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ABSTRACT

In the past few years, analog computing has experienced rapid development but mostly for a single
function. Motivated by parallel space-time computing and miniaturization, we show that reconfig-
urable graphene-based multilayerss offer a promising path towards spatiotemporal computing with
integrated functionalities by properly engineering both spatial- and temporal-frequency responses.
This paper employs a tunable graphene-based multilayers to enable analog signal and image process-
ing in both space and time by tuning the external bias. In the first part of the paper, we propose
a switchable analog computing paradigm in which the proposed multilayers can switch among de-
fined performances by selecting a proper external voltage for graphene monolayers. Spatial isotropic
differentiation and edge detection in the spatial channel and first-order temporal differentiation and
multilayers-based phaser with linear group-delay response in the temporal channel are demonstrated.
In the second section of the paper, simultaneous and parallel spatiotemporal analog computing is
demonstrated. The proposed multilayers processor has almost no static power consumption due to
its floating-gate configuration. The spatial- and temporal-frequency transfer functions (TFs) are en-
gineered using a transmission line (TL) model, and the obtained results are validated with full-wave
simulations. Our proposal will enable real-time parallel spatiotemporal analog signal and image pro-
cessing.

1. Introduction

Digital signal processors are widely used to accomplish

a large variety of computational tasks. Despite their flex-

ibility, they come with several drawbacks, such as signifi-

cant power consumption, restricted processing speed, and in-

compatibility with high-frequency operation due to the tech-

nological limitations of current analog-to-digital converters

[63]. The recent theoretical and manufacturing progress in

the field of artificial photonic materials, e.g., photonic crys-

tals ormetamaterials, has inspired a return of the old paradigm

of analog-based computing by leveraging low-loss structures

that can process signals carried by light as it propagates through

them. Optical analog signal processing could allow, in prin-

ciple, for real-time, ultrafast, low energy consumption, and

parallel processing [51, 2].

Recently proposed schemes for wave-based analog com-
∗Corresponding author. Tel: +41 21 693 56 88. E-mail: ro-

main.fleury@epfl.ch (Romain Fleury )
ORCID(s):

puting can be classified into two main categories, depend-

ing on whether they perform the processing operation in the

spatial or temporal domain. On the one hand, spatial com-

puting processes information encoded in the spatial depen-

dency of an electromagnetic field, such as its intensity pro-

file. Among the most popular techniques, the use of a 4-F

correlator, which operateswith two lenses performing Fourier

transforms surrounding a spatial frequency filter, has found

many applications in Fourier optics, and was recently minia-

turized using metamaterials and graphene-based multilay-

ers. Another known method for spatial processing is the

transfer function (TF) method [51]. In the latter, the angu-

lar response of the system is designed in real space, such

that it emulates a specific TF corresponding to a given lin-

ear mathematical operation. This method is potentially more

compact as it avoids the use of components to take a Fourier

transform and large propagation paths, leading to devices

down or below the size of the wavelength, based e.g. on
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photonic crystal slabs [16], plasmonic surfaces [74], meta-

surfaces [37, 1, 40, 4, 38, 5], photonic spin Hall insulators

[20], inverse-designedmetastructures [12], topological wave

insulators [62] or deep-learning approaches [36]. In optics,

one- and two-dimensional image edge detection has been

demonstrated using various platforms, such as optical meta-

surfaces [69, 72, 70, 24] and surface plasmons [74]. On the

other hand, temporal analog signal processing systems ma-

nipulate signals in the time domain with a dispersive struc-

ture, called a phaser [41]. Modern analog optical temporal

computing dates back to the work of Pandian and Seraji [44],

in which the transient optical response of a fiber ring res-

onator is investigated and proposed for several applications,

including optical pulse differentiation, integration, and de-

lay. In recent years, various architectures have been reported

for temporal processing, such as differentiators [23, 27, 33],

integrators [14, 33], and equation solvers [60, 55]. Despite

all these advances, computing devices capable of perform-

ing both temporal and spatial operations, either sequentially

or simultaneously, have been left largely unexplored. Spa-

tiotemporal processors can exploit a much higher number of

degrees of freedom, which could potentially be beneficial to

analog computing systems, by enlarging the channel band-

width and parallel operation capability.

For switching between spatial, temporal, or spatio-temporal

operation modes, externally tunable electromagnetic prop-

erties, such as the amplitude and phase of the reflection, is

ideal. This can be achieved using a tunable active metama-

terial/metasurface [22, 28]. Up to now, a variety of strate-

gies have been proposed to design reconfigurable metamate-

rial/metasurfaces. Two-dimensionalmaterials such as graphene,

that exhibit a plethora of exceptional electromagnetic and

photonic properties, have attracted tremendous attention as

promising candidates for compact switchable devices. The

relaxation time of the excited carriers in graphene is in the

picosecond range, which is interesting for ultrafast wave ma-

nipulation [56]. The arbitrary control of graphene’s complex

surface conductivity can also be continuously tuned by ma-

nipulating its Fermi level by electric gating or photo-induced

doping, which directly provides efficient real-time control of

reflected/transmitted waves [25]. Accordingly, Fermi level

control through external biasing or chemical doping has en-

abled the integration of THz devices with flexible substrates

[34]. The strong interaction of graphene with electromag-

netic fields has been leveraged in impressive applications

such as wideband absorbers [47, 54, 43], polarization rota-

tors [65], near field imaging [30], nanoantennas [61], biosen-

sors [58], and THz wave devices [49, 68, 39, 8].

In this work, we propose an appealing power-efficient

opportunity to perform analog signal and image processing

in both time and space domains without resorting to intri-

cate solutions involving various devices and bulky Fourier

lenses. Systematically speaking, here, we consider a 2 × 2

multiple-input and multiple-output (MIMO) graphene mul-

tilayers processor inwhich the two inputs/outputs correspond

to temporal and spatial processing channels. We use the tun-

ability of graphene to construct a planar dual space-time pro-

cessor that can perform space and time-domain signal pro-

cessing tasks sequentially or at the same time. The graphene-

basedmultilayers processor can accomplish an isotropic spa-

tial differentiation operation for edge detection of a spatially

encoded image. Simultaneously, in the temporal channel,

the graphene-based multilayers processor can serve as a dif-

ferentiator or graphene-based multilayers phaser for tempo-

ral pulse spreading when the input signal has a time varia-

tion. We confirm that the graphene-based multilayers can

be tuned to enable analog signal processing in both space

and time domains by changing the external voltage. In such
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Figure 1: Schematic of the proposed spatiotemporal graphene-based multilayers processor with different functionalities. We can
switch between different functionality states by controlling an external voltage via an FPGA processor.

a design, the graphene monolayer can capture the electrons

tunneling from a positive external bias, but cannot release

them after releasing the DC voltage because it is electrically

isolated from the biasing electrodes [31]. Hence, no extra

power is required to maintain the graphene’s conductivity at

the desired value [45]. We realize the required amplitudes

and phases of TF associated with spatial and temporal op-

erations by combining the surface impedance model of a

graphene monolayer to a transmission line (TL) approach.

Several proof-of-principle examples are presented to demon-

strate diverse wave-based signal processing functionalities

like edge detection, complex spatial signal processing, tem-

poral differentiation, and pulse spreading.

2. Theoretical Framework

First, we theoretically investigate the spatial and tem-

poral optical transfer functions (OTFs) for different opera-

tions under normal and oblique incident waves. The OTF

Õ(kx, ky,Ω) ( Ω = ! − !0, !0 is the central frequency)

of graphene-based multilayers is the complex function that

maps the incident electric field to the reflected/transmitted

field. Let us consider a material-based processor located in

the x − y plane (z = 0). The incident and reflected fields,

expressed in time domain, are denoted as  in(x, y, t) and

 out(x, y, t) in a laboratory frame, respectively, where x and

y are defined in the coordinate system of the beam, as shown

in Figure 1. The OTF is written as a matrix to account for

changes in the polarization of the reflected/transmitted light

field.

We consider two channels: the spatial channel and the

temporal channel (see Figure 1). These channels are sepa-

rated by distinct polarizations or illumination angles; there-

fore, we can consider two OTFs, Õs(kx, ky) and Õt(Ω), cor-

responding to the two channels, in spatial and temporal do-

mains, respectively. In the paraxial regime, the incident beam

has the form Pin in(x, y), where a 2-vector Pin in the x-

y plane describes the input polarization, and  in(x y) de-

scribes the scalar electric field distribution on the plane per-
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pendicular to the beam propagation direction. In the spatial

Fourier domain, each beam profile can be spectrally repre-

sented by a superposition of monochromatic plane waves, by

Fourier transform:

 in(x, y) = ∫ ∫  ̃ in (kx, ky
)

exp (jkxx + jkyy) dkxdky.

(1)

In addition, a similar equation can be considered for the

temporal domain, as below,

 in,t(t) = ∫  ̃ in,t (Ω) exp (j!t) d!. (2)

Due to the tangential wavevector’s continuity along with

the interface, the incident spatial frequency component with

(kx, ky) in the incident plane only generates the output spa-

tial frequency component with the same (kx, ky) in the out-

put plane. At each (kx, ky), the output wave has an electric

field of

	̃out(kx, ky) = Õs(kx, ky).Pin ̃ in(kx, ky), (3)

where Õs(kx, ky) is 2×2 matrix (See Appendix A). The out-

put beam passes through a polarizer selecting an output po-

larizationPout, thereby an output electric field	out = Pout out(x, y);

here,  out, similar to  in, is the field distribution on the out-

put plane and has a spatial Fourier transform  ̃out(kx, ky)

in the (kx, ky) domain. Therefore, the relation between  ̃out

and  ̃ in is  ̃out(kx, ky) = Õs(kx, ky) ̃ in(kx, ky)where Õs(kx, ky) =

Pout†Os(kx, ky)Pin.

Our desired OTF is the one corresponding to isotropic

differentiation operation because it is one of the most funda-

mental operations in mathematics, and has several applica-

tions in engineering and image processing [37]. The TF of

isotropic differentiation is Õs(kx, ky) = k2x + k
2
y, that must

have the obvious property Õs(kx = 0, ky = 0) = 0. In our

platform, one can achieve Õs(kx = 0, ky = 0) = 0 by choos-

ing the proper input and output polarizations such that

Pout†Os(kx, ky)Pin = 0. (4)

When the above equation is satisfied, the OTF in the vicinity

of kx = ky = 0 has the below form (See Appendix A),

Õs(kx, ky) = 1kx + 2ky. (5)

In order to achieve two-dimensional homogeneous dif-

ferentiation, the TF must have a rotationally invariant mag-

nitude, and therefore 2∕1 = ±i. The zeros of Õs(kx, ky)

carry topological charge ±1. It means that after passing the

Gaussian beam through the spatial differentiation system,

the Gaussian beam will form a vortex light beam [57]. If the

reflection coefficient for p- or s- polarized wave (rp0 and rs0)

is zero, the Equation 4 is satisfied and by setting � = pi∕2,

2 and 1 can be calculated by (See Appendix A)

2 =
cot

(

�0
)

k0
rs0P

in
y , (6)

1 =
)rp
k0)�

P inx , (7)

where Pin =
(

P inx , P
in
y

)T
. Therefore, the output electric

field distribution  out(x, y) will be proportional to ( ) 
in

)x +

i ) 
in

)y ), as desired.

For the temporal channel, let us propose two distinct tem-

poral processing: (i) performing the first-order temporal dif-

ferentiation operation; and (ii), achieving temporal pulse spread-

ing via a synthesized linear group-delay response at normal

illumination (see Figure 1). In this channel, the input beam

directly illuminates at normal illumination without using ro-
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Figure 2: (a) Proposed TL model to achieve the desired reflection. (b) Schematic of the reconfigurable device and required layers
for biasing the graphene monolayers. (c) Equivalent circuit model for the graphene-based computational multilayers. (d) Table
of the required chemical potential of each graphene monolayer for a switchable scenario.

tation in the output polarization. Therefore, the OTF for the

temporal channel can be defined as

Õt (Ω) =
 out,t (Ω)
 in,t (Ω)

. (8)

For temporal differentiator, the OTF can be represented

as

Õtdiff (Ω) = j�Ω. (9)

Therefore, it is clear that the envelope of the temporally

reflected/transmitted field with central frequency !0 has the

field profile of

 out
diff(t) = �

) in,t(t)
)t

, (10)

where � is a constant value.

In any temporal analog signal processor, there is a phaser,

i.e., a two-port component with a TF exhibiting a group de-

lay versus frequency response, which may be designed to

show the group-delay (e.g., linear, quadratic, cubic, stepped,

etc.) as core component [18]. One of the crucial applica-

tion of phaser is temporal pulse spreading via designing the

linear group-delay response. The pulse-spreading operation

allows us to steer the amplitude envelopes of quasi-sinusoid

EM waves as desired, which is one of the basic impacts of

temporal analog computing. In fact, input signal traveling

along such a phaser experiences time spreading since its dif-

ferent spectral components travel with different group veloc-

ities, they temporally rearranged [7]. By exploiting this tem-

poral rearrangement, the various spectral components of a

signal can be directly mapped onto the time domain and can

then be processed in a real-time manner. The group delay

can be calculated via �̃(Ω) = − )
)!Arg{Õ

t
p (Ω)}; therefore,

for linear group-delay response we can write:

�̃(Ω) = − )
)!
Arg{Õtp (Ω)} = aΩ + b, (11)

where a is the group-delay slope and b is constant. Con-

sider the incident modulated Gauss pulse of duration T and

bandwidth B, with central frequency !0. As different spec-

tral components of the Gauss pulse have different group de-

lays when propagating through this phaser, the incident EM
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pulse spreads over the time sequence, resulting in a broader

reflected pulse with a duration of [41]

T
′
= T + Δ� = T + aB = CT , (12)

where Δ� is the group-delay swing over the frequency band

B, andC represents the spreading factor of the spatial phaser.

Additionally, the peak power of the reflected EM pulse is di-

minished to P0∕C . The schematic view of the proposed re-

configurable multilayers processor with the mentioned func-

tionality in the spatial and temporal domain is illustrated in

Figure 1.

3. Graphene-Based Multilayers Design

We choose the surface impedance model for modeling

of graphene-based multilayers, which represents a material-

based system as an equivalent circuit model of specific con-

figuration for realizing desired OTFs. The simple form of

the proposed circuit model is illustrated in Figure 2(a). It

contains three shunt admittances Y1, Y2, and Y3 and two TLs

of arbitrary lengths. In this model, the propagation constant

of the guided mode along the TL is kd = k0
√

"d − sin
2 �,

where k0 is the free space propagation constant, "d is per-

mittivity of dielectric, and � is the incident angle. The TL’s

characteristic impedance can be presented by Zs and Zp for

the incidence wave polarized with s and p polarizations. We

define characteristic impedances as Zs = �0∕
√

"d − sin
2 �,

and Zp = �0
√

"d − sin
2 �∕"d for s and p polarizations, re-

spectively, where �0 indicates free space impedance. Ac-

cording to the utilized method, the TL matrix is given by

[46]

TTL =
⎡

⎢

⎢

⎣

cos
(

kdℎ
)

jZd sin
(

kdℎ
)

j sin
(

kdℎ
)

∕Zd cos
(

kdℎ
)

⎤

⎥

⎥

⎦

, (13)

where ℎ shows TL length and Zd has to be replaced with

the characteristic impedance of the TL with the considered

polarization. In addition, a shunt admittance Y is introduced

by the matrix below [46]:

TY =
⎡

⎢

⎢

⎣

1 0

Y 1

⎤

⎥

⎥

⎦

. (14)

Then, the equivalent circuit matrix of the graphene-based

multilayers is represented by

TC =
⎡

⎢

⎢

⎣

T11 T12

T21 T22

⎤

⎥

⎥

⎦

= TY ,3×TTL,2×TY ,2×TTL,1×TY ,1.

(15)

Finally, the scattering matrix is calculated by [46]

SC =
⎡

⎢

⎢

⎣

S11 S12

S21 S22

⎤

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

T11+T12∕Z0−T21Z0−T22
T11+T12∕Z0+T21Z0+T22

2(T11T22−T12T21)
T11+T12∕Z0+T21Z0+T22

2
T11+T12∕Z0+T21Z0+T22

−T11+T12∕Z0−T21Z0+T22
T11+T12∕Z0+T21Z0+T22

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

(16)

where Z0 is the characteristics impedance of free space for

the specific polarization considered, namelyZ0,s = �0∕cos�

for s-polarization and Z0,p = �0cos� for p-polarization.

In order to implement the system, we propose a reflective

graphene-based multilayers capable of switching between

different states, depending on the illuminating beam. Graphene

complex conductivity can be tuned by changing the Fermi

level of graphene through electrical biasing or chemical dop-

ing. It is also practical to fabricate graphene-based structures

with ComplementaryMetal-Oxide-Semiconductor (CMOS)
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Figure 3: Synthesized Spatial and temporal OTF for different operations in the spatial (a,b) and temporal (d-f) channels. (a)
Amplitude and (b) phase distribution of the spatial TF. (c) Comparison of amplitude and phase distribution in the (kx, 0) and
(0, ky) planes. (d) Amplitude and phase of the OTF of the temporal differentiator. (e) Synthesized positive-triangular group
delay and (f) amplitude and phase responses of the graphene-based phaser. The synthesized and ideal OTFs are indicated with
solid and dashed lines, respectively. Black and green data points are generated independently, using the circuit model of the
graphene-based multilayers.

technology as graphene is compatible with the required pro-

cess [6]. In the model proposed in Figure 2(a), we assume

Y3 as a ground plane to stop transmission from the structure

and design our material-based system in reflective mode,

while TLs are used to model dielectric substrates. Graphene

monolayers can represent the two other shunt admittances

with different complex conductivity. Figure 2(c) shows a

schematic representation of the TL model for the described

structure.

According to graphene’s outstanding features, we have

utilized it as a tunable platform in a graphene-based multi-

layers processor to switch between predetermined computa-

tional states. To start the design and perform an accurate

evaluation of the proposed structure, graphene is modeled

as an infinitesimally thin sheet with surface impedance Z =

1∕�g , where �g is the frequency-dependent complex con-

ductivity of graphene. The surface conductivity of graphene

including both intraband (�intra) and interband (�inter) transi-

tions are governed by the well-known Kubo formula [19, 66]

�g
(

!, �, �c , T
)

= �intra
(

!, �, �c , T
)

+ �inter
(

!, �, �c , T
)

,

(17)

�intra
(

!, �, �c , T
)

=

−j e2kBT
�ℏ2(!−j�−1)

(

�C
kBT

+ 2 ln
(

e−�c∕kBT + 1
)

)

,

(18)

�inter
(

!, �, �c , T
)

= −j e2

4�ℏ ln
(

2�C−(!−j�−1)ℏ
2�C+(!−j�−1)ℏ

)

, (19)
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Figure 4: (a) The temporal envelope of the incident field is the input signal. (b) The ideal output we target, with its envelope
representing the time derivative of the input signal. (c) Actual output, in very close agreement with the ideal output.

where e, ℏ, and kB are constants corresponding to electron

charge, the reduced Planck’s constant, and the Boltzmann

constant, respectively [19]. In the above equation, variables

T , �, and �c correspond to the environmental temperature,

relaxation time, and the chemical potential of graphene, and

! is the angular frequency [19, 21]. In explaining graphene’s

optical response, the conical band diagram is essential for

defining light graphene interaction dynamics. Two types of

band transitions are possible when a photon interacts with

the graphene surface [42]. Depending on the relative posi-

tions of the Fermi level (Ef ) and the energy of the incident

photons, light absorption is either dominated by interband or

intraband transitions, and the effects of these transitions are

determined by Pauli blocking [15]. When the incident pho-

ton energy is lower than 2Ef , intraband transitions become

dominant, whereas in the opposite case, interband transitions

dominate [35]. The interband conductivity is on the order of

e2∕ℏ, and at frequencies below the THz regime and room

temperatures, the interband term in complex conductivity is

very small compared to the intraband term and usually can

be ignored [19]. Moreover, graphene can be modeled as a

thin dielectric. In this case the dielectric permittivity "g is

expressed as [50, 10]

"g = 1 + j
�g

"0!Δg
, (20)

where Δg is the graphene thickness, and "0 is the vacuum

permittivity. In a simple circuit model, we neglect the other

parts of the floating-gate structure except for the graphene

layer because their thickness is much smaller than a wave-

length and their relative permittivities are similar to the ones

of the nearby substrate. Hence, the floating-gate is modeled

as a shunt impedance, and its value is equal to 1∕�g . In such

a structure, the unpatterned graphene layer is a lossymedium

that is represented through a series RL circuit in the demon-

strated circuit model. The frequency-dependent impedance

is given by

Z
(

!, �, �c , T
)

=
1
� = R + j!L =

�ℏ2(!−j2Γ)
−je2kBT

(

�c
kBT

+2 ln
(

e−�c∕kBT+1
)

) .
(21)

So, the frequency-dependent inductance and resistance

are calculated by
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Figure 5: Temporal pulse spreading using a graphene-based multilayers processor. (a) Illustration of pulse spreading based on
our graphene-based phaser with linear group-delay response. (b) Temporal envelope of the input signal and (c) temporal envelope
of the output signal, scaled horizontally and vertically by factors C and K, respectively.

L
(

!, �, �c , T
)

= �ℏ2

e2kBT
(

�C
kBT

+ 2 ln
(

e−�c∕kBT + 1
)

) ,

(22)

R
(

!, �, �c , T
)

= �ℏ2

e2kBT �
(

�C
kBT

+ 2 ln
(

e−�c∕kB.T + 1
)

) .

(23)

By optimizing the TLs and graphene layer parameters,

we can achieve the required behavior of the graphene-based

multilayers. In this work, the environment temperature is

considered to be T = 300 K. The proposed design consists

of a fully covered graphene layer on top of a silicon sub-

strate with a thickness of ℎ and a metallic ground plane on

the backside. In this composition, the relative permittivity

and loss tangent of the silicon substrate are "r,Si = 11.9 and

tan � = 0.00025. The same structure consisting of a silicon

substrate and an unpatterned graphene layer with different

electrostatic bias is embedded upon the primary segment.

Additionally, the designed graphene-based multilayers pro-

cessor is very stable versus perturbation in environmental

temperature. We assume the same TLs in both sections, but

we can use different TLs with different materials and lengths

if more degrees of freedomwere required for the target func-

tionality. Indeed, by using the same TLs, we decreased the

number of optimized parameters and reduced the compu-

tational load of the optimization process. We numerically

simulate the design in CST Studio Suite to get the reflection

amplitude and phase. The amplitude and phase control in

the graphene-based multilayers is achieved via changes in

its complex conductivity controlled by an external voltage

on the floating-gates, which changes the chemical potential.

In most prior research works, a simple capacitive struc-

ture consisting of graphene, an insulator, and a metallic elec-

trode is used to tune graphene’s conductivity. However, the

disadvantage of thismethod is that an external driven voltage
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must be applied continually to sustain graphene’s conductiv-

ity. Consequently, static power consumption is inevitable. In

order to resolve this drawback, we propose a graphene-based

multilayers with nearly zero static power consumption based

on a non-volatile floating-gate graphene structure as widely

used in some non-volatile devices [52, 31, 32]. This struc-

ture consists of Si, SiO2, Al2O3, and graphene monolayers,

as illustrated in [45]. The selected biasing configuration for

the graphene-based multilayers is depicted schematically in

Figure 2(b). In the graphene unpatterned layers, �c can be

tuned by adjusting the charge density of graphene n as given

by [59]

�c = sgn (n)ℏvF
√

(� |n|) (24)

where vF = 106 m/s is the Fermi velocity [67]. We em-

ploy a floating-gate structure to tune the charge density of the

graphene. The floating-gate design is widely used in some

non-volatile devices [26]. In the floating-gate design, when

a voltage is applied on the top Si layer, the electrons in the

bottom Si layer can tunnel through the SiO2 and been cap-

tured by the graphene, increasing its charge density. In this

case, we assumed the voltage on the top Si layer is positive.

On the contrary, when the reverse voltage is applied on the

top Si layer, the electrons in graphene can tunnel through the

SiO2 and been captured by the bottom Si layer, so the charge

density is decreased [45]. In this design, the graphenemono-

layer is isolated electrically from the Si layers, which means

after removing the voltage, the charge density of graphene

can remain constant for an extended period of time. So,

in this structure, no extra power is needed to keep charge

density consistent. The thickness of the Al2O3 and SiO2

are ℎAl2O3 = 20 nm, and ℎSiO2 = 10 nm, respectively.

Therefore, the electrons can only tunnel through the SiO2

layer, whereas they cannot tunnel through the Al2O3 layer

because its thickness is much larger compared to the SiO2

layer. Also, the relative permittivity of the Al2O3 layer is

"r,Al2O3 = 9, and the relative permittivity of SiO2 is "r,SiO2 =

3.9 [53]. These ultrathin layers are important to consider in

the design of the DC bias but can be neglected in the Thz

simulations. The charge density of graphene is expressed as

the integral of tunneling current JSiO2 in the SiO2, which is

given by

n = 1
e ∫

t0

0
JSiO2dt, (25)

where t0 is the duration of the voltage applied on the Si. The

tunneling current according to the Fowler-Nordheim tunnel-

ing mechanism is given by [29]

JSiO2 =
e3

16�2ℏ�SiO2
E2SiO2 exp

⎛

⎜

⎜

⎝

−
4(2m)1∕2�3∕2SiO2
3ℏeESiO2

⎞

⎟

⎟

⎠

(26)

In the above equation, �SiO2 = 3.2 eV is the barrier

height of SiO2, ESiO2 shows the electric field in SiO2, and

m indicates effective mass of electron. The electric field in

SiO2 is expressed by

ESiO2 =
Vg

ℎSiO2 + ℎAl2O3
(

"r,SiO2∕"r,Al2O3
)

− en
"r,SiO2

[

1 +
(

"r,Al2O3ℎSiO2
)

∕
(

"r,SiO2ℎAl2O3
)]

(27)

where Vg indicates the applied voltage to the graphene layer.

Using the Kubo formula and voltage-dependent property of

floating-gate, the required external voltage for a specific value

of chemical potential is calculated in Appendix B. When the

voltage on the top Si layer is positive, the value of �g in-

creases by voltage. When the voltage is negative, the value

of �g decreases with the reverse voltage. Finally, after re-

moving the voltage, the value of �g remains constant, and no
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Figure 6: Spatial differentiation on an input Gaussian beam
and generation of a vortex beam. Intensity distribution of the
(a) incident and (b) reflected fields. (c) Intensity distribution
of the incident field along the dashed lines in (a). (d) Intensity
distribution of the output field along the dashed lines in (b).
The ideal and output signals have also been illustrated for the
sake of comparison in (d). (e) and (f) The real part and phase
of reflected fields, respectively.

Figure 7: Edge detection of a 2-dimensional image by exploit-
ing the proposed graphene-based multilayers processor. (a)
Input and (b) the edge-detected images, respectively.

voltage is needed to sustain �g . Hence, the floating-gate tun-

ing design is preferred to the capacitor-based tuning meth-

ods, where the static power consumption is inevitable [13,

48].

4. Results and Discussion

As we discussed in the above section, we modeled re-

configurable graphene-based multilayers by leveraging a TL

approach to synthesize desired OTFs in spatial and temporal

domains. In fact, we engineered the temporal- and spatial-

frequency response of the proposed graphene-based multi-

layers by fine-tuning the scattering parameters of Equation

16. We defined a cost function, F = ||OTFdes(kx∕ky,Ω) −

OTFsyn(kx∕ky,Ω)||, and searched for a set of circuit param-

eters which ensures F → 0, where OTFdes is our desired

OTF and OTFsyn is S11 in Equation 16. A particle swarm

optimization (PSO) algorithm [11] is adopted to minimize

the value of F.

4.1. Switchable Analog Computing Performance

This section wants to investigate a switchable graphene-

based multilayers that can switch between determined oper-

ations in the desired channel (temporal or spatial). In this

scenario, the relaxation time of graphene is assumed to be

� = 0.08 ps, and the dielectric thickness is ℎ = 12 �m.

The required chemical potential for graphene monolayers to

achieve the desired functionality- isotropic spatial differenti-

ation, temporal differentiation and linear group-delay response-

is illustrated in Figure 2(d). We numerically simulate the

design in CST Studio Suite to get the reflection amplitude

and phase. The obtained results show that the graphene-

based multilayers supports both spatial and temporal chan-

nels, which can be selected by applying a proper external

electrostatic voltage. To explicitly present the properties of

the synthesized graphene-based multilayers processor, the

spatial and temporal OTFs as a function of the incidence an-

gle and temporal frequency are illustrated in Figure 3. The

obtained results are exactly what we explained in Section 2

and the theoretical calculations, which are calculated based

on the TL approach in Section 3 are in excellent agreement

with simulated results. The left side of Figure 3 represents

the spatial OTF for isotropic differentiation operation. The

input polarization can be computed by Equations 6 and 7 and
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the fact that 2∕1 = i. The operating frequency for the spa-

tial channel is 1 THz and �0 = 22.3◦. Based on Equation 5

, we have the helical phase distribution of the spatial TF in

Figure 3(b) as we expected from Equation 5. The amplitude

and phase of OTF for (kx, 0) and (0, ky) are plotted in Figure

3(c). This is evidence that two-dimensional edge detection

can be achieved properly. The right side of Figure 3 shows

the temporal OTFs associated with first-order differentiation

operation and linear group delay response. Figure 3(d) ex-

hibits the amplitude and phase of the synthesized OTF asso-

ciated with first-order temporal differentiation. For ease of

comparison, the ideal case and TL approach results are also

plotted in this figure. The bandwidth of the temporal chan-

nel is |Ω∕!0| < 0.25. This range essentially provides the

maximum temporal resolution of input signals that can be

correctly processed by the designed graphene-based multi-

layers. Finally, the triangular group delay response is plotted

in Figure 3(e) and its amplitude and phase are also sketched

in Figure 3(f).

Let us consider the temporal channel. By tuning the

chemical potentials, �c,1 and �c,2 expressed in Figure 2(d),

the graphene-basedmultilayers processor can act as a tempo-

ral differentiator. To explicitly demonstrate the functional-

ity of temporal differentiation with the designed graphene-

based multilayers, we investigate the applications of simu-

lated results in Figure 3(d) on 1D temporal signals. First, we

calculated the frequency spectra input signal of Figure 4(a)

with Fourier transform. After that, the output signal could

be computed by Equation 2. As standard outputs, we have

presented the results processed with the ideal temporal first-

order derivation in Figure 4(b). By comparing the output

result in Figure 4(c) with the ideal differentiated signal in

Figure 4(b), excellent agreement is observed.

We now move to the phaser, which provides a desired

group-delay response over a given frequency band [41]. For

an incident EM wave that has various sinusoidal compo-

nents, it has the form

 in,t(t) =
N−1
∑

n=0
An(t).ej!nt+�n . (28)

Thus, the output EM wave has the form of [9]

 out,t(t) = |Õtp|
N−1
∑

n=0
An(t− �̃(!n)).ej!nt+�(!n)+�n . (29)

From the above equation, we can observe that the amplitude

envelopes of different sinusoidal components have different

time delays depending on their frequencies. Figure 5 shows

the process to realize pulse spreading through a linear group-

delay response graphene-based multilayers phaser. An inci-

dent modulated Gauss pulse of duration T (the time range

of 10% peak amplitude) and bandwidth B, with central fre-

quency !0, is radiated to the graphene-based multilayers-

based phaser. As we can see in Figure 3(e), the group de-

lay has a positive slope (approximatly 0.85 ps2∕rad) from

0.65 to 0.95 THz, and a negative slope from 0.94 to 1.25

THz. Based on Equation 12, the predicted spreading time is

Δ� = aB = 0.7 ps. As we can see in Figures 5(b) and (c),

the synthesized linear group delay leads to 0.7 ps spreading

time duration of input temporal signal. The values of C and

K = 1∕
√

C are 1.57 and 0.8, respectively.

We now switch to the spatial channel at an oblique in-

cident angle, at which the graphene-based graphene-based

multilayers performs isotropic spatial differentiation. We

first consider the scenariowhere the input is aGaussian beam,

as shown in Figures 6(a) and (c). The operator in Equation

5, operating on an input Gaussian beam, produces a beam

with a vortex-shaped beam that possesses a donut-shaped

intensity profile (see Figure 6(b)). The real part and phase

of reflected fields are demonstrated in Figures 6(e) and (f).
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Figure 8: Synthesized Spatial and temporal OTF for parallel spatiotemporal computing. (a) Amplitude (blue) and phase (red)
of the spatial TF associated with the spatial differentiation operation. (b) Amplitude (blue) and phase (red) of the temporal
TF associated with the temporal differentiation operation. (c) Amplitude (blue) and phase (red) distribution of synthesized
graphene-based multilayers for linear group-dealy response. (d) Synthesized positive-triangular group delay. The synthesized and
ideal OTFs are indicated with solid and dashed lines, respectively. Also, green and black cross lines are related to the results of
TL model of the graphene-based multilayers.

For the sake of comparison, we also plot the ideal normal-

ized magnitude of a differentiated Gaussian beam in Figure

6(d), indicating a great performance of the differentiation.

Edge detection, as advanced applications of analog op-

tical computing in image processing, plays a crucial role in

image segmentation and in other basic image pre-processing

steps. We now investigate it with an input image consisting

of three distinct circular shapes, which is shown in Figure

7(a). The reflected images are numerically simulated, and

the corresponding transverse field profiles are displayed in

Figure 7(b). As expected, the isotropic spatial edge-detector

graphene-based multilayers successfully reveals all outlines

of the obliquely incident image along the vertical and hori-

zontal orientations. The graphene-based multilayers shows

acceptable results for edge detection according to illustrated

results in Figure 7. The operating function of the designed

devices can be altered between predetermined operators with

reasonable speed. The proper investigation of switching speed

is presented in Appendix C. Also, the reconfigurable pro-

cessor can be programmed by using external processor as

explained in Appendix D.

4.2. Simultaneous Spatiotemporal Analog

Computing Performance

Here, we investigate another opportunity, namely to per-

form parallel analog spatiotemporal computing, with the pro-

posed graphene-based graphene-based multilayers. Our mo-

tivation is the potential enhancement of channel bandwidth

by expanding the analog computing from the single spatial

or temporal operation to parallel spatiotemporal operation

[71, 64].

Consider the scenario inwhich temporal and spatial chan-

nels are simultaneously excited by spatial and temporal sig-

nals at different angles as well as frequencies. Similar to the

previous section, we consider first-order spatial differenti-

ation as a spatial operation and first-order temporal differ-

entiation as well as linear group-delay response as tempo-

ral functions. In this scenario, graphene’s relaxation time is

considered as � = 0.06 ps, and the substrates thickness are

ℎ = 18�m. The required chemical potential for graphene

monolayers to achieve the desired functionality is �c,1 =

�c,2 = 0.32 eV. Figure 8 provides the results of parallel

computing including spatial and temporal TFs. Figures 8(a)

and (b) show the spaial and temporal OTFs associated with

first-order differentiation operation, respectively. The op-

erating frequency for the temporal channel is 1.9 THz and

�0 = 34.6◦. Also, the center frequency of the spatial chan-
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Figure 9: (a) The complex input field profile is the combination of Gaussian and sinusoidal functions. We compare (b) the output
signal envelope to (c) the exact derivative of the input signal envelope. The signals are normalized to one. (d) A Gaussian pulse
is used as an input in the time domain. (e) and (f) The normalized output and ideal temporal signals, respectively.

nel is 0.65 THz and �0 = 34.6◦. Similar to the previous

section, the ideal case and TL method results are also plot-

ted in same figures. The bandwidth for spatial and temporal

channels are |k∕k0| < 0.2 and |Ω∕!0| < 0.1. Figure 8(c)

exhibits the amplitude and phase of synthesized OTF asso-

ciated with linear group delay response of Figure 8(d). From

Figure 8(d), the group delay has a positive slope from 6.45

to 6.7 THz and vise-versa a negative slop from 6.7 to 6.95

THz.

A complex signal which is a combination of Gaussian

and sinusoidal functions (see Figure 9(a)), has been utilized

as the beam profile of incidence. The corresponding results,

including output signal and an ideal case, are illustrated in

Figures 9(b) and (c). In addition, we adopt a Gaussian pulse

for temporal differentiation as the input signal (see Figure

9(d)). The output signal and an ideal case, are demonstrated

in Figures 9(e) and (f). As can be seen, the graphene-based

multilayers successfully implements the spatio-temporal dif-

ferentiation of the input signal.

5. Conclusion

To conclude, we exploited a novel switchable subwave-

length architecture for optical analog computing of spatiotem-

poral and simultaneous computing. The proposed graphene-

based multilayers is compact without the need for optical

Fourier transform elements, where optical computation func-

tions are directly achieved in the real space rather than the

Fourier space. By leveraging the surface impedance model

of graphene layers and using the TL approach, the compu-

tational graphene-based multilayers for temporal and spatial

processingwith a proper spatial and temporal bandwidthwas

engineered. In the temporal channel, first-order differenti-

ation and graphene-based multilayers phaser for temporal

pulse spreading application via synthesizing linear group-

delay response are demonstrated. Besides, in the spatial chan-

nel, performing isotropic differentiation operation as well

as edge detection are provided. According to the floating-

gate design utilized in this paper, the external voltage can

be removed after biasing the graphene layers according to

the desired function. We have eventually validated the spa-

tial and temporal differentiation with one-dimensional spa-

tial/temporal signals and an image, with excellent agreement

between full-wave numerical simulations and targetted oper-

ations.
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A. Appendix A: Calculation of Spatial

Transfer Function

We define Pin = (P inx , P
in
y )

T and Pout = (P outx , P outy )T as

the normalized input and output polarizations in x-y plane,

respectively.

The TF Õs(kx, ky) = Pout
†Os(kx, ky)Pin can be written

as [73, 57]

Õs(kx, ky) = Pout
†V†2R

s(kx, ky)V1Pin, (30)

where

Rs(kx, ky) =
⎡

⎢

⎢

⎣

rp 0

0 rs

⎤

⎥

⎥

⎦

,

V1 =
⎡

⎢

⎢

⎣

1 �

−� 1

⎤

⎥

⎥

⎦

,

V2 =
⎡

⎢

⎢

⎣

−1 −�

−� 1

⎤

⎥

⎥

⎦

,

(31)

where the matrices V1 and V2 are originated from the rota-

tions of coordinates and � = cot(�0)ky∕k0. Also, the rp and

rs are the Fresnel coefficients for p- and s- polarized plane

waves, respectively. According to Equation 4 in main text,

and Equation 30 in (kx = 0, ky = 0) we have

−rp0P inx P
out
x

∗ + rs0P iny P
out
y

∗ = 0, (32)

where, the rp0, and rs0 are the Fresnel coefficients for p-

and s- polarized plane waves at the incident angle �0, re-

spectively. By approximating the Fresnel reflection coeffi-

cients with first-order Taylor expansions (rp∕s = rp0∕s0 +
)p∕s
)� kx∕k0) [73, 57], and after some straightforward mathe-

matical manipulations, the coefficients 1 and 2 in Equation

5 are found as:

1 =
1
k0

(

− P inx P
out
x

∗ )rp
)�

+ P iny P
out
y

∗ )rs
)�

)

,

2 = −
cot(�0)
k0

(

− P iny P
out
x

∗ + P inx P
out
y

∗)(rp0 + rs0).
(33)

In the case of operating at oblique incidence (with rp0 =

0), by setting � = �∕2, the expressions for the coefficients

1 and 2 collapse to Equations 6 and 7 of the main text.

B. Appendix B: Electrostatic voltages

By solving Equations 24, 25, 26, and 27, we can cal-

culate the required voltage for biasing the graphene mono-

layer. This section will calculate the time response of chem-

ical potential for different applied voltages to the floating-

gate panel. According to Figure 10(a), when the applied

voltage on the top Si layer is positive, the electric field in-

tensity in SiO2 and tunneling current increase, resulting in

more electrons tunneling through the SiO2 layer and cap-

tured by the graphene. Accordingly, the chemical potential

of the graphene layer increases with time [45]. By applying

VFG = 30V to the structure, the desired range of chemical

potential can be achieved. Also, when the applied voltage on

the top Si layer is negative, the electric field in SiO2 reverses,

leading to more electrons tunneling through the SiO2 layer

and going back to the bottom Si layer [45]. Consequently,

the chemical potential of the graphene layer is decreased,

as shown in Figure 10(b). By applying VFG = −20V to the

structure, the value of chemical potential required for the de-

signs presented in this paper can be obtained.
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Figure 10: The time response of chemical potential where (a)
positive and (b) reverse voltages are applied to the floating-
gate panel.

C. Appendix C: Computing and Switching

Speed

In the proposed reconfigurable processor, two different

types of speeds need to be considered: (1) computing speed

and (2) switching speed.

(1) Computing speed: For each operation, computing speed

(for both temporal and spatial) is very high due to the nature

of the THz electromagnetic waves used for computing.

(2) Switching speed: Switching speed is related to the speed

of switching between different operations.

The switching speed depends on several parameters, such as

the external bias circuit’s time constant (RC), the speed of

graphene reaction to the bias change as a function of relax-

ation time, and the time response of chemical potential. The

total relaxation time depends on different scattering mech-

anisms at different carrier densities and temperatures. The

Matthiessen rule defines the overall relaxation time �t for any

given carrier density n and temperature T [3],

1
�t
≃ 1
�L
+ 1
�S
. (34)

where �L is due to long-range scattering mechanisms, such

as defects and impurities, and �S is due to short-range scat-

teringmechanisms, such as phonon and carrier–carrier inter-

actions [3]. The total resistance and the total capacitance of

the biasing circuit can help us to control the biasing speed.

Reducing the resistance of graphene/metal contact and ca-

pacitance enables a fast switching speed. Recent progress

in graphene fabrication and low-resistance contacts may al-

low speeds of up to hundreds of GHz [3]. A lower resistance

value can be achieved by properly adjusting the graphene/metal

contacts as long as they do not deteriorate the reflective struc-

ture’s reflection phase and amplitude spectra. As another

solution, to reduce resistance, more efficient ohmic contacts

can be devised. In addition, the switching speed between dif-

ferent operational states is limited by the operating frequency

of field-programmable gate array (FPGA) that is about a few

GHz [17]. Ultimately, the time response of the chemical po-

tential variation is the limiting parameter. As already ex-

plained in Appendix B, in the worst-case scenario, the chem-

ical potential of the graphene monolayer can be switched

from the highest required value to the minimum value in 1

�s. So, the switching speed between different chemical po-

tentials is about a few MHz. This speed is high enough to

allow for our principal goal here, which is to switch between

different operational states in a matter of seconds.

D. Appendix D: External Biasing

In Figure 2(a), V1 and V2 are tunable DC gate voltages

that can control the Fermi energy level, which helps to con-

trol the complex surface conductivity of the graphene mono-

layers easily. The Fermi energy level experiences a sufficient

variation covering our region of interest while the voltage

is reasonably changed. The required DC voltage bias can

be applied to each graphene monolayer via gold contacts.

In addition, an FPGA hardware can be exploited to provide

the desired electrostatic voltages at its output pins and set

the operational status of each layer independently. Conse-

quently, proper switching among different states can be reg-
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istered into the internal memory of the FPGA, which enables

different operation states for the device.
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