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1 Introduction

Strongly coupled Quantum Field Theories (QFT) are challenging. In this work, we are
interested in UV complete QFTs defined as relevant deformations of free or solvable Con-
formal Field Theories (CFT).1 For example, if the QFT has a mass gap, we would like to
determine the masses of the stable particles and their scattering amplitudes. Generically,
this question cannot be addressed with perturbative methods because there is no natural
parameter to expand in. Decades of previous work have devised ingenious approaches like
expanding in the number of spacetime dimensions [1] or in inverse powers of the rank of
the gauge group [2]. In many cases, one can also implement a lattice discretization and
use (costly) numerical methods (like Monte Carlo, tensor networks, etc.) to recover the
continuum limit. In this work, we explore an alternative approach by placing the QFT in a
curved spacetime. For example, a QFT on a compact spatial manifold like a sphere of ra-
dius R offers a new handle into the non-perturbative regime. In this case, one can study the

1In practice, we can include Yang-Mills theory in this class although, strictly speaking, it cannot be
formulated as a gauge-invariant relevant deformation of a free theory.
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energy spectrum as a function of R to interpolate from the perturbative small-R regime
to the strongly coupled large-R limit.2 This is the basis of the Hamiltonian truncation
approach to QFTd+1 placed on R× Sd, initiated in [5] for the case of 1+1 dimensions.3

Here, we consider QFT on hyperbolic or Anti-de Sitter (AdS) space of radius R. More
precisely, we shall study deformations of exactly solvable theories. The action is given by

S = S0 + λ

∫
AdSd+1

dx
√
g V(x) (1.1)

where g is the metric of AdSd+1 and V is a bulk local operator with mass dimension
∆V < d+ 1. Let us emphasize that the metric is non-dynamical: this is a study of QFT in
a fixed curved background. The unperturbed theory described by S0 can either be a free
theory or a solvable Boundary CFT (BCFT).4 In this setup, physical observables depend
on the dimensionless parameter λ̄ ≡ λRd+1−∆V . This parameter allows us to continuously
connect the perturbative regime of small λ̄ with the strongly coupled regime of large λ̄.
This is similar to the case mentioned above of QFT on R× Sd. The choice of the AdSd+1
background has two main advantages. The first is that it preserves more symmetry. Indeed,
AdS is a maximally symmetric space. The isometry group of (Lorentzian) AdSd+1 is the
conformal group SO(2, d). This means that the Hilbert space of the theory organizes in
representations of the conformal algebra. The second advantage is that AdS has a conformal
boundary where we can place boundary operators and their correlation functions solve
conformal bootstrap equations. This means that the well established conformal bootstrap
methods can be used to study non-conformal QFTs [7]. Notice that the extrapolation
to λ̄ → ∞ corresponds to the flat space limit where the mass spectrum and scattering
amplitudes of the QFT in flat space can be recovered.

In the present paper we choose to study the above setup in the Hamiltonian framework.
To be precise, we study the theory (1.1) in global coordinates, which endow AdS with
the topology of a solid cylinder. The Hilbert space is that of the undeformed theory
corresponding to S0. The time evolution is governed by a Hamiltonian of the form5

H = H0 + λ̄ V (1.2)

where H0 is the Hamiltonian of the λ = 0 theory, and the interaction term V corresponds
to V integrated over a timeslice (this is explained in detail in section 2.3).

The key problem we address in our work is the diagonalization of H for finite λ, which
describes how the states and their energies change after turning on the bulk interaction
V. Since the strength of the dimensionless coupling λ̄ grows with R, the small-radius
limit can be attacked in Rayleigh-Schrödinger perturbation theory (see e.g. [8]), but when

2See [3, 4] for recent progress setting up tensor networks directly in the continuum.
3We refer to ref. [6] for a recent review of the Hamiltonian truncation literature.
4Notice that AdSd+1 is conformally equivalent to Rd ×R+. This is obvious in Poincaré coordinates

ds2
AdS = R2

z2

(
dz2 + dxidxi

)
, xi ∈ Rd , z > 0 .

5The Hamiltonian is dimensionless because we measure energies in units of 1/R, with R the AdS radius.
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R is sufficiently large the theory is in a strong-coupling regime, and perturbation theory
breaks down.6

Nevertheless, we can attempt to study this diagonalization problem using the Hamil-
tonian truncation toolbox. This amounts to introducing a UV cutoff Λ and diagonalizing
H in the finite-dimensional subspace of states with unperturbed energy less than Λ. The
continuum limit is then recovered by taking Λ → ∞. In this work, we study several
two-dimensional QFTs on AdS2 with this strategy.

The UV cutoff, at least in the implementation explained above, breaks the conformal
symmetry, hence Hamiltonian truncation does not take advantage of the full isometry
group of AdS. On the other hand, the method is extremely versatile and straightforward to
implement. It is worth stressing that the application of equal-time Hamiltonian truncation
to infinite volume physics is new — although lightcone conformal truncation [10, 11] can
be used to treat flat-space physics using Hamiltonian truncation technology.7 It presents
conceptual challenges, which we will tackle in the first part of the paper. In this respect,
AdS is an ideal playground: due to the UV/IR connection familiar from AdS/CFT, the
conformal theory on the boundary provides a handle into the infrared behavior of the
observables. We hope that the lessons drawn from this setup will be useful in other contexts.

This paper is organized as follows. In section 2 we review some basic features of the
physics and symmetries of AdS2. In section 3 we explain in detail the existence of UV
divergences that arise in the Hamiltonian truncation scheme, and we explain how to obtain
the correct continuum limit in a large class of theories. This section contains one of the
main results of the paper, i.e. eq. (3.1), which allows to obtain the correct energy gaps.
Finally, in sections 4 and 5 we present results for several theories. The massive free scalar
deformed by φ2 and φ4 operators is discussed in detail in section 4. Next, in section 5, we
study relevant deformations away from the Lee-Yang and Ising minimal models. Future
directions are discussed in section. 6. The exactly solvable models — e.g. the massive
free theories — allow to test the formula (3.1). On the contrary, figures 14, 19, 20, 31
and 32 contain genuinely nonperturbative results on the spectrum of strongly coupled
theories in AdS.

We also include several complementary appendices. We are especially proud of ap-
pendix B.1, where we derive a new simple formula for the order-λn correction to the
eigenvalues of the Hamiltonian in perturbation theory.

2 Quantum Field Theory in AdS

As promised, we will study QFTs defined in the bulk of (d+1)-dimensional AdS spacetime,
specializing to d = 1. The generalization to higher d is relatively straightforward, but will
not be necessary in the rest of this work. For other studies of QFT in AdS see e.g. [13–20].
In this section, we review some basic facts about the correspondence between bulk (non-

6See the recent work [9] for a lattice Monte Carlo approach to address the finite-coupling regime in AdS2.
7In lightcone conformal truncation, the need to work with a finite basis of states leads to an effective IR

cutoff, see for instance the discussion in appendix F of [12].
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gravitational) AdS physics and the conformal theory that lives on the boundary of AdS.
For a more extensive pedagogical treatment, we refer for instance to [21] and [22].

2.1 Geometry

Euclidean AdS2 with radius R can be defined as a hyperboloid

− (X0)2 + (X1)2 + (X2)2 = −R2 , X0 > 0 (2.1)

inside R1,2, which we will endow with global coordinates τ ∈ R and r ∈ [−1
2π,

1
2π] via

Xµ(τ, r) = R

cos r (cosh τ, sinh τ, sin r) . (2.2)

The coordinate τ (resp. r) plays the role of a Euclidean time (resp. a space) coordinate.
In the above coordinates, the AdS metric is given by

ds2 =
(

R

cos r

)2 [
dτ2 + dr2

]
. (2.3)

The conformal boundary of AdS2 is the union of the two lines r = ±1
2π.

It follows from the definition (2.1) that AdS2 is manifestly invariant under a group
SO(1, 2) ∼ SL(2,R) of continuous isometries. The corresponding Lie algebra is described
by three generators {H,P,K} with commutators

[H,P ] = P, [H,K] = −K, [P,K] = −2H. (2.4)

The generators act on local scalar bulk operators as

[G,O(τ, r)] = DG · O(τ, r) (2.5)

where

DH = ∂τ , (2.6a)
DP = e−τ (sin r ∂τ + cos r ∂r), (2.6b)
DK = eτ (sin r ∂τ − cos r ∂r). (2.6c)

In addition, there is a parity symmetry P (with P2 = 1) that maps r 7→ −r. Under parity,
the generators transform as

P

HP
K

 P−1 =

+H
−P
−K

 . (2.7)

The symmetries of AdS put strong constraints on correlation functions of bulk operators.
For instance, any one-point correlation function 〈Oi(τ, r)〉 = 〈Ω|Oi(τ, r)|Ω〉 in the vac-
uum state |Ω〉 must be constant.8 Vacuum two point correlation functions of scalar bulk
operators — at say (τ, r) and (τ ′, r′) — only depend on a single SO(1, 2) invariant

ξ = (Xµ(τ, r)−Xµ(τ ′, r′))2

4R2 = cosh(τ − τ ′)− cos(r − r′)
2 cos r cos r′ ≥ 0. (2.8)

Vacuum higher-point correlators or correlators inside excited states depend on a larger
number of SL(2,R) invariants.

8By assumption, the vacuum state |Ω〉 is annihilated by all SL(2,R) generators.
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2.2 The Hilbert space and the bulk-to-boundary OPE

The Hilbert space of a QFT in AdS2 decomposes into multiplets of the isometry group
SL(2,R). Such a multiplet is defined by a primary state |ψi〉, satisfying H|ψi〉 = ∆i|ψi〉
and K|ψi〉 = 0. In a unitary QFT, all primary states must have ∆i ≥ 0. Associated to any
primary state with ∆i > 0 are infinitely many descendant states of the form

|ψi, n〉 := 1√
n!(2∆i)n

Pn|ψi〉, n = 0, 1, 2, . . . (2.9)

identifying |ψi, 0〉 = |ψi〉, and writing (x)n = Γ(x + n)/Γ(x) for the Pochhammer symbol.
The normalization in (2.9) is chosen such that the descendant states are unit-normalized,
as long as the primary state |ψi〉 is unit-normalized as well. The state |ψi, n〉 has energy
∆i + n, and the generators K and P act as

K|ψi, n〉 = γ(∆i, n)|ψi, n− 1〉 and P |ψi, n〉 = γ(∆i, n+ 1)|ψi, n+ 1〉 (2.10)

using the shorthand notation γ(∆, n) :=
√
n(2∆ + n− 1). In addition, there is a unique

vacuum state |Ω〉 without descendants that is annihilated by all SL(2,R) generators, so in
particular it has ∆Ω = 0. Moreover, if the theory is invariant under parity, all primary
states have a definite parity, meaning that P|ψi〉 = πi|ψi〉 with πi = ±1. Then from (2.7)
it follows that descendant states transform as

P|ψi, n〉 = (−1)nπi|ψi, n〉. (2.11)

In a QFT in AdS, one can define boundary operators as (rescaled) limits of local
bulk operators pushed to the conformal boundary of AdS. According to the bulk state
— boundary operator map [7], any primary state |ψi〉 corresponds to a boundary primary
operator Oi with dimension ∆i, according to the rule

|ψi〉 = lim
τ→−∞

e−∆iτOi(τ)|Ω〉. (2.12)

Often, we will therefore use the notation |Oi〉 for boundary states instead of |ψi〉. Likewise,
descendant states |ψi, n〉 can be obtained from boundary descendants [P, · · · [P,Oi(τ)] · · · ].
Sometimes the operator picture will be useful, but we will not always explicitly identify
the local operators that generate specific states. For instance, a simple-looking state in
the Fock space of a massive boson could originate from a complicated-looking boundary
operator, and vice versa.

In turn, the state-operator map implies that any bulk operator can be expanded in a
basis of boundary scaling operators, placed at an arbitrary point in AdS. For instance, one
can replace a bulk operator V(τ, r) with its bulk-to-boundary operator product expansion
(OPE) at the r = π/2 boundary:

V(τ, r) =
∑
i

bi

(
π

2 − r
)∆i

[Oi(τ) + descendants] (2.13)

where the sum runs over all primary operators Oi and the bi are so-called bulk-to-boundary
OPE coefficients. As we will see shortly, the low-lying operators in the bulk-to-boundary
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OPE of the deforming operator in eq. (1.1) are important in establishing the UV complete-
ness of the resulting interacting QFT.

In particular, all the examples treated in sections 4 and 5 belong to a special class of
QFTs in AdS: the Hilbert space of the undeformed theory has a gap larger than one above
the vacuum. In equations:

∆i > 1 , ∀ |ψi〉 6= |Ω〉 . (2.14)

The absence of relevant deformations on the boundary removes the necessity of fine tuning.
Together with the absence of bulk UV divergences, which are the same as in flat space, this
condition ensures that the action (1.1) is well-defined without the addition of counterterms,
in a neighborhood of λ = 0.9 Concretely, we shall point out at various points in the next
subsection and in section 3 where this condition is important.

2.3 The interacting Hamiltonian

Suppose that we’re given an exactly solvable QFT in AdS2; denote its Euclidean action by
S0. This can for instance be a two-dimensional rational BCFT, or a theory of free massive
bosons and/or fermions.10 We can then turn on a relevant interaction, by shifting

S0 7→ S = S0 + λ

∫
AdS2

√
gd2xV(x) (2.15)

where V(x) is a bulk operator to which we can assign a scaling dimension ∆V < 2.11 The
generalization to multiple relevant operators Vi is straightforward, but won’t be discussed
explicitly here. In the Hamiltonian picture, this translates to

H0 7→ H = H0 + λ̄V, V := R∆V
∫ π/2

−π/2

dr

(cos r)2 V(τ = 0, r) (2.16)

writing λ̄ := λR2−∆V . The factor of R∆V is absorbed into V in order to make the matrix
elements of V dimensionless.

We would like to study the spectrum and eigenstates of H by diagonalizing it inside the
Hilbert space from subsection 2.2. Before we do so, let us first remark that the Hamiltonian
H from eq. (2.16) is not necessarily well-defined, since V may not exist. A sufficient
condition for V to be well-defined is that V(τ, r) vanishes sufficiently fast near the boundary.
In particular, we require that

lim
r→±π/2

1
cos r V(τ = 0, r) = 0 (2.17)

inside any normalizable state. This means that the bulk-to-boundary OPE (2.13) of V
should not contain operators with ∆i ≤ 1. If this condition is not satisfied, an IR regulator

9Non-perturbatively, the scaling dimension may be pushed down to ∆ = 1 at some value λ̄∗. In this
case the boundary condition becomes unstable and generically the theory cannot be defined beyond this
value. In sections 4 and 5 we shall see that this phenomenon is generic. Further discussion can be found in
subsection 2.5 and section 6.

10See for example appendix A of [17] for a discussion of general free fields in AdSd+1.
11In the 2d Landau-Ginzburg theory of a scalar φ, all polynomial operators V = φp have ∆V = 0.
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needs to be introduced and boundary counterterms corresponding to the offending opera-
tors must be added to H. In particular, we require that the bulk one-point function 〈V〉,
which corresponds to the identity on the r.h.s. of eq. (2.13), vanishes.12 From the point
of view of the boundary, the condition (2.14) corresponds to the fine tuning of relevant
operators at leading order in λ̄. Therefore, it is not surprising that it may not be sufficient
for the theory to be well defined at finite λ̄. Nevertheless, (2.17) is special from the point
of view of Hamiltonian truncation, since it ensures that the matrix elements of V are finite.
Notice also that it is special to AdS: for instance, it does not appear when one attempts
to study renormalization group (RG) flows on the strip R × [0, π] using the Truncated
Conformal Space Approach (TCSA) [23]. Although we will focus on theories which do not
require an IR cutoff owing to the condition (2.14), we will nevertheless introduce an IR
cutoff ε in certain arguments in section 3.

Even after ensuring that all the individual matrix elements of V are well-defined, the
operator H may not be diagonalizable due to the presence of high-energy states in the
UV theory. This is a familiar problem in Hamiltonian truncation: for instance, it is well-
known in TCSA on R×Sd that any perturbation with ∆V ≥ 1

2(d+ 1) leads to a divergent
cosmological constant [24]. As we mentioned, this is not surprising, since UV-completeness
in perturbation theory may require fine tuning at all orders in the coupling. However, it
turns out that any AdS2 theory suffers from this problem, regardless of the unperturbed
theory S0 or the pertubation V. We shall address this issue in detail in section 3.

In actual Hamiltonian truncation computations, one diagonalizes the Hamilto-
nian (2.16) inside a subspace of the full Hilbert space. Typically, one fixes a UV cutoff
Λ and keeps all states with energy smaller than Λ in the λ = 0 theory. Let us make this
procedure explicit by introducing some notation. In the Hilbert space, the action of the
operator V can be represented by a matrix V, namely:

V |ψi, n〉 =
∑
j

∞∑
m=0

Vj;m
i;n|ψj ,m〉. (2.18)

In turn, the matrix elements of V can be computed by integrating wavefunctions over
timeslices:

Vj;m
i;n = R∆V

∫ π/2

−π/2

dr

(cos r)2 〈ψj ,m|V(0, r)|ψi, n〉. (2.19)

Such integrals always exist, owing to the condition (2.17). Consequently, the operator H
acts as

H|ψi, n〉 = (∆i + n)|ψi, n〉+ λ̄
∑
j

∞∑
m=0

Vj;m
i;n|ψj ,m〉. (2.20)

In Hamiltonian truncation, one defines a truncated Hamiltonian H(Λ) simply starting
from (2.20) by discarding all states with energy strictly larger than Λ.

12In fact, removing the identity operator does not require the introduction of an explicit IR cutoff. Since
〈V(0, r)〉 does not depend on r, one can simply replace V → V − 〈V〉, which is equivalent to adding a
cosmological constant counterterm to S.
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Due to the SL(2,R) symmetry of the theory, matrix elements with different m,n are
linearly related — see e.g. ref. [8] for a discussion of this phenomenon in AdS3. The resulting
constraints on the matrix elements are discussed in appendix A.

Finally, let us comment on the choice of basis of the Hilbert space. In a unitary QFT,
it is always possible to organize the states such that the primaries are orthonormal, that
is to say 〈ψi|ψj〉 = δij for all i, j. This convention is assumed above in (2.18) and (2.19).
In practice, it is not necessary to organize the Hilbert space in terms of primaries and
descendants, let alone to impose an orthonormality condition between different primaries of
the same dimension ∆. Working in a completely general basis of states |ϕi〉, the eigenvalue
equation H|Ψ〉 = E|Ψ〉 can be recast as

Hij β
j = E Gij βj , |Ψ〉 = βi|ϕi〉 (2.21)

where Hij = 〈ϕi|H|ϕj〉 and Gij = 〈ϕi|ϕj〉 are Hermitian; the matrix G is known as the
Gram matrix corresponding to the basis |ϕi〉. The energies E and eigenstates |Ψ〉 of H are
physical (up to a choice of normalization of |Ψ〉), although the coefficients βi are basis-
dependent. This is particularly important when the unperturbed theory is non-unitary,
in which case the Gram matrix is not positive definite, and there exists no orthonormal
basis of states. We will encounter a non-unitary QFT in the form of the Lee-Yang model,
discussed in subsection 5.2.

2.4 The energy spectrum

Let ∆i(λ̄) be the eigenvalues of the AdS Hamiltonian. The dimensionless coupling appear-
ing in the Hamiltonian is λ̄ = λR2−∆V so in the limit R → 0 the interaction vanishes and
∆i(0) is the dimension of the i-th state in the non-interacting theory. At small radius we
can write

∆i(λ̄) = ∆i(0) + ωi,1λ̄+ ωi,2λ̄
2 + . . . (2.22)

for some coefficients ωi,n that can be determined through Rayleigh-Schrödinger perturba-
tion theory (or alternatively, using Witten diagrams). In the presence of multiple relevant
interactions, eq. (2.22) is modified in a straightforward way. Depending on the UV theory
and the perturbation in question, the perturbative expansion (2.22) can be asymptotic,
or it can have a finite radius of convergence. Crucially, every level ∆i(λ̄) corresponding
to an SL(2,R) primary is accompanied by an infinite tower of descendants with energies
∆i(λ̄) + N.

When AdS has a large radius, it is expected to approximate flat-space physics. In the
current paper we are interested in massive flows, where at low energies the Hamiltonian H
describes a theory of particles with masses mi > 0. We then have

∆i(λ̄) ∼
λ̄→∞

miR = κiR̄ , (2.23)

for the lightest primary states, corresponding to single-particle states in the flat space limit.
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R

Δ

Perturbative regime Crossover Flat space limit

Figure 1. Sketch of the spectrum of the AdS Hamiltonian as a function of the AdS radius R. The
solid lines describe different primary states, and for every primary we have drawn its five lowest
descendants (dotted). Additional states at higher energies are not shown (shaded region). The slope
of the lines on the right side of the plot measures the masses of different particles in flat space.

In eq. (2.23), we defined the radius of AdS in units of the coupling:13

R̄ := |λ|1/(d+1−∆V )R = |λ̄|1/(d+1−∆V ). (2.24)

A simple way to derive the linear growth in eq. (2.23) is by noticing that a rescaling
(τ, r)→ (τ, r)/R is needed to obtain the flat space metric from eq. (2.3) in the R→∞ limit.
The dimensionless coefficients κi > 0 can in general only be determined non-perturbatively.
More generally, the eigenvalues ∆i will grow like EiR when R→∞, with Ei the center of
mass energy of the corresponding state in the flat space limit.

In figure 1 we have drawn a schematic plot of the first few energies of an AdS Hamil-
tonian as a function of R. Notice that the structure of SL(2,R) multiplets implies the
existence of many level crossings. These must occur whenever two primary states asymp-
tote to states of different (center of mass) energy in the flat space limit R → ∞. This is
surprising because the interaction V has non-zero matrix elements between different (un-
deformed) SL(2,R) multiplets and generic Hamiltonians show level repulsion. In fact, this
is what we see at finite truncation Λ, since the cutoff breaks the SL(2,R) symmetry. As
we shall see, exact level crossing only happens in the limit Λ→∞.

Alternatively, it is possible to flow to a massless theory at large radius. In that case,
the levels ∆i will have a finite limit as R→∞, coinciding with the spectrum of a specific
boundary CFT. Such RG flows will not be encountered in the present work, hence we will
not discuss this case in more detail.

13The notation R̄ becomes ambiguous when there is more than one coupling, but this will not play a role
in the present work.
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2.5 Spontaneous symmetry breaking

In flat space and infinite volume, QFTs may spontaneously break symmetries. It is natural
to ask if the same can happen in AdS. The answer is not obvious because AdS spatial slices
of constant τ have infinite volume but behave like a box of finite volume, in the sense that
they give rise to a discrete energy spectrum. In addition, one may entertain the possibility
that a symmetry may be spontaneously broken inside a finite region of AdS and restored
near the boundary due to the effect of symmetry-preserving boundary conditions.

In [15], the phases of the O(N) model in AdS where studied at large N . The effective
potential was found to allow for symmetry preserving and symmetry breaking vacua, both
stable under small fluctuations of the fields. Expanding the fields around the two vacua,
the properties of the two phases where studied, but the existence of a phase transition and
the possibility of phase coexistence were not clarified.

In order to address these questions, in appendix E.1, we consider the following simple
model of a scalar field in AdS with Euclidean action

S =
∫
dd+1x

√
g

[1
2(∂φ)2 + V (φ)

]
, (2.25)

where V (0) = 0 and V (−φ) = V (φ) is Z2 symmetric. Furthermore, we impose symmetry-
preserving boundary conditions φ→ 0 at the AdS boundary. The global minimum of V (φ)
is attained at φ = φt 6= 0 in order to favour spontaneous symmetry breaking.

We claim that there are only two possibilities:

1. The global minimum of the action is zero and it is attained by the constant solu-
tion φ = 0.

2. The action is not bounded from below and its value can always be decreased further
by setting φ = φt in a bigger region of AdS.

The main consequence of this claim is that there is no choice of potential V (φ) for
which the Euclidean path integral is dominated by a finite size bubble of the true vacuum
surrounded by a region of false vacuum close to the boundary of AdS. Notice that this
scenario would conflict with the homogeneous property of AdS. Indeed, if we could decrease
the action with a finite size bubble then we would decrease the action further with several
of them placed far apart. But merging bubbles of true vacuum decreases the action further
and we fall into case 2..

In flat Euclidean space only 2. is possible, except if φ = 0 is the global minimum of
V (φ). This is obvious because a large bubble of true vacuum gives a negative contribution
to the action (from the potential term) proportional to the volume of the bubble and
a positive contribution (from the kinetic term) proportional to the surface area of the
bubble. However, in AdS, area and volume both grow exponentially with the geodesic
radius and it is not obvious which term dominates. In appendix E.1.1 we will use the
thin wall approximation to get some intuition for the claim above. We present a more
general argument in appendix E.1.2. A quantitative conclusion of the argument presented
there is that, at least at the classical level, the symmetry preserving vacuum is unstable if
V ′′(0) < −d2/4. We recognize this as the Breitenlohner-Freedman bound [25].
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The analysis of this simple model suggest that spontaneous symmetry breaking can
happen for QFT in AdS. Moreover, when it happens, it is very similar to infinite volume
flat space time. The main novelty is that symmetry preserving AdS boundary conditions
can make some stationary points of the potential fully stable even if they are not its global
minimum. However, if these vacua become unstable, then the true vacua correspond to
field configurations that break the symmetry all the way to the AdS boundary. Moreover,
as in flat space, they give rise to superselection sectors.

In this paper, we shall study the theory of a scalar field with a quartic potential in
subsection 4.2. The considerations presented above suggest that the theory in AdS has
two phases, where the Z2 symmetry is respectively preserved or broken. While in the flat
space limit the phase transition is continuous, we do not expect this to be the case at finite
R, since, as discussed, the Z2 preserving boundary conditions may stabilize the theory
for a negative value of the mass square mass. Although studying the symmetry breaking
line will prove difficult in Hamiltonian truncation, we shall offer some more comments in
subsection 4.2.

3 Hamiltonian truncation in AdS, or how to tame divergences

The computation of the spectrum of the interacting theory via Hamiltonian truncation
is straightforward in principle. The Hamiltonian of the exactly solvable theory induces a
grading of the Hilbert space, which is labeled by the discrete set of energies ei. We can
truncate the Hilbert space to the finite-dimensional space of states with energies ei ≤ Λ,
and diagonalize the interacting Hamiltonian (1.2) in this subspace. As the cutoff is raised,
one expects to approximate the exact spectrum of the interacting energies with increasing
accuracy.

However, a naive implementation of this procedure for any theory in AdS2 runs into
trouble: the vacuum energy Evac(Λ), as well as the rest of the spectrum Ei(Λ), diverge in
the Λ → ∞ limit. Let us remark that these divergences do not arise from short-distance
singularities in the bulk. Rather, they are related to the non-compact nature of space.
Due to the UV-IR connection familiar from the AdS/CFT correspondence, in Hamiltonian
truncation the same divergences originate from the high-energy tail of the unperturbed
spectrum.

As a matter of principle, it’s possible to subtract Evac(Λ) from the Hamiltonian (adding
a cutoff-dependent counterterm proportional to the identity operator), which amounts to
measuring energy gaps Ei(Λ)− Evac(Λ). Surprisingly, these gaps display a systematic shift
away from their physical values: they oscillate and fail to converge to a definite value in the
Λ→∞ limit — see figure 4. Instead, we claim that the exact physical energy spectrum is
recovered by means of the following prescription:

Ei − Evac = lim
Λ→∞

Ei(Λ + ei)− Evac(Λ) . (3.1)

The aim of this section is to illustrate the origin of the divergences, describe their nature
in Rayleigh-Schrödinger perturbation theory, and give an argument for the validity of the
simple prescription (3.1) to all orders. The examples in sections 4 and 5 provide further
evidence to our claim.
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3.1 An example

To get some intuition for the prescription (3.1), let us start with an example where we
know the exact spectrum of the Hamiltonian. Consider the case where H0 describes a free
scalar φ of mass m in AdS2. The field φ admits the following mode expansion

φ(τ = 0, r) =
∞∑
n=0

fn(r)
(
a†n + an

)
. (3.2)

The functions fn(r) are given explicitly in eq. (4.4), but their form will not be important
here. The creation and annihilation operators satisfy the usual commutation relations[
an, a

†
m

]
= δnm. The Hilbert space of the theory is the Fock space generated by acting

with creation operators on the vacuum |Ω〉. In this basis, the non-interacting normal-
ordered Hamiltonian reads

H0 =
∞∑
n=0

(∆ + n)a†nan , (3.3)

where ∆ is related to the mass m of the scalar field via ∆(∆− 1) = m2R2.
We will study the following Hamiltonian:

H = H0 + λ̄ V (3.4)

where λ̄ = λR2 and

V =
∫ π/2

−π/2

dr

(cos r)2 :φ2(τ = 0, r) : . (3.5)

The new Hamiltonian H describes a free massive scalar with mass squared m2 +2λ. There-
fore, its spectrum is the same as H0 if we replace ∆ by

∆(λ̄) = 1
2 +

√(
∆− 1

2

)2
+ 2λ̄ = ∆ + λ̄

∆− 1
2
− λ̄2

2(∆− 1
2)3 +O(λ̄3) . (3.6)

Let us now see how this result emerges in the Hamiltonian truncation approach. Firstly,
we write V in terms of the ladder operators

V =
∞∑

m,n=0
Amn(∆)(a†ma†n + 2a†man + aman) , (3.7)

where the coefficients Amn(∆) are given explicitly in eq. (4.15), but their form will not be
important here. Secondly, we truncate the Hilbert space to the states with unperturbed
energy less than Λ. We will finally diagonalize H inside this truncated Hilbert space.

It is instructive to study this problem perturbatively in λ, using Rayleigh–Schrödinger
perturbation theory. We focus on the vacuum |Ω〉 and on the first excited state |χ〉 :=
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|0〉 = a†0|Ω〉. Explicitly, we obtain

Evac(Λ) = −λ̄2
m+n+2∆<Λ∑
m≥n≥0

|〈Ω|V |m,n〉|2
2∆ +m+ n

+O(λ̄3) (3.8a)

Eχ(Λ) = ∆ + λ̄〈χ|V |χ〉 − λ̄2
m+∆<Λ∑
m≥1

|〈χ|V |m〉|2

m

− λ̄2
m+n+3∆<Λ∑
m≥n≥0

|〈χ|V |m,n, 0〉|2
2∆ +m+ n

+O(λ̄3) , (3.8b)

with the sums running over normalized single-particle states |m〉 = a†m|Ω〉, two particle
states |m,n〉 ∝ a†ma†n|Ω〉 and three-particle states |m,n, 0〉 ∝ a†ma†na

†
0|Ω〉 with unperturbed

energy less than Λ. It is possible to use a diagrammatic language to depict the terms in these
expressions, as shown in figure 2. In these diagrams, time runs upwards and the horizontal
axis corresponds to different mode numbers, e.g. the state |1, 2, 2, 4〉 ∝ a†1(a†2)2a†4|Ω〉 would
be represented by single lines at n = 1 and n = 4 and a double line at n = 2. The vertex V
is represented by crosses on the same dashed horizontal line and it can either lower or raise
occupation numbers according to (3.7). The original state appears both at the bottom and
at the top of the diagram. At order λ̄2, the operator V is applied twice and, in principle,
all possible intermediate states need to be taken into account. However, working at finite
cutoff Λ means that only a finite number of intermediate states are allowed, namely those
with unperturbed energy smaller than Λ. This diagramatics is explained in more detail in
appendix B.2.

As shown in appendix B.3, both energies (at order λ̄2) diverge linearly with Λ,

Evac(Λ) ≈ Eχ(Λ) ≈ −σ∞(∆)λ̄2Λ . (3.9)

This divergence emerges from the double sums in (3.8), or equivalently from the diagrams
on the left most column of figure 2. Naively, one could think that the energy gap could be
obtained from the difference

lim
Λ→∞

Eχ(Λ)− Evac(Λ) . (3.10)

However this does not reproduce the exact result (3.6) at O(λ̄2). To find the solution of
this puzzle, let us look more carefully at the structure of the perturbative formulas (3.8).
We can write

Eχ(Λ1)− Evac(Λ2) =∆ + λ̄〈χ|V |χ〉 − λ̄2
m+∆<Λ1∑
m≥1

|〈χ|V |m〉|2

m
−λ̄2

m+3∆<Λ1∑
m≥0

|〈χ|V |m, 0, 0〉|2
2∆ +m

+ λ̄2
m+2∆<Λ2∑

m≥0

|〈Ω|V |m, 0〉|2
2∆ +m

− λ̄2

m+n+3∆<Λ1
m+n+2∆>Λ2∑
m≥n≥1

|〈Ω|V |m,n〉|2
2∆ +m+ n

+O(λ̄3) ,

(3.11)

where we used that 〈χ|V |m,n, 0〉 = 〈Ω|V |m,n〉 for both m and n different from 0. Notice
that the last sum is suspicious because it only involves two-particle states with energy
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0 1 2 3 n

1

Figure 2. Diagrams contributing at second order in perturbation theory to the vacuum energy
(top row) and to the energy of the first excited state |χ〉 = a†0|Ω〉 (bottom row). In the top row,
we have intermediate two-particle states, while in the bottom row, we have intermediate one and
three particle states.

between Λ2 and Λ1 − ∆.14 Indeed, the exact result is obtained in the limit Λ1,Λ2 → ∞
simply by dropping the contribution of the last term. This is what happens if we apply the
prescription (3.1). Diagrammatically, this corresponds to the cancellation of the diagrams
on the first two columns in figure 2. Although the diagrams in the first column give
rise to a linear divergence, the prescription (3.1) ensures that they cancel exactly. Notice
that, if we keep Λ1 − Λ2 fixed in the limit Λ1,Λ2 → ∞, then the last sum in (3.11) gives
a finite contribution, due to the growth of the overlaps |〈Ω|V |m,n〉|. This is the same
growth responsible for the linear divergence (3.9). Furthermore, the discreteness of the
unperturbed spectrum, labeled by integers m, n, generates the order one oscillation visible
in the left panel of figure 4. We shall comment further on these oscillations in subsection 3.4.

The divergence of the ground state energy as the cutoff is removed is a consequence
of the infinite volume of space. In fact, it is instructive to regulate the interaction term in
the free boson example so that it affects only a finite volume:

Vε =
∫ π/2−ε

−π/2+ε

dr

(cos r)2 :φ2(τ = 0, r) : . (3.12)

For ε > 0 the eigenvalues of the Hamiltonian are finite as Λ→∞. In particular, in figure 3
we compare the order λ̄2 contribution to the vacuum energy, as given by (3.8), for the
theory with ε = 0 (in blue) with the same quantity for ε = 1/10 (in green) and ε = 1/5
(in orange). The Casimir energy of the ε = 0 theory grows linearly with Λ, whereas the
regulated theories have a finite limit as Λ→∞.

We can also study the energy gap between the state |χ〉 = a†0|Ω〉 and the vacuum. In
the theory regulated with ε > 0, we can compute the energy gap as in (3.10) because the
energy levels remain finite as Λ → ∞. However, convergence only emerges for Λ & 1/ε.
This explains why we cannot use the naive prescription (3.10) in the unregulated theory.
These issues are depicted in figure 4.

Let us summarize the general lesson. If we fix the vacuum energy to vanish for the
unperturbed Hamiltonian, then the energy of each state receives an infinite contribution in

14For simplicity, we assumed Λ2 < Λ1 −∆.
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0 10 20 30 40 50 60

0

1

2

3

4

Figure 3. Order λ2 contribution to the Casimir energy of the φ2 flow, where the UV theory is
a massive free boson with ∆ =

√
2. The notation ci,n is defined in (3.19). Blue dots: the theory

without a spatial cutoff as given by (3.8a); green resp. orange dots: the same theory cut off at
ε = 1/10 resp. ε = 1/5. Notice that the Casimir energy of the full theory diverges linearly with
Λ, whereas the same interaction with ε > 0 asymptotes to a finite value. The asymptotic value
appears to be reached when Λ ∼ 1/ε. The dotted blue line shows the large-Λ behavior predicted
using (3.9).

0 10 20 30 40 50 60
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Figure 4. Order λ2 contribution to the energy gap of the massive boson with ∆ =
√

2, comparing
the naive prescription (3.10) (left) and the prescription (3.1) (right). The unregulated theory is
shown in blue; the same theory regulated with ε = 1/10 (resp. ε = 1/5) are shown in green
(orange). For ε > 0 the two prescriptions agree as Λ→∞. However, there are significant deviations
(oscillations) for Λ . (few)/ε. In particular, for ε = 0, only the prescription (3.1) converges to the
exact result shown as a solid red line; there are O(1) oscillations that persist up to arbitrarily large
cutoff if the naive prescription is used.
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the perturbed theory. The divergence of the vacuum energy is a general feature of any QFT
in infinite volume, and is not an issue in the continuum limit, since in a fixed background
the vacuum energy is not observable. On the other hand, this means that the spectrum
of the Hamiltonian does not have a limit as the truncation level is increased, which is the
source of the ambiguity in the determination of the energy gaps. We saw in a specific
example that the divergence of the vacuum energy is linear with the truncation cut-off Λ.
In subsection 3.3, we show that this is a general feature of second order perturbation theory.
More generally, we expect this to be true at all orders, as we will explain in subsection 3.5.
In the same example, we also saw that the prescription (3.1) solves the ambiguity and leads
to the correct energy gaps.

It is worth noticing that, due to the mentioned UV/IR connection, the manifestation
of the problem in perturbation theory, i.e. the state-dependence of the contributions of
intermediate states close to the cutoff, is analogous to the situation in flat space when
authentic UV divergences are present [12, 26]. Contrary to the latter, though, the infinite
volume divergences we are concerned with all come from disconnected contributions. This
makes it plausible that the simple prescription (3.1) has a chance of working at all orders.
Indeed, let us now justify eq. (3.1) for a generic QFT in AdS2.

3.2 The strategy

As remarked in subsection 2.3, the theory associated to the action (1.1) may require a
regulator to cutoff divergences close to the boundary of AdS. If the QFT is UV complete,
as we shall assume in this paper, a set of counterterms exist such that all correlation
functions are finite and invariant under the AdS isometries when the cutoff is removed [27].
This ensures that the energy gaps above the vacuum are well defined in the continuum limit,
as it can be seen for instance via the state operator map. In the following, we assume the
spectral condition (2.14), together with 〈V〉 = 0, so that such a procedure is not necessary.
Furthermore, we also assume that local UV divergences in the bulk are absent.

Nevertheless, our strategy will precisely consist in introducing a local cutoff at the
AdS boundary, such that, in the regulated theory, the individual energy levels are finite as
well. We shall find the regulated spectrum via Hamiltonian truncation, and analyze the
convergence properties as the truncation cutoff Λ is removed. Concretely, let us regulate the
theory by cutting off all integrals over AdS at a coordinate distance ε from the boundary,
i.e. r ∈ [−π/2 + ε, π/2− ε]. This means modifying the operator V from (2.16) as follows:

Vε := R∆V
∫ π/2−ε

−π/2+ε

dr

(cos r)2 V(τ = 0, r). (3.13)

We shall keep ε finite for the moment, and take the limit ε → 0 only when computing
physical observables. Quantities computed in the regulated theory will contain ε as a
subscript or a superscript.

Our argument in favor of the validity of eq. (3.1) at all orders requires recasting the
usual Rayleigh-Schrödinger perturbation theory in a convenient if unusual form. A re-
minder of perturbation theory in Quantum Mechanics can be found in appendix B, to-
gether with the proof of the formulas which we use below. The interacting energies admit
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Vε(τ1 + . . . τn−1)
τn−1

Vε(0)

τ1

ε |i〉
〈i
|

Figure 5. A depiction of the correlation function on the l.h.s. of eq. (3.15). The vertical thick
lines denote the boundary of AdS2. The horizontal lines denote insertions of the regulated potential
Vε, as defined in eq. (3.13). The subtractions of disconnected pieces, which define the connected
correlator in eq. (3.15), are not shown.

an expansion of the form15

Eεi = ei +
∞∑
n=1

(−1)n+1cεi,n λ̄
n , (3.14)

including the vacuum to which we associate the index i = Ω. Notice that the bare energies
ei do not need to be regulated. The coefficients cεi,n admit a compact expression in terms
of the spectral densities defined as follows:

〈i|Vε(τ1 + . . . τn−1) · · ·Vε(τ1 + τ2)Vε(τ1)Vε(0)|i〉conn

=
n−1∏
`=1

∫ ∞
0
dα` e

−(α`−ei)τ` ρεi,n(α1, . . . , αn−1) . (3.15)

The correlator on the left hand side is depicted in figure 5. Crucially, it is connected with
respect to the state |i〉, meaning that all the subtractions are evaluated in the same state.
Explicit examples for the first few values of n are given in appendix B, along with the
expression of the spectral densities in terms of the matrix elements of V . Now, the general

15We assume that the ith state is non degenerate. We will comment on the degenerate case in subsec-
tion 3.6.
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term in the perturbative expansion (3.14) reads

cεi,n =
∫ ∞

0

n−1∏
`=1

dα`
α` − ei

ρεi,n(α1, . . . , αn−1) . (3.16)

This remarkably compact expression, compared to the increasingly convoluted textbook
formulas, does not seem to be well-known in the QFT literature. The fact that the Casimir
energy can be expressed in terms of connected Feynman diagrams appears (without proof)
already in refs. [28, 29] by Bender and Wu. A proof of the formula for the Casimir energy
is given in ref. [30] by Klassen and Melzer, specializing to the case of a perturbed 2d QFT.
Finally, in [31, eq. (2.25)] by the same authors a formula is given (without proof) for the
Rayleigh-Schrödinger coefficients of the i-th state in the case of a perturbed 2d CFT on the
cylinder. The formula appearing in [31] is generically divergent and needs to be regulated
— in the time domain, its integrands generically blow up as τi → ∞. We prove (3.16) in
appendix B. Notice that, as long as ε is finite, the integrals in eq. (3.16) converge.

The coefficients of the perturbative expansion of the physical energy gaps can be
written as follows:

ci,n − c0,n = lim
ε→0

∫ ∞
0

d~α

~α− ei

[
ρεi,n(~α)− ρε0,n(~α− ei)

]
, (3.17)

where the vector notation abbreviates the product in eq. (3.16). This formula is crucial
and deserves an important comment: the ε → 0 limit is not guaranteed to commute with
the integral. The fact that it does is equivalent to the validity of eq. (3.1). Indeed, if the
limit can be taken inside the integration, we obtain the following simple chain of equalities:

ci,n − c0,n = lim
ε→0

lim
Λ→∞

∫ Λ

0

d~α

~α− ei

[
ρεi,n(~α)− ρε0,n(~α− ei)

]
= lim

Λ→∞

∫ Λ

0

d~α

~α− ei
[ρi,n(~α)− ρ0,n(~α− ei)] (3.18)

= lim
Λ→∞

(ci,n(Λ)− c0,n(Λ− ei)) ,

where we defined the expansion of the truncated energies:

Ei(Λ) = ei +
∞∑
n=1

(−1)n+1ci,n(Λ) λ̄n . (3.19)

Hence, we are left with the task of proving that the ε → 0 and the Λ → ∞ limits do
commute. Of course, for this to be true it is not sufficient that the integral in the second
line of eq. (3.18) converges. Indeed, intuitively we should rule out the existence of bumps
which give a finite contribution to the integral, and run away to infinity as ε→ 0. Formally,
the dominated convergence theorem states that the limits commute if, for all ε < ε0, the
integrand is bounded by a fixed function whose integral from 0 to ∞ converges.

Before engaging in the details of the argument, let us describe the main ingredi-
ents, which are few and simple. Clearly, establishing the validity of the manipulations
in eq. (3.18) requires to bound the large ~α limit of the spectral densities ρεi,n. It is intuitive,
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V V

V
= ∑

O O

Figure 6. Sketch of the OPE channel relevant to establishing the singular behavior of the correlator
in eq. (3.15) as some of the τm → 0. The OPE is obtained, as usual, by projecting the insertions of
the V operators on the l.h.s. onto a complete set of states on the dashed semicircle. The coefficients
of the OPE are higher-point functions involving the insertions of V and the boundary operator O.
An explicit example is considered in appendix C.2, see eq. (C.30) and figure 39.

albeit hard to prove, that this limit is controlled by the small ~τ limit of the correlator
on the l.h.s. of eq. (3.15). As it can be seen in figure 5, when one, or more, of the τm
go to zero, the insertions of the potential collide. Non-analyticities in these limits may
arise because a subset of the perturbing operators V collide in the bulk, or, if ε = 0, on
the boundary. Both contributions are important in establishing the rate of convergence
of the energy gaps as we lift the cutoff Λ, which we will analyze in subsection 3.7. On
the contrary, by assumption, the individual energy levels themselves are finite as long as
ε > 0. Hence, in order to establish the prescription (3.1) we are only interested in the
fusion of the insertions V with the boundary of AdS. As explained above, our assumptions
also imply that the OPE (2.13) is sufficiently soft to make the matrix elements of V finite.
We conclude that the relevant small ~τ singularities are due to the simultaneous collision
of multiple local operators V on a unique point on the AdS boundary. This prompts us to
study the OPE depicted in figure 6: the lightest operator appearing in the OPE, whose
expectation value in the external state |i〉 does not vanish, is responsible for the small ~τ
singularity, and eventually for the growth of the spectral density at infinity.

In the following, we shall detail the above steps in the first non-trivial order in per-
turbation theory. Then, we will discuss the generalization of the procedure to all orders
in perturbation theory. Finally, we will discuss the rate of convergence of Hamiltonian
truncation in AdS.

3.3 Divergence of the vacuum energy at second order

Let us begin by showing that the linear divergence of the vacuum energy with the trun-
cation level, which we observed in the example 3.1, is a general feature at second order in
perturbation theory. Since 〈Ω|V|Ω〉 = 0, eq. (3.15) reduces in this case to

〈Ω|V (τ)V (0)|Ω〉 =
∫ ∞

0
dα e−ατ ρ0,2(α) . (3.20)

Since we are interested in characterizing the behavior of the first energy level as a function
of the cutoff Λ, we set ε = 0 in this subsection. More general results can be found in
appendix C.1. As explained in subsection 3.2, we need to extract the large α behavior of
ρ0,2(α). Reflection positivity ensures that ρ0,2(α) > 0. This allows us to invoke a Tauberian
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theorem [32] to rigorously tie the large α limit of the spectral density to the small τ limit
of the correlator on the l.h.s. of eq. (3.20).

The latter limit is computed in appendix C.1, and reads as follows:16

〈Ω|V (τ)V (0)|Ω〉 τ→0∼ c

τ2 . (3.21)

The coefficient of the singularity is theory dependent, and, as explained in the same ap-
pendix, it can be computed as follows:

R2∆V 〈Ω|V(τ, r)V(0, r′)|Ω〉 ≡ fΩ(ξ) , (3.22)

c = 8
∫ ∞

0
dξ arcsinh

(
2
√
ξ(ξ + 1)

)
fΩ(ξ) , (3.23)

where we recall that ξ is defined in eq. (2.8). In the language of the OPE described in
figure 6, the small τ limit corresponds to the contribution of the identity operator, the only
one surviving when the r.h.s. of the OPE is evaluated in the vacuum.

As advertised, the Tauberian theorem reviewed in [32] implies the following asymp-
totics for the integrated spectral density:∫ Λ

0
dα ρ0,2(α) Λ→∞∼ c

2 Λ2 . (3.24)

The contribution to the vacuum energy at second order can then be extracted from
eq. (3.14), by truncating the integral in eq. (3.16) to the region [0,Λ] and integrating
by parts:

EΩ(Λ) Λ→∞∼ −cΛ λ̄2 +O(λ̄3) . (3.25)

We will have opportunities to check this formula in the examples of sections 4 and 5.

3.4 The argument at second order

Let us now turn to our goal of establishing the prescription (3.1). At second order in
perturbation theory, the object of interest is the two-point function of the potential:

〈i|Vε(τ)Vε(0)|i〉conn = 〈i|Vε(τ)Vε(0)|i〉 − 〈i|Vε|i〉2 . (3.26)

Let us first point out the following simple but crucial fact. The difference of the spectral
densities appearing in eq. (3.18), with the shift in their arguments, is the spectral density
of the difference of the correlators in state |i〉 and in the vacuum:

gε(τ) = 〈i|Vε(τ)Vε(0)|i〉conn − 〈Ω|Vε(τ)Vε(0)|Ω〉conn

=
∫ ∞
−ei
dα e−ατ

(
ρεi,2(α+ ei)− ρε0,2(α)

)
. (3.27)

16As explained in appendix C.1, this result is valid if ∆V < 3/2, otherwise it must be replaced by eq. (C.8).
In particular, if ∆V > 3/2, the leading contribution to the divergence of the vacuum energy comes from a
bulk UV singularity, which we assumed to avoid in this work.
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We shall denote the new spectral density as

∆ρεi,2(α) = ρεi,2(α+ ei)− ρε0,2(α) . (3.28)

We are interested in the large α behavior of the spectral density, and we would like to
leverage our knowledge of the correlation functions in position space. While it is clear that
singularities at small τ in gε(τ) are related to the large α behavior of the spectral density,
it is non-trivial to obtain a precise correspondence. Indeed, ∆ρεi,2(α) is a non-positive
distribution, and the Tauberian theorems which usually provide those estimates cannot
be applied.17 Instead, we shall tackle the question directly, and point out the additional
assumptions necessary to obtain the needed asymptotics. Let us first recall the naive
answer. If the correlator has a singular power-like small τ limit, i.e.

if gε(τ) τ→0∼ τ−β , β > 0 , (3.29)

and if the spectral density had a power-like behavior at large α as well, then we would
conclude that

∆ρεi,2(α) α→∞∼ αβ−1 . (3.30)

Since the spectral densities are in general infinite sums of delta functions, we have to inter-
pret the last equation in an averaged sense. Let us describe how this works in more detail.

We focus our attention on the following averaged spectral density:

Rε(Λ) =
∫ Λ

−∞
dα∆ρεi,2(α) =

∫ γ+i∞

γ−i∞

dτ

2πiτ e
Λτgε(τ) , γ > 0 . (3.31)

Rε(Λ) is a finite sum which can be easily inferred from eq. (B.8b). The right hand side
is obtained by commuting the α-integral with the inverse Laplace transform of gε(τ), and
one can explicitly check that eq. (3.31) gives the correct result.18 While the correlation
functions in eq. (3.27) are analytic when <τ > 0, singularities may arise in the left half
plane. In particular, as we show in appendix C.2, gε(τ) generically has a branch point
at τ = 0,

gε(τ) τ→0∼ τ∆∗−2 , (3.32)

where ∆∗ is the dimension of the leading boundary operator above the identity in the OPE
illustrated in figure 6 — see also figure 39 and the detailed explanation in appendix C.2. If
the exactly solvable Hamiltonian corresponds to a CFT, then ∆∗ ≤ 2, due to the universal
presence of the displacement operator, see e.g. [34]. If ∆∗ = 2, the singularity is logarithmic.

17See however [33], where a lower bound on the average of a non-positive spectral density was obtained,
subject to a condition on the amount of negativity allowed.

18This is how it goes: gε(τ) =
∑∞

n=0 ane
−αnτ . This sum converges absolutely for <τ > 0. Hence, we

can commute the sum and the integral to get Rε(Λ) =
∑∞

n=0 an
∫ γ+i∞
γ−i∞

dτ
2πiτ e

(Λ−αn)τ . The last integral
converges and the result is the expected Rε(Λ) =

∑
αn<Λ an.
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τ

−τ0 γK

Figure 7. A sketch of the generic singularity structure of gε(τ) The singularities are generically
branch points, and the cuts are oriented away from the region <τ > 0, where the correlator is
analytic. The black dashed contour is the original one in eq. (3.31), while the blue dashed one
is shifted to the left in order to leverage the exponential suppression at large Λ. Finally, the red
contour is K in eq. (3.34).

More precisely, in appendix C.2, we show that, if ∆∗ ≤ 2, gε(τ) is bounded as follows:19

|gε(τ)| < C(τ0)

 |τ |
∆∗−2 , ∆∗ < 2

log |τ | , ∆∗ = 2 ,
|τ | < τ0 . (3.33)

Here, τ0 > 0 is an arbitrary fixed number. The crucial step in the derivation of this
result is that, when replacing the OPE of figure 6 in the left hand side of eq. (3.27), the
identity operator cancels out, and with it the strongest singularity (3.21) at small τ . As
a consequence, the spectral density (3.28) has a softer large α behavior than what would
happen without the shift. It is important that the bound (3.33) is uniform in ε.

In section 4, we will consider deformations of free massive QFTs, for which ∆∗ > 2
is possible. Although we have not analyzed this case in detail, we are confident that the
bound (3.33) still holds, up to analytic terms at τ = 0. In other words, a strict bound can
be obtained when ∆∗ > 2 by taking enough derivatives of gε(τ). We offer some comments
in this direction in appendix C.2. This turns into a bound for a higher moment of ∆ρ,
which still allows to proceed with the argument. The examples in section 4 lend support
to this conclusion.

On the other hand, further singularities may appear on the imaginary τ axis. A generic
example of the analytic structure in the τ plane is depicted in figure 7. Let us now shift
the integration contour in (3.31) to the left, as shown in figure 7. It is clear from eq. (3.31)

19More precisely, this result assumes that the bulk OPE is non-singular. In appendix C.2 we also discuss
what happens if this is not the case, in a restricted scenario — see the paragraph around eq. (C.41). See
also the discussion in subsection 3.7. In general, as long as the small τ limit is less singular than τ−1 and it
is uniform in ε, the rest of the argument goes through. The first condition is equivalent to ∆Ṽ > 2∆V − 2,
∆Ṽ being the first operator above the identity in the V × V OPE. This is the same as requiring that bulk
UV divergences are absent, which we assume in this work.
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that the part of the contour which runs in the left half plane is exponentially suppressed at
large Λ. As for the <τ = 0 axis, if ∆ρεi,2(α) was positive, the stronger singularity would be
at τ = 0, as it is easy to deduce from eq. (3.27). The large Λ limit of Rε(Λ) would then be
controlled by the strength of this singularity, a result familiar from the Hardy-Littlewood
Tauberian theorem. Since the spectral density is not necessarily positive, we will assume
that the large Λ behaviour of Rε(Λ) is still dominated by the singularity at τ = 0. This
assumption is not harmless, and we shall offer some comments about it at the end of this
subsection. Keeping in mind figure (7), we then obtain

|Rε(Λ)| ∼
∣∣∣∣∣
∫
K

dτ

2πi
eΛτ − 1

τ
gε(τ) +

∫
K

dτ

2πiτ gε(τ)
∣∣∣∣∣ . (3.34)

Here, K is a keyhole contour around the origin which extends up to <τ = −τ0. With the
benefit of hindsight, we added and subtracted 1. Indeed, we can now shrink to the real
axis the first K contour, and we can use the inequality (3.33) to write

|Rε(Λ)| ≤ 2C(τ0)
∫ 0

−τ0

dτ

2π |e
Λτ − 1||τ∆∗−3|+

∣∣∣∣∫
K

dτ

2πτ gε(τ)
∣∣∣∣ . (3.35)

Notice that the first integral converges if ∆∗ > 1, which is guaranteed by the condi-
tion (2.14). The second integral is finite and Λ independent. Therefore, under the assump-
tions we have made, we conclude that20

|Rε(Λ)| ≤ F (Λ) Λ→∞∼ Λ2−∆∗ , (3.36)

with F (Λ) independent of ε. We shall now assume (3.36) to prove (3.18). It is sufficient to
integrate by parts once, to express the energy shift (3.17) in terms of Rε(Λ):

ci,2 − c0,2 = lim
ε→0

lim
Λ→∞

(
Rε(Λ− ei)

Λ− ei
+ Rε(−ei)

ei
+
∫ Λ

0

dα

(α− ei)2Rε(α− ei)
)
. (3.37)

Thanks to eq. (3.36), we clearly can swap the small ε and the large Λ limits in the first
two addends. As for the last integral, we can fix a constant Λ∗ and write the following
inequality: ∫ Λ∗

0

dα

(α− ei)2R0(α− ei)−
∫ ∞

Λ∗

dα

(α− ei)2F (α− ei)

≤ lim
ε→0

∫ ∞
0

dα

(α− ei)2Rε(α− ei) (3.38)

≤
∫ Λ∗

0

dα

(α− ei)2R0(α− ei) +
∫ ∞

Λ∗

dα

(α− ei)2F (α− ei) .

20It should be noted that, when ∆∗ = 2, one obtains F (Λ) ∼ log2 Λ in eq. (3.36). This is sufficient to
prove the prescription (3.1), but is a weak bound. Indeed, the integrated spectral density R(Λ) is expected
to only grow like log Λ. The weak point is the inequality (3.35): when we shrink the contour K onto the
real axis, the integral of the left hand side reduces to the discontinuity, which replaces log τ with a constant
and does lead to the expected asymptotics.
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Here, we took the ε → 0 limit inside the integral over the finite domain [0,Λ∗], and used
the inequality (3.36) to express the remaining integrand in terms of the positive and ε

independent function F (Λ). Taking Λ∗ → ∞, we finally obtain the sought result (3.18).
The prescription (3.1) at order λ2 in perturbation theory immediately follows.

Let us now come back to the additional singularities on the Im τ axis in figure 7.
Contrary to the singularity at τ = 0, the contribution of each of them is not enhanced
by the 1/τ pole in (3.31). Hence, if they are not enhanced with respect to eq. (3.33),
they are subleading at large Λ. This assumption hides a remarkable series of cancellations,
analogous to the cancellation of the identity block at τ = 0, which, as discussed, leads
to the bound (3.33). Indeed, each of the correlators in eq. (3.27) is expected to have an
infinite series of double poles along the imaginary axis. The reason for this is that such
double poles lead to order one oscillations in the ci,2(Λ), the second order energy shifts in
eq. (3.19). The oscillations, visible for instance in figure 3, are a generic consequence of
the discreteness of the spectrum. Without an exact cancellation, the oscillations affect the
energy gaps as well, as in figure 4. The absence of order one oscillations in the examples
treated in sections 4 and 5, then, gives evidence for the correctness of the prescription (3.1)
beyond the arguments presented so far. Analyzing these cancellations in detail requires
studying the correlators of the deformation Vε in Lorentzian kinematics: an interesting
task for the future. For the moment, let us make a couple of simple remarks. If the
unperturbed spectrum has integer scaling dimensions, then all correlators are periodic for
τ → τ+2πi. This is the case for the minimal models with the boundary condition we choose
in section 5. Then, barring additional singularities within the first period, the cancellation
of all the double poles simply follows from the result we proved for τ = 0. On the other
hand, the periodicity is broken in the general case, including the perturbation of massive
free theories which we will treat in section 4. An example of this non periodic behavior
can be seen in appendix C.3. Nevertheless, we can still envision a mechanism for the
cancellation of the double poles. As we discussed in subsection 3.3 and in appendix C, the
double pole at τ = 0 in each correlator in eq. (3.27) is due to a disconnected contribution.
If the unperturbed theory is free, such contribution corresponds to a disconnected Witten
diagram, where the boundary operators which create and annihilate the states |i〉 are
spectators. Such diagrams exchange a fixed number of particles, and so they are periodic
in Im(τ) with period 2π up to a phase, which is crucially independent of the boundary
state |i〉. Therefore, again, each correlator in eq. (3.27) has an infinite series of double
poles, which all cancel in gε(τ). The absence of the double poles can be exhibited in the
example of a massive free scalar, and we do so in appendix C.3. More specifically, there we
also check that the remaining non-analyticities on the imaginary τ axis are not enhanced
with respect to the τ = 0 singularity.

A last comment is in order. Even if the leftover singularities in figure 7 are softer than
the one at τ = 0, one could still worry that there is an infinite sum over all of them at
τ = itn for real tn. However, this sum is suppressed by the presence of the rapidly oscillating
phases eiΛtn . The convergence of the sum then depends on the density of the singularities
along the imaginary axis, as Im τ →∞. One might expect this density to be approximately
constant. If the boundary spectrum of the unperturbed theory is integer, this is obvious.
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In the general case, the exact periodicity may be replaced by some recurrence time, fixed
by the scaling dimensions ∆, which nevertheless should not change this picture. Notice,
however, that it is conceivable that non-analyticities appear with a periodicity of some
multiple of π even in the general case, in keeping with the periodic structure of AdS in
real time: this happens in the scalar example analyzed in appendix C.3. All in all, if the
density is at most constant, the sum converges at least conditionally.

3.5 Generalization at all orders

The aim of this section is to sketch the generalization of the previous argument to all orders
in perturbation theory. We shall not attempt to be detailed in this case, rather we will
stress the ingredients that should make the argument follow through.

At n-th order in perturbation theory, we need to bound the (average of the) spec-
tral density

∆ρεi,n(~α) = ρεi,n(~α+ ei)− ρε0,n(~α) , (3.39)

as the vector ~α becomes large in a generic direction of its (n− 1) dimensional space. The
bound should be uniform in ε and allow the integration of∫ Λ

0

d~α

~α− ei
∆ρεi,n(~α− ei) (3.40)

over a hypercube of size Λ, as Λ → ∞: see eq. (3.18). It is easy to see that, also in the
general case, ∆ρεi,n(~α) is the Laplace transform of the following difference of connected
correlators:

gnε (~τ) = 〈i|Vε(τ1 + . . . τn−1) · · ·Vε(τ1 + τ2)Vε(τ1)Vε(0)|i〉conn
− 〈Ω|Vε(τ1 + . . . τn−1) · · ·Vε(τ1 + τ2)Vε(τ1)Vε(0)|Ω〉conn . (3.41)

Recall that all the subtractions of disconnected pieces are computed in the state |i〉 for the
first correlator and |Ω〉 for the second. We maintain the assumption that the large ~α limit
of the spectral density is controlled by the limit of gnε (~τ) when a subset of components of
the vector ~τ vanish. In turn, this limit is controlled by the OPE channel of figure 6, at the
level of the correlation function of the local operators V.

Then, let us first consider the case where a proper subset of components of ~τ vanish
together. In this case, the contribution from the identity in the OPE in figure 6 vanishes
separately in each connected correlator on the right hand side of eq. (3.41). This is a
general property of cumulants, valid in any state: they vanish whenever a subset of random
variables is statistically independent from the others.21

21In practice, it can be easily verified by noticing that the OPE can be applied at the level of the generating
function. Schematically, for the case where one subset Π of the insertions coalesce:

Z|i〉 = 〈i|e
∑

m
J(xm)V(xm)|i〉 → 〈Ω|e

∑
p∈Π

J(xp)V(xp)|Ω〉〈i|e
∑

m /∈Π
J(xm)V(xm)|i〉 ≡ ZΠZΠ̄ .

Since the generating function factorizes, its log splits into a sum, and the connected correlator immediately
vanishes.
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On the other hand, if all the components of ~τ vanish together, then the contribution
of the identity does not cancel out at the level of the single connected correlator. Rather,
it cancels out in the difference (3.41), as it can be checked again by inserting a complete
set of states in the generating function.

The cancellation of the identity should be sufficient for the integral in eq. (3.40) to
converge uniformly in ε and allow the chain of equalities (3.18) to hold. Let us sketch the
argument at the level of power counting, and let us focus on the radial behavior, where
all components of ~α diverge with fixed ratios. In this case, the asymptotics of ∆ρεi,n is
controlled by the small |~τ | limit, for which we expect

|gnε (~τ)| < C(τ0)|~τ |∆∗−n , |~τ | < τ0 . (3.42)

Here, ∆∗ is the lowest state above the identity which couples to the n insertions of V, and
in the absence of selection rule it is the same as in eq. (3.32). The spectral density would
then be bounded by a function with the following asymptotics:

|∆ρεi,n(~α)| . |~α|1−∆∗ . (3.43)

Of course, this equation is understood in an averaged sense, and a detailed computation
would make use of the integrated density analogous to eq. (3.31). Convergence of eq. (3.40)
is then guaranteed in the limit under scrutiny as long as ∆∗ > 1, which is enforced by the
spectral condition (2.14).

Let us finally point out that, running the previous argument for each connected cor-
relator in eq. (3.41), the presence of the identity in the OPE implies that each individual
energy level diverges linearly with Λ at all orders in perturbation theory.

3.6 Degenerate spectra

The main formula presented in (3.1) applies to any AdS Hamiltonian regulated by a hard
cutoff. However, the argument presented in section 3.4 and 3.5 is based on the fact that in
perturbation theory, energies Ei are closely related to integrated correlation functions. To
be precise, the n-th order contribution of the energy Ei is related to the n-point connected
correlator of V (τ) in the state |i〉, as is shown in appendix B. This relation does not hold
in degenerate perturbation theory, as we will briefly discuss here. Physically, theories with
degenerate spectra are particularly important for Hamiltonian truncation in AdS2, hence
they deserve special attention. In 2d BCFTs degeneracies arise because of the very nature
of Virasoro modules, and in theories of free bosons or fermions, degeneracies naturally arise
from multi-particle states in Fock space.

For concreteness, we have in mind a unitary quantum theory where g ≥ 2 states have
the same unperturbed energy e∗. There are three different scenarios for the spectrum at
non-zero coupling λ:

(i) the g-fold degeneracy is completely lifted at first order in perturbation theory;

(ii) the degeneracy is only fully lifted at some order n ≥ 2 in perturbation theory;

(iii) the degeneracy is exact and present for any value of λ.
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Let us focus on the first scenario, since it applies generically.22 It is well-known that the
appropriate eigenstates are eigenvectors |α〉 of V restricted to the degenerate subspace D ,
that is to say states satisfying

H0|α〉 = e∗|α〉 and 〈α|V |β〉 = vαδαβ (3.44)

and the requirement that the degeneracy is lifted at first order means that all vα ∈ R must
be different. The energies Eα are then determined unambiguously, taking the form

Eα = e∗ + λ̄vα − λ̄2e(2)
α + λ̄3e(3)

α + . . . (3.45)

for some coefficients e(n)
α that can be determined using Rayleigh-Schrödinger perturbation

theory. Using the shorthand notation Vφψ = 〈φ|V |ψ〉, the first two coefficients can be
expressed as

e(2)
α = Vαψ

1
eψ − e∗

Vψα (3.46a)

and

e(3)
α =Vαψ

1
eψ − e∗

Vψφ
1

eφ − e∗
Vφα − vα · Vαψ

1
(eψ − e∗)2 Vψα

− Vαψ
1

eψ − e∗
Vψβ

1
vβ − vα

Vβφ
1

eφ − e∗
Vφα . (3.46b)

In both (3.46a) and (3.46b) sums over intermediate states are implicit: sums over ψ, φ run
over all states outside of D , whereas the sum over β runs over all states in D except the
state |α〉 itself. As a matter of fact, the second-order energy e(2)

α can be extracted from the
connected correlation function

gα,2(τ) = 〈α|V (τ)V (0)|α〉 − 〈α|V |α〉2 (3.47)

exactly like in the case of non-degenerate quantum mechanics. However, the term in red
appearing in the second line of the third-order energy (3.46b) is qualitatively different. For
one, it features four insertions of the matrix V , hence e(3)

α is at best related to a four-point
function of V (τ) inside the state |α〉. More importantly, one of the factors appearing on the
second line of (3.46b) has 1/(vβ − vα) as a denominator. Such a denominator cannot arise
from a correlation function of V (τ) in the interaction picture, obeying ∂τV (τ) = [H0, V (τ)].
We conclude that in general, the e(n)

α cannot be expressed in terms of connected correlators
of V (τ).

Nevertheless, it appears that the prescription (3.1) correctly predicts the spectra of AdS
theories with degenerate unperturbed spectra. It is not difficult to check the prescription
up to low orders in perturbation theory (for example in the case of a massive scalar with
integer ∆).23 In section 5.4, the ε deformation of the 2d Ising model is studied; it is again

22Case (ii) can happen when V explicitly breaks a symmetry of the unperturbed Hamiltonian, and (iii)
is the hallmark of an unbroken symmetry/integrability, e.g. a boson or fermion perturbed by a mass term
φ2 or ψ̄ψ.

23For generic ∆, the degeneracies present in the spectrum of the free massive scalar theory persist when
a φ2 interaction is turned on. When ∆ is an integer there are additional degeneracies that are lifted by a
φ2 deformation.
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degenerate at zero coupling, but its degeneracies are partially resolved at finite coupling.
This RG flow is studied using Hamiltonian truncation, and the results agree well with
analytic predictions (up to truncation errors), see figure 24. The other Virasoro theories
featured in this work also have denegeracies, but since they aren’t exactly solvable, one
cannot explicitly check the prescription (3.1) a posteriori.

In summary, there is no reason to doubt that the prescription (3.1) predicts correct
spectra for the case of degenerate AdS spectra, but we have not found a simple modification
of the proof from the non-degenerate case. We leave this problem open for future work.24

3.7 Truncation errors

In the previous sections, we have discussed in detail a procedure that is needed to study
AdS Hamiltonians using a hard energy cutoff. In particular, we showed that the standard
TCSA prescription — fixing a cutoff Λ and subtracting the Casimir energy — predicts
wrong energy spectra. Given the correct prescription (3.1), Hamiltonian truncation in AdS
is still an approximation, since one necessarily works at some finite cutoff Λ. In this section,
we estimate the error on the energy levels due to this truncation, comparing the situation in
AdS to the better-understood problem of Hamiltonian truncation on finite volume spaces.

The basic result we will work towards is closely related to the discussion from subsec-
tion 3.4 and its generalization to higher orders in perturbation theory from subsection 3.5.
Concretely, let’s consider the second-order contribution of some interaction λ̄V to the i-th
energy level, working at cutoff Λ:

∆Ei(Λ) := Ei(Λ)− Evac(Λ− ei)

= ei + λ̄〈i|V |i〉+
∞∑
n=2

(−1)n+1λ̄n∆ci,n(Λ) , (3.48a)

where the first cutoff-dependent term is given by

∆ci,2(Λ) =
∫ Λ dα

α− ei
∆ρi,2(α− ei) . (3.48b)

Here, we use the definition (3.28) for the shifted spectral density ∆ρi,2(α). Likewise, the
higher-order coefficients ∆ci,n(Λ) can be expressed in terms of spectral densities ∆ρi,n(~α).
In contrast to the previous sections, here we no longer consider a spatial cutoff ε, working in
full AdS2 with ε = 0 throughout. In an otherwise UV-finite theory, the energy gap ∆Ei(Λ)
has a finite limit as Λ→∞, so the cutoff error is given by tails of spectral integrals:

cutoff error = ∆Ei(∞)−∆Ei(Λ) = −λ̄2
∫ ∞

Λ

dα

α− ei
∆ρi,2(α− ei) + O(λ̄3). (3.49)

If we can bound integrals like (3.49), we immediately obtain the desired error estimates
for energy gaps in AdS2. But this is precisely what we did in subsection 3.4, using the

24In the presence of degeneracies, it is tantalizing to split the Hamiltonian H = H0 + λV into two pieces
as H = H̃0 +λṼ , where H̃0 = H0 +λPV P and Ṽ = V −PV P, where P projects onto a degenerate subspace.
The new unperturbed Hamiltonian H̃0 is now non-degenerate when λ 6= 0. One can try to rederive the
prescription by treating Ṽ as a perturbation instead of V .
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crucial eq. (3.36). Recall that this equation follows from considering the leading non-trivial
contribution to the OPE of figure 6, coming from a boundary operator Ψ(τ) of dimension
∆∗. We should expect the bound to be saturated, generically, and therefore we obtain an
error of the order

∆Ei(∞)−∆Ei(Λ) ∼
Λ→∞

ci
Λ∆∗−1 . (3.50)

In light of the discussion in subsection 3.5, we expect eq. (3.50) to be true at all orders in
λ̄. The state-dependent coefficient ci(λ̄) encodes the large-α asymptotics of the densities
∆ρi,n(α). For instance, eq. (4.21) gives c1, the coefficient of the first excited state for
a free massive boson, at second order in perturbation theory. More generally, ci can be
determined in perturbation theory following the computations of appendix C.2 — see in
particular formula (C.30). For later reference, we mention that ci is proportional to the
boundary OPE coefficient COiOiΨ (up to a number that depends on V and Ψ but not on
the state |i〉), where Oi(τ) is the boundary operator corresponding to the state |i〉.

Now, by assumption there are no boundary states of dimension ≤ 1 — otherwise,
the Hamiltonian is IR-divergent to begin with — hence error terms of the form (3.50)
always vanish as the cutoff is removed, but when the exponent ∆∗−1 is small, they can be
important. In particular, the identity module in Virasoro minimal models in AdS2 contains
a state with ∆∗ = 2 that describes the displacement operator, leading to a 1/Λ error. For
theories of massive particles in the bulk of AdS, the dimension ∆∗ of the leading boundary
state depends on the particle’s mass (in units of the AdS radius): the heavier the bulk
particle is taken to be, the smaller the error (3.50) will be.

We stress that eq. (3.50) is true asymptotically, that is to say for Λ bigger than some
cutoff scale Λ0 which is a priori unknown. In particular, if Hamiltonian truncation com-
putations only probe cutoffs below Λ0, the formula in question does not necessarily predict
the order of magnitude of actual cutoff errors. Nonetheless, the formula (3.50) is consistent
with all of the computations performed in the present work.

It is natural to ask whether the error (3.50) can be removed by adding so-called im-
provement terms to the Hamiltonian. These would be proportional to either boundary or
(integrated) bulk operators, with cutoff-dependent coefficients that vanish as Λ→∞, and
their role would be precisely to cancel large truncation errors in observables. Indeed, since
ci only depends on the state |i〉 through the OPE coefficient COiOiΨ, it should be possible
to remove the error (3.50) by adding a term to the Hamiltonian of the form

H 7→ H + ξΨλ̄
2

Λ∆∗−1 Ψ(τ = 0) + . . . (3.51)

for some computable coefficient ξΨ. As follows from eq. (C.30), the coefficient ξΨ is theory-
dependent: it’s related to the integrated bulk-bulk-boundary correlator 〈VVΨ〉, which is
not fixed by conformal symmetry alone. We have not undertaken this exercise in the
present work, but it looks like an important step to take with the goal of performing
high-precision Hamiltonian truncation computations in the future, especially in the case of
Virasoro minimal models.

As we emphasized, eq. (3.50) captures the contribution of the bundary of AdS to the
truncation error. However, the large α behavior of the spectral density is also influenced by
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bulk contributions. Equivalently, the bulk OPE contributes non-analytic terms in τ to the
correlation functions (3.15). Let us focus again on the second order in perturbation theory.
The singularities in question are in one-to-one correspondence with operators appearing in
the V ×V OPE (taking the UV theory to be conformal for concreteness). Indeed, suppose
that V × V contains an operator Ṽ of dimension ∆Ṽ . Then, as discussed in appendix C.2
— see in particular eq. (C.41) — the subtracted two-point function of the potential is
expected to receive at small τ a contribution of the following kind:

〈i|V (τ)V (0)|i〉conn − 〈Ω|V (τ)V (0)|Ω〉conn ∼
τ→0

τ1−2∆V+∆Ṽ . (3.52)

Such terms have nothing to do with the geometry of AdS: they are also present if one
quantizes the same theory on the cylinder R × S1, see for example [24]. When eq. (3.52)
gives the leading small τ behavior, the energy gaps have errors that go as

∆Ei(∞)−∆Ei(Λ) ∼
Λ→∞

di
Λh , h = ∆Ṽ − 2∆V + 2 (3.53)

for some coefficient di which is proportional to the matrix element 〈i|Ṽ(τ = 0, r)|i〉, inte-
grated over a timeslice. Here the exponent h only depends on the UV properties of the
theory: it does not depend on the choice of boundary conditions, for instance. By defini-
tion, h > 0 in a UV-finite theory, as is the case for all theories discussed in the present
work, so errors of the above type vanish as the cutoff is removed. Nevertheless, a word of
caution is in order about eq. (3.52): boundary effects might modify it when the integral
of 〈i|Ṽ|i〉 over a time slice diverges. In appendix C.2, the precise conditions are discussed.
In the rest of the work, the bulk OPE will cause the leading truncation error only for the
φ4 deformation of a free massive scalar, see subsection 4.2.2. In that case, this boundary
enhancement does not take place.25

Truncation errors coming from bulk singularities can also be removed by adding local
counterterms to the Hamiltonian, i.e. by modifying H as follows:

H 7→ H + cṼ λ̄
2

Λh
∫ π/2

−π/2

dr

(cos r)2 Ṽ(τ = 0, r) + . . . (3.54)

for some computable coefficient cṼ . For CFTs quantized on R× Sd−1, these counterterms
were discussed in detail in [24] (and in the d = 2 case before in [35] and [36]). A detailed
discussion for the massive scalar on R× S1 is presented in [37] and related works [38–40].
In this paper, we will not actually add improvement terms of the form (3.54), so we will
not discuss Hamiltonians of the above form in detail. The computation of the coefficient
cṼ would go along the same lines as computations from the literature, apart from an
integration over an (infinite-volume) timeslice of AdS2, contrasting with the computation
on S1 from [38].26

25However, when h is integer, h = 2 in this case, the scaling (3.53) is typically enhanced by logarithms,
and in fact we will find the error to go as ln(Λ)/Λ2.

26The computation on S1 is simpler for an additional reason, namely the U(1) global symmetry that acts
by translations on the spatial circle, which is absent in AdS.
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4 Deformations of a free massive scalar

After the general discussion of Hamiltonian truncation in the previous sections, we will
now turn to a concrete quantum field theory: a massive scalar φ, described by the action:

S =
∫
d2x
√
g

(1
2(∂µφ)2 + 1

2m
2φ2 + κ

2Rφ2 + local interactions
)
, (4.1)

where R = −2/R2 is the scalar curvature of AdS2. The curvature coupling κ is arbitrary,
but since the curvature is constant, any shift in κ can be reabsorbed into the definition of
m2, and henceforth we will set κ = 0. The free theory was briefly treated in section 3.1;
here we will discuss the quantization in slightly more detail. We recall that φ(τ, r) has a
mode decomposition

φ(τ = 0, r) =
∞∑
n=0

fn(r)(an + a†n) (4.2)

with creation and annihilation operators that obey canonical commutation relations

[am, a†n] = δmn . (4.3)

The mode functions fn(r) are given by

fn(r) =
√

4∆

4π
Γ2(∆)
Γ(2∆)

√
n!

(2∆)n
(cos r)∆C∆

n (sin r) . (4.4)

Here ∆ is a positive root of ∆(∆−1) = m2R2 and Cνn(·) denotes a Gegenbauer polynomial.
The free Hamiltonian H0 is given in (3.3), and from it we can deduce that the n-th mode
a†n has energy ∆ + n.

As a consistency check of the above, we find that the Green’s function of the field φ is
given by

〈Ω|Tφ(τ, r)φ(τ ′, r′)|Ω〉 = 1
4π

Γ2(∆)
Γ(2∆) ξ

−∆
2F1

[∆,∆
2∆

∣∣∣− 1
ξ

]
=: G(ξ) (4.5)

where ξ is the cross ratio from eq. (2.8). This result could also have been derived directly,
by looking for SL(2,R)-invariant solutions of the equation of motion with the correct
boundary conditions.

In what follows, we will analyze the scalar theory in AdS2 with the following interaction
terms turned on:

S = S0 +
∫

AdS2
(λ2φ

2 + λ4φ
4 + . . .) (4.6)

where the . . . can denote any local bulk interaction (not necessarily Z2-even, and possibly
containing derivatives). In the Hamiltonian language, these interactions read

H = H0 + λ̄2V2 + λ̄4V4 + . . . (4.7)

where27

λ̄n := λnR
2 and Vn :=

∫
dr

(cos r)2 :φn(τ = 0, r) :. (4.8)

27Here normal ordering simply means moving annihilation operators to the right, e.g. :a†1a1a
†
2 : = a†2a

†
1a1.
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The operators H, Vn etc. act on the Hilbert space of the free theory, which is the Fock
space generated by the modes {a†n}∞n=0. Its states can be labeled as follows

|ψ〉 = 1
N|ψ〉

∏
k≥0

(a†k)
nk |Ω〉, N|ψ〉 =

√∏
k≥0

nk! . (4.9)

The factor N|ψ〉 has been chosen to make such a state unit-normalized. A state of the
form (4.9) has energy

H0|ψ〉 = e|ψ〉|ψ〉, e|ψ〉 =
∑
k≥0

nk(∆ + k) . (4.10)

In Hamiltonian truncation, we keep only states with energy e ≤ Λ below a cutoff Λ. Since
the spectrum of H0 is discrete, this means that H becomes a finite matrix, denoted by
H(Λ). If we let {|ψi〉} be a basis of low-energy states, then the matrix elements of H(Λ)
have the following form:

H(Λ)ij = 〈ψi|H0|ψj〉+ λ̄2〈ψi|V2|ψj〉+ . . . = e|ψi〉δij + λ̄2〈ψi|V2|ψj〉+ . . . (4.11)

Finally, the spectrum of H can be approximated by explicitly diagonalizing H(Λ) for
sufficiently large values of Λ. We will explore this for both a φ2 and a φ4 deformation in
the next sections.

4.1 φ2 deformation

In this section we study the φ2 deformation, meaning that in (4.6) we allow for an arbitrary
value of λ = λ2, but all other couplings are set to zero. Since this theory is exactly solvable,
it provides a way test the proposed diagonalization procedure in a controlled setting. To
be precise, the spectrum of the theory with λ 6= 0 is that of a free theory with redefined
mass m2 → m2 + 2λ, or equivalently

∆→ ∆(λ̄) = 1
2 +

√√√√(∆− 1
2

)2
+ 2λ̄ . (4.12)

The spectrum of the theory with coupling λ 6= 0 consists of single-particle states with
energy ∆(λ̄) + N0 — N0 being the set of non-negative integers — two-particle states with
energies 2∆(λ̄)+N0 (most of which are degenerate), and likewise there are n-particle states
of energy n∆λ̄ + N0 for any integer n. The energy ∆(λ̄) can be computed in perturbation
theory; expanding (4.12) in a Taylor series around λ = 0, we find that Rayleigh-Schrödinger
perturbation theory converges if and only if

|λ̄| < λ?(∆) = 1
2

(
∆− 1

2

)2
. (4.13)

For couplings larger than λ?(∆), the correct spectrum can only be computed
nonperturbatively.
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In order to set up the Hamiltonian truncation, it will be convenient to express V2 in
terms of creation and annihilation operators

V2 =
∞∑

m,n=0
Amn(∆)(a†ma†n + 2a†man + aman) , (4.14)

with coefficients
Amn(∆) =

∫ π/2

−π/2

dr

cos2 r
fm(r)fn(r) = Vmn(∆)

2∆− 1 , (4.15)

where the matrix Vmn is computed in appendix A.3, and we report here the result for
convenience:

Vmn(∆) =


0 if m+ n is odd;√

(m+ 1)n−m/(2∆ +m)n−m m ≤ n, m+ n even;

Vnm(∆) m > n.

(4.16)

An algorithm that can be used to compute and diagonalize H(Λ) is described in great
detail in section D. In what follows, we will simply discuss the results of various numerical
computations. In particular, we will check whether the spectrum of H(Λ) reproduces the
exact spectrum predicted by eq. (4.12).

Before turning to the numerical results, let us comment on the role of discrete symme-
tries. Both the φ2 and φ4 interactions are invariant under parity P and the Z2 symmetry
Z : φ → −φ. The individual creation operators a†k have quantum numbers (−1)k under
parity and −1 under Z.28 Therefore, a Fock space state |ψ〉 = |n0, n1, n2, . . .〉 has quantum
numbers

P|ψ〉 = (−1)πψ |ψ〉, Z|ψ〉 = (−1)zψ |ψ〉, for πψ =
∑
k≥0

knk, zψ =
∑
k≥0

nk . (4.17)

Given these symmetries, the diagonalization of H(Λ) can be performed independently in
the four different sectors of Hilbert space that contain states with quantum numbers P = ±1
and Z = ±1. Notice that the Casimir energy is determined by the vacuum state which
has quantum numbers P = Z = +1, so this sector plays a special role. For fixed Λ and
fixed couplings λ2, . . ., eigenvalues of H(Λ) corresponding to different symmetry sectors
are expected to cross. However, we stress that the physical energies are not quite the
eigenvalues of H(Λ): the Casimir energy needs to be subtracted from the individual levels,
in accordance to the discussion in section 3.

4.1.1 Cutoff effects

As mentioned in section 3.1, one expects that the vacuum energy EΩ(Λ) grows linearly with
the cutoff Λ. We can check this both perturbatively (by means of a Rayleigh-Schrödinger
computation at second order in λ2) and non-perturbatively, using Hamiltonian truncation.

28For the V2 interaction, parity invariance follows from the fact that the coefficients Amn(∆) from (4.15)
vanish if m+ n is odd.
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Figure 8. The vacuum energy linear growth in cutoff. The left plot shows the agreement of
the data with second order perturbation theory. The right plot shows the linear growth beyond
perturbation theory (λ̄ = 2). R̄ is the radius of AdS in units of the coupling, as defined in eq. (2.24).

Details for the perturbative computation are given in appendix B.3. The result of both
computations is shown in figure 8. For concreteness, we take the single-particle energy in
the free theory to be ∆ = 1.62.29 For the nonperturbative plot on the right hand side we
have set λ̄ = 2, beyond the radius of convergence of perturbation theory (4.13). By eye,
the linear growth of E(Λ) ∼

Λ→∞
Λ can easily be seen in both cases.

Next, we can study the energy shift of the first excited state |χ〉 = a†0|Ω〉. From (4.12),
we see that

∆χ(λ) = ∆ + λ̄

∆− 1
2
− cχλ̄2 + O(λ̄3), cχ = 4

(2∆− 1)3 . (4.18)

We can first of all reproduce this result analytically, using Rayleigh-Schrödinger pertur-
bation theory. This involves computing the difference gχ(τ) of the connected two-point
correlators of V2 inside the state |χ〉 and the vacuum. For details, we refer to appendix B;
the exact function gχ(τ) is spelled out in eq. (B.70). Integrating this correlator over τ
reproduces the exact result, as it should. At small τ , the function gχ(τ) behaves as

gχ(τ) ∼
τ→0

− 2π
(∆− 1

2) sin(2π∆)
τ2∆−2 + analytic + O(τ2∆−1). (4.19)

While a logarithmic singularity appears for integer ∆, here we will assume for simplicity
that ∆ is generic (and ∆ > 1). The expression (4.19) can be used to deduce the large-Λ
behavior of Hamiltonian truncation. Indeed, the Laplace transform of gχ(τ) must behave as

∆ρχ(α) ∼
α→∞

Γ(2∆)
(∆− 1

2)2 α
1−2∆, gχ(τ) =

∫ ∞
0
dα e−(α−∆)τ ∆ρχ(α) (4.20)

so the cutoff error can be estimated to be

λ̄2
∫ ∞

Λ

dα

α−∆ ∆ρχ(α) ∼
Λ→∞

Γ(2∆− 1)
(∆− 1

2)2
λ̄2

Λ2∆−1 . (4.21)

29This corresponds to a mass m2R2 = ∆(∆− 1) ≈ 1, so a mass ≈ 1 in units of the AdS radius.
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Figure 9. Log–log plot of Hamiltonian truncation deviation from the exact value as a function of
the cutoff Λ for coupling λ̄ = 0.1. The left plot shows the convergence for the first excited state with
the blue line equal to −λ̄2 0.898

Λ2.24 extracted from eq. (4.22). The right plot shows the convergence for
the third excited state corresponding to a state with two particles at rest. The blue line is a single
parameter fit a

Λ2.24 .

This convergence rate is in complete agreement with the discussion from section 3.7, since
the lowest-dimension boundary state that can be generated is the two-particle state with
dimension 2∆. We therefore predict that at finite cutoff Λ, we measure an energy gap

∆Eχ = eχ + λ̄

∆− 1
2
− λ̄2

(
cχ −

Γ(2∆− 1)
(∆− 1

2)2
1

Λ2∆−1 + . . .

)
+ O(λ̄3)

≈ 1.62 + 0.893λ̄− λ̄2
(

0.356− 0.898
Λ2.24 + . . .

)
+ O(λ̄3)

(4.22)

plugging in ∆ = 1.62 when passing from the first to the second line.
In the left plot of figure 9, we compare eq. (4.22) to Hamiltonian truncation data,

setting λ̄ = 0.1 such that terms of order λ̄3 and higher are subleading. We find excel-
lent agreement between the numerical results and the analytical prediction (4.22). This
agreement relies crucially on the prescription (3.1): without the correct subtraction of the
Casimir energy, there would be a mismatch of order O(1) × λ̄2. The second excited state
is the first SL(2,R) descendent of |χ〉, namely |χ′〉 = a†1|Ω〉, which in the full theory has
energy ∆Eχ′ = ∆Eχ + 1: we will come back to this state in the next paragraph. After
that, the third excitated state is (a†0)2|Ω〉, which describes two particles at rest. In the
right plot of figure 9, we compare Hamiltonian truncation data for this state to the exact
result ∆E = 2∆(λ̄).

An additional test of the truncation procedure involves computing differences of ener-
gies between a primary state and its descendants. As a consequence of SL(2,R) invariance,
such differences must be exactly integer. However, the truncation breaks the SL(2,R)
symmetry, which can only be recovered in the continuum Λ → ∞. We expect that the
energy of the second state in the spectrum |χ′〉 = a†1|Ω〉 scales as

∆Eχ′(Λ)−∆Eχ(Λ) ∼
Λ→∞

1 + a

Λb + . . . (4.23)
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Figure 10. Difference of energies between the first primary state |χ〉 and its first descendant,
verifying that the SL(2,R) spacetime symmetry of AdS is restored in the continuum limit Λ→∞.

for some power b > 0 and some coefficient a. In figure 10, we check this prediction
numerically for different values of the coupling λ̄. Both for small (λ̄ = 0.1) and large (λ̄ = 2)
values of the coupling, we observe that SL(2,R) is restored in the continuum; however, the
plots show that this phenomenon is slower for the larger values of the coupling. In passing,
let us mention that it would be interesting to predict the coefficients a, b appearing in (4.23),
by analyzing the SL(2,R) breaking directly. We have not studied this problem in more
detail in the present work.

4.1.2 Spectrum

So far, we have checked in some examples that with the prescription (3.1), Hamiltonian
truncation in AdS agrees with exact results in the limit where the cutoff Λ is sent to infinity.
At this point, we can be more systematic and compute the first six energy levels of the φ2

theory for a range of couplings, once more comparing the numerical data to exact results.
The results are shown in figure 11. Dots correspond to Hamiltonian truncation data; the
solid curves are the exact values. This plot probes couplings beyond the perturbation
theory radius of convergence λ?(∆), which for ∆ = 1.62 equals λ∗(1.62) ≈ 0.63. To show
the breakdown of perturbation theory, we have in addition plotted the energy of the state
|χ〉 computed up to order λ̄2 (shown in red) resp. λ̄3 (green) in perturbation theory; it
is clear that these perturbative curves deviate from the exact levels when λ̄ & λ?(∆). In
contrast, the Hamiltonian truncation data agrees with the exact data within error bars
also for larger values of λ̄. Finally, we want to mention that differences between energies
are indeed approximately integer, in accordance with SL(2,R) symmetry.

In figure 11, we notice crossings between one- and two-particle states, shown in black
resp. blue. These states have different quantum numbers: one-particle states have Z =
−1, whereas the blue curves have Z = 1. Therefore, there is no level repulsion even at
finite cutoff.

The data points in the above plot are extracted from “raw” Hamiltonian truncation
data, computed at some finite cutoff Λ, by extrapolating to Λ =∞. Let us explain in some
detail the procedure that is used to go from unprocessed eigenvalues to these extrapolated
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Figure 11. Spectrum of the first six excited energies in the φ2 theory with ∆ = 1.62. Dots with
error bars: Hamiltonian truncation data. Black and blue solid curves represent the exact spectrum;
the red and green dashed lines are exact results for the first level, truncated to second resp. third
order in perturbation theory. The black curves are the one-particle state |χ〉 and its first three
descendants; the blue curves are the two-particle state (a†0)2|Ω〉 and its first descendant.

data with error bars. For the n-th excited state ∆En, we gather a sequence of energies
{∆En(Λ) | Λ ≤ Λmax} by varying the cutoff Λ, going up to some maximal cutoff Λmax. We
then fit this sequence to the function

∆En(Λ|Λmax) ≈ an(Λmax) + bn(Λmax)
Λ2∆−1 (4.24)

which gives an optimal value of an(Λmax), the energy in the limit Λ → ∞. There are two
sources of error associated to this procedure:

• For a given cutoff Λmax, the truncation data don’t exactly match the fit (4.24). This
is the usual χ2 or goodness-of-fit error, caused by the fact that we are only taking
the leading cutoff error 1/Λ2∆−1 into account. The size of this error can be extracted
from the ParameterTable option of NonLinearModelFit in Mathematica.

• The restriction to cutoffs up to Λmax is arbitrary: if we changed Λmax by one or
several units, the fit procedure would lead to a different extrapolated energy an. By
computing an for a range of maximal cutoffs Λmax, we can obtain an estimate for the
uncertainty associated to this phenomenon.

The total error bar we assign to an energy En is the sum of these uncertainties.
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4.2 φ4 flow

So far, we have discussed in detail Hamiltonian truncation result for the φ2 flow in AdS2.
This flow is exactly solvable, so it provided a good laboratory to test the prescription (3.1).
It is of course more interesting to study flows that are not exactly solvable, like the φ4

interaction. To be precise, we will consider Hamiltonians of the form (4.7) with λ̄4 6= 0. The
two-dimensional φ4 flow has already been studied in detail using Hamiltonian truncation,
but on R × S1 (see [37, 38, 40, 41]): here we will explore the same QFT, but defined in
AdS2 instead of the cylinder.

Let us briefly discuss the physics to be expected as a function of the bare quartic
coupling λ4 and the bare mass m2. On R2, the theory displays spontaneous symmetry
breaking (SSB): if the dimensionless ratio m2/λ4 is sufficiently large, the vacuum is Z2-
invariant, but below some critical value the field φ obtains a VEV and the φ → −φ
symmetry is broken.30 The transition between both phases is continuous and describes the
2d Ising universality class. All of these effects have previously been observed in Hamiltonian
truncation on R × S1, which is Weyl-equivalent to R2. Away from this critical value, the
mass gap is finite.

What is the fate of the phase transition in AdS? At finite radius, the physics depends
now on the two dimensionless couplings m2R2 and λ̄4.31 As discussed in subsection 2.5,
SSB happens in AdS in a way analogous to flat space, up to boundary effects which might
make the false vacuum stable. Therefore, in the limit where m2R2, λ̄4 → +∞ with fixed
ratio, the physics ought to be the same as in flat space. In this paper, we mainly focus
on testing this hypothesis. However, it is worth asking about the general features of the
phase diagram in the (m2R2, λ̄4) plane. In particular, does the line of phase separation
extend all the way to λ̄4 = 0? Is the phase transition continuous? Is it described by the
2d Ising CFT in AdS? As we shall see below, it is not easy to tackle these questions with
Hamiltonian truncation, so we will leave most of them open to future work. Nevertheless,
we can at least gather some information from the weak coupling side, λ̄4 � 1. In this limit,
we can trust the semi-classical analysis of appendix E.1.2. In particular, let us recall that
the line λ̄4 = 0, m2R2 > −1/4, with Z preserving boundary conditions, belongs to the
symmetric phase. We expect therefore the line of phase transition to obey the equation
m2R2 = −1/4 + O(λ̄4). This answers in the negative two of the above questions. At the
phase transition, the expectation value of φ jumps from zero to a finite value: i.e. the
phase transition is discontinuous. Furthermore, as λ̄4 → 0, the spectrum is continuously
connected to the one of a free boson with ∆ = 1/2, while, as we shall recall in subsection 5.3,
the Ising CFT is described by a free fermion.

4.2.1 Fixing the φ2 counterterm

We are most of all interested in the flat-space limit R → ∞, keeping the bare couplings
λ2 and λ4 fixed. Any “RG trajectory” (i.e. a sequence of spectra for a range of radii R)

30The critical value of m2/λ4 is of course scheme-dependent.
31In this initial discussion, we absorb λ̄2 in m2R2. The distinction will become relevant in the next para-

graph, where λ̄2 will be chosen as a specific finite counterterm, to make the comparison to flat space easier.
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therefore depends on the ratio λ2/λ4 and in addition on the UV scaling dimension ∆ of
the single-particle state (or equivalently on its mass m2 = ∆(∆ − 1)/R2). Note that the
Hamiltonian is normal-ordered at fixed radius R. Therefore a trajectory of the form

H = H0 +
∑
k=2,4

λ̄kVk, λ2, λ4 fixed (4.25)

does not describe a good RG trajectory: the normal-ordering counterterms implicit in (4.25)
are not the same as those in flat space, as has been explained in [37]. Instead, we should
use a Hamiltonian of the form

H = H0 + λ̄V4 + 6z(∆)λ̄V2 (4.26)

omitting terms proportional to the identity operator, since the Casimir energy is not ob-
servable in AdS. We can compute the coefficient z(∆) by adapting the derivation from
reference [37]. First, we notice that in flat space, the local operators φ2 and φ4 are normal-
ordered as follows

:φ2:∆ = φ2 − Z∆, :φ4:∆ = φ4 − 6Z∆φ
2 + 3Z2

∆ (4.27)

where Z∆ formally denotes the contraction

Z∆ = lim
Y→X

[φ(X)φ(Y )− :φ(X)φ(Y ) :] = lim
Y→X

〈φ(X)φ(Y )〉R (4.28)

keeping the dependence of the correlator on the AdS radius explicit. This expression is
formal, since the limit Y → X diverges. However, the difference of Z measured at two
different radii is physical. For instance, we can compare the theory at a given R to the
same QFT quantized in the flat-space limit R =∞. This leads to

z(∆) ≡ Z∆ − Z∞ = 1
2π

(
−1

2 log ∆(∆− 1) + ψ(∆)
)

(4.29)

where ψ(·) is the digamma function. This completely fixes the Hamiltonian (4.26).

4.2.2 Convergence estimates

Before we turn to numerical computations, let us first of all discuss the convergence rate,
that is to say the error due to working at finite cutoff Λ. Although in the previous section
we fixed a specific φ2 counterterm, let us for now consider the general Hamiltonian (4.25)

H = H0 + λ̄2 V2 + λ̄4 V4. (4.30)

For definiteness, let us focus on the leading energy shift of the first excited state |χ〉 = a†0|0〉,
although much of the discussion does not depend sensitively on the choice of state. In
Rayleigh-Schrödinger perturbation theory, we have

∆Eχ(λ̄2, λ̄4) = ∆ + 2
2∆− 1 λ̄2 −W · λ̄2

2 − 2A · λ̄2λ̄4 −B · λ̄2
4 + . . . (4.31)
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subtracting the Casimir energy and omitting terms of cubic and higher order in perturba-
tion theory. The coefficients W , A and B depend on ∆, and importantly they are sensitive
to the cutoff Λ, although they should have a finite limit as Λ → ∞. We have already
encountered the W -term in section 4.1.1, and found that it evaluates to

W (Λ) = 4
(2∆− 1)3 + O

( 1
Λ2∆−1

)
. (4.32)

The coefficients A and B cannot be calculated in closed form, but they can be obtained as
integrals over AdS:

A =
∫ ∞

0
dτ A(τ) and B =

∫ ∞
0
dτ B(τ) (4.33)

where

A(τ) = 24
∫ π/2

−π/2

drdr′

(cos r cos r′)2 f0(r′)2G(ξ(τ, r, r′))2, (4.34a)

B(τ) = 192 cosh(∆τ)
∫ π/2

−π/2

drdr′

(cos r cos r′)2 f0(r)f0(r′)G(ξ(τ, r, r′))3. (4.34b)

The expressions were obtained by evaluating connected two-point correlation functions of
V2 and V4 inside the state |χ〉, and subtracting the same correlator inside the vacuum state.
In particular, G(ξ) was defined in eq. (4.5), and the cross ratio ξ of eq. (2.8) is evaluated
at τ ′ = 0. Let ρA(α) and ρB(α) be the spectral densities associated to A(τ) resp. B(τ),
that is to say

A(τ) =
∫ ∞

0
dα ρA(α)e−(α−∆)τ (4.35)

and likewise for B(τ). We can likewise associate a spectral density ρW (α) to the diagram
W — in fact, ρW (α) is exactly identical to ∆ρχ(α) from (4.20). The total cutoff error
is then

−
∫ ∞

Λ

dα

α−∆
[
ρW (α) · λ̄2

2 + 2ρA(α) · λ̄2λ̄4 + ρB(α) · λ̄2
4

]
+ subleading in pert. theory.

(4.36)
If Λ is large, this error term is controlled by the asymptotic behavior of the densities ρW (α),
ρA(α) and ρB(α). We have already seen that ρW (α) ∼

α→∞
1/α2∆−1. We will see that for

∆ > 3/2, the error will be dominated by the other two terms. Indeed, we claim that

ρA(α) ∼
α→∞

1/α2 and ρB(α) ∼
α→∞

ln(α)/α2. (4.37)

Numerical evidence for this claim is presented in figure 12. If this claim holds, then the
total error term is of the order of

error term =
(
2εA · λ̄2λ̄4 + εB · λ̄2

4 + ε′B · λ̄2
4 ln Λ

) 1
Λ2 + . . . (4.38)

for some coefficients εA, εB and ε′B, omitting terms subleading in Λ and in perturbation
theory. The leading large-α behavior of the diagrams A and B is due to bulk effects,
contrary to the diagram W which was due to a contribution close to the boundary. Indeed,
the same scaling has been observed on the cylinder R× S1 [37].
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Figure 12. Left: the spectral density ρA(α) multiplied by α2, for ∆ = 2 (purple), ∆ = 2.5 (green)
and ∆ = 4 (red), averaged over intervals [α − 2, α + 2] (since the densities have delta function
support). The horizontal dashed lines are the large-α predictions from formula (4.40). Right:
the same plot for the spectral density ρB(α), plus comparison to the asymptotic formula (4.40)
(dashed).

To make (4.38) precise, it makes sense to estimate the large-α asymptotics of ρA and
ρB directly — or equivalently, the small-τ asymptotics of A(τ) and B(τ). We can do so
following the example of reference [37]. In particular, we choose to study dA(τ)/dτ and
dB(τ)/dτ instead of A(τ) and B(τ), and we replace the bulk-bulk propagator G(ξ) by its
Taylor series in the short-distance limit, to wit

G(ξ) ≈ − ln ξ + 2γE + 2ψ(∆)
4π (4.39)

dropping analytic terms that vanish as ξ → 0. This yields

ρA(α) ∼
α→∞

24(∆− 1)
α2π(2∆− 3)(2∆− 1) , (4.40a)

ρB(α) ∼
α→∞

144(∆− 1)
α2π2(2∆− 3)(2∆− 1)

[
2 lnα− 2

∆− 1 + ψ

(
∆− 3

2

)
− 3ψ(∆− 1)

]
.

(4.40b)

These formulas make precise the scaling predicted by (4.37). At the same time, we can com-
pute the densities ρA,B(α) directly for finite values of α, by expanding the integrals (4.34)
around large τ . In figure 12, the asymptotic formulas are compared to these exact results
for ∆ = 2, 2.5 and 4, finding good agreement.

Let us make two comments about eqs. (4.40). For one, both densities have a pole
at ∆ = 3/2. This is due to the truncation (4.39), which leads to additional divergences
close to the boundary of AdS — yet the full correlators A(τ) and B(τ) are integrable
for dimensions ∆ > 1, where eq. (2.14) holds. Second, the asymptotic density shown for
ρB(α) can become negative for small values of α; for instance for ∆ = 1.62, the terms
shown are only positive for α & 43. However, it can be shown that the full density ρB(α)
is manifestly positive. This means that the asymptotic formula (4.40) is not necessarily
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Figure 13. Hamiltonian truncation data for the energy shift of the state |χ〉 due to the φ4

Hamiltonian (4.26) with ∆ = 1.62, for a range of cutoffs up to Λ = 30. The left (right) plot
corresponds to quartic coupling λ̄ = 0.2 (λ̄ = 2). Blue curve: fit of the form u − v ln(Λ)/Λ2, with
the asymptotic value u shown as a horizontal dotted line.

a good approximation to the actual density ρB(α) for values of α that can be realized in
Hamiltonian truncation (say α ≤ 25 − 40), at least for small values of ∆. Nevertheless,
figure 12 shows that for sufficiently large α, the scaling behavior (4.37) is observed.

Let us finally compare this asymptotic prediction from second-order perturbation the-
ory to Hamiltonian truncation data. It follows from the above discussion that the trun-
cation error of the φ4 Hamiltonian should be of the order of ln(Λ)/Λ2, at least at second
order in the coupling.32 We can thus fix the V2 counterterm according to section 4.2.1
and diagonalize the Hamiltonian H for finite values of the cutoff Λ, computing the first
excitated energy level non-perturbatively using the presription (3.1). The results of this
procedure are shown in figure 13. As expected, we observe that the truncation data con-
verge to a constant in the limit Λ→∞, and we see that the truncation error goes to zero
as ln(Λ)/Λ2.

4.2.3 Evidence for a phase transition

As we already discussed, we expect that the φ4 theory in AdS2 exhibits sponteanous sym-
metry breaking, just as in flat space. Already in finite volume, working on R×S1 where the
S1 has length L, truncation methods were used to study this transition [37]. In that work,
the bare mass m2 was fixed, and for fixed but large mL & O(few) the authors scanned over
the quartic coupling λ4. For λ4 sufficiently small and positive bare mass, the system is in
the unbroken phase. In this phase, the energy gap of the theory, closes continuously as λ4
is increased to its critical value. For λ4 larger than its critical value the system is in the
broken phase.

Here we can attempt to do the same thing: we can fix the bare mass m2 and scan
over the dimensionless coupling λ/m2. Since we want to be close to the flat-space limit, we

32We don’t expect higher-order diagrams to be more UV-sensitive.
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need to make sure that R is large compared to m2, or in other words that the UV scaling
dimension ∆ is sufficiently large. To connect the notation used so far, this means that we
fix ∆ & O(few) and scan over the dimensionless coupling λ̄/(m2R2) = λ̄/[∆(∆− 1)] =: x.
For any value of ∆ and x, we can measure the mass gap. The resulting curves ∆E(x,∆)
will depend on ∆, but if there is any universal flat-space physics, they should have a well-
defined limit as ∆→∞. The limiting curve ∆E(x,∞) should exhibit a gap that closes in
accordance with the critical exponents of the Ising universality class, and as a matter of
principle one should be able to read off the Ising BCFT spectrum. In fact, we expect that
the gap ∆E closes at the same critical coupling as in flat space.

In figure 14, we plot precisely these curves ∆E(x,∆). As always, we subtract the
Casimir energy according to (3.1), and we divide the mass gap by ∆ such that we can
compare curves of different UV dimensions ∆. On the x-axis, we vary the dimensionless
quartic coupling x = λ̄/[∆(∆ − 1)]. The plot provides evidence that the curves ∆E(x,∆)
indeed have a finite limit as ∆→∞, although we cannot increase ∆ further than ∆ ≈ 10 for
computational reasons. Semi-quantitatively, the plot is consistent with a critical coupling
of the order of λ/m2 ≈ 3. Numerically, the convergence rate decreases rapidly for large
couplings: this can be seen for example by the large error bars appearing in figure 14.
Therefore, analyzing the phase transion in more detail is not feasible in the current set-up,
even by going to rather large cutoffs with ∼ 5 · 104 states.

The prescription (3.1) does not always lead to positive energies, contrary to differences
of energies of a Hamiltonian, which are positive by construction. The value of e.g. the first
excited state E1(Λ)−EΩ(Λ−∆) can indeed be negative, as seems to happen to points with
large couplings in figure 14. This would indicate that the vacuum exchanges roles with an
excited state (which has different quantum numbers!). However, we stress that for the data
points in question, the error bars are very significant, and it is not excluded that the true
energy in the limit Λ→∞ is in fact slightly positive. For this reason, and to avoid clutter,
we have not shown any points with a seemingly negative energy. In appendix F, we study
an inverted harmonic oscillator with Hamiltonian truncation to illustrate how the states
in the broken phase are expected to have a large overlap with unperturbed states close to
the cutoff.

5 Deformations of conformal field theories

In this section, the unperturbed Hamiltonian corresponds to a conformal field theory in
AdS. The deformation is triggered by a relevant operator. We shall focus, in particular,
on the simplest two dimensional CFTs, i.e. the Lee-Yang and the Ising models. Since AdS
is conformally flat, a CFT placed in AdS is equivalent to a CFT in the presence of a flat
boundary. More precisely, the equivalence is true if the boundary conditions preserve the
Weyl invariance of the bulk. This setup is usually referred to as a boundary conformal
field theory (BCFT) [42]. Since the subgroup of the conformal group preserved by a flat
boundary coincides with the isometries of AdS, any CFT placed in AdS with isometry
preserving boundary conditions will be related to a BCFT by a Weyl transformation.33

33We are assuming that conformal symmetry automatically promotes to Weyl invariance.
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Figure 14. Mass gap of the φ4 Hamiltonian (4.26) for a range of quartic couplings λ̄ (x-axis), for
a different set of UV scaling dimensions ∆ (different curves, see legend).

In this section we adopt the usual 2d CFT convention, reserving the name primaries
for the Virasoro primaries. On the other hand, the SL(2,R) primaries will be sometimes
denoted as quasiprimaries.

5.1 Virasoro minimal models and their deformations in AdS2

We begin with a reminder of the basics of minimal models [43] in the presence of a bound-
ary, before moving on to AdS. A detailed exposition can be found in the original refer-
ences [42, 44–47], in chapter 11 of [48], or in the dedicated book [49]. A flat boundary
preserves a single copy of the Virasoro algebra, whose generators Ln, n ∈ Z obey the usual
commutation relation

[Lm, Ln] = (m− n)Lm+n + c

12m(m2 − 1)δm+n,0 , (5.1)

where c is the central charge of the 2d CFT.34 The SL(2,R) generators can be identified
with Virasoro generators as follows:

H = L0, P = L−1, K = L1. (5.2)

The spectrum of boundary scaling operators, corresponding to the constant time slice
Hilbert space in AdS, is organized in representations of the Virasoro algebra. In the minimal
models, there are a finite number of so called Verma modules, which have a Virasoro

34A 2d CFT admits a conformal boundary only if the left and right central charges coincide, c = c̄ [34].
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primary |χi〉 as a lowest-weight state. The primary satisfies Ln|χi〉 = 0 for all n ≥ 1. The
full Hilbert space is spanned by states of the form

L−n1 · · ·L−np |χi〉 (5.3)

running over all Virasoro primaries |χi〉 and all integers n1, . . . , np ≥ 1. The SL(2,R)
primaries are those states |Ψ〉 satisying L1|Ψ〉 = 0. Under the parity transformation
P : r 7→ −r, the Virasoro generators transform as

PLnP−1 = (−1)nLn (5.4)

which generalizes eq. (2.7).
Given a minimal model, the set of consistent boundary conditions is known [45, 47].

They are in one to one correspondence with the scalar Virasoro primary operators of the
CFT. In the following, we will only consider diagonal minimal models, where all primaries
are spinless. For instance, the Ising model has three Virasoro primaries: the identity,
the spin field σ, the energy field ε. Correspondingly, there are three conformal boundary
conditions. The boundary spectrum supported by each boundary condition is determined
as follows. Consider the fusion coefficients in the OPE

Vφ × Vφ ∼ nφφiVi , (5.5)

where Vφ and Vi denote representations of the Virasoro algebra. Then, the boundary
condition labeled by φ supports boundary operators falling in the representations such
that nφφi 6= 0. For instance, the boundary spectrum of the σ boundary condition in
the Ising model comprises the identity and the ε module, whose Virasoro primaries have
dimension ∆0 = 0 and ∆ε = 1/2 respectively.

It is sometimes useful to map the theory to the exterior of the unit circle. In this setup,
the boundary condition generates a state in radial quantization, the so called Cardy state,
which allows for a decomposition in terms of local operators of the bulk CFT [46]. Only
the operators appearing in this decomposition acquire a one-point function in the presence
of the boundary. For instance, the boundary state generated by the σ boundary condition
in the Ising model is

|σ〉Cardy = |1〉〉 − |ε〉〉 , (5.6)

where the Ishibashi states on the right hand side are a sum of left-right symmetric descen-
dants of the Virasoro primary, whose specific form we will not need [50]:

|φ〉〉 = |φ〉+ L−1L̄−1
∆φ

|φ〉+ . . . (5.7)

A special boundary condition exists in all the minimal models. It is the one labeled
by the identity operator. It only supports the identity module, hence it does not allow
for relevant deformations. In the generic minimal model, denoted by M(p, q) in [48], the
identity module has two null vectors, at level 1 and (p − 1)(q − 1). In particular, the
non trivial null states are found at level 4 in the Lee-Yang model and at level 6 in the
Ising model. The leading boundary operator supported by the identity Cardy state is the
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displacement operator [34], i.e. L−2|Ω〉,35 which has ∆ = 2. This means that the rate of
convergence of TCSA in AdS cannot be faster than ∼ 1/Λ, as explained in subsection 3.7.
The identity boundary condition corresponds to the so called extraordinary transition in
the corresponding statistical models, i.e. it breaks all the global symmetries of the CFT.
Indeed, the boundary OPE (2.13) of any bulk operator cannot be empty, and therefore it
must contain the identity module. Hence, all the bulk scalar operators acquire a one-point
function in the presence of the boundary. Although we will comment about other boundary
conditions in what follows, we shall be mainly interested in the one labeled by the identity.

When mapping the CFT with a flat boundary to AdS2, it is important to notice that
the anomalous contribution to the stress tensor vanishes. Hence, the ground state energy
vanishes.36 This is most easily checked in Poincaré coordinates. Using a pair of complex
coordinates z, z̄, the metric reads

ds2
AdS = R2

(Im z)2 dzdz̄ . (5.8)

Under the Weyl map from flat space, the stress tensor is in fact unchanged:

ds2
AdS = e2σds2

flat , σ = log R

Im z
, TAdS

zz = T flat
zz + c

12π
(
∂2
zσ − (∂zσ)2

)
= T flat

zz . (5.9)

It is then easy to check that the generators (5.1), obtained as modes of the stress tensor,
provide conserved quantities in AdS as well.

In what follows, we will trigger an RG flow in AdS by turning on a relevant Virasoro
scalar primary V. The relation between such operator in AdS and in flat space is

VAdS =
( Im z

R

)∆V
Vflat . (5.10)

One can then work out the action of the Virasoro generators on the AdS operator:

[Ln,VAdS] =
[
zn+1∂z + z̄n+1∂z̄ + ∆V

2

(
(n+ 1)(zn + z̄n)− 2 z

n+1 − z̄n+1

z − z̄

)]
VAdS .

(5.11)
As expected, the term proportional to ∆V vanishes for the SL(2,R) generators (5.2), which
simply act as diffeomorphisms. Henceforth, we drop the subscript from VAdS, and resume
the convention set up in eq. (1.1). Eq. (5.11) allows to compute all the matrix elements of
the perturbing operator V between states of the kind (5.3), and hence the matrix elements
of the potential V , once the three-point functions 〈χi|V|χi〉 are known.37 Since the potential
preserves the isometries of AdS, not all the matrix elements between states belonging to
the same SL(2,R) families are in fact independent. Rather, there are recurrence relations

35Recall that |Ω〉 is the vacuum in radial quantization around a point on the defect. This quantization
scheme, which is the one relevant to the Hamiltonian truncation, should not be confused with the scheme
that gives rise to the Cardy states, as explained above.

36This should be contrasted with the BCFT on a strip, which is a finite volume system and as such has
a Casimir energy proportional to the central charge.

37Of course, to obtain the potential one can alternatively compute the matrix elements of Vflat in flat
space, and multiply them by the Weyl factor in eq. (5.10) before integrating on a constant time slice.
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between them, as is described in appendix A. Nevertheless these relations do not speed up
the computation of the matrix elements significantly, as we discuss at the end of appendix D;
instead, we compute all matrix elements individually in our algorithm.

5.2 The Lee-Yang model

The Lee-Yang CFT is the diagonal modular invariant of the simplest minimal model,
denoted M(5, 2) in [48]. This model was the theater where TCSA was first applied [5],
and was studied with the same technique on a strip in [23, 51]. It has central charge

c = −22
5 , (5.12)

and it is therefore non unitary. It contains two scalar Virasoro primaries, the identity 1

and the field V, with scaling dimensions

∆1 = 0 , ∆V = −2
5 . (5.13)

Consequently, it allows for two conformal boundary conditions38:

|1〉Cardy =
(√

5 + 1
2
√

5

)1/4

|1〉〉+
(√

5− 1
2
√

5

)1/4

|V〉〉 , (5.14a)

|V〉Cardy = −
(√

5− 2√
5

)1/4

|1〉〉+
(√

5 + 2√
5

)1/4

|V〉〉 . (5.14b)

As mentioned, we shall be primarily interested in the identity Cardy state. Eq. (5.14a)
implies that the operator V acquires a one-point function in the presence of the boundary:

〈V|1〉Cardy =
(√

5− 1
2
√

5

)1/4

. (5.15)

With the boundary state (5.14a), the partition function on the disk is not normalized to
one, rather

〈1|1〉Cardy = 〈Ω|Ω〉 = −
(√

5 + 1
2
√

5

)1/4

, (5.16)

where we emphasized that the same quantity gives the normalization of the vacuum in AdS.
This normalization is irrelevant to the problem of finding the spectrum of the Hamiltonian,
and we shall find it convenient to remove this factor from our basis of states, multiplying
each one by 〈Ω|Ω〉−1/2.39 Then, the expectation value of V in AdS, with unit normalized
vacuum, is

〈V〉 = (2R)−∆V 〈V|1〉Cardy
〈Ω|Ω〉 = −(2R)−∆V

( 2
1 +
√

5

)1/2
≡ −R−∆VaV . (5.17)

38In order for the coefficients of the boundary state to be real, it is necessary to normalize the vacuum
in radial quantization around a point in the bulk as 〈1|1〉 = −1, see e.g. [51].

39The fact that this normalization is purely imaginary is not an issue. We simply define the scalar product
to be linear rather than sesquilinear, so that the vacuum is now unit normalized.
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For the matrix elements of the potential to be finite, the one-point function of V must be
fine tuned in the Hamiltonian. We therefore perturb the conformal fixed point with the
following coupling:

λ̄V = λ̄

∫ π/2

−π/2

dr

(cos r)2

(
R∆V

aV
V(τ = 0, r) + 1

)
. (5.18)

The theory can be studied for both signs of the coupling. The expectation from the flow
in flat space [5] is that λ̄ > 0 leads to a well defined flat space limit. This will be confirmed
by the numerics.

The Hilbert space of the model at the conformal fixed point consists of the states (5.3),
where the primary |χ〉 = |Ω〉 is created by the identity operator on the boundary. The first
few states and their degeneracies can be found in the following table:

∆ 0 1 2 3 4 5 6 7 8 9 10
states 1 0 1 1 1 1 2 2 3 3 4

sl(2) primaries 1 1 1 1 1

In the flat space limit, the Lee-Yang model flows to a massive theory, whose spectrum
includes a single stable particle. Since the flat space flow is integrable, the mass is com-
putable as a function of the scale set in the UV [52, 53]. Recalling that λ̄ = λR2−∆V , we
approach the flat space limit by taking R → ∞ after the rescaling (τ, r) → (τ, r)/R. The
flat space coupling is then found to be λ/aV . The mass of the stable particle is expressed
in term of the coupling as follows [53]:

m = κ

(
λ

aV

) 1
2−∆V

, κ = 219/12√π (Γ(3/5)Γ(4/5))5/12

55/16Γ(2/3)Γ(5/6)
= 2.643 . . . (5.19)

Plugging this relation in eq. (2.23), we obtain a prediction for the slope of the energy levels
of single particle states in the flat space limit:

∆single particle

R̄
−→
R̄→∞

κ

a
1

2−∆V
V

= 2.603 . . . (5.20)

Here we used the definition of the AdS radius in units of the coupling, which in this
case reads

R̄ = Rλ
1

2−∆V = Rλ5/12 . (5.21)

Eq. (5.20) is useful because it allows to estimate the finite size corrections in AdS. As we
shall see, the non unitary nature of this model hinders our ability to reach large values of
the radius within our computational limits.

5.2.1 Cutoff effects

As with every QFT in AdS, the vacuum energy is not observable in the continuum limit:
it diverges linearly with the cutoff Λ, as showcased in figure 15. However, we explained in
section 3.3 that the vacuum energy is computable in the Hamiltonian truncation framework.
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Figure 15. Vacuum energy as a function of the cutoff in the Lee-Yang model. The black dots
are the Hamiltonian truncation data: since the vacuum is parity even, the Hamiltonian needs to
be diagonalized anew only when Λ jumps by an even integer. In the left plot, the solid red line is
eq. (5.26). In the right plot, the solid blue line is a fit to the data.

In particular, we can compare the function EΩ(Λ) at small λ̄ with its value at second order
in perturbation theory. We recall from section 3.3 that the linear divergence is given by

EΩ(Λ) −→
Λ→∞

c

(
λ̄

aV

)2

Λ +O(λ̄3) , c = −8
∫ ∞

0
dξ arcsinh

(
2
√
ξ(ξ + 1)

)
F (ξ) , (5.22)

where F (ξ) is the connected two-point function of the perturbation:

F (ξ) = R2∆V 〈V(τ, r)V(0, 0)〉 − a2
V , (5.23)

with the cross ratio ξ defined in eq. (2.8). The correlation function is easily written as a
sum of two Virasoro blocks, corresponding to the fusion rule V × V = 1 + V, see e.g. [51]:

F (ξ) = −f1(ξ) + 2
1 +
√

5
Γ(1/5)Γ(6/5)
Γ(3/5)Γ(4/5)fV(ξ)− a2

V , (5.24)

with

f1(ξ) =
( 4ξ

1 + ξ

)2/5
2F1

(3
5 ,

4
5 ,

6
5 ,

ξ

1 + ξ

)
, fV(ξ) =

( 16ξ
1 + ξ

)1/5
2F1

(2
5 ,

3
5 ,

4
5 ,

ξ

1 + ξ

)
.

(5.25)
Performing the integration in eq. (5.22) numerically, we obtain

c = 0.5786 . . . , EΩ(Λ) −→
Λ→∞

0.5377 λ̄2Λ +O(λ̄3) . (5.26)

The left panel of figure 15 shows that eq. (5.26) does indeed fit the data accurately at weak
coupling. In the right panel, we see that the behavior is still linear when the coupling is
order one, as expected.

Since the lightest operator in the spectrum is the displacement operator, with ∆ =
2, the rate of convergence of the truncated spectrum to the exact values is Λ−1 — see
section 3.7. This can be checked up to couplings of order one, as shown in figure 16.
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Figure 16. Energy of the first excited state in the Lee-Yang model, as a function of the cutoff at
weak and strong coupling. Notice that the first excited state is parity even, hence again only points
were Λ is even need to be computed. The asymptotic value is obtained from the fit.
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Figure 17. Imaginary part of the vacuum energy in the Lee-Yang model as a function of the radius
of AdS, for different cutoffs.

On the other hand, the Lee-Yang model presents a specific obstruction to the com-
putation of the spectrum for large values of the coupling. Since the Hamiltonian is not
Hermitian, its eigenvalues are not guaranteed to be real at any finite value of the cutoff.
In the continuum limit, the spectrum is real in the flat space limit, and it is real at the
conformal fixed point. Our working hypothesis is that the Lee-Yang model is well defined
in the continuum in AdS for any value of the radius. However, for finite Λ the eigenvalues
do pick up an imaginary part when the radius is larger than a certain value R̄∗. For the
vacuum energy, this can be seen in figure 17.
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Figure 18. R̄∗ is the value of the coupling beyond which the vacuum energy in the Lee-Yang
model becomes complex. The logarithmic fit is phenomenological, and the best fitting function is
R̄∗ = 1.12+0.01 log(Λ). Notice that with the available range of values for Λ it is hard to distinguish,
for instance, between a logarithm and a power law with a sufficiently small exponent.

In order to provide evidence for the reality of the spectrum in AdS, we explored the
dependence of R̄∗ on the cutoff. Figure 18 shows that a logarithmic fit describes reasonably
well the data in our possession. If this behavior is valid at asymptotically large values of Λ,
the Lee-Yang model does indeed possess real energy levels in the continuum limit. However,
the computational effort to reach this regime is severe: since the number of states grows
exponentially with the cutoff, the spectrum cannot be real for a given value R̄ unless we
include a number of states of the order ∼ exp(α exp(βR̄)), for some positive constants α
and β.

5.2.2 The spectrum

Figure 19 shows the energy of the first excited state as a function of the radius of AdS.
At small radius, the slope of the curve is fixed by perturbation theory. The first excited
state starts its life as the displacement operator, with dimension ∆ = 2, and deviates from
that value as ∼ R2−∆V = R12/5. On the other hand, at radii of order 1 in units of the
coupling, the truncation effects become big, and our extrapolation to the continuum limit
correspondingly poor. This is related to the appearance of complex energies described in
the previous subsection. Since the Hamiltonian is real, complex eigenvalues can only arise
in pairs, and the vacuum energy in particular can only become complex after colliding
with the first excited state. This is clearly visible in figure 19. Finally, the bulk of the plot
contains genuine non perturbative data. The extrapolation to infinite cutoff is reliable, and
the curve can be trusted. Although the energy of the first excited state is order one, we
may be tempted to recognize a region where the dependence on the radius is approximately
linear, see eq. (2.23). To test whether this is the case, in the inset of figure 19 we plot the
derivative of the energy of a few states with respect to the radius of AdS. The curves do
not show a pronounced plateau, which casts doubts on the fact that flat space physics is
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Figure 19. Main plot: energy of the first excited state in the Lee Yang model, as a function
of the radius of AdS, for various choices of cutoff. The error bars are computed according to
the procedure explained in subsection 4.1.2. In the inset, the derivative of the gap is computed
discretely, by measuring the gap at two nearby values of R̄.

already visible in the plot. A quantitative check in this direction is provided by comparing
the maximal slope of the first excited state, about ∼ 1.85, with the flat space prediction
∼ 2.60 in eq. (5.20). The inset also reports the slope of the energy levels which in the flat
space limit we can tentatively associate to two and three particle states, with all particles
at rest. The peaks in this case lie at about ∼ 3.5 and ∼ 5.1 respectively. The ratios of
these slopes to the slope of the first excited state are 1.9 and 2.8 respectively, which are
not too far from the value 2 and 3 expected in the flat space limit.40

Figure 20 shows the dependence of the energy of the first few excited states on the
AdS radius. We highlighted in red the parity even and in blue the parity odd eigenstates
of the Hamiltonian, recognizable from their CFT ancestors according to eq. (5.4). As it
can be checked via the character of the vacuum module, there are two quasi-primaries in
the Lee-Yang CFT in the range of scaling dimensions shown in figure 20: the displacement
operator at ∆ = 2 and a new quasi-primary at ∆ = 6. These are marked with a solid
line in the figure. Correspondingly, all states up to level 5 are non-degenerate, while the
states at level 6 and 7 are two-fold degenerate. The quasiprimary state starting at level

40Notice that the deviation of the energies of the multiparticle states from the sum of their constituents
is a measure of the strength of the (non gravitational) interactions, and they do not need to be of the same
order as the deviation of the energy of the single particle state from its value in the flat space limit. For
instance, in the case of a free scalar the binding energies are exactly zero for any value of the radius.
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Figure 20. Spectrum of the Lee-Yang model. All the data points are computed with cutoff Λ = 40.
To avoid clutter, we did not plot the extrapolated data with their error bars, although the latter
would be pretty small up to R̄ ∼ 0.8 as in figure 19. As discussed in text, we cannot trust the data
beyond R̄ ∼ 1, due to large truncation effects.

6 is on its way to become a two-particle state in the flat space limit. The connection
between quasiprimaries in the BCFT and multiparticle states in the flat space limit has
been explained in section 2.4: since in the continuum the SL(2,R) structure forces smooth
level crossing between a quasiprimary and the descendants of a different conformal family,
we can track the quasiprimary state all the way from its origin in the BCFT to the flat
space limit.

Finally, figure 21 shows the gap as a function of λ̄, for an interval extending to negative
values. The energy of the first excited state is monotonic with λ̄, and we expect that for a
certain value λ̄min of the coupling a new boundary operator with dimension ∆ = 1 emerges.
We cannot reliably compute the spectrum for λ̄ close to λ̄min, since the truncation errors
become large, as it is visible towards the left of figure 21. Nevertheless, we can speculate
that λ̄min is the minimal value of the coupling for which the spectrum in the continuum
limit is real. Indeed, when the bulk perturbation turns on a marginal coupling, the latter
cannot be fine tuned, and generically a fixed point exists only on one side of λ̄min. In fact, a
natural scenario is that when λ̄ = λ̄min two fixed points collide and annihilate. In this case,
the only other available fixed point is obtained by deforming the Lee-Yang CFT with the
coupling (5.18), but this time starting from the boundary condition captured by the Cardy
state |V〉Cardy (5.14b). This suggests a scenario analogous to the structure of boundary
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Figure 21. First excited state energy in the Lee-Yang model in a range of couplings around λ̄ = 0.
For the values of λ̄ towards the left of the plot, the convergence with the cutoff Λ is very slow, and
does not allow to extrapolate the value λ̄min defined in the main text.

conditions of a free scalar with negative mass squared in AdS. We shall further discuss
this hypothesis in section 6. For the moment, let us conclude by pointing out an obvious
consequence of these considerations: the theory defined by deforming the Lee-Yang CFT
with a coefficient λ < 0 does not admit a flat space limit. On the contrary, it features a
maximum radius Rmax = (λ̄min/λ)5/12.

5.3 The Ising model

The Ising model is the diagonal minimal modelM(4, 3) with central charge

c = 1
2 . (5.27)

Its field content consists of three Virasoro families:

∆1 = 0 , ∆σ = 1
8 , ∆ε = 1 . (5.28)

The spin operator σ is odd under the Z2 symmetry of the model, while the energy operator
ε is even. The Ising model enjoys a Kramers-Wannier duality [54] which flips the sign of the
ε operator and replaces the σ operator with its disorder counterpart µ. The most general
bulk RG emanating from the 2d Ising model which preserves the AdS isometries is given
by the action

S = SIsing CFT − λε
∫

AdS

√
g d2x ε(x)− λσ

∫
AdS

√
g d2x σ(x) + λ1

∫
AdS

√
g d2x , (5.29)
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where λε (resp. λσ) has mass dimension 1 (resp. 15/8) — there are no other relevant scalar
operators in the theory. The signs in front of λε and λσ are chosen for later convenience. As
before, the cosmological constant λ1 must be tuned to make the theory finite. Physically, λε
and λσ can be interpreted as a temperature T −Tc resp. a magnetic field. The action (5.29)
is sometimes referred to as the Ising field theory.

In the following sections, we will study the action (5.29) in AdS2, picking a definite
boundary state. Let us first discuss the phenomenology of (5.29) in flat space, where it
has been studied in detail. Notice that the long-distance physics of (5.29) is controlled by
the dimensionless coupling η = λε/|λσ|8/15, where the absolute value is a consequence of
the Z2 symmetry. Due to Kramers-Wannier duality, η parametrizes the projective line:
the points η = ±∞ are identified. There are two integrable points in the phase diagram:
η = 0 (λε = 0), called the magnetic deformation, and η = ∞ (λσ = 0), the thermal
deformation. The thermal deformation is identical to the theory of a Majorana fermion with
mass m = 2πλε, provided that ε has the canonical CFT normalization 〈ε(x)ε(0)〉 = 1/|x|2.
Surprisingly, the magnetic deformation can be exactly solved as well [55, 56], and its particle
content is known. For generic η, the theory in flat space or on the cylinder cannot be solved
exactly, but a quantitative understanding of the spectrum has been obtained in the series
of papers [57–61], some of which use variants of Hamiltonian truncation on the cylinder
R×S1. Finally, the thermal deformation of the Ising model in AdS2 was studied in ref. [18].

Let us now turn to the definition of the model (5.29) in AdS. At the conformal
fixed point, as explained above, the relevant boundary conditions are labeled by the three
primaries of the model:

|1〉Cardy = 1
21/2 |1〉〉+ 1

21/2 |ε〉〉+ 1
21/4 |σ〉〉 , (5.30a)

|ε〉Cardy = 1
21/2 |1〉〉+ 1

21/2 |ε〉〉 −
1

21/4 |σ〉〉 , (5.30b)

|σ〉Cardy = |1〉〉 − |ε〉〉 . (5.30c)

The boundary conditions labeled by 1 and ε are mapped to each other by a spin flip:
they are fixed boundary conditions for the microscopic degrees of freedom. The spectrum
supported on both boundary conditions only includes the identity module. The σ Cardy
state, which is invariant under Z2, corresponds to free boundary conditions. Its spectrum
contains the identity module and the Z2 odd module labeled by ∆ = 1/2, which can be
identified with the family of states with an odd number of particles in the free fermion de-
scription.

In the critical model, Kramers-Wannier duality can be implemented by a topological
defectDσ [62], whose action on the boundary states teaches us how the boundary conditions
are mapped to each other:

Dσ|1〉Cardy = Dσ|ε〉Cardy = |σ〉Cardy , Dσ|σ〉Cardy = |1〉Cardy + |ε〉Cardy . (5.31)

As we shall discuss in a moment, the action of the duality is useful in understanding the
RG flow triggered by deforming the theory in AdS by the ε operator.
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We shall perform a Hamiltonian truncation study of the RG flows emanating from the
critical Ising model with 1 boundary condition. Here are the first few states and their
degeneracies:

∆ 0 1 2 3 4 5 6 7 8 9 10
states 1 0 1 1 2 2 3 3 5 5 7

sl(2) primaries 1 1 1 1 2 2

We shall comment along the way about the other boundary conditions. Once we normalize
the vacuum state to one, the expectation values of the deforming operators are

〈ε〉 = (2R)−∆ε
〈ε|1〉Cardy
〈Ω|Ω〉 = 1

2R , (5.32)

〈σ〉 = (2R)−∆σ
〈σ|1〉Cardy
〈Ω|Ω〉 = 21/4

(2R)1/8 . (5.33)

These values determine λ1 in eq. (5.29), as a function of λσ and λε.

5.4 The Ising model with thermal deformation

In this section, we will consider the purely thermal deformation, setting λσ = 0 in eq. (5.29).
Keeping into account eq. (5.32), the potential reads

λ̄V = −λ̄
∫ π/2

−π/2

dr

(cos r)2

(
Rε(τ = 0, r)− 1

2

)
, (5.34)

with λ̄ = Rλε. This flow is exactly solvable, since, as advertised, it is described by a
free Majorana fermion in AdS, with mass m = 2πλε. In fact, there is hardly the need
to perform any computation in order to describe the spectrum. Let us start from the
critical theory. A free Majorana fermion on the upper half plane admits two boundary
conditions, ψ = νψ̄, with ν = ±1. The chiral flip (ψ, ψ̄) → (−ψ, ψ̄), which corresponds
to the Kramers-Wannier duality of the Ising model, flips the sign of the mass and swaps
the boundary conditions. Hence, the theory in AdS is only allowed to depend on the
product mν. Furthermore, leading order perturbation theory is exact, so the trajectories
E(mR) must be linear. Finally, looking at the sign of m which admits a flat space limit,
we conclude that the slope of the first excited state is precisely the fermion mass:

E = mνR+ 1
2 , ν = ±1 . (5.35)

The constant term is just the scaling dimension of a free massless fermion. The rest of the
spectrum is easily obtained by the usual Fock space construction. At the critical point, a
fermion in mode n has energy

ef = 1
2 + n , (5.36)

and following the Pauli exclusion principle, no pair of fermions share the same mode.
Therefore, the energy of a state with N fermions is

EN = NmνR+ N

2 +
i=N∑
i=1

ni , ni 6= nj (5.37)
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Figure 22. Energy of the first excited state in the Ising model deformed by ε versus the cutoff,
for weak and strong couplings. The dashed lines are the asymptotic values extracted from the fit.
The error bar can be found in figure 23.

where ni is a non negative integer: ni ∈ N0.
In fact, the argument above fixes eq. (5.35) only up to a sign, but we can define the

sign in front of m in the Hamiltonian so as to obtain eq. (5.35) as written. Of course, the
sign might be fixed by computing the leading (and only) order in Rayleigh-Schrödinger
(RS) perturbation theory. Further details about the quantization of the free Majorana
fermion in AdS2 can be found in [18]. Eq. (5.35) determines the spectrum of the Ising
model with any of the boundary states (5.30). Before comparing this prediction with the
result of Hamiltonian truncation, let us briefly discuss the cutoff effects.

5.4.1 Cutoff effects

As for any minimal model with the boundary condition labeled by the identity, the leading
operator at the conformal fixed point has ∆ = 2. Hence, we expect the convergence rate to
approach Λ−1 for a large enough cutoff. This is indeed the case, as it can be seen in figure 22.
The right panel, in particular, shows that in this case we can follow the first excited state up
to a larger coupling than in our previous examples: λ̄ = 2 corresponds to Rm = 4π ' 12.6,
so the radius of AdS is more than ten times larger than the Compton wavelength of the
fermion. On the other hand, it is worth mentioning a feature of the convergence rate
at weak coupling. Following appendix C.2, one can compute the coefficient of the Λ−1

term — i.e. ci in eq. (3.50) — at second order in perturbation theory. It turns out that
c1 = O(λ̄3), c1 being the coefficient associated to the convergence of the first excited state.
By reproducing the left plot of figure 22 at different values of λ̄, it is possible to confirm
this fact.

5.4.2 Spectrum

Let us now associate the spectrum (5.35) to the boundary states (5.30) of the Ising model.
Again, let us start from the UV fixed point. The 1 and ε boundary conditions only support
the vacuum Virasoro character. Hence, their spectrum at the fixed point is integer spaced,
and can be obtained from the Majorana fermion by projecting onto the states with even
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Figure 23. Energy of the first excited state in the Ising model with thermal deformation as a
function of R̄.

fermion number.41 The projection is obviously maintained by the deformation (5.34).
Therefore, the spectrum in AdS is obtained from eq. (5.37) with the same projection. In
particular, at λ̄ = 0 the first excited state is made of two fermions in modes n = 0 and
n = 1, with energy E = 2. Similarly, the lowest energy state with four fermions appears
at E = 8. In order to identify the spectrum, we still need to fix the sign of ν in eq. (5.35).
The simplest way to do it is to perform a leading order computation in RS perturbation
theory. The result shows that, with the identification m = 2πλε, ν = +1 for the 1

boundary condition.
We are ready to compare with the results of Hamiltonian truncation. The gap is

shown in figure 23, where the good convergence up to large values of the coupling is
evident. Figure 24 gathers several low lying states, up to the first couple of four-particle
states. Comparing with the table of quasiprimaries presented above, we see that, contrary
to the other examples considered in this work, the second quasiprimary above the vacuum
(∆ = 4 at λ̄ = 0) has the same slope as the first excited state. This agrees with the

41This projection is obtained by orbifolding the Z2 symmetry, the twisted sector being implemented by
Ramond boundary conditions. In fact, the Ramond Ishibashi state for the Majorana fermion equals |σ〉〉
in eq. (5.30) [63]. Correspondingly, the two available boundary conditions for periodic (Neveu-Schwarz)
fermions equal |1〉Cardy + |ε〉Cardy and |σ〉Cardy respectively.
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Figure 24. Spectrum of the Ising model with thermal deformation. The color distinguishes parity
even (red) from parity odd (blue) eigenstates. The data is computed at Λ = 28. Black and green
lines mark the exact spectrum for the states with two and four fermions respectively.

usual expectation: while all the excited single particle states are SL(2,R) descendants,
the spectrum of two-particle states includes infinitely many quasiprimaries. Truncation
errors are small, but visible: they begin to lift the degeneracies in the upper right corner
of the plot.

The level crossing among the first four-particle state and the two-particle states leaving
from ∆ = 10 deserves a special discussion. This is the first example where level crossing
happens among states in the same parity sector. As we pointed out in subsection 2.4, in the
continuum limit the SL(2,R) symmetry implies exact level crossing. On the other hand, at
every finite truncation one expects level repulsion to take place. This creates a puzzle for
the prescription (3.1). What is the correct bare energy ei to be used in the formula? The
question is non trivial since our argument for the validity of eq. (3.1) relies on studying
the theory with a spatial cutoff, which again breaks SL(2,R). We find experimentally that
the correct procedure is to assign the bare energy ei following the exact (Λ =∞) lines. In
other words, the red data points on the green line on the right of the crossing points are
obtained from eq. (3.1) with ei = 8. Since level repulsion is forbidden in the continuum,
the prescription is in principle well defined. However, for a finite cutoff Λ the levels do not
exactly cross, so the procedure becomes ambiguous in a region around the crossing point,
whose size shrinks as the cutoff is increased.

Let us now briefly discuss the σ boundary condition, eq. (5.30c). Since Kramers-
Wannier duality maps 1 to σ — see eq. (5.31) — the spectrum originating from the thermal
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Figure 25. Energy of the first excited state in the Ising model with thermal deformation, in a
range of couplings including λ̄ < 0. The solid line is the exact solution. Notice that in this model
λ̄ = R̄, hence this plot is the continuation of the plot in figure 23. We use the label λ̄ for consistency
with the other examples.
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Figure 26. Gap between the first excited state and its leading descendant, in the Ising model
with thermal deformation, for λ̄ < 0. When the coupling is sufficiently negative, the restoration of
conformal invariance is extremely slow, if at all present.

deformation of the latter is obtained by choosing ν = −1 in eq. (5.37). Since the σ boundary
condition admits a state with ∆ = 1/2, the gap is given by the single particle state in
eq. (5.35), with slope −2π as a function of R̄. In general, the spectrum is composed of
both even and odd fermion states. The gap as a function of the radius of AdS, for all the
boundary conditions, is presented together in figure 34.
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Finally, let us again discuss what happens if we turn on the coupling with the wrong
sign, i.e. the sign which does not allow to reach the flat space limit. We expored this
question with Hamiltonian truncation, the result being shown in figure 25. Like with
the Lee-Yang model, our data become unreliable as the gap approaches ∆ = 1. This is
showcased not only by the discrepancy between the data and the exact solution, but also
by the lack of SL(2,R) invariance of the spectrum — see figure 26. In the exact theory,
the gap ∆ = 1 corresponds to λ̄ = −1/4π. There, the free fermion Hamiltonian, with
the boundary conditions we are considering, stops being well defined. Indeed, the integral
of the Hamiltonian density diverges due to the behavior of the Fermi fields close to the
boundary [18]. On the other hand, the theory emanating from the σ boundary condition has
rising trajectories in the direction of negative λ̄, and is well defined beyond the ∆ = 1 point.
Precisely at λ̄ = −1/4π, the spectra of the two theories, remarkably, match, including all
the multiplicities, as one can check by plugging mR = −1/2 in eq. (5.37), and recalling
that when ν = 1 the Ising model is obtained by restricting to even N . This situation is
coherent with both the free boson spectrum at the BF bound and the picture we sketched
while discussing the Lee-Yang model. Again, we delay until section 6 a unified discussion.

5.5 The Ising model in a magnetic field

We now move on to discuss the deformation triggered by λσ in eq. (5.29). More precisely,
we perturb the fixed point Hamiltonian with

λ̄V = −λ̄
∫ π/2

−π/2

dr

(cos r)2

(
R∆σ

aσ
σ(τ = 0, r)− 1

)
, aσ = 21/8 . (5.38)

Again, we consider the flow originating from the boundary condition labeled by the identity.
The sign is chosen so that, deforming the fixed point Hamiltonian with λ̄ > 0, the energies
monotonically increase with R. Notice that, since the Z2 symmetry maps the 1 boundary
condition into ε, the sign of the magnetic field is meaningful. In particular, comparing with
eq. (5.33), we see that λ̄ > 0 corresponds to a magnetic field in the same direction in the
bulk as on the boundary. We shall analyze both positive and negative values of λ̄ below.

In the R → ∞ limit, the particle content is known thanks to the integrability of the
flow in flat space. The integrable flat space theory contains 8 particles, 3 of which have
mass below the two-particle continuum [55]. The mass ratio of the two lightest particles is
given by

m2
m1

= 2 cos π5 ≈ 1.618 . (5.39)

The Ising model with a magnetic field is not exactly solvable in AdS, and the results for
the spectrum presented below are new.

5.5.1 Cutoff effects

The analysis of the cutoff effects proceeds in parallel with the previous examples. In
figure 27 the expected 1/Λ convergence rate is tested, for λ̄ > 0, both at weak and at
strong coupling. While the left plot gives confidence that the asymptotic region has been
reached, the fit in the right plot is poorer. A similar situation emerges from the study
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Figure 27. Energy of the first excited state in the Ising model deformed by σ, as a function of the
cutoff, at weak and strong coupling.

of the gap between the first excited state and its first descendant. In the left panel of
figure 28, we observe a steady convergence to the unit gap expected in the continuum. In
the right panel, the size of the violation of the SL(2,R) symmetry rapidly drops, but then
the convergence becomes slow. These are signs that around λ̄ = 1 it may be worth pushing
the numerics further in the future, or improving the convergence rate along the lines of
subsection 3.7. However, it is not easy to draw an indication of the size of the error. For
instance, primaries and descendants may be affected by cutoff effects in a similar way, thus
reducing the violation of conformal symmetry visible in figure 28. On the other hand, the
procedure explained in subsection 4.1.2, which extracts error bars from the quality of the
fits in figure 27, yields a small error: the error bars are smaller than the size of the points
in figure 31.

Finally, in figures 29 and 30, we repeated the analysis with a choice of two negative
values for λ̄. As in the previous examples, if the sign of the coupling does not allow for a
flat space limit, the convergence rapidly deteriorates. As shown in the right panel of both
figures, at a coupling λ̄ ' −0.1 the spectrum is hardly converged in the range of cutoffs
available to us.

5.5.2 Spectrum

We are ready to present the results of the TCSA applied to this model. Figure 31 shows
the growth of the energy gaps with R, when the magnetic field in the bulk and on the
boundary are aligned (λ̄ > 0). Two conformal families are visible, the quasiprimaries being
highlighted by black lines. They are on their way to become the first two particles in the
flat space spectrum with masses satisfying (5.39). However, the effects of the curvature
are still sizable at these values of R̄: the ratio of the two slopes is at most ∼ 1.5, to be
compared with the exact value 1.618.

Figure 32 again shows the low lying spectrum, this time as a function of the intensity
of the magnetic field λ̄. For negative values of λ̄, the first excited state approaches the
threshold ∆ = 1. As we pointed out in the previous examples, we expect the theory to
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Figure 28. Energy gap between the first primary and its first descendant for two different cou-
plings, in the Ising model with a magnetic field.
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Figure 29. Energy of the first excited state in the Ising model, as a function of the cutoff, for two
choices of negative magnetic field, λ̄ < 0.
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Figure 30. Energy gap between the first primary and its first descendant, as a function of the
cutoff, for two choices of negative magnetic field, λ̄ < 0.

– 63 –



J
H
E
P
0
8
(
2
0
2
1
)
0
6
3

0.0 0.2 0.4 0.6 0.8 1.0

2

4

6

8

10

Figure 31. Spectrum of the Ising model in a positive magnetic field, λ̄ > 0, as a function of the
radius of AdS. The red and blue points are the extrapolated data, even and odd respectively under
parity. The black lines highlight the first two quasiprimaries, and are only meant to guide the eye.

become unstable when this happens. Correspondingly, the convergence of the truncation
is poor for the leftmost points in the plot, and we cannot reliably draw conclusions about
the value of λ̄ where a new marginal operator arises, nor about the dependence ∆(λ̄) close
to that point.

6 Discussion

AdS spacetime provides a maximally symmetric IR regulator for QFT. Furthermore, one
can place operators at the conformal boundary of AdS and their correlations functions
obey all the conformal bootstrap axioms (except for the existence of a stress tensor). This
opens the possibility to study massive QFT with the non-perturbative conformal bootstrap
methods [7]. There are two main difficulties to realize this idea in practice. The first is
technical: the standard numerical conformal bootstrap methods converge poorly for large
scaling dimension of the external operators, which corresponds to the regime of large AdS
radius. The second is conceptual: how to specify the particular solutions of the bootstrap
equations that corresponds to a particular QFT in AdS? One of our motivations to develop
the present work was the need for more data to help address the second question.
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Figure 32. Spectrum of the Ising model in a magnetic field, as a function of the magnitude of
the field. Error bars as measured from the uncertainty in the extrapolation are not shown: they
would be small, throughout the plot, but as discussed in the text they probably underestimate the
deviation from the continuum limit.

In this work, we showed that QFT in AdS2 can be studied non-perturbatively using
Hamiltonian truncation. Our main target was the computation of the low-lying spec-
trum of the Hamiltonian conjugate to global time (or equivalently the scaling dimensions
of boundary operators). We presented a concrete method to renormalize divergences in
Hamiltonian truncation and obtain finite physical results for the energy spectrum. In this
way, this work opens a new non-perturbative window into QFT on AdS spacetime.

Along the way, we gathered data about the spectrum at finite radius of a variety of
two dimensional QFTs. A striking feature of all the models we studied is the existence
of a minimal value of the coupling, λmin, beyond which the convergence of Hamiltonian
truncation becomes poor. When the model is exactly solvable, i.e. for the free boson and
the Ising model with zero magnetic field, the minimal coupling can be precisely identified:
it is the point where the spectra of the theories defined in the UV with different boundary
conditions become identical. This leads us to the following speculation:

All conformally invariant boundary conditions for a given CFT are con-
nected by relevant deformations of this CFT in AdS.
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In figures 33 and 34 we depict how this may work for the spectrum of boundary opera-
tors in the Lee-Yang and the Ising field theories. This speculation is supported by the
numerical results in figures 21 and 32. In figure 35, we show the analogous figure for the
exactly solvable model of a free massive scalar in AdSd+1. It is interesting to notice that
the free massive fermion provides an additional, somewhat degenerate, instance of this
phenomenon. Indeed, the spectra obtained by quantizing the theory with the two possible
boundary conditions are reported in eq. (5.37): rather than being connected by a flow in
AdS, they precisely coincide at the conformal fixed point λ̄ = 0.42

Leaving aside the case of the free fermion, let us comment on the expected behavior
close to the merging point of two curves. For concreteness, consider figure 33. The theory
emanating from the V boundary condition has a relevant operator, which generically has
to be fine tuned on the boundary, in order to preserve the AdS isometries. Let us call g
the coupling of this operator. The fine tuning is possible as long as the operator is not
marginal, so this leads us to identify λ̄min with the coupling where ∆ = d = 1. If we
perturb λ̄ away from this value, the beta function has the form

β(g) = (λ̄− λ̄min)− g2 + . . . (6.1)

where we neglect higher order terms in the boundary coupling g and in the bulk coupling
(λ̄− λ̄min).43 We are also careless about the magnitude of the coefficients in eq. (6.1): they
can be related to the appropriate bulk-to-boundary two-point function and boundary three-
point function. On the other hand, the signs have been chosen to match the phenomenology
in figure 33. Indeed, for λ̄ > λ̄min there are two fixed points with g = g± = ±

√
λ̄− λ̄min.

These fixed points correspond to the two curves merging at λ̄ = λ̄min. In fact, the corre-
sponding scaling dimension of the lightest boundary operator is given by

∆± = d+ dβ

dg
(g±) = d± 2

√
λ̄− λ̄min , (6.2)

in agreement with our sketch. The theory at λ̄ < λ̄min should instead be described by a
complex CFT [64, 65]. The same features present themselves in all of the figures in this
section, except for the left panel in figure 34. In this case, the two curves cross rather than
merging smoothly, and the lower curve is allowed to proceed to the left towards the flat
space limit. The reason for this exception is simple: the relevant operator σb is Z odd,
while the bulk perturbation is Z even. No fine tuning is necessary in this case, hence no
dangerous marginal operator is turned on at λ̄ = λ̄min. Finally, this discussion suggests
that turning on the relevant boundary operator allows to flow between the theories which
merge at λ̄min.

42Notice instead that they do not coincide at λmin as defined in figure 34. As explained in subsection 5.4,
the spectrum of the Ising model with the |1〉Cardy boundary condition equals the free fermion spectrum,
projected onto the even fermion number. It is this projected spectrum which merges with the full fermionic
theory flowing from the |σ〉Cardy boundary condition. Without the projection, the two spectra have different
multiplicities at λ = λmin. Moreover, the |1〉Cardy boundary condition has an additional single fermion state
with vanishing energy.

43A term proportional to g(λ̄− λ̄min) can be eliminated by shifting g.
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Figure 33. Sketch of the scaling dimension of the first boundary operator (above the identity) for
the scaling Lee-Yang model in AdS2. At λ = 0, the bulk theory is conformal and the two black dots
correspond to the two possible BCFTs (labeled by 1 and V) for the Lee-Yang minimal model. We
conjecture that the two curves merge (smoothly) at λ̄ = λ̄min ≈ −0.5 and ∆ = 1 (see figure 21).
We expect that ∆ becomes complex for λ̄ < λ̄min similarly to what happens for complex CFTs [65].
There is also a boundary RG flow generated by the relevant boundary operator with ∆ < 1 that
goes from the lower to the upper curve.
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Figure 34. Sketch of the scaling dimension of the first boundary operator (above the identity)
for the Ising field theory in AdS2. The black dots mark the three possible BCFTs (labeled by
1, ε and σ) for the Ising minimal model. On the left, we show the thermal deformation that is
exactly solvable in terms of a massive free fermion [18]. On the right, we show (our best guess
for) the magnetic deformation. The curve marked 1 was studied with Hamiltonian truncation (see
figure 32). The curve marked ε is obtained from this one by the Z2 (spin flip) symmetry of the Ising
model. This Z2 symmetry implies that the right picture should be symmetric under the reflection
λ̄→ −λ̄. We conjecture that the curves merge (smoothly) at λ̄ = ±λ̄min ≈ ±0.1 and ∆ = 1. There
is also a boundary RG flow generated by the relevant boundary operator with ∆ < 1 that goes
from the lower to the upper curves. In the right plot, the flow is expected to land on the first stable
fixed point. This is clearly visible from the perturbative beta function (6.1) close to λ̄min, which
describes a one-parameter flow.
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Figure 35. Scaling dimension of the first Z2-even boundary operator (above the identity) for a
free massive scalar field in AdSd+1, namely ∆ = d ±

√
1 + 4λ̄. The value λ̄ = 0 corresponds to a

conformally coupled scalar. The black dots mark the two possible BCFTs (Dirichlet or Neunmann
boundary conditions). We see that the 2 curves merge smoothly at λ̄ = − 1

4 and ∆ = d. There is
also a (Z2 preserving) boundary RG flow generated by the relevant boundary operator (φ2) with
∆ < d that goes from the lower to the upper curve.

We look forward to learn about other studies that confirm or disprove the specula-
tion above.

In this work, we also explored other aspects of QFT in curved space. In particular,
we discussed spontaneous symmetry breaking in AdS, both in the classical theory, in sub-
section 2.5, and via Hamiltonian truncation for φ4 in subsection 4.2. Our considerations
leave open a few interesting questions, related to the nature of symmetry breaking at finite
AdS radius. Probably the most pressing one is: what is the signal on the boundary of the
phase transition in the bulk? When analyzing the φ4 theory, we provided evidence for the
fact that the bulk theory is not described by a CFT at the phase transition. This evidence
was based at weak coupling on connecting the phase transition line to a free massive boson
at the BF bound, whose stress tensor is not traceless. Hence, we should not be looking
for Virasoro symmetry in the boundary spectrum. On the other hand, the appearance of
the BF bound raises the tantalizing hypothesis that the (in)stability of the false vacuum
shares some similarities with the previously discussed (in)stability of a theory under bulk
deformations beyond a coupling λ̄min, due to the flow generated by a marginal operator.
It would be interesting to scrutinize this hypothesis further, perhaps via a higher order
computation at weak coupling.

Moving on to the more technical aspects, a lot of effort was devoted in this paper to
overcome the challenges presented by Hamiltonian truncation in infinite volume, leading up
to the prescription (3.1). We hope that the lessons learned here will be useful in studying
other UV sensitive flows with the same framework. While the prescription has been tested
in a variety of situations, we came short of rigorously proving its validity. The main obstacle
is the lack of positivity of the spectral densities involved in the computation, whose large
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energy limit is therefore not easily tied to the short distance limit of the Laplace transform.
Famously [32], this problem would not be present if we wanted to estimate the large energy
limit of the spectral density averaged over a smooth measure. This suggests that it may be
worth applying to this problem the ideas of [66], where a smooth cutoff was used instead
of the usual sharp truncation of the Hilbert space to a finite subspace. Another direction
worth exploring is the possibility for eq. (3.1) to emerge from a renormalization procedure,
where the high energy tail of the spectrum is integrated out systematically [24]. The
difficulty is of course that the Hamiltonian in AdS does not possess a continuum limit to
start from. One possible starting point is the theory with a spatial cutoff ε, as in eq. (3.13),
which is well defined. An RG derivation of the prescription might be useful in elucidating
the UV sensitivity of eq. (3.1), which depends explicitly on the bare energies. For instance,
this feature gives rise to an ambiguity along the flow, namely the identification of the
correct shift in the neighborhood of a level crossing, as discussed in subsection 5.4.2.

With the aim of obtaining high precision results in Hamiltonian truncation at larger
values of the AdS radius, it will be necessary to systematically improve the action along the
lines explained in subsection 3.7. This was important in previous works [37, 38, 40], and
it would be especially worth trying it when the UV boundary spectrum contains operators
with low scaling dimension, like the in the case of the minimal models.

A more ambitious way of improving the procedure is related to the fact that, in this
work, we did not take full advantage of the symmetries of AdS spacetime. The isometry
group of AdS2 is SL(2,R) and states must fall into irreducible representations of this group.
We used this fact to test numerical convergence, but it would be interesting to exploit it
to accelerate the algorithm. Perhaps, we could start by finding the subspace of the Hilbert
space generated by primary operators by looking at the kernel of the symmetry generator
K, and then diagonalize H in this subspace. We leave the exploration of this idea for
the future.

One can also wonder if Hamiltonian truncation can be used to compute observables
other than the spectrum. One motivation is the following. It is well known that one
can extract scattering amplitudes from the finite size behaviour of the energy levels on a
compact space [67]. However, in its standard form, this method only gives access to the
elastic region of the 2 to 2 scattering amplitude. One advantage of AdS is that one can
extract scattering amplitudes at arbitrarily high energy from the flat space limit of the
boundary correlation functions [7, 68–72]. It would be interesting to adapt Hamiltonian
truncation to compute boundary correlation functions and test this idea in practice.

Finally, a rewarding byproduct of our efforts was the formula (B.9), which summarizes
the cumbersome sums characterizing Rayleigh-Schrödinger perturbation theory in a com-
pact and useful expression. We proved eq. (B.9) for non-degenerate perturbation theory.
It would be nice to generalize the formula to the degenerate case.
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A Symmetry constraints on matrix elements

In this appendix, we consider constraints coming from AdS isometries (or boundary con-
formal symmetry) on matrix elements of the operator

V := R∆V
∫ π/2

−π/2

dr

(cos r)2 V(τ = 0, r) (A.1)

where V is any local bulk operator. To this end, we fix two boundary primary states |ψi〉
and |ψj〉 of dimension ∆i and ∆j . We will use SL(2,R) symmetry to derive relations
between different matrix elements between descendants, that is to say between the matrix
elements

Vj,m
i,n := 〈ψj ,m|V |ψi, n〉. (A.2)

The argument will make use of a second operator W , defined as follows:

W := R∆V
∫ π/2

−π/2

dr

(cos r)2 sin r V(0, r) (A.3)

along with its matrix elements which we denote as Wj,m
i,n as in eq. (A.2). Parts of our

discussion will be similar in spirit to section 2.1 of reference [8], where relations between
matrix elements in AdS3 were derived using SO(2, 2) group theory.

A.1 Relations between matrix elements of descendants

Let us proceed with the derivation of the promised relations. We derive them simply by
evaluating Ward identities. If G is a generator of SL(2,R), then G|ψi, n〉 can be computed
using eq. (2.10). To wit

H|ψi, n〉 = (∆i + n)|ψi, n〉, (A.4a)
K|ψi, n〉 = γ(∆i, n)|ψi, n− 1〉, (A.4b)
P |ψi, n〉 = γ(∆i, n+ 1)|ψi, n+ 1〉 (A.4c)

where γ(∆, n) =
√
n(2∆ + n− 1). At the same time, G acts on the local operators V as a

differential operator DG, as specified in eq. (2.6). For general G, we then have the identity

〈ψj ,m|[G,V(τ, r)]|ψi, n〉 = DG · 〈ψj ,m|V(τ, r)|ψi, n〉 (A.5a)
= (〈ψj ,m|G)V(τ, r)|ψi, n〉 − 〈ψj ,m|V(τ, r)(G|ψi, n〉). (A.5b)

For G = H, this implies that(
∂

∂τ
+ ∆ij + n−m

)
〈ψj ,m|V(τ, r)|ψi, n〉 = 0 (A.6)
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where ∆ij := ∆i − ∆j . This completely fixes the τ -dependence of 〈ψj ,m|V(τ, r)|ψi, n〉.
Likewise, for P we get

DP · 〈ψj ,m|V(τ, r)|ψi, n〉 = γ(∆j ,m)〈ψj ,m− 1|V(τ, r)|ψi, n〉
− γ(∆i, n+ 1)〈ψj ,m|V(τ, r)|ψi, n+ 1〉 (A.7)

and finally for K we have

DK · 〈ψj ,m|V(τ, r)|ψi, n〉 = γ(∆j ,m+ 1)〈ψj ,m+ 1|V(τ, r)|ψi, n〉
− γ(∆i, n)〈ψj ,m|V(τ, r)|ψi, n− 1〉. (A.8)

To proceed, we explicitly apply the operators DP and DK , which are first order both in
∂τ and ∂r. The τ -derivatives can be computed by means of (A.6). The l.h.s. of (A.7) then
becomes

(. . .) =
[
(−∆ij +m− n) sin r + cos r ∂

∂r

]
〈ψj ,m|V(0, r)|ψi, n〉 (A.9)

setting τ = 0 from now on. The sin r term can be integrated over r yielding something
proportional to the matrix element Wj;m

i;n. The second term can be computed similarly
after employing integration by parts:∫ π/2

−π/2

dr

(cos r)2 cos r ∂

∂r
〈ψj ,m|V(0, r)|ψi, n〉 = −

∫ π/2

−π/2

dr

(cos r)2 sin r 〈ψj ,m|V(0, r)|ψi, n〉

(A.10a)
= −Wj;m

i;n (A.10b)

discarding a boundary term that vanishes. Integrating the r.h.s. of (A.7) at τ = 0 as well,
we obtain the relation

(−∆ij +m− n− 1)Wj;m
i;n = γ(∆j ,m)Vj;m−1

i;n − γ(∆i, n+ 1)Vj;m
i;n+1. (A.11a)

If we repeat this for K, we get in addition

(−∆ij +m− n+ 1)Wj;m
i;n = γ(∆j ,m+ 1)Vj;m+1

i;n − γ(∆i, n)Vj;m
i;n−1. (A.11b)

Moreover, matrix elements with either n = 0 orm = 0 can be computed as definite integrals
over

fji(r) := 〈ψj |V(0, r)|ψi〉 (A.12)

which only involves the primary states |ψi,j〉. To wit:

Vj;m
i;0 = (−1)m

√
m!

(2∆j)m

∫ π/2

−π/2

dr

(cos r)2 C
− 1

2 (m−∆ij)
m (sin r)fji(r), (A.13a)

Wj;m
i;0 = (−1)m+1(m+ 1)

√
m!

(2∆j)m

∫ π/2

−π/2

dr

(cos r)2
C
− 1

2 (m−∆ij+1)
m+1 (sin r)
m−∆ij + 1 fji(r). (A.13b)
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Here C(ν)
n (·) denotes a Gegenbauer polynomial. Matrix elements with m = 0 but n 6= 0

can be computed similarly, exchanging ∆i ↔ ∆j in the above formulas. In order to
derive (A.13), let

Fm(r) := 〈ψj ,m|V(0, r)|ψi〉 (A.14)

omitting labels for the external states |ψi,j〉, and in particular F0(r) = fji(r). Setting n = 0
in (A.8), we get the recurrence relation

Fm+1(r) = 1
γ(∆j ,m+ 1)

[
(−∆ij +m) sin r − cos r ∂

∂r

]
Fm(r). (A.15)

After repeatedly integrating by parts and discarding (vanishing) boundary terms, the for-
mulas (A.13) are recovered.

The interpretation of the above results depends on the precise value of ∆ij = ∆i−∆j .
We will discuss the cases where ∆ij is fractional and integer separately:

• If ∆ij is non-integer, the relations (A.11) together with the “initial conditions” (A.13)
are sufficient to compute any matrix element of V. This can be done simply by
eliminating W from the equations (A.11).

• On the other hand, if ∆ij is an integer, it is not always possible to eliminate W from
the above equations. Instead, we find new relations between specific matrix elements:

γ(∆j ,m+ 1)Wj;m+1
i;m−∆ij

= γ(∆i,m−∆ij)Wj;m
i;m−∆ij−1 + Vj;m

i;m−∆ij
,

(A.16a)

γ(∆i,m+ 1)Wj;m+∆ij

i;m+1 = γ(∆j ,m+ δij)W
j;m+∆ij−1

i;m + Vj;m+∆ij

i;m

(A.16b)

which are once more derived by a judicious application of integration by parts. It
turns out that these identities are again sufficient to reduce the computation of the
matrix V to its boundary.

If ∆ij is integer, certain selection rules apply. For concreteness, consider the case
∆i = ∆j . Then by setting m = n+ 1 in the first relation of (A.11), we obtain the identity

0 = γ(∆i, n+ 1)Vj;n
i;n − γ(∆i, n+ 1)Vi;n+1

i;n+1 (A.17)

which implies that all matrix elements Vj;n
i;n with n = 0, 1, 2, . . . are identical. This result

has a simple physical meaning. Indeed, if ψj = ψi, the diagonal of the matrix Vi;n
i;n is

proportional to the tree-level energy shift of the states |ψi, n〉. But by conformal symmetry,
all such energy shifts (or anomalous dimensions) must be identical. Consequently, it is
necessary that for ∆i = ∆j , the diagonal of the matrix V is constant.

Next, consider the case where ∆ij is a non-zero integer, say ∆ij =: s with s ∈
{1, 2, 3, . . .}. Then from (A.13a) it follows that Vj;s

i;0 vanishes — this is simply a property
of the Gegenbauer polynomials. But from eq. (A.11) it follows that

γ(∆j , n+ s+ 1)Vj;n+s+1
i;n+1 = γ(∆i, n+ 1)Vj;n+s

i;n (A.18)
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for any n. Consequently, all matrix elements of the form Vj;n+s
i;n vanish! If ∆ij is a

negative integer, a similar argument can be made.
Let us finally comment on parity. If |ψi,j〉 have the same parity and V respects parity,

then fji(r) is even under r 7→ −r. But then using (A.13) and (A.11), it can be shown that
matrix elements of V (resp. W) vanish if m+n is odd (resp. even). The same result could
have been derived directly since

〈ψi,m|PV P−1|ψj , n〉 = (−1)m+n〈ψi,m|V |ψj , n〉 = +〈ψi,m|V |ψj , n〉 (A.19)

(using the fact that PV P−1 = +V ) which for odd m+ n is only possible if Vj;m
i;n = 0. A

similar argument can be applied to the case where |ψi,j〉 have opposite parity.

A.2 Example: vacuum amplitudes

As an application of the above formalism, let’s consider the case where the in-state is the
vacuum |Ω〉. By SL(2,R) symmetry, the wavefunction fi,Ω is completely fixed, up to an
overall constant:

fi,Ω(r) = 〈ψi|V(r)|Ω〉 = αi(cos r)∆i . (A.20)

The coefficient αi can be interpreted as the bulk-boundary OPE coefficient of V → Oi (up
to a convention-dependent constant), see (2.13). A short computation shows that

Vi;2n+1
Ω = 0, Vi;2n

Ω = αi(∆i + 2n)B
(1

2∆i −
1
2 ,

3
2

)√√√√ (1
2)n(∆i)n

n!(∆i + 1
2)n

(A.21)

where B is the beta function. As an application of this result, we note that

lim
n→∞

Vi;2n
Ω√

nVi;0
Ω

= 2
∆
√
B(1

2 ,∆)
(A.22)

that is to say that the matrix elements Vi;2n
Ω grow as

√
n at large n. In particular,

this result implies that the Casimir energy diverges at least linearly at second order in
perturbation theory.

A.3 Universality of matrix elements if ∆i − ∆j is an even integer

If ∆ij is an even integer, that is to say |∆i −∆j | = 2s for some integer s, and the in- and
out-states |ψi,j〉 have the same parity, the matrix Vj;m

i;n is severely constrained. In fact,
we will prove that it is fixed in terms of s+ 1 constants.

Theorem. Let |ψi,j〉 be two primaries with πi = πj that satisfy ∆j = ∆i ± 2s with s ∈
{0, 1, 2, . . .}, and let V be a parity-preserving bulk perturbation. Then the matrix Vj;m

i;n
is completely fixed by SL(2,R) symmetry in terms of the s+ 1 constants

ca(ψj , ψi) :=
∫ π/2

−π/2

dr

(cos r)2 (sin r)2afji(r), a = 0, 1, . . . , s. (A.23)
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Proof. By parity, only matrix elements with even m + n can be non-zero. Thus all non-
vanishing matrix elements with n = 0 are proportional to the following integral:

Vj;2m
i;0 ∝

∫ π/2

−π/2

dr

(cos r)2 C
−m±s
2m (sin r)fji(r), m = 0, 1, 2, . . .

as an immediate consequence of (A.13). But it’s easy to show that any such Gegenbauer
polynomial is a polynomial of degree ≤ s in the variable z = (sin r)2. Indeed, we have

C−m+s
2m (sin r) = (1− s)m

m! 2F1

(
−m, s, 1

2 , z
)
,

C−m−s2m (sin r) = (1 + s)m
m! 2F1

(
− s,−m, 1

2 , z
)
. (A.24)

The first of these functions vanishes if m ≥ s, due to the prefactor (1− s)m; for m < s it’s
indeed a polynomial of degree m in the variable z. Likewise, the second function in (A.24)
is a polynomial in z of degree min(m, s). Consequently, any matrix element with n = 0
can be expressed in terms of the parameters ca(ψj , ψi).

Now, the same argument can be applied to matrix elements with m = 0. Finally, all
other matrix elements, having m,n 6= 0 can be computed in terms of the previous ones
using the relations described in subsection A.1.

In particular, for s = 0 (i.e. whenever ∆i = ∆j) the matrix Vj;m
i;n is completely

universal, meaning that it is fixed by symmetry up to an overall normalization. To be
precise, we have the following corollary:

Corollary. Let |ψi,j〉 be two primaries with ∆i = ∆j and πi = πj. Then for any parity-
preserving bulk perturbation V , we have

〈ψj ,m|V |ψi, n〉 = Vmn(∆i) 〈ψj |V |ψi〉 (A.25)

where Vmn(∆i) is a matrix that only depends on ∆i, to wit:

Vmn(∆) =


0 if m+ n is odd;√

(m+ 1)n−m/(2∆ +m)n−m m ≤ n, m+ n even;

Vnm(∆) m > n.

(A.26)

Note: setting m = n, we see that the diagonal matrix elements are constant (since
Vnn(∆) = 1). This is consistent with the discussion from the end of subsection A.1.

Proof. Since any possible solution to the Ward identities is unique in this case, it suffices
to check that Vmn(∆i) solves (A.11). Indeed (A.26) is a valid solution, if we also have

〈ψj ,m|W |ψi, n〉 = Wmn(∆i) 〈ψj |V |ψi〉 (A.27a)
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for

Wmn(∆) =


0 if m+ n is even;√

(m+ 1)n−m/(2∆ +m)n−m m < n, m+ n odd;

Wnm(∆) m > n.

(A.27b)

This exercise is left to the reader.

B Rayleigh-Schrödinger perturbation theory revisited

B.1 Rayleigh-Schrödinger coefficients and connected correlators

In this appendix, we prove a relation between coefficients in Rayleigh-Schrödinger pertur-
bation theory and correlation functions. To be precise, we have in mind a Hamiltonian of
the form H = H0 + λV , where H0 has a non-degenerate discrete spectrum

0 = e0 < e1 < e2 < . . .

associated to normalized eigenstates |i〉, such that |0〉 is the H0 vacuum state. In pertur-
bation theory, the interacting energies can be expanded as

Ei = ei +
∞∑
n=1

(−1)n+1ci,nλ
n (B.1)

for some constants ci,n to be determined. Moreover, we can expand the eigenstates |Ωj〉 of
H in terms of the eigenstates of H0 with certain coefficients:

|〈i|Ωj〉|2 = δij +
∞∑
n=2

(−1)nan(j → i)λn. (B.2)

Normalization of the states |Ωi〉 and |i〉 means that

an(i→ i) = −
∑
j 6=i

an(i→ j) = −
∑
j 6=i

an(j → i). (B.3)

From now on, we will use rule (B.3) to only consider coefficients with j 6= i.
It’s the goal of Rayleigh-Schrödinger perturbation theory to provide formulas for ci,n

and an(j → i). Some simple formulas are

ci,1 = 〈i|V |i〉, ci,2 =
∑
j 6=i

|〈i|V |j〉|2

ej − ei
and a2(j → i) = |〈i|V |j〉|

2

(ej − ei)2 . (B.4)

At higher orders in perturbation theory, similar formulas quickly become cumbersome.
We claim that, roughly speaking, the coefficients ci,n can be expressed as an integral

over the n-point correlation function of the operator V inside the state |i〉. Considering
the vacuum state at second order in perturbation theory, it is for instance well-known that

c0,2 =
∫ ∞

0
dτ 〈0|V (τ)V (0)|0〉conn (B.5)
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where the subscript 〈i|On · · · O1|i〉conn means that contractions between the operators Oj
must be subtracted in the state |i〉, e.g.

〈i|V (τ)V (0)|i〉conn = 〈i|V (τ)V (0)|i〉 − 〈i|V |i〉2 =: gi(τ) (B.6a)

〈i|V (τ1 + τ2)V (τ1)V (0)|i〉conn = 〈i|V (τ1 + τ2)V (τ1)V (0)|i〉 − 〈i|V |i〉3

− 〈i|V |i〉
[
gi(τ1) + gi(τ2) + gi(τ1 + τ2)

]
(B.6b)

and so forth. However, it’s not possible to simply replace the in- and out-states in (B.5)
by |i〉 and 〈i| to reproduce the expression from eq. (B.4) — in fact, the resulting integral
would diverge for a generic state |i〉. To proceed, we therefore define a spectral density ρi,n
as follows:

〈i|V (τ1 + . . . τn−1) · · ·V (τ1 + τ2)V (τ1)V (0)|i〉conn

=
n−1∏
`=1

∫ ∞
0
dα` e

−(α`−ei)τ` ρi,n(α1, . . . , αn−1) (B.7)

which has the following inverse:

ρi,n(~α) =
n−1∏
`=1

∫ γ+i∞

γ−i∞

dτ`
2πi e

(α`−ei)τ` 〈i|V (τ1 + . . . τn−1) · · ·V (τ1 + τ2)V (τ1)V (0)|i〉conn

for γ > 0.44 For n = 1, 2, 3 we have for instance

ρi,1 = 〈i|V |i〉 (B.8a)

ρi,2(α1) =
∑
k 6=i

δ(α1 − ek) |〈i|V |k〉|2 (B.8b)

ρi,3(α1, α2) =
∑
k,` 6=i

δ(α1 − ek)δ(α2 − e`) 〈i|V |`〉
(
〈`|V |k〉 − δk`〈i|V |i〉

)
〈k|V |i〉 . (B.8c)

We will see that the Rayleigh-Schrödinger coefficients can be compactly expressed in
terms of the densities ρi,n, to wit:

ci,n =
n−1∏
`=1

∫ ∞
0

dα`
α` − ei

ρi,n(α1, . . . , αn−1). (B.9)

For n = 1, 2, it is easy to check that (B.9) agrees with (B.4). In the rest of this section,
the proof of formula (B.9) will be explained.

First, let us comment on some general features of the ρi,n(~α).45 This object is generally
a complex-valued distribution, in fact a sum (generally infinite) of delta functions. Also
notice that ρ only has support on α` ≥ 0 since there are no states with energy e < 0, and

44We use that on the right half plane <(τj) > 0 the correlator is analytic.
45Here, we use the shorthand notation ~α = (α1, . . . , αn−1).
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the distribution vanishes at α` = ei since ρ describes connected correlation functions. In
fact, it will be useful in the proof of (B.9) to write ρ as follows

ρi,n(α1, . . . , αn−1) =
∑
j1 6=i
· · ·

∑
jn−1 6=i

δ(α1 − ej1) . . . δ(αn−1 − ejn−1)Uj1,...,jn−1 . (B.10)

Moreover, since V is a Hermitian operator it can be shown that

ρi,n(α1, . . . , αk, . . . , αn−1) = ρi,n(αn−1, . . . , αn−k, . . . , α1) (B.11)

reflecting a peculiarity from the configuration of the τj in the correlator (B.7). For n = 2
the above identity means that ρi,2(α) ∈ R. We also remark that the behavior of the ρi,n
at infinity depends on the high-energy behavior of the quantum theory in question. For
instance, if κ ≥ 1 then

gi(τ) ∼
τ→0

c

τκ
↔ ρi,2(α) ∼

α→∞
c

Γ(κ) α
κ−1 (B.12)

appealing to a Tauberian theorem. In AdS2, this Tauberian formula applies with κ = 2,
but in UV-finite quantum mechanics all correlators are integrable (having in particular
κ < 1). In what follows it will be assumed that the integrals (B.9) are well-defined,
without requiring any additional subtractions.

The reader may worry about the seemingly divergent denominator ∏n−1
`=1 1/(α` − ei)

in (B.9). However, recall that ρi,n vanishes on some domain |α` − ej | ≤ ε due to the
connectedness of the correlator it describes, and consequently the integral (B.9) is well-
defined. If necessary, one can therefore replace all of the integrals by their principal value

n−1∏
`=1

∫
R

dα`
α` − ei

ρi,n(~α)→ lim
ε→0+

n−1∏
`=1

∫
R\[ei−ε,ei+ε]

dα`
α` − ei

ρi,n(~α) (B.13)

without changing the result.

Proof of (B.9). Let us now describe a proof of the identity (B.9). The proof will rely
on a systematic evaluation of the Dyson operator

U(b, a) := T exp
[
−λ

∫ b

a
dτ V (τ)

]
. (B.14)

inside matrix elements. The operator U has the defining property

e−H(b−a) = e−H0bU(b, a)eH0a (B.15)

which can easily be shown (the identity (B.15) is a tautology for b = a, and the two sides
obey the same differential equation with respect to b).

For concreteness, let us first consider the vacuum state |0〉 = |vac〉, for which the proof
of (B.9) is easiest. There we have for any T > 0 the exact identity

〈vac|U(T, 0)|vac〉 =
∑
j

〈vac|eH0T e−HT |Ωj〉〈Ωj |vac〉 =
∞∑
i=0

exp(−EiT )|〈vac|Ωj〉|2 (B.16)
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where we have inserted a complete basis of states |Ωj〉 and used eq. (B.15) to rewrite U .
Taking the limit T →∞, we have46

E0(λ) = − lim
T→∞

1
T

ln 〈vac|U(T, 0)|vac〉. (B.17)

The object on the r.h.s. is precisely the generator of connected correlation functions inside
the vacuum state. At n-th order in perturbation theory, we read off that

cvac,n =
n−1∏
`=1

∫ ∞
0
dτ` 〈vac|V (τ1 + . . . τn−1) · · ·V (τ1 + τ2)V (τ1)V (0)|vac〉conn (B.18a)

=
n−1∏
`=1

∫ ∞
0

dα`
α`

ρvac,n(α1, . . . , αn−1) (B.18b)

as claimed. Formula (B.18a) for the vacuum energy is not new — see a disussion below
equation (3.16) — and a formal version of (B.9) appeared previously without proof in [31].47

For excited states the proof of (B.9) goes along the same lines, but it is more com-
plicated. To proceed, we insert the operator exp(EiT ) exp(−HT ) inside the unperturbed
state |i〉. This yields

eδEiT 〈i|U(T, 0)|i〉 =
∞∑
j=0
|〈i|Ωj〉|2 e−(Ej−Ei)T

= 1−
∞∑
j 6=i
|〈i|Ωj〉|2

[
1− e−(δEj−δEi)T e−(ej−ei)T

]
(B.19)

writing δEi = Ei − ei = O(λ). We have used the identity

|〈i|Ωi〉|2 +
∑
j 6=i
|〈i|Ωj〉|2 = 1 (B.20)

to obtain the above expression. We will show that formula (B.9) follows from matching
the terms linear in T on both sides of (B.19).

The l.h.s. of (B.19) can be recast as

ln(l.h.s. ) = δEi(λ)T +
∞∑
n=1

(−1)nλnXi,n(T ), (B.21)

Xi,n(T ) :=
∫ T

0
dτ1 · · ·

∫ T

τn−1
dτn 〈i|V (τn) · · ·V (τ1)|i〉conn. (B.22)

Using the spectral representation (B.7) we can write (B.22) as follows

Xi,n(T ) =
∫ ∞

0
dα1 . . . dαn−1Wn(α1 − ei, . . . , αn−1 − ei|T ) ρi,n(~α) (B.23)

46Notice that 〈vac|U(T, 0)|vac〉 > 0 so the logarithm is well-defined.
47The formula in question involves connected correlators that are integrated over all of spacetime. Beyond

short-distance divergences, such correlators are also IR-divergent due to intermediate states of energy below
the energy ei of the external state |i〉. Our formula (B.9) takes such divergences into account and does not
need any additional renormalization.
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where48

Wn(~α|T ) =
∫ T

0
dt0

∫ T−t0

0
dt1 e

−α1t1

∫ T−t0−t1

0
dt2 e

−α2t2 · · ·
∫ T−t0···−tn−2

0
dtn−1 e

−αn−1tn−1 .

(B.24)
Equivalently, we can define W by

Wn(~α|T ) =
∫ T

0
dt0Qn−1(α1, . . . , αn−1|T − t0) (B.25)

with Q defined recursively

Qi(α1, . . . , αi|T ) =
∫ T

0
dt e−α1tQi−1(α2, . . . , αi|T − t) , Q0 = 1 . (B.26)

It is not hard to see that this recursion relation leads to

Qi(α1, . . . , αi|T ) = 1
α1α2 . . . αi

−
i∑

`=1

e−α`T

α`

i∏
j=1
j 6=`

1
αj − α`

. (B.27)

This can be easily checked by plugging (B.27) in (B.26) and using the identity

0 = 1
α1α2 . . . αi

−
i∑

`=1

1
α`

i∏
j=1
j 6=`

1
αj − α`

, (B.28)

which follows from the fact this rational function of α1 vanishes as α1 → ∞ and does
not have any poles (the reader may easily check that the apparent poles have vanishing
residue).

We can now use (B.27) in (B.24) to obtain

Wn(~α|T ) = T

α1α2 . . . αi
−Kn(~α|T ) (B.29)

where

Kn(~α|T ) :=
n−1∑
`=1

1− e−α`T
α2
`

n−1∏
j=1
j 6=`

1
αj − α`

. (B.30)

This allows us to write (B.23), for n ≥ 2, as follows:

Xi,n(T ) = T

∫ ∞
0

d~α

~α− ei
ρi,n(~α)−

∫ ∞
0
d~α Kn(~α− ei|T )ρi,n(~α) . (B.31)

Here and in what follows we use a vector notation for spectral integrals, for instance

∫ ∞
0

d~α

~α− ei
f(~α) =

n−1∏
`=1

∫ ∞
0

dα`
α` − ei

f(α1, . . . , αn−1). (B.32)

48This follows from (B.22) changing integration variables to ti = τi+1 − τi with i = 0, 1, . . . , n − 1 and
τ0 = 0.
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We will now show that the only term that grows linearly with T in (B.31) is the first
term. More precisely, we will show that the second term in (B.31) evaluates to something
of the form

const. +
∑
β 6=0

Pβ(T )e−βT , (B.33)

for some values of β 6= 0 and Pβ(T ) some polynomial of T . For n = 1 we simply have

Xi,1(T ) = Tρi,1 = T 〈i|V |i〉. (B.34)

For n = 2 the second integral is straightforward to do:∫ ∞
0
dαK2(α− ei;T )ρi,2(α) =

∑
j 6=i
|〈i|V |j〉|2K2(ej − ei|T ). (B.35)

However, for n ≥ 3 we have to worry about the denominators αj − α`. It is clear from the
definition (B.24) thatWn(α1, . . . , αn−1|T ) is completely regular when some of its arguments
α` coincide. Therefore, from (B.29) we conclude the same must be true of Kn although
this is not obvious from the explicit formula (B.30).

For instance for n = 3 we have

lim
α′→α

K3(α, α′|T ) = 2
α3 −

2 + αT

α3 exp(−αT ) =: K]3(α|T ). (B.36)

Therefore, for n = 3 the second term in (B.31) evaluates to∫ ∞
0
d~α K3(~α− ei|T )ρi,3(~α) =

∑
j,k 6=i ∧ j 6=k

〈i|V |k〉〈k|V |j〉〈j|V |i〉K3(ej − ei, ek − ei|T )

+
∑
j 6=i

(〈j|V |j〉 − 〈i|V |i〉)|〈i|V |j〉|2K]3(ej − ei|T ), (B.37)

which is of the general form (B.33).
For general n, we can use (B.10) to write the second term in (B.31) as follows∫ ∞

0
d~α Kn(~α−ei|T )ρi,n(~α) =

∑
j1 6=i
· · ·

∑
jn−1 6=i

Uj1,...,jn−1Kn(ej1−ei, . . . , ejn−1−ei|T ) . (B.38)

Clearly the arguments of Kn are always different from zero. Therefore, from (B.30) we
conclude that this is of the general form (B.33). The only subtlety is that for some terms
in the sum (B.38) the arguments of Kn are exactly equal. In this case, one cannot use (B.30)
due to the presence of vanishing denominators. However, as explained above Kn always
has a finite limit when several of its arguments coincide. Moreover, we can write

Kn(~α|T ) = g0(~α)−
n−1∑
`=1

e−α`T g`(~α) , (B.39)

with g`(~α) some rational functions that can be read off from (B.30). If α1 and α2 coin-
cide then

Kn(α1, α1, α3, . . . |T ) = g0(~α)−
n−1∑
`=3

e−α`T g`(~α)− e−α1T g̃1(~α|T ) , (B.40)
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where g0 and g`≥3 have finite limits when α2 → α1 and

g̃1(~α|T ) = lim
ε→0

[
g1(α1, α1 + ε, α3, . . . ) + e−εT g2(α1, α1 + ε, α3, . . . )

]
(B.41)

= T
1
α2

1

n−1∏
j=3

1
αj − α1

− ∂

∂α1

 1
α2

1

n−1∏
j=3

1
αj − α1

 (B.42)

Due to the collision α2 → α1 the coefficient of the exponential e−α1T became a linear
function of T . This is a general phenomena. When several α’s coincide the coefficient of
the associated exponential e−α`T becomes a polynomial in T .49 However, as long as every
α` 6= 0 the exponential never disappears and therefore (B.38) is indeed of the form (B.33).

The r.h.s. of (B.19) can also be expanded to

ln(r.h.s. ) =
∞∑
n=2

(−1)nλnYi,n(T ) (B.43)

for some functions Yi,n(T ):

Yi,2(T ) = −
∑
j 6=i

a2(j → i)
[
1− e−(ej−ei)T

]
(B.44a)

Yi,3(T ) = −
∑
j 6=i

a3(j → i)
[
1− e−(ej−ei)T

]
− T

∑
j 6=i

(cj,1 − ci,1)a2(j → i)e−(ej−ei)T (B.44b)

and likewise for higher n. The coefficients an were defined in (B.2).
We can now directly compare (B.22) and (B.43) to obtain the desired formula, eq. (B.9).

For n = 2, we obtain the relation

T

[
ci,2 −

∫ ∞
0

dα

α− ei
ρi,2(α)

]
=
∫ ∞

0
dα

1− e−(α−ei)T

(α− ei)2 ρi,2(α)−
∑
j 6=i

a2(j → i)
[
1− e−(ej−ei)T

]
. (B.45)

Since this equation must hold for any T > 0, we recover the n = 2 case of (B.9) along with
the standard result

a2(j → i) = |〈i|V |j〉|
2

(ei − ej)2 . (B.46)

The same strategy can be used to prove (B.9) for higher n. The logic is always the same,
namely to match all terms of order λn appearing in eqs. (B.22) and (B.43). The l.h.s. has
two purely linear pieces in T , namely

(−1)n+1ci,nT + (−1)nT
∫ ∞

0

d~α

~α− ei
ρi,n(~α) + . . . . (B.47)

which perfectly cancel, provided that (B.9) holds. The remaining term on the l.h.s. comes
from the kernel Kn, and crucially it never contains a term growing linearly with T at large

49For example,

lim
α′,α′′→α

K4(α, α′, α′′|T ) = 3
α4 + 6 + 4αT + α2T 2

2α4 exp(−αT ).

– 81 –



J
H
E
P
0
8
(
2
0
2
1
)
0
6
3

T : at most it contains a constant and polynomials in T multiplied by (growing or decaying)
exponentials. This remainder term can be matched against the r.h.s. — which does not
contain any term growing linearly with T — and this procedure gives expressions for the
coefficients an(j → i).

As mentioned at the beginning, the spectrum of the unperturbed Hamiltonian was
taken to be non-degenerate. Let us briefly discuss how the proof breaks down in case H0
is degenerate. Suppose for instance that there are two vacua, that is to say g ≥ 2 states
|vacα〉 with eα = 0. Equation (B.16) still holds when |vac〉 is replaced by any of the |vacα〉,
or in fact by any linear combination |v〉 = cα|vacα〉. Equation (B.17) also holds, provided
that the true vacuum |Ω〉 at finite coupling has non-zero overlap with the starting state |v〉.
However, it is no longer true that the coefficients cvac,n are described by equation (B.18a),
and indeed such integrated correlators generically diverge. In other words, the T → ∞
limit and the perturbative expansion do not commute.

B.2 Feynman diagrams

This subsection is dedicated to a detailed explanation of the diagrammatic representation
of RS perturbation theory, introduced in subsection 3.1. The reader may refer to figure 36
to fix ideas, although similar pictures can be drawn for a generic interaction term. The
diagram is to be read from bottom to top, with time flowing upwards. The horizontal axis
corresponds to the mode numbers, e.g. the state |1, 2, 2, 4〉 would be represented by single
lines at n = 1, 4 and a double line at n = 2. Polynomial vertices can either lower or raise
occupation numbers. The diagram in figure 36 would occur at second order in perturbation
theory for a theory with potential V3 =

∫
:φ3 : . In the time domain it can be read as

〈0, 1|V3(τ2)|1, 1, 3〉〈1, 1, 3|V3(τ1)|0, 1〉 (B.48)

or when computing energies it would contribute an amount

δE0,1 ⊃ λ̄2 |〈1, 1, 3|V3|0, 1〉|2
E0,1 − E1,1,3

= − 72λ̄2

∆ + 4

∣∣∣∣∣
∫ π/2

−π/2

dr

(cos r)2 f0(r)f1(r)f3(r)
∣∣∣∣∣
2

(B.49)

to the energy of the state |0, 1〉. The functions fn(r) are defined in eq. (4.4). Vice versa,
by “cutting open” diagrams like figure 36 horizontally, one easily recovers the intermediate
state and its energy.

B.3 Explicit calculations at second order in perturbation theory

This subsection is a complement to subsection 3.1. There, after writing the potential V
in terms of ladder operators and introducing a truncation cutoff Λ, we expand the energy
of the vacuum |Ω〉 and of the excited state |χ〉 ≡ a†0|Ω〉 up to second order in λ̄ using
Rayleigh-Schrödinger perturbation theory:

EΩ = eΩ + λ̄〈Ω|V |Ω〉 − λ̄2 ∑
i=2 p.s.

|〈Ω|V |i〉|2
ei − eΩ

+ O(λ̄3) , (B.50a)

Eχ = eχ + λ̄〈χ|V |χ〉 − λ̄2 ∑
i=1 p.s.,
3 p.s.

|〈χ|V |i〉|2

ei − eχ
+ O(λ̄3) . (B.50b)
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0 1 2 3 n

Figure 36. An example Feynman diagram arising at second order in φ3 perturbation theory. This
diagram involves |0, 1〉 resp. 〈0, 1| as in- and out-states and |1, 1, 3〉 as an intermediate state.

in which “n p.s.” stands for n-particle states and we used the fact that :φ2 : acting on an
n-particle state produces n− 2, n and (n+ 2)-particle states. Substituting the operator V
in the sums above in terms of Amn using eq. (4.15) and summing the states up to cutoff Λ
gives

EΩ(Λ) = −4λ̄2
m+n+2∆≤Λ∑

m,n=0

1
N(m,n)

A2
mn(∆)

2∆ +m+ n
, (B.51a)

Eχ(Λ) = ∆ + 2λ̄A00 − 4λ̄2
m+∆≤Λ∑
m=1

A2
0m(∆)
m

− 4λ̄2
m+n+3∆≤Λ∑

m,n=0

1
N(m,n, 0)

(Amn(∆) + δ0mA0n + δ0nA0m)2

2∆ +m+ n
. (B.51b)

where N(`,m, . . . , n) is the norm of the state a†`a†m · · · a†n|Ω〉. In particular,

N(m,n) = 1 + δm,n , (B.52)
N(m,n, 0) = 1 + δm,n , m, n 6= 0 , (B.53)
N(m, 0, 0) = 2 , m 6= 0 , (B.54)
N(0, 0, 0) = 6 . (B.55)

In the large Λ limit, the two double sums in eq. (B.51) have the same linear asymptotic
behaviour. To see this, let us define

σN (∆) :=
∑

m+n=2N

|〈Ω|V2|m,n〉|2

2∆ +m+ n
. (B.56)

such that

EΩ(Λ) ∼
Λ→∞

−λ̄2
1
2 Λ∑
N=0

σN (∆) + O(λ3) . (B.57)
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Eq. B.56 is a sum of O(N) terms that can be expressed in terms of the explicit coefficients
Vmn(∆) from eq. (4.16) . At large N we can replace this sum by an integral

lim
N→∞

σN (∆) = σ∞(∆) = 1
(2∆− 1)2

∫ 1

0
dx

(
x

2− x

)2∆−1
, (B.58)

which can be expressed in terms of special functions if desired. We then have

EΩ(Λ) ∼
Λ→∞

−λ̄2σ∞(∆)Λ + O(λ3,Λ0) , (B.59a)

Eχ(Λ) ∼
Λ→∞

−λ̄2σ∞(∆)Λ + O(λ3,Λ0) . (B.59b)

As emphasized in section 3, the naive difference Eχ(Λ)−EΩ(Λ) does not reproduce the
exact result (3.6). Let us show instead that the prescription (3.1) does the job. We begin
by computing

Eχ(Λ)− EΩ(Λ−∆) = ∆ + 2λ̄A00 − 4λ̄2
m+∆≤Λ∑
m=1

A2
0m(∆)
m

− 4λ̄2
m+3∆≤Λ∑
m=0

A2
0m(∆)

m+ 2∆ . (B.60)

In the limit Λ→∞, the above sums can be written in terms of hypergeometric functions:

∞∑
m=1

A2
0m(∆)
m

= 2
∆(2∆− 1)2 3F2

( 1
2 , 1, 1

1
2 + ∆, 1 + ∆

∣∣∣∣∣ 1
)
, (B.61)

∞∑
m=0

A2
0m(∆)

m+ 2∆ = 2
∆(2∆ + 1)(2∆− 1)2 3F2

( 3
2 , 1, 1

3
2 + ∆, 1 + ∆

∣∣∣∣∣ 1
)
. (B.62)

These formulas furnish a completely explicit expression for the energy shift (B.60) in the
limit Λ→∞, which agrees with the expected result (4.18).50

Similarly, we have checked that the second-order energy shift of the states a†n|Ω〉 for
small values of n is correctly reproduced with our prescription. In addition, we also checked
that the third-order energy shift of the state |χ〉 is correctly reproduced.

Alternatively, we can reproduce the second-order energy shift of the state |χ〉 by com-
puting the two-point connected correlator of V2(τ) inside the state |i〉. Computing such
correlators is an efficient way to extract spectral densities more generally, that is to say for
other states or for energy shifts at higher orders in perturbation theory. Let us therefore
briefly spell out this computation. The correlator we need to compute is given by

gχ(τ) := 〈χ|V2(τ)V2(0)|χ〉conn − 〈Ω|V2(τ)V2(0)|Ω〉conn. (B.63)

We will see that gχ can be expressed in terms of the special function

g∆(z) :=
∞∑
n=0

V0,2n(∆)2zn = 3F2

[ 1
2 , 1, 1

∆, ∆ + 1
2

∣∣∣∣∣ z
]
. (B.64)

50This check requires verifying an identity involving a sum of two hypergeometric 3F2(1) functions. We
have checked this identity numerically for many values of ∆, but we do not have an analytical proof
for any ∆.
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To derive this result, we recall that |χ〉 = a†0|Ω〉 and use the identities

[ak, :φn(τ, r) :] = n · e(∆+k)τ fk(r) :φn−1(τ, r) : ,
[:φn(τ, r) :, a†k] = n · e−(∆+k)τ fk(r) :φn−1(τ, r) :

for k = 0 and n = 2. Now, equation (B.63) can be restated as

gχ(τ) = 〈Ω|[a0, V2(τ)][V2(0), a†0]|Ω〉+ 〈Ω|[V2(τ), a†0][a0, V2(0)]|Ω〉 − 〈χ|V2|χ〉2 (B.65)

using the fact that 〈Ω|V2|Ω〉 vanishes. The first term in (B.65) works out to

4e∆τ
∫

[dr][dr′] f0(r)f0(r′)G(τ, r|0, r′) = 4
∞∑
n=0

e−2nτA0,2n(∆)2

= 4
(2∆− 1)2 g∆(e−2τ ) (B.66)

where G = 〈φφ〉 is the scalar propagator and using the shorthand notation∫
[dr] :=

∫ π/2

−π/2

dr

(cos r)2 . (B.67)

Here we have used that all odd matrix elements A0,2n+1 vanish, and that Am,n is propor-
tional to Vm,n. The second term in (B.65) works out to

4e−∆τ
∫

[dr][dr′] f0(r)f0(r′)G(τ, r|0, r′) = 4
(2∆− 1)2 e

−2∆τ g∆(e−2τ ). (B.68)

Finally,
〈χ|V2|χ〉2 = 4

(2∆− 1)2 (B.69)

and thus
gχ(τ) = 4

(2∆− 1)2

[
(1 + e−2∆τ ) g∆(e−2τ )− 1

]
. (B.70)

Indeed we recover (by testing for various values of ∆) that∫ ∞
0
dτ gχ(τ) = 4

(2∆− 1)3 . (B.71)

C Short time singularities in the correlators of V

In this appendix, we study the singularities of the following class of correlators,

〈i|Vε(τ1 + . . . τn−1) · · ·Vε(τ1 + τ2)Vε(τ1)Vε(0)|i〉conn , (C.1)

when a subset of the τi goes to zero. The subscript ε denotes the regularized interaction,
as defined in eq. (3.13).

In this appendix, it will be convenient to redefine the spatial coordinate as

θ = r + π

2 , (C.2)

so that θ ∈ [0, π]. Hence,

Vε(τ) = R∆V
∫ π−ε

ε

dθ

(sin θ)2 V(τ, θ). (C.3)

Furthermore, we set R = 1 from now on.
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C.1 The vacuum two-point function

Let us begin with the vacuum two-point function of the potential:

〈Ω|Vε(τ)Vε(0)|Ω〉 =
∫ π−ε

ε

dθ1dθ2
sin2 θ1 sin2 θ2

〈Ω|V(τ, θ1)V(0, θ2)|Ω〉 . (C.4)

The matrix elements in eq. (C.4) are computed by a Euclidean correlator as long as τ > 0,
which we assume throughout this subsection. Notice that, since the vacuum expectation
value of Vε vanishes by definition, the full correlator coincides with its connected part.
It will be convenient to keep in mind that the two-point function of V depends on the
position of the insertions only through their geodesic distance, or equivalently through the
cross ratio ξ defined in eq. (2.8), which in the notation of this section reads

ξ = cosh τ − cos(θ1 − θ2)
2 sin θ1 sin θ2

. (C.5)

Hence, we also denote
〈Ω|V(τ, θ1)V(0, θ2)|Ω〉 = fΩ(ξ) . (C.6)

As discussed in subsection 3.3, the large energy limit of the Laplace transform of this
correlator controls the cutoff dependence of the vacuum energy at second order in pertur-
bation theory.

We start by discussing the ε = 0 case. There are two possible sources of non-
analyticities as τ → 0. First, the two-point function of the perturbing operator V has
a short distance singularity fixed by the OPE at the UV fixed point:51

fΩ(ξ) ∼ (4ξ)−∆V , ξ → 0 . (C.7)

In order to isolate the contribution of this short distance limit to eq. (C.4), we approximate
fΩ as in eq. (C.7) and we rescale the difference (θ1−θ2)→ τ(θ1−θ2), keeping θ1 +θ2 fixed.
After sending τ → 0 and integrating, we obtain

〈Ω|V (τ)V (0)|Ω〉 ∼
π Γ

(
∆V − 3

2

)
Γ
(
∆V − 1

2

)
Γ(∆V)Γ(∆V − 1) τ−2∆V+1 + . . . τ → 0 . (C.8)

It is interesting to notice that the exponent is a property of the short distance physics,
and accordingly the integral over (θ1 − θ2) reduces to an integral over a flat space two-
point function. It converges as long as ∆V > 1/2, otherwise an IR divergence makes the
approximation (C.7) inadequate. On the other hand, the integral over (θ1 + θ2) is sensitive
to the AdS geometry, and requires the stronger condition ∆V > 3/2. As we shall see
momentarily, precisely when this condition is not satisfied the leading small τ singularity
is not given by eq. (C.8).

Indeed, a second source of non-analyticity arises from the region where both insertions
of V reach the same point on the boundary. In this case, the important contribution comes

51Logarithms arise when the UV fixed point is a free theory, like in section 4. Also, notice that the
subtraction of the vacuum expectation value of V has no effect on the leading singularity.
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from the region where θ1 ∼ θ2 ∼ τ , and from its image under parity (π−θ1) ∼ (π−θ2) ∼ τ .
It is simple to guess that this is the case by considering the cross ratio ξ in eq. (C.5). When
θi and τ all vanish at the same rate, ξ attains a finite limit. After performing the change of
variables θi = ziτ in eq. (C.4) — still at ε = 0 — and multiplying by 2 to keep into account
the contribution from the other AdS boundary, the leading contribution as τ → 0 is

〈Ω|V (τ)V (0)|Ω〉 ∼ 2
τ2

∫ ∞
0

dz1dz2
z2

1z
2
2
fΩ

(
1− z2

12
4z1z2

)
+ . . . (C.9)

Let us briefly discuss the convergence of this integral. As at least one of the zi’s goes to
zero, the boundary OPE can be used to factorize the double integral into a product. We
conclude that the integral converges at small zi if the boundary OPE of V does not contain
operators with scaling dimension ∆ ≤ 1. This is precisely the condition (2.17) which
ensures finiteness of the matrix elements of V , and is therefore satisfied by assumption. At
the other end of the integration region the integrand is suppressed, unless z12 stays finite.
In the latter case, fΩ is dominated by the bulk OPE limit as in eq. (C.7). Hence, the
integral in (C.9) converges as long as ∆V < 3/2 . In the opposite case, the leading small τ
singularity comes instead from the bulk OPE limit considered above, see eq. (C.8).

Notice that, contrary to eq. (C.8), the theory dependence of the singularity in eq. (C.9)
is through the full two-point function fΩ. Although we could still perform one of the two
integrals to simplify the coefficient, we shall later obtain precisely this result as a by-product
of a more general analysis — see eqs. (C.10, C.17).

Although the previous analysis is sufficient to isolate the leading small τ singularities,
for completeness we now develop a more systematic formalism, which yields the matrix
element in eq. (C.4), with ε = 0, as a single integral over the correlator (C.6). Since fΩ
only depends on the coordinates through the cross ratio ξ, it is convenient to separate the
kinematical from the theory dependent data as follows:

〈Ω|V (τ)V (0)|Ω〉 =
∫ ∞
ξmin(τ)

dξ K(ξ|τ)fΩ(ξ) , ξmin(τ) = 1
2(cosh τ − 1) . (C.10)

The kernel K is defined as

K(ξ|τ) :=
∫ π

0

dθ1 dθ2
sin2 θ1 sin2 θ2

δ(ξ(τ, θ1, θ2)− ξ), ξ(τ, θ1, θ2) = cosh τ − cos(θ1 − θ2)
2 sin θ1 sin θ2

.

(C.11)
The kernel (C.11) can be expressed in terms of an elliptic integral for generic τ > 0. We
will first integrate in θ2. In Poincaré coordinates, the curve of constant geodesic distance
from a point x1 = (z, z̄), z = exp(τ + iθ), is a circle:

ξ = (z − z′)(z̄ − z̄′)
4 Im z Im z′

, ⇐⇒ (<z′ −<z)2 + (Im z′ − c)2 = r2,

c = Im z(1 + 2ξ) , r = 2 Im z
√
ξ(ξ + 1) . (C.12)

Therefore, the δ-function in eq. (C.11) has support at most in two points, at fixed θ1, see
figure 37. We can then evaluate the integral in dθ2 by changing variables, being careful
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V

V

θ2

θ1

1 eτ

Figure 37. The dashed semi-circles are constant global time surfaces. The solid circle is a surface
of fixed geodesic distance from the V insertion at angle θ1. The V insertion at angle θ2 is generic.
The δ function in eq. (C.11) has support at the location of the two red points.

about the sign of the Jacobian ∂ξ(τ, θ1, θ2)/∂θ2. Referring again to figure 37, the geodesic
distance of the marked point at angle θ2 from the point at angle θ1 is decreasing while the
former enters the solid circle, and increasing while it exits it. This fixes the sign of the
Jacobian. We obtain the following expression for the kernel:

K(ξ|τ) = 4(1 + 2ξ) cosh τ√
ξ(ξ + 1)

×
∫ π/2

θmin(τ)
dθ1

1(
sin2 θ1 + 4ξ(1 + ξ) sin2 θmin(τ)

)√
sin2 θ1 − sin2 θmin(τ)

, (C.13)

where

θmin(τ) = arcsin sinh τ
2
√
ξ(1 + ξ)

, (C.14)

We used the reflection symmetry θ → π − θ to restrict the integration region to θ1 < π/2.
At the minimal angle θmin the solid circle of figure 37 becomes tangent to the semi-circle
of radius 1. As promised, eq. (C.13) expresses the kernel in terms of the incomplete elliptic
integral of the third kind:

K(ξ|τ) = 4(1 + 2ξ)√
ξ(ξ + 1) cosh τ

1√
1− sin2 θmin(τ)

Π
( 1

cosh2 τ
,
π

2 − θmin(τ), 1
1− sin2 θmin(τ)

)
.

(C.15)
The full matrix element at fixed τ may now be obtained by integrating the kernel as in
eq. (C.10). Alternatively, one can recover the small τ limits in eqs. (C.8), (C.9) as limits
of the kernel itself.
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In particular, the bulk channel singularity is obtained by rescaling ξ → τ2ξ. In the
τ → 0 limit, this reduces the kernel to a complete elliptic integral of the second kind:

K(τ2ξ|τ) ∼ 16
τ

√
ξ E

(
1− 1

4ξ

)
, τ → 0. (C.16)

This approximation to the kernel can then be used in eq. (C.10) together with eq. (C.7),
to recover eq. (C.8).

The kernel K(ξ|τ) is more useful in deriving the coefficient of the boundary channel
small τ singularity, eq. (C.9). Indeed, in this case the cross ratio is held fixed, and the
rescaling θ → τ θ in the integral form (C.13) yields a simple algebraic result:

K(ξ|τ) ∼ 8
τ2 arcsinh

(
2
√
ξ(ξ + 1)

)
, τ → 0 . (C.17)

Replacing eq. (C.17) in eq. (C.10), we obtain the coefficient of the small τ singularity in
eq. (C.9) as a single integral over the cross ratio, as promised.

To conclude this subsection, let us describe how the introduction of a non vanishing ε
cutoff changes the kernel (C.11). Referring to figure 37, now the integration region of the
potential only extends on the wedge defined by θ ∈ [ε, π − ε]. Depending on the values of
ξ, τ and ε, one of three cases happens: none, one or both of the intersections marked in
red lie inside this wedge. Hence, the kernel is a piecewise continuous function. We shall
focus on the limit ε, τ → 0, while keeping ε/τ fixed. It is useful to define the following
constants:

α = τ2

ε2
, α∗ = 4ξ(ξ + 1) , ξ∗ = 1

2
(√

α+ 1− 1
)
. (C.18)

If we perform the change of variable θ → εθ, it is not difficult to find the following result:

K(ξ|τ, ε) ∼ 1
τ2



8 arcsinh√α∗ ξ < ξ∗ ,

−4 log

√α∗ + 1−√α∗√
α∗ + 1 +√α∗

(√
α∗ + 1 +

√
α∗ − α√

α∗ + 1−
√
α∗ − α

)2
 ξ∗ < ξ < α/4 ,

−2 log
[
(α+ 1)

(
(
√
α∗ + 1−√α∗)(

√
α∗ + 1 +

√
α∗ − α)√

α∗ + 1 +√α∗

)2

×
√
α∗ + 1 +

√
α∗ − α√

α∗ + 1−
√
α∗ − α

]
ξ > α/4 .

(C.19)
We plot this function in figure 38. As expected, the contribution to the two-point func-
tion (C.4) of points whose cross ratio is larger than the value ξ∗ is suppressed.

C.2 The two-point function in a generic state

The aim of this subsection is to prove eq. (3.33). As discussed in subsection 3.4, this result
is instrumental in deriving a bound on the UV behavior of the spectral density ∆ρεi,2(α).
The object of interest is the following difference of correlation functions:

gε(τ) = 〈i|Vε(τ)Vε(0)|i〉conn − 〈Ω|Vε(τ)Vε(0)|Ω〉conn . (C.20)
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ξ

τ2K(ξ|τ, ε)

ξ∗
α
4

Figure 38. Plot of eq. (C.19) for a choice of α.

The operators in the expectation values are ordered as written. Hence, only for τ > 0 is
gε(τ) computed by a Euclidean correlator. The left hand side of eq. (C.20) is defined by
analytic continuation everywhere else. We shall make the simplifying assumption that the
leading non-analytic behavior in gε(τ) as τ → 0 can be detected by approaching the limit
from real and positive τ . This is true in particular if τ = 0 is not an essential singularity.52

As discussed in the previous subsection, there are two sources of non analyticities at
small τ : the bulk V ×V OPE, and the simultaneous fusion of the same operators with the
boundary of AdS. Let us first focus on the latter, more complicated scenario. Clearly, as
long as ε is finite, this singularity cannot arise. In other words, assuming for a moment
that the bulk OPE is sufficiently soft, gε(τ) is bounded by a constant as τ → 0. However,
the bound is lost as we also take ε→ 0. What we need is a different bound, which persist
as the spatial cutoff is removed.

Let us begin by recalling that the connected two-point function with respect to any
state |i〉 can be written as

〈i|V(τ, θ1)V(0, θ2)|i〉conn = 〈i|V(τ, θ1)V(0, θ2)|i〉 − 〈i|V(τ, θ1)|i〉〈i|V(0, θ2)|i〉 . (C.21)

Although the connected correlator is invariant under a shift of V by any c-number, recall
that our definition of V includes the subtraction of the cosmological constant, when needed
to make the matrix elements of the potential well defined. In this way, the second addend
on the right hand side of eq. (C.21) is τ independent and, upon integration, gives a finite
contribution to gε also in the ε→ 0 limit. Since we are interested in the non-analytic part,
we shall drop it from now on. Hence, we replace eq. (C.20) by the following:

Gε(τ) =
∫ π−ε

ε

dθ1dθ2
sin2 θ1 sin2 θ2

f(τ, θ1, θ2) ,

f(τ, θ1, θ2) = 〈i|V(τ, θ1)V(0, θ2)|i〉 − 〈Ω|V(τ, θ1)V(0, θ2)|Ω〉 . (C.22)

We immediately obtain an ε-independent bound as follows:

|Gε(τ)| ≤
∫ π

0

dθ1dθ2
sin2 θ1 sin2 θ2

|f(τ, θ1, θ2)| . (C.23)

52For instance, logarithmic singularities are allowed as well.
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r1

V

r2

V

ϕ

Oi Oi

Figure 39. The configuration which defines the ρ-coordinates. The largest dashed semicircle has
unit radius. Notice that an isometry can be used to place one of the bulk operators perpendicularly
above the middle point between the boundary operators, without displacing the latter. Furthermore,
using an inversion one can set r1 < 1.

Our aim will be now to bound the right hand side as τ → 0. Let us make some simplifying
assumptions, which will be reconsidered at the end:

1 the state |i〉 is created by a primary operator Oi,

2 the boundary spectrum contains at least one operator with ∆ ≤ 2, and the three-
point function 〈O∆VV〉 is non zero,

3 the bulk OPE V×V does not contain operators of dimension smaller than 2∆V , apart
from the identity.

Since we are interested in the limit where both V’s go to the boundary simultaneously, it
is convenient to introduce the ρ-coordinates depicted in figure 39. These are related to the
(τ, θ) coordinates as follows:

r1 = tan θ1
2 , r2 =

(
1 + e2τ − 2eτ cos θ2
1 + e2τ + 2eτ cos θ2

)1/2

, cosϕ = 1− e−2τ
√

1 + e−4τ − 2e−2τ cos 2θ2
.

(C.24)
Notice that the inversion symmetry (r1, r2, cosϕ) → (1/r1, 1/r2, cosϕ) is mapped to the
symmetry (θ1, θ2)→ (π− θ1, π− θ2). We used it to restrict θ1 to lie in the interval [0, π/2],
and correspondingly r1 ∈ [0, 1]. On the other hand, the symmetry under swapping x1 ↔ x2
is not explicit in eq. (C.24). The inverse map is

θ1 = 2 arctan r1 , cos θ2 = 1− r2
2√

1 + (2− 4 cos2 ϕ)r2
2 + r4

2

, τ = −1
2 log 1− 2r2 cosϕ+ r2

2
1 + 2r2 cosϕ+ r2

2
.

(C.25)
Although the integration domain in eq. (C.23) covers a region where r2 > 1, the singularity
at small τ arise from the limits θ1, θ2 → 0 or π. Up to the inversion symmetry, both of the
limits are mapped to r1, r2 → 0. Hence, we can focus on the region where r1, r2 < r0 < 1.
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It is convenient to trade (θ1, θ2) for r1 and r2 in the integral (C.23), while keeping the τ
dependence explicit. Therefore, we use

θ1 = 2 arctan r1 , θ2 = arccos
(

1− r2
2

1 + r2
2

cosh τ
)
, cosϕ = 1 + r2

2
2r2

tanh τ , (C.26)

to obtain

|Gε(τ)| ≤ cosh τ
2 cosh6 τ

2

∫ r0

0
dr1

∫ r0

tanh(τ/2)
dr2

1 + r2
1

r2
1

× r2(1 + r2
2)[(

r2
2 − tanh2 τ

2

) (
1− r2

2 tanh2 τ
2

)]3/2 |f(r1, r2, ϕ(r2, τ))|

+ terms finite at τ = 0 , (C.27)

In eq. (C.27), we slightly abused notation in the argument of f . Notice also that we inserted
a factor 2 accounting for the inversion symmetry. We can further simplify the integrand by
bounding with constants all the parts which are regular, at τ = 0, throughout the region
of integration. We thus obtain

|Gε(τ)| ≤ A(r0, τ)G(t) , t = tanh τ2 , (C.28)

G(t) =
∫ r0

0
dr1

∫ r0

t
dr2

r2

r2
1
(
r2

2 − t2
)3/2 |f(r1, r2, ϕ(r2, t))| ,

cosϕ = (1 + r2
2)t

(1 + t2)r2
. (C.29)

The function A in eq. (C.28) has a finite value at τ = 0, and since G(t) turns out to diverge
at small t, A can be chosen large enough to also account for the dropped finite terms in
eq. (C.27).

Let us discuss the dangerous limits in the region of integration of eq. (C.29). Due to
assumption 3 and the subtraction of the vacuum correlator in eq. (C.22), the bulk OPE is
non singular, hence the limit r1 → r2 as t → 0 will not be discussed. The singularities at
the lower end of the integration range for r1 and r2 are associated to the infinite volume
of AdS. At finite t, the condition (2.17) guarantees the integrability of the function in
the region where either r1 or (r2 − t) are small: notice in particular that both limits are
boundary OPE limits, since ϕ = 0 when r2 = t. On the other hand, the singularity of
the integrand is enhanced at t = 0, and the boundary OPE of each of the V’s does not fix
the behavior of f when r1 ∼ r2 → 0. The usefulness of the ρ-coordinates is precisely that
they allow to write a power expansion for the correlator centered around r1, r2 = 0 with
a finite radius of convergence. Indeed, the quantization on the unit half-circle dashed in
figure 39 yields an expansion in term of boundary operators. Dubbing rM = max(r1, r2),
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rm = min(r1, r2), we find53

f(r1, r2, ϕ) =
∑
∆>0

r∆
M 〈Ω|Oi(−1)Oi(1)|∆〉〈∆|V(1, ϕM )V(rm/rM , ϕm)|Ω〉 ,

(ϕM , ϕm)↔
(
ϕ,
π

2

)
. (C.30)

Again, we are abusing notation with respect to, e.g., eq. (C.22): the arguments of V are
(r, ϕ) from now on. The assignment of (ϕM , ϕm) depends on rM . Here, the states |∆〉 form
a complete set of eigenstates of the unperturbed Hamiltonian, but notice that the identity
is excluded from the sum, due to the subtraction of the vacuum correlator in eq. (C.22).
This subtraction differentiates the energy gaps from the eigenvalues of the Hamiltonian
themselves, and is ultimately what makes the former finite.

We first focus on the finitely many terms in eq. (C.30) with ∆ ≤ 2, which are present
by the assumption 2 above. To this end, we separate them using the triangular inequality:

|f(r1, r2, ϕ)| =

∣∣∣∣∣∣
∑
∆≤2

ci,∆block∆ + fR(r1, r2, ϕ)

∣∣∣∣∣∣ ≤
∑
∆≤2
|ci,∆block∆|+ |fR(r1, r2, ϕ)| ,

ci,∆ = 〈Ω|Oi(−1)Oi(1)|∆〉 , (C.31)

where block∆ is a shorthand notation for each addend in eq. (C.30) and fR is defined by
the equation itself. We dub G∆ the contribution of each block with ∆ ≤ 2 to eq. (C.29).
It is convenient to extract the singularity as r1 ∼ r2 ∼ t → 0 via the change of variables
ri = zit, which yields

G∆(t) = t∆−2
∫ r0

t

0
dz1

∫ r0
t

1
dz2

z2

z2
1
(
z2

2 − 1
)3/2 z∆

M 〈∆|V(1, ϕM )V(zm/zM , ϕm)|Ω〉 ,

(ϕM , ϕm)↔
(

arccos
(

1 + (z2t)2

z2(1 + t2)

)
,
π

2

)
. (C.32)

Let us now discuss the behavior of the double integral as t → 0. In this limit, when
1 < z2 < r0/t, cosϕ → 1/z2 uniformly. Hence, the only t dependence is left in the upper
limits of integration. But firstly, there are the infinite volume singularities of the measure,
at z1 = 0 and z2 = 1. Close to this point, zM = z2 ∼ 1 and we can study the following
simpler integral:∫

0

dz1
z2

1

∫
1

dz2
(z2

2 − 1)3/2 |〈∆|V(1, ϕ(z2))V(z1, π/2)|Ω〉| , sinϕ(z2) ∼
√

2(z2−1)1/2 . (C.33)

The z1, (z2 − 1) → 0 limits are controlled by the boundary OPEs of the two insertions
respectively. Hence, the integrals factorize and we get∫

0

dz1
z2

1
z∆0

1

∫
1

dz2
(z2

2 − 1)3/2 (z2 − 1)∆0/2 . (C.34)

53The operators Oi are normalized so that 〈Ω|Oi(−1)Oi(1)|Ω〉 = 1.
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Here, ∆0 is the lightest operator in the boundary OPE of V. As advertised, well-definiteness
of the matrix elements of the potential V (τ) — i.e. eq. (2.17) — requires ∆0 > 1. Therefore
the integrals converge in this region. We also need to show convergence in the region
zi ∼ r0/t → ∞. Here, we can use a different approximation to the full integral. Defining
z1 = ν cosω and z2 = ν sinω, the relevant integral is∫ 1

t

dνν∆−3
∫ π

2

0
dω

1
sin2 ω cos2 ω

max(sinω, cosω)∆

× |〈∆|V
(

1, π2

)
V
(

min(tanω, cotω), π2

)
|Ω〉| . (C.35)

The limits ω → 0, π/2 are identical and are again OPE limits for the correlator. For
instance, at small ω the integrand behaves as ω∆0−2, and so it converges. The integral over
ν converges as t→ 0 if ∆ < 2. On the contrary, if ∆ = 2 this region gives the dominating
logarithmic contribution to the bound of the correlator at small τ .54

We now need to go back and estimate the contribution to G(t) of all the states with
∆ > 2 in the decomposition (C.30). Using eq. (C.31), this amounts in replacing f → fR in
eq. (C.29). In this case, we can simply set t = 0 in the right hand side of the equation,55
and study the following integral:∫ r0

0

dr1dr2
r2

1r
2
2
|fR(r1, r2, π/2)| . (C.36)

Now, fR is a finite linear combination of two-point functions of V in the presence of various
boundary operators, and as such, it has the same OPE bounds already discussed as r1 → 0
at fixed r2 or vice versa. Hence, the integral converges there. On the other hand, when
r1 ∼ r2 ∼ ν → 0, the subtractions make the behavior of the integrand softer: fR ∼ ν∆

with ∆ > 2. To show rigorously that this suffices for the integral to converge, let us go to
polar coordinates in the (r1, r2) plane:∫ r0

0

dν

ν3

∫ π
2

0
dω

1
cos2 ω sin2 ω

|fR(ν, ω)| . (C.37)

At any fixed value of ν, the angular integral converges. Since fR can be expressed as an
absolutely convergent series there, using eq. (C.30), the series can be integrated term by
term, and we obtain ∫ r0

0

dν

ν3

∑
∆>3

κ∆ν
∆ . (C.38)

54We would like to remark that this bound does not need to be saturated: there is no fundamental
reason why the correlator on the right hand side of eq. (C.35) cannot vanish in this specific configuration.
This happens for instance in the Ising model with a thermal deformation — see subsection 5.4 — as it
is easy to check directly. While this implies the absence of a log τ for any external state at second order
in perturbation theory, the connected correlator (C.20) can be computed exactly at ε = 0 at least for
|i〉 = L−2|Ω〉: g0(τ) = 8π2 cosh 2τ in this case. Not only there is no log τ , g0 is in fact analytic at τ = 0.
The corresponding spectral density has a finite number of states, whose contribution to the energy gap
cancels exactly, as expected for the theory of a free fermion.

55One might object that cosϕ(r2, t) has a non uniform limit as t → 0. However, fR depends on ϕ only
through the positions (r2 cosϕ, r2 sinϕ), which approaches (0, r2) uniformly.
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While the κ∆ are theory dependent, the previous equation shows that the small ν behavior
of the integrand is not enhanced by the integration over ω. This is sufficient to show that the
integral converges. This concludes the proof that eq. (C.32) provides the leading singularity
as τ → 0. As we stated at the beginning of the subsection, we work under the assumption
that the strength of the singularity is independent of the phase of τ . Hence, although our
manipulations are only valid for τ > 0, we extend the conclusion to a neighborhood of
the origin:

|Gε(τ)| < C(τ0)

 |τ |
∆∗−2 , ∆∗ < 2

log |τ | , ∆∗ = 2 ,
|τ | < τ0 . (C.39)

Here, ∆∗ is the lowest dimensional operator in the OPE (C.30).
We would like now to comment on the assumptions 1–3 above, in reversed order. If

the bulk OPE contains singularities above the identity, they can be added to the analysis.
In this paper, the bulk OPE is relevant only for the φ4 deformation of a massive theory
considered in subsection 4.2, so we analyze this case separately in subsection 4.2.2. Here,
we limit ourselves to the simple scenario where the unperturbed Hamiltonian is a CFT,
and furthermore we assume the gap in the boundary spectrum is large enough to avoid
any enhancement of the bulk OPE singularity by boundary effects. As we will see in a
moment, a sufficient condition for this to happen is that the lowest boundary operator has
dimension ∆ > 3. The limit where the two operators collide is controlled by the OPE in
the UV theory, schematically:

V × V = 1 + Ṽ . (C.40)

The contribution of the identity cancels in the difference in eq. (C.22), so we concentrate on
the first non-trivial operator. Its contribution to eq. (C.23) can be computed by rescaling
(θ1 − θ2)→ τ(θ1 − θ2), as we did in subsection C.1. In the small τ limit, we obtain

Gε(τ) ∼ τ1+∆Ṽ−2∆V
∫ π−ε

ε

dθ

sin4 θ
〈i|Ṽ(0, θ)|i〉

∫ ∞
−∞

dθ−(1 + θ2
−)∆Ṽ/2−∆V . (C.41)

The integral over θ− = (θ1 − θ2)/τ is dominated by the UV and is the same as in flat
space. The integral over θ = (θ1 + θ2)/2 is sensitive to the AdS geometry. The former
converges only when ∆Ṽ/2−∆V is large enough. However, this IR feature is spurious: one
can for instance take derivatives of Gε(τ), improving convergence without modifying the
non analytic parts of the result. On the other hand, the integral over θ converges when
the leading boundary operator coupling to Ṽ has dimension ∆ > 3. If this is not the case,
the crude approximations in eqs. (C.40), (C.41) are inadequate: both bulk and boundary
effects must be taken into account to compute the small τ singularity. We shall not treat
this more general case here.

The remaining assumptions are easier to relax. The role of assumption 2 is to make
the τ → 0 limit singular, so that any finite contribution to Gε(τ) can be disregarded. When
this is not the case, one may consider derivatives of Gε(τ) instead. Clearly, the leading non
analytic behavior can be made singular in this way. What needs to be proven, is that said
non analytic behavior can also be traced to the region covered by eq. (C.32), and so still
leads to an equation analogous to (C.39). Technically, this should come about because of
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the dependence of r2 from τ in eq. (C.24), which turns derivatives w.r.t. τ into derivatives
w.r.t. rM in eq. (C.30), in the region where rM = r2. We have not done this analysis in
detail, but these considerations prompt us to claim that eq. (C.39) can be extended to
∆∗ > 2, simply by taking enough derivatives of both sides so that the right hand side
becomes singular. This is confirmed, for instance, in the case of the φ2 deformation in
subsection 4.1.1.

Finally, the purpose of assumption 1 is to make the transformation properties of the
matrix elements involved under AdS isometries simple. This is used in eq. (C.30) to write
f(r1, r2, ϕ) in terms of the scaling operator Oi evaluated at special positions. Had the state
|i〉 been created by a descendant in the origin, a more complicated linear combination of
descendants would have appeared in eq. (C.30). However, this only contributes a numerical
prefactor to the final result, and does not affect the τ dependence. Hence, the result (C.39)
immediately extends to generic states in the Hilbert space. This concludes our analysis.

C.3 Free scalar example

In this example, we consider the potential

V (τ) =
∫ π/2

−π/2

dr

cos2 r
:φ2(τ, r) : . (C.42)

Let us concentrate to the second-order contribution to the energy of the state |χ〉 = a†0|vac〉.
The relevant object is

gχ(τ) = 〈χ|V (τ)V (0)|χ〉conn − 〈Ω|V (τ)V (0)|Ω〉conn . (C.43)

This difference was computed exactly in appendix B.3, with the result

gχ(τ) = 4
(2∆− 1)2

[
(1 + e−2∆τ )g∆(e−2τ )− 1

]
, (C.44)

where

g∆(z) :=
∞∑
n=0

V0,2n(∆)2zn = 3F2

[ 1
2 , 1, 1

∆, ∆ + 1
2

∣∣∣∣∣ z
]
. (C.45)

We can use the result to explore in particular the behavior of gχ(τ) for imaginary τ , which
escapes the analysis of the previous subsections. But first of all, at small τ we have

gχ(τ) ∼
τ→0

analytic− 4π
(2∆− 1) sin(2π∆) τ

2∆−2 + . . . (C.46)

which is consistent with eq. (C.39), since the leading operator in the boundary OPE of φ2

has dimension ∆∗ = 2∆.
On the other hand, the behavior of gχ(τ) for imaginary τ depends on ∆. The function

g∆(e−2τ ) is invariant under τ → τ +πi. Now if ∆ is rational, say of the form ∆ = p/q, the
exponential e2∆τ = e2p/q·τ appearing in gχ(τ) is invariant under τ → τ+q·πi. Consequently,
on the imaginary axis gχ is exactly periodic, with period q · π. The same behavior occurs
in the case of minimal models in the identity module: there, all correlators are exactly
invariant under τ → τ + πi. In contrast, if ∆ is irrational, the function gχ(τ) cannot be
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Figure 40. Plot of the correlator gχ(τ) for imaginary τ , for both ∆ = 2 (blue) and ∆ =
√

7
(orange). Notice the periodicity of the blue curve (rational ∆), whereas the orange curve (irrational
∆) does not have any obvious features.

exactly periodic. In figure 40 we plot |G(τ = it)| for a range of t, both for rational and
irrational ∆ (namely ∆ = 2 and ∆ =

√
7). Nevertheless, in both cases we can check that

there are no non-analyticities stronger than the one in eq. (C.46) for imaginary τ . This
fact simply follows from eqs. (C.44) and (C.45). Indeed, the only source of singularities in
gχ(it) is the hypergeometric function, and, as stated above, g∆(e−2it) is periodic in t with
period π. Then, the only non-analyticity along the path is the branch point at t = πn,
n ∈ Z. We conclude that the analytic structure of gχ(τ) is of the form presented in figure 7,
with power law monodromies along the imaginary axis, all with the same exponent.

D Algorithms

In this section, we present some of the algorithms we used in the numerics. The calculations
consist of three parts:

• finding the basis of states,

• constructing the Hamiltonian,

• diagonalizing the Hamiltonian.

Depending on the theory we study and the algorithm we use, each of the above can be the
bottleneck in runtime or memory.

D.1 Scalar field

As discussed in section 4, we construct the Hamiltonian in the truncated Fock space of the
free theory. The basis at cutoff Λ is made of states56

|ψ〉 = |n0, n1, n2, . . . , nimax〉 ≡
1
N|ψ〉

(a†imax)nimax . . . (a†2)n2(a†1)n1(a†0)n0 |Ω〉 , (D.1)

56The labeling of the states introduced here differs from the one used in the rest of the paper: see e.g.
eq. (3.8a).
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Λ 10 15 20 25 30 35 40
#states 52 237 886 2904 8613 23620 60783

Table 1. Number of states at cutoff Λ for ∆ = 1.62 in scalar theory.

with energies E|ψ〉 = ∑i=imax
i=0 ni(∆ + i) ≤ Λ. In particular, imax = bΛ−∆c is the highest

mode possible for a one-particle state. The factor N|ψ〉 > 0 makes the state unit-normalized.
Finding the set of states in the free scalar theory is very fast and requires little memory,
compared to the other parts of the code. In table 1, we present the number of states for a
few different cutoffs.

To build the Hamiltonian, we construct the V matrix once for each desired ∆ and then
save it. The Hamiltonian can then quickly be calculated using H = H0 + λ̄V .

One method to build the V matrix is to directly compute 〈ψj |V |ψi〉 by commuting the
ladder operators.57 A generic matrix element Vij is given by

(V2)ij = 〈ψj |
∞∑

m,n=0
Amn(∆)(a†ma†n + 2a†man + aman)|ψi〉 ,

(V4)ij = 〈ψj |
∞∑

m,n,p,q=0
Amnpq(∆)(a†ma†na†pa†q + 4a†ma†na†paq

+ 6a†ma†napaq + 4a†manapaq + amanapaq)|ψi〉 ,

where the states ψi are defined as in eq. (D.1). Here Amn can be expressed in closed
form in eq. (4.15), and if desired the Amnpq can be computed analytically via a recursion
relation [73]. However, we calculated each of the Amnpq numerically and independently,
since the runtime of this operation is negligible compared to other parts of the code. Let
us emphasize a few points regarding the calculation of V :

• Both the φ2 and φ4 deformations preserve parity and Z2 symmetry. Therefore,
we divide the Fock space into four sectors according to the eigenvalue under these
symmetries.

• The matrix Amn is symmetric. So, the sum above can be reduced to m ≥ n. This
decreases the runtime by almost a factor of 2. Similarly, the runtime for the φ4

deformation decreases with a factor of ∼ 4!, as we can reduce the sum ∑
m,n,p,q=0 to∑

m≥n≥p≥q≥0.

• The potential is symmetric: Vji = Vij . So, it is sufficient to calculate the upper
triangular part.

• Most of the elements of the potential Vij vanish: V is a sparse matrix. This is because
:φ2:, acting on a state with p particles, only produces states with p and p±2 particles.
Of course, taking this into account drastically reduces the number of matrix elements
which it is necessary to compute and store.

57Another way is to act with the V operator on the state |ψi〉 and expand it in our basis: V |ψi〉 =∑
j
V ji |ψj〉. Typically, the method we used takes up more memory, whereas this method requires longer

runtimes.
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The last step is the diagonalization of the Hamiltonian. As we mentioned, we diagonal-
ize the four sectors with different parity and Z2 symmetry separately. In this work, we
used Spectra, a C++ library, which uses the Arnoldi/Lanczos method to find the smallest
eigenvalues of a sparse matrix.

Let us give the reader an idea of the runtime of a typical code. In the case of the φ2

deformation, for ∆ = 1.62 and Λ = 34.13 (which corresponds to 19939 states), it takes
∼ 44 CPU-seconds to compute the matrix V and ∼ 5 CPU-seconds to diagonalize the full
Hamiltonian, for a single coupling λ̄.

D.2 Minimal models

In the case of a minimal model, as discussed in section 5, the Hilbert space is composed
by states of the form:

|ψ〉 = L−np · · ·L−n1 |Ω〉 , (D.2)
where n1, . . . , np ≥ 1. In fact, it is sufficient to choose, say, 1 ≤ n1 ≤ . . . ≤ np in order to
span the whole Hilbert space. We dub this the ascending basis. We also define the level of
the state (D.2) as the sum ∑

i ni. The level is the eigenvalue of the state (D.2) under the
application of the unperturbed Hamiltonian L0.

The states (D.2) form in general a reducible representation of the Virasoro algebra.
Indeed, the identity module of a minimal model M(p, q) has two null primary states at
level 1 and (p − 1)(q − 1). The set of physical states is obtained by quotienting out the
submodules composed of all the Virasoro descendants of these two states. The null state at
level 1 is L−1|Ω〉, for every minimal model. The other primary null state, for the Lee-Yang
model and the Ising model respectively, is

|null〉LY =
(
L−4 −

5
3L

2
−2

)
|Ω〉 , (D.3a)

|null〉Ising =
(
L−6 + 22

9 L−4L−2 −
31
36L

2
−3 −

16
27L

3
−2

)
|Ω〉 . (D.3b)

Let us emphasize that null states constitute the large majority of the states (D.2): for
instance, in the Lee-Yang model, at level 30 there are 5604 states of the kind (D.2), and
only 568 physical states. Quotienting out the submodule generated by L−1|Ω〉 is trivial
in the ascending basis: we just take n1 > 1. On the contrary, in order to quotient out
the descendants of (D.3) we need to write them in the ascending basis, which requires
performing a large number of commutators. Rather than performing the commutators
directly, we employed a more efficient method, which we briefly describe with an example.
Consider the state

L−3L
2
−2L−4|Ω〉 . (D.4)

It is not hard to understand which states of the ascending basis are required to decompose
it. We first consider all distinct subsets of the indices of the Virasoro generators which
appear in eq. (D.4) already in ascending order, i.e. excluding −4:58{

(−3), (−2), (−3,−2), (−2,−2), (−3,−2,−2)
}
. (D.5)

58When decomposing more complicated states, in general not all the subsets contribute to the result.
The condition for a subset to be relevant is immediate and easy to implement in the code.
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Then, we sum the elements of each subset to −4, and we apply the resulting Virasoro
generator on the vacuum, together with the complement of the generators in the same
subset. Finally, we add the obvious L−4L−3L

2
−2|Ω〉 to the basis:

L−3L
2
−2L−4|Ω〉 ∈ Span

{
L−7L

2
−2|Ω〉, L−6L−3L−2|Ω〉, L−9L−2|Ω〉,

L−8L−3|Ω〉, L−11|Ω〉, L−4L−3L
2
−2|Ω〉

}
. (D.6)

The coefficient of each state in the decomposition can be easily computed knowing the
multiplicities of the subsets (D.5) and the Virasoro algebra (5.1). The reason why this
method is faster than the blind application of the Virasoro algebra follows precisely from
the multiplicities of the subsets. When considering a descendant built by applying the same
generator many times, the distinct subsets are far less than the total number. Correspond-
ingly, when applying the commutation relations, a large number of identical sub-operations
are performed. The method just described allows to avoid this redundancy.

Since L0 is the unperturbed Hamiltonian, truncating the spectrum at cutoff Λ trans-
lates into keeping physical states of level p ≤ Λ. We collect in the table below the dimension
of the truncated Hilbert space for a few values of the cutoff:

Λ 5 10 15 20 25 30 35 40
#states of Lee-Yang 5 19 52 126 276 568 1103 2059
#states of Ising 7 30 95 260 632 1426 3019 6099

Contrary to the case of free theory, the basis of states obtained with the procedure above is
not orthogonal. Hence, before proceeding to the computation of the potential V , we need
to evaluate the Gram matrix G, i.e. the matrix of scalar products in the basis of physical
states. This essentially reduces to the computation of overlaps of the kind

〈ψj |ψi〉 = 〈Ω|Lj1 · · ·LjqL−ip · · ·L−i1 |Ω〉 , (D.7)

where the indices obey ip ≥ . . . ≥ i1 > 1 and jp ≥ . . . ≥ j1 > 1. Since L0 is Hermitian,
and the states (D.2) are eigenvectors of L0 with eigenvalues equal to their level, the matrix
element (D.7) vanishes unless ∑m jm −

∑
n in = 0. Then, the overlap is simply computed

by using the Virasoro algebra to commute the generator with a larger index towards the
right, and recalling that the vacuum is annihilated by all the modes Ln, n > −2.

The potential V involves the integral over the local operator V, see e.g. eq. (5.18).
Therefore, to compute its matrix elements we need the overlaps

〈ψj |V|ψi〉 = 〈Ω|Lj1 · · ·Ljq V L−ip · · ·L−i1 |Ω〉 . (D.8)

Notice that this vanishes unless |ψi〉 and |ψj〉 share the same parity. These overlaps can
be computed by applying the Virasoro algebra, together with the action of the generators
on V, eq. (5.11),

[Ln,V] =
[
zn+1∂z + z̄n+1∂z̄ + ∆V

2

(
(n+ 1)(zn + z̄n)− 2 z

n+1 − z̄n+1

z − z̄

)]
V ≡ D̂n(z, z̄)V ,

(D.9)
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and finally using the fact that the expectation value of V in the vacuum is a constant.
More specifically, the strategy goes as follows. We first commute V all the way to the left
vacuum in eq. (D.8), and we reorder the result, such that in

〈Ω|V L−ip′ · · ·L−i1 |Ω〉 (D.10)

there are only negative Virasoro modes. Then we commute the generators again to the left
of V. In the end, we find a sum over a set of differential operators acting on a constant aV :

〈ψj |V|ψi〉 =
∑
l

cl
∏
ml

D̂ml(z, z̄) aV =
∑
l

clDl(z, z̄) aV . (D.11)

In order to compute the integral of eq. (D.8) over AdS, it is useful to describe the objects
Dl(z, z̄) in some detail. Since, albeit not explicitly, the operators (D.9) are polynomials in z
and z̄, it follows that Dl(z, z̄) are polynomials as well. Furthermore, they are homogeneous,
and their degree d equals the sum of the indices ml in eq. (D.11). This sum is independent
of l, since it equals the difference of the levels of the states |ψj〉 and |ψi〉:

d =
∑

ml = (j1 + j2 + . . .+ jq)− (i1 + i2 + . . .+ ip) . (D.12)

Finally, Dl(z, z̄) is symmetric under z ↔ z̄. Now, Dl(z, z̄) can be easily evaluated on the
τ = 0 slice in global coordinates, which corresponds to z = 1/z̄ = i eir. The previous
constraints then translate in the following equality:

Dl =
d/2∑
k=0

αl,k
(
z2k + z−2k

)
=

d/2∑
k=0

αl,k
(
eik(2r+π) + e−ik(2r+π)

)
=

d/2∑
k=0

2αl,k cos(2kr + kπ) .

(D.13)
To find V , we now need to integrate these trigonometric functions against the AdS measure.
It is simple to do this analytically, keeping in mind that we know that all the matrix
elements are finite. Hence, the constant terms αl,0 in eq. (D.13) must all combine to yield
integrals of the following form:∫ π

2

−π2

cos(2kr + kπ)− 1
cos2(r) dr = −2kπ , (D.14)

where k ∈ N. Hence, the matrix elements of the potential are rational factors times π.
Of course, computing V once for the highest interesting cutoff yields the Hamiltonian for
any value of the coupling λ. Like in the free scalar case, both V and the Gram matrix
are symmetric, so we only compute their upper triangular part. Furthermore, V is parity
preserving, so H is block diagonal.

The last step is to diagonalize the Hamiltonian. Due to the presence of a non-trivial
Gram matrix G, we need to solve the following generalized eigenvalue problem:

H.v = E G.v , (D.15)

Empirically, we find that a higher precision in numerics is required to diagonalize the
Hamiltonian with respect to the scalar case. In fact, this step is the bottleneck in the code

– 101 –



J
H
E
P
0
8
(
2
0
2
1
)
0
6
3

runtime. Notice that, since the potential couples states with arbitrarily different unper-
turbed energy, when λ̄ is order one the off-diagonal matrix elements of the Hamiltonian
are large, contrary to the example discussed in subsection D.1.

We wrote the code for the minimal models in Mathematica. To give the reader an idea
of the runtime, it takes ∼ 100 core-hours to find V at cutoff Λ = 40 (with 2059 states)
in the Lee-Yang model, whereas it takes ∼ 400 core-hours to find V at cutoff Λ = 35
(with 3019 states) in the Ising model with thermal deformation. The diagonalization also
typically takes a core-hour for a single matrix. In order to produce a plot like the one in
figure 23, we need to diagonalize several Hamiltonians, corresponding to different couplings
λ̄ and truncation cutoffs Λ.

In appendix A, relations between matrix elements of the operator V were derived. As
a matter of principle, these recursion relations make it possible to compute many matrix
elements indirectly — once a small number of matrix elements is computed using the al-
gorithm discussed above, the rest of the matrix can be “filled in” using equations (A.11).
In our setup, we have instead chosen to compute all matrix elements directly. Indeed,
computing matrix elements indirectly requires organizing the Hilbert space of the theory
in terms of SL(2,R) primaries and descendants, which is doable but adds additional com-
plexity to the algorithm. Moreover, for moderate values of the cutoff Λ, a sizeable fraction
of the Hilbert space consists of SL(2,R) primaries, which in turns means that many matrix
elements of V still need to be computed explicitly.

E Spontaneous symmetry breaking in AdS

This appendix contain computations that have to do with symmetry breaking in AdS and
different boundary conditions.

E.1 All or nothing

Consider the following Euclidean action for a scalar field in AdS

S =
∫
dd+1x

√
g

[1
2(∂φ)2 + V (φ)

]
(E.1)

where V (0) = V ′(0) = 0. The global minimum of V (φ) is attained at φ = φt 6= 0. We use
the AdS metric

ds2 = R2
[
dρ2 + sinh2 ρ dΩ2

d

]
(E.2)

and impose boundary conditions

lim
ρ→∞

φ(ρ)e
d
2ρ = 0 , (E.3)

so that the action gets a finite contribution from ρ → ∞. We claim that there are only
two possibilities:

1. Within field configurations satisfying the boundary condition (E.3), the global mini-
mum of the action is zero and it is attained by the constant solution φ = 0.

2. The action is not bounded from below and its value can always be decreased by
setting φ = φt in a bigger region of AdS.
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In E.1.1 we will use the thin wall approximation to get some intuition for the claim
above. Then, we will present a more general argument in E.1.2.

E.1.1 Thin wall approximation

In the thin wall approximation [74], the action is given in terms of the volume of the region
in the true vacuum and the area of the walls separating it from the false vacuum φ = 0,

S = V (φt) volume + T area , (E.4)

where T is the tension of the walls. To minimize the action, it is preferable to use spherical
bubbles because these have the minimal area for a given volume. For this reason we consider
a single spherical bubble of geodesic radius ρ, centred at ρ = 0 in the coordinates (E.2).
This gives

S(ρ) = TRd Vol(Ωd)
[
sinhd ρ− b

∫ ρ

0
dt sinhd t

]
, b ≡ |V (φt)|R

T
. (E.5)

Case 1. above corresponds to b ≤ d and the action is positive for bubbles of any size. This
follows from the fact that S(ρ) is positive for very small ρ and that its derivative, dS

dρ ∝
d cosh ρ− b sinh ρ, is always positive if b ≤ d. Case 2. corresponds to b > d and very large
bubbles decrease the action without bound. Indeed, in this case S(ρ) ∼ edρ

(
1− b

d

)
< 0

for large bubbles.

E.1.2 General spherical bubbles

Let us now consider the case of a general potential V (φ) and drop the thin wall approxi-
mation. We will analyse a single spherical bubble because breaking of spherical symmetry
should increase the action (from the kinetic term).

It is convenient to trade the boundary condition (E.3) for φ(ρ?) = 0 for some fixed ρ?.
The action for the finite region ρ < ρ? is clearly bounded from below if V (φ) is bounded
from below. We will determine its absolute minimum and then study its dependence with
ρ?. This class of field configurations is sufficient to show that the action can be unbounded
from below in the limit ρ? →∞.

We are interested in the field profile φ(ρ) that obeys the boundary condition φ(ρ?) = 0
and minimizes the action

S = Rd+1 Vol(Ωd)
∫ ρ?

0
dρ sinhd ρ

[1
2φ
′(ρ)2 + V (φ(ρ))

]
. (E.6)

The corresponding Euler-Lagrange equations,

φ′′(ρ) = V ′(φ(ρ))− d

tanh ρφ
′(ρ) , (E.7)

describe a particle with position φ moving in the potential −V (φ) with a friction force
depending on the time ρ (see figure 41). This equation of motion allows for the following
behaviour when ρ → 0: either φ′(ρ) ∼ ρ or φ diverges. We exclude the second possibility
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Figure 41. The equation of motion (E.7) can be interpreted as a particle moving in the potential
−V (φ) with time-dependent friction. We are interested in trajectories that start from rest at ρ = 0
and reach φ = 0 at the time ρ = ρ?. Apart from the trivial trajectory φ(ρ) = 0, there may be other
classical trajectories with lower action. This depends on the potential. However, if such a trajectory
exist for some ρ? then it will also exist for larger ρ?. Indeed, it is sufficient to start with a larger
φ(0), and φ(0)→ φt when ρ? →∞. If V ′′(0) < −d2

4 then there is always another trajectory because
the late time motion around φ = 0 is oscillatory. This corresponds to the Breitenlohner-Freedman
criteria for the instability of the trivial vacuum around φ = 0.

because it would give an infinite contribution to the action (E.6).59 Therefore we can use
the boundary condition φ′(0) = 0, which means we are interested in trajectories that start
from rest. It is clear that φ(ρ) = 0 is a solution but it may not be the only one. The
particle motion interpretation of (E.7), depicted in figure 41, makes it clear that if there is
a non-trivial solution that arrives at φ = 0 for some finite time ρ? then a similar solution
will also exist for an arbitrary large ρ?. Recall that we are interested in the limit of large
ρ? that allows for arbitrary large bubbles of true vacuum in AdS. Using standard methods,
we can compute60

1
Rd+1 Vol(Ωd) sinhd ρ?

d

dρ?
Smin = −1

2φ
′(ρ?)2 . (E.8)

Moreover, if a non-trivial solution exist then φ′(ρ?)2 tends to a positive constant as ρ? →∞,
which implies that Smin → −∞ in this limit.61 This corresponds to case 2. above. If the
potential is such that for any ρ? the minimum of (E.6) is zero, then we fall in case 1.

It is convenient to analyse the asymptotic behaviour of the equation of motion (E.7)
for large ρ and around φ = 0, where it reduces to a linear ODE:

φ′′(ρ) + dφ′(ρ)− V ′′(0)φ(ρ) = 0 . (E.9)
59If the potential goes like V ∼ φn for large φ then the divergent solution has φ′(ρ) ∼ ρ−γ when ρ → 0

with γ = min
(
d, n

n−2

)
. One can check that this leads to a divergent integral in (E.6).

60Recall the classical result ∂
∂tf

S(qi, ti; qf , tf ) = −E, relating the action S of the classical path from
q(ti) = qi to q(tf ) = qf to its energy E.

61Indeed, suppose that a solution exists which starts at rest at φ(0) = φ0 < φt and arrives at φ(ρ∗) = 0.
Then the solution with φ(0)→ φt passes by φ0 with a non-vanishing velocity, and so arrives at φ = 0 with
a larger velocity than the original solution.
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The general solution is φ(ρ) = c+e
−α+ρ + c−e

−α−ρ with

α± = d

2 ±

√
d2

4 + V ′′(0) . (E.10)

We conclude that for V ′′(0) < −d2

4 the late-time motion is oscillatory and therefore the
particle reaches φ = 0 in finite time. This means that the vacuum φ = 0 is unstable if
V ′′(0) is below the Breitenlohner-Freedman bound [25]. If V ′′(0) > −d2

4 then the late-time
motion is repulsive or over-damped and we cannot decide if we fall in case 1. or 2. with an
asymptotic analysis. A purely quadratic potential with V ′′(0) > −d2

4 corresponds to case
1., as it can be checked explicitly.

F Inverted harmonic oscillator

In this appendix we will consider the fact of the harmonic oscillator with a negative mass,
and in particular how such a system would be analyzed using Hamiltonian truncation
methods. To be precise, we consider the following Hamiltonian:

H = a†a+ g
[
(a†)2 + a2 + 2a†a

]
(F.1)

where [a, a†] = 1. Physically, this is nothing but a harmonic oscillator with unit frequency,
perturbed by the normal-ordered operator X2 with an (at least for now) arbitrary real
coupling g. The spectrum of H can easily be obtained using a Bogoliubov transformation,
using the Ansatz

b = cosh(θ)a+ sinh(θ)a† (F.2)

for some θ ∈ R to be determined. By construction, the annihilation operator b from (F.2)
and its partner b† obey the canonical commutation relation [b, b†] = 1 for any θ. Setting

θ = 1
4 ln(1 + 4g) (F.3)

we find that
H =

√
1 + 4g b†b+ EΩ, EΩ = 1

2
√

1 + 4g − 1
2 − g ≤ 0. (F.4)

In other words, H is a harmonic oscillator with frequency ω =
√

1 + 4g in disguise, up to
a finite shift in the ground state energy.

The above reasoning applies to positive g, and in fact it’s easy to see that the same
formulas apply to slightly negative values of the coupling constant. By inspection of (F.3)
and (F.4) we see that the Bogoliubov transformation (F.2) works for any g ≥ g? := −1/4.
However, the theory ceases to exist for g < g? — for instance, the energy

√
1 + 4g has a

branch cut starting at g = g?.
At the same time, we can analyze H using truncation methods. To do so we work in

Fock space, in a basis of the first N eigenstates of the g = 0 Hamiltonian, to wit

|k〉 := 1√
k!

(a†)k|vac〉 for k = 0, . . . , N. (F.5)
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Figure 42. Spectrum of the cutoff Hamiltonian HN (g) for N = 50 for g ∈ [−1/2, 0]. The blue
(resp. orange) curves have even (odd) Z2 parity. The dotted red lines for g ≥ g? show the exact
spectrum of the theory; the vertical black dotted line indicates g?.

The Hamiltonian then becomes a Hermitian matrix HN (g) of size (N + 1) × (N + 1),
which is diagonalizable for any real value of g. Note that HN (g) does not mix states
with even and odd mode number k, since the theory is invariant under the Z2 symmetry
(a, a†) 7→ (−a,−a†). In figure 42 we plot the first 10 energy levels of HN (g) for a range of
negative g, working at cutoff N = 50. For g ≥ g? Hamiltonian truncation is in excellent
agreement with the analytic formula (F.4). Yet for g < g?, we observe that states with even
and odd Z2 parity become near-degenerate, emulating spontaneous symmetry breaking in
quantum field theory.

Although the theory is unphysical for g < g?, we can nevertheless study the eigenstates
and eigenvalues ofHN (g) numerically. When Hamiltonian truncation converges, the ground
state |Ω〉 should not be sensitive to the cutoff, N in this case. This means that the overlap
of |Ω〉 with Fock space states |k〉 having k ∼ N ought to be negligeable when N is large.
To make this quantitative, we can introduce the integrated probability density

P
(N)
k =

k∑
j=0
|〈Ω|j〉|2 (F.6)

which grows with k and obeys P(N)
N = 1 (since |Ω〉 is normalized). Below in figure 43 we

display P
(N)
k for various values of g, setting N = 200. For g > g? we see that |Ω〉 has little

overlap with states close to the cutoff, as expected (because Hamiltonian truncation con-
verges very rapidly in quantum mechanics). However, this behavior changes dramatically
as we lower g to g?. Already for g = g? − 10−3, the ground state |Ω〉 consists mostly of
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Figure 43. Probability P
(N)
k to find the truncation ground state |Ω〉 in the first k Fock space states,

working at cutoff N = 200. For g = 1 the ground state has almost no overlap with high-energy
states. As g ↘ g?, the overlap with states close to the cutoff grows dramatically, and for values of
g below g?, the ground state is very UV-sensitive.
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Figure 44. The first two energies E1 and E2 (after subtracting the Casimir energy EΩ) of the
Hamiltonian HN (g) for g = −1/2, scanning over a range of cutoffs N . Blue (resp. orange) points
label Z2 even (odd) states. In particular, it is clear that E2 − EΩ does not have a finite limit as
N →∞, and that the parity of the k-th eigenstate of H depends on the sign (−1)N .

high-energy states, and as we lower g this effect becomes even more important. Plots of
P

(N)
k are shown in figure 43. It is clear that for g < g?, at least some states in the spec-

trum of HN are extremely UV-sensitive; indeed, the spectrum EΩ, E1, . . . for such values
of g depends strongly on the cutoff N , as shown in figure 44.62 Surprisingly, the parity of
the k-th excited state goes as (−1)k+N , that is to say that it alternates with N .

62From the plot, it appears that E1 − EΩ has a finite limit as N →∞, but E2 − EΩ does not converge as
the cutoff is removed.
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