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Summary

Model-based methods in autonomous driving and advanced driving assistance gain
importance in research and development due to their potential to contribute to higher
road safety. Parameters of vehicle models, however, are hard to identify precisely
or they can change quickly depending on the driving conditions. In this paper, we
address the problem of safe trajectory planning under parametric model uncertain-
ties motivated by automotive applications. We use the generalised polynomial chaos
expansions for efficient nonlinear uncertainty propagation and distributionally robust
inequalities for chance constraints approximation. Inspired by the tube-based model
predictive control, an ancillary feedback controller is used to control the deviations
of stochastic modes from the nominal solution, and therefore, decrease the vari-
ance. Our approach allows reducing conservatism related to nonlinear uncertainty
propagation while guaranteeing constraints satisfaction with a high probability. The
performance is demonstrated on the example of a trajectory optimisation problem
for a simplified vehicle model with uncertain parameters.
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1 INTRODUCTION

In optimal control problems, uncertainty can be modelled in different ways: parametric or structural uncertainty of the plant
model, the statemeasurements being subject to uncertainty, or unmeasured disturbances enteringmodel equations as noise. In the
presence of path constraints, quantifying and predicting state evolution uncertainty is necessary to allow for a robust trajectory
optimisation and control design. Constraint violation due to uncertainty can be reduced by keeping sufficient distance from the
constraints, or tightening them. On the other hand, an overly conservative handling of uncertainty leads to poor performance,
and thus better estimation of the state uncertainty leads to an improved compromise.1 2
In this paper, we propose a computational methodology for reducing the conservatism of stochastic nonlinear optimal control

problems with parametric uncertainty. The approach builds on the idea of approximating stochastic processes governed by
nonlinear controlled differential equations with uncertain parameters using the generalised polynomial chaos expansion and
controlling spectral modes of such expansion with an ancillary feedback controller. Advantages of the method are illustrated
with a safe trajectory optimisation problem relevant for autonomous driving applications.
In order to handle uncertainties in the system, robust optimal control methodologies have been developed. The methods can

be classified by the way they handle constraints, the type of uncertainty they address, and the type of uncertainty prediction.
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Constraints can be either violated with a probability greater or equal zero, so called chance constraints, or with probability zero,
which implies that the uncertainties or disturbances have to be bounded. The uncertainty can either be time variant or constant.
The prediction can either be open loop without consideration of a feedback controller or closed loop.
Tube-based model predictive control (MPC) schemes handle disturbances by an ancillary stabilizing feedback controller,

and do an open loop prediction for the nominal model. To account for the interference of the ancillary controller, constraints
are tightened in the open loop prediction3. This implies that a stabilizing controller and the amount of tightening have to be
appropriately designed. Both tasks are challenging for nonlinear systems and are subject to current research. Mayne et al4
suggests a dual-MPC approach to handle additive time varying disturbances, where both the ancillary and the nominal controller
are model predictive controllers. Singh5 develops a contraction-based framework to design the ancillary controller and to define
the constraint tightening for input- and disturbance-affine nonlinear systems. Nubert6 develops a Lyapunov-based constraint
tightening methodology for nonlinear systems assuming the ancillary controller is known and applies the theory to a feedback-
linearized robotic manipulator.
While classic tube-based MPC assumes the disturbances to be bounded and guarantees constraint satisfaction for all distur-

bance realizations, stochastic optimal control introduces chance constraints, which means that constraint satisfaction is only
guaranteed up to a certain probability2. The authors in7 combines stochastic MPC and the so called scenario-based approach to
address highway driving scenarios, where the manoeuvres of the surrounding vehicles are uncertain. Simple linear point mass
models facilitate computation. The scenario approach randomly samples time varying uncertainty and solves the OCP without
considering feedback. The constraints are formulated as chance constraints and, as is common for scenario-based approaches,
the confidence of their satisfaction is influenced by the number of samples8.
In order to avoid sampling for the uncertainty propagation, approaches based on so called generalized polynomial chaos

(gPC) have been developed2. They transform a stochastic ordinary differential equation (ODE) into a deterministic ODE by
approximating the random processes by polynomials with time varying coefficients; for a detailed explanation see Section 2.
Still, the probability density function of the uncertain states needs to be reconstructed to enforce chance constraints, which is
done in9 by efficient sampling. Since the prediction does not consider feedback in the open-loop, trajectories of realizations of
the uncertainties might diverge quickly, which leads to a growing variance and thus conservatism3. Hewing et al10 use Gaussian
processes and a race car model linearized around the reference trajectory to run stochastic nonlinear MPC with open loop
predictions. To reduce conservatism, chance constraints are only considered for the short initial part of the optimization horizon.
A key challenge for general nonlinear systems is that there are no closed form solutions for the uncertainty propagation, which

is crucial to reduce conservatism. Generalized polynomial chaos (gPC) can serve as amethod to treat time invariant uncertainties,
e.g., in the parameters or the initial conditions of initial value problems.2 An example of linear stochastic MPCwith gPC is given
in11, where the authors use the Galerkin projection method and a distributionally robust probabilistic inequality to steer a stable
linear system. An advantage of the Galerkin projection for linear ODEs is that expansion coefficients, or the so called Galerkin
tensor, can be computed offline. Fagiano12 proposes a regularised stochastic collocation-based MPC method for stabilisation of
nonlinear systems. In their approach, however, the constraints are satisfied only in expectation.
In this paper, we combine the idea of stochastic and tube-based MPC algorithms: a nominal optimal control formulation is

augmented by a stochastic system stabilized around the nominal system by an ancillary feedback controller, whose parameters
can also be subject to optimization. The applied control action is then the sum of the nominal MPC and the ancillary controller.
In order to ensure satisfaction of input constraints, the control authority of the ancillary controller is restricted by a saturation
function. The path constraints are formulated as chance constraints using a spectral representation of uncertainties and distri-
butionally robust probabilistic inequalities, which tighten the constraints of the nominal MPC in an adaptive fashion taking the
predicted uncertainty of the stabilized stochastic system into account.

1.1 Contributions
In this paper, we present several contributions to the field of robust trajectory planning and control for autonomous vehicles.
First, time invariant uncertainties are considered using a stochastic nonlinear OCP with gPC. Thereafter, the computational

toolbox PolyMPC 13 is extended to transform stochastic OCPs with chance constraints into deterministic OCPs using gPC expan-
sions. Using open loop predictions, especially for unstable systems, in the optimisation algorithm leads to conservatism, which
is demonstrated for an example problem of generating a vehicle trajectory respecting road boundaries.
To overcome this conservatism, a robust stochastic optimal control formulation is proposed. The formulation combines the

idea of a tube-based approach with the capability of gPC based stochastic optimal control: an ancillary feedback controller
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stabilizes the uncertain system around the nominal optimal trajectory, and gPC predicts the stochastic evolution of the stabilized
system. Chance constraints on the uncertain system implicitly tighten the constraints of the nominal OCP, which circumvents
the problem of constraint tightening in the construction of classical tube-based MPC for nonlinear systems.
Simulation studies show the comparison of stochastic nonlinear trajectory optimisation, and the proposed formulation of

robust stochastic nonlinear optimal control using the Dubin’s car model with uncertain parameters.
Additionally, a numerical study demonstrates the properties of the polynomial chaos approach applied to the sensitivity anal-

ysis of a nonlinear model of a single track dynamic model of a car with the Pacejka tire model. The focus is on the influence of
the uncertain tire model parameters on the lateral dynamics of the car which is the most relevant for control applications.

1.2 Outline
Section 2 provides the necessary mathematical background on the polynomial chaos expansions of random variables, the
Galerkin projection method for nonlinear SODEs and approximation of the chance constraints using distributionally robust
inequalities.
Sections 3 and 4 introduce different optimal control formulations, i.e. nominal nonlinear path following control, stochastic

nonlinear optimal control, as well as the proposition of a new robust stochastic problem formulation. Section 3 suggests a new
robust stochastic OCP formulation to overcome the drawbacks of the stochastic problem. Section 4 introduces two mathematical
models of a car, as well as nominal and stochastic formulations of the path following approach for trajectory generation for an
autonomously guided vehicle.
Section 5 shows simulation results to demonstrate the performance of the algorithms. The gPC approach is used in a sensitivity

analysis for the dynamic bicycle model and its limits in the approximation of the uncertain system states are shown. Stochastic
OCP is tested with the Dubin’s car model and its performance is compared to the proposed robust stochastic OCP formulation.
A summary and an outlook can be found in Section 6.

2 BACKGROUND

In this paper, we are concerned with parametric uncertainties in the plant model which lead to the following general stochastic
optimal control problem:

min
u(t)

Φ
(

x(tf , �)
)

+

tf

∫
t0

L (x(�, �),u(�)) d�.

s.t. ẋ(t, �) = f (x(t, �),u(t), �)
Pr[gi(x(t, �),u(t)) ≤ 0] ≤ �i ∀i = 0… ng
x(t0, �) = x0

(1)

where � ∈ ℝn� is a random variable defined on Ξ with probability density function �(�); t ∈ ℝ denotes time, x(�, �) ∈ ℝnx is a
stochastic process describing the evolution of the system state, u ∈ ℝnu is a vector of control inputs. The functionΦ ∶ ℝnx → ℝ
is the terminal cost function, or the Mayer term, and L ∶ ℝnx × ℝnu → ℝ is called the running cost, or the Lagrange term. In a
stochastic formulation, Lagrange andMayer terms typically depend on the expected valueE[x(t, �)] and the varianceVar[x(t, �)].
The uncertain system dynamics is given by the function f ∶ ℝnx×ℝnu×ℝn� → ℝnx , gi ∶ ℝnx×ℝnu → ℝ are the path constraints,
and finally, �i are the probabilities with which i-th constraint should be satisfied. In the following, we briefly explain how this
problem can be efficiently transformed to a numerically tractable OCP that can be handled by the standard tools.

2.1 Polynomial Chaos Expansion
Generalized polynomial chaos (gPC) approximates random variables using polynomial basis functions Ψi(�) ∶ Ξ → ℝ such
that the expansion p̃(�) ∈ ℝ up to polynomial degree NgPC of the random variable p(�) ∈ ℝ is

p(�) ≈ p̃(�) =
NgPC
∑

k=0
pkΨk(�). (2)
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The choice of basis functions is crucial for the quality of the approximation. For a gPC expansion, the key idea is to use
polynomials that are orthogonal with respect to the probability density function (PDF) �(�) of the random variable �. In the
space of square-integrable functions orthogonality is defined as

⟨Ψi,Ψj⟩L2(�) ∶= ∫
Ξ

ΨiΨj�(�)d� = i�ij (3)

where ⟨⋅, ⋅⟩L2(�) denotes the inner product, Ξ is the domain of �, �ij is the Kronecker delta, and i is the normalization constant

i = ⟨Ψi,Ψi⟩L2(�). (4)

Polynomials orthogonal with respect to any PDF �(�) can be constructed by a three-term recurrence relation which defines a
relation betweenΨk+1,Ψk , andΨk−1 withΨ0 = 1 andΨ−1 = 0 or by using the Gram-Schmidt orthogonalisation procedure14 15.
Orthogonal polynomials for some commonly used distributions can be found for example in16.
The orthogonality property can be used to determine the expansion coefficients pk by the projection

pk =
1
k
⟨p(�),Ψk⟩L2(�), (5)

which results in the truncation error e(�) = p(�) − p̃(�) being orthogonal to the approximation basis:

⟨e(�),Ψi⟩L2(�) = 0, for i = 0, ...,NgPC. (6)

It can be shown14 that the expected value and variance of the random variable p̃(�) can be expressed in terms of approximation
coefficients (5) as

E[p̃(�)] = p0,

Var[p̃(�)] =
NgPC
∑

k=1
kp

2
k .

(7)

In the case of p being a stochastic process p(t, �), performing the same operations leads to the approximation

p(t, �) ≈ p̃(t, �) =
NgPC
∑

k=0
pk(t)Ψk(�) (8)

with the stochastic modes pk(t) and time dependent expected value and variance. Additionally, if p ∈ ℝnp , the coefficients are
also in ℝnp . Var[p] ∈ ℝnp then denotes elementwise variance of p.

Galerkin projection is a numerical procedure that allows one to determine the evolution of the stochastic process x(t, �)
driven by a controlled stochastic ordinary differential equation (SODE):

ẋ(t, �) = f (x(t, �),u(t), �) (9)

As before, the process x(t, �) is approximated by a corresponding polynomial basis:

x(t, �) ≈ x̃(t, �) =
NgPC
∑

i=0
xi(t)Ψi(�) (10)

Galerkin projection determines a governing ODE for the stochastic modes xk(t) by a weak formulation of the stochastic ODE
from Equation 9 which needs needs to be rewritten in the residual form

̇̃x(t, �) − f (x̃(t, �),u(t), �) = R
( ̇̃x(t, �), x̃(t, �),u(t), �

)

. (11)

In order to eliminate � and the residual, the Galerkin approach then demands the projection of the residual onto the gPC
expansion’s basis function Ψj be zero:

⟨R(⋅),Ψj⟩L2(�) = 0, for j = 0, ...,NgPC. (12)

For each j the projection of the derivative part of the residual ̇̃x(t, �) reduces to

⟨
̇̃x(t, �),Ψj⟩L2(�) = jẋj(t) (13)
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due to the orthogonality and the separation of t and � in the gPC expansion. The right hand side of the SODE, f (x̃(t, �),u(t), �),
is less trivial for general nonlinear systems and the projection integral

⟨f (⋅),Ψj⟩L2(�) = ∫
Ξ

f
⎛

⎜

⎜

⎝

NgPC
∑

i=0
xi(t)Ψi(�),u(t), �

⎞

⎟

⎟

⎠

Ψj�(�)d� (14)

needs to be calculated numerically, e.g., by Gauss quadrature with a sufficient number of integration nodes. By defining the
expanded state X as

X =

⎡

⎢

⎢

⎢

⎢

⎣

x0
x1
⋮
xNgPC

⎤

⎥

⎥

⎥

⎥

⎦

, (15)

where xi are the modes of the spectral expansion defined in (10) and the j-th projection of the right hand side as

f j = ⟨f (⋅),Ψj⟩L2(�) = f j(X(t),u(t)), (16)

and the expanded dynamics F by

F =

⎡

⎢

⎢

⎢

⎢

⎣

f0
f1
⋮
fNgPC

⎤

⎥

⎥

⎥

⎥

⎦

(17)

one can compactly write a deterministic ODE for the stochastic modes or expanded states, respectively,

Ẋ(t) = F(X(t),u(t)). (18)

This has the same form as the dynamics of the deterministic OCP and can be treated using standard numerical integration
methods.

2.2 Distributionally Robust Constraints
The transformation of chance constraints into a deterministic formulation is another challenging step. Evaluating probabilities
requires integration of the PDF of the term g(x(t, �),u(t)) in chance constraints as introduced in (1), which becomes elaborate
for several reasons. Assuming that the gPC approximation of x(t, �) is known, determining its PDF is still not straightforward,
especially if x(t, �) is not globally invertible. The same holds for g if it is a nonlinear function in x. Even if the PDF is known, eval-
uating joint chance constraints that arise from multivariate � and the resulting multivariate integration becomes computationally
demanding. Popular methods to solve these integrals are Monte Carlo methods which are based on function evaluations with
samples drawn from the underlying distribution14. The scenario approach is another sampling-based method to handle chance
constraints. Analytic approaches on the other hand render chance constraints deterministic by using deterministic bounds, which
ensure constraint satisfaction with higher or equal probability than necessary. A good overview over several analytic and sam-
pling based methods to handle constraints can be found in17. Despite their conservatism analytic methods are ideal for optimal
control due to their lower calculation costs. If the shape of the constraint PDF is not known in advance, so called distribution-
ally robust chance constraints can be used. These methods define probabilistic bounds that are valid for any PDF2. One such
bound is the Chebyshev inequality, which only depends on the expected value � = E[y] and variance �2 = Var[y] of the random
variable y:18

Pr[|y − �| > t] ≤ �2

t2
. (19)

In other words, it states a bound on the probability of y being in the set y > � + t ∪ y < � − t, i.e., the two tails of the domain
of y centered around �. In the chance constraint from (1), the probability of y < 0 needs to be bounded, consequently t has to
be set to �. One can write

Pr[y < 0] ≤ Pr[|y − �| > �] ≤ �2

�2
≤ � (20)
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such that it is sufficient to demand, under consideration that � > 0 has to hold to satisfy the inequality,

�2 − 1
�
�2 ≥ 0. (21)

In addition to the conservatism introduced by distributional robustness, the Chebyshev inequality bounds the probability of
y being in one of the two tails of the domain, whereas only one tail is needed in the chance constraint. Calafiore19 suggests
another inequality for one tail, which becomes after some simplification

� −
√

1 − �
�

� ≥ 0 ⇐⇒ Pr[y < 0] ≤ �. (22)

which gives a better bound for small � and significantly better bounds for � closer to 1. To avoid calculating � as a square root
of the variance and again with � > 0, one can write

�2 − 1 − �
�

�2 ≥ 0, (23)

Both bounds are applicable to any probability distribution where the mean and variance are defined. The downside of this
generality is that the provided bounds usually are not sharp. An example comparing both bounds for a time slice of a random
process will be provided in the Section 5. The expected value and variance required for these bounds can be efficiently calculated
from the gPC expansions as introduced in the previous section. Projection of a general nonlinear constraint onto the gPC basis
results in the expansion coefficients being nonlinear functions of all state coefficients X and the input u,

g(x(t, �),u(t)) ≈ g̃(x(t, �),u(t)) =
NgPC
∑

k=0
gk(X(t),u(t))Ψk(�). (24)

If the constraints are linear, i.e., g(x(t, �),u(t)) has the form a(u(t))Tx(t, �) + b(u(t)), its gPC coefficients are linear combinations
of the state coefficients,

glin,k(xk(t),u(t)) = a(u(t))Txk(t) + �k0b(u(t)), (25)

where the first coefficient and thus the expected value is shifted by b.
Putting expected value and variance of the constraint’s gPC expansion and the Inequality (23) together results in a deterministic

nonlinear inequality constraint on the expanded state X and input u.
Discussion
For unstable systems state trajectories of different uncertainty realizations may diverge quickly, which leads to a growing state

variance, although a feedback controller reacting on the as unknown disturbances could reduce the variance. Consequently, an
open loop stochastic solution tends to overestimate the variance and thus becomes conservative.
It is important to note that, similar to the spectral methods for partial differential equations (PDE), the gPC expansion can

suffer from the so called curse of dimensionality, i.e. the computational complexity grows exponentially with the number of
independent random variables in the SODE. One solution to reduce the computational complexity is to use sparse grids14 20.
Related, one of the assumptions necessary for the efficient use of gPC is a restriction to time invariant uncertainties, as uncer-
tainties that are uncorrelated in time, e.g., white noise, would lead to an infinite number of random variables. Approaches exist
to incorporate noise at the cost of a higher computational effort.21 22 23
The quality of the gPC expansion depends on the number of basis functions and the regularity of the states in the random

space. If the state distribution differs significantly from the distribution of the random variable �, which might be the case for
long prediction horizons, the quality of the gPC expansion might deteriorate over time. Time dependent gPC therefore adapts
the choice of basis functions with time.24 25

3 STOCHASTIC OPTIMAL CONTROL WITH PRESTABILISING CONTROLLER

To overcome this conservatism, a novel stochastic optimal control formulation is proposed. The formulation combines the idea of
a tube-based approach with the capability of gPC to efficiently solve stochastic ODEs: an ancillary feedback controller stabilizes
the uncertain system represented by the spectral modes of the gPC expansion around the nominal optimal trajectory. Chance
constraints on the uncertain system implicitly tighten the constraints of the nominal OCP, which circumvents the problem of
constraint tightening in the construction of classical tube-based MPC for nonlinear systems. As the performance of the ancillary
controller is predicted by gPC, failures are avoided by falling back into the conservative mode of stochastic optimal control. This
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means that the chance constraints will still be satisfied even if the ancillary controller fails to stabilise the system. To the best of
the authors knowledge, such approach to the variance control has not been explored in the literature before.

Algorithm The proposed stochastic OCP considers both the nominal and stochastic system: the nominal dynamics f̂ ∶ ℝnx ×
ℝnu → ℝnx mapping the nominal control û ∈ ℝnu and nominal state x̂ ∈ ℝnx to the nominal state derivatives, the uncertain
dynamics f ∶ ℝnx × ℝnu × ℝnξ → ℝnx mapping control u ∈ ℝnu and state x ∈ ℝnx to the state derivatives in dependence of the
uncertainty � ∈ ℝnξ , the cost J ∶ ℝnx ×ℝnu → ℝ on nominal states and inputs, and inequality chance constraints as introduced
in (1) on state x and input u. An ancillary controller � ∶ ℝnx × ℝnpc → ℝnu parametrized by pc ∈ ℝnpc limits the deviation
of x from the reference x̂ to stabilize the uncertain system around the nominal trajectory. The predicted control applied to the
uncertain system is consequently

u(t, �;pc(t)) = û(t) + �
(

Δx(t, �);pc(t)
)

, (26)

with the uncertain deviation from the reference

Δx(t, �) = x(t, �) − x̂(t). (27)

As the ancillary controller saturates, a lower and upper bound possibly depending on the controller parameters can be given by

|�
(

Δx(t, �);pc(t)
)

| ≤ �max(pc(t)) (28)

where �max controls the level of authority of the ancillary controller. The OCP then becomes

min
u(t),pc(t)

J [x̂(t), û(t),Var[x(t, �)]]

s.t. ̇̂x(t) − f̂ (x̂(t), û(t)) = 0,
x̂(t0) = E[x(t0, �)],

ẋ(t, �) − f (x(t, �), û(t) + �
(

Δx(t, �);pc(t)
)

), �) = 0,
x(t0, �) = x0,

Pr[gi(x(t, �),u(t)) ≤ 0] ≤ �i ∀i = 0… ng
umin + �max(pc(t)) ≤ û(t) ≤ umax − �max(pc(t)),

gc(pc(t)) ≤ 0,

(29)

where gi denotes all inequality constraints on states and inputs other than the inputs constraint and gc denotes inequality
constraints on the ancillary controller parameters.
The proposed methodology can be applied not only for robust trajectory planning for uncertain systems but also in receding

horizon fashion for model predictive control. In the MPC scenario, until the new solution of the OCP (29) is available MPC
applies the sum of the nominal and the ancillary controller:

u(t) = û(t) + �
(

xmeas(t) − x̂(t);pc(t)
)

. (30)

Discussion
All parts of the OCP can be treated with the methods presented in the previous sections. In our work, the stochastic dynamics

and the chance constraints are transformed to a standard OCP formulation by the Galerkin projection method and distributionally
robust chance constraint as outlined in Section 2. The resulting deterministic OCP can then be transformed into an optimization
problem by pseudospectral collocation using the PolyMPC C++ toolbox.
Special attention should be paid to the structure of theOCP: the ancillary controller and its parameters pc(t) shape the dynamics

of the uncertain system and can thus reduce the state variance if chosen accordingly. The state variance influences the chance
constraint gi and a smaller variance allows the expected value to be closer to the deterministic inequality constraints. If the
nominal dynamics are chosen to be close to the dynamics of the expected states of the uncertain system, this leads to less
tightened constraints for the nominal states and a cost reduction as described in Section 2.
To avoid the constraints being the only coupling mechanism of the uncertain system and the nominal systems, and thus the

only influence of the controller parameters, a cost on the state variance can be introduced.
In the case of failing to stabilize the uncertain dynamics, the nominal solution can adapt to prevent the state variance to grow,

for instance, by slowing down the vehicle as will be shown in the simulation studies.
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4 OPTIMAL PATH PLANNING

4.1 Vehicle Modelling
The kinematic bicycle, or Dubin’s car, model has three states [x, y,  ], where x and y are the position of the lumped rear wheel
and  is the heading angle of the vehicle. By using the steering angle � and the velocity v as inputs, the states can be controlled
and follow the dynamics derived by simple kinematic relations

⎡

⎢

⎢

⎣

ẋ
ẏ
 ̇

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

v cos ( )
v sin ( )
v
l
tan (�)

⎤

⎥

⎥

⎦

(31)

with wheelbase l, i.e., the distance between front and rear axis, as the only parameter of the system. For small angles, the steering
angle and curvature of the driven path are proportional and the resulting relation is the Ackermann steering angle for curvature
� 26:

�acker = � ⋅ l. (32)

The dynamic bicycle model does not model the tire as constraints with respect to their lateral axis, but sees them as a stiffness.
Lateral tire forces depend on the wheels’ side slip angles, i.e., the angle between the tire’s longitudinal axis and its velocity.

Fy,r(�r)

Fx,r

Fx,f

�

yB

xB

v

�

 
�

 ̇

xI

yI
�r

COG

lr

lf

Fy,f (�f )

�f

FIGURE 1 Dynamic bicycle model of a car with mass m and moment of inertia J around the COG, adapted from27.

We define an inertial frame I and a body-fixed frame B rotated by the angle  around the z-axis as shown in Figure 1 . x and
y define the position of the center of gravity (COG) in the inertial frame, and vx and vy is the COG’s velocity in the body fixed
frame. Together with the heading angle  and angular rate !, the vehicle state is defined as

x =
[

vx vy ! x y  
]T . (33)

To control the vehicle, steering angle � and thrust/brake of front/rear axis Fx,f and Fx,r are used, such that the input vector
becomes

u =
[

� Fx,f Fx,r
]T . (34)
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Omitting the derivation, the motion equations of the dynamic bicycle are given below. For details, see for example26.

v̇x =  ̇vy +
1
M
(Fx,f cos � − Fy,f sin � + Fx,r − Fdrag),

v̇y =  ̇vx +
1
M
(Fx,f sin � + Fy,f cos � + Fy,r), (35)

!̇ = 1
Iz
(−LrFy,r + Lf (Fy,f cos� + Fx,f sin �)),

ẋ = vx cos − vy sin ,
ẏ = vx sin + vy cos ,
 ̇ = !,

The key component of the vehicle model is the interaction between the tires and the road. There exist several approaches for
tire force modelling which differ in numerical complexity. For autonomous driving at moderate speeds, one could use the linear
tyre model with a constant cornering stiffness. However, for high lateral accelerations the model becomes inadequate as can be
observed in Figure 2 . Therefore, the Pacejka magic formula can be used instead for tire modelling26:

Fyf = FzDf sin
(

Cf tan−1
(

Bf�f − Ef (Bf�f − tan−1(Bf�f ))
)

)

,

Fyr = FzDr sin
(

Cr tan−1
(

Br�r − Er(Br�r − tan−1(Br�r))
)

)

.
(36)

Front and rear lateral tires each have their own set of coefficients B,C,D,E. The induced forces are functions of the slip angles
�f,r which can be modeled as in Equation (37).

�f = − tan−1
(vy + !Lf

vx

)

+ �,

�r = − tan−1
(vy − !Lr

vx

)

.
(37)

FIGURE 2 Exemplary curve of the friction coefficient �(�) of Pacejka’s magic formula.

4.2 Path Following
In this section, we consider the problem of optimising a vehicle trajectory given a geometric representation of the center line
of the road and its boundaries. It is common for modern vision-based road recognition systems to compute the road boundaries
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as parametrised curves, for example splines. The goal of the optimisation algorithm is to find a trajectory within the road
that respects dynamic and actuation constraints of the vehicle. To achieve this we adopt the optimisation-based path following
methodology from28 29.
Consider the system output y ∈ ℝny , y = h(x), and a reference path to follow xp ∶ ℝ → ℝny parametrized by a path

parameter � ∈ ℝ. The goal then is to find the control signal u(⋅) that steers the system to this path. That is, for some sequence
�(t), t ∈ [t0, tf ] corresponding to a sequence of points on the path p(�(t)), one seeks to find a u(t) to minimize the distance
between the path and the system:

u⋆(t) = argmin
u(t)

‖xp(�(t)) − ℎ(x(t))‖ (38)

A standard approach to pick an optimal sequence �(t) is to assign dynamics to the parameter:

�̇(t) = f�(�(t), v(t)) (39)

In the particular implementation here the choice of f�(�(t), v(t)) is a second order linear system which is often used for
mechatronic systems as it allows to control speed and acceleration profiles:28

ż =
[

0 1
0 0

]

z +
[

0
1

]

v = Az + Bv (40)

where z consists of the path parameter and its derivative

z =
[

�
�̇

]

. (41)

The path following problem then becomes:

min
u(t),v(t)

Φ
(

x(tf ), z(tf )
)

+

tf

∫
t0

L (x(�), z(�),u(�)) d�.

s.t. ẋ(t) = f (x(t),u(t))
ż(t) = Az(t) + Bv(t)
g(x(t), z(t),u(t)) ≥ 0
u(t) ∈  , v(t) ∈ 
x(t0, �) = x0

(42)

Where f is the vehicle dynamic equations,  and  are box constraints on the vehicle and virtual inputs. The associated
Lagrange term cost penalises the geometric path deviation, the input the reference velocity deviations. The Mayer term can also
be complemented by a cost on the reference velocity:

L[x(t), z(t),u(t)] = Lpath + Linput + Lvelocity
= ‖h(x(t)) − xp(�(t))‖Q + ‖u(t)‖R + ‖�̇(t) − �̇ref (�(t))‖W ,

Φ[x(tf )] = ‖h(x(tf )) − xp(�(tf ))‖Q + ‖x(tf ) − xref (tf )‖Qf + ‖z(tf ) − zref (tf )‖Wf

(43)

4.3 Road Boundaries
In our implementation, the geometric curves representing the reference path xp(�p) and the parametric curves describing the right
and left boundaries of the road xb,r(�p) and xb,l(�p) are synchronised. Synchronisation means that the curves are parametrised
such that for any path parameter �∗p in the domain the points xb,r(�∗p ) and xb,l(�

∗
p ) are the closest possible to xp(�

∗
p ) in the sense of

the second norm. The condition of being on the inner side of the road boundary is replaced by the condition to be on the inner
side of its tangent, which reduces to a simple dot product when synchronised curves are used:

gb,i =
(

xp (�) − xb,i (�)
)T (xcog − xb,i (�)

)

≥ 0, (44)

where xcog are the coordinates of the vehicle’s center of gravity (CoG) as depicted in Figure 3 and i ∈ {r, l} is the right or left
road boundary. In order to account for the vehicle’s width and orientation, the road boundary constraints are tightened by half
the width of the vehicle.
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An advantage of such a constraint formulation is its linearity, which is helpful when computing the impact of uncertainty: as
described in Section 2, note that the path parameter � is not subject to uncertainty but can be seen as an internal state of the
controller. Thus, Equation (44) is linear in the uncertain states and chance constraints can be formulated in a simple manner.

xp(�p) xb,r(�p)

xb,r(�)

xp(�)
xcog

gb,r < 0

FIGURE 3 Tangential approximation of the right road boundary, so that xcog cannot enter the red region where gb,r < 0.

4.4 Stochastic Cost
A common choice to account for uncertainty in the cost is to consider the expected value and variance of the state1 30. Lagrange
and Mayer terms in (43) then become

L[x(t, �), z(t),u(t)] = ‖h(E[x(t, �)]) − xp(�(t))‖Q + ‖u(t)‖R + ‖�̇(t) − �̇ref (�(t))‖W + qTVarVar[x(t, �)],
Φ[x(tf , �), z(tf )] = ‖h(E[x(tf , �)]) − xp(�(tf ))‖Qf + ‖z(tf ) − zref (�(tf ))‖Wf

.
(45)

where Var[⋅] denotes the diagonal entries of the covariance matrix.

5 TRAJECTORY OPTIMISATION UNDER PARAMETRIC UNCERTAINTIES

In addition to the time dimension of states and controls, the dimension of the uncertainty has to be examined for stochastic
MPC. The following sections show and interpret results from a sensitivity analysis of the dynamic bicycle, the solutions of the
stochastic OCPs with the kinematic bicycle, and the effect of an ancillary controller in an OCP of the robust stochastic OCP
scheme.

5.1 On uncertainty visualisation
This section briefly explains the generation of PDFs and the visualization of the road boundaries as chance constraints.
We start with the visualisation of the stochastic process governed by a SODE and chance constraints as described in Section 2.

For a better understanding a good visualization can be helpful, e.g., for the construction of a PDF of a random variable. Fol-
lowing14, the PDF of a random variable p(�) is the push-forward of the PDF of � under the map p. If p(�) is invertible, one can
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write

��(�(p∗))|d�| = �p(p∗)|dp| (46)

with �� and �p denoting the PDFs of � and p, respectively, i.e., the probability of an element in � is assigned to the probability
of the corresponding element in p. It follows, that

�p(p∗) =
|

|

|

|

|

(

dp
d�

)−1
|

|

|

|

|

��(�(p∗)), (47)

i.e., the PDF is scaled by the inverse of the slope of p(�). Consequently, the PDF can reach infinity if the slope becomes zero. If
p(�) is not invertible (47) is not correct, but the right hand side can be adapted:

�p(p∗) =
N
∑

i=1

|

|

|

|

|

(

dp
d�

)−1
|

|

|

|

|

��(�i,p∗), (48)

Figure (4 ) shows the push forward of a uniform distribution through some simple polynomials as an example.

(a) Polynomials pi(�). (b) PDFs corresponding to the push-forwards through pi(�).

FIGURE 4 Push-forward of a uniform distribution through different polynomials pi(�).

An interesting random variable to analyze is the chance constraint of a road boundary violation given the vehicle’s current
position x(�), path and boundary vectors xp and xb. One way to visualise is to calculate the tightest boundary parallel to the
original boundary that does not violate the chance constraints. Equation 44 can be reformulated as

Pr[nTxcog(�) − nT
(

xp − n
)

≥ 0] ≥ � (49)

where  = ‖xp − xb‖2 is the distance from boundary to the path and n = xp−xb


is the normalized vector from boundary to path.
The tightest bound of a chance constraint for probability of violation �- � can be found by applying one of the distributionally
robust chance constraints from Section 2. Equation 49 can be reformulated to

Pr[nTxcog(�) − nTxp − � = g� (�) ≥ 0] ≥ � (50)
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and using the chance constraint from Equation (23) leads to

E[g� (�)] −
√

1 − �
�

Var[g� (�)] ≥ 0. (51)

Calculation of the expected value and variance is then straightforward if the gPC expansion coefficients xi of x(�) are known.
As stated in Equation (25), orthogonality of the polynomials implies

g� ,0 = −n
Txcog,0 + nTxp + � ,

g� ,i = −n
Txcog,i,

(52)

and the expected value and variance can be calculated according to Equations (7). Using �� =
√

Var[g� (�)], the estimate of
boundary becomes

� =
√

1 − �
�

�� + n
T (xcog,0 − xp

)

. (53)

5.2 Stochastic Optimal Control Problem
The kinematic bicycle introduced above is used to demonstrate the capability of gPC expansions of a stochastic OCP. In the
test case, the vehicle has an uncertain wheelbase between 0.95 ⋅ Lnominal and 1.05 ⋅ Lnominal modelled by a uniform distribution
that scales the influence of the steering angle on the driven curvature. The OCP is parametrized with path-, velocity- and
regularization cost as listed in Table 2 b, the gPC expansion has three basis functions, and the vehicle is supposed to follow a
cosine with wavelength 20 [m] along the x-axis with an amplitude of 1 [m] in the y-direction, a constant longitudinal velocity
of 10 [m∕s], and boundaries with a distance of 0.2 [m] from the center line of the path.
Figure 5 a shows the optimal solution for a horizon length of 2 [s] not enforcing boundary chance constraints. The expected

path of the vehicle is shown with the solid blue line, and the dashed red lines denote the boundaries of a 95% confidence region,
i.e. the region where all possible realisations of the vehicle trajectories will lie with the 95% probability. It can be observed that
these boundaries cross the road boundaries at around 7[m], and therefore, the vehicle will leave the road with high probability
from some realisations of the uncertain parameter if the control was applied in open loop. In fact, due to the kinematic relations
in the model, it is not possible to reduce the size of the tube, as any steering increases the variance. Figure 5 b shows solution to
the same stochastic problem but the chance constrained enforced. The vehicle has to considerably slow down so that the chance
constraints are satisfied. This conservatism is avoidable in reality, however, if one considers the feedback correction that will
keep the vehicle closer to the center line. In the following, we demonstrate how the method introduced in Section 3 allows to
avoid the conservatism of the open loop predictions while guaranteeing chance constraint satisfaction.

5.3 Stochastic Optimal Control with a Prestabilising Controller
The major drawback of the open-loop predictions in stochastic OCP is the conservatism of the prediction as illustrated in the
previous section. Stochastic model predictive control proposed in Section 3 circumvents this problem by applying an ancillary
controller in a tube-based MPC fashion. To test this assertion the same parameters and tuning as in the stochastic OCP from
Section 5.2 are used in the proposed robust formulation. Note that the OCP parameters listed in Table 2 b have a slightly different
meaning, as qx, qy, qx,f , and qy,f now parametrize the cost on the nominal system of the robust stochastic OCP in contrast to
the cost on the expected values in the stochastic OCP. The ancillary feedback controller applies an additional steering command
that depends on the lateral path deviation dlat and the orientation error dor to reduce the effect of the uncertain wheelbase. The
heuristic proportional steering feedback law is given by

��(t, �) = −psat ⋅ tanh
(pslope,lat

psat
dlat(t, �) +

pslope,or
psat

dor(t, �)
)

(54)

The saturation is implemented with the tanh function and the coefficient psat that defines the range of the ancillary control signal.
The values can found in Table 2 c. As the saturation limit psat is set to 0.02 [rad], the ancillary lateral controller is responsible for
at most one percent of the available steering angle of �∕6. Three different setups show the effect of the additional controller: the
first setup assumes the same uncertainty on the wheelbase as in the stochastic OCP from Section 5.2, i.e., between 0.95 to 1.05
times the nominal wheelbase, to compare the open loop solution with the robust solution. The second setup has an uncertainty



14 Petr Listov, Johannes Schwarz, Colin Jones

with a larger range of 0.90 to 1.10 times the nominal wheelbase which leads to the saturation of the ancillary controller. Finally,
the third setup uses the same uncertainty as in the second experiment but applies the road boundaries as chance constraints.
Figure 6 shows the optimal solution of the first setup. Since the nominal and expected value of the wheelbase parameter

coincide the nominal dynamics are close to the expected stochastic dynamics and as the initial value of the nominal system is
equal to the expected initial value of the stochastic system, the nominal and expected paths coincide. The ancillary controller
reduces the variance of the lateral path error and stabilizes the uncertain system around the nominal system. Contrary to the
optimal solution of the open-loop stochastic OCP shown in Figure 5 a, the road boundary chance constraints are not violated
and the vehicle can reach the desired end point of the horizon at x = 20 [m]. As the ancillary controller depends on the uncertain
lateral path deviation and orientation error, it becomes a random process. Its PDF is shown in Figure 8 at x = 15 [m] and is
drawn from the linear region of the tanh function as the controller output � is far from saturation.
A larger uncertainty in the second setup leads to a larger variance of the lateral path error and consequently the ancillary

controller comes closer to saturation. Figure 7 a shows how the boundary constraints are violated despite the stabilizing con-
troller. The kinematic nature of the vehicle is preserved despite the ancillary controller and the vehicle cannot reach the desired
end point at x = 20 [m] in the third setup, where the chance constraints are considered as shown in Figure 7 b. To go as far
as possible, the vehicle takes advantage of the small variance at the apex of the turn and takes the shortest possible path. For
both setups two and three, the ancillary controller is close to its saturation of 0.02 [rad], which equals to 1.15 [deg] as shown
in Figure 8 for the end of the optimization horizon. Because of the decreasing slope of tanh in the region of saturation, the
maximal or minimal ancillary controller output is more likely than for the solution of in first setup from Figure 8 with less
uncertainty and thus less controller saturation.

5.4 Sensitivity analysis
In this section, the Galerkin projection method introduced in Section 2.1 is applied to examine the sensitivity of the car dynamics
with respect to the tire parameters. For this numerical study we use the recorded control trajectory computed by the NMPC
algorithm using the dynamic bicycle with nominal parameters. Simulation is done the SODEwith fixed control input for different
parameters that are often uncertain in practice. The control inputs come from a double lane change manoeuvre as shown in
Figure 9 planned with a 1.5g acceleration limit with the vehicle parameter of setup 4 as listed in Tables 1 b and 1 d. Inputs
and reference states are taken from an optimization horizon of length 2s starting right before the second turn of the double lane
change manoeuvre and ending after the third turn. As both right and left turns as well as a fast transient in between are within
the horizon and the vehicle drives close to its limits, high sensitivities on the parameters can be expected.
The sensitivities to three different Pacejkamodel parameters are investigated using uniform distributions of several parameters:

the system for the first sensitivity analysis has an uncertainD-parameter for the front and rear axes varying between 0.90⋅Dnominal
and Dnominal corresponding proportionally to � = −1 and � = 1, respectively. Apart from its influence on the linear cornering
stiffness, D is proportional to the maximally transmittable lateral tire force. The second sensitivity analysis retains the neutral
behavior of the vehicle by varying the linearized cornering stiffness of the front and rear axes in the same proportion. SinceClin ∝
B ⋅C , B and C are varied equally to maintain the overall shape of the Pacejka tire curve. Clin is varied between 0.95 ⋅Clin,nominal
and 1.05 ⋅ Clin,nominal again corresponding proportionally to � = −1 and � = 1, respectively. The last sensitivity study weakens
the rear axes by reducing the rear linear cornering stiffness only, with Clin,r varying 0.90 ⋅Clin,nominal and Clin,nominal for � between
� = −1 and � = 1, which renders the vehicle oversteering for small rear cornering stiffnesses. All setups are listed in Table 2 a.
Figure 10 shows different realisations of the driven path of the dynamic bicycle model with uncertain D. y-position and the

orientation deviate considerably from the nominal solution, as the vehicle saturates the rear tire and does not manage to get into
the second turn for some realizations of �. To verify the approximation of gPC and the Galerkin projection, the solution of the
stochastic modes evaluated at different �i are compared to samples of solutions of the original ODE with parameters evaluated at
the same �i. Despite the rich gPC basis with polynomials up to degree eleven, the regular sampling and the gPC solution diverge.
Figure 11 shows the reason for the divergence with the states y and  ̇ as an example: the gPC expansion has to approximate a
kink in y and a step in  ̇ , which leads to oscillating solutions related to the Gibbs’ phenomenon14. Because of the poor regularity
of the functions to approximate, the gPC coefficients only converge slowly in comparison to the coefficients of the solution for
an uncertainty in the rear cornering stiffness as shown in Figure 12 .
The sensitivity to the changes in the linear cornering stiffnesses is easier to approximate and a smaller basis for the gPC expan-

sion is sufficient. In this scenario, Legendre polynomials up to degree six are used. Figure 13 shows a comparison of trajectory
samples of the second experiment maintaining the vehicle’s neutral behavior and the third experiment with the oversteering
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behavior. While the neutral vehicle stays close to the nominal solution, the oversteering vehicle integrates up deviations in the
yaw dynamics and thus y-coordinate deviates considerably from the nominal solution. The yaw dynamic error arises mainly
in the transient phase between the turns where the tires generate yaw acceleration. Due to the lower rear stiffness the vehicle
drives with a higher slip angle � in the first turn of the horizon to counteract the centripetal acceleration. The higher slip angle
also leads to higher lateral forces at the front axis, which results in a higher yaw acceleration and thus higher yaw rate than the
nominal model. In the transient phase after the turn the yaw rate must change sign rapidly, which implies high yaw acceleration
in the opposite direction. The nominal model achieves this by changing the steering to the left, which reduces the front lateral
tire force and leads to a moment on the vehicle. The higher slip angle countersteers the force reduction and thus the yaw accel-
eration as shown in Figure 14 b and the error takes the integrator chain from yaw rate to orientation. In the end of the last turn
the slip angle reduces to zero again, and the delayed yaw dynamics help the vehicle to reduce it as depicted in Figure 14 a.
Figure 15 shows the nominal optimal trajectory, the OCP solution with the nominal model for the controller and worst case

model as plant, the expected value of the uncertain model, the envelope of the solutions of the uncertain model and the chance
constraints for a violation probability of five percent. While the worst case solution tightly follows the nominal prediction, the
open loop prediction of the uncertainty diverges as explained before. Together with the chance constraints the prediction of the
open loop system is very conservative and does not resemble the feedback solution. For the y-coordinate, which points into the
same direction as the boundary normal, Figure 16 shows the expansion, PDF, and chance constraints at the end of the horizon.

6 CONCLUSION AND OUTLOOK

The stochastic nonlinear OCP controller uses gPC expansions to approximate the uncertain states. The implemented projection
algorithm generates a deterministic ODE governing the evolution of the expansion coefficients of a stochastic ODE with
arbitrary right hand sides using the Galerkin projection and numerical quadrature. Its potential and limits are demonstrated in a
sensitivity analysis of the dynamic bicycle. Road boundaries are reformulated to chance constraints, i.e., constraint satisfaction
can only be guaranteed to a certain probability. Their effect on the stochastic OCP is shown with the Dubin’s car model.

Finally, a robust stochastic nonlinear OCP formulation is proposed to overcome the conservatism of the open-loop predic-
tions in stochastic OCP. The key idea is to stabilise the uncertain system around a nominal optimal trajectory by an ancillary
feedback controller. The gPC expansions are used for efficient nonlinear uncertainty propagation. The idea is verified in simu-
lation using the Dubin’s car model.

In general, stochastic nonlinear optimal control is computationally demanding and poses significant challenges to nonlin-
ear optimisation solvers. Distributed numerical frameworks for nonlinear optimal control31 could be explored in the future to
improve robustness and facilitate real-time applications of the proposed methodology.
While the gPC methodology demonstrated the its efficiency for nonlinear uncertainty propagation in dynamical systems,

it can be observed from the presented sensitivity study that the conservatism of chance constraints can be further reduced if
sharper probabilistic bounds for chance constraints were available. Furthermore, since at every time slice the stochastic state
is characterised by polynomials it is potentially possible to cast the chance constraints as polynomial positivity condition by
exploring connection with the Bernstein polynomial basis32. These directions are also subject for the future research.
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(a) OCP without consideration of the road boundaries as chance constraints. The red dash lines define the confidence tube, i.e. the tube that contains all possible realisations
of the vehicle trajectory with probability 95%. The tube crosses the road boundaries which will lead to constraint violation for some realisations of the uncertain parameter.

(b) OCP with consideration of the road boundaries as chance constraints. Due to the kinematic relations in the model, the vehicle cannot influence the effect of uncertainty
while proceeding in x-direction, and therefore has to reduce the speed.

FIGURE 5 Path solution of the stochastic OCP for the kinematic bicycle with uncertain wheelbase following a cosine with
constant velocity.
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qx qy w qx,f qy,f r�̇ rv̇ r�̇
unit 1∕(m2 ⋅ s) 1∕(m2 ⋅ s) s∕m2 1∕m2 1∕m2 s s3∕m2 s5∕m2

value 1e2 1e2 1e2 1e2 1e2 1e0 1e0 1e0
(a) Parameters for MPC with the kinematic bicycle.

m J lf lr CD CR
unit kg kgm2 m m kg∕m N
value 1200 1400 1.6 1.4 1 600

Bf Cf Df Ef Clin,f Br Cr Dr Er Clin,r
unit 1∕rad N∕rad 1∕rad N∕rad
value 10.3 2.4 1.3 1 1.77e5 10 2.7 1.3 1 2.20e5

(b) Model parameters for the dynamic bicycle.

r� rFx,f rFx,r r� r�̇ rḞx,f rḞx,r r�̇
unit 1∕s 1∕(s ⋅ N2) 1∕(s ⋅ N2) s3∕m4 s s∕N2 s∕N2 s5∕m2

value 1e3 1e−6 1e−6 1e−1 1e4 1e−4 1e−4 1e−1
(c) Regularization cost parameters for MPC on the dynamic bicycle.

setup qx qy w qx,f qy,f wf q ,f
unit 1∕(m2 ⋅ s) 1∕(m2 ⋅ s) s∕m2 1∕m2 1∕m2 s2∕m2

1 value 1e5 1e5 1e6 1e5 1e5
2 value 1e5 1e5 1e3 1e5 1e5 1e3
3 value 1e5 3e2 1e3 1e5 3e2 1e3 1e5
4 value 1e5 1e4 1e3 1e5 1e4 1e3 1e4

(d) Velocity- and path cost parameters for MPC on the dynamic bicycle.

TABLE 1 Model- and MPC parameters for the kinematic- and dynamic bicycle.

setup parameters minimal factor maximal factor
1 Df , Dr 0.95 1.05
2 Bf , Cf , Br , Cr

√

0.95
√

1.05
3 Br , Cr

√

0.90 1.0
(a) Parameter variations for sensitivity analysis. The dependency of parameter p on
� is given by p(�) = 0.5((pmin(1− �)+pmax(1+ �)). The minimal/maximal parameter
value is the minimal/maximal factor times the nominal parameters from Table 1 b.

qx qy w qx,f qy,f r�̇ rv̇ r�̇
unit 1∕(m2 ⋅ s) 1∕(m2 ⋅ s) s∕m2 1∕m2 1∕m2 s s3∕m2 s5∕m2

value 1e4 1e4 1e3 1e4 1e4 1e1 1e1 1e0
(b) Parameters for the stochastic open loop OCP, and the robust stochastic OCP.

psat pslope,lat pslope,or
rad rad∕m
2e−2 3e−1 1

(c) Ancillary controller parameters for
the robust stochastic OCP.

TABLE 2 Parameter variation for open loop sensitivity, parameters of the stochastic open loopOCP, and for the robust stochastic
OCP.



18 Petr Listov, Johannes Schwarz, Colin Jones

FIGURE 6 Path solution of the stochastic OCP with the ancillary controller for the kinematic bicycle with uncertain wheelbase
following a cosine with constant reference velocity. The ancillary controller reduces the variance and the vehicle reaches the
desired end point at 20m.
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(a) Solution without enforcing the chance constraints. Saturation of the ancillary controller leads to violation of road boundary constraints for some realisations of the
uncertain parameter.

(b) Solution with consideration of the chance constraints. Due to the ancillary controller saturation and kinematic nature of the vehicle, the desired end point at 20m cannot
be reached. To go as far as possible within the horizon of 2s, the optimiser exploits the kinematic relations in the model and finds the shortest path that less steering input
and thus reduces the variance further.

FIGURE 7 Path solution of the robust stochastic OCP for the kinematic bicycle with uncertain wheelbase following a cosine
with constant reference velocity. Because of a large uncertainty between 0.9 and 1.0 times the nominal wheelbase, the variance
grows faster than in the solution of Figure 6 .
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FIGURE 8 PDF of the ancillary controller output at x = 15m for the first setup with an uncertainty in the range of 0.95 to
1.05 times the nominal wheelbase, the second setup with a range of 0.90 to 1.10 without consideration of the road boundaries
as chance constraints, and the third setup with a range of 0.90 to 1.10 with consideration of chance constraints. For all setups,
the ancillary controller saturates at 1.15deg.
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FIGURE 9 Double lane change manoeuvre.
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FIGURE 10 Sensitivity for parameter variation ofD of front an rear axis. The solutions with different realizations deviate from
the nominal solution due to tire saturation for small D. The realizations are calculated from the gPC expansion of the system
states determined by the expanded ODE and are compared to trajectory samples of the original ODE through the same parameter
realizations. Errors come from the poor regularity of some system states to be expanded as shown in Figure 11 .

(a) GPC expansion trying to approximate a step in y. (b) GPC expansion trying to approximate a kink in  ̇ .

FIGURE 11 Gibbs’ phenomenon14 in the polynomial approximation of y and  ̇ at the end of the optimization horizon.
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FIGURE 12 Maximal magnitude of the i-th expansion coefficient of the approximation of states y and  ̇ . The gPC solution of
the system with D-variation shows a slower decay than the system with variation of the rear axis’ cornering stiffness.

FIGURE 13 System with variation of front and rear cornering stiffness maintaining the neutral behavior of the vehicle com-
pared with a variation of the rear cornering stiffness leading to an oversteering behavior. While the sampled trajectories of the
oversteering vehicle deviate significantly from the nominal solution, the neutral vehicle is less sensitive.
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(a) Slip angle � for different realizations of a weakened rear axis. Because of the weaker rear axis higher side slip angles are necessary to withstand the centripetal forces.

(b) Slip angle  ̇ for different realizations of a weakened rear axis.The yaw acceleration is delayed for a weaker rear axis, as the higher side slip angle reduces the effect of
the steering angle in the transient phase after the first turn.

FIGURE 14 Yaw rate  ̇ and side slip angle � for different realizations of a weakened rear axis. The rear cornering stiffness
varies between 0.90 and 1.0 times the nominal stiffness.
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FIGURE 15 Expected value, envelope as max/min deviations, and chance constraint of system with variation of the rear cor-
nering stiffness compared to the nominal solution and the MPC solution with nominal model in the controller and worst case
model as plant. While MPC manages to track the nominal solution tightly despite the uncertainty, the open loop prediction
diverges, amplified by the conservative chance constraints.
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(a) GPC expansion and sampled trajectories of y at the end of the horizon. GPC approximates well the shape of y(�) and a basis with polynomials of lower order can be
considered.

(b) PDF as a push-forward of the uniform distribution of � through y, and chance constraints coming from Chebyshev’s inequality as well as the alternative one-sided
chance constraint introduced in Section 2.

FIGURE 16 Expansion, PDF and chance constraints for y at the end of the horizon.
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