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Abstract.

Local gyrokinetic simulations use a field-aligned domain that twists due to the
magnetic shear of the background magnetic equilibrium. However, if the magnetic
shear is strong and/or the domain is long, the twist can become so extreme that it
fails to properly resolve the turbulence. In this work, we derive and implement the
“non-twisting flux tube,” a local simulation domain that remains rectangular at all
parallel locations. Convergence and runtime tests indicate that it can calculate the
heat flux more efficiently than the conventional flux tube. For one test case, it was
30 times less computationally expensive and we found no case for which it was more
expensive. It is most advantageous when the magnetic shear is high and the domain
includes at least two regions of turbulent drive (e.g. stellarator simulations, pedestal
simulations, tokamak simulations with several poloidal turns). Additionally, it more
accurately models the inboard midplane when the magnetic shear is large. Lastly, we
show how the non-twisting flux tube can be generalized to allow further optimization
and control of the simulation domain.

1. Introduction

In magnetic confinement fusion devices, plasma turbulence is usually an important, if not
the dominant mechanism in determining the energy confinement time [1, 2]. Turbulence
ejects significant amounts of energy from the plasma, which then must be replaced using
heating systems and large amounts of external electricity. Thus, it is vital to understand
turbulent transport in order to enable a fusion power plant to generate net electricity
at a competitive price.

The most successful approach to understand and predict turbulent transport is
gyrokinetics, a high-fidelity kinetic model of the plasma [3, 4, 5, 6]. Gyrokinetics
has been rigorously derived from first principles using an asymptotic expansion of the
Fokker-Planck and Maxwell’s equations. This expansion makes the problem much more
computationally tractable because it removes one velocity dimension from the model
and, more importantly, eliminates a fast timescale — the particle gyration around the
magnetic field line. The crucial expansion parameter of gyrokinetics is p. = p;/a < 1,
the ratio of the ion gyroradius p; to the plasma minor radius a. Indeed, present-day
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Figure 1. The boundaries of two local simulation domains (thin blue and purple lines):
(a) a conventional flux tube and (b) a non-twisting flux tube. Both are one poloidal
turn long. Note that at the outboard midplane, both flux tubes have a rectangular
cross-section (thick black). However, away from the outboard midplane the cross-
section of the conventional flux tube is twisted into a parallelogram, while the non-
twisting flux tube remains rectangular. Also shown is the central flux surface of the
flux tube (transparent yellow) with a toroidal wedge removed for visual clarity.

large fusion devices [7] can have p, ~ 1/300 and p, is anticipated to be even smaller
in future high-performance devices [8]. Thus, we can be confident that our asymptotic
expansion does not sacrifice much accuracy, making gyrokinetics one of the most reliable
tools to simulate plasma turbulence in the core of fusion plasmas.

Despite its simplifications, gyrokinetic simulations remain near the limit of
computational feasibility, with a single calculation typically requiring tens of thousands
of CPU-hours and, hence, a supercomputer. To make simulations more accessible and
practical, it is important to minimize the computational cost as much as possible. For
grid-based codes, one straightforward way to do this is to minimize the number of grid
points in the computational domain. This is a powerful motivation for so-called “local”
simulations, which employ a reduced domain called a “flux tube” [9] (see figure 1(a)).
The flux tube is designed to exploit the physical properties of the turbulent eddies in
order to minimize the number of grid points required. This is accomplished by carefully
choosing both the locations of grid points within the flux tube as well as the overall
shape of the flux tube.

The locations of the grid points are chosen to be field-aligned, meaning that two of
the three spatial coordinates are constant along the magnetic field lines. This helps
because it matches the underlying structure of the turbulence. Due to the strong
magnetic field, plasma turbulence in fusion devices is very anisotropic — individual
turbulent eddies are very extended along the magnetic field lines, but are only a few
gyroradii wide perpendicular to the field. Thus, the variation perpendicular to the
magnetic field line has a small spatial scale, while the variation along the field line has
a large spatial scale. By constructing a field-aligned grid, we take advantage of this and
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can get by with a much larger distance between grid points in the parallel direction. If
our grid was not field-aligned we would require a grid spacing comparable to the particle
gyroradius in all three spatial directions, instead of just two.

Additionally, it is helpful if the shape of the flux tube mimics the turbulent
structures it seeks to model. This allows us to shrink our domain as much as possible
and best utilize its volume. Thus, the flux tube is very elongated along a central field
line and narrow across it. Specifically, as shown in figure 1(a), it is typical for the domain
to have a rectangular cross-section at the outboard midplane. Then, the four corners
of the domain are fixed to four field lines, which determines how the cross-sectional
shape changes along the parallel direction. This means that, due to magnetic shear, the
domain twists into a parallelogram at other parallel locations.

With such a narrow domain in the minor radial direction (i.e. across flux surfaces),
the statistical properties of the turbulence can be assumed to be identical on both radial
boundaries. For simplicity, instead of using statistical periodicity, one can apply ezact
periodicity between the boundaries as long as the domain is wider than a few turbulent
correlation lengths. The same can be done with the toroidal boundaries. Because of
this narrow periodic domain, flux tube codes can employ a Fourier representation of the
turbulence in the perpendicular plane. Such a representation is advantageous because
it respects the boundary conditions by construction and, through use of the three-
halves rule [10, 11], can cleanly avoid numerical aliasing issues that arise from quadratic
nonlinear coupling. The parallel boundaries can also use periodicity, but it is more
complicated — to ensure the parallel boundaries have statistically identical turbulence,
the domain must be an integer number of poloidal turns long (i.e. the two ends must
share the same poloidal location). This is because quantities like the strength and
curvature of the magnetic field change the properties of turbulence and vary significantly
with poloidal location. Additionally, implementing the parallel boundary condition
while properly accounting for magnetic shear requires care [9, 12], as will be discussed.
Regardless, the conventional flux tube is an elegant domain that appears to minimize
the number of grid points, while still allowing for a physical treatment of turbulent
eddies. However, the point of this paper is to demonstrate that further improvement
is possible, thereby enabling more efficient numerical simulations. Specifically, we will
formulate a simulation domain that does not twist due to the effect of magnetic shear,

“non-twisting flux tube” and is shown in figure 1(b).

which we call the

The idea of minimizing the twist of the simulation domain has been investigated
before. Most recently, Watanabe et al. [13] devised the “flux tube train” — a domain
formed by several conventional flux tubes coupled together into a chain. This enables
a simulation domain to be several poloidal turns long without becoming extremely
twisted. Normally, the twist would accrue along the entire length of the domain, but in
the flux tube train it is reset between each individual flux tube (which can be just one
poloidal turn long). However, the present paper is most closely related to the “shifted
metric” procedure originally described in reference [14] and subsequently revisited in

reference [11]. In the shifted metric procedure, one takes the discretized equations used
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by a turbulence code and performs a spatial shift of the metric coefficients (also known
as the geometric coefficients). Specifically, each grid point is shifted in the toroidal
direction by an amount that can depend on both the radial location and the location
along the field line. Using such discrete shifts, one can cancel the twisting caused by
the magnetic shear at each grid point. This enables the cross-section of a flux tube to
stay approximately rectangular, while still maintaining a field-aligned grid. For reasons
that will be explained later, this was theorized to provide a more efficient computational
domain, especially when the magnetic shear is large. Such a procedure was first applied
to a simplified fluid model of turbulence in a domain with Dirichlet radial boundary
conditions [14]. Later, it was implemented in a gyrokinetic code, again with Dirichlet
radial boundary conditions [11]. Both works investigated the applicability of the shifted
metric procedure to a flux tube with the usual periodic radial boundary condition,
but concluded that the procedure was inapplicable or infeasible when using a Fourier
representation in the perpendicular plane.

In this paper, we will present a novel derivation that uses a coordinate system
transformation of the gyrokinetic equations before they are discretized. This gives a
different perspective on the non-twisting flux tube and its boundary conditions, which
will reveal a straightforward way to implement it while maintaining radial periodicity
and a Fourier representation in the perpendicular plane. Aspects of its implementation
are conceptually similar to the improved “wavevector-remap” scheme used to model
E x B flow shear [15, 16] as magnetic shear twists the domain with parallel location
analogously to how flow shear twists the domain with time. Flow shear will be omitted
in this work for simplicity, but can be added to the non-twisting flux tube simply by
including new terms analogously to the magnetic shear. The coordinate system discussed
in this work may be useful for many purposes (e.g. global gyrokinetic simulations [11],
fluid simulations [14]), but this paper will focus exclusively on its application to local
gyrokinetic simulations. It has the potential to be most helpful for simulations with
high global magnetic shear (e.g. near the tokamak separatrix), high local magnetic
shear (e.g. stellarators), or many poloidal turns (e.g. turbulence with long parallel
correlation lengths).

In section 2, we will review the analytic derivation of the conventional flux tube from
reference [9] in order to provide appropriate context. Then, section 3 will present the
novel derivation of the non-twisting flux tube, together with how it relates to both the
conventional flux tube and the shifted metric approach. In section 4, we will benchmark
the implementation of the non-twisting flux tube in the gyrokinetic code GENE [17, 18]
and section 5 presents numerical results showing its computational performance relative
to the conventional flux tube. Next, section 6 details how the non-twisting flux tube
can be generalized to give even more flexibility in structuring the spatial grid. Lastly,
section 7 offers some concluding thoughts.
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2. Analytic derivation of the conventional flux tube

A conventional flux tube [9] uses a field-aligned coordinate system given by (z,y, x).
The flux surface label x = r — rq is the minor radial coordinate r relative to the center
of the flux tube rq,

y(z,¢,x) = £C, (¢ — q(x)x) (1)

is the binormal coordinate (which labels the different field lines within the flux surfaces),
and x is the straight-field line poloidal angle (see Appendix A). Here ( is the toroidal
angle and ¢(z) is the safety factor. The normalization constant C, will be left arbitrary,
though it is often taken to be either C, = r¢/qy or C, = (1/B,)dv/dr (where ¢y = ¢(0),
1 is the poloidal flux, and B, is a reference value of the magnetic field). Note that the
sign in the definition of y depends on what coordinate system convention is used. For
the default coordinate system used by the GENE code, the lower sign (e.g. the minus
sign in equation (1)) should be taken in all formulas in this paper. For the opposite
convention (e.g. that used by the GS2 gyrokinetic code [19, 20]), the upper sign should
be taken in all formulas.

In local simulations, due to the narrow domain, the safety factor profile is linearized
about the center of the flux tube x = 0, giving

dq
= = ) 2
q(w) = g0+ — @ (2)
This enables us to rewrite equation (1) as
y(@, ¢ x) = £C,¢ F Cygox F Sxz. (3)

by introducing the global magnetic shear, § = Cy dq/dx|,_,. Note that this is a non-
standard definition of § if Cy # ro/qo. It is in this (z,y, x) coordinate system that we
apply the perpendicular periodic boundary conditions [9]. In the radial direction, the
real space electrostatic potential ¢ must follow

¢(x + Lo, y, X) = o(x,y, x), (4)

while the binormal boundary condition is

¢<SL’,y+Ly,X) :éb(xaan), (5)

where L, and L, are the widths of the domain in the radial and binormal directions
respectively. The parallel boundary condition is called the “twist-and-shift” condition
9], which is more complicated as it must account for the effect of magnetic shear.
To appropriately maintain the twisting effect of magnetic shear across the boundary,
poloidal periodicity should be applied at constant toroidal angle (, according to

QE(ZL‘, y(x, Ca X + 27TNpol)a X + 27T]\/vpol) = qg(!lf, y(x, Ca X)a X)> (6)
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where Npo € Z4 must be a positive integer to ensure that the parallel boundaries share
the same poloidal location and have statistically identical turbulence. Using equation
(3), we can see that y(z,(, x + 27 Npo) = y(, ¢, x) F 20 NpaCyqo F 27 NpoiSz. Thus,
equation (6) becomes

Q_ﬁ(xa Y+ 277-]Vp01§x7 X + 2Tdvpol) = QZ_S(CL’, Y, X)a (7)

where we have assumed that (27 N,01C, /Ly )qo is very close to some integer N, € Z and
applied binormal periodicity N, times using equation (5). This assumption is acceptable
because equation (1) shows that C,/L, = 1/L. at constant x and y, where L, is the
width of the flux tube in toroidal angle such that L, = 27 corresponds to the full toroidal
domain. Thus, so long as the flux tube is very small compared to the full flux surface,
21N Cy /Ly, will be a very big number and a negligibly small change in gy will ensure
that our assumption holds.

Importantly, by evaluating the parallel boundary condition of equation (7) at
x — x + L., applying the radial boundary condition of equation (4) to both sides,
and finally applying the parallel boundary condition to the left side we find

d(z,y F 2 NpoidLa, X) = ¢(2, 9, X)- (8)

This shows that the combination of parallel and radial boundary conditions will
introduce artificial correlations between different y locations unless

- o ©)
* 27TNp01 |§|

holds for a positive integer N,y, € Z,, where the subscript “asp” indicates that it
controls the domain aspect ratio. Fulfilling this constraint resolves the problem because
the offending term in equation (8) can be eliminated by applying binormal periodicity
Nasp times using equation (5). This constraint discretizes the aspect ratio of the domain.
Note that it is a general consequence of the flux tube boundary conditions and must be
satisfied regardless of whether one uses a real space or Fourier-space representation.

For the reasons outlined in the introduction, local gyrokinetic codes usually employ
a Fourier representation in the perpendicular plane. Thus, we will use the Fourier-space
electrostatic potential ¢, defined by

(2,9, %) = Y & (ky, by, x) =70y, (10)

kz,ky

According to Fourier’s theorem, we see that the binormal and radial boundary conditions
of equations (4) and (5) require

2

ky = L—Zm (11)
2m

ky = —n, (12)
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where m € Z and n € Z are integers. Note n is analogous to the toroidal mode number
in the restricted domain of the flux tube. Thus, the perpendicular boundary conditions
can be satisfied in a simulation simply by constructing the Fourier coordinate grids
appropriately. Typically they are constructed according to

2m N,—1 N, -1

k, € L—xm for all m € |— 5 5 (13)
2m

k, € T for all n € [0, N, — 1], (14)
y

where N, and N, are the number of considered radial and binormal modes respectively
and we have assumed N, is odd for simplicity. Additionally, we have omitted the
negative k, values as they can be recovered using the reality condition ¢ (k,, &y, x) =
¢* (—ky, —ky, X), where * indicates the complex conjugate.

The parallel boundary condition is more complicated. After substituting the Fourier
representation of equation (10), equation (7) becomes

¢(ky £ 2T Nparky S, ky, X + 27 Npot) = ¢(ka, ky, X).- (15)

This is enforced by appropriately coupling different k, modes across the ends of the flux
tube. For these modes to always line up properly, the smallest possible jump in the
radial wavenumber (i.e. 27 Npoiky min |$|) must be equal to a multiple of the radial grid
spacing (e.g. Naspkzmin). This condition turns out to be identical to the domain aspect
ratio condition of equation (9) (since the minimum radial and binormal wavenumbers
are Ky min = 27/ L, and ky min = 27/ L, respectively). The only exceptions are the largest
values of k,, which are coupled to ¢ = 0 because the corresponding modes are outside
of the considered k, grid.

In the (z,y, x) coordinate system, the Fourier-space electrostatic gyrokinetic model
(neglecting collisions and background flow) is given by the gyrokinetic equation [21]

oh - - - Oh
> b- a Ugs + | Ky k h sl|— 1
BT + b - Vy o - + iUy ( Vz + yVy> +a Havn (16)
1 | ZueFa, 00 &, OFy,
% e 0 (1)} = 20 (1) i ()

and the quasineutrality equation

-1
Z2e’n, ZseB
o (S5) S5 [ faniin

where the perpendicular wavenumber is

k;L:\/kg

o 12 5 5 o 12
Vx‘ + 2ok, Vi - Vy + k2 Vy‘ (18)
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and the nonlinear term in Fourier-space is

{hes & do (kipo)} = ) (Koky — kiky) hig"Jo (K p,) (19)
K K,

with ki = k, —k} and k; = k, — k. The unknowns are the Fourier-analyzed electrostatic
potential ¢ and the Fourier-analyzed non-adiabatic portion of the distribution function
hs =0f 4+ ZsedFrs/Ts. The coordinates are the time ¢, the radial wavenumber k,, the
binormal wavenumber k,, the straight-field line poloidal angle x, the parallel velocity v,
and the magnetic moment p = m,v? /(2B). The species subscript s € {i, e} indicates
ions or electrons respectively. Here b is the magnetic field unit vector, B is the strength
of the magnetic field, U4, is the magnetic drift velocity, ay is the parallel acceleration
from the magnetic mirror force, Jy(...) is the 0*® order Bessel function of the first kind,
Z, is the species charge number, e is the proton electric charge, F);, is the Maxwellian
velocity distribution, ¢ f is the turbulent portion of the Fourier-analyzed perturbed
distribution function, Ty is the species temperature, n, is the species density, my is the
species mass, and J ! = $(ﬁx X ﬁy) b is closely related to the coordinate system
Jacobian and is defined such that it is positive for both sign conventions. Lastly, to
reduce the computational cost, most codes compute the nonlinear term in real space
according to

1 - - I Tl
{hey 0o (kpe)} = Jmar =y 2o | | 2 ellee™ 0 | | D Ry o (K o) 50
r Y @y Kl kY, Kkl

(20)

7./ 1.0 2 i . .
o E k;hlsezkzx+zkyy 2 : klxl(b//JO (kjl_ps) ezk1x+zkyy e tkyx—ikyy
K.k, kLR

by using
1 n —ikzr—ikyy
— thex—iky 21
¢(kI7ky7X) Nx (2Ny— 1) mzy¢(x7y7x)e Y ( )

the inverse discrete Fourier transform of equation (10). Note the (double) primed
quantities indicate they are evaluated at the (double) primed wavenumbers. In the
calculation of the nonlinear term in real space, high wavenumber perturbations may
be generated that then get fictitiously mapped to lower wavenumbers in the return
Fourier transform. In the code, this is avoided by using the three-halves rule [10, 11].
First, before performing the Fourier transform to real space, the Fourier-space quantities
are copied to an expanded wavenumber grid that is at least 3/2 times bigger in both
perpendicular directions. These new high wavenumber modes are given zero amplitude.
Then, the full calculation of the nonlinear term is performed according to equation (20)
on this expanded grid. At the end, the final Fourier-space result is taken and the high
wavenumber modes are discarded to return to the original wavenumber grid. Thus, in
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Figure 2. The (z,y) coordinate system grid at three x locations along a conventional
flux tube. We see from the example ion gyroradius (red dashed circle) that, as the
domain becomes increasingly sheared, ions will more effectively average over any of
the turbulent perturbations allowed in the domain.

GENE the summations in equation (21) are really taken over an expanded wavenumber
grid, z € 2mL,/ (3(N, + 1)) for all m € [0,3(N, +1)/2 — 1], and y € nL,/ (3N,) for
all n € [0,3N, — 1].

Now let us consider the implications of this (z,y,x) coordinate system (or
equivalently (k.,ky,,x)). A regularly-spaced rectangular grid in these coordinates
produces a simulation domain that becomes sheared into a parallelogram as it extends
along the field lines due to the effect of magnetic shear. This has important consequences
for what type of turbulence can be modeled in the domain. For certain conditions,
the twist of the coordinate system is appropriate. If the three-dimensional shape
of a turbulent eddy is primarily an extrusion along field lines of its two-dimensional
cross-section at the outboard midplane, the coordinate system will model it efficiently.
However, as an eddy extends along the field lines, magnetic shear twists it and decreases
the spatial scales of the structure. If the magnetic shear is large or the eddy is very
extended along the magnetic field, the spatial scales of the eddy will become very small
as is reflected in the extreme tilt of the parallelogram (see figure 2). Such fine structures
are strongly damped due to finite gyroradius effects, so it would be surprising if they
were important. Yet, at these parallel locations the conventional flux tube is optimized
to model them.

To see this mathematically, one can look at the Bessel functions in the gyrokinetic
model, which represent the finite gyroradius effects. In the conventional flux tube, the
radial grid is centered around k, = 0 at all parallel locations, for which we see that

Jo (kips) = Jo (‘ky‘ Ps ﬁyD (22)

using equation (18). When one calculates the geometric coefficient

Vy = j:C’yﬁc F quoﬁx T $\Vz (23)

at x = 0, we see that the third term has a secular dependence on the parallel location
X- Thus, as we move along the field line, Jy (kips) — 0 for the central radial mode
in the grid, indicating that it is damped. This means that, for large values of § or
long flux-tube domains, the radial wavenumber grid is centered around a mode that is
strongly damped at most values of .
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To summarize, the perpendicular grid of a conventional flux tube is optimized to
model perturbations that are field line following. Away from x = 0, this is a distinct goal
from efficiently modeling the perturbations that are least damped by finite gyroradius
effects. The question then becomes empirical — does turbulence prioritize following
field lines from the outboard midplane or does it prioritize minimizing the amount of
finite gyroradius damping? The short answer is both, to some degree, and the balance
depends on the specifics of a particular simulation. We will delay a more in depth answer
until section 5 and instead define a grid that is optimized for turbulence that minimizes
finite gyroradius damping — the non-twisting flux tube.

3. Analytic derivation of the non-twisting flux tube

In order to produce a flux tube that does not twist (e.g. figure 1(b)), we want to perform
a coordinate system transformation that removes the effect of the magnetic shear — both
global shear and local shear. This can be accomplished by defining a new “non-twisting”
binormal coordinate Y such that Vz - VY = 0 at all parallel locations. In other words,
we want (x,Y) to be an orthogonal coordinate system. The effect of global shear is
clearly contained in the third term of equation (3), but the local correction to the shear
is more subtle. It manifests through the definition of the straight-field line poloidal
angle x (see Appendix A) in the second term of equation (3) because V- Vy #0. To
remove all magnetic shear, we make the coordinate transformation [14, 22]

V- Vy

Y (z,y,x) =y — —5 T (24)
9]

Using equation (23) and Vz - V¢ = 0, this geometric factor can be calculated to be

V-V ) ViV
% = Fs5x F Cyqo = (25)
Vax ‘Vﬂ:

‘2’

where the first term contains the global magnetic shear and the second term contains
the local correction to the magnetic shear through the definition of x (see equations
(A.4) and (A.9)). Thus, we can rewrite equation (24) as

V- Vy

Y (LU, Cv X) = :i:CyC + quo X — o2 z (26)
’V:c

using equation (3). Importantly, we can directly substitute this expression to show that
Vz-VY = 0, remembering that the geometric coefficients are evaluated at = 0 in the
local gyrokinetic model.

To accomplish this coordinate system transformation, we will first transform the
boundary conditions. The binormal boundary condition is applied at constant x and ¥,



A non-twisting flux tube for local gyrokinetic simulations 11

so it is written as

O(x,Y (x,y+ Ly, x) . x) = ®(x,Y (2,4, X) , X)- (27)

From equation (24) we see that Y (z,y + L,, x) =Y (z,y, x) + L,, demonstrating that
the transformed binormal boundary condition is simply

B(a,Y + Ly ) = Bla, Y. ). (28)

Note that we have introduced a new symbol for the electrostatic potential ®. This is
because it has a different functional dependence on its arguments according to

_ _ V-V _

Vil

We also define a new distribution function H, from h, in an analogous fashion. More
broadly, throughout the paper we will match the style of these symbols with the
associated coordinate (i.e. lowercase ¢ and ¢ are functions of lowercase y and k,
respectively, capital ® and ® are functions of capital Y and K,, script ¢ will be a
function of script %7, etc.).

The parallel boundary condition must still be taken at constant toroidal angle ¢
and z, according to

(I)($a Y(ZIZ’, Ca X + 277-]Vpol)a X + 271-]\/vpol) = (I)($a Y(ZIZ’, Ca X)a X) (30)

Equation (26) shows that Y (z,(, x + 27Npo) = Y (x,(, x) F 27 NpaCyqo because the
geometric coefficients V- Vy and \63:\2 are both 2m-periodic in y. This implies that

O(x,Y, x + 27 Nyol) = (2, Y, x), (31)

again assuming that (27 N,6Cy/ Ly )qo is very close to an integer and applying binormal
periodicity as we did for the conventional flux tube. This parallel boundary condition is
simpler than equation (7), which is intuitive as a non-twisting flux tube has an identical
rectangular cross-section at both parallel boundaries making it straightforward to copy
turbulent structures across it.

Instead the complications from magnetic shear appear in the radial boundary
condition. It is applied at constant y and y, according to

O (v + Lo, Y (2 + Loy y, X)  X) = @ (2, Y (2,9, %), X) - (32)
Using equation (24) we see that Y (z + Lo, vy, x) = Y (2,9, x) — (Vz - Vy)L,/|Vz|?, so

the radial boundary condition in the new coordinates is

_ ViV _
b |a+ LY -~ L x| =d@Y,). (33)
‘Vm
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We see that a new term, (ﬁxﬁy)Lx / ]63:]2, appears, which is needed to properly pair up
field lines across the radial boundary. In the conventional flux tube, as one moved along
the domain in y, the domain cross-section twisted with the field lines, so the field lines
always stayed at the same position relative to the boundaries. In the new coordinates,
all the field lines not at x = 0 will shift relative to the binormal boundaries as you move
in y. At some parallel location(s) they may exit through the binormal boundary of the
domain and immediately re-enter through the opposite binormal boundary. Note that
this means the “non-twisting flux tube” is technically not a true “flux tube” according
to some definitions. However, we think the terminology is appropriate as the domain
still changes area to retain a constant magnetic flux through its cross-section. Since
the field lines move relative to the domain boundaries, the new term in equation (33) is
needed to properly maintain field line identity across the radial boundary, accounting
for the local magnetic shear. If radial periodicity identifies two field lines on opposite
radial boundaries to be the same at a particular parallel location, the two field lines must
remain matched up at all other parallel locations. Otherwise a particle could move to a
different field line by moving purely in the parallel direction, which is unphysical.

Field line identity must also be preserved across the parallel boundary condition,
which can be checked by combining the parallel and radial boundary conditions of
equations (31) and (33). Specifically, we evaluate the radial boundary condition at
X — X + 27 Npyo1, apply the parallel boundary condition to both sides, and then apply
the radial boundary condition to the left side. In doing this, it is important to note that
equation (25) shows

Vi -V ViV )
% - % = F21Npal$, (34)
‘Vx

Vz

X+27TNp01 X

since Vz - Vy and |Vz|? are both 27-periodic in y. Equation (34) states that after an
integer number of poloidal turns the local correction to the shear integrates to zero and
only the twisting from global shear remains. Using this fact, we find the combination
of parallel and radial boundary conditions in the new coordinate system gives

O(z,Y + 27 Nyoi8Ly, x) = ®(2, Y, X). (35)

This implies that the domain will have fictitious correlations between different Y
positions unless equation (28) can be used to eliminate the offending term. Enforcing
this discretizes the aspect ratio of the domain according to equation (9) just like the
conventional flux tube, as is expected.

We emphasize that the boundary conditions of the non-twisting flux tube (i.e.
equations (28), (31), and (33)) are consistent with those of the conventional flux tube
(i.e. equations (4), (5), and (7)). This can be checked by taking a boundary condition
from the non-twisting flux tube, applying equation (29) to the left and right sides, and
then substituting equation (24) to replace Y with y.
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As with the conventional flux tube, we would like to use a Fourier representation
in the perpendicular plane. Because the binormal boundary condition in real space (i.e.
equation (28)) has the same form as in the conventional flux tube (i.e. equation (5)), it
will be satisfied using the standard Fourier representation

(z,Y,x) = Zcp (z, ky, x) e (36)

with the wavenumbers discretized according to equation (12). However, the radial
boundary condition of equation (33) is more complicated than in the conventional flux
tube. To find the allowed radial wavenumbers, we first Fourier analyze using equation
(36) to get the radial boundary condition into the form

—iky 2Ny, N

O (24 Loy kyx)e 1907 =0 (2, ky, x) - (37)

Then, using Floquet’s theorem we make the substitution

V- Vy
k"/

& (2, kyy X) = P (2, kyx) e 950 (38)

and see that the radial boundary condition becomes simple periodicity,
P(z+ Ly, ky,x) = P(z,ky,x). This is satisfied by writing P (z,k,, x) as a stan-
dard Fourier series in x with wavenumber discretized according to equation (11). Thus,
by substituting this result into equation (38) and then equation (36), we find the final
form of

O (2,Y,x) = > O (Ky, ky,x) ety (39)

Kz ky

where the allowed radial wavenumbers are given by

2T V- ﬁy

K, = —m+k, ‘ﬁ‘ (40)
x

L,

for any integer m € Z. Comparing this with equation (11), we see that the new radial
wavenumber is defined by
Vi - Vy

K, =k, +k : 41
Yy 2

Vz

which means that K,z+k,Y = k,z+k,y. Equation (40) indicates that the allowed radial
wavenumbers now depend on the poloidal angle and the binormal wavenumber, which
might seem strange. However, this is not because something physical has changed about
the situation. We will see that it is purely a semantic consequence of our coordinate
system transform.
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(a) (b)
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Figure 3. Three perpendicular cross-sections at different poloidal angles for (a) a
cartoon conventional flux tube with a (k, = 0,k, = 2w/L,) perturbation and (b) a
cartoon non-twisting flux tube with a (K, =0, k, = 2r/L,) perturbation. Note that
the three perturbations depicted in (a) are linearly coupled, unlike those in (b). Also
shown is the central = 0 flux surface of the flux tube (thick black), which is circular,
and the axis of toroidal symmetry (dotted black).

Equation (41) defines our coordinate system transformation in Fourier-space just as
equation (24) defined our coordinate system transform in real space, so it is important
to understand the physical meaning of K, relative to k,. We will call K, the local radial
wavenumber and k, the ballooning radial wavenumber. We see from equation (41) that
the two wavenumbers are identical wherever Vaz - ﬁy = 0, such as at x = 0. The
ballooning radial wavenumber k, is defined by performing the Fourier analysis while
holding y and y constant, so it is the radial wavenumber of the turbulence along lines of
constant y and x. However, lines of constant y and y are not perpendicular to the flux
surfaces (i.e. lines of constant x) because the (x,y) coordinate system is not orthogonal
(see equation (25) or figure 2). Thus, as shown in figure 3(a), (k, =0,k, # 0) does
not everywhere refer to a Fourier mode that is constant in the Vi direction, even for
circular flux surfaces. Lines of constant y and y only run in the the Vz direction at the
parallel location where the flux tube is rectangular, typically at the outboard midplane.
Thus, away from the midplane the Fourier mode with zero variation in the Vz direction
actually has k, # 0. Instead k, = 0 refers to the Fourier mode that, if you traced it
along field lines back to the outboard midplane, would have zero variation in the Vz
direction. Hence, its name — the ballooning radial wavenumber. In contrast, the local
radial wavenumber K, is defined by performing the Fourier analysis while holding Y
constant. Since we defined Y such that Vz - VY = 0, lines of constant Y run in the VvV
direction at all parallel locations. Thus, the K, = 0 Fourier mode never varies in the
Vz direction, as is shown in figure 3(b). Note that the k, = 0 Fourier modes at each
parallel location are linearly coupled, while the K, = 0 Fourier modes are not.

The final Fourier-space boundary condition is in the parallel direction. By using
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equation (39) to perform a Fourier analysis of equation (31), we find that it is
B(Ky, iy, X + 27 Noo)) = B(Ey, Ky, X). (42)

Despite this simple form, it is not appropriate to use a Fourier representation in y
because the K, grid varies with y as do the geometric coefficients in the gyrokinetic
equations. Like before, we can combine the parallel and radial boundary conditions of
equations (40) and (42) to derive a constraint on the aspect ratio of the domain. Using
equations (12) and (34), we find that the usual condition of equation (9) still holds and
ensures that the same values of K, exist at both x and x + 27/V,,1. Before we move
on, we note that equation (42) is consistent with the parallel boundary condition in
the conventional flux tube (i.e. equation (15)). To prove this we must first relate the
functional forms of ® and ¢ by substituting equations (10) and (39) into equation (29)
to see

V-V
i (va kyv X) - ¢ (Kw - ky—'—yﬂ ky? X) - ¢ (kw(Km ky?X)? ky? X) : (43)

Val?

Then, we apply this to the left and right sides of equation (42) and substitute equation
(41) to arrive at equation (15).

Now that we know the boundary conditions and allowed modes, we will construct
the coordinate system grids. We could determine our K, grid by taking equation (40)
and choosing m € [— (N, — 1) /2, (N, — 1) /2] at all parallel locations. However, this
will accomplish nothing new. We would have created the exact same grid for the exact
same physical situation as with the conventional flux tube, just with different labels on
the grid points. In other words, the new K, grid would still be centered around k, = 0.
Instead, we would like to lay down a grid centered around K, = 0. However, in general
it is not possible to do this exactly. In order to respect the radial boundary condition,
we must adhere to equation (40), which prohibits a grid point at exactly K, = 0 at most
parallel locations. Thus, we must be content to center the local radial wavenumber grid
around K, =~ 0, instead of exactly 0. This can be accomplished by first finding the
allowed mode number that comes closest to K, = 0, given by

L,, Vz-V
mo (ky, ) = —NINT | =2k, ~— 2| | (44)
2m =
Vaz
where NINT/.. ] is a function that takes a real number and returns the nearest integer.

Using equation (44), we can construct the K, grid around this mode number according
to

N,—1 N, -1
2 72

2 Vo -V
K, € l (m +mo (ky, x)) + kny—VQy for all m € {—

L,

(45)

—

Vz
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Thus, we see that the K, grid changes for different binormal wavenumbers and at
different parallel locations, but always stays as close as possible to K, = 0. The k, grid
remains the same as in the conventional flux tube, specified according to equation (14).

We can now see the impact of this new K, grid on how a gyrokinetic code models
turbulence. In our previous discussion concerning figure 2, we saw that the conventional
flux tube prioritized turbulence that follows field lines rather than turbulence with
minimal finite gyroradius damping. This could be seen by noting the secular dependence
on §y in the argument of the Bessel function for k, = 0, the central radial mode in the
simulation domain (see equations (22) and (23)). Now we can repeat the exercise for
K, = 0, the central radial mode in the new coordinate system. By substituting the
definitions of Y and K, (i.e. equations (24) and (41)) into equation (18), we find that
the perpendicular wavenumber becomes

KL:\/K:%

which is similar to equation (18) except the cross term vanishes because Vi - VY =0.

2
9

- |2 -
Va| + k2| VY

(46)

Thus, when we calculate the Bessel function for the central radial mode in the grid,
K, ~ 0, we find

Jo (K 1ps) =Jo <|ky| Ps

ﬁy‘) . (47)
Using equation (26), this new geometric coefficient can be found to be
. 3 . r. Ty
VY = £C,V( F CygoVx £ Cygo~ iV, (48)
V4]

which has no secular dependence with y. Thus, while the flux tube cross-section may
expand and contract periodically due to the effect of flux surface shaping and toroidicity,
it will not twist at all. This means the domain will include the modes that are least
damped by finite gyroradius effects, regardless of the strength of the magnetic shear or
the length of the simulation domain.

Lastly, the final step in changing our coordinate system is to transform the
gyrokinetic model. Substituting equations (24), (41), and (43), we find that the
gyrokinetic equation (i.e. equation (16)) becomes

OH, .~ = OH, L - - OH,
+ob- Vx + U - (KmVx + kyVY> Hg + ayy——
at aX Kx_ky Va-Vy k 87}”
[l Y
1 ZseFys 0P k OF s
—{H,, ®Jy (K, ps)} = —Jo (K| ps 2L oJy (K ps) ——=. (4

where H; is defined analogously to the definition of ® in equation (43). The nonlinear
term is either

{Ho, ®@Jo (Kip)} = Y (KoK — KJK,) H@" Jo (K ps) (50)

K7k,
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using K = K, — K and k; =k, — k, or

1 . ! =1,/ : 1 - 1.1
{Hs’ d.J, (KJ_ps)} = m Z Z K;H;eszx—i-zkyY Z ]{ZCDHJO (szs) eI tikyY
x Yy z,Y K, K}, KI kY

(51)

. § k/ HleiK;x—O—iklyY § K//q)//JO (KZP )eiKalc/w—i-ik/y/Y e—iKz:E—ikyY
y- s x s
K. k! K/ k!
xVy My

using the new Fourier transform of

1

D (Ky, ky, x) = N, N, = 1)
z y

S (2, Y, ) e (52)
z,Y

Importantly, in order to retain a field-aligned grid, we see that the parallel derivative in
equation (49) must still be taken at constant k, = K, —k,Vz - Vy/|Vz|2. If we applied
the chain rule in order to take the parallel derivative at constant K., we would no longer
be able to use a coarse grid in y. Quasineutrality remains the same as equation (17),
except Hy, and ® are functions of K, instead of k£, and the perpendicular wavenumber
is given by equation (46). Thus, the complete non-twisting flux tube in Fourier-space
is defined by equations (14), (17) (using ¢, Hy, and K ), (42), (45), (46), (49), and
(51). The new geometric coefficients and equilibrium quantities that appear in these
equations are simple to relate to those already calculated for the conventional flux tube.
Using equation (24), we find

Vi VY =0 (53)
N
L2 ) <Vm-Vy)
‘VY) = )V@/‘ -~ (54)
Vzx
VY Oy = Uy Uy — UG Oy (55)
)Vx
J’1£ZF<6$X6Y>-ZS:$<§QCX§3/>-lA) (56)
S 1 dy = 1 div > -
Bl WG, vy LW, vy (57)
Cy dx y dx
. B Vz-VydB | = B - B -
VB = 9B VI—Van_ Va + a—VY + a—Vx. (58)
ox e dy oy ox

Before we move on, we have two comments that are important to provide
perspective on the non-twisting flux tube. First, we believe that the crucial novel
insight of this paper is specifying the radial wavenumber grid according to equations
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Parameter Value Parameter Value
Minor radius of flux tube, zo/a | 0.54 Major radius, Ry/a 3.0
Safety factor, qq 1.4 Magnetic shear, § 0.8
Temperature gradient, a/ Ly 2.3 Density gradient, a/L, 0.733
Ion-e” mass ratio, m;/m. 4590 lon-e" temperature ratio, T;/T, 1.0
Effective ion charge, Z.;; 1.0 4t order y hyperdiffusion [23], ¢, 0.0
4™ order x hyperdiffusion [23], ¢, | 0.2 || 4™ order v hyperdiffusion [23], €, | 0.2

Table 1. The nominal Cyclone Base Case (CBC) parameters [24] used in this work.
Unless otherwise noted the geometry is specified using the s-o model [25] with o = 0
and the simulations are electrostatic and collisionless.

(44) and (45). It reveals that not every parallel location permits Fourier modes with
a radial wavenumber of zero. Prior works [11, 14] appear to have presupposed the
existence of a local radial wavenumber of K, = 0 at all parallel locations. This created
a number of problems, which made a practical implementation appear impossible.
Notably, if a mode exists at K, = 0, this can violate the radial boundary condition,
necessitate a prohibitively small K, grid spacing, and/or require arbitrary non-uniform
K, grid spacing when using general geometry. All of these difficulties are resolved by
constructing the grid according to equation (45), which prohibits the K, = 0 mode at
most parallel locations.

Second, the analytic derivation presented in this section actually accomplishes
remarkably little. We have simply rewritten the Fourier-analyzed gyrokinetic model
in terms of a new radial wavenumber K,, which absorbs some of the information
that was previously contained in the geometric coefficient ﬁy. As noted above, if
we constructed a K, grid using equation (40) and m € [— (N, —1)/2,(N, —1)/2]
at all parallel locations, nothing consequential would change about the representation.
Our change of coordinate system would be purely semantics and running a simulation
would produce the exact same results as the conventional coordinate system. This
again highlights the importance of equations (44) and (45). Performing the change of
coordinates to K, is not what creates a non-twisting flux tube, rather the essential step
is constructing a near-rectangular grid in the new (K, k,) coordinates. Alternatively,
one could have created a non-twisting flux tube without changing coordinates by
constructing a non-rectangular grid in (k,, k). Specifically one would use a grid centered
around k, ~ —k:yﬁx . Vy/|Vz|?, which can be found by expressing the grid of equation
(45) in terms of k, by substituting equation (41). In fact, this is essentially what is
done in the shifted metric approach. Nevertheless, we believe that using a coordinate
system transformation, as presented in this paper, is more intuitive and demonstrates
the constraints on the system (e.g. boundary conditions) well.
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Coordinate Grid range Number of grid points
Adiabatic Kinetic Adiabatic Kinetic
x/p; [—100, 100) [—92,92) N, N,
Y/ pi [—63,63) [—63,63) 64 64
X [—NpoiT, Npai) | [—NporT, NpolT) 20N,01 48 Npol
V)| /Vth,s [—3, 3] [—3, 3] 32 64
Vu/(Ts/By) (0,2.75) (0,2.75) 10 10
t/(a/cs) [1000 V01, 6000] (30, 200] time step < CFL limit [26]

Table 2. The nominal GENE coordinate grids used in this work. Note that all
grids are equally spaced, v s = 1/2T5/m; is the thermal velocity of species s, and

¢s = \/Te/m; is the sound speed.

4. Code benchmarking

In this section, we will benchmark our implementation of the non-twisting flux tube
in GENE. The practical details involved in implementing the results of section 3 are
fairly technical and are therefore relegated to Appendix B. However, this section on
benchmarking is important because it presents a concrete illustration of the relationship
between the grids in the non-twisting and conventional flux tubes. Unless otherwise
noted, we will use standard Cyclone Base Case (CBC) parameters [24] given in table
1 using the resolutions given in table 2. Our first test is to compare linear growth
rates against the conventional flux tube when the two coordinate systems are identical.
To see when this occurs, we must return to the discussion surrounding equation (44).
Remember, if mg (k,,x) = 0 for all binormal modes and all parallel locations, our
modified radial grid becomes functionally identical to that of the conventional flux-
tube. In other words, the non-twisting and conventional flux tubes model the exact
same physical situation using the exact same grid, just with different labels on the grid
points.

To simulate a single linear mode, one sets N,s, = 1 and k, = 27 /L,. Thus, we see
from equation (44) that mg (k,, x) becomes

X G Vi Vy
7TNp01 2’/TNPO] |§’ 6$‘2 ’

2 |
mo (l,x) — —NINT |F=sign (3) (59)

L, 2

where we have used equations (9) and (25). In general this expression is not necessarily
zero because of the local correction to the magnetic shear, which is represented by the
second term. For tokamaks with extreme shaping or a tight aspect ratio, the second
term can be made arbitrarily large, meaning the expression will round to a non-zero
value at some parallel locations. However, for typical tokamak parameters the local
correction to the shear is often small. In fact, for circular flux surfaces in the large
aspect ratio limit, this local correction vanishes entirely. This can be accomplished in



A non-twisting flux tube for local gyrokinetic simulations 20

(a) (b)

’gxpi ’gxpi
. XX XXX
X ROX 500000 FREBAXS S RRX
&x&x&x%xxxﬁxxxx §§§§®®§§§§§§ ®§§§§§§§®§§
X X X X & ® &
gl i R KR R / @§§§®§§§§§§§ ®X§§§§§X§§§ /
P O s xRN e T
T Tl 05 mn X Sk *BEEEEE G0 0 Tosi o n e X
X xR =R : R IR AL R S
) OO R R X X XX & = K
o 0 K KO0
X XX
-4 -4
(c)
ﬁ%ﬁﬁ
XX
XXX
SOXXX
SOKRX
XXX
0000 2 RIS XXX
Oooooooooooooo @@@@@@@ ®®®®®®® ®®®x®®®®®®®®®®®
O X XX
00000 RIIRIR SN R
RIRIRIRE XX RIS
@@(x)%wxém%&@ ®®®m®%@&®® ®®Q§st§<m%®® X/ T
§®®®®®® - ®®®®@§g3®®®® ®®®®®é®®®®®® 50000
RN RIS 00000
®®®®® SRR 00000
IR RRRREEy 00000
xRN XX®®®® 0000
SOXXXX
SOXXKXK
><><><><><
XX -4
(d)
K&pi
| g g g é g
SR SRR u
E §E & B 8 B § 5 § B & g B B 8 B £
HNEEEEEIEE % ===

O oy e O e o aooa OO o e o0 oA o 0o o0 tos

Figure 4. The parallel-radial spatial grid expressed in (x, K, ) from the non-twisting
(colored circles) and conventional (black and gray crosses) flux tubes for (a) Nasp = 1,
Npot = 1, Ny = 3; (b) Nasp = 3, Npot = 1, N = 9; (¢) Nasp = 3, Npot = 3,
N, = 3; and (d) Nasp = 4, Npot = 1, N, = 31. The first three plots are grids for
linear simulations and use a single binormal mode k,p; = 0.3, while the last plot is a
nonlinear grid with kyp; = 0.7 and a minimum wavenumber of ky minp; = 0.05. All use
N, = 24N, parallel grid points and have only global magnetic shear. The vertical
grid lines and changes in color indicate where linear modes couple to a new radial index
in the non-twisting flux tube (i.e. the argument to the NINT function is half-integer),
the horizontal grid lines correspond to the connections across the parallel boundary,
and the black crosses indicate the linear mode with zero ballooning angle.
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0.16

0.15

Linear growth rate (cs/Rp)

Figure 5. A resolution study of the linear growth rate of the most unstable mode
using the non-twisting (empty or filled circles) or conventional (crosses) flux tube with
Nasp = 1 and Ny = 1 (black), Nasp = 3 and Npor = 1 (red), or Nagp = 3 and Nyl = 3
(filled green circles). These correspond to the grids from figure 4(a)-(c).

GENE by specifying the magnetic geometry using the s-«v representation [25] and setting
a = 0. Thus, with only global shear equation (59) becomes

mo (% x) — —NINT {q:%sign OF ]i;pd . (60)
Given the range of x € [—7Npol, TNpo1), this expression will necessarily round to zero
at all parallel locations as long as we are careful to properly round at x = —m N, (see
Appendix B for more details). This ensures that the two grids are identical, as is shown
in figure 4(a). Therefore, we have derived a simple linear test case for which the non-
twisting and conventional flux tubes should produce identical results — using a single
k, mode with N,s, = 1 in the s-a geometry model with o = 0. The linear growth rates
for this test are shown in figure 5 by the black markers. We see perfect agreement as
expected, regardless of the number of radial grid points N, (which determines how far
the linear mode is allowed to extend in ballooning space). This test gives confidence
that the modifications to the geometric coefficients was done properly (e.g. replacing
IVy[2 with [VY]2).

In the next test case, we change Ny, from 1 to 3. While N, determines how far
the linear modes extend in ballooning space, the value of N, determines the number of
independent linear modes in the system. This can be seen in figure 4(b). Note that both
the non-twisting and conventional flux tubes now contain three linear modes, whereas
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they only contained one linear mode in figure 4(a). We also see that when N, # 1
the non-twisting and conventional grids can differ. In particular, we see that linear
modes in the non-twisting flux tube now can fall off the computational grid at internal
parallel locations. This differs from the conventional flux tube, in which linear modes
can only terminate at the parallel boundaries. However, for the CBC parameters used
for this study, we know that the linear mode with zero ballooning angle (i.e. the one
passing through the origin) will have the largest growth rate. Looking closely at the
example shown in figure 4(b), which uses N, = 9, we see that the linear mode with
zero ballooning angle has the exact same grid points in the two flux tubes, even though
the grids differ for the other two linear modes. This coincidence only occurs at specific
values of N, (i.e. N, is an integer multiple of N,s,), which makes it a good test case.
Studying the growth rates for this test case (shown in red in figure 5), we see that at
N, = 9 the two flux tubes produce the same growth rate, as is expected from figure
4(b). Moreover, the two flux tubes agree at every third value of N,, while they do
not for other values of N,. This pattern exactly reflects when the grids of the zero
ballooning angle linear mode are identical and when they differ. Additionally, we see
that the growth rate at every third value of N, agrees with the growth rate from the
N,sp = 1 case (shown in black) at N, /3. This is because they also have identical grids
for the zero ballooning angle linear mode, which is the case between figures 4(a) and
4(b). The fact that the growth rates exactly inherit all these underlying patterns from
the coordinate systems grids confirms that the mode coupling in the parallel derivative
is implemented correctly.

Next, we set Npo = 3 to extend the length of the flux tube to three poloidal turns.
By also choosing N, = 3, we model three identical linear modes that are each the same
as our first Npo = 1 test case at all values of N,. The only thing that has changed is
that some of the mode coupling that was occurring at the ends of the flux tube has been
moved into the interior. Accordingly, we see that the growth rates in figure 5 (green
and black points) agree well at all values of N,. This verifies that the non-twisting
flux tube has no distinction between mode coupling at the parallel boundary condition
and mode coupling within the domain. We note that all of the test cases, in both the
non-twisting and conventional flux tubes, converge to the same value at sufficiently high
radial resolution. This is important because all are modeling the same physical situation
just with different numerical grids.

Lastly, we will perform a nonlinear benchmark. Unless the magnetic shear is zero
at all parallel locations, the grids used for nonlinear simulations will always be different.
Figure 4(d) shows that the non-twisting flux tube has a grid centered around K, = 0,
while the conventional grid is centered around k, = 0. This is made possible by the
fact that linear modes in the non-twisting flux tube can fall off of the computational
grid at any parallel location and do not necessarily span an integer number of poloidal
turns. On the other hand, figure 4(d) shows that linear modes in the conventional
flux tube only ever terminate at the parallel boundary and are, thus, always an integer
number of poloidal turns long. Regardless, as with the linear studies, both flux tubes
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Figure 6. A nonlinear benchmark at the high radial resolution of N, = 512 with
Npoi = 1: (a) the time traces of the turbulent ion heat flux (thin lines) together
with their time average over the nonlinearly saturated state (thick lines) and (b) the
radial variation of the parallel correlation function for the non-twisting (black) and
conventional (red) flux tubes. In (b) the locations of the pseudo-integer magnetic
surfaces are indicated by the vertical grid lines.

should produce identical results at sufficiently high radial resolution. Accordingly, we
performed a nonlinear simulation with the very high radial resolution of N, = 512 using
the CBC parameters given in table 1, the resolutions given in table 2, N, = 1, and
adiabatic electrons. Figure 6(a) shows that the time-averaged heat flux agrees very well
between the two flux tubes and the time traces look qualitatively similar. Note the heat
flux is normalized to the gyroBohm value of Q5 = (pi/a)*n.T.cs.

As an additional check, we calculate the two-point parallel correlation function

t
CH (2,9, 1, X2) = <¢NZ T, Y, X1, )¢NZ (z,9, X2, >> ’ (61)

= \/<¢NZ Y, X1,t > <¢NZ x,y, X2,t)>

where the subscript NZ signifies the non-zonal portion of the quantity and (...),
indicates an average over any coordinate u. The quantity C) indicates the degree of
correlation between two points x; and Yo on the same field line, which is accomplished
by holding = and y constant (as opposed to x and Y'). To transform to the field-aligned
coordinate y from the grid used by the non-twisting flux tube, one must use the inverse
Fourier transform

QE (iL‘, 1Y, X) — Z q) (KI’ kya X) e—iky (ﬁxﬁy/|6z| )xeiszJrikyy’ (62)

Ky ky

which can be derived by substituting equations (24) and (29) into equation (39). Figure
6(b) shows the y-averaged correlation between the inboard and outboard midplanes
<C’||(;U, Y, x1 =0,x2 = —7r)>y for the two flux tubes. We see that, despite using different
grids, the two parallel correlation functions are very similar. As should be the case, we
see that both flux tubes display spikes in the parallel correlation function at “pseudo-
integer” surfaces [12]. On these surfaces, due to the parallel boundary condition, the
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magnetic field lines close on themselves after just one poloidal turn, which is artificial
unless the flux tube covers the full flux surface. Thus, if turbulent eddies span a full
poloidal turn, they will “bite their own tails.” This self-interaction alters the statistical
properties of the turbulence, resulting in the radially localized spikes shown in figure
6(b). Interestingly, the extreme radial resolution reveals that each spike is actually
shifted slightly outwards (i.e. to the right in figure 6(b)) from its pseudo-integer surface
by a few ion gyroradii. This appears to be a consequence of the magnetic drifts, which
prevent the single particle trajectories from precisely following magnetic field lines.
Thus, the turbulence may not be ezxactly field-aligned, but can have a slight bias one
way or the other. A field line that just misses closing on itself can actually compensate
for the drifts and enable a larger degree of correlation. While this slight shift is a
minor effect, its presence in both flux tube models gives even more confidence that our
implementation of the non-twisting flux tube is correct.

5. Nonlinear performance results

In this section, we will investigate the performance of the non-twisting flux tube relative
to the conventional flux tube using five test cases:

(1) CBC with adiabatic electrons,

(2) CBC with a long computational domain,

(3) CBC-like with high magnetic shear,

(4) a shaped DEMO equilibrium with kinetic electrons, and
(5

) CBC-like with high magnetic shear and a long computational domain.

We will compare the runtime of the code (i.e. the total computational time needed to
reach a given physical time) to see how it is affected by the modifications for the non-
twisting flux tube. Additionally, we will study the convergence with radial resolution
while holding the radial domain size L, constant. In other words, we will hold the
minimum value of the radial wavenumber constant and increase the maximum value by
adding more Fourier modes. This will reveal if centering a grid around K, = 0 enables
convergence with fewer radial modes.

Test case 1

For the first test case, we performed standard CBC simulations with the parameters and
resolutions given in tables 1 and 2, the s-a geometry, and adiabatic electrons. These
simulations have a modest value of § = 0.8 and use domains that are just one poloidal
turn long. The time averaged turbulent heat fluxes from both flux tubes are shown in
figure 7, as is the speed-up (i.e. the total wall clock simulation time of the conventional
flux tube divided by that of the non-twisting flux tube). We see that both the heat flux
and the computational cost of the two flux tubes are similar at all radial resolutions.
Surprisingly, the biggest difference is that the non-twisting flux tube is slightly faster at
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Figure 7. A nonlinear resolution study for the non-twisting (black circles) and
conventional (black crosses) flux tube using adiabatic electrons, Ny, = 1, CBC
parameters with § = 0.8, and the parameters and resolutions of tables 1 and 2. The ion
heat flux (black) and computational speed-up (red squares) data use the left and right
axes respectively and the horizontal dashed line indicates the fully converged heat flux.
Each simulation was run on 10N, CPUs (except 2560 CPUs were used for N, = 512).

high resolution. Looking into the details, while the CPU time required to compute one
time step in the non-twisting flux tube is longer by a factor of ~ 1.2, the physical time
step itself is longer by a factor of ~ 1.3. We believe that the slowdown in calculating
a time step is because the parallel derivative at fixed k, and k, is no longer taken
across continuous sections of memory (see Appendix B). However, longer time steps
are possible because the local radial wavenumbers of the non-twisting flux tube grid
stay closer to K, = 0 than in the conventional flux tube, especially at the inboard
midplane. This means that, at the same value of N,, switching to the non-twisting flux
tube simulation will eliminate the finest spatial scales, which allows for a longer time
step according to the CFL condition [26]. Since GENE has a routine for calculating
the maximum allowable timestep, it automatically takes advantage of this. In these
simulations (as well as all subsequent simulations), no difference was observed in the
temporal convergence properties of the turbulent state in the two flux tubes (i.e. all
simulations converged to quasi-steady state at roughly the same simulation time).

Test case 2

The second test case is identical to the first, except the domain is lengthened from one
to three poloidal turns by setting N,, = 3. Though simulation domains with more
than one poloidal turn have fallen out of fashion, they were originally recommended
to ensure properly converged results [9]. Without testing for convergence in N (or
alternatively L, ), parallel self-interaction may be artificially large and affect the accuracy
of the results [12, 27]. Simulations with N,, > 1 are also important for stellarators as
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Figure 8. (a) A resolution study for the non-twisting (black circles) and conventional
(black crosses) flux tube using adiabatic electrons, Npo = 3, CBC parameters with
§ = 0.8, and the parameters and resolutions of tables 1 and 2. (b) The two-dimensional
wavenumber spectra of the electrostatic potential (i.e. (|®|); or (|¢|);) at the three
outboard midplanes from the N, = 128 simulations. Note the full range in radial
wavenumber used by the simulations is shown, while the binormal range is restricted
for visual clarity. Each simulation was run on 20N, CPUs.

each poloidal turn is physically different due to the three-dimensional geometry [22, 28].
While this test uses a tokamak geometry, it is still expected to be a good indicator
for the performance in a stellarator, so long as the magnetic shear is comparable. The
important distinguishing feature of this test is that there is now more than one region
of turbulent drive. Specifically, turbulence is driven at all three outboard midplanes in
the simulation and should be statistically identical because the physical conditions are
identical due to axisymmetry.

Figure 8(a) shows the results of the resolution study. First, we note that, for the
same value of NN,, the non-twisting calculation is almost twice as fast. Breaking this
down, we find that, while the CPU time required to compute one time step in the non-
twisting flux tube is longer by a factor of ~ 1.7, the physical time step itself is longer
by a factor of ~ 3.3. As in the first test, these two effects counteract one another, but
the net effect is a computational speed-up for the non-twisting flux tube. Of course, the
magnitude of the speed-up is significantly larger for this test case, which is intuitive as
the twist from one end of the computational domain to the other is more extreme.

Looking at the convergence in N,, we see fairly different behavior. The non-
twisting flux tube data converges monotonically to the high resolution limit, while the
conventional flux tube data jumps around. To make sense of this, figure 8(b) shows the
turbulent spectrum of the electrostatic potential at all three outboard midplanes for both
N, = 128 simulations. For the non-twisting flux tube, we see the expected results —
since all three outboard midplanes are physically identical, they each have statistically
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identical turbulence. However, for the conventional flux tube, the turbulence at the
central outboard midplane is different from that at the other two outboard midplanes.
It has a maximum value of the electrostatic potential that is almost double the maximum
value at the other two midplanes. This is because, despite the fact that all three
locations are physically identical, they are modeled using different perpendicular grids.
The conventional flux tube has a rectangular cross-section at x = 0, but is twisted into
parallelograms at y = —27 and 27. This means that the turbulent activity is tilted
diagonally across the perpendicular wavenumber grid and actually extends off the grid
at y = —27 and 27, even at the high radial resolution of N, = 128. As a consequence,
the conventional flux tube requires a radial resolution that is more than double that
of the non-twisting flux tube. Comparing the runtime of the non-twisting simulation
at N, = 128 with that of the conventional flux tube simulation at N, = 256, we find
that the overall computational cost of a properly resolved Ny, = 3 CBC simulation is
reduced by a factor of 7 by employing the non-twisting flux tube.

Test case 3

The third test case uses Ny, = 1 and is identical to the first, except the strength of
the global magnetic shear is quintupled to s = 4.0. Due to the larger magnetic shear,
the background temperature gradient had to be increased to a/Lp; = 6.5 to ensure
instability. To more efficiently model these new conditions, the radial and binormal
domain widths were approximately halved to L, = 80p; and L, = 63p; along with
a corresponding decrease in the number of binormal grid points to N, = 32. Such
a reduced grid still resolves the turbulence well, which is not surprising as stronger
magnetic shear tends to reduce the correlation lengths. Additionally, the number of
parallel grid points was increased to N, = 40N, to better resolve shorter parallel
correlation lengths, the parallel hyperdiffusion was lowered to ¢, = 0.02 to match
the linear growth rate, and the time average over the nonlinearly saturated state was
performed from ¢ = 500 to 2000a/cs. The resulting resolution study is shown in figure
9(a). We see that the non-twisting flux tube benefits from a speed-up of around 2
(although it is fairly inconsistent).

Figure 9(a) also shows that the convergence with N, is fairly similar between the
two flux tubes. This may be surprising as it seems like the non-twisting flux tube
should be beneficial when the magnetic shear is high because the conventional flux tube
cross-section becomes strongly twisted at the inboard midplane. However, figure 9(c)
shows that the turbulence is very localized around the outboard midplane. Thus, the
flux surface averaged fluxes are insensitive to resolution problems around the inboard
midplane because the averages are dominated by behavior at the outboard midplane.
Looking carefully at figure 9(c) we see that, as N, is lowered, an unphysical grid-scale
oscillation develops in the parallel direction away from the outboard midplane in the
conventional flux tube. Similar behavior was also observed in reference [11]. Such
oscillations do not occur in the non-twisting flux tube, presumably because it includes
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Figure 9. The top row shows a resolution study for the non-twisting (black circles)
and conventional (black crosses) flux tube (a) without hyperdiffusion in y or (b) with
ey = 0.2. It uses adiabatic electrons, N,o = 1, CBC parameters with 5 = 4.0, and the
parameters and resolutions of tables 1 and 2 (with the modifications detailed in the
text). The bottom row shows the corresponding poloidal distribution of the heat flux
(¢) without or (d) with hyperdiffusion in y for the non-twisting (black) and conventional
(red) flux tube with radial resolutions of N, = 256 (thick solid), N, = 128 (thin solid),
and N, = 64 (thin dashed). Each simulation was run on 1.25N, CPUs.

modes near K, = 0 at all poloidal locations and the turbulent activity does not fall off
the grid. To summarize, while the non-twisting flux tube better resolves the turbulence
away from x = 0, this does not appear to have a big impact on the overall fluxes. Thus,
for this test case, the non-twisting flux tube is most advantageous if you are interested
in local quantities away from x = 0. Alternatively, the non-twisting flux tube could
provide a big advantage if the turbulent drive is not centered around y = 0 (as is
indicated by the second test case). This is true in sheared slab geometry as all parallel
locations are statistically identical and have equal turbulent drive [11]. It may also be
the case in stellarator (see figure 7.12 of reference [29]) or tokamak pedestal simulations
(30, 31, 32, 33|, which often observe that the linear growth rate peaks for a non-zero k,
corresponding to the top and bottom of the flux surfaces. In nonlinear simulations, such
turbulence would be very expensive to resolve with the conventional flux tube when the
magnetic shear is large.

On the other hand, the non-twisting flux tube does have to make a sacrifice in order
to better resolve the inboard midplane. Because the radial wavenumber grid always stays
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centered around K, =~ 0, the length of the linear modes is reduced when the binormal
mode index n = ky,/ky min is large. This can be understood using figure 4(d), which has
n = 14. We see that, in the conventional flux tube, all of the linear modes are at least
one poloidal turn long. At higher values of n, this can only be ensured by sacrificing
ballooning angles (i.e. the poloidal angle 6y = k,/(k,$) at which the linear mode would
have K, = 0 if the local correction to the shear was zero). In the limit of very high n,
all of the linear modes in the k, grid have ballooning angles that are strongly clustered
around the y = 0, but they remain one poloidal turn long. Hence, the linear modes that
are present at high n in the conventional flux are well resolved in the parallel direction,
but this comes at the cost of entirely omitting linear modes with ballooning angles away
from x = 0. This can lead to problems like the oscillations discussed in the previous
paragraph. In contrast, figure 4(d) shows that the non-twisting flux tube maintains the
same number of linear modes at all values of n, but they can become very short in the
parallel direction. In fact, if the &, grid is large enough, the highest values of n will have
linear modes that are each comprised of just a single parallel grid point. This can be
challenging to implement properly (as discussed in Appendix B) and seems like a major
concern for the non-twisting flux tube. Fortunately, this behavior appears physically
appropriate because the parallel extent of linear modes is indeed reduced at higher values
of k,. This can be seen clearly in figure 3 of reference [34] and is a consequence of the
fact that the magnetic shear acts in proportion to k,$ (e.g. equations (22) and (23)).
To summarize, just as the conventional flux tube has difficulty resolving the inboard
midplane, the non-twisting flux tube may have issues at large n, i.e. when using grids
with many &, modes. The non-twisting simulations shown in figure 9(a) did exhibit
pile-up in the £, spectrum. However, simply adding a small amount of hyperdiffusion in
the binormal wavenumber €, = 0.2 resolved this problem and did not affect the overall
heat fluxes, as is shown in figure 9(b,d).

Test case 4

The fourth test case uses a realistic “D”-shaped numerical equilibrium based on an
inductive EU-DEMO scenario [35] with a 50-50 mixture of deuterium-tritium fuel. It has
a high magnetic shear of § = 2.4 and strongly driven Ion Temperature Gradient (ITG)
turbulence. Unlike the prior test cases, these simulations include kinetic electrons and
local corrections to the magnetic shear. The equilibrium has zy/Ry = 0.43, ¢ = 1.6,
Ro/Ly; = 11.7, Ry/Lye = 12.0, and Ry/L, = 0.85. The parallel hyperdiffusion was
increased to €, = 1.0 to match the stronger drive, a binormal hyperdiffusion of €, = 0.2
was used, and the gyroBohm heat flux is defined as Q,5 = (pi/Ro)*n.T.cs for this test
case. In figure 10(a), we see that the computational cost of the two flux tubes is similar
at all radial resolutions. Looking into the details, we actually find that the time step
does not vary with N, or the type of flux tube, which is very different from the previous
test cases with adiabatic electrons. We believe that this is because including kinetic
electrons changes the physics determining the time step. Specifically, as the electron
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Figure 10. (a) The total heat flux and speed-up for the non-twisting (black
circles) and conventional (black crosses) flux tube using kinetic electrons, a realistic
shaped DEMO equilibrium with § = 2.4, Ny, = 1, and the resolutions of table 2.
(b) The corresponding parallel correlation function for the non-twisting (black) and
conventional (red) flux tube with radial resolutions of N, = 256 (thick solid), N, = 128
(thin solid), and N, = 64 (thin dashed). All simulations were run on 5120 CPUs.

plasma . — 0, the electrostatic shear Alfvén wave becomes very high frequency, thereby
limiting the time step (see reference [36] and section 2.1 of reference [37]). This can
be mitigated by using a small, but finite value of the plasma . However, for these
simulations the value was limited to 8 = 10=* because higher values were found to
modify the heat flux. Unfortunately, at 3 = 10~ it appears that the electrostatic shear
Alfvén wave still determines the time step. Nevertheless, we would like to note that
this issue may be a particular consequence of the strong turbulent drive. Perhaps for
more typical simulations, 8 could be increased further without affecting the fluxes and
the smallest radial spatial scale would again determine the time step as in previous
adiabatic electron test cases.

Looking at the convergence properties of figure 10(a), we find that the non-twisting
flux tube converges at a slightly lower value of N, but there is not a big difference.
However, figure 10(b) shows that there is a more significant difference in the parallel
correlation between the outboard and inboard midplanes (i.e. equation (61)). Therefore,
although figures 9(c,d) and 10(b) show different quantities, they reinforce the same
conclusion — the non-twisting flux tube better resolves the inboard midplane at high
values of the magnetic shear.

Test case 5

The fifth test case is designed to most clearly demonstrate the advantage of the non-
twisting flux tube. It is a repeat of the third test case, except the simulation domain
is lengthened to three poloidal turns, so that it has Ny, = 3, § = 4.0, and adiabatic
electrons. As before, due to the larger magnetic shear, the background temperature
gradient had to be increased to a/Ly; = 6.5 to ensure instability. To optimally resolve
these new conditions, the number of parallel grid points was increased to N, = 40N,
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Figure 11. A resolution study for the non-twisting (black circles) and conventional
(black crosses) flux tube using adiabatic electrons, Npo = 3, CBC parameters with
§ = 4.0, and the parameters and resolutions of tables 1 and 2 (with the modifications
detailed in the text). Each simulation was run on 20N, CPUs, but the conventional
flux-tube run with N, = 256 was not fully completed due to its computational cost.

the radial domain width was decreased to L, = 80p;, the binormal domain width was
halved to L, = 63p; along with a corresponding decrease in the number of binormal grid
points to IV, = 32, and the parallel hyperdiffusion was lowered to €, = 0.02 to match
the linear growth rate. Additionally, the time average over the nonlinearly saturated
state was performed from ¢ = 1000 to 6000a/cs; and the hyperdiffusion in y was set to
€y, = 0.2.

Figure 11 shows that non-twisting flux tube performs dramatically better than the
conventional flux tube. At the same value of N,, the non-twisting flux tube is more
than six times faster, due to having a much longer time step. Moreover, we see that the
non-twisting flux tube is well converged at N, = 64, while the conventional flux tube
requires many more radial grid points. In fact, we do not believe that the conventional
flux tube is properly converged even at N, = 256 because the radial spectrum of ¢
still exhibits significant pile-up. Instead we believe the heat flux is oscillating around
the converged result in a similar fashion to figure 8(a). All of this means that a fully
converged simulation is made at least 30 times less expensive by using the non-twisting
flux tube, likely more.

While we deliberately chose the parameters of this test case to increase the
computational savings, similar results likely hold in physically motivated simulations.
The essential features are high magnetic shear and more than one region of turbulent
drive. These could be found in pedestal simulations, which have high magnetic shear due
to the proximity to the separatrix and may have two regions of turbulence drive (i.e. the
top and bottom) [30, 31, 32, 33]. Alternatively, stellarator simulations generally require
more than one poloidal turn [22, 28|, though they often have small global magnetic
shear. Nevertheless, the non-twisting flux tube could still benefit stellarators with high
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Figure 12. Cuts of the full three-dimensional lattice of allowed spatial grid points
(black circles) at the three lowest allowed values of k, (columns). The linear modes
(diagonal gray lines) are indicated, Nexc = 4, ky min = 27/L, is the minimum value of
k, anywhere on the spatial grid, and a regularly spaced x grid is used.

local shear. Specifically, if local magnetic shear causes the conventional flux tube cross-
section to twist strongly between two regions of turbulent drive, it doesn’t matter if it
eventually twists back to rectangular. The conventional flux tube would still be strongly
sheared for one of the regions of turbulent drive and struggle to resolve it efficiently.

6. Alternative flux tubes

In this section we hope to stimulate future progress by discussing what spatial grids
are possible in a flux tube and what considerations appear to limit our options. The
coordinate system transform of section 3 was deliberately chosen to exactly and entirely
eliminate the twist of the flux tube. While this seems like a natural choice to explore,
many other possibilities exist, some of which may give better performance. In fact, it
may be feasible to optimize the grid for each individual simulation to most efficiently
treat the corresponding turbulent conditions. Therefore, we will imagine transforming
the gyrokinetic model to a completely general set of coordinates (_f(x, f(y, X) and seek
constraints on their possible definitions.

The parallel coordinate is treated in real space, due to the variation of the geometric
coefficients in this dimension. The y grid is already known to be very flexible and
the locations of the grid points can be chosen arbitrarily. By default GENE uses a
regularly spaced grid in the straight-field line poloidal angle, but it also has the ability
to concentrate the grid points around the outboard midplane (see Section 4.3 of reference
[38]). GS2, on the other hand, has a routine that adapts the locations of the parallel
grid points based on the geometric coefficients of the equilibrium being simulated [39].
For simplicity, in this section we will use a regularly spaced grid in the straight-field line
poloidal angle y = x.

The other two spatial coordinates, binormal and radial, are represented using
Fourier modes. This is well-motivated, given the periodic boundary conditions in these
directions and the fact that linear modes are composed of Fourier modes (i.e. a linear
mode has a fixed k, and is a chain of linked K, values in x). By enforcing the boundary
conditions, we discretize the allowed K, and k, Fourier modes into an infinite two-
dimensional lattice at each value of x. Given L,, L,, and Vz - Vy/|Vz|?, we can
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calculate all of these potential grid points, which are shown in figure 12 for an example
simulation. Since L, and L, are numerical parameters, we can always increase them to
make the grid spacing arbitrarily fine. Moreover, in theory, we have complete freedom to
choose at will which of these grid points to include in the simulation. In practice, we will
see that there are significant constraints that stem primarily from the physical effects
that couple different wavenumbers — parallel streaming and the quadratic nonlinearity.
To understand these constraints, we will start by considering the binormal
wavenumber. The most general possible definition of the binormal wavenumber is

f(y = fl (kyv)() ) (63)

as any dependence on K, can be handled in its definition. Here f] is any arbitrary
function of its arguments and the subscript is simply to distinguish the many arbitrary
functions that will appear in this section. How does equation (63) determine which
grid locations a simulation includes from figure 127 As with the definition of K, in the
non-twisting flux tube, we lay down a grid in f(y that has a uniform spacing of 27/L,
and is centered around f(y ~ 0. Each value of f(y that this produces must be rounded
to the nearest grid point allowed by the boundary conditions. For the non-twisting
flux tube, this was accomplished by including my (k,, x) in constructing the K, grid of
equation (45). As an example, we could define K, = \V ky2m /L, to produce the grid
shown in figure 13(a), which only includes the n = {0,1,4,9,16, ...} grid points from
the traditional k, grid defined by equation (14).

This makes clear that the form of equation (63) does not necessarily maintain an
evenly spaced k, grid, which makes it difficult to implement efficiently and realistically.
Specifically, calculating the nonlinear term in real space according to equation (51) will
become much more expensive because the Fourier transforms rely on computational
libraries that assume a uniform grid. Instead, it would likely need to be directly
calculated using a convolution in Fourier-space as given by equation (50), which makes it
an O(N2N2) operation rather than O(N, N, log (N, N,)). Additionally, if the K, grid is
non-uniform, then Fourier modes can couple via the quadratic nonlinearity to modes that
do not exist within the grid. For example, this occurs for all nonlinear coupling involving
different k, modes in the grid of figure 13(a) because the grid spacing is quadratic. In
the conventional flux tube, Fourier modes do nonlinearly couple to non-existing modes,
but this only occurs beyond the boundaries of the grid (i.e. above the maximum value
of k,). Nonlinear coupling involving non-existing Fourier modes internal to the grid can
be much more problematic. When a non-existing mode is surrounded by existing modes
should it still be taken as having zero amplitude as is done beyond the grid boundaries?
Should one somehow interpolate from the existing grid points (even though turbulent
mode amplitudes are not continuous in Fourier-space) or use one grid point to represent
multiple modes? The ultimate feasibility of non-uniform binormal grids is left for future
work. It may be of interest for multi-scale simulations because one could perhaps retain
some coupling between ion and electrons scales, but still coarsen the binormal grid at
intermediate wavenumbers.
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Figure 13. Cuts of the full three-dimensional lattice of the allowed (black circles) and
included (black crosses) spatial grid points at the three lowest values of k, included
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relationship with £, according to

(64)

f2 () by + [ (X) -
0 because the grid uses the reality condition to handle

Thus, the only difference from the conventional definition is that fo (y) can be used

We can immediately set f3 ()

sets fo (x) = (1 4+ NINT [|x| /7])~" in order to halve the binormal domain width on

the negative binormal modes and we want the grid to retain the zonal modes at &, = 0.
to vary the binormal domain width with parallel location. For example, figure 13(b)
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the inboard side. Such a grid appears feasible to implement and would change the f(y
grid spacing between neighboring parallel grid locations. Of course, figure 13(b) shows
that doing so can cause many linear modes to end (i.e. couple to zero) in the interior
of the (K'y,x) grid. This is analogous to the issue with nonlinear coupling in non-
uniform k,, grids, but is perhaps less conceptually concerning as the Fourier coefficients
are continuous with . Therefore, one could conceivably interpolate individual missing
grid points or simply ensure that there is negligible turbulent activity at the parallel
locations where a grid transition takes place. Perhaps a domain size that changes in
the parallel direction could be appropriate for strongly shaped stellarators that have
several independent regions of turbulence divided by regions of strong local magnetic
shear. However, if these regions are fully independent, one could just run individual
simulations for each. For the remainder of this section we will use the standard binormal
wavenumber f(y = ky.

The radial wavenumber coordinate has even more possibilities. The most general
possible form is

Ko = fu (kay by, X) - (65)

As with K'y, if we want to maintain an evenly spaced radial grid, K, must have a linear
relationship with k, according to

f(x Eff) (ky7X) kx+f6 (kan> (66)

Otherwise, calculating the nonlinear term using Fourier transforms to real space will
become much more expensive.

Interestingly, it is unclear if the form of equation (66) is sufficient to guarantee an
efficient treatment of the nonlinear term. This is because, while the values of K, are
evenly spaced for every value of k,, the K, grid spacing is not necessarily the same
between different k, values. Nevertheless, it may still be possible to efficiently calculate
the nonlinear term in mixed (z, k,) space on a non-uniform x grid. Alternatively, one
may be able to efficiently treat grids composed of blocks of k, modes with the same
K, spacing by Fourier transforming the blocks independently and then combining them
in real space. The feasibility of grids with k,-dependent K, spacing is left for future
work. We point out this category because it includes interesting possibilities such as
K, = kukymin/k, (see figure 13(c)), which is similar to the conventional flux tube except
it prevents the linear modes from being closely clustered around zero ballooning angle
at high values of k,.

However, efficiency aside, if the K, grid does not have the same spacing at all k,,
then Fourier modes can again nonlinearly couple to modes that do not exist within the
grid. While this may be solvable in some cases, we will set this problem aside in this
work. Instead we will ensure a consistent treatment of the nonlinear coupling by using
the form
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Varying the radial domain width using f7 (x) appears feasible and has similar
considerations and consequences as varying the binormal domain width in equation
(64). Unlike with f(y, in this case the offset term fg (ky, x) may be useful because the
turbulence is not always centered around K, = 0. Therefore, we will maintain the offset
but choose to have a radial box width that is independent of y by assuming the form

A radial coordinate defined by equation (68) has the same grid spacings as the
conventional flux tube, but grid points can have a k, and x dependent offset. For
example, the non-twisting flux tube chooses fs (ky, Xx) = k;yﬁx . ﬁy/ ]ﬁxP This linear
shift in the center of the radial grid with k, can be seen clearly in figure 8(b). It is
the reason why the turbulent activity in the non-twisting flux tube remains centered
in the perpendicular wavenumber grid at y = 27, while it stretches diagonally across
the grid in the conventional flux tube. It appears feasible to implement a choice of
fg (ky, x) that has a complicated dependence on k,, but we do not see any particular
physical motivation for this. Instead we expect a relatively simple dependence from
the competition of the two physical effects discussed earlier in this paper — parallel
streaming motivates turbulence centered around k, = 0 and finite gyroradius damping
motivates turbulence centered around k, = —k:yﬁx . 6y/ |§x|2 To accommodate both
of these k, dependencies and any combination in between, we assume the form

Ko = ko + ky fow (X). (69)

As shown for an example in figure 13(d), this simply allows a shift in the included K,
modes that varies with parallel location. Notably, the form makes it possible to maintain
a Fourier series analogous to equations (10) and (39) by defining a real space binormal
coordinate

Y (2,y,X) =y — fow (X) @ (70)

such that K,z + /{:yf/ = kyx + kyy. Thus, we see a clear physical interpretation of the
function fiy (x) — it controls the twist of the flux tube cross-section as a function of
parallel location. This flexibility has the potential to be useful.

To implement this, we must first determine the boundary conditions. Repeating
the derivations from sections 2 and 3 for K, and Y, we find

(i)(x—f—[/x?i}_ftw(X)anX) :‘%<5L’>?>X

<x,}7+Ly,X

Kl

T, X + 27erol> = CiD (x, f/, X

N—

P (x, Y F 21 N1z — (ftw (X + 27 Npol) — ftw (x)
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in real space. In (K, k,) Fourier-space, we find equation (14) and

@ (K = 27 Npatkiy3 + Ky (Fow O 27Npt) = Fow (1)) 3 s X + 27001 ) = @ (K Ky )

(74)
K, € i—” (m + 170 (ky, X)) + Ky fo (x)  for all m € {—Nmz_ : sz_ 1] ’
(75)
where
g (ky, x) = —NINT [%kyﬂw (x)} : (76)

Note that the functions ® and & for the electrostatic potential are defined analogously
to equations (29) and (43) as

¢ (x,?,x> =¢ (x,ff + fuw (X) 13;X> = (fc,y (fv,ff,x> ;X> (77)
o (Km ky, x) =9 (Kx — ky fow (X) + Ky, X) =0 (krm (Kx ky, x) Ky, x) . (18)

Like before, we can combine the real space radial and parallel boundary conditions of
equations (71) and (73) (as well as equation (72)) to find constraints on the domain.
However, here we actually find two conditions. First, we find the standard discretization
of the domain aspect ratio (i.e. equation (9)) by evaluating the parallel boundary
condition at * — = + L., applying the radial boundary condition to both sides, and
then applying the parallel boundary condition to the left side. Second, by evaluating the
radial boundary condition at x — x + 27Ny, applying the parallel boundary condition
to both sides, applying the radial boundary condition to the left side, and then using
equation (9), we find

ftw (X + 277-]\/va1> - ﬂw (X) _ NZ
27 Npor |5 Nasp

(79)

where Nz € Z is some integer. Equation (79) is a novel result and is interesting. We
see that any 27 Ny -periodic function can be added to ftw (x) without causing concern.
However, the global twist of the simulation domain is discretized by the magnetic shear
just like the domain aspect ratio. Finishing the calculation, we find that, despite the
generality of this transformation, the geometric coefficients and equilibrium quantities
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retain simple forms of

W oo _ L2
V- -VY =Vz-Vy— fiuw (x) |Vz (80)

2 _ I ~ L2
—2fowe () VI - Vy + 2, (%) | Vo (81)
VY - Vx = Vy - VX = for (X) Vo - VX (82)
J = (Vx X VY) b= (63} X ﬁy) b (83)

L 1dp L d)e oo

B_CdV x Vy ~ g VXY (84)

- oB - OB OB 0B =

B = —VY + —
\Y ( + fow (X) y)vx+ayv o Vy. (85)

In summary, we see that it is possible to implement a wide variety of flux tubes
apart from just the conventional and non-twisting versions. While it is currently
unclear if certain exotic options are computationally feasible and useful, it does appear
straightforward to achieve complete control of the twist of the flux tube along its
length by defining the radial wavenumber according to equation (69). In fact, all local
computational domains considered so far in the literature can be expressed through
different choices of the function f, (x). Specifically, the conventional flux tube, the
non-twisting flux tube, the globally non-twisting flux tube (which only removes the
twist from the global magnetic shear), and the flux tube train [13] are given by

for () =10 (36)
Fow () = Y2 (s7)
‘Vm
fiw (X) = Féx (88)
Fow (X) = F2mENINT [%} - V“i VY (89)
Vz

X' =27NINT[x/(27)]

respectively. The first three have already been implemented in GENE and any choice
of fiw (x) looks simple to add. For unusual turbulence, finding the best choice of
Fow (x) may offer significant computational savings. More broadly, it may be possible
to formulate an automated routine that performs linear tests to optimize fy (x) before
beginning a nonlinear simulation or adapts the choice of fu, (x) during a nonlinear
simulation.

7. Conclusions

In this paper, we have presented a novel derivation of the “non-twisting flux tube”
a local simulation domain that does not twist due to the effects of magnetic shear. It
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maintains a field-aligned spatial grid, but abandons having a field-aligned domain. In
other words, grid points are placed in rows along magnetic field lines, but the boundaries
of the domain do not follow field lines. This is made possible by allowing field lines to
pass through the binormal boundary of the domain, but, whenever they exit, binormal
periodicity is invoked so that they immediately enter back in on the opposite side.
Importantly, this derivation shows that such a flux tube is consistent with a periodic
radial boundary condition and the Fourier representation that is typically used in the
perpendicular directions of local domains.

By comparing the spatial coordinate grids of the non-twisting and conventional
flux tubes, we found that they are optimized to model different physical effects. The
conventional flux tube grid prioritizes parallel streaming and is constructed to follow
linear modes along field lines from the outboard midplane. On the other hand, the
non-twisting flux tube grid prioritizes the Fourier modes that are least damped by finite
gyroradius effects (i.e. those with a small local radial wavenumber K ). Thus, although
both simulation domains should give the same result in the limit of infinite radial
resolution, one may be more computationally efficient and allow accurate simulations
at lower grid resolution.

To investigate this, we successfully implemented and benchmarked the non-twisting
flux tube in the gyrokinetic code GENE. Then, using five different test cases, we analyzed
the runtime and convergence properties. We found no case where the non-twisting
flux tube performed worse than the conventional flux tube. Moreover, we found cases
where the non-twisting flux tube was seven, or even thirty times less expensive. This
computational savings came partially from a longer time step and partially from enabling
a lower radial resolution. The non-twisting flux tube was found to perform best when the
magnetic shear was high and when there was more than one region of turbulent drive
in the parallel direction. This makes it potentially useful for stellarator simulations,
pedestal simulations, and tokamak simulations with several poloidal turns.

Lastly, we showed that the non-twisting flux tube is just one example of many
possible flux tube formulations. By generalizing the non-twisting flux tube derivation,
we explored the feasibility of some exotic flux tube grids. Moreover, we demonstrated
that it is straightforward to fully control how the flux tube twists as it extends along
the field line. Thus, it may be possible to tailor the flux tube cross-section to the
particular turbulence being modeled. This could enable even more efficient spatial grids
and, ultimately, significant computational savings.
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Appendix A. The straight-field line and non-twisting poloidal angles

We are seeking a field line label y to construct a field-aligned coordinate system. We
already have a radial coordinate x that selects the flux surface. The coordinate y will
be used to select the field line and any arbitrary poloidal angle 6 will determine the
parallel position. Since y must be constant along a magnetic field line, we know it must
respect the field line trajectory relation

oc
26

B¢

CARAY Al
vy BV (A1)

where the vertical bar indicates the quantities that are held constant in the operation.
This says that moving poloidally while staying on a field line (i.e. staying at constant
x and y) involves moving toroidally an amount proportional to the field line pitch.
Integrating this equation gives

@zfoe

where we see that y only appears in the integration constant. Choosing a form for f(z, y)

B-V¢
Ao =——=—= + f(x,v), A2
e f(z,y) (A.2)

is unconstrained and reflects the flexibility we have in defining y. The conventional
choice is f(x,y) = +y/C,, which after rearranging gives the typical definition [18] of

o s =
yziCy<C—/0 de’j?'w). (A.3)

. B-Vo
Here we have indicated that the integral is performed at constant x, but do not need to

specify a second constant because of toroidal symmetry. Now this definition of y holds
for any poloidal angle 6 (including the geometric poloidal angle). However, if we chose
to define the poloidal angle according to

X(%G)Eﬁ/j

we can substitute it into equation (A.3) and arrive at the simpler definition of y given

B -V(

=B Ad
. B-ve (4-4)

by equation (1). This poloidal angle y is called a “straight-field line” poloidal angle
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because we can invert equation (1) to directly calculate that

a¢

oyl =) (A.5)
In other words, the magnetic field lines appears as straight lines when plotted in the
(x, () coordinate plane.

In this paper, we use the straight-field line poloidal angle y because it is what
is used by the GENE code. Moreover, it makes it straightforward to calculate the
geometric coefficients for the non-twisting flux tube from the geometric coefficients that
were already calculated for the conventional flux tube (i.e. according to equations (53)
through (58)). However, if one was coding a non-twisting flux tube from scratch, there
is another poloidal coordinate that may be more convenient. Analogously to the new
non-twisting binormal coordinate Y, one can define a new “non-twisting poloidal angle”
that has no minor radial variation and is a straight-field line poloidal angle only at
x = 0. Such a non-twisting poloidal angle is defined by

1 [ B-V¢
9(0) = x(z =0,0 :—/ df ——=—. A6
O=xe=00- 1 [ (A5)

This is useful primarily because V-V = 0, which will allow it to cleanly separate
the effects of global magnetic shear from the local corrections. To see how, substitute
the definition of ¥ and the radial derivative of the definition of

q(iﬂ)E%jlg%r

into a Taylor expansion of equation (A.3) about z = 0. This gives

B-V
a5 VC (A7)
. BV

9
y:iC’qu:C'yq019$§19m:Fm/ dv'l (0", (A.8)
0
where
. o 9| B-v¢ C, [ | B-V¢
[(V) = -7 A ﬁ__yf o | —| =——= A9
() Yd9 Ox|, B-ve 27 Jo |, <8x93.v9> (A.9)

is the local correction to the magnetic shear (which is defined to be the total shear minus
the global shear) and 6 (¢) can be computed by inverting equation (A.6).

Comparing equation (A.8) with equation (3), we see that a new term has appeared,
which makes explicit the local correction to the magnetic shear. This is the advantage
of the new poloidal angle. Previously, the local correction was hidden away within the
definition of the poloidal angle ¥, specifically in the second term of equation (3). In this
new non-twisting poloidal angle, one can use equation (A.8) to show that the geometric
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coefficients of the conventional flux tube are

9
Vy = +C,V( F CyqoV9 F §9Va F Va / d9'l (9) (A.10)
0

. o .

w = T3 F / d9'l (') (A.11)
V2 ’
L2 ol |2 5 o] |2 9 R 202
‘Vy‘ Syer vc[ +qu0]v19‘ +(§19+/ dﬁ’l(ﬁ’)) ‘w , (A.12)
0

which look pretty similar to what they were using the typical straight-field line poloidal
angle y (e.g. equations (23) and (25)). However, using equation (24) we can calculate
the geometric coefficients of the non-twisting flux tube to be

Y = +C,¢ F Cyqo? (A.13)
VY = +C, V¢ F CyqoVV (A.14)

Vi VY =0 (A.15)
]61/(2 — 2 64)2 +C2q? 619\2 (A.16)
VY -V = TC,q0 | VY g (A.17)
V-V =0, (A.18)

which are considerably simpler than equations (26), (48), (54), and (55).

Appendix B. Computational implementation

In this appendix we will outline the practicalities of implementing the non-twisting
flux tube in the gyrokinetic code GENE [17, 18]. If we compare the equations for the
non-twisting flux tube (i.e. equations (14), (17), (42), (45), (46), (49), and (51)) with
the equations for the conventional flux tube (i.e. equations (13), (14), (15), (16), (17),
(18), and (20)) we see that relatively few changes are required. The binormal k, grid
requires no changes. The geometric quantities must be transformed, but this is simple
to accomplish using equations (53) through (58).

However, the modification of the radial grid is more substantial. It should be
constructed according to equation (45), which has different values of K, at each parallel
location x and for each binormal wavenumber k,. Changing the radial grid to a three
dimensional array would have ramifications all throughout the code, so we will make
some adjustments to the analytic derivation to avoid it. To do this, we notice that,
even though the physical meanings of the ballooning radial wavenumber k, and the
local radial wavenumber K, are quite different, the numerical values of the grid are very
similar. Equation (13) is a rectangular grid centered around k, = 0 with a regular grid
spacing of 27/L, and equation (45) is a rectangular grid centered around K, ~ 0 with
a regular spacing of 27r/L,. We see that the only difference in the numerical values is a
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small shift of less than a grid point that comes from being centered at K, ~ 0 instead of
K, = 0. Thus, we will write the local radial wavenumber as a sum of two contributions

K, = 4, + AK,, (B.1)
where
— ) — 2 Lx — ) —
AR, = by S VY 2T | Ly, VO VY (B.2)
=3 L, 2 =
Va Vax

is the small shift that is the only difference between the K, and k, modes in the non-

twisting and conventional flux tubes. By substituting equations (B.1) and (B.2) into

equation (45), we find that the grid for 7, is
2

%EL—m for all m € [—

N,—1 N, -1
| B

2 72

which no longer depends on k, nor x and is numerically identical to the k, grid of
the conventional flux tube (i.e. equation (13)). Thus, if we used .#, as the radial
wavenumber, the radial grid would not require any modification. To do so, we substitute
equation (B.1) into the gyrokinetic model for the non-twisting flux tube (i.e. equation
(49)) to find

O s = O - - - S O
+ob-Vx + U4 - (%V:p + AK,Vx + k:yVY> I+ ag)|——
ot X | iAok, Tf'T;,ky A
TREREAL
1 . ZSGFMS 8@ . ]Cy 8FMS
75 {00 (Hips)} = T o Jo (HLps) F i 5P (H1ps) 5
(B.4)
where the perpendicular wavenumber is
ol |2 L2
K =\ (A + AK) ]w\ + k2 vy‘ (B.5)

and the quasineutrality equation remains unchanged except for the new form of
the perpendicular wavenumber, the electrostatic potential becomes a function of 7,
according to

Vi -V
@ (‘%7 kan) = d) (% + AKz - kylVTl2y7 k?hX) = Qb(kz(%, k%X)v k%X) 9 (B6)

and the distribution function J7; is defined analogously. The nonlinear term is computed
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in real space according to

%’SDJO %ps = ; ! + AK' %leiAK;xeiJifz’x+ik;Y
N, 2N, — 1 @ w) 7
:v( y ) oY KK,
x| DD R (] ) A Y (B.7)

N 2 : L/ %zeiAK;xemfz’xﬂk;Y
Yy S
VAR

. 7" i 111 s e .
> 2 : ((%/x// + AKQ/C/) SOHJO ( Ll/ps) ezAKI:cezJYz x+ikyY e zAsze 1Az x—ikyY
AN

using the three-halves rule as before and the modified Fourier transforms

P(@,Y,x) = Y (A ky, x) e tNemeiHartitn (B.8)
Kok
1 _ —1 x _ —iHpxr—1
@ (A, ky, X) :mZ@(%Y’X)@ Alsvemiduamibl, (B.9)
z Y z,Y

This eliminates the need to modify the radial wavenumber grid because the preexisting
k., grid is identical to the new J#, grid. Instead all we must do is add the small AK,
correction terms in the perpendicular wavenumber within the argument to the Bessel
functions, the magnetic drift term, and the nonlinear term (including the exponential
phase factors in the Fourier transforms).

Additionally, there is a numerical subtlety related to the nearest integer rounding
used in constructing the new radial grid. The NINT function that appears in equations
(44), (B.2), etc. behaves unpredictably when its argument evaluates to half-integer
values. This is because any incidental round-off errors will then determine whether the
function rounds up or down. This is particularly important at the x = —m N, grid
point, as can be seen from equation (60). Note that GENE does not put a grid point at
X = T™Npo1, 50 we do not need to worry about it. To ensure well-defined and consistent
rounding, instead of calculating the argument of NINT at a given grid location Yy, it is
actually approximated at a slightly larger value using the linear interpolation

L, Vz-V L
NINT | Zog, Y2V NNt | 22 | (10— )
21 ‘6 ‘ 2m
xXr
X

T Ty
94

V- Vy

2 )

+90

—

Vz

X+Ax

(B.10)

X

where Ay is the parallel grid spacing. This means that, for typical simulations, the
X = —7Npo grid point will be rounded in the same way as the x = —7mNpo + Ax grid
point. The constant § = 0.01313 was chosen fairly arbitrarily to be small enough to
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be negligible from a physical perspective, but large enough to overcome the significant
numerical errors that can be present when using geometric coefficients calculated by
external MHD equilibrium codes. It is also important that § is not a rational number
with a small denominator, otherwise such a round-off problem may inadvertently occur
at another parallel grid location.

The last and most significant challenge to implement the non-twisting flux tube is
the parallel derivative because it is crucial to maintain an exactly field-aligned grid. In a
conventional flux tube this is straightforward to accomplish because taking a derivative
exactly along the field line corresponds to taking the derivative at constant Fourier mode
indez. To see this, note that the parallel derivative in equation (16) is taken at constant
k. and k,, which is the same as holding the Fourier mode indexes m and n constant
because of equations (13) and (14). In the code, these mode numbers directly correspond
to the array indexes of the variables for h, and ¢, so standard finite difference schemes
along y naturally accomplish what we want. For example, the fourth-order centered
finite difference scheme typically used by GENE calculates the parallel derivative at a
point using the value of h, from the nearest two parallel locations on each side. Writing
this at constant m and n is simply

Ohs m,n,l| ~ 1
OX lw,  12Ax

(=hs [m,n,l — 2] + 8hs[m,n,l — 1]
—8hgs [m,n,l + 1] + hg [m,n, 1 + 2]), (B.11)

where we are treating h, as an array with the index m in the k, direction, n in the &,
direction, and [ in the x direction (assuming uniform grid spacing in x). The primary
challenge for the conventional flux tube is taking the parallel derivative across the
parallel boundary because it requires correctly coupling k, modes according to equation
(15). In the non-twisting flux tube, this complicated mode coupling gets spread out
over the interior of the domain.

Thus, for the non-twisting flux tube, we must be careful to select the proper radial
wavenumber index at the various parallel locations in our parallel finite difference. This
is accomplished, in accordance with equation (B.4), by selecting the indexes that have
the same value of 7, + AK, — kyﬁx . Vy/|Vz|2. By substituting equations (B.2) and
(B.3), we see that

Hit AT = by~ = 2 g (8, X)), (B.12)
Vz v

where my (k,, ) is given by equation (44). Thus, instead of holding m and n constant as
in the conventional flux tube, we hold m+my (k,, x) and n constant in the non-twisting
flux tube. While this may seem like a minor change, it is fairly significant because my
has a piecewise dependence on k, and x. In other words, we are now taking the parallel
derivative diagonally across the (%, k,) grid. However, because the grid is composed
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of discrete points, it is really a diagonal line that is everywhere rounded to the closest
;. grid location. Thus, the fourth-order centered finite difference scheme becomes

07 o, 1]~ —— (-
OX | sy aks—ty S50 1, T 12Ax

|Va?

G Im 4+ mg [n, ] —mg [n, 1 —2],n,1— 2]

+ 87, [m + mq [n, 1] — mo [n, 1 — 1] ,n,l — 1]
— 8 [m +mo [n, 1] —mo[n, L+ 1] ,n, 1+ 1]
(B.13)

+7 [m 4+ mg [n,l] —mg [n, L+ 2] ,n, 1+ 2])

because the radial wavenumber index m’ at a different location I’ must satisfy the
relationship m’ + mg [n, '] = m +myg [n,].

This is implemented together with the parallel boundary condition, which the
derivation of section 3 indicates is simpler than for the conventional flux tube. However,
we still must derive its precise form for the slightly modified local radial wavenumber
. Equation (42) shows it should be taken holding K, and k, constant according to

0 (o (Ky, by, X + 21 Npa1) , ky, X + 27 Npot) = @ (K (Ky, ky, X) 5 Ky, X) - (B.14)

Using equations (9), (34), (B.1), and (B.2), we see that J, (K, ky, x + 27 Npo) =
Hy (K, ky, x). Therefore, the parallel boundary condition is

2 (%, kyyX + 27TNp01) =g (%7 kyu X) ) <B15)

which can be shown to be consistent with the conventional parallel boundary condition
of equation (15) by using equations (34), (41), (B.1), and (B.6). Thus, we can see that
the parallel boundary condition for coding the non-twisting flux tube is actually a subset
of its prior form. This makes it easy to implement — we simply treat all modes in the
same way that zonal modes were treated in the conventional flux tube.

This completely specifies the GENE implementation of the non-twisting flux tube,
which is defined by equations (14), (17) (using ¢, 7%, and 2, ), (B.2), (B.3), (B.4),
(B.7), (B.5), (B.13), and (B.15). However, there are still a few important numerical
details. As a result of the numerical scheme of equation (B.11) or (B.13), grid points
with odd parallel indexes are closely tied together, as are grid points with even parallel
indexes, but the connection between these two subsets is weak (see section 3.1.2 of
reference [29]). This can cause problems when the total number of parallel grid points
in a linear mode is odd, because the two subsets will not have an equal number of points.
Thus, unless the linear mode is very long, the smaller subset will be more affected by
the Dirichlet boundary condition at the ends of the linear mode (i.e. ¢ = 0). This can
lead to grid-scale oscillations in the parallel direction that significantly affect accuracy.
In the conventional flux tube, this is typically addressed by simply choosing N, to be
even. However, in the non-twisting flux tube, linear modes are not constrained to span
an integer number of poloidal turns. In fact, even at the same value of k,, the number
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of x grid points in the individual linear modes (with different ballooning angles) can
differ by one. This makes it practically impossible to ensure that all linear modes are
composed of an even number of y grid points. To solve this, we first tried changing the
boundary condition at the ends of the linear modes to be periodic, instead of Dirichlet.
Specifically, whenever you would like to use the mode m = N, /2, which is outside the
grid given by equation (B.3), you use the m = —(N, —1)/2 mode at the same y location
instead. This works, but is observed to cause an overestimate of the linear growth rates
when the linear modes are short. Instead, a better solution was to retain the Dirichlet
boundary conditions, but to calculate the number of grid points in each linear mode. If
it is odd, you artificially remove a grid point from that mode (i.e. the point with the
lowest value of .#;). This is especially important for the highest k, modes in nonlinear
simulations because the linear modes can have a very short extent in y. In fact, when
using large k, grids, small J#, grids, and a coarse parallel resolution, the highest values
of k, can have linear modes with just one parallel grid point. If such linear modes are
not omitted from the simulation, they can cause fictitiously large heat fluxes. To test
that the code treats such modes properly without running full nonlinear simulations, it
is helpful to use linear simulations with large N,s, compared to V.

While implementing the parallel derivative seems complicated in the non-twisting
flux tube, in practice it can be done at little computational cost. This is because the
coordinate system grids stay fixed throughout the simulation, so all related work can
be done when the simulation is initialized and does not need repeating. In practice,
it was implemented in GENE by calculating a four-dimensional coupling matrix that
is a function of %, k,, x, and the points in the finite difference stencil (e.g. four
in equation (B.13)). This coupling matrix simply holds the radial mode indexes that
should be used in every finite difference computation possible in the simulation. Note
that it is necessary for the coupling matrix to be a function of %, because, near the
edges of the grid, the finite difference will extend off the radial grid. Thus, the entries
of the coupling matrix near the boundaries in %, are unique as they implement the
Dirichlet boundary condition.

Because coupling between different radial modes now occurs all throughout the
domain (instead of just at the parallel boundaries), one might worry about the
computational cost of data communication between different processors when running on
a supercomputer. Fortunately, while GENE has a very flexible parallelization scheme to
best distribute the five dimensional gyrokinetic equation across many processors, it does
not allow any parallelization in the k£, dimension. This was because the conventional
flux tube still requires a lot of data communication between k, modes for the parallel
boundary condition and computing the Fourier transforms in the nonlinear term. Thus,
the changes to the parallel derivative needed for the non-twisting flux tube are not
expected to significantly increase the data communication between processors. However,
the fact that the parallel derivative uses array values that are no longer contiguous in
memory likely increases the number of cache misses within each processor. We believe
that this carries the most significant computational cost of all the changes required to



A non-twisting flux tube for local gyrokinetic simulations 48

implement the non-twisting flux tube.
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