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Abstract
In this thesis, we study the optimal local well posedness of Quasi-linear wave equations.

Motivated by the study of the Einstein equations in relativity theory, there are numerous

works dedicated to the local well-posedness issue for this equation. The first works were

oriented to the study of the lifespan and regularity of solutions of such equations, with

more regular initial conditions. In 1980 for instance, Klainerman showed in [Kla80] the

existence of a smooth and unique solution for a non-linear wave equation, provided

that the initial data are regular enough and small enough. In our case, we are interested

in rough initial data, and especially in the minimal regularity we have to impose on

the initial data to ensure that the problem is well-posed. The best positive result in

low dimensions for this class of equations was proved in 2005 by Tataru and Smith in

[ST05]. More precisely, they show that quasilinear wave equation equation is locally

well-posed provided that the initial data are in H 3`εˆH 2`ε in dimension 3`1, and

in H 11{4`εˆH 7{4`ε in dimension 2`1, for any εą 0. In 1998, Lindblad ([Lin98]) gave

a counter-example to local well-posedness for this class of equations in dimension 3`1

by exhibiting a quasilinear wave equation and initial data in H 3ˆH 2 leading to an

instantaneous blow up. This means that the index provided by Tataru and Smith is

sharp in dimension 3`1.

In this thesis, we provide a counter-example for the dimension 2`1. Later, we study

perturbations of the equation and show that the instantaneous blow up is preserved.

Because the index corresponding to the dimension 2`1 is 7{4, hence not an integer,

we deal with most of the fractional differentiations involved by using the convolution

formula for |∆|s{2. To show that the initial data are in the desired space, we make use of

Fourier transform and characterization of the Sobolev spaces via the Fourier transform.

We also introduce the logarithmically modified Sobolev spaces H spln Hq´β, in which

our initial condition perfectly fits, and prove for these spaces some lemmas that are

relevant to our situation. In order to prove the blow up, the characteristic method is

used. When we study perturbations of the equation, we do not deal with the general

case. However, a dependency to the x2 variable is introduced, and we are no longer able
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Abstract

to find an explicit formula for the characteristics nor the solution. We still use a method

inspired by the characteristics found in the previous case, and show that the behaviour

near the singularity has similarities, leading to a blow up.

To ensure that the whole argument is sound, we first consider a regularization of the

initial condition χε and show that a blow up occurs when reaching a time tε that goes

to 0 as ε goes to 0. By proving estimates on the domain and the Sobolev norm, we

construct a solution leading to an instantaneous blow up, using a scaling and summing

argument. We will show that for any λą 0, H 11{4pln Hq´βĂH 11{4´λ. This means that

the index 11{4 is sharp.
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Résumé
Dans cette thèse, Nous nous intéressons au bien-fondé d’équations d’ondes quasili-

neaires. Motivés par l’étude des équations d’Einstein intervenant dans la théorie de la

relativité, de nombreux travaux se penchent sur le bien-fondé de ce type d’equations.

Les premiers travaux se penchèrent d’abord sur les questions de durée de vie et de ré-

gularité de solutions de telles équations, avec des conditions initiales régulières. En

1980, Klainerman montre dans [Kla80] l’existence d’une solution unique et régulière,

sous la condition que les données initiales soient suffisamment régulières et petites.

Dans notre cas, nous nous intéressons à des données initiales irrégulières, et en parti-

culier à la régularité minimale que l’on doit imposer sur les conditions initiales pour

garantir que le probleme est bien posé. Le résultat positif le plus précis en faible di-

mension pour cette classe d’équations a été prouvé en 2005 par Tataru et Smith dans

[ST05]. Plus précisement, ils montrent que l’équation d’onde quasilinéaire est bien

posée lorsque les données initiales appartiennent à H 3`εˆH 2`ε en dimension 3`1,

et à H 11{4`εˆH 7{4`ε en dimension 2`1, pour un εą 0. En 1998, Lindblad ([Lin98])

donne un contre exemple au bon fondement en dimension 3`1. Pour ce faire, il choisit

des données initiales appartenant à H 3ˆH 2 qui mènent à une explosion instantanée

de la solution. Ainsi, l’indice du résultat obtenu par Tataru and Smith est optimal en

dimension 3`1.

Dans cette thèse, nous donnons un contre exemple en dimension 2`1. Par la suite, nous

étudions la stabilité de l’explosion instantanée lorsque l’on modifie l’équation. Comme

l’indice qui correspond a la dimension 2`1 est 7{4, et est donc non entier, nous utilisons

une formule de type convolution pour |∆|s{2 pour exprimer certaines dérivées fraction-

naires. Afin de prouver que les données initiales appartiennent à l’espace souhaité, nous

utilisons la transformée de Fourier ainsi que la caractérisation des espaces de Sobolev

via la transformée de Fourier. Nous introduisons aussi une modification logarithmique

des espaces de Sobolev H spln Hq´β, qui correspond parfaitement à notre condition

initiale. Nous prouvons également des lemmes pertinents et nécessaires concernant ces

espaces. Afin de prouver l’explosition, nous utilisons la méthode des caractéristiques.
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Résumé

Au cours de notre étude des modifications de cette équation, nous ne nous intéressons

au cas général. Néanmoins, une dépendence en la variable x2 est introduite, et nous ne

sommes alors plus en mesure de calculer des formules explicites pour les caracteristiques

ou la solution. Nous choisissons néanmoins une methode inspirée par la methode des

caractéristiques du cas précédent, et nous montrons que le comportement de la solution

proche de la singularité est similaire, produisant ainsi une explosion.

Afin de nous assurer que l’argument est formel et correct, nous considérons d’abord

une régularisation de notre condition initiale χε et montrons que l’explosion se produit

lorsque l’on s’approche du temps tε, qui tend vers 0 quand ε tend vers 0. Nous avons dû

ensuite controler la taille du domaine de dépendance ainsi que la norme Sobolev, ceci

nous permet de construire une solution qui explose instanement. Pour construire cette

solution, nous utilisons un changement de variables et des translations afin de creer

une fonction qui fait intervenir une infinité de χε a la fois. Nous montrons egalement

que pour tout λą 0, H 11{4pln Hq´βĂH 11{4´λ. Ainsi, l’index 11{4 est optimal.
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Introduction

Introduction

We study the well-posedness of Quasi-linear wave equations. We will consider the

following equation

n
ÿ

i , j“0

g i j
pu,u1qBxi Bx j u“ F pu,u1q, pt , xq P ST “ r0,T rˆRn , (.0.1)

where Bx0 “Bt and G “ pg i j q and F are smooth functions. Also we assume that g is

close to the Minkowski metric m ; i.e.,

n
ÿ

i , j“0

|g i j
´mi j

| ď 1{2. (.0.2)

We will also define the corresponding Cauchy problem,

$

’

’

&

’

’

%

n
ÿ

i , j“0

g i j
pu,u1qBxi Bx j u“ F pu,u1q, pt , xq P ST “ r0,T rˆRn ,

pu,Bt uq|t“0“p f ,hq,

(.0.3)

where Bx0 “Bt and G “pg i j q and F are smooth functions.

We focus on the well-posedness of such equations. Informally, the concept of well-

posedness usually involves existence, uniqueness, and continuity with respect to the

initial conditions. We are interested on the lowest regularity we have to impose on the

Cauchy data in order to ensure that the problem is well-posed.
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Introduction

If we impose conditions on the form of the equation, one can obtain results in term

of well-posedness. For instance, if we impose restrictions on the quadratic non-

linearities, a condition known as the null condition (introduced by Christodoulou

and Klainermann), global smooth small enough solutions exist in the case n“ 3. This

result uses very different method to what we will use. For the case n “ 2, one can

reach the same result but further restrictions must also be imposed on the cubic

non-linearities. These topics are for instance discussed in [Kla86]. An application is

for instance the global existence result in the case of the Einstein vacuum equation

provided by Lindblad and Rodnianski in [LR05]. Such a result had already been proven

in [CK93] by Christodoulou and Klainermann, but the work done in [LR05] gives the

existence of a global solution under a weak null condition, and leads to a simplified

proof of this result.

Looking now at local well-posedness for rough initial data, it has been shown in

1993 in [KM93] by Klainerman and MacHedon that the vectorial partial differential

equation lφI “ F I pu,Duq, where F satisfies a null condition (for its Du dependency),

is locally well-posed if we assume that the initial condition is in H sˆH s´1 for są 2 in

dimension 3`1. This result has later been improved by Yi Zhou in [Zho97], showing

the well-posedness for są 7{4 in dimension 3`1.

However, some of the arguments are not valid if we consider general quasi-linear wave

equations. For the question of the global well-posedness for smooth initial data, in

[Fri83], J. Fritz provides equations for which every non-trivial solution with compactly

supported Cauchy data blows up in finite time. In our situation, we consider the

local well-posedness of the equation, meaning the existence of a time T ą 0 such

that the equation is well-posed on r0,T r. We will place ourselves in the context of low

regularity functions and the derivatives will have to be understood in the weak sense.

More precisely, we are interested in the smallest possible s such that (.0.1) is well-

posed in the case of the dimension 2`1; meaning that if p f , g q PH spR2qˆH s´1pR2q,

then there exists a unique local distributional proper solution (see A.1.4) of (.0.1) for

some T ą 0 satisfying

pu,Bt uq PC
`

r0,T r; H s
pR2
qˆH s´1

pR2
q
˘

. (.0.4)

Using Sobolev estimate, one can show that for sě n`1, the problem is well-posed.
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Introduction

An improvement have for instance been made by H. Bahouri and J. Y. Chemin in

[BC99], and in parallel by D. Tataru in [Tat00], where they show the well-posedness of

the equation for sě n`1
2 ` 1

4 , using mainly Strichartz estimates.

Further improvements have been made, and the best result for well-posedness in low

dimension has been made by D. Tataru and H. F. Smith in [ST05] and is described by

the next theorem.

Theorem .0.1. [ST05]

We consider the following Cauchy problem.

$

’

&

’

%

ÿ

i , j

g i j
puqBxi Bx j u“

ÿ

i , j

q i j
puqBxi uBx j u, pt , xq P ST “ r0,T rˆRn ,

pu,Bt uq|t“0“p f , g q,

(.0.5)

where Bx0 “Bt and G “pg i j q and Q “pq i j q are smooth functions. Also we assume that

g is close to the Minksowski metric m. Note that here, the metric is allowed to depend

on u but not on its derivatives.

The Cauchy problem (.0.5) is locally well-posed in H sˆH s´1 provided that

są
n

2
`

3

4
“

7

4
for n“ 2,

są
n`1

2
for n“ 3,4,5.

(.0.6)

Our aim is to provide a negative result. This is done by finding an equation and an

initial condition such that the resulting Cauchy problem is not well-posed, meaning

that there exists no time T such that the problem is well-posed on r0,T r. Such a

phenomenon is known as instantaneous blow up. A negative result for n “ 3 has

already been done by H. Lindblad in [Lin98]. The corresponding index s for his

problem is 3, he hence exhibits the sharpness of the criteria established in [ST05].

First, we need to compute the corresponding index when the functions G and Q are

allowed to also depend on ∇u and not only on u.

Corollary .0.2. Introducing the Cauchy problem with a ∇u dependency on G and Q as

3



Introduction

the following

$

’

&

’

%

ÿ

i , j

g i j
pu,∇uqBxi Bx j u“

ÿ

i , j

q i j
pu,∇uqBxi uBx j u, pt , xq P ST “ r0,T rˆR3,

pu,Bt uq|t“0“p f , g q,

(.0.7)

where Bx0 “Bt and G “pg i j q and Q “pq i j q are smooth functions. Also we assume that

g is close to the Minkowski metric m ;

The Cauchy problem (.0.7) is locally well-posed in H sˆH s´1 provided that

są
n

2
`

3

4
`1 for n“ 2,

są
n`1

2
`1 for n“ 3,4,5.

(.0.8)

Remark .0.3. By contraposition, if we find an initial condition for (.0.7) such that the

problem is ill-posed for s “ 11{4 in dimension 2`1, it means that the problem (.0.5)

is ill-posed for s “ 7{4 in dimension 2`1. Hence, we have the sharpness of the index

provided in [ST05].

Proof. (Of corollary .0.2)

We consider the problem given by (.0.7). Differentiating the equation with respect to

xk , we obtain

ÿ

i , j

„

`

Bk uB1g i j
pu,∇uq

˘

BiB j u`
ÿ

α

`

Bα`1g i j
pu,∇uq

˘

BkBαu ¨ BiB j u`
`

g i j
pu,∇uq

˘

BiB jBk u



“
ÿ

i , j

»

–

`

Bk uB1g i j
pu,∇uq

˘

Bi uB j u`
ÿ

α

`

Bi uBα`1q i j
pu,∇uq

˘

B j u ¨ BkBαu

`q i j
pu,∇uqBiBk u ¨ B j u`q i j

pu,∇uqBi u ¨ B jBk u

fi

fl (.0.9)

4
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Consequently, the system (.0.9) for every k can be put in the form

ÿ

i , j

g̃ i j
k pvqBiB j v “

ÿ

i j

q̃ i j
k pvqBi vB j v, (.0.10)

where v “pu,∇uq. Now, v PH s´1 so (.0.10) is well-posed.

There are two mechanisms that can create a blow up. One of them is a space indepen-

dent blow-up. In a nutshell, the blow up is caused by the underlying ODE that itself

leads to a solution that blows up. Another kind of blow up is caused by the focusing of

the characteristics to a single point, leading to an infinite increase of the derivatives.

Informally, in the case of a blow up at t “ T , if we denote byφ a characteristic function

and u the solution of the equation, in the fist case, we see a phenomenon of the form

(up to derivatives)

upφqÝÝÑ
tÑT

8, φ‰ 0, (.0.11)

happening, whereas in the second case, one observes a phenomenon of the form

BφpνqÝÝÑ
tÑT

0, (.0.12)

for a certain ν. This will also lead to a blow up of the derivatives using the chain rule.

Those types of blow up has already been described by Alinhac for instance in [Ali95].

We create a counterexample for the dimension 1`2, keeping in mind the intuition

provided in [Lin98]. Our goal is to create a second type (geometric) blow up.

We consider the model equation and the corresponding problem (inspired by Lind-

blad’s counterexample)

#

lu“pDuqD2u,

pu,Bt uq|t“0“p f , g q,
(.0.13)

where D “pBx1´Bt q.

5
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Note that (.0.13) is of the form (.0.1) with

g “

»

—

–

1´ v v 0

v ´1´ v 0

0 0 ´1

fi

ffi

fl
, v “Du. (.0.14)

Remark .0.4. From a scaling argument, we can see that if s ă 2, then the problem is

ill-posed.

Indeed, let u be a solution of (.0.13) that blows up at a time T . (In fact, we will show

the existence of solutions that blow up in a more regular context later on in the thesis.)

Define uεpt , xq“ εupt{ε, x{εq. Now,

luεpt , xq“ ε´1
pluqpt{ε, x{εq“ pDuεqpD

2uεq (.0.15)

So uε be a solution of (.0.13) and has a lifespan of εT , and

||uεp0, ¨q|| 9H s “

ˆ
ż

xPR2
ε´2sε2∇supx{ε, t{εq2d x

˙1{2

“ ε2´s
||up0, ¨q|| 9H s (.0.16)

This quantity goes to 0 in ε when să 2.

The counterexample we produce is in a slightly less regular space than H 11{4. Indeed

we will consider the logarithmic perturbation of H 11{4, denoted by H 11{4pln Hq´β as

the set of functions f such that the L2 norm of |ξ|11{4
`

1`| lnp|ξ|q|´β
˘

F p f qpξq, where

F denotes the Fourier transform, is finite. Our counterexample will belong to the

set H 11{4pln Hq´β with βą 1{2. For the functions that we consider, we will show that

this set is located between H 11{4´ε and H 11{4, for any εą 0. Hence, this proves the

optimality of the index 11{4 in the context of usual Sobolev spaces. It is however

interesting to notice that the function that we create can be defined as a function in

H 11{4ˆH 7{4, as it is done in Appendix A.1, for which we expect to witness the same

behaviour, but the method we use to show the blow up can not be applied anymore.

The argument that does not hold in this situation, and the reason why we need slightly

less regularity for the proof to hold, lies in the fact that the point where the blow up

occurs can not be proven to be in the domain of dependence anymore.

In the following, we construct a solution (.0.13) with initial data in H 11{4pln Hq´βˆ

H 7{4pln Hq´β, that blows up instantly at t “ 0`, as formulated in the following theo-

rem.

6
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Theorem .0.5. We consider βą 1{2. There exists initial data p f , g q P 9H 11{4pln Hq´βˆ
9H 7{4pln Hq´β supported on a compact set, with || f || 9H 11{4pln Hq´β`||g || 9H 7{4pln Hq´β arbi-

trarily small, such that (.0.13) does not have any proper solution u such that

pu,Bt uq PC
`

r0,T r; 9H 11{4pln Hq´βpR2qˆ 9H 7{4pln Hq´βpR2q
˘

for any T ą 0.

In fact, we have a slightly stronger result, that is, for this initial condition, for all

λą 0 small enough, (.0.13) does not have any proper solution u such that pu,Bt uq P

C
`

r0,T r; 9H 11{4´λpR2qˆ 9H 7{4´λpR2q
˘

for any T ą 0.

The fact that the index is not an integer in dimension 2` 1 raises several issues.

We have to make use of fractional derivatives as well as the Fourier transform to

characterize the belonging of a function to a specific Sobolev spaces. For the loga-

rithmically defined Sobolev spaces, we have to use the characterization using the

Fourier transform. In order to show that the initial condition belongs to the space

H 11{4pln Hq´βˆH 7{4pln Hq´β, we will hence use the Fourier transform using a dyadic

decomposition of the domain of definition in x. Because of the way the function is

defined, small values of x corresponds in some sense to high values of ξ.

To show that the H 11{4pln Hq´βˆH 7{4pln Hq´β norm of the function diverges, we will

use a convolution integral expression to make our computations. The computations

and ways to exhibit the pathological behavior have been made using the Caputo’s

derivative, the Riemann-Liouville derivative and the Grunwald-Letnikov formula

for fractional derivative in mind. These derivatives involve some counter intuitive

behaviors. Figure 1 shows the fractional differentiation of a symmetric function, that

do not have any symmetry property. Figure 2 shows that the fractional derivative is

not local. In our situation however, we will use the more common following fractional

derivative formula that comes from Fourier analysis, i.e. that for α a multi-index and

ξαx “
ś

i ξ
αi
xi

,
Bα f

Bxα
pxq“F´1 pp2πiqs

ξαx ¨F p f qpξqqpxq. (.0.17)

Using the fact that ˆf g “ f̂ ˚ ĝ , we will find a more suitable expression in the next

section to manipulate these concepts.

7
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.6

Figure 1 – Asymmetric Grunwald-Letnikov derivatives of a symmetric function

.5

Figure 2 – Non locality of the fractional derivative

Figure 3 – Fractional differentiation: counter-intuitive behaviours

We define the Riemann-Liouville fractional integral for α Ps0,1r

aD´αt f ptq“
1

Γpαq

ż t

a
pt´τqα´1 f pτqdτ. (.0.18)

We define the Riemann-Liouville fractional derivative using the aD´αt operator. With

8
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α Ps0,1r,

aDα
t f ptq“

d n

d t n aD
´pn´αq
t f ptq, (.0.19)

where n is the smallest integer bigger than α.

Next, we define the Caputo fractional derivative of order αą 0:

C
a Dα

t f ptq“
1

Γpm´αq

ż t

a

f pmqpτq

pt´τqα`1´m
dτ. (.0.20)

In, [IW13] for instance, they introduce weak fractional derivatives. The intuitions are

relevant to our situation, however, because we regularize the Cauchy data, we will

only consider C8pR2q functions.

We can observe on figure 1 that the Grunwald-Letnikov’s derivative possesses a "shift

to the left" behaviour, before catching up for every integer order. The link with the

definition provided in (.0.17) is that the definition coming from (.0.17) is the average

of the derivative with the shift to the left, and the derivative with the shift to the right

(going from´8 to t ). It is a bit more clear why the Sobolev spaces coincide under the

right assumptions. The stated results come from [Li18], [GL18] and [AT11].

In our context, we need globally defined functions, as well as functions that vanish

sufficiently fast at infinity, in order to define fractional derivatives. Again, we will use

the definition of the fractional derivative provided by (.0.17).

In the next section, we introduce the notations and the definitions we will use.

Notations

First, for an integrable function f :Rn ÑR, we denote by f̂ :Rn ÑR the function

F p f qpξq“ f̂ pξq“

ż

Rn
f pyqe´2ıπăy¨ξąd y. (.0.21)

9
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We also define the Sobolev norm denoted by || ¨ ||HpRnqs as

|| f p¨q||2
9H spRnq

“

ż

Rn
|ξ|2s

| f̂ pξq|2dξ, (.0.22)

and the corresponding Sobolev space 9H spRnq of functions such that this norm is finite.

When s is an integer, the following holds

p2πqs
ż

Rn
|ξ|2s

| f̂ pt ,ξq|2dξ“

ż

Rn
|∇s f pt , xq|2 d x, (.0.23)

where ∇su“pBs
1u, ...,Bs

nuq.

We also define the notion of domain of dependence of the corresponding notations.

Definition .0.6. LetΩĂR`ˆR2 be an open set equipped with a Lorentzian metric g j ,k

satisfying (.0.2). It is a domain of dependence for g if the closure of the causal pastΛt 1,x1

of each pt 1, x 1q PΩ is contained in Ω, with z PΛt 1,x1 iff it can be joined to pt 1, x 1q by a

Lipschitz continuous curve pt , xptqq satisfying

2
ÿ

i , j“0

gi , j pxq
d xi

d t

d x j

d t
ě 0, (.0.24)

almost everywhere.

For a domainΩĎR1`n , we denote byΩt the set

Ωt “tpτ, xq PΩ, t “ τu. (.0.25)

Also, for a setΩĎR1`2, we denote (the dependence inΩ is not explicitly written)

at pxq“ |ty PR, pt , x1, x2q PΩu| . (.0.26)

Remark .0.7. If we consider the Lorentzian metric that defines the linear wave equation,

the causal past of a point is its associated light cone.

We will make free use of the Huygens principle, meaning that for a solution u defined

10



Introduction

on a domain of dependenceΩ corresponding to the Lorentzian metric involved the

equation, the values of u on the set Ωt only depend of the value of u on the set Ω0.

This will be useful as we will first solve the equation for a locally defined function, and

later create an extension of the initial condition. The computation previously made

will remain valid in the corresponding domain of dependence.

For α a multi-index, we will use the following definition for fractional derivative

Bα f

Bxα
pxq“F´1 pp2πiqsξαx ¨F p f qpξqqpxq. (.0.27)

11





Part IIll-posedness of the quasilinear wave

equation in two spatial dimensions in

H 11{4pln Hq´β.

13





In this chapter, we provide an initial condition that shows the ill-posedness of equation

(.0.1) in the local sense. We introduce a specific equation that is of the form (.0.1),

and an initial condition χ. The equation that we will consider is (.0.13). To properly

show the ill-posedness, we first regularize the initial condition and show that the

corresponding solution blows up in the Sobolev norm when t Ñ tε with tεÑ 0, and

then we create an initial data that leads to an instantaneous blow up by a scaling and

summing argument.

15





I Strategy and control of the initial

condition

In this chapter, we quickly explain the strategy of the proof, and we later show that the

initial condition belongs to the desired space, i.e. H 11{4pln Hq´β. We also go through

technical lemmas that we will need later to perform the proof of the blow up.

I.1 Explicit resolution and preliminary results

We will first solve the equation using the characteristic method.

We consider the equation (.0.13) and look at solutions of the form upt , xq“ u1pt , x1q.

The equation in one space dimension can be factored as the following.

ppBt `Bx1q` v pBx1´Bt qqpBx1´Bt qu“ 0

up0, x1q“ 0, Bt up0, x1q“´χpx1q
(I.1.1)

where v “pBx1´Bt qu; which is equivalent when v ‰ 1 to

´

Bt `
1` v

1´ v
Bx1

¯

pBx1´Bt qu“ 0. (I.1.2)

17



Chapter I. Strategy and control of the initial condition

Now, this partial differential equation can be explicitly solved. Introducingφ such that

$

’

&

’

%

φp0, yq“ y,

Btφpt , yq“
1` vpt ,φpt , yqq

1´ vpt ,φpt , yq
,

(I.1.3)

we obtain

B

Bt
pvpt ,φpt , yqqq“ 0 ñ vpt ,φpt , yqq“χpyq @t . (I.1.4)

Now, this gives us an explicit formula for φ,

φpt , yq“ y` t
1`χpyq

1´χpyq
. (I.1.5)

We will consider the Cauchy problem corresponding to the two following choices for

the initial condition. First, we consider for αą 0 P R (the conditions that α has to

satisfy will appear later through the proof)

v0px1, x2q“χpx1q“´

ż x1

0
| lnpsq|αd s, (I.1.6)

which will be the initial value that corresponds to an instantaneous blow up of the

solution. But we will work with the regularized initial condition

v0,εpx1, x2q“χεpx1q“´

ż x1

0
ψεpsq| lnpsq|

αd s, (I.1.7)

where

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

1ąψεpxqą 0 for ε{2ă x ă ε,

ψεpxq“ 0 for x ă ε{2,

ψεpxq“ 1 for x ą ε

DC ą 0, |ψ1εpxq| ď
C

ε
.

(I.1.8)
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I.2. Introduction of the logarithmic perturbation of H s and related lemmas

This resolution holds whenever the solution depends only on x1. We will consider

initial conditions defined on R2 entirely, but that coincides with (I.1.6) or (I.1.7) on a

setΩ.

We choose

Ω0“

"

px1, x2q|x1ě 0, |x2| ď

?
x1

| lnpx1q|
δ

*

č

”

0;
1

2

ı

ˆ

”

0;
1

2

ı

, (I.1.9)

and we takeΩ to be the largest domain of dependence (defined in Definition .0.6) for

the metric whose inverse is given by

2
ÿ

i , j“0

g i j
pt , xqBxi Bx j “B

2
t ´

2
ÿ

i“1

B
2
xi
´ vpt , x1qpBt ´Bx1q

2, (I.1.10)

and such thatΩXtt “ 0u“Ω0. We correspondingly defineΩt “tpx1, x2q|pt , x1, x2q P

Ωu and at px1q to be the width ofΩt at x1.

I.2 Introduction of the logarithmic perturbation of H s

and related lemmas

In this chapter, we will introduce logarithmic perturbations of the spaces 9H 7{4 and

H 7{4, namely 9H 7{4pln Hq´β and H 7{4pln Hq´β that will contain functions slightly less

(provided that βě 0) regular than 9H 7{4 and H 7{4. We will show preliminary lemmas,

and then we will show that we can find an extension of our function on R2 that has a

uniformly bounded norm in this space. We define the space 9H spln Hq´β as the set of

all functions such that the norm

|| f ||2
9H spln Hq´β

“ ||F p f q ¨
|ξ|s

p1`| lnp|ξ|q|qβ
||

2
L2

“

ż ż

ξ1,ξ2PR
2

«

|ξ|s

p1`| lnp|ξ|q|qβ

ż ż

x1,x2PR

e2iπξ1x1 e2iπξ2x2 f px1, x2qd x1d x2

ff2

dξ1dξ2,

(I.2.11)
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Chapter I. Strategy and control of the initial condition

is finite. Similarly, we define the space H 7{4pln Hq´β as the set of all functions such

that the norm

|| f ||2
H spln Hq´β

“ ||F p f q ¨
p1`|ξ|2qs{2

1`| lnp|ξ|q|β
||

2
L2

“

ż ż

ξ1,ξ2PR
2

p1`|ξ|2qs

p1`| lnp|ξ|q|βq2

„
ż ż

x1,x2PR

e2iπξ1x1 e2iπξ2x2 f px1, x2qd x1d x2

2

dξ1dξ2,

(I.2.12)

is finite.

We will first show that 9H s Ď 9H spln Hq´βĎ 9H s´λ. This first lemma is for L1 functions.

Lemma I.2.1. Let f be a function in L1pR2q. For any nonnegative s and β, for any small

enough positive λ, we have the following properties.

(i) || f || 9H s ă8ñ|| f || 9H spln Hq´β ă8,

(ii) || f || 9H spln Hq´β ă8ñ|| f || 9H s´λ ă8.

Proof. First, we note that because f is in L1pR2q, F p f q is globally bounded, indeed,

|F p f qpξq| “

ˇ

ˇ

ˇ

ˇ

ż ż

x1,x2PR
2

e2iπpx1ξ1`x2ξ2q f px1, x2qd x1d x2

ˇ

ˇ

ˇ

ˇ

ď

ż ż

x1,x2PR
2
| f px1, x2q|

ď || f ||L1pR2q. (I.2.13)

Now, we show piq. Consider f such that || f || 9H s ă8. Because 1`| lnp|ξ|q| ě 1 for any

ξ, we have
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I.2. Introduction of the logarithmic perturbation of H s and related lemmas

|| f ||2
9H 7{4pln Hq´β

“

ż ż

ξ1,ξ2PR
2

|ξ|2s

p1`| lnp|ξ|q|βq2
pF p f qpξ1,ξ2qq

2

ď

ż ż

ξ1,ξ2PR
2
|ξ|2s pF p f qpξ1,ξ2qq

2
“ || f ||2

9H s .

(I.2.14)

Now, we show pi iq. Consider f such that || f || 9H s ă8. Take r pλ,βq such that |ξ| ą r

implies p1`| lnp|ξ|q|βq2ă |ξ|2λ. We then have

|| f ||2
9H s´λ “

ż ż

ξ1,ξ2PR
2

|ξ|2s

|ξ|2λ
pF p f qpξ1,ξ2qq

2

“

ż ż

|ξ|ăr pλ,βq

|ξ|2s

|ξ|2λ
pF p f qpξ1,ξ2qq

2
`

ż ż

|ξ|ąr pλ,βq

|ξ|2s

|ξ|2λ
pF p f qpξ1,ξ2qq

2

ď |Bp0,r pλ,βqq| ¨ |r pλ,βq|2s´2λ
||F p f q||28`

ż ż

|ξ|ąr0

|ξ|2s

p1`| lnp|ξ|q|βq2
pF p f qpξ1,ξ2qq

2

ďCpλ,βq ¨ ||F p f q||8`|| f || 9H spln Hq´β ă8. (I.2.15)

We now state a second lemma, that is more relevant to our situation.

Lemma I.2.2. Let f P L2. Let β and s be two nonnegative real numbers, λ a small

enough real number and K a compact subset of R2. If f is supported in K , then we have

the two following:

(i) || f || 9H s ă8ñ|| f || 9H spln Hq´β ă8,

(ii) || f || 9H spln Hq´β ă8ñ|| f || 9H s´λ ă8.

Proof. The proof of piq is identical to the proof we made for lemma I.2.1. The proof

for pi iqwill share similarities with the proof of Prop 1.55 in [BCD11] p. 39.
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Chapter I. Strategy and control of the initial condition

We obtain using the Cauchy-Schwartz inequality as well as the Fourier-Plancherel

formula that

| f̂ pξq| ď || f ||L1 ď

b

|K ||| f ||L2 ďC
b

|K | ¨ || f̂ ||L2 . (I.2.16)

Now, for any positive ε, we have

|| f̂ ||L2 ď

ż ż

Bp0,εq
| f̂ pξq|2`

ż ż

R2zBp0,εq
| f̂ pξq|2

ďpI .2.16q C |Bp0,1q| ¨ε2
¨ |K | ¨ || f̂ ||2L2`

ż ż

R2zBp0,εq

|ξ|2sp1`| lnpξq|βq2

|ξ|2sp1`| lnpξq|βq2
| f̂ pξq|2

ďC |Bp0,1q| ¨ε2
¨ |K | ¨ || f̂ ||2L2`

ż ż

R2zBp0,εq

|ξ|2s
´

1
εs `

| lnpξq|β

|ξ|s

¯2

p1`| lnpξq|βq2
| f̂ pξq|2. (I.2.17)

Now, the function r ÞÑ | lnpr q|
r s is decreasing on s0,1r and bounded on r1,8r which

means that for any ξ such that |ξ| ě ε, | lnp|ξ|q
β|

|ξ|s
ďmaxpC , | lnpεq|

β

εs q. Now, for ε such that

C ¨ |Bp0,1q| ¨ε2 ¨ |K | “ 1
2 , we obtain

|| f̂ ||2L2 ďC|K ||| f || 9H spln Hq´β ă8, (I.2.18)

and that f P L1.

From I.2.1, we obtain the desired result.

We now state one more lemma. Using this lemma, we will only have to compute

the homogeneous logarithmically modified Sobolev norm as long as our functions

are compactly supported. We will use this lemma later on to show that the initial

condition we consider belongs to H 7{4pln Hq´β.

Lemma I.2.3. Let s be a nonnegative real number, and f P L1
l oc . If f belongs to

9H spln Hq´β and is compactly supported, then f belongs to H spln Hq´β.
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I.2. Introduction of the logarithmic perturbation of H s and related lemmas

Proof. Let f P 9H spln Hq´β and supported in K , a compact subset of R2. Then, by

lemma I.2.2, f P 9H s{2. Hence, we have that f P L2. (The proof of this can for instance

be found in [BCD11] p. 39).

Now, we compute the non-homogeneous modified Sobolev norm.

ż ż

ξPR2

p1`|ξ|2qs

p1`| lnp|ξ|q|βq2
| f̂ pξq|2

“

ż ż

ξPBp0,1q

p1`|ξ|2qs

p1`| lnp|ξ|q|βq2
| f̂ pξq|2`

ż ż

ξPR2zBp0,1q

p1`|ξ|2qs

p1`| lnp|ξ|q|βq2
| f̂ pξq|2

ď 2s
|| f̂ ||2L2`

ż ż

ξPR2zBp0,1q

p1`|ξ|2qs

|ξ|2s

|ξ|2s

p1`| lnp|ξ|q|βq2
| f̂ pξq|2

ď 2s
¨C || f ||L2`2s

¨C || f || 9H spln Hq´β . (I.2.19)

Now, we will show a new lemma that we will use later. We express the Sobolev norm as

a convolution-type integral. This type of integrals are widely used for differentiation

of fractional order.

Used together with our previous lemma, it establishes a link between our logarith-

mically modified Sobolev spaces defined via Fourier transform and the fractional

derivative.

Lemma I.2.4. Let λ be a small, nonnegative number. Let f :R2ÑR and ωĎR2 such

that f “ 0 outside of ω.

Then,

|| f ||
9H

7{4´λ
x1

pR2q
“C

ż ż

px1,x2qPω

ˆ

B2 f

Bx2
1

˙

px1, x2q

¨

ż

y| py,x2qPω

|x1´ y |´1{2`2λ

ˆ

B2 f

Bx2
1

˙

py, x2qd yd x2d x1

(I.2.20)
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Proof.

|| f ||
9H

7{4´λ
x1

pR2q
“ ||

B2 f

Bx2
1

|| 9H´1{4´λ

“

ż ż

px1,x2qPR
2
|∇´1{4´λ

x1
|

ˆ

B2 f

Bx2
1

˙

px1, x2q ¨ |∇´1{4´λ
x1

|

ˆ

B2 f

Bx2
1

˙

px1, x2qd x

“

ż ż

px1,x2qPR
2
|∇´1{2´2λ

x1
|

ˆ

B2 f

Bx2
1

˙

px1, x2q ¨

ˆ

B2 f

Bx2
1

˙

px1, x2qd x

“p˚q C

ż ż

px1,x2qPR
2

ˆ

B2 f

Bx2
1

˙

px1, x2q ¨

ż

yPR

B2 f
Bx2

1
px1, x2q

|x1´ y |1{2´2λ
d x

“C

ż ż

px1,x2qPω

ˆ

B2 f

Bx2
1

˙

px1, x2q ¨

ż

y| py,x2qPω

|x1´ y |´1{2`2λ

ˆ

B2 f

Bx2
1

˙

py, x2q

(I.2.21)

For p˚q, we used that

p´∆q
s{2
p f qpxq“

`

p2π |ξ|qs f̂ pξq
˘

q

pxq, (I.2.22)

and that for ną są 0,

p2πq´s `
|ξ|
´s˘q

pxq“ p2πq´s π
s
2Γpn´s

2 q

π
n´s

2 Γp s
2q
|x|s´n . (I.2.23)

In our case, because we integrate only with respect to x1, we obtain from (I.2.22) and

(I.2.23)

|∇x1 |
´1{2´2λ f pxq“Cpλq

ż

yPR

f pyq

|x1´ y |1{2´2λ
, (I.2.24)

where

Cpλq“ p2πq´1{2´2λπ2λΓp
1´ 1

2´2λ
2 q

Γp
1{2`2λ

2 q
(I.2.25)
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I.3 Proof that pBt uq|t“0 PH 7{4pln Hq´β

We now introduce the main theorem of this chapter.

Theorem I.3.1. Let ψε be functions such that

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ψεpxq“ 0, x P r0,ε{2s,

ψεpxq“ 1, x P rε,8s,

@x, ψεpxq P r0,1s,

|Bkψεpxq| ď
Cpkq

εk
.

(I.3.26)

We consider α,β,δ such that 2α´2β´δă´1. For a fixed βą 1{2, it is possible to

choose αą 0 and δą 0 that satisfy this condition.

With χε : px1, x2q P Ω ÞÑ ´
şx1

0 ψεpsq| lnpyq|αd y, there exists hε : R2 Ñ R such that

hε,|Ω0
px1, x2q “ χεpx1q and ||hε||H 7{4pln Hq´β ă8. Moreover, the bound on the norm

can be chosen to be independent of ε.

Proof. First, we define χε on R entirely by

χε : x1 PR ÞÑ

$

’

&

’

%

´

ż x1

0
ψεpsq| lnpyq|

αd y, for x1ą 0,

0, for x1ď 0.

(I.3.27)

We consider a smooth function ψ :RÑr0,1s such that

#

ψpxq“ 1, x P r0,1{4s,

ψpxq“ 0, x ě 1{2.
(I.3.28)

ψ is defined on R´ by setting ψpxq“ψp´xq for x ă 0.
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Define

hεpx1, x2q“χεpx1q ¨ψ

˜

|lnpx1q|
δ x2

?
x1

¸

¨ψpx1q. (I.3.29)

We multiply χ by a cutoff function in x1 and x2 that respects geometry of Ω, i.e.

ψ
´

|lnpx1q|
δx2?

x1

¯

“ 0 when x2ě
1
2

?
x1| lnpx1q|

´δ ; and we multiply χ by a simple cutoff

function in x1.

Lastly, we consider a dyadic partition of unity, and λwill denote dyadic numbers. Take

a function ζ :RÑr0,1s such that

ÿ

jPZ

ζ j px1q“
ÿ

jPZ

ζ
´x1

2 j

¯

“
ÿ

λ

ζ
´x1

λ

¯

“ 1, @x1 PR, (I.3.30)

Supp ζλĎ r
1

4
¨2 j ,4 ¨2 j

s “ r
1

4
¨λ,4 ¨λs, (I.3.31)

@x, ζ j pxq P r0,1s. (I.3.32)

Now, we define

hλ,εpx1, x2q“ ζλpx1qhεpx1, x2q, (I.3.33)

and we have

hε“
ÿ

λ

hλ,ε“
ÿ

λď2 j0

hλ,ε. (I.3.34)

In virtue of lemma I.2.3, we only have to study the homogeneous modified Sobolev

norm, as our function is compactly supported.

Now, we will find an estimate for ||hε,λ||H 7{4pln Hq´β .

First, we compute F phε,λp¨, ¨qqpξ1,ξ2q.
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F phε,λp¨, ¨qqpξ1,ξ2q“

ż

x1

ż

x2

e´2iπx1ξ1 e´2iπx2ξ2ψpx1qζλpx1qχεpx1qψ

ˆ

| lnpx1q|
δ

?
x1

x2

˙

“

ż

x1

e´2iπxi1ψpx1qζλpx1qχεpx1q

ż

x2

e´2iπξ2ψ

ˆ

| lnpx1q|
δ

?
x1

x2

˙

“

ż

x1

e´2iπxi1ψpx1qζλpx1qχεpx1q

„ ?
x1

| lnpx1q|
δ
¨F pψq

ˆ ?
x1

| lnpx1q|
δ
ξ2

˙

“

ż 4λ

x1“
λ
4

e´2iπxi1ψpx1qζλpx1qχεpx1q

„ ?
x1

| lnpx1q|
δ
¨F pψq

ˆ ?
x1

| lnpx1q|
δ
ξ2

˙

. (I.3.35)

Because 1´C
C ÑCÑ0`8, we can chose C0ą 0 such that 1´C0

C0
ě α

| ln 1
2 |
α .

Now, we have for ε{2ď y ď 1{2, and αď 1

| lnpyq|α´α| lnpyq|α´1
ěC0| lnpyq|

α. (I.3.36)

Hence, we have for x1 P rλ{4,4λs,

|χεpx1q| “

ˇ

ˇ

ˇ

ˇ

ż x1

s“ε{2
ψεpsq| lnpsq|

α

ˇ

ˇ

ˇ

ˇ

ď
1

C0

ˇ

ˇ

ˇ

ˇ

ż x1

s“ε{2
| lnpsq|α´α| lnpsq|α´1

ˇ

ˇ

ˇ

ˇ

ďCλ| lnpλq|α. (I.3.37)

Now, we look at

||hλ,ε||
2
9H 7{4pln Hq´β

“

ż

ξ1,ξ2

ˆ

|ξ|7{4

p1`| lnp|ξ|q|qβ
¨F phλ,εqpξ1,ξ2q

˙2

. (I.3.38)

We will use the fact that F pφq
´ ?

x1ξ2

| lnpx1q|
δ

¯

is rapidly decreasing when ξ2 ąą
| lnpλq|δ
?
λ

and that F pζλqpξ1q “F pζp ¨
λ
qqpξ1q is rapidly decreasing when ξ1ąą

1
λ

to essentially

reduce the integration domain to r0, 1
λ
sˆr0, | lnpλq|

δ
?
λ
s.
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First, we compute the following integral

ż

ξ1ďλ´1

ż

ξ2ď
| lnpλq|δ
?
λ

ˆ

|ξ|7{4

p1`| lnp|ξ|q|qβ
¨F phλ,εqpξ1,ξ2q

˙2

. (I.3.39)

We have that

|F phλ,εqpξ1,ξ2q| ďC

ˇ

ˇ

ˇ

ˇ

ż 4λ

λ{4
λ| lnpλq|α

?
x1

| lnpx1q|
δ

ˇ

ˇ

ˇ

ˇ

ďCλ5{2
| lnpλq|α´δ. (I.3.40)

And so, we get

ˇ

ˇ

ˇ

ˇ

ˇ

ż

ξ1ďλ´1

ż

ξ2ď
| lnpλq|δ
?
λ

ˆ

|ξ|7{4

p1`| lnp|ξ|q|qβ
¨F phλ,εqpξ1,ξ2q

˙2
ˇ

ˇ

ˇ

ˇ

ˇ

ďCλ´1 | lnpλq|
δ

?
λ

λ´7{2

| lnpλq|2β
λ5
| lnpλq|2α´2δ

“C | lnpλq|2α´2β´δ. (I.3.41)

Now, we will make a precise argument to justify that integrating over the whole space

R2 does not give a bigger term in λ.

First, we look at

ż

ξ2ď
| lnpλq|δ
?
λ

ż

ξ1ěλ´1

ˆ

|ξ|7{4

p1`| lnp|ξ|q|qβ
¨F phλ,εqpξ1,ξ2q

˙2

. (I.3.42)

We can write
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ż 4λ

λ{4
e2iπξ1x1χεpx1qζλpx1q

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙

“C
1

ξ1

ż 4λ

λ{4
e2iπξ1x1

„

χ1εpx1qζλpx1q

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙

`χεpx1qζ
1
λpx1q

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙

`χεpx1qζλpx1q
1

2
?

x1| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙

`χεpx1qζλpx1q
`δ

x

?
x1

| lnpx1q|
δ`1

F pφq

ˆ ?
x1

| lnpx1q|
δ

˙

`χεpx1qζλpx1q

ˆ

1

2| lnpx1q|
2δ
`

δ

| lnpx1q|
2δ`1

˙

pF pφqq
1

ˆ ?
x1

| lnpx1q|
δ

˙

. (I.3.43)

Now, the 1
ξ1

we gain is going to be smaller than λ on our considered set. So now, we

show that we lose at most λ when differentiating the involved functions. When we

will integrate 1
ξ2

1
over the set ξ1ě 1{λ, we will multiply by 1

λ which is not worse than

the 1
λ we had in the first estimate because of the size of the set.

First,

χ1εpx1qďC | lnpλq|α, (I.3.44)

ζ1λpx1q“
B

Bx1

´

ζ
´x1

λ

¯¯

px1q“
1

λ
ζ1
´x1

λ

¯

ď
C

λ
. (I.3.45)

So, we have

ˇ

ˇ

ˇ

ˇ

χ1εpx1qζλpx1q

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙
ˇ

ˇ

ˇ

ˇ

ďC | lnpλq|α´δ
?
λ, (I.3.46)

ˇ

ˇ

ˇ

ˇ

χεpx1qζ
1
λpx1q

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙
ˇ

ˇ

ˇ

ˇ

ďC | lnpλq|α´δ
?
λ, (I.3.47)
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Chapter I. Strategy and control of the initial condition

ˇ

ˇ

ˇ

ˇ

χεpx1qζλpx1q
1

2
?

x1| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙
ˇ

ˇ

ˇ

ˇ

ďC | lnpλq|α´δ
?
λ, (I.3.48)

ˇ

ˇ

ˇ

ˇ

χεpx1qζλpx1q
δ

?
x1| lnpx1q|

δ`1
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙ˇ

ˇ

ˇ

ˇ

ďC | lnpλq|α´δ
?
λ, (I.3.49)

ˇ

ˇ

ˇ

ˇ

χεpx1qζλpx1q

ˆ

1

2| lnpx1q|
2δ
`

δ

| lnpx1q|
2δ`1

˙

¨ pF pφqq
1

ˆ ?
x1

| lnpx1q|
δ

˙
ˇ

ˇ

ˇ

ˇ

ďC | lnpλq|α´δ
?
λ. (I.3.50)

By induction and Leibniz differentiation formula, we quickly obtain that

Bk

Bk
x1

ˆ

χεpx1qζλpx1q

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙˙

ďCk | lnpλq|
α´δλ

3
2´k . (I.3.51)

Hence, we have

ˆ
ż 4λ

λ{4
e2iπξ1x1χεpx1qζλpx1q

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙ˇ

ˇ

ˇ

ˇ

ď
C5

ξ5
1

| lnpλq|α´δλ´7{2
¨λ (I.3.52)

Now, we obtain that
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I.3. Proof that pBt uq|t“0 PH 7{4pln Hq´β

ż

ξ1ěλ´1

ˆ

|ξ|7{4

p1`| lnp|ξ|q|qβ
¨F phλ,εqpξ1,ξ2q

˙2

ď

ż

ξ1ěλ´1

C5

ξ10
1

| lnpλq|2α´2δλ´7 |ξ|7{2

| lnp|ξ|q|2β
λ2

ď
C

λ5
λ11{2

| lnpλq|2α´2δ´2β
“Cλ1{2

| lnpλq|2α´2β´2δ. (I.3.53)

Lastly, we hence obtain

ż

| lnpλq|δ
?
λ

ξ2“0

ż

ξ1

ż 4λ

λ{4
e2iπξ1x1χεpx1qζλpx1q

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙

ďC | lnpλq|2α´2β´δ.

(I.3.54)

Now, we study the expression for ξ2ě 2 | lnpλq|
δ

?
λ

. We notice that

F pφq

ˆ ?
x1

| lnpx1q|
δ
ξ2

˙

ď
Ck | lnpx1q|

k¨δ

x
k{2
1 ξk

2

. (I.3.55)

Here, we can for instance take k “ 4 and we first obtain, because C |ξ2| ě |ξ| ěC |ξ2|

on the considered set, and

ż

ξ1ďλ´1

ˆ

|ξ|7{4

p1`| lnpξq|qβ

ż 4λ

x1“λ{4
e2iπξ1x1χεpx1qζλpx1q

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙˙2

ďC

ż

ξ1ďλ´1

ˆ

|ξ|7{4

p1`| lnpξq|qβ
λ2| lnpλq|α

?
λ

| lnpλq|δ
| lnpλq|4δ

λ2ξ4
2

˙2

ďC | lnpλq|2α´6δ 1

ξ8
2

|ξ2|
7{2

| lnpξ2q|
2β
ďC | lnpλq|2α´6δ 1

|ξ2|
9{2| lnpλq|2β

, (I.3.56)

and hence,
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Chapter I. Strategy and control of the initial condition

ż

ξ2ě2
| lnpλq|δ
?
λ

ż

ξ1ďλ´1

ˆ

|ξ|7{2

p1`| lnp|ξ|q|qβ

ż 4λ

x1“λ{4
e2iπξ1x1χεpx1qζλpx1q

¨

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙˙2

ďC

ż

ξ2ě2
| lnpλq|δ
?
λ

C | lnpλq|2α´6δ 1

|ξ2|
9{2| lnpλq|2β

ďC

ˆ

| lnpλq|δ
?
λ

˙´7{2

| lnpλq|2α´6δ´2β

ďC | lnpλq|2α´δ´2β. (I.3.57)

We now study the term

ż

ξ2ě2
| lnpλq|δ
?
λ

ż

ξ1ěλ´1

ˆ
ż 4λ

x1“λ{4
e2iπξ1x1χεpx1qζλpx1q

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙˙2

.

(I.3.58)

Using both (I.3.52) and (I.3.55) and similar techniques, we obtain

ˆ
ż 4λ

λ{4
e2iπξ1x1χεpx1qζλpx1q

?
x1

| lnpx1q|
δ
F pφq

ˆ ?
x1

| lnpx1q|
δ

˙ˇ

ˇ

ˇ

ˇ

ďC
| lnpλq|α´δλ´5{2

ξ5
1

¨
| lnpλq|4δ

λ2ξ4
2

. (I.3.59)

We first study the set where ξ1ě ξ2. We have the following :

32



I.4. Lower bound on the width of the domain near the singularity

ż ż

ξ2ě
| lnpλq|δ
?
λ

,ξ1ěλ´1,ξ1ěξ2

ˆ

|ξ|7{4

p1`| lnp|ξ|q|qβ
¨F phλ,εqpξ1,ξ2q

˙2

ď

ż ż

ξ2ě
| lnpλq|δ
?
λ

,ξ1ěλ´1,ξ1ěξ2

C

ˆ

|ξ1|
7{4

| lnp|ξ|q|β
| lnpλq|α´δλ´5{2

ξ5
1

¨
| lnpλq|4δ

λ2ξ4
2

˙2

ďC

ż ż

ξ2ě
| lnpλq|δ
?
λ

,ξ1ěλ´1,ξ1ěξ2

λ´9| lnpλq|2α´2β`6δ

ξ10
1 ¨ξ

8
2

ďC

ż

ξ2ě
| lnpλq|δ
?
λ

| lnpλq|2α´2β`6δ

ξ8
2

ăă | lnpλq|2α´2β`6δ. (I.3.60)

The second part of the integration domain leads to the same result.

Now, we have that

||
|ξ|7{4

p1`| lnp|ξ|q|qβ
F pζλ ¨ v0qpξ1,ξ2q||

2
L2pξ1,ξ2q

ďC | lnpλq|2α´2β´δ. (I.3.61)

Taking the sum over the dyadic numbers λ“ 2´k , with 2α´2β´δă´1, we obtain

that gε PH 7{4pln Hq´β. Also, because the constant C does not depend on ε, we obtain

that the Sobolev norms of gε, for ε P p0,´1s, are uniformly bounded.

I.4 Lower bound on the width of the domain near the

singularity

Lastly, we will use the following result that gives an estimation of at pφpt , yqq for small

values of y . Intuitively, the y factor obtained in dimension 1`3 now becomes a
?

y

| lnpyq|δ
,

but here we only need the fact that the width obtained at the singularity is strictly

bigger than zero.

Using this result, we will be able to use a cutoff near the singularity in the next chapter.

For this lemma, we consider the initial condition defined by (I.1.7) and with a cutoff as

defined in theorem I.3.1. We consider tε to be the first value such that there exists νε
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Chapter I. Strategy and control of the initial condition

such that φyptε,νεq“ 0. The fact that tε and νε exist and tε“Op 1
| lnpεq|α qwill be shown

in chapter II.2.

Proposition I.4.1. Let νε P Rzt0u, and consider an interval of t of the form Jε “

r0,C 1
| lnpεq|δ

r. Then there exists a positive constants r such that

a0pφp0, yqq„y“0 2
?

2

?
y

| lnpyq|δ
, (I.4.62)

and for t P Jε,

B ppt ,φpt ,νεq,0q,r q“ tpt , x1, x2q PR
3
|

b

pφpt ,νεq´x1q
2`x2

2 ď r uĂΩt , (I.4.63)

provided that the condition

αą 2δ (I.4.64)

is satisfied.

Proof. (of (I.4.62)) (trivial) Because φp0, yq“ y ,

a0pφp0, yqq“ a0pyq“

ż

|x2|ď
?

2
?

y

| lnpyq|δ

d x2“ 2
?

2

?
y

| lnpyq|δ
(I.4.65)

Let us now prove I.4.63. We assume that |v | ă 1{100, and that t ďC 1
| lnpεq|α (This will

be achieved whenever ε is small enough, which means we will only consider times

t ďC 1
| lnpεq|α very small, see part 3 for further details.)

We will distinguish three cases, first, we consider curves whose starting point has an

abscissa strictly bigger than x0“
ε
4 .

It follows from definition .0.6 that pt 1, x 1q PΩ if and only if pt 1, x 11q PΩ
1 and all Lipschitz

continuous curves from pt 1, x 1q that satisfy (.0.24) intersect the hyperplane t “ 0 in the

set tx||x2| ď

?
2x1

| lnpx1q|
δ u.
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I.4. Lower bound on the width of the domain near the singularity

Now, let ptpsq, x1psq, x2psqq be a Lipschitz continuous curve parameterized so that

tpsq`x1psq“ s. Note qpsq“ x1psq´ tpsq. Note that (.0.24) is equivalent to (using the

fact that d tpsq
d s `

d x1psq
d s “ 1),

Rpsqď vptpsq, x1psqq´
d qpsq

d s
, (I.4.66)

where Rpsq“
´

d x2psq
d s

¯2
.

Now, using this set of new variables s“ x1`t , q “ x1´t and Ups, qq“ upps´qq{2,ps`

qq{2q, (I.1.1) becomes

$

&

%

pBs`V ps, qqBqqBqUps, qq“ 0, V ps, qq“ 2BqUps, qq,

Upy, yq“ 0, Uqpy, yq“
1

2
χpyq

(I.4.67)

The characteristics are given by s“ const ant and q “ hps, yqwith

d

d s
hps, yq“V ps,hps, yqq, hpy, yq“ y. (I.4.68)

Thus, s ÞÑV ps,hps, yqq is constant on the curve and is equal to χpyq.

Now assume that the curve is such that qpaq“ a and qpbq“ hpb, yq. With r psq“
b

x2
2 ,

assume in addition that r paq2“ 2a
| lnpaq|2δ

. Note that because qpaq“ a is equivalent to

tpaq “ 0, r paq2 “ 2a
| lnpaq|2δ

is simply that the point ptpaq, x1paq, x2paqq “ p0, a,
?

2a
| lnpaq|δ

q

is on the edge of the domain Ω0. Also, the condition qpbq “ hpb, yq is equivalent to

x1pbq“φptpbq, yq.

Now,

|r pbq´ r paq| ď

ż b

a

b

Rpsqd sď
?

b´a

d

ż b

a
Rpsqd s

ď
?

b´a
b

qpaq´hpb, yq (Using Vq ď 0)

(I.4.69)
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Chapter I. Strategy and control of the initial condition

Now,

qpaq´hpb, yq“ a´ y`hpy, yq´hpb, yq“ a´ y`

ż a

y
V ps,hps, yqqd s

ď
101

100
pa´ yqď

9

8
a (I.4.70)

Also,

b ´ y “ 2t ` hpb, yq ´ hpy, yq “ 2t `

ż b

y
V ps,hps, yqqd s ď 2t `

b´ y

100
(I.4.71)

Hence
?

b´aď
a

b´ y ď
?

2 ¨
?

t , because aě y . (It comes from the expression of h

using φ.)

Now, since a “ 1
2 r paq2| lnpaq|2δ, we obtain that a ě ε{4 implies | lnpaq|δ ďC | lnpεq|δ.

Hence, using condition (I.4.64), we obtain

|r pbq´ r paq| ďC
?

t ¨
?

aďCr paq
?

t ¨ | lnpεq|δď r paq| lnpεq|δ´α{2ď
1

2
r paq, (I.4.72)

r pbqě r paq´|r paq´ r pbq| ě r paq´2{3r paqě 1{2r paq. (I.4.73)

Meaning that any curve starting with a abscissa bigger than x0 does not reach the

inside of a ball centered in pt “ t , x1 “ φpt ,νεq, x2 “ 0q of a certain radius δ1, for a

fixed νε only depending on ε. However, the radius δ1 may depend on ε.

Now, we study the case where the starting abscissa is smaller than x0“ ε{4.

We will consider the curve C “tpx1, x2q|x2“˘

?
2x1

| lnpx2q|
δ , x0ď x1ă t{2u.

The distance between the curve C and the point pφptε,νεq,0q“ pt ,0q is given by

f pyq“

d

pφptε,νεq´ yq2`
2y

| lnpyq|2δ
. (I.4.74)

Now, because for any t ă tε, for any y , Byφpt , yq ‰ 0, and Byφpt ,0q ą 0, we obtain
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I.4. Lower bound on the width of the domain near the singularity

that for any t ă tε, for any y , Byφpt , yqě 0. Hence, we obtain the following inequality

(because νεě ε{2)

φpt ,νεqěφpt ,ε{2q“
ε

2
` t

1`χεpε{2q

1´χεpε{2q
“
ε

2
` t , (I.4.75)

and so we get φptε,νεqě
ε
2` tε. Now, because y ď ε{4, we obtain that

f pyqě |φptε,νεq´ y | ě
ε

4
` t . (I.4.76)

Let us rewrite the condition (.0.6). The metric pg i , j q is given by (.0.14), which means

that the inverse is given by

pgi , j q“

»

—

–

1` v v 0

v ´1` v 0

0 0 ´1

fi

ffi

fl
. (I.4.77)

Now, (.0.6) becomes

p1` vq ¨1`2v

ˆ

Bx1

Bt

˙

`p´1` vq

ˆ

Bx1

Bt

˙2

´

ˆ

Bx2

Bt

˙2

ě 0, (I.4.78)

or after a few steps,

p1´ vq2
ˆ

Bx1

Bt
´

v

1´ v

˙2

`p1´ vq

ˆ

Bx2

Bt

˙2

ď 1. (I.4.79)

Call E the ellipse given by (I.4.79), and C the circle of center p0,0q and radius 1. We

will show that we are in the situation depicted in figure I.1.

Let us prove that E is in fact included in C .
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Chapter I. Strategy and control of the initial condition

Figure I.1

1
1´v

1?
1´v

p v
1´v ,0q

E C

Bx1
Bt

Bx2
Bt

Let us compute EXC ,

$

&

%

p1´ vq2
´

x´
v

1´ v

¯2
`p1´ vqpyq2“ 1

x2
` y2

“ 1
(I.4.80)

Assuming by symmetry y ě 0,

pI .4.80qñ

$

&

%

p1´ vq2
´

x´
v

1´ v

¯2
`p1´ vqpyq2“ 1

y “´
a

1´x2
(I.4.81)

and hence p1´ vq2px´ v
1´v q

2`p1´ vqp1´ x2q “ 1. Now, the discriminant of this

equation in x is

∆“
4v2

p1´ vq2
´4

v

1´ v

v

1´ v
“ 0, (I.4.82)

and the only solution we find is p
2v

1´v
´2v
1´v

,0q “ p´1,0q. This means that the ellipse E is
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I.4. Lower bound on the width of the domain near the singularity

included in the circle C . This means that a curve satisfying (.0.6), satisfies

ˆ

Bx1

Bt

˙2

`

ˆ

Bx2

Bt

˙2

ď 1 (I.4.83)

and hence, any curve satisfying (.0.6) also satisfies

||px1ptq, x2ptqq´px1p0q, x2p0qq||2ď t . (I.4.84)

Because dppx1ptq, x2ptqq ,Cq ě t` ε
4 , there exists a positive number δ2 such that a ball

of radius δ2 and centered in pφpt ,νεq,0q cannot be reached.

Reducing the domain to x1ď
1

| lnpεq|α{2
.

In this chapter, we additionally multiply our initial condition by a cutoff in x1. The

goal is to cut the function way after the point around which the phenomenon occurs,

but to still have a domain that becomes as small as we want when εÑ 0. We will need

the function to still be in H 7{4pln Hq´β, and we also need that the point pνε,0q is in

the interior of the domain of dependence at the time t “ tε.

For the second part of the requirements, a rough estimate is to notice that the speed

of the information in our problem is at most 1, and tε satisfies tεď
1

| lnpεq|α . This means

that if the cutoff modifies the function only for x1 ě
1

| lnpεq|α{2
, thanks to (I.4.84), we

obtain our desired result for ε small enough.

Hence, we consider the cutoff (with the previous notations) lεpx1q “ l
`

x1 ¨ | lnpεq|α{2
˘

,

where l is a C8 functions on R such that

lpxq“ 1 for x ď 1,

lpxq“ 0 for x ě 2,

lpxq P r0,1s always.

(I.4.85)
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Chapter I. Strategy and control of the initial condition

Note that we then have

lεpxq“ 1 for x ď
1

| lnpεq|α{2
, piq

lpxq“ 0 for x ě
2

| lnpεq|α{2
, pi iq

lεpxq P r0,1s always, pi i iq

DCk ą 0,

ˇ

ˇ

ˇ

ˇ

Bk lεpx1q

Bxk
1

ˇ

ˇ

ˇ

ˇ

ď
Ck

| lnpεq|
kα
2

. pi vq

(I.4.86)

Now, thanks to piq and the previous remark, we have that pνε,0q belongs to the interior

of the domain of dependence for t “ tε.

Now, in the proof of chapter I.3, because of piq of (I.4.86), the estimation of

ż

ξ1ďλ´1

ż

ξ2ď
| lnpλq|δ
?
λ

ˆ

|ξ|7{4

p1`| lnp|ξ|q|qβ
¨F pgλ,εqpξ1,ξ2q

˙2

, (I.4.87)

is the same, since lε“ 1 on this domain. Lastly, the estimation of the Sobolev norm

for the whole set is also the same, since lε also satisfies (I.3.44) and (I.3.45).
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II Blow up of the solution to the regular-

ized problem in H 11{4´λpR2q.

In this chapter, we consider a regularized version of the initial condition, so the

equation is well-posed and the method we use to compute its expression are sound.

We then construct a counterexample using the statements we have made.

II.1 Strategy

In this chapter, we will consider the initial condition gε whose existence and definition

are provided in theorem I.3.1 (it was denoted by hε in the proof of the theorem).

gεpx1, x2q“χεpx1q ¨ψ

˜

|lnpx1q|
δ x2

?
x1

¸

¨ψpx1q, (II.1.1)

where

χεpxq“´

ż x

0
ψεpsq|lnpsq|

αd s, (II.1.2)

First, we recall that the initial condition is in 9H 7{4pln Hq´β, with a norm that can be

bounded uniformly with respect to ε. Also, we define

κpx1, x2q“ψ

˜

|lnpx1q|
δ x2

?
x1

¸

¨ψpx1q. (II.1.3)
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Chapter II. Blow up of the solution to the regularized problem in H 11{4´λpR2q.

The Cauchy problem
#

lu“pDuqD2u,

pu,Bt uq|t“0“p0,´gεq,
(II.1.4)

is now well-posed on some interval of the form r0, t 1
ε r. Then, we define some time tε

for which we start to observe the concentration of the characteristics described in the

first chapter, for some point νε. By this, we mean that φε,yptε,νεq “ 0. The Sobolev

norm of the solution will be proven to be unbounded as t Ñ tε ; besides the time tε
is going to 0 as εÑ 0. Next, using a scaling argument, we put together a sequence of

these solutions for which the lifespan is going to 0, and such that total initial Sobolev

norm is still finite. For any time t ą 0, t will be beyond the lifespan of one of those

solutions, thus leading to an infinite Sobolev norm.

II.2 Blow up when t Ñ tε and control of tε with respect

to ε.

Let uε be the solution for t ă tε of the Cauchy problem:

#

luε“ vεDvε,

pu,Bt uq|t“0“p0,´gεq,
(II.2.5)

with vε“Duε. We will prove the following theorem:

Theorem II.2.1. Let uε be a solution of (II.2.5), and δε ą 0 (conditions on δε will be

precised later).

Let ψ1
ε :RÑR be a C8 function satisfying

$

’

’

&

’

’

%

ψ1
εpxq“ 1 for φptε,νεq´δεă x ăφptε,νεq`δε

ψ1
εpxq“ 0 for φptε,νεq`2δεă x or x ăφptε,νεq´2δε

0ăψ1
εpxqă 1 elsewhere,

(II.2.6)
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II.2. Blow up when t Ñ tε and control of tε with respect to ε.

and ψ2
ε :RÑR be a C8 function satisfying

$

’

’

&

’

’

%

ψ2
εpxq“ 1 for ´δεă x ă δε

ψ2
εpxq“ 0 for 2δεă x or x ă´2δε

0ăψ2
εpxqă 1 elsewhere,

(II.2.7)

so that hε : pt , x1, x2q ÞÑ vεpt , x1, x2qψ
1
εpx1qψ

2
εpx2q is localized in a square of width 4δε,

cut in half by x1“φεptε,νεq; and such that hε“ vε in a square of width 2δε, cut in half

by x1“ νt ,ε.

We have, for any λą 0 small enough,

||hεptq||H 7{4´λ
x1

Ñ8 as t Ñ tε. (II.2.8)

Preliminary work

Now, the computations made in the first part are still valid inΩ, the domain of depen-

dence such thatΩXtt “ 0u“ tpx1, x2q|χεκ“ χu. We also only consider the domain

in time before the blow up. Or, with φε computed as previously,

Ω“tpx1, x2, tq|φεpt ,εqď x1ďφpt ,3q, |x2| ď at px1q, t ă tεu. (II.2.9)

On this domain, we have that

vpt ,φεpyqq“χεpyq, (II.2.10)

where

φεpt , yq“ y` t
1`χεpyq

1´χεpyq
. (II.2.11)

In the following, we show that ||vεptq||H 3{4
x1

Ñ8 as t Ñ tε. This will be used to con-

struct the counterexample. Now, we give the expressions of the terms that will be

used.
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Chapter II. Blow up of the solution to the regularized problem in H 11{4´λpR2q.

Differentiating II.2.11 with respect to y and t we compute the derivatives that we will

need,

φε,ypt , yq“ 1`2t
χ1εpyq

p1´χεpyqq2
,

φε,t ypt , yq“ 2
χ1εpyq

p1´χεpyqq2
,

φε,y y “ 2t
χ2εpyqp1´χεpyqq`2χ1εpyq

2

p1´χεpyqq3
,

φε,t y ypt , yq“ 2
χ2εpyqp1´χεpyqq`2χ1εpyq

2

p1´χεpyqq3
.

(II.2.12)

Now y ÞÑ
|χ1εpyq|

p1´χεpyqq2
is a continuous function on a compact set, it reaches its maximum

Mε at y “ νε. Call tε“
1

Mε
, we have the following properties:

φε,ypt , yq‰ 0 for t ă tε,

φε,yptε,νεq“ 0,

tεď
C

| lnpεq|α
.

(II.2.13)

We have that for y ą ε, φε,y y ą 0 which means that νε ă ε. Note that φεpt , ¨q is an

injection. We choose ψε such that νε is unique and such that φε,y y yptε,νεq‰ 0. Note

that we hence have at t “ tε the following properties for y close enough to νε (we can

choose the δε such that this is satisfied, since it only depends on ε and not on t ).

φε,y yptε,νεq“ 0,

DC1,ε,C2,εą 0, C1,εpy´νεqďφε,y yptε, yqďC2,εpy´νεq,

DC1,ε,C2,εą 0, C1,εpy´νεq
2
ďφε,yptε, yqďC2,εpy´νεq

2.

(II.2.14)

Remark II.2.2. The fact that φε,y y is not of constant sign really is an issue for the

estimation of the Sobolev norm, but we will explain later how we address this issue.

φε,y however, is of constant sign.
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Also, we recall

DMεă 0, 0ąχεpyqąMε, 0ąχ1εpyqąMε, |χ2εpyq| ď |Mε| (II.2.15)

Now, using taylor expansions and the expressions given by (II.2.14) and (II.2.15) we

write the following inequalities

C1,εpνε´ yq2`C1,εφε,t yptε,νεqpt´ tεq

ďφε,ypt , yqďC2,εpνε´ yq2`C2,εφε,t yptε,νεqpt´ tεq, piq

C1,εpνε´ yqďφε,y ypt , yqďC2,εpνε´ yq, pi iq (II.2.16)

where pi iq comes from the fact that φε,y ypt , yq “ t
tε
φε,y yptε, yq. Now, using (II.2.14)

and (II.2.16), because φε,t y ă 0 and pt´ tεqă 0, both components have the same sign,

and we can write

C1,ε|νε´ y |2`C1,εptε´ tqď |φε,ypt , yq| ďC2,ε|νε´ y |2`C2,εptε´ tq , (II.2.17)

and φε,y ă 0 everywhere for t ă tε.

Informally, we recall that our goal is to obtain lower and upper bounds for the integral

(we omitted the independent variable)

ż

x1

ż

y

1

|x1´ y |1{2´2λ

B2hε
B2

x1

pt , x1q
B2hε
B2

x1

pt , yq, (II.2.18)
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Chapter II. Blow up of the solution to the regularized problem in H 11{4´λpR2q.

We obtain an estimation for the remaining terms.

hεpt , x1, x2q“ψ1
εpx1qψ

2
εpx2qvεpt , xq,

Bhε
Bx1

pt , x1, x2q“ψ2
εpx2q

”

ψ1,1
ε px1qvεpt , x1q`ψ

1
εpx1qvε,x1pt , x1q

ı

,

B2hε
B2

x1

pt , x1, x2q“ψ2
εpx2q

”

ψ1,2
ε px1qvεpt , x1q`2ψ1,1

ε px1qvε,x1pt , x1q`ψ
1
εpx1qvε,x1x1pt , x1q

ı

,

ñDC1,ε,C2,εą 0, C1,εψ
2
εpx2qvε,x1x1pt , x1qď

B2hε
B2

x1

pt , x1, x2qďC2,εψ
2
εpx2qvε,x1x1pt , x1q piq

ñDC1,εą 0,

ˇ

ˇ

ˇ

ˇ

B2hε
B2

x1

pt , x1, x2q

ˇ

ˇ

ˇ

ˇ

ďC1,ε

ˇ

ˇψ2
εpx2qvε,x1x1pt , x1q

ˇ

ˇ , pi iq

(II.2.19)

where piq is valid when x1 P rφεptε,νεq´δε,φεptε,νεq`δεs and pi iq is valid everywhere.

Now we are ready to start the proof of theorem II.2.1. We will use the formula obtained

in lemma I.2.4 for the expression of the Sobolev norm.
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II.2. Blow up when t Ñ tε and control of tε with respect to ε.

Proof. First, with Iε“
ş2δε

x2“´2δε
pψ2

εpx2qq
2

d x2, we define the following three integrals.

Iεptq“

ż φεptε,νεq`2δε

x1“φεptε,νεq´2δε

ż 2δε

x2“´2δε

„ˆ

B2pvψ1
εψ

2
εq

Bx2
1

˙

pt , x1, x2q

¨

ż φεptε,νεq`2δε

y“φεptε,νεq´2δε

|x1´ y |´1{2`2λ

ˆ

B2pvψ1
εψ

2
εq

Bx2
1

˙

pt , y, x2qd y



d x2d x1

“ Iε

ż φεptε,νεq`2δε

x1“φεptε,νεq´2δε

„ˆ

B2pvψ1
εq

Bx2
1

˙

pt , x1q

¨

ż φεptε,νεq`2δε

y“φεptε,νεq´2δε

|x1´ y |´1{2`2λ

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , yqd y



d x1

“ Iε

ż φεptε,νεq´δε

x1“φεptε,νεq´2δε

„ˆ

B2pvψ1
εq

Bx2
1

˙

pt , x1q

¨

ż φεptε,νεq`2δε

y“φεptε,νεq´2δε

|x1´ y |´1{2`2λ

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , yqd y



d x1

`Iε

ż φεptε,νεq`δε

x1“φεptε,νεq´δε

„ˆ

B2v

Bx2
1

˙

pt , x1q

¨

ż φεptε,νεq`2δε

y“φεptε,νεq´2δε

|x1´ y |´1{2`2λ

ˆ

B2v

Bx2
1

˙

pt , yqd y



d x1

`Iε

ż φεptε,νεq`2δε

x1“φεptε,νεq`δε

„ˆ

B2pvψ1
εq

Bx2
1

˙

pt , x1q

¨

ż φεptε,νεq`2δε

y“φεptε,νεq´2δε

|x1´ y |´1{2`2λ

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , yqd y



d x1

“ IεpI
1
ε ptq` I 2

ε ptq`I 3
ε ptqq

(II.2.20)

The strategy of this proof will be to find upper bounds for |I 1
ε | and |I 3

ε | (as t Ñ tε) while

finding a lower bound for I 2
ε (as t Ñ tε) going to`8 faster than the bounds on |I 1

ε |

and |I 3
ε | are increasing, thus giving the convergence of Iεptq to`8 as t Ñ tε.

Because of (II.2.19), we can study the integrals where
B2pvψ1

εq

B2
x1

is replaced by B
2v
B2

x1
. Also,

we make the change of variable (not explicitly relabelled) x1 “ φεpt , x1q and y “

φεpt , yq, which makes the term φε,y appear twice.
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Chapter II. Blow up of the solution to the regularized problem in H 11{4´λpR2q.

x2

x1

t

x1“ νε

P : t “ tε

x1“φεptε ,νεq `δε `2δε´δε´2δε

`2δε

`δε

x2“ 0

´δε

x1“φεpt ,νεq

hε ψ1
ε“ 1

vε

vε

ψ1
ε“ 1

ψ1
ε“ 1

ψ1
ε“ 1

vε

vε

hε

ψ2
ε“ 1 ψ2

ε“ 1

ψ2
ε“ 1ψ2

ε“ 1

hε hε
Domain of the first

integral of I1

Domain of the first

integral of I2

Domain of the first

integral of I3

Note: The domain of I j ptq does not
follow the line given by φε

as t varies, it "moves vertically".

Figure II.1 – Definition of ψ1
ε,ψ2

ε,hε, I 1
ε , I 2

ε and I 3
ε .

Since

vεpt ,φεpt , yqq“χεpyq, (II.2.21)

then,

vε,xpt ,φεpt , yqq“
χ1εpyq

φε,ypt , yq

vε,xxpt ,φεpt , yqq“
χ2εpyqφε,ypt , yq´χ1εpyqφε,y ypt , yq

φ3
ε,ypt , yq

(II.2.22)

Now by continuity, choose δε so that for z Psφεptε,νεq´2δε,φεptε,νεq`2δεr, then

φ´1
ε,t pzq Psε´ηε,ε`ηεr, for a certain range of t close enough to tε, of the form st 0

ε , tεr.

Hence, we can choose the δε such that ηε is small enough, and all the results obtained

in the preliminaries hold.
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II.2. Blow up when t Ñ tε and control of tε with respect to ε.

For clarity, call

ζ1
εptq“φ´1

ε,t pφεptε,νεq´2δεqq,

ζ2
εptq“φ´1

ε,t pφεptε,νεq´δεqq,

ζ3
εptq“φ´1

ε,t pφεptε,νεq`δεqq,

ζ4
εptq“φ´1

ε,t pφεptε,νεq`2δεqq,

(II.2.23)

and note that for t 1
ε close enough to tε,

νε´ηεă ζ1
εptqă ζ2

εptqă νεă ζ3
εptqă ζ4

εptqă νε`ηε. (II.2.24)

Also by continuity, for t close enough to tε, there exist two constants ζ2`
ε and ζ3´

ε such

that

νε´ηεă ζ1
εptqă ζ2

εptqă ζ2`
ε ă νεă ζ3´

ε ă ζ3
εptqă ζ4

εptqă νε`ηε. (II.2.25)

Let us now consider I 1
ε (the case of I 3

ε is similar).

|I 1
ε ptq| ďCε

ż ζ2
εptq

x1“ζ
1
εptq

ż ζ4
εptq

y“ζ1
εptq

|φε,ypt , x1qφε,ypt , yq|

|φεpt , x1q´φεpt , yq|1{2´2λ
|vε,xxpt , x1qvε,xxpt , yq|

ďCε

ż ζ2`
ε

x1“νε´ηε

|φε,ypt , x1qvε,xxpt , x1q|

ż νε`ηε

y“νε´ηε

|φε,ypt , yq|

|φεpt , x1q´φεpt , yq|1{2´2λ
|vε,xxpt , yq|

(II.2.26)

We study the inner integral of (II.2.26) for x1 P rνε´ηε,ζ2`
ε s. Now, both 1

|φεpt ,x1q´φεpt ,yq|1{2´2λ

and vε,y ypt , yq are unbounded in the second integral, but the regions where they are

unbounded are uniformly disjoint in t because of (II.2.25), so we split again the

domain.

49



Chapter II. Blow up of the solution to the regularized problem in H 11{4´λpR2q.

ż νε`ηε

y“νε´ηε

1

|φεpt , x1q´φεpt , yq|1{2´2λ
vε,xxpt , yqďp˚1q Cε

ż ζ2`
ε

y“νε´ηε

1

|φεpt , x1q´φεpt , yq|1{2´2λ

`Cε

ż ζ3´
ε

y“ζ2`
ε

|φε,ypt , yqvε,xxpt ,φεpt , yqq|`Cε

ż νε`ηε

y“ζ3´
ε

1

|φεpt , x1q´φεpt , yq|1{2´2λ

ďCε rpiq`pi iq`pi i iqs (II.2.27)

In p˚1q, we used (II.2.14), (II.2.16) and (II.2.22) and the fact that |νε´ y | ěCε on the

set rνε´ηε,ζ2`
ε s.

Now we give a majoration for piq in (II.2.27). The case pi i iq is trivial.

Remark II.2.3. For I 3
ε ptq, the case of piq is trivial, the pi iq works the same as pi iq for

I 1
ε ptq, and pi i iqworks the same as piq for I 1

ε ptq that we do now.

Now, using the mean value theorem as well as (II.2.16), and |c´νε| ě |ζ
2`
ε ´νε|, we

obtain

piqďCε

ż ζ2`
ε

y“νε´ηε

1

|x1´ y |1{2´2λ

1

|φε,ypt ,cq|1{2´2λ
ďCε

ż ζ2`
ε

y“νε´ηε

1

|x1´ y |1{2´2λ
ďCε.

(II.2.28)

Now, we study pi iq. Using the expression of vε,xx given by (II.2.22), and the results

obtained in the preliminary work, it is not clear if the bigger term is 1
φε,y pt ,xq2

or
φε,y y pt ,xq
φε,y pt ,xq3

.

(The other factors being uniformly bounded for a fixed ε). Indeed, the root of φε,y is

of order 2 in x instead of the root being of order 1 in x for φε,y y , but the inequalities

also involve a term depending on t in φε,y . So we make the computations for both.

Using the expressions from (II.2.22) and (II.2.27) as well as the inequalities obtained

in (II.2.15) and (II.2.16), we obtain
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II.2. Blow up when t Ñ tε and control of tε with respect to ε.

pi iqďCε

ż ζ3´
ε

y“ζ2`
ε

1

|φε,ypt , yq|2
`Cε

ż ζ3´
ε

y“ζ2`
ε

|φε,y ypt , yq|

|φε,ypt , yq|3
ď

Cε

ż ζ3´
ε

y“ζ2`
ε

1

p|y´νε|2`ptε´ tqq
`Cε

ż ζ3´
ε

y“ζ2`
ε

|y´νε|

p|y´νε|2`ptε´ tqq2
(II.2.29)

Now, because we have the following primitives

ż

1

px2`aq
“

arctan
´

x?
a

¯

?
a

,

ż

x

px2`aq2
“´

1

2px2`aq
, (II.2.30)

We obtain that

|piq`pi iq`pi i iq| ďCε
1

ptε´ tq
. (II.2.31)

Finally, we have the following upper bound for I 1
ε ptq, using |x1´νε| ěCε,

|I 1
ε ptq| ď

Cε

ptε´ tq

ż ζ2´
ε

x1“νε´ηε

„

1

|φε,ypt , x1q|
`
|φε,y ypt , x1q|

|φε,y ypt , x1q|
2



ď
Cε

ptε´ tq
. (II.2.32)

By symmetry, we also have I 3
ε ptqď

Cε

ptε´tq .

Now, we do the estimation for I 2
ε ptq.

This one is more complicated because we do not have an upper bound for χ2pyq
pφε,y pt ,xqq2

´

χ1pyqφε,y y pt ,xq
pφε,y pt ,yqq3

. Indeed, the first term is of constant sign whereas the second term

is changing sign when x is lower or bigger than νε. Also, the second term is not

smaller than the first one. The idea we will use is the following one. In case of an

integer Sobolev norm, the term is squared and is of constant sign. In the case of

this fractional Sobolev norm, the kernel is not a Dirac but concentrates at y “ x1 as
1

|φε,y pt ,cqpx1´yq|1{2´2λ .
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Chapter II. Blow up of the solution to the regularized problem in H 11{4´λpR2q.

From (II.2.16), we have

C1,εpνε´ yqďφε,y ypt , yqďC2,εpνε´ yq.

We can write from (II.2.22)

ż ζ3´
ε

x1“ζ
2`
ε

ż ζ3´
ε

y“ζ2`
ε

1

|φεpt , x1q´φεpt , yq|1{2´2λ
φε,ypt , x1qvxxpt , x1qφε,ypt , yqvxxpt , yq

“

ż ζ3´
ε

x1“ζ
2`
ε

ż ζ3´
ε

y“ζ2`
ε

1

|φεpt , x1q´φεpt , yq|1{2´2λ

»

–

χ2px1q

φε,ypt , x1q

χ2pyq

φε,ypt , yq
´

χ2px1q

φε,ypt , x1q

χ1pyqφε,y ypt , yq

φε,ypt , yq2

´
χ2pyq

φε,ypt , yq

χ1px1qφε,y ypt , x1q

φε,ypt , x1q
2

`
χ1px1qφε,y ypt , x1q

φε,ypt , x1q
2

χ1pyqφε,y ypt , yq

φε,ypt , yq2

fi

fl“piq`pi iq`pi i iq`pi vq

(II.2.33)

We will show that pi vqąą |piq|`|pi iq|`|pi i iq| as t Ñ tε. Note that we do not study the

integrals corresponding to px1, yq P rζ2`
ε ,ζ3´

ε sˆrνε´ηε,ζ2`
ε s and px1, yq P rζ2`

ε ,ζ3´
ε sˆ

rζ3´
ε ,νε`ηεs because the method is identical to the one we used for I1.

First, we look at pi vq. In this case, we have to keep the two integrals together. Because
ş

y
χ1pyqφε,y y pt ,yq
φε,y pt ,yq2

is going to be smaller than
ş

y
χ2pyq

φε,y pt ,yq1
because of φy y anti-symmetric

properties (with νε as the center). But the weight function will be higher when px´νεq

and py´νεq are of the same sign.

Denote ipx1, yq “
χ1px1qφε,y y pt ,x1q

φε,y pt ,x1q
2

χ1pyqφε,y y pt ,yq
φε,y pt ,yq2

1
|φεpt ,x1q´φεpt ,yq|1{2´2λ . In figure II.2, every

pole of i is displayed as a thick line. We see that the part corresponding to α and δ

where i ě 0 is going to be bigger than the part corresponding to β and γ where i ď 0.

We also denote

α“tpx1, yq P rζ2`
ε ,νεsˆrζ

2`
ε ,νεsu, β“tpx1, yq P rνε,ζ3´

ε sˆrζ
2`
ε ,νεsu

γ“tpx1, yq P rζ2`
ε ,νεsˆrνε,ζ3´

ε su, δ“tpx1, yq P rνε,ζ3´
ε sˆrνε,ζ3´

ε su
(II.2.34)
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x1“ νε

α, i ě 0

δ, i ě 0

β, i ď 0

γ, i ď 0

y “ νε
y “ x1

Figure II.2 – Definition of α, β, γ and δ

And we have

pi vq“

ż ż

α

ipx1, yq`

ż ż

β

ipx1, yq`

ż ż

γ

ipx1, yq`

ż ż

δ

ipx1, yq. (II.2.35)

We regroup the term δ and β together. We will show that this term is non-negative,

and also provide a lower bound for it. Without relabelling, we can choose ζ2`
ε and ζ3´

ε

to be symmetric with respect to νε. We denote κε“ ζ3´
ε ´νε.

To do our estimate, we will need the following refined approximation for φε,y ypt , yq,

that comes from a Taylor’s expansion.

Cpνε´x1q´C1pνε´x1q
2
ďφε,y ypt , x1qďCpνε´x1q`C2pνε´x1q

2. (II.2.36)

J “

ż ż

δYβ

1

|φεpt , x1q´φεpt , yq|1{2´2λ

χ1px1qφε,y ypt , x1q

φε,ypt , x1q
2

χ1pyqφε,y ypt , yq

φε,ypt , yq2

“

ż κε

x1“0

ż κε

y“0

»

–

χ1pνε` yqφε,y ypt ,νε` yqχ1pνε`x1qφε,y ypt ,νε`x1q

|φεpt ,νε`x1q´φεpt ,νε` yq|1{2´2λφε,ypt ,νε`x1q
2φε,ypt ,νε` yq2

`
χ1pνε´ yqφε,y ypt ,νε´ yqχ1pνε`x1qφε,y ypt ,νε`x1q

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λφε,ypt ,νε´ yq2φε,ypt ,νε`x1q
2

fi

fl (II.2.37)

Now, we write J defined in (II.2.37) as a difference term, using the approximation

53



Chapter II. Blow up of the solution to the regularized problem in H 11{4´λpR2q.

(II.2.36).

J “ J1` J2` J3` J4, (II.2.38)

There exists f a bounded function such that

J1“C

ż κε

x1“0

ż κε

y“0

»

–

χ1pνε`x1q ¨ x1 ¨χ
1pνε` yq ¨ y

|φεpt ,νε`x1q´φεpt ,νε` yq|1{2´2λφε,ypt ,νε` yq2φε,ypt ,νε`x1q
2

´
χ1pνε´ yq ¨ y ¨χ1pνε`x1q ¨ x1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λφε,ypt ,νε´ yq2φε,ypt ,νε`x1q
2

fi

fl,

(II.2.39)

J2“C

ż κε

x1“0

ż κε

y“0

»

–

χ1pνε` yq ¨ y ¨χ1pνε`x1q ¨ f pνε`x1q ¨x2
1

|φεpt ,νε`x1q´φεpt ,νε` yq|1{2´2λφε,ypt ,νε` yq2φε,ypt ,νε`x1q
2

´
χ1pνε´ yq ¨ y ¨χ1pνε`x1q ¨ f pνε`x1q ¨x2

1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λφε,ypt ,νε´ yq2φε,ypt ,νε`x1q
2

fi

fl,

(II.2.40)

J3“C

ż κε

x1“0

ż κε

y“0

»

–

χ1pνε` yq ¨ f pνε` yq ¨ y2 ¨χ1pνε`x1q ¨x1

|φεpt ,νε`x1q´φεpt ,νε` yq|1{2´2λφε,ypt ,νε` yq2φε,ypt ,νε`x1q
2

´
χ1pνε´ yq ¨ f pνε` yq ¨ y2 ¨χ1pνε`x1q ¨ x1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λφε,ypt ,νε´ yq2φε,ypt ,νε`x1q
2

fi

fl,

(II.2.41)

and
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J4“C

ż κε

x1“0

ż κε

y“0

»

–

χ1pνε` yq ¨ f pνε` yq ¨ y2 ¨χ1pνε`x1q ¨ f pνε`x1q ¨x2
1

|φεpt ,νε`x1q´φεpt ,νε` yq|1{2´2λφε,ypt ,νε` yq2φε,ypt ,νε`x1q
2

´
χ1pνε´ yq ¨ f pνε` yq ¨ y2 ¨χ1pνε`x1q ¨ f pνε`x1q ¨ x2

1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λφε,ypt ,νε´ yq2φε,ypt ,νε`x1q
2

fi

fl.

(II.2.42)

The main contribution will come from J1. We will show later that the contributions

from J2, J3 and J4 are smaller. Let us, for now, focus only on J1. We decompose the

integrand as follows.

1

|φεpt ,νε`x1q´φεpt ,νε` yq|1{2´2λ

χ1pνε`x1q ¨ x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´
1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε´ yq ¨ y

φε,ypt ,νε´ yq2

“

»

–

1

|φεpt ,νε`x1q´φεpt ,νε` yq|1{2´2λ

χ1pνε`x1q ¨ x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´
1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

fi

fl

`

»

–

1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´
1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε´ yq2

fi

fl

`

»

–

1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε´ yq2

´
1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε´ yq ¨ y

φε,ypt ,νε´ yq2

fi

fl

“D1`D2`D3. (II.2.43)
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To shorten a bit the notations, we will denote

α˘“ |φεpt ,νε`x1q´φεpt ,νε˘ yq| . (II.2.44)

For D1, we write

1

|φεpt ,νε`x1q´φεpt ,νε` yq|1{2´2λ
´

1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λ

“
α´´α`

α
1{2´2λ
` α

1{2´2λ
´

´

α
1{2`2λ
` `α

1{2`2λ
´

¯`
α4λ
` ´α

4λ
´

´

α
1{2`2λ
` `α

1{2`2λ
´

¯ (II.2.45)

It is clear that D1 is nonnegative when x1 ě y . We now provide a lower bound for

D1,x1ďy . We will show that it is positive up to a smaller order term, and provide a lower

bound for the positive term. We hence now consider x1ď y .

We write,

α´´α`“ |φεpt ,νε`x1q´φεpt ,νε´ yq|´|φεpt ,νε`x1q´φεpt ,νε` yq|

“ 2φεpt ,νε`x1q´φεpt ,νε`yq´φεpt ,νε´yq“

ż x1

s“´y
φε,ypt ,νε`sq´

ż y

s“x1

φε,ypt ,νε`sq

“

ż x1

s“´x1

φε,ypt ,νε` sq`

ż y

s“x1

pφε,ypt ,νε´ sq´φε,ypt ,νε` sqq . (II.2.46)

We will use this idea to provide a lower bound for D1.
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1

α
1{2´2λ
`

´
1

α
1{2´2λ
´

“

ż α`

s“α´

´p
1

2
´2λq

1

s3{2´2λ
“C

ż α´

s“α`

s´3{2`2λ

“C

ż α``
şx1

z“´x1
φε,y pt ,νε`zq

s“α`

s´3{2`2λ

`C

ż α``
şx1

z“´x1
φε,y pt ,νε`zq`

şy
z“x1
pφε,y pt ,νε´zq´φε,y pt ,νε`zqq

s“α``
şx1

z“´x1
φε,y pt ,νε`zq

s´3{2`2λ
“piq`pi iq,

(II.2.47)

where piq is nonnegative and pi iq is small. First, we make the following upper bound

for |pi iq|. If
şy

x1
pφε,ypt ,νε´ sq´φε,ypt ,νε` sqq ą 0, then pi iq is nonnegative. Oth-

erwise, we have α``
şx1
´x1

φε,ypt ,νε` sq`
şy

x1
pφε,ypt ,νε´ sq´φε,ypt ,νε` sqqďα``

şx1
´x1

φε,ypt ,νε` sq. We then proceed as follows

ˇ

ˇ

ˇ

ˇ

ˇ

ż α``
şx1

z“´x1
φε,y pt ,νε`zq`

şy
z“x1
pφε,y pt ,νε´zq´φε,y pt ,νε`zqq

s“α``
şx1
´x1

φε,y pt ,νε`sq
s´3{2´2λ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż α´´
şy

z“x1
pφε,y pt ,νε´zq´φε,y pt ,νε`zqq

s“α´

s´3{2`2λ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ż y

z“x1

pφε,ypt ,νε´ zq´φε,ypt ,νε` zqq

ˇ

ˇ

ˇ

ˇ

¨α
´3{2`2λ
´ . (II.2.48)

From the Taylor expansion, we obtain for x, y small enough (only depending on ε),

ˇ

ˇ

ˇ

ˇ

ż y

z“x1

pφε,ypt ,νε´ sq´φε,ypt ,νε` sqq

ˇ

ˇ

ˇ

ˇ

ďC1
`

y4
´x4

1`ptε´ tq2`pt´ tεqpy
2
´x2

1q
˘

.

(II.2.49)

This means that we obtain (up to a nonnegative contribution)

|pi iq| ďC
`

y4
`x4

1`ptε´ tq
`

x2
1` y2

˘

`ptε´ tq2
˘

¨
1

α
3{2´2λ
´

. (II.2.50)

57



Chapter II. Blow up of the solution to the regularized problem in H 11{4´λpR2q.

We now go on with the lower bound for piq. Using the expression of piq provided by

(II.2.47) as well as the mean value theorem, we obtain

piq“

ż α``
şx1

z“´x1
φε,y pt ,νε`zq

s“α`

s´3{2`2λ

ě

ˆ
ż x1

z“´x1

φε,ypt ,νε` zq

˙

¨
1

pφεpt ,νε` yq´φεpt ,νε´x1qq
3{2´2λ

.

ěC x1φε,ypt ,c1q ¨
1

py`x1q
3{2´2λ ¨φε,ypt ,c2q

3{2´2λ
. (II.2.51)

Now, since we have x1ď y , we obtain from (II.2.16)

φε,ypt ,c1qěCptε´ tq, (II.2.52)

and

φε,ypt ,c2qďC
`

ptε´ tq` y2
˘

. (II.2.53)

Using (III.2.65) and (III.2.66) inside of (III.2.64), we obtain

piqěC
x1ptε´ tq

py`x1q
3{2´2λ ¨ pptε´ tq` y2q3{2´2λ

. (II.2.54)

Now, we obtain for D1,
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D1“Dx1ěy`Dx1ďy ěDx1ďy

ěC

ż ż

x1ďy

x1ptε´ tq

py`x1q
3{2´2λ ¨ pptε´ tq` y2q3{2´2λ

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

x4

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

y4

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

ptε´ tq ¨ x2
1

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

ptε´ tq ¨ y2

α
3{2´2λ
´

χ1pνε`x1q ¨ x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

ptε´ tq2

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

“ A1´B1´B2´B3´B4´B5. (II.2.55)

Note that the proof also works for λ“ 0. We will now show that A1Ñ8, and that J2,

J3, J4, D2, D3, B1, B2, B3, B4 and B5 are of a smaller order. We first consider A1.

Using |φε,ypt ,cpx1, yqq| ďMε ppx1q
2`ptε´ tqq, on y ą x1, we have from (II.2.55) and

the new change of variable px, yq“ pr ´ z,r ` zq,

A1ěCε

ż κε{2

r“0

ż r

z“0

pr ´ zqptε´ tq

r 3{2´2λ

r ` z
`

pr ` zq2`ptε´ tq
˘7{2´2λ

r ´ z
`

pr ´ zq2`ptε´ tq
˘2

ěCε

ż κε{2

r“0

1

r 1{2´2λ

ptε´ tq
`

p2r q2`ptε´ tq
˘11{2´2λ

ż r

z“0
pr ´ zq2

ěCε

ż κε{2

r“0

ptε´ tq ¨ r 5{2`2λ

`

p2r q2`ptε´ tq
˘11{2´2λ

ě
Cε ¨ ptε´ tq

ptε´ tq15{4´3λ

ě
Cε

ptε´ tq11{4´3λ
. (II.2.56)
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We now proceed with B1. The case of B2 is similar. We have since φε,ypt , xqě ptε´ tq,

with the mean value theorem

|B1| ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

ż r

z“0

pr ´ zq4

r 3{2´2λ

¨
r ` z

`

pr ` zq2`ptε´ tq
˘2

r ´ z
`

pr ´ zq2`ptε´ tq
˘2

ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

r 4

r 1{2´2λ pr 2`ptε´ tqq2

ż r

z“0

r ´ z

ppr ´ zq2`ptε´ tqq2
. (II.2.57)

Now, because

ż 8

s“0

s

ps2`ptε´ tqq2
ď

C

ptε´ tq
, (II.2.58)

(II.2.57) yields

|B1| ď
Cε

ptε´ tq5{2´2λ

ż κε{2

r“0

r 7{2`2λ

pr 2`ptε´ tqq2
ď

Cε

ptε´ tq10{4´2λ
. (II.2.59)

We now proceed with B3. The case of B4 is similar. We have since φε,ypt , xqě ptε´ tq,

with the mean value theorem

|B3| ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

ż r

z“0

ptε´ tq ¨ pr ´ zq2

r 3{2´2λ

¨
r ` z

`

pr ` zq2`ptε´ tq
˘2

r ´ z
`

pr ´ zq2`ptε´ tq
˘2

ď
Cε

ptε´ tq1{2´2λ

ż κε{2

r“0

r 2

r 1{2´2λ pr 2`ptε´ tqq2

ż r

z“0

r ´ z

ppr ´ zq2`ptε´ tqq2
. (II.2.60)
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Now, because

ż 8

s“0

s

ps2`ptε´ tqq2
ď

C

ptε´ tq
, (II.2.61)

(II.2.60) yields

|B3| ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

r 3{2`2λ

pr 2`ptε´ tqq2
ď

Cε

ptε´ tq3{2`3{4´3λ

ď
Cε

ptε´ tq9{4´3λ
. (II.2.62)

Lastly, we provide the upper bound for B5. We have since φε,ypt , xqě ptε´ tq, with the

mean value theorem

|B5| ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

ż r

z“0

ptε´ tq2

r 3{2´2λ

¨
r ` z

`

pr ` zq2`ptε´ tq
˘2

r ´ z
`

pr ´ zq2`ptε´ tq
˘2

ďCε ¨ ptε´ tq1{2`2λ
ż κε{2

r“0

1

r 1{2´2λ pr 2`ptε´ tqq2

ż r

z“0

r ´ z

ppr ´ zq2`ptε´ tqq2
.

(II.2.63)

Now, because

ż 8

s“0

s

ps2`ptε´ tqq2
ď

C

ptε´ tq
, (II.2.64)

and

ż 8

s“0

s´1{2`2λ

ps2`ptε´ tqq2
ď

C

ptε´ tq7{4
, (II.2.65)
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(II.2.63) yields

|B5| ď
Cε

ptε´ tq1{2´2λ

ż κε{2

r“0

r´1{2`2λ

pr 2`ptε´ tqq2
ď

Cε

ptε´ tq1{2`7{4´3λ

ď
Cε

ptε´ tq9{4´3λ
. (II.2.66)

This concludes the proof for the first difference term D1. Overall, we obtain

D1ě
Cε

ptε´ tq11{4´3λ
. (II.2.67)

Now, we study D2 and D3.

For D2, we first study the term

1

φε,ypt ,νε` yq2
´

1

φε,ypt ,νε´ yq2

“
pφε,ypt ,νε` yq`φε,ypt ,νε´ yqq ¨ pφε,ypt ,νε´ yq´φε,ypt ,νε` yqq

φε,ypt ,νε` yq2φypt ,νε´ yq2
. (II.2.68)

A Taylor expansion of φε,y gives that φε,ypt ,νε´ yq´φε,ypt ,νε` yq “ f1pt , yqy3`

f2pt , yqpt´ tεq2 where f1 and f2 are bounded. Because φy ě 0, we have that

1

φε,ypt ,νε` yq2
´

1

φε,ypt ,νε´ yq2
“

f1pt , yqy3` f2pt , yqptε´ tq2

φε,ypt ,νε` yqφε,ypt ,νε´ yq2

`
f1pt , yqy3` f2pt , yqptε´ tq2

φε,ypt ,νε` yq2φε,ypt ,νε´ yq
. (II.2.69)

The two involved terms are similar. We consider only the first one. We obtain
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|D2| ď
Cε

ptε´ tq1{2´2λ

ż κ{2

r“0

ż r

z“0

1

z1{2´2λ

¨
pr ` zqpr ´ zq4

ppr ` zq2`ptε´ tqq2 ¨ ppr ´ zq2`ptε´ tqq ¨ ppz´ r q2`ptε´ tqq2
. (II.2.70)

Again, we split the domain of z in two parts.

|D2| ď
Cε

ptε´ tq1{2´2λ

ż κ{2

r“0

ż r {2

z“0

1

z1{2´2λ

¨
pr ` zqpr ´ zq4

ppr ` zq2`ptε´ tqq2 ¨ ppr ´ zq2`ptε´ tqq ¨ ppz´ r q2`ptε´ tqq2

`
Cε

ptε´ tq1{2´2λ

ż κ{2

r“0

ż r

z“r {2

1

z1{2´2λ

¨
pr ` zqpr ´ zq4

ppr ` zq2`ptε´ tqq2 ¨ ppr ´ zq2`ptε´ tqq ¨ ppz´ r q2`ptε´ tqq2
. (II.2.71)

For the first term, we obtain

Cε

ptε´ tq1{2´2λ

ż κ{2

r“0

r 5

pr 2`ptε´ tqq5

ż r {2

z“0

1

z1{2´2λ

ď
Cε

ptε´ tq1{2´2λ

ż κ{2

r“0

r 11{2`2λ

pr 2`ptε´ tqq5
ď

Cε

ptε´ tq9{4´3λ
, (II.2.72)

and for the second term

Cε

ptε´ tq1{2´2λ

ż κ{2

r“0

1

r 1{2´2λ

r

pr 2`ptε´ tqq2

ż r {2

s“0

s4

ps2`ptε´ tqq3

ď
Cε

ptε´ tq9{4´3λ
. (II.2.73)
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Overall, we obtain that |D2| ď
Cε

ptε´tq9{4´3λ . Lastly, for D3, we have to study the term

χ1pνε´ yq´χ1pνε` yq. We obtain

|χ1pνε´ yq´χ1pνε` yq| ďCε ¨ |y |. (II.2.74)

With similar computations, the additional y leads to a gain of order ptε´ tq1{2. Lastly,

for the terms J2, J3, J4, the additional terms x1, y , y and x1 ¨ y converts into (respec-

tively) a gain of order ptε´ tq1{2, ptε´ tq1{2, ptε´ tq1{2 and ptε´ tq1.

Overall, we obtain that

ż ż

βYδ

ipx1, yqě
Cε

ptε´ tq11{4´3λ
(II.2.75)

and hence

pi vqě
Cε

ptε´ tq11{4´3λ
. (II.2.76)

For piq, using the lower bound on φε provided by (II.2.16), we obtain with the same

method (we make the same change of variable and do not separate the domain as

previously)

piqď

ż

x

ż

y

Cε

ptε´ tq1{2´2λ

Mε|x|´1{4

x2`ptε´ tq

Mε|y |´1{4

y2`ptε´ tq
ď

Cε

ptε´ tq14{8´2λ
(II.2.77)

Also, for pi iq, we obtain

pi iqď

ż

x

ż

y

C

ptε´ tq1{2´2λ

Mε|x|´1{4

x2`ptε´ tq

Mε|y |3{4

py2`ptε´ tqq2
ď

Cε

ptε´ tq1{2`5{8`9{8´2λ

ď
Cε

ptε´ tq9{4´2λ
(II.2.78)

The case of pi i iq is similar. Now, using (II.2.56), (II.2.76), (II.2.77) and (II.2.78), we
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obtain that

I 2
ε ptq“ piq`pi iq`pi i iq`pi vqě

Cε

ptε´ tq11{4´3λ
(II.2.79)

Because of (II.2.32), we get the desired result.

Iεptq“ I 1
ε ptq` I 2

ε ptq` I 3
ε ptqÝÝÝÑtÑtε

8. (II.2.80)

Remark II.2.4. We also obtained a lower bound for the speed at which ||v ||H 7{4 Ñ8.

Theorem II.2.5. tεÑ 0 as εÑ 0.

Proof.

max

"

hεpyq“
|χ1εpyq|

p1´χεpyqq2

*

ě hεpεqě | lnpεq|
α
Ñ8. (II.2.81)

By definition of tε, we thus have that tεÑ 0 as εÑ 0.

II.3 A scaling argument to construct the solution

In the following, we use a scaling argument to create a sequence of solutions with

summable H 11{4 norms, and we choose a ε parameter such that the lifespan goes to 0.

Let vpt , xq be a solution of (.0.13). We define for ω,γ PR,

vλpt , xq“λωvpλγt ,λγxq. (II.3.82)

Now,

plvλqpt , xq“λωλ2γlvpλγt ,λγxq

pDvλD2vλqpt , xq“λ2ωλ3γ
pDvqpλγt ,λγxqpD2vqpλγt ,λγxq;

(II.3.83)
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so vλ is also a solution, provided that

ω`γ“ 0. (II.3.84)

Now, we will make an estimation on the modification of the Sobolev norm due to the

rescaling. Note that without the logarithmic modification, we have (with the change

in variable in x and ξ)

||vλ|| 9H 11{4 “λωpλγq11{4´2{2
||v || 9H 11{4 . (II.3.85)

Now, we estimate ||vλ|| 9H 11{4pln Hq´β . We have by definition

||vλ||
2
H 11{4pln Hq´β

“

ż

ξPR2
|λ|2γ|λ|´4γ |λ|2ω|λγξ|11{2

p1`| lnpλγ|ξ|q|q2β
F pvqpξq2

ďpλq2ωpλγq11{2´2
ż

ξPR2

|ξ|11{2

p1`| lnp|λγξ|q|q2β
F pvqpξq2, (II.3.86)

We have the following properties for λă 1,

| lnp|λγξ|q| “ | lnpλγq` lnp|ξ|q| ě | lnpξq| for |ξ| P p0,1s,

for |ξ| P r1,λ´γ{2s, | lnpλγq` lnp|ξ|q| ě
1

2
| lnpλγq| ě | lnp|ξ|q|,

for |ξ| P rλ´2γ,8q, | lnpλγq` lnp|ξ|q| ě
1

2
| lnp|ξ|q|.

(II.3.87)

This means that we can already establish

ż

|ξ|ă 1

λγ{2

Ť

|ξ|ą 1
λ2γ

λ2γ
|λ|´4γ |λ|2ω|λγξ|11{2

p1`| lnpλγ|ξ|q|q2β
F pvqpξq2

ď 2pλq2ωpλγq11{2´2
||v || 9H 11{4pln Hq´β . (II.3.88)
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For the last part, we have

ż

λ´γ{2ă|ξ|ăλ´2γ
λ2γλ´4γ λ2ω|λγξ|11{2

p1`| lnpλγ|ξ|q|q2β
F pvqpξq2

ď

ż

λ´γ{2ă|ξ|ăλ´2γ
λ2γλ´4γλ2ω

|λγξ|11{2F pvqpξq2

ďλ´2γλ11{2γλ2ω
p1`

ˇ

ˇlnpλ2γ
q
ˇ

ˇq
2β
ż

λ´γ{2ă|ξ|ăλ´2γ

|ξ|11{2

p1`|lnp|ξ|q|q2β
F pvqpξq2

ďλ2ωλ7{2γ
p1`

ˇ

ˇlnpλ2γ
q
ˇ

ˇq
2β
||v || 9H 11{4pln Hq´β . (II.3.89)

Overall, we obtain from (II.3.88) and (II.3.89),

||vλ|| 9H 11{4pln Hq´β ď 2λω|λ|
7
4γp1`2 |lnpλγq|qβ||v || 9H 11{4pln Hq´β . (II.3.90)

Now, we will choose the following values for the parameters and apply this result to

the solution uε defined in the previous chapter as the solution of the Cauchy problem

(II.2.5).

Now, applying this to the solution uε defined in the previous chapter, define

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ω“´1,

γ“ 1,

λ“ n´4,

ε“min
´

e´n5
,e´n

6
α
¯

,

(II.3.91)

and punq the corresponding sequence of solutions.

First, the rescaling in time shortens the lifespan of uε and we have that the lifespan of

uε,λ, satisfies tλ,ε“λ´γtε. Hence, we have by (II.2.81)

tn ď
n4

| lnpεq|α
ď

1

n
Ñ 0. (II.3.92)
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Now, we can choose any parameter βą 1{2 in our construction. So we can assume for

instance that we have βă 3{4.

||uλ,ε||H 11{4pln Hq´β ď 2
1

n3
p1`2lnpn´4

qq
β
||u0,ε||H 11{4pln Hq´β , (II.3.93)

which is in l 1pZq.

Now, define ũn as a translation of un in x1 such that Supppũi qXSupppũ j q “H for

i ‰ j (and the domain of dependence do not intersect either), and finally define

Łpt , xq“
8
ÿ

n“0

ũnpt , xq. (II.3.94)

Each function ũn is a translation of a function of which the support is included in

x1 P rε{2, 2
| lnpεq|α{2

s Ď r1
2 e´n5

, 2
n3 s. Because the sequence 2

n3 ´
1
2 e´n5

is in l 1pNq, we can

find a sequence of translations such that the projection of the support of Ł on the

x1 axis is bounded. Now, the width of the domain (the projection on the x2 axis) is

bounded by a constant because it is bounded by
b

1
| lnpεnq|

α{2 ¨

ˇ

ˇ

ˇ
ln
´

1
| lnpεnq

α{2

¯
ˇ

ˇ

ˇ

´δ

Ñ 0 as

nÑ8. This means that Ł has a compact support. In virtue of lemma I.2.3, we hence

obtain

Theorem II.3.1. Ł satisfies

||Ł|t“0||H
11{4
x1

ă8

||
BŁ|t“0

Bt
||

H
7{4
x1

ă8

@t ą 0, ||
B

Bx
pDŁqpt , ¨q||

H
3{4
x1

“8

(II.3.95)

Proof. It directly follows from the fact that tn Ñ 0 as nÑ8.

Remark II.3.2. The function Ł that we created to show the ill-posedness of the equation,

is also of compact support.
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Part IIStability of the blow up with respect

to modifications of the equation or

the initial condition
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In this chapter, we study the stability of the instantaneous blow up phenomenon

exhibited in the previous chapter. Note that such a phenomenon has already been

exhibited for instance by Lindblad in [Lin98] in the case of the third dimension, but its

stability is yet to be studied. In the previous chapter, we created an initial condition

such that the following Cauchy problem is ill-posed.

$

’

&

’

%

lu“DuD2u,

u|t“0“ 0,
Bu

Bt |t“0
“´χ,

pMQLW q (II.3.96)

where D “ Bx1´Bt . More precisely, with ´χ“ Ł defined in chapter II.3 as (II.3.94),

there exists no time T ą 0 and solution u such that

pu,Bt uq“C 0
`

r0,T r, H 11{4´λpR2qˆH 7{4´λpR2q
˘

for λą 0. Since our initial condition

belongs to H 11{4pln Hq´βˆH 7{4pln Hq´β (where H spln Hq´β is defined as in (I.2.12)),

and as stated in (ii) of lemma I.2.1, we have H spln Hq´β Ď H s´λ for any λą 0, this

reveals the sharpness of the index found in [ST05] by Tataru and Smith.

In this chapter, we are interested in modified versions of our model equation that

also lead to a blow up. In chapter III, we will look at a perturbation that modifies the

underlying ODE we find using the characteristic method. More precisely, we introduce

a right hand side of the form c pBx1´Bt q. This method would of course generalize

to any modification of pMQLW q such that the characteristics are the same, and the

underlying ODE satisfies some conditions.

Later, in chapter IV, we introduce a source term with a x2 and ∇u dependency. The

characteristic method does not longer apply, and we need more refined techniques

to show the instantaneous blow up. We are no longer able to give an explicit formula

for the solution, and we need to characterize the fact that the solution still behaves

in a pathological way, that shares similarities with the singularity that we observed

for the unperturbed equation. The proof is more tedious, but is more interesting in

several ways. First, we see how we can show the blow up using a characteristic method

without an explicit formula for the characteristics nor the value of the function. Also,

because of the x2 dependency introduced in the f function, we need to show the blow

up of the function upt , x1, x2q also depending on x2. Hence, this paves the way for

further generalizations. Lastly, having more control on the way the function blows up

as x2 varies would allow us to replace f by other operators using a frequency cutoff on

x2.
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III A first modification of the equation

that leads to an instantaneous blow

up
In this chapter, we consider an other Cauchy problem. We will show that this Cauchy

problem also leads to a blow up at time t “ 0`. The common point between this

example and the previous one is the behaviour of the characteristic curves. However,

this time the characteristics seen as a function of t for a fixed initial starting point

p0, x1, x2qwill not be an affine function.

III.1 Definition of the new problem and preliminary re-

sults

We consider the Cauchy problem

$

’

&

’

%

´

Bt `
1` v

1´ v
Bx1

¯

pBt ´Bx1qu“ c pBt ´Bx1qu,

Bu|t“0

Bt
“´χ,u|t“0“ 0.

(III.1.1)

With v “pBx1´Bt qu‰ 1.

We define χε as

χεpyq“´

ż y

s“0
ψε| lnpsq|

αd s. (III.1.2)
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Where ψε :R`ÑR` satisfies the following conditions.

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

ψεpsq“ 0, @să
ε

2
,

ψεpsq“ 1, @są ε,

ψεpsq P r0,1s, @s PR`,

|ψ1ε|psqď
2

ε
, @s PR`.

(III.1.3)

From now on, we will not always write explicitly the dependency of all functions with

respect to ε. We consider χ to be the extension of χ to R2 (without explicit relabelling)

as it has been done in theorem I.3.1. Of course, the computations for χ done in chapter

I hold in our case as it is the same initial condition, and as the computations did not

depend on the equation. We only do the part II again.

Now, if we set the condition

φt “
1` v

1´ v
and φp0, xq“ x, (III.1.4)

Using the chain rule and (III.1.1), we obtain

Bt rvpt ,φpt , xqqs “ cvpt ,φpt , xqq. (III.1.5)

And hence,

vpt ,φpt , xqq“ ect vp0, xq“ ectχpxq. (III.1.6)

Note that for c “ 0, we obtain (II.2.10). This result combined with (III.1.4) leads to the

following equation for φ, the characteristic function.

Btφpt , xq“
1`ectχpxq

1´ectχpxq
. (III.1.7)

Integrating (III.1.7) with respect to t leads to the following explicit formula for φ.
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φpt , xq“ x`

ż t

s“0

1`ecsχpxq

1´ecsχpxq
d s“ x`

ż ect

u“1

1`uχpxq

1´uχpxq

du

cu

“ x`

ż ect

u“1

„

1

cu
`

2χpxq

cp1´uχpxqq



du“ x` t`
2

c
ln

ˆ

1´χpxq

1´ectχpxq

˙

. (III.1.8)

Remark III.1.1. For comparison sake, note that in the previous case, we could also

write φ as

φpt , xq“ x` t`2t
χpxq

1´χpxq
. (III.1.9)

Also, taking the limit c Ñ 0, we have that

x` t`
2

c
ln

ˆ

1´χpxq

1´ectχpxq

˙

“ x` t`
2

c
ln

¨

˝

1

1´ ctχpxq
1´χpxq`opcq

˛

‚

“ x` t`
2

c
ln

ˆ

1`
ctχpxq

1´χpxq
`opcq

˙

“ x` t`2t
χpxq

1´χpxq
`opcq. (III.1.10)

Hence, we obtain the previous expression of φ, given by (III.1.9).

Now, we will state the main theorem of this chapter.

Theorem III.1.2. There exists an initial condition, such that the solution u of the

corresponding Cauchy problem (III.1.1) satisfies

#

u|t“0 PH 11{4
pln Hq´βpR2

q,

upt , ¨q RH 11{4
pln Hq´βpR2

q, @t ą 0.
(III.1.11)

We will proceed in a similar way as in chapter II. We defineχεpyq“´
şy

s“0ψεpsq| lnpsq|αd s

and the corresponding regularized problem

$

’

&

’

%

´

Bt `
1` v

1´ v
Bx1

¯

pBt ´Bx1qu“ c pBt ´Bx1qu,

Bu|t“0

Bt
“´χ̃ε,u|t“0“ 0.

(III.1.12)

First, we prove the following lemma.
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Lemma III.1.3. There exists tε ą 0 such that for any t ă tε, and for any y P Ωt ,

φypt , yq‰ 0, and there exists νε such that φyptε,νεq“ 0. Furthermore, tεÑ 0 as εÑ 0.

And we will also show the following preliminary results.

Lemma III.1.4.

φt ypt , yq“
2χ1pyqect

p1´ectχpyqq2
, φt y ypt , yq“

2ect rχ2pyqp1´ectχpyqq`2χ1pyq2ect s

p1´ectχpyqq3

φypt , yq“ 1`
2

c

pect ´1qχ1pyq

p1´χpyqqp1´ectχpyqq
,

φy ypt , yq“
2pect ´1q

c

r1`ect ´2ectχpyqsχ12pyq`p1´χpyqqp1´ectχpyqqχ2pyq

p1´χpyqq2p1´ectχq

(III.1.13)

@y,@t ă tε, χpyqď 0, χ1pyqď 0, φypt , yqą 0

@y ě ε,@t ă tε,χ2pyqą 0, φy ypt , yqą 0, φt y ypt , yqą 0.
(III.1.14)

φyptε,νεq“ 0, φy yptε,νεq“ 0, φt y yptε,νεq‰ 0, φy y yptε,νεq‰ 0. (III.1.15)

Proof. The expressions of φt y , φy y , φt y y are obtained by differentiation of (III.1.4)

with respect to t , y and t y . The expression of φy is obtained by differentiation of

(III.1.8).

Now, using this expression for φt y , we obtain

φt ypt ,εq“
´2| lnpεq|αect

p1´χ2pεqq2
ă 1{5| lnpεq|α, (III.1.16)

because

|χpεq| ď

ż ε

s“ε{2
| lnpε{2q|αď 1{10, (III.1.17)

for ε small enough, which leads to (III.1.16). Also, this means that for t ă 1, and for ε
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small enough,

p1´χpyqqą 4{5, p1´ectχpyqqą 4{5. (III.1.18)

Now, we show the existence of tε as in Lemma III.1.3.

φypt ,εq|y“0“ 1, φt ypt ,εqă´
1

5
| lnpεq|α. (III.1.19)

Now that means that there exists t̃εď 5 1
| lnpεq|α such that φypt̃ε,εq“ 0.

Hence, the set tt ă 1|Dy φypt , yq ‰ 0u is not empty. By continuity, consider tε its

minimum, and call νε the corresponding y . Then we have

tεď 5
1

| lnpεq|α
, φyptε,νεq“ 0, @t ă tε,φypt , yqą 0. (III.1.20)

Now, we show (III.1.14).

χpyq“

ż y

s“0
´ψεpsq| lnpsq|

αd sď 0. χ1pyq“´ψεpyq| lnpyq|
α
ď 0. (III.1.21)

φypt , yq|t“0“ 1ą 0, φypt , yq‰ 0 when t ă tεñφypt , yqą 0 when t ă tε.

(III.1.22)

@y ě ε, χ2pyq“´

„

´α

y
p´ lnpyqqα´1



ą 0. (III.1.23)

@y ě ε, φy ypt , yqą 0, (III.1.24)

Indeed, we plug in (III.1.23) in the expression of φy y given by (III.1.13), as well as

(III.1.18), and we obtain the result. We do the same for φt y y and obtain φt y y ą 0.

Lastly, we prove (III.1.15).

By definition of ptε,νεq, it is clear that φyptε,νεq “ 0. Now, if there exists yε such
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that φyptε, yεqă 0, by continuity we would have the existence of t 1ε and y 1ε such that

φypt 1ε, y 1εq“ 0 which would contradict the definition of tε. Hence, φyptε,νεq is a maxi-

mum of φy (for a fixed t ) and we have φy yptε,νεq“ 0.

Now, we consider a root ν̃ε of φt y yptε, ¨q. we have that

φt y yptε, ν̃εq“ 0ñχ2pν̃εq“
´2χ1pν̃εq2ectε

p1´ectεχpν̃εqq
. (III.1.25)

Plugging (III.1.25) in the expression of φy y given by (III.1.13), we obtain

φy yptε, ν̃εq“´
2pectε´1q2

c

χ12pν̃εq

p1´χpν̃εqq2p1´ectεχpν̃εqq
(III.1.26)

Using (III.1.18) again, we obtain φy yptε, ν̃εq‰ 0. Then, using φt y y “ 0ñφy y ‰ 0, we

obtain by contraposite φy y “ 0ñφt y y ‰ 0.

Now, because for y ą ε, φy y ą 0, it means that νε ă ε. We can choose ψε such that

φy y yptε,νεq‰ 0.

Remark III.1.5. Note that these are the key ingredients that were needed to show theo-

rem II.2.1. We should also in theory show an equivalent of proposition I.4.1, but this

proof is tedious and also works because ect ´1„tÑ0 ct , which means tε decreases to 0

at the same speed as in prop. I.4.1. The rest is unchanged because χ has been chosen to

be the same.

Lastly, our last preliminary work will be to prove the following estimates, that will hold

when y´νε is small enough, and t is close enough to tε.

DC 1
ε ,C 2

ε ą 0, ´C 1
εpy´νεq

2
ďφyptε, yqďC 2

εpy´νεq
2

DC 1
ε ,C 2

ε ą 0, C 1
εpy´νεq

2
`C 1

εptε´ tqďφypt , yqďC 2
εpy´νεq

2
`C 2

εptε´ tq

DC 1
ε ,C 2

ε ą 0, C 1
εpνε´ yqďφy yptε, yqďC 2

εpνε´ yq

(III.1.27)

This results are quickly obtained using Taylor expansions and (III.1.14). Now, we do

78



III.2. Proof of the blow up as t Ñ tε

not have a lower bound for φy y . In that situation, we do not have an equivalent of the

property φy ypt , yq“ t
tε
φy yptε, yq, because the expression of φy y is different.

On the right interval, we have that

C 1
εpνε´ yq´C 1

εptε´ tqďφy ypt , yqďC 2
εpνε´ yq´C 2

εptε´ tq, (III.1.28)

this will provide an upper bound for the norm but no lower bound, since the sign of

the two expressions are different.

III.2 Proof of the blow up as t Ñ tε

Our next goal is to prove theorem III.1.2.

We will proceed by using a cutoff around the x corresponding to νε, i.e. x “φptε,νεq.

First, we start by defining hε, as well as the cutoff functions.

Definition III.2.1. Let ψ1
ε :RÑR be a C8 function satisfying

$

’

’

&

’

’

%

ψ1
εpxq“ 1 for φptε,νεq´δεă x ăφptε,νεq`δε

ψ1
εpxq“ 0 for φptε,νεq`2δεă x or x ăφptε,νεq´2δε

0ăψ1
εpxqă 1 elsewhere,

(III.2.29)

and ψ2
ε :RÑR be a C8 function satisfying

$

’

’

&

’

’

%

ψ2
εpxq“ 1 for ´δεă x ă δε

ψ2
εpxq“ 0 for 2δεă x or x ă´2δε

0ăψ2
εpxqă 1 elsewhere,

(III.2.30)

so that hε : px1, x2q ÞÑ vεpt , x1, x2qψ
1
εpx1qψ

2
εpx2q is localized in a square of width 4δε,

cut in half by x1“φptε,νεq; and such that hε“ vε in a square of width 2δε, cut in half

by x1“ νt ,ε.

Also, we now define Iεptq, the integral that will diverge at t “ tε, thus proving the blow

up of ||uεpt , ¨q||H 11{4pR2q
.
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Iεptq“ ||hεpt , ¨q||
9H

7{4
x1

“

ż φptε,νεq`2δε

x1“φptε,νεq´2δε

ż 2δε

x2“´2δε

ˆ

B2pvψ1
εψ

2
εq

Bx2
1

˙

pt , x1, x2q¨

„
ż φptε,νεq`2δε

y“φptε,νεq´2δε

|x1´ y |´1{2`2λ

ˆ

B2pvψ1
εψ

2
εq

Bx2
1

˙

pt , y, x2qd y



d x2d x1. (III.2.31)

We compute the involved derivatives of v .

vpt ,φpt , yqq“χpyqect

vxpt ,φpt , yqq“
ectχ1pyq

φypt , yq

vxxpt ,φpt , yqq“
ect pχ2pyqφypt , yq´χ1pyqφy ypt , yqq

pφypt , yqq3

(III.2.32)

We have the following estimation

hεpt , x1, x2q“ψ1
εpx1qψ

2
εpx2qvεpt , xq,

Bhε
Bx1

pt , x1, x2q“ψ2
εpx2q

”

ψ1,1
ε px1qvεpt , x1q`ψ

1
εpx1qvε,xpt , x1q,

ı

B2hε
B2

x1

pt , x1, x2qψ
2
εpx2q

”

ψ1,2
ε px1qvεpt , x1q`2ψ1,1

ε px1qvε,xpt , x1q`ψ
1
εpx1qvε,xxpt , x1q

ı

,

ñDC1,C2ą 0, C1ψ
2
εpx2qvε,xxpt , x1qď

B2hε
B2

x1

pt , x1, x2qďC2ψ
2
εpx2qvε,xxpt , x1q piq

ñDC1ą 0,

ˇ

ˇ

ˇ

ˇ

B2hε
B2

x1

pt , x1, x2q

ˇ

ˇ

ˇ

ˇ

ďC1

ˇ

ˇψ2
εpx2qvε,xxpt , x1q

ˇ

ˇ , pi iq

(III.2.33)

Now, with Kε“
ş2δε

x2“´2δε
pψεpx2qq

2 d x2,
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Iεptq“Kε

ż φptε,νεq`2δε

x1“φptε,νεq´2δε

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , x1, x2q¨

„
ż φptε,νεq`2δε

y“φptε,νεq´2δε

|x1´ y |´1{2`2λ

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , y, x2qd y



d x2d x1. (III.2.34)

We now split the domain of the first integral into three, corresponding to the three

following integration domains.

Iεptq“Kε

ż φptε,νεq´δε

x1“φptε,νεq´2δε

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , x1q

¨

ż φptε,νεq`2δε

y“φptε,νεq´2δε

|x1´ y |´1{2`2λ

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , yqd yd x1

`Kε

ż φptε,νεq`δε

x1“φptε,νεq´δε

ˆ

B2v

Bx2
1

˙

pt , x1q

¨

ż φptε,νεq`2δε

y“φptε,νεq´2δε

|x1´ y |´1{2`2λ

ˆ

B2v

Bx2
1

˙

pt , yqd yd x1

`Kε

ż φptε,νεq`2δε

x1“φptε,νεq`δε

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , x1q

¨

ż φptε,νεq`2δε

y“φptε,νεq´2δε

|x1´ y |´1{2`2λ

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , yqd yd x1.

(III.2.35)

The first difference with the previous argument is that the expressions of φ, φy and

φy y are not the same since they depend on the value of v , which itself depends on the

underlying ODE. The second difference, is that the value of v is not the same because

of the underlying ODE, which will have an impact on the computations when we will

show the blow up. Fortunately, it does not make a big difference in the computations.

In the following computations, we use the function ζi
εptq that will be defined in the
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coming lemma.

Iεptq“Kε

ż ζ2
εptq

y1“ζ
1
εptq

φε,ypt , y1q

ˆ

B2pvψ1
εq

Bx2
1

˙

pt ,φεpt , y1qq

¨

ż ζ4
εptq

y2“ζ
1
εptq
|φεpt , y1q´φεpt , y2q|

´1{2`2λφε,ypt , y2q

ˆ

B2pvψ1
εq

Bx2
1

˙

pt ,φεpt , y2qqd yd x1

`Kε

ż ζ3
εptq

y1“ζ
2
εptq

φε,ypt , y1q

ˆ

B2pvq

Bx2
1

˙

pt ,φεpt , y1qq

¨

ż ζ4
εptq

y2“ζ
1
εptq
|φεpt , y1q´φεpt , y2q|

´1{2`2λφε,ypt , y2q

ˆ

B2pvq

Bx2
1

˙

pt ,φεpt , y2qqd yd x1

`Kε

ż ζ4
εptq

y1“ζ
3
εptq

φε,ypt , y1q

ˆ

B2pvψ1
εq

Bx2
1

˙

pt ,φεpt , y1qq

¨

ż ζ4
εptq

y2“ζ
1
εptq
|φεpt , y1q´φεpt , y2q|

´1{2`2λφε,ypt , y2q

ˆ

B2pvψ1
εq

Bx2
1

˙

pt ,φεpt , y2qqd yd x1

“KεpI
1
ε ptq` I 2

ε ptq`I 3
ε ptqq.

(III.2.36)

Again, we will show that |I2ptq| ąą |I1ptq|`|I3ptq| and I2ptqÑ`8 as t Ñ tε. We will

use all the following results without proving it, as it is very similar to what we obtained

in (II.2.24) and (II.2.25) in the previous chapter.

Lemma III.2.2. On an interval centered at ptε,νεq, we have the following.

If we define

ζ1
εptq“φ´1

t pφptε,νεq´2δεq,

ζ2
εptq“φ´1

t pφptε,νεq´δεq,

ζ3
εptq“φ´1

t pφptε,νεq`δεq,

ζ4
εptq“φ´1

t pφptε,νεq`2δεq,

(III.2.37)
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we can choose δε and t 1
ε such that for t Pst 1

ε , tεr, we have

νε´ηεă ζ1
εptqă ζ2

εptqă νεă ζ3
εptqă ζ4

εptqă νε`ηε. (III.2.38)

There exists ζ2`
ε and ζ3´

ε such that for δε small enough, and t close enough to tε,

νε´ηεă ζ1
εptqă ζ2

εptqă ζ2`
ε ă νεă ζ3´

ε ă ζ3
εptqă ζ4

εptqă νε`ηε. (III.2.39)

Let us first do the work for I1ptq. The case of I3ptq is similar.

Using the estimation given by (III.2.33) and the expression of vxx given by (III.2.32), as

well as (III.2.38), we obtain

ˇ

ˇI 1
ε ptq

ˇ

ˇď

ż ζ2`
ε

x1“νε´ηε

ˇ

ˇ

ˇ

ˇ

χ2px1q

φypt , x1q
´
χ1px1qφy ypt , x1q

φypt , x1q
2

ˇ

ˇ

ˇ

ˇ

ż νε`ηε

y“νε´ηε

ˇ

ˇ

ˇ

ˇ

ˇ

M 2
ε

e2ct

|φpt , x1q´φpt , yq|1{2´2λ

¨

„

χ2pyq

φypt , yq
´
χ1pyqφy ypt , yq

φypt , yq2



ˇ

ˇ

ˇ

ˇ

ˇ

(III.2.40)

We study the inner integral of (II.2.26) for x P rνε´ηε,ζ2`
ε s. Now, both 1

|φpt ,x1q´φpt ,yq|1{2´2λ

and vε,y ypt , yq are unbounded in the second integral, but the regions where they are

unbounded are uniformly disjoint in t because of (II.2.25), so we split again the

domain, and use ect ďMε.

ż νε`ηε

y“νε´ηε

e2ct

|φpt , x1q´φpt , yq|1{2´2λ
vε,y ypt , yqďp˚1q Mε

ż ζ2`
ε

νε´ηε

1

|φpt , x1q´φpt , yq|1{2´2λ

`Mε

ż ζ3´
ε

ζ2`
ε

|φypt , yqvε,xxpt ,φpt , yqq|`Mε

ż νε`ηε

ζ3`
ε

1

|φpt , x1q´φpt , yq|1{2´2λ

ďMε rpiq`pi iq`pi i iqs (III.2.41)

In p˚1q, we used (III.2.32), (III.1.27) and (III.1.28) and the fact that |νε´ y | ěCε on the

set rνε´ηε,ζ2`
ε s.
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Now we give a majoration for piq in (III.2.41). The case pi i iq is trivial.

Now, using the mean value theorem as well as (III.1.27), and |c´νε| ě |ζ
2`
ε ´νε|, we

obtain

|piq| ďMε

ż ζ2`
ε

y“νε´ηε

1

|x1´ y |1{2´2λ

1

|φypt ,cq|1{2´2λ
ďMε

ż ζ2`
ε

y“νε´ηε

1

|x1´ y |1{2´2λ
ďMε.

(III.2.42)

Now, we study pi iq using the expression of vε,xx given by (III.2.32), and the results

obtained in the preliminary work. We need to compute the estimates for the two

terms separately.

Using the expressions from (III.2.32) and (III.2.41) as well as the inequalities obtained

in (III.1.27) and (III.1.28), we obtain

|pi iq| ďMε

ż ζ3´
ε

y“ζ2`
ε

1

|φypt , yq|2
`Mε

ż ζ3´
ε

y“ζ2`
ε

|φy ypt , yq|

|φypt , yq|3
ď

Mε

ż ζ3´
ε

y“ζ2`
ε

1

p|y´νε|2`ptε´ tqq
`Mε

ż ζ3´
ε

y“ζ2`
ε

|y´νε|`ptε´ tq

p|y´νε|2`ptε´ tqq2
(III.2.43)

Now, because we have the following primitives

ż

1

px2`aq
“

arctan
´

x?
a

¯

?
a

,

ż

x

px2`aq2
“´

1

2px2`aq
, (III.2.44)

We obtain that

|piq`pi iq`pi i iq| ďCε
1

ptε´ tq
. (III.2.45)
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Finally, we have the following upper bound for I 1
ε ptq, using |x1´νε| ěCε,

|I 1
ε ptq| ď

Cε

ptε´ tq

ż ζ2´
ε

x1“νε´ηε

„

1

|φypt , x1q|
`
|φy ypt , x1q|

|φy ypt , x1q|
2



ď
Cε

ptε´ tq
. (III.2.46)

By symmetry, we also have I 3
ε ptqď

Cε

ptε´tq .

Now, we exhibit a lower bound for I 2
ε ptq.

We can write from (III.2.32) and (III.2.33),

ż ζ3´
ε

x1“ζ
2`
ε

ż νε`ηε

y“νε´ηε

1

|φpt , x1q´φpt , yq|1{2´2λ
φypt , x1qvxxpt , x1qφypt , yqvxxpt , yq

“

ż ζ3´
ε

x1“ζ
2`
ε

ż νε`ηε

y“νε´ηε

1

|φpt , x1q´φpt , yq|1{2´2λ

»

–

χ2px1q

φypt , x1q

χ2pyq

φypt , yq
´

χ2px1q

φypt , x1q

χ1pyqφy ypt , yq

φypt , yq2

´
χ2pyq

φypt , yq

χ1px1qφy ypt , x1q

φypt , x1q
2

`
χ1px1qφy ypt , x1q

φypt , x1q
2

χ1pyqφy ypt , yq

φypt , yq2

fi

fl“piq`pi iq`pi i iq`pi vq

(III.2.47)

We will show that pi vqąą |piq|`|pi iq|`|pi i iq| as t Ñ tε.

We will have to do additional steps in comparison with chapter II. Indeed, from III.1.27

and doing a method similar to what we did with φy , we can not infer any lower bound

for the norm of φy y .

First, we perform a Taylor expansion of φy y as a function of R2 near ptε,νεq.

φy ypt , yq“C 1
εpy´νεq`C 2

εptε´ tq`py´νεq
2 f1pt , yq`py´νεqptε´ tq f2pt , yq

`ptε´ tq2 f3pt , yq“C 1
εpy´νεq`C 2

εptε´ tq` g pt , yq, (III.2.48)

where f1, f2, f3 P L8pwq, for some open set w containing ptε,νεq and depending only

on ε.
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First, we look at pi vq. Again, because of py´νεq antisymmetric properties but the

fact that 1?
|φpt ,x1q´φpt ,yq|

will concentrate the weight near x1“ y , we have to split the

domain into four parts, using the same idea as in chapter II.

α“tpx1, yq P rζ2`
ε ,νεsˆrνε´ηε,νεsu, β“tpx1, yq P rνε,ζ3´

ε sˆrνε´ηε,νεsu

γ“tpx1, yq P rζ2`
ε ,νεsˆrνε,νε`ηεsu, δ“tpx1, yq P rνε,ζ3´

ε sˆrνε,νε`ηεsu

(III.2.49)

x1“ νε

α, i ě 0

δ, i ě 0

β, i ď 0

γ, i ď 0

y “ νε
y “ x1

Figure III.1 – Definition of α, β, γ and δ

And we have

pi vq“

ż ż

α

ipx1, yq`

ż ż

β

ipx1, yq`

ż ż

γ

ipx1, yq`

ż ż

δ

ipx1, yq. (III.2.50)

We first consider the first two terms of φy y in (III.2.48) only, and look at the contri-

bution of g later on. Call ĩpx1, yq the corresponding integrand. This also defines the

corresponding integrals pi vq1 and pi vq2.

We will regroup the integral corresponding to δ and β. The symmetric case (γ and α)

is identical. First, we remark that by (III.2.48), we have the two following inequalities

(following a change of variables)
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ż ż

δYβ

ĩpx1, yqěCε

ż ż

δYβ

1

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

¨
x1

ppx1q
2`ptε´ tqq2

y

py2`ptε´ tqq2

`

ż ż

δYβ

2Cε

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

ptε´ tqx1

px2
1`ptε´ tqq2py2`ptε´ tqq2

`

ż ż

δYβ

2Cε

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

ptε´ tqy

px2
1`ptε´ tqq2py2`ptε´ tqq2

`

ż ż

δYβ

2Cε

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

ptε´ tq2

px2
1`ptε´ tqq2py2`ptε´ tqq2

,

(III.2.51)

and

ż ż

δYβ

ĩpx1, yqďCε

ż ż

δYβ

1

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

¨
x1

ppx1q
2`ptε´ tqq2

y

py2`ptε´ tqq2

`

ż ż

δYβ

2C 1ε
|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

ptε´ tqx1

px2
1`ptε´ tqq2py2`ptε´ tqq2

`

ż ż

δYβ

2C 1ε
|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

ptε´ tqy

px2
1`ptε´ tqq2py2`ptε´ tqq2

`

ż ż

δYβ

2C 1ε
|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

ptε´ tq2

px2
1`ptε´ tqq2py2`ptε´ tqq2

.

(III.2.52)

Hence, we will considerate separately the first term involved in (III.2.51) and (III.2.52),

and the three others terms. The aforementioned term will give a lower bound and will

be the term of the highest order. The three other terms will be of a smaller order. We

first proceed with a upper bound of the three last terms.

Using |φpt ,cpx, yqq| ěCεptε´ tq,
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ż ż

δYβ

2Cε

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

ptε´ tq|x1|

px2
1`ptε´ tqq2py2`ptε´ tqq2

ď

ż ż

δYβ

2Cεptε´ tq

ptε´ tq1{2´2λ

1

|x´ y |1{2´2λ

|x|

px2`ptε´ tqq2
1

py2`ptε´ tqq2

ďHölder Cεptε´ tq1{2`2λ

ˆ
ż ż

α

1

|x´ y |3{4´3λ

˙2{3ˆż 8

0

x3

px2`ptε´ tqq6

˙1{3

¨

ˆ
ż 8

0

1

py2`ptε´ tqq6

˙1{3

ďCε
ptε´ tq1{2´2λ

ptε´ tq4{3`11{6
ďCε

1

ptε´ tq8{3´2λ
(III.2.53)

We will show later on that our first term is greater than Cε{ptε´ tq11{4´Cλ. Note that

our margin is only ptε´ tq1{12. For the second cross term, one can replace x by y in

(III.2.53). Now we do the last term of (III.2.51) and (III.2.52).

ż ż

βYδ

2Cε

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

ptε´ tq2

px2
1`ptε´ tqq2py2`ptε´ tqq2

ď

ż ż

βYδ

2Cεptε´ tq2

ptε´ tq1{2´2λ

1

|x´ y |1{2´2λ

1

px2`ptε´ tqq2
1

py2`ptε´ tqq2

ďHölder Cεptε´ tq1.5`2λ

ˆ
ż ż

βYδ

1

|x´ y |3{4´3λ

˙2{3ˆż 8

0

1

px2`ptε´ tqq6

˙1{3

¨

ˆ
ż 8

0

1

py2`ptε´ tqq6

˙1{3

ďCε
ptε´ tq3{2`2λ

ptε´ tq4{3`11{6
ďp˚1q Cε

1

ptε´ tq13{6´2λ
(III.2.54)

Remark III.2.3. Note that for estimates such as p˚1q, we explicitly compute the anti-

derivative. We do not write it because it is long and not so relevant. For instance, a

primitive of 1
px2`aq6

is

88



III.2. Proof of the blow up as t Ñ tε

63arctan
´

x?
a

¯

256a
11
2

`
315x9`1470ax7`2688a2x5`2370a3x3`965a4x

1280a5x10`6400a6x8`12800a7x6`12800a8x4`6400a9x2`1280a10
,

and we use

ż ζ3´
ε ´νε

0

1

px2`ptε´ tqq6
ď

ż 8

0

1

px2`ptε´ tqq6
“

63π

512ptε´ tq
11
2

.

For the integrals that can not be computed explicitly, we proceed with a change of

variable x “ x?
ptε´tq

.

Now we deal with the first term of (III.2.51) and (III.2.52). We hence consider the term

J “

ż ż

δYβ

1

|φpt , x1q´φpt , yq|1{2´2λ

χ1px1qx1

φypt , x1q
2

χ1pyqy

φypt , yq2

“

ż κε

x1“0

ż κε

y“0

»

–

χ1pνε` yq ¨ y ¨χ1pνε`x1q ¨x1

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λφypt ,νε`x1q
2φypt ,νε` yq2

´
χ1pνε´ yq ¨ y ¨χ1pνε`x1q ¨ x1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λφypt ,νε´ yq2φypt ,νε`x1q
2

fi

fl (III.2.55)

From now on, the computations will be identical to a part that have been done for pi vq

in the previous chapter. We have included it in order to show that the computations

still hold.

We similarly decompose the integrand as follows.
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1

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε` yq ¨ y

φypt ,νε` yq2

´
1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε´ yq ¨ y

φypt ,νε´ yq2

“

»

–

1

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

χ1pνε`x1q ¨ x1

φypt ,νε`x1q
2

χ1pνε` yq ¨ y

φypt ,νε` yq2

´
1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε` yq ¨ y

φypt ,νε` yq2

fi

fl

`

»

–

1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε` yq ¨ y

φypt ,νε` yq2

´
1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε` yq ¨ y

φypt ,νε´ yq2

fi

fl

`

»

–

1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε` yq ¨ y

φypt ,νε´ yq2

´
1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε´ yq ¨ y

φypt ,νε´ yq2

fi

fl

“D1`D2`D3. (III.2.56)

To shorten a bit the notations, we will denote

α˘“ |φεpt ,νε`x1q´φεpt ,νε˘ yq| . (III.2.57)

For D1, we write
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1

|φεpt ,νε`x1q´φεpt ,νε` yq|1{2´2λ
´

1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λ

“
α´´α`

α
1{2´2λ
` α

1{2´2λ
´

´

α
1{2`2λ
` `α

1{2`2λ
´

¯`
α4λ
` ´α

4λ
´

´

α
1{2`2λ
` `α

1{2`2λ
´

¯ (III.2.58)

It is clear that D1 is nonnegative when x1 ě y . We now provide a lower bound for

D1,x1ďy . We will show that it is positive up to a smaller order term, and provide a lower

bound for the positive term. We hence now consider x1ď y .

We write,

α´´α`“ |φεpt ,νε`x1q´φεpt ,νε´ yq|´|φεpt ,νε`x1q´φεpt ,νε` yq|

“ 2φεpt ,νε`x1q´φεpt ,νε`yq´φεpt ,νε´yq“

ż x1

s“´y
φε,ypt ,νε`sq´

ż y

s“x1

φε,ypt ,νε`sq

“

ż x1

s“´x1

φε,ypt ,νε` sq`

ż y

s“x1

pφε,ypt ,νε´ sq´φε,ypt ,νε` sqq . (III.2.59)

We will use this idea to provide a lower bound for D1.

1

α
1{2´2λ
`

´
1

α
1{2´2λ
´

“

ż α`

s“α´

´p
1

2
´2λq

1

s3{2´2λ
“C

ż α´

s“α`

s´3{2`2λ

“C

ż α``
şx1

z“´x1
φε,y pt ,νε`zq

s“α`

s´3{2`2λ

`C

ż α``
şx1

z“´x1
φε,y pt ,νε`zq`

şy
z“x1
pφε,y pt ,νε´zq´φε,y pt ,νε`zqq

s“α``
şx1

z“´x1
φε,y pt ,νε`zq

s´3{2`2λ
“piq`pi iq,

(III.2.60)

where piq is nonnegative and pi iq is small. First, we make the following upper bound

for |pi iq|. If
şy

x1
pφε,ypt ,νε´ sq´φε,ypt ,νε` sqq ą 0, then pi iq is nonnegative. Oth-

erwise, we have α``
şx1

s“´x1
φε,ypt ,νε` sq`

şy
s“x1

pφε,ypt ,νε´ sq´φε,ypt ,νε` sqq ď
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α``
şx1

s“´x1
φε,ypt ,νε` sq. We then proceed as follows

ˇ

ˇ

ˇ

ˇ

ˇ

ż α``
şx1

z“´x1
φε,y pt ,νε`zq`

şy
z“x1
pφε,y pt ,νε´zq´φε,y pt ,νε`zqq

s“α``
şx1
´x1

φε,y pt ,νε`sq
s´3{2´2λ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż α´´
şy

z“x1
pφε,y pt ,νε´zq´φε,y pt ,νε`zqq

s“α´

s´3{2`2λ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ż y

z“x1

pφε,ypt ,νε´ zq´φε,ypt ,νε` zqq

ˇ

ˇ

ˇ

ˇ

¨α
´3{2`2λ
´ . (III.2.61)

From the Taylor expansion, we obtain for x, y small enough (only depending on ε),

ˇ

ˇ

ˇ

ˇ

ż y

z“x1

pφε,ypt ,νε´ sq´φε,ypt ,νε` sqq

ˇ

ˇ

ˇ

ˇ

ďC1
`

y4
´x4

1`ptε´ tq2`ptε´ tqpy2
´x2

1q
˘

.

(III.2.62)

This means that we obtain (up to a nonnegative contribution)

|pi iq| ďC
`

y4
`x4

1`ptε´ tq
`

x2
1` y2

˘

`ptε´ tq2
˘

¨
1

α
3{2´2λ
´

. (III.2.63)

We now go on with the lower bound for piq. Using the expression of piq provided by

(III.2.60) as well as the mean value theorem, we obtain

piq“

ż α``
şx1

z“´x1
φε,y pt ,νε`zq

s“α`

s´3{2`2λ

ě

ˆ
ż x1

z“´x1

φε,ypt ,νε` zq

˙

¨
1

pφεpt ,νε` yq´φεpt ,νε´x1qq
3{2´2λ

.

ěC x1φε,ypt ,c1q ¨
1

py`x1q
3{2´2λ ¨φε,ypt ,c2q

3{2´2λ
. (III.2.64)
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Now, since we have x1ď y , we obtain from (II.2.16)

φε,ypt ,c1qěCptε´ tq, (III.2.65)

and

φε,ypt ,c2qďC
`

ptε´ tq` y2
˘

. (III.2.66)

Using (III.2.65) and (III.2.66) inside of (III.2.64), we obtain

piqěC
x1ptε´ tq

py`x1q
3{2´2λ ¨ pptε´ tq` y2q3{2´2λ

. (III.2.67)

Now, we obtain for D1,

D1“Dx1ěy`Dx1ďy ěDx1ďy

ěC

ż ż

x1ďy

x1ptε´ tq

py`x1q
3{2´2λ ¨ pptε´ tq` y2q3{2´2λ

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

x4

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

y4

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

ptε´ tq ¨ x2
1

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

ptε´ tq ¨ y2

α
3{2´2λ
´

χ1pνε`x1q ¨ x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

ptε´ tq2

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

“ A1´B1´B2´B3´B4´B5. (III.2.68)

Note that the proof also works for λ“ 0. We will now show that A1Ñ8, and that J2,
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J3, J4, D2, D3, B1, B2, B3, B4 and B5 are of a smaller order. We first consider A1.

Using |φε,ypt ,cpx1, yqq| ďMε ppx1q
2`ptε´ tqq, on y ą x1, we have from (III.2.68) and

the new change of variable px, yq“ pr ´ z,r ` zq,

A1ěCε

ż κε{2

r“0

ż r

z“0

pr ´ zqptε´ tq

r 3{2´2λ

r ` z
`

pr ` zq2`ptε´ tq
˘7{2´2λ

r ´ z
`

pr ´ zq2`ptε´ tq
˘2

ěCε

ż κε{2

r“0

1

r 1{2´2λ

ptε´ tq
`

p2r q2`ptε´ tq
˘11{2´2λ

ż r

z“0
pr ´ zq2

ěCε

ż κε{2

r“0

ptε´ tq ¨ r 5{2`2λ

`

p2r q2`ptε´ tq
˘11{2´2λ

ě
Cε ¨ ptε´ tq

ptε´ tq15{4´3λ

ě
Cε

ptε´ tq11{4´3λ
. (III.2.69)

We now proceed with B1. The case of B2 is similar. We have since φε,ypt , xqě ptε´ tq,

with the mean value theorem

|B1| ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

ż r

z“0

pr ´ zq4

r 3{2´2λ

¨
r ` z

`

pr ` zq2`ptε´ tq
˘2

r ´ z
`

pr ´ zq2`ptε´ tq
˘2

ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

r 4

r 1{2´2λ pr 2`ptε´ tqq2

ż r

z“0

r ´ z

ppr ´ zq2`ptε´ tqq2
. (III.2.70)

Now, because

ż 8

s“0

s

ps2`ptε´ tqq2
ď

C

ptε´ tq
, (III.2.71)
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(III.2.70) yields

|B1| ď
Cε

ptε´ tq5{2´2λ

ż κε{2

r“0

r 7{2`2λ

pr 2`ptε´ tqq2
ď

Cε

ptε´ tq10{4´2λ
. (III.2.72)

We now proceed with B3. The case of B4 is similar. We have since φε,ypt , xqě ptε´ tq,

with the mean value theorem

|B3| ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

ż r

z“0

ptε´ tq ¨ pr ´ zq2

r 3{2´2λ

¨
r ` z

`

pr ` zq2`ptε´ tq
˘2

r ´ z
`

pr ´ zq2`ptε´ tq
˘2

ď
Cε

ptε´ tq1{2´2λ

ż κε{2

r“0

r 2

r 1{2´2λ pr 2`ptε´ tqq2

ż r

z“0

r ´ z

ppr ´ zq2`ptε´ tqq2
. (III.2.73)

Now, because

ż 8

s“0

s

ps2`ptε´ tqq2
ď

C

ptε´ tq
, (III.2.74)

(III.2.73) yields

|B3| ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

r 3{2`2λ

pr 2`ptε´ tqq2
ď

Cε

ptε´ tq3{2`3{4´3λ

ď
Cε

ptε´ tq9{4´3λ
. (III.2.75)

Lastly, we provide the upper bound for B5. We have since φε,ypt , xqě ptε´ tq, with the

mean value theorem
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|B5| ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

ż r

z“0

ptε´ tq2

r 3{2´2λ

¨
r ` z

`

pr ` zq2`ptε´ tq
˘2

r ´ z
`

pr ´ zq2`ptε´ tq
˘2

ďCε ¨ ptε´ tq1{2`2λ
ż κε{2

r“0

1

r 1{2´2λ pr 2`ptε´ tqq2

ż r

z“0

r ´ z

ppr ´ zq2`ptε´ tqq2
.

(III.2.76)

Now, because

ż 8

s“0

s

ps2`ptε´ tqq2
ď

C

ptε´ tq
, (III.2.77)

and

ż 8

s“0

s´1{2`2λ

ps2`ptε´ tqq2
ď

C

ptε´ tq7{4
, (III.2.78)

(III.2.76) yields

|B5| ď
Cε

ptε´ tq1{2´2λ

ż κε{2

r“0

r´1{2`2λ

pr 2`ptε´ tqq2
ď

Cε

ptε´ tq1{2`7{4´3λ

ď
Cε

ptε´ tq9{4´3λ
. (III.2.79)

This concludes the proof for the first difference term D1. Overall, we obtain

D1ě
Cε

ptε´ tq11{4´3λ
. (III.2.80)

Now, we study D2 and D3.

For D2, we first study the term
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1

φypt ,νε` yq2
´

1

φypt ,νε´ yq2

“
pφypt ,νε` yq`φypt ,νε´ yqq ¨ pφypt ,νε´ yq´φypt ,νε` yqq

φypt ,νε` yq2φypt ,νε´ yq2
. (III.2.81)

A Taylor expansion ofφy gives thatφypt ,νε´yq´φypt ,νε`yq“ f1pt , yqy3` f2pt , yqptε´

tq2 where f1 and f2 are bounded. Because φy ě 0, we have that

1

φypt ,νε` yq2
´

1

φypt ,νε´ yq2
“

f1pt , yqy3` f2pt , yqptε´ tq2

φypt ,νε` yqφypt ,νε´ yq2

`
f1pt , yqy3` f2pt , yqptε´ tq2

φypt ,νε` yq2φypt ,νε´ yq
. (III.2.82)

The two involved terms are similar. We consider only the first one. We obtain

|D2| ď
Cε

ptε´ tq1{2´2λ

ż κε{2

r“0

ż r

z“0

1

z1{2´2λ

¨
pr ` zqpr ´ zq4

ppr ` zq2`ptε´ tqq2 ¨ ppr ´ zq2`ptε´ tqq ¨ ppz´ r q2`ptε´ tqq2
. (III.2.83)

Again, we split the domain of z in two parts.

|D2| ď
Cε

ptε´ tq1{2´2λ

ż κε{2

r“0

ż r {2

z“0

1

z1{2´2λ

¨
pr ` zqpr ´ zq4

ppr ` zq2`ptε´ tqq2 ¨ ppr ´ zq2`ptε´ tqq ¨ ppz´ r q2`ptε´ tqq2

`
Cε

ptε´ tq1{2´2λ

ż κε{2

r“0

ż r

z“r {2

1

z1{2´2λ

¨
pr ` zqpr ´ zq4

ppr ` zq2`ptε´ tqq2 ¨ ppr ´ zq2`ptε´ tqq ¨ ppz´ r q2`ptε´ tqq2
. (III.2.84)
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For the first term, we obtain

Cε

ptε´ tq1{2´2λ

ż κε{2

r“0

r 5

pr 2`ptε´ tqq5

ż r {2

z“0

1

z1{2´2λ

ď
Cε

ptε´ tq1{2´2λ

ż κε{2

r“0

r 11{2´2λ

pr 2`ptε´ tqq5
ď

Cε

ptε´ tq9{4´3λ
, (III.2.85)

and for the second term

Cε

ptε´ tq1{2´2λ

ż κε{2

r“0

1

r 1{2´2λ

r

pr 2`ptε´ tqq2

ż r {2

s“0

s4

ps2`ptε´ tqq3

ď
Cε

ptε´ tq9{4
. (III.2.86)

Overall, we obtain that |D2| ď
Cε

ptε´tq9{4
. Lastly, for D3, we have to study the term

χ1pνε´ yq´χ1pνε` yq. We obtain

|χ1pνε´ yq´χ1pνε` yq| ďCε ¨ |y |. (III.2.87)

With similar computations, the additional y leads to a gain of order ptε´ tq1{2.

Overall, we obtain that

pi vq1ě
Cε

ptε´ tq11{4´3λ
. (III.2.88)

The last tasks now are to show that piq,pi iq and pi i iq are smaller than pi vq1, and lastly

that the contribution of g , i.e. pi vq2 is of a smaller order in ptε´ tq´1. We make the

same change of variable again, so now we have px, yq P rζ2´´νε,ζ3`´νεs
2“ ι. For

piq, we have
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|piq| “

ˇ

ˇ

ˇ

ˇ

ż ż

ι

1

|φpt ,νε`xq´φpt ,νε` yq|1{2´2λ

χ2pνε`xqχ2pνε` yq

pφypt ,νε`xqφypt ,νε` yqq

ˇ

ˇ

ˇ

ˇ

ďCε

ż ż

ι

1

ptε´ tq1{2´2λ|x´ y |1{2´2λ

1

px2`ptε´ tqq

1

py2`ptε´ tqq

ďHöl der
Cε

ptε´ tq1{2´2λ

ˆ
ż ż

ι

1

|x´ y |3{4´3λ

˙2{3ˆż 8

0

1

px2`ptε´ tqq3

˙1{3

¨

ˆ
ż 8

0

1

py2`ptε´ tqq3

˙1{3

ď
Cε

ptε´ tq1{2`5{6`5{6´2λ
ď

Cε

ptε´ tq13{6´2λ
. (III.2.89)

For pi iq, we obtain using the triangular inequality on (III.1.28) for the term involving

φy y ,

|pi iq| “

ˇ

ˇ

ˇ

ˇ

ż ż

ι

1

|φpt ,νε`xq´φpt ,νε` y |1{2´2λ

χ2pνε`xqχ1pνε` yqφy ypt ,νε` yq

φypt ,νε`xqφypt ,νε` yq2

ˇ

ˇ

ˇ

ˇ

ďCε

ż ż

ι

1

ptε´ tq1{2´2λ|x´ y |1{2´2λ

1

px2`ptε´ tqq

|y |`ptε´ tq

py2`ptε´ tqq2

ďHöl der
Cε

ptε´ tq1{2´2λ

ˆ
ż ż

ι

1

|x´ y |3{4´3λ

˙2{3ˆż 8

0

1

px2`ptε´ tqq3

˙1{3

¨

ˆ
ż 8

0

py`ptε´ tqq3

py2`ptε´ tqq6

˙1{3

ď
Cε

ptε´ tq1{2`5{6`4{3´2λ
ď

Cε

ptε´ tq8{3´2λ
. (III.2.90)

The case of pi i iq is identical.

Now, using the expression of g provided by (III.2.48), we obtain

|g pt , yq| ďCε

`

|y´νε|
2
`ptε´ tq ¨ |y´νε|`ptε´ tq2

˘

. (III.2.91)

Hence, from (III.2.91) we get

|g pt , xqg pt , yq| ď
ÿ

k1`k2“2,k3`k4“2

Cε|y´νε|
k1 |x´ε|k3ptε´ tqk2`k4 . (III.2.92)
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Hence, for the second part of pi vq, we obtain with the same change of variable

|pi vq2| “

ˇ

ˇ

ˇ

ˇ

ˇ

ż y“ζ3´
ε

x1“ζ
2´
ε

ż ζ3´
ε

ζ2´
ε

1

|φpt , xq´φpt , yq|1{2´2λ

g pt , xqg pt , yqχ1pxqχ1pyq

φypt , xq2φypt , yq2

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

k1`k2“2,k3`k4“2

ptε´ tqk2`k4

ptε´ tq1{2´2λ

ż ż

1

|x´ y |1{2´2λ

Cεxk1 yk3

px2`ptε´ tqq2py2`ptε´ tqq2
.

(III.2.93)

Now, using the same techniques again, (III.2.93) gives

ÿ

k1`k2“2,k3`k4“2

ptε´ tqk2`k4

ptε´ tq1{2´2λ

ż ż

1

|x´ y |1{2´2λ

Cεxk1 yk3

px2`ptε´ tqq2py2`ptε´ tqq2

ďCε

ÿ

k1`k2“2,k3`k4“2

ptε´ tqk2`k4

ptε´ tq1{2´2λ

ˆ
ż ż

1

|x´ y |3{4´3λ

˙2{3

¨

ˆ
ż 8

x“0

x3k1

px2`ptε´ tqq3

˙1{3ˆż 8

y“0

y3k3

py2`ptε´ tqq3

˙1{3

(III.2.94)

Note that xi ďCεx j when i ď j .

Now, we distinguish three cases.

If k2`k4ě 2, then we obtain from (III.2.94)

|pi vq2| ďCεptε´ tq1.5`2λ

ˆ
ż ż

1

|x´ y |3{4´3λ

˙2{3

¨

ˆ
ż 8

x“0

1

px2`ptε´ tqq3

˙1{3ˆż 8

y“0

1

py2`ptε´ tqq3

˙1{3

ď
Cε

ptε´ tq14{6
. (III.2.95)
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Now, if k2`k4“ 1, then either k1ě 1 or k3ě 1. Then, (III.2.94) gives

|pi vq2| ďCεptε´ tq0.5`2λ

ˆ
ż ż

1

|x´ y |3{4´3λ

˙2{3

¨

ˆ
ż 8

x“0

x3

px2`ptε´ tqq3

˙1{3ˆż 8

y“0

1

py2`ptε´ tqq3

˙1{3

ď
Cε

ptε´ tq15{6
. (III.2.96)

Lastly, if k2`k4“ 0, then k1“ k3“ 2 and

|pi vq2| ďCεptε´ tq´0.5`2λ

ˆ
ż ż

1

|x´ y |3{4´3λ

˙2{3

¨

ˆ
ż 8

x“0

x6

px2`ptε´ tqq3

˙1{3ˆż 8

y“0

y6

py2`ptε´ tqq3

˙1{3

ď
Cε

ptε´ tq13{6
. (III.2.97)

Now, we finally have from (III.2.88), (III.2.95), (III.2.96) and (III.2.97),

pi vqě pi vq1´|pi vq2| ě
Cε

ptε´ tq11{4
. (III.2.98)

And thus the corresponding lower bound for I 2
ε ptq

I 2
ε ptqě pi vq1´|pi vq2| ě

Cε

ptε´ tq11{4
. (III.2.99)

We can later use a scaling and summing argument similar to the one we use in chapter

II.3. Doing so, we obtain an initial condition such that the solution instantly blows up

at t “ 0`.
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IV Introducing a source term with a x2

dependency

In this chapter, we discuss the stability of the blow up with respect to the addition of a

source term in the equation. This case is a study of the stability with respect to the

equation, but can also be seen as a next step toward the stability of the phenomenon

by perturbations depending on x2 as well. Indeed, using spectral cutoffs of u with

respect to its second space variable, it may be possible that we can reduce the general

stability to this case, for a fixed range of frequencies. This case is more tedious as we

no longer have an explicit resolution, but it also deeper as we show that the function

has to behave in a pathological way. We will also see that we can, in some sense, show

that the solution will locally share similarities with the function that we previously

computed for the problem without the x2 dependency.

IV.1 Definition of the new problem and preliminary re-

sults

We now consider the following modified Cauchy problem.

$

’

&

’

%

lx1 upt , x1, x2q“DuD2u` f pt , x1, x2,Duq

Bu

Bt |t“0
“´χ, u|t“0“ 0.

(IV.1.1)

Remark IV.1.1. Here, we study the case where f depends on Du but not on u because it

is the most difficult case. The case where f both depends on u and Du is really similar

and does not bring more difficulties.
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Chapter IV. Introducing a source term with a x2 dependency

We also define

χpyq“´

ż y

s“0
ψεpsq| lnpsq|

αd s. (IV.1.2)

Where ψε :R`ÑR` satisfies the following conditions.

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

ψεpsq“ 0, @să
ε

2
,

ψεpsq“ 1, @są ε,

ψεpsq P r0,1s, @s PR`,

|ψ1ε|psqď
2

ε
, @s PR`.

(IV.1.3)

We consider χ to be the extension of χ to R2 (without explicit relabelling) as it has

been done in theorem I.3.1. Lastly, we also assume

@α,DC ,

ˇ

ˇ

ˇ

ˇ

Bα

Bxα
f

ˇ

ˇ

ˇ

ˇ

ďC . (IV.1.4)

Of course, the computations done in chapter I hold in our case at it is the same initial

condition, and as the computations did not depend on the equation. We only do the

part II again because it is the only part that depends on the equation.

Now, rewriting (IV.1.1), we obtain with v “Du‰ 1,

$

’

’

&

’

’

%

´

Bt `
1` v

1´ v
Bx1

¯

v “
f pt , x1, x2, vq

1´ v
“ g pt , x1, x2, vq.

Bu

Bt |t“0
“´χ, u|t“0“ 0,

(IV.1.5)

where g also satisfies (IV.1.4) as v ă 0. We call Cg the involved constant.

We now state the main theorem of the chapter.

Theorem IV.1.2. Let uε be the solution of problem (IV.1.1). There exists a time tε such

that
#

||uεp0, ¨q||H 11{4pln Hq´β ă8

||uεpt , ¨q||H 11{4pln Hq´βqÑ8 as t Ñ tε.
(IV.1.6)
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IV.1. Definition of the new problem and preliminary results

Also, we have that

tεÑ 0 as εÑ 0. (IV.1.7)

We now do some preliminary work, later we will prove a technical lemma, and then

we will be able to make the proof of the theorem.

Preliminary work

First, we define φ as

$

’

&

’

%

φp0, x1, x2q“ x1

Btφpt , x1, x2q“
1` vpt ,φpt , x1, x2q, x2q

1´ vpt ,φpt , x1, x2q, x2q
.

(IV.1.8)

Now, using the chain rule, we obtain from (IV.1.8) and (IV.1.5),

B

Bt
pvpt ,φpt , x1, x2q, x2qq“ g pt ,φpt , x1, x2q, x2, vpt ,φpt , x1, x2q, x2qq. (IV.1.9)

From now on, for clarity’s sake, we will not always specify the variables when there

is no ambiguity. Most of the time, we only precise if the first space variable is x1 or

φpt , x1, x2q. Now, we obtain from (IV.1.9).

vpφq“χpx1q`

ż t

τ“0
g pτ,φqdτ. (IV.1.10)

Differentiating (IV.1.10) leads to the following expressions for the derivatives of v .

Bx1φpx1qBx1 vpφq“χ1px1q`

ż

τ

Bx1φpτ, x1qB1g pτ, x1q`

ż

τ

Bx1φpτ, x1qBx1 vpτ, x1qB3g pτ, x1q

ñBx1 vpφq“
χ1px1q`

ş

τBx1φpτ, x1qB1g pτ,φq`
ş

τBx1φpx1qBx1 vpτ, x1qB3g pτ, x1q

Bx1φpτ, x1q
.

(IV.1.11)
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Chapter IV. Introducing a source term with a x2 dependency

B
2
x1

vpφq“
1

pBx1φpx1qq
2

„

χ2px1q`

ż

τ

pBx1φpτ, x1qq
2
B

2
1 g pτ,φq`

ż

τ

B
2
x1
φpτ, x1qB1g pτ,φq

`

ż

τ

pBx1φpτ, x1qq
2
Bx1 vpτ,φqB3B1g pτ,φq`

ż

τ

B
2
x1
φpτ, x1qB3g pτ,φqBx1 vpτ,φq

`

ż

τ

pBx1φpτ, x1qq
2
B1B3g pτ,φqBx1 vpτ,φq`

ż

τ

pBx1φpτ, x1qq
2
pBx1 vpτ,φqq2B2

3 g pτ,φq

`

ż

τ

pBx1φpτ, x1qq
2
B

2
x1

vpτ,φqB3g pτ,φq



´
B2

x1
φpx1q

pBx1φpx1qq
3

„

χ1px1q`

ż

τ

Bx1φpτ, x1qB1g pτ,φq`

ż

τ

Bx1φpτ, x1qB3g pτ,φqBx1 vpτ,φq



“ A´B. (IV.1.12)

We also compute the derivatives of φ that we will need. From (IV.1.8), we get

φt x1px1q“
2φx1 vx1pφq

p1´ vpφqq2
. (IV.1.13)

φt x1x1px1q“
2pvpφqqx1x1p1´ vpφqq`2pvpφqq2x1

p1´ vpφqq3
. (IV.1.14)

At this stage, we will assume that φx2x1x1ptε,νεq is not 0. This is an important assump-

tion, as assuming φx2x1x1ptε,νεq “ 0 leads to different computations. However, we

consider only this case because the other case is much more similar that the situations

that we have previously studied.

We start with a bootstrap argument to control the function φx and show estimates.

We chooseψε to be nondecreasing with respect to x. We call c0 the number (implicitly

depending on ε) such that ψε P r0, 1
10s for x P rε{2,c0s. We consider only times such

that φx ‰ 0 and t ă 1{| ln | lnpεq||.

We can now state the technical lemma.

Lemma IV.1.3. We consider x P rc0,εs. There exists a time tε such that the following
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IV.1. Definition of the new problem and preliminary results

properties are verified.

tεÑ 0 as εÑ 0. (IV.1.15)

φx1 ą 0 @t ă tε

Dpν1
ε,ν2

εq s.t . φx1ptε,ν1
ε,ν2

εq“ 0
(IV.1.16)

If |φx1pt , x1, x2q| ď 2 for t P r0, t1s Ď r0, tεs and x P rc0,εs, then φx1pt , x1, x2q ď 1 for

t P r0, t1s and x P rc0,εs.

0ăφx1 ă 1, φt ,x1 ă 0 ,@t ă tε,

DCε, |φt ,x1,x1 | ďCε| lnptε´ tq|.

vx1 ă 0, v ă 0

DCε, |vx1pφq| ď
Cεpχ

1px1q`Cεq

|φx1 |
.

(IV.1.17)

If x1, x2 and t are sufficiently close to pν1
ε,ν2

ε, tεq, we have the following estimates.

DC 1
ε ,C 2

ε ą 0,
C 1
ε

px1´ν
1
εq

2`px2´ν
2
εq

2`ptε´ tq
ď

1

φx1px1q

ď
C 2
ε

px1´ν
1
εq

2`px2´ν
2
εq

2`ptε´ tq

DC 1
ε ,C 2

ε ,C 3
ε , φx1x1px1q“C 1

εpx1´ν
1
εq`C 2

εpx2´ν
2
εq`C 3

εptε´ tq

`
ÿ

i` j`k“2

px1´ν
1
εq

i
px2´ν

2
εq

j
ptε´ tqk fi , j ,kpt , x1, x2q, (IV.1.18)

where all the involved f functions are bounded near pt ,ν1
ε,ν2

εq. We also have

|A| ď
Cε| lnptε´ tq|

|φx1 |
2

, (IV.1.19)
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Chapter IV. Introducing a source term with a x2 dependency

where A is the A involved in (IV.1.12).

Lastly, for ε small enough, we have

Cεφx1x1px1q

pφx1px1qq
3

χ1

2
ďB ď

Cεφx1x1px1q

pφx1px1qq
3 2χ1,

Cεφx1x1px1q

pφx1px1qq
3 2χ1ďB ď

Cεφx1x1px1q

pφx1px1qq
3

χ1

2
.

(IV.1.20)

The first inequality being verified when φx1x1 ď 0, and the second being verified when

φx1x1 ě 0.

Proof. We hence assume |φx1 | ď 2.

We have from (IV.1.10) and (IV.1.4) that

|vpφpt , x1qq| ď |χpx1q|`C t ďCε. (IV.1.21)

Also, we have from (IV.1.10) that for t ă t1, where t1 only depends on f , that

vpt , x1, x2qď 1{2. (IV.1.22)

Hence we have from (IV.1.8), (IV.1.22) and (IV.1.21) that

|φt | “
|1` vpt ,φq|

|1´ vpt ,φq|
ďCε. (IV.1.23)

We will make use of Grönwall’s inequality in (IV.1.11), we have

|φx1 vx1 | ď |ψεpx1q|| lnpx1q|
α
`2

1

| lnplnpεqq|
Cg `

ż

τ

Cg |φx1 vx1 | (IV.1.24)
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IV.1. Definition of the new problem and preliminary results

and

|vx1φx1 | ď p| lnpεq|
α
`Cqe

ş

τ |B3g |
ďC |lnpεq|α e

1
| lnp| lnpεq|| . (IV.1.25)

Now, looking at (IV.1.11) again, we obtain

´ψεpx1q| lnpx1q|
α
`

ż

τ

φx1pτ, x1, x2qB1g `

ż

τ

φx1 vx1B3g

ď´
| lnpεq|α

10
`2Cg

1

| lnp| lnpεq|q|
`Cg

1

| lnp| lnpεq|q|
C |lnpεq|α e

1
| lnp| lnpεq|q| ď 0, (IV.1.26)

for ε small enough. From (IV.1.13), we hence get that φt ,x1 ď 0. Because we only

consider times such that φx1 ‰ 0, (IV.1.8) gives by continuity

φx1 ą 0. (IV.1.27)

Hence φx1 ď 1 on the considered interval. This is the estimate we wanted for φx1 to

make our boostrap argument on φx1 work. We go on with the other estimates.

Using the same reasoning as for (IV.1.26), we obtain

2
χ1px1q

φx1

ď vx1 ď
χ1px1q

2

1

φx1

ď 0. (IV.1.28)

Now, from (IV.1.11), (IV.1.13) and (IV.1.28)

φt x1 ď
χ1px1q

2p1´ vq2
ă 0. (IV.1.29)

This leads us to the following two conclusions. From (IV.1.2) and (IV.1.3), we have that

χ1pεq“´| lnpεq|α.

Hence, for ε small enough, there exists a time tε satisfying (IV.1.15) and (IV.1.16). We
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Chapter IV. Introducing a source term with a x2 dependency

also have

tεď
4

| lnpεq|α
. (IV.1.30)

Since we have that tεăă
1

| lnp| lnpεq|q| , our time tε belongs to the set in which we made

our estimate.

Now, because, by a continuity argument, we have that φx1ptε,ν1
ε,ν2

εq is a minimum in

px1, x2q, we have that φx1x1 “φx1x2 “ 0. A Taylor expansion leads to

φx1ptε, x1, x2q“Cε,1px1´ν
1
εq

2
`Cε,2px2´ν

2
εq

2
`Cε,3px1´ν

1
εqpx2´ν

2
εq

`opdppx1, x2q,pν
1
ε,ν2

εqq
2
q

C 2
ε,3ďCε,1Cε,2, C 1

ε ,C 2
ε ą 0.

(IV.1.31)

Now, from (IV.1.31) and using
?

abď a`b
2 , we obtain

C 2
ε,3

Cε,1Cε,2
ď δă 1ñ

ˇ

ˇCε,3px1´ν
1
εqpx2´ν

2
εq
ˇ

ˇď δ
ˇ

ˇ

a

Cε,1px1´ν
1
εq
a

Cε,2px2´ν
2
εq
ˇ

ˇ

ď δ

„

Cε,1px1´ν
2
εq

2`Cε,2px2´ν
2
εq

2

2



. (IV.1.32)

Now, from (IV.1.31) and (IV.1.32), we obtain

2´δ

2
Cε,1px1´ν

1
εq

2
`

2´δ

2
Cε,2px2´ν

2
εq

2

ďCε,1px1´ν
1
εq

2
`Cε,2px2´ν

2
εq

2
`Cε,3px1´ν

1
εqpx2´ν

2
εq

ď
2`δ

2
Cε,1px1´ν

1
εq

2
`

2`δ

2
Cε,2px2´ν

2
εq

2. (IV.1.33)

Hence, using the sign of φt x1 , we obtain estimate (IV.1.18).

Now, we deal with the terms A and B involved in (IV.1.12). We will go through each
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IV.1. Definition of the new problem and preliminary results

term one by one. With 0ăφx1 ď 1, we obtain

ˇ

ˇ

ˇ

ˇ

ż

τ

pφx1pτ, x1qq
2
B

2
1 g pτ,φq

ˇ

ˇ

ˇ

ˇ

ď

ż

τ

C ďC . (IV.1.34)

Using (IV.1.25) and 0ăφx1 ď 1, we get

ˇ

ˇ

ˇ

ˇ

ż

τ

pφx1q
2vx1pτ,φqB3B1g

ˇ

ˇ

ˇ

ˇ

ďC

ż

τ

pφx1qpφx1 vx1qďC

ż

τ

CpC `|χ1|q ďCpC `|χ1|q

(IV.1.35)

ˇ

ˇ

ˇ

ˇ

ż

τ

pφx1q
2
pvx1q

2
B

2
3 g

ˇ

ˇ

ˇ

ˇ

ď

ż

τ

|CpC `χ1q|2ďCε. (IV.1.36)

ˇ

ˇ

ˇ

ˇ

ż

τ

φx1x1 vx1B3g

ˇ

ˇ

ˇ

ˇ

ďCε

ż

τ

CpC `|χ1|q

φx1

ďCε| lnptε´ tq|. (IV.1.37)

Indeed, (IV.1.18) provides in particular that 1
φx1
ě 1
ptε´tq .

We hence obtain a first estimate for A :

|A| ď
1

pφx1q
2

„

Cε`Cε| lnptε´ tq|`

ż

τ

|φ2
x1

vx1x1B3g |



ď
1

pφx1q
2

„

Cε`Cε| lnptε´ tq|`Cε

ż

τ

|φx1 |
2
|vx1x1 |



(IV.1.38)

We look at the terms involved in B . Using (IV.1.25) and 0ăφx1 ď 1 again, we obtain

ˇ

ˇ

ˇ

ˇ

ż

τ

φx1B1g

ˇ

ˇ

ˇ

ˇ

ďCε,

ˇ

ˇ

ˇ

ˇ

ż

τ

φx1 vx1B3g

ˇ

ˇ

ˇ

ˇ

ďCε. (IV.1.39)

This means that

|vx1x1 | ď
1

φ2
x1

„

Cε| lnptε´ tq|`Cε

ż

τ

|vx1x1 |φ
2
x1



`
Cε

φ3
x1

. (IV.1.40)
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Chapter IV. Introducing a source term with a x2 dependency

Using Grönwall once again in (IV.1.40), we obtain

|vx1x1 | ď
Cε

φ3
x1

e
Cε
φ2

x1

ş

τφ
2
x1
pτq

ď
Cε

φ3
x1

eCε

ş

τ 1
ď

Cε

φ3
x1

. (IV.1.41)

Now, inserting (IV.1.41) back in (IV.1.38), we obtain

|A| ď
Cε

φ2
x1

„

lnptε´ tq|`

ż

τ

Cε
1

φx1



ď
Cε| lnptε´ tq|

φ2
x1

, (IV.1.42)

and hence we have proven (IV.1.19).

Now, we want to be more precise about the term involved in B . Using (IV.1.30), and

0ăφx ď 1, we obtain

ˇ

ˇ

ˇ

ˇ

ż

τ

φx1B1g

ˇ

ˇ

ˇ

ˇ

ďC

ż

τ

|φx1 | ďC
1

| lnpεq|α
Ñε 0. (IV.1.43)

ˇ

ˇ

ˇ

ˇ

ż

τ

φx1 vx1B3g

ˇ

ˇ

ˇ

ˇ

ďC

ż

CpC `|χ1|q ď
CpC `|χ1|q

| lnpεq|α
“ oεp|χ

1
|q. (IV.1.44)

Hence, for ε small enough (the constants involved in (IV.1.43) and (IV.1.44) being

absolute constants only depending on the equation), estimates (IV.1.20) holds.

Now, we present a lemma that removes the assumption x1 P rc0,εs. Essentially, this

will mean that νε P rc0,εs. In fact, we need slightly more, we need that there is an

open set O“sνε´δε,νε`δεr such that OXrε{2,c0s “H. This will ensure that all our

estimates are valid when we will do the cutoff in the next step.

Lemma IV.1.4. For x1 such that ψεpx1qď
1
9 , then νε‰ x1.

Proof. To show this, we will use the estimate (IV.1.30) and show that φx1px1q can not

reach 0 during that time. We consider x1 such that ψεpx1qď
1
9 . By the same Grönwall
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IV.2. Proof of the blow up as t Ñ tε

estimate as in the previous proof, we obtain

|φx1 vx1 | ď pC `
| lnpεq|α

9
qe

ş

τ B3g
ď
| lnpεq|α

8
, (IV.1.45)

for ε small enough. Now, because pφx1q|t“0“ 1, we have that for all t ď 4
| lnpεq|α ,

φx1px1qě 1´ t
| lnpεq|α

8
ě 1{2. (IV.1.46)

Remark IV.1.5. Informally, we now have that

vx1x1 »
Cε| lnptε´ tq|

φ2
x1

´
Cεχ

1φx1x1

φ3
x1

.

The » symbols being a majoration for the first term, and a control of the behaviour

for the second term. The situation is hence closer to the situation we had in the two

previous cases. However, the estimates that we will now use for φx1x1 and φx1 now

depends on x2, and the estimation will be harder, especially the control of the sign.

IV.2 Proof of the blow up as t Ñ tε

We now consider the following cutoffs in x1 and x2.

Let ψ1
ε :RÑR be a C8 function satisfying

$

’

’

&

’

’

%

ψ1
εpxq“ 1 for φptε,νεq´δεă x ăφptε,νεq`δε

ψ1
εpxq“ 0 for φptε,νεq`2δεă x or x ăφptε,νεq´2δε

0ăψ1
εpxqă 1 elsewhere,

(IV.2.47)
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and ψ2
ε :RÑR be a C8 function satisfying

$

’

’

&

’

’

%

ψ2
εpxq“ 1 for ´δεă x ă δε

ψ2
εpxq“ 0 for 2δεă x or x ă´2δε

0ăψ2
εpxqă 1 elsewhere.

(IV.2.48)

We define hpt , x1, x2q “ψ1
εpx1qψ

2
εpx2qvpt , x1, x2q. We will show that ||h||

9H
7{4
x1
pR2q

Ñ8

as t Ñ tε, and use the fact that

Iεptq“ ||ψ
1
εψ

2
εv ||

9H
7{4
x1
pln Hq´λ

“

ż

x2

ż

x1

ż

y

1

|x1´ y |1{2´2λ
hx1x1pt , x1, x2qhx1x1pt , y, x2q.

(IV.2.49)

This will show theorem IV.1.2.

Proof. We first split the integral in x1 in three domains,

Iεptq“

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2q

ż φptε,νεq´δε

x1“φptε,νεq´2δε

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , x1q

¨

ż φptε,νεq`2δε

y“φptε,νεq´2δε

|x1´ y |´1{2´2λ

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , yqd yd x1

`

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2q

ż φptε,νεq`δε

x1“φptε,νεq´δε

ˆ

B2v

Bx2
1

˙

pt , x1q

¨

ż φptε,νεq`2δε

y“φptε,νεq´2δε

|x1´ y |´1{2´2λ

ˆ

B2v

Bx2
1

˙

pt , yqd yd x1

`

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2q

ż φptε,νεq`2δε

x1“φptε,νεq`δε

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , x1q

¨

ż φptε,νεq`2δε

y“φptε,νεq´2δε

|x1´ y |´1{2´2λ

ˆ

B2pvψ1
εq

Bx2
1

˙

pt , yqd yd x1.

“

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2qI

1
ε pt , x2q`

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2qI

2
ε pt , x2q`

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2qI

3
ε pt , x2q.

(IV.2.50)
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We now consider a fixed x2 and study the integrals I 1
ε pt , x2q, I 2

ε pt , x2q and I 3
ε pt , x2q.

Let us make the change of variable x1“φpt , x1, x2q (not explicitly relabelled).

Iεpt , x2q“

ż ζ2
εpt ,x2q

x1“ζ
1
εpt ,x2q

φx1pt , x1, x2q

ˆ

B2pvψ1
εq

Bx2
1

˙

pt ,φpt , x1, x2qq

¨

ż ζ4
εpt ,x2q

y“ζ1
εpt ,x2q

|φpt , x1q´φpt , y, x2q|
´1{2`2λφx1pt , y, x2q

ˆ

B2pvψ1
εq

Bx2
1

˙

pt ,φpt , y, x2qqd x1d y

`

ż ζ3
εpt ,x2q

x1“ζ
2
εpt ,x2q

φx1pt , x1, x2q

ˆ

B2pvq

Bx2
1

˙

pt ,φpt , x1, x2qq

¨

ż ζ4
εpt ,x2q

y“ζ1
εpt ,x2q

|φpt , y, x2q´φpt , y, x2q|
´1{2`2λφx1pt , y, x2q

ˆ

B2pvq

Bx2
1

˙

pt ,φpt , y, x2qqd x1d y

`

ż ζ4
εpt ,x2q

x1“ζ
3
εpt ,x2q

φx1pt , x1, x2q

ˆ

B2pvψ1
εq

Bx2
1

˙

pt ,φpt , x1, x2qq

¨

ż ζ4
εpt ,x2q

y“ζ1
εpt ,x2q

|φpt , x1q´φpt , y, x2q|
´1{2`2λφx1pt , y, x2q

ˆ

B2pvψ1
εq

Bx2
1

˙

pt ,φpt , y, x2qqd x1d y

“ I 1
ε pt , x2q` I 2

ε pt , x2q` I 3
ε pt , x2q.

(IV.2.51)

We will use all the following results without proving it, as it is very similar to what we

obtained in the previous chapter.

Lemma IV.2.1. The following holds on an interval centered at ptε,ν1
ε,ε2q.

If we define

ζ1
εpt , x2q“φ´1

t pφptε,ν1
ε,ν2

εq´2δε, x2q,

ζ2
εpt , x2q“φ´1

t pφptε,ν1
ε,ν2

εq´δε, x2q,

ζ3
εpt , x2q“φ´1

t pφptε,ν1
ε,ν2

εq`δε, x2q,

ζ4
εpt , x2q“φ´1

t pφptε,ν1
ε,ν2

εq`2δε, x2q,

(IV.2.52)
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Chapter IV. Introducing a source term with a x2 dependency

For any ηε, we can choose δε and t 1
ε such that for t Pst 1

ε , tεr, we have

νε´ηεă ζ1
εpt , x2qă ζ2

εpt , x2qă νεă ζ3
εpt , x2qă ζ4

εpt , x2qă νε`ηε. (IV.2.53)

There exists ζ2`
ε and ζ3´

ε such that for δε small enough, and t close enough to tε,

νε´ηεă ζ1
εpt , x2qă ζ2

εpt , x2qă ζ2`
ε ă νεă ζ3´

ε ă ζ3
εpt , x2qă ζ4

εpt , x2qă νε`ηε.

(IV.2.54)

We first study I 1
ε pt , x2q. The case of I 3

ε pt , x2q is similar. Using the expression of I 1
ε pt , x2q

provided in (IV.2.51), as well as (IV.1.19), (IV.1.18) and (IV.1.20), we obtain

ˇ

ˇI 1
ε pt , x2q

ˇ

ˇď

ż ζ2`
ε

x1“ν
1
ε´ηε

φx1pt , x1, x2qp|A|` |B |qpx1q

ż ν1
ε`ηε

y“ν1
ε´ηε

φx1pt , y, x2qp|A|` |B |qpyq

|φpt , x1, x2q´φpt , y, x2q|
1{2´2λ

.

ˇ

ˇI 1
ε pt , x2q

ˇ

ˇď

ż ζ2`
ε

x1“ν
1
ε´ηε

ˆ

Cε| lnptε´ tq|

φx1px1q
`

Cε|φx1x1pt , x1, x2q|

φ2
x1
px1q

˙

¨

ż ν1
ε`ηε

y“ν1
ε´ηε

ˆ

Cε| lnptε´ tq|

φx1pyq
`

Cε|φx1x1pt , y, x2q|

φ2
x1
pyq

˙

¨
1

|φpt , x1, x2q´φpt , y, x2q|
1{2´2λ

.

(IV.2.55)

On the considered domain for x1, there is a constant depending only on ε such that

Cε| lnptε´ tq|

φx1px1q
`

Cε|φx1x1pt , x1, x2q|

φ2
x1
px1q

ďCε| lnptε´ tq|. (IV.2.56)

Now, we split the domain of the second integral involved in (IV.2.55) into two parts.

The first domain corresponding to the unboundedness of 1
|φpt ,x1,x2q´φpt ,y,x2q|

1{2´2λ , the

second to the unboundedness of 1
φx1

.
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IV.2. Proof of the blow up as t Ñ tε

|I 1
ε pt , x2q| ďMε

ż ζ2`
ε

x1“ν
1
ε´ηε

ż ζ2`
ε

y“ν1
ε´ηε

| lnptε´ tq|2

|φpt , x1, x2q´φpt , y, x2q|
1{2´2λ

`Mε

ż ζ2`
ε

x1“ν
1
ε´ηε

ż ν1
ε`ηε

y“ζ2`
ε

| lnptε´ tq|2

py´ν1
εq

2`px2´ν
2
εq

2`ptε´ tq

`Mε

ż ζ2`
ε

x1“ν
1
ε´ηε

ż ν1
ε`ηε

y“ζ2`
ε

| lnptε´ tq|pptε´ tq`|x2´ν
2
ε|` |x1´ν

1
ε|q

ppy´ν1
εq

2`px2´ν
2
εq

2`ptε´ tqq
2

ďpiq`pi iq`pi i iq. (IV.2.57)

Now, using the mean value theorem and (IV.1.18), we obtain (for a c P rx1, ys Ď rν1
ε´

ηε,ζ2`
ε s) for piq

piqďMε

ż ζ2`
ε

x1“ν
1
ε´ηε

ż ζ2`
ε

y“ν1
ε´ηε

| lnptε´ tq|2

|φx1pt ,c, x2q|
1{2´2λ|x1´ y |1{2´2λ

ďMε
| lnptε´ tq|2

ptε´ tq1{2´2λ
.

(IV.2.58)

Now, for pi iq, we obtain

pi iqďMε| lnptε´tq|2
ż ζ2`

ε

x1“ν
1
ε

1

ppx2´ν
2
εq

2`ptε´ tqq
1{2
ďMε

| lnptε´ tq|2

ppx2´ν
2
εq

2`ptε´ tqq
1{2

.

(IV.2.59)

For pi i iq, we get

pi i iqďMε| lnptε´tq|

ż ζ2`
ε

x1“ν
1
ε

1

ppx2´ν
2
εq

2`ptε´ tqq
2 ďMε

| lnptε´ tq|

ppx2´ν
2
εq

2`ptε´ tqq
3{2

.

(IV.2.60)

Now, using (IV.2.48), we get
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Chapter IV. Introducing a source term with a x2 dependency

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`ηε

x2“ν
2
ε´ηε

ψ2
εpx2qI

1
ε pt , x2q

ˇ

ˇ

ˇ

ˇ

ˇ

ďMε

ż ν2
ε`ηε

x2“ν
2
ε´ηε

„

| lnptε´ tq|2`
| lnptε´ tq|2

a

px2´ν
2
εq

2`ptε´ tq

`
| lnptε´ tq|

ppx2´ν
2
εq

2`ptε´ tqq
3{2



ďMε
| lnptε´ tq|2

ptε´ tq
. (IV.2.61)

By symmetry, we also have that

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`ηε

x2“ν
2
ε´ηε

ψ2
εpx2qI

3
ε pt , x2q

ˇ

ˇ

ˇ

ˇ

ˇ

ďMε

ż ν2
ε`ηε

x2“ν
2
ε´ηε

„

| lnptε´ tq|2`
| lnptε´ tq|2

a

px2´ν
2
εq

2`ptε´ tq

`
| lnptε´ tq|

ppx2´ν
2
εq

2`ptε´ tqq
3{2



ďMε
| lnptε´ tq|2

ptε´ tq
. (IV.2.62)

Now, we exhibit a lower bound for I 2
ε pt , x2q. Using (IV.1.19). We consider the integral

I 2
ε pt , x2q“

ż ζ3´
ε

x1“ζ
2`
ε

ż νε`ηε

y“νε´ηε

pApx1q´Bpx1qqpApyq´Bpyqq

|φpt , x1, x2q´φpt , y, x2q|
1{2´2λ

“

ż ζ3´
ε

x1“ζ
2`
ε

ż νε`ηε

y“νε´ηε

1

|φpt , x1, x2q´φpt , y, x2q|
1{2´2λ

„

Apx1qApyq` Apx1qBpyq

`Bpx1qApyq`Bpx1qBpyq



“piq`pi iq`pi i iq`pi vq.

(IV.2.63)

We will show that

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψεpx2qpi vqąą

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψεpx2q|piq|`

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψεpx2q|pi iq|

`

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψεpx2q|pi i iq|, (IV.2.64)
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IV.2. Proof of the blow up as t Ñ tε

as t Ñ tε.

We now make the additional change of variable px1, yq “ px1´ν
1
ε, y´ν1

εq, and thus

the new domain is ι“ rζ2`
ε ´ν1

ε,ζ3´
ε ´ν1

εsˆr´ηε,ηεs. We first consider the term piq of

(IV.2.63). We obtain from (IV.1.18) and (IV.1.19),

|piq| ď

ż ż

ι

1

|φpt ,ν1
ε`x1, x2q´φpt ,νε` y, x2q|

1{2´2λ

Cε| lnptε´ tq|2

φx1pt ,ν1
ε`x1, x2qφx1pt ,ν1

ε` y, x2q

ďCε
| lnptε´ tq|2

ptε´ tq1{2´2λ

ż ż

ι

1

|x1´ y |1{2´2λ

1

x2
1`px2´ν

2
εq

2`ptε´ tq

1

y2`px2´ν
2
εq

2`ptε´ tq

ďHölder
Cε| lnptε´ tq|2

ptε´ tq1{2´2λ

ˆ
ż ż

ι

1

|x1´ y |3{4´3λ

˙2{3
˜

ż 8

x1“0

1

px2
1`px2´ν

2
εq

2`ptε´ tqq
3

¸1{3

¨

˜

ż 8

y“0

1

py2`px2´ν
2
εq

2`ptε´ tqq
3

¸1{3

ď
Cε| lnptε´ tq|2

ptε´ tq1{2´2λ

1

ppx2´ν
2
εq

2`ptε´ tqq
10{6

. (IV.2.65)

Now, using (IV.2.48) and the inequality (IV.2.65), we obtain

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2qpiq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
Cε| lnptε´ tq|2

ptε´ tq1{2´2λ
2

ż 8

x2“0

1
?

x2px2`ptε´ tqq5{3

ď
Cε| lnptε´ tq|2

ptε´ tq5{3´2λ
. (IV.2.66)

Remark IV.2.2. Here, we used that

ż 8

x“0

1
?

x

1

px`aq5{3
“

Bp1
2 , 7

6q

a7{6
,

where B is the Euler integral of the first kind.

For pi iq, we obtain using the triangular inequality in (IV.1.18) as well as (IV.1.19) and

(IV.1.20),
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|pi iq| ď

ż ż

ι

1

|φpt ,ν1
ε`x1, x2q´φpt ,ν2

ε` y, x2q|
1{2´2λ

Cε| lnptε´ tq||φx1x1pt ,ν1
ε` y, x2q|

φx1pt ,ν1
ε`x1, x2qφ

2
x1
pt ,ν1

ε` y, x2q

ď
Cε| lnptε´ tq|

ptε´ tq1{2´2λ

ż ż

ι

1

|x1´ y |1{2´2λ

1

x2
1`px2´ν

2
εq

2`ptε´ tq

|y |` |x2´ν
2
ε|`ptε´ tq

py2`px2´ν
2
εq

2`ptε´ tqq
2

ďHölder
Cε| lnptε´ tq|

ptε´ tq1{2´2λ

ˆ
ż ż

ι

1

|x1´ y |3{4´3λ

˙2{3
˜

ż 8

x1“0

1

px2
1`px2´ν

2
εq

2`ptε´ tqq
3

¸1{3

¨

˜

ż 8

y“0

py`|ν2
ε´x2|`ptε´ tqq

3

py2`px2´ν
2
εq

2`ptε´ tqq
6

¸1{3

ď
Cε| lnptε´ tq|

ptε´ tq1{2´2λ

1

ppx2´ν
2
εq

2`ptε´ tqq
5{6

1

ppx2´ν
2
εq

2`ptε´ tqq
4{3

. (IV.2.67)

Now, integrating (IV.2.67) with respect to x2 and using (IV.2.48) leads to

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2qpi iq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
Cε| lnptε´ tq|

ptε´ tq1{2´2λ
2

ż 8

x2“0

1

px2
2`ptε´ tqq

13{6

ď
Cε| lnptε´ tq|

ptε´ tq1{2´2λ

ż 8

x2“0

1
?

x2 px2`ptε´ tqq13{6
ď

Cε| lnptε´ tq|

ptε´ tq13{6´2λ
. (IV.2.68)

Remark IV.2.3. Here, we used that

ż 8

x“0

1
?

x

1

px`aq13{6
“

Bp1
2 , 5

3q

a5{3
,

where B is the Euler integral of the first kind.

The case of pi i iq is identical, and we obtain

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2qpi i iq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
Cε| lnptε´ tq|

ptε´ tq13{6
. (IV.2.69)

Now, we look at pi vq and exhibit a lower bound. We split the integrand A into two

parts, the first part corresponds to terms of order one ofφx1x1 , the second corresponds
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IV.2. Proof of the blow up as t Ñ tε

to the terms of superior orders, as expressed in (IV.1.18). We denote :

pi vq1“

ż ż

ι

C 1
εx1`C 2

εpx2´ν
2
εq`C 3

εptε´ tq

|φpt ,ν1
ε`x1, x2q´φpt ,ν2

ε` y, x2q|
1{2´2λ

¨
C 1
ε y`C 2

εpx2´ν
2
εq`C 3

εptε´ tq

φx1pyq
2φx1px1q

2

pi vq2“

ż ż

ι

ř

i` j`k“2px1q
i px2´ν

2
εq

j ptε´ tqk fi , j ,kpt , x1, x2q

|φpt ,ν1
ε`x1, x2q´φpt ,ν2

ε` y, x2q|
1{2´2λ

¨
C 1
ε y`C 2

εpx2´ν
2
εq`C 3

εptε´ tq

φx1pyq
2φx1px1q

2

pi vq3“

ż ż

ι

C 1
εx1`C 2

εpx2´ν
2
εq`C 3

εptε´ tq

|φpt ,ν1
ε`x1, x2q´φpt ,ν2

ε` y, x2q|
1{2´2λ

¨

ř

i` j`k“2pyq
i px2´ν

2
εq

j ptε´ tqk fi , j ,kpt , x1, x2q

φx1pyq
2φx1px1q

2

pi vq4“

ż ż

ι

ř

i` j`k“2px1q
i px2´ν

2
εq

j ptε´ tqk fi , j ,kpt , x1, x2q

|φpt ,ν1
ε`x1, x2q´φpt ,ν2

ε` y, x2q|
1{2´2λ

¨

ř

i` j`k“2pyq
i px2´ν

2
εq

j ptε´ tqk fi , j ,kpt , x1, x2q

φx1pyq
2φx1px1q

2

(IV.2.70)

We will show that

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2qpi vq1

ˇ

ˇ

ˇ

ˇ

ˇ

ąą

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2qpi vq2

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2qpi vq3

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2qpi vq4

ˇ

ˇ

ˇ

ˇ

ˇ

, as t Ñ tε. (IV.2.71)

First, we look at pi vq1.
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Chapter IV. Introducing a source term with a x2 dependency

We more precisely consider the integral

pi vq11“

ż ż

ι

x1

|φpt ,ν1
ε`x1, x2q´φpt ,ν2

ε` y, x2q|
1{2´2λ

¨
y

φx1pyq
2φx1px1q

2
(IV.2.72)

Again, because of py´νεq antisymmetric properties but the fact that 1
|φpt ,x1q´φpt ,yq|1{2´2λ

will concentrate the weight near x1“ y , we have to split the domain into four parts,

using the same idea as in chapter II.

αx2 “tpx1, yq P rζ2`
ε ,νεsˆrνε´ηε,νεsu, βx2 “tpx1, yq P rνε,ζ3´

ε sˆrνε´ηε,νεsu

γx2 “tpx1, yq P rζ2`
ε ,νεsˆrνε,νε`ηεsu, δx2 “tpx1, yq P rνε,ζ3´

ε sˆrνε,νε`ηεsu

α“αx2ˆrν
2
ε´2δε,ν2

ε`2δεs, β“βx2ˆrν
2
ε´2δε,ν2

ε`2δεs,

γ“ γx2ˆrν
2
ε´2δε,ν2

ε`2δεs, δ“ δx2ˆrν
2
ε´2δε,ν2

ε`2δεs

(IV.2.73)

y

x1

x2

x2“ ν2
ε

x1“ ν1
ε

y“ ν1
ε

α β
γ δ

Figure IV.1 – Definition of α, β, γ and δ

And we have

pi vq11“

ż ż

α

ipx1, yq`

ż ż

β

ipx1, yq`

ż ż

γ

ipx1, yq`

ż ż

δ

ipx1, yq. (IV.2.74)

We also make the change of variable px1, yq “ px1´ν
1
ε, y´ν1

εqwithout relabelling the

set nor the variables.
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IV.2. Proof of the blow up as t Ñ tε

We will regroup the integral corresponding to δ and β. The symmetric case (γ and

α) is identical. Because it is very similar to the computation we did in the previous

chapters, we will skip a few details. We consider the term

Jpx2q“

ż ż

δYβ

Cε

|φpt , x1q´φpt , yq|1{2´2λ

x1

φypt , x1q
2

y

φypt , yq2

“

ż κε

x1“0

ż κε

y“0

»

–

y ¨x1

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λφypt ,νε`x1q
2φypt ,νε` yq2

´
y ¨x1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λφypt ,νε´ yq2φypt ,νε`x1q
2

fi

fl (IV.2.75)

We similarly decompose the integrand as follows.

1

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε` yq ¨ y

φypt ,νε` yq2

´
1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε´ yq ¨ y

φypt ,νε´ yq2

“

»

–

1

|φpt ,νε`x1q´φpt ,νε` yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε` yq ¨ y

φypt ,νε` yq2

´
1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε` yq ¨ y

φypt ,νε` yq2

fi

fl

`

»

–

1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε` yq ¨ y

φypt ,νε` yq2

´
1

|φpt ,νε`x1q´φpt ,νε´ yq|1{2´2λ

χ1pνε`x1q ¨x1

φypt ,νε`x1q
2

χ1pνε` yq ¨ y

φypt ,νε´ yq2

fi

fl

“D1`D2. (IV.2.76)
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Chapter IV. Introducing a source term with a x2 dependency

To shorten a bit the notations, we will denote

α˘“ |φεpt ,νε`x1q´φεpt ,νε˘ yq| . (IV.2.77)

For D1, we write

1

|φεpt ,νε`x1q´φεpt ,νε` yq|1{2´2λ
´

1

|φεpt ,νε`x1q´φεpt ,νε´ yq|1{2´2λ

“
α´´α`

α
1{2´2λ
` α

1{2´2λ
´

´

α
1{2`2λ
` `α

1{2`2λ
´

¯`
α4λ
` ´α

4λ
´

´

α
1{2`2λ
` `α

1{2`2λ
´

¯ (IV.2.78)

It is clear that D1 is nonnegative when x1 ě y . We now provide a lower bound for

D1,x1ďy . We will show that it is positive up to a smaller order term, and provide a lower

bound for the positive term. We hence now consider x1ď y .

We write,

α´´α`“ |φεpt ,νε`x1q´φεpt ,νε´ yq|´|φεpt ,νε`x1q´φεpt ,νε` yq|

“ 2φεpt ,νε`x1q´φεpt ,νε`yq´φεpt ,νε´yq“

ż x1

s“´y
φε,ypt ,νε`sq´

ż y

s“x1

φε,ypt ,νε`sq

“

ż x1

s“´x1

φε,ypt ,νε` sq`

ż y

s“x1

pφε,ypt ,νε´ sq´φε,ypt ,νε` sqq . (IV.2.79)

We will use this idea to provide a lower bound for D1.
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IV.2. Proof of the blow up as t Ñ tε

1

α
1{2´2λ
`

´
1

α
1{2´2λ
´

“

ż α`

s“α´

´p
1

2
´2λq

1

s3{2´2λ
“C

ż α´

s“α`

s´3{2`2λ

“C

ż α``
şx1

z“´x1
φε,y pt ,νε`zq

s“α`

s´3{2`2λ

`C

ż α``
şx1

z“´x1
φε,y pt ,νε`zq`

şy
z“x1
pφε,y pt ,νε´zq´φε,y pt ,νε`zqq

s“α``
şx1

z“´x1
φε,y pt ,νε`zq

s´3{2`2λ
“piq`pi iq,

(IV.2.80)

where piq is nonnegative and pi iq is small. First, we make the following upper bound

for |pi iq|. If
şy

x1
pφε,ypt ,νε´ sq´φε,ypt ,νε` sqq ą 0, then pi iq is nonnegative. Oth-

erwise, we have α``
şx1

s“´x1
φε,ypt ,νε` sq`

şy
s“x1

pφε,ypt ,νε´ sq´φε,ypt ,νε` sqq ď

α``
şx1

s“´x1
φε,ypt ,νε` sq. We then proceed as follows

ˇ

ˇ

ˇ

ˇ

ˇ

ż α``
şx1

z“´x1
φε,y pt ,νε`zq`

şy
z“x1
pφε,y pt ,νε´zq´φε,y pt ,νε`zqq

s“α``
şx1
´x1

φε,y pt ,νε`sq
s´3{2´2λ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż α´´
şy

z“x1
pφε,y pt ,νε´zq´φε,y pt ,νε`zqq

s“α´

s´3{2`2λ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ż y

z“x1

pφε,ypt ,νε´ zq´φε,ypt ,νε` zqq

ˇ

ˇ

ˇ

ˇ

¨α
´3{2`2λ
´ . (IV.2.81)

From the Taylor expansion, we obtain for x, y small enough (only depending on ε),

ˇ

ˇ

ˇ

ˇ

ż y

z“x1

pφε,ypt ,νε´ sq´φε,ypt ,νε` sqq

ˇ

ˇ

ˇ

ˇ

ďC1
`

y4
´x4

1`ptε´ tq2`pt´ tεqpy
2
´x2

1q
˘

.

(IV.2.82)

This means that we obtain (up to a nonnegative contribution)

|pi iq| ďC
`

y4
`x4

1`ptε´ tq
`

x2
1` y2

˘

`ptε´ tq2
˘

¨
1

α
3{2´2λ
´

. (IV.2.83)
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Chapter IV. Introducing a source term with a x2 dependency

We now go on with the lower bound for piq. Using the expression of piq provided by

(IV.2.80) as well as the mean value theorem, we obtain

piq“

ż α``
şx1

z“´x1
φε,y pt ,νε`zq

s“α`

s´3{2`2λ

ě

ˆ
ż x1

z“´x1

φε,ypt ,νε` zq

˙

¨
1

pφεpt ,νε` yq´φεpt ,νε´x1qq
3{2´2λ

.

ěC x1φε,ypt ,c1q ¨
1

py`x1q
3{2´2λ ¨φε,ypt ,c2q

3{2´2λ
. (IV.2.84)

Now, since we have x1ď y , we obtain from (II.2.16)

φε,ypt ,c1qěCptε´ tq, (IV.2.85)

and

φε,ypt ,c2qďC
`

ptε´ tq` y2
˘

. (IV.2.86)

Using (IV.2.85) and (IV.2.86) inside of (IV.2.84), we obtain

piqěC
x1ptε´ tq

py`x1q
3{2´2λ ¨ pptε´ tq` y2`px2´ν

2
εq

2q3{2´2λ
. (IV.2.87)

Now, we obtain for D1,
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IV.2. Proof of the blow up as t Ñ tε

D1“Dx1ěy`Dx1ďy ěDx1ďy

ěC

ż ż

x1ďy

x1ptε´ tq

py`x1q
3{2´2λ ¨ pptε´ tq` y2q3{2´2λ

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

x4

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

y4

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

ptε´ tq ¨ x2
1

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

ptε´ tq ¨ y2

α
3{2´2λ
´

χ1pνε`x1q ¨ x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

´C

ż κε

x1“0

ż κε

y“x1

ptε´ tq2

α
3{2´2λ
´

χ1pνε`x1q ¨x1

φε,ypt ,νε`x1q
2

χ1pνε` yq ¨ y

φε,ypt ,νε` yq2

“ A1´B1´B2´B3´B4´B5. (IV.2.88)

Note that the proof also works for λ“ 0. We will now show that A1Ñ8, and that J2,

J3, J4, D2, B1, B2, B3, B4 and B5 are of a smaller order. We first consider A1. Here, we

will consider A1 because it gives the order of the main contribution, and showing that

the other terms are of a smaller order is similar to what have been previously done. We

will also consider the term B1 to show how we deal with the smaller order terms. We

will not consider Bi for i ą 1 because it is similar to what have been previously done.

Using |φypt ,cpx1, yqq| ď Mε ppx1´ν
1
εq

2`px2´ν
2
εq

2`ptε´ tqq, on x1 ą y , we have

from (IV.2.88) and the new change of variable px, yq“ pr ` z,r ´ zq,
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Chapter IV. Introducing a source term with a x2 dependency

A1ěCε

ż κε{2

r“0

ż r

z“0

pr ´ zqptε´ tq

r 3{2´2λ

r ` z
`

pr ` zq2`px2´ν
2
εq

2`ptε´ tq
˘7{2´2λ

¨
r ´ z

`

pr ´ zq2`px2´ν
2
εq

2`ptε´ tq
˘2

ěCε

ż κε{2

r“0

1

r 1{2´2λ

ptε´ tq
`

p2r q2`px2´ν
2
εq

2`ptε´ tq
˘11{2´2λ

ż r

z“0
pr ´ zq2

ěCε

ż κε{2

r“0

ptε´ tq ¨ r 5{2`2λ

`

p2r q2`px2´ν
2
εq

2`ptε´ tq
˘11{2´2λ

ě
Cε ¨ ptε´ tq

ptε´ tq15{4´3λ

ě
Cε

ppx2´ν
2
εq

2`ptε´ tqq
11{4´3λ

. (IV.2.89)

Hence, integrating (IV.2.89) with respect to x2 and using the properties of ψ2
ε given in

(III.2.30) yield

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ż ż

α

ψ2
εpx2qipx1, y, x2qě

ż ν2
ε`δε

x2“ν
2
ε´δε

ż ż

α

ipx1, y, x2q

ě

ż ν2
ε`δε

x2“ν
2
ε´δε

Mε

ppx2´ν
2
εq

2`ptε´ tqq
11{4´3λ

ě
Mε

ptε´ tq9{4´3λ
. (IV.2.90)

We now proceed with B1. The case of B2 is similar. We have since φε,ypt , xqě ptε´ tq,

with the mean value theorem
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IV.2. Proof of the blow up as t Ñ tε

|B1| ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

ż r

z“0

pr ´ zq4

r 3{2´2λ

¨
r ` z

`

pr ` zq2`px2´ν
2
εq

2`ptε´ tq
˘2 ¨

r ´ z
`

pr ´ zq2`px2´ν
2
εq

2`ptε´ tq
˘2

ď
Cε

ptε´ tq3{2´2λ

ż κε{2

r“0

r 4

r 1{2´2λ pr 2`px2´ν
2
εq

2`ptε´ tqq
2

¨

ż r

z“0

r ´ z

ppr ´ zq2`px2´ν
2
εq

2`ptε´ tqq
2 . (IV.2.91)

Now, because

ż 8

s“0

s

ps2`ptε´ tqq2
ď

C

ptε´ tq
, (IV.2.92)

(IV.2.91) yields

|B1| ď
Cε

ptε´ tq3{2´2λ
¨

1

ppx2´ν
2
εq

2`ptε´ tqq

ż κε{2

r“0

r 7{2`2λ

pr 2`ptε´ tqq2

ď
Cε

ptε´ tq3{2´2λ
¨

1

pptε´ tq`px2´ν
2
εq

2q
. (IV.2.93)

Overall, we obtain

B1px2qď
Cε

pptε´ tq`px2´ν
2
εq

2q
4{4
¨

1

ptε´ tq6{4´2λ
. (IV.2.94)

Hence, integrating with respect to x2 and using the properties of ψ2
ε given in (III.2.30)

yield

ż ν2
ε`2δε

x2“ν
2
ε´2δε

B1px2qď
Cε

ptε´ tq2
. (IV.2.95)
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Chapter IV. Introducing a source term with a x2 dependency

At the end, we obtain

ż

x2

ż ż

βYδ

ipx1, x2, yqě
Cε

ptε´ tq9{4´3λ
. (IV.2.96)

We only studied pi vq11. We now need to do an estimation for all the other terms that

arise when we expand pi vq1 whose expression is given by (IV.2.70).

First, we look at

pi vq21“

ż ż

ypx2´ν
2
εq

|φpt , x1, x2q´φpt , y, x2q|
1{2´2λ

1

φ2
x1
px1qφ

2
x1
pyq

. (IV.2.97)

We will use the fact that the integrand is "almost" odd in px´ν1
ε, y ´ν1

εq. We will

now consider four domains ι`,`, ι`,´, ι´,´ and ι´,` (for the new variables y “ y´ν1
ε,

x “ x´ν1
ε.) They are defined as

ι`,`“tx1, y ą 0u, ι`,´“tx1ą 0, y ă 0u,

ι´,´“tx1, y ă 0u, ι´,`“tx1ă 0, y ą 0u.
(IV.2.98)

We will consider the two integrals

I1“

ż ż

ι`,`
Ť

ι´,´

ypx2´ν
2
εq

φx1px1q
2φx1pyq

2|φpx1q´φpyq|1{2´2λ

I2“

ż ż

ι`,´
Ť

ι´,`

ypx2´ν
2
εq

φx1px1q
2φx1pyq

2|φpx1q´φpyq|1{2´2λ
.

(IV.2.99)

It will be easier to deal with I2. For I1 however, we will need some preliminaries. We

first perform the change of variable for the part x1ă 0, y ă 0 of the form x “´x, y “

´y . We hence obtain for I1
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IV.2. Proof of the blow up as t Ñ tε

I1“

ż ż

ι`,`
ypx2´ν

2
εq

¨

„

1

φx1px1q
2φx1py1q

2|φpx1q´φpyq|1{2´2λ
´

1

φx1p´x1q
2φx1p´y1q

2|φp´x1q´φp´yq|1{2´2λ



.

(IV.2.100)

We simplify (we add and substract 1
φx1px1q

2φx1pyq
2|φp´xq´φp´yq|1{2´2λ ) and obtain

I1“

ż ż

ι`,`

ypx2´νεq

φx1px1q
2φx1pyq

2

„

1

|φpx1q´φpyq|1{2´2λ
´

1

|φp´xq´φp´yq|1{2´2λ



`

ż ż

ι`,`

ypx2´ν
2
εq

|φp´xq´φp´yq|1{2´2λ

„

1

φx1px1q
2φx1pyq

2
´

1

φx1p´x1q
2φx1p´yq2



“ J1` J2. (IV.2.101)

We denote for simplicity

β˘“ |φp˘xq´φp˘yq|. (IV.2.102)

We consider the following simplification inside J1. Also, we work on the set where

y ą x by symmetry. Call this set ι`,`
y .

1

β
1{2´2λ
`

´
1

β
1{2´2λ
´

“
β´´β`

β
1{2´2λ
´ β

1{2´2λ
`

´

β
1{2`2λ
´ `´β

1{2`2λ
`

¯`
β4λ
` ´β

4λ
´

β
1{2`2λ
` `β

1{2`2λ
´

.

(IV.2.103)

Now, because of the symmetry of the problem, β´´β` is of a smaller order. Indeed,

considering that the Taylor expansion of φx1 around ν1
ε is of the form (for the old

variable x1)
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Chapter IV. Introducing a source term with a x2 dependency

φx1pt ,ν1
ε` y, x2q“C1 y2

`C2px2´ν
2
εq

2
`C3ptε´ tq

` f1pt , y, x2qpx2´ν
2
εq

3
` f2pt , y, x2qy

3
` f3pt , y, x2qptε´ tqy

` f4pt , y, x2qptε´ tqpx2´ν
2
εq` f5pt , y, x2qypνε´x2q

2
` f6pt , y, x2qptε´ tq2

` f7pt , y, x2qpνε´x2qy
2. (IV.2.104)

We now focus exclusively on the first term of (IV.2.103). Call J 1
1 the corresponding

integral. We obtain that the term of order 2 in the space variable and in order 1 in the

time variable cancel out. Indeed, for the first part, we have

β´´β`

β
1{2´2λ
´ β

1{2´2λ
`

´

β
1{2`2λ
´ `´β

1{2`2λ
`

¯ “

şmaxpx,yq
s“minpx,yq

pφx1psq´φx1p´sqq

β
1{2´2λ
´ β

1{2´2λ
`

´

β
1{2`2λ
´ `´β

1{2`2λ
`

¯

(IV.2.105)

and since we have, (we assume x ď y by symmetry), by (IV.2.104),

ˇ

ˇ

ˇ

ˇ

ż y

s“x
pφx1psq´φx1p´sqq

ˇ

ˇ

ˇ

ˇ

ďCpy´xq|x2´ν
2
ε|

3
`Cpy´xqy3

`Cpy´xqptε´ tq2

`Cpy´xqyptε´ tq`Cpy´xq|x2´ν
2
ε|ptε´ tq. (IV.2.106)

Plugging (IV.2.105) and (IV.2.106) into the definition of J 1
1 gives

J 1
1 »

ż ż

ι`,`

C ypx2´ν
2
εqpx´ yq4φx1px1q

´2φx1pyq
´2

|φp´yq´φp´xq|1{2´2λ|φp´xq´φp´yq|1{2´2λ

1
`

|φpyq´φpxq|1{2`2λ`|φp´xq´φp´yq|1{2`2λ
˘ . (IV.2.107)

By symmetry, we again assume that y ě 0, and perform the change of variable x “ r´z,

y “ r ` z. (z P r0,r s).
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Now, we have

|J 1
1 | ďC |x2´ν

2
ε|

ż ż

pr ` zqp2zq4

p2zq1.5´2λφx1pyq
3.5´2λφx1px1q

2

ď

ż

r

ż r

z“0

C |x2´ν
2
ε|pr ` zqp2zq4

p2zq1.5´2λ ppr ` zq2`px2´ν
2
εq

2`ptε´ tqq
3.5´2λ

ppr ´ zq2`px2´ν
2
εq

2`ptε´ tqq
2

ď

ż

r

ż r {2

z“0

C |x2´ν
2
ε|r p2zq4

p2zq1.5´2λ ppr q2`px2´ν
2
εq

2`ptε´ tqq
5.5´2λ

`

ż

r

ż r

z“r {2

C |x2´ν
2
ε|pr qpzq

4

pr q1.5´2λ ppr q2`px2´ν
2
εq

2`ptε´ tqq
3.5´2λ

ppr ´ zq2`px2´ν
2
εq

2`ptε´ tqq
2

“piq`pi iq. (IV.2.108)

We obtain for piq,

piqď

ż

r
C |x2´ν

2
ε|r

ż r {2

z“0

Cp2zq2.5`2λ

ppr q2`px2´ν
2
εq

2`ptε´ tqq
5.5´2λ

ď

ż

r
|x2´ν

2
ε|r

4.5`2λ C

ppr q2`px2´ν
2
εq

2`ptε´ tqq
5.5´2λ

ď |x2´ν
2
ε|

C

ppx2´ν
2
εq

2`ptε´ tqq
11{4´λ

. (IV.2.109)

Now, integrating with respect to x2 yields

ż

x2

ψ2
εpx2q|piq| ď

C

ptε´ tq7{4
, (IV.2.110)

which is indeed of a smaller order.

Going on with pi iq, we get
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pi iqď

ż

r

C |x2´ν
2
ε|pr q

5

pr q1.5´2λ ppr q2`px2´ν
2
εq

2`ptε´ tqq
3.5´2λ

¨

ż r {2

z“0

1

ppzq2`px2´ν
2
εq

2`ptε´ tqq
2

ď

ż

r

C |x2´ν
2
ε|pr q

5

pr q1.5´2λ ppr q2`px2´ν
2
εq

2`ptε´ tqq
3.5´2λ

¨
C

ppx2´ν
2
εq

2`ptε´ tqq

ď
C

ppx2´ν
2
εq

2`ptε´ tqq
11{4´λ

. (IV.2.111)

Now, integrating with respect to x2 yields

ż

x2

ψ2
εpx2q|pi iq| ď

C

ptε´ tq7{4
, (IV.2.112)

which is indeed of a smaller order.

We go on with J 2
1 , which corresponds to the second term in (IV.2.103). Again, we will

use the fact that

β4λ
` ´β

4λ
´ “

ż β`

β´

4λs4λ´1, (IV.2.113)

and that |β`´β´| is of a smaller order, as we have previously shown. Indeed, we get

ˇ

ˇβ4λ
´ ´β

4λ
`

ˇ

ˇď 4λ |β´´β`| ¨
`

|β´|
4λ´1

`|β`|
4λ´1

˘

(IV.2.114)

The proof of this is very similar to what has been done to find the lower bound of I2 so

we will not do it explicitly here. At the end, the term is of a smaller order when λą 0.

Now, we go on with the term J2 defined in (IV.2.101). We will introduce the two

difference terms
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1

φx1px1q
2φx1pyq

2
´

1

φx1p´x1q
2φx1p´yq2

“

ˆ

1

φx1px1q
2φx1pyq

2
´

1

φx1px1q
2φx1p´yq2

˙

`

ˆ

1

φx1px1q
2φx1p´yq2

´
1

φx1p´x1q
2φx1p´yq2

˙

“ j 1
2 ` j 2

2 , (IV.2.115)

and define J 1
2 and J 2

2 as the two corresponding integrals.

Now for J 1
2 , we write the simplication

1

φx1px1q
2φx1pyq

2
´

1

φx1px1q
2φx1p´yq2

“
pφx1p´yq´φx1pyqqpφx1p´yq`φx1pyqq

φx1p´yq2φx1pyq
2φx1px1q

2
.

(IV.2.116)

Now, using (IV.2.104) inside (IV.2.116), we obtain that

ˇ

ˇJ 1
2

ˇ

ˇď

ż ż

ι`,`

ypx2´ν
2
εq

|φp´xq´φp´yq|1{2´2λ

|φx1p´yq´φx1pyq|

φx1p´yq2φx1pyqφx1px1q
2

`

ż ż

ι`,`

ypx2´ν
2
εq

|φp´xq´φp´yq|1{2´2λ

|φx1p´yq´φx1pyq|

φx1p´yqφx1pyqφx1px1q
2

.

(IV.2.117)

Because the two terms are similar, we only consider the first term of (IV.2.117). We get
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ż ż

ι`,`

ypx2´ν
2
εq

|φp´xq´φp´yq|1{2´2λ

|φx1p´yq´φx1pyq|

φx1p´yq2φx1pyqφx1px1q
2

ď

ż ż

ι`,`

ypx2´ν
2
εq

|φp´xq´φp´yq|1{2´2λ

C1 y3

φx1p´yq2φx1pyqφx1px1q
2

`

ż ż

ι`,`

ypx2´ν
2
εq

|φp´xq´φp´yq|1{2´2λ

C2 y2|x2´ν
2
ε|

φx1p´yq2φx1pyqφx1px1q
2

`

ż ż

ι`,`

ypx2´ν
2
εq

|φp´xq´φp´yq|1{2´2λ

C3 y |x2´νε|
2

φx1p´yq2φx1pyqφx1px1q
2

`

ż ż

ι`,`

ypx2´ν
2
εq

|φp´xq´φp´yq|1{2´2λ

C4|x2´ν
2
ε|

3

φx1p´yq2φx1pyqφx1px1q
2

`

ż ż

ι`,`

ypx2´ν
2
εq

|φp´xq´φp´yq|1{2´2λ

C5ptε´ tqy

φx1p´yq2φx1pyqφx1px1q
2

`

ż ż

ι`,`

ypx2´ν
2
εq

|φp´xq´φp´yq|1{2´2λ

C6ptε´ tq|x2´ν
2
ε|

φx1p´yq2φx1pyqφx1px1q
2

`

ż ż

ι`,`

ypx2´ν
2
εq

|φp´xq´φp´yq|1{2´2λ

C7ptε´ tq2

φx1p´yq2φx1pyqφx1px1q
2

“piq`pi iq`pi i iq`pi vq`pvq`pviq`pvi iq. (IV.2.118)

Now, the case of piq, pi iq, pi i iq and pi vq are similar, also pvq and pviq are similar. This

means that we will only consider piq, pvq and pvi iq.

For piq, we consider the same change of variable as previously. We obtain

piqď
C

ptε´ tq1{2´2λ

¨

ż

r

ż r

z“0

pr ` zq4|x2´ν
2
ε|

z1{2´2λ ppr ` zq2`px2´ν
2
εq

2`ptε´ tqq
3
ppr ´ zq2`px2´ν

2
εq

2`ptε´ tqq
2

ď
C

ptε´ tq1{2´2λ

ż

r

ż r {2

z“0

r 4|x2´ν
2
ε|

z1{2´2λ pr 2`px2´ν
2
εq

2`ptε´ tqq
5

`
C

ptε´ tq1{2´2λ

ż

r

ż r

z“r {2

r 4|x2´νε|

r 1{2´2λ pr 2`px2´ν
2
εq

2`ptε´ tqq
3
ppr ´ zq2`px2´ν

2
εq

2`ptε´ tqq
2

“piq1`piq2. (IV.2.119)
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For piq1, we get

piq1ď
C

ptε´ tq1{2´2λ

ż

r

r 4.5`2λ|x2´νε|

pr 2`pν2
ε´x2q

2`ptε´ tqq5

ď
C

ptε´ tq1{2´2λ

1

ppx2´ν
2
εq

2`ptε´ tqq
9{4´3λ

. (IV.2.120)

Now, integrating (IV.2.120) with respect to x2 yields

ż

x2

|ψ2
εpx2q||piq1| ď

C

ptε´ tq7{4´3λ
, (IV.2.121)

which is of a smaller order.

For piq2, we obtain

piq2ď
C

ptε´ tq1{2´2λ

ż

r

r 3.5`2λ|x2´ν
2
ε|

pr 2`px2´ν
2
εq

2`ptε´ tqq
3

¨

ż

z“0

1

pz2`px2´ν
2
εq

2`ptε´ tqq
2

ď
C

ptε´ tq1{2´2λ

ż

r

r 3.5`2λ|x2´ν
2
ε|

pr 2`px2´ν
2
εq

2`ptε´ tqq
3 ¨

C

ppx2´ν
2
εq

2`ptε´ tqq3{2

ď
C

ptε´ tq1{2´2λ

1

ppx2´ν
2
εq

2`ptε´ tqq
9{4´3λ

. (IV.2.122)

Now, integrating (IV.2.122) with respect to x2 yields

ż

x2

|ψ2
εpx2q||piq2| ď

C

ptε´ tq7{4´3λ
, (IV.2.123)

which is of a smaller order. The same result holds for pi iq, pi i iq and pi vq. We go on

and consider now pvq. We consider the same change of variable as previously. We

obtain
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pvqď
C

ptε´ tq1{2´2λ

¨

ż

r

ż r

z“0

pr ` zq2|x2´ν
2
ε|ptε´ tq

z1{2´2λ ppr ` zq2`px2´ν
2
εq

2`ptε´ tqq
3
ppr ´ zq2`px2´ν

2
εq

2`ptε´ tqq
2

ďCptε´ tq1{2`2λ
ż

r

ż r {2

z“0

r 2|x2´ν
2
ε|

z1{2´2λ pr 2`px2´ν
2
εq

2`ptε´ tqq
5

`Cptε´tq1{2`2λ
ż

r

ż r

z“r {2

r 2|x2´νε|

r 1{2´2λ pr 2`px2´ν
2
εq

2`ptε´ tqq
3
ppr ´ zq2`px2´ν

2
εq

2`ptε´ tqq
2

“pvq1`pvq2. (IV.2.124)

For pvq1, we get

pvq1ďCptε´ tq1{2`2λ
ż

r

r 2.5`2λ|x2´νε|

pr 2`pν2
ε´x2q

2`ptε´ tqq5

ďCptε´ tq1{2`2λ 1

ppx2´ν
2
εq

2`ptε´ tqq
13{4´λ

. (IV.2.125)

Now, integrating (IV.2.125) with respect to x2 yields

ż

x2

|ψ2
εpx2q||pvq1| ď

C

ptε´ tq7{4´3λ
, (IV.2.126)

which is of a smaller order.

For pvq2, we obtain
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pvq2ďCptε´ tq1{2`2λ
ż

r

r 1.5`2λ|x2´ν
2
ε|

pr 2`px2´ν
2
εq

2`ptε´ tqq
3

¨

ż

z“0

1

pz2`px2´ν
2
εq

2`ptε´ tqq
2

ďCptε´ tq1{2`2λ
ż

r

r 1.5`2λ|x2´ν
2
ε|

pr 2`px2´ν
2
εq

2`ptε´ tqq
3 ¨

C

ppx2´ν
2
εq

2`ptε´ tqq3{2

ďCptε´ tq1{2`2λ 1

ppx2´ν
2
εq

2`ptε´ tqq
13{4

. (IV.2.127)

Now, integrating (IV.2.127) th respect to x2 yields

ż

x2

|ψ2
εpx2q||pvq2| ď

C

ptε´ tq7{4´3λ
, (IV.2.128)

which is of a smaller order. Lastly, we go on with pvi iq.

pvi iqď
C

ptε´ tq1{2´2λ

¨

ż

r

ż r

z“0

|x2´ν
2
ε|ptε´ tq2

z1{2´2λ ppx2´ν
2
εq

2`ptε´ tqq
3
ppr ´ zq2`px2´ν

2
εq

2`ptε´ tqq
2

ďCptε´ tq3{2`2λ
ż

r

ż r {2

z“0

|x2´ν
2
ε|

z1{2´2λ pr 2`px2´ν
2
εq

2`ptε´ tqq
5

`Cptε´tq3{2`2λ
ż

r

ż r

z“r {2

|x2´νε|

r 1{2´2λ pr 2`px2´ν
2
εq

2`ptε´ tqq
3
ppr ´ zq2`px2´ν

2
εq

2`ptε´ tqq
2

“pvi iq1`pvi iq2. (IV.2.129)

For pvq1, we get
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pvi iq1ďCptε´ tq3{2`2λ
ż

r

r 0.5`2λ|x2´νε|

pr 2`pν2
ε´x2q

2`ptε´ tqq5

ďCptε´ tq3{2`2λ 1

ppx2´ν
2
εq

2`ptε´ tqq
17{4´λ

. (IV.2.130)

Now, integrating (IV.2.130) with respect to x2 yields

ż

x2

|ψ2
εpx2q||pvi iq1| ď

C

ptε´ tq13{4´3λ´3{2
ď

C

ptε´ tq7{4´3λ
, (IV.2.131)

which is of a smaller order.

For pvi iq2, we obtain

pvi iq2ďCptε´ tq3{2`2λ
ż

r

|x2´ν
2
ε|

r 1{2´2λ pr 2`px2´ν
2
εq

2`ptε´ tqq
3

¨

ż

z“0

1

pz2`px2´ν
2
εq

2`ptε´ tqq
2

ďCptε´ tq3{2`2λ
ż

r

r´1{2`2λ|x2´ν
2
ε|

pr 2`px2´ν
2
εq

2`ptε´ tqq
3 ¨

C

ppx2´ν
2
εq

2`ptε´ tqq3{2

ďCptε´ tq3{2`2λ 1

ppx2´ν
2
εq

2`ptε´ tqq
17{4

. (IV.2.132)

Now, integrating (IV.2.132) with respect to x2 yields

ż

x2

|ψ2
εpx2q||pvi iq2| ď

C

ptε´ tq7{4´3λ
, (IV.2.133)

which is again of a smaller order.
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Now, we have established the lower bound for pi vq1 in (IV.2.70). The last step is to

establish an upper bound for pi vq2, pi vq3 and pi vq4 to conclude the proof. The case of

pi vq2 and pi vq3 are similar. We start with pi vq2.

We decompose as follows

pi vq2ďCε

ÿ

i` j`k“2

ż ż

ι

px1q
i |x2´ν

2
ε|

j ptε´ tqk

|φpt , x1, x2q´φpt , y, x2q|
1{2´2λ

¨
|y |` |x2´ν

2
ε|`ptε´ tq

φx1pt , x1, x2q
2φx1pt , y, x2q

2

“α1`α2`α3. (IV.2.134)

We obtain

α1ďCε

ÿ

i` j`k“2

ż ż

ι

px1q
i |x2´ν

2
ε|

j ptε´ tqk

|φpt , x1, x2q´φpt , y, x2q|
1{2´2λ

¨
|y |

φx1pt , x1, x2q
2φx1pt , y, x2q

2

ďptε´ tqk´1{2`2λ
|x2´ν

2
ε|

j

¨

ż ż

ι

px1q
i ¨ |y |

|x1´ y |1{2´2λ
¨φx1pt , x1, x2q

2φx1pt , y, x2q
2

(IV.2.135)

Now, we use Hölder in (IV.2.135),

α1ď
ÿ

i` j`k“2

Cεptε´ tqk´1{2`2λ
|x2´ν

2
ε|

j

ˆ
ż ż

ι

1

|x1´ y |3{4´3λ

˙2{3

¨

˜

ż ż

ι

px1q
3i

px2
1`px2´ν

2
εq

2`ptε´ tqq
6

¸1{3

¨

˜

ż ż

ι

pyq3

px2
1`px2´ν

2
εq

2`ptε´ tqq
6

¸1{3

ď
ÿ

i` j`k“2

Cε
ptε´ tqk´1{2`2λ|x2´νε|

j

ppx2´νεq2`ptε´ tqq19{6´i{2
. (IV.2.136)

To do this, we studied the two last integrals. In particular, we give the following

141



Chapter IV. Introducing a source term with a x2 dependency

estimates.

ˆ
ż 8

0

1

px2`aq6

˙1{3

ď
Cε

a11{6
,

ˆ
ż 8

0

x3

px2`aq6

˙1{3

ď
Cε

a4{3
,

ˆ
ż 8

0

x6

px2`aq6

˙1{3

ď
Cε

a5{6
.

(IV.2.137)

Integrating (IV.2.136) with respect to x2 yields

ż

x2

α1ď
ÿ

i` j`k“2

1

ptε´ tq32{12´i{2´ j{2´k`1{2´2λ
. (IV.2.138)

Given the fact that i ` j `k “ 2, the highest order possible is 26{12, which is indeed

smaller than 9{4 “ 27{12. We will now go through α2 and α3. Because they are

somehow similar, we will skip a few details.

For α2, we obtain

α2ď
ÿ

i` j`k“2

Cεptε´ tqk´1{2`2λ
|x2´ν

2
ε|

j`1

ˆ
ż ż

ι

1

|x1´ y |3{4´3λ

˙2{3

¨

˜

ż ż

ι

px1q
3i

px2
1`px2´ν

2
εq

2`ptε´ tqq
6

¸1{3

¨

˜

ż ż

ι

1

px2
1`px2´ν

2
εq

2`ptε´ tqq
6

¸1{3

ď
ÿ

i` j`k“2

Cε
ptε´ tqk´1{2`2λ|x2´νε|

j`1

ppx2´νεq2`ptε´ tqq22{6´i{2
. (IV.2.139)

Integrating (IV.2.139) with respect to x2 yields

ż

x2

α2ď
ÿ

i` j`k“2

1

ptε´ tq19{6´i{2´p j`1q{2´k`1{2´2λ
. (IV.2.140)
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Given the fact that i ` j `k “ 2, the highest order possible is 26{12, which is indeed

smaller than 9{4 “ 27{12. We will now go through α2 and α3. Because they are

somehow similar, we will skip a few details.

For α3, we obtain

α2ď
ÿ

i` j`k“2

Cεptε´ tqk`1´1{2`2λ
|x2´ν

2
ε|

j

ˆ
ż ż

ι

1

|x1´ y |3{4´3λ

˙2{3

¨

˜

ż ż

ι

px1q
3i

px2
1`px2´ν

2
εq

2`ptε´ tqq
6

¸1{3

¨

˜

ż ż

ι

1

px2
1`px2´ν

2
εq

2`ptε´ tqq
6

¸1{3

ď
ÿ

i` j`k“2

Cε
ptε´ tqk`1´1{2`2λ|x2´νε|

j

ppx2´νεq2`ptε´ tqq22{6´i{2
. (IV.2.141)

Integrating (IV.2.141) with respect to x2 yields

ż

x2

α2ď
ÿ

i` j`k“2

1

ptε´ tq19{6´i{2´ j{2´k´1`1{2´2λ
. (IV.2.142)

Given the fact that i ` j `k “ 2, the highest order possible is 20{12, which is indeed

smaller than 9{4 “ 27{12. We will now go through α2 and α3. Because they are

somehow similar, we will skip a few details.

We now look at pi vq4, the expression being given by (IV.2.70). We establish an upper

bound.

pi vq4ďCε

ÿ

i1` j1`k1“2
i2` j2`k2“2

ptε´tqk1`k2

ż ż

ι

|x1|
i1 |y |i2 |x2´ν

2
ε|

j1` j2

|φpt ,ν1
ε`x1, x2q´φpt ,ν1

ε` y, x2q|
1{2´2λφ2

x1
px1qφ

2
x1
pyq

ďCε

ÿ

i1` j1`k1“2
i2` j2`k2“2

ptε´ tqk1`k2

ptε´ tq1{2´2λ

ż ż

ι

|x1|
i1 |y |i2 |x2´ν

2
ε|

j1` j2

|x1´ y |1{2´2λφ2
x1
px1qφ

2
x1
pyq

(IV.2.143)

Now, we use Hölder’s inequality in (IV.2.143) and simplify,
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pi vq4ďCε

ÿ

i1` j1`k1“2
i2` j2`k2“2

ptε´tqk1`k1´1{2`2λ
|x2´ν

2
ε|

j1` j2

ż ż

ι

|x1|
i1 |y |i2

|x1´ y |1{2´2λφ2
x1
px1qφ

2
x1
pyq

ď
ÿ

i1` j1`k1“2
i2` j2`k2“2

Cεptε´ tqk1`k1´1{2`2λ
|x2´ν

2
ε|

j1` j2

ˆ
ż ż

ι

1

|x1´ y |3{4´3λ

˙2{3

¨

˜

ż 8

0

x3i1
1

px2
1`px2´ν

2
εq

2`ptε´ tqq
6

¸1{3

¨

˜

ż 8

0

y3i2

py2`px2´ν
2
εq

2`ptε´ tqq
6

¸1{3

(IV.2.144)

From (IV.2.144) and (IV.2.137), we have

pi vq4ď
ÿ

i1` j1`k1“2
i2` j2`k2“2

Cεptε´ tqk1`k1´1{2`2λ|x2´ν
2
ε|

j1` j2

pptε´ tq`pν2
ε´x2q

2q
11
6 ´

3i1
6 pptε´ tq`pν2

ε´x2q
2q

11
6 ´

3i2
6

ď
ÿ

i1` j1`k1“2
i2` j2`k2“2

Cεptε´ tqk1`k1´1{2`2λ|x2´ν
2
ε|

j1` j2

pptε´ tq`pν2
ε´x2q

2q
22
6 ´3

i1`i2
6

ď
ÿ

i1` j1`k1“2
i2` j2`k2“2

Cεptε´ tqk1`k2´1{2`2λ

pptε´ tq`pν2
ε´x2q

2q
22
6 ´

i1` j1`i2` j2
2

(IV.2.145)

We will distinguish the different cases. First, if k1`k2 “ 0, then i1` i2` j1` j2 “ 4

and we have

Cεptε´ tqk1`k2´1{2`2λ

pptε´ tq`pν2
ε´x2q

2q
22
6 ´

i1` j1`i2` j2
2

“
Cε

ptε´ tq1{2´2λ

1

pptε´ tq`pν2
ε´x2q

2q
10{6

,

(IV.2.146)

hence, integrating (IV.2.146) yields
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IV.2. Proof of the blow up as t Ñ tε

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2q

Cε

ptε´ tq1{2´2λ

1

pptε´ tq`pν2
ε´x2q

2q
10{6

ˇ

ˇ

ˇ

ˇ

ˇ

ď
Cε

ptε´ tq7{6`1{2´2λ
ăă

1

ptε´ tq9{4´3λ
. (IV.2.147)

If k1`k2“ 1, then i1` i2` j1` j2“ 3 and we have

Cεptε´ tqk1`k2´1{2`2λ

pptε´ tq`pν2
ε´x2q

2q
22
6 ´

i1` j1`i2` j2
2

“
Cεptε´ tq1{2`2λ

pptε´ tq`pν2
ε´x2q

2q
13{6

, (IV.2.148)

hence, integrating (IV.2.148) yields

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2q

Cεptε´ tq1{2`2λ

pptε´ tq`pν2
ε´x2q

2q
13{6

ˇ

ˇ

ˇ

ˇ

ˇ

ď
Cε

ptε´ tq7{6´2λ
ăă

1

ptε´ tq9{4´3λ
. (IV.2.149)

If k1`k2“ 2, then i1` i2` j1` j2“ 2 and we have

Cεptε´ tqk1`k2´1{2`2λ

pptε´ tq`pν2
ε´x2q

2q
22
6 ´

i1` j1`i2` j2
2

“
Cεptε´ tq3{2`2λ

pptε´ tq`pν2
ε´x2q

2q
16{6

, (IV.2.150)

hence, integrating (IV.2.150) yields

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2q

Cεptε´ tq3{2`2λ

pptε´ tq`pν2
ε´x2q

2q
16{6

ˇ

ˇ

ˇ

ˇ

ˇ

ď
Cε

ptε´ tq4{6´2λ
ăă

1

ptε´ tq9{4´3λ
. (IV.2.151)

Now, we deduce from the same computations that the term corresponding to k1`k2“
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Chapter IV. Introducing a source term with a x2 dependency

3 is smaller than Cε

ptε´tq1{6
and that the term corresponding to k1`k2“ 4 is bounded.

Now, we use (IV.2.145) to conclude for the term corresponding to pi vq4 in (IV.2.71).

ˇ

ˇ

ˇ

ˇ

ˇ

ż ν2
ε`2δε

x2“ν
2
ε´2δε

ψ2
εpx2qpi vq4

ˇ

ˇ

ˇ

ˇ

ˇ

ăă
Cε

ptε´ tq9{4´3λ
. (IV.2.152)

This concludes this proof.
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V Introducing a perturbation of the

initial data

In this chapter, we study the stability of the instantaneous blow up exhibited in

chapter I. In chapter II, we introduced a source term and showed that the pathological

behaviour was preserved. Now, we are going to add a perturbation with respect to the

initial data and show that the corresponding Cauchy problem is again ill-posed. More

precisely, we consider the Cauchy problem

$

’

&

’

%

lu“DuD2u` f pt , x1, x2,uq,

u|t“0“ ũ0,
Bu

Bt |t“0
“´χpx1q` ũ1

, pMQLW 2q (V.0.1)

and the corresponding regularized Cauchy problem

$

’

&

’

%

lu“DuD2u` f pt , x1, x2,uq,

u|t“0“ ũ0,
Bu

Bt |t“0
“´χεpx1q` ũ1,

pMQLW 2qε (V.0.2)

where χ and χε are defined as in I.1.6 and (III.1.2) respectively. We will denote

Dũpx1, x2q“ ṽpx1, x2q“ Bx1 ũ0´ ũ1. We also assume the two following conditions

piq @α,

ˇ

ˇ

ˇ

ˇ

Bα f

Bαx

ˇ

ˇ

ˇ

ˇ

ďC ,

pi iq pũ0, ũ1q PH 4
pR2
qˆH 3

pR2
q.

(V.0.3)

In this chapter, we do not go through all the previous computations as they will still
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Chapter V. Introducing a perturbation of the initial data

hold. Instead, we are going to prove an equivalent of lemma IV.1.3 and the result will

follow.

Now, rewritting (V.0.2) with Du“ v yields

$

’

’

&

’

’

%

´

Bt `
1` v

1´ v
Bx1

¯

v “
f pt , x1, x2, vq

1´ v
“ g pt , x1, x2, vq.

Bu

Bt |t“0
“´χ` ũ1, u|t“0“ ũ0,

(V.0.4)

where g also satisfies piq of (V.0.3) as v ă 0. We now state the main theorem of this

chapter.

Theorem V.0.1. Let uε be the solution of problem (V.0.2). There exists a time tε such

that
#

||uεp0, ¨q||H 11{4pR2q
ă8

||uεpt , ¨q||H 11{4pR2q
Ñ8 as t Ñ tε.

(V.0.5)

Also, we have that

tεÑ 0 as εÑ 0. (V.0.6)

We first do some preliminary work, and later state and prove an equivalent of lemma

IV.1.3 for this case.

Preliminary work

As in (I.1.3), we define φ (implicitly depending on ε) as

$

’

&

’

%

φp0, x1, x2q“ x1

Btφpt , x1, x2q“
1` vpt ,φpt , x1, x2q, x2q

1´ vpt ,φpt , x1, x2q, x2q
.

(V.0.7)

From (V.0.4) and (IV.1.8), we get

B

Bt
pvpt ,φpt , x1, x2q, x2qq“ g pt ,φpt , x1, x2q, x2, vpt ,φpt , x1, x2q, x2qq. (V.0.8)
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From now on, we will not specify every variable, but only if the function is applied to

x1 of φpt , x1, x2q. Integrating (V.0.8) yields

vpφq“χpx1q` ṽpx1, x2q`

ż t

τ“0
g pτ,φqdτ. (V.0.9)

Differentiating (V.0.9) leads to the following expressions for the derivatives of v .

Bx1φpx1qBx1 vpφq“χ1px1q`Bx1 ṽ`

ż

τ

Bx1φpτ, x1qB1g pτ, x1q`

ż

τ

Bx1φpτ, x1qBx1 vpτ, x1qB3g pτ, x1q

ñBx1 vpφq“
1

Bx1φpτ, x1q

„

χ1px1q`Bx1 ṽ

`

ż

τ

Bx1φpτ, x1qB1g pτ,φq`

ż

τ

Bx1φpx1qBx1 vpτ, x1qB3g pτ, x1q



. (V.0.10)

B
2
x1

vpφq“
1

pBx1φpx1qq
2

„

χ2px1q`B
2
x1

ṽ`

ż

τ

pBx1φpτ, x1qq
2
B

2
1 g pτ,φq`

ż

τ

B
2
x1
φpτ, x1qB1g pτ,φq

`

ż

τ

pBx1φpτ, x1qq
2
Bx1 vpτ,φqB3B1g pτ,φq`

ż

τ

B
2
x1
φpτ, x1qB3g pτ,φqBx1 vpτ,φq

`

ż

τ

pBx1φpτ, x1qq
2
B1B3g pτ,φqBx1 vpτ,φq`

ż

τ

pBx1φpτ, x1qq
2
pBx1 vpτ,φqq2B2

3 g pτ,φq

`

ż

τ

pBx1φpτ, x1qq
2
B

2
x1

vpτ,φqB3g pτ,φq



´
B2

x1
φpx1q

pBx1φpx1qq
3

„

χ1px1q`Bx1 ṽ`

ż

τ

Bx1φpτ, x1qB1g pτ,φq`

ż

τ

Bx1φpτ, x1qB3g pτ,φqBx1 vpτ,φq



“ A´B. (V.0.11)

Again, we have

φt x1px1q“
2vx1pφq

p1´ vpφqq2
. (V.0.12)
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Chapter V. Introducing a perturbation of the initial data

φt x1x1px1q“
2vx1x1pφqp1´ vpφqq`2v2

x1
pφq

p1´ vpφqq3
. (V.0.13)

We now state the lemma. It is in fact identical to lemma IV.1.3

Lemma V.0.2. There exists a time tε such that the following properties are verified.

tεÑ 0 as εÑ 0. (V.0.14)

φx1 ą 0 @t ă tε

Dpν1
ε,ν2

εq s.t . φx1ptε,ν1
ε,ν2

εq“ 0
(V.0.15)

0ăφx1 ă 1, φt ,x1 ă 0 ,@t ă tε,

DCε, |φt ,x1,x1 | ďCε| lnptε´ tq|.

vx1 ă 0, v ă 0

DCε, |vx1pφq| ď
Cεpχ

1px1q`Cεq

|φx1 |
.

(V.0.16)

If x1, x2 and t are sufficiently close to pν1
ε,ν2

ε, tεq, we have the following estimates.

DC 1
ε ,C 2

ε ą 0,
C 1
ε

px1´ν
1
εq

2`px2´ν
2
εq

2`ptε´ tq
ď

1

φx1px1q

ď
C 2
ε

px1´ν
1
εq

2`px2´ν
2
εq

2`ptε´ tq

DC 1
ε ,C 2

ε ,C 3
ε , φx1x1px1q“C 1

εpx1´ν
1
εq`C 2

εpx2´ν
2
εq`C 3

εptε´ tq

`
ÿ

i` j`k“2

px1´ν
1
εq

i
px2´ν

2
εq

j
ptε´ tqk fi , j ,kpt , x1, x2q, (V.0.17)
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where all the involved f functions are bounded near pt ,ν1
ε,ν2

εq. We also have

|A| ď
Cε| lnptε´ tq|

|φx1 |
2

, (V.0.18)

where A is the A involved in (V.0.11).

Lastly, for ε small enough, we have

Cεφx1x1px1q

pφx1px1qq
3

χ1

2
ďB ď

Cεφx1x1px1q

pφx1px1qq
3 2χ1,

Cεφx1x1px1q

pφx1px1qq
3 2χ1ďB ď

Cεφx1x1px1q

pφx1px1qq
3

χ1

2
.

(V.0.19)

The first inequality being verified when φx1x1 ď 0, and the second being verified when

φx1x1 ě 0.

We stop here for this case. The rest of the proof should be identical to what have been

done when we added the source term f pt , x1, x2,∇uq.
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A APPENDIX

A.1 Initial condition in the classical Sobolev space

First, we will consider (I.1.6) and prove the following theorem. In the next section, we

will use this theorem to find an uniform bound on the sobolev norm of an extension

of (I.1.7).

Theorem A.1.1. With g : px1, x2q PΩ ÞÑ´
şx1

y“0 | lnpyq|
αd y, there exists g̃ :R2ÑR such

that g̃|Ω0
px1, x2q“ g px1,0q and ||g̃ ||H 7{4pR2q

ă8.

First, we show the following technical lemma. We will use it for t “ 0 in this subsection

and for t ą 0 in the next section, when we will consider extensions of our functions

defined respectively onΩ0 andΩt .

Lemma A.1.2. Let f :R2ÑR and ωĎR2 such that f “ 0 outside of ω.

Then for t ą 0,

|| f ||
9H

7{4
x1
pR2q

“C

ż ż

px1,x2qPω

ˆ

B2 f

Bx2
1

˙

px1, x2q

¨

ż

y| py,x2qPω

|x1´ y |´1{2

ˆ

B2 f

Bx2
1

˙

py, x2qd yd x2d x1

(A.1.1)
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Proof.

|| f ||
9H

7{4
x1
pR2q

“ ||
B2 f

Bx2
1

|| 9H´1{4

“

ż ż

px1,x2qPR
2
|∇´1{4

x1
|

ˆ

B2 f

Bx2
1

˙

px1, x2q ¨ |∇´1{4
x1

|

ˆ

B2 f

Bx2
1

˙

px1, x2qd x

“

ż ż

px1,x2qPR
2
|∇´1{2

x1
|

ˆ

B2 f

Bx2
1

˙

px1, x2q ¨

ˆ

B2 f

Bx2
1

˙

px1, x2qd x

“p˚q C

ż ż

px1,x2qPR
2

ˆ

B2 f

Bx2
1

˙

px1, x2q ¨

ż

yPR

B2 f
Bx2

1
px1, x2q

a

|x1´ y |
d y

“C

ż ż

px1,x2qPω

ˆ

B2 f

Bx2
1

˙

px1, x2q ¨

ż

y| py,x2qPω

|x1´ y |´1{2

ˆ

B2 f

Bx2
1

˙

py, x2q

(A.1.2)

For p˚q, we used that

p´∆q
s{2
p f qpxq“

`

p2π |ξ|qs f̂ pξq
˘

q

pxq, (A.1.3)

and that for są 0,

p2πq´s `
|ξ|
´s˘q

pxq“ p2πq´s π
s
2Γpn´s

2 q

π
n´s

2 Γp s
2q
|x|s´n . (A.1.4)

In our case, because we integrate only with respect to x1, we obtain from (A.1.3) and

(A.1.4)

|∇x1 |
´1{2 f pxq“C

ż

yPR

f pyq
a

|x1´ y |
. (A.1.5)

We will also use the following technical lemma. It gives the finiteness of an expression

that will appear when we will show theorem A.1.1.
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A.1. Initial condition in the classical Sobolev space

Lemma A.1.3. The expression

Iα,δ“

ż 1
2

x1“0

| lnpx1q|
α´1

x1

ż

0ďx2ď

?
x1

| lnpx1q|
δ

ż 1
2

y,x2ď

?
y

| lnpyq|δ

| lnpyq|α´1

y
a

|x1´ y |
, (A.1.6)

is finite for αă 1
6 and δą 1

3 .

Proof. (of the technical lemma)

We first establish the following estimation.

ż 1
2

y“x{2

1
a

|y´x|

1

y
d y ď

ż x

y“x{2

1
?

x´ y

1

y
d y`

ż 1
2

y“x

1
?

y´x

1

y
d y

ď
2

x

ż x

y“x{2

1
?

x´ y
`

„

2
a

y´x
1

y


1
2

x
`

ż 1
2

y“x
2
a

y´x
1

y2
d y

ďC
1
?

x
´

”

2
?

0{x´4
b

1{2
ı

`

ż 1
2

y“x

2
?

y´x

y2
d y

ďC
1
?

x
`C

ż 1
2

y“x

?
y

y2
d y ď

C
?

x

(A.1.7)

Also, we remark that for mă 1,

ż b

0
| lnpxq|m ď

ˆ
ż b

0
| lnpxq|

˙m

pbqm
˚

ďC bm`m˚
| lnpbq|m “C b| lnpbq|m , (A.1.8)

where m˚“ 1´m.

Now, for m P r1,2r,

ż b

0
| lnpxq|m ď b| lnpxq|m`

ż b

0
| lnpxq|m´1

ďpA.1.8q C b| lnpbq|m . (A.1.9)
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Now, we split the domain of integration of I as in (A.1.6) in y into two parts, corre-

sponding to the smallness respectively of y and of y´x.

I`
α,δď

ż 1
2

x1“0

| lnpx1q|
α´1

|x1|

ż

x2ď

?
x1

| lnpx1q|
δ

ż x1{2

y“x2
2

| lnpyq|α´1

|y |
a

|x1´ y |

`

ż 1
2

x1“0

| lnpx1q|
α´1

|x1|

ż

x2ď

?
x1

| lnpx1q|
δ

ż 1
2

y“x1{2

| lnpyq|α´1

|y |
a

|x1´ y |
“ p˚q

1
`p˚q

2.

(A.1.10)

Now, we study p˚q1 of (A.1.10), and use (A.1.8).

p˚q
1
ď

ż 1
2

x1“0

| lnpx1q|
α´1

x1
?

x1

ż

x2ď

?
x1

| lnpx1q|
δ

ż x1{2

y“x2
2

| lnpyq|α´1

|y |

ď

ż 1
2

x1“0

| lnpx1q|
α´1

x1
?

x1

ż

x2ď

?
x1

| lnpx1q|
δ

| lnpx2q|
α
ď

ż 1
2

x1“0

| lnpx1q|
α´1

x1
?

x1

| lnpx2q|
α?x1

| lnpx1q|
δ

ď

ż 1
2

x1“0

| lnpx1q|
2α´1´δ

x1
. (A.1.11)

This integral converges when αă 1
6 and δą 1

3 .

Now, for p˚q2, we have

p˚q
2
ď

ż 3

x1“0

| lnpx1q|
α

x1

ż

x2ď

?
x1

| lnpx1q|
δ

| lnpx1q|
α´1

ż

x2ď

?
x1

| lnpx1q|
δ

ż 3

y“x{2

1

y
a

|x´ y |

ď

ż 3

x1“0

| lnpx1q|
2α´1´δ?x

x

ż 3

y“x1{2

1

y
a

|x´ y |
ď

ż 3

x1“0

| lnpx1q|
2α´1´δ

x
. (A.1.12)

The last inequality holds because of (A.1.7). This integral converges when αă 1
6 and

δą 1
3 .
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A.1. Initial condition in the classical Sobolev space

We now prove theorem A.1.1. To do so, we find an extension of the considered function

that is defined globally and has finite Sobolev norm.

Proof. of theorem A.1.1. Let

f : px1, x2q ÞÑ

$

’

&

’

%

´

ż x1

y“0
| lnpyq|α, for x1ě 0,

0 for x1ă 0.

(A.1.13)

Let φ :RÑR be a smooth function such that φpxq“ 1 for |x| ď 1
4 , φpxq“ 0 for |x| ě 1

2 ,

and 0ď φpxq ď 1 for all x in R. Let ψ : RÑ R denote a smooth function such that

ψpxq“ 1 for |x| ď 1
4 , ψpxq“ 0 for |x| ě 1

2 , and 0ďψpxqď 1 for all x PR.

Define

hpxq“ fx1pxq ¨φ

ˆ

lnδpx1qx2
?

x1

˙

¨ψpx1q. (A.1.14)

We multiply fx by a cutoff function in x1 that almost respect the geometry of Ω, i.e.

φ
´

lnδpx1qx2?
x1

¯

“ 0 when x2 ě
1
2

?
x1 lnpx1q

´δ ; and we multiply fx by a simple cutoff

function ψ in x2.

Now,

B

Bx1

ˆ

φ

ˆ

lnδpx1qx2
?

x1

˙˙

“ x2
2δ lnδ´1px1q´ lnδpx1q

2x1
?

x1
φ1
ˆ

lnδpx1qx2
?

x1

˙

, (A.1.15)

and

B

Bx2

ˆ

φ

ˆ

lnδpx1qx2
?

x1

˙˙

“
lnδpx1q
?

x1
φ1
ˆ

lnδpx1qx2
?

x1

˙

. (A.1.16)

Let κ : px1, x2q ÞÑφ
´

lnδpx1qx2?
x1

¯

ψpx2q.
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Also,

||κpx1, x2q||
2
9H 3{4pR2q

“ă |ξ|3{4κ̂, |ξ|3{4κ̂ąL2pR
2q

“ă |ξ|´1{2
p|ξ|κ̂q, |ξ|κ̂ąL2pR

2q

“

ż

R2

´

∇´1{2
p∇κq

¯

¨ p∇κq
(A.1.17)

Using this formula, we get that

||κpx1, x2q||
2
9H 3{4pR2q

ďC

ż

xPR2

ˇ

ˇ

ˇ

ˇ

B
´1{2
x1

B

Bx1
φ

ˆ

| ln |δpx1qx2
?

x1

˙
ˇ

ˇ

ˇ

ˇ

¨ |∇κpx1, x2q|d x

`C

ż

xPR2

ˇ

ˇ

ˇ

ˇ

B
´1{2
x2

B

Bx2
φ

ˆ

| ln |δpx1qx2
?

x1

˙
ˇ

ˇ

ˇ

ˇ

¨ |∇κpx1, x2q|d x,

(A.1.18)

where C is a constant depending only on ψ and its derivatives. The non-integrability

of this integral may only occur near x1“ 0. Also, when |x2| ą
1
2

?
|x1|

| ln |δpx1q
, ∇κpx1, x2q“ 0.

Thus, there exists a constant K ą 0 such that

ˇ

ˇ

ˇ

ˇ

B

Bx1
κpx1, x2q

ˇ

ˇ

ˇ

ˇ

ď constant ¨
|2δ lnδ´1px1q|`| ln

δpx1q|

2|x1| ¨ | ln
δpx1q|

ďK
1

|2x1|
, (A.1.19)

and

ˇ

ˇ

ˇ

ˇ

B

Bx2
κpx1, x2q

ˇ

ˇ

ˇ

ˇ

ďK
1

2|x1|
. (A.1.20)
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Hence,

||κpx1, x2q||
2
H 3{4pR2q

ďpK `1q

ż

x1Pr0, 1
2 s

ż

|x2|ď
1
2

?
|x1|

| ln |δpx1q

ˇ

ˇ

ˇ

ˇ

B
´1{2
x1

B

Bx1
κpx1, x2q

ˇ

ˇ

ˇ

ˇ

¨
1

2x1
d x2d x1

`pK `1q

ż

x1Pr0, 1
2 s

ż

|x2|ď
1
2

?
|x1|

| ln |δpx1q

ˇ

ˇ

ˇ

ˇ

B
´1{2
x2

B

Bx2
κpx1, x2q

ˇ

ˇ

ˇ

ˇ

¨
1

2x1
d x2d x1

“: piq`pi iq

(A.1.21)

Let us now find an upper bound for these two quantities. First, we divide piq into two

terms. We use the formula given by lemma I.2.4. We consider x, y, x2ą 0 by symmetry.

piqďC

ż

x1Pr0, 1
2 s

ż

x2ď
1
2

?
x1

| ln |δpx1q

ż

y,x2ď

?
y

| lnpyq|δ

1

x1 y
a

|y´x1|

ďC

ż

x1Pr0, 1
2 s

ż

x2ď
1
2

?
x1

| ln |δpx1q

ż

x1
2

y“px2q
2

1

x1 y
a

|y´x1|

`C

ż

x1Pr0, 1
2 s

ż

x2ď
1
2

?
x1

| ln |δpx1q

ż c

y“
x1
2

1

x1 y
a

|y´x1|
(A.1.22)

For the first term, we get

ż 3

x1“0

ż

x2ď
1
2

?
x1

| lnpx1q|
δ

ż x1{2

y“px2q
2

1

x1 y
a

|x´ y |

ďC

ż 1
2

x1“0

1

x1
?

x1

ż

x2ă

?
x1

| lnpx1q|
δ

| lnpx2q| ďC

ż 1
2

x1“0

1
?

x1x1

?
x1

| lnpx1q|
δ
| lnpx1q|

ď

ż 1
2

x1“0

1

x1| lnpx1q|
δ´1

, (A.1.23)

which converges when δą 2.
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Now, for the second term, we obtain

C

ż 1
2

0

ż

|x2|ď
1
2

?
|x1|

| ln |δpx1q

ż 1
2

y“x1{2

1
a

|y´x1|

1

2y
d y

1

2|x1|
d x1

ďC

ż 1
2

0

1
2

?
x1

| lnδpx1q|

ż 1
2

y“x1{2

1
a

|y´x1|

1

2y
d y

1

2|x1|
d x1

ďC

ż 1
2

0

?
x1

?
x1

1

2|x1| ¨ | ln
δpx1q|

d x1 by (A.1.7)

ďC

ż 1
2

0

1

x1 ¨ | ln
δpx1q|

d x1

(A.1.24)

This integral converges whenever δą 1.

We continue with pi iq.

pi iqďK 2
ż 1

2

x1“0

ż

|x2|ď
1
2

?
|x1|

| ln |δpx1q

ż 1
2

y“px2q
2

1
a

|y´x2|

1
?

x1
d y

1

2x1
d x2d x1

(where K 2 is a constant depending only on φ, its derivatives, ψ and its derivatives)

ďC

ż 1
2

x1“0

ż

|x2|ď
1
2

?
|x1|

| ln |δpx1q

C
1
?

x1

1

2x1
d x2d x1

ďC

ż 1
2

x1“0

ż

|x2|ď
1
2

?
|x1|

| ln |δpx1q

1
?

x1

1

2x1
d x2d x1

ďC

ż 1
2

x1“0

a

|x1|

| ln |δpx1q

1
?

x1

1

2x1
d x1

ďK 2
ż 1

2

x1“0

1

2x1 ¨ | ln
p x1q|δ

d x1,

(A.1.25)

which converges whenever δą 1.
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Now, we do an estimation of the Sobolev norm of vxκ to show that h is in 9H 7{4pR2q.

||κ fx1 || 9H 3{4pR2q
“

ż

x1Pr0, 1
2 s

ż

|x2|ď
1
2

?
x1

| lnδpx1q|

∇´1{2
p∇hqpx1, x2q ¨∇hpx1, x2qd x2d x1“p˚q

(A.1.26)

As we have previously seen, the biggest order terms near x1 “ 0 are obtained by

differentiating with respect to x1. Hence,

p˚qďC

ż

x1Pr0, 1
2 s

ż

|x2|ď
1
2

?
x1

| lnpx1q|
δ

|κx1 fx1 |

˜
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2

y“px2q
2

1
a

|y´x1|
|κx1pyq fx1pyq|d y

¸

d x2d x1
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ż
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δ
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˜
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2
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2
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a

|y´x1|
|κpyq fx1x1pyq|d y

¸

d x2d x1
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ż
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ż
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2
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δ
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˜

ż 1
2

y“px2q
2

1
a

|y´x1|
|κx1pyq fx1pyq|d y

¸

d x2d x1

`C

ż

x1Pr0, 1
2 s

ż

|x2|ď
1
2

?
x1

| lnpx1q|
δ

|κx1 fx1 |

˜

ż 1
2

y“px2q
2

1
a

|y´x1|
|κpyq fx1x1pyq|d y

¸

d x2d x1

“:C ppiq`pi iq`pi i iq`pi vqq

(A.1.27)

Let us majorate these quantities independently.

Now, we study piq and split the domain in y into two parts as previously.

piqď

ż 1
2

x1“0

ż

x2ď

?
x1

| lnpx1q|
δ

ż x1{2

y“px2q
2

| lnpx1q|
α

x1

1
a

|x1´ y |

| lnpyq|α

y

`

ż 1
2

x1“0

ż

x2ď

?
x1

| lnpx1q|
δ

ż 1{2

y“x1{2

| lnpx1q|
α

x1

1
a

|x1´ y |

| lnpyq|α

y

(A.1.28)

For the first part, we have that
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ż 1
2

x1“0
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x2ď
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x1

| lnpx1q|
δ

ż x1{2

y“px2q
2

| lnpx1q|
α

x1

1
a

|x1´ y |

| lnpyq|α

y

ď

ż 1
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| lnpx1q|
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?
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| lnpx1q|
δ
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y“px2q
2

| lnpyq|α

y

ď

ż 1
2
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| lnpx1q|
α
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?

x1
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| lnpx1q|
δ

| lnpx2q|
α`1

ďpA.1.9q

ż 1
2
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| lnpx1q|
2α`1´δ

x1
. (A.1.29)

This integral converges when δą 7
3 and αă 1

6 . For the second part,

ż 1
2

x1“0

ż

x2ď

?
x1

| lnpx1q|
δ

ż 1
2

y“x1{2

| lnpx1q|
α

x1

a

|x1´ y |
| lnpyq|αďC

ż 1
2

0

1

x1 ¨ | lnpx1q|
δ
| lnpx1q|

2αd x1

(A.1.30)

Using the previous upper bounds. Since 2αă 1{3, this integral converges for δą 4
3 .

pi iqďC ||κ||2L8

ż

x1Pr0, 1
2 s

a

|x1|

| lnpx1q|
δ

fx1x1px1q

ż 1
2

y“px2q
2

fx1x1pyq
?

y´x1
d yd x1

ďC ||κ||2L8

ż

x1Pr0, 1
2 s

a

|x1|

| lnpx1q|
δ´α

ż 1
2

y“px2q
2

| lnpyq|α
?

y´x1
d yd x1

(A.1.31)

By the calculus made in lemma A.1.3, this integral converges provided that αă 1
6 and

δą 7
3 .
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Now, we look at pi i iq.

pi i iqďC

ż

x1Pr0, 1
2 s

ż

x2ď
1
2

?
x1

| lnpx1q|
δ

||κ||8
α| lnpx1q|
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a
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a
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| lnpyq|αd y
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1
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(A.1.32)

For the first term, using (A.1.9), we obtain
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1
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x1
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(A.1.33)

and for the second term, using (A.1.7),

p˚q
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ż

x1Pr0, 1
2 s

ż
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1
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x1

| lnpx1q|
δ

||κ||8
α| lnpx1q|
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ż 1
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x1
. (A.1.34)

Both those expressions converge when αă 1
6 and δą 7

3 .
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Lastly, we do the same for pi vq.

pi vqďC
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(A.1.35)

For the first term, we obtain using (A.1.8)
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, (A.1.36)

and for the second term, using (A.1.7),

p˚q
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ż

x1Pr0,1{2s

ż
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1
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x1

| lnpx1q|
δ

| lnpx1q|
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ż
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| lnpx1q|
2α´1´δ

x1
. (A.1.37)

Again, both those expressions converge when δě 7
3 and αď 1

6 .

Definitions

Definition A.1.4. We say that u is a proper solution, if it is a distributional solution,

and if u is the weak limit of a sequence of smooth solutions uε with data pφε‹ f ,φε‹g q,
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where φεpxq“φp x
ε
qε´n for some function φ satisfying φ PC80 and

ş

φ“ 1.
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