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Abstract

Thermonuclear controlled fusion is a promising answer to the current energy and climate
issues, providing a safe carbon-free source of energy which is virtually inexhaustible. In
magnetic confinement thermonuclear fusion based on tokamak reactors, hydrogen fuel in
the state of plasma is confined using a system of external and self-generated magnetic
fields. This thesis contributes to the development of magnetic confinement fusion research
by applying techniques derived from control engineering to designing magnetic controllers
for tokamak plasmas. Specifically, a new design for feedback control of plasma shape
and position in the TCV tokamak is provided, and its efficacy is studied in dedicated
simulations and experiments.

Elongated plasmas lead to improved plasma performance in tokamaks, which is key
to sustaining fusion conditions in reactors. The required magnetic field for shaping the
plasma column however results in an unstable equilibrium that makes feedback control of
the vertical plasma position mandatory. Active stabilization of the axisymmetric plasma
vertical instability is a standard feature of elongated tokamaks and will be a fundamental
feature in the ITER magnetic control system, since a loss of vertical control and the
subsequent plasma disruption can lead to unacceptable heat loads on the plasma facing
components.

The TCV tokamak is the ideal benchmark for investigating the effect of plasma shaping
on tokamak physics and performance, with its system of 16 independently powered poloidal
field coils and a vessel with an elongated cross section. Shape and position control are
coupled problems in TCV as they share the same poloidal field coils as actuators, requiring
a multivariable approach to designing magnetic controllers.

In this thesis, controller design for TCV is based on a model for the coupled plasma-
vessel-coils electromagnetic dynamics: the RZIp model. In this axisymmetric model, the
plasma current distribution is fixed but is free to move radially and vertically in the
poloidal plane of a toroidal reference frame. An extension to this model is suggested,
relaxing the assumption of rigid displacement in the radial direction to include plasma
shape deformation and leading to a semi-rigid RZIp model which better fits numerical
equilibria.

An improvement to the existing algorithm for shape and position control in TCV is
then proposed. In this new approach, tuning of the plasma position controller, in charge of
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vertical stabilization, can be performed independently of the shape controller, which itself
acts on a stable system. Static decoupling is achieved and the shape controller is designed
on the basis of an improved model for the plasma deformation, which includes the plasma
contribution to the static magnetic flux perturbation. Simulations in closed loop with the
RZIp model are provided to evaluate several optimized schemes.

Finally, the vertical controller is optimized including the plasma dynamics as part of
the controller design. Structured H-infinity, extending classical H-infinity to fixed-structure
control systems, is applied to obtain a controller using all available coils for position control,
and in particular a coil combination optimized for vertical stabilization. Closed-loop
performance improvement is demonstrated in dedicated TCV experiments, confirming the
simulation results and paving the way for the routine integration of the optimized position
and shape controller in TCV discharges.

Key words: nuclear fusion, tokamak, plasma, TCV, feedback control, magnetic control,
vertical instability, H-infinity, dynamical systems, equilibrium reconstruction
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Sinossi

La fusione termonucleare controllata è una promettente soluzione per gli attuali pro-
blemi energetici e climatici, fornendo una fonte energetica pulita e virtualmente inesauribile.
Nella fusione termonucleare a confinamento magnetico basata sui reattori tokamak, l’i-
drogeno come combustibile nello stato di plasma è confinato usando un sistema di campi
magnetici esterni ed autogenerati. Questa tesi contribuisce allo sviluppo della ricerca sulla
fusione a confinamento magnetico applicando tecniche derivate dall’ingegneria dell’auto-
mazione per progettare controllori magnetici per i plasmi nei tokamak. Nello specifico,
propone uno schema innovativo per il controllo in feedback della forma e posizione del
plasma nel tokamak TCV, la cui efficacia è studiata in simulazioni ed esperimenti dedicati.

I plasmi elongati permettono di ottenere migliori prestazioni nei tokamak, che saranno
fondamentali per mantenere le condizioni di fusione nei reattori. I campi magnetici richiesti
per modellare la colonna di plasma determinano tuttavia un equilibrio instabile che rende
necessario il controllo in feedback della posizione verticale del plasma. La stabilizzazione
attiva dell’instabilità verticale assialsimmetrica è un tratto comune dei tokamak elongati e
sarà una caratteristica fondamentale del sistema di controllo magnetico di ITER, in quanto
la perdita di controllo verticale e la conseguente disrupzione del plasma può condurre
a carichi termici inaccettabili sui componenti della prima parete. Il tokamak TCV è
la piattaforma ideale per studiare gli effetti della forma del plasma sulla fisica e sulle
performance nei tokamak, con il suo sistema di 16 bobine di campo poloidale alimentate
indipendentemente e il suo vessel con una sezione trasversale elongata. Il controllo della
forma e quello della posizione sono problemi accoppiati in TCV in quanto condividono come
attuatori le stesse bobine di campo poloidale, il che richiede un approccio multivariabile
per la progettazione di controllori magnetici.

In questa tesi, il design dei controller si basa su un modello per la dinamica elettro-
magnetica accoppiata di plasma, vessel e bobine: il modello RZIp. In questo modello
assialsimmetrico, la distribuzione di corrente del plasma è fissa ma è libera di muoversi
radialmente e verticalmente nel piano poloidale di un sistema di riferimento toroidale.
Un’estensione di questo modello è suggerita, rilassando l’ipotesi di spostamento rigido
nella direzione radiale per includere le deformazioni del plasma e risultando in un modello
semi-rigido che meglio si adatta ai dati sperimentali.

Viene quindi proposto un miglioramento dell’attuale algoritmo per il controllo di forma

iii



e posizione in TCV. In questo nuovo approccio, la taratura del controllo di posizione,
responsabile della stabilizzazione verticale, può essere effettuata indipendentemente dal
controllore di forma, il quale agisce su un sistema stabile. Si ottiene così un disaccoppiamento
statico e il controllore di forma è progettato basandosi su un modello migliorato per la
deformazione del plasma, che include il contributo del plasma alla perturbazione statica
del flusso magnetico. Delle simulazioni in anello chiuso con il modello RZIp sono effettuate
per valutare diversi schemi ottimizzati.

Infine, il controllore verticale è ottimizzato includendo la dinamica del plasma come
parte integrante del design del controllore. La sintesi H-infinity strutturata, che estende
la H-infinity classica a sistemi di controllo a struttura fissa, è applicata per ottenere un
controllore che usa tutte le coil disponibili per il controllo verticale, ed in particolare una
combinazione di coil ottimizzata per la stabilizzazione verticale. Il miglioramento delle
performance ad anello chiuso è dimostrato in esperimenti dedicati su TCV, confermando i
risultati delle simulazioni e aprendo la strada per l’integrazione e l’utilizzo operativo del
controllore ottimizzato di posizione e di forma nelle scariche di plasma di TCV.

Parole chiave: fusione nucleare, tokamak, plasma, TCV, controllo in feedback, control-
lo magnetico, instabilità verticale, H-infinity, sistemi dinamici, ricostruzione dell’equilibrio
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1 Introduction

Along its history, humankind developed increasingly complex technology to exploit the
sources of energy available in the environment: burning recently harvested plants, consuming
fossil fuels formed over geological ages and breaking heavy nuclei synthesized in the core
of ancient stars. This journey of progress allowed humanity to release energy which was
stored further and further in the past. Taming nuclear fusion would mean digging in the
very origin of this Universe and projecting our existence ahead in the distant future.

Nuclear fusion refers to the reaction by which two lighter nuclei merge to form a heavier
element. For a set of reactants this determines the release of a large amount of energy
due to the increase of binding energy per nucleon. This reaction is a promising answer
to the current energy and climate issues, providing a safe carbon-free source of energy
whose candidate fuel is as abundant as seawater. Exploiting it in a controlled way requires
however extreme conditions to be sustained, where the matter exists only in the plasma
state. The most explored technological solution for realizing this is the tokamak concept,
which has been developed since the second half of the 20th century. In this machine,
the plasma is confined in a toroidal shape due to its interaction with externally and self
generated magnetic fields. Physical and technical challenges to overcome in order to build a
fusion reactor for energy production have been much harder than expected from the initial,
optimistic predictions, with unexpected roadblocks and lucky discoveries. Since the early
days of fusion research the accumulated expertise of dozens of experimental machines and
a community of thousands of scientists provided a solid foundation to the field of plasma
physics, and tokamak technology has made tremendous progress. We are at a point where
the exploitation of nuclear fusion as a feasible source of energy is moving from a physics
problem, where the fundamental dynamics of fusion plasmas is to be understood, to an
engineering challenge, where several reactor prototypes are currently under construction.

The goal of this chapter is to introduce the tokamak concept and the basis of nuclear
fusion in a historical perspective up to its present status. A strong emphasis is placed upon
the control issues faced in tokamaks, which allows presenting the main topic of this thesis
dealing with magnetic control of tokamak plasmas. The application of techniques derived
from control engineering to tokamak operations is a success story, which allowed reaching
otherwise unattainable performance in fusion plasmas and will provide a paramount
contribution in the design and realization of fusion reactors for energy production.
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Chapter 1. Introduction

1.1 A brief history of fusion research

1.1.1 The foundation of nuclear fusion and plasma physics

The study of nuclear fusion has its origin in basic questions about the source of energy in
stars. By the end of the XIX century, Lord Kelvin estimated the Earth to be less than
a hundred million years old, a time which would have been required to cool to its actual
temperature following classical thermodynamics [1, p. 1]. This amount of time, however,
was contested by geologists and not sufficient even for Charles Darwin to comply with his
evolution theory. The Sun, furthermore, posed another question since neither chemical
reactions nor gravitational contraction were sufficient to provide an energy output for a
time longer than 20 million years in our star.

It was only breaking of the axiom of atom immutability by Antoine Henri Becquerel in
1896 that solved these inconsistencies as radioactivity could explain the Earth’s hidden
source of heat and suggest a much longer age for stars. The mass defect of various isotopes
was indeed measured in the 1920s and explained by a difference in their binding energy in
their nuclei by the famous equivalence of mass and energy stated by Einstein in 1905. This
was a new form of subatomic energy which could be released during the transmutation of
an element into another in a way that chemistry alone could not explain.

The British astronomer Arthur Eddington was among the first to suggest that the
conversion of hydrogen into helium could be taking place in the Sun [2]. Some time later, in
1929, Atkinson and Houthermans invoked Gamow’s quantum theory of barrier penetration
to overcome Coulomb repulsion among nuclei, introducing the concept of nuclear fusion
[3]. The effort of numerous physicists was required throughout the golden age of quantum
mechanics to finally obtain a complete theory of nuclear fusion by the end of 1930s. It
is now commonly accepted that the proton-proton fusion reaction chain provides the
fundamental source of energy in stars and at the same time, due to its low reaction rate, it
is the ultimate factor determining their long life compared to Earth age. Within a star,
as long as nuclear fusion fuel is available, an equilibrium is maintained on astronomical
time scales, compensating the gravitational attraction with radiative expansion. In this
equilibrium, temperatures and densities are such that the constituting matter of stars is
maintained in the so-called plasma state.

A plasma is a system formed of a macroscopic number of charged particles which is
highly conductive and is globally, but not necessarily locally, neutral. Such condition can
be reached in matter when temperature overcomes a threshold for ionization, therefore
collisions among neutral atoms are sufficiently energetic to strip the electrons from the
respective nuclei. This state of matter was first defined by Irving LangmuirI during
experiments on gas discharges in 1928 [4]. In his work he introduced the concepts of plasma
frequency and Debye length, important parameters for describing the collective long range
behavior characterizing plasmas in opposition to neutral gases.

ILangmuir invented metal probes to study the plasma via direct contact, a tool still used nowadays and
known as Langmuir probes.
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1.1. A brief history of fusion research

The description of plasma physics is indeed performed not only through the study
of its single components but also with a collective treatment of its dynamics based on
statistical mechanics. In this framework a great contribution was provided by Russian
physicists in the years before, during and after the Second World War. In particular
Anatoly Vlasov considered an extension of Boltzmann equation for the evolution of plasma
distribution function including the effect of averaged self-consistent electromagnetic fields
in a collisionless plasma [5]. Particle-wave interaction is a fundamental characteristic of
plasmas, which was first formalized by Lev Landau in a pioneering work describing the
collisionless damping of plasma waves due to particles traveling close to its phase velocity
[6]. The study of plasma physics was furthermore of great interest for astrophysics as
over 99% of the matter in the observable universe is in the plasma state. In this context,
Hannes Alfvén, a Swedish astrophysicist, introduced the concept of guiding center for a
particle to study the dynamics of charged particles in Earth’s magnetic field. His most
important contribution concerned the description of plasma as a single conducting fluid,
described in his 1950 book Cosmical Electrodynamics [7]. This approach, which granted
Alfvèn the Nobel price in 1970, is now defined magnetohydrodynamics (or MHD) and is
valid for spatial and temporal time scales larger than the ones defined by Debye length
and the inverse of the Debye frequency. From his study, a paramount result emerges
in which a carefully designed combination of external and self generated magnetic field
counterbalances the tendency of a plasma to expand due to pressure, introducing the
concept of magnetic confinement. The possibility of confining a plasma using magnetic
fields instead of gravity as it happens in stars is fundamental to exploit nuclear fusion as a
source of energy for peaceful purposes as it allows the design of power plant sized reactors.

1.1.2 Towards magnetic confinement fusion

The first large scale human-provoked release of energy from nuclear fusion was the ther-
monuclear bomb tested by the United States in the Enewetak atoll in 1952 and soon
followed by its Soviet counterpart in 1953 developed by a team directed by Igor Kurcha-
tov and Igor Tamm. This is in stark contrast with nuclear fission whose first technical
application was a reactor for controlled energy production: the Chicago pile developed in
1942. Although this was notoriously a step of the Manhattan project for developing the
first atomic bomb, Enrico Fermi demonstrated that nuclear fission could be used to release
a controlled amount of power and set the base for the development of civil nuclear fission
reactors in the decades following the Second World War, starting the so-called Atomic age.

An organized effort was initiated under the shroud of secrecy at the beginning of the
Cold War in the context of the race for technological primacy. On both sides of the Iron
Curtain, one important goal was to be the first in exploiting nuclear fusion as well as
a source of energy. Various project were initiated almost independently in US, UK and
USSR to obtain a scheme generating plasmas with temperature and density much higher
than those obtained during gas discharges to allow sustained and stable nuclear fusion
reactions. Most projects relied on the concept of magnetic confinement: linear pinches,
toroidal pinches and magnetic mirrors were among the schemes explored in that period. All
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Chapter 1. Introduction

Figure 1.1 – Kink instability in a
toroidal pinch of 0.3m major radius
(Fig. 1.8 [1]).

Figure 1.2 – Achieved triple product in various
reactors. Source: EUROfusion.

nuclear-related projects were however classified and little scientific exchange was possible
in the first tense years of the Cold War. No mainstream attention was given to fusion
to the point that in the 1955 “Atoms for peace” conference for peaceful exploitation of
nuclear energy held in Geneva, nuclear fusion was only briefly mentioned in the opening.
The reality was that the hope for a quick success as it happened for fission was facing
unexpected roadblocks. Scientists from both East and West were scared that, on the
other side of the Iron Curtain, research on thermonuclear controlled fusion was proceeding
at a faster pace. Indeed, they were facing the same difficulties. A zoology of plasma
instabilities (Fig. (1.1)) led to a reduction in the quality of confinement and consequent
plasma losses did not allow closing the gap towards controlled nuclear fusion, let alone the
possibility of sustaining those conditions for time scales sufficient for power production.
Research topic were overlapping without beneficial competition due to the lack of open
communication. As an example, Lev Artsimovich began his contribution at the IAU
Symposium on Electromagnetic Phenomena in Cosmical Physics held in Stockholm in 1956
with a derivation of a condition for steady power generation in a thermonuclear reactor,
based on a relationship between density n, temperature T and ion lifetime τi in a plasma
[1, p. 24]. This was essentially the famous criterion derived one year before by John D.
Lawson, which was however kept secret and would have been declassified and published
only one year later in 1957 [8].

From Lawson’s work it is possible to determine the requirements for a plasma composed
of 50 % Deuterium and 50 % Tritium to ignite, meaning that it does not require external
power injection to sustain fusion conditions. This derivation was performed from a power
balance of a generic fusion reactor and results in a condition on density (n), temperature
(T ) and confinement time (τe) of the plasma, where the last is defined as the ratio between
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plasma total energy and power losses. This determines a minimum threshold of

nT τe ≥ 3× 1021 keV s m−3. (1.1)

and it is possible to determine a minimum for D-T reaction of n τe = 1.5 × 1020 m−3s
setting T = 20keV. The beauty of this criterion is that it summarizes the complex and
multiphysics problem of nuclear fusion to a simple figure of merit and is valid for any rector.
Since then and up to present day experimental results in candidate reactors are regularly
compared in Lawson diagrams (Fig. 1.2).

Among the numerous reactions which can be considered for controlled thermonuclear
fusion, the D-T reaction considered by Lawson has received the most attention from
scientists and is still nowadays considered the best candidate for thermonuclear controlled
fusion. In this reaction

D + T→ 4He(3.5MeV) + n(14.1MeV) (1.2)

where D is deuteron and T is triton, respectively nuclei of Deuterium 2H and Tritium 3H.
This reaction is among the most fit for large scale power production, combining a high
energy yield and a cross-section II peaking at a low average temperature compared to other
fusion reactions. Deuterium is furthermore a stable isotope, which is relatively abundant in
sea water, while Tritium is a radioactive isotope with a half life of slightly above 12 years.
Although the first load will be derived from existing fission reactors, in a power plant it is
planned that Tritium will be bred from the reaction of the fusion-produced neutron with
the Lithium intentionally placed in the walls surrounding the plasma.

The confinement time in magnetically confined plasmas remained a serious limitation
towards a working reactor in the first years of fusion research. The charged particles are in
fact subjected to a diffusion process following Coulomb collision that makes the plasma
leave its magnetic cage in an unavoidable way. A collisional approach allowed deriving an
estimate of the plasma confinement time from classical and neoclassical transport theory,
which however resulted way more optimistic than the one observed in experiments. The
origin of this discrepancy was the “anomalous” diffusion deriving from plasma turbulence,
determining a faster mixing of the hot core plasma with the colder edge. The required
dimension of an experimental reactor doomed by the so-called Bohm diffusion was way
beyond technical feasibility. Nuclear fusion research focused on finding new configurations
to overcome this limit.

1.1.3 The tokamak

In the years after the Second World War, in Soviet Union, thermonuclear controlled fusion
research was centralized under the Council on Magnetic Thermonuclear Reactors, headed
by Igor Kurchatov with the double goal of developing nuclear weapons and studying the

IIthe cross-section in nuclear physics is a measure of the reaction probability which is usually given as
an estimate of the effective area which a nucleus offers as a target to the colliding reactant, traditionally
measured in barns (b) where 1b = 10−24cm2
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Figure 1.3 – The tokamak main compo-
nents, including plasma and externally and
self-generated magnetic fields.
Source: EUROfusion.

Figure 1.4 – The Moscow Torus 5 or
T-1, the first machine to be named toka-
mak (Fig 5.3 [1])

feasibility of fusion for power generation. Among the various configurations for magnetic
confinement that were explored, an evolution of toroidal pinch design was developed by
Igor Tamm and Andrej Sakharov where an ohmically induced plasma current and strong
stabilizing external magnetic fields confined the plasma [9]. In 1959, the Moscow torus 5
(Fig 1.4), which was later named T-1, was the first to be officially defined tokamak which
is an acronym for toroidalnaya kamera for toroidal chamber and magnitnymi katushkami
for magnetic coils.

In a tokamak (Fig 1.3), a proper confinement of the plasma is obtained exploiting the
Lorenz force to which a charged particle is subjected while moving in a magnetic field.
This force is expressed as as F = q(E + v ×B), where q is the electric charge, v is the
velocity and E and B are electric and magnetic field respectively. As a consequence of the
Lorentz force, charged particles tend to move in helical trajectories along a magnetic field
line. Confinement is achieved when the magnetic field lines are closed, such that particles
remain in a finite volume. In a tokamak, an axisymmetric magnetic field is obtained with a
combination of external and plasma currents. A toroidal field Bt is generated with currents
flowing in a set of coils disposed on the poloidal plane. While it is possible to determine a
set of closed magnetic field lines using a toroidal field only, the particle drift determined by
field inhomogeneity would lead to charge separation in the plasma and loss of the plasma
due to the consequent electric fields. It is therefore necessary to add a poloidal field Bp
generated in a tokamak by a toroidal plasma current. The plasma particles stream along
the resulting helical magnetic field with a periodic movement in regions of opposing drifts,
allowing a proper confinement and stabilizing the configuration. The plasma current is
induced using the plasma as the secondary circuit in a transformer through a current ramp
in the central solenoid. Since the primary current cannot rise indefinitely, a tokamak is an
inherently pulsed device which can be a drawback for a power plant. Over time, additional
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sources of non-inductive currents were discovered, as the self-generated bootstrap current
[10], or developed with external sources, such as heating and current drive schemes. A
further set of poloidal field coils is used to modify the poloidal magnetic field in a tokamak
to counterbalance the tendency of the plasma to expand radially and shape the plasma
cross section. An important parameter for plasma equilibrium is the safety factor

q = ∂φ

∂ψ
(1.3)

where φ is the toroidal magnetic field flux and ψ is the poloidal magnetic field flux. The
safety factor can be interpreted as the number of toroidal turns a field line must complete
to cover a poloidal turn, indicating the degree of helicity of the field lines, and is paramount
in the evaluation of MHD stability.

Early experiments confirmed the validity of Kruskal-Shafranov stability conditions
for the safety factor and a successful series of tokamaks was built in Soviet laboratories.
However, when Lev Artsimovich reported the staggering results of T-3 at an international
conference in 1968 at Novosibirsk, the first reports were met with remarkable suspicion, as
they looked too optimistic compared to former results in magnetic confinement machines.
These doubts were dissipated when the figure of electron temperature above 1000 eV
was confirmed by an independent team from Culham using a new laser-based Thomson
scattering technology for plasma diagnostics [11]. Although many devices were reported
in Novosibirsk to defy the limits imposed by Bohm’s law with improved confinement, the
tokamak had the potential to be scaled up to larger performance by increase in size and
magnetic field in order to reach fusion conditions.

The tokamak fever spread in the US right before the oil crisis began in 1973, which
indirectly contributed to an increased funding for exploring this promising way to an
alternative energy source. The Model-C stellerator, whose original design was proposed
already in 1951 by Lyman Spitzer, was rapidly converted to a tokamak and soon confirmed
the results of T-3. Following a successful series of lectures of Artsimovich at MIT [1,
p. 120], the construction of the first tokamak of ALCATOR series began. In San Diego, the
General Atomics laboratory started studying extremely shaped plasmas at high elongation,
a design that would evolve in the doublet concept where two plasma columns lie separately
above each other. The same happened in Europe and Japan where a set of laboratories
committed to major investments in this new technology. In France TFR reached a record
400 kA of plasma current. In Italy high toroidal field configurations were explored with FT
near Rome. The British paused stellerator research to design their first tokamak DITE in
Culham and the same happened in Garching in Germany. In Japan the JAERI site started
operating JFT-2, and in the same site it will eventually build JT-60. In Soviet Union the
T series was extended with enhanced current in T-4 and introducing coils for time-varying
vertical magnetic field, confirming plasma equilibrium theoretical results and standardizing
the use of magnetic feedback control in tokamaks [12]. By the end of 1970s there were
over 70 tokamaks active world-wide and commercial fusion seemed closer than ever.

As the progress to the higher temperatures and density necessary for fusion proceeded,
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new solutions were required to heat the plasma. Ohmic heating was not sufficient anymore
since resistivity decreased with temperature in plasmas as η ∼ T

3/2
e , a result derived

by Lyman Spitzer already at the beginning of the 1950s [13]. Radiofrequency heating,
explored already in stellarators, allowed transmitting the energy of an electromagnetic
wave generated outside the tokamak and resonating with the plasma. This heating scheme,
which includes the possibility of generating extra plasma current drive, is still widely
applied having the possibility to control precisely the energy deposition location. Another
solution is neutral beam heating where a beam of ions is accelerated, neutralized and
subsequently injected into the plasma. The neutral particles, not deflected by the magnetic
field, are able to penetrate in depth before ionizing and converting their kinetic energy in
plasma energy through a series of collisions. The so-called NBI is still the workhorse of
tokamak heating systems and has the further capability of injecting momentum regulating
plasma rotation.

Plasma physics research proceeded steadily with new steps towards fusion condition
at each new generation of tokamaks. Anomalous diffusion was however always the main
obstacle to the realization of a reactor for energy production. Despite the improved heating
systems, confinement time was observed to scale with the inverse of heating power, an
observation confirmed with experiments on multiple machines which would have required
extremely large and uneconomical reactors. A turning point was the discovery in 1982 of
a new state of the plasma in the ASDEX tokamak plasmas: the so called H-mode [14],
characterized by a confinement time higher by a factor two compared to the standard
L-mode. The enhanced confinement is caused by turbulence suppression in the edge of the
plasma thanks to poloidal plasma sheared flows, which can be sustained with a sufficient
power input. The L-H transition could be reproduced in tokamaks around the world able to
shape the plasma into a diverted cross section including a magnetic null on the last closed
flux surface. In this period an always increasing comprehension of the plasma stability
limits was developed, especially in terms of magnetohydrodynamic hard and soft limits,
such for example the Beta limit described by Troyon [15], combining theoretical, numerical
and experimental efforts.

This enhanced understanding allowed the design of optimized tokamaks, with growing
focus on shaping and plasma-wall interaction (DIII-D, ASDEX Upgrade, JT-60, Alcator
C-Mod) that were realized in the second half of the 1980s. The way to overcome the
confinement limitation following the validated multi-machine scaling laws was open: ma-
chines were upgraded increasing in size, with ever more powerful heating systems and
magnets [16]. By the early 1990s, the astronomical temperatures required for fusion were
achieved routinely on several experiments and the progresses mapped on Lawson diagrams
(Fig 1.2) resembled those predicted by Moore’s law for electronics. The triple product
nTτE increased by orders of magnitude from the results obtained in the first magnetic
confinement devices presented in the meeting on Peaceful Uses of Atomic Energy held
Geneva in 1958.

In 1991, JET, still at present the flagship European tokamak, carried out experiments
with a mixture of D and a reduced amount of T for two pulses, each producing a peak

8 Federico Pesamosca
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fusion power of 1.7 MW and demonstrating safe operation of tritium handling systems [17].
In 1993, TFTR began a three year campaign using 50% T 50% D plasmas, the fusion fuel
mixture envisioned for the first fusion power plants, releasing a peak of over 10 MW of
fusion power [18]. A new field of research was estabilished, focusing on the study of alpha
particle collective effects and the dynamics of fast ions which will be generated in fusion
plasmas. The current fusion record is still held by the last D-T JET campaign of 1997,
when in a set of ≈ 100 shots a peak of 16 MW was released [19]. However, in all these
experiments, the fusion gain Q defined as

Q = fusion power
heating input power (1.4)

was always lower than unity. In the case of ignition, where no power is required to maintain
the reaction and the heat leaving the plasma is compensated by the one generated by
fusion, Q → ∞ would be achieved. In a commercial fusion power plant, the necessary
condition is reaching Q > 1, which means that the reactor behaves as an energy amplifier.
This is the goal of future prototype fusion power plants.

1.1.4 Future fusion reactors

In 1985, at the meeting of American and Soviet leaders Reagan and Gorbachov in Geneve,
a collaboration between the two superpowers for studying the feasibility of a thermonuclear
fusion reactor was initiated [20]. This led to the ITER agreement reached in 1987 at
Reykjavik among different nations, which determined the start of the study for an interna-
tional fusion facility. The choice of the name has a dual significance, being both latin for
“the way” and an acronym for International Thermonuclear Experimental Reactor. The
path to ITER was not straightforward. The end of the Cold War and the dissolution of
Soviet Union determined new equilibria in a multipolar world and the collaboration for
the realization of the ITER project was deeply affected. At present, the members to this
international effort include China, the European Union, India, Japan, Korea, Russia and
the United States. Following the Engineering Design Activity developed from 1992 to 2001,
the site where the reactor would be built was set only in 2005. In 2013 the construction
began in Cadarache (France) and at present it is still ongoing, with the first plasma to
be realized in 2025. The main goal of ITER is determining the viability of nuclear fusion
as a source of energy [21]. Apart from plasma Ohmic heating, the external power input
used for reaching sustained fusion conditions will be guaranteed by radiofrequency heating
of 40 MW and a NBI system able to provide 33 MW [22]. This will allow producing up
to 500 MW of fusion power out of 50 MW of absorbed power from a D-T plasma. Two
main scenarios are predicted for ITER, one in pulsed operation reaching Q = 10 and one
in steady state operation for Q = 5. In the first scenario, a plasma current of up to 15 MA
will be generated mainly by flux swing of the central solenoid with a pulse duration up to
400 s. In the second scenario, steady state is maintained with a combination of different
sources of non-inductive current, sustaining a plasma current of 9 MA up to 3000 s. The
plasma facing components will have to withstand a large heat load, and ITER features a Be
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Figure 1.5 – Cross section of the
SPARC tokamak, highlighting the cen-
tral solenoid (CS), the poloidal field
coils (PF), the divertor shaping coils
(Div) and the error field correction coils
(EFCCu). Note in particular the verti-
cal stability coils (VS) internal to the
vacuum vessel (Fig. 2 [24] ).

Figure 1.6 – Cross section of the
ITER tokamak, highlighting the central
solenoid (CS) and the poloidal field coils
(PF). The vertical stability coil is not
represented. The location of gaps to be
controlled are reproduced with g in the
original design. (Fig. 1.2.1-5 [25])

first wall along with a modular divertor in W. Despite not being designed to produce net
electricity, ITER will have a leading role for studies on superconducting magnets, plasma
facing components and tritium breeding and handling. Superconducting Nb3 Sn magnets
maintained in cryogenic conditions will generate a toroidal magnetic field that can reach
5.3 T within a vacuum chamber of 837 m3 and the plasma is envisioned to have a major
radius of 6.2 m and a minor radius of 2 m (Fig. 1.6). The experience developed during
ITER operation will pave the way for DEMO [23], the first plant which has been designed
as a prototype for a commercial reactor to produce electricity from fusion. At present,
main parameters of DEMO are still being discussed and its operation is predicted after
2050.

The high field path to fusion is another promising field which had a resurgence in
recent years. Tokamak performance in terms of confinement improves with increasing
toroidal magnetic field, since this reduces the gyro-radius of ions which corresponds to a
minimization of turbulent transport step size [26]. Furthermore hard limits for plasma
pressure, density and current all increase with larger magnetic field. The recent development
of high temperature superconductors allows building a much smaller device, similar in
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scale to current medium size tokamaks but aiming to the same Q factor of ITER. This is
exactly the objective of the SPARC device under development [24]. The main goals of the
SPARC tokamak are to create and confine a plasma that produces net fusion power with
a minimum fusion gain of Q > 2 up to Q ≈ 11 in the best case scenario and to test the
rare-earth barium copper oxide (ReBCO) high-temperature superconductor magnets in a
reactor environment. The magnets, currently being tested, will allow a toroidal magnetic
field reaching 12.2 T and the central solenoid and poloidal field coil set will be capable
of producing magnetic flux to initiate and drive the plasma current up to 8.7 MA with a
plasma flattop time of 10 s. The large toroidal field allows a more compact plasma cross
section compared to ITER which in the present design features a major radius of 1.85 m
and a minor radius of 0.57 m (Fig. 1.5). The only auxiliary heating system will be the
largest ICRF ever deployed in a fusion experiment and must therefore operate reliably and
robustly providing a maximum of 25 MW to the plasma which will generate up to 140
MW of fusion power. The large power density of the core plasma will determine one of
the main challenges for the plasma facing components. Both C and W are currently being
considered for this purpose. The beginning of tokamak assembly is expected in 2021 and
will take four years to complete, moving to D-T operation as soon as 2025. A large focus
is put on collaboration with private companies, with MIT spin-off Commonwealth Fusion
Systems collaborating with numerous ventures.

The SPARC device, along with intensive studies for the effect of large neutron flux on
materials, will be the main step towards ARC, the Affordable Robust Compact reactor
[27]. Its design originated from a graduate course project at MIT and is under constant
development. The ambitious objective of ARC is exploiting the capability of the same
HTS technology operated in SPARC to obtain a fusion power comparable to ITER while
ensuring a smaller size.

Moving from basic questions on energy generation, nuclear fusion research is now at a
turning point where the new objective is realizing a fusion power plant competitive with
existing energy sources. There exist several challenging operational problems to be solved
or optimized for high performance operations in a tokamak. Many of these fundamental
issues can be treated with the tools provided by automatic control which will be discussed
in the next section.

1.2 Automatic control in tokamaks

Control theory and engineering deals with influencing the behavior of a dynamical system
with the objective of controlling its evolution to a desired specification. The concept
of control allows defining a physical system in terms of inputs, outputs and its internal
dynamics, using mathematical modeling and in particular the concept of Laplace transform
for linear systems. The main goal of controller design is to reach a pre-defined level of
performance, using a set of theoretical tools applied on a model of the real dynamics and
implementing the real controller on the system with available technology. The solution
results either in an open loop configuration, where the output of the system is not observed

11



Chapter 1. Introduction

by the controller, or in a closed loop configuration, where the measured result of the control
action on the system dynamics is reprocessed by the controller itself for adjusting the plant
input, ideally in real time. In this section, following a short historical introductions, the
main control issues in tokamaks will be discussed along with the state of the art.

1.2.1 The development of control engineering

Control is often referred to as a hidden technology for its essential role in many systems
while remaining mainly out of sight. This discipline had a steep development in the last
two centuries that has evolved in the field of control systems design, whose applications
are nowadays pervasive in the modern world, from cell phones to jumbo jets, and, as it
will be discussed, in tokamaks.

The origins of automatic control can be traced back to antiquity, with early examples of
float valve regulator for the control of water clocks and the liquid level in vessels developed
during the Hellenic period. The first technical applications were developed in the 17th
century, mainly for rotation regulation in mills or temperature control, such for example
the incubator of Cornelis Drebbel [28].

The first mechanism with the characteristic of a feedback controller in a modern
interpretation was the steam engine (or fly-ball) governor, which contributed to the
Industrial Revolution in a way that it is hard to overstate. The steam engine governor was
used to maintain a constant speed of a rotating engine regulating the steam flow in input in
order to guarantee continuous water draining from underground coal mines. This invention,
developed by James Watt in 1788, was however prone to instability with the engine speed
occasionally growing in an uncontrolled way. Watt was a practical man and did not
engage in the theoretical analysis of his invention, a study which was undertaken in a 1868
paper entitled “On Governors” by James Clerk Maxwell [29]. In this work, a model of
various mechanisms of the fly-ball governor was provided in terms of linearized differential
equations. The issue of unstable behavior observed in the controlled steam engines could
then be treated theoretically since the stability was determined by the location of the
zeroes of a characteristic equation of the model. The problem of determining a general
condition for stability of a dynamical system described by linear differential equations
was successively developed in 1877 by Edward J. Routh [30], which provided what is now
know as the Routh-Hurwitz criterion, a topic still studied by control engineering students
nowadays.

Theoretical studies, such as the one developed by the Russian mathematician Alexander
M. Lyapunov for stability of nonlinear differential equations [31], were thriving at the
end of the XIX century together with technical applications of feedback control. These
included temperature, pressure and flow control in various industrial processes, but also
steam hydraulics for controlling increasingly larger ships and engines. The development
of electricity was opening a new range of applications for controlling voltage, current and
frequency of electrical motors and electrical signals used in telecommunication.

The use of amplifiers allowed avoiding using larger wires for long distance communication,
but the high number of repeaters meant that even small nonidealities in the single amplifier
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led to large distortion in the received signal. Harold Black solved such issue in 1927
introducing for the first time a negative feedback electronic circuit able to remove the
disturbance originated in the non ideal amplifiers. Black was assisted in his work by Harry
Nyquist, who had to develop a new technique to analyze the stability of the system, since
it was observed that high gain in the controller could determine an unstable loop in an
unpredicted way. This issue could not be treated with the Routh-Hurwitz criterion due to
the high dimensionality of the problem and Nyquist used a graphical representation of the
frequency response of dynamical systems based on complex analysis. The work started
at Bell Telephone Laboratories was eventually formalized by Hendrik Bode in 1945 and
resulted in what is now called Classical control that relies on frequency-domain analysis of
the system allowing the combination of experimental and calculated data [32].

Following extensive development of feedback system during the Second World War,
especially for the aiming mechanisms of heavy anti-aircraft guns developed at the Radiation
Laboratory at MIT, civil application of control engineering became an industrial standard.
In the last years of the war Ziegler and Nichols developed their famous rule to determine
the ideal gains for PID controllers [33], but the study of an optimal solution to control
problems was just at the beginning and was a main topic of research in the 1950s. Attention
was focused again on ODE (ordinary differential equations) systems as ideal models for
controller design and the main theoretical question was the definition of the best controller
for a given plant. Launching, maneuvering, guidance and tracking of missiles and space
vehicles - the famous “rocket science” - was at that point the driving force behind automatic
control research. The so-called state space approach was the base of the study developed
by Kalman and Bucy for attacking the filtering problem [34]. In their work they were
able to show the duality that existed between multivariable feedback control and state
estimation, with applications which are still used nowadays, for example in navigation
and aircraft control, and were fundamental for bringing the man to the Moon during the
Apollo missions. The resulting LQG regulator combined the linear quadratic estimator
for the system states with the optimal linear quadratic regulator. The complexity of this
algorithm relies on digital computers for its technical applications, as most optimal control
techniques do [35]. The inclusion of computers as standard tools in the field of automatic
control is what characterizes the field of Modern control.

Following the great success of LQG controllers in the early 1970s, it became progressively
clearer that their application was sensitive to variations in plant parameters and unmodeled
high frequency dynamics. This is now defined as robustness problems. In classical
compensator design robustness is guaranteed by providing sufficient gain and phase margins,
but in multivariable problems this may not be sufficient. Advanced techniques, such as
H∞ developed by Doyle from 1975, provide the way to obtain the desired performance and
stabilize a family of plants with a set of parameters distributed over an anticipated range
[36].

This approach is part of the extension of SISO (single-input-single-output) frequency
domain design into MIMO (multi-input-multi-output) systems which is based on the
concept of singular values indicating the magnitude of the maximum possible output of a
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matrix. Several concepts of modern control and MIMO control will be applied throughout
this thesis with particular emphasis on H∞ control in Chapter 5.

1.2.2 Control issues in tokamaks

From the control point of view, tokamaks are high-order distributed parameters nonlinear
systems, characterized by a large number of instabilities, some of them leading to a
catastrophic termination of the plasma (disruption) which in large devices can lead to
long term damage to the reactor itself. The objective of control in tokamaks is therefore
maintaining the plasma at a desired operational point and away from its instability
boundaries for its entire duration. For this purpose, various diagnostics measure in real
time the response of the plasma and regulate the output of a set of actuators to steer or
maintain the plasma in the desired state during the discharge.

Historically, tokamak control was a tool developed from a combination of theoretical
comprehension of the physical system and empirical tuning of the controllers. This was
in line with the objective of the first experiments aiming to improve the knowledge of
basic physics issues in tokamaks. In the first devices, feedforward control was operated,
estimating the equilibrium field and pre-programming the evolution of currents mainly
based on trial and error [37]. As the discharge duration increased, feedback control was
included at first for counteracting the plasma tendency to move from its equilibrium
position and initial attempts were made to shape it to a non-circular cross section [12]. The
possibility to correct plasma instabilities in closed loop further improved the capability of
reaching fusion conditions. In a power plant, the developed technology should be optimized
to reach a desired level of performance, guaranteeing robust and reliable operation with an
ever increasing required level of precision.

Especially in recent years, most of the modern control techniques introduced in Sec.
1.2.1 have been applied successfully to control tokamak plasmas. Until recently, however,
tokamak control problems have been mostly addressed separately in dedicated experiments.
The trend in this field, especially in view of a fusion reactor, is to be able to satisfy all
physical and operational constraints during a unique controlled plasma discharge. The
main challenge consists in the fact that actuators and sensors are often shared among
different control schemes, and any redundancy in the actuators in a fusion reactor would
be anti-economical for the cost of energy production. The solution emerging in recent years
was that of supervisory control, where different control problems receive automatically
a different priority depending on the phase of the discharge. This allows the optimal
assignment of available actuators to different tasks allowing safe operation and maintaining
high performance plasmas.

In the remainder of this section, a selected subset of control issues in tokamaks are
introduced, highlighting their effects on plasma dynamics and describing the corresponding
control scheme which has been developed.
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1.2.3 Control of bulk plasma quantities

The most fundamental scalar quantities which are required to be controlled for a plasma
in a tokamak are its position, the total plasma current and the average density. Typical
controllers in this case are standard PID controllers.

The plasma positon is among the most simple quantities to estimate and control in
order to avoid undesired contact of the plasma with the tokamak walls. The main actuators
are linear combinations of poloidal field coils, able to generate a Lorentz force on the
plasma column in the vertical and radial direction. The plasma position is estimated from
a set of magnetic measurements that typically include Mirnov coils, flux loops and currents
in the conducting structures outside the tokamak sensitive to the plasma displacement.

Radial position control is required to avoid the tendency of a toroidal plasma to expand
in the radial direction. Although a preprogrammed magnetic field is included during the
discharges, feedback control of the radial position allows rejecting unpredicted disturbances
during the discharge.

Another requirement of position control involves the stabilization of the plasma vertical
instability [38]. In synthesis, most tokamaks operate with an elongated cross section for the
plasma column which results in improved transport and stability, but makes the plasma
unstable in the vertical direction. This makes feedback not only beneficial but mandatory
for stable operations since unstable systems cannot be operated in feedforward.

The plasma density should be controlled to a desired reference regardless of the different
transport regimes which can occur. Furthermore, reaching the Greenwald density limit [39]
would cause a hard termination of the plasma and should be avoided. For this purpose,
an interferometer can be used to estimate the measured average density and regulate the
opening of gas valves or the rate of injection of frozen fuel pellets.

The current ramp in the central solenoid creates a loop voltage necessary to induce
a current in the plasma. This is however a secondary circuit whose resistance and shape
can vary during the discharge. In order to maintain the current to a desired reference,
the slope in the ramp of the central solenoid can be modified according to the plasma
current error. An estimate of the plasma current can be obtained measuring the magnetic
field around the plasma column, either employing a Rogowski coil or combining different
poloidal magnetic field probes.

1.2.4 Shape control

In a tokamak plasma the last closed flux surface (LCFS) is the outermost closed magnetic
surface that is entirely contained in the vacuum vessel. Charged particles moving out of
the LCFS due to unavoidable transport stream along magnetic field lines which end on the
walls and are lost on a fast time scale compared to confinement time.

Shaping the plasma column to an elongated cross section leads to improved perfor-
mance in tokamaks despite the vertical instability and is highly desirable. Furthermore,
advanced configurations (such as diverted, double nulls and snowflake plasmas) have several
advantages compared to limited ones, among which an easier access to H-mode and a
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lower degree of core plasma impurity contamination. Volume (and thus cost) optimization
in a reactor for power production requires an extreme proximity of the LCFS with the
vacuum vessel and their intersection is usually limited in designed divertor chambers while
spurious contact should be carefully avoided. Finally, the coupling of the core plasma
with resonance heating is determined by resonance locations, which in turn depend on the
plasma shape and position.

The possibility to control the plasma shape is therefore highly desirable in a tokamak,
resulting in reproducible discharges and rejecting unavoidable disturbances. The objective of
shape control in tokamaks [40] is controlling the location of the LCFS to a desired reference,
while internal profiles evolution is usually treated as a disturbance. In principle, the poloidal
projection of the LCFS is a continuous curve which can only be fully characterized by an
infinite set of parameters. Due to the intrinsic discreteness of finite MIMO controllers, the
solution is to discretize the controlled variables as well. The number and type of these
parameters characterizes the shape and is usually pre-programmed.

A first approach consists of defining shape momenta characterizing the LCFS. Elonga-
tion, triangularity and squareness define the deviation from a circular cross section and
can be defined analytically only for limited plasmas. For more advanced configurations,
other parameters are included for characterizing the shape such as the X-point(s) and the
strike points locations on the walls. When the plasma location has to be controlled with
high accuracy, two main schemes are used. The first one (gap control) aims to control the
distance between the plasma and the wall in a finite set of locations around the LCFS. The
second one (isoflux control) aims to equalize the flux measured on a finite set of points
around the LCFS, possibly including the strike points, and the magnetic field and its
gradient at the X point.

The plasma shape cannot be directly measured but can be reconstructed with different
approaches which should be suited for real time implementation. The most advanced ones
in tokamaks are magnetic equilibrium reconstruction codes [41] [42], whose algorithm is
discussed in Appendix A.1.2, and optical boundary equilibrium reconstruction [43]. At
present, only magnetic reconstruction is regularly used for shape control in tokamaks.
The main actuators for shape control are the poloidal field coils surrounding the plasma.
Modifying their currents leads to a different Grad-Shafranov equilibrium with the consequent
plasma deformation. This problem is tightly coupled with the position control and requires
a MIMO approach to be solved, in the context of the general field of magnetic control.

Plasma shape control is one of the main topics of this thesis and will be treated in
detail for the TCV case in the following Chapters 2 and 4.

1.2.5 MHD instability control

A toroidally confined plasma is subject to a set of magnetohydrodynamic instabilities [44],
whose stability threshold determines a set of soft and hard limits for the plasma discharge.
Many high performance scenarios operate close to these limits, and various solutions are
developed for limiting or controlling the unstable evolution of non-axisymmetric modes in
order to prevent the loss of plasma confinement.
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• The resistive wall mode (RWM) is an external kink instability which deforms the
plasma in a helical fashion when the plasma pressure overcomes a critical value. The
corresponding magnetic field moves with the plasma and induces a set of eddy currents
in the surrounding conductive elements, slowing down the instability characteristic
time to the point where feedback control is possible. Two main solutions were
developed for stabilizing the RWM in tokamaks. The first uses magnetic control to
oppose the perturbed magnetic field moving with the plasma through a set of non-
axisymmetric coils disposed around the tokamak [45]. This is made possible by the
presence of two low-n dominating toroidal modes, leading to simple control-oriented
models of the instability. The second method involves regulating the plasma rotation,
for example through NBI, since when the toroidal rotation of bulk plasma remains
above a critical frequency, the RWM instability is completely stabilized [46].

• The H-mode of toroidally confined plasmas provides improved confinement but is not
a stationary equilibrium, being subjected to cyclical Edge Localized Modes (ELM)
[47]. A combination of MHD instabilities takes place in the edge of the plasma,
causing the pressure gradient in the pedestal to regularly collapse. The ELM crash
happens on a sub-ms time scale, but does not determine in general the termination
of the plasma discharge. The ELM repeats itself at a variable frequency (10-103

Hz) depending on the time required for a new buildup of the pressure gradient from
energy flux injected in the plasma. At the ELM crash, confinement is temporarily
degraded and a significant fraction of the plasma energy flows out of the LCFS. The
resulting heat and particle flux on the surrounding plasma facing components can be
unsustainable in a fusion reactor. Several scenarios have been developed in which the
H-mode confinement is maintained in absence of ELMs, opening the way to Super-H
mode [48]. Other solutions involve the regulation of ELMs frequency, for example
with three-dimensional magnetic perturbations [49] or pellet injection [50].

• The regions most subjected to MHD instability within a plasma lie on rational surfaces
where the safety factor reaches rational values. When resistivity is included in MHD
equations for this region, it emerges that magnetic field can diffuse, tearing the
magnetic geometry apart. The further addition of neoclassical effects, in particular
the presence of bootstrap current, results in the neoclassical tearing mode (NTM)
[10]. The deformation of magnetic geometry causes the otherwise nested magnetic
surfaces to overlap and reconnect resulting in the development of magnetic island. The
consequent increased radial particle transport has a detrimental effect for confinement
which should be avoided and, under some conditions, the island can grow to the
point that the plasma terminates with a disruption. It is therefore necessary to
either develop an operational regime with no island or attempt to control them. This
can be performed in most present tokamak using localized ECCD as an actuator to
determine a reduction of the island size up to a complete suppression [51]. The main
reason of its efficacy is the ability of ECCD to compensate the missing bootstrap
current which is one of the main mechanisms driving the NTM unstable.
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• The Sawtooth instability [52] is characteristic of tokamaks and appears when q < 1
in the central regions of the plasma, as q tends to grow from the plasma axis to the
boundary. The name derives from the appearance of the measured signal (typically
X-ray emission) used to detect it, showing a sawtooth-like time evolution with a long
buildup and a fast crash when the m = 1, n = 1 kink instability grows on MHD time
scales. While not causing a plasma termination, this instability can trigger NTMs
which are undesired in fusion reactors. Consequently, several solutions have been
developed to control them, either using NBI [53] or ICRH [54] to influence the ion
population varying the stability threshold, or varying EC deposition location [55],
angle [56] or power [57] to influence the sawtooth period.

1.2.6 Plasma profile control

The study of plasma advanced scenarios with significantly improved confinement requires
a precise tailoring of the plasma internal profiles. This allows for example maintaining
to a desired value the bootstrap current, where the non inductive current is regulated
modifying plasma pressure profile. Another advantage is the development of internal
transport barriers, where the shearing of q profile determines a region of steep temperature
and density gradients within the plasma. Maintaining this condition requires treating
distributed parameters models modeled with PDEs and run them in real time, since
controlling the q-profile or the current profile is equivalent from the point of view of plasma
physics and requires considering the effects of current diffusion and energy deposition
location [57]. Furthermore, the current profile cannot be directly measured and should
be reconstructed in real time. The main actuators are in this case the auxiliary heating
and current drive systems. Profile control is usually defined in the three main phases of
the plasma discharge with a combination of feedforward and feedback. During plasma
ramp-up, the profiles evolve towards a stationary state and their trajectory is dynamically
defined. Once flat-top is reached, the obtained profiles should be maintained in time
avoiding disturbances. Finally, at the termination of the plasma discharge, measures are
taken to avoid violating the various hard limits that would lead to a plasma disruption.

1.2.7 Detachment and heat load control

High performance in future tokamaks for energy production requires to take particular
care of the heat load on plasma facing components. Safe operations will be guaranteed
maintaining the so-called detached regime in the plasma edge, in order to maintain the
detached state where a large fraction of the energy flowing from the core plasma is radiated
before reaching the target. In this scenario feedback control is mandatory in order to provide
reliable and robust divertor and target conditions regardless of external disturbances and
reducing the detrimental effects on core plasma. Two main strategies are being developed
for control of the heat load on plasma facing components, the first one requiring control of
fueling and seeding rate and the second one based on magnetic control.

In the first scheme, the goal is the control of the radiation front in the divertor. In this
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case, typical actuators currently available in most tokamaks mainly consist of deuterium
and nitrogen gas puffing. At present, the most common scheme is based on SISO (single-
input-single-output) controllers, which attempt to control the radiation front basing on
a set of proxies for the detachment, such for example electron temperature or saturation
current at the target [58], [59], or the reconstructed location of the radiation front [60].

The second scheme for controlling the walls heat load relies on the mature field of
magnetic control but is not yet routinely used in existing tokamak operations, mainly
since power fluxes in present research machines are tolerable also in static conditions.
Fundamentally, this approach requires to modify and control in real time the flux expansion
[61], [62] and/or the strike points on the target and the angle of the divertor leg [63]. In
this way, the wetted area on plasma facing components can be varied, reducing the power
per surface area, or the strike point on the wall can be dynamically modified allowing
larger heat fluxes than in static conditions. The main advantage of this method when
compared to fueling/seeding control is the higher bandwidth at which it can operate, since
the latency due to gas valves is much larger than the characteristic time required to modify
the magnetic geometry in the divertor region.

1.3 Motivation for this thesis

Elongated plasmas lead to improved performance in tokamaks, both in terms of magneto-
hydrodynamic stability [64] and reduced transport [65], which will contribute in sustaining
fusion conditions in reactors. The required magnetic field for shaping the plasma column
however results in an unstable equilibrium that makes feedback control of the unstable ver-
tical plasma position mandatory. Active stabilization of the axisymmetric plasma vertical
instability is a standard feature of elongated tokamaks and will be a fundamental feature
in the ITER magnetic control system [66] due to the fact that a loss of vertical control
and the subsequent plasma disruption can lead to both high heat loads and unacceptable
forces, stresses, and torques on in-vessel components. A discussion on the state of the
art of vertical control in tokamaks is presented in Sec. 5.1. Modern tokamaks operate
regularly with elongated plasmas and have so far provided key inputs for the design of
ITER axisymmeric and shape control.

Model-based decoupling control of plasma shape and position is the standard in modern
tokamaks [67] and for ITER control system design [68]. In ITER shape control [69],
diverted plasmas will be realized with the control of the six gaps between the separatrix
and the plasma facing component (see Fig. 1.6). Gap (called segment) control along with
the X-point position control is performed in EAST [70]. Also in WEST, where the shape
controller is synthesized with H∞ techniques [71], a set of radial outer gaps are controlled
to maximize the coupling with plasma heating and current drive system and and the
X-point location is controlled. On the ASDEX Upgrade tokamak, the control algorithms
for shape and position are decoupling PID matrix controllers which acts on a number of
gap position and other geometric variables among which inner and outer strike points
to regulate the coil current references [72], [73]. The largest operating tokamak, JET,
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features an eXtreme Shape Controller (XSC) using a singular value analysis to identify the
principal directions for shape modification [74]. An XSC-like shape controller, including
flux expansion control capabilities, has also been implemented for the EAST tokamak [61]
and is also envisioned for the JT-60SA magnetic control system [75]. Shape control in
DIII-D is performed basing on an isoflux algorithm, modifying the coil current references
of individual coils or coil directions to control magnetic flux at target points and field at
the X-point [76]. This algorithm has been recently upgraded to include flux expansion
control [62]. In NSTX-U, the gap control method is used during the start-up and shutdown
phases of discharges, while, during the main phase of the shot, isoflux control is performed
acting on the coil voltages directly (i.e. not modifying the coil current reference) [77]. Both
DIII-D and NSTX-U feature dedicated coils for the divertor region, facilitating the control
of the X-point(s).

The TCV tokamak [78], described in detail in Chapter 2, is particularly suited for
studying the effect of plasma shaping, thanks to its elongated vessel and a set of indepen-
dently powered poloidal field (PF) coils, which are the main actuators for magnetic control.
The G coil located within the vacuum vessel is designed to generate an axisymmetric
radial field faster than the unstable growth rate of most elongated plasmas, while its fast
switching power supply (FPS) cannot sustain continuous current for plasma positioning on
time scales comparable to the shot duration. The 16 external E and F coils, each having an
independent power supply, are used for plasma shaping and contribute to vertical plasma
stabilization on longer time scales, due to the shielding effect of the conducting vacuum
vessel. A synergy of the two systems allows reaching extreme elongations during TCV
plasma discharges.

In order to explore candidate fusion reactor regimes, a digital shape and position
controller was designed and tested on TCV [79], improving access to advanced configurations
such as snowflake plasmas by correcting in real time the coil currents references with an
isoflux algorithm. In TCV, position and shape control share the same set of actuators, the
poloidal field coils. In standard operations, the first relies on existing physics operator
experience and is tuned on a shot by shot basis. The digital shape and position controller
of [79] also contributes to vertical stabilization, requiring further tuning of gains to find the
correct operational space. Furthermore, the shape controller relies on a magnetic equilibrium
reconstruction code [41], which introduces a computational delay in the feedback loop
comparable to the vertical instability growth rate of most elongated plasmas, reducing the
stability margins for stable operations.

The objective of the present work is to exploit the potential of the TCV tokamak
magnetic control, providing a formal approach for decoupling of position and shape
control problems. The position controller should be in charge of vertical stabilization
and positioning, and the corresponding observers should include the both fast magnetic
diagnostics of the TCV tokamak at high frequencies, and the equilibrium reconstruction at
low frequencies. This provides an offset-free measurement of the plasma position, while
avoiding the degradation of the vertical control stability margins due to the time delay of
the equilibrium reconstruction. The shape controller should then be able to correct shape
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deformations resulting from various disturbances in real time but on longer time scales.
Shape observer and corresponding actuation direction are defined to be orthogonal to those
used for position control and the shape controller is always designed in this thesis to act
on a stabilized system. In this way, it is possible to separately design the controllers and
optimizing the performance in experimental runs.

More in general, this thesis explores the merits and limits of performing model-based
design of magnetic controllers. It shows that, if sufficiently accurate control-oriented models
are available, controllers with improved robustness and performance can be designed which
deliver superior performance with respect to manually tuned controllers.

1.4 Outline of this dissertation

This thesis deals with magnetic control in tokamaks focusing on model-based design of
plasma position and shape controllers, and experimental tests of these controllers on the
TCV tokamak. A chapter-by-chapter outline of the thesis is given below:

• Chapter 2 describes TCV, the tokamak located at the Swiss Plasma Center in École
Polytechnique Fédérale de Lausanne (Switzerland). The main diagnostics systems
are introduced, with a particular focus on magnetic diagnostics. The digital real
time control system SCD provides the basis for this work, including the real time
equilibrium reconstruction code LIUQE. In conclusion, the shape control algorithm
that was included in SCD will be described, introducing its extension which is
proposed in this thesis.

• Chapter 3 is focused on the models used for magnetic control in this thesis. A discus-
sion on the vertical instability in tokamaks introduces the fundamental requirements
for vertical control. The design of the new scheme for position and shape control
presented in this work is based on the RZIp model, which describes the coupled
electromagnetic dynamics of plasma vessel and coils under the constraint of rigid
plasma movement. The RZIp model is extended, relaxing the assumption of a rigid
plasma displacement in the radial direction to a semi-rigid model which better fits
numerical Grad-Shafranov equilibria. At the end of this chapter, a model for TCV
power supplies is presented, determining an important constraint in the design of
vertical control.

• Chapter 4 presents the main approach of this thesis for decoupling the design of
vertical and shape control. The separation of these controllers is done at the level
of observers and actuators, since it involves different time scales for the two control
problems. This method provides a way to guarantee plasma position stabilization
and control while the remaining degrees of freedom are used to correct only the
plasma shape deformation. A new set of estimators for the plasma position is used,
combining fast analog observers with the results of equilibrium reconstruction. The
actuation directions for position control are derived from the shape controller and
guarantee low frequency decoupling.
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• Chapter 5 introduces the application of H∞ for the design of the vertical controller.
Two different optimal combinations of poloidal field coils for vertical control actuation
are established from control theory and used on different time scales for controlling the
plasma vertical position. On fast time scales, the priority is input minimization, while
on long time scales position control is designed to be compatible with shape control.
Structured H∞ design, extending classical H∞ to fixed-structure control systems, is
subsequently applied to obtain an optimized controller, using all available coils for
position control. Closed-loop performance improvement is demonstrated in dedicated
TCV experiments, showing a reduction of input requirement for stabilizing the same
plasma, thus reducing the risk of power supply saturation and consequent loss of
vertical control. The material in this chapter has been submitted for publication in
Fusion Science and Technology.

• Finally, Chapter 6 summarizes the results of this work and provides an outlook for
the possible applications of the techniques presented here both for position and shape
control, focusing on the integration in the TCV control system.
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2 The TCV tokamak

The TCV tokamak [78] along with its main diagnostic systems, actuators and control
system is described in this chapter. The Tokamak à Configuration Variable is a medium
size tokamak featuring a highly elongated vessel located at the Swiss Plasma Center -
EPFL, Lausanne (Switzerland). Its main aim is to investigate the effect of plasma shape
on tokamak physics and performance [80].

Figure 2.1 – The TCV tokamak: (A) the central solenoid, OH coil, (B) toroidal field coils,
(C) the vacuum vessel, (D) poloidal field coils E and F, (E) diagnostic ports, (F) internal
vertical stability G coils, (G) mechanical support structure (readapted from Fig. 1 [80])
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2.1 Overview

Parameter Symbol Value
Major radius R0 0.88 m
Minor radius a0 0.25 m
Toroidal field on axis Bφ(R0) ≤ 1.54 T
Plasma current Ip ≤ 1 MA
Plasma elongation κ 0.9÷ 2.8
Plasma triangularity δ −0.8÷ 1
Electron density ne ≤ 20× 1019 m−3

Electron temperature (EC heating) Te ≤ 15 keV
Ion temperature (NBI heating) Ti ≤ 2.5 keV
Vessel resistance RV V 45 mΩ

Vessel RL time τV V 6.7 ms
Vessel elongation κV V 3
Vessel vacuum p0 ≤ 10−7 mbar
OH heating power PECH < 1 MW
EC heating power PECH < 4.5 MW
NBI heating power PNBH < 1.3 MW
Ohmic flux swing ΦT 3.4 Vs
Pulse duration Ts ≤ 4s
Inter shot delay TD >400 s
Helium glow discharge tG 300 s

Table 2.1 – Main TCV parameters.

The TCV tokamak produced its first plasma in 1992 with full tokamak operations
starting in 1993. The elongated cross section of its vessel allows generating a wide variety
of plasma shapes, among which the snowflake configuration [81]. A sketch of TCV with
its main mechanical components is reproduced in Fig. 2.1 and its main parameters are
summarized in Table 2.1. Typical plasma duration is around 2 s for which TCV was
designed, which is longer than the current redistribution time allowing studies of steady
state scenarios.

One of the main characteristics of TCV is the magnetic coil system, described in detail
in Sec. 2.3 for the poloidal field (PF) coils in particular. TCV features 16 independently
powered poloidal field coils external to the vacuum vessel, two coils internal to the vacuum
vessel featuring a fast power supply (FPS), a seven-coils Ohmic transformer primary system
comprising the central solenoid and six auxiliary coils, and sixteen toroidal field coils.

The heating system of TCV results in a larger than average power density compared
to other medium size tokamaks. The tokamak features an Electron Cyclotron Resonance
Heating (ECRH) and Electron Cyclotron Current drive (ECCD) system.(Fig. 2.2), con-
sisting of two 82.7 GHz gyrotrons coupled in a cluster for heating at the second harmonic
of the electron cyclotron resonance, two dual frequency (84 and 126 GHz) gyrotrons in
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Figure 2.2 – Poloidal cross section of
TCV including the toroidal field coils, the
PF coils and highlighting the X2 and X3
ECRH/ECCD launching systems, along with
their poloidal steering range.

Figure 2.3 – (above) Section of the NBI:
1-RF plasma source, 2-magnetic screen, 3-ions
source gate-valve, 4-neutralizer, 5-vacuum
tank, 6- bending magnet, 7-calorimeter, 8-
neutral beam. (below) The integration of the
installed and planned NBI systems with TCV.

another cluster for heating and the second or third harmonic, and two 118 GHz gyrotrons
in a third cluster for heating at the third harmonic. The total power injected can peak at
slightly less than 3.5 MW for the second harmonic and 3 MW for the third. The power can
be injected with a set of 6 launchers, located at the top and the side of the vacuum vessel.
The poloidal angle of injection can be regulated during a shot while the toroidal one can be
varied between shots to modify the fraction of current drive. The neutral beam injection
(NBI) system is the other main power deposition scheme for TCV (Fig. 2.3), providing
preferential ion heating using D or H as main species. Since 2015, a first neutral beam was
installed which is now capable of providing 1.3 MW at nominal beam energy of 27.8 keV,
which can be controlled in real time during discharges for a maximum pulse duration of 1
s and limited by a maximum energy of 1.3 MJ. The total daily usage is constrained by a
neutron dose evaluated in the adjacent control room, which is protected by a concrete wall.
An extension is envisioned, including a second beam which would inject in counter current
adding a further 1 MW of power.

The stainless steel vacuum vessel is continuously welded (15 mm thick on top and
bottom, 20 mm on the side) and is characterized by a low toroidal resistance (45 mΩ

comparable in magnitude to the resistance of a single poloidal field coil), to provide
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Figure 2.4 – A cutout of TCV, showing the internal structure of the tokamak. In particular,
the system of tiles and the baffles can be recognized within the vessel (grey), generating a
divertor chamber for the plasma (purple). Part of the toroidal (blue) and PF coil system
(green) can be also observed.

passive vertical stabilization of the vertical instability. This implies that large toroidal
vessel currents in the order of 100 kA are induced during breakdown, when there is the
largest magnetic flux variation, or during vertical displacement events (VDEs). These eddy
currents are accounted in the calculations for the coil current references in the breakdown
phase, during plasma transients and in the magnetic diagnostics.

The vacuum vessel is protected with a set of graphite tiles, covering the internal surface
area and constituting the first wall of TCV. The main impurity in TCV plasmas is therefore
C, but other impurities gradually accumulate (e.g. O2 and N2) following air exposition or
gas injection, therefore the tiles are regularly baked at 250◦C and boronized to create a
layer of protective B for improved performance. Between plasma shots, a glow discharge is
performed with He for the same purpose.

A recent upgrade was the installation of an in-vessel structure (baffle) to form a divertor
chamber of variable closure and an increase of the pumping capability in TCV [82]. The
baffles provide a varying degree of divertor closure and are interchangeable and removable
through 2-3 week interventions. This allows a significantly higher compression of neutral
particles in the divertor region, further increasing the capability of the TCV tokamak to
realize and study reactor relevant scenarios.
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2.2 Diagnostics

TCV features a large set of plasma diagnostics. The main ones are briefly described in this
section, with a major focus on magnetic diagnostics.

• AXUV: Absolute eXtreme UltraViolet bolometer cameras are two sets of 6 pinhole
cameras. The cameras measure the radiated power along 20 line of sight per camera,
such that after tomographic inversion, the calculation of the 2D emission profile in
the plasma is possible.

• BOLO: The foil bolometers system consists of 8 pinhole cameras (one top, one
bottom and six lateral) each with 8 channels - golden foils which heat up due to
incident photons and neutral atoms from the plasma. Tomographic reconstruction
provides 2D information on the radiated power.

• CXRS: The Charge eXchange Recombination Spectroscopy measures density, temper-
ature and velocity of a specific impurity species (C for TCV), following its excitation
in charge exchange reactions generated by the interaction with a diagnostic neutral
beam (DNBI) designed to not perturb the plasma.

• DSS: The Divertor Spectroscopy System measures the spectrum of the light in the
visible range from multiple chord integrals. The system consists of of a vertical and
horizontal system, both with 32 view lines each, with chords crossing the plasma leg
in the divertor region.

• ECE: The Electron Cyclotron Emission of electrons gyrating along the magnetic
field in the plasma is analyzed in order to determine the radial electron temperature
profile with a resolution of 1 cm. Two antennas (LFS and HFS) measure the radiation
and a waveguide connects them to the radiometers.

• FIR: The Far InfraRed interferometer is used to measure the line-integrated density
along parallel chords in the vertical direction. The measurement along the central
chord is used for real time control of the plasma density. The FIR laser beam passes
through the plasma and interferes with a reference beam due to the phase delay
following the plasma refractive index, proportional to the plasma density.

• FIDA: The Fast Ion D α diagnostic is based on a CXRS method applied to fast
Deuterium neutrals. The charge exchange reaction of a fast ionized D with a neutral
is typically provided by NBI in TCV.

• FastCam: A Fast visible Camera is installed in a lateral port, measuring visible
light to recover information on spatio-temporal distribution of fast varying events
(breakdown, ELMs, etc.) thanks to its 250 kfps acquistion frequency.

• GPI: The Gas Puff Imaging is a diagnostic that images light emission from a localized
gas puff using with high temporal resolution (100s of kHz to MHz). Using a two-
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dimensional array of chords approximately parallel to the magnetic field, GPI provides
2D measurements of edge turbulence.

• HXRS The Hard X-Ray Tomographic Spectrometer is a tomographic hard x-ray
(HXR) camera system that measures the bremsstrahlung emission coming from a
poloidal slice of plasma along a discrete set of different angular views. The radiation
detected is fed to a tomographic routine returning the 2D poloidal bremsstrahlung
emission profile. HXR bremmstralhung emission comes from collisional slowing down
of suprathermal electrons on ions.

• IR: A combination of vertical (VIR), horizontal (HIR) and tangential (TIR) infrared
cameras are included in TCV to measure the power deposition onto the bottom,
central column and lower outer wall of the vacuum vessel respectively. The cameras
work at high acquisition rate (up to 25 kHz for VIR) and allow reconstructing the
heat fluxes on plasma facing components.

• LP: The Langmuir probe system consists of 114 probes located along the poloidal
direction on the wall and measuring ion saturation current or floating potential at
200 kHz. Langmuir probes are also found on the RDPA and RPTCV systems.

• MANTIS: A real-time, 10-channel, multispectral imaging system features a tangen-
tial view of approximately the bottom half of TCV. The light from the volume of the
plasma (usually along the divertor length) is distributed to the cameras by a series
of beam splitters to observe a specific line in the visible part of the spectrum.

• PD: A set of 18 photodiodes are installed on TCV. Different filters are installed in
front of the diodes to acquire different lines of the spectrum, either Hα radiation or
specific impurity excitation lines at 50 kHz.

• SPRED: The Survey, Poor Resolution, Extended Domain diagnostic measures
spectral lines between 10 and 120 nm to provide information about impurities in the
plasma estimating Zeff .

• TC: A range of TCV graphite protection tiles is equipped with thermocouples to
complement heat flux measurements with IR thermography or wall mounted Langmuir
probes. Since the thermocouples are located several millimeters below the surface
of the tiles, the temperature rise is only detected several seconds after the plasma
discharge.

• TS: The Thomson Scattering system is the main diagnostic for the measurement of
the spatial profiles of the electron temperature and density on TCV. The profiles
are measured along the path of 1 to 3 Nd:YAG laser beams passing the plasma in
vertical direction near the magnetic axis of the TCV plasma. Wide-angle camera
lenses, installed on 3 horizontal ports, collect the scattered light from the observation
volumes in the plasma and focus it onto sets of fiber bundles. At present, there are
109 observation positions, covering the region from Z=-69cm to Z=+55cm.
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Figure 2.5 – TCV poloidal cross section highlighting the poloidal field coils along with the
main magnetic diagnostics used in this thesis: magnetic probes and flux loops.

2.2.1 Magnetic diagnostics

The magnetic diagnostic system of TCV includes magnetic probes, flux, saddle and dia-
magnetic loops [83]–[85]. Figure 2.5 illustrates the poloidal location of magnetic probes
and flux loops, the main magnetic diagnostics considered in this thesis for magnetic control,
along with the PF coils, the main actuators used in this thesis for magnetic control. The
coil system is discussed in detail in Sec.2.3.

Magnetic probes
The magnetic probes measure the local poloidal magnetic field in several locations along
the poloidal cross section of the TCV wall. A magnetic probe is constituted by a set of
Np windings of a conductive wire each featuring an area Ap such that the integral form of
Faraday’s law reads

Up = NpAp
dBp
dt

(2.1)

where Up is the voltage measured at the probe open extremes (tips). It is assumed that the
poloidal field Bp is orthogonal to the area A, which is reasonable if the characteristic size

29



Chapter 2. The TCV tokamak

of the probe is small compared to the field gradient length. The field variation dBp/dt can
be therefore derived from the voltage measured at the probe tip, and is typically used to
study the growth of fast instabilities such as the vertical instability. Integrating the signal
allows determining the total magnetic field at a given time which is used for equilibrium
reconstruction and plasma position and current estimation (Appendix A). The integration
requires a precise calibration in the phase before the shot, removing the spurious poloidal
field created by the ramping current in the toroidal bus for the toroidal field coils. Both
signals (standard and integrated) are stored in the TCV MDSPlus database.

A set of 38 probes is featured within the TCV vacuum vessel in four sectors, separated
by 90 degrees in the toroidal direction. Signals from opposite sectors, used for equilibrium
reconstruction, are added to remove toroidal asymmetries. The magnetic probes within
the vacuum vessel are protected from direct contact with the plasma by the graphite tiles.
Their location avoids the vessel shielding effect making them suited for characterizing
MHD modes with a time scale comparable to or lower than the vessel characteristic time.
The magnetic probes are the fastest magnetic diagnostics available with a bandwidth of 10
kHz for equilibrium reconstruction and 500 kHz for MHD analysis. The non idealities of
the probe (capacitance of the cable and shield circuit) determine a second order transfer
function between the field derivative and the voltage with cutoff at 134 and 390 kHz
respectively [83]. For the purpose of this thesis, the response is considered ideal since the
phenomena of interest (vertical instability) lie in the low kHz range.

The probes consist of a 1mm THERMOCOAX mineral insulated coaxial wire which
is wound in one layer around a ceramic body (see Fig. 2.6). The windings are designed
to minimize the effective areas perpendicular to the main probe axis. The whole probe is
compatible with the temperatures reached during baking of the vacuum vessel. Furthermore,
the probe wire has no discontinuities from the magnetic probe to outside the vessel therefore
no connection is required inside the vessel. Since no Rogowski coil is present in TCV, the
plasma current is estimated with trapezoidal integration of the discrete magnetic probe
measurements. As an addition to the standard loop measurements, a set of fast 3D local
measurements of the magnetic field (LTCC3D) has recently been installed.

Flux loops
The flux loops measure the vertical magnetic flux ψz at a given radial and vertical location
defined following the convention of Fig. 2.7. In this case, it is not possible to assume that
the magnetic field in the whole measurement area is constant as for the magnetic probes,
therefore the following holds

Ufl = −dψz
dt

= − d

dt

∫ R

0
2πBz(R′, z)dR′, (2.2)

where Bz is the vertical magnetic field and Ufl is the induced voltage, which is then
integrated to obtain the measure of the poloidal flux, used for equilibrium reconstruction
and plasma position estimation.

A first set of poloidal flux loops is given by windings on the outside of the vacuum vessel
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Figure 2.6 – Drawing of the central ceramic
core and the magnetic probe assembly on the
vacuum vessel (Fig. 3 [83]).

Figure 2.7 – The sign convention for
magnetic fields and fluxes used in TCV
(Fig. 26 [83]): COCOS 17 from [86].

whose poloidal location is located in correspondence of the magnetic probes I. Furthermore
all PF coil, (with the exception of the A coil) are equipped with a poloidal flux loop.
Obviously, due to the tokamak geometry, the measured flux is dominated by the one
induced by the central solenoid and in order to remove its contribution, the flux measured
from the first flux loop is subtracted from the remaining ones.

Vessel flux loops are made of one turn of 1 mm diameter THERMOCOAX, mineral
insulated coaxial wire, while those mounted on PF coils are made of one turn of adhesive
copper band applied on the coil outer insulation. Due to the presence of several diagnostic
ports, not all of the vessel flux loops can run on a constant radius around the vacuum
vessel thus only a selected subset of 10 loops is used to measure the full poloidal flux.
Furthermore, any small misalignment with respect to the toroidal direction leads to a
disturbance in the flux measurement due to the dominant toroidal magnetic field in a
tokamak.

Saddle loops
A further set of 24 flux loops termed saddle loops are installed around TCV at three
different vertical positions with each loop covering two toroidal sectors. The loops measure
the flux derivatives dψR/dt and, after the integration, the flux ψR in the radial direction
of the reference frame of Fig. 2.7.

Diamagnetic loop
The diamagnetic measurement diagnostic on TCV uses the signal from a set of loops wound
outside the vessel in combination with auxiliary measurements giving an estimate of the

IThe numbering of both magnetic probes and flux loops around the vacuum vessel 1-38 starts from the
HFS midplane probe and proceeds in clockwise sense with the TCV sign convention.
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induced vessel current. This diagnostics, estimating the actual toroidal flux ψφ allows
determining the diamagnetism of TCV plasma from the perturbation it induces on the
toroidal flux due to the TF coils. Furthermore, it provides an estimate of the total plasma
energy.

2.3 Coils system and power supplies

The unique TCV shaping capability is provided by its coil system. The toroidal field is
generated by a set of 16 TF coils connected in series through a bus. The poloidal field
coils are shown in Fig. 2.5. Two circuits are used to generate the flux swing sustaining
the plasma current: OH1 (coil A) and OH2 (coils B, C and D in series). The OH coils
are designed to minimize the stray poloidal field within the vessel during the ramp, since
TCV is an air core tokamak. The 16 PF coils (E1-8 and F1-8, numbered along increasing
z) are in charge of plasma positioning and shaping. Each of the 16 PF coils is connected to
an independent power supply, which imposes the voltage/current required by the control
system. The poloidal bus for the TF coils is included as T in Fig. 2.5, featuring two
connections with the current flowing in the same direction and one for the return loop.
Coil currents are measured with LEM modules which are basically iron transformers whose
secondary current is adjusted to cancel the magnetic field produced by the bus bar current.

The power supplies for the aforementioned coils are based on thyristor semiconductors.
Each power supply consists of 12-pulse thyristor rectifiers: two six pulse bridges (3900A-
1800V) are connected in series (OH,E,F) or in parallel (TOR) for pulses limited to 4 s
every 5 minutes. In order to be independent of the electrical network, a motor generator
(including a flywheel) is used to deliver the peak power as the principal power source during
operations. The decreasing frequency (120 to 96 Hz) during a pulse is compensated with
the adaption of the maximum firing angle of the thyristor.

The rectifiers can be controlled in three ways:

• Current feedback (A), where the current is controlled by the internal PID controller
to a current reference and limited in amplitude at the same time, which is the usual
mode of operation for the TF coils.

• Open loop voltage mode (B), where the control system provides the voltage reference
and the firing angle is modified consequently, which is the mode used in this thesis
(and in general during TCV shots) for controlling the PF coils.

• Hybrid mode (C), which is a combination of the two above, where a pre-programmed
current reference can be overwritten with the external voltage requirement from the
control system during a shot.

The vertical instability of most elongated TCV plasma cannot be stabilized using only
coils external to the vacuum vessel. This is due to the maximum switching frequency of
the rectifiers and to the shielding effects of the vessel. Therefore, two low impedance coils
are included within the vacuum vessel and driven in antiseries using a fast power supply
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[87]. The power supply includes a DC power source, which is again based on a thyristor
rectifier to provide a fixed DC voltage of 280 V during shots. The fast output stage of the
power supply is an H-bridge IGBT inverter which operates at a switching frequency of 10
kHz and can impose a nominal current of 2 kA in 250 µs to flow on the G coil. The dead
zone close to 0 is a further nonlinearity which ignores any reference voltage in the range ±
10 V. In standard operations the current on the G coil is limited to 1.6 kA and a safety
system for over-voltage and over-current protection is included. For thermal protection,
no DC current can flow in the G coil and if this condition is violated a thermal alarm
is triggered terminating the shot following a threshold on the current integral. Further
details, used for the FPS modeling in simulations, are discussed in Sec. 3.4. For the FPS
three modes of operation are possible

• voltage mode, where the voltage request from the control system is compared to a
triangular wave regulating the switching of the H bridge.

• current mode, where a reference current is imposed on the coil through a hysteresis
switching limited bang-bang controller internal to the power supply.

• hybrid mode, which is not yet implemented in operations and would allow driving
the switches of the H-bridge directly with an input signal.

The main coil and power supply characteristics are summarized in Table 2.2, and further
details on the coil hardware can be found in [80].

Power supply Parameters

Coil Umax [V] Imax [kA] Ra [mΩ] La [mH]

TOR 626 78
OH 1400 31 15 (OH1) /13.3 (OH2) 6.9 (OH1) /4.8 (OH2)
E 651 7.7 11.8 1.7
F 1250 7.7 39.1 7.4
G 566(280) 2(1.6) 32 0.1

Table 2.2 – Characteristics of the power supplies and active coil parameters. For the G coil
in antiseries, the typical limits imposed during shots are indicated in parenthesis.
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Figure 2.8 – TCV magnetic control loops and shape controller. References (ref.) and
feedforward voltages (VF F ) are designed in advance during the shot preparation. The only
remaining loop of the hybrid controller not represented here is density control, which actuates
the main fuelling gas valve.

2.4 Real time control in TCV

During TCV operations, two systems can be used to control plasma evolution in feedback.
One is the original control system (“hybrid”) that was designed with the tokamak while
the second is the new digital control system (“SCD”) which is gradually replacing it.
Both systems were used during the experimental work of this thesis. Individual switches
determine the choice of the actuation signals on TCV between the ones coming from
the analog control system of the DAC outputs of the digital one. In this section, their
main characteristics are illustrated and a more detailed explanation of magnetic control is
provided.

2.4.1 The analog plasma control system

The TCV “hybrid” (analog, linear, matrix-based) control system is based on a set of
switching matrices [80] that are defined before each shot with the routines of the FBTE
[88] and MGAMS suites [89]. This control system was built at the time of initial design and
construction of TCV to guarantee the required control bandwidth, the constraint being
mainly given by the expected vertical growth rate of the most unstable plasmas.

Starting from a desired plasma shape evolution in time, the free boundary code FBTE
computes the necessary poloidal field currents to obtain the required equilibria, along with
the voltage feedforward and the sign bits (polarity switching time). These signals and the
associated references for plasma current, position, density and optionally elongation are
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stored in the MDSPlus database for each shot. Observers and controller gains are computed
using MGAMS. The observers are obtained as linear combinations of available TCV
measurements and stored in a unique matrix called A matrix (see Appendix A for details).
The controller gains are stored in G1 G2 and G3 matrices, which determine amplification
of the proportional-integral-derivative (PID) circuits output signal and projection along
the desired actuation direction. The PIDs feature a rolloff Ro(s) = 1/ [(1 + sτ1)(1 + sτ2)]
with τ1 = 10−4s and τ2 = 1.02 × 10−4s for the derivative term and 1/(1 + sτp) with
τp = 6.8 × 10−5s for the proportional term. These values are selected to filter out high
frequency noise at higher frequencies than the expected bandwidth, and can be determined
from the characteristics of the circuit of the analog control system. In typical shots the
only integral contribution in G1 is for density and Ip control. The G matrix output signals
for the coils u, with the notable exception of the G coil voltage, are treated with a mutual
decoupling and resistive compensation block called M matrix such that the actual actuator
commands to the PF coils reads

Vpf = Maaupf +RaÎpf + VFF (2.3)

where Îpf is the coil current measurement, VFF is the precalculated voltage feedforward
stored in a wavegen before the shot andMaa and Ra are respectively the mutual inductance
and resistances of the coils, stored in MDSPlus nodes for the static properties of TCV.
Note that upf is expressed in A/s. In this way, a quasi-integral effect (any uncertainty of
the coil resistances makes the resistive compensation non-ideal) is included in the controller
and the coil dynamics is decoupled in order to use decentralized control for coil current
control.

Despite providing robust and reliable operation since the first experiments, the analog
control system has a series of disadvantages due to its technical constraints. One of these
is the ability to perform only linear operations, which excludes for example the inclusion
of nonlinear observers (e.g. equilibrium reconstruction) or control schemes other than PID.
Another one is the fixed number of input (128) and output (20) channels which means
that only a limited number of variables and actuators can be controlled, constraining the
capability of extending the control to new systems that can be integrated on the TCV
tokamak over time as happened with the ECRH and NBI extension.

2.4.2 The digital plasma control system

The Système de Contrôle Distribué (SCD) is a digital, modular, massively multichannel
control system that was designed to overcome the limitations of the analog hybrid controller
and envisaged to gradually replace it [90]–[92].

This system allows connecting several diagnostic acquisition modules and performing
real time signal processing to generate an output signal for any actuator connected to
the system DACs (at the moment, PF coils, gas valves, the ECRH/ECCD and the NBI
system). The control algorithms are built using Simulink, which allows a flexible and
user-friendly controller design based on a block scheme approach. This lets the user focus
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on the control design procedure without dealing with input/ouput mapping.
The SCD is constituted by a set of nodes (industrial PCs) with different sampling rates

featuring an inter node connection based on reflective memories and optical fibers, such
that the data written on the shared memory is available to all nodes with a sub-ms delay.
Each node hosts a Simulink-based code for signal processing, which is converted in C and
compiled for real time run at its specific cycle time. Only five out of the actual seven nodes
are connected to a crate hosting one or more D-TACQ [93] ACQ-196 acquisition cards
with 96 ADCs, and output cards housing 16 or 32 DACs. Reference and feedforwards
signals are read from MDSPlus. Nodes not featuring DAC/ADCs are only connected via
the reflective memory network and act as computational nodes.

There are several advantages of operating with the digital control system compared to
the hybrid analog controller. Firstly, there is the possibility to perform nonlinear signal
operations and implementing more complex control schemes than PID, since Simulink
provides several libraries for signal processing. A digital system is by definition not sensitive
to analog electronics issues such as , noise pick up and drifts.Furthermore, the number of
channels for input-output connection is much larger compared to the hybrid controller.
Finally, it is possible to perform open loop simulations of the whole control chain both for
verifying a new controller or reprocessing data from a former shot for quick debugging or
troubleshooting even between plasma discharges.

Among the various applications of the digital control system, some are listed here to
underline its great flexibility

• replication of the former analog controller (hybrid emulator) [90]

• model-based control of the plasma profile [57]

• shape and position controller [79]

• stabilization and the prevention of NTMs by means of ECCD control [94]

• analysis of fast MHD modes based on SVD of the magnetics measurements [95]

• the first development of integrated supervisory control in TCV [96]

• control of the C-III detachment front using the impurity injection as actuator [60]

At the moment, the stabilization of the plasma vertical instability using internal coils
is still handled by the legacy analog controller system as the latency of the digital control
system was too large, but a recent upgrade allowing the cycle time for the hybrid emulator
to move down from 0.1 to 0.04 ms allows including also FPS in the digital control system
although requiring a careful tuning of the high frequency rolloff.
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2.4.3 Magnetic control

Figure 2.8 shows the control loops from magnetic measurements to the voltage applied to
the poloidal field coils to track a set of preprogrammed references, summarizing magnetic
control in TCV, along with shape control discussed in detail in the following section. The
main roles of magnetic control are stabilizing the vertical instability, controlling plasma
current and position to their reference and tracking the preprogrammed coil currents.

The controlled variables, outputs of the A matrix, include the currents flowing in the
coils external to the vessel Îpf , the plasma current times the vertical displacement ˆzIp,
a radial observer r̂obs, the plasma current Îp and finally the difference between the two
OH circuit currents ∆OH = ÎOH1 − ÎOH2 which should be kept close to zero to minimize
the stray (unwanted) field in the plasma region. A derivation of the linear combination of
magnetic measurements providing plasma position and current estimates can be found in
Appendix A. These estimates are subtracted from their corresponding references and the
resulting error signals are the inputs to the controllers whose output corresponds to integral
(I), proportional (P) and derivative (D) channels respectively. A system of three tuneable
switching matrices G1 G2 and G3 multiply respectively the outputs of the I, P and D

blocks, providing the controller gain (via signal amplification) and actuation directions
(applying the signal to a selected PF coil). The output of G1, G2 and G3 is summed and
the resulting signal is fed to the the mutual decoupling and resistive compensation block,
which provides the control commands to the E F OH and G coils power supplies.

At this point this results in an underactuated system since it is not possible to control
the whole set of estimators (19 coil current errors plus ˆzIp, r̂obs, Îp, ∆OH) to their reference
with a smaller number of actuators (V = [V T

pf VG]T ∈ R19), i.e. already controlling all
the coil currents to their reference would use all actuators. The solution developed for
standard operation is to select only a subset of variables to be controlled using one or more
coils in various combinations Tj ∈ R19 to accomplish separate tasks with the constraint
of orthogonality T Tj Tk = 0 ∀j 6= k. In this description, we describe the block G matrix +
PIDs using directions T and controllers C(s) as reproduced in Fig. 2.8:

• The OH coils, used in TIp and TOH , are dedicated to plasma current control, due
to their geometrical structure maximizing the flux enclosed by the plasma while
minimizing the field generated within the vessel. Proportional-integral control (CIp)
is applied on the plasma current estimator error or the OH current error, and a
proportional controller (COH) is used to minimize the error between the coil currents.
The current control loop will not be treated in more detail in this work as the focus
is on the E F and G coils.

• The internal (G) coil design is optimized for the control of the vertical instability as
it avoids the field shielding by the vessel and cannot sustain DC currents. This is
accomplished by applying purely derivative control on the plasma vertical position
error with gain Gz,std ∈ R, which is equivalent to velocity control, ideally providing
a zero voltage request to the power supplies when the plasma position has reached
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a steady state. Note that pure derivative control is not sufficient to stabilize the
vertical instability for non-ideal circuits [97]. The resulting controller is

Cg = sGz,stdRo(s) (2.4)

• Among the 16 poloidal field coils outside the vessel (E and F coils), two coil combi-
nations Tz,std and Tr,std, both R16 (excluding the two OH coils and the G coil) are
selected for vertical and radial plasma position control respectively. These directions
and gains are stored in the TCV MDSPlus database and are read during shot prepa-
ration. Typical control directions include four of the outer (F) coils, chosen mainly
based on physical intuition [80] and experimental evidence [98] about the required
vacuum field necessary for inducing a vertical or radial displacement of the plasma
column. The control is proportional in the case of the radial position estimator r̂obs
error, with gain Pr,std, whereas it was found that proportional-derivative control of
the vertical ˆzIp error was required for vertical stabilization and control, with gains
Pz,std and Dz,std ∈ R [99]. It is noted that this separate position control supplies the
necessary proportional feedback on vertical position to fully stabilize the vertical
modeII This results in the controllers

Cr(s) = Pr,std/(sτp + 1) (2.5)
Cz(s) = Pz,std/(sτp + 1) + sDz,stdRo(s). (2.6)

• The values of the currents in the linear combination of coils Tz,std and Tr,std will
be determined by the vertical and radial errors, therefore it is no longer possible to
control the PF coil currents in these directions. Hence, only the poloidal field coil
current combinations orthogonal to Tz,std and Tr,std can be controlled. Equivalently,
only the columns of Npf = Im (ker [Tz,std Tr,std]) ∈ R16×14 define orthogonal linear
combinations of E and F coil currents that can be tracked exactly. In this way the
matrix used for current control can be defined as

Tpf = Npf N
T
pf ∈ R16×16. (2.7)

Diagonal proportional control Cpf is applied, considering that the coils at low
frequency (i.e. for timescales longer than the characteristic vertical instability growth
time) have the dynamics to achieve integral behavior thanks to mutual decoupling and
resistive compensation. In this way, the proportional gain determines the bandwidth
of the current controller.

IIthe choice of ˆzIp is an artifact of directly using a Shafranov moment estimator, which does not
compensate for Ip variation. See Appendix A.2.3 for more details on the analog position observer.
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2.5 Shape control in TCV

The digital shape control as operated in TCV is discussed in this section in more detail,
highlighting its results and the possible extension studied in this thesis.

With the exception of plasma elongation control based on a linear estimator [100],
shape control in TCV is usually controlled in feedforward, computing the coil current
reference for attaining a given shape with FBTE. Unavoidable or unmodeled disturbances
(external heating, ELMs, blocked coils etc.) can lead to a different and undesired shape of
the plasma cross section compared to the predicted one. The development of a digital shape
controller for TCV [79] relying on the real time equilibrium reconstruction code LIUQE-rt
[41] allowed moving from feedforward to feedback thus correcting shape deformations in
real time instead of doing so on a shot-by-shot basis.

Shape controller design in TCV as proposed in [79] is based on isoflux control and
includes the control of plasma position. Its design and implementation consists of the
following steps, which are performed during a shot preparation once the preprogrammed
plasma equilibrium flux ψeq is available:

1. definition of position and shape observers

2. derivation of a model-based decoupling control scheme including input constraints

3. controller tuning and inclusion in TCV digital controller

2.5.1 Shape and position observer

In order to design the shape and position observer, it is assumed that the plasma equilibrium
is reconstructed with LIUQE in real time, such that at any instant the flux ψ(R, z) is
available on the LIUQE computational grid. The flux at nb boundary points (Rb, zb) is
evaluated by interpolation. In the case of diverted plasmas, the flux at nd strike points
and the magnetic field vector at nx X-points is also evaluated yielding a measurement
vector w ∈ Rnw where nw = nb + nd + 2nx. The errors that should be taken to zero when
performing isoflux shape control are the flux difference between boundary points III, the
radial and vertical magnetic field at the X-point and the flux difference between the strike
points and the X-point. For this purpose, a matrix M∆ is defined such that the flux errors
at the boundary ∆ψb at the strike points ∆ψd and field errors ∆Bx are ∆ψb

∆ψd
∆Bx

 =

 Mb

Md

I2nx×2nx

w = M∆w ∈ Rny . (2.8)

where ny = nw − 1. Scaling is introduced in order to have quantities comparable in
magnitude such that

y = M∆S0w (2.9)
IIIThe shape controller is designed to control the flux difference between neighboring points for limited

shapes, and the differences with respect to the X-point(s) for diverted shapes
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where S0 scales the fluxes by the inverse of the absolute value of the pre-programmed
magnetic flux on axis ψax and the magnetic field by the pre-programmed absolute value of
the total magnetic field at the X-point. Since proportional control of the plasma vertical
position is necessary for vertical stabilization and in order to correct radial errors explicitly,
an estimate of the plasma vertical and radial displacement from measured flux difference
at the boundary are derived as IV

∆z = O∆z∆ψb = −
(
Mb

∂ψeq
∂z

∣∣∣∣
b

)T ∥∥∥∥Mb
∂ψeq
∂z

∣∣∣∣
b

∥∥∥∥−2

2
∆ψb ∈ R (2.10)

∆R = O∆r∆ψb = −
(
Mb

∂ψeq
∂R

∣∣∣∣
b

)T ∥∥∥∥Mb
∂ψeq
∂R

∣∣∣∣
b

∥∥∥∥−2

2
∆ψb ∈ R (2.11)

where (∂ψeq/∂z)|b and (∂ψeq/∂r)|b are the vertical and radial gradients of the pre-programmed
flux distribution ψeq evaluated at the boundary points. These observers are obtained in-
verting the relation for flux difference between interpolation points following a rigid plasma
displacement

∆ψb(∆z,∆R) = −Mb∇ψeq|b

[
∆z

∆R

]
where ∇ψeq|b =

[
∂ψeq
∂z

∣∣∣∣
b

∂ψeq
∂R

∣∣∣∣
b

]
(2.12)

as a least squares problem. Note however that in general (Mb∇Rψeq|b)T (Mb∇zψeq|b) 6= 0,
and Eq. (2.10) and (2.11) are valid only in the assumption of an exact vertical and radial
displacement only respectively. The observers are subsequently scaled in order to be
dimensionless and comparable in magnitude with the remaining errors. This is obtained
defining

yz = −→Ψ z

1
|ψax|

∆ψb = O∆z

∥∥∥∥∥Mb

∂ψeq

∂z

∣∣∣∣
b

∥∥∥∥∥
2

1
|ψax|

∆ψb

yr = −→Ψ r

1
|ψax|

∆ψb = O∆r

∥∥∥∥∥Mb

∂ψeq

∂R

∣∣∣∣
b

∥∥∥∥∥
2

1
|ψax|

∆ψb.

(2.13)

The scaled position, flux and field error estimates are therefore obtained from the
interpolated fluxes and fields as

yes =

 yz
yr
y

 = Ow =


−→
Ψ zMb 0 0
−→
Ψ rMb 0 0

[M∆]

S0w ∈ Rno , (2.14)

such that no = ny + 2. Note that the rows of O are not linearly independent since the
position observers are linear combination of flux differences: the rank of O is ny.

IVIn [79, p. 32] the observer definition is slightly different but in the following it is kept with the present
notation.
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2.5.2 Decoupling scheme

Once the observers are in place, a decoupling scheme is developed such that off diagonal
coupling is minimized in order to tune a simple diagonal (decentralized) controller.

Steady state decoupling is considered [101, p. 92] basing on a static model since
shape control is applied on long time scales compared to the plasma dynamics. The
model proposed in [79] for TCV is a real matrix whose elements are electromagnetic
Green’s function determining flux generated in vacuum (e.g. ignoring the plasma) at the
boundary (ψb,v) and strike (ψd,v) points and the field generated at the X points (Bx,v)
from perturbations in the static currents δIef flowing in the nc (typically nc = 16) E and
F coils:

G0 =

 Gb
Gd
Gx

 =

 ∂ψb,v/∂Ief
∂ψd,v/∂Ief
∂Bx,v/∂Ief

 ∈ Rnw×nc , (2.15)

such that w = G0δIef . This approach is analogous to the one discussed in [102] in which
the influence of the controlled currents on the shape observers is due to the flux generated
by the currents alone, while the changes in the plasma and passive elements currents are
neglected. A discussion on the validity of this model is performed in Sec. 4.5.

A constraint is added to the inputs of G0, namely the E and F coil current perturbations,
such that the average addition of poloidal flux at the boundary points is zero, avoiding
coupling with the plasma current controller. This is obtained defining Nc ∈ Rnc×(nc−1) as
the basis of the null space of 1TGb effectively limiting the number of coil directions for
shape and position control to nc − 1.

Steady state decoupling is obtained using a system of pre- and post-compensators from
a singular value decomposition of the non-diagonal plant determining the effect of the
available coil current directions on the position and shape observers. Diagonal weighting
Wt is added to the outputs of the observer matrix O to prioritize position observers as the
main contribution to the first two singular values of the system in the subsequent singular
value decomposition.

The model of the plant to be decoupled is consequently defined as

P0 = WtOG0Nc ∈ Rno×(nc−1) (2.16)

and a singular value decomposition [101, p. 520] of the plant reads

P0 = U0Σ0V
T

0 . (2.17)

In this way, including pre-and post-compensators as (Σ0V
T

0 )† and UT0 respectively, the
plant to be controlled with diagonal control becomes

LSCdec = UT0 P0(Σ0V
T

0 )† =
[
Insv×nsv

0(no−nsv)×(no−nsv)

]
, (2.18)

where use is made of the properties of orthogonality of U and V derived from the SVD

41



Chapter 2. The TCV tokamak

δIpf
OKsv

yesusv ysv
Nc( 0V0

T)†
G0 Wt UT

w

P0
OsvTsv

(TCV)

esv

Pdec

Figure 2.9 – TCV shape controller open loop block scheme.

of the system UTU = Ino×no and V TV = I(nc−1)×(nc−1). Furthermore the Moore-Penrose
pseudoinverse † was used for the precompensator, where to prove the equality of Eq. (2.18)
one can use (Σ0V

T
0 )† = V0Σ

†
0. In Eq. (2.18), nsv = min(ny, nc−1) is the number of singular

values of P0 which corresponds to the maximum number of variables that can be controlled
and is given by its rank, and no is its row dimension. Using pre- and post-compensators
for the static plant, off-diagonal coupling is removed, allowing decentralized control. This
is obtained since the controller acts on P0 along the orthogonal input singular vectors
(columns of V0) and controls its outputs (weighted position and shape observers) projected
in the space defined by orthogonal output singular vectors (columns of U0). It is underlined
that that the first two outputs of LSCdec, despite being mainly aligned with the position
observers following weighting Wt, do not have the exact same physical meaning since
they include contributions from other shape observers. The open loop block scheme is
reproduced in Fig. 2.9. The diagonal system corresponds to

ysv =

 zsv
rsv
bsv

 = LSCdecusv ∈ Rno (2.19)

where zsv is the output mainly aligned with the scaled vertical observer yz, rsv is the output
mainly aligned with the scaled radial observer yr and bsv are the output mainly describing
the plasma boundary deformation. The degree of alignment of position observers in the
sense of the first two rows of Osv being parallel to the first two rows of O depends on the
weighting set in Wt.

Only the largest Nsh ≤ nsv variables are selected to be controlled since they correspond
to the singular values which are most easily controllable and observable. This is obtained
keeping only the first Nsh columns of U0 and V0 and setting the remaining to 0.

2.5.3 Controller tuning

The shape controller acts on the plasma using the coil combinations given by the columns
of

Tsv = Nc(Σ0V
T

0 )† ∈ Rnc×no (2.20)
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such that δIEF = TsvUsv and combines the interpolated outputs of LIUQE with the rows
of

Osv = UT0 WtO ∈ Rno×nw (2.21)

such that ysv = Osvw. The goal is to control to zero the set of Nsh ≤ nsv selected variables
corresponding to the largest singular values such that esv = −ysv and the controller used
to perform this is a diagonal PI controller Ksv.

Inclusion of the shape controller in TCV is performed by correcting the coil current
reference of the E and F coils as represented in Fig. 2.8. Note that correcting the errors
is equivalent to correcting the reference. In this way, the coil current perturbation δIEF
required by the shape controller is tracked by the PF coil current controller: the model G0
is valid for time scales longer than the reciprocal of the PF current controller bandwidth.
The shape and position controller is in charge of plasma position control on these time
scales. When performing shape control during plasma discharges in TCV, all PF coils
currents track their modified reference (in contrast with standard magnetic control). This
is done setting TI as a diagonal matrix and removing proportional vertical and radial
control.

The pre- and post- compensation controller allows exact decoupling of a stable, static
plant G0. The actual controller included on TCV requires precise tuning due to the vertical
instability of elongated plasmas and the dynamics of the PF coils. For the purpose of
vertical stabilization, the controller proposed by [79] maintains the derivative vertical
control of standard magnetic control in the loop. The shape control loop, including Osv
and Tsv, is closed and Ksv is tuned to stabilize the vertical instability and control the
shape to a desired reference based on the RZIp model, which includes the coil, vessel and
plasma unstable dynamics (see Sec. 3.2). This and the selection of weights in Wt are the
only steps performed offline for shape controller tuning.

2.5.4 Proposed extension

The controller was tested on several TCV shapes, providing a precise shape control of
several plasma configurations, but required extensive manual tuning despite the preliminary
tuning performed with RZIp. The work proposed in this thesis aims to extend the capability
of this useful tool with an approach based on control engineering for SISO and MIMO
controller synthesis.

In particular the following topics will be developed:

• The RZIp model will be refined and extended to improve its predicting capability for
tuning magnetic controllers (Chapter 3).

• Position control will be decoupled from the shape controller in a more systematic
way, allowing independent tuning (Chapter 4).

• Finally, optimization of vertical instability control will be studied in order to maximize
the flexibility of the shape controller and provide a further useful tool for TCV
operation (Chapter 5).
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3 The RZIp model for magnetic
control

The design of linear controllers for plasma shape and position is based on control-oriented
linear models describing the dynamics of interest. In the present study, this is the coupled
dynamics of the plasma within the tokamak and the currents in the conducting elements
surrounding it: the vessel and coil system. This chapter is devoted to introducing the
unstable vertical dynamics of an elongated plasma in a tokamak with a simplified model.
The RZIp model, which is the main modeling tool used for controller design and simulations
in this thesis, is then introduced and its open loop dynamical properties are discussed
along with a discussion on the model used for the power supplies.

Among the existing models that are used to describe tokamak dynamics (a review can
be found in [103], [104]), the RZIp model [79], [105] is particularly suited for optimizing
the control of the vertical instability in TCV, being linear and adaptable to match the
electromagnetic characteristics of this tokamak, although it does not consider plasma shape
deformations. In this axisymmetric model, the plasma current distribution is fixed but
is free to move radially and vertically in the poloidal plane of a toroidal reference frame,
while the evolution of currents in the conductive elements is considered.

The chapter is structured as follows.
In Section 1 a simplified dynamical model comprising one coil, one vessel mode and

one plasma filament is presented. This model allows a simple analytical treatment and
some of the dynamical properties of the RZIp model emerge already from its study.

In Section 2 the RZIp model is presented. The model is compared with the single
filament model for the vertical dynamics and the vessel modeling is briefly discussed.

In Section 3 the assumption of rigid displacement is relaxed allowing deformation
following a radial plasma displacement, thus leading to a semi-rigid RZIp model which
better fits experimental data. This extension of the RZIp model is a novel contribution of
this thesis.

In Section 4 the power supplies dynamics and modeling is discussed. Furthermore, for
the G coil a nonlinear model of the fast power supply is also presented for improving the
quality of closed loop simulations.
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Chapter 3. The RZIp model for magnetic control

3.1 Single filament model

Modeling for magnetic control should always consider the vertical instability of elongated
plasmas. The fundamental dynamics of interest can be analyzed with the single filament
model of [106] [38], which is re-derived here with the inclusion of the corresponding
analytical transfer functions.

3.1.1 Derivation of the single filament model

The simplest model for the plasma vertical dynamics describes the plasma as a toroidal
filament with constant current Ip0 subjected to an axisymmetric Lorentz force due to the
currents flowing in the conductive elements outside of it: coils and vessel. The plasma
is constrained to move in the vertical direction only, maintaining a radial equilibrium at
position R0: hoop and tire tube force expanding the plasma radially are compensated by a
radial Lorentz force thanks to the vertical magnetic field generated by equilibrium currents.
The currents in the conductive elements evolve accordingly to Kirchhoff’s law, considering
an external voltage generated by the power supply on the coil as input. Two scalar currents,
one flowing toroidally in a coil Ia and one in a single vessel current distribution Ie, evolve
dynamically and are able to generate a radially directed field at the filament location. For
the vessel, only the first vertically asymmetric mode in an eigenvalue representation is
considered. The dynamical model of [106] [38] in (R,φ, z) reads

mpz̈ = −2πR0Ip0BR(z, Ia, Ie)
Leİe +ReIe + ψ̇ep(z) +Meaİa = 0
Laİa +ReIa + ψ̇ap(z) +Maeİe = 0

(3.1)

Here mp is the plasma mass, BR is the radial field due to all external conductors varying
along the z coordinate, La,e, Mae,ea and Ra,e are the self and mutual inductances and
resistances associated with the lumped parameter circuit equations for the dynamical
currents. The term ψ̇ae,p(z) quantifies the time rate of change of the flux enclosed by each
circuit due to motion of the plasma. Finally the radial force balance is considered to always
satisfy

0 = mpR̈ = 2πR0Ip0Bz,0 + 1
2µ0I

2
p0Γ (3.2)

where Bz,0 is the equilibrium vertical field due to conductors other than the plasma
evaluated at the filament position and Γ is the Shafranov parameter

Γ = ln 8R0
a
√
κ

+ `i
2 + βp −

3
2 (3.3)

Here a is the plasma minor radius, κ the elongation, βp the poloidal beta and `i the
plasma self inductance which are given parameters. The model is linearized around the
equilibrium point (z0, Ie0, Ia0) considering (z, Ie, Ia) as perturbations. In the following, all
partial derivatives are evaluated around the equilibrium.
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3.1. Single filament model

Radial magnetic fields

Linearization of the dynamics requires the evaluation of the magnetic field around the
equilibrium point. This is done by separating the contribution from the vessel and the coil

BR(z, Ia, Ie) = Ba
R(z, Ia) +Be

R(z, Ie) (3.4)

and making use of
Ba,e
R = − 1

2πR
∂ψp,ae
∂z

(3.5)

where the flux enclosed by the plasma filament and generated by the currents outside of it
is ψp,ae = Mp,aeIp,ae and Mp,ae is a geometric mutual inductance. The term Mp,ae = Mae,p

is computed from a toroidal plasma current distribution Jp(R, z) using the expression

Mae,p = (1/Ip0)
∫
Mae,x(R, z)Jp(R, z)dRdz (3.6)

whereMae,x(R, z) is the mutual inductance between the points on the poloidal plane, where
Jp is provided, and each discrete conductor (a or e). In this way the vessel contribution to
the radial magnetic field results in

Be
R(z, Ie) = Be

R,0 + ∂Be
R

∂z
z + ∂Be

R

∂Ie
Ie (3.7)

= Be
R,0 + ∂

∂z

(
− 1

2πR
∂Mpe

∂z
Ie

)
z + ∂

∂Ie

(
− 1

2πR
∂Mpe

∂z
Ie

)
Ie (3.8)

= − 1
2πR

∂Mpe

∂z
Ie (3.9)

where it was assumed that Ie,0 = 0 and Be
R,0 = 0.

For the coil contribution instead, the equilibrium current is generally not null and the
magnetic field satisfies ∇×Ba = 0 at the plasma location. Consequently

∂Ba
R

∂Z
= ∂Ba

Z

∂R
= −BZ,0

R0

(
− R0
BZ,0

∂Ba
Z

∂R

)
= µ0Ip,0Γ

4πR2
0
n, (3.10)

where n is the decay index of the vertical field along R as included in [38]

n = − R0
BZ,0

∂Ba
Z

∂R
. (3.11)

Note that n < 0 for a vertically elongated plasma [107], regardless of the current direction.
The term BZ,0 is the magnetic field required for radial equilibrium from Eq.(3.2) reading

BZ,0 = −µ0Ip,0Γ

4πR0
. (3.12)
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Chapter 3. The RZIp model for magnetic control

The coil contribution to the linearized radial field is then

Ba
R(Z, Ia) = Ba

R,0 + ∂Ba
R

∂Z
z + ∂Ba

R

∂Ia
Ia (3.13)

= µ0Ip,0Γ

4πR2
0
n z + ∂

∂Ia

(
− 1

2πR
∂Mpa

∂Z
Ia

)
Ia (3.14)

Where it was considered that at the equilibrium position

mpZ̈0 = 0 = −2πRIp(Ba
R0 +Be

R0) → Ba
R0 +Be

R0 = 0 (3.15)

Vertical dynamics

Substituting the linearized radial magnetic fields of Eq. (3.9) and (3.14) the linearized
vertical equilibrium reads

mpz̈ = −2πRIp0

(
µ0Ip,0Γ

4πR2 n z − 1
2πR

∂Mpa

∂Z
Ia −

1
2πR

∂Mpv

∂Z
Ie

)
(3.16)

and introducing in analogy with [38] the term

ω2
1 =

µ0I
2
p,0Γ

2mpR0
(3.17)

leads to the linearized dynamics of the plasma in the vertical direction

z̈ + ω2
1n z −

Ip0
mp

∂Mpa

∂Z
Ia −

Ip0
mp

∂Mpe

∂Z
Ie = 0. (3.18)

Neglecting the coils and the vessel dynamics, pz = ±ω1
√
−n represents the poles of the

plasma vertical position dynamics, one of which is unstable for elongated plasmas (n < 0).
While n can be estimated for the actual equilibrium, it is treated in the following as a free
parameter to study the effects of elongation.

Circuit equations

The lumped parameters circuit equations modeling the current dynamics are

Leİe +ReIe + ∂MepIp
∂t

+Meaİa = 0 (3.19)

Laİa +RaIa + ∂MapIp
∂t

+Maeİe = Va (3.20)

where the flux due to the plasma seen by the conducting elements is ψae,p = Mae,pIp.
Recalling that the model is evaluated for a constant plasma current Ip0 and radius R0 and
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3.1. Single filament model

Mae,p = Mae,p(z), the linear circuit equations are written as

Leİe +ReIe + Ip0
∂Mep

∂z
ż +Meaİa = 0 (3.21)

Laİa +RaIa + Ip0
∂Map

∂z
ż +Maeİe = Va (3.22)

Singular perturbation
Combining Eq. (3.18) (3.21) and (3.22), the linearized single filament model is

mpz̈ +mpω
2
1n z − Ip0M

′
paIa − Ip0M

′
peIe = 0

Leİe +ReIe + Ip0M
′
epż +Meaİa = 0

Laİa +RaIa + Ip0M
′
apż +Maeİe = Va

(3.23)

where the ′ symbol here and in the following is the derivative with respect to z and
M ′pe = M ′ep, M ′pa = M ′ap. The model has the structureεẋ = f(x, I)

İ = g(x, I, Va)
(3.24)

where x = [ż z]T and I = [Ia Ie]T and ε� 1 is a small parameter. In the case of vertical
force balance ε is determined by the different time scales of the inertial term and the
Lorentz forces, such that the former can be neglected using a singular perturbation method.
This allows removing the fast time scale of the system and considering a quasi-steady-state
model for the vertical dynamics meaning that the plasma satisfies an instantaneous force
balance 0 = f(x, I). Since g is linear, one can express x as a function of I and redefine
the model with a system of just two circuit equations. Expressing z as a function of the
currents

z = δaIa + δeIe (3.25)

where
δa,e = 1

n

Ip0
mpω1

M ′a,ep = 1
n

2R0
µ0Γ

M ′a,ep, (3.26)

the model İ = g(z(I), I, Va) now reads

(
1 +

ne

n

)
İe + γeIe +

1
Le

(
Mea +

N

n

)
İa = 0(

1 +
na

n

)
İa + γaIa +

1
La

(
Mea +

N

n

)
İe =

Va

La
.

(3.27)

In this expression, the coil and vessel decay indexes were introduced as

na,e =
I2
p0

mpω2
1La,e

(
M ′a,ep

)2
= 2R0
µ0ΓLa,e

(
M ′a,ep

)2
> 0, (3.28)
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Chapter 3. The RZIp model for magnetic control

Furthermore the coil and vessel inverse characteristic times

γa,e = Ra,e
La,e

> 0 (3.29)

and a further coupling index
N = 2R0

µ0Γ
M ′apM

′
ep (3.30)

Transfer functions

Defining inputs and outputs, the transfer function of model Eq. (3.27) obtained with the
Laplace transform, provides the basis for the fundamental observations on the dynamics
of the single filament model. The input is Va and the outputs (y) are the coil current Ia
and the plasma position z which can be reconstructed in a real tokamak using magnetic
measurements. In state space form the dynamics evolves as

Eİ = AI + BVa (3.31)
y = CI (3.32)

and writing it explicitly[
(1 + ne/n) 1/Le(Mea +N/n)

1/La(Mae +N/n) (1 + na/n)

] ˙[
Ie
Ia

]
=
[
γe

γa

] [
Ie
Ia

]
+
[

0
1/La

]
Va

(3.33)[
z

Ia

]
=
[
δe δa
0 1

] [
Ie
Ia

]
. (3.34)

The transfer functions for a voltage input is derived as

y(s) = G(s)Va(s) = C(sE−A)−1B Va(s) (3.35)

where s is the Laplace variable. The single elements of G(s) = [Gz(s) GI(s)]T are

Gz(s) = 1
P (s)

[
s

(
1−

M ′epMae

M ′apLe

)
+ γe

]
δa
La

(3.36)

GI(s) = 1
P (s)

[
s

(
1 + ne

n

)
+ γe

] 1
La
. (3.37)

Here P (s) is the characteristic polynomial of the model

P (s) = s2
[
1 + na

n
+ ne

n
− Mae

LaLe

(
Mae + 2N

n

)]
+ s

[(
1 + ne

n

)
γa +

(
1 + na

n

)
γe

]
+ γeγa.

(3.38)
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3.1. Single filament model

and the roots of P (s) are the poles of the system. The solutions of P (s) = 0 reads

p1,2 =
−
[(

1 + ne
n

)
γa +

(
1 + na

n

)
γe
]
±R

2
[
1 + na

n + ne
n −

Mae
LaLe

(
Mae + 2N

n

)] (3.39)

which are always real valued [108, p. 79] and where

R2 =γ2
a

(
1 + ne

n

)2
+ 2γeγa

(
1 + ne

n

)(
1 + na

n

)
+ γ2

e

(
1 + na

n

)2

− 4γeγa
[
1 + na

n
+ ne

n
− Mae

LaLe

(
Mae + 2N

n

)]
.

One can observe that, in absence of plasma, na = ne = N = 0 and Eq. (3.37) is exactly
the transfer function from coil voltage to current in presence of the vessel. In particular,
the matrix

E
[
Le

La

]
=
[
Le(1 + ne/n) (Mea +N/n)
(Mae +N/n) La(1 + na/n)

]
(3.40)

is the matrix of self and mutual inductance of the coupled circuits in absence of plasma,
or, when plasma is considered, an equivalent matrix of mutual inductance modified by the
plasma coupling.

3.1.2 Interpretation of the single filament model

Despite its simple structure, several results on the plasma vessel coil dynamics can be
obtained from a study of the single filament model. This will be illustrated and discussed
in the remainder of this section to provide a further insight in this simple but useful
control oriented model. The present treatment is supported by the fact that in system
identification experiments a second-order system was observed to correctly describe the
plasma vertical dynamics in response to external perturbations [109].

Validity of the singular perturbation

The conductive structures surrounding the plasma slow the vertical instability down to time
scales comparable to the vessel resistive time scale, τe = Le/Re in the single filament model.
This effect is important since it allows the integration of feedback control, whose main
limit is the response time of the power supplies. As the elongation grows, the impedance
of the conductive structures is too large for the current induced in them by the plasma
motion to generate a radial field fast enough to slow down the vertical instability. The
plasma vertical position consequently evolves on Alfvèn time scales [38], [110], which are
too fast for power supplies to react.

This effect is included in the single filament model of Eq. (3.27) as well. As a further
simplification, only the first up-down asymmetric vessel eigenvalue is considered while the
coil dynamics is neglected and using again the singular perturbation approximation, the
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Figure 3.1 – The poles of the complete
(fourth order) linearized model for shot
#51437 where ω1 = 47 kHz. One of the
poles (red) is always unstable for n < 0, one
is marginally stable (yellow) due to the sec-
ond order derivative and two (blue, orange)
are stable for any n.
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Figure 3.2 – The unstable poles for the
different models. The singular perturbation
reducing the fourth order model (red) to a sec-
ond order model (black) is valid for n > ncr2
while the pole of first order model (magenta)
from Eq. 3.41 gets a correct order of magni-
tude but overestimates the actual unstable
pole and is valid only for n > −ne.

only pole of the resulting first order transfer function is

pe = −γe/(1 + ne/n). (3.41)

The pole is unstable for n < 0 but becomes apparently stable as well when

n < −ne (3.42)

which corresponds to high elongation. The second condition is not physical and is a
consequence of the loss of validity of the singular perturbation approximation.

Including the coil in the single filament model and considering an elongated plasma
(n < 0), the Routh-Hurwitz criterion is used to determine the following stability condition
for n from Eq. (3.27) which is a second order system resulting in

n < ncr2 =
(

2N Mae

LaLe
− (na + ne)

)(
1− M2

ae

LaLe

)−1

< 0 (3.43)

which can be considered an extension of Eq. (3.42), considering also the passive stabilizing
effect of the coil. The details of the derivation are provided in Appendix B.1.1

The single filament model without the approximation of singular perturbation Eq.
(3.23) remains a fourth order system whose poles are plotted as a function of n in Fig. (3.1).
A numerical study of the stability provides a clear insight in the thresholds for apparent
stability −ne and ncr2. As n is decreased overcoming these thresholds, a discontinuity in
the stability appears for the models featuring singular perturbation, while one pole remains
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3.1. Single filament model

unstable for the fourth order system as seen in Fig. 3.2. This means that for the lower
order models singular perturbation is not valid anymore at large elongations (condition Eq.
(3.43) for the second order model and Eq. (3.42) for the first order model).

The most general treatment considers the whole passive structure as a set of discrete
conductive elements, resulting in a necessary condition for passive stabilization in terms of
the inductive stability margin [111]

m = gTL−1g
Fz

− 1 > 0 (3.44)

where gT is the vertical force on the plasma per unit of current in the passive structure
(analogous to Ip0M

′
ep) and Fz is the linearized vertical force on the plasma per unit of

vertical displacement (analogous to mpω
2
1n). In particular the condition for the validity

of the singular perturbation −ne < n is exactly equivalent to Eq. (3.44) if a single mode
approximation for the vessel is used [110]. If the coupling between plasma and vessel is too
low or if the elongation is too large, one gets m < 0 and the growth rate of the instability
becomes comparable to pz ≈ ω1 ∼ 105/s such that no feedback control can be applied.
Tokamaks with elongated plasmas including TCV operate regularly at m > 0 [112] which
allows considering the singular perturbation approximation valid in the following.

Single unstable mode
An elongated plasma is always vertically unstable when ncr2 < n < 0 (see B.1.1) despite
the passive stabilizing effect of coils and vessel. Evaluating the limit for n → 0− of the
poles defined in Eq. (3.39) leads to

lim
n→0−

p1,2 =

−
naγe+neγa

na+ne−NMaeL
−1
a L−1

e

Mae→0
ne�na>0−−−−−−→ −γa

0
(3.45)

where the last limit is valid for a plasma highly coupled to the vessel (ne � na) and a
small coupling between the vessel and the coil Mae → 0, underlining the major role of the
coil in the stable (dissipative) pole, well approximated with γa. This means that in model
Eq. (3.27) there will always be a stable pole ps < 0 relative to the dissipative structures
(coils and vessel) and one unstable mode pu > 0 when ncr2 < n < 0 due to the vertical
instability. One can therefore write

P (s) = a2(s− pu)(s− ps) (3.46)

with a2 the coefficient of the second order term in P (s).

Resistive compensation and stabilizability using positive feedback
As discussed in Sec. 2.4, resistive compensation is added to include an approximate
integration effect. In the simplified model, this corresponds to Va = RaIa+Lau as an input
or, equivalently, to setting γa = 0 and Va = Lau in the previously derived expressions,
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obtaining two new poles p̃u and p̃s. This leads to two important consequences. The first
one is that the stable pole ps which is largely determined by the coil’s resistive effect moves
to p̃s ∼ 0 (the coil behaves as an integrator). The second one is that, when using resistive
compensation, there is a new stability threshold for n such that the stability of the system
even for elongated plasmas is obtained when

− na < n < 0 (3.47)

yielding in this case p̃u < 0. This can be easily derived substituting γa = 0 in the expression
for the poles of Eq. (3.39) and checking for the sign of the real part of the pole. The
origin of this stabilization is the positive feedback loop closed on the plasma current to
compensate the coil resistivity which is sufficient for stabilizing the vertical instability as
long as Eq. (3.47) is satisfied, due to the sign of the transfer function Va → Ia which is
opposite to the one of Va → z. Note that however an integrator pole remains in p̃s ∼ 0 so
formal stability (e.g. BIBO stability) is not provided. Note that the same effect is also
obtained with a superconductive coil behaving as an integrator coupled to the plasma
motion. It is observed that in general na � |ncr2| thus only plasmas with extremely low
elongation can be stabilized using only resistive compensation.

Zero of GI

The transfer function GI : Va → Ia (Eq. (3.37)) determines the dynamic evolution of the
coil current. Even in the simplified model, an important feature is observed: the presence
of a zero in the transfer function GI(s)

zI = −
(

1 + ne
n

)−1
γe (3.48)

which is RHPI as long as n > −ne where in general ne ≈ ncr2 as seen in Fig. 3.2, so for
most plasmas but the ones with highest elongation. The presence of a single RHP zero in
the coil dynamics determines an inverse response of the coil current in the unstable system.

In the simple model one can prove that, when making use of resistive compensation

zI > p̃u (3.49)

is true for any n > −ne (see Appendix B.1.2). This justifies the stabilization at low
elongation using resistive compensation only (when n > na), since, if the opposite was true
(zI < p̃u for some n > −ne), this stabilization would have been made impossible by the
parity-interlacing-property [113]. This RHP zero affects the model dynamics at time scales
comparable to the vertical instability since zI = pe from Eq. (3.41) and in general pe is
comparable to pu in magnitude for moderate elongations as observed in Fig. 3.2.

Ilies on the plane for which Re(s) > 0
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3.1. Single filament model

Zero of Gz
An improved coupling between plasma and vessel (M ′ep in the simple model) leads to an
increase in m (Eq. (3.44)), but the resulting better passive stabilization will serve little
purpose if it corresponds to a strong screening of the control field provided by active control
coils [110] which is necessary to stabilize the plasma vertical instability.

This trade-off is retained in the simple model in the zero of Gz : Va → z (Eq. (3.36))

zz = −
(

1−
M ′epMae

M ′apLe

)−1

γe. (3.50)

This zero physically originates due to the inverse response of the vessel eddy currents since
the same zero is found in the (stable) transfer function from a coil voltage input to the
radial magnetic field at the position of the plasma.

Va → BR,x : GB(s) = 1
Ps(s)

[
s

(
1− M ′exMae

M ′axLe

)
+ γe

]
M ′ax

2πR0La
. (3.51)

which is determined by a competing effect between the field generated by the coil and the
field generated by the eddy current generated in the vessel (see Appendix B.1.3 for the
derivation of the transfer function of the plasmaless model). Here Ma,ex is the mutual
inductance between the coil or the vessel and the location where the magnetic field is
measured x = [R0, z0] and Ps(s) is the characteristic polynomial of the (stable) model.

In [38] the single filament model of Eq. (3.27) is derived for the DIII-D tokamak
and it is noted that using coils satisfying M ′ap/Mae < M ′ep/Le, the model for plasmas at
high elongation cannot be stabilized with feedback control on the plasma position, but
no relation to the zero zz is explicitly derived. In fact, we can see from (3.50) that this
condition corresponds to zz > 0. This leads to a limitation in the possibility of stabilizing
the RHP pole, which requires high feedback gain, as the RHP zero leads to high gain
instability [101, p. 184]. As long as zz > pu, it is still possible stabilizing the plant using
only this SISO loop, but with worse performance degradation the more pu increases towards
zz. Specifically, regardless of the controller used, the combination of a single RHP pole and
a single RHP zero has the following lower limit for the closed loop sensitivity magnitude
(MS,min) and lower limit for the closed loop transfer sensitivity (MT,min) [101, p. 197]

MS,min = MS,min = |zz + pu|/|zz − pu| (3.52)

which tends to infinity as pu → zz while they should be kept below 6 dB for MS,min and 2
dB MT,min for ideal performance [101, p. 36].

Physically, when zz is a RHP zero, the plasma vertical position in Gz (unstable) or
the magnetic field in the plasmaless model GB (stable) have an initial inverse response
following a voltage step. This means that the highly conductive continuous vessel is able
to perfectly exclude the prompt magnetic field of an external coil on short time scales and
creates a transient opposite field to the desired one.

When using an eigenmode representation for the vessel, however, the discrete nature of
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the vessel mode incorrectly estimates the shielding capability of the vessel. Several coils
are not shielded when including only the first up-down asymmetric eigenvalue in the single
filament model, resulting in an instantaneous effect (e.g. without the inverse response) on
the plasma. This fact is noted also in [38] for the DIII-D case, where only a subset of the
external coils is actively shielded by the vessel. The proposed solution, studied in detail in
Sec. 3.2.1 also for the TCV model, consists of including a larger number of eigenvalues
in the model. When a sufficiently high number of eigenvalues is included, a RHP zero is
present in Va → z using any E or F coils for Va (and not for the G coil, which is within the
vessel) and it is observed that zz � pu > 0.

The fact that it is not possible to correctly model the vessel shielding using a single
eigenmode representation is a main limitation to this approach and motivates the use of
a model with a more detailed representation of the vessel and the full coil system. This,
however, does not allow for such a simple analytical treatment as the one discussed in the
present section and other methods, among which frequency response, are exploited for
controller design. The shielding effect of the vessel is in fact, along with the power supply
delays, the main limitation for stabilizing the vertical instability of most elongated plasmas
using only the external coils.
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3.2 The RZIp model

The so-called ’RZIp’ model is a linear time-invariant dynamical model for the plasma-vessel-
coil coupled dynamics [105]. Its main assumption is that the plasma current distribution
remains constant during any control action, while its centroid [rC zC ] can move vertically
and radially and its integral, the total plasma current, can change. The vector of electrical
currents in all PF coils and a set of discrete vessel filaments Ic and the total scalar plasma
current Ip can vary in magnitude and their coupling with the plasma is explicitly considered.

The derivation of this model is based on circuit equations for the conducting elements,
combined with plasma vertical and radial force balance and flux conservation

Mcİc +RcIc + ψ̇cp = Va,

mpz̈c = −2πrCIpB̄r(rC , zC , Ic, Ip)
mpr̈c = +2πrCIpB̄z(rC , zC , Ic, Ip) + Fr(rC , Ip, βp, `i),
(d/dt)[Lp(rC)Ip] +RpIp + ψ̇pc = 0.

(3.53)

Here Mc is the matrix of self and mutual inductances of conducting elements (coils and
vessel) and Rc the diagonal matrix of their resistances. The vector ψcp is the flux due to
the plasma current distribution enclosed by each circuit k, with components

ψcp,k = MkpIp =
∫
plasma

M̃kJ(R, z)J(R, z)dRdz,

where J(R, z) is the plasma toroidal current distribution obtained from a reference Grad-
Shafranov equilibrium and M̃kJ(R, z) is the mutual inductance between the points on the
poloidal plane and each discrete conductor k, including coils and vessel filaments. The
scalar ψpc is instead the flux due to each circuit enclosed by the plasma, computed as

ψpc =
∑
k

MpkIc,k,

where Mpk = MT
kp. The term Va includes the externally applied voltages on the active

circuits only (E, F, G and OH coils) through the corresponding power supplies, since there
is no active voltage on the plasma current and the vessel circuits. The magnetic field due
to the external conductors acting on the plasma has vertical and radial components B̄z and
B̄r. These components are estimated through the computation a weighted average of the
Lorentz force due to the poloidal magnetic field [Br Bz] generated by external conductors
and acting on the toroidal plasma current distribution. Furthermore the term Fr is the
net radial outward force deriving from plasma pressure and tokamak toroidal geometry, a
function of the plasma poloidal beta βp and internal inductance `i. Finally Lp and Rp are
respectively the plasma (radially dependent) self inductance and the plasma resistance.

Due to the time scales involved, the force balance equations are assumed to be at
equilibrium at all instants. This results in a static relation between coil and plasma currents
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and plasma position. The validity of the so-called massless approximation, typical for this
kind of electromagnetic plasma model, is discussed in detail in [97]. The plasma radial
and vertical force balance equations are linearized around a plasma equilibrium at a given
time for a desired discharge and differentiated with respect to time, resulting in a linear
model that depends on the plasma equilibrium current distribution and geometric and
electromagnetic properties of the surrounding coils and vessel. The model can be written
in state space form as

ẋ = Ax+ BVa (3.54)
y = Cx+ DVa. (3.55)

The static relation between coil and plasma currents and plasma position is substituted
in the dynamic equations for the circuits, such that the state is the vector including only the
coil current perturbation from their reference value and the plasma current perturbation as

x =
[
δITc δIp

]T
. (3.56)

which is the results of a formal application of the singular perturbation method described
in detail in Appendix B.2.1.

The resulting model inputs are the voltages Va = [VG VEF VOH ] ∈ R19 applied to the
single poloidal field coils and the outputs y ∈ Rny are the TCV magnetic measurements,
which result from a set of electromagnetic Green’s fuction mapping of the state currents
into the output of flux loops, magnetic probes, time derivatives thereof, along with the
coil current estimates [83]. The details of matrices of the state space representation are
described in Appendix B.2.2

The corresponding MIMO (multi-input-multi-output) transfer function from Va to y
resulting from the Laplace transform of the system is

G(s) = C(sI −A)−1B +D (3.57)

with s the Laplace variable.
A key feature of the RZIp model is the presence of a single unstable mode that defines

the vertical instability of elongated plasmas [108, p. 84]. As discussed in Sec. 3.1, its
origin lies in the unstable characteristics of the vertical force balance, where the Lorentz
force due to the curvature of the vacuum field required for elongating a plasma makes
the equilibrium of the system linearly unstable [12]. The passive stabilizing effect of the
surrounding conducting structures [110] slows down the instability growth rate from MHD
time scales (106 s−1) to wall resistive time scales (102 s−1) but is not sufficient to stabilize
it alone [114]. This motivates the design of feedback control of plasma position to ensure
stationary, safe tokamak operation which can be performed using linearized models [38].
The agreement of rigid plasma models for vertical controller design with experimental data
and deformable plasma models was studied in detail for the TCV case in [115] and was
found to be valid for most cases except extremely high elongation.
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Figure 3.3 – Effect of a static
current flowing in antiseries in
F6 and F3 on the plasma’s pre-
programmed last closed flux sur-
face (blue) resulting in a new Grad-
Shafranov equilibrium (red).

-40

-20

0

20

From: V
a
  To: I

a

10
-2

10
0

10
2

10
4

-450

-405

-360

-50

0

50

From: V
a
  To: zIp

10
-2

10
0

10
2

10
4

-270

-225

-180

-135

-90

Figure 3.4 – Bode plots of the transfer functions for
the channels Va → Ia (above) and Va → zCIp0 (below)
comparing the RZIp and the single filament (Simplified)
model.

3.2.1 Dynamic comparison with the single filament model

A first study of the dynamics predicted by the RZIp model is performed comparing it with
the single filament model. A coil combination is selected such that it generates a radial field
on the plasma axis by actuating in antiseries coils F3 and F6, approximately symmetric
above and below the plasma midplane for shot #51437 illustrated in Fig. 3.3. The complete
RZIp model is derived for TCV. A vector Tz ∈ R19 multiplies its input such that the only
input voltage Va is applied to coils F3 and F6 in antiseries. The retained outputs are the
plasma centroid vertical position as zCIp0 and the coil current Ia = IF6 − IF3 in response
to a voltage input Va. The simplified single filament model is augmented considering two
coils (F3 and F6), one vessel eigenmodes and one plasma filament, and all coefficients
are computed as discussed in Sec. 3.1 for the TCV case. As for the RZIp case, a single
voltage input Va is considered such that [VF6 VF3]T = [ 1 −1 ]TVa. The dynamics of
interest is given by the evolution of the plasma vertical position as zIp0 and the coil current
Ia = IF6 − IF3 in response to a voltage input Va.

The dynamics of the systems are studied using a Bode plot, which provides a useful
tool to illustrate the frequency response of a linear system in terms of magnitude and phase
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Figure 3.6 – The RHP zeros in the RZIp
model transfer functions considered for com-
parison with the simplified model.

of the response to a sinusoidal perturbation in its input. This tool will be used extensively
in the following chapters in order to synthesize controllers and make predictions on the
closed loop dynamics. Despite the plasma response is unstable, the Bode plot summarizes
several information for the open loop response.

Fig. 3.4 provides the Bode plots for the transfer functions Va → Ia and Va → zCIp0,
comparing the two models. One can see that the main dynamics is mainly dictated by a
low number of parameters despite the large dimensionality of the RZIp model which can
be easily evaluated numerically. A stable pole ps = Ra/La approximates well the frequency
at which the initial drop of magnitude and loss of phase is observed. The two models also
share a unique unstable pole pu, which represents the vertical instability, which can be
matched for the simplified model by varying n until it is approximately the same for the
RZIp one. The unstable pole corresponds to a further loss of magnitude in the frequency
response but increases the phase.

While the poles are shared in the denominator of a transfer function for the same
system, the numerator including the zeros depends on the considered channel, and in this
case only on the output. For the channel Va → Ia the transfer functions qualitatively
match. Both in the RZIp model and in the simplified model, a unique RHP zero (zI for the
simplified model) provides a further loss of phase at higher frequencies and counterbalances
the change in magnitude resulting from pu, since it appears at frequencies only slightly
larger than the unstable pole. This makes the magnitude response of the channel Va → Ia
to appear as the one of a single pole system.

The limits in the predictive capability of the simplified model compared to RZIp are
evident in the transfer Va → zCIp0 where the two transfer functions have a different
behavior at high frequencies above 103 rad/s. The simplified model does not consider
correctly the vessel ability to shield external fields, since it features only the first up-down
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asymmetric current distribution (the second eigenmode of an eigenmode decomposition of
the discrete vessel filaments). This is evident in the transfer function GI(s), where zz < 0
results in a phase gain at frequencies above the unstable pole. In the corresponding transfer
function for the RZIp model, instead, a RHP zero results in a loss of phase. Vertical control
and stabilization of the vertical instability is typically done closing a loop on the vertical
observer and the presence of RHP zeros is detrimental for performance [101, p. 235].

In the RZIp model generated for the TCV tokamak it is observed that a single RHP
zero is present in the transfer functions Va → Ia and Va → zCIp0 for each E and F coil.
The only exception is the G coil which does not feature a RHP zero in the transfer function
Va → zCIp0 as the magnetic field it generates when a current is imposed in it is not
dynamically shielded since the G coil is located within the vessel. The RHP zeros in the
mentioned transfer functions are represented in Fig. 3.6 for shot #51437s and a voltage
input in the single E and F coils. One can see that the characteristic frequencies at which
the zero appears are well separated, with the RHP zero of Va → Ia influencing the dynamics
approximately at the unstable pole frequency pu in analogy with zI (see Sec. 3.1.2 ) and the
RHP zero of Va → zCIp0 appearing at much larger frequencies. A RHP zero is evaluated
also in experimental system identification of the low order transfer functions for vertical
control [109], where the order of magnitude of the fitted RHP zeros is comparable to the
one observed in the RZIp model.

3.2.2 Effect of varying number of vessel eigenmodes

The role of the RHP zero is fundamental in limiting the ability to stabilize highly elongated
plasmas using the external coils. The full dynamics of the system is more complex than the
single filament model and the different properties of the E, F and G coils will be exploited
in the following chapters for the purpose of magnetic control of TCV plasmas. The main
difference originates from the coupled dynamics of the coils and a more detailed model of
the vessel which in the RZIp model is represented by a set of filaments or their truncated
eigenmode representation. In particular in Eq. (3.53) the currents in the conductive
elements are Ic = [ITa ITe ]T with Ia ∈ RNa representing the current in the Na active coils
and Ie ∈ RNe the current in the vessel circuits. The current distribution in the vessel is
represented either using 256 toroidal filaments or a variable number of vessel eigenmodes
up to Ne = 256. The vessel eigenmodes are orthogonal in the sense that Mee is diagonal
(see Appendix A of [38] for the details on the eigenmode representation of the vessel).
The order of the truncation is important in dynamic modeling since a low order model
allows faster simulations but can lead to wrong predictions when an important part of the
dynamics is neglected.

It is observed that the RHP zeros in Va → zCIp0 for the E and F coils are included in
the model only when a sufficiently high number of eigenmodes of the vessel is considered.
In the eigenmode representation, each of the successive vessel eigenmode has a higher
degree of spatial structure and decays at a faster rate [38]. A possible motivation for the
disappearance of the RHP zero before a specific Ne is therefore that the spatial structure
allowed in the vessel current is at that point insufficient for shielding the magnetic field
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Figure 3.8 – The corresponding figure for
a rigid current displacement model (Fig. 7
[98])

generated by the coil and the approximation of the full model is not valid anymore. After
the 30th eigenvalue is included, no variation of the RHP zero is observed for any E and F
coil and the fast inverse response determined by zz ≈ 104rad/s is motivated by the fast
decay of the eddy currents in the vessel.

The number of vessel eigenmodes has an effect as well on the location of the unstable
mode pu, since additional up-down asymmetric current distributions able to couple with
the vertical instability are included for larger Ne. As observed already for other rigid
plasma displacement models [98], whose result is reproduced in Fig. 3.8, the number of
eigenmodes necessary for the poles to finally settle is Ne = 20. Note that for Ne = 1 there
is no unstable mode due to the violation of the passive stabilization criterion Eq. (3.44).
For Ne larger than 20 the location of the system poles is not further modified and the
increasing order of the model corresponds to the addition of further vessel eigenvalues with
their characteristic pole.
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Figure 3.9 – The result of a radial displacement in an HFS limited plasma. In the first
poloidal cross section of TCV, an exaggerated plot of the current distribution following a
radial displacement as predicted by the semirigid model evidences the plasma scaling. In the
following plots, ∂rC

J is evaluated with the different models: derived from Grad-Shafranov
equilibria, predicted by the semirigid model and from the rigid one. It is already possible to
observe that, also qualitatively, the semirigid model better reproduces the results from the
Grad-Shafranov equilibria than the rigid model.

3.3 Extension to a semirigid model

One of the key assumptions of the RZIp model is that the plasma column rigidly translates
following a perturbation in the coil currents. The translation happens without deformation
of the plasma cross section on the poloidal plane of a toroidal reference frame described
with radial and vertical coordinates. This is a fair assumption in the vertical direction
where the plasma is unbounded by the vessel. However plasmas can be limited, having
the last closed flux surface lying on the wall on the vessel either on the high field or on
the low field side of the tokamak. In this case, a rigid plasma movement in the radial
direction would lead to unrealistic equilibria such as an overlap of plasma and wall or a
transition to a plasma whose last closed flux surface is suspended and not in contact with
the wall. The actual behavior of the plasma from the ideal MHD equilibrium point of view,
as modeled by the Grad-Shafranov equation, can be described qualitatively as an inflation
(or a compression) as the plasma moves away from the HFS wall (or onto the LFS wall) as
represented in Fig. 3.9.

The assumption of rigid radial displacement is included in the RZIp model through the
radial derivatives

∂J

∂rC
= − ∂J

∂R
as in [116] (3.58)

∂Γ

∂rC
= 1
rC

from its definition in Eq. (3.3) (3.59)
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Figure 3.10 – Some of the different equilibria for different plasma currents Ip = k Ip0 used
for validating the semirigid model. In black the GS equilibria and in red the rigid radial shift
of the equilibrium with Ip = Ip0, showing the change in the shape and the overlap of the first
and last equilibria with the tiles in the case of rigid shift.

The proposed solution to this issue is a new computation of two parameters already
included in the RZIp model: the radial derivative of the Shafranov parameter ∂rCΓ and
the radial derivative the plasma current distribution ∂rCJ , both functions of the plasma
shape modification following a radial displacement. A new analytical computation for the
derivative of Γ and a new numerical computation for the isotropic scaling of J are now
included in the RZIp model to match the Grad-Shafranov (GS) equilibria for a displacement
of the plasma centroid in the radial direction. This new semirigid model (rigid following a
vertical displacement and deformable in the radial direction) results in a more accurate
model for the coupled plasma vessel coils dynamics, allowing more reliable controller design.

The main results are summarized in the remaining of the present section and the
details of the derivation are provided in Appendix B.3. The quantitative validation of the
semirigid model, still discussed in in Appendix B.3, is based on its ability to reproduce the
results of a set of Grad-Shafranov equlibria for scalar parameters independent on the total
plasma current better than the original rigid model. A subset of the considered equlibria
is presented in Fig. 3.10.

64 Federico Pesamosca



3.3. Extension to a semirigid model

3.3.1 Radial derivative of the Shafranov parameter

The semirigid approximation of a plasma radial expansion allows evaluating a radial
derivative of the Shafranov parameter which matches the numerical equilibria at different
radii closer than the rigid approximation. This is obtained maintaining a set of simplifying
assumptions, in particular assuming constant κ, βp and `i which are given by the equilibrium
reconstruction around which RZIp is linearized. Under these assumptions, the radial
derivative of Γ reduces to

∂rCΓ = ∂

∂rC

(
ln 8rC
a(rC)

√
κ

+ βp + `i
2 −

3
2

)
= ∂

∂rC
ln 8rC
a(rC)

√
κ

(3.60)

and depends on the value of rC/a. The main assumption of the semirigid approximation is
that the minor radius of the plasma a is not constant during a radial displacement but is a
function of the major radius, considered here as the radial position of the centroid rC .

When the plasma is limited on the HFS and the contact point with the tile rb = rHFS < rC

rC
a

= rC
(rC − rHFS) → ∂rCΓ = ∂

∂rC
ln 8rC
a(rC)

√
κ

= − rHFS
rC(rC − rHFS) < 0. (3.61)

When the plasma is limited on the LFS and the contact point with the tile rb = rLFS > rC

rC
a

= rC
(rLFS − rC) → ∂rCΓ = ∂

∂rC
ln 8rC
a(rC)

√
κ

= + rLFS
rC(rLFS − rC) > 0 (3.62)

The validation is performed comparing the values of Γ and ∂rCΓ derived from the Grad-
Shafranov equilibria obtained for a variation of the plasma current around its nominal
value, which results in a displacement of the plasma radial equilibrium position. The
Shafranov parameter and its radial derivative are evaluated from the numerical equilibria
and compared with the predictions obtained from the rigid and the semirigid model. It is
found that the latter provides the best fit to the numerical equilibria. Note in particular
that the semirigid model for plasmas limited on the HFS results in a change of sign of the
term ∂rCΓ compared to the rigid model.

The radial derivative of Γ appears in the plasma linearized current equation and the
linearized radial force balance which are modified accordingly in RZIp.

3.3.2 Radial derivative of the current distribution

The assumption that, following a radial displacement, a limited plasma undergoes a
uniform (isotropic) scaling in all directions from the contact point with the tile (rb, zb), as
represented in Fig. 3.9, is consistent with the previous assumption that a = a(rC), with
the dependencies that can be extracted from Eq. (3.61) and Eq. (3.62). This assumption
has a consequence in particular on the evaluation of the derivative of the plasma current
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distribution J(R, z) following a displacement of its centroid and evaluated as

∂rCJ = lim
r+
C→rC
r−C→rC

Jr+
C
− Jr−C

r+
C − r

−
C

= lim
∆rC→0

Jr+
C
− Jr−C

∆rC
(3.63)

where r+
C and r−C are the new centroid positions following a radial displacement of the

current distribution computed as

r+
C = rb + (rC − rb)(1 + s)
r−C = rb + (rC − rb)(1− s)

and the perturbed current distribution is not a GS equilibrium but a uniform (isotropic)
scaling with s > 0 from the limiting point (rb, zb) on the tiles such that

Jr+
C

= J

(
R+ rb
h

− rb,
z + zb
h
− zb, Ip0

)
kI (3.64)

where h = s+ 1 for Jr+
C
while h = s− 1 for Jr−C and the term kI maintains constant the

total plasma current Ip0 following the scaling II. For comparison, in the rigid model the
displaced current distribution is evaluated with a simple translation by ∆rC → 0+

Jr+
C

= J(R−∆rC , z, Ip0) (3.65)

and with ∆rC → 0− for Jr−C .
The scalar amplitude of the radial Lorentz force acting on the plasma due to known

currents in the conductive elements FL is a function of the plasma current distribution.
The radial derivative of this force ∂rCFL is in turn a function of ∂rCJ and can be computed
numerically from the expression of ∂rCJ for the rigid or semirigid model or with a numerical
derivative from the different Grad-Shafranov equilibria used to validate this approach.
As the Grad-Shafranov equilibria at different radial positions are derived with a scan of
plasma current, the derivative of the Lorentz force is scaled using the total plasma current
to obtain ∂rCFL/Ip which is independent of Ip.

The validation of ∂rCJ is performed comparing the values of ∂rCFL/Ip obtained from
the Grad-Shafranov equilibria and using the different definition of ∂rCJ either from the
semirigid Eq. (3.64) or rigid model Eq. (3.65). It is found that the semirigid model better
fits the result obtained from the Grad-Shafranov equilibria, validating this approach.

The evaluation of the derivative of the current distribution allows correcting the term
∂J /∂rC in the RZIp model which considers now a non rigid plasma displacement in the
radial direction.

IIThe semirigid model requires an interpolation on a thinner grid than the one provided by equilibrium
reconstruction for a correct evaluation of the numerical derivative for s → 1. See in particular Eq. (B.92)
for details on the thinner grid.

66 Federico Pesamosca



3.3. Extension to a semirigid model

3.3.3 Limitations and possible extension

While the presented semirigid model is a better approximation for the linearized dynamics
of RZIp when considering limited plasmas, the extension to diverted plasmas, whose core
plasma is not in contact with the tiles, requires further analysis. The current distribution
of limited plasmas is clearly observed to scale (inflating or compressing) as they move
away or towards the wall as observed in Fig. 3.10. Instead, there is not such a simple
interpretation for the evolution of the plasma current distribution of diverted plasmas
following a radial displacement of their centroid. The approach presented here is therefore
restricted to limited plasmas. It is suggested that the behavior of a diverted plasma
following a radial displacement could be different from a rigid translation and closer to
a self-similar expansion of a current ring [117] which maintains rC/a = const. leading
to ∂rCΓ = 0 which would lay between the two extremes of ∂rCΓ < 0 and ∂rCΓ > 0 with
a continuous transition. This however requires also a coherent expression of the radial
derivative of the plasma current distribution for diverted plasmas as it was done for the
limited case, which is not performed here. The development of a generalized semi-rigid
model could be the step between rigid and deformable linearized models and could provide
further insights for this control-oriented approach with its simple interpretation of the
physics of interest.
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3.4 Modeling of the power supplies

A critical nonlinearity in the magnetic control loop not modeled by RZIp is the coil power
supply characteristics. These include voltage and current saturation and a maximum
operational frequency of the 12-phase rectifiers (for the PF coils) and the H bridge of the
FPS (for the G coil) [80]. The control synthesis techniques used in this thesis require
operating on a linear dynamical system, while the power electronics systems feature
nonlinear components. This is an important feature which requires to be modeled for
correct controller synthesis, since it determines the most stringent constraints in terms
of instability deriving from excessive controller gain (high-gain instability). These highly
nonlinear elements are included using linear models for controller design, therefore saturation
effects, the details of the power electronics and the dead zone of the FPS, are not included
in the evaluation of the controllers. The working principles of the power supplies are briefly
discussed here to motivate the approximations used in this thesis. Finally, a nonlinear
model of the FPS is derived, and implemented in Simulink , which will be included in
particular in the simulations performed in Chapter 5.

3.4.1 Delay model for the E, F, OH coil power supplies

As discussed in Chapter 2, the E F and OH coils are each connected to an independent
power supply, which generates the voltage (in voltage mode) required by the control system,
typically as the matrix M output.

Each power supply consists of 12-pulse thyristor rectifiers: two six pulses bridges
connected in series with a phase shifting between the two secondaries. The principle of the
six pulses bridge working system is illustrated in Fig. 3.11 and 3.12. The power supply
imposes a voltage on the coil depending on the firing angle α ∈ [0 π], which is the regulation
parameter evaluated in voltage mode as a function of the reference voltage requested by
the control system. The mean value of the ideal rectified voltage Uload for a single six
pulses bridge as a function of the firing angle is

Udi(α) = sq
√

2
2π UAC cosα (3.66)

where s = 2 is the number of commutation groups, q = 3 the number of phases for the
transformer and UAC the phase-to-phase voltage. For the E, F and OH coils this results in
a maximum appliable voltage (for α = 0) using two bridges in series of

UE,max = 2Udi(0) = 650V (UAC = 241V)
UF,max = 2Udi(0) = 1250V (UAC = 463V)
UOH,max = 2Udi(0) = 1400V (UAC = 519V)

In the remaining of this study a linear approximation is used, assuming that saturation
of the power supplies is not reached in standard operations, which is reasonable when
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Figure 3.11 – Working principle of a
6-pulse thyristor rectifier: on the left,
the transformer provides the AC volt-
ages, on the right the controlled SCR
block alternates the conduction phases.
([118]).

Figure 3.12 – Simulation of the 6-pulse thyristor
rectifier with a fixed firing angle α imposing Uload,
closing the circuits as 1-3,3-2,3-4,5-4,5-6,1-6 and
repeating ([118]).

considering small variations around the reference. During a shot, the effect of saturation is
indeed critical since it starts a vertical displacement event as the feedback system is not
able to control the plasma vertical position anymore. This will be avoided attempting to
minimize the input voltage reference in a linear system, as discussed in Sec 5.2 .

Apart from saturation, the nonlinear behavior of the power supply, which can be seen
for a plasma discharge in TCV in Fig. 3.13, introduces another critical effect: the delay
in the applied voltage on the coil Uload with respect to the required one Uref . Although
the effect can be asymmetric for large variations, it is reasonable to assume that for small
variations the change in the reference can happen statistically with the same probability
between two pulses, therefore in the following delay is assumed

τ = 1
2
Tp
12 = 0.35ms (3.67)

where Tp = 1/120 s is the period of each AC voltage source of the transformer. In
the Laplace space that will be used in the following, the power supplies modeled as
Uload(t) = Uref (t− τ) is either treated as a pure delay or included as Padè approximations
[101, p. 127] of its transform

PSE,F,OH(s) = Uload(s)
Uref (s) = e−τs ≈

(1− sτ
2n)n

(1 + sτ
2n)n (3.68)

where n ∈ R is the order of the approximation, which corresponds to a transfer function
with unitary gain and progressively larger phase losses at increasing frequencies.
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Figure 3.13 – Actual Uref requested by the control system and the corresponding Uload

applied to the F5 coil by its power supply in shot #68072, evidencing the reaction to a step-like
reference change of the output.

3.4.2 Delay model for the G coil power supplies

The FPS (fast power supply) is designed to rapidly impose a current flowing on the G
coil for vertical control. The DC power source includes a thyristor rectifier whose role is
providing a constant voltage of UDC = 280V (with a nominal maximum of 566 V) on a
fast output stage (FOS) including an H-bridge.

The working principle of the H-bridge is illustrated in Fig. 3.14 and 3.15. The fast
output stage applies on the G coil the voltage UFOS , ideally either UDC , −UDC or 0.
The four IGBT switches operate at a switching frequency of 10 kHz providing the fastest
actuation for magnetic control in the TCV tokamak. The direction of the imposed voltage
and the direction of the pulse are based on the input voltage Uref,G and is discussed in
more detail in the next Sec. 3.4.3. The behavior of the FPS is therefore strongly nonlinear,
but for the purpose of controller synthesis is approximated with a delay.

The delay approximation is motivated by the fact that, for a constant voltage Uref,G
and an ideal H-bridge, the average of the UFOS voltage applied on the coil by the H-bridge
is equivalent to the same voltage imposed directly on the coil Uref,G for times multiple of
half the switching period of 0.1 ms. Since the fastest characteristic time of the dynamics of
interest is the growth rate of the vertical instability, which in this work are typically τz ≈ 1
ms, the approximation is justified.

The power supply is modeled with a delay on the input applied on the G coil, where in
the Laplace domain

PSG(s) = UFOS(s)
Uref,G(s) = e−τGs ≈

(1− sτG
2n )n

(1 + sτG
2n )n . (3.69)

In this case the delay
τG = 1

2
1

fswitch
= 0.05ms (3.70)
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3.4. Modeling of the power supplies

Figure 3.14 – Working principle of the H-
bridge connected to a DC voltage (left): the
circuits can be closed in couples, with several
combinations allowing the voltage to be ap-
plied in different directions on the load (right)
with the same color coding of Fig. 3.15 ([118]).

Figure 3.15 – Simplified behavior of the
voltage (square wave) and the current on the
load (blue). In phase 1, G1-G4 is followed
by G2-G3. In phase 2 G1-G4 is followed by
G1-G3 where no voltage is applied ([118]).

is determined by the fact that the change in the reference for the FPS happens statistically
with the same probability during a period of the triangular wave and the maximum time
that the FPS could take to react to a variation in Uref,G is 0.1 ms.

3.4.3 A nonlinear simplified model for the FPS

Modeling the FPS as a delay is useful for linear controller synthesis but a more complete
FPS model was derived for including part of its nonlinear effects in plasma discharge
simulations when the RZIp model is set in feedback with the magnetic controller.

The FPS model is designed in Simulink which includes libraries for the nonlinear
elements required for simulating the FPS dynamics. The block scheme illustrated in Fig.
3.16 emulates the FPS characteristics better than a simple delay and its working principle
is illustrated as follows.

When used in voltage mode, the switching frequency of the the H-bridge is fixed and
the FPS can impose a voltage on the G coil (±UDC , 0) for a fraction of the switching
time. This fraction is determined by a comparison of the reference signal provided by the
magnetic controller Uref,G with a triangular waveform of 10 kHz period. As the reference
signal in absolute value is larger than the waveform a circuit is closed and the UDC voltage
is applied on the coil with the sign corresponding to the one of the reference signal. In
order to retain the effects of the dead zone, no output is provided for a reference voltage of
|Uref,G| < 10 V.

Although this model provides a useful tool for simulations of the FPS, it does not
include further nonlinear effects. In particular:

• The shape of the output UFOS is never an actual square wave (see also [87]) but has
a temporal evolution defined by the FPS power electronics.
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Figure 3.16 – The FPS nonlinear model block scheme as implemented in Simulink The
input is the reference voltage Uref,G and the output is UF OS .

• During a shot the UDC signal is not fixed but decreases when a continuous current
flows on the G coil, and is recovered when the circuit is open.

• Over voltage and over current protection trigger an alarm triggering the termination
of the shot.

• An offset in the H-bridge voltage is observed to be proportional to the G coil current.

Despite the simplifying assumptions, the FPS model remains valid for introducing a
first approximation of the nonlinearities of the FPS, in particular its switching behavior
and the dead zone. The inclusion of the remaining nonlinearities was studied in [119]

72 Federico Pesamosca



3.4. Modeling of the power supplies

Figure 3.17 – Simulation of the FPS nonlinear model block and comparison with the actual
voltage UF OS provided by the FPS in shot #65530. The input of the model is the signal Uref,G

which is scaled for comparison. The horizontal dashed line is the (scaled) dead zone threshold
and the FPS is active only when the reference is above it. The dense colored zones derive from
the fast oscillating dynamics of the FPS (stored in blue and simulated in orange) and clearly
show the time separation in the variation of Uref,G from the digital control system and the
reaction of the FPS. A zoom in this fast dynamics is provided in Fig. 3.18.

Figure 3.18 – Zoom in the previous Fig. 3.17 where Uref,G appears approximately constant
and the fast dynamics of the FPS is highlighted. The FPS model correctly models the switching
behavior and the dead zone dynamics, but is too simple to model the shape of the real output
UF OS . Note that, as the reference amplitude Uref,G is larger in amplitude, the length of
the pulse is longer. The phase shift of the impulses depends on the initial condition of the
simulation and it is observed to be approximately constant with the predicted 10 kHz of the
FPS.
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Figure 3.19 – Bode plot of the transfer functions for the RZIp channel Va → zCIp0 using F3
and F6 in antiseries for shot #51437 including the effect of the power supply delay model.
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Figure 3.20 – Bode plot of the transfer functions for RZIp channel VG → zCIp0 for shot
#51437 including the effect of the power supply delay model.

3.4.4 Effect on controllability of the vertical instability in TCV

The main limiting factor for vertical stabilization of highly elongated plasmas is the delay
included to model the high frequency dynamics of the power supplies, which for the PF
coils is combined with the shielding effect of the vessel. This is observed in Fig. 3.19 where
the transfer function of the RZIp model Va → zCIp0 without delay at high frequencies has
a phase lower by π compared to VG → zCIp0 reproduced in Fig. 3.20.

Bode plots can be used to determine the closed loop stability of a SISO (single-input-
single-output) transfer function. The addition of a controller K in series with the plant,
which in this case would provide Va or VG as a function of the vertical position error,
allows defining the SISO open loop for stabilization such that L = GzK. Classical SISO
loop shaping techniques [101, p. 26] require for closed loop stability that at the crossover
frequency, where the magnitude of the open loop transfer function (Lz in this case) falls
below unity, the phase should be larger than −π. One can clearly see that there is a
wide range of frequencies for which the phase is larger than −π in VG → zCIp0, which
suggests that a simple proportional feedback controller Kg = Pg with Pg ∈ R allows
stabilizing the vertical instability. However, the FPS cannot be operated in this way as
it cannot sustain DC currents and it typically includes only derivative control Kz = sDg,
insufficient to stabilize the plasma alone [97]. On the other hand, for guaranteeing stability
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when closing a control loop on Va → zCIp0 only, a controller is required to provide the
necessary phase margin by modifying the loop around the crossover frequency (e.g. using a
proportional-derivative controller Kz = Pz + sDz). This is in general sufficient only when
the unstable pole is slow compared to the inverse of the delay of the power supplies and
for most elongated plasmas a synergy with the FPS is required.

The delay limits the range of frequency at which stability can be provided as it
corresponds to a rapid loss of phase at frequencies larger than the inverse of its characteristic
time scale [101, p. 182]. Over this critical frequency, no practical controller can be included
to stabilize the vertical instability as the delay between actuation and growth of the
instability is too large.

Stabilization of the vertical instability in TCV is typically performed with a combination
of feedback on the internal and external coils. This makes the use of SISO loop shaping
inadequate for the purpose of finding an optimized solution for the vertical control problem
and closed loop multivariable techniques will be applied in Chapter 5 to optimize vertical
control in TCV.
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4 Decoupled shape and position
control design

In the present chapter, a new design procedure for the TCV shape controller is proposed
and simulations in closed loop with the RZIp model are provided to discuss the considered
solutions. The previous shape controller design neglected the vertical instability dynamics
and allowed a simple implementation which was tested in TCV shots but required extensive
tuning for stable operation. An extension is proposed in this chapter, where the tuning of
the controller for the plasma position, in charge of vertical stabilization, can be designed
separately from the shape controller, which acts on the plasma on a different time scale.
To this aim, frequency decoupling of position and shape control is achieved and the shape
controller can be designed on a stable system. This will require a correction of the plasma
position observers to be consistent with the ones used for shape control based on the last
closed flux surface location. Furthermore, tuning of the vertical controller can rely on the
former experience of TCV operators, since the same scheme used in standard TCV shots
is maintained which could improve the range for stable and regular operation of the shape
controller.

In Section 1 the standard position and current control in TCV is introduced using the
RZIp model and showing the effects of current coupling in steady state. An upgrade to the
standard approach to mutual decoupling and resistive compensation is also presented.

In Section 2, the problem of separating plasma shape and position control is discussed
and the combined fast and slow observers for the plasma position are introduced.

In Section 3, the new design procedure for the shape controller is presented. This is
based on the static gain of a stable plant where position control is closed to stabilize the
vertical instability using the standard TCV control loop. Different cases are illustrated,
discussing the flexibility of the new method.

In Section 4, simulations of the RZIp model in closed loop with the decoupled shape
and position controller are presented for a TCV shot, which allows discussing the best
scheme for shape control. Position, coil current and shape controllers are tuned in order.
A main issue derives from the uncertainty in the model used for shape control design.

In Section 5, the model used for shape control design is discussed, showing that a model
derived from a linearization of the Grad-Shafranov equation provides a better solution
compared to a simpler one based on Green’s electromagnetic functions in vacuum.
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Figure 4.1 – Block scheme for standard position and coil current control, including the
definition of block P used in the remaining of this chapter.

4.1 Standard position and current control

The block scheme for standard position and current control is reproduced in Fig. 4.1. The
plant P , used also in the following, contains the dynamical RZIp model. The controllerKfps

provides the voltage command to the FPS, using derivative control on the vertical plasma
position, which however is not sufficient to stabilize the plasma alone. The block KMR

represents the mutual decoupling and resistive compensation described in the following
Sec. 4.1.1, including an integral term in position and coil current control. In general, the
objective of the position controller Kzr is tracking a reference for the plasma position
observers ˆzIp,ref and ˆrobs,ref and stabilizing the vertical instability by providing the signal
uzr to the KMR block as a function of the plasma position. In Fig. 4.1 and in the following
the matrix Arz is a subset of the A matrix which maps the magnetic measurements ym
in position observers ˆzIp and ˆrobs. These observers will be referred to as analog position
observers since the A matrix is exactly the one used in the analog control system of TCV.
Position control requires assigning a combination of E and F coils, represented as Tz and Tr,
for providing the necessary feedback for correcting the position errors. Only the remaining
columns of T⊥ = Im(ker([Tz Tr])) define a set of vectors in R16 which correspond to coil
current combinations orthogonal to Tz and Tr that can track exactly a current reference
using a controller Cpf . These coil current references are pre-programmed to obtain a
desired plasma shape.

A variation in a coil current reference is not tracked only by the corresponding coil
direction but has an effect on the coil currents Iz = T Tz Ief and Ir = T Tr Ief due to the
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Figure 4.2 – Step of the plant P in closed loop with [Tz Tr]Krz for position control considering
only the analog observers.

coupled dynamic with the plasma equilibrium and positioning. This will be fundamental
in the new design of the shape controller and a simplified case is studied in this section to
illustrate this effect.

In Fig. 4.2, the dynamical response to a set of stepwise variations in the inputs of block
scheme of Fig. 4.1 is reproduced. The RZIp model is generated for shot #63693 and the
same matrices used for standard analog control in that shot are included. One can observe
that steps in the plasma vertical and radial position references are tracked exactly on a time
scale of approximately 50ms. The new position is maintained by variation of the currents
Iz and Ir, modifying the static magnetic fields on the plasma current distribution for
achieving a new force balance. As the static plasma equilibrium position does not influence
the coil currents in the remaining coil combinations T⊥Ief , no perturbation is observed
in steady state in the remaining directions. For this shot, standard coil combinations
including only the coils F3−F4 and F7−F8 are used for plasma position control, defined
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Figure 4.3 – Block schemes for mutual decoupling and resistive compensation.
(a) Standard approach, (b) new PI approach.

as Tz,std and Tr,std. The generated magnetic field in steady state and the effect on the
plasma equilibrium can be seen in Fig. 4.11 (a) and (b). In Fig. 4.2, the effect of a step in
the reference current of coil E1, orthogonal to Tz,std and Tr,std, is reproduced. One can
see that the coil current reference is exactly tracked but a finite steady state current is
required in Iz and Ir for correcting the induced plasma equilibrium position perturbation
due to the static current in E1.

4.1.1 Alternative scheme for mutual decoupling and resistive compen-
sation

The legacy TCV control system includes a so-called ’Mutual decoupling and resistive
compensation’ term. When controlling only the PF coil currents (e.g. during the breakdown
phase), this has the effect of providing an approximate integral effect for tracking the coil
current references and decouples the current dynamics. This term is retained, without
modification, also when plasma quantities (position, current) are being controlled. In the
hybrid controller (Sec. 2.4), this is implemented via the control law:

Vpf = Vff +RaÎpf +MaaCpfeIpf (4.1)

where Vff is a pre-computed feedforward voltage, Ra are the active coil resistances, Îpf
the measured coil currents, Maa the matrix of mutual inductances between the coils
(excluding the G coil), Cpf the gains for coil current control and eIpf = Ipf,ref − Îpf the
error between the measured coil current and its reference. From now on this approach to
mutual decoupling and resistive compensation will be referred to as ’standard’.

Considering a simplified plasmaless model for the current dynamics and neglecting the
vessel, the Laplace transform of the coil dynamics from a voltage input to the current
output reads

Ipf (s) = (sMaa +Ra)−1Vpf (s). (4.2)

In the assumption that the coil resistances are constant and correctly estimated and that
the currents are measured exactly (Îpf = Ipf ), using Eq. (4.1) for the input voltage one
can reformulate the current dynamics as

sMaaIpf +RaIpf = Vpf = RaIpf +MaaCpfeIpf . (4.3)
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Figure 4.4 – Block schemes for the evaluation of the current response to a voltage disturbance
in input.
(a) Standard approach, (b) new PI approach.

where the Laplace variable s was omitted in the dependent terms V and I for simplicity.
Simplifying this expression, the resulting transfer function from current errors to the coil
currents remains

Ipf = (1/s)CpfeIpf . (4.4)

This allows introducing an integrator effect where the open loop bandwidth is determined
by the gain Cpf and removing completely the coils coupling in an ideal case. It should be
noted that this is achieved by positive feedback of the coil currents, attempting to move
the slow poles of the coils to the imaginary axis, rather than by explicit inclusion of an
integrating element in the control loop. This was an advantage when the implementation
was done using analog hardware of the original TCV hybrid controller, as it avoids the
need of dealing with integrator windup. The corresponding block scheme is represented in
Fig. 4.3.a.

An improvement (from now on referred to as PI) to this approach can be obtained
with a mutual decoupling and resistive compensation block KMR(s) operating on the coil
current errors only as

Vpf = KMR(s)eIpf = (Maa +Ra/s)CpfeIpf (4.5)

. This control law includes an explicit integrator term Ra/s and is implemented in the
digital control system only. With this modification, the transfer function from an input
voltage to coil currents becomes

Ipf = (sMaa +Ra)−1(sMaa +Ra)(Cpf/s)eIpf = (1/s)CpfeIpf . (4.6)

which is equivalent to the previous result. The corresponding block scheme is represented
in Fig.4.3.b.

It is observed that, when the vessel dynamics is included, off-diagonal coupling is present
in the open loop transfer function. This dynamics is included computing a plasmaless RZIp
model, where only the dissipative dynamics of PF coils and vessel is considered. Since the
full expression is complicated, a comparison between the two methods is illustrated using
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Figure 4.5 – Bode plot for comparing the different approaches for mutual decoupling and
resistive compensation. (a) The open loop illustrated in Fig.4.3. (b) The disturbance response
corresponding to the block schemes of Fig. 4.4. In blue, the standard approach used on the
plasmaless RZIp model, in red the PI approach on the plasmaless RZIp and in yellow the ideal
response neglecting the vessel.

bode plots for two coils (E1 and E2) as reproduced in Fig.4.5.a. The standard approach
shows a finite steady state value for the off-diagonal transfer functions, indicating that
decoupling is not exact due to the vessel presence. This effect is reduced on long time
scales using the PI approach.

The actual advantage of the PI approach compared to the standard one is evident when
considering the process sensitivity for current control, whose block schemes are reproduced
for the two approaches in Fig. 4.4.

The process sensitivity considered is the transfer function from dV to Ipf . This transfer
function has an unavoidable static value when using the standard approach to mutual
decoupling and resistive compensation for the off-diagonal terms both for the ideal case
(neglecting the vessel) and the plasmaless RZIp. This effect can be avoided when an explicit
integrator is included in the coil current controller using the PI approach. The bode plots
of the corresponding transfer functions are plotted in Fig. 4.5.b.

Summarizing, the standard approach

• Neglects the variation in the coil resistances to include the integrator dynamics,
resulting in approximate integrators only.

• incorrectly neglects the vessel (and the plasma) dynamics when decoupling the
off-diagonal terms, which also results in a steady-state error.

• Does not reject low frequency disturbances in the voltage.

while the modified approach
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Figure 4.6 – The simplified scheme for decoupled shape and position control design including
P from Sec. 4.1. The position controller provides the input signal uzr to the mutual decoupling
and resistive compensation block while the correction to the E and F coil reference currents
δIef is provided by the shape controller.

• Explicitly includes an integral term insensitive to the variation of the coil current
resistances.

• Allows the correction of disturbances in the input voltage.

In the following treatment, only the PI approach for mutual decoupling and resistive
compensation is considered.

4.2 Separation of position and shape control

When including the previous version of the digital shape and position controller described
in Sec. 2.5 in TCV discharges, this controller plays an essential role in vertical stabilization
of the plasma.

The approach of this shape and position controller [79] to vertical stabilization consists
of maintaining differential control in the loop for vertical control as set in the standard
hybrid controller in order to slow down the instability until the shape controller is able to
provide the necessary proportional control for stabilization [97]. This allows controlling the
first singular value, mainly aligned to the vertical position observer, to zero. The shape
and position controller is constrained to act on the plasma on relatively long time scales,
where the real-time equilibrium reconstruction [41] adds significant extra delay to the
control loop, further limiting the operational space in term of valid gains and hampering
the stabilization of high-elongation plasmas.

The pre- and post-compensation controller used for shape control design allows exact
decoupling of a stable, static model but does not focus on the stabilization of the vertical
instability. Consequently, the main drawback for regular use of the existing shape control is
the requirement for extensive tuning over many shots for most vertically unstable plasmas.
Furthermore, it is likely that the range of high-elongation plasmas that can be stabilized
is reduced, though this was not investigated in detail. This is mainly due to the new
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Figure 4.7 – The corrected position observer as a block diagram, with the same color coding
of the signal presented in Fig. 4.8. The block A is the A matrix containing Oz,an and Or,an

while the block Ort contains the linear combinations to obtain real time position observers
from equilibrium reconstruction

control loops closed on new actuation directions (changing the coil current combination
references) and observers (linear combination of flux at control points determined by real
time equilibrium reconstruction) which cannot rely on former gains and actuation directions
for standard magnetic control.

The approach proposed in this chapter and illustrated in its essence in Fig. 4.6 consists
of separating position and shape control from the point of view of actuators and observers.
This is done to stabilize the plasma vertical instability and track a desired reference position
using a position controller acting on the input of the mutual decoupling and resistive
compensation block u, while the shape controller remains in charge of correcting the shape
deformations only by modifying the coil current references δIef on slower time scales. This
separation maintains the reliable structure of standard position control for stabilizing the
vertical position, on which the new position controller tuning is based, and could avoid the
extensive tuning characterizing the former shape and position controller. The first step is
the redefinition of the position observers such that they are consistent with the ones used
for shape control, which is discussed in the next section.

4.2.1 Combined fast and slow observers for plasma position

An improved observer for the plasma position is obtained combining the fast but imprecise
plasma displacement estimate from analog measurements and the slow but reliable position
estimate defined from equilibrium reconstruction. When performing a shot controlled
using SCD, the analog magnetic measurements are acquired at the SCD sampling rate
and are linearly combined to provide an estimate of the plasma displacement, which is
considered the fastest observer available for position estimation but subject to low frequency
systematic errors due to the simplifying assumptions in its definition (see Appendix A.2).
This analog observer provides a high frequency correction to the combined position observer.
The position observers from equilibrium reconstruction instead require a run of real time
LIUQE to be available for feedback, from which its latency is derived, since it is based
on the knowledge of the equilibrium LCFS. The plasma displacement from equilibrium
reconstruction provides the low frequency contribution to the combined position observer.
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The low and high frequency contributions are combined to obtain a unique observer
(one for the vertical and one for the radial position) used for position control by using a
system of first order lowpass (FLP ) and highpass (FHP ) filter with transfer functions

continuous time discrete time
FLP p/(s+ p) (1− e−pfTs)/(z − e−pfTs)
FHP s/(s+ p) (z − 1)/(z − e−pfTs)

whose discrete version (in the discrete version of the Laplace variable z) was implemented
in SCD with sampling time Ts for the experimental runs. The characteristic pole pf is set
at 50 rad/s which is faster than the shot duration and also:

• lower than the characteristic growth rate estimated from RZIp for typical TCV
plasmas (102 rad/s [79])

• lower than the vessel characteristic time for the first (slowest) up-down asymmetric
eigenmode coupled to vertical dynamics Le/Re = 120 rad/s

• lower than the typical bandwith for position control observed in the linear RZIp
model in closed loop with the hybrid controller ωbw = 200 rad/s

this choice guarantees that, on fast time scales, the hybrid controller is in charge of vertical
stabilization without relying on equilibrium reconstruction.

The block scheme signal routing to obtain the corrected position observer is presented
in Fig. 4.7. For each position estimator, the measurement unit should be equalized in
order to have a coherent estimator. It is chosen to have the same measurement unit of
the analog observer since the controller gains are selected basing on the former position
controller which uses only analog estimators. The definition of the vertical and radial
position observers is provided in the following.

The analog vertical and radial position observers are derived from a linear combination
of magnetic measurements using the A matrix. The vertical position observer is an estimate
of the plasma vertical position times the plasma current obtained as

zan = ˆzIp = Az,anym (4.7)

where an stands for analog. The analog radial position observer is based on the difference
of reconstructed flux perturbation in two points on the HFS (o) and LFS (i) of the LCFS
mutiplied by a constant as

ran = ˆrobs = Kψ(ψ̃o − ψ̃i) = Ar,anym (4.8)

In the previous Eq. (4.7) and (4.8), the vectors Az,an and Ar,an, described in detail in
Appendix A.2.3, linearly combine the magnetic measurements ym including magnetic
probes, flux loops and coil current measurements available in real time. The corresponding
references ˆzIp,ref and ˆrobs,ref contain corrections for the systematic estimation errors and
are designed by the MGAMS suite during shot preparation.
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Figure 4.8 – The corrected error for the vertical position computed for shot #57796 which was
characterized by periodic vertical oscillations. The latency of the real time error is compensated
and the static error due to the incoherent observers is corrected.

The position observers derived from real-time equilibrium reconstruction rely on flux
estimates w interpolated at the control points to recover an estimate for the plasma rigid
displacement ∆Z and ∆R from the pre-programmed LCFS. In order to be combined with
analog observers, these are rescaled to obtain signals with the same physical units of
measurements. This requires a careful definition of the observers Oz and Or which will be
discussed in the following Sec. 4.3.3. For the moment it is sufficient to consider that the
observers derive an estimate of the plasma position from the reconstructed fluxes at the
LCFS with linear operations as

zrt = Ozw (4.9)
rrt = Orw (4.10)

where rt stands for real time (equilibrium reconstruction). As the two signals are essentially
a scaled measure of the plasma displacement, their reference is always 0.

Corrected vertical and radial estimators combining analog and digital measurements
are obtained as (in the Laplace domain)

zcorr(s) = FLP (s)zan(s) + FHP (s)zrt(s) = FLP (s)Ort,zw(s) + FHP (s)Az,anym(s)
(4.11)

rcorr(s) = FLP (s)rrt(s) + FHP (s)ran(s) = FLP (s)Ort,rw(s) + FHP (s)Ar,anym(s)
(4.12)

Indeed the correct implementation should be one defining the error as a corrected
combination of errors, due to the possibly non static reference for the analog observer.

ez,corr(s) = FLP (s)ez,rt(s) + FLP (s)ez,an(s) (4.13)
er,corr(s) = FLP (s)er,rt(s) + FHP (s)er,an(s) (4.14)

where the errors are defined as the reference minus the corresponding signal. This is
however not considered in the present for simplifying the block schemes and without loss
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Figure 4.9 – Block schemes for definition of different plants for shape control design including
the plant P featuring RZIp (Sec. 4.1). The shape controller is closed on Psh and the coil
current decoupling will be defined based on PI .

of generality of the results.

4.3 Shape controller design

The goal of this section is to introduce an algorithm to formally derive a shape controller
which is decoupled from the position control loop and based on the static gain of a plant
Pdec. The definition of decoupling is specified in Sec. 4.3.2.

Consider the block scheme of Fig.4.9. For shape control design, it is assumed that a
position controller (Kzr), PF coil controller (Cpf ), OH and plasma current controllers can
be tuned to have a stable system P (see Sec. 4.1) in negative feedback from [zan, ran] to
ezr for given Tz and Tr. These are coil directions for position control analogous to the ones
discussed in Sec.2.4.3 for the standard hybrid controller, which are vector in R16 selecting
combinations of E and F coils. In this treatment, Tz and Tr are intentionally left generic as
they will be computed. In P , the block T⊥ defines the set of coil combinations orthogonal
to Tz and Tr such that T = [Tz Tr T⊥] is an orthonormal basis for R16 which spans all
possible E and F coil combinations. The stabilization of the vertical instability is a critical
point and one should consider that

• the position controller Kzr design can be performed on the plant P for stabilizing it
and does not require a model for equilibrium reconstruction or a shape controller,
but is based only on the choice of directions Tz and Tr and a linearized model for
vertical instability and coil current dynamics (RZIp in this study).

• the low frequency correction of the position observer with the system of lowpass
and highpass filters is included in a way not to modify the stability characteristics
of the system (not influencing the position control loop around the bandwidth
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Figure 4.10 – Shape control loop

frequency). G0 represents the static relation between coil currents perturbation and
flux perturbations at the control points, and will be discussed later.

An in-depth discussion on the vertical controller synthesis can be found in Chapter 5. The
main consequence of closing the position control loop is that the shape controller can be
designed on a stable plant and relies on the ability of system PI to track a set of reference
currents without affecting plasma positioning in steady state.

The columns of T⊥ define the coil combinations used for E and F coil current control.
A static reference for the currents I⊥,ref provides a perturbation to the coil currents
δIef = T⊥I⊥,ref , which can be tracked exactly in I⊥ = T T⊥ Ief thanks to the integral effect
of mutual decoupling and resistive compensation. However, in the absence of decoupling of
current and position control, a current in I⊥ can have an influence on vertical or radial
equilibrium, therefore any effect I⊥,ref on the plasma position is compensated with a non
zero current Iz = T Tz Ief and Ir = T Tr Ief for correcting the position perturbation thanks to
the controller Kzr, influencing the plasma shape.

The previous statements are summarized using the static gain of the plant PI(s), defined
in Fig. 4.9 where

I⊥,ref →

 Iz
Ir

I⊥

 : PI(0) =
[

H

I14×14

]
(4.15)

The currents Iz and Ir resulting from I⊥,ref should be considered for shape control due
to their effect on the Grad-Shafranov equilibrium and H is derived in Sec. 4.3.1

When including shape control, one should correct the analog observer for position control
(fast but imprecise) on long time scales using a different position observer derived from
equilibrium reconstruction (slower but reliable). This corrections avoids the inconsistency of
the user specified analog vertical reference and the shape vertical reference, constrained by
the pre-programmed LCFS. This is done using a position observer matrix Ozr = [OTz OTr ]T

to be defined, linearly combining the outputs of equilibrium reconstruction w.
Note that, when low frequency correction of the position is performed, the matrix

H ∈ R2×14 will depend only on the actuation directions Tz and Tr, on the observers Oz Or
and on the model used for shape control.

Shape control is performed on the plant Psh represented in Fig. 4.9, whose inputs are
corrections to the E and F coil current references and outputs are the actual coil current
perturbations determining a perturbation of the plasma equilibrium in steady state. The
relation between Psh and PI is a rotation of the outputs and a reduction of the inputs such
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that
PI = T TPshT⊥. (4.16)

No information on the coil current reference modification is lost in the projection δIEF =
T⊥I⊥,ref when it is assumed that only the columns of T⊥ are used for shape control. In the
remainder of this chapter, the relation between coil current perturbations and the resulting
flux perturbation on the shape control points is modeled with a static matrix

Ief → w : G0 = ∂ψb
∂Ief

(4.17)

mapping the current in E and F coils to flux w at the boundary points, which is valid only
in steady state I. A discussion on the model used for shape control design is provided in
Sec. 4.5. The closed loop for shape control is represented in Fig. 4.10. For the purposes of
determining the shape errors, an observation matrix Osh is defined, combining the output
of equilibrium reconstruction into shape deformations bsv. For performing shape control,
an actuation matrix Tsh provides the correction for the current references δIef based on
the output of the shape controller usv. The decoupling design introduced in this chapter
allows diagonal control, where a variation in each component of usv influences only the
corresponding component in bsv. A diagonal controller Ksh is then closed providing the
signal usv with the goal of taking the error vector esv = −bsv to zero. The combination of
actuation directions and observers should be done such that the shape controller does not
try to modify the plasma position but acts only on shape deformations. This statement
will be formalized in the following Sec. 4.3.2

Summarizing, in the assumption that stabilizing controllers can be tuned, one has to
compute Tz, Tr, Oz, Or, Osh and Tsh with the goal of performing shape control using
a diagonal Ksh = (Csh/s)Insh×nsh , where Csh < Cpf and nsh is the number of shape
parameters to be controlled. This is limited by the number of available actuators, the E
and F coils, and by the fact that the position control loop is already closed. In order to
apply decentralized integral control the ideal goal is having

usv → bsv : OshG0Psh(0)Tsh (4.18)

diagonal. This approximation of a dynamical system with its static (DC) gain is considered
valid up to the current controller bandwidth Cpf rad/s, which determines the maximum
rate of change of I⊥,ref that can be tracked with negligible error in I⊥. This bandwidth is
generally lower than the one for position control, and allows designing a shape controller
whose characteristic time scale is lower than the one for position control, thus achieving
frequency decoupling for minimizing the interaction. It is at this point necessary considering
the decoupling of the shape control loop from the position control loop in steady state as
is formalized in the following.

IThis matrix can be easily extended to output magnetic fields at locations of interest (such as the the
X-point(s) or strike points for diverted plasmas.
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4.3.1 Coil current reference tracking

Shape control relies on the ability to track on long times scales a set of coil currents used
to modify the plasma equilibrium. This motivates the study of the plant PI(s) and its
static gain PI(0) of Eq. (4.15).

Considering the static equilibrium G0 only (i.e. neglecting the vertical instability) the
following results are valid for a generic choice of Tz, Tr and the corresponding T⊥ without
including position feedback

• the effect of a current in δIEF = T⊥I⊥ tracking exactly I⊥,ref can modify the plasma
equilibrium position seen by the vertical and radial observer

• the effect of a current Iz = T Tz IEF may not only be an effect on the plasma vertical
equilibrium position but also on the plasma radial position and vice-versa for Ir =
T Tr IEF

The combined results lead to[
zrt
rrt

]
=
[
Hz⊥
Hr⊥

]
I⊥,ref +HrzI

[
Iz
Ir

]
(4.19)

=
[
OzG0T⊥
OrG0T⊥

]
I⊥,ref +

[
OzG0Tz OzG0Tr
OrG0Tz OrG0Tr

] [
Iz
Ir

]
(4.20)

Once feedback on the plasma position and coil currents is considered, for an input
I⊥,ref in PI(s) the controller acts to control I⊥ to I⊥,ref and track the position reference.
The closed loop system PI will then generate steady state currents Ir and Iz in response
to I⊥,ref as [

Iz
Ir

]
= −H−1

rzI

[
Hz⊥
Hr⊥

]
I⊥,ref = HI⊥,ref . (4.21)

This result is confirmed numerically for any consistent choice of Tz, Tr and T⊥, typical
position observation matrices Or Oz based on equilibrium reconstruction and a stable PI(s).
The consequences for defining a correct steady state decoupling of shape and position
controller are illustrated in the following.

4.3.2 Definition of partial and full static decoupling

A plant Pdec is derived for defining shape and position control decoupling in open loop.
Start considering a steady state plant derived from Fig. 4.9 mapping the steady state effect
of a change in the reference to the vertical and radial position and the currents I⊥ to the
currents IEF projected by T T in [Iz Ir I⊥] as zref

rref
I⊥,ref

→
 Iz
Ir

I⊥

 : PzrI(0) =
[
H−1
rzI H

014×2 I14×14

]
(4.22)
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Note that it is simply the matrix PI(0) augmented with [(H−1
zrI)T 0]T where HrzI was

discussed in the previous subsection. The 0 block instead derives from the fact that only
Iz and Ir are used for plasma positioning thanks to the choice of T⊥ orthogonal to Tr and
Tz and a change of zref or rref does not result in an output in I⊥.

The plant for defining decoupling Pdec : [zref rref usv]→ [zrt rrt bsv] is derived from the
previous one. The input reference currents are provided to PzrI by the actuation direction
Tsh which will always be selected to modify only the references of I⊥,ref , thus having
structure like Tsh = T⊥Q, with Q ∈ R14×ny a generic real matrix to be determined and ny
is equal to the number of flux differences used for shape and position control. In this way
the reference current corrections are

I⊥,ref = T T⊥Tshusv = Qusv. (4.23)

The output currents [Iz Ir I⊥] for any input result in a plasma equilibrium perturbation
given by the output of G0 and are mapped into position and shape observers using the
observation matrices as  zrt

rrt
bsv

 =

 Oz
Or
Osh

G0T

 Iz
Ir
I⊥

 (4.24)

The resulting plant to be decoupled is, omitting part of the algebraic simplifications, zref
rref
usv

→
 zrt
rrt

bsv

 : Pdec =

 Oz
Or
Osh

G0TPzrI(0)
[
I2×2

T T⊥Tsh

]
(4.25)

=

 I2×2 02×ny

OshG0[Tz Tr]H−1
rzI −OshG0[Tz Tr]H−1

rzI

[
OzG0Tsh
OrG0Tsh

]
+OshG0Tsh


(4.26)

=
[

I2×2 02×ny

OshG0[Tz Tr]H−1
rzI OshG0Psh(0)Tsh

]
=
[
Pdec,11 Pdec,12
Pdec,21 Pdec,22

]
(4.27)

where the equality of line Eq. (4.27) for the element Pdec,22 is derived from the block
scheme of Fig. 4.10 considering the transfer usv → bsv. Note that up to this point no
assumption is made on the choice of Oz, Or and Osh and it was only required that the
columns of T⊥ are orthogonal to Tz and Tr.

An optimal selection of actuation directions and observers for position and shape control
will allow decoupling the plant to the point where

Pdec =

 I2×2

IN1×N1

0N2×N2

 ∈ R(ny+2)×(ny+2) (4.28)

with N1 and N2 to be determined. Note that N2 ≥ 2 for ny ≥ 2 since two combinations of
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flux differences are always used for position control. This is optimal for closing integral
diagonal control with Ksh on usv → bsv in the sense that off-diagonal coupling in steady
state is zero by design and does not require correction from the controller.

Partial decoupling
For applying diagonal control of the plasma shape, it is sufficient to have Pdec,22 diagonal
and ignore Pdec,21 since the diagonal integrator in Ksh will cancel the coupling due to the
off-diagonal term. This, however, comes at the cost of an increased control sensitivity
compared to full decoupling described later. Partial decoupling will be in general obtained
by selecting actuation directions for shape control Tsh that do not have an influence on
vertical and radial displacement observers such that[

OzG0Tsh
OrG0Tsh

]
= 0 (4.29)

and furthermore deriving Osh and Tsh such that OshG0Tsh is diagonal, resulting in diagonal
Pdec,22.

Full decoupling
Improved decoupling can be achieved with further constraints on the directions used for
position control Tz and Tr such that they have no influence on the shape observers or
equivalently Pdec,21 = 0. This will require enforcing

OshG0[Tz Tr] = 0. (4.30)

Note that this condition is sufficient also for partial decoupling as long as OshG0Tsh is
diagonal. Since in this way it is not required that the shape controller corrects the effects
of the currents used for plasma positioning, the control effort in terms of the amplitude of
the current correction (control sensitivity) will be lower by design than the previous case
for off diagonal elements.

4.3.3 Derivation of shape and position controller matrices

The matrices Tz, Tr, Oz, Or, Osh and Tsh are evaluated providing a solution for the
decoupled shape and position control problem.

The shape controller matrices will be derived inverting a plant

G∆ = M∆S0G0 (4.31)

which maps E and F coil perturbation δIef into y, representing scaled differences of fluxes
evaluated at the target boundary points. These differences are evaluated usingM∆ from Eq.
(2.8) on the output of G0 scaled with S0. The definition of the shape controller matrices
will be based on the following steps

• Defining actuation direction and observers for position control Tr Tz and Or Oz.
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• Constraining the remaining directions for shape control to act on the shape only
(and not on the position).

• Diagonalizing a system mapping the available currents for shape control to shape
variables I⊥,ref → y.

• Verifying that the open loop for shape control usv → bsv : Pdec,22 = OshG0Psh(0)Tsh
is diagonal and evaluating Osh and Tsh explicitly.

In several steps of the derivations we will use Psh(s)T⊥ = TPI(s), obtained by post-
multiplying by T the relation between Psh and PI defined in Eq. (4.16).

Three cases are presented for a decoupled shape controller, whose main advantages and
drawbacks are summarized here for an overview.

Decoupling cases
• Case A: uses the same actuation directions of standard control which leaves at most
12 coil combinations for decoupled shape control. Partial decoupling is provided.
Potentially, this solution can be used in combination with standard position control.

• Case B: uses new optimized directions for position control which allow using at most
14 coil combinations for decoupled shape control but requires tuning of the position
control. Partial decoupling is obtained, but a new position controller has to be tuned.

• Case C: uses new optimized directions for position control and at most 14 coil
combinations for decoupled shape control while also granting full decoupling. A new
position controller has to be tuned.

The effect of the shape control directions on the plasma equilibrium for shot #63693 at
flattop are reproduced in Fig. 4.11, highlighting the fact that only coil combinations used
for position control generate a static field on the plasma axis and a consequent equilibrium
displacement in the vetrtical or radial direction.
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(a) Tz,A (b) Tr,A (c) Tsh1,A (d) Tsh2,A

(e) TzB (f) TrB (g) Tsh1,B (h) Tsh2,B

(i) Tz,C (j) Tr,C (k) Tsh1,C (l) Tsh1,C

Figure 4.11 – Current directions and effects on the plasma for the different cases. A
current u in each current direction generates a flux in vacuum (black) and the effect on the
unperturbed LCFS (blue) is obtained solving the Grad-Shafranov equation with modified
boundary conditions adding Tu to the unperturbed coil currents resulting in a new equilibrium
(red). The coils are color-coded with darker red for positive and darker blue for negative
currents in a (R,φ, z) reference frame.
Case A: (a) to (d). Case B: (e) to (h). Case C: (i) to (l).
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Case A: Partial decoupling with standard control directions
In this case, coil combinations for position control are selected a priori and independently
of the shape controller, and gains are sought to achieve closed loop stability for the system
P in negative feedback from [zan, ran] to ezr . Consider in this example maintaining the
standard position controller, which means setting

• Tz = Tz,std

• Tr = Tr,std

Consequently T⊥ = Npf = Im(ker([Tz Tr]) provides the normalized basis for the null space
of Tz and Tr and is the standard approach for coil current control. The position observers
are defined from rigid plasma displacement from equilibrium as

• Oz = Ip0O∆z[Mb 0 0] = −Ip0

(
∂ψeq

∂z

∣∣∣∣
b
Mb

)†
[Mb 0 0]

• Or = FψO∆r[Mb 0 0] = −Fψ

(
∂ψeq

∂z

∣∣∣∣
b
Mb

)†
[Mb 0 0]

such that Ip0∆z = Ozw and Fψ∆R = Orw have the same units of analog observers. The
matrix [Mb 0 0] is used to obtain the flux differences on the LCFS used to determine the
plasma displacement from output of equilibrium reconstruction w (see Eq. (2.8)). The
vectors O∆z and O∆r define plasma displacement from the flux differences at the target
boundary points (see Eq. (2.10) and (2.11)). Finally, Ip0 is the equilibrium plasma current
and Fψ from Eq.A.29 scales a radial rigid plasma displacement to have the same units of a
radial position observer.

At this point, since in general [OTz OTr ]TG0Npf = 0 is not guaranteed by the choice of
Tz and Tr determining Npf , a further constraint is added on the coil combinations that are
allowed for shape control to obtain partial decoupling. This is done defining the singular
value decomposition of [

OTz O
T
r

]T
G0Npf = uzrσzrv

T
zr (4.32)

and noting that only a static current in the directions defined by the first two columns of

Npfvzr = Npf [vz vr vsh] , (4.33)

namely Npfvz ∈ R16 and Npfvr ∈ R16, can generate a plasma equilibrium displacement
measured by the vertical and radial observers. In this way, the coil combinations for shape
control are restricted to Ĩperp ∈ R12, a subset of the of Iperp ∈ R14 defined by Npf .

The plant for designing the shape controller is in this case

Ĩ⊥,ref → y : PA = G∆

[
Tz Tr Npf

]
PI(0)vsh = G∆Npfvsh (4.34)
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where the second equality is granted by the fact that one gets

Hvsh = −H−1
rzI

[
OzG0Npf

OrG0Npf

]
vsh = 0 (4.35)

thanks to the properties of vsh obtained from the SVD of Eq. (4.32). This means that a
static current in the coil combinations used for shape control Npfvsh ∈ R12×16 does not
require a correction from the position controller for maintaining the plasma to its reference
position in steady state. In this sense partial decoupling is achieved.

A further singular value decomposition of system

Ĩ⊥,ref → y : PA = G∆Npfvsh = UAΣAV
T
A (4.36)

allows decentralized control for the shape controller in the sense that the open loop for
shape control is diagonal when it is defined as

usv → bsv : Pdec,22 = UTAPA(ΣAV T
A )† (4.37)

= UTAG∆Psh(0)Npfvsh(ΣAV T
A )† (4.38)

= OshG0Tsh (4.39)

=
[
IN1×N1

0N2×N2

]
(4.40)

where we used Npf = TPI(0) = Psh(0)T⊥ = Psh(0)Npf . The dimensions of the final matrix
are N1 = min(ny − 4, nc − 4) and N2 = ny −N1. Therefore in the case where ny = 16 are
used, then N1 = ny − 4 = 12 coil combinations can control 12 shape variables at most
while N2 = 4. This allows defining

• Osh = UTAM∆S0

• Tsh = Npfvsh(ΣAV T
A )†

Note that, however, in this case OshG0[Tz Tr] 6= 0 in general, thus following a displacement
in the plasma reference position requires a correction from the shape controller: full
decoupling is not achieved.

Case B: Partial decoupling with optimized control directions
An improved decoupling scheme relies on different directions for position control to avoid
sacrificing several coil combinations to achieve partial decoupling.

Observers for the plasma’s vertical and radial displacements O∆z and O∆r illustrated
above are considered for defining decoupled directions and observers for plasma position
control. This is performed introducing a plant and performing the corresponding SVD

Pzr =
[
WzO∆z[Mb 0 0]
O∆r[Mb 0 0]

]
G0 =

[
Uz Ur

]
Σrz

 V T
z

V T
r

V T
sh

 (4.41)
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and a Wz � 1 guarantees that the first output of UTz PzrTz corresponds to a vertical
displacement and the directions used for position control are

• Tz = Vz

• Tr = Vr

while the observers are now redefined to be exactly orthogonal as

• Oz = Ip0
UTz
Wz

[
WzO∆z

O∆r

]
[Mb 0 0]

• Or = FψU
T
r

[
WzO∆z

O∆r

]
[Mb 0 0]

where 1/Wz is used to rescale the output of the observer to the correct dimension and Ip0
and Fψ are introduced to have the same dimension of analog observers .

Note that [Vz Vr Vsh] define an orthonormal basis for R16, therefore T⊥ = Vsh is a
natural choice for defining the directions for E and F coil current control. The plant used
for defining a diagonal shape controller is in this case, using

I⊥,ref → y : PB = G∆

[
Tz Tr Vsh

]
PI(0) = G∆Vsh (4.42)

where for the second equality we used TPI(0) = Vsh which is granted by the fact that
OzG0Vsh = OrG0Vsh = 014×1 from the singular value decomposition of Eq. (4.41) and
consequently H = 014×2. This means again that a perturbative current in the coil
combinations used for shape control does not require a correction from the position
controller for maintaining the plasma to its reference in steady state.

A second singular value decomposition of the system

I⊥,ref → y : PB = G∆Vsh = UBΣBV
T
B (4.43)

allows designing a diagonal controller for the shape variables when the open loop for shape
control is obtained as

usv → bsv : Pdec,22 = UTBPB(Σ2V
T
B )† (4.44)

= UTBG∆Psh(0)Vsh(ΣBV T
B )† (4.45)

= OshG0Tsh (4.46)

=
[
IN1×N1

0N2×N2

]
(4.47)

where we used Vsh = TPI(0) = Psh(0)Vsh. The dimensions of the final matrix are
N1 = min(ny − 2, nc − 2) and N2 = no − 2−N1. Therefore in the case where ny = 16 are
used, then N1 = ny − 2 = 14 coil combinations can control 14 shape variables at most
while N2 = 2. This allows defining
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• Osh = UTBM∆S0

• Tsh = Vsh(ΣBV T
B )†

This case, differently from the previous, allows using all 14 available directions not assigned
to position control for shape control. Note that, however, in this case OshG0[Tz Tr] 6= 0 in
general, thus following a displacement in the plasma reference position requires a correction
from the shape controller: full decoupling is not achieved in the sense that Pdec,21 6= 0.
Furthermore, it is not granted that the same Kzr used in standard control can stabilize
the system and may require new tuning.

Case C: Full decoupling
Full decoupling is obtained deriving the dimensionless position and shape observers from
the previous shape controller algorithm which is summarized here as

Ief → yes : P0 = WtOG0 = U0Σ0V
T

0 . (4.48)

where O was defined in Eq. (2.14) and Wt contains the weighting for vertical and radial
observers Wtz and Wtr. Notably, Nc, is not includedII.

The pre- and post- compensators diagonalizing P0 are

Tsv = (Σ0V
T

0 )† Osv = UT0 WtO (4.49)

obtaining

OsvG0Tsv =

 Osv,z
Osv,r

Osv,sh

G0

 Tsv,z Tsv,r Tsv,sh

 =
[
Insv×nsv

0(no−nsv)×(no−nsv)

]
(4.50)

where nsv = min(nc, ny) and no = ny + 2, therefore using ny > 16, one gets nsv = 16 which
are the maximum position and shape variables that can be controlled with the 16 available
PF coils.

Actuation direction for vertical and radial control are selected as

• Tz = Tsv,z/||Tsv,z||2

• Tr = Tsv,r/||Tsv,r||2

Vertical and radial observers Oz and Or are selected as

• Oz = kzOsv,z

• Or = krOsv,r

IIThe matrix Nc was used in the existing shape controller to exclude directions which added net flux on
the LCFS (see Sec. 2.5) but is not included here as it does not provide any explicit advantage to the design.
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where
kz = Ip0

|ψax|
Wtz

∥∥∥∥Mb
∂ψeq
∂z

∣∣∣∣
b

∥∥∥∥−1

2
(4.51)

and
kr = Fψ

|ψax|
Wtr

∥∥∥∥Mb
∂ψeq
∂R

∣∣∣∣
b

∥∥∥∥−1

2
(4.52)

rescale the dimensionless outputs of zsv = Osv,zw and ysv = Osv,rw to be comparable to
the analog position observers.

The columns of Tsv,sh are orthogonal by the properties of the singular value decomposi-
tion and can be written as

Tsv,sh = T
(n)
sv,shDsv (4.53)

with Dsv is a diagonal matrix and the columns of T (n)
sv,sh are normalized. In this way using

• Osh = Osv,sh

• Tsh = Tsv,sh

and setting T⊥ = T
(n)
sv,sh one gets for the open loop for shape control

usv → bsv : Pdec,22 =OshG0Psh(0)Tsh (4.54)
=OshG0TPI(0) (4.55)

=OshG0

 Tz Tr T
(n)
sv,sh


[
H

I

]
Dsv (4.56)

=

 OshG0Tz OshG0Tr OshG0T
(n)
sv,sh


[
H

I

]
Dsv (4.57)

=OshG0T
(n)
sv,shDsv (4.58)

=Osv,shG0Tsv,sh (4.59)

=
[
IN1×N1

0N2×N2

]
(4.60)

since from the singular value decomposition of the full plant OzG0Tsh = OrG0Tsh = 0 and
one gets H = 0 from Eq. (4.21): tracking a variation in the shape of the singular values
does not require a current Iz or Ir compensating for the position.

The dimensions of the final matrix are N1 = min(ny − 2, nc − 2) and N2 = ny −N1.
Therefore in the case where ny = 16 are used, then N1 = ny − 2 = 14 coil combinations
can control 14 shape variables at most, while N2 = 2.

Furthermore this set of directions and observers satisfies OshG0Tz = OshG0Tr = 0 from
the singular value decomposition of Eq. (4.50), which guarantees full decoupling since
Pdec,21 = 0.
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The only drawback of this scheme is that it requires a tuning of the controller using
the new directions, which can be performed with structured H∞ as discussed in Chapter
5. A comparison with open loop for decoupling the former shape and position controller
once the position control is closed on the coil current reference is provided in Appendix C,
showing that analogous results are achieved with the case C proposed here.

4.4 Controller tuning and simulations

Simulations of the dynamical RZIp system in closed loop with the position, current and
shape controller are performed and the results are discussed in order to confirm that that
shape controller design can be performed based on static decoupling. The RZIp model
is generated for shot #63693 at t = 0.6 s, in the flattop: this is a limited plasma with a
vertical growth rate of 180 rad/s thus rather simple to stabilize. The corresponding A, M
and R matrices are also recovered. The specific analog position observer for the shot are
recovered from the A matrix and the matrices of mutual inductance M and coil resistances
R for TCV are used. First, position (Krz) and coil current (Cpf ) controllers will be tuned
to stabilize the P plant in negative feedback, as will be demonstrated in this section. The
coil current reference tracking capability is then demonstrated and only then is the shape
controller (requiring Osh, Tsh and Ksh with a gain Csh to be determined) will be included.
These matrices are evaluated starting from the model G0 based on the pre-programmed
plasma equilibrium for the shot, discussed in detail in Sec. 4.5.

4.4.1 Position controller tuning

The plasma position controller Kzr involves proportional-derivative (PD) feedback on the
vertical position and proportional control on the radial position observers as described in
Sec. 2.4.3. The main advantage of the decoupled position controller is that it maintains the
same structure of the standard magnetic control, allowing a simple first guess for the tuning
of the position controller using the new directions based on the former gains. Considering
the new directions Tz and Tr (several choices are possible as discussed above), the new
gains Pz, Dz and Pr are derived from the standard gains as

min
Pz
‖2πIpxBr,xaTzPz − 2πIpxBr,xaTz,stdPz,std‖22 (4.61)

min
Dz
‖2πIpxBr,xaTzDz − 2πIpxBr,xaTz,stdDz,std‖22 (4.62)

min
Pr
‖2πIpxBz,xaTrPr − 2πIpxBz,xaTz,stdPr,std‖22 (4.63)

This means that, given a unitary current flowing in the new coil directions, the gains are
computed to generate the same magnetic field modification weighted on the plasma current
distribution (in the vertical direction for vertical control and in the radial direction for
radial control) as would be generated by the standard gains using the standard directions.

This approach can be considered valid in steady state when plasma positioning is
involved but does not consider the full dynamics in particular for the vertical instability for
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Figure 4.12 – The sensitivities considered for tuning the current controller with different Ppf

.

which these gains may not be optimal. The new gains rely on the validity of the gains Pz,std,
Dz,std and Pr,std provided by the standard controller, which can require extensive tuning
for elongated plasmas due to the limits imposed by the vertical instability. Furthermore,
the vertical loop including the G coil is not modified in this scheme, maintaining the
standard gain Gz,std. An optimization of the vertical controller tuning, including the choice
of directions and the tuning of Pz, Dz and Gz is can be carried out starting from these
values as first guess. This is presented in Chapter 5.

The first guess for the position gains presented in this section was used in the experi-
mental tests of the decoupled shape and position controller, which were performed on shots
that did not require extensive tuning of the vertical controller.

4.4.2 Coil current controller tuning

Following the derivation of the new position and shape control matrices, the coil combi-
nations orthogonal to Tr and Tz defined by the columns of T⊥ are controlled with a new
set of directions. The currents to be controlled for plasma shaping are defined as a vector
I⊥ ∈ R14.

The current controller, which has to be tuned, is a proportional controller Cpf = Ppf
which ensures using the same gain for all coil combinations to be controlled. The mutual
decoupling and resistive compensation block M + R/s guarantees the same frequency
response and decoupling of all coils in the plasmaless model and the open loop bandwidth
is determined by the gain Ppf even in the model with plasma. In Fig. 4.12, once the
position and the plasma current controllers are closed, the coil current controller gain is
progressively increased starting from Ppf = 0 (i.e. no coil current control) to gradually
higher gains. As the bandwidth is increased, little effect is observed in the sensitivities
S( ˆzIp,ref → ez,an) and S( ˆrobs,ref → eer,an) but a progressively larger peak is observed in
S(I⊥,ref → eI⊥). This peak, which is unavoidable due to the presence of delay and RHP
zeros due to the Bode sensitivity integral, indicates poor stability margins when larger than
6 dB. It is found that a gain of Ppf = 150 provides satisfactory margins and a bandwidth
(which corresponds to a tracking speed for a given reference) which is sufficient for the
purposes of shape control. It is further noticed that this gain is similar to the one used for
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Figure 4.13 – Step of the plant P in closed loop with [Tz Tr]Krz for position control
considering only the analog observers.

the single E coils in standard control.

4.4.3 Simulations of current tracking

The plant P in closed loop with the controller is simulated to test its ability to track the
corrected plasma position and study the effects on current reference tracking. Furthermore,
the position observers are corrected as represented in Fig. 4.9. In the system step response
presented in Fig. 4.13, coil actuation directions Tz and Tr are derived from case C and
position and current controllers are tuned as described in the previous subsections.

In Fig. 4.13 one can observe the following

• Reference unitary steps in plasma vertical and radial position reference are correctly
tracked.

• In the vertical position reference step, the effects of the RHP zeros in zcorr,ref → zcorr
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Figure 4.14 – Step comparison of the different cases A B and C. The largest transient
amplitude in the off-diagonal terms is for case A, the lowest for case C.

and in zcorr,ref → Iz are maintained from the open loop with an initial transient
opposite response.

• Radial and vertical control loop are exactly decoupled: no corrective current in Ir is
required for a step in zcorr,ref and vice versa for current Iz due to a step in rcorr,ref
(this was not true for the standard case of Fig. 4.2 although this effect is low due to
the good choice of Tz,std and Tr,std).

• Open loops for coil currents L(eI⊥→I⊥) clearly show the effect of mutual decoupling
and resistive compensation and confirm that Cpf determines the bandwidth for the
coil currents at 150 rad/s.

• A step in I⊥1,ref is correctly tracked by I⊥1 and does not require corrective currents
in Iz and Ir in steady state (compare the standard control case of Fig. 4.2 where
this correction was indeed consistent) as the system is correctly decoupled.
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Figure 4.15 – Bode plots for the closed loop of Pdec(s) with Ksh(s). The transfer functions
on the diagonal show exact tracking of the reference up to the bandwidth, the off-diagonal
terms show no residual coupling in steady state. The peaks of off-diagonal terms are highest
by the bandwidth but never larger than 0 dB.

4.4.4 Simulations of shape control

Comparison of cases

The shape control designed for different cases (A, B and C) is tested in closed loop
simulations with the RZIp model.

For all cases, the directions for position control Tr and Tz are derived, the position
controller Kzr is tuned as described above and the same Cpf = 150 is used.

The shape controller matrices Osh and Tsh are then obtained for the shot and the case
as a function of the equilibrium, the control directions used for position control and the
observation matrices for position. The controller Ksh = (Csh/s)Insh×nsh uses Csh = 20
and nsh = 6 in every case.

The plant Pdec is set in closed loop with the shape controller for the channel usv → bsv.
The step responses and the magnitude of the closed loop transfer functions are studied in
Fig. 4.14 and 4.15 respectively. In these figures, only a limited number of singular values
are shown. Inputs and outputs are scaled to be comparable in magnitude. As the shape
parameters are already scaled (see Eq. 2.14), also position references and observers are
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Figure 4.16 – Step comparison for the closed loop with varying gain for the shape controller.

scaled back to dimensionless quantities. This is performed using a matrix

Srz =

 ‖Mb(∂ψeq/∂z)‖2
|ψax|Ip0

‖Mb(∂ψeq/∂R)‖2
|ψax|Fψ

 (4.64)

multiplying the corrected position observers, and using its inverse to scale the references.
One can note that

• The system is correctly decoupled in steady state as each variable tracks the corre-
sponding references and the steady state of off-diagonal transfers is zero.

• The bandwidth, intended here as the frequency at which the complementary sensitivity
starts decreasing from 0 dB in the transfer functions along the diagonal, is one order
of magnitude different for the position (200 rad/s) and the shape (20 rad/s).

• The peak gain of off-diagonal terms (providing a measure of the largest expected
effect on other outputs for a given perturbation) is the largest in most cases for case
A and the lowest in all cases for case C.

• The effect (and the advantage) of full decoupling is clearly visible in [zref rref ]→ bsv
where the slope at low frequency is 60 dB/dec for case C while for the remaining
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Figure 4.17 – Bode plot magnitude for comparing the effects of different gains used for the
shape controller. The benefits of the larger bandwidth for shape control are compensated by
the increase in the peak value of off-diagonal terms indicating larger coupling at the bandwidth
frequency.

cases A and B is 20 dB/dec and steady state decoupling is only provided by the
integrator.

Gain dependence
Considering only case C, which was shown to be the most effective, a simple gain scan for
Csh is performed. A higher Csh has several advantages, providing a larger bandwidth and
thus a faster response and better rejection disturbance. This however, due to the Bode
sensitivity integral, comes with a larger cost in terms of control action and possibly lower
stability margin and an increased sensitivity to perturbations. In particular, the controller
is designed to be effective in steady state and the coupling which peaks at frequencies
around the position bandwidth is enhanced with a larger gain, as it is observed in Fig.
4.16 and 4.17. The transient response, that is expected as soon as the shape control
is switched during a shot, can have a large effect on the plasma position to the point
where the linearization is not valid anymore or a VDE can be initiated. This effect can
be reduced using a proper bumpless transfer. At the same time, an excessively low gain
should be avoided since the shape correction ought to be performed on time scales much
faster than the shot duration and comparable to the physics of interest (0.1 s). A gain of
Csh = 50 corresponding to a bandwidth of wsh = 50 rad/s leads to an ideal response time
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Figure 4.18 – Step response comparison for case C with perturbed qA resulting in a perturbed
plant.

τ = 2π/wsh = 0.12 s.
Typically the different problems of plasma stabilization and shape control present

themselves on different time scales and a clear frequency separation occurs. In this case,
plasma stabilization and positioning should still be performed with a larger bandwidth
than the one for shape control in particular for minimizing the transient behavior.

Plant perturbation
In order to validate the approach of case C, a perturbation of both the plant used to
model plasma deformation G0 and the RZIp plant are considered. This is performed
perturbing the internal plasma profiles used to define the plasma equilibrium around which
the models are linearized. As it will be discussed in the following Sec. 4.5, the plant
for plasma deformation is derived from a plasma current distribution which satisfies the
Grad-Shafranov equation. The same perturbed current distribution is used to compute the
state evolution in the coupled plasma-vessel-coil model RZIp.

Specifically, perturbations in βp (plasma poloidal beta) and qA (safety factor at the axis)
are considered. In experimental runs, a difference in the actual plasma profiles compared
to the expected one is motivated by their internal evolution, which is not treated in the
dynamical RZIp model and is a consequence of particle and energy transport and flux
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Figure 4.19 – Step response comparison for case C with perturbed βp resulting in a perturbed
plant.

diffusion. Variations in βp are expected, for example, by variations of confinement (e.g.
due to tearing modes) or by variations in external heating. Variations in qA are instead
connected to a variation in the plasma internal inductance `i which increases with the
peaking of the current distribution, moving the current distribution further away from the
walls and increasing the vertical instability growth rate. Variations in the plasma q profile
arise due to changes in density and temperature profile (affecting the resistivity profile and
bootstrap current), due to MHD activity or due to non-inductive current drive (NBI, EC).

The resulting perturbed plant does not correspond exactly to the one used to design
the shape controller. It is therefore important to determine what is the consequence on the
closed loop dynamics, since observation matrices and actuation directions are computed
relying on an inverse-based design. A set of ad-hoc but reasonable values for qA and βp
are assumed for evaluating the perturbed equilibrium,

βp ∈ [0 1.5 2] qA ∈ [0.8 1.5 2] (4.65)

while the original plasma features βp0 = 1 and qA = 1.05. On the lower end, βp = 0 is
considered as a limiting case with very low plasma pressure. Furthermore, qA = 0.8 is
considered as an average value obtained during periodic relaxations expected by sawtooth
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Figure 4.20 – Bode plot magnitude comparison for case C with perturbed βp resulting in a
perturbed plant: worse decoupling is achieved as can be seen by the larger magnitude of the
transfer functions compared to the ideal case. .

instabilities.
The decoupled shape and position controller derived for case C is tuned for the nominal

case and the RZIp and G0 plant are perturbed. The perturbation can in principle influence
the stability margin of position control. Indeed the unstable pole of RZIp varies with the
different qA and βp but no instability is triggered. The results are presented in Fig.4.18
and 4.19 for the step responses of the models obtained perturbing qA and βp respectively
and in Fig.4.21 and 4.20 the closed loop Bode plots are reproduced.

The most noticeable result is that a small variation in the plant due to the perturbation
leads to the loss of ideal full decoupling. This is a typical issue of inverse-based controllers
[101, p. 93] which are very sensitive to modeling errors. One can see in particular in Fig.4.21
and 4.20 that in almost all off-diagonal transfer functions the slope at low frequency and
the peaks increase with respect to the original case. This can be explained by the fact
that the decoupling is not exact following the perturbation. Consequently, for example, a
variation in the plasma position of the perturbed plant generates an output in the shape
observers designed for the ideal plant.

Despite this issue, the controller is still able to stabilize the plasma vertical instability
and control the required errors to zero, proving indirectly (but not quantifying) the
robustness to plant variations. In particular, the integrator included in the shape controller
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Figure 4.21 – Bode plot magnitude comparison for case C with perturbed qA resulting in a
perturbed plant: worse decoupling is achieved as can be seen by the larger magnitude of the
transfer functions compared to the ideal case.

provides the low frequency decoupling such that the slope of off-diagonal transfer functions
from [zref rref ]→ bsv remains at 20 dB/dec.

One can conclude that the presented approach provides a valid way to perform shape
control correcting the current reference δIef as a function of the shape deformation while
maintaining plasma position control with the original structure based on providing the
input uzr to the mutual decoupling and resistive compensation block.
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4.5 Considerations on the model used for shape control de-
sign

In this section, the static model used for designing and testing the shape controller is
presented and compared with the one that was used for standard shape control design,
which considered only the magnetic flux generated by the coils and considered the plasma
perturbation at the LCFS negligible.

Although a full nonlinear free-boundary solver could provide a better tool for testing the
design of the controller, the RZIp model coupled with a static model for the linearized flux
perturbation at the boundary remains a valid approximation for studying the closed loop
dynamics. The reason is that this static matrix represent the DC part of a free boundary
solver determining the equilibrium modification due to a change in the coil currents.

The design of the shape controller relies on a model for the effect of a perturbative
current in the E and F coils resulting in the flux (or magnetic field) variation from the
unperturbed equilibrium given by ψ0. In its linearized form, this is a static matrix

G = ∂ψ(R, z)
∂Ief

(4.66)

where ψ is the flux at a given point of the numerical grid used for equilibrium reconstruction
and Ief is the vector of currents in the E and F coils.

The model used in [79] (from now on referred to as Green’s function model) is the
static relation based on the assumption that the vacuum field generated by a coil current
perturbation ∆Ief ∈ R16 dominates the perturbed field, thus the plasma response is ignored
when evaluating

ψ̃Green(∆Ief ) = ψ0 + ∂ψGreen
∂Ief

∆Ief . (4.67)

In this case G can be simply computed with a linear combination of geometrical Green’s
functions providing the magnetic flux in a point (R, z) of the computational domain from
a current flowing toroidally in the location of a specific coil.

The latter (from now on referred to as GS model) includes instead the plasma modified
equilibrium in the perturbed flux

ψ̃GS(∆Ief ) = ψ0 + ∂ψGS
∂Ief

∆Ief . (4.68)

In this case G will be computed from a Grad-Shafranov equilibrium where the boundary
condition for obtaining the equilibrium flux solving the Grad-Shafranov equation includes
both the unperturbed coil PF coil currents Ia,0 and the perturbation ∆Ief .

Both models can be derived as follows.

The forward (nonlinear) Grad-Shafranov equation can be solved with known p′,TT ′
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Figure 4.22 – Flux perturbation (∂ψ/∂Ief )∆Ief in the computational domain (R, z) used for
equilibrium reconstruction deriving from 1 A current flowing in each E and F coil as predicted
by the Green model.
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Figure 4.23 – Flux perturbation (∂ψ/∂Ief )∆Ief in the computational domain (R, z) used
for equilibrium reconstruction deriving from 1 A current flowing in each E and F coil as
predicted by the linearized Grad-Shafranov (GS) model for shot #65299. The LCFS of the
pre-programmed equilibrium is included (in black) highlighting the difference compared to the
Green’s function model by the core plasma region.
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and external currents Ia so that we get the nominal equilibrium

ψ0(R,Z) = ψ(p′, TT ′, Ia0). (4.69)

where p′ and TT ′ are the functions determining internal plasma profiles (see Appendix A).
The Green’s function model considers a perturbation in the coil current ignoring the

effects on the plasma
ψGreen = ψ(p′, TT ′, Ia0) +Mef∆Ief (4.70)

with Mef (R,Z) the vacuum Green’s functions relating currents in the E/F coils to the
poloidal flux.

The Green’s function model is therefore obtained as

GGreen = ∂ψGreen
∂Ief

= Mef (4.71)

which corresponds exactly to Green’s electromagnetic functions in vacuum.
The GS model instead considers the contribution to the flux due to the modified

boundary conditions to the Grad-Shafranov equation following a perturbation in the E
and F currents as

ψGS = ψ(p′, TT ′, Ia0 +∆Ief ) (4.72)

and is linearized around the unperturbed equilibrium with a central derivative

GGS = ∂ψGS
∂Ief

= lim
∆Ief→0

ψ(p′, TT ′, Ia0 +∆Ief )− ψ(p′, TT ′, Ia0 −∆Ief )
2∆Ief

(4.73)

which can be easily approximated numerically.
The difference in the two models is evident in the comparison between the flux pertur-

bations (∂ψ/∂Ief )∆Ief obtained for a current in each coil represented in Fig. 4.22 and
Fig. 4.23. Note that this clearly shows that the contribution of the plasma is not negligible
as it is assumed in the Green model.

A simplified validation of the GS model is presented in Fig. 4.24 for shot #63693. In this
figure, the coil current perturbation is selected to obtain a plasma equilibrium displacement
using ∆Ief = Tu with T ∈ R16 a coil direction and u ∈ R the perturbation amplitude.
Vertical and radial displacements are obtained selecting respectively as Tz = Tsv,z/||Tsv,z||2
and Tr = Tsv,r/||Tsv,r||2 from Eq. (4.50), corresponding to the optimal vertical and radial
actuation directions derived using the GS model for case C. The perturbation u is increased
progressively. As expected, the GS model is valid only in the proximity of the linearization
point: the more u is increased, the more nonlinear effects prevail and the linearized solution
is no longer a valid approximation of the full Grad-Shafranov equation. The amplitude
of the perturbation for which the linearized solution remains locally valid is fit for linear
control design, as the limit of 5 cm for initiating a VDE in TCV [112] should be never
reached.
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Figure 4.24 – Validation of the GS model using Tz and increasing u in (a), (b) and (c),
showing progressively larger vertical displacements of the equilibrium, or Tr with increasing u
in (d), (e) and (f), showing progressively larger radial displacements until the plasma moves
from limited on the HFS to limited on the LFS. It is observed that the amplitude of the current
perturbation (hundreds of Amperes) and the corresponding plasma displacement (several cm) at
which the linearized GS model is not able to predict the results of the nonlinear Grad-Shafranov
equation are larger than the values expected to be observed during a shape controlled shot.
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4.5.1 Model comparison through vertical and radial displacements

The Green and GS models are compared considering the effect on a static equilibrium ψ0
for the shot #63693 with Ip = −120 kA of a current ∆Ief in the directions Tz and Tr. A
constant current in these directions results in a displacement of the plasma equilibrium
position. The results are reproduced in Fig 4.25.a and 4.25.d illustrating the effects on the
LCFS in particular, which is the flux surface considered for shape control.

One can observe that a perturbation in the same coil current direction generates
opposite results using Tz and similar results using Tr with the two models. This can be
interpreted through the fact that the two models make different assumptions on the plasma
behavior following a perturbation in the coil currents and it was observed also in [102].
Furthermore, it will be computed that, in order to obtain comparable displacements, the
current used for the Green’s function model is much larger than the one used for the GS
model. Finally, only the GS model is coherent with equilibrium displacements predicted
by the RZIp model as they are both derived from the plasma force balance. Consequently,
when the flux perturbation model is combined with RZIp to design the shape and position
controller, only a design performed using the GS model allows a consistent correction at
low frequency of the position observers.

Green’s function model predicted displacements
The Green’s function model considers the perturbed flux

ψ̃Green = ψ0 + ∂ψGreen
∂Ief

∆Ief = ψ0 +Mef Tu (4.74)

where T ∈ R16 is a generic coil current combination. When T = Tz, the corresponding
static coil current perturbation generates a vacuum magnetic field perturbation with a
dominating radial component BR(Tzu) , while for T = Tr it generates vacuum magnetic
field perturbation with a dominating vertical component Bz(Tru). Consequently one
approximately has for the coil directions represented in Fig 4.25.a and 4.25.d and u > 0 at
the magnetic axis (R0, z0) the following

BR(Tzu)|(R0,z0) < 0→ ∂ψv(Tzu)
∂z

∣∣∣∣
(R0,z0)

< 0 (4.75)

Bz(Tru)|(R0,z0) < 0→ ∂ψv(Tzu)
∂R

∣∣∣∣
(R0,z0)

< 0 (4.76)

from the relation between magnetic flux and field. The effects on the perturbed equilibrium
are clear on the sketches presented in Fig 4.25.b and 4.25.e. In these figures, following
the Green’s function model, the displacement of the unperturbed plasma described by ψ0
combined with the addition of the externally generated magnetic field due to Tu can be
visualized when the flux distributions ψ0, ψv(Tu) and ψ̃ are projected along the vertical
and radial axes. The direction of the displacements considered by the Green’s function
model is consistent with the direction of the Lorentz force that is exerted on a current
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flowing in the same direction of the plasma current Ip by a magnetic field generated by Tu
but the resulting flux distribution is not a Grad-Shafranov equilibrium. In particular, for
the used directions and u > 0 one gets

∆z(Tzu) < 0
∆R(Tru) > 0

GS model predicted displacements

The GS model is derived from the Grad-Shafranov equation which includes the plasma
response via the MHD force balance. The perturbed flux in this case

ψ̃GS = ψ0 + ∂ψGS
∂Ief

∆Ief ≈ ψGS(p′, TT ′, Ia0 +∆Ief ) (4.77)

where the last term is the actual solution of the Grad-Shafranov equation for modified
boundary conditions.

The direction of the displacements of the perturbed equilibrium can be interpreted
using the same force balance used in the simplified single filament model of Eq. (3.1). In
this model, the vertical force balance for a toroidal current filament in an external magnetic
field described in a toroidal reference frame

Fz = −2πRBRIp = 0. (4.78)

Its linearization around z0 and BR0 to find a new equilibrium position reads

0 = ∂Fz
∂z

∆z + ∂Fz
∂BR

BR(Tzu) = −2πR0
∂BR
∂z

Ip0∆z − 2πR0Ip0BR(Tzu) (4.79)

in the assumption that an approximately constant BR(Tzu) is added uniformly along z
and that Ip0 is constant for a vertical displacement. The partial derivatives are evaluated
at the unperturbed equilibrium position of the filament for u = 0. Recalling the results
obtained from the single filament model, an elongated plasma requires the decay index of
the vertical field along R to be n < 0 where from Eq. (3.11) one gets

n = − R0
Bz,0

∂BR
∂Z

. (4.80)

Following the radial force balance of Eq. (3.2), for the plasma current of #63693 the
external equilibrium vertical field for compensating the radially expanding forces is Bz,0 > 0
while the field variation at the axis for elongating the plasma ensures that ∂BR/∂z > 0.
The unperturbed vertical equilibrium position is defined at z0 where BR,0(z0) = 0. It is
then straightforward to consider that the new (unstable) equilibrium position lies at z(Tzu)
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Figure 4.25 – Displacements generated by a constant current in the Tz and Tr directions
using the GS and Green model and sketches for their motivation. The equilibrium is for
#63693 at flattop with Ip = −120 kA. The coils are color-coded with darker red for positive
and darker blue for negative currents in a (R,φ, z) reference frame. (a) Vertical displacement
for a current |∆I1| = |Tzu1| = 50 A using the GS model and |∆I2| = |Tzu2| = 150 A using the
Green model. (b) Sketch of the projection along z of the magnetic fluxes used to evaluate the
vertical displacement predicted by the Green model. (c) Sketch of the projection along z of
the fluxes and the magnetic fields to motivate the displacements predicted by the GS model
using the single filament model. (d) Radial displacement for a current |∆I1| = |Tru1| = 75
A using the GS model and |∆I2| = |Tru2| = 225 A using the Green model. (e) Sketch of the
projection along R of the magnetic fluxes used to evaluate the radial displacement predicted
by the Green model. (f) Sketch of the projection along R of the forces acting on the single
filament model used to motivate the direction for the radial displacement predicted by the GS
model using u > 0.
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where the radial magnetic field due to external conductors is zero, such that, for u > 0

∆z = z(Tzu)− z0 = −∂Fz/∂BR
∂Fz/∂z

BR(Tzu) = − 1
∂BR/∂z

BR(Tzu) > 0. (4.81)

since BR(Tzu) < 0 (see Fig. 4.25.a). In the sketch of Fig. 4.25.c it is clear how the addition
of a uniform BR(Tzu) generates a displacement of the vertical equilibrium position where
the vertical force balance is satisfied.

The radial displacement instead can be derived from the radial force balance of Eq.
(3.2)

FR = FL + Fr = +2πRBzIp + 1
2µ0I

2
pΓ = 0 (4.82)

where FL is the Lorentz force and Fr is the combination of Hoop and tire tube force
sketched in Fig 4.25.f always expanding the plasma in the positive radial direction. The
linearization around R0 and Bz0 is provided for estimating the new radial equilibrium
position and reads

FR = ∂FR
∂R

∆R+ ∂FR
∂Bz

Bz(Tru) (4.83)

=
[
2πBz0Ip0 + 2πR0

∂Bz
∂R

Ip0 + 2πR0Bz0
∂Ip
∂R

(4.84)

+1
2µ0

∂(I2
pΓ)
∂R

]
∆R+ 2πR0Ip0Bz(Tru) (4.85)

≈ 2πIp0Bz0

(3
2 − n

)
∆R+ 2πR0Ip0Bz(Tru) (4.86)

where the approximation is valid for a radial displacement conserving the flux enclosed
by the filament and Γ� 1 as discussed in [12], [120]. Here it was also assumed that an
approximately constant Bz(Tru) is added uniformly along R. Consequently the new radial
equilibrium position (stable for n < 0) lies at R(Tru) where the force balance is satisfied,
such that for u > 0

∆R = R(Tru)−R0 = −∂FR/∂Bz
∂FR/∂R

Bz(Tru) = − R0/Bz0
(3/2− n)Bz(Tru) > 0 (4.87)

since Bz(Tru) < 0 (see Fig. 4.25.c). In Fig. 4.25.f, a sketch is provided showing the new
force equilibrium leading to a displacement in R following the perturbation with a magnetic
field Bz(Tru).
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4.5.2 Static and dynamic comparison with RZIp

An estimate for the vertical and radial displacements can be provided in comparison with
the results from RZIp. Indeed, the model contains the radial and vertical force balance
corresponding to the linearized projections along the vertical and radial axes of the force
balance equation J×B = ∇p used for deriving the Grad-Shafranov equation (see also Eq.
(A.3)).

The estimated displacement of the LCFS following a variation in the coil currents is
given as

∆z = O∆z [Mb 0 0]G0Tzu (4.88)
∆R = O∆R [Mb 0 0]G0Tru (4.89)

where G0 considers the interpolation of the outputs of G at the target boundary points and
O∆z and O∆z combine the flux differences for an estimate of the displacement as described
by Eq. (2.10) and 2.11.

The vertical and radial displacements of the plasma centroid in the RZIp model due
to the same variation of the coil current are instead computed from the linearized force
balance as

∆zC = −∂Fz/∂Ief
∂Fz/∂z

Tzu = − 1
Ip0

M−1
22 M

ef
21 Tzu (4.90)

∆rC = −∂FR/∂Ief
∂FR/∂R

Tru = − 1
Ip0

M−1
33 M

ef
31 Tru (4.91)

where the details of RZIp matrices M ef
21 , M22, M ef

31 and M33 are provided in Appendix
B.2.1. In particular M ef

21 , and M ef
31 consider only the part of the vector M21 and M31

multiplying the E and F coil currents.
The results of the comparison are summarized in the following Fig. 4.26 for varying u.

One can observe that the GS equilibrium displacement and the RZIp force balance give
comparable results both in terms of direction and amplitude of the displacement, although
with an increasing difference for larger perturbations as they are linear relationships.
The Green’s function model instead, consistently with the simplified analysis on the
single filament model discussed in Sec. 4.5.1 , predicts the wrong direction for the vertical
displacement and does not provide a comparable amplitude even for the radial displacement.

A dynamical comparison is finally provided by coupling the models in series as re-
produced in Fig. 4.27 with the resulting Bode plots of the open loop transfer function
reproduced in Fig. 4.28. In this case, matrices Oz and Or are the ones derived from case
C providing the decoupled observation directions. It is important to note that, although
the approximation of the static model G is valid only in steady state, the phase loss at
frequency comparable to the expected bandwidth (102 rad/s), present also in standard
equilibrium reconstruction due to the computational delay, can be avoided when correcting
the rt observer with their analog counterpart. Recall that the SISO open loop for vertical
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Figure 4.26 – Comparison of equilibrium displacement between RZIp force balance and using
the Green and GS model for (a) vertical and (b) radial actuation directions and observers with
varying amplitude of the current.
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Figure 4.27 – Block scheme, color coded for the plots of Fig. 4.28 . In this open loop, the
signal uzr ∈ R2 acts along Tz and Tr for vertical and radial control respectively. The unstable
RZIp model outputs the magnetic signal ym, mapped in analog observers with AzI or currents
with AI which determine the equilibrium displacement as OsvG0Ief .

control cannot be used to determine the closed loop stability since it does not consider the
paramount role of the G coil, discussed in the following chapter. In the Bode plot one can
notice the difference in phase of the vertical loop for the Green model (due to the opposite
sign) and the valid scaling of the real time observer to match the analog only in the case
of the GS model. The largely different behavior at high frequency of the real time radial
loops compared to the analog is due to the presence of two complex zeros at z = 1.6± 24i
rad/s showing their effect at |z| ≈ 24 rad/s.

It is concluded that the GS model provides a better approximation for the effects of a
perturbative current in the E and F coils on the plasma equilibrium than the Green model,
in particular for the vertical and radial dynamics. The quantitative agreement with RZIp
justifies its use to define the corrections to vertical and radial observer at low frequency.

When using the Green’s function model, this difference can result in an incorrect
estimate both of the sign and the gain to apply for equalizing real time and analog
observers for the position control. This can be seen in Fig. 4.28 where both magnitude
and phase at low frequency are consistent only using the GS model
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Figure 4.28 – Open loop Bode plot comparison using directions for vertical (a) and radial
actuation (b) and the corresponding analog observers from matrix A or equilibrium recon-
struction from matrices Oz and Or. The results are considered for shot #63693 in flattop.

4.6 Conclusions

In this chapter, a new design for the shape controller in TCV is proposed. This is based on
the separate tuning of the position controller and leaves the shape controller responsible
for modifying the plasma shape only, without attempting to position the plasma column.
In order to be consistent with the shape controller, the position observer is modified
at low frequency with a signal derived from equilibrium reconstruction, while at high
frequency the fast analog observers are used for stabilizing the plasma in closed loop with
the position controller. Furthermore, the position controller uses actuation directions which
are orthogonal to those used by shape control. This allows a separate tuning of the position
controller that will be discussed in the next chapter.

Several cases are presented for deriving the shape and position controller matrices and
it is observed that the matrices derived from the standard shape and position controller
provide the best steady state decoupling (full decoupling).

A discussion on the model used for shape control is provided, showing that a model
derived from a linearization of the perturbed solution of the Grad-Shafranov equation
(GS model) is better than the previously used model based on electromagnetic Green’s
functions in vacuum. The GS model is quantitatively consistent with vertical and radial
displacements predicted by the RZIp force balances and its use to correct the plasma
position observer at low frequency is justified.

Although a more complete verification requires relying on free-boundary GS models or
linearized GS models, one can see that a simpler model (RZIP + static GS) is sufficient
for designing a coupled position and shape controller, as it retains the physics of interest.
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Possible further improvements to this approach are the following

• The robustness to uncertainty in the model used for shape control design should
be quantified to gain better insight on modeling errors that could lead to degraded
performance or instability.

• The radial observer could be adapted to consider the inflation/compression predicted
by the semirigid model, consistent with the Grad-Shafranov perturbed equilibria,
rather than limiting it to a rigid radial displacement.

• The effects of using different models should be quantified in terms of the amplitude
of the correction required to the E and F coils currents δIEF to the preprogrammed
ones.

• Feedforwards and references should be added to the simulations, in particular to
quantify the effects of the fast ramps in the OH coil currents

• A better model could be used in the simulations for equilibrium reconstruction
considering the vessel currents as well, thus testing the control loop in closed-loop
with an equilibrium vessel current reconstruction code that is valid also during
transients.

• A model based on the linearized Grad-Shafranov equation coupled to circuit equations,
such as CREATE-L [121] could be used instead of the RZIp model combined with
the GS model, providing a finer tool for simulations.

• Free boundary evolution codes such as [122]–[125] could be performed to validate the
controller design in more detailed simulations in closed-loop.

The following step, presented in the next chapter, is an optimized tuning of the vertical
controller using the new directions for vertical and radial actuation.
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5 Optimized vertical control in TCV

In this chapter a new method for designing the vertical position controller is introduced,
including the dynamics of the vertical instability as an integral part of the procedure for
selecting the coils used for vertical stabilization. In particular, we propose a new design
algorithm based on control theory in combination with a linearized model of the plasma
vertical instability dynamics and a model for the plasma equilibrium modification following
a static perturbation in the coil currents.

This method allows more complete exploitation of the flexibility of the TCV tokamak,
allowing all PF coils to be used for vertical stabilization. The method’s generality and the
automated synthesis algorithm allow in principle the possibility to extend this approach
to any shape that can be realized in TCV as long as the model used for controller design
remains valid. At the same time, the new controller maintains the structure of the existing
vertical control system, allowing a quantitative performance comparison and facilitating
its use in standard operation. The objective of the optimization is to preserve the plasma
control system performance in terms of operation margins and response time to plasma
position disturbances, while reducing the risk of power supply saturation, which from a
linear control theory perspective corresponds to minimizing the control sensitivity of the
closed loop. This is a critical issue since the saturation of the voltage that a power supply
can provide results in the initiation of a vertical displacement event that cannot be corrected
in feedback since the coil system then behaves as if in open loop. The new controller was
successfully tested experimentally and was proven to stabilize effectively TCV plasma
discharges while improving the control performance. This chapter is structured as follows.

In Section 1, a summary of the state of the art for vertical control is provided.
in Section 2, optimized actuation directions for vertical control in TCV are derived.
In Section 3, the vertical controller structure is discussed and the choice of structured

H∞ is motivated.
In Section 4, the generalized plant used for H∞ synthesis is discussed.
In Section 5, the results of controller synthesis are presented.
In Section 6, the controller is validated in dedicated shots on TCV and the performance

improvement is quantified.
In Section 7, the conclusions on the optimized vertical stabilization are provided.

The material in this chapter has been submitted for publication in Fusion Sci. Technol.
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5.1 State of the art for vertical control

All tokamaks use external and, when available, internal poloidal field coils as actuators
for stabilizing and controlling the unstable vertical position of elongated plasmas [40]. In
the envisaged vertical control system of ITER the plasma is stabilized with in-vessel coils
only [126], although the possibility of employing a set of coils external to the vacuum
vessel is also considered, to reduce the RMS value of the current in the internal coils [127].
In a similar fashion, in the ASDEX-Upgrade tokamak [72], the internal coils respond to
deviations of the vertical position from equilibrium and a set of external coils react to
minimize the time averaged current in the internal coil and control the equilibrium position
of the plasma [73]. The EAST tokamak features an ITER-like control system where the
in-vessel coil is used to stabilize the vertical instability, by controlling only the plasma
vertical velocity to zero together with the internal coil current. In this way, the vertical
stabilization and the shape and position control problems are decoupled, with the latter
system left in charge of plasma positioning using the external coils as actuators [128].
Different schemes are possible for decoupling, such as the version tested in KSTAR. In its
control system, a frequency separation is achieved with lowpass and highpass filters, such
that the plasma vertical position and velocity can be directly fed back to the controller
for the internal coil voltage, while leaving the vertical control on longer time scales to the
external superconducting coils [129]. The JET tokamak, the largest operating device of
this kind, features instead no coils internal to the vacuum vessel but stabilizes the vertical
instability with a combination of external coils and feedback on the plasma velocity [130],
still leaving the exact plasma positioning to the shape controller [74]. The control system
of the DIII-D tokamak [131] is designed such that a dedicated set of coils, external to the
vessel in this case also, is able to effectively and robustly control the plasma vertical position
for the programmed discharges [132] and includes a model based multivariable controller
for the shape parameters [133]. Finally in the case of NSTX-U, the plasma discharge is
designed such that, during the flattop phase, there is a time scale separation of fast and
slow vertical control systems. The vertical position is indirectly controlled on long time
scales by the shape controller regulating the position of the upper/lower outer boundary
points (and the X-point locations), so that the fast vertical control algorithm only provides
stabilizing velocity control using a limited subset of the external coils [77]. Other methods
for example for automated PID tuning based only on online plasma measurements [134],
have also been explored.

The method we propose in this work studies the possibility to synthesize high-performance
vertical controllers directly from models, which allows finding a solution on a simulator
tool which is then validated in experiments. In particular, we make use of all 16 available
external field coils in combination with the internal coil for vertical stabilization instead of
assigning a single direction of a single coil to this task thanks to the unique flexibility of
the TCV control system.
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Figure 5.1 – (a) Pair of coils used for the vertical control open loop comparison L(Tz → zC)
in [Am/V ] with the LCFS of shot #51437 at flattop and (b) the corresponding Bode plots.

5.2 Derivation of the optimal coil combinations for mag-
netic control

The first step in the presented approach for designing an optimal controller is the redefinition
of the coil combinations for magnetic control. This will be based model-based derivation of
optimal directions for vertical control, constraining the remaining actuation directions for
the RZIp MIMO system G(s) = C(sI −A)−1B +D from Eq. (3.57).

Focusing on position control, the selection of PF coil combinations for vertical control
presents several trade-offs due to their different coupling with the unstable plasma dynamics
and the different characteristics of their power supplies. The magnetic field used for
generating a Lorentz force contributing to the plasma force balance is generated by a
current flowing in the PF coils. The field generated by coils external to the vacuum vessel
is dynamically shielded by the vessel eddy currents while the one generated by the G coil,
internal to the vacuum vessel, is not (see also Sec. 3.2.1) Focusing on vertical control only,
the different actuators which can be used make this a MISO (multi-input-single-output)
problem, where the controlled output is a vertical position observer, typically ˆzIp.

In TCV, the complexity is reduced achieving a lower dimensional MISO problem by
using E and F coil combinations for vertical control. These are described with a normalized
vector Tz ∈ R16 in the space of coil directions which multiplies a scalar controller output
resulting in a command to each coil. The E and F coils provide both a contribution
to plasma stabilization around the bandwidth frequency and positioning on long time
scales. The G coil instead is controlled separately in order to guarantee a further degree of
flexibility and avoid using it for plasma positioning within the vessel. Its fast switching
power supply (FPS) is in fact not designed to sustain continuous current on time scales
comparable to the shot duration.
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Maintaining this separation makes standard SISO (single-input-single-output) loop
shaping techniques not suited for finding an optimal solution, as they are limited to a
single channel only. This calls for more advanced techniques for optimizing the controller
for this MISO problem. The synthesis of an optimized corresponding SIMO (single-input-
multi-output) controller Kz for the vertical instability is the goal of this Chapter.

5.2.1 Comparison of PF coils for vertical control

One of the main steps in the present approach is the selection of coils for vertical control.
An introduction to this problem is provided with a simplified analysis which will supports
the selection of the vertical actuation direction performed in the following.

The different properties of E and F coils of TCV for vertical control are illustrated
in the present section comparing pairs of coils located symmetrically with respect to the
vertical plasma axis for shot #51437. Each pair of coils defines a direction Tz ∈ R16 which
actuates the two coils with opposite voltage generating a radial magnetic field in a toroidal
reference frame in DC.

The transfer function from a voltage applied along Tz to the plasma vertical position
times the plasma current zCIp0 is illustrated in Fig. 5.1.b. One can notice that the transfer
functions for the coils located on the HFS (couples E4 E5 and E3 E6) are characterized
by a larger magnitude and phase than the ones located on the LFS (couples F4 F5 and
F3 F6). The larger phase in particular is explained by the fact that the magnetic field
generated by coils on the LFS is more efficiently shielded by the eddy currents in the vessel
[135]. Larger magnitude and phase are advantageous for vertical stabilization as one can
consider that lower controller gains are required in a stabilizing controller modifying the
open loop, thus reducing the control sensitivity from the reference position to the voltage
request to the power supplies.

This advantage is compensated by the fact that the coils on the LFS exert a larger force
per Ampere on the plasma, resulting in a larger displacement of the vertical equilibrium
position for the same current in steady state. This is computed as in Eq. 4.91, reproduced
here

∂∆zC
∂Ief

= −
(
∂Fz
∂zC

)−1 ∂Fz
∂Ief

Tz = − 1
Ip0

M−1
22 M

ef
21 Tz (5.1)

where for the studied cases the results are reported in Table 5.1.

Tz

(
∂∆zC

∂Ief

)
Tz

E4 E5 35 mm/kA
E3 E6 71 mm/kA
F4 F5 81 mm/kA
F3 F6 122 mm/kA

Table 5.1 – Comparison of equilibrium displacement from RZIp for #51437 at flattop using
the different coil combinations illustrated in Fig. 5.1.

128 Federico Pesamosca



5.2. Derivation of the optimal coil combinations for magnetic control

(a) Tz,std (b) TzI (c) TzV

Figure 5.2 – Representation of ψ(TIo), flux surfaces (black) for the poloidal magnetic field
generated in vacuum by a static current Io flowing in different (normalized) E and F coil
combinations T ∈ R16 used for vertical control. The coils are color coded for each component
of the combination indicating positive (dark red) or negative (dark blue) values. The effect on
the plasma’s preprogrammed last closed flux surface (blue) of shot #68912 at 1 s is computed
solving the Grad-Shafranov equation including the perturbative currents TIo in the boundary
conditions and resulting in a new plasma equilibrium (red) whose axis is moved by ∆z = −1.5
cm. The flux is plotted for (a) the standard vertical control direction Tz,std, (b) the direction
used on long time scales derived from the shape controller TzI and (c) the direction used on
short time scales derived from the input pole vector TzV .

5.2.2 Directions for control at low frequency

On time scales longer than the vertical instability growth time but shorter than the plasma
discharge, directions for position control are derived to satisfy the following requirements

• control the plasma vertical and radial position to a desired reference

• remain orthogonal to the coil current control directions used to control shape defor-
mation by the shape controller

• avoid using the G coil for plasma positioning to avoid DC currents in the FPS.

Following the first two requirements, the directions TzI and TrI for vertical and radial
control respectively, are determined with the same algorithm used for shape control [79]
discussed in Sec. 4.3.3. In particular, TzI and TrI are the first two columns of Tsv, which
allow full decoupling in the shape controller.

In this way the coil directions orthogonal to TzI and TrI are defined as

NpfI = Im (ker [TzI , TrI ]) ∈ R16×14. (5.2)

129



Chapter 5. Optimized vertical control in TCV

These directions are used for current control in the E and F coils and remain available for
the shape controller excluding position control. The steady state flux generated by TzI is
represented in Fig. 5.2. In order to avoid current flowing in the G coil in steady state, this
is not used for plasma positioning over long timescales.

5.2.3 Direction for control at high frequency

On time scales faster than or comparable to the characteristic vertical instability growth
time, vertical control is performed with the goal of input minimization in terms of voltage
request to the power supplies. Two separate directions are used, one including the shaping
coils external to the vessel TzV ∈ R16 and one including only the G coil. This distinction
is necessary for optimizing the vertical control from the two sets of actuators due to the
different nature of the power supplies of internal and external coils. This will result in
simply adding a degree of freedom in the optimization without fixing the ratio in the coil
usage at high frequency. The choice of direction TzV is based on the following definition of
input pole vector.

For an unstable plant, a lower bound exists for the closed loop control sensitivity. This
can be explained by the fact that, provided a stabilizing controller, it is always possible to
destabilize the system by simply decreasing the controller gain. From a physical point of
view, there is a minimum threshold for the voltage to be applied to the coils following a
plasma vertical displacement to avoid the initiation of a vertical displacement event. In
this study, the control sensitivity estimates the frequency response of the power supplies to
a disturbance in the plasma vertical position.

The following theorem quantifies, for a generic MIMO unstable plant G(s) = B(sI −
A)−1C +D with a single unstable mode, a useful lower bound for the control sensitivity
based on the plant only.

Theorem 1 (Input usage for stabilization [136]). For a rational plant G(s) with a single
unstable mode p, the minimal H∞ norm of the transfer function KS is given as

min
K
||KS||∞ = 2p |qT t|

||up||2||yp||2
(5.3)

Here t and q are the right and left eigenvectors of the matrix A satisfying At = pt and
qTA = qT p respectively while up and yp are defined as the input and output pole vectors
of the plant defined as up = BT q and yp = Ct.

It is further specified that the input pole vector, or pole direction, can be obtained from
a singular value decomposition of the matrix G(p) = UΣV T , with U and V real matrices
for the RZIp model, where the input pole vector is the first column of V corresponding to
the only infinite singular value of the unstable RZIp system. Note finally that the choice
of inputs and outputs can be performed independently, which allows applying this theory
for input selection only. In the present study, the H∞ norm of the control sensitivity
determines the largest voltage request to the power supplies in any coil combination in
response to a plasma position disturbance at any frequency thus should be kept small to
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avoid voltage saturation of the power supplies.
For this purpose, the actuation direction for vertical control on fast time scales is

defined in the following way. The matrix BEF ∈ Rnx×16 is extracted from the full B matrix
of (3.55) with nx states in order to select the inputs for the E and F coils only, excluding
the OH and G coils. The direction for vertical actuation at high frequencies is defined as

TzV = M−1
EFB

T
EF qu (5.4)

where MEF ∈ R16×16 is the matrix of mutual inductances between the E and F coils and
qu is the only unstable pole vector of (3.55) corresponding to the vertical unstable mode.
In this way, at time scales comparable to the vertical instability, the voltage requested
from the E and F power supplies following a vertical error ezIp is

VEF = (MEF +REF /s)TzV CzV (s)ezIp (5.5)
≈ BT

EF quCzV (s)ezIp (5.6)

where CzV (s) is a SISO controller discussed in Sec. 5.3.1 which is designed to be dominating
at high frequencies. This allows minimizing the voltage request to the power supplies
required for stabilization, effectively aligning at fast time scales the actuation direction for
vertical control with the input pole vector of the RZIp model corresponding to the E and
F coils.

5.2.4 Comparison of the different vertical control directions

By acting along the input pole vector, it is expected that using TzV for high frequency
vertical control will lead to a reduction of the voltage request to the power supplies in
operation. In agreement with previous quantitative evaluations [38] [137] [135], the input
pole vector corresponds to a prevailing use of the E coils situated on the high field side as
seen in Fig. 5.2, since the generated magnetic field is only weakly shielded by the vessel
eddy currents and can thus generate a radial magnetic field on the plasma axis for vertical
control faster than the F coils. This observation justifies the use of coils on the high field
side for high frequency vertical stabilization as is done in DIII-D discharges [109]. On long
time scales, instead, the direction TzI with prevailing use of the F coils should be preferred
for plasma positioning due to the larger radial field per Ampère that can be generated on
the plasma by the coils on the low field side [135] [109].

The frequency separation of the two actuators, together with the evaluation of closed
loop performance, requires the tuning of the vertical controller which is performed in the
following sections.

5.3 Synthesis procedure for an optimized vertical controller

Once the actuation directions are constrained, the controller structure selected for magnetic
control is defined as a PID controller. In order to apply H∞ techniques, a set of performance
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requests are specified for constraining the controller synthesis.

5.3.1 Structured H∞ and controller structure

Different strategies were considered for model-based synthesis of the SIMO (single-input-
mult-output) vertical controller Kz, taking as input the error for the plasma vertical
position ezIp. Standard PID manual tuning is the typical approach used on TCV where
the gains are defined by the operator, starting from preprogrammed values. The drawback
of manually tuning the controller using the new actuation direction is that there is no
guarantee of optimality. A possible solution is the derivation of an optimal LQG controller
combining a Kalman filter and LQR control, which however provides no guarantee on the
stability margins [138] leading to possible poor robustness properties.

Standard H∞ control synthesis [139], providing a robust stabilizing controller for a given
model, is studied for tokamak control system design, both for position [140]–[144] or shape
control [145], [146]. This technique, however, provides controllers whose degree (number of
poles) is the same as the one of the model used for the synthesis. In some cases, this leads
to high-order controllers, with a difficult realization or complicated interpretation of its
dynamical transfer function, compared for example to standard PID controllers. In other
cases, the controller synthesis requires a consistent approximation of the dynamics through
model reduction. The consequent loss of precision and possible decrease of closed loop
robustness ought to be tested with more advanced techniques or directly in an experiment.

The new approach proposed in this work is based on structured H∞ [147], extending
classical H∞ to fixed-structure control systems. The main advantage of this approach is
that, regardless of the number of states in the model, the output controller has a structure
that can be specified in advance. In the present study in particular, in order to respect
the constraints of having no DC currents in the G coil and actuating along a different coil
combination only at high frequencies, the following structure for the controller is fixed

Cg(s) = sGz,optRo(s),
CzI(s) = Pz,opt/(1 + sτp),
CzV (s) = sDz,optRo(s).

(5.7)

These define the SIMO controller for the vertical position, Kz = [Cg(s), CzI(s), CzV (s)]T ,
taking as input the error in the plasma vertical position estimator ezIp.

Only three real tunable parameters are allowed to vary: Pz,opt, Dz,opt and Gz,opt,
respectively the proportional and derivative terms for the external E and F coils in the
different directions TzI and TzV along with the derivative gain for the internal G coil. This
allows defining a controller which keeps the structure of standard vertical control at TCV
and can be easily integrated both in the former analog and in the new digital control
system.
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5.3.2 Performance requirements

Structured H∞ provides the framework for fixed structure controller synthesis which is
designed to satisfy different performance specifications. The main objectives of the vertical
position controller are defined as:

• stabilizing the vertical instability with adequate stability margins

• guaranteeing an adequate response (maximum overshoot, settling time) following
plasma perturbations to bring back the plasma to its reference position

• minimizing the plant input requirements in terms of voltage request to the power
supplies

• minimizing the current flowing in the coils in response to a perturbation in the plasma
position

• having no DC current flowing in the internal coil.

There are a set of inherent trade-offs in these requirements, for example due to the fact that
a reference tracking control at high frequency would result in an undesired amplification
of measurement noise. Controller synthesis with H∞ requires the formalization of these
performance requests in terms of frequency dependent dynamical filters W (s) to bound a
set of closed loop transfer functions. The considered transfer functions are the sensitivities
determining the response, to an input noise on the plasma vertical position nz, of the
vertical observer ˆzIp (S(nz → z)), of the current in the E and F coils (S(nz → IEF )) and
of the current in the G coil (S(nz → IG)); also, the control sensitivities from noise on
the plasma vertical position to the voltage request to the power supplies for the EF coils
(KS(nz → VEF )) and the G coil (KS(nz → VG)). In order to satisfy the listed objectives
for the controller, the performance filters are determined by the following characteristics:

• The transfer function S(nz → z) should have a highpass filter behavior to reject low
frequency disturbances and should not have a peak larger than 6 dB to guarantee
adequate stability margins, as provided by classical control rules [101, p. 36].

• The bandwidth of the system, specified by the frequency at which the sensitivity
S(nz → z) crosses zero, should be above 250 rad/s. This value was found studying
the closed loop response of a wide variety of shots performed in TCV and pushing the
bandwidth for a faster response until the optimization could not satisfy all request in
terms of closed loop transfer functions.

• The worst amplification of noise in the vertical position in the E and F coil currents
specified by σ(S(nz → IEF )) should be limited to −10 dB, with a maximum allowed
current used to reject a static disturbance set at −25 dB and decay at −20 dB/dec
for frequencies above 104 rad/s.
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• A static disturbance in the vertical position should not be corrected using a static
current in the G coil, while at larger frequencies the worst amplification of noise in
the vertical position in the G coil current specified by S(nz → IG) should be limited
to 0 dB around 103 rad/s, and decay at −20 dB/dec for frequencies above 104 rad/s.

• The amplification from noise in the vertical position to the voltage request to the E
and F coils power supplies specified by σ(KS(nz → VG)) should be limited to 5dB
and decay at −20 dB/dec for frequencies above 105 rad/s

• The amplification from noise in the vertical position to the voltage request to the G
coil power supplies specified by KS(nz → VG) should be limited to −8dB and decay
at −20 dB/dec for frequencies above 105 rad/s, while requiring no voltage for a static
disturbance.

With the exception of the required peak of the sensitivity function S(nz → z) at 6 dB and
its bandwidth, the remaining sensitivities and control sensitivities filters are the result of
manual tuning. A first estimate of the suggested values (peak values, crossover frequencies
and rolloffs) is obtained examining the transfer functions resulting from the RZIp model in
closed loop with the standard magnetic controller (in the presented case, the yellow lines
in Fig. 5.4 for shot #68912) and tightened for improved performance. While the values
could and should be adapted based on the operators’ experience (tuning cannot be avoided
in controller synthesis), the ones presented here are general enough to allow controller
synthesis for a wide variety of plasma shapes realized in TCV. It is possible for example to
require a further reduction in the G coil voltage request. In this case the operator could
reduce the maximum allowed KS(nz → VG) and generate a controller satisfying the new
constraints until they become too restrictive. The presented constraints are observed to
provide a satisfactory solution not only for the closed loop model, but most importantly in
the performance obtained in the experimental runs.

The set of rational proper filters W representing the aforementioned performance
requests are designed in Matlab [148] and can be seen in Fig. 5.4. It can be stated that all
performance conditions are satisfied when the magnitude of the corresponding sensitivity
lies below the filter or equivalently, using the H∞ norm∥∥∥W−1

S(nz→z) S(nz → z)
∥∥∥
∞
< 1∥∥∥W−1

S(nz→IEF ) S(nz → IEF )
∥∥∥
∞
< 1∥∥∥W−1

S(nz→IG) S(nz → IG)
∥∥∥
∞
< 1∥∥∥W−1

KS(nz→VEF ) KS(nz → VEF )
∥∥∥
∞
< 1∥∥∥W−1

KS(nz→VG) KS(nz → VG)
∥∥∥
∞
< 1.

(5.8)

In the case of SIMO transfer functions, such as KS(nz → VEF ) with 16 outputs, the filter
is set as W−1

KS(nz→VEF ) × I
16×16.
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5.4 Controller synthesis with H∞
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Figure 5.3 – Block diagram of the generalized plant P̃ (contained in the orange dashed line)
used to synthesize the controller Kz by minimizing the H∞ norm of N = P̃?K. The block Z
determines the actuation directions for vertical control. The block Kz is the vertical position
controller where the structure can be imposed as described in Eq. (5.7). The block G̃ includes
RZIp, the delay for the power supplies and the A matrix for estimating the controlled variables.
Once the vertical control loop is closed, the only input of N is nz and the only output is w.

5.4.1 Generalized plant

In order to optimize the vertical controller with H∞ techniques, it is necessary to consider
the general method of formulating control problems introduced by Doyle [139]. A generalized
plant for this problem is defined as represented in Fig. 5.3. The inputs are the noise nz,
affecting the vertical observer, and the vertical control signals uz. The outputs are instead
the performance variables w, outputs of the inverse weights, and the vertical observer error
ezIp.

The G̃(s) block contains the RZIp model, including input delays modeling the power
supplies, followed by the A matrix providing the estimators for magnetic control as outputs.
The inverse filters W−1 are included in the generalized plant, having for inputs the variable
of the corresponding sensitivity: ˆzIp for W−1

S(nz→z) , IEF for W−1
S(nz→IEF ), IG for W−1

S(nz→IG)
and so on (refer to Fig. 5.3 for the detailed interconnection).

The vertical controller outputs uz are mapped using the block Z. The signal VG
represents the voltage request to the FPS. For generating the signal u, input to the mutual
decoupling and resistive compensation block, the remaining outputs of Z are added to the
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outputs of the radial, plasma current and PF current controllers, closed as follows:

• The plasma current control loop is closed using the loop on the OH coils as in the
standard hybrid controller.

• The radial control loop is closed using the new radial control direction TrI , which
in turn requires a new tuning of the radial controller. The gain of the controller
Cr(s) = Pr,opt/(sτP + 1) is selected minimizing the difference between the radially
directed Lorentz force on the equilibrium plasma current distribution from a static
current flowing in the old and the new coil combination for radial control.

• The coil current control is closed only for coil current directions orthogonal to those
used for vertical and radial control at low frequencies, TzI and TrI . The bandwidth,
which corresponds to Cpf,opt, is selected to be lower than the one used for vertical
control specified by the frequency at which the filter WS(nz→z) crosses 0 dB. This is
done to decouple the control of the PF coil currents at low frequency and the control
of the vertical position at higher frequency as the directions TzV is not orthogonal to
NpfI .

Contrary to the sequential design [101, p. 430] where the fast inner loop is closed before
the slow ones, in this controller design the vertical stabilization loop is the last being closed
to consider the effect of a slower control loop on the performance at low frequencies.

Note that the open loop system P̃ is still unstable since the vertical controller is not
included. The objective of H∞ is precisely to synthesize this controller.

5.4.2 Optimized controller synthesis

The generalized plant P̃ represented in FIg. 5.3 allows expressing the overall control
objective of Fig. 5.8 as a minimization of the H∞ norm of Ñ = P̃?Kz, the transfer function
from nz to w, where ? represents the lower linear fractional transformation. Formally, given
P̃ and an initial guess for the controller Kz0(Pz0, Dz0, Gz0), structured H∞ algorithm [147]
tunes Kz and computes γ which determine a local solution to the following problem

γ = min
Kz

∥∥∥P̃?Kz

∥∥∥
∞

subject to

Kz stabilizes P̃
Kz ∈ K

(5.9)

where Kz ∈ K represents the structural constraint of Eq. (5.7) for structured H∞. The
scalar parameter γ ∈ R can be considered as a scalar measure of the optimization result.
A result of γ < 1 is a sufficient condition for Eq. (5.8) to hold.

In this study, the solution of Eq. (5.9) is computed iteratively in Matlab [148] using
hinfstruct. The minimization is initialized for several randomly distributed initial guesses
of the controller close to Kz,0 to avoid local minima due to the nonsmooth nature of the
optimization as suggested by [147] and it is verified that the optimization converges to

136 Federico Pesamosca



5.5. Controller synthesis and simulations

the same final result from different perturbations of Kz,0. When using structured H∞
for controller synthesis, the fastest convergence is observed when specifying the frequency
dependence of the desired transfer only for S(nz → z) while requiring only the H∞ norm
(the peak value) of the remaining transfer functions, since the controller structure K already
constraints the frequency dependence of the closed loop sensitivities (e.g. Ro(s) specifies the
rolloff frequency in KS). The initial controller gains Pz0, Dz0 are computed by equalizing
the radial field generated on the plasma current distribution by the standard directions
Tz,stdPz,std, Tz,stdDz,std computed in MGAMS and the optimized ones TzIPz0, TzVDz0,
while Gz0 = Gz,std. The running time of the optimization is less than one minute which
makes the algorithm suited to be integrated in the shot preparation cycle.

5.5 Controller synthesis and simulations

An optimized vertical controller for a given plasma equilibrium is synthesized using H∞
techniques. In order to validate the method, it is verified that the performance requirements
are respected examining the frequency response of closed loop transfer functions and a
plasma discharge is simulated to illustrate the advantages of the optimized controller.

5.5.1 Optimization results for shot #68912

A test case is presented to support the validity of the presented approach for vertical
control optimization for the shot #68912, which features the negative triangularity diverted
plasma (κ = 1.52, δ = −0.23) depicted in Fig. 5.2. The corresponding RZIp model is
generated for the preprogrammed equilibrium at t = 1 s when the plasma is in the flattop
phase. The characteristic time for the vertical instability of this plasma is τ ≈ 1 ms, which
is particularly challenging to stabilize, compared for example to the standard shot of TCV
where τ > 2 ms. The controller Kz is synthesized with H∞ as described in detail in Sec. 5.4
to respect the control objective of Eq. (5.8). Closing the loop with the resulting magnetic
controller allows stabilizing the system and evaluating the closed loop transfer functions
of a stable plant. In Fig. 5.4, the transfer functions of four different sets of closed loop
transfer functions are compared with the specified performance set W . The following cases
are shown:

1. The optimized controller Kz with structure Eq. (5.7) using TzI on long time scales
and TzV on fast time scales for vertical control is synthesized to respect the required
performance set W . Vertical stability margins within the requirements are obtained
with a control cost reduced from the marginally stable standard case. This results
shows the efficacy of this method in synthesizing an optimized controller.

2. In order to test the efficacy of the direction TzV in reducing the voltage request
to power supplies for vertical stabilization, another structured controller is tuned
using TzI both at long and short time scales (i.e. substituting TzV with TzI in the
generalized plant described in Sec. 5.4.1). The resulting transfer functions show
comparable performance in terms of stability margins and G coil usage, a reduced
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Figure 5.4 – Magnitude of selected closed loop frequency response for the TCV model from
shot #68912 at t = 1 s featuring different vertical control directions and controllers. The black
dashed lines represent the performance requirements W . The full lines represent the closed
loop featuring the structured H∞ controller with separate directions TzV and TzI (case 1, blue),
the structured H∞ controller using only TzI (case 2, orange), the standard controller (case
3, yellow) and the unstructured H∞ controller (case 4, purple). The main difference between
case 1 and case 2 performance is in the voltage request of E and F coils at high frequency
in σ(KS(nz → VEF )), which is reduced for case 1 in agreement with the observations of Sec.
5.2.4.
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current request at higher frequencies and worse performance compared to the previous
case in terms of voltage request to the power supply at high frequency

3. Using standard control leads to low performance with a high sensitivity peak, much
larger than the requested 6 dB around 55 Hz, which corresponds to low stability
margins. This controller is the one obtained with standard shot preparation in TCV.
The performance requirements are violated also at different frequencies for other
control sensitivities. The different slope in the standard and optimized case for the
transfer KS(nz → VG) is motivated by the use of a dedicated observer for velocity
control in the standard case and a unique vertical position observer for the optimized
case.

4. Standard H∞ is used in order to synthesize the theoretical optimal controller for
the specified performance set W , not requiring a structure for the vertical controller
and not constraining the vertical actuation directions (this is done by setting the
block Z = I17×17 in the generalized plant described in Sec. 5.4.1). This controller
outperforms every other case, since the structure of the controller is not constrained
and the controller results in a transfer function Kz(s) with 1 input, 17 outputs and
the same number of states of the plant, making it not suited for running in real
time and not compatible with the analog control system of TCV. This comparison,
although purely theoretical, is useful since the transfer functions obtained with the
structured controller overlap with the unstructured controller at different frequencies,
showing that a simplified controller allows good performance.

5.5.2 Closed loop simulations for shot #68912

The plant is simulated using Simulink with the RZIp model in closed loop with the
controllers for plasma current, poloidal field coil currents, radial and vertical control. The
same controller switching of the TCV tokamak is included in order to move from one
controller to the next at selected times. In this way, it is possible to design an experiment
to test the results of the optimization.

A nonlinear model for the FPS is included, featuring a simulation of the pulse width
modulation behaviour and a dead zone which does not respond when the voltage reference
of the analog signal for the controller |VG| < 11 V. This model takes as an input the voltage
request VG, sums it to the voltage reference VG,ref for the FPS and outputs the voltage
applied to the G coil VG,a. Note that this model is not included in the optimization where
the linear model considers VG,a(t) = VG(t− τFPS). White noise is added as an input to
the power supplies for the external coils, in order to seed a perturbation to the linearized
state and include the unmodeled dynamics of the poloidal field coils thyristor based power
supplies which are simply modeled with a delay.

In Fig. 5.6, the results of simulations are plotted along with the experimental results
analyzed in the next Sec. 5.6. In the initial phase, standard control is kept until 0.7 s
when plasma current flattop is reached. In the first phase (case 1: t ∈ t1 = [0.7, 1.2] s)
the optimized controller featuring the optimized directions TzI and TzV for vertical control
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is switched in. In the second phase (case 2: t ∈ t2 = [1.2, 1.6] s) the optimized controller
featuring only the optimized direction TzI is switched in. In the third and last phase (case
3: t ∈ t3 = [1.6, 2] s) the control is switched again to the standard one.

A square wave disturbance alternating between VG,ref = 16 V and VG,ref = 0 V is
applied to the internal G coil reference voltage during the three described phases. This
reference is set at 0 V during standard shots. In this way, the generated average radial
magnetic field results in a perturbation on the vertical position. This approach has the
advantage of forcing a continuous electric current to flow in the G coil for timescales
tolerable to the FPS safety system. This leads it to work in a linear regime out of the
nonlinear FPS dead zone and achieving a behavior closer to the linear one for which vertical
control was optimized.

It can be observed that during the phases with standard control (t < 0.7 s and
t ∈ t3 > 1.6 s) large oscillations are present in the vertical plasma position estimator error
at approximately 70 Hz. This is due to the low stability margin, which corresponds to the
peak at 450 rad/s evident in the sensitivity function S(nz → z) and present also in the
others for standard control. As soon as the controller is switched to the optimized control
scheme (t ∈ t1), the large oscillations disappear and the plasma is stabilized around its
reference with ezIp around 0. Also when the same vertical control direction is used both at
low and high frequencies (t ∈ t2) the controller remains able to stabilize the plasma vertical
position with improved performance compared to the standard case. When the standard
controller is switched in again (t ∈ t3), large oscillations reappear and remain throughout
the shot, indicating proximity to instability. An analogous behaviour is observed in the G
coil current IG where the large oscillations are correlated to the vertical motion since it is
driven by a voltage corresponding to the derivative of the vertical plasma position error.

5.6 Experimental results

The optimized vertical controller and the resulting magnetic controller are validated in
experimental shots on TCV. The addition of an integrator allows removing steady state
error without negatively influencing the improved closed loop performance, which are
quantified with a unified metrics.

5.6.1 Integrator inclusion

The same vertical controller derived from the previous approach was included in TCV
shots in early tests of this controller. Despite performance improvement being observed in
comparison to the standard controller, a steady state error remained in the plasma position.
Its origin lies in a disturbance generated by the various coil currents ramping in time (OH
coils for plasma current induction and E and F coil for feedforward compensation of the
resulting stray magnetic field). The RZIp model is indeed linearized around an operating
point and does not consider these effects. An alternative solution was explored in this
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Figure 5.5 – Magnitude of the sensitivity function S(nz → z) for vertical position control.
The addition of the integrator in the controller converts the original transfer function (blue)
to a new one (red) in which the slope of the magnitude at low frequency is adjusted from 20
dB/dec to 40 dB/dec without modifying the behavior around the bandwidth. This guarantees
rejection of ramp disturbance without violating the required closed loop performance.

work, including an integrator at low frequency modifying CzI as

CzI(s) = Pz,opt/(1 + sτp)× (1 + Iz/s) (5.10)

with Iz = 0.02, effectively converting this proportional controller in a PI controller. The
effect of the integrator was to remove the undesired steady state error in the experimental
runs, without modifying the performance observed in the closed loop transfer functions
around the bandwidth frequency. This is particularly important for the sensitivity S(nz →
z) determining the stability margins, represented in Figure 5.5 and comparable for the
case with and without the integrator.

5.6.2 Experimental run on shots #69393 and #68044

The optimized vertical control scheme including the integrator as in Eq. (5.10) was tested
in shot #69393 including the digital controller. The experimental time series and the
time series corresponding to the ones described in the previous section are reproduced
in Fig. 5.6. One can notice that the simulations make a qualitatively correct prediction
of the shot evolution, with the three different control schemes used in the three phases
t1, t2 and t3. The observed dynamics confirms the improvement predicted in the vertical
control during t1 and t2, reducing the large oscillations in the vertical control error and
in IG characterizing the previous phase featuring standard control. At t = 0.95 s a large
oscillation is observed in the vertical position error which is quickly damped. This is due
to the OH coil current crossing zero and switching polarity, which induces a disturbance
in the plasma equilibrium. Furthermore, when standard control is switched back at the
beginning of t3, the plasma disrupts with a fast VDE, following the saturation of the
internal coil current and supporting the claim that better stability margins are required for
stable operations. In order to compare the corresponding phase with standard control, the
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Figure 5.6 – Time evolution of different signals in simulations and the corresponding signals
in the experiment to test the new vertical controller. The G coil current (blue) follows a
reference voltage (orange), while the plasma response is observed in its vertical position error
(purple). Different schemes for vertical control are tested. The standard controller (3, std in
the figure) is used until flattop when the structured H∞ controller with separate directions
TzV and TzI (1) is switched in at t = 0.7 s. Subsequently at t = 1.2 s, the structured H∞
controller is introduced using only TzI (2), and the standard controller (3) is switched back
in at t = 1.6 s. Since shot #69393 disrupted shortly after t = 1.6 s at the handover to the
standard controller, the phase with standard control for shot #68044 is shown as well.

results from another shot (#68044) featuring the same reference for the plasma equilibrium
(negative triangularity diverted plasma) are included in Fig. 5.6. In shot #68044 only
standard control was used throughout the shot and the same square wave perturbation in
the G coil voltage reference VG,ref was included. It was decided to plot the time window
t ∈ [0.8, 1.2] s and not t ∈ [1.6, 2] s since shot #68044 disrupted at t = 1.27 s for loss of
vertical control, which further confirms the improved stability margin of the optimized
vertical controller since it was able to maintain the plasma stable for longer times than the
standard controller.

We may observe that during the phases including standard control large oscillations
at around 50 Hz are observed both in the vertical position error and in the coil current
IG. The frequency does not correspond to the 70 Hz observed in the simulations. We
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5.6. Experimental results

Figure 5.7 – Vertical control performance is summarized in a star plot. The different figures
of merit described in Sec. 5.6 are represented for the three schemes for vertical control that
were tested experimentally in shots 69393 and 68044. The best performance is defined by the
smallest shaded area, which corresponds to the vertical controller combining TzV and TzI (case
1).

speculate that the origin of the oscillations is the response to noise combined with poor
stability margins, which is quantified by the peak of the sensitivity function S(nz → z).
The difference in the frequency probably lies in unmodeled dynamics which is a consequence
of the simplifications introduced in the RZIp model.

5.6.3 Unified metrics for vertical control performance

Vertical control tuning in TCV and other tokamaks results in a trade off between various
parameters. Here we propose unified metrics for comparing the vertical control performance
of different control schemes, consisting of a set of scalar parameters, derived both from the
model and from the experiments. In Fig. 5.7-5.9 we consider the following scalar figures of
merit, in clockwise direction starting from the top:

• The response time, intended as the reciprocal of the bandwidth for the transfer from
a reference in the vertical position observer to its measurement. This quantifies the
characteristic time for tracking a stepwise change in the position reference.

• The peak of the sensitivity function S(nz → z), which is a measure of the reciprocal
of a stability margin. Classical control design requires to keep it below 6 dB and a
value larger than 0 dB is unavoidable [101, p. 169].
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• The peak of control sensitivity KS(nz → VG) quantifying the voltage applied to
the G coil to correct a sinusoidal disturbance in the plasma vertical position at any
frequency.

• The RMS of the experimentally measured voltage request to the FPS, filtered above
50 Hz to avoid including low frequency changes in the reference.

• The RMS of the experimentally measured voltage request to the E and F coil
power supplies, filtered above 50 Hz to avoid including low frequency changes in the
reference.

• The peak of the sigma plot for the control sensitivity KS(nz → VEF ) quantifying the
maximum voltage applied to any E and F coil combination to correct a sinusoidal
disturbance in the plasma vertical position at any frequency.

• The DC gain for the sigma plot for the sensitivity S(nz → IEF ) quantifying the
largest DC current flowing in any PF coil direction used to correct a static disturbance
in the vertical position.

All these figures of merit are chosen such that the lowest value determines best performance.
There are trade-offs between reducing all figures at the same time, as is done with H∞
controller synthesis. For example, lowering the response time by increasing the bandwidth
would increase the peak of the sensitivity function, following the waterbed effect which is a
consequence of the Bode sensitivity integral [101, p. 169].

It may be noticed in Fig. 5.7 that the case using the optimized controller with two
directions for vertical control TzV and TzI (case 1) shows the best performance with
the minimal area on the star plot. In particular, the prediction that a reduced voltage
request in the E and F coil power supplies would be achieved using TzV at high frequencies
anticipated in Sec. 5.2 is confirmed both in ‖σ(KS(nz → VEF )‖∞ and in RMS(VEF )
in comparison with the controller featuring a unique direction for vertical control TzI
(case 2). The standard controller (case 3) is also included. There is an inconsistency in
‖KS(nz → VG)‖∞ and in RMS(VG) where the optimized controller with two directions
(case 1) turns out to have a lower voltage request to the FPS in the experiments compared
to the optimized controller with a single direction (case 2) while for the model they should
be comparable. This can be motivated by unmodeled noise in the FPS which is not
considered in the presented approach but does not invalidate the result.

5.6.4 Experimental runs on other shots

In order to test the generality of this algorithm, the optimized controller was already tested
also on different equilibria that can be realized in TCV. The optimized controller featuring
two directions at separate frequencies for vertical control was included in shot #68064
(negative triangularity limited, Fig 5.8), while the optimized controller using uniquely the
TzV or TzI was included in separate phases of the shot in #68029 (double null diverted,
Fig 5.9 ) and #68032 (single null with positive triangularity).

144 Federico Pesamosca



5.6. Experimental results

Figure 5.8 – Vertical control performance for shot #68064. Best performance are achieved
also in this case combining TzV and TzI, even for a plasma with already good stability margin
for standard control.

Figure 5.9 – Vertical control performance for shot #68029. Only TzV was used for vertical
control in the shot phase which shows a larger current required for plasma positioning.
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In all cases stability margins were improved as a result of the controller synthesis with
H∞ and it was experimentally confirmed that using direction TzV , computed for the RZIp
model corresponding to the shot flattop equilibrium, leads to a reduction of the voltage
request to the power supplies compared to standard control.

5.7 Conclusions

In this chapter, the vertical control of TCV plasma was optimized based on the linearized
RZIp electromagnetic model for the coupled plasma-vessel-coil dynamics.

The standard position control in TCV uses a subset of four out of sixteen coils in
combination with the internal fast coil for plasma position control, which does not exploit
the full potential of the TCV magnetic control system. The new approach proposed here
has allowed stabilizing the plasma vertical position using all available poloidal field coils
with optimized performance. A control-theory-based analysis showed that the input pole
vector corresponding to the unstable eigenvalue of a dynamical model is an optimal choice
for minimizing the input requirement for stabilization. This direction was used for vertical
plasma control at high frequencies closing the loop with derivative control on the plasma
vertical position. In agreement with previous studies, this coil combination is characterized
by a prevailing use of the coils on the high field side. For proportional control we used
instead a coil combination derived from the shape controller based on a static model for
the deformable plasma response, which favours the use of coils on the low field side with a
lower current required for positioning the plasma.

Several optimization methods were considered and structured H∞ was selected to
synthesize an optimal low order vertical position controller based on the RZIp model
using the new combined optimal directions. Performance filters required for the controller
design algorithm were derived for the closed loop model, which also allowed quantifying
the performance improvement by comparing the closed loop frequency responses.

The resulting algorithm was tested experimentally for the first time on TCV. A square
wave was added in the voltage reference for the internal G coil in order to induce a
disturbance in the vertical plasma position. The new controller was able to stabilize
the vertical instability with improved performance compared to the standard controller
without requiring further tuning. For the same perturbation, the new scheme not only
guarantees a lower error in the vertical position but also reduces the voltage request to the
power supplies for the E and F coils in agreement with the predictions. Simulations of the
switching controller correctly model the performance improvement using the optimized
controller. A set of figures of merit as scalar parameters was proposed for quantifying the
performance of vertical control in closed loop.

We may conclude that an approach based on plasma vessel coils linearized model
combined with structured H∞ can provide substantial improvements in the design of a
controller for the plasma vertical instability, avoiding extensive tuning and reducing the
risk of power supply saturation and the consequent plasma disruption.
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6 Outlook and Conclusions

6.1 Summary

This thesis contributed to the research on thermonuclear controlled fusion by applying
tools and techniques derived from control engineering to simulations and experiments for
magnetic control in tokamak plasmas.

Specifically, it provides a new design procedure for the shape and position controller
of the Tokamak à Configuration Variable (TCV), located at the Swiss Plasma Center -
EPFL, which can contribute to improving the performance of the plasma discharges and
better exploiting the extreme flexibility of this tokamak in terms of plasma shaping.

Elongated plasmas lead to improved performance in tokamaks, both in terms of
magnetohydrodynamic stability and reduced transport, which will contribute to sustaining
fusion conditions in reactors. The required magnetic field for shaping the plasma column
however results in an unstable equilibrium that makes feedback control of the unstable
vertical plasma position mandatory. Shape and position control are coupled multivariable
problems in tokamaks since they share the same actuators, electromagnetic coils able to
generate the required magnetic field for modifying the plasma equilibrium in real time.

In present TCV operation, the plasma shape is controlled mostly only in feedforward,
providing a set of pre-programmed coil current references which generate the required
equilibrium. Plasma vertical stabilization is performed by assigning a subset of the available
coils to this task, chosen mainly based on physical intuition and experimental evidence
about the required vacuum field necessary for inducing a vertical or radial displacement of
the plasma column.

A prototype shape controller [79] has recently been developed, showing the potential
for performing shape control in TCV but incorporating in its design the stabilization of
the vertical instability of elongated plasmas which required extensive tuning for including
it in TCV discharges.

The present work aims to overcome this limitation by proposing an optimized decoupled
design for plasma shape and position controllers, where the vertical instability and the
control of plasma position are performed on fast time scales and the shape controller acts
on longer time scales to modify the plasma last closed flux surface without influencing the
median plasma position.
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The contribution of this thesis can be summarized in the following points

• The design of linear controllers is based on control-oriented linear models describing
the dynamics of interest. In the present study, this is the coupled dynamics of
the plasma within the tokamak and the currents in the static conducting elements
surrounding it: the vessel and coil system. The axisymmetric RZIp model, where the
plasma current distribution is fixed but is free to move in rigid fashion radially and
vertically in the poloidal plane of a toroidal reference frame, was the main tool used
for controller design and simulations.

The model was studied in detail and extended, including in particular the singular
perturbation and considering a semi-rigid approximation for limited plasmas following
a radial movement of its centroid.

The singular perturbation, typically applied in this kind of electromagnetic model but
not yet included in RZIp, allowed substituting the instantaneous force balance in the
remaining set of circuit equations and removed a subset of the states of the original
system, leading to a reduced model in which the only state is defined by the coil
currents determining the plasma equilibrium. The new semirigid model (rigid with
respect to a vertical displacement and deformable in the radial direction) results in a
more accurate model for the coupled plasma-vessel-coils dynamics, enabling a more
reliable controller design. This is obtained in particular by providing a best fit of the
linear model coefficients to match the ones derived from an actual Grad-Shafranov
equilibrium following a displacement of the radial centroid position.

Finally, the power supplies dynamics of TCV is studied in detail and included in the
RZIp model either as an input delay, allowing linear optimized controller synthesis,
or modeling part of its nonlinear elements for more realistic inclusion of the power
supplies dynamic of the FPS coil in simulations.

• The problem of separating plasma shape and position controller synthesis is studied
for the TCV case in particular. The position control loop is decoupled, stabilizing
the RZIp system in closed loop and guaranteeing that the shape controller can be
designed on a stable plant.

An improvement to the standard mutual decoupling and resistive compensation
is proposed, for a better correction of low frequency disturbances in the power
supply inputs. The fast but imprecise observers for position control derived from
linear combinations of magnetic measurements are corrected on long time scales
to be consistent with the ones used for shape control based on the last closed flux
surface location. Tuning of the controller for the plasma position using dedicated
coil combinations, mainly coupled with a vertical or radial equilibrium displacement,
can be designed separately from the shape controller, which acts on the plasma
on a different time scale using only the remaining, decoupled coil directions. This
approach allows maintaining the reliable standard approach for position control used
in TCV.
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Steady state decoupling is defined and the observers and actuators for shape control
are derived for different cases and then compared using linear simulations particularly
with respect to their frequency response. For controller design and simulation, a
static model for plasma deformation is coupled to the RZIp model in order to validate
the steady state decoupling including the vertical instability dynamics. The best
scheme is proven to be robust against perturbations in the plasma equilibrium profiles
which are expected during a shot and not included in the RZip model.
The model (GS) used for plasma deformation is derived from a linearization of the
Grad-Shafranov equation solution around a variation of the currents in the PF coils
used for shape control determining the boundary condition. This is a significant
improvement with respect to the former model used for shape control which consisted
of Green’s functions in vacuum. The GS model is found to be consistent with the
RZIp model for vertical and radial static plasma displacements following a variation
in coil currents for vertical and radial control, allowing a consistent treatment of the
position and shape control design.

• Relying on the possibility of tuning the vertical controller independently of the shape
controller, vertical control is optimized for TCV on the basis of the RZIp model. In
contrast with the shape controller design, this is done while including the dynamics
of the vertical instability as an integral part of the procedure for selecting the coils
used for vertical stabilization.
Two different optimal combinations of poloidal field coils for vertical control actuation
are derived from linear plasma response models and used on different time scales for
controlling the plasma vertical position. On fast time scales, the priority is input
minimization and it is found that the coil combination corresponding to the input
pole vector of the RZIp model provides the lowest voltage request for stabilizing the
same plasma. On long time scales, position control is designed to be compatible with
shape control and the direction for vertical control is derived from a model for the
deformable plasma response. In agreement with previous studies, the optimal coil
combination for control on fast time scales corresponds to a prevailing use of the
coils on the high field side, less shielded by the vacuum vessel eddy currents. On
long time scales instead the direction derived from the static model favours the use
of coils on the low field side, which are characterized by a larger force per Ampère
useful for low frequency plasma positioning.
Several algorithms for controller synthesis are considered and structured H∞ is
selected as it allows maintaining a simple controller structure and selectively reduce
the usage of internal and external coils.
The results are successfully tested in dedicated TCV shots, showing the predictive
capability of the model-based controller synthesis for stabilizing the vertical instability
and improving the vertical control performance, in particular in terms of a reduction
of the voltage request to the power supplies and improvement in the stability margins
without requiring further tuning.
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6.2 Outlook

From the work presented in this thesis the following can be considered for further extension

• The shape and position controller can be tested in more accurate simulations using
a nonlinear free-boundary solver such as [122]–[125]. In the reduced model used
in this thesis, RZIp approximates the high-frequency part including the vertical
dynamics, while the model for plasma deformation G0 corresponds to the DC part of
a free-boundary solver.

• It is interesting to study whether position control should be performed closing a
loop correcting the reference for coil currents or providing the input for mutual
decoupling and resisitive compensation as is done in standard discharges. This
subject can be treated with loop shaping techniques applied on a linearized model
for the vertical instability like RZIp. Conversely, it is interesting to study the
advantages/disadvantages of closing the shape control loop also providing directly
signals to the mutual decoupling/resistive compensation, instead of modifying the
current references as in this thesis.

• The new scheme for decoupled shape and position control should be tested in dedicated
discharges, proving its efficacy in stabilizing the vertical instability and correcting
shape disturbances. This should be done with a progressive inclusion of corrected
position observers, optimized position controller and finally shape control on long
time scales in order to facilitate troubleshooting.

• A complete multivariable analysis should be performed on the closed loop model
for decoupled shape and position control, defining a better comparison among the
several cases that were presented, in particular including the study for closed loop
sensitivities and possibly further robustness analysis to model uncertainties.

• The case A illustrated in Chapter 4 maintaining standard directions for position
control is particularly interesting for implementation in TCV as it does not require
further controller tuning for stabilizing the vertical position and potentially is the
easiest one to be integrated in standard TCV operation.

• An extension to this approach is the control of edge magnetic geometry, including flux
expansion and dynamic strike point sweeping which is one of the solutions envisioned
for mitigating wall heat loads in future fusion reactors like DEMO.

In conclusion, the work presented in this thesis contributed to the design of a generalized
shape and position controller for the TCV tokamak presenting a decoupled design and
testing the optimization of vertical control in dedicated discharges. The integration of
this approach in the digital control system could further improve the performance of
TCV plasma discharges to study fusion relevant scenarios as magnetic control remains an
essential tool in nuclear fusion research in present and future tokamaks.
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A Plasma equilibrium reconstruction
and linear observers
A.1 Equilibrium reconstruction

A.1.1 MHD equilibrium

Figure A.1 – Flux surfaces in a toroidal plasma, highlighting the coordinate system (R,φ, z)
and several plasma quantities. [57]

In a tokamak plasma, the tendency to expand due to pressure is compensated by
the Lorentz force due to currents and magnetic field, leading to an axisymmetric MHD
equilibrium. The Grad-Shafranov equation describes the magnetic flux surfaces, loci of
constant magnetic flux on a poloidal cross section, and is derived from the equations
describing MHD equilibrium in a toroidally confined plasma

∇ ·B = 0 (A.1)
∇×B = µ0J (A.2)
J×B = ∇p (A.3)

as follows.
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Consider a cylindrical reference frame (R, z, φ) where R is the radial distance from the
central axis, z is the vertical coordinate and φ is the direction resulting from the vector
product of the remaining two [86]. A generic magnetic field satisfies

∇ ·B = 1
R

∂RBR
∂R

+ ∂BZ
∂Z

+ 1
R

∂Bφ
∂φ

= 0. (A.4)

Under the axisymmetry assumption, the last term is identically zero which allows defining
a stream function ψ as

kRBR = −∂ψ
∂Z

and kRBZ = ∂ψ

∂R
(A.5)

with arbitrary k = 2π satisfying Eq.A.4 written as

∇ ·B = 1
2πR

(
− ∂2ψ

∂R∂Z
+ ∂2ψ

∂Z∂R

)
= 0

The magnetic field can then be decomposed in a toroidal and poloidal component as

B = Bφeφ + Bp

= T∇φ+ 1
2π∇φ×∇ψ

(A.6)

where we further introduced T = RBφ and the property ∇φ = eφ/R was included. It is
clear that toroidal and poloidal fields are perpendicular to ∇ψ , i.e. the field lines lie on
surfaces of constant ψ which define magnetic flux surfaces. Due to the choice of k, the
stream function ψ is furthermore equivalent to the magnetic flux crossing a disk of radius
R at a given z

ψ(R, z) =
∫

Bp · dAz (A.7)

which can be proven with vector identities using the magnetic field of Eq. A.6.
Including this definition of the magnetic field in Ampère’s law leads to

µ0J = µ0jφeφ +∇× (Bφeφ) = µ0jφeφ + 1
R
∇T × eφ (A.8)

µ0Jφ = ∇×
( 1

2π∇φ×∇ψ
)

= 1
2πRR

2∇ ·
(∇ψ
R2

)
≡ 1

2πR∆∗ψ (A.9)

where the Laplacian-like Grad-Shafranov operator ∆∗ was introduced. This equation
describes the relation between magnetic field and electrical currents regardless of their
origin.
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The presence of plasma is now considered, requiring that MHD equilibrium is maintained
as

J×B = ∇p. (A.10)

This physical relation, combined with the definitions for B and J, implies that

0 = B · ∇p = 1
2π (∇φ×∇ψ) · ∇p = 1

2πR

[
∂ψ

∂Z

∂p

∂R
− ∂ψ

∂Z

∂p

∂R

]
(A.11)

0 = eφ · (J×B) = JRBZ − JZBR = 1
2πR2

[
−∂ψ
∂R

∂T

∂Z
+ ∂ψ

∂Z

∂T

∂R

]
. (A.12)

These relations state that the Jacobian determinant of ψ and p and ψ and T is null.
Consequently, p = p(ψ) and T = T (ψ) are flux functions, meaning that they are constant
on a magnetic flux surface. This property is used to simplify the radial projection of the
momentum equation combined with Ampère’s law in the following steps

(J×B) · er = ∇p · er (A.13)

JZBφ − JφBZ = ∂p

∂R
(A.14)(

− 1
µ0

1
R

∂T

∂R

)(
T

R

)
−
( 1
µ0

1
2πR∆∗ψ

)( 1
2πR

∂ψ

∂R

)
= ∂p

∂R
(A.15)

− 1
µ0R2T

∂T

∂ψ

∂ψ

∂R
− 1
µ0

1
4π2R2∆

∗ψ
∂ψ

∂R
= ∂p

∂ψ

∂ψ

∂R
, (A.16)

leading to the well-known Grad-Shafranov equation [149] [150]

∆∗ψ = −4π2
(
µ0R

2p′ + TT ′
)

(A.17)

This is an elliptic nonlinear PDE for the spatial distribution of the equilibrium magnetic
flux in the presence of plasma and external conductors. An MHD equilibrium is uniquely
defined by the p(ψ) and T (ψ) profiles within the plasma and their derivatives p′ and T ′,
combined with the flux contribution of the currents in the conducting elements outside the
plasma obtained from (A.9). The approximation is valid for time scales longer than the
Alfvèn time τA = a

√
µ0ρm/B0 ≈ 10−6s (a being the tokamak size and ρm the mass density)

determining the inertial response time of the plasma. This means that the evolution of
MHD equilibrium on time scales of plasma discharges in a tokamak is dictated by the
dynamics of currents flowing in external conductors (resistive time scale) and/or the profile
evolution (current redistribution time) within the plasma.

Three classes of problems are solved based on the Grad-Shafranov equation.

• During a shot preparation, the PF coil current references are designed basing on the
desired equilibrium. This is done imposing the desired flux distribution ψ along with
realistic p(ψ) and T (ψ) profiles and computing the currents Jφ outside the plasma
domain determining this equilibrium in a free boundary equilibrium problem. In
TCV, this is performed with the FBTE code [88].
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• Knowing the current in a set of conductors along with the profiles p′ and TT ′ provides
the boundary condition for solving the Grad-Shafranov equation, which is performed
in TCV using FGS (Forward Grad-Shafranov Solver) [122].

• Processing the magnetic measurements (fields and fluxes from the probes, coil and
vessel current estimates) the flux distribution within the plasma can be determined
in the equilibrium reconstruction problem along with its internal profiles p(ψ) and
T (ψ). This is performed in TCV using the LIUQE code [41] discussed in detail in
the next section.

A.1.2 LIUQE and its real time implementation

The equilibrium reconstruction code LIQUE and its real time implementation are integrated
in the digital control system of TCV with a sub-ms cycle time, which allowed observing
and therefore controlling the plasma shape in real time.

Here only a simplified summary of the algorithm is included as an addendum to this
thesis, while a complete discussion can be found in [41]

The goal of the inverse equilibrium problem is identifying the flux function ψ(R, z)
satisfying Eq. (A.17) and best reproducing the available measurements in the tokamak.
The contributions to the toroidal current density in plasma (jφ) and external conductors
(je) are separated, considering the latter known (for the coils) or estimated (for the vessel)
from measurements . Fixing an initial guess for the plasma current density j(0)

φ , which can
be based on a linear inversion of the magnetic measurements, the toroidal projection of
Ampère’s law in (R,φ, z) [86]

∆∗ψ(t+1) = −2πµ0R
(
j

(t)
φ + je

)
(A.18)

is solved with Picard iteration which requires particular care for a stable numerical
convergence. At each step t of the iteration, Dirichlet boundary conditions are recomputed
in terms of flux at the boundary of the computational domain Ω evaluating ψ(R, z) =
ψp(R, z) + ψe(R, z) on (R, z) ∈ ∂Ω as the discrete version of

ψ∂Ω =
∑
i=p,e

∫
Ω
M(R, z,R′, z′)

[
j

(t)
φ (R′, z′) + je(R′, z′)

]
dR′dz′ (A.19)

where M is the mutual inductance between coaxial circles crossing the poloidal plane at
different positions on the computational grid. The following step of the algorithm requires
the identification of the functions p′ and TT ′ which best fit the available measurements.
This is done parametrizing

p′ = gp(ψ; ap)
TT ′ = gt(ψ; at)

with parameters ap and at adjusted to match the measurements basing on a fitting criterion.
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The choice of the parametrized functions is limited to linear combinations of functions gg(ψ)
used to express the toroidal plasma current starting from the Grad-Shafranov equation
expressed as

jφ = 2π(rp′ + TT ′/(µ0r)) =
∑
g

agr
νggg(ψ) (A.20)

where νg = 1 for the terms contributing to p′ and νg = −1 for those contributing to TT ′.
This scheme allows a linear regression problem where ag is the free parameter, determining
a new current distribution at each iteration. In post processing convergence is reached
when the update in the poloidal flux on the inner grid points normalised by |ψA−ψ0| (ψA is
the flux on axis, ψ0 the flux on the LCFS) is below 5×10−5. This usually requires less than
10 iterations. In LIUQE for TCV the computational domain, which covers the inside of the
vacuum vessel only, is described as a rectangular mesh with nrx = 28 and nzx = 65 points
in the r direction and z direction respectively. In its real time implementation, the Picard
iteration scheme for one sample time is seeded with the plasma current distribution from
the previous sample time instead of the approximate initial distribution from finite element
fitting. A sufficiently short sampling time is fixed (< 1 ms) so that the change in the
equilibrium between two successive samples is small, justifying this approach but remaining
demanding in terms of computational speed. The number of iterations then required to
reach a satisfactory convergence of the inverse equilibrium problem is considerably reduced:
in practice, only one iteration is performed and a new measurement set is employed by the
source term fitting at each cycle.

A.2 Linear observers

The linear observers for radial and vertical position and for the total plasma current used
for magnetic control in the hybrid controller are derived, maintaining the same formalism
used in the shot preparation code mga.m.

A.2.1 Radial observer

The linear observer for estimating the plasma radial displacement is obtained combining
paired flux loops and magnetic probe measurements. The flux difference on a near equatorial
plane between outer (o) and inner (i) plasma boundary points is in fact linearly proportional
to a rigid plasma radial displacement ∆R. Referring to Fig. A.2, and assuming that in the
unperturbed condition ψo = ψi this is shown as following

∆ψ(∆R) = ψ̃o − ψ̃i (A.21)

= (ψo −
∂ψ

∂R

∣∣∣∣
o,eq

∆R)− (ψi −
∂ψ

∂R

∣∣∣∣
i,eq
∆R) (A.22)

=
(
∂ψ

∂R

∣∣∣∣
i,eq
− ∂ψ

∂R

∣∣∣∣
o,eq

)
∆R. (A.23)
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Figure A.2 – Sketch of the points used to define the radial observer, highlighting the probes
(yellow) and flux loops (red) on the vessel (grey), located on the plasma equatorial plane. The
plasma is limited on the tiles, not represented here. The plasma flux ψ(R) on the equatorial
plane is represented to visualize the properties used in the derivation of the radial observer.

Note that this definition is exactly the one used for the shape controller radial observer (Eq.
2.12), with the difference that here only two points on the LCFS are used. An estimate of
the perturbed flux ψ̃i and ψ̃o is obtained from available magnetic measurements at points
A and B and making use of the relationship Bz = (1/2πR)(∂ψ/∂R) as

ψ̃i = ψA + ∂ψ

∂R

∣∣∣∣
A
∆gap,in = ψA + 2πRA∆gap,inBz,A = FlA + 2πRA∆gap,inBmA (A.24)

ψ̃o = ψB −
∂ψ

∂R

∣∣∣∣
B
∆gap,out = ψB − 2πRB∆gap,outBz,B = FlB + 2πRB∆gap,outBmB

(A.25)

where the variables in serif font are the magnetic measures for the flux loops Fl and magnetic
probes Bm. Note that, due to the orientation of the probes, the sign of the same vertical
field measured by the inner and outer probes is reversed, thus the minus sign in Eq. A.25.
Furthermore ∆gap,in = Ri −RA and ∆gap,out = RB −Ro.

Finally, the radial observer in MGAMS is built as follows

r̂obs [Wb] = Kψ

(
ψ̃o − ψ̃i

)
(A.26)

= Kψ(−FlA + FlB − 2πRA∆gap,inBmA + 2πRB∆gap,outBmB) (A.27)
= Ar,anym (A.28)

where an stays for analog. Here the full set of magnetic measurements ym =
[

Fl Bm Ia Iv
]

are the magnetic measurements of flux loops, magnetic probes and coil currents with the
exception of the vessel currents which are not available in real time. The part of the

156 Federico Pesamosca



A.2. Linear observers

vector Ar,an not including the vessel currents is contained in the A matrix. The coefficient
Kψ (typically 7000) is a numerical value which can be varied in MGAMS (named psifac).
The remaining values (RA,∆gap,in, RB,∆gap,B) are obtained from the pre-programmed
shape. The coefficients of Fl and Bm are saved in the A matrix to determine the linear
radial observer. A useful equality to convert a radial rigid plasma displacement ∆R in the
corresponding signal in the radial position observer is

r̂obs [Wb] = Fψ∆R = Kψ

(
∂ψ

∂R

∣∣∣∣
i,eq
− ∂ψ

∂R

∣∣∣∣
o,eq

)
∆R. (A.29)

used in particular in Chapter 4.

A.2.2 Plasma current observer

TCV does not have a Rogowski coil, which in other tokamak provides a measurement of
the total plasma current. It does instead feature a set of evenly spaced magnetic probes,
which allow reconstructing the magnetic field along the same boundary.

Starting from Ampère’s law ∇×B = µ0J one can evaluate the total plasma current
flowing through a surface Ω defined by the TCV poloidal cross section from measurements
of the magnetic field around its boundary ∂Ω. This is done exploiting Stokes’ theorem as∮

∂Ω
B · dl =

∫
Ω
µ0J · dA. (A.30)

The discrete version of the integral is computed, replacing the infinitesimal dl by the finite
distance between probes. The estimator for the plasma current is obtained from

37∑
i=1

[1
2(Bm,i +Bm,i+1)dLi,i+1

]
+
[1

2(Bm,38 +Bm,i+1)dL38,1

]
= µoIp (A.31)

where
dLi,j =

√
(Ri −Rj)2 + (zi − zj)2 (A.32)

is the distance between two magnetic probes in the poloidal plane.
The observer is stored in the A matrix as the vector of coefficients Ipm ∈ R1×38 derived

from Eq. A.31 multiplying the magnetic measurements as

Îp [A] = Ipm(Bm−BmaIa −BmvIv) (A.33)

introducing the set of 38 measurements from the magnetic probes, Bm, along with their
corrections for the magnetic field from measured active coil currents Ia and vessel currents
Iv; these are applied through the matrices of Green’s functions Bma and Bmv mapping the
current in the conducting elements to the magnetic field generated on the probe. Notes:

• the correction for Iv is not available in the absence of vessel current estimators.

• the correction for Ia can optionally be included
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A.2.3 Vertical observer

The vertical observer is defined as the first spatial moment of a toroidal current density
distribution Iy with respect to its equilibrium position. The distribution Iy is obtained as
a least squares fit of the available magnetic measurements. Due to the limited number of
measurements, parametrization is required to reduce the number of free parameters and
Iy ∈ Rny is typically evaluated on a coarse ny = 2 × 3 set of pyramidal finite elements.
The current distribution is mapped on a finer map of nx elements as Ix = TxyIy ∈ Rnx
such that the total plasma current Ip from the estimated distribution Iy is not the sum of
its individual elements but

Ip = IpyIy =
(
nx∑
i=1

[Txy(i, 1) Txy(i, 2) · · · Txy(i, ny)]
)
Iy (A.34)

The weighted magnetic measurements from toroidal current variations are obtained as

WfFl = Wf (MfyIy +MfaIa +MfaIv) (A.35)
WbBm = Wb(BmyIy +BmaIa +BmaIv) (A.36)
WpIp = Wp(IpyIy) (A.37)

The various terms in the system are discussed in the following. Flux loops Fl, magnetic
probes Bm and coil currents measurements can be considered known, while Iv vessel currents
are not generally available but are kept in this treatment for completeness. The weights
Wk (with k = f, b, p) are diagonal matrices of 1 and 0 (masks) such that W T

k Wk = Wk

and are used for (de)selecting a subset of available measurements. The terms Mfj and
Bmj (with j = y, a, v) are matrices of electromagnetic Green’s function mapping toroidal
currents in magnetic fluxes and fields respectively at the flux loop and magnetic probe
locations. Substituting Ip with the plasma current observer Îp of Eq.A.33 and isolating
the unknown Iy one can write a linear system

 WfMfy

WmMmy

WpIpy

 Iy =

 Wf 0 −WfMfa −WfMfv

0 Wm −WmBma −WmBmv
0 WpIpm −WpIpmBma −WpIpmBmv




Fl
Bm
Ia
Iv

 . (A.38)

This is an overdetermined linear system, since ny < nm with nm the number of available
magnetic measurements, in the standard form AIy = b. Its solution is obtained using the
Moore-Penrose (pseudo)inverse such that the solution to

min
Iy
||AIy − b|| (A.39)

is given by
Iy = A†b = (ATA)−1AT b (A.40)
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when A is real and ATA invertible. In this way, using the same convention used in the
TCV shot preparation (mga.m) and introducing Ayy = ATA one gets

Iy = A−1
yy [Ayf Aym −Aya −Ayv]


Fl

Bm
Ia
Iv

 (A.41)

where

Ayf = MT
fyWf

Aym = BT
myWm + ITpyWpIpm

Aya = MT
fyWfMfa +BT

myWmBma + ITpyWpIpmBma

Ayv = MT
fyWfMfv +BT

myWmBmv + ITpyWpIpmBmv.

At this point the plasma vertical observer is obtained from the first moment of the
distribution, knowing the preprogrammed equilibrium position of the centroid zp0 and
the vertical coordinates of the finer grid elements zx ∈ Rnx . The analog vertical position
observer is computed from the magnetic measurements as

ˆzIp [Am] = (zx − zp0)TTxyIy = Az,anym (A.42)

where ym =
[

Fl Bm Ia Iv
]
with the notable exception of the vessel currents (not

available in real time) are the magnetic measurements. The part of the vector Az,an not
multiplying the vessel currents is contained in the A matrix.

Notes:

• flux loops and magnetic probes close to the G coil are usually excluded from the
vertical observer

• vessel current estimates are generally not included

• various vertical observers are available in particular (general observations)

– zIpP for proportional control, including Ia (output 20 of A matrix)
– zIpD for derivative control, NOT including Ia and having a better phase but

maintaining a steady state bias (output 23 of A matrix)
– zIpfast including only the non-integrated B (output 24 of A matrix)

• in practice numerous manual corrections are added to the reference for ˆzIp to manually
compensate for several effects (stray field, nonlinear effects etc.).

• the next moment of the current distribution provides an estimator for the elongation
(not used in this thesis) which can be included in the A matrix starting from
κ̂obs = [(zx − zp0)2]TTxyIy
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These derivations are used in Chapter 3, for justifying analytical results on the single
filament model (Sec. B.1 ), providing details on the RZIp matrices (Sec. B.2) and validating
numerically the semi-rigid extension for RZIp limited plasmas (Sec. B.3).

B.1 Single filament model derivations

B.1.1 Stability conditions for the single filament model

Proposition 1 The characteristic polynomial P (s) from Eq. (3.38) has negative real roots
only for n < ncr2 < 0 defined as Eq. (3.43) or for n > 0.

Proof. The reduced model has only real poles [108, p. 79], thus P (s) of Eq. (3.38) has only
real roots. The second order chracteristic polynomial of the single filament model is

P (s) = s2
[
1 + na

n
+ ne

n
− Mae

LaLe

(
Mae + 2N

n

)]
+ s

[(
1 + ne

n

)
γa +

(
1 + na

n

)
γe

]
+ γeγa.

(B.1)
Applying the Routh-Hurwitz criterion to the polynomial written as

P (s) = s2a2(n) + sa1(n) + a0

and considering a0 = γaγe > 0 the condition for having negative real roots becomesa1(n) > 0
a2(n) > 0

(B.2)

which, once expressed as a function of the decay index
n < 0
n < ncr1

n < ncr2

or


n > 0
n > ncr1

n > ncr2

(B.3)
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where

ncr1 = −
neγa + naγe

γa + γe
, (B.4)

and

ncr2 =
(

2N
Mae

LaLe
− (na + ne)

)(
1−

M2
ae

LaLe

)−1

. (B.5)

The critical value ncr1 < 0 since the terms na, ne, γa, γe > 0.
Since the model has only real poles, from the definition of the roots of the characteristic

equation Eq. (3.39) the following condition is always satisfied

a1(n)2 − 4a2(n)a0 > 0 (B.6)

For elongated plasmas n < 0 and considering that at n = ncr1 one gets a1(ncr1) = 0 the
following holds

− 4a2(ncr1)γaγe > 0. (B.7)

Considering a2(n) < 0 when n < 0 corresponds to n > ncr2 and consequently

ncr2 < ncr1 < 0. (B.8)

In this way, the condition for having negative real poles of Eq. (B.3) is written asn < 0
n < ncr2

or n > 0 (B.9)

which physically means that the plasma is vertically stable for n > 0 (non elongated) or
for n < ncr2 (singular perturbation loses its validity).

B.1.2 RHP zero of GI larger than the unstable pole

Proposition 2 The RHP zero zI of Eq. (3.48) satisfies zI > p̃u for 0 > n > −ne, where
p̃u is the largest pole of the system when resistive compensation is included.

Proof. Consider the definition of the zero of GI which is RHP as long as n > −ne (singular
perturbation is valid for the single filament model considering only the vessel) and the
definition of the unstable pole of the single filament model from its characteristic equation.
The inequality zI > pu is written as

− γe
(1 + ne/n) > −

a1(n)− (a1(n)2 − 4a2(n)a0)1/2

2a2(n) . (B.10)

When applying resistive compensation (or when having superconducting coils), (γa = 0),
this becomes

− γe
(1 + ne/n) > −

(1 + na/n)γe
a2(n) . (B.11)
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Since in general ne � na, if n > −na the inequality is automatically satisfied. Note that in
this case, there is one negative root and one root at 0 in P (s). In the case −ne < n < −na
instead, assuming that the singular perturbation is valid (n > ncr2 thus a2(n) < 0) the
inequality becomes

a2(n) < (1 + na/n)(1 + ne/n). (B.12)

Expanding a2(n) in its full dependence on n and simplifying the inequality one gets

− Mae

LaLe

(
Mae + 2N

n

)
<
nane
n2 (B.13)

From the definition of N (Eq. (3.30)), na and ne,(Eq. (3.28)) the right term can be written
as

nane
n2 = 1

n2
1

LaLe

(2R0
µ0Γ

)2
M ′2apM

′2
ep = 1

n2
1

LaLe
N2 (B.14)

and the inequality becomes

1
LaLe

(
M2
ae + 2Mae

N

n
+ N2

n2

)
> 0 (B.15)

which is always satisfied as (Mae +N/n)2 > 0

B.1.3 Dissipative coil and vessel model

This toy model is used to motivate the structure of the zero appearing in the numerator of
Gz(s) of Eq. (3.36) with a simpler interpretation. Consider a plasmaless electromagnetic
model for the current evolution in a coil Ia and in a passive conductor Ie for a given voltage
Va Leİe +Maeİa +ReIe = 0

Laİa +Meaİe +RaIa = Va
(B.16)

whose Laplace transform readssLeIe + sMaeIa +ReIe = 0
sLaIa + sMeaIe +RaIa = Va.

(B.17)

The resulting transfer functions between Va(s) and the outputs Ie(s) and Ia(s) are

Ve → Ie : Ge(s) = −sMae

m(s− p1)(s− p2)
Va
LaLe

(B.18)

Va → Ia : Ga(s) = s+ γe
m(s− p1)(s− p2)

Va
La

(B.19)

(B.20)
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where m = 1−M2
ae/(LaLe), γa,e = Ra,e/La,e and the stable poles are

p1,2 = −1
2
γa + γe
m

± 1
2

√
(γa + γe)2 − 4mγaγe

m
< 0. (B.21)

The magnetic field in a given point is given by the linear superposition of the fields generated
by the coil and the vessel currents. Considering axisymmetric toroidal conductors and
focusing on the radial magnetic field on a poloidal reference frame (involved in the single
filament model), it can be computed as

BR(R, z) = − 1
2πR

(
∂ψa
∂z

+ ∂ψe
∂z

)
= − 1

2πR

(
∂Max

∂z
Ia + ∂Mex

∂z
Ie

)
(B.22)

where ψa and ψe are the fluxes generated by the currents Ia and Ie at the point (R, z) and
Max and Mex are the mutual inductances between a toroidal filament at the point (R, z)
and coil and vessel respectively.

The transfer function between a voltage input Va and the radial magnetic field is then
obtained as

GB(s) = − 1
2πR

(
M ′axGa(s) +M ′exGe

)
(B.23)

= − 1
2πR

(
M ′ax

s+ γe
m(s− p1)(s− p2)

1
La

+M ′ex
−sMae/Le

m(s− p1)(s− p2)
1
La

)
(B.24)

= − 1
m(s− p1)(s− p2)

[
s

(
1− M ′exMae

M ′axLe

)
+ γe

] 1
2πR

M ′ax
La

(B.25)

where the zero of the transfer function

z = −
(

1− M ′exMae

M ′axLe

)−1
γe (B.26)

emerges from the competing dynamic of the field generated by the coil and the opposite field
generated by the vessel current vanishing over time and is RHP when M ′ex/M ′ax > Mae/Le.

B.2 RZIp equations

More details on the RZIp model discussed in Sec. 3.2 are provided, in particular expliciting
the matrices integrated in its code (Sec. B.2.1) and including the singular perturbation
(Sec. B.2.2).
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B.2.1 Matrix details

State evolution equation

Following the structure of [105] maintained in the implemented code, the RZIp model
equations for state evolution read

Mẋ−Rx =


M11 M12 M13 M14
M21 M22 M23 M24
M31 M32 M33 M34
M41 M42 M43 M44

x−

Rc 0 0 0
0 0 0 0
0 0 0 0
0 0 0 Rp

x = SVa (B.27)

where, omitting the pertubation symbol δ one gets

x =


Ic

zCIp0
rCIp0
Ip

 and S =


Scoils

0
0
0

 . (B.28)

In particular, zC and rC are the centroids of a plasma current vector J ∈ Rnx where each
element corresponds to a current filament on a discrete 2D grid with nx total elements
which is considered known and can be derived either from a preprogrammed shot (FBTE)
or from equilibrium reconstruction (LIUQE) once the current distribution Jp is obtained.
Furthermore Scoils = [INa×Na 0Na×Ne ]T applies Va ∈ RNa on the Na = 19 active coils only
and not on the remaining Ne vessel circuits.

The model is linearized around an equilibrium given by (J , Ic0, Ip0) and evolves the
Kirchhoff law for conductive elements[

M11 M12 M13 M14
]
ẋ−R11Ic = vc, (B.29)

the plasma instantaneous (mp = 0) vertical force balance derived in time

Ip0
[
M21 M22 M23 M24

]
ẋ = 0, (B.30)

the plasma instantaneous (mp = 0) radial force balance derived in time

Ip0
[
M31 M32 M33 M34

]
ẋ = 0, (B.31)

and finally the Kirchhoff law for the inductively driven total plasma current
[
M41 M42 M43 M44

]
ẋ−RpIp = 0. (B.32)

In the model, the resistances and self and mutual inductances of the static conductive
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elements (coils and vessel eigenmodes/filaments) are included as

Rc =
[
Raa 0

0 Ree

]
M11 = Mc =

[
Maa Mae

Mea Mee

]
. (B.33)

Following the formalism of [116], and considering the derivatives evaluated for the plasma
equilibrium the vertical force balance elements are

M21 = 1
Ip0

∂J
∂zC

T

MJc (B.34)

M22 = − 1
I2
p0

∂

∂zC

∑
i∈grid

2πriJiBR,i(Ic0) (B.35)

M23 = − 1
I2
p0

∂

∂rC

∑
i∈grid

2πriJiBR,i(Ic0) ≈ 0 (B.36)

M24 = 0. (B.37)

the radial force balance elements are

M31 = 1
Ip0

∂J
∂rC

T

MJc (B.38)

M32 = + 1
I2
p0

∂

∂zC

∑
i∈grid

2πriJiBz,i(Ic0) ≈ 0 (B.39)

M33 = + 1
I2
p0

∂

∂rC

∑
i∈grid

2πriJiBz,i(Ic0) + 1
2µ0

∂Γ

∂rC
(B.40)

M34 = 1
I2
p0

∑
i∈grid

2πriJiBz,i(Ic0) + µ0Γ0. (B.41)

and the Kirchhoff law for the total plasma current elements are

M41 = 1
Ip0
J TMJc (B.42)

M42 = 0 (B.43)

M43 = 1
I2
p0

∑
i∈grid

2πriJiBz,i(Ic0) + ∂Lp(rC)
∂rC

(B.44)

M44 = Lp. (B.45)

where from [105] the plasma self inductance is computed as (see also Appendix B.3.3 )

Lp(rC) = µ0rc(Γ− βp − 1/2) = µ0rcf (B.46)

while the plasma resistance Rp is set approximately to zero. The term McJ is the discrete
version of M̃kJ(R, z) on the grid for all conductors while [BR,i(Ic), Bz,i(Ic)] is the radial
and vertical magnetic field generated by the conductive elements on the grid points [ri, zi].
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Values M23 and M32 are set to zero in [105] and are indeed found to be smaller by about
two orders of magnitude when compared to the other terms.

For symmetry arguments the system if finally completed with

M12 = MT
21 (B.47)

M13 = MT
31 (B.48)

M14 = MT
41 (B.49)

The assumption of rigid displacement allows evaluating the following terms

∂J
∂rC

= −∂J
∂R

and ∂J
∂zC

= −∂J
∂z

as in [116], (B.50)

∂Γ

∂rC
= 1
rC

from its definition in Eq. (3.3), (B.51)

∂Lp(rC)
∂rC

= µ0(f0 + 1) derived as Eq. (B.85). (B.52)

The validity of the rigid approximation is discussed in Sec 3.3.

Output equation
The outputs of the RZIp model are the 19 coil currents and the magnetic measurements:
magnetic field at the 38 magnetic probe location (Bm) and its derivative (Ḃm) and 38 flux
loops (ψm) and their derivative, corresponding to the voltage measured by the flux loop
(Vm)

y =


Ia
Bm
Ḃm
ψm
Vm

 = Cx+ DVa =


Icoils
Cbtm
CbtmA
Cf
CfA

x+


0
0

CbtmB
0

CfB

Va. (B.53)

The single elements are

Icoils =
[
STcoils 0 0 0

]
(B.54)

Cbtm =
[
Bmc

1
Ip0
Bmx

∂J
∂zC

1
Ip0
Bmx

∂J
∂rC

1
Ip0
BmxJ

]
(B.55)

Cf =
[
Mfc

1
Ip0
Mmx

∂J
∂zC

1
Ip0
Mmx

∂J
∂rC

1
Ip0
MmxJ

]
(B.56)

where Bmk and Mfk with k ∈ {c, x} are Green’s functions mapping currents from element
k to magnetic field at the probes or flux at the loops respectively. Finally, it is made use of

Ḃm = Cbtmẋ = CbtmAx+ CbtmBVa (B.57)
Vm = Cf ẋ = CfAx+ CfBVa (B.58)

where A = M−1R and B = M−1S.
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State space model

The complete RZIp state space model finally readsẋ = Ax+ BVa
y = Cx+ DVa

(B.59)

x =


Ic

zCIp0
rCIp0
Ip

 y =


Ia
Bm
Ḃm
ψm
Vm

 Va ∈ RNa (B.60)

B.2.2 Singular perturbation

Due to the time scales involved, the force balance equations are assumed to be at equilibrium
at all instants. Instead of deriving the resulting linear relation in time as done in [105],
the same approach used in [97] with the formalism of [151] and included in the code is
performed, including the full singular perturbation method in the RZIp model.

Define

N =
[
N11 N12
N21 N22

]
=


M11 M14 M12 M13
M41 M44 M42 M43
M21 M24 M22 M23
M31 M34 M32 M33

 (B.61)

such that one can include the full force balance as system of first order differential equations
in a system evolving the same Kirchhoff laws for conductive elements and total plasma
current of RZIp

 N11 Ip0N12 0
0 I2×2 0
0 0 mp


˙ x1
x2
x3

 =

 R11 0 0
0 0 I2×2

Ip0N21 I2
p0N22 0


 x1
x2
x3

+

 S11
0
0

Va (B.62)

where

x1 =
[
Ic
Ip

]
, x2 =

[
zC
rC

]
, x3 = ẋ2, S11 =

[
Scoils

0

]
, R11 =

[
Rc 0
0 Rp

]
Va

(B.63)
The model has again the structure İ = g(x, I)

εẋ = f(x, I, ε).
(B.64)

By analogy with Eq. (B.62) here I = x1 and x = [xT2 xT3 ]T . By making use of x3 = ẋ2 and
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mp → 0, system Eq. (B.62) can be written as

N11ẋ1 = −R11x1 − Ip0N12x3 + S11Va (B.65)
0 = Ip0N21x1 + I2

p0N22x2 (B.66)

thus deriving Eq. (B.66) in time and substituting it in Eq. (B.65) one gets

(N11 −N12N
−1
22 N21)ẋ1 = −R11x1 + S11Va. (B.67)

leading to the reduced state evolution equation

ẋ1 = Arx1 + BrVa. (B.68)

where

Ar = −(N11 −N12N
−1
22 N21)−1R11 (B.69)

Br =(N11 −N12N
−1
22 N21)−1S11 (B.70)

The magnetic measurements are obtained as[
Bm
ψm

]
=
[
C11 C12
C21 C22

] [
x1
Ip0x2

]
(B.71)

=

 Bmc
1
Ip0
BmxJ 1

Ip0
Bmx

∂J
∂zC

1
Ip0
Bmx

∂J
∂rC

Mfc
1
Ip0
MfxJ 1

Ip0
Mfx

∂J
∂zC

1
Ip0
Mfx

∂J
∂rC

[ x1
Ip0x2

]
(B.72)

In this way, making explicit the link between x1 and x2 of Eq. (B.66) the output equation
for the reduced model reads

y =


Ia
Bm
Ḃm
ψm
Vm

 = Crx1 + DrVa =


Icoils,r
Cbtm,r
Cbtm,rAr

Cf,r
Cf,rAr

x1 +


0
0

Cbtm,rBr

0
Cf,rBr

Va. (B.73)

where the single elements are

Icoils,r =
[
STcoils 0

]
(B.74)

Cbtm,r = C11 + C12N
−1
22 N21 (B.75)

Cf,r = C21 + C22N
−1
22 N21 (B.76)
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leading to a reduced modelẋ1 = Arx1 + BrVa

y = Crx1 + DrVa
(B.77)

x =
[
Ic
Ip

]
y =


Ia
Bm
Ḃm
ψm
Vm

 Va ∈ RNa . (B.78)

One can note that, despite the state vector is modified, the inputs and outputs are identical
to the original RZIp model. The radial and vertical centroids multiplied by the plasma
current can still be obtained from the state as[

zCIp0
rCIp0

]
= N−1

22 N21x1 (B.79)

which noticeably consists of solving the instantaneous force balance with known currents.

B.3 Semirigid model verification

The extension of the RZIp model for limited plasmas to a semi-rigid model discussed in
Sec. 3.3 is validated numerically against a set of Grad-Shafranov equilibria for plasmas at
different radial positions.

B.3.1 Objectives

The RZIp model requires computing explicitly the radial derivatives of the Shafranov
parameter Γ and the radial current on the numerical grid J with respect to a displacement
of the current centroid

∂rCΓ = ∂Γ/∂rC ∂rCJ = ∂J/∂rC . (B.80)

Their evaluation however depends on a priori assumptions on the behavior of the plasma
current distribution following a radial displacement. The focus of this study is on evaluating
a realistic approximation of the plasma behavior following a displacement of its centroid to
evaluate these terms.

B.3.2 Numerical equilibria

The objective of this study is determining a current distribution and an estimate of behavior
of Γ following a plasma radial displacement of the plasma centroid which are more realistic
than a simple rigid radial translation of the current distribution as is done in the standard
RZIp model.
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The Grad-Shafranov (GS) equation is solved numerically to determine the plasma
equilibria starting from shot #65668 at t = 0.3 s and varying the plasma current around
Ip0 while the vacuum field generated by the external currents B(Ic) is held constant. This
yields a variation of the radial equilibrium position for the plasma centroid following the
(simplified) force balance

0 = FLorentz + Fhoop → 0 = 2πrCIp0Bz0(Ic0) + (µ0/2)I2
p0Γ0(rC) (B.81)

The new equilibria allow determining the evolution of rC/a, which is the quantity of
interest for obtaining ∂rCΓ as it will be derived, and the new current distribution J used
to compute ∂rCJ .

Note that the ideal goal would be determining how the current distribution evolves
following a radial displacement while keeping all currents ([Ic Ip]) fixed. However, the
equilibrium of the plasma is uniquely determined by the equilibrium currents (together
with assumptions on the internal profiles of the plasma, assumed known and fixed) by the
GS equation. In this study, the criterion to determine which model is considered more
realistic will be based on the ability to reproduce the results of the equilibria scan presented
in Fig. 3.10 for scalar parameters independent of the total plasma current.

rC/a

As the equilibrium of a plasma limited on the high field side of the tokamak (HFS) is varied
by changing the plasma current while βp is held constant, the plasma cross section expands
since it is determined by both the limited point and the plasma axis, until the plasma hits
the outer wall, when it becomes limited on the low field side (LFS) and starts compressing
the cross section the more the current is varied. A rigid displacement model would instead
predict that the major radius corresponding to the current centroid rC increases linearly
while the cross section maintains its shape or equivalently a = const. Furthermore, a rigid
model predicts an unrealistic overlap of the plasma with the tokamak tile when the plasma
is HFS limited and the radial shift is done to smaller radii or the plasma is LFS limited
and the radial shift is done to larger radii. Note that only the seventh LCFS in red in Fig.
3.10 (approximately rC = 0.87 m) is an actual GS equilibrium and the rigid shifts of the
LCFS are represented in the figure to emphasize the change in the plasma shape following
the current scan.

The variation of the ratio rC/a is different in different models as represented in Fig.
B.1. Considering the GS numerical equilibria obtained with a discrete current scan (blue),
one can observe that the ratio rC/a decreases until the plasma hits the LFS, where it
starts increasing. The rigid model instead predicts a linear growth of the ratio rC/a with
rC , since a = const. (red). The proposed model to fit the evolution of rC/a is a semirigid
model, where a variable a(rC) is considered following a radial displacement of the plasma
centroid
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Figure B.1 – The parameters rC/a for a radial scan of GS equilibria. Here and in the
following figures, the vertical dotted line is the equilibrium for Ip = Ip0.

• when the plasma is limited on the HFS (orange line)

a = (rC − rHFS) → rC
a

= rC
(rC − rHFS)

• when the plasma is limited on the LFS (yellow line)

a = (rLFS − rC) → rC
a

= rC
(rLFS − rC)

This correction from a rigid displacement model to a deformable model which better
fits the actual GS equilibria leads to a correction of the expression for ∂rCΓ and ∂rCJ , as
shown in Figure B.1.

B.3.3 ∂rCΓ

Shafranov parameter and plasma self inductance

The Shafranov parameter for a circular cross section plasma results from the evaluation of
a toroidal force equilibrium in a tokamak and reads [12]

Γ = ln 8rC
a

+ βp + `i
2 −

3
2 .

where rC is the plasma major radius taken as the current centroid, a is the minor radius,
βp is the poloidal plasma beta and `i is the internal inductance per unit length described
in Eq. B.83. Its extension for elongated plasma with elongation κ can be found as [116]

Γ = ln 8rC
a
√
κ

+ 2κ
κ2 + 1βp + `i

2 −
3
2
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or [105]
Γ = ln 8rC

a
√
κ

+ βp + `i
2 −

3
2

In this study the latter will be considered since it is used in the RZIp model.

The plasma self inductance determines the total magnetic energy generated by a given
plasma current, related to the magnetic field generated by the plasma Bp. One can
determine the plasma internal inductance (where the integral is limited to the plasma
volume) and the plasma external inductance as

1
2LiI

2
p =

∫
plasma

B2
p

2µ0
dV and 1

2LeI
2
p =

∫
vacuum

B2
p

2µ0
dV

since the magnetic field generated by the plasma current extends outside the plasma domain
as in a standard conductor. Obviously due to the linearity of integrals

Lp = Li + Le. (B.82)

The dimensionless plasma inductance per unit length is introduced separating the internal
and external dimensionless inductances. The internal inductance per unit length

`i = 4π
µ0

Li
2πrC

(B.83)

is a quantity recovered by magnetic equilibrium reconstruction and it depends on the
details of the internal plasma profiles. In typical rigid displacement models [105] [116] `i is
considered constant with the plasma radius rC . This approximation is motivated by the
fact that both the torus volume over which it is evaluated and the circumference given by
its axis vary as rC . The external inductance is instead

`e = 4π
µ0

Le
2πrC

≈ 2
(

ln 8rC
a
− 2

)
.

Here the approximation can be derived from standard formulas in a toroidal conductor
[152, p. 311]. For an elongated plasma one may use the approximation of [105]

`e = 2
(

ln 8rC
a
√
κ
− 2

)
(B.84)

In conclusion the relation of the plasma self inductance with the Shafranov parameter Γ is

Lp = µ0rC
2 (`i + `e) = µ0rC

2

(
`i + 2 ln 8rC

a
√
κ
− 4

)
= µ0rC

(
Γ− βp −

1
2

)
= µ0rCf (B.85)

where we introduced
f = Γ− βp −

1
2 = `e + `i

2 . (B.86)

The terms ∂rCΓ and ∂rCLp can be eventually evaluated as in the RZIp model. In this
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model, where it is assumed that κ, `i, a and βp are constant during a plasma rigid radial
displacement, one uses the following

∂rCΓ = ∂

∂rC
ln 8rC
a
√
κ

(B.87)

where it is clear that for the rigid model with a = const. one gets ∂rCΓ = 1/rC . The
derivative with respect to the plasma radial centroid of B.85 leads to

∂rCLp = µ0(f0 + rCf
′) = µ0 (f0 + rC∂rCΓ) (B.88)

and specifically for the rigid plasma model ∂rCLp = µ0(f0 + 1) which is included in the
RZIp model in the Kirchhoff law for the plasma current as Eq. (B.52).

Evaluation of the Shafranov parameter
The parameter Γ is evaluated as follows for every radial equilibrium and is represented in
Fig. B.2

• (blue line) from the GS equilibria, inverting the discrete radial force balance

Γ = −4π
∑
i

rx,iIx,iBzx0,i(Ic0)/(µ0I
2
p0)

where rx, Ix and Bzx0 are column vectors that represents respectively the radial
position, the plasma current and the vertical field due to external conductors in a
finite number of current elements at fixed R and z locations, e.g., on a uniform grid

• (orange line) the Shafranov formula for semirigid displacement of a plasma limited
on the HFS

Γ = ln 8rC
(rC − rHFS)√κ0

+ βp + `i
2 −

3
2

where rC is taken from the numerical equilibria βp and `i are taken from the GS
initialization and κ0 is the elongation for the equilibrium at Ip = Ip0.

• (yellow line) the Shafranov formula for semirigid displacement of a plasma limited
on the LFS

Γ = ln 8rC
(rLFS − rC)√κ0

+ βp + `i
2 −

3
2

where βp and `i and κ0 taken as above

• (purple line) the Shafrnov formula with a = aeq from numerical equilibria

Γ = ln 8rC
aeq
√
κeq

+ βp + `i
2 −

3
2

where βp and `i are taken as above and κ is the elongation for each equilibrium
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Figure B.2 – The parameter Γ for a radial
scan of GS equilibria. S. is for Shafranov.
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Figure B.3 – The parameter ∂rC
Γ for a

radial scan of GS equilibria.

• (red line) the Shafrnov formula with a constant (rigid displacement)

Γ = ln 8rC
a0
√
κ0

+ βp + `i
2 −

3
2

where βp and `i and κ0 taken as above and rC from numerical equilibria.

One can observe that the Shafranov formula considering the data from the GS equilibria
(purple) provides a good approximation of Γ calculated from force balance (blue). Note the
inversion of the slope when the plasma moves from HFS limited to LFS limited. Including
explicitly the proposed dependence of a on the radius for semirigid displacement (Sec.
B.3.2) in the Shafranov formula (orange and yellow) correctly follows this fit while the
rigid approximation (red) correctly estimates Γ at the equilibrium for Ip = Ip0 but fails to
predict its evolution following a radial displacement.

Evaluation of the derivative of the Shafranov parameter
The derivative of Γ with respect to a radial displacement of the plasma centroid represented
in Fig. B.3 is evaluated

• numerically with a forward derivative for the GS equilibria (blue) since Γ is not a
function of Ip which is varied for the radial displacements

• analytically for the Shafranov formula where in particular

– for the deformable model and plasmas limited on the HFS (orange)

∂rCΓ = − rHFS
rC(rC − rHFS)

– for the deformable model and plasmas limited on the LFS (yellow)

∂rCΓ = rHFS
rC(rLFS − rC)
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– for the rigid model (red), as described in Eq. B.87

∂rCΓ = 1
rC

since `i, βp and κ are assumed fixed following a radial displacement as in the RZIp
model.

It is clearly possible to observe in Fig. B.3 that the semirigid model better fits the
evaluation of ∂rCΓ obtained from the numerical derivative of Γ evaluated from the force
balance of different GS equilibria especially for HFS limited plasmas.

B.3.4 ∂rCJ

At this point the only remaining term to be determined consistently is the derivative of the
current distribution following a non-rigid radial displacement of the plasma radial centroid.

Derivative evaluation
The derivative of the current distribution ∂rCJ is not evaluated as ∂rCΓ from an analytical
formula, rather from the numerical distribution provided by equilibrium reconstruction.
Consider now a plasma current distribution as solution of the GS equation for given plasma
profiles and external currents, whose centroid is at rC and integral is Ip as JrC = J(R, z, Ip).

The derivative ∂rCJ is evaluated with a numerical derivative as

∂rCJ = lim
r+
C→rC
r−C→rC

Jr+
C
− Jr−C

r+
C − r

−
C

(B.89)

where r+
C and r−C are the new centroid position following a radial displacement of the

current distribution at larger and smaller radii respectively.
The shifted equilibria an can be evaluated in different ways basing on the model for

the plasma radial displacement:

• When considering two different GS equilibria, the total plasma current is varied to
obtain a radial shift while maintaining fixed the integral of the current as

Jr+
C

= J(R, z, Ip +∆Ip)× Ip/(Ip +∆Ip)

and correspondingly

Jr−C
= J(R, z, Ip −∆Ip)× Ip/(Ip −∆Ip)

• for a semirigid model with varying a(rC), the perturbed current distribution is not a
GS equilibrium but an isotropic scaling with h from the limiting point (rb, zb) on the
tiles such that

Jr+
C

= J

(
R+ rb
h

− rb,
z + zb
h
− zb, Ip0

)
kI (B.90)
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where the operation on the variable includes a translation of the coordinates to have
the origin in (rb, zb) a scaling of factor h = 1 + s > 1 and a translation back to
the origin. For the second term Jr−C

is the same with h = 1− s < 1 The definition
of Jr±C includes a coefficient kI such that the integral of the current for the shifted
equilibrium is fixed as∫

R2
Jr+

C
dRdz =

∫
R2
Jr−C

dRdz =
∫
R2
JrCdRdz = Ip

The perturbed centroids r+
C and r−C following a radial displacement of the current

distribution are computed as

r+
C = rb + (rC − rb)(1 + s)
r−C = rb + (rC − rb)(1− s)

• for a rigid radial displacement model the perturbed current distribution is a rigid
translation of the current distribution by ∆rC > 0 to a larger radial coordinate

Jr+
C

= J(R−∆rC , z, Ip)

and to a lower radial coordinate

Jr−C
= J(R+∆rC , z, Ip)

where due to the rigid translation the integral current remains constant at Ip. In this
model

∂rCJ = ∂J

∂rC
= lim
∆rC→0

Jr+
C
− Jr−C

r+
C − r

−
C

lim
∆rC→0

J(R−∆rC , z, Ip)− J(R+∆rC , z, Ip)
2∆rC

= − ∂J
∂R

.

Note that a simple rigid translation maintains the total current fixed.

Radial derivative on a thinner grid
While for the rigid model the numerical derivative is computed with ∆rC corresponding to
the grid size, the semirigid model requires an interpolation on a thinner grid than the one
provided by equilibrium reconstruction for a correct evaluation of the numerical derivative.
The grid depends on a factor N such that, if the coarser grid over which the distribution is
evaluated is nr × nz with nr discrete steps in the radial direction and nz steps in the vertical
direction, the new grid is (N nr)× (N nz) with N nr discrete steps in the radial direction
and N nz steps in the vertical direction. This is done in a way to allow a reduction of the
scaling factor s to converge to a valid approximation of the analytical derivative from two
perturbed numerical current distributions. The convergence is based on the reduction of
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Figure B.4 – The error decreases for increasing N and decreasing s in the evaluation of the
numerical derivative for the semirigid case.

an error defined as
econv = ||∂rCJ(k)− ∂rCJ(k − 1)||2

||∂rCJ(k)||2
(B.91)

where k is the iteration. This error is defined for increasing N and s respectively and it is
expected to converge for larger N and lower s, which is confirmed in Fig. B.4.

For an error lower than 10−3 the following parameters are selected to compute the
numerical derivative of the current distribution on a thinner gridN = 20

s = 1e− 4
(B.92)

Once ∂rCJ is obtained, the result is interpolated on the coarser grid for being included
in the RZIp model and for the validation provided in the following.

Validation of radial derivative of the current distribution
The total radial Lorentz force acting on the plasma is a scalar variable depending on the
total current distibution. Its radial derivative is a function of ∂rCJ .

The radial derivative of the total radial Lorentz force acting on the plasma and divided
by the plasma current provides a plasma current independent scalar parameter to validate
the different evaluations of ∂rCJ .

The radial Lorentz force due to the magnetic field generated by currents outside the
plasma and acting on the plasma is

FL =
∫
R2

2πRJ(R, z)Bz(R, z)dRdZ ≈ Σi2πJiBz,iridrdz (B.93)
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Figure B.5 – The Lorentz force computed
as in Eq. B.93 from GS equilibria and divided
by Ip0 (dark blue) or for the various Ip(rC)
determining the equilibrium (blue).
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Figure B.6 – Different ways of evaluating
∂rCFL/Ip.

Its derivative with respect to a radial displacement of the plasma centroid is

∂rCFL =
∫
R2

2πR∂rCJBz(R, z)dRdZ ≈ Σi2π∂rCJiBz,iridrdz (B.94)

where ∂rCJ is included. This term appears in the evaluation of the linearized model
equations, in particular in the linearization of the radial force balance.

The ratio FL/Ip does not depend on the plasma current. For the case in which FL is
evaluated from numerical GS equilibria with varying Ip from Eq. B.93, one should consider
the different Ip(rC) as it is done in Fig. B.5 to compute correctly (∂rCFL)/Ip.

The term (∂rCFL)/Ip in Fig. B.6 is evaluated

• numerically with a derivative of the Lorentz force, computed as in Eq. B.93 from GS
equilibria, and divided by Ip (blue)

• with Eq. B.94 and divided by Ip using ∂rCJ obtained from the GS equilibria (yellow)

• with Eq. B.94 and divided by Ip using ∂rCJ evaluated with the semirigid model
(orange)

• with Eq. B.94 and divided by Ip using ∂rCJ evaluated with the rigid model (red)

It is clearly possible to observe that the semirigid model provides the best approximation
to the set of GS equilibria in predicting the evolution of F ′L/Ip following a displacement of
the radial centroid especially for HFS limited plasmas.

B.3.5 Closed loop simulations

The RZIp model is simulated for shot #65668, which has an unstable pole of p = 75 Hz,
very easy to stabilize. Experimentally, this shot run stably in TCV using the standard
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Figure B.8 – Current reference step re-
sponse in closed loop with modified RZIp
equations.

hybrid controller. The linearization is performed at different times during the flattop
(t ∈ [0.15 0.2 0.3 0.4] s) but the result of the simulation is always the same. When the
RZIp model is put in closed loop with the exact controller used during the shot (TCV
hybrid controller [80]) and considering a simple delay model of the power supplies

• leaving in the model the standard equation for the plasma current a slow pole at ≈ 4
Hz is left and the simulation incorrectly predicts and unstable closed loop.

• introducing the modifications for ∂rCΓ ∂rCLp for `i = const. and the isotropic scaling
for evaluating ∂rCJ , the simulation correctly determines a stable closed loop.

The response of the closed loop for a step in the plasma current reference are represented
in the following plots.

B.3.6 Conclusions

Relaxing the approximation of a rigid radial plasma shift to a “semirigid” model which
considers a plasma deformation following a displacement of the plasma centroid rC allows
recovering the evolution of rC/a consistently with GS equilibria at different radial positions.
This in turn can be included in the RZIp model with a modification of the terms ∂rCΓ =
∂rCΓ(R/a) and ∂rCLp = ∂rCLp(Γ). A consistent treatment requires to include an isotropic
scaling of the plasma current distribution from the limiting point with the tile following
a radial displacement of the plasma centroid. This leads to a new numerical evaluation
of ∂rCJ from an equilibrium current distribution J which also better fits the evaluation
of ∂rCJ obtained from different GS equilibria at different rC . This extension allowed to
correctly predict the stability properties when reproducing the dynamics of shots that were
performed in TCV with the analog control system in feedback, where the original model
incorrectly predicted instability. This provides a consistent improvement for the RZIp
control-oriented model when applied to such discharges.
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C Comparison of shape control open
loop

In this appendix we will discuss one of the main consequences of the present treatment:
that the static plant on which the shape controller acts once the position control loop is
closed is equivalent for both the new proposed decoupled shape and position controller
and the existing shape controller presented in Sec. 2.5. This means that, once the integral
position controller only is closed on LSCdec of Eq. (2.18), one can obtain a plant PSCdec exactly
equivalent to Pdec for a generic choice of the shape and position controller actuation
direction and observation matrices Tz, Tr, Oz, Or, Osh and Tsh. This is derived in the
remainder of the present section. In the former shape and position controller, it is assumed
that the current references on each E and F coil can be exactly tracked and the vertical
instability is neglected for the design. The open loop system is

LSCdec = OsvG0Tsv =

 Oz
Or

Osh

G0

 Tz Tr Tsh

 (C.1)

=

 OzG0Tz OzG0Tr OzG0Tsh
OrG0Tz OrG0Tr OrG0Tsh
OshG0Tz OshG0Tr OshG0Tsh

 =
[
OzrG0Tzr OzrG0Tsh
OshG0Tzr OshG0Tsh

]
(C.2)

where the shape and position controller matrices are intentionally left generic, but it is
considered that the first two variables correspond to the vertical and radial observers.
Inputs and outputs relative to position control are grouped together as

y1 =
[
zsv
rsv

]
y2 = bsv u1 =

[
usv,1
rsv,z

]
u2 = usv,sh (C.3)

such that [
y1
y2

]
=
[
OzrG0Tzr OzrG0Tsh
OshG0Tzr OshG0Tsh

] [
u1
u2

]
. (C.4)

At this point, integral control is added on the position only using[
u1
u2

]
= KSC

rz

[
e1
u2

]
=
[

(1/s)I2×2 0
0 I(no−nsv−2)×(no−nsv−2)

] [
e1
u2

]
(C.5)

181



Chapter C. Comparison of shape control open loop

and one can write

LSCdecK
SC
rz =

[
OzrG0Tzr(1/s) OzrG0Tsh
OshG0Tzr(1/s) OshG0Tsh

]
=
[
a b

c d

]
. (C.6)

or equivalently y1 = ae1 + bu2

y2 = ce1 + du2
. (C.7)

Closing negative feedback on the position means setting e1 = yref − y1 obtainingy1 = −ay1 + ayref + bu2

y2 = −cy1 + cyref + du2
⇐⇒

y1 = (1 + a)−1ayref + (1 + a)−1bu2

y2 = −cy1 + cyref + du2
. (C.8)

Substituting the expression for y1 in y2 one gets a plant[
yref
u2

]
→
[
y1
y2

]
: PSCdec (s) =

[
(1 + a)−1a (1 + a)−1b

c(1 + a)−1b −c(1 + a)−1b+ d

]
(C.9)

It is assumed that the closed loop is stable (tuning of the vertical controller is not treated
here). The DC gain of the plant is evaluated, considering that, due to the integral effects
in a and c

DC[(1 + a)−1a] = I2×2 (C.10)
DC[c(1 + a)−1] = ca−1 (C.11)
DC[(1 + a)−1b] = 02×ny (C.12)
DC[c(1 + a)−1b] = ca−1b (C.13)

Finally, the steady state plant zsv,ref
rsv,ref
usv

→
 zsv
rsv
bsv

 : PSCdec (0) =
[
I2×2 02×ny

ca−1 −ca−1b+ d

]
(C.14)

=

 I2×2 02×ny

OshG0TzrH
−1
rzI −OshG0Tzr

(
H−1
rzI

)
OzrG0Tsh +OshG0Tsh


(C.15)

where we is recall from Eq. (4.20) the definition

HrzI = OzrG0Tzr. (C.16)

The expression for PSCdec (0) is identical to the one for Pdec(0) from Eq. (4.26). This has the
following important consequences
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• From the point of view of low frequency control of plasma shape, the position
controller can be closed indifferently on current references (standard shape and
position controller) or on the inputs ofKMR and including the low frequency correction
on the position observer (separation of shape and position control).

• As derived for case C (Eq. (4.50) ), the same matrices used for standard position
and shape control can be used for the separated shape and posiiton controller to
obtain full decoupling.

Note that the dynamic properties of the position controller is not discussed here and could
determine the choice between one solution or the other.
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