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Abstract

This thesis focuses on the numerical analysis of partial differential equations (PDEs) with
an emphasis on first and second-order fully nonlinear PDEs. The main goal is the design of
numerical methods to solve a variety of equations such as orthogonal maps, the prescribed
Jacobian equation and inequality, the elliptic and parabolic Monge-Ampére equations.

For orthogonal map we develop an operator-splitting/finite element approach for the numeri-
cal solution of the Dirichlet problem. This approach is built on the variational principle, the
introduction of an associated flow problem, and a time-stepping splitting algorithm. Moreover,
we propose an extension of this method with an anisotropic mesh adaptation algorithm. This
extension allows us to track singularities of the solution’s gradient more accurately. Various
numerical experiments demonstrate the accuracy and the robustness of the proposed method
for both constant and adaptive mesh.

For the prescribed Jacobian equation and the three-dimensional Monge-Ampere equation,
we consider a least-squares/relaxation finite element method for the numerical solution of
the Dirichlet problems. We then introduce a relaxation algorithm that splits the least-square
problem, which stems from a reformulation of the original equations, into local nonlinear
and variational problems. We develop dedicated solvers for the algebraic problems based on
Newton method and we solve the differential problems using mixed low-order finite element
method. Overall the least squares approach exhibits appropriate convergence orders in L?(€))
and H'(Q) error norms for various numerical tests.

We also design a second-order time integration method for the approximation of a parabolic
two-dimensional Monge-Ampere equation. The space discretization of this method is based
on low-order finite elements, and the time discretization is achieved by the implicit Crank-
Nicolson type scheme. We verify the efficiency of the proposed method on time-dependent
and stationary problems. The results of numerical experiments show that the method achieves
nearly optimal orders for the L?(Q) and H'(Q) error norms when smooth solutions are ap-
proximated.

Finally, we present an adaptive mesh refinement algorithm for the elliptic Monge-Ampere
equation based on the residual error estimate. The robustness of the proposed algorithm is
verified using various test cases and two different solvers which are inspired from the two
previous proposed numerical methods.

Key words. orthogonal maps, origami, operator splitting, finite element methods, adaptive
mesh refinement, prescribed Jacobian equation, Monge-Ampeére equation, least-squares
method, Newton methods, parabolic Monge-Ampeére equation.
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Résumé

Cette these se consacre a I'analyse numérique des équations aux dérivées partielles (EDP) en
mettant I’accent sur les EDP entierement non linéaires du premier et du second ordre. Le but
principal est la conception de méthodes numériques pour résoudre une variété d’équations
telles que les représentations orthogonales, 'équation Jacobienne prescrite, les équations
elliptiques et paraboliques de Monge-Ampeére.

Pour les représentations orthogonales, nous développons une solution numérique du pro-
bleme de Dirichlet basée sur le principe variationnel, I'introduction d'un probléme de flux
associé, et d'un algorithme de segmentation en étapes temporelles. De plus, nous proposons
une extension de cette méthode avec un algorithme d’adaptation de maillage anisotrope.
Cette extension nous permet de suivre plus précisément les singularités du gradient de la solu-
tion. Diverses analyses numériques démontrent la précision et la robustesse de la méthode
proposée, tant pour le maillage constant que pour le maillage adaptatif.

Pour I'équation Jacobienne prescrite et 'équation tridimensionnelle de Monge-Ampere, nous
considérons une méthode des moindres carrés/relaxation par éléments finis pour la solution
numérique du probleme de Dirichlet. Nous introduisons un algorithme de relaxation qui divise
le probléeme des moindres carrés en deux : un probleme local non linéaire et un probleme
variationnel. Les solveurs que nous proposons sont basés sur la méthode de Newton et la
méthode des éléments finis d’ordre inférieur mixte. Globalement, ’approche des moindres
carrés posséde des ordres de convergence appropriés sous forme de normes d’erreur L?(Q) et
HY Q) pour divers tests numériques.

Nous développons également une méthode d’intégration temporelle du second ordre pour
I'approximation d’'une équation parabolique bidimensionnelle de Monge-Ampere. La dis-
crétisation spatiale de cette méthode est basée sur des éléments finis d’ordre inférieur, et la
discrétisation temporelle est obtenue par un schéma implicite de type Crank-Nicolson.
Nous présenterons enfin un algorithme de raffinement de maillage adaptatif pour I'’équation
elliptique de Monge-Ampere, basé sur I'’estimation de I’erreur résiduelle. La robustesse des
algorithmes proposés est vérifiée a I'aide de différents tests et de deux solveurs qui s'inspirent
des deux méthodes numériques proposées précédemment.

Mots clés. representations orthogonales, origami, méthodes des éléments finis, raffinement
du maillage adaptatif, équation Jacobienne prescrite, équation de Monge-Ampere, méthode
des moindres carrés, méthodes de Newton, équation parabolique de Monge-Ampére.
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Introduction

Partial differential equations (PDEs) are often used to describe problems in scientific and
engineering fields. Depending on their characteristics, PDEs can be classified as linear or
nonlinear. Under the nonlinear class, PDEs can be further categorized as semi-linear, quasi-
linear, or fully nonlinear. Semi-linear PDEs arise when the unknown variable is nonlinear, but
has linear derivatives. Quasi-linear PDEs, on the other side, are characterized by a nonlinear
low-order derivatives, and linear highest-order ones. Fully nonlinear equations are the ones
where the highest-order derivatives are nonlinear. In this context, the order of a PDE refers
to the order of its highest derivative. In this work, we focus on first and second-order fully
nonlinear PDEs.

Fully nonlinear equations have much attention because of their importance in many appli-
cations. A non-exhaustive list of applications includes astrophysics [Ambrosio et al., 2003],
differential geometry [Caffarelli and Milman, 1999b], fluid dynamics [Benamou and Brenier,
2000], image processing [Zitové and Flusser, 2003], mathematical finance [Stojanovic, 2004],
mesh generation [Budd et al., 2009], meteorology [Hoskins, 1975], optimal transport [Villani,
2003; Figalli, 2018], alongside others.

In this work, we carry a thorough numerical study of some well-known fully nonlinear equa-
tions. We also explore in depth other less well-known equations in the literature of com-
putational mathematics. The numerical methods that we design target primarily first and
second-order fully nonlinear equations. The former involves folding or transforming a map
whereas the latter addresses the prototypical Monge-Ampeére equation and the parabolic
Monge-Ampere equation in higher-order dimension. Throughout this study, we develop new
algorithms based on variational and Galerkin approaches, which proved to be computation-
ally efficient and reliable. These algorithms use a combination of standard methods such as
splitting methods (Alternating direction method of multipliers (ADMM), Marchuk-Yanenko),
different variations of Newton methods, and mixed methods with low order finite elements.
Moreover, we extend those methods to tackle fully nonlinear equations with adaptive mesh
refinement algorithms, which is to the best of our knowledge not well studied, if not at all.

Ultimately, this work paves the way to new applications, creates new tools to solve fully-
nonlinear equations, and hopefully gives insightful perspectives to both theoretical analysis
and numerical analysis communities. Below, we give a brief definition of fully nonlinear



Introduction

equations, then we describe each of the equations that we tackle in the subsequent chapters.

Fully nonlinear equations

The general formulation of a scalar fully nonlinear equations can be expressed as
Flu] = F(x,u, Du,D*u) =0, 1)
where (x, u, Du, D?u) € (Q,R, R4, R4*4).

For linear, semi-linear, and quasi-linear PDEs, the usual theory develops for classical and
weak solutions. These solutions are difficult or impossible to derive for fully nonlinear PDEs,
therefore another notion of solutions was established, and is referred to as viscosity solutions,
see [Crandall et al., 1984]. There are numerous articles that investigate fully nonlinear PDE'’s
from a theoretical point of view. One of the most cited work that includes extensive bibliog-
raphy review until 1995 is [Caffarelli and Cabré, 1995]. Other important works on existence,
uniqueness, regularity of classical or viscosity solutions can be found in [Evans, 1982; Jensen,
1988; Ishii, 1989; Ishii and Lions, 1990; Caffarelli et al., 1996; Dacorogna and Marcellini, 1999].
Recent works of well-posedness of fully nonlinear first and second order elliptic equations is
discussed in [Katzourakis, 2015; Abugirda and Katzourakis, 2018; Katzourakis, 2016]. Results
involving singularities are discussed in the following references [Labutin, 2001; Armstrong
et al., 2012; Felmer et al., 2012; Birindelli and Galise, 2019].

Early numerical results for fully nonlinear equations dates back to the late 80’ in [Oliker and
Prussner, 1988]. The first work on the convergence of numerical schemes towards viscosity
solutions is [Barles. and Souganidis, 1991]. Later, for more than a decade, most articles
focused on convergence theory [Kuo and Trudinger, 1992; Krylov, 2000; Barles and Jakobsen,
2002; Krylov, 2005]. Starting from mid 2000s, many numerical schemes appeared in the
literature. Oberman developed a finite difference method based on the framework in [Barles.
and Souganidis, 1991], see [Oberman, 2008]. Feng and Neilan introduced the vanishing
moment method for second order fully nonlinear equations in [Feng and Neilan, 2009¢, 2014].
Glowinski and Dean showed numerical results using augmented Lagrangian and nonlinear
least squares methods in [Dean and Glowinski, 2006]. In [Boehmer, 2008], Boehmer presented
stability and convergence results using C! finite-elements methods. More recent works can be
found in [Lakkis and Pryer, 2011; Davydov and Saeed, 2013; Jensen and Smears, 2013; Davydov
and Saeed, 2017; Gallistl and Siili, 2019; Lakkis and Mousavi, 2019, 2020]. Some articles provide
a summary of the work that has been done in the past years such as [Feng et al., 2013; Neilan
etal., 2017].

Let us present some examples of second order fully nonlinear equations. For that, let Q c R?, u:
Q — Rand f be a given function. In the literature, the first example considered as the prototype
of fully nonlinear equations is the Monge-Ampeére equation F[u] = detD?u — f = 0 for given f.
We will examine this problem in a two and three-dimensional framework. Another equation
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is the elliptic (o) equation Flu] = |V?u|?> - D?u:D?*u—2f = 0. The (0,) equation appears in
differential geometry and continuum mechanics. Numerical results are reported in [Caboussat,
2014], and theoretical results are in [Trudinger, 1997; Gilbarg and Trudinger, 2001; Chang et al.,
2011]. Another second order equation is the Pucci Flu] = alV2ul? + (a — 1)?detD?u = 0 where
a > 1. This equation combines the Laplace operator and the Monge-Ampere operators with a
weight a. Theoretical results of Pucci’s equations are obtained in [Busca et al., 2005; Felmer and
Quaas, 2006; Felmer et al., 2006; Quaas and Sirakov, 2008] while different numerical methods
are developed in [Dean and Glowinski, 2005; Caffarelli and Glowinski, 2008; Lakkis and Pryer,
2013; Finlay and Oberman, 2018; Mishra and Kumar, 2018; Caboussat, 2019; Bonnans et al.,
2020].

Although the literature of second order fully nonlinear equations is very rich, we can not claim
the same for first order ones. We give few examples of first order fully nonlinear equations. A
prototype example of this category is the steady scalar Eikonal equation. Let u: Q c R? — R
then Flu] = |Vu|—1 = 0. This equation appears in several mathematical models e.g. image
processing, optics, wave propagation, differential geometry [Dacorogna et al., 2004, 2003;
Glowinski et al., 2015; Gremaud and Kuster, 2006; Hysing and Turek, 2004; Qin et al., 1992;
Zhao, 2005]. Numerical methods based for the solution of these type of nonlinear equations
can be found in, e.g., [Caboussat and Glowinski, 2015b; Caboussat et al., 2015; Dacorogna
et al., 2004, 2003; Glowinski et al., 2003]. The next equations equations is the orthogonal maps
given by F[u] = Vu(Vu)” =1=0, for u = [u;, up]” : Q — R?. Orthogonal maps has importance
in modeling origami applications for instance. Another equation that falls in the category of
first order fully nonlinear equation that we will investigate later is the prescribed Jacobian
equation F[u] = detVu - f = 0 which appears in optimal transport applications.

Orthogonal maps

The art of paper folding inspire many applications in science e.g. self-assembling robots
[Felton et al., 2014], mirrors and solar panels [Jasim and Taheri, 2018], DNA folding [Sanderson,
2010]. The mathematical analysis of paper-folding problems has been addressed in [Bern and
Hayes, 1996; Basterrechea and Dacorogna, 2014; Dacorogna and Marcellini, 1999; Hull, 2003;
Dacorogna et al., 2008a,b, 2010a]. Close related problems are discussed in [Nash, 1954; Ball
and James, 1992]. A review paper that summarizes all the work in the mathematical analysis
of paper-folding problems is [Dacorogna et al., 2010b]. From the mechanical point of view,
an interactive tool for paper folding is developed by [Ghassaei et al., 2018] based on models
developed in [Tachi, 2009, 2010; Schenk and Guest, 2011].

The equation that we are interested in here reads as: find u: Q — R? satisfying

Vue®(2) inQ,
2)

u=g on 0Q),

where g is a given sufficiently smooth boundary data, and &' (2) the space of orthonormal 2 x 2
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matrix-valued functions. Note that finding Vu € @' (2) is equivalent to the gradient Vu be an
orthogonal 2 x 2 matrix (Vu(Vu)” =I). Equation (2) is referred to in [Dacorogna et al., 2010b]
as flat origami. Here we refer to it as orthogonal maps.

Although the initial application of orthogonal maps appears in the theory of paper folding,
there exists similar related formulations in other fields, such as, computational geometry
[Demaine and Tachi, 2017; Abel et al., 2018], rigid maps [Dudte et al., 2016; Qiu et al., 2019],
or rigid displacements and bending [Afkham et al., 2018; Bartels et al., 2017; Bonito et al.,
2020]. Due to the low regularity and the possible multiplicity of the solutions of orthogonal
maps problem, these solutions have to be defined in a generalized sense, the most commonly
accepted one being the sense of viscosity solutions see, e.g., [Crandall et al., 1984].

Orthogonal maps can be considered as a multivariate version of the classical, scalar, Eikonal
equation. Therefore, our numerical method of orthogonal maps that developed here are
inspired by previous works related to Eikonal equations [Caboussat and Glowinski, 2015b;
Caboussat et al., 2015; Dacorogna et al., 2004, 2003; Glowinski et al., 2003]. Tentative ap-
proaches for orthogonal maps problems have been described in [Glowinski and Niu, 2017]
and in [Glowinski, 2015b, Chapter 8].

The numerical method that we propose to solve (2) relies on a mix of classical variational
techniques. The main ingredients of the method are the introduction of a variational principle,
and an association of a flow problem, which is solved by operator-splitting techniques. Finally,
the splitting strategy allows the decoupling of the local nonlinearities and of the differential
operators. Thus, the methodology can be decomposed to the following steps:

i Penalization method to relax the equation Vu(Vu)” =1.

ii Derivation of Euler-Lagrange equation of the regularized problem and introduction of a
initial value problem (flow problem).

iii First order operator-splitting scheme to time-discretize an initial value problem.

iv Low order conforming finite elements approximation.

The operator-splitting approach allows the decoupling of the differential operators from the
nonlinearities. This strategy has been successfully applied to other situations, such as Monge-
Ampere and Pucci equations [Caboussat et al., 2013; Caffarelli and Glowinski, 2008; Dean and
Glowinski, 2008; Glowinski, 2009; Glowinski et al., 2018], visco-plastic or particulate flow [Dean
et al.,, 2007; Glowinski, 2003] and other problems involving non-smooth operators [Caboussat
and Glowinski, 2008, 2012].

Prescribed Jacobian equation and inequality

Next, we consider the prescribed Jacobian equation. Let us assume that we have two sets
Q,Q' cR? (open and bounded) and two mass densities f : @ — Rand p: Q' — R, we look for a

4
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map u: Q — Q' that satisfies

/ p(y)dyzf fxdx.
u(Q) Q

In other words, we look for a transformation u that spreads the mass f into the mass p.
Applying integration by substitution the solution of the above problem is

detVu ) p(ux)) = f(x) VxeQ. 3)

Equation (3) appears in many applications e.g. geometry, optics, economics (see [Guillen,
2019]). Theoretical investigations of (3) in all dimensions are done in [Csat6 et al., 2011]. It
is worth mentioning that if one consider u(x) = V¢ (x) then (3) becomes the Monge-Ampere
equation

—f(x) Vx
pVy(x))

In this work we set p(u(x)) = 1 and we look for a solution to the the Dirichlet problem

detD?y = eQ.

detVu= in Q,
{eufm @

u=g on 0Q),

where g is given and takes values in 0Q'. The uniqueness and the regularity of a field u
satisfying (4) are not guaranteed. Some results about (4) are available in literature, but under
special cases. For instance, if we set in (4) g(x) =x and f € cka golder space with k €
No, 0 < a < 1 results are given in [Dacorogna and Moser, 1990] where the necessary condition
fQ f =1Qlis assumed. Later, other proofs where given in [Riviere and Ye, 1996; Aviny6 et al.,
2012; Carlier and Dacorogna, 2012]. Results that consider the right hand side f to be in the
Sobolev spaces are given in [Ye, 1994; Burago and Kleiner, 1998; McMullen, 1998]. Numerical
results using the augmented Lagrangian method for solution of (4) are given in [Caboussat and
Glowinski, 2015a, 2018]. A related problem in incompressible elasticity has been addressed in
[Glowinski and Tallec, 1989].

In order to demonstrate the flexibility of the proposed method we also consider the prescribed
Jacobian inequality. The problem reads as

detVu= in Q,
{ etVu=f in 5)

u=g on 0Q).

Theoretical results of the prescribed Jacobian inequality are given in [Fischer and Kneuss,
2019], and to the best of our knowledge there are no proposed numerical schemes to solve
these type of equations.

The numerical method that we propose solving (4) relies on reformulating the problem into
a nonlinear least squares one. This is done by minimizing the L?-distance between Vu and
a matrix-valued function p € (L2(Q))%*2, where u satisfies the boundary conditions of the
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problem, and p satisfies detp = f. Then, a relaxation algorithm allows the decoupling of the
local nonlinearities and of the differential operators. The methodology can decompose to the
following steps:

i Reformulation of the problem to nonlinear least square formulation.
ii Use of relaxation algorithm ADMM type that decouples to local nonlinear optimization
problems, and linear variational problems.
iii Use of Newton type methods to solve the local nonlinear problems.
iv Use of a mixed finite element method using low order conforming finite elements approxi-
mations to solve the variational problem.

The numerical method that we propose to solve (5) follows closely the above framework and
the only difference lies in the solution of the local nonlinear problems.

Numerical solutions obtained using the least squares formulation together with the ADMM
algorithm have been used for other fully-nonlinear or quasi-linear equations, for instance in
[Dean et al., 1996; Dean and Glowinski, 2004, 2005, 2006; Glowinski, 2009, 2008; Caboussat
etal., 2013; Caboussat, 2014; Glowinski, 2015b; Caboussat et al., 2018; Caboussat, 2019]. The
ADMM algorithm is firstly introduced in [Glowinski and Marroco, 1975] while there are similar
algorithm developed in [Douglas and Rachford, 1956; Gabay and Mercier, 1976]. The ADMM
in a nutshell is a convex optimization solver which breaks the problem into easy to handle sub-
problems. The algorithm is used in numerous articles in different fields, for full bibliography
review we refer to [Glowinski et al., 2018].

Monge-Ampere equation

The Monge-Ampeére equation is the most established benchmark equation in the literature of
second order fully nonlinear equation. The Monge-Ampeére equation receives a lot of attention
since it appears in many applications, for instance in finance [Stojanovic, 2004], in seismic
wave propagation [Engquist et al., 2016], in geostrophic flows [Feng and Neilan, 2009b], in
differential geometry [Feng et al., 2007], in mechanics and physics [Frisch et al., 2002], and it
has some applications in optimal transport reported in [Caffarelli and Milman, 1999a]. The
Dirichlet problem for the elliptic Monge-Ampére equation reads as follows

detD’u=f inQ,
{ etD°u=f in ©)

u=g on 0Q),
where g and f are given sufficiently smooth data.

Theoretical results about existence of week solutions in all dimensions of Monge-Ampeére equa-
tion has been discussed in [Dairbekov et al., 2010; Aleksandrov, 1958]. Moreover, existence and
uniqueness for the two dimensional case is discussed in [Aleksandrov, 1958]. The regularity of
the solution is addressed in [Calabi, 1958; Pogorelov, 1971]. The existence of global smooth
solution proved in [Ivochkina, 1985; Krylov, 1984; Caffarelli et al., 2014]. Results with non
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smooth data are discussed in [Caffarelli, 1991; De Philippis and Figalli, 2013]. Dedicated books
on Monge-Ampere equation are [Gutiérrez, 2001; Figalli, 2017] among others.

From a computational point of view, the last years witnessed an explosion in the proposed
number of numerical solutions of the Monge-Ampeére equation proposed in the literature.
Mainly, new works consider the two-dimensional Monge-Ampére equation while, in three-
dimensional case, the complexity increases a lot and only a handful of methods are available.

The first method that approximated numerically the two-dimensional Monge-Ampere equa-
tion has been introduced [Oliker and Prussner, 1988], which is based on a geometrical inter-
pretation of the Monge-Ampeére equation. The convergence of this method is discussed in
[Nochetto and Zhang, 2019]. A finite difference monotone scheme is constructed in [Oberman,
2008] using wide stencils. This scheme is later improved and extended in three-dimensional
case in [Froese and Oberman, 2011, 2012]. The Newton method to linearize the Monge-
Ampere equation together with finite differences is used in [Loeper and Rapetti, 2005] and
finite elements in [Feng and Neilan, 2009a; Lakkis and Pryer, 2013; Davydov and Saeed, 2013;
Neilan, 2014b; Davydov and Saeed, 2017]. Other finite differences-based methods can be
found in [Benamou et al., 2010; Awanou, 2016; Nochetto et al., 2018; Froese and Salvador, 2018;
Nochetto et al., 2019; Nochetto and Ntogkas, 2019] and in three dimensions in [Mirebeau,
2015].

We consider Galerkin methods which are used in a variety of articles. For instance, in [Feng and
Neilan, 2009c,a; Neilan, 2010; Feng and Neilan, 2011, 2014], they used the vanishing approach
together with finite element method. In [Brenner et al., 2011], the authors constructed low-
order penalty methods for the two-dimensional Monge-Ampére equation and then extended
it to three-dimensional case in [Brenner and Neilan, 2012]. Related methods are discussed
in [Neilan, 2014a; Awanou, 2020] for the two-dimensional setting. Standard finite elements
methods for the solution of Monge-Ampére equation in two and three dimensions are reported
in [Awanou, 2014]. A method using multigrid schemes is presented in [Liu et al., 2017], whereas
methods with meshfree schemes are reported in [Liu and He, 2014; Bhmer and Schaback,
2019]. A method dedicated to non-convex 2d grids is detailed in [Jensen, 2018]. Other FE
methods can be found in [Zheligovsky et al., 2010; Cossette and Smolarkiewicz, 2011; Weller
et al,, 2016; Feng and Jensen, 2017; Westphal, 2019].

Among the different approaches used to solve the two and three-dimensional Monge-Ampere
equation, the operator-splitting method is a relevant in many works such as [Liu et al., 2019;
Glowinski et al., 2019] and our work on orthogonal maps in [Caboussat et al., 2019]. One of
the first Galerkin methods for the solution of Monge-Ampere equation in two dimensions
using augmented Lagrangian or least-squares/relaxation approaches has been advocated in
[Dean and Glowinski, 2008; Glowinski, 2009] and later improved in [Caboussat et al., 2013].
This method has been extended to optical design applications in [Prins et al., 2015; Thije ten
Boonkkamp et al., 2019; Yadav et al., 2019a,b]. The main contribution of our work has been
to extend the existing method to a three-dimensional case. We also propose a new efficient
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method for the two-dimensional case by solving the parabolic Monge-Ampeére equation.

As mentioned above a nonlinear least squares formulation is used to solve (6). The refor-
mulation is done by minimizing the L?-distance between D?u and a matrix-valued func-
tionp e (L2(Q))3*3 where u satisfies the boundary conditions of the problem and p satisfies
detp = f. Then a relaxation algorithm allows the decoupling of the local nonlinearities and of
the differential operators. Finally, the methodology can decompose to the following steps

i Reformulation of the problem to a nonlinear least squares optimization problem.
ii Use of relaxation algorithm ADMM type that decouples the problem into local nonlinear
optimization problems, and linear variational problems.
iii Use of Newton type methods to solve the local nonlinear problems.
iv Use of a mixed finite element method using low order conforming finite elements approxi-
mations to solve the variational problem.

Parabolic Monge-Ampere equation

Last, we consider parabolic fully nonlinear equations. For instance we examine equations
expressed as
u; + F(x,u,Du, D*u) =0, @)

where (x, u, Du, D*u) € (Q,R,R",R™*™).

Theoretical properties of those equations are discussed in [Wang, 1992; Jakobsen and Karlsen,
2002; Caffarelli and Stefanelli, 2008; Imbert and Silvestre, 2013; Serra, 2015; Ekren et al., 2016;
Krylov, 2018]. Numerical results for fully nonlinear parabolic equations are given in [Gonzdalez
et al., 2002; Budd and Williams, 2006; Zhang and Zhuo, 2014; Feng and Lewis, 2014, 2018].
Some applications of interest arise for example in finance [Stojanovic, 2004; Koleva and Vulkov,
2013], or in mesh adaptation techniques [Budd et al., 2009; Budd and Williams, 2009; Sulman
etal., 2011a; Sulman, 2017; Sulman et al., 2020].

We focus here on a time-evolutive parabolic Monge-Ampere equation where the problem
reads: for Q bounded domain, find u : Q x (0, T) — R satisfying

%—detDzu:f in Q% (0,T),

u=g inoQ x (0, 7), 8)
u(0) = up in Q.

A numerical method to solve equation (8) has been developed in [Feng and Lewis, 2018] where
the authors construct a scheme using high order local discontinuous Galerkin methods. An-
other perspective of equation (8) is given if we use the relationship det D*u = %V (cof(D2 wvu).
The equation (8) can be seen as a nonlinear heat equation. Results for quasi-linear parabolic
equations have been developed in [Thomee, 2007; Akrivis, 2015; Akrivis and Lubich, 2015].

8
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Finally, we can use (8) or a close related form to derive methods for solving the steady state
Monge-Ampere equation, see, e.g. in [Sulman et al., 2011b; Feng and Lewis, 2018; Liu et al.,
2019].

The numerical method that we propose to solve (8) is as follows

i Time discretization by using Crank-Nicolson type scheme.
ii Linearization of the problem with the Newton method.
iii Space discretization is achieved by continuous low order finite elements.

The Newton method for the linearization of the Monge-Ampere operator also successfully
used in [Loeper and Rapetti, 2005; Lakkis and Pryer, 2013].

Adaptive methods

After developing, analyzing, implementing and testing our solvers for first and second order
fully nonlinear equations, our goal is to design mesh adaptation algorithms based on heuris-
tic error estimates. A posteriori error estimates for linear elliptic equations is discussed in
[Babuska and Rheinboldt, 1978; Babuska et al., 1992; Verfiirht, 1996; Iyer, 1999; Verfiirth, 2013],
and for nonlinear equations in [Akrivis et al., 2009; Verfiirth, 1994]. Adaptive mesh refinements
techniques are proposed in [Verfiirth, 1994; Dorfler, 1996; Soner et al., 2003]. Anisotropic a
posteriori error estimates are given in [Apel et al., 2011; Picasso, 2003b,a; Formaggia et al.,
2004; Picasso, 2005, 2006]. To the best of our knowledge, the are no works dealing with mesh
adaptation techniques for first order fully nonlinear equations. For the second order fully
nonlinear equations, preliminary results are given in [Lakkis and Pryer, 2013] where the adap-
tive mesh refinement is based on Zienkiewicz—Zhu gradient recovery a posteriori estimator.
Moreover, an adaptive finite difference method is developed in [Froese and Salvador, 2018].

In this work we will consider isotropic and anisotropic adaptive meshes. Isotropic adaptive
meshes will be chosen mainly to tackle point singularities. Anisotropic adaptive meshes, on
the other hand, will be favored when we deal with line singularities.

As an example of first-order fully nonlinear equations we consider the orthogonal maps
equation. The simplified error estimate in this case is derived in the linear variational problem
which corresponds to a Laplace equation V?u = f. For this equation, anisotropic a posterior
error estimates and an adaptive algorithm has been developed in [Picasso, 2003a] which we
closely follow here.

Next, we derive an error estimate for the Monge-Ampere operator detD?u. We write the
Monge-Ampere equation with the equivalent formulation as %V - (cof(D?w)Vu) = f. Then, we
derive a heuristic a posteriori error estimate based on residual estimate. The derived error
estimate is used as a criterion to the adaptive algorithm.

In the above adaptive algorithms, our goal is to reduce the number of elements and increase
the accuracy of the solutions. Numerical examples are presented to verify the robustness of

9
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the algorithms in each case. The adaptive algorithms designed for orthogonal maps and the
Monge-Ampere operator can be used with minor changes to solve other equations such as
Eikonal equations or Pucci equation.

Thesis outline

In Chapter 1 of this thesis we present a numerical method for the approximation of the
solution of the orthogonal maps equation. We provide the mathematical formulation of the
problem, the operator splitting method, and its finite element implementation. We also show
the robustness of the method by presenting several numerical experiments. Then we extend
the method by developing an adaptive algorithm. We conclude this chapter by discussing
numerical results of the adaptive algorithm.

In Chapter 2, we present a numerical method for the approximation of the solution of the
prescribed Jacobian equation and inequality. We provide details about the equality/inequal-
ity, and we reformulate it as a nonlinear least square problem. We develop the method by
introducing a relaxation algorithm that splits the problem into local nonlinear and variational
problems. We develop the solvers for the algebraic and differential problems. Then, we present
an implementation in the finite element space and conclude with numerical examples to
validate the method.

In Chapter 3, we present a numerical method for the solution of the three-dimension Monge-
Ampeére equation. We describe the mathematical formulation and detail of the nonlinear
least-squares method that is solved using a relaxation algorithm. We develop the algebraic
and differential solvers. Finally, we present the finite elements implementation and numerical
examples using ’; and Q; polynomials.

In Chapter 4, we present a numerical method for the solution of the parabolic Monge-Ampere
equation. We describe the proposed method and we verify its efficiency on time-dependent,
and stationary problems. In the second part of this chapter, we derive an error estimate for the
steady-state Monge-Ampere equation, and develop an adaptive algorithm. The robustness of
this proposed algorithm is checked using various test cases and two different solvers.

Chapters 1, 3 and a part of Chapter 4 are based on works were successfully published [Cabous-
sat et al., 2018, 2019; Caboussat and Gourzoulidis, 2019] or submitted [Caboussat et al., 2020]
during this study. Chapters 2 and part of Chapter 4 is intended to be reworked and published
in the future.

10



1] Numerical Approximation of Orthogo-
nal Maps

1.1 Mathematical Model

1.1.1 Initial problem

Let Q be a open bounded domain of R?, and consider g : dQ — R? a sufficiently smooth given
function on its boundary. The unit square Q = (0,1)? is a typical domain when considering
origami applications. The problem of interest is written as follows. Find u : Q — R? satisfying

{ VuelG(2) inQ,
(1.1)

u=g on 0Q),

where in (1.1)

du  ouy
u:(u1 )’ vu:( 6x1 6XZ )’
U Ouy  Oup
0xy 0x>»
and 0 (2) the space of orthonormal 2 x 2 matrix-valued functions. Here u;, resp. uy, denote
the first, resp. second, component of the mapping u. Actually, u is a mapping that maps Q
(the original sheet) into another domain of R?. The image u(Q) of Q through this mapping

corresponds to the resulting paper sheet, described in the two-dimensional space, after the
folding. Problem (1.1) can be equivalently written as:

{ Vu(Vu)T =1 a.einQ,
(1.2)

u=g on 0Q),

11
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or

[Vupl =1 a.ein Q,

[Vup| =1 a.ein Q,
(1.3)
Vu;-Vup =0 a.einQ,

u=g on 0Q).

We adopt the later formulation to set up the numerical method. Let us now develop equation
(1.3) as follows:

(Oul)z (0u1)2

— +|— =1

6x1 dxz

6u2 2 aug 2 .
— —1 =1 Q,
(5361) +(6x2) n

6)61 6x1 6)62 6)62 B

(1.4)

u=g on 0Q).

The problem of interest (1.3) is reminiscent of the scalar Eikonal equation, but introduces a
coupling between the two components; it can be seen as a vectorial Eikonal problem.

Theoretical considerations of (1.1) or (1.3) have been addressed, e.g., in [Ball and James, 1992;
Dacorogna and Marcellini, 1999; Dacorogna et al., 2008b, 2010b]. For instance, an explicit
solution of the homogeneous Dirichlet problem has been exhibited in [Dacorogna et al., 2018].
Existence conditions of a solution have been shown, but the uniqueness of that solution is
generally not guaranteed (As we show in the numerical experiments section, we can easily
construct problems with multiple solutions).

1.1.2 Determinant property and angle condition

A determinant representation of (1.1) can be found by the following algebraic computations

Our Oup 0w 6u2)2
detVu)?=|———=-—1-2=
(detVu) (6x1 6)62 6x2 6x1
(1.5)
- (G 6uz)2+(%%)2_2%%%%
B 6x1 axg Oxg Oxl axl 6)62 6x2 6x1 '
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Now, if we multiply the first two equations of (1.4) by each other we have

6x1 6)61

6x2 6)61

6x1 aJCQ

(0u1 0u2)2+ (Oul 6u2)2 . (6u1 auz)z . ((;ul (;uz)z L (1.6)
X2 0Xx2

Combine (1.5) and (1.6) we obtain

Oul Oug 0u1 Ouz (
detVu)? +2— ———=
(det V) + 6x1 Oxg 6)(72 6x1 *

0u1 6u2)2 + (Gul 6u2)2

0x1 0x1 ) \0x 0x,

)

which can be written as

6u1 auz 6u1 6u2)2
detvu)’=1-|——+-——| ,
(detVu) (6x1 le 6x2 6x2

and using the third equation of (1.4) we can conclude that detVu = +1.

Therefore, the solution of (1.1) must satisfy

detVuXx) =+1, a.e.xeQ, 1.7)

except on the folding lines. In the numerical experiments section, illustrations of det Vu for
different test cases show how the sign is fluctuating and is not defined on the folding lines.
Moreover, for each vertex that lies at the intersection of folding lines, conditions apply on the
number of singularity lines crossing each other(see [Dacorogna and Marcellini, 1999]). This
property is sometimes called the angle condition and states that the number of edges coming
from one vertex is even, and the determinant detVu alternates between 1 and —1 for adjacent
regions touching the vertex.

1.1.3 Rigid maps problem

Problem (1.1) is actually a problem rewritten from the so-called rigid maps problem, which
consists in finding the map @ : Q < R? — R® such that

(1.8)

Vie®©(2,3) a.e.inQ,
u=g on 0Q),

where G (2,3) = {A: Q—->R¥>3:ATA=TIin Q}. The solution to this equivalent problem consists
in finding the mapping @ that embeds the folded paper @(Q) into R3. A graphical representa-
tion of problem (1.1) and (1.8) can be found in Figure 1.1.

Remark. In the general case map we considerii: Q c R" — R™ such that is considered.
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/\ 0.5
0.
1 1
0 0 1
. 1

-1 -

u(Q)

u(x, y) 0 0 1
-1 -1

Figure 1.1 — Graphical representation (bottom) of the orthogonal map u : R> — R?, where
u(x, y) = (—|xl, y) is the solution to (1.1) when folding a paper along a centered axis oriented
with the Ox axis; and, graphical representation of the rigid map @ : R?> — R3, where i(x, y) =
(x/V?2, AR /+/2) is the solution to (1.8) when folding a paper in R3.

Vuel®(n,m) in(,
u=g onoQ,

where©(n,m) = {A:Q — R"™™:ATA=1inQ} and (n,m) € N. In this work, we examine only
the cases wheren = m = 2.

1.2 Numerical Algorithms

We propose a numerical method for (1.3) that relies on variational techniques. The underlying
principles are the introduction of a variational principle, and of the corresponding flow
problem, which is solved by operator-splitting techniques. Ultimately, the splitting strategy
allows the decoupling of the local nonlinearities and of the differential operators.

1.2.1 Regularization and Penalization

In order to solve (1.3) and to enforce the uniqueness of the solution, we consider a variational
problem. We denote f to be a given vector-valued function, which corresponds to a target
solution, for instance given by prior information. Then the variational problem reads as: find
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u € Eg satisfying
J(u) < J(v), VveEg, (1.9
where
C 2 1 2
Jw) =—f lv—1] dx+—f [Vv|“dx, (1.10)
2 Jo 2 Ja
and
Eg = {ve (H'(Q)% Vlgo=g VVeD(2) a.ein Q}. (1.11)

In (1.10), C > 0 is a positive constant. While the first term of (1.10) is a distance to be minimized,
the second term ensures smoothness of the solution. In most numerical experiments, no a
priori information is known therefore we consider f = 0.

Note that the equation (1.3) itself has been transferred into a constraint in (1.11). To handle
such constraints, we use an approach which has been successful with the scalar Eikonal
equation in Caboussat and Glowinski [2015b], namely we penalize the constraint Vv e €@(2) (or,
equivalently, the first three equations of (1.3)). Let €; > 0 be a given (regularization) parameter,
and €, > 0 be a given (penalization) parameter. We denote (€1, £2) by €. The modified objective
function is defined as follows:

JeW) = JW+ 2 f V2V dx
2 Ja
+Lf (VU112 = D2+ (IVual> = D? +|V; - Vi 2] dx. (1.12)
4er Ja

The second term is a biharmonic regularization designed to increase the robustness of the
convergence of the numerical algorithm. The introduction of such a term has been already
experimented for similar problems, see [Caboussat and Glowinski, 2018], and will be discussed
numerically via experiments. The variational problem (1.9) becomes: Find u® € Vg satisfying

Je(u®) < Je(v), VvE Vg, (1.13)

where

Vg = {(ve (H*(Q))?, Vlpq = 8. (1.14)

The numerical approach to solve (1.13) relies on an appropriate reformulation of the problem
when considering the first order optimality conditions, together with the introduction of a
flow problem.
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In (1.14), we used g an extension of g belonging to (H>/?(8(2))? see e.g. [Ern and Guermond,
2004], to make the boundary data compatible with the regularizing term in (1.10). However,
numerical experiments in Section 1.2 suggest regularizing g is not essential.

1.2.2 First Order Optimality Conditions

We define the tensor-valued function p* := Vu®. Problem (1.13) is equivalent to: Find p® €
Q4 = (L4 (@))**? satisfying

Je@°) < je(@), YVqeQq, (1.15)

where

, 1 C
]e(q):gf |q|2+5f |Bq+ug—f|2dx+lv(q)
0 Q (1.16)

1
+—f [(g112 = D% +(Ig21* = D* +1q1 - q21*] dx,
4e2 Ja

and q, g, are the two column vectors of q. Here we define:

(i) the functionug € (H?(Q))? as the unique solution (harmonic extension) of

{ Vlug=0 inQ,

ug=g on 0Q).
(i) the function Bq as the unique solution in (H, (Q))? of
Vqu= V-qin Q.

(iii) the functional Iy(q) as

ﬂf IV-qdx ifqe VVg,
Iyq={ 270
+00 otherwise.

Based on this change of variables, the first order optimality conditions (Euler-Lagrange equa-
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tions) relative to (1.16) read as follows: Find p° € Q4 such that:

fpg:qu+Cf(Bpg+ug—fj~Bqu+(61v(p8),q)
Q Q

1
+£—fQ[(Ip‘flz—l)pi-qﬁ(nglz—l)pﬁ-qz (1.17)
2

1
+§P§'P§(P§"]1 +pi-g2)|dx=0, VqeQu.

Here, 01y (-) denotes the subdifferential of the non-smooth proper lower semi-continuous
(l.s.c.) convex functional Iy. In the sequel, the superscript € will be dropped for simplicity.

1.2.3 Flow Problem and Operator-Splitting Algorithm

The solution method for (1.17) relies on an associated initial-value problem (flow in the
dynamical systems terminology), to be integrated from ¢ = 0 to ¢ = +oo. This initial value
problem is defined as follows: Find p(#) € Q4 for a.e. ¢ € (0, +00) satisfying

op(t
fQ [(;(t) dx+fp(t) qu+Cf(Bp(t)+ug f) - Bqdx + (0Iy (p(1)), q)

+£—fQ[(Im(t)lz—l)pl(t)'m+(|Pz(t)lz—1)P2(t)-6lz (1.18)
2

1
+£P1(t) -p2(B)(p2() - g1+ pr(2) - 6]2)] dx=0, Vqe Qy.
together with the initial condition p(0) = po given.

We apply an operator-splitting strategy to solve (1.18) (namely, a first-order Marchuk-Yanenko
scheme, see for example in [Glowinski, 2015b]). Let Af > 0 be a constant given time step,

" = nAt, n = 1,2,..., to define the approximations p” = p(t"). Starting from the initial
condition p® = py, the Marchuk-Yanenko scheme allows, using p” for all n = 0, to compute

n+1/2 n+1

successively p and p”™* with the two following intermediate steps:

(A) Prediction step: Find p™*!/2 € Q, satisfying

n+1/2 _ n
fp p qu+fpn+1/2 qdx
+_f (lpn+1/2 l)pn+1/2 q +(|pn+1/2| l)p}’l+1/2 qz (119)

+= p{z+1/2 n+1/2(pn+1/2 0 +pi1+1/2_q2) dx=0,

for all q € Q4. Notice here that this nonlinear problem does not involve any derivatives of
the variable p, a significant simplification,
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(B) Correction step: Find p”**! € Q4 satisfying

pn+1 _pn+1/2
f—:qu+Cf (Bp”+l+ug—f).Bqu
Q At Q (1.20)

+(0Iy(p"*),q) =0,

for all q € Q4. This problem is actually a (hidden) linear variational problem whose
solution will be addressed in Section 1.2.5.

1.2.4 Local Optimization Problems

The sub-problem (1.19) that arises in the splitting algorithm does not involve any derivatives
of the variable q. Therefore, it can be solved point-wise a.e. in Q (see also, e.g., [Caboussat and
Glowinski, 2018; Caboussat et al., 2018, 2013] for other instances of similar simplifications). To
make (1.19) more explicit, we consider the four following test functions:

01
0 0

0 0
1 0

0 0

1o
qu =49 01

0 0 ,Q12=q vq21=q :q22:q

’

with g € L2(Q). Taking q = q; j in (1.19), we obtain the following system of nonlinear equations:

At n+1/2 ,n+1/2 AtK"+1/2 n+1/2
(1+At)p{‘1+”2+—u Pu__ _ pr + o P,
£ 2¢&
At n+1/2 ,n+1/2 AtKn+l/2 n+1/2
(1+At)p112+”2+—u P2 _ pr + o P,
£2 2 (1.21)
At/ln+1/2pn+1/2 AtKn+l/2pn+1/2 :
/2 21 n 11
A+Apnprtey T2l pn = T o
P21 & P21 2 &5
AM"“’Z n+1/2 AL‘K”+1/2 n+1/2
Q+appyy2e =Lt P (2K P2
€2 2 €2
where
n+1/2 . _ ( n+1/2)2+( n+1/2)2_1
u = P P12 )
n+1/2  ._ n+1/2\2 n+1/2\2
A = ((le )+ (P2 ) - 1)’
n+1/2 . _ n+1/2 _n+1/2 n+1/2 _n+1/2
K = (Pl Py P P )

Actually, system (1.21) can be reformulated in a more condensed form. Let us denote [p1, p12] r
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by & and [p21, p22]” by B; then (1.21) becomes

(1 . At)an+]/2 . At(|an+l/2|2 _ l)al’l+l/2 . At(an+l/2 . ﬁn+l/2)ﬁn+l/2 B

= a ,
’ 22 (1.22)
1+ At)ﬁ"+1/2 N At(|ﬁ"+1/2|2 _ 1)ﬁ"+1/2 .\ At(an+1/2 . pn+1/2)an+1/2 ) ﬁn .
€2 282 .

The above nonlinear system consists of four cubic equations. It is solved using a Newton-
Raphson method. If At < €, then we can have a unique solution solution of system (1.22).

In practice (see Section 1.3), once a finite element discretization of Q is constructed, (1.22) is
solved point-wise on each element of the discretization. The number of systems to solve thus
depends on the number of elements of the triangulation.

1.2.5 Variational Problems

The sub-problem (1.20) that arises in the splitting algorithm is a well-posed, linear variational
problem. In order to highlight this statement, let us consider the reverse change of variable
and take Vu"*! := p**!. Problem (1.20) can be rewritten as follows : Find u”*! € Vg such that

elAtf(Vzu”+1)-(V2v)dx+f Vu"+1:Vvdx+CAtf u"vdx =
Q Q Q
(1.23)
cm/ f-vdx+fp"+”2:Vvdx, ve (H*(Q)n Hy(Q)%.
Q Q

Problem (1.23) is a fourth-order linear variational problem of the biharmonic type. We in-
troduce a coupled problem with an auxiliary variable. The additional equation reads: Find
witl e (H& (Q))2 such that

w'l = — V2™ inQ. (1.24)

Aggregating (1.23) and (1.24) allows to obtain a coupled second order linear system that reads
as follows: Find (u™*!,w"*1) € Vg x (H& (Q))2 such that

elAtf vw'tl :Vvdx+f vutl vvdx + CAtf uvdx
Q Q Q

3 :cmf f-vdx+fp"+1/2:Vvdx, (1.25)
Q Q

fVu"“ :qux—f wl.qdx =0,
Q Q

for all (v,q) € (HL(Q)* x (HE ().
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1.3 Finite Element Discretization

1.3.1 Generalities

The space approximation of the time-stepping algorithm (1.19)-(1.20) is addressed with piece-
wise linear continuous finite elements. The use of low-order finite elements is appropriate
for problems such as (1.1), due to the low regularity of the solution. Indeed, piecewise linear
finite element methods rely on spaces of Lipschitz continuous functions well-suited to the
approximation of solutions to the orthogonal maps equation.

Let us define a space discretization step h > 0, and associate with h a triangulation J;,
that satisfies the usual compatibility conditions (see, e.g., [Glowinski, 2008] for a complete
definition). Let us denote by Xj, the (finite) set of the vertices of 97, by Nj, the number of
elements in 25, and by X, the subset of those elements in 2j not located on I" (with Ny, :=
card(Zgy)). From the triangulation 973, we define the following finite element spaces:

V), = {ve (C°(Q))%,ve (P1)% VK € T3},
Vg = {veVy,v(Q) =g(Q), VQ vertex of I, belonging to T},
Qn ={gqe (L™®(Q)*?, q| € R¥* VK € Tp},

where PP; is the space of two-variable polynomials of degree < 1. Note that we have VV; c Qy,.

Next, we equip Vy, and its sub-spaces Vg j,, with the following discrete inner product (based
on classical quadrature formulas):

Ny, my
W, Won =) Y Wiv({)-w({(i), VYv,weVy,

k=1i=1
where W, resp. {; are the weights, resp. evaluation points, of a Gauss quadrature rule of order
= 2, and my is the number of quadrature points in the element k (supposed constant). The
quadrature formulas used are implemented in the library 1ibmesh ([Kirk et al., 2006]). The
corresponding norm is [|v]lgj := \/m, for all ve V. In a similar fashion, we equip the
space Qy, with the inner product and norm respectively defined as follows:

(@@on= Y. IKIp|c: |y

KEf'J—'h

and |||q|||o;, = V(@ @)or (with |K| = area of K).

The discrete version of the numerical algorithm uses the same steps as the continuous version
presented in Section 1.2. However, let us sketch the main discretized milestones in the sequel.
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1.3. Finite Element Discretization

1.3.2 Discretization of the flow problem

For the discrete analogous the operator-splitting strategy (1.19)-(1.20), we define the ap-
proximations p; = py(t") € Q. Starting from the initial condition p(;l = Ppo,n, We compute

successively p”“/ 2 and p"Jr1 with the two intermediate steps:

n+1/2

(A) Prediction step: Find pj, € Qy, satisfying

n+1/2 n

fph At p qhdx+fpn+l/2 q dX
+_f [(lpn+1/2 1)pn+1/2 6]1h+(|Pn+1/2| 1)pn+1/2 o (1.26)
+= p;H}—II/Z n+1/2(pn+1/2 6] +pil-;11/2 6]2h) dX—O,

for all q; € Qy,.

(B) Correction step: Find p}*! € Qy, satisfying

n+1 n+1/2

P, P, f n+l
_ dx+C | (B +ug ;,—f)-Bq;, dx
fQ AL ‘qn P;, g.h qn (1.27)

+(@Iy ()™, qn) =0,
for all q; € Qy,.

1.3.3 Solution of the discrete local optimization problems

The finite dimensional nonlinear problem (1.26) can be solved triangle-wise; Indeed, if
pjtlE= {p”“/z}KE%, one can rewrite (1.26) as follows: For each triangle K € 97, solve

n+1/2 ,n+1/2 n+1/2 ,n+1/2
A+ AD P12 4 Atpy ™ Py _pn Atxy, Kh2l _
K,h,11 o, K11 26, ,
n+1/2 ,n+1/2 n+1/2 ,n+1/2
wetp  DIHETPRR, ARy P 3
(1 +A) pg 12+ ~ Prpiz ™t =0,
€2 e 2 €2 (1 28)
t/VH'l/z n+1/2 ALK n+1/2 ,n+1/2 :
nel/2 n Prn2i Kn " "Prail
(I+AD P par + ~Prnrat =0,
€2 v 2 €2
n+1/2 ,n+1/2 n+1/2 ,n+1/2
o1z DA Prn22 A PR
(I +AD) Py iyt = P22t =0,
€2 " 2&
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Chapter 1. Numerical Approximation of Orthogonal Maps

where

n+li2 ._ n+12)? | (pne1iz)? g

Ky = Pxn11 Pxn12 :
n+1/2 _ n+1/2 n+1/2

A 2+ 2—1
h = P n21 Pxn22 :
n+1/2 . _ n+1/2 _n+1/2 n+1/2 _n+1/2

Kn = (pK,h,llpK,h,Zl *PKn,12 K,h,zz)'

System (1.28) is similar to (1.21) and can be solved by Newton techniques, taking pl’éy , asan
initial guess. When applied to the solution of problem (1.28), the Newton method always
converges and never requires more than 10 iterations for the test problems considered in
Section 1.4.

1.3.4 Solution of discrete linear variational problems

Problem (1.27) is discretized as follows: Find (uZ“,wZ“) €Vgn x Vo such that

el AL (VWL V) on + (VU Vvp))on + CAL ] vi)on
= CAtE vi)on + (P2, VVi)on, (1.29)

((VuZ“,th))oh - (WZ+1,qh)oh =0,

for all (vi,,qp) € Vo, 5, x Vo -

Let ¢;, i = 1...Nj be the piecewise linear basis functions of V;,. Note that, by defining the
classical rigidity and mass matrices Aand M by A; j = f Voi-Vo;dx, M; ;= f @ip;dx, and
Q Q

suitable right-hand side F, the linear system can be compactly written as

+)-lo

Among the many methods to solve the above block-structured linear system here we use a

A+CAtM ¢€1AtA
A -M

monolithic approach, however a Scur complement is another widely use method.

1.4 Numerical Experiments

In this section we are going to report on the results of numerical experiments aimed at assess-
ing the robustness, the accuracy and the efficiency of our methodology. The computational
domain (i.e. the paper sheet to be folded) is chosen either as the unit square Q = (0,1)? or
as the unit disk Q = {(x, y) € R? : x> + y < 1}. All the experiments have been performed on a
desktop computer with Intel Xeon E5-1650 (3.50 GHz x 12) and 64 GB memory.
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1.4. Numerical Experiments

We consider several discretizations of the computational domain, using various finite element
meshes as shown in Figure 1.2. The influence of the chosen mesh on the solution obtained
by the algorithm is also discussed. For all the numerical experiments we consider f= (0,0)7,
€2=5x10"10 At=¢,/2,C=10,and &; = ;’th (unless stated otherwise). The stopping criterion
we use to decide on the flow stationarity is either 7 < 1000, or |[p"*1 —p"!| 12(Q) S 5% 10~ (unless
stated otherwise). We observe numerically that, for this stopping criterion, [lu**1

of the order of 1077.

—u"|]2q) is

The choice of f allows to give an a priori estimate of the solution. With another choice of f,
another solution may be obtained, and numerical experiments have shown some sensitivity
with respect to the parameters f and C. The penalization constant €, is chosen in order to
guarantee that the orthogonality conditions are satisfied accurately. Values of €, ranging from
1075 to 1071 are suitable. The number of iterations of the Newton method in Section 1.2.4
may decrease when ¢, is larger. The choice of ¢; allows to have a regularization term in
(1.23) of the order k2. In the light of these comments, a thorough sensitivity analysis has not
been performed, but the influence of some parameters will be discussed in the numerical
experiments.

1.4.1 Smooth validation example

In the first experiment, the algorithm is validated with a boundary condition that corresponds
to a smooth mapping, without any singularities. We consider

gx) =x, VxeodQ.

An exact solution corresponding to this given boundary is the identity mapping u(x) = x. This
corresponds to an origami without folding.

For such an example, when choosing € = 0.0 as a smoothing parameter, the problem is solved
up to machine precision for all meshes. Figure 1.3 visualizes the graph of the two components
of the computed approximate solution. Since the two components of the solution are piece-
wise affine, the continuous piecewise affine finite element approximation we advocated in
Section 1.3 is ideally suited to the solution of the problem under consideration.

Note that a very accurate (up to machine precision) approximation of the solution can be
obtained with &, of the order h?, together with £, =~ 10~7 and a stopping criterion of ||p"*! —
p"ll12@) <5x 10712, Table 1.1 illustrates the results obtained with the same setup as described
previously. It shows that orthogonality conditions are not jeopardized by the introduction of

the well-chosen smoothing parameter.
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Chapter 1. Numerical Approximation of Orthogonal Maps

Figure 1.2 — Finite element triangulations used for the numerical experiments. Top left:
Structured asymmetric mesh (Q = (0,1)2, h = 0.04); top right: Structured symmetric mesh
(Q=(0,1)2, h = 0.125); bottom left: isotropic unstructured mesh (Q = (0,1)?, i = 0.02); bottom

PO
SRS
| X

right: isotropic unstructured mesh (Q = {(x, y) € R? : x> + y? < 1}, h = 0.08).

Table 1.1 - Smooth validation example (1 = h?). (i) Variations with respect to h of the approxi-
mate orthogonality conditions verified by Vu; ; and Vu; ; (columns 2,3 and 4). (ii) Variations
with respect to h of the L?(Q) norm of the computed approximation error u —uy, and related
convergence orders (columns 5 and 6). (iii) Variations with respect to h of the number of
time steps necessary to achieve convergence (column 7). (Q = (0,1)?, structured asymmetric

meshes).
h fIVuLhIdx fquzthdx fIVuLh-Vuz,hldx [lu—uyll;2 | rate | iter
Q Q Q
0.02 1.0 1.0 1.89e-6 2.35e-07 - 31
0.01 1.0 1.0 8.94e-7 1.04e-07 1.17 | 36
0.005 1.0 1.0 4.38e-7 4.93e-08 1.07 | 40
0.0025 1.0 1.0 2.46e-7 2.72e-08 0.85 | 43

1.4.2 Simple folding and mesh dependency

For the second experiment, we consider the unit square and the boundary data g given by:

24




1.4. Numerical Experiments

Figure 1.3 — Smooth validation example. Graphs of the two components of the computed
approximate solution of (1.1) with g(x) = x on 6Q; left: approximation of the first component
u; ; right: approximation of the second component u;. These results have been obtained
using an structured asymmetric triangulation with & = 0.01.

X1 ifx;<05and x» =0or x, =1,
X1, X =< 1-x; ifxy;=05andx,=00rx; =1,
g1(x1, x2) 1 1 : 2 2 (1.30)
0 otherwise,
g2(x1,Xx2) = Xxp on 0Q.
In this case, the exact solution to (1.1) in Q is given by u = (1, u2) T with
X1 if x1 <0.5,
up(x1,x2) = .
1-x; ifx;=0.5, (1.31)

up(x1,x2) = Xp.

The function u defined by (1.31) corresponds to a single folding of the domain Q along the
middle line. This implies that the singularity is a line singularity along x; = 0.5. Thus, when
choosing € = 0, the algorithm obtains a discretized solution that is accurate up to machine
precision. In the case of the structured meshes of Figure 1.2, the mesh edges can be aligned
with this line singularity or not, depending if the vertical mesh edges are along x; = 0.5. In the
case of unstructured meshes, the edges are never aligned with the line x; = 0.5. Tables 1.2,
1.3 and 1.4 show results using €, = %. One can observe that the results are more accurate
when using a structured mesh with edges aligned with the line singularity; when the line
singularity is not aligned with the (structured) mesh edges, the behavior of the algorithm is
actually similar to when the mesh is unstructured. Moreover, the number of iterations (time
steps) to obtain a stationary solution is larger for the two latter cases. Finally, the convergence

to the exact solution is super-linear when i — 0, but more stable for structured meshes in
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Chapter 1. Numerical Approximation of Orthogonal Maps

Table 1.2.

We have visualized on Figure 1.4: (i) The graphs of the two components of the computed
approximate solution (first row). (ii) The values of detVu (second row (left)). (iii) The image
u(Q) < R? (second row (right)), which shows that the initial domain Q is folded in half (note
that this illustration is post processed from the computed approximations of u; and uy).

Table 1.2 — Simple folding. (i) Variations with respect to h of the approximate orthogonality
conditions verified by Vu; j, and Vujy j, (columns 2,3 and 4). (ii) Variations with respect to i of
the L2(Q) norm of the computed approximation error u—uy, and related convergence orders
(columns 5 and 6). (iii) Variations with respect to h of the number of time steps necessary to
achieve convergence (column 7). (Q = (0, 1)?, structured asymmetric meshes, line singularity
aligned with mesh edges).

h f [Vuy pldx f [Vuy, pldx j IVuy p-Vug pldx | [lu—upll;2 | rate | iter

Q Q Q
0.02 0.9732 1.0 0.0028 1.87e-03 - 57
0.01 0.9866 1.0 0.0008 6.43e-04 | 1.54 | 65
0.005 0.9933 1.0 0.0002 2.22e-04 | 153 | 72
0.0025 0.9966 1.0 5.92e-05 7.76e-05 | 1.51 | 79

Table 1.3 — Simple folding. (i) Variations with respect to h of the approximate orthogonality
conditions verified by Vu; j, and Vuy ;, (columns 2,3 and 4). (ii) Variations with respect to h of
the L?(Q) norm of the computed approximation error u—uy, and related convergence orders
(columns 5 and 6). (iii) Variations with respect to h of the number of time steps necessary to
achieve convergence (column 7). (Q = (0,1)?, isotropic unstructured meshes).

h f [Vuy pldx f [Vuy, pldx f IVuy p-Vug pldx | [lu—uyll;2 | rate | iter
Q Q Q

0.05 0.9413 1.0 0.0167 6.20e-03 - 48

0.026 0.9700 1.0 0.0024 2.45e-03 1.33 | 96

0.013 0.9849 1.0 0.0011 1.10e-03 1.15 | 184

0.006 0.9925 1.0 0.0003 3.13e-04 1.82 | 117

1.4.3 Double diagonal folding

Let us consider now the unit square Q = (0,1)? and the boundary data defined by:

g(x1,x2) = (0, x1 — x20), (x1,x2) € 0. (1.32)
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1.4. Numerical Experiments

Figure 1.4 — Simple folding. Visualization of the graph of the first and second component of
the computed approximate solution uy, (= (uy 5, Up,5)) of (1.1) with Q = (0,1)? and g given by
(1.30). Top left: First component of the computed approximate solution u; 5; top right: Second
component of the computed approximate solution u; ;,; bottom left: visualization of detVuy;
bottom right: visualization of the domain uy (Q).
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Table 1.4 — Simple folding. (i) Variations with respect to h of the approximate orthogonality
conditions verified by Vu; j, and Vuy j, (columns 2,3 and 4). (ii) Variations with respect to i of
the L?(Q) norm of the computed approximation error u—uy, and related convergence orders
(columns 5 and 6). (iii) Variations with respect to & of the number of time steps necessary to
achieve convergence (column 7). (Q = (0, 1)2, structured asymmetric meshes, line singularity
not aligned with mesh edges).

h f [Vuy pldx f Vuy pldx f [Vuyp-Vup pldx | [lu—upll2 | rate | iter

Q Q Q
0.0196 0.9724 1.0 0.0094 4.72e-03 - 58
0.0099 0.9864 1.0 0.0048 2.44e-03 0.95 | 66
0.0049 0.9932 1.0 0.0024 1.25e-03 0.96 | 157
0.0024 0.9966 1.0 0.0027 4.39e-04 1.50 | 553

A corresponding exact solution is

up(x1,x2) =dx,0Q) VxinQ,

min(xp,1—x1) ifx; < x, (1.33)

Uz (x1, x2) 2{

min(x;,1—x,) otherwise.

For this test example, the line singularities are aligned with the two diagonals of Q (x; = x» and
1-x; = x2). When using the structured symmetric mesh (see Figure 1.2, top right) and €; = 0.0,
the algorithm obtains an approximated solution that is highly accurate, since the singularities
are aligned with mesh edges. Indeed after 170 iterations (time steps of the splitting algorithm),
the numerical solution satisfies |[[u—up||L,q) = 1.45x 1078, [, IVu1ldx = 1.0, [ |Vuzldx = 1.0,
and [, |Vu; - Vup|dx=3.88 x 1078,

Numerical results are reported in Tables 1.5 and 1.6 for the structured asymmetric and un-
structured triangulations, respectively. Similar convergence orders are observed for both types
of triangulations, since none of them match exactly the singularity of the gradient solution.
Figure 1.5 illustrates the approximate solution uy. One can see that the two components actu-
ally satisfy the orthogonality conditions. Figure 1.5 (bottom left) visualizes det Vuy, and shows
that the angle condition is satisfied. Figure 1.5 (bottom right) visualizes the image u(Q2) of Q
through the mapping u. Table 1.7 illustrates the dependency of the solution with respect to
the smoothing parameter €;. One observes, that, as €; — 0, the I? (Q)-approximation error de-
creases and the orthogonality properties verified by Vu; and Vu, are better satisfied by Vu, j,
and Vuy ;. On the other hand, the number of iterations necessary to achieve convergence
increases as €1 — 0. This numerical example shows that the introduction of the regularization
term, such that €; # 0, lead to, overall, better convergence properties of the time-stepping
algorithm. Numerical results have consistently shown that the introduction of this term not
only helps the convergence of the time stepping algorithm towards a stationary solution, but
also allows to reduce drastically the number of time iterations in some cases.
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Table 1.5 — Double diagonal folding. (i) Variations with respect to h of the approximate
orthogonality conditions verified by Vu; j, and Vu, ; (columns 2,3 and 4). (ii) Variations
with respect to h of the L?(Q) norm of the computed approximation error u—uy, and related
convergence orders (columns 5 and 6). (iii) Variations with respect to i of the number of
time steps necessary to achieve convergence (column 7) (Q = (0, 1)2, structured asymmetric
meshes).

h f [Vuy pldx f Vo pldx f IVuy - Vup pldx | [lu—uyllp | rate | iter
Q Q Q
0.02 0.9672 0.9615 0.0710 3.86e-03 - 64
0.01 0.9837 0.9804 0.0370 1.55e-03 | 1.31 | 71
0.005 0.9918 0.9901 0.0189 6.58e-04 | 1.23 | 75
0.0025 0.9959 0.9950 0.0095 2.95e-04 | 1.15 | 84

Table 1.6 — Double diagonal folding. (i) Variations with respect to h of the approximate
orthogonality conditions verified by Vu; j, and Vu, ; (columns 2,3 and 4). (ii) Variations
with respect to & of the L?(Q) norm of the computed approximation error u —uy, and related
convergence orders (columns 5 and 6). (iii) Variations with respect to i of the number of
time steps necessary to achieve convergence (column 7) (Q = (0,1)?, isotropic unstructured
meshes).

h f [Vuy pldx f [Vuy, pldx f [Vuy p-Vup pldx | [lu—upll2 | rate | iter
Q Q Q

0.05 0.9346 0.9279 0.1305 9.93e-03 - 61

0.026 0.9677 0.9618 0.0724 3.93e-03 1.33 | 83

0.013 0.9840 0.9805 0.0393 1.73e-03 1.18 | 313

0.006 0.9920 0.9901 0.0208 7.63e-04 1.18 | 292

The sensitivity of the results with respect to the target function f is now investigated. When
modifying the target function f, the algorithm is able to track different solutions of the or-
thogonal maps problem. Let us consider f; (x1,x2) = (=2000,0)T. Figure 1.6 (left column)
illustrates snapshots of the two components of the numerical solution uy, for 2 =0.01, and
of the determinant detVuy,, and shows that the first component is the concave up version of
the one illustrated in Figure 1.6 when f = 0, while the second component remains unchanged.
The numerical solution satisfies

[|Vu1|dX=1.01, fqugldx:O.%, fIVul-Vuzldx:0.0M
Q Q Q

after 120 iterations. A second variation in the fidelity term is illustrated by a perturbation
of the target function f around the null function 0, through a local perturbation around the
mid-point (0.5,0.5). Figure 1.6 (right column) illustrates the snapshots of the two components
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Figure 1.5 — Double diagonal folding. Snapshots of the numerical stationary solution of (1.1)
with g given by (1.32). Top left: First component u;; top right: Second component uy; bottom
left: visualization of det Vu = +1; bottom right: visualization of the domain u(Q).

of the numerical solution uy, and of the determinant detVuy, obtained when

—2000 if (x; —0.5)2 + (x2 — 0.5)%2 < 2h,
fo(x1,x0) =
0 otherwise,

where h = 0.01 is the mesh size. The numerical solution satisfies
f |Vu1|dX: 0.96, [ |VuZ|dX= 0.97, f IVul-Vugldx:0.040
Q Q Q

after 615 iterations. We can observe that the local perturbation of the target function induces
a local perturbation of the approximation of the first component of the solution, which
corresponds to an additional folding in the mapping. The sensitivity of the solution with
respect to the target function is thus limited to the neighborhood of the perturbation. This is a
consequence the low regularity of the, piecewise affine, solutions.
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Figure 1.6 — Double diagonal folding. Snapshots of the numerical stationary solution of (1.1)
with g given by (1.32) and non-zero target functions f (first row: first component: u, j, second

row: second component: u, p, third row: detVuy,). Left column: numerical results when f = f;;
Right column: numerical results when f=f5.
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Table 1.7 — Double diagonal folding. (i) Variations with respect to €; of the approximate
orthogonality conditions verified by Vu, j, and Vuy j; (columns 2,3 and 4). (ii) Variations with
respect to £; of the L?(Q) norm of the computed approximation error u —uy, and related
convergence orders (column 5). (iii) Variations with respect to £; of the number of time
steps necessary to achieve convergence (column 6) (Q = (0, 1)2, structured asymmetric mesh,
h=0.01).

£ f Vi pldx f IVuy pldx f IVuy - Vup pldx | [lu—uyllpe | iter

Q Q Q
2x1073 0.8337 0.8554 0.2242 2.99e-02 37
1073 0.8873 0.8880 0.1878 1.87e-02 41
2x1074 0.9517 0.9444 0.1023 6.32e-03 52
1074 0.9658 0.9595 0.0758 4.03e-03 55
0.0 0.9960 0.9965 0.0142 1.84e-03 | 413
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1.4.4 A non-smooth example with a point singularity

For this example, we have Q = (0,1)?, and the boundary data g defined by

min(x;,1—x;) ifxp, =1,

sila, ) = { 0 otherwise,
X %f X2 = x1 and x; 0.5, (1.34)
X ifx;>05and xp > —x; +1,

g2lxn, x2) = X1 if x» < x; and x; 0.5,
1-x1 ifxo>x;and x <-x; +1.

An exact solution to the related problem (1.1) is

X1 if x, = x; and x; 0.5,

u(xy,x2) = 1-x; ifx1>0.5 andx2>—x1+1,
X ifxo<xiandx, <—x;+1,
X if xo = x; and x; 0.5, (1.35)
X2 ifx; >05and x, > —x; +1,

ux(x1,x2) = .
X1 if x, < x; and x; 0.5,

1-x7 ifxpo>x;andxp, <—x; +1.

The main numerical difficulty here is the point singularity, located at (0.5, 0.5). In the neighbor-
hood of this point, the numerical approximation of det Vu oscillates between the values +1 and
—1, which increases significantly the number of iterations required to achieve convergence.

However, using the structured symmetric mesh, the line singularities are again aligned with
the mesh edges, and a very accurate solution is obtained. Indeed, with £; = 0, and after 130
time steps, we have

||ll— llh”LZ(Q) =2.77- ].0_10,

fquthdle.O, fqug,hldle.O, f|Vu1,h~Vu2,h|dx:1.25~10_9.
Q Q Q

We obtained the results reported in Table 1.8 using structured asymmetric meshes. These
results show a convergence of order 0.9 — 1.0, approximately. One observes also that the
number of time steps required to achieve quasi-stationarity increases with 1/h; this is due to
the oscillatory behavior of function ¢ — uy, (). Various geometrical aspects of the computed
approximate solution have been visualized in Figure 1.7. In particular, Figure 1.7 (bottom
left) shows that det Vu satisfies accurately the angle condition, however, accuracy deteriorates
close to the singular point (0.5,0.5).
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Table 1.8 - Non-smooth example with point singularity. (i) Variations with respect to & of the
approximate orthogonality conditions verified by Vu, j, and Vuy j (columns 2,3 and 4). (ii)
Variations with respect to h of the L?(Q) norm of the computed approximation error u—uj,
and related convergence orders (columns 5 and 6). (iii) Variations with respect to & of the
number of time steps necessary to achieve convergence (column 7). (Q = (0,1)?, structured
asymmetric meshes).

Figure 1.7 - Non-smooth example with point singularity. Visualization of the solution uy, of
problem (1.1) with g given by (1.34). Top left: component u, ;; top right: component u; j;

0.00"0.00

0.0070.00

h fquthdx fqug_hldx fIVul,h-Vugyhldx [lu—wuyll;2 | rate | iter
0.02 Q0.9703 Q0.9667 . 0.0422 5.71e-03 - 333
0.01 0.9852 0.9831 0.0219 2.89e-03 0.98 | 675
0.005 0.9926 0.9915 0.0113 1.52e-03 | 0.93 | 1438
0.0025 0.9963 0.9957 0.0058 7.88e-04 0.94 | 3316

"5 ge-01 U2 es00
£0375
—20.25
§0.125

1.005-9.5e-12

bottom left: visualization of det Vuy,; bottom right: visualization of the domain uy, (Q).

34




1.4. Numerical Experiments

1.4.5 Curved boundaries

Finally, in order to investigate the capabilities of our methodology at handling domains Q with
curved boundaries, we consider the particular problem (1.1) where Q is the open unit disk
centered at (0,0), and g is the restriction to 0Q of the vector-valued function u defined by

X1 if x1 <0.5,
1-x; ifx;=0.5,

u (x1, x2) :{

. (1.36)
X if x» < 0.5,

1-x, ifx,=0.5.

Up(x1, X2) ={

with (x1, x2) € Q. The function u we just defined is an exact solution to the above problem.
Actually, this solution corresponds to a double folding: one folding along the horizontal
diameter of Q (Ox; axis) and one folding along the vertical diameter of Q (Ox;, axis). For
various values of i, we have reported in Table 1.9, the results we obtained, taking &, = %.
These results (obtained using isotropic unstructured meshes) show first order convergence
(actually, slightly better than first). They show also that the gradients of the components u,
and uy j, of uy, verify accurately the orthogonality properties of Vu, , and Vu, ;. Geometrical
aspects of u, have been visualized in Figure 1.8, uj (2y) in particular (in Figure 1.8 (bottom

right)), Qj, being a polygonal approximation of Q.

Table 1.9 — Double folding of the unit disk. Variations with # of the: (i) Approximate orthog-
onality conditions verified by Vu, ; and Vuy j, (columns 2,3 and 4). (ii) L2(Q)-norm of the
approximation error u —uy, and related convergence rates (columns 5 and 6). (iii) Number of
iterations necessary to achieve convergence (column 7). These results have been obtained
using an isotropic unstructured triangulation of the unit disk.

h fIVuthdx fIVuglhIdx fquLh-Vuz_hIdx [lu—uyll;z | rate | iter
Q Q Q

0.05 0.9623 0.9623 0.0719 1.27e-02 - 75

0.025 0.9807 0.9807 0.0430 5.76e-03 1.03 | 379

0.013 0.9902 0.9902 0.0217 2.72e-03 1.08 | 557

0.006 0.9949 0.9949 0.0110 1.11e-03 1.29 | 427
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Figure 1.8 — Double folding of the unit disk. Visualization of the computed approximate
solution uy, = (uy,5, Uy, ) of problem (1.1) (1.32), Q being the unit disk centered at (0,0). Top
left: Graph of u; j; top right: Graph of u, ;,; bottom left: visualization of det Vuy,; bottom right:
visualization (post-processing) of the domain uy (). These results have been obtained using
an isotropic unstructured triangulation with h = 0.08.

1.5 TheDirichlet problem with homogeneous boundary conditions

In this section, we will elaborate on the solution of the orthogonal map problem (1.1) with
homogeneous Dirichlet boundary conditions, that is: Find a vector-valued function u(=
[y, up)T) : Q — R? verifying

{ VuelG2) inQ,
(1.37)

u=0 on 0Q).

The choice of homogeneous boundary conditions actually corresponds to the case where the
image of the whole boundary AQ is the single point 0 = (0,0). If the condition VuVu’ =1 is
incompatible with the homogeneous boundary condition (as it is the case if Q is a rectangle),
the solution of the regularized least-squares problem (1.9) will develop a fractal behavior near
the boundary Q [Dacorogna and Marcellini, 1999; Dacorogna et al., 2010b], in a similar fashion
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1.5. The Dirichlet problem with homogeneous boundary conditions

as in [Caboussat et al., 2015; Dacorogna et al., 2004; Glowinski, 2015b] for a scalar Eikonal
equation. Such a fractal behavior makes the convergence of our time-stepping method not
possible, and makes this example a very stringent one.

For this test example, we use a uniform asymmetric triangulation with 2 =1/200 and €; = 0.
In Figure 1.9 is visualized the numerical solution. A close inspection shows that the angle
condition is not satisfied everywhere, therefore a another approach must be favored.

u_x
3.2e-01

0.228
0.1358

0.0436

M\\mm\mmmm L

-4.9e-02

3.7e-01

0.1636

HHHH‘\HHHH ~<

-4.2e-02

x1

Figure 1.9 - Homogeneous orthogonal map-Dirichlet problem (1.37) with Q = (0,1). Visu-
alization of the approximate solutions computed without and with mesh adaptation. Top:
component u; . Bottom: component u; ;. Results obtained using a uniform asymmetric
triangulation with 40,401 vertices and 80, 000 triangles.

We are going to describe a first approach to solve (1.37). The approach would be to first fold the
domain Q into the segment, e.g. {0} x [0, 1]. This could be achieved by first folding repeatedly
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along the axis Ox», as illustrated in Figure 1.10 when folding once, twice and three times.

u_2
E1 0e+00
05

. E-1.5e-m3

u?2
1.0e+00

|

1.0e+00
1

c

1.7e-01

[~
2

0.0864

100

| 1
|
|
E

100

-1.1e-11

-8.1e-12

Figure 1.10 — Multiple folding for the construction of a sequence of numerical approximations
of (1.1), with boundary data converging to g = 0. Snapshots of the numerical stationary
solution (left: first component: u; j, right: second component: u; ), when folding once, twice
or three times along one axis (first through third row), and when folding three times along one
axis, and once along the other axis (fourth row).

However, the limit solution obtained when proceeding like this iteratively will not be a solution
to (1.37) as the solution mapping is the null mapping, with a range restricted to the point
(0,0). In the end of this Chapter we present an effective approach that can solve (1.37). We
see in Figure (1.10), the method has a limitation when it comes to solutions of complicated
problems like (1.37). In order to increase the robustness of the method, we equip it with
adaptive techniques, as presented in the next section.
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1.6. An anisotropic adaptive algorithm

1.6 An anisotropic adaptive algorithm

Following [Picasso, 2003a,b], our goal is now to build an anisotropic mesh such that the
estimated relative error is close to a preset tolerance TOL, namely:

A, 1
0.75 TOL=< — T
||Vu

e <12 TOL, (1.38)
h L2(Q)

An+1

where the anisotropic error estimation n is described hereafter.

An+1

In order to construct the anisotropic error estimate n , we set the smoothing term £; =0,

since the adaptive algorithm is dedicated to capturing non-smooth solutions and C = 0.

Therefore, (1.23) writes: find u"*! € Vg
n+l1 n+1/2 1 2
f Vu"": Vvdx = f p :Vvdx, Vve(H,(Q) (1.39)
Q Q

and the corresponding discrete equation from (1.29) as: find uZ“ €EVg

f Vut:Vypdx= | pltt2ivvdx, Vv, eV (1.40)
Qh Qh

To simplify the notation from now on we denote u := u(¢"*!), uj, := u*!, p := p"*/2 and
Pr = pZ+1/2

Before constructing n#"**1, let us first recall some required geometrical definitions of the finite
element method. For any triangle K of the discretization 97}, let Tk : K — K be the affine
transformation which maps the reference triangle K into K. Let Mk be the Jacobian of the
mapping Tk. Since M is invertible, it admits a singular value decomposition My = ngA x Pk,
where Rg and Pk are orthogonal and where Ak is diagonal with positive entries. In the

l.T
, Rx=| ¥, (1.41)
Lk

following, we set
AI,K 0

Av =
K 0 Aok

with the choice A1 x = 1, x. These geometrical quantities are illustrated in Figure 1.11.

Moreover, let us recall some interpolation results from [Formaggia and Perotto, 2001]. Let
In: (H (Q))2 — Vj, be the Clément interpolant [Clément, 1975; Carstensen, 2006]; there is a
constant Cy = Co (K) such that, Vv e (H' ())° (Q) and YK € J7, we have
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K Ak

Figure 1.11 — Reference element, main directions, and element dimensions

1/2
V= Il 12y < Co (A] k¢ (1] x GxWIT1 k) + A3 g (13 Gk (VIT2K)) (1.42)
12 (AL o1 A2k (1 12
IV—1Ipvll 205 < Cohg” | —— (l‘l,KGK(V)l‘l,K) +— (rgyKGK(V)rZ,K) ) (1.43)
A2k ALk

where the error gradient matrix G () is defined as:

f ( ) 6v 6v
TeAK —dx f (—) dx
6x1 axg T 6)62

with AK to be set as all triangles T that have a vertex common with K.

The anisotropic error estimate is based on the residual. Thus we can show for u and uy, we
have

IV (u- uh)IILz(Q) fp:V(u—uh)dx—[QVuh:V(u—uh)dx,
Z[Q (Ph—Vuh)SV(u—uh)dX+fQ(p—ph):V(u—uh)dx

1
—IIV(u uh)IILz(Q) f(Ph—Vuh)2V(u—uh)dx+§||p—thiz(Q)

Taking v = u—uy, and using (1.40), we have
1 2
5 IV @—upll g < (Ph —Vuy,) V (v—Ivp) dx,

(f div(Vuy —pp) (v—Ipvp) dx + = f [(Vu, —pp) -n] (v— Ipvy) dx

KEJh
2
t5 Hp_thLZ(Q)’
where [-] denotes the jump of the bracketed quantity across an internal edge ([-] = 0 for an

40



1.6. An anisotropic adaptive algorithm

edge on the boundary 0Q)). Using Cauchy-Schwarz inequality and the interpolation results in
(1.42), we get

1 ) 1 hk 1/2
IVl =G T (o (Fm el 5 (5] HHTwpn) nl

1
( rlT,KGK(V)rI )+ Az K (r2 x Gk V), K)) r 5 |[p—pnl |i2(9) )

then it is sufficient to take A x hg < hx < Ay xhy to obtain

s 7w n1||m,()

1
SIV@—up)lif g < Co Y |||div(Vup —pn)|| 2 + A
2 Ke7, 21,

1
x (A% g (] xGx W1 k) + A5 (rZT,KGK(V)rZYK)) Y24 > llp=pu| |22 -

the first term of the residual could practically become negligible when using piecewise linear
finite elements

The first term of the residual is zero since we use P} polynomials. Moreover, we recall that p
and py, are the solutions of (1.20) and (1.27),respectively. Therefore we neglect ||p - ph| |i2 @
term because the approximation py, is solved exactly. We conclude by replacing vto u—uy,
and we define our error estimate by:

(nA'n+l)2 = Z (7’]2"-*-1)2 Where (T’ng-l)z = pK(uh) X Q)K(u_Uh),

Kegy,
with
1
pxuay) = W"[(Vuh_ph)'n]HLZ(aK)
and
wgu—up)? = )LiK(l'lT,KGK(u—llh)l‘l,K)

2 T
+12,K(I‘2,KGK(U —up)ry,x)-

An+1 otill contains the exact solution u in w x (W—uy,). In order to overcome this

The estimate 7}/
we apply the Zienkiewicz-Zhu (ZZ) post-processing technique to approximate Gk (u—uy,), see
[Zienkiewicz and Zhu, 1987, 1992]. Thus, we estimate

7 allh allh

by 7 -1 =12
Y Oxi Oxi

o(u—uy)
Oxl-
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where, for any vy, € Vj,, and for any vertex P of the mesh

Y IKl

Y. IK|

Kegy,

ovy,

th
7% —(P) =
" o (P)

is an approximate L?(Q) projection of dv;,/dx; onto Vy,.

Ultimately, we use BL2D mesh generator [Laug and Borouchaki, 1996] to reconstruct an
adapted mesh at each iteration. It requires a metric to be given at the vertices of 97}, for
the update of the mesh, and thus the anisotropic error estimate on the elements is translated
into an error estimate on each node of the mesh, as detailed, e.g., in [Picasso, 2003a].

1.6.1 General algorithm

The time splitting algorithm (1.26) (1.27) is revisited with additional mesh adaptivity tech-
niques. Unlike what has been done in [Bourgault et al., 2009; Hassan and Picasso, 2015], the
algorithm relies on the fact that the mesh is refined at each time step. When the stationary
solution is reached, it is stabilized by performing additional iterations with the final adapted
mesh. Let us consider given values of At, €, and €»; and let us denote by 7,,.,;, the number of
time iterations achieved with mesh adaptation at each time step, and by 7,4/ the (maximal)
number of additional time steps performed with the given final adapted mesh. The general
time stepping algorithm is sketched as follows:

> Set given initial conditions, with the initial finite element mesh ho_
> Forn=0,1,...,nyesh, do

1. (Local optimization) Solve the local algebraic optimization problems (1.26) at
each grid point of 7,;

2. (Variational) Solve the global linear variational problem (1.29) with the current

discretization 9, h” ;

3. (Adapt) Update the finite element mesh 7, — "+

> FOr 1= Nyeshy ..., Nfinas (Or until ||uZJrl —uZHOh <1077, solve (1.26) and (1.27) on the

fixed final adapted mesh """,

Numerical experiments have shown that adapting the finite element mesh at each time step
helps to converge faster to a stationary solution. This effect is documented in the next section.
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1.7 Numerical experiments

We present some test cases to illustrate the convergence of our algorithm, and to perform a
sensitivity analysis. For all examples considered, the computational domain is the unit square
Q= (0,1)?, and the parameters in (1.19) (1.20) are given by £, = 107! and At = £,/2. Although
to construct the estimator we used € = 0, in the numerical section we conduct experiments for
various values of it. Because of the low regularity of the solution, small oscillations are created
when the mesh is adapted and the stationary solution is difficult to catch. Therefore, the
stopping criterion for the iterative method reads as follows: the number of time steps is fixed
as Nypesp = 450 and ny;pq = 500 for all test cases. All error indicators are averaged over the last
200 time steps in the tables detailing the convergence behavior of the algorithm. Finally, the
results on the effectivity index are given with a margin of error (+ standard deviation).

1.7.1 Single fold

The first example corresponds to a single fold, for which the singular set consists of the
segment {1/2} x [0, 1]. The exact solution of this problem is

X1 ifx1 < 0.5,

1-x; ifx;=0.5, Y (x1, %) € Q,

up(x,x) = {

Uz (x1,x2) =X,

and the boundary conditions are defined accordingly. Figure 1.12 illustrates a snapshot of
the stationary solution, together with an illustration of an adaptive mesh (in that case, hpin =
4.53-1073, hpax = 9.81-1071, TOL = 0.03125, £, = 0). We can observe that the orthogonality
conditions are accurately satisfied ([, [V 5| = 1.000407, [ Vi | = 1.000000, and [, Vi j, -
Vi, ;, = 0.0001).
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Figure 1.12 - Single folding. Snapshots of the approximated solution (left: first component
uy p; right: second component u, ;,), with illustration of the final adapted mesh.

The method we advocate adapts the mesh at each time iteration. Figure 1.13 illustrates the
evolution of the finite element discretization after 20,21 and 40 time iterations. Even though
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the transient solution at one given time step is not accurate and has not converged yet to the
stationary solution, the mesh refinement allows to track for the singularities and obtain more
robust convergence properties of the global outer loop algorithm.
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Figure 1.13 - Iterative mesh adaptation within the time stepping algorithm (At =0.5-10"!,¢; =
0.0, TOL = 0.03125). Left: mesh at time step n = 20; middle: mesh at time step n = 21; right:
mesh at time step n = 40.

Figures 1.14 and 1.15 illustrate the snapshots of the solution for various values of TOL (¢; =0
fixed), and various values of €; (TOL fixed). The conclusions are the following: i) Figure 1.14
shows that the smaller the tolerance, the thinner the region where elements are generated
along the discontinuity line, and the larger the number of those elements; ii) Figure 1.15 shows
that, for a given tolerance, if €, is too large the solution becomes very smooth and thus the
anisotropic mesh refinement is not accurate anymore as there is no privileged direction in the
solution. Actually, when £; becomes smaller, the mesh converges to the same mesh as when
£1 = 0. Numerical results confirm that the jump terms in pg (u) and Qg (u— buy,) in (1.44) are
the crucial ones for mesh adaptation.

Table 1.10 shows the numerical behavior of the algorithm for varying parameters, namely the
values of the parameters and final adapted meshes for all tolerances and for £; =2-107% and
€1 = 0. The mesh sizes are defined as h,,;, = mingeg;, A1,k and hpqx = maxgeg; A2 x. The
aspect ratio AR represents the maximal aspect ratio defined as AR = maxkeg;, i;—i

As illustrated, the aspect ratio, the number of elements and the number of nodes increase
when the tolerance decreases. The number of elements and nodes is larger when ¢£; = 0,
showing that the convergence of the mesh adaptive algorithm is more difficult to reach. On
the other hand, for the same number of time iterations, the L?-error is smaller when &; = 0.

We observe that the effectivity index becomes smaller than one when the tolerance decreases,
meaning that the H!-error is not bounded by the estimator 172. This effect will be observed in
all numerical experiments in the sequel. This behavior means that a contribution is missing in
the estimator to have optimal convergence orders. This effect is actually expected, since we are
not incorporating neither the splitting error, nor the contribution from the nonlinear operators
in the estimator nﬁ, but only the linear variational operator. Table 1.11 shows an appropriate
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TOL=0.125 TOL =0.06125 TOL =0.03125

Figure 1.14 - Single folding. Snapshots of the final adapted mesh after 500 time iterations, for
various values of the tolerance TOL (g, = 0.0). The colormap represents the values of the first
component u; 5. The second row corresponds to a zoom in the squared region indicated in
the first row.

convergence behavior for the orthogonality conditions, with even some super-convergence
behavior in some cases.

Finally, Figure 1.16 illustrates the iterative behavior of the time-stepping algorithm for various
tolerances when ¢, = 0; it shows that the time evolution of indicators is indeed oscillating
when the mesh is adapted, due to the low regularity of the solution. The top left figure shows
the time evolution of the number of elements; the top right figure shows the time evolution
of the error |[u—uy||;2(q); both allow to conclude to the convergence of the algorithm when
the tolerance decreases. The bottom left figure shows the relationship between the error
[lu—upll;2q) and the number of elements (at each time iteration). It shows that, in average in
time, a smaller tolerance leads to a smaller error and a larger number of elements, and the
relationship seems to be linear but with a high variability. The bottom right figure illustrates
the behavior of hnyi, versus time.
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€, =2.0-10"% £, =2.0-107°

€1=0

Figure 1.15 - Simple folding. Snapshots of the final adapted mesh after 500 time iterations, for
various values of the regularization parameter £, (TOL = 0.03125). The colormap represents
the values of the first component u; ;. The second row corresponds to a zoom in the squared

region indicated in the first row.

Table 1.10 — Simple folding. Convergence behavior of the algorithm for various values of
parameter €1, as a function of the tolerance TOL. The columns contain the final minimal and
maximal mesh size, the final numbers of elements and nodes, the maximal value of the aspect
ratio, the value of the estimator, the effectivity index, and the L?-norm on the approximation

uy, of the solution map u.

Regularization term: €1 =2 1076

A N
TOL Rmin Nimax AR | #elem | #nodes Nx m [la—upll2
0.250000 | 7.86e-02 | 9.96e-01 | 10.57 24 19 4.49e-01 1.33 £ 0.4224 1.52e-02
0.125000 | 3.50e-02 | 1.00e+00 | 11.11 35 26 2.34e-01 1.18 £ 0.2705 4.56e-03
0.006250 | 1.09e-02 | 9.84e-01 | 29.27 40 28 1.38e-01 | 1.11 +0.3452 2.03e-03
0.031250 | 3.22e-03 | 9.83e-01 | 94.54 64 43 6.51e-02 | 0.86 +0.1584 8.88e-04
Regularization term: €; = 0.0
A N
TOL Rmin Nimax AR | #elem | #nodes Nk m [la—upll2
0.250000 | 1.09e-01 | 1.00e+00 | 5.10 21 17 4.46e-01 1.39 £ 0.3156 1.36e-02
0.125000 | 2.45e-02 | 9.95e-01 | 19.24 39 28 2.14e-01 1.03 £ 0.2432 4.89e-03
0.006250 | 1.20e-02 | 9.90e-01 | 26.58 53 36 1.34e-01 | 0.93 +0.2517 2.85e-03
0.031250 | 4.53e-03 | 9.81e-01 | 46.53 61 40 7.47e-02 | 0.86 + 0.1453 1.12e-03
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Table 1.11 - Simple folding. Convergence behavior of the algorithm for various regularization
parameters €1, as a function of the tolerance TOL. The columns contain the constraints for
the orthogonality of the solution.

Regularization term: £y =2-107°

TOL /IVul_hIdx f|Vu2,h|dx f|Vu1,h-Vu2,h|dx
Q Q Q

0.2500 0.9914 1.0002 0.0417
0.1250 0.9975 1.0001 0.0192
0.0625 0.9950 1.0000 0.0101
0.03125 0.9982 1.0000 0.0049

Regularization term: €; = 0.0

TOL fqul_hIdx f|Vu2,h|dx f|Vu1,h-Vu2,h|dx
Q Q Q

0.0312 0.9982 1.0000 0.0049
0.1250 0.9929 1.0000 0.0221
0.0625 0.9959 1.0000 0.0165
0.03125 1.0004 1.0000 0.0010
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Figure 1.16 — Simple folding (case €; = 0.0). Visualization of the behavior of the iterative
algorithm. Top left: Visualization of the time evolution of the number of elements; Top right:
Visualization of the time evolution of the error |[u—uyl|;2q); Bottom left: Visualization of
the relationship between the error |[{u —uyl|;2) vs the number of elements; Bottom right:
Visualization of the time evolution of Apjp.
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1.7.2 Double diagonal folding

The second example corresponds to a double folding, along the diagonals of the unit square
domain. The exact solution of this problem is

u (XI)XZ) = d(X, OQ)’

min(xs,1-x;) ifx; < xo, vx=(x1,x2) € Q,

min(x;,1—x;) otherwise,

Uy (x1, x2) ={

and the boundary conditions are set accordingly. The additional difficulty lies in the intersec-
tion of two lines of the singular set. Figure 1.17 illustrates a snapshot of the stationary solution,
together with an illustration of an adaptive mesh (in that case, hpj, = 1.57 - 1073, hpax =
5.14-107!, TOL=0.03125, £; = 0.0).

Figure 1.18 illustrates, for €; = 0.0, the refined mesh when the tolerance decreases. Again,
the number of elements increases in a narrow neighborhood around the line singularities.
Table 1.12 numerically confirms this statement. It also emphasizes that the convergence
properties are comparable when €; # 0 and when ¢; = 0 (both in terms of accuracy and
convergence rate).

Remark. Using smaller tolerances usually requires a larger number of iterations, and may
require a continuation approach (namely starting the time iterations with a larger tolerance
and decreasing it as the iterations go, as, e.g., in [Caboussat et al., 2019]).

Figure 1.19 illustrates the influence of the regularization parameter €;. When ¢; too large, the
singularities of the solution are lost, and the anisotropic mesh adaptation algorithm does not
converge easily.

Table 1.12 numerically confirms that (i) the smaller the tolerance, the larger the number of
elements, nodes and aspect ratio; (ii) the estimator n? and the error in the L2-norm are divided
by 1.8 ~ 2.6 when the tolerance is divided by two; (iii) however, the effectivity index does not
remain constant.

Table 1.13 shows that the orthogonality constraints are satisfied and converge asymptotically.
The accuracy in approximating the orthogonality conditions is better when €; = 0.0.

Figure 1.20 illustrates the iterative behavior of the time-stepping algorithm for various toler-
ances when ¢; = 0.0; it shows that the time evolution of indicators is indeed oscillating when
the mesh is adapted, due to the low regularity of the solution. The conclusions are similar to
those of the single folding example.
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Figure 1.17 — Double diagonal folding. Snapshots of the approximated solution (left: first
component u; ; right: second component u; ;,), with illustration of the final adapted mesh.

TOL=0.125 TOL =0.06125 TOL =0.03125

Figure 1.18 — Double diagonal folding. Snapshots of the final adapted mesh after 500 time
iterations, for various values of the tolerance TOL (e; = 0.0). The colormap represents the
values of the first component u; ;. The second row corresponds to a zoom in the squared
region indicated in the first row.

1.7.3 Comparison with a standard adaptive approach

We actually advocate here a non-standard adaptive method when compared to the literature
about mesh adaptive methods for elliptic problems. Indeed, the more standard approach
[Bourgault et al., 2009; Hassan and Picasso, 2015] would be to solve the entire time-stepping
problem, then to adapt the mesh and re-apply the whole solution method for the time-
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Figure 1.19 — Double diagonal folding. Snapshots of the final adapted mesh after 500 time
iterations, for various values of the regularization parameter £, (TOL = 0.03125). The colormap
represents the values of the first component u, ;. The second row corresponds to a zoom in
the squared region indicated in the first row.

dependent problem. In the adaptive strategy described in Section 1.6.1, a few time iterations
are performed without reaching the stationary solution with a fixed mesh, then the mesh is
adapted at each time iteration. Actually the variations in the solution occur slowly and locally
(on the edges where the singularities are formed), which favors a mesh adaptivity at each
iteration. The other advantage of the adaptive approach described in Section 1.6.1 is that it
allows to recover a suitable mesh faster compare to the standard strategy.

Figure 1.21 illustrates a comparison between the different approaches (with TOL = 0.625
and g1 = 0). The figure on the left shows the numerical solution using the adaptive approach
(Section 1.6.1) after 500 iterations (total of time iterations and adaptive remeshing steps at each
time iteration). The figure on the right shows the numerical solution applying the standard
approach after 4000 iterations (same total). Figure 1.21 indicates that the mesh obtained with
the adaptive approach tracks more efficiently the singularities with a smaller total number of
iterations.

Table 1.14 shows the numerical behavior of the algorithm using the standard adaptive ap-
proach for varying parameters, namely the values of the parameters and final adapted meshes
for all tolerances and €; =2-10"% and £, = 0.
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Table 1.12 — Double diagonal folding. Convergence behavior of the algorithm for various
values of parameter €1, as a function of the tolerance TOL. The columns contain the final
minimal and maximal mesh size, the final numbers of elements and nodes, the maximal value
of the aspect ratio, the value of the estimator, the effectivity index, and the L?-norm on the
approximation uy, of the solution map u.

Regularization term: g1 =2-107°

A N
TOL Rmin Nmax AR #elem | # nodes Ng m [la—upll2
0.250000 | 4.48e-02 | 4.80e-01 8.72 82 54 5.28e-01 1.18 +£ 0.2049 1.74e-02
0.125000 | 1.42e-02 | 4.96e-01 18.63 157 93 2.96e-01 0.97 + 0.0853 6.75e-03
0.006250 | 3.65e-03 | 4.81e-01 | 66.06 309 173 1.48e-01 | 0.81 £ 0.0993 2.92e-03
0.031250 | 7.75e-04 | 4.97e-01 | 208.35 537 300 7.42e-02 | 0.61 +0.0518 1.09e-03
Regularization term: £, = 0.0
A N
TOL Rmin Rmax AR #elem | # nodes urs m [la—upll|2
0.250000 | 4.42e-02 | 4.53e-01 7.69 86 56 5.25e-01 1.15 £ 0.1645 1.70e-02
0.125000 | 1.52e-02 | 4.71e-01 15.93 164 97 2.97e-01 1.03 +£0.1109 6.60e-03
0.006250 | 4.82e-03 | 5.05e-01 | 50.25 265 150 1.56e-01 | 0.88 +0.1259 2.63e-03
0.031250 | 1.57e-03 | 5.14e-01 | 120.01 456 248 7.76e-02 | 0.69 +0.0767 1.15e-03

Table 1.13 — Double diagonal folding. Convergence behavior of the algorithm for various
regularization parameters €1, as a function of the tolerance TOL. The columns contain the
constraints for the orthogonality of the solution.

Regularization term: £; = 2-107°
TOL f Vi pldx f [Vuy pldx / IVuyp-Vuy pldx
Q Q Q
0.2500 0.9785 0.9899 0.1111
0.1250 0.9957 0.9960 0.0432
0.0625 0.9961 0.9957 0.0288
0.03125 0.9957 0.9946 0.0180
Regularization term: €; = 0.0
TOL f [Vuy pldx f [Vuy pldx / IVuy p-Vug,pldx
Q Q Q
0.2500 0.9896 0.9893 0.0763
0.1250 0.9976 0.9988 0.0409
0.0625 0.9988 0.9986 0.0237
0.03125 0.9997 0.9995 0.0100

1.7.4 Non-smooth example with a point singularity

The third example also corresponds to a double, re-entrant, folding. The exact solution of this

problem is
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Figure 1.20 - Double diagonal folding (case €; = 0.0). Visualization of the behavior of the
iterative algorithm. Top left: Visualization of the time evolution of the number of elements; Top
right: Visualization of the time evolution of the error |[u—uy||;2(q); Bottom left: Visualization
of the relationship between the error |[u—uyl|;2(q) vs the number of elements; Bottom right:
Visualization of the time evolution of hyin;

X1 if xo = x; and x; 0.5,
u(x;,x) =< 1—-x; ifx;>05and x,>—-x;+1,
X ifxo<x;and x, <-x; +1,
X if x, = x; and x; 0.5, V(x1,x2) €Q,
X ifx;>05and x, > —x;+1,
Up(x1,x2) = .
X1 if x, < x; and x; 0.5,

1-x; ifxo>xjandx, <—x;+1,

and the boundary conditions are set accordingly. We consider a fixed number of 71,55, = 500
time steps, and, for this example, we take C = 0. The additional difficulty lies in the refolding
with a re-entrant corner, which causes a new type of point singularity. For this specific test
problem, in the case when TOL = 0.03125, the algorithm fails to converge for 7,,.5;, = 500.
Therefore to accelerate the convergence of the adaptive algorithm, it uses gradually decreasing
tolerances TOL (i.e. first a few iterations are performed with TOL = 0.125 then the tolerance
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Figure 1.21 — Double diagonal folding. Snapshots of the final adapted mesh (the colormap
represents the values of the first component u, j). Left: non-standard approach advocated
here, after 500 time iterations; right: standard approach, after 4000 time iterations. (TOL =
0.625, £, =0).

Table 1.14 — Double diagonal folding. Convergence behavior of the algorithm for various
values of parameter €1, as a function of the tolerance using the standard adaptive strategy. The
columns contain the final minimal and maximal mesh size, the final numbers of elements and
nodes, the maximal value of the aspect ratio, the value of the estimator, the effectivity index,
and the L2-norm on the approximation uy, of the solution map u.

Regularization term: £; =2-107°

y:
Mk
TOL Romi h AR | #elem | #nodes 4 — & ||lu-u
min max Mk IV (u—up) 2 Il nllzz
0.250000 | 5.00e-02 | 4.82e-01 7.34 72 47 5.51e-01 1.44 + 0.2884 1.42e-02
0.125000 | 1.54e-02 | 5.20e-01 | 20.72 161 95 2.74e-01 1.16 +£ 0.1154 4.61e-03
0.006250 | 4.42e-03 | 3.96e-01 | 27.64 447 242 1.51e-01 0.81 + 0.0623 4.05e-03

0.031250 | 1.48e-03 | 2.86e-01 | 23.36 | 1564 815 7.43e-02 | 0.67 + 0.0597 7.96e-04

Regularization term: £; = 0.0

y:
Mk
TOL Romi h AR | #elem | #nodes 4 ——= | [lu-u
min max Ul IV (—up)ll> Il nllr2
0.250000 | 4.86e-02 | 4.56e-01 5.52 95 59 5.45e-01 1.37 + 0.1456 1.35e-02
0.125000 | 1.65e-02 | 4.65e -01 | 13.18 157 92 2.90e-01 1.05 + 0.1022 7.49e-03
0.006250 | 3.60e-03 | 3.98e-01 | 25.83 514 277 1.49e-01 0.84 + 0.0618 2.35e-03

0.031250 | 1.07e-03 | 2.84e-01 | 30.35 | 1462 759 7.60e-02 | 0.55 % 0.0357 1.62e-03

decreases to TOL = 0.0625 and TOL = 0.03125 successively).

Figure 1.22 illustrates a snapshot of the stationary solution, together with an illustration of
an adaptive mesh (in that case, hyin = 1.78-1073, hynay = 5.81-1071, TOL = 0.03125, £; = 0.0).
Figures 1.23 and 1.24 illustrate the adapted mesh for £; = 0.0 when the tolerance decreases,
and for TOL = 0.03125 when the penalization parameter varies. Similar conclusions to the
previous test cases hold.
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Figure 1.22 — Non-smooth folding with point singularity. Snapshots of the approximated
solution (left: first component u; ;; right: second component u, ;,), with illustration of the
final adapted mesh.

TOL=0.125 TOL =0.06125 TOL =0.03125

Figure 1.23 — Non-smooth folding with point singularity. Snapshots of the final adapted mesh
after 500 time iterations, for various values of the tolerance TOL (g7 = 0.0). The colormap
represents the values of the first component u, j,. The second row corresponds to a zoom in
the squared region indicated in the first row.

Table 1.15 numerically confirms the conclusions reached earlier. Table 1.16 shows an ap-
propriate behavior for the orthogonality constraints that converge asymptotically when the
tolerance decreases (except for one result for the smaller tolerance and €, # 0.0). As expected,
the accuracy in approximating the orthogonality conditions is higher when £; = 0.0.

Figure 1.25 illustrates the iterative behavior of the time-stepping algorithm for various toler-
ances when &, = 0.0 respectively; it confirms the oscillatory behavior of the time evolution
of indicators when the mesh is adapted, due to the low regularity of the solution. Table 1.17
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€ =2.0-107%

£, =2.0-107°

e1=0

Figure 1.24 — Non-smooth folding with point singularity. Snapshots of the final adapted mesh
after 500 time iterations, for various values of the regularization parameter £; (TOL = 0.03125).
The colormap represents the values of the first component u; ;. The second row corresponds
to a zoom in the squared region indicated in the first row.

Table 1.15 - Non-smooth folding with point singularity. Convergence behavior of the algorithm
for various values of parameter €1, as a function of the tolerance TOL. The columns contain
the final minimal and maximal mesh size, the final numbers of elements and nodes, the
maximal value of the aspect ratio, the value of the estimator, the effectivity index, and the
L?-norm on the approximation uy, of the solution map u.

Regularization term: £; = 2-107°

A g
TOL Nmin Nmax AR #elem | # nodes g m [la—upllp2
0.250000 | 4.83e-02 | 6.66e-01 8.14 60 41 5.11e-01 1.15 £ 0.1605 2.00e-02
0.125000 | 1.55e-02 | 6.58e-01 | 11.97 136 82 2.86e-01 | 0.98 + 0.0875 8.18e-03
0.006250 | 4.59e-03 | 6.81e-01 | 37.89 259 149 1.44e-01 | 0.81 +0.1469 3.39e-03
0.031250 | 6.55e-04 | 5.81e-01 | 225.45 545 301 7.71e-02 | 0.64 + 0.0697 1.48e-03
Regularization term: £; = 0.0
A g
TOL Rmin Nmax AR #elem | # nodes g m [la—upllp2
0.250000 | 3.59e-02 | 6.92e-01 | 15.49 64 44 5.08e-01 1.08 £ 0.1142 2.16e-02
0.125000 | 1.61e-02 | 7.11e-01 | 15.97 122 75 2.88e-01 1.06 £ 0.1573 6.25e-03
0.006250 | 4.81e-03 | 6.82e-01 | 33.88 233 134 1.52e-01 | 0.86 + 0.0989 2.59e-03
0.031250 | 1.78e-03 | 5.81e-01 | 49.02 427 234 7.71e-02 | 0.77 £ 0.1375 9.73e-04

illustrates the numerical behavior of the approximated solution for various €;. Again, when
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Table 1.16 — Non-smooth folding with point singularity. Convergence behavior of the algorithm
for various regularization parameters ¢, as a function of the tolerance TOL. The columns
contain the constraints for the orthogonality of the solution.

Regularization term: £, =2-107°
TOL f Vi pldx f [Vuy, pldx / [Vuy - Vg pldx
Q Q Q
0.2500 0.9780 0.9907 0.0826
0.1250 0.9933 0.9945 0.0489
0.0625 0.9968 0.9979 0.0174
0.03125 0.9959 0.9951 0.0092
Regularization term: £, = 0.0
TOL f [Vuy pldx f Vo pldx f IVuy - Vg pldx
Q Q Q
0.2500 0.9754 0.9947 0.1126
0.1250 0.9899 0.9956 0.0493
0.0625 0.9984 0.9994 0.0187
0.0312 0.9992 0.9995 0.0074

€1 is too large, the algorithm under-performs. Then, we can observe that, when £; — 0.0, the
number of elements and nodes remains bounded despite the loss of regularity of the solution.
Similarly the orthogonality conditions become more accurate when £; — 0.0.

Table 1.17 - Non-smooth folding with point singularity. Convergence behavior of the algorithm
as a function of the regularization parameter €, (tolerance: TOL = 0.3125).

&1 Rain Rax #elem | #nodes | |[lu—uyl|;2
2.0e-04 7.66e-04 2.35e-01 3869 2095 1.25e-04
2.0e-06 6.55e-04 5.81e-01 545 301 1.48e-03
2.0e-08 1.70e-03 4.70e-01 422 232 4.16e-04

0.0 1.78e-03 5.81e-01 427 234 9.73e-04

£ f [Vuy pldx f [Vuy, pldx / [Vuy - Vg pldx

Q Q Q
2.0e-04 0.9529 0.9496 0.0641
2.0e-06 0.9960 0.9954 0.0113
2.0e-08 0.9992 0.9996 0.0117
0.0 0.9991 0.9998 0.0074
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Figure 1.25 — Non-smooth folding with point singularity (case €; = 0.0). Visualization of
the behavior of the iterative algorithm. Top left: Visualization of the time evolution of the
number of elements; Top right: Visualization of the time evolution of the error |[[u—upll;2(q);
Bottom left: Visualization of the relationship between the error |[u—uy||;2(q) vs the number of
elements; Bottom right: Visualization of the time evolution of hipin;

1.8 Adecomposition approach for the homogeneous Dirichlet Prob-
lem

In this final section, let us consider the homogeneous Dirichlet problem:

{ Vue@(2) a.e. inQ,
(1.44)

u=0 on 0Q.

In this particular case, the solution becomes fractal near the boundary (see, e.g., [Dacorogna
et al., 2018], but also [Caboussat et al., 2015] for a similar behavior for a scalar Eikonal equa-
tion). Preliminary numerical results reported in [Caboussat et al., 2019] have shown that
adaptive mesh refinement is required to obtain the convergence of the time-stepping algo-
rithm, and recover a admissible solution. Figure 1.26 illustrates the snapshot of the numerical
approximation uy, of u, obtained with the anisotropic mesh adaptivity algorithm. However,
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sharp edges cannot be recovered exactly near the boundary where strong oscillations arise.

One property of the solution is that every singular point should be adjacent an even number
of edges, and this number is at least four. This property is not satisfied for the numerical
approximation in Figure 1.26 due to these inaccuracies near the boundary.

In order to overcome the introduction of such inaccuracies and numerically capture one
solution, we advocate a domain decomposition algorithm to approximate one given solution
of (1.44). Let us consider Q = (0,4)2, using the geometric information about the expected
oscillatory behavior of the solution near the boundary, we define a sequence of domains Q,
k =0, such that
a-Ua.
k=0
with

1 1)\2
QO:(I,S)Z, and Qk:(l—%,3+E) \Qp_1, k=1.

Numerically, the sequence is truncated to M domains, and Q; = (0,4)?\Qy_;. Figure 1.27
(left) illustrates the situation for a decomposition in four domains. This decomposition allows
to enforce the fractal behavior through boundary conditions. Figure 1.27 (right) illustrates
schematically the shape of successive boundary conditions (only on half of the boundary).

The algorithm reads as follows: for each k, the orthogonal maps problem is solved on Qj with
given boundary conditions. We use the following notation: Q. = (ag, bi)?, Ni = 2Nj_; +4 for

b.—a
k=1 Ny=4, hy= —*

andpj:ak+jhk,wherej:2£+1,€:0,...,%— .

The boundary conditions are written, for all x = (x1, x2) on 0Q as u = gy in 0Q, with

81,k
k= »
s ( gk )

where
g1,k(x1,%2) =0 (1.45)
and
- ) f < < , N
Glxn,xp) =4 Y P20 TPsYV=paca V0=0,1,2,...,— 1, (1.46)
Poei2—Y, ifpori1 <Y< parso, 2

where
_ ) x1when x; = ay or xp = by,
X when x; = ay or x; = by.

59



tion of Orthogonal Maps

oxima

Chapter 1. Numerical Appr

o N
—_ ~N —_ [
o < < < Q o o 0 ~ Q
7 ) o & 0 - o o )
[0} ~ ® o ~ 0 N — ) <
— < v o P o o o o
< N - o > T o - o -
? It g it _ =7 0::::,,Ut,:::mv::: o
N i

3

RS
..v..m.ﬂﬂh%’( A
ST AN

RS N
R P
ERR P
AV N el

e S e

RV

\\\N\“}" ‘[

N\“\\‘ &l
G TN Ve
L7 ﬁ‘bﬂkvh_ i Hbvﬂ“mn.
i S
, TR T
Aty
0t
g

0.625, approx. 3000 — 5000 time steps).

TOL

0,At=5-10"12, &, =0,

Figure 1.26 — Homogeneous Dirichlet test case. Snapshots of the approximated solution (top:

first component u; ;; bottom: second component u, ;,), with illustration of the final adapted

mesh consisting of an unstructured adapted triangulation with 22,871 vertices and 42,987
Figures 1.28-1.29 illustrate the snapshot of the numerical approximation uj obtained by
coupling the anisotropic adaptive algorithm with this domain decomposition method and

On the internal boundary, the external boundary conditions g;_; are reproduced.

triangles (C
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1.8. A decomposition approach for the homogeneous Dirichlet Problem

M = 4. Results show that the symmetries are perfectly respected, and that the spurious
oscillations are controlled. As a side effect, let us note that this approach allows us to observe
that the proposed adapted algorithm behaves well when solving the orthogonal maps problem
in non-convex domains, as emphasized in Figure 1.30. Finally, Figure 1.31 visualizes detVuy,

and shows that the angle conditions is satisfied.

3.5

25

15

0.5

Figure 1.27 — Decomposition approach for the solution of the homogeneous Dirichlet problem.
Left: sketch of the sequence of domains Q; Right: sketch of the shape of (piecewise linear)

boundary conditions.
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g
sy

Figure 1.28 — Decomposition approach for the solution of the homogeneous Dirichlet problem.
Snapshot of the approximated solution u, ;,, with illustration of the final adapted mesh after
4150 time iterations on each subdomain, superimposed after individual computation on
each subdomain. The resulting mesh obtained by superimposition of the several meshes is
non-conforming.
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Figure 1.29 — Decomposition approach for the solution of the homogeneous Dirichlet problem.
Snapshot of the approximated solution u, j, with illustration of the final adapted mesh after
4150 time iterations on each subdomain, superimposed after individual computation on
each subdomain. The resulting mesh obtained by superimposition of the several meshes is
non-conforming.
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v Wk

S 1P

Figure 1.30 - Decomposition approach for the solution of the homogeneous Dirichlet problem.
Snapshots of the individual solution computed on each subdomain. The colormap represents
the values of the first component u; j,.
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Figure 1.31 —- Decomposition approach for the solution of the homogeneous Dirichlet problem.
Visualization of detVuy,.
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Y4 Numerical Approximation of the Pre-
scribed Jacobian Equation/Inequality

2.1 Problem Formulation

Let Q be a bounded domain of R?; we denote by I the boundary of Q. Let f: Q — R, and
g:T — R? be given sufficiently regular functions. The partial differential equation involving
the Jacobian determinant we want to solve reads as follows: find u : Q — R? satisfying

{ detVu=f inQ, 2.1

u=g onl.

In particular, we are interested in the identity boundary condition (i.e. g(x) =x for x e I') that
has been considered in [Caboussat and Glowinski, 2018], and in [Dacorogna and Moser, 1990]
from a theoretical point of view. The problem is of the following type:

{ detVu=f inQ, 2.2)

uX) =x aexonl.

This problem has been addressed in [Caboussat and Glowinski, 2018] with a numerical ap-
proach based on augmented Lagrangian techniques, which will be revisited here with a
least-squares approach. Problem (2.2) corresponds to finding a mapping u that preserves
both the boundary data and some kind of volume (up to some stretching of the mapping).
Note that the solution to (2.2) is not necessarily unique and the same remark holds for (2.1).
Indeed, let us consider (2.2) with f =1 and Q the unit disk centered at the origin; in this case,
u (x) = x is an obvious solution. However, when using the polar coordinates (p,6), one can see
that v defined by v (p,0) = (pcos (6 + 2knp?) , psin (0 +2knp?))" is also a solution.

The proof of the existence of a solution to (2.1) (via the divergence theorem) requires data
to be compatible with the geometrical domain, see [Dacorogna and Moser, 1990]. When the
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boundary conditions are given by u (x) = x on I', this compatibility condition reads as:

[Q fdx= measure (Q). 2.3)

The positiveness of the right-hand side f is useful from an analytical point of view to prove
existence results; however, it has been recently loosened slightly to accept locally negative
data (see [Cupini et al., 2009]). Moreover, it makes problem (2.1) elliptic, an important feature
for the solution methodology discussed in this chapter. From now on we will assume that (2.3)
holds.

In parallel, in this chapter we will also consider the following partial differential inequality :
find u: Q — R? satisfying

(2.4)

detVu=f inQ,
u=g onT.

with, in particular, the case of the identity boundary condition (i.e. g(x) =x for x e I'). This
problem has been addressed in [Fischer and Kneuss, 2019] where existence results have been
established under the condition

fQ fdx < measure (Q). (2.5)

We will show that the numerical techniques developed for (2.1) also apply naturally to (2.4),
with small modifications. Thus, in the sequel, the least-squares method we advocate is
described when applied to the initial problem (2.1), and variations in the algorithms to address
(2.4) are highlighted.

2.2 Numerical Algorithm

We propose a numerical algorithm based on the least-squares approach. The iterative relax-
ation algorithm allows to split the minimization problem into two separate sub problems.
The first problem consist of a sequence of low dimensional local nonlinear problems, the
number of them being determined from the chosen mesh grid. The second problem is a linear
variational problem and it results in a fourth-order partial differential equation.

2.2.1 Leastsquares method

Let us define
Qs = {qe 15 (Q))zxz, detq = f},

Vg = {ve (H'@)°, vlga = g}-
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2.2. Numerical Algorithm

The regularity of f and g implies that Q¢ and Vg are non-empty.

The main idea of the numerical method is to find a solution at the intersection of Q¢ and
VVg (if there is an intersection). Finding the intersection is equivalent to solving (2.1). The
least-squares method thus relies on the introduction of an auxiliary variable q € Qf, and reads
as: find {u, p} € Vg x Qy such that

J(u,p)<J(v,q), V{v,q} €VgxQy, (2.6)

where, in (2.6), J is defined by
1 2
J(v,q) = —f |Vv—q|” dx, 2.7
2Ja

and | - | denotes the Frobenius norm |T| = (T : T)'/?, with the inner product S: T = ijzl Sijtij
where T, S are 2 x 2 matrices with elements s;, 7;; for i, j =1,2, respectively.

We propose a biharmonic regularization of the objective function. The added term is motivated
by previous works that involve first-order elliptic equations, see [Caboussat and Glowinski,
2015b, 2018; Caboussat et al., 2019]. As illustrated in the numerical experiments introducing
the biharmonic regularization accelerates the convergence of the numerical algorithm. The
modified objective function is defined as

Je(v.q)=J (v,q) + g fQ Iv2v|® dx, 2.8)
where & = 0. The modified minimization problem reads as: find {u, p} € Vg x Q such that
Je(wp)<Je(v,q), V{v,q} €VgxQy, (2.9)
where Vg = Vg N (H? (Q))Z.
In the case the inequality (2.4), we modify the functional space Q as
Qf= {q e (I? (Q))2X2 ,detq = f}.

The objective function J; (v, q) remains the same as in (2.8), and the minimization problem
reads as: find {u,p} € Vg x Q 7 such that

Je(wp)<Je(v,q), Y{v,q} €VgxQy. (2.10)

2.2.2 Relaxation algorithm

For the solution of the minimization problems (2.9) and (2.10) respectively, we propose a
relaxation algorithm. It reads as follows
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Step 1. The initial guess of the algorithm is obtained by solving:

—Au!=f in Q,
(2.11)

ul=g onT,

where f= (1,1)T vxe Q. The solution of (2.11) is smooth, convex, and matches the boundary
conditions of (2.1).

Forn=1;

Step 2. Assuming that u” is known, we look for

p’= argtrlrel(i)n]‘g (u”,q); (2.12)
I

Step 3. Assuming that p” is known, we look for

"2 = argmin J, (v,p"); (2.13)
veVy
Step 4. Update the solution as
un+1 :un+w(un+1/2_un), (2.14)

where w € (0,2) is a relaxation parameter that helps controlling the convergence speed of the
algorithm.

For the Jacobian inequality (2.4), the solution can be found by replacing in (2.12) the functional
space Qr by Q r defined in (2.10). Therefore, the only modification needed in the algorithm is
in Step 2.

2.2.3 Numerical solution of the local nonlinearly constrained minimization prob-
lems

The main focus of this subsection is the solution of (2.12) in the relaxation algorithm. Since u”
is known, we have

1
Je (u",q) = —f |Vu” —q|* dx + Ef V2" dx, (2.15)
2Ja 2 Ja
and expanding the first term we get

1 1
Je (u",q) = 5fQ|Vu”|2—fQVu":qu+ Efﬂlqlzdx+§fg|vzu”|2dx. (2.16)
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Then, the solution of p” is obtained by solving the following minimization problem
1 n2 n 1 2 € 2. n|2
—fIVuI —fVu :qu+—f|q| dx+—f|Vu | dx
2Ja Q 2 Ja 2 Ja

Problem (2.17) is equivalent to the following optimization problem where we remove the

fl|q|2dx—f Vu”" : qdx
Q2 Q

Problem (2.18) can be solved pointwise because it does not involve any derivative for the

min
qeQy

, (2.17)

constant terms.

p" = argmin
qcQy

. (2.18)

variable q. The solution can be obtained for allx € Q as

1
p ) = arg min —|q|2—b:q], (2.19)
qeEfy | 2

where b = Vu""! (x) and B = {q (%) € R**?, g11 (%) g22 (X) — 912 (X) g21 (%) = f (%)}, with
|91 g2
1 (0721 6722)'

Following [Glowinski and Tallec, 1989; Caboussat and Glowinski, 2018] with a proper change
of variables, we can reduce the dimension of the problem and the corresponding solution.
Let us denote the vectors b = (b11, b22, b12, b21), bij,i,j = 1,2 to be the elements of b, § =
(qu, q22,q12, qu) and a 4 x 4 matrix as

1/vV2  1/V2 0 0
V2 -1/V2 0 0
0 0 1/vV2  1/V2
0 0 1/vV2 -1/V2

We then introduce the new variablesy = Sq’ and a = Sb”, so that the minimization problem
in (2.19) is equivalent to

min , (2.20)

yEFf

l||2_
ZY ay

with Fy = {ye R*, yi—y3 —y.o% +y2=2f(>0)}. In order to solve (2.20), we define the La-
grangian functional

A

= 1
Ly A) =5y ~ay-Z - -5 +yi-2f). (221)

Let z denotes the solution of (2.20) and A is the corresponding Lagrange multiplier. The first
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order optimality conditions of (2.21) read:

zZ1—ay = /121,
Z—ay=-Az,
23— d3 = —/1Z3, (2.22)

24— ag = Az,
2

2 2, 2 _
Z]—z5—z5+z5=2f.

We re-write the first 4 equations of (2.22) in terms of z and we replace the variables z,..., z4

into the fifth equation

1-1% (1+A)?2

21 = @
1_1_/1r
) = 2
2T
BT (2.23)
ay
24 = ’
T1-2
2 2 2 2
a;+a as+ a
1% % 3—2f-

Finding the value of A from the last equation allows to obtain z, and then q. Actually, the last
equation of (2.23) can be written as a polynomial function of the variable A

where

T o =

AN+ BA2+CA+ D=0, (2.24)

_f’
1
L -a- i+ airap),

2 2 2 2
a;+a,+as+ay,

1
(- a-2p).

One can solve (2.24) exactly, although this task can be complex. We favor the use of the Newton
method, and we target a solution A that is close to zero. The underlying idea is that, if 1 =0,
then the coefficient D should also be zero. The rationale behind targeting D = 0 is that D is

actually equal to

D= %(detVu”_l ®-f®) VxeQ,

and therefore D = 0 implies that u”~! is the solution of (2.1) and A = 0 from (2.23) implies that
q = Vu. In the mentioned experiments, we observe that A is close to zero.

When we consider the Jacobian inequality (2.4), the solution of the minimization problem for
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allx e Q reads as

p" (x) = arg min
qEEf(x)

1
5 lq|*-b: q] : (2.25)
where

Ef = {q® eR¥?, detq = 11 (X) G220 (¥) — g12 (%) g21 ¥) = f (%)}

and b = Vu""!. The minimization problem (2.25) has four unknowns and one inequality
constraint. In order to solve it, we introduce a slack variable and re-write (2.25) as

L, 2
i - -b:
mnin, - |>laf"~b:q
s.t. detq—f-s=0, (2.26)
s=0.

We use a logarithmic barrier function to eliminate the inequality constraint (see e.g. [Nocedal
and Wright, 2006])

min % lq)*-b: q] —ulogs

qEEf
s.t. detq—f-s=0,

(2.27)

where p = 0.

The minimization problem (2.27) has the same form as in (2.19), thus we can introduce the
same change of variables. Namely, y = S(‘iT and a = SBT, therefore, the modified problem
reads as

argmin ) (2.28)

yeFy

l||2_
Sy -ay

with Fy = {y e R*, y§ — y5 — y5 + yi = 2f +2s}. As before, in order to minimize the objective
function subjected to the constrainty € F~f we define the Lagrangian functional

1 )
Ly, As)= S Iyl ~a-y=5 (i - 95 -3 +yi - 2f - 25) - plogs. (2.29)

Let z to be the solution of (2.28) and A is associated to Lagrange multiplier. Applying the first
order optimality conditions we have:

zi—ar = Az,
Zr—ady = —/122,
zz—az = -z,
Za—as = Az,
u
s T h
zf—z%—z%-#zi = 2f+2s.
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We isolate the first 5 equations with respect of z and replace them in the sixth equation

a
z7 = —,
! 1-1
ar
Zy = ,
2 1+A
as
zZ3 = —,
3 1+A
ay
zZs = —,
4 1-1
U
s = —,
24
2., 2 2, 2
a1+a4_a2+a3 _ 2f+2s

1-1)% (1+1)?2

The last equation of the above system can be written as a polynomial degree five

AV +BA'+CA* + DA+ EA+F =0 (2.30)
where

A = 2f,

B = 2u,

Cc = —a%+a§+a§—ai—4f,

D = —261% - Zag - Zag - Zdi —4u,

E = -di+a;+ai-a;+2f,

F = 2u.

Again we use a Newton method to solve (2.30).

2.2.4 Numerical solution of the linear variational problems

In this subsection we focus on the solution of Step 3 of the relaxation algorithm. With the as-
sumption that p” is known, we look for the solution of u” by solving the following optimization
problem

. (2.31)

min
VeV,

lf |vV_pn|2dx+ff v2v[2dx
2 Ja 2Ja

In order to solve (2.31), we derive the first optimality conditions which read as: find u”*!/2 € \
such that
5[ V2u" 2 . v2ydx + f vut2  Yvdx = f p": Vvdx, (2.32)
Q Q Q

for all v € Vy, where V = {ve (Hj () nH? (Q))Z}. Problem (2.32) is a fourth order partial
differential equation. We solve it using a mixed method by introducing an auxiliary variable
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w=—V2u"*V2 gee [Ciarlet, 2002].

Problem (2.32) becomes : find we (H} (Q))2 such that
sf Vw: Vvdx+f w-vdxzf p":Vvdx, VYve (HO1 (Q))2, (2.33)
Q Q Q
together with: find u”*/2 € V, such that

f vu"*12: Vydx = f wevdx, Vve (H @)% (2.34)
Q Q

Problem (2.32) now splits in two well-posed second order elliptic equations (2.33) and (2.34),
which can be solved using a standard piecewise linear finite element method.

2.3 Finite Element Approximation

Let h > 0 be a space discretization step and let {77},};, be family of conformal triangulations of Q
(see [Glowinski, 2008, Appendix 1]). On Qj, = {q € L? (Q)?*2, VT € 9},}, we define, respectively,
the corresponding discrete inner product and corresponding norm as

((@))or= 2 ITIlr:dlr, llalllon = /(2 @0

Tegy,

Let Qyp and Q rn be the finite dimensional subspaces of Q and Q f given by
Qrn=4{9€Qy, q|; €R**?, detq|, = fr, VT € T3},

Qrn=1{q€Qy, q|; €R**?, detq|, = fr, VT € T3},

- 1
where fr = T f f x) dx. Let Vg j, and Vo, be the finite dimensional subspaces of Vg and Vy
T
given by

Vg = {ve (CO (5))2 ,vire ®)?, VT €Ty, Vir, =gh},

Vo = {ve (c° (5))2 Vir e PD?, YT €Ty, Vir, :0},

where PP; the space of the two-variable polynomials of degree < 1, and g, is a piecewise linear
interpolation of g. We denote a discrete inner product and norm of Vg, and Vo, as

Wviop= Y. Y Wiu@)-v), lullor =+ (wwop,

TEg'h i=1

with W; the weights and {; the evaluation points of a Gauss quadrature rule, m denotes the
number of points of the quadrature rule.
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The discrete formulation of the least squares method to solve (2.9) reads as: find {u,p} €
Vg x Qp,, such that

Jen (Wp) <Jen(v.q),V{v,q} € Vg x Qpp,
with

Jen(wp) =|||Van —pnl||2,-

Similarly, the discrete formulation of the least squares method to solve (2.10) reads as: find
{u,p} € Vg, x Qp j, such that

Jen (wp) < Jen(v,q),V{v,q} € Vg n % Qf,h-

The discrete formulation of the ADMM method that is described in Section 2.2.2 becomes:

Step 1. The initialization of the algorithm reads as: find u}l €Vgp

((Vu, Yvh)) o = (£ ), ¥Vi € Von, (2.35)
where f=(1,1) Vx € Q.
Forn=1,

Step 2. The discrete minimization problem of problem (2.18) is written as

Py —argqnggl 5 |||Ph|||0h ((u}.an))op | (2.36)
while in the case of Jacobian inequality (2.4), we replace Q fh in (2.36) by Q fh- The solution
of the minimization problem p; can be obtained as described in Section 2.2.3. We could
compute a solution of pj for multiple points in any T € 7, however, because Vu,, is a constant
per T € I, it is sufficient to compute p; only once per T. Therefore, we look for solution
pZ (T),VT eIy, by providing VuZ (T) and fr for every triangle in the given mesh.

n+1/2

Step 3. To obtain u; ™', we discretize (2.32) and get

(vz n+1/2 g2y )0h+((V“Z+1»VVh))0h= ((PZ»VVh))oh- (2.37)

By applying a mixed finite element method to (2.37), as applied to (2.32) in Section 2.2.4, we
obtain: find (u]"*!/2, wl!) € Vg j, x Vo, such that,

((Vw” Vvh))oh (w! wiLv h) ((pZ,Vvh))Oh, Yvy, € Vg, and

(Vu} 2,V ep)),, = (W) @1) 0 V@I € Von.
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Step 4. The update of the solution is given by

n+l _ ..n n+1/2 n
uwt=ul +ow (" —u)).

We study the convergence properties of the above algorithm in the next section with several
numerical experiments.

2.4 Numerical Experiments

In this section, we test our algorithm for different numerical examples. We consider the
following domains: the unit square
Qg =0,1)%,

the unit disk domain,
Qq={xeR? (x|l <1},

the so-called, pacman domain
Qp = Qg \{(x1,%2) €R*, x>0, x| < x1},
and the cracked unit disk
_ 2 T
Q. =Q4\ {(xl,xg) ER, x>0,|x < tan(loo)xl}.

The discretization (meshes) of these domains are showed in Figure 2.1.

The algorithm initialization is performed as following: for the coarsest mesh, we solve equation
(2.35) with the given boundary data. For every other mesh size, we use the numerical solution
obtained by the coarser mesh. In all experiments the smoothing parameter € is chosen as h?
unless otherwise specified.

The relaxation parameter w is chosen to be initially close to 1, and gradually increases to 2. The
stopping criterion for the relaxation algorithm is when the difference between two successive
iterations are smaller than the tolerance 1078, i.e., ||[u” —u""!| lr2q) < 1078,

Newton’s method stopping criterion for the local nonlinear problems is when two successive
iterations are smaller than 107!°. Usually, the number of iterations of the Newton method
does not exceed 5. In order to have an estimation of the multipliers A on each mesh based
on values associated with every triangle we denote At to be the value of the A for the triangle
T € 9} and N the number of triangles in the mesh then

2 Ar

= Tegy,
A=——,
N
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is the average value. Another relevant quantity that describes A is the standard deviation,
estimated by

The parameter p used to solve (2.4) will specified later.
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Chapter 2. Numerical Approximation of the Prescribed Jacobian Equation/Inequality

2.4.1 Identity map

The first experiment corresponds to considering the identity map, u(Q2) = Q as the exact
solution. The data are chosen as f =1 and u(x) =x on I'. The problem can be written as

detVu(x) =1in Q,
(2.38)
ux)=xonl.

When Q = (0, 1)2, we use structured meshes with mesh size h = {0.00625,0.025, 0.0125,0.05},
and obtain estimations in the L? (Q) error norm of order 1071 and H! (Q) error norm of
order 1079 to 1071°. In addition, ||Vuy, — pyll;2(q) and A are of the order of 1071°. Figure 2.2
illustrates the two components of the numerical solution when using the structured mesh.
More precisely, with & = 0.025, after 29 iterations, we obtain

||u—Uh||L2(Q) =1.24- 10_10, Iu—llh|Hl(Q) =7.09- ].0_10,

and
IVuy, —pullzq =4.21-1071%, 1=2.96-1071°.

When
Q= {(x1, %) eR*, x5 + x5 < 1},

we use structured meshes with mesh size & = {0.0831,0.0421, 0.0209,0.0104}. Similar to the
previous setting, we get estimations in the L2 (Q) error norm of order 10719 and H! (Q) error
norm of order 107 to 10710, As well, ||Vuy, — pnllzq and A are of the order of 10710 to 10711,
Figure 2.3 illustrates the two components of the numerical solution in the disk structured
mesh. In particular, for & = 0.025, and after 29 iterations, we obtain

llu—upllz =2.06-1071,  ju—wuplgq =7.24-1071,

and
IVuy, —ppllz =2.06-107, 1=9.77-107..

Remark. Note that solving the above test case is the same as solving (1.1) in Chapter 1 with

data
{ Vue@G(@2) in Q,

u=x on 0Q.

We showed that (1.1) satisfies (1.7), that isdetVu(x) = +1, a.e.x€ Q. In this specific test case,
we have only the positive sign detVu(x) = 1, x € Q, which is equivalent to (2.38).

Next, we test the algorithm when (2.4) is considered. Therefore we examine the identity map
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u_2

I 1.0e+00

—05

l 5.0e-11

u_l
[ 1.0e+00

—05

[ 5.0e-11

Figure 2.2 — Identity map test case with data f = 1 and g = x. Visualization of the numerical
approximation of the solution uy,; Left: the component u, j; Right: the component u; j.
Results are obtained on structured mesh with 4 =0.0125.

u_2

I 1.0e+00
l -1.0e+00

u_l
I 1.0e+00
l -1.0e+00

Figure 2.3 — Identity map test case with data f =1 and u = x on I'. Visualization of the
numerical approximation of the solution uy,; Left: the component u; j; Right: the component
uy ;. Results are obtained on structured mesh with # = 0.0209.

test case with f = 0. The problem is written as

detVu(x) =01in Q,
(2.39)
ux) =xonr,

with Q = {(x1, x2) € R?, x2 + x5 < 1}.
In (2.39) there is no information on the right-hand side since f = 0, the only available informa-
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tion is on the boundary. Despite this lack of information, the algorithm converges to an exact
solution u (x) = x, similarly as in (2.38). The results obtained solving (2.39) are similar to those
obtained by solving (2.38).

By contrast to solving the Jacobian equality in (2.38), numerical errors in [%(Q) and H! ()
norms of solving the inequality (2.39) using the same mesh size values are of the order of 1072
and 1073, respectively. These parameters depend on the choice of the . If initially i is chosen
to be large ||Vuy, — ppll2(q) will be also large. On the other hand, if p is small, this may cause
some convergence problems. In this test case we choose u = 0.1 and we decrease it with a
factor of v'h. For example, for h = 0.025, after 69 iterations we obtain

llu—upllz) =6.86-107, |u—uply g =2.67-1077,

and
IVuy, — pallz = 1.04-1072, 1=2.08-1073,

2.4.2 Identity map with periodic perturbation

In this test case, we have the same boundaries as before, and we introduce some perturbation
inside the domain. We define the right-hand side to be the following function

fX) =1+ ancos (x1) sin (27 x,) + sin (27w x2) cos (T x2)]
+a’n? [cos (mx1) cos (7w x2) sin (27 x1) sin (27w x2)] (2.40)
—4sin (wxy) sin (wx2) cos (2w x;) cos 2w x),
with a = 1/(57), chosen to ensure that f is greater than 0 for all x € Q. Then, the problem is

written as
detVu= finQ,

ux)=xonl.

(2.41)

The exact solution of (2.41) is

X1+ asin (mx) sin (27w xy)
u(x) = . . .
Xo + asin (2mx;) sin (7w xo)
Although the algorithm converges to the provided exact solution, we can not prove the unique-
ness of the solution of (2.41). Table 2.1 illustrates the convergence of the numerical solution
and gives information about the relaxation algorithm with a structured mesh on the unit
square. More precisely, Table 2.1 shows that :

i the numerical solution converges in L?-norm with a rate of O (h) to O (h'*) and in H'-semi
norm with an optimal rate of O (h) when i — 0.

ii the error between of the numerical solution Vuy, and the auxiliary variable pj, in L?-norm

82



2.4. Numerical Experiments

is decreasing with an order greater than O(h).
iii the number of iterations of the relaxation algorithm is linearly increasing.

iv based on the estimated average and standard deviation A and &, the range of the 95%
confidence interval [ — 23, A + 2] converges to zero when h — 0. This is in adequation
with the theory outlined before.

Similar results are observed in Table 2.2, where the unstructured mesh is used. We observe
that the numerical solution converges in L?-norm and H'-semi norm with a rate greater than
O (h). Note that the error between the numerical solution uy and the auxiliary variable pj, in
L2-norm decreases for decreasing h. The iterations of the relaxation algorithm are linearly
increasing. Although we cannot directly compare the results of Table 2.1 and Table 2.2 because
of the difference in mesh size and the number of elements, we can claim that the algorithm is
not sensitive to the structure of the mesh.

Table 2.1 — Identity map with periodic perturbation test case with data f given in (2.40)
and u = x on I'. Computations with various mesh sizes h; L? and H' error norms with the
corresponding rates; Computation of the difference between Vuy, and pj, in L? norm; Average
value of 1 with its standard deviation &; Iterations of the relaxation algorithm. The results are
obtained with a structured mesh.

ho | llu-upllzg lu—upl g IVuy, — pall 2@ A(G) iter
1/20 2.71e-02 1.93e-01 7.58e-02 -6.97e-03(0.054) 19
1/40 1.29e-02 1.03 9.37e-02 1.00 3.42e-02 -3.08e-03(0.024) | 49
1/80 4.84e-03 1.40 3.85e-02 1.18 1.11e-02 -8.19e-04(0.008) | 149
1/160 2.22e-03 1.18 2.26e-02 0.94 3.76e-03 -1.35e-04(0.002) | 359

Table 2.2 — Identity map with periodic perturbation test case with data f given in (2.40)
and u = x on I'. Computations with various mesh sizes h; L? and H' error norms with the
corresponding rates; Computation of the difference between Vuy, and pj, in L? norm; Average
value of A with its standard deviation &; Iterations of the relaxation algorithm. The results are
obtained with a unstructured mesh.

h llu—upllzzq lu—wplg IVuy, = pallz@ A(6) iter
0.0622 | 3.49e-02 2.45e-01 1.02e-01 -2.13e-02(0.076) | 19
0.0377 | 2.06e-02 | 0.76 | 1.46e-01 | 0.74 5.76e-02 -8.35e-03(0.046) | 39
0.0188 | 8.57e-03 | 1.26 | 6.33e-02 | 1.20 2.24e-02 -4.38e-03(0.018) | 89
0.0094 | 3.28e-03 | 1.38| 2.87e-02 | 1.14 7.06e-03 -6.75e-04(0.005) | 249

Figure 2.4 illustrates the two components of the numerical solution on the quad structured
mesh. Figure 2.5 visualizes det Vuy, (top left) and detpy, (top right), where we can observe that
both quantities are similar with small difference on the boundaries. On the bottom left shows
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the normalized numerical solution of ||uy||. On the bottom right the vectors are defined by
the components [u; (x1, X2), Uz (x1, X2)] and are displayed at the node of the mesh [x1, x»] € Q.
The direction of the vectors shows the stretch of Q that results to the map u (Q).

u_2

[ 1.0e+00

—05

[ 4.9e-11

u_l
I 1.0e+00

—05

l 4.9e-11

Figure 2.4 — Identity map with periodic perturbation test case with data f given in (2.40)
and u =x on I'. Visualization of the numerical approximation of the solution uy; Left: the
component u; j; Right: the component u, ;. The results are obtained on structured mesh
with & =0.0125.

2.4.3 Smooth solution with radial symmetric right-hand side

Let Q = {(x1, x2) € R?, x? + x5 < 1} be the unit disk. We consider the following problem

detVa=2(x?+x5) inQ,

(2.42)
ux)=g(x) onT,
where 1
1(,2_ .2
g(x) — \/5(2 (xl xz)) )
X1X2
The exact solution satisfies
7 (2 -xf)
u=v2 : (2.43)
X1X2

The non-uniqueness of the solution of equation (2.42) makes this test case challenging. For
instance, this may cause the algorithm to ascilate between two different solutions. Later on,
we show that our algorithm converges to a solution for every different set of parameters. The
numerical solution of (2.42) is illustrated in the top row of Figure 2.6. Note that both the
right-hand side of this equation, 2(x? + x3), and ||up|| (bottom left), are radial symmetric while
the solution, uy, does not have the same symmetry pattern. The numerical approximation of
detVuy, and detpy, are presented in the second row, we see that the solutions are identical.
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det(grad u)

[ 1.3e+00

det(p)

[ 1.3e+00

I 1.4e+00

—07

[7.09-11

Figure 2.5 — Identity map with periodic perturbation test case with data f given in (2.40) and
u=xonI'. Top left: Numerical approximation of the solution det Vuy,. Top right: Numerical
approximation of the solution det Vpj,. Bottom left: Numerical approximation of the solution
[luyll. Bottom right: Visualization of the vector field uj,. The results are obtained on structured
mesh with 7 =0.0125.

Table 2.3 provides insights about the convergence of the numerical solution and the relaxation
algorithm on the structured mesh for the unit disk. The numerical aspects of the algorithm
enumerated in the previous section still holds with the only difference being that the numerical
solution converges in L?-norm with a rate of O (k') to O(h?) and in H! semi-norm with an
optimal rate of O (h).

Similar results are observed in Table 2.4, where the unstructured mesh is used. We observe
that the numerical solution converges in L?-norm and H'-semi norm with rate of O (k') and
O(h), respectively. This confirms that the algorithm does not depend on the structure of the
mesh.
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Table 2.3 — Smooth solution with radial symmetric right-hand side test case with data f =
2(x*+y*)andu=v2 (% (x2 = x3), x1x2) TonT. Computations with various mesh sizes h; L?
and H' error norms with the corresponding rates; Computation of the difference between
Vuy, and pj, in L? norm; Average value of A and the standard deviation &; Iterations of the
relaxation algorithm. The results are obtained on a structured mesh.

h [lu—upll2q) [u—uylmg ) [IVay, —palliz@) (o) iter
0.0831 5.95e-03 2.14e-01 9.05e-02 1.37e-02(0.063) | 19
0.0421 1.27e-03 2.19 1.03e-01 1.05 4.25e-02 7.50e-03(0.036) | 39
0.0209 3.38e-04 1.91 5.22e-02 0.98 2.17e-02 3.58e-03(0.020) | 79
0.0104 1.05e-04 1.70 2.63e-02 0.98 1.10e-02 1.76e-03(0.011) | 219

Table 2.4 — Smooth solution with radial symmetric right-hand side test case with data f =
2(x*+y*)andu=v2 (% (x2 = x3), x1x2) TonT. Computations with various mesh sizes h; L?
and H' error norms with the corresponding rates; Computation of the difference between
Vuy, and pj, in L? norm; Average value of A and the standard deviation &; Iterations of the
relaxation algorithm. The results are obtained on an unstructured mesh.

h [lu—upll2q) [u—uylg ) [IVay, —paulliz@) A(o) iter
0.1327 5.79e-03 2.25e-01 1.14e-01 1.31e-02(0.062) | 19
0.0665 1.53e-03 1.92 1.13e-01 1.00 5.74e-02 5.88e-03(0.038) | 29
0.0332 4.06e-04 1.92 5.65e-02 1.00 2.85e-02 2.15e-03(0.022) | 69
0.0166 1.30e-04 1.64 2.83e-02 1.00 1.42e-02 1.02e-03(0.012) | 199

Let us briefly consider the same problem without providing the right-hand side (f = 0), and
we solve the Jacobian inequality. Again, let Q = {(x1,x2) € R2, xf + x% < 1} to be the unit disk,
the right-hand side is given by f = 0, and we have the same function g(x) on the boundary.
The problem reads as

detVu=0in Q,
(2.44)
ux)=gx on'l.

The exact solution is estimated numerically, and it is equal to the solution of solving the
Jacobian equality (2.43). Table 2.5 shows results obtained on the structured mesh. The
parameter p for the solution of the local non-linear problems is chosen to be 0.1 and we
decrease it by 0.001v/7 at each iteration of the interior point method. We can observe that
the numerical solution in this case converges in L?>-norm and H'-semi norm with a rate of
O (k') and O(h), respectively.
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Table 2.5 — Smooth solution with radial symmetric right-hand side inequality test case with
data f=0andu=v2 (% (x2 = x3), x1x2) TonT. Computations with various mesh sizes h; L?
and H' error norms with the corresponding rates; Computation of the difference between
Vuy, and py, in L? norm; Average value of A and the standard deviation &; Iterations of the
relaxation algorithm. The results are obtained on the unit disk equipped by a structured mesh.

h [lu—upll2 ) lu—uylg [IVuy, —prllizq) A(6) iter
0.0831 6.12e-03 2.14e-01 1.08e-03 7.42e-04(0.010) | 59
0.0421 1.33e-03 2.20 1.03e-01 1.05 4.74e-04 2.94e-04(0.007) | 99
0.0209 3.48e-04 1.93 5.23e-02 0.98 3.20e-04 2.42e-04(0.007) | 119
0.0104 9.36e-05 1.89 2.63e-02 0.99 2.09e-04 1.62e-04(0.005) | 219

2.4.4 Smooth radial symmetric solution with non-smooth gradient

Let Q = {(x1, x2) € R?, x? + x5 < 1} be the unit disk, the right hand side is given by f =2 (x? + x3),
the boundary data is given by g (x) = x. The problem (2.1) with these data reads as

detVu=2(xf+x3) inQ,
(2.45)
ux)=xonT.

Problem (2.45) admits an exact solution

u(x)=\/x%+x§(il),

2

and the gradient is

1 2x2 + x2 X1X
Vu (x) = ( 172 172 )

2 2
/xf+x§ X1X2 X +2x2

Note that the solution u is a smooth radial function, but Vu is not defined at the origin (0, 0);
this will be observed later when we compare this case with the previous test case.

The numerical solution of (2.45) is illustrated in Figure 2.7. As the previous test cases, the
main comments are: (1) the smoothness of the solutions (first row), (2) the similarity between
numerical solutions of det Vuy, and detpy, (second row), and (3) the radial symmetry of [[uy]|
(bottom right), along with the direction of the arrows (bottom left), which point to the center of
the domain. Converges properties of the relaxation algorithm on the disk structured mesh are
presented in Table 2.6 where we see that the numerical solution converges in L?-norm with a
rate of O (h!"!) to O(h'®) and in H' semi norm with an optimal rate of O (k). The number of it-
erations in this test case may reach the maximum allowed number of iterations corresponding
to the stopping criterion of 1000 iterations. This is relatively more computationally expensive
than the previous cases. Similar results are reported in Table 2.7 for the unstructured mesh.
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Table 2.6 — Smooth radial symmetric solution with non-smooth gradient test case with data
f=2(x*+y?) and u =x on I'. Computations with various mesh sizes h; L*> and H' error
norms with the corresponding rates; Computation of the difference between Vuy, and pj, in L?
norm; Average value of A and the standard deviation &; Iterations of the relaxation algorithm.
The results are obtained on a structured mesh on the unit disk.

h [lu—upll2q) [u—uylg ) [IVay, —paulliz@) (@) iter
0.0831 1.57e-01 6.44e-01 3.84e-01 -2.72e-01(0.270) | 999
0.0421 6.60e-02 1.25 3.18e-01 1.02 1.73e-01 -1.13e-01(0.129) | 199
0.0209 2.62e-02 1.33 1.56e-01 1.02 7.87e-02 -3.72e-02(0.057) | 309
0.0104 9.20e-03 1.51 7.07e-02 1.14 3.31e-02 -1.07e-02(0.023) | 999

Table 2.7 — Smooth radial symmetric solution with non-smooth gradient test case with data
f=2(x*+y?) and u =x on I'. Computations with various mesh sizes h; L? and H! error
norms with the corresponding rates; Computation of the difference between Vuy, and pj, in L?
norm; Average value of A and the standard deviation &; Iterations of the relaxation algorithm.
The results are obtained on an unstructured mesh on the unit disk .

h llu—wpllzq lu—uplg [IVuy, = prllz@ A(6) iter
0.1327 | 1.71e-01 6.77e-01 4.40e-01 -9.82e-02(0.244) | 359
0.0665 | 7.39e-02 | 1.21 | 3.19e-01 | 1.09 1.93e-01 -5.24e-02(0.130) | 259
0.0332 | 2.65e-02 | 1.48 | 1.39e-01 | 1.20 7.44e-02 -1.86e-02(0.059) | 489
0.0166 | 9.51e-03 1.48 | 6.17e-02 | 1.17 2.87e-02 -5.31e-03(0.026) | 999
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Figure 2.6 — Smooth solution with radial symmetric right-hand side test case with data
f=2(x*+y?) andu = vZ(}(x*~x2),x1x2)" on T. Graphs of the numerical approxima-
tions; Top Left: Numerical approximation of the solution of the component u, j. Top right:
Numerical approximation of the solution of the component u; ;. Middle left: Numerical
approximation of detVuy,. Middle right: Numerical approximation of detp;,. Bottom left:
Numerical approximation of ||uy||. Bottom right: Visualization of the vector field uy. The

results are obtained on structured mesh on the unit disk with & = 0.0209.
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Figure 2.7 — Smooth radial symmetric solution with non-smooth gradient test case with data
f=2 (x2 + yz) and u =xon I'. Graphs of the numerical approximations; Top Left: Numerical
approximation of the solution of the component u; ;. Top right: Numerical approximation of
the solution of the component u; ;. Middle left: Numerical approximation of det Vuy. Middle
right: Numerical approximation of detp;. Bottom left: Numerical approximation of ||[uy]].
Bottom right: Visualization of the vector field uj. The results are obtained on a structured

mesh on the unit disk with & = 0.0209.
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2.4.5 Identity map on non-convex domains

In this subsection, we consider the identity map as in the first experiment

detVu(x) =1in Q,
(2.46)
ux)=xonl.

The exact solution of (2.46) is u (x) = x. We will choose two non-convex domains. The first one
is a pacman shaped domain obtained by eliminating a piece of angular size 2a where a = 7 /4,
from a unit disk, so

Q={(x1,x) € Rz,x:f +x§ <1}\{(x1,x2) € R?, x1 >0, x| < x1}.

The finite element triangulation of Q is displayed in Figure 2.1(bottom right). By using the
pacman unstructured mesh with a size h € {0.0747,0.0503,0.0252,0.0126}, we get estimations
in the L? (Q) and H' (Q) error norms of order 1071° and 107° to 10719, respectively. Figure 2.8
illustrates the two components of the numerical solution. In addition, |[Vuy, — pyll;2(q) and A
are of the order of 107'°. For h = 0.0252, after 29 iterations we obtain

llu—upllz =2-39-1071°,  Ju—uplyq =9.44-1071°,

and
IVuy, —pullpz =6.51-1071%, 1=1.55-10""°.

The second domain Q that we consider is a cracked unit disk domain. It is obtained by
removing a piece of angular size 2a where a = 7/100. The domain is then

) m
Q={(x1, %) e R, x5 + x5 < 1}\ {(Jm,xz) €R%, x1 >0,|x2| < tan(m)},

The finite element triangulation of Q is displayed in Figure 2.1 (bottom right). We consider
amesh size h € {0.1525,0.0971,0.0486,0.0243}, for which we obtained error estimates in the
[%(Q) and H' (Q) of order 1071% and 1079, respectively. As well, [[Vuy, —ppll2q) and A are
of the order of 1071°. Figure 2.9 shows the two components of the numerical solution. For
instance, for h = 0.0243 after 29 iterations, we obtain

llu—upllz =3.74-107°,  Ju—uply g =1.23-107%,

and
IVuy, —pallz =8.13-1071%, 1=1.84-107"°.

To summarize, the behavior of our algorithm is similar of such non convex domains, both in
terms of accuracy and efficiency.
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Figure 2.8 — Identity map on non-convex domains (pacman domain) with data f =1 and g =x.
Visualization of the numerical approximation of the solution uy; Left: the component u; j;
Right: the component u, ;,. Results are obtained with an unstructured mesh with /& = 0.0252.
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Figure 2.9 — Identity map on non-convex domains (cracked domain) with data f = 1 and
g =X. Visualization of the numerical approximation of the solution uy; Left: the component
uy,p; Right: the component u; ;. The results are obtained with an unstructured mesh with
h =0.0486.

2.4.6 Smooth solution with radial symmetric right-hand side on non-convex do-
mains

In this experiment we use the same non-convex domains as in the previous section, and we
focus on the following problem
detVu=2[[x][3in Q,

(2.47)
ux) =gx onl.
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where

In this case, the exact solution is

For both domains (pacman with unstructured mesh, and cracked disk with an unstructured
mesh ), results are reported in Table 2.8 and Table 2.9, respectively . We see that the numerical
solution converges in L?-norm with a rate of O(h'?) to O(h!") and O(h'#®), respectively.
Convergence in H 1 semi norm is of order of O(%) on both domains. The number of iterations
of the relaxation algorithm is linearly increasing for decreasing 4. Comparing these two tables,
we can say that the performance of algorithm is the same for the two non-convex domains.
Recall that in Table 2.3, we solved the same problem on a convex domain. We can conclude
that the algorithm has the same level of performance for both algorithms, on either convex
and non-convex domains.

The numerical solution of (2.47) on both domains is illustrated in the top row of Figure 2.10
and 2.11, respectively. The numerical approximation of det Vuj, and detpy, in the second row
of both figures are identical on both domains, and the vector field u;, (bottom right) of the
figures point towards the origin

Table 2.8 — Smooth solution with radial symmetric right-hand side test case with data

fx1,x2) = 2(x%+x3) and ux) = \/Q(% (x2=x3),x1 xg)T on I'. Computations with various
mesh sizes 1i; L? and H' error norms with the corresponding rates; Computation of the dif-
ference between Vuy, and py, in L? norm; Average value A and the corresponding standard
deviation &; Iterations of the relaxation algorithm. The results are obtained on unstructured

mesh for the pacman domain.

h lla—upllzq [u—uplg o) [IVay, —prllrzq) (&) iter
0.0747 3.24e-03 1.51e-01 7.68e-02 3.43e-03(0.045) 19
0.0503 8.65e-04 1.90 7.59e-02 1.00 3.90e-02 1.47e-03(0.025) | 29
0.0252 2.26e-04 1.94 3.80e-02 1.00 1.95e-02 7.16e-04(0.013) 59
0.0126 6.67e-05 1.76 1.90e-02 1.00 9.73e-03 2.99e-04(0.007) | 119
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Table 2.9 — Smooth solution with radial symmetric right-hand side test case with data

fx1,x2) =2(x%+x3) andu = V2 (% (x2 = x3), x1x2) TonT. Computations with various mesh
sizes h; L? and H' error norms with the corresponding rates; Computation of the difference
between Vuy, and py, in L? norm; Average value A and the corresponding standard deviation
0; Iterations of the relaxation algorithm. The results are obtained on unstructured mesh for
the pacman domain.

ho | llu-wapllzq lu—uplmpq IVuy, - pallrz) &) iter
0.1525 |  1.42e-02 3.44e-01 1.81e-01 1.89e-02(0.101) | 19
0.0971 | 3.98e-03 | 1.83 | 1.72e-01 | 1.00 9.15e-02 1.11e-02(0.056) | 19
0.0486 | 1.12e-03 | 1.83 | 8.63e-02 | 1.00 4.53e-02 5.62e-03(0.030) | 39
0.0243 | 3.33e-04 | 1.75 | 4.32e-02 | 1.00 2.23e-02 2.89e-03(0.016) | 69
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Figure 2.10 — Smooth solution with radial symmetric right-hand side on non-convex domains
test case with data f(x1,x) = 2 (x* + y?) and u(xy, x2) = V2 (3 (x? - x3), x1 x2) TonT. Top Left:
Numerical approximation of the solution of the component u; ;. Top right: Numerical ap-
proximation of the solution of the component u; ;. Middle left: Numerical approximation of
detVuy,. Middle right: Numerical approximation of detpj,. Bottom left: Numerical approxi-
mation of ||uy||. Bottom right: Visualization of the vector field uy,. The results are obtained on
pacman unstructured mesh with & = 0.0252.
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Figure 2.11 - Smooth solution with radial symmetric right-hand side on non-convex domains

test case with data f(x1,x2) = 2 (x* + y?) and u(xy, xp) = V2 (3 (x3 — x3), x1 x2) TonT. Graphs
of the numerical approximations; Top Left: Numerical approximation of the solution of the
component u; ;. Top right: Numerical approximation of the solution of the component u; j,.
Middle left: Numerical approximation of det Vuy,. Middle right: Numerical approximation of

detpy,. The results are obtained on cracked disk unstructured mesh with z = 0.0486.
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2.4.7 Nonsmooth right-hand side with a jump

Let Q be the unit disk
Q= {(x1, %) €R?, x5 + x5 < 1.
In this experiment, we validate the algorithm with a non-smooth right hand side by introducing
ajump on f given by
0.1ifx; <0,
f®= i (2.48)
1.9 if x; > 0.
Note that f still satisfies the necessary condition f f = measure (Q2). On the boundary we

enforce the identity function g = x, and the problem reads as

detVu= f in Q,

u=gonl.

(2.49)

It is important to mention that an exact solution of problem (2.49) is unknown. However, the
low regularity on the right-hand side indicates that the solution, if it exists, will also have low
regularity.

Table 2.10 shows results for € = 0 and & = h? for the disk structured meshes. We observe that
the error between the numerical solution Vuy, and the auxiliary variable py, in L? is of the order
of O(h) for both values of ¢, although, more accurate for € = 0. Same observations can be
made for A and . In addition, the iterations of the relaxation algorithm are reaching the limit
of stopping criterion for £ = 0. and for £ = h?, the iterations are well controlled. This shows
that the e-regularization helps the convergence of the algorithm.

The numerical solution of (2.49) on the disk domain with ¢ = 0 is illustrated in Figure 2.12 (top
row). A close inspection of this figure shows that the u; ;, component (top left) is discontin-
uous in x = 0, as expected, and the u, ; component (top right) is smooth. The numerical
approximation of det Vuy, and detpy, are displayed in the second row, and are identical. In the
bottom row, we illustrate ||uy||2 on the left side, and we see on the right side that the vector
fields

The numerical solution of (2.49) with ¢ set to h? is displayed in the top row of Figure 2.13,
where both components can be regarded as smooth. The second row on the other side, shows
the numerical solution of detVuy, and detp;. These solutions look different, for instance
det Vuy, is smoother in x» = 0. The left panel in the bottom row of Figure 2.13 represents ||uy]l2,
where we see that vector fields is directed towards the center.

A comparison with respect to the different figures associated with the choice of € is made in
Figure 2.14, where we plot the solutions as a function of x; for x, = 0. In the top row, we plot the
solution of the component u; j; (left) and |luyl| (right). We can see a slight difference between
the two curves along with the discontinuity point mentioned above. In the bottom row, we
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Table 2.10 — Nonsmooth right-hand side with a jump test case with the data f given by (2.48).
Results for € = 0 and € = h?; Computations with various mesh sizes h; Computation of the
difference of Vuy, and pj, in L? norm; Average value of A and the corresponding standard
deviation &; Number of iterations of the relaxation algorithm. The results are obtained with
structured meshes.

| b [ IVup—pallrzg | A(6) | iter |
e=0
0.0831 3.61e-02 7.27e-04(0.007) | 999
0.0421 1.77€-02 1.81e-04(0.005) | 999
0.0209 1.15€-02 -1.52e-05(0.003) | 999
0.0104 8.65e-03 -1.40e-05(0.002) | 999
e=h?
0.0831 4.68e-01 -1.31e-01(0.166) | 189
0.0421 2.69e-01 -3.36€-02(0.090) | 129
0.0209 1.73e-01 -8.84e-03(0.059) | 269
0.0104 1.14e-01 -2.42e-03(0.041) | 779

represent det Vuy, (on the left), where we see the effect of increasing € on the smoothness of
the corresponding solution. The visualization of detpy, (right) shows that the choice of € is
irrelevant, as the two curves coincides pointwise.

98



2.4. Numerical Experiments

u2

[ 1.0e+00

-0

l -1.0e+00

u_l
I 1.0e+00

-0

l -1.0e+00

-1.00 1.00

det(grad u)

I 2.0e+00

-1

l 8.6e-02

det(p)

[ 2.0e+00

l 9.0e-02

Ilull

[ 1.0e+00

l 1.9e-03

Figure 2.12 — Nonsmooth right-hand side with a jump test case with data f as in (2.48). Top
Left: Numerical approximation of the solution of the component u; ;. Top right: Numerical
approximation of the solution of the component u; ;. Middle left: Numerical approximation
of detVuy,. Middle right: Numerical approximation of detpj,. Bottom left: Numerical approxi-
mation of ||uy||. Bottom right: Visualization of the vector field uj,. The results are obtained on
a disk structured mesh with i = 0.0209 and € = 0.
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Figure 2.13 — Nonsmooth right-hand side with a jump test case with data f as in (2.48). Top
Left: Numerical approximation of the solution of the component u; ;. Top right: Numerical
approximation of the solution of the component u; ;. Middle left: Numerical approximation
of det Vuy,. Middle right: Numerical approximation of detpy,. Bottom left: Numerical approxi-
mation of ||uy,||. Bottom right: Visualization of the vector field uj,. The results are obtained on
a disk structured mesh with i = 0.0209 and ¢ = h?.
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Figure 2.14 — Nonsmooth right-hand side with a jump test case with data f as in (2.48).
Comparing plot between £ = 0 and £ = h?. Computation on a structured mesh with /2 = 0.00209.
All data extracted along the line x; = 0 line; Top left : u; ;, component versus x;. Top right:
[lapll vs x1. Bottom left: det Vuy, vs x;. Bottom right: detpy, vs x;.
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2.4.8 Nonsmooth right-hand side with a Dirac delta function

Let Q be the unit disk defined by
Q = {(x1,x2) € R?, x7 + x5 < 1}.

In this experiment, we consider for the right hand side a Dirac delta function centered at the
origin, i.e.,
f=nd00

and g(x) =x on I'; therefore the problem reads :

detVu= fin Q,
(2.50)
u=gon I.
The exact solution of problem (2.50) is
X
ux) = (2.51)

1112

In order to apply our methodology, we approximate f by f;, defined by

n2

fro=—1
T 2+ xI2)?

where 77 is a small positive value, see [Caboussat et al., 2013; Liu et al., 2019]. When 1 — 0, the
approximate solution f;, converges to f. Note also that f;, satisfies the necessary condition

foth = % =measure (), when n—0.

The modified problem reads as

detVu=f, in Q,
{ I (2.52)

u,x)=x onT,

and the exact solution is

1+n?
uy (X) =X/ - (2.53)
-+ |Ixl3]

liIr(l)u,,(x) =ux), Vxe Q.
n—>

We can also show that
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We will examine this test case for various values of n,& and h. Table 2.11 shows compu-
tations with different n and & for a unstructured mesh on a unit disk. We can see, for
n € {1/8,1/16,1/32,1/64}, the error of the numerical solution in L? norm decreases with
an order equal or larger than O(h). For n = 1/4, the convergence rate drops to 0.83 when
h =0.0104. The same comments hold for the difference between Vuy, and pj, in L?> norm, and
the estimates of A and . For most values of 77, the maximum number of iterations is reached
when the mesh size is equal to the coarsest and finest values, i.e., h = 0.0571 and h = 0.0104.
For other choices of h, we obtained a reasonable number of iterations.

It is worth mentioning that large values of 17 such as 1/4, do not satisfy the necessary condition
Jo [ < m. This eventually causes numerical problems when it comes to the convergence of
the algorithm. Small values on the other hand, such as = 1/64, are associated with large
gradients which consequently implies that we need a finer mesh in order to have a better
convergence.
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Table 2.11 — Nonsmooth right-hand side with a Dirac delta function test case with data f =
2
=X,/ % ;Results for different 7. Computations with various mesh sizes h;
2

n2

—’ u
m2+IxI2)* "

L? error norm with the corresponding rates; Computation of the difference between Vuy, and
p1 in L? norm; Average value of A and the standard deviation &; Iterations of the relaxation

algorithm.
|k [ lu—wyllzg) | | IVup —pallz) | A(6) | iter |

n=1/4

0.0831 |  1.69e-01 5.69e-01 -4.94e-02(0.178) | 59

0.0421 | 5.80e-02 | 1.54 2.01e-01 -2.87e-02(0.057) | 99

0.0209 | 233e-02 | 131 8.55e-02 -2.16e-02(0.019) | 239

0.0104 | 13le-02 | 0.83 6.01e-02 -1.87e-02(0.006) | 999
n=1/8

0.0831 |  2.13e-01 9.20e-01 -1.09e-01(0.181) | 119

0.0421 | 7.73e-02 | 1.46 4.19e-01 -4.60e-02(0.069) | 39

0.0209 | 266e-02 | 1.54 1.64e-01 -1.79e-02(0.026) | 299

0.0104 | 9.71e-03 | 145 5.66e-02 -7.54e-03(0.009) | 999
n=1/16

0.0831 |  2.68e-01 1.43e+00 -2.08e-01(0.177) | 359

0.0421 | 1.14e-01 | 1.23 8.40e-01 -9.08e-02(0.083) | 249

0.0209 | 4.37e-02 | 1.39 4.11e-01 -3.37e-02(0.035) | 329

0.0104 | 147e-02 | 1.57 1.61e-01 -1.09e-02(0.013) | 999
n=1/32

0.0831 | 3.2le-01 2.03e+00 -3.04e-01(0.167) | 999

0.0421 | 1.6le-01 | 0.99 1.38e+00 -1.46e-01(0.092) | 79

0.0209 | 7.33e-02 | 1.14 8.37e-01 -6.16e-02(0.044) | 589

0.0104 | 2.85e-02 | 1.36 4.11e-01 -2.26e-02(0.018) | 379
n=1/64

0.0831 |  3.68e-01 2.39e+00 -3.88e-01(0.153) | 999

0.0421 | 2.09e-01 | 0.81 1.99e+00 -2.05e-01(0.097) | 229

0.0209 | 1.13e-01 | 0.89 1.38e+00 -1.00e-01(0.051) | 999

0.0104 | 529e-02 | 1.09 8.36e-01 -4.39e-02(0.023) | 999

Results reported in Table 2.12 are for fixed h = 0.0209 and different . We note that for n
decreasing, the estimated errors |[u—uyl|;2(q), [IVuy —prllizq) , the sample mean A, and the
sample standard deviation ¢ along with the number of iterations are consistently increasing.

Table 2.13 represents the L> norm of f;, detp;, and detVuy,. We observe that the values
of detpy, are close to f, for n = {1/4,1/8,1/16,1/32}. Last row of Table 2.13 exhibits large

difference from | | In , and as mentioned above, refining the mesh will fix this problem.

i
Large differences between ||det Vuy, || 1~ ) and the other columns are mainly due to the choice

of e = h2.
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Table 2.12 — Nonsmooth right-hand side with a Dirac delta function test case with data f =

2 1+n? . . . . .
n—z, Up =X Lz; Results for different . Computations with various mesh sizes h;
(+lxI2)>” 1 n2+11x113

L? error norms with the corresponding rates; Computation of the difference between Vuy, and
p1, in L? norm; Average value of A and the standard deviation &; Iterations of the relaxation
algorithm.

|0 [ llu—wlleg | IVa,—pallzg) | A(6) | iter |
h =0.0209

1/4 | 2.33e-02 8.55€-02 -2.16e-02(0.019) | 239

1/8 |  2.66e-02 1.64e-01 -1.79e-02(0.026) | 299

1/16 | 4.37e-02 4.11e-01 -3.37€-02(0.035) | 329

1/32 |  7.33e-02 8.37e-01 -6.16€-02(0.044) | 589

1/64 | 1.13e-01 1.38e+00 -1.00e-01(0.051) | 999

In Table 2.14, the parameter 7 is fixed and we vary h and €. We observe that for & = {0, h?},
the numerical solution converges in I[%-norm at least with a rate O (k). Moreover, we note
that the error between the numerical solution Vuy, and the auxiliary variable pj, in L?> norm
decreases with an order of O (h). Same occurs to A and . The number of iterations for the
relaxation algorithm reaches the maximum that corresponds to the stopping criterion for
€ = 0. Perturbations in the number of iteration for £ = h? are due to large gradients.

Table 2.13 — Nonsmooth right-hand side with a Dirac delta function test case with data

2 2
f=—="—, uy=x,/ =L Results for different 7). L®-norm for detpy,, detVuy, and f;;

(e iB)’ P+ 1xI3]
Computations with mesh size & = 0.0209.

| n [ lldetpyll~@ [ lldetVuglli=q) | I/l |
h=0.0209
1/4 15.99 14.81 16
1/8 63.88 46.97 64
1/16 254.23 119.25 256
1/32 996.13 218.06 1024
1/64 3676.18 280.17 4096
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Table 2.14 — Nonsmooth right-hand side with a Dirac delta function test case with data f =

U Ln? |
(2 +Ix12)*’ Un =X\
and H! error norms with the corresponding rate; Computation of the difference of Vuy, and
p1 in L? norm; Average value of A and the standard deviation &; Iterations of the relaxation
algorithm.

Results for different . Computations with various mesh size h; I?

|k [ lu—wyllzg) | | IVup —pallz) | A(6) | iter |

n=1/32, =0

0.0831 |  7.90e-01 4.98e-01 9.51e-03(0.042) | 999

0.0421 | 2.14e-01 | 1.89 3.08e-01 -1.24e-02(0.026) | 999

0.0209 | 9.60e-02 | 1.16 1.65€-01 -7.98e-04(0.013) | 999

0.0104 | 4.87e-02 | 0.98 9.73e-02 -2.04e-04(0.007) | 999
n=1/32, €= h®

0.0831 | 3.21e-01 2.03e+00 -3.04e-01(0.167) | 999

0.0421 | 1.6le-01 | 0.9 1.38e+00 -1.46e-01(0.092) | 79

0.0209 | 7.33e-02 | 1.14 8.37e-01 -6.16-02(0.044) | 589

0.0104 | 2.85e-02 | 1.36 4.11e-01 -2.26e-02(0.018) | 379
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The numerical solutions of (2.47) for all  examined here are illustrated in Figures 2.15-2.19.
We see from the figures that the solution of the two components u; ; and u; j;, are smooth for
1 = {1/4,1/8} and the singularity in (0, 0) is visible for n = {1/16,1/32,1/64}. The numerical
solution of detVuy, and detpy, illustrated in the second row of all figures, show that as n gets
smaller, both determinants become larger. The largest values of these determinants are shown
on Table 2.13.

A comparison of the different figures associated with the choice of 7 is made in Figure 2.20,
where we plot the solutions as a function of x; for x, = 0. In the top row, we plot both, the
solution of the component u; j, (on the left) and ||uy|| (on the right). As i gets smaller, we see
that the tangent of 1, j, at the singularity point (0,0) becomes vertical, which implies that the
gradient of the curve is undefined. This singularity point significantly appears on the right
panel in the plot of |uy]l. The bottom row of Figure 2.20 shows det Vuy, (left) and detpy, (right).
In our case, the determinant of the corresponding quantities is related to the Dirac delta
function which is better approximated by small 1, as shown in both figures.

In Figure 2.21 we report the numerical solution of (2.47) for the following case scenario:
1n=1/32,& =0, h =0.0209. In the first row, we remark that the solutions of the two components
uy,; and uy j are non-smooth and the singularity at the origin is visible, this point also appears
in the plots of det Vuy, and detpy, in the second row.

For the same case scenario, a comparison between the solution associated with & = {0, h?}
is made in Figure 2.22, where we plot the data as a function of x; for x, = 0. In the top row
we plot the u; ;, component (left) and [luy|| (right), and we see that the curves of € = 0 have
oscillations and look less smooth than those of € = h?. The same observation holds for det Vuy,
illustrated in the bottom right. In the bottom left of Figure 2.22, the choice of € seems to be of
second importance since both curves when ¢ = 0 and € = h? are identical.

107



Chapter 2. Numerical Approximation of the Prescribed Jacobian Equation/Inequality

u_2
[ 1.0e+00

-0

l -1.0e+00

1

u
[ 1.0e+00

-0

l -1.0e+00

det(grad u)

[ 1.5e+01

det(p)

[ 1.6e+01

l 1.2e-01 [5.69-02

1
'L es00 ey ﬁ'i’f ‘Cr'
| SRV ’;i” I
0.5 . -
SOX \\\ W ; // S
AN\
e S
| T E X« et
7.2e-11 i " 5% | \ \\\\:
" NS
! ’//1/[,{ |l$] \.‘-\\\\
1 0.5 o 0.5 1

Figure 2.15 — Non-smooth right-hand side with a Dirac delta function test case with data
2

f= m, u; =X,/ % and 1) = 1/4. Top Left: Numerical approximation of the solution
2 2

of the component u; ;. Top right: Numerical approximation of the solution of the component
uy, . Middle left: Numerical approximation of det Vuy. Middle right: Numerical approxima-
tion of detpy,. Bottom left: Numerical approximation of ||uy||. Bottom right: Visualization of

the vector field uy,. The results are obtained on structured mesh of the unit disk with /2 = 0.0209
and € = h?.
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Figure 2.16 — Non-smooth right-hand side with a Dirac delta function test case with data

2
f= Ul u, =X/ ,,21%&2”2 and n = 1/8. Top Left: Numerical approximation of the solution
2

(2 +11x13)°”
of the component u; j,. Top right: Numerical approximation of the solution of the component

uy . Middle left: Numerical approximation of det Vuy,. Middle right: Numerical approxima-
tion of detpy,. Bottom left: Numerical approximation of ||uy||. Bottom right: Visualization of
the vector field

buy,. The results are obtained on structured mesh of the unit disk with % = 0.0209 and ¢ = h?.
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Figure 2.17 — Non-smooth right-hand side with a Dirac delta function test case with data

f= (nz+|1n§)2’ u; = X4/ 1721%&2% and n = 1/16. Top Left: Numerical approximation of the so-
lution of the component u; ;. Top right: Numerical approximation of the solution of the
component uy ;. Middle left: Numerical approximation of det Vuy,. Middle right: Numerical
approximation of detpj,. Bottom left: Numerical approximation of |[uy||. Bottom right: Visual-
ization of the vector field uj,. The results are obtained on structured mesh of the unit disk with

h=0.0209 and ¢ = h?.
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Figure 2.18 — Non-smooth right-hand side with a Dirac delta function test case with data

2
u u; =X/ r121+&2||2 and 1 = 1/32. Top Left: Numerical approximation of the so-
2

2+x3)*” T
lutio(g of tkzlze component u, ,. Top right: Numerical approximation of the solution of the
component uy ;. Middle left: Numerical approximation of det Vuy,. Middle right: Numerical
approximation of detpj;. Bottom left: Numerical approximation of [[uy]||. Bottom right: Visual-
ization of the vector field uy,. The results are obtained on structured mesh of the unit disk with
h=0.0209 and ¢ = h?.
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Figure 2.19 — Non-smooth right-hand side with a Dirac delta function test case with data

f= (172+I1H§)2’ u; = X4/ 7721%&2”% and n = 1/64. Top Left: Numerical approximation of the so-
lution of the component u; ;. Top right: Numerical approximation of the solution of the
component uy ;. Middle left: Numerical approximation of det Vuy,. Middle right: Numerical
approximation of detpj,. Bottom left: Numerical approximation of |[uy||. Bottom right: Visual-
ization of the vector field uj,. The results are obtained on structured mesh of the unit disk with

h=0.0209 and ¢ = h?.
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Figure 2.20 — Non-smooth right-hand side with a Dirac delta function test case with data f =

n? _ 1+n? . .

PR Uy =Xy | N and various value of the parameter 7. Computation on structured
mesh of the unit disk with /2 = 0.00209. Comparing profiles for different values of n along
the line x, = 0; Top left : u; ;, component versus x;. Top right: ||uyl|| versus x;. Bottom left:

detVuy, versus x;. Bottom right: detpy, versus x;.
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Figure 2.21 — Non-smooth right-hand side with a Dirac delta function test case with data

f= (172+I1H§)2’ u; = X4/ #ﬁll% and n = 1/32. Top Left: Numerical approximation of the so-
lution of the component u; ;. Top right: Numerical approximation of the solution of the
component uy ;. Middle left: Numerical approximation of det Vuy,. Middle right: Numerical
approximation of detpj,. Bottom left: Numerical approximation of |[uy||. Bottom right: Visual-
ization of the vector field uj,. The results are obtained on structured mesh of the unit disk with

h =0.0209 and € = 0.
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Figure 2.22 — Non-smooth right-hand side with a Dirac delta function test case with data f =

U _ L+1?

—__ u,=x
(+xi2)>” 1 N2+ Ix[2

and various value of the parameter . Computation on structured

mesh of the unit disk with & = 0.00209. Comparing plots between £ = 0 and € = h? along the
line x, = 0; Top left : u; ;, component versus x;. Top right: ||uy|| versus x;. Bottom left: det Vuy,
versus x;. Bottom right: detpy, versus x;.
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8] Numerical Approximation of Monge-
Ampere Equation

3.1 Mathematical Formulation and Least-Squares Approach

Let Q be a bounded convex domain of R*; we denote by I' the boundary of Q. The Dirichlet
problem for the elliptic Monge-Ampere equation reads as follows:

2 _ .
{ detD*u=f(>0) inQ, o

u=g onT,

is the Hessian of the unknown function u.

2 _ [_0°u )
where D“u = (axiaxj 1i,j<3

As in the previous chapter, we consider a nonlinear least-squares method that relies on the
introduction of an additional auxiliary variable. We define the functional spaces by :

Ve = {peH*(Q),p=g onT},
Q = {qel*@’ q=q'},
Qs = {q€Q, detq = f, qis a positive definite matrix-valued function}.

The problem is written as

Find (u,p) € Vg x Q7 such that J(u,p) < J(v,q), V(v,q) € Vg xQy, 3.2)

where

1
](v,q)=—f ID?v-q|” dx, (3.3)
2 Ja

and | - | denotes the Frobenius norm |T| = (T : T)"/2, with the inner product S: T = Z?j:l Sijtij
where T, S are 3 x 3 matrices with elements s;;, £;; for i, j = 1,2,3, respectively.
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We assume that f € L*3(Q) and g € H3/2(I"), so that Vg and Qy are both non-empty. The space
Q s a Hilbert space for the inner product (q,q') — /, q: q'dx, and the associated norm.

3.2 Relaxation Algorithm

For the solution of the minimization problem (3.2), we propose a relaxation algorithm, which
decouples the differential operators from the nonlinearities. Moreover the proposed algorithm
allows to compute convex solutions or to force the convexity of the solution.

Step 1. The initialization is performed by solving:

Au’=3/f inQ,
{ 0 VI (3.4)
u'=g onT.
For the rationale behind this problem see the remark below.
Then, forn =0
Step 2. Assuming that u” is known, we look for
p" = argmin J(u",q); (3.5)
q<Qy
Step 3. Assuming that p” is known, we look for
w2z = argmin J(v,p™); (3.6)
veVy
Step 4. Update the solution as
un+1 =y +w(un+1/2 _ un), (3.7)

with 1 < w < wpax < 2. For the numerical experiments presented in Section 3.6, we have used
w =1 (unless otherwise specified).

In the next section, we discuss the numerical algorithms that are used for the solution of
problems (3.5) and (3.6). The question of the uniqueness of the solution to the local problem
(3.5) still remains an open question and it is not addressed here.

Remark. The initialization procedure (3.4) is based on the following assumption: If we denote
the eigenvalues of D?u by A;, i = 1,2,3, the Monge-Ampére equation reads Ai Ao A3 = f. If A1, Ao
and A3 are ‘close’ from each other (and thus all equal to, let’s say, 1), we have A3 = f, and thus

A = {/f. Therefore:
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Au=M+Az+A3=31=3{/F.

Note here that the case when the eigenvalues are very different, the efficiency of this initialization
is not guaranteed.

3.3 Numerical Approximation of the Local Nonlinear Problems

3.3.1 Explicit Formulation of the Local Nonlinear Problems

An explicit formulation of problem (3.5) reads as

p" = argmin . (3.8)

qeQy

%L|q|2dx—LD2u”:qu

Since the objective function in (3.8) does not contain derivatives of q, this minimization
problem can be solved point-wise (in practice at the vertices of a finite element or finite
difference grid). This leads, a.e. in Q, to the solution of the following finite dimensional
minimization problem:

1
p"® =arg min |- |q|*-D?u"(x):qdx|, (3.9)
qeE;(x) | 2

where

E;(x)={qe R33, q=q’, detq = f(x), qis positive definite }.

Problem (3.9) is similar to the nonlinear problem examined in Chapter 2. In that case, the
problem was in 2D, and it did not require q to be a positive definite symmetric matrix. There-
fore the approach that is considered in Chapter 2 can not be applied here. The same problem
asin (3.9) butin the 2D case is consider in [Caboussat et al., 2013; Sorensen and Glowinski,
2010]. The methods that are developed there consist of a proper change of variables and the
use of a class of quadratically constrained minimization problems. None of these two methods
can be extended for the 3D case since the nonlinearity 11,13 = f is cubic, implying that
other approaches must be considered. The two approaches that we develop below rely on an
appropriate re-parameterization of the problem, which allows transforming the constrained
minimization problem into an unconstrained one. Finally, both approaches end up using
Newton methods. Moreover, the approaches below can be applied to the case of the 2D
Monge-Ampere equation with small modifications.
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3.3.2 A Reduced Newton Method

Fora.e. xe (Q, (3.9) is an algebraic optimization problem. Using a Cholesky decomposition of
q, we write q = LDL!, where

Vf(x)eP 0 0
0 Y Fxer: 0 . (3.10)
0 0 Jfxe Pip:

This re-parameterization is arbitrary but serves two purposes: first, it guarantees that all

00
L= 1 0|, D=
c 1

(SRS

eigenvalues are strictly positive (convexity of the local solution). Second, the constraint
detq = f(x) is automatically satisfied. It thus allows one to replace (3.9) by an unconstrained
minimization problem in the variable X := (a, b, ¢, p1, p2). For the sake of simplicity, we do not
write the dependency on x € Q anymore. The problem becomes:

. 1 t t t 2.n
m1r51G(X)= ELDL :LDL" -LDL":D“u”™ ;. (3.11)
XeR

The first order optimality conditions corresponding to (3.11) can formally be written as
VxGX) =0.

This nonlinear system can be solved with a safeguarded Newton method for the variable X.
Namely, given X’ € R, solve, for k = 0:

VG oxXF = vy GXF),

followed by

XK1 = xk 4 Aksxk,

where ¥ € R, is a step-length to be adapted according to some Armijo rule (see, e.g., Botsaris
[1978]). Typically, we update the step-length if ||VG(Xk+1)H > (1-ark) ||VG(Xk)||, where
a =10"* and ||-|| denotes the canonical Euclidean norm of R®, and set in that case A**!1 = 1%,

The stopping criterion is based on the residual value ||[VG(X¥)||, and the iterations are stopped
if |[VGX")|| < exewton, Where enewton is @ given tolerance.

3.3.3 A Runge-Kutta Method for the Dynamical Flow Problem

An alternative for the re-parameterization of the nonlinear problem (3.9) can be considered,
based on a eigenvalues-eigenvectors decomposition, in the spirit of the approach in Sorensen
and Glowinski [2010]. Namely, consider q = QAQ?, where Q € G(3) c R>*3 is the orthogonal
matrix whose columns represent the eigenvectors of q (€(3) being the group of the 3 x 3
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orthogonal matrices), and A € R3*3 is the diagonal matrix whose diagonal elements are the
corresponding eigenvalues. We can denote

v f(x)ef 0 0
0 Vf(x)eP? 0
0 0 13/f(X)€_p1_p2

This parameterization is not unique; it ensures that the relation detq = f(x) is automatically

Q:(TI\TZ\Tg),A:

satisfied and that the eigenvalues are positive in order to ensure convexity of the local solutions.
The property Q € @ (3) implies the following constraints for its column vectors T;,i = 1,2,3
(where T; - T; denotes the dot product of vectors T; and T):

T,'-Tj=5ij, i,j=1,2,3.

Let us define the variables Y = (p1, p2, T1, T2,T3) € R'!. Problem (3.9) can be rewritten as

min {lQAQt'QAQt—QAQt'Dzu”}
5 : :

YeR!
S. t. T, T1=Ty-Tr=T3-T3=1

Ty -To=T; - T3=T,-T3=0

Below, for i = 1,2,3, we will denote by |T;| the quantity (T; - T;)'/2. We penalize the equality
constraints in order to obtain an unconstrained problem that can be solved by a Newton
approach. Let £1,e2 > 0 be two given (small) parameters. The constraints are taken into
account by penalization, leading to the following unconstrained minimization problem:

min GELEZ(Y) (3.12)
YeR!!

where

_ l t. r_ t.n2,,n
Gee,M = $QAQ':QAQ"-QAQ": Dy
1
+?(('T1'2_”2+('T2'2_”2+('T3'2_”2)
1

1 2 2 2
+8—((T1'T2) +(T1-T3)” + (T2 - T3)").
2

Similarly to the solution of (3.11), the first order optimality conditions associated with (3.12)
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can be written as
VGg, ¢, (Y) =0.

In order to smoothen the transition to critical point(s), we favor an evolutive formulation of
the first order optimality conditions (in the sense of a flow problem in the dynamical systems
terminology), which read as follows: find Y : (0, +o0) — R!! such that

ay
T +VGee,M=0, 1€ (0,+00) (3.13)

Y(0) = Y° given. (3.14)

The steady state solution of (3.13) (3.14) corresponds to the desired critical point. In order
to increase the stability of the numerical scheme and allow larger time steps and therefore
a faster convergence to the steady state solution, it is customary to modify (3.13) into an
equivalent modified flow problem [Kelley, 1995], namely: find Y: (0, +oc0) — R!! such that

ay 2 -1
T (V°Ge,e,(V)) " VGe e,(Y) =0,  £€(0,+00) (3.15)

with the same initial condition. The stability of the scheme is important here since we are
aiming at solving such a flow problem for a.e. x € Q, which requires an efficient numeri-
cal algorithm. The additional computational cost induced by the introduction of the term
(V2Gy, ., (V)" is estimated in the sequel.

System (3.15) is solved by a two-stage (second order explicit) Runge-Kutta method (see, e.g.,
[Hairer et al., 1993]) in order to capture steady state solutions to quickly reach the stationary
solution. Let At be a given time step, ¢, = nAtand Y, =Y(t,),n=0,1,.... Letus define Y, = YO,
then, at each time step, solve

-1
kl = _(VZG&:&'Z(Y”)) VGel,eg(Yn)»
2 2 -1 2
k2 = — V GE],EZ(Y}'I+§Atk1) VGELEZ Yn+§Atk1 ,
1 3
Y11 = Yn+At(Zk1+Zk2).

An adaptive time stepping strategy for Runge-Kutta methods is incorporated to the numerical
algorithm; numerical experiments will show that the adaptive time step is particularly useful
at the beginning of the outer iterations loop, when the initial solution is not close to the final
steady state solution.
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Remark. Ifwe treat the modified flow problem with a first order Euler explicit scheme, it leads
to solving at each time step

Yn+1 —Y"

(V2Ge, e, (YD) o

=—VGe, e, Y");

this problem corresponds actually to a classical safeguarded Newton method, reminiscent to the
one we presented in Section 3.3.2, with At playing the role of the step-length A. With this remark,
the adaptive time stepping algorithm for Runge-Kutta schemes can be seen as an adaptive
Armijo-like rule, with At = A. Furthermore, one can see that the Runge-Kutta approach is
slower than the reduced Newton strategy (since it corresponds to solving two Newton-type
systems at each time step), but it is more accurate since the two-step Runge-Kutta scheme is
a higher order method than the Euler scheme. Finally, a study of the stability of Runge-Kutta
schemes [Hairer et al., 1993] shows that their stability properties are better than those of the
Euler scheme.

3.4 Numerical Solution of the Linear Variational Problems

Written in variational form the Euler-Lagrange equation of the sub-problem (3.6) reads as
follows: find u"*'/? € Vj satisfying:

fDzu”“’z:DZ(pdx:fp”:D2<pdx, VeV, (3.16)
Q Q

where Vp = H*(Q) N H} (Q). The linear variational problem (3.16) is well-posed and belongs to
the following family of linear variational problems:

Find u € V, such that szu:Dzvdx:L(v), YveVy, (3.17)
Q

with the functional L(-) linear and continuous over H2(Q); problem (3.17) is a bi-harmonic
type problem, which can be solved by a conjugate gradient algorithm operating in well-chosen
Hilbert spaces (see, e.g., [Glowinski, 2003, Chapter 3]). Here, our conjugate gradient algorithm
operates in the spaces V and Vg, both spaces being equipped with the inner product defined
by (v, w) — o AvAwdx, and the corresponding norm. It reads as follows:

Step 1
u’ € Vg given. (3.18)

Step 2 Solve: find g° € Vg satisfying

fAgOAvdx:fDzuO:Dzvdx—L(v), Yve Vp, (3.19)
Q Q
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and set

w® = g°. (3.20)
Then, for k =0, uF, gk and w* being known, the last two different from zero, we compute
uk+1, gkl and, if necessary, w**! as follows.
Step 3 Solve: find g € Vj satisfying
f AgkAvdx=f D?w*:D%vdx, VveV,, (3.21)
Q Q
and compute
2
_ Ja |Ag k| dx
k= ki (3.22)
JoAgkAWkdx
ub = uk - prwk, (3.23)
Step 4 Compute
g-l =g"—pig". (3.24)
A k+1 de
5, = Jolbg | dx 2| , (3.25)
Ja|Ag°|" dx
If6) <¢, take u = uk+1: otherwise, compute:
A k+1 de
_Jalag™ [ dx 2| ; (3.26)
Ja |Ag k| dx
and
whtl = gF Ly wk, (3.27)

Step5 Do k+1 — k and return to Step 3.

Steps 1,2 are the initialization of the algorithm; Step 3 computes the steepest descent and
updates the solution; Step 4 checks the convergence and constructs the new descent direction.
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3.5 Mixed Finite Element Approximation

We use a mixed finite element approximation (similarly discussed in, e.g., [Glowinski, 2015a]
for the solution of linear and nonlinear bi-harmonic problems) with low order P; (piecewise
linear and globally continuous) finite elements on a partition of Q made of tetrahedra. More-
over, for comparison, we also provide numerical examples based on Q; finite elements on a
partition of 2 made of hexahedra, in Section 3.7.

3.5.1 Finite Element Spaces

For simplicity, let us assume that  is a bounded polyhedral domain of R, and define 7, as

a finite element partition of Q) made out of tetrahedra (see, e.g., [Glowinski, 2008, Appendix

1]). Let X;, be the set of the vertices of 9},,N;, = Card(Z},), Zo;, = {P€ Xy, P¢ T}, and Ny, =
N, N,

Card(Zy,). We suppose that Zgj, = {Pj}ji}i and X, = Zo, U{P; ]':}Noh‘*'l.

From 97, we approximate the spaces [2(Q), H'(Q) and H2(Q) by the finite dimensional space
Vi, defined by:

Viy={veC’(Q), virePy, VT € T3},

with PP; the space of the three-variable polynomials of degree < 1. We define also Vp, as

Von=VinHy(Q) ={veV,,v=00nT}.

In the sequel, Vj;, will be used to approximate both H& (Q) and H2(Q) N H& Q).

3.5.2 Finite Element Approximation Tools of the Monge-Ampeére Equation

To use first-order P, finite elements, we require to be able to compute second derivatives. For
instance, when solving (3.17) by the conjugate gradient algorithm (3.18)-(3.27), one has to i)
compute the discrete analogues of the second order derivatives, e.g., D w* and D?4°, and ii)
solve biharmonic problems such as (3.19) and (3.21).

Concerning i) we will approximate the second order derivatives by functions belonging to Vyj,.
For a function ¢ belonging to H?(Q), it follows from Green’s formula that, for i, j = 1,2, 3:

62
f Y vax= —lf
aniax]' 2Ja

Consider now ¢ € Vj,. We define the discrete analogue Df”.jq) € Vpy, of the second derivative

op dv op ov
axl‘ ax]' ax]‘ ax,-

dx, Yv e Hy(Q), (3.28)

7 . . .
Waq;,- by:foralli,j,1<1i,j,<3, Df”.j(p € Vyp, is defined by
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Op 0 Op 0
$pov, P dx, Yve Vyp,. (3.29)

1
D?. .ovd :__f f
j;z hl](pv X 2 Ja ax,- axj 6xj ax,-

The functions D‘;‘”.j(p are thus uniquely defined; Since the Hessian matrix D2uisin (L2(Q)

3x3
)77,

and since H& (Q) is dense in L?(Q), the approximation D%l u is considered to be in V.

As emphasized in [Caboussat et al., 2013; Picasso et al., 2011], when using piecewise linear
mixed finite elements, the approximation of the error on the second derivatives of the solution
u is, in general, @ (1) in the L2-norm. Therefore, the convergence properties of the global
algorithm strongly depends on the type of partition of Q one employs. A way to improve
the approximation properties of the discrete second order derivatives D%”.].cp is to use, a
Tychonoff-like regularization [Tychonoff, 1963], as in [Caboussat et al., 2013]. Let us introduce
a stabilization constant C, and replace the previous variational problem by: forall i, j, 1 <
i,j<3, Df”.j(p € Vpy, and verifies

fQDfu.jqwdHc Y |K|2’3fKVD§li].<p-dex

KeJ h
f

o9 ov | dp ov

6xl~ axj axj ax,-
The regularization is shown in numerical examples that it is essential for the algorithm to
converge when we use an unstructured partition of Q. Similar ideas have been used for approx-
imations of the Stokes problem in incompressible fluid mechanics when using essentially the
same finite element spaces for the velocity components and the pressure (see, e.g., [Glowinski,
2008, Chapter 5]).

dx, Vv e Vo (3.30)

Concerning issue ii), that is the solution of the bi-harmonic problems encountered in the
conjugate gradient algorithm (18)-(27), after space discretization the resulting discrete bi-
harmonic problems are all particular cases of

Find r € Vi3, such that fAhrAh(pdx:Ah(q)), Y€ Vop, (3.31)
Q

with Ay, € £ (Vop,R) and Ay, € £ (Vop, Vo) defined by

A € Vop, —f Ah(pﬁdx=f Vo -VOdx V(p,0) € Vo x Vop,
Q Q

It follows from this definition that the discrete bi-harmonic problem (3.31) is equivalent to the
following system of discrete Poisson-Dirichlet problems:
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Find w € Vyy, f Vo -Vedx=A(p), Ype Vy,

Find r € Vyp, Vr-dex:f wepdx, YeeVy,.
Q Q

3.5.3 Discrete Formulation of the Least-Squares Method

We define the discrete analogues of spaces Q and Qy as follows:

{an e Vo)**®, qn(Pr) =q},(Py), k=1,..., Nop},
{an € Q, detq, (Pr) = fin(Py),
q,,(Py) is positive definite,, k=1,..., Nop} .

Qn
Qrn

We associate with V}, (or Vp;, and Vi) and Qy, the discrete inner products with corresponding

norm as:
Np

1
W, whon = Y ArvPwPr), lvllon= v (v, v), ¥V v,we Vop,
k=1

and

1%
(8, Ton =7 > AS(PR) :T(Pr),  lISlllon = v/ ((S,9)os ¥ S, T€Qp,
k=1

where Ay is the volume of the polyhedral domain which is the union of those tetrahedra of 7,
which have Pj as a common vertex.

The discrete nonlinear least-squares method is addressed as: find (uy,, pp) € Vgp, x Qpp, such
that

Tnup,Pr) < Jn(@ndn), Y(@n,qn) € Vgn x Qfp (3.32)

where:
1
In@naw =3 [lIDF0n —aull[g, (3.33)

3.5.4 A Discrete Relaxation Algorithm
The discrete relaxation algorithm we employ reads as follows:
Step 1. The initialization is performed by solving:

ug € Vg, such that f

Q Vu) -Vopdx=—3y/fu@non,  Yon€ Von.
h
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Then, forn=0

Step 2. Assuming that u} is known, we look for

" —arg min J,(u? q); (3.34)
Py gthth n\Up,qn

Step 3. Assuming that p” is known, we look for

uZH/Z =arg min J,(@p,pp); (3.35)
(phEVgh
Step 4. Update the solution as
uZ“ =uj +w(u2“/2 —uyp), (3.36)

with 1 < w < Wmax < 2.

3.5.5 Finite Element Approximation of the Local Nonlinear Problems

The finite dimensional minimization problems, discrete analogues of (3.9), are approximated,
at each grid point Py € Zy, by:

I, 2
"(Py)=arg min |- —-D2u"(Py):q|.
Py (Pe) gquf(Pk) 2|q| i (Pr):q

The methods discussed in Section 3.3 still apply.

3.5.6 Finite Element Approximation of the Linear Variational Problems

The variational problems arising in the discrete version of the relaxation algorithm can be
solved similarly as in the continuous case using a conjugate gradient algorithm. Let us point
out however a particularity that arises in the discrete case. The discrete version of (3.16) reads
as follows: find u]/*'/? € V), satisfying:

(D5 u*2,D2 pi))on = (1L D5 0)on,  Yu € Von. (3.37)

The linear problem (3.37) leads to excessive computer resource requirements, which could
be acceptable for two-dimensional problems, but become prohibitive for three dimensional
ones. (Indeed, to derive the linear system equivalent to (3.37), we need to compute-via the
solution of (3.30)-the matrix-valued functions Dfl w/, where the functions w’ form a basis of
Vor-) To avoid this difficulty, we are going to employ, as previously discussed in [Caboussat
et al., 2013], an adjoint equation approach (see, e,g., [Glowinski et al., 2008]) to derive an
equivalent formulation of (3.37), well-suited to a solution by a conjugate gradient algorithm.
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This adjoint approach reads as

n+1/2

Find u*'? e Vg, suchthat( i W2, p!h,0,) =0, VO, € Vop, (3.38)
op

where <a] L (p,q),0) denotes the action of the partial derivative 2 % 9n (,q) on the test function
6. In order to solve (3.38), we first determine Dzl](p via (3.30). Then, we find Ap;; € Vop,
1 <i,j <3, by solving the (adjoint) systems:

AnijOnon+C Y |K|2/3fKWLhij'V9th=(Phij—DiifP,@h)Oh, VO € Vop,

Kegy,

and we can show (see, e.g., [Glowinski et al., 2008]) that, for all (¢, pr) € Vgp x Qp:

oJn f
0, pn),00) = g Z7h
<0<p (@n,PR),On) R [E E

3.5.7 Discrete Conjugate Gradient Algorithm

The relations that are developed in (3.30),(3.31) and (3.38) can be used directly in the conjugate
gradient algorithm (3.18)—(3.27).

Step 1.
1/2,0
uy "0 = up € Vg
Step 2.
L 1+112,0 .. .
e Compute th, b € Vor, 1 =1, j <3, by solving

th” Z+1/2°vdx+C Y |K|2/3f VDil] Z“’“ Vvdx

KEJh
]. f
=

* Compute Ap;; € Vop, 1 < i, j <3, by solving

n+1/2,0 n+1/2,0
auh ov Ouh ov

dx, YveV
ox; 0x; 0x;j ax, 0h:

(Anij»0n)on+C Y IKIZ/?’fKWLhij'VthXZ(pm, Di,] ZH/Z'O,Hh)Oh, VO € Vop.
Kegy,

* Find g} € Vy, satisfying
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,, aeh

ax, V@hEVoh.

(Agh)Aeh)()h - / [

e Set wh gh

Then, for k = 0, u"“’ 2k gﬁ and w’c being known, the last two different from zero, we compute

n+1/2,k+1 _k+

) k+1
u, ,gh and if necessary, w

as follows.

Step 3.

Compute D%”.]. w’ﬁ € Von, 1 =i, j <3, bysolving

th”whvdx+C Z |K|2/3f VD‘;‘”]wh -Vvdx

Kegy,

Compute /ih,-j € Von, 1 <1, j <3, by solving

owy gy Owy oy
+— dax, Yv e Vyy.

Oxl Gx] 0x;j le

(AnijOdon+C ) 1K f VAnij - VOdx=—(Dj;;wip,0n)on, Y01 € Von.

Kegy,

Find g’hf € Von, satistying

Zi 1109;1

X, V@hEVoh.
Py | 0x; 0x;

(AZF, AOp)on = f
Q

Compute the steepest descent

|angfll,
(80 gy Anwy)y,

Pk =

Update the solution

n+1/2,k+1 _  n+1/2,k _ k
u, =u, Pk Wy,

Step 4.
¢ Compute
gl =gh - pigy.
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¢ Compute

* Check the convergence

if 6 < € then take u}*/% =y

and

Step 5.

n+1/2,k+1,
h

2
_12ngi o

18185 o,

; otherwise compute

2

n+1/2,k+1
”Ahgh

_ 0h
YE= 12,k |2
[ang™|

h 0h

k+1 _ _k+1 k

w," =g, Hyewy,.

* Do k — k+1 and go to Step 3.

3.6 Numerical Results

The first numerical results we are going to report, in order to validate our methodology, are as-

sociated with the unit cube Q = (0,1)3. Two types of partitions of the unit cube are considered,

in order to study the mesh-dependence of our methods. These partitions have been con-

structed by using either advancing front 3D procedures, or successive extrusions [Geuzaine

and Remacle, 2009], and are visualized in Figure 3.1. All experiments were performed on a
desktop computer with Intelcx Xeon(R) CPU E5-1650 v3 @ 3.50GHz x 12.

Figure 3.1 — Typical partitions of the unit cube Q = (0, 1)3; left: isotropic mesh (h = 0.01826);
right: structured mesh (h = 0.00938).
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In the numerical examples presented hereafter, we consider C = 0 for the structured mesh and
C =1 for the isotropic mesh. The local nonlinear problems are solved with a stopping criterion
of eNewton = 1077 on the residual for the Newton method, with a maximal number of iterations
equal to 1000. When using the Runge-Kutta method for the dynamical flow approach, the
time step is set to At = 0.1, and is reduced only if needed (only for the first 2-3 times steps
usually); the maximal number of iterations is 20000 and the stopping criterion is € = 1077 on
two successive iterates.

Unless otherwise specified, the relaxation parameter is set to w = 1 at the beginning of the outer
iterations, and gradually increased to 2. The conjugate gradient algorithm for the solution
of the variational problems has a stopping criterion of £ = 108 on successive iterates, with a
maximal number of iterations equal to 100. Numerical experiments show that the number
of conjugate gradient iterations is never larger than 35. The outer relaxation algorithm has a
stopping criterion of e = 5 x 10~* on the residual ||| D7 u! — p}!||| ., or on successive iterates if
the problem does not admit a classical solution (see Section 3.6.3), with a maximal number of
iterations equal to 5000.

3.6.1 Polynomial Examples

Let us consider a first example involving a smooth exact solution. More precisely, let us
consider as exact solution

1
u(x,y,z) = > (x2 +5y° + 15z2) , (X, 7,2 €Q. (3.39)

By a direct calculation, one obtains 1; = 1,1, = 5,13 = 15, and, therefore the data for the
Monge-Ampere problem correspond to

1
f,y)=75 and g(x,y,z)zé(x2+5y2+1522).

Figure 3.2 visualizes the L?(Q) and H' (Q) computed approximation errors obtained by using
both approaches for the solution of the local nonlinear problems (Newton stands for the
reduced Newton approach presented in Section 3.3.2, while RK stands for the dynamical
flow approach presented in Section 3.3.3). Both Newton and Runge-Kutta algorithms provide
exactly the same results. For the structured mesh, the method is globally second-order, resp.
first-order, convergent for the 12 (resp. H 1 norm of the approximation error. Table 3.1
confirms those convergence results, for both structured and isotropic meshes and for the
approach based on the Runge-Kutta approximation for the dynamical flow problem in R!!. We
observe that, for the structured meshes, we have text-book second and first order convergence,
while the orders of convergence deteriorate for the isotropic unstructured meshes.

Table 3.2 provides CPU times vs the number of degrees of freedom involved in the numerical
approximation. Comparing mainly with [Brenner and Neilan, 2012; Liu et al., 2017] (who also
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3.6. Numerical Results

performed CPU times investigations), this test case is more stringent since the eigenvalues
of the Hessian are not close from each other, which makes the problem less isotropic than
examples used in the literature (typically the example presented in Section 3.6.2).
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Figure 3.2 — Visualization of the variations with respect to & of the L?(Q2) and H'(Q) norms
of the computed approximation error uy — u, with u(x, y, z) = % (x2 + 5y2 + 15z2) (Q=(0,13).
Both Newton and Runge-Kutta algorithms provide exactly the same results.

Table 3.1 — (i) Variations with respect to & of the L?(Q) and H'(Q) norms of the computed
approximation error u,—u, with u(x, y, 2) = 3 (x* + 5y + 15z°) and related convergence orders.
(ii) Variations with respect to h of the number of relaxation iterations necessary to achieve
convergence. The local optimization problems are solved using the Runge-Kutta based method
described in Section 3.3.3 (Q = (0, 1)3).

Structured mesh
h up — ull, |up — ulg, iter
2.00e-01 7.19e-02 - 1.58e-00 - 71
1.00e-01 1.80e-02 1.99 | 7.91e-01 | 0.99 | 228
6.25e-02 | 7.06e-03 1.99 | 4.95e-01 | 1.00 | 314
4.00e-02 | 2.89e-03 1.99 | 3.16e-01 | 0.99 | 375
Isotropic unstructured mesh
h llup —ull, lup — ulm, iter
1.57e-01 1.97e-02 - 9.39e-01 - 84
1.03e-01 1.01e-02 1.75 | 6.11e-01 | 1.03 | 137
6.58e-02 | 5.44e-03 1.63 | 3.84e-01 | 1.03 | 220
4.10e-02 | 3.35e-03 1.38 | 2.35e-01 | 1.03 | 314

The second test problem that we consider still has a polynomial exact solution, but this
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Chapter 3. Numerical Approximation of Monge-Ampere Equation

Table 3.2 — CPU time results and numbers of degrees of freedom for the smooth test case with
u(x,y,z) = % (x2 +5 y2 + 15z2) (the number of DOFs specified corresponds to the number of
vertices of the finite element mesh). The reduced Newton method is used for the solution of
the local nonlinear problems.

Structured mesh
h #DOFs | Algebraic | Variational | # outer | Max # Total
solver [s] solver [s] iter. CGiter. | CPU [s]
0.2000 216 0 16 71 12 16
0.1000 1331 3 655 228 19 658
0.0625 4913 26 6070 314 16 6096
0.0400 | 17576 163 38993 375 15 39156

solution is much more anisotropic than the one in (3.39), since it is given by

_1 2 2 2
u(x,y,z) = 2(x +10y” +100z7), (x,y,2) € Q. (3.40)

Here A; = 1,1, = 10,13 = 100, and, the data for the Monge-Ampére problem are given by
f(x,y) =1000 and g(x,y,2) = 3(x? + 10y* + 100z%). This time, the initialisation (3.4) of the
relaxation algorithm is not close to the solution, implying, as expected, that more iterations are
needed to achieve convergence. Figure 3.3 illustrates the convergence orders for the computed
approximation error for both types of meshes. Despite the anisotropy of the solution of this
second test problem, the approximation errors are similar to those associated with the first test
problem, that is perfect second and first orders with the structured meshes and slightly lower
convergence orders for the anisotropic unstructured meshes. Note that here we have to choose
w = 0.5 initially (under-relaxation), and increase it gradually to 2, to ensure convergence of the
relaxation algorithm, and C = 2.5 for the isotropic mesh.

3.6.2 A Smooth Exponential Example

The third test problem we consider has a smooth exponential exact solution, namely the radial
function u defined by

ulx, y,2) = ez (1) 2 eQ. (3.41)

This test problem generalizes to three dimensions a two-dimensional one commonly used
in the community for Monge-Ampere solver benchmarking (see, e.g., [Caboussat et al., 2013;
Feng and Neilan, 2009c]). Let us denote y/x? + y? + z2 by r. The data for the Monge-Ampére-
Dirichlet problem (3.1) associated with the above function u are f(x, y,z) = (1+r?)e® /2, and
g(x,y,2) = e"'2. The stopping criterion for the relaxation algorithm is AT IS
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Figure 3.3 - Visualization of the variations with respect to & of the L?>(Q) and H'(Q) norms of
the computed approximation error uy, — u, with u(x, y,z) = % (xz + 10y2 + 10022) (Q=(0,1)3).

5x 1074, and C = 1 for the isotropic unstructured mesh (as for the first test problem).

Figure 3.4 visualizes the L?(Q) and H'(Q) computed approximation errors for both approaches
for the solution of the local nonlinear problems. The conclusions are similar: both Newton
and Runge-Kutta methods provide exactly the same results, and the method is globally second-
order convergent for the L? norm. Table 3.3 confirms these convergence results, showing in
particular no loss of convergence orders for the unstructured isotropic mesh.

Table 3.4 provides CPU times vs the number of degrees of freedom involved in the numerical
approximation for both structured and unstructured discretizations of the unit cube. When
using a structured mesh of the unit cube, the performance of the algorithm is comparable to
the other algorithms from the literature, albeit slightly less efficient. Using an unstructured
isotropic mesh degrades the performance of the algorithm; computational performance for
the algebraic part is identical, the difference coming from the increased number of conjugate
gradient iterations. Note that, for this test case, the Hessian matrix D?u admits the eigen-
values 1; = e” /2, A, = e"" /2 and A3 = (1 + r¥)e” /2. This example is thus rather isotropic (the
eigenvalues of the Hessian are close to each other).

3.6.3 Non-Smooth Test Problems

Some of the test problems we are going to consider in this section do not have exact solution
with the H?(Q)-regularity or may have no solution at all (but may have generalized solutions).
These non-smooth problems are therefore suited to test the robustness of our methodology,
and its ability at capturing generalized solutions when no exact solution does exist.

With Q still being the unit cube (0, 1)3, the first problem that we consider is the particular case
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Figure 3.4 — Visualization of the variations with respect to & of the L?(Q) and H!(Q) norms of
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the computed approximation error uy, — u, with u(x, y, z) = ez (X+y*+2%) (Q=(0,1)3).

Table 3.3 — (i) Variations with respect to h of the L?(Q) and H'(Q) norms of the computed
approximation error uy — u, with u(x, y,z) = e2 W+ +2) and related convergence orders.
(ii) Variations with respect to h of the number of relaxation iterations necessary to achieve
convergence. The local optimization problems are solved using the Runge-Kutta based method

described in Section 3.3.3 (Q = (0, 1)3).

Structured mesh
h llup—ullg, lup —ulp, iter
2.00e-01 2.74e-02 - 5.16e-01 - 12
1.00e-01 7.52e-03 1.87 | 2.81e-01 | 0.87 | 20
6.25e-02 3.06e-03 1.91 | 1.83e-01 | 091 | 25
4.00e-02 1.26e-03 1.98 | 1.20e-01 | 0.95 | 28
Isotropic mesh
h |lup —ullz, |t — ul g, iter
1.57e-01 1.58e-02 - 3.19e-01 - 24
1.03e-01 8.07e-03 1.61 | 2.05e-01 | 1.05 | 34
6.58e-02 3.54e-03 1.83 | 1.22e-01 | 1.15 | 41
4.57e-02 1.64e-03 2.11 | 7.67e-02 | 1.28 | 42

of problem (3.1) which has the convex function u defined, for R = v/3, by

When R > v/3, this function u belongs to C*(Q), while u € C°(Q) n W$(Q), with 1 < s < 2,
if R = v/3. It is therefore interesting to see how our methodology can handle the possi-
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3.6. Numerical Results

Table 3.4 — CPU time results and numbers of degrees of freedom for the smooth test case with
ulx,y,2) = e%(xzﬂ’zﬂz) (the number of DOFs specified corresponds to the number of vertices
of the finite element mesh). The reduced Newton method is used for the solution of the local
nonlinear problems.

h #DOFs | Algebraic | Variational | # outer | Max# Total
solver [s] | solver [s] iter. CGiter. | CPU [s]
Structured mesh
0.2000 216 0 1 12 5 1
0.1000 1331 0 19 20 5 19
0.0625 | 4913 1 90 25 4 92
0.0400 | 17576 8 423 28 4 431
Isotropic unstructured mesh

0.1570 1043 1 70 24 19 71
0.1030 | 3339 1 525 34 20 526
0.0658 | 12191 5 3568 41 22 3573
0.0457 | 42176 24 20926 42 22 20950

ble non-smoothness of the particular problem (3.1) associated with f and g defined by
2
2y A gy, 2) = -V - 1%, with, as earlier, r = /x®+ y+ 2%, Of par-

ticular interest will be the behavior of our methodology when R — /3 from above (or even
when R = v/3).

flx,y2) =

On Tables 3.5 and 3.6, we have reported, for R = v/6 and R = v/3, computed approximation
errors and orders of convergence as h varies, together with the number of iterations necessary
to achieve convergence of the relaxation algorithm. For R = v/6, the convergence orders of the
approximation errors are the ones we expect, namely second order (resp., first order) for the
L2-norm (resp., H'-norm), the number of iterations being pretty low. The case R = v/3 is more
challenging; indeed despite the solution singularity at point (1,1, 1), the L?(Q)-norm of the
computed approximation error uy, — u still decreases super-linearly with respect to / (for both
mesh families), while the related H'(Q)-norm stays stable around 0.62 for the same values of
h and shows no convergence order.

To conclude this section, we will consider the particular problem (3.1) associated with Q =
0,1)3, f =1and g = 0. For these particular data, problem (3.1) has no smooth solution
(the arguments developed in [Caboussat et al., 2013; Glowinski, 2008] for the related two-
dimensional problem still apply here).

Figure 3.5 shows different features of the approximated solution inside the unit cube. The
stopping criterion for this particular case without a classical solution is [[u*! —up||  <107°.
When studying the number of outer iterations of the relaxation algorithm, we observe that the

number of iterations is larger for structured meshes than isotropic ones, and that it increases
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Table 3.5 — (i) Variations with respect to h of the L?(Q) and H' (Q) norms of the computed
approximation error uy,—u, with u(x, y, z) = —/R? — (x2 + % + z2) (R = v/6) and related conver-
gence orders. (ii) Variations with respect to h of the number of relaxation iterations necessary
to achieve convergence. The local optimization problems are solved using the Runge-Kutta
based method described in Section 3.3.3 (Q = (0, 1)3).

Structured mesh

h |lup —ullL, |t — ul g, iter
2.00e-01 4.96e-03 - 8.60e-02 - 4
1.00e-01 1.28e-03 195 | 4.41e-02 | 096 | 5
6.25e-02 5.09¢e-04 1.96 | 2.78e-02 | 0.97 | 6
4.00e-02 | 2.10e-04 1.97 | 1.79e-02 | 0.98 | 7

Isotropic unstructured mesh

h llup —ullL, lup — ulm, iter

1.57e-01 3.81e-03 - 8.60e-02 - 13

1.03e-01 1.81e-03 1.78 | 3.62e-02 | 2.07 | 16
6.58e-02 | 7.51e-04 | 1.94 | 2.12e-02 | 1.18 | 19
4.10e-02 | 3.35e-04 | 2.21 | 1.30e-02 | 1.33 | 19

Table 3.6 — (i) Variations with respect to h of the L?(Q) and H'!(Q) norms of the computed
approximation error uy,—u, with u(x, y, z) = —/R? — (x> + 2 + z2) (R = v/3) and related conver-
gence orders. (ii) Variations with respect to h of the number of relaxation iterations necessary
to achieve convergence. The local optimization problems are solved using the Runge-Kutta
based method described in Section 3.3.3 (Q = (0,1)3).

Structured mesh

h |lup — ullz, |t — ulg, iter
2.00e-01 1.15e-02 - 6.60e-01 | - 9
1.00e-01 3.06e-03 1.91 | 6.31e-01 | - | 14
6.25e-02 1.24e-03 1.92 | 6.25e-01 | - | 17
4.00e-02 5.17e-04 1.96 | 6.22e-01 | - | 19

Isotropic unstructured mesh

h llup—ullL, lup — ulg, iter
1.57e-01 6.76e-03 - 6.31e-01 | - | 13
1.03e-01 3.31e-03 1.69 | 6.25e-01 | - | 16
6.58e-02 1.39e-03 1.93 | 6.22e-01 | - | 19
4.10e-02 6.41e-04 1.63 | 6.21e-01 | - | 19

as expected when i — 0. Figure 3.5 (bottom row) visualizes graphs of the computed solutions
restricted to the lines y =z=1/2 and x = y,z = 1/2 for x € (0,1), and shows little influence of
the type of partition on the solution.
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We can also observe that D?u is symmetric positive definite for 100% of the grid points,
independently of the nature of the discretization when h = 0.04, even though the Monge-
Ampere equations does not have a classical solution, that is D?u # p. The (necessary) loss
of convexity of the solution is thus located (near the corners) in a region smaller than the
mesh size. When arbitrarily refining the mesh in a corner of the domain, we observe that
the Hessian D?u is not symmetric positive definite when evaluated in some grid points in a
neighborhood of size 1073 around that corner. This effect is highlighted when calculating
||D?up, — pi|| 2> using a structured mesh of the unit cube, both on Q, but also on Q' c Q, as
illustrated in Table 3.7 for Q' = (0.2,0.8)3. These results show that the error inside the domain
Q' =(0.2,0.8) is significantly smaller than the error on Q, implying that the error is mainly
committed near the boundary.

Table 3.7 - (i) Variations with respect to k of the norm of the residuals ||D*u;, — py || 12, and
|[D?up, = pi| 2 when @ = (0, 1)%, Q" = (0.2,0.8)°, f =1 and g = 0. (ii) Variations with respect
to h of the number of relaxation iterations necessary to achieve convergence.

h ||D? uy, _ph||L2((0,1)3) ||D?u, — p| |L2((0.2,0.8)3) # iter.
1.00e-01 4.29931e-04 4.20694e-05 467
6.25e-02 4.32211e-04 8.47222e-06 1857
4.00e-02 4.32995e-04 2.42009e-06 37522

3.6.4 Curved Boundaries and Non Convex Domains

In order to further validate the robustness and flexibility of our methodology, we are going to

consider test problems where Q has a curved boundary and/or is non-convex. The first do-

main with a curved boundary we consider is the unit ball By = {(x, y,2) € R®, x* + y* + 22 < 1}.
1

Assuming that Q =By, f = V3 and g =0, the convex solution u of the related Monge-Ampere-

Dirichlet problem (3.1) is given by

ux,y,z) = L (1-x*-y*-2%). (3.42)

2V3

On Figure 3.6 (left) we have visualized a typical finite element mesh used for computation and
some cuts of the computed solution. On Figure 3.6 (right) and Table 3.8 we have provided
information on the L2(Q) and H'(Q)-norms of the approximation error uy — u and of the
related rates of convergence, and on the number of relaxation iterations necessary to achieve
convergence. Albeit the L?(Q)-approximation error is @ (h'-®), approximately, these numerical
results show that our methodology can handle rather accurately domains Q with curved
boundaries. Table 3.9 provides CPU times vs the number of degrees of freedom involved in the
numerical approximation of the solution on the unit sphere. Results are comparable to those
obtained when using unstructured meshes on the unit cube, and thus show that the curved
boundaries are handled appropriately.
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Figure 3.5 — Visualization of the numerical solution uy, for f(x, y,z) =1, g(x, y,z) = 0 on the
unit cube; top left: along cuts for x = 1/2 and y = 1/2 (h = 0.0625); top right: number of
iterations needed for the convergence of the relaxation method for the stopping criterion
|Jug ! = || o < 107°; bottom left: graphs of the computed solutions restricted to the line
y = z = 1/2; bottom right: graphs of the computed solutions restricted to the lines x = y,

z=1/2.

The non-convexity of O may prevent problem (3.1) to have solutions (see, e.g., [Caffarelli
and Cabré, 1995]). However, it makes sense to assess the capabilities of our methodology at
handling problems having smooth solutions despite the non-convexity of Q. To do so, we
consider the particular problem (3.1) where: (i) Q is the subset of By obtained by removing
from this ball a part of angular size 0, symmetric about Ox and oriented along the Oz axis (as
shown on Figure 3.7 for @ = 7/2 and 6 = /9), (ii) f = 1/(3V/3), g being the restriction to dQ of
the function u defined by (3.42). The function u defined by (3.42) is clearly a convex solution
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Figure 3.6 — Left: Visualization of the finite element mesh and of computed solution cuts
(h = 0.1610) Right: Visualization of the variations with respect to & of the L?(Q) and H'(Q)
norms of the computed approximation error uy, — u, with u(x, y,z) = —ﬁ (1-x*-y*-2%)
(Q=By).

Table 3.8 — (i) Variations with respect to & of the L?(Q) and H'(Q) norms of the computed
approximation error uy — u, with u(x, y, z) = _Tlfs (1-x? - y* - z%) and related convergence
orders. (ii) Variations with respect to & of the number of relaxation iterations necessary to
achieve convergence. The local optimization problems are solved using the reduced Newton
method described in Section 3.3.2 (Q = By).

h lup—ullg, lup —ulp, iter
2.98e-01 | 3.26e-02 2.60e-01 - 14
1.61e-01 | 1.11e-02 | 1.74 | 1.28e-01 | 1.14 | 19
8.32e-02 | 3.22e-03 | 1.88 | 6.16e-02 | 1.11 | 21
4.34e-02 | 9.89e-04 | 1.80 | 2.86e-02 | 1.17 | 20

Table 3.9 — CPU time results and numbers of degrees of freedom for the smooth test case

with u(x,y,2) = _ﬁg (1-x? - y?—2%) on the unit sphere (the number of DOFs specified
corresponds to the number of vertices of the finite element mesh). The reduced Newton

method is used for the solution of the local nonlinear problems.

Structured mesh
h #DOFs | Algebraic | Variational | # outer | Max# Total
solver [s] solver [s] iter. CGiter. | CPU [s]
0.2980 631 0 34 14 25 34
0.1610 3570 0 327 19 19 327
0.0832 | 22640 4 4385 21 22 4399
0.0434 | 184034 23 66027 20 23 66050
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of the above problem (3.1). The solution methodology discussed in Sections 3.2 to 3.5 still
applies for this case where an exact smooth solution does exist, some of the numerical results
we obtained being reported in Figure 3.7. We observe in particular that the convergence orders
are essentially independent of the value of the re-entrant angle 6.
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Figure 3.7 — First row: Visualization of the variations with respect to & of the L?>(Q2) and H'(Q)
norms of the computed approximation error uy, — u, with u defined by (3.42), Q being the
truncated unit ball (left: 8 = /2, right: 8 = 7/9). Second row: Visualization of the truncated
balls (left: 0 = n/2, right: 0 = #/9). Third row: Visualization of the restrictions of the computed
solutions to the plane z =0 (left: 8 = 7/2, right: 6 = n/9).
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3.7 An Alternative Discretization Method based on (); Finite Eleme-
nts

We finally report some numerical results that were obtained using Q; finite elements for the
space discretization instead of the P; finite elements used earlier. The finite element library
libmesh [Kirk et al., 2006] has been used for implementation. The discretization of the unit
cube Q = (0,1)3 is based on a structured mesh of elementary cubes, as visualized in Figure 3.8.
The least-squares/relaxation methodology is still applicable. The nonlinear problems (3.9)
are solved for each vertex of the hexahedral mesh with the Newton and Runge-Kutta methods
discussed in Sections 3.3.2 and 3.3.3, respectively. The variational problem (3.17) is solved
by a conjugate gradient algorithm, using Gauss quadrature rules (of order up to 4) for the
numerical computation of integrals; all other techniques and approaches remain the same.

All the numerical results reported below are related to Q = (0,1)3. On Table 3.10 we have re-
ported the variations with respect to & of the L?(Q2) and H'(Q) norms of the computed approxi-
mation error uy, — u, for u defined by u(x, y,2) = e2 ™ *¥*=) and u(x, y, 2) = 3 (x*+5y2+152%),
the related convergence orders, and the number of relaxation iterations necessary to achieve
convergence. The local optimization problems are solved using the Newton method described
in Section 3.3.2. As expected, nearly optimal orders of convergence are obtained for both the
L2(Q) and H'(Q) norms of the computed approximation error. Both solutions exhibit compa-
rable orders of convergence, however, the larger anisotropy of the second one implies a larger
number of iterations for the relaxation algorithm to achieve its convergence. Approximation
errors and iteration numbers are consistent with those reported in Section 3.6.2 for the same
test problems.

Figure 3.8 — A uniform structured hexahedral partition of the unit cube Q = (0,1)3 (h =0.1).

The next test problem we consider, is the one, already investigated in Section 3.6.3, whose
exact solution u is given by u(x, y, z) = —v/R% — (x> + y% + z2), with R = v/3, Q still being the
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Table 3.10 — (i) Variations with respect to & of the L?(Q) and H' (Q) norms of the computed
approximation error uy — u, with u(x, y,z) = erP+y*+2%) and ulx,y,z) = %(xz + 5y2 + 1522)
and related convergence orders. (ii) Variations with respect to h of the number of relaxation
iterations necessary to achieve convergence. The space approximation relies on Q; based
finite element spaces while the local optimization problems are solved using the Newton
method described in Section 3.3.2 (Q = (0,1)3).

Exact solution u(x, y, ) = e2™® V' +2)
h | llup—ullL, lup — ulg, iter
1/10 8.09e-03 - 1.18e-01 - 56

1/20 2.28e-03 1.82 | 5.67e-02 | 1.06 | 50
1/30 1.05e-03 1.90 | 3.71e-02 | 1.04 | 46
1/40 3.90e-04 1.93 | 2.75e-02 | 1.03 | 44
1/50 6.02e-04 1.95 | 2.18e-02 | 1.03 | 42
Exact solution u(x, y,z) = % (x*+5y° +15z°)

h | llup—ullg, lup — ulp, iter
1/10 1.26e-02 - 1.65e-01 - 713
1/20 3.62¢e-03 1.79 | 7.88e-02 | 1.06 | 716
1/30 1.71e-03 1.85 | 5.15e-02 | 1.05 | 696
1/40 9.91e-04 1.88 | 3.82e-02 | 1.03 | 681
1/50 6.48e-04 1.90 | 3.03e-02 | 1.03 | 671

unit cube (0,1)3. Tables 3.11 and 3.12 show that, for R = v/6 and R = v/3, the L*(Q) and H!(Q)-
norms of the approximation error uj;, — u are nearly of optimal order; moreover, the above
tables show that IID?1 uZ - Dzulle(Q) =~ 0 (h®?) if R = v/6, while IIDiuZ - Dzulle(Q) =~0(1) if
R=V3.

Table 3.11 - (i) Variations with respect to h of the L2(Q) and H(Q) norms of the computed
approximation error uy,— u, with u(x, y, z) = —/R? — (x% + y2 + z2) with R = v/6; related conver-
gence orders. (ii) Variations with respect to h of the number of relaxation iterations necessary
to achieve convergence. The space approximation relies on Q; based finite element spaces
while the local optimization problems are solved using the Newton method described in
Section 3.3.2 (2 = (0,1)%).

ho | llup = ull, lun—uln, |ID? u}! —Dull, iter
1/10 | 1.63e-03 2.24e-02 | - 8.18e-03 - 22
1/20 | 4.49e-04 | 1.85 | 1.06e-02 | 1.07 2.95e-03 147 | 18
1/30 | 2.06e-04 | 1.91 | 6.94e-03 | 1.05 1.62e-03 1.48 | 16
1/40 | 1.18e-04 | 1.94 | 5.14e-03 | 1.03 1.05e-03 148 | 15
1/50 | 7.65e-05 | 1.94 | 4.09e-03 | 1.03 7.55e-04 149 | 15

The numerical results we have just reported show that, as long as accuracy and number of
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3.7. An Alternative Discretization Method based on Q; Finite Eleme-nts

Table 3.12 — (i) Variations with respect to h of the L?(Q) and H'(Q) norms of the computed
approximation error uj,—u, with u(x, y, z) = —/R? — (x2 + y2 + z2) with R = v/3; related conver-
gence orders. (ii) Variations with respect to h of the number of relaxation iterations necessary
to achieve convergence. The space approximation relies on Q; based finite element spaces
while the local optimization problems are solved using the Newton method described in

Section 3.3.2 (Q = (0, 1)3).

ho | llup = ullg, lun = uln, |ID7 u)! —Dully, | iter
1/10 | 3.06e-03 4.70e-02 | - 2.71e-01 35
1/20 | 8.66e-04 | 1.82 | 2.30e-02 | 1.02 2.59e-01 34
1/30 | 4.00e-04 | 1.90 | 1.53e-02 | 1.01 2.55e-01 31
1/40 | 2.29e-04 | 1.93 | 1.14e-02 | 1.00 2.55e-01 30

iterations are concerned, Q@ based finite element approximations of problem (3.1) compared
well with [’} based ones if Q is a cube and uniform structured partitions of Q are used to
define the finite element spaces. However the [P; based methods can easily handle domains Q
of arbitrary shapes and unstructured finite element partitions, properties that the Q; based
methods do not share.
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Numerical Approximation of a 2D
Parabolic Monge-Ampere Equation

4.1 Model problem

Let Q be a smooth bounded convex domain of R?, and T > 0 a fixed time horizon. We
consider a time evolutive two-dimensional Monge-Ampere equation, with Dirichlet boundary
conditions, which reads as follows: find u : Q x (0, T) — R satisfying

%—detDzu:f inQx (0, 7),

u=g inoQ x (0, 7),
u(0) = up in Q.

4.1)

In(4.1), f=fx 1), g=gx 1) and up = up(x) are given functions with the required regularity,
and D?u(:= D,z( u) is the Hessian of the unknown function u (with respect to the space variable
0%u

6x,-6xj'

x), defined by D?u = (D?j u)1<i,j<2, and Dzz'ju =

We assume in the sequel that 1 is convex. (Note that a constraint on the time step may have
to be enforced to make sure that the numerical solution remains convex at all times). The
right-hand side f may change sign when u depends on time, otherwise f should be negative.
Moreover, if u does not depend on time, equation (4.1) reads as: find u : Q — R satisfying

—detD?u=f<0 inQ,
(4.2)

u=g in 0Q),

where it is the steady state Monge-Ampere equation. In numerical experiments we will tackle
separately the cases of solutions that depend on time from those that are time independent.

It can be shown that the Monge-Ampeére operator can be rewritten under a divergence form,
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Chapter 4. Numerical Approximation of a 2D Parabolic Monge-Ampeére Equation

as follows, .
detD*u = 5V (cof(D*w)Vu). (4.3)
Then (4.1) is equivalent to
ou 1
a—’; -5V (cof D*WVu) = f inQx(0,7), (4.4)

Equation (4.1) is a fully non-linear parabolic equation, and its equivalent form (4.4) is a some
type of nonlinear heat equation. Equation (4.4) is well-posed when the nonlinearity cof(D?u)
remains positive definite. This implies that D?u should remain positive definite. It is thus
crucial that the numerical method maintains the positive definiteness of the Hessian D?u. Like
in Chapter 3, when we have solved the elliptic Monge-Ampeére equation, we force the convexity
of the Hessian matrix when solving constrained local non-linear minimization problems.

Remark. Following [Liu et al., 2019], one can consider an alternative formulation that consists
in augmenting the differential equation into a differential system. By introducing an auxiliary
variable p := D?u, and a penalization parameter € > 0, (4.1) is weakly equivalent to: find
(u,p) : (A% (0, T)) — R x R>*2 satisfying:

a_u_detpzf inQx(0,1),
ot (4.5)
a—p+l(p—D2u):0 inQx(0,T)
ot ¢ ’ T

together with the additional initial condition p(0) = D?uy. This approach has proved to be very
efficient in capturing the stationary solution. However, accordingly to numerical experiments it
is not clear if it is able to approximate accurately the whole transient trajectory of the evolutive
problem. The parameter € would have to be fine tuned with respect to the time-step. O

In the sequel, we thus propose a second-order numerical method for the numerical approxi-
mation of the solution of (4.1), which relies on an implicit time-stepping scheme and a Newton
method.

4.2 Numerical algorithm

Let At > 0 be a constant given time step, " = nAt, n=1,2,..., to define the approximations
u" = u(t"). The numerical algorithm proposed hereafter relies on a discretization of the
formulation (4.1). In order to handle the stiff behavior of the Monge-Ampére operator, a
semi-implicit time discretization of (4.1) is considered. In this case, we advocate a midpoint
ruleand, u" being known, we look for the next time step approximation u"**! satisfying

n+l _ ,,n

At

u
—det(D*u" %) = 12 p=o,1,..., (4.6)
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4.2. Numerical algorithm

un+1 + un tn+1 + tn
where u""1/? .= ———— and "2 .= f(T) Then (4.6) can be written as
1 1
un+1/2_5AtdetD2un+1/2: un+§Atfn+1/2, (47)
and
un+l :2un+1/2_un. (4.8)

Let us define b" := u" + %A tf*1/2_ Relationship (4.7) is rewritten at each time step as

F(un+1/2) = un+1/2 _ %det(Dzu”“m) —p"=o.

At each time step this nonlinear problem is solved with a safeguarded Newton method. For the

0

ease of notation, we denote u"*!/2 by v. Starting from the initial guess v° = ", the increments

5v* of the Newton method are obtained by solving

DFW56v*=-F0b, k=0,1,2,..., (4.9)

then, the next iterate is given by v**! = v* + §v¥, until some stopping criterion is satisfied at

n+1/2._

step M; then we set u vM . At the end of the Newton iteration loop, the approximation of

the solution at the next time step is given by (4.8). In order to write the variational formulation
corresponding to (4.9) we use the following identity which holds for 2 x 2 symmetric matrices
(see, e.g., [Brenner and Neilan, 2012]):

detD?(a + b) = det(D?a) + det(D?b) + tr(A*D?b), (4.10)

where A* = cof(D?a) = det(D?a) (D?a)~!. This yields

tr(A*D?b) = cof(D?a):D*b = V - (cof(D*a)Vh),

where A : B:= tr(A”B) is the Frobenius inner product for A, B € R?*2. Equation (4.10) becomes,

detD?(a + b) = det(D?a) + V- (cof(D*a)Vb) + det(D?b). 4.11)

We thus have, for s € R,

At
F(vk +s0v) = vk + 56— > (det(D2 vk) +V - (cof(D? vk)sV5 ) + s> det(D*6 v)) -b".
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Chapter 4. Numerical Approximation of a 2D Parabolic Monge-Ampeére Equation

We thus compute DF(v*) as follows:

F(w* + s6v) — F(v%)
S

At
DF( )60 = lim =6v-—V- (cof(Dzvk)W? u) . 4.12)
S—>

In order to incorporate (4.12) in the variational formulation corresponding to (4.9), let us
define Vg = {w e H(Q): wlyn = g}, and Vp = H& (Q). Using (4.12), the variational formulation
corresponding to the Newton system (4.9) can be explicit into : find §v¥ € Vy, for k=0,1,2,...,
such that

At At
févkwdx+?f cof(Dzvk)V(évk)dex:—f (vk—jdet(Dzvk)—b” wdx, (4.13)
Q Q Q

for all w € Vj. This Newton’s variational problem is coupled with a safeguarding strategy
(Armijo’s rule) when needed.

In addition, we make sure that the method guarantees that the matrix cof(D?v¥) remains posi-
tive definite. This procedure is achieved by computing the SVD of this matrix, and truncating
its negative eigenvalues to zero. More precise, let A to be 2 x 2 symmetric matrix then we can
compute A= USU', where S is the diagonal matrix with eigenvalues 11, A, in the diagonal
and U is an orthogonal matrix with columns that represent the eigenvectors of A . We then set
Ai:=max(0,1;), for i =1,2 and we recompute A= USU T The procedure is important for the
first iterations of the algorithm when looking for a solution of the steady state Monge-Ampere
equation.

4.3 Finite Element Discretization

In order to avoid the construction of finite element sub-spaces of H?(Q) and to handle arbitrary
shaped domains, we consider a mixed low order finite element method for the approximation
of (4.13) see, e.g., [Caboussat et al., 2013, 2018]. Let us thus denote by 93, a regular finite
element discretization of Q c R? in triangles. From 97}, we approximate the spaces 2(Q),
H'(Q) and H?(Q), respectively H(} (Q) and H2(Q)n Hé (Q), by the finite dimensional space Vj,
respectively Vyy,, defined by:

Vi, = {veco(ﬁ),m,(enml,wa%}, Vo = Vi N HE (), 4.14)

with P; the space of the two-variables polynomials of degree one. Moreover, let us define
Vg,n = {U eC? (5) , Vg €Py, VK €Ty, Vgg = Jrhg} where 7, g the interpolant of g.

In order to approximate second derivatives with low order polynomials we proceed as in
Chapter 3 or [Caboussat et al., 2013]. Therefore, let a function ¢ being given in H'(Q), we
approximate the differential operators D? 5 by Dfl,ij, for1<i,j <2, defined by D%z,ij () € Vop,
and
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4.4. Numerical Experiments for Time Dependent Solutions

op 0 op 0
9 v Opov]

1
D;, . (@)vdx+C IKIfVDz-.( )-Vvdx:——f -
j;l hij 4 Kezf/‘h K hij ¢ 2 Ja | 0x; axj axj 0x;

where C = 0 and | K| = meas(K),

Set u?l be an approximation of u° in Vg, n- At each time step, the numerical approximation of
(4.13) is computed as follows: let vg := uy, at each time iteration; then, for k=0,1,2,..., we
search for v’}j € W, such that:

At At
_ 61}’}; wpdx+ > . cof(D‘?‘l VZ)V((SVZ) -Vw,dx = —fo_ (vz - ?det(Di‘l v’g) - bZ wydx,
TIh Ih Ih
(4.15)
for all wy, € V5. Then we set v}’;“ = v’}j +0 vl}j; when some stopping criterion is satisfied at

n+1/2 ._
h :

step M, we set u vM. To progress to the next time step, we set u)*1 = 24 *1/2 — /1,

h h

4.4 Numerical Experiments for Time Dependent Solutions

Numerical results are presented to validate the method for convex solutions. In the following
examples, Q = (0, 1)2and T = 1. Both a triangular structured asymmetric mesh and an un-

structured isotropic mesh are used. The mesh size i and the time step At vary together. The

stopping criterion for the Newton method is || v]];“ - 1/]]2 L@ < 10~!2, with a maximal number

of 200 Newton iterations. The Newton method typically needs 9 — 12 iterations to converge,
depending on the mesh size and the time step. The parameter C is set to 1 (unless specified
otherwise). The convergence of the error e = u — uy, is quantified by the following quantities

T T
||e||Lz(L2)::fO lu—upll2dt, ||e||L2(H1):=fO IVu—-Vuyl2dt,

In the tables below, those norms are approximated using the trapezoidal rule in time, and
quadrature formulas in space (see [Caboussat et al., 2019]).

4.4.1 A polynomial example

Let us consider T =1, and the exact solution:

ux,y,0=050.5+1x*+5y%), (xy)eQ, te©T). (4.16)

This function is the solution of (4.1) with the data

fx,y,1):=05(x*+5y%) -5(0.5+ 1),
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Chapter 4. Numerical Approximation of a 2D Parabolic Monge-Ampeére Equation

g(x,¥,1):=0.5(0.5+ 1) (x* +5)°),

and
Up(x,y):= 0.25(x* + 5y2).

The solution (4.16) is convex for all ¢ € (0, T). Note that the eigenvalues of the Hessian D? 1 are
A1 =(0.5+1)?and A, = 5(0.5 + )%, and are both positive for all ¢ € (0, T). Figure 4.1 illustrates
up(x,y) (left) and uy(x, y, T) (right), while Table 4.1 shows that the solution method exhibits
appropriate convergence orders (for the discrete version of the norms [|u — upllz2 7,1 Q)
and |lu = upllr2(0,1;1202)))-

0.0

Figure 4.1 — A polynomial example corresponding to the exact solution (4.16). Numerical
approximation of the solution for 4 = 1/80 and At = 0.25-1073. Left: initial condition at time
t = 0. Right: final solution at time ¢ = 1.

Table 4.1 — A polynomial example. Estimated errors of u — uy, in corresponding norms, and
related convergence orders for various h and At. Top: structured meshes (with C = 0), Bottom:
unstructured meshes.

= h At llellr2(z2) llell 2
1 1/20 1.00e-03 | 1.55e-03 - 7.37e-02 -
g 1/40 0.50e-03 | 3.81e-04 | 2.02 | 3.68e-02 | 1.00
g 1/80 0.25e-03 | 9.01e-05 | 2.08 | 1.84e-02 | 1.00
@ 1/160 | 0.125e-03 | 1.99e-05 | 2.17 | 9.20e-03 | 1.00
5 h At llellr2r2 llell 2 e
E 0.062 | 2.00e-03 | 2.10e-02 - 3.19e-01 -
§ 0.031 | 1.00e-03 | 7.28e-03 | 1.52 | 1.51e-01 | 1.07
g 0.015 | 0.50e-03 | 1.90e-03 | 1.93 | 6.14e-02 | 1.29
> | 0.010 | 0.33e-03 | 8.29e-04 | 2.04 | 3.49e-02 | 1.39
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4.5. Numerical Experiments for Time Independent Solutions

4.4.2 An exponential example

Let us consider T = 1, and the exact solution

utx,y,=e'ez) (x,y)eQ, te©,1). 4.17)

This function is the solution of (4.1) with the data
oy, 0)=—e fe2 1Y) (1 +e (P +y*+1) e%(xzﬂ/z)),

g(x,y, t) = e—te%(x2+y2),
Uo(x, ) 1= e2 3+,

The solution (4.17) is convex for all time ¢ € (0, T), since the eigenvalues of D*u are 1; =
e tez (V) and A, = e Tez (**+)") (x?+ y* + 1), which are both positive for all times € (0, T).
Figure 4.2 illustrates ug(x, y) (left) and uy,(x, y, T) (right), while Table 4.2 shows that the solution
method exhibits nearly optimal convergence orders (for structured and unstructured mesh
we have @ (h) and @ (h') for the discrete version of the norm ||e] lr2(m) and 0 (h'®) and @ (h?)
for ||el| 2(z2), respectively)

A

Figure 4.2 — Exponential example corresponding to the exact solution (4.17). Numerical
approximation of the solution for 4 = 1/80 and At = 0.25-1073. Left: initial condition at time
t = 0. Right: the final solution at time ¢ = 1.

4.5 Numerical Experiments for Time Independent Solutions

In this section, we consider the numerical solutions that are not depend on time. As in the
beginning of this Chapter, we said this corresponds to solving the steady state Monge-Ampére
equation (4.2).

We check the efficiency of the numerical algorithm for various test cases. The test cases of
primary importance in this section are degenerate solutions, solutions with non-smooth
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Table 4.2 — Exponential example. Estimated errors of u — u, in corresponding norms, and
related convergence orders for various h and At. Top: structured meshes (with C = 0 when
h=1/80,and C = 0.1 when h = 1/160), Bottom: unstructured meshes.

= h At llellr2 2 llellzzcem

€1 1/20 | 1.00e-03 | 8.96e-04 - 3.58e-02 -
g 1/40 | 0.50e-03 | 2.40e-04 | 1.90 | 1.79e-02 | 1.00
§ 1/80 | 0.25e-03 | 6.69e-05 | 1.80 | 8.96e-03 | 0.99
@ 1/160 | 1.25e-03 | 9.97e-06 | 2.74 | 4.44e-03 | 1.01
= h At llellr2 2 llellzzcem

E 0.062 | 2.00e-03 | 1.49e-02 - 2.02e-01 -

§ 0.031 | 1.00e-03 | 5.31e-03 | 1.48 | 8.93e-02 | 1.17
*é 0.015 | 0.50e-03 | 1.25e-03 | 2.08 | 3.27e-02 | 1.44
= | 0.010 | 0.33e-03 | 5.26e-04 | 2.13 | 1.81e-02 | 1.45

data or data with Dirac function, etc. These cases are considered as challenging ones in the
literature [Caboussat et al., 2013; Glowinski et al., 2019].

Let Q = (0, 1)? be the unit square. In all the test cases we use a triangular structured asymmetric
mesh. The mesh size h and the time step At vary together. The stopping criterion for the
Newton method is || vﬁ“ - U}Ii“LZ(Q) < 1079, with a maximal number of 400 iterations. The
parameter Cis set to 1. We consider T = oo, and we stop the algorithm when ||u;l“rl - uZ @ <

5x 1078, The initial guess of the algorithm 1 (x, y) is obtained by solving the following problem.

Aug=a in(,
(4.18)

Uy=g onl.

We use a =5 in most of the examples except the ones with Dirac right-hand sides where we
choose a = 10. In the literature, the initialization is usually chosen as a solution of Auy = 2\/7 ,
see, for example, [Caboussat et al., 2013]. Here we need an initial condition that is more convex
than the one from solving Aug = 2+/f. The choice of a influences the computational time of
the algorithm, to obtain a stationary solution.

In order to simplify the notation we set ©:= u¥ and uy, := ufzv where N is the last time-step. In
the sequel, we define f (x,y) inQ, g(x,y)onTand u(x,y) inQ=QnT.

4.5.1 Smooth examples

First we consider f (x, y) to be a smooth function. The test cases we consider are:

A) f(x,y)=-5and g(x,y) =3 (x*+5)?).
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4.5. Numerical Experiments for Time Independent Solutions

B) f(xy)=—(x+y+1) e+ and g(xy) = RICSY

These examples are similar to those used in the previous section. Example (A) corresponds to
a polynomial smooth solution, namely,
(x* +5)%). (4.19)

1
u(x,y):g

The eigenvalues of the Hessian D?uare A; =1and A, = 5.

Example (B) is a classical example that is often seen in the literature. It corresponds to an
exponential smooth solution
s
u(x,y) = 2, (4.20)

The eigenvalues of the Hessian D?u are 1; = e2(+¥*) and 1, = ez (*"+¥") (x> +y2+1).

Table 4.3 illustrates the convergence of the numerical solutions and the number of timesteps
for examples (A) and (B). Table 4.3 shows that the numerical solutions for both test cases
converge in L?-norm with a rate of O(h'?) and in H' semi norm with an optimal rate of
O(h'?) when h,At — 0. The number of timesteps is multiplied by 2 as h andAt are divided by
two.

Figure 4.3 shows the obtained numerical solution for example (A) on the left and example (B)
on the right.

Table 4.3 — Smooth examples. Estimated errors of u — 1, in corresponding norms, and related
convergence orders for various & and A¢. Number of timesteps of the algorithm. Top table:
(A)f (x,y) =5 and g(x,y) = 1 (x* +5)?) ; Bottom table: (B) f(x,y) = (x+y+1)e*¥) and
g(x,y) = ez,

h At = uplliz ) [u—upl g Timesteps
) 1/20 | 1.00e-03 4.28e-03 - 1.15e-01 - 201
1/40 | 0.50e-03 1.15e-03 1.89 5.12e-02 1.16 320
1/80 | 0.25e-03 2.96e-04 1.95 2.22e-02 1.20 576

h At llu—upllr2q) lu—uplm @ Timesteps
(B) 1/20 | 1.00e-03 4.56e-03 - 9.49e-02 - 298
1/40 | 0.50e-03 1.19e-03 1.93 3.99e-02 1.25 550
1/80 | 0.25e-03 3.10e-04 1.94 1.74e-02 1.19 1018

4.5.2 Non-smooth examples

We consider examples that often appear in the literature on the numerical solution of two
dimensional Monge-Ampere equation. The problems we consider are:
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u u

[ 2.7e+00

l 1.0e+00

(A) (B)

Figure 4.3 — Smooth examples. Left: Numerical approximation of the solution of test case (A)
f(xy) =-5and g(x,y) = § (x* +5y%). Right: Numerical approximation of the solution of test
case (B) f(x,y) = — (x+y+1) e *¥) and g (x,y) = e2(***7)_ The results are obtained with
h=1/40and At =0.50-1073.

(© f(x,y)=0and g(x,y)=1x-0.5[.

(D) f(x,y)=-1and g(x,y)=0.

Test case (C) is a degenerate case where the solution has low regularity properties, and we
expect the convergence order in L?-norm to be of order one or less. Table 4.4 illustrates the
numerical solutions of example (C) for various & and At. We observe that, in L2-norm although
the numerical solution is accurate of order 1073, there is no convergence order. Moreover, we
measure the absolute error at (0.5,0.5), and we see that it goes to zero as i, At — 0. Concerning
the timesteps, we note that they increase as h decreases.

In order to improve the results and reduce the number of timesteps, we use a simple adaptive
strategy heuristics in time. We reduce the time-step when the Newton iterations are smaller
than five. The results are reported in Table 4.5. We observe that the convergence in L?-error
norm is of the order of O(h), and the number of timesteps are reduced remarkably. The point
error at (0.5,0.5) remained the same. In Table 4.5, we report the first time-step Aty and the last
time-step Aty. Graphs of the numerical solution of test case (C) without an adaptive time-step
strategy are illustrated in Figure 4.4.

Example (D) does not have a classical solution but only admits a generalized one, even
though the data are smooth. This problem is theoretically discussed in [Gutiérrez, 2001]
and numerically investigated in numerous works e.g. [Feng and Neilan, 2009c; Oberman,
2008; Benamou et al., 2010; Caboussat et al., 2013; Awanou, 2014; Glowinski et al., 2019]. We
compare our numerical solution with the numerical solution given in the previously cited
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Table 4.4 —- Non-smooth examples. Test case (C) with data f(x,y) =0 and g(x,y) = |x—0.5].
Estimated errors u — uy, in corresponding norms, and related convergence orders for various
h and At. Number of timesteps of the algorithm.

h At llu—upllr2q) |14(0.5,0,5) — u,(0.5,0.5)| | Timesteps
© 1/20 | 1.00e-03 2.00e-03 - 0.0138 3957
1/40 | 0.50e-03 1.19e-03 0.74 0.0092 6991
1/80 | 0.25e-03 1.16e-03 - 0.0057 10991

Table 4.5 — Non-smooth examples. Test case (C) with data f (x,y) =0and g(x,y) = [x-0.5].
Estimated errors u — uy, in corresponding norms, and related convergence orders for various
h and adaptive time-step. First and the last time-step. Number of timesteps of the algorithm.

h Aty Aty u—upllz) [2(0.5,0,5) — uy(0.5,0.5)| | Timesteps
©) 1/20 | 1.00e-03 | 4194.3 1.98e-03 - 0.0138 358
1/40 | 0.50e-03 | 8388.61 1.01e-03 0.97 0.0093 536
1/80 | 0.25e-03 | 8388.61 4.85e-04 1.05 0.0057 755
0.5
0.45} \ :::ﬂig
0.4 \ h=1/80
\ = -epa
0.35 \ /
03 \ /
3 0.25 \ 7
0.2 AN /
\ V4
0.15 \ /
0.1 \ /
0.05 \, /
. Y
0 0.2 0.4 0.6 0.8 1

©

Figure 4.4 — Non-smooth examples. Numerical approximation of the solution of (C) f(x,y) =0
and g (x,y) = |x—0.5]. Left: Graph of the numerical solution(with i = 1/40 and Az = 0.50-10~3).
Right: Profile plot of u as a function x and y = 0.5.

articles. The numerical solution of (D) is illustrated in Figure 4.5 (top left) and contours of the
solution are given in Figure 4.5 (top right). Comparison of the amplitude of the numerical
solution for different £ is done in the bottom row of Figure 4.5, where we plot the solutions as
a function of x for y = 0.5 on the left (resp x = y on the right). The numerical solution obtained
aligns with the ones given in the above mentioned references. In [Glowinski et al., 2019] by
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comparing [Oberman, 2008; Benamou et al., 2010], the authors provide a range of points
for the minimal solution that is [-0.184475,—0.17315]. In Table 4.6, we show that we are in
that range for different # and A¢. Moreover, the tables show that the number of timesteps is
doubled as h and At decrease by half.

1.00 -
u

[ 0.0e+00

Yy
—1.00 l
y B X -1.8e-01
0.00
0 . ; 0 —
——h=1/20 \ ——h=1/20
—h=]_jl|[] '0'02 —h=l,'l|l] 1
h=1/80 .0.04 h=1/80 |
-0.05

-0.06

-0.08

3 -0.1 3 -0.1
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-0.15

-0.16

-0.18

-0.2 . + - - -0.2
0 0.2 0.4 0.6 0.8 1 0 0.5 1 1.5

x
(D)

Figure 4.5 - Non-smooth examples. Numerical approximation of the solution of (D) f (x,y) =0
and g (x, y) = |x—0.5. Top row: Graph of the numerical solution and contours of the numerical
solution. Bottom row: Profile plot of uy,(x,0.5) and u; (0.5, y) . The results are obtained with
h=1/40and At =0.50-1073.

Table 4.6 — Non-smooth examples. Example (D) with data f (x,y) = —1 and g (x, y) = 0. Esti-
mation of the minimal solution u;, along with number of timesteps for various / and At.

h At min(u) | timesteps
1/20 | 1.00e-03 | -0.1730 640
1/40 | 0.50e-03 | -0.1780 1238
1/80 | 0.25e-03 | -0.1814 2349

D)
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4.5.3 Examples with singularities

We consider examples with singularities. The problems are defined as

RZ
(E) X,y =- and g(x, =— Rz—(x—0.5)2—( _0.5)2‘
f( y) (RZ_(X—O.S)Z—(J/_O.5)2)2 g( y) \/ y
1-(1-2x)?%(1-2y)°
B f(xy)=- (1-2y) and g (x,y) =0.

16xy(1-x)(1-y)

Test case (E) is a classical example with the exact solution given by

u(x,y) = —\/R2— (x~ 057 - (y 0.5, (4.21)

we also considered a similar test case for the three dimensional Monge-Ampere in Chapter
3. For R > 1/v/2, the solution belongs to C* (). Here we are going to consider the case that
R = 1/v/2 where Vu is discontinuous in the four corners of Q, while the solution remains
smooth.

Test case (F) has the following the exact solution

u(x,y)=-vxQ-xyQ1-y). (4.22)

Similarly to the previous test case, the solution is smooth, but Vu is discontinuous on the
whole boundary.

Graphs of the numerical solution of test cases (E) and (F) are presented in Figure 4.6 for
h=1/40 and At =0.50 x 10~3. Table 4.7 provides information about the error norms with the
corresponding rates and the number of timesteps for various & and At, for the test cases (E)
and (F). In the top table for the test case (E), the I? error norm decreases with an order of
O(h'?®), and the H' error norm decreases with an order of O(h%7). Since Vu is not regular, it is
logical to expect a convergence order less than one. In the top table for the test case (F), we see
that it is more challenging than the previous one. The convergence order in the L? error norm
drops to 0.5, while there is no convergence order for the H' error norm. Finally, we observe
that for both test cases, the number of timesteps is increasing linearly.
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Figure 4.6 — Examples with singularities.

-2.3e-01

0.00

0.00

(E) (F)

Left: Graph of the numerical approxima-
2
tion of the solution of test case (E) with f(x,y) = R

B (RZ_(X—O.S)Z—(J/_O.S)Z)Z ) g(x, y) =
~VRE=(x=052-(y—05)72 and R =

1
75
the solution of test case (F) with f(x,y) =

Right: Graph of the numerical approximation of

1-(1-2x)%(1-2y)?
16xy(1-x)(1-y)

and g(x,y) = 0. The results are

visualized with 1 = 1/40 and At = 0.50-1073.

Table 4.7 — Examples with singularities on the data. Estimated errors u — uj, in correspond-
ing norms, and related convergence orders for various i and At. Number of timesteps of

_1-0-2x2(1-2y)°

. . 2
the algorithm. Top table: Test case (E) with data f(x,y) = — (Rz—(x—O.S?Z—(y—O.S)Z)Z’ g(x,y) =
—v/R2—(x-0.5)2—(y—0.5)2 and R = \L@ ; Bottom table: Test case (F) with data f (x,y) =

Ty =Ty and g (x,y) =0.
h At lu—upllr2q) |u—uplmq Timesteps
) 1/20 | 1.00e-03 8.47e-03 - 2.88e-01 - 277
1/40 | 0.50e-03 2.41e-03 1.77 1.79e-01 0.68 512
1/80 | 0.25e-03 6.90e-04 1.80 1.11e-01 0.68 943
h At Nu—upllz@) [u—uplmp Timesteps

) 1/20 | 1.00e-03 2.07e-02 - 4.12e-01 - 428

1/40 | 0.50e-03 1.46e-02 0.50 4.03e-01 - 803

1/80 | 0.25e-03 9.41e-03 0.63 3.99e-01 - 1477
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4.5.4 Examples with Dirac functions on the right hand side

We consider examples with Dirac functions on the right hand side. The problems are defined
as

G) f(x,y)=-26a/21/2 and g(x,y) =0.

(H) f(x, J/) = —7'55(1/2,1/2) and g(x, y) = \/(x—0.5)2 + (y— 0.5)2.

M f(xy)=-56asa1/2 — 58@3/a1/2 and

ly-0.5]| if1/4<x<3/4,

g\xY)=
(x.7) min(\/(x—1/4)2+(y—0.5)2,\/(16—3/4)2+(y—0.5)2 Otherwise .

In order to apply our methodology, we approximate the Dirac function § , gy by

nZ

7 (i + -+ (- B)°)

)

9P (x, ) =

where 7 is a small positive value.

(1/2,1/2

,, )(x, ). The exact solution given in

In example (G) we approximate —261/2,1/2) by —2
[Glowinski et al., 2019] is

u=-min(x,1-x,y,1-y). (4.23)

The solution has low regularity properties. To estimate the error norms, we assume that
lim lim uz
h—0n—0

2019]. Figure 4.7 displays the graph of the numerical solution for # = 1/40 and § = 0.5 x 1073,
Moreover, the profile of the numerical solutions as a function of (x,y = 0.5) and (x,y = x)

shows the behavior of the numerical solution for different # and A¢. In Table 4.8, we observe

= u. For this test case, we choose n = 10732 as suggested in [Glowinski et al.,

that the convergence in I[%-norm drops to O(h°5) and the minimal numerical solution does
not consistently converges to —0.5 as expected. In order to reduce the timesteps we can use
the adaptive strategy that we described for the test case (D). To improve the convergence order
of the method we would need to investigate a better choice of the parameter 7.

Test case (H) and (I) are the so-called Pogorelov solutions [Benamou et al., 2014; Benamou and
Froese, 2014], involving one and then two Dirac functions. Numerical investigation for test
case (H) and (I) is done in [Glowinski et al., 2019] and [Awanou and Leopold, 2015], respectively.
In test cases (H) and (I) we respectively approximate —m61/2,1/2) and —55 (1/4,1/2) — gé (3/4,1/2)

(1/2,1/2) T (1/4,1/2) T .(3/4,1/2)
by —-nf, (x,y) and ~3 I (x,y)— 5 I (x, ).
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Figure 4.7 — Examples with Dirac function on right hand side. Numerical approximation of the
solution of test case (G) f (x, y) =—-26(1/2,1/2) and g = 0. Left: Graph of the numerical solution.
Middle: Profile plot of u as a function x and y = 0.5. Right: Profile plot of u along the diagonal
x = y. The results are obtained with & = 1/40, At = 0.50-10~3 and n = 10732,

Table 4.8 — Examples with Dirac function on right hand side. Test case (G) with data f (x,y) =
—28(1/2,1/2) and g = 0. Estimated error u— uy, in corresponding norm, and related convergence
orders for various & and At. Estimation of the minimal solution uj, along with number of
timesteps.

h At llu—upll2q) min(uy) | Timesteps
1/20 | 1.00e-03 2.12e-02 - -0.4798 559
1/40 | 0.50e-03 9.40e-03 1.17 | -0.4636 4658
1/80 | 0.25e-03 6.74e-03 0.47 | -0.4645 9930

G)

Example (H) admits the exact solution

u(x,y) =/ (x-052+(y-0.5), (4.24)
and test case (I) admits the exact solution

ly-0.5]| if 1/4 < x<3/4,

u(x,y)=
(x.7) min(\/(x—1/4)2+(y—0.5)2,\/(x—3/4)2+(y—0.5)2J Otherwize .

(4.25)

As before, we assume that lim lim "

LU, = u, in order to compute error norms.
h—0n—

For the example (H), we use n = 10~%/2 as suggested in [Glowinski et al., 2019] and results are
reported in Table 4.9. We observe that the L? error norm converges as O(h%8). Moreover, the
provided minimal solution is close to zero, as expected. We are able to reduce the number of
timesteps by using the adaptive strategy as described before. The results are reported in Table
4.10.
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For h = 1/40 and At = 0.5 x 1073, Figure 4.8 displays the graph of the numerical solution .
Moreover, we profile the solutions as function of (x, y = 0.5) and (x, y = x), in order to show
the behavior of numerical solution along these cuts for various h and At.

For the test case (G), we use 11 = h. The results are reported in Table 4.11. The same observa-
tions made before hold in this case. Moreover, we use the the adaptive strategy to reduce the
number of timesteps, the results reported in Table 4.12.

Figure 4.9 displays the graph of the numerical solution for & = 1/40 and § = 0.5 x 10~3. More-
over, we show the solutions as a function of y for x = 0.5 in order to show the behavior of the
numerical solution for different 7 and At.

Table 4.9 — Examples with Dirac function on the right hand side. Test case (H) with data

f(x,y) =-m60/21/2 and g(x,y) = \/(X—O.S)Z +(y- 0.5)2. Estimated error u — uy, in corre-
sponding norms, and related convergence orders for various h and A¢. Estimation of the
minimal solution u;, along with the number of timesteps.

h At llu—upll2q) min(uy) | Timesteps
H 1/20 | 1.00e-03 8.24e-03 - -0.0263 337
1/40 | 0.50e-03 4.17e-03 0.98 | 0.0178 564
1/80 | 0.25e-03 2.42e-03 0.78 | 0.0283 1055

Table 4.10 — Examples with Dirac function on the right hand side. Test case (H) with data

f(xy) =-n6a/21/2 and g(x,y) = \/(x—0.5)2 + (y—0.5)2. Estimated error u — uy, in cor-
responding norms, and related convergence orders for various h and adaptive time-step.
Indication of the first and the last time-step. Estimation of the minimal solution uj, along with
the number of timesteps.

h Aty Aty | Hlu—upllzq) min(uy) | Timesteps
(H) 1/20 | 1.00e-03 | 0.256 8.24e-03 - -0.0263 165
1/40 | 0.50e-03 | 16.384 4.17e-03 0.98 | 0.0178 195
1/80 | 0.25e-03 | 0.512 2.42e-03 0.78 | 0.0283 257

163



Chapter 4. Numerical Approximation of a 2D Parabolic Monge-Ampeére Equation
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Figure 4.8 — Examples with Dirac function on the right hand side. Numerical approx-
imation of the solution of test case (H) with data f(x,y) = =n80/21/2 and g(x,y) =

\/ (x—0.5)% + (y—0.5)2. Left: Graph of the numerical solution. Middle: Profile plot of u
as a function x and y = 0.5. Right: Profile plot of © along the diagonal x = y. The results are
obtained with k= 1/40, At =0.50-1073 and n = 10732,

Table 4.11 — Examples with Dirac function on the right hand side. Bottom table: Test case
(D with data f (x,y) = =56 1/4,1/2 — 58 3/4,1/2 and g (x, y) = u(x, y) where u(x, y) is given in
(4.25). Estimated error u — uy, in corresponding norms, and related convergence orders for
various h and At. Estimation of the minimal solution u, along with the number of timesteps.

At llu—upllrzq) min(uy) | timesteps
O 1/20 | 1.00e-03 1.08e-02 0.0024 468
1/40 | 0.50e-03 7.05e-03 0.61 | 0.0039 1261
1/80 | 0.25e-03 4.04e-03 0.80 | 0.0047 3451

Table 4.12 — Examples with Dirac function on the right hand side. Test case (I) with data
F(xy)=-56012 — 563/a,1/2) and g(x,y) = u(x, y) where u(x, y) is given in (4.25). Esti-
mated error u — uy, in corresponding norms, and related convergence orders for various i and
adaptive time-step. Indication of the first and the last time-step. Estimation of the minimal
solution u;, along with the number of timesteps.

h Aty Aty | llu—upllzq) min(uy) | timesteps
O 1/20 | 1.00e-03 | 0.512 1.08e-02 - 0.0024 166
1/40 | 0.50e-03 | 0.512 7.05e-03 0.61 | 0.0039 249
1/80 | 0.25e-03 | 4.096 4.04e-03 0.80 | 0.0047 352
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Figure 4.9 — Examples with Dirac function on the right hand side. Numerical approximation of
the solution of test case (I) with data f (x, ) = =58 (/4,1/2) — 56 3/4,1/2 and g (x,y) = u(x, y)
where u (x, y) is given in (4.25). Left: Graph of the numerical solution. Right: Profile plot of u
as a function x and y = 0.5. The results are obtained with 4 = 1/40, At =0.50-1073 and n = h.
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4.6 An adaptive algorithm for the elliptic Monge-Ampere equation

In this section we design an adaptive algorithm for the steady state Monge-Ampeére equa-
tion. We use two different solvers to test the adaptive algorithm. The first solver, described
throughout this chapter, has shown its efficiency in capturing the stationary solution of Monge-
Ampere equation; we will refer to it as Parabolic Monge-Ampere (PMA). The second one is the
two-dimensional version of the solver developed in Chapter 3, we will refer it as Least-squares
Monge-Ampere (LSMA) and we describe it briefly in the subsequent paragraph.

LSMA is an iterative method that is based on the least-squares approach. Let the functional
spaces be defined as

ng = {pe H*(Q),p=g ondQ},
Qr = {qel*(@*? q=4q',detq=F, gi;;>0,i=1,2}.

The method relies on introducing an auxiliary variable q € Qy : find (u, p) € Vg x Qs such that
Jup)<J(,q, YwqgeV;xQy, (4.26)

where )
](U,q)z—f |D2v—q|2dx.
2Ja

In order to solve (4.26) we advocate a relaxation algorithm of the Gauss-Seidel-type. First, the
initialization is obtained by solving:

Aul=2,/finQ,

u® = g ondqQ.
Then, for n >0, u" — p” — w12 - "+,
p’= arggel(i)n](u”,q); 4.27)
f
w2 = argmivr% J(v,p™); (4.28)
ve g
ul’H—] — ul’l +w(ul’l+1/2 _ u?l)’ (4.29)

withl =w <2.

The minimization problem (4.27) can be solved point-wise and it is solved with the Q,;,
algorithm, see [Sorensen and Glowinski, 2010]. The minimization problem (4.28) is a linear
variational problem and results in a fourth-order partial differential equation, namely find
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u"t1'% € VZ satisfying

[ D2 yt1/2 :Dzvdx:f p":D?vdx, Vve VOZ, (4.30)
Q Q
where VZ = H?(Q) n H} (Q). Equation (4.30) is solved by using a conjugate gradient algorithm.

The details of the method are in [Caboussat et al., 2013], where they show that it is robust. The
solvers PMA and LSMA are both using low-order finite elements and compute the Hessian
matrix as described in Section 4.3.

Our goal, like in Chapter 1, is to build an adaptive mesh such that the estimated relative error
is close to a preset tolerance TOL, namely:

n[

IVupllrz )

0.5TOL= =15TOL,

where the error estimate i’ is based on the finite element mesh and u;, computed either
by PMA or LSMA. There are many options for estimating n’. For instance for PMA, we can
derive an estimate to the linearized equation (4.13). A posteriori error estimates for similar
equations are developed in [Verfiirth, 1994]. For LSMA, we can derive an estimate to the linear
variational problem (4.30). Although, a posteriori error estimates for fourth-order elliptic
problems exist in the literature e.g [Georgoulis et al., 2009], to the best of our knowledge, they
consider high-order finite element approximations.

Another feasible option for estimating 5’ is the following: in the conjugate gradient algorithm
that is used to solve (4.30), we have to solve in the following problem several times: find ¢ € Vg
satisfying

LA(pAVdXz/QDZu:DZde—pr":Dzv, Ve VE. (4.31)

To solve (4.31) we use mixed finite elements methods. For equation (4.31) with a mixed
method formulation a posteriori and a priori error estimates are given in [Charbonneau et al.,
1997]. However, as mentioned above, the obtained estimates cannot be used directly since the
authors also consider high-order finite element approximations.

The estimate of n we propose here is derived directly from the Monge-Ampére equation. Let
us re-write this equation using the expression in (4.3). The problem reads as follows: find
u:Q — Rsuch that )
EV . ((:of(D2 wvVu)=f inQ,
u=g on 0Q),

(4.32)

where f, g are given. The weak formulation of this equation can be obtained by multiplying

167



Chapter 4. Numerical Approximation of a 2D Parabolic Monge-Ampeére Equation

(4.32)byve H& (Q) and integrate by parts over Q

1
—= f cof(D?u)Vu-Vvdx = f frdx. (4.33)
2Ja Q

The error estimate that we derive is based on the residual. Therefore, we re-express the residual
based on an integral term for which we can provide an upper bound

%f (cof(DZu)Vu—cof(D%luh)Vuh)-V(u—uh)dx:—f f(u—up)dx
Q Q

1
- 5_[ cof(Dfluh)Vuh-V(u— uy) dx,
Q

=R(u-—uyp).
(4.34)

Following [Verfiirth, 2013], an upper bound of R(u — uy,) is given by

1
R(u—up) < C(KZ (h%“ —f+ Al (cofD, 1) Vi) 1172
€T

1
1 3
+15 hicll [cofDf ) Vuey m] ||i2(6,0)) IV (= un) Nl

where c is a constant that depends the mesh aspect ratio. Recall that the second order deriva-
tives D%l uy, are approximated as discussed in Section 4.3.

We denote the error estimate by n! which is given by

1

n! =( Y (nk)z) , (4.35)

Kegy

where
1 1
M2 =hi|l-f+ 5V (cof D, up) Vi) 1172 4, + Eh,<|| [cof (DT, un)Vuy 0] 17, 55, (4.36)

If we plug expression (4.3) in (4.36), we get

1
(3)” = hill = f + detD} upll7, 4 + 75l [cof D up) Vg, 0] 117, 5 -
This provides us with an upper bound for the residual in terms of n’
1
2
R(u—uy) < c( Y (ng)Z) IV (u = up) 112 - (4.37)
Kegy,

Next, we find a lower bound of the residual throughout its integral re-expression in (4.34) in
order to investigate the relationship between the error estimate and the H' (Q) error semi-
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norm.

Another expression for the residual can be obtained by adding and subtracting cof(D?u)Vu;,
in the integral (4.34) and proceeding as following

%f (cof(Dzu)Vu— cof(Diuh)vuh) V(u-up)dx= %f COfD2 W)V (1t — up) -V (11— ap)
Q Q
- %f (cof(D? ) — cof(Df, up)) Vuy -V (u - ) dx.
Q

A lower bound for this term can be obtained as a sum of two lower bounds of the right terms.
Assuming that u is strictly convex we obtain

1 A
Efg(cof(Dzu)Vu—cof(Diuh)Vuh]~V(u—uh)dx2 EIIIV(u—uh)IIiZ(Q)

1
ol (cof(D®u) — cof D% up)) Vupll 2y IV (w0 — up)ll 2y »

where A, is the smallest eigenvalue of cof(D?u). Last, we plug into the above inequality
expression (4.34) and (4.37) to get

A 2
71||V(u—uh)||Lz(m sc( Y mgf) +z||(cof(DZu)—cof(D%luh))Vuh||Lz(Q), (4.38)
KeT;,

The decision of mesh refinement in the adaptive algorithm will be based on the first term of
(4.38). In [Picasso et al., 2011], the authors consider a [P; finite elements method and they
compute the second derivatives similar to this setting. They show that they can obtain an
order of convergence O(h) for the H? error semi-norm for various mesh types. Therefore,
the second term in (4.38) that involves the cofactor of the Hessian is expected to have rate of
convergence O(h). However, in special cases it can be O(h?) (see [Picasso et al., 2011, Remark
2.1]) then the left term in (4.38) could become negligeable.

4.7 General Algorithm and Numerical Experiments

In this section, we present different test cases in order to examine the efficiency of the estimator
n!. The examples we consider here have already been presented in the previous section,
therefore, we focus on interpreting the numerical results. For all test cases, the computational
domain is the unit square Q = (0, 1)2. For the PMA solver, the initial time step is At =5 x 1074
We decrease this timestep in the Newton method if the number of iterations exceed 100, and
we increase it if the number of iterations is below 5. For the LSMA solver, w is initially chosen
to be one and gradually increases to two. For both solvers the parameter C is set to one.

We initially consider a structured asymmetric mesh of size hx = 1/20, then we perform the
first mesh refinement when IIuI’;+1 - MZHLZ(Q) <v, where v =5 x 107 for PMA and 5 x 107°
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for LSMA. Both solvers reach this condition in 50 to 100 iterations or timesteps. Then, we
adapt the mesh every 50 iterations (timesteps) or if the previous condition is satisfied. The
algorithm stops when reaches 800 timesteps for PMA or 500 iterations for LSMA. The adaptive
strategy will have to be improved in a future work, but the aim of this part is to investigate the
performance of the estimator n’.

We define the second term of (4.38)
1 2 2
y=5l (cof(D*u) — cof (D} up)) Vuplli2 -

For the sequel, we define as hyi, = Ir(nin hx and hyx = Ir(nax hg. In order to prevent the
€T} €Tn

adaptive algorithm to infinitely refine, we set (h;,4x/ Bmin) < 40.

4.7.1 Smooth exponential example

First we consider a smooth exponential example

detD?u=(x+y+1)e™ )  inQ,
u=e:(¥+r) on 0Q).

The convex solution u is defined by u(x, y) = ez () y(x, y)eQ.

In this example we use a triangular unstructured mesh and we vary hg uniformly. We do not
consider a mesh refinement, instead our stopping criterion is ||uZJrl - uZII Ly(Q) < 1077, for
both solvers. The purpose of this example is to verify that the error estimator ! works on
smooth solutions and unstructured refined mesh. Table 4.13 shows that the H? error norm,
the estimations y, and the error estimator ' converge with order O(h) for both solvers. The
effectivity index settles at around 14. For both solvers we observe that the estimator n’ exhibits

similar behavior.

4.7.2 Non-smooth examples

The first non-smooth problem reads as

R2
detD%u = 5 inQ,
(R? - (x—0.5)2 - (y—0.5)?) (4.39)
u=—y/R%—(x—-0.5)2—(y-0.5)2 on 0Q,

where R = 1/v/2. The exact solution u of problem (4.39) is given by

u(x,y) = —\/R: ~ (x~ 0.5~ (y =052, V(x,y)€Q,

Note that the solution u is smooth in Q but Vu is discontinuous in the four corners of Q.
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Table 4.13 - Smooth exponential example with uniformly refined mesh. Estimated errors of
u—uy, in H' error norm, values of the estimator ! and the corresponding convergence orders
for various hg. Number of timesteps or iterations. Top table: Numerical results obtained with
PMA solver; Bottom table: Numerical results obtained with LSMA solver .

T

hx n! S — [ —upl g Y Timesteps
[u—uplm
é 0.03125 | 6.29e-01 - 8.51 7.17e-01 - 4.81e-01 - 150
A | 0.01561 | 3.33e-01 | 0.91 11.40 4.74e-01 0.59 | 3.42e-01 | 0.49 247
0.01035 | 2.18e-01 | 1.04 12.72 3.06e-01 1.07 | 2.26e-01 | 1.02 378
0.00776 | 1.63e-01 | 1.01 13.60 2.30e-01 0.99 | 1.69e-01 | 1.01 379
T
hg n! T | ju- unlie) y Iterations
[u—uplm
g 0.03125 | 4.90e-01 - 9.73 5.96e-01 - 3.21e-01 15
XA 0.01561 | 2.77e-01 | 0.82 12.55 3.44e-01 0.79 | 2.18e-01 | 0.56 16
0.01035 | 1.84e-01 | 1.00 13.43 1.91e-01 1.45 | 1.39e-01 | 1.10 16
0.00776 | 1.38e-01 | 1.00 14.07 1.47e-01 0.91 | 1.05e-01 | 0.97 15

According to the regularity of the solution, the adaptive algorithm is supposed to track the
discontinuities and refine the mesh in the corners. This is indeed observed in Figure 4.10
which illustrates the refined meshes for various TOL and for both solvers.

Numerical results obtained by both solvers are displayed in Table 4.14. When TOL decreases,
Romin> Mmax and the L? error norm decrease while the number of elements and nodes increase
for both solvers. Unlike LSMA, for PMA, the estimator n% and the H! error norm do not
decrease for decreasing TOL and L? error norm. More specifically, for LSMA if we estimate
the effectivity index n’/|u—uy|n , we get a value close to 10 for all TOL. For TOL = 0.25, we
can observe that for PMA the number of elements and nodes are larger than LSMA.

Another non-smooth problem that we consider is

detD’?u=1 inQ,
(4.40)

u=0 on 0Q),

Despite the smooth data, as highlighted in the previous section, this problem does not admit
a classical solution but only a generalized one. In this example, as mentioned in [Dean and
Glowinski, 2006], the main difficulties occur nearby the boundary of the domain. This is
confirmed in Figure 4.11, where we display the refined meshes for both solvers and different
TOL. In this figure, we see that for a tolerance level smaller than 0.5, the algorithm successfully
refines the mesh around the boundary and keeps a coarser mesh in the center of the domain.

Table 4.15 shows numerical results obtained using PMA and LSMA solvers. Observations made
about hyipn, Bmax ,the number of elements and nodes holds in this setting. The estimator n!
does not decreases for decreasing TOL. One possible explanation could be that the bound we
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2
(RZ—(x—0.5§?2—(y—0.5)2)2’ g y) =
—v/R?2-(x—-05)2—(y—0.52 and R = \/LE Convergence behavior of the algorithm for vari-
ous values of parameter TOL. The columns contain the final minimal and maximal mesh
size, the final numbers of elements and nodes, the value of the estimator, the H' and L? error
norms. Top table: Results obtained with PMA solver after 800 timesteps. Bottom table: Results
obtained with LSMA solver after 500 iterations.

Table 4.14 — Non-smooth example with data f(x,y) =

T

TOL Rmin Rax #elem | # nodes n la—uplly | lla—upll2
g 1.0 | 6.65e-03 | 1.43e-01 916 523 0.36e+01 1.32e-01 4.41e-03
A~ | 0.5 | 3.00e-03 | 9.60e-02 | 2949 1612 0.65e+01 | 9.30e-02 1.23e-03
0.25 | 2.03e-03 | 5.57e-02 9217 4889 1.18e+01 1.03e-01 5.75e-04
TOL Roin Nmax #elem | # nodes 17[ la—uap|lmp | la—uapll2
g 1.0 | 4.81e-03 | 1.89e-01 825 471 1.31e+00 1.23e-01 2.21e-02
%l 05 |3.4l1e-03 | 9.33e-02 | 2565 1399 0.92e+00 | 9.32e-02 6.49e-03
0.25 | 1.74e-03 | 6.41e-02 | 7281 3862 0.81e+00 | 8.84e-02 3.48e-03

set for refinement —-— < 40 prevents ! from decreasing. For the minimal solution presented

min
in the table, we see that it alligns with the discussion in subsection 4.5.2

Table 4.15 — Non-smooth example with data f(x,y) =1 and g(x, y) = 0. Convergence behavior
of the algorithm for various values of parameter TOL. The columns contain the final minimal
and maximal mesh size, the final numbers of elements and nodes, the value of the estimator,
and the minimal solution of u;, error norm. Top table: Results obtained with PMA solver after
800 timesteps. Bottom table: Results obtained with LSMA solver after 500 iterations.

TOL Rpmin Nimax #elem | # nodes 171 upllr=0)
g 1.0 1.31e-01 | 3.16e-01 46 30 4.41e-01 | -0.168726
~ | 0.5 | 2.89e-03 | 8.61e-02 | 4454 2496 2.82e-01 | -0.173368
0.25 | 2.76e-03 | 5.40e-02 | 9916 5279 5.83e-01 | -0.179461
TOL Rmin Rimax #elem | #nodes n! up!l Lo
g 1.0 | 7.13e-02 | 2.55e-01 110 69 4.02e-01 | -0.166722
2105 1.03e-02 | 5.90e-01 1189 663 1.96e-01 | -0.167842
0.25 | 1.33e-03 | 7.41e-02 5516 3059 2.72e-01 | -0.174659
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.00

X X X
TOL=1.0 TOL=0.5 TOL =0.25

X

TOL =0.25

2
(RZ—(x—0.5§z—(y—0.5)2)2’ 8(y) =
-v/R?—(x—05)2—(y-0.52% and R = % Graphs of the final adapted mesh and zoomed
in parts of the corresponding graphs for various values of TOL. Top row: Graphs obtained
with PMA solver after 800 timesteps. Bottom row: Graphs obtained with LSMA solver after 500
iterations.

Figure 4.10 — Non-smooth example with data f(x,y) =
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X

TOL=1.0 TOL=0.5 TOL =0.25

TOL =0.25

Figure 4.11 — Non-smooth example with data f(x, y) = 1 and g(x, y) = 0. Graphs of the final
adapted mesh and zoomed in parts of the corresponding graphs for various values of TOL.
Top row: Graphs obtained with PMA solver after 800 timesteps. Bottom row: Graphs obtained

with LSMA solver after 500 iterations.
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4.7.3 Examples with data involving a Dirac function

The first problem with a Dirac function on the right hand side reads as

det Dzu:m‘)‘(l/g,l/z) in Q,
(4.41)

u=1/(x-05?+(y-05)> onoQ,

The exact solution u of problem (4.41) is defined by

u(x,y) = \/(x ~0.5)2+(y-05)° V(x,y)€eQ,

As in subsection 4.5.4 for both solvers we approximate the Dirac function § 4 g) by

82

m(e? + - a)? + (y—ﬂ)2)2

fg(“’ﬁ) ( X, y) _

where € is a small positive value. Therefore, we approximate 76 ;/2,1/2) by fg(l/ 2102) ¥). To
estimate the error norms, we assume that lim lim ;| = u. Moreover, as in subsection 4.5.4, we

h—0e—

sete=1073/2,

In this experiment, we expect the adaptive algorithm to refine the mesh around (0.5,0.5), i.e.,
where the Dirac function occurs. Figure 4.12 shows indeed the refined meshes for both solvers
and different TOL.

Table 4.16 shows numerical results obtained by PMA and LSMA solvers. For both solvers, when
TOL decreases, hmin, hmax, n%, L? error norm decrease, and the number of elements and
nodes increase. For PMA, the number of elements and nodes is larger than LSMA. — Figure
4.13 displays the refined meshes for LSMA with fixed TOL = 0.25 and different values of €. In
this figure, we observe that the smaller the parameter ¢ is, the larger the number of elements.
More precisely, Table 4.17 shows that as € decreases, the hyin, Rmax, L? error norm decreases
and the number of elements and nodes increases. As € gets smaller, the problem becomes
more challenging, and therefore, 77% increases.

In this problem we consider two Dirac function on the right hand side

detDzu: E(S +E6 in Q,
{ 500/41/2) + 503/4,1/2) (4.42)

u=g on 09},
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1.0

.00 0.00 1.00

X X

TOL=0.5 TOL=0.25 TOL=0.125

1.0

. . .00 0.00 1.00
x x x

TOL=0.5 TOL=0.25 TOL=0.125

Figure 4.12 — Examples with Dirac function for data f(x,y) = ndqa/2,1/2 and g(x,y) =

\/ (x-052%+(y- 0.5)2. Graphs of the final adapted mesh for various values of TOL and

fixed £ = 10732, Top row: Graphs obtained with PMA solver after 800 timesteps. Bottom row:
Graphs obtained with LSMA solver after 500 iterations.

1.0 1.0 1.0
Yy Yy Yy
0.00 1.00 0.00 1.00 0.00 1.00
X X X

£=10732 £=1072 £=1075"2

Figure 4.13 — Examples with Dirac function for data f(x,y) = n6u/2,1/2) and g(x,y) =

\/ (x-05)2%+(y— 0.5)2. Graphs of the final adapted mesh for various values of ¢ and fixed
TOL =0.25. The graphs obtained with LSMA solver after 500 iterations.
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Table 4.16 — Examples with Dirac function for data f(x,y) = n6u/2,1/2 and g(x,y) =

\/ (x-0.5%+(y- 0.5)2. Convergence behavior of the algorithm for various values of parame-
ter TOL and fixed € = 1073’2, The columns contain the final minimal and maximal mesh size,
the final numbers of elements and nodes, the value of the estimator, and L? error norms. Top
table: Results obtained with PMA solver after 800 timesteps. Bottom table: Results obtained
with LSMA solver after 500 iterations.

TOL | hpmin Rmax | #elem | #nodes n! [lu—upll2
g 0.5 1.21e-02 | 1.90e-01 627 328 7.24e-01 3.71e-02
Al 0.25 | 7.85e-03 | 1.23e-01 1331 739 5.23e-01 1.37e-02

0.125 | 3.58e-03 | 5.57e-02 | 3425 1748 3.50e-01 | 6.68e-03

TOL Rmin himax #elem | # nodes nl [lu—upll2

0.5 | 1.36e-02 | 1.77e-01 509 269 8.71e-01 | 7.73e-02
0.25 | 8.41e-03 | 1.24e-01 | 1128 582 5.50e-01 | 3.84e-02
0.125 | 4.89e-03 | 7.78e-02 | 2920 1489 3.70e-01 | 1.92e-02

LSMA

Table 4.17 — Examples with Dirac function for data f(x,y) = n6u/2,1/2) and g(x,y) =

\/ (x—0.5)2+ (y—0.5)°. Convergence behavior of the algorithm for various values of param-
eter € = 1073’2 and fixed TOL = 0.25. The columns contain the final minimal and maximal
mesh size, the final numbers of elements and nodes, the value of the estimator, and L? error
norms. The results obtained with LSMA solver after 500 iterations.

€ Romin Rmax | #elem | #nodes n! [lu—uyl2

le-03 | 8.41e-03 | 1.24e-01 | 1128 582 5.50e-01 | 3.84e-02
le-04 | 7.93e-03 | 1.40e-01 | 1224 636 0.12e-01 | 2.29e-02
le-05 | 4.19e-03 | 7.02e-02 | 2986 1544 0.15e-01 | 1.29e-02

LSMA

where

ly—0.5]| if1/4 <x<3/4,

g%y =
(x.7) min(\/(x—1/4)2+(y—0.5)2,\/(36—3/4)2+(y—0.5)2 Otherwise .

(4.43)
The exact solution is given as u = g in Q.

. b4 b s 7 .
We approximate 56(1/4,1/2) + 56(3/4,1/7_) by Efg(”‘l’lm (x, )+ Ef;3/4'1/2) (x,y). To estimate the

error norms, we assume that lim lim «; = u. Moreover, as before we set £ = 1073/2,

h—0&e—0

In this experiment, we expect the adaptive algorithm to refine the mesh around the neighbor-
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hood of the line between (1/4,1/2) and (3/4,1/2). Figure 4.12 displays the refined meshes for
both solvers and different TOL, which shows the expected behavior.

Table 4.16 shows numerical results obtained by PMA and LSMA solvers. For the PMA, although
the L? error norm is accurate to the order of 1073, it does not decrease with TOL. On the other
hand, for LSMA, the L2 error norm is of order 1072, and it decreases monotonically with TOL.

1.0 1.0

1.00

0. N X 0.00 X

TOL=0.5 TOL=0.25 TOL=0.125

X : B X ) B X

TOL=0.5 TOL=0.25 TOL=0.125

Figure 4.14 — Examples with Dirac function for data f(x, y) = %6 a/4,1/2) + %6 3/4,1/2) and g(x, y)
is giver in (4.43). Graphs of the final adapted mesh for various values of TOL and fixed
€ = 10732, Top row: Graphs obtained with PMA solver after 800 timesteps. Bottom row:
Graphs obtained with LSMA solver after 500 iterations.
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Table 4.18 — Examples with Dirac function for data f(x, ) = £8(1/4,1/2) + 56(3/4,1/2) and g(x, y)
is giver in (4.43). Convergence behavior of the algorithm for various values of parameter TOL
and fixed £ = 10732, The columns contain the final minimal and maximal mesh size, the final
numbers of elements and nodes, the value of the estimator, and L? error norms. Top table:
Results obtained with PMA solver after 800 timesteps. Bottom table: Results obtained with
LSMA solver after 500 iterations.

TOL Romin hmax | #elem | #nodes n! [lu—upll2
§ 0.5 1.11e-02 | 3.27e-01 722 373 7.72e-01 7.75e-03
A~ | 0.25 | 5.96e-03 | 2.00e-01 1886 969 4.85e-01 7.71e-03

0.125 | 3.96e-03 | 1.26e-02 | 4664 2371 2.85e-01 | 8.42e-03

TOL Rmin hpmax #elem | # nodes nl [lu—upll2
0.5 | 1.23e-02 | 2.17e-01 687 356 5.98e-01 | 3.84e-02
0.25 | 8.14e-03 | 2.25e-01 1617 828 4.82e-01 2.08e-02

0.125 | 4.89e-03 | 7.78e-02 | 2920 1489 3.70e-01 | 1.92e-02

LSMA
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5] Conclusion

In this thesis, numerical methods for solutions of first and second-order fully nonlinear
equations have been presented. We have discussed an operator-splitting/ finite element
method for the numerical solution of the Dirichlet problem for orthogonal maps, and we have
extended it by introducing an anisotropic space adaptivity method. Then, we have derived
least-squares/relaxation methods for the numerical solutions of Jacobian equation/inequality,
and the three dimensional Monge-Ampeére equation. We have also developed a second order
time integration method for the approximation of a parabolic and elliptic 2D Monge-Ampere
equation. Lastly, we have introduced an isotropic adaptive method for the two dimensional
elliptic Monge-Ampere equation.

In Chapter 1, we tackled the orthogonal map equation and we proposed an operator-splitting/
finite element method for the numerical solution of the Dirichlet problem. This method
is based on a variational principle, the introduction of the associated flow problem, and
a time-stepping splitting algorithm. Results show the robustness and the flexibility of this
method and its ability to approximate solutions with line singularities on convex domains, with
convergence of order one for the L?(Q) norm of the approximation error. Then the method
has been extended by proposing an anisotropic adaptive mesh algorithm that allows to track
the singularities of the gradient of the solution more accurately. Numerical experiments have
shown the robustness of the derived estimator and the adaptive algorithm.

In Chapter 2, we focused on the numerical approximation of the solutions of the prescribed Ja-
cobian equation and inequality. The proposed method relies on a least-squares reformulation
of the original problem and on a relaxation algorithm. The method is based on variational
approaches where the use of relaxation algorithm allows the decoupling of the least-squares
problem into local nonlinear and to variational problems. We have presented the implemen-
tation in the finite element space and numerical examples to validate the method.

In Chapter 3, a least-squares/relaxation finite element method also has been introduced
to solve the Dirichlet problem for the three-dimensional elliptic Monge-Ampére equation.
The method resembles the least squares framework that has been developed for several fully
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nonlinear equations, and in Chapter 2. In this case, new solvers have been derived to provide
solutions for the local nonlinear and variational problems. Numerical results have been
validated by various test cases using [P; and Q; polynomials. The method achieves nearly
optimal orders for the I[2(Q) and HY(Q) error norms when smooth solutions are approximated.

In Chapter 4, we presented a numerical method for the solution of a parabolic 2D Monge-
Ampere equation. Moreover, we have shown the efficiency of the method in capturing station-
ary solutions, such as the solutions of the elliptic Monge-Ampeére equation. In the numerical
examples, when tested to smooth solutions, the method had nearly optimal orders for the
L?(Q) and H'(Q) error norms. The method proved to be also robust at approximating non-
smooth solutions. We have derived a heuristic error estimate, and we have designed an
adaptive algorithm for the two-dimensional elliptic Monge-Ampeére equation. Numerical
experiments confirmed the robustness of the estimators and adaptive algorithm by using two
different solvers.

It is possible to extent this work in different directions by working further on the following
subtopics. For example, the operator-splitting/finite element method that used to solve the
orthogonal maps can be broadened to include the rigid maps problems. The prescribed
Jacobian equation can be extended to include a transformation map of the formu: Q c R3 —
R3. This will allow us to tackle problems in optimal transportation in 3 dimensional setting.
The parabolic and elliptic Monge-Ampeére equation can also be extended to solve not only
applications in optimal transport, but also financial ones. Last, the derived error estimates and
the adaptive algorithms that are essentially designed for orthogonal maps and Monge-Ampere
equation can be improved and extended to include other fully nonlinear equations such as
Eikonal and Pucci equations.
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