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you don’t understand things.
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Abstract

Stochastic gradient descent (SGD) and randomized coordinate descent (RCD) are two of the
workhorses for training modern automated decision systems. Intriguingly, convergence prop-
erties of these methods are not well-established as we move away from the specific case of
smooth minimization. In this dissertation, we focus on related problems of nonsmooth opti-
mization and min-max optimization to improve the theoretical understanding of stochastic
algorithms.

First, we study SGD-based adaptive algorithms and propose a regret analysis framework over-
coming the limitations of the existing ones in the convex case. In the nonconvex case, we
prove convergence of an adaptive gradient algoritm for solving constrained weakly convex
optimization, generalizing the previously known results on unconstrained smooth optimiza-
tion. We also propose an algorithm combining Nesterov’s smoothing with SGD to solve convex
problems with infinitely many linear constraints, with optimal rates.

Then, we move on to convex-concave min-max problems with bilinear coupling and analyze
primal-dual coordinate descent (PDCD) algorithms. We obtain the first PDCD methods with
the optimal O(1/k) rate on the the standard optimality measure expected primal-dual gap,
which was an open question since 2014. Our analysis also aims to explain the practical be-
havior of these algorithms by showing that the last iterate enjoys adaptive linear convergence
without altering the parameters, depending on a certain error bound condition. Furthermore,
we propose an algorithm combining the favorable properties of two branches of PDCD meth-
ods: the new method uses large step sizes with dense data and its per-iteration cost depends
on the number of nonzeros of the data matrix. Thanks to these unique properties, this method
enjoys compelling practical performance complementing its rigorous theoretical guarantees.

Next, we consider monotone variational inequalities that generalize convex-concave min-max
problems with nonbilinear coupling. We introduce variance reduced algorithms that con-
verge under the same set of assumptions as their deterministic counterparts and improve
the best-known complexities for solving convex-concave min-max problems with finite-sum
structure. Optimality of our algorithms for this problem class is established in a recent work
via matching lower bounds.

Finally, we show our preliminary results on policy optimization methods for solving two player
zero-sum Markov games for competitive reinforcement learning (RL). Even though this is a
nonconvex-nonconcave min-max problem in general, thanks to the special structure, it is
tractable to find an approximate Nash equilibrium. We introduce an algorithm that improves

iii



Abstract

the best-known sample complexity of policy gradient methods. This development combines
tools from RL and stochastic primal-dual optimization, showing the importance of techniques
from convex-concave optimization.

Key words: randomized primal-dual methods, coordinate descent, variance reduction, adap-

tive gradient algorithms, min-max optimization, linearly constrained optimization, variational
inequalities.
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Résumé

Lalgorithme du gradient stochastique et la méthode de descente par coordonnée randomisée
sont deux des principales approches utilisées pour I'entrainement des systémes de décision
modernes. Pourtant, leurs propriétés de convergence restent largement inexplorées lorsqu’il
s’agit d’optimiser des fonctions non lisses. Dans ce manuscrit, nous étudions des problémes
d’optimisation non lisses, ainsi que des problémes d’optimisation min-max dans le but d’amé-
liorer notre compréhension des ces méthodes stochastiques.

Nous commencons par ’étude des algorithmes de gradient stochastique adaptatifs et pro-
posons un cadre d’analyse qui permet de dépasser les limites des cadres existant pour les
fonctions convexes. Dans le cas non-convexe, nous démontrons la convergence d'un algo-
rithme adaptatif pour résoudre des problémes [weakly convex constrained] en généralisant les
résultats connus pour les problémes non-contraint et lisses. Nous proposons également une
méthode combinant le “smoothing” de Nesterov avec I’algorithme du gradient stochastique
qui permet de résoudre des problémes convexes avec une infinité de contraintes linéaires en
atteignant un taux de convergence optimal.

Nous passons ensuite 4 I'étude des problémes min-max convexe-concave ayant un couplage
bilinéaire et nous analysons les algorithmes primal-dual de descente par coordonnée (PDCD).
Nous obtenons la premiére méthode PDCD atteignant le taux de convergence optimal de
O(1/k) mesuré en termes de I'écart primal-dual, résolvant ainsi un probléme resté ouvert de-
puis 2014. Notre analyse cherche également 4 expliquer le comportement observé en pratique
de ces algorithmes en montrant que, sous une condition simple, le dernier itéré admet un
taux de convergence linéaire adaptatif sans nécessiter une modification des parameétres. En
outre, nous proposons un algorithme qui mélange les propriétés favorables des deux branches
des méthodes PDCD : notre méthode utilise des pas larges pour des données denses et son
colt par itération dépend du nombre de coefficients non nuls de la matrice des données. Ces
propriétés uniques permettent 4 notre méthode d’avoir de bonnes performances en pratique
qui complimentent bien ses rigoureuses garanties théoriques.

Nous continuons par considérer les inégalités variationnelles monotones qui généralisent les
problémes min-max convexe-concave avec couplage non bilinéaire. Nous introduisons des
algorithmes avec réduction de variance qui convergent sous les mémes hypothéses que leurs
équivalents déterministes et qui améliorent la complexité de résolution problémes min-max
convexe-concave ayant une structure de somme finie. L'optimalité de notre méthode a été
démontrée indépendamment par d’autres auteurs par I'établissement d'une borne inférieure.



Résumé

Enfin, nous montrons quelques résultats préliminaires sur I’'optimisation de politique dans
les jeux markoviens a somme nulle a deux joueurs dans le cadre de 'apprentissage par ren-
forcement compétitif. Bien que, en general, ces problémes soit des problemes min-max non-
convexe non-concave, la structure spéciale dont ils jouissent rend possible la détermination
d’un équilibre de Nash approché. Nous introduisons un algorithme qui atteint la meilleure
complexité en termes d’échantillons connue pour les méthodes dites de “policy gradient”.
L'élaboration de cette méthode a fait appel a des outils de 'apprentissage par renforcement et
a des outils de 'optimisation primale-duale stochastique, ce qui nous montre I'importance
des techniques issues de I'optimisation convexe-concave.

Key words : algorithmes primal-dual randomisée, méthode de descente par coordonnée,
réduction de variance, algorithmes de gradient adaptatifs, des problémes min-max, des pro-
blémes avec de contraintes linéaires, inégalités variationnelles.
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|§ Introduction

Two of the most widely-used optimization algorithms nowadays are stochastic gradient de-
scent (SGD) and coordinate descent (CD), the ideas of which have been around for more than
70 years [RM51, Hil57, Kar37]. Despite their long histories, the research activity around these
methods have witnesses a surge of interest in the last two decades owing to the so-called big
data. Simple update rules with cheap per-iteration costs make them suitable in this era.

In 1990s, the focus of continuous optimization was on interior point methods which, in
contrast to stochastic methods, had computationally intensive iterations. While the main
tools of optimization are significantly different compared to 1990s, the guiding principle
remains: take advantage of structure when present. In the last decade, the particular revelation
surrounding SGD and CD was that randomization can be used as a technique for carefully
harnessing the structure of optimization problems, to design faster algorithms. We refer to the
class of algorithms based on SGD and randomized CD as stochastic algorithms.

Two concerns while deploying these methods in practice are reliability and adaptivity. The
former is related to the theoretical convergence guarantees of algorithms. The latter defines the
ability of an algorithm to enjoy fast convergence when favorable structures are present, without
the need to modify the algorithm. Surprisingly, as we move away from the standard setting
of smooth minimization, these natural requirements are often not satisfied for stochastic
algorithms.

This dissertation focuses on improving the understanding of stochastic algorithms for solving
structured nonsmooth optimization and min-max problems. We now make a brief technical
excursion and introduce these concepts more concretely to facilitate our discussion and
introduce the contributions.



Chapter 1. Introduction

1.1 Problem description

The basic continuous optimization template is

min4(x), (1.1)

xeRd

where ¢: R? — RU {+00}. Depending on the structure of ¢, an optimization problem can be
smooth or nonsmooth, (strongly) convex or non-(strongly) convex. In particular, we say that ¢ is

> L-smooth if its gradient is L-Lipschitz continuous:
IVE(x1) = VE(x)Il < Lllx; — x2l, forall x,x, € RY,
> convex if
laxi+(1-a)x) <al(x))+(1—-a)l(x,), forany a€[0,1],x,x2 € Rd,
> u-strongly convex if there exists > 0 such that
llaxi+(1-a)x)<afl(x)+Q—-a)l(x)—a(l - a)gllxl —xy|I%, forall x1,x; € RY.

The most favorable case is when ¢ is smooth and strongly convex. In this case, stochastic
algorithms and their deterministic counterparts attain fast linear convergence [Nes03].

1.1.1 Lack of smoothness

Even though smooth optimization problems are common in practice, nonsmooth problems
provide a much more powerful framework. Even though nonsmooth problems are difficult in
full generality [NY83], empirical observations show that stochastic algorithms can still enjoy
fast convergence for solving them. Nesterov showed in [Nes05] that by opening the black box
and studying structured nonsmooth problems, we can avoid the worst-case lower bounds
in [NY83].

One class of structured nonsmooth problems is constrained optimization. We define con-
straints via indicator functions §x which is equal to 0 for admissible values (x € ) and +oo
otherwise.

Problems with a smooth objective and a constraint can be solved as if they are fully smooth
when the constraint set admits an efficient projection operator. On the other hand, when
the constraint set is defined with a linear equality, projection requires solving a linear system.
With large scale problems, algorithms requiring such projection steps are not feasible.

We formalize linearly constrained optimization as

min4(x), C(x)=f(x)+6x(Ax)+05(x) = miélf(x):AxEIC, 1.2)
X€E

xeR4



1.2. Contributions and Organization

where A is a linear operator, /C, B are convex sets and f is a convex function.

This template covers classical problems such as quadratically constrained quadratic programs
and it also naturally arises for representing the communication graph in distributed optimiza-
tion. Despite being classical, these fundamental problems continue to emerge in important
applications in machine learning (ML) and reinforcement learning (RL) [Wan20, AAF* 20,
BRS18, JOV09, TSR*05].

The second example, also intimately connected to the first, is min-max optimization:

min 4 (x), l(x) =6 x(x) + maxd(x, y) = minmax®(x, y), (1.3)

xeR4 yey X€X ye)
where ® is a coupling function describing the interaction between variables x, y. This prob-
lem is central in game theory [VN28] and it is also a convenient way to solve constrained
problems via Lagrangian duality [Ber99]. Recently, the problem (1.3) is getting increasingly
more popular thanks to many applications in adversarially robust, safe, and fair formulations
of ML [MMS*18, BTSK17, HSNL18, GPAM*14], competitive RL [DFG20, WLZL21], and many
others.

In this dissertation, we will be mostly focusing on the case when ® is convex-concave.

1.1.2 Presence of favorable structure

As mentioned before, optimization algorithms can attain a fast rate of convergence for smooth
and strongly convex problems. However, for the problems described in the previous section,
none of these assumptions hold in general. On the other hand, their specific structures make
them easier compared to generic nonsmooth problems. Next, we give three representing
examples of the favorable structures that can be used by stochastic algorithms.

o When the data matrix A in (1.2) is sparse, we can design CD-based algorithms to have a per-
iteration cost depending on the nonzeros of the associated matrix rather than its dimensions.

o When the coupling function in (1.3) is given as a a finite-sum of component functions, we
can design SGD-based methods to obtain stochastic estimates with a reduced variance.

o Even though the functions in eqgs. (1.2) and (1.3) are not smooth and not strongly convex in
general, they might satisfy error bound conditions, such as having piecewise linear-quadratic
structure. For such problems, we can prove linear rate of convergence.

1.2 Contributions and Organization

In this dissertation, we have two research goals for solving nonsmooth optimization and min-
max problems: (i) providing a rigorous understanding of some existing stochastic algorithms
that have seen empirical success, (ii) introducing new provable algorithms when the existing
ones are insufficient.



Chapter 1. Introduction

Chapter 2: Convergence of adaptive gradient algorithms for nonsmooth optimization with
convex and nonconvex objectives (based on works [AMMC20, AMC20)).

In this chapter, we focus on nonsmooth stochastic optimization problem
min f(x) = Eg[fz(x)],
xeiC f ° ﬁ

where [ is convex, closed and f is either convex or weakly convex.

The class of Adam-type algorithms, (also referred to as adaptive gradient algorithms), are
extremely popular in deep learning applications. These methods incorporate exponential
moving averaging (EMA) for past gradient vectors and their element-wise squares, with the
EMA parameters denoted by 8, and 3,. In practice, these parameters are chosen to be constant
values close to 1 (default values in Tensorflow and Pytorch are §;, = 0.9).

The work [RKK18] identified that the convergence analysis in [KB15] for Adam is incorrect
and proposed new Adam-type methods with small modifications to ensure convergence. On
the other hand, even the corrected regret analysis by [RKK18] follows the analysis of [KB15]
closely, therefore requires a linearly diminishing 8, schedule, which is opposite to what is
used practice. Moreover, these methods are being used with increasingly complicated neural
network structures, however, their convergence is only known for nonconvex problems which
are smooth and unconstrained.

+ We show that the requirement of ; in the convex analysis is a mere artifact of the proof,
and we propose a new regret analysis framework that allows a constant 8, parameter, with
provably better bounds compared to previous works. We show the generality of our technique
by applying it to most of the existing convergent Adam-type methods and equip all of their
guarantees with a constant §; choice.

» Using our framework, we propose a convergence analysis for an adaptive gradient algo-
rithm for solving a class of nonsmooth nonconvex optimization problems. The problem
class we consider is constrained weakly convex problems which contain smooth noncon-
vex optimization with convex constraints and also potentially nonsmooth problems. This
result generalizes the class of nonconvex problems where adaptive gradient algorithms have
convergence guarantees.

Chapter 3: Smoothing and stochastic algorithms for linearly constrained problems (based on
works [ADFC17, FANCI19])

In this chapter, we focus on the linearly constrained optimization problem,
xrrelgq{r(}h(x) +g(x), st. xenN K; where K;={x: A;xeb;.
with convex functions h, g, matrix A; and set b;.
A useful structure in this problem is the separability of the constraints, which can be used

4
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by coordinate methods (CD) to decrease per iteration cost. Moreover, these methods use
coordinate-wise Lipschitz constants for 4 and norms of blocks of the matrix A rather than
their global counterparts. These features help CD methods show fast convergence in practice.
Prior to our work [ADFC17] we were not aware of any CD algorithm with rate guarantees for
linearly constrained problem.

» We first focus on the case where N can be potentially infinite to solve problems with infinite
number of linear inclusion constraints. Using Nesterov’s smoothing along with SGD [RM51],
we obtain an algorithm with the rate O(1/v'k) when & + g is only convex and O(1/k) when
h + g is restricted strongly convex, both of which are optimal (up to log factors) even in the
unconstrained setting [AWBRO09].

« Unlike the previous approach for this problem based on alternating projections, our work
does not assume projectability of /C; which, depending on the dimensions of A;, can be
prohibitive.

* When N is finite, by combining Nesterov’s smoothing technique [Nes05] and accelerated
proximal coordinate descent [FR15], we obtain a CD algorithm with O(1/k) rate which is
optimal in its dependence on k [Nes05].

« Our algorithm uses coordinatewise Lipschitz constants of & and norms of blocks of A, rather
than their global counterparts.

Chapter 4: Convergence of primal-dual coordinate descent (PDCD) methods and adaptivity to
functional structures (based on work [AFC21])

Primal-dual hybrid gradient method (PDHG) [CP11] is a classical algorithm for solving convex-
concave min-max problems with bilinear coupling function:

n
I}gi)r(n;le%)xg(x) + i;(Aix,y(”) - fF o (1.4)
Two fundamental results on the convergence of PDHG are (i) asymptotic convergence of
the sequence to a solution, (ii) O(1/k) convergence rate on the primal-dual gap function,
which is the standard optimality measure. Since 2014, different randomized variants of
PDHG are proposed [DL14, ZL15, FB19, LFP19]. Recently, Chambolle et al. [CERS18] intro-
duced stochastic PDHG (SPDHG) which have been popular especially in computational
imaging due to its practical performance, with implementations in different software pack-
ages [EMC*17, PAD*21, LL19, KPB* 19]. Despite the practical interest, abovementioned stan-
dard theoretical results regarding the convergence of SPDHG remained open. In fact, in the
work that introduced one of the first randomized PDHG algorithm in 2014 [DL14], the diffi-
culty of deriving the O(1/k) guarantee for the expected primal-dual gap was pointed out and
this question remained open ever since.

In this chapter, we analyze SPDHG and prove under convexity assumption:

» Almost sure convergence of the sequence to a solution.
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e O(1/k) convergence rate for the expected primal-dual gap.

« For the latter result, we introduce a new analysis technique for PDCD methods, inspired
by [NJLS09], which is of independent interest.

One reason for popularity of PDHG/SPDHG in practice is the linear rate of convergence of-
ten observed in empirical studies. On the other hand, the only case where we knew linear
convergence of SPDHG was when f, g; are strongly convex and the step sizes are set accord-
ingly [CERS18]. To derive a more general result on linear rate of convergence, we use an
error bound condition [DR09]. This condition not only holds for restricted strongly convex
functions, but also for problems with piecewise linear quadratic (PLQ) objective and linear
constraints, including quadratic programming, Lasso, support vector machines, etc.

* We show that without any modification on the algorithmic parameters, SPDHG converges
linearly with the error bound condition, which is a first step towards explaining its favorable
adaptive linear convergence in practice.

Chapter 5: Adapting to sparsity of the data via PDCD methods (based on work [AFC20])

One drawback of SPDHG [CERS18] is that its per iteration cost depends on one of the dimen-
sions of the data matrix, and does not decrease with sparse data. An alternative of SPDHG
in the prior literature was due to [FB19] where the per iteration cost depends on the number
of nonzeros of the data matrix, adapting to sparsity when it is encountered. The drawback
of the method of [FB19] however, was the restriction to smaller step sizes than SPDHG with
dense data. In this chapter, we design an algorithm that achieves the best of both worlds, for
solving (1.4).

¢ Our algorithm is the first to simultaneously use large step sizes with dense data and have
cheap per-iteration cost with sparse data.

By assuming convexity, we prove almost sure convergence of the sequence to a solution.
« By assuming convexity, O(1/k) rate for expected duality gap.

» We prove adaptive linear convergence with an error bound condition (as in the result proven
for SPDHG in the previous chapter).

¢ Our algorithm can also handle an additional smooth term on top of (1.4), with step size rule
depending on coordinate-wise Lipschitz constants.

We conduct experiments on sparse, moderately sparse and dense datasets, to illustrate the
adaptation of our method to sparsity.

« As predicted by theory, our method enjoys the best performance in all the sparsity configura-
tions, compared to SPDHG [CERS18] and the method of [FB19].

We also compared our algorithm with stochastic variance reduction methods from ML litera-
ture [JZ13] that are designed specifically for strongly convex strongly concave problems and
our method was competitive despite its generality.
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Chapter 6: Variance reduction for provably faster min-max optimization (based on works [AMC21,
AM21])

In this chapter, we solve potentially nonbilinear convex-concave min-max problems with
finite sum structure.

N
rxrél)r(u?ea)g@(x,y). Let (x,y)=2, F(2)=[VyP(x,¥),-V,P(x, ), F(Z):i:ZIFi(Z)- (1.5)

This structure is present for example in matrix games, Lagrangian formulation of constrained
optimization, empirical risk minimization. Prior to our work, Carmon et al. [C]JST19] focused
on matrix games and showed that variance reduction can improve the complexity of Mirror-
Prox. On the other hand, [CJST19] required additional strong assumptions on top of Mirror-
Prox, such as boundedness of the domain or convexity of the map z — (F(z),z— u),Vu €
Z. These assumptions are satisfied for matrix games, but can be violated even for slightly
more general linearly constrained optimization problems. Moreover, the analysis in [C]JST19]
required conservative step sizes, and for the nonbilinear problem, a complicated three-loop
algorithm was used with suboptimal complexity. In addition, almost sure convergence of the
sequence was not proven.

» We design a variance reduction framework for min-max problems, and apply to extragradi-
ent, forward-reflected-backward, forward-backward-forward methods, with Euclidean and
Bregman setups.

« For problem (1.5), our algorithms converge under the same set of assumptions as determin-
istic methods, unlike previous work with spurious assumptions.

¢ Our results match the best-known complexity for bilinear case, and improve the best-known
complexity in the nonbilinear case.

* Our algorithms enjoy more freedom in choosing the step size, resulting in better practical
performance compared to [CJST19], even in the bilinear case.

» We show that our algorithms can converge linearly while staying agnostic to the strong
convexity (strong monotonicity) parameter.

» We also prove almost sure convergence of the sequence for monotone variational inequali-
ties and monotone inclusions.

 Arecent independent work [HXZ21] proved matching lower bounds in this setting, establish-
ing the optimality of our algorithms.

Chapter 7: Improving sample complexity of policy optimization for competitive reinforcement
learning

In this chapter, we present our preliminary results for solving two player zero-sum Markov
games (also known as stochastic games). This problem template generalizes matrix games
and Markov Decision Processes (MDP) and used in competitive RL. Even without function
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approximation, this problem is nonconvex nonconcave in general. We focus on a class of policy
optimization methods, which are also known as actor-critic algorithms or policy gradient
algorithms. These methods jointly learn the optimal policy and the optimal value function.

By building on the recent advances on policy gradient methods for single agent RL and
stochastic primal-dual optimization, we prove sample complexity results for solving two
player zero-sum Markov games, for reaching to an approximate Nash equilibrium. Our results
improve the best-known sample complexity of policy gradient methods in the literature.

1.3 Notation and definitions

We introduce the basic notation, definitions and properties used throughout the dissertation.
Chapter-specific notations and definitions are included in the corresponding chapters.

Notation. Let X and ) be Euclidean spaces with inner product (:,-) and norm || - ||. We also
define Z = X' x) and z = (x, y) € Z. For a positive definite matrix Q, we use (x, ) = (Qx, y) to
denote weighted inner product and ||x||2Q =(Qx, x) to denote weighted Euclidean norm. For a
set C, and positive definite Q, distance of a point x to C, measured in weighted norm is defined
as dist?2 (x,C) = minyec | x - yIIZQ =|x- PCQ (x) g, where we have defined the corresponding
projection operator P implicitly. When Q = I, we drop the subscript and write dist(x,C).

We define for o € R”, the diagonal matrix D(o) = diag(o,...,0,). We define the support
function of the set K as suppy: (x) = supex (X, ).

Given a vector x, we access i-th element as x'). We define e; as the i-th unit vector and

E(i)=¢; el.T. Unless used with a subscript, 1 in Kronecker products denotes the all-ones vector

1, € R"™. The notation [N] represents the set {1,..., N}.

Properties of convex functions. Unless indicated otherwise, we consider a proper lower
semicontinuous (l.s.c.) convex function i: X — RU {+o0}.

Domain of a function h is denoted as domh. We encode equality constraints using the
indicator function 6 such that 6y (x) = 0if x = b and 6} (x) = +oo if x # b.

The proximal operator of i with weighting matrix 7, is defined as
. 1 2
prox, ,(x) =argmin h(u) + =llu—x|[7_,. (1.6)
’ ueXx 2 T

When 7 is a scalar, we write prox, instead of prox; ;. We sometimes say proximable to mean
that the proximal operator of i can be computed efficiently.

A standard identity is

X =prox,(x) < (x-X%,x-x)=h(x)-h(x) VxeX. 1.7
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The Fenchel conjugate of # is defined as

h*(y) = sup(z, y) — h(z).
zZeEX

We say that h is:

o p-strongly convex if h(x) — g | x||2 is convex for all x € X.

o p-weakly convex if h(x) + 5| x[1? is convex for all x € X

o L-Lipschitz (or L-Lipschitz continuous) if [(x1) — h(x2)| < Lllx; — x2|| for all x;,x, € X.

o L-smooth if £ is differentiable and its gradient is Lipschitz continuous:
IVh(x1) —=Vh(x) | < L|lx; — x2ll, for all x;,x, € X.

These definitions can be written with other norms that we omit for simplicity.

Lagrangian duality. Given a primal optimization problem
min i (x) + g(x) + f(Ax), (1.8)
xeX

where all functions are proper l.s.c. convex, h: X — Rissmooth, g: X = RU{+o0}, f: YV —
RU {400}, A: X — Y. We can write the Lagrangian as

L(x,y)=h(x)+gx)+(Ax, ) — f* (),

and the dual problem as

max{minL(x, y)}.
yeY (xeX

Unless stated otherwise, we assume a primal-dual solution pair z, = (x4, y«) exists. Then, we
have forany xe X, y€ ),

L(X4,¥) < L(Xx, Y4) = L(X, V4).

Optimality measure. Primal-dual gap is defined as:
Gap(x, y) =sup L(x,y) — L(x, ).
Xy

It is easy to see that Gap(x, ) = 0 if and only if (X, j) is a primal-dual solution. Consequently,
for stochastic algorithms, the optimality measure is E[Gap (X, )].

Operators. In the last two chapters, we work with operator notation. We say that F: Z — Z is
omonotone if: (F(z;) —F(z2),z21—22)=0 Vz,20€ Z.
o p-strongly monotone if: (F(z1) — F(z2),21 — 22) = ‘Zillzl — 2% Vz1,2 € Z,with u>0.

o L-Lipschitzif: |[|F(z1) — F(z2)ll < Lllz1 — 22|l Vz1,220€ Z.
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Constraint qualification. Let us consider the problem (1.8). Slater’s condition is a sufficient
condition for strong duality that states 0 € ril(Adom g — dom f), where ri denotes relative
interior [BC11]. For existence of primal-dual solution, it is standard to assume that a solution
exists for primal problem (1.8) and Slater’s condition holds.

10



¥4 Convergence of adaptive gradient
algorithms for nonsmooth problems

In this section we focus on the convergence properties of adaptive gradient algorithms that
are variants of the popular ADAM (Adaptive Moment estimation) algorithm, in the convex
and nonconvex settings. We first identify a limitation in the existing convex regret analyses
which requires parameter choices inconsistent with practice. We propose a new regret analysis
framework to overcome this issue. Using our framework, we also prove the first convergence
result of Adam-type adaptive gradient algorithms for solving a class of nonsmooth nonconvex
optimization problems.

This chapter is based on joint works with Yura Malitsky, Panayotis Mertikopoulos and Volkan
Cevher [AMMC20, AMC20].

2.1 Introduction

One of the most popular optimization algorithms for training neural networks is ADAM [KB15],
which is a variant of the general class of adaptive gradient algorithms [DHS11]. The main
novelty of ADAM is to apply an exponential moving average (EMA) to gradient estimate (first-
order) and to element-wise square-of-gradients (second-order), with parameters 5, and f,.
In practice, constant ; and f, values are used (the default parameters in PYTORCH and
TENSORFLOW are 31 = 0.9 and S, = 0.999). However, the regret analysis in [KB15] requires
B1 — 0 with a linear rate, causing a clear discrepancy between theory and practice.

Recently, [RKK18] showed that the regret analysis of ADAM for online convex optimization
(OCO) in [KB15] contains a mistake and proposed AMSGRAD and ADAMNC as convergent
alternatives, along with proofs for nonconvergence of ADAM. Following this discovery, many
variants of ADAM are proposed with regret guarantees [RKK18, CZT*20, HWD19]. Unfortu-
nately, in all these analyses, the requirement 3; — 0 is inherited from [KB15] and is needed to
derive the optimal O(v/T) regret. In contrast, for favorable practical performance, methods
continue to use constant §; in experiments.

Given the nonconvergence issues surrounding these methods, one can wonder whether there

11
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is an inherent obstacle — in the proposed methods or the setting — which prohibits optimal
regret bounds with a constant $1? In this chapter, we show that this specific discrepancy
between the theory and practice is only an artifact of the previous analyses. We point out the
shortcomings responsible for this artifact, and then introduce a new analysis framework that
attains optimal regret bounds for OCO with constant ; at no additional cost (and with better
constants in the obtained bounds).

Given that the main applications of Adam-type methods is on training neural networks,
their behavior in nonconvex problems is of paramount importance. Many recent works
made progress on this direction [CLSH19, CZT*20, ZSJ*19, WWB19, LO19, DBBU20]. These
works focus on unconstrained smooth stochastic optimization, where the standard analysis
framework of the stochastic gradient descent (SGD) [GL13] can be used. Convergence of
adaptive methods for the more general setting of constrained and/or nonsmooth stochastic
nonconvex optimization has remained unexplored, while these settings have broad practical
applications [VPG19, MNSF17, MMS*18, IEAL18, DD19, DP19].

The difficulty of handling the combination of nonconvexity, adaptive step sizes, momentum
and constraints is mentioned in [CLX" 19, Section 4.3]. In particular, in terms of our analysis,
(i) adaptivity introduces coupling between the step sizes and iterates, (ii) time-dependent
diagonal step size requires an analysis framework based on variable metrics, (iii) using a
constant 3; requires the new analysis framework we develop in this chapter. For details,
please see the discussions around Lemmas 2.10 and 2.11.

2.1.1 Contributions

> In the convex setting, our technique obtains data-dependent (’)(\/T ) regret bounds for
AMSGRAD and ADAMNC [RKK18].

> We apply our technique to a strongly convex variant of ADAMNC, known as SADAM [WLC*20],
yielding data-dependent logarithmic regret with constant S;.

To the best of our knowledge, these are the first optimal regret bounds with constant ;.

> Finally, we apply our framework to derive a convergence guarantee for AMSGRAD for solving
constrained weakly convex optimization. This is the first result for adaptive gradient methods
for solving nonconvex problems beyond the simplest unconstrained smooth template.

It is worth noting that even though our analysis is more flexible and it provides better bounds
than prior works, it is not sufficient to explain why nonzero f; helps in practice. This is an
interesting question requiring further investigation and is outside the scope of this chapter.

Organization. In the first part of the chapter, we analyze Adam-type algorithms for online
convex optimization (OCO). We introduce a new regret analysis framework that enables
optimal bounds with constant 5 parameter. In the second part, we move on to the nonconvex
setting to study constrained stochastic optimization with weakly convex objectives. We provide

12



2.2. Regret analysis for Online Convex Optimization

f Constraints B minibatch size Diagonal Adaptive
[CLSH19] L-smooth x const. 1 v v
[CLX*19] L-smooth v 0 ~Vt v v
[DD19] p-weak. cvx. v 0 1 X x
(M]J20] p-weak. cvx. v const. 1 X x
This chapter p-weak. cvx. v const. 1 v v

Table 2.1 - Comparison with adaptive methods for smooth nonconvex optimization and SGD-based methods for
weakly convex optimization. Column “diagonal” refers to coordinate-wise step sizes and “adaptive” refers to step
sizes depending on observed gradients 4 la AdaGrad.

a brief comparison with the existing nonconvex results in Table 2.1. A comprehensive literature
review for both parts is given in Section 2.4.

2.2 Regret analysis for Online Convex Optimization

Problem Setup. In OCO, aloss function f;: K — R? is revealed, after a decision vector x; € K
is picked by the algorithm. We then minimize the regret defined as
T T
R(T) =) fi(x)—min)_ f;(x). 2.1)
xek 13

t=1

Our assumptions below are standard for OCO [Haz16] and are the same as [RKK18].

Assumption 2.1.
> K c R? is a compact convex set.
> f¢: K — Ris a convex Isc function, g; € 0 f;(x;).
> D = max || X — Jlleo, G =max| g¢llco-
x,yekC t

Notation. For vectors a, b € R? standard operations ab, a?, alb, a'’?, 1/a, max{a, b} are
supposed to be coordinate-wise. For a given a; € R%, we denote the i-th coordinate as a(tl).
We use 1 for the vector of all ones. For lighter notation, throughout this chapter we use the

following notation for weighted projection: P” = PP where v € R?, v >0, for all i.

2.2.1 Dissection of the standard analysis

For the discussion, we use AMSGRAD in Algorithm 2.1, proposed by [RKK18] as a fix to ADAM.
Compared to ADAM, it has an extra step to enforce monotonicity of the second moment
estimator ;.

We first describe the shortcoming of the previous approaches in [RKK18, WLC"20], dating
back to [KB15]. Then we explain the mechanism that allows us to obtain regret bounds with

13
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Algorithm 2.1 AMSGRAD[RKK18]

1: Input:xlelC,at:\%,a>0,ﬁ1<1,,32<1,
mo=1v9=0,09=€l,e=0

2. fort=1,2...do

30 gredfi(x)

4 mp=Ppime+1-p1)g:

5. vy =Povi+(1-Pa)g?

6: vt—max(vt LU

7

8

1/2

X1 = PIC (Xt a vy Tmy)

: end for

constant ;. In this subsection, for full generality, consider m; being updated with f,;, as
in [RKK18, KB15]:
m;=Br1ime—1+ 1 - P1)8: (2.2)

The standard way to analyze Adam-type algorithms is to start by nonexpansiveness to write

2 2 2
241 = X112 gz = 1% = Xllgue =20 {me, Xy = Xy + A Ml
t t

Then using (2.2), one can deduce

1
2 2
(1= B1e)(ges X =) = ~BreCmp-y, xe=00+ SN it 5 (160 = 20 = s = 20
I3 t t

Let us analyze the above inequality. Its left-hand side is exactly what we want to bound, since
by convexity R(T) < Z _1{8r x; — x). The last two terms in the right-hand side are easy to
analyze, all of them can be bounded in a standard way using just definitions of 7;, m;, and a;.

What can we do with the term —f1;(m,_1, x; — x)? Analysis in [RKK18] uses Young’s inequality

B1: 2 Brra;

—Bre{me_1, X — x><—I|xt XN +
0y 2

2
||771t—-1||ﬁ;1/2~

The term ﬁ L ||xt x||3,,, is precisely what leads to the second term in the regret bound
Ul/z p y g
t

in [RKK18, Theorem 4]. Since a; = %, one must require f1; — 0.

Note that the update for x;;; has a projection. This is important, since otherwise a solution
must lie in the interior of X', which is not the case in general for problems with a compact
domain. However, let us assume for a moment that the update for x;,; does not have any
projection. In this simplified setting, applying the following trick will work.

1
atl

Recall that x; = x;—1 — a;—10,2m_1, or equivalently m,_; = ——!/2 (x;_; — x;). Plugging it

into the error term (m;_1, x; — x) yields

A1/2

Xt), Xp— X)

—(My_1, X —X) =

14
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— 1 2 2 2
= e —xe—1 150 + 11X — X000 — (1 Xe—1 — XM%002
241 Vi1 Vi Uis1

<l I 12, + 1|| |12 1|| I2
S @111l - SiXe—X SiXe—1—X
2 0 2 2

*1/2/‘1 A1/2/a 1

where the second equality follows from the Cosine Law and the first inequality is from
Xt = Xp—1 = a1 0,4?my_y and 0}?/a; = 0!'%/a,_;. We now compare this bound with
the previous one. The term a;_1 [|m1;_1 ||? 52 as we mentioned, is good for summation. Other
two terms are going to cancel after summation over . Hence, it is easy to finish the analysis to

conclude O(V/'T) regret with a fixed 1, = B1.

Unfortunately, x;,; update has a projection, since otherwise the bounded domain assumption
is very restrictive. This prevents us from using the above trick. Its message, however, is that
one can expect a good bound with a fixed ;.

For having a more general technique to handle 3;, we will take a different route in the very
beginning — we will analyze the term (g;, x; — x) in a completely different way, without
resorting to crude Young’s inequality as in [RKK18]. Basically, this idea can be applied to any
framework with a similar update for the moment m1;, as we will show for ADAMNC and SADAM.

2.2.2 Akeylemma

As we understood above, the presence of the projection complicates handling (m;_1, x; — x). A
high level explanation for the cause of the issue is that the standard analysis does not leave
much flexibility, since it uses nonexpansiveness in the very beginning.

Lemma 2.1. Under the definition m; = B1m;_1 + (1 — B1)g;, it follows that

(M1, Xp—Xp—1)+

b1 1
l—ﬁl - l_ﬁl

(81, X—X) =M1, Xr—1—X)— My, Xp — X) — (M1, X1 — X))

The main message of Lemma 2.1 is that the decomposition of m;, in the second part of the
analysis in Section 2.2.1 is now done before using nonexpansiveness, therefore there would be
no need for using Young’s inequality which is the main shortcoming of the previous analysis.

Upon inspection on the bound, we see that the last two terms will telescope. The second term

can be shown to be of the order a;| m; II%,I 1»» and as we mentioned before, summing this term
t

will give O(V'T). To see that the first term is benign, a high level explanation is to notice that

m;_ is the gradient estimate used in the update x; = x;—; —a;—1 D 11/ m;_1, therefore it can

be analyzed in the classical way.

Proof of Lemma 2.1. By definition of m;, g; = ﬁ me— 153}51 my_1. Thus, we have

1
(81, Xt —X) = ——— (M, Xy — X) — (M1, Xt — X)

A1
1-6; 1-6
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1
= (Mg, X —Xx) — (M1, Xi-1— X) —

B B
1-6 1-6 1-6

1
= ——((my, x0— X) — (M1, X1 — X)) + (M1, X 1—x>—ﬁ—<mt 1 Xe — X-1).

1-p1 1-p1

(M1, X — Xr-1)

This simple proof of the decomposition in Lemma 2.1 enables the new analysis without the
previous restrictions.

2.2.3 AMSGRAD

The regret bound for AMSGRAD in [RKK18, Theorem 4, Corollary 1] requires a decreasing f;
atleast at the order of 1/¢ to obtain (9(\/7 ) worst case regret. Moreover, a constant f results
in O(T\/T ) regret in [RKK18, Theorem 4]. We now continue with the theorem showing that
the same O(v/T) can be obtained by AMSGRAD under the same assumptions as [RKK18].

Theorem 2.2. Under Assumption2.1, 1 <1, B2 <1,y= ﬁ <1, ande >0, AMSGRAD has the
regret

DZ\/_ i A(l ay/1 +10g i Z (g(i))z. (2.3)
2a(l-p) & o map s\ &

R(T) =

Our bound for R(T) is also better than the one in [RKK18] in term of constants. We have
two terms in contrast to three in [RKK18] and each of them is strictly smaller than their
counterparts in [RKK18]. The reason is that we used i) new way of decomposition (g, x; — x)
as in Lemma 2.1, ii) wider admissible range for 1, B, iii) more refined estimates for analyzing
terms. For example, the standard analysis to estimate | 72,2 o2 uses several Cauchy-Schwarz
inequalities. We instead give a better bound by applying generahzed Holder inequality [BB61].

Another observation is that having a constant §; explicitly improves the last term in the regret
bound. With a non-decreasing B1, instead of constant 1, this term would have an additional

multiple of =—=z. Since in general one chooses f; close to 1, this factor is significant.

1[3)2

Remark 2.3. Notice that Theorem 2.2 requires € > 0 in order to have the weighted projec-
tion well-defined. Such a requirement is common in the literature for theoretical analysis,
see [DHS11, Theorem 5]. In practice, however, one can set € = 0.

Proof sketch of Theorem 2.2. We sum (g;, x; — x) from Lemma 2.1 over ¢, use mgp =0 to get

d L B1 < B
Z(gt,xt—x>sz<mt,xt—x>+ Z(mz 1 Xpm1 = X¢) + (mrp,x7 —x).
=1 =1 ﬁ 1- :61 —_—
—_— ~ - Ss
Sl SZ
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By Holder inequality, we can show that

T-1

2
Sz = ;1 arllmel e

A(l) @

By using the fact that 0 (1

>0 and the same estimation as deriving Sy,

2 d
Z\/A“ Z ||mt||A_uz

By Hélder and Young’s inequalities, we can bound Ss as

2 D> &
Ss=arlmrlls_y,+— Y,
eI

We see that a|| mtllé,1 ,» 1s common in all terms and it is well known that this term is good for
t

summation
L (1-Bay/1+logT & | L
Z at”mt”?fwz = A g Z Z(gg”)z-
=1 ‘ VIA=62)A-y) ;1\ =1
Combining the terms gives the final bound. |

Finally, if we are interested in the worst case scenario, it is clear that Theorem 2.2 gives regret
R(T) = O(y/log(T)T). A quick look into the calculations yields that if one uses the worst

case bound g'”

< G, then the bound will not include a logarithmic term. However, then the
data-dependence of the bound will be lost. It is not clear if one can obtain a data-dependent

O(VT) regret bound. In the following corollary, we give a partial answer to this question.

Corollary 2.4. Under Assumption2.1, f1 <1, <1,y = 1 > <1, and e >0, AMSGRAD achieves

DT (l d T )
R(T) < ,
(T) Palis ﬁl)z — D\ lg

V1-02 ,32(1 Y)i=1 \ =1

(2.4)

This bound hasno log(T) term, thus it is better in the worst-case. However its data-dependence

is worse than the bound in Theorem 2.2. Bound in Theorem 2.2 contains (ggi))2 whereas bound

above contains | gt”l With small g(l) the bound with log T can be better. We leave it as an
open question to have a /T bound with the same data-dependence as Theorem 2.2.

2.2.4 ADAMNC

Another variant that is proposed by [RKK18] as a fix to ADAM is ADAMNC which features an
increasing schedule for f,;. In particular, one sets f2; =1 — % in

Ve =Porvi1+(1- ﬁm)g%,
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Chapter 2. Convergence of adaptive gradient algorithms for nonsmooth problems

that results in the expression v; = %): 5.:1 g]2., which is a reminiscent of ADAGRAD [DHS11].

1/2
In fact, to ensure that 77;’ is well-defined, one needs to consider the more general update

V= % (Z 5.: 1 g]?f + 6‘1) similar to the previous case with AMSGRAD.

Algorithm 2.2 ADAMNC[RKK18]
1: Input: xlelC,aF%,a>0,,61 <1l,e=0,mg=0.
2: fort=1,2...do
30 gr€0filxy)
4 my=Pim+1-P1)g:
vy = % (Z;zl gjz. +€1)

a

2
v _
6: X1 =P (X —arv; 2m0)
7: end for

ADAMNC is analyzed in [RKK18, Theorem 5, Corollary 2] and similar to AMSGRAD it has
been shown to exhibit (’)(\/T ) worst case regret only when f; decreases to 0. We show in the
following theorem that the same regret can be obtained with a constant ;.

Theorem 2.5. Under Assumption 2.1, ) <1, ande >0, ADAMNC has the regret

We skip the proof sketch of this theorem as it will have the same steps as AMSGRAD, just
different estimation for a || m; IIi _112» due to different v;. The full proofis given in the appendix.
As before, compared to the bOlllt’ld from [RKK18, Corollary 2], constant 8; not only removes
the middle term of [RKK18, Corollary 2] but improves the last term of the bound by (1 — ,61)2.

2.2.5 SADAM

We know that ADAGRAD obtains logarithmic regret [DHS10], when the loss functions are -
strongly convex. A variant of ADAMNC for this setting is proposed in [WLC*20] and is shown
to obtain logarithmic regret when ; decreases linearly to 0 [WLC*20, Theorem 1].

Algorithm 2.3 SADAM [WLC™*20]
I Input: x, €, a; =%, @>0,1<1,my=0,e=0, B2, =1-1/t.
2. fort=1,2...do
30 gre0fi(xy)
o mp=pima+01-P1)8:

4

_ 2
5 Ve =PorVr—1+ (1= P2r) g7
6: ﬁt =UVs+ %
7
8

0 A1
. Xt+1 =PIC[(.7Ct_a[V[ my)
: end for
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2.3. Weakly convex optimization

Similar to AMSGRAD and ADAMNC, our new technique applies to SADAM to show logarithmic
regret with a constant 1 under the same assumptions as [WLC*20].

Theorem 2.6. Let Assumption 2.1 hold and f; be u-strongly convex, Vt. Then, if f1 <1,€>0,
and a = %2, SADAM has the regret

d T (i) 2
Ry < PGP @ (#+1).

(0]
l_ﬁl l_ﬁlizl g

Consistent with the standard literature of OGD [HAKO07], to obtain the logarithmic regret, first

step size a has a lower bound that depends on p. Compared with the requirement of [WLC*20]

fora = IJ(lezﬁl), our requirement is strictly milder as 1 — §; < 1 and in practice since ; is near

1, it is much milder. Our bound is also strictly better than [WLC*20]. Moreover, we remove a
1

factor of =pe from the last term of the bound, compared to [WLC*20, Theorem 1].

2.3 Weakly convex optimization

Problem setup. We will prove the convergence of AMSGRAD for solving the problem
min {f(x) =E¢ [f(x;]}, (2.5)
xelC

where f: R? — Ris p-weakly convex, K is closed convex, ¢ is a r.v. following a fixed unknown
distribution. Problem (2.5) generalizes the previous analyses when f is L-smooth, as this
implies L-weak convexity, and K = R?. However, there are many applications when /C #
R4 [VPG19, MNSF17, MMS*18] or when f is not L- smooth [DD19, Section 2.1],[DR18, DP19].

Constrained stochastic minimization with nonconvexity presents challenges not met in the
convex setting [GLZ16, CLX*19]. In particular, until the recent work [DD19], even for SGD,
increasing mini-batch sizes were required for convergence in constrained nonconvex optimiza-
tion. To analyze AMSGRAD for solving (2.5), we build on the analysis framework of [DD19].

We show that AMSGrad achieves O(log(T)/v/T) rate for near-stationarity (see (2.8)) for solv-
ing (2.5). Key specifications for this result are the following:

o We can use a mini-batch size of 1.
o We use constant parameters 1, 82 used in practice [KB15, RKK18, CLSH19, AMMC20].

o We do not assume boundedness of the domain X.

We particularize our results for constrained optimization with L-smooth objectives and for a
variant of RMSprop. Comparison of our results with state-of-the-art is given in Table 2.1.

Finally, in a numerical experiment for robust phase retrieval, we show that AMSGRAD is
empirically more robust to variation of initial step sizes, than SGD and SGD with momentum.
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Chapter 2. Convergence of adaptive gradient algorithms for nonsmooth problems

Examples of weakly convex problems. The class of problems we consider in this chap-
ter include constrained problems with L-smooth objectives which are, for example, studied
in [CLX"19] in the context of adversarial attacks. Other important examples with weak con-
vexity are composite objectives h(c(x)), where h is a convex Lipschitz continuous function
and c is a smooth map with Lipschitz continuous Jacobian. Concrete examples of weakly
convex problems are listed in [DD19, Section 2.1], which include robust phase retrieval, sparse
dictionary learning, Conditional Value-at-Risk, to name a few.

Notation. Due to nonconvexity, we cannot use standard definition of subgradients to
form a global under-estimator. Regular subdifferential, denoted as 0 f, for nonconvex func-
tions [RW09, Ch. 8] is defined as the set of vectors g € R? such that, Vx,y € R, g € af (x) if

fzf+y-x,qp+olly-xll), asy—x. (2.6)

When f is convex, this reduces to standard definition of a subdifferential and when f is
differentiable, this set coincides with {V f(x)}.

Given random iterates xj,..., x;, we denote the filtration generated by these realizations as
Fir=0(x,...,%1), and the corresponding conditional expectation as E;[-] = E[-|F¢].

Assumption 2.2.
o f: RY — Ris p-weakly convex with respect to norm | - ||.

« The set X <R is convex and closed.
e There exists g; such that E[g,] € 0 f(x;,&;) and [|8¢lleo < G, VT.
e fislower bounded: f* < f(x),Vxe K.

Remark 2.7. We note that when f is p-weakly convex w.r.t. | - ||, then it is %-weakly convex

w.r.t. || - || p1/2s Vi, since ﬁg” = ¢ > 0 (see Algorithm 2.1). We denote p = %.

Itis easy to verify this remark by noticing that x — f(x)+ [ x[? is convexand || xlllzj},2 = 8x|.

A few remarks are in order for Assumption 2.2. First, we do not require boundedness of
the domain K. Second, weak convexity assumption is weaker than smoothness assumption
on f and the assumption of bounded gradients is standard [CZT*20, CLSH19, DBBU20]. In
principle, it is possible to relax the bounded gradient assumption to the weaker requirement
Ellgs I2 < G asin [ZSJT19, Remark 6. (ii)] with a slightly worse and complicated convergence
rate. For simplicity, we use Assumption 2.2.

Algorithm. We analyze AMSGRAD (see Algorithm 2.1) proposed in [RKK18]. As standard
in stochastic nonconvex optimization, we output a randomly selected iterate [DD19, GL13,
GLZ16]. We next define the composite objective

@x) = f(x)+0x(x).
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2.3. Weakly convex optimization

For nonsmooth problems, the standard stationarity measures such as the norm of (sub)gradients
are no longer applicable, see [DD19, MJ20] and [DP19, Section 4]. This motivates the following
definitions that, as we show below, relate to a relaxed form of stationarity. Based on ¢ and a
parameter p > 0, we define the proximal point of x; and the Moreau envelope

~1/2

N ! . o
X = prox;/ﬁ(x,) = arg}l}nm{(p(y) + 5 ly— xtllzﬁ},z} 2.7)

o} gt =min{ o) + Ly i

We compare the definitions with that of [DD19]. Due to the use of variable metric #; in
adaptive methods, we have a time dependent Moreau envelope, where the corresponding
vector ¥; is used for defining the norm. Important considerations for these quantities are

the uniqueness of X; and the smoothness of ¢} 15" As we see now, choice of p is critical for
i
\/E’
as [DD19, Lemma 2.2], it follows %, is unique and ¢, 5 is smooth with the gradient

ensuring these. In light of Remark 2.7, selecting p > p = and by using similar arguments

Vol 500 = poy' (x = &)

Near stationarity. Near-stationarity conditions follow from the optimality condition of %;:
0€dp(%) + pL/%(%; — x;), where we have used ;,; < G*:

llx: — JACI?”zﬁg/z = %”V(Pf,p(xt) ”2ﬁt_1/2
dist*(0,0¢(%,)) < GIV{,,(x)1 . (2.8)
t

@(Xe) < p(xp).

Consistent with previous literature for weakly convex optimization [DD19, MJ20], we state the
guarantees in terms of the norm of the gradient of Moreau envelope. Given (2.8), this means
that x; is near stationary: it is close to its proximal point X; and X, is approximately stationary.

2.3.1 Convergence

We start with our main theorem that shows that the norm of the gradient of Moreau envelope
converges to 0 at the claimed rate, resulting in near-stationarity of x;+, as in (2.8).

2
Theorem 2.8. Let Assumption 2.2 hold. Let f; <1, B, <1,y = ﬁ—; <1,p=2p,e>0andt"
selected randomly from [T]. For, xt as output of Algorithm 2.1, it follows that

[E”V(pt* (xt*)”z = Zd—G C1+(1 +10gT)C2+C3
5 so1/2 =
1/p Vs a /ET(l _ﬁl)

’

The bound in Theorem 2.8 has complicated constants as it is usual for adaptive algorithms
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Chapter 2. Convergence of adaptive gradient algorithms for nonsmooth problems

in nonconvex case [CLSH19, CZT*20]. These constants are slightly simplified and the proof
of Theorem 2.8 in Section 2.5.4 includes the non-simplified version. Next, we explain and
interpret the bound in terms of dependence to key parameters.

Discussion on Theorem 2.8 In the context of near-stationarity (2.8), Theorem 2.8 states that
to have x; such that IIV(p{; ﬁ(xt*) I pri2 < €, We require O(e*) iterations. This matches the
known complexities for adaptive methods in unconstrained smooth stochastic optimiza-
tion [AMMC20, DBBU20, WWB19, ZSJ*18, CLSH19, CZT*20, LO19, ZSJ*19], and SGD-type
methods in weakly convex optimization [M]J20, DD19].

Next remark is about the metric of the norm used for the gradient of Moreau envelope in The-
orem 2.8. We then discuss the dependence of our bound w.r.t. important quantities.

£ 2 _ =2 5 2 5 2
Remark 2.9. By (2.8), one has IIV(pl/p(xt*)llﬁ,l,2 = Pl xpr — Xp= |l v Next, || x5 — X+ |l S =
t* t* t*

Velxy =%+ as Ds,; = €. Italso holds that 0? ) < G2. Therefore, one can convert our guarantees
12 or IIV(pt* (x) |l by multiplying the right hand side by appropriate quantities
depending on ¢ or G. We leave the result with the metric, as 6 and G are the worst case bounds.

to [|xp — ¢+

Knowledge of p. To run the algorithm, one does not need to know the weak convexity
parameter p. The parameters p and p are merely for analysis purposes [DDKL20, MJ20], and
the convergence rate holds for any choice of step size a;, independent of p.

Dependence w.r.t. $;. Comparing with the previous work, the scaling of our bound in terms of
B1is (1 — B1)~! matching the dependence for the unconstrained setting [AMMC20, DBBU20].

Dependence w.r.t. d. Standard dependence in the convergence rates of Adam-type algorithms
for unconstrained case is d/v'T [AMMC20, DBBU20].! Even though in Theorem 2.8, C; has
worst case dependence d?, this is merely due to assumptions. The main reason is that we do
not assume boundedness of the sequence x;, instead we prove the necessary result for the
analysis in Lemma 2.10. However, this result gives a bound for || x; — %I, which is naturally
dimension dependent. We used this bound in (2.45), where we need to bound ||x; — X[l co-

In particular, if we had assumed a bound for ||x; — %¢ll, then in (2.45) we could have used it
instead of Lemma 2.10 to have standard d/+/'T in C3. Boundedness assumption also would
remove a factor of .- in the bound, as those terms appear in the steps where we avoid

Ve
boundedness assumption. However, for generality, we do not assume boundedness.

Dependence w.r.t. €. Our bound has a polynomial dependence of 1/¢ similar to [AMMC20,
CZT*20, CLSH19]. In [DBBU20], a more refined technique from [WWB19] is used to have a
logarithmic dependence of 1/¢. This technique, used on the case of smooth unconstrained
problems in these works, did not seem to apply to our setting.

In this section, we will flesh out the main ideas of our proof with three lemmas. The proof

1n [CZT™* 20] better dependence is obtained by using step sizes in the order of \/Lg’ which we do not consider.
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2.3. Weakly convex optimization

of Theorem 2.8 is then a careful combination of these results and given in Section 2.5.4.

Useful lemmas. We start with a result showing that under Assumption 2.2, the quantity
lx; — X: |l from (2.8) stays bounded. Third term on RHS in (2.44) arises as a spurious term due
to time-dependent diagonal step sizes, which was not the case in previous works on weakly
convex optimization with scalar step sizes [MJ20]. Next lemma is the main tool for us to avoid
assuming boundedness of X'. The proof of this lemma given in Section 2.5.4 combines the
definition of %; with weak convexity to reach the result.

Lemma 2.10. Let Assumption 2.2 hold. Let p > p, and D; = 0 > 0. It follows that

2
I il2 < PP o= 2
e(p—p)
A key aspect in the analysis of adaptive algorithms is the dependence of 7; and g; that couples
X: and g; (see (2.7)), preventing taking expectation of (x; — X, g;) that we use for obtaining
the stationarity measure in the proof. Since this was not the case in prior works [DD19, MJ20],
we need a more refined analysis.

Lemma 2.11. Let Assumption 2.2 hold. Let q; = E;[g:] € 0f (x;), then it follows that

B (X — X1, 81) = at(ﬁ_ﬁ)[Et”xt_xt”%}u — (a1 - a)VdDG- p__p[Et”fCt—fCt—l”%uzl
1
— 2
-1 2 1 P )“r—l 2
— Eilm—ill5,, ==+ E .
el z1||vt_11/z (2 5—p \/E llgell

Interpreting Lemma 2.11. We review the terms in this bound to gain some intuition. The first
term in the RHS is the stationarity measure (see (2.8)), second term will sum to a constant,
fourth and fifth terms will sum to log(T') by Lemma 2.12. Handling the third term in RHS is
not as obvious, but we can show that we can cancel it using the contribution from another
part of the analysis that we detail in the full proof (see (2.44)).

One critical issue for Adam-type algorithms is to obtain results with constant §; parameter.
As we show in Section 2.2, Lemma 2.1 is critical for this. Without Lemma 2.1, we would require
decreasing 1, especially for constrained problems, which we would like to avoid.

Next lemma is a standard estimation used for the analysis of Adam-based methods, since [KB15].
We used such estimations for Section 2.2 (see Lemma 2.15). As mentioned before, we get a
tighter bound than previous works, due to using a constant ;. In words, we bound the sum of
the norms of first moment vectors multiplied by the step size.

2
Lemma2.12. Letf;<1,6,<1,y= % <1, then it holds that

1-p1a?

vIA=p2)1-7y)

T
Y a%llmtllit_],z < dG(1 +logT).
=1
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Figure 2.1 - left to right: x = {1,10,100}. Number of epochs to reach f(x) — f* < 0.1 vs. initial step size?.
Each experiment is run 50 times, lines show the median and shaded areas cover between 20th and 80th
percentiles. We denote SGD with momentum by SHB.

2.3.2 A numerical experiment

This section illustrates the potential advantages of adaptive algorithms, in particular AMSGrad,
for solving a prototypical setting of a weakly convex problem, compared to SGD and SGD
with momentum [M]J20]. As popular in the literature of weakly convex stochastic optimiza-
tion [MJ20, DG19, DDKL20], we compare the algorithms in terms of their robustness to initial
step sizes. “Robustness to tuning” of algorithms is also investigated in the context of deep
learning in the literature and the advantage of adaptive algorithms such as Adam/AMSGrad is
observed [SMV*20, CSN*19].

We solve the robust phase retrieval problem [EM14, DDP20, DR19],

1 g
min 1:21 ai, x)* = bjl,
where A = [ay,...,a,]" € R™% n =300, d = 50. Weak convexity of this problem is well-
known [DD19, DDP20]. We recall the setup from [M]J20] that considered SGD with momentum
for solving this problem. The data is generated as A = QD, with a standard normal distributed
Qe R4 and D = linspace(1/x,1,d), where x = 1 controls the conditioning. We generate x*
as a standard normal random vector with unit norm. Then, b = Ax* + 6n where elements
of n € R" have distribution N(0,25) and § = diag(6y,...,84) is such that w =0.2,
meaning that 20% of the observations are corrupted.

With this setup, it is proven in [DDP20, Lemma B.12] that only solutions of the problem are
{x*,—x*}. Therefore, for the algorithms, we will use f(x;) — f(x*) < € as the stopping criterion.

We run stochastic subgradient method (SGD) [DD19], momentum SGD (SHB) [M]20] and
AMSGrad that we analyzed. For all algorithms, the step size is chosen as ay = \‘j—% We varied
the initial step size’ between 0.01 and 10 for all algorithms, and we plotted the number of
epochs to reach f(x)— f(x*) <0.1. In terms of other parameters, we use both § = 0.1 and

2We make the “effective initial step sizes” of algorithms equal. In particular we pick agGD = ag/[SGD =

AMS
%y

B2 /max; (g2 )
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B =0.01 for SHB, as recommended in [M]J20] and B; = B2 = 0.99 as popular, for AMSGrad.

We present the results in Figure 2.1 for varying values of x = {1, 10, 100}, where each setup is
run for 50 times, medians are drawn as lines and the region between 20th and 80th percentiles
is shaded. [M]J20] observed that SHB improves the robustness of SGD to initial step sizes.
We observe in Figure 2.1 that AMSGrad shows a more robust behavior compared to both
algorithms. Our observations support the potential of AMSGrad and adaptive methods for
weakly convex optimization. Moreover, our findings about robustness of adaptive algorithms
to tuning is consistent with the findings from deep learning literature [SMV*20, CSN*19].

2.4 Related work

Convexworld. AMSGRAD and ADAMNC were proposed by [RKK18] to fix the nonconvergence
issue for ADAM [KB15]. However, as the proof template of [RKK18] follows very closely the
proof of [KB15], the requirement for f; — 0 remains in all the regret guarantees of these
algorithms. In particular, as noted by [RKK18, Corollary 1, 2], a schedule of 81, = 1A/ ! is
needed for obtaining optimal regret. [RKK18] also noted that regret bounds of the same order
can be obtained by setting 8;; = f1/¢. On the other hand, in the numerical experiments, a
constant value f8; = B; is used consistent with the huge literature following [KB15].

Following [RKK18], there has been a surge of interest in proposing new variants of ADAM with
good practical properties; to name a few, PADAM by [CZT*20], ADABOUND and AMSBOUND
by [LXL19, Sav19], NOSTALGIC ADAM by [HWD19]. As the regret analyses of these methods
follow very closely the analysis of [RKK18], the resulting bounds inherited the same short-
comings explained in the previous paragraph. The experimental results reported on these
algorithms use a constant value of §; in practice in order to obtain better performance.

Similar issues are present in other problem settings. For strongly convex setting, [WLC"20]
proposed SADAM as a variant of ADAMNC, which exploits strong convexity to obtain O(logT)
regret. SADAMwas shown to exhibit favorable practical performance in the experimental
results of [WLC*20]. However, the same discrepancy exists as previous ADAM variants: a
linearly decreasing 3 is required in theory but a constant ;; = 8 is used in practice.

One work that tried to address this issue is that of [FK19], where the authors focused on OCO
with strongly convex loss functions and derived an O(v/T) regret bound with a constant value
of B < %, where p is the strong convexity constant and « is the step size that is set as
ay/ V' T. [FK19, Theorem 2]. However, this result is not satisfactory, since the obtained bound
for B, is weak: both strong convexity u and the step size a—lT are small. This does not allow for
the standard choices of §; € (0.9,0.99) and the regret is suboptimal with strong convexity.

Moreover, a quick look into the proof of [FK19, Theorem 2] reveals that the proof in fact follows
the same lines as [RKK18] with the difference of using the contribution of strong convexity
to get rid of the spurious terms that require f; — 0. Therefore, it is not surprising that the
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Chapter 2. Convergence of adaptive gradient algorithms for nonsmooth problems

theoretical bound for 8, depends on u and @ and can only take values close to 0. Second,
in addition to the standard Assumption 2.1, [FK19] also assumes strong convexity, which is
a quite stringent assumption by itself. In contrast, our approach does not follow the lines
of [RKK18], but is an alternative way that does not encounter the same roadblocks.

Nonconvex world. When convexity is removed, the standard setting in which the algo-
rithms are analyzed is stochastic optimization with a smooth loss function and no con-
straints [CLSH19, ZTY"18, ZSJ*19]. As a result, these algorithms, compared to the convex
counterparts, do not perform projections in the update step of x;;+;1 (cf., Algorithm 2.1). The
standard results bound the minimum gradient norm across all iterations.

An interesting phenomenon in this line of work is that a constant ; < 1 is permitted for
the theoretical results, which may seem like weakening our claims. However, it is worth
noting that these results do not imply a guarantee for regret in OCO. Adding the convexity
assumption to these analyses for unconstrained, smooth stochastic optimization, does not
give a guarantee in the objective value, unless more stringent Polyak-Lojasiewicz or strong
convexity requirements are added in the mix.

Moreover, in the OCO setting that we analyze, loss functions are nonsmooth, and the algorithm
performs projections to the constraint set (which as we see is the main difficulty for constant
B1 analysis). Finally, online optimization includes stochastic optimization as a special case.
Given the difference of assumptions, the analyses in [CLSH19, ZTY* 18, ZS]J*19] do not help
obtaining a regret guarantee for standard OCO.

A good example demonstrating this difference on the set of assumptions is the work [CLX* 19],
where a variant of AMSGRAD is proposed for zeroth order optimization and it is analyzed in the
convex and nonconvex settings. Consistent with the previous literature in both, convergence
result for the nonconvex setting allows a constant ; < 1 [CLX*19, Theorem 1]. However, the
result in the convex setting requires a decreasing schedule f;; = ﬁ—; [CLX*19, Proposition 4].
Moreover, this result applies for the specific case of §; = 0 which corresponds to a variant
of RMSprop [TH12, RKK18]. More importantly, since its analysis follows the one of [GLZ16],
increasing mini-batch sizes of the order /7 are required [CLX" 19, Theorem 2].

As we highlighted above, the analyses in convex/nonconvex settings follow different paths
and the results or techniques are not transferrable to each other. Thus, our main aim in this
chapter is to bridge the gap in the understanding of regret analysis for OCO and propose a
new analytic framework. As we see in the sequel, our analysis not only gives the first results in
OCO setting, it is also general enough to apply to the nonconvex case to derive guarantees for
constrained problems, generalizing the previous nonconvex analyses [LO19, WWB19, ZSJ*18,
CZT*20, CLSH19, ZSJ*19, DBBU20, BB20].

Weakly convex optimization is well studied with SGD based methods [DR18, DG19, DD19]. A
recent work by [M]J20], considers momentum SGD for solving (2.5). However, this algorithm
(i) does not use momentum with 8, and (ii) uses non-adaptive, scalar, fixed step size: in the

26



2.5. Proofs

notation of Algorithm 2.1, 7, =1, a; = a/ V/T. These make the algorithm less practical, while
simpler for analysis.

2.5 Proofs

2.5.1 Proofs for Section 2.2.3

Lemma 2.13 (Generalized Holder inequality, BB61, Chap. 1.18). For x, y,z € R} and positive

p,q,rsuchthat—+ +——1 we have: Z] 1 Xiyizi < xliplylighzly.

q

Above lemma is used to obtain a slightly tighter bound for || m; II%_1 1, than standard analysis.
t

Lemma 2.14 (Bound for ||mt||2_1,2) Under Assumption 2.1, f1 <1, f2 <1,y = 1 > <1,e>0,
and the definitions of ay, my, vt, Dy in AMSGRAD, it holds that

(]-_:61)2 d t—j, (i)
— B, "1g;"l. (2.9)
V=B - y);,; J

2
|2l o712 =

Proof. From the definition of m; and v, it follows that
t .
me=01-BDY B gj, =(1-p2) Z By gt (2.10)
j=1

Then we have
()2 (Zi,a-pnp, g? )
=1 1 j

\/zf L= BBy (g2

(m

da

2 2
[l 772l o2 S ”mt”v—UZ = Z Z
' t -

=G

Ca-pd (T 1/35_]6’1%")
1-62 i=
\/ B2 1\/Z éjgjzl

=y ~ Ry T
(1-p? & (Z;zl(ﬁ24 |g§z)|2)4) (25_21([5}/2[321/4)4(;* 1)) (2521('3; J|g](_)|)22
<

V1B i ~J (ol
as VEi By (g2

_a- ﬂl)zz(i )Ziﬂtj|g(~i)|< 1-p1)? iiﬁt ]lgl)l
V1-p2i R A S P O s e ’

where the first inequality is by (9, (’))1/ 2
with

=

——
(NI
—_—
Do

p(D )12 the second one follows from Lemma 2.13

>(y

_ = —j L
x;= B, |g“|2 vi=Bi8" 7, zi=B18"n: and p=g=4, r=2,
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Chapter 2. Convergence of adaptive gradient algorithms for nonsmooth problems

and the third one follows from the sum of geometric series and the assumption y = 1 L <l

We comment on the possibility of observing many zero gradients in the beginning, causing

v; = 0 until some ¢, which would cause the appearance of indeterminate form g in the upper
(m(ti))z
(U(i))llz .

case the above derivations are always well-defined. For this, we argue as follows: recall first
that y =0 iff g(” Oforall j =1,...,t. This being the case, we also get m(’)

l) 2
) . . N
= 0. In fact, this was done only for convenience, since vg” € and we can always exclude

bound derived above, specifically in For this, we use the convention % =0, in which

0, and hence,

+
(vii))llz
zero terms from ||m,||>_,,,, before using the first line in the above chain of inequalities. |
I} 1/2
t

Lemma 2.15 (Bound for ZT Lacllme] A_l,z) Under Assumption 2.1, f1 <1, B2 <1,y = 1 L<1,
€ >0, and the definitions of a¢, my, vy, vt in AMSGRAD, we have

T

Y (g2, (2.11)

=1

T 1- V1+logT &
S adlml?y, < L PNAVI+I0BT &
=1 0 VIA-620-7) i

Proof. We have

=1 Vi VA=P62)A-7) iz1t=1

(1-p1)° e t=j| (@)
XYY By llg ;1 (Changing order of summation)

VA =B2)(A-7y)im1j=11=)

= a-p i Z a 'Ig(i)l (Usingi a ﬁt_j <Y )
N — . t < —
Va-ga-piagm = T I-p

_ d
< 1 ﬁl Z
VI@=62)1~-7) iz

(1 Br)ay/1+logT
VA=6)A-7) iz1

a 2 1-p* Lo
Yoadlmlls s ————=)" > a;)_ B ]Igml (Equation (2.9))
=1

g

2 (D)2 _
a]\ljzl(g )¢ (Cauchy-Schwarz)

T
Using l_sl+lo T). ]
g
j=1

We now continue with the proof of Theorem 2.2.

Proof of Theorem 2.2. Let x € argmin ¢ Zthl f:(»). Then by convexity, we immediately have

T
R(T) < ) (g xi— x).
t=1

Hence, our goal is to bound the latter expression. If we sum the inequality from Lemma 2.1
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over t =1,..., T and use the fact that mg = 0, we obtain

T 1 T-1
Y (g xr—x) = 5 (¢mrp, x7 — x) = (Mg, X0 — X)) + (Mo, Xo — Xy + Y_ (my, Xp — X)
=1 Ml =1
+ b i(mt—l)xt—l —Xt)
1 _,31 t=1
B L B1 <
=L mp,xp— )+ Y (g, x - x) + YAmy, X1 —xp). (2.12)
1-p1 =1 1-p1 =

We will separately bound each term in the right-hand side of (2.12) and then combine these
bounds together.

o BoundfothT:1 (my, x;— x): As x € K, by nonexpansiveness, we get

~1/2
2 1/ ~A—1/2 ~A—1/2 2
lxeer = x6l50e = WP (%0 = a7 2my) = X3, < e = a0 2 my = XI5,
t t

1/

2 2 2
= |lx;— x|l o2 20{my, Xy — X) + ||atVt myl pL2
t t

= ¢ = Xy = 200, (Mg, X = ) + QLI e (2.13)
We rearrange and divide both sides of (2.13) by 2a, to get
1 1 At
(Mg, x¢—x) < —lx¢ — x”%l/z —— X411 - x”%l/z + _”m[”%—llz
t

20 vy 20
((U(l))l/2 (*(l) )1/2

ay (]

1

2

lxr—x01%10 — ||x1 xIIA +
2a,-y 0 U0 2a, T " 2lz1

) (x(i) _ x(i))Z
t
at 2
+ 7””’1;‘” o712

D2 d (U(l))l/Z (v(l)l)l/Z a
”mt” o712

1 1
< e = %0212 = ==l = x||A1,2+ > >

21 Ui 2ag i a; A
(2.14)
where the last inequality is due to the fact that v(” > Ag’)l, 1> at - , and the definition of D.2
Summing (2.14) over ¢ = 1,... T and using that 271!0 lx1 — xll%u2 = 0yields
0
L i1z, 1w 2
Y (my,x— ><—Z(”) —Z allmells_s. (2.15)
=1 ar =y 213 Ve

. BoundfothT:1 (m¢_1,%x¢—1 — X¢): Let us bound the last term in (2.12).

T-1
Z(mt LX—1— X)) = Z(mt LX—1— X)) = Z (my, x¢ — x¢+1)  (Using mp = 0)
=1 =2 =1

2Note that for t = 1 we suppose that aio = 0; this makes the above derivation still valid, as @ is not used in the
algorithm, and this is only for convenience.
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Chapter 2. Convergence of adaptive gradient algorithms for nonsmooth problems

T-1
< ) mell vzl ey = xell pure (Holder inequality)
t
=1
T-1 I)I/Z ~1/2 ’jl/Z X
=2 Imllge | P (xe— a7 “my) =Py (Using x; € X)
=1
T-1
= 2 adlmllyell 072 myl| pL/2 (Nonexpansiveness)
=1
T-1 , 1
=) ardlmll? . (™" xlly = llxlly-1). (2.16)
t

~
—

At this point, we could use eq. (2.11) to obtain a final bound for Zthl (m¢_1,x-1—Xx¢y. However,
we postpone it to combine it with the term (m7, x7 — x) in (2.12) to have a shorter expression.

* Bound for (mr, xt — x): This term is the easiest for estimation:

{mr,xr—x) < |mrl Tl lxr— x| py2 (Holder’s inequality)
1 . .
<arlmrl? .+ —Ilxr — x|, (Young’s inequality)
Ur dar Ur
D2 da X
<arlmyl?.,+— Y (0% (Definition of D) (2.17)
Ur dar i3

We now have all the ingredients required to bound the right-hand side of (2.12). To that end,
after all substitutions and some straightforward algebra, we obtain

T T
RHS of (2.12) = ﬁlﬁ ((mT,xT —X)+ ) (M1, X1 — xﬁ) + ) (my, x; — x)
1

=1 =1
DZ d . 1 T
< fﬁl (4aT 20 ”)”2+;at||mt|| A_1,2)+—Z( 4 5; el e
2- ﬁl)D d (D)2 4 1+p1 a
) allm IIA
T dar(l-py) Z T20-p0 £ 2 adlmeliy
D’VT ¢ py1/2
S 5—— 2. (07) allm IIA
20,’(1 ,51) g 1 ﬁl Z t t 1/2
__DWT D2\T i(m) 2, ay/1+logT i 2.18)
2a(1-p1) 0-f0-7 & '
where the second inequality follows from the assumption 2_4 L < %, 1+2ﬁ L<l,and ay = “T,
and the last follows by Lemma 2.15. |

2.5.2 Proofs for Section 2.2.4

We give analogous results to Lemmas 2.14 and 2.15, which are mostly standard and simplified
thanks to a constant ;.
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2.5. Proofs

Lemma 2.16 (Bound for || mtllz,m) Under Assumption 2.1, f1 < 1, € > 0, and the definitions of
ay, My, Uy in ADAMNCG, it holds that

d t ﬁt_](g(l))z
Il e < VIL-p1) Y Y~
! i=1j=

y Zi:l(gl(ci))z
Proof. Using the expression (2.10) for m; and v(” = % (Zt 1(g(’))2 ) we obtain:3

t=j @
(m? & A-pp; s a [zt g
”mt”i;uzzz m Z( =1 ! ] ) S\/;(l_ﬁl)zz( j=1"1 J )

EIUDE= V (e+zk (g72) =T
d zt_ t_]( Zt t j - ]( l))2

Vi - )Z
i=1 /zk l(g(l) i=1 /Zk 1(g(l)

d t ,B[_j(g. )2
< \/E(l _ﬁl Z Z 1—]
i=1j=1 Z (l)

(2.19)

where the first inequality is due to € > 0, second inequality is by Cauchy-Schwarz, the third
one by the sum of geometric series, and the final one is by j < ¢. |

Lemma 2.17 (Bound for Zthl atllmtllzv_l,z). Under Assumption 2.1, 1 < 1, € > 0, and the
3
definitions of ay, m;, vy in ADAMNCG, it holds that

T
Y (g™ (2.20)
t=

d
Z atnmtu L < Z

Proof. We have, by using Lemma 2.16

where the second equality is due to a; = \%, third equality is by changing the order of summa-

tion, first inequality by summation of the geometric series. For the last inequality, we use a

3In the sequel, the same comments about the indeterminate form 2 o apply here as in Lemma 2.14.
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Chapter 2. Convergence of adaptive gradient algorithms for nonsmooth problems

standard inequality for numerical sequences, see for example [ACBG02, Lemma 3.5]

T
<2.|) a; foralay,...,ar=0. [ |

Proof of Theorem 2.5. We will follow the proof structure of Theorem 2.2. First, we start from (2.12)
which applies to AbDAMN Cas the update of m; is the same as AMSGRAD

T

T
R(T)< ) (gnxi—x)= ﬁ—ﬂ<mT,xT—x>+Z<mt,xt—x>
=1 =1

1 ﬁl Z(mt LX—1— X (2.21)

Then we again bound each term in the right-hand side seperately.

e Bound fothT:1 (my, x; — x): We proceed similarly to the derivations in (2.13) and (2.14), the
main change being that we now have v; instead of 7;. We have:

l))l/z

(1) y1/2
(v,2))

(v,
a; a1

(Mg, X —X) <

26{,;_1 -1

2 1)\2
it =xlpue = 5=t = X+ 5 Z( )(x“’ x®)

+ 7”7711‘” v

Dz ((U l))l/Z (Ugi_)l)llz

1 1
< = %012, = —ll X1 — X m+—Z

at 2
+—Ilmell®_ 0,
241 vih 2ay 2 2 Uy

i=1 A X1
( (i) )1/2 (v(l) )1/2

where the last inequality is due to —/—— = —=1—

L=, since by definition =1 N 1(gj-i))2 and

;= \/Z' We now proceed to telescope this inequality, assuming as before that — 2; = 0. Doing
so, we obtain:

(U(l))llz

Z<mr,xt x) < —Z

1 T
o EZ el e (2.22)

e Bounds for {mr,xT — x) and ZtT:1<mt_1, X¢—1 — Xt): These bounds will be similar as in the
proof of Theorem 2.2. Again, the only change in calculations in (5.38) and (2.17) is that now
we have v; instead of 7,

T T-1
Yo m, X = x) < Y adimyl? g, (2.23)
=1 =1 r
and
D? (112,
(mp,xr—x) < arlmrl? BT v Z( ) (2.24)
T i=1

We now combine (2.22), (2.23), and (2.24) in (2.21), estimate using the same steps in (2.18),
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2.5. Proofs

and use the bound for Zthl all mtlli,l,2 from Lemma 2.17 to conclude:
t

i( X —'B—(m X —x)+ZT:(m X;—X)+ hr
= 8t Xt — 1— ,6 T)AT t_] At 1_ﬁ1 ~

5(74_4(1—,31)); a7 +(— - ﬁl)za’t”mt” -1/2

< D*VT Z( (z))l/z
2a(1-p1)

i=1

(M1, Xr-1— Xp)

2.5.3 Proofs for Section 2.2.5

Lemma 2.18 (Bound for || mtllz_,) Under Assumption 2.1, 1 < 1, € > 0, and the definitions of
¢, My, Vg, Uy in SADAM, it holds that

d t
I3 o = 1A= 1) ZZ

(2.25)
i=1j Zk l(g )2+€
Proof. We have
1—j (l
(m(l))2 d (m(l))Z ( = lﬁ 3 )
Imel%-, = = =t(1- )
ﬂ (l) 2 d t ﬂt ](g(l))z
1 1
<t(1-p1) ]—_t(l B1) —, (2.26)
,lek @ ?Uzlz 0re

where we used 0; =1 Z k= 1(gk))2 + % and expression for m; from (2.10) in the first line. First

inequality is by Cauchy-Schwarz and sum of geometric series; the last inequalityisby j<¢. W

Lemma 2.19 (Bound for Z _pacll m; || o ). Under Assumption 2.1, 1 <1, € > 0, and the defini-
tions of &y, my, vy, Uy in SADAM, it holds that

d T ( (l)
Zatllmtll 1 =@ Z (Z% 1). 2.27)

Proof. We have, by Lemma 2.18

ﬁﬂ@
k l(g(l))z +e
d ﬁt ](g]l))z

=a(l- ﬁ)ZiZ—w(l—ﬁ)iZZ

z:1t:1]=12k 1(g N24e i:lj:lt:]Z (g(”)2+e

d
Zatnmtn = Zatf(l AL i
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Chapter 2. Convergence of adaptive gradient algorithms for nonsmooth problems

J Zl (Zl# + 1), (2.28)
1

Z (l))Z +e =

where the second equality is by the definition of @ ; and the third equality is by changing the
order of summation. First inequality is by the sum of geometric series and the last inequality

is by
T
T i Z _14j
Z <log +1], (2.29)
j=1 Zk 1 Ak +€ €
for nonnegative a,...,ar and € > 0 - see e.g., [DHS10, Lemma 12],[HAK07, Lemma 11]. W

Proof of Theorem 2.6. Let x = argmin, ¢ Zthl f:(). In Theorem 2.2 we used convexity only
once: going from R(T) to Z[TZI (g1, xr — x). Instead, strong convexity gives us f;(x) = f;(x;) +
(8nX—Xp+ % |l x; — x[I?, which combined for all ¢ yields

T T T
R =Y fix) - fix) < Y (gr, %~ ) — g > I, — x11%. (2.30)
t=1 =1 =1

We want to estimate Zthl (g1, Xy — x). Similarly to (2.12), we have

T T T
Y (grx—x) < b (mp,x7—x)+ Y (Mg, x,—x)+ b Y (mpoq, xem1— ). (2.31)
=1 1 _ﬁl =1 1 _:BI =1

. BoundfothT 1{m¢, x; — x): We proceed similar to (2.13) and (2.14). The only change is that

now we have 7, instead of 1/” 2

(Mg, xp—x) < ! llx, — xII5 —iuxm—xn% f ”m—ﬁm () — x(0)2
' C 24 Yl 2ay ot —\a ai1)

We sum the above inequality and use the fact that ~llx1 - xII?70 = 0 to obtain

A~ (1)

A(t) )

T T d
@) _ (t)2 2
My, X —X) < S + mell5_ 2.32
;:1( X — X) ;: §: (2%f Za“) ) § I el 1 (2.32)

e Bound fothT:1 (M1, x¢—1 — X¢): This bound will be similar to the one we derived for Theo-
rem 2.2. The main change in the calculations of (5.38) is that we will have 7, instead of 9}/? for
using Holder’s inequality and nonexpansiveness

T-1
Z(mt X1 — X)) < Z allml? 51 = ZatllmtllA - (2.33)
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2.5. Proofs

We collect these estimations in (2.31) and (2.30) to derive

1+ T
R(T) = th(xt)—ft(x)< A {mr, x7 = 2) + 52 %I)Zatnmtn .

1= fi
T d A(z) ﬁ(l) '
ZZ( - ) =) ZZ S -a02 @

2a; 204 i=1i=1 2

2 o,
We collect the last two terms and use the assumption on the step size @ = % and the definition
pi =1 Z’ 1(g(’ )?+ £ to derive

i i)\ 2
o) uh e @ e,
2a; 2a,.1 2 2a 277

Thus, (2.34) becomes

1461 &
(mp,x7 = X) + ———— Zatllmtll _r

T
B B1
tg,lft(xt) fix) = -6, 0= py

h <1, Lemma 2.19 for the last term, and || /]l < G, || X — X|loo < D for

the first term

) p1dGD  a & (Xl g"?
th(xt) frx) = 1ﬁ1+1—ﬁ1i:2110g( -1 =

2.5.4 Proofs for Section 2.3

Proof of Lemma 2.10. By the definition of X; in (2.7), it follows that

@G0+ 2x - Fell3y = o) + —||xt X2 = ).
2 v,

Next, we use p-weak convexity of ¢ with respect to norm || - || o112 from Remark 2.7, and the fact
that x;, X; € X to get for any vector g; such that g; € 0 f(x;),

A

Qxg) —@(Xy) <X — X, g + g”-xt - 551‘”%{1/2-
We sum two inequalities and apply Cauchy-Schwarz inequality

p-p )
llx: — xt” pliz = (X=X, 80 < ||67t||,;[—1/2 llx¢ —xt”,gyzy

which yields
F—p

p N
e = &ell gz < el .
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Chapter 2. Convergence of adaptive gradient algorithms for nonsmooth problems

As Dy ; = € and for g, such that Eg; = g7, [ g,11> = |Eg;||> < Ellg;|*> < dG? by Assumption 2.2, we

have
2

2
lg:l o712 B

Ve

and the final bound follows immediately. |

Proof of Lemma 2.11. We first decompose the LHS

a{Xr— X, 81) = QX — Xp, Gr) + (X — X, 8¢ — qr)
=a{Xr— X, qp) (X — X)) — a1 (-1 —X-1), 80— q1)

+{@r-1(Xp-1 = X1-1), 8 — q1) (2.35)

In this bound, the last term will be 0 after taking conditional expectation E; as X;—; depends
on D;_1, which, in turn, depends only on g, ..., g;-1, thus, independent of g;.

For the first term in (2.35), we recall that %; € I, x; € K, q; € 0f(x). Then we use g-weak
convexity of f with respectto | - || 91125
. o P -
(Xt =X6,qp) = f(xe) — f(Xe) — §||xt =Xl 12
t
P oy, P . p—p .
= (Forn + Sre = xele) = (£ + Dl = 2000 ) + F5 B e = %00

= (p = P)Ixe = il G, (2.36)

where the last step is due to x — f(x) +0xc(x) + gllx - xtllé ., being p — p strongly convex w.r.t.
t

Il p12) with the minimizer %;, and x;, X; € K.
Next, we need to lower bound the second term in (2.35). For this we upper bound the term
(a1 (xXp—1 = Xp1) —ar (X = X0), 8¢ — qe) = (@1 — a)){xr — X¢, 8 — q1)
F @11 = X, 8 — ) + X1 (X — X4-1, 80— qr). (2.37)

We proceed with bounding the first term in the RHS of (2.37), using a; < a;_1,

Er(ar—1—a{x;— X, 8 — qr) < (@r—1 —a)Esllxs — XN g — gl

< (a1 - a)DE,llg: - q;l

< (a1 — a)D\/E;llglI2

< (a;1 —a,)DVdG,

where the second inequality follows from Lemma 2.10 and third inequality follows from
Jensen’s inequality and E, || g, — E; g/1? < E;llg:1I%.

For the second term in the RHS of (2.37) we use Cauchy-Schwarz and Young’s inequalities and
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2.5. Proofs

nonexpansiveness of weighted projection to get

1 2 @ 2
Erar (X1 = X6, 8r—qe) < —EellXxe — X1 1500 + ——E£ 1182 — g1l 12
2 Vi1 2 Vi1

2 2
a a
t—1 2 -1 2
= Ecllme a5, + —=E &g — g:ll
2 Viaa 2\/E
2 2
a a
t—1 2 -1 2
= Ecllm—1 050, + —=Ellell”.
2 Vi 2\/E

Similarly, we estimate the third term in the RHS of (2.37)

. p a;_1p 9
Erar (X — X 1,gt—61t>< ”xt_xt 112 1/2+ ﬁ Eclige = aqill;-re
t

p—ﬁA o LA
||xt_xt—1”A1/2+— lgell”.

4p 0 (p-p)ve

Combining all the bounds gives the result. |

=

Proof of Lemma 2.12. We start with the result of Lemma 2.14

1-B1)?
VA=B6)0-7y) ]

We will proceed similar to Lemma 2.15 with the only change of having a7 instead of a;

d t -
ZZ Mgl

2
[l o712 =

iaznm R o ) ZZaziﬁ“"lg- |
= t t pyue = = ,32)(1 ¥ t 4 1 It

1-B1)? A I
= a 1g;,il
N B y)l;;; e
1-p; 47z ,
s—tL Y Y gl
VAP - y;; Jert
Sl_—ﬂlasz(l+logT). |

VA =p2)1-7y)

2
Theorem 2.8. Let Assumption 2.2 hold. Let 1 <1, fo <1,y = ﬁ—; <1,p=2p,e>0and t*
selected randomly from [T]. Then, for iterate x;+ generated by Algorithm 2.1, it follows that

2
[E”V(pllp(xt*)”A 12 S ——= avT C1+(1+10gT)C2+C3 ’

)

) _ 4ppra * 5p 2,20 (26, B 23 1-f
Wlthcl— \/E(l_ﬁ)\/_DG-i-(pl/p(xl f Cy== dG +\[(\[+1 ﬁ1+(1*ﬁ1)2) \/(1_[32)(1_)/)

_ sP2vd (i) \1/2 ._ 2V/dG
C3=pD ZiZI[E(vTH) ,andD.—T.
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Chapter 2. Convergence of adaptive gradient algorithms for nonsmooth problems

Proof. We sum the result of Lemma 2.1 by using A; instead of x; — x, and use A; = Ay. with
mo = 0. We note that we have A; = pa;(x; — X;), for t = 1.

T T-1
Y (Ang) = ﬁ—ﬁ<AT, mr) + Z (A, mye) + 1 ﬁﬁ Z (Ar = Apr1,my). (2.38)
t=1 1=

After plugging in the value of A;, (2.38) becomes

L N pipar I
me(xt—xt,gos 5 (xp=%r,mr)+ Y pa(x;— e, my)
=1 - t=1
ﬁlﬁ =
ﬁ Z(at(xt Xp) = @1 (X1 — K1), My). (2.39)
1=

LHS of this bound is suitable for applying Lemma 2.11 to obtain the stationarity measure. We
have to estimate the three terms on the RHS.

p ll_ﬁ ng (X7 — X7, m7) in (2.39): We bound this term by Cauchy-Schwarz inequal-

e Bound for
ity, Lemma 2.10, and || m¢]leo < G:

(x = p,mr) < |x7 — &rlllmr| < DVdG. (2.40)
e Bound for f_l—gl Zth_ll (ai(Xr—X¢) — Ape1 (X141 — Xp41), Mgy in (2.39): We have

(@r(Xp = Xp) = @pe1 (X1 = Xpg1), M) = (@ — Qe )X 1 — Xpg 1, M) + QX — Xpa1, My)

+a i {(Xpp1— Xp, My). (2.41)

For the first term in (2.41), we use that a; = a;;+1, Lemma 2.10, Cauchy-Schwarz inequality
and ||m;|lc < G to obtain

T-1 T-1
Y (@ — @) (X1 = X, m) < Y (@ - a)DVAG < a) DVAG.
t=1 =1

For the second term of (2.41), using nonexpansiveness of weighted projection, we deduce

~1/2
1/2
ar{Xy = Xa1, M) < AellXe = Xpall gzl mell g1z = (xtllxt—P,C (e —a 0 “mollgrellmell e

= a[”mt”ﬁt—lﬂ‘

ﬁlP

First, summing (2.41), multiplying both sides of the inequality by {=5-, and then plugging the

last two bounds, we have

~ T-1
brp Y@= &) = Wp1 (X1 — Ree1), M)

lﬁlt

ﬁlpat N
ml’ prir2 + Z <xt+1 — X, my)

ﬁl; aD\/_G+Z’Blpﬁ
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2.5. Proofs

||xt+1 - xt” oL/

lﬁﬁaD\/_G+Zﬁlpﬁ ,‘||A_1,2+Z

~2 2 T
p B1
Y- U=pE A Za Il (2.42)

where we used Young’s inequality in the last step.

¢ Bound for ZtT 1 Pa{x; — X, my) in (2.39): We proceed as in eq. (3.6) to (3.8) in [DD19], but
with a tighter bound in the beginning, where we use x — f(x) + 6 (x) + 5 £ 51X — x¢41 112 72 being

t+l

p — p strongly convex w.r.t. || - || o125 with the minimizer X4,

P=P . . 2
(pllp (Xr41) = f(xt) + _”xt — Xr+1 ” o112 - 1% — Xesall pL2
t+1

N N 2 N 2 o=0, . 2
=f(X)+=xs—x it =lXr—x N ap——— X — X N (2.43)
f t 2” t t+1|| U}/Z 2” t Hl””%izl_l’}/z 2 ” t t+1|| Utlizl

We estimate the second term in the RHS of (2.43) by the definition of x;;, then using &; € I
and nonexpansiveness of the weighted projection in the weighted norm

N[

172
~ 2 v A—1/2 512
||xt_xt+1||l71/2 = ||,P,Ct (Xr =0, "my) = Xl pl2
t t

'Dl N|b|

~1/2
oY 1/2 v 512
SIPy (xz—atv, me) =P’ (X750
t

~—1/2 s 12
lx;—a;0; mt—xtllmz

N|b| [\J|b| N |

2 _ A
lx; — xt”ﬁl/z +p(X; — xtyatmt>+2a ”mt”A-l/z
t

We insert this estimate into (2.43) and use the definition of (pi /6 (x;) to obtain

2 P
(Pl/p (Xr+1) = (Pl/p(xt) +pa (X —xp,me) + = 2 Pa Zlimell izt S 5 1% = xp I3 pL2_p1r2

s 2
2 ”xt le”’ﬂﬁ' (244)

12, 0¥ > f;”) and Lemma 2.10

We manipulate the second to last term, by || a+bl|? <2|lal|®*+2]| b Uy

P, . 2 Za 2 Gp 2
EHXt_ Xe+1ll o112 2 = pll X — x|l P12 pl2 + %”xt_ Xl D12
o2 a2y, GP :
pD* > (@2 =) +— ||mt||A 12- (2.45)
i=1 \/E

We use this estimate in (2.44) and sum the inequality to get

G
me(xt xt,mt><<p1,p(x1) <p1,p (xT+1)+Z( +%)pa IlmtllA 12

=1
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Chapter 2. Convergence of adaptive gradient algorithms for nonsmooth problems

T -
+pD? Z(A(T”H)“Z 5 P ||xt—xm|| (2.46)

Combining estimates into (2.39). We now plug in (2.40), (2.42), (2.46) into (2.39) and use

ar<a, 0!/2 = 0} to get

QU

at<xt $080) = ¢ 2hrpa D\/_G+<p1/p(x1) 15 Gere) +pD? Y (0 )

_ﬁ i=1
1. G f p B p—p
+ -+ —+ +

Z Ve 1-B1 p—pa-p?

||[\/]~]

a a 2
pas ||mt||A_1,2 Z 1% = ZeallZie.  (247)
=1 r+1

At this point, due to the coupling between X;, 7;, and g;, we cannot directly take expectations,
so we use the estimations of Lemma 2.11. First we sum the result of Lemma 2.11 which gives

T T
Y Eiac(x:— %0 80] = Z —plaglx;— xt”%uz —(ap)VdDG
r=1 =1 ¢
T ~_ 4 T T . 2
p—p A a1 2
— E — e — [E . E .
; 45 tlXe— X 1” 912 ; 2 cllmg— 1” -2 ;( P) \/E 18l

We use here the assignments used for convenience: @y = 0 and Xy = X; and recall that my = 0.
We plug this estimation after taking full expectation in (2.47) and use 72 < 9’2 to obtain

t—1—
& 02 2B1pa 2 () (172
p(p—p)Zatﬂlxt—xtllﬁuz_(1 ﬁ)D\/_Gﬂpl,p(xl) Eg(/5 (xr41) +pD ZrE( D)
=1 ¢ i=
L G B1 p B 2 1 p 2 2
+ 1+ —+ + — a[EIImIIA_ + ~ oa;_1Ellgell”.
;1 Ve ' T-p “p-pa-pn)’ Hope Z 2V (p-pve) I

The only quantities left to estimate are Zt 1 at 11ge |2 and Z _ @ llmy|? 12 Using Lemma 2.12
and @ = 0 shows that both these quantities are bounded by O(log T):

-B

T
2 2
asllmells,, < —————
; N T S s

dG(1+logT).

T T
Y aflgd*=Y o ligll* <dG*(1 +logT).
=1 =2

The proof then follows by using (2.8), f* < f(x),Vx € X, picking ¢ =29, using a; > ar, and in
the end dividing both sides by Ta . |

2.6 Bibliographic note

Lemma 2.1 and Lemma 2.10 are due to Yura Malitsky.
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8] Smoothing and stochastic algorithms

In the last chapter, we focused on generic nonsmooth optimization template, for which
O1/VK) is the optimal rate [NY83]. To enhance this result, we have to consider structured
nonsmooth problems. In this chapter, we focus on convex problems with linear constraints.

To process the constraints randomly, our approach will be to use SGD and CD. A natural way
to incorporate these algorithms for solving nonsmooth problems is via Nesterov’s smoothing.
Smoothing helps us formulate a sequence of smooth problems to solve the original nonsmooth
problem. The idea in this chapter is to use SGD and accelerated proximal CD for solving the
smoothed problems, along with a homotopy strategy to change the smoothness parameter to
converge to the original problem.

Our SGD approach solves problems with infinitely many linear constraints with O(1/v/K) rate
and our CD approach solves problems with finitely many linear constraints with O(1/K) rate,
both of which are optimal. These results are among the first rate guarantees for the corre-
sponding templates, with important advantages compared to contemporary developments.

This chapter is based on the joint works with Olivier Fercoq, Quoc Tran-Dinh, Ion Necoara
and Volkan Cevher [ADFC17, FANC19].

3.1 Introduction

In this chapter, we focus on the following problem:

P, = muiQrdl{P(x) = f(Ax) + g(x) + h(x)}, 3.1
X€E

where f:R" — RU{+o0}, g: RY — RU {+oo}, and h : R? — R are proper, L.s.c. and convex
functions, A € R4 is a given matrix and y, is a solution to the dual problem of (3.1). We
particularly focus on linearly constrained problems when f;(A;x) = 6y, (A;x) for i € [n]:

min g(x) + h(x), s.t. Ajxeb;, ie[n], (3.2)
xeR4
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Chapter 3. Smoothing and stochastic algorithms

where A; € R%*4 b; < R"™. This is a key structure that we can exploit with SGD and CD
methods to develop efficient algorithms. As we shall see, with SGD, we can even handle the
case when n is not finite. In this chapter, we only focus on this case, however as we will remark
later as well, it is straightforward to extend the developments in this chapter when f is not an
indicator but a Lipschitz continuous function.

Particular instances of (3.2) involve primal support vector machines (SVM) classification and
sparse regression which are central in machine learning [SSSSC11, GG09] Due to the huge
volume of data that is used for these applications, storing or processing this data at once
is often not preferred. Therefore, using these data points one by one or in mini batches in
learning algorithms is becoming more important. One direction that the literature focused so
far is solving unconstrained formulations of these problems, successes of which are amenable
to regularization parameters that needs to be tuned. With stochastic methods capable of
solving (3.4) directly, we present a parameter-free approach for solving these problems.

Approach. Our approach in this chapter is using Nesterov’s smoothing to formulate

min Pg(x) = g(x) + h(x) +fﬁ (Ax), (3.3)
xeRd

where fﬁ (Ax) = maxyepn(AX,y) — f (- gll Y- j/llz, with center point y. This problem is
a smooth estimate of (3.2) and obviously its solution set is different. There are several ap-
proaches to pick f to ensure an approximate solution to (3.3) will give an approximate solution
to (3.2). This choice may require the knowledge of the desired accuracy, number of maximum
iterations or the diameters of the primal and/or dual domains as in [Nes05]. In order to make
this choice flexible and our method applicable to constrained problems, we employ a homo-
topy strategy as in [TDFC18], to gradually decrease f to 0 and obtain approximate solutions
to (3.2).

3.1.1 Contributions.

In Section 3.2, we consider the setting when 7 is not finite in (3.2), by using SGD.
> We provide a simple SGD-type algorithm without expensive projections.

> We prove O0a/vVk) convergence rate for general convex objectives and O(1/k) rate for
restricted strongly convex objectives.

> We include generalizations of our framework for composite optimization with general
nonsmooth Lispchitz continuous functions in addition to indicator functions.

> We provide numerical evidence and verify our theoretical results in practice.

In the second part, we show that by considering finite 7 in Equation (3.2) and using accelerated
CD methods, we can improve the convergence rate.

> We propose a method combining accelerated proximal CD and smoothing to obtain O(1/K)
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3.2. Smoothing with SGD for infinitely many linear constraints

rate which is optimal for the deterministic problem (3.1).

> We show an efficient implementation to take full advantage of CD-based method.

Brief explanation for alternatives in the literature. The only work we are aware for solving
problems with infinitely many constraints was [PN17] that employed alternating projections
on the sets {x: A;x € b;}. Our algorithm is more general as these projections can be prohibitive
depending on dimensions of A;.

Prior to the developments in this chapter on CD, we were not aware of a CD method for this

template with rate guarantees. After the publication of our results, we learned about [GXZ19]

that studied randomized linearized ADMM. The advantage of our approach is using coordinate-
wise Lipschitz constants of f and norms of A;, whereas [GXZ19] requires global constants.
These are among the most important properties to make CD based methods practical.

We provide more comparisons in Section 3.2.5.

3.2 Smoothing with SGD for infinitely many linear constraints

We formalize the problem with infinitely many constraints. There are several interpretations as
considered in [NRP19]. Among these, we use almost-sure constrained approach. Let us denote
¢ as the random variable with distribution P and with Assumption 3.1, define the problem

xrr;ﬂi@l{}{P(x) =gx)+hx)} st PAExebE))=1. (3.4)
In words, we seek to satisfy the linear inclusion constraints in (3.4) almost surely. This change
is what sets (3.4) apart from the standard stochastic convex optimization. We assume that A(¢)
is a n x d matrix-valued random variable and b(¢) < R” is random nonempty, closed, convex.
For the special case when A(¢{) is an identity matrix, (3.4) is similar to the problem considered
in [NRP19] with a constraint set defined as the the intersection of a infinitely many sets.

As mentioned before, the only method that we were aware for problems with infinitely many
constraints was using possibly expensive projections on {x : A;x € b;} [PN17]. We take a
different approach and use Nesterov’s smoothing [Nes05]. In doing so, we avoid potentially
expensive projections and only use much simpler projections to the set b(¢). We make use of
the stochastic gradients of h(-), proximal operators of the nonsmooth component g(-).

3.2.1 Preliminaries

Space of random variables. In our formulation, we have infinite dimensional dual variables.
We consider random variables of R” belonging to the space

V={yE)e : Elly©N?1 < +oo}
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Chapter 3. Smoothing and stochastic algorithms

YV is aHilbert space and its norm s || y|| = \/E[| y(€)||2]. We denote by u the probability measure
of the random variable ¢, endowed with the scalar product

12 =Ely©) 2] = f G GEL)
Duality. We define the stochastic function
Je(A(Q)X) = b (A(S) X). (3.5)
As shown in [NRP19, Lemma 1] using simple arguments, (3.4) can be equivalently written as

muiQI‘}[E[hg(X)] +8(X) +E[fe (A(Q)x)] =: P(x) + f(Ax), (3.6)

where A: R4 — Y is defined as the linear operator such that (Ax)(¢) = A(§)x for all x and
f: Y —RuU{+o0} is defined by

fl2) = f 8 ey (Z(EN(E).

We will assume that
| All2,00 = sup [ A(§) || < +oo, (3.7)
¢

so that A is in fact continuous. Note that assuming a uniform bound on || A(¢) || is not restrictive

since we can replace A({)x € b(¢) by

_AQx
1A@I

A =—)
©)x 1A

without changing the set of vectors x satisfying the constraint, and projecting onto b’ (§) is as
easy as projecting onto b(¢). We define the Lagrangian £ : R% x )) — RU {+oco} as

L(x,y)=P(x)+ f (A©)x, Y(8)) = suppyy e (Y(E)pdE).

We assume strong duality holds. For this Slater’s condition is a sufficient condition [BC11]. We
also assume existence of a primal solution. In the context of duality in Hilbert spaces, Slater’s
condition refers to 0 € sri(dom G — A(dom P)), where sri(-) refers to the strong relative interior.

Optimality conditions. We denote by (x4, y«) € R4 x Y a saddle point of L(x,y). For the
constrained problem, we say that x is an e-solution if it satisfies

|P(x) — P(x4)| <¥€, \/[E [dist(A(&)x, b(£))?] <e. (3.8)

We continue with the assumptions regarding (3.4).
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3.2. Smoothing with SGD for infinitely many linear constraints

Assumption 3.1.
> A primal solution exists and strong duality holds.

> his Ly-smooth and g is proximable. h;, g are proper, L.s.c. convex.

> We have h = E[h¢(x)] and 0, < +oo such that E[|V ¢ (x) — Vh(x) 1% < U‘Z.

> A({) is a n x d matrix-valued r.v., b(¢) € R” is a random nonempty, closed, convex set.

3.2.2 Algorithm

We derive the main step of our algorithm from smoothing framework. The problem in (3.4)
is nonsmooth both due to g(x) and the constraints encoded in f¢(A({)x) as in (3.5). We keep
g(x) intact since it is assumed to be proximable, and smooth f to get smoothed version of (3.6)

Pg(x) =E[he ()] + g(x) +E[f(A)x,8)], (3.9)
where f5(A()x,¢) = ﬁ dist(A(&)x, b(&))?, in view of (3.3) and ¥ =0. Note that Pg(x) is Ly, +

IA1Z,
\VEIIAQ@) x]17]
I All,2 = sup ————

T-smooth where
X#0 Il

< [ All2,00,

with || All2,.c being defined in (3.7). Note that (3.9) can also be viewed as a quadratic penalty
(QP) formulation. We also define the smoothed gap function

1
Sp(x) = Pp(x) — P(xyx) = P(x) — P(x4) + %fdist(A(cf)x,b(f))zu(df). (3.10)

The main idea of our method is to apply stochastic proximal gradient (SPG) [RVV20] iterations
to (3.9) by using homotopy on the smoothness parameter . Our algorithm has a double loop
structure where for each value of 8, we solve the problem (3.9) with SPG upto some accuracy.
This strategy is similar to classical inexact quadratic penalty (QP) methods. In stark contrast
to this approach, Algorithm 3.1 has explicit number of iterations for the inner loop which is
determined by theoretical analysis, avoiding difficult-to-check stopping criteria for the inner
loop in inexact QP methods. Decreasing § to 0 according to update rules from our analysis
ensures the convergence to the original problem (3.4) rather than the smoothed problem (3.9).

In Algorithm 3.1, we present our method. Case 1 refers to parameters for general convex case
and Case 2 refers to restricted strongly convex case.

It may look unusual at first glance that in the restricted strongly convex case, the step size a
is decreasing faster. This is due to restricted strong convexity allowing us to decrease faster the
smoothness parameter 3, and the step size is driven by the smoothness of the approximation.
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Chapter 3. Smoothing and stochastic algorithms

Algorithm 3.1 Stochastic approximation method for almost surely constrained problems
(SASC, pronounced as "sassy")

xg eR4

ap<3/4L(Vf)),and w>1

Case 1: mp e N,; Case 2: mg = ,u%o

for se Ndo

ms = lmow*], and Bs = 4as | Al5 o
-s/2.
)

Case 1: a5 = agw
for k€{0,...,mg—1} do
Draw ¢ = €Sk+1’ and define z = A(f)x,sc.
D(x}, &) := Vhe(x3) + A©) TV f5,(A©) x5, )
X} 41 = ProXg o (%] — asD(x}, )

Case 2: as = apw”°.

end for
=s _ 1 vMs _s
X = mszk?xk )
. S+1 _ S . . s+l _ =8
Case 1: x)"" = x;,; Case2:x," =X
end for

3.2.3 Convergence

We present a key lemma which is instrumental in our analysis. It serves as a bridge between
Bs with the smoothed gap in (3.10) and the optimality results in the sense of (3.8). This lemma
can be seen as an extension of [TDFC18, Lemma 1] with infinite dimensional dual variables.

Lemma 3.1. Let (x4, y«) be a saddle point of

minmax £(x, y).
xeRd yey

Then, the following hold:

Sp(x) = —glly*llz,

1
P(x) - P(xy) = i f dist (A(&)x, b(E)>u(dé) — Blly« I,
P(x) = P(x4) < Sp(x),

f dist(AQ)x, b(E)2u(de) < 4B y» 12 + 4BS5(x).

The simple message of Lemma 3.1 is that if an algorithm decreases the smoothed gap function
Sp(x) and g simultaneously, then it obtains approximate solutions to (3.4) in the sense of (3.8),
i.e. it decreases feasibility and objective suboptimality.

Recall from (3.9), fg(A()x,$) = ﬁ dist(A(&)x, b(¢))2. The main technical challenge of applying
SPG to (3.9) with homotopy stems from the stochastic term due to constraints:

Elfp(A(S)x,4)], (8.11)
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3.2. Smoothing with SGD for infinitely many linear constraints

This term is in a suitable form to apply SPG, however its variance bound and Lipschitz constant
of its gradient becomes worse and worse as ;. — 0. A naive solution for this problem would
be to decrease B slowly, so that these bounds will increase slowly and they can be dominated
by the step size. Due to Lemma 3.1, the rate of decrease of ; directly determines the con-
vergence rate, so a slowly decaying 8y would result in slow convergence for the method. Our
proof technique carefully balances the rate of §; and the additional error terms due to using
stochastic gradients of (3.11), so that the optimal rate of SPG is retained even with constraints.

We present the main theorems in the following two sections. The main proof strategy in
Theorem 3.2 and Theorem 3.3 is to analyze the convergence of Sg(x) and ;. and use Lemma 3.1
to translate the rates to objective residual and feasibility measures.

Convergence for General Convex Objectives.

Theorem 3.2. Let Assumption 3.1 hold. Let Ms = }.;_, m; and pick w,ao, ms, Bs as Case 1
in Algorithm 3.1. Then, for all s,

E[P(x") = P(xx)] < \/Cl\l/l_s

s 2Cy G [ log(Mj/ my)
E[P - P > — C
(POC) =Pz =2 1t g

1 log(M,/
\/[E [dist(A@) %5, b(E))2] < [2C4||y* 1+21/C C4\/C2 4 MQ]

[Cg N log(M;/myg) c ]
log(w)

1 1% —

v Mj log(w)

NI ll2¢, —x1I? 2 2 2 2 2
=— = =0 4 = +
where C; pETIY C > 2aompo, C3 2“0||A”2,oom0”y* I +2agmoo?, and
vV
C4 = 405()\/ mo”A”g,mﬁ

Note that O (1/V'k) rate is optimal for solving (3.4) with SGD [PJ92, AWBR09]. In Theorem 3.2,
we see that handling infinitely many constraints via SGD only brings overhead of a log.

Convergence for Restricted Strongly Convex Objectives. Now, we assume P(x) in (3.4) to be
restricted strongly convex in addition to Assumption 3.1: P(x) = P(x4) + gll X — X« ||?. Requir-
ing restricted strong convexity of P(x) is weaker than strong convexity of k¢ (x) or g(x), see
[NNG18] for more details.

Theorem 3.3. Let Assumption 3.1 hold and P be -restricted strongly convex. Let Mg =3.}_, m
and pick w, ag, mys, B as Case 2 in Algorithm 3.1. Then, for all s,

log(M/my)

1
E[P(x%) — P(x4)] < . D, +

s log(w)
oy _2Ds 2_ 1 log(M/mo) ]
EIP(E) = PO = ==yl = o [Dl T log@
' - 1 log(M;/ my)
VE[dist(A@©25, b@)2] = - | 2Dyl +24 DMDI ’ mgTDzl
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ZW%an

my 1,0 _ 2 w2 _ 2 2, 2 —
|30 = xx | +2@0mo 5% 07, D2 = (mo—l)(w—l)(”Anz,oo”y*” +Uh)’D3_

ao(mo—1) 2

where Dy = %

4aomoll All5 oo 225 -

Similar comments to Theorem 3.2 can be made for Theorem 3.3. We have O(log(k)/ k) rate for
both objective residual and feasibility under restricted strong convexity assumption. This rate
is optimal up to a logarithmic factor for solving (3.4) even without constraints.

3.2.4 Extension

We can extend our method for solving problems considered in [0OG12], which corresponds
to (3.6) when fz(-) is not an indicator function, butis L f—Lipschitz continuous. This assump-
tion is equivalent to dom(f*) being bounded [BC11]. This special case with g(x) = 0 is studied
in [0G12] with the specific assumptions in this section. Inspired by [Nes05], it has been shown
in [0G12], that one has the following bound for the smooth approximation of f¢(-)

B

Elfe (A©)x0)] = E[fp(AC)x,9)] + EL?. (3.12)

We can couple our main results with (3.12) to recover the guarantees of [0G12] with the
addition of the nonsmooth proximable term h(x). Essentially, after proving the bound for S 6
which is the first step in our proofs, we can directly use (3.12). We can also consider

n;“ng[E[hg(X)+f1.f(A1(€)x)]+g(x), st. P(A2(&)xeb@)=1,
X

where fj ¢ is Lipschitz continuous and we have the same assumptions as (3.4) for the con-
straints. As argued above, we can use our results from Section 3.2.3 to solve this template.

3.2.5 Related Works

Even though SGD is well studied, it applies to unconstrained problems [NJLS09, MB11, PJ92].
With simple constraints admitting efficient projection, and without almost sure constraints,
projected SGD can be used [NJLS09]. In the case where g(x) in (3.4) is a nonsmooth proximable
function [RVV20] studied the convergence of stochastic proximal gradient (SPG) method which
uses stochastic gradients of h¢(x) with proximal operator of g(x). This method generalize
projected SGD, however, it still cannot process infinitely many constraints since it is not clear
how to project onto the stochastic set in (3.4).

Methods based on alternating projections solve the following template
minE [h:(x)]: x € B:= NeeqB(E)). (3.13)
xeRd

Here, the feasible set 3 consists of the intersection of a possibly infinite number of convex sets.
When h¢(x) = 0 this corresponds to the convex feasibility problem is studied in [NRP19]. For
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3.2. Smoothing with SGD for infinitely many linear constraints

this setting, the authors combine the smoothing technique with minibatch SGD, leading to an
alternating projections algorithm with linear convergence.

The most related to our work is [PN17] where the authors apply a proximal point type algorithm
with alternating projections. Main idea behind [PN17] is to apply smoothing to h¢(x) and
apply stochastic gradient steps to the smoothed function, which corresponds to a stochastic
proximal point type of update, combined with alternating projection steps. The authors
show O(1/V'k) rate for general convex objectives and O(1/k) for smooth and strongly convex
objectives. Smoothness requirement of [PN17] in the strongly convex case renders their results
not applicable to our composite setting in (3.4). In addition, strong convexity is stronger than
our assumption of restricted strong convexity. Lastly, [PN17] projects to B(¢) at each iteration,
whereas we only project to b(¢). Unless A(¢) and b(¢) are of very small dimension, projection
to B(¢) can be prohibitive due to solving a linear system at each iteration.

Stochastic forward-backward algorithms can also solve (3.4). However, the papers introducing
those very general algorithms focused on proving convergence and did not present conver-
gence rates [Bial5, BHS19, Sal18]. There are some other works [WCLG15, MYJ13, YNW17] that
focus on (3.13) with finite number of constraints, which is more restricted than our setting.

When the number of constraints in (3.4) is finite and the objective is deterministic, Nesterov’s
smoothing framework is studied in [TDFC18, VNFC17, TDAFC19] with accelerated gradient
methods. These methods obtain O(1/k) (O(1/k?)) rate when the number of constraints is
finite and h(x) is a (strongly) convex function whose gradient Vi can be computed.

Another related work is [0G12] where the authors apply Nesterov’s smoothing for Lipschitz f;.
Note that in our main template (3.4), f(-) = 8 (-), which is not Lipschitz continuous.

3.2.6 Numerical Experiments
Sparse regression with basis pursuit on synthetic data

We solve basis pursuit (BP) problem, widely used in ML and signal processing [Don06, AKSV18]:

min | x|; (3.14)
xeRd

stta' x= b,a.s.

where a € R?, b € R. We consider the setting where the measurements arrive in a streaming
fashion, similar to [GGO09]. For generating the data, we defined Z as the matrix such that Z; ; =
p'i=i with p = 0.9. We generated random vector x* € R%, d = 100 with 10 nonzero coefficients
and independent NV (0,X) random variables a; which are then centered and normalized. We
define b; = al.Tx*. Because of the centering, there are multiple solutions to the infinite system

a' x = b a.s., and we wish to recover x* as the solution of the basis pursuit problem (3.14).

We compare SASC (Algorithm 3.1), SGD [NJLS09] and SPP [PN17]. We manually tuned the step
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=

x

= >

10° 1
©-SASC
+$-spp
+£-SGD
(] 1 2 3 4 5 107 () 1 2 3 4 5
10 10 10 10 10 10 10 10 10 10 10 10
iteration iteration

Figure 3.1 — Performance of SGD, SPP and SASC on synthetic basis pursuit problem.

sizes for the methods and included the best obtained results. Since the BP problem does not
possess (restricted) strong convexity, we use the parameters from Case 1 in SASC and a fixed
step size p for SPP which is used for the analysis in [PN17, Corollary 6]. We used the parameters
p=107°for SPB, my =2, w = 2, ap = 1072||a1 b; |0, Where a; is the first measurement and b,
is the corresponding result. We take n = 10° and make two passes over the data.

Figure 3.1 shows the results. We observe that SASC exhibits a O(1/v'k) convergence in feasibil-
ity and objective suboptimality. The stair case shape of the curves comes from the double-loop
nature of the method. SPP can also solve this problem since the projection onto a hyperplane
is easy to do when the constraints are processed one by one. We see in Figure 3.1 that SPP is
initially almost as fast as SASC, however, it stagnates once it reaches the pre-determined accu-
racy determined by the fixed step size y. We also tried running SGD on min, 1E || a'x- b||§

2
but this leads to non-sparse solutions, therefore SGD converges to another solution.

It is common in stochastic optimization to use mini-batches to parallelize and speed up
computations. SPP projects onto linear constraints each iteration. When the data is processed
in mini-batches, this requires solving linear systems with sizes depending on mini-batches.
On the other hand, SASC handles mini-batches without any overhead.

Portfolio optimization

In this section, we consider Markowitz portfolio optimization with the task of maximizing the
expected return given a maximum bound on the variance [AAEF07].

da
min—(dapg, X): Y Xx; =1 (3.15)
xeR4 i-1

Kai — aavg, X)| <€,Vi€([l,n],

where short positions are allowed and a4,¢ = E[a;] is assumed to be known. This problem fits
to our template (3.4), with a deterministic objective function, n linear constraints and one
indicator function for enforcing Z?Zl x; = 1 constraint.

We implement SASC and SPP from [PN17]. Since the structure of (3.15) does not have re-
stricted strong convexity, we apply the general convex version of SPB, which sets a smoothness
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Figure 3.2 — Performance of SASC and SPP on portfolio optimization for four different datasets

parameter u depending on the final accuracy. We run SPP with two different u values 10~ and
1072, We run SASC with the parameters ag = 1, w = 1.2, mp = 2 and Case 1 in Algorithm 3.1.
We use NYSE (d = 36,n = 5651), DJIA (d = 30,n = 507), SP500 (d = 25,n = 1276) and TSE
(d = 88, n = 1258) where d corresponds to the number of stocks and »n corresponds to the
number of days for which the data is collected and we set € in (3.15) to be 0.2. These datasets
are also used in [BEYG04]. We compute the ground truth using cvx [GB14] and plotted the
distance of the iterates of the algorithms to the solution || x — x*|| in Figure 3.2.

We can observe the behaviour of SPP from Figure 3.2 for different step size values p. Larger
causes a fast decrease in the beginning, however, it also affects the accuracy that the algorithm
is going to reach. Therefore, large y has the problem of stagnating at a low accuracy. Smaller y
causes SPP to reach to higher accuracies at the expense of slower initial behaviour. SASC has
a steady behaviour and since it does not have a parameter depending on the final accuracy.
It removes the necessity of tuning p in SPP, as we can observe the steady decrease of SASC
throughout, beginning from the initial stage of the algorithm.

Primal support vector machines without regularization parameter

In this section, we consider the classical setting of binary classification, with a small twist.
For the standard setting, given a training set {a;, ay, ..., a,} and labels {b1, by, ..., b,}, where
a; € R?,Vi and b; € [-1,+1] the aim is to train a model that will classify the correct labels for
the unseen examples. Primal hard margin SVM problem is

1
min = | xI|1* : bi{a;, x) = 1,Vi. (3.16)
xeRd 2

Since this problem does not have a solution unless the data is linearly separable, the standard
way is to relax the constraints, and solve the soft margin SVM problem with hinge loss instead:

1 n
min = [ x|* + C )_ max{0,1 - b;{a;, x)}, (3.17)
xeRd 2 i

where C has the role of a regularization parameter to be tuned. The choice for C has a drastic
effect on the performance of the classifier as also been studied in the literature [HRTZ04]. It is
known that poor choices of C may lead to poor classification models.

We have a radically different approach for the SVM problem. Since the original formula-
tion (3.16) fits to our template (3.4), we directly apply SASC. Even though the hard margin SVM
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Chapter 3. Smoothing and stochastic algorithms

problem does not necessarily have solution, applying SASC to (3.16) corresponds to solving a
sequence of soft margin SVM problems with squared hinge loss, by changing regularization
parameters. The advantage of such an approach will be that there will be no necessity for a
regularization parameter C since this parameter will correspond to % in our case where £ is
the smoothness parameter, for which we have theoretical guideline from our analysis.

We compare SASC with Pegasos algorithm [SSSSC11] which solves (3.17) by applying SGD.
Since the selection of the regularization parameter C effects the performance of the model, we
use 3 different values for the A, namely {11, 12,13} = {1073/n,1/n,103/n}. We use datasets from
libsvm database [CL11a]: kdd2010 raw version (bridge to algebra) with 19,264,997
training examples, 748,401 testing examples and 1,163,024 features, rcvl.binary with
20,242 training examples, 677,399 testing examples and 47,236 features. For the last dataset,
news20.binary, since there was not a dedicated testing dataset, we randomly split examples
for training and testing with 17.996 training examples, 2,000 testing examples and 1,355,191
features. For SASC, we use ag = 1/2, w = 2 in all experiments and use the parameter choices in
Case 2 in Algorithm 3.1 due to strong convexity in the objective. We computed the test errors
for one pass over the data and compile the results in Figure 3.3.
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P o
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Figure 3.3 — Performance of SASC and Pegasos on SVM for three different datasets.

SASC seems to be comparable to Pegasos for different regularization parameters. As can be
seen in Figure 3.3, Pegasos performs well for good selection of the regularization parameter.
However, when the parameter is selected incorrectly, it might stagnate at a high test error
which can be observed in the plots. On the other hand, SASC gets comparable, if not better,
performance without the need to tune regularization parameter.

3.3 Smoothing with accelerated CD for linear constraints

In this section, we solve the problem in (3.1). As before, we particularize our results for
the linearly constrained case, this time with finitely many constraints. When f is instead
L¢-Lipschitz continuous, it is straightforward to extend our results as explained in Section 6.4.

Our algorithmic strategy in Algorithm 3.2 is to use Nesterov’s smoothing along with accelerated
proximal CD method of [FR15]. Since we no longer focus on stochastic optimization, we aim to
get O(1/k) rate of convergence, which requires using acceleration. For CD setup, we introduce
the following notation.
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3.3. Smoothing with accelerated CD for linear constraints

Notation. Let us decompose the variable vector x into m-blocks where each block is denoted
by x; and has the size d; = 1 with Zl’.'i , di = d. We decompose the identity matrix Iz of R% into
mblock asl; = [Uy, Uy, -+, U], where U; € R*di has d; unit vectors in its columns. In this
case, any vector x € R% can be written as x = Z;’il U;x;, and each block becomes x; = Ul.Tx

for i € [m]. We define the partial gradients as V;h(x) = Ul.TVh(x) for i € [m]. We define the
2

(1)
positive definite matrix, and L; € (0,00) for i € [n] and a > 0.

weighted norms: ||x;[|%;, = (H;x;, x;, (| yi IIE‘i))2 = (Hl._lyi,yi). Here, H; € RPi*Pi is a symmetric

Atiteration k, we pick index iy randomly w.p.. g = (q1,..., gm). Asin [QR16] we use an arbitrary
distribution, which may allow designing a good distribution that captures the underlying
structure of specific problems. We define the o algebra Fy.; = o (iy,..., ;) and Eg[-] = E[-| F¢].

Assumption 3.2. In (3.1), f, g and k are all proper, l.s.c. and convex. Moreover:

(a) The partial derivative V;h(-) Lipschitz continuous with L; € [0, +00), i.e., |V;h(x +
Uid) = Vih()Il,) < Lilldill ) for all x € R”, d; e R,

(b) The function g is separable, which has the following form g(x) = X, g;(x").
(c) For f, we have f(Ax):= 6 (Ax), with b e R".

(d) A primal solution exists and strong duality holds.

In view of (3.3), as we focus on the case f(-) = (-), we have
1
min Pp(x) = h(x) + g(x) + ﬁlle— bl* = g(x) +yp(x).

It is easy to see that g is differentiable, and its block partial gradient

1

Vﬂﬂﬁ(x) = Vih(x) + ,B

Al (Ax-b) =:Vl~f(x)+Al.Ty;§(Ax) (3.18)

3 12 = . . .
is Lipschitz continuous with the constant L;(f) := L; + %, where L; is given in Assump-

tion 3.2, and A; € R"*% is the i-th column block of A.

3.3.1 Convergence

Theorem 3.4. Let {)‘ck} be the sequence generated by Algorithm 3.2. In addition, let Ty :=
min{g; | i € [n]} € (0,1] and By := (1 + 7o) B1 be given parameters. Then, we have

* _ o2 _
E[P(E) - P(x)] < 7520+ LIy () ARy — b,

EAG-BI < sy [l = 30+ (ye = 912 + 2671 C* 000)

(3.19)

)
n ToBy

where C*(x%) := (1= 79) (Pp, (x0) = P(x:)) + L] 5. 12" — x" 112, . We note that the following
lower bound always holds —|| y« |E [l Axx — bl|] < E[P(Xy) — Px], where y, is any dual solution.
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Chapter 3. Smoothing and stochastic algorithms

In particular, when we use uniform distribution, 7 = g; = 1/n, the convergence rate is O ().

Algorithm 3.2 SMooth, Accelerate, Randomize The Coordinate Descent (SMART-CD)

Require: f8; >0 and a € [0,1] as two input parameters. Choose x, € R%.
; . ) . (i)ya
1: Set B(()’) =L+ ”‘23—’1”2 for i € [m]. Compute S, := Z;’il(B(()’))“ and gq; := (Bga)

2: Set7g:=min{q; |1 <i<m}e(0,1] for i € [m]. Set X = Xo := Xo.

forall i € [m].

3: fork—0,1, -+, kmax do

4: X = —Tp) X + 11 X
5. ypi=yp, (A% =y+ Bri, (AZ— D).
6:  Select a block coordinate iy € [m] according to the probability distribution g.
7. Set Xy4) := X§, and compute the primal i;-block coordinate:
kB(ik)
. ) . T G . ' D) )2
2\ ;= arg min_ {(V,-k FGE0+ AL ye x =200y + g (xW0) + —— 1 - bl ||(,.k)}.
x0 eR“k To

_ N Te ,~ ~
8 Xg41:= Xt T_Ig(xlwl — Xk).

T — @ ._ 7, 1Al ;
9 Tkl = r];k, Br+2:= (1 =Tgy1)Pr+1, and Bk+1 =Li+ Braz for i € [m].

10: end for

3.3.2 Efficientimplementation

Since Algorithm 3.2 requires full vector updates at each iteration, we exploit the idea in
[LS13, FR15] and show that these vectors can be updated in an efficient manner. We next show
the equivalence between Algorithms 3.2 and 3.3, with its proof in Section 3.5.3.

Proposition 1. Letcy = Hfzo(l—rl), 2k = CrUr+Z and zy = cx_q Uk +2Zi. Then, Xy = Z, X = Zx
and Xy = z, for all k = 0, where X, X, and Xy are defined in Algorithm 3.2.

According to Algorithm 3.3, we never need to form or update full-dimensional vectors. Only
times that we need X are when computing the gradient and the dual variable ygk - We
present two special cases, which are common in ML, that admits an efficient implementation.

Remark 3.5. We characterize the per-iteration cost in an important case. Let A, M € R"*¢ and

(a) h has the form h(x) =Y j (e]T Mx), where e; is the jth standard unit vector.

(b) f is separable since f(Ax) = 8y (Ax).

We store and maintain the residuals rZ'h = Muy, r,;'h = MZy, r,?‘f = Auyg, r]f’f = AZ, to have
the per-iteration cost as O(max{|{j | Aj; # 0}|,1{j | Mj; # 0}|}) arithmetic operations. If f is
partially separable as in [RT16], then the complexity of each iteration will remain moderate.
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3.3. Smoothing with accelerated CD for linear constraints

Algorithm 3.3 Efficient SMART-CD

Require: Choose parameters as Algorithm 3.2. Set uy = Zg := xo
1: fork—0,1,---, kpax do
2 YVho (ckAu +Az%) = y+ Bl (e AuF + AZF — b).
3:  Select a block coordinate iy € [n] according to the probability distribution q.
4 LetV¥:=V; h(crub+2+ A] Ve (cxAu* + Az¥). Compute

(i) ._ (@) (ix)
by = argmln {(V D +8i (T+Z, ) L ||t||(lk)}
teR"ik
. 7 B (79 (i)
. iK) ._ o Gk _ 1=1k/T10 ik
6: Upir= uk Ck tk+1'

N A2 .
7 Tkl = 1+Tk » Bi+2:= (1= Tg41) Pr+1, and B,(Clil =Li+ ”ﬁk_:llz forie[m].
8: end for

3.3.3 Restarting SMART-CD

Restarting accelerated methods significantly enhances practical performance when the under-
lying problem admits a (restricted) strong convexity condition. As a result, we describe below
how to restart (i.e., the momentum term) in Efficient SMART-CD. If the restart is injected in
the k-th iteration, then we restart the algorithm with the following steps:

koo pwh_g 0l _g

. % u,f Z,f _ — —
u rk+1_ k+1 y_yﬁkﬂ(ckrk +rk ) ﬁk+1_ﬁ1) Tk+1=To, Cr=1.

First three steps of the restart procedure is for restarting the primal variable which is classical
[OC15]. Restarting y is also suggested in [TDFC18]. The cost of this procedure is essentially
equal to the cost of one iteration as described in Remark 3.5, therefore even restarting once
every epoch will not cause a significant difference in terms of per-iteration cost.

3.3.4 Numerical experiments

A degenerate linear program. We consider the following degenerate LP from [TDFC18]:

min 2x@
xeRd
s.t. Zd_l x50 = 1, x@D >0, (3.20)

x(d) yiélx ’“—0, R<j<D.

Here, the constraint x(% — ZZ 1'x® = 0 is repeated I times. This problem satisfies the linear
constraint qualification condition, which guarantees the primal-dual optimality. We define
fx)=2xD, g(x) =68 zg (xD),  h(Ax) =8, (Ax), where

d-1 d-1 d-1 T
Ax=|). «® 5P Y P > «®1  b=0,0,...,017,
k=1 k=1 =
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Figure 3.4 — The convergence behavior of 3 algorithms on a degenerate linear program.

we can fit this problem and its dual form into our template (3.1). We select d = 10 and ! = 200.
We implement our algorithm, its restarting variant and VC-CD. We use the same mapping to
fit the problem into the template of VC-CD and show the results in Figure 3.4.

The explicit solution of the problem is used to generate the plot with suboptimality. We
observe that degeneracy of the problem prevents VC-CD from making progress towards the
solution, where SMART-CD preserves O(1/k) rate as predicted by theory. At the time of
this experiment, [FB19] proved almost sure convergence for VC-CD without rates. Since the
problem is non-strongly convex, restarting does not improve performance of SMART-CD.

Total Variation and ¢, -regularized least squares regression with fMRI data

In this experiment, we consider a computational neuroscience application where prediction
is done based on a sequence of fMRI images. Since the images are high dimensional and the
number of samples that can be taken is limited, TV-¢; regularization is used to get stable and
predictive estimation results [DGTV14]. The problem we solve is

min % IMx—bl?+Arlxlly + A1 =) | xllTv. 3.21)
X€ERP

This problem fits to our template with f(x) = %II Mx—-Db|?, gx)=Arllxlly, h(w) =A0-)llul;,
where D is the 3D finite difference operator to define a total variation norm || - |ty and © = Dx.
As mentioned before, our results can be easily extended to this case as h is Lipschitz.

We use an fMRI dataset where x is 3D image of the brain that contains 33177 voxels. Fea-
ture matrix M has 768 rows, each representing the brain activity for the corresponding
example [DGTV14]. We compare our algorithm with Vu-Condat [V@i13], FISTA [BT09], AS-
GARD [TDFC18], Chambolle-Pock [CP11], L-BFGS [BLNZ95] and VC-CD in Figure 3.5 with
different values of A and r. The simulation in Figure 3.5 is performed using benchmarking
tool of [DGTV14]. The algorithms are tuned for the best parameters in practice. Per-iteration
cost of SMART-CD and VC-CD is similar, therefore the behaviors of these two algorithms are
similar in this experiment. Since Vu-Condat’s, Chambolle-Pock’s, FISTA and ASGARD methods
work with full dimensional variables, they have slow convergence in time. L-BFGS has a close
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Figure 3.5 — The convergence of 7 algorithms for problem (3.21). The regularization parameters for the first plot
are 1 =0.001, r = 0.5, for the second plot are A =0.001, r = 0.9, for the third plot are A =0.01,r = 0.5.

performance to CD methods.

Linear support vector machines with bias

In this section, we consider an application of our algorithm to support vector machines (SVM)
problem for binary classification. Given a training set with n examples {a;, a,..., a,} such
that a; € R? and class labels {b;, by, ... b,} such that b; € {~1,+1}, we define the soft margin
primal support vector machines problem with bias as

n

min Y° C;max(0,1- b; (i, w) + wo) | + 3| w]. (3.22)
weR? ;5

As it is a common practice, we solve its dual formulation, which is a constrained problem:

min {5 MD(b)x|* - £, x7}
* . ] (3.23)
st. 0=<sxP<cC;, i=1,--,m, b'x=0,

where D(b) represents a diagonal matrix that has the class labels I_ai in its diagonal and M €
R?*" is formed by the example vectors. We fit this problem into our template by

n
fx0)= % IMD(b)x|* - le(”, gi(x") =6 0<riv<cy, b=0, A=D".

i=
We apply SMART-CD and compare with VC-CD and SDCA [SSZ13]. Even though SDCA is
a popular for SVMs, it cannot handle the bias term. Hence, it only applies to (3.23) when
b x = 0 constraint is removed. This causes SDCA not to converge to the optimal solution
with the bias term in (3.22). We summarize the properties of the classification datasets we
used: rcvl.binary [CL11a, LYRL04] with n = 20,242, d = 47,236 in Figure 3.6, plot 1, a8a
[CL11a, Lic13] n = 22,696, d = 123, Figure 3.6, plot 2; gisette [CL11a, GGBHDO05] n = 6,000,
d = 5,000, Figure 3.6, plot 3. We compile the results in Figure 3.6.

We compute the duality gap for each algorithm and present the results with epochs in the
horizontal axis since per-iteration complexity of the algorithms is similar. As expected, SDCA
gets stuck at a low accuracy since it ignores one of the constraints in the problem. We demon-
strate this in the first experiment and then limit the comparison to SMART-CD and VC-CD.
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Equipped with restart strategy, SMART-CD shows the fastest convergence behavior due to the
restricted strong convexity of (3.23).

Duality gap
5
& &
Duality gap
g
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Figure 3.6 — Convergence of algorithms on the dual SVM (3.23) with bias. We only used SDCA in the
first dataset since it stagnates at a very low accuracy.

3.4 Proofs for Section 3.2

We recall the definitions of Pg and Sg from (3.10), (3.9). We first prove Lemma 3.1.

Proof of Lemma 3.1. Optimal Lagrange multiplier y. = (yx(¢))¢ is a random variable of ) with
bounded variance due to the constraint qualification condition [BC11]. We start with:

1
—f(A(f)x, Y (€)+8uppp ey (Y« () p(ds) < P(x)—P(xy) = Sﬁ(x)—ﬁ f dist (A({) x, b(é))z,u(dé),
(3.24)
where the inequality is by saddle point definition, and the equality is by the definition of Sg.
We continue by bounding the inner product (A(¢) x, y« (£)). Let z:= A({) x, then
(2, Y% (€)) = (2 =) (2), y% (&) + (Hpe) (2), y« (§)) < dist(z, b)) |y« ()| + (A) X%, Y% (£))

1
<15 dist (z, b(&))* + Pllyx (€)1 + supp e (v« (), (3.25)
where the first inequality is by Cauchy-Schwarz, optimality conditions, properties of Fenchel’s
transform: A(¢)Xx € 0Suppy ) (Y (€)) <= y«(S) € 00 pe) (A(E)xx) <= (p— Al X%, ¥« ($)) =0,

for all p € b({), due to convexity of 6, (). The second inequality follows from Young's
inequality and the definition suppj, ) (¥ (€)) = SUp e ) (U Y+ (6))-

We use [ ||y« (©)12u(dé) = |y« 12, integrate (3.25) and plug in to (3.24) to obtain last inequality.
Second and third inequalities directly follow from (3.24) and (3.25). For the first inequality:

1
550 = P+ 55 f dist(A()x, b(E)*(dE) - P(xy)
= P(x) - P(xx) + | max(A(é)x, y) — suppy (¥) - b |7 wdd
yeRd 2

> P(x) - P(x) + f (AQ)X, Y4 (&)) — SUPP ey V() g ly«@ | ude) = —g lywl?,

58



3.4. Proofs for Section 3.2

where the second equality uses definition of smoothing and the last inequality is by (3.24). W

3.4.1 General Convex Case

Lp+1 Al ! Bs X
Lemma 3.6. Let Assumption 3.1 hold and assume Vs, M <0, 2“8”14”%,00 - % <0.
ZS__I,Bsa’sms Z
E[Pg.(x%) - Pg.(xx)] < Xe— X2t 2 2+2“’—sa2. 3.26
[ s (X°) s ( *)] 2a3ms” * = Xl 2asms y«ll asms h ( )

Proof. Letus define z = Axe€ ) and Fg(Ax) = [E[fﬁ (A(&)x,&)]. We start by using smoothness of
the function h(x) + Fg (Ax)

Pp (x5, ) < h(x}) +g(x}, )+ Fp (Ax}) + (Vh(x}) + ATV G (Ax}), x| — x3)
L(Vh+VFp)
PP -
= h(x}) + g(x}, ) + Fp, (x}) + (Vhe (x)) + A TV f5,(AO) x5, 6), x},, — X3
+(Vh(x}) = Vhe(x}) + ATV Fg (Ax}) — A@&) TV fp, (A@)x}, ), X3, — x})

L(Vh+VFg)
s, - (3.27)

2
I

We bound the linear terms in (3.27) separately. First, we use [Tse08, Property 1] with x = x,:

1
2a. lxg,, — i I® (3.28)

1 1
+(Vhe(x}) + A@) TV, f5 (A©) X, €), X — X+ 5 - xknz—gnx* X 12

g(x}, )+ (Vhe(x}) + A©) TV, f5 (A)x],6), X7, — x0) < 8(x4) =

Further, by the fact that f3 (-,¢) has 1/ fs-Lipschitz gradient,

(A TV 5, (A@©)X}, 6), X — x3) < [5,(AO) x4, E) — fp, (AE) X, E)

—&”szﬁs(/\(f)xk,f) V. f5. (A X, )12

= f5. (A©) 06— f (A©) x5O~ D

||sz,BS(A(f)xk,f) I, (3.29)
where the equality is by V, fg (A(§) x«,¢) = 0, due to the definition of fg (-,§) and A(S)xx € b(S).

We now use the convexity, (Vg (x), Xx — X;.) < he (xx) — he (x;) and (3.29) in (3.28) to get

8}, )+ (Vhe(x}) + AQ©) TV f5,(AO)x],6), x},; — X3) < (x4) + he(x4) — he (x})
Bs

+ I, (A%, ) = f, (ADXL, &) = IV fp, (AO X, DI + 5

N
~ Xl

2
[l X5 = x|
S

1
—~ gnxzﬂ -x}II* (3.30)
N
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We define
T g(X}) = Prox, o (xi — as(Vh(x}) + ATV Fg (Ax)).

For the second linear term in (3.27), we apply conditional expectation knowing x;

Ex [(VR(x}) = Vhe (x}) + ATV Fg (Ax}) — AQ) TV f5,(A©) X, 6), x5, — x| =

Ex [<Vh(x,i) —Vhe(x) + ATV Fp (Ax}) — A& TV f5, (A@)x}, ), X3, — Ta,g (X))
+(Vh(x}) = Vhe (x}) + ATV, Fg (Ax]) — AQ) TV fp,(AE) x5, ), Ta g (x]) - x,§>]

=B [(VA(x)) = Vhe (x}) + ATV Fp (Ax]) — A©) TV f5, (A 5,0, X5, | — Tag(x3))]

<Ex [IVA(x]) = Vhe(x]) + ATV Fp (Ax}) = A©) TV f5,(A@) X3, ONXL, | — Tayg(xDI]

< g [IVR(x)) = Vhe (x}) + ATV, Fp (Ax}) — A TV fp,(A©) x3, O]

< 2aEi [IVA(x}) = Ve (x) 1] + 2aEx [IIATV Fp (Ax}) — AE) TV f5, (A3, )17
<2a,07 +2aEx [ AQ) TV fp, (A x}, )17

<2a,07 + ZaSslgp IAOIPEx [1V 2 f5, (A x5, O], (3.31)

where the second inequality is due to the definition of x|, T4,g(x;) and nonexpansiveness

of proximal operator. Fourth inequality is due to the fact that E [|IX —E[X] IIZ] =E [||X||2] -
(E[X1)?, for any random variable X and Ex [A(€) TV, f3 (A(©)x},6)] = ATV Fp (Ax}).

We take conditional expectation of (3.27), knowing xlsc, and plug in (3.30), (3.31) to obtain

1

A

1
Ex[Pp,(x}, )] < Pp, (x:) + S 1x X% - S—Ellxe - iy, 12] + 2a g [IV e () 112]
S

LIVF) + || Al3 /B 1
+ 2as||A||§,oo—% Ex [V fp,(A©)x},8)] + > 200 P8 _ o

Ex [}, - x21%].

LOVD+IAIS /B 1

We use the assumptions that ZaSIIAllg _— % <0and 5 — 5 =0toget

1 1
Ex [Pp, (6, )] < Pp, (0) + s— 1w = 2317 = —Ex [0 = x3,, %] + 20507,
2a 2a

We apply total expectation and sum for k € {0, ..., m; — 1} to obtain

6, 3 xt] - P o] = 5B e =) - 5 - )+ 2275 g2
— ) x3|=Pg.(xe)| = X — x50 = Xy —X o
s ms =1 k Bt 2asmg * 0 2asms * s S k=0 h
< E[llxe — x2012] - Elllxs — x5 1°] +2as0%. (3.32

am. [, = x5 117] am. [lxx = x5, 117] s0y,. (3.32)

By Lemma 3.1, by using Pg (xx) = P(x«), we have Pg_(x) — Pg (xx) = —% % 1?. By the restart-
ing rule of the inner loop, one has x;, = x(s)“. Using the previous inequality in (3.32):

E[llxx =" 1] <E[llxx — x31%] + Bsasmsllys | + a5 mso7, (3.33)
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We now sum (3.33) for s€ {0,1,...,S-1}

S-1 S-1

E[llxe — x5 12] < llxx = x01% + Y Bsasmslysl* +4 Y aimso? (3.34)
s=0 s=0
We now use (3.34) in (3.32) to obtain the result. [ |

Next, we estimate the rates of the parameters to determine the convergence rates:

Lemma 3.7. Denote as Mg = Zf:o ms the total number of iterations to compute 5. Let
LOD+HIAlyo/Bs 1
2

w, oy, My, Mg be chosen as Case 1 in Algorithm 3.1. Then, for all s, o

<0
and2a;) Al o - ﬁq < 0. Moreover,

Vo 1
< 4dag/mollAll3 . ———
P = daoV/ Mol All o0 2~
A M= EBBLZJQ U)—'l A4
shts = (XQ \/m—o \/a s
521 log(Ms/myg)
< 42|\ AI2,. g8 M0
S;Oﬂsasms aoIAN oo =20
§ log(M,/
3 am, < apmo |28/ M0
§=0 log(w)

Proof. By definition of §;, we have ZaSIIAllg . % = 0. By using the definition of 5, along

. . . .. Lp+llAl% __/Bs
with a being decreasing and the condition on g, we have M - ﬁ < 0. Next,
(US+1 -1
Mg = Z ms = Z lmow®] < Z mow® = =my—— (3.35)
s=0 s=0 s=0 1
which in turn gives
s wW— 1 MS 1 w—1 Ms
wz——+—z=2——. (3.36)
w my w w my
We now use this bound to get
— 2 _ 2 -S/2 2 Vo  my
Bs = 4asl Al o = 40 | A1 o™ = 4o Al oo Tm
- (m -1 Vo
asms = QoW —S/2 LmowSJ = aomOwS/z — Qo §12 5 g2
" Vmo \/_
We can also lower bound Mg as
S S S
Ms=Y ms=)Y lmow’l =mg+ Y lmow'] = my+ mow’ — 1= mowS,
s=0 s=0 s=1
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Chapter 3. Smoothing and stochastic algorithms

since myg = 1. We thus get
- log (Mg/my)

3.37
log(w) ( )
Further,
Bsasmg =4agl All5 o0~ Lmow®] < 4agll All3 .o mo.

Now we use (3.37) to show that

v 21 A112 SR log(Ms/my)

S;O Bsasms < S x4aglAl3.mo < 4aO”A”2’°°mologT
Lastly, we use the relation 8 = 4« SIIAllg,oo to conclude last bound. |

Proof of Theorem 3.2. We first combine Lemma 3.6 and Lemma 3.7:

S-1 S 2
0,2 | Ls=0 Bs@sms 2 2= AsMs o
X% =X lI° + —F—ly« I+ 22—,
2asmg 2asm asms

E[Sp, (¥%)] = E[Ppy(X5) — Ppg(x4)] <

Vg Vo 20 4112 log(M/my)
(mo-1) V-1 1 012 4a0”A”2,00m0 log(w) : 2 log(Ms/mo) 9
S ———— |zl —xll7 + lys«ll®+2aomo| ——— +1 ah]
aogvVM; L2 2 log(w)
C log(Mg/m
_ G [C2+ g(Mg/my) ]
vV Ms log(w)

2 Vo o1 Cy

We combine the inequality above with s < 4aq./mpg ||A||2,Oo oI VIL. = VI and Lemma 3.1:

VE[dist(AQ© R, b@)?] = /453 ye [ + 4B S, (£9)

2C[ly] | 2vCiCy log(Ms/ myg)
= + Cg +—
vV Ms VMg log(w)

Cs (3.38)

The other inequalities follow similarly using
1
Sps(%%) = P(x%) — P(x4) 2 T f dist (AE) %%, b(E)*u(dE) — Bsll yxI* = =2Bs < I” — Spy (%)
S

3.4.2 Restricted Strongly Convex Case

LVR)+1 Al o/ Bs

Lemma 3.8. Let Assumption 3.1 hold. Assume that for all s, <0,2a; ”A”;oo -

2ag
% <0andpasmg= %,forc < 1. Then,
S ZS_—I CS+1_Sﬁsasms
E[Ppy(x}) — Ppg(x)] < Cy— s — 2912 + =2=2 Cy— 5 1
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S—14.S+1-s 2
+25:04c asm

2a5m3

202 +2a502.  (3.39)

Proof. We proceed same as the proof of Lemma 3.6, until (3.32). In the case where F(x) + h(x)

satisfies restricted strong convexity, we can derive
P, (x) - Pp,(x4) 2 —% ly«ll®+ gnx — x4 %

We use (3.40) in (3.32), along with the restarting rule x° = xg“ to get

+1,2 2 2 2 2
pasmgE [llxe — x™ 7] S Efllxe — x5 1°] + Bsasmslly«||° + 4asmsos,.

Further, since pagmg = %, forc<1:

1,2 2 2 2 2
E [l — x5 7] < cE[llxx — xg1I7] + cBsasmsl y« |I° + dcagmsoy,.

We now get, by recursively applying the inequality for s€ {0,1,...,S -1}

S-1 S-1

S2 S 02 S— 2 S—s 2 2

Elllxe —xg 7] < € llxx —xgl1° + Y ¢ Bsasmglly«I” + Y 4c> asmgor,.
§=0 s=0

We plug (3.43) into (3.32) to obtain the result.

Next, we estimate the rates of the parameters in the restricted strongly convex case.

(3.40)

(3.41)

(3.42)

(3.43)

Lemma 3.9. Denote as Ms = Zf:o ms the total number of iterations to compute %5, Let

w, oy, My, mg be chosen as Case 2 in Algorithm 3.1 and c = 1/w < 1. Then, for all s,

1 2 B
2. = 0 and ZaSIIAIIZ,Oo — 5 =0. Moreover,

w

<dagmpl A} —— —
,Bs 0 0” ”2'00(1)—1Ms

asms = ag(mo—1)

s-1

S— S 210 an2
Z > Bsasms < dc” agll All o, mo
s=0

S—-1

S—s 2 S .2
Zc asms=c aomo(
s=0

S w my

<

T w-1Mg

(IOg(Ms/mo))
log(w)

log(Ms/ my) )
log(w)

Proof. We skip the proofs for the parts that are the same as Lemma 3.7. We have

w 1

2 - 2
=4apllAll5 o0 =4aompllAll; (o———.
S 2,00 2,00w_1 Ms

Li+AI3 o /Bs
2
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Chapter 3. Smoothing and stochastic algorithms

In addition,
asms = aow *|myw’] = agw ™ (mow’® —1) = ay(mg — 1),

where the last inequality follows since w® = 1. We have

S-1 S-1 S-1

S— S— 2 2 S - 2 2 S
Y ¢ Bsasmg s agmy Y ¢ By s 4agll Allz,omoc” Y (we) ™" = S x dagll Allg oo mocC
s=0 s=0 s=0

Next, we have ¢5 = ™5 < 2 %‘; Fourth bound follows by combining the third bound with

Bs = 4asll Al . |

Proof of Theorem 3.3. We first combine Lemma 3.8 and Lemma 3.9:

S S-1 .S-s S—1,.5-s,2
c Yo g Bsasmyg Yo 4cc S atmg
E[Sp, ()] = 5—— s —xg* + == el + =2 2 52 1 20507
2asms 2asmg 2asms
m 2 2 log(M;/my)
ooiisy [l 0,2 4%”A”2v°°m0( log(w) ) 2 2 log(Ms/mgp)\ »
e aand I EAEE L 742+ 2aGmo === | 02|
ag(mo—1)12 2 log(w)
1 log(Mg/m
+ ﬁSz U%ZS— L+ g( s 0) 2]
2| All5 o, Mg log(w)
where B < 4a0m0||A||§yooﬁM% = ﬁ—i. We then use Lemma 3.1.

\/[E [dist(A©) xS, b(£))?] < \/4ﬁ§ Iyl +4BsSp, (25

- 2Ds |yl +2\/D_3 D +10g(M5/m0)
- Mg Ms ! log(w)

D,. (3.44)

The other inequalities follow similarly. |

3.5 Proofs for Section 3.3

3.5.1 Keylemmas

The following properties are key to design the algorithm, whose proofs are very similar
to [TDFC18, Lemma 10] using a different norm, so we omit the proof here. The proof of the
last property directly follows by using the explicit form of h4(u) in the case when k™ (y) = {c, y).

Lemma 3.10. Forany u, it € R™, let fg(u) = max,u,y) — f*(y) - glly— V2. Then,
(a) fﬁ(-) is convex and smooth with Vf/j(u) = y;(u) being Lipschitz continuous with Lfﬂ = %
(B) f5(0) + (Y fpw), a—w) + 515 (w) ~ y5 @I < fp(@).

© F@ = fp(w) + (Vfw), a—w) + 51y - yI2.
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3.5. Proofs for Section 3.3

@ IFF* () = (e, ), then f(w) = f5a0) + LELYys @ -y,

The following lemma is motivated by [FR15].

Lemma 3.11. Consider the iterates {X, Xi} k=0 of Algorithm 3.2. Then, for k =0 and i € [m], we
can write {x ”} as a convex combination of{x(”}

Z ro&, (3.45)
where ch >0 andy* =0 chl)l = 1. Moreover, the coefficients chi)l can explicitly be computed as
(1-Tyy), forl=0,--- k-1,
YO =3 -ty v -2, fori=k, (3.46)
=k forl=k+1.

To’

Proof. Now, from the definition of X;,; and X, for i € [m], we can write

_ (i (i Tk (i Tk (i
£ = (11— 720 4 (xk+1 i =1-1px! +(rk——T0)x§j)+—TO ). (3.47)
(i) _ (1) =) (1) (1) _
Weprovethatx Zl oY k1% forie [m] suchthatykIZOanle 0ykl—l.Fork—O,We

have X = Xy, which trivially holds by choosing 7/0 o = L. Assume that this expression holds for
k =1, we prove it holds for k + 1. From (3.47), using this induction assumption, we write

70 @) £ | 0) Tk |20 70)
Xer1 = 1Tk Zykl ! (I_Tk)yk,k+rk_.,;—0 S Zykﬂl 1
where constants yk \1, areas given in (3.46). It is easy to check Z;‘J“Ol 7’211 ;= 1=7) Zl 07’k .
Ti— ;—’; + ;—’; = (1—17x) + T = 1. Since {T ¢} k=0 is non-increasing, ykl)l >0. [

3.5.2 Convergence analysis of SMART-CD
Proof of Theorem 3.4. First, let us define the full primal proximal-gradient step as
m (t)
X1 1= argmin? (Vyp, | (%), x— &) + g(0) + 7 Y, —— |2 — 2|12 (3.48)
xeRd i=1 270

where Vg, (Xx) = VR(Z) + AT y;kﬂ (Axy). The primal coordinate step (Step 7) and Step 8 in
Algorithm 3.2 can be written as
=(i)

3 if i=ip,

=) _ k+1’
L=y _ (3.49)
X, otherwise.
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Chapter 3. Smoothing and stochastic algorithms

Moreover, using [Tse08, Property 2], we know that for all x € R? and for all i € [m],

(0
. TkB . . . .
(0 ; 300 3 oI =) 2
8Ty ) = i)+ (Viyp, (o0, 20 = X ) + (e =221 = e 201 )

2T0
(@)
TkBk .
=(1) ~(l)
- 2_[0 ”xk+l ”(l) (350)
Now, since the partial gradient V;, & is L;, -Lipschitz continuous, using x](c’ji)l )%}C"") + T—"(J”cgf)l -
(lk) () _ =)
) and X =% for i # iy, we have
L
_ N — (i) A(l ) Ik =(ix) A(l
h(Een) < () + (Vi h@, 5 = 50+ T8 - 2715,
2
= h(5) + <v1kh( ), E, — 2y 4 2 %00 — #0y2 (3.51)
To
Taking conditional expectation and noting (3.49), we obtain
L

gi L1790 - 212, (3.52)

Ere[h(Xee1)] < RGO + T— Z qi(Vih(xe), &, - 20y + S 15

0i=1

Il
—

1

OHN | ?:‘N

We denote by @g(x) := fg(Ax). By Lemma 3.10, we see that ¢g, ., has block-coordinate Lip-

schitz gradient with ”;—"”2, where A; is the i-th column block of A. Moreover, V;¢g,, (x) =

Al.Ty;g (Ax). Hence, using x,(clj)l fc}c“c) T’“(”EC’J’:)I ~(”‘))and ka A(” for i # i, we write
) sty NAlP 500
OB Xk+1) <(pﬁk+1(xk)+ <Vlk(pﬁk+1(xk) xk+1 Xk )+ 2B+ ” k+1 ”(zk
; ||A & ;
(ix) ~(lk) (i) =ik )2
(Pﬁkﬂ(xk)'f' (Vzkwﬁkﬂ(xk) X~ )+ 27 || X~ G-
0

Taking the conditional expectation and noting (3.49), we get

Ex[@pe., Frs1)] <@g, (Ri) + — Z qi(Vipp,., (1), F) - %)
L8 AP :

k ~(l) =) 2
Tk _0p2, (3.53)

T%L:Zi Zﬁ k ")

Now, we define

A(’). Zyg)lg,(x(’)) and g := Zg(’). (3.54)

i=1

Using Lemma 3.11, we can write

. . k-1 . T .
&l = ka+1,g,(x§”)=Z(l—rk)yﬁj)lgl(x")n[(l Y +Tk_;_§]gi(f§€l))+r_§gi(x§;il)
=0
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. . | |

== Tk)ZYkzgz(X§l’)+Tkgi(%;i”)+Tk(gi(x;i’iﬂ—gi(x,i”))
0

=0-rogl +re)) + (gl ~sa).

Using the definition (3.54) of g, this estimate implies

m
Srr1=0-TR8K+ )
i=1

2Dy Tk (o) (1)
T8 (%)) + - (gi(xklﬂ)—gi(xkl )) :
Now, by the expression (3.49), we can show that

E[gi(E)))] = qigi (B ) + (- g0 gi (%)),

Combining the two last expressions, we derive

Ex[8k+1] =1 —Ti) 8k + Z

Tegi () + £ ([E[g, &0 )] - g,-(x;jh)]

=(1- Tk)gk+Tngz(x(l))+ qu(gl(x,i’il)—gi(x,f))). (3.55)
i=1

Let us define l:"gk = h(xh) + 8+ fp. (AXr) = h(Xy) + 8k + @, (Xr). Then, from (3.52), (3.53) and
(3.55), we have that

k+1

Ex|F

zl L L

[h(xk)JfT—qu(V,h(xk) SR OIE —'ZZ R [ AL
12 £

[(pﬁk+1 (xk) + - Z qi (V,(pﬁkﬂ (xk) x](clj—l _ X.;Cl)>]

+[a- rk)ngngl(x”H Zq,(g,(xﬁjil)—gl(x‘”))] (3.56)

since Vyg, | (Xx) =Vh(xp)+Ve ﬁ .1 (X1). Now, using the estimate (3.50) into the last expression
and noting that B,(Ci Y=L+ ”l? ik , we can further derive that for all x,

Ex[FE ] < [h(xk)+—zq,<vlh(xk) x - 5]
+ [0, G+ = _Z 41 Vigpe., (@), 20 - 51
+la- rk)gk+rk2gl(x“’)+ Zq (gix™) - gutx) |

ZB(i)

+Zq,

(||x =202 - 1P =20 )12)). (3.57)

67



Chapter 3. Smoothing and stochastic algorithms

=(1) (1) :
k’ + ;0 x,”. Note that as 7o < g; forall i,

x is a convex combination of J”cg) and xf). We obtain

Let us choose x such that for all i € [m], x®) = (1 c/i)

B[ FE*| < () + TCV RGED, 2 = B0+ [0, (80 + T(Vop., (Ri), Xa — )]

+ [ -7 8k + Trg(x4)]
m T B @) ( T

+Zq,
i=1

T0 (0 — &)

2
T i T i
—H(l——o)fcl(c’)+—0xy) ~(l)
qi

2
) ” 5 ~Hn ) . (358

(@)

We use |lax + (1 —a)y—zll2 =allx—z|?+1- a)lly—zll2 —a(l- a)llx—yll2 to get

(57

(x) To PRGI-0)
X xk+1

i

(@)
=[1-— )nx(” UM CASEY PUORE U N A (1——) Sl - X2
( qi k+1"(0) qi k+1"() q:) qi (@

1
@) z() g2 To 20) _ )
q 201 Ic+1”(i)_(1_a)a”xk Ol

1

Using this estimate gives

Fk+1

lEk ﬁk+1

< [A(20) + TV (), X0 — )] + [q)ﬁ,m (5) + T (Vpp., (i), X = )|

m (1)

+[A =708k + Trg ()] + Z ( O 2012 - 1D - A1) (3.59)

Using the convexity of i, we have h(Xy) + (Vh(Xp), X« — X)) < h(xy) and h(xg) + (Vh(Xg), X —
Xr) < h(X). Moreover, since X = (1 — Tp) X + T Xk, we have 7 (xx — X)) = (1 — 7)) (X — X)) +
T (x4« — Xt). Combining these expressions, we obtain

RS + T (VRR), X4 — X)) < (1= TR h(FR) + Trh (). (3.60)

On the one hand, by the Lipschitz gradient and convexity of ¢g,,, in Lemma 3.10(b), we have

ﬂk+1

DB )+ (Vp,., (i), i — %) < pp,., (B — —otllyy | (A% =y (ATOIP.

On the other hand, by Lemma 3.10(c), we also have

ﬁk+1

P (Fi) + (Vop,., (Ri), Xx — Xp) < h(Axy) — Iy, (A% = 7II°

Combining these two inequalities and using 75 (x« — Xx) = (1 — T¢) (X — Xp) + T (xs — X5),

DB (X)) + TV g, (i), Xx — Xi) < (1 = TR)@p,,, (Xk) + T f(Axy)

(-7 Bkn
2

kﬁk+1

1¥5,., (A% = yj, (A% - 1y, (A%e) = 71I%.
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3.5. Proofs for Section 3.3

Next, using Lemma 3.10(d), we can further estimate

Ppin B0 + T(Vp,,, (R0), X — Xi) < (1= TR)Qp, (Bi) + Tp f(Axs) — "ﬁ Elyys | Ak - 17
Q=7 Pr+1, « N * - 12 (1_Tk)(ﬁk_ﬁk+1)ﬂk+l * - .12
- g, (AR~ Y, (AXDIT+ 2B, 1yg,., (AxK) = ¥

1-
< (1= TR)@p (i) + T f(Axe) = % [Brer = (=70 i yj,, (A% - yI%. 361

Last inequality uses (1-1)||a— b||?> +7llall? —t(1-1)||bl|> = lla— (1-7)b||* = 0 for any a, b, and
7 € [0, 1]. Substituting (3.60) and (3.61) into (3.59), and using B+ = (1 — 74) Bk, we obtain

Ex[E5 ] < =10 [R(E0) + gk + @p, ()] + Tr [ 1) + g () + f(Ax)]
(l)

2B
n

k (@) _ ~(l) @) _ ~(t)
I E (12 - 202, — 12y 12))-

y Xir1 (3.62)
i=1

Next, let us denote by Qy :=Y." [lem 41)”(1) 1 -

@ 2
i=1 21 +1”(z)] We can write Qy as

S

i=1

(l) ~(l)” ” (l) ~(l) ”
0] X =Xl

B(lk)

— Ek [ (” (lk) ~(lk) ” ”x(lk) ~(lk) ” ) ]
2q;,To (ix) X1l
(t)

m .
= [Z (1 = 3008~ 1 - 5L 05)) | 669

where the last equality follows from the fact that i

o+l = J'é](f) for i # ix. Substituting this estimate
to (3.62), using the definitions of F kk, P(x,) = Py, and taking conditional expectation gives

E

k+l k k (@) _ =) 2 ik k k (1) =) 2
ﬁkl_P*+Z < 240 s k+1||(i)]5[E[(1‘Tk)(F/3k ) Z ”x - % )

1
(3.64)

To telescope this inequality we assume that TiB,(C” =(A-tp |7 ( o lB](c’) 1) which is equivalent to

2(7 I 2 (7., 1Al
w2 L+ 5 J<a-ro|7d,(Li+ 5 It (3.65)

By Br+1 = (1 —74) B, this condition becomes

2 (=T frLi + 14:1%) = A —1)?7%_, (Bl + 14:1%).
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This condition holds if 75 = (1 - 74)?7%_,, which leads to 71 = -1, which is the update rule.

It is easy to show that 7 = ,1 and By = T(k[iﬁ We deﬁne Sk =¥, 2q = || * ~k“llm
Then, we can show
k (1)
fik+1 1 ~
E qiq—p*+54511u—rgmeqh—p*+ 12% Jum—xYnm
i=

o

=

0 B(l) .
(-1, ((1—r0)(F P*)+Z1 ‘;g I - é”ll?n),
1

i=1

where the second inequality is by (3.64). Since 7 = 1,1, it is easy to show that wy4; :=

k+
i+7; -1

]'[i.‘:1 1-7)< 1'[1.:1 T = rok+1 We have Pg, (xo) = ﬁ , and Xy = xp; and by convexity of g

with Lemma 3.11, we also have g(xy) = g(Zl:Oyk_lxl) < leoy;c_lg(xl) = gx. Hence, we can
write the above estimate as

B(l)
(1-70) (P, (x0) — P*>+Z > [E3% “’nm] (3.66)

i=1 qi

E[F, @)—Pﬂ<———i———
b’k T Tok—1+1

Recall that we denote as y, a dual solution, existence of which is by Assumption 3.2. We define
Dg, (x) := P(x) + fp,(Ax) — Px and apply [TDFC18, Lemma 1] to obtain the bounds

PGi)— Py <Dp, (&) + ||y || 1A% = Bl + 22 ||y - 7|7,
(3.67)
IAZc—bll < B

17 = 3+ (1 = 702 + 2 Dp (50) ]

The result in (3.19) follows by taking expectation and using Jensen’s inequality. |

3.5.3 Equivalence of SMART-CD and Efficient SMART-CD

Proof of Proposition 1. We give a proof for the equivalence of Algorithm 3.2 and Algorithm 3.3
motivated by [FR15]. The claim trivially holds for k = 0 using the initialization of the param-
eters. Assume that the relations hold for some k. Using Step 5 of Algorithm 3.3, we have

S _ Sl | )
Zis1 =% Tl (3.68)

We can write from Step 4 of Algorithm 3.3 that

(ix)
k 2
t(lk) —”t”(lk)}

k+1 = argmin {<Vlkh(ckuk+zk)+Alkyﬁk (cxAug + AZy), t>+glk(t+z(lk))+

teRd%
(i)

k
g, |

(ix)
2
212, }

= argmin {(Vzk h(Zz) + Alkyﬁk (Az), 0+ gi (£ + Z;Cik)) +
teR iy

- argmln {<Vlkh(xk) + Alkyﬁk 1(A5€k)’ 1)+ 8i (t+ xgk)) +
reR"ik
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(ix)

_ _=lip) : X P T * N (%) . k =ik 2

= —X,* +argmin {(V,kh(xk)+Aikyﬁk+l(Axk),x—xk )+ gi (X) + > llx — %, ”(ik)}
xeR 'k 0

_ _ =00 4 =)

==X+ X0

By (3.68) and the inductive assumption on X, we obtain Zy;; = X;41. Next, using the definition
of Z;..1 and Step 6, we can derive

_ B 1-1/710 B B
Zk+1 = CkUg+1 + Zf+1 = Ci| Uk — C—(Zk+1 —Zi) |+ Zk+1
k

- Tk, . - A Tk, - -
=CrUg + 2+ — (Zgr1 — 2k) = 2 + — (241 — 21)
To To
N Tk, . N _
=X+ — (X1 — X)) = X1
To
Finally, we use the definition of 2.1, ¢ and Step 4 of Algorithm 3.2, we arrive at

. ~ Chk+1 , - -
2k+1 = Chk+1Uk+1 T Zf+1 = C—k(xk+1 = Zr41) + Zk

= (1= Tr41) (Zi+1 = Zi+1) + 21 = (1= Tpg1) (Xpa1 — Xier1) + Xie1

= (1= Tra D) X1 + Thr1 X1 = Tger1-

Hence, we can conclude that Algorithm 3.2 and Algorithm 3.3 are equivalent. |

3.6 Bibliographic note

Lemma 3.1 is due to Olivier Fercoq.
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Convergence of stochastic primal-
dual hybrid gradient algorithm

This chapter is motivated by the compelling practical performance of the algorithm Stochastic
PDHG (SPDHG) [CERS18] in our experience. We focus on a similar problem template as the
previous chapter. SPDHG belongs to the class of primal-dual splitting methods, which is an
alternative approach to Nesterov’s smoothing. We refer to coordinate descent based variants
of such methods as PDCD methods.

In contrast to the favorable empirical performance we observed, theoretical guarantees of
SPDHG in [CERS18] were surprisingly weak, especially in the general convex-concave case.
This chapter provides a better analysis for this method with three new convergence results.
Among these, we highlight the optimal rate O(1/k) for the standard optimality measure
expected primal-dual gap. The difficulty in deriving this rate was already identified in one of
the earliest papers on PDCD [DL14] and we introduce a generic technique for overcoming it.

This chapter is based on the joint work with Olivier Fercoq and Volkan Cevher [AFC21].

4.1 Introduction

In this chapter, we focus on the stochastic primal-dual hybrid gradient (SPDHG) algorithm
proposed in [CERS18], for solving the optimization problem

min ) f;(A;x) + g(x), (4.1)
xXeX ;3

where f;: V; — RU{+oo} and g: X — RuU {+oo} are proper l.s.c. convex functions and f
is defined as the separable function such that f(y) = X2, fi(y"). A;: X — Y is a linear
mapping and A is defined such that (Ax); = A;x. We recall that this structure covers the
previously considered linealy constrained problem, in addition to empirical risk minimization
and imaging problems [CERS18].

We refer to [CP16a] for a review of deterministic primal-dual methods for solving this template.
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Chapter 4. Convergence of stochastic primal-dual hybrid gradient algorithm

A common strategy for stochastic algorithms is to have coordinate-based updates for the
separable dual variable [SSZ13, ZX17, CERS18]. These methods show competitive practical
performance and are proven to converge linearly under the assumption that f;*, Vi and g are
u; and pg-strongly convex functions, respectively. Step sizes of these methods in turn depend
on y;, g to obtain linear convergence. SPDHG belongs to this class, being the randomized
version of PDHG [CP11, CP16b].

Chambolle et al. provide convergence analysis for SPDHG under various assumptions on the
problem template [CERS18]. In the general convex case, [CERS18] proved that a particular
Bregman distance between the iterates of SPDHG and any primal-dual solution converges
almost surely to 0 and the ergodic sequence has a O(1/k) rate for this quantity. Note however
in the general convex case, this result neither implies the almost sure convergence of the
sequence to a solution nor convergence rate on the expected primal-dual gap. If f;* and
g are strongly convex functions, SPDHG-u, which is a variant of SPDHG with step sizes
depending on strong convexity constants, is proven to converge linearly [CERS18, Theorem
6.1]. Estimation of strong convexity constants can be challenging in practice, restricting the
use of SPDHG-p1.

In its most basic form, standard step sizes of SPDHG are determined using only || A; || [CERS18].
It is observed frequently in practice that the last iterate of PDHG or SPDHG with standard step
sizes has competitive practical performance. Yet, existing results come short to prove even the
most fundamental results about the algorithm such as iterate convergence or convergence
rate for expected primal-dual gap [CERS18]. In this chapter, we focus on SPDHG with standard
step sizes, and provide new theoretical results, paving the way for explaining its favorable
convergence behavior in practice.

4.1.1 Contributions
We prove the following new results for SPDHG.

> We prove that the iterates of SPDHG converge almost surely to a solution. For this purpose,
we introduce a representation of SPDHG as a fixed point operator in a duplicated space.

> For the ergodic sequence, we show that SPDHG has O(1/k) rate of convergence for the
expected primal-dual gap. We also prove the same rate for objective residual and feasibility for
linearly constrained problems. This the first time the optimal rate for the expected primal-dual
gap is attained by PDCD methods. Our technique for obtaining this result is generic and can
be of independent interest.

> When the problem is metrically subregular (see Section 4.6), we prove that SPDHG has
linear convergence with standard step sizes. Our result shows that without any modification,
basic SPDHG adapts to problem structure and attains linear rate when this assumption holds,
which can help explain its favorable performance in practice.
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> We show that SPDHG shows a competitive practical performance compared to SPDHG-u
of [CERS18] and other state-of-the-art methods such as variance reduction methods.

We summarize our results and compare with those of [CERS18] in Table 4.2 (Page 106).

4.2 Preliminaries

4.2.1 Notation

Recall that X, Y are Euclidean spaces. We denote the partitioning of the dual space as ) =
H?:l Y;. Given a vector x € X, we use bold symbol x to denote the duplicated version of this
vector, which consists of n ‘copies’ of x, and the corresponding space is denoted by X = X".
Similarly, the duplicated dual space is ) = V" and Z = X’ x ). The ‘copies’ might be the same,
or different, depending on how x is set. To access i th copy, we use the notation x(i) € X. For the
Tx(q)
Ty(q)
where, for example, jth primal copy is denoted as T, (q)(i) € X'. Similarly, for the jth primal

operator T: Z — Z, and a duplicated vector q € Z, we denote the output as T(q) =

copy in g, we use q (i) € X. To access i primal and dual copies, we use q(i) € Z.

For example, when we pick one coordinate at a time, we can set X = R4, ) = R", which would
result in the duplicated spaces X = R%", ) = R", and Z = R4+,

Probability of selecting an index i € {1,..., n} is denoted as p; >0, with 7" | p; = 1. We define
P =diag(ps,..., pn) and p = min; p;. Notation F. defines the filtration generated by indices
{i1,..., ix—1}, selected raITdornly every iteration. Let E [-] := E[- | F¢] denote the conditional
expectation with respect to Fy.

Using Fenchel conjugate, Problem (4.1) can be cast as the saddle point problem

n . .
min sup Z(Aix,y(’)> -f ') + g(w). 4.2)
YEX yey in1

A primal-dual solution (x*, y*) € Z* is characterized as

ATy, +0g(xs)
Oe =F(Xs, V%) 4.3
Ay —0f* (1) (X, V) (4.3)
Given the functions g and f* asin (4.2), we define
Dg(x,2) = g(x) — g(%) + (AT9,x- %), (4.4)
Dp-(3,2)=f" - () —(Ax, y = . (4.5)

If z =z, = (x4, y«), with z, denoting a primal-dual solution as defined in (4.3), then (4.4)
and (4.5) are Bregman distances generated by g and f*. Respectively, these functions measure
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the distance between x and x,; and y and y,. Consequently, given z, Dj,(z, z*) is the Bregman
distance generated by h(z) = g(x)+ f*(y), to measure the distance between z and z,. When h is
merely convex, a bound on this quantity does not imply a bound on the Euclidean distance. We
also note that primal-dual gap function can be written as Gap(z) = sup;cz D £+ (x,2) + Dg(y, 2).

4.2.2 Metric subregularity

For aset valued mapping F: & =V, we denote the graph of FbygraF = {(u, v) eUxV: v € Fuj}.
We say that F is metrically subregular at i for 7, with (i, 7) € graF, if there exists o > 0 with a
neighborhood of subregularity AV (iz) such that:

dist(u,F_lﬂ) <nodist(?, Fu), Yue N (@). (4.6)

If V(@) =U, then F is globally metrically subregular [DR09]. Absence of metric subregularity
is signaled by ng = +o0. This assumption is used in the context of deterministic and stochastic
primal-dual algorithms in [LFP16, DL18, LFP19]. We study how the metric subregularity of
the Karush-Kuhn-Tucker (KKT) operator F in (4.3) implies linear convergence of SPDHG.

We note that metric subregularity of F holds in following cases:

o f;" and g are strongly convex functions, since Nz =Z.

o The problem (4.1) is defined with piecewise linear quadratic (PLQ) functions and dom g and
dom f* are compact sets, in which case N'(Z) = dom g x dom f*. In particular the domain of
a PLQ function can be represented as the union of finitely many polyhedral sets and in each
set, the function is a quadratic (see [LFP19, Definition IV.3]). Problems with PLQ functions
include Lasso, support vector machines, linear programes, etc.

Remark 4.1. In the first case above, compact domains are not needed since metric subregu-
larity holds globally for these problems. One can also relax strong convexity in the first case,
to weaker conditions as quadratic growth or restricted strong convexity, see [LP18, Lemma
4.3] for the details. Throughout the chapter, compact domain assumption is only needed
in the second example above, for PLQs, as one sufficient condition for Assumption 4.2. The
reason, as we will see in Theorem 4.8 is the lack of control on the low probability event that
the trajectory may make an excursion far away. The same assumption for proving linear
convergence of another primal-dual coordinate descent method is also needed in [LFP19].

Smoothed gap. In order to prove sublinear convergence rates for linearly constrained prob-
lems, we are going to utilize the smoothed gap framework introduced in [TDFC18]. For
Problem (4.1), the smoothed gap function is defined as

Ga,p(x, y;%,7) = sup g(x) +(Ax, v) — [~ (v)

B

— g —(Au,y) + () - %nu— #2-Sho=jI% @)
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4.3 Algorithm

Chambolle et al. proposed SPDHG [CERS18], which fits into the PDCD class of algorithms,
proposed before in [ZX17, FB19, DL14]. A comprehensive literature review is given in Sec-
tion 4.5. Several variants of SPDHG are analyzed in [CERS18]. In this chapter, we focus on the
standard SPDHG which we include as Algorithm 4.1.

Algorithm 4.1 Stochastic PDHG (SPDHG) [CERS18, Algorithm 1]
Input: Pick step sizes 0,7 by (4.8) and xp € X, yp = y1 = 1 € V. Given P = diag(py,..., pn)-
fork=1,2,... do
Xk = ProX, o (xp_1 — T A" ji)
Draw iy € {1,..., n} such that Pr(iy = i) = p;.
Ve = PIOXg, . f: Ve + i Ay
Vi =¥ Vi iy
Fk+1 = Vel + P ks — v,
end for

Remark 4.2. We use serial sampling of blocks in our analysis for the ease of notation. We can
extend our results with other samplings by using expected separable overapproximation (ESO)
inequality as in [CERS18].

We focus on following standard step size rules for primal and dual step sizes 7,0 ;, which only
depend on || 4;| and not any other structural constants about the problem

pilroill Al < y* < 1. (4.8)

Next section illustrates our novel theoretical results for SPDHG improving on [CERS18].

Assumption 4.1.
* f; and g are proper, l.s.c., convex functions.

« The set of solutions to (4.1) is nonempty.

e Slater’s condition holds [BC11].

Slater’s condition is a standard sufficient assumption for strong duality, which is used in most
works in the literature of primal-dual methods [BC11, CP11, CERS18, LFP19, TDFC18, FB19].
Strong duality ensures that a dual solution exists in (4.2) and the set of primal-dual solutions
is characterized by (4.3).
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4.4 Convergence

We start with a lemma analyzing one iteration behavior of the algorithm. This lemma is

essentially the same as [CERS18, Lemma 4.4] up to minor modifications and is included for

completeness, with its proof in Section 4.7.1.

For the lemma, we introduce the following notation

_ 1 2 1 2 -1
V(@) = S Xl + S 1Y I )1 pr + (AX Py,

1 _ 1 1
Vit y) =3 Il = (A%, P~ (v — ye—1)) + S 1ye=ye 15 ey-1p-1 + > (N7 F—

We also define the full dimensional dual update
y;fil =Pprox,, ¢ (y}ci) +0;Aixg), Viell,..., n}

Lemma 4.3. Let Assumption 4.1 hold. It holds for SPDHG that,Vx e X,Vye ),

Dg(xt,2) + D g+ (i1, 2) < Vi(Xk—1 = %, Vi — ¥) —Ei [Viewr (X — X, Vi1 — )]

= Vi(zk — zg-1).

Moreover, under the step size rules in (4.8), we have with C; =1—vy

1 1
V(Zk - Zk—l) = Cl (Ellxk — Xk-1 ”%—l + §||)’k - yk—l”zD(g)—lp—l) ’

1 2 1 2 1 2
Vk(x,J/)ZCI Ellx”.[—l+5l|yk_yk—1”D(U)—1P—1 +§||J/||D(U)-1P-1,

4.9)

(4.10)

(4.11)

(4.12)

Lower bound in (4.11) specifically uses the structure of the vector y; — yx—1, therefore it would

not be true for any y in the function V(x, y). In all our proofs, we only need nonnegativity of

V(zi — zx—1) which is proven at the end of proof of Lemma 4.3 in Section 4.7.1.

4.4.1 Almost sure convergence

In this section, we prove almost sure convergence of the iterates of SPDHG to a solution

of (4.1). We first introduce an equivalent representation of SPDHG that is instrumental in our
proofs. On a high level, this can be seen similar to the representation in [HY12] for PDHG. This
representation shifts the update of the primal update so that the algorithm can be written as a

fixed point operator. Since the definition of j4,; depends on the selected index ij at iteration

k, the operator T is defined such that all the possible values of jx.; and consequently, of xj;

are captured.

78



4.4. Convergence

Lemma 4.4. Let us define T: Z — Z that to (x,y) associates (X, §) such thatVie{1,...,n},

yi) = ProXp(g), f+ (y(@) + D(0) Ax(i))

F) =y + 1+ p;HP@); - y)eld)

(i) = prox, ,(x(i) —TA" §(i))
wherex(i)e X, y(i)e ).

The fixed points of T are of the form (x(i), y(i)) such that (x(i),y(i)) € Z«, Vi € {1,..., n}. More-
over,
(X1, 1) = (Te (L ® xp, 1@ yi) (i), Ty (1 © xg,, 1® yie) (1)) -

We also denote

S =blkdiag(t ™ Lunxan Inxn ® D(0) 7Y,
p = blkdlag(plldxd;-ypnldxd; Pllnxn;---,pnlnxn)-

We then have,

IT(® x5, 1@ yi) = (19 61,18 Yol = Ei 16101 = %20+ 11 = Vel -1p |-

Before the proof of the lemma, we use an example to illustrate the notation and the main idea.

x(1)
x(2)

y@
y(@2)

Example 4.5. Letd =1, n=2,thenx = 2 y= eR*, and

&— diag(r—l 7-1 =1 ~—1 -1 -1 6x6
S=diag(r”",7",07 ,0, ,07,0, )ER,

P = diag(py, p2, p1, p1, P2, p2) € R®*6,

Then, we have by letting x=1® x¢, y =1® y,

y = ProXp(g), f+ (yx + D(0) Axy), y2) = ProXp(g), f+ (yx + D(0) Axy),

_f/(l)(l) _ yl(cl) ]

FO =y + 0 +pH 72) = ye+ 1 +pyh

0
y® -y |

0
£(1) = prox, 4 (xp—TA" (1), 2(2) = prox, ,(x—TA' §(2)).
x(1 y(1
We have T(1® x, 1 ® yi) = ( fizi , J:EZ; ) By using the definition of j;.; in Lemma 4.3, we
X y

see that (xg11, Pr+1) = (R, (1) if i = 1 and (X471, Prr1) = (X(2), (1)) if ix = 2. Note that we
can take any copy of y as $(1) = y(2). Moreover, depending on iy, one obtains yj.; from j;
with a coordinate-wise update, as given in SPDHG (see Algorithm 4.1).

Proof of Lemma 4.4. Let (x,y) be a fixed point of T. Then it follows that
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y(i) = ProXpg), (y(i) + D(0) Ax(i)), Vi, y(i) = y(i), Vi and x(i) = prox,yg(x(i) - TATy(i)), Vi.
Hence, optimality conditions for each i are clearly the same as (4.3). Therefore fixed points of
T are such that (x(i), y(i)) € Z4, Vi.

The equality (X471, Jk+1) = (Tx(1 ® X, 1 ® yi) (i), Ty (1 ® X, 1 ® yi) (1)) is therefore another way
to write the algorithm. Since when inputted (1 ® x, 1 ® y§), T outputs (1 ® Pi41) for the dual
variable, we can simply take first copy for yx,.

. 2 _ 2
For the last result, we use || J+1— Ykl 5, = Ex[Ilyk+1 — yk”D(U)—lp—l] to show

ITA®xp, 1@y — (1@ Xk, 18 yp)l3;

= (u Te(1® X5, 1@ yi) (i) = xp M2 pi + 1 Ty (1@ 3, 1@ yi) (0) = Yiel Gy )1 Pi)

n
2
i=1
n
2
i=1

n
(1T (1 ® xp, 1@ yi) (D) = X2 pi) + 1 Pre1 = Vil 5y 01 (X pi)
i=1
= B [Itken = 26120 + 1 k1 = Vil gy 01|

where we also used that Y1 | p; = 1. [ |

We proceed with the main theorem of this section. We will present the main ideas and the
main ingredient that makes the proof possible in the following proof sketch. The details of the
proof utilizing classical arguments from [CP15, Ber11, IBCH13] are deferred to Section 4.7.2.

Theorem 4.6. Let Assumption 4.1 hold and define Ay = Vi1 (Xg — X, Yi+1 — V«)- Then, it holds
that E[Vi(Xg-1 — X«, Yk — Y] < Do, 232, E[V (2 — 2x-1)] < Ag. Moreover, almost surely, there
exists (X, Y+) € Zx, such that the iterates of SPDHG satisfy (X, yi) — (X, V%)-

Proof sketch. On (4.10), we pick (x, y) = (x«, yx) and by convexity, D¢ (xk, 2+) =0, D g (Pr+1,2%) =
0. Next, by using the definition of Ay, we write (4.10) as

E [Ar]l < Apo1 — Vizg — 2g-1).

We apply Robbins-Siegmund lemma [RS71, Theorem 1] to get that almost surely, A converges
to a finite valued random variable and V (zj — zx—;) — 0. Consequently, by (4.11), | yx — ¥x-1]
converges to 0 almost surely. Since almost surely, A converges and || yx — yx-1ll converges to
0, by using the definition of Vj in (4.9), we have that || z; — z« || converges almost surely.

Next, we denote q;. = (1 ® xi, 1 ® yi) and use the arguments in [CP15, Proposition 2.3], [FB19,
Theorem 1] to argue that there exists a set Q2 with P(Q2) = 1 such that for every z, € Z, and for
every w € Q, ||z (w) — z4 |l converges and || T(q. (w)) — g ()|l — 0. As for every w € Q, (2 (w))x
is bounded, we denote by Z = (X, ) one of its cluster points. Then, we denote § = (1® %,1® 7)
and say that g is a cluster point of (g (w))k.
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4.4. Convergence

The key step in our proof that enables the result is the fixed point characterization of T
in Lemma 4.4. With this result, we derive Z € Z, as ¢ is a fixed point of T.

To sum up, we have shown that at least on some subsequence, z;(w) converges to Z € Z,. As
for every w € Q and z, € Z,, || zx(w) — z4 || converges, the result follows. [ |

4.4.2 Linear convergence

The standard approach for showing linear convergence with metric subregularity is to obtain
a Fejer-type inequality of the form [LFP19]

Ex [d(zg41 — 25)] < d(2k — z5) = V(T (zg) — z1), (4.13)

for suitably defined norms d and V and operator T. However, as evident from (4.10) and the
definition of Vi, in (4.9), one iteration result of SPDHG does not fit into this form. When
X =X4,Y = Vi, Vi1 (Xk — X%, Vk+1 — ¥) does not only measure distance to solution, but also the
distance of subsequent iterates yx;1 and yx. In addition, Vi, includes x; — x, and yii+1 — y«
rather than x,; — x« and y+1 — y«, which further presents a challenge due to asymmetry, for
using metric subregularity. Therefore, an intricate analysis is needed to control the additional
terms and handle the asymmetry in Vi, ;. In addition, Lemma 4.4 is necessary to identify T

We need the following notation and lemma which builds on Lemma 4.4 for easier compu-
tations with metric subregularity. For the operators, we adopt the convention in [LFP19].
Operator C is the concatenation of subdifferentials, M is the skew symmetric matrix that is
formed using matrix A. Operator F is the KKT operator and H is the “metric” that helps us
write the algorithm in proximal point form (see Lemma 4.4). Due to duplication in Lemma 4.4,
we need duplicated versions of C and M. Consistent with the notation of Lemma 4.4 , we use
boldface to denote operators which operate in the duplicated space.

Lemma 4.7. Under the notations of Lemma 4.4, to write compactly the operation of T, let us
define the operators

C: (x,y)— (0g(x),0f* (),

M: (x,y) — (AT y,—Ax),

C: (x,y)— (0g(x(1)),...,08(x(n),0f " (y(1)),...,0f " (y(m))),
M: (x,y) — (AT yQ),...,ATy(n), - Ax(1),...,— Ax(n)),
F=C+M,

and

H: (x,y)~ (t7'x)+ A"+ pyHEDyQ),...,
T lx(m+ AT+ p,HYEm)yn), Do) 'y(),..., D) ty(m).
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Letqk = (1®xk11®J/k) ’ i’k+1 = T(qk) and2k+1 = (xk+1) j)k+1) = ((q1€+1)x(ik)y (Qk.y])y(l)) Then;
we have H-M)q, € (C+H)q,.,, M- H)(q;,,—4q;) €E(C+Mgq,,,, and

Eg [dist® (0, F2i11)] = Eg [dist® (0, (C+ M) 2¢41)] = dist5 (0, (C+ M) g, ).
Proof. We start by the representation in Lemma 4.4 by incorporating the update of j,;, and
recalling the definition of E(i) = e; el.T, Yiell,...,n}

J(i) = proxp ), r+ (@) + D(0) Ax(i))
&) = prox, o (x(i) = TAT [y(i) + (L + p; NE@) (P(0) - y(i))])
= prox,  (x(i) —TAT A+ p; VE@D @) + TA (~Inxpn + A+ p; DE(@) y(0)).

We now use the definition of proximal operator to obtain

D(o) ™' y(i) + Ax(i) € 0 f*(§(i)) + D(0) ™' (i)
(@) - ATy + ATA+p; HE@ y() € 0g k() + Tk () + AT+ p; DE@ 7).

We identify

[T lx () + AT(L+ pyHED)y() | [ ATy(D) |

-1 T -1 T
Hq = TT'x(n)+ A (1_+pn JE(n)y(n) . Mg = A'yn) ’
D(o) 'y —Ax(1)

D(o)'y(n) | |- Ax(n)

[ 0g(x(1)) | [ 712+ AT+ pyHEWF) ]

k() + ATA+p,YE(n)y(n)
D(o) ty(1)

0g(x(n))
of*(y(1)

Q
=N
Il
=
<N
Il

[0f* (y(m) ] | Do) 'y(n)

and assign q = q;. and § = q;.,,, by definition of T in Lemma 4.4 to obtain the first inclusion.
The second inclusion follows by adding to both sides Mg, , and rearranging.

For the equality, we write

Ef [dist®(0, (C+ M) 2g1)] = ) dist®(0, (C+ M)y, () pi
i=1

= distg(o, (C+M)§Gp,y)
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where the first equality follows by 2571 = (x¥*1, 951y = ((§;.,1) x(ix), (§141) (1)) and the sec-
ond equality is by the definitions of C, M, C, and M and (g.,1) (i) = (g1)y(1), Vi. |

We continue by presenting our assumption for linear convergence (see Section 4.2.2).

Assumption 4.2. Metric subregularity holds for KKT operator F in (4.3) at all z, € Z,
for 0 with constant 77 > 0 using the norm || - | s with S = diag(r™'1,,07%,...,03,"), and the
neighborhood of regularity NV (z4) contains i, Vk.

In the next theorem, we show that SPDHG with step sizes in (4.8) attains linear convergence
with Assumption 4.2. The proofidea is to utilize the negative term —V (zj — zx—1) in (4.10) to
obtain contraction. For this, we use the results of Lemmas 4.4 and 4.7 to write this term with
the fixed point characterization given in Lemma 4.4, which allows using metric subregularity.
The full proofis deferred to Section 4.7.3.

For the proof, define the notations
(Xx k-1, Vs, k) =arg min  Vi(Xg—1 =X, ¥k~ y),
(xX,))€Z,
which exists since Vi is a nonnegative quadratic function. We also define

A = Vier1 (X = X, Jo» Vier1 — Y k+1)

G 2
(I)k :Ak—_”)/k_J/*,kHD(U)-l =0.

4¢
Theorem 4.8. Let Assumptions 4.1 and 4.2 hold. Then it holds that
E [Ak] = Ag-1 = V(zk = 2k-1), (4.14)

and

C] 2 1 2 k
E| S 10k = Xl + S 1Ykt = Yakert gy pr | < (A= p)F2,

Gp 2 2
where,p=Y,(:2+2n IH-M|°, C,=1-y.

One important remark about Theorem 4.8 is that the knowledge of the metric subregularity
constant 77 is not needed for running the algorithm. Step sizes are chosen as (4.8) and linear
convergence follows directly when Assumption 4.2 holds. Important examples where Assump-
tion 4.2 holds are given in Section 4.2.2.

Even though Assumption 4.2 is more general than prior assumptions for linear convergence
and our result is agnostic to the choice of the step size, we observe in practice that SPDHG can
be much faster than the rate derived in Theorem 4.8. We reflect on this issue more in Chapter 8
and present open questions in this context.
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Chapter 4. Convergence of stochastic primal-dual hybrid gradient algorithm

Remark 4.9. Metric subregularity is used in Theorem 4.8 in the weighted norm
dists(z, Z4) < ndists(0, Fz),

where S = diag(f1 1 p,afl, .. .,0;1). In view of (4.6) if n¢ is the constant using the standard
Euclidean norm, it is obvious that n < || S|||S™! o, but we use  in Theorem 4.8 since it can be
smaller, resulting in a better rate.

4.4.3 Sublinear convergence

In this section, we prove optimal convergence rates for the ergodic sequence with different
optimality measures. First, we study the expected primal dual gap and next, we study objective
value and feasibility for linearly constrained problem:s.

Convergence of expected primal-dual gap

We recall the definition of the primal-dual gap function,

Gap(X, 7) =supH(X, J;x, ) :=sup g(X) + (A%, ) — f* () —g(x0) —(Ax, )y + f* (7).  (4.15)
ZEZ ZEZ

It is also possible to consider the restricted primal-dual gap in the sense of [CERS18, CP11],

which for any set B = B, x By, € Z would correspond to

Gapg(%, ) =supH (%, j; x, y). (4.16)
zeB

The standard reference for validity of restricted primal-dual gap is [Nes07, Lemma 1].

The quantity of interest for stochastic algorithms is the expected (restricted) primal-dual
gap E [Gapg(%, 7)]. As also mentioned in [DL14], showing convergence rate for this quantity
is not straightforward, due to the coupling between supremum and expectation, In [DL14],
convergence rate is shown in a relaxed quantity called “perturbed gap function”. We are not
aware of any results for a PDCD method with O(1/k) rate for expected primal-dual gap.

Even though this result was claimed in [CERS18], the proof has a technical issue, near the end
of the proof in [CERS18, Theorem 4.3]!. Since the supremum of expectation is upper bounded
by the expectation of the supremum, which is in the definition of expected primal-dual gap,
the order of expectation in the proof is incorrect. As we could not find a simple way of fixing
the issue using the existing techniques, we introduce a new technique and provide a proof to
show that the conclusions of [CERS18, Theorem 4.3], for the primal-dual gap, are still correct,
with different constants in the bound.

Our technique in the following proof is inspired by the stochastic approximation literature of

1We communicated this with the authors who acknowledged the mistake
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variational inequalities and saddle point problems (see [NJLS09, Lemma 3.1] for a reference).
In this reference and followup works, such an analysis is used to obtain O(1/v'k) rates with
decreasing step size and SGD-based methods. In the new proof, we adapt this idea by using
the structure of PDCD to obtain the optimal O(1/k) rate of convergence with constant step
size. Our technique uses Euclidean structure of the dual update of SPDHG, therefore might
not be directly applicable to cases with Bregman distances being used for proximal operator.

We start with the lemma to decouple supremum and expectation in the proof.
Lemma 4.10. Given a point j, € Y, for k = 1, we define the sequences

Vi1 = Ve — Pke1 = P k= Vis1), and, s = ik — Pogy. (4.17)

Then, we have foranyy e ),

K K 1
Z Je= Y VkeD)Dio)1 < = ||f1—y||§3(m_lp_l+];15||vk+1||§3((,)_lp, (4.18)
K1 ) 1
E ];15||vk+1||D(o-)—lp Sc_lAO- (419)

Moreover, vy and ji. are Fi.-measurable and Ey [vi1] = 0.

Proof. For brevity in this proof, we denote Y = D(0) ' P~!. We have Vye ),

1 - 2 1 - 2 ~ 1 2
Wk =Ylly = 51V = ylly = Pvicer, e = yx + S1Pvklly
]. - 2 ~ ]- 2
= §||yk —y||D(U)—1p-1 —Vk+1, Yk = VDo) + 5” Vk+1||D(g)-1P'

Summing this equality gives the first result.

For the second result, we use [Ej [P‘1 (Ve — yk+1)] = ¥k — Jx+1, law of total expectation, and the
definition of variance,

K1 K1 )
X:: E |Vk+1||D(a') 1p = IC;IE[E [Ek [” Uk+1”D(U)‘1P]]
K1 -1 2
= 3 SE[Ek (1P (et = 31
k=1
—fltE 1Yis1 - yell? ]<iA
_k:12 Yik+1 = Vk D()-lp-1| = C] 0
where the last 1nequa11ty follows by Z E[V (2.1 — zi)] < A from Theorem 4.6 and AR

ykIID(G) 1p1 S To YV(Zk+1 —z;) from Lemma43

Other results follow by the definition of the sequences and Ey. [ yx+1 — yk| = P(Pk+1—yi). W
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Chapter 4. Convergence of stochastic primal-dual hybrid gradient algorithm

We now describe our proof strategy for handling the abovementioned difficulty. Proof of Lemma4.3,
given in Section 4.7.1, proceeds by developing terms involving random quantities, by utilizing
conditional expectations. In this case, however, our approach is to proceed without using
conditional expectation since the quantity of interest requires us to take first supremum and
then the expectation of the estimates. Our proof strategy will be to characterize the error term,
and then utilize the results Lemma 4.10 to decouple and bound this term. First, we give the
variant of Lemma 4.3 without taking expectations, with its proof given in Section 4.7 .4.

Lemmad.11. Wedefine fp (y) =X.1_, pif; (y\"), and similar to (4.5) D7, (7,2) = ¥, pi [ (7))~
pif} (YD) —{(Ax)i, pi(7— 1)) and recall the definitions of V and Vi, from (4.9) and H from (4.15).

Then, it holds that

H Xk Yir 136 Y) < VieXk—1 =%, Yk = ¥) = Vir1 (k= X, Yier1 — ¥) — V(2k — 2k-1)

+ &+ DY T 1 2) = DY ka1, 2 = 0 Vks ) Doy (4.20)

where Vi41 = Yk — Vik+1 _P_l(J’k_.VkH) and

1 2 PN 2 2 2
Ek = 5 [||J’k||D(U)71 - ||J/k+1 ”D(O‘)*l - (”yk”D(U)—lp—l - ||J’k+1 ”D(O‘)*lpfl)]

1 1 N .
+§”yk+l_yk”2D(o-)—1p—l_§||yk+l_yk“2D(o-)—l+f (}/k)_f (}/k+1)

— (i ) = Foes k1)) = (AXpe, Vi = Pt = P (ke = Vi), 4.21)

and alsoEy [E] = 0.

With this lemma, we have identified the problematic inner product term for deriving the rate
for expected gap, which is (y, vi;1) in (4.20)). This is the only term coupling the free variable
z and random term vy, ;. In the next theorem, we use Lemma 4.10 to manipulate this inner
product. In particular, the idea in Lemma 4.10 was to bound the error term by || yx — yi411°
which is proven to be small in Theorem 4.6, which is due to using PDCD updates. For the rest
of the terms in (4.20), we observe that the terms with V. will telescope and & has expectation
0 and it is independent of free variable z.

Theorem 4.12. Let Assumption 4.1 hold. Define the sequences x?g = % 2115:1 Xy and yzvfl =
% 2115:1 Yk+1, Where xi, yi are generated by SPDHG and recall the definition of H from (4.15).

Then, for any bounded set B = By x B, < Z, the following result holds for the expected primal
dual gap defined in (4.15)

C
E sug”r’-l(x;vg, Ve %y | =E[Gapg(x® yfp] < ?B, (4.22)
zE

where
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)
— 2

A
C 0

3
Cg == sup |lxo—x[|>_, + sup | y1 - yIID(U cpa * fpa_ () +
xeBy yeB,

nor]
+¥lxoll>, +%I|y1 — Vel gyipa + 2 (—, —1)( o)+ ||A,-x*||D(a)p\/2Ao).
I i=1

1

Moreover, for the smoothed gap function (see (4.7)), it holds that

Ce
gl+2)’ 21 (xK ,J’KH,XO,)/l)] = Er

where

Y
Ce =yllxoll, + Sl 15 6y-1p-1 +

2
+—Y 0
Cl B

nor1
+f;1_1(y1)+2(;—1)( fi (y(”)+||A,~x*||D<a)p\/2Ao).
i=1

1

We defer the proof to Section 4.7.5 due to its length. However, we remark that the main
difficulty is solved by characterizing the error term in Lemma 4.11 and bounding it due
to Lemma 4.10, as explained already. The rest of the proof estimates the exact constants.

Convergence of objective values

The guarantee for the expected primal-dual gap, which is recovered by setting 5 =X x )
in (4.22) requires bounded primal and dual domains. In this section, we show that O(1/k)
rate of convergence in terms of objective values and/or feasibility can be shown with possibly
unbounded primal and dual domains.

Theorem 4.13. Let Assumption 4.1 hold. We recall xIa:g =% ZIk(:l X.
o If f is L(f)-Lipschitz continuous (whence the dual domain is bounded), and y; € dom f*,

E[f(Axg®) + g(xg®) — f(Ax) — g(x,)] <

cIff() =6 () withbe Y,

Ce ,2 avg Ce,S
rall E[IlAxy° = blipoyp] < X’

E[g(x® - glxa)] <
: : — 2 2 2y, 2
where C, is as defined in Theorem 4.12 and C,; = C, + » L(f)*+ —"llxo — x« ”rl’

1/2
Ces = {Ily* Vllp@1p-1+ {17 = 11l o1 por +4Ce + 6% = Xoll - 1) }

— 1+2y
Ce2=Ce+5 ||J/* -Nn ||D(U)71p71 +—— %0 — x« ”T—l + 1 ¥l pigy-1p-1Ce,3-

The proof of the theorem is a basic consequence of Theorem 4.12 and [TDFC18, Lemma 1].
We provide the proof in Section 4.7.6.
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Chapter 4. Convergence of stochastic primal-dual hybrid gradient algorithm

4.5 Related works

We summarize the comparison of the most related PDCD methods in Table 5.1 (Page 106).

Primal camp. Stochastic gradient based methods (SGD) can be applied to solve (4.1) [RM51,
NJLS09]. However, this approach cannot get linear convergence except special cases [NRP19]
due to properties of SGD. One alternative is variance reduction to obtain linear convergence
under the assumption that functions f; are smooth and g is strongly convex or f; are smooth
and strongly convex [JZ13, XZ14, AZ17]. Smoothness of f; is equivalent to strong convexity of
;- Therefore, the linear convergence results of these methods require the similar assumptions
as [CERS18, Theorem 6.1]. Moreover, as in [CERS18], variance reduction based methods
require knowing y; and g to set the algorithm parameters to obtain linear convergence.

For the specific case of f;(-) = 6}, (-), SGD-type methods are proposed in [PN17, Xu20, FANC19].
However, these methods only obtain O(1/k) rate with strong convexity of g, since they focus
on the general problem where the objective can be given in expectation form. Even though
this rate is optimal for their template, it is suboptimal for (4.1).

Primal-dual camp. A line of research utilizes coordinate descent type of schemes for
solving (4.1). Coordinate descent with random sampling for unconstrained optimization is
proposed in [Nes12] and later generalized and improved in [RT14, FR15]. These methods
apply coordinate descent in the primal and obtain linear convergence rates with smooth and
strongly convex f; or smooth f; and strongly convex g.

Another approach is to apply coordinate ascent in the dual to exploit separability of the dual
in (4.1). Stochastic dual coordinate ascent (SDCA) and its accelerated variant are proposed
in [SSZ13, SSZ14]. These methods require smoothness of f; and strong convexity of g for linear
convergence and the parameters depend on the smoothness and strong convexity constants.

SPDHG that we analyzed in this chapter is proposed in [CERS18]. The authors proved linear
convergence of the modified method SPDHG-u [CERS18, Theorem 6.1] by assuming strong
convexity of f*, g and special step sizes depending on strong convexity constants. Asymp-
totic convergence and the O(1/k) rate results in [CERS18, Theorem 4.3] are given in terms of
Bregman distances which is not a valid and standard optimality measure. We prove linear
convergence with standard step sizes in (4.8) and with weaker metric subregularity assump-
tion, detailed in Section 4.2.2. Moreover, in the general convex case, we prove almost sure
convergence of the iterates to a solution, which is the standard result and stronger than the
corresponding result in [CERS18] with Bregman distances. Finally, we prove O(1/k) rate, with
possibly unbounded domains, for the standard optimality measure expected primal-dual gap.
The comparison of the results is also summarized in Table 4.2.

PDCD methods similar to SPDHG are proposed in [ZX17, DL14, FB19]. These variants assume
strong convexity of f;*, g to guarantee linear convergence. Only [FB19] proved linear conver-
gence with step sizes independent of strong convexity constants which provided a partial
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answer for adaptivity of SPDHG-type methods to strong convexity. However, as detailed in
Table 5.1, with dense A matrix, and uniform sampling, this method requires step sizes n times
smaller than (4.8) which is problematic in practice (see Section 4.6.1). For sublinear conver-
gence, [FB19] proved O(1/ V'k) rate on a randomly selected iterate, under similar assumption
to ours whereas [ZX17] requires boundedness of dual domain, setting a horizon, and gives
primal-only complexities (not anytime rates).

PDCD algorithms are also studied in [CP15, CP19, PR15]. As mentioned in [FB19, CERS18],
operator theory-based proofs of these methods require using small step sizes depending on
global information, which causes slow performance in practice.

CD methods for linearly constrained problems are studied in Chapter 3 and [DL14, LM18].
These methods obtain only sublinear convergence rates. In Theorem 4.13, the specific case
of f(-) =6 () is studied in [LM18] and a similar result was derived. The rate in [LM18] has
a different nature in the sense that it is an almost sure rate where the constant depends on
trajectory, whereas our rate is in expectation.

Latafat et al. [LFP19] proposed a method called TriPD-BC and proved linear convergence
for their method under metric subregularity. There exist two drawbacks of TriPD-BC for our
setting. First, when A is not of special structure, such as block diagonal, one needs to use a
complicated duplication strategy for an efficient implementation (see [FB19]). Second issue is
that as in [FB19], this method needs to use n times smaller step sizes with dense A. For the
details of duplication and small step sizes, we refer to [FB19]. The need to use small step sizes
seriously affects the practical performance of the algorithm as illustrated in Section 4.6.1.

Some standard references for deterministic primal-dual algorithms are [CP11, CP16b, HY12,
TDFC18, TDAFC19, EZC10]. As observed in [CERS18], coordinate descent-based variants
significantly improve the practical performance of these deterministic methods.

Our results imply global linear convergence for deterministic PDHG when 7 = 1, answering
the question posed in [CP11]: “It would be interesting to understand whether the steps can be
estimated in Algorithm 1 without the a priori knowledge of li;, pg.” We note that in the third
part of Assumption 4.2, compact domains are not needed for this case. We highlight that such
behaviour of deterministic primal-dual methods is investigated before in [LFP16, LFP19].

Linear programming. A related notion to metric subregularity for linear programming is
Hoffman’s lemma due to classical result in [Hof52], which is used by many researchers to show
linear convergence of ADMM-type methods for LPs [YZH* 15, YH16, LYZZ18]. The drawback
of these approaches is that one needs to know the constant 1 to run the algorithm which is
difficult to estimate in general. Our analysis recovers these results specific to LPs with a much
simpler algorithm that does not need the knowledge of ).
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4.6 Numerical evidence

In this section, we support our theoretical findings by showing that SPDHG with step sizes
in (4.8) obtains linear convergence for problems satisfying metric subregularity. The problems
we solve, namely, basis pursuit, Lasso, and ridge regression all satisfy metric subregularity.
Among them, only ridge regression is strongly convex-strongly concave, thus this is the only
problem where linear convergence results from [CERS18] apply by using SPDHG-u [CERS18,
Theorem 6.1]. We show that even in this case, when strong convexity constants are small, ap-
plying SPDHG can be more beneficial for some datasets. SPDHG-pu is not applicable for other
problems due to lack of strong convexity either in the primal or dual. We illustrate favorable
behavior of SPDHG against popular methods SVRG [JZ13] and accelerated SVRG [ZSC18].

For space limitations, we include results with one or two datasets for each problem. For

SPDHGQ, as in [CERS18], we use uniform sampling of coordinates and 1 = ando; =

Y
nmax; [| A; |l
nT”' with y = 0.99 for all problems. For the other methods, we use the suggested theoretical
step sizes in the respective papers and we do not fine tune any of the methods.

4.6.1 Sparse recovery with basis pursuit

We first solve the basis pursuit problem which is a fundamental problem in signal process-
ing [CDS01] and also finds applications in machine learning [GS18, AKSV18]:

min | x|l;: Ax = b. (4.23)
xeRd

Since basis pursuit is PLQ, metric subregularity holds. The aim in this section is to illustrate
the difference on the step sizes mentioned in Section 4.5, Table 5.1 and verify the empirical
linear convergence of SPDHG. We compare SPDHG with coordinate descent version of Vu-
Condat algorithm, developed in [FB19], which we refer to as FB-VC-CD. Note that [LFP19]
requires duplication for an efficient implementation for this problem and it uses the same step
sizes as [FB19]. For this reason, we only compare with FB-VC-CD and note that the practical
performance of [LFP19] is expected to be similar to FB-VC-CD with same step sizes.

We generate the data matrix A synthetically where n = 500 and d = 1000 and entries of data
matrix follow a normal distribution. We generate a covariance matrix ; ; = p'"~'with p =0.5
and a sparse solution x, with 100 nonzero entries. We then compute b = Ax,.

The analysis of SPDHG in [CERS18] shows O (1/k) rate on the Bregman distance to solution
on the ergodic sequence whereas our analysis shows linear convergence on the last iterate.
FB-VC-CD is proven to have O(1/v'k) rate for this problem [FB19]. FB-VC-CD is specially
designed to exploit sparsity in the data. However, in our case the data is dense, which causes
FB-VC-CD to use n times smaller step sizes. As shown in Figure 4.1, FB-VC-CD exhibits a slow
rate whereas SPDHG converges faster, as predicted by our theoretical results.
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Figure 4.1 — Linear convergence of SPDHG for basis pursuit problem.

4.6.2 Lasso and ridge regression

In this section we solve ridge regression and Lasso problems, formulated as

1
and, min=|Ax—b|*>+Alxl, (4.24)

1 A
min || Ax - b|? + = |lx||?,
2 2 xeRd 2

xeRd

respectively. In terms of structure, the first problem is smooth and strongly convex, or equiva-
lently, its Lagrangian is strongly convex-strongly concave. For this problem class, [CERS18]
showed linear convergence for the method SPDHG-p, which is a modified version of SPDHG
using strong convexity and strong concavity constants for step sizes. In addition, SVRG and
accelerated SVRG obtain linear convergence for this problem [XZ14, ZSC18, AZ17].

A=10°

SPDHG
-©-SPDHG-:
-SVRG
= Ace-SVRG

epoch epoch epoch

Figure 4.2 — Ridge regression, YearPredictionMSD, n = 463,715, d = 90.

A=10"° A=10"? A=10"1
10° 10° 10°
SPDHG
gSPDHG-N
8- SVRG
- 10° - 10° T 10° ¥ Acc-SVRG
e L e
= = =
10710 10710 10710
0 100 200 300 0 50 100 150 200 0 50 100
epoch epoch epoch

Figure 4.3 — Ridge regression, w8a, n = 49,749, d = 300.

We use regression datasets from libsvi [CL11b], perform row normalization, and use three
different regularization parameters for each case and compile the results in Figures 4.2-4.4

91



Chapter 4. Convergence of stochastic primal-dual hybrid gradient algorithm

A=1
SPDHG
-©-SPDHG-pt
-5-SVRG
- Acc-SVRG
m‘\\\m\\\\\ﬂ
D a © .
50 50 100
epoch epoch

Figure 4.4 — Ridge regression, sector, n =6,412, d = 55,197.

along with information on datasets and regularization parameters.

In the regime n = d, we observe in Figures 4.2 and 4.3 that, for large A, or equivalently,
large strong convexity constants, SPDHG-p is faster than SPDHG, which is expected since
SPDHG-p is designed to use strong convexity, whereas our result holds generically without
any modifications on the algorithm. However, we observe that, especially when A is small,
SPDHG gets a faster linear rate than SPDHG- i1, which may suggest robustness of SPDHG over
SPDHG-pu. SPDHG exhibits competitive performance against SVRG and accelerated SVRG.

Goal of this experiment is not to argue that SPDHG gets the best performance in all cases
since this is a very specific instance where most algorithms convergence linearly. Our goal
is rather to illustrate that even though our linear convergence results apply to a broad class
of problems, SPDHG is still competitive when compared to methods which are designed to
exploit the structure of this specific setting.

In the regime n < d, we observe in Figure 4.4 that SPDHG-p shows a faster behavior with
small . This seems intuitive, since in this case the strong convexity purely comes from the
regularization term and SPDHG- i directly exploits this knowledge to get a better performance.

We then solve Lasso in (4.24), for which SPDHG-u does not apply and accelerated SVRG cannot
get linear rates in general. We compare with SVRG for varying regularization parameters,
datasets with n < d or n = d, and compile the results in Sections 4.6.2 and 4.6.2. We observe
that SPDHG converges linearly and exhibits a better practical performance than SVRG.

A=10° A =10 A =102
10° 10° 10°
- SPDHG
8- SVRG
o 10° - 10° o 10°
e 0 e e
BRTRS BT BRTRS
> 17
0 100 200 300 0 50 100 0 10 20 30 40 50
epoch epoch epoch

Figure 4.5 — Lasso, mnist scale, n = 60,000, d = 780.
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o A =100 0 A =10 o A =10%
10 10 10 > w0
-£-SVRG
— 107 1 — 10° g 10°
gg >§; ég
BRTRS ;10‘0 BRTRS
0 50 100 150 0 10 20 30 40 50 0 10 20 30 40 50
epoch epoch epoch
Figure 4.6 — Lasso, rcvl.binary, n = 20,242, d = 47,236.
4.7 Proofs
4.7.1 Proofof Lemma 4.3
Proof. Asin [CERS18], we define the iterate y with full dimensional update
X = proxT,g(xk_l - TATJ'/k), (4.25)
Pty =ProXg, - (v + 01 Aixy). (4.26)
By (1.7), we get, Vxe XY and Vye Y and Vi ={1,...,n}
(0 2 g(xi) + (X — % AT Fid + 21— Kt 1%+ 0 = X120 — o — g I
gX) = 8(Xp) + X —X, A Yk 5 X = X-11171 5 X — X7 5 X = Xpe-115-1»
. N Ny . 1 . 1 .
FON 2L @) = G =y A + 51950 = v 1+ 51550, = vl
1 . )
a1 A/ et

We sum the second inequality from i = 1 to n and add to the first inequality to obtain

0= gxp) —gX) + (X — X, AT 710 + f* Grs) = 5 (0) = Pres1 — 1 Axp)

2 2 2
= (= ooy = x02 + o = X020 + g = e 121

1 2 A 2 ~ 2
45 (1= YW1 01 = Mgys + 11 = Vil )- (4.27)
We recall
Dg(xk,2) = g(xx) — g(x) + (AT y, x¢ — %), (4.28)
(4.29)

D (k41,2 = (P = () = (AKX, P — -
We add and subtract (A" y, x; — x) — (AX, x+1 — y) on the right hand side of (4.27) and use the
definitions in (4.28) and (4.29) to get

0= Dg(xk,2) + D+ (P41, 2) + {xp — X, AT Fr =) = Fre1 — ¥ Alxg — 1))
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1
5 (=y = X+ i = 07+ 6k = X 7)
1 X A
5 (1= Vs 01 = Wgys + 151 = Vil )- (4.30)

Note that at step k of SPDHG in Algorithm 4.1, we select an index iy € {1, ..., n} randomly with
probability p;, and perform the following step on the dual variable

y,(;’j)l = j/,(ff)l, and y,(fil = y,(ci),Vi # k. (4.31)
For any Y € Y that is measurable with respect to Fy, (4.31) immediately gives
Erlyk+1] = PPk+1+ L= P) yi, (4.32)

Ex 17501 = YDy | = 19k01 = YISy p + 1Ve= Y01 0-p)- (4.33)

A simple manipulation of (4.32) and pluggingin Y = y and Y = yy in (4.33) respectively, gives

Pk+1 =P 'Exlys1] — (P~ = Dyg (4.34)
1951 = Y1500 = Ex [||yk+1 - y||§)(0),lp,1] ~ 1Yk = V131 o1 (4.35)
1761 = Vel = Ex 1761 = el 1p] - (4.36)

We apply (4.35) and (4.36) to the last line of (4.30) to get

1 2 5 2 S 2
5( — 1Yk =YD HIVks1 = Yy + 1 Vks1 = Yiellp gy

1
= 5( =Ny - y”ZD(O-)—lp—l +Ek |1 Yks1— yllé(g)_lp_l 1 Yie+1 = yk”%((f)—lp—l ] ) (4.37)

In addition, we have for the bilinear term in (4.30) that

(X=X, AT (Fk = 1)) = i1 — ¥, Al — %)) = (ACe — %), T — Pea1)
= (Axg = x), Ji = P ' Exlyeal + (P = Dy
= —Ex [(ACtk = %), P~ (V1 = yi)) ] + (A = 20, P71 (v = yie-1)
= —Ex [(AGck = %), P (Vi1 — i) + (A1 = %), P~ (i = Yie—1))
+ (Al = x5-1), P (i = yie—1))- (4.38)

where the second equality is by (4.34), and third equality is by the definition of jy.

2

We now insert (4.37) and (4.38) into (4.30) and also add and subtract %II Vi — V=1l D(o)-1p-1

) 1 1
0= Dg(xk) Z) +Df* (}/k+1»Z) + Ellyk —J’k—1||2D(U)71P71 - E”yk —J’k—1||2D(g)71p71

—Ex [(AGex = %), P (Vg1 — i) | + (AGc—1 — %), P (ke — yie-1))
+ (A = Xk-1), P Yk — vr-1))
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1
+ 5 (= ey = 0l gk = Xl + 0 = X 7
1 2 2
+§ - ”yk_y”D(o-)—lp—l +[Ek ||J/k+1—J/||D(g)-1p-1
[ 1yke1 = Vel 1 p ) (4.39)

The first result follows by using the definitions of V and V.

It is straightforward to prove (4.11) and (4.12). Since y](cj )= y,(cj )1’V J#ik-1

(A%, P~ (v = v = KA x, pi () (ik-1) yk”‘ll I

l i
<l Ai_, xlp;t 1y =yl
1/2 1/2 _-1/2 -1/2 -1/2 _—1/2 . (ix-1) (ix-1)
= (v"20}2 pi A ) T R 2o Ry -
-1/2 -1/2 —1/2 (ik-1) (Tx-1)
Sy(r Ixllp;, "o Ny = vy )

(le||2_1+lly(”‘ Doyl )=g(nxni_l+||yk—yk_1||§3(,,)_lp_1), (4.40)

plkl if-1

where the last step is due to y,(cj )= y](C] )1’V J # ix—1. Inserting (4.40) into the definitions of

V(zx — zr-1) and Vi(z) in (4.9) is sufficient to prove (4.11) and (4.12). |

4.7.2 Proof of Theorem 4.6

Proof. On (4.10), we pick (x, y) = (x«, ¥«) and by convexity, Dg(xk,z*) >0, Dy« (j/k“,z*) >0.

Next, by using AR = Vi (x* = xy, y’”1 — ¥%), we write (4.10)

Ex [Axl = A1 — V(zk — 2-1)- (4.41)

We denote q; = (1® x,1® yi). By taking total expectation and summing (4.41), and us-
ing Lemma 4.4, we have 332 | E |1 T(q_) — q;_ 1||2 ] < +oo0. We use Fubini-Tonelli theorem

to exchange the infinite sum and the expectation to obtain E [Z 2ol T(Gy—1) — iy ||

oco. Here, since 332 /1 T(q_1) — q._ 1|| 5 Is nonnegative, we conclude that 3 37 IIT(q,C 1) -
91 || 5 is finite almost everywhere, wh1ch implies that | T(q;_;) — q._ 1|| converges to 0
almost surely. Thus we established: there exists Q7 with P(Qr1) = 1 such that Ywe Qrp, we
have T(q;(w)) — g (w) — 0.

We apply Robbins-Siegmund lemma [RS71, Theorem 1] on (4.41) to get that almost surely, A*
converges to a finite valued random variable and V (z* — z£~1) — 0. Consequently, by (4.11),
Il y* — y*=1|| converges to 0 almost surely. Then, since almost surely, A* converges and | y* —
yk_1 | converges to 0, we have that || zZk—z, | converges almost surely.
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In particular, we have shown that
P {w eQ: klggo | zi(w) — 2| exists.} =1. (4.42)
The probability 1 set from which we select the trajectories is defined via z,. We define the set
Qx = {a) eQ: Iclgrgo |z (W) — Z4 || exists.} (4.43)

Thus our statement is actually, for each z, € Z,, there exists a set Q,, with probability 1, such
that Vo € Q.+, limy_ o || 2k (w) — z« || exists.

We will now follow the arguments in [CP15, Proposition 2.3], [Ber11, Proposition 9], [[BCH13,
Theorem 2], [FB19, Theorem 1] to strengthen this result.

Let us pick a set C which is a countable subset of ri(Z,) that is dense in Z,. Let us denote the
elements of C as v; for i e N.

We just proved that for all v; € Z4, 3Q,, with P(Q,,) = 1, such that Yw € Q,,, limy_., | 2 (w) —
vi |l exists. Let us denote Q¢ = N;enQy,. As Qc is the intersection of a countable number of
sets of probability 1, P(Q¢) = 1.

Next, we set Z€ Z,. As C is dense in1i(Z), there exists a subsequence vy (;), where ¢: N— N
is an increasing function, such that vy ;) — Z.

We pick w € Q¢ and study the existence of limy_., |z (@) — Z||. By triangle inequality, Vi e N,
2k (@) = Vi) | = Vg — 21 < 2k () — 21| < |2k (W) = Vi) | + gy — ZII
Rearranging gives
=g — 2l < llzk () = ZIl = | 2 (W) = Vi) | < V() — 21l

As w is chosen from Q¢, and any element of Q¢ is also an element of Q,,, we know that
limy_. o [ 2k (@) — vy (i) || exists. Moreover, recall that vy — Z.

We take limit as k — oo,
=Ny — 2l <lim inf ||z (w) = ZIl = lim [|zx(@) = Ve
k—o0 k—o0
<lim sup | zx(w) — Z|| — lim [|zg(w) — vy |l
k—o0 k—o0

< lvpa) — 2.

As we take the limit along the subsequence defined by ¢(i), we have lim; .« [[vp;) — ZIl = 0,
which gives the equality of liminf and lim sup.
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Thus, Yw € Q¢ with P(Q¢) = 1 and VZ € Z4, we have that lim._ o, || zx (w) — Z|| exists.

We pick w € Q¢ nQr and as we have that (zx(w)) is bounded, we denote by Z = (%, ) one of its
cluster points. Then, we denote g = (1® %,1 ® 7) and say that g is a cluster point of (g (w))x.

As T(q;(w)) — g, (w) — 0, by continuity of T we have T(g) — q — 0, therefore g is a fixed
point of T. We now use Lemma 4.4 to argue that fixed points of T which we denote as
(xr(7),yr())j=q,..,n} are such that (xr(),yr() € Z*,¥Yje{l,...,n} Since q is a fixed point of
T, we conclude that Z € Z,.

To sum up, we have shown that at least on some subsequence z;(w) converges to Z € Z,. Then,
the result follows due to existence of the limit, proven earlier. |

4.7.3 Proof of Theorem 4.8
Proof. Starting from the result of Lemma 4.3, we have
Dg(xk,2) + D g+ (P41, 2) < —Ege [ Vier1 (% — X, Yies1 = V)| + Vie(xe—1 — X, ye — 3)

—Vizr —zp_1). (4.44)

We pick X = Xx k-1, ¥ = Vx,k» With Zy = (X« k-1, Yx,k) and use convexity to get Dg (X, Z k) =0
and D+ (Pk+1>Z,k) = 0. In addition, we define

A1 = Vi(Xg—1 = X k=1, Vi — Y k)

A = Vier1 (Xk = X k=1, Vie+1 — Vo -
We use these definitions in (4.44) to write
Ex [Ak] < Ak-1 — V(2 — 2-1).
By definition of (x’,f , y’,f“), we have A¥ < A¥ which implies that
Ey [Ak] < AF1 gk — gk,

Recursion of this inequality gives boundedness of the iterates x; and yy, in expectation. How-
ever, it is not possible to derive sure boundedness of the sequence. Without sure boundedness,
the set that includes x, yx depends on the specific trajectory of the algorithm, and it is not
possible to find a set independent of these. As metric subregularity holds for PLQs with a
bounded neighborhood (see Section 4.2.2), we cannot utilize this result and this is the main
reason for the need for bounded domains in this case. This assumption ensures the existence
of a uniform set bounding the sequence, to use metric subregularity assumption for PLQs.

Werecall S = diag(r’1 1p, 01’1, . 0;1), Sand P are as defined in Lemma 4.4, and dist%(zk, Z.)=
lzg — Pé* (2% = Nk = X k22 + e = y*)k”%)(a)-l where X, x is the projection of x; onto the
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set of solutions with respect to norm || - || ;-1. We now use Assumption 4.2 stating that F = C+ M
is metrically subregular at 732, (Zx+1) for 0. We recall, g, = (1® xi,1® yi) and g4, = T(q})
and estimate as

=2 2 L2 5 2
Xk = X k720 + 1Yk = Y kel )1 = dists (2, Z5) < Ege [”Zk - 7’2 (Zk+1) IIS]

A 2 A S (2 2
< 28 [I26 - 21 I2] + 26k [1 2601 = P, (2l

< 2F¢ [l 2k = 2k 5] + 20" [dist§ 0, (C+ M) 211
= 2E [l 2k — 211 5] + 20 dist? 5 (0, (C + M)y,
< 2Ex [llzk = Zesr 5] +20° IM = HI? 1 Gyr — gl G5 (445)

where the first inequality is due to the definition of disté(zk, Z,), third inequality is due to
metric subregularity of C + M (see Remark 4.9) since dist3 (251, Z,) = || 251 - 772,* s I3
Second equality and fourth inequality are by Lemma 4.7 and Cauchy-Schwarz inequality.

First, we use || Jx+1— yil5) ;- = Ex [||J/k+1 - ykll%w)flpﬂ] to estimate
a 2 2 ~ 2
Ex [z = Zi+1lls] = Ex [l1o0k1 = Xl ] + 1 k41 = Vil Do)
2 2
= B tken = X620 +17k1 = Vil gy p01 |- (4.46)

Second, we use Lemma 4.4 to obtain

1811~ i35 = 1TA® X0 1@ Y0 ~ (L@ x, 1@ Yl
= Ex | 11 = X2+ 1ks1 = Vel Dyt p | - (4.47)

We combine (4.46) and (4.47) in (4.45) to get

1 - o2 1 2
3 X=X kel 71 + 2 1Vk = Yx, kel Doy

1 1
< @+21°IN = HI)Ex | 5 1%ke1 = Xillg + S 1Ykt = Vel pgy1pt |- (4.48)
Herein, we denote { =2 + 2172 |H—- M|?2.
By using (4.11), we have that, for all a € [0, 1]
1 2 1 2
Er-1[V(zk — 2k-1)]1 = CiEg— 5||xk — X171+ 5||J’k = Vi-1pg)-1p1
RO EVPRINE S LI [
=7 2 Xk—1 = Xx,k-1117-1 5 Yk-1=Yxk-1llpg)-1
C(a - 2 1 2
=2 I N AR 1T AT - A R )

where the second inequality is due to (4.48).

98



4.7. Proofs

We have, by definition of x, ;_; that

Ap_1 = Vi(Xg—1 — X k=1, Yk — Y k)

1 = 2 1 2 1 2
E ”xk—l - x*,k—l ”T—l + 5 ||.Vk - y*,k”D(a-)—lp—l + 5 ||J/k — Vk-1 ”D(o-)—lp—l

—(PTM Ay = B k1), Vi — Vi)

1+y

1 I 2 2 1 2 1+y 2 Y 2 2
= E Xk—1 7 X k-1 ”T—l + E”yk - J/*,k||D(U)71P71 + T“yk — Vi1 ”D(o-)—lp—l + 5 [ Xk-1— X, k-1 ”T—l

1+y 1+y

= 2 2 2

2 ”xk—l - x*,k—l”-[—l + 20 ||J’k—1 - J’*,k—l ”D(o—)—l + 2 ||J/k — Vi1 ”D(G-)—lp—l
1+y

1
20 ||J’k—1 - J’*,k—l ||2D(0')_1 + 5 ||J/k - J’*,k ||2D(U)_1P_1’
where the second inequality is due to (4.8).
We now take conditional expectation of both sides and use (4.49) to get

Er—1[Ag-1] = A+

1+y 2
Ei-1 [V (2K = zk-1)] + T[Ek—l [llJ’k = Vi-1p(g)-1p1

2ee [y = yusl? Y- 12
2 k-1 yk y*,k' D(o)-1P-1 20 J/k—l y*,k—l D(o)- 1"

By using (4.11) and requiring that a+y) o A+¢

< Cq Ol equivalently ¢ = a, which is not restrictive
since « is finite, and one can increase 7 as in (4.6) to satisfy the requirement, we can combine
the first two terms in the right hand side to get

2(1+79)¢ 1 2
Ex-1[Ak-1] < W[Ek_l [V(zk = zk-1)] + E[Ek—l 1Yk = Ykl gy-1p1]

1+y

2
20 ||J’k—1 - J’*,k—l ”D(o—)—l-
We now insert this inequality into (4.14) and use that Ex_; [Ex [Ag]]l = Ex—1 [Af]

ey ] < Epoy [Apt]— — 2% Ep i [Ay]
k-1 kIl =Lk-1 k—1 2(1+Y){ k-1 k-1
Cla

DB 1k = Yel T
4(1+,y)( k=1 (1Y = Vx,k D(o)~1pP-1 4( V-1 = Vx,k-1 D(o)!"

We take full expectation and rearrange to get

Ak

Cla 2
T a0 1Yk = Yx, kel pgy-1p1

C C
_( _L)E[Akrﬁ”y’cl_y*vkl”%w)l - (450
2(1+7)¢ 400 - 517)
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We require
C1 a C1 C 1

pU+Y 400 = 57

C, — a<(1 +7/)B. (4.51)

Letus picka = (1+7y)p sothat C, = % and define

O =Ar—Collyr— y*,k"%)(a)—l‘

We note (4.49) and (4.14) to have

20 2
2
1k = Ykl o)1 < C_l[Ek [V(zk+1—21)] = C—lEk [Ag].

Then, we can lower bound @y, as
20 1
E[®r] = (1 - CZE)IE[AIC] = E[E[Ak]- (4.52)
1

Therefore, it follows that E [®] is nonnegative, by the definition of A and (4.12).

We can now rewrite (4.50) as
E[®k] < (1 - p)E[®k-1],

C
where p = %. We have shown that ®; converges linearly to 0 in expectation. By (6.35), it
immediately follows that A, converges linearly to 0.

To conclude, we note Ay = Viy1(Xk — X k» Vi1 — Vx,k+1), and (4.12), from which we conclude
linear convergence of || x — x*,kllf,l and [ Yi+1 = YV k+1 ||%(U),1P,1.

It is obvious to see that 0 < p follows by the fact that 7 is finite by metric subregularity and
p <1followssincey<land p<1. ]

4,7.4 ProofofLemma4.11

Proof. We note

H Xk Prea13 %, Y) = 8(x1) +(AXk, ¥) — [ (1) = 8(X) = (AX, Jres1) + [ (Prs1),

1
A= 2 [y =+ vk = X7+ = Xl
1 2 N 2 N 2
Ay = 5 [_”J’k_J/”D(a)a + ||yk+l _y”D(o-)—l + ||J/k+1 _yk”D(o-)—l] ’
and, V(x,y) € X x Y. Then, we can write (4.27) as

0=H Xk, Prs15 % Y) + (AKX = Xk, Prs1 — Vi) + Ax + Ay, (4.53)
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We next note that

H (X, Jie+13 % ) = H( Xk Yier13 % V) + (A, Vi1 — P 1) + 7 Gies1) = FF Vi)
— (o W) = o) + (Foer ;W) = foe_;(70))
+(AX, (P = D (a1 — 1)) — (AX, (P~ = D (i1 — Vi)
=Hxk Yir 136 V) + [ Pra) = 7 1) = (Fpas k1) = fpa (7))
+ (A%, Vi = D1 = P~ (k= Y1)
+ (o Wrs)) = o (7)) = CAX, (P = D (Yier1 — Vi)
=H Xk Vi3 5 V) + 7 Tee1) = 700 = (Fpa W) = fp ()

-1
*

+ (A%, Y= P = P k= yie)) + D T ks, ) = DfZIl‘I(yk,y). (4.54)

By the definition of jy; in SPDHG, we have for the bilinear term in (4.53) that

(A = k), D1 — T = (A= X1), Pre1 = Vi — P (k= Y1)
= (A(x = xg), Pre1 — Vi) — (A= x), P~ (7 = Yi-1))
= (A(x = xx), Pks1 = Vi) — (A = Xk-1), P (k= Y1)
— (Alxg—1 = X, P (i — yk-1))
= (A(x = x), P~ (i1 — Y)Y — (A= x-1), P71 (e = Yiem1))
— (Alxg—1 = X, P (Y — yk-1))
+ (A= x0), Pke1 = Vi = P~ k1 = y0))- (4.55)

We focus on A and get

1 ~ 2 ~ 2 2
—Ay=3 [ N Vi1 = Vil pgy1r = 1Fkr1 = Yy + 1Yk = Yl gy
2 2
+ (”J/k - J/||D(U)71p71 - ||J/k+1 - y”D(o-)—lp—l)

2 2
- (”_Vk - y”D(U)—lp—l - ||yk+1 - y”D(U)—IP—l)

1 1 1
= =5 1¥e1 =Ygy pr + 510k =Ygy 1pr = 5 19001 = Vil +€k (456)

where

1 2 s 2 2 2
€k = 5 [llyk - y”D(U)—l - ”yk+1 - J/”D(U)—1 (”J/k - y”D(a—)—lP—l - ”yk+1 - y”D(O—)—lp—l

1 2 N 2 2 2
= E [”yk”D(U)—l - ”yk+1 ”D(U)_l - (||Yk||D(U)-1P-1 - ||J/k+1 ”D(U)—IP—I

— 23, Yk = Pre1 = P Wk = Vi) Doyt |- (4.57)
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We use eqgs. (4.54)—(4.56) in (4.53), add and subtract % | Vie—Vie-1 II% (©)-1p-1 and use the definition

Vis1 = Yk — Jk+1 — P71 (Yk — Yi+1) from Lemma 4.10 to obtain

1 1
H Xk Vi1, ) < =5 1% - xlZ + > 1%k-1 - xl%,
— (A= x0), P7 (Vis1 — i) + (A = X5-1), P (ke = Yie-1)
1 1
= 5 1%k = % 2. - 5 1ye=yi 1) -1 p-1
_ 1
— (A = X ), P = Y1) — S 1iker = Y y-1pm1
1 2 1 ~ 2 1 2
+ EHJ’k _y”D(g)—lp—l - §||J’k+1 _yk”D(o-)—l + E”yk _yk—]”D(o-)—lp—l
1 )
42 10 g = 131Ky = (1900151 = 11 W1 ) |

+ ) = 7 @) = Fpas (V1) = fpo k1)) = <0 Vis 1) Doy
—(AXp, Yk = Prer1 = P k= yer)) + D}J»:I_I(J/k, z)— Df?fl‘l(ym, 2). (4.58)

We obtain the first result of the lemma by using the definitions of Vi and V from Lemma 4.3,
and definition of & from (4.21).

Second, on & (see (4.21)), we use the following conditional expectation estimations
Ex [P 0k — yis1)] = Yk — Pis1, B [f;l W) = fpa kD) | = ) = 7 (Pre+1),

2 ~ 2
Ex [N yi+1 = Vil 5 -1 | = WPk = Vil 5y
D(o) P D(o)

1 ~ 2 1 2
[Ek [gk] = —z||yk+1 _yk”D(a-)—l + E[Ek [||J’k+1 _yk”D(g)—lp—l]

1 2 N 2 1 2 2
+ 5 ||,Vk||D(U)71 - ||J’k+1 ”D(G-)—l - E[Ek ”yk”D(o-)—lp—l - ||J’k+1 ”D(o-)—lp—l

+ W) = £ D) = Eic [Fpms ) = fpms s | = CAxpes Y = Piee1 =B [P (v = yies1) )
=0.

4.7.5 Proofof Theorem 4.12

Proof. We will continue from the result of Lemma 4.11. We have for the last error term in (4.20)

-, Vk+1>D(U)*1 =Jr—-¥ Uk+1>D(a)fl — Vi Uk+]_>D(a')*1; (4.59)
where jy is the random sequence defined in Lemma 4.10.

We sum (4.20) after using (4.59) and Lemma 4.3

K —
Y Hxk Y13 % 9) < = Vi (Xx = X, yre1 = Y) + Vilxo — X, y1 — ) + D}J*I_I(J/I;Z)
k=1

102



4.7. Proofs

K
-1_ ~ ~
—D;* Tyke;2+ Y (Q’k =¥ Vk+1) D(0)! — {Vk» Vk+1) D(o) ! +5k)’ (4.60)
k=1

Next, by Young'’s inequality
-1 Y 2 Y 2
—(Ax—xk), P~ (Y41 — YK < Ellx—xKllrl + E||J/K+1 = Ykl pg)-1p1- (4.61)

On (4.60), we can use (4.18) from Lemma 4.10 with j; = y; = yp and (4.61) with the definition
of Vigi1(xx — X, yx+1 —y) from Lemma 4.3, and by y < 1 from the step size rules in (4.8) to get

K

1 * *
k_lH(xk,ka;x, V) = 1% =X + 131 = Yy 1por + Fpoa 0 = fpa_ (k)

K
_ 1 _
+(AX, P = Dy — 1))+ Y, 5| Vet hgy-1p = Fio Vi) D)1 +Ek |- (4.62)
k=1

We have (Ax, (P = D(yk+1 = 1)) < SIxI2, + 25 1yke1 = 11l 5150 and Flxl2, < ylx-

Xoll2_, +yllx0ll?_, by Young's inequality and (4.8).

We use these inequalities, arrange (4.62), and divide both sides by K

1 K 1[1+2y ) ) )
Eng(xkr,Vk+1,x,J/)5E{ 2 X0 = X072 + 1y1 = Yl 0y-1p-1 + Y1 X0ll7-

+ %”YKH - ”%)(0-)—1})—1 +f;-1_I(J’1) _f;—l_l(yK+l)

K 1 _
+) (5” V115 -1 p = Fio Vit 1) Doyt +5k) . (4.63)
k=1

We now take supremum of (4.63) with respect to z, note that only the first two terms on the
right hand side depend on z = (x, y), and Xy, y; are deterministic. Then we take expectation of
both sides of (4.63) and use y < 1

1 K
sup— Z H(xk) J’k+1;x»J’)

r <l {3ux P + Iy = y12 }
+E| L - nll? + o ) = fra_ (ke | +ylxoll?
2p YK+1— )1 D(o)-1p-1 p-l_1 N p-l_g YK+1 Y 0l ;-1
K 1 ) K K
£ 3 E[10eldgyap| = Y E[Fo ke poy ] + Y ELE - (4.64)
=12 k=1 =1

First, as j is Fi-measurable, Ex [vg1] = 0, by Lemma 4.10, and by the law of total expectation,

K

(Vk> Vk+1) D()!
k=1

K

= Z E [[Ek [(ﬁk, Uk+1>D(U)’1”
k=1

E
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K
=Y E[{Fk Exlvk+1D) poy-1] =0. (4.65)

On (4.64), we use (4.19) from Lemma 4.10, (4.65), and Y.X_, E[£¢] = X §_, E[Ex [£x]] = 0, which
follows from Lemma 4.11 along with the law of total expectation, to obtain

1
E| sup Z H(Xk, Yir15%, Y)

1
2 2
<sup{ | xo — x|l 71+_||J/1_y|| -1 1}
zeB N k= 2K T D(o) P

Y 2
+ im[nym Vloyipt | + 0l

1
+—= [E[fpl [(yl) fpl I(J’K+1)]+—Ao (4.66)

By Theorem 4.6 and Lemma 4.3, E [ I yis1 — yxll? Do) 1] < 2Ay, and by Jensen’s inequality and
concavity of square root, E [II Yk+1— Yxllp@)-1p- 1] < V2. With these estimations we have

E [||J/K+1 ~ 50y 1p ] <20y1 = Yslfgy1p1 +400. (4.67)
As fj is proper, lower semicontinuous, convex, and A;x* € df;" (y}), we additionally note that

O 2 70+ Aty -y 2 170D = 1A el Y8, = ¥ 1 poy-1p-1,

and

1 * l
E[fp ke = 3 | — =1 E[ £ )

1M
—_—

\%
1=
—_—
|
|
—

N
1l
—_

_

(£ O = 1A lpepE [ 172, = Y Iy £ )

vV
1=
—_—
|
I
—

~
Il
—

(f ) = 1A | poyp v ZAO)- (4.68)

3

We now use (4.67) and (4.68) in (4.66) to obtain

3 1
supK ZH(xk,yk+1,x N|s=s >x Sup llxo — X112, tx sup ly1 = ylI%, (@)-1p-1

zeB KxeB ye y
2y Y 2 «
+K—p||J’1 J’*”D(U -1p- 1+KpA0+E”xO”T—1+Efp*1_[(yl)
1 &(1 1 Ci
+=Y —-1 Uy LA x 200 |+ ——Ag =1 —.
K;(m )( 1D+ 1Al V2B + o = =2

We define as Cp the constant of right hand side and use Jensen'’s inequality on the left hand
side with definitions of x}a(Vg and y;l(vfl to get the first result.

For the second part of the theorem, we proceed the same until (4.63). Then, we move the
1+2}f 2 2
terms 1o = x[12, and /Iy - Y,

_1p-1 to the left hand side, take supremum, use the
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definition of smoothed gap, then take expectations of both sides and use the same estimations
as in the first part to conclude. n

4.7.6 Proof of Theorem 4.13
Proof. We have, from Theorem 4.12, the following bound for the smoothed gap (see also (4.7))

Ce
E|G1+ Pt X =—.
g%’ﬁ( K )yK+1’ O»J/l) K

e When f is Lipschitz continuous in the norm || - | p(s), we will argue as in [FB19, Theorem
11]. On (4.7), with the parameters used in this theorem, we make the following observations.
By [BC11, Corollary 17.19], when f is L(f)-Lipschitz continuous in the norm || - || p(¢, it follows
that [|y; — yI? Do) = 4L f)?. By Lipschitzness and the definition of conjugate function, we
canpick yeaf (Axa 8) # @ such that (Axavg, nw-frmw=fr (szvg). Next by Fenchel-Young
inequality, f* (yK+1) - (ATyKH,x*) = — f(Ax,). We also use p = min; p; to obtain (see (4.7))

avg

E|Gra (xK Vet ixo, y1) | ZE[fAXE®) + g(x®) — f(Ax) — g(x4)]

2
X0 — X5 171,

2 2
—p—KL(f) -

2K
where the result directly follows.

e When f(-) = 6y (-), we use [TDFC18, Lemma 1], to obtain the bounds

E[g0e®) - g0e)] <E[ G 1(x;“§g,y,<+1,xo,y1)]
1+2y
2K

+

Vlixo = xall2 ~E[(ya, AXYE -] + —|| Yx = Vil 1 pts
1
E[IAx® = Dl poyp] < ﬁ{ 1y« = y1llpy-1p-1 + (Ily* — 1501 p

1/2
+4KE [Q%ﬁ(x?g,y?fl,xo,yl)] +2(1+2y) [l x0 — x« ||§1) }

We use Cauchy-Schwarz inequality on (yx, AxK —b) and use the bound of E [ || Axavg bllpw)p]
to conclude. |

4.8 Bibliographic Note

Lemma 4.4 and Theorem 4.8 are mainly due to Olivier Fercoq. The results in Section 4.4.3
are mainly due to the author of this dissertation. The remaining results are joint between
coauthors.
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5] A sparsity aware primal-dual coordi-
nate descent algorithm

In this chapter, we continue studying PDCD methods and propose a new algorithm to improve
SPDHG analyzed in the previous chapter. The new method bridges the benefits of SPDHG
with other PDCD methods designed for sparse data [FB19, LFP19]. In addition to rigorous
convergence guarantees, we show that the method has per-iteration cost depending on the
number of nonzeros of the data matrix, which was not the case for SPDHG. As predicted by
our theory, the new method attains a compelling empirical performance with both dense and
sparse datasets.

This chapter is based on the joint work with Olivier Fercoq and Volkan Cevher [AFC20].

5.1 Introduction

In this chapter, we consider the problem
min f(x) + g(x) + h(Ax), (5.1)
XeX

where f,g: X = RU{+o0} and h: Y — RU {+00} are proper, lower semicontinuous, convex
functions, A: X — Y isalinear operator. X and ) are Euclidean spaces such that X’ = ]_[?:1 X,
and ) = H;”: 1 Yj. Moreover, f is assumed to have coordinate-wise Lipschitz continuous
gradients and g, h admit easily computable proximal operators.

We recall that the advantage of coordinate-based methods is that they access to blocks of A
and update a subset of variables, resulting in cheap per iteration costs. Moreover, they utilize
larger step sizes depending on the properties of the problem in selected blocks. Existing PDCD
methods fail to retain both these advantages, as sparsity of A varies. In particular, methods
that have cheap per-iteration costs with sparse A [FB19, LFP19], are restricted to use small
step sizes with dense A. On the other hand, methods that can use large step sizes with dense
A such as SPDHG [CERS18], have high per-iteration costs with sparse A.

Contributions. In this chapter, we identify random extrapolation as the key to design a
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Chapter 5. A sparsity aware primal-dual coordinate descent algorithm

Step sizes iteration | block-wise | probability Efficient
with dense data cost Lipschitz law implementation
[CERS18] | nt;0llA;lI°<1 m N/A arbitrary direct’
[FB19] n’tio|| A% <1 [J* Yes uniform direct or dupl.
[LFP19] n?tio|lAill° < 1 | J(DH|* No arbitrary duplication*
PURE-CD | nt;0A;lI°<1 J@)* Yes arbitrary direct

Table 5.1 — Comparison of PDCD methods. We only compare here the most related methods to ours
and include a comprehensive literature review in Section 5.5. In the last column, we refer to the way
one needs to implement the algorithm, for it to be efficient in both sparse and dense settings. * J(i) is
defined in (5.2). 'SPDHG only has implementation for dense setting and not for sparse. *The concept
of duplication for PDCD is described in [FB19].

method that combines the benefits of the methods in two camps and propose the primal-dual
method with random extrapolation and coordinate descent (PURE-CD).

> PURE-CD exhibits the advantages of [FB19, LFP19] in the sparse setting and the advantages
of [CERS18] in the dense setting simultaneously, achieving the best of both worlds.

> As PURE-CD has the favorable properties in both ends of the spectrum, it has the best per-
formance in the regime in between: moderately sparse data (see also Section 5.6.1). Table 5.1
compiles a summary for the comparison of PURE-CD and previous methods.

> In addition to adapting to the sparsity of A, we prove that PURE-CD also adapts to unknown
structures in the problem, and obtains linear rate of convergence, without any modifications
in the step sizes, with metric subregularity.

> In the general convex case, we prove that the iterates of PURE-CD converges almost surely
to a solution of problem (5.1).

> We show that in this case, the ergodic sequence obtains the optimal O(1/k) rate of conver-
gence on the expected primal-dual gap.

5.2 Preliminaries

5.2.1 Notation

For u € X;, U;(u) € X is such that each element of U; (u) is 0, except the block i which contains
u. We use block size of 1 for simplicity. We use the following notation for the sparse setting,

J@)={jefl,...,m}: Aj; # 0}
I(j)={i€{l,...,n}: Aj; #0}.

(5.2)

In words, given a matrix Aand i € {1,..., n}, J(i) denotes the row indices that correspond to
nonzero values in the column indexed by i. Similarly, with j € {1,..., m}, I(j) gives the column
indices corresponding to nonzero values in the row indexed by j.
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Moreover, given positive probabilities (p;)1<i<n, we define
=Y pi (5.3)
iel(j)
In the simple case of p; = 1/n, it is easy to see that nx; corresponds to number of nonzeros in

the row indexed by j.

At iteration k, the algorithm randomly picks an index iy € {1,..., n}. To govern the selection
rule, we define the probability matrix P = diag(p;,..., pn), where p; = Pr(i};+; = 1), and p =
min; p;. We define as F the filtration generated by the random indices {i1,..., if}.

Denoting z = (x, y), we define the functions
Dp(Xk+1,2) = f(Xp+1) + §(xp1) — f(x) — g(x) + (ATJ/, Xf+1— X))
Dg(Jk+1,2) = B (Jrs1) — B () = (AX, Jier1 — I)-

Optimality. Problem (5.1) has the following saddle point formulation

minm%}xf(x) +8(x) +(Ax, y) = h* ().

X€EX ye

KKT conditions state that the vector z, = (x«, y«) is a primal-dual solution when

o |V +0g(x) + ATy,

0
AX* - Gh* (y*)

=: F(z4). (5.4)

We call Z, the set of such solutions.

Metric subregularity. We use the metric subregularity assumption for proving linear conver-
gence. We refer to Section 4.2.2 for the details. We are interested in the metric subregularity of
KKT operator F (see (5.4)) for 0. Intuitively speaking, as 0 € F(z4),Vz* € Z,, metric subregu-
larity of F for 0 essentially gives us a way to characterize the behavior of the iterates around
the solution set.

We state our main assumptions which are standard in the literature [FB19, CERS18, LFP19]:

Assumption 5.1. f, g and h are proper, lower semicontinuous, convex.

> g is separable, i.e., g(x) = Z;‘zl gi(x(i)), and f has coordinatewise Lipschitz gradients
suchthatVxe X,Vue X},

flx+ Ui(u))Sf(x)+<Vif(x),u>+%Ilullz. (5.5)

> Set of solutions to problem (5.1) is nonempty.

> Slater’s condition holds.
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5.3 Algorithm

In this section, we sketch the main ideas behind our algorithm. PDHG!, due to [CP11, Conl3,

Vial3] reads as

K1 = Prox, g (X —7 (V. () + AT k) 5.6
Fier1 = PIOXy pe (Fi + 0 AQRX k11 — X)) - ‘

The main intuition behind PDCD methods proposed by [ZX17, FB19, CERS18] is to incorporate
coordinate based updates. Among these methods, [ZX17] specializes in strongly convex-
strongly concave problems, whereas the other other ones focus on convex-concave problems.

A closelyrelated approach concentrated on the following interpretation of primal-dual method (5.6)
which is named as TriPD in [LFP19, Algorithm 1]

Jka1 = ProXg - (i + 0 A%y
Xpa1 = Prox, g (Xe =7 (VF (&) + AT Jea1)) (5.7)

Vi1 = Vie+1 + 0 A(Xg1 — X)-
By moving the j.; update in TriPD to take place after j;.,; update, one obtains (5.6).

As observed in [LFP19], this particular interpretation of primal-dual method is useful for
randomization. TriPD-BC as proposed in [LFP19] iterates as

Vk+1 = PIOX; (yk + ank)

- T -
Xir1 = Prox, g (xx =7 (Vf(x) + A' Jra1))
Vk+1 = Vik+1 + 0 A(Xg41 — X)

Draw an index iy, €{1,..., n} randomly.
(en) — 2l D) () s s

kel = Vel 0 Xper =X VI # Tk

v =90 Vet v =y Ve Tk

X

One immediate limitation of TriPD-BC is that to update yi.i, it needs Xx.1, whereas only
)'cgfll) is needed to update xj,1. As also discussed in [LFP19], this scheme is suitable when
A has special structure such as sparsity. When A is dense, the method updates all elements
of yx+1 and Jx41, in which case both yi,; and X, are computed, which has the same cost
as a deterministic algorithm. For an efficient implementation in the dense setting, one can
use duplication of dual variables as described in [FB19]. However, in this case the method is
restricted to use small step sizes as discussed in [FB19]. Compared to SPDHG in [CERS18], the
step sizes can be n times worse, deteriorating the performance of the method considerably in

the dense setting.

On the other hand, the drawback of SPDHG is that it needs to update all dual variables (or
all primal variables for the formulation in Chapter 4) at every iteration, whereas the methods

1 This method is also known as Vii-Condat algorithm.
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in [FB19, LFP19] update only a subset of dual variables depending on the sparsity of A. When
the dual dimension is high, per iteration cost of [CERS18] can become prohibitive.

Our idea, inspired by [CERS18], to make TriPD-BC efficient for dense setting is to use X
rather than X, in the update of j.;. Although simple to state, this modification makes
Yx+1 random, rendering the analysis of [LFP19] and other analyses working with monotone
operators not applicable.

This leads to our algorithm, primal-dual method with random extrapolation and coordinate
descent (PURE-CD). Our method uses large step sizes as in [CERS18] in the dense setting,
while staying efficient in terms of per iteration costs in the sparse setting as in [FB19, LFP19].
These make PURE-CD the first PDCD algorithm that provably obtains favorable properties in
both sparse and dense settings.

Algorithm 5.1 Primal-dual method with random extrapolation and coordinate descent (PURE-
CD)

1: Input: Diagonal matrices 6, 1,0 > 0, chosen according to (5.8), (5.9).
2: fork=0,1...do

3t Jk+1 =PIroX, p (Vi + 0 Axy)

4 Xe+1 = pIoX; ¢ (xk -7 (Vf(xk) + ATJ_/IHI))

5 D;aw ire1 €141,...,n} with Pr(ig4 = 1) = p;

=g

7 xk]+1 = ] WV # k1 ‘

5y = ?;(531 +00(Altgsr = xe) D,V € i), v, = vV & Tigean)
9: end for

5.4 Convergence Analysis

In this section, we analyze the convergence behavior of Algorithm 5.1 under various assump-
tions. We first start with a lemma analyzing one iteration of the algorithm.

Lemma 5.1. Let Assumption 5.1 hold. Recall the definitions of D, and D, from Section 5.2.1
and let 0 = diag(0,,...,0,,) and = diag(my,..., ;) be chosen as

T
0;= - wheremn ; = Z pi, and p =minp;. (5.8)
p i€l(j) - !

We define the functions, given z,

p
V(z) = E”x” -1p-1 += ||y||[,_1n_1,

V( )_2” 12 +=|| 12
Z_z xC(T) zyo‘l’

where C(1); = %—l—plz Jt ojeiAil—%.
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Then, for the iterates of Algorithm 5.1,V z € Z, it holds that:

Ex [Dp(xkﬂ, Z)] +2Dd(J7k+1,Z) +Ei [V(2k41 — 2)]

< (1= p)Dp(xr, 2) + V(2 = 2) = V(1 — 20)-

The main technical challenge in the proof of the lemma, compared to the corresponding
results in [LFP19] and [CERS18] is handling stochasticity in both variables x.1, yx+1 (and also
Vx+1 for [LFP19]). Using coordinatewise Lipschitz constants of f with arbitrary sampling also
requires an intricate analysis.

The result of Lemma 5.1 is promising for deriving convergence results for Algorithm 5.1. When
z=zyinLemmab5.1,as Dy (Xg41,2%) =0, Dg(Jk+1,2+) = 0 and when step sizes are chosen such
that V is a squared norm, Lemma 5.1 describes a stochastic monotonicity property similar
to [FB19]. In particular, it shows that Dy, (X1, 2+) + V(2r+1 — 2%) which measures the distance
to solution in a Bregman distance sense, is monotonically nonincreasing in expectation.

5.4.1 Almost sure convergence

Almost sure convergence is a fundamental property for randomized methods describing the
limiting behavior of the iterates in different realization of the algorithm. The following theorem
states that the iterates of Algorithm 5.1 converge almost surely to a point in the solution set.

Theorem 5.2. Let Assumption 5.1 hold and let 0, & be as in Lemma 5.1. Choose step sizes T, 0

such that
2pi—p
< -1 m 2 " (5.9)
ﬁipi"_g piijlnjUjAj,l‘

For the iterates zy of Algorithm 5.1, almost surely there exist z, € Z, such that zj — z.

We analyze the step size rule (5.9) in Theorem 5.2 and compare with existing efficient methods
in dense and sparse settings.

Remark 5.3.
> Let A be dense, with all its elements being nonzero, p; = 1/n and f(-) = 0, then the step size
rule reduces to

1

Ti<——,
nollA;ll?

which is the step size rule of SPDHG [CERS18, AFC21], making it favorable in the dense
setting (see Section 4.6.1). In contrast, step size rules of [FB19, LFP19] are n times worse due
to duplication, in this case.
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> Let A be diagonal, and we use p; = %, which results in 7 ; = % Then,

1
) Bi+X™ oA
iT L=

T

which is the step size rule of Vu-Condat-CD [FB19], upon using the definition of J(i) from (5.2).
Similarly, Algorithm 5.1 updates 1 dual coordinate and 1 primal coordinate, in this case.
In contrast, SPDHG [CERS18] updates m dual coordinates, resulting in m times higher per
iteration cost.

We note that the step sizes of TriPD-BC [LFP19] depend on global Lipschitz constant of f
rather than the coordinatewise ones. Using coordinatewise Lipschitz constants in practice is
important for the success of coordinate descent, as they give larger step sizes [Nes12, RT14,
FR15].

The takeaway from Remark 5.3 is that Algorithm 5.1 recovers the characteristics of the best
performing methods in fully dense and fully sparse settings. Moreover, as it is the only method
with the desirable dependencies in both cases, it has the best properties in the moderate
sparse cases. We validate this observation with numerical experiments in Section 5.6.

5.4.2 Linear convergence

Linear convergence of primal-dual methods in practice is a widely observed phenomenon [CP11,
LFP16]. We show that Algorithm 5.1 also shares this property and obtains linear convergence
under metric subregularity, without any modification on the algorithm.

We define the Bregman-type projection onto the solution set
Zy,k = arg mizn Dp(xk, u)+ Vizg — u). (5.10)
uez,

We now show that z, \ is well-defined under our assumptions. First, the solution set is convex
and closed. Second, D, (xi, u) = 0 for all u € Z, and it is also lower semicontinuous. Third, we
remark that V(z; — u) is a squared norm (see Lemma 5.1), thus coercive, therefore the sum is
coercive and lower semicontinuous over Z. Hence, z, . exists.

The definition of z, ; in (5.10) is more involved compared to the corresponding quantity
in [LFP19]. This is in fact due to us using coordinatewise Lipschitz constants in our step sizes,
rather than the global Lipschitz constant in [LFP19].

Assumption 5.2.
KKT operator F is metrically subregular at all z, € Z, for 0, and zj € N(z4),Vzy,VEk.

Theorem 5.4. Let Assumptions 5.1 and 5.2 hold. Let0 and the step sizes T, 0 be chosen according
to (5.8) and (5.9), respectively. Moreover, z, x = (X k, Vx,k) 1S as defined in (5.10). Then, for zy
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generated by Algorithm 5.1, it follows that

E

p 2 p 2 k
E”xk_x*,k”.r—lp—l+El|yk__]/*,k”g—1n—1 S(l_P) Ao,

where p = min (p, Car -
) i L2 Cya(@+20+A+c) I H-M|+p))?
Lipschitz constant of f,

p_. . . _
Cz,v = frnm{mm,- C(7);, min; ajl}, Cyo= %max{maxl— Tii,maxj Ui]}, c=CLvvVIAlI2,

Cov= — 2,1 —— - and
Bmln{mlniTi pi ,mlnjo'j ﬂj }

), Ao = Dp(x0, 24,0) + V(20 — 2}), B is the global

0 AT
—A 0

71 AT
H

The proof is given in Section 5.8.3. The first remark about Theorem 5.4 is similar to Chap-
ter 4. Since metric subregularity constant 17 is not required in the algorithm, the step sizes to
achieve linear convergence are the same step sizes as (5.9). Therefore, PURE-CD adapts to
structures on the problem, without any need to modify the algorithm, and attains linear rate
of convergence.

We refer to Section 4.2.2 for example problems when metric subregularity holds and as a result
PURE-CD obtains linear convergence. Compared with the linear convergence rate in [LFP19]
for TriPD-BC, our result have a similar contraction factor, however, due to larger step sizes
(see Remark 5.3), the rate comes with a better constant.

5.4.3 Ergodicrates

In this section, we study Algorithm 5.1 in the general case, under Assumption 5.1, and show
the optimal O(1/k) convergence rate on the ergodic sequence. The quantity of interest is the
primal-dual gap function [CP11]

Gap(X, y) =sup f(X) + g(X) + (AX, y) — h* (y) — f(x) — g(x) — (Ax, ) + h* (). (5.11)
zEZ

A related quantity is the restricted gap function [CP11], which, for any set C < Z is defined as
Gape(x,§) = sugf(fc) +8(X)+(AX, ¥y —h™ () — f(x) — g(x) — (Ax, J) + h™* (). (5.12)
Z€E

See [Nes07, Lemma 1] for validity of restricted gap function as an optimality measure.

Due to randomization in PDCD, we are interested in the expected primal-dual gap, denoted
as E [Gapc(J'c, 37)]. As described in Chapter 4, it is technically challenging to prove rates for
this quantity as it is the expectation of supremum. We use the technique we introduced
in Chapter 4 to show convergence of expected primal-dual gap for SPDHG of [CERS18]. This
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rate is for ergodic sequence averaging x; and the full dual variable j;. We can use this
technique for our analysis. However, there remains another challenge as full dual variable is
not computed in PURE-CD. Thus, averaging jy is not feasible in our case.

In addition to Assumption 5.1, in this section we will assume separability of £, to be able to do
an efficient averaging with the dual iterate.

Due to the asymmetric nature of Algorithm 5.1, there are fundamental difficulties for proving a
rate with averaging y.1. On this front, we propose a new type of analysis for the dual variable.
To start with, we define the following iterate which has the same cost to compute as yy.; each
iteration. Let y; = y1 = j1,

<) _ -

) . .
yk+1 - yk+1» V] € J(ik+1)s (5.13)

= (/) - () . .

VWo=vl VidIte.
We note that j is Fx-measurable and more useful properties of y; for analysis are given
in Lemma 5.11 in Section 5.8.4.

Due to the definition of j, it is now feasible to compute and average this iterate. We can show
the convergence of expected primal-dual gap by averaging y; and x;. We remark that we use
some coarse inequalities to give simple constants for Theorem 5.5 and Theorem 5.7. Therefore,
the bounds are not optimized with respect to dimension dependence. In Section 5.8.4, we give
these theorems with their original, tighter bounds and we show how we transform the tighter
bounds into the constants we give in this section.

Theorem 5.5. Let Assumption 5.1 hold and 0,t,0 are chosen as in (5.8), (5.9). Moreover, let h
be separable. Let xg" = %Zlk(:l X and yg' = %Zlk(:l Yk, Where . is defined in (5.13), then for
any bounded setC = Cy x C, ¢ Z, with iterates of Algorithm 5.1, we have
C
E[Gap,(x%, yi)] < =&,
[Gape (xg”, v pK

where Cg =Y;_, Cg i, C; y = min; C(1);7;,

Cg1 = SUPec {2p01%X0 = X121 5 + 2Pl Yo = VI 11} +41/Bop I Allsup yec, 1ylzp
+2\/80(p~t+2p3C DI Al supec, Ixllom,

Y4, Cai = Ao (5+9B—1 +ch (1 +10p7" + 142—2)) + (1= p)(f (o) + gxo) — f ) = gxs)) +
R (y0) = B* () + plAXIZ .+ 1 AT yulZp.

on~!

Remark 5.6. When implementing averaging of xi, and jy, one should use a technique similar
to [DL15b]. The main idea is to only update the averaged vector at the coordinates where an
update occurred. For this, we remember for each coordinate, the last time it is updated, wait
until a coordinate is selected again and update the averaged vector using this information.

The result in Theorem 5.5 would give a rate for primal-dual gap when C = Z. However, in
general such a rate is not desirable as taking a supremum over Z might result in an unbounded
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constant. This rate would be meaningful when both primal and dual domains are bounded in
which case one would take the supremum in Cg ; over the bounded domains.

Alternatively, in the following theorem, we show that for two important special cases, we can
extend this result to show guarantees without bounded domains. Namely, we show the same
rate for the case when h(-) = 9y (-), b € R™ to cover linearly constrained problems. Moreover,
we show the result for the case when # is Lipschitz continuous.

Theorem 5.7. Let Assumption 5.1 hold. We use the same parameters 0,t,0 and the definitions
for x¢¥ and yg" as Theorem 5.5. We consider two cases separately:
> Ifh(:) =6, (), we obtain

av av Co
Elf(xg ) +8(xg ) — fxe) — g(x)] < oK

) P
Ell Ax” = bl = —.
14

> If h is Ly,-Lipschitz continuous, we obtain

C
ELf (xg") + 8(xg") + h(Axg") — f(xx) — (xx) — h(Axx)] < p_11<’

where Cy = 3c11| X — Xoll;-1p1 +2v/¢1Cs +4c1 | Y« = Yol g-17-1,

Co=Cs+ lyxllg-17-1 Cf +2€1£_1V(Z0 = Zx),

Ci=Cs+crllxs— xolli_lp_l + 4C1L%l,

Cs=Cg2+Cg5+Cgp, withcy =2p +2, Cg » as defined in the statement of Theorem 5.5 in Sec-
tion 5.8.4 and Cq5,Cg ¢ are deﬁneE in the proof'in (5.81), (5.82).

5.5 Related works

One of the first PDCD methods is SPDC, which is proposed in [ZX17], that solves a special
case of problem (5.1) with f = 0. SPDC has linear convergence when g, h* are strongly convex
and the step sizes are selected according to strong convexity constants. In the general convex
case, SPDC has perturbation-based analysis, which needs to set an €, requires knowing || x, 12,
and shows e-based iteration complexity results, and not anytime convergence rates. Almost
sure convergence of the iterates of SPDC is not proven in the general convex case. Moreover,
the step sizes of SPDC are scalar and they depend on the maximum block norm of A. Itis
shown in [ZX17] that in the specific cases when g(x) = [ x[? or g(x) = | x[l; + [|x]|?, one can use
a special implementation for efficiency with sparse data.

[TQMZ20] proposed a new method similar to SPDC with the same type of guarantees as [ZX17].
Due to similar analysis techniques, this method inherits the abovementioned drawbacks of
SPDC. For this method, [TQMZ20] showed a new implementation technique for sparse data,
that can be used with any separable g(x).
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An early PDCD method is proposed by [DL14] where the authors focused on showing sublinear
convergence rates. The authors showed guarantees for a weaker version of expected primal-
dual gap function in (5.11).

Building on [DL14], block-coordinate variants of alternating direction method of multipliers
(ADMM) are proposed in [GXZ19, XZ18]. These papers focus on linearly constrained problems
and show ergodic sublinear convergence rates. Moreover, [XZ18] showed that under strong
convexity assumption and special decomposition of the blocks, the method achieves linear
convergence. This linear convergence result, similar to [ZX17] requires knowing the strong
convexity constants to set the algorithmic parameters. Moreover, these results generally set
step sizes depending on global Lipschitz constants and norm of whole matrix A.

Another early PDCD variant to solve problem (5.1) in its full generality, where f, g, h are all non-
separable, is by [FB19]. This method uses coordinatewise Lipschitz constants of the smooth
part and it is designed to exploit sparsity of A. This method has almost sure convergence
guarantees as well as linear convergence when g, h* are strongly convex. As opposed to most
results in this nature, it is not required to know strong convexity constants to set the step sizes.
In the general convex case, the method has O(1/ V'k) rate for a randomly selected iterate. As
argued in Section 5.4.1, main limitation of [FB19] is that small step sizes are required when
matrix A is dense. Moreover, the results in this paper are restricted to uniform probability law
for selecting coordinates.

One of the most related works to ours, and a building block of PURE-CD is TriPD-BC [LFP19].
The authors showed almost sure convergence of the iterates and linear convergence under
metric subregularity, by using global Lipschitz constants of f for the step sizes. This work
did not have any sublinear convergence rates in the general convex case. Similar to [FB19],
TriPD-BC is designed for sparse setting and an efficient implementation is by duplication
of dual variables, which as explained in [FB19] results in small step sizes (see Sections 5.4.1
and 6.2).

Another building block of PURE-CD is SPDHG by [CERS18], to solve (5.1) when f = 0. Linear
convergence result of SPDHG by [CERS18] is similar to [ZX17] and requires setting step sizes
with strong convexity constants. In the partially strongly convex case, [CERS18] proved O(1/k?)
rates. Moreover, our analysis in Chapter 4 gave stronger results for the method. As explained
before, even though SPDHG is fast with dense data, it needs to update all the dual coordinates,
resulting in high per iterations costs with sparse data (see Sections 5.4.1 and 6.2).

5.6 Numerical experiments

5.6.1 Effect of sparsity

As explained in Section 5.4.1, and Remark 5.3, PURE-CD brings together the benefits of
different methods that are designed for dense and sparse cases. We now compare the empirical

117



Chapter 5. A sparsity aware primal-dual coordinate descent algorithm

100 a " \ ....... .l 10!
1002 '*""A--A-.A..‘..‘,*_*_ 10-2 S
1002
2 4 > . Z
5 10 2 10 5 1g0s
g‘ 100¢ % 1078 §'
= < 2 1008
ns 2
@ 10°%1 _g— pURE-CD | ~e= purED @ —e— PURE-CD
10010 vc-cD 10 VC-CD 1001 vC-CcD
& SPDHG <A SPDHG <A SPDHG
0 10 20 30 40 50 0.0 25 5.0 75 100 125 0 20 40 60 80 100
time (s) time (s) time (s)

Figure 5.1 — Lasso: Left: rcvl, n = 20,242, m = 47,236, density = 0.16%, A = 10; Middle: w8a, n = 49,749, m = 300,
density = 3.9%, A = 10~1; Right: covtype, n = 581,012, m = 54, density = 22.1%, A = 10.
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Figure 5.2 — Ridge regression: Left: sector, n = 6,412, m = 55,197, density = 0.3%, A = 0.1; Middle: a9a, n =
32,561, m =123, density = 11.3%, A = 0.1; Right: mnist, n = 60,000, m = 780, density =19.2%, 1 = 1.

performance of PURE-CD with Vu-Condat-CD from [FB19] which has desirable properties
with sparse data and SPDHG from [CERS18] which has desirable properties with dense data.

We select uniform sampling, p; = 1/n, so (5.9) simplifies to

1

YW oo A2
Zj:lerjAj,i

T; (5.14)
We provide a step size policy inspired by the step size rules chosen in [CERS18] and [FB19].
We use the following step sizes, for y <1

1 ymax; || Ay |l
)= gy Ti=
0jmax; | Ayl I Al

We note that in contrast to [CERS18], step sizes are both diagonal. In our case, it is important to
utilize diagonal step sizes for both primal and dual variables since we perform coordinate-wise
updates for both primal and dual variables and the step sizes need to be set appropriately
to obtain good practical performance. For SPDHG and Vu-Condat-CD, we use step sizes
suggested in the papers.

In the edge cases (one nonzero element per row or fully dense), it is easy to see that our step
size policy reduces to the suggested step sizes of [CERS18] and [FB19].

For experiments, we used the generic coordinate descent solver, implemented in Cython,
by [Fer19], which includes an implementation of Vu-Condat-CD with duplication and we
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implemented SPDHG and PURE-CD. We solve Lasso and ridge regression, where we let g(x) =
Mlxlly, h(Ax) = 2IlAx = b|I?, f =0, and g(x) = 4|1 xI|?, h(Ax) = 1| Ax - b|1%, f =0, respectively,
in our template (5.1). Then, we apply all the methods to the dual problems of these, to access
data by rows.

We use datasets from LIBSVM with different sparsity levels [CL11b]. The properties of each
data matrix are given in the caption of the corresponding figures. For preprocessing, we
removed all-zero rows and all-zero columns of A and we performed row normalization. The
results are compiled in Figure 5.2.

We observe the behavior predicted by theory. With sparse data such as rcvl, where density
level is 0.16%, SPDHG makes very little progress in the given time window. The reason is that
the per iteration cost of SPDHG in this case is updating 47,236 dual variables, whereas for
PURE-CD and Vu-Condat-CD, the cost is updating 75 dual variables. We note that PURE-CD is
faster than Vu-Condat-CD due to better step sizes. On the other hand, with moderate sparsity,
SPDHG and Vu-Condat-CD is comparable, whereas PURE-CD exhibits the best performance.
For denser data, SPDHG and PURE-CD exhibit similar behavior where Vu-Condat-CD is slower
than both due to smaller step sizes.

5.6.2 Comparison with specialized methods

In this section, we compare the practical performance of PURE-CD with state-of-the-art al-
gorithms that are designed for strongly convex-strongly concave problems. We defer some
of the plots and more details about experiments to Section 5.7. We focus on the problem
minx% ;7:1 hi(A;x) + %lellz, where h;(x) = (x — b;)?. Each h; is smooth with Lipschitz con-
stants L; = 2 and the second component is strongly convex, which results in strong convexity
in both primal and dual problems.

In this case, the algorithms SDCA [SSZ13], ProxSVRG [XZ14], Accelerated SVRG [ZSC18],
SPDC [ZX17] are all designed to use the strong convexity to obtain linear convergence. These
algorithms use the strong convexity constant A for setting the algorithmic parameters. More-
over, as all the abovementioned algorithms have special implementations to exploit sparsity
in this specific case, we make the comparison with respect to number of passes of the data,
rather than time. The results are compiled for two datasets in Figure 5.3 and more datasets
are included in Section 5.7. We use theoretical step sizes for all the algorithms, given in the
respective papers.

* PURE-CD-A: This variant uses the non-agnostic step sizes, using A, which still satisfy the
theoretical requirement (5.14).

o= n ;= 1Y nAmax; || Ay |l
"0 VnAmaxy [ AplT nll A2
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* PURE-CD: This variant is with the standard agnostic step sizes.

n _ ymaxy | Ay|

0i=—m——, T;j=
J Hjmax,v [l Al l’l||Ai||2

We observe that PURE-CD has a consistent linear convergence behavior as predicted by theory.
In most of the datasets (see Section 5.7), it has the fastest convergence behavior. However, in
some datasets, as A gets smaller, we observed that the linear rate of PURE-CD slowed down,
which motivated us to try PURE-CD-A, which incorporates the knowledge of A as the other
methods. It seems to show favorable behavior when PURE-CD slows down.

The takeaway message is that PURE-CD, which is designed for a general problem, adapts
to strong convexity well with agnostic step sizes in most cases. However, in some cases, it
does not perform as good as the algorithms which are designed to exploit strong convexity. In
those cases however, one can choose separating step sizes of PURE-CD accordingly, and use
PURE-CD-A to get better performance.
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Figure 5.3 — top: a9a, n = 32,561, m = 123, bottom: sector, n =6,412, m = 55,197.

5.7 More experimental results

In this section, we compare the practical performance of PURE-CD with state-of-the-art
algorithms that are designed to exploit problem structures. In particular, we focus on the
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problem
min— ) h;(A;x)+-[x|°, (5.15)
X n P 2

i=1

where h;(x) = (x — b;)?. Each h; is smooth with Lipschitz constants L; = 2 and the second
component is strongly convex. This is equivalent to strong convexity in both primal and dual
problems.

In this case, the algorithms SDCA, SVRG, Accelerated SVRG/Katyusha, SPDC are all designed
to use the strong convexity to obtain linear convergence. These algorithms use the strong
convexity constant A for setting the algorithmic parameters (with the exception of SVRG
which theoretically needs it to set number of inner loop iterations). Moreover, as all the
abovementioned algorithms have special implementations to exploit sparsity, for fairness, as
all algorithms have different structures, we did not try to implement them in the most efficient
manner, therefore we make the comparison with respect to number of passes of the data,
rather than time.

We use PURE-CD with the agnostic step size and also with a non-agnostic step size that uses
A. Both step size rules are supported by theory. Moreover, similar to Section 5.6, we apply
PURE-CD to the dual problem of (5.15) to access the data row-wise as other methods.

The details of parameters for each algorithm:
» SVRG: We use the theoretical step size given in [XZ14, Theorem 3.1]

« Accelerated SVRG/Katyusha: We use the theoretically suggested step size parameter and
acceleration parameter [ZSC18, Theorem 1, Table 2]

» SDCA: We use directly the specialization of SDCA for ridge regression, as decribed in [SSZ13,
Section 6.2]

» SPDC: We use the step sizes from [ZX17, Theorem 1]

* PURE-CD-A: This variant uses the non-agnostic step sizes, using 1. We note that the step
sizes satisfy the theoretical requirement (5.14).

oo n L yvVnAmax; || Ay
770 vnAdmaxg [AqlT nllA; 12

« PURE-CD: This variant is with the standard agnostic step sizes, as in Section 5.6. We note
that the step sizes are scaled by n since the problem is scaled by 1/n, compared to Section 5.6.

oo n _ymax;y [ Ay
T, Ti=———————
0 jmax; || Ay || nllA;l?

1 107!
T and

&T;Z. We performed preprocessing by removing the all-zero rows and columns from the data

We use datasets from LIBSVM, and try three different regularization parameters

matrix, then we normalized row norms of A. We chose the parameters as described above and
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did not perform any tuning for any algorithm.

We observe that PURE-CD has a consistent linear convergence behavior as predicted by theory.
In most of the datasets, it has the fastest convergence behavior. However, in some datasets, as
A gets smaller, we observed that the linear rate of PURE-CD slowed down, which motivated us
to try PURE-CD-A, which incorporates the knowledge of A as the other methods. It seems to
show favorable behavior when PURE-CD slows down.

The takeaway message is that PURE-CD adapts very well with agnostic step sizes in most cases.
However, in some cases, it does not perform as good as the algorithms which are designed to
exploit structure. In those cases however, one can choose separating step sizes of PURE-CD

accordingly, and use PURE-CD-A to get better performance.
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Figure 5.6 — covtype, n =581,012, m = 54.
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Figure 5.10 — mnist, n = 60,000, m = 780.
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Figure 5.11 —leukemia, n =38, m =7,129.
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Figure 5.12 — YearPredictionMSD, n = 463,715, m = 90.

5.7.1 Further details about experiments

The experiments are done on a computer with Intel Core i7 CPUs at 2.9 GHz.

5.8 Proofs

5.8.1 Proofs for one iteration result

We start with technical lemmas. Our first result computes the conditional expectation of yj1.

Lemma5.8. Let yi.1 as defined in Algorithm 5.1, and recall the definitions of m and P from Sec-
tion 5.2.1. Then it holds that for any Fi.-measurable Y andVy = {y1,...,Ym}, withy; >0,

Ei | 1Vke1 = Y15 = 17ke1 = Y15 = 1ye = Yz + 1y = Y15 +2(Frs1 = Y, YOO AP (Xp41 — X2))
+ Xn: i v 0202 A2 (R (1))2
piYjo JjUji xk+1 xk :

i=1j=1

Proof. First, we note that for Fx-measurable Y, it follows that

B[y - YI3| = Ex

m . N2
_2171' (yl(c]-zl - Y(]))
]:
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" . . 0 .
=Ex| Y, vi@d,+0i0jA0kn —x)P - YU+ 3y _Y(]))Zl
J€T(ik+1) € (iks1)
3 _(j) G () Tk @D vi)?
=Y pi| X Yj(yk+1+ajejAJ3i(xk+1_xk )-Y ) + 2 Yf(yk -Y )
=1 |jes JjeJ
n n
" . » ) .
=Y X pivi@L YU 42Y Y pivio0iAnix - x) @, - YY)
i1 jer i=1jes(i)
& ORI §) )2
£ Y prilo0ianEl -xD) Y Y pri) - v D) (5.16)
i=1jeJi) i=1jeJ(i)

where for the third equality, we used the fact that x,, is different from x; only on the coordi-

-(ikﬂ) (ik+1)

nate i;,; and Xl =% , which gives

(A(Xjr1 — xk))(]) — (A((xlilfrll) _ x](clk+1))eik+1))(]) — A], ()—C(Zk+1) _ 'x;;kﬂ))'

Ik Wt

We focus on the last term on the right hand side of (5.16)

n n n n
) j () j () i
XY Py =YL Y piyi =YX b iy =YY
i=1j¢J(i) i=1j=1 i=1jeJ(i)
m m
() i €)) i
=lye=YI3=Y X pivi =YD =lye-YIG - X mjys(y] - Y2
j=1liel(j) j=1
=lye=YI3 =Ny =Y, (5.17)

where we use the fact that Y7, ¥ jej) Y ; = 7L, Lier(j) ¥} ;» forany 7', due to the definition
of J(i), I(j) and 7j = ¥ jc f(j) Pi-

We estimate the first term of (5.16), similar to (5.17)
< N i\2 L () i\2 2
X v Y=Y Y by YD = ke - YIS, (518)
i=1jeJ(i) j=1iel(j)

We lastly estimate the second and third terms of (5.16). We use the fact that A;; =0, if j ¢ J(i)
to obtain

n . , . . n . o \2
_ _(j) _
23 3 pivjoj0ALE - x)GL, YD+ Y Y piyg ("J’HfAf,i(x}fil_xg)))

i=1jeJj(i) i=1jej(i)
SR (i) i)y ) D2 T 6) ()42
_ =( i = b 1
—221 ZIPinUJ'@jAJ,i(ka =X )T~V + Zl leﬂ’f (00445, - )
i=1j= i=1j=
=27 z S (o A D) @12
= 2Jre1= Y, YOO APy — X)) + ) ) pivj|oj0Aji(x, —x)] . (5.19)
i=1j=1
We use (5.17), (5.18), and (5.19) in (5.16) to obtain the final result. [ |

We continue with the following lemma which handles necessary manipulations for the terms
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involving the primal variable, to handle arbitrary probabilities.
Lemma5.9. Werecall that P = diag(py, ..., pn), p = min; p;, and define
X =xe+P px—x) =P lpx+ 1 -P p)xz,

and
n

gr(x) =Y pigi(x").

i=1

Then, for a function g(x) = Z?:l gi (xD), the following conclusions hold:

gr(x") < pg(x) — pg(xr) + gp(xp),
/ 2 ! 2 2 2 2
"= X170 = 1% = Xl 7 = plx =Xl 72 p1 + 1 X1 = Xell 7o = PUXE+1 = Xkl p

2
_B”x_xk”.[—lp—l-

Proof. We have that x'®) = pl.‘1 me +(01- pi‘1 B)x;f). It follows by convexity of g; that

gr(x) =Y pigid") =Y pgix)+ (pi - p)gi(x) = pg(x) - pglxi) + gp(xp).
. 2P p P P

i=1 i

Moreover, since for any 0 < ¢ < 1 and any u, v, it is true that cu+ (1 - c)v||? = cllull? + (1 -
Allvl> = c1-c)llu—rv|? we obtain

/ 2 2 2 2
X" = X170 = plx = Xperr 71 por + 1% = Xl 71 = Pl X1 = Xell 71 pa

2 2 2
= Pllx = xill7-1p1 + pollx = Xl 71 pa-
Lastly, plugging in x’ = xi + P~ p(x — xp) to ||x’ — x¢||? gives
2 2 2
=" = xp 70 = = p7llx = Xkl o L

We are now ready to prove Lemma 5.1 which describes the one iteration behavior of the
algorithm.

Proof of Lemma 5.1. By the definition of proximal operator and convexity, Vx' € X, Vy€ ),

pigi(xX' D) = pigi(®1) ) — picVi flx) + (AT o)V, £ = 20 )

(@) _ £

1 2 -(i)
) LE7 AR ity e

1(0) 2 /(@) (i) 2
O =212, 16O <12 ),
* * = - B - -
PR = ph* (i) + PCASE Y = Fiee) + 5 (17 = Tl + 1Y = e lgo =1y = villg)

We sum the first inequality for i = 1 to n, then add it to the second inequality and use the

126



5.8. Proofs

definition gp(x) = X7, pigi(x?) to derive
gp(xX) + pR* (1) = gp (Fga1) + PR* (Fia1) = (VF (i), P = Ze1)) = (AT Jar, P = 1)
+ PUAXE Y = Tren) + %(||xk—xk+1||3_1p+ Y R PR
+ % (Y= Fresa I +1y = Freaa I =y = yell2)- (5.20)

First, we note that for Fj-measurable X and any y = diag(yy,...,y»), such that y; > 0, the
following hold

Er[8(xk+1)] = gp(Xics1) — 8P (Xk) + g (Xk), (5.21)
Ex[Xk+1] = PXis1 — PXg + Xk,
Ex [Io0641 = X113 | = k1 = X U7 p = ook = X115 p + k= X3 (5.22)

We use (5.22) withy = 77l and X = x’ to obtain

1 = 2 /= 2 / 2
3 (1= Tt 2 3= B 12 = I = el
1
_ <. 2 / 2 ! 2
= 5 (1t = Fra 2+ B [ = 312 ] = ' = el 2 ). (5.29)

1

Weusey=n"'o"!and Y = y in Lemma 5.8, then

171 = Y02 =B [y = y12o ]+ lye = yI2 = lye—yI3 o

n m ) .
~2(JPrr1 = B TOAP (X — X)) = Y Y. pin;lojeﬁAji(x,’m —x})%. (5.24)
i=1j=1

Welet x"* = p;! px' + (1 - p;' p)x, and use Lemma 5.9 to get
gp(x) < pg(x) - pg(x) + gp(xp). (5.25)
Combined with (5.21), the last inequality gives
8p(Xe1) = 8p(x) = Ex [g(xi+1)] — 8(xk) + pg(xi) — pg(x). (5.26)
We further use x’ = P‘lﬁx +(1- P‘lg)xk = X + P_IE(x — X)) in (5.20) to obtain
— (V[ k), P(x' = Xgee1) = = pAV f (o0k), X = X6 = (V f (o), P (e = Fie1)), (5.27)
and

~(A Prs1, PO = 1)) = = pAAT Jrear, X = X5) = (AT Jreyr, POtk = Tes1)- (5.28)
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Moreover, by using Lemma 5.9 in (5.23), we get

1 1 p 1
S Bk (1 = e 7] = S 1 = el = Sk (1= ez pa ]+ 5Bk [ian = il

P 2 r 2
- E[Ek [”xk+1 _xk”.[—lp—l] - E”x_xk”-[—lp—h

We also note that Ey [lek+1 - xll?, Pfl] = [ Xs1 — Xell2,

In (5.20), we collect egs. (5.23), (5.24) and (5.26)—(5.29) to obtain

0= Eglg(xk+1)] — 8(xk) + pg(x) — pg(x) + ph* (Fis1) — PA™ (¥) + p{AXk, ¥ — Jica1)

(5.29)

= PAVF (), X = xi) =V f (001), P&k = X)) = PCAT Jiewr, X = 26 = (AT P, POtk = Fes1)

2 k[ Xk+1 x”T*IP*l] 2||xk X7 por + 1 X1 — Xkl p 2||xk+1 Xkl 5
P 2 P 2 P 2
+§”yk+1_y1c”0.—1+§[Ek[”yk+1_y”0—1n—1]_E”yk_y”a—ln—l

) ~ ) 1nm ~ p .
— (k1 =y, p YOAP (%1 — xi0)) — 3 Zi Zlgpinj 10j9§Aii(x;ﬁ1 - xp)%.
i=1j=

We use coordinatewise smoothness of f to obtain

(5.30)

1
—(Vf(xi), P(x — Xpe1)) = =V (), B[ Xk — Xp41]) = g | f Cege1) — f (ex) — Ellxkn - xk”%

1
> il (o)) = £ (00) = 5 1%k = el -

Next, by using the definition of V and C(7), we note

55 P 2 . 2 P 2
V(Z+1 — 2k) = §||J’k+1 = Vielgoy + 1 X1 — Xkl 71 p = E||xk+1 = Xl

1 & ¢ —1 .02 22 (=0 2 Lo 2
—Ezizlﬂpmj Ufngj,i(ng_xl(cl)) _Ellxk+1_Xk”ﬁP.
i=1j=

(5.31)

(5.32)

Using definition of V, D, Dy (see Section 5.2.1) in (5.30) along with —p(V f (x¢), x — xx) =

—pf(x)+ pf(xi) and the last inequality yields

0= Eg [Dp(x1152)] = (1= PYDp (545 2) + pDa(Fe1;2) + V (Ziesr = 20) +Ex [V (241 =~ 2))

— V(2 = 2)+ p(Axg, ¥ = Jre1) = PCAT Jierr, X = X) = (AT Jier, POtk = %))
= (Fke1 = Y, P OAP (X1 — X)) = (AT Y, X1 = X) + PLAX, o1 = 1)

+(ATy, X = x) —B<ATy, X —Xx). (5.33)

We work on the bilinear terms to get

(ATy, X = x) = (AT y, xp41 = X) = (AT Pt P(Xg = i) = (¥ = Fke1, P O AP (= K1)
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= (AT, xp = x1) = (AT P, Bl = X ]) = (Y = Frear, pr O AER[Xg = Xgan])
=Ex <AT(J/— Vi1, X — Xga1) — (Y — J7k+1»E7T_19A(xk —Xk+1)| =0, (5.34)
where the last equality is due to the requirement in (5.8) as
Tj

Bn_lﬁzl — 0= ?, Vjedl,...,m}.

We continue to estimate the remaining bilinear terms as
P [(AXK, Y = Pre1) = (AT Ja1, X = X1 + (AX, Jro1 — 1) = (AT y,x.— %) =
P AT = Frs1), X = X) + (¥ = Frs1, Al — X)) = 0. (5.35)

We use the last estimation, egs. (5.34) and (5.35) in (5.33) to finish the proof. |

5.8.2 Proof for almost sure convergence
We include proof of Theorem 5.2.
Proof of Theorem 5.2. Equipped with Lemma 5.1, we will follow the standard arguments as
in [FB19]. We refer to [FB19, Theorem 1] for the finer details of the arguments.
We first invoke the main result of Lemma 5.1 with z = z, = (x4, y+) where z, € Z,:
Ex [Sp(xies1) ] +PSa(Vir1) +Ee [V (241 — 24)] = (1= p)Sp (i) + V(zk — 24)
~V(Zkr1—2k),  (5.36)
where we have used the definitions
Sp(Xk+1) = Dp(xk+152%) 20, Sq(Pk+1) = D (Yi+152+) = 0.
Nonnegativity of these quantities follow from the definition of z, as in (5.4) and convexity.

Moreover, we recall the definitions of V, V from Lemma 5.1. Then, we see that V(z) is
nonnegative by the choice of step sizes 7,0 and 6; = %. It is also immediate that V(z) is

nonnegative.

Then, we can write (5.36) as

Ex [Sp(Xk+1) + V(2kr1 — 22)] < Sp (i) + V(zk — 24) — p(Sp(xp) + Sa (Fi+1)) - (5.37)

We use Robbins-Siegmund lemma on this inequality and nonnegativity of S, (xx), Sa (), V (2), V (2)
to conclude that V (zx—zx) converges almost surely, 3 ;. Sy (xx) +Sq(¥x+1) < 0o, therefore S, (x)
and S;4(jx) converges to 0 almost surely. Then, we strengthen these conclusion by arguing
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as [FB19, Theorem 1], [IBCH13], [CP15, Proposition 2.3], to get the result: there exist Q; with
P(Q1) =1, such that Vw € Q) and Vz, € Z,, V(z(w) — zx) converges.

We now take full expectation of (5.36), use the nonnegativity of Sj,(xx), Sq(Jx), and sum the
inequality to obtain,

Y E[V(Zke1 - 26)] < Sp(x0) + V(20— 24) 1= Mg < 0. (5.38)
k=0

By Fubini-Tonelli theorem, E [ZZO:O V(Zks1 — zk)] < co. Since V(.1 — zi) is nonnegative we
have that V(Zy;1 — z) converges almost surely to 0. Then, by the definition of V(z) and the
choice of step sizes, it follows that z;,; — zx converges to 0 almost surely. We say that there
exist Q, with P(Q,) = 1 such that Vw € Q», Zj41 () — zx(w) — 0.

We define T: Z — Z such that

7 =Pprox, - (y+0Ax),

X =prox, , (x—7(Vf(x)+ A" ).
It is easy to see that Zy41 = T(zg).

We use the definition of proximal operator in the definition of T and compare with the
definition of a saddle point in (5.4) to conclude that the fixed points of T correspond to the set
of saddle points Z,.

We now fix w € Q) N Q, and then it follows that zy(w) is a bounded sequence, from what we
have proved beforehand. As zi(w) is bounded, it converges on at least one subsequence.
We denote by Z the cluster point of this subsequence. By the fact that zZ;.;(w) = T'(zx(w))
and Zy4+1 (w) — zx (W) — 0, we conclude that T'(zx(w)) — zx(w) — 0. As T is continuous, by the
nonexpansiveness of proximal operator, we get Z is a fixed point of T and that Z € Z,.

Since we know that for any w € Q1 N Q; and for any zx € Z,, V(zx(w) — z4) converges, and we
have proved V(z(w) — Z) converges to 0 at least on one subsequence with Z € Z,, we conclude
that the sequence z; converges to a point 2 € Z,, almost surely. |

5.8.3 Proof for linear convergence

In this section, we include the proof of Theorem 5.4. First, we need a lemma to characterize
the specific choice of projection onto the solution set, given in (5.10).

Lemma 5.10. Let us denote
Zy k= argmin Dy, (xg; u) + V(zg — u).
uez,

e .
z, . =argmin V(zy — u).
*k guez* k
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We have that V''2(z,. . — z¢ PE= VY2 (zp—2° ), wherec=Cy,y\/ @ and Cy,y is such that for
any z, ||zl < Cy,y V(2)'2.

Proof. Let us first remark that since u = (uy, uy) € Z. is a saddle point of the Lagrangian
L(x,y) = f(x)+g(x)+(Ax, y)—h*(y), we have that Dy (xg, u) = L(xg, uy) — L(uy, uy) is indepen-
dent of u, and affine in u,. In particular, for any primal solution x., there exists a constant,
C(xg, xx) = f(xx) + g(xx) — f (x«) — g(xx) such that Dy (xg, u) = C(xg, Xx) + (A(X — Xx), Uy), for
all u € Z,. We have also used here the fact that for two different primal solutions x,,1, x4 2, it
follows that L(x«,1, uy) = L(X«2, uy), where u, is a dual solution.

By prox inequality, we have for any z € Z,

C(Xky %) + (AL — X), Vi k) + V(2= 2) < Clxg, %) + (AlXp — X4), ¥) + V(2 — 2)
- V(Z*,k - Zk))

Vizg  —2) < Vi(zp—2) = V(z . — zx),

where x, is any primal solution. For the first inequality, we plug in z = z{ , and for the second
inequality, we plug in z = z, . Summing both equalities and rearranging yields

2V (2 i = 2x k) < (AWK = X, Yy o = Voo k)

Since the inequality holds for any x, € Xx, we can plug in x{ , and use Cauchy-Schwarz
inequality to get

2 1/2 1/2
V(2 |~ 24,) < C5 Y IAIV (2 — 28 V2V (2 o — 28 ) V2.

pmin{mini ;' p;minjota

Lastly Cy v = \/ 2 71}. |
i

Proof of Theorem 5.4. We note the definitions, as in [LFP19],

A: (x,y)— (0g(x)+0h™ ()
M: (x,y) — (AT y,— Ax)

C: (x,y)— (Vf(x),0)

H: (x,y)— (T_1x+ATy,a_1y).

Under this notations, KKT operator defined in (5.4) can be written as
F=A+M+C. (5.39)

Moreover, Zx., = (H+ A)~'(H - M — C)z;, which in fact (without the term V f(xx)) is the
well-known Arrow-Hurwicz operator [AAHU58].
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Moreover, we will use the following inequalities regarding V and V (see Lemma 5.1 for the

definitions)
~ p
V(z) = Cz)f/ (I|x||2 + ||y||2) = gmin{miinC(r)l-,mjina]—_l}(||x||2 + ||y|I2), (5.40)
2 2 1 1 1 2 2
V(2) < Cyp (Ix1I° + I yII°) := = max{ max —, max— ¢ (Il x[I” + [ yII). (5.41)
2 i T j 0Oj

We recall the definition of z, i
Z4,k = argmin Dp(xg, u) + V(zi — u).
UEZ,

We now argue that z, i is well-defined under our assumptions. Under Assumption 5.1, we
know that the solution set is convex and closed; D (xk, ) = 0 for all u € Z, and it is also lower
semicontinuous. Next, we remark that V (z; — u) is a squared norm, thus coercive, therefore
the sum is coercive and lower semicontinuous over Z,. Hence, z, j exists.

We use the result of Lemma 5.1 with z = z, x and Dg(Jk+1,2x,k) =0
Ex [Dp(xk+1; 21) + V(zge1 = 201 < (1= P)Dp (x5 25) + V(2 = 25) = V(Zka1 = 28)-

We use the definition of z, ;41 to deduce

Ex [Dp(xkﬂ, Za k1) TV (2pi1 — Zx k1)1 = (1 —B)Dp(xk, Zow k) + V(2K — 25 k)

—V(Zks1—21). (5.42)

In addition to Bregman projections z, x and Z, i+, we introduce the definitions for Euclidean
projections (see Lemma 5.10)

e .
z_ ., =argmin V(z;, —u),
*,k guEZ* k

_e . _
z =argmin V(z —u).
*,k+1 guez* k+1

Now, we use triangle inequalities and Lemma 5.10 to get

1/2 1/2 1/2
Vizk—za ) ? < Vg -2 )2+ V(S -2 )P s L+ O VI(ze— 28 "2

< (L4 O(Vzk— 224 VZrr = 28 1, )24 VIEE  — 28, )Y
We use nonexpansiveness with metric V on the last term, to obtain

Vizk—ze0)"? < @420V (2k = Zks1) P + A+ OV ) — 21D

.. e
We use the definition of z kil

defined to be standard Euclidean projection, and then we use the relation between V and

to get V(Zg41 — Zi,kﬂ) < V(Zk+1 — Pz, (Zk+1)), where Pz, is
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Euclidean norm from (5.41)

Vizk— 2o ? < (2+20)v/Cr2llzk — Zes1ll + (L + ) \/Cu2l Pz, (Zis1) = Zxa |
=2+20)\/Cvp2llzk — Zks1l + (1 + )/ Cy2 dist(Zg 41, Z4). (5.43)

We now use metric subregularity of F for 0 (see Assumption 5.2), and the assumption that
Zks1 €N (24),V 2y,
dist(Z+1, Z4) < ndist(0, F(Zjs1)).

We now use that (H — M — C)(zy — Zx+1) € F(Zk+1), which can be obtained by using (5.39) and
Zi+1 = (H+ A)~Y(H - M - C)zj. Therefore

dist(Zi+1, Zx) <l (H =M - C) (2 — Zis ) | <01 H = M| + )| 2 — Ze1 |,
where f is the global Lipschitz constant of f.
We plug this inequality into (5.43) to obtain
V(2k = 2x,1) < Cya(2+20) + (1L + )| H = Ml + )| 241 — 2icl>.

Moreover, since V(ZkH — zx) is a squared norm, under the step size condition, it follows that
V(Zks1 — 21) = C, yllZk+1 — 2|1, as in (5.40), therefore,

Cv2(2+20)+ 1+ )| H- M| + p))*

V(Zks1 — 2k)-
Cz,\?

Vi(zg —zx k) <

We use this inequality in (5.42) to obtain

Ei| Dp(Xe+1, Zl:+1) + V(21 —Zx k+)1 = (1 _E)Dp(xk;z*,k)
+ (1 —~ Cov
Cy2(2+20) + (1 + )l H - M| + f8))?

) V(zZk — 24, k)s

where the constants Czyf,, Cy, are as defined in (5.40), (5.41).

Cz,V _
Cya(2+2¢)+(1+c) (| H-M| +p))?

We take full expectation and define p = min ( p, ) Then, we have

that
E[Dp(Xk+1, 2w k+1) + V(Zks1 = 2w k+1) ] < 1= P)E [ Dy (Xk, 24 1) + V(2K — 24,10) | -

We have that 0 < p < 1, as metric subregularity constant n > 0. Hence, linear convergence of
Dy (X, Z«,k) and V (zg — z4 i) follows. We obtain the final result after using the definition of V,
and the fact that D (Xg11, 2%, k+1) = 0. |
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5.8.4 Ergodic convergence rates

We introduce the following lemma, which establishes the properties of the sequence jy,
defined in (5.13).

Lemma 5.11. We recall the definition of yi from (5.13): let j1 = y1 = j) and

70 =7 Ve Ttk

7 =30 Vig ),
where computing yi.+1 requires the same number of operations as computing yi.1 every itera-
tion, and jy. is Fi.-measurable.
Moreover, if it holds for a function | that 1(y) = 7L, I; YY) and

m .
L =Y vl
j=1
we have the following for the sequence yi, and Fi-measurable Y :
- () 02 I 1)) ~(j) .

B[ =90 | =i (72 - 917) v
Ef | Il 7x41 = Yni] =Fee1 = Ylge = 17k = Y15 + 7%= YIS
Ex [1Fks1)] = b (Frer1) = Le (1) + 13

- 2 = 2 - 2 - 2
Ei [ 1701 = Ve 1] = 101 = 2+ 17 = Yil = 175 = Yl

K K K
L E[17k = 7l ] 52 1 {17 = vl +2 L E [ 151 = el
=1 =1 =1

< 2E [1y= Y,

K
E (17— Y12, +2 Y B[l — el |
k=1

where B(y); = piz;”zleiyjaiAji, andmj =Y cyj Pi-

Proof. We first use the definition of j to get the first result. For any j,
()

n
. _() () _(j) ()
Erlyy ] =Ek [ﬂjemkﬂ)ykjﬂ +LjgsGian ] =) pi [11 jao @)+ Vg g ]
i=1

=Y piil+ Y piil = Y pidl Y piyl- Y pigt
i=1

iel(j) ig1(j) iel(j) iel(j)
D (D)
=V +”1(J’k+1_yk )

For the second result, we estimate similar to Lemma 5.8

-(j) 2 ~(j) )2
Y VG -YI e Yy YY)
jE](ik+l) j€](ik+l)

B 1701 = V12| = E
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Y i =Y B g vy

1
3 1M=

JjeI@ eI
m
) G s PP
:Z Z piviF, - Y9 +Zme( Py 23 % iy YY)
J=Liely j=1i= J=1iEl())

= k1~ Yum +1Fe= Y15 =17k = Y3,

We derive the third result using similar estimations

Ex [1(7k+1)] = Ex

PIRTNED) lﬂfi”)]

jE](ik+l) ja](ik-ﬂ)
& (@] o)
=2 pi| X Lo+ X LoD
i=1 JjeJ() Jj€J(@)
m

=).7 lJ(yk+1)+ Z Zp,l](y )= ZHJZJ(V(])
]:

j=1li=1

= Iy (F+1) = L (i) + L (k).
For the fourth result, we use the definitions of both j.; and yj.; (see Algorithm 5.1 and (5.16)),

y ) () . i)y )2
Ek[17ee - yeal2] =B X v (70 - G + 0505 4) 4, () - ie0y)

J€J(ik+1)
+ ¥ Yj(yl(c]) yl(c]))]

J€J (ike1)
< NE GHENG)
=2 pi| 2 Vi (‘719 A - xl(cl))) + i (yk] yk])
i=1 jeJ) Jjg€J(@)
- 2 0230 _ 0243 5 S0 3D 2y D _ D2
=2 Pi ) Yo A]l CTAERE ORI DI F1 e /D DD D U 1N Py
i=1 JjeJ@) i=1 j=1 i=1jeJ(i)
= | i1 = Xl By + 175 = Yily = 175 = vl 30 (5.44)

where for the second equality, we used the fact that x,; is different from x; only on the
coordinate i, which gives

(AGsr =3 = (A = 2P yey, DD = A, G - i),

and for the last equality, we noted A;; =0,V j ¢ /(i) and defined
L 202 A2
B()i=pi ) vjo;0; 45,
j=1
For the fifth result, we first take full expectation and then sum the inequality (5.44)

K K
Y B 17k - vl | < 3 B[ Wfkwn = el | + 131 = 12 (5.45)
k=1 k=1
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Then, we write from the second result that

Ex [nml —ykni] = 1Pks1 = ikl < 207k = yilsn + 207k = yicll3-

We take full expectation and sum to get
K , K ) « 2
’;[E[nm - il szkglm[nykﬂ - yill2s) +2k§1[E[||yk_yk||m]
K K
<2) E [||J7k+1 —yklliﬂ] +2) E [llkaH _xk||129(1/)] ,
k=1 k=1

where we have used (5.45) and the fact that j; = y;.

For the last result, we note that

Elljx— Y13, <2Elye = Y13, +2E 17k - yell 3

and we use (5.45) with j; = y;, for the second term. |

We continue with the restatement and the proof of Theorem 5.5. This length of the proof is due
to the complications discussed earlier. First, as discussed in [AFC21], the order of expectation
and supremum requires a special proof which delays taking expectations of the estimates
(which prohibits simplifications and results in long expressions). Lemma 5.12 thus can be
seen as a version of Lemma 5.1 with expectation not taken.

However, this is not enough due to the special structure of our new method suited for sparse
settings. In particular, we have to manipulate the terms with dual variable carefully, as we
cannot average i (see Lemma 5.1). Therefore, the treatment with j, which is characterized
in Lemma 5.11 and Lemma 5.13, is an intricate part of our proof.

Lemma5.12. Let Assumption 5.1 hold. Given the definitions of Dy, and D 4 given from Lemma 5.1,
it follows that

_ 1
0= Dp(xg+1,2) + pDa(Yis1,2) = (A = PYDp(xp;2) + V(Zks1 = 20) + 1 X1 = xilp+S1+S2
+V(zks1—2) — Vizg — 2),

where

S1 = gp(Xk+1) — 8 (xp) — (8 (xk+1) — 8(xk))
= [x) + F () = pf(xi) + pf(x) = pAV (i), x = xie) =V f (), P (e = K1)

p._ 5 P p 2 P 2
SR 2 = S0l = | S 1 o = S i

P 2 P 2 . -1 .
+ S IVetllpa = Z Nyl + peFier, O AP (X+1 — X))
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-1 2 42 (= 2 = 2 2
Zpizlnj 0,05 A% (&) - X)) ad (/S U Ry 74 -y
j:

82 = (¥, Al = Xir1) = AP(tk = Ky ) + PO, X = e — P71 (5 = X 1) g1

=P 0T = Vi) =07 k= Fie) + 1 O AP Ry — Xp)).

Proof. We now follow the proof of Lemma 1 without taking conditional expectations, similar
to ergodic convergence rate proof of [AFC21].

First, we have, from (5.20)

gp () + ph* (1) = gp(en) + P (Frean) = (AT Jeat, PO = ) + PYAXE, Y = Tieat)

T

1

/ - = 2 / = 2 / 2

(VG0 P = Ben))+ 5 (1= Bt 122+ 1 = Tt 12 = 1 = a2 )
T };

+

(o1

Iy = Frer 12+ 1y = Freea I = Iy = yel2-). (5.46)

v~

T,

We start with 77 and add and subtract (ATy, Xk+1 — X) — PLAX, Pl — V) — (ATy, X — X) +
E<ATJ/» X — X) + §(Xg41) + gp(x) — glxg) —B(J/ — Pk, W YOAP(Xp — X))

Ti = g(xk+1) — §(xi) + 8P (Xk) + 8P (K1) — 8 (Xies1) + 8 (xk) — gp(Xk) + PR™ (Fi+1)
~(A" P, PO = Te)) + PCAXEG, Y = T + PV = Tren, T OAP (= T)
+ (AT y, Xps1 = X) = PCAX, i1 = 1) + (AT Y, 00— 00 = p(AT y, X — x)
— (AT Y, Xp1 = X+ PCAX, Jrwr + 1) = (AT y, 00— 1) + pCAT y, xp = x)
= Py = Fke1, W OAP O — Eier 1)) (5.47)

We first use x'¥ = p71px + (1 - p71p)x” as in Lemma 5.9 to get
AT s POX — 3 o aTs v AT -
Vit P(X = Xpe41)) = = PAA Jiew1, X = Xp) = (A Piea1, P(Xg = X))

Next, we use that

B[‘(ATJ’»xk — X) + (AX, Jre1 — V) + (AX Yy = Jrear) = (AT Jrgr, X — X)) =
PUAT (= Jrs1), X = Xi) + (¥ = Jrs1, Ali = 0)] =0,

to obtain

Th = g(xXp+1) — 8(x) + gp(xk) + 8P (Xi1) — 8 (Xp41) + (X)) — gp(xk) +Bh* (Vr+1)
— (AT Prs, P(xg — Er1)) +ply- Ve, T YOAP (X — Xpes1))
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+ (AT Y, X1 = %) = PCAX, a1 = Yy + (AT y, x = %)
—(ATy, xp01 = X) = (AT Y, xp = )+ pCAT Y, xp - X)
= Py = Frs1, T OAP (X = Fe41) (5.48)

Weuse 0 = % to deduce

(ATy, %0 = %p01) = (AT Fier1, POok = Re1)) = (¥ = Fiewr, p1 O AP (= Ee)
= (3, AP(x— %s1)).  (5.49)

We use the last identity and recall the definitions of D, and D, to write Ty as

T = Dp(Xk41,2) = f(Xpe1) + £ () + pDa(Jis1, 2) +Bh*(y) —(1=p)Dp(xk; 2) (5.50)
—B(g(xk) —g(x)) + gp(xi) + gp(Xis1) — 8 (Xps1) + 8 (x1) — P (k)
+ (¥, Atk = Xg41) = AP = Ki41)) + POV = Frs1, 7O AP (= Tes1)) + (1= p)(f () = f ().

Second, for T», we use x' = P~ px + (1 - P~ p)xi = xx + P~! p(x — x1) to obtain

T = —(Vf(xi), P(x' = Xge1) = =V f (), X = Xy = (V f (), P — K1)
We now combine these two estimates

T1 + T2 = Dp(Xk+1,2) + pDa(J+1,2) — (1 = p)Dp(xk, 2) + gp(x) + pg(x) — pg(xi) + ph™ (¥)
= [Xkean) + fx) = pf () + pf(x) = pAV (k) x = Xie) = (V (XK, P(Xk = K1)
+ 8P (Xk+1) — § (k1) + 8(xx) — &P (xk) + ¥, A(Xk = Xp41) — AP (X — K1)

+ Py = P, T OAP (X = K1) (5.51)

We now work on T3 in (5.46), in order to make terms depending on x telescope. First, we note
that by Lemma 5.9, with the slight change of using %, instead of x,; and 7~! P instead of
77! in the metric, we get

Lo, 2 1, . _P . o2 P 2
Ellx —xk+1II,_1P—5||x =Xkl p = EIIX—XMIIT_I —Ellx—xkllr_l

1o 2 P 2
+ 5||xk+1 =Xl p— §||xk+1 = Xiell 71

r 2 p 2
Thus, on T3, we add and subtract 5 [|x — Xjr1 1721 poy = F1X = Xk 17 50

= 2 B - 2 E 2 B 2
T3 = || Xg+1 _xk”-[—lp - E”xk+l _xk”-[—l + E”x_xk*'lllrlP*I - E”x_xk”-[—lp—l

p .2 P 2 p 2 p 2
S Tl = Sl = S = e I pos = S =l s
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_ 2 p p 14
:”xk+1_xkl|r—1p_5”xk+l xk” O+ ”x xk+1|| -lp1 7 o ”x xk” -1p- 1+ ||xk+1|| -1

p p
L 2 - — 2 — 2
==Xl + o X = Xes 120 — | T X1 17 _1——lek|| cipa1 + PAX, (X — Xgeg 1)) p-1p1
2 T-lp 2 -1p

+£||5c I2 —Eux 1., - g”x 122 50— = lxgll?
2 k+11l-1 2 kllz-1 2 k+1ll-1p-1 2 kllz-1p-1

+ PO X = Xy = P (0~ X))o (5.52)

We estimate T} in (5.46) similarly. First note that 6; = 7’ and on T4, we add and subtract

1y = yill? 1 per + 20y = Jrevr, w0 OAP(xg — Xpi1))

12
+Zp,2n 019 A“( ](Cl+1 x}cl)) ) (5.53)
i=1 j=

2
||y_y1c+1||071”71 -

N

In particular, we have

p . P 2 p 2
_||y1c _)/k+1||0—1 + E”y_ yk+1”g—1”-1 - E”}/_)’k”(,—ln—l

Ty=
L2 P 2 _ . _
+Zly- il ot = SNV = Vil + p(Fier = 3o O AP (X1 = X))
px _ , p p
+§l_Zl Zn 103045 (5L — 1 = | S1Y = Vsl = 51 = Vel
pn ,
_p(yk+1—y,7r GAP(ka—xk))—El:le,]Zn O'JB?A:;'Z( ,(c’il—x;;))z
p L 2
=Sy J/k+1||071+ IIy Vil 71,,1——I|y—ykll -
P
+3 =P l2- - —Ilykllgfl +P(Frs1, O AP (Rger1 — X¢)
p n . — -
;Z Zﬂ L6003 4% (2 - x4 pCy, Vi = Tre1do- — POH T OAP R — Xp)
P 2
E |ka+1|| o-ln-1 ”yk”a-—ln—l _E<y,yk_yk+1>g*1;r1
p X
—pFr -y HAP(ka—xk))—EZp,Zﬂ 'o;034% (x| - x\)2. (5.54)

i=1 j=

To simplify, let us introduce some more definitions to have simpler expression when we
combine Ty, Ty, T3, Ty from egs. (5.51), (5.52) and (5.54). On a high level, S; will collect zero
mean terms independent of (x, y) and S, will collect zero mean terms dependent on (x, y).

S1=8p(Xk+1) — 8p(Xk) — (8 (Xk41) — 8 (1))
— ) + f(x) = pf () + pf () = pAV (), x = xi) = (V F (), P(Xk = X))
p p p p
+ S 1% [ ;nxkuil (5 1% [ ;nxkuiilpﬂ
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p
Pl == ||yk||2_1 + P(Fre1, 0 OAP (R — Xp))

NII‘B Nll‘c

n . p
Z Zn ' 65 A% (&) - x}c”)z—g lyeea o = Iyl o (5.55)

S2 =y, Alxk = X41) = AP (X = Xge11)) + PEX, X = X — P (ot — Xt 1))

B 0T k= Yien)) =07 k= Fke) + 1 O AP (g — Xp0))
We can now collect T4, T», T3, T4, and use the definitions of S;, S», in (5.46)
gp(x) + ph™ (y) 2 Dy (xk+1;2) + pDa(Fi+152) = (1= p) Dp (x5 2) + gp () + pg(x) — pg(xx)

e P 2 p 2 P 2 P 2
+ph (y)+—||x—xk+1ll _lp_l——llx—xkll _IP_1+—||y—yk+1IIU_1,,_1—Elly—yklla_l,,_l

p p 2 .
2 22 2
Sl BT —lp__||xk+l_xk” _1——Zplzﬂ UJHJAJl(ka x)
i=1 j=1
——lek+1 xk”ﬁp"’ lek+1 xkllﬁp+ IIJ/k J’k+1|| G+ 81+ Se. (5.56)

We make few observations on this inequality. First, by Lemma 5.9, as in (5.25)
gp(xx) + pg(x) — pg(xx) — gp(x) 2 0.

Second, we have, as in (5.32)
7= p 2 B = 2
V(Zks1 — 20 = S ks = Vieloo + 1%y — X200 p - E||xk+l — Xill7
P

2

1 & 2,2 (=) 2 1. 2
=5 2 2 ppiny 007 A (% 60" = S 1% — Xellg
_P

- 2 P 2
”yk+1 —J/k||071 + E”xk+1 _xk”C(T),

where
_2pi 1 2.2 Bipi
Cr);= E—T—l—pl Zn 0j07AT; ~ o
We use these estimates in (5.56) and the definition of V to conclude. |

Lemma 5.13. Let Assumption 5.1 hold and let h be separable. Given the definitions of D, and
D, from Lemma 5.1, we define

Dy Fks1,2) = ZlYf(h )= ) = (an @, 7] -y D).
J

Moreover let Sy, S» be as Lemma 5.12, and yi. as Lemma 5.11, it follows that
. ~ 1 _ 2
0= BDp(ka,Z) +BDd(yk+1,Z) +V(Zps1 —21) + E||xk+1 - xkllﬁp +V(zps1—2)—Vi(zp—2)
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+ 81+ Sp+ (1= p)Dp(Xpe1, 2) — (1= P)Dy (i, 2) + PO ! (i1, 2) — DT~ (G, 2)
+ PR (Frs1) = PR () = p (R i) = B (7)) + PCAX, Fie = Fiir =7 (T = Tisr))-

Proof. This lemma is an intricate part of the proof of Theorem 5.5. If we finish the estimations
as in Chapter 4, then we will end up needing to average j. However, this is not feasible in our
algorithm, since we do not update full dual vector, thus we do not compute j; unless the data
is fully dense. We will use Lemma 5.11 to go from yj to jk. Let us repeat the definition of yy
from Lemma 5.11: Let j; = y; = j5, and

= (/) =) . .
yk]+1 = yk]+1’ Vje T (ik+1)

7 =90 Vg ).

We now work on D (jk+1; 2) and note that h; is defined as in Lemma 5.11.

Da(Jx+1;2) = Da(Jr11;2) = (AX, Jiei1) + B* (Frs1) + (AKX, Jrr1) — B (Fra1)
= Dg(Fr+1;2) — (AX, Jkr1) + B (Fs1) + (AX, Pir1) — BT (Fs1)
+hy_ o P =y Fea) + By (k) — hy_ (k)
+(AX, (=) Fre1 = 7)) = (AX, T =70 ) s = 1)
=Dy (Jr+132) + h* (Frs1) = h* (1) = (R (Free1) = B (70)
+ R ) = e () + (AX, Jie = P =70 (P = Fesr))
+(AX, (T =7 ") (i1 — 7))
=Dy (Jk+152) + h* (Frs) = h* (1) = (R (Fre1) = B (70))
+ (A%, P~ Frerr =70 (T = Frrr)) + D L Gra; )= DY (s 2)

We insert this estimate into the result of Lemma 5.12 to finish the proof. |

The following lemma is similar to Lemma 4.10.

Lemma 5.14. Given a Euclidean space S, a fixed diagonal matrixy = 0, let the random se-
quences uy, vy € S be Fi.-measurable with

U+l = Ver1 — B [Vl
Let X, be arbitrary and set fork =1,
Xje+1 = Xk + Ufes1-

Then, X is Fi.-measurable and we have

K 1 ) K 1 K )
kZ,IOC, Uk+1)y < 3 1% — xlly + kz_:lOCk, Uk+1)y + 5 l;l vk lly,
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Chapter 5. A sparsity aware primal-dual coordinate descent algorithm

with E [ZIk(:l (Xg, Uk+1)y]| =0 and for any Sc S

[EsupZ<x Us1)y < sup—||x1 x5+ - Z[EIIVk+1II
X€S f=1

Proof. First, by the definition of X, forallxe S

1 2 1 2 = 1 2
2 W Xieer = xlly = S Xk = xlly + Kk = % )y + Sk lly.

Summing this inequality gives

K 1 ) K K 1 )
Y X Uk1)y < 5 1% = xlly + Y (Freo Ups)y + ) 5 N ly-
k=1 k=1 k=1

We take supremum and expectation of both sides to get

K

1
sup2<x 1)y <sup—||x1 xl2+ Z [(Fr tsn)y] + Y EE[nuani].
k=1

X€S k=1

By the law of total expectation, F;-measurability of X and Ex [#g+] = 0, we have

K K K
3 E[(F tke)y] = Y E[Ex [(Fr tierdy]] = Y E[(Fro Ex [tg1))y] =0
k=1 k=1 k=1

Finally, we use the definition of u; and the inequality E[| X —EX |2 < E || X |2 which holds for
any random variable X. |

As mentioned in the main text, we will give the theorems in the appendix with tighter, but
more complicated constants. After Theorem 5.7, we show how we obtained the simplified
bounds in our main text.

Theorem 5.5. Let Assumption 5.1 hold and 6, 7,0 are chosen as in (5.8), (5.9). Moreover, let h
be separable.

We define x{" = £ X5_, x¢ and y&” = £ X.X_, Jik, where jj is defined in (5.13), then for any
bounded set C Cy x C c Z with iterates of Algorithm 5.1, it holds that

Ce
pK

’

E[Gape (xg”, yg")] <

where Cg = Cg1 +Cg2+ Cg3+ Cgy, C; y =min; C(7);7;,

Ce1 = SUpzec {2p %0 = %121 5y + 2Pl Yo = Y1211} + (1= p)4y /AP Allsup yec, 1Y l2p
+2g\/Aog-1 +112P = plldop3C_ LI Al = TlIsupec, I Xllon,

Cga = 12P = pl(L+ 1P/ pll+ITV2PV2 AT 20122 2ot poC
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+(4 +4||T1/2P1/2ATT[_1/20'1/2||2)A0,

Cg,3 =(1 —B) (f(xo) +8(x0) — f(xx) — g(xx) + ||AT.V* "rP\/ZAOB_I)’
12P-pllAo

+ Ao+ ——.
0 BZC‘[,V

Cga=ph’,_ (o) + pLlL, (7! l)h*(y*) + 51 Ax ]2

on!

Proof. We start with the result of Lemma 5.13. First, we will manipulate the terms arising in
So +(AX, Yk — Vr+1 — n! (¥k — Vx+1) (see definition of Sy in Lemma 5.12).

~ (S2+ pCAX, Fi= Freor =17 (= Frer) ) = =0 Ak = Xier1) = AP (e = Fi1))
= P, Xk = Fea1 = P (k= X)) + PO 0T (k= k) =07 (k= Fiend)
+7 QAP (Xgr1 — Xk)) — PAAX, P = Pie1 — 7 e = Jee1))  (5.57)
For the four terms on the right hand side, we will apply Lemma 5.14. First, Ex [77! (7 — Jk+1)] =

V& — Vi+1 from Lemma 5.11, Eg [P‘1 (Xf — Xps1) = Xp — )'ck+1], by coordinate wise updates. Fi-
nally, as in the proof of Lemma 5.11, we can derive, as A;; =0,Vi ¢ I(j),

%) ; )
Eclyy,,] = Zpl[ﬂﬁf o (7 +070451 50, = x) + Ljgy v ]

W, g0 _ 0 '
_J’k] > Pi(J’k] ! )+Zpl‘7]91 ]’(xk+1 I(cl))
i€l(j)

=y + ;G -y ) + 00, (AP - x0) V)
Ex(Yi+1] = Yk + (V1 — Vi) + 00 AP (X1 — Xk)

= E[yk— Yiw1] = TV — 1) — 00 AP (Rr1 — Xp).

In particular, for (5.57), we set in Lemma 5.14
Ups1 = =P OMAXE = Xps1) + p T OTAP (X = K1), Y=0 7 'p,S=Y, Ti=y.
Ugr1 = (X — Xg41) — P (X — Xet1), y=t'P7, S=X, x=x,

U1 = (Vi = Vier1) =70 (Vi = Fra1) + OO AP (Fgesr — Xg), y=olz7l, S=Y, xH=y,
uk+l:TPAT(ﬂ_l(yk_j;k+l)_(}7k_)7k+l))’ Y:T_lp_l) S:X) xl:xly

Then, we can apply Lemma 5.14 for these cases to bound (5.57) as

K p
Esupl(5. 57)]<sup{pllx xlZpa+ply- yllla_l,,_l} Z; 12k = X1 170 pet |
zeC zeC k=1
K1
+E[lye = Vo112 ] + kzl 2y EllomAG: - X120

Z L ErPATn G- FreD I po. (5.58)

143



Chapter 5. A sparsity aware primal-dual coordinate descent algorithm

We now recall the definition of S; from (5.55), and use the identities (5.21), (5.22), Lemma 5.8,
along with the law of total expectation to estimate

1
=B | = () + f (60 = (V. F 000, PGk = Ties1)) + 5 1 Kieen = Xillgp

|E S 1 X - 2
1 2 ||xk+1 xk”ﬂp
+ P[E[f(x) —f(xk) - (Vf(xk),x—xk)]

1
= E |- f(xrs1) + f ) —Ex [(Vf(xr), Xk — Xger1) ] + EIIJ'Ck+1 - xk”%p

>E|-<F APETE 2
2 E |~ Ex |k — x| + 518 — el

-F 1 = 2 1 2
= _§||xk_xk+1”ﬁp+ §||xk+l —Xrl'gp

-0, (5.59)

where the first inequality is by convexity, second inequality is by coordinatewise smoothness of
f. Furthermore, for the result of Lemma 5.13, by Lemma 5.11 and the law of total expectation

E[R* (Fr+1) = B () = (B2 (Fre) — B (7)) ] = 0. (5.60)
We rearrange and sum the result of Lemma 5.13, take supremum and expectation, plug
in egs. (5.58)—(5.60), and use V is a squared norm
. . 3p 2 2
E Sgg];B(Dp(xk’Z) +Da(jr,2) | < sup —= (= X012 ps + 11y = yollZ -1 1)

zeC
b bl

+Esup(1— p) (Dp(x0,2) — Dp(xk,2)) +Esup pDY ~" (jo,2) — pDly ' (k. 2)

zeC - zeC — -

P 2 2 K 2
+ 1;1 o Bl =Xl por + 1Yk = Vit g1+ k; o ENOTAC = s ) o101

xp T 1 2
+];1§[E||TPA 7 (T = T 51 poa (5.61)

We first note by (5.38)

(&)

Y E[V(Zk+1 - 21)] < Ao. (5.62)
k=1

- PGy 2 P 2

Vi(Zs1—21) 2 IXie1 = Xilzs + Z Fieer = Vellgor, (5.63)

with C; = min; C(7),7;, where we used the definition of V from Lemma 5.1.

We have

Esup D, (xo, 2) — Dp(xk, 2) = Esup f(xo) + g(x0) — f (xx) — g(xx) + (A y, X0 — xx)

zeC z€Cy
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< Esup f(xo) + g(x0) — f(xx) — g(xx) + I AllllyllzpliXo — Xk llz-1p-1. (5.64)

zeC,y

Then, we use the optimality conditions, convexity, and (5.36)

E[f(xx) + gxx)] Z E[f(x0) + g(xx) = (AT Yo, X — %)
> E[f(xx) +800) — 1A yullzpll Xk — X ll-1p-1]

2A
> fe) +80e) = I1AT yallepy /70. (5.65)

[Eilellc) Dy (x0,2) — Dp(xx, 2) < f(x0) + g(x0) — F () — glxx) + 1AT lzpy/280p71

to obtain for this estimation

+4,/280p~ Al sup | yllzp.  (5.66)

yeC,

We estimate similarly to obtain

EsuppD® ~(jo;2) - pD ~!(ix;2) = pER' (o) — iy, (k) — (Ax, (0™t = D) (o — 7))
zeC — - -
< pER: (o) = hir_ () + AT = I Xl gxl o = kg1 (5.67)

By convexity and Lemma 5.11

E|hy_, 0| =E

305 =0y = Y oyt = (R 0+ Ax) 7 —yﬂ’))}
j=1 j=1

=>E

m.o_ " i 1 1 .
Zl(njl ~ DI = ARG s = S 17k~ Yl
]:

>

m K

- O -
_Zl(n j DR ) = SHAX g = 1y = Yl - kZl [E798 —xkngm_zg_l)]
]: =

m - A, l12P—plAg
=Y @ - DR ) - S AR - = —————, (5.68)
jZ:I J ] 2 on! p BSCT,V
where we used 1
(B —— 212 pl (B (5.69)

which follows by using the step size rule from (5.9) and definition of B(y) from Lemma 5.11.
Thus, the final bound for (5.67), after using Lemma 5.11
PARES 9 PR o * - S -1 (]
EsuppDy ~ (Jo;2) = pDy ~ (Jx;2) < phy_ (Jo) +p Y (" = DA (F]

N4 B ax, 2
zeC — 2 *lont

j=1
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12P - pliAo o
+2p\/Aop1+Il2P pIIAop‘3C oAz~ = Illsup [ xllgx.  (5.70)

+ AO e S
BZCT:V x€Cy

We continue to estimate, by Lemma 5.8, the definition of B(y) from Lemma 5.11, and the

definition of 7 ;

Ex[lyeer = yel2 -] = 17kat = Yilon + 2¢Fke1 = yio m 'O AP (Rpeiy — x1))

n
2 42 )\2
+ZZpln UJHJAJl(ka—x;C’))

2 22 i)\ 2
<1 Fe1 = VielZos + 1 Fsr = yiel 20 + Z Z pin;o 05 A% (20 - x)

i=1j=1
S 02 A2 x)2
+ZZP” U]] ]z(xk+1 )
: ]:
<20 Fke1 = Vil 2o+ (14 1P pI) 1 iss = X1 (5.71)
Kp p X Ao
Y Tk Ixker =Xl p | = 5 D MR — Xl < = (5.72)
k=1 2 2 k=1 7,V

We will continue with estimating the last two terms of (5.61):

1 ,
2 ]Z:l oim(Alxg - xk+1))(]))2]

L [lomAGer = xps DI ] =E
2p k(IOTTA X = X+ 1)l G151 ] =

m
_ A2 (ig+1) _ —(lk+1)2
=Ex —ZIUJ”JAj,iM(xk s ) ]
j
1 & ¢ 2 (0 _ 5
Z_ZZPIUJ”JA (X k+1)
P j=1i=1
p
= — ||xk+1 xk”B(T[_la'_l) (573)

Finally,
X T 1 2 1/2 pl/2 4T 1/2 __1/2,2 X 2
Y E[ITPAT A it = T2 1 p | < IT2P2 AT 20 22 S B i = il
k=1 k=1

K
1/2 pl/2 AT _—-1/2, 1/22 = 2 = 2
<|t'2PV2ATa 212 ZE[znka—yan_]+2||xk+1—xk||3w_lg_]) . (5.74)
k=1

where we use Lemma 5.11 for the last inequality.

By, egs. (5.71)-(5.74), we finalized the bound for the last three terms in (5.61)

NS

2 2 L 1 2
Elxk = Xes1 120 py + 1Yk = Yisr 120+ Y = EllomAG — xes D121
k=1<P

K
2.
k=1
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K p
+];§E||TPATn‘1(yk—ykmni_lp_] < Cgo, (5.75)
where
2A A
Cg = ||2P—p||(1+ ||P/p||+||T1/2P1/2AT71'_1/20'1/2||2)—O+—0
- - BC‘L’,V CT,V

+(4 +4||T1/2P1/2AT7T_1/20'1/2||2)A0.

Cg 2 basically collects the bounds in eqgs. (5.71)-(5.74) and uses the estimates from egs. (5.62)
and (5.63) on this bound.

Then, on (5.61), we use egs. (5.62), (5.63), (5.66) and (5.69)—(5.74), definition of primal-dual
gap function in (5.11), and Jensen’s inequality to conclude. |

Theorem 5.7. Let Assumption 5.1 hold. We use the same parameters 6, 7,0 and the definitions
for xg" and yg” as Theorem 5.5. We consider two cases separately:
> If h(-) = 63 (-), we obtain

Co
E[f(xf") +8(xg") — f(xe) — g(x4)] < oK

Cr
[E[IIAxI%U—bII] < p_1<

> If his Ly-Lipschitz continuous, we obtain

C
[E[f(x,‘?’) +8(xg") + h(Axg") = f(xx) — 8(x%) — h(Axy) | < p—Il<,

where Cr =262\ /17x = Yol2 1 + Cs5 ' +2165 %0 = XullZy oy +2¢21 1 = Yol
Co = Cs+ 1 ysllg1z1Cr +crll o = xu 2, oy + C2llys =yl

Cr=Cs+ il xXx = X0l poy +4c2 L7,

o=+ pleP-p2lin - 11,

3
cr= TB + (1= p)I2P-p)1'2|, Cs = Cg 2+ Cg 5+ Cqy5, with Cg 2 as defined in Theorem 5.5 and
Cg,5,Cg 6 are defined in the proof in (5.81), (5.82).

Proof. We will use the first result of Lemma 5.14 on the result of Lemma 5.13, similar to (5.61).
The difference is that we take supremum and expectation after using Lemma 5.14 and we pro-
cess the terms (1 - p) (Dp(xk, 2) = Dp(Xk41,2)) +B(Dgfl_l(j/k, z)— Dgil_l(j}k+1, z)) with small
differences. In particular,

K-1

Y (1= p)(Dp(xk; 2) = Dp(xg41;2)) = (1= p) (D (X0 2) — Dp (xk; 2))
k=0 - -

= (1= p) (£ (x0) + g(x0) = F(xx) = gxx) + (AT y, %0 = xK)) -
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For the final term, we estimate using the step size rule (5.9)

ATy xo-x00=) Y A5y Py -xh< ) J IR —x&?ﬂoﬂfd Y (207 n;

i=1j=1 i=1 j=1

n - m
SZ\/B(ZPI‘—B)(X(()U ))2 —1 —1 z(y(]))z -1, ]—1
i=1 j=1

1 @0 _ (y2,—1,-1 pyepi-e
<) 2\/2Pi= Py =) T py =¥l
i=1 -
l@P-p)2| , IeP-p)'2|
Sf”xo_xl(”-[—lp—l'k—z ”y” o1
IeP-p)'2| , " ) )
=—— - Xkl pa 1P -p) I Iy =yollZ -1 s + 1y0llZ 1 ) (5.76)

We estimate similarly to obtain

& P y 41 o
ZB(Dd (Jx,2)—D (yk+1,z)) p(hy_ (o) = hyp_ (710 = (Ax, (n™" = D (o = 7)),
k=0
and
_ o1 _ o
—(Ax, (1 l—I)(yo—yK)>SEII(ZP—B)”ZIIIIH P T (102 e+ 0 = kN2 ,1)
_ 1
<l@P-p)'lin 1—1||(||x—xo||31p1+||xo||$1P1+§||yo—y1<||§1,,1 . (5.77)

We sum the result of Lemma 5.13, use egs. (5.76) and (5.77), use the first result of Lemma 5.14
(see (5.57)), move the terms depending on (x,y) to LHS, take the supremum over Z and
expectation. With these steps, instead of (5.61), we get

K
E|sup Y. p(Dp(xk, 2) + Dk, 2)) — c1llxo — Xl poy — c2llyo — y||§1,,1]
Z2€Z Je=1"_

<p(hya_;(Go) = hy (7)) + (1= p) (f (x0) + g(x0) = f (xx) — g(xK))

K
E 2 E 2 L Elona 2
Ik = Xpear 5o por + BNV = Ve 1500+ Y == ENlomAG, = Xgp )15 -1 1
k=1<P

M=

Nll*s

+

k=1

Z 2 ElPA R G = P 12 po + 1P = p)”2||( [Enxo—xKni_lp_l+||yo||f,_1,,_1)

_ 1. .
+1P-p) " lln 1—1||(||xo||31P1+5[E||yo—yz<nf,lnl), (5.78)

3p _ 3p
where ¢; = 7 + pll@P - p)?llln~" = II, 2 = 5 + (A = p)I2P - p) 2|

We divide both sides by p and use Jensen’s inequality to obtain the smoothed gap func-
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5.8. Proofs

tion [TDFC18]

a1 C2
Qi%écz (xXx'» V&' » X0, Y0) = itelgDp(xK ,2)+Da(yg’;2) = p—Kllx—xollfflpfl - p—Klly—yollfrl,rl.

Then, we have, as in the proof of Theorem 5.5 that (see eqgs. (5.61) and (5.75))

PKE(Gze, 2vz(xK,yK,xo,y0)]<Cg2+P( o) = e (7))
PpK’ pK

+ (1= p) (f (x0) + g(x0) = f (xx) — g(xx))

1
+1-pleP-p"? (Ellxo =Xl pa + ||yo||§1,,1)
_ 1.
+pl@P-p)la~t - 1] (nxonilpl +5l170- yan,lﬂl) (5.79)
By using (5.65) and (5.68) we obtain the bound

(1-p) (f(x0) + g(x0) — fxx) — glxx)) + P( 1 (o) — -1_I(J7K)) < Cygps, (5.80)

where

2A
Cegs=(1-p) (f(xo) +8(xo) — f(xx) — glxs) + "ATy*“TP‘ / 70)

- Ay Doll2P—pl
+P( i I(J/O)—Z(Jt . ) (y*)+—||Ax*||Uﬂ1+—O+T~—
I= P Pty

(5.81)

Next, we bound the last two terms in (5.79) using E [V (zi — z4)] < Ag from (5.37) and we denote
the bound as Cg 6

Cg6=01-p)2P- p)”2||( 5 +2||y*II2_1n_1)

_ 4N
+pl@P-p)la~t - 1| (7°+2||x*||$-1p_1), (5.82)

so that RHS of (5.79) is upper bounded by Cg 2 + Cg 5 + Cg 6.
We consider two cases:

o If his L}, Lipschitz continuous in norm | - || 5, then ||y — yo|? 4L2 Then, we argue as

in [FB19, Theorem 11] to get

,lnl_

E[f(xf") + g(xg") + h(AxE") — f(x4) — 8(xx) = h(Ax:) | SE | G2y 2, (X, Y& X0, Y0)
EK’BK

4cy
pK

a 2 2
+p_1<||x*_x0”rlp71 + L.
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e If h(-) =6, (), we use [TDFC18, Lemma 1] to obtain

C
E[f(x@) +g(x@) — f(xx) — )] SE |Gzq 20 (x&, Y250, Y0) | + —= 10 — X 121 ps
PK’ pK pK T

2
Myl Yol o +E[lysllo-17-1 1AxE” = bllgr], (5.83)

2C
E(llAx = bllgx] = p—KIIy* = Yollg-17-1

2¢p 2 EK av ,,av a 2
+p_K Iy« =yollg 1 L. E g%,zﬁ%(’% ' Vi 3 X0, Yo) +’[)—Kllxo—x*llrlp,1 .
We plug in the bound of E |Gz, 2c, (xg”, ¥¢"; Xo, Yo) | to obtain the final results. |
EK'EK

Simplification of the constants. As mentioned before Theorem 5.5, we now give the inequali-
ties we use to obtain the bounds we have in the main text for Theorem 5.5 and Theorem 5.7
compared to the ones we have in the appendix. It is easy to see by using coarse inequalities, we
first p;p~' < p~1, second, 2p; — p < 2, third, n]‘.l —1=<p lasn; = p. Finally, by the definition
of 7; in (5.9), we can derive |7//2PV2 AT z~1251/2|12 < 2p~1. By using these constants in the
bounds of Theorem 5.5 and Theorem 5.7 in the append_ix, we arrive at the bounds given for

these theorems in the main text.
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Stochastic variance reduction for
variational inequalities

In this chapter, we focus on monotone variational inequalities (VI) with finite sum struc-
ture, which is a generalization of convex-concave min-max problems. We study variance
reduced methods, that also provide alternative ways to PDCD for solving problems we focused
in Chapters 4 and 5.

We introduce variance reduced extragradient, forward-backward-forward and forward-reflected-
backward methods. Similar to minimization, the new methods potentially improve the com-
plexity of the deterministic algorithms depending on the Lipschitz constants. Our results
reinforce the correspondence between variance reduction in min-max problems and mini-
mization. A recent work showed optimality of our algorithms by establishing matching lower
bounds.

This chapter is based on joint works with Yura Malitsky and Volkan Cevher [AM21, AMC21].

6.1 Introduction

We are interested in solving variational inequalities (VI)
Find z, € Z:(F(24),2—24)+ 8(2) —g(24) =0, VzeZ, (6.1)

where g is a proper lower semicontinuous convex function and F is a monotone operator also
given as the finite sum F = %Z;’Zl F;.

A special case of monotone VIs is the structured saddle point problem

mxinmyax‘l’(x, ¥)+ f(x)—h(y), (6.2)

where f, h are proper lower semicontinuous convex functions and ¥ is a smooth convex-
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Chapter 6. Stochastic variance reduction for variational inequalities

concave function. Indeed, problem (6.2) can be formulated as (6.1) by setting

vx\y(x, y)

z=(x,y), F(2)= V()
—V,¥(x,

, 8@)=fx)+h(),

and F(z) = %2?21 F;i(z) (see [BB16, Section 2], [CGFLJ19, CJST19] for examples).

Another related problem is the monotone inclusion where the aim is to
find z4€Z suchthat 0€(A+F)(x),

where A: Z = Z and F: Z — Z are maximally monotone operators and F is Lipschitz contin-
uous with finite sum form. Monotone inclusions generalize (6.1) and our results also extend
to this setting as will be shown in Section 6.4.1. Due to convenient abstraction, it is the
problem (6.1) that will be our main concern.

The case when V¥ in (6.2) is convex-concave and, in particular when it is bilinear, has found
numerous applications in machine learning, image processing and operations research, result-
ing in efficient methods being developed in the respective areas [CP11, EZC10, SSZ13, HA21].
As VI methods solve the formulation (6.1), they seamlessly apply to solve instances of (6.2)
with nonbilinear V.

In addition to the potentially complex structure of ¥, the size of the data in modern learning
tasks lead to development of stochastic variants of VI methods [NJLS09, BMSV19, IJOT17]. An
important technique on this front is stochastic variance reduction [JZ13] which exploits the
finite sum structures in problems to match the convergence rates of deterministic algorithms.

In the specific case of convex minimization, variance reduction has been transformative over
the last decade [JZ13, DBLJ14, HLLJM15, KHR20]. As a result, there has been several works
on developing variance reduced versions of the standard VI methods, including forward-
backward [BB16], extragradient [Kor76, CGFLJ19], and mirror-prox [Nem04, CJST19]. Despite
recent remarkable advances in this field, these methods rely on strong assumptions such
as strong monotonicity [BB16, CGFLJ19] or boundedness of the domain [CJST19] and have
complicated structures for handling the cases with non-bilinear ¥ [CJST19].

Such a dichotomy does not exist in minimization: variance reduction comes with no extra
assumptions. This points out to a fundamental lack of understanding for its use in saddle
point problems. This chapter shows that there is indeed a natural correspondence between
variance reduction in variational inequalities and minimization.

6.1.1 Contributions

We design variance reduced extragradient and forward-reflected-backward methods, with
Euclidean and Bregman setups. Our algorithms either match or improve complexity of existing
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6.1. Introduction

Assumptions up-adaptivity Complexity
1[312);13/?1;, 11\31511;11;) 4, MT20D] F is monotone v (@) (%)
2?31’3 }5%/(:1\51}5 Li18, Szx17] F is strongly monotone x N/A
1[52?1;1“/[1:] gf r(IJlJ(ZIzl)OiO%l;(;), z—uyiscvx. x O (N + @)
Vu; or bounded domains
El(;llslvc{l;;r:}ig F is monotone v (@) (N + @)

Table 6.1 — Table of algorithms with F(z) = Zf.V: , Fi(2). BG: Extragradient, MP: Mirror-Prox, FB: forward-
backward, FoRB: forward-reflected-backward. Complexity column refers to complexity under mere
monotonicity.

methods and also have unique properties compared to previous works:

> Our methods are the first variance reduced VI algorithms that converge almost surely, under
mere monotonicity.

> For bilinear problems, we match the best-known complexity.

> For nonbilinear, convex-concave finite-sum problems, we improve the best-known com-
plexity by a log factor and remove the boundedness assumption of the previous work, with
simpler algorithms.

> We also show application of our techniques for solving monotone inclusions and strongly
monotone problems. Our results for monotone inclusions potentially improve the rate of
deterministic methods (depending on the Lipschitz constants).

> Our linear rate of convergence for strongly convex problems do not require parameters
depending on the strong convexity constants.

> Recent work [HXZ21] proved matching lower bounds for the problem class we consider.

6.1.2 Related works

Most of the research in variance reduction has focused on convex minimization [JZ13, DBLJ14,
KHR20, HLLJM15], leading to efficient methods in both theory and practice. On the other
hand, variance reduction for solving VIs is started to be investigated recently. One common
technique for reducing the variance in stochastic VIs, is to use increasing mini-batch sizes,
which leads to high per iteration costs and slower convergence rates in practice [IJOT17,
BMSV19, CS21].

A different approach used in [MKS*20] was to use the same sample in both steps of stochastic
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extragradient method [JNT11] to reduce the variance, which results in a slower O(1/V'k) rate.
The results of [MKS*20] for bilinear problems on the other hand are limited to the case when
the matrix is full rank. The most related to our work, in the sense how variance reduction is
used, are [BB16, CJST19, CGFLJ19] (see Table 2.1).

For the specific case of strongly monotone operators, [BB16] proposed algorithms based on
SVRG and SAGA, with linear convergence rates. Two major questions for future work are
posed in [BB16]: (i) obtaining convergence without strong monotonicity assumption and
(ii) proving linear convergence without using strong monotonicity constant in the algorithm
as a parameter.

The work by [CGFLJ19] proposed an algorithm based on extragradient method [Kor76] and
under strong monotonicity assumption, proved linear convergence of the method. The
step size in this work depends on cocoercivity constant, which might depend on strong
monotonicity constant as discussed in [CGFLJ19, Table 1]. Thus, the result of [CGFLJ19] gave
a partial answer to the second question of [BB16] while leaving the first one unanswered.

An elegant recent work of [CJST19] focused on matrix games and proposed a method based
on the mirror prox [Nemo04]. The extension of the method of [CJST19] for general min-max
problems is also considered there. Unfortunately, this extension not only features a three
loop structure, but also uses the bounded domain assumption actively and requires domain
diameter as a parameter in the algorithm [CJST19, Corollary 2]. This result has been an
important step towards an answer for the first question of [BB16].

Finally, this chapter answers an open problem posed in [MT20b] regarding a stochastic exten-
sions of the forward-reflected-backward method. Our result improves the preliminary result
in [MT20b, Section 6], which still requires evaluating the full operator every iteration.

6.1.3 Preliminaries and notation

We work in Euclidean space Z = R? with scalar product (-,-) and induced norm | - |. Domain
of a function g: Z — RU {+oc} is defined as dom g = {z € Z: g(z) < +o0o}. Proximal operator of
g is defined as

prox, (u) = argmin{g(z) + l||z — ullz}.
& ZEZ 2

We call an operator F: K — Z, where K € Z,

L-Lipschitz, for L>0,if |F(u)-F@w)|<Llu-v|, Vu,vek.

monotone, if (F(u)-F),u—-v)=0, Yuvek.

v-cocoercive, for v > 0, if (F(u) - F(v),u—v)=v|F(u) - F)|? VYu,vek.

u-strongly monotone, for p > 0, if (F(u) — F(v),u—v) = pllu—v|? Yu,ve K.
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6.2. Algorithm

For example, in the context of (6.2) and (6.1), F is (strongly) monotone when ¥ is (strongly)
convex- (strongly) concave. However, it is worth noting that both cocoercivity and strong
monotonicity fail even for the simple bilinear case when ¥ (x, y) = (Ax, y) in (6.2).

Given iterates {zp}r>1, {Wilr=1 and the filtration Fy = o{z,..., 2k, w1,..., Wr_1}, we define
Exl-] = E[-|F%] as the conditional expectations with respect to F.

Finally, we state our common assumptions for (6.1).

Assumption 6.1.

(a) g: Z— Ru{+oo} is proper lower semicontinuous convex.

(b) F: domg — Z is monotone.

(©) F=1¥" F,; withaverage Lipschitzness: E[ F;(x) — Fz ()| < L?||x — y|?
(d) The solution set of (6.1), denoted by Z,, is nonempty.

6.2 Algorithm

Our algorithm is a careful mixture of a recent deterministic algorithm for VIs, proposed
by [MT20b], with a special technique of using variance reduction in finite sum minimization
given in [HLLJM15] and [KHR20].

It is clear that for n = 1 any stochastic variance reduced algorithm for VI reduces to some
deterministic one. As a consequence, this immediately rules out the most obvious choice —
the well-known forward-backward method (FB)

Zj+1 = ProXyg(zp — TF(21)), (6.3)

since its convergence requires either strong monotonicity or cocoercivity of F. The classical
algorithms that work under mere monotonicity [Kor76, Pop80, Tse00] have a more compli-
cated structure, and thus, it is not clear how to meld them with a variance reduction technique
for finite sum problems. Instead, we chose the recent forward-reflected-backward method
(FoRB) [MT20b]

Zje+1 = PrOX; ¢ (2 — T(2F (21) — F(2k-1))), (6.4)

which converges under Assumption 2.2 with n=1.

When g =0, this method takes its origin in the Popov’s algorithm [Pop80]. In this specific case,
FoRB is also equivalent to optimistic gradient ascent algorithm [DISZ18, RS13] which became
increasingly popular in machine learning literature recently [DISZ18, DP18, MOP20, MLZ*19].

Among many variance reduced methods for solving finite sum problems min, f(z) := % Y fi@
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Algorithm 6.1 Variance reduced forward-reflected-backward (VR-FoRB)

1: Input: Probability p € (0,1], step size T = ﬁ. Letzp=wp=z_1=w_1€Z

:fork=0,1...do
Draw an index iy € {1,..., n} uniformly at random
Z+1 = ProX g (2 — TF(wi) — 7(Fiy (zk) — Fip (Wg-1)))
zr+1, with probability p
Wi+1 = . .
wy, with probability 1-p

oW D

6: end for

one of the simplest is the Loopless-SVRG method [KHR20] (see also [HLLJM15]),

Zie1 = 2k — TV f(wi) = T(V i (z1) = V fi, (W)

zy, with probability p,
Wi+1 = . .
wy, with probability 1 - p,

which can be seen as a randomized version of the gradient and hence forward-backward
methods. The latter is the exact reason why we cannot extend this method directly to the
variational inequality setting, without cocoercivity or strong monotonicity.

An accurate blending of [MT20b] and [KHR20], described above, results in Algorithm 6.1.
Compared to Loopless-SVRG, the last evaluation of the operator at step 4 of Algorithm 6.1 is
done at wy_, instead of wy. In the deterministic case when n =1 or p = 1, this modification
reduces the method to FoRB (6.4) and not FB (6.3). The other change is that we use the most
recent iterate z.; in the update of wy,, instead of z; in the Loopless-SVRG. Surprisingly,
these two small distinctions result in the method which converges for general VIs without the
restrictive assumptions of the previous works.

We note that we use uniform sampling for choosing iy in Algorithm 6.1 for simplicity. Our ar-
guments directly extend to arbitrary sampling as in [BB16, CJST19] which is used for obtaining
tighter Lipschitz constants.

6.3 Convergence analysis

We start with a key lemma that appeared in [MT20b] for analyzing a general class of VI meth-
ods. The proof of this lemma is given in the appendix for completeness. The only change
from [MT20b] is that we consider the proximal operator, instead of a more general resolvent.

Lemma 6.1. [MT20b, Proposition 2.3] Let g: Z — RU {+o00} be proper lower semicontinuous
convex and let x1, Uy, Uy, V1 € Z be arbitrary points. Define x, as

X2 = pI'OXg (x1 - U1 - (V1 - Uo)) (6.5)
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Then forall x € Z and V, € Z, it holds

X2 — xI1% +2(Va — Uy, X — Xo) +2(Va, X3 — X) + 28 () — 28 (%)

< llx1 = xI1% +2(Vy = Up, x — x1) + 2(V1 — Up, X1 — X2) — | x1 — %2 /1% (6.6)

The benefit of Lemma 6.1 is that it gives a candidate for a Lyapunov function that can be used
to prove convergence. We will need a slight modification in this function due to randomization
in Algorithm 6.1.

6.3.1 Convergence of the iterates

We start by proving the almost sure convergence of the iterates. Such a result states that the
trajectories of the iterates generated by our algorithm converge to a point in the solution
set. This type of result is the analogue of sequential convergence results for deterministic
methods [MT20Db].

For the iterates {zi}, {w} of Algorithm 6.1 and any z € dom g, 8 > 0 we define

1
@y 1(2) = N1 2ks1 — 2l1% +2T(F(2141) — F(Wp), 2 — 24 1) + guzk — wil? + o zil?

Ok+1(2) = (F(2k+1), 2k+1 — 2) + 8(2+1) — 8(2).

The first equation plays the role of a Lyapunov function and the second is essential for the rate.

Lemma 6.2. Let Assumption 6.1 hold and F¢ be Lipschitz for all, T < 1_2— le—p, B= \/ll—_p -1,

and the iterates {z;} are generated by Algorithm 6.1. Then for any z € dom g,

Er[Pi+1(2) + 27041 (2)] <= Pi(2). (6.7)

This lemma is essential in establishing the convergence of iterates and sublinear convergence
rates that we will derive in the next section. We now continue with the proof.

Proof. We setin Lemma 6.1 Uy = 7F;(wy-1), Uy = TF(wy), Vi = 7F;(zk), Vo = TF(2k+1), and
X1 = zg, with i = i. Then by (6.5) and step 4 of Algorithm 6.1, x» = z;1, thus, by (6.6)

I zks1 = 2117 + 2T(F(2g41) — F(wy), 2 = 2g41) + 27 ((F(2k+1), Zkr1 — 2)
+g(zrs1) — 8(2) < llzk — 2lI* + 27(F; (z1) — Fi(wi_1), 2 — zx)

+27(F;(2r) — Fi(Wk-1), 2k — Zk41) — 1 2ks1 — 2% (6.8)
First, note that by Lipschitzness of F;, Cauchy-Schwarz and Young’s inequalities,
242 2 1 2

21(F;i(zx) — Fi(Wg-1), 2k — 2k+1) < 2T° L7 || 2 — wi—1 |I” + EIIZk =z l”. (6.9)
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Thus, it follows that

1
I zk+1 = 2l1* +2T(F(2g+1) = F(Wg), 2 = Zg41) + 512k — 2k l? + 210141 (2)
< llzk — 2l +27(F; (2x) — Fi(wi-1), 2 — 2x) + 27 L? || 21 — wi—1 I (6.10)

Taking expectation conditioning on the knowledge of z;, wy_, and using that E; F;(zx) = F(z),
ErFi(wg—1) = F(wy_1), we obtain

1
Exllzis1 — 201? + 2TEx(F (2141) — F(Wy), 2 — Zgs1) + SEkllzien - zlI?

+2TE O 41 (2) < 2k — 2l12 + 2T(F(21) — F(wy_1), 2 — 2x) + 21° L2 |l 25 — wi1 2. (6.11)

Adding

(1-p)
S[Eknzk — wil? = ﬁT”nzk —wi I, 6.12)

which follows from the definition of wy, to (6.11), we obtain

Ex[®ps1(2) +270k11(2)] < Pr(2)

(I-p) 1
+ (2?2 ﬂT"’)nzk— Wi * = Sz = 217 = gnzk_l —wil®. (6.13)

The proof will be complete, if we can show that the expression in the second line is nonpositive.

Due to our choice of § and 7 this is a matter of a simple algebra. As f+1 = \/11—_p’ % =
1—\/1—p,and21L<1—\/1—p:%,wehave
1- 1 2
212L2+u5—( F_,_F E b (6.14)
2 2 L(1+p4)2 a+p2) 20+p)

Then we must show that

2 2 2
lzk — wi—1ll” < llzg — 2k—1 17 + Bllzke—1 — wi—1 117,

1+p
which is a direct consequence of || u+ vl<(+ %) lul?+Q +pB) v||?. The proofis complete. W

Theorem 6.3. Let Assumption 6.1 hold and let T < - > Ll P Then for the iterates {z;} of Algo-

rithm 6.1, almost surely there exists z, € Z, such that zy — z.

Remark 6.4. For p =1, i.e., when the algorithm becomes deterministic, the bound for the

ﬁ, which coincides with the one in [MT20b] and is known to be tight. In this

case analysis will be still valid if for convenience we assume that co-0 = 0.

stepsize is T <

For small p we might use a simpler bound for the stepsize, as the following corollary suggests.

Corollary 6.5. Suppose thatp = % andt < ﬁ = ﬁ. Then the statement of Theorem 6.3 holds.
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Proof. We only have to check that g <1-4/1- p, which follows from \/1-p<1- g. |

6.3.2 Convergence rate for the general case

In this section, we prove that the average of the iterates of the algorithm exhibits O(1/k)
convergence rate which is optimal for solving monotone VIs [Nem04]. The standard quantity
to show sublinear rates for VIs is gap function which is defined as

G(2) =sup(F(z),z—z)+ g(z) — g().
zeZ
As this quantity requires taking a supremum over the whole space Z which is potentially
unbounded, restricted versions of gap functions are used, for example in [Nes07, Mal19]

Ge(2) =sup(F(z),z—z)+ g(2) — g(2), (6.15)
zeC
where C < dom g is an arbitrary bounded set. It is known that G¢(Zz) is a valid merit function,
as proven by [Nes07, Lemma 1]. As we are concerned with randomized algorithms, we derive
the rate of convergence for the expected gap function E [G¢ (z)].

Theorem 6.6. Given {z;} generated by Algorithm 6.1, we define the averaged iterate zg" =
% 2115:1 zx. LetC c dom g be an arbitrary bounded set. Then under the hypotheses of Theo-
rem 6.3 it holds that

11 21L2(1+ B)
E[Ge(z¥)] == |- —z)? + =" dist(zg, Z4)?|,
[Ge (2] e TS;telglle z| 55 ist(zo, Zx)
where§ = £ _ L 0+H)
T 14 [ :

Remark 6.7. If we set p = %, T = ﬁ, — 1, the rate will be bounded by

_ 1
and 8 = ier
L (3v/Zsup ¢ ll20 — zII* + 12v/2dist(2o, Z4)?), hence it is O(ZE).

The high level idea of the proofis that on top of Lemma 6.2 we sum the resulting inequality
and accumulate terms O (z). Then we use Jensen’s inequality to obtain the result.

There are two intricate points in these kind of results. First, the convergence measure is
the expected duality gap [E[Gc(zl‘?’)] that includes the expectation of the supremum. In a
standard analysis, it is easy to obtain a bound for the supremum of expectation, however
obtaining the former requires a technique, which is common in the literature for saddle point
problems [NJLS09, AFC21]. Roughly, the idea is to use an auxiliary iterate to characterize the
difference two quantities, and show that the error term does not degrade the rate.

Second, as duality gap requires taking a supremum over the domain, the rate might contain a
diameter term as in [CJST19]. The standard way to adjust this result for unbounded domains
is to utilize a restricted merit function as in (6.15) on which the rate is obtained [Nes07]. We
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note that the result in [CJST19] not only involves the domain diameter in the final bound, but
it also requires the domain diameter as a parameter for the algorithm in the general monotone
case [CJST19, Corollary 2].

It is worth mentioning that even though our method is simple and the convergence rate
is O(1/k) as in [CJST19], our complexity result has a worse dependence on n, compared
to [CJST19]. In particular, our complexity is O(n/¢) instead of the O(y/n/¢) of [CJST19]. This
is because our step size has the factor of p which is of the order % in general and it appears
to be tight based on numerical experiments. We see in Section 6.4.3 one way to get over this
issue and derive a method that works under our general assumptions and features favorable
complexity guarantees as in [CJST19].

6.3.3 Convergence rate for strongly monotone case

We show that linear convergence is attained when strong monotonicity is assumed.

Theorem 6.8. Let Assumption 6.1 hold and let F be pi-strongly monotone. Let z, be the unique
solution of (6.1). Then for Algorithm 6.1 witht = ﬁ, it holds that

k
Ellzi — 24 1% < (1—ﬂ) 20— 2o 1% (6.16)

8V2L
Remark 6.9. We analyzed the case when F is strongly monotone, however, the same analysis
would go through when F is monotone and g is strongly convex. One can transfer strong
convexity of g to make F strongly monotone.

A key characteristic of our result is that strong monotonicity constant is not required in the
algorithm as a parameter to obtain the rate. This has been raised as an open question by [BB16]
and a partial answer is studied by [CGFLJ19] (see Table 2.1). Our result gives a full answer to
this question without using strong monotonicity constant in all cases.

We next discuss the dependence of y in the convergence rate. Our rate has a dependence
of % compared to % of non-accelerated methods of [BB16] and the method of [CGFLJ19].
This difference is important especially when p is small. On the other hand, in terms of
n, our complexity has a worse dependence compared to [CJST19] and accelerated method
of [BB16] as discussed before. Using the analysis we have in Section 6.4.3, one can improve
this complexity.

6.3.4 Beyond monotonicity

Lastly, we illustrate that our method has convergence guarantees for a class of non-monotone
problems. There exist several relaxations of monotonicity that are used in the literature [DL15a,
MLZ*19, IJOT17, Mal19]. Among these, we assume the existence of the solutions to Minty
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variational inequality given as
dzeZ: (F(2),z—2)+g(2)—g(2)=0, VzelZ. (6.17)

Under (6.17), we can drop the monotonicity assumption and show almost sure subsequential
convergence of the iterates of our method. Naturally, in this case one can no longer show
sequential convergence as with monotonicity (see Theorem 6.3).

Theorem 6.10. Suppose that Assumption 6.1 (a), (c), (d) and the condition (6.17) hold. Then

almost surely all cluster points of the sequence {z\} generated by Algorithm 6.1 are in Z,.

Proof. We will proceed as in Theorem 6.3 and [Mal19, Theorem 6]. We note that Lemma 6.2
does not use monotonicity of F, thus its follows in this case. In the inequality

Er[Pi+1(2) + 27041 (2)] = Pi(2).
we plug in z = Z for a point satisfying (6.17).
Then, by (6.17), we have
O 41(2) = (F(2k41), Zk1 — 2) + 8(2x41) — 8(2) = 0.

We then argue the same way as in Theorem 6.3 to conclude that almost surely, {z;} is bounded
and cluster points of {z;} are in Z,.

Note that the steps in Theorem 6.3 for showing sequential convergence relies on the choice
of z as an arbitrary point in Z,, which is not the case here, therefore, we can only use the
arguments from Theorem 6.3 for showing subsequential convergence. |

6.4 Extensions

We illustrate extensions of our results to monotone inclusions and Bregman projections. We
also show how to improve the complexity bounds derived in the previous section. The proofs
for this section are given in the appendix in Section 6.6.

6.4.1 Monotone inclusions

We choose to focus on monotone Vs in the main part of the chapter for being able to derive
sublinear rates for the gap function. In this section, we show that our analysis extends directly
for solving monotone inclusions. In this case, we are interested in finding z such that 0 € (A +
F)(z), where A, F are monotone operators and each F; is Lipschitz with the form F = %Z?:l F;.

In this case, one changes the prox operator in the algorithm, to resolvent operator of A which
is defined as J;4(z) = (I +TA)"!(z). Then, one can use Lemma 6.1 as directly given in [MT20b,
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Proposition 2.3] to prove an analogous result of Theorem 6.3 for solving monotone inclusions.
Moreover, when A + F is strongly monotone, one can prove an analogue of Theorem 6.8.
We prove the former result and we note that the latter can be shown by applying the steps
in Theorem 6.8 on top of Theorem 6.11, which we do not repeat for brevity.

Theorem 6.11. Let A: Z = Z be maximally monotone and F: Z — Z be monotone with
F= %Z?:I F;, where F; is L-Lipschitz for all i. Assume that (A+ F)~'(0) is nonempty and let

the iterates {zy} be generated by Algorithm 6.1 with the update for zj..,

Zk+1 = Jra(z = TF(wi) — 7(Fj (2k) = Fiy (wg-1))). (6.18)

Then, fort < 1_2— ”Ll_p, almost surely there exist z, € (A+ F)~Y0) such that 2k — Zx-

6.4.2 Bregman distances

We developed our analysis in the Euclidean setting, relying on #>-norm for simplicity. However,
we can also generalize it to proximal operators involving Bregman distances. In this setting,
we have a distance generating function h: Z — R, which is 1-strongly convex and continuous.
We follow the standard convention to assume that subdifferential of h admits a continuous
selection, which means that there exists a continuous function Vh such that Vh(x) € 0h(x) for
all x e domdh. We define the Bregman distance as D(z, z) = h(z) — h(Z) — (Vh(Z),z— Z). Then,
we will change the proximal step 4 of Algorithm 6.1 with

1
2i1 = argmin{g(2) + (F(wp) + Fi (z) = Fi, (wg-1), 2 = 2) + - Dz 20)|. (6.19)

We prove an analogue of Lemma 6.2 with Bregman distances from which the convergence rate
results will follow.

Lemma 6.12. Let Assumption 6.1 hold and

1
®11(2) = D(2, 2k41) + T{F (2g41) = F(Wk), 2 — Zp41) + g”zk — will* + ED(ZkH»Zk)-

Moreover, supposet < - > Ll P p= \/11—_;9 —1, and theiterates {zy} are generated by Algorithm 6.1

with the update (6.19) for zy,. Then forany ze€ dompg,

Ex[®Prs1(2) + TOk41(2)] = O (2).

6.4.3 Improving complexity

We introduce a variance reduced extragradient algorithm in Algorithm 6.2, building on the

analysis techniques presented earlier in the chapter. This algorithm is able to use a bigger

step size that carefully balances the complexity bounds. For running algorithm in practice, we
2 _0.99p . .

suggest p = &, @ = 1—p, and T = — . However, specific problem may require a more careful
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Algorithm 6.2 Extragradient with variance reduction

Input: Probability p € (0, 1], probability distribution Q, step size 7, a € (0,1). Let zg = wy

for k=0,1,...do
Zr=azp+(1—a)wy
Zis1/2 = PrOX; ¢ (Zk — TF (W)
Draw an index ¢ according to Q
Zje+1 = PrOX; o (Z — TIF (W) + Fg, (2Zk+172) — Fe, (wi)])
{zkH, with probability p
Wi+1 = . .
wy, with probability 1-p
end for

selection. As before, by eliminating all randomness, Algorithm 6.2 reduces to the classical
extragradient method in [Kor76, NemO04].

Analysis for the Euclidean case

For the iterates (zx), (wy) of Algorithm 6.2 and any z € dom g, we define

) 1-a 2
Dy (2) = allzr -zl +T||wk_z|| .

Lemma 6.13. Let Assumption 6.1 hold, « € 10,1), p€ (0,1], andt = ~ IL_“)/, forye(0,1). Then
for (z1) generated by Algorithm 6.2 and any z, € Sol, it holds that

Er [P (22)] < Dp(22) = (1= 1)1 = @212 = Wil + Bl 2 = 2101

Moreover, it holds that 37 | ((1 — ®)Elzks1/2 — Wil + El Zks1 — Zs1/2 IIZ) < ﬁ@o(z*),

Proof. By convexity of g and the definitions of z;.; and zj.;,2, we have that for all z,

(Zk41 — 2k + TIF(wi) + Fe, (Zga1/2) — Fe (Wi, 2 — 2g1) 2 T8 (2k41) — T8 (2), (6.20)

(Zik+1/2 — 2k + TF(WE), Zk41 — Zkr1/2) = T8 (Zkr1/2) — T8 (Zk41)-

We sum two inequalities and arrange to get

(Zk+1 = Zk» 2= Zk41) +{Zkr1/2 = Zks Zhet1 — Zhr172) + TFg (Wi) — Fe (Z41/2), 21 — Zk41/2)

+ T(F(wg) + Fe, (2g41/2) — Fe (Wi), 2 — 21720 = T(8(2k41/2) — g(2)]. (6.21)
For the first inner product we use definition of z; and identity 2{(a, b) = |la+ blI? - |al® - | b|?

202k 41— Zkr 2 — Zk+1) = 20(Zk41 — 2k 2= Zr1) + 2(1 — @) 241 — Wiy 2 — Zk41)

2 2 2 2 2 2
= a(lzk = 2l° = lzke1 = 207 = Nl zgs1 = 2l17) + A = ) (| wg = 2117 = I 241 = 201 = 2541 — Wi lI%)
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2 2 2 2 2
=allzg —zll” = llzk+1 — 27+ A - Dllwg — zlI” — allzg+1 — 217 — A = D) | Zg4+1 — Wi ll”.  (6.22)

Similarly, for the second inner product in (6.21) we deduce

. 2 2 2
20Zx41/2 = Zk» 241 — Zh+1/2) = Al Zks1 — 2kl = N Zk41 — Zks1721I° + (A = W) | 241 — Wl

—allzis1/2 — 2> = A= )l zgr12 — will®.  (6.23)

For the remaining terms in (6.21), we plug in z = z,, use that zz,1/2, Wy is deterministic under
the conditioning of Ex and Ey [F(wy) + Fr, (2k+1/2) — Fe, (Wi)| = F(2k+1/2) to obtain

Ex [(F(wg) + Fr, (2k+1/2) — Fr (Wk), 25 — Zk+1/2) + 8(24) — 8(2k41/2) |
= (F(Zk+1/2), 2% = Zk+172) + 8(24) — 8(Zk+1/2)

< (F(24), 2% — Zk+1/2) + 8(24) — 8(Zk41/2) <0 (6.24)
where the last step is due to monotonicity and definition of z,. Next, we estimate

Ex [27(Fr, (Wk) — Fr, (Zk+1/2), Zks1 — Zk+1/2) | < Ek [2T 11 Fe (Wi) — Fe (2k+1/2) 1 Zks1 — Zi+1/211]
7 2 2
5?[Ek[||F5k(zk+1/2)_ka(wk)|| |+ YEk [ Zk+1 — 2172117

<A - a)yllzrer2 — wel® + YEe [l zke1 — Zge120%], (6.25)

by Cauchy-Scwarz, Young'’s inequalities and Lipschitzness. We use (6.22), (6.23), (6.24), and (6.25)
in (6.21), after taking expectation E; and letting z = z,, to deduce

Ex [I12ks1 — 25 I1°] < @llze — 2o I + (1 = @) | wi — 241 = A = @) A = Y) | Zk11/2 — Wi l?
—(1=y)Ex [Izks1 = 2ks1/20] . (6.26)

By the definition of wy,1 and Eg,1/, it follows that

l1-a 1
TEMZ lwis1 — 2z l?] = A= @)l z2gs1 — 241>+ A — @) (; - 1) lwk — 2«1 (6.27)

We add (6.27) to (6.26) and apply the tower property Ex [Ex+1/2[-]]1 = Ex[-] to deduce

l1-a l1-a
aFx [ zir1 — 2« 1%] + TIEk [lwis1 — 2 lI?] < allzg — z4 I + TII Wi — z«|I?
~ A== Dlzkr12 = Wil +Ee [z = 2es1121] -

Using the definition of ®(z), we obtain the first result. Applyting total expectation and
summing the inequality yields the second result. |

Almost sure convergence of this method can be proven by using the same arguments as Theo-
rem 6.3. For brevity, we omit the proof.
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For the convergence rate, we use a similar technique as Theorem 6.6. We start with a simple
lemma for “switching” the order of maximum and expectation, which is required for showing
convergence of expected gap. Such a lemma is standard for such purpose [NJLS09].

Lemma 6.14. Let F = (Fy) =0 be a filtration and (uy) a stochastic process adapted to F with
Elug+11Fi] =0. Then forany K €N, xo € Z, and any compact setC c Z,

K-1 1K 1

2

E|max ) (ugs1,x) <max—||xo—xll +- ) Ellugeal®.
xeC o xeC 2 k=0

Theorem6 15. Let Assumption 6.1 hold, p € (0,1], a = 1—p, and 1 = ¥1=4
forzK = =% Zk 01 Zk+1/2, for the iterates of Algorithm 6.2, it follows that

,1). Then,

E[Gap(z¥)] =0 (ﬁ)

/P

YF, the rate isE[Gap(z")] < 17 L25L maxec 120 — 211

In particular, fort =

Recall that we denote the cost of computing one F¢(-) as Cost, and the cost of computing F(-)
as Cost x N. For a finite sum example, as in Section 7.2, this is the most natural assumption.

Corollary 6.16. Let the conjecture of Theorem 6.15 hold. Then the average total complex-
ity (see Remark 6.17) of Algorithm 6.2 to reach €-accuracy is O (Cost x (pN+2) (1 + —)) In

VPE
particular, for p = % itisO (Cost X (N+ @))

Remark 6.17. For Algorithm 6.2, since per iteration cost is random, the result is “average”
total complexity: expected number of iterations to get a small expected gap. On the other
hand, Algorithm 6.3 has a fixed cost per iteration, thus, it gives a more standard notion of
complexity: number of iterations to get a small expected gap.

Remark 6.18. To see why we let ¢ = 1 — p, consider the proof with any choice of @. The
1 Vi-a
Vi-a p

resulting bound will be O (

). Then @ = 1—-p optimizes it in terms of p dependence.

Analysis for Bregman case

In this section, we use the same setup as Section 6.4.2, with primal-dual norm pair || - | and
|- .. We recall the three point identity which can be seen as the analogue of the standard
Euclidean identity 2¢{a, b) = |la + bll% —l all% - ||b||§:

(Vh(x)-Vh(y),z—x)=D(z,y) — D(z,x) — D(x, y) Vx,y,z€ Z. (6.28)

Note that since h is 1-strongly convex with respect to norm | - ||, we have D(u, v) = %II u—vl?.

Naturally, we say that F: domg — Z* is Lp-Lipschitz, if |F(u) - F()ll« < Lrllu—vll, Vu, v.
However, Lipschitzness for a stochastic oracle this time is more involved. We prefer stochastic
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oracles Fy of F with as small L as possible. Moreover, the proof of Lemma 6.13 indicates
that in k-th iteration we need Lipschitzness only for already known two iterates. Hence,
following [GK95, CJST19], in contrast to Algorithm 6.2, we do not fix distribution Q in the
beginning, but allow it to vary from iteration to iteration.

Definition 6.19. We say that F has a stochastic oracle F¢ that is variable L-Lipschitz in mean,
if for any u, v € dom g there exists a distribution Q,,, such that

(i) Fisunbiased: F(z) =E;~q,, [F:(2)] Vzedomg;
(i) Ee~q,, [IF:(w) = Fe (2] < L*[lu— vl

Note that the second condition holds only for given u, v, but the constant L is universal for
all 4, v. Changing u, v also changes a distribution, hence the name “variable”. Without loss
of generality, we denote any distribution that realizes the above Lipschitz bound for given u,
v by Q- This definition resembles the one in [CJST19, Definition 2]. It is easy to see when
Qu,v = Q for all u, v, we get the same definition as before in Assumption 6.1.

For brevity we introduce the new set of assumptions. It is important to remark that Assump-
tion 6.2 is not a restriction of Assumption 6.1: every item is either the same or more general.

Assumption 6.2.

(i) The solution set Z, is nonempty.

(ii) The function g € Z — RuU {+o0} is proper convex Isc.
(iii) The operator F: dom g — Z* is monotone.

(iv) The operator F has a stochastic oracle F; that is variable L-Lipschitz in mean (see Def-
inition 6.19).

In this setting, we can simply adjust the steps of Algorithm 6.2 and correspondingly the
analysis of Lemma 6.13, as in Section 6.4.2. However, to show a convergence rate, double
randomization in Algorithm 6.2 causes technical complications. Therefore, in the Bregman
setup we propose a double loop variant of Algorithm 6.2 (see Algorithm 6.3), similar to the
classical SVRG [JZ13]. Our algorithm can be seen as a variant of Mirror-Prox [Nem04] with
variance reduction.

Compared to Algorithm 6.2, w* serves the same purpose as wy: the snapshot point in the
language of SVRG [JZ13]. Since we have two loops in this case, we get w® by averaging, again,
similar to SVRG for non-strongly convex optimization [RHS* 16, AZY16]. The difference due to
Bregman setup is that we have the additional point w*° that averages in the dual space. This
operation does not incur additional cost. For running algorithm in practice, we suggest K = %,

_ 1 _0.99,/p
a—l—?,andr——L .
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Algorithm 6.3 Mirror-prox with variance reduction

1: Input: Step size 7, ¢ € (0,1), K > 0. Let zJTl = zg =wd = 29,V j € [K]

2: fors=0,1... do

33 fork=0,1...K-1do

4: le<+1/2 = argminz{g(z) +(F(w®),2) + £ D(z, zp)+ 1_T‘)‘D(z, II)S)}.
5: Fix distribution st W and sample E ¢ according to it

6: z;,, = argmin, {g(z)+(F(ws)+F5 (Z1/2) — ng(ws) 2)+ 42Dz, zk)+ =2 D(z, ws)}
end for
s+1 sz 1 k
9 Vh@™=3X Vh(z)
10: g5t = zy
11: end for

Similar to Euclidean case, we define for the iterates ('lec) of Algorithm 6.3 and any z € dom g,

m
®%(2) == aD(z,z) + (1 - @) Zl D(z, zj‘l),
]:
where ®°(z) = (@ + K(1 — @))D(z, z5), due to the definition of z~! from Algorithm 6.3. Since we

S _ 0 N N
have two indices s, k in Algorithm 6.3, we define F}. = a(zl/z, Zg 1o Blpare o By ) and
Eskl1=E[ k]' We now introduce some deﬁmtlons to be used in the proofs of this section.

Oks1/2(8) = (F(Zpi112) Zpr 2= D) + 8(214112) —8(2), (6.29)
e(z,s,k) =1(F(z},,,,) = Fe (Zk+1/2) F(w®) +F,§7-C(ws),zfc+”2 - 2). (6.30)
1 l-a
6(s, k) = T(Fe; (W*) = Fes (2p412) Zpsr — Zpg12) — 5||zlsc+1 = Zhpl® - T”lecﬂ/z - w'l?
(6.31)

The first expression is for deriving the rate, the second e(z, s, k) for controlling the error caused
by max,ec E[-] # Emax,ec[-], and the third term 6 (s, k) is nonpositive after taking expectation.

Lemma 6.20. Let Assumption 6.2 hold, a« € [0,1), and 1 = —”L_“)/fory € (0,1). We have:

(i) Foranyze Z and s,K €N, it holds that
Y 10},,,(@+aD(z,z™")+(1-a) Z D(z,z})
k=0 j=1

K-1
<aD(z,z5) +(1—-a) Z D(z,25 1)+ ) le(z,5,k) +8(s, k).
j=1 k=0
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(i) For any solution z, it holds that

1-a)1-y) K
Exo [0 (20)] = ®*(2) - ———1= S Eso [l25,,,— w12].
k=0
2 < 0
(iit) It holds thatZOOOZ [E||zk+1/2 wi|c < mqb (Z4).

In order to prove the convergence rate, we need the Bregman version of Lemma 6.14.

Lemma 6.21. Let F = (F})s=0,kef0,k-1) be a filtration and (u3) a stochastic process adapted to

F withElu; | F;]1=0. Given xo € Z, for any S € N and any compact setC = dom g

k+1
S-1K-1 -1K-1
E|lmax) Y (uj,,,x) <maxD(x, %) + 5 Z Y Elug, 3.
X€C §20 k=0 2§20 k=0

Theorem 6.22. Let Assumption 6.2 hold, a € [0,1), and Tt = —”IL_“Y fory € (0,1). Then, for

z5 = % Z ZK 01 23,1/ With the iterates of Algorithm 6.3, it follows that

2
8y )(a+K(1—a) maxD(z, zo).
—)/2 zeC

1
E[Gap(z%)] < — [1+(1+
(Gap(e%) = g (1145
Corollary 6.23. Let K = and a=1- ? =1-2 Srand T = 1_“yfory € (0,1). Then the
total complexity ofAlgorlthm 6.3 to reach e-accuracy is O (Cost X (N + LW)) In particular, if

\/; 3\‘£L the total complexity is Cost x (2N+ @

T= maxzec D(z, zO)).

6.5 Numerical verification

In this section, we include preliminary experimental results for our algorithms. We would like
to note that these results are mainly for verifying our theoretical results and are not intended
to serve as complete benchmarks. More experimental results can also be found in [AM21].

First, we apply Algorithm 6.1 to the unconstrained bilinear problem. It was shown in [CGFLJ19]
that this simple problem is particularly challenging for stochastic methods, due to unbounded-
ness of the domain, where the standard methods, such as stochastic extragradient method [JNT11],
diverges. Our assumptions are general enough to cover this case and we now verify in practice
that our method indeed converges for this problem by setting d = n = 100 and generating

A; € R?*? randomly with distribution A/(0, 1)

minmax— Y (A;x, V). (6.32)
xeR? yeR4 1 ; Z %Y

For this experiment, we test the tightness of our step size rule by progressively increasing it.
Recall that our step size is T = %, where ¢ = 4 is suggested in our analysis, see Corollary 6.5.
We try the values of ¢ = {0.5,1,2,4} and observe that for ¢ = 0.5 the algorithm diverges, see the
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Figure 6.1 — Left: bilinear problem. Middle: Constrained minimization with data generated by normal distribution.
Right: Constrained minimization with data generated by uniform distribution.

first plot in Figure 6.1. The message of this experiment is that even though slightly higher step
sizes than what is allowed in our theory might work, it is not possible to significantly increase
it.

The second problem we consider is constrained minimization, which is an instance where the
dual domain is not necessarily bounded. We want to solve

min f(x) st hj(x)<0, i=1,...,m,
xeC

where f(x) = 1]x — ul|? for some u € Z and h;(x) = | A;x — b;||> - §; for A; e R¥*?, b; e RY,
6; € Ry4, and C is a unit ball. In other words, we want to find a projection of u onto the
intersection given by C and the constraint inequalities {x: &;(x) < 0}. Introducing Lagrange
multipliers y; for each constraint, we obtain (see Section 5.7 for further details)

m
Sgnl&l}}l};u%%(f(x) + l; yihi(x).

As the Lipschitz constant in this problem does not admit a closed-form expression, we first
estimate the Lipschitz constant by finding an L such that deterministic method converges.
Next, we note that even though we analyzed Algorithm 6.1 with a single step size 7 for both
primal and dual variables x, y, one can use different step sizes for primal and dual vari-
ables (see [Mall9, Section 4.1]). Therefore, we tuned the scaling of primal and dual step sizes
for both methods with one random instance and we used the same scaling for all tests for both
methods.

We set p = 1/m. Every iteration, the deterministic method needs to go through all m con-
straints to compute Zl'.’i 1 YiVhi(x), whereas our method computes Vh;(x) for only one i. The
setup is with m = 400, d = 100, and the data is generated with the normal distribution N (0, 1).
We ran 10 different instances of randomly generated data and plotted all results, see the second
plot in Figure 6.1. We observe that practical performance is similar with Algorithm 6.1 and
deterministic methods.
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In the third plot of Figure 6.1, we implement Algorithm 6.2 for solving simplex constrained
matrix games and compare with deterministic algorithms. We see that as predicted by the
theory of Algorithm 6.2, the practical performance improves that of deterministic methods.

6.6 Proofs

6.6.1 Proofs for Section 6.3

Proof of Lemma 6.1. By using the definition of x, and convexity of g, we have for all x € Z
g(x) = g(x2) +<x1 — Uy — (V1 — Up) — X2, X — X2)
= g(x2) + {x1 — X2, x — x2) — (U1, X — x2) — (V1 — Up, X — x2). (6.33)
Since 2(a, by = ||all®> + || bl*> - lla— bl|?, VY a, b, it follows that

2 2 2
2{x1 = x2, x = x2) = [ X1 — X2/I” + lx = x2[1” = | x — x1 I

Simple rearrangements give
—(Uy, x = x2) = (Vo = Uy, x — x2) =V, X — X2)

and
—(V1 = Uy, x— x2) = —(V1 = Up, x — x1) — (V1 — Up, X1 — X2).

Using the last three equalities in (6.33) completes the result. |

Proof of Theorem 6.3. From Lemma 6.2 we have for any z€ dom g
Ex[Pk+1(2) + 270141 (2)] < Oi(2).

First, we show that ®,;(z) is nonnegative for all z € domg. This is straightforward but
tedious. Recall that1-/1-p = % and hence 27L < % Then by Cauchy-Schwarz and
Young’s inequalities,

=2T(F(zk+1) — F(Wi), 2 — zg41) < 27L1 z2gs1 — Wil 241 — 2|

< s (10—l +hap - 21°)

< Izt = 2124 P (14 D)1z - 2l + (04 Bz - wi )
2(1+pP) 2(1+pP) B

=L gy — 2 Sz -zl 4 Dl - w2, (6.34)
2(1+P) 2 2
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Therefore, we deduce

1
Pr11(2) = lzgr1 — 2l° — lzksr — 2l = Sz —z|% (6.35)

B
2(1+p)

Now let z =z € Z,. Then by monotonicity of F and (6.1),

Ok+1(2) = (F(2k+1), 2k+1 — 2) + 8(2k+1) — 8(2) = (F(2), Zk+1 — 2) + 8(2k+1) —8(2) = 0. (6.36)

Summing up, we have that @;(z) = 0, P (z) = 0 and Ex O (Z) < D (Z). Unfortunately, this is
still not sufficient for us, so we are going to strengthen this inequality by reexamining the proof
of Lemma 6.2. In estimating the second line of inequality (6.13) we used that27L<1-./1—p,
however, both in the statements of Lemma 6.2 and Theorem 6.3 we assumed a strict inequality.
Let

272 2
6= p__arlra+p) = 4‘[2L2:'6——6—ﬁ.
1+p p 1+B)2 1+8
From21L<1-4/1-p= % it follows that § > 0. Now, inequality (6.14) can be improved to
equality as

(6.37)

2712 ﬁ(l—P)_l ,62 3 6ﬁ ﬁ _,6(1_6)
T _2((1+/3)2 (1+/3)+(1+,6)2)_2(1+,6)' 6.38)
This change results in a slightly stronger version of (6.7)
0
Ex[®r+1(2) +270441(2)] = i (2) — E(”Zk —zk-1 17 + Bllzg—1 — wi—1 ||2). (6.39)

As @y 1(2) = 0 and B4 (2) = 0, we can apply Robbins-Siegmund lemma [RS71] to conclude
that {®j,;(Z)} converges almost surely and that
. 2 2
Y E[llzk — z-11I7 +  2-1 — wi—11I°] < 0o. (6.40)
k=1
It then follows that almost surely, ||z — zx_1 /> — 0 and [ zx_1 — wi_1 |> — 0. Moreover, due
to (6.35), {zx} is almost surely bounded and therefore by the definition of @, continuity of F,
and (6.40), we have that || z; — z||? converges almost surely.

More specifically, this means that for every z € Z,, there exists Q; with P(Q;) = 1 such that
Yo € Qz, |zi(w) — zZ||> converges. We can strengthen this result by using the arguments
from [Ber11, Proposition 9], [CP15, Proposition 2.3] to obtain that there exists Q with P(Q) =1
such that for every z € Z, and for every w € Q, ||z (w) — Z||*> converges.

We now pick a realization w € Q and note that z; (w) — zx—1 (@) — 0 and zx_; (W) — Wi—-1 (@) — 0.
Let us denote by Z a cluster point of the bounded sequence zy(w). By using the definition of
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zj and convexity of g, as in the proof of Lemma 6.1, we have for any z€ Z

1
g(2) =z g(zr(w)) + ;(z“(w) -z (W), z— zi (W) — (F(wg_1 (), z— zi(w))

- <Fik_1 (Zk—l((,l))) - Fik_1 (wk—Z(w))’ <= Zk((l))>.

Taking the limit as k — co and using that g is Ls.c. and Vi, F; is Lipschitz, zi(w) — zx—; (w) — 0
and zy_1 (W) — wr_1(w) — 0, we get that Z € Z,. Then, as we have that ||z (w) — z|? converges
and we have shown that ||z (w) — Z|| converges to 0 at least on one sebsequence, we conclude
that the sequence (z;(w)) converges to some point z, where Z € Z,. |

Proof of Theorem 6.6. First, we collect some useful bounds. Consider (6.39) with a specific
choice z = Pz+(zp). Taking a full expectation and then summing that inequality, we get

AR S7)

o0
Y Elllzk = zx-11* + Bllzk-1 — wr-11%] < llzo — Pz, (20)1I* = dist(zg, Z4+)?, (6.41)
k=0

which also implies by Young’s inequality that

Bo & 2 _ o 2
Ellzx — wi_1ll© < dist(zg, Z4)°. (6.42)
2(1+ﬁ)1;) 2k — wi-1l 05 Zx

Next, we rewrite (6.10) as

1
270511(2) + | 21 — 2117 + 2T(F (2ps1) = F(WE), 2 — Zks1) + e - zil?
< |z — zllI* + 27(F(2g) — F(wi_1), 2 — 2x) + 272 L% || 21 — w1 I*

+27(Fj (2x) — Fj (wi-1) — (F(zx) — F(wg-1)), 2 — zg). (6.43)

Let v = 7(Fj, (zx) — Fi, (Wk-1) — (F(z) — F(wg-1))), then Ex [vi] = 0. We define the process {Zx}
by Zy = zp and
Zks1 = 2k + Vi (6.44)

Note that for Fy. = 0{z1,..., 2k, W1,..., Wk_1}, 2k is F-measurable. It also follows that Vz € Z
12ke1 — 20° = 12k — 201 + 2vg, 2 — 2) + 1Viell?, (6.45)

which after summation over k =0,..., K —1yields
K-1 K-1
Y 2vinz—Zk) <llzo—zl*+ Y lIvell®. (6.46)
k=0 k=0

With the definition of v; we can rewrite (6.43) as

1
270111(2) + | 21 — 2117 + 2T(F (2p+1) = F(WE), 2 — Zks1) + PLE - zil?

< |lzg — zlI* + 27(F(21) — F(Wi_1), 2 — 2x) + 272 L* || 25 — w1 I*
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+2{Vi, 2= Z2k) + 2{V, Zk — Z1).

We use (6.12), the definition of @, and the arguments in Lemma 6.2 to show that the last line
of (6.13) is nonpositive, to obtain

210441 (2) + Ppy1(2) + = h ([Ek Iz — wil? = llzx — wil )

S Op(2) +2{V,2— Zk) + 2{V, 2} — Zk).- (6.47)

Summing this inequality over k=0, ..., K — 1 and using bound (6.46) yields

K-1 ﬁK ) p
21 Y Op41(2) + Di(2) + P y (Ek 2k - wel® = 125 - wil?)
k=0 k=0
K-1 -1
<®o(2)+2 ) (Vi,z— 2y +2 Z(Vk,ﬁk—zl&
k=0 k=0
( K-1
o2 +llz0— 212 +2 Y vl +2Z<vk,Zk 2k)
k=0 =
K-1
=2z - zll® +2Z Vil +2 Y (vi, 2k — 2. (6.48)
k=0 k=0

We now take the supremum of this inequality over z € C and then take a full expectation. As 2
is Fx-measurable, E[Ex[-]] = E[-], and Exv = 0, we have Eg [(Vg, Zx — z¢)] = 0. Using this and
that ®g(z) = 0 by (6.35), we arrive at

K-1
sup ) Or1(2)| < sup 2o — z11* + Z Ellvill®. (6.49)
zeC k=0 k=0

It remains to estimate the last term Z [Ellvkll2 For this, we use a standard inequality
EIX-EX|?<E|X|?and Lipschitzness of F;,

K-1 K-1
Y Elvil? = Y E?IFi, (2k) - Fi (Wi—1) — (F(2x) = F(w-1 ) I?
k=0 k=0
K-1 K-1
<1 Y ElF;, (z1) = Fi,(wp-DI* < 7°L* Y Ellzg — wi— |12
k=0 k=0
6.42) 27%L%(1 +
2 2L 4P Gectz0 2202 (6.50)
6p
Plugging this bound into (6.49), we obtain
K-1 272121 +
E [sup Z Or+1(2) | =supllzg —z||2 + udist(zo,Z*)z. (6.51)
z€C k=0 zeC 616
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Finally, using monotonicity of F, followed by Jensen inequality, we deduce

K-1 K

sup Y Ok (2) = sup Y ((F(2),2 - 2) + g(z") - g(2)) = KGe "),
2€C k=0 z€eC k=1

which combined with (6.51) finishes the proof. |

Proof of Theorem 6.8. We start from (6.8) with iy =1,

1 Zks1 — 2017+ 27(F (241) = F(W), 2 — 241} + 278 (2k41) — 278 (2)
+2T(F(2k+1), 241 — 2) < ll 2 — 211* + 27(F; (2¢) — Fi(Wi-1), 2 — 2k

+27(F;(2x) — Fi(Wi_1), 2k — Zks1) — 1 21 — 21

Setting z = z, and using strong monotonicity of F,

(F(Zks1), 2ks1 — 25) + 8(2ks1) — 8(2x) = (F(24), Zks1 — 25) + pll Zks1 — Zx|I?

+8(2k41) — 8(2x) = pll 2y 1 — 24112

Hence, we have

A+ 2701241 — 2w I + 2T(F (2g41) — F(Wg), 24 — 2k31) + 1 201 — 211
< llzk — 24 I* + 27(F; (21) — Fi(wg_1), 24 — 2k

+27(F;i(zr) — Fi(Wgk-1), 2k — Zk+1)-

Then, we continue as in the proof of Theorem 6.3 until we obtain a stronger version of (6.39)
due to the strong monotonicity term

Ege| (1 +2uT) 12511 — 25 1?4+ 2T(F (211) — F(WE), 25 — Zies1)

< Iz — 24 II* + 27(F(21) — F(Wk_1), 2% — 2k

p 2, 1 2
+ =z —wil®+ - llzgs1 — 2
2|| ke — Wkll 2|| k+1 — 2kl
B 1 5
+ Sz = w1+ Sz = 2P = 5 (2= 2 P + Bl - wie 1) (652)
Let ags+1 = 5ll2k+1 — 24/ and
1 2 1 2 ﬁ 2
bk+1:§||zk+1_z*|| +2T<F(Zk+1)—F(wk);z*—zk+1>+z”zkﬂ_zk" +E||Zk_wk||~

Note that we have by, + %Ilzkﬂ — 24P =Dpiq(24) = %”Zk+1 -z, ? by (6.35), hence by.; = 0.
Using the definitions of a; and by, in (6.52), it follows that for any € < 9,

€
Ex[(1+4pu7) ajesr + biesr | < ar + b — 3 (lzk = zk-1 11 + Bllzk—1 — wi-11%), (6.53)
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Next, we derive
£ 2 € 2
RHS of (6.53) = a + by — E”Zk —zpll° - Eﬁ”zk—l — w1l (6.54)
€ € £ ep
:1+—)a +(1——)b — ~llzg = 251 1> = =l zg_1 — w1 12
( 5) % 2k4||k k-1l 4||k1 k-1l

3¢
+eT(F(zg) — F(Wi-1), 2% — 2) < (1 + >

€
a+(1- 5) bi, (6.55)
where the last inequality follows from (6.34) with a shifted index k. Then, (6.53) becomes
3
Ex[(1+4uT) agsr + brsn] < (1 + ?‘g) a+(1- g) by. (6.56)

Since € < ¢ is arbitrary, we can choose ¢ such that 1 +4ut > 1 + . For instance, we can set
e =min{s,2ut}, (6.57)
that results in

Ex[(1+4pm) @ +bi ] < (1 +3um)ag + (1- g) by

Ut €
=(1- 1+4 1-=1|b
( 1+4ur)( * ur)ak+( 2) k

T €
s(l—min{ﬁ 2})((1+4u1)ak+bk) (6.58)

Taking a full expectation and using that § = min{g, ut} and by = 0, we obtain

. ur 6
E[(1+4 +b =[1- ,—¢|E[(1+4 +b
[( UT) At k+1] ( mln{ T+4u1’ 2 }) [( uT)ag k]
T 5 k+1
s(l—min{ ,—}) (1+4put)ag.
1+4ur 2
Now it only remains to compute the contraction factor. By our choice of 7, we have 7L = ﬁé <
1-y/1-p B
i = AR and hence,
AT 201+ 1-/1-
_ P _aarp b, PP (6.59)
1+p6 B 21+ p) 2 4
From p < L it follows that 4ut = \[L < % <1land, hence, 7 &T w2 % = 8’\‘/’3L Thus, we obtain
min { } { 1p p} 1p
1+4ut’ 2 8v2L 8 8v2r’
which finally implies the result. |
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6.6.2 Proofs for Section 6.4

We first need a generalized version of Lemma 6.1. In fact, this is the exact form proven
in [MT20b], therefore we do not provide its proof.

Lemma 6.24. [MT20b, Proposition 2.3] Let A: Z = Z be maximally monotone and let x,, Uy, Uy,
V1 € Z be arbitrary points. Define x, as

X2 = Ja(xy — Uy — (V1 = Up)). (6.60)
Then forallxe Z,V; € Z, and U € — A(x), we have

llx2 = x11? +2(Va — Uy, X — X) +2(Vo — U, X5 — x)

< llx1 — xI12 + 2(Vi = Uy, x — x1) + 2(Vy — Up, x1 — X2) — Il 1 — X2 [1%. (6.61)

Proof of Theorem 6.11

Proof. We will start similar to Lemma 6.2. After setting Uy = 7F;(wy—-1), Uy = TF(wy), V1 =
TFi(zx), Vo = TF(2§+1), X1 = 2k, X2 = Zi+1 With i = i and plugging into Lemma 6.24, we have

I zks1 — 2lI° +2T(F (2g41) = F(Wp), 2 — 2ks1) < ll 21 — 212
+27(Fi(z1) = Fi(wy_1), 2 — z) + 21(Fi(2zx) = F;(Wi_1), 2k — Zies1) = | 21 — 2611
—27(F(241) — F(2), zk+1 — 2). (6.62)

We use monotonicity for the last term and get

2 2 2
| Zk+1 — 2ll° +2T(F (2k+1) — F(Wi), 2 — Zk+1) = 12k — 2l = | 241 — 2k |l

+21(Fi(zt) — Fi(Wgk-1), 2 — z2x) + 2T(F;(z) — F;(Wk-1), 2k — Zg+1). (6.63)

The rest of Lemma 6.2 follows in this case the same way with the lack of the terms with O (z).
Then, similar arguments as in Theorem 6.3 with the changes of i) not having O (z), ii) using
the definition of resolvent instead of proximal operator to show cluster points are solutions,
will give the result (see also [MT20b, Theorem 2.5]). |

We now present a version of Lemma 6.1 with the proximal operator using Bregman distance.

Lemma 6.25. Let g: Z — RuU {+o0} be proper lower semicontinuous convex and let xy, Uy, Uy,
V1 € Z be arbitrary points. Define x, as

X = argmin{g(z) + (UL + (Vi = Up), z— x1) + Dz, xl)}. (6.64)
ZeEZ

Then, forall x € Z, V, € Z we have
D(x,x2) + (Vo = Uy, 2= X2) +(Va, X2 — X) + g(x2) — g(x)
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< D(x,x1) +{V1 = Up, x — x1) + (V1 — Uy, x1 — x2) — D (%2, X1). (6.65)

Proof. By the definition of x», it follows from [Tse08, Property 1] that
g(x) = g(x2) = (U1 + V1 = Up, x — x2) = D(x, x1) + D(X, x2) + D(x2, X1).

For the bilinear term, we argue the same as Lemma 6.1. |

Proof of Lemma 6.12
Proof. We will follow the proof of Lemma 6.2 with suitable changes for Bregman distances.

First, set Uy = TF;(wi-1), Ur = TF(wy), V1 = TF;(2k), V2 = TF(2k41), X1 = 2g, then xp = zp 4
with iy = 7 and we plug these into (6.65) to get

D(z, z+1) + T(F (2g4+1) — F(Wy), 2 — zg+1) + TUF(Z+1), Zk+1 — 20
+ 8(2k+1) — 8(2)) = D(z, z) + T{F;i(z¢) — Fi(Wg-1),2— zx)

+1(Fi(zx) = Fi(Wg-1), 2k — Zk+1) — D(Zk41, 2k)-
First, note that by Lipschitzness of F;, Cauchy-Schwarz, Young’s inequalities, and since % lzx —
zk-111” = D(zk, 2k-1),
i(2i) = Fi(We-1), 2 = Ziee 1) S T LN 2ge = wie— 17 + 12k = Ziea
272 2,1
<t L7Nzk — wi-1I” + ED(Zkﬂ,Zk) (6.66)

Thus, it follows that

1
D(z, zj+1) + T{F (2k+1) = F(Wi), 2= Z41) + ED(Zk+1y Zk) + 1041 (2)
< D(z,21) + T(F;(2x) — Fi(wy_1), 2 — 2) + T°L? |l 2 — wy_1 1. (6.67)

Taking expectation conditioning on the knowledge of zy, wy—_; and using that E¢ F; (zx) = F(zg),
ErF;(wy—1) = F(wi_1), we obtain

1
ExD(z, zg41) + TERA(F (2 41) — F(Wg), 2 — Zg41) + z[EkD(ZkH» Zx)

+TExOk+1(2) < DIz, 2) + T(F(2) — F(wi_1), 2 — 2y + T°L*l 2k — wi—1 1°.  (6.68)

Adding
1-p)
%Eknzk—wkllzzﬁ 4’” lzk — we-111?, (6.69)

which follows by the definition of wy, to (6.68), we obtain
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Ei[Pr+1(2) +Ops1(2)] < Di(2)

1-p) 1
+ (r2L2 + ﬁT”)nzk R 5 D2k 2k-1) - gnzk_l — w1, (6.70)

To show that the last line is nonpositive, we use (6.14), Young’s inequality as in Lemma 6.2 and
31z = zg-1 11 < D(zk, 2k-1).

Nonnegativity of ®; follows as in Theorem 6.3 after using %II 2k — Zk-1 1 < D(2k, 2-1). |

6.6.3 Proofs Section 6.4.3
Proof of Theorem 6.15

Proof of Lemma 6.14. First, we define the sequence x.; = xr + ur.;. [tis easy to see that xi
is Fx-measurable. Next, by using the definition of (xj), we have

2 2 2
k41 — 2117 = Xk = X1 + 2Cuger1, X = X) + U 17

Summing over k =0,...,K — 1, we obtain

K-1 ) K-1 )
Y 2uprr, x = xp) < llxo— 0%+ Y g1l
k=0 k=0

Next, we take maximum of both sides and then expectation

S 1 , 1K ,, Kl
E | max U, X) | =max—llxo—xlI“+= ) Elllu + 3 E g, x0].
a0 | S 45 e+ ElGen )

We use the tower property, F-measurability of xg, and E [uy;|Fk] = 0 to finish the proof,
since Y o E[(trr1, X)) = X g -g ELE [ugee11Fr], x5)] = 0. |

Proof of Theorem 6.15. Let

Ok+1/2(2) = (F(zk+1/2), Zk+1/2 = 2) + 8(Zk4172) — 8(2).
We proceed as Lemma 6.13 until getting (6.26): using (6.22) and (6.23) in (6.21) gives

210k1112(2) + l2k41 — 2l S allzg — 217 + (1 — @) | wy — 21
+ 2T (Fg (Wg) — Fe (Zk41/2)s 241 — Zkr1/2)
— (1= @) zks1/2 = Wil = 211 — ZEs17211?
+?T(F(Zk+1/2) — Fg (2k+1/2) — F(wi) + Fe (W), 2172 — Z>L (6.71)

e (‘z,,k)

where we call the last term by e (z, k).
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Now, we set a = 1 — p. We want to rewrite (6.71) using @ (z) = (1 - p)llzx — zl|> + || wi — z. For
this, we need to add || wy+; — z||> — || wi — z||? to both sides. Then, we define the error

2 2 2 2
e2(z, k) = pllwg — 2 + | wis1 — 2l” = lwg — 211 = pllzi+1 — 2l

= 2(pzis1 + (1= P) Wi — Wir1,2) = Pllzis1 12— A= P lwil? + lwgeg 1%
With this at hand, we can cast (6.71) as

270141/2(2) + Dpy1(2) < Pr(2) + e1(z, k) + ex(z, k)
+ 2T (Fg (Wy) — Fg, (Zk41/2)) Zk41 — Zk+1/2)
— Pl zis1r2 — Wil = I zes1 — zes1/2012.

We sum this inequality over k =0,..., K — 1, take maximum of both sides over z € C, and then
take total expectation to obtain

K-1

2TKE [Gap(zK)] <max®(z) +E |max ) (e1(z, k) + ex(z, k)
zeC zeC k=0

K-1
~E Y. (1zke1 = 2ks120? + Plzeerz - wil?)
k=0
K-1
+2TE Y [(Fe,(Wie) = Fr, (24112, Ziea1 — Zies1/2) ] (6.72)
k=0

where we used [Em%x Y. Ok+1/2(2) = KE[Gap(zX)], which follows from monotonicity of F,
zeC k=0

linearity of zx,1/2 — (F(2), Zx+1/2 — 2), and convexity of g.

The tower property, the estimation from (6.25), and 1 — a = p applied on (6.72) imply

K-1
27KE [Gap(zh)] = max®o(2) + E | max Y (e1(z, k) +ex(z, b)) | (6.73)
Z€ ZE k=0

Therefore, the proof will be complete upon deriving an upper bound for the second term on
RHS. We instantiate Lemma 6.14 twice for this bound. First, for e; (z, k) we set in Lemma 6.14,

Fe=0C0,.,Ek-1, Wk), Xo=20, Uk+1 =27 ([Fe,(zk+1/2) — Fr, (Wil = [F(zg+172) — F(wi)l),

where by definition we set Fy = a(&o,¢—_1, wo) = 0(&p). With this, we obtain the bound

K-1 K-1 K-1 K-1
E|max ) ei(z,k) | =E|max Y (u+1,2) | —E| Y (Uks1,2k+1/2) | = E|max Y (up1,2)
zeC 1 — zeC 1 — — zeC ;-
k=0 k=0 k=0 k=0
1 ) lK—l )
<max—|lzg—zl“+= Y Ellugstll
wC 2 0 2 kgo ke
1 2 22 2
<max -|lzo - zlI* +27°L" ) Ellzs1/2 — wil, (6.74)
zeC 2 k=0

179



Chapter 6. Stochastic variance reduction for variational inequalities

where the second equality follows by the tower property, Ex[u+1] =0, and Fi-measurability
of zy11/2. The last inequality is due to

Elltgsr 1 = E[Ex g1 1%] < 47°E [Ex I e, (2g41/2) = Fe Wi IP] < 472 L2 Ell 212 — wicll?,
where we use the tower property, E | X — EX|? < E[|X||?, and Assumption 6.1(iv).

Second, we set in Lemma 6.14
fk:U(’fOr“-!’fkv wk)v X.O:ZO! uk+1:pzk+l+(1_p)wk_wk+l)

and use E [Eg+1/2[l wis1 1> = pllzgs1 1> = (1= p)lwil?]] = 0, to obtain the bound

K-1 K-1 K-1
Emax es(z, k) = 2Emax Uks1,2 < max| zg - z||* + El|lu 2
nax ), ez(z k) =2Bmax Y Cuiin,2) < maxllag =21+ ) Bl
) K-1 )
= max||zo — zlI*+ p(1 = p) ) Ellzge1 — will?, (6.75)
zeC =0

where the inequality follows from Lemma 6.14 and the second equality from the derivation

Ellttgsr 12 = E [Exr1so ltrr1 1?] = E[Exr1yz |1 Exrrsz (Wi ] — weer 1]
=E[Esr/o lwiri II* = 1 Egsr o (Wi 117

=E[plizis11?+ A =P lwil® = I pzis1 + A= p)wil?] = pA = p)Ellzis1 — wil,
which uses E || X —EX||2 =E|| X||? - | EX]||2.

Combining (6.74), (6.75), and (6.73), we finally arrive at

1 K-1
27KE [Gap(z")] = max®y(z) + max - llzo — zl|* + 27°L* Y Ellzgs1/2 — will®
zeC zeC 2 k=0
2 $ 2
+max||zo— 2l + p(L = p) Y, Ellzgs1 — wl (6.76)
zeC =0

We have to estimate terms under the sum:

K-1
E| Y (212L%lzks1/2 — wiel* + p(L = p)llzks1 — wknz)]
k=
K-1 , ,
<pE (2l zk+172 — wiell” + | 241 — will°)
k=0
K-1 , ,
<pE| ) ((2+ V2)llzs12 — Wil + @+ V2) Il zk41 — Zis 172 )
k=0
242 3.5
< Dy(z4) < —— maxDy(z), (6.77)
1 -y 1- Y zeC
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where the first inequality in (6.77) uses Lemma 6.13 and 1 — a = p.

Now we use that wy = zq and, hence, ®y(z) = (2 p)llzo — zl|? < 2|l z9 — z||? in (6.76). This yields

3 7 1 1
ZTK[E[Gap(zK)] < (2+ -+ —)maxllzo—zll2 = 7( + —)maxllzo—zll
2 1 zeC 2 1-y

Finally, using 7 = ‘FY , we obtain

E[Gap(z)] < —= (1 ! )maxn - ||2—0(#)
N N AV T - AL R W7 d &

175L
VPK

/P

2
20 maxzec lzo—zlI*. W

In particular, with a stepsize T = the right-hand side reduces to

Proof of Corollary 6.16. In average each iteration costs pNCost + 2Cost = (pN + 2)Cost. To
reach e-accuracy we need [(’) (ﬁﬂ iterations. Hence, the total average complexity is

Costx(pN+2)L CostxV/NL
O\, £

/pe complexity. W

). Finally, the optimal choice p = % results in O

Proof of Theorem 6.22

Proof of Lemma 6.21. Define for each s =0 and for k€ {0,..., K -1},

x},, = argmin{(—u},,,x) + D(x, x})}, and let xJ*' = x3,.

xedomg

First, we observe x; is F}-measurable. By the definition of x;, ;, we have for all x € dom g,

k+1’
(Vh(xp,q) = Vh(x) —upq, X = X3, 20.
We apply three point identity to obtain
D(x,x3) —=D(x,x}., 1) = D(x3, 1, X)) — (Up,p X — X310 = 0.
We estimate the inner product by Hélder’s, Young’s inequalities, and strong convexity of A,
N S _ N S N S N
(Upy X = Xpey ) = Uy X = X + Uy X — Xy )
1 1
> (g, 0= 20 =5 | ui, % - S 1% ~x|?
1
= G x =) = 5 | uj 12 =D(x},p,x7),

which, combined with the previous inequality gives

s <D s D s s s 1 s 2
(Up 1 X) = D(x, xp) — (x,xk+1)+<uk+1,xk>+§|Iuk+lll*-
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Chapter 6. Stochastic variance reduction for variational inequalities

We sum this inequality over k, s, take maximum, use xé“ = Xy and the same derivations as at

the end of the proof of Lemma 6.14 to show Zf [E [(uk+1, xk)] [ ]

Proof of Lemma 6.20. By the definitionof z;_, .,
(for example see [AM21, Lemma 3.2]), we have

using convexity of g and three point identity

T (g(zlsc+1) =82y ) HF(W), 25y, — le€+1/2>) 2 D(z},1, 214 1/2)

+a(D(z},5,20) - D(zhyy, 20 + (1 - @Dz}, 1 1) - D2, %) (6.78)

With the same reasoning as the previous inequality, by using z; , ., we have for any z€ Z

k+1’

T(g(z) _g(zli+1) + <F(ws) +Ffi(zli+1/2) _Ffi(ws))z_zl\i+1>) = D(Z» Z]i+l)

+a(D(z},,,20) - D(z,2D)) + (1 - @)Dz}, @) - Diz, 1)), (6.79)

Note that for any u, v, the expression D(u, w®) — D(v, w®) is linear in terms of Vi (w?®), that is
1 & 1 1
7S Sy — s=1y _ Ss—
D(u,w’)—D(v,w’) = X E (D(u,zj ) D(v,zj )). (6.80)

Summing up (6.78) and (6.79) and using (6.80), we obtain

T(g(z) — 82 s1p) + (FW) + Fs (23, ) — Fg (W), 2= le€+1/2>) = D(z,2;,1) — aD(z, 2)

1— l1-a K _
ZD(zm === ) D(z,z] )+ Dz}, 21 41,0)
K e K
+7(Fe (2 4170) — Feg W), 204y = 2141 2)- (6.81)

By D(u,v) = %II u— v||? and Jensen’s inequality, we have

—a & 1-a K1 _ l1-a
Z D(Zk+1/2' BE a > §||lec+1/2 _Z; P = T“ZISHI/Z ~w'l?, (6.82)
j=1 j=1
D(zp1 1) Zjy1 ) 2 §||lec+1 = Zp . (6.83)

By using (6.29), (6.82), and (6.83) in (6.81), we deduce

103,,,(8)+ D(z,2},,) < aD(z,2}) + —— Z D(z,2™")
j=
+ 7(Fs s Fes (2° s s y l s s 2 l-a s s$)12
T(Fes (W) = Fes (2311 12)) 211 = Zhes1 /2 _2”Zk+1_zk+1/2” T 12y /0 = w7lI%

+T(F (2111 15) = Fe (211 10) = FW’) + Fg (), 24— 2),

e(zz,k)
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6.6. Proofs

where we have defined the last term as e(z, s, k) (see (6.30)). We sum this inequality over k to
obtain the result in (i).

Next, similar to (6.25), we estimate by Assumption 6.2(iv) and Young’s inequality

TEs i (Fey (W°) = Fig (2141 10)s Zpsy — Zpg o)
2 1
= Eq | 5 1P (09 = Fiy (2 ) + 5120 = ol
=Lsk 2 Sk k+1/2 k+1 7 “k+1/2

- (1 —oc))f

1
2 2
2 12} 10— Wl + E[Es,k”Z/scﬂ ~Zpapl” (6.84)

since 72L2 = (1 — a)y?. We take expectation of (6.81), plug in z = z.; use (6.24), (6.84), (6.82),
and (6.83) to get

— 2 _
+(1 a)(y -1

1-
Esk [D(z2,21,0)] < @Dz, 20) + —— ZD(z*, 1) Iz}, — w'l%. (6.85)

i= 2
By using Es[-] = Es0 [Es x[-]], we have
l1-a & . Q-1 -9H
Eso0D(zx,2},,) <Egp [aD(z*,z,i) i ZID(z*,z; - fynzkﬁ,2 -w|?
]:

(6.86)

Summing the inequality over k =0, ..., K — 1 and using the definition of ®°(z,) with zSJrl = zy,

we get (ii). Finally, we take total expectation of (ii) and sum over s to obtain (ii). |

Proof of Theorem 6.22. We start with the result of Lemma 6.20 and proceed similar to Theo-

rem 6.15. Since z5*!

0 = zIS<, we use definition of ®°(z), and sum the inequality in Lemma 6.20(i)

over s to obtain
S-1K-1 S-1K-1

Y Y 105,,,@+ () =002+ ) Y lelz, s, k) +8(s, k)]
5=0 k=0 5=0 k=0

We take maximum and expectation, use E [maxzec Z ZK 1708 (z)] > 7K SE [Gap(z®)]

k+1/2
to deduce
S-1K-1 S-1K-1
TK SE [Gap(z%)] <rnaxd>°(z)+[E max ) Y e(z,s,k)|+E[Y. ) (s, k)]
2€C §20 k=0 $=0 k=0

The term [EZ Z 6 (s, k) is nonpositive by the tower property, Lipschitzness, Young'’s

inequality, and 7 < %= (the same arguments used in (6.84) can be applied here with 6 (s, k)
defined as (6.31)). Therefore,

TKSE [Gap(z%)] < maxdbo(z) +E

S-1K-1 }

m%xz Y e(z,s,k)

ZESOkO
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Chapter 6. Stochastic variance reduction for variational inequalities

We next bound the second term on RHS, similar to the proof of Theorem 6.15. For s € {0,...,S—
1}and k€ {0,...,K-1}, setfs—a(z
F(z3 )+ ng (z3

0 s s s _ s s
120+ BK_1y20+ 0 Bl a0 By j2)y Upyy = TIE (W) = Fs (W) =
)], which help us write

k+1/2 k+1/2
S-1K-1 S-1K-1
Emax ) ) e(zk)= [Emaxz > T(F(w®) = Fgs (W) = F(2,1,5) + Fes (20112), 2= 21 12)
zeC 30 k=0 €C 20 k=0
-1K-1 S—1K-1 S-1K-1
= [EmaXZ D (U2 = ) ) B0 2 0) —[EmaXZ D (Upyp 2,
§=0 k=0 =0 k=0 $=0 k=0
where the last equality is by the tower property, /-measurability of z;, , , and Es ¢ [u; ;1 =0.
We apply Lemma 6.21 with the specified 7}, u;, to obtain

S-1K-1 S-1K-1

Emax) ) e(zk)<maxD(z,z0)+ ) ) 7 PENlFs: (2}, ) — Fes (W) + F(w®) = F(z, 1 )13
2€C §20 k=0 5=0 k=0

S-1K-1
< maxD(z, 29) + > Y 4T%ElFg (2],,,,) — Fe w2 (6.87)
=0 k=0
S-1K-1
=maxD(z,20)+ ) ) 47 ’L’Ellzy, ,  — wiI? (6.88)
s=0 k=0
272 0
< e
_r?e%XD(Z’ Zo) + (l—a)(l—yz)q) (z%), (6.89)

where (6.87) is due to the tower property and E| X -EX|? < 2E|| X||2 +2||[EX||2 < 4E| X||2, which
follows from triangle inequality, Young’s inequality, and Jensen’s inequality. Moreover, (6.88)
is by variable Lipschitzness of F;, and the last step is by Lemma 6.20. Consequently, by
@0 (z4) < max,ec P°(z) = (a + K(1 — @) maxec D(z, z9) and 72L? = (1 — a)y? we have

272
TKS[E[Gap(zS)] < max D(z,zp) + (1 + L)CDO(Z)]
ZE

1-a)1-7?)
8y2
:(1+(1+ 1_sz)(a+K(1—a))rile%xD(z,zo). |

Proof of Corollary 6.23. Asa =1- %, itholdsthata+ K(1-a)=1- ¢ L 1 1 < 2. With this, from
Theorem 6.22 it follows

2

1 8y
S _
E[Gap(e")] < — (1+ (1+ — 7/2](a+1<(1 a))IEE%XD(z,zo)
<L31Y) D(z, z) = (L) (6.90)
< maxD(z, z —. .
VEyS y2 ° VNS

One epoch requires one evaluation of F and 2K of F;, thus in total we have (N +2K)Cost =
2NCost. To reach € accuracy, we need [O (ﬁﬂ epochs. Hence, the final complexity is
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@) (Cost X (N + L‘Em)) By setting y = % in (6.90), we get specific constants. We have

15v2L
VNS

15L
E [Gap(zs)] < ——maxD(z,z) = maxD(z, zp).
\/fs zeC zeC

Since 30v/2 < 43, the final complexity is Cost x (2N + @ maxzec D(z, zo)). |

6.7 Bibliographic note

For the results in Section 6.4.3, the main contributions of the author of this dissertation are
derivation of the improved complexity results in Euclidean case and designing and analyzing
the algorithm for Bregman case. The design of the algorithm in the Euclidean case (Algo-
rithm 6.2) (in particular, the idea of using z; for improving the step size) and the initial proof
for the Euclidean case (in particular, Lemma 6.13) are due to Yura Malitsky.
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d Sample complexity of two-player zero
sum Markov Games

In this chapter, we focus on two player zero-sum Markov games, with applications in competi-
tive reinforcement learning (RL). Unlike the previous chapters, this problem can be nonconvex-
nonconcave, however it has a special structure that ensures tractability. We provide some
preliminary results on improving the sample complexity of policy gradient methods for this
problem. Our analysis have intimate connections to the techniques presented in Chapters 4-6.

Therefore, we believe that this chapter is a good illustration of importance of fundamental
techniques for convex-concave problems, even when solving nonconvex problems that arise
in modern machine learning.

This chapter is based on the unpublished joint work with Niao He, Luca Viano and Volkan
Cevher.

7.1 Introduction

Markov game framework is introduced by [Sha53] as stochastic games and popularized in RL
with [Lit94]. In the basic form of the model, two agents with competing interests interact
in an environment where the reward and the state transition depend on the actions of both
players. Even with this simplicity, such systems have seen impressive success for example in
game-playing and robotics [KBP13, SSS*17, MKS* 15, VBC*19, BS19].

While value-based methods [SWYY20, BJY20, BJ20, XCWY20, TWYS20] offer near-optimal guar-
antees, the policy gradient (PG) methods, including actor-critic (AC) algorithms have found
limited use in the zero-sum Markov games despite their model-free and easy-to-implement
structure, their flexibility and generality [SLA™15, SWD*17, WBH* 17].

The PG methods [Kak01, SMSMO00] directly optimize the value function in the policy space—a
non-convex optimization problem even in the basic tabular, single agent setting. Intriguingly,
recent results [AKLM20, CCC*20, MXSS20, BR19, BR21, XWL20b, Lan21, KDMR21, HWWY20,
XWL20a, KDMR21] demonstrate globally optimal convergence of PG methods by identifying
hidden convexity, including extensions to the multi-agent setting [DFG20, WLZL21, ZTLD21].
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Chapter 7. Sample complexity of two-player zero sum Markov Games

The existing results on PG methods for tabular two-player zero-sum Markov games mostly fo-
cus on decentralized algorithms with sample complexities O (e~12%) [DFG20], O(e~8) [WLZL21],
and even O(e~*) with more restrictions [WLZL21]; see Section 7.1.2 for the details. With

function approximation, [ZTLD21] obtains O sample complexity when given access to

unbiased sampling oracles for the value functions.

On the other hand, the best-known sample complexity for converging to a globally optimal
policy in the single agent problem is O(e~?) in the tabular case [Lan21]. As this complexity is
achieved by value-based/model-based methods in the multi-agent setting [SWYY20, ZKBY20],
one expects a similar complexity to be attainable for policy-based methods. Our work precisely
bridges this gap and develops policy gradient methods whose performance for multi-agent RL
is closer to their single agent counterparts.

7.1.1 Contributions

We propose an algorithm based on actor-critic framework for solving two-player zero-sum
Markov games in the tabular case, that match the best-known sample complexity results to
find a globally optimal policy in the single agent setting [Lan21, KDMR21, HWWY20, XWL20b].

Surprisingly, we achieve these results—to our knowledge, for the first time with policy gradient
methods—mostly by a careful adaptation of the recent results for policy gradient methods
in single agent setting, temporal difference learning, error propagation framework of policy
iteration, and by employing techniques from stochastic primal-dual optimization in the
two-stage framework of [PSPP15].

These developments require a careful algorithm design and analysis. In particular, two-stage
nature of the algorithm incurs biases between the stages that we have to control carefully.
Obtaining O(e~2) complexity requires a tighter analysis for both stages of the algorithm, with
strict control on the aforementioned bias. Therefore, it requires more advanced techniques
and algorithms, inspired from the stochastic primal-dual optimization literature. We explicitly
highlight our important new techniques as insights in the sequel. The full proofs are included
in the appendices.

7.1.2 Related works

Policy gradient methods. Recently, there is growing interest in global convergence of pol-
icy gradient methods in the single agent setting. In particular, several papers have shown
convergence rates of natural policy gradient (NPG) methods in the tabular setting with as-
suming access to exact value function oracle [AKLM20, CCC*20, MXSS20, BR19, BR21] and
when value functions are estimated from data [SEM20, XWL20b, Lan21, KDMR21, HWWY20,
XWL20a, KDMR21]. To our knowledge, the best sample complexity for NPG methods with in-
ner loop for policy evaluation is O(e~2) and is due to [Lan21]. For two time-scale NAC, the best
sample complexity is O(e*) as obtained in [KDMR21, HWWY20, XWL20b] (see also [KCM21,

188



7.2. Preliminaries

Table 1]). For a general overview of results in multi agent RL we refer to [ZYB21] and here we
only cover the results most related to ours.

Policy gradient methods for two-player zero-sum Markov games. With the positive results
on global convergence of PG methods for single agent problems, translating these results to
the competitive multi-agent setting has been the goal of many recent works. In particular,
independent policy gradient methods where the agents are interacting symmetrically has
been considered in [DFG20, WLZL21]. The work of [DFG20] built on [AKLM20] by using REIN-
FORCE gradient estimator [Wil92] and obtained sample complexity of O(e125) for reaching
to one-sided Nash equilibrium.

The algorithm of [WLZL21] built on optimistic gradient descent-ascent (GDA) method com-
bined with a running estimate of the value function, obtaining O(¢~®) sample complexity for
obtaining a policy pair with small duality gap. In addition, [WLZIL.21] showed that one can im-
prove this complexity to O(e~*) when restricted to Euclidean setup with metric subregularity
assumption. There are two drawbacks of this result: First, as pointed out in [DFG20], metric
subregularity constant can be arbitrarily small, resulting in degradation of the rate. Second,
as also pointed out by [WLZIL.21], this result is limited to Euclidean setting and cannot be
extended to the NPG with softmax policy update, which is non-Euclidean. The algorithm can
be seen similar to the gradient ascent algorithm in [AKLM20]. As shown in [AKLM20] for single
agent problems, NPG methods have much better convergence properties than Euclidean
projected gradient ascent methods. For comparison with the works in [DFG20, WLZL21], we
also refer to Remark 7.1.

Another very related work to ours is [ZTLD21] which considered (i) tabular setting with ex-
act value functions and (ii) online setting with function approximation, also using the error
propagation scheme of [PSPP15]. Building on [AKLM20], this work showed O(e~%) sample
complexity with function approximation, with access to unbiased samples of the value func-
tions. However, the sample complexity in the tabular case is not characterized in this paper
and transferring the result obtained for function approximation would give O(e~%) sample
complexity with access to unbiased samples for the value functions. In contrast, we focus
on the tabular setting and analyze the sample complexity when we do not have access to
unbiased value function oracles. Indeed, lack of unbiased samples for value functions required
us to use new insights described in the sequel, to derive the tighter complexities O(e~2).

7.2 Preliminaries

Notation. We consider the tabular setting with finite state and action spaces denoted by S,
A, B. The discount factor is y < 1. The policy of the min agent is denoted as x and the max
agent as y with actions sets A, B, respectively. Interaction of the agents is as follows: At state s,
both agents take actions independently of each other a ~ x(:|s) and b ~ y(-|s). Based on the
actions, the environment transitions to the next state s’ ~ P(-|s, a, b) and the agents receive
reward r (s, a, b). Given a policy pair x, y, we denote the stationary state distribution induced
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by the pair as p*?. We use e(s;) € R'®! to denote the unit vector such that e(s) = 1 if s = s; and
e(s) =0, if s # s;. We use the same notation for e(s;, a;). Given a policy x, we sometimes use
the notation x* for x(-|s). The value function for state s is defined as

o0
VEY($)=Exy | Y ¥ r(se, ar bolso = s|,
=0
where E, , is taking over random variables s;, a;, b; for all ¢ = 0 as a; ~ x(-|s;), by ~ y(-|s;)
and s¢41 ~ P(|sy, ag, by). Similarly, the action value function is defined as Q*7(s,a, b) =
Ex,y [X3207 T (st,ar, b)lso =, a0 = a, by = b].

With these definitions, we can now state the formal problem. For all s, we aim to solve

min max VY (s).
x(-|)EA y(-|s)EA

Nash equilibrium. We assume the existence of a pair of policies x*, y* that are Nash equi-
librium, namely, for all s, Vx*’y(s) <y (s) < vy (s). We refer to VXY as V* for lighter
notation. In this chapter, we are interested in finding a one-sided Nash equilibrium, similar
to [DFG20, ZTLD21, ZYB19, BRM19]. As mentioned in [DFG20], for the other player, one can
rerun the algorithm by switching roles to have the guarantee for both players. In particular, for
an initial state distribution u, we seek for x,,; such that

[ESON#[myax V¥ourY (50) — V*(sp)] <e.

Interaction procedure. We use the interactions of the agents with the environment to
estimate the value functions and related oracles for the running of the algorithm. At each
interaction episode, agents have access to (s;, a;, r(s;, a;, b;), si+1) and (s;, b;, r(s;, ai, b;), Si+1),
respectively. In terms of access of agents, our oracle model is similar to [DFG20, WLZL21].
However, one difference in our case is that we require a game etiquette: Our algorithms have
two stages where the agents have to behave differently (see Section 7.2). In particular, in the
second stage of our algorithms, one agent fixes its policy as the other agent tries to find an
approximate best response. In the first stage, both policies are updated simultaneously. As
long as this etiquette is respected by the agents, they do not need further communication.

Bregman distances and softmax update rule. For convenience, we use the formalism of
Bregman distances [NY83]. Given Bregman distance D(:,-) and vector g(s, -), the update rule

Xt11(:18) = P(x¢(-]8), g(s,)) = argx{}llsi)lgA<g(s, ), x(-[8)) + D(x(:|5), x;(-|8)), (7.1)

corresponds to the softmax update when D is chosen to be the KL divergence. When g = Q*,
this update is known as NPG with softmax parameterization [AKLM20, Lemma 5.1]. To simplify
our bounds, we instantiate the constants throughout the chapter when D is KL divergence.
However, arguments in our developments would also hold for arbitrary Bregman distances as
in [ZCH*21].
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Assumption 7.1.
(i) For given state distributions y, o, the concentrability coefficients are bounded [PSPP15]:

1Py, ...ij,yj

sup  sup >

J XUV X) Y

=: Cy,o < too0.
o0

(ii) There exists p such that, for any policy pair x, y, p*Y = p > 0, where p*7 is the station-
ary state distribution induced by the policy pair.

(iii) There exists x, y such that, for any policy pair x,y, x= x>0,y = y > 0.
(iv)r(s,a,b) <1.

Our rationale on the assumptions. Assumption 7.1(ii) and (iii) essentially mean positive
definiteness of the sampling matrices in policy evaluation. To our knowledge, some form of
this assumption is required in most of the existing work with best-complexity on TD-type
methods [BRS18, XWL20b, KCM21, Lan21, HWWY20, XWL20a, WZXG20, ZXL19] in the single-
agent setting. An alternative to Assumption 7.1(iii), as proposed in [KDMR21], introduces
e-greedy exploration with a certain deterioration in the rate. From an analysis perspective,
the use of € is the same as the use of Assumption 7.1(iii). Therefore, to be consistent with
most of the literature, we use Assumption 7.1(iii) (See also [Lan21, Remark 1, Section 5.2]).
The assumption (iv) is for simplicity. In the sequel, we will use the parameters /lfnin, AL, de-
pending on x, y, p from Assumption 7.1 and A%, only depends on p. These are the minimum
eigenvalues of the sampling matrices in policy evaluation routines.

Remark 7.1. Among the related works for policy gradient methods in multi agent setting, As-
sumption 7.1(ii) is required in [WLZL21] but not Assumption 7.1(iii). A different assumption is
made in [DFG20] regarding the minimum probability of the game stopping at any state action
pair being nonzero: therefore one should be careful while comparing complexities. These
works use e-greedy exploration instead of Assumption 7.1(iii). To avoid Assumption 7.1(iii), we
can also use greedy exploration [KDMR21], [Lan21, Remark 1], with degradation in ¢ depen-
dence, that we omit for brevity. To compare with single agent complexities, we keep Assump-
tion 7.1(iii). One could also do an algorithm-specific analysis, similar to [MXSS20, Lemma 5,
Lemma 9] to characterize when Assumption 7.1(iii) holds.

A relaxed form of concentrability coefficient is used in [DFG20]. In [WLZL21], the sample com-
plexity bound does not have dependence on concentrability coefficient, however, the bounds
in [WLZL21, Theorem 1, 2] have |S| dependence even with access to true value functions.
Indeed, concentrability coefficient can be bounded by |S| by picking o accordingly [Mun03].
As the existing results on policy gradient methods for Markov games already have a pessimistic
dependence on |S| [DFG20, WLZL.21], it seems this additional dependence on our results is
not too problematic in terms of final dependence on |S|.

Error propagation for approximate dynamic programming In [PSPP15], an error propaga-
tion analysis is conducted for an approximate version of generalized policy iteration, for
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zero-sum Markov games. In particular, the authors showed that the following two-stage
algorithm will converge:

o Greedy step: Given a fixed value function Vj._, find the policy pair which is an e-equilibrium.

gslérAlrynaxz x(als)y(als)Qy-1(s,a,b) =: x°Q;_, y°, (7.2)
where Qy_1(s,a,b) = r(s,a,b) +yY. ¢ P(s'ls,a,b)Vi_1(s'). When it is clear from the context,
we drop the subscript of Qk_;. This problem is a matrix game and is notably the sample-
complexity bottleneck [PSPP15]. Let us denote by €, the accuracy for this step and xj as the
output at iteration k:

EEpﬂ{gwxkukly ggggggx Qp_1V] =€g,k(9),

where the expectation is over the randomness of the specific algorithm used to generate xy.

o Evaluation step: This step consists of finding an approximate best response. As one policy
is fixed (x¢), one can view the fixed policy as a part of the environment. Denote y; as the
approximate best-response computed in this step. The resulting value function Vj, = V¥ ig
fed to the greedy step in the next iteration. Let us denote by €, the accuracy for this step and
Yy, the best response:

Egmg [VHYE(5) = VIYH(8)] = €0k (9),

where the expectation is taking over the randomness of the algorithm used to generate yj.
Then, [PSPP15, Theorem 1], [ZTLD21] have shown that the following inequality holds.

CuoyX
&) (7.3)

C,oK -
EE;-, [max V<Y (s) - V*(s)] < P70 SUp€g i +SUp€, k)+O
Veh 1 : : 1-y

-y k<K k<K

Natural policy gradient. As we work in the tabular setting, in this chapter, we focused on the
natural policy gradients [Kak01] in softmax parameterization which admits a simple update
rule. In particular, the update rule for NPG in single agent setting is [AKLM20, Lemma 5.1]

1 (18) oc e (-1s) exp(nQ™i (s, -))

which corresponds to the more general update (7.1) when Bregman distance D in (7.1) is
chosen to be the KL divergence. To get a sample-based version of this algorithm, one needs to
learn Q™ (s, a) = k4, [Z(t’ioytr(st, aglsg=s,ag = a] typically in an inner policy evaluation loop
as in [Lan21]. This approach is sometimes referred to as natural actor critic (NAC). Note that
the update rule in [AKLM20, Lemma 5.1] is written with the advantage function, however, due
to softmax parameterization, it is equivalent to the form we give.

Temporal difference learning. For constructing action value function from samples, we
will use temporal difference learning and in particular TD(0) [Sut88, BRS18, TVR97]. This
algorithm can be seen as a stochastic approximation scheme for solving a linear equa-
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tion [TVR97, Lan21]. In particular, by denoting the stationary state distribution under n
as p”, we define

F"(0)(s,a) = p" () (als) (0(8, a)-r(s,a)—y Y P(s'ls,an(d'|sho(s, a’)).

sha

use for example [BC11, Example 22.6, Example 20.7].

One can sample s; ~ p”, a; ~ w(-|sy) and spr1 ~ P(ISy, ayp), aze1 ~ 7(|s¢1) and form the
stochastic oracle F(0;) = e(s;, ar) (0+(st, ar) — r(s¢, ar) —y0¢(st+1, ar+1)) for TD(0). Note that
under i.i.d. assumption, F(0;) is an unbiased estimate of F*(6;). The results for TD(0) can
be extended to Markovian setting without the i.i.d. assumption by using a uniform mixing
assumption [BRS18].

Our approach. We introduce an algorithm in natural actor critic (NAC) framework with
inner loops for policy evaluation [KT00, PS08]. By solving the abovementioned two steps, we
will obtain an approximate Nash equilibrium. We will leverage forward-reflected-backward
algorithm to solve the matrix game in the evaluation step efficiently [MT20b]. For estimating
value functions used as oracles in these algorithms, we employ TD(0) [TVR97, BRS18, Sut88].
To our knowledge, the best complexities in the single agent setting are obtained with this
approach [Lan21, HWWY20, KCM21].

Markovian bias. We assume that we can sample from the steady state distribution of a given
policy. With normal interaction with the environment, this is not the case and we obtain
a single stream of data. As a result, TD(0) update is biased—commonly referred to as the
Markovian bias. A large body of literature in the single agent literature showed that the effect
of this bias in TD(0) update is essentially additive and can be handled by assuming uniform
mixing of the induced Markov chain [WZXG20, BRS18, ZX1.19, KDMR21, XWL20b, XWL20a].
These analyses apply to our policy evaluation routines, extending them to the Markovian
setting. For simplicity, we show our techniques with i.i.d. assumption, which can be extended
to Markovian data with the uniform mixing assumption.

7.3 Areflected natural actor-critic algorithm with a game etiquette

Greedy step. In this step, at iteration k, we compute an approximate equilibrium of the matrix
game (7.2). As Vj_ is fixed, this is a standard matrix game and throughout this loop, we omit
the dependence of Q on k and leave it implicit. Let us denote the oracle of x-player for solv-
ing (7.2): 05 ,(s,a) = Ep~y,(19Q(s,a,b) = Lp y:(bIS)T(s,a, D) + Y L p y:(b|s)P(s'|s, a, b) Vi_1(s).
Note that unlike standard stochastic setting, we do not have an unbiased estimate of Hf’t but
instead, we have inner loops to learn this oracle. With this oracle (that we will see next how to
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obtain), the update of FoRB will be
xe+1(18) = P(x:(18),1 (2071 (s,) = 07 (s, ). (7.4)

We will give an analysis of FoRB without unbiased oracles and we will take special care for the
stochastic dependency to make sure to decompose bias and variance (See Insight 1).

We now show how to compute this oracle for x player without accessing to actions or policy
of y. The same reasoning applies to y update. Similar to [Lan21], using the sampling matrix
diag(p*'*) ® diag(x;), we define the operator

FF(0")(s,a) = p*7 () x,(al$) (0% (s,a) = ) yi(bIS)r(s,a,b) =y Y yi(bIS)P(s'|s, a, b) Vi_1 (s)).
b s'.b
(7.5)

First, it holds that F; (07 ,) = 0. Moreover, F; is strongly monotone as min; q p**7 (s) x;(als)
is separated from 0, by Assumption 7.1(ii), (iii). One important point here is that we do
not have access to an unbiased sample of Vj_; as it is the value function depending on
Xk—1, Yk—1. Instead, we will use a potentially biased estimate Vj_;. After obtaining a sample
&n = (Sn, an, by, sp+1), we define the stochastic operator for x-player

FF 05,60 = (5, @n) (03 (5n @n) = 1 (Sm @, bp) =y Vi1 (5041)). (7.6)
Assuming access to i.i.d. samples, we see that expectation of this operator w.r.t. £, gives
E¢, [F{ (07,8n)] = F{(07) + 6,1, (7.7)

With &y, =Y X5 aps 0V (8)x:(als)y:(bIS)P(s'ls, a, b)e(s, a) (Vi-1(s") - Vi1 () =YPx,y, (Vi1 —
Vi-1).

Formulation (7.6) ensures that x agent only accesses sy, 1 (Sn, dn, bn), St+n and its own action
an to form the stochastic oracle and y accesses sy, 7 (Sn, @n, bn), Sp+1 and its own action b,. We
have additional bias coming from the approximation of Vi._; by Vj_;, the estimation of which
is important for getting our complexity results. Markovian data would bring additional bias as
mentioned before.

Evaluation step. In this step, x player fixes its policy and y computes an approximate best
response. This step will output Vj._; will be the value function of the policy pair that will be
the output of this step. In our algorithm, the players will remember these policies because
they will need to compute an estimate of Vj_; with small bias in the greedy step.

In particular, at iteration ¢, agents will be interacting with policies x; and y;, since x player
keeps its policy fixed. The natural policy gradient for the y-playeris v ; = Egy, (15 Q7 (-, @, ):

Vii($,0) =) xp(alor(s,a,b)+y Y. P(s'ls,a,b)xi(als)y(b'1s) v, (s, b)

s',a,b'
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Algorithm 7.1 Reflected NAC with a game etiquette

Require: P defined in (7.1) in Section 7.1. Subroutine Policy-Eval (see Algorithm 7.2).
Initial policies xo, yo, Jo
fork=0,1,... do
Greedy step
fort=0,1,...,T-1do
[V,f_l, ka_l] = [Policy-Eval(xy_1, Yk-1, N, B%), Policy-Eval(xy_1, Yk-1, N, B4)]
07, Bfﬂ] = [Policy-Eval(xy, y;, N, V,f_l,ﬁ%),Policy—Eval(xt,y[,N, \7,3’_1,,6?1)]
Xe41(18) = P(x;(-19),1 (207, (5,) — 07 (s,)))
Vi+1(18) = P(yi(-15), -1 (2607, , (s,) = 67 (5,))

end for
Output x; = %Zle Xt
Evaluation step

fortr=0,1,...,T—1do
Vi1 =Policy-Eval(xg, ji, N, B = fB})
Ve+1(18) = P(§¢(-18), —nv 41 (5,-))
end for
Output y; = j;, where 7 € [T] is selected uniformly at random.
end for

We use the sampling matrix (as [Lan21, Sec. 5.2]) D(p**7*) ® D(j,) and define the operator

EY(v)(s,b) = p™Y §,(bls) [vt(s, b) - xi(als)r(s,a,b)
a

-y Y. xi(al)P(s's,a,b) (b |s)v(s', b)),

s’ a,b’'

such that F}’ (v4,r) = 0. Strong monotonicity of F; follows from Assumption 7.1(ii), (iii), and
that the operator Tv(s,b) =Y, xi(als)r(s,a,b) + YL g 0 Xk(al)P(s'|s, a,b)y:(b'|s)v (b, ") is
¥ contraction in /o, norm [BC11, Example 22.6 and 20.7]. We define the stochastic operator
after sampling s, ~ 7%, ap ~ XcC1$n), b ~ J:C1n), Sne1 ~ PCISp, @ny bn), bps1 ~ §1(1Sne1)

F‘;/(Vnyfn) =e(sp, by) (Vn(sn» byp) = 1(Sp, @ny by) = YVn(Sn+1, bn+1)) )

and as we assume we sample s, ~ pxk')_’f, Ee, [F;’ WV, &)l = F;’ (vn). In particular, we see that as
long as s;, an, by, Sn+1, bn+1 are estimated in the prescribed way, there is no need for j; update
to see the actions or policy of x; for ﬁ;’(vn, ¢y) to be unbiased estimate of F} (v,,).

Remark 7.2. At the evaluation step, policy and the value function at a random iterate is
outputted. We do not need to run for T iterations and store all the variables, instead, we can
compute 7 before starting the algorithm, which is standard, see [FB19, Remark 5].

Remark 7.3. For the best complexity, our analysis requires fresh estimates of V;_; at every
iteration (see Algorithm 7.1 and Insight 4). This allows us to obtain a tight bound for the bias
and get the O(e™2) complexity. Without fresh samples, Algorithm 7.1 would have a O (™)
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Algorithm 7.2 Policy-Eval (y-player)

Require: Policy pair x, y, iteration counter N, oracle Vi._,, step size 8
forn=0,1,..., N—-1do
Sample s, ~ Y (), an ~ xC1$p), b ~ y(I$n), Sn+1 ~ P(Isn, @n, by).
if 8 = ¢ then
E(pn, &) = e(sp) (@n(sp) = 7 (Sn, An, bn) = YPn(Sn+1))
else if = 8% then
F((Pn; &n) = e(sn, by) ((Pn(sn, by) —r(sn, an, by) — YVk—l (Sn+1))
else if § = ) then
Sample also by41 ~ y(-ISp+1)-
EF(@n,&n) = e(Sn, bp) (@n(Sn, bn) = T (Sny @ny bn) = YPn(Sns1, bps1))
end if
Pn+1 =Pn— ,Bnﬁ((ﬂn;fn)
end for
Ensure: ¢y

complexity. This insight is in contrast to the black box view of [PSPP15], which uses an estimate
of Vi_; from the evaluation step within the greedy step. Our analysis behooves both agents
to remember the output policies of evaluation step instead, so that they can recompute Vj._;
with a lower bias in the greedy step.

7.3.1 Convergence of Reflected NAC with a game etiquette

Theorem 7.4. (See Theorem 7.14) Let Assumption 7.1 hold. For Algorithm 7.1, for the output of
x-player

L ISI2(1AI? v |BI?)
TA-y)® NA-p5A%. 1@ AV )2

min’ “min” “min

P~ [max VIEY (59) = V*(50)] < kCp o O +0(y"

Cﬁ_UISIZ(IAIZVIBIZ)
e2(1-y)8(AY. A AV )

‘min”"min”"min

which gives O( 5) sample complexity.

A critical point to derive the fastest rate as observed by [Lan21] in the single agent setting is to
characterize the bias and variance separately. As the algorithm in [Lan21] would correspond
to GDA when applied in our setting, we extend the ideas there to the FoRB algorithm.

Insight 1. The existing analyses for stochastic versions of FORB are not suitable for us. In the
stochastic variant in [MT20b], deterministic oracle is computed at each iteration. [BSCB20]
uses unbiased oracles with bounded variance and decreasing step size. In our case, we will
have biased oracles and we will use inner loops to decrease bias and variance. Therefore,
we need to develop an analysis with constant step size and that characterizes the bias and
variance explicitly in the next lemma.
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We drop the superscripts from 6, V_ (see Alg. 7.1) as estimations are symmetric. Define e; ; +
e2,0 = 1011(18) = El0,41C18)1x,], XC18) = X, (1)) =1(67,, C18) —E[67, , C19)1ye], y(18) =y (18)).

Lemma 7.5. (See Lemma 7.15) Let Assumption 7.1 hold. Denote xou = + X1 x; and you =
1—
%ZtT:U’t and letn = TV

~( 1 1 L
EEs~p Ecrsl,ejlg(xfthsys - stsyom] =0 (TI_T) +0 (? ;[E”[E[Qmﬂxt] - 9*,1‘”)
N < 2 2 1 d
@ _Z[E”0t+1_0*,t” +ENO; —Ox -1l +_[E[Es~ymaXZ[el,t+ez,t]~
T3 Tn =1

Remark 7.6. Even though the first term is of the correct order, we have to estimate the three
remaining terms. The second and third terms are the bias and variance coming from inexact
estimation of the oracles of both players.

Insight 2. The last error term in the lemma involving e; , e ; is due to the coupling between
the free variables x*, y* and randomness of the algorithm. For this error, we adapt the “ghost
iterate” trick from [NJLS09] which we adapted to coordinate methods in Chapter 4.

Next is the the variance estimation, which is similar to [Lan21], except handling the error term
coming from Vj._; as in Insight 3.

Lemma 7.7. Let Assumption 7.1 hold. Let ,69
and 7.2,

W for ng = 1. Then, for Algorithms 7.1

[S|| Al . 1 N [SIIA]|
1-7)2N%2  N@QAZ. 2(1-p)2 A0 )2

min min

Ellfn —05,/I5< O

‘ 2
Ell Vi-1 = V-1l

Insight 3. Different from the standard critic analyses [HWWY20, KDMR21], we account for
the additional bias coming from having Vi_ instead of real Vi_; (see (7.7)). We exploit
strong monotonicity of the operator F; in (7.5) to make sure the error term appears as
Ell Viey — Vieeq ||(2>o in the bound instead of E|| Vx_1 — Vi1 lloo, which would deteriorate the rate.

The next estimation is critical for obtaining the complexity result. In particular, we will see how
to bound the bias of ;. Since in Lemma 7.5, we need a tight bound for ||E[0;+1]x;] =0« (Il =
IE[@N|x:] — O« ]I, we have to be careful with the additional bias from Vk_l.

Lemma 7.8. Let Assumption 7.1 hold, /39 7 (i Ty 1o (jema)"z For Algorithms 7.1 and 7.2
0

min min

|SIIAl +10|SI|A|
(1_Y)2N2 (/10 )2

min

IEOn|x,] — O (I <O IEIVi 112 — Vi1 113, |- (7.8)
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Insight 4. The reason to use fresh estimates for Vi._; at each ¢ as in Algorithm 7.1 is the
result of this lemma (see Remark 7.3). Since the bias term in the algorithm’s analysis is
IE[On]x;] — O« ¢l in Lemma 7.5, we take the square root of the result of Lemma 7.8. If Vi_q is
estimated before x;, then we will have E||Vi._; — Vi_; || in the bound of Lemma 7.5, which will
have the rate O(1/v/N). On the other hand, if we estimate V;._; freshly as in Algorithm 7.1,
then we will be able to use the improved bias bound IE[Vi_q1x¢] — Vi1l < O(1/N) as in the
next lemma.

2
Lemma 7.9. Let Assumption 7.1 hold and % = W, with ny = %. The variance and

bias of Vi._1, computed as in Algorithm 7.1 satisfies

ISI|Al

N 2
IE[Vi11xs, yel = Vicall; = O (m

y BNV = Vil < O 50— |
) AN,
Unlike the greedy step, the evaluation step (finding the best response) mirrors the single agent
analysis closely. We defer the details to Section 7.4.2. Combining Lemma 7.5 with the result of
the evaluation step (which is of the same order) in (7.3) gives Theorem 7.4.

7.4 Proofs

7.4.1 Basicresults on RL

Lemma 7.10. Define 0, recursively as0;y1=0;— B;F(0;,&;) wherer(s,a,b) <1 and F(0;,¢;) =
e(s',a)(0:(s',a") —r(s,a,b) —y0.(s",a")) and recall the definition of Q(s,a,b) = r(s,a,b) +
YY o P(s'|s, a, b)Vi(s'). Then, it follows for any t, k

1 [SIIA]| N 1
10l < ——, 1102 = v MWVikeilloo = 57—,
-y -y -y

- 3 2
IFO@nE)llzs ——,  1Qk(s,a, D)oo = —.
-y I-y

Proof. The first inequality is proven by induction, for example see [KDMR21, Lemma C.10].
Following inequalities are either basic consequences of the first inequality or directly follow
from definition. |

A classical result that we use frequently in the proofs is performance difference lemma [KL02].
The statement of the lemma is slightly different due to multi agent setting, but since one
policy is held fixed while changing the other one, the original proof of the lemma extends
straightforwardly. The proof for this case is given in [DFG20].

Lemma 7.11 (Performance difference lemma. See [KL02, DFG20]). For any policies x, y1, y»
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and any state s

1
VI (s) = VE2(s50) = ﬂ[ESNdfo'” (Eg~x(1 Q2 (s,@,2), y1(18) = y2(-19))

A standard result that we use is Lipschitzness of y — VY (sp).

Lemma 7.12. For any policies x, y1, V2,

2
Vo — V52| < 77 max |[y1(1s) = y2 (19l

(1-

Proof. By performance difference lemma [KL02] and Cauchy-Schwarz inequality, for any sy,

1
VA (s9) = VP2 (s50) = W[E%d;;h (Eamx(1Q 2 (s, a,2), y1(18) — Y2 (-1s))

1
< T Feea 1Eamstt9 Q™ (5, ool 11 (19) = y219)lh.

Next, we are going to further upper bound the right hand side using Lemma 7.10
1
V¥ (50) = V5P (s0) < -y max [Eg~x(19 Q™ (5, @ Yool y1(19) = y2(19) 1y
<2 y1(¢18) = y2 (1)l
< ——max/|ly1¢ls) = y2C19)1.
1—p2s N Y2 1
We take maximum over sy to conclude.

Lemma 7.13. We have

2
1Q" = Q% oo = ﬁmsaxuylus) - 2019l

Proof. We note that by the definition of Q*! it follows that for all s, a, b
Q™' (s, a,b) — Q™2 (s,a,b)| =y |Y_P(s'Is,a,b) (V' (s") - VF2(s))].
sl

Jensen’s inequality, and the previous lemma gives the result.

7.4.2 Proofs for Reflected NAC with a game etiquette

Proofs for greedy step of Reflected NAC with a game etiquette

We recall the definition of F; when 04 ;(s,b) = Eg-x, (15 Q(s, a, b)

F(0)(s,b) = p*"V'(s)y(bls) [9(3, b)-) x:(als)r(s,a,b)—y Y x;(als)P(s'ls,a,b) Vi_1(s)|.

199



Chapter 7. Sample complexity of two-player zero sum Markov Games

We recall that F; is strongly monotone with Afni ,, under Assumption 7.1. Moreover F; is
Lipschitz with Ah.x. We refer to previous section for how the oracles in the algorithm can
be computed without accessing to other agent’s policy or actions. Moreover, we do not put
subscripts 8%,67 as the estimations will be symmetric.

Theorem 7.14. [See Theorem 7.4] Let Assumption 7.1 hold. For Algorithm 7.1

Cuok ~ 1 ISI(JAl v |BI)
EE, - VY (50) = V*(s0)] < -2 (9{
0 ,u[m;lX (s0) (s0)l = a-7 Ta—77 + )Lglin(l—)/)2N
ISI2(JAI? v |BI?) IS|| Al
+ +
A% 2N2(1-y)2 (A% )2(A°. )2(1-7)2N
k
ISIBI_, 1 .\ VISTIBI }+o CuoY ,
1-7)*N2  N1-p*AY%. )2 (1-7)2N 1-7)

min

CZ ;ISP AIPVIBP)
62(1—)/)8(/16 A9 AV )2

min”“min”“min

which gives O( ) sample complexity.

Proof. We combine Lemmas 7.7-7.9 and 7.15 and corollary 7.20. |

Our theoretical results here bring together ideas from single agent NPG analysis of [Lan21] and
stochastic primal-dual optimization techniques from [MT20b, NJLS09]. In particular, we will
be using ideas from [MT20a, NJLS09] in the analysis we develop for extending ideas of [Lan21]
to the greedy step of the multi agent algorithm we have.

We first analyze the policy evaluation routine in Algorithm 7.1. In particular, we will bound the
variance and bias of 6;,1 as an estimate of 0 (s, b) = Eq~x,(5) Qk—1(S, @, b). As this routine is
in an inner loop (indexed by ), the policies we sample, consequentlyF; is fixed, therefore we
drop the subscript. The proofs of these lemmas will be similar to [Lan21], except the additional
bias we have due to Vj._;.

Proof of Lemma 7.7. By the definition of 9,
16711 = 0,15 = 105 = O, 1115 = 26, (F (O, ), 0 = O, + BN FO B, E) 5.

We take expectation E;, where ¢, = (s;, an, by, Sp+1) is the sample at iteration n of Algo-
rithm 7.2

Ee, EOn,En) = FOn) +Y Py, y, (Vi1 — Vi),

as in (7.7) where Py, ,, was also defined. As we stated, we omit the dependence of F; to ¢ as ¢
is fixed throughout this loop. Thus,

e, 10n+1 = 0,5 =105 — 0 (ll5 —2Bn(F(01),0, —0x1)
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—2BnY{Pxsy, (Vie1 = Vie1), 00 = 0. 0) + BRI E O, E) 5.

We use strong monotonicity (with F(0y,) = 0) for the first inner product and Cauchy-Schwarz
and Young’s inequalities for the second inner product

2
Ee, 10011 _H*JH% = (1 _Zﬁn/lglin) 165 _9*,t||% + ﬁZ—Y I Px,,y, Vie-1 — Vk—l)”%
min
+ BnAinlOn = O,el3 + BLEE, N F O, £ 13
2
8114 i )
< (1=t ) 1000w 3+ LNy g2+ BB IF @I (29)

min

where we estimated || Py, y, (Vk_1 -ViZ1) |I§. We will use Lemma 7.10 to upper bound IFO,, N2 <

ﬁ. We define ©,, such that ©,(1 — B Amin) < O,-1 with ©g = ©; = 1. We multiply both

sides of the inequality with ®,, after taking total expectation, to get

0 2ISI|A] . 20,62
OnEll0n+1 =0l < ©n1EN0y = O, ll5 + ”ﬁ+mnvk_1 ~Vi-1llo + %

min (1 _Y)

Summing the inequality gives
N 2 N 2
0 ISIIAl _ 20
ONENO+1 — 0 I3 < 00110~ 0, 12+ Y 2P ISy 0 v 2,4y 20000,

n=1 min n=1 (1 _Y)

Using the definition of §,, and setting ©,,(1 — B, Amin) = ©,,—1 gives O, = O, % Let

us use ©g = ©; =1 and bounds from Lemma 7.10 for ||0; — 6*,[”%,

2 2ng(ng+ 1)|S||A] 8N
ENON —Oxll5 < 5 + ]
A=P*(N+no)(N+no—1) (N +ng)(N+no—1)(1-y)2(A] . )?
3y2|SI|A] . )
———E[Vie1 = Vo1 1S
202 k-1~ Vi1

min

Proof of Lemma 7.8. We are going to take expectation of the recursion
On+1=0n— ,Bnﬁ(en»fn)»
first w.r.t. sample &,

[Eg’,,enﬂ =0p— ﬁn[Ef,lF(Gn»'fn)
=0,- ,BnF(Qn) - ﬁnYPx,,yt(Vk—l = V1),

where we used (7.7) where Py, ,, was also defined.
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We will now take expectation E[-|x;]. We note F and Py, ,, are linear
El0n+11%/] = El01%,] = BuFt €1051x1) = By Px,,y, ElVi_11%/] = Vi),

We denote én =E[6,|x;] and 6= YPx,y, ([E[Vk_l |x:] — Vk—1) in the above equality which makes
the recursion 8,,.; =0, — ,BnF(én) - ,6,16_. We then have

10041 — O3 =105 — Ox 115 — 282 (F(01),00 —Osx.0) —21(8,0, — 0.1
ﬁZ

)5 +3B%116115, (7.10)

where we also used Young’s inequality to split the term 2| F(8,,) +§||%.

By strong monotonicity and Lipschitzness of F along with F(64 ;) =0,

2Bn(F©01),0,—0s,0) = 2B3(FOn) = FOx,0),0n —0x,t) = 2B A0, 110, — 0, .15,
BLIE@n)N5 = BAIF @) — FOx,)ll5 < BEA% 105 — s ¢1l5.

o 0 .
By Cauchy-Schwarz and Young’s inequalities, it follows that 2(,(6,0, — 0, < % 10, —
2

6*,t||§ ‘6 2 ||6 112 5- Using these three inequalities in (7.10) gives

_ 3 _
1041 — O I3 < ( > Bnl mm+5ﬁiﬁm) 16, — 04,15 + ﬁ” 21812+ 382115115
IIllIl
Wi 6Mha and ——2___toestimat
e now use ng = NE and B, = o) 0 estimate
( min — Bl )_ 2 min 2 min 19 — Mn/‘min-
IIllIl (n + nO) mln n()
Therefore, the recursion is
5 2 ~ 2 ﬁn
101 = 0,613 = (1= BuAfyn) 18— 00,113+ - 1817 + 3651613.

mlIl

This recursion is similar to (7.9), in particular, by noting f, < ——, and bounding [|5]3 as

min

1Py, E0Vi—11%e] = Ve DIZ < ISAI P,y V-1 1] = Vi DI < ISHAINEVie—y 12, = Ve 1%

5BulSIIIAl
0

1051 = 0,17 < (1= A ) 10— 0,1 + EVi-1 1] = Vi1 1%

min

We finally define ©,, as ©,,(1 - B Amin) = On_1 gives O, = O LHWIH0=D \\where @) =@, = 1.

no(ny—1)

We multiply both sides of the inequality with ©,, and sum to get the result. |

We estimate the bias and variance of the estimation of Vj_; in Algorithm 7.1, very similar
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to [Lan21]. Unlike [Lan21] that derived O(1/N3) bound for the bias, we derive a O(1/N?)
bound which will be sufficient. We note that the previous two lemmas had additional bias not
present in [Lan21], however the next result does not have this bias and therefore the arguments
in [Lan21] would be enough. We provide a brief proof to be self-contained.

Let us recall that Vi_; = V¥ VY1 and by sampling s, ~ p™0Y1 a, ~ x;_1(:|sy), by ~
Vk-1C18n), Sn+1 ~ P(|Sp, an, by), the oracle

E2(@n,&n) = e(sp) (0n(sn) = 7(Sn, @n, by) = Y0 n(Sn+1))

satisfies E¢, F” (wp, &,) = F(wy), where F? is defined as

Fy (@)(s) = p™*1Yk1(s) (w(S) - xk-1(als)yx-1(bls)r (s, a, b)
a,b

—y Y Xe-1(al9)yk-1(blP(s'|s, a, b)w(S')),

s',a,b

where F” | (V_1) = 0 and also as before F,’ | is strongly monotone with A7, . We will drop
the subscript of F“ since k is fixed in this loop.

Proof of Lemma 7.9. For the variance, we have by taking expectation w.r.t. £,
E 2 _ 2 0 2 0 2
f,l”wn+1_Vk—1||2— ”wn_Vk—IHZ_Z,Bn([EE,,[F (wn»fn)],wn_Vk—1>+ﬁnE§n||F (wn»én)nz-

By E¢, F®(wp,&n) = FP(wp), F®(Vi_1) = 0, and strong monotonicity of F, similar to our previ-
ous proofs for policy evaluation,
Ellwns1 = Vie1ll5 = (1= 28,4800 Ellwn = Vo1 15 + BAENFC (@, €113

min

The end of the proof is the same as Lemma 7.7, except that we do not have here the additional
bias term in Lemma 7.7. Therefore, the result follows.

For the bias, we will argue as in Lemma 7.8. Taking expectation of the recursion w.r.t. ¢,, gives
E¢,Wns1 =Wpn— PnF®(@n).
We now unroll the expectation until x; and use linearity of F*
Elwn+11xe] = Elwnlx;] — B F® Elwn] x:)).
Denoting @, = E[wy|x,] gives the recursion @,+, = @, — B F*(®,), and therefore
1@ns1 = Vio1 115 = 105 = Vio1115 = 2Bn(FL (@n), @ — Vie—1) + B I F® @) 115
We will now use Lipschitzness and strong monotonicity of F® and that F”(V;_;) = 0 and
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similar to Lemma 7.8, we obtain the recursion
- 2 212 -~ 2
lop1— Vi1l = (1 = 2BnAmin + ,anlmax) l@n— Vi1l

By the choice of ny and f,,, similar to Lemma 7.8, it holds that 28, Ain — ﬁ%/lfnax > B, Amin-
By defining ©,, the same way as Lemma 7.8 and summing the inequality gives the result. W

We analyze the outer algorithm for solving the matrix game in greedy step. The algorithm is
based on FoRB from [MT20b] due to its simple update with one projection and one oracle.

Similar to [MT20Db], let us define the “Lyapunov-like” function

D71 = D(xCIS), X041 (19)) + 10, 141(8,) = Or+1(5,), X(18) = X741 (1))

1
+5DuHN%L%H9L (7.11)

We call this “Lyapunov-like” since it is not non-increasing. Moreover, unlike [MT20b], ®; is
not necessarily nonnegative. However, it is sufficient for our purposes as it is bounded. Note
that we will also use the following error functions

e1,r = 011 C18) —E[O71+1C18)xe], X(18) — x¢(-]5))
e, =407, C1) —EI07,  C19)]ye], ¥ C1s) — yCIs).

Lemma 7.15. [See Lemma 7.5] Let Assumption 7.1 hold. Denote Xy, = %Zle xX: and Your =
%Zthl ¥ and letn = I_Ty

@ — D3 1T
s $.,S SNS
[E[Es~a [rgi‘/?fxoth y =X Q yout] =O( 77T )+O ?I;[E”[E[eHﬂxt] _0*,t”

1L 1 T
+O[= Y nEI011 =0 (1P +ENO; — O 1 1*| + —EEs-omax y_[e,; + e2,]).
T3 n =]

Remark 7.16. By Lemma 7.7 and Lemma 7.8, the second and third term will bring dependence
O (% + [EII[E[Vk_l [x¢] — Vi1 II). We will see in the next lemma how to handle error terms ej, e
and will use the bound derived earlier for [EII[E[Vk_l |x¢] = Vi_1|l in Lemma 7.9.

Proof. By the update rule, it follows for all s and x(:|s) € A,
(VD (x151C18), x:(:18) + (20141 (5,) = 0+(s,)), x(:18) — X111 (-[5)) = 0.

By three point identity,

D(x(:18), x;+1(18)) <= D(x(-l$), x¢ (-18)) — D(x451(:18), X, (-|$8))
+1((20141(5,°) —0+(5,)), x(I8) — X411 C18)).  (7.12)
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7.4. Proofs

We now manipulate the inner product by adding and subtracting 0, ;+1

N{(20141(5,-) = 0¢(5,4)), X(18) = X1 (1)) = 4O r41 — O 1415, ), X(18) = Xp41 (1))
+1€01+1(8,°) = 01(8,°) + O 111 (S,), X(|8) — X1 (18))
=1€01+1(8,)) = Os 141 (5, ), XC18) — X1 (1)) + €O 141 (s, ) — O1(s, ), x(s,) — X (-] 8))
+100111(8,) = 0¢(8,), X (18) = X1 C18)) + 1O, 141 (5, 2), X(18) — Xp41(18)).  (7.13)

The first two inner products in the final inequality will telescope if we can replace 6;,, with
04, in the second one. For this we have to be careful with bias and variance. Let us take the
second inner product

N0 141(5,-) = 0¢(5,°), XC18) = X (-18)) = {O,1(5,-) = O (S,), Xx(-|8) — x: (-] 5))

+100141(5,)) = O £ (s,), x(-|8) — x: (-]5)).

Now in this estimation, we will add and subtract terms involving E[6 11 (s, )| x;] to obtain

N¢0t4+1(S,-) =0:(s,), x(-|8) = x: (-18)) = N{Ox,£(s,-) = 01(s,-), x(-|8) — x¢ (-] 5))
+1CEO 1+1(5, )N %] = O, 1, X(-18) — X1 (18)) + 14O 141 (S, ) —E[Or41(S, )| xe], X(-8) — x¢ (-] 5))
<N0x,:(5,)) = 01(5,), x(18) = x:(-18)) + 2nNE[Os+11x:] = O tlloo + €11, (7.14)

where the inequality is due to Cauchy-Schwarz and we use the definition of e ; for the last
term. Next, we use Cauchy-Schwarz and Young’s inequalities for the third inner product in
RHS of (7.13) to derive

1
M40141(5,7) = 0,(-18), X (-18) = Xr11(18)) < 0P110141(5,-) — O, 1) 1%, + 219 — X1 CI8) 13
<AN* (10 141(8,) = O, (8, VN2 + 105, (5,) = O =1 (8, N2 + 10, =1 (5,) = O1(5, )12, ]

1
+Z||xt(-|s)—xt+1(-|s)||%. (7.15)
AS Oy (s, a) = Eppey, (19 Q(s, a, b), we have
104,(5,) = 0,1-1(5, oo = max|Q(s, @ D)y (1) = yi-1C19)
2
< mnyt(ws)—yt_lus)nl, (7.16)

where the second inequality is by Lemma 7.10 and the first by Jensen. We join (7.14), (7.15),
and (7.16) in (7.13)

N{(20441(5,2) = 04(5,)), x(18) = X141 (-19)) = 0€O4+1(8, ) = O, 1415, ), X(-18) — X441 (1))
N4O0%,:(5,-) =0:(5,°), x(18) = x¢(-18)) + 2NNE[O r11%¢] — O oo + €11
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+ 402 (10141 = O 112 + 110,01 — 04112, ] YT ||yt( 1) = ye-1CI8) 13

)2
1
+ 1 12, C18) = 41 CIS)IE + 0O, 141 (S, ), XCIS) = X1 C18)). (7.17)

We note that by strong convexity of Bregman distance w.r.t. £; norm, %let(-ls) — X1 CI9N? <
%D(le (:|s), x¢(-|s)) and similarly for the term involving difference of y; and y;_;.

We insert (7.17) into (7.12) by using the definition of ®;

140,141 (8, ), X1 (1) —x(18)) + @}, | <@+ ey,r +2NIE[O411x:] — Ox tlloo
+ 402 (110141 = O 12 + 110,11 — 01112, ]
32n?

_ 1
oy D019,y (19) = DO (19, xi1 (C15).

We sum this inequality and use the definition of 0, ;1) to obtain

n &=l ORE R R
Z Epmy,y(19Q(8, 5 b), X141 (18) — x(|$)) < += > e
T T iz

1 2 T
+ ? Z 2NIE[O4+11x:] — O rlloo + i Z [||9t+1 _9*,1‘” +105,0-1 — t”oo]
t=0

T 2 1
Z D(yt(ls) Ye-1C19) = 5 DX (18), %1 (15)-

We estimate the error terms in the last line. The terms in the second line will be the bias and
variance arising from using 8. instead of the true oracle. By the symmetric estimation on
the y player, we can obtain the similar inequality. For making the comparison, we will denote
the corresponding oracle as 67 (6 in the previous estimations correspond to 8%). In particular
6{’ 1416 D) =Ea-x,.,(19Q(s, a, b), and the corresponding Lyapunov-like function as ®; ,

T-1 o5 —Ps T-1
0, T 1
DS ey 19 Q0@ ), YOI — e (o = —L X1 L LS,
Ti= r Ti=
T
T Z anl[E[gtH'xf] _Hi,t”oo Z [”8t+1 _Bi,t” + ”0* -1 _0{”20
=1
T 2
Z D(xt(ls) xp-1( |s))——D(yt(|s) Vi-1(18).

After summing up the two inequalities and recalling that we bound the RHS of:

1 & 1 L
Xou Q'Y =2 Q%you = T Zl<[Ea~x[(.|s)Q(s, a,), y(19) = = Zl<[Eb~y,(.|s)Q(s, - b), x(-1$))
t= t=

1 T
= ? Z [(ELINXIHS)Q(S) a, '),_V('|S) - J/t('|3)> - (lEbNyt('ls)Q(S) % b); x(‘|8) - xl’('ls)>] ) (718)
t=1
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we pickn < I_Ty to cancel the last terms in the last lines of the estimations. Since we estimate
6, and 67 in the same way, their bounds as we derived in Lemma 7.8, Lemma 7.7 will be the
same, therefore in the bound we do not include both and simply put them under big-Oh. Next,
we take maximum over x, y, take expectation w.r.t. state distribution o and total expectation
w.r.t. randomness in the algorithm and use the definitions of xoy; and Yoy to conclude. Wl

For error terms ey 1, e2 s, we use the technique to change the order of maximum and expecta-
tion from the literature of stochastic primal-dual methods [NJLS09, Lemma 3.1]. Recall:

e, = 1M0r+1(18) = El0r41(18)1xc], XC18) = x,C1$))

e, =407, C19) —EL0],, C19)1yel, yeCls) — y(-15))
We will derive the bound or e; ; and the bound for ey ; is symmetrical.
Lemma 7.17. We have

loglA] 1 &

+= Y AnPENO 41 — Ol
r =1

1 T
?[E[ESW mﬁx; er =<
Proof. First note that (041 (-|s) —E[0¢4+1(-|s)|x¢], x:(:|s)) does not depend on x and by the tower

property of conditional expectation,

T
Y EEs (041 (18) —E[0r41C19)x], X, (-15))
t=1
=EEsgN(E[Os+1C¢IS)|xs] —E[O 11 (C18)[x¢], x£(:]8)) = 0.

Therefore, we have to estimate
T
EEs—gmax ) 7(041(18) —El0r+1(18)]x,], X(19)).
t=1

Let n¢(s,-) = —n(@¢4+1(|8) —E[O41(-|8)|x]). First, we note that E[n,(s,-)|x;] = 0. Next, we define
the auxiliary “ghost” process

Xes1(18) = argm}ﬂ(ﬂr(s, ), x(:18)) + D(x(:|$), X (-]5)).

Note that X; and x; depend on the same randomness by definition of X;, therefore conditioned
on Xx;, X; is deterministic. Standard mirror descent analysis gives for any x

(ne(s,7), x(18)) < D(x(:|8), X (1)) = D(XCIS), Fr41 (18)) + (ne (s, ), X (1)) + e L) 13

We sum the inequality take maximum and then expectation

T T
EEs-omax ) (=n(s,), X(18)) < Es~g D(x(1), 21 (1)) + ) EEgg¢=1:(5,), X (15))
=1 t=1
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+

T
EEg~pllm:C19)112.

=1
By tower property and that X; is deterministic conditioned on x;, we have )_ th1 E¢rn(s,-), X:(-|8)) =

Zthl E(E[n(s,)|x:], X:(:]s)) = 0. Recall the definition of n; and use Young’s inequality with
Jensen’s inequality to get

Elln,(s, ) 1% = EN? 110111 C18) = E[0 111 C18) | % 11%,
< 2EN?110141C18) = Ox 112, + 2EN? 110, — E[0,41 C18) 121112, < 4EN* 10141 (1) — O 11

Proofs for evaluation step of Reflected NAC with a game etiquette

This part mirror closely the analyses for single agent setting, as the best response step is like a
single agent problem where the other agent (fixed) can be seen as part of the environment.
Therefore, the development in this part will be similar to [Lan21]. Let us restate that the main
concern in this part was to make sure that j; updates do not require seeing the policy xj or
the actions of x-player. As we showed that it is the case, we will only provide the proofs here,
with mostly using the arguments of [Lan21]. Therefore, the proofs in this part are brief and
are included for being self-contained and for easy navigation. At the point of view of this loop
(runsfrom n=0,---,N —1), vy ; is fixed.

Lemma 7.18. Let Assumption 7.1 hold, B, = m Evaluation step in Alg. 7.1 satisfies

[SI|B| N 1
(1-y)2N?  N(1-7)?AY

min

2|S||B|
Elvy — Vs l5<O )

s NEWVNIT = vl O| ————
B IEVNIP] = Va,ells ((1 “7PN?
Proof. For the variance, we have by taking expectation w.r.t. &, = (Su, a@n, b, Sn+1, bn+1)
2 _ 2 744 2 744 2

Ee Vi1 =V, ells = 1V = Vi ell5 = 280 e, [F; Vi, E)1, Vi = Vi 1) + BrEe ILE; (Vi, §n) 5.

By E¢, FY (v, €4) = FY (vy), FY (v4,1) = 0, and strong monotonicity of F},
ENlVie1 = Vol = (1= 28nA i) ElVi = Vit 15 + BREIEY (v, €5

The end of the proof is the same as Lemma 7.9.

For the bias, we will argue as in Lemma 7.9. Taking expectation of the recursion w.r.t. ¢,, gives
Ee,Vn+1=Vn—PnF/ (Vn).
We now unroll the expectation until y; and use linearity of F
ElVne117e] = EVal 7¢] = BuFy €[Val7eD).
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7.4. Proofs

Denoting v, = E[v,|j;] gives
V041 = VoI5 = 1V = Vo 15 = 2BnCFy (W), Vi = Vi, o) + BAIFY (V) II5.

We will now use Lipschitzness and strong monotonicity of ;" and that F} (v«,) = 0 and similar
to Lemma 7.9, we obtain the recursion

- 2 212 - 2
Vi1 =Vl = (1 _Z,Bn/l:;lin + ﬁn}tmax) 1V —Vi,ell5.

By the choice of ny and f,,, similar to Lemma 7.9 the result follows. |

We will now give a proof similar to [Lan21, Theorem 2] [AKLM20] regarding the NPG algorithm
for finding the best response.

Theorem 7.19. Let Assumption 7.1 hold andn > 0. For the evaluation step of Algorithm 7.1.

1< . . _ )
T LV =V ) = CE[E_i DL HS (1) = V) VT
t=1 - ~ls
1 & 2 1 & _
+ ﬁ? ;Enm ~verillo + T ;En[ﬂwm ~Vitlloo

Corollary 7.20. We use the bound from Lemma 7.18 to obtain

A 1 |S||B| 1 [SIBI
o(m —y)z) O ( I-p'™"2 "N —y)4(7t"min)2) +o (m) (7.19)

Proof. By the update rule of j;,1, it follows for any s, y [Tse08, Property 1]

D(y(19), ye+1C18)) = D(YC18), Ye(-18)) = D(Pr+1(19), J (1)) = (nvi41(8,2), YC18) = i1 (19)).
(7.20)

We manipulate the inner product

—NVer1(8°), YIS = Per1C18) = —nvis1(8,2), PC18) = e C18)) —=nvier1(8,2), Ve C18) = Y1 C18))
= —NVx,t(8,°), Y(18) = e (18)) = {Vie41(8,), Y (18) — Yre1 (1))
—Ves1(8,°) =V 1 (8,), Y(18) — Y (18)).  (7.21)

By the performance difference lemma and using the definition of v4 ; = Eg4~x, ka'f’ (-, a,-).

i ] 1 ] i )
VIRV (s9) = Ve (s9) = W[ESNdxkv}_’H—l (Eamxp(19 QY (s, @, ), Fr1(18) = Je (-1 8))
_ i

1

= W[Ehdxk’y’“ (V*,t(S; ), Ve+1C18) = 7 (-18))
_ )
1

= W[Ehdxk’y’“ V108, Y1 C1S) =y Cls)
_ s

209



Chapter 7. Sample complexity of two-player zero sum Markov Games

+ Vi, t(8,) =Ver1(8,2), Y1 (18) — Y (-18))

= EESNd;‘Ok»yt+l WVir1(5), Yer1C18) = ye(-18)) — g”v*,t(& )=V (s,) ||c2,o

- %uymus) =7 CI9NT|, (7.22)
where the last step uses Cauchy-Schwarz and Young’s inequalities.
Plugging in y = j; in (7.20) and using strong convexity of D gives
V4108, Ve C18) = Y1 C18) = D(F: (18), Y41 C18)) + D (P41 (18), Y (-18))
= (| 741 (18) = JeCIS)I,
which implies that (ve1(5,), 7+1(15) = 7:(19)) = 50 1 41 (18) = 72 (1s) 2 0.
Recall that d;g’“'j't“(s) = (1-y) IR,y Predei(s, = s|so), therefore 1 -y < AV (g) = 1.

0
Using the two previous inequalities in (7.22) gives

, . 1
Ver1(8,), Pra1 C18) = Jr (-] 8)) < VeVt (g) — Vi (g) + Z 17¢1C18) = FeCl)IE

2
— ||V -V .
2y Ve Vel

We use the final inequality, (7.21), and strong convexity of D in (7.20) to get

NV, (8,2), YC18) = Y (-18)) + D(F(1S), Ye+1(18)) — VI (s) < D(F(1s), Yo (-19))
2

y n
—_nyrtel: (S) +
n 2(1-v7)

Vot —Vis1 II<2>o + 1V, t(8,) =Vi41(8,), Y(18) =y (-18)).  (7.23)

In view of the definition vy ; = Eqx, (| S)ka’f’f(-, a,-), performance difference lemma gives
(L =) (Vi (s9) — V1 (59)) = E ek V(80 Y 1) = e (19). Plugging in y = y; in (7.23)
50

and taking E S of both sides give
S~

S0

T](l — Y) (ka,J’Z (sg) — kad_’t (s0)) + [ESNdxk,y; D(y; -ls), J_/t+1 (-1s) — T]ka:.)_/Hl (S)]
S0

2

* = V 77
* . . — Xk Yt
S[Es~d;2€.yk D(y; C18), y: (1)) =n V&7 () + 20-7)

FN Vi1 (8,) = Vir1(8,2), Fr (18) — J7t('|8)>]- (7.24)

2
||V*,t_vt+1”oo

We take expectation w.r.t. the randomness in the algorithm, use tower property, the fact that
conditioned on jy, y;c‘ (:18) = y:(:|s) is deterministic, Cauchy-Schwarz inequality, y(-|s) € A for

any j, s. Then, we note that d;f)k’y ¥ does not depend on t and sum the inequality over t. W
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Conclusions and Future Directions

In this dissertation, we designed and analyzed stochastic algorithms for solving structured
nonsmooth problems given in egs. (1.2) and (1.3). Our results enhance the toolkit of contin-
uous optimization via adaptive and practical algorithms with optimal rate and complexity
guarantees, either matching or improving the state-of-the-art.

We summarize the contributions of each chapter with potential future directions.

 In Chapter 2, we studied adaptive gradient methods for solving nonsmooth stochastic
optimization problems with convex and nonconvex objectives. First, we introduced a regret
analysis framework for the more general online convex optimization (OCO) template. This
framework addresses an important theory-practice gap on the choice of exponential moving
average (EMA) parameters, which are of paramount importance on the empirical success
of these methods. Next, we analyze an Adam-type algorithm for solving constrained weakly
convex problems. This problem template generalizes unconstrained smooth minimization,
which is the only setting studied in the previous literature for adaptive methods.

Role of momentum. Even though our developments made it possible to obtain regret guar-
antees with constant EMA (a.k.a. momentum) parameters, our bounds still suggest not
incorporation momentum. This is common in all the analyses that we are aware for Adam-
type algorithms. Recently, some works investigate the role of momentum to idenfity when
momentum improves SGD [Def20, GLZX19, CM20]. On this line of work, we believe that it is
interesting to study adaptivity along with momentum to understand why or when Adam-type
algorithms can improve SGD.

Convergence for nonsmooth nonconvex optimization. Even though our results for noncon-
vex case generalize the existing convergence results, they are still not sufficient to explain
why these methods work in complicated neural network structures with nonsmooth and
nonconvex objective functions. The hardness of this problem template is recently established
along with some positive results for SGD [ZLS]J20, Sha20]. Studying convergence properties
of Adam-type algorithms for these general problems is a natural future direction due to their
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practical use.

« In Chapter 3, we designed algorithms coupling Nesterov’s smoothing with SGD and acceler-
ated proximal coordinate descent to solve linearly constrained problems with optimal rates.
Our results also stochastic optimization problems with stochastic constraints that hold almost
surely.

Stochastic constraints. One natural future direction concerning our developments is to
consider more general classes of stochastic constraints. Some examples are constraints that
hold in expectation or probabilistic constraints with potential use in the popular field of
distributionally robust optimization [RM19].

Theoretical understanding of restart. To enhance the empirical performance of our smooth-
ing based accelerated proximal CD framework, we found out that restarting strategies were
essential. We showed in a followup work that smoothing with deterministic accelerated meth-
ods still have the same worst-case guarantees [TDAFC19]. However, this does not explain the
improved practical performance we observe with restarts. Some recent progress on restarting
in minimization [FQ20] and deterministic primal-dual optimization [Fer21, HL20] can be
good starting points.

« In Chapter 4, we analyzed the stochastic primal-dual hybrid gradient (SPDHG) algorithm
which had empirical success but weak theoretical guarantees. To explain the favorable prac-
tical performance, we proved almost sure convergence of the sequence to a solution, the
optimal O(1/k) rate on the expected primal-dual gap and adaptive linear convergence with
an error bound condition.

Tighter analysis for adaptive linear convergence. Despite these strengthening of the guaran-
tees, our results still do not completely characterize the adaptive linear convergence behavior
of SPDHG in practice. In particular, one of the three main contributions of Chapter 4 was to
show that SPDHG obtains linear rate of convergence under general assumptions that hold
for a large body of problems, with an agnostic step size selection. A natural question is: How
does this rate translate to practice? For this purpose, we perform a controlled experiment on a
simple problem

min L ||x||2 :Ax=0Db,

xeRd 2
ul AT

with d = n =10. Upon writing the KKT conditions for the problem, we obtain F = 0

and metric subregularity constant 7 is the smallest eigenvalue of F in absolute value.

For simplicity, we focus on PDHG, which is a specific case of SPDHG, and plot the predicted
rate and the empirical rate in Figure 8.1.

We observe that the empirical rate of convergence is much faster than the worst case rate
predicted by theory. We point out several explanations for this phenomenon: o Metric subreg-
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Figure 8.1 —left: empirical and theoretical linear rates, right: empirical rates with different p.

ularity is too general to capture structures observed in practice.

o Our step size choice is independent of metric subregularity constant, preventing optimizing
the theoretical rate with respect to these quantities.

In fact, this phenomenon is not specific to our analysis and it seems like a drawback of the
existing approaches utilizing metric subregularity [LFP19, LFP16]. On this front, we observe
that in our example, as p increases, metric subregularity constant ) degrades. However, as
we see in the plot, the practical performance degrades when p is either too big or too small
(see Figure 8.1). This observation suggests that there might exist better regularity measures
beyond metric subregularity that would help us derive better rates. We believe that this is a
promising future direction. A recent work by Fercoq [Fer21] made progress on this question.

« In Chapter 5 we designed the first PDCD algorithm which is efficient with both sparse and
dense data. Moreover, we also proved the best-known convergence guarantees for our new
method PURE-CD, using some of the techniques we developed in Chapter 4. In our numerical
experiments with varying levels of sparsity, PURE-CD showed the fastest convergence among
the the state-of-the-arts, as predicted by our theory.

Strong convexity and better bounds. We believe that there are two interesting future direc-
tions on improving the theoretical understanding of PURE-CD. The most immediate one is
to exploit strong convexity when it exists, to improve the convergence rate. Strongly convex
setting is much more studied in the literature due to its simplicity and we expect PURE-CD to
recover the best-known theoretical results. The second future direction is a more careful study
on the dimension dependence of our bound. In particular, we expect PURE-CD to obtain a
better overall complexity than deterministic methods and PDCD methods without adaptation
to sparsity.

Linear programming solver. As also mentioned before, metric subregularity that we used for
showing linear convergence is connected to Hoffman’s Lemma for linear programming (LP).
There is a recent trend in the literature to design fast first-order algorithms for LPs [AHLL21,
YZH*15]. Our practical experience with PURE-CD was highly positive due to its adaptivity
to metric subregularity and sparsity simultaneously. An interesting future direction is to
particularize PURE-CD for LPs both theoretically and practically by implementing it as an LP
solver.
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« In Chapter 6, we designed variance reduced algorithms for solving convex-concave min-
max problems with finite sum structure. Our algorithms have almost sure convergence
under convexity, and they improve the existing complexity results. Recent work also showed
matching lower bounds to our developments.

Sparsity. The recent work by [CJST20] built on the algorithm in [CJST19] and improved the
complexity for matrix games in Euclidean setup, for sparse data, by using specialized data
structures. We believe that these techniques can also be used in our algorithms.

Stochastic oracles. As we have seen for bilinear and nonbilinear problems, harnessing the
structure is very important for devising suitable stochastic oracles with small Lipschitz con-
stants. On top of our algorithms, an interesting direction is to study important nonbilinear
min-max problems and devise particular Bregman distances and stochastic oracles to obtain
complexity improvements.

« In Chapter 7, we analyzed a policy optimization method for solving two player zero-sum
Markov games. Our sample complexity result improved the best-known complexity of policy
gradient methods in this setting.

Simpler algorithms. To get the tightest estimates, we needed to use an asymmetric algorithm
with inner loops for policy evaluation. We think that an interesting future direction is to design
symmetric algorithms and/or algorithms with less inner loops with the same complexity
estimate. These aspects would enhance the practical impact of the method.
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