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Abstract

In this thesis, we take a signal-processing approach to two research areas outside of the
core of the signal processing research: geometry reconstruction and light propagation
through non-uniform media.
In the first area, we consider new sampling schemes inspired by problems of surface

recovery and continuous localisation. We analyse sampling at unknown locations and show
signal recovery uniqueness under constraints. We also study non-synchronised sampling
of vector-valued signals or fields, that arise in the problem of localisation of a smoothly
moving device. We provide sufficient conditions for device localisation. To this end, we
formulate the problem of rank-one sensing of full-rank matrices and develop sufficient
conditions for matrix recovery when some measurements are missing.

In the second area, we study Lippmann photography, a century-old colour photography
technique. We model recording and viewing of a Lippmann photograph as analysis
and synthesis operators and study the invertibility of their composition. We extend
our analysis to a potential method of creating digital photographs, namely internal
modification of glass with femto-second lasers.

Keywords — sampling, sampling at unknown locations, SLAMpling, matrix recov-
ery, matrix completion, rank-one sensing, product of frames, polynomials, bandlimited
signals, linearization, linear system of equations, localization, positioning, range sensing,
optimization, trajectory estimation, Lippmann, photography, interference, spectroscopy,
silica, femto-second lasers.
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Résumé

Dans cette thèse, nous adoptons le point de vue du traitement du signal pour aborder
deux domaines de recherche qui lui sont tangentiels: la reconstruction de la géométrie et
la propagation de la lumière à travers des milieux non-uniformes.
D’un côté, nous considérons de nouveaux schémas d’échantillonnage, inspirés par les

problèmes de la récupération des surfaces et de la localisation continue. Nous analysons
l’échantillonnage de signaux à des positions inconnues et montrons l’unicité de la recon-
struction de ces signaux sous certaines conditions. Nous étudions aussi l’échantillonnage
non-synchronisé de signaux ou de champs à valeurs vectorielles, situation qui se rencontre,
en l’occurrence, lors de la localisation d’un véhicule autonome se déplaçant selon une
trajectoire fluide. Dans ce contexte, nous mettons en avant des conditions suffisantes pour
la localisation des véhicules. Pour cela, nous formulons le problème d’échantillonnage de
rang-un sur des matrices de rang complet, et développons des conditions suffisantes pour
la reconstruction de ces matrices lorsque l’échantillonnage est incomplet.
D’un autre côté, nous étudions la photographie interférentielle de Lippmann, une

technique centenaire de photographie en couleur. Nous interprétons l’enregistrement et le
visionnement d’une photographie Lippmann comme des opérations abstraites de synthèse
et d’analyse, et étudions l’inversibilité de leur composition. Nous étendons notre analyse
à une nouvelle méthode qui pourrait permettre de créer des photographies digitales, grâce
à la modification interne du verre avec des lasers femtoseconde.

Mots-Clés — échantillonnage, échantillonnage de signaux à des positions inconnues,
SLAMpling, reconstruction de matrice, complétion de matrice, échantillonnage de rang-un,
produit de repères, polynômes, signaux à bande limitée, linéarisation, système d’équations
linéaires, localisation, échantillonnage de distance, optimisation, estimation de trajectoire,
Lippmann, photographie, interférence, spectroscopie, silice, laser femtoseconde.
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How to read this thesis?

This thesis consists of two parts, and therefore we take the liberty to write this short note
to help the reader navigate them.

The first part, titled Sampling & Geometry core of this thesis. The second part, titled
Lippmann Photography describes our contribution to a larger interdisciplinary project.
Parts I and II are independent and can be read in any order. The references to Part I
that appear in Part II are there to give a broader context and the concepts they refer to
are not required to understand the Lippmann photography.
This thesis is on the longer side of theses, not only because it contains two parts, but

also because we took the opportunity to share information that is usually not included in
publications. Therefore, this thesis includes many examples, side notes and explanations
of the creative process that led to the results presented.
While we believe that fellow early career researchers can find this additional material

useful, we are aware that a long thesis can be tedious to read. Therefore, we structured
the thesis to allow the reader to cherry-pick which parts are interesting for them. For the
readers who are not interested in the proofs, the proofs are conveniently marked. The
reader who is not interested in our journey might only glance at chapters titled “Intuitions
and Challenges”. Finally, the boxes titled “Want to know more?” are there for the most
curious readers.
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Chapter 1.

Introduction

Where are you?

Are you at work? In your home town? By the lake? Whatever your answer, it is likely
to be your location with respect to the landmarks around you, rather than your position,
for example 46.521 826 9 N 6.632 702 5 S. Observing landmarks and your relation to them
is the natural way for humans to navigate and create maps — mental or otherwise. We
do this instinctively, but it can take us only so far. To navigate over large distances with
sparse landmarks, we need help from technology. Precise positioning and safe navigation
over the seas required the creation of good maps, a global coordinate system and precise
spring clocks. Today, navigation seems trivial with inexpensive GPS devices [1]. The most
common positioning technique — lateration — is also very well understood in theory [2].
The remaining challenge for machines is the localisation by using landmarks in unmapped
environments — the tasks that are easy for humans.
With the rise of probabilistic methods, and later with machine learning, positioning

and localisation became successful in increasingly challenging conditions. For example, in
environments where maps still need to be drawn or when a device moves while collecting
sparse or noisy measurements [3].
Our intuition is that these methods work well, because the world has structure and

objects do not move arbitrarily. Structure can be incorporated as a prior (in statistical
methods) or learned (in machine learning). However, these localisation methods are not
well understood from a theoretical point of view. In which scenarios is localisation even
possible? What are the intrinsic limits?
To answer these questions, we believe that we need to consider the problem from the

sampling perspective. The maps and positions on a computer are, by necessity, discrete
with a certain frame rate and resolution. The world they model is continuous. Therefore,
we need sampling and interpolation to move from the analog to the digital world, and
vice versa.

In this thesis, we extend the understanding of localisation, positioning, and mapping. To
this end, we study a number of cases of map making, positioning or sensor localisation with
moving devices. Although these cases are simple enough to enable us to find guarantees,
they capture some of the typical difficulties in their respective areas.

We begin this chapter with introductions to the research areas of interest. We discuss
sampling and interpolation in Section 1.1, focusing on deterministic signals. In Section 1.2,
we discuss topics of localisation, mapping and distance geometry. We give a high-level

2



Chapter 1. Introduction

overview of traditional localisation and mapping methods that inspired us, and we dive
deeper into geometric approaches to positioning.
In Section 1.4, we give an overview of our work presented in Part I of this thesis. We

discuss the gaps in our understanding of localisation and mapping and how a sampling
approach could help to bridge this gap. We describe the specific problems that we address
in this thesis.

We also briefly discuss matrix recovery in Section 1.3. The in-depth introduction of the
area is outside the scope of this work, but as we refer to matrix recovery in Chapter 3,
we think that a short reference is needed.

Finally, in Section 1.5, we present assorted mathematical tools that we use throughout
this thesis, and we introduce the notation. The reader familiar with the topics introduced
there can safely skip this section.

1.1. Sampling and Interpolation

Sampling (the reduction of a continuous signal to a discrete one) and interpolation
(expansion of a discrete signal to a continuous one) are at the core of signal processing.
In digital signal processing, a continuous signal, e.g., a sound wave, is sampled, processed
digitally, and interpolated into a new continuous signal, e.g., a new sound wave. In digital
communication, a discrete signal is interpolated, sent as an electromagnetic wave, and
then sampled at the receiver.

To successfully process a continuous signal digitally, we need to know if the continuous
signal is fully described by its samples; and, to recover the original signal, to know how to
interpolate the discrete signal. To efficiently send a discrete signal over the air, we need to
know how many discrete samples can be encoded in a continuous wave. Hence, the core
questions in the area of sampling and interpolations are, When is the recovery possible?
What is the sufficient number of samples? What is the necessary number of samples?

Therefore, it is a not a surprise that the formulation of the first sampling theorem,
i.e., the cardinal sampling theorem, is recognised as the beginning of signal processing by
the Institute of Electrical and Electronics Engineers (IEEE) [4]. The sampling theorem
can be split in two parts [5, 6]. The first states that a bandlimited signal is completely
determined by its uniform samples, i.e., values at uniform points, provided it is sampled
at the Nyquist rate. The second part describes that 2π-bandlimited signal x(t) can be
interpolated from its samples x(n) as follows:

x(t) =

∞∑
n=−∞

x(n) sinc(t− n). (1.1)

We owe the modern formulation of the theorem, with the Nyquist rate, to Shannon
[7], who knew the statement — but not the proof — from Whittaker [8]. Interestingly,
this theorem first arose from studying polynomial interpolation. The word cardinal in
the name of the theorem refers to cardinal functions: functions obtained by taking the
limit of interpolating polynomials for infinite number of uniform samples. Functions that
can be interpolated with the cardinal functions are exactly the bandlimited functions

3



Chapter 1. Introduction

used in the theorem. Bandlimited functions are also the simplest of all signals that fit the
uniform samples, because they “wiggle the least” between samples. The term the Nyquist
rate used by Shannon originates from Nyquist’s famous 1928 paper [9], where he studied
digital communication. The Nyquist rate originally meant the amount of code pulses that
can be sent through a channel with a given bandwidth.

We use the name cardinal sampling theorem rather than Whittaker-Shannon-Nyquist
Theorem or a similar term, because there are more people who independently formulated
or proved this result. In the times of Shannon, it was proved by Kotel’nikov [10, 11]
in Russian literature, by Raabe in German, by Someya in Japanese, and by Weston
(curiously, in English, the language of Shannon). Even before the work of Shannon,
Ogura [12] provided the idea of the proof in terms of cardinal series. The first part of
the theorem can be traced all the way back to Borel (1897). In our humble opinion, it
would be fitting to call this theorem the fundamental theorem of signal processing, after
the fundamental theorems of algebra and calculus.

As pivotal as the cardinal-sampling theorem has been, the assumption that the signal
is bandlimited and that the sampling positions are uniform is restrictive. The real
world signals are never exactly bandlimited [13], and the Shannon sampling formula
(Equation (1.1)) is impractical due to the slow decay of the sinc function [14]. Furthermore,
in many situations, the data is known only at non-uniform positions [15], for example, in
communication theory, astronomy or medical imaging. Therefore, many extensions have
emerged over time. We describe some of them in the remainder of this section.

The Earliest Extensions

Some of the first [16] extensions to the cardinal sampling theorem include using both the
function values and derivatives, extensions to multiple dimensions (described in more
detail in Multi-channel Sampling), sampling band-pass rather than bandlimited functions,
and the very first results in non-uniform sampling [17] (Irregular Sampling). The earliest
results in non-bandlimited sampling date as far back as 1908 to Vallée Poussin’s [18] and
later Marie Theis’ [19] works on duration-limited signals.

Another early group of extensions is based on the observation that the sampling theorem
is implicitly based on the Fourier transform. The signal is given by the inverse Fourier
transform of its compact spectrum. The interpolation and the sampling positions are
given an orthogonal basis of such signals. Replacing the Fourier transform with another
integral transform, e.g., Hankel (Bessel) transform in optics leads to a new sampling
theorem. The limitation of this approach is that it ties together the class of sampled
functions, the sample positions, and interpolation formula. The results for many different
integral transforms have been unified under the framework of reproducing kernel Hilbert
spaces [20]. We return to Hilbert spaces in Sampling in Hilbert Spaces.

Wavelets

Continuous wavelet transforms and wavelet series are other examples of integral transforms
that can be used to formulate sampling and interpolation results. However, wavelets
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Chapter 1. Introduction

are not only an interpolation method, but a research field in their own right, with many
applications in data compression, denoising, differential equations with discontinuities
[21], dictionary learning [22], and gravitational-wave detection [23, 24]. Here, we give only
a brief overview.
Wavelets can be thought of as functions that are created from a prototype wavelet

through shift and scaling. Wavelet transforms (discrete and continuous), as well as wavelet
series, provide a linear method of decomposition of a signal into wavelets. They are a tool
for time-frequency analysis, but where frequency is implicitly described by scale. This
makes wavelets particularly well-suited for the analysis of multi-scale and non-stationary
signals [21, 25, 26]. Due to its fractal structure, a discrete wavelet transform is fast; more
precisely, it is linear in the input length [21, 26]
There are many different wavelet families, designed for different purposes. Many of

them are frames and provide redundant representation of the signal. There are also
wavelet bases, even orthogonal wavelet bases, but they are much more restricted in shape
than redundant wavelets [21].
Wavelets have their origins in engineering, physics, and pure mathematics [27]. They

owe their name to a geophysicist J. Morlet [28] who used different windows for different
frequencies to analyse seismic data [26]. Since then, many people found connections
between wavelets and their own fields. A theoretical physicist A. Grossmann, found the
connection to coherent states formalism in quantum mechanics [29]. A harmonic analyst,
Y. Meyer, found the connection to the analysis of singular-integral operators by Caldéron
[28]. Mathematician S. Mallat noticed the connection with the multi-resolution analysis
from computer vision [28] and used it to create the layered structure of wavelets [29].
Mallat and I. Daubechies are credited for developing transition between continuous and
discrete signals [26].

There are many other scientists who have contributed to the field [26]: Stromberg dis-
covered the same orthogonal wavelets as Mayer; Paul Levy, Littlewood and Paley extended
the work by Haar; and electrical engineers, C.D. Esteban, C. Galland, M.Smith and
T.Barnwell, worked on iteratively applied filters (filter banks) similar to the multiresolution
analysis by Mallat [25, 26, 29].

Multi-channel Sampling

Multi-channel sampling, also called generalised sampling, is an early extension to the
cardinal sampling theorem. This sampling scheme assumes that we pass the signal through
m linear shift-invariant systems, and that we sample each result regularly at 1/mth the
Nyquist rate [30]. Then, we ask for the reconstruction of the continuous input signal.
Sampling function values and first m− 1 derivatives falls under this framework, as well as
certain wavelet transforms and filter banks. Multichannel sampling can also be applied
to multi-dimensional or multi-component signals [31, 32].
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Irregular Sampling

There are situations that require irregular sampling, for example astronomy [33], where
the measurements can be taken in only certain conditions, or in magnetic resonance
imaging, where spiral sampling grids are more efficient than regular ones.
Irregular, also called non-uniform, sampling first appeared in the works of Yen [17] in

the 50s. Yen considered a special case when some samples are moved from regular grid
[17].
Since then, there have been three approaches to the problem. One is to use the same

spaces as for uniform sampling, e.g., bandlimited functions [34] but also for wavelet and
spline-like spaces. The main challenge of this approach, especially if the samples are
concentrated in one place, is stable reconstruction [14]. The main result is the Beurling-
Landau theorem [35, 36] about the minimum sample density needed to recover bandlimited
functions. There are many fast iterative algorithms available for this approach [15, 37,
38].

The second approach is to consider special interpolation spaces suitable for non-uniform
sampling, e.g., non-uniform splines [14], in particular B-splines. There, one of the core
results is that, in the limit of the order of spline going to infinity, the spline interpolation
converges to a bandlimited function [39, 40]. For more good references about these two
approaches, we refer the reader to the work by Aldroubi and Gröchenig [15].
The third approach is based on using the Hilbert space formalism, described in the

next section.

Sampling in Hilbert Spaces

Up to this point, we have talked about sampling functions from different classes: ban-
dlimted functions, band-pass functions, and wavelets. All of them, and many others, e.g.,
uniform splines, can be described in the framework of shift invariant spaces: spaces of
functions generated by regular shifts of a given function or set of functions.1

The framework of shift invariant spaces introduces a geometric view on sampling,
based on the Hilbert space formalism [14, 41]. The core observation is that sampling
and interpolation is a projection between Hilbert spaces [14]. For signals that belong
to the interpolation space, this means exact recovery and provides a unified proof for
a number of different sampling theorems: For example, the reproducing kernel Hilbert
spaces framework corresponds to the orthogonal projection.

For signals that are not in the interpolation space, the projection perspective provides
methods for recovering a signal as close as possible to the original. This leads to an area
of error estimation, in particular entirely a Fourier-based error estimation [42, 43]. As
we cannot recover the signal exactly, in order to judge the quality of the setup, we can
resample the interpolated signal and check whether the sample values change. If they do
not change, we say that the sampling and interpolation setup is consistent [44].

Although sampling in Hilbert spaces originated from shift-invariant spaces, it is much
more general than this. It has been extended to non-uniform sampling or, more precisely,

1These regular shifts make shift invariant spaces inherently linked with regular sampling.
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to sampling with arbitrary bases [45, 46]. New notions of optimality and more stable
algorithms were proposed [47].

Implicit Sampling

Another area where the sampling is not uniform is implicit sampling: when the sampling
positions depend on the input signal, e.g., in neuromorphic computing2. Implicit sampling
is, in general, a non-linear operation, hence a linear operation is not sufficient to recover
the signal [48]. Therefore, the interpolation methods discussed thus far do not necessary
apply to it.
Implicit sampling, also called signal-dependent sampling or event-based sampling, is

growing in popularity [49], in particular in the field of vision [50], because the event-based
cameras recently became commercially available [50, 51]. Event-based sampling is more
energy efficient that classic sampling, and has potential for better resolutions and dynamic
range [50, 52]. The basic principles of implicit sampling are to encode information in
sample positions, rather than sample values, and to produce the samples only when
something interesting, i.e., an event, occurs.

The idea was introduced by Bond and Cahn [53], in the form of recovery of signals from
their zero crossings: locations of real and complex zeros [54]. Later, Longan characterized
band-pass signals that can be represented (up to scaling) by their zero crossings [54]. The
idea was extended to sine crossings [55]: intersections with a known sinusoid and level
crossings [56].

Recently, a renewed interest in neuromorphic computing [49] created new applications
for level-crossing sampling. This inspired researchers to study time-encoding machines
(TEM): idealised event-based sensors [57, 58]. A TEM produces samples when the integral
of the signal hits a threshold, thus imitating the integrate-and-fire neuron. In addition to
preserving crucial properties of neuromorphic computing, it is amenable to study. For
example, bandlimited functions [57] and functions from shift-invariant spaces [58] can be
recovered from samples created by a TEM, provided that certain conditions, similar to
sampling rate, are met.

Another family of implicit sampling reacts to change in the signal, rather than its actual
value. This includes delta modulation [59], sigma-delta modulation [60], and send-on-delta
sampling [61], where pulses are generated when the signal amplitude changes by more than
a given difference. It should be noted that there is a close relation between send-on-delta
sampling of a signal and level-crossing sampling of the integral of this signal.

Non-subspace Sampling

Most of the sampling and interpolation frameworks we have discussed so far concern
signals from a known linear space. There are situations, however, when the signals belong
to unions of subspaces [62–64] that are not themselves subspaces.

The most widely known example is compressed (or compressive) sensing [65–68], where
discrete signals in RN are assumed to be k-sparse, i.e., to have only k � N non-zero

2As the name suggests, neuromorphic computing is inspired by the workings of neurons.
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values. Adding two k-sparse signals results in a signal that has up to 2k non-zero values
and might not be k-sparse. Thus, k-sparse signals are not a linear subspace.

Another example is continuous signals with a finite rate of innovation (FRI): finite and
bounded number of degrees of freedom per unit of time [69, 70]. Examples of signals with
a finite rate of innovation include streams of Diracs or non-uniform splines. Here again,
adding two signals can double the rate of innovation.

Probably the oldest example of non-subspace sampling is sampling signals with unknown
spectral support, i.e., signals that occupy a known fraction of the spectrum, but at an
unknown location [35, 71].

In principle, we can always extend the sum of subspaces to a larger subspace. However,
in the case of compressed sensing, this would require O(N) samples, when only 2k
numbers3 are needed to specify a k-sparse signal. In the other two cases of non-subspace
sampling, the smallest linear space that contains the union of subspaces is infinitely
dimensional. Therefore, more efficient methods are needed.

Each of the aforementioned sampling schemes has their own methods and challenges. In
compressed sensing, the restricted-isometry property (RIP) [72] is the classic tool; but it
was quickly replaced with more general incoherence properties [73, 74]. These properties
were used to show that a sparse signal can be recovered from random measurements, and
that the number of samples needed is of the same order of magnitude as the number the
significant coefficients of the signal. Later, methods that do not require either RIP or
incoherence were developed [75, 76]. Compressed sensing was also extended to low-rank
matrices, see Section 1.3.
In the sampling of FRI signals, the primary tool traditionally is Prony’s method [77],

also known as the annihilating-filter method [78]. The method originated from the
spectral estimation of signals with a finite number of spectral components [79] but was
then generalised [69]. In recent works, Prony’s method was replaced with more robust
optimisation methods [80, 81].
For signals with unknown spectral support, it was shown that the number of samples

required for recovery is much smaller than needed for subspace sampling [71]. Finally, Lu
[62] proposed a generalised theoretical framework for sampling signals from a union of
subspaces. This frameworks provides a geometrical explanation of why 2k samples are
often needed to sample a union of k-dimensional subspaces. Both signals with unknown
spectral support and FIR signals can be interpreted as infinite-dimensional compressed
sensing [82].

Sampling at Unknown Locations

Compared to other frameworks, sampling at unknown locations is a relatively unexplored
topic. Yet, sometimes sample locations are not known: for example, if the stream of
uniform samples is sent over a deletion channel, or when the samples are taken with
multiple sensors whose ordering is unknown.
Interestingly, the capacity of a deletion channel is still an open problem [83]. Never-

theless, under certain conditions, both the discrete bandlimited signal and the signal
3That is, the non-zero values and their indexes.
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positions can be recovered [84]. Recently there have been a number of results on sampling
with unknown permutation of sensors; these results are often called unlabelled sensing
[85–91].

Another situation where sample positions could be unknown is when they are taken with
a jittered clock. In this case, samples are approximately uniform and an alternating least-
squares algorithm can be shown to converge to a local minimum [92]. If the alternating
algorithm is too costly, we can treat the samples as if they were uniform. If the distribution
of sample positions satisfies certain weak conditions, the reconstruction error will be
asymptotically inversely proportional to the number of samples [93–96].

Sampling of Composites of Functions

Unlabelled sensing can be also interpreted as sampling a composite of two unknown
functions — the permutation and the signal — at known locations. Time warped signals
[97–101] also fall into this category. For example, it can be shown that for particular
warpings of bandlimited signals, unique recovery is possible [102]. The sampling of a
composite of functions can be also interpreted as non-subspace sampling, where the
warping defines to which linear space the signal belongs.

There is an interesting connection between sampling composites of functions and single-
index models [103] that are commonly used in econometrics. However, with single-index
models, only the linear part of the warping is recovered and only up to a scaling — only
the direction of the warping.
We will see more on the composite of functions in Chapter 2.

1.2. Geometry Reconstruction

A mammoth tusk, with carvings representing a mountain, a river, valleys and routes to
the south of present-day Brno, in the Czech Republic, might be the oldest preserved map,
dated to 25,000 BC [104, 105].

Since then, our maps have become much more sophisticated. They are precise, interac-
tive, and can display 3D topography. We can navigate to a given location. This progress
would not be possible without the advances in physics and time keeping that led to a
GPS system [1], as well as advances in computer vision that enabled 3D reconstruction
from images [106].
The modern maps make autonomous vehicles, such as self-driving cars, possible. Al-

though the use of modern maps makes our life easier, it impairs our spacial knowledge
[107].

Map making and navigation are not the only areas where the estimation of geometry is
needed. For example, geometry is crucial in understanding human health. First, sensor
networks monitor, for example, pollution and temperature. To make sense of the produced
data, the geometry of the sensor network has to be measured or calculated [108, 109].
On a smaller scale, understanding the human brain requires, for instance, understanding
the brain structure, and this has to be reconstructed from different kinds of data [110].
On an even smaller scale, the function of a protein is defined by its shape. Therefore, to
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understand the biological processes inside cells, we first have to understand the structures
of the proteins involved; these structures can be estimated from measurements [111] or
predicted from the DNA sequence [112, 113].

In this section, we give a general overview of some of the problems that can be jointly
characterized as geometry reconstruction. No proper literature review that talks about
map-making and positioning can neglect the famous robotics problem of simultaneous
localisation and mapping (SLAM). Therefore, we discuss it first. We then proceed to
areas that are more immediately related to our work, such as structure from motion, and
range-based localisation. Finally, we discuss the existing work on trajectory recovery.

Simultaneous Localisation and Mapping

SLAM solves the problem of localising a moving device in an unknown or rapidly changing
environment [114, 115]. For SLAM to be practical, it has to be real-time and robust.

In the absence of GPS, the simplest way to obtain the real-time position of a robot is
to equip it with a module that can track motion. This can be inertial measurement unit
for odometry or a camera for visual-odometry. The problem with odometry is that it is
not robust. The errors in the position estimated accumulate over time, thus resulting in
a drift. Therefore, SLAM systems employ various loop-closure methods to make sure the
same place visited twice is recognised as such in the robot’s internal map. To solve the
loop-closure problem, some information about the environment has to be incorporated.
This information can be obtained from a camera (visual slam [116]), lidar, radar, or even
microphones (acoustic slam [117–119]). Often different measurements are complementary
and can be combined with sensor fusion [3]. Many of the methods that we will discuss
later in this section could be the source of environment information for SLAM.
There are also different ways to integrate the environment information. The classic

methods of estimation of robot and landmarks positions are Bayesian, e.g., extended
Kalman filters (EKF-SLAM) Rao-Backwellized particle filters (FastSLAM) [120, 121]. In
these methods, at each step of a robot’s movement, the estimation of the robot’s position
is updated based the detected landmarks; and landmark information is updated based
on the estimation of the robot’s position. Classic methods are well-studied and suitable
when multiple sensor fusion is needed. However, for a visual slam with a single camera,
key-frame methods perform better by separating position estimations and landmark
estimations, [116].
It is possible for a robot to build a consistent map of the unknown environment due

to a high degree of correlation between landmark estimates, which grows with each
measurement. Over time, even if a robot’s position is uncertain, the relative map of
landmarks converges [121, 122].

Finally, there are methods that can incorporate information from multiple devices via
collaborative SLAM. Such approaches can improve not only environment mapping, but
also collision avoidance and route planning. They usually use a centralized architecture
[123].
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Structure from Images

In this subsection, we discuss methods called jointly structure from X, or shape from X,
where the X can be, e.g., motion, shading or texture. Their purpose is to reconstruct the
3D model of an object, or of the environment, by using one or multiple photographs. In
many cases, the position of the camera is also reconstructed.
In structure from motion (SfM), the input data consists of multiple unordered

images of the same scene, taken from different viewpoints [124]. The output is a 3D
model of the scene and an estimate of the pose of the camera for each of the input images.
This was traditionally done by extracting key feature points from the scene, matching
them between views and verifying the geometry [124–126]. This iterative matching and
verification in a greedy way led to the high complexity of SfM algorithms [127]. Over time,
deep-learning methods overtook the field [128], as they can learn good priors about how
the real-world objects look. Recently, differentiable rendering [129] was used to estimate
not only the shapes but also the textures, thus producing a scene ready to render [130].

The purpose of shape from texture (SfT) is to recover the shape of the object from
the perceived distortions of its texture [131, 132]. The main advantage of SfT is that it
can be estimated using a single photograph.

The basic principle of SfT is that the texture viewed at an angle will be compressed. If
the camera projection is not perfectly orthographic, additional deformations are introduced,
which become stronger farther from the centre of the image. The first step in SfT is
to measure this distortion and to infer the surface normals (direction perpendicular to
the surface). Next, the surface coordinates are calculated. In order to estimate the
surface distortion, some assumptions on the texture have to be made, e.g., homogeneity or
isotropy. A specific texture model can also be assumed, e.g., 2D wavelets called warplets
[132].
Another assumption that can be made on a texture is its spectral content [133, 134].

This special case of SfT is often called shape from bandwidth (SfB) [102, 135].
Shape from a single or multiple image can be also recovered based on a light and

shade pattern; this is called shape from shading (SfS) [136]. It is a classic problem in
computer vision, accredited to Hom [137]. As both the shape and the light source have
to be recovered, the problem is ill posed and additional constrains, such as smoothness or
integrability, are needed.

Our brain can estimate the shape of an object in a still photo, not only by shades and
textures but also via a visual system’s knowledge of objects [136]. Therefore, it is not a
surprise that deep learning accurately reconstructs the shape from a single image. Recent
works focus on finding the best 3D geometry representation, rather than improving the
already excellent accuracy. Some of the proposed representations include point clouds
[138], surfaces [139], meshes [106] and occupancy networks [140] that classify if the given
point is inside or outside the object.
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Range-Only Localisation

There are situations when we cannot, or do not want, to use vision-based methods. This
could when the environment does not exhibit enough reliable features, for example under
water [141, 142], at high altitudes [143], and in large exhibition-style rooms [144]. We
might not use cameras if we want to preserve privacy of people in these spaces. In such
situations, it is more feasible to use distance measurements, for example, time of flight or
received signal strength of Wi-Fi or Bluetooth.
In some of these scenarios, we control the positions of the measurement devices, for

example, if we can equip an exhibition room with Bluetooth sensors. Then, we can simply
use lateration methods that we discuss below. In other situations, for example, as for the
calibration of ad-hoc microphone arrays, we do not know positions of any devices. We
discuss this situation later in this section (Localisation from a Graph of Distances).

Lateration The lateration problem is to recover a position of a point from distance
measurements to a number of known points, called anchors. It is known that at least 4
distance measurements4 are needed to localise a point. This is the principle behind GPS
positioning [1].
Lateration is a classic problem and there are different methods for solving it, many

of them are in closed form or are non-iterative [2]. The techniques differ in how they
handle the noise. For example, in squared range least squares (SRLS)5 [145] it is assumed
that square measurements are measured, thus the noise is added to squared distances. In
certain situations, this model behaves differently than range least squares (RLS) [146],
where it is assumed that noise is added directly to the distances. Although both problems
are non-convex, RLS is more difficult to solve and non-linear least-squares solvers, such
as Levenberg-Marquardt algorithm [147], have to be used.

Localisation from a Graph of Distances There are many situations where we know
some of the distances between points, but we do not have any reference locations. This
could be in the localisation of wireless sensor networks [109, 148]6, or in the position
calibration of ad-hoc microphone arrays [149]. In localisation with sound waves, distances
to nearby walls are measured, but the wall’s positions are not known [150, 151]. Another
situation when no anchors are available is the molecular confirmation problem, where
the points describe atoms, and the distances between them are measured by nuclear
magnetic resonance (NMR) [111] or crystallography [152]. A related problem appears in
the visualisation of multi-dimensional data sets, if data points are related by a distance
that should be approximated in the visualisation [153].

Partial distances can be represented by a graph, where nodes are the points we want to
localise (sensors, atoms). If the distance between two points is measured, then there is an
edge between the corresponding nodes in the graph; the edge is weighted by the distance.

4If we are interested in 2D position only, 3 distance measurements are sufficient.
5SRLS also stands for simple robust least squares.
6Wireless sensor network localisation is sometimes called self-localisation [108].
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Given a graph, we want to know if its embedding in D dimensions is unique (up to
rotations and translations). This question is relevant for sensor-network design and, in
the noiseless case, can be addressed by rigidity theory that provides efficient algorithms
to check uniqueness of the embedding [148, 154]. A similar problem is when we have all
the distances, but some of them are corrupted; we want to know if it is still possible to
recover the correct embedding [155].

In the distance geometry problem [156–158], we want to know if our measurements can
be embedded in D dimensions, without any distortions. We do not find this approach
useful in real world, see Box 1.1.

In data visualisation, we want to know how to best approximate the multi-dimensional
distances on a two dimensional plot. We know all the distances, but they are noisy. In
this case, we can use methods called multi-dimensional scaling [159, 160], and multi-
dimensional unfolding [161]. The latter is suitable, in particular, when the data similarity
forms a bipartite graph.
In the localisation problem, we rarely have all the distances. Various optimisation

methods can be used to estimate the positions from noisy and incomplete distances. Here,
due to its straightforward formulation, we use the Euclidean distance matrix (EDM)
[162–164], as an example. EDM theory can be extended to situations when permutations
of distances are no longer known [165].
The name Euclidean distance matrix is not entirely accurate, as EDMs are matrices

of squared Euclidean distances; this gives them better algebraic properties [163, 164].
They are useful descriptions of point sets, because there is one-to-one mapping between
a EDM and the Gram matrix, i.e., a matrix of inner products between vectors of point
coordinates. From a Gram matrix, the positions of the points can be easily recovered, up
to global rotations and translations, via matrix factorisation.

More formally, consider a set of N points in D dimensions X ∈ RD×N . The entries of
the EDM, assuming all are available, are squared distances:

djk = ‖xk − xj‖2 = x>k xk − 2x>k xj + x>j xj

therefore, we can express the EDM D in the matrix form:

D = 1N diag(G)> − 2G+ diag(G)1>N ,

where G = X>X is the Gram matrix of the N points. Moreover, Gram matrix can be
calculated from the EDM by multiplication via two matrices, see [164].
As we do not have all distances available, we cannot calculate G directly. We can,

however, formulate it as an optimisation problem:

arg min
G

||D̃ −W �
(
1N diag(G)> − 2G+ diag(G)1>N ,

)
||2

s.t. rank(G) = D

G < 0,

where we know that G has to be rank D in order to describe points in D dimensions.
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This problem can be relaxed and solved with various methods of low-rank matrix
recovery (including semidefinite programming [166], see Section 1.3: Semi-definite Pro-
gramming), smart initialization, expectation-minimisation, or locally rigid embeddings
[154].

Parametric-Trajectory Recovery

All the methods discussed, so far, model device positions as single points; if the device is
moving, it creates a sequence of its positions. But, as mentioned in the introduction, in
the real world, the movement is continuous. To model this more accurately, a number
of methods were proposed, predominantly using splines. A comprehensive review of
this field is given in [167]. Li et al. [168] solve the classic SLAM problem, replacing
the position update of the usual state-space equations with a continuous, parametric
trajectory. Li et al. consider polynomial-basis functions and update over time the
trajectory coefficients. They use a standard iterative solver that, in general, converges to
a local minimum. Other methods [167, 169, 170] solve the same trajectory estimation
problem, thus parameterizing the trajectory with B-spline basis functions. As B-splines
have local support, they automatically offer more flexibility in fitting complex trajectories,
without recursively updating the coefficients. However, these papers lack optimality
guarantees because Gauss-Newton solvers are used.

After our results were published, parametric trajectory models were used in the locali-
sation of diffuse sources [171] and in target tracking [172].
Trajectory models can also be integrated in the traditional EDM framework with

so-called kinetic EDMs [173], where all points are considered to move on trajectories.

Want to know more? 1.1: Distance Geometry

Some authors claim that distance geometry has applications in positioning, in sensor-
network localisation and protein-structure estimation [156]. We find these claims a little
far-fetched.
First, as the embedding has to be exact, there is no space for modelling noise, hence

distance geometry cannot handle real data. Second, the distance geometry problem can,
in principle, be solved with a non-constructive proof, i.e., without providing any positions.
Even a constructive proof might not give uniqueness guarantees. Finally, the graph of
distances that were created by sensors in a D dimensional space can always be embedded
in D dimensions, (up to the error due to measurement noise). Hence, in any real-world
localisation scenario, the distance geometry problem is trivial.
Dynamical-distance geometry [174, 175] suffers from the same problems, but with

points moving over time. To our knowledge, there is no trajectory modelling in dynamical-
distance geometry, and the time is discrete.
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1.3. Matrix Recovery

We have mentioned low-rank matrix recovery twice now: in the context of compressed
sensing (Non-subspace Sampling), and in the context of range-only localisation (Localisa-
tion from a Graph of Distances). In addition to localisation, low-rank matrix recovery has
applications in recommender systems and collaborative filtering [176], image processing
[177], and computer vision, e.g. structure from motion [178, 179].

In this section, we give a quick overview of matrix recovery from linear measurements.
A general review is outside the scope of this thesis.

Formally, in the low-rank matrix recovery problem, we are given measurements

yn = 〈An,X〉,

where X is an unknown low-rank matrix and An are known sensing matrices. A special
case when An are all zeros except one entry is called matrix completion because, in
this case, An determine which entries of X are measured. Matrix completion is usually
formulated using binary W that indicate which entries are available:

Y = W �X.

Here, we use the name matrix sensing when we refer to matrix recovery that is not matrix
completion. For a more detailed overview of matrix sensing, we refer the reader to [180].

As mentioned in Section 1.1, low-rank matrix recovery can be interpreted as a special
case of compressed sensing where, instead of assuming that the unknown we want to
recover is sparse in the standard basis, we assume that that its spectral (in matrix sense)
representation is sparse.

As searching for a sparse solution is difficult, nuclear-norm minimisation is used instead.
This can be done with proximal algorithms [180] with semidefinite programming [181]
(described at the end of this section) or with iterative algorithms [180, 182].

There are many works that study when the solution to the relaxed problem is unique and
is the solution to the original problem. The most widely known results are probabilistic,
i.e., show that the solution is unique with high probability. In matrix completion, to
guarantee the uniqueness, certain conditions are assumed on the measured matrix; they
can be based on compressed sensing [181, 183–185] or on the incoherence [186]. In matrix
sensing, certain assumptions are made on matrices An. One such assumption is the
restricted isometry property (RIP) [187] that, in the matrix case, has connections with
the Johnson–Lindenstrauss lemma [188]. There are also incoherence based results in
matrix sensing [189, 190].
Although probabilistic results are used widely as incentive for the use of low-rank

matrix completion in applications, they are not always realistic. There are situations
when we have a fixed set measurements that we want to know if the unique recovery from
this set of measurements is possible.
This was the basis for matrix completion from deterministic masks [191]. The results

were obtained using coherence properties of the recovered matrix [192, 193], by using
rigidity theory [194], geometry [195], and algebraic geometry [196]. Recently, a question
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about which matrices can be completed for a specific mask was studied [197]. In the case
of matrix sensing, deterministic matrices that satisfy RIP were constructed [198].

Semi-definite Programming

Using semi-definite programming (SDP) is not the only method for recovering a matrix,
nor the most general one. It is, however, relevant in this thesis.
SDP is an area of convex optimisation7 concerned with symmetric matrices. The

objective is linear, and there can be two kinds of constraints: affine and positive semi-
definite. We state below one of the many formulations of SDP:

arg min
X

〈C,X〉

s.t. 〈An,X〉 = bn for n ∈ [N ]

X < 0.

The intersection of the cone of positive semi-definite matrices with an affine space is a
convex set, hence the whole problem is convex.
As a convex problem, SDP can be solved efficiently using, among other methods,

interior-point methods. It has also been proven that, in the worst-case scenario, it can be
solved in polynomial time [200]. Another advantage of SDP is that it is a generalisation
of linear and quadratic programming [200].

Semi-definite programming is often used in problems that are not originally convex but
that can be relaxed to a SDP. It is called semi-definite relaxation [166, 201]. It was first
used by Lovász [202] and Goemans and Williamson [203]. For many non-convex problems,
it returns a correct solution or at least a good initialization for further optimisation. Its
accuracy and optimality conditions were studied for a number of non-convex problems
[204].

1.4. Geometry from the Sampling Perspective

We have seen that among the methods used in various geometry problems, many model
the world in a discrete manner. Yet, there is no geometry representation that is suited to
all tasks; for example, machine-learning methods use many different representations. Both
classic and learned geometry reconstruction methods rarely provide recovery guarantees;
if they do, the guarantees are often asymptotic. We believe that guarantees for geometry
problems can be obtained by modelling the world in a continuous way. To do this, we
propose to take a sampling perspective and tap into the signal-processing expertise.
We demonstrate this approach with two examples. The first problem bridges shape

from texture with sampling at unknown locations (Chapter 2). We propose a toy problem
of surface recovery by using bandlimited or polynomial texture, and we show how it can

7The word “programming” refers to planning; the name linear programming, which created this convention,
has been used before the word “programming” was used for coding, as Dantzig states in the foreword
to his book about linear programming [199].
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be formulated as a special case of sampling at unknown locations, where the sample
positions are constrained. The second problem we study connects range-only trajectory
recovery and matrix sensing by using rank-one measurements (Chapters 3 and 4). We
devote two chapters to it. In Chapter 3, we consider rank-one sensing as an abstract
problem and, in Chapter 4, we look at its applications in distance geometry. We make this
separation, as we feel that rank-one sensing — which fits in between matrix sensing and
matrix completion — is also relevant in other applications, e.g., in event-based sampling
[205] or when measuring signals with latent variables.

In these three problems, we consider polynomial and bandlimited models to represent
the continuous objects, e.g., textures and trajectories. We prove sufficient and/or necessary
conditions for a unique recovery of the geometry. We propose algorithms for recovering the
geometry and show how they perform in the presence of noise, on simulated or real-world
data.

By analysing these problems, we expand the understanding of the principles of geometry
reconstruction and other fields. We provide building blocks upon which more application
oriented methods can be built, and we provide bounds on the theoretically possible.
Moreover, we hope our results can point the community to unexplored, but interesting
research areas, as there are more applications that would benefit from a more abstract
linear-algebraic point of view.
In our work, we focus on providing guarantees, hence we do not compare with state-

of-the-art in terms of speed or robustness of our algorithms. Furthermore, except for
Chapter 2, we consider only subspace sampling; non-subspace sampling could be incorpo-
rated into a spline trajectory model or low-rank assumption in matrix sensing. Finally,
many of our results in Chapters 3 and 4 are up to a measure zero set; we show that the
results cannot be extended to all points.

Thesis Structure

As mentioned in How to read this thesis?, this thesis consists of two parts.
Part I is organised as follows. In the remainder of this chapter, we provide a reference of

mathematical concepts used in this thesis. In Chapter 2, we study sampling at unknown
locations, with an application to surface recovery, and in Chapter 4, we study localisation
of moving devices. The latter is based on our work in matrix sensing with rank-one
measurements; we describe this in Chapter 3.

As mentioned in How to read this thesis?, at the beginning of this thesis, we separate
our main results from the more educational discussions designed for a curious reader.
The latter occupy mostly sections entitled “Intuitions and Challenges” and boxes entitled
“Want to know more?”.

Finally, Part II is devoted to the totally different topic of Lippmann photography, to
which we nevertheless apply signal-processing methods.
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1.5. Mathematical Tools

In this section, we define some generally known concepts and state some facts that will
be useful in this thesis, but we do not want to clutter further chapters with them. In
particular, we define the bases of polynomials and bandlimited functions that we use in
Chapters 2 to 4.

Function Spaces

Throughout this thesis, we focus on polynomials and on bandlimited functions on a real
line or on an interval. Below, we define vector spaces of polynomials and bandlimited
functions and specify the bases that we use. For consistency, we define both families to
be K dimensional; this means that we use K-bandlimited functions and polynomials of
degree at most K − 1. We use F to refer to both these families, as we often use them
interchangeably. We use FJ if we want to refer to families defined as below, but with K
replaced by J .

Polynomials We define the family Fp of polynomials of real variable of degree at most
K − 1 as follows:

Fp =

{
K−1∑
k=0

akt
k : ak ∈ R

}
, (1.2)

where ak are coefficients in the basis 1, . . . , tK−1. This definition can be expanded to
complex polynomials by replacing t ∈ R with z ∈ C and similarly extend coefficients to
complex values ak ∈ C.

We can represent a polynomial p ∈ Fp as a product between its coefficients and a vector
of basis functions:

p(t) = 〈a,f(t)〉,
where a =

[
a0, · · · , aK−1

]> and f(t) =
[
1 t · · · tK−1

]>. We often refer to f(t) as the
basis vector (of functions).

Bandlimited Functions We define the family Fb of real-valued K-bandlimited functions
on the interval [0, T ] as follows:

Fb =


(K−1)/2)∑
k=0

ak cos(tk) +

(K−1)/2∑
k=1

bk sin

(
2π

T
tk

)
: ak, bk ∈ R

 . (1.3)

Similarly as in the polynomial case, we define the basis vector f :

f(t) =
[
1 sin

(
2π
T t
)

cos
(

2π
T t
)
· · · sin

(
Kπ
T t
)

cos
(
Kπ
T t
)]> (1.4)

We define the family Fc of complex-valued K-bandlimited functions on the interval
[0, T ] as follows:

Fc =


(K−1)/2∑

k=−(K−1)/2

ake
i 2π
T
kt : ak ∈ C

 . (1.5)
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We also define basis vector. For consistency with real-valued bandlimited functions, we
order elements according to their frequency:

f(t) =
[
1 ei

2π
T
t e−i

2π
T
t · · · ei

Kπ
T
t e−i

Kπ
T
t
]>

(1.6)

Of course, these definitions require K to be odd; and we implicitly assume this in the
rest of this thesis.

Sinc Function Here we define the sinc function as

sinc(t) =
sin(t)

t
.

Shifted sinc functions can be used as a basis of the space of bandlimited functions, see
Equation (1.1).

Matrices

Here, we define and state a number of facts about matrices. Many of them are widely
known, but we want to provide the reader with reference. Unless stated otherwise, the
facts in this section below are from the book of James Gentle [206].

Trace Tricks An inner product of matrices can be defined using the trace:

〈A,B〉 = tr
(
A>B

)
,

A,B in RN×M . Furthermore, tr
(
A>B

)
= tr

(
B>A

)
. Therefore, for v ∈ RN and u ∈ RM ,

we have

v>Au = tr
(
v>Au

)
(because it is a scalar)

= tr
(
u(v>A)

)
(from the trace property)

= tr
(

(uv>)A
)

(associative property of matrix multiplication)

= 〈vu>,A〉 (interpretation as inner product).

In summary v>Au = 〈vu>,A〉. The product vu> can also be interpreted as a tensor
product v ⊗ u (described later in this section). This way, we get v>Au = 〈v ⊗ u,A〉.

Permanent If A is a square N × N matrix then the permanent of A is defined as
determinant, but without the sign. More formally:

perm(A) =
∑
σ∈PN

N∏
n=1

an,σn ,

where PN is the set of all permutations of [N ].
The permanent is an invariant for matrices, used in combinatorial settings, where the

problem is independent of the permutation of rows or columns [207].
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Spark of a Matrix The spark of a matrix A is the smallest number of columns of A
that are linearly-dependent [208].

Matrix Factorisation Matrix factorisation is its own field, but we mention only a few
facts that will be needed in this thesis; all are based on [206].
First, any symmetric matrix A is diagonalisable, in other words, it can be written in

the from A = UDU> where U is a unitary matrix and D is diagonal matrix.
If A is positive definite, then all its eigenvalues are positive, and it can be decomposed

using the Cholesky decomposition A = LL>. Matrix L is unique up to unitary transfor-
mation, which describes rotations and translations [209]. Matrix L is related to U above
by L = U

√
D. If A is positive definite, then L is no longer a square matrix.

Finally, any matrix A can be decomposed with the singular value decomposition (SVD):
A = USV >, where S is diagonal and U and V are possibly different unitary matrices.
If all singular values of A, i.e., all diagonal entries of S are different, then the SVD is
unique up to the order of entries in S. Usually they are sorted from the largest to the
smallest, or from the largest in absolute value to the smallest in absolute value.

Polynomial-Matrix Factorisation We restate here the results from the work of Jacob
van der Woude [210] because we find his writing clear. His work is based directly on
the work of Lasha Ephremidze [211], whose work is in turn based on the older work in
polynomial-matrix factorisation [212, 213].

Van der Woude [210] formulates complex and real-valued spectral factorisation theorems
as follows:

Theorem 1.1: Theorem 1 in [210]

Given A(t) ∈ CN×N [t] such that A(t) < 0, there exists a B(t) ∈ CN×N [t] such that
A(t) = B∗(t)B(t).

Corollary 1.2: Corollary 2 in [210]

Given A(t) ∈ RN×N [t] such that A(t) < 0, there exists a B(t) ∈ R2N×N [t] such that
A(t) = B>(t)B(t).

Theorem 1.1 also applies to complex bandlimited functions as polynomials in ei
2π
T
t. As

Theorem 1.1 considers only positive powers of t, we have to multiply the polynomials by
the factor ei

2Kπ
T

t. As the absolute value of this factor is 1, it does not change the result.
We can use similar reasoning to extend Corollary 1.2 to real-valued bandlimited functions.

Tensors and Tensor Product Tensors appear in different disciplines, e.g., in linear
algebra, data science, and physic. Each discipline introduces its own perspective and
sometimes its own formalism. Here we give a minimal introduction, needed for Chapter 3.

20



Chapter 1. Introduction

We define the tensor outer product8, tensor spaces and tensors by describing their
properties. This approach might seem a bit abstract, but in our opinion it is the simplest
way.

Consider linear spaces V and W, vectors v,v ∈ V, and vector w ∈ W. The tensor
product ⊗ an operation that linear in each of the elements, i.e.:

(v + u)⊗w = v ⊗w + u⊗w
(αv)⊗w = α(v ⊗w), (1.7)

and the same for the second element w. Of course, there are many such bi-linear
operations, for example the inner product. We choose the tensor product to be the most
general bi-linear operation; we do not assume any of its properties, apart from what is
implied by linearity by bi-linearity9.

Now, we can define the tensor product of spaces V and W as a space of tensor products
of elements of V and W:

V ⊗W = {v ⊗w : v ∈ V,w ∈ W}.

It can be shown that the product space with induced operations is also a linear space.
Equivalently, we can define the tensor product of spaces as the set of all pairs of

elements form spaces V andW , where the pairs that result in the same tensor product are
equal. More formally, the product space is the quotient set of equivalence relation ∼⊗:

V ⊗W = {(v,w) : v ∈ V,w ∈ W}/∼⊗ ,

where (v1,w1) ∼⊗ (v2,w2) if and only if v1 ⊗w1 = v2 ⊗w2, as given by Equation (1.7).
We can make this definition more tangible by seeing how the tensor product behaves

on basis coefficients. In product space V ⊗W we consider the basis that consists of pairs
of elements of the bases of V and W:

(e
(v)
1 , e

(w)
1 ) (e

(v)
1 , e

(w)
2 ) (e

(v)
1 , e

(w)
3 ) · · ·

(e
(v)
2 , e

(w)
1 ) (e

(v)
2 , e

(w)
2 ) (e

(v)
2 , e

(w)
3 ) · · ·

(e
(v)
3 , e

(w)
1 ) (e

(v)
3 , e

(w)
2 ) (e

(v)
3 , e

(w)
3 ) · · ·

...
...

...
. . .

,

where e(v)
j are elements of the basis of V and e(w)

j are elements of the basis of W. None
of these pairs are equivalent under ∼⊗ because they are linearly independent. We
purposefully write the basis on the grid to illustrate that coefficients of a tensor in this
basis form a matrix. Moreover, they are the outer product of coefficients of vectors v and
w: vw>10.
As the tensor product of linear spaces is a linear space, we can consider its product

with another linear space, e.g., U ⊗ V ⊗W, without changing the definition.
8In case of vectors it is also called outer product.
9For example, bi-linearity implies that (αv)⊗w = v ⊗ (αw).

10Here we slightly abuse the notation by identifying a vector with its coefficient in the basis
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All the objects that live in tensor products of spaces are called tensors. The order of
the tensor describes how many components its product space has. Tensors in V ⊗W are
second order tensors, and as we have seen they can be identified with a matrix (see [206]
for further discussion). Tensors in U ×V⊗W are third order tensors, and can be identified
with a cube of coefficients in the basis induced by bases in U ,V and W. By convention,
we say that first order tensors are vectors, and zeroth-order tensors are scalars.

Tensors can also be understood as mappings between vector spaces [214]; an order-3
tensor can be interpreted as a mapping from the space of vectors to the space of matrices
in as an N ×M matrix can be interpreted as a linear mapping from RM to RN .
Furthermore, in the same way an N ×M matrix can be interpreted as a bilinear

operator, mapping pairs of vectors in RN and RM to a scalar, then an order-3 tensor is a
multi-linear mapping, from triplets of vectors to a scalar.
Related to tensor product is the Kronecker product, which we denote ⊗K to avoid

confusion. Consider two matrices A ∈ RN×M and B ∈ RJ×K and vectors v ∈ RM and
w ∈ RK . The Kronecker product is defined to satisfy the following:

(A⊗K B) vec(v ⊗w) = vec((A⊗B)(v ⊗w)) = vec(Av ⊗Bw).

Measure Zero

Measure theory is its own field. Here, we focus only on Lebesgue measure [215]. Lebesgue
measure is a generalisation of length (volume) to multiple dimensions and complicated
sets. Here, we need to know only what it means that a set has measure zero.

A Lebesgue measure µ of an interval is simply its length: µ((a, b)) = b− a for a > b. A
Lebesgue measure of an N dimensional cube C is a product of measures of the dimensions
of the cube, i.e.,

µ(I1 × I2 × · · · × IN ) = µ(I1)µ(I2) · · ·µ(IN )

A subset S of RN is measure zero, if for every ε > 0 there exists (at most) countable
sequence of open cubes C1, C2, . . . such that

S ⊆
⋃
n∈N
Cn and

∑
n∈N

µ(Cn) < ε.
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Sampling at Unknown Locations

Sampling at unknown locations is an inherently ill-posed problem. For every N sample
values we measure, we have 2N unknowns: N sample values and N locations. Let us
illustrate it on the example of structure from texture. We take a picture of a texture on
some surface, and would like recover the texture and the shape of the textured surface.
Without any priors, to recover the texture we need to know the depth of the pixels, and
to recover the depth, we need to know the texture, see Figure 2.1.

Figure 2.1.: Surface retrieval as a sampling at unknown locations. The samples are taken
uniformly at the camera plane, but as the surface is not known, neither the 3D sample
position nor the distance along the surface is known.

Contributions: The work in this chapter is joint work of the author of this thesis (MP) with Golnoosh
Elhami (GE), Benjamín Béjar Haro (BH), Martin Vetterli (MV), Adam Scholefield (AS) [216–218]
and Damian Orlef (DO). MP conducted research on the non-uniqueness and recovery guarantees for
polynomial case and Lemma 2.4 for the bandlimited case. GE conducted research on bandlimited case.
BH, MV and AS designed and advised research. DO provided necessary hints to prove Lemma 2.4.
MP wrote this chapter, taking liberty to rearrange and rename some of the results.

The code used for simulations is available at github.com/LCAV/surface-reconstruction.
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Chapter 2. Sampling at Unknown Locations

As discussed in Chapter 1, with correct priors, SfM is a successful tool for surface
recovery. Therefore, given the correct constraints, it is possible to recover the measurement
positions and the underlying function from samples at unknown locations.

To find the such constraints, we study the kinds of non-uniqueness that arise in sampling
at unknown locations. We show for polynomial and bandlimited signals, it is possible
to find a valid solution arbitrarily far from the original signal. As a regularization we
propose to constrain the sample positions by another function and we show that it is
equivalent to sampling at known locations of a composite of functions.

We would like to emphasize that we propose sampling a composite of functions due to
its previously unseen practical relevance for SfM. However, we do not analyse the full SfM
setups. The algorithms we propose are not in anyway intended to be practical algorithms
that compete with the state of the art in these fields. We study, instead, two simple
incarnations of a constrained sampling at unknown locations:

1. periodic bandlimited signals with sample positions given by an unknown linear
warping;

2. polynomial signals with sample positions constrained by a rational function.
In both cases we provide recovery guarantees in the noiseless case. We believe that these
two incarnations provide a first step towards a deeper theoretical understanding of the
more complex SLAM and SfM problems.
We also provide an a toy example of surface retrieval. We consider a textured plane

that is sampled by a camera. We assume that the texture is parametric: polynomial or
bandlimited. The sample locations are unknown, but they are related to pixel locations
by the camera projection.

This chapter is divided in two main parts. In the first, we focus on theory (Section 2.1)
and, in the second, we provide an application (Section 2.2). In the first part, we state
the problem formally, show why it is difficult (Section 2.1.1), and then state and prove
our uniqueness results (Section 2.1.2). In Section 2.2.1, we show how to use our results
in practice and provide recovery algorithms. In Section 2.2.2, we show the results of
our numerical experiments. Finally, in Section 2.3, we discuss the potential directions of
future work.

2.1. Theory

The purpose of sampling at unknown locations is to recover a function from its sample
values, when we do not know the positions where, or times when, the samples were taken.
More generally, we could consider sampling when we have only partial knowledge of
operators. Intuitively, this problem is ill-posed and has many solutions. In this work, we
introduce a number of restrictions in order make the solution unique. The first and the
weakest restriction we consider is fixing the order of samples. This leads to the following
formulation:
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Problem 2.1: Sampling at Unknown Locations

Consider a linear, K-dimensional space F of real or complex valued functions defined on
a closet interval I ⊆ Ra:

F ⊂ FI , F ∈ {R,C}, dim(F) = K

We sample an unknown function f ∈ F at N unknown, but distinct points tn such that
t1 < · · · < tN ∈ I and obtain measurements

yn = f(tn) for n = 1, . . . , N. (2.1)

We call a solution to the problem of sampling at unknown location any function f̃ ∈ F
for which there exist points t̃1 < · · · < t̃N ∈ I, such that

yn = f̃(t̃n) for n = 1, . . . , N. (2.2)
aFor the definitions of the function spaces see Section 1.5.

We consider, in this general formulation, a general linear space of real- or complex-valued
functions of one variable. Some results in this chapter are restricted to some specific
classes of functions: in particular, polynomials, bandlimited functions, and real-valued
functions.

2.1.1. Intuitions and Challenges

As mentioned in the Introduction, the problem of sampling at unknown locations does
not have a unique solution. Here, we present a number of examples illustrating different
aspects of this problem. Although, in general, we study polynomials and band-limited
functions, we begin with a very broad class of real-valued functions that we refer to as
“reasonable” functions:

Definition 2.1: Reasonable Function

We call a reasonable function a continuous real-valued function that is defined on a finite
interval I and that is constant or has a finite number of extrema.

These functions are reasonable in the sense that, in the real world, it is extremely rare
to encounter a function with an infinite number of extrema. Furthermore, by discrete
measurements alone, we cannot tell if a function is continuous or not. Of course, both
polynomials and bandlimited periodic functions have this property. For more information
about functions that are not reasonable, see Box 2.4 at the end of this section.

In Example 2.1 we show that if the function is reasonable, then there is a high chance
that we can perturb it so that it will still be a solution.
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Example 2.1: A ball of solutions, inspired by Browning [92]

Assume that F is a family of reasonable functions and that none of samples of f is
taken at a local extremum. Since f is continuous, every tn lies between a local minimum
and local maximum — including the extrema at the ends of the interval. Let tn,min and
tn,max be the positions of these extrema. Let rn be the vertical distance to the closest
extremum rn := min(f(tn) − f(tn,min), f(tn,max) − f(tn)) and let r = mini rn. This
means that r is the closest vertical distance between a sample value and a neighbouring
extremum, see the plots in this box.
Then, for any function g ∈ F such that |g(t)| < r for t ∈ I, f̃ = f + g is a solution.

Indeed, for every n, f(tn) ≤ f(tn,max) − r < f(tn,max) + g(tn,max) = fs(tn,max) and
similarly f(tn) > fs(tn,min). From the Darboux theorem, we know that there is a point
t̃i between tn,min and tn,max such that f̃(t̃n) = f(tn).
When there are two or more points between consecutive extrema, we have to choose

new samples in order for the sample order to be preserved.
Finally, observe that the set G of functions g such that |g(t)| < r is a ball in L∞ norm.a

aUnless we restrict F to be a finite dimensional space, we will not be able to fit any L2 balls in G even
though it is an open set.

Although obtaining samples exactly at local extrema is quite improbable, taking
samples close to extrema can be achieved by taking many samples. Unfortunately, we
can find multiple solutions no matter the number of samples, in both the polynomial and
bandlimited cases, see Examples 2.2 and 2.3.
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Example 2.2: Shifting in Time

Let F be the space of polynomials of a finite degree or a space of periodic bandlimited
functions on an interval (0, T ). Then, for every τ ∈ [−t1, T − tN ], the function f̃τ (t) =
f(t+ τ) is a solution.

Example 2.3: Scaling in Time

Let F be the space of polynomials of a finite degree on an interval (0, T ). For every
α ∈ [0, T/tN ], the function f̃α(t) = f(αt) is a solution. This is not the case for bandlimited
functions, as scaling in time changes the support in the Fourier domain.

Note that, in the previous two examples, we do not require the functions to be real-
valued.

To avoid the problems shown in Examples 2.2 and 2.3, we require any solution to be
equal to f at the ends of I. We call such a solution a solution with fixed ends. Henceforth,
we will use I = [0, T ] to explicitly label the ends of I.

Unfortunately, even with these assumptions, the solution can be arbitrarily far from
the original function. The lemma below characterises how such a solution might look.
Here, we present it, together with its proof, because the proof is short and gives some
useful intuitions.

Lemma 2.1: Arbitrarily Distant Solutions

Let F be a finite dimensional linear space of reasonable functions defined on the interval
[0, T ], let f ∈ F be a non-constant function, and let tmax,1, tmax,2 . . . and tmin,1, tmin,2, . . .
be the arguments for which this function attains its local maxima and minima, respectively.
If there exists a non-constant g ∈ F such that g(0) = 0, g(T ) = 0, g(tmin,i) ≤ 0 and

g(tmax,i) ≥ 0 for every i, then for every M > 0 there exists α such that fM = f + αg is a
solution with fixed ends and ||fM − f || > M .

In Lemma 2.1, we assume that f is not constant, because a large number of constant
samples of a reasonable function f could uniquely identify f as constant; for example,
when F is the family of polynomials. However, in this case we are not able to recover
sample positions.

Proof of Lemma 2.1

The idea behind the proof is that, when we add the function αg to a function f , we can
move outwards the points that are near extrema, see Figure 2.2.

Consider the interval [a, b] between two consecutive extrema. Without loss of generality,
we can assume that a is the maximum and b is the minimum. According to assumptions
of Lemma 2.1 g(a) ≥ 0. As a result, f(a) + αg(a) ≥ f(a). Similarly, f(b) + αg(b) ≤ f(b).
Hence, as those functions are continuous, for any sample position tn in the interval [a, b],
we can find a new point t̃n ∈ [a, b] such that f(t̃n) + αg(t̃n) = f(tn). The continuity
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Figure 2.2.: Sample movement when extrema are amplified. When the value at maximum,
the samples move outwards, to the left. There is always space to move, because the value
at next minimum does not decrease.

of those functions also makes it possible to preserve the order of the samples on this
interval. A similar argument can be used on intervals between minima and maxima and
between an extremum and the boundary. Therefore, we can find new samples in the same
order. �

Of course, to show that functions in F cannot be uniquely recovered, we have yet
to find such a function g ∈ F . In Lemma 2.2, we show how to do this for real-valued
polynomials (Equation (1.2)) and for real-valued bandlimited functions on the interval
[0, T ] (Equation (1.3)).

Lemma 2.2: Lemma 2.1 for Polynomials and Bandlimited Functions

Let I = [0, T ]. If
1. F is the class of real valued polynomials of degree at most K − 1, or
2. F is the class of real-valued, K-bandlimited functions,

then for any M > 0 there exist a solution fM with fixed ends such that ‖f − fM‖ ≥M .

To prove Lemma 2.2, we only need to find a function g from Lemma 2.1. To find such
functions, we use the fact that for polynomials of degree at most K − 1 or real-valued
K-bandlimited functions the number of extrema inside interval I does not exceed the
maximum number of zeros of a (non-zero) function in F . We construct a function g that
has a single zero between any pair of extrema of f inside I, hence it changes sign between
extrema of f . We then need to make sure that the sign is correct, at each extrema,
including the ends of interval.

Proof of Lemma 2.2

A polynomial of degree at most K − 1 has at most K − 2 extrema inside the interval
I, but it can have K − 1 zeros. For bandlimited functions, both the number of zeros
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and and extrema are K − 1, because the derivative of a bandlimited function is also a
bandlimited function with the same bandwidth.

For every pair of consecutive extrema of f inside of I, we choose a point τl separating
them. We have in total Lp ≤ K − 3 points τl for a polynomial f and Lb ≤ K − 2 for a
bandlimited function. For polynomials, we can now define

hp(t) :=

Lp∏
l=1

(t− τl).

A polynomial hp at most has K − 3 zeros. Consider a polynomial g(t) = ±hp(t)t(T − t).
It has at most K − 1 zeros, hence g ∈ F . Moreover, as it changes the sign between
consecutive extrema, we can choose the sign (±) so that g satisfies Lemma 2.1.
The bandlimited case is slightly more tricky, because there is no simple replacement

for (t− τl). We could use eit − eiτl , but it is not real valued, hence we do not control the
sign. Using cos(t)− cos(τl) could solve it, but it “uses up” zeros twice too fast. Finally,
we could use factors of the form 1 + a cos(t) + b sin(t) and solve equations for a and b to
fit two τl at a time. But we can also find g by solving for a function that satisfies the
following K − 1 constraints:

g(τk) = 0 for k ∈ [K − 1]

g(0) = 0;

these are effectively linear equations on coefficients ak and bk that define g up to scaling
and a sign that we choose in order for g to satisfy Lemma 2.1. �

Although this result seems discouraging, it actually gives us some hope that the solution
might be unique in specific cases. First, as the sign of g has to be specified at n points, it
imposes some restrictions on the possible directions of change. For example, −g is not
a good direction of change, nor is any g̃ that does not match the sign at at least one
extremum, hence we could expect that there are more g that do not satisfy Lemma 2.1.
Furthermore, the lemma gives us a path of solutions, f = αg for α ∈ R+. This, in turn,
defines a trajectory for the sample positions, see Figure 2.3. If the samples can move
freely, they will adjust to any function on the path. However, if we restrict the way
samples can move, our intuition is that there is a high probability that at least one of
the samples will not lie on the trajectory defined by the path. Therefore, adding any
constraint will remove at least some of the large-scale ambiguity.1. This observation is the
reason we regularize the inverse problem by adding a constraint on the allowed sample
trajectories; we describe this in the next section.

1Note, that Lemma 2.1 is likely not the only way to find a solution arbitrarily far from the true f . As a
result, we might not be able to remove all ambiguity.
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t α

fα(t)

Figure 2.3.: Illustration of the path of solutions generated by moving along g ∈ F from
the initial f . The path of solutions, fα = f + αg (dashed lines), defines a trajectories
along which samples can move (solid lines).

Want to know more? 2.4: Unreasonable Functions

The simplest example of an “unreasonable” function is a piece-wise linear function that
has constant maximum value on an interval (see the left plot below). This function has
an uncountable number of extrema. But is it possible for continuous function to have
countable number of extrema on a finite interval? We show such function on the right.

t

maximum

t

The function of the right is given by the following equation:

f(t) =

{
t sin

(
1
t

)
for t ∈ (0, T ]

0 for t = 0

This function has an countably infinite number of extrema at t = 2
π+kπ for k ∈ N, k > 1

Tπ .
The only point where the continuity of f can be questioned is t = 0. Consider the right
limit of f at this point. Since |f(t)| ≤ t we have limt→0+ f(t) = 0 = f(0) and f is
continuous at t = 0.
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2.1.2. Theorems and Proofs

In this section, we present our results based on restricting sample positions. We explain
how restricting sampling positions can be interpreted as the sampling of composite
functions. Here, we focus on polynomials and bandlimited functions, and we do not
require them to be real-valued. For bandlimited functions, we consider a linear constraint.
For polynomials, such a constraint does not work, hence we consider a more complex one.

Inspired by Figure 2.3, we propose to restrict possible sample positions t̃n, n ∈ [N ] to
only those that satisfy

t̃n = ψθ(tn) for n ∈ [N ],

where ψθ belongs to a known family of functions Ψ that are parameterized by vectors of
parameters θ see Figure 2.4 (a).
An alternative way to constrain how samples move is to consider the sampling of a

composite of functions at known locations, see Figure 2.4 (b). We consider a warping
function ϕ and assume that the sample positions are tn = ϕβ(sn) where sn are known
and the vector of parameters β is not. This way, we obtain samples

yn = (f ◦ ϕβ)(sn) for n ∈ [N ].

To maintain the order of samples, we restrict ϕβ to be a monotonically increasing function.
It follows that ϕβ is invertible and, for a given warping, we can define constraint function
ψ
β,β̃

:= ϕ
β̃
◦ ϕ−1

β .
Therefore, by constraining the sampling positions, we changed the problem from

sampling at arbitrary unknown locations to sampling a composite of functions at known
locations. We often think about ϕβ as a warping of f . Hence, we sample a warped version
of f and seek to recover both f and the parameters β.

Formally, let f ∈ F be the signal of interest, let sn be the sample positions and let ϕθ
be a warping function. The problem to solve is

find {f ∈ F ,β ∈ B}
s. t. yn = (f ◦ ϕβ)(sn), n ∈ [N ]

(2.3)

Polynomials

We first consider the family of polynomials, of a degree at most K − 1, on a real line
(Equation (1.2)). We can consider real or complex coefficients. We show that, if the
positions are constrained by a rational function, then the solution is unique with O(K)
samples, with constants dependent on the degree of the rational function. More precisely,

Lemma 2.3: Uniqueness of a Polynomial Signal; Lemma 3 in [217]

Let F be the space of polynomials of degree at most K − 1. Let t̃n be possible sampling
positions satisfying the constraint ψθ, i.e. t̃n = ψθ(tn). Furthermore, let

ψθ(tn) =
pθ(tn)

qθ(tn)
for all n ∈ [0 . . . N − 1], (2.4)
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Figure 2.4.: Different views on restricted sample movement. On the left, samples can
move along some trajectories parameterized by θ (in this case θ is a scalar), and if
these trajectories are different from those in Figure 2.3, then we can hope for recovery
conditions. On the right, sample positions depend on some known variable sn via an
unknown warping.

be a proper rational function, which is where pθ and qθ are irreducible polynomials with
degrees satisfying deg(pθ) ≤ deg(qθ). If the number of samples N > (K− 1)(deg(qθ) + 1),
then function f and samples tn are a unique pair satisfying both Equations (2.2) and (2.4).

If this lemma confuses the reader, they should not worry, in Section 2.2, we will see
how to use it in practice, with deg(qθ) = deg(pθ) = 1. In fact, the case described by
Corollary 2.5 in Section 2.2 is how we found this lemma. When we proved this specific
case, we noticed that proof can be easily extended to deg(qθ), deg(pθ) ≥ 1 as long as
deg(pθ) ≤ deg(qθ).

Proof of Lemma 2.3

Let g ∈ F be a polynomial such that

g(t̃n) = g

(
pθ(tn)

qθ(tn)

)
= f(tn)
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for every i = 1, . . . ,m. All tn satisfy the following equation:

K−1∑
k=0

akt
k =

K−1∑
k=0

bk

(
pθ(t)

qθ(t)

)k
, (2.5)

where ak and bk, k = 1, . . . ,K − 1 are the coefficients of the polynomials f and g,
respectively. We can rewrite this as

(qθ(t))K−1
K−1∑
k=0

akt
k =

K−1∑
k=0

bk(pθ(t))k(qθ(t))K−1−k. (2.6)

This equation defines a polynomial with degree at most ν = max(deg(qθ)+1,deg(pθ))(K−
1). But, since deg(qθ) ≥ deg(pθ), then ν = (deg(qθ) + 1)(K − 1).

If the degree of f is greater than 1, the left-hand side of Equation (2.6) cannot be equal
to the right-hand side everywhere. Therefore, Equation (2.5) has at most ν solutions,
hence the polynomial f is unique provided that m > (deg(qθ) + 1)(K − 1).
If f is constant it is possible that both sides of Equation (2.6) are equal everywhere

but this can only occur if f ≡ g. �

It is important that ψθ is proper because, for example, for deg(pθ) = 1 and deg(qθ) = 0,
the constraint ψθ becomes simply a linear scaling. Yet, as we know from Example 2.3 in
this case, the unique recovery is not possible.

Bandlimited Functions

The second class of functions we consider are T -periodic bandlimited functions. As we
do not require them to be real valued, we use a formulation from Equation (1.5), and
coefficient ak are considered complex. Note that we define F to be a space of T -periodic
functions, but we could also think about it as a function on an interval [0, T ]. The periodic
iterations is simpler, because we will scale time t and this could mean taking samples
outside [0, T ].
With bandlimited functions we consider linear warping,

ϕβ(s) = βs.

That also leads to linear constraint ϕ(t) = β̃/βs. Hence, we can write the signal as a
composite of (unknown) linear scaling with a bandlimited function:

f(ϕβ(s)) = f(βs) =

(K−1)/2∑
k=−(K−1)/2

ake
iβ 2π

T
sk.

In the Fourier domain, f consists of a finite number of frequencies:

f̂(ω) =

(K−1)/2∑
k=−(K−1)/2

akδ(ω − β
2π

T
k),
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where FT denotes a Fourier transform and δ is a Dirac delta. If the reader is curious
about this creature, we refer them to Box 2.5. To estimate the spectrum, we use Prony’s
method, see Box 2.7. For now however, it suffices to know that spectral estimation is
much simpler when samples tn are taken uniformly. For some musing on the non-uniform
spectral estimation methods, we refer the reader to Section 2.3.

In summary, we assume that composite f(ϕβ) is sampled uniformly. N uniform samples
on the interval (0, T ] will be at positions tn = nT/N , hence we obtain

yn =

(K−1)/2∑
k=−(K−1)/2

ake
iβ2πnk/N .

As we have chosen the uniform samples, we can calculate the Discrete Time Fourier
Transform (DTFT) of yn:

ŷ(ω) =

(K−1)/2∑
k=−(K−1)/2

akδ(e
iω − eiβ2πk/N ).

If two different composites — for different βs — have the same set of frequencies on
the interval ω ∈ 0, 2π, they have the same frequencies overall and are indistinguishable.
Therefore, we consider for which α = β/N such an overlap is possible. We begin with the
following definition:

Definition 2.2: Equivalence

Let Sα be the set of frequencies of a warped signal Sα = {ej2πkα | k ∈ {−(K−1)/2, . . . ,K−
1)/2}}. We say that α and α̃ are equivalent, if α 6= α̃ but Sα = Sα̃,

Clearly, α and α̃ = ±α+ k are equivalent for k ∈ N. As a result, we are interested only
in α ∈ [0, 0.5]. Surprisingly, even on this interval, there are equivalent αs. However, there
are very few of them and they can be characterised by the following lemma:

Lemma 2.4: Uniqueness of a Bandlimited Signal

Let α ∈ [0, 0.5]. Then, there exist α̃ ∈ [0, 5] equivalent to α if and only if α is rational
α = p/Q for p,Q ∈ N, such that Q ≤ K + 1 with p and Q co-prime. Moreover, all
equivalent α̃ are also of the form p̃/Q, where p̃ and Q are co-prime.

The proof of this lemma has some elegant bits from group theory. Before we prove the
lemma, we illustrate how the equivalent classes look in Figure 2.5.

Proof of Lemma 2.4

Assume that α, α̃ are equivalent, α, α̃ ∈ [0, 0.5] and thus Sα = Sα̃. It follows that
ej2πα ∈ Sα̃ and there exists m ∈ {−(K − 1)/2, . . . , (K − 1)/2} such that α = mα̃ mod 1.
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Figure 2.5.: Two different types of equivalence classes. Left: Q = K + 1, there are K + 1
slots, and K of them are covered by the frequencies present in the signal. Curiously, the
slot at z = −1 is always empty, see the proof of Lemma 2.4. Right: Q ≤ K, there are Q
slots, and they are all covered by the frequencies of the signal.

Similarly, we can write α̃ = m̃α mod 1. This leads to α = mm̃α mod 1. Therefore,

α(mm̃− 1) = l, (2.7)

for some l ∈ Z. Note that if mm̃− 1 = 0 then m = m̃ = 1, since m and m̃ are integers.
In this case, α̃ = α, which is a contradiction. Therefore, we divide by mm̃− 1 = 0 and
obtain α = l/(mm̃− 1) = p/Q, p,Q ∈ Z, that is to say, α is a rational. Then, α̃ is also a
rational, which is clear because α̃ = ±m̃α+ n, n ∈ Z.

We can now use some properties of arithmetic modulo Q that can also be described as
a ring of integers modulo Q, Z/Q. If the reader is curious about this, we refer them to
Box 2.6. To simplify notation, instead of using set Sα of points on a circle, we consider a
subset of this ring, W ⊆ Z/Q, W = {−(K − 1)/2, . . . , (K − 1)/2}, see Figure 2.6. We
denote

Wa = {xa mod Q : x ∈ W}
W + a = {x+ a mod Q : x ∈ W}

For α = p/Q, we can relate set Sα and W as

Sp/Q = {e2πx : x ∈ Wp}

Since p is co-prime with Q, there exist p−1 in Z/Q and it is co-prime with Q (Preposition
2.1.15 [219]). Let q = p−1p̃. Then, Wp =W p̃ if and only if W =Wq.

Consider set Wq + q shifted around the circle by q, see Figure 2.6. We have

Wq+q = {−(K−3)q/2, . . . , (K+1)q/2} = {(K − 3)q/2, . . . , (K − 1)q/2}︸ ︷︷ ︸
(W

∪{(K+1)q/2}.
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Figure 2.6.: Set W illustrated on a circle. The small circles illustrate all points in Z/Q,
thus the points on the complex plane can be described as ei2πp/Q, p ∈ {0, Q− 1}. Left:
set W is concentrated around 0. Right: set W + q is the set W moved q elements counter
clockwise; and if there are sufficient elements in the complement of W , q of the previously
empty circles will become coloured.

This means that shifting by q of the whole set Wq — which is equal to W — we move
out at most one element. If Q > K + 1, this is possible only when q = ±1, this is a
contradiction with the assumption that α 6= ±α̃. Therefore, we obtain that Q ≤ K + 1.

To prove the last part of the lemma, we know already that α̃ = p̃/Q. If p̃ and Q were
not co-prime, then there would be some r and Q̃ < Q (and < Q− 1 because Q and Q− 1
are co-prime), such that α̃ = r/Q̃. But then the number of elements in Sα̃ would be
smaller than in Sα, which is a contradiction. �

Want to know more? 2.5: Dirac Deltas and Distributions

Distributions are generalised functions, hence they are defined to behave as functions.
There are entire books that discuss distributions, but for a formal and short introduction
we recommend Paul DuChateau’s notes [220]. If the reader is interested in Dirac deltas and
is not interested in distributions, we refer them to Foundations of Signal Processing [44].
Intuitively, a Dirac delta is a function that has a spike at zero and is zero everywhere else.
Alternatively, it is a function that if we multiply any other function f by it and integrate
it, we obtain f at zero. In the following paragraph, we formalise the second intuitions to
a definition of a Dirac delta as functional on the space of functions.
For simplicity, we will consider the space of smooth functions with compact support,

C∞c (R). DuChateau [220] calls them test functions. We are interested in the functionals
on this space; they are scalar-valued linear operators. For every function f ∈ L2, we can
define a functional vf : C∞c (R)→ R by using the inner product:

vf (g) = 〈f, g〉 for every g ∈ C∞c (R),

where the product is well-defined due to the restrictions we imposed on g. However,
there are functionals for which there is no function that satisfies the above equation. In
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particular, there is no function f ∈ L2 such that

v0(g) = g(0) = 〈f, g〉 for every g ∈ C∞c (R).

Such a function would have to be zero everywhere except 0, but its integral would have
to be non-zero. Indeed, this is the definition of Dirac delta δ — a symbol used to write
functional v0 in the integral form

〈δ, g〉 =

∫ ∞
−∞

g(t)δ(t)dt = g(0) for every g ∈ C∞c (R).

Any properties of the Dirac delta can then be derived from the properties of the inner
product. For example, it is not obvious at first sight what the derivative of the Dirac delta
should be. Using the inner product, we can observe that for any function in f ∈ C∞c (R),
we have

〈f ′, g〉 = −〈f, g′〉 for every g ∈ C∞c (R)

We can then define δ′ to satisfy 〈δ′, g〉 = −g′(0) for every g ∈ C∞c (R).

Want to know more? 2.6: Ring Z/Q

The reader might be more familiar with frequencies on a circle, with integer modulo
arithmetic or with rings. These three things have much in common and, here, we illustrate
this. If the reader wants to know more about Z/Q and its applications, we refer them
to the book by Stein [219]. For more a high-level abstract-algebraic point of view, we
recommend a free book by Judson; it explains “everything you wanted to know about
abstract algebra, but were afraid to buy” [221].

Let us begin with a group ({0, . . . , Q− 1},+). A Commutative ( or Abelian) group is
a set G — in this case G = {0, . . . , Q− 1} — with an operation — in this case +, such
that for any a, b, c ∈ G

(a+ b) + c = a+ (b+ c)

0 + a = a

a+ b = b+ a,

where the latter is an additional property that makes the group commutative. Often, the
operation in the group is denoted by multiplication · and not addition, and the neutral
element is denoted as 1. Here, we use + because we will later add a second operation.
This also highlights that the group is commutative. The notion of group action on a set
is a key concept in group theory. If we have a subset W of G, we can add an element
a ∈ G to all its elements obtaining a new set:

W + a = {x+ a mod Q : x ∈ W}.
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To visualise this on a circle, adding +a to a set is a counter-clockwise rotation by a. We
can see that the order of rotations does not matter, and we can always rotate our set
back, thus we have all the group properties.

However, this does not describe the operation we are most interested in: multiplication of
the elements ofW . If we add · to our group, we obtain a ring Z/Q = ({0, . . . , Q−1},+, ·)a
that for any a, b, c ∈ G has the following additional properties:

1a = 1a = a

(ab)c = a(bc)

a(b+ c) = ab+ ac.

If Q is prime, Z/Q has a convenient property that every element a ∈ G, a 6= 0 has an
inverse that is b such that ab = ba = 1 and is often Z/Q denoted as ZQ. A consequence
is illustrated below, with Q = 7 and Q = 6.

On the left, for any element a ∈ G, a 6= 0 multiplication of G by a is still G. On the
right, we have G · 3 ( G. For those who are not familiar with group theory, it might be
surprising that G · a = G only when a is co-prime with Q. For more about that see [219].
In Lemma 2.4, we ask for which Q there are integers p and max(2K + 1, Q) element

sets W such that Wq =W . As previously discussed, if Q ≤ 2K + 1 set W = G and every
p co-prime with Q has this property. Therefore, the interesting question is, Can this
happen when Q > 2K + 1?
aTo clarify the notation we have chosen Z/Q because it is concise. In fact, we should have written

Z/QZ — the equivalence class of integers when a and a+Qn are equivalent for every n ∈ Z.
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2.2. Application: Surface Retrieval

In this section, we show, with an example of surface retrieval from perspective projection,
how to use our results in practice. We consider a camera in a flatland, i.e., a 2D world,
the view of a linear surface z(x) painted with an unknown texture f as illustrated in
Figure 2.7. We recover, from a set of observations, both the texture and the surface.
We first formulate the warping that a surface introduces. We explain the meaning of
Lemmas 2.3 and 2.4 in this case and provide algorithms for recovering surface tilt and
distance from camera. We also illustrate our results with numerical simulations.

Figure 2.7.: Sampling of a warped signal, where the warping is defined by the perspective
projection of the camera.

We assume that the camera model is a perfect perspective projection depicted in
Figure 2.7. The samples sn are taken uniformly on the camera plane by the CCD,
where T is the distance between pixels. By d, we denote the distance between the
camera plane and the surface at x = 0; the surface is tilted by θ; the surface equation is
y(x) = b+ x tan(θ); and the distance along the surface (arc length) is t = x/ cos(θ). We
can relate the distance along trajectory t with the image plain sample s via

t cos θ

t sin θ + d
=
s

v
⇒ t =

ds

v cos θ − s sin θ
= ϕd,θ(s). (2.8)

We can see that ϕb,θ is a rational function of s. Hence, if the painted function is a
polynomial, we can use Lemma 2.3 to obtain unique recovery conditions. We will see that
by using a polynomial, we can recover only the angle θ. To recover the distance b from
the camera we can use bandlimited functions. In the following subsection, Methods, we
describe how to do this, and in Section 2.2.2 we show results of this approach.

39



Chapter 2. Sampling at Unknown Locations

2.2.1. Methods

As we have seen in Equation (2.8), the warping function ϕb,θ introduced by perspective
projection is a rational function. Unfortunately, the lemma is formulated in terms of
constraints ψ and of not warping ϕ. As a result, we have to do some maths to obtain

Corollary 2.5: Corollary of Lemma 2.3

Let F be the space of polynomials of degree at most K − 1. Let the warping be

ϕd,θ(s) =
ds

v cos(θ) + s sin(θ)
,

where v is a known parameter. If the number of samples is N > 2(K − 1), parameter θ is
unique and function f is unique up to scaling.

Proof of Corollary 2.5

Let d and θ be the parameters of the true surface and d̃ and θ̃ be the parameters of any
other surface. Then, since

t cos θ

t sin θ + d
=

t̃ cos θ̃

t̃ sin θ̃ + d̃
,

we can find the constraint function from

ψ
d,θ,d̃,θ̃

(t) =
d̃t cos θ

d cos θ̃ + t sin
(
θ − θ̃

) .
If θ 6= θ̃, then the degrees of both numerator and nominator are equal to one; and from
Lemma 2.3, we know that the only sample positions satisfying Equation (2.2) are the
true positions. However, when θ̃ = θ, then

ψ
d,θ,d̃,θ

(t) =
d̃

d
t,

and we cannot apply Lemma 2.3. Moreover, this is scaling, hence we know that recovery
of d̃ is not possible. �

Corollary 2.5 gives us precise results about what can be recovered and when. But
how can we recover the f in practice? As we only have access only to sample values, we
consider the cost function

c(θ̃, b̃) =

N∑
i=0

(
fn − f(φ

θ̃,̃b
(sn))

)2
.

If F is a linear space of polynomials, we can write this equation in the matrix form; this
matrix can be written as

c(θ̃, b̃) = ||f − V
θ̃,̃b
a)||2,
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where a is the vector of coefficients of f and matrix V
θ̃,̃b

is the basis matrix:

V
θ̃,̃b

=


1 1 · · · 1

ψ
θ̃,̃b

(s1) ψ
θ̃,̃b

(s2) · · · ψ
θ̃,̃b

(sN )
...

...
. . .

...
(ψ

θ̃,̃b
(s1))K−1 (ψ

θ̃,̃b
(s2))K−1 · · · (ψ

θ̃,̃b
(sN ))K−1

 (2.9)

Unfortunately, this cost function is not convex. We propose Algorithm 2.1 that is based
on an algorithm proposed by Browning [92].

Algorithm 2.1: Alternating Least-Squares Algorithm (ALS)

Input: Sampled vector f , initial sample positions t̃
Output: Sample positions t̃ and polynomial coefficients p̃.
1: Initialize sample transformation parameters α
2: while not converged do
3: For current matrix V := V calculate:

p̃ := (V>V)−1V>f

4: Calculate Φ′

5: Update α :
α := α− βΦ′t̃

(
(Vp− f) ◦ (V′p)

)
6: Calculate t̃ = ϕ(α)
7: end while

We know now how to recover the angle θ. But how about the distance from the camera?
The change of the distance from the camera results in only scaling. Could painting a
bandlimited pattern provide uniqueness?
From Lemma 2.4, we know that the distance d is unique up to a measure-zero set,

provided that the value of d is restricted to an interval. We could adapt ALS algorithm
to the bandlimited case. In Section 2.1.2, we specifically consider uniform sampling of
bandlimited signals so that spectral methods can be applied.
We use Prony’s method to recover the frequencies of the warped signal (see Algo-

rithm 2.2) because, in the noiseless case, Prony’s method recovers frequencies exactly,
hence we obtain recovery guarantees in the form of Corollary 2.6. If the reader is not
familiar with Prony’s method, or if they want to known more about it, we refer them to
Box 2.7.

Once we have estimated all K frequencies ωk by using Prony’s method, we need to find
the angular distance α (to estimated the warping β). It might be tempting to set α to
the non-zero frequency α = ω1, but due to the aliasing, the order of the frequencies can
change, and ωk might not correspond to αk, see Figure 2.8. Therefore, we propose to use
the Dirichlet kernel as an invariant:
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Definition 2.3: Dirichlet kernel

We define the Dirichlet kernel as a function h : R→ R:

h(α) =

(K−1)/2∑
k=−(K−1)/2

e−i2πkα =
sin(παK)

sin(πα)
.

π−π

We can estimate h(α) by taking

h̃ =

(K−1)/2∑
k=−(K−1)/2

e−i2πωk ,

as it does not depend on the order of the frequencies. It does, however, require all K
frequencies to be estimated. For simplicity, let us assume that this is the case; in the
Algorithm 2.2 and Corollary 2.6 we account for this case.

Once we have h̃, we find all α such that h(α) = h̃. From Definition 2.3, we can see
that the Dirichlet kernel is not invertible. Hence for α above a certain threshold, this
search will return multiple αs, which can occur even if α is unique, see Figure 2.8. For
this reason, we check if the recovered alphas α fit the measurement. For each α, we find
β and the true sample positions. We can then solve the least squares in order to calculate
coefficients ak.

0.098× 2π

1.200

0.260× 2π

1.200

Figure 2.8.: Two sets of frequencies for different α that give the same value of h. In this
case K = 9, on the left α ∼ 0.098 and on the right α ∼ 0.26, but in both cases h(α) = 1.2.
Note that the frequency closest to zero is not always the one that corresponds to k = ±1
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Algorithm 2.2: DIRAChlet algorithm

Input: yn, n ∈ [N ], N ≥ 2K
Output: Set of possible warpings B and ak or low-pass ak
1: T := {θk : k = −(K − 1)/2, . . . , (K − 1)/2} estimated using Prony’s method.
2: if |T | < K then
3: K := |T | − 1 if |T | mod 2 = 0 else |T |
4: T := {θk : k = −(K − 1)/2, . . . , (K − 1)/2}
5: end if
6: h̃ :=

∑(K−1)/2
k=−(K−1)/2 e

−jθk .

7: A := {α̃ : α̃ ∈ (0, π), h(α̃) = h̃}
8: A := {α̃ : α̃ ∈ A,Sα̃ = T }
9: B := {α̃/τ : α̃ ∈ A}

10: for β̃ ∈ B do

11: ak := arg min
∑N

n=1

(
yn −

∑(K−1)/2
k=−(K−1)/2 a

iβ̃τnk
k

)2

12: end for

Corollary 2.6: Corollary of Lemma 2.4

If ak 6= 0 for k = −(K − 1)/2, . . . , (K − 1)/2 and 0 ≤ β ≤ N/2. Then the DIRAChlet
algorithm returns only all the warpings β that fit the data (i.e., no other warpings). Unless
h(β/N) ∈ {0, 1}, the returned β is unique. For each β, such that the frequencies do not
overlap, the DIRAChlet algorithm returns the corresponding f̃ and, if the frequencies
overlap, then it returns the low-pass version of f̃ .

Before we prove Corollary 2.6, let us elaborate on the set {0, 1}. The specific values in
this set are not important, whereas it is important that this set is small (measure zero,
see Section 1.5 for definition). We include precise numbers here because they are the
same as the numbers in a simulation-based conjecture that we have sought for a long
time. They could also provide additional checks for the algorithm implementation.

Proof of Corollary 2.6

Prony’s method Algorithm 2.2 finds all frequencies present in the DTFT of yn. If all ak
are not zero, then Prony’s method can return less than 2K + 1 frequencies, but only if
they overlap. We can therefore recover only a low-pass version of the signal. We then
reduce K to the bandwidth of the low-pass signal.
If we have Sα = Sα̃, then also h(α) = h(α̃), thus if one of the equivalent αs is in A,

then all are. At the same time, we do check if T = Sα̃, thus removing all non-equivalent
αs.
Now we need to show that if h(α) 6∈ {0, 1} then α is unique. From Lemma 2.4, we

know α is unique, unless α = p/Q, Q < K. If Q ≤ K, then T = Sα has Q elements. But
we have reduced K and T such that K = |T |, hence we have two options for the reduced
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K. First, Q = K and α = p/K and sin(πKα) = 0 so h(α) = 0. The other option is that
Q = K + 1 and α = p/(K + 1) But then

sin(πKα) = sin

(
πp

K

K + 1

)
= sin

πp− π p

K + 1︸ ︷︷ ︸
α

 = sin(πα),

because p ∈ N. Therefore h(α) = 1. �

Want to know more? 2.7: Prony’s Method [77, 222]

This method is attributed to Prony [77], but is also known as the Annihilating Filter
Method [78]. Originally it was developed for estimating a sparse spectrum with a few
frequencies that are not necessary on a grid. Since then, it has been generalised for
sampling various functions that have a finite rate of innovation (FRI) [69]. Here, we adapt
the description from [69], but if the reader interested in a more robust implementation of
this concept, they can see the works by Pan summarized in his PhD thesis [80].

Prony’s method consists of the following steps (illustrated at the end of the box). We
begin with uniform samples xn of a signal in the time domain. We know that the DTFT
of the signal is

x̂(eiω) =

(K−1)/2∑
k=−(K−1)/2

akδ(e
iω − eiθk).

We look for a length-M annihilating filter hn such that hn ∗ xn = 0. This might not seem
intuitive at fist, but let us observe that the DTFT of hn is a polynomial in eiω:

ĥ(eiω) =
M∑
m=1

hme
iωm =

M∑
m=1

hm(eiω)m.

Therefore, if we want to have hn ∗ xn = 0 or equivalently x̂(eiω)ĥ(eiω) = 0, we need zeros
of ĥ(eiω) to be at θk. Hence, we need M = K + 1. To find hn, we can write convolution
in the matrix form: 

xK+1 xK · · · x1

xK+2 xK+1 · · · x2
...

...
. . .

...
x2K+1 x2k · · · xK+1




h1

h2
...

hK+1

 = 0

and solve this system of equations with additional condition h1 = 1 or ||hn|| = 1. To do
this, we need at least 2K + 1 samples. Then, we find roots of a complex polynomial with
coefficients hn and hope they are on the unit circle.
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The main advantage of this method is that in the noiseless case it returns the exact
values of θk, without any grid search that is computationally expensive and less precise. It
is, however, unstable in the presence of noise and hard to extend to non-uniform sampling
because it relies on discrete convolution.

2.2.2. Experiments

In this chapter, we studied two main scenarios for sampling at unknown locations with
constrained sampling positions: a periodic bandlimited signal with a linear warping and
a polynomial with sampling positions constrained by a rational function.
In this section, we present the simulation results for these two problems, respectively.

The simulation code will be available online.

Periodic Bandlimited Signals

We begin by evaluating the behaviour of Algorithm 2.2 for unwarping periodic bandlimited
signals in the presence of noise. We set T = K and fixed a = [a−(K−1)/2), . . . , a(K−1)/2]>

and b to the following values:

a =[0.43,−0.15,−0.44, 0.67,−0.32,−0.76,−0.32,

0.67,−0.44,−0.15, 0.43]>,

β =4.

Here, the values of a are arbitrary random values and K = 11, as there are K values in a.
As set out above, we sample f(bx) with N samples per period. We study four different
values of N , each corresponding to one of the regimes studied above:
Case 1: N > 2πβ/αc: According to Corollary 2.6, this value of N guarantees that, in

the noiseless case, the DIRAChlet algorithm will return one candidate α ∈ (0, π)
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and it will be the correct solution. Note that this value of N corresponds to
α < αc.

Case 2: (K−1)β ≤ N < 2πβ/αc: We choose this value of N so that the line s has several
intersections with the Dirichlet kernel h(ejω). In terms of α, this corresponds to
αc < α ≤ 2π/(K − 1).

Case 3: N < (K − 1)β: This value of N corresponds to α > 2π/(K − 1).

Case 4: N = βT : This case results in s = 0 in the noiseless case when τ = K (our
assumption in the simulations).

In each case, we fix the value of N in the interval of interest and run the simulation.
Each value of N results in different samples yn. We contaminate these samples by random
Gaussian noise with zero mean and varying variance: ỹn = yn + εn. We use the noise
such that the value of SNR ranges from -10dB to 40dB, where we define the SNR as

SNR = 10 log10

(
σ2
yn/σ

2
εn

)
. (2.10)

Here, σyn and σεn are the empirical standard deviations of the signal yn and noise εn,
respectively. This results in the noisy observations ỹn. Then, we apply Algorithm 2.2 on
these noisy samples to estimate the values of β and ak (thus yn); we call these estimated
values β̃, ãk and ỹn, respectively. For each value of SNR, we run 10, 000 simulations.

When running the algorithm, one of three cases can occur:
1. The algorithm can return no solution, for example when the s-line does not intersect

the kernel.
2. The algorithm can return multiple valid solutions (even after pruning), for example

when s = 0.
3. The algorithm can return a single solution (after pruning).
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Figure 2.9.: Left: percentage of cases with more than one valid solution for β. Right:
percentage of cases where Algorithm 2.2 results in a single solution.

Figure 2.9 depicts the percentage of these cases. The left plot shows the percentage
of cases that have multiple solutions and the right plot shows the percentage of cases
that have only a single solution. We see that, except for Case 4, there is always a unique
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Figure 2.10.: Left: error in reconstructing β from noisy observations ỹn versus SNR. Here,
the original β was set to 4. Right: error in reconstruction of yn from noisy observations
ỹn versus SNR.

solution, for the full SNR range considered. This is expected, as the non-unique cases
form a finite set for α ∈ (0, π). In Case 4 (s = 0), we expect to have multiple solutions
for high SNR, as we have fixed α to one of the cases from this finite set. In the right plot,
we see a similar behaviour; except that, at low SNR, we fail to always return a single
solution; this occurs when the algorithm returns no solution.

Next, in Figure 2.10, we show the error in reconstructing β and yn, respectively. Again,
we use the four cases detailed above, with the original value of β set to 4. We compute
the average of the errors defined by

error(β̃) =
|β̃ − β|
β

,

error(ỹn) =
‖ỹn − yn‖2
‖yn‖2

.

In the case where the algorithm generates multiple solutions, we use the solution closest
to the true value, when computing the above error. In Figure 2.10 (left), we observe that
all cases, except Case 1, have a similar behaviour, with a break point in the curve at
around 10dB. Case 1 has lower reconstruction errors for low SNR values, which is not
surprising as this case has more oversampling. Also, the Dirichlet function has a small
slope in this part of its curve, which results in smaller variation in α̃ with changes in s.
We also observe that Case 1 does slightly worse for mid-SNR’s. This can be explained
by ill-conditioning, which occurs as α → 0. As shown in Figure 2.10 (right), although
Case 1 has a lower error for estimating β in low SNR regimes, it has almost the same
performance in estimating yn. However, the ill-conditioning still makes the error slightly
worse at mid-SNR’s.
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Polynomials

To evaluate the performance of the ALS algorithm in the polynomial case (see Algo-
rithm 2.1), we simulate the surface retrieval problem we have introduced in Section 2.2.
We describe how to alter Algorithm 2.1 in order to retrieve the angle.

We assume a polynomial texture and linear surface, with unknown angle and offset.
Recall that, assuming the pinhole camera model, the sample positions are defined by

ϕ(nT ) =
nTd

v cos θ − nT sin θ
.

Note that, from Corollary 2.5, we know that 2(K−1) samples are sufficient to distinguish
between different angles of the surface. Once the angle is found, the constraint ψ becomes
a linear function, and Corollary 2.5 does not tell us anything about the recovery of the
offset d. Note that changing the distance of the surface from the camera is equivalent to
scaling the polynomial. But a scaled polynomial is also a polynomial, hence it is impossible
to recover this offset. This also suggests that it is difficult to relax the assumptions of the
lemma.
From the above reasoning, we know that we will be unable to recover the offset of

the surface. Therefore, we ran a number simulations with different polynomial degrees,
surface orientations and noise levels. We set the irretrievable distance d and the focal
length v to 1.

For each polynomial degree, surface orientation and noise level, we ran 100 experiments
with arbitrary random polynomials. The polynomials were generated in the standard
polynomial basis. The coefficient of the highest power was fixed to 0.5, and the remaining
coefficients were generated randomly from a standard normal distribution N (0, 1). We
needed to fix the first coefficient to ensure that it is not zero. This is because, if the
polynomial is similar to a polynomial of smaller degree, the model becomes too powerful
with respect to the data.

If not stated otherwise, each of the 100 tests was done for 13 different angles uniformly
spaced between −20° and 20°. The alternating algorithm is always initialized with b = 0.
The initialized sample values range from −1 to 1, hence angles close to 45° cannot be
recovered, because the line from the origin to the last sample would also be 45° and would
thus never cross the surface. We restrict the angles even further due to stability problems,
see Figure 2.13.

We add, to the sample values, noise generated from the normal distribution N (0, σ), for
different values of σ. The signal to noise ratio (SNR) – defined in (2.10) – varies between
-10dB and Thank you! 200dB.

We report the error in position estimates defined as

error(θ̃) = |θ̃ − θ|. (2.11)

Recall also that, as the algorithm knows only the sample values, the cost function it
minimizes is

c(x, a) = ‖V (x)a− y‖2. (2.12)
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This cost function is in general not convex, see Figure 2.11. This means that, without
any additional modifications, the algorithm will sometimes miss the global minimum. This
can be corrected by choosing a number of different starting positions, or other standard
methods. In the noiseless case, we know that the cost function is equal to 0 if and only if
we found the global minimum. However, in the noisy case, distinguishing between local
minima might be difficult2.

−40 −30 −20 −10 0 10 20 30 40Angle [degrees]

10−3100

Figure 2.11.: The cost function is not convex. The plot shows the cost function for different
estimated errors, for a fixed polynomial of degree 9, with no noise added. The true angle
is 10 degrees. As the algorithm is initialized at 0, it will stop at the local minimum.

In the simulations, we have seen the problems with local minima for all degrees of
polynomials. In our experience, when the polynomial degree is small, local minima do
not appear often. As the degree of the polynomial increases, they became more common
and lead to increased error even in the noiseless case, see Figure 2.12 and Figure 2.12.
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Figure 2.12.: Left: histogram of the errors for a polynomial of degree 4, with no additional
noise added. The distribution of the error is clearly bi-modal. In more than 80% of cases
the error is lower than 10−10, yet the mean is around 2.5. Right: results of the ALS
algorithm for different polynomial degrees. The median error with no noise is shown in
orange (solid) and the median error with a small amount of additive noise (SNR 80dB)
is shown in blue (hatched). As we can see, in the noiseless case, the algorithm breaks
down at around degree 6. In the noisy case, the errors are much larger, even when the
algorithm finds the global minimum. This makes the error less dependent on the number
of local minima, as a result less dependent on the degree of the polynomial.

The reconstruction is not robust to noise, see Figures 2.12 and 2.13. This is not a
problem with the alternating algorithm, but with the chosen cost function. With noise,
the minima of the cost function flatten out, because perfect fitting of the polynomial to
the samples is no longer possible. This is also the reason why oversampling does not give

2Note that, for this 1D problem, it is easy to come up with a more robust scheme, such as a simple
grid-search. However, we have chosen the ALS algorithm, because it generalizes easily to higher
dimensions therefore is more illustrative.
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a significant improvement — although the oversampling reduces the relative power of the
noise, it does not prevent minima from flattening out.
For angles inside the interval [−20°, 20°], the error does not vary significantly, see

Figure 2.13. Outside this interval, the algorithm becomes unstable. This is due to the
geometry of the problem and the fact that a small change in θ leads to a big change of
the estimated sample positions hence a substantial change in the estimated coefficients of
the polynomial. We can imagine that a change of variables or introducing a varying step
size, depending on the current angle, could widen the stable region.

Finally, we adjust the step size and the stopping criteria of Algorithm 2.1. We use step
size β to be inversely proportional to the oversampling factor, in order to prevent large
gradients. If the gradients are too large, they can cause the algorithm to move to angles θ
outside the permitted (−45°, 45°) interval. Therefore, we multiplicatively decrease β every
time θ could become extreme. We use different stopping criteria: when the cost function
is sufficiently low, when the cost function stops changing, and after a certain number
of iterations. We noticed that increasing the number of iterations does not improve the
results, and limiting the number of iterations might be seen as a version of early stopping.

−20 −10 0 10 20

Angle [degrees]

10−10

10−6

10−2

no noise

SNR 80dB

0 50 100
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101

median, no overs.

mean, no overs.

median, 8× overs.

mean, 8× overs.

Figure 2.13.: Left: median error for different angles, aggregated for 7 different polynomial
degrees (2,. . . ,8). The blue dashed line (left scale) shows the noiseless case, and orange
(solid) line shows an SNR of around 80dB. The decrease of error around 0 for the noiseless
case is due to algorithm initialization at 0. Right: Error for different signal to noise ratios,
for polynomials of degree 4. Around 40dB SNR, the mean error and median error begin
to differ. Unsurprisingly, the mean error flattens when the few large errors dominate the
mean. Oversampling improves the results but not significantly. Oversampling 8 times
gives error equivalent to no oversampling, with an SNR 10dB larger, but this results in
the small difference in error.

2.3. Future Work

In this section, we highlight some questions left unanswered by this chapter, and we
describe the difficulties that arose when we tried to answer them. We also suggest some
general directions in which this work might be further developed.
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The most noticeable gap in this chapter is the difference in sampling schemes between
polynomials and bandlimited functions. Do bandlimited functions really need uniform
sampling? Would the solution be unique if we warped them with a rational function?
One fact is clear: linear warping with polynomials does not work.
To extend our results to non-uniform sampling of bandlimited signals, we would need

a provable spectral estimation method. Although there are many non-uniform spectral
estimation methods that work well in practice [80, 81, 223, 224], we are not aware of any
that provides exact reconstruction, even in the noiseless case.
The problem with non-uniform samples in Prony’s method is that the annihilating

polynomial in the frequency domain (or “spike” domain) corresponds naturally to uni-
form Diracs in the time domain. Therefore, we need either some interpolation, a new
annihilating function (not a polynomial), or a new transform (not the Fourier transform).
The same problems appear in recovery of non-uniformly sampled FRI signals.

There exist various generalisations of Prony’s method, but most of them focus on
different classes of functions, not different sampling schemes [225–230]. The work by
Plonka [231, 232] presents a general approach for the reconstruction of sparse expansions
of eigenfunctions of suitable linear operators; it allows for a family of sampling operators
instead of a single one. This gives us a more flexible sampling scheme, but ultimately still
requires uniform sampling, in the sense that each sampling operator requires K samples
at uniform (integer) powers of the aforementioned operator.
Whereas, work by Senay [233] uses both non-uniform samples and Prony’s method,

the setup is entirely different from ours – in particular, a version of Prony’s method is
used to find the non-uniform sample positions, and the frequency content is known. The
work by Coluccio [234] provides guarantees in non-uniform case when the integrals can
be measured (it a special case of [232]), but to use this method in practice would require
approximating the integrals.
If the reader interested crafting a provable spectral estimation method from non-

uniform samples, our problem of recovery of linearly warped bandlimited signals would
be good start. Our problem has one unknown parameter — the warping β — that
defines the support of the spectrum, instead of K parameters defining each spectral
component separately. At the same time, it poses the same difficulties described above.
A possible approach to this problem would be to apply methods from polynomial case,
see Example 2.8, or to use general methods from algebraic geometry, similar to methods
used in structured matrix decomposition [235].

Prony’s method is also not good for rational warping because, after such warping, the
spectrum is no longer a sum of Dirac deltas. The signal is still a FRI signal, but now it
has an unknown shape. The work of Baechler et al., [229] which considers FRI signals
with partially known shape, might give some inspiration to tackle this problem. We see
no reason why rational warping would not give uniqueness of recovery of the composite
signal. Again, methods from polynomial case might give some recovery guarantees, see
Example 2.8.
It is worth noting that problems with non-uniform sampling arise only if we want to

have recovery guarantees. If not, Pan and Simeoni propose robust algorithms for recovery
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of FRI signals [80, 81]. It would be interesting to see how generalised FRI methods
improve over the DIRAChlet algorithm.

Example 2.8: Different Approach to Linear Warping

We consider a linear warping, described with a parameter β. As in the polynomial case,
we want to study the solutions to the following system of equations:

yn = f(tn) = f̃(βt̃n) for n ∈ [N ].

If we know that for any f, f̃ ∈ F and any β the difference f(t)− f̃(βt) can have at most
Nmax zeros (or be constantly zero), we could say that any number of samples above Nmax

guarantees uniqueness. It can be shown that this difference has a finite number of zeros
on a finite interval. For example, by showing that otherwise there would be a point on
the interval, where the difference would have to have all derivatives equal to zero.
More precisely, if the difference had an infinite number of zeros on an interval, then

according to Bolzano–Weierstrass theorem the set of zeros would have a limit on this
interval. By using the limit-based definition of the derivative, we obtain that all derivatives
have to be zero. For bandlimited f , this means that the difference has to be zero.
However, it is unclear exactly how many zeros it can have. Possibly, tricks similar to

counting polynomial zeros, which we mention further in this section, could be employed.
As we know that there is only a measure zero set of times that satisfy the above

equation, perhaps we could achieve uniqueness of recovery of f and β up to measure zero
set of samples positions tn? The problem with this approach is that this set is of measure
zero for a fixed β. It is still possible that for any fixed tns, we can find new β and new
t̃ns that match the samples.

Another difference between the polynomial and bandlimited cases is that, for the
DIRAChlet algorithm, we have recovery guarantees in the noiseless case, whereas for ALS
there are no guarantees, and we have seen that it gets stuck in local minima. Therefore,
there is certainly some room for improvement here. As the cost function is not convex,
some relaxation methods might be needed. Also, note that the DIRAChlet algorithm
requires all amplitudes ak 6= 0, because it needs to calculate the Dirichlet kernel. ALS-like
optimisation could work in practice when ak = 0 for some k but it would not give
theoretical guarantees either. Alternatively, once the positions of the Dirac deltas are
estimated using Prony’s method, we could apply some modification of Euclidean algorithm
for noisy measurements [236].

The next issue with polynomials constrained by rational functions is that the oversam-
pling factor depends on the degree of the rational function, rather than on its number
of parameters. By considering a polynomial with few monomials, so-called fewnomial
[237], we could lower the oversampling factor in specific cases. For a start, Descartes’
rule of sign could be used if we know that all times tn are positive and the polynomial in
question has positive coefficients; or Strum’s theorem [238] could be used if we knew that
the polynomials in question do not have multiple roots.
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The last direction we suggest is multi-channel sampling at unknown locations. It might
seem to be a strange idea for now, but we will revise it in the later chapters, where it
will be relevant. By multi-channel sampling at unknown locations, we mean sampling a
length-M vector signal s(t), sm ∈ F ,m ∈ [M ] in one of the following scenarios:

• s(t) is sampled at times ϕ(tn) (tn might be uniform or not)
• each sm(t) is sampled at its own times ϕ(tn,m), but the warping ϕ is common
• each sm(t) is sampled synchronously, but with different warpings ϕm(tn)

Depending on what we want to use, polynomials or band-limited functions, the difficulties
will vary between the scenarios above. Due to all problems with Prony’s method that we
have described before, we believe the non-uniform sampling with bandlimited signals is
the most difficult.
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Rank One Sensing

We discovered the rank-one sensing problem discussed in this chapter while studying
the continuous localisation, which we develop in Chapter 4, and the event-based sampling,
which we describe in Section 3.2. Both these problems require full-rank matrix recovery
from rank-one measurements.

As described in Section 1.3, various prominent problems can be described as a matrix
recovery from linear measurements. This includes matrix completion [181–183] and
low-rank matrix recovery [180, 187].

Although all these problems could be vectorised and described as linear inverse problems,
it is often better to use the matrix structure explicitly. When few measurements are
available, the assumption on the matrix structure is crucial for uniqueness. Therefore,
low-rank [180–183, 187], sparsity [240], and other constraints are used, despite their
non-linearity. In other cases, exploiting the matrix structure can lead to more efficient
algorithms than vectorisation does [241].
Another difference between vector and matrix recovery is that, in the case of missing

measurements, it matters which measurements are missing. In low-rank matrix completion,
the matrix cannot be recovered if there are no samples in at least one of its columns (or
rows) [181]. This lead many researches to study matrix completion with deterministic
masks, see Section 1.3. When the measurements are rank-one, even without low-rank
assumptions, it is difficult to know whether the solution is unique, without directly
checking the rank of the system. In this work, we give sufficient and, in some cases,
necessary conditions for recovery from incomplete measurements of an unknown full-rank
matrix C sandwiched between two known matrices G and F (G>CF ).
Although in this work we focus on the theory, our results can be applied to various

problems, from localisation [242] to time encoding machines [243]. More generally, we
believe our results can be used in any case of non-synchronised sampling with array
sensors. With the rise of event-based sensors [50, 244] (Section 1.1), we expect to discover
new applications of this work.

Contributions: The work in this chapter is joint work of the author (MP) with Karen Adam (KA),
Martin Vetterli (MV) and Adam Scholefield (AS) [239]. AS and MP formulated the initial problem;
MP generalised the problem, formulated and proved the all results; KA and MP found the connection
to TEMs and KA formalised this connection. MV and AS advised the research. MP wrote this
chapter, taking liberty to rearrange the results and supplement them with a history of the research.
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Previous results on matrix recovery from rank-one measurements assume that the
matrix C to be recovered is low-rank. As low-rank matrices are sparse in the spectral
domain, the low-rank assumption enables the use of compressed sensing methods that
have been extremely successful in low-rank matrix recovery [180–183, 187]. Unfortunately,
the main tool of compressed sensing, the Restricted Isometry Property (RIP) is not
satisfied by the operators made of rank-one matrices [245, 246]. This problem, however,
can be circumvented with custom criteria that replace the RIP [246, 247]. Compressed
sensing that relies on incoherence properties [186, 190, 194], instead of the RIP, is also
a viable solution for rank-one sensing, as shown by Jain et al. [245]. There is also a
body of work that focuses on the rank-one formulation, but it relies less on standard
matrix recovery methods [246, 248–250]. These methods assume that C is low rank and
most of them [246, 248, 249] additionally require both C and the sensing matrices to be
symmetric. The setup by Zhong et al. [250] is the most similar to our formulation.

In addition to the low-rank assumption, it is generally assumed that the measurement
vectors have i.i.d. sub-Gaussian entries, with the notable exception of the work by Jain et
al. [245]. Although this assumption allows for the use of powerful statistical techniques, it
is often not realistic, in particular when the sampling model is defined by the environment.
In this chapter, we place no low-rank assumption on C and do not require the mea-

surement vectors to be i.i.d. We formalise the problem in Section 3.1 and describe
our assumptions in more detail in Section 3.1.1. As usual, we begin with intuitions
in Section 3.1.2; they can be skipped if the reader is interested only in essentials. In
Section 3.1.3, we present a condition for unique recovery with the smallest possible
number of measurements and a more general uniqueness condition at a price of two-times
oversampling. We postpone the proofs to Section 3.1.4.
Finally, in Section 3.2, to illustrate how to apply our theory in practice, we present a

number of applications. We consider distributed sampling with a noisy communication
channel, sampling with time encoding machines, and sampling signals with hidden
structures.

3.1. Theory

The problem considered in this work can be studied from a few different angles, three of
which we describe below.

Matrix completion Consider the recovery of matrix C ∈ RJ×K from measurements
obtained by matrix multiplication on “both sides”:

Ỹ = W �G>CF , (3.1)

where � is the point-wise (Hadamard) product, G ∈ RJ×M , F ∈ RK×N are known and
W ∈ RM×N is a known binary mask (wm,n is one if the measurement is available). As we
do not make any assumptions on the structure of C, we assume that M ≥ J and N ≥ K.
This formulation can be interpreted as a matrix completion problem: to recover matrix
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Y from incomplete Ỹ while using the partial information about the nullspace and the
range of Y .

Rank-one sensing Alternatively, the problem we study can be formulated as matrix
recovery from rank-one measurements. A single entry of Y can be written as

ym,n = g>mCfn, (3.2)

where gm is m-th column of matrix G and fn is n-th column of matrix F . As not all
pairs of measurements are available, we introduce the set of available measurement pairs
M⊆ [M ]× [N ]. A pair (m,n) belongs toM if and only if wm,n = 1.
In this notation, Equation (3.1) can be rearranged, using trace properties1, into inner

products with rank-one matrices gmf
>
n :

ym,n = 〈gmf>n ,C〉 = 〈gm ⊗ fn,C〉 (m,n) ∈M. (3.3)

We usually use only matrix product gmf
>
n , but the tensor product formulation enables

a simple extension of this problem to higher dimensions. We can measure an order-D
tensor T with rank one tensors, also called simple tensors:

yn = 〈g(1)
n1
⊗ g(2)

n2
⊗ · · · ⊗ g(D)

nD
,T 〉, n ∈MT (3.4)

where n = (n1, n2, . . . , nD), g(d)
n ∈ RNd , and MT ⊆ [N1] × [N2] × · · · × [ND]. Here we

use superscript to denote different frames.
Equation (3.3) can, of course, be written in the matrix form by vectorizing matrix C:

y = Γ vec(C)

where y is the vector of available measurements and Γ is the matrix of vectorised
measurements:

Γ =


vec(gm1

f>n1
)

vec(gm2
f>n2

)
...

vec(gm|M|f
>
n|M|

)

 , (3.5)

where pairs (mi, ni) cover all setM.

Tensor product of frames Finally, the problem can be formulated in terms of frames.
Since G and F are fat matrices, if they are full rank, they define two frames, respectively,
in RJ and RK . At the same time, Equation (3.3) is a system of linear equations, thus its
solution is unique if matrices gmf

>
n , (m,n) ∈M span the whole RJ×K .

Therefore, asking if there exists a unique C satisfying Equation (3.3) is equivalent to
asking which subsets of the tensor product of frames are themselves frames.
Although various aspects of frames in the tensor product of Hilbert spaces have been

studied [251–253], we have not found any direct study of subsets of the tensor products
of frames.

1For details see Section 1.5.
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3.1.1. Assumptions

In this section, we introduce and discuss two definitions; we will later use them to quickly
refer to different assumptions we make. We show in Section 3.1.2 why these assumptions
are needed. We assume all our functions and matrices have values in R but, in principle,
we could change it to C, without the need to alter the proofs.

Definition 3.1: Full Spark

We say a matrix M ∈ RR×N , N ≥ R, is full spark if it has a spark of R+ 1, i.e., every R
of its columns are linearly independent, and at least one set of R+ 1 is not. We can also
say that the Kruskal’s rank [254] of M is R. By extension, we call a N -element frame gn
in RR a full-spark frame if the corresponding matrix is full spark.

Definition 3.2: Polynomial Model

We say that F follows the polynomial model if the entries of vectors fn ∈ RK are
polynomials of hidden variables zn ∈ I ⊂ RD, 1 ≤ D ≤ K:

fn = p(zn) for n ∈ [N ],

where the measure of I is non-zero and p is such that for sequences (zn)Nn=1 ∈ IN , matrix
F is full spark.

Definition 3.2 is more complex than Definition 3.1, hence we avoid using it if possible.
As it might seem a bit abstract, we present some examples of F ; they follow the polynomial
model where F is full spark for almost all (zn)Nn=1.

Example 3.1: Independent Entries

Let r = K, I = RK and p(z) = z. Almost all matrices in RK×N are full spark.

Example 3.2: Trigonometric Polynomials

Let r = 1, I = [0, 1] and

p(z) =
[
1 z z2 . . . zK−1

]>
.

In this case F is a Vandermonde matrix and, unless zj = zi for i 6= j, it is full spark.
Therefore, it is full spark for almost all (zn)Nn=1.

Now, if zn ∈ [0, 1], we can write it as zn = cos(θn), and obtain measurements in the
cosine-transform domain. Similarly, we can use this model to express measurements in
the Fourier domain if we permit complex values.
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For completeness, let us note that in our pre-print [239] we have used a slightly different
set of assumptions, i.e., we have assumed that the k-th entry of fn has the form

[fn]k = fk(tn), (3.6)

where fk : I → R k = 0, . . . ,K − 1 are linearly independent functions from a linear space
of functions F , I ∈ R is an interval or the whole real line and tn ∈ I, n = 0 . . . N − 1
are sampling times. Moreover, in the preprint, we assumed that the sampling times
(t0, . . . , tN−1) follow a continuous probability distribution on IN and that for every
non-zero element f ∈ F , the set of zeros of f has Lebesgue measure (λ) equal to zero:
λ({t|f(t) = 0}) = 0.

The assumptions we make here are more general in the sense that we can have multiple
hidden variables z and not only the sampling time t. However, they restricts functions fk to
be polynomials (pk in Definition 3.2) and require matrix F to be full spark (Definition 3.1).
These two sets of assumptions concern the linear independence of fks and the measure
zero2 of zeros of the non-zero function in F3. We believe the new restriction of functions
to polynomials is worth the clarity gained by this assumption. However, our results still
hold for real-valued bandlimited functions and other families that satisfy Equation (3.6).
Finally, note that a definition similar to Definition 3.2 can be formulated for mea-

surements generated from a random process. We simply need for zn to be independent
continuous random variables and replace almost all with almost surely.

Want to know more? 3.3: K-Regular Mappings

Definition 3.2 and the definition from [239] could be also replaced by a requirement that
is somewhat in between. We could assume that the measurements have the following
form:

fn = f(zn) for n ∈ [N ],

where f is K-regular — for any K distinct variables zn, vectors p(zn) are linearly
independent. Additionally, we have to assume either that p are polynomials or that, for
every non-zero element f ∈ span(f1, . . . , fK), the set of zeros of f has Lebesgue measure
(λ) equal to zero: λ({t|f(t) = 0}) = 0.

Assuming that f is K-regular implies that, for any distinct variables zn, matrix F is
full spark. This definition is stronger than Definition 3.2. An advantage of this definition
is that it is general and connects to the body of work on existence of K-regular maps
[255, 256] and to Chebyshev interpolation [257].

3.1.2. Intuitions and Challenges

In this section, we present the story of how we obtained results that we describe in
Section 3.1.3. We believe that, for many readers, it would be interesting to see the

2For the definition of measure zero see Section 1.5.
3It can be shown that if F contains a constant function, then the above assumptions on F and tn
guarantee that the vectors fn are pairwise different with probability one.

58



Chapter 3. Rank One Sensing

discovery process, even if it is somewhat redacted. Readers interested only in our
achievements might want to skip this section altogether.
With a quick look at Equation (3.3), we can observe that if fn and gm form bases in

their respective spaces, nothing interesting will occur: we need all JK measurements
to recover matrix C. Therefore, we are interested in frames. The tensor product of
two frames is a frame in the product space. Hence, if we take all MN measurements,
the recovery of C is unique. But what happens if we take JK measurements from this
MN -element frame?
To investigate this, we generated random Gaussian frames, polynomial frames, and

bandlimited frames (at random times). Then, we estimated how likely it is that JK
measurements are sufficient to recover matrix C. We chose JK measurements at random
multiple times and obtained the following plots shown in Figure 3.1.
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0.25

0.50

0.75

1.00

3 sensors

4 sensors

6 sensors

16 sensors

Figure 3.1.: Dependence of the rank probability for JK measurements on the number
of points along the trajectory. Here J = 3 and K = 5. Note that there is, so far, no
difference between vectors g and f and that if we swap J,M with K,N , the plots will
look the same.

We observed two interesting behaviours. First, the plots did not seem to depend on
the type of frames we used. Second, for large M the probability was monotonic with N ,
but this was not the case for small M .

In order to avoid repeating the same reasoning for each type of frame, we conjectured
that the only assumption about the frames is that they have to be full-spark frames.
This gave us one of our main assumptions. Full-spark property of the frames is needed,
because all vectors gm and fn have to be interchangeable, i.e., their order cannot matter.
Without this assumption, problems similar to Example 3.4 below can arise.

Example 3.4: A Singled-Out Coordinate

Consider a set of vectors (gm)M1 such that g1 = [1, 0, . . . , 0]> and g1 6∈ span(g2, . . . , gM ).
In this case, we need precisely K measurements g1f

>
n to recover the first row of C. These
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measurements cannot be replaced by any other gm and do not contribute to the recovery
of any other rows of C.

The non-monotonic behaviour of the plots is more difficult to explain. We observed that
the probability seems to have a limit for large N . For a fixed number of measurements,
N going to infinity means that the probability of having multiple measurements in one
column goes to zero. This inspired us to investigate the case when one set of measurements
does not repeat.
Roughly at the same time we observed that too many measurements in a row are

redundant, see Example 3.5 below.

Example 3.5: More than K in a Row

Consider a set of measurements as in Equation (3.3), |M| = JK. Without loss of
generality, assume that the first K + 1 elements of the first row of the mask W are
non-zero. The space spanned by these K + 1 measurements is only K dimensional:

span
(
g1f

>
1 , . . . , g1f

>
K+1

)
= span (g1)⊗ span

(
f1, . . . ,fK+1

)
= span (g1)⊗ RK ,

because vectors f1, . . . ,fK+1 are a frame in RK . Therefore, the space spanned by the all
JK measurements is at most JK − 1 dimensional, and the unique recovery of matrix C
is not possible.

Combining this observation with the idea of taking N →∞, we conjectured that unique
recovery is possible for any mask that has at most one non-zero element (n.z. element) in
each column and that satisfies the row condition:

M∑
m=1

max(km,K) = JK, (3.7)

where km is the number of n.z. elements in the m-th row of the maskW . We plotted this
condition and observed that its probability indeed matches the probability recovery for
large N and that it is an upper bound for smaller N , see Figure 3.2. Note that here we
estimate the probability by generating random sets of measurements. For curious readers,
Box 3.10 explains how to calculate the probability directly.

This conjecture became Theorem 3.1, see Section 3.1.3. At first, we used a determinant-
based proof, thus obtaining a measure-zero result. Naturally, we wondered if the measure
zero is necessary. The answer is yes; there are examples when the bound above does not
hold:
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Figure 3.2.: The row condition (green, dotted-dashed) is an upper bound for the probability
of matrix Γ being full rank. As the number of measurement times N increases, the bound
becomes tighter.

Example 3.6: Almost all, but not all

Let J = K and gn = fn = [1, tn, . . . , t
J−1
n ]. Then the entries of a measurement matrix

are also polynomials: tjntkn = tj+kn for j = 0, . . . J − 1 and k = 0, . . . J − 1.
There are only 2J − 1 monomials of degree at most 2(J − 1), hence the subspace

spanned by the measurements matrix is at most 2J − 1 dimensional. However, to recover
symmetric C, we need J(J − 1)/2 independent measurements.

Having solved a corner case, we returned to the general case when there is more than
one n.z. element per column. In such a situation, Equation (3.11) is still a necessary but
no longer a sufficient condition. Simply by symmetry — by swapping J and K — we
found a dual necessary condition, called the column condition:

N∑
n=1

min(jn, J) ≥ JK, (3.8)

where jn is the number of n.z. elements in the n-th column of mask W . In Figure 3.3,
we can see that the probabilities of these two conditions upper bound the probability of
unique recovery of C. They also explain the qualitative difference between small and
large M . For small M , the row condition dominates, whereas for large M , the column
condition dominates.

We hoped that these two conditions together are sufficient, but this is not the case, as
shown in Figure 3.3 and Example 3.7.

As our result for the corner case depends only on the maskW and not on specific vectors
fn and gm, we conjectured that this would also be the case in general. Our simulations
did not disprove this, see Figure 3.4. It was difficult, however, to pinpoint which masks
are “good” and which are “bad”, and it seems that the problem is combinatorial in nature.
We tried writing a reduction algorithm that would classify the masks, but we failed. This
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Figure 3.3.: Estimated probability of the following conditions: the row condition Equa-
tion (3.11) (orange, dashed), the column condition Equation (3.8) (green, dotted), both
conditions (red, dotted-dashed), and the independence of measurement matrices (solid
blue). All are plotted against number N of distinct measurement vectors fn. The number
of available measurements is always exactly JK. We can see there is a gap (shaded),
where both conditions are satisfied more often than C is unique.

did, however, prompted us to think about how to reduce the mask into another mask for
which we already know if it is good. In time, this led us to the reduction method that we
describe in Sections 3.1.3 and 3.1.4.

Due to the combinatorial nature of the problem, we decided to search for sufficient, but
not necessary, conditions that would give an upper bound on the number of measurements
needed. We knew that oversampling two times is suffficient. Example 3.7 shows that we
cannot do much better than this. However, the determinant-based proof of Theorem 3.1
is difficult to generalise, because it requires exactly JK measurements. Here, the mask
reduction ideas became convenient. We showed that 4JK is sufficient and, after a few
iterations, we proved Theorem 3.3 that requires only 2JK oversampling.

Example 3.7: Hidden Dependence of Measurements

Assume thatW is empty, except for two blocks of size (J −1)× (K−1) that contain only
ones, and one block of size 1× 1 that contain a one. Assume that blocks do not share
rows nor columns. Let 1 to J − 1 and 1 to K − 1 be the coordinates of the first block, J
to 2J − 2 and K to 2K − 2 be the coordinates of the second block, and J − 1 and K − 1
be the coordinates of the last (single entry) block. Such a mask has 2(J − 1)(K − 1) + 1
n.z. elements in total. Below, the matrices (b), (c) and (d) depict such masks for K = J
and K = 3, 4 and 5, respectively.
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Figure 3.4.: For a given mask, either all recoveries are possible or none are. Both
experiments were made for K = 3, N = 6, J = 3, M = 4. 100 different masks were
generated and, for each mask, 100 example pairs of frames were generated from i.i.d.
normal distribution. Then, matrix rank was calculated and, if it was JK = 9, then the
recovery was counted as possible. On the left, the masks always had only 9 non-zero
entries, whereas on the right, each matrix entry had the same probability p = 0.4 of being
equal to one. We can see that, for some masks, all setups were recoverable, for some none
were recoverable, but never anything in between.

(a) (b) (c) (d)
The sub-spaces S1 and S1 spanned by the first two blocks are

S1 = span
(
g1, . . . , gJ−1

)
⊗ span

(
f1, . . . ,fK−1

)
S2 = span

(
gJ , . . . , g2J−2

)
⊗ span

(
fK , . . . ,f2K−2

)
,

respectively. If G (and F ) are full spark, then

dim
(
span

(
g1, . . . , gJ−1

)
∩ span

(
gJ , . . . , g2J−2

))
= J − 2,

and similarly for vectors fn. Then sub-spaces S1 and S1 share a (J−2)(K−2) dimensional
sub-space (dim(S1 ∩ S2) = (J − 2)(K − 2)). Therefore the total dimension of the span of
the measurements of this maskW is at most 2(J−1)(K−1)−(J−2)(K−2)+1 = JK−1
and is not sufficient for unique recovery of matrix C.
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Finally, inspired by applications such as video, we wondered whether our results can be
extended to the recovery of an unknown tensor T of order-D. At the beginning, it was
not clear how such an extension should even be formulated.
For an illustration, we consider a third-order tensor T ∈ RJ×K×L and three frames

fn, gm,hp for n ∈ [N ],m ∈ [M ], and p ∈ [P ] for some fixed N,M,P . Recall the row
and column conditions we have considered so far (Equations (3.7) and (3.8)). The first
intuition would be that we need one additional condition, similar to

P∑
p=1

min(lp, ? ) ≤ ??,

where lp is the number of times that each vector from the set hp is used. But what do we
replace the question marks ? and ?? with? We would like the conditions to be satisfied
for setups, such as in Example 3.8, where it is clear that recovery of C is possible.

Example 3.8: Cube J ×K × J

Consider the case when fn, gm and hp are all bases in their respective spaces. In this
case, we need exactly JL vectors fn — one for each gm ⊗ hp — exactly KL vectors gm
and exactly JK vectors hp.

Therefore, the condition has to be

P∑
p=1

min(lp, JK) ≤ JKL,

and also conditions Equations (3.7) and (3.8) have to be updated to take into account
the third dimension:

N∑
n=1

min(kp,KL) ≤ JKL and
M∑
m=1

min(jm, JL) ≤ JKL.

Similarly as in the matrix case, we thought it might be easier to prove the case where vectors
in one frame do not repeat. It turns out that, in this case, we can apply Corollary 3.6
(or condition Equation (3.7)) two times to obtain a sufficient result. Unfortunately, this
result is not symmetric with respect to constants J,K,L, as illustrated in Example 3.9. In
Section 3.1.3 we formulate a version of this example for an order-D tensor as Corollary 3.6.

Example 3.9: A Third-Order Tensor

Consider the case when each fn is repeated at most once. Then, from Equation (3.7),
every JK vectors gmn ⊗ fn, such that every vector gm is used at most K times, form
a basis of RJ×K . The matrix consisting of vec(gmnf

>
n ) is full spark. Since we assumed

that each fn is used at most once, then each vec(gmnf
>
n ) is used at most once. Applying
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Equation (3.7) to frames vec(gmnf
>
n ) and hp, we obtain that if each vector hp is repeated

at most JK times, then JKL measurements are sufficient to recover our tensor C.

Observe that the conditions in the example are not symmetric because we limit the
number of repetitions of vectors gm to K and number of vectors hp to JK. This means
that a different version of the result, with repetitions of vectors gm limited to KL and
repetitions of hp limited to K, also has to be true. This, in turn, means that none of
these results are necessary conditions, and that there is room for improvement.

We believe an extension of Algorithm 3.1 to D dimensions would be needed to obtain
both sufficient and necessary condition. Although not impossible, this might not be
worth the time until some applications pop out. For this reason, we do not propose
any extension to Theorem 3.3, where extension of Algorithm 3.2 to D dimensions would
require much care.

Want to know more? 3.10: Estimate or Calculate the Probability

We plotted estimated probabilities that Equation (3.7) is satisfied; for all purposes these
plots were sufficient. We wondered if there is a formula for these probabilities. Could this
formula help us calculate a lower bound on the probability that C is recoverable? Here,
we give a formula for the probability. Unfortunately, it is not in closed form and takes
time to calculate, which creates a trade-off between time and accuracy, see the figure
below:
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We assume that we take L (L = 5J on the plot) measurements at random among MN
measurements available in total (10J2 measurements in the plot). The total number of
possible measurement sets is

(
MN
L

)
. To calculate the probability that the measurement

set satisfies Equation (3.7), we need to calculate the number of measurement sets that
satisfy Equation (3.7). This condition depends on how many elements there are in each
row of mask W , but it does not depend on where exactly the elements are. Therefore,
we introduce
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Definition 3.3: Partition M-tuple

An M element tuple k = (k1, . . . , kM ) such that

M∑
m=1

km = L

is a partition M -tuple of L. If additionally, K ≥ km ≥ 0 for all m ∈ [M ], then we
call this tuple K-limited.

For a fixed partition tuple, either all measurements that have corresponding numbers
of elements satisfy Equation (3.7), or all do not satisfy this condition. Hence, we simply
need to count the number of measurement corresponding to a given tuple. For row m we
have N possible columns and we choose km out of them to be non-zero. Thus, we have∏M−1
m=0

(
N
km

)
sets of measurements. Let Kok be a set of all K-limited partition tuples.

Then the total number of valid measurements satisfying Equation (3.7) is

∑
k∈Kok

M−1∏
m=0

(
N

km

)
. (3.9)

Unfortunately, calculating this sum is quite slow because there are many partitions. We
can accelerate the computations a little by grouping partitions that have the same entries
(but in a different order). To do this, we would need to iterate over ordered partitions
Koo: ∑

k∈Koo
F (k)

M−1∏
m=0

(
N

km

)
,

where F (k) is a frequency of partition k; that is to say, the number of partitions with the
same elements. If k has p unique elements, its frequency is

F (k) =
M !

u1(k)! · · · · · up(k)!

where u1(k), . . . , up(k) are the number of repetitions of the unique elements. We can
generate all the ordered partitions recursively in the inverse lexicographical order. Consider
all ordered partition M -tuples of L that have a first element k0. We can generate them
by generating all k0-limited partition (M − 1)-tuples of (L − k0). This is the basis of
the partition function that is recursively called in the pseudo-code below in order to
generate all the partitions.
1: function partitions(L,M, k)
2: p := empty list of M -tuples
3: if L = 0 then
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4: append (0, . . . , 0)︸ ︷︷ ︸
M

to p

5: else if Mk ≥ L then
6: for i ∈ {max(0, L− k), . . . , L} do
7: for q ∈ partitions(i,M − 1, L− i) do
8: append (L− i, q1, . . . , qM−1) to p
9: end for
10: end for
11: end if
12: return p
13: end function
We were unable to find a closed-form expression for Equation (3.9), and therefore we

studied its limits and approximations. To approximate binomial coefficients, we could
use Stirling’s approximation, but the results are ugly and not worth the space. A better
approach is to consider the N → 0 as we did before. In this case, the probability that
Equation (3.9) is satisfied can be approximated by the probability of Equation (3.9),
given one measurements per column.

Note that we cannot directly take a limit N →∞ because the limit of uniform (discrete)
random variable does not exist for N → ∞. Yet we can still calculate the limit of the
probability as a number for N →∞. An interesting exercise would be to consider some
discrete distribution that has a limit: for example, a Bernoulli distribution that becomes
a Poisson distribution in the limit, see Poisson Limit Theorem [258].

When N →∞, the total number of measurement sets is ML because rows are assigned
independently for each measurement. The number of measurement sets that lead to
partition k is the number of ways of splitting L into M groups k0, . . . , kM−1 when the
order of elements in the group does not matter, thus we obtain the limit:∑

k∈Kok

L!

ML
∏M
m=1 km!

Observe that this expression does not depend on N , hence it passes a sanity check as a
limit of Equation (3.9) and, in the figure below, we can see that it indeed aligns with the
probability on the right side of the plot.
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Finally, let us note that instead of picking L measurements at random, we could pick
every measurement with probability p. This would correspond to the erasure channel
model described in Section 3.2.1. We considered this route, but the plots seem much less
interesting, because most of the behaviour is explained simply by the expected value of
the number of measurements (if it is larger than JK).

3.1.3. Theorems

In this section, we present our two main results, Theorem 3.1 and Theorem 3.3, together
with Corollary 3.6 and some of the lemmas needed to prove them. We state these lemmas
here because we believe they provide further insight into the problem. For this reason,
we also present Lemma 3.2. It would be redundant if the sole purpose were to prove
Theorem 3.1, but can be a starting point for new considerations and results. We postpone
proofs to Section 3.1.4, presenting here only sketches of proofs of Theorem 3.1.

Theorem 3.1: One Set of Unique Vectors

Assume G is full spark and F follows the polynomial model. If in each row of W there
are at most K n.z. elements and in each column of W there is at most one n.z. element,
then for almost all (zn)Nn=1,

JK measurements (3.10)

are necessary and sufficient for the unique recovery of matrix C.

The above theorem can also be formulated as the row condition on the number of
measurements in each row of the mask W (Section 3.1.2). More precisely, assume that G
is full spark, F follows the polynomial model, and that each column of W contains at
most one n.z. element. If

M∑
m=1

min(km,K) ≥ JK, (3.11)
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where km is the number of n.z. elements in the m-th row of W , then matrix C can be
uniquely recovered using measurementsM. Moreover, if Equation (3.11) is not satisfied,
then the solution to Equation (3.1) is not unique.
Indeed, if the assumptions of Theorem 3.1 are satisfied, then for every row m the

number of n.z. elements km ≤ K, thus Equation (3.11) becomes the sum of all elements,∑M
m=1 km = JK. Similarly, if we assume that Equation (3.11) is satisfied, we can remove

from every row any extra elements above the first K and obtain the assumptions of
Theorem 3.1.

We show two methods to prove Theorem 3.1. Both ways use the fact that if we
have N = JK measurements, we can calculate the determinant of matrix Γ defined in
Equation (3.5). The first method relies on the determinant only, hence we call it the
determinant method. The second one uses the determinant indirectly and, in our opinion,
leads us to better geometric intuitions. This second method is based on the reduction of
a given set of measurements to a set that we already know allows for a unique recovery of
matrix C, hence we call it the reduction method.
We first explain the determinant method. If the reader is not interested in this, they

can resume reading at Theorem 3.3. To formulate the basis of the determinant method —
Lemma 3.2 — we first define a partition of set [JK].

Definition 3.4: Partition

A partition ξ is family of K J-elements sets (ξk ∈ ξ), i
|ξk| = J such that:

K⋃
k

ξk = [JK].

The important part about this definition is that the order
of the sets ξk and the order within these sets does not
matter.

σ1 σ2 · · · σJ

. . .σJ+1

...

K

We also define, based on the sign of a permutation, a sign of a partition. We discuss
permutations in more detail in Box 3.11. Here we define the sign of ξ to be the sign of
the first in lexicographical order permutation σ that “matches” ξ:

sgn(ξ) = sgn(σ) for ξ =
{
{σJ(k−1)+j : j ∈ [J ]} : k ∈ [K]

}
.

Lemma 3.2: Permutations

Let Γ be the matrix of vectorised measurements with N = JK, and let Ξ be the set
of partitions of [JK] into K bins of J elements. Then, the determinant of Γ can be
expressed as

det(Γ) =
∑
ξ∈Ξ

sgn(ξ)α(F ξ)

(
K−1∏
k=0

det(Gξ,k)

)
, (3.12)
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fn

gm

ξ

step 1 step 2

det

� det

�

Figure 3.5.: How to create matrices Gξ (top row, blue) and F ξ (bottom row, yellow).
On the left rows depict a partition ξ of N = JK into K groups of J elements (green).
Vectors gm and fn are depicted as a reminder that the size constants J and K correspond
to their sizes. In the first step, we consider measurement vectors indexed by one row
of the partition ξ, and in the second step we consider all the rows of ξ. In the case of
vectors g, we first take the determinant of a block of J vectors, then multiply the results.
In the case of vectors f , we first apply point-wise multiplication � then calculate the
determinant.

where Gξ,k is a J × J matrix created by stacking vectors gm such that m ∈ ξk, F ξ is a
K ×K matrix created by stacking vectors

⊙
j∈ξk f j and α is a determinant if J is odd

and a permanent if J is even.

Equation (3.12) in the lemma is convoluted, but all the reader needs to know is that we
multiply the determinants of groups of vectors gm. The factors α(F ξ) are simply some
polynomials in entries of vectors fn. Note that, for different ξ, the factors α(F ξ) are
different. For more intuition on matrices Gξ,k and F ξ, see Figure 3.5.

But how does Lemma 3.2 give us Theorem 3.1? Below, we provide the intuition how to
prove it.

Sketch of a Proof of Theorem 3.1

In Equation (3.12), det{Γ} is a polynomial in entries of fn thus a polynomial in zn.
As vectors fn do not repeat, det

(
F ξ
)
are different monomials of order JK. Therefore,

det(Γ), as a function of zn, either has a measure zero set of zeros and we are done, or it
is constantly zero. But this would mean that all products

Gξ =

K−1∏
k=0

det(Gξ,k) (3.13)

are zero. This would mean that for every ξ there is k such that det(Gξ,k) = 0, hence
vectors in k-th group of the partition ξ are not linearly independent. Since G has full
spark, this means that at least one of the columns in Gξ,k repeats in every partition ξ.
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From the pigeonhole principle, this means that at least one of the vectors gn is used at
least K times, which proves Theorem 3.1. �

Note that although Lemma 3.2 is general, the above proof requires vectors fn to be
pairwise different. This means it cannot be easily generalised. When fn repeat, some of
the F ξ will be the same, and we will have to consider sums of det(Gξ,k) for different ξ.
This reflects combinatorial problems described in Section 3.1.2. To avoid these problems,
we oversample the system to obtain a simple and sufficient, but not necessary, condition:

Theorem 3.3: Oversampling

Assume that G is full spark and F follows the polynomial model. If in each row of W
there are at most K n.z. elements and, in each column of W , there are at most J n.z.
elements, then, for almost all (zn)Nn=1,

2JK measurements (3.14)

are sufficient for the unique recovery of matrix C.

If the reader is interested in the discussion about why the constant 2 in Equation (3.14)
is optimal, check Example 3.7 in Section 3.1.2.

As Lemma 3.2 requires exactly JK measurements, we cannot use it to prove Theorem 3.3.
Therefore, we propose a reduction method that can prove both theorems. We first state
the lemmas needed to prove Theorem 3.1. The first one describes a simple setup when
the recovery is possible and is of course a sufficient, but not necessary, condition. In the
proof of Theorem 3.3, we reduce any other masks to this setup.

Lemma 3.4: Minimal Setup

Let G and F be full spark. If the maskW contains K columns with J non-zero elements,
then matrix C can be recovered from measurements Equation (3.1). Analogous statement
is true with rows and columns swapped.

The main insight that the reduction method is based on is that if we decrease the
number of random vectors, e.g., by replacing every occurrence of fN by f1, we can only
decrease the dimension of the span of the measurement matrices and never increase it.

Lemma 3.5: Replacing Vectors from Polynomial Model

Consider a set of measurementsM as in Equation (3.3), |M| = JK and let F follow the
polynomial model, fn = p(zn). Create a reduced set of indices ,Mr, by replacing all
index pairs (·, N) with (·, 1), in order for the second indices n inMr to be in [N − 1].

If measurements indexed byMr span the whole space RJ⊗RK , then the measurements
indexed byM span RJ ⊗ RK for almost all (zn)Nn=1.
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Let us now sketch another proof of Theorem 3.1. For the somewhat longer full proof,
see Section 3.1.4.

Another Sketch of a Proof of Theorem 3.1

When each index n is used only once or, equivalently, when each column of W contains
at most one n.z. element, replacing vector fn changes only one measurement. If there
are at most K elements in each row, we can replace measurements one by one until we
fill the first column with J n.z. elements. Then, we repeat this to create K columns with
J n.z. elements each, to satisfy the assumptions of Lemma 3.4. �

In the above proof, we cannot afford to “lose” any measurements; that is to say, we
begin with an independent JK measurement and need an independent JK measurement
to satisfy Lemma 3.4. In the proof of Theorem 3.3, during the reduction process, we
can afford to make some measurements dependent. At the same time, we can no longer
reduce one measurement at the time — we have to reduce the whole column, which can
contain up to J measurements.
The proof of Theorem 3.3 is therefore similar in flavour, but requires two additional

technical lemmas described in Section 3.1.4; they give a method of joining/replacing
columns without wasting too many measurements.
Theorem 3.1 can be also generalised to higher dimensions. Sometimes, instead of

recovering a matrix C we would like to recover an order-D tensor T from measurements
made with rank-one tensors. Tensor T is useful for describing videos or other data
collected on a surface or in space over time; for instance, the output from a robo-skin or
atmospheric data. For examples of how to use it in practice, see Section 3.2.

For an unknown order-D tensor C, if one set of measurement vectors is unique, we can
apply Theorem 3.1 D − 1 times and obtain

Corollary 3.6: Generalisation of Theorem 3.1

Assume that we measure a rank-D tensor C using D full spark frames:(
g(1)
n

)N1

n=1
, . . . ,

(
g(D)
n

)ND
n=1

spanning, respectively, RK1 to RKD . Furthermore, assume that the first frame
(
g

(1)
n

)N1

n=1

follows the polynomial model. Then, the set of
∏D
d=1Kd measurements such that there

are at most
∏d−1
j=1 Kj repeated vectors of the frame number d is sufficient to uniquely

recover tensor C.

Note that, in the corollary above, we have
∏0
j=1Kj = 1 and that vectors in the first

frame are unique, as in Theorem 3.1. However, the result is not symmetric with respect
to remaining dimensions 2, . . . , D. We find it unintuitive and further discuss it at the end
of Section 3.1.2.
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In summary, under the full-spark assumption and the polynomial model (Definitions 3.1
and 3.2), mask W can be used to assess whether matrix C can be recovered uniquely.
More precisely, Theorem 3.1 gives a condition that is both sufficient and necessary, but it
requires at most one n.z. element per column of W . Theorem 3.3 gives only a sufficient
condition, hence only an upper bound on the number of measurements needed, but it
allows up to J n.z. elements per column ofW . Finally, Theorem 3.1 generalises to higher
dimensions, but we are not aware of any generalisation of Theorem 3.3.

3.1.4. Proofs

In this section, we provide proofs of the results from Section 3.1.3. We begin with a
somewhat ugly proof of Lemma 3.2. We do formalise the hand-waved proof of Theorem 3.1
based on Lemma 3.2 because we deem it sufficiently good. Therefore, we proceed to prove
Theorem 3.1, based on Lemmas 3.4 and 3.5 and Algorithm 3.1. Only then can we prove
Lemmas 3.4 and 3.5.

Subsequently, we prove Theorem 3.3 with the necessary lemmas. The structure is very
similar to the second proof of Theorem 3.1, i.e., we use the reduction method. Finally,
we present a short proof of Corollary 3.6. For convenience, we restate the corresponding
results, prior to giving the proofs.

Lemma 3.3: Permutations

Let Γ be the matrix of vectorised measurements with N = JK, and let Ξ be the set
of partitions of [JK] into K bins of J elements. Then, the determinant of Γ can be
expressed as

det(Γ) =
∑
ξ∈Ξ

sgn(ξ)α(F ξ)

(
K−1∏
k=0

det(Gξ,k)

)
, (3.15)

where Gξ,k is a J × J matrix created by stacking vectors gm such that m ∈ ξk, F ξ is a
K ×K matrix created by stacking vectors

⊙
j∈ξk f j and α is a determinant if J is odd

and a permanent if J is even.

Proof of Lemma 3.2

We use the definition of the determinant, based on permutations (see Box 3.11):

det(Γ) =
∑
σ∈PN

sgn(σ)
N∏
n=1

γn,σn .

We consider only one element of this sum, for a fixed permutation σ. Recall from
Equation (3.5) that γn = vec(gnf

>
n ), thus γ(J(k−1)+j),n = fk,ngj,n, as illustrated in

Figure 3.6. If we change variables n = J(k − 1) + j and separate the factors dependent
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gm

fn

Γ

Figure 3.6.: Structure of the matrix Γ: as it is created from vectorised products of vectors
gm and fn, every J-th (in this case every second) element of every row is a product of
the first element of some vector gm, g1,m and an element of fn. At the same time, first J
elements of every row are products of the first element of some vector fn, f1,n with an
element of gm.

on the different frames, we obtain:

N∏
n=1

γn,σn =

 K∏
k=1

J∏
j=1

fk,σJ(k−1)+j


︸ ︷︷ ︸

aσ

 K∏
k=1

J∏
j=1

gj,σJ(k−1)+j


︸ ︷︷ ︸

bσ

. (3.16)

We now analyse factors aσ and bσ separately. Before we do this, consider the relation
between partitions and permutations. There is a natural way to map permutations into
partitions, as illustrated in Figure 3.6:

σ 7→ ξ = {{σkJ+j : j ∈ [J ]} : k ∈ [K]} (3.17)

All permutations that map to the same partition ξ can be described by applying a smaller
permutation to ξ. More precisely, we need to define the order (a permutation π ∈ PK)
on the sets in ξ, and k permutations within each set ξ, τ k ∈ PJ , k ∈ [K]. Index-wise, we
can write

σJ(k−1)+j = (ξπk)τkj
. (3.18)

Moreover, we can write the sign of the permutation σ as

sgn(σ) = sgn(ξ) sgn(π)J sgn(τ 1) · · · sgn(τK).

We therefore split the summation of σ to summation over ξ and the smaller permutations.
Consider the first term in Equation (3.16):

aσ =
K∏
k=1

J∏
j=1

fk,(ξπk )
τk
j

=
K∏
k=1

J∏
j=1

fk,(ξπk )j

where the first equality is based on Equation (3.18) and the second results from the fact
that aσ depends on the index j only through permutation τ k. Since τ k changes only the
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order of multiplication, then aσ does not depend on τ k but only on ξ and π. Summing
both sides over all possible π, we obtain

∑
π∈PK

sgn(π)Jaσ =
∑
π∈PK

sgn(π)
K∏
k=1

J∏
j=1

fk,(ξπk )j = det
(
F ξ
)

for an odd J and for an even J we obtain the permanent:

∑
π∈PK

sgn(π)Jaσ =
∑
π∈PK

K∏
k=1

J∏
j=1

fk,(ξπk )j = perm
(
F ξ
)

Similarly, the second term does not depend on π, but here we do not have problems with
the sign

bσ =

K∏
k=1

J∏
j=1

gj,(ξπk )
τk
j

=

K∏
k=1

J∏
j=1

gj,(ξk)
τ̃k
j

,

where we have introduced a change of variables τ̃ πk = τ k to remove the dependence on
the permutation π. We now drop the hat over τ k to simplify the notation. We can write

bσ =

 J∏
j=1

gj,(ξ1)
τ1
j

 K∏
k=2

J∏
j=1

gj,(ξk)
τk
j

 .

But the first term, summed over all possible τ 1 is

∑
τ1∈PJ

sgn(τ 1)
J∏
j=1

gj,(ξ1)
τ1
j

= det(Gξ,1).

Applying this trick for the remaining K − 1 permutations τk, we obtain that the sum of
the terms b over all permutations τ is exactly

∑
τ1∈PJ

sgn(τ 1) · · ·
∑

τK∈PJ
sgn(τK)bσ =

K∏
k=1

det(Gξ,k).

To obtain the sum over all permutations σ, we need to first sum over all τ k for
each k ∈ [K], then over all π, and finally over all partitions ξ. Moreover, we have
sgn(σ) = sgn(ξ) sgn(π)J sgn(τ 1) · · · sgn(τK). Combining all these observations we obtain

det(Γ) =
∑

σ∈PJK
sgn(σ)aσbσ

=
∑
ξ∈Ξ

sgn(ξ)α(F ξ)
K∏
k=1

det(Gξ,k).

�
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This concludes the determinant method of proving Theorem 3.1. Now, we present the
reduction method. We begin with the formal proof of Theorem 3.1, leaving the proofs of
the lemmas for later.

Theorem 3.3: One Set of Unique Vectors

Assume G is full spark and F follows the polynomial model. If in each row of W there
are at most K n.z. elements and in each column of W there is at most one n.z. element,
then for almost all (zn)Nn=1,

JK measurements (3.19)

are necessary and sufficient for the unique recovery of matrix C.

The proof we present here is based on the mask-reduction algorithm (Algorithm 3.1) and
Lemma 3.4. More precisely, we show that if W satisfies the assumptions of Theorem 3.1,
then a sequence of replacements given by Algorithm 3.1 results in a mask satisfying
the assumptions of Lemma 3.4. Then, as the algorithm makes replacements that are
consistent with Lemma 3.5, matrix C can be reconstructed from the original measurement
setM for almost all latent variables (zn)Nn=1.

Algorithm 3.1: Matrix reduction algorithm for Theorem 3.1

Input: Mask W ∈ RM×N , satisfying the assumptions of Theorem 3.1, constants J and
K

Output: Modified W , satisfying the assumptions of Lemma 3.4
1: for k ∈ [K] do
2: for j ∈ [J ] do
3: m := arg maxi:wi,k=0

∑N
j=k wi,j

4: set n > k such that wm,n = 1
5: if j = 1 then
6: (wk,wn) := (wn,wk)
7: else
8: wk := wk ∨wn

9: wn := 0
10: end if
11: end for
12: end for

Proof of Theorem 3.1

Without any additional assumptions, JK measurements are necessary for recovering
C ∈ RJ×K , because we need JK linear equations to uniquely recover JK unknowns. We
show that, under the assumptions of Theorem 3.1, JK measurements are sufficient.
Observe that Lemma 3.5 can be written in terms of mask W . Indeed, replacing all

occurrences of a vector fn with a vector fk corresponds to replacing column k of W
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with the pointwise logical or of columns number k and n (wk := wk ∨wn) and replacing
column n with zeros (wn = 0).
To prove that the algorithm is correct, we consider two invariants:
1) at the beginning of step k, each of the first k − 1 columns of W contains J n.z.

elements;
2) at the beginning of step k, there are at most K − k+ 1 n.z. elements in each row of

[W ]k:.
Here, by [W ]k: we mean the matrix created from columns k, k + 1, . . . N of W . These
two invariants are satisfied at the first step (k = 1).
Using these invariants, we first show that as long as column wk has less than J n.z.

elements, it is possible to choose m and n as in Lines 3 and 4 of Algorithm 3.1. After
this, we show that if the invariants are true at step k, they are true at step k + 1; hence,
after K steps, we obtain a mask W satisfying Lemma 3.4.

Consider a sub-step of step k, when wk has j < J n.z. elements. Then, by Invariant 2
there are at most (K − k + 1) n.z. elements in each row of [W ]k:. Therefore, in rows of
[W ]k+1: in which column wk is non-zero there are at most (K − k) n.z. elements. This
gives a total of at most j(K − k) n.z. elements in all j such rows of [W ]k+1:.
By Invariant 1, there are J(k − 1) + j n.z. elements in the first k + 1 columns of W ,

thus there are J(K − k + 1)− j n.z. elements in [W ]k+1:.
Since j(K − k) < J(K − k + 1)− j for j < J and k ≥ K, there is at least one index m

such that wm,k = 0 and the m-th row has at least one n.z. element in [W ]k+1: (wm,n = 1
for some n > k). We then apply Lines 8 and 9 of Algorithm 3.1, the number of n.z.
elements in wk increases to j + 1 and the invariants remain true.

To prove the invariants for k+ 1, observe that when we add J-th element to the column
k, we create a kth column with J n.z. elements and Invariant 1 is satisfied for k + 1.
Since at step k there were at most J(K − k + 1) n.z. elements in W k+1,:, there could
be at most J rows with exactly K − k n.z. elements in W k+1:. In the inner loop we
always choose the row with the highest number of n.z. elements and move one of its n.z.
elements from W k+1: to the column wk. We do it exactly J times, thus Invariant 2 is
satisfied for k + 1. Therefore both invariants are satisfied at the beginning of step k + 1.
After step k = K, due to Invariant 1, we have K columns with J n.z. elements. This

means that the resulting mask satisfies the assumptions of Lemma 3.4. Observe that each
step of the algorithm is consistent with Lemma 3.5 and counting backwards, at each step
the measurements continue to span RJ×K everywhere except a measure zero set. Since a
finite sum of measure zero sets is measure zero, we obtain that the original measurements
span RJ×K for almost all (zn)Nn=1. �

Now we prove Lemmas 3.4 and 3.5, to conclude proof of Theorem 3.1.
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Lemma 3.3: Minimal Setup

Let G and F be full spark. If the maskW contains K columns with J non-zero elements,
then matrix C can be recovered from measurements Equation (3.1). Analogous statement
is true with rows and columns swapped.

The proof of Lemma 3.4 is based on the observation that if the n-th column of W
contains J n.z. elements, then the corresponding measurements span RJ ⊗ fn, no matter
where in the column (or row) these n.z. elements are located. This observation is also
useful later in the proof of Lemma 3.8.

Proof of Lemma 3.4

Let S be the subspace spanned by the measurement matrices:

S = span
(
{gmf>n : (m,n) ∈M}

)
⊆ RJ ⊗ RK ,

and let n be a column of W with J n.z. elements in rows mj , i.e., wmj ,n = 1 for every
j = 1, . . . , J . Then,

span
(
gm1

f>n , . . . , gmJf
>
n

)
= span

(
gm1

, . . . gmJ−1

)
⊗ span (fn) ⊆ S.

Because G is full-spark, every J vectors gn span RJ and

RJ ⊗ span (fn) ⊆ S. (3.20)

Since there are K different columns (n1, . . . , nK) with J n.z. elements each, we can write
K equations equivalent to Equation (3.20) for n1, . . . , nK , and we obtain

RJ ⊗ span
(
fn1

, . . . ,fnK
)
⊆ S.

Since F is also full-spark, we have RJ ⊗ RK ⊆ S, thus RJ ⊗ RK = S and matrix C can
be recovered from measurements Equation (3.1). �

Lemma 3.3: Replacing Vectors from Polynomial Model

Consider a set of measurementsM as in Equation (3.3), |M| = JK and let F follow the
polynomial model, fn = p(zn). Create a reduced set of indices ,Mr, by replacing all
index pairs (·, N) with (·, 1), in order for the second indices n inMr to be in [N − 1].

If measurements indexed byMr span the whole space RJ⊗RK , then the measurements
indexed byM span RJ ⊗ RK for almost all (zn)Nn=1.
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Proof of Lemma 3.5

Let Γ be the measurement matrix, as defined in Equation (3.5), and let Γr be the
measurement matrix of the reduced set Mr. Matrix Γ is a square matrix, and if Mr

spans RJ ⊗ RK then |Mr| = JK and Γr is square too; therefore, their determinants are
well defined.

We consider the determinants of Γ and Γr as functions of the variable fN we replace.
Without loss of generality, we can sort indices inM according to the second index in a
pair. Let i be the first index at which ni = N . Recall that according to the polynomial
model fn = p(zn), zn ∈ RD (Definition 3.2). We consider a matrix valued function
Γ̃ : RD → RJK×JK , where entries with index N in Γ are replaced with p(x):

Γ̃(x) =



vec(gm1
f>n1

)>
...

vec(gmi−1
f>ni−1

)>

vec(gmip(x)>)>
...

vec(gmJK−1
p(x)>)>


. (3.21)

The determinant det
(
Γ̃(x)

)
is a polynomial in p(x), hence it is a polynomial in x.

Therefore, it is either zero on a measure zero set or zero everywhere. Observe that
Γ̃(zN ) = Γ and Γ̃(z1) = Γr. Since the measurement set Mr spans the whole RJ×K ,
matrix Γr = Γ̃(z1) is full rank, therefore det

(
Γ̃(z1)

)
6= 0, thus the det

(
Γ̃
)
6= 0 for almost

all zN . �

Finally, we introduce the proof of Theorem 3.3 that is based on oversampling. To
prove Theorem 3.3, we make use of Lemmas 3.7 and 3.8 stated below. We present the
proofs of these lemmas at the end of this section. The proof Theorem 3.3 is similar to
the proof of Theorem 3.1 in that Algorithm 3.2 provides a method for reducing the set
of measurements to a set satisfying Lemma 3.4. Then, by Lemma 3.5, matrix C can be
uniquely recovered up to a measure zero set. The main difference is that, in Algorithm 3.2
the columns to join are given by Lemma 3.7 instead of being generated one by one as in
Algorithm 3.1.

Lemma 3.7: Choosing Columns

Assume that the set of measurements Ml, |Ml| = 2Jl, is such that the columns of
corresponding mask W (l) have at most J n.z. elements each, and are sorted in a non-
increasing order by their number of elements. Furthermore, in each row of W (l), there
are at most l n.z. elements. Then, there exists a set C of columns such that

1. the logical disjunction (the logical or) of columns in C has J n.z. elements;
2. the total number of elements in the columns of C does not exceed 2J ;
3. the first column of W (l) is a column in C.
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Lemma 3.8: Disjoint Sub-masks

Assume that matrices G and F are full spark, and consider a mask W that consists of
two (disjoint) sub-masks, one of them contains at least l, l ∈ {0, . . . ,K} columns with at
least J n.z. elements each. Then, the change of position of the n.z. elements within any
row of the other sub-mask, which contains at least K − l n.z. elements, does not affect
the span of the measurement set corresponding to W .

With these two lemmas, we are ready to prove Theorem 3.3.

Theorem 3.3: Oversampling

Assume that G is full spark and F follows the polynomial model. If in each row of W
there are at most K n.z. elements and, in each column of W , there are at most J n.z.
elements, then, for almost all (zn)Nn=1,

2JK measurements (3.22)

are sufficient for the unique recovery of matrix C.

Algorithm 3.2: Matrix-Reduction Algorithm for Theorem 3.3

Input: Mask W ∈ RM×N , satisfying the assumptions of Theorem 3.3
Output: Modified W satisfying the assumptions of Lemma 3.4
1: k := 1
2: while k ≤ K and there are < J rows with K − k+ 1 n.z. elements each in [W ]k: do
3: sort columns W in non-increasing order by the number of n.z. elements
4: while there is a row m with exactly K − k + 1 n.z. elements and wm,k = 0 do
5: let l be such that wm,l = 1
6: wm,k := 1
7: wm,l := 0
8: end while
9: if wk has < J n.z. elements then

10: (k, n1, . . . , nI) := sequence of column indices given by Lemma 3.7
11: wk := wk ∨wn1 ∨ · · · ∨wnI

12: for i = 1, . . . , I do
13: wni := 0
14: end for
15: end if
16: k := k + 1
17: end while
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Proof of Theorem 3.3

First, observe that reordering the columns ofW corresponds to a change of variables, and
this does not change the dimension of the span of the corresponding measurement set.
We consider the following invariants:
1) at step k, each of the first k − 1 columns of W contain at least J n.z. elements;
2) at step k, there are at most K − k + 1 n.z. elements in each row of [W ]k:;
3) at step k, there are at least 2(K − k + 1)J n.z. elements in [W ]k:.

Again, these three invariants are clearly satisfied for k = 1. Since we use Lemma 3.7 for
choosing which columns to join, we only need to prove the induction step.

After Line 8, there are at most K−k n.z. elements in each row of the sub-maskW k+1:,
therefore Invariant 2 is satisfied. If wk has at least J n.z. elements, then Invariant 1
is also satisfied. Since we moved at most J − 1 n.z. elements, wk has at most 2J − 1
elements, and the last invariant is also satisfied.
When wk has less than J elements, we use Lemma 3.7 with l = K − k + 1 and mask

W (l) = [W ]k:. The invariants for k, together with sorting of W , guarantee that the
assumptions of the lemma are satisfied. Therefore, Line 10 returns a set of columns that,
after joining in the Line 11, produces a column wk with at least J n.z. elements. Thus,
Invariant 1 is satisfied for k + 1. Moreover, as the columns returned in the lemma had in
total at most 2J n.z. elements, there are at least 2(K − k + 1)J − 2J = 2(K − k)J n.z.
elements in [W ]k:, and Invariant 3 is satisfied.
The algorithm terminates at kt, when the resulting mask contains a sub-mask with

kt − 1 columns with J n.z. elements each and a disjoint sub-mask with J rows with
K − kt + 1 n.z. elements each. From Lemma 3.8, we know that we can move elements
in the second sub-mask, freely and without affecting the span of the measurements.
Hence, we move them to the first K − kt + 1 columns of the sub-mask, thus obtaining
in total K columns with J measurements and a mask that satisfies Lemma 3.4. As in
the proof of Theorem 3.1, the steps of Algorithm 3.2 do not change the dimension of
the span of the measurements. The lines from Line 10 until the end are consistent with
Lemma 3.5, and the inner loop (Line 4) is consistent with Lemma 3.8. Therefore, the
original measurements span RJ×K for almost all (zn)Nn=1. �

To conclude the proof of Theorem 3.3, we need only to prove Lemmas 3.7 and 3.8.

Lemma 3.3: Choosing Columns

Assume that the set of measurements Ml, |Ml| = 2Jl, is such that the columns of
corresponding mask W (l) have at most J n.z. elements each, and are sorted in a non-
increasing order by their number of elements. Furthermore, in each row of W (l), there
are at most l n.z. elements. Then, there exists a set C of columns such that

1. the logical disjunction (the logical or) of columns in C has J n.z. elements;
2. the total number of elements in the columns of C does not exceed 2J ;
3. the first column of W (l) is a column in C.
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(a) (b) (c)

Ts
Ts+1

n.z. element

columns in Cs

good columns

bad columns

Figure 3.7.: Process described in Lemma 3.7. We consider a mask W with at most J = 4
n.z. elements in each column and at most k = 2 n.z. elements in each row. We start with
only the first column in the set C1 marked with blue stripes (a). Because this column has
n.z. elements in the first three rows, the first three columns are already covered (black
outline) and T1 = {1, 2, 3}. Next, we look to add columns to C1 (b). The second column
is bad (solid yellow), because it has too many n.z. elements in the covered rows. We
choose one of the remaining good (green dots) columns and add it to our set C1 (c). All
the remaining rows are then bad, but now T2 = {1, 2, 3, 4, 6} has more than four n.z.
elements, and we have created a correct group.

Proof of Lemma 3.7

We create the desired set of column indices C by starting with a singleton C1 of a column
with the maximal number of n.z. elements. We then append “good” columns in a sequence,
until we obtain J n.z. elements: see Figure 3.7.
More formally, for the n-th column, we define the set Rn ⊆ [M ] of rows where the

column is non-zero:
Rn = {r : wr,n = 1}.

Let Cs be the set of columns created after step s, and let Ts be the set of rows where
at least one of the columns in Cs is non-zero:

Ts =
⋃
i=Cs
Ri.

We then call the n-th column of W good — green in Figure 3.7 — if it has, in the new
rows, at least as many n.z. elements as it has in the already covered rows:

|Ts ∩Rn| ≤ |Rn \ Ts| . (3.23)

If we are to add only good columns to the set Cs, we need to check that if |Ts| < J ,
then there exists at least one good column. Let Bs be the set of indices of bad columns
that do not satisfy Equation (3.23). Since in each row there are at most l n.z. elements,
there can be at most l|Ts| n.z. elements in rows Ts, hence there can be at most (l− 1)|Ts|
n.z. elements in rows Ts of the “bad” columns:⋃

b∈Bs
|Rb ∩ Ts| ≤ (l − 1)|Ts|.
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Since for each b ∈ Bs we have |Rb \ Ts| < |Ts ∩Rb|, then also |Rb| < 2 |Ts ∩Rb|, and
therefore ⋃

b∈Bs
|Rb| ≤ 2(k − 1)|Ts|. (3.24)

The number of available measurements is the difference between the total number of
measurements “covered” so far and the upper bound on measurements lost so far:

2Jl︸︷︷︸
total

− |Ts|︸︷︷︸
covered

− (|Ts| − |R1|)︸ ︷︷ ︸
≥lost

. (3.25)

Here, the number of measurements lost is equal to |Ts|− |R1| because at each step, except
the first one, we lose (i.e., duplicate) at most as many measurements as we add to the set
Ts.
If |Ts| < J , then the number of available measurements Equation (3.25) is larger

than the number of bad measurements Equation (3.24), and there is at at least one
measurement in a good row, and we can add it to Cs and obtain Cs+1. There are two
options: Either |Ts+1| < J and we can continue adding columns, or |Ts+1| ≥ J . Then,
the total number of measurements used is at most the number of measurements used for
s plus the number of measurements in the last added column:

|Ts|+ (|Ts| − |R1|)︸ ︷︷ ︸
old

+ |Rs+1|︸ ︷︷ ︸
new

= 2|Ts| − |R1|+ |Rs+1| <≤ 2J,

because |Ts| ≤ J and because we started with the column with maximal number of
elements, hence |R1| ≥ |Rs+1|. Therefore, we create the set of columns C = Cs+1 which
satisfies both conditions of the lemma. �

Lemma 3.3: Disjoint Sub-masks

Assume that matrices G and F are full spark, and consider a mask W that consists of
two (disjoint) sub-masks, one of them contains at least l, l ∈ {0, . . . ,K} columns with at
least J n.z. elements each. Then, the change of position of the n.z. elements within any
row of the other sub-mask, which contains at least K − l n.z. elements, does not affect
the span of the measurement set corresponding to W .

Proof of Lemma 3.8

Once again, let S be the subspace spanned by the measurement matrices:

S = span
(
{gmf>n : (m,n) ∈M}

)
⊆ RJ ⊗ RK .

Like Equation (3.20) in the proof of Lemma 3.4, G being full spark means that

RJ ⊗ span(fn) ⊆ S,
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Figure 3.8.: Sometimes n.z. elements in a row can be moved around, even if they do not
span the whole span(gm)⊗ RK , where m is the row index. Here K = 4 and J = 2, and
the first sub-mask of W (yellow outline) contains the first two columns, which have J
n.z. elements, and the second sub-mask contains the remaining part of the last two rows
(blue outline). Therefore, the first two columns span RJ ⊗ span(f1,f2), and their n.z.
elements can be moved down (yellow arrows). This creates two rows that have K = 4
n.z. elements, hence n.z. elements in these rows can be moved to the left (blue arrows).
Their n.z. elements can be moved back (yellow arrows) because, in this step, we have
not moved n.z. elements in the first two columns. The resulting matrix differs from the
original only in the second (blue) sub-mask.

for every column n ofW that contains J elements. Without loss of generality, let the first
row of W be the one containing l elements in the second sub-mask. We then also have

span(g1)⊗ span(fn) ⊆ S.

If n1, . . . , nl are the columns with J elements, let nl+1, . . . nK be the columns in which
the first row in the second sub-mask is n.z. element, see Figure 3.8. Since the masks are
disjoint, ni 6= nj for j 6= i, and

span(g1)⊗ span
(
fn1

, . . .fnl ,fnl+1
, . . .fnK

)
⊆ S.

Therefore, since F is full spark, span(g1)⊗RK ⊆ S, and it does not matter which values
have the indices nl+1, . . . , nK , as long as they are different than n1, . . . , nl. �

Finally, we prove the generalisation of Theorem 3.1 for order-D tensors. The proof we
present below inductively relies on Theorem 3.1.

Corollary 3.3: Generalisation of Theorem 3.1

Assume that we measure a rank-D tensor C using D full spark frames:(
g(1)
n

)N1

n=1
, . . . ,

(
g(D)
n

)ND
n=1

spanning, respectively, RK1 to RKD . Furthermore, assume that the first frame
(
g

(1)
n

)N1

n=1

follows the polynomial model. Then, the set of
∏D
d=1Kd measurements such that there
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are at most
∏d−1
j=1 Kj repeated vectors of the frame number d is sufficient to uniquely

recover tensor C.

Proof

Recall that tensor C can be recovered exactly if and only if vectors defined byMD span
RK1×···×KD . Assume that Corollary 3.6 is true for D − 1. Then, any

∏D−1
d=1 Kd vectors

fn = vec
(
g(1)
n1
⊗ g(2)

n2
⊗ · · · ⊗ g(D−1)

nD−1

)
.

are linearly independent, because frames from 1 to D − 1 satisfy assumptions of Corol-
lary 3.6.

Since each index n1 of the first frame is used at most once, we can replace multi-index
n of fn by n1. By assumption, the vectors g(1)

n in the first frame follow the polynomial
model, hence the re-indexed vectors fn1

do too.
Therefore, fn1

and gnD satisfy the assumptions of Theorem 3.1, and any
∏D
d=1Kd of

them are linearly independent, as long as vectors gDnD are repeated at most
∏D−1
d=1 Kd

times.
To conclude the proof, we observe that Theorem 3.1 is exactly Corollary 3.6 for D = 2.

�
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Want to know more? 3.11: Permutations, partitions, equivalence classes

Definition 3.5: Permutation

A permutation σ of numbers 1, . . . , N is any sequence of length N in which each
number from 1 toN appears exactly once. We will call PN the set of all permutations
of [N ]. As with vectors, we denote the n-th element of the permutations σ by
σn. The n-th element of σ can be also denoted by σ(n). We denote the space of
permutations by PN .
An inversion in a permutation is a pair k < n such that σk > σn. The number

of inversions of a permutation is denoted by I(σ) and is used to define the sign
sgn(σ) of the permutation. A sign — or a parity — of a permutation σ is defined
as a parity of the number of inversions of σ:

sgn(σ) = (−1)I(σ).

Alternatively, the sign can be also defined using transpositions, which we do not
introduce here.

Permutations can be composed as functions. We will denote composition as multiplica-
tion. In our notation, the following are equivalent:

(σπ)k = σ(π(k)) = σπk .

The sign of the permutation has a convenient property that the sign of the composition
of two permutations is the product of the signs:

sgn(σπ) = sgn(σ) sgn(π).

This is useful in the proof of Lemma 3.2, because we want to decompose the sign of
permutation σ ∈ PJK into signs of partition ξ and signs of smaller permutations π ∈ PK
and τ k ∈ PJ for k ∈ [K]. To do this, we need to redefine the partition in terms of
permutations. In the proof of Lemma 3.2, we do this explicitly in Equation (3.17):

σ 7→ ξ = {{σkJ+j : j ∈ [J ]} : k ∈ [K]} .

The mapping above also defines an equivalence relation: We say that two permutations σ
and π are equivalent (σ ∼ π) if it maps them to the same ξ.

Below, the permutation σ is illustrated by shading the square in the row n and column
k if σn = k. Two permutations on the left are equivalent to each other; and two
permutations on the right are equivalent to each other. However, the left permutations
are are not equivalent to the right permutations.
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The fact that partitions define equivalence relation on permutations means a partition
itself can be thought of as an equivalence class of permutations under relation ∼. This
enables us to use the language of equivalence classes. An equivalence class is often defined
by its representative. In our case, the representative is the permutation σ, which is the
smallest in the lexicographical order that maps to ξ, or in other words the first element
of equivalence class ξ.

The concept of representative enables us to extend the definitions of inversion and sign
of a permutation to partitions. If σ is a representative of ξ, then we define:

I(ξ) = I(σ) and sgn(ξ) = sgn(σ).

Together with the property of composition of signs, this gives us a method to calculate
the sign of the composition of a partition with a permutation of the same length JK. Let
π and τ k for k ∈ [K] be the permutations that satisfy equation Equation (3.18):

σJ(k−1)+j = (ξπk)τkj

Applying permutation τ k ∈ PJ to the k-th set of ξ is equivalent to a composition with
τ̃ k ∈ PJK created by extending τ k with an identity. More formally,

τ̃n =

{
J(k − 1) + τkj for n = J(k − 1) + j

n else.

It is easy to see that sgn(τ̃ ) = sgn(τ ), because the all the inversions in τ̃ happen on the
range J(k − 1) + 1 to Jk and there are as many of them as inversions in τ .
We would like to apply the same trick to the permutation π ∈ Pk, but π is applied

to all sets of ξ. We can think about it as applying it to the smallest elements in their
respective sets, second in order, and so on:

π̃n = Jπk + (j − 1) for n = Jk + (j − 1)

Therefore, sgn(π̃) = sgn(π)J and, putting this all together, we obtain

sgn(σ) = sgn(ξπ̃τ̃ 1 · · · τ̃K)

= sgn(ξ) sgn(π̃) sgn(τ̃ 1) · · · sgn(τ̃K)

= sgn(ξ) sgn(π)J sgn(τ 1) · · · sgn(τK)
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Figure 3.9.: Measurements with noisy communication channel. We assume that measure-
ments are on a two dimensional grid. This could be one dimension in time and one in
space, or two dimensions in space, as illustrated here. Measurements are synchronised,
but some are lost due to noisy communication channel. The resulting measurements are
no longer uniform.

3.2. Applications

In this section, we present a few toy-applications for rank one sensing: sampling with
missing samples in Section 3.2.1, neuromorphic sensing in Section 3.2.2, and signals with
hidden variables in Section 3.2.3. We illustrate how to apply our results in practice and
point out general application areas, rather than establish state-of-the-art results. In
Chapter 4, we present our main application, continuous localisation, and we describe the
performance of our method on real data.

3.2.1. Erasure Channel

Consider a number of sensors that measure some signal that changes over time, for example
temperature. The sensor nodes then send measurements to one server. Assume that the
communication between the sensors and the server is unstable and some measurements
are lost, see Figure 3.9. We assume that we know which measurements are lost and
the situation can be modelled as an erasure channel. To counter the problem with the
communication, we oversample the signal.

Such a scenario can occur when sensory nodes are inexpensive and have low computa-
tional power or memory, hence it is more feasible to deploy more of them than to implement
more robust communication protocols. Another use-case is when the sensors move and
there is a possibility that they leave the range of the network for a time. The cheap sensor
model is interesting because matrix multiplication by a rank-one matrix, given in the
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form of two vectors, is less computationally expensive than matrix multiplication in the
general case.

We assume here that the devices are synchronised. For example, temperature measure-
ments taken every day can be assumed to be synchronised, even if they are not synchronised
to the exact minute. The situation when the measurements are not synchronised is better
described in Section 3.2.2.

We model our signal y(x, t) to be either polynomial or bandlimited in space and time.
Signal y can be the written as a sum of monomials

y(x, t) =
J−1∑
j=0

J−1∑
k=0

cj,kx
jtk,

in the polynomial case and similarly in the bandlimited case

y(x, t) =

Ĵ∑
j=−Ĵ

K̂∑
k=−K̂

cj,ke
ijxeikt,

where we use Ĵ = (J − 1)/2 and K̂ = (K − 1)/2. Thus, J and K describe the number of
degrees of freedom. Both these families can be written in the form of Equation (3.2):

y(x, t) = g>(x)Cg(t),

where g is either polynomial or bandlimited basis. Assuming uniform sampling both in
time and space, we obtain

ym,n = g>mCfn.

for gm = g(δm) and fn = g(τn) where δ is the distance between samples and τ is the
time between samples.
In order to see if we can apply Theorem 3.1 or 3.3 in this scenario, we check if

their assumptions are satisfied. In case of polynomials or bandlimited functions, frames
gm and fn, respectively, are full spark and follow the polynomial model. There are
multiple measurements in each column and in each row of the grid, hence we can use only
Theorem 3.3. We know that, if we have JK2 measurements such that no more than J of
them are taken at the same time and no machine generates more than K measurements,
we can perfectly recover Ĉ.

Theorem 3.3 does not tell us if our sampling setup is efficient. The imperfect com-
munication between the server and the nodes can be written as a noisy communication
channel, in particular an erasure channel. Using this formulation, we can compare how
efficient our setup is compared to the channel capacity or to optimal codes. Erasure codes
are of particular interest. The idea is, if we have a message of length K, we can encode it
with a code of length Ne, such that recovering every K ′ letters of the code (it can be that
K ′ = K) enables us to recover the original message. This would be the case, for example,
if we vectorised C, obtaining a message length KJ , and then encoded it with a full-spark
frame, i.e., multiplied it by a full-spark Ne × JK matrix.
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3.2.2. Event-Based Sampling

As described in Section 1.1: Implicit Sampling, event-based sampling is a sampling
paradigm where the sampling times depend on the changes in the signal: the events. The
information is encoded in the sampling times, rather than in the sample value.

Here we are interested in simple models of neurons that can be described as event-based
sampling. Broadly speaking, there are two neuron models: integrate and fire (IAF)
neurons4 and threshold and fire (TAF) neurons. The IAF model matches the biological
neurons more closely than the TAF model. The TAF model can be described as send-
on-delta sampling. Here we adopt TAF neurons due to their simplicity. As we show in
our joint work with Karen Adam [239, 243], our results apply also to the time-encoding
machines that model IAF neurons.
To more precisely describe the TAF model, consider sampling of a function y : R→

[−A,A] for some known A ∈ R+. The TAF neuron will output spikes at times tn, n ∈ [N ]
such that

yn = y(tn)− y(tn−1) = ±δ.
It is important that this can be viewed as a non-uniform sampling scheme with

ŷn = y(tn) =
∑

k≤n yn. There are variations on this model, but they all can be phrased
as non-uniform sampling. For example there are TAF models that include more than the
last value and yn = y(tn)−∑k yn−khk(tn − tn−k) or do not include previous sample at
all, but they include more than two thresholds. Event-based cameras usually sample the
logarithm of the intensity of the image, log(y(t)).

Assume now that we haveM sensors, each sampling a signal ym, and producing samples

ŷn,m = ym(tn) + ξm for (m,n) ∈M,

where tn is the sampling time of the n-th sample produced by any machine, ξm is the
known initialisation of the sensor — value of the signal at zero5, and M is the set of
available measurements, that is to say (m,n) ∈M if and only if m-th machine produced
a sample at the time tn.

Consider a camera made of event-based sensors, depicted in Figure 3.10. Let us begin
with a "1D" camera that consists of a number of sensors on the line, that samples a signal
that changes over time. We assume that the signal is a real-valued periodic bandlimited
function (see Section 1.5). Again, we can write the measured signal in the form of
Equation (3.2):

ŷ(x, t) = g>(x)Cg(t),

where g is either a polynomial or (real-valued) bandlimited basis. This time, we can
assume only uniform sampling in space and we obtain

ym,n = g>mCfn,

for gm = g(δm) and fn = g(tn) where δ is the distance between samples.
4Time encoding machines are a special case of the IAF model.
5In practice initialisation of the sensor is not always known, but for illustrative purposes we assume it is.
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Figure 3.10.: Event-based camera. The image is mapped on a grid of even-based sensors.
Each sensors creates a stream of events independently of its neighbours, resulting in
non-uniform multi-channel samples, that need to be converted to video format.

Observe that as F is full spark, signals ym are pair-wise different, therefore we can
assume that sampling times tn are different for different machines, hence they are all
different. This means that if

M∑
m=1

min(Nm,K) ≥ JK,

the recovery of matrix C is unique thus is the recovery of x and y. Note that if we were
to recover every signal ym separately, we would need at least K samples for each machine;
this would amount to MK ≥ JK samples.

We can now move to the 2D case, with sensors at positions (x
(2)
m , x

(2)
p ). In this case, we

can use an extension to Theorem 3.1 in order to show that if we take at most J samples
in each column of the sensor grid and at most J2 samples in each row of the sensor grid,
then J2K measurements in total would be sufficient for unique recovery of C hence of
y(t, x(1), x(2)).

3.2.3. Signals With Latent Variables

Thus far, we have assumed that the signals we want to recover are polynomials or
bandlimited functions, hence the matrix (or tensor) structure arises from separation of
the basis vectors. Here, we consider signals with some latent structure.
We measure signals y : R→ RM , but this time they linearly depend on latent signals

x : R→ RJ :
y(t) = Gx(t).
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Figure 3.11.: Signals with hidden variables. Left: source separation. We are given source
positions and propagation model and we want to recover the source signals over time.
Right: one-layer spiking neural network. The neurons, for example TEMs, introduce
non-linearity (red) after a fully connected linear layers (blue).

Such a relation appears, for example, in the sound source separation, where we have J
far-away sources emitting bandlimited signals that are measured by M microphones; see
Figure 3.11 (left). If we know the directions of the sounds and the positions within the
microphone array, then we know the matrix G is known. Indeed, if ej is the normalised
vectors in the direction of the source j and um, m ∈ [M ], are positions of the microphones,
then

gj,m = e−ive
>
j um , (3.26)

where v is the speed of sound, and we ignore the global phase.
Another situation where hidden variables come into play is in modelling spiking neural

networks. On a high level, every network consists of linear layers interlaced with non-linear
operations. In spiking neural networks, this non-linearity is an artificial neuron. If x
is the input to the linear layer and G are the weights of the layer, then elements of y
are the inputs to neurons, and samples ym(tn) represent the output of the layer; see
Figure 3.11(right).

3.3. Future Work

We have studied the problem of matrix recovery from rank-one measurements. Without
any assumptions on the unknown matrix structure and for very general assumptions
on the measurement matrices, we provided a condition for unique recovery with the
least possible measurements in the case where there is at most one measurement in each
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column of the maskW . We also provide a more general uniqueness condition for multiple
measurements, in each column of the mask W and at a price of two-times oversampling.

In Section 3.1.2, we show that Theorem 3.3 cannot be made tight without considering
the detailed structure of the mask W . However, there could be stronger results available
in special cases. In particular, the dual of Theorem 3.1 is interesting, see Table 3.1. We
could expect a similarly simple result when the number of n.z. elements in the rows of
W is limited to one or, in other words, when the vectors following the polynomial model
are allowed to repeat while the vectors gn have to be unique. However, this case would
require a more general version of Lemma 3.5.
While not of immediate practicality, studying detailed structure of W might be

interesting from theoretical point of view. In particular, as the problem of rank one
sensing can be interpreted as matrix completion with additional constraints, results from
matrix completion with deterministic masks [191–196]. can be of useful here.

Furthermore, stronger results might be obtained via additional assumptions on matrix
C, such as the low-rank property. Although our method uses a different methodology
than compressed sensing techniques, we believe our results can inform further research
into low-rank matrix recovery from rank-one measurements. In particular, Gross [190]
studies recovery of matrix given in any basis, and our results give conditions on when a
set of measurements of the form Equation (3.1) is a basis.
In the proofs in Section 3.1.3, we use algorithms to describe a reduction of the mask

W , but we do not describe any algorithms for the recovery of matrix C. For simulations
(i.e., Figure 3.3), we simply use the (pseudo)inverse, but this method could be compared
with various task-specific algorithms [245, 247, 250]. Other algorithms, such as orthogonal
rank-one matrix pursuit [259], could be adapted to our case. A comparison of a state-of-
the-art completion of matrix Y with two step recovery of matrix C and then Y would
be interesting and is a topic of our future work.
Another interesting question is, What is the structure of the measure-zero set where

the recovery is not unique? We think that some information could be inferred from
Lemma 3.2.

In the simplest case, when fn = zn (or p(x) = x) and f do not repeat, Equation (3.12)
is an affine transformation in any single zd,n, and we can always find its zero crossing.
However, it might be that this zero crossing gives a vector z̃n that is linearly dependent
on some number (smaller than K) of vectors fn, thus contradicting our assumptions.

Finally, in some applications only one set of vectors g or f is known. This can be when
sampling a signal with latent variable Section 3.2.3 if the model of the latent signal is
known, but the linear mapping of the latent signal to the measurements is not known,
or when sampling video with unknown low-dimensional structure [260]. In this case our
results do not apply. However, as some of the structure is known, it should be possible to
design methods that perform better that out of the box matrix completion. Such methods
could be also useful in recovery of structured matrices, such as point-to-plane distance
matrices used in shape recovery form echos [261].
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Chapter 3. Rank One Sensing

Table 3.1.: Overview of the possible results for the problem of matrix sensing from rank one
measurements. In this chapter, we present results for almost all latent vector sequences
(fn)N1 , and the number of n.z. elements per row/column is either K/1 (Theorem 3.1) or
K/J (Theorem 3.3), respectively. The case where there is at most one n.z. element in each
row and column is simply a special case of Theorem 3.1. We also show examples where
our results cannot be generalised to sequences of vectors (fn)N1 . As we consider only
results up to a subset of measure zero of (fn)N1 , and not (gn)N1 , there is an asymmetry,
and a case of 1 n.z. element per row and up to J n.z. elements per column is not covered
by Theorem 3.1. Although Theorem 3.3 still applies in this case, we could expect that
there exists a sufficient and necessary condition for this case.

How many n.z. elements
per row?

How many n.z. elements per column?
at most 1 at most J

at most 1 sufficient and necessary
conditions Theorem 3.1

can we do better than
Theorem 3.3?

at most K sufficient and necessary
conditions Theorem 3.1

sufficient condition
Theorem 3.3
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Continuous Localisation

As we have seen in Section 1.2, there are many impressive results in geometry recon-
struction, and in the positioning of moving objects in particular. Yet, many of these
methods do not provide any guarantees for the recovery of the device position.
For range measurements, position-recovery guarantees exist for traditional lateration

in static setups, and the closed-form solutions have been known for decades [2] (see
Section 1.2 for more details). Lateration works well for static points, but increasingly
often we would like to localise a moving device. In this case, localisation might be too
restrictive, because it needs to be performed successfully at each time step. We can obtain
better results by enforcing temporal consistency. This way, measurements at a single time
instant can inform multiple consecutive positions.
Practical systems predominately recover trajectories by coupling partial lateration

with filtering techniques [114]. Although these approaches lead to good performance,
they offer us little hope for providing fundamental guarantees for the recovery of the
objects continuous trajectory. To the best of our knowledge, there are neither closed-form
solutions nor guarantees for the localisation of a moving device.
Although there are many theoretical results in the area of distance geometry, or

dynamical distance geometry [174, 175], these results answer questions about the existence
of device trajectories that match the measurements. This is a dual problem to ours (see
Section 1.2), and we do not study it here.

To provide recovery guarantees, we propose to enforce temporal consistency by assuming
that the device travels on a smooth trajectory. We analyse the localisation of one or
multiple smoothly moving devices by using only range measurements. We provide sufficient
and, in some cases, necessary conditions for unique recovery. It is not our goal to provide
state-of-the-art algorithms. Rather, we believe that our conditions can be used to compare
the performance of existing algorithms, with respect to the theoretical limit.

Contributions: The work in this chapter is based on the joint work of the author of this thesis (MP)
with Frederike Dümbgen (FD), Martin Vetterli (MV) and Adam Scholefield (AS) [239, 242]. AS
formulated the single trajectory problem with known anchors Section 4.2.1; MP generalised it and
found connections to rank one sensing and Kinetic EDMs. MP, FD and AS designed the algorithm for
the single trajectory case; FD and MP implemented this algorithm and run simulations; FD worked
on real data; MP proved algorithm properties, analysed simulations and wrote this chapter.
The code used to produce the results of this chapter is available at github.com/lcav/continuous-
localization.
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Chapter 4. Continuous Localisation

In Section 4.1, we formulate the continuous localisation problem. As the problem is
not convex, we introduce a number of relaxation methods, with a focus on linearisation.
We discuss some intrinsic ambiguities in the localisation of devices using only relative
distance measurements (Section 4.1.1), and we introduce some tools needed further in
this chapter (Section 4.1.2).
These tools, as well as tools from Chapter 3, enable us to formulate and to prove

sufficient conditions for recovery in specific cases, which we discuss in Section 4.2. In
Section 4.2.1, we consider the localisation of a single trajectory using range measurements
to known static anchors [242]. We can think of this as having all trajectories constant,
except for one. In Section 4.2.2, we stay in the realm of one trajectory and consider “self-
localisation”. More precisely, we assume that we measure some distances between points on
the trajectory. Such a scenario describes a toy problem of molecule reconstruction, given
the distances between the atoms, for example, distances obtained from nuclear magnetic
resonance (NMR). It also describes a problem finding a path along which multiple devices
move, given the distances between the devices. In Section 4.2.3, we provide theoretical
guarantees for the recovery of multiple trajectories, when no device positions are known,
and we explain the potential practical approaches to the problem. Finally, in Section 4.3,
we present potential directions for future work. One of the directions we propose is to
integrate different types of measurements in our model.

4.1. Theory

Figure 4.1.: Robots moving along smooth trajectories and measuring distances with time
of flight (τn) of a signal. Signals can be emitted at non-uniform times (tb).
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In this section, we formally state the problem of continuous localisation in the general
case. We explain how we approach the probem by using linearisation and propose methods
to recover trajectories. In Section 4.1.1, we discuss some of the ambiguities that arise in
the localisation and, in Section 4.1.2, we prove a few results that will be useful later in
Section 4.2.
We consider M objects (e.g., robots) that travel along continuous trajectories rm(t)

for m ∈ [M ] in D — usually 2 or 3 — dimensions, see Figure 4.1. The robots measure
squared1 distances between each other at different times:

dm1,m2(t, τ) = ‖rm2(t+ τ)− rm1(t)‖2. (4.1)

Note here that the distance is measured between the position of the first robot at time t
and the position of the second robot at time t+ τ . This is because, if we use time of flight
of a signal or received signal strength to estimate the distance, the signal needs time to
propagate through space. As a result, τ = dm1,m2(t, τ)/v, where v is the speed of the
signal in the medium. If the robots are on Earth and the propagation time is measured
with electromagnetic waves, the propagation time is negligible and we can set τ = 0.

Finally, as usual in this thesis, we assume the trajectories are polynomials of degree at
most K − 1 or real-valued K-bandlimited functions, as described in Section 1.5. For a
single trajectory we can write

rm(t) = Cmf(t) for m ∈ [M ], (4.2)

where C ∈ RD×K is an unknown matrix of coefficients and f is the known vector of basis
functions in F — the family of polynomials or bandlimited functions. We can also write
the trajectories in the matrix form:

R(t) = Tf(t),

where R : R→ RD×M describes the trajectories and T ∈ RD×M×K is an unknown tensor
of coefficients of all the trajectories, and where matrices Cm are its slices, [T ]:,:,m = Cm.

Combining the trajectory model (Equation (4.2)) and the measurement model (Equa-
tion (4.1)), we obtain the following distance as function of time t and delay τ

dm1,m2(t, τ) = ‖Cm2f(t+ τ)−Cm1f(t)‖2. (4.3)

We can also write the distances between the trajectories as a matrix D(t, τ), such that,
as usual, [D(t, τ)]m1,m2 = dm1,m2(t, τ). To highlight the dependence of D on R, we
sometimes write D(R)(t, τ), especially when considering trajectories producing the same
measurements in Section 4.1.1.
As we do not measure distances to any object of which we know the global position,

we can recover the trajectory only up to to global rotations, reflections and translations.
This means we cannot distinguish equivalent coefficient matrices (Definition 4.1).

1Here we use squared distances to for simplicity. What is actually measured effects the noise distribution,
and will be our interest in Section 4.2.
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Definition 4.1: Equivalent Coefficients

We say that coefficient matrices Cm ∈ RD×K and Bm ∈ RD×K are equivalent, if
Cm = UBm +

[
v 0 · · · 0

]
for every m ∈ [M ], where U is an unitary matrix and v is

a D dimensional vector. For a trajectory rm(t) = Bmf(t) we have

Cmf(t) =
(
UBm +

[
v 0 · · · 0

])
f(t)

= Urm(t) + v.

Therefore, the equivalent matrices describe trajectories that differ by constant rotation
and reflection and constant translation.

To sum up, we measure squared distances dm1,m2 at times tn (possibly different for
different pairs of trajectories), and we ask to recover trajectory coefficients Cm,m ∈ [M ]
up to rotations, translations, and reflections.

Problem 4.1: Continuous Localisation

Consider M unknown continuous trajectories rm(t) = Cmf(t), where f is a vector of
basis functions of family F of either K-bandlimited functions or polynomials of degree at
most K − 1. We are given squared distances between these trajectories:

dm1,m2,n = ‖Cm2f(tn + τn,m1,m2)−Cm1f(tn)‖2 for (m1,m2, n) ∈M, (4.4)

where M ( [M ] × [M ] × N is the finite set of measurement indexes and times tn are
known. The problem of continuous localisation asks us to recover trajectory coefficient
Cm,m ∈ [M ] up to an equivalence from Definition 4.1.

In general, M trajectories from K dimensional families in D dimensions have MKD
degrees of freedom; and MKD distance measurements should be enough to recover the
trajectories. However, not all measurements are equivalent. For example, if we measure
MKD distances, but none of them is from (or to) the first trajectory r1, then we cannot
recover r1.

Problem 4.1 is formulated in the ideal noiseless case. In the noisy case, we can formulate
an equivalent optimisation problem.

Problem 4.2: Continuous Localisation with Noise

Consider M unknown, continuous trajectories rm(t) = Cmf(t), where f is a vector of
basis functions of F and F is either the family of K-bandlimited functions or polynomials
of degree of at most K − 1. Find

arg min
C1,...,CM

∑
(m1,m2,n)∈M

(
d̃2
m1,m2,n − ‖Cm2f(tn + τ̃m1,m2,n)−Cm1f(tn)‖2

)
(4.5)
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whereM ( [M ]× [M ]× N is the finite set of measurement indexes, times tn are known
and d̃2

m1,m2,n and τ̃m1,m2,n are estimated quantities.

Note that, in Problem 4.2, we optimise the least squares cost between squared distances
and their squared estimates. This makes the problem easier to analyse and easier to
solve in the lateration case, but the cost function (4.5) is non-convex. Furthermore, if
we assume i.i.d additive noise on the measured distances, then squaring the distances
transforms the noise into multiplicative noise, which might cause problems. We discuss
noise in more detail in Section 4.2.

If Problem 4.1 has a unique solution, then Problem 4.2 has a unique global minimiser,
up to equivalences from Definition 4.1. Therefore, for the remainder of this chapter, we
study variations of the following two questions:

1. When does Problem 4.1 have a unique solution and Problem 4.2 a unique minimiser?
2. How can we efficiently find the minimiser of Problem 4.2?

In some cases, such as in the single trajectory case (Section 4.2.1), we present a single
method that answers both these questions. In general, however, the method for proving
the uniqueness of and the algorithm for finding the minimiser of Problem 4.2 might be
different; see Section 4.2.3.
All the methods we consider here can be thought of as simplifications: linearisation,

semidefinite relaxation, and (based on [173]) the Euclidean distance matrix (EDM)
approach.

Let us begin with linearisation, the main method that we use throughout this chapter.
First, we expand the quadratic terms in Equation (4.3):

dm1,m2(t, τ) = f>(t+ τ)C>m2
Cm2f(t+ τ) (4.6)

−2f>(t+ τ)C>m2
Cm1f(t)

+f>(t)C>m1
Cm1f(t).

Then, we introduce a new matrix variable for each product of two matrices Lm1,m2 =
C>m1

Cm2 , Lm1,m2 ∈ RK×K (including products C>m1
Cm1). Equation (4.6) is a linear

equation in Lm1,m2 , and the cost function (4.5) is convex in Lm1,m2 . We can find matrices
Lm1,m2 by solving the least squares problem. Once we have estimated the matrices
Lm1,m2 , we will need to factorise them in order to obtain matrices Cm.

This operation changes the number of unknowns from MKD to M2K2 (M2 different
matrices Lm1,m2 , each of size K ×K). In Section 4.2.1, we will see that the effective
increase in the size of the problem can be linear and not quadratic. The main benefit of
linearisation is that the terms in Equation (4.6) are rank-one measurements of matrices
Lm1,m2 . This enables us to use theorems developed in Chapter 3. As the results from
Chapter 3 apply only to the terms Equation (4.6) and not to the sum, we need some
additional tools that we develop in Section 4.1.2.
An alternative approach to consider is semi-definite relaxation [204]; it gives more

constraints on matrices Lm1,m1 while maintaining the problem convex. Instead of dropping
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entirely the condition Lm1,m1 = C>m1
Cm2 , we can replace it with Lm1,m1 < C

>
m1
Cm2 .

This enables us to formulate the problem as semi-definite programming (Section 1.5).
In fact, we can combine all Lm1,m1 into one large KM ×KM matrix L that is low

rank K and positive semi-definite. Then we can drop the rank requirement and use
semi-definite programming and obtain possibly higher rank estimate L̃. There are various
methods for recovering a low-rank matrix L from an estimate L̃. Ultimately, we do not
adopt this approach, because it is difficult to obtain recovery guarantees for semi-definite
relaxation. We could expect, however, that recovery guarantees for linearisation should
apply if we have stronger constraints.

The third option to consider is to ignore the delays τ , as this would enable an elegant for-
mulation of the problem in terms of Gramian G(t) of the trajectories, G(t) = R>(t)R(t).
Later in this chapter, we will see that, by not including τn, we can lose some reconstruction
accuracy (Section 4.2.3) and uniqueness results (Section 4.1.1).

When distances depend only on the time (and not on the delay), we will write D(t) :=
D(t, 0). At each time t matrix D(t) is an Euclidean distance matrix (EDM), thus D is
a Kinetic EDM, as defined by Tabaghi [173] and as discussed in Section 1.2. The key
insight we gain from the EDM theory is that a KEDM can be written in terms of the
Gramian G(t) of trajectories R(t):

D(t) = diag(G(t))1> − 2G(t) + 1 diag(G(t))>.

Similarly, the Gramian G can be written as a function of D. This means there is a
one-to-one mapping between the Gramian and EDMs, and we can formulate the problem
in terms of the Gramian G(t). This formulation can then be relaxed to a semi-definite
program in the coefficients of the Gramian, from which the coefficients of the trajectories
can be recovered. For details, see the original work on KEDMs [173].

4.1.1. Intuitions and Challenges

In this section, we consider inherent ambiguities in the reconstruction of the trajectories
from distance measurements only. We show that the time delay τ plays a role in the
uniqueness of recovery.

In lateration, to uniquely recover positions, we need to know positions of D + 1 points
— anchors. If no positions are known, but we still measure enough distances between
M ≥ D + 1 points, we can reconstruct their geometry up to rotations, symmetry, and
translations.
The most naive way to reconstruct trajectories from distance measurements is to

perform lateration at each measurement time. This way, at each measurement time we
can have a different translation (c(t)), rotation, and symmetry (U(t)). This shows that
the ambiguities in trajectory recovery can be time dependent; see Figure 4.2. As shown by
Tabaghi et al. [173, 262, 263], introducing a polynomial or bandlimited trajectory model
can greatly reduce this ambiguity. For example, unless the trajectories are somehow
degenerate, the reflection (orientation) will not change through time.
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Figure 4.2.: Left: two trajectories (blue) on a plane rotated by a constant angle θ (green).
Right: two trajectories (blue) that are rotated by the varying angle θ(t) (varying darkness).
The dashed lines show constant distance from the centre of rotation.

To explain these ambiguities, let us review the existing results that assume the time
delay is zero [173]. The intuition that the ambiguity might be time dependent can be
formalised as follows:

Lemma 4.1: Tabaghi et al., Preposition 3 [173]

Let R and S be two sets of trajectories, R,S ∈ RD×M [t]a. Then, the following statements
are equivalent:

1. D(R)(t) = D(S)(t)
2. S(t) = U(t)R(t) + c(t)1> where U>(t)U(t) = I and c(t) is a d-dimensional

time-varying vector.
aWe took the liberty to add ×M to the exponent. Without it, the statement is trivially true because
in this case D(R)(t) = D(S)(t) = 0 (a scalar zero), and because any two trajectories differ by
c(t)1>1 = c(t) = S(t)−R(t). Therefore, both statements are always true.

It is believed that the known results on spectral factorisation [211, 264] (see Section 1.5)
restrict possible U(t) to constant transformations, both in the polynomial and bandlimited
cases [173, 263]. Although this is generally the case, there are some conditions that need
to be satisfied. Before we discuss these conditions, let us introduce the following definition:
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Definition 4.2: Degenerate Trajectory

By a degenerate set of trajectories, we mean a set of trajectories such that the affine
subspace spanned by all the points along all trajectories is of a dimension smaller than D:

dim(aff({rm(t) for m ∈ [M ], t ∈ [0, T ]})) < D

If a set of trajectories R is degenerate, then all coefficient matrices Cm have a rank
smaller than D.

The rotation U(t) does not have to be constant when there are not enough trajectories.
In Example 4.1 and Lemma 4.2, we show that if we have measurements from M < D
non-degenerate trajectories, we can find M degenerate trajectories that produce the same
distance measurements.

Example 4.1: Changing the Matrix of Rotation

Consider two trajectories in three dimensions, R(t) ∈ R3×2, such that r1(t) =
[
1 t t2

]>
and r2(t) = 0. The Gramian of this set of trajectories is simply

G(R)(t) =

[
‖r1(t)‖2 0

0 0

]
=

[
t4 + t2 + 1 0

0 0

]
.

Factorising ‖r1(t)‖2, we obtain s1(t) =
[
t2 − 1

√
3t 0

]> such that ‖s1(t)‖2 = ‖r(t)‖2.
Then from this, we can create a new set of trajectories, S =

[
s(t) 0

]
, which results in

the same Gramian: G(R) = G(S).
According to Lemma 4.1, we have S(t) = U(t)R(t) + c(t)1> for some unitary matrix

U and time varying vector c(t). For two trajectories we have two equations:

s1(t) = U(t)r1(t) + c(t)

s2(t) = U(t)r2(t) + c(t)

As s2 = r2 = 0, we obtain that c(t) = 0 for all t. We want to show that U(t) cannot be
constant. To do this, we find the only constant matrix U (c) that maps r to s, and we
show that it is not unitary. Indeed, the only U (c) that satisfies the above equations

U (c) =

−1 0 1

0
√

3 0
0 0 0

 , (4.7)

is not unitary. Therefore, the unitary U(t) from Lemma 4.1 cannot be constant, and
there is no constant rotation of R to S,

In Example 4.1, we consider only polynomial trajectories. By identifying s = arccos(t)
and applying the same reasoning for a polynomial in cos(s), we can obtain an example
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for bandlimited functions. Lemma 4.2 also applies to both polynomial and bandlimited
functions.

Lemma 4.2: Too Few Trajectories

Let R : R→ RD×M be a non-degenerate trajectory. If M < 2D or if M < D and G(R)

has real spectral factors, then there exists a trajectory S that has the same Gramian
G(R) = G(S) but S cannot be obtained by a constant rotation of R followed by a time
dependent translation.

The lemma above gives a necessary condition on M for the recovery to be unique up to
constant rotations and translations. This should not be confused with the case of simple
lateration, where the sufficient condition is M ≥ D+ 1 (different) distance measurements.
In the lateration, the extra measurement is to resolve symmetry/orientation. Here,
we permit global symmetry/orientation to be unknown and want to resolve only local
transformations.

Proof

First, ifR(t) ∈ RD×M , then the GramianG(R)(t) = R>(t)R(t) ∈ RN×N . By the spectral
factorisation theorem (Theorem 1.1), this Gramian can be factorised into polynomial
matrices G(R)(t) = S∗M (t)SM (t), where SM (t) ∈ CM×M [t]. If SM has real coefficients
and M < D, we could embed SM into D dimensions by simply appending zeros in the
missing dimensions. This way we could obtain a set of trajectories S ∈ RD×N that has
the same Gramian as R.
If SM is not real-valued, then, by the corollary to Theorem 1.1 (Corollary 1.2), the

Gramian can be factorised into matrices G(R) = S>2MS2M , where SM (t) ∈ R2M×M . In
this case, we need 2M < D to embed SM in D dimensions and to obtain S ∈ RD×N that
has the same Gramian as R.
Consider then U(t), such that S(t) = U(t)R(t). Assume that the unitary matrix

U(t) is constant, U(t) = U (c). Then U maps the non-degenerate trajectories R into
trajectories S that belong to M < D or to M < 2D dimensional subspaces. This
contradicts the assumption that U (c) is unitary, thus U cannot be constant. �

In Example 4.2 and Lemma 4.3, we show that, even if M ≥ D, the rotation is not
unique when the highest frequencies are not present.

Example 4.2: Swings and Roundabouts

Consider a single trajectory r(t) ∈ R2 of a point rotating on a circle around centre c.

r(t) =

[
c1

c2

]
+

[
v1

v2

]
cos(Ωt) +

[
v2

−v1

]
sin(Ωt),
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where Ω = 2π/T . We split matrix C ∈ R2×3 into three vectors for simplicity:

C =

[
c1 v1 v2

c2 v2 −v1

]
.

If we rotate trajectory r in the opposite direction,

s(t) =

[
cos(Ωt) − sin(Ωt)
sin(Ωt) cos(Ωt)

]
r(t),

we obtain a trajectory rotating in the opposite direction around v:

s(t) =

[
c1

−c2

]
cos(Ωt) +

[
c2

c1

]
sin(Ωt) +

[
v1

v2

]
.

This trajectory has the same bandwidth as r.
Now, consider multiple points that rotate in the same direction as r with the same

angular speed — possibly around different origins and with different radii. If we apply
the same rotation to all trajectories, the distances between them do not change. This way,
we obtain a different set of trajectories with the same bandwidth producing the same
distances, as illustrated below on the left.

The same behaviour can be observed in a more complicated example K = 5, when the
rotation of the highest frequency is a circle, as formalised in Lemma 4.3.

Lemma 4.3: Ambiguous Circles

If the highest frequency component of all trajectories of a bandlimited R is a rotation
around the origin with a constant radius and in a plane, then there exists a non-constant
unitary U(t), such that U(t)R(t) is bandlimited with the same bandwidth.

Proof

We consider a trajectory R(t) in two dimensions. The same reasoning could be applied
to a two-dimensional subspace in higher dimensions. At time t, rotate R by αΩt = α2π

T t,
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α ∈ Z:
U(t) =

[
cos(αΩt) sin(αΩt)
− sin(αΩt) cos(αΩt)

]
.

Similarly as in Example 4.2, we split the coefficients tensor T of trajectories R into K
matrices: A0, . . . ,A(K−1)/2 and B1, . . . ,B(K−1)/2. In this notation, the component of R
that rotates at frequency k is

Ak cos(kΩt) +Bk sin(kΩt).

After rotation, this component becomes

1

2
((Ak +EBk) cos((k − α)Ωt) + (−EAk +Bk) sin((k − α)Ωt))

+
1

2
((Ak −EBk) cos((k + α)Ωt) + (EAk +Bk) sin((k + α)Ωt)) ,

where E = [ 0 1
−1 0 ] is the matrix of rotation by π/2. The rotation created two frequencies

from frequency k: k + α and k − α. If one of these frequencies is larger than K, its
component has to be zero. Otherwise, the trajectory would not be K-bandlimited.
Without loss of generality, assume that k + α > K. Then we have

Ak = EBk and EAk = Bk.

These two equations are equivalent, because E2 = −I. They enforce that the cosine
component is a rotated sine component, hence that at frequency k the trajectory is a
circle. The smallest α for which U(t) is not constant is 1. Therefore, we need at least the
highest frequency to satisfy the above equation. �

So far, we have considered ambiguities that exist when we ignore the time delay τ . But,
does re-introducing τ solve this problem? In the case of rotation, the time delay helps by
breaking symmetry; see Example 4.3. In the case when M < D, described in Lemma 4.2
and Example 4.1, the ambiguity persists even if we re-introduce the time delay τ , unless
we allow measurements of distances within the same trajectory; see Example 4.4.

Example 4.3: Breaking Symmetry

Consider two trajectories that move around the circle at the same speed, as shown below
on the left. If we ignore the time delay, they are always at the same distance

√
2r from

each other, hence we cannot tell if they are moving nor in which direction. However, as
r2 moves in the direction away from r1 (and r1 moves towards r2), the signal from r1

will take longer to reach r2 than the signal moving the other way around. And we can
discern that they move in the direction of r1, as shown below. The remaining ambiguity
(reflection) is not time dependent.
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However, if the points are on opposite sides of the circle, as depicted on the right, both
measured distances will be shorter than the diameter of the circle. And we cannot
determine if, or in which direction the points move.

Example 4.4: Distance from the Centre

Consider the same trajectories R and S as in Example 4.1. The distances measured with
the time delay for R would be exactly the same for S and equal

d1,2(t) = ‖r2(t+ d1,2/v)− r1(t)‖2 = t4 + t2 + 1

d2,1(t) = ‖r1(t+ d2,1/v)− r2(t)‖2 = (t+ d2,1/v)4 + (t+ d2,1/v)2 + 1.

It is impossible to distinguish between these two trajectories in this case. However, if we
allow the measurements along the trajectory, we will have

d1,1(t) = ‖r1(t+ τr)− r1(t)‖2 = (τ2
r − 2τrt)

2 + τ2
r for R

d1,1(t) = ‖s1(t+ τs)− s1(t)‖2 = (τ2
r − 2τrt)

2 + 3τ2
s for S.

Knowing a sufficient number of measurements of this form enables us to distinguish
between S and R, but obtaining such measurements is not possible without the time
delay τ .
Before we conclude this example, we have to ask, Are measurements d1,1 within the

trajectory realistic? In order to measure such distances, the device has to move faster
than the speed of the signal. However, there are planes that fly faster than the speed
of sound. And, such distances can be acquired from other sorts of measurements, such
as forces in Section 4.2.2, or IMU measurements in Box 4.8. Hence, there is nothing in
principle that prevents us from including them.
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As noted at the beginning, KEDMs are also not unique up to a drift, i.e., time-dependent,
trajectory-independent translation. For the same reason as in Example 4.3, considering
the time delay can break symmetry and lead to uniqueness.
In our last example, we explain the intuition about when it is realistic to include the

time delay τ .

Example 4.5: GPS satellites

GPS satellites make a full circle around Earth in 12 h. As a result, their trajectories are
the same every day. They orbit at an altitude of about 20.180 km, which puts them at
about 26.551 km from Earth’s centre. They communicate via electromagnetic waves, i.e.,
at the speed of light. Can we, in this case, neglect the time delay τ?
We can estimate the time it takes for the signal from the satellite to reach Earth’s

surface to be between τ = 60 ms to τ = 0.1 s. This delay might seem negligible, but
during this time the satellite will travel

s = 2π · 26 551 km
τ

12 h
> 230 m.

Although this is very small compared to the satellites’ altitude, it is not an error we want
the GPS to make. The GPS satellites’ positions can be predicted up to a few metres, two
days ahead [1].a

aA reader familiar with work by Tabaghi et al. [173] will recall that they consider satellite localisation
without the time delay. However, they use arbitrary distances, so it is hard to tell if it is realistic.

4.1.2. Theorems and Proofs

In this section, we analyse linearisation and introduce two lemmas that will be useful
in Section 4.2. We keep these lemmas as general as possible. This makes them quite
abstract and mathematical. For the readers interested in practical implications of our
work, the applications presented in the next section will provide context and, hopefully,
some intuition about the theorems.
Consider Equation (4.6). Using properties of trace (see Section 1.5), we write Equa-

tion (4.6) as an inner product, introducing Lm1,m2 = C>m1
Cm2 for all pairs m1,m2 ∈

[M ]× [M ]:

dm1,m2(t, τ) = 〈f(t+ τ)f>(t+)τ,Lm2,m2〉
−2〈f(t)f>(t+ τ),Lm1,m2〉

+〈f(t)f>(t),Lm1,m1〉.

Consider now all distances measured between points of two trajectories. We can put all
the equations for these distances in canonical form:

dm1,m2 =
[
Γm1,m1 −2Γm2,m1 Γm1,m1

] vec(Lm1,m1)
vec(Lm1,m2)
vec(Lm2,m2)

 , (4.8)
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where by dm1,m2 we denote the vector of all measured distances between trajectory rm1

and trajectory rm2 , and

Γm1,m2 =


vec(f(t1)f>(t1 + τ1))

vec(f(t2)f>(t2 + τ2))
...

vec(f(tN )f>(tN + τN ))

 .
A reader familiar with Chapter 3 will recognize that matrix Γm1,m2 for m1 6= m2 has
the same form as matrix Γ in Equation (3.5). We can directly apply Theorem 3.1 or
Theorem 3.3 to it, provided that we have enough measurements of the correct kind. This
would give us the invertibility of the middle term from Equation (4.8).

The side terms Γm1,m1 and Γm2,m2 also appeared in Chapter 3, in the form of Exam-
ple 3.6, hence we can expect them to not be full (column) rank. We formalise this in
Lemma 4.4 and Box 4.6. If the side terms are not full (column) rank, then the whole
system will not be full column rank. Therefore, its solution is not unique. However
in Sections 4.2.1 and 4.2.2, we will show that this might not necessarily be a problem,
because in order to recover trajectories we do not need to recover all matrices Lm1,m2 .

The existence of a unique solution to Equation (4.8) does not depend only on the ranks
of Γm1,m2 but also on how the concatenation affects the rank. Indeed, for polynomials
and bandlimited systems, we can “glue” matrices Γm1,m2 rather easily, as we show in
Lemma 4.5.
We begin with a lemma concerning the symmetric Γm,m.

Lemma 4.4

For both polynomials of degree at most K−1 and (real or complex) bandlimited functions
of bandwidth K, there exists a (constant) linear transformation Φ such that

vec(f(t)f>(t)) = Φf2K−1(t),

where f2K−1(t) is the basis vector of a larger space F2K−1 with 2K−1 degrees of freedom:
space of polynomials of degree at most 2K − 2 and 2K − 1-bandlimited functions.

Furthermore, if f ∈ F are extended to multiple variables, then these results still hold,
with F2K−1 and f2K−1 also being functions of multiple variables.

This means that the columns of Γm,m are samples taken at times tn of some functions
in a 2K − 1-dimensional space. Therefore, they can only span a 2K − 1 dimensional
subspace of RK2 and Γm,m cannot be full rank.

Proof

In the polynomial case, it is enough to note that since fk(t) = tk−1, k ∈ [K] are
monomials, then all entries of vec(fm(t)f>m(t)) are also monomials of degree at most
2(K − 1). Therefore, they can be written in a basis of the space polynomials of degree at
most K, and we can define Φ to be the synthesis operator. The same applies to complex
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bandlimited functions. For real bandlimited functions, observe that multiplication becomes
a convolution in the frequency domain. If we convolve two length-K sequences, we obtain
a length 2K − 1 sequence, hence the resulting functions are 2K − 1-bandlimited. Again,
Φ is the synthesis operator, from the basis of 2K − 1-bandlimited functions to f(t).

In the multivariate case, the entries f are polynomials in entries z ∈ RP of degree at
most K−1 or multivariate bandlimited functions of bandwidth K in each coordinate. We
can apply the above-mentioned reasoning to each coordinate and see that the resulting
functions are polynomials of degree at most 2K − 2 in each coordinate or multivariate
bandlimited functions of bandwidth 2K − 1 in each coordinate. �

Lemma 4.4 and the proof above can be generalised to other families of functions. In
this chapter, as we assume that trajectories are polynomial or bandlimited, we leave the
discussion about other families to Box 4.6.

Now, that we know how the entries of Γm,m look, we introduce our second lemma that
explains how to glue polynomial columns to a matrix A that already has a full column
rank.

Lemma 4.5: Expanding a Matrix with Polynomials

Let F be a family of polynomials or bandlimited functions, let Ar ∈ RN×r be a full rank
matrix, and let Ar+1 be a matrix constructed by first appending any column cr+1 to Ar

and then appending a row of the form[
p1(t) . . . pr−1(t) pr+1(t)

]
,

where pj ∈ F . In the polynomial case, we also require the degree of pr+1 to be greater
than the degree of any other pj . In the bandlimited case, we require either the highest
frequency of pr+1 to be outside the bandwidth of pj or, if it is equal, then pr+1 must be a
different phase than pj in the highest frequency. Then, for almost all t, matrix Ar+1 is
full rank.

Ar

p>
deg(p) < deg(pr+1)

pr+1

cr+1

β

β

Figure 4.3.: Building matrix Ar+1 from matrix Ar. For At+1 to not be full rank, pr+1(t)
has to be related to the rest of the row via the same linear combination β that cr+1

relates to Ar
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Proof of Lemma 4.5

Let cr be the appended column. Since Ar is full rank, there is a unique linear combination
β, such that Arβ = cr+1 see Figure 4.3. For Ar+1 to be not full rank, it would mean
that the same linear combination β of the added row would have to be equal to the last
diagonal element of Ar+1, pr+1(t). We could write it as

pr+1(t)−
[
p1(t) . . . pr(t)

]
β = 0. (4.9)

The left-hand side of this equation is not constantly zero. In the polynomial case, it
cannot be constantly zero, because the coefficient of the monomial with the highest power
of t is zero in pj but is not zero for pr+1. In the bandlimited case, the highest frequency
of pr+1 cannot be subtracted by pj , because it is either not present there or in a different
phase. Therefore, the measure of the set of zeros of Equation (4.9) is zero. As a result,
Ai+1 is full rank for almost all t. �

Want to know more? 4.6:
Musings about Polynomials and Bandlimited Functions

A perceptive reader might have noticed that we often obtain the same results for
polynomials and bandlimited functions. Here discuss the we similarities between those
classes of functions, but we do not give a definitive answer.

Some of the similarities come from the fact that real and complex-valued bandlimited
functions, as well as real-valued polynomials, are slices of complex-valued polynomials.
However, some functions, e.g. the logarithm, behave differently on real numbers than on
complex numbers with absolute value 1.

The results in this section can be formulated more generally using polynomial rings. In
abstract algebra polynomials and polynomial functions are two different creatures, but
here we consider function spaces that have structure of the ring (see Box 2.6).
A canonical example of polynomial rings is, of course, the family of polynomials

fk(t) = tk. We can set F to be the space of polynomials of degree smaller than K and R
to be ring of polynomials R[t]. Trigonometric polynomials, in other words, real symmetric
bandlimited functions on (−π, π), can be extended to R = R[cos(t)]. And, similarly, real
bandlimited functions on (−π, π) can be extended to R = R[X,Y ]/[X2+Y 2−1], where we
identify X = cos(t) and Y = sin(t). We can also take F to be the space of complex
bandlimited functions on (−π, π) and R to be R[eit]
The proof of Lemma 4.4 in terms of polynomial rings could be formulated as follows:

Assume that deg(fk) ≤ α, for some α ∈ Nm. Then the entries of f(t)f(f)> are also
polynomials over F, of degrees ≤ 2α, because deg(ab) = deg(a) + deg(b) for a, b ∈ R
or deg(ab) = deg(a) + deg(b) up to the appropriate modulo relation for a quotient ring.
This means that, among M different vectors vec(f(t)f>(t)) of degrees up to α, there are
at most (a0 + 1)(a1 + 1)(a2 + 1) . . . linearly independent vectors. If, additionally, for
every degree β < α there is an index k such that deg(fk) = β, then each degree ≤ 2α
will have a corresponding entry in f(t)f>(t).
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Figure 4.4.: Localisation of a single device using known anchors. The device moves on
the parametric trajectory r(t) (black). At given times, the device measures distances to
one or more anchors rm (red).

Another way to look at polynomials and bandlimited functions is through the convo-
lution. Multiplication of bandlimited functions is a convolution in the spectral domain,
while multiplication of polynomials is a convolution of sequences of their coefficients.

Finally, in the same way as algebraic geometry studies the sets of zeros of polynomials,
analytic geometry studies the sets of zeros of analytic functions, that include bandlimited
functions.

4.2. Applications

In this section, we show how to use results from Section 4.1.2 and Chapter 3 in practice.
Our main application is trajectory localisation from known anchors (Section 4.2.1), based
on our previous publication [242]. We propose a trajectory recovery algorithm and show
its performance on simulated and real data. In Section 4.2.2, we present new results
concerning trajectory recovery using distance measurements between the points of the
trajectory. We illustrate these results with simulations.

4.2.1. Localisation with Anchors

In this section, we present a number of conditions under which the unique recovery of a
single trajectory r = Cf is possible. We also compare the performance, on simulated
and real data, of different localization algorithms.
In our model, anchors are known constant trajectories — known points as in our

publication [242]. However, in the work by Tabaghi [173], anchors are assumed to be
moving, and their whole trajectories are known. Here, anchors can be independent but
can also be positions along a known trajectory, at known times.
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In our case, there is only one trajectory to localise, hence we drop the m index of the
matrix C. By rm(t) = rm,m ∈ [M ], we denote the known trajectories (anchors); and the
unknown trajectory is the (M + 1)-st trajectory. We define tn as the time of the moving
device, thus we do not have to use the variable τ . This gives us the formulation described
in Problem 4.3.

Problem 4.3: Localisation with Anchors

Consider an unknown continuous trajectory r(t) = Cf(t), where f is a vector of basis
functions of family F of either K-bandlimited functions or polynomials of degree of at
most K − 1. We are given squared distances between this trajectories and known anchor
points rm, m ∈ [M ]:

dm,n = ‖rm −Cfn‖2 for (m,n) ∈M,

where M ⊆ [M ] × [N ] contains the pair (m,n) if at time tn the distance from the
trajectory to the m-th anchor was measured and the times tn, n ∈ [N ] are known. The
problem of continuous localisation with anchors asks us to recover trajectory coefficient C.

Introducing L = C>C and vectorising all the matrices, (see Section 1.5 for all the
tricks), we write the linearised equations on the squared distances:

dm − ‖rm‖2 =
[
−2 vec(rmf

>
n )> vec(fnf

>
n )>

] [vec(C)
vec(L)

]
. (4.10)

We will again write this equation in matrix form, but before we do, let us first consider
vec(fnf

>
n ). By Lemma 4.4 we have

vecfnf
>
n = Φf (2K−1)

n = Φ
[
f>n fK(tn) . . . f2K−1(tn)

]>
,

where we use the fact that first K elements of f (2K−1)(t) belong to F . Therefore,
Equation (4.10) can be written as

dm,n − ‖rm‖2 =
[
vec(rmf

>
n )> f>n fK(tn) . . . f2K−1(tn)

] [ vec(C)
−1

2Ψ vec(L)

]
.

Now, we can identify the first two elements of the measurement vector as rows of the
matrix ΓR ∈ RN×(D+1)K :

[
vec(rmf

>
n )> f>n

]
= vec

([
rm
1

]
f>n

)>
, (4.11)

where the equality is due to the fact that fn can be expressed as 1·fn. Using the remaining
elements, we create the second matrix ΓF ∈ RN×K−1 with rows

[
fK(tn) . . . f2K−2(tn)

]
.

Putting this all together we have

dm,n − ‖rm‖2 =
[
ΓR ΓF

] [ vec(C)
−1

2Ψ vec(L)

]
. (4.12)
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If we knew that matrix [ΓRΓF ] were invertible, we could simply solve this system of linear
equations. This is the basis for Algorithm 4.1, where instead of calculating Ψ, we use
singular value decomposition (SVD, see Section 1.5) to obtain the same dimensionality
reduction, but hopefully with better numerical properties. We later provide a number of
conditions under which Algorithm 4.1 recovers a unique solution.2

Algorithm 4.1: Relax & Recover

Input: Anchor coordinates rm, distance measurements dm,n and times tn.
Output: Trajectory coefficients C̃.
fn ←

[
f0(tn) . . . fK−1(tn)

]
bn,m ←

(
‖rm‖2 − d2

n

)
/2 for (m,n) ∈M

b← concatenate(bn,m)
Γ1 ← concatenate

(
vec(rmf

>
n )>

)
Γ2 ← concatenate

(
vec(fnf

>
n )>

)
U ,Σ,V ← SVD (Γ2)
A← concatenate (Γ1,UΣ)
x̃← linsolve (A, b)
C̃ ← reshape (x̃[1 :DK], (D,K))

We make some general observations regarding Equation (4.12). Then, we state the
sufficient conditions of recovery of C (Corollaries 4.6 to 4.8), and only then do we prove
all the conditions.
First, the matrix ΓR has the same structure as matrix Γ from Section 3.1 (Equa-

tion (3.5)); hence, we can apply Theorem 3.1 or Theorem 3.3 to it. To do this, we
need the vectors [r>m 1]> to be a full-spark frame. This is the case when anchors rm are
non-degenerate, as we illustrate in Figure 4.5

Definition 4.3: Degenerate Anchors

Anchors rm ∈ RD,m ∈ [M ] are said to be degenerate if there are D anchors among them
such that the affine subspace spanned by them is of dimension smaller than D.

The assumption that anchors are non-degenerate is only slightly stronger than the
common requirement that not all anchors lie on the same affine subspace. Randomly
placed anchors will satisfy this condition almost surely. Moreover, if the anchors are
generated by some trajectory, this assumption will be satisfied for almost all sequences of
times (tn)N1 if the trajectory is itself non-degenerate (Definition 4.2).
Second, the matrix ΓF was constructed to be full rank, given enough measurements.

However, Ψ is not invertible, and we cannot directly recover L. But, we do not need to
do so if we recover C correctly. An advantage of Ψ is that it reduces the dimension of
our system. Indeed, [ΓR ΓF ] has (D + 1)K + (K − 1) columns.

2Note that in our publication [242] the algorithm explicitly checked the uniqueness conditions. Here we
omit it, because we have multiple different sufficient conditions that all apply to the same algorithm.
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Figure 4.5.: We can identify every point in RD with a point in an affine subspace of RD+1

such that the last coordinate is equal to one. Here for illustration D = 2. Then, every
affine combination of points in RD corresponds to a slice of a linear combination of their
embeddings RD+1.

Furthermore, both matrices ΓR and ΓF are full rank but, to show that the concatenated
matrix [ΓR ΓF ] is also full rank, we need to use Lemma 4.5.

Finally, even without the relaxation, we would expect to need K(D + 1) measurements
for recovery. Indeed, to recover a trajectory of complexityK, we can independently localize
K points along it; and to localize a single point, we need D + 1 distance measurements.
Our below-mentioned conditions all require O(KD) measurements, even though they
apply to the relaxed system of equations.

To obtain our first condition, we assume that the measurement times are unique, as in
our publication [242]. This setup allows for non-synchronised measurements and, if the
device can send only one signal at a time, is realistic.

Corollary 4.6: Theorem 1 in [242]

Assume that |M| ≥ K(D + 2)− 1, the anchors are non-degenerate and the measurement
times are unique. Let km be the number of measurements in which the m-th anchor is
used. If the following condition is satisfied

M∑
m=1

min(km,K) ≥ K(D + 1), (4.13)

then, for almost all sequences (tn)N1 , there is a unique matrix C satisfying Problem 4.3.

The second condition (Corollary 4.7) relaxes the requirement that the anchors are
different. This might be useful when the measurement device is already designed to make
multiple measurements simultaneously for the purpose of lateration. Corollary 4.7 requires
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oversampling four times. Tighter bounds can be found at the expense of complexity.
Before we prove the corollary, we discuss the exact reasons for this oversampling.

Corollary 4.7: Corollary of Theorem 3.3

Assume that |M| ≥ 2(D + 1)(2K − 1) and that the anchors are non-degenerate. Further-
more, assume that the following conditions are satisfied

M∑
m=1

min(km, 2K − 1) ≥ (2K − 1)(D + 1), (4.14)

where km is the number of measurements in which the m-th anchor is used in the set
MR, and

N∑
n=1

min(jn, D + 1) ≥ (2K − 1)(D + 1), (4.15)

where jn is the number of measurements at time tn in the setMR. Then, for almost all
sequences (tn)N1 , there is a unique matrix C satisfying Problem 4.3.

There are two sources of oversampling in Corollary 4.7. One is caused by using
Theorem 3.3 that requires twice the number of degrees of freedom. This enables us to
avoid combinatorial conditions. The second factor stems from treating matrices ΓR and
ΓF jointly, as we will see in the proof. We could decrease the number of measurements
by assigning measurements separately to ΓR and to ΓF . But this again would lead to an
impractical combinatorial condition (“if you can split the setM such that...”).
Among all the situations where we measure multiple distances at one time, the case

when anchors are unique is worth further investigation. If the anchors are fixed devices,
then having many different ones might be too expensive. However, if the anchors are
simply points along the trajectory of a moving device, they are likely to be all different.

Corollary 4.8: Moving Anchors

Assume that |M| ≥ K(D + 2)− 1, and that the anchors are unique and non-degenerate,
i.e., none are used in more than one measurement. Let jn be the number of measurements
at time tn. Given that

N∑
n=1

min(jn, D + 1) ≥ K(D + 1) (4.16)

is satisfied, for almost all sequences of anchors (rm)M1 and almost all times (tn)N1 , there
is a unique matrix C satisfying Problem 4.3.

Before we prove Corollaries 4.6 to 4.8, let us discuss some of their implications. Equa-
tions (4.13) and (4.14) describe how measurements cannot be arbitrarily distributed
between anchors. In particular, if an anchor provides more than K measurements, only
the first K have an effect on uniqueness; see the examples in Figure 4.6. Moreover, unique
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recovery is not possible with measurements from less than D + 1 anchors. Note that
assuming unique anchors in Corollary 4.6 gives Equation (4.13) for free.

Figure 4.6.: Examples of sufficient and insufficient measurements, with model degree
K = 3 and embedding dimension D = 2; i.e., K(D+ 2)− 1 = 11 and K(D+ 1) = 9. Top
left: Equation (4.13) is satisfied (right tick), but there are not enough measurements in
total (left cross). Top middle: there are enough measurements in total, but Equation (4.13)
is not satisfied, because too many measurements involve the same anchor. Top right:
both conditions are satisfied and recovery is guaranteed. Bottom left: according to
Corollary 4.8 the recovery is possible with unique anchors. Bottom middle: recovery is
possible via lateration, but not via linearisation. Bottom right: a 3D case. The recovery
is not possible with K(D+ 2)− 1 measurements, even though Equations (4.14) and (4.15)
are satisfied.

As all the conditions are based on Theorems 3.1 and 3.3, all the analyses from Chapter 3
on how likely the conditions are to be satisfied apply in this case. In Figure 4.7, we can
see that the probability of success heavily depends on the rank of matrix ΓR, whereas the
extra K − 1 measurements simply change the minimum number of measurements needed
for success.
We can also observe in Figure 4.7 that, once we have 2(D + 1)K measurements that

satisfy the conditions from Theorem 3.3, we need only a handful of extra measurements
to recover C from the linearised system. Experimentally, we also observed that, given
Equations (4.14) and (4.15) and 2(D + 1)K measurements, matrix Γ is full rank for the
vast majority of time.

Now, we can prove the conditions. The following three proofs are very similar, but we
keep them separate for clarity.
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Figure 4.7.: The probability of recovery is zero if the number of measurements (N) is
smaller than (D + 2)K − 1. After this, the probability of recovery is the probability that
Equation (4.13) is satisfied. Left: parameters D = 2, K = 5 are fixed and the number
of anchors changes. Right: number of anchors is fixed to 4, D = 2 and the number of
degrees of freedom K changes.

Proof of Corollary 4.6

We will show that under the conditions of Corollary 4.6 matrix [ΓR ΓF ] is full rank.
We can apply Theorem 3.1 to any K(D + 1) rows of ΓR, with g>n = [r>mn 1] and

J = D + 1, because the assumptions that anchors are non-degenerate translates to the
assumptions that gn are independent. Equation (4.13) is exactly the row condition
Equation (3.11), hence ΓR is full column rank.
We can assume that, without loss of generality, the first K(D + 1) rows of ΓR are

linearly independent. For any r ∈ [K(D + 1) . . .K(D + 1) +K − 1], let Ar be the top
left r × r sub-matrix of

[
ΓR ΓF

]
. By Lemma 4.5, if Ar is full rank, then Ar+1 is full

rank for almost all tr. Therefore, as A(D+1)K is full rank for almost all (tn)
(D+1)K
1 , by

mathematical induction, the matrix AK(D+2)−1 is full rank for almost all (tn)
(D+2)K−1
1 ,

thus the whole matrix
[
ΓR ΓF

]
is full column rank for almost all (tn)N1 . �

Proof of Corollary 4.7

In this proof, instead of expanding the matrix ΓR, we start from a larger matrix and
prune it. Consider a matrix Γ

(2K−1)
R ∈ R|M×(D+1)(2K−1) that is the same as defined

in Equation (4.11), except with K replaced by 2K − 1 and fn replaced by f (2K−1)
n .

From Theorem 3.3, if we have at least 2(D + 1)(2K − 1) measurements that satisfy
Equations (4.14) and (4.15), then Γ

(2K−1)
R is full column rank and its columns are

independent. However, [ΓR ΓF ] is a sub-matrix of Γ
(2K−1)
R , hence its columns are also

independent. �
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Proof of Corollary 4.8

The anchors in Corollary 4.8 are unique, hence we can use Theorem 3.1, this time
identifying vectors fn here as vectors gn in Theorem 3.1, and vectors [r>m 1] as vectors fm
in Theorem 3.1. If the anchors are non-degenerate, vectors [r>m 1] are full spark. Vectors
fn are full spark for almost all times (tn)N1 because they follow the polynomial model
(Definition 3.2).

Therefore, matrix ΓR is full rank for almost all sequences of anchors. Without loss
of generality, assume that the first (D + 1)K rows ΓR are independent. Then, the first
(D + 1)K rows of ΓR constitute our matrix A(D+1)K,(D+1)K from Lemma 4.5, to which
we will append columns and rows.

Consider adding row r + 1. If the row we need to add contains a new vector fn that
has not been used in the first r rows, we apply Lemma 4.5 and the resulting matrix is
full rank for almost all times tn.
If the row we need to add contains a vector fn that has appeared in the first r rows,

then we need to use the fact that anchors are different. Assume that we are adding a
new measurement that contains f1 that has been used before in the first row of Ar,r. As
in the proof of Lemma 4.5, as Ar,r is full-rank, there is exactly one vector β such that
Ar,rβ = cr+1, where cr+1 is the added column. Now, cr+1 depends only on times, not
on anchors, and contains an entry fr,1 = [f1]r that is the same as the last entry in the
row pr+1 we want to add. Therefore, we have that

[Ar,rβ]1 = β>pr+1.

The row pr+1 depends linearly on rm, hence the above is a linear equation in rm that is
satisfied by only a measure-zero set of vectors rm. �

Simulations

In this section, we introduce noise and perform simulations to evaluate Algorithm 4.1.
In the presence of noise, Equation (4.10) is no longer exact. We measure noisy estimates

d̃m,n of the distances dm,n form,n inM. In the single trajectory case, without acceleration
measurements, the optimisation problem defined in Section 4.1 (Problem 4.2) becomes

arg min
C

∑
(m,n)∈M

(
d̃m,n − ‖rm −Cf(tn)‖2

)
. (4.17)

Algorithm 4.1 minimises a relaxed version of this problem:

arg min
C

∑
(m,n)∈M

(
d̃m,n − ‖rm‖2 − 2r>mCf(tn) + f(tn)>Lf(tn)

)
. (4.18)

The estimated C̃ is no longer equal to C. However, the conditions for the invertibility of
the linear system are still valid because, for known anchors, the matrix that is inverted
does not depend on measured distances. This means that Corollaries 4.6 to 4.8 give us
conditions for when there exists a unique minimiser to Equation (4.18).
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We also note here that Algorithm 4.1 might suffer, not only from the presence of noise
but also from ill-conditioning, when anchors are too close or the measurement times are
too close. This is the reason uniform samples might be better than random samples and
anchors should be spread out.
As mentioned before, we assume additive Gaussian noise on distance measurements√
d̃n =

√
dn + εn, where εn are i.i.d. random variables, εn ∼ N (0, σ). An immediate

problem comes from the fact that, in Problem 4.2, we fit the parameters to the squared
distances. The distribution of squared distances is both additive and multiplicative:

d̃n = dn + 2
√
dnεn + ε2n,

whereas our recovery method implicitly assumes only centred additive noise. Indeed, in
the proposed algorithm, we solve a linear system of equations, and we obtain a solution
that would be a MLE if the Gaussian noise were added to the squared distances.
To alleviate this problem, we propose a weighted least-squares (WLS) approach. If

the noise is small, the ε2n term is negligible. The remaining noise has distribution
2dnεn ∼ N (0, 2dnσ). If we know dn, we could use WLS, with weights 1/dn, to bring the
system back to an i.i.d. noise model. But as we do not know the distances, we use the
measured distances d̃n and obtain a noisy version of a row of Equation (4.12):√

dn

d̃n
εn +

1√
d̃n

[
ΓR ΓF

]
n

[
vec (C)

−1
2Φ vec (L)

]
=
d̃m,n − ‖rm‖2√

d̃n

.

Again, assuming that the noise is small, dn/d̃n is close to 1, and the noise is approximately
i.i.d. Gaussian. In practice, to avoid dividing by extremely small numbers, we can add
some small regularisation γ to the distance and divide by d̃n + γ.

We report the root squared error E between the estimate C̃ and the ground truth C:

E(C, C̃) = ‖C − C̃‖F , (4.19)

where ‖ · ‖F is the Frobenius norm. This norm is roughly equivalent to the power of the
signal: using power as opposed to energy makes errors comparable between trajectories
with different periods. For more intuition, see Figure 4.8.

In the simulations, we take samples tn uniformly in the interval [0, T ] and, at each
time, we choose an anchor uniformly at random. To simulate different values for N , we
discard some measurements uniformly at random. We fix T = 2. Figure 4.9 shows the
reconstruction error of coefficients obtained using the weighted reconstruction. We can
see that the error decreases with oversampling, and the fitted slope is roughly −0.6. This
means that, for 10× oversampling, we get more than a 5× reconstruction improvement.
The regular (non-weighted) solver performed similarly, with a smaller improvement from
oversampling.

Real-World Experiments

We test our trajectory estimation algorithm on two real-world datasets provided by
Djugash et al. [265]. The datasets consist of an autonomous lawnmower moving on a
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Figure 4.8.: Visualisation of the distance between trajectories. Original bandlimited
trajectory of order K = 7 (dashed blue) and a randomly perturbed trajectory (solid
orange). The Frobenius distance between the trajectory coefficients is displayed above
each subplot.

field of grass, using ultra-wideband (UWB) signals to four stationary anchors for range
measurements, and densely sampled kinematic GPS for ground truth. The distance
measurements have an average standard deviation of ca. 0.5 m, with a tendency to
overestimate [265].

We first evaluate the Plaza2 dataset. The trajectory completed by the robot does not
perfectly fit our models, but we will see that it can be approximated by the bandlimited
model. We can estimate its period T by visual inspection. Using all 499 range measure-
ments, we use Algorithm 4.1 to estimate the coefficients for different complexities K, and
report the obtained trajectories in Figure 4.10 (a). We see that the trajectory is well
approximated with degrees of K = 5 or higher.

Next, we fix K to the smallest sensible value for the given trajectory (K = 5) and test
the performance of our algorithm when dropping measurements uniformly at random,
down to the minimum number required (19 measurements). Figure 4.10 (b) shows that the
obtained reconstruction quality remains satisfactory, down to as few as 30 measurements,
and it is not too sensitive to the specific distance measurements selected. As seen already
in simulation, the variance of the reconstructions is higher for fewer measurements.

For comparison, we also plot localization results with the point-wise RLS method [145],
using the latest distance measurements from D+ 1 anchors. The method uses brute force
on a uniform grid initialized in the bounding box of the anchors with a grid size of 0.5 m.
The trajectory starts to be recognizable only from N = 200 measurements upwards, and
the individual estimates are more noisy than ours.
Finally, we compare the provided algorithms, quantitatively with standard lateration

methods and solvers. Tables 4.1 and 4.2 shows the trajectory recovery accuracy for the
two UWB-based datasets from [265]. As we have seen before, the trajectory in Plaza2
is approximately bandlimited. In contrast, trajectory in Plaza1 covers the lawn in a
zigzag manner. In practice, for such a trajectory, an iterative application of our algorithm
would be appropriate. Here, we simply report the average reconstruction accuracy over 20
different linear parts of the trajectory. We compute the error by sampling the parametric
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Figure 4.9.: Reconstruction from noisy measurements using the weighted system of
equations. For clarity, slopes (dark lines) were fitted to the averages over 1000 simulations
(light lines). The simulated distances were between 0.1 m and 10 m. Left: the trajectory
degree was set to K = 5; M = 4 anchors were used; and the magnitude of the noise
changes. In this setup, the minimum number of measurements required is 19. We can
see that, starting from about 3× oversampling, the algorithm is robust to noise. Right:
the trajectory degree was set to K = 3 and the noise magnitude was set to σ = 1 m; the
number of anchors changes. The reconstruction error does not depend heavily on the
number of anchors, but it has a much higher variance for D + 1 = 3 anchors.

model at the times at which we have ground-truth measurements; we compute the mean
squared error (MSE) between the predicted and ground truth points; and we average
these errors over 20 different realizations.
We evaluate the proposed solution with and without the weighting introduced at the

beginning of this section. We compare our method with lateration, which finds each point
independently from the other points, with a parametric trajectory fitted to these points
(trajectory from lat.), and with direct optimisation of the original, non-squared problem by
using the scipy.optimize [266] implementation of Levenberg-Marquardt (LM) algorithm
[147]. We compare two different initializations: a simple ellipse / line in the correct order
of magnitude (LM ellipse/line) and the result of our weighted algorithm as initialization
(LM ours weighted). The row model mismatch shows the error of the model fitted directly
to the ground-truth position measurements and gives an upper bound on how well we
can hope to recover the positions.
We can draw a number of interesting conclusions from the quantitative evaluation.

First of all, we note that weighting distance measurements for real data improves the
reconstruction accuracy significantly, especially for the bandlimited trajectory (Table 4.1).
We believe that this is due to a positive bias in the distance measurements; indeed, if the
bias is removed by an oracle, the weighted and non-weighted algorithms perform almost
identically.
We further observe that the reconstruction behaves poorly when the number of mea-

surements is close to the limit given in Corollary 4.6. For the bandlimited trajectory of
degree K = 19 this limit is 75 measurements, and N = 100 noisy measurements are too
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Table 4.1.: MSE of recovered bandlimited trajectories for a real-world UWB-based local-
ization dataset (Plaza2 ) [265].

# measurements N 100 300 499
model complexity K 5 11 19 5 11 19 5 11 19

model mismatch 3.7 1.8 1.5 3.8 2.0 1.7 3.8 2.1 1.8

lateration 113.6 134.3 106.1 16.5 17.2 16.2 9.7 9.7 9.7
trajectory from lat. 62.1 91.5 5971.6 13.2 12.8 12.9 10.5 9.2 9.4
LM ellipse 12.7 147.6 339.8 11.3 25.9 13.2 11.4 11.5 12.0
LM ours weighted 12.7 13.0 20.5 11.3 11.9 12.2 11.4 11.5 12.0
ours 13.9 14.1 69.5 13.2 11.5 11.6 13.2 11.4 11.3
ours weighted 10.3 10.6 68.2 8.8 7.3 7.3 8.7 7.2 6.9

Table 4.2.: MSE of recovered polynomial trajectories a real-world UWB-based localization
dataset (Plaza1 ) [265].

# measurements N 10 20 30 50
model complexity K 2 2 2 2

model mismatch 0.3 0.3 0.4 0.7

lateration 32.5 14.1 12.7 6.3
trajectory from lat. 48.5 198.8 12.9 6.7
LM line 253.4 24.6 16.3 6.6
LM ours weighted 18.7 7.2 7.5 6.6
ours 51.7 4.9 4.8 4.1
ours weighted 5639.1 4.9 4.8 4.3
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N = 200
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Figure 4.10.: Reconstruction accuracy of lawnmower trajectory using period T = 54 s.
In the black dots is the ground truth trajectory (from GPS), in solid lines are our
reconstructions, and the orange dots show the RLS estimates. The top row shows different
complexities K that use all available distance measurements. In the bottom row, we fix
K to 5 and drop measurements, uniformly at random. The different colours correspond
to different sets of measurements.

few to accurately estimate the trajectory. For the polynomial trajectories, we observe the
same behaviour for N = 10 and K = 2, where N = 10 is close to the minimum of 7.
Finally, we note that the accuracy of the LM methods depends highly on the initial-

ization, which is a well-known limitation [267]. There is a significant difference between
the errors for an initialization with an ellipse or a line and an initialization with result
of the weighted version of our algorithm. This difference is particularly pronounced for
high-model orders and few measurements. Quite surprisingly, even though LM optimizes
the non-squared cost function hence aims to recover the maximum likelihood estimate of C
for zero-mean Gaussian noise on measurements, it does not compare favourably with our
proposed algorithm. We believe that both the fact that the solution is only sub-optimal
and the bias in the distance measurements plays against this method. However, we
suggest that if LM is the preferred solution in a complete system for different reasons,
our proposed method is an attractive candidate for an accurate initialization.
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4.2.2. Trajectory Self-Localisation

In this section, we still consider a single trajectory, but we do not have anchors. We
assume we measure distances between a series of positions of the robot. This could be the
case when the robot moves faster than the speed of sound but, more realistically, it could
be the case when we want to estimate a path along which multiple devices are moving, or
if the trajectory is a physical object with forces acting on it. For example, it could be a
wire with known distances between points or a molecule with distances estimated from
nuclear magnetic resonance (NMR).
The squared distance between a point on a trajectory at time t and a point at time

t+ τ is

d(t, τ) = ‖Cf(t+ τ)−Cf(t)‖2 = ‖C (f(t+ τ)− f(t)) ‖2. (4.20)

We measure distances at known times tn and we know the delays τn. Here the delays
might mean the delay between the devices moving on the same trajectory, or the distance
between atoms in the molecule but, for consistency, we continue to call them delays. This
leads to the following problem:

Problem 4.4: Trajectory Self-Localisation

Consider an unknown, continuous trajectory r(t) = Cf(t), where f is a vector of basis
functions of family F of either K-bandlimited functions or polynomials of degree of at
most K−1. We measure distances between robot positions at known times tn and tn+ τn,
n ∈ [N ]:

dn = ‖Cf(tn + τn)−Cf(tn)‖2 = ‖C (f(tn + τn)− f(tn))‖2 . (4.21)

The problem of a trajectory self-localisation is to recover trajectory coefficients C up to
an equivalence described in Definition 4.1.

To linearise the problem, we replace L = C>C. We then write Equation (4.20) in the
standard form of Equation (4.12):

d(t, τ) = vec
(

(f(t+ τ)− f(t))(f(t+ τ)− f(t))>
)>

vec(L).

This describes a rank-one measurement. Unfortunately, we cannot apply the methods from
Chapter 3 directly, because both vectors in the product depend on the same parameters t
and τ . And we have seen in Section 3.1.2 that this might lead to an underdetermined
system of equations. To avoid such situations, we need to assume that the delays
vary between measurements. If not, then f(tn + τ)− f(tn) is simply a polynomial (or
bandlimited) function in one variable, and from Lemma 4.5 we know that the rank of Γ
can be at most 2K − 1. If both variables t and τ can vary, we have the following result:

124



Chapter 4. Continuous Localisation

Corollary 4.9

Assume that we measure N ≥ (K − 1)K/2 distances, as in Problem 4.4. Then, for
almost all times (tn)N1 and almost all time differences (τn)N1 the matrix C is unique up
to rotations, reflections and translations.

Proof of Corollary 4.9

First observe that we cannot recover the constant component of the trajectory r.
Furthermore, if we remove the constant component of C the measurements are the
same. Therefore, we recover instead the matrix C(r) ∈ RD×(K−1) created by remov-
ing the first column from C. From Equation (4.21), we recover the symmetric matrix
Lr = C(r)>C(r) ∈ R(K−1)×(K−1) that has (K − 1)K/2 degrees of freedom.
The measurement matrices are symmetric:

(f(s)− f(t))(f(s)− f(t))>,

thus they can have at most (K − 1)K/2 degrees of freedom. In the above equations, we
changed variables s := t+ τ for simplicity. Hence, we need to show that functions

hk,l(s, t) := (fk(s)− fk(t))(fl(s)− fl(t)) for 2 ≤ l ≤ k ≤ K, (4.22)

are linearly independent.
In the polynomial case, Equation (4.22) describes a homogeneous polynomial of degree

k + l. A homogeneous polynomial hk,l is linearly independent from all polynomials of
smaller degree, thus from all combinations of hk′,l′ with sum k′ + l′ smaller than k + l.
As a result, we need to show only the independence of hk,l from all other hk′,l′ , such that
n := k + l = k′ + l′. But if k1 6= k2 and k1 6= n− k2, the terms

hk,n−k = tn + sn − (tksn−k + sktn−k)

hk′,n−k′ = tn + sn − (tk
′
sn−k

′
+ sk

′
tn−k

′
)

are linearly independent, because their right-hand sides (in the brackets) are different
elements of the basis of the space of homogeneous polynomials in two variables.
In the bandlimited case, we can apply the same reasoning. Except now, instead of

considering the sum of degrees, we need to consider sum of frequencies. For all components
of hk,l this sum is constant. But, because we have sines and cosines it is no longer equal
to k + l, rather about half of k + l. As in the polynomial case, h with sum of frequencies
n is independent of all functions with a smaller sum of frequencies.
For a fixed sum of frequencies, functions with different phases in the highest fre-

quency are also independent; that is to say, cos(nt) is independent from sin(nt) and
cos(kt) sin((n− k)t) for all k < n.
The last step is the same as in the polynomial case. �
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Figure 4.11.: An example of working self-localisation. No noise was added to the simulation.
Left: the original trajectory with marked the measured distances. There might be many
distances measured from one point. Right: the trajectory can be reconstructed up to
unitary operations; after the rotation to the right frame the trajectory matches the
reference perfectly.

In Figure 4.11, we show an example of recovery and in Figure 4.12 the aggregated
results of simulations.

4.2.3. General Case

In this section, we revisit the general problem introduced in Section 4.1 (Problem 4.1).
We provide a sufficient condition for recovery in the ideal case. However, as the method
we use does not generalise well to the noisy case, we propose to use semidefinite relaxation
or gradient descent and to show that they indeed work when our condition is satisfied.
We state our result first and then describe steps needed to arrive at it.

Theorem 4.10: Sufficient condition for Problem 4.1

Assume that we measure distances between M trajectories, as given in Problem 4.1.
Consider an undirected graph G with M nodes, each representing a trajectory, with
edges between the nodes if there are (K − 1)(K + 3) + 1 measurements between the
corresponding trajectories. If the graph is connected and there is a 3-node cliquea

in G, then all trajectories can be uniquely recovered up to ambiguities described in
Definition 4.1.
aA clique in a graph is a subset of nodes that are all connected to each other.

From Section 4.1.1, we know that we cannot recover the global translation of the
trajectories. This means that we cannot recover a constant component of any of the
trajectories. We can, however, recover the constant component of the difference between
trajectories. To highlight this, we separate the constant from C. More formally, we write
the distance equation as

dm1,m2(t, s) = ‖vm1,m2 +C(r)
m2
f (r)(s)−C(r)

m1
f (r)(t)‖2,
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Figure 4.12.: The recovery is sensitive to the structure of the distance measurements.
Left: the same N = 10 measurements as in Figure 4.11, but with noise added with
σ = 1, the recovery is not perfect due to noise, but it is close to the ground truth. Right:
Large number N = 155 short distances used (shorter than 2 units). With the same noise
variance σ = 1, the recovery is less table.

where and s = t + τ , C(r)
m ∈ RD×(K−1) are matrices C without the first column, f (r)

n

are vectors fn without the first (constant) element, and vm1,m2 is the difference between
constant components of trajectories m1 and m2.

We analyse this equation by using the same methods as in the previous section, and we
obtain the following result for the reduced matrices C(r)

m :

Lemma 4.11: Two trajectories

Assume we have two trajectories r1 = C1f and r2 = C2f and measure N ≥ (K−1)(K+

3) + 1 distances as described in Problem 4.1. Then we can recover products C(r)>
1 C

(r)
2 ,

uniquely for almost all times tn and time delays τn.

We prove Lemma 4.11 at the end of this section, but first we discuss its implications.
This result itself is not sufficient to recover the coefficients C(r)

m , because the factorisation
of C(r)>

1 C
(r)
2 is not unique (not even up to unitary transformations), see Example 4.7.

Fortunately, if we have three trajectories, we can jointly factorise products C(r)>
1 C

(r)
2 ,

C
(r)>
2 C

(r)
3 and C(r)>

3 C
(r)
1 as summarised in Lemma 4.12.

Example 4.7: Non-Unique Factorisation

Consider any invertible K ×K matrix A. Let B> = A−1. Then let B>A = Id. But
as matrix A is arbitrary, it does not have to be unitary or diagonal, only invertible.
Therefore, the factorisation is not unique.
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Lemma 4.12: Collective Matrix Decomposition

Let A,B and C be unknown matrices D × K of rank D. Assume that we know the
products:

L = A>B, M = B>C and N = C>A.

Then matrices A, B and C are unique up to a common unitary transformation U .

These two lemmas enable us to prove Theorem 4.10.

Proof

If there is a 3-vertex in the graph G, then per Lemma 4.11, there are three pairs of
trajectories for which we can recover products C(r)>

m2 C
(r)
m1 . Then, from Lemma 4.12 we

can factorise these products and obtain matrices Cr
m, up to unitary transformations.

We can then fix the orientation in space, i.e., the unitary transformation, and recover
vm1,m2 from D + 1 the distance equations between trajectories m1 and m2. Therefore,
we can recover all three matrices Cm up to constant translations and constant unitary
transformations.
To recover any other trajectories, we need K2 measurements between this trajectory

and one of the already known trajectories. �

Figure 4.13.: Example of trajectories recoverable with our method. The upper three create
a clique that can be recovered using our factorisation method, and the lower trajectory
can be localised by its measurements to one of the three.

This method is, of course, not very practical. First, we need O(K2M) measurements,
where ideally we would need O(KDM). Then, for joint matrix factorisation to work
as above, the measurements need to be noiseless. In the noisy case, we could use joint
singular value decomposition [268] that is a generalisation of joint matrix denationalisation
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[269] to non-symmetric or rectangular matrices. However, to do this we need to solve a
nonlinear optimisation problem and the gain from the linearisation is lost. Nevertheless,
this method gives us a threshold above which we would expect any respectable method
to work, see Figure 4.14.
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Figure 4.14.: Results of gradient descent optimisation with small amount of noise (σ =
10−3). Continuous lines denote ground truth and the crosses recovered trajectories; the
points are the end points of the measured distances. Left: given N = (K − 1)(K + 3) + 1
measurements per trajectory (as given by Theorem 4.10), the recovery error is small.
Right: with N = DK measurements per trajectory (the number of degrees of freedom),
the recovery error is noticeable.

To conclude this section, we provide the proofs of Lemmas 4.11 and 4.12.

Proof of Lemma 4.11

In this proof, we drop the superscript for simplicity. Using the same algebraic tricks as
before, we can expand all the terms. Although it might look discouraging, the equation
below enables us to analyse different terms separately:

dm1,m2,n =〈1, ‖vm1,m2‖2〉 constant in s, t

+2〈f (t)f>(s),C>m1
Cm2〉 degree 1 to K − 1 in s, t (4.23)

−〈f>(t),v>m1,m2
Cm2〉 degree 1 to K − 1 in t (4.24)

+〈f (t)f>(t),C>m1
Cm1〉 degree 2 to 2K − 2 in t (4.25)

+〈f>(s),v>m1,m2
Cm1〉 degree 1 to K − 1 in s (4.26)

+〈f (s)f>(s),C>m2
Cm2〉 degree 2 to 2K − 2 in s, (4.27)

We can observe that Line (4.23), as a function of s and t, is linearly independent of all other
lines. Hence, if we have enough measurements for the system to be maximal possible rank,
we can recover product C(r)>

m1 C
(r)
m2 and some combination of the remaining terms. Lines

(4.24) and (4.25) together span the space of polynomial of degrees from 1 to 2K − 2 and,
similarly, Lines (4.26) and (4.27) together span the space of polynomial of degrees from 1
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to 2K − 2, and the maximal rank of the system is 1 + (K − 1)2 + (2K − 2) + (2K − 2) =
(K − 1)(K + 3) + 1 measurements. �

Proof of Lemma 4.12

First, we consider full-rank matrices and then show how to extend them to the general
case. We have the following equations:

L = A>B, M = B>C and N = C>A. (4.28)

By assumption, A is invertible thus B = A−1>L. Plugging it in to the second equation,
M = L>A−1C. At the same time, C = A−1>N , hence we obtainM = L>A−1A−1>N
and consequently

A>A = NM−1>L.

The factorisation of A>A is unique up to unitary transformation. From A and Equa-
tion (4.28), we can calculate B and C.
If we want to solve the general case, we need to first apply SVD (see Section 1.5) to

Equation (4.28). Up to a permutation of singular values and scaling, the right singular
vectors of L will be the same as the right singular values of B and as the left singular
vectors of M ; and similarly for A and C. Therefore, we can calculate the permutations
and scaling and can reduce the low rank matrices to the full rank case. �

4.3. Future Work

In this chapter, we have developed a framework that can be used to provide guarantees
for localisation from range measurements, and we hope that more results of this flavour
can be proved in the future. In Box 4.8 we show an example how in theory we could
supplement range measurements with an inertial measurement unit.
So far, we have given little thought to the practicality of the proposed methods.

Although Algorithm 4.1 is preforming well in practice, methods from Section 4.2.3 were
developed purely for the purposes of proofs. There are several directions we could take to
improve this aspect of our work.
The first direction, which we have hinted at, is to find more suitable optimisation

algorithms for the general case. This could include collective (or joint) matrix decomposi-
tion, semi-definite programming or gradient descent. For real-time optimisation iterative
algorithms can be designed to integrate new measurements on the go and unroll only as
many iterations as possible at a given time.
The second direction is to create more realistic models of the trajectory: for example,

piece-wise smooth trajectories (spline trajectories) or trajectories with an unknown number
of parameters K.

A quick check is needed to see that spline trajectories cannot be plugged into our setup,
without having the number of samples grow linearly or even quadratically with the number
of spline nodes. A better approach would be to estimate trajectories consecutively over
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intervals in order to use use our method without modification. An interesting question is,
How can we estimate the trajectory if spline nodes are not known? We think that the
Kalman-filter or particle-filter approaches could be used, but instead of estimating the
position directly, we could estimate C. Such approaches could detect a spline node when
the likelihood of the new distance measurement, given the current estimate of C, is too
small.
Finally, on the more theoretical side, we provide only sufficient, but not necessary

conditions for trajectory recovery. It would be interesting to see if the results from rigidity
theory can be extended to smoothly changing trajectories.

Want to know more? 4.8:
Integration with an Inertial Measurement Unit

In this section, we discuss how our results could be extended to incorporate different
kinds of measurements. We show an example of supplying range measurement with
measurements from an inertial measurement unit (IMU). We provide sketches of corollaries
that could be obtained. This section might be a good starting point for learning how to
extend our results to new cases.

A IMU usually consists of accelerometers, gyroscopes, and a magnetometer. If mounted
on a device, it can provide many inexpensive measurements. The errors from IMU
accumulate, hence it is a common practice to use both range measurements and IMU
measurements. There are many ways in which IMU measurements can be combined but,
to avoid integration errors, we focus here on integrating measurements as close to raw as
possible.
The main challenge in combining IMU measurements with our method is that all the

IMU measurements are in the internal frame of reference that is unknown. Gyroscopes
measure orientation and rotation up to an unknown global rotation. Furthermore, the
rotation does not fit our model well, because it is not linear in the trajectory parameters
C. Magnetometers provide the north direction, which could help align the internal frame
of reference with the global frame of reference, at least when the robot has a fixed up-down
direction.
The simplest measurement type for us to integrate is acceleration. As they measure

force in the internal frame, not the acceleration, they also measure gravity:

a(t) = U(t)(Cf̈(t) + g),

where g is the gravity acceleration, and U(t) is an unitary matrix that rotates from global
coordinate system to the internal coordinates of the device at time t; and it is unknown.
One inefficient way to deal with this ambiguity is to include in the equations only the
magnitude of the acceleration:

‖a(t)‖2 = ‖g + r̈m(tn)‖2

= ‖g‖2 + g>Cf̈(t) + f̈
>

(t)C>Cf̈(t).
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Using the same operations as in the previous sections, we could transform them to the
linear form:

a2
n − g2 =

[
vec(gf̈

>
n ) vec(f̈nf̈

>
n )

] [vec(C)
vec(L)

]
.

We can immediately see that acceleration can produce only up to K − 1 (or even only up
to K − 2 in the polynomial case) independent measurements of matrix C. They alone are
insufficient for recovering C, but they can replace or supplement distance measurements,
hence making the recovery algorithm work with close to (D+ 1)K distance measurements.

Corollary 4.13: 3D

We can replace 2K − 8 measurements in Corollaries 4.6 and 4.7 with acceleration
magnitude measurements, all as one anchor.

If the robot moves on a flat terrain, then the gravity can be assumed to be always down
in the robot frame of reference and can be removed. The acceleration amplitude then
depends only on L:

‖a(t)‖2 = ‖Cf̈(t)‖2 = f̈
>

(t)Lf̈(t).

Therefore, we can use acceleration measurements to provide extra measurements that are
required due to the linearisation we use.

Corollary 4.14: 2D

We can replace K − 6 measurements in Corollaries 4.6 and 4.7, but they do not
count against Equation (4.13).

We now sketch the proofs of the corollaries.

Sketch of the Proof of Corollary 4.14

To prove Corollary 4.14, we have to show that using Lemma 4.5 we can append rows
given by the acceleration measurements. Any acceleration measurement row consists of
zeros, then more zeros, then polynomials of degree up to 2K − 6. We need to check that
Φ maps them correctly. Then, as each appended row will have zeros or smaller degrees
on the left, we can use Lemma 4.5 as usual. This only issue is that, in the cases where
new vector is zero, we have to use some other vector.
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Sketch of the Proof of Corollary 4.13

The new measurements are independent of each other, as long as there are at most K − 2
of them. They are also almost always independent from the original vectors fn.
They all correspond to one “anchor”: the acceleration. If other anchors are placed

randomly, it is unlikely that one will be placed exactly at [0, 0,−1]>. Hence, we obtain
an extra anchor that we can use at most K − 2 times.

We check again the assumptions of Lemma 4.5, and they are satisfied for no more than
K − 6 rows.

Corollary 4.14 and Corollary 4.13 are extensions of Corollary 4.6. Similar extensions
could be made in the oversampling case of Corollary 4.7, but the gain would be small
compared with the rate of oversampling we need for Corollary 4.7.
Using only squared acceleration is a simple way to integrate some of the IMU mea-

surements. We present this method here as we can prove some guarantees in this case.
This method is however wasteful because it ignores the direction of the acceleration, as
well as the gyroscopes and the magnetometer. A more efficient method would be to first
integrate all measurements from IMU then to obtain the vector between two points along
the trajectory:

v(tn, tn+1) = Cf(tn+1)−Cf(tn), (4.29)

and then add this integrated measurement to our system of equations. This method
provides more information but also requires some pre-processing, and it is harder to
provide guarantees for it. The integrated measurement is linear in C and can be simply
added to the linear system of equations we already have.
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Introduction

Self-portrait of Gabriel Lippmann viewed under different illuminations. Left: diffuse
illumination. Right: directed light, incoming at the angle equal to the viewing angle.

Gabriel Lippmann’s photographic method, for which he was awarded the Nobel Prize in
1908, is almost as old as three-colour photography. It is very interesting from a theoretical
perspective, as it stores the whole spectrum of light in an interference pattern. Lippmann’s
photographs are therefore the oldest multi-spectral images. Under the right illumination,
they produce vivid colours, which we attempt to show in the figure above. Of course,
static images do not do these works justice, and we strongly recommend that the reader
views a real plate, if they ever have the opportunity.

Despite how intriguing Lippmann photography is, it is almost forgotten today and,
until recently, it was not fully understood. We believe that studying this unique method
can not only explain the inner workings of the handful of Lippmann’s photographs stored
in museums but also inspire new technologies.
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Thesis Structure

In Part II of this thesis we tell the story of Lippmann’s method (Chapter 1) and explain the
current understanding of the physics behind colours in Lippmann photography (Chapter 2),
and we imagine the future for Lippmann photography in new technologies (Chapter 3).
In Chapter 1, we explore how Lippmann photography was invented, why it earned a

Nobel Prize, and why it was subsequently forgotten.
In Chapter 2, we show that the multi-spectral image reflected from a Lippmann plate

contains distortions that are not explained by current models. We describe these distortions
by directly modelling the process for general spectra, and we propose an algorithm for
recovering the original spectra. We demonstrate the accuracy of our recovery algorithm
on self-made Lippmann plates, for which the acquisition setup is fully understood. Finally,
we show that there are too many unknowns to reliably recover 19th-century spectra of
historical plates.
Finally, in Chapter 3, we propose a glass-storage method inspired by Lippmann

photography. If built, such storage could be both high capacity and very durable.
Moreover, the methods developed to create such storage could be used to duplicate
historical plates and provide a new tool for artists.
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The Nobel Prize is awarded to “those who, during the preceding year, have conferred
the greatest benefit to humankind” [271]. In 1908, the Nobel Prize in physics was awarded
to Gabriel Lippmann for his invention of interference-based colour photography [272].
However, at the basis of almost all analog and digital contemporary colour photography
techniques is three-colour photography, not interference photography. Some even say that
Lippmann did not have any influence on the modern colour photography [273]. How did
this happen?
It could be said that Lippmann owed his award to politics. French science needed a

Nobel laureate after a few lean years [273]. Lippmann’s biggest competitor in 1908 was
Max Planck whose discoveries were too theoretical for the liking of the Swedish Academy
of Science [274]. Still, this does not provide the full picture.

To fully appreciate Lippmann’s invention, we need to consider how his contemporaries
understood colour (Section 1.1), how innovative his method was (Section 1.2), and how
the understanding of Lippmann’s method evolved over time (Section 1.3).

1.1. Colour Photography

In this section, we present the context in which Lippmann photography was created: the
understanding of colour and of photography at the end of the XIX century. First, we go
back almost two centuries to tell the story of how the current scientific understanding
of colour emerged. We introduce two approaches to colour; they led, respectively, to
three-colour photography and to Lippmann photography. Afterwards, we briefly discuss
black-and-white and colour photographic methods.

The approach to the theory of colour that led to Lippmann photography can be traced to
Isaac Newton and his book Opticks published in 1704 [275]. Newton studied the refraction
of light through a prism, thus creating a rainbow from white light. He postulated that
objects themselves do not have colour. They simply reflect colours with varying strength,
and our perception of a colour of an object is the colour this object reflects most strongly.
Newton also studied the reflection of light on thin films, such as soap bubbles that reflect
different colours, depending on their thickness and viewing angle. Today, we know that

Contributions: The description of the Lippmann process in this chapter is based on the joint investigation
of the author of this thesis (MP) with Gilles Baechler (GB), Arnaud Latty (AL) Martin Vetterli (MV)
and Adam Scholefield (AS) [270]. MP wrote this chapter.
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this phenomenon is due to the wave nature of light, whereas Newton considered light
to be corpuscular. Nevertheless, due to his observations, he associated physical length
with colour: He claimed that the colour change of leaves in autumn occurs because leaves
shrink when they dry and this shifts their colour towards red [273].

Newton was not entirely correct in his observations. Years later, Thomas Young pointed
out that, in contrast to thin films, the colour of leaves do not change with the viewing
angle, hence the mechanism of colour reflection cannot be the same [273]. However,
Newton’s idea that colour is a measurable property of light and independent of human
perception will accompany us throughout this chapter.

It is not a coincidence that we single out Thomas Young as a critic of Newton’s work.
At the beginning of the twentieth century, Young studied the wave nature of light and
demonstrated the interference of light waves [276]. He created a predecessor of the famous
double-slit experiment. More importantly for us, he studied the perception of colour. He
postulated that as there is no reason for the light waves to come in only three colours,
then our three-colour perception must be caused by the construction of the eye [277].1

This focus on human perception is the foundation of the second of the approaches to
understanding colour.
Let us now shift our attention to the origins of photography. In 1839, J.M. Daguerre

and Nicéphore Niépce published the first black-and-white photographic process called
daguerreotype [273], while William Talbot worked on the process called talbotype or
calotype that he eventually patented in 1847. In 1842, John Herschel discovered the
cyanotype (a.k.a. blueprint). To discuss all these processes is outside the scope of this
work. Here, we describe only the general steps that most photographic methods follow; it
will be useful later in our explanation of Lippmann’s method.

Photographic Process

In order to take a photograph, we need a photosensitive surface, created using silver salts
of halogens: silver halides. In the case of daguerreotype, the surface is a silver-coated
copper plate, subsequently sensitised to light; and in the case of calotype, the suface is
paper covered with silver iodide. Next, the photosensitive surface needs to be exposed
to the image in the camera. From a chemical point of view, exposing the photographic
emulsion to light breaks some of the bonds between silver particles and halide ions by
reducing them. Once free, these metallic silver atoms form tiny specks that combine into
a latent image. As silver salts are sensitive to only blue and violet light, dyes are added
to the emulsion to extend the sensitivity across the full visible spectrum. This process
used to take hours for the first photographic methods, but was subsequenly shortened to
fractions of a second. The latent image is often faint or entirely invisible and has to be
strengthened through a development process. The development is a chemical reaction
that completes the reduction of silver halide into metallic silver in the exposed grains.
The latent image serves as a catalyst for this reaction and, as a result, the processed
plate contains an enhanced version of the latent image. Interestingly, daguerreotype was

1His work was further developed in 1850 by Hermann von Helmholtz who was generally interested in
human perception.
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not developed chemically but through the additional exposure to red light (to which the
unexposed plate was not sensitive). Usually the exposed part of the image becomes dark,
creating a negative. In the case of daguerreotype, the exposed part was less specular than
the rest of the silver, thus it was darker or brighter, depending on the viewing conditions.
Finally, the image has to be stabilised, or fixed, to prevent the plate from further reacting
to light. This is done by washing the photograph with an appropriate solution. For
example, Herschel discovered that sodium thiosulfate is a solvent of silver halides and
could be used for this purpose.

Colour Photography

Figure 1.1.: Additive and subtractive colour-mixing. Left: additive colour-mixing, e.g., by
overlapping coloured beams of light. Right: subtractive colour-mixing, e.g., of paints of
printer inks.

Soon after the invention of the first black-and-white photographic processes, the public
demanded colour photographs. To people used to seeing world in colour, it was natural that
the photographs should look the same.2 In 1850, it was common to colour photographs
by hand. The first known colour photograph — of light refracted on a prism — was taken
as early as 1848 by Edmond Becquerel [278, 279]3. Becquerel plates were mysterious
and a bit controversial because they were impossible to fix. Any attempt to make them
resistant to light also removed the colours. The reason for this was eventually learned, as
we explain in Section 1.3.

2Paradoxically, with all the modern technology, we are more used to gray-scale inventions preceding
their colour equivalents: from television, through home printers to most recently, e-ink displays.

3He was a son of Henri Becquerel who discovered radioactivity by mistake.
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In the 1860s, the public demands were answered by three-colour photography. In
fact, two different methods were invented almost simultaneously. The first approach —
additive colour-photography — was proposed by physicist James Clerk Maxwell and
photographer Thomas Sutton. Yes, this is the same Maxwell who formulated the Maxwell
equations of electromagnetism and who proposed that light is an electromagnetic wave.
We could expect that Maxwell would have shared Newton’s perspective that colour is
only a wavelength of light. However, in his study of colour, Maxwell adapted Young’s
approach. He performed a systematic study of mixing coloured light. For example, he
showed that combining certain blue and yellow light resulted in not green, but pale pink
light! In 1861, he proposed a method of producing a full colour projected image [280] by
using only red, green, and blue lights, see Figure 1.1 (left). With help of Sutton, he used
this method to photograph a piece of patterned coloured ribbon. One of the problems
with his additive method was that the images had to be either projected or illuminated
from the back.
At the same time, Charles Cros and Louis Ducous du Hauron proposed subtractive

colour-photography [274] that was more akin to how paints and pigments work. As it
worked by combining cyan, yellow, and magenta (see Figure 1.1, right) on the white
background, it could be viewed with reflected light. However, for a long time, this method
was too complicated for amateurs.

In 1891, when Gabriel Lippmann proposed his method, none of the three-colour methods
were widely adopted. These methods were called indirect colour methods and, in the press
opinion, were not scientific [274]. The Becquerel plates were not understood, although
the wave nature of light had been known for some time. Physicists, such as Whilhelm
Zenker [281] or Otto Wiener [282] discussed the potential applications of interference and
of standing waves of light. There was a need for a working “natural” or direct colour
photography, i.e., photography that would have strong foundations in physics. The
interference-based photography was the perfect answer to this need.

1.2. Lippmann’s Method

Lippmann subscribed to Newton’s view that colours were properties of the light waves
and not sensations in the human eye [274]. Therefore, he wanted the process to produce
not only nice images but also physically correct images. To this end, he first developed the
theory of interference photography based on the Fourier transform that was not widely
used in optics at that time [283]. Only after developing theoretical foundations for his
process did he spend years perfecting a suitable photographic emulsion [273].
His idea was to put a mirror in contact with thick photosensitive material. The light

reflected from the mirror would create an interference pattern that would be recorded
inside the photosensitive emulsion. Lippmann calculated that for a monochromatic light
wave — a light wave with a single frequency — the light reflected from the interference
pattern would have the same frequency as the recorded wave.
From his theory, Lippmann inferred that an interference-based photographic method

had to satisfy three conditions [273]. First, the emulsion had to be in contact with the
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mirror for a strong reflection. He proposed to use liquid mercury to create a reflective
surface. Second, the emulsion had to be transparent and have extremely fine silver
grains—around 10 nm in diameter—to enable the recording of the interference patterns
of light. Such small grains meant long exposure times. Finally, the emulsion had to
be isochromatic, i.e., had to react with the same strength to all wavelengths. Initially,
Lippmann did not have isochromatic plates, hence he selectively exposed the photographs
to different colours by using filters to account for the intensity differences [274]. Then,
following a suggestion from Labatut, he dyed the plate to make it sensitive to different
colours [274]. To make the plates truly isochromatic, he collaborated with the Lumière
brothers [284, 285] who eventually produced plates better than Lippmann himself had
created [274]. With isochromatic plates, Lippmann was able to separate the precise
physical theory from the fuzzy chemical process that he did not seem to like [274].
After Lippmann published his work [286, 287], he had to convince others that the

plates indeed worked as described. A strong argument for his theory was that the plate
colours changed hue when viewed from an angle, hence the colour has to be interference
based. Interestingly, the plates also changed colours when they swelled due to moisture
[274]. Newton would have been happy to see this effect, even if not in the autumn leaves.
The most difficult part to believe was that the polychromatic — not single wavelength —
colours can be reproduced by interference [273]. To demonstrate this, Lippmann took
numerous photos of natural objects, including the (stuffed) parrot depicted on the left
in Figure 1.2. To prove his point, Lippmann eventually extended his calculations to
general spectra. He was also supported by Wilhelm Zenker [281] who wrote about the
Lippmann-Zenker Theory, despite the fact that Lippmann did not cite his work.

We give an overview of Lippmann’s method (depicted on the right of Figure 1.2), with
an emphasis on the differences between black-and-white photography, as described in
Section 1.1: Photographic Process.

Recording

Lippmann’s process works by capturing an interference pattern in a photosensitive
emulsion. More precisely, the image is focused onto a photographic plate by standard
camera optics. As shown in Figure 1.2 (right), the photographic plate consists of a
light-sensitive emulsion on a sheet of glass. A mirror is created at the surface of the
emulsion, traditionally by putting the emulsion in contact with liquid mercury. For
the image acquisition, the plate is oriented such that the light from the scene passes
through the glass then through the emulsion, before reflecting back from the mirror. The
reflected light interferes with the incoming light and and the resulting interference pattern
exposes the emulsion differently at different depths. For example, in the simple case of
monochromatic light, sinusoidal standing waves appear.

Development and Fixing

Once the plate is exposed, it is removed from the liquid mercury and processed via
standard photographic development techniques. As Lippmann plates need to store an
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Figure 1.2.: Left: photograph of a parrot made by Gabriel Lippmann in 1891; currently in
the collection of Musée de l’Elysée in Lausanne. Right: principle of Lippmann photography:
The scene on the left is focused with a photographic lens on the plane of the emulsion.
On the back of the emulsion is a mercury mirror from which the light reflects and the
incoming and reflected waves interfere. Its spatially varying intensity creates patterns
that are captured inside the depth of the emulsion (see the close-up).

interference pattern in their depth, they are thicker than standard photographs. This
makes the development process more difficult; as the developer solution diffuses from
the top surface of the emulsion, the enhancement weakens towards the emulsion-glass
interface.
After the development bath, a fixing process can be applied to wash out the dyes,

halide crystals and silver halides [288], and to make the plate insensitive to light.

Viewing

The recorded image becomes visible when the plate is illuminated by a white light source.
The incoming light is scattered (see Figure 1.4) by the tiny silver particles that are
distributed throughout the depth of the emulsion. The light waves reflected at different
depths interfere with each other, and depending on the recorded interference patterns,
some reflected colours interfere constructively and others do so destructively.

To make the most of the colours, the plate is viewed from the back — where the mirror
previously was — and where the interference pattern is the strongest. The other side of
the plate is painted black to prevent any light from going through. Furthermore, a prism
with a refractive index close to that of gelatin is attached to the top of the plate in order
to separate the strong front-surface reflection from the reflection from inside the plate.

1.3. After Lippmann

The Lumière brothers were not the only contemporaries of Lippmann interested in his
work. For example, Otto Wiener [290] extended Lippmann’s theory. He studied the phase
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Figure 1.3.: A Lippmann plate prepared for viewing after development. The glass plate is
painted in black to minimize reflections, and a prism is mounted on the side of the plate
that was in contact with the mercury layer. The light rays reflecting at the surface of the
prism do not coincide with the rays reflected from the plate.

of the light reflected off the surface of the plate when a prism is not added and the effect
this phase has on the combined reflection. Rothé [291] showed that the interface between
the gelatin and air generates reflections that are sufficiently strong to create interferences.
The elimination of mercury was important, due to its toxicity. Ives [292] achieved a closer
match between the Lippmann process and Lippmann’s theory, mainly by refining the
recipes and the chemicals used to make and develop the Lippmann plates.

The creation of an interference pattern in the photographic emulsion was experimentally
confirmed multiple times. Neuhauss [293], Lehmann [294], and Cajal [295, 296] observed
the interference patterns of Lippmann plates under optical microscopes by swelling the
gelatin. Wiener demonstrated the existence of the standing waves by using a very thin

Figure 1.4.: Directions in Rayleigh scattering. Silver grains are around 10 nm and the
wavelength of visible light is of the order of ∼ 500 nm, therefore reflection of visible light
from silver grains can be described by Rayleigh scattering [289].
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film, but on a small angle with respect to the mirror, effectively imaging a slice through
the interference pattern [282].

The mystery of the Becquerel plates — colour photography that could not be fixed —
was also solved [273]. The initial hypothesis was that they worked like Lippmann plates,
but this did not explain the fixing problem. The alternative hypothesis was based on Carey
Lea’s study of coloured, light-sensitive silver halides. Sliver halides of a certain colour are
less likely to be reduced by this colour, because they reflect it strongly. Therefore, if it is
used in a photographic plate, in the region illuminated by, for example, blue light, only
the blue sliver halides would remain. But then fixing, which removes silver halides, would
also remove the colour. This latter hypothesis was confirmed by Weiner. He observed
that the transmission through a Becquerel plate does not have the opposite colour of the
reflection, hence some chromatic absorption must occur.
Despite all the interest in Lippmann photography, it never became practical. The

Lumière brothers never managed to make the Lippmann process reproducible or to make
the plates isochromatic enough to be commercialized. [274]. Due to small the size of
the silver grains, the exposure times were long. Moreover, the Lippmann plates were
impossible to copy.

The Lumière brothers turned their interest to three-colour photography and developed
Autochrome, an additive colour photography that is relatively simple to use. Its most
significant advantage was that it combined red, green, and blue filters inside the plate.
The photosensitive material was covered with a thin layer of grains of starch in one of the
three colours; these grains acted as tiny filters.
In 1935, L. D. Mannes and L. Godowsky, working with Kodak Research Laboratories

[297] introduced Kodachrome: a subtractive “tripack” process, where the three light-
sensitive layers where stacked tightly together. After the development of the film, the
Kodachrome film could be projected without filters.4 Finally, people stopped seeing the
indirect three-colour photography as inferior to direct interference-based photography,
and the terms direct and indirect were abandoned [274].

In 1940s, an invention similar to Lippmann photography came from the field of X-ray
microscopy. Dennis Gabor proposed to use holography to create lensless microscopy
to avoid aberrations created by lenses [299, 300]. He was awarded the Nobel Prize in
Physics in 1971 “for his invention and development of the holographic method” [301]. Like
Lippmann photography, holography is also based on the photographic recording of the
interference of light. Contrary to Lippmann photography, holography uses a reference
wave — not the reflected wave — to create interference. This means that holography can
record the phase of light, but also that it has to be recorded with coherent light (e.g.,
laser). Not surprisingly, three-colour holography was proposed.
The holographic process is very similar to the Lippmann process. The photosensitive

emulsions can be used interchangeably. This means that industrially produced hologra-
phy plates can be re-purposed for Lippmann photography by Lippmann photography
enthusiasts [283]. The most significant difference in these two processes is that, at the
very end, after fixing, holographic plates are bleached. Bleaching converts the metallic

4In 2010 the last roll of Kodachrome was developed [298].
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silver grains back into silver halides. This makes the plate transparent. However, silver
has a higher index of refraction than gelatin, hence the exposed areas are more refractive,
and the reflected hologram is still visible. We will discuss refraction based plates in more
detail in Chapter 3.
More recently, various aspects of the Lippmann process were revisited. Phillips et

al. [302, 303] precisely described the scattering of the silver grains, as well as their size
limitations. They established constraints regarding the aperture (f-number) of the lens
for a successful Lippmann photograph. Fournier et al. [304, 305] studied the creation of
extremely fine-grain emulsions and analyzed the structure and spectrum reproduction of
historical and contemporary photographic plates.

Nareid and Pederson [306, 307] introduced a mathematical model based on local changes
in the refractive index of the plate. Their model is useful for crafting alternative methods
for recording Lippmann or holographic plates, as we will see in Chapter 3.

Last but not least, Bjelkhagen studied many practical aspects of the technique, such as
recording with holographic plates and the use of the method for security purposes [308–
311], and Alschuler described observations from creating his own Lippamnn photographs
[312].
Despite all this research, some misconceptions about Lippmann plates persist. The

most common one is that the Lippmann method enables a perfect reconstruction of the
original spectrum, at least from a theoretical point of view. This is not true. In Chapter 2,
we show a number of inconsistencies between the recorded and reflected spectra, many of
which have never been documented even in modern studies [305–307, 311].

145



Chapter 2.

Present

In Chapter 1, we learned that Lippmann’s idea attracted the attention of his con-
temporaries and more researchers. Since the invention of Lippmann photography, the
most controversial question is whether the Lippmann process exactly reproduces the
polychromatic spectra. Some modern studies [305, 311] accept the hypothesis of perfect
reconstruction, assuming a plate of infinite thickness, perfectly uniform development, and
re-illumination with a flat spectrum. Other authors, such as Nareid and Pedersen [306,
307], show models that predict that recorded and reflected spectra are not the same.

In this chapter, we revisit the question about spectrum reconstruction and show that
the reflected spectrum is not the same as the original one, even assuming no additional
development effects. We explain the artefacts of the reflected spectrum that have never
been documented in the literature. To do this, we apply signal-processing methods
that are not very distant from Lippmann’s original theory that is based on the Fourier
transform. In Section 2.1, we formulate a mathematical model of the Lippmann plate.
Then, in Section 2.2, we estimate how much information of the original spectrum can be
recovered from the recorded spectrum. We verify our model experimentally in Section 2.3
and conclude this chapter in Section 2.4.

We adopt the notation described in List of Symbols that is provided at the beginning
of this thesis. This way our notation is consistent with the rest of this thesis, but not
with the optics literature. We sincerely apologise for this to any physicist that might be
reading this work.

2.1. Mathematical Model

In this section, we propose a mathematical model for the Lippmann process. On a high
level, we model the Lippmann process as a signal-processing pipeline. We interpret the
recoding of a plate as applying an analysis operator, the effects of development as filtering,

Contributions: The work in this chapter is joint work of the author of this thesis (MP) with Gilles
Baechler (GB), Arnaud Latty (AL), Martin Vetterli (MV), and Adam Scholefield (AS) [270]. This
work has also been included in GB’s thesis [313]. GB, MV, and AS designed research; GB, AL, AS,
and MP performed research; GB and AL performed experiments; GB and MP analysed data and ran
simulations; MP wrote this chapter.

The code used for simulations is available at https://github.com/LCAV/lippmann-photography.
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Figure 2.1.: Lippmann photography from signal processing point of view. We can interpret
each stage as applying consecutively analysis, filtering and synthesis operators, followed
by a non linearity in the form of squared norm.

and the viewing as a applying synthesis operator and taking the squared magnitude, see
Figure 2.1.
To calculate these operators, we need to model the light wave. The most general

approach would be to use Maxwell’s equations. However, to model the Lippmann process
we do not need to take into account the polarisation of light, the electric currents, or
magnetisation in the material. Therefore, we can use the wave equation to describe the
propagation of light. The wave equation is easier to analyse in the Fourier domain. In
short, the wave equation can be solved for each frequency separately, then the solution
can be combined to describe the propagation of any wave. In Fourier optics, a wave is
usually described by the spatial frequency k, called the wave number [314]. In our case,
as we consider only planar waves travelling perpendicularly to the direction of the plate,
the wave number is proportional to the frequency ω.
We assume that all waves travel in the direction perpendicular to the surface of the

plate, because such waves give the strongest interference patterns and the strongest
reflections. Our assumption is not realistic because a planar wave has the same colour
and intensity everywhere. Nevertheless, such waves are a reasonable approximation if the
scale of variation in colour or phase is much larger than the wavelength of light, which is
true for artistic photography.
Another assumption we make is that all the media (air, photographic emulsion, etc.)

are homogeneous, i.e., have a constant index of refraction. In this case, a solution u(z, t)
to the wave equation for a single frequency, travelling along the z axis is given by

u(z, t) = ake
i(ωt−kz)
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where a is the complex amplitude (amplitude and phase) and k = ωn
C is the wave number,

where C is the speed of light in vacuum and n is the index of refraction of the medium.
Note that we adopt the standard convention from optics that the wave propagates along
the z direction, instead of, e.g., the x direction; z does not refer to the z-transform.

For positive k, the wave travels in the positive z direction and for negative k it travels
in the negative z direction. If we want to consider jointly the wave numbers k and −k,
we can include the dependence on z and the sign into the amplitude a(z):

u(z, t) = a(z)eiωt.

Therefore, any polychromatic wave u(z, t) travelling through a homogeneous medium can
be written as an integral of all its monochromatic components:

u(z, t) =

∫ ∞
−∞

a(k)ei(ωt+kz)dk. (2.1)

If we prefer to parameterise the wave by only the positive wave numbers, we can write

u(z, t) =

∫ ∞
0

a(k, z)eiωtdk. (2.2)

Note that in Equation (2.1), we do not explicitly write the dependence of the wave number
k on the frequency ω. We use this notation because, in our work, the wave number is
more relevant than the frequency. The oscillations of the visible light waves are too fast to
be registered [314], and the phase of a wave cannot be measured without some reference
phase. Therefore, we often drop the eiωt factor and, with a slight abuse of notation, write
a(k) meaning a(k(ω)).

Instead of measuring the amplitude, we measure the power spectrum of a wave:

p(ω, z) = |a(ω, z)|2 and p(k, z) = |a(k, z)|2. (2.3)

If a wave propagates through a homogeneous medium, its spectrum does not depend on
z, and we write p(z). We also define the intensity of a light wave at a given point z:

l(z) =

∫ ∞
−∞

p(k)dk. (2.4)

Note that the intensity depends only on the total power of the signal and not on its phase.
This concludes the core optical concepts needed in this chapter. For a good general

reference on optics, we can recommend the freely available book by J. Peatross and M.
Ware [314].

We now describe in more detail how we model each step of the Lippmann process. In
each step, we have to make additional decisions regarding which physical phenomena have
a significant influence on the reflected spectrum and which are negligible. We introduce
the required concepts as we go.
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Analysis: Recording a Lippmann Plate

To describe the recording of a Lippmann plate, we first model the wave, its reflection and
interference, then the chemical process of exposing the silver halides.

We first consider a planar wave travelling in the negative z direction. We set z = 0 to
be the position of the mirror. Upon hitting it, the wave is reflected back. We define the
reflection coefficient of the mirror as R = ρeiθ, where ρ is the attenuation factor and θ is
the phase shift. Later, in Section 2.3, we will see that the value of R has a strong influence
on the resulting spectrum. Before the recording, the Lippmann plate is homogeneous.
Therefore, for a single frequency ω, the combined incoming and reflected wave is

a(k, z) = a0(k)ei(ωt−kz)︸ ︷︷ ︸
incoming

+Ra0(k)ei(ωt+kz)︸ ︷︷ ︸
reflected

= a0(k)eiωt
(
e−ikz +Reikz

)
,

where a0 is the amplitude of the incoming wave, thus a0(k) = 0 for negative k. According
to Equation (2.3), the combined wave has a power spectrum that varies depending on z:

p(k, z) = |a0(k)|2
∣∣∣e−ikz +Reikz

∣∣∣2 = |a0(k)|2
(
1 + ρ2 + 2ρ cos (2kz − θ)

)
.

From Equation (2.4), we obtain that the intensity of the polychromatic wave, i.e., the
interference pattern is

l(z) =

∫ ∞
0

p0(k)
(
1 + ρ2 + 2ρ cos (2kz − θ)

)
dk, (2.5)

where p0 is the power spectrum of the recorded wave, p0(k) = |a0(k)|2. Note that
Equation (2.5) is the generalized Fourier cosine transform of the recorded power spectrum
p0.

Interestingly, the intensity varies spatially in z and takes the form of standing waves1,
or more generally partial standing waves when ρ < 1. In the case of monochromatic
light, the interference pattern takes the form of cosines, whose frequency of oscillation
depends on the wavelength (see the left side of Figure 2.2). For a Gaussian spectrum, the
interference pattern is more complex, see the right side of Figure 2.2.
The amount of silver halides that are reduced to silver and that create silver grains

under exposure to light depends on the energy of the interference pattern. Here, we
model the density of silver grains as a continuous function and assume that the process is
deterministic. This is not entirely accurate, but it is a standard assumption that makes
the subsequent steps of the modelling easier.

We assume that the silver density after exposure is proportional to the intensity of the
interference pattern. In practice, the response of a photographic plate to the amplitude
of light is described by the so-called Hurter-Driffield curves [315], see Figure 2.3. Here,
we assume that the intensity of the interference pattern is in the regime where the
Hurter-Driffield curve is linear. Furthermore, we assume that the slope of the linear part

1Technically speaking, standing waves only form in the monochromatic case. In the polychromatic case,
we can think of the shape of the resulting wave as an infinite sum of standing waves.

149



Chapter 2. Present

400 500 600 700

Wavelength (nm)

0 2 4

Depth (µm)

400 500 600 700

Wavelength (nm)

0 2 4

Depth (µm)

Figure 2.2.: Interference patterns created by different waves, using perfect mirror (r = −1).
First plot in the pair depict the incoming eave, the second plot depicts the interference
pattern. Left: a monochromatic wave creates sinusoidal standing waves in the photographic
emulsion. Right: a wave with a Gaussian spectrum creates an interference pattern localised
close to the mirror (depth 0).

of the curve, called γ in photography, is equal to 2 for a Lippmann plate. As the plot is
logarithmic, a slope equal to 2 corresponds to a quadratic response to the amplitude of
light or a linear response to the intensity of light.

Although γ can vary widely for holographic plates (from 1 to 6 [316]), the assumption
γ = 2 seems to be popular in the literature [307].

Figure 2.3.: H-D curve. Note that the axis are logarithmic. The slope of the flat part of
the curve is called γ. In our model, we assume that slope is equal to γ = 2 everywhere;
our assumption is correct if we are in the middle of the curve.

Filtering: Development

Here, we model the development of a Lippmann plate. The development reduces the
remaining silver proportionally to the latent image, hence we model it as a multiplicative
factor c(z). The factor c depends on the depth of the plate because the developer diffuses
from the top of the plate: the deeper layers are generally less developed than the top ones.
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The concentration of the developer is given by the diffusion equation. For simplicity, we
approximate the solution to the diffusion equation with a decaying exponential:

c(z) ≈ e−τz, (2.6)

where τ is the decay rate.
In summary, the density of reflective silver grains after the development is

r(z) = e−τz
∫ ∞

0
p(k)

(
1 + ρ2 + 2ρ cos (2kz − θ)

)
dk. (2.7)

Synthesis: Viewing a Lippmann Plate

In order to model a reflection from a silver plate with varying density, we first assume
that the plate is illuminated with monochromatic light. As the light transport is linear2,
any other reflection can be obtained as a superposition of the monochromatic waves.
We assume that the plate is illuminated by a light wave ui travelling in the direction

of positive z. This light wave reflects from silver grains inside the plate. As we model
the distribution of silver grains as a continuous function, we consider a reflection from
a thin layer of the plate at depth z, of thickness ∆z, see Figure 2.4. After the wave ui
goes through this layer, r(z)ui(z, t)∆z of it is reflected; therefore (1− r(z)∆z)ui(z, t) is
transmitted. Similarly, a wave ur, which has been reflected deeper in the plate, travels in
the opposite direction. At depth z it will to grow by the reflected part of ui, r(z)ui(z, t)∆z
and will shrink by its own reflection from the plate: r(z)ur(z)∆z. This second order
reflection — the reflection of the reflected wave — adds to the forward travelling ui.
This dependence of change in ur on ui and change in ui on ur leads to a system

of differential equations that is difficult to solve analytically for an arbitrary r. As it
is a system of linear differential equations, it can be reliably solved numerically. We
describe this system Box 2.1, but here we study an approximate analytical solution of the
light transport in the plate, the same way Lippmann did. This enables us to study the
combined recording and reflection in an analytical form.
To obtain the analytical solution, we neglect all the reflections of an order greater

than one, and we assume that the incoming wave is not affected by the reflections:
ui(z) = aie

ikz for all z. This pair of assumptions is often called the first-order (or Born)
approximation, as it is equivalent to taking the smallest-order expression in the powers of
r, see Box 2.1. Therefore, it is realistic only for the small r, see Figure 2.5.
Under these assumptions, the reflected wave (at z = 0) is an integral over z of waves

reflected at depth z:

ũ(k, z = 0) = ai(k)

∫ Z

0
r(z′)e−i2kz

′
dz′. (2.8)

Here, Z is the depth of the plate, and we use ∼ to denote the observed waves to distinguish
them from recorded waves or waves used to illuminate the plate. The phase under the

2The light transport is only linear for energies that are of interest here; in Chapter 3, we will see a
situation when light transport is not linear.
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Figure 2.4.: 1D reflection model from a single layer. Left: all reflections. Right: first order
approximation we make.

integral is e−i2kz because partial waves reflected at depth z have to travel to depth z and
back. We ignore the phase change caused by the reflection of the silver grains, as it is the
same for all partial waves.
Here, ũ is defined only for k > 0, that is to say, we consider only the waves reflected

from the left side of the plate; the right side of the plate is painted black and the reflection
from it is 0.
Note that Equation (2.8) does not preserve the energy; the intensity of the incoming

wave is the same throughout the depth of the plate, even though some of it is previously
reflected. This is problematic when the plate is of large (infinite) thickness. Then, we
also need the integral of r over the depth of the plate to be small or at least finite. The
development factor c(z) = e−τz from Equation (2.7) is helpful, because if p is bounded
and if τ > 0, then r is indeed integrable.
Equation (2.8) gives us the wave at the edge of the plate. As always, we measure its

power spectrum:

p̃(k) = |ũ(k)|2 = |ai(k)|2
∣∣∣∣∫ Z

0
r(z)e−i2kzdz

∣∣∣∣2 . (2.9)

Unless stated otherwise, we assume that the plate is illuminated with a flat spectrum,
thus ai(k) is constant; for simplicity we set |ai(k)|2 = 1.

Combined Model, a.k.a. The Lippmann Transform

Here, we combine all three steps of Lippmann’s method to model how the recorded power
spectrum maps to the reflected power spectrum. We begin with modelling the linear part
of the mapping, i.e., up to Equation (2.8). Later in this section, we show that it can be
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Figure 2.5.: Accuracy of the first order approximation. Power spectra of light reflected from
the same interference patterns, but with the reflectivity increasing by factor of 10 between
consecutive figures. The reflected power of the first order approximation increases by the
order of 100, between consecutive figures, but the reflected power calculated numerically
increases more slowly than that.

written as an integral operator. More formally, the amplitude at frequency k′ of a wave
reflected from a plate of depth Z is

ã(k′) =

∫ ∞
−∞

p0(k)ĥ(k, k′)dk, (2.10)

where we assume that p0(k) = 0 for k < 0 and the kernel ĥ is defined as follows:

ĥ(k, k′) = ρe−iθŝ(k′ − k) +
(
1 + ρ2

)
ŝ(k′) + ρeiθŝ(k′ + k), where

ŝ(k) =
1

(2ik + τ)

(
1− e−(τ+i2k)Z

)
.

Here, we explicitly write the hat over ŝ and ĥ to highlight that they are expressed in the
spatial frequency domain k. In the spatial domain, the inverse Fourier transform of ŝ is

s(x) =
1

2
1[0,2Z]e

− τx
2 , (2.11)

which we calculate later, together with the derivation of Equation (2.10).
The formulation of the Lippmann transform that uses ĥ resembles the formulation of

integral transforms in kernel-reproducing Hilbert spaces (KRHS, Part I: Section 1.1). The
difference is that ĥ is not symmetric, hence we cannot use the core results from KRHS
that are based on spectral decomposition of the integral operator. An example ĥ is shown
in Figure 2.6.
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Figure 2.6.: Filters ŝ(k′) for different values of Z. Left: Z = 10 µm. Right: Z = 5 µm.
Compared to the left, the oscillations are less pronounced.

Proof of Equation (2.10) and Equation (2.11)

First, let us calculate that indeed the Fourier transform of s(y) is ŝ(k′) (Equation (2.11)).
We have

ŝ(k′) =

∫ ∞
−∞

1

2
1[0,2Z]e

− τx
2 e−ixk

′
dx

=
1

2

[ −1

ik′ + τ/2
e−

τz
2 e−ik

′x

]x=2Z

x=0

=
1

(2ik′ + τ)

(
1− e−(τZ+i2k′Z)

)
.

Using this result, we prove Equation (2.10). Combining Equations (2.5) and (2.8) gives a
double integral equation:

ã(k′) =

∫ Z

0
c(z)

∫ ∞
0

p0(k)
(
1 + ρ2 + 2ρ cos (2kz − θ)

)
e−i2k

′zdkdz

By changing the order of integration, we can integrate out the variable z:

ã(k′) =

∫ ∞
0

p0(k)

∫ Z

0
c(z)

(
1 + ρ2 + ρ cos (2kz − θ)

)
e−i2k

′zdz︸ ︷︷ ︸
ĥ(k,k′)

dk,

That gives us the definition of ĥ:

ĥ(k, k′) =

∫ Z

0

1 + ρ2︸ ︷︷ ︸
(i)

+ ρe−iθei2kz︸ ︷︷ ︸
(ii)

+ ρeiθe−i2kz︸ ︷︷ ︸
(iii)

 e−τze−i2k
′zdz.
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Each term in the brackets can be expressed in terms of ŝ(x) if we apply a change of
variables x := 2z. Indeed, we obtain

ĥ(k, k′) =

∫ ∞
−∞

((
1 + ρ2

)
ŝ(x)e−ik

′xρe−iθŝ(x)e−i(k
′−k)x + ρeiθŝ(x)e−i(k

′+k)x
)
dy,

where the integral can be from minus infinity to infinity because ŝ(x) already contains
the indicator function. Therefore,

ĥ(k, k′) = ρe−iθŝ(k′ − k) +
(
1 + ρ2

)
ŝ(k′) + ρeiθŝ(k′ + k).

�

It is convenient for us to consider separately the three parts of the amplitude ã
(Equation (2.10)), as in the equation above. We write

ã(k′) =

∫ ∞
0

p0(k)ĥ(k, k′)dk

= rb−(k′) + (1 + ρ2)b0(k′) + rb+(k′) (2.12)

where b−(k′) = b+(−k′), and

b0(k′) = ŝ(k′)
∫ ∞

0
p0(k)dk,

b+(k′) =

∫ ∞
0

p0(k)ŝ(k′ − k)dk

As discussed before, in this model we do not consider the negative frequencies. The
negative k′ corresponds to the reflection from the back of the plate , and p0(k) = 0 for
k < 0 because the plate is illuminated only from one direction. For this region of interest,
the term b−(k′) is negligible compared to b0 and b+. As our equations are not exact, but
only a first order approximation, we often omit b−.

The reader familiar with the work of Nareid and Pedersen [307] might notice that the
operator they derive is very similar but does not describe the decay due to the development,
and it does not describe the phase change at the mirror and does not contain the term
b0. A model without b0 describes a holographic plate more closely than a Lippmann
plate, where reflection is due to varying index of refraction rather than reflective silver
grains3. Nevertheless, the reflection-based model was considered by Lippmann [287] and
Wiener [290]. We will see in Section 2.3 that both the b0 term and the phase change have
a significant effect on the plates we analyse.

3A fair comparison between the models is not possible without explaining details of the model by Nareid
and Pedersen. For optically curious, let us note here that, to keep their model general, Nareid and
Pedersen consider also complex-valued index of refraction; this index describes both reflection and
refraction. However, the term b0 can be ignored only when considering real-valued index of refraction;
thus their model does not give the correct results in the reflection case.
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Finally, we do not observe ũ(k′, t) directly, rather its power spectrum given by

p̃(k′) =

∣∣∣∣∫ ∞
0

p0(k)ĥ(k, k′)dk

∣∣∣∣2 . (2.13)

2.2. Information Contained in the Lippmann Plate

In this section, we estimate how much information about the original spectrum can be
inferred from the measured spectrum. We first study the channel capacity of a Lippmann
plate, which we estimate using the number of degrees of freedom of the reflected spectrum.
Then, we propose two methods for recovering the original spectrum. One of the methods
is a custom alternating algorithm that we describe in Section 2.3 to estimate recorded
spectra of the historical plates.

Channel Capacity

To estimate the channel capacity — or more precisely the upper bound on the channel
capacity as we do not consider noise — we will make a few simplifications to Equation (2.13).
First, we observe that by considering the power spectrum p̃, instead of the amplitude ã,
we lose the phase information. Therefore, the number of complex degrees of freedom of ã
corresponds to the number of real-valued degrees of freedom of p̃.

We consider the amplitude given by Equation (2.12):

ã(k′) = rb−(k′) + (1 + ρ2)b0(k′) + rb+(k′).

As discussed before, the term b− can be omitted. For fixed parameters of the plate, the
term b0 has only one degree of freedom: the value of

∫∞
0 p0(k)dk. Therefore, to estimate

the number of degrees of freedom of ã, we study only

b+(k′) =

∫ ∞
−∞

p0(k)ŝ(k′ − k)dk,

where we can integrate from minus infinity because p0(k) is equal to zero for the negative
k. Function b+ is a convolution of p0 with ŝ. This means it is a multiplication in the
spatial domain.
The inverse transform of ŝ has compact support (Equation (2.11)) and is not zero

anywhere on [0, 2Z]. Therefore, b0(k̃) is band-pass and, from the canonical sampling
theorem (Part I: Section 1.1), can be uniquely described with samples that are 2π

2Z apart.
Assuming that we measure part of the reflected spectrum between wave numbers kmax

and kmin, e.g., the visible spectrum, the measured ã contains around

Z

π
(kmax − kmin)

complex degrees of freedom. We measure p̃ instead of ã, thus we can distinguish up
toZ (kmax − kmin) /π real-valued degrees of freedom.
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We could obtain the same estimate by assuming that p0 has support in [kmin, kmax].
This is a reasonable assumption, because the Lippmann plates are sensitive to only certain
wavelengths of light. Then, we can use the cardinal sampling theorem to observe that
we need spatial samples of p̃ to be (kmax − kmin) /(2π) apart. Therefore, in the interval
[0, 2Z], we can measure Z

π (kmax − kmin) real-valued samples. Here, we have real-valued
samples because p0 is real-valued.
To estimate the number of degrees of freedom of a real Lippmann plate, we assume

that the visible spectrum spans wavelengths λ from 400–700 nm, the refractive index n
of the plate is 1.5 and that the emulsion thickness Z lies between 4–10 µm. Using the
relation that k = n/λ, we obtain the 13–32 sample range.4

Invertibility

In the previous subsection, we have seen that the reflected spectrum can be described
with a finite number of samples. This means that for the Lippmann transform to be
invertible, we need to restrict the original power spectrum p0 to some finite dimensional
family of functions. In this section, we propose such a restriction and propose to use
phase-lift method to recover p0 from the measured power spectrum p̃ by Equation (2.13).
Using the observation that the Lippmann transform limits the degrees of freedom of

the power spectrum both in the frequency and in the spatial dimension, we propose to
restrict p0 to be limited in space to [0, 2Z]. Similarly to bandlimited functions, p0 can be
written as

p0(k) =
∑
n∈N

p0(κn)φ̂(k − κn), (2.14)

where κ is the distance between the frequency samples, κ = π
Z , N ⊂ N is the range of n

such that κn ∈ [kmin, kmax], and finally φ is almost a sinc function5:

φ̂(k) = eikZ sinc(kZ); in spatial domain:φ(y) =
1

2
1[0,2Z]. (2.15)

The shifts of φ̂ by κn form a basis of waves limited in space to [0, Z]. The result of the
Lippmann transform on φ̂(k − κn) is equal to the kernel ĥ at k = κn:∫ ∞

0
φ̂(k − κn)ĥ(k, k′)dk = ĥ(κn, k′). (2.16)

We provide a detailed derivation at the end of this subsection.
For p0 as defined in Equation (2.14), we can express the reflected wave using Equa-

tion (2.16) as follows:
ã(κ̃) =

∑
n∈N

p0(κn)ĥ(κn, k′)

4A reader familiar with our work might notice that our result here is half of the result in [270]. This is
because in [270] we did not assume that only real-valued samples can be measured.

5For the definition of sinc see Part I Section 1.5.
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We can write the equation in vector form. Let nmin and nmax be, respectively, the
smallest and the largest element in N . Then

p0 =
[
p0(κnmin) p0(κnmin +1) · · · p0(κnmax)

]>
h =

[
ĥ(κnmin, k

′) ĥ(κnmin +1, k
′) · · · ĥ(κnmax, k

′)
]
.

In this notation, we obtain
ã(k′) = h†(k′)p0.

Assume now that we measure the reflected power spectrum p̃ at points k′m, m ∈ [M ] and
obtain measurements p̃m = p̃(k′m). By setting hm = h(k′m) and by using the trace tricks
described in Part I: Section 1.5 we obtain

p̃m = |a(k′m)|2 = |h†mp|2

= vec(hmh
†
m)† vec(pp†)

This way, we formulated a linear system of equations in the new variable P = pp† that is
a rank-one matrix. A reader familiar with Part I:Chapters 3 and 4 might notice similarity
with measurements ff>. If we had enough independent vectors vec(hmh

†
m), we could

recover P from this system of equations and factorise it to obtain p. However, there are
two difficulties.
First, as seen in the previous subsection, the reflected spectrum can have D = 32

degrees of freedom. To recover P as a full rank matrix, we would need D(D+ 1)/2 = 528
samples. This is feasible with spectrometer measurements that can produce 1000 spectral
samples but not possible with the multi-spectral camera we have access to, as it produces
200 spectral samples.

The second difficulty is that the span of vec(hmh
†
m) is less than D(D+1)/2 dimensional,

which we checked numerically. This means that no matter the number of samples, P
cannot be calculated without additional assumptions.

Therefore, we propose two recovery methods. The first method is inspired by algorithms
from irregular sampling [317]. We propose an iterative algorithm that exploits the prior
information that the true original spectrum must be a valid power spectrum. The
algorithm enforces this by alternatively modifying the current estimate so that it satisfies
each of the following two properties: (i) when passed through the Lippmann transform it
matches the measurements, and (ii) it is real, positive, and does not contain frequencies
corresponding to depths outside the estimated thickness of the emulsion. To enforce the
second property, a non-negative least-squares algorithm (NNLS) [318] is applied. We use
this algorithm to generate all the figures in this chapter. Simulations have demonstrated
that, in the noiseless case with an infinitely thick emulsion and known and invertible
dye and development profiles, the proposed algorithm converges exactly to the original
spectrum. Moreover, the algorithm is robust to noise, see [313].
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The second method we propose is to formulate the recovery of the original spectrum as
a semidefinite program:

arg min
P

M∑
m=1

(
p̃m − vec(hmh

†
m)† vec(P )

)
P < 0

pjl ≥ 0 for j, l ∈ [D]

Thus far, we have assumed that all the parameters of the plate, in particular the depth
Z and decay τ , are known. In practice, however, we have only some estimates of these
quantities. In the case of the historical Lippmann plates that we study in Section 2.3, we
cannot cut the plates open to measure them, hence we have to incorporate their estimates
into the algorithm. For the iterative algorithm, this can be done by adding one extra
step to estimate τ and Z. In the case of semidefinite relaxation, we would have to run a
semidefinite program for different τ and Z.

Proof of Equation (2.16)

Observe that Equation (2.16) is a convolution between φ̂ and ĥk′ := ĥ(·, k′). Therefore,
in the spatial domain it is multiplication:

e−iκnyφ(y) · hk′(y),

where the factor e−iκny appears because of the shift of φ̂ by κn. But from the definition
of ĥ, hk′(y) also has support only in [0, 2Z], and the term φ(y) does not have an effect:

e−iκnyφ(y) · hk′(y) = e−iκnyhk′(y)

Moving back to the Fourier domain, we obtain ĥk′ shifted by −κn, and ĥk′(k − κn) =
ĥ(k − κn, k′); this proves Equation (2.16). �

2.3. Model Verification

We now use our mathematical model to study the effects and artefacts generated by
Lippmann’s procedure. If not stated otherwise, we assume that τ = 0, i.e., we do not
take the development effects into account.
To gain some intuition, we refer to Figure 2.15a, which shows monochromatic and

Gaussian spectra, and Figure 2.15b-d, which illustrate their reproduced spectra as
predicted by Equation (2.13) for plates of differing thicknesses. We notice that, although
the overall shape of the synthesised spectra is relatively accurate, it contains several
artefacts. We identify four effects that are worth further investigation.

1. First, recall that we do not observe ã(k′) directly, rather its power spectrum
p̃ = |ã(k′)|. As a result, the filtered power spectrum p0 is squared; this increases

159



Chapter 2. Present

the contrast in the synthesised colours and explains why Lippmann plates tend to
exhibit a wider tonal range, as well as strong and bold colours.

2. Second, ŝ acts as a low-pass filter on the spectrum. This effect confirms early
experiments conducted by Ives [292] who reported that the thickness of the plate
controls the spectral resolution. Additionally, the imaginary part of ŝ distorts the
overall shape of the spectrum: As we observe the squared magnitude of the analytic
signal ã, its real and imaginary parts are blended together; this results in broader
spectra.

3. Third, the term pc(k
′) contains some strong oscillations that leak into the visible

spectrum, as illustrated in Figure 2.15b-c. As seen in Figure 2.2, for Gaussian waves
the interference patterns tend to stabilize around a value proportional to the energy
of p0(k). The relative strength of the oscillations is influenced by this value: a signal
with its energy spread over the entire visible spectrum will have more pronounced
relative oscillations.

4. Finally, the heavy tails of the term pc(k
′) and in particular its imaginary component

also influence the visible spectrum. Perhaps surprisingly, this effect depends on the
reflection coefficient r.

To the best of our knowledge, points 2 to 4 have never been documented. We will now
investigate these concepts in more detail.

Plate Thickness

As we have seen in Section 2.1, the recording of the interference pattern in the plate is a
generalized Fourier cosine transform of the original spectrum. As the lower frequencies
(of the spectrum) are located at the entrance of the plate and higher frequencies deeper
in the plate, the thickness of the plate has a low-pass effect on the synthesised spectrum.
Not only are the high frequencies clipped in the synthesised spectrum, but also the sharp
cutoff at the end of the plate results in ringing artefacts due to Gibbs phenomenon, which
can be observed in Figure 2.15.
Another direct consequence of the finite thickness of the plate is the frequency of

oscillations of the middle component pc(k).
As shown in Figure 2.7, we performed a hyperspectral acquisition of a Lippmann plate.

The plate was created by photographer Filipe Alves with a home-made albumen emulsion.
It is clear that the spectra exhibit the oscillations predicted by our reflection-based
theoretical model. Furthermore, we can approximate the thickness of the plate from these
oscillations. The spectra from Figure 2.7 present 8 oscillations in the visible frequency
range ∆k, hence they have a period of T = ∆k

8 . Comparing this value with the expression
for ŝ(k), we deduce that 2π

T = 2Z
c , or Z ≈ 3.7 µm. This value is in line with the reported

plate’s thickness.

Development

To underline the effect of the development, we propose to look directly at the density of
developed silver inside a plate. Today, we do not have to expand the gelatin by swelling
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(a) Lippmann plate

400 λ (nm) 700

(b) green

400 λ (nm) 700

(c) orange

(b)

(c)

Figure 2.7.: Hyperspectral acquisition of a Lippmann plate. Left: close-up of the plate in
RGB colours. Middle: a green spectrum. Right: a red-orange spectrum measured on the
pot. The spatial location of the spectra displayed is shown on the left, and the uniform
band on top of each spectrum plots represents the corresponding RGB colour.

it (see Section 1.3) to observe the interference pattern recorded in the plate. We can use
electron microscopy to obtain sub-wavelength resolution imaging. Electron microscopes
cannot distinguish between undeveloped silver halide and metallic silver particles. To
observe interference patterns, it is necessary to fix the plate in order to wash out the
remaining silver halide.

Figure 2.8 shows an example of the density of the metallic silver particles that results
from the exposure of a plate to a 531 nm laser. The interference pattern is clearly
noticeable in the micrograph, as well as when averaging it across pixels located at the
same depth. We can also observe the decay due to development in the averaged pattern.

Reflection Coefficient

Another parameter that alters the colour rendition is the reflection coefficient r = ρeiθ.
We voluntarily described our model as a function of r and did not restrict it to r = 1 or
r = −1, as is commonly done in the literature. We now investigate the effects of changing
it.
In Lippmann photography, there are essentially two mediums that are used to create

interferences: mercury and air. For an interface between glass and mercury, the parameters
of the reflection are ρ = 0.71 and θ = 148◦. And for an interface between glass and air,
the reflection coefficient is r = 0.2, or equivalently, ρ = 0.2 and θ = 0. It is evident
that different values of r will generate different interference patterns inside the plate.
For example, with r = 1 a peak is formed at the entrance (z = 0) of the plate, whereas
with r = −1, we have a node. We are interested how these different values influence
the synthesised spectra. The side components ps and ps are modulated with r and r∗,
hence they undergo a rotation in the complex plane that is determined by the value
of θ. Whereas, the centre component pc is modulated by 1 + ρ2 and is never rotated.
This means that these two kinds of components interfere differently with each other for
different values of r.
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(a) FIB image

0 2 4 6 8

Depth (µm)

(b) Column averagingFigure 2.8.: Capture of the interference patterns. Left: electron microscope image of
a slice of a Lippmann plate created with a 531 nm laser. After fixing, we can observe
interference patterns created by the varying density of the metallic silver grains. Right:
these patterns are clearly visible after averaging the columns.

Figure 2.10 shows a skewing effect on the spectrum. On one hand, for r = −1,
the imaginary parts of ŝ(k′) and −ŝ(k′ − k) add up constructively for red colours and
destructively for blue colours, as seen in Figure 2.10a. On the other hand, for r = 1,
Figure 2.10b shows the opposite phenomenon, namely that the spectrum is skewed such
that it favours blue colours over red colours. In practice, when the reflection is due to
the interface with air, we have r = 0.2, hence we should expect stronger blues, to the
detriment of the reds as θ < π/2. With mercury, we have ρ = 0.71 and θ = 148◦, hence
red colours should predominate as θ > π/2. Given a Gaussian spectrum centred around
a specific wavelength, Figure 2.11 illustrates the expected reproduced colours for different
values of ρ and θ. It suggests that bright reds are more challenging to reproduce with
air and that blues are harder to represent with mercury. We also notice a shift of the
reflected spectra: for instance, greens should appear blueish with air and yellowish with
mercury. Moreover, a smaller value of |ρ| leads to darker colours; this explains why, in
general, plates made with mercury appear brighter than those made with air.
For a final remark, note that the strength of the skewing effect is correlated with the

spread of the energy of the original spectrum. A spectrum that is concentrated around a
single frequency will have a relatively weaker centre component and, as a consequence,
the skewing effect is less noticeable. In the extreme case where the original spectrum is a
Dirac, the tails of the centre component are not strong enough to influence the visible
spectrum, as illustrated in Figure 2.15c-d.
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Figure 2.9.: The effect of the plate’s thickness and development on spectrum reproduction.
Simulation of different silver density profiles (top) and the corresponding reflected spectra
(bottom). From left to right: first, the original spectrum; second, infinite plate with
homogeneous development: the only effect on the spectrum is the skewing described; third,
a finite plate with homogeneous development: pronounced Gibbs ripples are introduced.
Finally, a finite plate with depth-decaying development: Gibbs ripples are damped.

Monochromatic Spectrum To analyse the skewing effect, we decomposed white light
through a prism. All visible wavelengths are represented and the light of the spectrum
obtained from this decomposition is locally monochromatic. Under such light, we exposed
two Lippmann plates: one using mercury as a reflector and one using the interface with
air. We then developed these two plates by using standard techniques and photographed
them. For reference, we also photographed the light spectrum coming from the prism:
the original spectrum, along with the spectra of the two plates, is shown in Figure 2.11
(right).

To quantify the accuracy of our model, we also ran a simulation of this experiment using
our analytical model, illustrated in Figure 2.11 (left). For it to be as close as possible to
the experiment, we set the thickness of the plate to Z = 7 µm and combined it with a
development window c(z) = 1− erf (3z/Z).

We observe that the measured colours closely resemble those from our simulations. In
particular, the purple colours are weaker in plates made with mercury, and the plates
made with air struggle at reproducing bright reds. Also, the reproduced spectra are
subject to some shifts: for instance, the green colours tend to have a stronger red tint
when mercury is used and a more dominant blue component with air.

Gaussian-Shaped Spectrum We run a second experiment by placing Gaussian-shaped
bandpass filters having a bandwidth of approximately 10 nm in front of a halogen light
source. As before, we create two plates: one with a mercury reflector and one with air
reflector. The photographs of the resulting plates, along with the colour of the filters, are
shown in Figure 2.16a. For this experiment, we also acquired hyperspectral measurements
of the original spectra, as well as the spectra reflected by these plates (see Figure 2.16b-f).
We see that the reproduced colours are in agreement with our predictions. Indeed, the

163



Chapter 2. Present

Figure 2.10.: Skewing effect on the spectrum reflected by an infinite plate that recorded
the Gaussian-shaped spectrum from Figure 2.15 for r = −1 (left) and r = 1 (right). The
black lines show the complex wave (the continuous curve is the real part and the dotted
curve the imaginary part) and the blue lines show its envelope (which correspond to the
square root of the replayed intensity). We observe that the reflected spectrum for r = −1
exhibits a negative skew and that the reflected spectrum for r = 1 a positive skew.

spectra of the plates realized with a mercury reflector exhibit a negative skew, whereas
those made with an air reflector have a positive skew. Moreover, the synthesised spectra
appear broader than the original one; the main reason is that the imaginary part of the
reflected wave combines with the real part in the squared magnitude operation, resulting
in larger spectra.

Strength of Oscillations Regarding the oscillations, we notice two effects: First, they
are not significant, which suggests that they are damped by a development curve strongly
decaying with the depth. Second, their amplitude is slightly larger in the plates made
with air. This latter effect is studied in greater detail in the following paragraph.

Besides skewing the reflected spectrum, the reflection coefficient also has some influence
on the strength of the oscillations. When ρ < 1, the interference patterns take the form
of partial standing waves. The baseline term in Equation (2.5) is multiplied by the value
1 + ρ2 and the oscillating part by the value 2ρ. Subsequently, the baseline becomes
relatively stronger than the relevant part of the signal as ρ becomes smaller. This baseline
is then directly mapped to the centre component pc(k) in the reflected spectrum. As a
result, the spectrum contains stronger oscillations for smaller values of ρ. This effect is
illustrated in Figure 2.12. It also explains why the oscillations are more intense in plates
made with air reflectors than in those made with mercury reflectors.

Reflection vs. Refraction

In Section 2.1, we have mentioned that an alternative model that does not contain the
term b0 was proposed [287, 290, 307]. Here, we illustrate the differences between the
models with simulation and an experiment. Simulated reflected spectra, according to the
reflection-based and refraction-based models, are shown in Figure 2.13. The refraction-
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Simulated colors

Original

Hg

Air

Measured colors

Figure 2.11.: Colour reproduction experiment: simulated colours on the left, and measured
colours on the right. We can observe the predicted skewing effect on the spectrum. To
measure the colours, we first decomposed white light into monochromatic colours with a
prism and recorded Lippmann photographs by using mercury (Hg) and air reflectors. The
resulting reflected spectra and the original spectrum were then recorded using a digital
camera. The black speckles in the plate with mercury are due to tiny particles of dust
floating on the mercury surface. A version of this figure appeared in [270].

Figure 2.12.: Reflected spectra based on the Gaussian spectrum from Figure 2.2, for
r = −0.1,−0.25,−0.5,−1. We observe that the oscillations are proportionally more
important in spectra with lower intensities. The spectra have been re-scaled such that
they appear similar, but in practice the proportion of reflected light is higher for higher
absolute values of r.

based reflection does not contain the effect of the term b0: the oscillations and the skewing
effect.
The spectra reflected from physical plates are shown in Figure 2.14. One plate was

developed using Lippmann’s method (left) and the other one was developed and bleached
with holographic recipes (right). We notice that the spectrum on the left clearly exhibits
the skewing effect and moderate oscillations; on the contrary, the spectrum on the right
is relatively symmetric and does not present any of these effects.

Reconstructing Recorded Spectra

The main practical challenge comes from the dye profile (also called spectral sensitivity)
of the plate. In particular, our modelling up to this point has assumed that the plate is
isochromatic, i.e.,the dyes are such that the plate is equally sensitive to all wavelengths.
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Figure 2.13.: Simulation of the Gaussian spectrum from Figure 2.2 reflected by a plate of
width Z = 5 µm, r = −1 and with a constant illumination according to the reflection-
based model (left) and the refraction-based model (right).

When looking at colour reproduction on real plates in Figure 2.11, we saw that this is not
the case with dark patches appearing for wavelengths greater than 600 nm. Fortunately,
the analysis model can be extended to incorporate a general dye profile by simply replacing
P (ω) by the product of the dye profile and the input power spectrum; however, to recover
the original spectrum, the dye profile should be known and invertible.
For example, Figure 2.17a shows a Lippmann photograph of a colour checker. As we

made this photograph, we were able to measure the original spectrum of the scene, the
reflected spectrum from the Lippmann plate and the dye response of the photographic
emulsion. Measurements of the original and measured spectra, as well as the estimated
recovery returned by our inversion algorithm, are shown in the figure. We see that the
reproduction is accurate, except for regions where the dye response is weak.

Finally, in Figure 2.17b, we present the measured and inverted spectra of four points of
two historical plates. The first was made by Gabriel Lippmann between 1891 and 1899 in
Saas Fee, Switzerland. Hence, it contains century-old measurements of the spectrum of a
natural scene. The second was made by Richard Neuhauss in 1899 and is of a parrot.
Looking at the measured spectra of these historical plates, the lack of oscillations

immediately stands out. From the analysis presented in Figure 2.9, we know that this
can be explained by a smoother decay to zero in the development window function W (z).
This could be due to a slightly different development or an aging effect that reduces the
density of silver at both boundaries of the emulsion.

Unfortunately, it is impossible to measure the dye response of these plates because the
dyes are washed out of the plates as part of the chemical processing. Furthermore, the dye
recipes were, in all probability, tuned to reproduced accurate and faithful colours, rather
than to achieve perfectly isochromatic solutions. Another aspect that we do not know
about is whether the photographers used colour filters to improve the colour rendition.
For instance in [311], which is one of the few contemporary publications on the topic,
a photo of the apparatus used to capture Lippmann photographs (with an air-based
reflection) clearly shows a warming filter in front of the lens. These unknown factors are
unfortunately impossible to compensate for in our algorithm. Finally, the plates most
probably were captured with mercury for a reflective medium, as they were created before
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Figure 2.14.: Two different development procedures and their effects. Left: the Lumière
developer results in spectra that can be explained with the reflection-based model. Right:
holographic recipes produce spectra that can be inferred from the refraction-based model.

E. Rothé proposed the use of air as a viable alternative [291]. However, we cannot be
certain about this.

Despite these limitations, we present spectrum recovery results in Figure 2.17b, assuming
uniform spectral sensitivity and a mercury reflective interface. Qualitatively, the recovered
colours appear too blue, which hints that either the emulsion was not isochromatic, or that
the cooling filters were used during the capture. Another, less-likely, explanation is that
the plates were made with air reflectors, even though they predate Rothé’s publication.
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Figure 2.15.: Influence of the plate’s thickness on the reflected spectrum. Given (a) a
spectrum recorded in a plate of thickness Z, we show the reflected spectrum for (b)
Z = 2.5 µm, (c) Z = 10 µm, and (d) Z approaching infinity. The thickness controls the
sharpness of the synthesised spectrum (this is especially noticeable with monochromatic
light that has high frequency components) and the frequency Z/(πc) of the ringing
artefacts. Shaded areas represent visible light.
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Original spectrum Hg reflector Air reflector
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Figure 2.16.: Skewing effect on Gaussian-shaped spectra: (a) the left column shows the
five filters used to expose the plates, whereas the middle and right columns show the
resulting plates after development. Additionally, we show the spectral data corresponding
to each of these five bands: (b) 450 nm, (c) 500 nm, (d) 550 nm, (e) 600 nm, and (f) 650
nm.
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Verification of the recovery algorithm
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Figure 2.17.: Spectrum recovery; figure from [270]. Top: the recovery algorithm is verified
using self-made plates. Left: photographs of the colour checker and of the Lippmann
plate of the colour checker. Right: the original, measured and recovered spectra. Bottom:
the recovery algorithm is applied to two historical plates. Left: photographs of the plates.
Right: the measured and recovered spectra.
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2.4. Conclusions

A thorough inspection of Lippmann’s Nobel-Prize winning paper [287] enabled us to
elucidate a misconception that went unnoticed for more than a century regarding the
perfect reconstruction of the synthesised spectrum with infinite plates. Furthermore, our
formulation provides a clear explanation of the colour reproduction of Lippmann plates.
This enabled us to characterize and describe various effects, such as the role of a low-pass
filter effect due to the finite thickness of the plate, the skewing effect induced by the
choice of reflector, and the presence of oscillations in the synthesised spectra.

Want to know more? 2.1: Exact Reflection

In this box, we formulate the differential equations exactly and show how to formally
obtain the same approximation we made in Section 2.1.

As in Section 2.1, we assume that we have an incoming wave ui(k, z) travelling towards
positive z and a reflected wave ur(k, z) travelling towards negative z. We consider the
reflection of a thin layer of thickness ∆z, as illustrated below:

The reflected and transmitted waves have to satisfy the following equations:

eik∆zui(z + ∆z) = (1− r(z)∆z)ui(z) + r(z)∆zur(z + ∆z)

ur(z) = r(z)ui(z)∆z + e−ik∆z(1− r(z)∆z)ur(z + ∆z)

The factor eik∆z comes from propagation of the wave through the depth ∆z. By multi-
plying the first equation by eikz and the second equation by e−ikz and moving the terms
that do not contain r as a factor to the left, we obtain

eik(z+∆z)ui(z + ∆z)− eikzui(z) = −eikzr(z)ui(z)∆z + eik(z+∆z)r(z)ur(z + ∆z)∆z

e−ikzur(z)− e−ik(z+∆z)ur(z + ∆z) = e−ikzr(z)ui(z)∆z − e−ik(z+∆z)r(z)ur(z + ∆z)∆z
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By dividing by ∆z and taking the limit ∆z → 0, we obtain a system of differential
equations:

e−ikz
d

dz

(
eikzui(z)

)
= −r(z)ui(z) + r(z)ur(z)

eikz
d

dz

(
e−ikzur(z)

)
= −r(z)ui(z) + r(z)ur(z).

This system of equations is difficult to solve analytically for arbitrary r(z). Here,
we assume that r(z) � 1, and we apply the first-order approximation, i.e., from each
equation, we preserve only terms with the lowest power of r(z). In the first equation, as
ui is the incoming wave, we assume it is of order of 1. As the right side of this equation
behaves similarly to r, it is negligible compared to ui. We obtain that eikzui is constant.
In the second equation, ur behaves similarly to r, hence we can discard only r(z)ur(z):

eikz
d

dz

(
e−ikzur(z)

)
= −r(z)ae−ikz

which we can integrate and obtain the same result as in Section 2.1:[
e−ikzur(z)

]Z
0

= 0− ur(0) = −
∫ Z

0
r(z)ae−i2kzdz,

where ut(Z) = 0 because we assume that there is no light going trough back of the plate;
it is painted black.

Using this method, we could consider keeping not only the first term in the powers of
r, but also the second. Then, the upper equation would have to be solved first, but the
energy of the incoming wave would no longer be constant.

Finally, the linear differential equations we discuss in this box can be solved numerically
using any standard solver.
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Future

Introduction

As we discussed in Chapter 1, Lippmann photography never became a mainstream
photographic technique. The reasons for this include the long exposure time needed to
record the plates, the variability of the photographic process, the difficulty in producing
plates of sufficient quality, and the impossibility to duplicate plates. Despite this, we
believe that Lippmann photography has the potential to inspire innovation in digital
technologies such as digital displays, multi-spectral cameras, colour reproduction and,
last but not least, data storage.
For example, consider electronic paper displays, i.e., displays that reflect light rather

than emit it. They use much less energy than light-emitting displays and are less tiring
for the eyes; they are very similar to paper in terms of fatigue [320]. At the time of this
writing, all colour electronic paper available on the market uses the three-colour method.
As electronic paper pixels are large, the reduced colour resolution (due to the need for
3 pixels to display a single colour) is much more visible than on light-emitting displays.
There are prototypes of interference-based displays that can display any monochromatic
colour with a single pixel [321]. However, there are colours, e.g., magenta, that cannot be
displayed with a monochromatic light. Lippmann photography is capable of polychromatic
reflection, hence it could inspire new types of electronic paper displays.
The technology for multi-spectral cameras is more mature than for colour electronic

paper. Nevertheless, we think that a Lippmann inspired multi-spectral camera, i.e.,
a Michelson interferometer with an attached imaging sensor, can adapt more easily to the
lighting conditions than existing technologies; it can trade exposure time for the “depth
of the plate”, which affects the spectral resolution. A prototype of such camera, built in
LCAV, is depicted on the left in Figure 3.1.

Contributions: the research proposal described in this chapter arose during discussions between the
author of this thesis (MP), Adam Scholefield, Martin Vetterli, Yves Bellouard (YB), Gilles Baechler,
and Arnaud Latty [319]. The preliminary results in this chapter would not have been possible without
the femto-laser expertise of YB, as well as Julien Gateau, Ruben Ricca and Yacine Hedef and the
help of other members of the GALATEA laboratory. MP wrote and ran simulations and wrote this
chapter.

The code used for simulations is available at https://github.com/LCAV/femto-lippmann.
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Figure 3.1.: Left: a prototype of a Lippmann-inspired multi-spectral camera. The beam
splitter is visible in the centre, mirrors are to the right and at the top. Right: a bubblegram,
also known as laser crystal, 3D crystal engraving or vitrography: a 3D image created
using subsurface laser engraving. During the engraving, focused laser beams make small
cracks in the glass. The cracks scatter light, so they seem white. Currently there are no
mulit-colour bubblegrams.

In the remainder of this chapter, we discuss two applications: colour reproduction and
data storage. We propose to use femto-second lasers to create durable colours inside
glass; this results in something similar to a bubblegram (Figure 3.1, right) but in colour
and potentially with smaller features. Such a recording could have multiple applications,
including in security and archival data storage. As we have seen in Section 2.2, the
Lippmann plates can store up to 30 spectral samples in the depth of the plate, hence the
information could be encoded in colour. The data storage application might be the most
interesting because the growth of data production exceeds our current storage capability
and new storage technologies are needed.
In terms of security applications, the colour images we propose to embed in glass

require specialised equipment to write. Verifying their authenticity, e.g., by checking that
a pattern invisible to human eye is present, requires less specialised equipment, such as
a multi-spectral camera or a spectrometer. As a bonus, this method would also enable us
to copy a Lippmann plate, for example, to make reproductions of the original Lippmann
plates; this is not possible with current technologies.
In this chapter, we imagine how such a colour printing technology could work. We

begin with an overview in Section 3.1 of current long-term storage technologies and
their capacities. We focus on glass-based storage as the most relevant for our work. In
Section 3.2, we describe our idea for Femto-Lippmann storage [319] that could double
as a colour bubblegram. In Section 3.3, we describe how to adjust the mathematical
model from Chapter 2 for media with varying refractivity rather than reflectivity. Finally,
in Section 3.4, we show our preliminary results that can guide development of Femto-
Lippmann printing.

174



Chapter 3. Future

3.1. Data Storage

What does the future of data storage look like? In our homes, solid state drives (SSD)
are replacing hard disk dries (HDD). At the same time, the demand for HDD from data
centres is growing [322]. This is because the way we store data is changing. We do not
own movies anymore, we stream them. We backup our data in the cloud. Companies
produce increasingly more data, partly due to regulations that require them to keep the
documentation for longer and partly to run deep learning algorithms on the gathered
data.
SSDs are not suitable for data centres because they leak the charge and need to be

regularly replaced. Furthermore, flash memory, on which they are based, seems to be
close to its maximum capacity per inch [323, 324]. The capacity of HDDs is growing but,
despite new promising technologies such as microwave-assisted magnetic recording, it
might also be at its limit. The size of magnetic grains in which the information is encoded
is reaching the so-called superparamagnetic limit; i.e., the size at which magnetisation
can randomly flip due to temperature.
Surprisingly, the old magnetic tape, which is based on the same technology as HDD,

doubles its capacity every two to three years. This increase is possible because the
tape’s reduced popularity means that tape technology has not been pushed to the
superparamagnetic limit [323]. In 2017, IBM achieved a tape of capacity 201 GB/in2

[325]. Another advantage of the tape is that it is less expensive than HDD and SSD. The
rapid growth of tape capacity also has its drawbacks, as it causes backward-compatibility
problems. Tape is also much slower to read than HDD, but it is much more stable hence
more suitable for long-term storage.
For long-term storage, the capacity per inch is less important than sustainability; As

data centres grow, they can provide storage with different price/performance trade-offs.
For archival data, media lifetime is critical. Currently, archival data is more often moved
to new a medium than it is read for any other reason. Although the tape is currently the
best medium for archival storage, it is prone to humidity, temperature, and dust, and its
lifetime is limited to around 30 years [326]. New more durable technology is needed; it
should be inexpensive to produce and store, whilst maintaining relatively fast read times.
The writing speed can be slower because, in principle, archival data is written only once
but can be read many times.
If such a technology appears, it could be easily adopted by the market, as huge data

centres can adopt technology much faster than home users [327]. Some promising storage
mediums are DNA storage, holographic storage, and glass storage. The main advantage
of DNA storage is that it is extremely dense; in theory it could achieve 109 GB/mm3.
Moreover it has a half-life of 500 years [326]. The DNA storage has been demonstrated to
work on small amounts of data. However, the synthesis and sequencing are expensive and
far from perfect; and DNA storage is not yet ready to enter the market.

Holographic storage and glass storage are more closely related to our work; we describe
them in the following subsection.
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Light-Based Storage

By light-based storage, we mean all storage based on the modification of material using
light, as opposed to magnetic storage. This includes the so-called optical storage: CDs,
DVDs and blue-ray discs.1 We give here only a short overview of promising optical storage
methods: glass storage and holographic storage.

Holographic storage is a more sophisticated cousin of optical discs. Optical discs store
binary data in a few layers per disc. Holography, similarly to Lippmann photography,
stores information in the bulk of the photosensitive material. During writing, two beams
interfere inside the material: One is the reference beam and one describes the data, and
the interference pattern is stored in the medium. To read the data, the disc is illuminated
with the reference beam [327]. Thus, the reference beam acts as a memory address.
The advantage of this method is that many holograms can be recorded in the same
volume, each with its own reference beam. Capacities of 250 GB per disc are feasible
[328]. As reading the whole area amounts to recording the reflection of the reference
beam, holographic storage has extremely short access times, over 10 Gb/s.

Unfortunately, holographic storage suffers from similar problems as Lippmann photogra-
phy did in its time. Although elegant in theory, it requires very responsive photosensitive
material that is also transparent and not too scattering. To be commercially useful, it has
to be comparable with tape in terms of durability and has to be easy to manufacture and
be inexpensive [328]. Two approaches have been investigated. One uses photosensitive
organic media, similar to photographic plates we discussed in previous chapters. The
recording in such media is permanent, and the resulting storage is of write once read many
(WORM) type. Another problem is that the storage can physically shrink (similarly to
Lippmann plates when they dry); this causes mismatch between the recording and the
reference beams. A second approach uses inorganic photorefractive media. In principle,
such storage can be modified. However, the reading erases the data. Hence, in order for
the photorefractive memory to be permanent, it has to be chemically fixed [328].

The difficulty in finding the right material makes holographic storage highly expensive
[327]. As of today, although progress has been made, it has not outpaced the advancement
in magnetic storage [328].
This brings us to glass storage. Glass is an inexpensive and durable material that

can withstand temperatures of 1000C. It could be read optically in the same way as
holographic storage, hence it should have comparable reading speeds. But how can we
record light inside glass?
In 1996 Glezer et al. [329] demonstrated that it is possible to create permanent glass

storage by using high energy lasers. More precisely, they used femto-second lasers: lasers
that fire femto-second-long pulses. Short pulses can achieve very high powers, as power is
energy over time. In such conditions, the reaction of glass to light is no longer linear and
nano-structures are created. They have a different refractive index than the un-modified
glass. Furthermore, they are birefringent, i.e., their refractive index depends on the
polarisation of light. Their decay time has been estimated to be 1020 years at room

1The word “disk” usually refers to magnetic disks, and “disc” to optical discs. Here we use “disc” for
everything that is not a magnetic disk.
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temperature [330], thus making glass storage a WORM medium. In fact, the glass is not
the only transparent medium in which this effect has been observed; nano-structures can
be written also in sapphire and acrylic [329].
Recently, femto-lasers were used to produce “5D storage” in fused silica, i.e., glass

consisting of almost pure silicon dioxide (SiO2) [327, 330]. In this project, called Project
Silica, a grid of voxels is created in the glass. A single voxel size is 1 µm× 1 µm× 10 µm
and there is some additional spacing between voxels. The first three dimensions are simply
the three dimension of the silica disc. The other two dimensions are the intensity and
polarisation (birefringerence) of the voxel. Using all this degrees of freedom results in
capacities 360 Tb per disc [330].

Writing is done voxel-by-voxel and requires powerful femto-second lasers. However, to
read the data, it suffices to have an optical microscope that can measure the polarisation
of light. Reading is done layer-by-layer by focusing the microscope optics at a given depth.
This means that multiple voxels can be imaged concurrently and the larger the voxel
density is the faster the read is. Unfortunately, this also means that voxels introduce noise
in the readings of their neighbours. The closer the voxels are, the more noise is introduced.
To efficiently read the noisy data, machine-learning methods have been proposed [327].

3.2. Femto-Lippmann

Conceptually, Femto-Lippmann storage is somewhere between holographic and glass
storage. The core idea is use femto-second lasers to write artificial interference patterns
inside the glass. This way we can create durable colours or a durable hologram in
a material less expensive than photosensitive emulsions.
Our method has a potential to increase the capacity of the glass storage. In Project

Silica, the layers of voxels are 15 µm apart (10 µm for voxel plus space between voxels).
In Section 2.2, we have seen that a Lippmann plate of depth 12 µm contains 32 colour
samples per pixel. Therefore, using colours, we can add an extra “dimension” to the 5D
storage. Our design also enables the development of new methods of reading the data,
e.g., a scan of full column of voxels at a time. Moreover, durable colours embedded in
glass could be used by artists or to replicate historical Lippmann plates.
At this stage of the Femto-Lippmann project, our goal is to create patterns in glass;

these patterns should lead to different reflected spectra. We also want to develop methods
for measuring these spectra. In other words, we want to create a proof of concept that
the additional capacity of glass can be used in practice.
The creation of new storage media requires interdisciplinary teams [324]. Our team

consists of computer scientists from the AudioVisual Communications Laboratory (LCAV)
and physicists from the Galatea Laboratory; both laboratories are at EPFL. The re-
searchers in Galatea are responsible for the heavy lifting, that is to say, for developing
the optical setup for the laser and for using it to modify the glass. The LCAV part of the
team is responsible for a digital twin of the plate that is used to test the approaches faster
than in the physical setup2. In the following section (Section 3.3), we describe the mathe-

177



Chapter 3. Future

matical model behind the digital twin and give a quick overview of the implementation.
In Section 3.4, we show the insights we gained from analysing it.

3.3. Mathematical Model

In this section, we describe the mathematical model we developed to simulate the
modification of glass and propagation of light through it. In Box 3.2 we give a quick
overview of our implementation of this model.

Recording: Glass Modification

On a high level, we model the Femto-Lippmann recording by using the same steps
as in Section 2.1. We calculate the intensity of the wave though the glass and the
modification of the glass properties. However, there are some changes. We do not model
the interference pattern separately. Instead, we treat it as a special case of propagation
through non-uniform media, which we describe later in this section.
Another difference stems from the fact that our model needs to handle multiple

consecutive recordings (we will discuss this in more detail in Section 3.4). As the possible
change of the index of refraction is limited, the changes induced by the consecutive
recordings cannot be simply added. To model the material better, we introduce the
deposited energy that is added between recordings. The non-linearity is in the dependence
of the change in the index of refraction of the deposited energy, see Figure 3.2 (right). As
we know that the light pulse can modify glass only if it has high power, we can no longer
assume that we are in the flat region of the Hurter-Driffield curve, see Figure 3.2 (left).
The specific shape of these curves is not known; Figure 3.2 shows our educated guess.

Viewing: Propagation through Non-uniform Media

As the femto-laser pulse modifies the index of refraction and refractivity, we cannot use
the model described in Chapter 2. There are two approaches we could take: One is to
use the wave equation directly, and the second is to model the material as thin layers.
Here, we adopt the second approach, but for curious readers there is an overview of the
first method in Box 3.1.

The thin-layers approach can be derived similarly to the model in Section 2.1 (Figure 2.4)
and is well-known as a matrix method or a matrix formulation of wave propagation [331,
332]. We consider only planar waves travelling in the z direction. We assume that the
index of refraction n(z) varies in the z direction but that it is constant in the x and y
directions. We approximate the material as piece-wise uniform; that is, we assume it
consists of layers of thickness ∆z of constant index of refraction, see Figure 3.3.
Contrary to the reflection-based model, in the refraction-based model, the reflection

occurs at the boundary between two layers, not inside the layer. Without loss of generality,

2The division between the computer scientists and physicists is not clear cut. I had an opportunity to
use the femto lasers in GALATEA, while Ruben Ricca implemented his own simulation of layered
materials.
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Figure 3.2.: Sketch of the material dependence on the energy of the pulse. Left: if the
amplitude of the pulse is too small, the light transport is linear and the energy is not
deposited. Right: the change of the index of refraction is limited and for some deposited
energy it saturates.

Figure 3.3.: Comparison between refraction model. Left: in the refraction-based model,
the reflection happens on the boundary, but the phase is accumulated through the layer.
Right: reflection-based model for reference.
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we can assume that the reflection occurs on the left boundary of the layer. According to
Fresnel’s equations, if the incoming wave is ui(z), then the reflected wave is

ur(z) =
n(z + ∆z)− n(z)

n(z + ∆z) + n(z)
ui(z), (3.1)

and the rest is transmitted. As the transmitted wave propagates through the layer, it
gains the phase eik(z)∆z = ein(z)k0∆z, where k0 = k(z)/n(z) is the wave number in the
free space. Similarly, a wave ur(z + δz) travels in the opposite direction (reflected deeper
in the plate). The reflection of ur(z + δz) from the layer is a second order reflection that
contributes to ui(z + δz). As in Section 2.1, we have a system of equations that couple
ur and ui.
At this stage, we could apply an approximation similar to the one from Section 2.1,

in order to obtain an analytical solution. The solution would be similar to the model
proposed by Nareid and Pedersen [333], see Box 3.1 for further discussion.

We solve for ui and ur numerically for a few reasons. First, we do not know a priori if we
are in the regime of small changes of n, where the first order approximation is applicable.
More importantly, the patterns we simulate in the glass are not necessarily given in an
analytical form, but they can be simulated. Finally, the numerical implementation is fairly
simple, as we describe below. One drawback of a numerical approach is that it provides
fewer intuitions than an analytical solution. However, as we have seen in Section 2.3:
Reflection vs. Refraction, there are some parallels between reflection and refraction-based
models, hence some of the intuitions from Section 2.1 can be applied here.
To calculate the propagation numerically, we relate the waves reflected from and

transmitted through one layer by using linear equations,[
ui(z + ∆z)
ur(z + ∆z)

]
= L(z)

[
ui(z)
ur(z)

]
,

where L(z) depends on the index of refraction n(z) of the two neighbouring layers and
can be calculated from Fresnel’s equations (Equation (3.1)). To calculate the outgoing
waves, we solve this system of equations for ui(z + ∆z) and ur(z). To calculate how the
wave propagates through m layers, we can first multiply the matrices over all layers:[

ui(z +m∆z)
ur(z +m∆z)

]
= L(z +m∆z) · · ·L(z + ∆z)L(z)︸ ︷︷ ︸

Ltot

[
ui(z)
ur(z)

]
,

and, then we solve the resulting equations for the outgoing waves ui(z +m∆z) and ur(z).
This matrix theory can be seen as a special case of the forward Euler method. It can

be also used in the reflection-based model, with different matrices; in fact, the numerical
spectrum in Figure 2.5 was calculated using matrix theory.
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Want to know more? 3.1: Using the Wave Equation

Under the assumptions made at the beginning of Section 3.3, the wave equation can be
written as follows:

∂2

∂z2
u(z, t)− n(z)2

C2

∂2u

∂t2
(z, t) = 0.

In the Fourier domain, for a single wave number k0 = ω/C, it can be simplified to

∂2

∂z2
u(z)− n2(z)k2

0u(z) = 0.

This equation cannot be solved analytically for general n(z). However, similarly to
the equations derived in Box 2.1, it can to be approximated. Nareid and Pedersen use
the Born approximation in their work [306, 333]. More precisely, they assume that the
variation in the index of refraction is small, i.e., it can be written as n(z)2 = n2

0 + o(z),
where o(z) is small. After a few steps, including calculating the Green’s system for the
simplified differential equation, they arrive at a model similar to the one described in
Section 2.1, but without the central term b0.
In situations where the change of the index of refraction n is not small but regular in

some way, for example, if the recorded spectrum is almost monochromatic, the coupled-
mode theory [334, 335] can be used to obtain an approximate solution.

The wave equation could also be solved numerically; in fact the matrix formulation is
one way to solve the wave equation numerically. Although, both the Born approximation
and the matrix formulation give only an approximate solution, the quality of the result
of the matrix formulation depends on how fine the discretisation is, therefore on the
compute time. The quality of the Born approximation depends on how well n(z) fits the
assumptions and cannot be improved with more computation time.

Want to know more? 3.2: Implementation

In this box, we give a quick overview of the propagation implementation we made for the
digital twin. As always, we treat the materials as one dimensional. The main material
model we implement is the dielectric, hence the model behaves as described in Section 3.3.
The index of refraction in the dielectric can be modified by the energy of the propagating
pulse. Therefore, by using matrix theory, all intermediate values of u(z) are calculated,
not only at the ends of the material.
Note that all the calculations in Section 3.3 are derived for a fixed wave number k0.

For performance purposes, we stack the propagation matrices into an order-3 tensor. This
improves the computation over 100 times over iterative calculation (for 10000 different
frequencies).
Below, we illustrate the simulated recording process. On the left, the interference

pattern created in the material is shown. In the middle, we can see the index of refraction
after recording. On the right, there is the reflected pulse; the glass was illuminated with
the flat spectrum.
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We can also simulate more complex materials. On the left, we have a composite material
that consists of air (n(z) = 1), a layered material (n(z) between 1.5 and 2), a block of
a material with a constant index of refraction (n(z) = 1.5) and another layer of air. In
the middle is the estimated propagation of the material, and on the right is the reflected
pulse.
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The flat region of high reflection is the reflection layered part of the material.

3.4. Preliminary Results

In this section, we show simulations of the recording and how they guided the Femto-
Lippmann project. First, we discuss a simple method (Pulse by Pulse) that we have ruled
out using simulations. Then, we propose to use two laser pulses, describe the challenges
that arise in this setup (Interference), and consider methods of obtaining different patterns
with pulse shaping (Increasing the Capacity).

3.4.1. Pulse by Pulse

Our first method was to write a repeating pattern in glass, known in optics as a volume
grating or a fiber grating, see Figure 3.4. We could write such a pattern by using the same
method used in Project Silica [330].
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A grating structure will reflect the light of the wavelength equal to twice the grating
period Z. More precisely, the wavelength reflected most strongly will be λ = 2neffZ ∼
2nglassZ, where neff is the index of refraction calculated from the effective speed of light
in the grating. Here, we can assume that it is simply the index of refraction of the glass,
nglass ∼ 1.5.

This means that to reflect the visible light, e.g., λred = 700 nm, the period of the grating
would have to be Z = 1

2nglass
λred ∼ 230 nm = 0.23 µm. The size of the nano-structure

used in Project Silica, 1 µm× 1 µm× 10 µm, is too large for that. With smaller power and
more focused laser objectives, nano-structures can be shrunk to 0.2 µm× 0.2 µm× 1 µm,
and the interference pattern can be produced along the x or y direction, instead of z,
see Figure 3.4 (left). Even with these modifications, the grating period is still too large
to produce colours in the visible spectrum. Finally, we can force the period of about
230 nm by overlapping the nano-structures, but this leads to low contrast in the index of
refraction and weak reflection, see Figure 3.5. (right).

Figure 3.4.: The simplest writing method. Left: by writing in the direction perpendicular
to reading, we can obtain the period of the pattern smaller than if the reading and writing
directions were parallel. Right: we can write the pattern, even if the desired period of the
pattern is too small compared to the pulse size. But as the pulses overlap, the contrast is
reduced, and so is the reflection, see Figure 3.5.
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Figure 3.5.: Reflection from the grating. Left: the grating we would like to create, with
high contrast. On the left is the index of refraction of the grating, on the right is the
reflection form the grating. Top row: an ideal grating that we would like to create.
Bottom row: the grating creating by overlapping the too-wide pulses. We can see that the
reflected power spectrum is about four times smaller in the second row than in the first.

3.4.2. Interference

To create smaller structures, we take inspiration from Lippmann recording and propose
to use the interference of the laser beam with its reflection. The simplest way would be
to coat the surface of the glass with metal, mimicking Lippmann’s process.

A drawback of this approach is that the interference pattern can be created only close
to the mirror. To achieve high capacity, we would like to be able to use the whole volume
of the glass. Therefore, we propose to use two beams travelling in opposite directions, as
depicted in Figure 3.6.

The two-beam approach has its own challenges. In both approaches, the modification of
the index of refraction from a single interference pattern is too small to obtain significant
reflection. Therefore, the energy of multiple pulses has to be deposited to create one
nano-structure. The laser produces a train of pulses with frequency 100 kHz; hence, to
record 100 pulses, we can simply wait one millisecond. When recording by using only one
beam (see Pulse by Pulse), the shape of the beam depends only on the optics, therefore
the modifications overlap perfectly and enhance the nano-structure.

However, in the multiple pulses case, the difference in phase between the two interfering
pulses causes a shift in the interference pattern. Indeed, we have seen the difference in
phase in Section 2.1 in the form of the phase shift at the reflection. If the phase θ = 0,
then the peak of the interference pattern is at the boundary, and if the θ = π, there is
a valley of the interference pattern at the boundary. This is a problem, because the phase
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Figure 3.6.: Two-beam writing method. Two beams create an interference pattern inside
the glass, and the period of the pattern is half the wavelength of the laser; much finer
than with a single laser beam. Note that the pattern is perpendicular to the direction of
the propagation of the laser.

of light from the laser can change from pulse to pulse, and adding multiple pulses with
different shifts can lead to a blurred pattern, see Figure 3.7
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Figure 3.7.: Naive random-phase simulation. One pulse is kept the same, and the phase of
the second one is chosen uniformly at random from the interval (0, π). When calculating
an interference pattern, the previously recorded patterns are not taken into account. Left:
since they are independent, the interference patterns create a blurred shape. Middle: the
refractive index grows over time, but it loses much of variation. Right: the reflection is
not monotonic over time, e.g., the reflection after four pulses is stronger than after five.

One way to avoid this problem is to use a beam-splitter to interfere the beam with
itself. This way, the difference in phases is only due to the difference of the paths of the
two beams, and it is the same for consecutive pulses, see Figure 3.8. More formally, if
a(ω) is the amplitude of the pulse, the wave from one path will be

u1(k, z) = a(ω)eiθeikz1ei(kz−ωt),

where z1 is the length of the first path, including all material changes and reflections and
θ is the random phase. The wave taking the second path will be travelling in the opposite
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Figure 3.8.: Two objective setup. Left: schematic illustration. The laser beam is split
with the beam splitter, and each of the resulting beams (blue) is focused with its own
objective (O1 and O2). Both positions of the two right most mirrors have to be adjusted
so that the path lengths of the two beams are exactly the same.

direction and have the same random phase θ:

u2(k, z) = eiθeikz2e−i(kz+ωt).

Summing up these waves, we obtain the following interference pattern:

p(k, z) = |u1(k, z) + u2(k, z)|2 =
∣∣∣A(ω)eiθ

∣∣∣2 (2 + 2 cos (kz1 − kz2)) .

As
∣∣eiθ∣∣2 = 1, the interference pattern no longer depends on the phase. Note that if we

had two independent phases, θ1 and θ2, the expression would depend on their difference.
The setup with the beam splitter is challenging to build in practice. All the elements

have to be precisely aligned. In particular, both objectives have to be focused in the point
where path lengths of the two beams are the same.

Although the team at GALATEA has managed this feat, see Figure 3.9, we have also
explored alternatives. We simulated whether it is possible to record a pattern with high
contrast by using an only somewhat aligned phase, as usually the phase changes slowly
between the pulses. Our intuition is that, even if the pattern in the glass is weak, the
light from the next pulse will be partially reflected from it and the phase difference will
be partially corrected.
We simulated two scenarios, depicted in Figure 3.10. In both cases the phase of one

pulse is fixed. In the first scenario, the phase of the second pulse changes slowly over 5
pulses. In the second scenario, the phase of the second pulse is random, thus following the
uniform distribution on the interval [0, π]. In both cases, we can see that the pattern is not
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entirely blurred. From the pattern created by 5 consecutive pulses, we gain a reflection
much stronger than from the pattern created from a single pulse.
Finally, our simulations also have the potential to explain some recently observed

phenomena caused by the high-power laser modification of glass. It has been observed
that patterns form spontaneously in the glass; the patterns are parallel to the laser beam
and depend on the polarisation of the laser. Inspired by this observation, we simulated
self-organisation of nano-structures in the material, also depicted in Figure 3.10. We
show that even a weak pattern can be amplified by laser pulses that come from one
direction. The pulses reflect from the pattern and create partial standing wave, like in
the Lippmann plate (but, of course, weaker). In this manner, the impurities in the glass
could form a seed that, under a high-power laser, is amplified to patterns, without the
need for interfering beams.
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Figure 3.9.: Results from GALATEA laboratory. Top: photo of a setup in GALATEA,
implementing the schematic in Figure 3.8. The inset shows two objectives focusing laser
beam in the point in the middle. Bottom left: spectrum reflected from the recorded
interference pattern. The peaks in the spectrum match the expected maxima (black lines).
Bottom right: a section through the interference pattern recorded in the glass, as seen
under electron microscope. Images courtesy of Rubben Ricca and Julien Gateau.
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Figure 3.10.: Simulations of recording with multiple pulses. Left: overlapped interference
patterns Middle: the change in the refractive index. Right: the reflection after one to five
pulses. First row: one pulse is fixed, and the phase of the second one changes by π/10
with each pulse. Second row: one pulse is fixed, and the phase of the second one is chosen
uniformly at random from the interval (0, π). In both cases, the amount of reflected light
rows with each pulse. Third row: self organisation. A glass with a weak interference
pattern recorded is illuminated by a single pulse (travelling from left to right). Witch
each pulse, more energy is reflected and the interference pattern is stronger; the refractive
index pattern is asymmetric, because it is created by pulses travelling from left to right.
The reflection grows over time, especially for later pulses. It is not comparable with the
first two rows because, in order to observe self-organisation, we simulated higher energies.
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3.4.3. Increasing the Capacity

So far, we have discussed interference patterns created by a laser beam that has a predefined
spectrum. As we have seen in Section 2.1, the reflected spectrum depends only on the
spectrum of the recording. With a single laser spectrum, we cannot encode any information
— we need to have multiple possible patterns that lead to different reflections. We propose
to modify one or two of the pulses used to create the interference.
From a technical point of view, the simplest way to modify the pulse is to introduce

a frequency dependent phase shift. Such pulses are called chirps, after their acoustic
equivalents. In this section, we analyse whether a chirped pulse can create different
interference pattern than the original pulse. From the previous subsection, we know that
the interference pattern of a pulse with itself depends only on the power spectrum of the
pulse, thus chirping both pulses in the same way does not change the interference pattern.
From simulations, we observe that chirping just one pulse also does not create variation
in the reflected spectrum, see Figure 3.11.
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Figure 3.11.: Different chirps interfering. Top row: interference with two non-chirped
pulses. Middle row: interference with two chirped pulses. Bottom row: interference
with one chirped and one non-chirped pulse. Left: chirping Gaussian spectrum leads to
spreading of the pulse amplitude in time (hence in space). Middle and right: the recorded
patterns and reflected spectra look the same across the experiments.
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Fortunately, it is also possible to filter the laser spectrum differently at different
frequencies. As the duration of laser pulses is very short, the spectrum of the laser is
rather wide; in the order of tens to hundreds of nano-meters. We do not present here
patterns created with different spectra, as this case is very similar to the case analysed in
Chapter 2.

3.5. Conclusions

In this chapter, we have proposed glass storage inspired by Lippmann photography. The
Femto-Lippmann project has a long way to go before being marketed, but we believe we
have shown that it has potential to increase the capacity of glass storage.
We have shown the simulations that guided some of the decisions in the project and

that gave us intuitions on which approaches might work. Our simulations are in line with
the experiments performed in the GALATEA Laboratory.

As our implementation was designed to be extendable, e.g., to describe the propagation
in 3D space. In order to model planar waves travelling in different directions (not only
along z), it is sufficient to replace the transfer matrices with 6× 6 matrices (two waves,
each described by wave vector k ∈ R), see for example [336]. Under this model, any wave
can be decomposed into planar waves via the Fourier transform, at the computational
cost of modelling all the planar waves. Our implementation could also be extended to
specific beams, such as a Gaussian beam that can be described with a fixed number of
parameters. This will be less flexible, but more computationally efficient, as small transfer
matrices can be calculated [337, 338] for the Gaussian beam.
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