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Abstract

Conformal field theory lies at the heart of two central topics in theoretical high energy
physics: the study of quantum gravity and the mapping of quantum field theories
through the renormalization group. In this thesis we explore a technique to study con-
formal field theories called Mellin amplitudes, which are essentially the Mellin transforms
of conformal correlation functions.

The thesis is divided into two parts. In the first part we study the fundamental properties
of Mellin amplitudes. We clarify the conditions for the existence of Mellin amplitudes
nonperturbatively. We formulate a conjecture for the analytic properties of Mellin
amplitudes and partially prove it. Finally, we discuss Polyakov conditions, which are
nonperturbative zeros of Mellin amplitudes.

In the second part of the thesis we consider applications of Mellin amplitudes. We apply
Mellin amplitudes to: the Wilson-Fisher model in 4 — € dimensions, three dimensional
conformal field theories with slightly broken higher spin symmetry, two dimensional
minimal models and loop diagrams in Anti-de-Sitter space. Our main result is the
derivation of nonperturbative sum rules that constrain effective field theories in Anti-
de-Sitter space.

Keywords: Conformal field theory, Holography, Quantum Gravity, Quantum field
theory
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Résumé

La théorie conforme des champs est au coeur de deux sujets centraux de la physique
théorique des hautes énergies : la gravité quantique et la représentation des théories
quantiques des champs a travers le groupe de renormalisation. Dans cette thése, nous
explorons une technique d’étude des théories conformes des champs : les amplitudes de
Mellin, qui sont essentiellement les transformées de Mellin des fonctions de corrélation
conformes.

La these est divisée en deux parties. Dans la premiére partie, nous étudions les propriétés
fondamentales de ces amplitudes. Nous clarifions leurs conditions d’existence non
perturbatives. Nous formulons une conjecture sur leurs propriétés analytiques, que nous
prouvons partiellement. Finalement, nous discutons des conditions de Polyakov, qui
sont des zéros non perturbatifs des amplitudes de Mellin.

La deuxieme partie de la these porte sur les applications des amplitudes de Mellin.
Nous appliquons la technique des amplitudes de Mellin : au modele de Wilson-Fisher
dans 4 — € dimensions, aux théories conformes des champs tridimensionelles avec
symétrie de spin plus large presque brisée, aux modeles minimaux bidimensionnels et
aux diagrammes de loops dans I'espace Anti-de Sitter. Notre résultat principal concerne
la déduction de nouvelles régles de sommes non perturbatives qui contraignent certaines
théories des champs effectives dans I'espace Anti-de Sitter.

Mots clés : Théorie des Champs Conformes, Holographie, Gravité Quantique, Théorie
Quantiques des Champs






Foreword

This thesis is based on the paper

Paper I Joao Penedones, Joao Silva, Alexander Zhiboedov, Nonperturbative Mellin Am-
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And on the following preprints that are under review in scientific journals:

Paper II Dean Carmi, Joao Penedones, Joao Silva, Alexander Zhiboedov, Applications
of dispersive sum rules: e-expansion and holography , [2009 . 13506].

Paper III Joao Silva, Four point functions in CFT's with slightly broken higher spin symmetry,
[2103.00275]

Chapters 1, 2, 3, 4, 5 and 8 are based on Paper I. Chapter 4 also contains some elements
of Paper II. Chapters 6 and 7 are based on Paper II. Chapter 9 is based on Paper III.
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Introduction

Conformal field theory

A conformal field theory (CFT) is a quantum field theory with a special symmetry called
conformal symmetry, which means invariance through transformations that preserve
angles. CFT’s are interesting because generically they are strongly interacting, but con-
formal symmetry makes it possible to make progress on their study. Quantum field
theories that are strongly interacting are notoriously hard to study and the usual ap-
proach based on Feynman diagrams fails for them. Thanks to their conformal symmetry,
conformal field theories obey the so called bootstrap equations. The bootstrap equations
are extremely complicated, but they are completely explicit and well defined. Their
study by both numerical and analytical methods is one of the most important topics of
research in theoretical physics.

CFT’s can be applied to: study statistical systems at the critical point; study the fixed
point of renormalization group flows of quantum field theories; study quantum gravity
theories in Anti-de-Sitter space (AdS), through the holographic principle. The latter is
the applicant’s main motivation to study conformal field theories.

The research contained in this thesis is part of a vast and ambitious scientific program
called the conformal bootstrap. The goal of the conformal bootstrap is to find and
solve all CFT’s. In d = 2 dimensions this program was a great success, due to the
groundbreaking 1984 paper of Belavin, Polyakov and Zamolodchikov [1]. In this paper,
an infinite set of interacting conformal field theories called "minimal models" were
discovered and solved. This led to much progress in the study of two dimensional
conformal field theory. Nevertheless, even in d = 2 we are still very far from having a
complete classification of CFT’s.

The conformal bootstrap program in d > 2 dimensions was stagnant for many years,
due to the fact that conformal symmetry in d > 2 dimensions is finite dimensional,
whereas in d = 2 it is infinite dimensional. This situation was changed by the 2008
paper of Rattazzi, Rychkov, Tonni and Vichi [2]. They were able to derive bounds on the
operator spectrum of Z, symmetric conformal field theories in 4 dimensions through a
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novel numerical method they proposed. More important than the obtained result, this
paper showed that progress on the conformal bootstrap program in d > 2 dimensions
is possible. Ever since 2008 the conformal bootstrap is one of the most active topics
of research in theoretical physics. Investigations in the conformal bootstrap typically
consist in studies on how to obtain constraints on the operator spectrum of CFI’s by
careful treatment of the bootstrap equations. There are two main research directions,
depending on whether the bootstrap equations are studied numerically (numerical
bootstrap) or analytically (analytic bootstrap).

Mellin amplitudes

The topic of this thesis is an analytic bootstrap technique called Mellin amplitudes'. A
four point function of scalar primaries (¢p¢p¢¢) in a CFT can be written as

1 1 1 f(u,v)

<(P<X1)(P(X2)(P(X3)(P(X4)> = 2A L2A + 2A L2A + 2A L2A + 2A2A7 (1)
X120 X34 Xi3Xpy  XpXp3 Xi3Xny
2.2 2.2
s _ XXz X14%D3
xij = |xi — x5l =55 v =
X13%X24 X13%24

+ico d +ioo d - -

fluo) = / 231112 / %rz(m)rz(%‘*)rzm—%z—714)M(712,714)u T2pT T,
—100 —100

2)

where A is a number that characterizes the field ¢ called the conformal dimension.
M(y12, 714) is called the Mellin amplitude. The Mellin amplitude is essentially the Mellin
transform of the connected piece of the correlation function. The factor I?(7y12)T?(y14)T?(A —
Y12 — 7Y14) basically ensures that the Mellin amplitude is polynomially bounded, as we
demonstrate in this thesis. Crossing symmetry is the statement that

M(v12, 714) = M(714,712) = M(712, A — Y12 — Y14)- 3)

In this thesis, we establish the main properties of Mellin amplitudes, namely:

® their existence for nonperturbative CFT’s and the subtractions necessary to have a
Mellin representation

® Mellin amplitudes are meromorphic functions

® Mellin amplitudes are polynomially bounded at infinity

IMellin amplitudes will hopefully also be useful numerically.
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® Polyakov conditions. These are statements about zeros of the Mellin amplitude for
nonperturbative CFT’s

We prove some of these properties from CFT axioms. When we fail to give proofs, we
try to write our assumptions as clearly as possible.

Mellin amplitudes were introduced in physics in 2009 in a paper by Gerhard Mack [3].
He introduced the definition of a Mellin amplitude (2), with the I' functions in the
prefactor. He also pointed out the above properties of Mellin amplitudes (except for
Polyakov conditions). Furthermore, he computed the residues of the Mellin amplitude,
which are essentially kinematic polynomials, nowadays named "Mack polynomials".

The first use of Mellin amplitudes was made in a 2010 paper by Jodo Penedones [4].
He pointed out that tree level Witten diagrams have a very simple form in Mellin
space. Furthermore, he conjectured a formula connecting the Mellin amplitude of
diagrams in AdS with diagrams in flat space and checked it in some examples. After
this work many papers about the Mellin amplitudes of AdS diagrams appeared, see for
example [5,6]. Recently, Mellin amplitudes were found to be very useful to calculate
correlation functions of supergravity theories in AdS, see for example [7].

Another important development was the "Mellin-Polyakov" bootstrap, pioneered in
the papers [8,9]. The main idea proposed there was to write correlation functions as
sums of crossing symmetric Witten exchange diagrams. Afterwards, one imposes the
absence of double twist operators, and uses such constraints to calculate the CFT data.
These are the so called Polyakov conditions, which played a crucial role in subsequent
developments and are nowadays believed to hold nonperturbatively.

In practice, the computations in [8,9] were done using Mellin space. The Mellin-Polyakov
boostrap had great success perturbatively, namely in the e-expansion, where new pre-
dictions were derived using this scheme. However, to our understanding, it is unclear
whether such a bootstrap scheme holds nonperturbatively?.

Nonperturbative sum rules

In this thesis we advocate the use of Mellin amplitudes nonperturbatively. We show that
existence and Regge boundedness of Mellin amplitudes, along with Polyakov conditions
and crossing symmetry, give rise to nonperturbative sum rules that constrain CFT data
nontrivially. Let us explain the logic behind such sum rules, using as an example a
functional « that we develop in the thesis in chapter 5. Consider a four point function of
scalar primaries (pp¢p¢p) and consider the exchange of operators of twist T and spin /,

2The idea of writing an explicitly crossing symmetric ansatz for the correlation function was recently
revisited in [10].



Introduction

where the twist is defined as the conformal dimension minus the spin. We then have the
equation

Y C2a(t,1) =0, 4)

where C%,l is an OPE coefficient and we sum over all operators exchanged in a given
channel. The functional & produces a number for each primary operator exchanged in
the four point function (pp¢¢). Equation (4) is a sum rule that constrains the CFT data,
namely the dimension of the external operator ¢, as well as the dimension, spin and
OPE coefficients of the exchanged operators.

It turns out to be very interesting to apply (4) to a CFT with large central charge with an
AdS dual. In that case the sum rule can be written as

Y C (T, + Y Ca(rl) = (5)
<70, T>Tp,l

——
IR contribution. Evaluated using AdS EFT. UV contribution.

Given an AdS effective field theory (EFT), we can evaluate the first term of (5) using
standard techniques. (5) serves to constrain the possible UV (ultraviolet) completion of
such an EFT.

Some & have the curious property that the UV contribution always comes with a positive
sign. Let us suppose that we evaluate the IR (infrared) contribution for some EFT and it
turns out to have a positive sign. In that case, equation (5) cannot possibly be satisfied
and so we exclude any UV completion of such an EFT. In other words, nonperturbative
facts about CFT’s, namely the existence of Mellin amplitudes and Regge boundedness,
might lead to the exclusion of UV completions of effective field theories.

We were not able to materialise such a dramatic proposition in any example. In other
words, we were not able to exclude any effective field theory. However, we can bound
interaction couplings. We view nonperturbative sum rules, along with the idea of using
them to constrain the UV completion of effective field theories in AdS, as the main result
of this thesis®.

Besides this we also apply Mellin amplitudes to perturbative CFT’s, like the Wilson-
Fischer model in d = 4 — € dimensions and three dimensional CFI’s with slightly-broken
higher spin symmetry, and derive new conformal data.

3Similar approaches were developped at about the same time in [11], [12], in coordinate space. The
work [13] unifies different approaches to dispersive CFT sum rules.

4
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Some basic facts about CFT’s and Mellin amplitudes

Conformal field theories are quantum field theories invariant under the conformal
algebra*

[D,P,) = P,, [D,K,] =—K,, [Ky,P,]=26,D —2iM,, 6)
[Myvz Pa] - i(éyapv - 51/041);4); [M],n// sz] — i((sylxKv - (SvaKy)/
[M,X/g, Myv] = i(éauMﬁv + (SISVM‘W — (S,BHM"‘V — (SM/M,B]/!)-

P, and M,,, generate translations and rotations, like in the usual Poincaré group. D
and K, generate dilatations and special conformal transformations. Dilatations are
transformations of the type x, — Ax,, where A > 0. Special conformal transformations
are compositions of an inversion, a translation and another inversion, where an inversion

is the transformation Xy — %

The basic observables of conformal field theories are local operators. Local operators
O can be divided in two types: primaries and descendants. Primary operators are
annihilated by the special conformal transformations acting at the origin. Furthermore
they are eigenvalues of the dilatation operator. In summary, they obey

[Ku, O(0)] =0,  [D,0(0)]=40(0),  [Myu,04(0)] = [Mu]308(0) ()

The matrix [M,,]5 is related to the irreducible representation of the rotation group under
which the conformal primaries transform. Descendants are derivatives of primaries.

The basic observables of conformal field theories are correlation functions of conformal
primaries. In this thesis we will be mostly concerned with scalar conformal primaries.
Conformal symmetry fixes the form of the one, two and three point functions of confor-
mal primaries.

The one point function always vanishes, except for the identity operator, in which case it

“We used Euclidean signature to write the conformal algebra.
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is equal to 1. Two point functions are completely fixed. Three point functions are fixed,
up to a finite a number of coefficients. For scalar primaries, we have

— 5P1,P2 (8)
|x1 — xp| 1827

(Op1Opy)

(010,03) = Cias ©)

’xl i x2|A1+A2_A3‘x1 — x3|A1+A3—A2|x2 _ x3’A2+A3—A1 :

Cip3 is called an Operator Product Expansion (OPE) coefficient.

Four point functions of conformal primaries are constrained by conformal symmetry, but
they are not completely fixed by it. A four point function of scalar conformal primaries
takes the form

—2A1 A1—No—A3+Ay A —No+A3—Ay  A+A)—N3—A
<01020304>:x13 1x2§ 2—A3+ 4x241 2+A3 4x3i+2 3 4f(u,v), (10)

) 2 .2
e s _ X1pX3 o X1uX3
xip =|x—xj|, u=3~—>, v=—>5-75,

X13%24 X13%24

where f is a function of two variables that is not determined by conformal symmetry.

A basic property of conformal field theories is the Operator Product Expansion (OPE).
The idea is that the product of sufficiently close operators can be reproduced by a
differential operator acting on only one such operator. For example, for equal scalar
primaries

C
O(x)O(0) = OZ &(1 + %xﬂay +..)0,(0) (11)

Cooo, is an OPE coefficient. In the previous expression we sum over all conformal
primaries and the ... are fully determined by conformal symmetry. The OPE coefficients
are equal to three point function coefficients due to the diagonal property (8) of two
point functions. The set of OPE coefficients and conformal dimensions determines all
conformal correlation functions in a CFT.

Associativity of the OPE places nontrivial constraints on correlation functions. For
example, at the level of a four point function, we can choose to take the OPE between
operators at positions 1 and 2 and also between the operators at positions 3 and 4.
Alternatively, we can take the OPE between operators at positions 1 and 3 and also
between the operators at positions 2 and 4. These two ways of expressing a four point
function must lead to the same result. This leads to the equation

ZColozo,,coso4opc/(;l,,2,z),,(34)(XL---, Xy) = ZC0103OPC02040;,G/(;1;,1):24)(xlf---/ xg), (12)

p p

which places non trivial constraints on the OPE coefficients and conformal dimensions
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of conformal primaries. Gglpzl)p(ﬂ) (x1,...,x4) and G£13l)(24) (x1, ..., x4) are called conformal

blocks, which are kinematical functions fully determined by conformal symmetry.

Mellin amplitudes are defined for n-point correlation functions of scalar conformal
primaries as®

dv _
<Ol(x1)~--0n(xn :/ 7 l] H H |x1_x]| 2%]1—‘(71]) {71]} 271]
7T i=1j=i+1 S— j#i
Mellin amplitude

(13)

Nonperturbatively one might be forced to perform subtractions to the lhs of (13) in order
to have a Mellin representation. For sufficiently light scalar conformal primaries, the
correct definition at the level of the four point function is given by equations (1) and (2)°.

Mellin amplitudes have poles at locations predicted by the OPE, namely 7;; = A — 5 —n,
where n € INy. We prove that for some regions of (y12,714) € C? these are the only
singularities of the Mellin amplitude. This leads us to conjecture that such a fact extends
to all of C?, i.e. that all singularities of the Mellin amplitude correspond to physical
operators.

As explained in [16,17], the twist spectrum of conformal field theories in d > 3 has
accumulation points in the following sense: given two primary operators of twists 7y
and 1, in the spectrum, there is a sequence of operators labelled by their spin s such that
when s — oo their twist approaches 7; + 7. This implies that the Mellin amplitude has
accumulation points of poles. Near such accumulation points, the Mellin amplitude
has a branch point like behaviour. Sometimes the Mellin amplitude vanishes at such
accumulation points. The precise conditions are equations (4.29), (4.30) and (4.31). These
are called the Polyakov conditions and they are very important for the development of
dispersive sum rules.

In this thesis we apply Mellin amplitudes to effective field theories in AdS, as well as
the Wilson-Fischer model in 4 — € dimensions. We also apply Mellin amplitudes to two
dimensional minimal models and three dimensional CFT’s with slightly broken higher
spin symmetry. We review both classes of such theories in what follows.

5Mellin amplitudes can also be defined for spinning correlation functions, see [15].

®The precise condition is that d 2 A< ( 2) | If this condition is not met, one needs to perform more
subtractions, see equation (2.19).
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Minimal Models

The conformal group is larger ind = 2 thanind > 2. For d = 2, the number of conformal
generators is infinite. They can be divided in holomorphic conformal generators L,, and
antiholomorphic conformal generators L,. Each of the two classes of generators obeys a
Virasoro algebra:

C
Lo, Ly) = (m—m)Lysm+ En(n2 —1)bnimo, (14)
_ - - C
[Lo,Ln] = (m—m)Lyym+ En(nz —1)énmpo,
[Ln, I.rm] — O.

We note that {L_1, Lo, L1, L_1, Lo, L1 } form a closed subalgebra, which does not depend
on the central charge. This is called the global conformal group. For d > 2, all the
conformal generators belong to the global conformal group.

The Hilbert space of two dimensional conformal field theories is made up of highest
weight representations of the Virasoro algebra. These are formed out of a primary state
|h) obeying

La|k) = 0,if n >0, Lo|k) = h|h). (15)

Descendant states have the schematic form L_,,...L_,,, |I). The representations involved
in minimal models are special, since they involve descendant states that are singular
and thus decouple from the Hilbert space. This is similar to the situation concerning
conserved operators.

All Virasoro primaries in minimal models are scalars” and a given minimal model only
contains a finite number of them.

Minimal models are labelled by two coprime integers (p,q). These determine the
operator content of the theory. The central charge is given by

_ 4)\2
Cpg=1— 6(’7}?;’). (16)

We label a Virasoro primary ¢, ;) by the two integer numbers rand s, where1 <r < g—1
and 1 < s < p — 1. The conformal dimension of a Virasoro primary is given by
2

. (17)

A (pr—qs)>—(p—q)
r,s
2pq

7In this thesis we apply Mellin amplitudes to the so called A-series minimal models, which only contain
scalar Virasoro primaries. There are other minimal models that contain spinning Virasoro primaries.
Modular invariance is an important consistency condition that minimal models need to obey.
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Preliminaries

There are (p_l)zﬂ

between the primaries ¢, ) and ¢

Virasoro primaries in the (p, 4) minimal model due to an equivalence
q=1.p=s):

Many important statistical systems have a description in terms of minimal models, like
the 2d Ising model (M (4, 3)), or the tricritical Ising model (M (5,4)). Not all minimal
models are unitary, in fact they are unitary only if p = g + 1. Minimal models have a
Coulomb gas formulation, which we explain and use in chapter 8.

CFT’s with slightly broken higher spin symmetry

A CFT with higher spin symmetry is one that has a conserved primary jy,. ., of spin
s > 2. An important result proven by Maldacena and Zhiboedov in [18] is that in d > 2
such theories are free, i.e. they are either the theory of free bosons or of free fermions.
This result can be seen as an extension of the Coleman-Mandula theorem to CFT’s.
The Coleman-Mandula theorem states that the maximum spacetime symmetry of an
interacting QFT with an S-matrix is the super-Poincare group. This theorem does not
directly apply to CFT’s, since they do not have an S-Matrix.

Let us give a flavour of how this result is derived. We will set d = 3, so that it is easier
to phrase the results. Consider a CFT with a higher spin conserved current js. We can
define a charge Qs = [ dS"j,y,..u,, which can be used to constrain correlation functions:

([Qs, 01]0203) + (O1][Qs, 02]03) + (0102]Qs, 03]) = 0. (18)

A priori, we do not know the algebra of the symmetries, i.e. we do not know [Qs, jsr| =?.
So, we must constrain the correlation functions and the algebra at the same time. At the
level of correlation functions, conformal symmetry implies that three point functions of
conserved currents have to be linear combinations of known structures:

<jsljszj53> = Cp <js1j52j53>FreeBoson + Cf <jsljszj53>FreeFermion + Codd <jsljszj53>odd- (19)

Two of the structures can be found in the theory of free bosons and in the theory of free
fermions. The odd structure is also fully known explicitly [19].

Furthermore, unitarity constrains [Qs, j¢|. A conserved current in d = 3 has twist 1.
The twist is defined as the conformal dimension minus the spin. Thus, the charge
Qs has twist 0. We conclude that [Qs, jy] has twist 1. Let us introduce coordinates
ds? = —dxTdx~ + dy? and let us study [Qs, j] setting all indices in the minus directions.
We conclude that

[QSIjS/] = ZCS,S’,S”(a—)s+S/_S//_1j5” (20)
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Notice that derivatives along the minus directions do not change the twist. (19) and
(20) form a system of equations, from which it is possible to conclude that ¢,3; = 0 and
¢y and ¢y cannot be both nonzero at the same time. This proves the result at the level
of three point functions. The result can be generalised to n-point correlation functions
using bilocal operators [18].

CFT’s with slightly broken higher spin symmetry are large N 3d CFT’s where higher
spin symmetry is broken by 1/N effects [20]. There are two types of theories of this
kind: the quasi-boson and the quasi-fermion. They depend on two parameters, N and A.
A plays the role of a t Hooft like coupling. These theories have a Lagrangian description
in terms of N massless particles (bosons or fermions) coupled to a Chern-Simons field in
the fundamental representation of the gauge group (O(N) or U(N)).

The spectrum of these theories is composed of single trace operators of even spin
s = 2,4,6,etc. They are the quasi-conserved currents. In the quasi-fermion theory there
is a scalar single trace operator of dimension 2, whereas in the quasi-boson theory there
is a scalar single trace operator of dimension 1. The dimensions of all operators receive
corrections at order % Three point functions of all single trace operators were computed
in [20].
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1§ Existence of Mellin amplitudes

1.1 Introduction

In this chapter we argue that a four-point correlation function of light scalar operators in
a generic CFT admits a Mellin representation in the sense of (2). We start by reviewing
basic facts about the multi-dimensional Mellin transform and a natural space of functions
associated with it. These are functions analytic and polynomially bounded in a sectorial
domain (see below for the precise definition).

We then consider the Mellin transform of the four-point function of identical scalar
primary operators in a generic CFT. We show that the Mellin transform has a physical
interpretation of an integral over the principal Euclidean sheet, a connected space of
conformally non-equivalent configurations for which all xlzj are space-like. Equipped
with this understanding, we use the OPE to identify the sectorial domain of analyticity
of the physical correlator. We then argue (not fully rigorously) that upon appropriate
subtractions the physical correlator also satisfies the required polynomial boundedness
and therefore admits the Mellin representation (2).

For simplicity, we consider the four-point function (OOQQO) of equal scalar primary
operators. Conformal symmetry restricts it as follows

F(u,v
(0(11)0(x2) 0 (1) O(xs)) = 12
(*75%34)
2 .2 2 .2
u= x§2x§4 =zzZ, v= x;4x§3 =(1-2)(1-2), (1.1)
X13X24 X13X24

where A is the scaling dimension of O and the arbitrary function of cross ratios F(u,v)
satisfies crossing relations

F(u,v) = F(v,u) = v 2F <u’1> . (1.2)

00
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Existence of Mellin amplitudes

Unitarity implies that A > 952,

1.2 Two-dimensional Mellin Transform

Here we review inversion theorems of the two-dimensional Mellin transform relevant
for the four-point function. The generalization to an arbitrary number of dimensions is
straightforward and the corresponding theorems and proofs can be found for example
in [21].

Consider a two-variable function g(u, v). Its Mellin transform is defined as

© dudv
uv

MIgl(712,114) = /0 U2y Mg (1, ). (1.3)
Similarly, consider a two-variable function M (712, 714). We define the inverse Mellin
transform as

_ n C+i00 d d B B .
MM (w0) = [T T M (g, ). (14)

There are two natural vector spaces of functions associated with these transforms: MY
and Wg. Let us define them.

We say that a function g(u, v) belongs to the vector space of functions MY if two condi-
tions are satisfied. First, it is holomorphic in a sectorial domain (arg[u], arg[v]) € ® C R?
which we assume to be open and bounded, as well as to include the origin (0,0) € ©.
Second, in the region of holomorphy g(u, v) obeys

, (arg[u],arglv]) € ©, (cu, o) €U, (1.5)

for some open region U € R2. A typical example will be a, < ¢, < b, and a, < ¢, < by.

Similarly, we say that M (712, 714) belongs to a vector space of functions Wg if two
conditions are satisfied. First, M (712, 714) is holomorphic in a tube U + iR? for some
open region U € R2. Second, in the holomorphic tube it decays exponentially fast in the
imaginary directions

‘ M(fm, Y12)| < K(Re[y12], Re[v14] )e—sup@(arg[u}lm[m}+arg[v]Im[m]) (1.6)
(712, 714) € U +iR2.

Having introduced Mg and Wl(}) , we then have the following theorems [21,22]:

14



1.2. Two-dimensional Mellin Transform

Theorem I: Given F(u,v) € MY, its Mellin transform M [F](712, 714) exists and is in
Wg. Moreover, M ' M[F](u,v) = F(u,v) for any (arg[u], arg[v]) € ©.

Theorem II: Given M (12, 714) € WY, its inverse Mellin transform M~ [M](u, v) exists
and is in MY. Moreover, MM M](y12, 714) = M(712,714) for any (y12,714) € U +
iR2.

Note that we are not saying that the function has to be in M to admit a Mellin represen-
tation!, but we will see that MZ and W are indeed the relevant classes for the physical
CFT correlators.

Since the discussion might look a little too abstract let us consider a couple of one-
dimensional examples that illustrate the application of these theorems. The first example
is g(u) = e™". This is an entire function which is polynomially bounded for — 7 <
arg(u] < 7 for ¢, > 0. According to the theorem I, the Mellin transform of g(u) exists
and decays as e~ 22l where we used (1.6). Indeed, the Cahen-Mellin integral takes

the form

_ ¢y +ico d')’lz B T
u _ 112
e e D il"(’ylz)u , ¢ >0, |arglu]| < 5 (1.7)

It is a well-known fact that in the complex plane I'(y12) ~ e~ zMmlrell i agreement with
the theorem above.

The second example is g(u) = m Note that it is analytic for |arg[u]| < 27t and

satisfies (1.5) for 0 < ¢, < % Using theorem I, we conclude that the Mellin transform of
g(u) has to decay as e~ 2"™112]l, The explicit formula takes the form

1 Cutioo dyyp 2T (2912)T (2 — 2712) o
S — _ , O0<cy < =, < 27
(1+ )" /Cuioo 27 (x) " Cu < 5 larglu]| <27

(1.8)

Again one can explicitly check that the Mellin amplitude decays with an expected
exponential rate dictated by the analyticity region of the original function.

We show below that the physical CFT correlators are indeed analytic in a certain sectorial
domain. However, they do not satisfy (1.5) and therefore the Mellin transform of the
full correlation function does not exist. We claim, however, that it does exist upon
doing simple subtractions.? These subtractions are designed in such a way that they
do not spoil the analytic structure of the correlator and at the same time they make it
polynomially bounded in the sense described above. The result of this analysis is (2). We

1As an example consider u%v?0(0 < u < 1)0(0 < v < 1) which is obviously not holomorphic but it has
a well-defined Mellin amplitude. We will use this loophole to define the intermediate objects that we call
the K-functions in section 2.1.

2This is true in a generic, interacting CFT. We will discuss some special cases like 2d minimal models
and higher d free theories separately.
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Existence of Mellin amplitudes

will see that performing the subtractions beyond the disconnected part is equivalent® to
introducing a deformed Mellin contour C.

1.3 Principal Euclidean Sheet

Let us understand better the physical meaning of the integration region in (1.3). By
conformal transformations, we can put the four points on a 2d Lorentzian plane with
coordinates (™, x). Furthermore, by performing conformal transformations, we put
point 1 at (0,0), point 3 at (0,1) and point 4 at (0, c0). The position of point 2 is not fixed
and we denote it by (¢}, x}1).

We map the plane to the Lorentzian cylinder. On the cylinder, we use coordinates (t, ¢),
which are related to coordinates on the plane by

M sint M sin ¢

- X = (1.9)
cost+ cos ¢ cost + cos ¢

The metric on the cylinder is related to the metric on the plane by —(dtM)? + (dx™)? =

%, so they are indeed conformal to one another. The cross ratios are given by
U= ()2 4 (xMy2 = COSf2—cosPr (1.10)
2 2 cos ty + cos ¢’ ’
costp —sin
v=—(t"+ () —1)* = 2 P (1.11)

costy +cos¢y’

Points 1, 3 and 4 are mapped respectively to (0,0), (0, 5) and (0, 7r) on the cylinder.
Note that cross ratios are invariant under t, — —#5.

A simple observation is that the region 0 < u, v < oo is the region of Minkowski space (or
of Lorentzian cylinder) of spacetime dimension d > 3, for which the point x; is space-like
separated from the three other points. Indeed, it is a well-known fact that for #,v > 0 and
four points in Euclidean space, cross ratios satisfy (1 — /u)? < v < (1 + v/u)?, see figure
1.1. The rest of the quadrant u, v > 0 is covered by the fully spacelike configurations
on the 2d Lorentzian cylinder depicted in figure 1.2. This fact allows us to use the OPE
and analyze convergence of the integral in different regions. It will be natural for us to
split the integral into three regions, each of which containing the region between the
light cones emitted from points x1, x3 and x4 (see figure 1.2) and part of the Euclidean
domain. The regions are defined as follows

Region I : 0<u,v<l,

3Up to some very special situations that we analyze separately.
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1.3. Principal Euclidean Sheet

(1,0) u

Figure 1.1. We divide the region u,v > 0 into 4 regions coloured in blue, pink, red and grey. The
regions are separated by the curves v = (1 — /)% and v = (1 + \/u)? or, equiavelntly, z = z. In
the grey region z and Z are the complex conjugate of each other. In the colored regions z and z
are real and independent variables. In the red region we have that z,Z € (—o0,0). In the blue
and pink regions we have thatz,Z € (0,1) and z,Z € (1, ) respectively.

t

Figure 1.2. Cylinder picture of points 1, 3 and 4. The point at (t = 0,¢ = 71) should be identified
with the point at (t = 0,¢p = —). The colored area signifies regions where point 2 is spacelike
separated from three other points and no light-cones has been crossed. Note that the colored
region is a double cover in the cross ratio space. Indeed changing t, — —t, does not change the
cross ratios (1.10).

III

0 1 u

Figure 1.3. Different regions in the (1, v) plane that we will find convenient to consider. Different
regions are mapped into each other by crossing.
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Existence of Mellin amplitudes

Region II : 1<u,0<vw
1<9,0

AN/
=

NN
Q

Region III : v, u (1.12)

These three regions are mapped to each other via crossing transformations (1.2).

1.4 Analyticity in a Sectorial Domain

Let us study the analytic properties of F(u,v) in the (u,v) plane. Analyticity for real and
positive u, v > 0 is obvious from the discussion above. Indeed, for such cross ratios the
correlation function describes a generic configuration of space-like separated operators,
whereas non-analyticities of correlation functions can only occur when “something
happens” [23], say a pair of two points become light-like separated. A more rigorous
argument relies on the exponential convergence of the OPE in CFTs which makes
analyticity manifest [24].

To discuss Mellin amplitudes however we need to understand analytic properties
of correlation functions in a sectorial domain, namely we would like to allow for
arg[u],arg[v] # 0. In other words, consider the correlation function F(|u e8], |v|efer8[o])
with |ul, |v| € (0, 00).

arg(v)
2

-2 0 27 a’rg(u)

-2

Figure 1.4. Sectorial domain Ocpr of analyticity of a generic CFT correlation function F(u, v).

Claim: Any physical correlator F(u, v) is analytic in the convex sectorial domain @crr =
(arg[u], arg[v]) defined as the union of the following 3 regions

Ocrr : |arglu]| + |arg[v]| < 2m,
0 < argfu],arg[v] < 2m,
—27 < arglu],arg[v] < O,

18
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where arglu] = arg[v] = 0 corresponds to the principal Euclidean sheet. ®cpr is
depicted on 1.4.

Let us briefly outline the argument for our claim. We present all the details in appendix
F. As we analytically continue u — |u|e™8[], v — |v|e™'8[”] we are sure that we do not
encounter any singularity provided there is an OPE channel that converges. Indeed, we
can then use the Cauchy-Schwarz inequality to bound the continued correlator by its
value at arg[u] = arg[v] = 0 which then ensures analyticity. The rhombus of figure 1.4 is
precisely the union of the regions where at least one OPE channel converges, see figure
1.5.

27 arg(u)

Figure 1.5. We use red, blue and grey to colour the regions where the O(x1) x O(x2), O(x71) x
O(x4) and O(x1) x O(x3) OPE channels converge respectively.

We expect that generic correlation functions will have a non-analyticty at the boundary
of the Ocpr for some values of |u|, |v|. One example of such a non-analyticity is the bulk
point singularity [23,25].4 In special cases this singularity may be absent. An example is
free field theory.

1.5 Dangerous Limits

To analyze the convergence of the integrals above let us understand what are the relevant
regions when we integrate in 0 < u,v < 1. There are several different regions involved:

a) Euclidean OPE region, which corresponds to u — 0 and v — 1. The correlator in this

“Note that in terms of (u,v) the bulk point locus z = Z can lead to a non-analyticity of the correlator in
terms of (u,v) even in 2d CFTs. This does not contradict [23] which established analytic properties of the
correlator as a function of (z,Z) which are fully analytic at z = Z and is related to the singular character of
the Jacobian when going from (z, z) to (1, v). See appendix F for more on that.

19



Existence of Mellin amplitudes

limit behaves as N

lim  F(u,0) ~u 2"75, (1.13)

u—0, % — fixed

where A, is the minimal scaling dimension of the operators that appear in the OPE of
O x O. More generally, we can use the Euclidean OPE to bound the correlator in the
vicinity of # = 0 and v = 1, not necessarily along the directions (1.13).

b) Lorentzian OPE region, which corresponds to # — 0 and v fixed and finite. The
correlator in this limit behaves as

lim F(u,v) ~ T (1.14)

u—0

where T,,,;, is the minimal twist® of the operator that appears in the OPE of O x O.

In unitary theories, the identity is the lowest dimension operator exchanged in O x O,
thus Ain = Tiin = 0.

c) Double light-cone limit, which corresponds to u,v — 0°. In general we do not know
what is the behavior of the correlator in this limit. For the moment, we just bound the
correlator in this limit.

As explained for example in [28], the correlator can be expanded as

Flu,v) =u? Zahl;—lzhzf’, (1.15)
hh

where h = A”zi] ,h = A“";I

and we sum over all exchanged operators in the O x O
OPE, both primaries and descendants. A,y is the conformal dimension of the exchanged
operator and ] is its spin. The coefficients 4, ; are non-negative in a unitary theory.

Suppose now that we are in the Lorentzian region /u + /v < 17. In this region, z and
Z are independent and real positive variables. Using unitarity and the OPE expansion
(1.15) we conclude that

P(zl,zl)(zlzl)A < P(Zz,f])(ZzZ])A, (1.16)
provided that we pick z; such that z; <z, < 1.

The previous inequality can also be stated in the following manner. Pick z; and Z; as
independent real variables between 0 and 1. Define u; and v; in the usual manner. Then,

5We define the twist as T = A — ], where ] is the spin of the operator.
6This limit was discussed for example in [26,27].
"This region is given by a Lorentzian correlator.
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for any z; such that z; <z, <1,

A
u

F(ui,vp) < F(uz, (1—2z)(1- ZZ))LTi’
1

(1.17)
where 1y = Z1z2. Now let us take the double light-cone limit z; — 0, Z; — 1. Since z; is
fixed we can use the lightcone limit in the RHS to get

Co
F(u,v) < TAph O<uv<c, (1.18)
where ¢ < 1 and ¢g are some constants. This bound is saturated in the 2d Ising model

(see (E.7)). So, we cannot improve it without making further assumptions.

1.6 Subtractions and Polynomial Boundedness

By combining the small u,v analysis of the previous section with crossing (1.2) we
can find the power-like bounds and asymptotics of the full correlator F(u,v) for any
0 < u,v < co. Plugging them in the definition of the Mellin transform (1.3) it is clear
that the integral diverges for any 712 and 4.

To improve the convergence of the Mellin transform we consider the subtracted correla-
tor

Fop(u,0) = F(u,0) — (1 4+u24+07%) (1.19)

AT m _A+T m _I_ m) U
- F B r c(wt el ot il ) o () )

v
where g(T’j;) (v) is defined as the m-th term in the small u expansion of a single conformal
block gj(u,v)

—+00
F(u,v) =u? ) C%JgTJ(u,v) , 8oy(u,v)=u? Y umg%)(v). (1.20)

T,]—even m=0
These functions satisfy the following useful identity v =2~ gg'}) (L= (-1 g%) (v), see
e.g. [29]. The subtraction (1.19) makes every OPE limit of the correlator less singular.
More precisely, we explicitly subtract the contribution of operators with twists T <
Taup < T+ in every channel. Here 7, is the smallest twist accumulation point that is
exchanged in the OPE of O x O. On general grounds [16,17] 7. < 2A. The choice of our
twist cut-off 7, < T, guarantees that in (1.19) [y < 0.

The subtracted correlator Fy,;,(u, v) still satisfies crossing (1.2) and it is still analytic in
the sectorial domain @cpr due to the analytic properties of the gg';) functions. However,
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Existence of Mellin amplitudes

on top of that we claim that F,,;, (1, v) is polynomially bounded as follows

1 1
[Foun(#,0)| < €112, 114) T o]’ (arg[ul, arg[v]) € Ocrr, (Re[r12],Re[114]) € Ucrr,
(1.21)
where Ucrr is given by
T, T/
Ucrr: A — = > Re[yin, 113, 714] > A — 22, (1.22)

2 2

where 7/, is the next twist after 7y, appearing in the OPE O x O and recall that

713 = A — 712 — 714. The condition Re[y1p] > A — % follows trivially from the light-
cone limit Fy,p(1,v) ~ u=2t%w/2 when u — 0 with fixed v > 0. The condition 1, +
Y14 = A — 713 > Tgyp /2 follows from the behaviour of the last subtraction term in (1.19)
in double light-cone limit # ~ v — 0. Finally, the remaining conditions in (1.22) are
obtained from these two by crossing symmetry. The domain Ucrr is depicted in figure
1.6. One may also think of the domain Ucpr as the region of analyticity surrounding the
crossing symmetric point y1p = y13 = Y1a = %.

(0,0)1]

Re[y14]
X T :
N : .
N .
\\\ ;(A,A)
NN fee g Setesnnshas
\ :
I N
N .
| N :
| \ .
I N\
| \
1 N\
| N
| N\ .
\ . 1
:\ N : Aijsub
| \\
| L] \\
A A
} (55) N\ L
| O\ A 2 Gsub
T
1
I
|
1
|
|
|
|

Figure 1.6. Domain Ucpr is shown in red with the crossing symmetric point y1 = y13 = Y14 =
% at the center. In this picture we assumed that the first twist accumulation point is 7, = 2A
(marked with dashed lines). The Mellin-Mandelstam triangle Re(7y12, 13, 714) > 0 is depicted in
light blue. The blue lines correspond to Re(71;) = A — Tq,p/2 for j = 2,3,4. Similarly, the red
lines correspond to Re(y1;) = A — 1/,;,/2. The black lines correspond to Re(71j) = A — /2 for
other twists T < Ty in the spectrum. The dotted lines corresponds to the identity operator with
T=0.

We conclude that Fy,;(u, v) € Mggi ; and we can write its Mellin representation with the
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1.6. Subtractions and Polynomial Boundedness

straight contour

Ucrr+ioo oo d R
Fop(u,v) = / frafvie u” 2" M (Y12, Y14)- (1.23)

Ucpr—ico  (27T0)2
In section 2.1 we show that (1.23) implies (2), if we use a deformed contour C in (2).

A few comments are in order. First of all a necessary condition for the non-emptiness of
Ucrr (1.22) is % > A — 5 or equivalently

A< gr* . (1.24)
4

In an interacting CFT we expect that T = 2Tj¢ptest, Where Tjgnpest is the scaling dimension
of the lightest operator present in the theory. It is in this precise sense that our construc-
tion concerns only the correlation functions of the light operators in the theory. In section
2.7, we will present a different argument that allows us to generalize this construction
beyond (1.24). Unfortunately, we do not establish (1.21) rigorously. Nevertheless we
believe that it is a true property of physical correlators (see appendix G). Proving (1.21)
rigorously is an important missing step in our analysis.

At this point we also introduce the notion of Mellin-Mandelstam triangle (see figure 1.6).
Consider a CFT where the lightest primary operator is a scalar with Ajjgpsess < d — 2.
In this case, if we consider the Mellin amplitude for the lightest scalar, the first twist
accumulation point that appears in the OPE is T.. = 2Ajgpes;- Therefore, in the region

Re[v12,713,714] > 0, (1.25)

there are no twist accumulation points. This is the analog of the Mandelstam triangle
in the context of flat space scattering amplitudes. The twist accumulation point at
Y12 = A — 7. /2 = 0 is the analogue of the two-particle branch point (in the 12 channel)
of the flat space scattering amplitude.

According to theorem I M (712, y14) decays exponentially fast in the complex plane

|M(,),12, v11)| < K(Re[712], Re[’)/14])€75uP®CFT (arg[uﬂm[’m]+arg[v}lm[%4})’ (112, 714) € Ucer + iR2.
(1.26)
Note that the Mellin amplitude M(y12, Y14) is defined by

M(7112,714) = [T(712)T(712)T(A — Y12 — 712)]> M(712, 714)- (1.27)
One can check that

[T(712)T (714)T(A — Y12 — y14)]> ~ e TImbne]lHImral+Im{yn-£14]])

—  p SWocsr (arg[u]Im[y12]+arg[v]Im[714]) ,  (1.28)
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Existence of Mellin amplitudes

and therefore M (12, 714) is polynomially bounded. Moreover, as we will show below
its maximal power growth is controlled by the Regge limit.
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?4 Analytic properties of Mellin ampli-
tudes

2.1 Introduction

In chapter 1 we analyzed the conditions for the existence of the Mellin amplitude of the
correlator and put forward the subtractions necessary to define it. Next we would like
to understand the analytic properties of the Mellin amplitude M (12, ¥14). This is the
main purpose of this chapter.

To attack this problem we find it useful to develop a different approach to define
Mellin amplitudes, namely we split the integral over cross ratios in the definition of
the Mellin transform into 3 regions mapped into each other by crossing. The integral
of the correlator over a sub-region is manifestly convergent for certain values of 1,
and 14. We then define the full Mellin amplitude by bringing the contributions from
different pieces together, see (2.8) below. As a result the subtractions we postulated in
the previous chapter arise very naturally. It is also clear that they can be absorbed into
the definition of the contour in (1), up to non-essential subtleties that we discuss below.

We then analyse the analytic properties of Mellin amplitudes and argue that the only
singularities of Mellin amplitudes are the ones that correspond to physical operators.
Concretely, we claim that the only singularities of nonperturbative Mellin amplitudes
are simple poles at

%j:A—g—n, n € Ny @2.1)

where 7 is the twist of the exchanged conformal primary in the relevant channel. This is
discussed in more detail in appendix D.
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Analytic properties of Mellin amplitudes

2.2 Auxillary K-functions

We split the integral in (1.3) into three regions as shown in figure 1.3. We define

1 dudv
uo

K(712,714) = Ki(712,714) = /0 u 294 F (u,v) . (2.2)
Notice that Ki(712, 714) = Ki(714,712) as the result of crossing (1.2). The lightcone
behavior (1.14) and the double lightcone bound (1.18) imply that the integral converges
for Rey12 > A and Re 714 > A. Therefore, K(7y12, y14) is analytic in this region.

Similarly, we have

U do

® du
Kn (712, 714) E/l o o ?umva(u,v). (2.3)

1
u

) = uF(u,v) we get

Let us do a change of variables u —

using crossing F(2, 2

and v — % The measure stays invariant and

Kir(v12, 714) = Ki(713, 714), Y13 = A — 712 — Y14 (24)
Lastly, we get
°dv du
Kmi(v12, 714) = / — / — uMv"™F(u,v), (2.5)
1 v Jo u
K (712, 114) = Ki(v12, 713), Y13 =D — 712 — Y14, (2.6)

where in the last line we again made use of crossing symmetry.

Importantly, splitting the analytic function F(u,v) into three non-analytic pieces ! leads
to a dramatic effect on the convergence properties of the inverse Mellin transform.
Instead of converging in the sectorial domain the inverse Mellin transforms above
converge only for arg[u] = arg[v] = 0. Nevertheless we will find it useful to use the
K-functions to describe subtractions and analytic properties of the full Mellin amplitude.

We conclude that in any CFT and for arbitrary correlation functions of scalar primaries,
we have

/ dy12dy1a
Re[y12,714)>A (27Ti)2

n / dy12d714
Re[713,714]>A (27Ii)2

/ dy12d714
+ 2
Re[y13,712)>A (27Tl)

LV F(u,v) = F(u,0)0(1 — u)®(1 —v) + F(u,2)0(u — 1)O(u — v) + F(1,v)®(v — 1)O(v — u).

F(u,v) = K(7v12, y1a)u™ 20" 114
K(7y13, y1a)u~ 20" 7114

K(’)’lg,, ’)/12)1/1_7120_%4. (27)
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2.3. Analytic Structure of the K-function

where we denoted K = Kj and 712 + 713 + 714 = A. The contours run parallel to the
imaginary axis of 12 and 14 with real parts obeying the inequalities shown under the
integral sign.

Next, we would like to bring the three integrals in (2.7) to the same contour. We discuss
this procedure below and it will naturally lead to the subtractions that appeared in (1.19).
For the moment we can rather formally define the Mellin amplitude? as the sum of the
three terms analytically continued to the whole complex plane,

M(712,712) = K(712,714) + K(713, 712) + K(712, 713), Y13 =A =712 — 714 (2.8)

2.3 Analytic Structure of the K-function

The function K(712, y14) is analytic for Re[y12] > A and Re[y14] > A. We would like to
analytically continue this function to the rest of C2. Different regions are shown in figure
2.1.

Re[y14]

(A, A) Re[712]

Figure 2.1. We want to analytically continue K(-y12, y14) into C2. We break C2 according to the
four regions in the figure. For example, region [a] corresponds to Re[y12], Re[y14] > A. In region
[al, K(712, 714) is completely analytic and is defined by the integral (2.2). In the other regions, it
will be defined by analytic continuation.

In appendix B, we explain how such analytic continuation is obtained for single-variable
Mellin transforms. We shall see that we can use the same trick at fixed 714 to extend the
domain in 1. The main trick is to add and subtract the leading behavior at small u,

1 1
K(’)’12,’)’14 / du/ dju7120714 (( Zu A+2h )+Zu A+2h ( )) (2.9)

2There is an abuse of language here. What we mean is that (2.8) is equal to T2 (12)T?(714)T2(A — y12 —
Y14)M (712, 714), where M(y12, y14)is the Mellin amplitude.
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Analytic properties of Mellin amplitudes

associated to the exchange of operators of twist 7. With this subtraction, we improved
the convergence in 71, of the first term, without affecting the convergence in 7y14. The
second term just gives simples poles at

’Y12=A—%, 0O e0x0. (2.10)
These are just the usual OPE poles (2.1) (notice that here we are not distinguishing
between primaries and descendants). As we review below, CFT’s have accumulation
points in the twist spectrum. For this reason one may need infinite subtractions in order
to analytically continue in 1, by a finite amount. In appendix D, we explain in detail
how to use OPE convergence to overcome this difficulty. The conclusion is that we
can analytically continue K(y12, y14) into region [b] except for the OPE singularities at
Y12 = A — 7. Similarly, we can analytically continue K(y12,Y14) into region [c] except
for the OPE singularities at 14 = A — 7. However, we cannot use the same strategy to
analytically continue K(712, 714) into region [d] because we do not have enough control
over the double lightcone limit u ~ v — 0. In appendix (D), we give strong evidence
that K(12, 714) can also be extended to region [d], except for the same OPE singularities.
Our arguments are based on Bochner’s theorem (see appendix C) for analytic functions
of two complex variables. See also appendix E.1 for explicit formulas for K(y12, 714) in
free theories and in the 2d Ising model.

The results of this section strongly support the conjecture that the Mellin amplitude
(2.8) has singularities only at the OPE poles (2.1). We call this property maximal Mellin
analyticity by analogy with the S-matrix. It would be interesting to understand the
precise relation between the two.

2.4 Twist spectrum

The analytic structure of Mellin amplitudes (and K-functions) is controlled by the CFT
twist spectrum. Let us review its basic propertiesind =2 and d > 3.

It is convenient to organize the CFT spectrum in terms of twist T = A — | and spin J.3
Unitarity implies that Tt > d —2for ] > 0,and 7 > % for | = 0. In other words, the
twist spectrum of a unitary CFT is bounded from below. As shown in [30] operators
organize themselves in the Regge trajectories T(]), at least for | > 1. It is interesting to
ask what is the structure of the twist spectrum as | — oo.

In d > 3 the twist spectrum exhibits additivity at large spin. Given operators with
twists 71 and 1, (we can call them seed operators) there exists an infinite set of Regge

3We restrict our discussion to symmetric traceless operators.
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2.4. Twist spectrum

trajectories with the property [16,17]

lim T1(2)<]) =7+ 1+ 2n. (2.11)

J—co

The corrections to (2.11) at finite | are given by powers of % The existence of such Regge
trajectories implies that the twist spectrum of an interacting CFT exhibits an intricate
pattern of accumulation points. Indeed, as | approaches infinity (2.11) implies that there
is an infinite number of operators with twist |T — 73 — T»| < €, where € is an arbitrary
positive constant. These are the so-called double-twist Regge trajectories.

A double-twist operator Tl(g) (Jo) can itself serve as a seed that can be paired with another
operator to produce triple-twist operators. In this case, (2.11) implies the existence of an
infinite set of accumulation points

lim 7" — ™ + 173 + 2m. 2.12
T o () =1,0o) +13 (2.12)
Therefore, already at the second step we obtain an infinite number of accumulation
points, for every Jo, in the space of twists (2.12). Moreover, there are also accumulation
points of accumulation points at T + T + 3 + 2m.

As we increase twist the number of available seed operators, as well as the number of
the multi-twist Regge trajectories, quickly grows and therefore at high enough twist we
expect the twist spectrum to become very thinly spaced. It is an open question if it really
becomes dense in a finite interval. One can get some intuition from the toy model

k
e ) ==Y+, Ji €N, (2.13)

i=1

| =

for (k 4+ 1)™-twist operators. We can think of Tto ( Ji,--.,Jx) as being the twist of
05,¢...95,¢¢. In this model, the twist spectrum contains many accumulation points but
it is not dense in any interval of R.* This suggest that the same is true for the twist
spectrum of CFTs in d > 3 dimensions. Clearly this question has important implications
for the analytic structure of Mellin amplitudes. Namely, if the twist spectrum becomes
continuous then we expect branch cuts in the Mellin amplitudes.

This issue has recently been made much more precise in the context of d = 2 generic
unitary (irrational, compact) CFTs. Using the Virasoro fusion kernel [31-33], it was

argued in [34, 35] that the twist spectrum becomes continuous for T > 02’41. More
precisely, for every T > S there are infinitely many Regge trajectories that end in
every interval 5. Moreover, all these Regge trajectories appear in a single four-point

correlation function.

(k+1)

“The only limit points of the set of twists Ty 18 the set Tt((f; (see math.stackexchange.com).
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Analytic properties of Mellin amplitudes

There are situations where this complicated twist spectrum simplifies dramatically. As
we review below one example is planar CFTs°. In this case, the (single-trace) twist
spectrum of the planar correlators becomes simple. Accumulation points in the twist
spectrum are also absent in rational d = 2 CFTs. In fact, the twist spectrum in this case
is given by a finite set of non-trivial twists plus non-negative integers. It is precisely
in these contexts, when the twist spectrum simplifies, that Mellin amplitudes become
particularly useful.

2.5 Recovering the Straight Contour

We would like to bring the three integrals in (2.7) to the same straight contour. There
are infinitely many ways to do this depending on the choice of the final contour. In the
process of doing so we need to know the analytic structure of K(*y12,714) on C2. Above
we argued that K(y12, 714) is an analytic function, with simple poles at

T; T]‘
T2 =A———n, yu=A4—--—n, (2.14)
2 2
for each primary operator of twist 7; or 7; being exchanged in O x O and for each

nonnegative integer n; and ny.

At this point, we need to make a choice about the final contour for the Mellin representa-
tion. We consider two options: a straight contour and a deformed contour. We examine
the second possibility in section 2.7.

Let us reunite the three integrals in (2.7) into a single integral with a straight contour.
We will pick the straight contour at Re[y12] = Re[y14] = %. This choice is very natural,

since it is completely symmetric in 12, y13 and 7y14.

We need to deform the contours in the integrals (2.7). Let us see how this comes about.
Consider the first integral. When we deform its contour we pick up poles. This will tell
us the subtractions we need to make to the four point function, so as to have a Mellin
representation with a straight contour. See figure 2.2.

From figure 2.2, we conclude that

dl)’lZ/ d')/14 B -
Dy 7K , u 7120 Y14 2.15
/Re(%2)>A 2711 JRe(yua)>n 2710 (712, 714) (2.15)

dy12 / dy14 o
— - 71( ’)/12’ ')/14 u ’YIZ’U Y14
/Re(’hz)—é 27-[1 Re(“ym):% 27-(1 ( )

5In planar gauge CFTs the twist of single-trace operators grows like log ] therefore there are no accumu-
lation points (for finite 't Hooft coupling). Double-trace operators do exhibit accumulation points, but they
do not give rise to poles of the Mellin amplitude M(1;;) at the planar level.
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2.5. Recovering the Straight Contour

Re[y14]

(A,8) Re[712]

—

>

wl>
=

Figure 2.2. Picture of the contour manipulation that corresponds to formula (2.15). The contours
run parallel to the imaginary axis of 1, and y14 and therefore correspond to a point in this
figure. In red we display the change in the contour. We pick up poles along the way, which we
denote by black lines. At the end, we arrive at the point (Re(y12), Re(714)) = (%, %)

e A+3+ Ay » T
" v n/ 5K, (')’12 =A—- - Tl,’)/14)z)7'714
T;:? Z]: ”;) Re(y14)>A 2711 o 5
1o
A3 dy2 p - )
+ o) A+2+m/ ——=K , = A—— —mu 712’
44 Z]: m=0 Re(y12)=% 2711 TJ(')’lz Y14 5 )
T<i

where KT,]('ylz =A—-73—mn, 714) denotes the contribution from the operator O to
the residue of K at y;, = A — § — n. The symbol [y] denotes the biggest integer that is
smaller than y.

Let us compute the residues of K. The four point function can be expanded as F(u,v) =

Yoo C%, | roo uT AT gi’l’}) (v), with the sum running over the primary operators O |

exchanged. Here g(;,'})(v) is what multiplies 2" in the small u expansion of the

(0)

conformal block. For example, g7 (v) is the collinear block

gy (0) = (1—v)]zﬂ(%+],%+I,r+21,1—v). (2.16)

Therefore, we can write

. T 1 do
Kej(y2 =4 5 M T1a) = C%J/o ?0%48%)(0)- (217)

This integral converges when Re(y14) > 0. By inverting the Mellin transform, we can
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Analytic properties of Mellin amplitudes

compute all the integrals in (2.15). We conclude that

d'm/ dy14 o
Dy —K , u T2y~ M4 )18
/I{e(712)>A 2711 Re(714)>A 27Ti (’)’12 ’)’14) ( )

d’hz/ dy1a e
— —e 7,K Y12, 714U 7120 Y14
/Re(’hz)—§ 271 JRe(y14)=4 2711 ( )

T 27
Jmax [_§+7

]
+ Y)Y Y [u’AW*mG(l — v)g%)(v) + o ATatmg(1 — u)gg;)(u)] ,
m=0

<% J=0

where we assumed that we only subtracted a finite number of operators. In other words,
the spin is bounded, | < Jux. Situations where J,,,x = oo should be analyzed on a case
by case basis. We will see such examples below when analyzing the free field theory
and minimal models.

A similar exercise can be done to deform the other K functions. We use the identity
u=am gg}) (1) = g(T'j}) (u) (see [29]) valid for the exchange of operators of even spin. This

way we get rid of the 6 functions. We conclude that

- - dy12 dyis B -
F(u,0) =1+u"+v% + 7/ M , w2
(u,0) Re(y12)=2 2711 JRe(yyy)=4 2711 (712, 714)

T
Jmax _§+T]

I Z Z Z C%’] [u7A+%+ng'],1})(v) _,_vaJr%ergi’:’l])(u) _i_v*%*mgg?}) (E)} ,

0<t<dd J=0  m=0 v

(2.19)

where the Mellin integral is to be done with a straight contour. We therefore recovered
(1.19) and (1.23).

When we deformed the integration contour as described in figure 2.2 we assumed that
moving the real part of the integration contour did not affect convergence of the integral
(2.15) at large imaginary values of the Mellin variables. In appendix D.3, we discuss the
asymptotic behavior of K-functions at large values of Mellin variables. The main point
is that K-functions decay as powers for large imaginary Mellin variables but their sum
M decays exponentially.

2.6 Subtractions with Unbounded Spin

We do not have a general understanding of the case with an infinite number of subtrac-
tions with an unbounded spin. Here we simply present a couple of simple examples of
this type: minimal models and free field theory correlators.

In the 2d Ising model, we know explicitly the correlator (cooc), where A, = %. Itis
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2.6. Subtractions with Unbounded Spin

F(u,o
(1,0) -, Where

equal to —————~
|1 —x3|4[x2—xa[4

FZdIsing( ) _V \/ﬂ—l— \/5"”1
u,v) = \ﬁxs/ﬁ .

We also know a formula for the function K(712,y14) for this correlator (see appendix
E.1.2). So, we can implement the procedure outlined in this section to obtain a Mellin
representation with straight contours. This is done in appendix (E.2). Note that in this
case we do not need to use conformal blocks, since we know the function K(7y12, 14)-

(2.20)

We conclude that if we define

pRlsing oy padising ), ) VIt Viu+ 1+ o+ V/Vu+ o 221)
sub \/E(MU)%
11 11 11
I U 8v 8+ u 8v8 +usv 8
V2 ’
then
pRdising 1y :/ d’hg/ d%%M(’m,’Yu)M*mU*m, (2.22)
sub 0<Re(712)<§ 27t 0<Re(714)<g 27t

where the Mellin integral is evaluated with a straight contour and M('ylz, Y14) is given
by

N 2 1 1
M(712,714) = =/ ;F (2712 - 4) r (2714 — 4) I'(—2712 —2714) - (2.23)

Another example is the free scalar theory in which we consider the four-point func-
tion of O = ﬁ((ﬁ )2, where ¢ has N components. In appendix E.1.1, we show that

M(712,714) = 0. In this case, (2.18) takes the form

d'YlZ/ d’)/14 B B
= —K , u " T2pT T4 904
-/Re(m)>A 27t JRe(qig)>a 2710 (712, 714) (2.24)

A1 / dyia o i N
- 27 —K(712,714)u ™0 ™M 44 20(1 —v) +0 260(1 —u
‘/lvqe(’)/u)_% 27-(1 Re(’)/14):% 27TZ ( ) ( ) ( )

4

TN

(9(1 —0) (A2 w20 L 01 — )2 — 0 (u — 1)u’A/2U’A/2) ,
where A = d — 2. Note the presence of the 6(1 — 1) term in the last line which is absent

in (2.18). This is related to the fact that in this case we have [,y = oo. Therefore in this
case the whole correlator comes from subtraction terms.
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Analytic properties of Mellin amplitudes

2.7 Deformed Contour

Another option is to have a deformed contour. We will bring the three integrals in (2.7)
into a single integral with a deformed contour (we explain this in detail in appendix B,
for the single-variable case). The integration contours in (2.7) can be deformed as long
as we do not cross any OPE pole of the K-functions. In particular, if there is a deformed
contour C that passes to the right of all OPE poles at 71, = A — % in the 12 complex
plane and similarly for 13 and 14, then we can bring the 3 integrals to the same contour.
Such a contour exists unless three poles collide at

A A Al
Te=A-5, y3=48-7, qu=4A--. (2.25)
When this happens, we say that the contour gets pinched. In order to deal with possible
pinches, we employ a regularization procedure, that is encapsulated in the formula

dy12 Y14 e

F(u,v) = lim M€ (12, y14)u™ "20" 718, (2.26)

e—0Jc 27 27T
M (712,714) = K112+ €, 114 + €) + K(713 + €, 714 + €) + K(712 + €, 713 + €).

We introduce a regulator € > 0 that allows us to separate poles that are pinched. Here
we are assuming that the twist spectrum is discrete.

The contour C can be described as follows. Firstly, we fix 71 and integrate over 14. The
integrand has poles at
i

5 (2.27)

Ti

Tu=—€+A-, T4 = T2 t€+
where T, 7; are twists of exchanged operators (including descendants). The second set
of poles originates from OPE poles in 713. The contour C splits the two set of poles to
the left and to the right in the 14 complex plane as shown in figure 2.3. Notice that this
is always possible for generic values of 1. For special values of 1, poles from the left
set can collide with poles from the right set, pinching the integration contour and giving
rise to poles in 1p. Secondly, we consider the integral in 7y1,. In this case, the integrand
will have poles at

T+ 7
2 7

T
Y= —e+A— X, Y2 =26 —-A+

> (2.28)

where the second set of poles arises from pinching the contour integral over <14. Again,
the contour C splits the two sets of poles two the left and to the right in the 71, complex
plane as shown in figure 2.3. Notice that this is always possible for arbitrarily small
€ and a discrete twist spectrum. So, with € # 0, the integral in (2.26) is always well
defined. After evaluating the integral, we take the limit ¢ — 0.
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2.7. Deformed Contour

Y14 Y12
[ ]
2e — A +
X X X X X X X [ )
_ _ Tk
_E+A_ﬂ e+ A 5

2

Figure 2.3. Deformed integration contour C. Firstly, we integrate over 714 as shown on the left
keeping 71, fixed. Secondly, we integrate over 71, as shown on the right. Pinching occurs if, as
€ — 0, a pole marked with a black cross collides with a pole marked with a blue dot on the 71,
complex plane.

Unfortunately, equation (2.26) is not very useful, since it involves a regularization
procedure. Furthermore, it also involves the function K(y12, v14), which we expect to
be more complicated than the Mellin amplitude M (712, 714)- In what follows, we will
consider a generic CFT® and evaluate the contribution from the pinches in (2.26). We
will then set € = 0 and obtain a Mellin representation with a deformed contour, that
makes no reference to K(y12, 714)-

The first step is to understand when there will be pinches in a generic CFT. From (2.28),
we conclude that the deformed contour will be pinched as € — 0, if the condition

T+ 7T+ 7% =4A (2.29)

is satisfied. There are 6 pinches that occur in generic CFTs (see figure 2.4). Firstly, we
have collisions between the identity pole (T = 0) and accumulation points (T = 2A).
These correspond to (12,713, 714) = (4,0,0) and permutations. Secondly, there can
be collisions between the pole associated to the exchange of the external operator
(t = A) and accumulation points. These correspond to (Y12, Y13, 714) = (%, %,O) and
permutations.

Suppose the contour goes through the rightmost shaded triangle in figure 2.4. We
deform the 71, contour to the left and we pick up the pole at y1o = A —e:

d’YlZ d’)/14 ~ B -
| =M , u T2y~ M4 530
/RE(%2)>A<-: 271 2711 (712, 714) (2.30)

®By a generic CFT, we have in mind an interacting and non-perturbative CFT, in d > 2, like the 3d Ising
model.
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| |
| |
* Y14 = A AN
| |
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| |
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| |
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* Y14 = 5 L ¥
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| |
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| |
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S S +-- 714 =0 ,,:_/_',,,,,t ,,,,,, t_k
| |
| |

Figure 2.4. Singularities in 1, y13 and 714 are represented by red, pink and blue lines respec-
tively. We denote poles by continuous lines and accumulation points by dashed lines. It is
possible for three singularities to collide at the same point, thus causing a pinch. There are 6
pinches that occur in generic CFTs. These are marked with black dots. Firstly, we have collisions
between the identity pole and accumulation points at (Y12, 713, 714) = (A,0,0) and permutations.
Secondly, there can be collisions between the pole associated to the exchange of the external
operator and accumulation points at (712, Y13, 714) = (%, %, 0) and permutations. On the right
we consider the case in which we introduce the € regulator. This removes the pinches and the
contour can go through the gray triangles. To resolve the pinches we first move the contour out
the gray triangles as indicated by the arrows and then send € — 0.

_ dyia _
u 2Ti M (712 A €, ’}’14)7)

dl)’lz d’)’14 ~ B -
— 7M , u 7127) 714’
Re(y12)<A—e 27T 2711 <’}/12 Y14)

+
where 1\716(’)/12 = A — €,714) is the residue of the Mellin amplitude at 71 = A — €. In
the second integral, we can drop the regularization. To evaluate M€ (Y12 = A —€,714),
consider the contribution of the identity to K(7y12,714),

/1 du /1 d—vumv“’“u’A - . (2.31)
o uJo v Y14(712 — A)

Similarly, K(712,713) also has a pole at y12 = A. We conclude that the regularised Mellin
amplitude M€ (12, v14) has a pole at 71, = A — € with residue given by

3e
Y12 — A+ €)(y1a +€)(—y14 +2€)

M€ (712, 714) = ( T2 = A—e. (2.32)
Notice that this residue goes to 0 in the limit € — 0. We expected this from the fact that
F(u,v) cannot actually diverge due to a pinch. Let us evaluate the finite contribution to
the four point function given by the pinch:

e At /+i°° d’m 3e o4 = =B (2.33)
€0 —ico 2771 (Y14 +€)(—714 + 2€)

Notice that the integrand goes to 0 when € goes to 0, but at the same time the contour

36



2.7. Deformed Contour

gets pinched between a pole from the left with a pole from the right. For this reason, the
integration gives a finite result.

To summarize, we saw that the pinch at ; = 2A, 7; = 2A and 7, = 0 gives a finite
contribution u~2 to the four point function. After taking € — 0, the pole at 712 = A
disappears and the contour of the Mellin amplitude does not get pinched at all. By
crossing symmetry, a similar discussion holds for permutations of the previous pinch
condition. In the absence of other pinches, we conclude that

Foonn(1,0) = F(u,v) — (1 +u 2 4+074) (2.34)
d’hz drh4 Y —M27 714
N //, 27i 27 M1, yaaJu= 2070,

The Mellin integral computes the connected part of the four point function. The integral
is to be taken with a deformed contour C’ that differs from C as indicated by the arrows
in figure 2.4.

Generically, (000) « Cppp # 0 and we also need to deal with the pinches at
(712,713, 714) = (%, %,0) and permutations. In order to remove these pinches, we
consider the following function

A
2

>s
o=
—~
<
~—
+
G\

5 B - _ _A u
F(u,0) = F(u,0) = (1+u " +07*) = Choo [u Sa0() + 738y (5)}

(2.35)

3a,

The corresponding K-function K(712,714) does not have poles at y1p = A/2 or Y14 =
A /2. This means that the contour C’ can be shifted as indicated by the arrows in figure
2.4. Thus, we can write

d712 d,)/M V. —T2H V14
2.
F(u,v) //, 27 2711 (712,714)+5M(712,%4)) w2y (2.36)

where M is obtained from
14 1d
OK(712,714) = — / = / 29 ymagma [1 +uh +v‘ﬂ (2.37)

Ldu 1dv _a A _a u
Choo [ o [ Sumons [u-dglh o) +o gy + o 2gl} (£)] -

The first integral is elementary. The second integral converges when Re[v12, y14] > %.

Using

5)°I(A)
)* '

(0)

gA,O(v) = (2.38)

/c+ioo ﬁv—sr(s)zr(%
c—ico 27T1 F(

N[>
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Analytic properties of Mellin amplitudes

with0 < ¢ < %, we obtain

(2.39)

1 1 1 cFico g
O0K(v12,714) = — 2 /
C

y2r1s (12— A)11a y2(na—8) 999 )i 27
T(s)2T(4 —s)2T(A) ( 1 1 1 1 1 1 )

X + +
r(z)* 712—*714_5 714—*712—5 712—57144—5—%

—
N>

with Re[y12, 714] > %. We can then explicitly compute 7

SM(v12,714) = 0K(712, 714) + 0K (712, 713) + 0K (713, 714) = 0. (2.40)

We conclude that the subtractions do not affect the Mellin amplitude but only the
integration contour. In particular, the subtractions in (2.35) did not remove the poles
aty; = 5 > (for i = 2,3,4) from the Mellin amplitude. This happens as follows. The
function K('yu, Y14) = K(712, 714) + 6K(712, 714) does not have poles at y1p = A nor
atyu = 5 A like the original K-function K(712,714). However, K(y12,714) has a pole at
Y13 = % that was not present in K(7y12,¥14). The same mechanism happens for the other
subtractions in (1.19). The exception being the exchange of the identity operator (or
disconnected piece) that does not give rise to any poles in the Mellin amplitude.

In the end, we can simply write

d’hz d’)/M / —Y127y Y14
. 241
F(u,v) /// i 27t M(v12, v1a)u (4 ( )

Therefore most of the subtractions that we encountered in the straight contour for-
mula (1.19) can be neatly absorbed into the deformation of the contour of integration.
Moreover, the argument in this subsection is valid even if the straight contour formula re-
quires an infinite number of subtractions with unbounded spin. In section 8.1, we show
examples of such deformed contours for correlators in 2d minimal models. If there are
special relations among the scaling dimensions of the theory such that 7; + 7; + 7 = 4A
for some trio of operators, then there are extra pinches in the limit € — 0 that must be
analysed. This is relevant for perturbative CFTs. In appendix E.3, we confirm that our
general discussion works in the critical ¢* theory in d = 6 + € spacetime dimensions to
first order in €.

7To see this write s = % +ixin (2.39) and integrate over real x. Then decrease the real part of 1, and

714 from bigger than % to the neighbourhood of the crossing symmetric point 1, = 14 = %. This can
be done without any pole of the integrand crossing the s-integration contour. Finally, sum the 3 6K’s and
observe that the total integrand is an odd function of x.
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€] Unitarity properties of Mellin am-
plitudes

3.1 Introduction

In this chapter we analyze constraints on the Mellin amplitude coming from unitarity
(or the OPE expansion) and boundedness of the correlator in the Regge limit [30, 36].
The OPE expansion dictates the form of the residues of the Mellin amplitude M(y12, Y14)
which are given by the Mack polynomials [3]. Bounds on the Regge limit restrict the
rate of growth of the Mellin amplitude as one of its arguments becomes large.

3.2 OPE expansion

The OPE expansion states that we can write the correlation function as a sum of confor-
mal blocks with positive coefficients

Fu,0) =u™® Y C2g0)(u,0). (3.1)

7,]—even

As before it is convenient to write each conformal block as a sum in the powers of u [37]

8vy(u,v) = %Z e (v
g9 = (-1)(1-0) 2F1(§+],%+],T+2],1—v). (3.2)

From the definition of the Mellin transform (1.3) it is clear that powers of u will lead to
the poles in 1, dictated by the twists of the exchanged operators. In particular, a single
primary operator with twist T introduces an infinite series of poles at

T
Y12, Y14, Y13 = A — 5~ m, m=0,1,2,.., (3.3)
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Unitarity properties of Mellin amplitudes

where m is precisely the same m that appears in (3.2). Our next task is to fix the residue
of the Mellin amplitude at a given OPE pole so that it reproduces the OPE expansion
(3.1).

To make contact with [29], where this question was investigated in great detail we
introduce Mellin-Mandelstam variables

t=2A =21,
5= 2(’)’12 + Y14 — A) = —2713. (3.4)

In terms of these variables the residue of the pole takes the following form

C2, Q54 (5)
o SnSnm _
M(s, t) ~ [ (t+2m) +.., m=0,12,..,

Qi (s) = —K(t,J,m) Qjm(s), (35)
where Q]A,;;'d(s) are Mack polynomials in s of degree J. K(A,],m) is a non-negative
kinematical pre-factor!

2l (t+2))(t+]—1 1
K(t,],m) = ( )T<+2] ; J y 5. (36)
2T (=) m(T+]— %+, (A—F—m)

One feature worth mentioning is that K(7, J, m) has double zeros at the position of double
twist operators T = 2A + 2n. This will play an important role in the consideration of
dispersion relations in Mellin space below.

3.3 Properties of Mack Polynomials

Mack polynomials have many remarkable properties. Let us review some of them
(we are largely following [29]). Similarly to Legendre polynomials Mack polynomials
satisfy [29,38]

Qjin(s) = (-1 Qj(~s — 7 —2m). (37)
For m = 0 they are related to continuous Hahn polynomials
2] (z)2
vdgy =~ (2] _ _q 5. T
Qo) = =), RS T L5551 (3.8)

Higher m polynomials can be computed recursively, see formulas (J.4) and (J.5).

INote a difference by a factor of 2J compared to [29] due to the normalization of conformal blocks that
we adopt in this thesis.
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3.3. Properties of Mack Polynomials

In the large s limit Mack polynomials behave as follows

. Atdiy o] J-1
slgg Qpy(s) =8 +0(s' ). (3.9
This goes along well with the flat space scattering and s being the usual Mandelstam
variable. Indeed, given an exchange Witten diagram in AdS, its asymptotic behavior for
large Mellin s is controlled by the spin of the exchanged operator.

Another limit which is relevant to the flat space limit is s, T, m > 1 with | fixed. In this
case we get

I (42 [ 3+m+s
Qm@)zmﬂm+rﬁcﬁ)<fz>+m. (3.10)
' m(m+ 7T)
This asymptotic of Mack polynomials is relevant for recovering the flat space scattering
amplitudes.

Mack polynomials have interesting positivity properties. We observed that for even |
and for general s, T, m Mack polynomials are non-negative for

5 mts| > \fmm+ ), (3.11)

which again generalizes the familiar property of Gegenbauer polynomials that emerge
in the flat space limit (3.10). We would like this to hold for any m and any 7 that satisfies
the unitarity bound. Indeed, we observed that

Q)20 >0, n=>0. (3.12)

This again parallels a famous property of Gegenbauer polynomials familiar from the
S-matrix bootstrap considerations [39]. We observed it by studying many particular
examples. It would be of course better to prove it rigorously. We will use this property
in our considerations of Mellin space dispersion relations below. It would be also
interesting to understand more refined positivity properties of the Mack polynomials in
the spirit of [40].

Another interesting limit is ] > 1 with all other parameters being fixed?
I ]—s—T+%

22]+7 ]s—&-% »
- \/EFZ(A—%) r2(s+Tr) +(_1) W_%)"‘O(] ) : (3.13)

We will use this asymptotic below in our considerations of the double twist operators in

Q7i(s)

Mellin space. See appendix ] for further notes on this.

2This limit is very different from the corresponding limit of Legendre polynomials that appear in the
description of the flat space physics. It is responsible for intrinsically AdS effects, see appendix B in [41].
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Unitarity properties of Mellin amplitudes

3.4 Boundedness at Infinity and the Regge limit

Let us understand the behaviour of Mellin amplitudes at infinity. The relevant limit
to consider is the Regge limit s — oo, f - fixed. As explained in [29] this limit of the
Mellin amplitude controls the Regge limit of the correlation function. Thanks to the
OPE it is very easy to bound the Regge behaviour of the CFT correlation functions both
nonperturbatively [30] and in the planar limit [36]. This leads to bounds on the Mellin
amplitude M(s, t) that we review in this section.

To describe the Regge limit consider a Lorentzian time-ordered four-point function
E(t',p) = (T[V(x1)V (x2)W(x3)W(x4)]), (3.14)

where we restrict points to a Lorentzian plane and choose the following light-cone
coordinates (x* = t + x)

xf[ =41, xzi = 7F1, xsi = :Fepit,,x;tt = JePEt (3.15)

see figure 9.1.

Figure 3.1. Kinematics (3.15). The Regge limit corresponds to taking ¢ — oco. In this limit
2
x5, — 0.

In the Regge limit the cross ratios take the following values

u=0% v~1-20 coshp, o= 4ot (3.16)

As we increase t/, x%4, x§3 become time-like and o — 0. All other distances are space-like.
The ordering of operators implies that we analytically continue v — ve?™ around v = 0.
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3.4. Boundedness at Infinity and the Regge limit

Unitarity and the Euclidean OPE then imply that in any CFT [30]

. F(7,p)
v/ < .
P Fe(0,0) S G17)

where Fjisc = (T [V(x1)V (x2)]) (T [W(x3) W (x4)]).

In the context of the Regge limit in large N CFT, [36] considered f(t,p) = Ff (‘i}f L) and

showed that the correlator obeys

W <1+ Oe~2(10)) (3.18)

fort > tp = O(1).

Let us see how this comes about from the conformal Regge theory [29]. Assuming that
the leading Regge behavior comes from a pole,® we get the following behavior of the
correlator in the Regge limit

fltp) =1=2m [% dva(v)ell-1ty, (o) + ..., (3.19)

where &(v) is related in a specific way to the product of the three-point couplings
cyvo,cwwo, with O; being the operators of the leading Regge trajectory and j(v) =
j(—v). The integral over v is then evaluated via a saddle point at v = 0. The location of

the saddle at v = 0 follows from convexity properties of the Regge trajectories.

In the language of the Regge trajectory j(v) the bounds (3.17) and (3.18) imply that

jran(0) <1,
jplanur(o) <2, (3.20)

where jz,;;(0) is the leading Regge trajectory in the finite N CFT, whereas j,jq4-(0) is
the Regge trajectory of the single trace operators in the planar theory. The bounds can
be also generalized for non-zero complex v’s, see [42—44].

Let us now consider the Regge limit s — oo of the reduced Mellin amplitude M(s, t).
For simplicity we consider identical operators Ay = Ay = A. The relation between the
correlator in the Regge limit and the Mellin amplitude in the strip of holomorphy was
worked out in [29] with the following result

2 t—2 N
Fo(T,0) = / Z&fr (A—;) / dxM(Rels] +ix, 1) (3) e 0he 1 (321)
FT

Uc

3Having a more complicated singularity in the J-plane, say a cut, does not change a discussion since it
only affects the sub-exponential terms.
4Convexity of j ful1 (v) has been proven in [42]. Convexity of jphma,(v) is simply assumed here.
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Unitarity properties of Mellin amplitudes

where the integration contour is the straight line along the imaginary axis with

uCFT : Toup < Re[t] < Ts/ub ’
Tap — 20 < Re[s] < 1, —2A,
7/, —2A < Re[s] +Re[t] < 2A— Ty . (3.22)

sub

We also suppressed terms that are subleading in the Regge limit.

Consider next the leading Regge pole contribution to the Mellin amplitude [29]

o V) 4 (—s)iv)
M(s,t) =~ / dvﬁ(v)wvrj(v)(t)w—i—..., (3.23)

. sin (7j(v))
where B(v) is related in a known way to &(v) in (3.19). The function w, ;(t) is given by

.4 o o o
o (t) _ I—.(ZA\/‘FIZJHV*Q)I-'<2Aw+]2+ll/*§)F<2Av+12*ll/*§)I-.(ZAW+]27W,§)
v,] 8L (iv)T'(—iv)
d; i
1 G )
T(Av = 5)T(Aw = 3)

(3.24)

As reviewed in the previous section as we vary t the Mellin amplitude should exhibit
poles at the positions of the physical operators. Let us review how they come about
in (3.23) for the operators on the leading Regge trajectory. This expression has poles
whenever j(v) = 2Z. Recall that j(v) = j(—v) describes the leading Regge trajectory
A(J) and is defined via

V2 + (A(]’(v)) — g)z =0. (3.25)

Therefore, say for j(v) = 2 which corresponds to the stress tensor we have A(2) = d and
v = +i%. Furthermore B(v) has poles at the locations (3.25).

At the same time w, i, (f) has poles at t = 2Z>¢ + 4 — j(v) £ iv. These poles collide
with the poles of f(v) when t crosses T + 2m, where T is the twist of a physical operator
with spin j. In this way (3.23) generates the expected poles in .

Let us next plug (3.23) into (3.21). We get

~ o0 2i(v)
foun(T,0) = 7T/ dvB(v) i)

oo sin 7Y

dt ot ) IGv) +t-1)
/u ik (AV 2) r (AW 2) 2coshpymr1 vl (1)

g1-iw) (3.26)
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3.5. Extrapolation

We next deform the ¢ contour to Re[t] = 0. As explained above in doing so the v-contour
develops pinches at the position of the physical operators. These are precisely the
operators with 0 < T < 7, which cancel the subtractions that we made in defining
fsup-> After deforming the contour to Re[t] = 0 and doing the t integral we arrive at
(3.19) as shown in [29]. We should again contrast the Regge behavior of the Mellin
amplitude which is controlled by the large s behavior and the subtractions that originate
from the poles in ¢.

After reviewing the relation to the coordinate space Regge limit, let us come back to
the expression in Mellin space (3.23). As usual we assume that in the Regge limit the
v integral is dominated by the region v = 0,° and therefore we can use bounds on j(0)
(3.20) to bound the growth of the Mellin amplitude.

An important question is for which values of Re[t] this argument holds? Above we
made it for Re[t] = 0. As we increase Re|t] the integral over v can develop a pinch as
we reviewed above and will not be dominated by v = 0 anymore. The relevant pinch
corresponds to | = 2 operator on the leading twist Regge trajectory, which for identical
operators is the stress tensor, namely Re[t] = d — 2.

Taking into accounts bounds on j(0), in that way we get the following conditions on the
Mellin amplitude

lim  [Mg(s,t)| < cls|, Relt] <d-—2, (3.27)
|Im[s]|—c0

Hm  [Mpianar (s, )] < cls|?, Re[t] <d—2,
|Im[s]|—o0

where in writing the planar bound we implicitly allowed for slower than a power
growing corrections. In terms of 7;; the bound corresponds to Re[y12] > A — ”12;2 as we

send Im[y14] — o0.

3.5 Extrapolation

The bounds in the previous section were derived only in the limit Im[s] — o0, or
equivalently arg(s] = 7, however we would like to relax this condition and apply the
Regge bounds for any arg[s].” As we change arg|s] away from +Z in principle some
sort of Stokes phenomenon might occur. Here we assume that for physical correlators

SStrictly speaking this only refers to the operators on the leading Regge trajectory in the analyticity in
spin | > ]gegge region.

6This is not always true. For example, in the minimal models the trajectories are exactly linear and the
integral is dominated by the closest pole in the upper half-plane.

’For arg[s| = 0, £71 we understand them in the tauberian [24,45] or averaged sense. Indeed for these
values of the arguments the Mellin amplitude has poles, however if we average the Mellin amplitude over
s then we assume that the Regge bound still hold.
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Unitarity properties of Mellin amplitudes

this does not happen and the Regge bound that we found along the imaginary axis
holds everywhere in the complex s-plane.® At the same time as we observed above it is
important to keep Re[t] in the region of holomorphy.

In this way we arrive at the following Regge bounds for the Mellin amplitude

. d—2
lim  [Mpgi(712, 714)| < €712, Re[yia] > A — ——,
[712]| 00 2
, , d—2
m  [Mpanar (712, 714) | < €l712|°, Re[yig] > A — ——. (3.28)
[712]| =00 2

Again we will assume that for arg[y12] = 0, £7 the Regge limit is still bounded in the
averaged sense that the corresponding dispersion relations will converge. Imposing that
the Regge bound holds at the crossing symmetric point leads to § > A — ‘12;2, which
gives us the Regge lightness condition

A<Zw—a, (3.29)

for the four-point function of identical operators. If we were to consider heavier op-
erators we expect the Regge limit, for 14 around the crossing symmetric point, to be
dominated by subtractions. For simplicity below we will restrict our bootstrap analysis
to the case A < 2(d —2).

8This is consistent with all examples that we know, but of course it requires a proof.
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Polyakov Conditions

4.1 Introduction

At this point the reader might be perplexed by the following two facts. On one hand,
we have the crossing relation for the full correlator

Fo)=u™ ¥ Ceowo)=ov Y Cgolou)=Fou), @)

T,]—even T,]—even

where the full correlator is reproduced by either the s-channel exchanges, or by the
t-channel exchanges. On the other hand, we have the formulas (1), (2), where only the
connected correlator is represented via a Mellin transform. Moreover, as we explained
in the previous chapter, the Mellin amplitude has poles at the position of all operators
(except the identity operator) designed in precisely such a way to reproduce the OPE
expansion (4.1). Therefore, we seem to be running into a paradox: closing the, say 712,
integration contour in (1), (2) would produce the full correlator, instead of producing
the connected correlator only!

This confusion is related to the subtle nature of the twist accumulation points that we
are bound to cross when trying to run into the paradox above. As we will see in the end
everything is consistent, however the fact that the Mellin amplitude correctly reproduces
the full correlator does lead to some subtle and nontrivial conditions on nonperturbative
Mellin amplitudes, which we call Polyakov conditions [46]. Indeed, in spirit they are
the same familiar conditions from the Mellin-Polyakov bootstrap program [8,9,47].
However, we will see that the nonperturbative nature of the Mellin amplitude makes
them much more subtle.
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4.2 Reproducing the identity

Let us try to run into the paradox described above. We assume that the lowest twist Teap
after the identity obeys % < Ty, < 24, so that the only subtractions in (1.19) are the
disconnected parts of the correlator. Consider then the straight contour formula

- - dy12 dyia 4 _ _
F(u,v) = 14+ u A—i—’(’) A +/ eyl , u"M2pTT4
(1,0) ( ) Re(712)=Re(714) 27ti 2718 (712, 714)

(4.2)
Now keep the 714 contour fixed and deform the 1, contour to the left picking up the

poles. Assuming that the resulting sum over residues converges and exchanging the
sum and the 714 integration we get

F(u,v) = (1 +u b+ U’A> (4.3)
= _A4I dyia _ -
PR LI [ RS oM )

where T are the twists of the primary operators and the sum over m is a sum over
descendants. As we explained in the previous section the residue is given in terms of
OPE coefficients and Mack polynomials (3.5)

Y T T
(4.4)
A factor of —% in front comes from the fact that we take the residue in 7, see (3.5).

Notice that the contour Re( Y14) = falls in between the series of poles produced by the
Gamma functions (since -5 T Re(’yl4) +m > 4 > 0). Therefore the Mellin integral just
reproduces the collinear blocks as required by the OPE. Thus, we find

_ = dys _
Flu0) = Loy o) + (o) + D [ g TR, 49

where
Ru(714) = Resq = uM (7112, 714) - (4.6)

Given that the first sum already gives the full correlator, the other two terms must cancel.
This gives the Polyakov conditions

_ d714 _
14+072) + / TR 0 4.7
( ) Re(714)=4 27‘[1 o(714) = (47)

and R, = 0 for n > 0. However, clearly (4.7) is impossible to satisfy. Indeed, 1 + v A
does not admit the usual Mellin representation as required by (4.7).
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4.2. Reproducing the identity

The resolution of this apparent paradox lies in the fact that our assumption about the
convergence of the sum over 71, residues for Re[y14] = % does not hold. To see this we
note that the relevant divergence comes from the large | fixed T operators which are
controlled by the light-cone bootstrap [16,17]. To leading order we can therefore simply
use the mean field theory OPE data together with (3.13) to get !

—;( CoEap)? Q]o (714)T2(114)2 <% - 714) I <A - %) (4.8)

__4 2(A=714) T2 271472

_FZ(A)]<] T2(y14) + J24T2(A 714)+...) L oo, T 24,
where we omitted the terms that are suppressed at large spin J. Note that the sum over |
of the first term in the brackets in the second line of (4.8) converges only for Re y14 > A,
while the second for Re y14 < 0. Therefore, if we try to evaluate the Mellin integral by
closing the 712 contour we run into a divergent sum for any value of 4.

The resolution is that we should first deform (4.8) into the region where the sum con-
verges. Indeed, let us first deform the contour in the first term (4.8) to Rey14 > A and
in the second term to Re 714 < 0. This makes the sum over | convergent and thus we
can exchange the order of the sum and the integral. One way to do it is to split the
Mellin amplitude back into the K-functions such that two powers of | in (4.8) appear
in different K-functions. We then first deform the 14 contour before closing the 1,
contour, essentially going back to (2.7). In doing so we encounter extra poles which
cancel the disconnected piece and in this way the double counting is avoided.

A simpler way to see it is to note the following. To ensure the convergence of the integral
we would like to deform the 714 for each of the two terms in (4.8) to the region, where
the sum over | converges. Let us start with the second term. In this case we would like
to deform the Mellin integral to the region Re 14 < 0. It is easy to see that in doing so
we encounter a pole. Indeed, };_cyen % JPe ~ — 47%. The residue of this pole produces
—1. Similarly, in the first term when continuing to the region Re 14 > A we encounter
the pole at 714 = A with the residue being precisely —v~2. We see that by deforming
the 714 region so that the sum over the ;5 residues converges we precisely canceled the
disconnected piece.

Let us quickly check that the deformed integral indeed correctly reproduces the expected
light-cone singularity in the dual channel

> 4 1 d’)/14 2 2
5f(u,v) :/ IR PTT2 (A — )0
Re(714)<0 ]>]0Jz_even I2(A) ] 2711
+ 4 1 dr)/l4 ]Z A ’)/]4)1"2(,.)/14) —Y14 + .

Re(714)>4 J>Jo,J—even ( )] 27

1Since we are looking at poles accumulating at 1 = 0 when | — co we can use 13 = A — 714.
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Both integrals converge. They give

] 8]—1+2A

Sf(u,0)= ) (vAKo(\;E) + KO(Z]\@)> + ... 4.9)

J>Jo,] —even FZ(A)

Since we are interested in the small v asymptotic we can turn the sum into an integral.
The fact that we sum over even ] produces an extra factor of 1 and we get

) 4 d o 8Ky 2/ 1k 2]V
fno) = 4 [ g (oK) + K@iV )+

= 1—|—ZJ_A+... (4.10)
as expected.

Below we devise a toy model which demonstrates the issue discussed above in a simpler
and more controlled setting.

4.3 Toy Model

We can illustrate the general ideas discussed above in a specific example. Consider the
following function

=e " Z u1DeTo, (4.11)
J=1
where limj_,« (J) = 0. This mimicks the accumulation point in the # — 0 OPE channel.

In the dual channel we have the following asymptotic

efu

f(u,v) = +..., v—0. (4.12)

[%

We can now compute the Mellin amplitude

* dudo ad

W”mvmf(”ﬂf) =T(n4) Y J T (12 = v(J)), (4.13)
=1

M(712,714) E/o
For Re[y12] > v(J), V] € N and Re[y14] > 1. As expected the Mellin amplitude has a

pole at 14 = 1, namely M ~ F(%zl) which is of course consistent with (4.12).

We can also easily write down the expression for the analytic continuation of the Mellin
amplitude to Re[y14] > 0

o]

M(712,114) = T(712)T(114)Z(7114) + T (714) ZI T4 (T (2 —v(J)) —T(712)), (4.14)
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4.3. Toy Model

where {(x) is the Riemann zeta function. Here we assumed that y(J) — 0 at large ] not
slower than %

We can write the inverse Mellin representation

f(u,z;) = d’)’u/[ | wu*%zv*’hqq(,yu,,yu) (4.15)
Re[714

/Remzmm 27t >1 2710

<’ 712 AYia o o s
+/ 7/ —u 'lev ’)’14M , )
v Re[y12]>7(]) 271 Jo<Re[yi4]<1 27T (712, 714)

where in the second line we deformed the contour to extract the leading singularity in
the dual channel (which is analogous to the disconnected piece of a CFT correlator).

Now let us try to evaluate the Mellin integral by closing the yq»-contour. As above we
can write the contribution of the physical operators as follows

[ee]

1"(714) Z ]*’71414*’)’(])_ (4.16)
J=1

If we are to blindly exchange the sum and the 74 integral we would run into the double
counting paradox as in the section above. The resolution of course is that the sum (4.16)
converges only for Re[y14] > 1. Therefore, we can only close the 1, contour in the first
line of (4.15) and the double counting problem does not arise.

We can also use (4.14) to write for the residues as we deform the 1, contour to Re[y12] <
0

I'(714) (@(714) + Y ] (LFWU) — 1)) . (4.17)
=1
Note that the expression above is formal in the sense that strictly speaking as we

deform the contour we separately get Y5 ; J~"4u~7") and — i, J~"4. However for
0 < Re[714] < 1 only the combined sum is well-defined.

Plugging (4.17) into (4.15) and expanding it up to O(u) we get

1 1 1) &
— — R _’Y(]) — _U]
F(u,0) ~+ <ev — U) +}; (u 1) e 1. (4.18)
= Z u " De=vl 4, (4.19)
=1

where evl—l — % is the Mellin transform of T'(14){(714). Thus, we see that again the

double counting problem does not arise.

We can now ask what is the behavior of the Mellin amplitude close to the accumulation

point. To this extent following the analogy to the light-cone bootstrap let us set y(J) = ]i,

51



Polyakov Conditions

0 <a <1and B > 0. For simplicity we can also consider an integral instead of the sum
to get

Zpl(llmlwli)
M = / Ay = 715 — _ﬁl) 12/ Refy] >1.  (420)
JP

This has the following behavior close to the accumulation point (we can approach it
from the regular direction which is arg|y12] # 0)

1-714

- a\ P 1
lim M= —> —— +.., Re >1, 421
12|10, arg[112]7#0 B2 ( T2 sin 5 (714 — 1) [714] (4.21)

where we suppressed regular terms. Therefore the accumulation point behaves like a
branch point with the asymptotic controlled by the “large spin OPE data”. However,
for Re[y14] > 1, it is not a branch point because there is no monodromy, i.e. we can do a
contour integral around it (going in between the poles for 71, > 0) and the result is just
the convergent sum of the residues of the enclosed poles. Note also that in the region of
convergence, namely Re[y14] > 1 we have

lim M =0, Re > 1. 4.22
[712|—0, arg[y12]#0 T2 [714] ( )

which states that we do not have a double trace operator at 12 = 0. Below we will see
that this is the relevant condition for the nonperturbative Mellin amplitudes.

This complicated behavior has to be contrasted with the perturbative behavior. Indeed,

if we think of & = % ~ % — 0 we get order by order a very simple expansion

~ 1 e o
M = + + +..., (4.23)

T2(v1a—1) YL (va+B—-1)  YH(ra+28-1)

which is much simpler than the “non-perturbative” limit (4.21). Notice also that the
condition (4.22) is genuinely nonperturbative. If we try to plug the “large N ” expansion
(4.23) in (4.22) we see that only the leading term produces a finite result 1, whereas

the higher terms in & ~ NZ produce infinity.

4.4 Nonperturbative Polyakov Conditions

We are now ready to formulate the Polyakov conditions for nonperturbative amplitudes.
In light of the discussion above we consider the derivative of the correlator

—udyF(u,v) = u t+ /27m27m 12M(’le,’h4)”7%207%4- (4.24)
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Note that since —ud, (1 + ZJ_A) = 0 if we are to close the 1, contour we will not run

into the double counting problem described above. Correspondingly, close to the first

. . . To,0 Y0,0 . .
twist accumulation point 1, = A — [ 2]0'] =1 2]0" ~ ]Tgap which improves the

convergence of the sum over spins in (4.8).2 In particular, the sum over ] of both terms
in (4.8) multiplied by ]T%p converges for
Tgap
2

T,

> Re[y14] > A — 52”’”. (4.25)
Notice that our original assumption A < 37T, guarantees that there are allowed values
of 14 compatible with this condition.

To analyze the behavior of the Mellin amplitude close to the branch point we can use the
toy model from the previous section. As in the toy model example above, we conclude
that the presence of the double-twist trajectory makes y1, = 0 look like a branch point,
see (4.21). Similarly, we conclude that

. T T,
712 (Y2M(712,714)) =0, -3F > Re[yis] > A — %- (4.26)

lim
|712|—=0, arg[y12]#0 2

In other words, the higher spin tail produces a contribution which is softer than a pole.

Let us now translate this condition to a statement about the Mellin amplitude M(712, 714)
itself. Recall that due to the pre-factor I?(7y12)T?(7y13)T?(714) that relates M to M and
which has a double pole at y1, = 0 we can rewrite the condition above as follows

Tgap

T,
M(712=0,714) =0, 5 > Re[y14] > A — gzap, (4.27)

where we set 71, = 0 by approaching the accumulation point from any direction with
arg[y12] # 0. The condition (4.27) is the central result of this section. Note that the
non-perturbative Polyakov condition is very subtle. In particular, we cannot argue that
the Mellin amplitude has a double zero at y1» = 0 and similarly we cannot simply go
to the accumulation points with twists 2A + 2n. Finally, the condition is a genuinely
nonperturbative (finite N) condition.

4.5 More Polyakov conditions

With the same methods as in the previous section, one can see that close to the accumu-
lation point v, = —p,

713-4 714—4

M(712,713) ~ (Y12 + ) 5 4 (yia+p) w0 +O(p12 + p)?. (4.28)

2By [0,0],, j we as usual denote a family of the double-twist operators that approach twist 2A + 2n at
infinite spin.
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We conclude that the Polyakov conditions

M(y12 = —p,113) =0 and 0y, M(712 = —p,713) =0 (4.29)

can be imposed, respectively, in

T, T,
A—%<Re’yl3<p+ gz‘”’, (4.30)
A <Revyiz <p. (4.31)

These correspond to the red and green regions of figure 4.1.
V14 \
e 90\)
\\ - /(?/
/

_Db
Ab ~
'
Y12
2 -
N 4 ~ -
7 Fe

0

Y12 X =2 \

0
Y12

713/

Figure 4.1. The Mellin-Mandelstam plane. The axis at 120° ensure that every point on the plane
satisfies y12 + 13 + Y14 = A. The accumulation points 1, = —#n for n = 0,1, ... are shown in
blue. The region of convergence for sum rules with a function F with a simple/double pole at
one of these points is shown in red /green. Notice that the red region contains the green region.

Exact double twist operators We tacitly assumed that the s-channel OPE, or x3, — 0,
expansion of the correlator does not contain operators of twist T = 2A. This is the case
for the sum rules that we analyze in this thesis and in a generic CFT. More generally, we
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4.5. More Polyakov conditions

can have

M(v12 = —p,m3) = ap(713) and Oy, M(712 = —p,113) = bp(713)
(4.32)

if the s-channel OPE contains the derivative of the conformal block 0aGaa 421410 (14, V)
with nn < p, which contribute to the former, and conformal blocks Gya 4 2,¢,¢(#, v) also
with n < p, which contribute to the latter. This fact was recently discussed in detail
in [13].

Imagine we have an operator of twist T = 2A + 2n with n > 0 and spin / that appears in
the OPE. It is convenient to take 7 slightly away from this value and then take the limit
T — 2A + 2n. We can compute the behaviour of the factor M (712, 713)T?(712) close to

T

the pole at y1» = A — 5 — (p — n) where p > n. This gives

—3C2,007 (—27113) T
’le—(A—%—(P—”)) 2( —E—(p—n)>

2A+2n,d
2A+2n os p—n (—2713)

M(712, 713)T%(712) ~

) (4.33)
T—2A+2n Y2+ p
where
2A+2n d _ 2(a T
O (<2y3) = lim Qf 4(_2q13)T (A 5= (p n)>. (4.34)

This means that an exact double twist operator with T = 2A + 2n gives rise to simple
poles in M(7y12,714) at 712 = —p for all integer p > n. From this fact together with
limy,,——p [ (712) (112 + p)* = pl,z we conclude that the contribution of such an operator
to (4.32) is

1?2 .
ap(rs) =0, byims) = — BV, OB (2m),  pzu @3
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<] Dispersion relations

5.1 Introduction

After establishing the basic properties of nonperturbative CFT Mellin amplitudes we
would like to consider some applications. The strategy we adopt relies on all the prop-
erties that we established in the previous chapters. We use analyticity and polynomial
boundedness of Mellin amplitudes to write down subtracted dispersion relations. We
then impose crossing to simplify them and we finally impose the nonperturbative
Polyakov condition (4.27). The result of all this is a set of linear functionals that act on
the OPE data and give zero.

These functionals have some interesting properties. They annihilate generalized free
field theory. They are non-negative for heavy operators and have double zeros at the
positions of the double twist operators [O, O], ;. We find that in this way they are
particularly suitable for studies of large N holographic CFTs.

We check the overall consistency of our construction by applying the functionals to the
OPE data of the 3d Ising model. After this successful and nontrivial test we move on
and apply them to some simple holographic theories.

5.2 Subtractions and Polyakov condition

For simplicity in this section we consider a limited class of CFTs in d > 2 for which
the analysis is particularly simple. We assume that the theory admits a scalar primary
operator with dimension A and the twist gap g,y such that A < %Tgap. As we argued
above in this case we can write down the Mellin representation for the connected
correlator with the straight contour

dy1od e
Feonn(u,0) = /c W u=M20" 4T (412) T (714)°T (A — 112 — Y14)* M (712, 714)

59



Dispersion relations

T
C:A— gzap < Re(712),Re(714), Re(712) +Re(y14) < %-
(5.1)

Furthermore, we shall assume that 7g;, = d — 2 corresponds to the stress tensor operator.

Let us consider dispersion relations for the Mellin amplitude M(7y12, 713, Y14), where
Y12 + Y13 + 714 = A, at fixed 713. According to (3.28), the Mellin amplitude is bounded
by the linear growth |y1,| for fixed Re(y13) > A — T4qp/2. In particular, this includes a
neighbourhood of 13 = %. Therefore we can write the fixed -y13 subtracted dispersion
relation as follows

M(712, 713, 114) _ [ ody 1 M(y,7113,8 — 713 — 7)
(12— =5 (e —3) S 2mr=—r2(r-3)(13-53) A =13 -7 %)

_ _M(%I’Yl:}/% _713) 1 4 1
(713 - %)2 Y12 — % Y14 — %
A
CZ]Q;m(,Yl?))
)13 — §) (A — 713—(A—% m) —

é
3

é

3

X +

<712—A+ T+ m 714—A+ +m>
(5.2

where the last expression was obtained by opening up the contour integral in the first
line and picking up all the poles in the v complex plane. In the last expression, we used
the fact that M (12, 713, Y14) = M(714, 713, 712). Crossing symmetry further implies that

M <§/’h3, % - 713) =G ((713 - ?)2> - (5.3)

We can solve for derivatives of G(x?) at x*> = 0 in terms of the OPE data. To do it we
evaluate the formula above as M(§ — x, 5, § + x) = G(x?), expand in x and solve for
derivatives of G. We should remark at this point that as usual doing subtractions in
dispersion relations is a matter of choice. We will comment on other choices below.

We next consider the nonperturbative Polyakov condition (4.27). More precisely, we
expand the condition M(0, y13, A — 713) = 0 around 13 = %. In this way, we get an
infinite set of equations the simplest of which takes the following form

Y. C2yaegm =0, & = aogm =0 (5.4)

T,],m
o 16A (t+2m—8)Q1(5) A Qm(8)
o= 3(t— 2 +2m)(t— 2 +2m) \ (t— L +2m)(t— %L +2m) 3T+2m—2A

where in the last line we explicitly wrote that the identity operator does not contribute
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to (5.4). In other words, we arrived at a particular set of linear functionals that act on the
OPE data. They have very interesting properties that we describe below.

First, note that Q;’,‘i have double zeros at the position of double twist operators [O, O], ;.
This directly translates to the fact that « ;,, have double zeros for T = 2A + 2n with
n > 1. Forn =0and | # 0, ap j,» has a single zero due to the extra pole in the second
term in (5.4) for m = 0. Therefore, generalized free fields automatically satisfy the sum
rule (5.4).

Second, we find that
&ejm =0, T=22A, JE2N, m>0, (5.5)

where the only zeros of aj,, for T > 2A are the ones at the positions of the double
twist operators described above. We elaborate on evidence for this claim (that we do
not prove) below in section 5.2.1. Therefore we conclude that the functionals above are
extremal (in the sense of [48,49]) for the following bootstrap problem: Find the maximal
value of Ty for which there exist a unitary solution to the crossing equations with all twists
T > 1 for all spins | (apart from the identity operator).

From the properties of the functionals described above it immediately follows that there
are no nontrivial solutions to crossing equations that satisfy 7p > 2A. For 19 = 2A the
only solution to crossing with this property is GFF. Note that in CFTs presence of the
stress tensor in the spectrum and unitarity bound for scalar operators immediately imply
this, see e.g. [17]. However, the claim above applies as well for non-local CFTs, say AdS
QFTs, which do not have a stress tensor.

We have to emphasize that we have not proven (5.5). But we did exhaustive tests to the
best of our knowledge. These include m = 0 and any spin and arbitrary m for low spin.
It would be helpful to prove (5.5) rigorously to put our results on a more solid ground.

Third, let us comment on the convergence of the sum (5.4). Using the standard results of
the light-cone bootstrap we can explicitly check the convergence at large |. We can also
check the convergence of the sum at large A and fixed | using the results of [45]. Note
that the contribution of the heavy operators to the sum rule (5.4) is suppressed like a
power of T independent of A, see appendix H.

Finally, let us mention that in the derivation above we can also find functionals that do
not rely on the Polyakov conditions, solely from crossing symmetry. As an example we
get

Y CZiBeym =0, (5.6)

T,J.m
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A d
N C I (0
v (t—%+2m)*  (t— 2% +2m)?
Pi = Poom =0.

One can easily check, however, that this functional does not have the crucial positivity
property (5.5). For that reason below we use (5.4).

5.2.1 Positivity of a;

Here we elaborate on our claim (5.5) above. We restrict our consideration only to the
relevant case of d > 3. Let us emphasize that we do not prove (5.5) but present evidence
for it to the best of our current knowledge. The reason being that computing high spin
Mack polynomials up to arbitrary spin | and checking positivity in the three-dimensional
parameter space of A, T, m is a computationally difficult task. Therefore, we could only
analyze (5.5) explicitly for low spins 0 < ] < 40, as well as for arbitrary spins in some
limits, namely the flat space limit and for collinear Mack polynomials m = 0.

Strictly speaking, what we care about is only the positivity properties of ar; = Y 1/_ &<, j,m
and not positivity of each descendant a,j ,, separately. In practice however we found it
much easier to analyze «aj ,, for fixed m. It would be very interesting to improve our
analysis in this regard.

We start by analyzing (5.5) for low spins, namely | = 0,...,26. The simplest way to
check positivity is to fix the external dimension to some particular value. Foreseeing our
holographic consideration below we can fix A = %(d — 2). Then setting d = 3 4 dd and
T = 2A + 0T we checked that all a+ j,, are polynomials in éd, 5T, m > 0 with positive
coefficients.! Similarly, as is relevant for our case setting A = ¢;5(d — 2) with % <5 < %
we checked that the same property holds for ¢; = 0.51,0.52, ...,0.74, for spins | = 0, ..., 16.
Keeping A general and writing A = %52 + § we observed that for | = 0,2, 4 the same
manifest positivity holds (this time polynomial also includes powers of §). However,
starting from | = 6 the polynomial is not manifestly positive. Restricting to particular
low values of A we have not observed any violations of positivity but the simple analytic
argument that we presented above does not hold in this case. One simple analytic check
in this more general case is to consider the m >> 1 limit. We computed such a limit for
the cases | = 0, ..., 12 and found that the functional is positive for any éd, 6T > 0 and

A > 432,

Another test of (5.5) is the flat space limit. Indeed, we consider m, T > 1 with % fixed. In
this case we can use (3.10) to evaluate the functional. The result is that to leading order

in the large 7, m it is proportional to C(%) _atm >0
8¢ T prop J m(m+1) -

Ind=4and A = % we checked positivity of the functional up to spin 40.
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Finally, we set m = 0 and used collinear Mack polynomials to perform the large | tests.
At large ], the leading contribution to the functional is given by

A% log(J)22A+0T+2]+5
VTST(2A 4 357T) (44 4 36T)T(— 55 )2T (% + ory2’

(5.7)

where we set T = 2A + 7. If 6T > 0, the functional is positive.

5.3 3dIsing

One example of the situation above is given by the correlator (cooo) in the 3d Ising
model, which has scaling dimension A, ~ 0.518 and where the twist gap is controlled
by the stress tensor 7g,y = 1, so that as required we have A, < %. We conclude that

1
C : Ar— 5 < Re(712), R

e(714),
Re(v12) + Re(714) < % (5.8)

and that the connected part of (cooc) in the 3d Ising model admits the Mellin represen-
tation with a straight contour

Flsmg( ) = 1+ u_AIT + U_Aa
dy1od
+ / 721;%4 w20 V4T (y12) T (114) 2T (Ar — Y12 — Y14)* M (712, 714)-
1
C : A,— E < Re(’hz) Re(’)/14) Re(’)qz) +Re(’)/14) < 5" (5.9)

Next we analyze the sum rule (5.4). We can rewrite the sum rule (5.4) as follows

- Z C%—/]lx-[,] — Z C%’]lx-[,]“r‘ Z C’%/[“T,]r (510)
T<2Ms,]>0,m T>205,]>0,m 7,]=0
Xt = Z Xt Jm s
e

where m is a sum over descendants. We see that the leading twist Regge trajectory is
mapped to the rest of the spectrum.

Using the results from [50] we get the following numerical values for some terms in the
relation above

0.0924 = 0.028968, +0.012122)_4 + 0.0291076<<30 + 0.022239
= 0.084569c +0.0018, ,jo<res + 0.0016, jacjen +0.0014; o +...(5.11)
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L T
0 5 10 15 20 25

Figure 5.1. Functionals a,, as a function of the twist 7. They are non-negative with double
zeros at the position of double trace operators 7, = 2A, + 2n. Different colors correspond to the
contribution of descendants labeled by m. The external dimension is set to its numerical value in
the 3d Ising model A, ~ 0.518.

0.2

01

24, T

-0t

Figure 5.2. When acting on operators with spin the functionals « j ,, are negative for operators
with twist T < 2A, and non-negative for T > 2A, with double zeros at the position of double
trace operators 7, = 2A, + 2n with n > 1. Here we plot the result for | = 2. Different colors
correspond to the contribution of descendants labeled by m. The external dimension is set to its
numerical value in the 3d Ising model A, ~ 0.518.
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2 4 6 8 10 12 14

Figure 5.3. Same as figure 5.2 but with an extended range of twists 7 plotted.

where we indicated explicitly the contribution of which operators we took into account.
In the first line we computed the contribution of | > 30 currents using the light-cone
bootstrap formulae from [50]. Similarly, in the second line for the higher spin tail of
[€, €]o we used the formulae from [51] and the contribution of descendants (terms with
m > 1in (5.4)). All dropped operators in the second line of (5.11) contribute positively.
Note also that the contribution of the heavy operators is only suppressed by a power of
A. We consider therefore a 5% difference between the LHS and the RHS for the included
operators to be reasonable. It would be great to check the sum rule above in the 3d Ising
model with a greater precision by including more operators in the RHS of (5.10).

Similarly, we checked that the 8 functionals (5.6) that do not receive contributions from
the scalar operators lead to reasonable numbers. We also observed that the 8 functional
sum rules are more sensitive to higher spin operators.

5.4 Bounds on holographic CFTs

Let us now apply (5.4) to holographic CFTs, namely a CFT with large central charge
cr > 1[52,53]. As the simplest example we can consider a free massive scalar in
AdS coupled to another field dual to a single trace operator Oy (for example, another
scalar field or graviton). We restrict our consideration to external scalars which satisfy
A< %T@St.

If we simply consider a free massive scalar in AdS the sum rule (5.4) is trivially satisfied.
Indeed, as we emphasized above axa 2,7, = 0. However, as we weakly couple our free
scalar field to another field it is not at all obvious that (5.4) is satisfied. As we emphasized
several times above the sum rule (5.4) is essentially nonperturbative in cr. For example,
in deriving it we used the nonperturbative Regge bound as well as Polyakov conditions.
Neither holds in perturbation theory in cr. This is in a stark contrast with [54] where
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perturbation theory in AdS was mapped to solutions to crossing perturbative in 1/cr.

Due to the nonperturbative nature of (5.4) we cannot simply expand it in _-. However,
we can isolate some parts of it which can be safely computed using the low—energy
physics from those sensitive to the details of the UV completion. To that extent we write
the sum rule as follows

2 2 _
C@st“T@st’]@st T ]ZOC[O/O}O,]“T[O/O]O,]’] +restyy =0, (5.12)
>

where the details of the UV completion are in resty;y which is non-negative due to (5.5).

We are, thus, left with computing the contribution due to the leading twist double

traces. Note that due to a single zero of the functional at T = 2A, to leading order in
1 1 . .

Cést ~ ¢ we get the result ~ (C%&O,])Z'y[@,@]o,] ~ ¢ with ] > 0, where 7|0 0j,, is the

anomalous dimension of double trace operators 2. The anomalous dimensions V0,0,

are observables that can be reliably computed using the low-energy theory in AdS.

Let us first consider an example when the external scalar is coupled to another scalar,
namely [, = 0. The contribution from the scalar exchange to the double trace operators
can be found for example in [55]. In this paper the relevant OPE data was computed for
all ] using the Lorentzian inversion formula instead of computing the relevant Witten
diagrams. In this case we numerically observed that the contributions exactly cancel to

leading order in -
cr

1
2 2
C@staAOsyO + ];) C[O,O]o,]aT[O,O]o,]'] +0 (2) =0. (513)

T
We provide more details on this calculation in appendix I.

Next we consider a scalar minimally coupled to gravity. In this case we can use the
results of [53,56] for the anomalous dimensions of double trace operators. One subtlety
in this case is that there is a contribution at | = 0,2 which is non-analytic in spin. In this
case, (experimenting across d and d 2 <A< d= 4-2) we find that

a(d,A 1
CT Xg—22 + ZC[OO X000, ] = <C ) +0 <c2> , a(d,N)>0. (5.14)
J>0 ' T T

The results for d = 4 and d = 3 are presented on fig. 5.4 and fig. 5.5 correspondingly.
See appendix I for more details on this. Therefore, we conclude that the rest of the sum

2The notation C2 ~ i is only precise if the exchanged single-trace operator is the stress tensor. In the
other cases, we thmk of 1 / cr as the square of the small cubic coupling in AdS.
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182 1.03 1.04 1.05 1.06 1.07 1.08

-4

Figure 5.4. We consider a scalar minimally coupled to gravity in AdSs or CFT;. We imagine that
the gravitational coupling is weak, or, equivalently, cr >> 1. The a-functional (5.4) can be applied
to1 < A < 1.5. We plot the sum given by (5.14). We find that the sum is always negative within
the region of applicability of the functional.

in (5.4) must give

A 1
restyy = Z C%]txr,] = M +0 (2> . (5.15)
J,T>2A cr CT

It would be very interesting to understand what operators produce this contribution.

Notice that the IR contribution is always negative. If it were positive in some window,
it would lead to the dramatic conclusion that a scalar weakly coupled to gravity is an
inconsistent theory in that window. In section (7.5) we explain why the sum rule gives 0
for scalar exchange, but returns a nonzero result for graviton exchange.
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¢ 0.64 0.56 0.58 0.60

Figure 5.5. We consider a scalar minimally coupled to gravity in AdS, or CFT3. We imagine that
the gravitational coupling is weak, or, equivalently, ct > 1. The a-functional (5.4) can be applied
to % <AL % We plot the sum given by (5.14). We find that the sum is always negative within
the region of applicability of the functional.
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6.1 Introduction

In this chapter we develop more systematically functionals derived using dispersion
relations in Mellin space and use them to study the four-point function of the funda-
mental scalar field ¢ in the Wilson-Fisher (WF) model in d = 4 — € dimensions [57]. We
reproduce and confirm previously known results up to order €%, as well as derive new
results.

The e-expansion of the Wilson-Fisher model has been studied using conformal bootstrap
techniques previously [58-61]. Most notably, in [8,9,47] a bootstrap scheme based on
the sum of Polyakov blocks in the three channels was proposed. This method was
used to obtain CFT data up to order €. It is unclear whether such a method holds
nonperturbatively, or if it can be used in the Wilson-Fisher model to extract predictions
to higher order in € [13]. In [62] the e-expansion was studied to order €* using the
Lorentzian inversion formula and large spin re-summation.

We use dispersive Mellin sum rules to derive the OPE data of low twist operators
perturbatively in the e-expansion. We confirm the predictions of [8,62]. Our procedure
is systematic and no assumptions of analyticity down to spin 0 were made. Furthermore,
we make some new predictions. These are

= The averaged OPE coefficients of twist 4 operators at order €, see table 6.2.

® The coefficient of ¢? in the ¢ x ¢ OPE at order €*, see table 6.3.
It would be very interesting to develop these methods further. This can potentially
enable the computation of CFT data at order €” and higher. Doing this requires a better

handle on the various sums and integrals that involve Mack polynomials that we discuss
below. We leave this for future work.
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6.2 Family of Functionals
We explore dispersion relations of the type

d
wr = ¢ ﬂM(%z, 713)F (712, 113) =0, (6.1)

2711
where the contour Cs, encircles 7y;p = oo and the rational function F decays at least as
fastas 1/ 'V%z at large y12. Different choices of the function F and different values of 713
lead to different sum rules after closing the integration contour using Cauchy’s theorem.

It is convenient to choose F to be a rational function with poles at special locations
where the Mellin amplitude vanishes (see chapter 4 on the Polyakov conditions). Such
choices lead to sum rules that only involve the CFT data (T and C; ;) and not the Mellin
amplitude itself.

All such sum rules have double zeros at the position of double trace operators T =
2A +2n, n € Z>( above certain twist 1p which depends on the choice of F in (6.1). Sum
rules with this property were called “dispersive” in [13].

Let us introduce a family of functionals that will be useful in the present chapter. They
are specified by a simple rational function F(712, y13) that enters into the sum rule (6.1)
and takes the following form

2
Y12+ p1) (712 + p2) (A — 12 — Y13 + p3)”

Epipaps (712, 113) = ( pi € Z>o . (6.2)
For fixed <13 and large 712 we have Fy, ;, p; ~ % and arcs at infinity indeed do not
1

contribute. We denote the corresponding functional wp, p, p, = WE, ,, .-

Using the Polyakov conditions (4.29) we get the following sum rule

o
_ 2 Thmo
Wppnps = 3, Crpwpiin, =0, (6.3)
>0,{,m=0

where w;ﬁ;m denotes the contribution of a given collinear family of descendants from

the primary operator with twist T and spin ¢ into the sum rule,

whbm = Qi (~271) (6.4)
P = T s~ pi— 56—+ ps— 3)
Qym(—2713)

T (A —mApi— 5 (s tmtpa+ )

Let us discuss properties of these functionals. First of all, these functionals are not all
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independent. Obviously, wp, y, p, = Wp, p,,p;- Moreover, it is easy to check that

Wpi,pa,pa = Wpi,papr- (6.5)

Next using figure 4.1 we can understand convergence properties of the functionals
Wp,,pr,ps- The dangerous contribution comes from the large spin double twist operators.
To discuss this it is convenient to distinguish two cases p; = p» and, without loss of
generality, p1 > po.

When p; = p» we use the subleading Polyakov condition in 71, which converges in
the green region in figure 4.1, we also use the leading Polyakov condition in 14 which
converges in the crossing transformation of the red region in figure 4.1. As a result we
conclude that

Wp,p,p; cONVerges when p > 1, p3 > 0, 713 € green region (6.6)

T,
& A < Reyz < min (p,pg%-%)

When p; > p, we use the leading Polyakov condition both in 71, and 714 which
converges in the red region (and its crossing transformation) in figure 4.1 so no extra
constraints arise and we have

Wp, pops CONVerges when py > pp, 713 € red region, (6.7)
T, T,
& A— % < Re 13 < min(py, p3) + ‘Zw (6.8)

The defining property of wy, p, », functional is sensitivity to the double twist operators
with twists T = 2A + 2n, where n < p;. Indeed, the Mack polynomials QZ’Z(—Z’ylg)
have double zeros at T = 2A + 2n, whereas the brackets in (6.4) have poles at T =
2A + 2(p; — m) which enhances the contribution of the corresponding double twist
families. See figures 6.1 and 6.2.

In our analysis of the Wilson-Fisher model in d = 4 — € dimensions below we will only
study the properties of the leading, n = 0, and the first sub-leading, n = 1, double twist
family of operators. This naturally restrict our attention to the functionals with p; < 1.
Together with linear dependence and convergence properties explained above it leaves
us with two functionals

w1,00, W1,1,1- (6.9)

71



€ expansion

W1,1,1

N :

>
2A 20 +2 2 A+4 2 A+6

T

Figure 6.1. A plot of the w7 | = Y%_owl™" functional as a function of the twist T of the

exchanged operator. We picked A = g, 713 = 3, = 2and d = 3. The plot is qualitatively the
same for other values. We sum in m from 0 to 50, since this is enough to have an accurate plot
of the functional. Notice that the functional does not vanish for twists T = 2A and 7 = 2A + 2.
However, it has double zeros for all T = 2A + 2n, for n > 2.

w100 W1,0,0

24 \/4 2800 T

Figure 6.2. On the left, a plot of the w; g o functional as a function of the twist T of the exchanged
operator. We picked A = 1.1, 713 = %, £ = 2 and d = 4. The plot is qualitatively similar for other
values. We sum in m from 0 to 50, since this is enough to have an accurate plot of the functional.
Notice that the functional has single zeros for twists T = 2A = 2.2 (though it is not very clear
from the left plot) and T = 2A 4+ 2 = 4.2. However, it has double zeros for all T = 2A + 2n, where
n = 2. On the right, we zoom in to the region around 7 = 2A, so that we can observe the single
zero at T = 2A.

6.3 Check with Mean Field Theory

In mean field theory (MFT), there are only exact double twist operators in the OPE ¢ x ¢,
where ¢ is the gaussian field. Therefore, the functionals wy, p, », annihilate every term of
the sum in (6.3) because the functions QZ’i(—Z’ylg,) have double zeros at T — 2A € Z>.
This conclusion is not correct if we choose p; = p» € Z>( because the double pole of F
at y12 = p1 cancels the double zero.

For concreteness consider the functional w1 ,. Using the MFT OPE coefficients, we
obtain
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6.3. Check with Mean Field Theory

22+24 2T (3 4+ A+ 0) Py(713)

VAT 1+ A — 915+ p) Z (d+20)2—d+4A+20)0T(A+(+1)’
(6.10)

Wiy = —

even

where

Py(m13) = (d+20)(L+ A)Qj; 284(_2013) + (2 — d+2A)(28 +20+1)QF, 28424 (_Dnv1a) .
(6.11)

Here we used the (non-calligraphic) Mack polynomials Q,", 4 defined in appendix J.1.
Notice that only the double-twist operators with twist T = 2 and T = 2A + 2 contribute
to this sum rule. The polynomial P;(7y33) inherits the symmetry Py(y13) = Py(1+ A —
713) from the Mack polynomials.

The large ¢ behaviour of the summand in (6.10) is given by

~ fmax(2A—2713—1,2713-3) i (6.12)

which implies convergence of the sum over ¢ for A < 713 < 1. In figure 6.3, we plot the
partial sums

ZI: 2T (3 + A +£) Pi(71)
173 H(d+202—-d+4A+20)0T(A+0+1)7

even

(6.13)

for several values of J. One can see that Sj(7y13) tends to zero when | — o0 if A < 713 < 1
and it diverges otherwise. Moreover, one can also check the large | behaviour

log S](’)’]g,) ~ max (ZA — 2’)/13, 2’)/13 — 2) log], (614)
in agreement with (6.12).

The knowledgeable reader may ask: how can we get a sum rule for MFT using Mellin
amplitudes? Indeed, the Mellin amplitude for MFT vanishes identically [63]. One way
to understand the success of the exercise above is as follows. Consider an interacting
theory with a continuous coupling A, such that at A = 0 we obtain MFT. The Mellin
amplitude is non-trivial and leads to the sum rules (6.3) for any A > 0. Then, one obtains
the sum rule (6.10) for MFT in the limit A — 0.

Let us now consider the functional

21+24 © 2T (3 +A+7)
VAT2(A)(A—yi3+p) = UT(A+L)

even

Qry 284(_2n43) . (6.15)

wo0,p = —
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J=10 0.30 D
! J=20 025 ©
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Figure 6.3. Partial sum Sj(713) defined in (6.13) for d = 3 and A = 2. On the left, one can see
that only for A < 13 < 1 the partial sum converges to zero as expected. On the right, we fix
Y13 = % and use a log-log plot to exhibit the large | behavior predicted by (6.14). The straight
orange line is a fit (to the points 20 < | < 60) with slope given by (6.14).

One can check that this sum vanishes for A < Re 13 < 0 in agreement with the general
formula (6.7). Notice that in unitary CFTs there is no convergence region for this sum
rule because A < 0 is forbidden. Nevertheless, we shall use the functional

(Jo,0,0

in the e—expansion by applying it to the difference between the CFT data in the interact-
ing theory and in MFT. This trick will give rise to a finite region of convergence for the
sum rule wy 0.

6.4 Setup for the e-expansion

The Wilson-Fisher fixed point in d = 4 — € spacetime dimensions contains the lightest
scalar operator ¢ of dimension A, and we consider the four-point (¢¢¢¢$) and the
associated CFT data which includes the following operators:

®» The lightest scalar that appears in the OPE ¢ x ¢. We denote this operator by ¢?
with dimension Ay and OPE coefficient Cyy.

® The leading twist operators j, (also called twist-two) with twist 7, and the three-
point function C;,. These are non-degenerate (there is a single operator for every
even spin ¢ > 2) and can be identified with the double twist operators with n = 0.

® Twist-four operators of even spin £ > 0. These are non-degenerate for ¢ = 0, 2 [64],
and degenerate for / > 4. They also include the double twist family with n = 1.
We will study their OPE data on average.

® Higher twist operators. These have twist six and higher when € = 0. We do not
say anything about these operators. They will not appear in the dispersive Mellin
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6.4. Setup for the e-expansion

sum rules to the perturbative order that we analyze them.

From the bootstrap point of view this model can be defined as follows. We start with
(ppp¢) being the mean field theory correlator in d = 4 — e dimensions. Next we assume
that the CFT data (scaling dimensions and OPE coefficients) depends on € as a power
series.

We then study the crossing equations perturbatively in €. Such perturbative solutions
to crossing were analyzed in [54] and they include infinitely many ambiguities due to
contact interactions in AdS. It is reasonable to conjecture that these are completely fixed
by requiring that at every order in € the correlator satisfies the nonperturbative Regge
bound and that the stress energy tensor is conserved. In particular, this means that we
can use the dispersive Mellin sum rules order by order in €.

Let us state our definitions. The known results for the OPE data in the Wilson-Fisher
fixed point in d = 4 — € and the relevant references can be found in appendix K.

We follow [62] and define the expansion parameter g to be the anomalous dimension of
¢?
Ap =20y + g, (6.16)
Then, the spacetime dimensionality d
d=4+a1g+arg® +asg’ +ag*+.... (6.17)

Using this equation one can find g as a function of € and vice versa. For the conformal
dimension of ¢ we write

d
By = —=+m(P)g+72(9)8" + 13(9)g> + 1a(9)g" + .. (6.18)

We will derive that v1(¢) = 0. So, the correction to the dimension of ¢ starts at order g2.
Similarly, we write for the twist of the twist-two operators

7 =28 + 11008 + 120708 + 13(0)g + maljo)gt + ..., £>2. (6.19)

We will derive that 1(jy) = 0. The twist of the stress energy tensor is protected
T, = d — 2. For the twist-four operators due to the degeneracy we only compute the
averaged values of the relevant OPE data

74,i(0)) = 20p + 2+ y1(1i(£))g+ ..., (6.20)
where i denotes various degenerate operators at ¢ = 0. We will only compute averaged
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moments of the twist-four anomalous dimensions as follows

T2 7" (wi(0) oo
LiCw .

(r(m(0)")

where the sum is over the degenerate operators. Note that ¢ = 0,2 operators are not
degenerate.

Concerning OPE coefficients, we define them relative to the mean field theory. In MFT,
the square of the OPE coefficient of the operator of dimension 2A + 21 + £ and spin £ is
equal to

2
1+ (1)) (A= +1) (),

Coy =
C T+ 1)T(n+1) (gw) A —d+n+1),(2A + £ +2n — 1), <2A—%+£+n)[

6.22)

where Ay is the dimension of the fundamental field and d is the spacetime dimension,
both of which are nontrivial functions of g.

We parametrise the OPE coefficients of ¢?, of the leading twist operators j, and the sum
of squares of OPE coefficients over degenerate twist 4 operators 74(/) as

Coo = Cgo x (14 c1(9)g + c2(9?)8” + e3(¢)8° + ca(9?)g* + ..),
C2 =G, x (1+alg+alingd +a(i)g +al)g +.),  6.23)
Y Chn = Chex (22(0) +b3(0)g + ..) ~ O(g),

respectively, where we plug Ay and d as functions of ¢ as above. In the last line we
emphasized that since in the free field theory Cﬁ>1, /| A=iz2 = 0 the twist four operators,
or n = 1, first contribute at order gz. Higher twist operators, or n > 2, first contribute at
order g*.

The quantities c;(¢?), c;(j¢), and b;(£) are to be determined using the dispersive Mellin
functionals below.

6.5 Order g°

Let us discuss the action of the functionals w o9, w111 and wp o at order g°. When ¢ = 0
the correlator (ppp¢) is the one of the free scalar field in 4 dimensions. The relevant
action of the functionals on mean field theory was discussed in section 6.3 to which
we refer the reader for the relevant formulas. In the following applications, we always
consider the difference between the action of the functionals on the Wilson-Fischer fixed
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point and their action on mean field theory.

6.6 Order ¢!

Let us discuss the action of w1 9 and wo 0. w1,0,0 has single zeros for the leading and
subleading twist trajectories, whereas it has double zeros for the other twist trajectories.
For this reason, the contribution of the twist 2 and twist 4 operators comes proportional
to their anomalous dimensions, whereas the contribution of twist 6 or higher operators
comes proportional to their anomalous dimensions squared. For this reason, twist 6
operators do not contribute at this order. Furthermore, the OPE coefficients of twist 4
operators vanish at order ¢Y. Thus, twist 4 operators do not contribute to wy g to first
order in g.

So, only twist 2 operators contribute at first order in g. Their contribution is given by

__ 2
(=24 713)
) 2€+2r(£+§)

- ; (—2+713)\/ET§5+1)2

evi

w100y = (QZ&'Z::%(—Z’YB) - QZ&'Z::%(—Z’YB)) (6.24)

(Q520 (=2713) — Q24 (=2m13) ) o)

The first line corresponds to the contribution of ¢? and the second line corresponds to
the contribution of the operators in the leading twist trajectory with even spin ¢ > 2
It turns out that the contribution of ¢? vanishes identically since Q;_ 2 *4( —2713) =

y {=0,m=0
Qa1 (=2713) = 1.

We will want to apply the orthogonality relation (J.8) to (6.24). The decomposition

QTZZ,d:4( ) QT 2,d= 4( ) + élil 27€1+€2+1r(£1)r(£1 + 1)r (62 + %)
tym=1 b,m=0 =0 T (61 + %) F(ﬁz + 1)2

Q54 (s) (6.25)

will be important. Furthermore, let us define

1= Z 7 71(je)- (6.26)

: + % Loht % T=2,d=4
a ;) ﬁm (gl - 2 gl Y1 (£1)> Qé,m:O (—2’)/13) .
(6.27)

Since the Mack polynomials are orthogonal (see (J.8)), every term in the sum over / in
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(6.27) must vanish. Then, the term with ¢/ = 0 implies that {; = 0. The term with / = 2
implies 1 (jy=2) = 0. The term with ¢ = 4 implies 1 (j;—4) = 0 and so on. We therefore
conclude that

71(je) =0 (6.28)

Conservation of the stress tensor implies that 2Ay + ¥ (ji=2) = d — 2. Expanding this to
first order in ¢ and using 1 (j;=2) = 0, we obtain

r1(¢p) =0 (6.29)

Let us consider now the action of wy . This functional does not vanish for the leading
twist trajectory, but it has double zeros for all the subleading twist trajectories. For this
reason only the twist 2 operators contribute to first order in g. We have that

| i 2031 (0 +3)
w = —
WO T (1 i) /AT (E+1)2

even

c1(je) Qp i (= 2713) (6.30)

41+ a(@?)

=2,d=4
(_1_1_,)/13) Qz—:(),m:()(_zlyl3)‘

The orthogonality relation (J.8) applied to (—1 + 713) x(6.30) immediately implies that

ca(¢?) =-1, c(jy) =0 (6.31)

6.7 Order ¢*

Let us consider the action of the w; o functional. At order g2, only ¢? and operators
in the leading Regge trajectory j, contribute. The twist four and higher operators do
not contribute, since their OPE coefficients start at order ¢ and the functional w; g
vanishes for the exchange of sub-leading twists.

The contribution of ¢? is equal to

Om —2+m(=14+73) + 713
Ly = . 6.32
Z $2+71,0,0 e (_2“’_713)(_1'{")’13) ( )
The contribution of the leading twist trajectory is equal to
Z 0], = i 2420 (0+ 3) (0 +1) Q0 204 (—2m13) — Q1= (=2713) ) 12 (je)
160 & (=2+713) (£ +1)/7T (£ +1)?
(6.33)
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Recall that 2 (j¢) is the anomalous dimension of the leading twist operators.

In order to extract the anomalous dimensions 2 (j;) we will use the orthogonality
relation (J.8) among m = 0 Mack polynomials. We will also use equation (6.25) to
decompose m = 1 Mack polynomials into m = 0 Mack polynomials. From the
sum rule (6.32) + (6.33) = 0 we can obtain several equations by multiplying it by
(=24 713)T2 (713) T2 (1 — 713) QZ;ZZ’%:‘L(—Z’YB), integrating over <13 and using the or-
thogonality relation (J.8). For even ¢ we obtain

_ ¢ [@at)miy)
_ VT ()T (E+1)2 A ) (g ~Lo= [WD

(L+1)T(0+3) T(€+1)
_ [ s 4+s S\?r (S T=2,d—4
_/1 ico 47T1 1+2—|—S>r<_2> r( ) Qfm =0 () (634)

270170+ 1)2 (04 1)20W (L4+1) — (0 +1)29p0 (H3) —4
VAT (1 (2+)1 (+17p (42) )+5g,0<1+a1>,
(+1)2T (¢+3)

where s = —273, V) (x) is the order 1 polygamma function and we compute the
integral above in appendix M. We also introduced the quantity

i (2£+1
; 7 £+1 (je)- (6.35)

14
even

¢

We treat { as an independent parameter from the anomalous dimensions, that we will
compute.

Furthermore, the orthogonality relation with respect to odd spin Mack polynomials is
also very useful. It is given by

_ 201+1 iy
e - i [ )
- T (6.36)
L0+ %)

VAR (20 (51) - (0 () -4) (6.37)
(+1)7T (¢+13)

We used the spin 1 equation to determine { = T—; —1.

Knowing ¢, then equations (6.34) can be solved in the following manner. The spin 0 and
spin 2 equations determine a; and 7 (2). The spin 4 equation determines 7y, (4) and so
on. More generically,

1

a1 = —3, ’)fz(jg) = —m (6.38)
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This agrees with known results.

Since we already know the anomalous dimensions of the leading twist operators, we
can fix the dimension of ¢ by demanding that the stress tensor has twist d — 2

272(¢) +72(2) =0 = | 72(p) = (6.39)

In order to compute the corrections to the OPE coefficients of the operators in the leading
twist trajectory, let us consider the action of wy . At order ¢? only ¢? and the leading
twist trajectory contribute. The contribution of ¢ is

Z C¢zw§ozoom o= 2< 20 26(9%) A =2)ris+ (113 =192 = 718) + 5>’

T3—1 73 -1 2(113 — 1)
(6.40)
The contribution of the leading twist trajectory is
0 221 (g 43 )
T = — 6.41
L CHettle = 2 1 Yy -1t 117 (o4
T=2,d=4 . . 1
X <ngo (=2713) | c2(je)r2(je) | 251(20) = 3S1(€) + ———+
4 2(£ + Q)

. d = =
+72(]/,)EQM2:’% 4(—2713)>,

The above series converges for 0 < Re(713) < 3. We determined c>(¢) and ¢ (¢?) in the
following manner. The series (6.41) contains a part proportional to cp(¢) and another
part proportional to 2 (¢). We have already determined > (¢) in the preceding section.
So, we can sum the part of the series (6.41) that is proportional to > (¢). In practice, we
used, from spin 2 to 100, the exact expressions for Mack polynomials and, from spin 102
to infinity, we used the approximation (J.21), (J.22) to Mack polynomials to sum the tails.

After doing this summation we can apply the orthogonality relation (J.8). We evaluate
such integrals numerically. Proceeding in this manner we obtained

e (¢?) = —1 (6.42)
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We also obtained c,(j;) for low spins. It precisely matches the formula'

S1(20) — S1(0) + 74

derived in [8], where
5
1
— 44
L 049

Thus far we have deduced the conformal data of ¢, ¢* and the leading twist trajectory to

order ¢2. Let us compute the OPE coefficients of the twist 4 operators at order ¢?, using
the wy 11 functional. The contribution of ¢? is equal to

AzOm a 2c7(¢?)
C2w =2 —
Z ¢? 111 g <713_3 Y13 — 3

n 2(713 —5)713((713 = 5)7113 + 13) + 85 N M (4 - ’)’13))
2(v13 —3)3(v13 — 2)? 2(vi3—3) /)

(6.45)

Of course we already know the values of a; and cy(¢?), we are just exhibiting which
CFT data matters for the action of w1 1 1.

The contribution of the leading twist trajectory is given by

2€+2r(€+§)
o= ZZ\F’m— 3)r (5+i)r(£+2)

even

E: :,T(
1,11
(=2

even

X (QZEZ—'?LL(—ZVB) <C2(]'z) + 712(je) (251(26) — 351 (£) + 2“1 57 Jlr -+ 1))

N R
+72(]£)EQe,m2:'d1 4(—2713)>

The contribution of the subleading twist trajectory is equal to

o (@) T ¢+ D) QL 2
ZZC 111 |g2— Z <_ Vit(yz =3)+1)(£+2)T(L+1)T (£ +2) )gz.

=0 1 (=0
even even

(6.47)

1At low orders in g, our work consists in rederiving known formulas, so we do not keep track of error

bars when executing our numerical procedure. However, when making new predictions, we were careful
with errors and we do present our results with error bars.
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Our goal is to compute the averaged OPE coefficients of the twist 4 operators, which
we call by(¢). For this reason we will use the orthogonality relation with respect to
m = 0 twist 4 Mack polynomials. (6.46) is a complicated expression, however we can
in principle evaluate it, since we already know all of the conformal data that enters the
expression. This involves summing tails, like before. After doing such a summation and
using the orthogonality relation (numerically), we managed to obtain b, (¢) at low spins.
Our results agree with the analytical expression

6

S (Y (649)

ba(6) = 1

derived in [62].

6.8 Order ¢’

Let us compute the order g* corrections to the OPE coefficients of the leading twist
trajectory. We assume the formulas for a; and 3(j,) [62], see appendix K.

We will use the wy o0 functional. The numerical procedure to extract CFT data is the same
as before. The action of the wy o functional allows us to calculate the OPE coefficients
c3(¢?) and c3(j;) at low spins. This precisely matches the analytic formulas [9]

esie) = 3(S1(6)=51(20)+52(20)) =2(S}(0) =S1(O)S1(20)+52(£))  3(E+3)(S1(20)— 51— (¢+3)S1(0)
3(je) = ((+1) 2(0+1)2

(6.49)

L (3) (6.50)

c3(¢?) = 1

0\\01

Let us turn our attention to the twist 4 operators. Let us apply the w1 o functional, in
order to obtain their first order correction to the anomalous dimensions. Since their OPE

coefficients start at order ¢, this means we need to study the w; ¢ functional to order

g

There are three types of contributions: from ¢?, from the leading twist operators and
from the subleading twist operators. The contribution of ¢? is equal to

2.l m _ 351(—713) Ye(6Y13 —3) | 2713(6(713 — 3)713 +19) — 19
Z ¢2w100 g3—_2 2 _ 3 2 2 _ 13 2+ 2 2
(')’13 713 + ) T3 — 3713+ 2 (’)/13 — 3713 + 2)

where we used the Euler Gamma constant .

82



6.8. Order g°

y1(7a(€)) Numerical Result | Analytic Expression (6.53)
=0 [3.000000 + (2 x 107°) 3 = 3.000000
(=2 | 133334+ (4x107°) 7 = 133333
(=4 0.6667 & (2 x 10~%) 2 = 0.6667
(=6 0.3872 + (6 x 107%) 3 =0.3871
(=38 0.250 + (2 x 1079) 1 = 0.250
=10 0.175+ (5 x 1079) 5 = 0.174
(=12 0.13+ (2 x 1072) & =0.13

Table 6.1. Numerical results for the averaged anomalous dimensions of the twist-four operators
v1(14(£)) at order ¢!, as well as the suggested analytic expression.

The contribution of the leading twist operators is equal to

i C2 wT@,E,O, S — Z < 241“@ + %) % (1’ (6)QT22’d:4(—2’y ) (6 51)
=R V(s — 22T (£ +2)2 7 =0 13 :

(=2
even even

3273T (04 3)

+r2(0) QT (~2713)) + NG - (adgﬁiﬂiﬂ(_hm)
—(1 4+ 02:Q A (—2ym3) + aTQz,;Z_ﬁ‘%—zm))),

where 71 (¢) and r,(¢) are written in appendix L.1.

The contribution of the subleading twist operators is

i . 2071 (0(€+3) +8)T (£ +3) iy
c2 (00 2 OT=44=4(_» _
2 Z w100 e = T L3 e ot g e M ROt (-2713)

(6.52)

Expression (6.51) is cumbersome and for this reason we did not manage to com-
pute 1 (7 (¢)) analytically. We computed 71 (74(¢)) through the following numerical
procedure: we can sum the series (6.51) and evaluate the orthogonality integral for
Qz;i'%:‘l(—Zvlg) numerically. The obtained results can be found in table 6.1. The inte-
grals can be evaluated extremely efficiently and the reported errors are not due to the
evaluation of the integrals. The errors are due to using the approximation (J.21) for Mack
polynomials at large spins, so as to sum the series (6.51). The preceding table agrees
with the expression [65]

n(@) = 0Ol = T e (659)
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bs({) Numerical Result
=0 | —29.99998 & (6 x 107°)
(=2 ] —375414+ (3x107%)
(=4 | —13029+ (8 x107%)
(=6 | —0.628+(1.5x1079)
(=8 —0.358 + (3 x 1079)
(=10] —0226+(5x1079)
(=12| —01524 (7 x1073)
(=14] —0.107+(5x1079)

Table 6.2. Numerical results for the averaged corrections to the three-point functions of the
twist four operators at order g>.

for the averaged anomalous dimensions of twist 4 operators.

Finally, let us consider corrections to the OPE coefficients of twist 4 operators. We
computed the function b3(¢) for low spins numerically using the functional wy 1. As
before to find b3(¢) we use the orthogonality property of Mack polynomials (J.8). By
integrating w1,1,1],3 against (8 — 2713)T% (713) T% (2 — 713) QE;‘L:’%:ZI(—Z’yB) we get an
equation that expresses b3(¢) in terms of the previously found OPE data. The results
that we found are presented in table 6.2. These predictions are new. We could not guess

an analytic formula for b3(¢). It is clear from the numerical results that b3(0) = —30.

6.9 Order ¢*

Let us outline the computation of the OPE coefficients of the leading twist trajectory
and of ¢? at order g*. We assume the formulas for 74 (j;) and 3.2 We will use the wy
functional. The computation is numerically more involved than at lower orders, since
there are more tails to sum, as we will see next.

Let us take into account the dependence on the quantum number m. The sum rule
can be written as Y., )", Cr ¢ wa’g”gi = 0. For nonzero m, w&’éﬁ has double zeros for
every double twist operator. For m = 0, wg,’g,’(? has double zeros at the subleading twist
trajectories, T = 2A + 2,2A + 4, ... and it is nonzero for the leading twist trajectory at

T = 2A.

The OPE coefficients of operators of twist 6 or of higher twist are at most of order g*.
Since wy 0,0 vanishes for the subleading twists, their contribution comes proportional to
the anomalous dimensions squared, which are generically of order ¢'. We conclude that

2Expression (3.21) in [66] for 4 (j,) contains a typo. There should be —65/96 instead of —65/81. We are
very grateful to Apratim Kaviraj for letting us know about it and for his precious help in navigating the ¢

Y& P ) g p p gatng
expansion literature.
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6.9. Order g*

Three-point function Numerical Result Analytic Expression
cs(¢?) —15.830116 + (2 x 107°) ?
c4(2) 0.0814153 + (3 x 1077) o7 _ %0) — 008141533356
c4(4) 0.05753436 + (5 x 10°8) | 19642177, _ %B) _ 05753437588
c4(6) 0.05416485 + (5 x 10-8) | 0173094309693 _ 2X(3) — (05416483628

Table 6.3. Numerical and analytic results for the three-point functions of the twist two operators
and ¢? at order g*.

twist 6 operators or higher do not contribute at order g*. So, only twist 2 and twist 4
operators will contribute to the wp o sum rule at order g4.

Concerning twist 4 operators, their contribution at a given spin [ will come proportional
to); C%u ( e)’yz(u,i (€)) g4, where the index i denotes the degeneracy of twist 4 operators
at spin i. We obtained the value of this quantity from [62] (combine equations 3.6 and
3.10 in [62])

/27 H (04 3) + 6)T (L + 1)
B (C+1)(€+2)2T(0+3)

Y Cl0 7 (Tai(0) g (6.54)

For this calculation, we implement a numerical scheme that is a little different from the
previous cases. We consider the functional f4(s) = (2 +5)3(4 + 5)%wo,0,0(s). Afterwards,
we use the orthogonality relation (J.8) for each spin ¢, even and odd. This will give us
nontrivial equations that determine the CFT data. f,(s) has the advantage that it allows
to compute the m = 0 contributions of the operators in the leading and subleading twist
trajectories easily. Such operators contribute polynomially to the sum rule. So, we can
just decompose their contribution into Mack polynomials, without needing to do the
integrals (J.8) explicitly. We computed the OPE coefficients of twist 2 operators with low
spins and the results that we obtained are presented in table 6.3. The errors come from
not taking into account large spin tails. These are hard to compute because of difficulties
in evaluating Mack polynomials at large spins. c4(¢) for ¢ > 2 were computed exactly
in [62]. Our numerical estimates agree with the exact values which can be computed
using the explicit formula presented in appendix K. The prediction for c4(¢?) is new.

Based on the structure of the perturbative expansion in g we expect the analytic answer
for c4(¢?) to contain 74, {(3), Z(5) with some simple rational coefficients. For example
we can consider

Lo 31503)

5 24

+957(5) = —15.83011567...

Our precision is not good enough to exclude or confirm various possibilities of this type.
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Let us compare c4(¢?) that we obtained with the values from the 3d Ising model [50, 67].
In that case the relevant three-point function is C2,, = 1.1063962(92). This should be

ooe
matched to the results of the e-expansionate =1

2¢ 34 , 1863((3) — 611
2 _n_ & 0% 3
oo =273 @t € (6.55)
6859  3237(3) 80¢(5) w2 ., \ .4
< 172392 729 51 Taos T (@) )ele=
= 2.0000000 — 0.6666667 — 0.4197531 + 0.3722981 — 0.656398
= 0.62948

where we used that c4(¢?) = —15.830116. Notice that the order €* correction makes the
agreement with 3d Ising model worse. At order €? the deviation between Ci o2 and C2,,

is —0.1927. At order €3 it is 0.179518. At order €* it is —0.47688. This is a manifestation
of the asymptotic nature of the e-expansion.

3 Padé approximations are often used in this context (see for example [68]). We checked that a rational
ansatz for Cé e with a degree 3 polynomial of € in the numerator and a degree 2 denominator, which is

completely fixed by the Taylor expansion (6.55) and the condition Cé o0 = % for € = 2, does not have poles
for 0 < e < 2. This approximation gives Ci op2 1.15 for € = 1. This result is relatively insensitive to the *
term.
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/A Holographic Applications

7.1 Introduction

It is interesting to consider a broader family of functionals than the ones that we dis-
cussed so far. In particular, we consider

2
(712 + p2) (714 + p3)

Wpy,ps = M(’)’u, ’)/13) + (OPE data) =0, (7.1)

where p», p3 are positive integers. By "OPE data" we mean the dispersive representation
2

of (712+p2) (114 p3) ] i

polynomials. It is then convenient to define

M(712,713), which can be expressed in terms of the OPE data and Mack

(Y12 + p2) (714 + p3)
2 (,L)pzlp3.

wp2/p3 (/)/12, 713) = (72)

To get a sum rule that involves only the OPE data and not the Mellin amplitude itself
we use crossing symmetry. More precisely, y13 <+ Y14 crossing symmetry of the Mellin
amplitude M(v12, y13) implies that

WP (112, 713) — WP (12, 14) = ) Co AL (13, 114) = 0, (7.3)

Tl,m

Since M(7y12,713) cancels in (7.3), this sum rule involves only the OPE data. This family
of functionals depends on two integer parameters p, and p3, and two continuous
parameters 3 and 4. The function Afzﬂz(’ym, 714) has zeros at the double twist
locations T = 2A + 2n. It has single zeros when when m +n = p or m + n = p3, where

m > 0and m € Z, and otherwise the zeros are double zeros.

We will find it useful below to consider p, = p3 = 0. In this case the functional has a
single zero at the leading double twist trajectory and double zero otherwise. An example
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of the functional of this type was considered in chapter 5, namely

0fo(é é—x) —w0'0(§,§+x) ly—0 = 0. (7.4)

0 ,
i R

This functional was found to possess interesting positivity properties, namely all opera-
tors with T > 2A produce a nonnegative contribution.

We can similarly consider

2

@p, py = M(712, + OPE = 0. 7.5
P2 (1 4+ p1) (712 + p2) (712, 713) (7.5)
Again defining
- + +p2) .
@2 (19, 713) = (112 Pl)z(’m Pz)wm,pz/ (7.6)

and using crossing symmetry of the Mellin amplitude we can get sum rules in terms of
the OPE data only

@M (12, 113) — @M (712, 114) = 0. (7.7)

A new feature here compared to (7.3) is that by setting p; = p» = p we are probing the
sub-leading Polyakov condition. In this case the functional has zeros at the position of
double twist operators T = 2A 4 2n except at n +m = p, where m > 0 and m € Z. Next
we consider a few examples of applications of these functionals.

7.2 A¢*in AdS at one loop

Let us consider a scalar field in AdS of dimension A and introduce a quartic interaction

5Sp = % / N (7.8)

At tree-level this interaction leads to anomalous dimension of spin zero double twist
operators [69]

" p-d=1g—d/2T (g+n) T(A+n)T (A—%+n+%)F(2A—%+n)
Tnji—o = A i 1 d '
F(4) T+ D (A+n+ )T (A=§+n+1)TA—d+n+1)

(7.9)
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7.2. A¢* in AdS at one loop

Tll *
oA + 4 . O o o
2A +2® . o o o
- o @ -oano-- P ® - >
2A AN
R
0 9 4 6 L

Figure 7.1. The functional A, given in (7.10), and its contribution to the sum rule (7.11). The
red dots signify double zeros of the functional, A, ,,, and the blue dots signify single zeros
of the functional. At subleading order, the sum rule (7.11) receives two types of contributions.
A contribution at { = 0 and n = 0,1,2,... coming from contact diagrams in AdS. And a

contribution from the leading tracjectory T = 2A and ¢ = 2,4,6,... coming from the 1-loop
bubble diagrams in AdS.

We next consider the action of the functional (7.3) with p» = p3 = 0 which gives !

Y14(713 + Y12 — A) (T +2m — 113 — A) QZ’Z(—Z’YB)
(T +2m — 2’)’13)(’1’ +2m + 2914 — ZA)(T +2m — ZA)(T +2m — 2913 — 2’)/14)
113(713 + Y14 — A) (T +2m — y14 — A) QP4 (—2714)

(T +2m — 2’)/14) (T +2m + 2’}’13 — 2A) (T +2m — 2A)(T +2m — 2’)/13 — 2’)’14) ’
(7.10)

AT,Z,m =8

Expanding to the leading order in A, we find

Z zcnﬂ ol ) o2 A r=2A+2n,0= 0m+ZCn oﬂ(()g)a Nroptm=0 =0, (7.11)

m,n=0
even

where 'y(()zf) is the O(A?) anomalous dimension of the leading double twist trajectory
operators. The situation is depicted on fig. 7.1.

We then plug the formula (7.10) into (7.11) and note that the sum rule factorizes. In
other words, it takes the form f(vy13) = f(14) for arbitrary 13 and y14. The solution to

1From now on, we do not write the superscripts p, = p3 = 0 and the arguments 713, Y14 of the function
A+ ¢ to avoid cluttering.
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this of course is that f(y13) = const. Next we project this result to the collinear Mack
polynomial of given spin ¢ > 2 and T = 2A using (J.8). Note that the unknown constant
is projected out. In this way we get the following equation

1+
T = Z C2 o (1) Te, €22, (7.12)

o 2N (1T (A 47+ 3)T (28— § +2n+1)

In,ﬁ = Z

=0 T(m 4+ 1)T(A + n)3T <2A—g+m+2n+1)

> F(A>2r (A + Z B %) /+i°° ﬁ Q?f)/d(s) l"Z < S> 1"2 s+ 2A
naT(A+OTQRA+L—-1) Joiw 4mi5+m+n+A 2 '

It is possible to compute 7, , precisely using the results of [55] as we explain in the next
section, see equations (7.18)-(7.19). More precisely we get that

xch
1 ((Shp|pert + (ShP’nonpert) ‘ 1 ’Y;X a
@ en-3E RS G e

TLyy = > le—2a42n, (7.13)

where 5hP\pert is given by (2.36) and 61 P |nonpert by (2.37) in [55] upon substituting h; = 7,

ho = 2 andh = A+]. By TX " we denote the anomalous dimension induced by
the tree level exchange of a scalar field x in AdS, analyzed in the next section. The
constant C, is the coefficient of the three point function (¢¢$x) and it is proportional
to the corresponding bulk cubic coupling. Eqs (7.12) and (7.13) compute the 1-loop
anomalous dimension in A¢* theory, in terms of an infinite sum of tree-level anomalous
dimensions in g¢?x theory.?

We checked numerically that the formulas above agree with the conformal data from [70],
who computed the 1-loop diagrams in AdS,, see (5.16) there. They computed double
trace anomalous dimensions for the leading twist n = 0 trajectory and spin J, for two
values of external A = 1, 2:

@_ % s ne 2 |2 30 a1
@ _ 6 2 0>2, A=2 7.14
ol =TT+ 2)(e+3) z ' (7.14)
where 7 is the tree level anomalous dimension v = ')’1(:]):0 o L which turns out to be

independent of n for A =1,2and d = 3.

2This is reminiscent of the identity [G (X, Y)]z =Y 0an(A8)Gopton (X, Y) that expresses the square of
the AdS bulk-to-bulk scalar propagator G (X, Y) as a sum of propagators with double-trace dimensions [69].
This identity can be used to write the 1-loop diagrams of A¢* theory in AdS in terms of tree level exchange
diagrams, which is what formulas (7.12) and (7.13) achieve.
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7.3. Tree-level scalar exchange in AdS

It should be possible to determine one-loop anomalous dimensions of higher twist

operators 7]((22 using the functional (7.3) with p> + p3 > 0 but we do not pursue this here.

7.3 Tree-level scalar exchange in AdS

Consider the interaction g¢?x in AdS, where ¢ is a scalar with scaling dimension A and
X is a scalar field with twist 7,. At tree level, the sum rule is:

xch
C2 ZATx0m+ ch 0 ?ec drAr=antm=0 =0 (7.15)

even

where the functional A, is defined in (7.10). The first term above is the single
trace exchange of x, the second term is the double trace contribution from the leading
trajectory n = 0, and 'yz"’eXCh are the double-trace anomalous dimensions with n = 0,
arising from exchange of a bulk field x. The second term above can be written explicitly
as:

271 T (2A + 20T (28420 — 1) ( oaa oA d
aTATZZA,@,mZO - I—-(A +€)4F(ZA + 0 — 1) (Q ( 3) - QZIO (_2’)/14)>
(7.16)
The equation above depends on 13 only through Q%’d(—Z'ylg,). Thus, we can extract
v/ exch by integrating (7.15) against [ /212 —f)FZ(HT)QZA 4(s) with s = —2713, and

using orthogonality of the Mack polynomials. This gives:

Ty,.exch _ _C)2( FZ(A)F(A + ¢ — %)
Te VT2 AT (A + OT(2A + 0 — 1)

i ds 5 S\ .o (S+2A ZAd
i ()T ( 2 ) ZAW

where ¢ > 2. This equation computes the n = 0 double trace anomalous dimension
arising from a tree level exchange of a scalar x. Plugging Eq. (7.10) inside (7.17) gives:

(7.17)

oexch | CR2PAI2(AN(A + £ — ) T (1) sin?(m(A — ) r2(2n2A 2
B T

>

Y
¢ n%F(A+€)F(2A+€—1) r*(3) =0 T(m +1)(ty = § +
ico +2A 1 1
1 28d 2 (_S\p2 (5
x( ) 47'(1Q ( 2) 2 s—|—2m—|—TX+—s—|—2m—2A—|—TX
(7.18)

In principle, this computation can be generalized to exchanges of operators with spin
J > 0. The main difference is that the associated tree-level Mellin amplitude grows like
’Y{z_ Uin the Regge limit. This means that we need to take into account the contribution
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from the arcs at infinity in (6.1) or choose a function F decaying faster than 1/ 'y] I at

infinity.

Note that the RHS of (7.17) has double zeros at 7, = 2A + 2n, due to the factor
sin?(7r(A — 4)). We now take the limit T, — 2A + 21 of Eq. (7.18), and notice that
we get:

Ty,exch

1 m _
2G5 (D 41— F) |y ansom

. (7.19)

where 7, 4 is given in (7.12). In other words, the coefficients of the double zeros are
proportional to Z,, ;. We used this result in equation (7.13).

We could also study ¢ theory at 1-loop level. Notice that this involves Witten diagrams,
like the box diagram in AdS, that are not present in ¢* theory. Using methods similar to
the ones in section 7.2, one should be able to derive formulas for the one-loop anomalous

(2)

dimensions of the leading twist operators 7 ;.

7.4 (9¢)*in AdS

Let us next consider a weakly coupled theory in AdS with the following low energy
action

St / dtlxy/g { (0)” + A (9 p)* + (7.20)
where A is a small parameter and ... stands for terms that are higher order in A.

We can study this theory with the functional (7.4) which was also considered in [63]. It
takes the following form

A A A A
Oy wO'O(g, 3 x) — wO'O(g, 3 + x)} lx=0 = Z Cf/lam,m =0, (7.21)
T,0,m
Ivé = — 164 (T+2m A) ng(’)’m _ %) 98%3 QZZ('YIB = %)
T (=2 homy(t— 2 om) \(t— 2 42m)(t—Lyom) 3 T+2m—28 )

At tree level, the contact diagram contributes only to the OPE data of the double twist
operators with spin £ = 0 and ¢ = 2. Since the functional (7.21) has double zeros at the
position of double twist operators for £ = 0, the only contribution at order A comes from
¢ =2and T = 2A (i.e n = 0). Operators with n > 1 contribute at order O(A?). The sum
rule at order O(A) therefore takes the following form

2A(A+1)(2A +1)T(2A + 4)

2 (1) 2 -
3T(A 1 2)4 Coormanlopat Y Crptrpmly=0. (7.22)

T=2M,0,m
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Non-negativity of the functional a;>4 ¢, then implies non-positivity of the anomalous
dimension

1
1 gs <O (7.23)

This matches the previously derived causality constraint from [28,71]. The argument

above only applies to % <AL 3(‘1; 2) where our functional converges.

Let us now briefly discuss a possible mechanism how (7.22) can be satisfied. In order for
it to work, there must be a cancelation between the tree level result ~ 71(11:)0’ /—, and heavy
operators T > 2A. We want to estimate the contribution of the heavy operators into
the sum rule. At large energies the theory becomes non-perturbative, we can estimate

(1)

this scale by looking at the anomalous dimensions 7, ,_, at large 7 and demanding that

(1)

v, ~ 1. Using dimensional analysis we can immediately write®

7532:0,2 ~ A(energy)™! ~ Antl. (7.24)

Therefore, the value of n above which non-perturbative effects become important is:

My ~ AT - T, ~ 21, ~ AT (7.25)

We can estimate the expected contribution to the sum rule at large T and fixed ¢ as

o]

* dt *© dr 1
2
Z CT,Z“T,K,m‘Al N/T P //\ﬁ R I | ~ A. (7.26)

1
T22A,m * ATFT

This estimate is therefore consistent with the structure of the sum rule (7.22). In the
estimate above we assumed that the universal OPE asymptotic derived in [45] for fixed

spin OPE data does not change in the presence of sin’ @.

7.5 UV Complete Holographic Theories

More generally, we can consider a theory with a weakly coupled gravity dual. As in the
previous section we can compute the tree-level Mellin amplitude and we will find that

Lim Miee(712,713) = 112fir(7113) (1 +O(13,)) ~ O <1> , (7.27)
Y12 cT

where cr is the central charge of the CFT and it is inversely proportional to the AdS
gravitational coupling. In the formula above fir(7y13) receives contributions from the
exchanges by spin two particles, e.g. graviton exchange, as well as tree-level higher
derivative interactions (9,,¢9#¢)? considered in the previous section, as well as from

3The coupling constant has mass dimension [A] = —d — 1, and YTn,¢ is dimensionless.

93



Holographic Applications

P* Do, see [54], which together contribute as fnq(7713) = 1 + c2713. On the other
hand, spin zero and spin one particle exchanges will not contribute to (7.27).

Let us also present for completeness the result for the graviton exchange, see formula
(164) in [56],

) (d—1)dT(d+2)3F (% —ASG ALy —A-12+ 1L, s —A;1>
fgrav(’ylfi) = CT,W 4 '
32T (g+1) ( g+A+1) (d —2A + 2713 — 2)
(7.28)
If we now consider a function
1 _
P(’)’u, ’)/13) = 3 (1 + O(’)’ul)) (729)
T2
in the functional (6.1) we will find
dy12 .
Ay T2 Miee (712, 113) F (112, 713) = fir(713)- (7.30)

On the other hand, by closing the contour on the singularities of Miee and F(7y12, 713)
we will get the type of sum rules that we analyzed in this thesis, namely

Mmax
)L,

n=0¢,m

where the second term in the LHS of (7.31) represents the contribution of the double
trace operators. For simple choices of meromorphic F that we consider here only a finite
number of double trace families contribute at leading order in % This is signified by
fimax in the sum above.

Consider now a UV complete theory which at low energies is given by Miree (Y12, 713)-
We can apply to this theory a functional wr to get a sum rule

wrp= Y C2wp™=0. (7.32)

Tl,m

Imagine we now want to analyze this sum rule to leading order in % The contribution
of My, to the sum rule (7.32) can be conveniently computed using (7.31). Of course, we
can alternatively sum over the relevant single and double trace operator OPE data that
contributes at order in % in (7.32) however it is much simpler to use (7.31) instead. In
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this way we get that (7.32) becomes

fw(ra) + 3 CLywp™| L =0, (7.33)

T,0,m

where by Z/ we denoted the contribution of all operators that are perturbatively
suppressed and are responsible for the fact that the sum rule is satisfied in the non-
perturbative theory. We can think of these operators as the UV completion of the theory.
For example, in the theory of a scalar minimally coupled to gravity fir(713) = fgrav(713)-
The argument above can be repeated for more general F(y12, 713) ~ # This would
lead to similar sum rules which are sensitive to the i terms in the large cr expansion.
An interesting situation is when each term in Z, is non-negative. We discussed some
examples of such functionals in the present thesis, see e.g. section 7.4. The sum rule
(7.33) then is an interesting prediction about the UV completion of a given theory. It
would be very interesting to understand a detailed mechanism how such sum rules
are satisfied in the UV completion of gravitational theories and if it imposes any new
nontrivial constraint on the consistent low energy effective theories.
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Minimal Models

8.1 Introduction

In this chapter, we compute Mellin amplitudes in minimal models.! Minimal models
were discovered in [1] and formulas for correlation functions were found in [72] and [73].
These theories provide a context where we can explicitly compute Mellin amplitudes in
interacting non-perturbative CFI’s. We will see that in minimal models any correlator
of scalar Virasoro primaries has a well defined Mellin amplitude. We will also check in
several examples that Mellin amplitudes only have the singularities (2.1) dictated by the
OPE.

This chapter is structured as follows. In section 8.2, we briefly review the Coulomb
gas formalism of minimal models. The Coulomb gas technique is a way to determine
correlation functions that is very suitable for computing the associated Mellin ampli-
tudes. In section 8.3, we compute the Mellin amplitude of (P1,0P1,0), where @ ; is
a second-order degenerate Virasoro primary and O is any Virasoro primary. This is a
simple example of a Mellin amplitude that serves as warmup for section 8.4, where we
compute the Mellin amplitude of any correlation function of scalar Virasoro primaries.
In section 8.5, we consider the Mellin amplitude associated to (P 30P; 30) and check
that it is a meromorphic function with poles at the locations given by the OPE. This is
a non-trivial check that Mellin amplitudes only have the OPE poles, since the Mellin
amplitude of (®;30P,30) is given by 5 Mellin-Barnes integrals in our setup, so its
pole structure is not apparent. In section 8.6, we compute the bulk point limit of any
correlator of Virasoro primaries in minimal models. It agrees with the expectations
about the bulk point limit coming from [23].

Upon completion of our work, we learned about the paper [74], whose results overlap
with those of this section. To be precise, the idea of using Symanzik’s formula in

1By minimal models, we mean the 2d CFT’s with finite number of Virasoro primaries at ¢ < 1 and with
diagonal partition function.
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conjunction with the Coulomb gas formalism is already present in that paper. It also
contains the computation of the Mellin amplitudes of (¥ ,0P;,0) and ($130P;30)
and an analysis of the respective pole structure (albeit with a different method). So, our
sections 8.3 and 8.5 mostly reproduce results already contained in [74]. By contrast, the
other results we present in this chapter are new, to the best of our knowledge.?

8.2 The Coulomb gas formalism of minimal models

In this section, we review the Coulomb gas formalism of minimal models, following [76].
Our goal is just to state the formulas we will need, in order to compute Mellin amplitudes.
For a detailed review of this technique, see [72,73,76,77].

The Coulomb gas formalism provides a representation of minimal models in terms of
the theory of a deformed scalar field. The idea is to associate Virasoro primaries in
minimal models with vertex operators in the deformed scalar field theory and thus
compute correlation functions in minimal models using the correlation functions of
vertex operators in the scalar theory.

To begin with, let us remind ourselves of basic facts about the theory of a massless two
dimensional scalar field ¢. The action is

1 -
S= / Pxdpd (8.1)

where we used complex coordinates d = 9, and d = 9. The two point function is given

by
(p(x)¢p(x')) = —2log |x — x|*. (8.2)

Furthermore,
T(z) = Tx(z) = —i 1 0o ¢, (8.3)

from which it follows that (T(z)T(z')) = % Thus, the theory has central charge
¢ = 1. For each real number &« we can define a vertex operator V, =: ¢**#(¥) ;. From the
OPE of V,, with T(z), we conclude that V, is a scalar Virasoro primary, of dimension 20

Correlation functions of vertex operators are given by

(Vo (1) Vi, () = T ] i — 2154, (8.4)

i<j

2In [75] Mellin amplitudes in minimal models are also studied, but from a different point of view. In
particular there it is proposed to define a Mellin amplitude as a transform of a chiral block, whereas we
define Mellin amplitudes as transforms of the full correlation function.
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8.2. The Coulomb gas formalism of minimal models

if I a; = 0, otherwise the correlation function vanishes.

Now imagine adding to the theory a background charge —2ag, where ay is a real number
that we can pick. More precisely, correlations functions in the deformed theory are
defined by

(Vay (1) Vi, (20)) —2mg = Him 20,51 1620 (Vi (1) . Vi, (30) Vi (X 21)) (8.5)

Xp1— 0

= H ]xi — x]'\4"‘f"‘f,

i<j

if y' 1 a; = 2w, otherwise the correlation function vanishes. V, is still a scalar Virasoro
primary, but now with conformal dimension

A(x) = 20* — daga. (8.6)

This means that the stress tensor also changed. In fact, the stress energy tensor is

T(z) = —i L 0PI : +ingd*e. (8.7)
As explained in [76], this follows from changing the boundary conditions we impose on
2
¢ in the derivation of Noether’s theorem. We now have that (T (z)T(z')) = %, SO
the deformed theory has central charge
c=1—24a3. (8.8)

Formula (8.5) is still too simple to represent correlation functions in minimal models. So,
besides introducing a background charge, we still need to modify the free field theory
further. We notice that equation (8.6) allows for the existence of vertex operators of
dimension 2, which we denote by V. and V_. The corresponding a’s obey

ay + o =2, apa_ = —1. (8.9)
We modify action (8.1) by introducing interacting terms
1 =
5= / Pxdpag — / P (V- (x) + Vi (x)) . (8.10)

We will use theory (8.10) defined with a background charge —2a«( to represent minimal
models. In the theory (8.10), correlation functions of vertex operators are given by

1 k
(Vi (1) Ve, (x2)) = l,% [T [ #w e, (8.11)
Ko i=1
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Mellin amplitudes in minimal models

X (Vay (21) -V, () V- (y1) - V- (y1) Vi (01) . Vi (W) 206,

if we can find non-negative integers I and k such that )\ ; a; = 209 — o — ka . Oth-
erwise, the correlation function is equal to 0. In the second line of (8.11) we can use
(8.5).

Given a minimal model at central charge c, we associate to it a scalar field theory with
background charge according to (8.8) and to the Virasoro primaries in that theory, we
associate vertex operators according to (8.6), by matching the respective conformal
dimensions. Since equation (8.6) is quadratic in &, to the same Virasoro primary of
dimension A, we can associate two vertex operators V, and V,,—«. In minimal models,
both the central charge and the dimensions of operators are discretized. For the minimal
model M(p, q) (with p > gq), we have

2 q
a = —. (8.12)
Top
This fixes the central charge according to (8.8) and (8.9). Minimal models are composed
of Virasoro primaries ®,, , that are degenerate, in the sense that they have (null) de-
scendants that are themselves Virasoro primaries. The Virasoro primaries ®,, , have
conformal dimension given by (8.6), with

Dy = 5 o+ X, (8.13)

wherel <m < p—1and1 < n < g — 1. Correlation functions of Virasoro primaries in
a minimal model can then be computed using the vertex operator representation

1

mn

V“m,n (x) = Nm,n VZD‘O*am/n (x) ’ (8'14)
where N, , is a normalization constant given in equation (A.33) in appendix (A.4).
Notice that the representations in terms of V,,, , and V24, 4, , are equivalent but in a
given correlation function one choice will typically lead to simpler computations. For
example, the two-point function is trivial to compute as follows

1
<®m/n (x)q)m,n (y)> = <V0¢m,n ('x) VZ‘XO_am,n (y)> = Hm . (8'15)
On the other hand, the non-trivial computation (see [73])
1 1
<q>mn(x)q>mﬂ(]/)> = N2 < ’an( ) Xm,n <y)> = ’ (8'16)

determines the normalization constant Ny, ;.
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8.3 Example: the (®;,0®P;,0) correlator

We consider the four point function (®1,0®;,0), where @1, is a second order degen-
erate Virasoro primary, O is an arbitrary Virasoro primary ®,, , and we consider such a
correlator for general central charge.®> The point of considering such a correlator is that
it has a simple Mellin amplitude. We will see that its pole structure is dictated by the
operator product expansion.

We associate each Virasoro primary to vertex operators in the following way:

1 1 1
— Vi, O — Vs, Dy, — —
Npp 2 Npn * 12 Nip

Dy — Vi o O — NynVouy—a, (8.17)

where & = w;, ,,. With these choices, we only need to insert one positive screening charge
to compute the correlator

(®1209120) = - LT — / dsz|xl w|di, (8.18)
12 i<j

We would like to compute the Mellin amplitude of the correlator (8.18). In our work, the
following formula due to Symanzik (see [78]) will prove very useful:

2] H’xz ulzyl H/d%f (vig) i — 277279, (8.19)
i<j

where the Mellin integral is constrained to };; 7ij = y; and the formula is only valid
if Y, y; = d* Since 4(Y*,a;)ay = 4a_a, = —4, then we can apply (8.19) in (8.18).

3For the Yang-Lee and the Ising model, the Mellin amplitude of (@7 ,P1,P1,P1,) was computed
in [27].

4Formula (8.19) was derived in [78] under the additional assumptions 0 < Re(y;) < % The condition
Re(y;) < 2 ensures that the integral (8.19) converges when u — y;. The condition Re(y;) > 0 enables us to
use the formula

CTw) /‘°° 49; i o—arli—ul? (8.20)
i —u  Jo o '

which is used in deducing (8.19). If Re(y;) > 0, then the rhs of (8.20) converges. The assumptions
0 < Re(y;) < 2 ensure that on the rhs of (8.19) the contour of the Mellin variables v;; can be straight and
parallel to the i 1mag1nary axis. In this chapter, we will use formula (8.19) in contexts where the assumptions
0 < Re(y;) < 2 are not met. In that case, we can think of the rhs of (8.19) as an analytic continuation in
y; of its Ihs. Indeed, consider the integral on the rhs of (8.19) and suppose we start shifting continuously
the positions of the poles. At some point, it is no longer possible to use a straight contour and so the
contour should bend in order to account for this. Notice that even with a bent contour the integral the rhs
is perfectly well defined, since it has the same asymptotics when 7;; — ico as before.
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Further doing a change of variables, we get
(®12(x1)O(x2) P1,2(x3)O(x4)) = Co]_[/[d%j]r(%j +200) | — 272 (8.21)
i<j

The Mellin constraints are }_;..; 7ij = 2a? — 4a;00 = A(w;), which indeed is the dimension
of the operator inserted at the position x;. We associate an a; to each operator according
to (8.17). Cp is a constant given by

Co— T B r (2 — 20&)
O NZTT T(—2may)  T2(1—a2)T (203 — 1) [(—2aa, )T (2262 +2a0y)
(8.22)
From (8.21) we can read off the Mellin amplitude
N 2A (w1 0) — Ala 20A(a12) — Aw
M(’)’lZ/ ,.)/14) — COF (,)/13 _ ( 1,2)2 ( 1,1))1—' <713 _ ( 1,2)2 ( 1,3)) (8.23)

(00t ot

) — Ao
2
r(%} - Alma) A(a)z_ Ale - %"‘*))r <714 _ Aarp) +A(a

A(«x+§a+)>

) _
2

) — Ao+ gt )
2 4
where Y12 + 713 + 712 = A(212). We conclude that the Mellin amplitude is a meromor-
phic function. The position of its simple poles is dictated by the OPE as in (2.1). To see
that, recall that the OPE of an arbitrary Virasoro primary ®,, , with ®;, only contains 2
Virasoro primaries,

q)l,Z X q)m,n = q)m,nJrl + q)m,nfl . (824)

Each I'-function in (8.23) encodes the poles associated to each Virasoro primary ex-
changed in a given channel. In appendix A.2, we compare the Mellin representation of
this four-point function with its expansion in Virasoro conformal blocks. In particular,
we check that the overall normalization is correct by matching the contribution of the
identity block.

The correlator (¢, 10¢,10) can be similarly analysed. In the Coulomb gas formalism,
we now insert a negative screening charge instead of a positive one. An expression
analogous to (8.21) holds for the correlator, with

r2-3%)
Co = - — — (8.25)
21— (=14 F)F2 - F - 20 ()
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8.4. Mellin amplitude of any correlation function

The correlator (®1,0®;,0) obeys a BPZ differential equation, in virtue of the fact that
®;, is a degenerate operator. This implies that the Mellin amplitude (8.23) obeys a
recursion relation. We confirm this in appendix A.1.

Consider now the more general correlator (®;,0,0304), where Oy, O3 and Oy are
arbitrary Virasoro scalar primaries. Given expression (8.23), it is simple to guess a Mellin
amplitude for this correlator:

M(712,714) = Co X (8.26)

y li[F(’yl] B A(lxl,Z) + A(Dﬁj)2_ A(“] B ;DH_))F(’)’]]‘ B A(“l,Z) + A(OCj)Z— A([x] + ;“-ﬁ-))

where ¥13 + 712 + Y14 = A(a12) and ap, a3 and a4 can be computed from the conformal
dimensions of Oy, O3 and O4. We confirm this guess in appendix (A.1), where we check
that the correlator (®;,0,0304) defined with the Mellin amplitude (8.26) obeys the
appropriate BPZ differential equation. A formula for Cy can be found in appendix (A.3),
see formula (A.30).

8.4 Mellin amplitude of any correlation function

In this section, we write the Mellin amplitude of a general n point correlator in minimal
models. Our procedure to do so will be a generalisation of the computation in section
8.3. The key ingredients are the Coulomb gas formalism and Symanzik formula (8.19).

Consider then a general n point correlator (®;(x1)...9,(x,)). To each operator ®;,
we associate a vertex operator: ®; — %{Vai. We will assume that all operators are
degenerate, i.e. each «; is of the form (8.13) as it is the case in minimal models. ° In the
Coulomb gas formalism suppose we need to insert p; positive screening charges and g,
negative screening charges to compute (Vy, (x1)...Va, (x4)). Then, this correlator has a
Mellin representation, with Mellin amplitude given by

1_[ n+r nﬁl 1
M(7y) = Co / [48},,,] T(&, ) (827)
k<l s=1 T(—2as,004r + Yoo 1 G2 ontr)
n z—1
x TIT (v — ) &+ 2miay),
i<j r=1
where a1 = ... = apip;, = ay and a1 p 11 = o = Apip+g = & and z = p; + g1 is

5Here, we have used the shorter notation ®; = Dy, n; and Nj = Ny, ;-
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the total number of screening charges.® The measure is constrained by

n+r z—1

Y Ghi= 2wt Y G i=12,...,n+r, (8.28)
1;1 s=r+1

all

forr =1, ...,z — 1. The constant Cy can be determined from the normalisations,

7-[2

Co = .
[T N; H}qifil r(_zaj‘xn-m)

(8.29)

Formula (8.27) can be deduced by iteratively applying (8.19). We show how to do this
for the case in which we insert two screening charges in appendix A.5. The complexity
of (8.27) grows very quickly with the total number z of screening charges.” Nevertheless,
this explicit Mellin-Barnes representation is useful to derive several general properties
of the Mellin amplitude.

Formula (8.27) is correct in every CFT for which the Coulomb gas technique of computing
correlation functions applies. This is the case in diagonal minimal models (whether
they are unitary or not). There are other CFI’s that can be viewed as limits of minimal
models, like generalised minimal models and Liouville theory (see [79] and [80]).8 So,
perhaps formula (8.27) can be useful in that context. See also [81] and [82] for attempts
to generalise the Coulomb gas formalism to higher dimensions. Identities of Dotsenko-
Fateev integrals were used in [83] and [84] to derive properties of 3d supersymmetric
theories, so maybe our formulas can be useful in that context.

8.5 Analyticity of Mellin amplitudes

We conjecture that the Mellin amplitudes in 2D minimal models are meromorphic func-
tions with only poles at the locations predicted by the OPE as in (2.1). Meromorphicity
follows from the Mellin-Barnes representation (8.27). However, we were not able to
show in that the only singularities are the ones predicted by the OPE. In this section, we

6We assumed p=1
N amely, it involves

2 2 6

Ziw:(2_1)3”(”“*3)“(2*5) (8.30)
-~ 2 6 '
r=1
integrals of an integrand with
Y [etnetr=1) o, ] nmD) 2 4 3na(ntz) —6n 7246 (8.31)
1

r=

I'-functions.
8We thank Sylvain Ribault for discussions on this.
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8.5. Analyticity of Mellin amplitudes

check this statement for a class of correlators in minimal models.

We consider the correlation function (®;30®;30), where O is an arbitrary Virasoro
primary. This correlation function can be computed in the Coulomb gas formalism by
the prescription

1 1 1
D3 — @V“m’ 0 — mvou D3 — W,Sval'y O — NynVarg—a (8.32)

with & = a,, and inserting two positive screening charges.

Its Mellin amplitude can be obtained fom the general formulas (8.27) and (8.29). We can
write the Mellin amplitude in the form

M(712,m14) = Co /[d(flz] /[d§15] /[d€24] /[d§34] /[d§35]1“(§12)1"(§15)
(8.33)
T(—2aa; + 712 — E12)T(E2a)T (E15 — Eoa — Caa + 1T (=203 + 20y + 10 — C3a +2)
['(G3a)T(—2aat — G12 — 15 + Gaa — )T (—2aay + 14 — G15 + G4 + Gaa — 1)
T (=203 4+ 200 +y14+ o+ Coa — G5 + 1) T (205 — G154+ Eoa — 835 — 1)
T (E12 — &34 — 835 + 20y — 20% + 1) T(E35)T(—G12 — Gou + G35 + 1)

T (=712 — Y1a + C15 — Coa + 835 + 4a% — 1)
T (203 +&15) T(—4aay — 812 —&15+ 83 — 1)
(=712 — 714 — C24)
T (203 4 35) T (—4a% +4any + 1o — Caa — 835+ 3)

The above formula is a complicated integral that the reader should not read carefully.
Our point is just to consider an application of formula (8.27). In the rest of this section,
we will check that (8.33) only gives rise to singularities at the locations (2.1) predicted by
the OPE.

In the OPE of ®13 and ®,, there are three Virasoro primaries exchanged:
D3 X Py = Dppp, + Py +DPyye, - (8.34)

Each Virasoro family contains many global primaries, whose twists differ by even
integers. So, we expect the Mellin amplitude to have 9 sequences of poles: 3 sequences
of poles in 71, another 3 in 14 and another 3 in 3.

Let us now outline how we obtained the singularity structure of (8.33). We used the
technique introduced in [85] to compute the singularities of Mellin-Barnes integrals. The
reader interested in understanding this technique can read appendix C of that paper. In
the next sentences, we briefly describe the method. Suppose we have a multiple Mellin-
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Barnes integral and we ask what are its singularities. Given just one Mellin-Barnes
integral, it diverges whenever its contour gets pinched by two poles of the integrand.

When we have multiple integrals, we must take a more global perspective. Let us
illustrate this with an example taken from [85]. Consider the integral

/ %F(al +x)I(a —x)I' (b1 +x—y)['(br —x+y)[(c1 +y)T(ca—y). (8.35)
We might expect expect to obtain its singularities in the following manner. Suppose we
first integrate in x and later in y. For a single Melin-Barnes integral, we know how to
predict its singularities. So, we might expect to determine the singularities of a multiple
Mellin Barnes integral by applying the one dimensional technique in succession. It turns
out that if we do that we end up with a lot of fake poles.

In this example, let us list the poles that we would obtain by iteratively applying the
one dimensional technique. We can integrate first in x and later in y, or vice versa. The
set of singularities thus obtained is:

Ti10y(a1 +a2), T34y (b1 + b2), Tsey(c1+c2), Tira6) (a1 + b2+ c2), Tin35) (a2 + b1 +c1)
1—'{1,2,3,4} (611 +ar + by + bz), F{1,2,5,6} (Cll +ar +c1+ Cz), r{3,4,5’6}(b1 +by+c1+ Cz),

r{1,2,3,4,5,6} (al + az + bl + b2 + Cl + CZ).
(8.36)

Here, the use of the I' function is symbolic. We just mean that the integral is singular
whenever the argument of the I' functions above is a nonpositive integer. We use a
subscript to denote the position of the poles that gave rise to the singularity in the
original integrand. For example, I'(; 5, (a1 + a2) came from the collision of I'(a; + x) and
['(ay — x).

Consider the I' functions in (8.36). We will say that the poles coming from a certain I’
function are composite whenever the corresponding subscript contains as a subset the
subscript of another I' function in (8.36). The poles from I'(; 5341, I'{12561, I'(3456) and
I'1123456) are composite. The rest of the poles are non composite.

All composite poles are fake. This is a very important statement that allows to generate
a fast algorithm to determine the real poles in a multiple Mellin-Barnes integral. [85]
contains some general arguments in favour of this statement, although it is not clear to
the present authors that we can conclude from them that such a statement is rigorously
proved. Sill, to the best of our knowledge the algorithm of [85] works in every example.

With this technique, we predict the Mellin amplitude to have singularities whenever
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any of the following expressions is equal to 0:

{712 + 2000y — 20& +2,73 — 40(%r + 2,714 + 2004 — 20&r +2,
Y12 — 2063_ + 1, Y13 — 26(3_ + 1, Y14 — 2063_ + 1,
Y12 — 204, Y13 + 203, Y14 — 201}, (8.37)

with y13 = =712 — y1a + 40(%r — 2. This precisely matches the expectations from (8.34).
In particular, the first three poles correspond to the exchange of @, , the next three to
the exchange of @, and the final three poles to the exchange of ®, . .

8.6 The bulk point limit

Correlation functions in Lorentzian signature can have divergences due to the existence
of a point that is null separated from the points where we insert the external operators
(see [23]).

Such singularities can arise from pertubation theory in the boundary or from Landau
diagrams in the bulk. In a fully nonperturbative CFT those singularities are expected to
be absent. This was proven in d = 2 in [23].

We will show that the divergence in the bulk point limit is controlled by the limit of
large Mellin variables of the Mellin amplitude. For simplicity we will consider the case
of a four point function of equal primaries of conformal dimension A.

We have already shown in chapter 1 that the Mellin amplitude is polynomially bounded
at infinity. Consider the limit where y12 = Bs, y14 = (1 — B)s, where B € [0,1] and we
take s very large. Suppose that in that limit the Mellin amplitude M(y12 = Bs, 114 =
(1 — B)s) ~ s. Suppose also that the four point function diverges in the bulk point limit

like ﬁ when z — Z. In the next subsection we will demonstrate the formula

a= —g +2A+b. (8.38)

Even if the correlation function is regular in the bulk point limit this still constrains the
power with which the Mellin amplitude can grow. We carry out this analysis for the
case of minimal models.
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8.6.1 Relating the behaviour of the Mellin amplitude for large Mellin vari-
ables and the bulk point limit

Let us start by briefly reminding the reader about the bulk point limit with an example
taken from [23]. Consider the following configuration of four point points in d > 3?, see
figure (8.1):

x; = (—t,0,1,0),x, = (£,1,0,0), x3 = (—t,0,—1,0), x4 = (t,—1,0,0). (8.39)

Figure 8.1. Example of a boundary Landau diagram.

We employ the ie prescription t = f — ie, where f € [0, 1]. When f = 0 this configuration
is Euclidean, but when f = 1 the point (0,0,0, 6) is null separated from the external
points. This signals a divergence in the correlation function.

The cross ratios u and v are given by

— 2 2 _ 2 2
L (2?6%—2) o (2ti6+2) | 6.40)

When we vary f from 0 to 1 the cross ratios # and v circle around the origin in the
complex plane.

Let us see how the Mellin representation of the correlation function changes as we vary
f from 0 to 1. We write

(©000) = £11:2), (8.41)
X153 X4

where

F(u,v) /d’hz d’h4

271'1 27-[1 (,)/12/ ')/14) (712)21—‘(714)21—‘(A — ’)/12 — ')/14)2‘”7'712»0*’}’14

(8.42)

9The above configuration is an example of a Landau diagram. In d = 2 there are no boundary Landau
diagrams. However, there are bulk diagrams. It was shown in [23] that in d = 2 for the full nonperturbative
theory there are no singularities except for the lightcone singularities.
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8.6. The bulk point limit

/ dy12 d’h4

i | o M(712, 714)T (712) T (714)°T (A — Y12 — y14)2u~ V120~ V4= 2701202714

(8.43)

Notice that the factors e 27712 =214 grow exponentially in certain directions at infinity
and cancel the exponential decay of the I' functions in the prefactor.

Let us suppose that (OOOQ) diverges in the bulk point limit and let us see how this
comes about from (8.43). Such a divergence can only come from the region where both
712 and 14 have a very big positive imaginary part. We basically follow section (3.1)
of [4].

Let us analyse the integral (8.43) in that region. Let us write y;p = &g 4 im; and
Y14 = K14 + imp, where mq, mp > 1. a1p and a4 depend on the contour that we pick and
we consider them arbitrary. Let us write furthermore m; = fs, mp, = (1 — B)s, where
B € [0,1] and s > 1. We can use Stirling’s formula to approximate the I' functions in
(8.43). Furthermore we assume that the Mellin amplitude goes like g(B)s’ for large s,
where g(B) is a function that we do not know and b is a power that will control the bulk
point limit divergence. In this regime, the integral (8.43) can be written as

/oQ dSS /1 dﬁg(ﬁ)sflJrZAer(_Si)efinA7_[3ufzx127isﬁvftxl4fis(1fﬁ) (844)
5 0

(1 o ‘B)—1+2¢x14—2is(—1+ﬁ)‘B—1+20¢12+2is/5
where we take sg very large.

The integrand goes like exp < - is(ﬁlog(u) + (1 —pB)log(v) —2(1 — B)log(1l — B) —
2Blog( ,8))) . The integral in § is dominated by the saddle point fs = f{ 7 At the
saddle point the previous exponential becomes ¢ l0g(vu+V7)  The integral can only
diverge when \/u + /v = 1. This happens precisely at the bulk point limit. Indeed,
we have that log(v/u + /v) ~ 12?1721) whenz — Zand 0 <z < 1,0 < z < 1. So,
expression (8.45) becomes

©ds _142A4D
| Ss(os

S0

( —4+/2i)e”! Agrdy gyt (8.45)

. (z—2)?
(1 _ ﬁ)—1+2a14‘8—1+2a12€15ﬁ
Equation (8.45) enables us to relate the rate of divergence of the correlator with the

polynomial growth of the Mellin amplitude:

1
(z — z)—3+4A+2b

M(s7ij) ~ st = f(u,0) ~ (8.46)
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Let us consider the case in which the correlation function does not diverge in the bulk
point limit. The previous analysis gives us the bound b < 3 — 2A. Furthermore it
is reasonable to assume that also the derivatives with respect to z of the correlation
function should be analytic at the bulk point. Thus, let us assume that the correlation
function is regular in z — z. Then b can only take the values b = 3 — 2A — % where n
is a positive integer. Indeed if it were not to take such values this would generate a
divergence in some derivative of the correlation function. A similar but more general
analysis in general d was recently performed in [86] with similar conclusions (which are
identical in d = 2). It would be interesting to establish analyticity of the bulk point locus
in higher d rigorously. It would be also interesting to understand further implications of
the bulk point analyticity for the high energy limit of the flat space scattering amplitudes.

8.6.2 The bulk point limit in minimal models

In minimal models we expect no divergence in the bulk point limit. As we saw in
the last section this constrains the Mellin amplitude of a four point function of equal
scalar primaries to behave like M(y12 = Bs, 714 = (1 — B)s) ~ s2 28~
positive integer. In this subsection we will use our general formula (8.27) to confirm this

prediction.

n .
2 where n is a

The general formula (8.27) drastically simplifies in the limit of large Mellin variables
7ij — ico. Let us divide (8.27) by [T;; I'(7ij). We can use Stirling’s approximation to get

-1
Dy — 0 8 +20i0g) el yowe

I(ry) T

If we consider the case where all Mellin variables are proportional to some parameter

[1 + O(ygl)} : (8.47)

s that is much bigger than any number in our system, then the Mellin amplitude is
proportional to

. T L S2 Tl il (8.48)

The sum in the exponent of (8.48) simplifies drastically due to the measures (8.28) and in
fact does not depend on the integration variables ¢;;. We do this sum in appendix (A.6)
and obtain that the Mellin amplitude grows with

slm2 L) (8.49)

for a general n point function of scalar Virasoro primaries in minimal models with

conformal dimensions A;. For the case of a four point function of equal scalar primaries

1-2A

we find s in agreement with what we predicted in the preceding subsection.
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CFT’s with slightly broken higher
spin symmetry

9.1 Introduction and summary of results

The dualities between conformal field theories and higher spin gravity theories in AdS
are one of the most intriguing topics in the AdS/CFT correspondence. Potentially, these
dualities should allow for an improved understanding of the AdS/CFT correspondence,
since both sides of the duality are simple, at least when compared to the more standard
case of N' = 4 SYM and type IIB superstring theory!. Of particular interest are CFT’s
with slightly broken higher spin symmetry, that were studied most notably in the
paper by Maldacena and Zhiboedov [20], where all three point functions of single trace
operators at the planar level were computed at finite t'Hooft coupling. In our thesis, we
compute some four point functions of spinning single trace operators at the planar level
at finite ' Hooft coupling. The formulas we obtain are very simple and our formalism,
which is based on pure CFT arguments in which Mellin space plays an important role,
potentially paves the way for the computation of all spinning four point functions.

CFT’s with slightly broken higher spin symmetry are large N CFT’s where higher spin
symmetry is broken by 1/ N effects. There are two such theories, the quasi-boson theory
and the quasi-fermion theory, which are defined in 3 dimensions. We will focus on the
quasi-fermion theory. This theory depends on two parameters, N and A (we follow the
notation of [20]). We will study the theory at the planar level, i. e. at leading order in N.
In that case the theory interpolates between the free fermion theory at A = 0 and the
critical point of the O(N) model (critical boson) at A = co.

Being a large N theory, the spectrum of the quasi-fermion theory organises into single
and multitrace primary operators. Let us describe the single trace operators. There
is one single trace operator for each even spin s = 0,2, .... The scalar primary, which
we will denote by j;, has dimension 2 + O(%) [91]. The spin 2 primary j; is exactly

ISee [87] (which builds on the works [88-90]) for recent progress, where the path integral for critical
O(N) models was written in terms of higher spin gauge fields defined in the bulk of AdS.
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conserved. A higher spin primary js of spin s > 2 has dimension s + 1 and acquires
anomalous dimensions of O(%) [92], [93].

This theory is believed to be solvable in the planar limit. In [20] three point functions
of single trace operators were computed at the planar level and for finite A through
the use of slightly broken higher spin Ward identities?. In [94] four point functions of
scalar operators were computed using the Lorentzian inversion formula and Schwinger-
Dyson equations. In [95] the four point function (j2j3j5/5) was computed using the

pseudo-conservation equat10ns3.

We obtain a formula for (jsjyj/5) for generic spins > 4:

(9.1)

(Jsfajala) = N\/T JSJo]o]o Nm (Jsfajoja) cbr

where (fsjsjojs) £ is the correlator in the free fermion theory (which is fully known) and
(JsJoJoJo) v 1s the corresponding correlator in the critical boson theory. The critical boson
theory is the IR fixed point of the theory of N free real scalar fields perturbed by (¢;¢;)>.
We obtain that

(sfalaioder = 131 — x3| 772 |xp — x3] o — xq| 723 |x5 — xy P! 9.2)

dyiod
X Z // o %4 M (712, 11458, K)u™ 207 MV (1;2,3)° 74V (1;3,4)F,

where V (i; j, k) is a conformal structure (see (9.6)) and u and v are the usual conformal
cross ratios. M(7y12, 714; S, k) is equal to

1
M(712, 71458, k) =T(=k+ v — 1)T (-k + 714 + 2) I'(s— 12— 714) (9.3)
3 1
xT (S — Y12 — Y14 + 2) [(k—s+y2—1T <k —s+ 712+ 2) p(712, 71458, k),

where p(y12, 714; 5, k) is a polynomial in 715 and y14. This polynomial is fully determined
by crossing, pseudo-conservation and Regge boundedness, see equations (9.11) and
(9.12), see (9.14) and see also (9.35), (9.36) and (9.37).

We explain in section 9.2 how formula (9.1) solves the crossing and pseudo-conservation
equations and correctly accounts for the exchange of single trace operators with the
OPE coefficients derived in [20]. In section 9.3 we show that formula (9.1) is the unique
solution to the pseudo-conservation and crossing equations which is consistent with the
bound on chaos. In particular we analyse AdS contact diagrams for (jsjgsjsj5) and we

2This calculation was reproduced using higher spin techniques in [19], where also the parity odd
structures were given.
3Correlators in ABJ theory were computed using slightly broken higher spin symmetry in [96].
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9.2. The bootstrap of (jsjgjs/5)

conclude that such diagrams violate the bound on chaos, provided s > 4. In appendix
N we study the bulk point limit of (jsjsj5/5)- In appendix O we calculate (jsjsj5/5) in
position space for spins s = 2, ..., 14. This calculation agrees with the Mellin space result.
In appendix P we recompute (j2j;/5/5) by solving the higher spin Ward identities.

9.2 The bootstrap of (jsjsji/s)

We will compute (jsjgjsjs)- Let us start by examining the N and A dependence. It is
expected that the quasi-fermion theory interpolates between a theory of N free fermions
at A = 0 and the critical boson theory at A = co.

We will work in a normalization where (jsj;) ~ 1, i.e. two point functions of single
trace operators do not depend on N or A. We use the ~ sign to mean that we do not
keep track of numerical factors, but we do keep track of the N and A dependence. Thus,
(Jsfolola) ~ % At this order, we can only have exchanges of single trace operators or
double trace operators [ji, jg] or [js, j5l-

Let us consider exchanges of single trace operators. The relevant three point functions
are (jsjgjsr) and (jy jgjz), with s’ > 2. Note that (jgjgjs) = 0 [20]. From [20] we see that
(Jsfolo) ~ \/liﬁ There are two possible structures for (jsjyjs), the fermion and the odd
structure. We have that (jsjgjs') fermion ~ m and (jsjgfs')odd ~ #\/m

Based on this we propose the following ansatz

(9.4)

(jsiojalo) = 5 \/7 (Jsfajoda) f N ﬁ (Jsjofalo)e

where (jsjgjajo) £f is the four point function in the free fermion theory, whose form can be
read in [97]. To the best of our knowledge, (jsjsja/s)c» has not yet been computed and it
will be the subject of this section to do precisely that. We attached the subscript , since
it is expected that it corresponds to a four point function in the critical boson theory.

We can write parity even and parity odd structures for the correlator (jsjsjsjs)- The
parity odd structures are realised in the free fermion theory. This is because jj is parity
odd in the free fermion theory. The parity even structures are realised in the quasi-boson
theory. Thus, we write

(Jsiofolo)c ka X))V (1,2,3)°7FV(1;3,4)F, (9.5)
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where V(i;j, k) is a conformal structure which is given in embedding space [98] by

V(isj k) = (Zi - P)(P; - pk;j._p(kZi - D) (P - Pj)‘ ©.6)

P; and Z; are null vectors on R*?. Z; encodes the spinning indices. fr(xij) is a function
of the distances between the points, with appropriate weights on each of the points. We
find it advantageous to consider the Mellin representation

d’)/ ~ —27ii
filxi) = [ (5201 ¥ s )™, ©7)
Z’)/l]' =2s+41, Z’yl] =2, 1=2,34.
j#1 j#i
(9.5) can be rewritten as
(siodolo)er = [x1 = x3| 75 72|20 — 2[* 7 Hag — 20| 2 s —a[BTH (9.8)

dyod
XZ/ / 721311%4 (712, 11838, K)u™ M0 TV (1;2,3)°7FV (1;3,4)F.

We will call M (712, 714; 5, k) the Mellin amplitude.

The location of the poles of the Mellin amplitude is related to the operator product
expansion of the external operators. Let us make this point explicitly. Consider two
external operators O, Oy of dimensions Aj, Ay and spins s;, s, and suppose they
exchange an operator of dimension A and spin s. Then the most singular term in the
lightcone OPE is

Op,...0,(0)xF1..xFs
A1 +Ap+s1+so

(x2)~ 2 2

where T = A —s. From this logic we expect the Mellin amplitude to have poles at

Y12 = % — 5 — n, where 1 is a nonnegative integer.

O,ul-nﬂsl (x)OV1-~-V52 (0) ) x{m...ysl}x{v]...st} (1 + O(xz))/ (9-9)

For (jsjsjajs) all OPE channels are equal. To order + % there can be exchanges of higher
spin currents and double traces [js, jz] and [J, jgl, which have twist 1, 3 and 4 respectively.
This motivates the following ansatz

N 1
M(’le, Y14, S, k) = F(—k + Y14 — 1)F <—k + Y14 + 2) F(—s + Y13 — 1) (910)
1 1
xT —S—|—’)’13+§ F(k—S—{-’hz—l)l—' k—5+712+§ p(’)’u,’h;;;S,k),
where 13 = 25 +1 — 712 — 714. The I functions contain all the poles implied by the OPE.
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9.2. The bootstrap of (jsjgjs/5)

For this reason we assume that p(12, 714; s, k) is a polynomial in the Mellin variables.

The bound on chaos [23] bounds the degree of the polynomial p(712, 714;s,k). This
is worked out in section (9.3), see (9.35), (9.36) and (9.37) for the precise formulas.
Furthermore, (jsj3j3/5) is constrained by invariance under interchange of points 2 <+ 3
and 2 <+ 4. This crossing symmetry implies the equations

5 k
p(ri2,1iass, k) = Y (—1)k ( k2> p(2s+1—ky —y12 — 714, Y14 — k +k2;5,k2), (9.11)
ka=k

p(r12, 71458, k) = p(714, 712;5,5s — k). (9.12)

(JsjoJoJa) is constrained by pseudoconservation of j;. We implement this condition in
embedding space. The differential operator for conservation is apiAD A, Where
1

d 0, 0 1 02

Da=G =1+ 2570571 ~ 257, a7, 19

Since 0 - j; is a primary operator of spin s — 1 and dimension s + 2, then (9 - jsjj5/5) is a
conformal four point function of primary operators. (9 - jsjsjs/5) factorizes into products
of a two point function times a three point function. Such a four point function is made
up of powers of u and of v and so its Mellin amplitude vanishes.

Four point functions of scalars with vanishing Mellin amplitudes were analysed in [63],
see in particular section E.E.1. A similar analysis can be performed for the spinning
case, though we will not pursue it here. The important conclusion is that in Mellin
space pseudoconservation is the same as conservation. In other words, (9 - jsjzjs/s) has a
vanishing Mellin amplitude.

Pseudoconservation implies the equation
11 2
Yo Y Y (12, ma)p(viz + iy, yia + s k4 i3) = 0. (9.14)
ii=—1ip=—1i3=—1
The coefficients are written in the appendix L.2, see formula (L.3).

The crossing equations (9.11), (9.12), the pseudoconservation equation (9.14) and Regge
boundedness (9.35), (9.36) and (9.37) determine p(y12, Y14; S, k) up to a multiplicative
constant. This has to do with the fact that we have not picked a normalization for the
higher spin current js. It is simple to solve this set of equations in a computer algebra
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system for each spin s. We find that the solution always has the form

S
p(112, 11455, ) ): 2 bls, ki ko) 3 0ie k<5 (9.15)
=0ky=
S
p(712, 11458, k) = p(714, 112588 — k), k> 7 (9.16)

p(712, 7145 5, k) turns out to have degree s. Using a laptop we generated solutions up
to spin 40. Picking a normalization in which p(7y12,714;8,k = 0) D 1, we find as an
example that for s = 4 we have

1971, 11993, 712 n '712
20 360 20 3607
(9.17)

4 11 2 11 2
1) = — 8 4 Y12 'le i ')’12 i < Y12 n 12 '712> Tias

p(112, 71,5 =4,k=0)=1—

(712, 714;8 = 4,k =

5 9 90 90 5 30 9 90

1 4y 7 4 Ty 1375
p(’YlZ/ Y14, S ’ ) 5 15 + 15 + 15 + 36 180 T4

1 13y 7%
(35~ 180 60/

8 4 11972 3 2 11 2
gy =8 A ’h4+’714+< T4 M ’714>%2’

p(v12, 11458 =4,k =

15 9 90 90 5 30 9 90

20 360 20 ' 360

p(r2 s =4k =4)=1-

In appendix O we implement an algorithm to compute (jsjjs/5) in position space. We
managed to determine (jsjj5j5) in position space for spins 2, ..., 14 using this algorithm.
Taking the Mellin transform we get precisely the same as we get with the procedure in
Mellin space. The advantage of Mellin space is that it allows to write equations (9.11),
(9.12) and (9.14) that determine the solution for generic s.

Let us mention some checks on our solution. One such check is compatibility of the
pseudo-conservation equations with conformal symmetry. 0 - js is a conformal primary
at leading order in % d - js can have contributions coming from [js,, j5] and [fs,, js,|. Only
the former matter since we are interested in (jsjjizj5)- More precisely,
s—2 s—s1—1
07D Y. Y cwd"j, o7 (9.18)
=2

m=0

The coefficients c;, are fixed by conformal symmetry (see formula (O.7)). When we run
our algorithm in position space we do not need to input the values of c,,, we prefer to
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9.3. Bound on chaos for (jsjij/5)

keep them unknown. It turns out that our algorithm fixes c,, in agreement with (O.7).
This is an important check on our results.

We also checked that the short distance limit of our expression for (jsjgsjsj5)cr agrees
with the correct three point structures for the exchange of higher spin currents. Let us
take s = 4 for concreteness. The short distance limit u — 0 captures the exchange of
the higher spin currents in the s-channel. If afterwards we take v — 1, we find that the
correlator behaves as
lim lim (jsjgjafa) o ~ i l3‘7;4(1 -0)v(1;2,3)* (9.19)
oo u—m0 WO 5 T T "
The ~ sign means that we just keep track of the conformal structure that appears, but
we do not keep track of numerical coefficients. (9.19) is matched by the behaviour of
conformal blocks of higher spin currents in the same limit.

Formula (9.1) correctly accounts for the exchange of single trace operators in (Jsjy/s/) -
However, it is not obvious that it correctly accounts for the exchange of double trace
operators. Indeed, one can imagine adding to (9.1) AdS contact diagrams, which are
solutions to crossing that only involve the exchange of double trace operators. By taking
linear combinations of AdS contact diagrams one can furthermore obtain solutions
to the conservation equations. However, in the next section we consider such linear
combinations and show that they always violate the bound on chaos. For this reason, it
is not legal to add them to (9.1).

9.3 Bound on chaos for (jsjs/ijs)

The bound on chaos [36] constrains the Regge limit of (jsjyj5/5)- In this section we review
the bound on chaos and derive its consequences for (jsj;js/). There are two possible
structures one can write for (jsjzjs/s)- One structure involves the € tensor and the other
one does not. We examine the two cases separately in sections (9.3.2) and (9.3.4) and
derive bounds on the Regge growth of the Mellin amplitude for both of these cases.

Solutions to crossing that only involve the exchange of double twist operators are given
by AdS contact diagrams. This was proven in [54], for the special case of four point
functions of external scalars. We will assume that such a result holds for any n-point
function of spinning conformal primaries. We study AdS contact diagrams in sections
(9.3.3) and (9.3.4). Our main conclusion is that AdS contact diagrams for (jsjjiz/) are
incompatible with the bound on chaos, provided s > 4. For s = 2 we construct the
contact diagrams that are compatible with the bound on chaos, see formulas (9.56) and
(9.68). This completes the proof of formula (9.1).

117



Higher Spin

9.3.1 Review of the bound on chaos and Rindler positivity

Conformal field theories are constrained by the Regge behaviour of Lorentzian corre-
lators. For nonperturbative CFT’s, correlators in the Regge limit are bounded by the
Euclidean OPE in the first sheet. For large N CFT’s one needs to use the bound on chaos
to bound correlators in the Regge limit. In this subsection we review the bound on
chaos [36].

We will consider the following kinematics for a four point function, in which we set all
four points on the same plane (xT =t+x)

=41, 1 = F1, x5 = Fef af = £, (9.20)

see figure 9.1.

Figure 9.1. The Regge limit corresponds to taking t — oo in (9.20).

The bound on chaos applies for systems at finite temperature with a large number
of degrees of freedom. For the case of a large N conformal field theory, a correlation
function of single trace primaries (V(x1)V (x2)W(x3)W(x4)) obeys

et
(V(x1)V (x2)W(xs)W(xa)) = (V(x1) V(x2)) (W (x3) W (xa)) (1 + a5

), (9.21)

where the Lyapunov exponent A;, obeys the bound A; < 27T, where T is the temper-
ature of the system. The proportionality constant « does not depend on ¢. The bound
on chaos can be applied to large N CFI’s in Minkowski space, in which case we should
consider the temperature T = 5= of the Rindler horizon.

We cannot apply directly (9.21) to (jsjgjs/5)- However, we can use Rindler positivity [99]
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9.3. Bound on chaos for (jsjij/5)

to bound (jsjgjsjs) by (sisjajs) and (jsjajajs) and use the bound on chaos to bound the
latter two quantities, as we will explain next.

The Rindler conjugate O of an operator O is defined as Ow,,,(t, X, ) = O;Z,],,_“(—t, —x,Y),
where i/ refers to a transverse coordinate relative to the plane of figure 9.1. Furthermore
we have that 0,0, = 0;0;. Rindler positivity and Cauchy-Schwarz inequalities imply
that

|(AB)|* < (AA)(BB). (9.22)

where A and B are operators (that might be composite) defined on a single Rindler
wedge.

Let us define A = j(x3)js(x2), B = j5(x2)j5(x3). Then, the time-ordered correlation
function in the configuration (9.20) is given by

(Tljs(x1)jo(x2)jo(x3)jo(xs)]) = (AB) (9.23)
< \/<fo(x4)js(x1)jo(x3)fs(x2)> X (jo(x1)fo(xa)jo(x2)jo (x3))

The bound on chaos on the rhs of the previous expression implies a bound on (/i) -
t

Intermsof o = e~

M
Tim (T[js (o1 ) () s () (ea)]) ~ S + O (), 9.24)

where A; > —1.

9.3.2 Consequences for (jsjg/s/5) co

Let us work out the consequences of the bound on chaos for the Mellin amplitudes of
(JsjoJoja)- In the critical boson theory,

(js(x1)jo (x2) jo (x3)jg (xa))eb = |1 — x3| 4722 — 23> oy — 24| 72|23 — xg [
(9.25)
" Z ]/ T (i, s K0 TV (12,37 MV (13,401

where V (i; j, k) was defined in (9.6) and

As+Ay— N — Ay
2

YM (712, 71455, k),

M (712, 71455, k) = T(712)T (A1 — 712 — 114) T (712)T (712 + ) (9.26)

A1+ Ay — A3+ Ay Ay + A3 — Ny — Ay
2 2

— 12 — 714)T (714 +

I(
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AM=254+1, A =2, A3=2, A=2.

We call M(712,714; s, k) a Mellin amplitude. The arguments of the I" functions are just
the Mellin variables defined in (9.7).

In the limit t — oo of the kinematics (9.20), the conformal cross-ratio v acquires a
monodromy v — ve?™. Furthermore

u=160%*4+0(c*), v~1—8ccoshp+ O(c?), o — 0. (9.27)

The polynomial growth of the Mellin amplitude is related to the Regge limit, in a manner
that we explain next, following appendix C of [29]. Let us consider the limit

dyiod
// 1128714 0 p M(7y12, 71458, 5)T (712)T (A1 — Y12 — Y14) (9.28)
aao 27'[1

Az + Ay — DA — A
T
5 )T (714 +
A1+ Ay — A3+ Ay
2

A2—|—A3—A1—A4)
2

Yo 212(1 — 80 cosh p) 714,

T (y1a)e 7T (y1p +

I'(—712 — 7114 +

The factor e~2™"14 becomes very large in the regime y14 — ico. This is cancelled by the
exponential decay of the I" functions. Let us suppose that the Mellin amplitude grows
polynomially as 'yﬁs’k) f(712), when 14 is large and imaginary and 71, is fixed. In this

regime we can rewrite (9.28) as

d Az +As— A — A _
~ [ Zh2p T(y12)T (g + =22 TL 225270 £ () (9.29)
27ti 2
/ * dm 272t At Bata(s k) jim (80 cosh p+0(0?))
M1 2w ’

where M; is an irrelevant large number. If we substitute m; — % we get that the
integral (9.28) scales like ¢! ~%1722-%(k) " In order to compare (9.25) with (9.24), we
should furthermore take into account the prefactor and the structures in (9.25), which
scale with ¢. Our conclusion is that a(s, k) =1 — Ay —k <2 —k.

We can use the crossing symmetry equations

S

N k N
M(712, 11455, k) = Y (=1)* < k2> M(2s +1 —ko — y12 — Y14, 714 — k + ko; 5, k2),
ka—k

(9.30)

M(v12,714; 8, k) = M(714, 712;5,5 — k).
(9.31)
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Figure 9.2. AdS contact diagram for (jsjgjg/s)-

to derive the following bounds on the polynomial growth of the Mellin amplitude

ﬁlim M(v12, By1a;s, k) ~ p* (S'k), ay(s, k) <2—k

— 00

ﬁlim M(By12, 71458, k) ~ [S“Z(S’k), ar(s, k) <2—s+k
— 00

gim M(iB + Y12, —iB + Y1458, k) ~ 5“3(5'1‘), az(s, k) <2+s.
— 0

We can apply these bounds to the ansatz (9.10). We conclude that

\
p

ﬁlim p(v12, By1a; s, k) ~ ﬁ"l(s’k), m(s, k) =2+2k+ay(s,k) <4+k
—00
En p(By12, 71458, k) ~ ﬁ’”(s'k), n2(s, k) =2+2s — 2k + ap(s, k) <4—k+s

[}gm p(iB + Y12, —iB + Y14;5, k) ~ BPER, 3 (s, k) < 4 +s.

The

solution that we found respects this bound.

(9.32)
(9.33)

(9.34)

(9.35)
(9.36)

(9.37)

9.3.3 The Regge limit of AdS contact diagrams for the parity even structure

in (jsjaiojo)

We will study the Regge limit of a generic AdS contact diagram for (jsjsjs/5) (see figure
(9.2)), using the methods of [56]. We use vectors P; and Z; in embedding space to describe

the position and polarization vectors of an operator O; defined on the boundary of AdS.
For tensor fields defined on the bulk of AdS, we use vectors X; and W; to denote the
position and the polarization. The following identities are obeyed:

Z;} =P} =7;-P;=X; +1=W}=X;-W; =0.

(9.38)
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We denote the bulk to boundary propagator of a dimension A and spin | field by
I (X, P; W, Z). Its formula is

(=2P-X)(W-Z)+2(W-P)(Z- X))

Ha (X, P;W,Z) =Cy, (—2P - X)A+T ’

(9.39)

where C, ; is a proportionality constant (whose value will not be relevant for us).

An important class of contact diagrams contributing to the parity even structure in
{Jsfojojo) is given by
s AX TIp =s+1,5,=5(X, P1, K, Z1) (W - V)*2T1p,—0 5,0 (X, P2) (9.40)
(W - V)*3TIp,=2,5,=0(X, P3)I1p,=25,=0(X, Ps),

where s; = s, + s3. There are other contact diagrams one can write by contracting more
derivatives among the propagators, but such diagrams will diverge more in the Regge
limit, which is the issue we wish to discuss here. The covariant derivative is given by

d d d
Va= aXA+XA(X ﬁ)‘FWA(X'm)- (9.41)
The operator K is given by
d—1, 0 0 0 0
Ka="5 Gua +XaX g+ (W 5mlsma O9)
d d 1 02 d d
+XA(W'W)(X'W)—EWA(WJF(X'm)(X'm)),

where for our purposes d = 3.
The following identity
I, s, (X, P1, K, Z1) (W - V)2Tp, 5, (X, P2) (W - V)®Tp, 5, (X, P3)  (9.43)

— C(All AZ/ A3/ 51,82, 53)Di22Di% (HAl,O (X/ PI)HAerSz,O(X/ PZ)HA3+S3,O(X/ P3)> .

is useful for us. Dj; is an operator that only acts on the external points. It increases
the spin at position i by 1 and it decreases the conformal dimension at position j by 1.
C(A1,D2,A3,51,52,53) is a constant of proportionality, which will not be relevant for us.
The precise definition of D;; is

+ (P P)Zi'i

— (P~ Z;)P; - R

Dj; = (P;- Z;)Z; - (9.44)

9Z; op;

We confirmed the identity (9.43) for a few values of the external spins using Mathematica.
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9.3. Bound on chaos for (jsjij/5)

So, with the help of identity (9.43) we can perform the integration in (9.40) using only
scalar propagators and afterwards we act with the differential operators D, and Ds3.
The AdS integral with only scalar propagators corresponds to a contact quartic scalar
diagram, whose Mellin amplitude is a constant. Afterwards we act with the differential
operators and obtain an expression in the form of (9.8).

Let us exemplify what we mean for the case of (j2j3j5/5)- Let us take s, = 1and sz =1
in (9.40). Up to a proportionality constant, the contact diagram is given by

D1yD13 /Ads AX TIp,=3,5,=0(X, P1)Ta,=3,5,=0(X, P2)T1a, =3 5,=0(X, P3)T1a,=25,—0(X, Ps)

(9.45)
~ D12D13 x§,4 5 // d71247;4r<712)r(3_712 —7114)T(7114)
X23X73%24 (27ti)
1 5 1, _ _
T(y12 — E)r(i =712 — 114)T (714 + E)M T2pT T4,

where the ~ symbol means that we neglected a numerical factor. We now act with the
differential operators D1, and D13 and reorganise the result into the form (9.25), (9.26)%.
For this contact diagram, we conclude that

(—4+712) (3 — 8714 + 471,
(=44 712 + 714)
—2(—2 + ’)’12) (—3 + 2")/12)(—3 —+ 2’)/14)

(—4+ 712 + 7114)

3— 8712+ 471
M(m2,mas=2k=2) = 71(254 + 771122+ %BZ)

M(v12,714,s =2,k=0) =

(9.46)

M(v12, 714, =2k=1) =

This contact diagram obeys the chaos bounds (9.32), (9.33) and (9.34). We found that
contact diagrams of the type (9.40) obey the bound on chaos for spin 2, but violate the
bound on chaos for spin s > 4.

Our goal is to investigate if there are extra solutions to crossing, conservation and Regge
boundedness for (jsjzjs/s)- AdS contact diagrams are solutions to the crossing equations,
however they are not necessarily conserved, nor Regge bounded. To see that contact
diagrams are not necessarily conserved, let us consider a generic contact diagram

AdS ax HA=S+1,S(X/ Pl/ W/ Zl) ](X/ Pi/ K/ Zl) (947)

where we denoted by J(X, P;, W, Z;) the dependence on the other AdS fields. It turns
out that the action of the conservation operator (9.13) on Ily—s1 ¢ gives a pure gauge

4The step where we gather different terms into the same contour may give rise to subtractions. These do
not change our main conclusion, which is that any finite linear combination of AdS contact diagrams for
(jsjgisjo) with s > 4 does not obey the bound on chaos.
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expression

0
ﬁ . DZHA=S+1,S (X/ P/ Wl Z) (948)

= 27252 VX<(—P X)E (=P X)(W-Z) + (P-W)(X - Z))51> (9.49)
=W-VxF(X,P,W,Z). (9.50)

Thus,

0
Y Dzl / dXHA=S+1,S(XI Pl/ Wl Zl) ](XI Pi/ W/ Zl) (9'51)
P AdS

= — [ dXF(X,P,W,Z))W-VxJ(X,P,K,Z)
AdS

This vanishes only if ] (X, P;, K, Z;) is conserved in the bulk of AdS, i.e. a contact diagram
involving a bulk to boundary propagator is conserved only when the bulk to boundary
propagator is coupled to a conserved current. Clearly, this is not the case for a generic
contact diagram (9.40).

So, we consider instead linear combinations of AdS contact diagrams. The most eco-
nomical way of doing this is to notice that the Mellin transform of any contact diagram,
or any linear combination of contact diagrams, can be written as

N 1
M(’)/lz, Y14, S, k) = F(—k + 714)1" <—k + Y14 + 2> F(—S + ’)/13) (952)

1 1
xT <—S + 713 + 2) F(k — s+ 712)F (k — S+ 712 + 2> pdt('YlZ/’)’14}S/k)~

where pg; (712, 71458, k) is a polynomial. Let us explain this important formula. If we
act with the differential operators on the scalar contact diagram, they will shift the
arguments of the I' functions by integers. So, the Mellin transform of an AdS contact
diagram will involve 6 I" functions times a polynomial. The arguments of the I' functions
are related to the operators that appear in the OPE of the external operators. Thus, we
arrive at (9.52). Notice that p (12, 714; 5, k) will eventually have zeros.

The chaos bound for py; (712, Y145 5, k) is
ﬁh_{r.}o par(112, Br1a; s, k) ~ B1ER, i (s,k) = 24 2k + i (s,k) <24k (953)
ﬁlgr;o pat(Br12, 114;8, k) ~ ,8’72(5'7‘), n2(s, k) =2+2s — 2k +ap(s,k) <2—k+s (9.54)
ﬁ}g{}o pat(iB 4 12, —iB + Y14:5, k) ~ PR, y3(s,k) <245, (9.55)

We imposed crossing and conservation on (9.52). We find solutions that always violate
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9.3. Bound on chaos for (jsjij/5)

the chaos bound, for all spins s > 4. For s = 2 we find a solution that respects crossing,
conservation and Regge boundedness, which is given by

ThTa | Mo YT STYs 5 TrhTh

L, Y14;8 =2,k=0
Par(m2, 71438 = J=79 *tutTy 8 12 2%
(9.56)
357y 357 | Trovhy 5vema 2572  Ma 714
36 24 72 24 12 12 4
29074 | 5Yhrs 370, 2
s k1) = 27127 2714 377 27171
Par(712, 71458 = 2, ) o T4 36 5
+13’Y%2’Y%4  3319%714 n 3773, n 571277 33171271, N 777214 407712
4 36 6 4 36 4 36
3773, n 3791, 407714 37
36 6 36 6’
'712')’14 7')’12')’14 7712’)’14 ’)’12 ')’12’)’14 5')’12')’%4
, Y14, =2,k =2
p(712, 71458 = )= TR o S
+35712’Y%4 57112714 E n m 578, 357 2571 1
36 24 12 24 12 )

9.3.4 The Regge limit of AdS contact diagrams for the parity odd structure
in (jsjgjolo)
The parity odd structure is

‘2572

|,4s, ‘257 ’72574’3‘.3 — x4

(s (x1) 75 (%2) 75 (%3) 5 (Xa) Yoaa = |x1 — x3] 7572 |x0 — x3|* 72|22 — x4

(9.57)

dyi2dyia 4
XZ / | Tt Moz iazs Ko e (7, Py P Py PV (1:2,3) 7V (133, 4)°

We define the Mellin amplitude M,;4(Y12, 714; 5, k) in the following manner

V = | — r T Az+ Ay — A — A
Moaa (712’ 14,5, k) r('712) (Al Y12 — '714) ('714) ('712 + > 4 ! 2 )
(9.58)

A+ Ay — D3+ A BotAs—M—A
: 22 22—y~ )T (e + = 32 =) Moaa (712, 11458, K),

I'(
M =25+1 A =3, A3=3, Ay=3.

125



Higher Spin

The following equations encapsulate crossing symmetry:

. s—1 k .
Moaa(y12, 11455, k) = Y (1) < k2> Moga(2s +1—ko — 712 — 14,714 — k + k28, k2),
ka—k

(9.59)

Modd(’hz, Y14, S, k) = Modd(’m, Y12;8,8 —1— k)-
(9.60)

Let us use the bound on chaos to derive a bound on the polynomial growth of the Mellin
amplitude. Let us define the exponent «(s; k) such that limg_,co M(712, BY14;5,k) ~
Bk) In the Regge limit, the Mellin integral goes as ¢~ 2~ 3#(5)
the structure goes as 0>*2k. So, (9.57) behaves as ¢ ~*~*(*). By comparing with the
bound on chaos (9.24) and using (9.59), (9.60) we conclude that

. The prefactor times

éim Moaq(712, By1a; s, k) ~ ‘B’Xl(s'k), aq(s, k) <1—k (9.61)
—> 00
ﬁlim Moga(Br12, v14;5,k) ~ B2, ay(s,k) <2 —s+k (9.62)
— 00
gim Moga(iB 4 y12, —iB 4 11455, k) ~ B3R as(s, k) <s. (9.63)
—> 00

The Mellin amplitude of an AdS contact diagram of the type (9.57), or of a linear
combination of contact diagrams, is given by

N 1
Moga(v12, 71458, k) =T (y12+1+k =) (y12 + 5t k—s) (9.64)

1 1
T'(y1a — k)T (y1a —k — E)r(’he, +1—=5)T (73 + 5 $)Par(Y12, 11458, k),

where 713 = 25 + 1 — ¥12 — 714. The bound on chaos for p4; (12, 71455, k) is

lim par(y1z, Prisis k) ~ BMER, Ai(s, k) <2+k (9.65)
Bm par(Briz mais, k) ~ B2, Aa(s k) <145k (9.66)
im pu(iB + iz —iB+ s ) ~ BHOH, Mals k) <145 O67)

pat (712, 1145 5, k) can be found by imposing crossing and conservation. We found that
for s > 4 all solutions violate the bound on chaos.

However, for s = 2 there is one solution that respects the bound on chaos. This solution
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9.3. Bound on chaos for (jsjij/5)

is

par(112, 11458 = 2,k = 0)

Par(112, 71458 = 2,k = 1)

2
T2 . Y2714 9712 M4
AP A0 EI N £ S S | .
1 + 5 1 > +1, (9.68)
2
Y2714 Y12 | Yia _ OY14
: s Ay SRR (9.69)

In the conclusion of the thesis we discuss open problems in CFT’s with slightly broken

higher spin symmetry.
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Main results of the PhD thesis

® Analyticity and polynomial boundedness of nonperturbative four point functions in CFT’s
imply the existence of Mellin amplitudes for light external operators.

See formulas (1.22), (1.23). Analyticity follows from the OPE. We did not manage to
prove polynomial boundedness for subtracted four point functions. This requires
a better handle on the double lightcone limit.

® Analyticity in a sectorial domain Ocrr of the four-point function justifies the inclusion of
the I'-functions in the definition of the Mellin amplitude (see definition (2)).

» Meromorphicity of Mellin amplitudes M (712, y14) is proven in a subset of C?, see figure
D.1.

The positions of the poles are given by the twist spectrum of the theory (3.3). Due
to the presence of the twist accumulation points in every CFT, the nonperturbative
Mellin amplitude has an infinite number of pole accumulation points whose
position is known, see section 2.4. We conjecture that the only singularities of the
Mellin amplitude correspond to physical operators (3.3).

® Non-perturbative Mellin amplitude satisfy Polyakov conditions.

This is encapsulated by formulas (4.29), (4.30) and (4.31).

» Existence of Mellin amplitudes, Regge boundedness, crossing symmetry and Polyakov
conditions lead to dispersive CFT sum rules.

See formula (5.6), for which we performed some checks using the 3d Ising model.
This sum rule vanishes for the exchange of exact double twists T = 2A + 2n for
n = 0. Heavy operators contribute to this sum rule with a definite sign. Sum
rules of this type constrain the UV completion of effective field theories in AdS.
Potentially, they might lead to the exclusion of a seemingly healthy effective field
theory, though we did not manage to prove a result of this kind in this thesis.

® Mellin dispersive sum rules were used to rederive most of the known CFT data of the
Wilson-Fischer model in d = 4 — € dimensions to order e* and were furthermore used to
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2

o2 Ot order €*, see table 6.3.

derive new results, namely the OPE coefficient C

® Mellin dispersive sum rules were applied to derive CFT data from AdS Witten diagrams.

Our best result is formula (7.12) for the one loop anomalous dimensions in ¢*
theory.

® The pseudoconservation equations, crossing symmetry and Regge boundedness allow the
determination of spinning four point functions in CFT’s with slightly broken higher spin
symmetry.

More precisely, we computed (jsjiz/z/5) in the quasi-fermionic theory for s > 4 at
finite t'Hooft like coupling.

Main open directions

We believe that the most important problems unlocked by our thesis are:

1. Prove a nontrivial swampland conjecture. A concrete goal is to show that the
only conformal field theory with A/ = 4 supersymmetry in d = 4 dimensions is
Super Yang Mills. In order to do that, we propose to set up the bootstrap equations
for correlators with N/ = 4 supersymmetry and apply to them our dispersive
functionals, like we did for the € expansion. The papers [103], [104], [105] set up
the bootstrap equations and should be very useful in our analysis.

2. Study the 3d Ising model semi-numerically. What we have in mind is to follow
the paper [50], but to use dispersive sum rules, instead of the lightcone bootstrap.
In [50] a wealth of CFT data about low twist operators in the 3d Ising model was
uncovered using the lightcone bootstrap and the numerical bootstrap. It would
be interesting to use the dispersive sum rules to try to improve on that analysis.
Improving the numerical studies of the 3d Ising model is important, since it might
shed light on how to solve the theory analytically.

3. Merge the analytic functionals with the numerical bootstrap. The numeric con-
formal bootstrap is at present the best tool to study conformal field theories
nonperturbatively and it would be great to improve it using analytic methods. A
concrete target is to reproduce the results in the early conformal bootstrap papers,
namely [2], [106], using the dispersive sum rules.

Perturbative applications of dispersive sum rules

In this thesis we provide evidence of the usefulness of dispersive sum rules in the context
of perturbative conformal field theories. Similar problems are:
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1. Improve on our discussion on the € expansion. The following two improvements
could be made. One improvement is to make the discussion completely analytic.
At the moment we need to resort to numerics in order to calculate the CFT data,
but this step is likely avoidable. Secondly, it would be very good to obtain CFT
data at order €, since very little is known at this order. A concrete target are the
anomalous dimensions and OPE coefficients of the operators in the leading Regge
trajectory at this order.

2. Study the critical O(N) model in 4 = 4 — € dimensions. The theory of N scalar
fields interacting quartically has a fixed point in d = 4 — € dimensions. This fixed
point has been studied to order €* in [65]. The dispersive sum rules should give
access to more perturbative CFT data, like what happened in [107].

3. Study the critical O(N) model in a large N expansion in 2 < d < 4. The idea
would be to improve on the work [108].

4. Loops in AdS. Deriving OPE data from AdS diagrams is an old problem in
AdS/CFT. A promising approach is the use of the analytic bootstrap, see the
papers [52,53]. It is likely that the dispersive sum rules will be useful for this.

Open problems in CFT’s with slightly broken higher spin sym-
metry

The methods developed in chapter 9 potentially pave the way to compute all four point
functions in conformal field theories with slightly broken higher spin symmetry. We
believe that the next steps in this program are the following:

1. Compute (jsjojojo) in the quasi-boson theory. The conformal structures involved are
the same as in this thesis, so the calculation should be very similar.

2. Demonstrate that AdS contact diagrams are not present in (jsjsjajs) and (j2jsjojs) in the
quasi-fermion theory using pure CFT arguments. The chaos bound allows for contact
diagrams in (jyj/5/5) and (j2jisjsjs)- Their absence for (jjgjg/5) was demonstrated
in [94] using Feynman diagrams. It should be possible to give a pure CFT demon-
stration of this fact. The idea is to write down the higher spin Ward identity that
connects (jzjajojs) and (j2jsjajs), plug the AdS contact diagrams multiplied by
arbitrary functions of the t‘ Hooft coupling and obtain that the only way for the
Ward identity to be satisfied is if such functions vanish.

Let us mention some more ambitious problems:

1. Develop a code that computes all spinning four point functions. Such a code should:
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® generate the structures involved for a given four point function

® generate an ansatz for the Mellin transform, which should be a product of 6
Gamma functions (whose arguments are determined by the lightcone OPE,
which is known) times polynomials

® impose crossing, pseudo-conservation and Regge boundedness to fix all the
undetermined coefficients in the polynomials.

What differs from what we did here is that for generic spins we should not use
embedding space, since the conformal structures in embedding space are generi-
cally linearly dependent on each other. It is best to use conformal frame techniques
instead. Concretely, one would need the 3 dimensional version of [100] (see
also [101]).

2. Demonstrate that AdS contact diagrams are not present in four point functions in CFT’s
with slightly broken higher spin symmetry. As above, the hurdle should be in adapting
our formalism to use the 3d conformal frame.

Recently, a new formalism for correlators of conserved currents was proposed in [102].
The idea is to write the conformal structures in a helicity basis. It would be very
interesting to apply this idea to correlators in CFI’s with slightly broken higher spin
symmetry.

Ultimately, one would like to understand higher spin symmetry from the point of view
of the bulk of AdS. We hope that our CFT computations can be of some utility for this
ultimate goal.
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:N2D CFT calculations

A1 Mellin amplitudes from BPZ differential equations

Let us consider the four point function (P »(z1, 21)O2(22, 22)O3(23, 23)O4(24, Z4) ), where
Oy, O3 and Oy are arbitrary scalar Virasoro primaries and @, is a degenerate Virasoro
primary. (®12(z1,21)02(22,22)03(23,23)O04(z4,24)) is annihilated when acted upon by
the differential operator Lg;q:

JF o L g S R
Mg & Z1 — Z; & z1—zi)2  2(2h; +1) *
i=2

(A.1)
where we used the usual notation in 2d: A; = h; + h;,I; = h; — h; and in (A.1) we assume
®; , to be at position 1.

The application of ﬁsing to @, increases h and leaves h fixed. Thus, it will be useful
for us to apply both L,g and Lgjyg to (®12(21,21)02(22,22)O3(23,23) O4 (24, 24)), s0 as
to get a null scalar Virasoro primary, which we denote by &1 5. In equations,

Liing Lsing(P1,2020304) = (§12020304) = 0. (A.2)

In (A.2), we use the Mellin representation:

<¢1[2020304> = / <H[d’yij](Xi2j)'Vij)Mq)(Lz)({’yi]‘}). (A3)

i<j

We see that the differential operators only act on (XIZJ) ~7i, which can be factorized in
holomorphic and antiholomorphic parts. Afterwards, we use u and v variables and do a
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change of variables in order to get a recursion relation for the Mellin amplitude:

2 2
Yo Y cpq(r12, 114) Mo, (112 4+ . 114+ 9) = 0. (A4)
p=04g=0

Expressions for the coefficients c, ; are not very important, but let us register one such
expression for concreteness:

1
C1,1 = § <(2 +4h1)h2 + (—1 +4h1 — 3’)’12)’)’12) <(2 —|—4h1)]’l4 + (—1 —|—4h1 — 3’)’14)’)’14) .

(A.5)

Equation (A.4) is solved by
Mo, (112, 114) = Cof(—A(alz) - A(az)z_ Alaz = ja+) +712)
F( _ Aagp) + A(zxz)z— Alar + 3ay) N 712) F(_A(aclz) + A(ocg,)z— Alas — 3ay) +r1s)
r( Alayp) + A(zxg)z— Alas + 3ay) N ’Yls)r(—A(alZ) + A(M)z— Alay — o) )
-l ra Z e oy,
(A.6)

where y13 = A(a12) — 712 — 714 and A(a) is given by (8.6). Cy is not fixed by equation
(A.4). We compute it in A.3 (see formula (A.30)). Equation (A.6) is a simple generalisation
of (8.23). We just wrote a product of six I' functions, with poles prescribed by the OPE
CI>1,2><CI>M:CI> 1++CI>

=50 oc,-+%a+‘

A.2 Comparison with conformal block expansion

We start by establishing some notation. Consider 4 scalar Virasoro primaries. We write
their four point function in the Mellin representation as

<OloZOSO4> — |x1 _ xS‘szl |x2 _ xs‘A17A27A3+A4|x2 o x4’7A17A2+A37A4

dy d
_ AM+Dy—A3—Ay 12 14 M —Y127,~ V14 A7
|3 — x4 /C1 21 o, 2 (712, Y14)u~ "207 7, (A7)

where M (712, 714) is the Mellin amplitude. Let us consider the usual kinematics:

Gi(zz)= lim 22M2M(04(z1,71),02(1,1), 05(2,2), 04(0,0)), (A.8)

Z1—500,21—00
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where we use the 2d notation h; = %. So,

d d
— hi—hy—hs+hy, h1+hy—h3—hy T12 714M —Y1275— V14 A9
G3 (z,z) =v u /C1 i Jo, 2 (v12, Y14)u~ 20714 (AL9)

We write the four point function as a sum over Virasoro blocks in the s-channel:

ZC” Cl, P31 (pl2) Fii (pl2), (A.10)

where C, denotes the OPE coefficient for a Virasoro primary exchanged in O; x O,.
F2}(p|z) is a kinematical function that can be expressed as a power series.

Fi(plz) =z h42sz (A11)
k=0

where i, is half the conformal dimension of the exchanged primary. An analogous
expansion exists for 73] (p|z). Expression for the first three coeficients are

Fo=1, (A12)
- hy — h
(s =)y 2 — ) A1)
A C
Fo= gt g (A.14)

where
A=(hy+h—h)(hy+h—h +1)  (A15)
x ((h,, -l — ha) (It + i3 = Iy +1) (4l + ) = 6l (hy + 203 — h4)>,
Cc
B = 4h,(2h, + 1) (4h, + E) —36h;,  (A.16)

C = (hy+ 2l — ) <4hp(zhp +1)(hy+2h3 —hy) (A7)

—6hp(hp + h3 — h4)<l’lp +h3 — hy + 1)> .

Let us now specialise to the case (®1,P1,00), where O is an arbitrary Virasoro primary.
Its Mellin amplitude is given by

2
b4
M(7112,114) = Col (713 — e )T (713 + aay — af + DI (712 + f) (A.18)
2

3
My +1- 7*)1"(714 —an )T (s + 0ay —af +1),
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where y13 = % —1 — 712 — 714. We obtained this expression from considering (8.23)
and doing y12 <+ 13-

In order to match the Mellin representation with the conformal block expansion, we
need to expand the rhs of (A.9) for small z and Z. In particular, we want to match with
the contribution of the identity

(zz) "M C G3l(z,2). (A.19)

For the case of (®1,P1,00), the rhs of (A.9) is

d d
303 —1-202 g /C 712 ﬂCoF(’YB — e )T (13 +aay —a? +1) (A20)
1

27 Jo, 27

2 2
x 3o iy
I'(y12 + %)r(’hz +1-— 7; )T (714 — e )T (714 + aay — o 4+ L)u~ 720774,
We want to reproduce the term (zz) "5~ = y~20*+4%02  In order to do so, let us

consider the limit # — 0 and v — 1 in (A.20). We take the residue of the integrand at
Y12 = %0& — 1 and set v = 1 to compute the remaining integral:

u—2a2+4txorxr<_1 + 2062+)C0 /[C?;;.L]F('YM — oo )T (14 + aay — [xi +1) (A.21)

T(—71 —aw )T (—ya+aay —a% +1)
[(2—2a2% +2a0y)
r2—2a2)

— u—2a2+4ﬂéol)¢col—'(_1 + 20(3_)1—'(_20(0‘+)r2(1 — 063_)

—20% +4agr

Equating this to u fixes the value of Cy according to (8.22).

A.3 Normalisation of (®;,0,0504)

In A.1 we computed the Mellin amplitude of (®1,0,0304), up to a constant Cy (see A.6).
In this appendix, we determine the value of Cy, which is in formula (A.30). Conformal
Virasoro primaries are normalised so as to have a two point function "equal” to 1.

This problem was already analysed in [109]. In that paper, following a technique
explained in [110], an analytic continuation of three point functions for general central
charge from the ones in minimal models is proposed. Here, we just transcribe that result
into an expression for Cy.

We direct the reader interested in understanding the details of this analytic continuation
to [109]. In what follows, we just define some conventions and then write formula (A.30)
for Cy.
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In this appendix, we change notation, so as to match the one in [109]. Conformal
dimensions are given by

hy = “(0‘ - q)/ (A.22)
where
1= 5 (A23)
g P .
Note that /i, is invariant under « — g — «. The central charge is related to g by
c=1-64" (A.24)
In the notation used in the rest of the thesis, p = —a.

Our formula for Cy will depend on a Y function. Its properties can be found in [109]. We
just briefly remind some basic facts. A representation for the Y function is

B “ﬂ Q ot sinhz((%—x)t)
log Y (%) _/0 (5 - s 2tﬁ)). (A.25)

This representation is valid for 0 < Re(x) < Q. We note that Q = B+ L. For values of
x outside this representation, we need to use the shift relations

Y(x+B) = 7(px)B' Y (x), (A.26)
Y(x + 1) = (DB Y (). (A.27)
B B
Also note the identities

Y(x) =Y(Q—x), (A.28)
vi$) =1 (A.29)

Now, the formula for Cg.

4 V(B Lz

Co = Y+ 2w Y(—1+§/&+5¢) (A.30)

k=2 \/Y(ﬁ +2m)Y(—L+28+2) P
(1) ()
Y ([% - 2) vV (2B)Y(B)
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where & = Y}, a; and

v(x) = F(I;(i)x)’ (A.31)
Y(x) = r(f(_’%x)ﬁ‘ﬁ” Wt (A.32)

(A.30) is symmetric in the transformation a; — g — «&;, for each i = 2,3,4, where

:%_ﬁ

A.4 Normalisations in the Coulomb gas formalism

Normalisations in the Coulomb gas formalism are computed in section 9 of [76]. The
result is

(a%r _ 1)27.[m+n,},(1 _ é)maimf%fzv(l _ “i)n’)’(ﬁ _ n)<_1)4m—4n—2+1

()7 (m— %)

2
Nm,n -

7

(A.33)
where y(x) = =%

A simple check can be done on formula (A.33). Consider expression (A.30) for Cy
in the correlator (®q Py, Py, P,,). Consider now the case in which ay + a3 +ay =
2x9 — w12 — a4 and eliminate the variable ay. This corresponds to inserting one positive
screening charge in the Coulomb gas model. In that case, we can simplify the expression
for Cy using the Y identities (A.26) and (A.28), in such a way that the expression for Cy
depends only on I functions:
1
Co = (A.34)
I'(—2a004) ’Y(é + 20 \/7 —1 = 2mn; +a%)

_2¢x3¢x+), /'y(é + %)\/'y(—l — 2034 + )

[(2—a% +2ma + 20304 ) \/7 —E—%—MS )V (1 + 20 0y + 20 a3)
1 (1)1 ()
——2 20c+ 1—zx+
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A.5. Two screening charges

For that same case, it follows from (8.29) that

7T

Co = T, T (=200 )N ()

(A.35)

Let us now compare expressions (A.35) and (A.34). The value of the normalisation of
N(ayp) is given in (A.33). We also use the shift symmetry N(2a9 — 5 — ap —a3) =

— L We conclude that
N(az+az+zay)

N(a2)N(a3) = \/7(12 n %)\/7(12 + 2“3)\/7(1 1 %)(A.%)

N(ar 4+ az+ oy w2 oy a2 g
\/'y(—l — 2000, + oc%_)\/'y(—l — 203004 + zxi)\/'y(l + 20 ap + 200 a3)
7 (k- 2)y /7 (2)

Y(r = Dy(ad)/r(=1+243)

oy

V.

We can now put formula (A.33) into the left hand side of (A.36) and see if we obtain the
right hand side. We checked this for several cases and indeed it is so.

Formula (A.33) is correct when m and n are both positive. We also need to consider
normalisations for cases in which n and m are both negative. In that case, formula (A.33)
does not apply. However, when n and m are both negative we can still find the correct
normalisations. Since we normalise two point functions such that (OO) = 1, then it

follows that N(a_,,—,) = N(lemn)'

A.5 Two screening charges

In this section, we consider a general n point correlator (P, ...®,,) for which we need to
insert two positive screening charges in the Coulomb gas formalism and compute its
Mellin amplitude.

As usual in the Coulomb gas formalism, we associate to each operator ®,; a vertex
operator: V,, = N,,®,,, where N,, is a normalisation that for degenerate operators is
equal to (A.33). Thus,

n
(@g,..Dy,) = [ 2 — ;] / Pt / Ptsr (A37)

i<j

ﬁ |2 — X1 |9 |2 — x| 420
. N,

1

2
’xn—&-l - xn+2‘4m+
i=1
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2D CFT calculations

We use formula (8.19) to transform the integral in x,,,» into a Mellin integral. Notice that
we can apply that formula since the integral in x,, 1 is conformal. Indeed, 4}/ ; ooy +
402 = 4(—i —ay)ay +4a3 = —4.So, (A.37) is equal to

o 1 / 2 : 4
d x Xi— X et A.38
1—.(_2“%_) E 1—‘(—2061‘06+)Nai n+1 ]1_{ ‘ ] Vl-‘rl’ ( )

n—+1

1 26}
H |:d§l'1,]']:| ( 11 ]1 ) ’xll le ‘ v 4

i1<J1

where we used the measure ) ; ;) &l —20;, 0.

I ]1

The integral in x,,;1 can also be done by use of (8.19), since 4 Y/ ; ;s —2Y 11 &} il =
—4 — 4% + 40% = —4. Further doing a shift of integration variables, we obtain

T 1 n+1
by, D, ) = d d (A.
(@) = £y T G 1L ol T1 [ [a6h,] a9

1<j 11<J1
1
1
leczlzl I_'(_Z‘Xh(xﬁL + €k1,n+1)

[(€) I+ 20y — ) — 3|20,
(A.40)

where the measure is ) ;; 7;; = Ay, and 271;11 i, = —2aja. Formula (A.39) is a
particular case of (8.27).

A.6 Sums in exponent of the Mellin amplitude
In this subsection we work out the sums in formula (8.48), using the measure (8.28).

The first term can be rewritten as

ZZ ) 55':‘
r=1i=1j=i+1

HM\

E Y ¢k (A.41)
i=1j#i

Notice that ¢;; with i > j does not exist as an integration variable, so when we write the
expression above we mean that {;; = ¢;; when i > j. It is useful to write things as (A.41)
in order to use the measure (8.28). Using the measure (8.28) we get that

n n+r
Zglr] o Z ‘:l] 2004 r 41 + Z Cl n+r+1e (A.42)
j# j=n+1 s=r+1
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A.6. Sums in exponent of the Mellin amplitude

Let us plug (A.42) into (A.41). We have that

n
2D¢i0‘n+r+l = (2a0 — pros — qra) ((p1 — Dy + )

n n+r 12 1 n
S(- ¥ g+ T faoa) =5 & Lt

j=n+1 s=r+1 r li=

-1
20‘n+1“n+7+1 + Z +1,n+r+1>
o

= —a+((p1 = Das + quac),

where we used &, 11 = a;. We conclude that (A.41) is equal to

_((Pl —1ay + 4104—) (P10é+ + (g1 — 1)"‘—)-

Now let us work out the second sum in (8.48).

n n n n
Y wia =Y (2mon; — af) + Y ai(—proag — )
i=1j#i i=1 i=1

like we wanted to show.

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)
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Single-variable Mellin transform

The standard definition of the Mellin transform ¢(s) of a function f(z) is given by

()= [ defz) = fao= [T Eem ®y
= ' = Jedieo 2mi? ' '
Notice that this definition of ¢(s) only makes sense if the first integral converges for at
least some values of s. Assuming that f(z) does not have any (non-integrable) singularity

for z > 0, the convergence region is determined by the asymptotic behavior !

z—0: flz)=A1z7 "+ Az +..., ap > ap > ... (B.2)
z—o00:  f(z)=Biz 4Bz 4., bi<bh<.. (B.3)

Clearly, the first integral converges in the strip a; < Res < bj. In this case, for the
contour of the second integral we can pick any ¢ such that a; < ¢ < by.

What if by < a; and therefore the first integral in (B.1) never converges? We shall now
argue that even in this case the Mellin transform can still be defined by allowing a bent
contour in the second integral in (B.1). The idea is very simple. We just split the first
integral in two parts

b= [azf@2, g = [ (B.4)

The asymptotics (B.2) imply that ¢(s) is defined and analytic for Res > a; and the
asymptotics (B.3) imply that {(s) is defined and analytic for Res < b;. Therefore, we

IWe focus on power-like asymptotic behavior because that is the most relevant in the case of Mellin
amplitudes. However, the discussion easily generalizes for more general asymptotics. For example,
exponential decay as z — oo leads to convergence for Res > a1 and logarithmic behavior like z~?(log z)"
does not change the convergence region but leads to higher order poles of ¢(s).
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Appendix B. Single-variable Mellin transform

can write

~C1+i00 dS cp+ico dS

fa= [ g Bs)z (B5)

cp—ico 27t

with ¢; > a1 and ¢, < by. The next step is to deform the contours of these two integrals
to the same bent contour C without crossing any singularity of the respective integrands.
This is depicted in figure B.1. If this is possible then we can write

ds

@) = [ a0, Pls) = ¥(s) + (). (B.6)
|
CQ | Cl
AN
//
G

Figure B.1. Singularities in the complex plane of s. Blue balls represent the poles of ¢ (s), black
crosses represent the poles of (s). Notice that we can gather the two straight contours C; and
C; into a bent contour C, that separates poles to the left from poles to the right.

Bending the contours requires analytic continuation of ¢ and ¥ beyond the region of
convergence of the integrals (B.4). This is easily done by adding and subtracting the
asymptotic behaviour of f(z). For example,

Ay
S — a1
(B.7)

P(s) = /01 dzz 1 [f(z) — Az 4+ Az = /01 dzz° ' [f(z) — Az +

where the last integral converges in the larger region Res > a,. By adding and subtract-
ing more terms in the asymptotic expansion of f(z) we can further analytically continue
 and ¢. Furthermore, we conclude that the asymptotic behaviour (B.2) and (B.3) gives
rise to simple poles of the Mellin transform ¢(s) ats = a; and s = b; as shown in figure
B.1. Thus, it is possible to bend the contours without crossing any singularity if and only
if none of the poles of ¢ (at s = a;) coincides with a pole of § (at s = b;). If there is a pole
coincidence (a; = b; for some i and j) one can introduce a small parameter € and define

ds

f(z) = lim Cqu)e(S)z’s, pe(s) = (s +e)+P(s—e). (B.8)
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Notice that the limit does not commute with the integral when the contour is pinched
by two poles that collide in the limit € — 0. In fact, in this case, we obtain

o) = [ Z )+ DAz (B.9)

-~ Jor 2

where the sum runs over the set of colliding poles. The contour c’ passes to the left of
all poles of i and to the right of all poles of ¢, except those that are common.

Consider the simple example f(z) = z7". Then

1 - 1 2¢
Vo= B = p9=0  e)= gy (B0
and indeed
[T s 2¢ e o ©dy 2
fz) _gg(l) r—ico ﬁé—(s—r)zz — 2 lli%.fooE&%—yzz (B11)

= z’r/ dys(y)z W =z,
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@ Bochner’s theorem

For completeness we reproduce the statement and proof of Bochner’s theorem from
the book [111]. Suppose () is a non-empty, connected, open set in R", with n > 1, not
necessarily convex. Let f be a holomorphic function of n complex variables, defined on
0o +iR"™. Suppose that f does not grow too much at infinity, i. e. that for x € )y there
isan N € IN such that

|f(x +iy)| < e, (C.1)

where |y|? = y? + ... + y2. Then, f can be holomorphically entended to Q) + iR", where
Q) is the convex hull of ).

The proof consists of an application of Cauchy’s residue theorem in 1 dimension. Let
x and ¢ be two points in (). Consider the complex plane parametrized by j(s) =
x +s(¢ — x) with s € C. We can define a rectangle R with sides s = it and s = 1 — it
for —tp <t < tp and ty is a positive number that we will eventually take to co. The
top and bottom of the rectangle are given by s = +ity + u with 0 < u < 1. Notice
that the rectangle R passes through x = j(0) and ¢ = j(1). Now, we consider a point
j(¢) = x4+ {(& — x) inside this rectangle. In other words, { is a complex number with
0 < Re{ < 1. Then we can write

ds W (j(s)) f (i(s))

W(J'(C))f(j(é))ztgig;o 2 [—s (C2)
_ 1ot W(G)) fGGE)) 1 e WA —it)) f (1 —it))
_E/_oo at 7 —it +E/_oo at T—1+it ’

where W is an auxiliary analytic function that ensures that the top and the bottom of the
rectangle do not contribute in the limit of large to. For example, we can take

W(x) =" (C3)
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Appendix C. Bochner’s theorem

for Q odd and Q > N. In fact, the condition (C.1) could be weakened by choosing
another W. The first line of (C.2) is valid if the rectangle is contained in y + /IR".
Remarkably, the second line of (C.2) is valid more generally. It is sufficient that both
x,¢ € ) because the limit ) — oo removed the top and the bottom of the rectangle. In
this way we extended the domain of analyticity to the convex hull of ().
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Analytic continuation of K(y15,Y14)

We would like to show that

Ldu [do
Kmzma) = [ S8 [0 Sumamfu,0), (D.1)

can be defined for all 712, y14 in the complex plane, except at the OPE singularities:
Y12, 714 = A — 5 — m, where T is the twist of an exchanged primary and m is a nonnega-
tive integer. The integral above is well-defined for Re(y12) > A and Re(y14) > A. Our
task is to analytically continue (D.1) beyond this region. Firstly, we will show that this
can be done for regions [b] and [c] of figure 2.1. Secondly, we will discuss the case of
region [d] where we do not have a rigorous proof. Finally, we discuss the asymptotic

behaviour of K-functions.

D.1 Regions [b] and [c]

It is convenient to use the following expansion of the four point function

fluw,0) =Y agu 2t (2 +2) (D.2)
T,l

that holds almost everywhere in the integration region (u,v) € [0,1] x [0,1]. We sum
over exchanged operators (both primaries and descendants) of twist T and spin [ (see
[28]) and the variables z, Z are defined by the usual relations # = zZand v = (1 —z)(1 —
Z). The only points in that square where the expansion does not work are at v = 0 and
u = 1. The coefficients a.; are positive. When it converges, the series (D.2) converges
absolutely in each point.

Equation (D.2) will be an essential ingredient in our argument for analyticity of K
functions and consequently of Mellin amplitudes. So, we can say that analyticity of
Mellin amplitudes follows from the fact that CFT correlation functions enjoy an operator
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Appendix D. Analytic continuation of K(y12, 714)

product expansion, whose coefficients have a definite sign for unitary theories. We
expect this to be also true for non-identical operators though.

Let us suppose that Re(y14) > A and let us attempt to analytically continue in y1,. The
first step consists in dividing the integration region into two regions.

Tdu [ldo
O RE - o
/1 du /1 dl ’7120714f u, U)

The second integral is completely analytic in 7y1,. From now on, we will refer ourselves
only to the first integral. The usefulness of using these regions will be clear in a moment.

In order to analytically continue beyond the region Re(y12) > A we add and subtract
the twist contributions up to to some twist T4y

1 1 1 1

R T O A A D (D4
o U Jo ©
1 1
/2 d”/ dvu“mzv“mz Z U A+2(z +Z)
I T<Tmax
(D.5)
where
fan(,0) = fw,0) =1 Y agu i+ 2). (D-6)
I T<Tmax

Let us show that the first term in the rhs of (D.4) is analytic in Re(y2) > A — = and
Re(y14) > A. In order to do this, we need to bound f;,;(u,v) in the hghtcone limits
u — 0, v — 0 and the double lightcone limit u,v — 0.

Start by noticing that f,,;,(1,0) ~ u~2+"#* in the lightcone limit u — 0, due to the

subtractions that we made. In the lightcone limit v — 0, the function f,;,(#,v) cannot
be more singular than f(u,v). This is because in that limit f(u,v) is a sum of positive
terms (see (D.2)) and to get f;,;, (11, v) we just subtracted some of these terms. Thus, in
the limit v — 0, f;, (1, v) cannot be more singular than v=2.

Finally, we need to bound f,;,(1,v) in the double lightcone limit. f,;(u,v) has the
following series expansion

fsup(u,0) = Z Z ar,l“7A+%(Zl + Zl)' (D.7)

I T>Tmax
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D.1. Regions [b] and [c]

We proceed like in section (1.5). Let us switch to z,Z coordinates. We find that

Tmax Tmux
A— A—

(z121)°7 7 faw(2z1,21) < (2221)°7 7 foun(22,21), (D.8)

if 0 < z; < z2. Now let us suppose z; ~ 0. This corresponds to # — 0 on the lhs.
Furthermore, let us take the limit Z — 1. This correponds to the double lightcone on the
lhs and to the lightcone limit v — 0 on the rhs. We conclude that

foun (1, 0) ~ u=8F "898, (D.9)

where by ~ above we mean that the lhs is not more singular than the rhs. Thus, the rhs
of (D.4) is analytic in Re(y12) > A — ™= and Re(y14) > A.

Let us consider now the second term in (D.5). It is clear that this term is well-defined
for Re(7y12), Re(y14) > A. We will show that we can commute the sum with the
integral. Afterwards, we will analytically continue into the region Re(y1p) > A — =,
Re(14) > A, except at the points where 71, = A — 5, for any twist T exchanged. Those
are the OPE singularities.

We make use of the Fubini-Tonelli theorem, which says that commuting the sum with
the integral is allowed in case of absolute convergence

1
E3 d T
/2 u / i 7120’714 2 ar TR |Zl + Zl| < 00. (D.10)

T<Tmax

We divide the integral into two parts, the Lorentzian region v < (1 — /u)?, and the
Euclidean region (1 — /u)? < v < 1 (see figure 1.1).

In the Lorentzian region, z and Z are real and positive. So, the modulus in (D.10) does
nothing. Thus, we can commute the sum with the integral over there. Consider now
the Euclidean region. In the Euclidean region, z and Z are the complex conjugate of
each other. Note that |2/ +2[(,,) < (2 + Zl)(u,(l_ﬁ)z). This is because (#,v) and
(1, (1 — \/u)?) have the same value of |z|, but in the second case z and Z are positive real
numbers. In the Euclidean region

2du [l dv > du
T120)714 A+3 s < / / 124714 1— 2
/0 u/(l_\/a)zvu v Ealu |z} + 2| i u oM f(u, (1 — /u)?)

- [ ‘Z‘muf(u, (1— Vi) —

L= V). (D.11)

If Re(y12) > A, then this integral is well defined. Note that it was important that the
integral in (D.11) did not go up to u = 1. This was why we made the separation (D.3).
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Appendix D. Analytic continuation of K(7y12, y14)

We conclude that
1 1
/2 du/ CLU ’7127)714 Z ar) M7A+%(ZZ+ZI) (D.12)
T<Tmax
T
=) Z az k(712 — A+ 5,714),
I T<Tmax
where
1
%1 (Y12, 714) /2 du / @M7120714 (zh + 2. (D.13)

We conclude that when Re(7y12), Re(y14) > A, then K(y12,714) can be written as

1 1
K(712,714) /1 du/ dvumzﬂ“f(u v) /2 du/ —umzﬂl‘*f p(u,0)  (D.14)
+Y Y anx (’712—A+ ,714> .

I T<Tmax

Let us consider analytic continuation of (D.14) in 71, keeping Re(14) > A fixed. The
first two terms in (D.14) are analytic for Re(y12) > A — ™=, We will now argue that the
analytic continuation of the last sum in (D.14) is analytic for all 1, in the complex plane
as long as

Re(y12) > A — T";”x , "712 —A+ % +m| > €, (D.15)

where € > 0 is a small regulator to avoid the OPE poles, T is the twist of any exchanged
operator and m is a non-negative integer. Firstly, we will discuss the analytic continua-
tion of each term x; (712 —A+ 7, ’)’14). Secondly, we will discuss the convergence of the
(infinite) sum in (D.14).

Notice that when [ is a positive integer, then z' + z' is a polynomial of degree / in u and
v. In fact, one can write

ki (Y12, 714) = 2772 i Fin(714) (D.16)
' m=0 Y12 +m’

where 7 ,,(714) is a rational function. This shows that the analytic continuation of each
term x; (712 — A+ 5, 714) generates only OPE singularities at 1, = —% 4+ A — m, where
T is the twist of an exchanged primary operator and m is a nonnegatlve integer.

Now we would like to show that the sum over twists and spin in (D.14) converges for
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D.1. Regions [b] and [c]

any 12 as long as (D.15) is satisfied. We start by writing an upper bound

Z Z ar1 K] <712_A+ ,’)’14)

I T<Tmax

< Z Z ar ‘Kl (’)’12 — A+ ,’)’14)‘ (D.17)

< TW!HX

<2 Z ar max ‘Kl (x,’)/14)’

Rex>(T—Tmax)/2
T<Tmax |x+m|>e

<Y A max [ (x,714)] (D.18)
R e

where A = } . ar;. Itis clear from (D.16) that the maximum is finite for every
value of the spin [. Therefore, convergence of the sum follows from the large ! behaviour
of the summand. To understand this it is convenient to make a small detour into the
Lorentzian region.

Consider the convergent sum (for Re(y12), Re(y14) > A)

1
Z Y At (712 — A+ ,714 /2 du/ *umvmf(“ v) (D.19)

T<Tmax

where
1
i d —Vi)? doy
K™ (Y12, 714) = /2 - / - —umayne(zl 4 2h), (D.20)
Since all terms are positive and 1 < 1 in the integration region, we have a lower bound

W > EAZ KT (y12 — A+ ’;‘”‘,m). (D.21)

Convergence of this sum implies a bound on the asymptotic growth of A; at large spin.
Let us compute the large spin behavior of x-°". When | — oo, we find

2 (1-/u)?
K}or(’)’lzr 714) = /2 d”/ dﬁumvm (Zl —{-Zl)
mm{l
frd / dZ/ dZ‘Z — Z| (Z'Y]Z*l+l(1 _ 2)71471271271(1 . 2)71471)

~ 1“(714)B

i (712,718 +1), (D.22)

1
2

where we used the incomplete S-function. Therefore,

ZAZ 1714 e, RE(’)/14) > A. (D23)

It turns out that this is sufficient to prove convergence of (D.18) for Re(y14) > A. The
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Appendix D. Analytic continuation of K(7y12, y14)

reason is that

K1 (Y12, 712) ~ €% (y12, 714) | = o0, (D.24)

up to exponential corrections of order 27!/2 coming from the Euclidean region. When
I — oo, the integral in (D.13) is dominated by the region near v = 0, since z (or z
depending on our choice) achieves its maximum value 1 there.

In this way we established analyticity in region [b] up to OPE poles. The same analyticity
in region [c] follows from crossing symmetry K(y12, 714) = K(Y14, 712)-

D.2 Region [d]

Let us use the trick of Bochner’s theorem as reviewed in C. We introduce a complex
plane parametrized by s embedded in C? as

F(s) = 7(0) +s(7(1) = 7(0)),  F0) = (1\Y.2]),  F1) = (v}, 7)) (D25)

First we choose ’yg) > 'ygg) > A and 'yﬁ) > ')ﬁ) > A so that both 4(0) and 7(1) are in
region [a]. This allows us to write the following representation for the K-function,

dt KW (7(it)) | [ dt KW (3(1 - it))

KW(’?(C)): 2 [ —it 2 —1+4it

(D.26)

where 0 < Re¢ < 1 and KW denotes the product of the K-function by an holomorphic
function W that decays fast along the imaginary direction as explained in C.

Notice that the function K (7(s)) has poles at

12 _ A—t/2—9)

=s; = , (D.27)
1 0
752) - 'Y§2)
and
(0) (1)
A—1/2— A—1/2—
SZS(TM)EM:HM' (D.28)
1 _ 0 (1 (0
Y14 — V14 Y14 — V14

For our choice of 4(0) and (1), the poles obey s1? < 0ands!™ > 1as required by the

conditions of Bochner’s theorem.

Now let us move ¥(0) into region [b] and ¥(1) into region [c] as depicted in figure D.1.
In other words we decrease 'yig) and 'y&) below A. Under this deformation, there are

poles that cross the contours along s = it and s = 1 — it for t € R. This will change
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D.2. Region [d]

b 7O Re[714] [a]
\
3.0)
(0,0) |
| [d] E [c]

Figure D.1. Construction that leads to equations (D.29) and (D.30). We represent the case
A = Tjjgntest and therefore 7, = 2A. We can establish analyticity in the shaded domain without
crossing the accumulation point of accumulation points of triple-twist operators (marked with
dashed lines).

equation (D.26) into

dt KW (7(it)) | [ dt KW (3(1 - it))

KWEE) = [ 57 7—it 27 [ —1+it (D-29)
Res__ 12 KW (7(s)) Res__ 1y KW (7(s))
+ (1; [ P {09
st >0 T sy <1 T

Notice that if we denote 7({) = (712, 714) then the last equation can be written as

dt KW (5(it)) | [ dt KW (7(1-it))

KW =
(712, 714) o i Ay g
Res’hz:A*T/ZKW (712/ Y14 (55'12)))
- “A+ /2 (D.30)
r<2(a-12) e
ReSWMZA—T/ZKW (712(5(114))/ 714)
+

“At 12
r<2(a=)) At/

Equations (D.29) or (D.30) imply analyticity of the K-function at ¥({) = (12, 714) as
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Appendix D. Analytic continuation of K(y12, 714)

long as: i. we place 7(0) and ¥(1) in an analytic domain inside region [b] and region [c],
respectively; ii. the sums converge. Condition i. is easy to satisfy if the twist spectrum
is not continuous. Although this is an open question for high twist in CFT; > 2, it is
clear that at least until the first accumulation point of accumulation points (triple-twist
operators) the spectrum is discrete. Condition ii. is more non-trivial. Let us consider
several cases of increasing difficulty:

® The sums converge because they contain finite number of terms. This is the case if
we do not cross any accumulation point, i.e. for A — 7./2 < ’Y%g)/ ’YS;) < A.

® We cross only one twist accumulation point .. For example, take 'ygg) <A—-T/2.
In this case, the infinite sum over twists accumulating at 7. only converges if the
intersection of y1; = A — 7, /2 with the straight line through 7(0) and (1) has
Y4 = 714(522)) > A because of (D.23). Fortunately, this last condition can be
relaxed by choosing a function W that vanishes like (71 — A + 7. /2)" at 10 =
A — 7, /2 for some integer p > 0. This makes the residues in (D.30) smaller as we
approach the accumulation point and therefore extends the convergence of the

sum to 714(s§ )) >A— pTgap

® We cross only a finite number of double-twist accumulation points 7. + 27 in both
region [b] and region [c]. This case can be treated similarly to the previous one. Itis
enough to choose a function W that vanishes sufficiently fastat y1p = A —7./2 —n
and y14 = A — 7./2 — n for a finite set of integers n. Notice that if A = Tjjgpyess
then 7, = 2A and this allows us to prove analyticity in the corner of region [d]
with 713 < % (see figure D.1). This region contains the crossing symmetric point

Y12 = Y13 = Y14 = %.

® We cross an infinite number of twist accumulation points. For example, we cross

the triple-twist accumulation point of accumulation points at y1, = A — %Tm-ple.
(12)

Conservatively, the sums converge as long as the intersection 714(s3, /,) > A. This
is not sufficient to extend the region of analyticity beyond the previous case.

D.3 Asymptotic behavior of K functions and of the Mellin am-
plitude

K functions decay polynomially at infinity. This can be seen starting from their definition:

g g
K(7v12,714) / u/ —UF (u, v)uM2p"4, (D.31)

When 712,714 — ioco this integral is dominated by u = v = 1 and so we obtain
K(v12,714) ~ 7121714' Subleading corrections to this behaviour can be computed by

Here we used the large spin behaviour 7, — 7(I) ~ I~ % from the lightcone bootstrap.
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expanding the correlation function close to the crossing symmetric point u = v = 1.

By contrast, the Mellin amplitude

M(v12, 714) = K(7v12, 714) + K(713, 714) + K(712, 713) (D.32)

decays exponentially at infinity. We proved this for the cases in which the theorem of
section (1.1) applies. This also happens in every example.

Since the Mellin amplitude can be written as a sum of functions that decay polynomially,
it is not obvious how come it can decay exponentially from the point of view of K
functions. Let us see that crossing symmetry implies that it does not decay polynomially.
We check this in some simple examples but not in full generality in the sense that we
will see next. Indeed consider expression (D.31) and expand

F(u,v) = % Apm(1—u)" (1 —o)" (D.33)

n,m=0

where N is some positive integer. Crossing relates different a,, ,, to each other. If we plug
the function K(12, 714) thus obtained into (D.32), we seem to obtain that M(712, Y14)
decays polynomially. However notice that the coefficients a,, ,, are not all arbitrary and
they are constrained by crossing symmetry?. For this reason many cancellations occur
and one obtains that M(vy12, v14) ~ m We checked this up to N = 10 and we believe

that it holds for arbitrary N.

2A similar idea was pursued in [112].
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5] Examples

E.1 Examples of K-functions

E.1.1 Free fields

Consider a free scalar field ¢ of conformal dimension A. Then, for (pPp¢p¢p) we have

F(u,0) = 1+u 4075, (E.1)

1 1 !
o B . N , E.2
(712, 714) Y2714 Y12(714 —B) (Y12 — A) Y14 =2

The corresponding Mellin amplitude is 0.

For the case O = ﬁ YN | ¢'¢! in free scalar theory, we have

4
F(u,v) = 1—|—u’A—|—v’A—|—N(u’% to T 4u2072), (E.3)
1 1 1
K , = + + E.4
(112,714) Y2714 Yi2(7a —A)  (r2 —D)ya E4)

+ 4( ! A+ ! A+ 1A )(E5)
N\(r2-%(a—9%) r1e(ne—%  (r2—%)7as

The corresponding Mellin amplitude is 0.

E.1.2 The correlator (cooo) in 2D Ising

In the 2d Ising model,
1 d d
(cooo) = ———F(u,0) / 112 [ IV o, )i 2078, (E.6)
27ti 27Ti
x13x24 x13x24
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with

VAV u+o+1
F(u,v) = NS (E7)

N 2 1 1
M(712,714) = —1/ ;T <2’Y12 - 4> r <2714 — 4) T['(—2712 — 2714)- (E.8)

We will compute K(y12, 14) in two ways. The first way is the following. Consider

1 v
Q(7r12,714) = / dv/ d—“ﬂ”v"“‘*l—“(u,v). (E.9)
o v Jo u
Then, F(u,v) = F(v,u) implies
K(7112,714) = Q(7112, 714) + Q(714, 712)- (E.10)

Our goal is to compute Q(712, 714) by expanding F(u,v) in a power series expansion
around u = 0.

For a generic CFT, we would proceed in the following manner. We write !

F(u,0) = Y Choou™ 2 Y u"gn(v), (E.11)
k m=0

where A is the conformal dimension of the external scalar, 7 is the twist of an exchanged
primary, C3n, is an OPE coefficient and finally g, (v) is a collinear block. Suppose
we put equation (E.11) into (E.9). Notice that the integral (E.9) does not involve v = 0,
which is where the expansion (E.11) should fail. We find

ad 1
K , — CZ E.12
(712, 714) ; oookmzz;o(,er%_A_Fm (E12)
1 T
+ H(713),
Tat+F—A+ m)fm ()
where
1 T
O A A ) (£
0

is a kinematical function. In practice, it was difficult to compute it for general m. We

IPresumably, expansion (E.11) converges on the square (u,v) € [0,1] x [0,1], except for v = 0. But we
could not prove it.
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E.1. Examples of K-functions

register the result for m = 0:

%0(0) = (0— 1)/ 2R, (;(2]+T),;(2]+ 2 + 71— v) , (E.14)

fit(na) = (=127 DL (] 4+ 5) T (1 +o+ ;) r(z-ms)
(E.15)

1
VAT + T (J =73+ 3 +1)

T T T
B (J+ L]+ 5,04 5]+ 5 — e+ 1.2 + 1)

In the case of the 2d Ising model, F(u,v) is simple enough to admit a power series
expansion in u. From (E.7), we find

—1)" 1T (n— 1) (Vo+1) 2N n/2
2v/27T (n 4 1) (uv)s

F(u,v) = i ( (E.16)

where the expansion converges in |/u| < |1+ /7|

We can now do the integrals to find a series expression for Q(12, v14) and K(y12, y14).
We find

K(712,714) = i ( ! + ! ) (E.17)

= \272+n—1 2yutn—1i

2%—n<_1)n+1r(_% +n),F (1, 5 2v13;n — 2713 + %} —1)
V27 (=2yi3+n— ) T(1+n)

7

where 13 = % — 712 — 7Y14- This series converges exponentially fast?®. We checked for
several values of 1, and 714 that using (E.17), then K(7y12, 714) + K(712, % — Y12 — Y14) +
K(% — Y12 — 714, Y14) numerically matches (E.8).

Let us outline another way to compute K(y12, y14). We first do the u integral. Then, we
attempt to do the v integral. It is more complicated, since the integrand is also more
complicated. So, we series expand the integrand around v = 0. We spare the reader the
details. We find

K(7v12,718) = Y, 8nfu(7112) fu(7114), (E.18)
n=0

2Note that (E.17) has no poles in 713, but Q would have poles in y13. Each term term of the series (E.17)
does have poles in 713, but the residues of successive terms cancel.
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where
r(n—1=1
gn = — 3( 2) , (E.19)
2213/l (n + 1)
- 1 31 1
fu(vi2) = 2R | Ln— 52y +n+4+ -5 | T (292 +n— (E.20)
2 472 4
1 31 4
=K (1,n—2;2 T B
“( "ottty 2>8m+4n—1

This expansion also converges exponentially fast and with it we can obtain the correct
value of M(712, 714)-

E.2 Mellin representation with a straight contour for (cooc) in
the 2d Ising model

We provide a Mellin amplitude with a straight contour for (o) in the 2d Ising model.

The four point function is given by —1+F(u,v), with F(u,v) given by (E.7). For this
X

correlator, we have explicit expressions for the function K(712, 714), see (E.17) and (E.18).

According to the discussion in section (2.1), we have that

712 dy14 o
F u,o :/ 7/ - K , u 'lev Y14 E21
(o) Re(y12)=3+0" 27T JRe(yy)=L+0+ 2710 (712, 714) ( )

dv12

B R€(712):%+0+ 27-[1 »/I;e(’)/]g)—é+0+

+ [dy13]K (712, 713)u” 20" T

dy14

+ d / '
RE(%?’):%"‘OJ "l Re(y14)=§+0+ 2770

K('713r /),14)1/[*’7120*714‘

Each of these three integrals should be done with a straight contour. Consider the
first integral. We can deform its contour until we reach the crossing symmetric point
Re(v12) = zi' Re(va) = zi In the process, we pick up some poles, which will give us
the appropriate subtractions to perform to the correlator. We do the same procedure for
all three integrals on the rhs of (E.21). At the end, we reunite the three integrals into

a single integral with a straight contour at the crossing symmetric point Re(7y12) = o,
Re(714) = 5

Let us work out this procedure for the first integral on the rhs of (E.21).

/ d’)’lz / d'Yl4 K(’le, ,),14)1/[*712»0*714 (E.22)
Re(712) Re(y14)=

,%+0+ 2711 %+0+ 2711

d’YlZ / d’)/14 _ B
e e 71( ’)/12’ f)/14 u T12 0 Y14
/RL’(’le)=214 2711 Re(y14)=54 2711 ( )
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E.3. ¢’ in 6+ € dimensions

dyia 5

1 1
—|—u_§/ ——K =, o4
Re(714):%+0+ 2711 (r)/lz 8 ,)/14)

_1 d’)/le 1 _
+0 8/ ——K(v12, 714 = 5)u 12,
Re(yp)=4; 27T (r12.714 8)

where we used hats to denote the residues.

Let us now evaluate the integrals.

dy1a 4 1
uf% / ﬂK(lez — 7/714)07’714
Re(14)= 8

1 27Ti
Y LIS EEE I N Earc
Re(y1s)=4 2711 Y14 — % V2usvs
and
1 dy12 1, _
v 8 —K , =y E.23
/Re(m)_214 2ti (712,714 8) ( )

m \/Eu%v%'

:0(1_u)\/1+\/ﬂ 1 1

We proceed similarly concerning the other two integrals in (E.21). We conclude that if
we define

]. _1 1 1 1 1 1
Foup(u,0) = F(u,v) — \/ +\/a+\/1+\/5+\/\/ﬂ+\/5+u 8V 8 4+ U 8V +UBD B

\/E(uv)% V2

then

dt)’lZ d’)’14 _ B
P u,v :/ 7/ 7M , u 7127] 7]4, E24
sub( ) Re(v12)=54 27t Re(y14)=24 27 (’)/12 ')’14) ( )

where the Mellin integral is evaluated with a straight contour at Re(7y12) = Re(714) = %
and M(y12, 714) is given by (E.8). We checked equation (E.24) for several values of u
and v by performing the Mellin integral numerically. Fy,;, (1, v) is crossing symmetric
and is softer than F(u,v) in the lightcone limit as well as in the double lightcone limit.

E.3 ¢°in 6+ € dimensions

In this section we check some statements in section 2.1 for the example of ¢ theory in
6 + € dimensions at the critical point.

Consider the contribution to (¢pp¢p¢) given by the three diagrams in figure E.1.
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/

Figure E.1. The connected piece of (¢p¢¢¢) at tree level. To first order in €, the scalar ¢ has
dimension A =2 + ge.

The main results of section 2.1 are equations (2.19) and (2.41). Our goal in this section is
to show that such equations are correct for the four point function in figure E.1.

¢® in 6 + € dimensions was studied in [113] using the skeleton expansion. It was found
in [113] that the first diagram in figure E.1 is equal to

T(A)T(952)2 1 d
Cé(l@ d(A)z(zd)zA 3AdA/dAdxASAA (E.25)
m2l(Z)2T(555) ¥y "Xgy /Xy " Xo5 " X35Xy5
r'(A) 1 e
=G — 2 Daaaana(u,0),
MTERT(G ) P

where C¢4,¢ is an OPE coefficient.

We can obtain a Mellin representation for (E.25) using Symanzik’s trick (8.19). Expression
(E.25) is equal to

1 dy2 dvia R
CZ ( ) / / Md‘ Y12, Y14 U 7120 ’714,
¢¢¢r(%)4r(d 28) 23843 JRe(ma)=3A 2710 JRe(y14)=}a 2710 g )

(E.26)
where
A_d 3 o
Maiag (712, 714) = T(712 — E)F(E 50 Y12)T(713) T (714) " (E.27)
If we set ¢ = 0, then
Maiag (712, m14) = T(v12 = DI (712)T2 (713)T (714)%. (E.28)

So, in expression (E.26) the contour is straight and can be placed anywhere in the shaded
triangle in figure E.2.

In order to make contact with formula (2.19) we would like to displace the contour in
(E.26) to Re(7112) = 5, 2 Re(y14) = 3) In order to do this we need to pick up the pole at
Y12 = 5. Expression (E.26) is equal to

T'(A) 1 dyi dy1a
G / : / 5 Maiag (712, 14)u~ 207
PO (S)AT (20 ) 2328 JRe(mna)=4 2700 JRe(1)=4 27 ing )
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714 =0

Y12 =0 v12=%

Figure E.2. According to expression (E.28), the contour must be placed to the right of Re(y12) =1,
above Re(714) = 0 and to the bottom of Re(7y13) = 0. We are thus led to the shaded triangle in
this figure.

u 2 A A
+ C¢¢¢ 22D 528 2Fi(5,550,1—-0). (E.29)
X13 %24 2°2

We see that the subtraction is precisely the collinear block, like we expected.

The full expression for the connected piece of (ppp¢) at tree level is

I(a) dy1pdy Y-
(pppe) :Céwr(%)q “3A\ 2A2A <//C1 2= T Maiag (112, v14)u™ 120~ 14 (E.30)

(48 xi3ady (27ti)?
dvy1-d ) .
+//C /)/21;;“4 dzag(')/l3/’)’14)u T2~ 714
2
dviod -
+//C 721;'714Mdiag(714,’)’13)u T2y 714>'
3

Each of the 3 Mellin integrals has a different integration contour as in figure E.3..

In order to gather all three integrals in (E.30) into a single integral there are two equiva-
lent ways of proceeding. One way is to introduce an € regularization in order to write a
deformed contour, pick up some poles and then set € = 0. Another way is to use (E.29)
(and its equivalent for the other) diagrams. Our final formula is

A
2

N| B>

,=5A,1—0) (E31)

C2 A
(ppPpe) — zg”ii; (M_ZzFl(

X153 X4

A A A A
+0 LR(5, 5501 —u) + o BR(5, 54, 1—Z)>

C2

I'(A) 1 d d
_ PP / T12 / 4714 51 u~T2pM4 (E.32
T(3)iT(T28) 020020 Jre(y)=4 2710 Jre(yuy)=4 27t (712, 714) (E.32)
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003

— A
Y14 = 5

oCo oCq

Y14 =0

712 =0 w12=%

Figure E.3. The shaded triangles represent the regions where we can put the integration contours
for each of the integrals in (E.26). If we want to gather all three contours into a single deformed
contour, then we run into the problem of having pinches. For example, consider the point in the
picture where Re(y14) = 0 and Re(y14) = %. In order to have a deformed contour, the contour

must pass to the right of Re(y12) = %, above Re(y14) = 0 and below Re(y13) = %. This is
impossible without introducing some regularization of the integrals.

for the connected piece of (pPpp¢) at tree level, where

M(7112,714) = T2 (712)T?(713) T2 (714) (E.33)

. <F(—§ +712)T (4 — 32 + 712)
I2(v12)

Formula (E.31) agrees with the equations (2.19) and (2.41) in the main text.

+ (112 © 713) + (112 & 714))
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13 Analyticity in a Sectorial Domain
Ocrr

In this appendix we establish the claim made in the main text about the region of analyt-
icity of the correlator. The idea is to use the convergent OPE to bound the analytically
continued correlator and its derivatives. We start by stating some preliminaries. After-
wards we give a proof that the correlation function is analytic inside the rhombus, see
figure 1.4. Finally, we comment on the case of (cooo) in the 2d Ising model to illustrate
our claims.

E1 Preliminaries
It is convenient to introduce the standard (z, Z) coordinates for the cross ratios

u=zz,

v=(1-2)(1-2). (E1)

Let us briefly discuss the relationship between the two coordinates. We first consider
the principal Euclidean sheet which corresponds to 1, v > 0. It is convenient to split this
in two regions, see figure 1.1.

In the gray region (z, Z) coordinates are complex conjugate
Grey region : z =z*, Im[z] # 0. (E2)

In addition to this, in the colored regions we have for z,z € R

Red region 2,2<0,
Blue region : 0<z2z<1,
Pink region 1<z,2Z < oo. (E3)
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In going from (z,Z) to (u, v) there is a square root ambiguity and we have to choose a
branch of the continuation

2

z =1 (VO VaPR—o+ VA - VaP o),

2

2 =1 (VO+VaE—o—VI- VP —o) . (E4)

The branch point is located at z = z.

It is also useful to recall (p, §) variables [24]

z

Z) = ———, E5
which map the [1, o) cut z-plane into a unit disc. Using the p variable we can expand
the correlator as follows [24,28]

F(z,2) =Y b,0(2)"p(2)", byj > 0. (E.6)

This expansion converges for |p|, |p| < 1 and makes the analytic structure in the z-plane
manifest. The correlator has branch points at z,Z = 0 which correspond to crossing
the light-cone. Moreover, analytic continuation around the origin simply introduces
phases in the expansion (F.6). Similarly, we can use unitarity to bound the analytically
continued correlator by its value on the principal Euclidean sheet

OPEbound : |F(ez,ePz)| < F(z%,2%), (E7)

where [p (¢z) | = p(z*) and |p (¢/z) | = p(z*). Analogous statements apply for analytic
continuation around z = 1 (if we use the same argument in the crossed channel). We,
however, do not have a corresponding argument in d > 2 for analytic continuation
simultaneously around z = 0 and z = 1. In d = 2 the analytic structure of the correlation
function is the same on every sheet as was shown in [23], thanks to the convergence
properties of the so-called g-expansion. In d > 2 we expect to have extra singularities, a
full classification of which is not known. One simple example discussed in [23,25] is
the z = Z singularity, where continuation on the second sheet in one of the variables is
implicitly assumed. The z = Z singularity corresponds to a very simple Landau graph
where external points lie on a light-cone emanating from a point, two in the past and
two in the future. It is also a singularity of an individual conformal block in 4 > 2,
see [23] for more detalils.
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F2 Analyticity from OPE

For arg(u) = arg(v) = 0 the s-channel OPE converges for all u > 0 and v > 0, except for
the region in which v < (1 — v/u)? and u > 1, this is the pink region on figure 1.1. Let us
consider u, v > 0 inside the region where the s-channel OPE converges and consider the
analytic continuation u — |ule®®, v — |v|e’P, where we are interested in 0 < |u/, |[v| < co.
We ask for which values of « and B does the s-channel OPE still converges.

The s-channel OPE will cease to converge whenever we have either z or Z bigger or
equal to 1 and real. Without loss of generality, suppose that Z > 1 and real. Then we
have the following relation

B ‘u|eilx

lvle? = (1-2)(1 Z

). (E.8)

Taking the real and imaginary part of this equation, we find

(- sin(p) . sin(a)
(ool = (=2 "5 = Dna gy (E9)

We should read equation (E9) in the following manner. Given («, ) it tells us for which
values of |u| and of |v| does the s-channel OPE cease to converge. As explained above,
|u| and |v| must be positive. So, if equation (F.9) implies that |u| and |v| are negative,
then the s-channel OPE converges for such values of « and B (as long as to get to such
values the s-channel OPE converged along the way of the analytic continuation). We
thus obtain the following conditions for convergence of the s-channel OPE

(sin(a)sin(g)) <0V <sin(0¢ — B) >0 Asin(a) > 0 Asin(g) > o) (F.10)
v <sin(oc —B) < 0Asin(a) < 0Asin(f) < 0),

see figure E1. At a = B+ nm, with n € IN, condition (E.8) does not hold, unless at
possible special points where & = mm, where m € IN.

Our argument shows that the s-channel OPE converges in the grey region of figure
(E1) for all 0 < |u|, |v| < co. Indeed, in this region both |p|, |§| < 1 and since the OPE
converges exponentially fast [24], both F(u,v) and any of its d,,, 9, derivatives are finite.
This establishes analyticity of F(u,v) inside the grey region. The situation is slightly
different on a boundary of the grey region. Consider for example arg(u) = arg(v) = 0.
As explained above in this case the s-channel OPE converges only for |v| < (1 — /[u])?
and |u| > 1.

Next we combine the argument above with crossing. Applying crossing symmetry to
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arg(v)
2m

—27 —m 0 s 21 arg(u)

—2m

Figure FE1. Conditions (F.10) are verified in the pink and grey region. They are not verified
in the white region. The s-channel OPE does not converge at special points that connect the
grey and the pink region at (—7, ), (—m, —7), (7r, —7), (77, 7). This reflects the fact that when
continuing from the grey to the pink region we necessarily cross the [1, 0] cut in the z or Z plane.
Therefore, the s-channel OPE cannot be used in the pink region.

the grey region of figure (F.1) we find the correlation function is analytic in the whole
sectorial domain given by the rhombus of figure 1.4. The rhombus in figure 1.4 is the
minimal crossing symmetric region that contains the grey regions in figure F.1.

One comment is in order regarding the special point arg(u) = arg(v) = 0 which is the
common boundary point of analyticity of all three OPE channels. In this case as we
mentioned above each of the channels converges only in some subspace of the sectorial
domain 0 < |u|, |[v] < co. However, the union of them covers it fully and thus we have
established the desired analyticity in Ocrr.

E3 2dIsing

For (cooo) in the 2d Ising model we'have that F (u,v) = 7“/\2;/\:;“ Suppose that we
start analytically continuing u — |u|e™®, v — |v|eP. We reach the boundary of the region
of analyticity when 1 + |u|'/2¢'2 + |v|!/ 2615 = 0. Given « and B the boundary of the

region of analyticity is achieved when we start at u, v > 0 such that

sin(
o

| NI

) sin(3) F11
sin(Tﬁ), sin('x;—ﬁ) . (E11)

(Vu, Vo) = (

We are only interested in the situations where the RHS is positive. It is not possible for
the RHS to be positive inside the rhombus of figure 1.4. So we conclude that (cooo) is
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analytic inside the rhombus.

Let us also comment on the branch point above in relation to the results of [23]. It was
argued in [23] that 2d CFT correlators has only branch point singularities at z,Z = 0,1, 00
on every sheet. The branch point above on the other hand is at z = Z. By switching
to the (z,Z) one can indeed check that the correlator is fully analytic at this point. The
branch point originates from going between the (z,Z) and (u, v) variables, see (F.4), in
full agreement with the results of [23].
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& Polynomial Boundedness in a Sec-

torial Domain QOcr7

In this section we present some arguments in favor of the bound on the double light-cone
limit that we used in the main text. Recall that the double light-cone limit is defined
as u,v — 0 with ¥ fixed (or some more general path of approaching the origin in the
(u,v) plane). This limit is not controlled by the OPE and therefore an extra analysis is
required.!

G.1 Subtractions and a Bound on the Double Light-Cone Limit

Here we use the asymptotic light-cone expansion on the second sheet to derive a better
bound on the double light-cone limit of the double discontinuity of the correlator.

Consider the full correlation function

F(u,0) =u Y a,;2"2" (G.1)
hh

We will be interested in the double discontinuity of the connected correlator

dDiscy [F](u,v) = F(u,v) — % (F(uezm,v) + F(ue’zm,v)) . (G.2)

Recall that the connected correlator is equal to Foony (1, 0) = F(u,v) — (1+u=2 +072).
Therefore we get

dDiscy [Feonn](z,2) = 2u™2 ) sin® 7r(h — A)ah,,;zhzh, (G.3)

hi> ngap

where we used that dDisc,[1 + v~2] = 0 and wrote explicitly that sum goes only over

1See [26] for discussion of this limit in the planar gauge theories and [27] for the corresponding limit in
the vector model.
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operators above the vacuum. Using unitarity we then get

dDisc, [Pconn] (le Zl) < dDisc, [Fconn] (ZZ/ Zl)

gap A = Rap A

, O<z1 <z <. (G4)
(z121) 2 (2221)72

We know take the limit Z; — 1 and use in the RHS asymptotic light-cone expansion
on the second sheet. As reviewed in detail in [114] for a general four-point correlator
it is an assumption. For the case of identical scalars at hand, however, it was argued
for in [28]. We can then take double discontinuity block by block. Since a double
discontinuity of each individual block is zero the leading effect will come from the first
twist accumulation point at some

Toap < Tr < 2A. (G.5)

Using this fact we can write

dDiscy [FconnKZl/ zl) < (1 - Zz)(l — Zl)]%iA

Al

TQqa ~ Tqa (G6)
(z121) 7 A (2221) 7 A
In terms of (u, v) the bound becomes
dDiscy, [Feonn) (4, v) < ¢ , 0<u,v<c. (G.7)

gap
b= A7

Of course, by applying crossing we can write an analogous bound for dDiscy[Fronn (4, v) <

c
Tgap Te *
AP AT

%

Note that if we try to remove dDisc the argument above fails. Indeed, in this case we
cannot write (G.4) because taking the connected part is equivalent to introducing terms
with negative coefficients in the sum (G.1). These are due to double twist operators
present in the OPE decomposition of the disconnected piece. Without non-negativity
of the expansion (G.3) we cannot write (G.4). Instead we can use similar arguments to
derive the bound for the full correlator

(G.8)

Given the bound on dDisc, [Feonn] we would like to derive a bound on Fg,, itself. A
natural guess which is consistent with (G.7)

[

A 8w

’Fconn(u/ U)| <
(uv)®~ 2

0<u,v<cp. (G.9)
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G.1. Subtractions and a Bound on the Double Light-Cone Limit

Two examples where this bound is saturated are minimal models in d = 2 and free field
theories in d > 2. In both of these cases Tgsp = Ts.

This, however, does not immediately follow from (G.7). As a way to violate (G.9),
while having (G.7) being satisfied, we can imagine that the spectrum contains special
operators with twist 2A + 2m which will contribute to F(u, v) but will not contribute to
the double discontinuity. We will see a nontrivial example of such a function below. In
an interacting CFT we, however, do not expect such a problem to occur and therefore
we believe that (G.9) is a correct bound.

To avoid this problem and to generalize the argument above we consider subtractions.
Assuming the number of low lying twist operators is finite we can improve the argument
by considering additional subtractions. Indeed, let us consider

Fop(u,0) = F(u,0) — (1 +u 2 4+07%) (G.10)

]max [TSl’giT] u
_ Z Z C%J <u—A+2+mgSf;)(v) _|_U—A+§+mg_(:;)(u) +v—7—mg(;’r;)( )) )
0

0
Tgap ST Ty J=0 m=

where the role of the first subtraction term in the brackets is to make the sum (G.3) to
start from
Z:h h

/!

conclude that

< - Going through the same argument (and the same assumptions) we
2

Z

|dDiscy, Fyyp (1, v) |, |dDiscy Fyyp (1, 0) | < ;T,, 0<u,v<cp. (G.11)
(uv)A—4"

Note that since the number of subtractions is finite, we have necessarily 7, < 7. < 2A.
In writing (G.11) we used the fact that the second and the third subtraction terms in the
brackets in (G.10) trivially have double discontinuity which satisfies (G.11).

An interesting example of the function with zero double discontinuity in the s and
t-channel but singular in the double light-cone limit is provided by the u-channel sub-

(0)

tractions above. Consider for example v~ 2 g i (%) which corresponds to a collinear con-

formal block exchanged in the u-channel. It is easy to check that dDics,, <v‘5 g(o) (& )> =

7,J\v
dDics, (v‘g gi?]) (5)) = 0, whereas its double light-cone limit is given by
I “5g0(E) ~ ot G.12
u,v—>0,}j—7rrl fixed ¢ gT’] ( (4 ) ¢ ( )

This is to be contrasted with a much more regular behavior of the same function in the
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Appendix G. Polynomial Boundedness in a Sectorial Domain O¢rr

light-cone limit

T
lim v 2
u—0,0 — fixed gT’]

-
lim v 2
v—0,u — fixed gT](

) ~ logv. (G.13)

In the argument above we expect that in an interacting CFT only subtraction terms
provide examples of such functions. Therefore we conclude that (G.11) implies

|Faup (1, 0)] < 0<uv<c, (G.14)

ur2pra’

where v12, 714 > A — % and Y12 + Y14 > Teup due to subtractions (G.12). In a sense we
would like to say that by improving the light-cone limits in the u- and v- channels we
have also improved the corresponding double light-cone limit in the s- and t-channels
but we make it worse due to the subtractions in the u-channel.

To summarize, at the moment we were not able to rigorously prove (G.14) and leave it
as an assumption hoping to improve on that in the future.

G.2 Dangerous Limits in the Sectorial Domain

In the subsections above we considered different small 0 < u,v < ¢g limits with u
and v being real. For the purpose of deriving the Mellin amplitude we would like
however to generalize this argument for analytically continued u and v. As usual we
would like to use the OPE to bound the correlator. However due to subtractions we do
not have the OPE expansion representation of the correlator with positive coefficients.
Therefore we cannot simply bound the analytically continued correlator by its value
on the principal sheet using the Cauchy-Schwarz argument. Nevertheless we believe
that our polynomial bounds on the double light-cone limit still apply in the region of
analyticity of the correlator. In some sense this is a generalization of the idea that we can
use the light-cone OPE on the second sheet as an asymptotic expansion.

To sum up, we would like now to say that with the region of analyticity F;,, (1, v) satisfies
the same bound as above

1 1
u‘%z ‘0‘714’

|Foup(u,0)| < C(%z,“m)‘ (u,v) € Ocrr, (712,714) € Ucrr,  (G.15)
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5§ Heavy Tails in Dispersion Relations

In the main text we discussed several functionals. Here we would like to comment on
the convergence of the corresponding OPE sums at large A. The relevant formulae for
the asymptotic of the OPE coefficients can be found in [45].

For example, let us fix | = 0. In this case we have

S M TT(A —m— DR~ §+ D (- 5 + 2w (T — 5 +2m)

| 2I'(t T—A+2m
arp= ) (%) 5 (H.1)
We are interested in the asymptotic of this sum when T — co.

At large T the density of primaries multiplied by their three-point couplings asymptotes
to [45] (strictly speaking this asymptotic is only true on average)

lim p}"""VC} ~ 47T (H.2)
T—00

Combining this with a; o we find that

1
Td+2 ’

. primary ~2
Jim o G

(H.3)
and therefore the sum over the heavy scalar tail converges. Note that the power does

not depend on the dimension of the external operator. Repeating the exercise for | = 2
we get the same power law behavior. We expect that the same holds for any finite J.
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Holographic Calculations

In this appendix we spell out the terms that enter into (5.13) and (5.14). The functionals
ar,j,n Were written explicitly in (5.4), up to the expressions for the Mack polynomials. In
the cases of interest,

2I'(7)
T(m+1)r (3)* (—% +T4 1) T(—m+A—3%)

m

(L1)

Q;ﬁolm(rYlS) = -

Qi w(r3) = — (47%3 — 2713(2m + 1) (L2)
m? (Pt +1) —d (2450 +4) + (1 +2))  TA(T+2)
' d(t+1)(d—1-3) +4<r+1)>
(T+1)(T+2)I(T+4)
2 (m+ )0 (54" (4 +743) T(-mra-5)"

X

Regarding the leading Regge trajectory, we can use

dor—op,f )
Y000 ] = g7 V0,01, + O1/ct). (1.3)

Furthermore, only the m = 0 term contributes to %. For m = 0 a general expression

for Mack polynomials is given by (3.8). In this manner one obtains

dar—ny T2+ A))ES OO0 (A DA 1 1A, A1)

e T(AYT(J + A) o 19

where the superscript in the hypergeometric function means a derivative with respect to
the appropriate entry.

As to the anomalous dimensions, for the exchange of a scalar we used expressions (2.35),
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Appendix I. Holographic Calculations

(2.36) and (2.37) in [55].! For the stress tensor exchange in d = 4, [53]
) e 60(A — 1)

_ o 10 (—4A* +9A% +7A — 12)
MO0 = THOOTTADA T 1)(2A +3)

J>2, (L5)

(L.6)

where CéOT is the OPE coefficient between the two external scalars and the stress
tensor.? In general d we use the results of [56]>

t

= - /Hmﬂ1 ﬂM(s =0 t)r(f)zr(l +A)? (L7)
,)/[O,O}OJ - 7ioo+cl 47_[1 — Yy 2 2 .

t
x3Ba(=J,] +28 =1, 7;8,8;1), 0 <1 <24,
To get the complete result the graviton exchange diagrams in the three channels should
be added. These can be easily obtained by applying crossing to the result (164 — 166)
in [56]. Two of the exchange diagrams produce results that are identical and analytic in
spin. The third one only contributes to the anomalous dimension | o), , for ] = 0,2.

For a generic exchange of a single trace operator of twist T and spin |, our sum rule is
valid for % < A < 3L Itis interesting to study the behaviour of the sum rule when we
take A — ?ﬁf. There are two terms that diverge like ﬁ
direct exchange of the single trace operator. The other comes from the tail of the leading

. One term comes from the

Regge trajectory. The sum of the two terms is equal to

1 or (2] + 1)
(A=37P2r (5)°T (5)°T (J +3

72 BaAGE E,H T— 1;%,;1) -1 as)

When | = 0, (I.8) vanishes. This agrees with the fact that a scalar exchange in AdS does
not contribute to the sum rule. When | > 0 we numerically find that (I.8) is negative.
Furthermore we checked this analytically for spins | = 2,4, ... 50 and any positive T.
Note that this implies that when A — 3T there is a UV contribution to the sum rule
which is divergent and positive. It would be very interesting to understand the origin of
this.

ISee also [115,116] for a similar discussion for a generic exchange of a spin | primary.

2This OPE coefficient is fixed by Ward identities, but actually it is not necessary to know it explicitly
in order to determine the sign of the functional, since it enters both in the direct exchange and in the
anomalous dimensions of the double twist operators.

3Formula (1.7) differs from (172) in [56] by a factor of % This comes from the fact that we consider the
exchange of identical scalar operators.
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I Notes on Mack Polynomials

J.1 Basic definitions

We denote the residue of the Mellin amplitude M(7y12, 713) as

1 CingZi(—z’Ym)

_5712—(A—%—m)' U-1)

M(v12, 113) =

The calligraphic Q;”i (s) is related to the usual Mack polynomial Q;”i (s) as follows

Qy7(s) = —K(x, £,m) Q7 (5), (:2)
where the proportionality factor is given by

2041 —1),[(20 +7)

Kmbm = (320+0) Tm+ D (—m+a—5)* (<4 +L+7+1) 03
Note the minus sign in (J.2).
For the Mack polynomial QZ’Z (s) we use the following representation [117]
( l—m
QZ’Z(S) = 4/(—=1)! an::O le::O(—m)ml (m + % + %>n1 w(l,my,ny,7,d), J.4)
where
u(6,mn,7,d) = (2047 —1), 0.5
2D (4 0-1)  (Cemt ), (1 E) e, (mb D),

% Tm+ I+ DIl —m—n+1)
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Appendix J. Notes on Mack Polynomials

d T d T T T
><4F3 (—m,—z—i—2—|—1,—2—|—2—|—1,€—|—n—|—T—1,€—m—|—2,n+2,—d+T—|—2,1> .
J.2 Mack Polynomial Projections

We will also find it very useful to consider functionals that are obtained by integrating
Wp,,pyps(713) against Mack polynomials. To agree with the standard conventions for
Mack polynomials we switch to the s variable

= —2713. J.6)

We then consider the following projection

Y Hoo s . s s+ T
“’g P)z ps = /_1.00 meplrp2lp3(s)Q[,’g(s)r2 (—5) r ( > > : (J.7)

where the reduced Mack polynomials QZ’Z (s) were defined above. Note that Q;,’g (s)

is d-independent. The collinear Mack polynomials QZ’S (s) satisfy the orthogonality
relation

[ oot (-3) 12 (s+r> - b0 (~) 4T+ )T (£ +3)*

—ico 47Tl 2 2 2+T1-1)(l+T—-1)2T(l+1—-1)
J-8)
Another useful identity is the following
+ieo g . s S+ T
[ imeitiomaior () (757)
0 U<y
= (—1)ft 2t T+ 3T g)r(ﬁﬂ DI UJ-9)
=00+ +T-1) T+ 5Or (050 :
J.3 Proof of Positivity of m = 0 Mack polynomials
The m = 0 Mack polynomials are given by the formula
20((1/2),)? ST T
Td J4 o . ettty
Qo = (ryo-1), 20T L5550 (.10)

Mack polynomials are related to continuous Hahn polynomials, which obey useful
recursion relations to study their positivity properties. A continuous Hahn polynomial
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J.3. Proof of Positivity of m = 0 Mack polynomials

is defined by!
. patc)u(b+d), B B . .
pu(x;a,b,c,d) =i T(n+1) sh(—nn+a+b+c+d—1,a+ix;a+c,a+d;1)
(J.11)
Continuous Hahn polynomials obey a recursion relation. Let us define
(x) = pu(x;a,b,c,d) L(n+1) (J.12)
pn —pn A AA Al (7’1+61+b+c+d—1)n, .
A _ (nt+tat+btc+d-—1)(n+a+c)(nta+d) (1.13)
" (2n+a+b+ct+d-1)2n+a+b+c+d)’ '
c o nn+b+c—1)(n+b+d—-1) (.14)
" @2n+a+tbtct+d-2)2ntat+bt+c+d—1) '
Then,
XPn (x) = Pn+1 (x) =+ i(An +Cy + a)pn (x) - An—lcnpn—l(x)' (J.15)
We have that
pe(0) =271i'Qyf, (J.16)
provided we pick
S S S+ T S+T
a=-z b__i' =5 d= 7 (J.17)
Let us define Q(¢) =2~¢ QZSI (s). Then,
(24 0+T1)(—2+20+71)% 25+ T «

BT R TR T Ry s LA Q) +Q(+1 =0 (.18)

Let us use this recursion relation to demonstrate that m = 0 Mack polynomials are
positive, i.e. Q) =0, provided s > — 7. For spins £ = 0, 1,2:

~ ~ _2s+T
4

, 02) = 1 <452 +4sT + (J.19)

(T +2)
~ 16 )

T+1

By mathematical induction the recursion relation implies the positivity at all positive
integer /. Furthermore the recursion relation

15 (—24+L0+7)(-2+20+71)?

B _2S-|—T
16(=34+20+1)(—1+20+ 1)

J 9sQ(¢) +9,Q(¢+1) =0

asQ(E - 1)

IWe took formulas for continuous Hahn polynomials from the book [118], see the pages 200 and 201.
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Appendix J. Notes on Mack Polynomials

together with

1

2.0(0) =0, 2,0(1) =7 %Q(2) = ;(25+7) (1.20)

implies that 9;Q(¢) is positive for s > —Z. We believe that this argument can be
generalized to establish positivity of higher derivatives of Mack polynomials, but we
have not tried to do that.

J.4 Limits of Mack polynomials

Let us study Mack polynomials when the spin ¢ is much bigger than all the other
quantum numbers. The following expansion

0 (5) ~ VT2 T (0 DVAT(L 47— 1) pyu(s)T (—% +l+m+T+ 1)
" T(E+5-HT U+ 3+ )T (- +L47+1)T(F@m+s+7)°
(J.21)
V(1) =m0 (04 V2T (04 T — 1) 2n—5~T+hp, (—2m — 5 — 7)T (—g Fltm+TA+ 1)

+ T 52 T 1 T 1 d
(-8’ T(E+5-Dr(E+3+ )T (-+0+7+1)

+o<2>, 01,

can be derived [41] from the recursion relation in m, see (J.24). pu(s) is an m-th degree
polynomial in s and it obeys py(s) = s™ + O(1). We found that

d—2 T
po(s) =1, pi(s) = —5—+s+. (-22)
J.4.1 Some facts about Mack polynomials
Mack polynomials obey the following symmetry property
Qud(s) = (-1)'Qyi(—s — T —2m). (J.23)
For this reason, at s = —5 — m odd spin Mack polynomials vanish and even spin

Mack polynomials have a vanishing derivative. Mack polynomials obey the following
recursion relation in m for fixed T and £ [29]

Q(s,m) (—4dm — 40> — 40(t — 1) + 4m* — 4ms + 4mT — 25* — 25T — T°) (J.24)
+2mQ(s,m—1)(d -2l +m+7)) +2mQ(s +2,m —1)(d —2({ + m + 7))
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J.4. Limits of Mack polynomials

+52Q(s —2,m) + (2m + s+ 1)*Q(s +2,m) = 0.

We also found it useful to express m > 0 Mack polynomials in terms of m = 0 Mack
polynomials. In d = 4 the relevant formulas are

P (8) = (s 5 FDQETAZ) 125

and
P (s) = m QA= (s) + a2 QT A4 () (J.26)

where a1 and a; are given by

(C=3)(+T1—1)(20+T—4)> (45*(T1—1) +4s (1> + 37— 4) + T° + 61> + 87 — 16)

16(t—1)(20+7—5)(20 + 7 —3) ’

(1.27)
857(T —1) + 1252 (12 437 — 4) +5 (67° + 407> 4487 — 96) + v* + 107° 4 3272 + 167 — 64
8(t—1) ’

(J.28)

respectively. We believe similar recursion relations can be generated at any finite m and
in any d.
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IS OPE data in the 4 — € expansion

For our purposes, it is important to know what has been computed before. The di-
mensions of ¢ and ¢? are known to the order € [119]. The dimensions of the leading
twist trajectory (which starts at spin 2) are known to order €* [66]. As to the subleading
twist trajectory, twist 4 operators are degenerate for a given spin. This degeneracy was
analysed in [64,120] to order €2, where anomalous dimensions and OPE coefficients are
given for operators with low spins. However, no formulas for arbitrary spin are given.

The OPE coefficient of ¢? with two operators ¢ is known to order €* [8]. We compute
the order €* correction (see table 6.3). The OPE coefficients of the leading twist trajectory
are known to the order €* [62]. A formula for the averaged OPE coefficients of twist 4
operators is known to the order € [62].

Using our notation from section 6.4, let us register the value of known quantities in the €
expansion. The spacetime dimensionality d defined in (6.17) takes the form

d:4—3g—i—§g2+ <—12§(3) — 23) g (K.1)
3 12
75C(3) 77 3mt\ 5
+<2 +120§(5)—@——10 S +asg’+...,

where for completeness we also note here a5 that was computed in [119] even though
we did not use it in our thesis
~ 159¢ (3)

as = - 727(3)% — 5047 (5) — 1323¢(7) +

4175 N 28974 N 107t°
576 240 21

(K.2)

Similarly for the dimensionality of the scalar defined in (6.18) takes the following form
d—2 1 5 7 7C(3 1

A —:g2+48g3—g4+<€()+)g5+.... (K.3)

2 12 192 16 2304
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Appendix K. OPE data in the 4 — ¢ expansion

For the twist-two operators the OPE data was defined in (6.19). The anomalous dimen-

sions that are known but were not explicitly written in the main text take the following
form

o 2510 3(22-1)
72(]4)——mf 73(J€)—_g(el+1) 202(0+1)27

. 3S(0)4283(€)  L(P+202—-30—4) (-1 0, m?
valie) = =5y 4630+ 1)3 Sl =25+ 5 ) KA
(5302 + 170 — 18)S1 ()
602(0 +1)2
+ L (58t 42663 + 812 — 150 33) .

1203(¢ +1)3

For the three-point functions of the twist-two operators that were defined in (6.23) we
have

51(20) — S$1(0) + 7+

2l = —ayn
&s(iy) = 3(0+1)(51(20~ )= (¢43)81(0) | 3(S1(0)=51(20)+52(20)) =2(S} (1) =51 ()51 (20)+52(0) )
Ve = 200+ 1) 0+ 1) /
L 20(2907 —9(0+1)2 (L2 +€+4)7(3) — 480> — 3804 24) +33
_283(0) S2(2¢) L0 (251(26) £(530+29) — 15)
240 202(0+1)2 0 1 240 602(0 +1)2
(L((€+2) —7) —4)Sa(%)) L (L(0((89¢ +130) —10) +45) + 48)S5(0)
203(0 +1)3 1203(0 +1)3
0(€(5802—260—81)+27)+33 (2+0—4)S(5) 2(+1+2)S(¢)
+51(2€) + +
1203(0 +1)3 202(0+1)2 P(l+1)?
(30 — £(714 +17))S2(2¢) (€2 + ¢ —4) S3(%) N (4—70(041))S3(£)  9S5(20)
602(¢+1)2 402(0+1)? 22(0+41)? 02 +1
s (6)(£(£(83—2£(29€+40))+9) —33 (12— £(53¢+17))S1(20) (2 +L—4) Sy(3)
! 1203(0 +1)3 602(0 +1)2 202(0 4 1)2
(—6(£+1)—4)S2(¢) 652(25))
2(0+1)2 ez2+e
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| Auxiliary formulas

L.1 Miscellaneous formulas for the e-expansion

Here we present a few bulky formulas to which we refer from the main part of the thesis.

r1(€) = 127e(113 — 2)0(0 +1) — 14(113 — 2)4(£ +1)51(¢) (L.1)
+6(713 =20+ 1S+ )

+2 (6’)/1362 + (’}/13 — 2) (f + 1)510g(64> — 3713 — 942 4+ 30 + 6) ,

1
r2(£) = 14(y13 — 2)€51(£) — 6(7v13 — 2)£51 (£ + 5) — 129e(7113 — 2)¢ (L2)
2(6713f2 — 3713 + (13— 2)(£ + 1) log(64) — 3713 — 92 +9¢ +6)
f+1 '

L.2 Miscellaneous formulas for higher spin

In this appendix we write some formulas we used in the text. The nonzero coefficients
in equation (9.14) are

a1,-1,-1 = — (714 — 1) (2734 — 714(4k + 5) +2k* + 5k + 2) (k* — 2ks —k +s* +5s),
(L.3)

1
a000 =~ (273 — 11a(4k +5) + 26 + 5k + 2)
X (—2712(k+5) + y14(2k =25+ 1) +s(2s+ 1)) (k —s),

1
a),_10 = —5(27%2 +y12(4k —4s —1) +2k* — k(45 +1) + 252 +5 — 1) (y14 — 1)
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Appendix L. Auxiliary formulas

x (2k* —4ks +k+s(25s— 1)), ao-10= %(714 —1) (2k* — ks + k +s(2s — 1))
X (292 + 112 (4714 — 4s — 3) + 292, — 114(4s + 3) + 5(25 4 3)),

a_101 = —%(m —1) (2k* + 3k +1)

X (273, + Y12(4714 — 45 — 3) + 2734 — 114(45 + 3) +5(25 + 3))

1
a111 = 5(72 = 1) (2K + 3k +1) (2774 — 114 (4k +5) + 2% + 5k + 2),

1
a001 = 5 (k+1) (298 + 2(4k —ds — 1) + 26 —k(ds +1) + 25" +5 1)

X (2712k + 712 = 271a(k = 25 +1) = 5(25+1)), a-112= (12— 1) (K* +3k +2)
X (293, + Y12(4k —4s — 1) +2k* —k(4s +1) +2s* +s — 1).
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\%§ Computing (6.34)

Consider the integral (6.34). The part proportional to a; can be computed using (J.8),
since the spin 0 Mack polynomial is equal to 1. Let us deduce an analytic expression for
the nontrivial part of the integral (6.34), which is the part not proportional to a;. The
idea will be to consider (6.34) for noninteger ¢ and use the Mellin representation for the
Mack polynomial.

erznzz’%ﬂ(s) has the following Mellin representation
Qr2i-i(g = 2TA+0) dsy T(s1)T(—£ = sy)T(1+£ = s1)T(=5 —s1)(~=1) ™
=0 T+ 0(0r(-3) ) 2mi I(1—s1)? '
(M.1)

In the formula above / is taken to be non-integer. The contour is bent, in such a way as
to pass to the right of the poles of I'(s1) and to the left of poles of I'(—¢ — s1)T'(1 4 ¢ —

51)1“(—5 — Sl).

We plug this expression in (6.34), exchange the order of integration and evaluate the s
integral. This gives

ds s s s 4+s T T 1 )
Rr(_i)r(_i B Sl)r(i * 1)22%—5 ~ T(s1)sin(7ms) (sin(rcsl)2 s —1 yt (Sl)>'
M.2)

We obtained this formula by deforming the contour to the right, picking up the poles

from I'(—3)I'(—5 — s1) and evaluating the infinite sum over residues. The contour of

the integral above is supposed to be bent, separating left from right poles.
Thus, the nontrivial part of (6.34) is equal to

20 (14 0) ds,
AT(—0)(1+0), @F(—é—snr(wﬁ—sl)r(sl)z (M.3)
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Appendix M. Computing (6.34)

2

ssin(rsn) (<) (s = g =90

sin(7ts1)? 51— 1

We evaluate the s; integral by picking the poles at s; = 0, —1, =2, .... We thus transform
the s integral into an infinite series. Let us take the limit where ¢ becomes an integer
again. The infinite series must diverge, in order to cancel the 1/T'(—/). For each integer
¢, only ¢ terms out of the infinte sum contribute to the divergence. In fact the terms come
from just I'(—¢ — s1). Thus we conclude that the nontrivial part of (6.34) is equal to

2T (1 4+ £)? Z": D'T(1+£4+n)( 1+n +l[J(1)(1—|—Tl) M4)
1+0), = TA+L—n) r2+n)? T(1+n)? '
We checked that (M.4) is equal to
VAT (1) (04 12 (5 + 1) — (£ +1)2pM) (”73) —4)
- + by 0. (M.5)

(L+1)2T (£ + 1)

that we quoted in the main text.
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M Bulk Point Limit in (jsjsjsjs)

N.1 Introduction

Correlation functions of conformal field theories in Lorentzian signature may diverge
even when none of the distances between the points vanish. At the moment a full
classification of the singularity structure of correlation functions in conformal field
theories does not exist.

One such singularity is the so called “bulk point singularity". In terms of cross ratios,
we can obtain such a singularity in the following manner. In Lorentzian signature z and
z are independent real numbers. The four point function has branch points. When z and
z go around the branch points the four point function may develop a divergence when
z = z. More specifically, suppose z goes around the branch point at 1, Z goes around oo
and now take z — Z. We generically expect the four point function to diverge in this
limit. A detailed examination of the bulk point limit for a four point function of equal
scalars was carried out in [23].

In the bulk point limit a d dimensional conformal block where the external operators are
scalars diverges as (z—;ﬁ [23]. For this reason it is expected that a generic nonperturba-
tive four point function of scalars diverges as

(0000) ~ (N.1)

However, when the CFT has a local bulk dual, then we expect the divergence to be more
severe. For example, a contact quartic diagram in AdS diverges as

(OOO0) ~ (N.2)

m'
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Appendix N. Bulk Point Limit in (jsj;/575)

The plan for this section is the following. In N.1.1 we calculate the bulk point singularity
of an AdS contact diagram for a scalar four point function of unequal primaries. The
result is a trivial generalisation of (N.2), however to our knowledge its derivation had
not appeared before in the literature. We need such a result in order to calculate the bulk
point singularity of an AdS contact diagram for (jsjyj/5), which we do in section N.1.2.
Finally, in section N.1.3 we calculate the expected bulk point divergence of (Jsjijijs)
in CFT’s with slightly broken higher spin symmetry. We assume that (jsjgj5/5) does
not diverge more than conformal blocks in the bulk point limit. We conclude that AdS
contact diagrams diverge more severely in the bulk point limit than what is expected
for (jsjajajs) for s = 2 in CFT’s with slightly broken higher spin symmetry. Thus, bulk
point softness implies that we cannot add AdS contact diagrams to the solution to the
pseudo-conservation equations that we found in section (9.2).

Let us add a caveat. Our result for (jsjiz/z/5) does not rely on assuming bulk point softness
and is independent of it. Nevertheless, we choose to keep this appendix, because it was
useful for us to think in terms of the bulk point limit in the early stages of our work, and
maybe this can be of use to someone else.

N.1.1 Bulk point singularity of an AdS contact diagram for a scalar four
point function of unequal primaries

A quartic contact diagram has a Mellin amplitude equal to 1. We will use this to compute
the bulk point divergence, proceeding similarly to section 7.5.1 in [63]. Upon analytic
continuation, the diagram is given by

<010203O4 / / d712d714

@z | (n2)T(713)l(74) (N.3)

Xr(%z + a34)T (713 + a24)T (714 + ag3)u~ 12077114
dvy1od
/ / T2 %4 L(712)T(713)T (7v14)

XTI (712 + a34)T (713 + a24)T (7114 + ﬂ23)WWUﬂl%*mi(ﬂ’“”“%
p= |x1 _ x3‘72A1 |x2 _ x3’72a23|x2 _ x4|72u2472A1 ’xS _ x4|72a34

where a;; = 2(A; + A;) — Yk Arand 13 = A — 712 — 714. The integral diverges when 1,
and 714 have a very big and positive imaginary part. We can use Stirling’s approximation

for the I functions. Indeed suppose we take 12 = isp and y14 = is(1 — B). Then for

very large s we have

fB) (N.4)

(010,0504) =~ p/soo % /01
exp (is( — 2(8 — 1) 10g(1 — ) + 2 log($) — Blog(u) + (5~ 1)log(0)) ),
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N.1. Introduction

where f () is a function of B that will not play any role. The integral has a saddle point
for p — Bs =

efs(“;;@ (p-p.~21og (Vi)

\f{ NG In that case the exponential dependence of the integrand becomes

. The integral in § is Gaussian and can be readily eval-
uated. Furthermore, the phase is stationary when \/u + /v = 1. In that case we have
log(y/u + 1/v) ~ (z — 2)2. So, we conclude that

ds Lidi 3 is(z—z2)?

3 1
<01020304> N/;Q ?S 2 2¢ Nm (NS)

N.1.2 Bulk point singularity of AdS contact diagrams for (jsjy/s/5)

Identity (9.43) allows us to obtain spinning contact AdS diagrams from scalar contact
AdS diagrams. So, with the help of identity (9.43) we can perform the integration in
(9.40) using only scalar propagators and afterwards we act with the differential operators
D1s and Dj3. The scalar propagators cause a divergence like (7_)217A3+5, see formula
(N.5). After acting with the differential operators, we find that the bulk point divergence
of the integral (9.40) i is ¢ )ElA — =

(Z Z)4€+4

N.1.3 Bulk point singularity of (jsjj/5) in CFT’s with slightly broken higher
spin symmetry

Conformal field theories with slightly broken higher spin symmetry have an infinite
number of light single trace operators. For this reason, they are not expected to be dual
to a local theory in AdS. Thus, their bulk point singularity should not be enhanced with
respect to that of an individual conformal block.

We want to calculate the bulk point divergence of (jsjyj3j5)- For our discussion, it is
useful to introduce the operator

9
0z,
(N.6)

d d
din = (P1-P)Z; - a, (Z1-P)P; - ap, (Z1-Zr)P + (P1-Z2)Z; -

0Z,

where we used embedding space coordinates [98]. This operator acts on conformal
blocks where the operator exchanged is symmetric and traceless. It increases the spin
of the operator in position 1 by 1 and it decreases its conformal dimension by 1 also. It
turns out that d5;(z — 2)? ~ (z — 2)~%, i.e. the action of d; increases the divergence by
a power of 2s. For this reason, we expect the divergence of (jsjy/5/5) to be

C 1
{Jsjojoio) ~ =27 (N.7)
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Appendix N. Bulk Point Limit in (jsj;/575)

since the scalar conformal block diverges logarithmically. We could have picked other
differential operators than d;; to create spin from the scalar conformal block. Since such
operators only contain first derivatives of P; (and not higher derivatives), they lead to
the same divergence (N.7).
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Algorithm for computing (jsjijg/s)
in position space

We will implement an algorithm in position space to calculate (jsjgjgjg)co- The results
match with the Mellin space calculation.

(JsJoJoJa)cv 1s constrained by conformal symmetry, crossing, consistency with OPE and
the pseudo-conservation equation that j; obeys. Conformal symmetry implies that

{isiofajo) et PZf] u,0)w(1;2,3Yw(1;3,4)° (0.1)
where
2 .2 .2 \5-2 2 .2
p= (x35054X3,) 3 6 B LT R X145 (0.2)
= .1/ =" o5 2 27 .
(xf,xd5x7,) 3 F3 X13X24 X13X%4
2 x.z.
.. X i
w(l;]/k) (xlj)y zk (xik)ﬂxizj
ik jk

and we use the notation (x;;), = (xi)y — (%), Xij = |x; — xj|. The indices are symmetric
and traceless. f;(u,v) is a function of the cross ratios not determined by conformal
symmetry.

We write the following ansatz.

a)ph()  NG) MG) o
— Y cumuto?, (0.3)

) = T v

where ¢y, ; are parameters that will be fixed by crossing and the pseudo-conservation
equation. The values of a(j), b(j), M(j) and N(j) will follow from consistency with the
operator product expansion.

Let us motivate the preceding ansatz. The spinning four point functions are related to
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Appendix O. Algorithm for computing (jsj;/5/;) in position space

the scalar four point functions by slightly broken higher spin Ward identities. The scalar
four point function is a linear combination of powers of 1 and of v. So, it is natural that
fi(u,v) is made up of powers of u and of .

We will see below that the contribution to the operator product expansion of a certain
operator goes as ~ uz, where T is the twist, which is defined as the conformal dimension
minus the spin. Since all operator dimensions are integers, it is natural that the ansatz

. . . . 1 . .
involves semi-integer powers of u and of v. The denominator var oy diverges in

the bulk point limit as (Z_lw, which agrees with the discussion in N.1.3.

We can fix a(j),b(j), N(j), M(j) by consistency with the lightcone operator product
expansion. Let us explain the general idea. Consider two primary operators Oy,..,, (x),
OV1-~w2 (0) of conformal dimensions A; and A; and spins /; and I and suppose they

exchange a primary operator O,,.,, of dimension A and spin . The most singular

term due to O,,.,, that can appear in the lightcone operator product expansion is
Om,,_ple’l...xf’lx{m,..x}, Y g Xy} A1+ t1y 41
1 1 1 2 27T T2 T . .
AT e 2~ (xz) ) *2, where the p and v indices are traceless

symmetricand T = A — [.

For (jsjjaj) the primary operators exchanged can have twist 1 (higher spin currents),
3 + 2n (double traces [js, jg|) and 4 + 2n (double traces [jy, jz]), where n is a nonnegative
integer. There is no primary operator of twist 2 being exchanged. This is an important
condition that we impose in our algorithm.

More explicitly
s (075 (0) ~ (x2) = Vg + (x®) L, fol + (x2) 2 [jg, o], (0.4)
j5(x)jg(0) ~ ()2 + (x2) "2 [js, o) + (2)°ljg, Jol (0.5)

(=1}

where we wrote the most singular powers of the distance that can appear in the lightcone
operator product expansion. Our ansatz (O.3) needs to be compatible with (O.4), (O.5).
This fixes a(j), b(j), N(j), M(j).

The final ingredient is compatibility with pseudo-conservation. o - j; can have contribu-
tions coming from [js,, jz] and [js,, Js,]. Only the former matter since we are interested in
(Jsfojojs)- More precisely,

s—2 s—s1—1
27D Y. Y om0t (0.6)
s1=2 m=0

Since the right-hand side must be a conformal primary, this implies [93]

—(m—s+sy)(m—s+s;—1)
m(m + 2s1)

Cm =

Cim—1- (07)
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Thus (9 - jsjsjsjs) is a linear combination of terms of type 9™ (jy/5) 0" (s, JoJ) -

Crossing and compatibility with pseudo-conservation fix all coefficients in (O.3) up to a
number. This number is related to the normalizaton of js. In fact we did not even need to
input formula (O.7), we kept the coefficients ¢, as unknowns and our algorithm correctly
returns (O.7). This serves as a check on our results. We checked that the algorithm fixes
the solution for s = 2, ..., 14. Afterwards the computation becomes heavy for our laptop.
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Mixed Fourier Transform

We will solve the higher spin Ward identities to compute (j2/iz/iz/5)- This is a rederivation
of the main result of [95]. Our method involves the use of a mixed Fourier transform,
see [102] and [121].

We use the metric ds?> = —dx~dx™ + dy?. We will take all indices lowered and in the
minus component. We will study the action of the charge

Q= \/ﬁm/ dx dyj____ (P.1)
xt=const.

on the four point function (jgjsjs/5)- We make use of equations [20], [94]

2
—— (1 0_jajp i —= 1 j50_j2 :),
\/ﬁm( ]0]2 5 ]O J2 )
Qo) = 8 o+ e (00— 0-0,_). (P3)

V14 A2

a, a4 and B are numerical coefficients that can be obtained from solving Ward identities
at the level of three point functions!. We will not need their precise value in what
follows.

djs=ua (P2)

The scalar four point function obeys the slightly broken spin 4 Ward identity
(1Q joljoiofo) + - = VNau / d*x(0 - ja(x)jofofoja) (P4)
where by ... we mean the permutations (12), (13), (14). Note that
1

{Jojolajo) = (olojoio)dise + N(i@f@]’@]’@) Ffs (P5)

'We normalised the charge such that the coefficient multiplying 93 j; in (P.3) is 1.
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Appendix P. Mixed Fourier Transform

where (jgjajoja) ff denotes the connected piece in the free fermion theory and (jgjgjgjo) disc
denotes the disconnected piece. The disconnected piece obeys

(@ jojajojo) dise + =0, (P.6)

where we summed over all permutations. For this reason the disconnected piece drops
out of (P4). Using our ansatz (9.4) we conclude that

g

m(«aﬁfﬁy — 0-9yj—)jofojo) s

(P.7)
—|—/~\<(a_a_j—y - a—ayj——)j6j0j6>cb) +

([Q jaljajoto) + - = ﬁ<33J@JoJoJo> fF+

From the Ward identities in the free fermion theory this becomes

e A2 ' S
(1Q joljojoja) + - = —Nm%«a_a_]_y — 3_dyj_)jsioo) s (P8)
R M . e
+N(1+’BZ\2)<(a‘a‘]—y —9-9yj——)jojojo)cb + -

Using (P.2) in the right-hand side of (P.4) we get

\/ﬁM/de(a'M(x)]b]b]b]'d = ““4\/1);—;\2/‘1%(@jﬁ(x)jﬁ><jz(x)fofofﬁ> (P9)

_§<j0(x)j0> (9—j2(x)jooo) + )

We use the decomposition (9.4) to obtain that (P.9) is equal to

s | (O M) sr ~ 5 o(x)io) @)oo 1+ )
(P.10)
A? 3 N v 2, .. N
T ) /d x((@-jo(x)jo) (2 ()ios et — 5 (o (X)io) (@2 (xjoodo)es + )

Let us equate (P.8) and (P.10). We see that the dependence on N and A matches on both
sides provided

B((0-0—jy —0-0yj——)fojolo) ff + - (P11)

= —aay / x((3_jsjo) Goofojo)eb — g<]0]0><a]2]ofo]o>cb +..),
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BUO-D_jy —0_3yj jpjojo)es + - (P12)
= wey [ @x((@-jojo) oo 57 — 5 Vivio) Oz s + -
We solved (P.11) and (P.12) using a mixed Fourier transform. We define the mixed
Fourier transform of a four point function (O7(x1)O2(x2) O3(x3)O4(x4)) as
d3x2d3X3 i(pa-xp+p3-x3)
(O1(x1) O2(x2) O3(x3) Oy (x4)) — /(271i)2<01 (0)O2(x2)O3(x3)O4(00))e P2 22TF343),
(P13)

The advantage of the mixed Fourier transform with respect to a usual Fourier transform
is that by placing an operator at the origin and another one at co we take advantage of
conformal symmetry.

In mixed Fourier space we can get rid of the integrals in equations (P.11) and (P.12). For
example, it is simple to see that the mixed Fourier transform of [ d®x (j5(x)jg) (j2(x)jajojo)
is equal to

[ ExGiite0l @it - ([ ExiophermT) - @
< [ [ @) @)y (aaip (i)

which is just a product of mixed Fourier transforms.

It turns out that (j2jgjajs) rf is very simple in mixed Fourier space. Let us define u, =

i%,vp = pz,where p1 = —p2 — p3 . Then,

fup,vp)

(T Opa)itpin(ee)) 7 = =% <<pz><yev>aﬁ<pz>“<m>ﬂ) (P15)
1

(v, uy) .
+f;4p (<p3>(;¢€v)aﬁ(p3) (P2)5>,
1
where f(up,v,) = 27%(— L + L — ;1). Plugging this into (P11) and (P12) we obtain
1 .
(T (0)jo(p2)jo(p3)jo(e0))er = B ((Pz) W (P3)y) — p23p317w>f1(up,vp)

(P.16)
2

2
s (2)elp2)e = B ) ot ) + s (e = B ) o),
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where

1y vy 1 1 3
oo =5 (5 )+ () = ey o

Up Up
Uy, v,) = — + )
falup,vp) 4v, = 4u, * 4upv,  2u, 20,

Finally, we can transform back to position space to get

oy V(1,2,3)?
(Tt = p % (210,00 (v(1,23), 70,23, - 20 ey
V(1,2,3)-V(1,3,4
Fa(w0)(V(1L,2,3),v(1,3,9),, - LEEL VA3,

2
+g3(u/ U) (V(1/3/4)HV(1/ 3'4>V - ‘/(1/;)’4)7”’/)>’

x,'2]' (xik);l _xiZk (xij)y and

where p = ; V(i k) =
(¥12X13%14) 5 (x23x24x34)% xlzk
2/3.2/3 2/3 5/3 8/3 2/3 5/3
u*3v v v v v v
u,v) = — + — + + , P.19
§1(u,2) 4773 4r3ud/3 0 2m3ut/3 Amdud/3 T 23w 2m3/u (B19)
(0,0) 42/302/3 . 42/3 . 45/3 . 02/3 . 05/3 3
u,v) = - ,
82 2 23 | A | 2mu | Adu Amud/o
42/32/3 42/3 4573 48/3 42/3 45/3

8s(u,0) = PP v e VS R Yo e VR P e VR 2m3/v " 2730

The result agrees with [95]. For correlators of type (jsjjzjs) with s > 4, the mixed Fourier
transform is not so simple, so in practice it was not useful.

206



Bibliography

[1] A. A.Belavin, A. M. Polyakov and A. B. Zamolodchikov, Infinite Conformal
Symmetry in Two-Dimensional Quantum Field Theory, Nucl. Phys. B241 (1984)
333-380.

[2] R. Rattazzi, V. S. Rychkov, E. Tonni and A. Vichi, Bounding scalar operator
dimensions in 4D CFT, JHEP 12 (2008) 031, [0807 .0004].

[3] G.Mack, D-independent representation of Conformal Field Theories in D dimensions via
transformation to auxiliary Dual Resonance Models. Scalar amplitudes, 0907 . 2407.

[4] J. Penedones, Writing CFT correlation functions as AdS scattering amplitudes, [HEP
03 (2011) 025, [1011.1485].

[5] A. L. Fitzpatrick, J. Kaplan, J. Penedones, S. Raju and B. C. van Rees, A Natural
Language for AdS/CFT Correlators, JHEP 11 (2011) 095, [1107 . 1499].

[6] M. E Paulos, Towards Feynman rules for Mellin amplitudes, JHEP 10 (2011) 074,
[1107.1504].

[7] L. Rastelli and X. Zhou, How to Succeed at Holographic Correlators Without Really
Trying, JHEP 04 (2018) 014, [1710.05923].

[8] R. Gopakumar, A. Kaviraj, K. Sen and A. Sinha, Conformal Bootstrap in Mellin
Space, Phys. Rev. Lett. 118 (2017) 081601, [1609.00572].

[9] R. Gopakumar, A. Kaviraj, K. Sen and A. Sinha, A Mellin space approach to the
conformal bootstrap, JHEP 05 (2017) 027, [1611.08407].

[10] R. Gopakumar, A. Sinha and A. Zahed, Crossing Symmetric Dispersion Relations for
Mellin Amplitudes, 2101.09017.

[11] D. Carmi and S. Caron-Huot, A Conformal Dispersion Relation: Correlations from
Absorption, 1910.12123.

[12] D. Mazac, L. Rastelli and X. Zhou, A Basis of Analytic Functionals for CFTs in
General Dimension, 1910.12855.

207


http://dx.doi.org/10.1016/0550-3213(84)90052-X
http://dx.doi.org/10.1016/0550-3213(84)90052-X
http://dx.doi.org/10.1088/1126-6708/2008/12/031
https://arxiv.org/abs/0807.0004
https://arxiv.org/abs/0907.2407
http://dx.doi.org/10.1007/JHEP03(2011)025
http://dx.doi.org/10.1007/JHEP03(2011)025
https://arxiv.org/abs/1011.1485
http://dx.doi.org/10.1007/JHEP11(2011)095
https://arxiv.org/abs/1107.1499
http://dx.doi.org/10.1007/JHEP10(2011)074
https://arxiv.org/abs/1107.1504
http://dx.doi.org/10.1007/JHEP04(2018)014
https://arxiv.org/abs/1710.05923
http://dx.doi.org/10.1103/PhysRevLett.118.081601
https://arxiv.org/abs/1609.00572
http://dx.doi.org/10.1007/JHEP05(2017)027
https://arxiv.org/abs/1611.08407
https://arxiv.org/abs/2101.09017
https://arxiv.org/abs/1910.12123
https://arxiv.org/abs/1910.12855

Bibliography

[13] S. Caron-Huot, D. Mazac, L. Rastelli and D. Simmons-Dulffin, Dispersive CFT Sum
Rules, 2008.04931.

[14] J. Penedones, TASI lectures on AdS/CFT, in Proceedings, Theoretical Advanced Study
Institute in Elementary Particle Physics: New Frontiers in Fields and Strings (TASI
2015): Boulder, CO, USA, June 1-26, 2015, pp. 75-136, 2017. 1608.04948. DOL

[15] V. Goncalves, J. Penedones and E. Trevisani, Factorization of Mellin amplitudes,
JHEP 10 (2015) 040, [1410.4185].

[16] A. L. Fitzpatrick, J. Kaplan, D. Poland and D. Simmons-Duffin, The Analytic
Bootstrap and AdS Superhorizon Locality, JHEP 12 (2013) 004, [1212.3616].

[17] Z. Komargodski and A. Zhiboedov, Convexity and Liberation at Large Spin, [HEP 11
(2013) 140, [1212.4103].

[18] J. Maldacena and A. Zhiboedov, Constraining Conformal Field Theories with A
Higher Spin Symmetry, |. Phys. A46 (2013) 214011, [1112.1016].

[19] E. Skvortsov, Light-Front Bootstrap for Chern-Simons Matter Theories, [HEP 06 (2019)
058, [1811.12333].

[20] J. Maldacena and A. Zhiboedov, Constraining conformal field theories with a slightly
broken higher spin symmetry, Class. Quant. Grav. 30 (2013) 104003, [1204 . 3882].

[21] 1. A. Antipova, Inversion of many-dimensional mellin transforms and solutions of
algebraic equations, Sbornik: Mathematics 198 (apr, 2007) 447-463.

[22] 1. A. Antipova, Inversion of multidimensional mellin transforms, Russian Mathematical
Surveys 62 (oct, 2007) 977-979.

[23] J. Maldacena, D. Simmons-Duffin and A. Zhiboedov, Looking for a bulk point, JHEP
01 (2017) 013, [1509.03612].

[24] D. Pappadopulo, S. Rychkov, J. Espin and R. Rattazzi, OPE Convergence in
Conformal Field Theory, Phys. Rev. D86 (2012) 105043, [1208 . 6449].

[25] M. Gary, S. B. Giddings and J. Penedones, Local bulk S-matrix elements and CFT
singularities, Phys. Rev. D 80 (2009) 085005, [0903.4437].

[26] L. F. Alday, B. Eden, G. P. Korchemsky, J]. Maldacena and E. Sokatchev, From
correlation functions to Wilson loops, JHEP 09 (2011) 123, [1007 . 3243].

[27] L. F. Alday and A. Zhiboedov, Conformal Bootstrap With Slightly Broken Higher Spin
Symmetry, JHEP 06 (2016) 091, [1506 . 04659].

[28] T. Hartman, S. Jain and S. Kundu, Causality Constraints in Conformal Field Theory,
JHEP 05 (2016) 099, [1509.00014].

208


https://arxiv.org/abs/2008.04931
https://arxiv.org/abs/1608.04948
http://dx.doi.org/10.1142/9789813149441_0002
http://dx.doi.org/10.1007/JHEP10(2015)040
https://arxiv.org/abs/1410.4185
http://dx.doi.org/10.1007/JHEP12(2013)004
https://arxiv.org/abs/1212.3616
http://dx.doi.org/10.1007/JHEP11(2013)140
http://dx.doi.org/10.1007/JHEP11(2013)140
https://arxiv.org/abs/1212.4103
http://dx.doi.org/10.1088/1751-8113/46/21/214011
https://arxiv.org/abs/1112.1016
http://dx.doi.org/10.1007/JHEP06(2019)058
http://dx.doi.org/10.1007/JHEP06(2019)058
https://arxiv.org/abs/1811.12333
http://dx.doi.org/10.1088/0264-9381/30/10/104003
https://arxiv.org/abs/1204.3882
http://dx.doi.org/10.1070/sm2007v198n04abeh003844
http://dx.doi.org/10.1070/rm2007v062n05abeh004459
http://dx.doi.org/10.1070/rm2007v062n05abeh004459
http://dx.doi.org/10.1007/JHEP01(2017)013
http://dx.doi.org/10.1007/JHEP01(2017)013
https://arxiv.org/abs/1509.03612
http://dx.doi.org/10.1103/PhysRevD.86.105043
https://arxiv.org/abs/1208.6449
http://dx.doi.org/10.1103/PhysRevD.80.085005
https://arxiv.org/abs/0903.4437
http://dx.doi.org/10.1007/JHEP09(2011)123
https://arxiv.org/abs/1007.3243
http://dx.doi.org/10.1007/JHEP06(2016)091
https://arxiv.org/abs/1506.04659
http://dx.doi.org/10.1007/JHEP05(2016)099
https://arxiv.org/abs/1509.00014

Bibliography

[29] M. S. Costa, V. Goncalves and J. Penedones, Conformal Regge theory, JHEP 12 (2012)
091, [1209.4355].

[30] S. Caron-Huot, Analyticity in Spin in Conformal Theories, [HEP 09 (2017) 078,
[1703.00278].

[31] B. Ponsot and ]J. Teschner, Liouville bootstrap via harmonic analysis on a noncompact
quantum group, hep-th/9911110.

[32] B. Ponsot and ]. Teschner, Clebsch-Gordan and Racah-Wigner coefficients for a
continuous series of representations of U(q)(sl(2,R)), Commun. Math. Phys. 224 (2001)
613-655, [math/0007097].

[33] J. Teschner, Liouville theory revisited, Class. Quant. Grav. 18 (2001) R153-R222,
[hep-th/0104158].

[34] S. Collier, Y. Gobeil, H. Maxfield and E. Perlmutter, Quantum Regge Trajectories and
the Virasoro Analytic Bootstrap, JHEP 05 (2019) 212, [1811.05710].

[35] Y. Kusuki, Light Cone Bootstrap in General 2D CFTs and Entanglement from Light
Cone Singularity, [JHEP 01 (2019) 025, [1810.01335].

[36] J. Maldacena, S. H. Shenker and D. Stanford, A bound on chaos, [HEP 08 (2016) 106,
[1503.01409].

[37] E. A. Dolan and H. Osborn, Conformal four point functions and the operator product
expansion, Nucl. Phys. B599 (2001) 459496, [hep-th/0011040].

[38] E. A. Dolan and H. Osborn, Conformal Partial Waves: Further Mathematical Results,
1108.6194.

[39] A.Martin, Extension of the axiomatic analyticity domain of scattering amplitudes by
unitarity. 1., Nuovo Cim. A42 (1965) 930-953.

[40] Y.-T. Huang, “The space of EFT and CFT: behind the walls of cyclic polytopes,
Talk at Amplitudes 2018.”

[41] A.Sever and A. Zhiboedov, On Fine Structure of Strings: The Universal Correction to
the Veneziano Amplitude, [JHEP 06 (2018) 054, [1707.05270].

[42] M. S. Costa, T. Hansen and J. Penedones, Bounds for OPE coefficients on the Regge
trajectory, JHEP 10 (2017) 197, [1707.07689].

[43] M. Kulaxizi, A. Parnachev and A. Zhiboedov, Bulk Phase Shift, CFT Regge Limit and
Einstein Gravity, JHEP 06 (2018) 121, [1705.02934].

[44] M. Mezei and G. SAjrosi, Chaos in the butterfly cone, 1908.03574.

209


http://dx.doi.org/10.1007/JHEP12(2012)091
http://dx.doi.org/10.1007/JHEP12(2012)091
https://arxiv.org/abs/1209.4355
http://dx.doi.org/10.1007/JHEP09(2017)078
https://arxiv.org/abs/1703.00278
https://arxiv.org/abs/hep-th/9911110
http://dx.doi.org/10.1007/PL00005590
http://dx.doi.org/10.1007/PL00005590
https://arxiv.org/abs/math/0007097
http://dx.doi.org/10.1088/0264-9381/18/23/201
https://arxiv.org/abs/hep-th/0104158
http://dx.doi.org/10.1007/JHEP05(2019)212
https://arxiv.org/abs/1811.05710
http://dx.doi.org/10.1007/JHEP01(2019)025
https://arxiv.org/abs/1810.01335
http://dx.doi.org/10.1007/JHEP08(2016)106
https://arxiv.org/abs/1503.01409
http://dx.doi.org/10.1016/S0550-3213(01)00013-X
https://arxiv.org/abs/hep-th/0011040
https://arxiv.org/abs/1108.6194
http://dx.doi.org/10.1007/BF02720568
http://dx.doi.org/10.1007/JHEP06(2018)054
https://arxiv.org/abs/1707.05270
http://dx.doi.org/10.1007/JHEP10(2017)197
https://arxiv.org/abs/1707.07689
http://dx.doi.org/10.1007/JHEP06(2018)121
https://arxiv.org/abs/1705.02934
https://arxiv.org/abs/1908.03574

Bibliography

[45] B. Mukhametzhanov and A. Zhiboedov, Analytic Euclidean Bootstrap, JHEP 10
(2019) 270, [1808.03212].

[46] A. M. Polyakov, Nonhamiltonian approach to conformal quantum field theory, Zh. Eksp.
Teor. Fiz. 66 (1974) 23-42.

[47] R. Gopakumar and A. Sinha, On the Polyakov-Mellin bootstrap, JHEP 12 (2018) 040,
[1809.10975].

[48] S. El-Showk and M. F. Paulos, Bootstrapping Conformal Field Theories with the
Extremal Functional Method, Phys. Rev. Lett. 111 (2013) 241601, [1211.2810].

[49] D.Mazac, Analytic bounds and emergence of AdS, physics from the conformal bootstrap,
JHEP 04 (2017) 146, [1611.10060].

[50] D. Simmons-Duffin, The Lightcone Bootstrap and the Spectrum of the 3d Ising CFT,
JHEP 03 (2017) 086, [1612.08471].

[51] A.Kaviraj, K. Sen and A. Sinha, Universal anomalous dimensions at large spin and
large twist, JHEP 07 (2015) 026, [15604.00772].

[52] O. Aharony, L. F. Alday, A. Bissi and E. Perlmutter, Loops in AdS from Conformal
Field Theory, JHEP 07 (2017) 036, [1612.03891].

[53] L. E Alday, A. Bissi and E. Perlmutter, Holographic Reconstruction of AdS Exchanges
from Crossing Symmetry, [HEP 08 (2017) 147, [1705.02318].

[54] I. Heemskerk, J. Penedones, J. Polchinski and J. Sully, Holography from Conformal
Field Theory, JHEP 10 (2009) 079, [0907 .0151].

[55] S. Albayrak, D. Meltzer and D. Poland, More Analytic Bootstrap: Nonperturbative
Effects and Fermions, JHEP 08 (2019) 040, [1904.00032].

[56] M.S. Costa, V. Goncalves and ]J. Penedones, Spinning AdS Propagators, JHEP 09
(2014) 064, [1404.5625].

[57] K. G. Wilson and M. E. Fisher, Critical exponents in 3.99 dimensions, Phys. Rev. Lett.
28 (1972) 240-243.

[58] K. Roumpedakis, Leading Order Anomalous Dimensions at the Wilson-Fisher Fixed
Point from CFT, JHEP 07 (2017) 109, [1612.08115].

[59] S. Rychkov and Z. M. Tan, The e-expansion from conformal field theory, |. Phys. A 48
(2015) 29FT01, [1505.00963].

[60] P.Liendo, Revisiting the dilatation operator of the Wilson—Fisher fixed point, Nucl. Phys.
B 920 (2017) 368-384, [1701.04830].

210


http://dx.doi.org/10.1007/JHEP10(2019)270
http://dx.doi.org/10.1007/JHEP10(2019)270
https://arxiv.org/abs/1808.03212
http://dx.doi.org/10.1007/JHEP12(2018)040
https://arxiv.org/abs/1809.10975
http://dx.doi.org/10.1103/PhysRevLett.111.241601
https://arxiv.org/abs/1211.2810
http://dx.doi.org/10.1007/JHEP04(2017)146
https://arxiv.org/abs/1611.10060
http://dx.doi.org/10.1007/JHEP03(2017)086
https://arxiv.org/abs/1612.08471
http://dx.doi.org/10.1007/JHEP07(2015)026
https://arxiv.org/abs/1504.00772
http://dx.doi.org/10.1007/JHEP07(2017)036
https://arxiv.org/abs/1612.03891
http://dx.doi.org/10.1007/JHEP08(2017)147
https://arxiv.org/abs/1705.02318
http://dx.doi.org/10.1088/1126-6708/2009/10/079
https://arxiv.org/abs/0907.0151
http://dx.doi.org/10.1007/JHEP08(2019)040
https://arxiv.org/abs/1904.00032
http://dx.doi.org/10.1007/JHEP09(2014)064
http://dx.doi.org/10.1007/JHEP09(2014)064
https://arxiv.org/abs/1404.5625
http://dx.doi.org/10.1103/PhysRevLett.28.240
http://dx.doi.org/10.1103/PhysRevLett.28.240
http://dx.doi.org/10.1007/JHEP07(2017)109
https://arxiv.org/abs/1612.08115
http://dx.doi.org/10.1088/1751-8113/48/29/29FT01
http://dx.doi.org/10.1088/1751-8113/48/29/29FT01
https://arxiv.org/abs/1505.00963
http://dx.doi.org/10.1016/j.nuclphysb.2017.04.020
http://dx.doi.org/10.1016/j.nuclphysb.2017.04.020
https://arxiv.org/abs/1701.04830

Bibliography

[61] F. Gliozzi, Anomalous dimensions of spinning operators from conformal symmetry,
JHEP 01 (2018) 113, [1711.05530].

[62] L. F. Alday, J. Henriksson and M. van Loon, Taming the e-expansion with large spin
perturbation theory, [JHEP 07 (2018) 131, [1712.02314].

[63] ]. Penedones, J. A. Silva and A. Zhiboedov, Nonperturbative Mellin Amplitudes:
Existence, Properties, Applications, 1912.11100.

[64] S. K. Kehrein and F. Wegner, The Structure of the spectrum of anomalous dimensions in
the N vector model in (4-epsilon)-dimensions, Nucl. Phys. B 424 (1994) 521-546,
[hep-th/9405123].

[65] J. Henriksson and M. Van Loon, Critical O(N) model to order €* from analytic
bootstrap, J. Phys. A 52 (2019) 025401, [1801.03512].

[66] S. E. Derkachov, J. A. Gracey and A. N. Manashov, Four loop anomalous dimensions
of gradient operators in phi**4 theory, Eur. Phys. ]. C 2 (1998) 569-579,
[hep-ph/9705268].

[67] S. El-Showk, M. E. Paulos, D. Poland, S. Rychkov, D. Simmons-Duffin and
A. Vichi, Solving the 3d Ising Model with the Conformal Bootstrap II. c-Minimization
and Precise Critical Exponents, |. Stat. Phys. 157 (2014) 869, [1403.4545].

[68] K. Diab, L. Fei, S. Giombi, I. R. Klebanov and G. Tarnopolsky, On Cj and Cr in the
Gross—Neveu and O(N) models, ]. Phys. A 49 (2016) 405402, [1601.07198].

[69] A. L. Fitzpatrick, E. Katz, D. Poland and D. Simmons-Duffin, Effective Conformal
Theory and the Flat-Space Limit of AdS, JHEP 07 (2011) 023, [1007 . 2412].

[70] I. Bertan, I. Sachs and E. D. Skvortsov, Quantum 4)4 Theory in AdSy and its CFT
Dual, JHEP 02 (2019) 099, [1810.00907].

[71] A. Adams, N. Arkani-Hamed, S. Dubovsky, A. Nicolis and R. Rattazzi, Causality,
analyticity and an IR obstruction to UV completion, JHEP 10 (2006) 014,
[hep-th/0602178].

[72] V.S. Dotsenko and V. A. Fateev, Conformal Algebra and Multipoint Correlation
Functions in Two-Dimensional Statistical Models, Nucl. Phys. B240 (1984) 312.

[73] V.S. Dotsenko and V. A. Fateev, Four Point Correlation Functions and the Operator
Algebra in the Two-Dimensional Conformal Invariant Theories with the Central Charge c
<1, Nucl. Phys. B251 (1985) 691-734.

[74] P. Furlan and V. B. Petkova, Toward Solvable Four-Dimensional Conformal Theories,
Mod. Phys. Lett. A4 (1989) 227.

211


http://dx.doi.org/10.1007/JHEP01(2018)113
https://arxiv.org/abs/1711.05530
http://dx.doi.org/10.1007/JHEP07(2018)131
https://arxiv.org/abs/1712.02314
https://arxiv.org/abs/1912.11100
http://dx.doi.org/10.1016/0550-3213(94)90406-5
https://arxiv.org/abs/hep-th/9405123
http://dx.doi.org/10.1088/1751-8121/aaf1e2
https://arxiv.org/abs/1801.03512
http://dx.doi.org/10.1007/s100520050162
https://arxiv.org/abs/hep-ph/9705268
http://dx.doi.org/10.1007/s10955-014-1042-7
https://arxiv.org/abs/1403.4545
http://dx.doi.org/10.1088/1751-8113/49/40/405402
https://arxiv.org/abs/1601.07198
http://dx.doi.org/10.1007/JHEP07(2011)023
https://arxiv.org/abs/1007.2412
http://dx.doi.org/10.1007/JHEP02(2019)099
https://arxiv.org/abs/1810.00907
http://dx.doi.org/10.1088/1126-6708/2006/10/014
https://arxiv.org/abs/hep-th/0602178
http://dx.doi.org/10.1016/0550-3213(84)90269-4
http://dx.doi.org/10.1016/S0550-3213(85)80004-3
http://dx.doi.org/10.1142/S0217732389000290

Bibliography

[75] D. A. Lowe, Mellin transforming the minimal model CFTs: AdS/CFT at strong
curvature, Phys. Lett. B760 (2016) 494-497, [1602.05613].

[76] V.S. Dotsenko, Serie de cours sur la theorie conforme, 2006.

[77] P. Di Francesco, P. Mathieu and D. Senechal, Conformal Field Theory. Graduate
Texts in Contemporary Physics. Springer-Verlag, New York, 1997,
10.1007 /978-1-4612-2256-9.

[78] K. Symanzik, On Calculations in conformal invariant field theories, Lett. Nuovo Cim. 3
(1972) 734-738.

[79] S. Ribault, Conformal field theory on the plane, 1406 .4290.

[80] S. Ribault and R. Santachiara, Liouville theory with a central charge less than one,
JHEP 08 (2015) 109, [1503.02067].

[81] P. Furlan and V. B. Petkova, Virasoro symmetry in a 2h-dimensional model and its
implications, hep-th/0409213.

[82] P. Furlan and V. B. Petkova, On some Coulomb gas integrals in higher dimensions,
1806.03270.

[83] S.Pasquetti and M. Sacchi, 3d dualities from 2d free field correlators: recombination
and rank stabilization, 1905.05807.

[84] S. Pasquetti and M. Sacchi, From 3d dualities to 2d free field correlators and back, JHEP
11 (2019) 081, [1903.10817].

[85] E.Y. Yuan, Simplicity in AdS Perturbative Dynamics, 1801.07283.

[86] M. Dodelson and H. Ooguri, The High Energy Behavior of Mellin Amplitudes,
1911.05274.

[87] O. Aharony, S. M. Chester and E. Y. Urbach, A Derivation of AdS/CFT for Vector
Models, 2011 .06328.

[88] R. de Mello Koch, A. Jevicki, K. Jin and J. P. Rodrigues, AdS4/CFTs Construction
from Collective Fields, Phys. Rev. D 83 (2011) 025006, [1008.0633].

[89] R. de Mello Koch, A. Jevicki, J. a. P. Rodrigues and J. Yoon, Canonical Formulation of
O(N) Vector/Higher Spin Correspondence, J. Phys. A 48 (2015) 105403, [1408.4800].

[90] R. de Mello Koch, A. Jevicki, K. Suzuki and J. Yoon, AdS Maps and Diagrams of
Bi-local Holography, JHEP 03 (2019) 133, [1810.02332].

[91] S.]Jain, V. Malvimat, A. Mehta, S. Prakash and N. Sudhir, The Anomalous
Dimension of the Scalar Primary in Chern Simons Vector Models, 1906 .06342.

212


http://dx.doi.org/10.1016/j.physletb.2016.07.029
https://arxiv.org/abs/1602.05613
http://dx.doi.org/10.1007/978-1-4612-2256-9
http://dx.doi.org/10.1007/BF02824349
http://dx.doi.org/10.1007/BF02824349
https://arxiv.org/abs/1406.4290
http://dx.doi.org/10.1007/JHEP08(2015)109
https://arxiv.org/abs/1503.02067
https://arxiv.org/abs/hep-th/0409213
https://arxiv.org/abs/1806.03270
https://arxiv.org/abs/1905.05807
http://dx.doi.org/10.1007/JHEP11(2019)081
http://dx.doi.org/10.1007/JHEP11(2019)081
https://arxiv.org/abs/1903.10817
https://arxiv.org/abs/1801.07283
https://arxiv.org/abs/1911.05274
https://arxiv.org/abs/2011.06328
http://dx.doi.org/10.1103/PhysRevD.83.025006
https://arxiv.org/abs/1008.0633
http://dx.doi.org/10.1088/1751-8113/48/10/105403
https://arxiv.org/abs/1408.4800
http://dx.doi.org/10.1007/JHEP03(2019)133
https://arxiv.org/abs/1810.02332
https://arxiv.org/abs/1906.06342

Bibliography

[92] S. Giombi, V. Gurucharan, V. Kirilin, S. Prakash and E. Skvortsov, On the
Higher-Spin Spectrum in Large N Chern-Simons Vector Models, JHEP 01 (2017) 058,
[1610.08472].

[93] S. Giombi, V. Kirilin and E. Skvortsov, Notes on Spinning Operators in Fermionic
CFT, JHEP 05 (2017) 041, [1701.06997].

[94] G.]. Turiaci and A. Zhiboedov, Veneziano Amplitude of Vasiliev Theory, JHEP 10
(2018) 034, [1802.04390].

[95] Z.Li, Bootstrapping conformal four-point correlators with slightly broken higher spin
symmetry and 3D bosonization, JHEP 10 (2020) 007, [1906 .05834].

[96] D.]J. Binder, S. M. Chester and M. Jerdee, AB] Correlators with Weakly Broken Higher
Spin Symmetry, 2103.01969.

[97] V.E. Didenko, J. Mei and E. D. Skvortsov, Exact higher-spin symmetry in CFT: free
fermion correlators from Vasiliev Theory, Phys. Rev. D88 (2013) 046011, [1301.4166].

[98] M. S. Costa, J. Penedones, D. Poland and S. Rychkov, Spinning Conformal
Correlators, [HEP 11 (2011) 071, [1107 . 3554].

[99] T. Hartman, S. Kundu and A. Tajdini, Averaged Null Energy Condition from
Causality, JHEP 07 (2017) 066, [1610.05308].

[100] G. E. Cuomo, D. Karateev and P. Kravchuk, General Bootstrap Equations in 4D CFTs,
JHEP 01 (2018) 130, [1705.05401].

[101] P. Kravchuk and D. Simmons-Duffin, Counting Conformal Correlators, [HEP 02
(2018) 096, [1612.08987].

[102] S. Caron-Huot and Y.-Z. Li, Helicity basis for three-dimensional conformal field theory,
2102.08160.

[103] C.Beem, L. Rastelli and B. C. van Rees, The N' = 4 Superconformal Bootstrap, Phys.
Rev. Lett. 111 (2013) 071601, [1304.. 1803].

[104] C.Beem, L. Rastelli and B. C. van Rees, More N = 4 superconformal bootstrap, Phys.
Rev. D96 (2017) 046014, [1612.02363].

[105] A. Bissi, A. Manenti and A. Vichi, Bootstrapping mixed correlators in N = 4 Super
Yang-Mills, 2010.15126.

[106] V.S. Rychkov and A. Vichi, Universal Constraints on Conformal Operator Dimensions,
Phys. Rev. D 80 (2009) 045006, [0905.2211].

[107] D. Carmi, J. Penedones, J. A. Silva and A. Zhiboedov, Applications of dispersive sum
rules: e-expansion and holography, 2009 . 13506.

213


http://dx.doi.org/10.1007/JHEP01(2017)058
https://arxiv.org/abs/1610.08472
http://dx.doi.org/10.1007/JHEP05(2017)041
https://arxiv.org/abs/1701.06997
http://dx.doi.org/10.1007/JHEP10(2018)034
http://dx.doi.org/10.1007/JHEP10(2018)034
https://arxiv.org/abs/1802.04390
http://dx.doi.org/10.1007/JHEP10(2020)007
https://arxiv.org/abs/1906.05834
https://arxiv.org/abs/2103.01969
http://dx.doi.org/10.1103/PhysRevD.88.046011
https://arxiv.org/abs/1301.4166
http://dx.doi.org/10.1007/JHEP11(2011)071
https://arxiv.org/abs/1107.3554
http://dx.doi.org/10.1007/JHEP07(2017)066
https://arxiv.org/abs/1610.05308
http://dx.doi.org/10.1007/JHEP01(2018)130
https://arxiv.org/abs/1705.05401
http://dx.doi.org/10.1007/JHEP02(2018)096
http://dx.doi.org/10.1007/JHEP02(2018)096
https://arxiv.org/abs/1612.08987
https://arxiv.org/abs/2102.08160
http://dx.doi.org/10.1103/PhysRevLett.111.071601
http://dx.doi.org/10.1103/PhysRevLett.111.071601
https://arxiv.org/abs/1304.1803
http://dx.doi.org/10.1103/PhysRevD.96.046014
http://dx.doi.org/10.1103/PhysRevD.96.046014
https://arxiv.org/abs/1612.02363
https://arxiv.org/abs/2010.15126
http://dx.doi.org/10.1103/PhysRevD.80.045006
https://arxiv.org/abs/0905.2211
https://arxiv.org/abs/2009.13506

Bibliography

[108] L. F. Alday, J. Henriksson and M. van Loon, An alternative to diagrams for the critical
O(N) model: dimensions and structure constants to order 1/N?, JHEP 01 (2020) 063,
[1907.02445].

[109] A.B. Zamolodchikov, Three-point function in the minimal Liouville gravity,
hep-th/0505063.

[110] J. Teschner, On the Liouville three point function, Phys. Lett. B363 (1995) 65-70,
[hep-th/9507109].

[111] P. Garrett, Modern Analysis of Automorphic Forms By Example, vol. 1 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, 2018,
10.1017/9781316650332.

[112] W. Li, New method for the conformal bootstrap with OPE truncations, 1711.09075.
[113] V. Goncalves, Skeleton expansion and large spin bootstrap for ¢> theory, 1809.09572.

[114] M. Kologlu, P. Kravchuk, D. Simmons-Duffin and A. Zhiboedov, Shocks,
Superconvergence, and a Stringy Equivalence Principle, 1904 .05905.

[115] C. Cardona, S. Guha, S. K. Kanumilli and K. Sen, Resummation at finite conformal
spin, JHEP 01 (2019) 077, [1811.00213].

[116] C. Cardona and K. Sen, Anomalous dimensions at finite conformal spin from OPE
inversion, [HEP 11 (2018) 052, [1806.10919].

[117] P. Dey, A. Kaviraj and A. Sinha, Mellin space bootstrap for global symmetry, [HEP 07
(2017) 019, [1612.05032].

[118] R. Koekoek, P. A. Lesky and R. F. Swarttouw, Hypergeometric orthogonal polynomials
and their q-analogues. Springer Science & Business Media, 2010.

[119] H. Kleinert, Critical Poperties of Phi4 Theories, .

[120] S. K. Kehrein, The Spectrum of critical exponents in phi**2 in two-dimensions theory in
D = (4-epsilon)-dimensions: Resolution of degeneracies and hierarchical structures, Nucl.
Phys. B 453 (1995) 777-806, [hep-th/9507044].

[121] S.]Jain, R. R. John and V. Malvimat, Constraining momentum space correlators using
slightly broken higher spin symmetry, 2008.08610.

214


http://dx.doi.org/10.1007/JHEP01(2020)063
https://arxiv.org/abs/1907.02445
https://arxiv.org/abs/hep-th/0505063
http://dx.doi.org/10.1016/0370-2693(95)01200-A
https://arxiv.org/abs/hep-th/9507109
http://dx.doi.org/10.1017/9781316650332
https://arxiv.org/abs/1711.09075
https://arxiv.org/abs/1809.09572
https://arxiv.org/abs/1904.05905
http://dx.doi.org/10.1007/JHEP01(2019)077
https://arxiv.org/abs/1811.00213
http://dx.doi.org/10.1007/JHEP11(2018)052
https://arxiv.org/abs/1806.10919
http://dx.doi.org/10.1007/JHEP07(2017)019
http://dx.doi.org/10.1007/JHEP07(2017)019
https://arxiv.org/abs/1612.05032
http://dx.doi.org/10.1016/0550-3213(95)00375-3
http://dx.doi.org/10.1016/0550-3213(95)00375-3
https://arxiv.org/abs/hep-th/9507044
https://arxiv.org/abs/2008.08610

CURRICULUM VITAE

Name Joao A. Silva

E-mail: joao.alvesdasilva@epfl.ch

Phone Number: +44 (0)78 658 32 03

Address: Avenue de Tivoli 64, Lausanne, Vaud, Switzerland
Google Scholar ID XY6of7sAAAAJ

Linkedin https://www.linkedin.com/in/joao-silva-0983734b/

Professional Experience and Education

¢ Ecole Polytechnique Fédérale de Lausanne (EPFL), Lausanne, Switzerland
01,/09/2016 - Expected: 07/05/2021
Ph.D. in Theoretical Physics, Advisor : Joao Penedones, co-advisor: Alexander Zhiboedov

e Universidade do Porto, Porto, Portugal
01,/01/2016 - 31/08/2016
Ph.D student in Theoretical Physics, Advisor : Miguel Costa.

e Universidade do Porto, Porto, Portugal
01/09/2013 - 01/10/2015
Master’s degree in Physics. GPA (18/20)
Thesis Title: Black Holes in AdS from Localized Boundary Sources
Thesis Advisor: Miguel Costa. Co-Advisor: Jorge Santos.

e Universidade do Porto, Porto, Portugal
01,/09/2010 - 01/07/2013
Bachelors’ degree, Major Physics, Minor Mathematics. GPA (18/20)

Field of Interest

e Conformal Bootstrap
e AdS/CFT
e String Theory

¢ Quantum Field Theory

Preprints and Publications
e Penedones, Joao and Silva, Joao A. and Zhiboedov, Alexander. Nonperturbative Mellin Amplitudes:
Ezistence, Properties, Applications. JHEP 08 (2020), 031. 27 citations

e Carmi, Dean and Penedones, Joao and Silva, Joao A. and Zhiboedov, Alexander. Bootstrap approach
to the e-expansion using Mellin sum rules. arXiv:2009.13506. 6 citations

e Silva, Joao A. Four point functions in conformal field theories with slightly broken higher spin
symmetry. arXiv:2009.13506. 1 citations

215



Research Projects

1.

Nonperturbative Mellin amplitudes: existence, properties, applications. We argue that
nonperturbative CFT correlation functions admit a Mellin amplitude representation. We discuss
the main properties of nonperturbative CFT Mellin amplitudes: subtractions, analyticity, unitari-
ty, Polyakov conditions and polynomial boundedness at infinity. We then use them to constrain
holographic theories.

. Bootstrap approach to the e-expansion using Mellin sum rules. We use Mellin space di-

spersion relations together with Polyakov conditions to derive a family of sum rules for Conformal
Field Theories. The defining property of these sum rules is suppression of the contribution of the
double twist operators. Firstly, we apply these sum rules to the Wilson-Fisher model in d = 4 — ¢
dimensions. We re-derive many of the known results to order ¢* and we make new predictions. No
assumptions of analyticity down to spin 0 were made. Secondly, we study holographic CFTs. We
use dispersive sum rules to obtain tree-level and one-loop anomalous dimensions. Finally, we briefly
discuss the contribution of heavy operators to the sum rules in UV complete holographic theories.

Four point functions in conformal field theories with slightly broken higher spin symme-
try. We compute spinning four point functions in the quasi-fermionic three dimensional conformal
field theory with slightly broken higher spin symmetry at finite t’Hooft coupling. More concretely,
we obtain a formula for (jsj57575), where js is a higher spin current and jj is the scalar single trace
operator. Our procedure consists in writing a plausible ansatz in Mellin space and using crossing,
pseudo-conservation and Regge boundedness to fix all undetermined coefficients. Our method can
potentially be generalised to compute all spinning four point functions in these theories.

Black Holes in AdS from Localized Boundary Sources (master’s thesis). We study a massive
scalar field in a spacetime with a negative cosmological constant. We impose as boundary conditions
that, near the conformal boundary, spacetime is AdS and the scalar field behaves as a localized
defect. For the values of the field strength examined, we provide evidence that no Schwarzschild

AdS black hole is formed.

Workshops and Conferences

16,/01/2020. Iberian Strings 2020, Santiago de Compostela, Spain
09/09/2019. Swiss Mathematical Physics General Meeting, Villars-sur-Ollon, Switzerland

01/07/2019. Bootstrap Workshop and School, Perimeter Institute for Theoretical Physics, Waterloo,
Ontario, Canada

01/02/2019. Young Researchers Integrability School and Workshop, Erwin Schrodinger Internatio-
nal Institute for Mathematics and Physics, Vienna, Austria

01/09/2018. Bootstrap Workshop and School, California Institute of Technology, Pasadena, Cali-
fornia, USA

10/05/2018. Project Meeting on Analytic Bootstrap Approaches, Agores, Portugal

01,/06,/2017. Bootstrap Workshop and School, International Centre for Theoretical Physics SAIFR,
Sao Paulo, Brazil

216



Seminars and Conference Talks
e 15.03.2021. “Four Point Functions in CFT’s with Slightly Broken Higher Spin Symmetry”. Talk at
the CERN string theory journal club.

e 03.03.2021. “Four Point Functions in CFT’s with Slightly Broken Higher Spin Symmetry”. Talk at
the EPFL fields and strings journal club.

e Invitation to give a talk at the “Bootstrapping String Theory” conference at Caltech in june 2020.
The conference was cancelled due to the coronavirus pandemic.

e 15/01/2020.“Nonperturbative Mellin Amplitudes”, Iberian Strings 2020

e 11/09/2019.“Four Point Functions in CFT’s with Slightly Broken Higher Spin Symmetry”, SWISS
MAP General Meeting

e 22/01/2019.“Bootstrapping ' = 4 SYM”, Strings and Fields Journal Club at EPFL

e 10/07/2019.“Conformal Bootstrap With Slightly Broken Higher Spin Symmetry”, Strings and Fields
Journal Club at EPFL

e 22/04/2018.“Simplicity in AdS Perturbative Dynamics”, Strings and Fields Journal Club at EPFL

Teaching Experience

e Taught the exercise classes for the following courses at Ecole Polytechnique Fédérale de Lausanne
(EPFL) :

— Quantum Physics T (fall 2017, fall 2018, fall 2019)
— Quantum Physics IT (spring 2017, spring 2018, spring 2019)

Outreach
e Taught a special relativity course to talented high school students at the university of Porto in 2015
Supervision

e Vladimir Schaub, tutored his 4th year project on two dimensional conformal field theory for 2
months

e Charaf-Ed-Dine El Fattahi, tutored him once per week on the basics of conformal field theory for
3 months

Skills

e Languages: Portuguese (native), English (fluent), French (intermediate)

e Programming skills: Python, Mathematica

e Typesetting: BTEX , TEX,

Scholarships and Awards

217



e Prémio de Estimulo a Investiga¢ao prize awarded by the Gulbenkian Foundation, worth 12500
euros, for a project called Black Holes in AdS from Localized Boundary Sources, which became the
topic of my master’s thesis

e Research scholarship worth 12000 euros awarded for the first year of doctoral studies at Porto
university

218



	Acknowledgments
	Abstract (English)
	Foreword
	Contents
	Introduction
	Preliminaries
	I Existence and Basic Properties of Mellin amplitudes
	Existence of Mellin amplitudes
	Introduction
	Two-dimensional Mellin Transform
	Principal Euclidean Sheet
	Analyticity in a Sectorial Domain
	Dangerous Limits
	Subtractions and Polynomial Boundedness

	Analytic properties of Mellin amplitudes
	Introduction
	Auxillary K-functions
	Analytic Structure of the K-function
	Twist spectrum
	Recovering the Straight Contour
	Subtractions with Unbounded Spin
	Deformed Contour

	Unitarity properties of Mellin amplitudes
	Introduction
	OPE expansion
	Properties of Mack Polynomials
	Boundedness at Infinity and the Regge limit
	Extrapolation

	Polyakov Conditions
	Introduction
	Reproducing the identity
	Toy Model
	Nonperturbative Polyakov Conditions
	More Polyakov conditions


	II Applications of Mellin amplitudes
	Dispersion relations
	Introduction
	Subtractions and Polyakov condition
	Positivity of , J

	3d Ising
	Bounds on holographic CFTs

	 expansion
	Introduction
	Family of Functionals
	Check with Mean Field Theory
	Setup for the -expansion
	Order g0
	Order g1
	Order g2
	Order g3
	Order g4

	Holographic Applications
	Introduction
	4 in AdS at one loop
	Tree-level scalar exchange in AdS
	()4 in AdS
	UV Complete Holographic Theories

	Minimal Models
	Introduction
	The Coulomb gas formalism of minimal models
	Example: the "426830A 1, 2 O 1, 2 O"526930B  correlator
	Mellin amplitude of any correlation function
	Analyticity of Mellin amplitudes
	The bulk point limit
	Relating the behaviour of the Mellin amplitude for large Mellin variables and the bulk point limit
	The bulk point limit in minimal models


	CFT's with slightly broken higher spin symmetry
	Introduction and summary of results
	The bootstrap of "426830A js jjj"526930B 
	Bound on chaos for "426830A js jjj"526930B 
	Review of the bound on chaos and Rindler positivity
	Consequences for "426830A js jjj"526930B cb
	The Regge limit of AdS contact diagrams for the parity even structure in "426830A js jjj"526930B 
	The Regge limit of AdS contact diagrams for the parity odd structure in "426830A js jjj"526930B 


	Conclusion

	Appendices
	2D CFT calculations
	Mellin amplitudes from BPZ differential equations
	Comparison with conformal block expansion
	Normalisation of "426830A 1, 2 O2 O3 O4 "526930B 
	Normalisations in the Coulomb gas formalism
	Two screening charges
	Sums in exponent of the Mellin amplitude

	Single-variable Mellin transform
	Bochner's theorem
	Analytic continuation of K(12, 14)
	Regions [b] and [c]
	Region [d]
	Asymptotic behavior of K functions and of the Mellin amplitude

	Examples
	Examples of K-functions
	Free fields
	The correlator "426830A "526930B  in 2D Ising

	Mellin representation with a straight contour for  "426830A "526930B  in the 2d Ising model
	3 in 6+ dimensions

	Analyticity in a Sectorial Domain CFT
	Preliminaries
	Analyticity from OPE
	2d Ising

	Polynomial Boundedness in a Sectorial Domain CFT
	Subtractions and a Bound on the Double Light-Cone Limit
	Dangerous Limits in the Sectorial Domain

	Heavy Tails in Dispersion Relations
	Holographic Calculations
	Notes on Mack Polynomials
	Basic definitions
	Mack Polynomial Projections
	Proof of Positivity of m=0 Mack polynomials
	Limits of Mack polynomials
	Some facts about Mack polynomials


	OPE data in the 4 -  expansion
	Auxiliary formulas
	Miscellaneous formulas for the -expansion
	Miscellaneous formulas for higher spin

	Computing (6.34)
	Bulk Point Limit in "426830A js jjj"526930B 
	Introduction
	Bulk point singularity of an AdS contact diagram for a scalar four point function of unequal primaries
	Bulk point singularity of AdS contact diagrams for "426830A js jjj"526930B 
	Bulk point singularity of "426830A js jjj"526930B  in CFT's with slightly broken higher spin symmetry


	Algorithm for computing "426830A js jjj"526930B  in position space
	Mixed Fourier Transform
	Bibliography
	Curriculum Vitae




