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A B S T R A C T

Porous brittle solids evidence complex mechanical behavior, where localized failure patterns originate from
mechanical processes on the microstructural level. In order to investigate the failure mechanics of porous brittle
solids, we outline a general stochastic and numerical microstructure-based approach. To this end, we generate
random porous microstructures by level-cutting Gaussian random fields, and conduct numerical simulations
using the material point method. This allows investigating both small and large deformation characteristics
of irregular porous media where a segmentation into grains and bonds is ambiguous. We demonstrate the
versatility of our approach by examining elasticity and failure as a function of a wide range of porosities,
from 20% to 80%. Observing that onset of failure can be well described through the second order work,
we show that the stress at failure follows a power law similar to that of the elastic modulus. Moreover, we
propose that the failure envelope can be approximated by a simple quadratic fitting curve, and that plastic
deformation appears to be governed by an associative plastic flow rule. Finally, large deformation simulations
reveal a transition in the mode of localization of the deformation, from compaction bands for highly porous
samples to shear bands for denser ones.
1. Introduction

Porous brittle materials which consist of a solid and void phase,
such as rocks, snow, ceramics and foam, exhibit complex mechani-
cal phenomena whose origin and overall characteristics are still not
fully understood. This includes, e.g., the observation of so-called an-
ticracks (Fletcher and Pollard, 1981) or compaction bands (Sternlof
et al., 2005; Guillard et al., 2015), which in turn can be related to the
more general question of how failure occurs, localizes and propagates
in various media. In the geosciences, this question is crucial for the
understanding of the preceding mechanisms of earthquakes (Green
et al., 1990), landslides (Zhang et al., 2015) and avalanches (Heierli
et al., 2008; Gaume et al., 2017a, 2018). The mechanical behavior of
porous brittle materials, including elasticity, failure strength and plastic
collapse, depends on the microstructure. Thus, in order to understand
and realistically model the effective response of such materials, a
microstructure-based approach is required, accounting for porosity and
morphological variability.

Analytical microstructure-based investigations of effective proper-
ties of porous media are possible under certain assumptions and ge-
ometries. In general two-phase media, the well-known analytical results
by Hashin and Shtrikman (1963) provide second-order bounds on the
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effective elastic modulus, depending only on the phase moduli and vol-
ume fractions. For cellular solids, Gibson and Ashby (1982) derive the
elastic modulus and collapse strength as being proportional to a power
of the fraction of solid volume in the material, where the exponent
depends on the type of cellular structure. Moreover, based only on
the porosity and solid phase strength, Gurson (1977) analytically de-
rived a yield surface for perfectly-plastic voided materials. This model
was later extended by introducing empirical fitting parameters, now
known as the Gurson–Tvergaard–Needleman (GTN) model (Tvergaard,
1981; Tvergaard and Needleman, 1984). The above-mentioned analytic
studies are naturally limited by the simplifying assumptions, e.g., the
geometrically regular premise of periodic unit cells, and not considering
more complex microstructural models and variability. In the case of the
Gibson and Ashby model, this leads to a mechanical behavior with too
weak power law dependence Silva and Gibson (1997).

As a remedy, numerical simulations have aided researchers in deter-
mining the effective properties based on more complex geometrical and
material properties of the microstructure. Through simulations with the
finite element method (FEM), both Bruno et al. (2011) and Roberts
and Garboczi (2000) showed how a power law relation between the
elastic modulus and porosity changes depending on the microstructural
pore shapes. With simulations based on the discrete element method
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(DEM), Gaume et al. (2017b) studied the mechanical behavior of
porous microstructures represented as sticky hard spheres, relating
the elastic modulus and compressive strength to the contact density
instead of porosity. Using the same simulation setup, Ritter et al. (2020)
extended this study of highly porous microstructures by deriving an
elliptic failure envelope and evidenced an associated plastic flow law.
As an alternative to idealized microstructures, geometries obtained
from X-ray micro-computed tomography of real materials as input to
FEM (Petit et al., 2013) or DEM (Hagenmuller et al., 2015) simula-
tions have shown to be promising in investigating the mechanics of
porous brittle media. Moreover, double scale approaches that couple
the microscale resolved by DEM at each integration point in FEM on the
macroscale have been proposed (Desrues et al., 2014; Guo and Zhao,
2014; Zhao et al., 2020).

Although numerical upscaling of elasticity and yielding of arbi-
trary microstructures of porous geomaterials is standard (using FEM),
numerical methods to study generic features of the transition from
small to large strain situations that involve yielding and failure are
missing. Treating this transition is feasible for spherical/particulate mi-
crostructures using DEM. However, many materials cannot be described
by such geometries, while flexible computational approaches for arbi-
trary bicontinuous microstructures are still missing. This prevents the
development of accurate homogenized constitutive models for these
materials. It is therefore the aim of the present paper to use the material
point method (MPM) on randomly structured, bicontinuous microstruc-
tures to show the suitability of this combination for exploring generic
effects of elasticity, yield, softening and failure localization in porous
brittle solids with non-spherical/non-particulate microstructures. We
focus here on the changes in these quantities with solid volume fraction
as the most important control on the mechanical behavior.

We first give a short presentation of the computational generation
of bicontinuous microstructures, which will be generated by level-
cutting Gaussian random fields. Through this procedure, we can obtain
ensembles of random geometries with given solid volume fraction and
other properties. Our work can thus be regarded a generalization of
the work by Roberts and Garboczi (2002) who were studying the small
strain behavior of these systems using FEM. Next, we formulate an
elastoplastic model used to describe the solid matrix of the microstruc-
tures in the context of finite strain elastoplasticity theory. Employing
triaxial loading MPM simulations and defining effective failure through
a second order work criterion, we evaluate our approach by presenting
and discussing elasticity/failure power laws, failure envelopes, and
failure mechanics in large deformation simulations.

2. Methods

2.1. Stochastic microstructures

A computationally efficient method for generating two-phase mi-
crostructures is through level-cutting Gaussian random fields (GRF), the
mathematical formalism of which was first outlined by Cahn (1965).
This approach allows realizing stochastic structures with certain pre-
scribed properties, most importantly the solid volume fraction. The
procedure can be summarized as follows. Consider a GRF, 𝐺(𝒓), as a
uperposition of 𝑁𝑐 ≫ 1 sinusoidal waves,

(𝒓) = 1
√

𝑁𝑐

𝑁𝑐
∑

𝑛=1
cos(𝜼𝑛 ⋅ 𝒓 + 𝜑𝑛) (1)

where the 𝜑𝑛 are independent, identically distributed random variables
in [0, 2𝜋] and 𝜼𝑛 is the wave vector. As suggested by Ding et al. (2010),
the wave vector’s magnitude 𝜂 ≡ 2𝜋∕𝜔 can be sampled from the gamma
distribution function

𝑃 (𝜂) =
(𝑏 + 1)(𝑏+1)

(

𝜂
)𝑏

𝑒−(𝑏+1)
𝜂
⟨𝜂⟩ (2)
2

⟨𝜂⟩𝛤 (𝑏 + 1) ⟨𝜂⟩ t
where 𝑏 > 0 is a parameter adjusting the width of the distribution
and thus controls the variation in the spatial extent of the solid phase,
i.e., the heterogeneity of the structure. A large value 𝑏 ≫ 1 gives
a narrow distribution, resulting in a structure with small degree of
structural heterogeneity, i.e., an approximately homogeneous structure.
Moreover, ⟨𝜂⟩ is the prescribed mean wave vector magnitude and sets
a mean number of ‘‘solid phase units’’. In order to obtain isotropic
microstructures, which will be the case throughout this paper, we sam-
ple the directions of the wave vector from the unit sphere. However,
if anisotropic microstructures are desired, the sampling can simply be
restricted to a subset of the unit sphere as shown by Tan et al. (2016).
A microstructure 𝑀(𝒓) of the form

𝑀(𝒓) =

{

1, if 𝒓 ∈ solid phase
0, if 𝒓 ∉ solid phase.

(3)

is obtained by level-cutting 𝐺(𝒓) to the desired ice volume fraction 𝜙
such that

𝑀(𝒓) =

{

1, if 𝐺(𝒓) > erf−1(1 − 2𝜙)
0, otherwise

(4)

where erf−1(⋅) denotes the inverse error function. The reader is re-
erred to Appendix B for more details about the characteristics of the
icrostructures used in this work.

.2. Elastoplastic model

Numerically modeling the effective mechanical behavior of porous
aterials requires a constitutive model for the solid phase. In this

ection, we formulate such model in the framework of finite strain
lastoplasticity theory. Defining the deformed and undeformed coordi-
ate 𝒙 and 𝑿, respectively, we make use of the common assumption
f decomposing the second-order tensor known as the deformation
radient 𝑭 = 𝜕𝒙∕𝜕𝑿 into an elastic and a plastic part as 𝑭 = 𝑭𝐸𝑭 𝑃 .

In this setting, we model the solid phase with a frame-indifferent,
isotropic, hyperelastic model described by a strain energy density
function 𝛹 (𝑭𝐸 ) and a yield criterion defining the onset of plastic,
irreversible, deformations. Specifically, we use the St. Venant-Kirchhoff
elastic model, expressed with the elastic Hencky strain tensor

𝜺𝐸 = 1
2

3
∑

𝑖=1
log 𝜆2𝑖 𝒏𝑖 ⊗ 𝒏𝑖 (5)

where 𝜆𝑖 are the principal stretches whose square are the eigenvalues
of the left Cauchy–Green deformation tensor 𝒃𝐸 = 𝑭𝐸 (𝑭𝐸 )𝑇 with
corresponding eigenvectors 𝒏𝑖. The St. Venant-Kirchhoff strain energy
density function can then be expressed as

𝛹 (𝑭𝐸 ) = 1
2
𝜆(tr 𝜺𝐸 )2 + 𝜇 tr(𝜺𝐸 ∶ 𝜺𝐸 ) (6)

where 𝜆 = 𝐸𝜈
(1+𝜈)(1−2𝜈) and 𝜇 = 𝐸

2(1+𝜈) are the Lamé parameters which can
be related to the Young’s modulus 𝐸 and Poisson’s ratio 𝜈. Introducing
the second order Kirchhoff stress tensor 𝝉 = 𝜕𝛹 (𝑭𝐸 )

𝜕𝑭𝐸 (𝑭𝐸 )𝑇 gives the
ollowing stress–strain relationship,

=  ∶ 𝜺𝐸 = 𝜆(tr 𝜺𝐸 )𝑰 + 2𝜇𝜺𝐸 . (7)

ote that the Kirchhoff stress 𝝉 is related to the Cauchy stress 𝝈 through
= det(𝑭 )𝝈. The choice of using a model based on Hencky strain,

s opposed to e.g. the Green strain, makes the elastoplastic numerical
ntegration scheme more convenient (Mast, 2013). The elastic model
resented here has been successfully used in various publications on
aterial point method modeling (Mast, 2013; Klár et al., 2016; Gaume

t al., 2018).
Geomechanical, polymeric and various other porous materials usu-

lly consist of a solid phase that is pressure-dependent, and thus a
imple von Mises yield criterion is insufficient for accurately capturing
he onset of plastic deformation. For this reason, the Drucker–Prager
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Fig. 1. The yield surface 𝑦(𝑝, 𝑞) = 0 of the Drucker–Prager strain softening model from
Eq. (8). The dashed line represents the final yield surface as 𝜀𝑃𝑆 → ∞. The arrows
represent the direction of the plastic flow.

model is often used as it introduces a linear pressure dependency to the
von Mises model, also reflecting the observed asymmetry in tensile and
compressive strengths. Furthermore, porous brittle solids exhibit strong
softening after failure. Consequently, in order to account for the main
physical processes outlined above in the simplest possible manner,
we propose a strain softening Drucker–Prager model to describe the
yielding of the solid phase of the GRF microstructures. This yield
function will be expressed in the space of the two stress invariants
𝑝 = − 1

3 tr 𝝉 called the mean stress and 𝑞 =
√

3
2 dev 𝝉 ∶ dev 𝝉 called

the von Mises equivalent stress, where we have defined the operator
dev(⋅) = (⋅)− 1

3 tr(⋅)𝑰 . With these definitions, the proposed yield function
s formulated as

(𝑝, 𝑞) = 𝑞 − 𝛾
(

𝑝 + 𝑐𝑒−𝜉𝜀
𝑃
𝑆
)

(8)

with a non-associative flow rule as shown in Fig. 1. Here, the constant
𝛾 can be related to the material’s friction angle, and 𝑐 > 0 represents
an initial cohesion. The constant 𝜉 > 0 controls the degree of post-
yield softening based on the accumulated amount of deviatoric plastic
strain 𝜀𝑃𝑆 ≡

√

dev(𝜺𝑃 ) ∶ dev(𝜺𝑃 ), allowing us to adjust the brittleness of
the material.

Yielding of the microstructure solid phase does not necessarily
imply effective failure of the macroscopic porous material. Relying
on Hill (1958), Nicot et al. (2009), Nicot and Darve (2015), Nicot
et al. (2017) argue that such macroscopic failure can be defined more
generally through the change of sign of the second order work

𝑊2 = ∫𝜕𝑉
�̇�(𝑡) ⋅ �̇� (𝑡) 𝑑𝑆 (9)

where 𝒖 = 𝑿 −𝒙 is the displacement and 𝒇 is the resulting force on the
boundary 𝜕𝑉 .

2.3. Numerical scheme

The mechanical response of microstructures subjected to loading
is numerically modeled with the material point method (MPM) as a
numerical scheme to approximate solutions to the mass and momentum
conservation equations,
𝐷𝜌
𝐷𝑡

+ 𝜌∇ ⋅ 𝒗 = 0, 𝜌𝐷𝒗
𝐷𝑡

= ∇ ⋅ 𝝈, (10)

here 𝜌 = 𝜌(𝒙, 𝑡) is the mass density, subject to an elastoplastic
onstitutive law as outlined in the previous section, and relevant initial
nd boundary conditions. Dating back to Sulsky et al. (1994), MPM
s a hybrid Eulerian–Lagrangian numerical scheme for solving the
ontinuum equations. In particular, it has gained attention for being
specially suitable and convenient for large deformation solid mechan-
cs modeling in the engineering and computer graphics community.
his stems from discretizing space into particles, which track position,
elocity, mass and deformation, combined with a background mesh
hich facilitates painless computation of spatial derivatives.

In the present study, we consider solid structures discretized into a
inite number 𝑁 of particles with constant and equal mass 𝑚 , initially
3

𝑝 𝑝
qual volume 𝑉𝑝 and initially zero velocity 𝒗𝑝. Given a background
grid with uniform grid spacing 𝛥𝑥, we consider interpolation functions
between a grid node 𝒊 and a particle 𝑝 on the form

𝑁𝒊(𝒙𝑝) = 𝑁
(𝑥𝑝 − 𝑥𝒊

𝛥𝑥

)

𝑁
( 𝑦𝑝 − 𝑦𝒊

𝛥𝑥

)

𝑁
( 𝑧𝑝 − 𝑧𝒊

𝛥𝑥

)

(11)

where 𝑁(𝑢) is here taken to be the quadratic B-spline

𝑁(𝑢) =

⎧

⎪

⎨

⎪

⎩

3
4 − |𝑢|2, if |𝑢| < 1

2
1
2 (

3
2 − |𝑢|)2, if 1

2 ≤ |𝑢| < 3
2

0, otherwise.
(12)

he background grid, which is considered regular and structured, has
o hard boundary in the sense that a grid node is only activated by
articles in its vicinity at each time step. Although there exist several
ariations of MPM, we have resorted to explicit time integration and
weighted combination of the particle-in-cell (PIC) and fluid-implicit-
article (FLIP) method for grid-particle interpolation, as presented and
sed by, e.g., Klár et al. (2016), Gaume et al. (2018). In Algorithm 1
e outline in details the steps of the MPM used in this work, and in
lgorithm 2 more details are provided on the computation of the return
apping procedure involved with the strain softening Drucker–Prager

riterion outlined in the previous section.
Algorithm 1: Elastoplastic explicit Euler B-spline PIC-FLIP MPM
initialize 𝑚𝑝, 𝑉𝑝,𝒙𝑝, 𝒗𝑝 = 𝟎, 𝑭𝐸 = 𝑰 , 𝜀𝑃𝑆,𝑝 = 0
or 𝑛 ← 0 to max time steps do

1. adapt time step: 𝛥𝑡 = min
(

𝐶CFL
𝛥𝑥

max𝑝 |𝒗𝑛𝑝|
, 𝐶el

𝛥𝑥
√

𝐸∕𝜌

)

2. interpolate grid mass: 𝑚𝑛
𝒊 =

𝑁𝑝
∑

𝑝=1
𝑚𝑝𝑁𝒊(𝒙𝑛𝑝)

3. interpolate grid velocity: 𝒗𝑛𝒊 =
1
𝑚𝑛
𝒊

𝑁𝑝
∑

𝑝=1
𝑚𝑝𝒗𝑛𝑝𝑁𝒊(𝒙𝑛𝑝)

4. get grid force: 𝒇 𝑛
𝒊 = −

𝑁𝑝
∑

𝑝=1
𝑉 0
𝑝

𝜕𝛹 (𝑭𝐸,𝑛
𝑝 )

𝜕𝑭𝐸 (𝑭𝐸,𝑛
𝑝 )𝑇∇𝑁𝒊(𝒙𝑛𝑝)

5. update grid velocity: 𝒗𝑛+1𝒊 = 𝒗𝑛𝒊 +
𝛥𝑡
𝑚𝑛
𝒊
𝒇 𝑛
𝒊

6. apply boundary conditions to the grid velocities
7. get trial elastic deformation gradient on the particles:

𝑭𝐸,trial
𝑝 =

(

𝑰 + 𝛥𝑡
∑

𝒊∈grid
𝒗𝑛+1𝒊

(

∇𝑁𝒊(𝒙𝑛𝑝)
)𝑇

)

𝑭𝐸,𝑛
𝑝

8. perform SVD of 𝑭𝐸,trial
𝑝 = 𝑼𝐸

𝑝 𝜮
𝐸,trial
𝑝 (𝑽 𝐸

𝑝 )
𝑇

9. get trial elastic Hencky strain: 𝜺𝐸,trial
𝑝 = ln𝜮𝐸,trial

𝑝

10. return mapping: Get 𝜺𝐸,𝑛+1
𝑝 from 𝜺𝐸,trial

𝑝 using Algorithm 2
11. update elastic deformation gradient on the particles

𝑭𝐸,𝑛+1
𝑝 = 𝑼𝐸

𝑝 𝑒
𝜺𝐸,𝑛+1
𝑝 (𝑽 𝐸

𝑝 )
𝑇

12. update particle velocity: 𝒗𝑛+1𝑝 = 𝛼𝑓𝒗FLIP
𝑝 + (1 − 𝛼𝑓 )𝒗PIC

𝑝 where
𝒗PIC
𝑝 =

∑

𝒊∈grid
𝒗𝑛+1𝒊 𝑁𝒊(𝒙𝑛𝑝), 𝒗FLIP

𝑝 = 𝒗𝑛𝑝 +
∑

𝒊∈grid
(𝒗𝑛+1𝒊 − 𝒗𝑛𝒊 )𝑁𝒊(𝒙𝑛𝑝)

13. update positions: 𝒙𝑛+1𝒊 = 𝒙𝑛𝒊 + 𝛥𝑡𝒗𝑛+1𝒊 , 𝒙𝑛+1𝑝 =
∑

𝒊∈grid
𝒙𝑛+1𝒊 𝑁𝒊(𝒙𝑛𝑝)

nd
omment: 𝐶CFL, 𝐶el and 𝛼𝑓 ∈ [0, 1] are appropriate constants chosen
o obtain a stable scheme. We have found 𝐶CFL = 0.6, 𝐶el = 0.5 and
𝑓 = 0.99 to give stable results for our simulations.

2.4. Simulation setup

We let GRF microstructures be subjected to displacement-controlled
triaxial loading. Statistical fluctuations of the structures are accounted
for by simulating and averaging over several realizations for given GRF
parameters, in particular the solid volume fraction 𝜙. In this work,
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Algorithm 2: Return mapping for the strain softening non-associative
rucker–Prager model introduced in Eq. (8) and Fig. 1

input : 𝜺𝐸,trial
𝑝 , 𝜀𝑃𝑆,𝑝

output : 𝜺𝐸,𝑛+1
𝑝 , 𝜀𝑃𝑆,𝑝

define : 𝐾 = 𝜆 + 2𝜇∕3
𝛿𝜋𝑝 = | dev(𝜺𝐸,trial

𝑝 )| + 𝛾
√

6𝜇

(

𝐾 tr(𝜺𝐸,trial
𝑝 ) − 𝑐𝑒−𝜉𝜀

𝑃
𝑆,𝑝

)

if 𝐾 tr(𝜺𝐸,trial
𝑝 ) ≥ 𝑐𝑒−𝜉𝜀

𝑃
𝑆,𝑝 then

𝜀𝑃𝑆,𝑝 += | dev(𝜺𝐸,trial
𝑝 )|

𝜺𝐸,𝑛+1
𝑝 = 𝑐

3𝐾 𝑒−𝜉𝜀
𝑃
𝑆,𝑝𝑰

lse if 𝛿𝜋𝑝 > 0 then
𝜀𝑃𝑆,𝑝 += 𝛿𝜋𝑝
𝛿𝜋∗

𝑝 = | dev(𝜺𝐸,trial
𝑝 )|

if 𝐾 tr(𝜺𝐸,trial
𝑝 ) < 𝑐𝑒−𝜉𝜀

𝑃
𝑆,𝑝 then

𝛿𝜋∗
𝑝 += 𝛾

√

6𝜇

(

𝐾 tr(𝜺𝐸,trial
𝑝 ) − 𝑐𝑒−𝜉𝜀

𝑃
𝑆,𝑝

)

𝜺𝐸,𝑛+1
𝑝 −= 𝛿𝜋∗

𝑝
dev(𝜺𝐸,trial

𝑝 )

| dev(𝜺𝐸,trial
𝑝 )|

else
𝜺𝐸,𝑛+1
𝑝 = 𝑐

3𝐾 𝑒−𝜉𝜀
𝑃
𝑆,𝑝𝑰

end
𝜀𝑃𝑆,𝑝 += (𝛿𝜋∗

𝑝 − 𝛿𝜋𝑝)
lse

𝜺𝐸,𝑛+1
𝑝 = 𝜺𝐸,trial

𝑝
end
comment: If the trial step returns a stress state with mean stress
smaller than permitted by the yield criterion, the first if-statement is
evaluated as true. The state is then projected to the ‘‘tip’’ of the yield
surface as illustrated by the arrows to the left in Fig. 1. If instead the
mean stress is to the right of the ‘‘tip’’, but still outside the yield
surface, the else if statement is evaluated as true. On the other
hand, if the trial state is inside the yield surface, the final else
statement is evaluated as true, and the trial state is accepted without
modifications.

we apply our method only to isotropic samples with a low degree of
structural heterogeneity. The microstructural and material parameters
are summarized in Table 1 and taken to be representative of snow as a
porous medium consisting of an ice skeleton.

While the Young’s modulus 𝐸𝑠 and Poisson’s ratio 𝜈𝑠 of the solid
phase (ice) are taken to be in the realistic range (Petrovic, 2003),
the density 𝜌𝑠 is chosen ten times larger than that of actual ice in
order to speed up the simulations. In the absence of gravity, this
modification results only in a time–velocity scaling, and it has been
verified that the overall stress–strain behavior is unaffected by this
choice. Moreover, the choice 𝛾 = 1.2 corresponds to a friction angle
of 30 degrees for the solid phase (Aexeev et al., 2003). In addition, we
assume for simplicity that the cohesion of a material point vanishes
immediately after yielding, hence the choice of a large 𝜉. The size
of the microstructures are chosen on the basis of a representative
volume element convergence analysis in order to mitigate finite size
effects, see Appendix A. The results of this analysis suggest a size
of at least nine mean wavelengths ⟨𝜔⟩ = 2𝜋∕⟨𝜂⟩ per (shortest) side
length 𝐿. For the purpose of the numerical simulations, the structures
are discretized such that the microstructural shape and contour are
sufficiently resolved on a 131 × 131 × 131 regular particle grid. The
background Eulerian grid is subsequently chosen to yield eight particles
per grid cell.

The structures are subjected to deformation by displacing six sur-
rounding ‘‘sticky’’ walls, each having a fixed velocity. Similar to Fritzen
4

et al. (2012), we assume that two opposite walls have equal, but r
Table 1
Microstructure and material parameters.

Parameter Symbol Value Unit

Number of GRF waves 𝑁𝑐 104 –
Relative mean GRF wavelength ⟨𝜔⟩∕𝐿 1∕9 –
Degree of GRF heterogeneity 𝑏 50 –
Solid phase density 𝜌𝑠 104 kg/m3

Solid phase Young’s modulus 𝐸𝑠 10 GPa
Solid phase Poisson’s ratio 𝜈𝑠 0.3 –
Internal friction constant 𝛾 1.2 –
Internal cohesion 𝑐 2.5 MPa
Degree of softening 𝜉 106 –
Imposed strain rate �̇�wall 5 ⋅ 10−4 s−1

oppositely directed velocities such that the movement of the six walls
can be described by the three strain rates

�̇�wall
𝑥 = (𝛽2 + 𝛽1)�̇�wall

�̇�wall
𝑦 = (𝛽2 − 𝛽1)�̇�wall

�̇�wall
𝑧 = 𝛽2�̇�

wall

(13)

hrough two variable parameters 𝛽1 and 𝛽2. Here, �̇�wall is an imposed
train rate constant presented in Table 1. The two adjustable parame-
ers 𝛽1 and 𝛽2 allow us to continuously transition between simulations
f isotropic tension (𝛽1 = 0, 𝛽2 = 1), through pure shear (𝛽1 = 1, 𝛽2 = 0),
o isotropic compression (𝛽1 = 0, 𝛽2 = −1). The effective response of the
ystem is evaluated by recording the volume-averaged mean stress ⟨𝑝⟩
nd von Mises equivalent stress ⟨𝑞⟩. In the pure elastic regime, the
ffective bulk modulus 𝐾 can be obtained by fitting to ⟨𝑝⟩ = −𝐾𝜖𝑉 ,
here 𝜖𝑉 = 6𝑡𝛽2�̇�wall is the imposed macroscopic volumetric engineer-

ng strain. In addition, the effective failure of the overall structure is
efined by the second order work criterion 𝑊2 = 0. We denote the
olume-averaged mean and von Mises equivalent stress at failure by
𝑝⟩𝑓 and von Mises equivalent stress ⟨𝑞⟩𝑓 , respectively.

. Results

.1. Elasticity and failure onset

Fig. 2 shows the volume-averaged mean stress ⟨𝑝⟩ and von Mises
quivalent stress ⟨𝑞⟩ as a function of imposed strain for simulations in
sotropic compression and pure shear, respectively. The corresponding
volution of the second order work is shown in Fig. 3 together with the
ailure criterion 𝑊2 = 0. The computational cost of these simulations
epends on the solid volume fraction as the mesh resolution and the
arameters restricting the time step size (see Algorithm 1) remain
onstant. For a typical case of one million particles, the simulation time
s roughly 75 min, or 0.09 s per time step. The computations were
arallelized with Intel TBB on 48 Intel Xeon Gold 6136 processors.

Before yielding, i.e., 𝑦(𝑝, 𝑞) < 0, the mechanical response is purely
lastic. The elastic response is stiffer with increasing solid volume
raction of the system. Correspondingly, the failure strength increases
ith solid volume fraction. In Fig. 4 we present the effective elastic
ulk modulus 𝐾, shear modulus 𝐺 and failure strengths ⟨𝑝⟩𝑓 , ⟨𝑞⟩𝑓 as a
unction of solid volume fraction 𝜙. We find that a simple power law
n the solid volume fraction is applicable to describe our observations
f both the elastic moduli and the failure strengths, in particular,

𝐾 ∼ 𝜙3.22 ± 0.03 (14a)
𝐺 ∼ 𝜙3.05 ± 0.04 (14b)

⟨𝑝⟩𝑐𝑓 ∼ 𝜙3.86 ± 0.03 (14c)

⟨𝑝⟩𝑡𝑓 ∼ 𝜙3.27 ± 0.05 (14d)

𝑞⟩𝑠𝑓 ∼ 𝜙3.75 ± 0.03 (14e)

where the superscripts 𝑐, 𝑡 and 𝑠 refer to loading in isotropic compres-
ion, tension and pure shear, respectively. The provided uncertainty of
he power law exponent is the standard error under the assumption of

esidual normality.
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Fig. 2. Stress–strain curves for samples of various solid volume fractions 𝜙 under (a) isotropic compression loading and (b) pure shear loading. The failure point is marked for
ach simulation. Here, 𝜖𝑉 and 𝜖𝑆 represent volumetric and shear engineering strain, respectively.
Fig. 3. Normalized second order work for samples of various solid volume fractions 𝜙 under (a) isotropic compression loading and (b) pure shear loading. It is normalized through
scaling by the observed minimum second order work of all samples. Since samples will fail at different imposed deformations, the strain axis is here normalized according to

he strain at failure. The 𝑊2 = 0 failure criterion is marked by a solid black line, and the inset plots provides a zoom view of the failure line crossing.
Fig. 4. Evolution of (a) bulk and shear modulus and (b) stress at failure in isotropic compression, isotropic tension and pure shear, as a function of the solid volume fraction 𝜙,
resented in a log–log scale.
.2. Failure envelope

Failure envelopes are presented in Fig. 5 in the space of volume-
veraged mean and von Mises equivalent stress. Remarkably, we ob-
erve that over the full range of porosities studied, failure envelopes
an be approximated reasonably well by a simple quadratic curve,

(𝑝) = 2𝑀
2𝛽 + 1

(𝑝𝑐 − 𝑝)(𝛽𝑝𝑐 + 𝑝)
𝑝𝑐

(15)

where 𝑝𝑐 represents the compressive strength, 𝛽 gives the ratio of tensile
to compressive strength and 𝑀 is the cohesionless critical state line,
in analogy to the cohesive Cam-clay model as used by Gaume et al.
(2018).

In Fig. 5, we include our failure envelope model fitted according
to the simulation data using ordinary least squares. This fitting yields
coefficients of determination between 𝑅2 = 0.90 (for 𝜙 = 0.2) and
𝑅2 = 0.96 (for 𝜙 = 0.266). Interestingly, we find a mean value for 𝑀
as 1.35 ± 0.14 and that 𝛽 depends linearly on the solid volume fraction
5

through 𝛽 = 0.43 − 0.40𝜙 with 𝑅2 = 0.991. Collapsing the data onto
the unit quadratic parabola, we display in Fig. 6 the failure points in
the space of the correspondingly transformed variables ⟨𝑝⟩∗ = 2𝑝∕𝑝𝑐+𝛽−1

𝛽+1
and ⟨𝑞⟩∗ = 2

𝑀
2𝛽+1
(𝛽+1)2

𝑞
𝑝𝑐

.
Studying the stress paths followed after failure, it appears that

an associative flow rule is an appropriate choice for smaller solid
volume fractions, see Fig. 7a. In this case, the stress follows roughly
the gradient to the failure envelope. For larger solid volume fractions,
as illustrated in Fig. 7b, the situation becomes more complex due to the
enhanced difference between tensile and compressive failure. However,
the direction of the stress paths after failure is still well approximated
by the envelope normal.

3.3. Large strain failure behavior

So far, we have investigated the elastic and failure regimes which
take place at relatively small deformations. In order to further eval-
uate our general numerical approach, we perform large deformation



Computers and Geotechnics 140 (2021) 104284L. Blatny et al.

s
z
c

Fig. 5. Failure envelopes. The model of Eq. (15) is illustrated in (a) and its fit to the data is shown in (b) and (c). The observed failure points from the simulations are marked
as dots. For each structure, 13 different combinations of (𝛽1 , 𝛽2) are chosen to explore the stress space.
Fig. 6. Failure envelopes for all structures normalized to the unit quadratic parabola.

imulations on microstructures in uniaxial confined compression with
ero-friction slipping boundary conditions. Specifically, we study mi-
rostructures with various initial solid volume fractions (𝜙 = 0.24,

0.34, 0.44, 0.54 and 0.70) and aspect ratio 2:1, elongated in the direc-
tion of compression, in order to better study the spatial propagation of
failure. Fig. 8 visualizes the velocity distribution in the samples studied.
Areas displaying higher velocity gradients are accompanied by higher
plastic strain rates, visualized in Fig. 9. Fig. 10 shows the accumulated
plastic strain.

Different failure features can be observed depending on the initial
solid volume fraction. Failure is initiated at the top near the compres-
sive plate for samples with low solid volume fraction, while closer to
6

the middle of the sample when the solid volume fraction is higher.
The reader is referred to the supplementary videos for the temporal
evolution of these samples. In simulations of the samples with the two
lowest initial solid volume fractions, a compaction band (a narrow
horizontal zone of localized deformation) propagates from the top of
the sample in the vertical direction of compression. In the samples with
higher solid volume fractions, shear bands are initiated closer to the
middle of the structure.

Fig. 11a shows how the volume-averaged mean stress changes
with imposed deformation until the structures are fully compacted,
i.e., reached a jamming state. Correspondingly, Fig. 11b displays the
evolution of the inverse solid volume fraction in these large defor-
mation simulations as a function of the macroscopic mean stress. We
can divide the deformation into different stages: the initial elastic and
yielding stage until failure, post-failure softening, plastic consolidation
or collapse, and finally densification/jamming. Using this classification,
we display the stress evolution in Fig. 12 in the case of the initial solid
volume fraction being 0.34. In the densification stage of this structure,
we observe an effective friction angle of 20 degrees (𝑞 ≈ 0.75𝑝).

4. Discussion

The results of our numerical experiments, presented in the previous
section, highlight universal relationships of elasticity and failure with
solid volume fraction in porous brittle solids. In order to substantiate
the general and stochastic microstructure-based approach proposed in
Fig. 7. Selected stress paths followed in two structures of different solid volume fraction 𝜙, (a) 𝜙 = 0.30, (b) 𝜙 = 0.70. The failure points and envelopes are marked. The different
stress paths, marked by colored lines, are obtained by altering the loading through (𝛽1 , 𝛽2) in Eq. (13).
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Fig. 8. Vertical component of velocity 𝑣𝑦 visualized in microstructures with various initial solid volume fractions 𝜙 = 0.24, 0.34, 0.44, 0.54, 0.70, from left to right. The top row is
taken at 𝜖𝑉 = −0.4%, the bottom at 𝜖𝑉 = −11%. See also supplementary movie.
Fig. 9. Deviatoric plastic strain per time step 𝛥𝜀𝑃𝑆 visualized in microstructures with various initial solid volume fractions 𝜙 = 0.24, 0.34, 0.44, 0.54, 0.70, from left to right. The top
row is taken at 𝜖𝑉 = −0.4%, the bottom at 𝜖𝑉 = −11%. See also supplementary movie.
Fig. 10. Accumulated deviatoric plastic strain 𝜀𝑃𝑆 visualized in microstructures with various initial solid volume fractions 𝜙 = 0.24, 0.34, 0.44, 0.54, 0.70, from left to right. The top
row is taken at 𝜖𝑉 = −0.4%, the bottom at 𝜖𝑉 = −11%. See also supplementary movie.
this paper, we discuss in the following how these results relate to
previous numerical and experimental observations.

Regarding elasticity and onset of failure, we see in Fig. 4 that a
simple power law in the solid volume fraction 𝜙 can explain the evo-
lution of bulk modulus and failure remarkably well. In the literature,
several power laws for the elastic modulus and failure strength have
been suggested. In particular, a Young’s modulus 𝐸 ∼ 𝜙𝑚 with 𝑚 ∈
[3, 5] is typically reported. It is argued that the exponent 𝑚 reflects
7

the nature of the effective structural ‘‘backbone’’ of the system through
which the stress is transmitted. This backbone is the part of the (per-
colating cluster of the) structure that carries the majority of the load
and thus contributes the most to the overall deformation (Mewis and
Wagner, 2011; Roy and Tirumkudulu, 2016; Gaume et al., 2017b).
Notably, Bruno et al. (2011) provide a general physical interpretation
of the power law exponent 𝑚 as a parameter accounting for the mi-
crostructure morphology. Based on FEM simulations, both Bruno et al.
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Fig. 11. Uniaxial confined compression simulations of various initial solid volume fractions 𝜙. In (a), volume-averaged mean stress ⟨𝑝⟩ as a function of volumetric strain 𝜖𝑉 . The
inset plot shows the initial elastic and softening phase at small deformations. In (b), inverse solid volume fraction as a function of mean stress.
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(2011) and Roberts and Garboczi (2000) show how 𝑚 is higher when
pores are star-shaped as opposed to sphere-shaped. In this view, the
power law exponents reported in Eq. (14) are inherently associated
with the morphology of the GRF microstructures and cannot necessarily
be considered valid for any structure in general. In fact, Roberts and
Garboczi (2002) and Soyarslan et al. (2018) have studied similar GRF
microstructures, albeit only in the elastic regime and only for isotropic
and perfectly homogeneous structures (i.e., the GRF wave vectors have
a fixed magnitude). Their proposed modulus-porosity relationships do
not generally give a better fit to our simulations than the simple power
law proposed here for the wide range of solid volume fractions. A
sensitivity analysis of the plastic parameters of the Drucker–Prager
model has revealed that the power law exponents are minimally af-
fected by the cohesion 𝑐. However, in isotropic compression, adjusting
the friction 𝛾 will have a notable effect on the power law exponent. In
particular, by increasing the friction angle from 30 to 50 degrees, we
report an increase of 25% in this exponent. This is due to the different
stress paths a porous and a dense sample will display, as can be seen
by in comparing the slope of the pink curves in Fig. 7. Moreover, pre-
vious studies relying on DEM simulations of cohesive discrete spherical
systems have argued that stiffness and failure onset is more sensitive
to contact density than solid volume fraction alone. Contact density
is the product of coordination number and solid volume fraction.
These authors have proposed corresponding power laws for failure
onset in the contact density, finding power law exponents between 2.5
and 3.6 (Gilabert et al., 2008; Gaume et al., 2017b; Yamaguchi et al.,
2020; Ritter et al., 2020). However, in continuous structures as studied
here, the coordination number cannot be straightforwardly defined as
it represents the number of contacts between discrete elements.

The quadratic approximation of the failure envelopes is exceptional
for the highly porous structures. However, as the solid volume fraction
increases, this simple approximation overestimates the data points
around vanishing mean stress (i.e., when the stress is deviatoric) which
can be seen in Fig. 5b. This can be related to the determination of
failure in high solid volume fraction samples in shear, in which case
the second-order work displays two significant surges, e.g., as can be
seen in Fig. 3b. The criterion 𝑊2 = 0 can only select one of those surges
as the failure point, creating a distinction between samples failing at
low stress (tensile side of the envelope) or high stress (compressive side
of the envelope). Nevertheless, we have chosen to keep the criterion
𝑊2 = 0 due to its otherwise robust and simple character. In general, we
have found the failure criterion 𝑊2 = 0 to be an accurate, unambiguous
and easy way of determining failure under general loading modes. This
is in contrast to failure criteria such as those based on maximum shear
8

stress (Mede et al., 2018), initial stress peak (Gaume et al., 2017b)
or a kinetic energy threshold (Ritter et al., 2020). The second order
work failure criterion employed in this study was also used by Mede
et al. (2020) in DEM modeling of snow under special loading condi-
tion. Moreover, our numerical experiments indicate that the quadratic
failure envelope remains an excellent approximation regardless of the
choice of cohesion 𝑐 and friction 𝛾 in the Drucker–Prager model. In
fact, the cohesion parameter 𝑐 has been found to not influence the
fitting constants 𝛽 and 𝑀 of the envelope. This is in contrast to the
friction parameter 𝛾, which clearly will bring about a decrease in 𝛽
f increased. Interestingly, in Fig. 2, we evidence a general trend of
ncreased strain at failure with increasing solid volume fraction, which
s a consequence of the power law exponent being greater for the elastic
odulus than for failure strength. This observation is in contrast to that

f Gaume et al. (2017b) and Yamaguchi et al. (2020). Furthermore,
onsidering only one congruent half of the parabolic envelope, the
itted envelopes are consistent with overall qualitative behavior of
he Gurson/GTN models. However, these models make no distinction
etween dilation and compression as it assumes a perfectly plastic (von
ises) behavior for the solid phase. Performing triaxial experiments of

orous carbonate, Chen et al. (2020) also suggest a quadratic fit to the
ailure envelope. Based on DEM simulations of porous microstructures
𝜙 < 0.35) represented as a monodisperse system of sticky hard

spheres, Ritter et al. (2020) advocate an elliptic fit. Indeed, an elliptic
fit for the most porous samples will also yield a reasonable match with
our data. Moreover, the apparent associativity of the plastic flow is
consistent with previous investigations by the same authors. Triaxial
compression experiments by Wong et al. (1997) of porous sandstone
support these findings, concluding that associative plastic flow is within
reasonable agreement with measurements of the porosity evolution.

Propagating compaction bands as seen in our in uniaxial compres-
sion simulations are consistent with experimental measurements in
sandstone, e.g., by Baud et al. (2015) and in snow, e.g., by Barraclough
et al. (2017). However, in the latter experiments, they observed reflec-
tion of these bands at the boundaries, which we do not reproduce in
the present simulations. To account for this, the elastoplastic model can
be extended to include rate-dependent mechanisms such as sintering
of the material, allowing the material to strengthen over a certain
characteristic time (Mulak and Gaume, 2019). As the structure with
initial solid volume fraction of 𝜙 = 0.34 is being compressed from the
top at an imposed constant speed, the emerging compaction band
propagates smoothly down the sample, and no significant stress surges
are observed, see orange line in Fig. 11. On the other hand, when the
initial solid volume fraction is 𝜙 = 0.24, the propagation of localized
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Fig. 12. Stress path followed under uniaxial confined compression simulation of a
ample with initial solid volume fractions 𝜙 = 0.34. The different colors mark different
hases of the compression.

ompaction is not completely smooth, and we observe several surges
n the mean stress, plotted as the blue line in Fig. 11. During the
hree clearly visible stress surges at 7%, 20% and 35% compression,
he localized zone of deformation will display spatial ‘‘jumps’’. This is
eminiscent of the experimental observations of snow by Löwe et al.
2020) whose stress–strain curves show that if snow is sufficiently
onsolidated, it can display significant softening surges. The serrated
esponse observed by these authors are explained with a healing mech-
nism which is actually absent in the model considered here. In coupled
wo-dimensional FEM-DEM simulations of high-porosity sandstone (𝜙 =
0.67), Wu et al. (2020a) also report propagating compaction bands.
However, their numerical studies reveal that these localized failure
patterns transition to a shear band in a continuous process as the
samples are compressed. On the other hand, Wu et al. (2020b) reveal
in similar simulations of sandstone how the type of deformation band
depends on the loading conditions. Although how failure localizes
follows from structural arrangements, processes and imperfections on
the microscale, it may also be considered a result of instability in the
macroscopic constitutive description of plastic deformation (Rudnicki
and Rice, 1975; Chambon et al., 2000). In particular, Borja and Aydin
(2004) and Borja (2004) outline a mathematical framework based on
bifurcation theory and demonstrate with numerical simulations the
role the constitutive model and finite deformation effects play on the
occurrence of shear or compaction bands in geomaterials.

Due to the plastic strain softening model, the numerical solutions
will suffer from mesh dependency after yielding. Mesh dependency
is a common feature in FEM modeling involving strain localization,
with finer meshes typically resulting in narrower, more concentrated
bands. This is also the case with MPM. To fully undertake this issue
there exist several rigorous techniques of regularizing strain localiza-
tion, and thus avoiding mesh dependency. Example of these methods
include higher-order gradient methods (Aifantis, 1984; Vardoulakis and
Aifantis, 1989), the introduction of nonlocal variables through spatially
weighted averaging (Jin and Arson, 2018; Monforte et al., 2019), rely-
ing on Cosserat continuum theory (Mühlhaus and Vardoulakis, 1987),
the phase-field approach (Kuhn and Müller, 2010; Ambati et al., 2015)
or more recently the Lip-field approach (Moes and Chevaugeon, 2021).
In various ways, they are all related to introducing characteristic length
scales in the governing equations. Just as in similar recent multiscale
studies (Guo and Zhao, 2014, 2016; Wu et al., 2019, 2020a,b) no such
regularization scheme has been considered in this work. However, we
addressed the issue of mesh dependency by taking the mesh size into
the yield criterion which is a simple approach to help mitigate the
influence of the mesh to the numerical solution. In particular, making
the cohesion parameter 𝑐 of the Drucker–Prager model dependent
on mesh size can yield approximately mesh independent stress–strain
response, which has been validated through numerical experiments.
This is similar to the approaches employed/discussed in, e.g., Schreyer
et al. (2002, 2006), Mahajan et al. (2010), Sulsky and Peterson (2011),
9

Zabala and Alonso (2011), Gaume et al. (2018), Garavand et al. (2020)
ensuring that the same amount of energy is dissipating for different
mesh resolutions. In our simulations, the error in stress–strain response
resulting from mesh size has not been found to be any greater than
that resulting from the morphological randomness of GRF microstruc-
tures with fixed structural parameters. As such, in this paper which
has focused on the general numerical framework and broad trends
rather than the accuracy of its solution to a particular problem, our
approach helps mitigate mesh dependency in the sense that it produces
reasonably reliable failure stresses and post-peak stress evolution. The
conclusions made in this paper regarding the onset of failure, its power
law and failure envelope are therefore believed not to be affected by
mesh resolution. However, the localized deformation band width on the
scale of the solid phase will still depend on mesh resolution.

The influence of microstructural length scales and their heterogene-
ity on the mechanical response has not been quantified in this work. We
recall how the degree of heterogeneity is specified by the parameter
𝑏 controlling the width of distribution over the GRF wave vector
magnitude. This distribution can be seen as one potential continuous
analogue to the grain size distribution in discrete/granular systems,
see also Appendix B for more details on this. Studying the influence of
grain size and its distribution requires careful considerations of finite
size effects, because in this case the ratio of the system size to the
microstructural length scales will vary between samples of different
heterogeneity. In addition, larger representative volume elements will
require finer spatial discretization, meaning that a thorough study of a
sufficient number of samples can become considerably expensive from
a computational point of view. Experimentally investigating granular
media (sand), Rattez et al. (2020) reported that the peak stress de-
creases with grain size, but found no influence of the broadness of
the grain size distribution. Contact dynamics simulations of granular
media have reached similar conclusions regarding the influence of this
distribution on shear strength (Nguyen et al., 2015; Estrada, 2016).
Moreover, they observed that the shear band thickness increases with
both the mean grain size and the broadness of the grain size distri-
bution. Furthermore, Einav (2007) and Rattez et al. (2020) discuss
the temporal evolution of grain size distribution during compression,
suggesting that during the fragmentation process larger grains get
surrounded by smaller ones, consequently providing a cushioning effect
that leads to an ultimate grain size distribution. It is not clear to what
extent all these observations on particulate systems translate to the
continuous situation of non-particulate structures considered here, and
a reliable validation of the effect of grain size distribution on shear band
thickness in our numerical model is not possible as discussed in the
above paragraph.

5. Conclusion

This work proposes a general and unified approach for mechanical
modeling of porous brittle materials, using finite strain elastoplas-
ticity theory, the material point method and Gaussian random field
microstructures. With these ingredients, we are able to realistically
simulate elasticity, failure, post-peak behavior and large deformation
characteristics of geomaterials represented by arbitrary bicontinuous
microstructures in a single framework. Previously, this has primarily
been treated with DEM for spherical/particulate porous media only.

The numerical approach outlined here has shown that both the elas-
tic moduli and the failure strength can be captured by a simple power
law in the solid volume fraction over a wide range, from 20 to 80%.
For these porous brittle materials whose solid phase can be described
by a strain softening Drucker–Prager model, a basic quadratic fitting
curve has been shown to reproduce the observed failure envelopes
well. Moreover, we have provided evidence that an associative flow
rule is appropriate, consistent with previous experimental and com-
putational experiments. Furthermore, large deformation uniaxial com-
pression simulations reveal that failure initially localizes in compaction
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bands propagating from the top in porous samples, while as shear bands
in denser samples. We have thoroughly discussed these purely numeri-
cal results in light of previous numerical and experimental observations
of porous media mechanics.

The computational simulations in this study have been carefully
designed to mitigate finite size effects, discretization errors and statis-
tical structural fluctuations. We have applied our method to explore
nearly homogeneous microstructural geometries resulting from single-
cut Gaussian random fields. A continuation of this work may compare
to other GRF based morphologies, such as the two cut, open-cell
intersection or closed-cell union GRF microstructures as presented in
Roberts and Garboczi (2002). Additionally, future studies can inves-
tigate the influence of heterogeneity, which is easily tunable through
the GRF framework presented here. Many real structures exhibit some
degree of structural anisotropy, and although not presently studied,
the microstructure generation algorithm used in this work is also
capable of capturing this feature. However, these future studies may
entail significantly larger representative volume elements which will
require considerable computational resources. Finally, another future
investigation include the role of the third stress invariant on the failure
and post-peak behavior.

CRediT authorship contribution statement

Lars Blatny: Investigation, Methodology, Writing – original draft,
isualization, Software, Formal analysis. Henning Löwe: Methodol-
gy, Supervision, Writing – review & editing. Stephanie Wang: Soft-
are, Writing – review & editing. Johan Gaume: Methodology, Con-

eptualization, Project administration, Supervision, Funding acquisi-
ion, Writing – review & editing.

eclaration of competing interest

The authors declare that they have no known competing finan-
ial interests or personal relationships that could have appeared to
nfluence the work reported in this paper.

cknowledgment

This work was supported by the Swiss National Science Foundation
grant number PCEFP2_181227).

ppendix A. Representative volume element

The relative size (i.e., the number of solid phases per unit length)
f the microstructures is determined through a representative volume
lement convergence analysis, see Fig. A.13. The results suggests a size
f at least nine mean wavelengths, in agreement with the findings
f Soyarslan et al. (2018) and Chen et al. (2015) (and references
herein). Thus, our computational results should not be significantly
nfluenced by finite size effects.

ppendix B. Characteristics of the microstructures

We recall how the parameter 𝑏 gives the degree of heterogeneity in
he microstructures as a parameter controlling the width of the distri-
ution over the sampled wave vector magnitudes 𝜂. We can convert this
istribution into a distribution over number of wavelengths 𝜔 ≡ 2𝜋∕𝜂
er side length 𝐿 of the structure, which we visualize in Fig. B.14a for
arious values of 𝑏. Observe that all these distributions have a mean
∕𝜔 equal to nine, as this was the size found in the representative
olume element convergence analysis of Appendix A. Since, at a fixed
olid volume fraction, the value of the wavelengths relates to the extent
f the solid phase elements, this distribution can be thought of as one
otential continuous analogue to the grain size distribution in discrete
10

particulate/granular) systems.
The spatial autocorrelation function (two-point correlation func-
ion) of the binary microstructure 𝑀(𝒓) is defined as

(𝒓) = 1
𝑉tot ∫

𝑀(𝒓′)𝑀(𝒓′ + 𝒓)𝑑3𝒓′ (B.1)

where 𝑉tot is the total solid and void volume. According to the Wiener–
Khinchin theorem, it is given by the Fourier transform of the absolute
squares of the Fourier coefficients of 𝑀(𝒓). Thus, assuming periodicity
of the microstructure, we can efficiently obtain the spatial autocorre-
lation function through a fast Fourier transform (FFT) of the binary
microstructure. Moreover, we can define 𝑔(𝑟) as the angular-averaged
spatial autocorrelation function,

𝑔(𝑟) = 1
4𝜋 ∫

2𝜋

0 ∫

𝜋

0
𝛤 (𝒓) sin(𝜃)𝑑𝜃𝑑𝜑 , 𝒓 = (𝑟, 𝜃, 𝜑) (B.2)

Witnessing that 𝑔(0) = 𝜙 and 𝑔(𝑟 → ∞) = 𝜙2 we can define the
ormalized angular-averaged spatial autocorrelation function

norm(𝑟) =
𝑔(𝑟) − 𝜙2

𝜙 − 𝜙2
. (B.3)

n Fig. B.14b we visualize 𝑔norm(𝑟) for various levels of heterogeneity 𝑏.
We can define the specific surface area 𝑆𝑆𝐴 as the ratio of surface

rea to solid volume. However, in the literature it is also common to
efine it as per total solid and void volume, or per solid mass. According
o Berryman (1987), 𝑆𝑆𝐴 can be found by studying the initial slope of
he angular-averaged spatial autocorrelation function,

𝑆𝐴 = − 4
𝜙
lim
𝑟→0

𝜕
𝜕𝑟

𝑔(𝑟) (B.4)

In Fig. B.15a we visualize the measured 𝑆𝑆𝐴 as a function of solid
volume fraction and in B.15b as a function of mesh resolution. With a
fixed mean wavelength and degree of heterogeneity as presented here,
it is clear that 𝑆𝑆𝐴 changes with solid volume fraction. However, with
a more detailed parameter study, adjusting the structural parameters
allows to independently control SSA from the solid volume fraction.

All samples studied in this work are percolating in the sense that
there exists a continuous solid part of the structure that spans all sides
of the sample. With a solid volume fraction approaching the percolation
threshold, it becomes increasingly problematic to study the dependency
with the mechanical properties as they become more dependent on
arbitrary and delicate microstructural geometrical connections. As an
example, we observe in Fig. 6 how the data scatter increases for
decreasing solid volume fraction.

The obtained microstructure of the GRF algorithm may contain
structural elements that do not belong to the percolating, side-to-side
spanning, cluster. Consequently, the actual solid volume fraction 𝜙 may
differ from the solid volume fraction 𝜙𝑝 of the underlying percolating
structure. This is especially the case for highly porous samples. The
quantity 𝜙𝑝 was retrieved using the burning method by Herrmann et al.
(1984). As shown in Fig. B.16a, the deviation of the percolating solid
volume fraction 𝜙𝑝 to that of the whole system 𝜙 is negligible above
roughly 𝜙 = 0.25. The percolation threshold for these microstructures
occur at roughly 𝜙 = 0.15. Using the percolating solid volume fraction
𝜙𝑝 instead of 𝜙 does not change the results of the paper, including the
obtained power law, significantly.

We can further study the morphology of the microstructures by
measuring their tortuosity, defined here as ⟨𝑙min⟩∕𝐿 where 𝐿 is the
side length and ⟨𝑙min⟩ is the mean minimum path length from one
side of the structure to the opposite side (through either the solid or
void phase). As a function of solid volume fraction, this is displayed in
Fig. B.16b. Naturally, the void phase tortuosity increases and the solid
phase tortuosity decreases with solid volume fraction.

Appendix C. Supplementary data

Supplementary material related to this article can be found online

at https://doi.org/10.1016/j.compgeo.2021.104284.

https://doi.org/10.1016/j.compgeo.2021.104284
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Fig. A.13. Convergence in effective bulk modulus and failure mean stress as the size of the samples increases, here measured as 𝑁𝜔 = 𝐿∕⟨𝜔⟩, i.e., the number of mean
wavelengths ⟨𝜔⟩ per cube side length 𝐿. Nine realizations are made for each statistically identical microstructure (with a solid volume fraction 𝜙 = 0.25) subjected to isotropic
compression loading.

Fig. B.14. (a) Histogram over the number of wavelengths per structure side length and (b) normalized angular-averaged spatial autocorrelation function for various degrees of
heterogeneity 𝑏.

Fig. B.15. (a) Specific surface area 𝑆𝑆𝐴 as a function of solid volume fraction 𝜙 for an isotropic structure with fixed mean wavelength and 𝑏 = 50. (b) 𝑆𝑆𝐴 as a function of
mesh resolution 𝑁𝑝 ×𝑁𝑝 ×𝑁𝑝. The black vertical line indicates the resolution used throughout this paper and shows that the structure’s morphology is sufficiently resolved with
this choice.
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Fig. B.16. (a) Solid volume fractions 𝜙𝑝 of the percolating cluster versus the actual solid volume fractions 𝜙 for a set of structures with identical GRF parameters as those presented
in Table 1. (b).
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