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Abstract—Relying on the power flexibility of distributed energy 

resources (DERs) located in an active distribution network (ADN), 

this ADN will be able to provide power flexibility to the upper-

layer grid at their point of common coupling (PCC). The power 

flexibility is defined as additional bi-directional active/reactive 

powers a resource can provide to the grid by adjusting its 

operating point. In this context, this paper presents a two-stage 

ADN management method to deliver, at the PCC, the power 

flexibility that the upper-layer grid operator would request 

minutes-ahead real-time operation. The first stage updates the 

power set-points of DERs considering their offer curves as well as 

the uncertainties stem from the short-term forecast errors of 

demand and renewable generation profiles. The inter-temporal 

constraints and losses of the grid are accounted for by exploiting a 

linearized dynamic optimal power flow model, whereby the first 

stage is implemented as a linear scenario-based optimization 

problem. Then, in real-time operation, relying on a linear 

optimization problem, the second stage adjusts the power 

flexibility injection of a utility-scale battery energy storage system 

(ESS) to mitigate the imbalance at the PCC inherent in the above-

mentioned uncertainties. The performance of the proposed 

method is tested in the case of a real ADN located in the city of 

Aigle in southwest of Switzerland. 

 

Index Terms—Active distribution network (ADN), ADN 

management, ancillary services, distributed energy resources 

(DERs), energy storage system (ESS), linear optimization-based 

control strategy, power flexibility, stochastic optimization, 

uncertainty. 

I. INTRODUCTION 

nvironmental challenges have lunched an increasing use of 

renewable energy generation in electrical power systems. 

However, to guarantee an efficient voltage/frequency 

regulation in the presence of significant amount of intermittent 

solar and wind generation, a rapt attention should be devoted to 

the power flexibility provision issue [1]. In this context, the 

active and reactive powers flexibility can be defined as 

additional bi-directional active/reactive powers a given 

resource can provide to the grid by regulating up or down its 

operating point. The existing literature offers three categories 

of methods to deal with power flexibility provision in modern 

power systems with high penetration of intermittent renewable 

energy generation. All the three categories set out to facilitate 

the contribution of different resources and take advantage at 
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most of the available power flexibility of those resources. In this 

way, they attempt to preserve the security of the grid against 

increasing uncertainties stem from intermittent renewable 

generation. The first categories of methods [2]-[5] focuses on 

the resources connected exclusively to the transmission 

network and present new approaches for coordinating and 

managing those resources to thoroughly deploy their power 

flexibility. The work in [2] proposes a multi-stage method for 

scheduling the power flexibility of various resources, including 

thermal units, hydro pumped-storage units and utility-scale 

batteries, to provide ancillary services to the transmission 

network. For interconnected power systems with hydro, 

thermal, wind and solar units, [3] proposes a multi-area power 

flexibility sharing model. This model takes advantage of the 

available power flexibility of all areas to deal with uncertainties 

of solar and wind generation. In [4] a new method is offered to 

determine the optimal amount of active power flexibility that a 

transmission system operator (TSO) should book from 

conventional power plants to deal with uncertainties of demand 

and intermittent wind generation. Work in [5] quantifies the 

optimal required active power flexibility of the TSO while 

considering the uncertainties of wind/solar generation and 

demand. It tries to minimize the TSO’s cost by realizing a 

balance between the cost associated with booking active power 

flexibility and the expected cost of energy not served. 

On the other hand, tracking the evolution of active 

distribution networks (ADNs) bears testimony to the fast 

proliferation of distributed energy resources (DERs) they are 

hosting [6]. In this emerging architecture, the potential power 

flexibility of DERs can be exploited to provide a variety of 

services like congestion management and frequency/voltage 

regulation not only to the ADN (second category of methods 

[7]-[13]) but also to the upper-layer grid (third category of 

methods [14]-[17]). In order to unlock the active/reactive 

powers flexibility of DERs, tighter collaborations among 

different actors, including consumers, DER owners, TSOs and 

distribution system operators (DSOs), should be developed and 

implemented [14]. 

In this emerging architecture, the second category of methods 

[7]-[13] aims to deal with power flexibility provision issue at 

distribution level by tapping the potential flexibility of DERs. 

In this regard, a real-time demand-response scheme is proposed 

in [7] to  mitigate  the voltage fluctuations in an ADN. In [8], a  
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Fig. 1. The single line diagram of an active distribution network located in Aigle 

(a city in southwest of Switzerland). 

 

stochastic dynamic programming approach is developed to 

supply the local demand of an isolated  nano  grid by deploying 

the power flexibility of energy storage systems and 

dispatchable generators while considering the uncertainties of 

PV generation. An optimal power flow management technique 

is presented in [9] to provide congestion management service 

in an ADN. The work in [10] proposes a geometric approach to 

aggregate the power flexibility of thermostatically controlled 

loads for the purpose of frequency regulation. For day-ahead 

operation planning of ADNs, dynamic optimal power flow 

models are designed in [11] and [12] to maximize the exported 

power to the upper-layer grid while considering the inter-

temporal constraints of energy storage systems and wind 

uncertainties. An optimal inverter dispatch framework is 

presented in [13] that relies on the power flexibility of PVs’ 

inverters to avoid over-voltage in ADNs while considering 

uncertainties of PV generation.  

The third categories of methods [14]-[17] aims to upgrade 

the top-to-down (from the transmission network to the 

distribution networks) power flexibility provision mechanism 

to a bidirectional one. To this end, they set out to unlock and 

deploy the power flexibility of the DERs located at the 

distribution level with the purpose of providing it to the upper-

layer grid. The works in [15] and [16] introduces optimization-

based methods to estimate the range of active and reactive 

powers flexibility that an ADN can provide to the upper-layer 

grid at their point of common coupling (PCC) during each time 

slot of the next day. Work in [17] takes into account the power 

flexibility of DERs located at distribution level and introduces 

a method to quantify the amount of power flexibility that the 

TSO could require from each DSO.  

Although a variety of methods have been developed to 

unlock and take advantage of the power flexibility of DERs, the 

existing literature however lacks a framework to answer: 

How much should be the active/reactive powers flexibility 

provided by each DER during the real-time operation in such 

a way that the ADN can provide, with minimum deviation, the 

minutes-ahead active/reactive powers flexibility requested by 

the upper-layer grid at the PCC? 

In this respect, for each time slot (e.g. with 15-minute or 1-

hour duration) of real time operation and a given flexibility 

request1 from the upper-layer grid [15],[16], the ADN operator 

can determine then deploy the contribution1 of each DER in 

order to fulfill at best that request. However, from one hand, 

continuous deviations  from  this  target are unavoidable during  

 
1 Unique value for the whole time slot. 
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The upper-layer grid operator requests from the ADN operator 

to provide a specific amount of active/reactive powers 

flexibility (f 0′
P  and f 

0′
Q

) throughout the coming time slot (T). 
 

...

 
Sub-Slot 2

    

τ1 τ1 

τ  

2τ1 (𝑡-1)τ1 

Time Interval

 According to the day-ahead energy market outcome, the scheduled 

active and reactive powers absorption of the ADN at the PCC, i.e. 

P 0′  and Q 0′ , are given. 

 

First Stage: The ADN operator solves the linear 

scenario-based optimization problem defined in the 

first stage of the method. Consequently, the 

active/reactive powers flexibility that each DER 

should provide throughout T and the reference active 

power set-point of the ESS (𝑃ESS ,Ref ) are 

determined. 

1 2Index of time-interval: κ = 3 4 5 6 7 8     

 

Second Stage: At the beginning of each time-interval (𝜏2), the 

linear optimization problem defined in the second stage of the 

method is solved. Accordingly, the active/reactive powers 

flexibility that the ESS should provide throughout the time-

interval is automatically updated.  

Nκ  

 
Fig. 2. The timeline of the proposed method for a time slot. 

 

the time slot due to the uncertainties inherent in the demand and 

renewable generation. From another hand, generally DERs do 

not have the capability to track automatically and continuously 

any quantity remotely located such as the power flexibility 

requested at the PCC. Therefore, in the context of this paper, 

the ADN is supposed equipped with a battery energy storage 

system (ESS) connected at the root of the ADN, as illustrated 

in Fig. 1. This ESS, endowed with appropriate communication 

and automatic control facilities, aims exclusively at absorbing 

as much as possible the above-mentioned deviations. 

Considering this defined task for the ESS, the ESS does not 

compete with the DERs to provide flexibility to the upper-layer 

grid.  

In view of the above, this paper follows the third category of 

methods. It proposes a two-stage approach for providing power 

flexibility from an ADN to its upper layer grid. At each time 

slot, first the power set-points of the DERs are updated. Then, 

the ESS is continuously controlled to achieve the target while 

starting from a specific power set-point value helping to 

preserve its state of energy (SOE). The details of both stages are 

presented and illustrated in the next sections. 

The rest of the paper is organized as follows: Section II states 

the problem and contributions of the paper. Sections III and IV 

present the first and second stages, respectively. Section V 

demonstrates the proof-of-concept applying the proposed 

method to the ADN located in the city of Aigle (Switzerland). 

Finally, Section VI states the main conclusions. 
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II. PROBLEM STATEMENT AND CONTRIBUTIONS 

The problem treated in this paper can be described focusing 

on a single time slot of T minutes duration as outlined in Fig. 2. 

This figure embraces three time periods: 

• Time slot: It is a time period of T minutes duration. On the 

basis of the day-ahead energy market outcome, the scheduled 

operating point of the ADN is known and unique over each 

time slot (see details in Section III). Moreover, the requested 

active/reactive powers flexibility of the upper-layer grid 

operator is a unique value over each time slot. 

• Sub-slot: Each time slot consists of a number of sub-slots with 

duration of τ1 minutes and 𝑡 is the index of sub-slots. The first 

stage of the method models the trajectory of uncertainties, i.e. 

the forecast errors of demand and renewable generation, with 

time resolution of τ1. 

• Time-interval: The whole time slot is split into N𝜅 time-

intervals with duration 𝜏  and 𝜅 is the index for time-intervals. 

The second stage of the method is executed at the beginning 

of each time-interval. 

 On the basis of the day-ahead energy market outcome, the 

day-ahead scheduled active and reactive power flows at the 

PCC of the ADN, i.e. P 0′ and Q 0′, are known. They are of the 

time resolution of T minutes, i.e. a unique operating point for 

each time slot. Then, t0 minutes prior to the beginning of each 

time slot, the upper-layer grid operator sends to the ADN 

operator its active/reactive powers flexibility request, i.e. f 0′
P  

and f 
0′
Q

. They are of the time resolution of T minutes, i.e. unique 

values for the whole time slot. These two terms form the 

targeted operating point at the ADN’s PCC as:  

P
0′
Target

= P 0′ + f 0′
P ,                                                                       (1) 

Q
0′
Target

= Q 0′ + f 
0′
Q

,                                                                       (2) 

This targeted operating point is followed thanks to the two-

stage method introduced in this paper:   

Stage1: it is entitled updating the power set-points of DERs 

and ESS. tADN minutes prior the beginning of each time slot, the 

first stage determines the new power set-points of the DERs 

considering their offer curves and accommodating at best the 

uncertainties stem from the short term forecast errors of demand 

and renewable generation profiles during the time slot. 

Simultaneously, regarding these uncertainties, it determines a 

reference value1 for the ESS power set-point. This reference 

value helps the ESS to achieve its task while guaranteeing an 

appropriate SOE level during the whole time slot. The 

determination of all these power set-points is formulated as a 

linear scenario-based optimization problem where the 

constraints and the losses of the grid are accounted for thanks to 

a linearized dynamic power flow model. 

Stage 2: it is entitled EES real-time control. Throughout the 

time slot, all DERs except the ESS follow their power set-points 

determined in the first stage. Then, to mitigate the deviations 

from the targeted operating point at PCC which result from the 

load and generation uncertainties, this stage constructs a linear 

optimization problem considering the operational constraints of 

the ESS, whereby it adjusts the reference power set-point of the 

ESS determined in the first stage. 

 
1 Unique value for the whole time slot. 

In sum, the ADN operator solves both stages of the method 

considering the known P
0′
Target

 and Q
0′
Target

 defined in (1) and 

(2). The method is envisaged to bring about three benefits. 

Firstly, it can provide active/reactive powers flexibility to the 

upper-layer gird. These powers flexibility can help the upper-

layer grid operator to deal with congestion, active power 

imbalance, overvoltage and undervoltage issues in its grid. 

Secondly, local provision of powers flexibility can postpone 

and even decrease the necessity of network reinforcement in the 

upper-layer grid. Last but not least, it may result in reducing the 

price of ancillary services thanks to unlocking the power 

flexibility of new resources, i.e. DERs.   

The contributions of the paper can be enumerated as: 

• It presents a two-stage ADN management method to procure 

the power flexibility of DERs with the aim of providing a 

specific2 amount of active/reactive power flexibility to the 

upper-layer grid at the ADN's PCC. To the best knowledge of 

the author, it has not yet been addressed in the existing 

literature. 

• It extracts linear equivalent counterparts for nonlinear 

ESS's/DERs’ constraints, DERs' offer curves and objective 

function, whereby, it offers linear tractable algorithms for the 

first and second stages of the method.   

• Thanks to the extracted linear models, it casts the first stage 

of the method as a linearized dynamic power flow model. In 

addition to the technical constraints of the grid and 

ESS/DERs, this model takes into account the grid’s power 

losses and temporal variations and uncertainties of 

demand/renewable generation. 

• It develops a real-time control strategy for the ESS and 

mathematically formulates it as a linear optimization 

problem. 

• It offers a novel approach for operating the ESS. This 

approach divides the net power injection of the ESS into two 

terms to elaborately preserve the ESS's SOE as well as to take 

advantage at most of the power flexibility of the ESS, as 

detailed in III. The results, presented in section V, highlight 

the advantage of this novel approach. 

• It finally illustrates the performance of the proposed method 

on a real distribution network located in the city of Aigle in 

southwest of Switzerland. 

For the sake of brevity, the rest of the paper focuses on a 

single time slot except the numerical result section, i.e. section 

V . Actually, the proposed method can be applied identically to 

any desired time slot. 

III. FIRST STAGE: UPDATING THE POWER SET-POINTS OF 

DERS AND ESS 

To present the mathematical formulation of the first stage, let 

𝑖 and 𝑗 be the indices for the nodes excluding the PCC node 

(i.e. 0′); 𝔹 the set of nodes excluding 0′; 𝑡 and 𝑡′ the indices for 

the sub-slots (as depicted in Fig. 2); 𝕋 the set of sub-slots 

belonging to time slot T; 𝑠 the index for scenarios modeling the 

forecast errors of demand and renewable generation; 𝕊 the set 

of selected credible scenarios; 𝑙 the index for the branches; 𝕃 

the set of branches of the ADN; 𝑘 the index for the dispatchable 

distributed generators (DDGs); 𝔻𝔻𝔾𝑖  the set of DDGs 

2 Requested by the upper-layer grid operator. 
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connected to node 𝑖; 𝔻𝔻𝔾 the set of DDGs located in the ADN; 

ℎ the index for the renewable distributed generators 

(RDGs); ℝ𝔻𝔾𝑖  the set of RDGs connected to node 𝑖; ℝ𝔻𝔾 the 

set of RDGs located in the ADN; operator |. | denotes the 

absolute values of its argument. Without loss of the problem’s 

generality, it is here assumed that: 

• each DDG can take only a single power set-point over the 

whole time slot T; 

• DDGs can provide active and reactive powers flexibility, i.e. 

𝑓𝑘
DDG,P

 and 𝑓𝑘
DDG,Q

, in addition to their scheduled1 

active/reactive power injections, i.e.P 𝑘
DDG and Q 𝑘

DDG; 

• the trajectory of the forecasted active power injection of the 

RDGs, i.e. P̂ℎ𝑡
RDG, are considered with time resolution of τ1; 

• the scheduled1 reactive power injection of RDGs, i.e. Q ℎ
RDG, 

are assumed to be 0;   

• RDGs are sources of active power uncertainties, i.e. ΔPℎ𝑡𝑠
RDG. 

Thus, they might deviate from their forecasted active power 

injection P̂ℎ𝑡
RDG. However, they can provide reactive power 

flexibility, i.e. 𝑓ℎ
RDG,Q

 (unique value for the whole time slot); 

• the trajectory of the forecasted active/reactive power 

absorption of loads, i.e. P̂𝑖𝑡
D and Q̂𝑖𝑡

D , are considered with time 

resolution of τ1; 

• loads are sources of active/reactive power uncertainties, i.e. 

ΔP𝑖𝑡𝑠
D /ΔQ𝑖𝑡𝑠

D .Thus, they might deviate from their forecasted 

active/reactive power absorption, i.e. P̂𝑖𝑡
D/Q̂𝑖𝑡

D ; 

• the forecast errors of renewable generation and demand, i.e. 

ΔPℎ𝑡𝑠
RDG, ΔP𝑖𝑡𝑠

D  and ΔQ𝑖𝑡𝑠
D  are modeled through a set of scenarios 

with time resolution of τ1; 

• the scheduled1 active/reactive power injections of the ESS 

(connected at the root of the ADN as shown in Fig. 1) are 0; 

• The rationale behind modeling the ESS in the first stage is to 

preserve its SOE, i.e. empower the ESS to provide 

successfully flexibility during the second stage. Since the 

ESS’s SOE is directly affected only by its active power 

flexibility provision, the first stage assumes the reactive 

power flexibility provision of the ESS equal to zero. 

Therefore, the first stage determines only the net active power 

injection of the ESS, i.e. 𝑃𝑡𝑠
ESS,Net

, for each sub-slot 𝑡 and 

scenario 𝑠. 𝑃𝑡𝑠
ESS,Net

 consists in the sum of two terms: 

𝑃𝑡𝑠
ESS,Net = 𝑃ESS,Ref + 𝑓𝑡𝑠

ESS,P,                                                  (3) 

𝑃ESS,Ref indicates the reference power set-point of the ESS 

over the whole time slot. It is positive or negative active 

power that the ESS should exchange over the whole time slot 

to restore an adequate SOE. For each individual scenario s, 

𝑓𝑡𝑠
ESS,P

 indicates the final adjustment of the ESS’s set-point 

over sub-slot 𝑡 that is expected to be accomplished by the 

ADN operator during the second stage. 

In sum, it is worth highlighting that the scheduled/forecasted 

power set-points of DERs, i.e. P 𝑘
DDG, Q 𝑘

DDG, P̂ℎ𝑡
RDG and Q ℎ

RDG are 

known, i.e. parameter. 

A. Objective Function 

The objective function is designed to satisfy as much as 

possible the targeted power flow at the PCC with minimum 

cost.  It can be mathematically formulated as: 

 
1 which are known from the day-ahead energy market outcome. 

min
𝜉

𝐶0′
Imb + 𝐶ESS + ∑ [𝐶𝑘

DDG,P+ + 𝐶𝑘
DDG,P−]

𝑘∈𝔻𝔻𝔾

,                   (4) 

where 𝜉 indicates the set of optimization variables as: 

𝜉 = {𝑓𝑘
DDG,P, 𝑓𝑘

DDG,Q
, 𝑓ℎ

RDG,Q
, 𝑃𝑡𝑠

ESS,Net, 𝑃ESS,Ref, 𝑓𝑡𝑠
ESS,P, 

𝑃0′𝑡𝑠, 𝑄0′𝑡𝑠, 𝑉𝑖𝑡𝑠, 𝐼𝑙𝑡𝑠
Real, 𝐼𝑙𝑡𝑠

Imag
}, (5) 

the undefined variables of (5) will be introduced in the rest of 

the section beside their corresponding constraints.  

The objective function (4) includes three parts: 

1) Penalizing the Imbalance of the ADN at the PCC 

The active and reactive power imbalances of the ADN at the 

PCC are (for all 𝑡 in 𝕋 and 𝑠 in 𝕊): 

𝑃0′𝑡𝑠
Imb = 𝑃0′𝑡𝑠 − P

0′
Target

,                                                                (6) 

𝑄0′𝑡𝑠
Imb = 𝑄0′𝑡𝑠 − Q

0′
Target

,                                                               (7) 

where 𝑃0′𝑡𝑠 and 𝑄0′𝑡𝑠 are respectively active/reactive power 

flow at the PCC, as detailed in (32) and (33). The proposed 

method tries to follow the targeted power flow at the PCC with 

minimum deviations throughout the time slot. Thus, it assigns 

a virtual cost to the active/reactive power imbalances as: 

𝐶0′
Imb = π

0′
Imb,P ∑ ∑|𝑃0′𝑡𝑠

Imb|

𝑡∈𝕋𝑠∈𝕊

+ π
0′
Imb,Q

∑ ∑|𝑄0′𝑡𝑠
Imb|

𝑡∈𝕋

,

𝑠∈𝕊

          (8) 

where π
0′
Imb,P

 and π
0′
Imb,Q

 are virtual large weighting 

coefficients. Minimizing the nonlinear term (8), i.e. the first part 

of (4), has a linear equivalent counterpart as: 

min π
0′
Imb,P ∑ ∑ 𝛾

0′𝑡𝑠
Imb,P

𝑡∈𝕋𝑠∈𝕊

+ π
0′
Imb,Q

∑ ∑ 𝛾
0′𝑡𝑠

Imb,Q

𝑡∈𝕋𝑠∈𝕊

,                 (9) 

subject to (for all 𝑡 in 𝕋 and 𝑠 in 𝕊): 

−𝛾
0′𝑡𝑠
Imb,P ≤ 𝑃0′𝑡𝑠

Imb ≤ 𝛾
0′𝑡𝑠
Imb,P,                                                         (10) 

−𝛾
0′𝑡𝑠

Imb,Q
≤ 𝑄0′𝑡𝑠

Imb ≤ 𝛾
0′𝑡𝑠

Imb,Q
,                                                        (11) 

where 𝛾
0′𝑡𝑠
Imb,P

 and 𝛾
0′𝑡𝑠

Imb,Q
 are non-negative auxiliary variables. 

2) Penalizing the deployed flexibility from the ESS 

To keep at most the capability of the ESS for providing both 

upward and downward active power flexibility, the first stage 

aims to maintain the SOE close to the middle of its maximum 

and minimum allowed values by defining the targeted active 

power set-point of the ESS, i.e. PESS,Target , as:  

∆SOEESS,Target = SOE0
ESS −

SOEESS,Max + SOEESS,Min

2
                (12) 

PESS,Target =

{
 

 
60

T𝜂+ ∆SOEESS,Target        ∆SOEESS,Target ≤ 0,   

60𝜂−

T
∆SOEESS,Target       ∆SOEESS,Target ≥ 0.  

  (13) 

where SOE0
ESS is initial SOE, SOEESS,Max and SOEESS,Min are 

respectively maximum and minimum limit of the ESS’s SOE. 

∆SOEESS,Target is the difference between the initial SOE and the 

average of SOEESS,Min and SOEESS,Max.  𝜂+ and 𝜂− are the 

charging and discharging efficiency of the ESS, respectively. 

Multiplier  
1

𝑇/60
 converts  the  duration  of  the  time  slot  from 

minute to hour. 

 The first stage tries to minimize the required active power 

flexibility from the ESS during the second stage, i.e. 𝑓𝑡𝑠
ESS,P, and 
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to keep 𝑃ESS,Ref close to the targeted value PESS,Target. These 

two goals are achieved by defining the virtual cost: 

𝐶ESS = πESS,P ∑ ∑|𝑓𝑡𝑠
ESS,P|

𝑡∈𝕋𝑠∈𝕊

+ 

+πESS,SOE|𝑃ESS,Ref − PESS,Target| + ∑ ∑ 𝛾𝑡𝑠
ESS,Pnet

𝑡∈𝕋𝑠∈𝕊

, (14) 

where πESS,P and πESS,SOE are  virtual  weighting   coefficients. 

The third term, i.e. 𝛾𝑡𝑠
ESS,Pnet, is an auxiliary variable defined to 

support the linear model of the evolution of the SOE over time, 

as detailed in (16), (19) and (44).  

It is noteworthy that the ESS is the sole resource that is 

equipped with appropriate communication and automatic 

control facilities. In other words, the ESS is the sole resource 

that the ADN operator can changes its power set-point during 

the real-time operation, i.e. the second stage. Accordingly, 

during the real-time operation where the exact amount of 

uncertainties is unfolded, the ADN operator can only deploy the 

power flexibility of the ESS to mitigate the impact of the 

uncertainties on the active/reactive power imbalance at the 

PCC. Considering this fact, the method fully dedicates the ESS 

to the second stage, i.e. real-time operation. Otherwise, the 

ESS’s free capacity for canceling out the impact of the 

uncertainties during the real-time operation will be jeopardized. 

To implement the above-mention set-up, the power 

flexibility 𝑓𝑡𝑠
ESS,P is prevented to compete with the power 

flexibilities from the DDGs as a contribution to the power 

flexibility request of the upper-layer grid operator. It implies 

that the weighting coefficient πESS,P must be large in 

comparison with the DDG flexibility offer prices. In addition, 

the average of 𝑓𝑡𝑠
ESS,P

 over all scenarios is enforced to be zero, 

thereby: 
1

N𝑠

∑ 𝑓𝑡𝑠
ESS,P

𝑠∈𝕊

= 0                                                  ∀𝑡 ∈ 𝕋,         (15) 

where N𝑠 is the number of scenarios belonging to 𝕊. This 

constraint helps to avoid a constant offset of 𝑓𝑡𝑠
ESS,P

 all along the 

whole time slot. It is notable that (3), (14) and (15) enforce the 

average of the ESS’s net provided active power flexibility, i.e. 

𝑃𝑡𝑠
ESS,Net

, over all scenarios to be a constant value equal to 

PESS,Target. Thus, its SOE is expected to remain close to the 

middle. 

Minimizing the nonlinear term (14), i.e. the second part of 

(4), has a linear equivalent counterpart as: 

min πESS,P ∑ ∑ 𝛾𝑡𝑠
ESS,P

𝑡∈𝕋𝑠∈𝕊

+ πESS,SOE𝛾ESS,SOE  +     

+ ∑ ∑ 𝛾𝑡𝑠
ESS,Pnet

𝑡∈𝕋𝑠∈𝕊

,                        (16) 

subject to (for all 𝑡 in 𝕋 and 𝑠 in 𝕊): 

−𝛾𝑡𝑠
ESS,P ≤ 𝑓𝑡𝑠

ESS,P ≤ 𝛾𝑡𝑠
ESS,P,                                                        (17) 

−𝛾ESS,SOE ≤ 𝑃ESS,Ref − PESS,Target ≤ 𝛾ESS,SOE,                   (18) 

−𝛾𝑡𝑠
ESS,Pnet ≤ 𝑃𝑡𝑠

ESS,Net ≤ 𝛾𝑡𝑠
ESS,Pnet

,                                            (19) 

where 𝛾𝑡𝑠
ESS,P

, 𝛾ESS,SOE and 𝛾𝑡𝑠
ESS,Pnet

 are non-negative auxiliary 

variables.  

π𝑘1
DDG ,P+ 

π𝑘2
DDG ,P+ 

𝑓𝑘
DDG ,P+ (kW)   

  

π𝑘𝑛
DDG ,P+ 

π𝑘(𝑛+1)
DDG ,P+ 

∆𝑘1
+  

CHF, i.e. Confederation Helvetica Franc, is the currency of Switzerland.

Price(
CHF

kWh
) 

∆𝑘2
+  ∆𝑘(𝑛−1)

+  ∆𝑘𝑛
+  ∆𝑘(𝑛+1)

+  

  

 
 

 
 

 
 

 
 

  

 
Fig. 3. Offer curve of DDG 𝑘 for upward active power flexibility provision. 

3) Cost of Flexibility Procurement from DERs 

The provided active power flexibility of DDG 𝑘, i.e. 𝑓𝑘
DDG,P

, 

can be divided into two non-negative components called 

upward, i.e. 𝑓𝑘
DDG,P+

, and downward, i.e. 𝑓𝑘
DDG,P−

, as: 

𝑓𝑘
DDG,P = 𝑓𝑘

DDG,P+ − 𝑓𝑘
DDG,P−                        ∀𝑘 ∈ 𝔻𝔻𝔾,      (20) 

Each DDG offers its prices for the upward and downward 

active power flexibility provision to the ADN operator through 

two separate offer curves. For instance, the offer curve of DDG 

𝑘 for its upward active power flexibility is shown in Fig. 3 

where 𝑛 is the index for the offered blocks of DDG 𝑘; π𝑘𝑛
DDG,P+

 

is the price over the 𝑛th block; ∆𝑘(𝑛−1)
+  and ∆𝑘𝑛

+  are the 

beginning and the end of the 𝑛th block. 

The area under the offer curve defines 𝐶𝑘
DDG,P+

 indicating the 

cost that the ADN operator pays to DDG 𝑘 to procure 𝑓𝑘
DDG,P+

 

for one hour. 𝐶𝑘
DDG,P+

 is a piece-wise linear function of 

𝑓𝑘
DDG,P+

: 

𝐶𝑘
DDG,P+ = π𝑘𝑛

DDG,P+𝑓𝑘
DDG,P+ − π𝑘𝑛

DDG,P+∆𝑘(𝑛−1)
+ + 

 + ∑ π
𝑘𝑛′
DDG,P+∆𝑘𝑛′

+

𝑛−1

𝑛′=1

,     ∆𝑘(𝑛−1)
+ ≤ 𝑓𝑘

DDG,P+ ≤ ∆𝑘𝑛
+ ,   ∀𝑛,   (21) 

where 𝑛′ is the index for the offered blocks of DDG 𝑘. In the 

same way, 𝐶𝑘
DDG,P−

 can be calculated as: 

𝐶𝑘
DDG,P− = π𝑘𝑛

DDG,P−𝑓𝑘
DDG,P− − π𝑘𝑛

DDG,P−∆𝑘(𝑛−1)
− + 

+ ∑ π
𝑘𝑛′
DDG,P−∆𝑘𝑛′

−

𝑛−1

𝑛′=1

,      ∆𝑘(𝑛−1)
− ≤ 𝑓𝑘

DDG,P− ≤ ∆𝑘𝑛
− ,   ∀𝑛.   (22) 

The third part of the objective function (4) aims at 

minimizing 𝐶𝑘
DDG,P+

 and 𝐶𝑘
DDG,P−

 which are positive increasing 

functions. Thus, the optimum solution entails that only one of 

the two variables 𝑓𝑘
DDG,P+

 and 𝑓𝑘
DDG,P−

 can be nonzero. In other 

words, 𝑓𝑘
DDG,P+

 and 𝑓𝑘
DDG,P−

 are complementary variables and 

DDG 𝑘 can provide either upward or downward active power 

flexibility (not both simultaneously). 

The third part of (4), i.e. the sum of (21) and (22), is a piece-

wise linear function. However, it has a linear equivalent as: 

min ∑ [𝛾𝑘
DDG,P+ + 𝛾𝑘

DDG,P−]

𝑘∈𝔻𝔻𝔾

,                                              (23) 

T

60
𝐶𝑘

DDG,P+ ≤ 𝛾𝑘
DDG,P+                                    ∀𝑘 ∈ 𝔻𝔻𝔾,      (24) 

T

60
𝐶𝑘

DDG,P− ≤ 𝛾𝑘
DDG,P−                                    ∀𝑘 ∈ 𝔻𝔻𝔾,      (25) 

where   multiplier 
T

60
  converts  the  cost  during  an   hour,   i.e.  
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Fig. 4. Linearized ampacity constraint of a branch. 

 

𝐶𝑘
DDG,P+

 and 𝐶𝑘
DDG,P−

, to the cost during T minutes of a time 

slot; 𝛾𝑘
DDG,P+

 and𝛾𝑘
DDG,P−

 are non-negative auxiliary variables. 

In regard to the reactive power flexibility, it is assumed that 

the ADN operator has long-term contracts with DERs and can 

procure their reactive power flexibility without any additional 

cost. Thus, the reactive power flexibility procurement from 

DDGs and RDGs causes no cost.   

B. Modeling the Constraints of the Grid, DERs and ESS 

This section constructs a scenario-based dynamic power flow 

model to model the technical constraints of the grid, DERs and 

the ESS. This model takes into account the grid’s power losses 

and temporal variations and uncertainties of demand/renewable 

generation throughout the time slot. This model is extracted 

from the linearized power flow model presented in [18]. It 

expresses the power flows at the PCC, the voltage magnitudes 

of all the nodes and the current phasors of all the branches as 

linear functions of the nodal injections. As detailed in [18], the 

coefficients of the linear functions can be calculated in close 

form from the grid admittance matrix, the voltage magnitude at 

the PCC (slack node) and grid operating point. 

The nodal active/reactive power injections at node 𝑖 during 

sub-slot 𝑡 and scenario 𝑠, i.e. 𝑃𝑖𝑡𝑠 and 𝑄𝑖𝑡𝑠, consists of two 

terms: 

𝑃𝑖𝑡𝑠 = P̂𝑖𝑡  + 𝛥𝑃𝑖𝑡𝑠                                                                         (26) 

𝑄𝑖𝑡𝑠 = Q̂𝑖𝑡  + 𝛥𝑄𝑖𝑡𝑠 .                                                                     (27) 

1) P̂𝑖𝑡  /Q̂𝑖𝑡 ∶ It indicates the forecasted nodal active/reactive 

power injections, i.e., combination of the forecasted and/or 

scheduled values (for all nodes 𝑖 in 𝔹 and 𝑡 in 𝕋): 

P̂𝑖𝑡 = −P̂𝑖𝑡
D + ∑ P 𝑘

DDG

𝑘∈𝔻𝔻𝔾𝑖

+ ∑ P̂ℎ𝑡
RDG

ℎ∈ℝ𝔻𝔾𝑖

                       (28) 

Q̂𝑖𝑡 = −Q̂𝑖𝑡
D + ∑ Q 𝑘

DDG

𝑘∈𝔻𝔻𝔾𝑖

+ ∑ Q ℎ
RDG

ℎ∈ℝ𝔻𝔾𝑖

                     (29) 

2) 𝛥𝑃𝑖𝑡𝑠/𝛥𝑄𝑖𝑡𝑠: It indicates the nodal active/reactive power 

deviations from P̂𝑖𝑡/Q̂𝑖𝑡 (for all nodes 𝑖 in 𝔹, 𝑡 in 𝕋, and 𝑠 in 𝕊): 

𝛥𝑃𝑖𝑡𝑠 = −ΔP𝑖𝑡𝑠
D + ∑ 𝑓𝑘

DDG,P

𝑘∈𝔻𝔻𝔾𝑖

+ ∑ ΔPℎ𝑡𝑠
RDG

ℎ∈ℝ𝔻𝔾𝑖

 +   

+ 𝑎𝐸𝑆𝑆  𝑃𝑡𝑠
ESS,Net                  (30) 

𝛥𝑄𝑖𝑡𝑠 = −ΔQ𝑖𝑡𝑠
D + ∑ 𝑓𝑘

DDG,Q

𝑘∈𝔻𝔻𝔾𝑖

+ ∑ 𝑓ℎ
RDG,Q

ℎ∈ℝ𝔻𝔾𝑖

       (31) 

where 𝑎𝐸𝑆𝑆 is a constant parameter equal to 1 if  𝑖 = 1 and 0 

 
1 The maximum current flow limit of branch l is modeled for its both sending 

and receiving ends. 

otherwise. 

1) The Active/Reactive Power Flow at the PCC  

The active power flow at the PCC, for all 𝑡 in 𝕋 and 𝑠 in 𝕊, 

can be expressed as a linear function of 𝛥𝑃𝑖𝑡𝑠 and 𝛥𝑄𝑖𝑡𝑠 as: 

𝑃0′𝑡𝑠 = 𝐏𝑡
0 + ∑(𝐏𝑖𝑡

P 𝛥𝑃𝑖𝑡𝑠 + 𝐏𝑖𝑡
Q
 𝛥𝑄𝑖𝑡𝑠)

𝑖∈𝔹

,                              (32) 

where 𝐏𝑡
0, 𝐏𝑖𝑡

P and 𝐏𝑖𝑡
Q

  are constant coefficeints. 

The reactive power flow at the PCC, for all 𝑡 in 𝕋 and 𝑠 in 𝕊, 

can be expressed as a linear function of 𝛥𝑃𝑖𝑡𝑠 and 𝛥𝑄𝑖𝑡𝑠 as:  

𝑄0′𝑡𝑠 = 𝐐𝑡
0 + ∑(𝐐𝑖𝑡

P  𝛥𝑃𝑖𝑡𝑠 + 𝐐𝑖𝑡
Q

 𝛥𝑄𝑖𝑡𝑠)

𝑖∈𝔹

.                             (33) 

where 𝐐𝑡
0, 𝐐𝑖𝑡

P  and 𝐐𝑖𝑡
Q

 are constant coefficients. 

2) Voltage Magnitude Constraint of the ADN nodes 

The voltage magnitude of node 𝑖, for all 𝑡 in 𝕋 and 𝑠 in 𝕊, 

can be expressed as a linear function with constant coefficients 

𝐕𝑖𝑡
0 , 𝐕𝑖𝑗𝑡

P  and 𝐕𝑖𝑗𝑡
Q

: 

𝑉𝑖𝑡𝑠 = 𝐕𝑖𝑡
0 + ∑(𝐕𝑖𝑗𝑡

P   𝛥𝑃𝑗𝑡𝑠 + 𝐕𝑖𝑗𝑡
Q

  𝛥𝑄𝑗𝑡𝑠)

𝑗∈𝔹

,                           (34) 

whereby the nodal voltage magnitude limits can be linearly 

expressed as: 

V𝑖
Min ≤ 𝑉𝑖𝑡𝑠 ≤ V𝑖

Max                   ∀𝑖 ∈ 𝔹, ∀𝑡 ∈ 𝕋, ∀𝑠 ∈ 𝕊,   (35) 

where V𝑖
Min and  V𝑖

Max are the minimum and maximum voltage  

magnitude limit of node 𝑖. 

3) Current Flow Constraint of the ADN Branches 

The real (respectively imaginary) part of the current phasor 

of branch 𝑙, for all 𝑡 in 𝕋 and 𝑠 in 𝕊, can be expressed as a linear 

function with constant coefficients 𝐈𝑙𝑡
0,Real

, 𝐈𝑙𝑖𝑡
P,Real

 and 𝐈𝑙𝑖𝑡
Q,Real

 

(respectively 𝐈𝑙𝑡
0,Imag

, 𝐈𝑙𝑖𝑡
P,Imag

 and 𝐈𝑙𝑖𝑡
Q,Imag

): 

𝐼𝑙𝑡𝑠
Real = 𝐈𝑙𝑡

0,Real + ∑(𝐈𝑙𝑖𝑡
P,Real 𝛥𝑃𝑖𝑡𝑠 + 𝐈𝑙𝑖𝑡

Q,Real
  𝛥𝑄𝑖𝑡𝑠)

𝑖∈𝔹

,           (36) 

𝐼𝑙𝑡𝑠
Imag

= 𝐈𝑙𝑡
0,Imag

+ ∑(𝐈𝑙𝑖𝑡
P,Imag

  𝛥𝑃𝑖𝑡𝑠 + 𝐈𝑙𝑖𝑡
Q,Imag

  𝛥𝑄𝑖𝑡𝑠)

𝑖∈𝔹

.      (37) 

Relying on (36) and (37), the ampacity constraint of branch 

𝑙1 can be expressed as: 

𝐼𝑙𝑡𝑠
Real + 𝐼𝑙𝑡𝑠

Imag 
≤ I𝑙

Max 
              ∀𝑙 ∈ 𝕃, ∀𝑡 ∈ 𝕋, ∀𝑠 ∈ 𝕊,    (38) 

where I𝑙
Max is the maximum current flow limit of branch 𝑙. As 

shown in Fig. 4, the nonlinear constraint (38) can be 

approximated as a set of linear constraints with constant 

coefficients 𝐀𝑓𝑙
Real, 𝐀𝑓𝑙

Imag
 and 𝐀𝑓𝑙

0 : 

𝐀𝑓𝑙
Real𝐼𝑙𝑡𝑠

Real + 𝐀𝑓𝑙
Imag

𝐼𝑙𝑡𝑠
Imag

≤ 𝐀𝑓𝑙
0      

∀𝑙 ∈ 𝕃, ∀𝑓 ∈ 𝔸𝑙 , ∀𝑡 ∈ 𝕋, ∀𝑠 ∈ 𝕊,   (39) 

where 𝔸𝑙 is the set of linear constraints modeling the nonlinear 

ampacity constraint of branch 𝑙 and 𝑓 is the index for those 

linear constraints belonging to 𝔸𝑙.  

4) Modeling the Capability Area of DERs 

To take advantage at most of the total available power 

flexibility  of DERs,  the  proposed  method  considers  the  real  
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Fig. 5. Linearized Capability area of a solar-PV/dispatchable generator. 

 

nonlinear capability area of each DER and approximates it by 

using a set of linear boundaries, as exemplified in Fig. 5. In this 

way, the capability area of DDG 𝑘 can be expressed as a set of 

linear constraints with constant coefficients 𝐃𝑘𝑚
0 , 𝐃𝑘𝑚

P  and 𝐃𝑘𝑚
Q

 

as: 

𝐃𝑘𝑚
0 + 𝐃𝑘𝑚

P  𝑓𝑘
DDG,P + 𝐃𝑘𝑚

Q
 𝑓𝑘

DDG,Q
≤ 0        

   ∀𝑘 ∈ 𝔻𝔻𝔾, ∀𝑚 ∈ 𝔸𝑘,   (40) 

and the capability limits of RDG ℎ can be expressed as a set of 

linear constraints with constant coefficients 𝐑ℎ𝑚𝑡𝑠
0 , 𝐑ℎ𝑚𝑡𝑠

P  and 

𝐑ℎ𝑚𝑡𝑠
Q

 as: 

𝐑ℎ𝑚𝑡𝑠
0 + 𝐑ℎ𝑚𝑡𝑠

P  ΔPℎ𝑡𝑠
RDG + 𝐑ℎ𝑚𝑡𝑠

Q
 𝑓ℎ

RDG,Q
≤ 0  

 ∀ℎ ∈ ℝ𝔻𝔾, ∀𝑚 ∈ 𝔸ℎ, ∀𝑡 ∈ 𝕋, ∀𝑠 ∈ 𝕊,   (41) 

where 𝔸𝑘 and 𝔸ℎ are the sets of linear constraints modeling the 

nonlinear capability area of DDG 𝑘 and RDG ℎ, respectively. 

𝑚 is the index for the linear constraints belonging to 𝔸𝑘 or 𝔸ℎ. 

5) Modeling the Constraints of the Battery ESS 

The power and energy limits of the ESS can be expressed as: 

−SESS,Max  ≤  𝑃𝑡𝑠
ESS,Net ≤ SESS,Max         ∀𝑡 ∈ 𝕋, ∀𝑠 ∈ 𝕊,    (42) 

SOEESS,Min  ≤ 𝑆𝑂𝐸𝑡𝑠
ESS  ≤ SOEESS,Max   ∀𝑡 ∈ 𝕋, ∀𝑠 ∈ 𝕊,    (43) 

where SESS,Max is the ESS’s rated power limit; 𝑆𝑂𝐸𝑡𝑠
ESS is the 

ESS’s SOE over sub-slot 𝑡 and scenario 𝑠. The evolution of 

𝑆𝑂𝐸𝑡𝑠
ESS over time can be expressed as a linear function of 

𝑃𝑡𝑠
ESS,Net

 and 𝛾𝑡𝑠
ESS,Pnet

 (the auxiliary variable defined in (16) and 

(19) characterizing the absolute value of 𝑃𝑡𝑠
ESS,Net

) [19]: 

𝑆𝑂𝐸𝑡𝑠
ESS = SOE0

ESS +
𝜏1

3600
∑ 𝜂+ [

𝛾
𝑡′𝑠
ESS,Pnet − 𝑃𝑡′𝑠

ESS,Net

2
]

𝑡

𝑡′=1

− 

−  
𝜏1

3600
∑

1

𝜂−
[
𝛾𝑡′𝑠

ESS,Pnet + 𝑃𝑡′𝑠
ESS,Net

2
]

𝑡

𝑡′=1

     ∀𝑡 ∈ 𝕋, ∀𝑠 ∈ 𝕊.   (44) 

It is noteworthy that the ramp rate limit of the RDGs’/ESS’s 

converters are not required to be modeled in the problem due to 

the fact that the RDGs’/ESS’s converters can move their power 

set-point from zero to their rated power limit in a couple of 

msec, while the method is solved with time resolution of 

seconds. 

C. Linear Scenario-Based Optimization Problem 

Formulation 

Thanks to the introduced equivalent linear optimization 

problems for all three terms of the objective function (4) and 

the presented framework for modeling the constraints of the 

grid, DERs and ESS, the first stage of the method can be 

formulated as a linear scenario-based optimization problem:   

min
𝜉′

π
0′
Imb,P ∑ ∑ 𝛾

0′𝑡𝑠
Imb,P

𝑡∈𝕋𝑠∈𝕊

+ π
0′
Imb,Q

∑ ∑ 𝛾
0′𝑡𝑠

Imb,Q

𝑡∈𝕋𝑠∈𝕊

+ 

πESS,P ∑ ∑ 𝛾𝑡𝑠
ESS,P

𝑡∈𝕋𝑠∈𝕊

+ πESS,SOE𝛾ESS,SOE + ∑ ∑ 𝛾𝑡𝑠
ESS,Pnet

𝑡∈𝕋𝑠∈𝕊

+  

+ ∑ [𝛾𝑘
DDG,P+ + 𝛾𝑘

DDG,P−]

𝑘∈𝔻𝔻𝔾

,                               (45) 

subject to (3), (6), (7), (10), (11), (15), (17)-(19), (20)-(22), 

(24), (25), (30)-(37), (39), (40)-(44). 𝜉′ indicates the set of 

optimization variables consisting of 𝜉, introduced in (5), and the 

auxiliary variables as: 

𝜉′ = 𝜉 ∪ {𝑃0′𝑡𝑠
Imb, 𝑄0′𝑡𝑠

Imb, 𝑓𝑘
DDG,P+, 𝑓𝑘

DDG,P−, 𝛾
0′𝑡𝑠
Imb,P, 𝛾

0′𝑡𝑠

Imb,Q
, 𝛾𝑡𝑠

ESS,P, 

𝛾ESS,SOE, 𝛾𝑡𝑠
ESS,Pnet, 𝛾𝑘

DDG,P+, 𝛾𝑘
DDG,P−},     (46) 

where operator ∪ calculates the union of two sets.  

IV. SECOND STAGE: ESS REAL-TIME CONTROL 

The second stage of the method starts at the beginning of the 

time slot and lasts until the end of the time slot, as illustrated in 

Fig. 2. This stage is designated to mitigate the impact of the 

mismatch between the forecasted consumption/generation of 

loads/RDGs and the realized ones on the active/reactive power 

imbalance at the PCC. Relying on a linear optimization 

problem, it controls the active/reactive power injections of the 

ESS to track the targeted active/reactive power flow at the PCC, 

i.e. P
0′
Target

 and Q
0′
Target

, while respecting the operational 

constraints of the ESS. The outlines of the control strategy are: 

1- The whole time slot is split into N𝜅 time-intervals with 

duration 𝜏  and 𝜅 is the index for time-intervals. 

2- The reference active power set-point of ESS during each 

time-interval 𝜅 can be retrieved from the value of 

𝑃ESS,Ref determined at the first stage:  

P̂𝜅
ESS,Ref = 𝑃ESS,Ref                         𝜅 = 1, . . . , N𝜅 ,      (47)        

3- The control strategy is executed at the beginning of each 

time-interval 𝜅. The control action consists in 

determining and actuating the additional active and 

reactive powers flexibility, with respect to the reference 

power set-point P̂𝜅
ESS,Ref

, that the ESS should provide 

during the current time-interval 𝜅, i.e. 𝑓𝜅
ESS,P

 and 𝑓𝜅
ESS,Q

. 

They are constant values over the whole time-interval 𝜅. 

4- At the beginning of the time-interval 𝜅, the most recent 

realized active/reactive powers flow at the PCC, i.e. 

P0′(𝜅−1) and Q0′(𝜅−1) are measured. Moreover, the 

actuated active/reactive powers of the ESS, i.e. 

P̂(𝜅−1)
ESS,Ref + f(𝜅−1)

ESS,P
 and f(𝜅−1)

ESS,Q
, during the previous time-

interval are known based on the outcome of the 

accomplished control over time-interval 𝜅 − 1. 

Therefore, the net realized active/reactive power 

absorption of the ADN excluding ESS, i.e. P(𝜅−1)
ADN  and 

Q(𝜅−1)
ADN  can be easily calculated as: 

 P(𝜅−1)
ADN = P0′(𝜅−1)  + P̂(𝜅−1)

ESS,Ref + f(𝜅−1)
ESS,P

                          (48) 

Q(𝜅−1)
ADN = Q0′(𝜅−1)  + f(𝜅−1)

ESS,Q
                                         (49) 

whereby the net realized active/reactive power 

absorption of the ADN during the time-interval 𝜅 is 

predicted  to  be  equal  to  the one realized in the former  
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Fig. 6 Realization vs day-ahead/15-minute ahead forecast of the net active 

power generation of PVs. 

 
Fig. 7 Realization vs day-ahead/15-minute ahead forecast of the net active 

power demand of loads. 

 
Fig. 8 Offer curve of DDGs for active power flexibility provision. 

 

time-interval. Thus, the active/reactive power flow at 

PCC during the time-interval 𝜅 is predicted to be: 

𝑃0′𝜅 = P(𝜅−1)
ADN − P̂𝜅

ESS,Ref − 𝑓𝜅
ESS,P

                                  (50) 

𝑄0′𝜅 = Q(𝜅−1)
ADN  − 𝑓𝜅

ESS,Q
                                             (51) 

To mathematically formulate the control strategy, let us 

assume to be at the beginning of the time-interval 𝜅. The control 

objective is to keep 𝑃0′𝜅 and 𝑄0′𝜅  close to P
0′
Target

 and Q
0′
Target

, 

respectively. This control objective can be formulated as: 

min 
𝜓𝜅

π
0′
Imb,P|𝑃0′𝜅 − P

0′
Target

| +                 

π
0′
Imb,Q

|𝑄0′𝜅 − Q
0′
Target

| + 𝛾𝜅
ESS,Pnet,    (52) 

where π
0′
Imb,P

 and π
0′
Imb,Q

 are weighting coefficients; the third 

term, i.e. 𝛾𝜅
ESS,Pnet

, is a non-negative auxiliary variable defined 

to linearly model the evolution of the SOE over time-interval 𝜅, 

as detailed in (54), (57) and (61); 𝜓𝜅 indicates the set of control 

variables as: 

𝜓𝜅 = {𝑓𝜅
ESS,P, 𝑓𝜅

ESS,Q
}.                                                                 (53) 

The nonlinear objective function (52) has an equivalent 

linear optimization problem as: 

min 
𝜓𝜅

π
0′
Imb,P𝛾𝜅

Imb,P + π
0′
Imb,Q

𝛾𝜅
Imb,Q

+ 𝛾𝜅
ESS,Pnet,                     (54) 

subject to 

−𝛾𝜅
Imb,P ≤ 𝑃0′𝜅 − P

0′
Target

≤ 𝛾𝜅
Imb,P                                       (55) 

−𝛾𝜅
Imb,Q

≤ 𝑄0′𝜅 − Q
0′
Target

≤ 𝛾𝜅
Imb,Q

                                      (56) 

−𝛾𝜅
ESS,Pnet ≤ P̂𝜅

ESS,Ref + 𝑓𝜅
ESS,P ≤ 𝛾𝜅

ESS,Pnet                           (57) 

where 𝛾𝜅
Imb,P

, 𝛾𝜅
Imb,Q

 are non-negative auxiliary variables. 

The power limit of the ESS can be expressed as: 

(P̂𝜅
ESS,Ref + 𝑓𝜅

ESS,P) + 𝑓𝜅
ESS,Q 

≤ SESS,Max 
                          (58) 

where SESS,Max is the ESS’s rated power limit. Similar to the 

 
1Negative values correspond to upward flexibility provision at PCC (Fig. 1) 

approach  adopted for linearizing constraint (38) and  depicted 

in Fig. 4, the nonlinear constraint (58) can be expressed as a set 

of linear constraints with constant coefficients 𝐄𝑚
0 , 𝐄𝑚

P  and 𝐄𝑚
Q

 

as: 

𝐄𝑚
0 + 𝐄𝑚

P (P̂𝜅
ESS,Ref + 𝑓𝜅

ESS,P) + 𝐄𝑚
Q

𝑓𝜅
ESS,Q

≤ 0   ∀𝑚 ∈ 𝔸𝑒 , (59) 

where 𝔸𝑒 is the set of linear constraints modeling the nonlinear 

maximum power constraint of the ESS, 𝑚 is the index for the 

linear constraints belonging to 𝔸𝑒.  

The energy limits of the ESS can be modeled as: 

SOEESS,Min  ≤ 𝑆𝑂𝐸𝜅
ESS  ≤ SOEESS,Max                                    (60) 

The evolution of 𝑆𝑂𝐸𝜅
ESS over time-interval 𝜅 can be 

expressed as a linear function of P̂𝜅
ESS,Ref, 𝑓𝜅

ESS,P
 and 𝛾𝜅

ESS,Pnet
 

(the auxiliary variable defined in (52), (54) and (57) 

characterizing the absolute value of P̂𝜅
ESS,Ref + 𝑓𝜅

ESS,P
) [19]: 

𝑆𝑂𝐸𝜅
ESS = SOE𝜅−1

ESS +
𝜏 

3600
𝜂+ [

𝛾𝜅
ESS,Pnet − P̂𝜅

ESS,Ref − 𝑓𝜅
ESS,P

2
] 

  −
𝜏 

3600

1

𝜂−
[
𝛾𝜅

ESS,Pnet + P̂𝜅
ESS,Ref + 𝑓𝜅

ESS,P

2
].     (61) 

The objective function (54) subject to (50), (51), (55)-(57), 

(59)-(61) forms a linear optimization problem whose the 

solution determines the final power set-point of the ESS over 

the time-interval 𝜅. 

V. CASE STUDY AND RESULTS 

The performance of the method is validated considering the 

real distribution network shown in Fig. 1, which is located in 

the city of Aigle, in southwest of Switzerland. It includes 55 

buses at 21 kV accommodating 2700 kWp installed solar PV 

units (RDGs), 2150 kW installed hydro-power units (DDGs) 

and a 1000 kVA/500 kWh utility-scale Lithium Titanate ESS 

with charging (discharging) efficiency of 94% (96%). In line 

with the timeline of the problem detailed in Fig. 2, t0, tADN, T, 

𝜏1 and 𝜏  are considered 15 minutes, 15 minutes, 15 minutes, 

30 seconds, 1 second respectively. A particular day where the 

solar irradiance is very volatile is considered as 24 hours of 

study. Fig. 6 and Fig. 7 respectively show the net active power 

generation/consumption of PVs/loads throughout the day 

(realization vs forecasts). The k-nearest neighbors algorithm 

[20] is exploited to carry out the 15-minute ahead forecasts and 

to generate the 1000 scenarios required in the first stage of the 

method, i.e. 𝑠 ∈ 𝕊. The ESS’s SOE at the beginning of the day 

is set to 250 kWh and the active/reactive powers flexibility 

request of the upper-layer grid, f 0′
P  and f 

0′
Q

, are respectively set 

equal to -400 kW1 and 0 kVAr throughout the day. Minimum 

and maximum of the nodal voltage magnitude limits are chosen 

as 0.95 p.u. and 1.05 p.u. The objective function’s weighting 

coefficients π
0′
Imb,P

, π
0′
Imb,Q

, πESS,P and πESS,SOE are respectively 

assumed 100 cent/kW, 50 cent/kVAr, 30 cent/kW, 10 cent/kW, 

to prioritize different terms of the objective function for 

deploying the available local flexibility. The offer curves of 

DDGs are shown in Fig. 8, where indices 1, 2 and 3 refer to the 

DDGs connected to nodes 11, 53 and 55. Then, the problem is 

modeled  by  using  YALMIP-MATLAB  [21] and  solved with  
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Fig. 9 Realized active power flow at the PCC. 

 
Fig. 10 Evolution of the ESS's SOE/net power injection throughout the day. 

 
Fig. 11 Provided active power flexibility of the DDGs along with the 

determined reference active power set-point of the ESS. 

 

GUROBI solver [22] on a Windows based system with a 2.8 

GHz Xeon CPU and 16 GB RAM. 

Fig. 9 shows the profiles of the targeted active power 

operating point, i.e. P
0′
Target

, (red curve) along with the realized 

active power flow at the PCC before (orange curve) and after 

(green curve) applying the method. For the sake of brevity, lets 

introduce difference as difference between the red and orange 

curves. difference is composed of 1-the requested power 

flexibility of the upper-layer grid, plus 2-the day-ahead forecast 

errors of demand and renewable generation. Due to the absence 

of solar irradiance, over periods (00:00 to 05:00) and (20:00 to 

24:00) uncertainties result solely from the forecast errors of 

demand leading to moderate day-ahead and 15-minute-ahead 

forecast errors with (average, maximum) of (60kW, 287kW) 

and (54kW, 224kW), respectively. Consequently, difference 

over these two periods embraces small volatility and mainly 

reflects the requested power flexibility at the PCC, thus, the 

ESS can accomplish its task, i.e. mitigating the impact of the 

15-minute-ahead forecast errors on the imbalance at the PCC, 

by taking up a marginal activity as shown in Fig. 10. As result 

of this marginal activity, the ESS’s SOE remains near to the 

middle, i.e. 250 kWh, whereby the reference active power set-

point of the ESS (𝑃ESS,Ref) is set equal to zero over most of these 

two periods as shown in Fig. 11. Furthermore, the power 

flexibility of DERs is mainly procured to cover the requested 

power flexibility of the upper-layer grid, as shown in Fig. 11. 

In contrast, over period (05:00 to 20:00) the uncertainties, in 

addition to the moderate forecast error of demand, contain 

extremely volatile forecast error of PVs leading to day-ahead 

and 15-minute-ahead forecast errors with (average, maximum) 

of   (544kW, 2238kW)   and   (292kW, 1435kW),   respectively.  

 
Fig. 12. Realized active power flow at the PCC (for the case where 𝑃ESS,Ref is 

not embedded in the first stage). 

 
Fig. 13. Evolution of the ESS's SOE/net power injection throughout the day 

(for the case where 𝑃ESS,Ref is not embedded in the first stage). 

 
Fig. 14 Realized reactive power flow at the PCC. 

 

Consequently, difference over this period features an extreme 

volatility and the ESS plays a crucial role to mitigate the impact 

of the 15-minute-ahead forecast error on the imbalance at the 

PCC while restoring its SOE to the middle. Fig. 11 illustrates 

how the active power flexibility of DERs are procured for the 

purpose of 1-satisfying the requested active power flexibility of 

the upper-layer grid as well as 2-helping the ESS to restore its 

SOE to the middle. 

In spite of these large and volatile uncertainties, the ESS 

succeeded to track the target, i.e. P
0′
Target

, with average accuracy 

of 98.14% throughout 24 hours of study. This quality of result 

is achieved thanks to the appropriate decision made in the first 

stage, i.e. 𝑃ESS,Ref which is exclusively designated to manage 

the ESS’s SOE. However, in total, during 41 minutes and 53 

seconds (cumulated time) of the day, the ESS cannot 

thoroughly track P
0′
Target

 due to the fact that the 15-minute-

ahead forecast error of PVs is larger than the rated power limit 

of the ESS, i.e. 1000 kW. In this respect, Fig. 10 shows the ESS 

reaching its maximum rated power limit in multiple times, but 

it never reaches its energy limits thanks to 𝑃ESS,Ref. It is 

noteworthy that if 𝑃ESS,Ref was not embedded in the first stage 

i.e. 𝑃ESS,Ref = 0, as shown in Fig. 12, the ESS could not 

thoroughly track P
0′
Target

 over 6 hours and 40 minutes and 16 

seconds of the day due to reaching either its energy or its power 

limits as shown in Fig. 13. 

The method is able to track Q
0′
Target

 with average accuracy of 

99.99% throughout the day, as shown in Fig. 14. Finally, it is 

worth noting that the computation time of the first stage (for 

each time slot) and the second stage (for each time-interval) of 
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the method are 8.79 sec and 3.1 msec, respectively.  

VI. CONCLUSIONS 

To help unlocking the potential power flexibilities available 

in ADNs, this paper proposes a two-stage DERs/ESS 

coordination and control method to provide power flexibility at 

the ADN’s PCC. Based on the active/reactive powers flexibility 

request of the upper-layer grid operator, it firstly relies on a 

linear scenario-based optimization problem to determine the 

optimal amount of the power flexibility that each DER should  

provide. To this end, it considers offer curve of DERs, 

uncertainties of demand and renewable generation as well as 

operational constraints of the grid and DERs/ESS. Then, during 

the real-time operation, it exploits a linear optimization 

formulation to control the active/reactive power injection of a 

utility-scale ESS to precisely track the requested power 

flexibility at the ADN’s PCC while counteracting the impact of 

the day-ahead forecast errors. A real distribution network 

located in the city of Aigle in southwest of Switzerland is used 

to validate the performance of the proposed method. The results 

show that the method is able to precisely satisfy the flexibility 

request of the upper-layer grid operator at the PCC, while 

successfully managing the ESS’s SOE.  
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