second integral to converge we have assumed that the exponent q is larger than θ − 1. The first
integral behaves differently according to whether q > θ or not: if q > θ, the integral scales as λ2

n ∼ n−
2
θ−1 ;

if q < θ, then it scales as λ2−θ+q
n ∼ n− q−θ+2

θ−1 . Therefore,

EMSE ∼ n−
min(q−θ,0)+2

θ−1 . (62)

A consequence of Eq. (60) and Eq. (61) is that if q < θ (which always occur if the student is smooth
enough, so that α characterizing the decay of the Fourier coefficient is small and θ is large), then the
scaling of the generalization error is given by Eq. (61) alone, and we recover Eq. (12) from Eq. (59),
justifying why this equation applies to real, non-Gaussian data.

Notice that if the target function is generated by a Teacher Gaussian process, the exponent q takes
the value θ−θT

θT−1 , where θT = 1 + d
αT

and αT is the exponent characterising the decay of the Fourier
transform of the Teacher kernel. With some manipulations we then recover our Theorem 1

EMSE ∼ n− 1
d min(αT−d,2αS). (63)

J Convergence of the spectrum of the Gram matrix

21

Chapter 6. Training Curve: Asymptotic Behavior of Kernel Regression

238



0 2500 5000 7500 10000 12500 15000 17500 20000
n

0

50

100

150

200

250

(n
)/

(n
m

ax
=

2
10

4 )

MNIST
= 0
= 10
= 20
= 30
= 40

= 50
= 60
= 70
= 80
= 90

10 7 10 6 10 5 10 4 10 3
10 5

10 4

10 3

10 2

10 1

100

(
)

MNIST
n = 2 104

n = 104

n = 3 103

n = 103

n = 3 102

Figure 9: Left: we plot the first eigenvalues λρ of Gram matrices of size ñ, rescaled by the corresponding
eigenvalue of the largest Gram matrix (top row is MNIST, bottom row is CIFAR10). Increasing ñ the
eigenvalues are expected to converge, and indeed these ratios asymptote to one. We are plotting one
eigenvalue every 10 for the first 100 eigenvalues. In order to make the plot clearer we have multiplied
each curve by a factor ρ, equal to the eigenvalue index. Right: Density of eigenvalues of the Gram
matrix, for several sizes ñ, for MNIST (top) and CIFAR10 (bottom). The density is divided by the
predicted asymptotic behavior

(
λSρ
)−θ, with θ = 1 + α

deff
. For a Laplace kernel αS = deff + 1 and for

the effective dimension we used the values extracted in Section 7, resulting in θ ≈ 1.937 for MNIST and
θ ≈ 1.972 for CIFAR10. This plot shows that the density of eigenvalues converges when ñ increases, and
that the predicted power law is consistent with observations.
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École Polytechnique Fédéral de Lausanne
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ABSTRACT

Reinforcement learning is generally difficult for partially observable Markov de-
cision processes (POMDPs), which occurs when the agent’s observation is partial
or noisy. To seek good performance in POMDPs, one strategy is to endow the
agent with a finite memory, whose update is governed by the policy. However,
policy optimization is non-convex in that case and can lead to poor training per-
formance for random initialization. The performance can be empirically improved
by constraining the memory architecture, then sacrificing optimality to facilitate
training. Here we study this trade-off in a two-hypothesis testing problem, akin
to the two-arm bandit problem. We compare two extreme cases: (i) the random
access memory where any transitions between M memory states are allowed and
(ii) a fixed memory where the agent can access its last m actions and rewards. For
(i), the probability q to play the worst arm is known to be exponentially small in
M for the optimal policy. Our main result is to show that similar performance
can be reached for (ii) as well, despite the simplicity of the memory architecture:
using a conjecture on Gray-ordered binary necklaces, we find policies for which
q is exponentially small in 2m, i.e. q ∼ α2m with α < 1. In addition, we observe
empirically that training from random initialization leads to very poor results for
(i), and significantly better results for (ii) thanks to the constraints on the memory
architecture.

1 INTRODUCTION

Reinforcement learning is aimed at finding the sequence of actions that should take an agent to
maximise a long-term reward (Sutton & Barto (2018)). This sequential decision-making is usually
modeled as a Markov decision process (MDP): at each time step, the agent chooses an action based
on a policy (a function that relates the agent’s state to its action), with the aim of maximizing its value
(the expected discounted sum of rewards). Deterministic optimal policies can be found through
dynamic programming (Bellman (1966)) when MDPs are discrete (both states and actions belong to
discrete sets) and the agent fully knows its environment (Watkins & Dayan (1992)).

A practical difficulty arises when the agent only have a partial observation of its environment or
when this observation is imperfect or stochastic. The mathematical framework is then known as
a partially observable Markov decision process (POMDP) (Smallwood & Sondik (1973)). In this
framework, the agent’s state is replaced by the agent’s belief, which is the probability distribution
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over all possible states. At each time step, the agent’s belief can be updated through Bayesian
inference to account for observations. In the belief space, the problem becomes fully observable
again and the POMDP can thus be solved as a “belief MDP”. However, the dimension of the belief
space is much larger than the state space and solving the belief MDP can be challenging in practical
problems. Some approaches seek to resolve this difficulty by approximating of the belief and the
value functions (Hauskrecht (2000); Roy et al. (2005); Silver & Veness (2010); Somani et al. (2013)),
or use deep model-free reinforcement learning where the neural network is complemented with a
memory (Oh et al. (2016); Khan et al. (2017)) or a recurrency (Hausknecht & Stone (2015); Li et al.
(2015)) to better approximate history-based policies.

Here we focus on the idea of Littman (1993), who proposed to give the agent a limited number of
bits of memory, an idea that has been developed independently in the robotics community where it
is known as a finite-state controller (Meuleau et al. (1999; 2013)). These works show that adding
a memory usually increases the performance in POMDPs. But to this day, attempts to find opti-
mal memory allocation have been essentially empirical (Peshkin et al. (2001); Zhang et al. (2016);
Toro Icarte et al. (2020)). One central difficulty is that the value is a non-convex function of policy
for POMDPs (Jaakkola et al. (1995)): learning will thus generally get stuck in poor local maxima
for random policy initialization. This problem is even more acute when memory is large or when
all transitions between memory states are allowed. To improve learning, restricting the policy space
to specific memory architectures where most transitions are forbidden is key (Peshkin et al. (2001);
Zhang et al. (2016); Toro Icarte et al. (2020)). However, there is no general principles to optimize the
memory architectures or the policy initialization. In fact, this question is not understood satisfyingly
even in the simplest tasks- arguably a necessary step to later achieve a broad understanding.

Here, we work out how the memory architecture affects optimal solutions in perhaps the simplest
POMDP, and find that these solutions are intriguingly complex. Specifically, we consider the two-
hypothesis testing problem. At each time step, the agent chooses to pull one of two arms that yield
random rewards with different means. We compare two memory structures: (i) a random access
memory (RAM) in which all possible transitions between M distinct memory states are allowed;
(ii) a Memento memory in which the agent can access its last m actions and rewards.

When the agent is provided with a RAM memory, we study the performance of a “column of confi-
dence” policy (CCP): the agent keeps repeating the same action and updates its confidence in it by
moving up and down the memory sites until it reaches the bottom of the column and the alternative
action is tried. The performance of this policy is assessed through the calculation of the expected
frequency q to play the worst arm (thus the smaller q, the better). For the CCP, q can be shown to
be exponentially small in M . This result is closely related to the work of Hellman & Cover (1970)
on hypothesis testing and its extension to finite horizon (Wilson (2014)). In practice, we find that
learning a policy with a RAM memory and random initialization leads to poor results, far from
the performance of the column of confidence policy. Restricting memory transitions to chain-like
transitions leads to much better results, although still sub-optimal.

Our main findings concerns the Memento memory architecture. Surprisingly, despite the lack of
flexibility of the memory structure, excellent policies exist. Specifically, using a conjecture on Gray-
ordered binary necklaces (Degni & Drisko (2007)), we find a policy for which q is exponentially
small in 2m —which is considerably better than q ∼ ln(m)/m, optimal for an agent that only plays
m times. For Memento memory, we also observe empirically that learning is faster and perform
better than in the RAM case.

The code to reproduce the experiments is available at https://anonymous.4open.
science/r/two-hypothesis-BAB3, and uses a function defined here https://
anonymous.4open.science/r/gradientflow/gradientflow. The experiments
where executed on CPUs for about 10 thousand CPU hours.

2 POMDPS AND THE TWO-HYPOTHESIS TESTING PROBLEM

2.1 GENERAL FORMULATION

Definition 2.1 (POMDP). A discrete-time POMDP model is defined as the 8-tuple
(S,A, T,R,Ω, O, p0, γ): S is a set of states, A is a set of actions, T is a conditional transition

2
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probability function T (s′|s, a) where s′, s ∈ S and a ∈ A, R : S → R is the reward function1,
Ω is a set of observations, O(o|s) is a conditional observation probability with o ∈ Ω and s ∈ S,
p0(s) : S → R is the probability to start in a given state s, and γ ∈ [0, 1) is the discount factor.

A state s ∈ S specifies everything about the world at a given time (the agent, its memory and all the
rest). The agent starts its journey in a state s ∈ S with probability p0(s). Based on an observation
o ∈ Ω obtained with probability O(o|s) the agent takes an action a ∈ A. This action causes a
transition to the state s′ with probability T (s′|s, a) and the agent gains the reward R(s). And so on.
Definition 2.2 (Policy). A policy π(a|o) is a conditional probability of executing an action a ∈ A
given an observation o ∈ Ω.
Definition 2.3 (Policy State Transition). Given a policy π, the state transition Tπ is given by

Tπ(s′|s) =
∑

o,a∈Ω×A
T (s′|s, a)π(a|o)O(o|s). (1)

Definition 2.4 (Expected sum of discounted rewards). The expected sum of future discounted re-
wards of a policy π is

Gπ = E s0 ∼ p0

s1 ∼ Tπ(·|s0)
s2 ∼ Tπ(·|s1)
. . .

[ ∞∑

t=0

γtR(st)

]
. (2)

Note that a POMDP with an expected sum of future discounted rewards with discount factor γ can be
reduced to an undiscounted POMDP (Altman (1999)), as we now recall (see proof in Appendix A):
Lemma 2.1. The discounted POMDP defined in 2.1 with a discount γ is equivalent to an undis-
counted POMDP with a probability r = 1− γ to be reset from any state toward an initial state. In
the undiscounted POMDP, the agent reaches a steady state p(s) which can be used to calculate the
expected sum of discounted rewards Gπ = 1

rEs∼p[R(s)].

2.2 OPTIMIZATION ALGORITHM

To optimize a policy algorithmically, we apply gradient descent on the expected sum of discounted
rewards. First, we parametrize a policy with parameters w ∈ R|A|×|Ω|, normalized to get a proba-
bility using the softmax function πw(a|o) = exp(wao)∑

b exp(wbo) . Then, we compute the transition matrix

T̃π , from which we obtain the steady state p using the power method (See Appendix B). Finally, we
calculate Gπ by the Lemma 2.1.

Using an algorithm that keeps track of the operations (we use pytorch Paszke et al. (2017)), we
can compute the gradient of Gπ with respect to the parameters w and perform gradient descent with
adaptive time steps (i.e. a gradient flow dynamics):

d

dt
w =

d

dw
Gπ(w). (3)

2.3 TWO-HYPOTHESIS TESTING PROBLEM

The problem we consider is the two-hypothesis testing problem. We label two arms by the letters
A and B. The two arms gives a reward of +1 or −1 with a Bernoulli distribution. The probabilities
to obtain a positive reward are noted kA and kB respectively. The environment is entirely defined
by the couple (kA, kB). With equal probability, the environment is in one of the following two
configurations (hypothesis):

{
kA = 1+µ

2 kB = 1−µ
2 (hypothesis HA)

kA = 1−µ
2 kB = 1+µ

2 (hypothesis HB)
(4)

where the hypothesis HA (resp. HB) corresponds to A (resp. B) being the best arm. In expectation
over the environments, an agent that plays randomly or always the same arm will have a reward 0.

1In the literature, R also depends on the action: R : S × A → R. Our notation is not a loss of generality.
The set of state can be made bigger S → S ×A in order to contain the last action.

3
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Note that this problem is similar to the Bandit problem, except that in the latter (kA, kB) can take any
value in the square [0, 1]2. When r → 0, our results below can be generalized to the bandit problem,
as done in Cover & Hellman (1970) by recasting the latter as finding the correct hypothesis ( ‘Arm
A is better’ or ‘Arm B is better’).

In our setup, the agent only knows its last arm played, reward obtained (if there were some) and the
state of its memory (different memories are described below). Based on that, it chooses an arm (play
A or B) and how to update its memory state.

In the POMDP formalism (c.f. 2.1), the state s contains the environment (kA, kB), the memory
state, the last arm played and reward obtained. We only consider agents that have a complete access
to their memory, therefore O is deterministic and simply projects s by removing the environment
information.

s = environment HA or HB), memory state, last arm played (A or B) and last reward (1 or −1)
o = memory state, last arm played and last reward
a = arm to play, memory update

(5)

We define the function q(s), which is 1 if the agent just played the ”wrong” arm in state s, and 0 if
he played the correct one. The probability to play the wrong arm is then qπ = Es∼p[q(s)] where
p is the steady state of the problem with reset r. The expected sum of discounted gains Gπ can be
related to qπ as: Gπ = µ

r (1 − 2qπ). In the following, we will use qπ as a measure of performance,
trying to find a policy π that minimizes qπ (and thus maximizes Gπ).

2.4 TYPES OF MEMORY CONSIDERED

Definition 2.5 (Random Access Memory (RAM)). RAM is the most flexible memory setting. The
agent has M memory states and has full control over it. It has |A| = M × 2 possible actions: the
choice of the next memory state and which arm to play. There is a high degeneracy in the space
of strategies since any permutation of the memory states leads to the same performance. Note that,
since our agent can use the information of the last arm and reward, the total number of memory
states is in fact Meff = 4M , which corresponds to 2 + log2M bits.
Definition 2.6 (Memento Memory2). The agent only has access to the information of its past m
actions and rewards. For instance, for m = 4, an observation could be AABB++-+. We use the
notation of the most recent action/reward on the right (here, the last action was B and the reward
was +1). If the agent plays A and obtains a positive reward, the next memory state would be
ABBA+-++. In this memory architecture, the agent writes in its memory only through the plays he
does (|A| = 2). Here, the number of bits is 2m and the total number of memory states is in fact
Meff = 4m.

3 GAIN AND EXPLORATION WITH A RANDOM ACCESS MEMORY

Hellman & Cover (1970); Cover & Hellman (1970) described an optimal policy for the RAM ar-
chitecture in the limit of a small reset r. In their optimal policy, the memory states i = 1...M are
organized linearly with transitions only occurring between i and i − 1 (if the last observation sup-
ports HA) or i+ 1 (if the last observation supports HB). In the limit r → 0, transition probabilities
can be shown to be independent on i for 1 < i < M . The two extreme memory states i = 1 and
i = M are special as they present a vanishing exit rate ε→ 0. Thus, only these two states are visited
with finite probability in that limit. For such a policy, one obtains an optimal probability to play the
worst arm qHC(M) = αM−1/(αM−1 + 1), with α = (1− µ)/(1 + µ). 3

2Memento is a Christopher Nolan’s film where the hero has a short-term memory loss every few minutes.
Using photos and tattoos, the hero keeps track of information he will eventually forget, thus encoding informa-
tion into his own actions.

3To see why a linear policy is optimal, introduce λi = P (HA|i)/P (HB |i), with P (HA|i) the conditional
probability that HA is true if the memory state i is visited. Choose the labels i such that λ1 ≥ λ2... ≥ λM .
Then it can be shown that λi/λi+1 ≤ α−1 (Hellman & Cover (1970)). The linear policy saturates this bound
for all i, leading to the maximal ratio that can be obtained between any two states λ1/λM = α1−M . This ratio
controls the gain in the limit ε→ 0 where only these two states are visited with finite probabilities.
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7A 7B

8A 8B

5A 5B

6A 6B

3A 3B

4A 4B

1A 1B

2A 2B

y =

{
+1⇒ ↑
−1⇒ change arm

y =

{
+1⇒ ↑
−1⇒ ↓

y = −1⇒ ↓ with prob. ε

Tn+1

en yn

Tn−1

en+1 yn+1

Tn

en yn

Tn

en+1 yn+1

on on+1an

Cover & Hellman Cover & Hellman (1970):

Our setup:

& play same arm

column of confidence policy:A

B

C

Figure 1: A Update scheme from Cover & Hellman (1970) vs B our update scheme. Using the
same notation as Cover & Hellman (1970), yn is the reward obtained by playing the arm en and Tn
is the memory state (not to confuse with the transition probability T of Sec 2.1). To make the link
with Sec 2.1 in our setup the state sn correspond to the tuple (en, yn, Tn, kA, kB), the observation
on to the triplet (en, yn, Tn) and the action an is represented by the purple and green arrows. The
red arrow can be seen as part of the conditional probability T (sn+1|sn, an). C The column of
confidence policy, that can be used in the RAM case, exemplified for M = 8. The memory states
are organized into two columns. The distribution p0 initializes the agent’s memory into states 1A
or 1B with equal chance. The agent keeps playing the same arm, moving up and down a column
depending on the reward, unless it is in the memory state 1 (it then switches arm after a negative
reward). Once the agent reaches a state at the top of a column, it can only step down with small
probability ε if a negative reward is obtained. This two-column arrangment effectively double the
number of memory states, by creating 2M = 16 distinct states. In this policy, the value of the
memory can be viewed as a measure of the confidence in the arm being played.

Our set-up is slightly different, as we allow for the choice of arm to depend on both the memory
state and the information of the last arm played and reward obtained (Figure 1A-B). In that case, the
policy can be improved, as demonstrated by considering the column of confidence policy.

Definition 3.1 (column of confidence policy (CCP)). It is a RAM policy with M memory states. It
is depicted in Figure 1C. Essentially, the agent uses its last arm played to effectively increase the
size of its memory by a factor 2.

The probability q to play the worst arm by following CCP is derived in Appendix C for general r,
by writing the transition probability matrix Tε with a generic ε, for any of the two hypotheses HA or
HB . From the stationary distribution Tε~p = ~p, one obtains q(ε), which reaches its minimum value
for:

ε =
√

2

√
α− α3M−1 + αM (2µ− 3) + α2M (2µ+ 3)√

1− αM (1− αM − µ− αMµ)

√
r +O(r) (6)

The result ε ∼ √r indicates a non-trivial balance between exploration and exploitation, in which the
time spent in each extreme state of the memory grows only as the square root of the horizon time
1/r. A similar result was obtained for hypothesis testing (Wilson (2014)).

For r → 0 (a result generalized for any kB and kA in Appendix C), we obtain:

qCCP(M) =
α2M−1

α2M−1 + 1
. (7)

Note that it is the optimal gain of a RAM memory of size 2M . Since our agent memory size is
Meff = 4M (the factor 4 coming from the 2 possible past actions and two possible rewards), the
results of Hellman & Cover (1970); Cover & Hellman (1970) show that CCP is nearly optimal, in the
sense that no policies with one less bit of memory can do better. In Figure 2, we confirm empirically
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µ = 0.1 M = 20
µ = 0.2 M = 5
µ = 0.2 M = 10
µ = 0.2 M = 20
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M

µ = 0.1 r = 10−6

µ = 0.1 r = 10−4

µ = 0.1 r = 10−2

µ = 0.2 r = 10−6

µ = 0.2 r = 10−4

µ = 0.2 r = 10−2

Figure 2: Left Probability to play the worst arm q vs. the reset probability r for different memory
sizes M and two values of µ (the difference between the mean outcome of the two arms). Right q
vs. memory size M for different r and µ indicated in legend. The solid lines show the analytical
result corresponding to column of confidence policy (CCP), whereas symbols show the results of the
learning algorithm (see Sec 2.2) for a RAM memory with a policy initialized close to the predicted
optimal column of confidence policy (π0 ≈ πCCP + 10−4). Learning does not find strategies that
perform better than the optimal column of confidence policy, even for large values of r, indicating
that it is a local optimum. In this figure, error bars would be smaller than the symbols.

that it is at least a local policy optimum, as performing policy optimization near this solution leads
to no further improvements.

4 GAIN FOR MEMENTO MEMORY

Are there efficient policies when the agent memorizes the last m arms played and rewards obtained
(Memento memory cf. 2.6)? In the classical two-arm bandit problem, after a time m, the optimal
strategy selects the worst arm with probability q = O(lnm/m) (Auer et al. (2002)). It turns out that
our agent can use his own actions to encode events over a time much longer than m, leading to q
exponentially small in 2m in a stationary state with long horizon r → 0.

Figure 3: Necklace policy with memory of the m = 4 last arms played and rewards obtained (Me-
mento memory cf. 2.6). Memory states are organized into 3 (5 if we consider the two end states)
cycles of arms played, called necklaces in combinatorics. The memory state also contains the re-
wards obtained, but these are not explicitly shown here for the sake of readability. Most of time,
the agent stays in the same necklace by playing the oldest action he remembers. Each necklace
has 2 inputs and 2 outputs states (some states can be both input and output). The agent has a finite
probability to leave its current necklace only when the output state is maximally informative: all 4
rewards are + for A and − for B to move to the left, or the opposite to move to the right. Thicker
arrows represent high probability transition (deterministic in some situations); dashed arrows repre-
sent input/output transitions between necklaces; and thin arrows represent the small probabilities to
leave the two end states.

Definition 4.1 (Necklace policy). The necklace policy is based on 4 key ingredients (Figure 3).
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(i) Most of the time, the agent plays the oldest action in its memory (i.e. the arm played m actions
before). Doing so, it memorizes actions cycle inside binary necklaces of lengthm (in combinatorics,
a necklace is an equivalent class of character strings under cyclic rotation, here the strings are words
of lengthmmade of the letters A and B, hence binary). Whenm is prime, there are exactlyN(m) =
2 + (2m − 2)/m distinct necklaces. For any m, the number of necklaces can be derived from Pólya
(1937)’s enumeration theorem and is equal to N(m) = 1

m

∑
d|m ϕ(d)2m/d, where ϕ is the Euler’s

totient function.

(ii) We provide a Gray order on the necklaces. It means that necklaces are numbered and two
successive necklaces can only differ by one letter. We order the necklaces from i = 1 for the
necklace where all actions are A to i = n(m) for the necklace where all actions are B. The necklace
i = 1 (resp. i = n(m)) also corresponds to the maximum confidence in hypothesis HA (resp. HB).
In general, the longest possible chain of necklace, n(m), is unknown and less than the total number
N(m) of necklaces. But, when m is prime, it has been conjectured (and checked for m ≤ 37)
that there exists a Gray order of all distinct necklaces (Degni & Drisko (2007)): in other words,
n(m) = N(m) = 2 + (2m − 2)/m, for m prime.

(iii) The probability to exit a necklace is zero, except for two exit configurations for which this
probability is ε1 > 0 if two conditions are met. First, the memorized actions must allow the agent
to switch from the necklace i to the necklace i − 1 or i + 1 by taking a new action. Second, the
sequence of rewards must be maximally informative: to switch to the necklace i − 1 (i.e. gaining
confidence in HA), all rewards have to be +1 for the arm A and −1 for the arm B and the opposite
to switch to the necklace i+ 1.

(iv) In the two extreme states, the probability of exit is ε0 when all rewards are negative. Below, we
consider the limit limε1→0 limε0→0 q(ε0, ε1) of this strategy. This order of limits ensures that only
the extreme states are visited with a finite probability and that the agent cycles many times in each
necklace before exit.

In order to compute the optimal gain of the necklace policy we introduce the following two lemmas.

Lemma 4.1. Assume a discrete random walk on a chain of sites indexed by i, with probabilities ri
to step from i to i + 1 and li to step from i to i − 1. Starting in site i, the probability to reach site
j + 1 (i ≤ j) before site i− 1 is

Pi→j =

(
1 +

li
ri

+
li
ri

li+1

ri+1
+ · · ·+ li

ri
. . .

lj
rj

)−1

. (8)

Proof. The proof is developed in Appendix D.1.

Lemma 4.2. Assume a discrete random walk on a chain of n+ 2 sites indexed by i = 0, 1, . . . n+ 1
(with probabilities ri to step to the right and li to the left). If r0 = εR and ln+1 = εL, in the limit
ε→ 0, the probability to be on site n+ 1 is

p(n+ 1) =

(
1 +

L

R

n∏

i=1

li
ri

)−1

. (9)

Proof. The proof is developed in Appendix D.2.

Using these two lemma the following theorem can be proved.

Theorem 4.3. Consider the two-hypothesis problem described in (4) in the limit of small reset
r → 0. The necklace policy described in Definition 4.1 with parameters (ε0, ε1) has a probability q
to play the worst arm satisfying q ≥ q∗, with:

q∗ =
(

1 + αm(1−n(m))
)−1

with α =
1− µ
1 + µ

. (10)

The optimal necklace policy converges to q∗ when r � ε0 � ε1 � 1.

Proof. The detailed proof is contained in Appendix D.3.
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Note At leading order q∗ = α2m + o(α2m). This is because the number of distinct necklaces
N(m) only differs from 2+(2m−2)/m at second order, and because we expect to find Gray orders
within those distinct necklaces whose length only differ from N(m) at second order.
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Figure 4: Dynamics of the optimization algorithm for different initialization methods. Probability
to play the worse arm q vs. algorithm time t (time defined in (3)) for different seeds. 20 initialization
seeds are shown in light color and the median is shown in solid color. The wall time is caped to 1 hour
per optimization. A-B RAM with M = 8 and M = 20, we compare the random initialization, the
linear initialization where the jumps in memory states are initialized to be contiguous, the columns
initialization corresponding to linear initialization with the extra constraint that the last action is
repeated except for the memory state 1 and the CCP initialization, very close to the column of
confidence policy (i.e. π0 ≈ πCCP + 10−4, a difference that explains why the red curves can
decrease). C-D q vs. t for the Memento memory m = 3 and m = 4. We compare the random
initialization with the cycles initialization that repeats the oldest action, except if all the remembered
plays correspond to a maximally informative event (during training a path between the cycles has to
be learned) and the necklace where ε0 and ε1 has to be learned. E-F q vs. t for randomly initialized
policies. The values of m (3 and 4) and M (16 and 64) are chosen such that the total memory
needed to perform these strategies Meff is identical in each panel. The dashed line corresponds to
calculation of q for the CCP and for the necklace policy (for which we only have a prediction for
r = 0). In this figure µ = 0.1.
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5 POLICY OPTIMIZATION AND LOCAL MINIMA

To study empirically how learning depends on the memory architecture, we measure how the proba-
bility q(t) to play the worse arm after a training time t depends on the initialization of policy. For the
RAM memory, we find that random initialization (blue curves) leads to very poor results (panels A
and B of Figure 4). Results however improve when a linear structure for memory states is imposed
(orange curves) and when the arms played are segregated on the two sides of that linear structure
to form two columns (green). However, even in that case, training does not converge towards the
optimal column of confidence parameters, unless parameters are initialized near the optimal values
(red curves).

By contrast, training with the Memento memory (consisting in the last m actions and rewards, cf.
2.6) appears less sensitive to initialization. As shown in the panel C and D of Figure 4, initializing the
policy randomly (blue) performs does not perform as well as initializing the policy with necklaces
(orange), however the difference is not significant.

Although the RAM architecture is in principle more flexible (and in fact include Memento mem-
ories), we find that, for random initialization, the Memento architecture leads to actually better
policies after training. The comparison is shown in panels E and F of Figure 4, where the two
memory architectutes are compared keeping the effective memory size Meff constant. This find-
ing emphasizes the need to constrain memory architecture, so as to obtain smoother optimization
landscapes.

6 CONCLUSION

Policies

Memory scheme Memento (cf. 2.6) RAM (cf. 2.5)
Policy necklace (cf. 4.1) CCP (cf. 3.1)
Effective memory Meff = 4m Meff = 4M
Performance (q−1 − 1) αm(1−n(m)) ∼ α−2m α−(2M−1)

... as function of Meff ∼ α−
√
Meff ∼ α−Meff/2

... more generally for (kA > kB)
(

1−kB
1−kA

)m (
1/kB−1
1/kA−1

)m(n(m)−2)/2
1−kB
1−kA

(
1/kB−1
1/kA−1

)M−1

Table 1: Comparison of the performances of the necklace and CCP strategies in the limit r → 0.
As shown in the last line, the gain of these policies can be generalized to any distribution of the
Bernoulli probabilities kA and kB (but needs not be optimal then).

Our results are summarized in Table 1 that compares the necklace policy (cf. 4.1) and the column of
confidence policy (cf. 3.1). For each of these policies, we provide the optimal performance, reached
in the limit r → 0. We conjecture that these policies are the optimal ones for the Memento and RAM
memory schemes respectively. Concerning the Memento memory, this conjecture is supported by
the simulations shown in Figure 3: the best numerical policies found for m = 3 and m = 4 are in
fact the necklace policy.

An interesting additional questions for the future is the generalization of these ideas to a broader set
of tasks. The CCP appears well-suited for multiple hypotheses testing (Chandrasekaran & Laksh-
manan (1978); Yakowitz et al. (1974)), where it would correspond to a “star” policy with a branch
for each hypothesis. Classifying optimal policies for more complex hierarchical tasks, such as those
involved in navigation (Theocharous et al. (2004); Toussaint et al. (2008)), would have practical
applications. Looking ahead, it would be interesting to understand if these ideas have applications
to other approaches dealing with POMDPs, including recurrent networks (Li et al. (2015)) whose
theoretical understanding remains very limited.

Finally, it is intriguing that for all memory structures studied, a linear organization of memory states
appears to be optimal. Despite the fact that our set-up is intrinsically digital, optimal policies ap-
proach an analog memory architecture with a single degree of freedom: it corresponds to the position
along the chain, and measures the relative belief of one hypothesis over the other. In neuroscience,
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dominants models of decision making often present a single analogue variable being updated by
observations (Gold & Shadlen (2007); Rescorla & Wagner (1972)). It would be interesting to test
experimentally, in situations where the environment can change with a small probability r between
two distinct classes, if animals stick to two extreme believes, and leave them for exploration with
some rate ∼ √r.
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Appendices
A PROOF OF LEMMA 2.1

Proof. The state transition matrix of the undiscounted POMDP is

T̃π(s′|s) = rp0(s′) + (1− r)Tπ(s′|s). (11)

The steady state p(s) has to be stable through T̃π , thus satisfying p(s′) =
∑
s T̃π(s′|s)p(s). In the

tensor form, it can be written ~p = r~p0 + (1− r)Tπ~p. Applying recursively this formula n times we
obtain:

~p = r
n−1∑

t=0

(1− r)tT tπ~p0 + (1− r)nTnπ ~p. (12)

Translating it into an expectation value expression we obtain:

Es∼p[f(s)] = rEst∼T tπp0

[
n−1∑

t=0

(1− r)tf(st)

]
+ (1− r)nEs∼Tnπ p[f(s)] (13)

for any function f and where Tπp is understood as a matrix-vector product (note that Tπp 6= p). By
replacing f by R and by taking the limit n→∞, for r = 1− γ, we can identify (13) with (2), thus
obtaining the Lemma 2.1.

B IMPLEMENTATION DETAILS

To compute the steady state we use the power method algorithm: Alg.1.

When we have multiple independent environments (by environment we mean subset of S that the
agent cannot escape with its actions), S is the disjoint union of these environments: S = S1 + S2 +
. . . . If p0 factorize as follow p0(s) = P (Si)P (s|Si) for s ∈ Si, we can compute the steady state by
computing those of each independent environments.

The initial state of the memory of the agent can be optimized by allowing gradient flow to modify
specific part of p0. It could mathematically be reformulated as special actions done on special initial
states to initialize the memory.

Data: A transition matrix M
Result: The steady state
while the columns of M differ (with a given tolerance) do

MM →M ;
end
return a column of M ;

Algorithm 1: Power method

C EXACT COMPUTATION FOR COLUMN OF CONFIDENCE POLICY

The mathematica notebook is provided along with the code, see the link in Section 1.

Here we compute the optimal value of ε (that maximize the gain) given r and µ.

First observe that the states (3B+, 1A-, ...) can be arranged along a line:

MA+ . . . 2A+ 1A+ 1B+ 2B+ . . . MB+
MA− . . . 2A− 1A− 1B− 2B− . . . MB− (14)

where the probability transition only occurs between two consecutive states.
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If we merge the ± we have 2M states and we can compute their transition matrix without reset:

Q =




1−εkB kA
εkB 0 kA

kB 0
. . .

kB
. . . kA
. . . 0 εkA

kB 1−εkA




(15)

where kA = (1 + µ)/2 and kB = (1− µ)/2

Including the reset, the transition probability becomes

Mij = (1− r)Qij + rJi (16)

where J is 1/2 in the two central states 1A and 1B.

The steady state pi is the solution of
∑

j

Mijpj = pi ⇐⇒
∑

j

((1− r)Qij − δij)pj = −Ji (17)

We can split this problem in 5 regions: the A border, the A bulk, the center, the B bulk, the B border.
In the bulks the (17) is

(1− r)kBpi−1 − pi + (1− r)kApi+1 = 0 (18)

The solutions are of the form pi = c1w
i
+ + c2w

i
− with

w± =
1±

√
1− (1− r)2(1− µ2)

(1− r)(1 + µ)
(19)

To fix the coefficients c1, c2 in the two bulks we have 6 equations:

• two on the left border (two first lines of (17))

• two in the center, at the injection (two middle lines of (17))

• two on the right border (two last lines of (17))

Solving these equations, we can compute the probability to play the wrong arm (B, assuming µ > 0).

q =

w+(1 + w+)(1− w−)w2M
− (1 + w+(ε− 1))(w− + ε− 1)

+(w+ ↔ w−)
+(w−w+)M (w−w+ − 1)((w− − 1)(w+ − 1)(w− + w+)(ε− 1) + 2w−w+ε

2)

2(w− − w+)(w2M
+ w−(1 + w−(ε− 1))(w+ + ε− 1)− (w+ ↔ w−))

(20)

in this expression of q we expressed r, µ and kA, kB in function of w±

Optimizing q with respect to ε leads to

ε = (w−w+)−M

(w− − 1)wM− (w+ − 1)wM+ (w−w+ − 1)(wM− w+ − w−wM+ )2

−

√√√√√√√√

(w− − 1)(w+ − 1)(w−w+)1+2M (w−w+ − 1)2(wM+ − wM− )


w3M
− w2

+(1 + w−)(1 + w+)
−(w+ ↔ w−)

+w2M
+ w1+M

− (2w+ + w− + w+w−(7 + 2w+) + w2
−(w+ − 1))

−(w+ ↔ w−)




(w−w+ − 1)




w2
−w

2M
+ (1 + w−(w+ − 1) + w+)

+(w+ ↔ w−)
−2w1+M

− w1+M
+ (1 + w−w+)




(21)

13

Chapter 7. Loss landscape in a simple model of reinforcement learning

254



Under review as a conference paper at ICLR 2022

We can make the Taylor expansion of ε with respect to r

ε =
√

2

√
α− α3M−1 + αM (2µ− 3) + α2M (2µ+ 3)√

1− αM (1− αM − µ− αMµ)

√
r +O(r) (22)

with α = 1−µ
1+µ

For M large, it converge quickly toward

ε =

√
2r

1− µ2
+O(r) (23)

In the limit r → 0 we get

q =
α2M−1

α2M−1 + 1
+O(

√
r) (24)

D RANDOM WALK ALONG A CHAIN

D.1 PROBABILITY TO TRAVERSE THE CHAIN

1− (li + ri)

rili

i i+ 1i− 1

Figure 5: Markov chain

Consider a random walk on a chain of sites with probabilities ri to move from site i to i + 1 and li
to move from i to i− 1 (Figure 5). First, we want to compute the probability Pi→j (with i ≤ j) that,
starting at site i, the walker visits the site j + 1 before the site i − 1. Note that Pi→j only depends
on {lk}jk=i and {rk}jk=i. Note also that according to this definition Pi→i = ri

li+ri
. We also define

Pi←j as the probability to reach i− 1 before j + 1 by starting in j, then we have Pi←i = li
li+ri

.

Starting in i, after one time step the walker is either (i) in i−1 (with probability li) and the probability
to reach j+1 before reaching i−1 becomes null, (ii) still in i (with probability 1− (li+ri)) and the
probability to each j + 1 before i− 1 is still given by Pi→j , (iii) in i+ 1 (with probability ri). Once
in i+ 1 there are two possibilities: either the walker never comes back to i and it reaches j+ 1 (with
probability Pi+1→j), or it does (with probability 1− Pi+1→j) and it again has the same probability
Pi→j to reach j + 1 before i− 1. Thus we have:

Pi→j = (1− (li + ri))Pi→j + ri (Pi+1→j + (1− Pi+1→j)Pi→j) . (25)

The quantities that matter are pi ≡ ri/(li + ri). If we isolate Pi→j to the l.h.s. we get

Pi→j =
piPi+1→j

1− pi(1− Pi+1→j)
. (26)

Making the changes of variable Xi→j ≡ 1−Pi→j

Pi→j
and xi ≡ 1−pi

pi
(note that xi = li/ri) we obtain

Xi→j = xi(1 +Xi+1→j). (27)

By repeating the formula we see that we get

Xi→j =

j∑

k=i

k∏

l=i

xl = xi + xixi+1 + xixi+1xi+2 + · · ·+ xi · · ·xj (28)

from which we can get Pi→j by the inverse transformation

Pi→j =

(
1 +

li
ri

+
li
ri

li+1

ri+1
+ · · ·+ li

ri
· · · lj

rj

)−1

. (29)
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D.2 CHAIN WITH FINAL STATES

Let us consider the same chain as above with a finite length n such that sites are labelled from i = 1
to n. Now let us add a final state at each end of the chain (sites i = 0 and n + 1). We consider the
probabilities to leave the final states asymptotically small, of order ε. More precisely, the probability
to move from i = 0 to 1 is εR (we call it R as it is a probability to go to the Right, although it
concerns the most left site) and the probability to move from n+ 1 to n is εL. These probability and
the probabilities p(0) and p(n+ 1) to be on the site 0 and n+ 1 are related by a balance of the flow
from 0 to n+ 1:

p(0)εRP1→n = p(n+ 1)εLP1←n. (30)

In the limit ε → 0, the probabilities to be in the extreme states tends to 1 and we thus have p(0) =
1− p(n+ 1), yielding

p(n+ 1) =

(
1 +

L

R

P1←n
P1→n

)−1

. (31)

This result can be simplified using the equality

P1←n
P1→n

=
1 + l1

r1
+ · · ·+ l1

r1
. . . lnrn

1 + rn
ln

+ · · ·+ rn
ln
. . . r1l1

=
n∏

i=1

li
ri
, (32)

to finally obtain the formula

p(n+ 1) =

(
1 +

L

R

n∏

i=1

li
ri

)−1

. (33)

D.3 CHAIN OF NECKLACES

To compute the gain of the necklace policy, the idea is to show that necklaces can be arranged on a
chain so that we can use (33) (see Figure 3).

For m prime, the number of non trivial necklaces is (2m− 2)/m, the trivial necklaces being the two
final states (i.e., the words AAA..A and BBB..B). Using the conjecture of Degni & Drisko (2007),
there is a Gray order on these necklaces when m is prime. In other words, there is a chain from
one final state to the other that passes exactly once by each necklace, the difference between two
successive necklaces being exactly one bit (i.e. a single A is changed into B or vice versa).

In any case (m prime or not), we call n(m) the length of the longest chain with Gray order. We call
y(m) the length of the smallest necklace in that longest chain (arguably the smallest prime factor of
m).

A necklace is characterized by the numbers a and b of letters A and B in the m-long word, with
a + b = m. After at least one complete loop in the necklace (i.e. at least y(m) actions), the
probabilities to leave that necklace (when we are at the exit states) are

li = ε1k
a
A(1− kB)b, (34)

ri = ε1(1− kA)akbB . (35)

With the odds to do at least one loop increasing as ε1 goes to zero or y(m) goes to∞.

In the two final states, and again after one loop, the probabilities to leave are ε0L = ε0(1 − kB)m

and ε0R = ε0(1 − kA)m. We can now use the formula (33) (when ε0 � ε1 � 1), in which the
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product simplifies as

n∏

i=1

li
ri

=

n(m)−2∏

i=1

kaiA (1− kB)bi

(1− kA)aikbiB
(36)

=

∏n(m)−2
i=1 (1/kB − 1)bi

∏n(m)−2
i=1 (1/kA − 1)ai

(37)

=
(1/kB − 1)

∑
i bi

(1/kA − 1)
∑
i ai

(38)

=

(
1/kB − 1

1/kA − 1

)m(n(m)−2)/2

since
n(m)−2∑

i=1

(ai + bi) = m(n(m)− 2) (39)

where ai and bi are the occurrences of A and B in the necklace i.

Inserting (39) into (33) and using the value of kA and kB given in (4) for hypothesis HA leads to

p(n+ 1) =
(

1 + αm(1−n(m))
)−1

, with α =
1− µ
1 + µ

. (40)

and p(0) can be obtained by changing µ into−µ or α into 1/α, by symmetry of the necklace policy.
The probabilities under hypothesis HB are obtained by exchanging p(0) and p(n + 1), again by
symmetry.

Under hypothesis HA (resp. HB), the value p(n+ 1) (resp. p(0)) corresponds to the probability q∗
to play the worst arm if the probabilities of the non-final necklaces are zero (which is asymptotically
true if ε0 � ε1). To reach q∗, we also need ε1 to be asymptotically small in order to guarantee at
least one loop in each necklace and ε0 has to be asymptotically larger than the reset r. In summary,
we need r � ε0 � ε1 � 1 to reach asymptotically q∗, otherwise the probability q will be larger
than q∗.

D.4 COLUMN OF CONFIDENCE POLICY WITH NO RESET

When there is no reset r = 0 we can compute the performance of the column of confidence policy
for two arms of probabilities kA and kB . We obtain via (33) (assuming kA > kB)

q−1 − 1 =
1− kB
1− kA

(
1/kB − 1

1/kA − 1

)M−1

(41)
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8 Discussions and Future works

8.1 Exact models of Double-Descent

f (w, x)
fixed

random
weights

Figure 8.1 – The random features model corresponds to a FC with one hidden layer who has
its first layer of weights frozen during learning.

While our results on double-descent applies for deep FCs, our arguments do not have the rigor

of mathematical proofs. Recent literature provides rigorous proofs predicting double-descent

in simple models and data.

Mei and Montanari (2021) proved double-descent in a simple model. They used a random

features model i.e. a 1 hidden layer FC with the first layer frozen, see Figure 8.1. Their model

is trained on random point x on the sphere of dimension d with labels that are function of

x ·w for some vector w . Using random matrix theory, they computed the test error in the limit

h,P,d →∞ with h/d and P/d .

Using the same model, d’Ascoli et al. (2020) proved that ensemble averaging flattens the test
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error after the interpolation threshold. They thus confirmed that the second descent is indeed

due to random initialisation, consistent with our predictions.

The same results has then been generalized for any data of finite size P Jacot et al. (2020).

8.2 Mean-Field limit and initialization

Figure 8.2 – Phase space of initializations proposed by Yang and Hu (2021). Source Yang and
Hu (2021)

The Neural Tangent Kernel limit, who has been first computed for FCs Jacot et al. (2018), has

been generalized to all architectures Yang (2019b, 2020a,b). The same is true for the Mean-

Field limit, originally defined for one hidden layer FC, then extended to deeper FC Nguyen

and Pham (2020), has been generalized to all architectures Yang and Hu (2021).

It allowed, for the FC, to determine rigorously an initialization method in which all layers

learn in the h →∞ limit Yang and Hu (2021). This initialization has been coined Maximal

Update. To find this initialization, they define a space of all possible initialization where

the initialization of each set of parameters is parametrized by three constants (a,b,c). a

characterize the scale of the prefactor in front of the weight. b characterize the initialization

amplitude of the weight. And c characterize the learning rate for that weight. Then they

rigorously show which initializations among the nontrivial (weights change in a finite time)

and stable (SGD does not blowup) allow a Mean-Field limit or an NTK limit. Among the

initializations leading to a Mean-Field limit the identify the maximally updated ones for which

all layers evolve during training. The Figure 8.2 shows a sketch of their classification.

The initialization we defined as MFP (see Table 1 in Section 0.1) is equivalent to the Maximal

Update initialization. This formalism is consistent with our results: it allows to predict for

new architecture, the proper initialization such that the model F (w) =α( f (w)− f (w0)) has its

feature-lazy cross over at α∼ 1, as we argued in a special case.
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8.3 Stochastic Gradient Descent

The most common algorithm for training neural networks is Stochastic Gradient Descent

(SGD), defined in Section 0.2. SGD needs two parameters: the learning rate and the batch size.

In Chapter 3, we used gradientflow in order to have a well defined optimization algorithm

without hyper parameter (that would otherwise add an extra dimension in the phase diagram;

or would have needed to be optimized for each point of phase space).

However it is known that SGD improves performance over gradientflow He et al. (2019). The

difference between the two algorithms lie in the random batch that introduce randomness

in the gradient, but also in the finite step of the learning rate. Note that in the limit of zero

learning rate, the noise from the batch is eventually averaged over the steps and therefore

suppressed, leading to gradientflow.

It is still not clear why SGD improves performance. SGD has been modeled as a continuous

Fokker-Plank dynamics Chaudhari and Soatto (2018b) in which the diffusion matrix is assumed

to no depend on the trajectory. Other works show that SGD acts as an implicit regularizer

for the trace of the diffusion matrix (variance of the gradients) Roberts (2021b); Smith et al.

(2021a).

An interesting question for the future is to explore the impact of SGD in the perspective of the

(h, α̃) phase space. Near jamming, we expect that SGD noise is a relevant perturbation, that

will smooth the divergence of f and improve performance. What about the over-parametrized

regime? We have preliminary evidence that SGD can shift the location of the feature-lazy cross-

over. However, we, observed other effects. SGD could improve performance in feature regime

even if the lazy regime works better. Understanding these observations is a key question for

the future.
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9 Conclusion

In this thesis we studied why the dynamics of neural networks is not hampered by local

minima of the loss landscape and why neural networks do not overfit although they have

more parameters than points in the trainset. We also addressed the question of how neural

networks do not suffer from the curse of dimensionality.

Bad minima The loss landscape is a priori not a convex function of the parameters, and it

depends on many parameters. This situation is similar to the energy landscape of glasses;

which is also non-convex and depends on many degrees of freedom. The energy landscape of

glasses has many local minima, in which the system gets trapped. We call a landscape with lot

of local minima, glassy. In the past, the field of ML has worried that the landscape of neural

networks was glassy; and that during training the neural network is stuck in local minima,

and therefore cannot reach a global minimum. However, observations indicated that it is

not so. There are two regimes controlled by the number of parameters and the size of the

trainset. With a small number of parameters, the landscape is indeed glassy. However with

large number of parameters, the landscape is not glassy anymore and the network reaches

the global minima of the loss. With enough parameters, it can even learn a dataset of images

whose labels has been shuffled Zhang et al. (2017). This raises the question of the geometry of

the loss landscape.

In the glasses, replacing long range interactions (Van der Waals) by finite range interactions

(granular particles) allowed to map the problem of minimizing the energy to a SAT/UNSAT

problem with continuous degrees of freedom coined the jamming transition. The jamming

transition is a transition between two regimes driven by the density, the number of particles

per total volume. If the density is low, the system can reach an energy of zero and bring all

forces to zero. If the density is high, the system is glassy and gets stuck in local minima. At

the transition, particles are in contact but with no overlap (no forces, assuming a quadratic

potential). If the density is slightly increased from the transition, the contacts start to make

overlaps. The main result is that jamming separates into two universality classes. These two

classes can be characterized by the number of overlaps N∆ and the total number of degrees of
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freedoms N (the number of particles times the dimension). The two classes are:

• The isostatic class: at the transition, N∆ jumps from 0 to N . In this class, the Hessian is

gap-less: its spectrum is populated up to 0.

• The hypostatic class: at the transition N∆ jumps from 0 to a finite fraction of N (C0N

with C0 < 1). Here the Hessian’s spectrum has a delta in zero and a gap followed by a

bulk.

The jamming of spheres is isostatic while the jamming of ellipses is hypostatic.

The jump in N∆ can be understood intuitively for the case of spheres. While increasing

progressively the density, the jamming transition is reached when all directions in phase space

create overlaps. In these aspects, spheres are isostatic because as long as N∆ < N there will

exists a direction in the phase space that is orthogonal to all normal vectors at the contacts

∃{~δi },∀(i , j ) ∈ m, ~ni j · (~δi −~δ j ) = 0 (9.1)

where {~δi } is the direction orthogonal to all the normals ~ni j of the set m of contacts. When

moving along this direction,~xi →~xi +ε~δi , due to the shape of the spheres, all the contacts will

open as ε2. It imposes that there exists no solutions to (9.1) in a jammed packing, otherwise

they would be unstable. Therefore N∆ has to be equal or greater than N at the transition.

Another argument shows that N∆ has to be smaller or equal to N at the transition (otherwise

particles would overlap). Hence N∆ = N for spheres. But in the case of ellipses, due to

the additional rotational degrees of freedom, directions orthogonal to the contacts do not

necessarily open contacts, and are stabilized by non-linearities.

It can be shown that these geometrical properties can be related to properties of the Hessian of

the energy. Indeed, the sign of the eigenvalues of the Hessian describe the stability the system.

When the energy can be written as a sum over unsatisfied constraints E = ∑
(i , j )∈m V (∆i j )

where ∆i j are the overlaps and m is the set of contacts, the Hessian can be decomposed into

H = ∑
(i , j )∈m

V ′′(∆i j ) ∇∆i j ⊗∇∆i j︸ ︷︷ ︸
H0

+ ∑
(i , j )∈m

V ′(∆i j )H∆i j︸ ︷︷ ︸
Hp

(9.2)

where H∆i j are the Hessians of∆i j , they describe how the overlaps∆i j change at second order.

H0 always has N∆ positive eigenvalues but the spectrum of Hp depends on the problem. In

the isostatic class, Hp has only negative eigenvalues compared to the hypostatic class where

it has eigenvalues with both signs.

The same approach can be used in neural networks by picking a custom loss function: the

quadratic hinge loss `(y, f ) = max(0,1− y f )2 who actually performs as well as the usual cross

entropy. For the neural network, P/N plays the role of the density. The data points contributing

to the loss (y f < 1) play the role of the overlaps. N∆ is their number. While, with particles,
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pairs of particles are the constraint, with the neural network each data point is a constraint.

At the jamming transition, particle contacts are equivalent to data points right at the margin

(y f = 1), similar to support vectors for support vector machines.

We showed in a special case and confirmed broadly empirically that moving orthogonally to

constraints can lead to overlaps: Hp has both positive and negative eigen-values. We expect

that the jamming of neural networks is generically hypostatic.

As a consequence, we obtain that:

1. For any algorithm (GD, SGD, ADAM, gradientflow, ...), there exists a critical number of

parameters N∗ at which there is a sharp jamming transition. The transition delineate a

glassy under-parametrized phase from an easy over-parametrized one.

2. As shown in Figure 9.1(left), at the transition, the number of support vectors is, like for

the ellipses, equal to a finite fraction of the parameters: C0N < N∆ < N where C0 is the

fraction of negative eigenvalues in Hp . It’s a property we don’t control a priori but that

we measure a posteriori.

3. Near that transition, the spectrum of the Hessian has a delta in zero, then a gap followed

by a bulk.

4. We argue that N∗ < P/C0. While measuring the Hessian we observed C0 ≈ 0.5 in relu
FCs and C0 ≈ 0.43 in tanh FCs for random normal dataset and MNIST. It suggest that a

dataset can be fitted with N of the order of number of data point in the dataset.

We verified all the consequences on different datasets, dataset sizes and network depths.

C0N < N∆ < N

N∆ ≈ P

test error

N∆ = 0
N

N∗ P/C0< h

α̃

1
jammed

feature

lazy

log-scale

lo
g-

sc
al

e

Mean-Field

NTK

train error

bias – variance
trade off

Figure 9.1 – (Left) train error, test error and N∆ as function of the number of parameters. At
jamming, when N = N∗, the train error reaches zero, N∆ falls from a finite value to zero, and
the test error displays a peak instead of growing as predicted by the bias–variance trade-off.
(Right) Phase diagram of the loss landscape. α̃ (= p

hα) controls the learning regime. For
α̃<p

hα∗ it enters in the feature regime. When h is smaller than h∗, who depends on α̃, the
network is trapped in local minima. When α̃ scales as

p
h, the network converges to the NTK

limit but when α̃∼ 1, it converges to the Mean-Field limit.
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It is interesting to look how N∗ depends on P . For most dataset we observed N∗ ∼ P a with

a = 1 for random data with random labels and a < 1 for structured data. For instance we

measured a ≈ 0.75 for MNIST. It would be interesting to study this dependency further. For

a given dataset size P we have a corresponding N∗(P ). Consider a network at jamming.

Discarding the finite N fluctuations, assume it can fit the trainset with N∗ parameters but

cannot with N∗−1. If one transfers a data point from the testset to the trainset, two cases

can happen. Either, with probability 1− ε, it will be fitted by the model and therefore the

jamming threshold N∗ would be unaffected. Or, in case the data point is wrongly predicted by

the model, we expect N∗ to grow. Assuming a new wrongly fitted data is as hard to learn as a

random data without structure, we conjecture that d
dP N∗(P ) ∝ ε.

From a practitioner point of view, the consequences of all these results are that: (i) There is a

sharp transition from under to over parametrized whose location varies for different training

dynamics and (ii) increasing the number of parameters allows to escape bad minima, which

sounds like a very simple solution.

Yet according to the bias-variance trade-off, there is a trade-off in the model complexity. With

too low complexity, the error is dominated by the bias: The model is not able to fit the trainset

which induce a bias. While at too high complexity the error is dominated by the variance: The

model has too much degrees of freedom and the random fluctuations from initialization affect

the prediction. One should thus worry that having more parameters than number of data

points in the trainset (P/C0 < N ) would lead to over-fitting.

Over-fitting The bias–variance trade-off predicts that the test error as a function of the

model complexity has a U shape, see the red dashed line in Figure 9.1(left). However for

neural networks, we discovered in Spigler et al. (2019) that the test error of a classification

task has that U shape for N < N∗, but for N∗ < N , it surprisingly decreases as the number of

parameters increases, see the red curve in Figure 9.1(left). This phenomena has later been

coined double-descent by Belkin et al. (2019).

The double-descent was known in regression problems Advani et al. (2020) where the peak

happens at N = P also where the train error reaches zero. It has been later studied in many

works including Nakkiran et al. (2019); Lee et al. (2020); Belkin et al. (2020).

We explain the two behaviors of double-descent: a peak at jamming and the decrease toward

the N →∞ limit.

Close to jamming, in order to satisfy the constraints, the norm of the model has to diverge. We

argued and observed that this divergence scales like

‖ f ‖ ∼ 1/(N −N∗) (9.3)

which differs from the prediction of ‖ f ‖ ∼ 1/(N −P )2 in regression Advani et al. (2020); Liao

and Couillet (2018). This divergence increases fluctuation which in turn jeopardize the perfor-
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mance. It is consistent with the peak of the test error at jamming.

Above jamming, the decrease of the test error is due to the randomness of initialization. In the

N →∞ limit, depending on the parametrization, the neural network converges either in:

• The Neural Tangent Kernel limit Jacot et al. (2018); Du et al. (2019); Allen-Zhu et al.

(2019); Lee et al. (2019); Arora et al. (2019); Park et al. (2019)

• The Mean-field limit Mei et al. (2018); Rotskoff and Vanden-Eijnden (2018); Chizat

and Bach (2018); Sirignano and Spiliopoulos (2020b); Mei et al. (2019); Nguyen (2019);

Sirignano and Spiliopoulos (2020a); Nguyen and Pham (2020); Yang (2019a)

In both limits there is no dependency to the random initialization of the weights. These limits

shows that an overparametrized network converges to well behaved models and explains why

ε(N )
N→∞−−−−→ ε∞

In order to explain that the test error decreases toward the infinite limit, we explain that using

a finite N makes the output of the network depend on the initial conditions of the weights. It

brings fluctuations, which decrease the performance. These fluctuations can be removed by

averaging the outputs of several networks initialized with different random seeds. It is called

ensemble averaging. We observed that most of the variation of the test error in N is suppressed

when we compute the ensemble average. It confirm that fluctuations dominate the behavior

of the test error.

Then we explained how these fluctuations induce an increase of the test error and how they

scale with N . Under mild assumptions, we argued that

〈ε( f )〉−ε(〈 f 〉) ∼ Var( f ) (9.4)

like for regression. Then for the NTK limit, the fluctuations due to initialization scale as

Var(Θ(0)) ∼ 1/h, so we concluded that

Var( f ) ∼ 1/h (9.5)

For the Mean-Field limit, we can argue at initialization that using the law of large numbers

applied on the sum of neurons gives the fluctuation around the expectation value, leading to

the same scaling as for the NTK. It has been proven rigorously also after training by Chen et al.

(2020).

Finally, we obtain a prediction for the scaling of the test error

ε(N ) = ε∞︸ ︷︷ ︸
large N limit

+ B0N−1/2︸ ︷︷ ︸
fluctuations of f

+o(N−1/2) (9.6)

consistent with our observation on MNIST. We also verified numerically all the intermediate
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steps of the reasoning: the scaling of the divergence at jamming, the scaling of the fluctuations

at large N , etc.

Overall there is no overfitting: the second descent corresponds simply to a convergence to

well-defined limiting behaviors.

Lazy and feature To unify the two limits: NTK and Mean-Field, we introduced the same

model as Chizat et al. (2019)

F (w, x) =α( f (w, x)− f (w0, x)) (9.7)

Where α ∈ R and f is initialized in the NTP parametrization (see Table 1 in Section 0.1). If

α∼ 1/
p

h the network converge to the Mean-Field limit and if α∼ 1 it converge to the NTK

limit. α and h parameterize a phase space shown in Figure 9.1(right). The parameter α

controls a cross-over between two regimes: feature and lazy. These regimes are the finite

h equivalent of Mean-Field and NTK. To get an idea of the difference between feature and

lazy it’s useful to visualize the network as a manifold. The network can be seen as a manifold

parametrized by the parameters embedded in the space of functions from the input space to

the output space

f : W −→ (X → Y ) (9.8)

This manifold has a curvature but for small changes of the parameters around the initialization

w0, f behaves linearly. The linearization of f at some w is called the tangent space. While

feature and Mean-Field dynamics leave the tangent space, lazy and NTK dynamics stay in it,

see Table 9.1. Each network has a characteristic time t1, characterizing the time to exit the

N∗ ¿ N <∞ N →∞
remain in the tangent space lazy NTK
leave the tangent space feature Mean-Field

Table 9.1 – Classification of the regimes

tangent space. It can be seen as an approximate measure of the curvature of the manifold.
1 If the training stops before t1, the network remains in the lazy regime otherwise it enters

the feature regime. We showed how varying the margin of the loss (equivalent to 1/α) allows

us to control the training time and therefore the learning regime. We found that: (i) The two

regimes are separated by anα∗ that scales as 1/
p

h, extending a result for 1-hidden layer Chizat

et al. (2019). (ii) Which regime leads to the best performance depends on the dataset and

architecture: in our tests, FCs performed generally better in the lazy regime while CNNs

happen to work better in feature regime, as recently confirmed by Lee et al. (2020).

We argue that taking into account where the model is in the phase diagram sketched in

1Contrary to the manifold curvature measures from geometry, t1 depends on the parametrization and the
optimization algorithm.
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Figure 9.1(right) is important for future empirical studies and as well as for practitioners. This

phase diagram gives a good picture for the dependency in the number of parameters. We miss

a similar picture for the dependency in the number of data points and an explanation for the

curse of dimensionality.

Curse of dimensionality General arguments suggest that P ∼ (1/ε)d — and learning thus

essentially impossible for generic data — when the dimension d of the data is large, which

is generally the case in practice. However neural networks have good performance. It in-

dicates that the datasets contain a lot of structure and redundancy. One example are the

translations in the images. Translations form a symmetry group. Groups are rich math-

ematical structures. However translations only reduce the dimensionality by only a few:

P = ed → P = ed /d = ed−ln(d). Another family of transformation that are very close to transla-

tion are the diffeomorphisms. They do not form a group, however they reduce much more the

dimensionality. We observed that FCs trained on images are not stable to diffeomorphisms.

However we observed that CNNs, that compare to FCs are equivariant to translation and

locally connected, do learn to become stable to diffeomorphisms. We observed, by training

different architecture on CIFAR10 that the test error is strongly correlated to

R f =
D f

G f
(9.9)

where D f is the response to diffeomorphism and G f is the response to Gaussian noise. It

supports that learning diffeomorphisms is key to the success of deep neural networks. This

difference between FC and CNN may explain why FC perform better in lazy than feature:

FC lack the architectural bias CNN has that allows for learning beneficial features. It raises

many questions: (i) How is relative stability established while training? (ii) Is relative stability

necessary for good performance?

Equivariant architectures CNNs perform better than FCs. Assuming this gain in perfor-

mance can be exported to other data than images, we developed new architectures that are

equivariant to other groups of symmetry. We mainly treated 3D rotations, see Table 9.2. These

Group Representations

CNNs T (2) scalar lattice
Harmonic Networks Worrall et al. (2017) E(2) irreps lattice
Spherical CNN Cohen et al. (2018) SO(3) scalar on s2/SO(3)
Tensor field networks Thomas et al. (2018) SE(3) irreps on graph
3D steerable CNN Weiler et al. (2018) SE(3) irreps lattice
Euclidean Neural Networks Geiger et al. (2020b) E(3) irreps on lattice/graph

Table 9.2 – Selection of equivariant architectures. T : Translations, (S)E : (Special) Euclidean
groups, SO: Special orthogonal groups. Our work in bold.
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architectures should need less data than their non-equivariant counterparts, at least of the or-

der of the order of their group of symmetry Bietti et al. (2021). Their performance is confirmed

in different applications including Batzner et al. (2021); Chen et al. (2021); Miller et al. (2020);

Smidt et al. (2021). Similar architectures has been used recently for protein folding Jumper

et al. (2021); Baek et al. (2021).

With these new architectures comes many questions. Once the symmetry group chosen,

the choice of representation might affect performance. When shall we prefer regular from

irreducible representations? Or other representations? If different representations are used

together, how to chose the multiplicity in each intermediate layer? Moreover, the weights can

be distinguished by the representations they link together. How to tune their relative learning

speed?

These architectures are equivariant which distinguish them from invariant ones Smidt (2020).

Could it, like for the case of CNNs, helps them to learn to becomes stable to different kinds of

diffeomorphisms (relatively to generic deformations)?

The field of geometry in neural networks is wide and a lot remains to discover Bronstein et al.

(2021)!
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