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Abstract

Molecular spectroscopy is an essential experimental technique in both fundamental physical
sciences and applied research. For example, electronic spectroscopy, in which light induces
a change in the electronic state of a molecule, is a powerful tool for studying light-matter
interactions appearing in solar energy conversion and light-emitting devices. To explain
experimental findings and compare them with theoretical predictions, scientists often
compute properties that can only be inferred indirectly, rather than simulating the observed
spectroscopic signals. This is partly due to challenges associated with the simulation of
electronic spectra, which requires both an accurate description of the electronic structure
and the quantum-dynamical treatment of the motion of atomic nuclei. As the exact
methods to solve the underlying quantum-mechanical problem scale exponentially with
the number of atoms, this task must be performed approximately for all but the smallest
molecules.

In this thesis, we develop a set of methods to systematically study the effects of different
approximations on the computed spectra. As our starting point, we consider a semiclassical
method called the thawed Gaussian approximation, which has resurfaced in recent years
as an efficient and robust alternative to simple but crude models or highly accurate but
costly quantum dynamics methods. First, we present several practical improvements of
the method, such as generalization to non-Condon effects or the efficient single-Hessian
version, which enable a broader set of molecules to be studied. Second, we introduce a
more fundamental modification of the method—the inclusion of non-zero temperature
effects. The underlying theory, which is inspired by the concept of so-called thermo-field
dynamics, is exact and applies to any quantum dynamics method. Remarkably, within the
thawed Gaussian approximation, the inclusion of non-zero temperature comes at nearly no
additional computational cost.

These methods, developed originally for steady-state linear spectra, are then employed to
compute state-of-the-art, time-resolved spectra, which are typically measured with ultra-
short laser pulses. More precisely, we study how the anharmonicity of the potential energy
surfaces and mode-mode (Duschinsky) couplings affect pump-probe and two-dimensional
electronic spectra. This approach, based on the thawed Gaussian wavepacket propagation,
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Abstract

is the first method that can exactly evaluate the nonlinear electronic spectra of many-
dimensional, shifted, distorted, and Duschinsky-rotated harmonic potentials. As in the case
of linear absorption and emission spectra, we again use the concept of thermo-field dynamics
to include non-zero temperature effects in the simulation of two-dimensional electronic
spectra. The resulting wavepacket picture of two-dimensional spectroscopy at arbitrary
temperature could strongly impact how we interpret and simulate multidimensional spectra
in the future.

Keywords: on-the-fly ab initio semiclassical dynamics, thawed Gaussian approximation,
vibrationally resolved electronic spectroscopy, Herzberg–Teller effect, Condon approxi-
mation, Duschinsky effect, two-dimensional electronic spectroscopy, transient absorption
spectroscopy, thermo-field dynamics, finite temperature
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Résumé

La spectroscopie moléculaire est une technique expérimentale essentielle à la fois en
sciences physiques fondamentales et en recherche appliquée. Par exemple, la spectroscopie
électronique, où la lumière induit le changement de l’état électronique de la molécule,
est un outil puissant pour étudier les interactions lumière-matière apparaissant dans la
conversion d’énergie solaire et les dispositifs émettant de la lumière. Pour expliquer les
résultats expérimentaux et les comparer avec des prédictions théoriques, les scientifiques
calculent souvent des propriétés qui ne peuvent être déduites qu’indirectement, plutôt que
de simuler les signaux spectroscopiques observés. Cela est en partie dû aux défis de la
simulation des spectres électroniques, qui nécessitent à la fois une description précise de la
structure électronique et le traitement quantique-dynamique du mouvement des noyaux
atomiques. Étant donné que les méthodes exactes pour résoudre le problème de mécanique
quantique sous-jacent croissent de façon exponentielle avec le nombre d’atomes, cette tâche
doit être effectuée approximativement pour toutes les molécules sauf les plus petites.

Dans cette thèse, nous développons un ensemble de méthodes pour étudier systématiquement
les effets de différentes approximations sur les spectres calculés. Comme point de départ,
nous prenons la méthode semi-classique appelée approximation de “thawed Gaussian”, qui
a refait surface ces dernières années comme une alternative performante et robuste face
aux modèles simples mais grossiers, ou face aux méthodes de dynamique quantique très
précises mais coûteuses. Dans un premier temps, nous présentons plusieurs améliorations
pratiques de la méthode, telles que la généralisation au-delà de l’approximation de Condon
ou la version bien moins coûteuse de l’unique-hessienne, qui nous permettent d’étudier
un ensemble plus large de molécules. Deuxièmement, nous introduisons une modification
plus fondamentale de la méthode—l’inclusion d’effets de température non-nulle. La théorie
sous-jacente, inspirée du concept de la dynamique “thermo-field”, est exacte et s’applique
à toute méthode de dynamique quantique. Remarquablement, dans l’approximation de
“thawed Gaussian”, l’inclusion d’une température non-nulle n’entraîne pratiquement aucun
coût de calcul supplémentaire.

Ces méthodes, développées à l’origine pour les spectres linéaire, sont ensuite utilisées pour
calculer des spectres avec une résolution temporelle de pointe. Plus précisément, nous
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Résumé

étudions comment l’anharmonicité des surfaces d’énergie potentielle et les couplages mode-
mode (Duschinsky) affectent les spectres pompe-sonde et électroniques bidimensionnels.
L’approche basée sur la propagation du paquet d’onde de l’approximation de “thawed
Gaussian” est la première méthode qui peut évaluer exactement les spectres électroniques
non-linéaires de potentiels harmoniques décalés, déformés et soumis à la rotation de
Duschinsky. Comme dans le cas des spectres d’absorption et d’émission linéaires, nous
pouvons à nouveau utiliser le concept de dynamique “thermo-field” pour inclure des effets de
température finie dans la simulation de spectres électroniques bidimensionnels non-linéaires.
La représentation obtenue de la spectroscopie bidimensionnelle à température arbitraire
par la propagation du paquet d’onde pourrait avoir un impact important sur la façon dont
nous interprétons et simulons les spectres multidimensionnels à l’avenir.

Mots clés : dynamique semi-classique ab initio à la volée, approximation de “thawed
Gaussian”, spectroscopie électronique à résolution vibrationnelle, effet Herzberg–Teller,
approximation de Condon, effet Duschinsky, spectroscopie électronique bidimensionnelle,
spectroscopie d’absorption transitoire, dynamique "thermo-field", température non-nulle
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1 Introduction

To understand molecular reactivity, structure, and dynamics, chemists often invoke the
concept of a potential energy surface, which describes the potential energy of a molecular
system as a function of atomic coordinates [1]. Although these surfaces are ubiquitous
in chemistry and are today regularly computed using first-principles quantum chemistry
[2–6], they are not physical observables. In other words, potential energy surfaces cannot
be measured directly; rather, they can only be investigated indirectly. Different flavors
of spectroscopy provide invaluable information related to the shape of potential energy
surfaces. Indeed, by combining a range of spectroscopic measurements with adequate
theoretical modeling, one could, in principle, map out a large portion of the potential
energy surfaces in various electronic states of a molecule [7–17]. However, to understand
this inverse problem [18], we must first be able to simulate spectra of a given molecule—the
direct problem. It turns out that the direct problem is highly challenging and can only be
treated approximately. Approximations allow us not only to perform calculations but also
to build simple and intuitive yet sufficiently accurate models or pictures [19–22] that reveal
the essential physics of the underlying processes.

When light passes through a sample, it induces a time-dependent polarization P (t), which
can be expanded to arbitrary order in the electric field of light [23]:

P (t) = P (1)(t) +
∞∑
n=2

P (n)(t). (1.1)

The first term on the right-hand side of Eq. (1.1) is called linear polarization because
it is linearly proportional to the electric field. For weak electric fields, P (1) is the most
important term and is related to linear, steady-state absorption spectroscopy. Higher-order
terms P (n) correspond to nonlinear optical processes and are relevant in multi-wave mixing
experiments, in which multiple laser fields interact with the sample. Most time-resolved
spectroscopic techniques, which measure the spectrum as a function of the time delays
between two or more ultrashort light pulses, can be characterized as four-wave mixing
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Chapter 1. Introduction

methods and depend on the third-order polarization P (3).

In this thesis, we focus on steady-state and time-resolved electronic spectroscopies, including
linear absorption and emission, pump-probe, and two-dimensional electronic spectroscopies.
The aim of the thesis is to develop a modular framework of efficient methods to study the
effects of different and often entangled approximations on the accuracy of the simulated
spectra. Importantly, we wish to construct such a framework that could be easily extended
to benefit either accuracy or computational cost. This challenge is addressed from the
bottom up, by studying a deceptively simple-looking system: a single molecule with few
(the ground and one or two excited) electronic states. As the accurate computation of the
spectral lineshape requires a quantum-mechanical description of the vibrational dynamics,
this “simple” model is still impossible to solve exactly, even for small molecules.

In this introductory chapter, we review the theory of linear vibrationally resolved elec-
tronic spectroscopy, thawed Gaussian approximation for wavepacket dynamics, and its
extension to Herzberg–Teller spectra. Along with introducing the theoretical background,
we discuss state-of-the-art approaches and current challenges in the fields of computational
spectroscopy and quantum dynamics. At the end of this Chapter, a brief overview of the
thesis is provided.

Before continuing, let us introduce the notation used throughout the thesis: Nuclear
D-dimensional vectors and matrices, where D is the number of degrees of freedom, use no
special notation, e.g., q is the vector of nuclear coordinates and p is the vector of nuclear
momenta. Vectors in the ambient 3-dimensional space are denoted with an arrow. For
example, ~ε is the polarization vector of the electric field. Scalar and matrix products in
both the 3-dimensional ambient and D-dimensional nuclear spaces are denoted with a dot
(as in pT ·m−1 · p). Nuclear operators are denoted with a hat ,̂ e.g., q̂ or Ĥ. We use V ′ to
denote the gradient and V ′′ to denote the Hessian of the potential energy V with respect to
the nuclear coordinates. |i, n〉 is the n-th vibrational eigenstate of the i-th electronic state;
we use g to denote the ground vibrational state and 1 to denote the ground electronic state,
i.e., |1, g〉 is the ground vibrational state of the ground electronic state. The corresponding
eigenenergies are denoted with Ei,n = ~ωi,n; for example, E1,g is the zero-point energy of
the ground electronic state.

Parts of this Chapter have been adapted from Refs. [24–27].

1.1 Vibrationally resolved electronic spectroscopy

Steady-state electronic spectroscopy, which is typically recorded in the ultraviolet-visible
spectral range with continuous-wave light sources, is an essential experimental technique
for studying the excited electronic states of molecules and photoinduced processes [28–30].
Because the change in the electronic state of a molecule inevitably affects its vibrational
degrees of freedom, the spectrum is composed of multiple lines corresponding to the
simultaneous vibrational and electronic (also called vibronic) transitions. Traditionally, this
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1.1 Vibrationally resolved electronic spectroscopy

technique has been used to identify excited-state properties, such as vibrational frequencies,
geometrical structures, and dissociation energies [28], which affect photoinduced processes,
including photoreactions [31–33], fluorescence quenching [34], singlet fission [35–38], and
photoinduced electron transfer [39–41]. Vibrationally resolved absorption and emission
electronic spectra also appear in the design of molecular electronic components [42], in
benchmarking electronic structure methods for excited electronic states [43], or in the first
step toward understanding time-resolved or multidimensional spectroscopic experiments
[44, 45].

Molecules that can efficiently transfer excitation energy are of interest in the field of
molecular electronics. According to the Fermi golden rule [46], excitation energy transfer
in so-called donor-acceptor molecular systems is directly related to the overlap between
the emission spectrum of the donor and the absorption spectrum of the acceptor [47–49].
To predict this overlap accurately, spectral lineshape due to molecular vibrations must be
accounted for.

In computational and theoretical chemistry, the excited-state electronic structure methods,
which solve the electronic Schrödinger equation at a fixed molecular geometry, are normally
benchmarked against the vertical energy gap between the ground and excited states.
However, this energy gap is not experimentally observable but can only be approximated,
most often as the intensity maximum of the electronic spectrum [50–52]. A better alternative
is to compare the energy of the 0–0 transition, which is usually available from an experiment.
Here, both vertical and 0–0 transition energies are represented only by a single number
that can be accurately predicted due to a cancellation of errors. In contrast, comparing
the full vibrationally resolved spectra is a more stringent test for the electronic structure
methods and can serve as a benchmark [53, 54] for both vertical excitation energies and the
overall description of the excited-state potential energy surface. The ideal procedure for
computing the spectra should involve as few approximations as possible when estimating
errors that arise solely due to the electronic structure method.

In experimental physical chemistry, steady-state spectra are an invaluable source of in-
formation for further studies with state-of-the-art techniques based on ultrashort laser
pulses [44, 45]. This basic type of spectroscopy helps the experimentalists to predict and
rationalize the complicated signals appearing in time-resolved electronic spectra. More-
over, theoretical models, which are often needed to interpret such experiments, are tested
primarily on continuous-wave absorption and emission spectra [55, 56].

1.1.1 Time-independent picture

In most textbooks, spectroscopy is introduced through the time-independent state-to-
state picture. For the vibrationally resolved electronic, or vibronic, spectroscopy, this is
known as the Franck–Condon principle, which describes the electronic absorption spectrum
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[28–30, 57]

σabs(ω) = 4π2ω

~c
∑
n,m

pn(β)|〈1, n|µ̂|2,m〉|2δ(ω − ω2,m + ω1,n) (1.2)

as a sum over all possible transitions between the vibrational states of the ground (“1”)
and excited (“2”) electronic states. In Eq. (1.2),

pn(β) = e−βE1,n∑
l e
−βE1,l

(1.3)

are the Boltzmann populations of the vibrational states |1, n〉 at temperature T = 1/kBβ,
|〈1, n|µ̂|2,m〉|2 are known as the Franck–Condon factors, and µ̂ = µ̂21 = ~̂µ21 · ~ε is the
electronic transition dipole moment ~̂µ21 projected on the polarization unit vector ~ε of the
external electric field. The computation of spectra is, in this time-independent picture,
composed of solving the time-independent Schrödinger equation

Ĥi|ψ〉 = E|ψ〉, (1.4)

to obtain the vibrational eigenstates (|ψ〉 = |i, n〉) and eigenenergies (E = Ei,n) for the
ground (i = 1) and excited (i = 2) electronic states, and of computing the overlap integrals
〈1, n|µ̂|2,m〉.

Computational methods for solving the Schrödinger equation (1.4) require a compact
representation of the wavefunction. Most common approaches employ a direct-product
basis, as in the grid-based discrete variable representation [58, 59], or a Hartree product
basis, as in the vibrational self-consistent field [60–64], vibrational configuration interaction
[63–68], vibrational Møller–Plesset [69–71], or vibrational coupled cluster [72, 73] methods.
These strategies range from very accurate but costly to practical but possibly inaccurate.
Yet, they only solve one part of the problem.

After the eigenvalues and eigenstates are known, Franck–Condon factors must be evaluated
for each pair of ground- and excited-state vibrational wavefunctions. In the ground state,
only the thermally populated vibrational states are required, while in the excited electronic
state, one must carefully preselect those vibrational wavefunctions which lead to non-
negligible Franck–Condon overlaps. The evaluation of Franck–Condon factors is feasible
for smaller molecules, in which the number of vibronic transitions and relevant vibrational
eigenstates is still acceptable. Furthermore, the approach is efficient for high-resolution
spectroscopy, where individual transition can be resolved experimentally. However, for
larger molecules, the time-independent approach becomes computationally demanding due
to the high density of vibrational states. In addition, if the spectra are composed of broad
bands, it is highly inefficient to compute individual spectral lines and broaden them to
achieve the resolution of the experimental spectrum.
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1.1 Vibrationally resolved electronic spectroscopy

1.1.2 Time-dependent picture

An efficient and increasingly popular alternative to the evaluation of Franck–Condon factors
is the time-dependent approach, where the spectrum is expressed as the Fourier transform
[23, 30, 74–76]

σabs(ω) = 4πω
~c

Re
∫ ∞

0
C(t)eiωtdt, (1.5)

of the dipole time correlation function

C(t) = Tr
(
eiĤ1t/~µ̂e−iĤ2t/~µ̂ρ̂

)
, (1.6)

Ĥi are the vibrational Hamiltonians in the ground (i = 1) and excited (i = 2) electronic
states, and

ρ̂ = e−βĤ1

Tr(e−βĤ1)
(1.7)

is the vibrational density operator in the ground electronic state. Now, in contrast to
the time-independent approach, it is not necessary to know the vibrational eigenstates
of both electronic states. Indeed, the time-evolution that appears in Eq. (1.6) can be
performed efficiently in any basis. In addition, for low-resolution spectroscopy, where the
correlation function is quickly damped, e.g., due to solvent or non-radiative decay, only
short-time propagation is needed. This gain in efficiency is, however, lost for high-resolution
spectroscopy, where the correlation function (1.6) must be computed for long times.

1.1.3 Zero-temperature approximation: Wavepacket picture

An intuitive physical interpretation of Eq. (1.6) is available in the zero-temperature limit,
where only the ground vibrational state of the ground electronic state is assumed to be
populated and the density operator is approximated as

ρ̂ ≈ |1, g〉〈1, g|. (1.8)

This approximation is valid, for example, for high-frequency vibrational modes or at low
temperature. Then, Eq. (1.6) can be rewritten as the autocorrelation function

C(t) ≈ 〈φ0|φt〉 (1.9)

of the time-dependent wavepacket

|φt〉 = e−iĤ
′
2t/~µ̂|1, g〉 (1.10)

evolved on the excited-state potential energy surface corrected by the zero-point energy
E1,g, i.e., Ĥ ′2 = Ĥ2 − E1,g. The main challenge in evaluating Eq. (1.9) is the propagation
of |φt〉, which is equivalent to solving the time-dependent Schrödinger equation

i~|φ̇t〉 = Ĥ ′2|φt〉 (1.11)
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with initial state
|φ0〉 = µ̂|1, g〉. (1.12)

Since the time-dependent Schrödinger equation appears in many important physical and
chemical processes, various computational methods have been developed to solve it. Exact
grid-based quantum methods [77–90] are the most accurate but scale exponentially with
the number of degrees of freedom. In addition, they require the knowledge of the full
potential energy surfaces.

To treat all degrees of freedom in large molecules, a number of efficient trajectory-based
methods exist, ranging from quantum Gaussian-basis methods, such as ab initio multi-
ple spawning [91–95], coupled coherent states [96–99], variational multiconfigurational
Gaussians [100–104], multiconfigurational Ehrenfest [105–107], ab initio multiple cloning
[108–110], and Gaussian dephasing representation [111], to semiclassical methods based
on the Herman-Kluk propagator [112, 113], including versions approximating the pref-
actor [114–116] or the time-averaged semiclassical initial-value representation [117], and
its multiple coherent states [118–120] or divide-and-conquer extensions [121–123]. These
methods require only local potential energy information along the guiding trajectories and
are suitable for an on-the-fly ab initio (also called “direct dynamics” or “first-principles
dynamics”) implementation, where the potential energy information is provided by an ab
initio electronic structure calculation. However, some of these multiple-trajectory methods
can still be costly for computing vibronic spectra due to the large number of trajectories
needed to converge the results.

1.1.4 Global harmonic approximation

In computational chemistry, most calculations of vibrationally resolved electronic spectra
employ global harmonic models [53, 57, 76, 124–133], in which the true potential energy
surfaces of the ground (i = 1) and excited (i = 2) electronic states are approximated by
the harmonic potentials

V HA
i (q) = V HA

i (qi) + 1
2(q − qi)T ·Ki · (q − qi), i = 1, 2. (1.13)

In Eq. (1.13), V HA
i (qi) is the potential energy and qi the position of the minimum of the

harmonic potential of the i-th electronic state and Ki is the corresponding force constant
matrix. In practice, the global harmonic model is constructed from ab initio data evaluated
at a single molecular geometry, which makes such calculations feasible for rather large
systems. Such low computational requirements, compared to the exponentially scaling
evaluation of the full potential energy surfaces, are partly responsible for the popularity of
the harmonic models. Another important reason is the existence of an analytical expression
for the time correlation function of Eq. (1.6), which makes the evaluation of spectra very
efficient.
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1.1 Vibrationally resolved electronic spectroscopy

Several ways of constructing harmonic models are discussed in the literature [76, 134, 135].
First, one can avoid the computation of the excited-state Hessian by approximating the
excited-state force constant matrix as K2 ≈ K1 = V ′′1 (q1,eq), where q1,eq is the ground-state
equilibrium, also called Franck–Condon, geometry. This is known as the displaced harmonic
oscillator or Brownian oscillator model. The construction of the remaining parameters of
the excited-state harmonic model, namely, V HA

2 (q2) and q2, can be done in many ways, out
of which two are special. In the adiabatic shift approximation, q2 = q2,eq is given by the
optimized excited-state geometry and V HA

2 (q2) = V2(q2,eq), whereas in the vertical gradient
approximation, this optimization is avoided and the q2 parameter in the model (1.13) is
obtained by evaluating the gradient V ′2(q1,eq) of the true excited-state potential energy at
the ground-state equilibrium geometry, which leads to

q2 = q1,eq −K−1
1 · V ′2(q1,eq) (1.14)

and
V HA

2 (q2) = V2(q1,eq)− 1
2V
′

2(q1,eq)T ·K−1
1 · V ′2(q1,eq). (1.15)

It is often computationally affordable to evaluate the Hessian in the excited electronic state.
Again, two special ways of constructing the excited-state harmonic model exist: Within
the adiabatic Hessian or adiabatic harmonic approximation, the excited-state Hessian
is evaluated at the equilibrium geometry q2,eq of the true excited-state potential energy
surface, i.e., K2 = V ′′2 (q2,eq), q2 = q2,eq, and V HA

2 (q2) = V2(q2,eq). In the vertical harmonic
or vertical Hessian approximation, the excited-state potential is expanded to second order
about the Franck–Condon geometry:

K2 = V ′′2 (q1,eq), (1.16)

q2 = q1,eq − V ′′2 (q1,eq)−1 · V ′2(q1,eq), (1.17)

V HA
2 (q2) = V2(q1,eq)− 1

2V
′

2(q1,eq)T · V ′′2 (q1,eq)−1 · V ′2(q1,eq). (1.18)

In the mass-scaled normal-mode coordinates of the ground electronic state, K1 is a diagonal
matrix with K1,jj = ω2

1,j , where ω1,j is the ground-state vibrational frequency of the j-th
normal mode. Then, the excited-state force constant K2 is, in general, a non-diagonal
matrix. The changes in the diagonal terms (K2,jj 6= ω2

1,j) are called mode distortions,
while the appearance of the off-diagonal terms (K2,jk 6= 0 for j 6= k) is known as the
Duschinsky effect or rotation. Matrix J that diagonalizes the excited-state force constant,
(J ·K2 · JT )jk = ω2

2,jδjk, is known as the Duschinsky matrix and ω2,j are the excited-state
harmonic frequencies. If all quantities are directly expressed in terms of a single set of
normal mode coordinates, e.g., those of the initial electronic state, the Duschinsky matrix
need not be explicitly computed. Yet, it can still be useful for analysis because it directly
relates the ground- and excited-state normal modes [136].

Duschinsky and mode-distortion effects are explicitly neglected in the displaced harmonic
oscillator model, which includes only the displacement between the ground- and excited-
state harmonic potentials. We will also be interested in an intermediate approximation,
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Chapter 1. Introduction

in which only the Duschinsky effect is neglected. Throughout this thesis, if the mode
mixing is said to be neglected, e.g., for analyzing its effect on spectra, this means that
the off-diagonal elements of K2 (“dynamical couplings” of Ref. [137]) were set to zero.
Alternatively, the Duschinsky effect can be neglected by diagonalizing K2 and setting the
transformation matrix J to identity (see, e.g., Ref. [76]).

Harmonic approximation is regularly applied to study vibrationally resolved electronic
spectra. However, not all molecules can be modeled by harmonic potentials. In those
cases, global harmonic models can still serve as a basis for more accurate methods that
treat anharmonicity effects. For example, anharmonic corrections can be included per-
turbatively [138–141] or variationally [59, 142–144]. In smaller systems, it is feasible to
apply anharmonic corrections to both eigenstates and eigenvalues, which affects both
positions and intensities of vibronic transitions [139, 143, 145]. In larger systems, this
is computationally challenging and the anharmonic corrections are almost exclusively in-
cluded only through the vibrational frequencies, i.e., as modifications of the force constants
K1 and K2 [135, 141, 146]. However, the model is still essentially harmonic [Eq. (1.13)].
Alternatively, the anharmonicity in certain modes, e.g., those that exhibit large-amplitude
motion, can be treated exactly, while the rest of the modes are modeled with the harmonic
approximation [147]. This approach, however, requires some a priori knowledge to choose
the large-amplitude motion degrees of freedom.

A relatively large gap remains between the affordable but often inaccurate harmonic models
and costly but accurate multiple-trajectory or exact quantum dynamics methods. To
offer an efficient and low-cost approach beyond the harmonic approximation, Wehrle et al.
[148, 149] revived the idea of Heller [150], who proposed a semiclassical method that uses
a single Gaussian wavepacket guided by a classical trajectory. In the remainder of this
Chapter, we review this method, called thawed Gaussian approximation, and its application
to vibrationally resolved electronic spectra.

1.2 On-the-fly ab initio thawed Gaussian approximation

1.2.1 Thawed Gaussian approximation

Within the thawed Gaussian approximation [150], the wavepacket is assumed to be a
complex Gaussian function

ψt(q) = e
i
~ [ 1

2 (q−qt)T ·At·(q−qt)+pT ·(q−qt)+γt] (1.19)

parametrized by the time-dependent D-dimensional real vectors qt and pt, D ×D complex
symmetric matrix At, and complex number γt; D is the number of degrees of freedom.
The time dependence of the matrix At implies that the width of the thawed Gaussian
wavepacket changes with time, as opposed to the frozen Gaussian ansatz where the width
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1.2 On-the-fly ab initio thawed Gaussian approximation

remains constant. Wavepacket (1.19) solves exactly the Schrödinger equation

i~|ψ̇t〉 = Ĥeff|ψt〉, (1.20)

where
Ĥeff = T (p̂) + VLHA(q̂) (1.21)

is the effective Hamiltonian,
T (p) = 1

2p
T ·m−1 · p (1.22)

is the kinetic energy, and

VLHA(q) = V (qt) + V ′(qt)T · (q − qt) + 1
2(q − qt)T · V ′′(qt) · (q − qt) (1.23)

is the local harmonic approximation of the true potential energy V (q) about qt, if the
time-dependent parameters of ψt satisfy the following equations of motion [150]:

q̇t = m−1 · pt, (1.24)

ṗt = −V ′(qt), (1.25)

Ȧt = −At ·m−1 ·At − V ′′(qt), (1.26)

γ̇t = Lt + i~
2 Tr(m−1 ·At). (1.27)

In these equations,m is the symmetric mass matrix and Lt = T (pt)−V (qt) is the Lagrangian.
Since the thawed Gaussian approximation requires only a single classical trajectory, along
with the corresponding Hessians, it is suitable for an on-the-fly implementation [148, 149],
where the potential energy information is obtained as needed from an ab initio electronic
structure code.

The local harmonic approximation holds as long as the wavepacket is compact—the
spreading of the wavepacket leads to an incorrect description of the potential at the tails.
Consequently, the single Gaussian wavepacket ansatz cannot describe tunneling through
barriers or wavepacket splitting, occurring, for example, in nonadiabatic processes or long-
time dynamics in anharmonic potentials. Nevertheless, the thawed Gaussian approximation
has two extremely important properties for molecular quantum dynamics and, in particular,
evaluation of vibrationally resolved electronic spectra [148, 149]. First, it is exact in a
globally harmonic potential, which is often a decent first approximation to the exact
potential energy surface, and performs well for harmonic-like potentials, outperforming the
global harmonic approaches due to the partial inclusion of anharmonicity. Second, it is
valid for short times [151] before the wavepacket splitting takes effect, which is useful for
describing low-resolution vibronic spectra and ultrafast time-resolved experiments [152].
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1.2.2 Solving thawed Gaussian equations of motion

The classical equations of motion for qt and pt can be solved with any existing algorithm
for classical dynamics, e.g., one of symplectic Verlet integrators. The Riccati equation
(1.26) can be solved with the “PQ method” [153], i.e., by introducing auxiliary complex
D ×D matrices Qt and Pt such that

At = Pt ·Q−1
t , (1.28)

Pt = m · Q̇t. (1.29)

Inverting Eq. (1.29) and inserting Eq. (1.28) into Eq. (1.26) yields the differential equations

Q̇t = m−1 · Pt, (1.30)

Ṗt = −V ′′(qt) ·Qt, (1.31)

which can be recognized as Hamilton’s equations of motion

Q̇ = ∂Hsc
∂P ∗

and Ṗ = −∂Hsc
∂Q∗

(1.32)

of a “semiclassical” time-dependent Hamiltonian

Hsc(Q,P ; qt) = 1
2 Tr[P † ·m−1 · P +Q† · V ′′(qt) ·Q], (1.33)

where qt plays a role of an external, time-dependent parameter. Above, ∗ denotes a complex
conjugate and † the Hermitian transpose, i.e., a complex conjugate and transpose of a
matrix. Hamilton’s equations (1.30)–(1.31) solve Eq. (1.26) for Ȧt for any choice of Q0

and P0 that satisfy Eq. (1.28) at time zero. The solution can be written explicitly as(
Qt

Pt

)
= Mt

(
Q0

P0

)
, (1.34)

where

Mt =
(
Mt,qq Mt,qp

Mt,pq Mt,pp

)
:=

 ∂qt
∂q0

∂qt
∂p0

∂pt
∂q0

∂pt
∂p0

 (1.35)

is the stability matrix. Therefore, one can either evolve the stability matrix according to

Ṁt =
(

0 m−1

−V ′′(qt) 0

)
·Mt (1.36)

or directly solve for Qt and Pt [Eqs. (1.30) and (1.31)] by using standard integrators for
classical dynamics, e.g., those used for qt and pt [Eqs. (1.24) and (1.25)]. Interestingly,
same choice is available in other related semiclassical methods, for example, those based
on the Herman–Kluk propagator, which can be expressed either in terms of the stability
matrix or through Qt and Pt [154–157].
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1.2 On-the-fly ab initio thawed Gaussian approximation

As for γt, which is a generalization of classical action St =
∫ t
0 Lτdτ and represents both

the dynamical phase and normalization, it is evaluated as

γt = γ0 +
∫ t

0
Lτdτ + i~

2

∫ t

0
Tr
(
m−1 ·Aτ

)
dτ (1.37)

= γ0 + St + i~
2

∫ t

0
Tr
(
Q̇τ ·Q−1

τ

)
dτ (1.38)

= γ0 + St + i~
2 ln

[
det(Qt ·Q−1

0 )
]
, (1.39)

where the conditions imposed on Qt and Pt are used in order to obtain the final expression.
To ensure the initial normalization of the wavepacket, we set

γ0 = − i~4 ln [det(ImA0/π~)] . (1.40)

Because the determinant in Eq. (1.39) is complex, a proper branch of the logarithm must be
taken in order to make γt continuous in time. More specifically, we evaluate the logarithm
of complex number zt = det(Qt ·Q−1

0 ) as

ln zt = ln |zt|+ iθt, (1.41)

where θt = Arg(zt) + 2ktπ. kt is an integer that counts the number of times the complex
number crossed the branch cut and is closely related to the so-called Maslov index (see
Ref. [158]). If we assume that the dynamical time step ∆t is small enough to ensure that
|θt − θt−∆t| < π, the correct phase can be evaluated as

θt =

θ̃t, |θ̃t − θt−∆t| < π,

θ̃t − 2πsgn(θ̃t − θt−∆t), |θ̃t − θt−∆t| > π,
(1.42)

θ̃t = Arg(zt) + 2kt−∆tπ. (1.43)

In words: we first evaluate θ̃t according to Eq. (1.43), which corresponds to the updated
phase θt if |θ̃t − θt−∆t| < π. If this condition is not satisfied, the phase must be corrected
by ±2π to ensure that |θt − θt−∆t| < π. As a technical detail, let us note that in practice
we only store θt−∆t of the previous step and recover kt−∆t according to

kt−∆t =

k̃t−∆t, θt−∆t − 2k̃t−∆tπ < π,

k̃t−∆t + 1, θt−∆t − 2k̃t−∆tπ > π,
(1.44)

k̃t−∆t = bθt−∆t/2πc. (1.45)

If continuity were not imposed on γt, the wavepacket would show sudden jumps by ±π in
the overall phase.

11



Chapter 1. Introduction

1.2.3 Alternative parametrizations of the thawed Gaussian wavepacket

Let us also discuss two alternative forms of the wavepacket (1.19), which follow from the
above discussion.

First possibility is to replace At according to Eq. (1.28) and γt according to Eq. (1.39),
which, after setting Q0 = (ImA0)−1/2, leads to the so-called Hagedorn’s parametrization
[153, 159–161]

ψt(q) = 1
(π~)D/4

√
detQt

exp
{
i

~

[1
2(q − qt)T · Pt ·Q−1

t · (q − qt) + pTt · (q − qt) + St

]}
.

(1.46)
Importantly, parameters Qt and Pt satisfy the following relations:

QTt · Pt − P Tt ·Qt = 0, (1.47)

Q†t · Pt − P
†
t ·Qt = 2iID, (1.48)

where ID is the D-dimensional identity matrix. A remarkable relation [160, 161]

Im(Pt ·Q−1
t ) = (Qt ·Q†t)−1 (1.49)

can be deduced from Eqs. (1.47) and (1.48):

2i Im(Pt ·Q−1
t ) = Pt ·Q−1

t − P ∗t · (Q∗t )−1 (1.50)

= (Q†t)−1 · [Q†t · Pt −Q
†
t · P ∗t · (Q∗t )−1 ·Qt] ·Q−1

t (1.51)

= (Q†t)−1 · [Q†t · Pt − P
†
t ·Q∗t · (Q∗t )−1 ·Qt] ·Q−1

t (1.52)

= 2i(Q†t)−1 ·Q−1
t . (1.53)

Equation (1.52) follows from Eq. (1.51) because Q†t ·P ∗t = (QTt ·Pt)∗ = (P Tt ·Qt)∗ = P †t ·Q∗t ,
where we used Eq. (1.47), and Eq. (1.53) follows from (1.52) by applying Eq. (1.48).
Equation (1.49) is the key to proving that the wavepacket (1.46) is normalized at all times.

Second alternative parametrization is obtained by setting

Q0 = ID (1.54)

P0 = A0 = i~g, (1.55)

where g is a symmetric matrix with a positive definite real part. Then, using Eqs. (1.28),
(1.34), and (1.35), we have

At = (Mt,pq + i~Mt,pp · g) · (Mt,qq + i~Mt,qp · g)−1, (1.56)

γt = − i~4 ln[det(g/π)] + St + i~
2 ln[det(Mt,qq + i~Mt,qp · g)], (1.57)
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which, upon substituting into Eq. (1.19), gives

ψt(q) =
(det g
πD

)1/4
det(Mt,qq + i~Mt,qp · g)−1/2

× exp
[
− 1

2(q − qt)T · (Mt,pp · g + 1
i~
Mt,pq) · (Mt,qq + i~Mt,qp · g)−1 · (q − qt)

+ i

~
pTt · (q − qt) + i

~
St
]
. (1.58)

This formulation can be found in the hybrid semiclassical approach of Grossmann [162–164],
where the thawed Gaussian approximation is combined with the Herman–Kluk propagator.
Equation (1.58) can also be derived by expanding the exponent of the Herman–Kluk
propagator to second order about the center of the initial Gaussian wavepacket [162].
Finally, let us note that many other formulations exist, a non-exhaustive list of which is
given in Refs. [97, 159, 165–169].

1.2.4 Vibronic spectroscopy with the thawed Gaussian approximation

In the context of vibrationally resolved electronic spectroscopy, the Gaussian ansatz
is appropriate only if we assume the Condon approximation [170], where the nuclear
dependence of the transition dipole moment is neglected:

µ(q) ≈ µ(q1,eq). (1.59)

Then, we can rewrite Eq. (1.9) as

C(t) ≈ |µ(q1,eq)|2〈ψ0|ψt〉 (1.60)

and evaluate it by evolving a Gaussian wavefunction ψ0(q) according to Eqs. (1.24)–(1.27)
with V = V2 − E1,g (the excited-state potential energy corrected by the ground-state zero-
point energy). This approach was combined with the on-the-fly ab initio computation of
the potential energy information and used to study absorption, emission, and photoelectron
spectra of polyatomic molecules [148, 149].

To construct the initial wavepacket, the ground-state potential energy surface V1(q) is
assumed to be harmonic in the vicinity of its minimum q1,eq, i.e., V1(q) ≈ V HA

1 (q) [see
Eq. (1.13)]. In position representation, the lowest eigenstate ψ0(q) = 〈q|1, g〉 is a Gaussian
(1.19) with parameters

q0 = q1,eq, (1.61)

p0 = 0, (1.62)

A0 = im1/2 · Ω ·m1/2, (1.63)

γ0 = (−i~/4) ln[det(m · Ω/π~)], (1.64)

where Ω =
√
m−1/2 ·K1 ·m−1/2.
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Finally, to evaluate Eq. (1.60), we need the expression

〈ψ1|ψ2〉 =
√

(2π~)D
det(−iδA) exp

{
i

~

[
−1

2δξ
T · (δA)−1 · δξ + δη

]}
(1.65)

for the overlap of two thawed Gaussian wavepackets with parameters qi, pi, Ai, and γi
(i = 1, 2). In Eq. (1.65), we defined vectors and scalars

ξi := pi −Ai · qi, (1.66)

ηi := γi −
1
2(ξi + pi)T · qi, (1.67)

as well as the notation δΛ := Λ2 − Λ∗1 for Λ = A, ξ, η.

1.2.5 Extended thawed Gaussian approximation for Herzberg–Teller
spectra

The thawed Gaussian wavepacket (1.19) is not suited to treat non-Condon effects, i.e., the
effects due to the dependence of the transition dipole moment µ(q) on nuclear coordinates
q. Within the Herzberg–Teller approximation—the simplest extension of the Condon
approximation—the transition dipole moment is assumed to be a linear function [171]

µ(q) ≈ µ(q1,eq) + µ′(q1,eq)T · (q − q1,eq), (1.68)

where µ′(q1,eq) is the gradient of µ with respect to nuclear coordinates, evaluated at the
Franck–Condon geometry. Then, φ0(q) = µ(q)ψ0(q) [see Eq. (1.12)] is no longer a Gaussian
wavepacket.

During my Master’s thesis project, Aurélien Patoz and I employed the extended thawed
Gaussian ansatz [172–175],

φt(q) = [at + bTt · (q − qt)]ψt(q), (1.69)

to compute spectra beyond Condon approximation. This ansatz is a special case of
Hagedorn’s “Gaussian times a polynomial” wavepacket [151, 160, 161] and solves the same
Schrödinger equation [Eq. (1.20)] as ψt(q), provided that the Gaussian parameters evolve,
as before, according to Eqs. (1.24)–(1.27) and, in addition,

ȧt = 0, (1.70)

ḃt = −At ·m−1 · bt. (1.71)

The solution of Eq. (1.71) can be written as

bt = (QTt )−1 ·QT0 · b0, (1.72)
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if Pt and Qt are used to propagate the wavepacket, or as

bt = (Mt,pp −At ·Mt,qp) · b0, (1.73)

if the stability matrix Mt is used. In either case, the parameters needed to evaluate bt
are required already for the thawed Gaussian wavepacket propagation. Hence, with the
extended thawed Gaussian approximation, one can include the Herzberg–Teller contribution
at nearly no additional computational cost. To evaluate the autocorrelation function of
Eq. (1.9), we use

〈φ1|φ2〉 = [(a∗1 − b
†
1 · κ1)(a2 − bT2 · κ2) + i~b†1 · (δA)−1 · b2]〈ψ1|ψ2〉, (1.74)

where φi is a wavepacket of the form (1.69), described by a scalar ai, vector bi, and Gaussian
ψi(q), κi = (δA)−1 · δξ + qi is a D-dimensional vector, and 〈ψ1|ψ2〉 is given in Eq. (1.65).

Equation (1.72) can be derived simply from Hagedorn’s equations [151, 160], while Eq. (1.73)
can be found in the work of Lee and Heller [172]. However, prior to our work, they had
never been used to treat non-Condon effects on spectra. The on-the-fly implementation of
extended thawed Gaussian approximation allowed us to study both anharmonicity and
Herzberg–Teller effects on molecular spectra. For example, we found [24, 173] that anhar-
monicity modifies peak intensities in the symmetry-forbidden S1 ← S0 absorption spectrum
of benzene, which could not be studied with the conventional global harmonic methods
(because they neglect anharmonicity) or with the original thawed Gaussian approximation
(because symmetry-forbidden spectra vanish within the Condon approximation).

1.2.6 Orientational averaging of the spectrum

The spectrum of Eq. (1.5) depends on the polarization vector of light: σ(ω) ≡ σ(~ε, ω).
However, in typical experiments, molecules are not aligned, but oriented randomly and,
therefore, the spectra we compute must be averaged over different molecular orientations.
For convenience, we move to the molecular frame, i.e., we consider a fixed orientation of
the molecule, and average over the unit polarization vector of the incoming light as [24]

σav(ω) = 1
4π

∫
S2
σ(~ε, ω)dΩ (1.75)

where
∫
S2 · · · dΩ denotes the integration over the two-dimensional unit sphere S2. Equa-

tion (1.75) suggests a numerical averaging procedure, in which the spectrum must be
evaluated for many different polarization vectors ~ε. Fortunately, this is not needed because
the integral of Eq. (1.75) can be evaluated analytically as

σav(ω) = 1
3[σ(~ex, ω) + σ(~ey, ω) + σ(~ez, ω)], (1.76)

where ~ei are the unit vectors along the orthogonal molecular axes i = x, y, z.

Due to the linearity of Fourier transform, one can average the correlation function in-
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stead of the spectrum. For example, within the Condon approximation [Eq. (1.60)], the
orientationally averaged time correlation function

Cav, Condon(t) = 1
3 |~µ(q1,eq)|2〈ψ0|ψt〉 (1.77)

is simply scaled by 1/3 compared to the case of a perfect alignment between the polarization
and transition dipole moment vectors. In contrast, within the Herzberg–Teller approxima-
tion, the time correlation function depends on the transition dipole moment in a non-trivial
way. Therefore, Eq. (1.75) must be evaluated explicitly, which requires three independent
wavepacket propagations. However, within the extended thawed Gaussian approximation,
the parameters of the Gaussian wavepacket do not depend on the polynomial prefactor.
Hence, the three spectra in Eq. (1.75) can be easily computed from a single ab initio
trajectory. We perform this averaging for all Herzberg–Teller spectra discussed in the
thesis, although we do not write explicitly the subscript “av”.

1.3 Thesis overview

We have seen that multidimensional quantum dynamics of nuclear degrees of freedom
is needed to evaluate vibrationally resolved electronic spectra. To solve this problem
efficiently, we have introduced the thawed Gaussian approximation, which, in contrast to
many other trajectory- or Gaussian-based methods, uses a single classical trajectory to
guide the wavepacket. Its extension to non-Condon effects allows us to study a broad range
of molecules. However, the method appears to be limited to spectra at zero temperature.
In addition, due to the number of ab initio evaluations of the energies, gradients, and
Hessians, it is still rather costly compared to global harmonic methods.

The main computational cost of the on-the-fly ab initio thawed Gaussian approximation
comes from the evaluation of Hessians along the trajectory. This issue is addressed in
Chapter 2, where we propose to replace local Hessians by a single Hessian computed at
some reference geometry. With this single-Hessian approximation, the computational cost
reduces to that of a single ab initio classical trajectory.

In Chapter 3, we introduce a method to treat finite-temperature effects on linear spectra.
Importantly, we keep the intuitive and simple wavepacket picture, which allows us to
combine finite-temperature treatment with the thawed Gaussian propagation.

In Chapter 4, these new approaches are employed to study Herzberg–Teller, finite-
temperature, and anharmonicity effects on the linear absorption and emission spectra of
azulene. Because an accurate description of the electronic structure of azulene requires a
costly electronic structure method, we use the efficient single-Hessian thawed Gaussian
approximation. This Chapter highlights the modularity of our framework: each effect can
be easily included or excluded at almost no additional computational cost.

We then turn to time-resolved techniques, which use ultrashort light pulses to initiate and
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probe system’s dynamics in real time. In Chapter 5, we introduce basic theory of nonlinear,
third-order spectroscopy and recover an intuitive wavepacket picture, similar to that of
linear spectroscopy. The remainder of that Chapter is dedicated to anharmonicity effects
on time- and frequency-resolved pump-probe spectra, which are studied at the level of
on-the-fly ab initio thawed Gaussian approximation.

In Chapter 6, the thawed Gaussian approximation is applied to two-dimensional electronic
spectroscopy. The method is used to investigate anharmonicity and Duschinsky effects on
both linear and two-dimensional spectra of phenol, a chromophore present in proteins as
the residue of the amino acid tyrosine.

In Chapter 7, we generalize the methods of Chapters 5 and 6 beyond the zero-temperature
limit. As in Chapter 3, our finite-temperature approach recovers the wavepacket interpreta-
tion of spectra, which makes it suitable for any quantum dynamics method, including the
thawed Gaussian approximation. This generalization allows us to study the two-dimensional
electronic spectrum of azulene at non-zero temperature and to examine the limitations of
the conventional Brownian oscillator model.

In Chapter 8, the single-Hessian thawed Gaussian approximation is employed to compute
ultrafast charge migration induced by attosecond ionization of propiolic acid. Because
the spectroscopic techniques to measure such signals are still under construction, in this
Chapter we focus on a system’s property rather than an observable spectroscopic signal.
Semiclassical analysis based on a single Gaussian wavepacket reveals the mechanism
of nuclei-induced decoherence, a phenomenon which causes the damping of electronic
oscillations. Finally, we derive a finite-temperature expression to explain the effect of
non-zero temperature on the decoherence process.

In Chapter 9, we summarize the main results of the thesis, discuss their broad implications
in the context of modern trends in theoretical, computational, and physical chemistry, and
propose future steps for overcoming the limitations of our current framework.
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2 Single-Hessian thawed Gaussian
approximation: The missing rung
on the ladder

To alleviate the computational cost associated with on-the-fly ab initio semiclassical calcu-
lations of molecular spectra, we propose the single-Hessian thawed Gaussian approximation,
in which the Hessian of the potential energy at all points along an anharmonic classical
trajectory is approximated by a constant matrix. The spectra obtained with this ap-
proximation are compared with the exact quantum spectra of a one-dimensional Morse
potential and with the experimental spectra of ammonia and quinquethiophene. In all
cases, the single-Hessian version performs almost as well as the significantly more expensive
on-the-fly ab initio thawed Gaussian approximation and substantially better than the
global harmonic schemes. Remarkably, unlike the thawed Gaussian approximation, the
proposed method conserves the effective energy exactly, despite the time dependence of the
corresponding effective Hamiltonian; in addition, it can be mapped to a higher-dimensional,
time-independent classical Hamiltonian system.

The content of this Chapter has been adapted from Ref. [25]. I acknowledge Manuel
Cordova for his help with the code implementation and calculations.

2.1 Introduction

2.1.1 Thawed Gaussian approximation and Hessian interpolation scheme

As discussed in Sec. 1.2, the thawed Gaussian approximation requires the evaluation of
Hessians along the trajectory. To reduce the cost of ab initio Hessian calculations, the on-
the-fly ab initio thawed Gaussian approximation is combined with an interpolation scheme,
in which the Hessians are computed only every few steps, and the intermediate Hessians are
obtained from a second-order polynomial interpolation. Typically, Hessians must only be
computed every four to eight time steps [148, 176]. Because Hessians are not needed for the
propagation of the classical trajectory, additional speed-up is achieved through the parallel
computation of Hessians after the full trajectory is known. Other Hessian approximations,
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Figure 2.1: Hierarchy of several semiclassical wavepacket methods for simulating vibra-
tionally resolved electronic spectra. Various methods, which are more accurate, but also
more expensive than the thawed Gaussian approximation, are beyond the scope of this
work, although they may describe even high-resolution spectra.

such as Hessian update schemes [115, 177, 178], Hessian or potential energy databases
[179–181], and Gaussian process regression [182, 183], have been developed in the context
of ab initio simulations. The considerable cost of multiple Hessian evaluations has also
inspired various semiclassical approximations [154], including prefactor-free [114], adiabatic
[155, 156], harmonic [154], and “poor person’s” [184] variations of the Herman–Kluk
propagator.

2.1.2 Single-Hessian thawed Gaussian approximation

Let us consider using a single Hessian in the local harmonic approximation (1.23), e.g., by
choosing a reference Hessian V ′′ref(qref) and approximating the potential at each point in
time as

VSH(q) = V (qt) + V ′(qt)T · (q − qt) + 1
2(q − qt)T · V ′′ref(qref) · (q − qt). (2.1)

The single-Hessian thawed Gaussian approximation, which propagates the wavepacket (1.19)
in the effective potential (2.1), is, obviously, even more efficient than the original thawed
Gaussian approximation; the single-Hessian analogue requires only one Hessian to be
evaluated for the whole propagation, i.e., its cost is almost the same as running a single
classical trajectory. Because the effective potential (2.1) is Hermitian, the single-Hessian
method conserves the norm of the wavefunction. As for the accuracy, the approximation (2.1)
of the potential still includes anharmonicity partially through the first two terms and thus
is more accurate than the global harmonic approximation, but is clearly worse than the
local harmonic approximation (1.23) (see Fig. 2.1).
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2.1.3 Energy (non-)conservation

Interestingly, because the local harmonic potential (1.23), in general (i.e., for potentials
beyond quadratic), depends on time through the dependence on the parameter qt, the
thawed Gaussian approximation does not conserve energy [149, 152]:

dE

dt
= d

dt
〈ψ(t)|Ĥeff(t)|ψt〉 (2.2)

= 〈ψt|
d

dt
Ĥeff(t)|ψt〉 (2.3)

= 〈ψt|
d

dt
V̂LHA(t)|ψt〉 (2.4)

= 1
2〈ψt|(q̂ − qt)

T ·Bt · (q̂ − qt)|ψt〉 (2.5)

= 1
2 Tr(Bt · Σ2

t ), (2.6)

where Bt := pTt ·m−1 ·V ′′′(qt), V ′′′(qt) is a rank-3 tensor of third derivatives of the potential
V (q) with respect to position, and

Σ2
t := 〈ψt|(q̂ − qt)⊗ (q̂ − qt)T |ψt〉 (2.7)

=
∫
dq|ψ(q, t)|2(q − qt)⊗ (q − qt)T (2.8)

=
(

2
~

ImAt

)−1

(2.9)

is the position covariance matrix. Equation (2.3) follows because the thawed Gaussian solves
exactly the Schrödinger equation with Heff, while Eq. (2.4) relies on the time independence
of the kinetic energy operator. To derive Eq. (2.5), we used the chain rule

d

dt
= pTt ·m−1 · d

dqt
(2.10)

for the differentiation of the energy, gradient, and Hessian evaluated at position qt.

In contrast, the single-Hessian thawed Gaussian approximation conserves the effective
energy, determined by the potential (2.1), exactly:

dE

dt
= 〈ψt|

d

dt
V̂SH(t)|ψt〉 (2.11)

= 〈ψt|bTt · (q̂ − qt)|ψt〉 (2.12)

= bTt · 〈ψt|q̂ − qt|ψt〉 (2.13)

= 0, (2.14)

where bTt := pTt ·m−1 · (V ′′(qt)− V ′′ref(qref)). Above, we used the time independence of the
kinetic energy operator in Eq. (2.11) and the chain rule (2.10) to go from Eq. (2.11) to
(2.12). The final result (2.14) follows from Eq. (2.13) because qt is the expectation value
of the position operator q̂ in the state ψt. Despite the energy conservation, the effective
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Hamiltonian determined by the effective potential of Eq. (2.1) is still time-dependent—
the energy is conserved only because the Hamiltonian is nonlinear (i.e., it depends on
the state ψ) and its change applied to ψ happens to be “orthogonal” to the state ψ
[Eqs. (2.11)–(2.14)].

2.1.4 Hamiltonian structure as an independent proof of energy conser-
vation

In Sec. 1.2.2, we mentioned that the equations of motion for the auxiliary matrices Qt and Pt
can be regarded as classical equations of motion derived from the Hamiltonian Hsc(Q,P ; qt)
[Eq. (1.33)]. Within the single-Hessian approximation, the time-dependent Hessian is
replaced with the reference Hessian, and the semiclassical Hamiltonian (1.33) becomes
independent of qt [Hsc(Q,P ; qt) ≡ Hsc(Q,P )] and, therefore, also independent of time. As
a result, the quantum propagation using single-Hessian thawed Gaussian approximation
for H(q, p) can be mapped to an exact classical propagation with a separable Hamiltonian

Hmap(q, p,Q, P ) = H(q, p) +Hsc(Q,P ). (2.15)

Because of separability, both H(qt, pt) and Hsc(Qt, Pt) are independent of time. Here,
we show that the energy E(t) of the wavepacket (1.19) is equal to Hmap(qt, pt, Qt, Pt)
for a specific choice of Q0 and P0 (up to a factor equal to Hagedorn’s parametrization
[159, 160, 185]), providing an independent proof of energy conservation by the single-Hessian
thawed Gaussian approximation.

The total energy of the thawed Gaussian wavepacket, computed as the expectation value
E = 〈ψ(t)|Ĥeff(t)|ψ(t)〉, can be split as [149]

E = Ecl + Esc (2.16)

into the “classical” energy of the central trajectory,

Ecl = 1
2p

T
t ·m−1 · pt + V (qt) = H (qt, pt) , (2.17)

and “semiclassical” energy

Esc = 1
4~Tr

[ (
At ·m−1 ·A∗t + V ′′(qt)

)
· (ImAt)−1

]
. (2.18)
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The first factor inside the trace can be rewritten as

At ·m−1 ·A∗t + V ′′(qt) = ATt ·m−1 ·A∗t + V ′′(qt) (2.19)

= (QTt )−1 · (P Tt ·m−1 · P ∗t +QTt · V ′′(qt) ·Q∗t ) · (Q∗t )−1 (2.20)

= 2(QTt )−1 · Hsc(Qt, Pt, qt)∗ · (Q∗t )−1 (2.21)

= 2(Q†t)−1 · Hsc(Qt, Pt, qt) ·Q−1
t . (2.22)

Equation (2.19) holds because At is symmetric, in Eq. (2.20) we used expression (1.28) for
At, and in Eq. (2.21) we introduced a matrix-valued function

Hsc(Qt, Pt, qt) = 1
2P
†
t ·m−1 · Pt + 1

2Q
†
t · V ′′(qt) ·Qt. (2.23)

The last step (2.22) follows because both Esc and ImAt in Eq. (2.18) are real. As for the
second factor inside the trace in Eq. (2.18), we used

(ImAt)−1 = Qt · (Q†0 · ImA0 ·Q0)−1 ·Q†t , (2.24)

which generalizes Eq. (1.49) to an arbitrary choice of Q0; Eq. (2.24) is derived in Appendix A.
Substitution of expressions (2.24) and (2.21) for the two factors into the relation (2.18) for
the semiclassical energy gives

Esc = ~
2Tr[Hsc(Qt, Pt, qt) · (Q†0 · ImA0 ·Q0)−1]. (2.25)

The choice of Q0 is not determined by the definitions (1.28) and (1.29) of Qt and Pt. In
Sec. 1.2.3, we used Hagedorn’s convention Q0 = (ImA0)−1/2 and P0 = (ImA0)1/2, which
yields

Esc = ~
2Tr[Hsc(Qt, Pt, qt)]. (2.26)

However, one can remove all constant factors from Eq. (2.25) by settingQ0 = (2ImA0/~)−1/2·
U , with an arbitrary unitary matrix U , to obtain

Esc = Tr[Hsc(Qt, Pt, qt)] = Hsc(Qt, Pt; qt). (2.27)

Note that with this choice of Q0, the right-hand side of the generalized commutation
relation (1.48) becomes i~ID [see Eq. (A.2) of Appendix A], in direct analogy with
[q̂, p̂] = q̂ ⊗ p̂T − p̂ ⊗ q̂T = i~ID [159, 160]. If the exact potential is replaced with the
single-Hessian potential VSH [Eq. (2.1)], the matrix function Hsc from Eq. (2.23) becomes
independent of qt, and so does Hsc. In this setting, Hsc(Qt, Pt) is a constant of motion, and,
so is the semiclassical energy, since, according to Eq. (2.27), it is equal to the semiclassical
Hamiltonian Hsc. Finally, in agreement with the derivation presented in Sec. 2.1.3, the total
energy is conserved because it is equal to the mapping Hamiltonian Hmap(qt, pt, Qt, Pt) of
Eq. (2.15).

Neither energy conservation nor mapping to a classical Hamiltonian system holds for
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Figure 2.2: Different choices of the reference Hessian. The Hessian of the final-state surface
is commonly evaluated at the Franck–Condon (vertical Hessian, green dot) or minimum
energy position (adiabatic Hessian, red dot), giving rise to the vertical (green dotted curve)
and adiabatic (red dashed curve) global harmonic models. Initial-state Hessian, evaluated
at the minimum of the initial-state surface (magenta dot) is needed for constructing the
initial wavefunction (black), given by the ground vibrational eigenstate of the harmonic
fit (magenta dash-dotted curve) to the initial-state surface. However, the initial-state
Hessian can also serve as a crude approximation to the final-state Hessian, resulting in
the vertical gradient and adiabatic shift global harmonic models, or initial single-Hessian
thawed Gaussian approximation (see text).

the original thawed Gaussian approximation due to the dependence of the Hessian on
qt; in that case, Hamilton’s equation for pt derived from Hmap has an additional term
compared to Eq. (1.25). Yet, a similar mapping, yielding a nonseparable Hamiltonian, does
exist [186–188] if one applies the time-dependent variational principle [189, 190] instead
of the local harmonic approximation (1.23) to the quantum propagation of the Gaussian
wavepacket (1.19).

2.1.5 Reference Hessians

Both global harmonic models and single-Hessian thawed Gaussian approximation depend
on the choice of the reference Hessian. Two well-known special choices are the adiabatic
Hessian—Hessian of the final electronic potential energy surface evaluated at its minimum
(e.g., for absorption spectroscopy, Vref = V2, qref = q2, eq), and the vertical Hessian—Hessian
of the final electronic surface evaluated at the Franck–Condon point, i.e., the minimum
of the initial electronic surface (for absorption spectroscopy, Vref = V2, qref = q1,eq); see
Fig. 2.2 [134, 135]. We refer to the combinations of these two Hessian choices with the global
harmonic approach as the adiabatic harmonic and vertical harmonic methods [24, 148, 173].
In the literature, these global harmonic models are sometimes referred to as the adiabatic
and vertical Hessian [76, 134, 135]; here, we use these names exclusively for the Hessians
themselves to avoid the confusion between the single-Hessian thawed Gaussian propagation
and global harmonic methods. The combinations of the single-Hessian approach with the
different reference Hessians will be referred to as the adiabatic single-Hessian and vertical
single-Hessian methods.

Finally, one can avoid computing any Hessian of the final electronic surface by using as
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reference the initial-state Hessian—Hessian of the initial electronic surface at its minimum
(e.g., for absorption spectroscopy, Vref = V1, qref = q1,eq, see Fig. 2.2), which is commonly
needed already for constructing the initial wavepacket. In the context of global harmonic
methods, there are two natural possibilities of constructing a final-state harmonic potential
using the initial-state Hessian: one can either compute the potential energy and gradient of
the final-state potential energy surface at the initial geometry, which results in the vertical
gradient model, or optimize the geometry in the final electronic state, which gives the
adiabatic shift model [130, 134, 135]. Both vertical gradient and adiabatic shift models are
examples of displaced harmonic systems, and thus ignore mode distortion and mode-mode
mixing (Duschinsky effect). In the results section, we discuss only the adiabatic shift model
and, for consistency with the other methods discussed in this work, refer to it as the initial
harmonic model.

2.2 Computational details

2.2.1 Morse potential

To investigate the single-Hessian thawed Gaussian approximation in systems of varying
anharmonicity, we constructed a series of Morse potentials,

V (q) = Veq +De[1− e−a(q−qeq)]2, (2.28)

with different values of the dissociation energy De and anharmonicity parameter a. In
Eq. (2.28), Veq is the potential at the equilibrium position qeq. We chose to work in atomic
units (~ = 1) and mass-scaled coordinates. The initial wavepacket was a real Gaussian
with zero position and momentum, and with a width matrix A0 = iω0/2 corresponding to
the ground vibrational state of a harmonic oscillator with frequency ω0 = 0.00456 a.u. =
1000 cm−1. The Morse parameters were Veq = 0.1 a.u. and qeq =

√
2/ω0 = 20.95 a.u. We

also fixed the global harmonic potential fitted to the Morse potentials at the equilibrium
position qeq (see Fig. 2.3); its frequency,

ωeq =
√
V ′′(qeq) =

√
2Dea2, (2.29)

was set to 0.0041 a.u. = 900 cm−1. Anharmonicity of the potential was controlled through
the dimensionless constant

χ = ωeq
4De

. (2.30)

Then, the De and a parameters were uniquely defined as

De = ωeq
4χ , (2.31)

a =
√

2ωeqχ. (2.32)

The transition dipole moment was set to 1. The wavepacket was always propagated for 4000
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Figure 2.3: Two Morse potentials with anharmonicity constants χ = 0.005 (black) and
χ = 0.02 (blue), adiabatic harmonic potential (red, dashed), and the probability density of
the initial Gaussian wavepacket (gray).

steps of 8 a.u. ≈ 0.194 fs. Spectra evaluated with the thawed-Gaussian, global harmonic,
and single-Hessian approaches discussed in Section 2.1.5 were compared with the exact
quantum dynamics calculations, obtained with the second-order split-operator method.
The position grid for the exact quantum dynamics consisted of 16384 points between −200
and 200 atomic units. To avoid artifacts of the finite-time calculation, all correlation
functions were multiplied by a Gaussian damping function corresponding to the Gaussian
broadening with half-width at half-maximum of 115 cm−1. Spectra were then computed
from Eq. (1.5) and scaled according to the maximum intensity.

2.2.2 On-the-fly ab initio calculations

The on-the-fly ab initio implementation of the thawed Gaussian approximation has been
detailed in Refs. [24, 148, 149, 173]. Briefly, the method evaluates the required potential
information along the trajectory from an ab initio electronic structure program. Our
in-house code performs the dynamics, transformation between Cartesian and normal-mode
coordinates, and interpolation of the Hessians if they are not computed at each step (see
Refs. [148, 173]).

For ammonia, the ab initio calculations were performed using the complete active-space
second-order perturbation theory, CASPT2(8/8), in combination with the aug-cc-pVTZ
basis set, as implemented in the Molpro2012.1 package [191, 192]. For the quinquethiophene,
the ground-state potential energy data were evaluated using the density functional theory,
while the time-dependent density functional theory was used for geometry optimization
and Hessian calculations in the first excited electronic state; the functional was B3LYP
and the basis set 6-31+G(d,p), as implemented in Gaussian09 [193]. All trajectories were
propagated using a time step of 8 a.u. for 1000 steps in ammonia and for 997 steps in
quinquethiophene. For both molecules, the Hessian was evaluated every four steps and
interpolated in between; such an interpolation was previously validated in Ref. [148]. To
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match the spectral broadening of the experiment, the correlation functions were multiplied
with a Gaussian damping function corresponding to the spectral Gaussian broadening with
half-width at half-maximum of 200 cm−1. For ease of comparison with the experiment,
the simulated spectra were shifted in frequency to match the experimental spectrum at
the maximum intensity peak. The values of the frequency shifts are reported in Table 2.1.
Further computational details about the ammonia absorption spectrum can be found in
Ref. [149] and, about the quinquethiophene emission spectrum, in Ref. [148].

Table 2.1: Frequency shifts introduced into the simulated spectra to simplify the comparison
with the experimental spectrum. The shifts are reported in the units of wavenumber (cm−1).

Molecule Ammonia Quinquethiophene

Thawed Gaussian approximation (TGA) -320 -170
Adiabatic single-Hessian TGA 750 -130
Vertical single-Hessian TGA -600 -320
Initial single-Hessian TGA -1100 -720
Adiabatic harmonic 610 4400
Vertical harmonic -690 -500
Initial harmonic -2150 7500

2.3 Results and discussion

2.3.1 Morse potential

Figure 2.4 compares the exact spectra of two Morse potentials of different degrees of
anharmonicity with those evaluated using the standard thawed Gaussian approximation,
its adiabatic single-Hessian version, and the adiabatic harmonic method. In the weakly
anharmonic potential (Fig. 2.4, left), all methods perform well, with only the global
harmonic spectrum deviating slightly from the exact solution. In contrast, in the more
anharmonic Morse potential (Fig. 2.4, right), the adiabatic harmonic model recovers only
the first few peaks. Interestingly, the single-Hessian version seems to be more accurate
than the standard thawed Gaussian approximation in describing peak intensities.

To quantify the accuracy of the approaches discussed in Section 2.1.5, we introduce
the spectral contrast angle θ between a reference (σref) and approximate (σ) spectra,
conveniently defined through its cosine

cos θ = σref · σ
‖σref‖‖σ‖

, (2.33)

with the inner product σ1 · σ2 =
∫
dωσ1(ω)σ2(ω) of two spectra and norm of a spectrum

‖σ‖ =
√
σ · σ. Spectra evaluated with the exact quantum dynamics are used as reference.

In ab initio calculations, the errors in the absolute frequency shift of the spectrum originate
mostly from the limited accuracy of the electronic structure methods. Therefore, even in the
Morse potential, we first maximize the overlap with the reference by shifting the computed
spectra in frequency and then evaluate the spectral contrast angle. The maximum overlap
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Figure 2.4: Spectra of two Morse potentials with different anharmonicity constants χ
evaluated using the exact quantum dynamics, thawed Gaussian approximation (TGA, top),
adiabatic single-Hessian thawed Gaussian approximation (SH TGA, middle), and adiabatic
harmonic model (bottom). Left: χ = 0.005. Right: χ = 0.02. All spectra were shifted to
give the best overlap with the exact calculation and the zero frequency was set to the 0–0
transition, i.e., the first peak of the progression. All approximate spectra in the left panels
overlap almost perfectly with the exact spectrum, whereas larger differences between the
exact and approximate spectra are observed in the more anharmonic Morse potential in
the right-hand panels.
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Figure 2.5: Spectral contrast angles for Morse potentials with different anharmonicity
constants χ. The angles [Eq. (2.33)] compare approximate spectra evaluated using the
thawed Gaussian approximation (TGA), its single-Hessian (SH) versions, and global
harmonic methods with the exact spectrum. The single-Hessian and global harmonic
results are presented for three different choices of the reference Hessian: adiabatic, vertical,
and initial.
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Figure 2.6: Total energy of the wavepackets propagated in a Morse potential (χ = 0.005, see
Sec. 2.2.1) using the thawed Gaussian approximation (TGA), two single-Hessian approaches,
and two harmonic models. For the initial single-Hessian thawed Gaussian approximation
(not shown for clarity), the energy is a horizontal line between those corresponding to the
adiabatic and vertical single-Hessian approaches.

is found by scanning through all possible shifts, with the increment determined by the
numerical resolution of the spectrum.

As shown in Fig. 2.5, the accuracies of all presented methods decrease with increasing
anharmonicity of the potential. However, the methods based on the thawed Gaussian
approximation clearly perform better than the global harmonic approaches. Moreover, the
single-Hessian results are nearly the same for all three choices of the Hessian, which is
not the case for the global harmonic approximations. The errors in the spectra of more
anharmonic potentials (see Fig. 2.4) are reflected mainly in incorrect peak spacings, which
are almost exclusively determined by the classical trajectory guiding the thawed Gaussian
wavepacket—therefore, in the single-Hessian thawed Gaussian approximation the choice of
the Hessian affects the result only weakly.

Negative intensities in the spectra computed with the thawed Gaussian approximation
further increase the errors measured by the spectral contrast angle. Such features are
nearly eliminated in the single-Hessian version of the thawed Gaussian approximation (see
Fig. 2.4, right) and, therefore, the single-Hessian approach exhibits a lower error than the
original thawed Gaussian approximation at larger values of the anharmonicity parameter
(see Fig. 2.5). Although the single-Hessian thawed Gaussian approximation conserves
energy exactly (see Fig. 2.6), it can still exhibit negative intensities in the computed spectra
due to the time dependence of the effective single-Hessian potential (2.1).

2.3.2 Absorption spectrum of ammonia

Ammonia is a prototypical example of a floppy system, i.e., a system exhibiting large-
amplitude motion. Electronic excitation to the first excited state is accompanied by a
significant displacement of the umbrella inversion mode, allowing the generated wavepacket
to visit anharmonic regions of the excited-state potential energy surface. Due to the small
size of the system, rich nuclear dynamics, and available experimental data, the absorption,
emission, and photoelectron spectra of ammonia have served as benchmarks for different
methods built specifically to treat the anharmonicity effects [147, 194–196]. In particular,
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the on-the-fly ab initio thawed Gaussian approximation showed significant improvement
over the global harmonic models [149].
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Figure 2.7: Experimental absorption spectra of ammonia measured in gas phase at 175 K
[197] compared with those evaluated using the on-the-fly ab initio thawed Gaussian
approximation (TGA), its single-Hessian (SH) version, and global harmonic models. The
single-Hessian and global harmonic results are presented for three different choices of the
reference Hessian: adiabatic, vertical, and initial. Computed spectra were scaled and
shifted according to the highest peak of the experiment.

Figure 2.7 compares the global harmonic and single-Hessian approaches with the on-the-fly
ab initio thawed Gaussian approximation [149] and with the experimental absorption
spectrum of ammonia [197]. All single-Hessian methods recover both the peak positions
and intensities of the standard thawed Gaussian approximation. In contrast, all global
harmonic models yield different and rather inaccurate spectra. Most interesting are the
adiabatic single-Hessian thawed Gaussian approximation and adiabatic global harmonic
model: although both methods use only one (adiabatic) Hessian, the former performs better
than any other presented method, including the standard thawed Gaussian approximation,
whereas the latter performs the worst. These results indicate that the single-Hessian
thawed Gaussian approximation cannot be discarded in advance based on the performance
of global harmonic models; in fact, its accuracy is much closer to that of the thawed
Gaussian approximation. Indeed, even the initial (ground-state) single Hessian approach
reproduces almost perfectly the result of the standard on-the-fly ab initio thawed Gaussian
approximation.
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2.3.3 Emission spectrum of quinquethiophene

Due to their potential in molecular electronics [198–200], polythiophenes and their deriva-
tives have been studied extensively [201–205]. Oligothiophenes have also served as a model
system for studying the dependence of optical properties on the system size. They present
a challenge for computing vibrationally resolved electronic spectra due to the torsional
degrees of freedom, which cannot be treated with global harmonic models. Wehrle et al.
[148] showed that the on-the-fly ab initio thawed Gaussian approximation performs well
despite the double-well character of the potential along the torsional modes connecting the
planar and twisted structures.
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Figure 2.8: Analogous to Fig. 2.7, but for the emission spectrum of quinquethiophene. The
experiment was measured in ethanol glass at 77 K [206].

The emission spectrum, measured as the rate of emission per unit frequency between ω
and ω + dω, is a dimensionless quantity that can be computed as [57, 207]

σem(ω) = 4ω3

π~c3Re
∫ ∞

0
Cem(t)∗eiωtdt, (2.34)

where
Cem(t) = Tr

(
eiĤ2t/~µ̂e−iĤ1t/~µ̂ρ̂2

)
, (2.35)

is the dipole time correlation function for emission and ρ̂2 = exp(−βĤ2)/Tr[exp(−βĤ2)] is
the vibrational density operator in the excited electronic state. Within the zero-temperature
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approximation, the correlation function (2.35) can be rewritten as

Cem = 〈φem0 |φemt 〉, (2.36)

where φemt = e−iĤ
′
1t/~µ̂|2, g〉 and Ĥ ′1 = Ĥ1−E2,g. In other words, the dipole time correlation

function for emission is, in analogy with the already discussed absorption process, the
autocorrelation function of the wavepacket initiated as the ground vibrational state of the
excited electronic state, multiplied by the transition dipole moment, and evolved in the
ground electronic state.

In Fig. 2.8, we compare the experimental [206] emission spectrum of quinquethiophene,
an oligomer composed of five thiophene units, and corresponding spectra computed with
the global harmonic, single-Hessian thawed Gaussian, and original thawed Gaussian
approximations. The single-Hessian approaches using the initial (excited-state) and vertical
Hessians produce almost the same spectra as the standard thawed Gaussian approximation
[148] (shown in Fig. 2.8, top). However, this is not the case for the adiabatic single-Hessian
method, which yields a broad spectrum due to the incorrect description of the torsional
degrees of freedom. As discussed in Ref. [148], the initial wavepacket is placed at the top of a
potential barrier along the torsional modes, which results in a constant but slow wavepacket
spreading. The adiabatic Hessian has all frequencies positive and is therefore qualitatively
inappropriate. Interestingly, the initial single-Hessian approach, which propagates a frozen
Gaussian, results in a rather accurate spectrum, implying that the errors of using the
adiabatic Hessian arise due to the incorrect time evolution of the width of the Gaussian
wavepacket.

In contrast, the failure of the adiabatic global harmonic model (Fig. 2.8, top right) is not
related to the Hessian, but rather to the large displacement of the ground-state potential
minimum from the initial geometry. The computed emission spectrum is nearly featureless
because the wavepacket quickly drifts away from the initial planar geometry and does not
return during the short dynamics considered for spectra simulations. This explanation
is supported by the equally featureless spectrum of the adiabatic shift model, i.e., the
initial harmonic model (see Fig. 2.8, bottom right), which has the same displacement of
the adiabatic global harmonic model but uses the initial (excited-state) Hessian.

2.4 Conclusion

In conclusion, we presented and validated an efficient method for evaluating low-resolution
vibronic spectra of polyatomic molecules. The proposed single-Hessian thawed Gaussian
approximation, the computational cost of which lies between that of the global harmonic
and thawed Gaussian approximations, performed surprisingly well, in some cases even better
than the more computationally demanding, thawed Gaussian approximation. Moreover,
unlike the standard thawed Gaussian approximation, the single-Hessian approach conserves
total energy exactly. We showed that, despite the conservation of energy, the computed
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spectra could still contain negative intensities due to the time dependence of the effective
Hamiltonian. However, the negative spectral features were significantly weaker compared
with the standard thawed Gaussian approximation. In contrast to spectra evaluated
using the global harmonic approaches, those computed with the single-Hessian thawed
Gaussian approximation only weakly depended on the reference Hessian. Therefore, the
single-Hessian approach represents a considerable and systematic improvement over the
commonly used global harmonic models at the cost of a single ab initio classical trajectory.
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3 Thermo-field dynamics for com-
puting vibronic spectra at finite
temperature

In Chapter 1, we have discussed vibrationally resolved electronic spectra at zero temperature,
which can be studied with the efficient ab initio extended thawed Gaussian approximation.
Here, we generalize this method to evaluate spectra at non-zero temperature. In line
with thermo-field dynamics, we transform the von Neumann evolution of the coherence
component of the density matrix to the Schrödinger evolution of a wavefunction in an
augmented space with twice as many degrees of freedom. Due to the efficiency of the
extended thawed Gaussian approximation, this increase in the number of coordinates
results in nearly no additional computational cost. More specifically, compared with the
original, zero-temperature approach, the finite-temperature method requires no additional
ab initio electronic structure calculations. At the same time, the new approach allows for
a clear distinction among finite-temperature, anharmonicity, and Herzberg–Teller effects
on spectra. We demonstrate the advantages of the finite-temperature thawed Gaussian
approximation over the commonly used global harmonic methods on a model Morse system
and apply it to evaluate the symmetry-forbidden absorption spectrum of benzene, where
all the aforementioned effects contribute.

The content of this Chapter has been adapted from Ref. [27].

3.1 Introduction

Non-Condon and finite-temperature effects can be easily accounted for within the framework
of the global harmonic approximation [57, 76, 208–210]. However, this approximation
neglects the effects of anharmonicity, which can significantly alter molecular spectra.
Other quantum [87, 91, 211, 212] and semiclassical [114, 211, 213–216] methods do include
anharmonicity effects on spectra but at a substantial computational cost. Recently, we
have investigated thawed Gaussian approximation [25, 148–150], which is an efficient
semiclassical method that partially accounts for anharmonicity and requires no initial
knowledge of the potential energy surface. The method has been extended to include
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non-Condon effects to account for the Herzberg–Teller contribution to the transition
dipole moment [24, 173, 217]. Unfortunately, as a wavepacket propagation method, it has
been limited to computing spectra in the zero-temperature limit, where only the ground
vibrational state is populated initially.

To account for non-zero temperature, density matrix formalism, where a number of
numerically exact [218–220] and approximate [23, 221–226] approaches exist, is typically
employed. Wavefunction-based methods can also be used in combination with statistical
sampling of initial conditions [86, 227–232]. Thermo-field dynamics [233, 234] offers an
alternative way of making wavefunction-based methods applicable at finite temperature:
the problem, which appears to require the von Neumann equation for the density matrix,
is mapped to a time-dependent Schrödinger equation with twice as many degrees of
freedom. This method has recently been employed in chemistry to solve coupled electronic-
vibrational dynamics [235–238], electronic structure [239, 240], and vibronic spectroscopy
[209] problems. However, its application to vibronic spectroscopy, which is of central
interest to the present work, has been restricted to the global harmonic approximation.

Here, we combine the extended thawed Gaussian wavepacket propagation with thermo-
field dynamics to include both anharmonicity and finite-temperature effects. Due to the
favorable scaling of the thawed Gaussian approximation with the system’s size, the new
method adds nearly no additional cost to the original, zero-temperature approach. To
illustrate the accuracy achieved by going beyond both global harmonic and zero-temperature
approximations, we test the method on a set of Morse potentials with different degrees of
anharmonicity and at different temperatures. Finally, we apply it to evaluate the spectrum
corresponding to the symmetry-forbidden electronic transition S1 ← S0 (Ã1B2u ← X̃1A1g)
of benzene and show that the simultaneous inclusion of Herzberg–Teller, anharmonicity,
and finite-temperature effects is needed to reproduce the experimental spectrum.

3.1.1 Vibrationally resolved electronic spectra at finite temperature

At non-zero temperature, the dipole-dipole correlation function needed in vibronic spec-
troscopy is

C(t) = Tr
(
eiĤ1t/~µ̂e−iĤ2t/~µ̂ρ̂

)
, (3.1)

where ρ̂ = e−βĤ1/Tr(e−βĤ1) is the vibrational density operator and β = 1/kBT . Note
that in Eq. (3.1) we assumed that only the ground electronic state is populated in the
thermal equilibrium, which is usually justified by the large energy gap between the ground
and first excited electronic states. Because the time evolution in Eq. (3.1) involves two
different Hamiltonians, an obvious classical analogue of Eq. (3.1) is missing, which, in turn,
hinders the development of classical-like or semiclassical approximations for C(t). Here, we
demonstrate that by transforming the problem to the one of wavepacket dynamics in an
augmented space one can easily make use of the existing semiclassical methods for solving
the time-dependent Schrödinger equation.
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The correlation function can be re-written as

C(t) = Tr(ρ̂1/2µ̂e−iĤ2t/~µ̂ρ̂1/2eiĤ1t/~) (3.2)

=
∫
dqdq′〈q′|ρ̂1/2µ̂|q〉〈q|e−iĤ2t/~µ̂ρ̂1/2eiĤ1t/~|q′〉 (3.3)

=
∫
dq̄φ̄0(q̄)∗φ̄t(q̄), (3.4)

where

φ̄0(q̄) = 〈q|µ̂ρ̂1/2|q′〉, (3.5)

φ̄t(q̄) = 〈q|e−iĤ2t/~µ̂ρ̂1/2eiĤ1t/~|q′〉 (3.6)

= e−iH2(q)t/~eiH1(q′)t/~〈q|µ̂ρ̂1/2|q′〉 (3.7)

= e−i[H2(q)−H1(q′)]t/~〈q|µ̂ρ̂1/2|q′〉 (3.8)

= e−iH̄(q̄)t/~φ̄0(q̄), (3.9)

q̄ = (q, q′)T is a 2D-dimensional coordinate vector, and

H̄(q̄) = H2(q)−H1(q′) (3.10)

is a Hamiltonian in q̄ coordinates. In Eq. (3.2) we used the relation [ρ̂, Ĥ1] = 0 and the
cyclic property of the trace; in Eq. (3.3) we introduced the position representation in q and
q′ coordinates; in going from (3.7) to (3.8), we used the fact that the two Hamiltonians
H1(q′) and H2(q) commute because they act on different coordinates; finally, Eq. (3.4)
follows from (3.3) because

〈q′|ρ̂1/2µ̂|q〉 = 〈q|µ̂ρ̂1/2|q′〉∗ = φ̄0(q̄)∗, (3.11)

(ρ̂1/2)† = ρ̂1/2, and µ̂† = µ̂.

Equation (3.4) has a remarkable interpretation—the dipole-dipole correlation function C(t)
for a D-dimensional system at finite temperature T can be thought of as a wavepacket
autocorrelation function of φ̄t(q̄) evolved with the Hamiltonian H̄(q̄) according to the
Schrödinger equation

i~ ˙̄φt(q̄) = H̄(q̄)φ̄t(q̄), (3.12)

which describes an effective 2D-dimensional system at zero temperature.

The approach described here is, despite the explicit use of the position representation,
equivalent to the thermo-field dynamics, as presented in Ref. [209]. Indeed, the final result
does not depend on the representation:

C(t) =
∫
dq̄φ̄0(q̄)∗φ̄t(q̄) =

∫
dq̄〈φ̄0|q̄〉〈q̄|φ̄t〉 = 〈φ̄0|φ̄t〉, (3.13)

where |q̄〉 = |q〉|q̃′〉 is a general position state in the augmented direct-product Hilbert
space and |q̃〉 denotes a position state in the “fictitious” (or “tilde”) Hilbert space. In the
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following, we derive Eq. (3.13) using standard thermo-field dynamics notation and without
invoking the position representation.

3.1.2 Relation to thermo-field dynamics

Following Suzuki [233], let us define

|Ī〉 =
∑
k

|kk̃〉 = |00̃〉+ |11̃〉+ . . . , (3.14)

where |kk̃〉 denotes a basis vector of a space obtained as a direct product of “physical”
(with basis {|k〉}) and “fictitious” (with basis {|k̃〉}) Hilbert spaces. In general, we use
tilde ˜ to denote an element of (or an operator acting on) the “fictitious” Hilbert space
and bar ¯ (as opposed to bold font used in Ref. [235]) for the direct-product space. The
physical and fictitious states are related through the conjugation rules [233]

(u1|k〉+ u2|k′〉)˜= u∗1|k̃〉+ u∗2|k̃′〉, (3.15)

(u1Â+ u2B̂)˜= u∗1
ˆ̃A+ u∗2

ˆ̃B, (3.16)

〈α̃| ˆ̃A|α̃′〉 = 〈α′|Â†|α〉 (3.17)

for arbitrary complex numbers u1 and u2, states |α〉 and |α′〉, and operators Â and B̂.
Next, the so-called thermal vacuum is defined as

|0̄(β)〉 = ρ̂1/2|Ī〉, (3.18)

where ρ̂ is the density operator and acts only on the physical Hilbert space. The thermal
vacuum state is constructed so that

〈0̄(β)|Â|0̄(β)〉 = Tr(ρ̂Â) = 〈A〉 (3.19)

and, in particular,
〈0̄(β)|0̄(β)〉 = Tr(ρ̂) = 1. (3.20)

Eq. (3.19) can be proven easily using Eqs. (3.14), (3.17), and (3.18), as well as the fact
that operator Â acts only on the physical Hilbert space. As a result, state |0̄(β)〉 is
normalized and recovers the well-known wavefunction expression for the expectation value
of an operator. Importantly, no approximation is invoked in the construction of this state
and in deriving its properties.

Then, the dipole time correlation function, defined in Eq. (3.1), can be written as

C(t) = 〈φ̄0|e−i
ˆ̄Ht/~|φ̄0〉, (3.21)

where |φ̄0〉 = µ̂|0̄(β)〉 and
ˆ̄H = Ĥ2 − ˆ̃H1. (3.22)
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The proof goes as follows:

C(t) = 〈0̄(β)|µ̂e−i
ˆ̄Ht/~µ̂|0̄(β)〉 (3.23)

=
∑
k,k′

〈kk̃|ρ̂1/2µ̂e−i
ˆ̄Ht/~µ̂ρ̂1/2|k′k̃′〉 (3.24)

=
∑
k,k′

〈k|ρ̂1/2µ̂e−iĤ2t/~µ̂ρ̂1/2|k′〉〈k̃|ei
ˆ̃H1t/~|k̃′〉 (3.25)

=
∑
k,k′

〈k|ρ̂1/2µ̂e−iĤ2t/~µ̂ρ̂1/2|k′〉〈k̃|
(
e−iĤ1t/~

)̃
|k̃′〉 (3.26)

=
∑
k,k′

〈k|ρ̂1/2µ̂e−iĤ2t/~µ̂ρ̂1/2|k′〉〈k′|eiĤ1t/~|k〉 (3.27)

=
∑
k

〈k|ρ̂1/2µ̂e−iĤ2t/~µ̂ρ̂1/2eiĤ1t/~|k〉 (3.28)

= Tr(µ̂e−iĤ2t/~µ̂ρ̂eiĤ1t/~), (3.29)

where we used the conjugation rule (3.16) to go from (3.25) to (3.26) and Eq. (3.17) to go
from (3.26) to (3.27). To complete the equivalence between Eq. (3.21) and Eq. (3.13), we
demonstrate that

〈qq̃′|φ̄0〉 = φ̄0(q, q′), (3.30)

i.e., that the position representation of state |φ̄0〉 introduced here is the function defined in
Eq. (3.5 ). Indeed,

〈qq̃′|φ̄0〉 =
∑
k

〈q|µ̂ρ̂1/2|k〉〈q̃′|k̃〉 (3.31)

=
∑
k

〈q|µ̂ρ̂1/2|k〉〈k|q′〉 (3.32)

= 〈q|µ̂ρ̂1/2|q′〉 (3.33)

= φ̄0(q, q′), (3.34)

where we again used Eq. (3.17) with Â being identity operator.

In principle, any known method for solving the time-dependent Schrödinger equation can be
applied to obtain φ̄t. However, the doubled number of coordinates adds a substantial, if not
prohibitive, computational cost to the already large cost of zero-temperature calculations
with exponentially scaling exact quantum methods. In the following, we therefore employ
the extended thawed Gaussian approximation, which scales favorably with the number of
degrees of freedom.

3.1.3 Extended thawed Gaussian approximation for finite-temperature
spectra

To solve Eq. (3.12) with the (extended) thawed Gaussian approximation, we must first
identify φ̄0 and the local harmonic approximation [see Eq. (1.23)] to the potential energy
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V̄ (q̄) = V2(q)− V1(q′).

If we assume, as in Sec. 1.2.4, that the ground-state surface V1 is harmonic [Eq. (1.13)],
a general off-diagonal matrix element ρ1/2(q, q′) ≡ ρ1/2(q̄) of ρ̂1/2 is a Gaussian (1.19)
parametrized with 2D-dimensional vectors

q̄0 =
(
q1,eq

q1,eq

)
, p̄0 =

(
0
0

)
,

a 2D × 2D matrix

Ā0 = i

(
A B
B A

)
(3.35)

composed of D ×D submatrices

A = m1/2 · Ω · coth(β~Ω/2) ·m1/2, (3.36)

B = −m1/2 · Ω · sinh(β~Ω/2)−1 ·m1/2, (3.37)

and a scalar
γ̄0 = (−i~/2) ln[det(m · Ω/π~)]. (3.38)

See Appendix B for the derivation of Eqs. (3.35)–(3.38). Harmonic approximation for
the ground-state potential energy surface is justified in the vicinity of its minimum and,
therefore, for the construction of the equilibrium vibrational density matrix. In fact, even
in fairly anharmonic systems, Gaussian density matrix often serves as a good starting point
for semiclassical approximations [241–244]. Next, we assume µ̂ to be diagonal in position
representation,

φ̄0(q̄) = µ(q)ρ1/2(q̄), (3.39)

and employ the Herzberg–Teller approximation [Eq. (1.68)], to obtain

φ̄0(q̄) = [µ(q1,eq) + b̄T0 · (q̄ − q̄0)]ρ1/2(q̄), (3.40)

b̄0 =
(
µ′(q1,eq)

0

)
. (3.41)

With these initial values, we propagate the time-dependent parameters q̄t, p̄t, Āt, and γ̄t
according to Eqs. (1.24)–(1.27) and b̄t according to Eq. (1.71). The potential energy, its
gradient, and its Hessian are given by

V̄ (q̄t) = V2(qt)− V1(q′t), (3.42)

V̄ ′(q̄t) =
(
V ′2(qt)
−V ′1(q′t)

)
, (3.43)

V̄ ′′(q̄t) =
(
V ′′2 (qt) 0

0 −V ′′1 (q′t)

)
, (3.44)
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while the D ×D mass matrix m is replaced by the 2D × 2D matrix

m̄ =
(
m 0
0 −m

)
, (3.45)

where qt and q′t are D-dimensional vectors composed, respectively, of the first and second
halves of coordinates of q̄t, i.e., q̄t = (qt, q′t)T . Interestingly, the classical equations of
motion [Eqs. (1.24)–(1.25)] for the parameters q̄t and p̄t are solved by propagating two
independent trajectories in D spatial dimensions: the first trajectory evolves qt and pt

with the excited-state Hamiltonian H2, while the second trajectory evolves q′t and p′t with
the negative of the ground-state Hamiltonian, −H1, due to the negative signs of mass in
Eq. (3.45) and gradient in Eq. (3.43). Because the second trajectory is at a fixed point, i.e.,
at the minimum of the ground-state potential energy V1 with zero momentum, it shows no
dynamics. As a result, one requires only a single excited-state classical trajectory, to evolve
the first D coordinates of q̄t, and Hessians of the excited-state potential energy surface
along this trajectory, which is the same as in the original zero-temperature approach; no
further potential energy evaluations are needed to account for the temperature effects.

Let us also mention that an alternative approach to thermo-field dynamics theory exists,
where the density matrix element ρ(q, q′), rather than its square root, multiplied by the
transition dipole moment µ(q) is represented as a wavefunction

ρµ(q, q′) = µ(q)ρ(q, q′) (3.46)

with a doubled number of degrees of freedom. Then, the dipole time correlation function
can be rewritten as

C(t) =
∫
dq〈q|µ̂e−iĤ2t/~µ̂ρ̂eiĤ1t/~|q〉 (3.47)

=
∫
dqdq′δ(q − q′)〈q|µ̂e−iĤ2t/~µ̂ρ̂eiĤ1t/~|q′〉 (3.48)

=
∫
dqdq′δ(q − q′)µ(q)e−iH2(q)t/~µ(q)ρ(q, q′)eiH1(q′)t/~ (3.49)

=
∫
dqdq′δ(q − q′)µ(q)e−i[H2(q)−H1(q′)]t/~ρµ(q, q′) (3.50)

=
∫
dqdq′δ(q − q′)µ(q)ρµ(q, q′, t). (3.51)

In Ref. [210], this method was combined with Gaussian wavepacket dynamics, in which
the integral of Eq. (3.51) can be evaluated analytically and the evolution of ρµ(q, q′, t) is
exact for harmonic potentials. Such Gaussian wavepacket approach, combined with the
local harmonic approximation of the potential, would be similar to ours. On the one hand,
it would recover the same values for the correlation function at the same computational
cost. On the other hand, in contrast to our approach, the method of Ref. [210] has so far
been used to compute vibronic spectra only in systems described with globally harmonic
potential energy surfaces, where it is equivalent to the global harmonic approximation
for vibronic spectra, which is much simpler because analytical expressions for C(t) exist
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[76, 131]. Moreover, our approach based on thermo-field dynamics has the advantage of
reducing the transition dipole autocorrelation function to the simpler and well-known
expression (3.13) for the wavepacket autocorrelation, thus making it very easy to implement
the finite-temperature treatment of vibronic spectra into the standard zero-temperature
wavefunction-based codes, which typically contain procedures for computing the wavepacket
autocorrelation.

3.2 Computational details

3.2.1 Morse potential

To test the accuracy of the proposed method, we construct a one-dimensional model system
consisting of a ground-state harmonic potential and an excited-state Morse potential. The
ground-state surface is assumed harmonic to exclude the error (or error cancellation) due to
using an approximate initial vibrational state—this is rarely an issue with zero-temperature
methods because the harmonic approximation typically holds in the vicinity of the potential
minimum but could affect the results at higher temperatures. In the current model, the
error of the results obtained with thawed Gaussian approximation is only due to the
anharmonicity of the excited-state potential energy surface.

A set of Morse potentials,

V2(q) = V2(q2) + ω2
4χ [1− e−

√
2mω2χ(q−q2)]2, (3.52)

was constructed by fixing the equilibrium position q2, minimum energy V2(q2), and frequency
ω2 =

√
V ′′2 (q2)/m at q2 and by varying the anharmonicity parameter χ. We set the minimum

of the ground-state harmonic potential to zero (q1 = 0) and its frequency to ω1 = 1, while
the excited-state Morse parameters were q2 = 1.5, ω2 = 0.9, and V (q2) = 10. Mass was set
to m = 1. The level of anharmonicity was tuned by changing the parameter χ in the range
between 0.01 and 0.02, in steps of 0.001.

The exact spectrum was computed by evaluating Franck–Condon factors by numerical
integration, which is feasible for this one-dimensional model system since both harmonic
and Morse vibrational eigenfunctions are known analytically. The adiabatic harmonic
model,

V AH
2 (q) = V2(q2) + 1

2mω
2
2(q − q2)2, (3.53)

which is constructed about the minimum of the potential energy surface, is the same for
all constructed Morse potentials because it does not depend on χ. Since the (extended)
thawed Gaussian approximation is exact for harmonic potentials, it was used to compute
the adiabatic harmonic spectra. For both harmonic and thawed Gaussian dynamics
calculations, time step was 0.1 and the total simulation time was 1000, i.e., 10 000 steps
in total were taken. Gaussian broadening with half-width at half-maximum of 0.1 was
applied to all spectra. Spectra were evaluated at scaled temperatures Tω = 0, 0.5, and 1,
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3.2 Computational details

where Tω = kBT/~ω1 = 1/β~ω1 (e.g., for an average molecular vibration of ω = 1000 cm−1,
Tω = 1 corresponds to the temperature T ≈ 1439K). A constant transition dipole moment
µ = 1 was used.

To compare reference (σref) and approximate (σ) spectra, we used the spectral contrast
angle θ, defined through its cosine as

cos θ = σref · σ
‖σref‖‖σ‖

, (3.54)

where σ1 · σ2 =
∫
dωσ1(ω)σ2(ω) is the inner product of two spectra and ‖σ‖ =

√
σ · σ

is the associated norm. In all calculations, the reference was the exact spectrum, while
the approximate spectra were computed with the adiabatic global harmonic and thawed
Gaussian approximations.

3.2.2 On-the-fly ab initio calculations

The S1 ← S0 absorption spectrum of benzene was computed with adiabatic harmonic,
vertical harmonic, and thawed Gaussian approximations. In short, the adiabatic harmonic
model is, as described above, obtained by the second-order Taylor expansion of the excited-
state potential energy surface about its minimum, while for the vertical harmonic model,
the same expansion is performed about the ground-state minimum (see Sec. 1.1.4).

Table 3.1: Frequency shifts introduced into the simulated spectra of benzene to simplify the
comparison with the experimental spectrum. Values are given in the units of wavenumber
(cm−1).

Method Shift

Thawed Gaussian approximation -3015
Adiabatic harmonic -3030
Vertical harmonic -3315

Density functional theory was used for the optimization and Hessian calculation of the
ground electronic state, while its time-dependent version was employed for the excited-state
optimization, energy, gradient, and Hessian calculations. We used the B3LYP functional
with the ultrafine grid and 6-31+G(d,p) basis set, as implemented in the Gaussian09
[193] package. For the thawed Gaussian propagation, we used a second-order symplectic
integrator with a time step of 8 a.u. (≈ 0.2 fs) and 10 000 steps in total. The Hessian
of the potential energy was evaluated every four steps and interpolated in between, as
done previously in Ref. [173]. The ground-state surface was assumed to be harmonic. The
gradient of the electronic transition dipole moment was computed numerically by the
second-order finite difference method with a step of 10−4 Å[173].

The computed correlation functions were multiplied by an exponential damping function
e−t/τ with τ = 18 000 a.u., resulting in a Lorentzian line shape with half-width at half-
maximum of ≈ 12.2 cm−1. To facilitate comparison with the experimental spectrum,
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Figure 3.1: Exact, thawed Gaussian (“TGA”), and adiabatic harmonic [Eq. (3.53)] spectra
for the Morse potential model systems (see Sec. 3.2.1) with lower (left panels) or higher
(right panels) degree of anharmonicity χ and at three different temperatures Tω = kBT/~ω1
(see Sec. 3.2.1).

computed spectra were shifted (see Table 3.1) and scaled to match the experimental
spectrum of Ref. [245] at its highest peak (data taken from the MPI-Mainz UV/VIS
Spectral Atlas [246, 247]).

Finally, let us emphasize that the finite-temperature treatment of spectra requires no
additional electronic structure evaluations, i.e., the same ab initio data could be reused to
compute the benzene spectrum at any given temperature. We evaluated the spectra at
zero temperature and at the temperature of the experiment (T = 298K).

3.3 Results and discussion

3.3.1 Morse potential

Thawed Gaussian and global harmonic spectra were compared with the exact result (see
Fig. 3.1). Already for the system with weak anharmonicity (left panels, χ = 0.01), the
thawed Gaussian approximation provides a more accurate spectrum than the harmonic
method. The difference is seen mainly in the intensities of the high-frequency peaks. Since
the adiabatic harmonic model describes well the region around the potential minimum,
it can recover the positions and intensities of peaks corresponding to transitions between
vibrational states with small quantum numbers. In contrast, the harmonic approximation
breaks down for vibrational states with more quanta, resulting in incorrect intensities of
high-frequency transitions. The effect of anharmonicity on the peak positions becomes
significant for χ = 0.02 and even the thawed Gaussian approximation is inadequate.
Nevertheless, it is still more accurate than the adiabatic harmonic model, which has
no dependence on χ (harmonic spectra are, clearly, the same for different χ at a given
temperature). In typical molecular systems, the peaks are often left unresolved due to the
short excited-state lifetime or inhomogeneous broadening. Then, the intensities play an
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important role in recovering the overall shape of the spectrum, whereas even an error of
tens of reciprocal centimeters in peak positions can be tolerated.

In contrast to the global harmonic method, the thawed Gaussian approximation can result
in non-physical negative spectral features, which are due to the nonlinear character of the
Schrödinger equation (1.20). This is a well-known disadvantage of the method and was
discussed in more detail elsewhere [25, 149]. In the studied Morse system, a negative peak
overlaps with the hot band around ω = 9, resulting in poor description of this spectral
region at higher temperatures. In a way, the gain in accuracy in the high-frequency part of
the spectrum is accompanied by a loss in accuracy in the frequency region below the 0-0
transition.

To compare the global harmonic and thawed Gaussian methods quantitatively, we measure
the error of an approximate spectrum with the spectral contrast angle between the
approximate and exact spectra (see Fig. 3.2). The thawed Gaussian approximation gives
more accurate spectra than the harmonic approximation for all anharmonicities and
at all temperatures studied. However, an interesting trend is observed: the harmonic
approximation becomes more accurate as the temperature increases, whereas the thawed
Gaussian approximation keeps the same degree of accuracy at all temperatures. The main
reason for such behavior is closely related to the discussion above. As the temperature
increases, the intensity of hot bands below the 0-0 transition grows and they become
more relevant in measuring the error. Hence, the adiabatic harmonic method gains on
accuracy, unlike the thawed Gaussian approximation, which always loses on accuracy in
the low-frequency part of the spectrum. However, such behavior of the global harmonic
method is not general; if the ground-state potential energy surface were anharmonic,
high-temperature spectra would also reflect the effects neglected in the global harmonic
models—those of ground-state anharmonicity on the initial density matrix.

3.3.2 Absorption spectrum of benzene

The symmetry-forbidden S1 ← S0 transition in benzene is a well-known example of the
Herzberg–Teller effect [28, 29], where the spectrum arises only due to the coordinate
dependence of the transition dipole moment, which is zero by symmetry at the equilibrium
geometry. As such, it has been studied extensively both from the experimental [245, 248–
252] and theoretical [223, 253–259] points of view. The spectrum is a challenge for
computational methods because it is highly resolved, exhibits Herzberg–Teller effects, and
contains hot bands due to finite temperature. Although benzene is typically considered to
be a rigid molecule, we have recently shown that the anharmonicity affects significantly the
intensities of the peaks in the main progression of the spectrum [24, 173]. However, our
previous work assumed zero temperature, therefore neglecting the weak hot bands present
in the experimental spectrum.

Here, we complement our earlier result with the new finite-temperature extended thawed
Gaussian method. First, we demonstrate [Fig. 3.3(a)] the effect of non-zero temperature
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Figure 3.2: Errors, measured by the spectral contrast angle [Eq. (3.54)], of the spectra
computed with the thawed Gaussian approximation (“TGA”) or the adiabatic harmonic
approach [Eq. (3.53)], as a function of the anharmonicity parameter χ. Results are shown
for three different temperatures Tω = kBT/~ω1 (see Sec. 3.2.1).

on the spectrum. Whereas the original, zero-temperature extended thawed Gaussian
approximation neglects completely the weak, but non-negligible, hot bands, the finite-
temperature approach reproduces all features of the spectrum. The inaccuracy in the
frequencies of the peaks is most likely due to the electronic structure method used; we
discuss this later. Nevertheless, Fig. 3.3(a) clearly shows the difference in the spectra
computed without and with finite-temperature effects.

We argue that the benzene absorption spectrum is affected by the anharmonicity of the
excited-state potential energy surface. This effect is best demonstrated by the difference in
spectra based on two global harmonic models: if the potential energy surface were harmonic,
the second-order expansion of the potential energy about any molecular geometry would
result in the same spectrum. As shown in Fig. 3.3(b), in benzene, the adiabatic harmonic
method is much more accurate than the vertical; in general, either of the two methods
can be more appropriate [148, 149, 260]. The extended thawed Gaussian approximation
outperforms not only the vertical harmonic approach, whose spectrum is completely off,
but also the adiabatic harmonic approximation, which fails to produce accurate peak
intensities.

Figure 3.3(c) shows the importance of treating the Herzberg–Teller effect with the extended
thawed Gaussian approximation. Since the transition is symmetry-forbidden, i.e., µ(q1,eq) =
0, the spectrum computed within the Condon approximation [µ(q) ≈ µ(q1,eq)] vanishes,
whereas the full, Herzberg–Teller treatment reproduces the experimental spectrum.

In computational chemistry, vibrational scaling factors [261], which we denote by f , are often
used to empirically correct for systematic errors in the vibrational frequencies computed
with electronic structure methods. In vibronic spectroscopy, such scaling, applied to ground-
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Figure 3.3: Benzene S1 ← S0 absorption spectrum computed with the extended thawed
Gaussian approximation (“Extended TGA”) at 298K (using the approach described in
Sec. 3.1.3), compared with the experimental spectrum [245, 247] measured at 298K and
other approximate spectra simulations based on: (a) zero-temperature extended thawed
Gaussian approximation (“Extended TGA 0K”) as described in Sec. 1.2.5, (b) adiabatic
or vertical global harmonic models at 298K (see Sec. 3.2.2), and (c) thawed Gaussian
approximation, which assumes Condon approximation [“TGA (Condon)”].

and excited-state frequencies, can modify both peak positions and intensities [76]. However,
the effect on intensities is often weak; indeed, the adiabatic harmonic spectrum with scaled
vibrational frequencies (red, dashed line in Fig. 3.4) exhibits almost perfect peak positions,
but still the same errors in intensities as the adiabatic harmonic spectrum of Fig. 3.3(b).
For comparison—and for comparison only—we show an analogous, “corrected” spectrum
computed with the extended thawed Gaussian approximation (blue, solid line in Fig. 3.4).
Since the simple procedure of scaling the vibrational frequencies is not applicable in this
case, we scale directly the frequency axis by f , which corrects peak positions but leaves
intensities unchanged. The results imply that the subtle anharmonicity effects on spectral
intensities, described well with the on-the-fly semiclassical thawed Gaussian method, cannot
be captured even with the corrected harmonic potential.

3.4 Conclusion

In conclusion, we presented a new approach to computing vibronic spectra at finite
temperature within the framework of the thawed Gaussian approximation. The proposed
method partially describes the effect of anharmonicity on the spectrum and, at the same
time, includes all effects treated in the conventional global harmonic approach: mode-mode
coupling, non-zero temperature, and the Herzberg–Teller contribution to the transition
dipole moment. Most importantly, the inclusion of finite temperature comes at no additional
computational cost or deterioration in accuracy. Hence, the proposed procedure provides a
viable means of systematically improving on global harmonic simulations at any temperature.
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Figure 3.4: Benzene S1 ← S0 absorption spectra computed with the extended thawed
Gaussian approximation (“Extended TGA”) and adiabatic harmonic model, both at 298K,
compared with the experimental spectrum [245, 247] measured at 298K. The adiabatic
harmonic model was modified by scaling both ground- and excited-state frequencies by a
constant f = 0.963, which was taken from Ref. [261] and is associated with the electronic
structure method used (see Sec. 3.2.2). For the spectrum evaluated with the extended
thawed Gaussian approximation, we applied the same scaling factor only to the values on
the frequency axis.

This on-the-fly ab initio semiclassical approach to thermo-field dynamics could inspire
other quantum or semiclassical direct dynamics methods for computing spectra at finite
temperatures.
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4 Vibronic spectroscopy beyond
harmonic, Condon, and zero-
temperature approximations: The
case of azulene

Until now, we have seen the extended thawed Gaussian approximation for the treatment
of Herzberg–Teller effects (Chapter 1), the single-Hessian version for reducing the compu-
tational cost of the calculations (Chapter 2), especially for larger molecules or expensive
electronic structure methods, and the thermo-field dynamics approach for including, at no
additional cost, the temperature effects into the thawed Gaussian simulation of spectra
(Chapter 3). In this Chapter, we use these methods to study the S1 ← S0 and S2 ← S0

absorption and S2 → S0 emission spectra of azulene, a prototypical molecule that violates
Kasha’s rule due to its anomalous fluorescence from the second excited electronic state.
We find that the accuracy of the evaluated spectra requires the treatment of anharmonicity,
Herzberg–Teller, and mode-mixing (Duschinsky) effects.

The content of this Chapter has been adapted from Refs. [217] and [262]. In Ref. [217],
Antonio Prlj performed nonadiabatic simulations that are not presented in this Chapter.
I thank him for many enlightening discussions during our joint work and especially for
suggesting the second-order algebraic diagrammatic construction [ADC(2)] method. I
acknowledge Zhan Tong Zhang for his work on the Python interface for Molpro, George
Fish and Prof. Jacques-Edouard Moser for providing the experimental spectra, Marius
Wehrle and Tomáš Zimmermann for their initial work on azulene, and Seonghoon Choi and
Julien Roulet for their contributions to our dynamics code and helpful discussions. Unlike
in Ref. [217], here I present spectra at non-zero temperature, as published in Ref. [262],
which contains a short review of the methods discussed in Chapters 1–3.
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Chapter 4. Vibronic spectroscopy beyond harmonic, Condon, and
zero-temperature approximations: The case of azulene

4.1 Introduction

The azulene molecule is an archetypal system that violates Kasha’s rule [263, 264], according
to which “polyatomic molecular entities luminesce with appreciable yield only from the
lowest excited state of a given multiplicity” [1]. As a result, azulene has attracted significant
experimental [265–273] and theoretical [270, 271, 274–279] attention. Recently, rigorous
experimental and theoretical approaches have proven useful in identifying, as well as
refuting, the violation of Kasha’s rule in other molecular systems [280–285]. Motivated by
its unusual photophysics and spectroscopy, we use azulene as a test case to introduce an
efficient computational approach for studying various Kasha-violating (or Kasha-obeying)
systems. Using such a theoretical tool appears necessary, as experimental verification of
anti-Kasha behavior can be challenging, as demonstrated by recent reports [283, 284].

The S1 ← S0 absorption spectrum of azulene was accurately reproduced by Franck-
Condon simulations [57, 125], assuming the validity of Condon approximation [286], which
neglects the dependence of the transition dipole moment on nuclear coordinates. The most
comprehensive study of the importance of non-Condon effects in azulene was conducted
by Gustav and Storch [276], who showed that S1 absorption has a dominant Condon
contribution, while the S2 → S0 emission has important Herzberg-Teller effects. S2 ← S0

absorption was first considered only recently [217, 287].

4.2 Computational details

To describe the electronic structure of azulene, we employed the Laplace transformed
density-fitted local ADC(2) method of Molpro2015 [288, 289], which includes important
correlation effects for a balanced treatment of the low-lying ππ∗ states [290–293]. A
so-called adiabatic Hessian [25, 134], which is evaluated at the optimized geometry of
the final electronic state, was used as the reference Hessian for the single-Hessian thawed
Gaussian propagation (see Table 4.1) and for constructing the harmonic model of the excited
potential energy surface. The trajectories needed for evaluating the S1 ← S0 and S2 ←
S0 absorption spectra with the single-Hessian extended thawed Gaussian approximation
were propagated with the excited-state ADC(2) gradients, starting from the ground-state
geometry optimized at the MP2 level. Similarly, the trajectory needed for computing the
S2 → S0 emission spectrum started at the S2 minimum [found by geometry optimization at
the ADC(2) level of theory] and was run using MP2 gradients of the ground-state potential
energy surface. In all cases, the initial wavepacket was the ground vibrational state of the
harmonic potential fit to the potential energy surface of the initial electronic state.

Within the global harmonic approximation, where one requires only the geometry optimiza-
tions and Hessians in the ground and excited electronic states, we also tested two other
electronic structure methods: (i) (time-dependent) density functional theory in combination
with the B3LYP functional and TZVP basis set (as implemented in the Gaussian16 [294]
program), which were used in Ref. [125] and (ii) state-averaged complete active space
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self-consistent field method [SA5-CASSCF(4,6)/6-31G*], as implemented in Molpro2012
[191, 192].

Table 4.1: Parameters used in the calculations of various spectra with the adiabatic single-
Hessian extended thawed Gaussian approximation.

S1 absorption S2 absorption S2 emission
Initial geometry q0 qeq(S0) qeq(S0) qeq(S2)
Reference Hessian V ′′ref V ′′S1

V ′′S2
V ′′S0

Reference geometry qref qeq(S1) qeq(S2) qeq(S0)

Derivatives of the electronic transition dipole moment with respect to nuclear coordinates
are not readily available in quantum chemistry packages. We evaluated them by finite
differences, i.e., by computing the transition dipole moments at geometries displaced
by 0.01 a.u. from the optimized initial-state geometry. Fortunately, these numbers can
be extracted from the output of the ab initio numerical excited-state force or Hessian
calculation [24, 76, 173].

Spectral broadening was introduced by multiplying the autocorrelation function with a
Gaussian damping function, which is equivalent to convolving the spectrum with another,
but related Gaussian function. To facilitate the comparison between computed and
experimental spectra, we introduced a constant energy shift in each spectrum. Because
the constant shift error arises mostly due to the incorrect ab initio vertical energy gap,
the same shifts were applied to Condon and Herzberg–Teller spectra. Broadening and
energy shift parameters are given in Table 4.2. All spectra were rescaled to unit maximum
intensity, except for those computed within the Condon approximation, which are scaled
by the maxima of the corresponding Herzberg–Teller spectra.

Table 4.2: Half-width at half-maximum (HWHM) of the Gaussian broadening functions
and horizontal energy shifts applied to spectra computed with global harmonic models or
single-Hessian extended thawed Gaussian approximation (“TGA”). All values are expressed
in cm−1.

S1 absorption S2 absorption S2 emission

HWHM 90 170 170
Shift (TGA) -435 -1105 -645
Shift [harmonic, ADC(2)] -165 -855 -645
Shift (harmonic, B3LYP) -1620 180 540
Shift (harmonic, CASSCF) -3400 -7330 -3280

4.3 Results and discussion

4.3.1 S1 ← S0 absorption spectrum

The lowest-energy electronic band (see Fig. 4.1) extends from the red to the green part
of the visible spectrum and is responsible for the characteristic blue color of azulene.
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Such a broad band is a direct indication of highly rich excited-state dynamics, where
the initial wavepacket is strongly displaced from the excited-state minimum and forms a
superposition of many vibrational wavefunctions of the excited electronic state. In such
cases, anharmonicity effects tend to play a role. Figure 4.1 (top, left) shows that the
harmonic spectrum is fairly accurate at lower frequencies but overestimates the intensity
of the high-frequency tail. The on-the-fly thawed Gaussian spectrum is closer to the
experiment due to the partial treatment of the anharmonicity effects. The Herzberg-
Teller effect is weak, implying that the S1 ← S0 transition could be treated accurately
within the Condon approximation (see Fig. 4.1, top, right). The finite-temperature effects
(Fig. 4.1, bottom, left) lead to the broadening of the vibronic bands, affecting also the
intensities of certain peaks, e.g., those at 14 300 and 15 800 cm−1. As a consequence, the
finite-temperature version of the thawed Gaussian approximation improves the agreement
with experiment. Finally, in Fig. 4.1 (bottom, right), we compare three different levels
of electronic structure theory. Whereas the density functional theory produces a result
similar to the ADC(2) method, the multiconfigurational CASSCF fails both qualitatively
and quantitatively. It appears that the dynamical electron correlation effects, which cannot
be described by the CASSCF method with a relatively small active space of 4 electrons in
6 orbitals, are crucial.

4.3.2 S2 ← S0 absorption and S2 → S0 emission spectra

S2 absorption and emission spectra are also well described by the single-Hessian extended
thawed Gaussian approximation. The corresponding potential energy surface is harmonic
in the regions visited by the nuclear wavepacket, which is confirmed by comparing spectra
computed with thawed Gaussian and global harmonic approaches (see top, left panels
of Figs. 4.2 and 4.3). In contrast to the S1 spectrum, for describing the S2 spectra,
the Herzberg–Teller contribution due to coupling with higher excited electronic states
[24, 173, 259] is essential (top, right panels of Figs. 4.2 and 4.3). Prior to our work, this
effect was analyzed qualitatively in the emission spectrum of azulene [276] but not in the S2

absorption spectrum. The non-zero temperature (bottom, left panels of Figs. 4.2 and 4.3)
affects not only the width of the spectral bands but also the peak positions. For example,
the peak of the absorption spectrum at about 30 600 cm−1 appears shifted by ≈ 100 cm−1

if the zero-temperature approximation is assumed. Similar to the S1 absorption spectrum,
the S2 absorption and emission spectra are not reproduced if we employ the CASSCF
electronic structure method. However, in contrast to the S1 ← S0 spectrum, the spectra
involving the S2 state of azulene are not reproduced accurately with the time-dependent
density functional theory. We note that the final spectra depend on multiple ab initio
parameters evaluated with the electronic structure methods, such as optimized geometries,
Hessians, transition dipole moments and their gradients, whose errors all contribute to the
overall error of the simulated spectrum.

The fact that the fluorescence spectrum of azulene is approximately the mirror image
of the S2 absorption spectrum helped Beer and Longuet-Higgins identify the anomalous

52



4.3 Results and discussion

Exp Harmonic Anharmonic

14000 16000 18000 20000 22000 24000
0.0

0.2

0.4

0.6

0.8

1.0

Exp Condon Herzberg-Teller

14000 16000 18000 20000 22000 24000
0.0

0.2

0.4

0.6

0.8

1.0

Exp T=0K T=300K

14000 16000 18000 20000 22000 24000
0.0

0.2

0.4

0.6

0.8

1.0

Exp B3LYP CASSCF ADC(2)

14000 16000 18000 20000 22000 24000
0.0

0.2

0.4

0.6

0.8

1.0

In
te
ns
ity

M
ax
.i
nt
en
si
ty

Wavenumber [cm-1]

Figure 4.1: Computed vibrationally resolved S1 ← S0 absorption spectra of azulene
compared with the experiment [217] recorded in cyclohexane at room temperature. Top,
left: Spectra evaluated with the harmonic method (red, dashed) and with the on-the-fly
ab initio single-Hessian extended thawed Gaussian approximation (“Anharmonic”, blue,
dotted) at 300K. Top, right: Spectra evaluated using the on-the-fly ab initio single-Hessian
extended thawed Gaussian method within the Condon (red, dashed) and Herzberg–Teller
approximations (blue, dotted) at 300K. Bottom, left: Spectra evaluated with the on-the-fly
ab initio single-Hessian extended thawed Gaussian approximation at zero temperature
(red, dashed) and at 300K (blue, dotted). Bottom, right: Spectra evaluated within the
harmonic approximation at 300K, using three different electronic structure methods (see
computational details in Sec. 4.2).
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Figure 4.2: Same as Fig. 4.1 but for S2 ← S0 absorption.
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Figure 4.3: Same as Fig. 4.1 but for S2 → S0 emission.

anti-Kasha behavior of azulene [263]. Yet, this symmetry, which is formally valid only
for a displaced harmonic oscillator model [44, 127], is clearly broken, as evident from the
experimental absorption (Fig. 4.2) and emission (Fig. 4.3) spectra. In general, changes in
the force constant, mode coupling, anharmonicity, and Herzberg–Teller coupling can all
break this symmetry. We show that the main factors here are the Herzberg–Teller and
Duschinsky effects.

In Fig. 4.4 (middle, left), we show that the Condon absorption and emission spectra retain
(to a large extent) this symmetry, whereas the mirror image symmetry is broken completely
in the case of Herzberg–Teller spectra (Fig. 4.4, top, left). Such effect of the Herzberg–Teller
coupling is well known [127, 295–297] but is commonly interpreted in terms of the cross
terms that arise when both Condon and Herzberg–Teller contributions to the spectrum
are significant. This is not the case here, as significant asymmetry is observed even for
the pure Herzberg–Teller contribution (where the constant Condon term is set to zero, see
Fig. 4.4, bottom, left).

In azulene, the breakdown of the mirror image symmetry between absorption and emission
is a result of an interplay between the Herzberg–Teller and mode-mixing (Duschinsky)
effects. Indeed, the symmetry is mostly recovered if either of the two effects is “turned
off” (see Fig. 4.4, middle, left, where Herzberg–Teller coupling is set to zero, and Fig. 4.4,
top, right, where mode mixing is neglected). More precisely, the coupling between the
modes affects strongly the linear, Herzberg–Teller term of the extended thawed Gaussian
wavepacket (1.69), which explains the difference between the spectra in the top panels of
Fig. 4.4. The Duschinsky effect on the absorption spectrum is largely due to the couplings
between the Herzberg–Teller active modes (see Fig. 4.4, bottom, right, where only those
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Figure 4.4: Left panels: Vibrationally resolved S2 absorption and emission spectra of
azulene computed with both Condon and Herzberg–Teller (“FCHT”) terms (top), only
Condon (“FC”) term (middle), and only Herzberg–Teller (“HT”) term (bottom) in the
expansion of the transition dipole moment and full Duschinsky coupling in the reference
Hessian of the final state. Right panels: Spectra calculated without Duschinsky coupling
and with both Condon and Herzberg–Teller terms (“FCHT”) of the transition dipole
moment (top); without Duschinsky coupling and with only the Condon (“FC”) term;
without coupling between the Herzberg–Teller active modes (see Table 4.3) and with
both Condon and Herzberg–Teller (“FCHT”) terms of the transition dipole moment. All
calculations used the adiabatic single-Hessian (extended) thawed Gaussian approximation,
where the trajectory feels the true potential energy surface and is not affected by the
approximations to the reference Hessian.
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couplings are neglected). In contrast, the emission spectrum is only weakly affected by the
mode-mode couplings (compare the emission spectra in the top panels of Fig. 4.4).

Table 4.3: Derivatives of the transition dipole moment (in atomic units) of the azulene
S2 ← S0 electronic transition with respect to the mass-scaled normal mode coordinates.
Only the largest terms of the transition dipole moment gradient are shown, derivatives
with respect to other normal modes are either negligible or zero. The derivatives of the z
component of the transition dipole moment are all zero (the molecule lies in the xy plane).

Frequency / cm−1 ∂µx/∂q × 102 ∂µy/∂q × 102

1784 −0.86 0.00
1660 −2.50 −5.31
1646 −1.51 0.69
1584 0.00 0.90
1514 1.28 −0.65
1490 1.08 2.32
1409 −0.55 0.00
1235 −0.60 −1.29
1074 0.00 1.05

4.4 Conclusion

To conclude, we presented a systematic study of the absorption and emission spectra of
azulene. We identified an interplay between anharmonicity, mode-mixing, and Herzberg–
Teller effects, as well as the importance of dynamical electron correlation in the electronic
structure methods used. The presented methodology allows in-depth studies of the
photophysics of various molecular systems to be conducted at an affordable computational
cost. In addition, the methodology could be used to better understand the limitations of
different electronic structure methods, which is useful for both fundamental and applied
research.
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5 On-the-fly ab initio semiclassical
evaluation of time-resolved elec-
tronic spectra

After a detailed discussion of steady-state electronic spectroscopy (Chapters 1–4), we now
turn to time-resolved techniques. In this Chapter, we present a methodology for computing
vibrationally and time-resolved pump-probe spectra that accounts for all vibrational degrees
of freedom and is based on a combination of thawed Gaussian approximation with on-
the-fly ab initio evaluation of the electronic structure. The method is applied to the
phenyl radical and compared with two more approximate approaches based on global
harmonic approximation. The global harmonic method expands both the ground- and
excited-state potential energy surfaces to the second order about the corresponding minima,
while the combined global harmonic/on-the-fly method retains the on-the-fly scheme for
the excited-state wavepacket propagation. We also compare the spectra by considering
their means and widths, and analytically show how these measures are related to the
properties of the semiclassical wavepacket. Although the full-dimensional on-the-fly ab
initio result appears to reflect the dynamics of only one mode, we show, by performing
exact quantum calculations, that this simple structure cannot be recovered using a one-
dimensional model. The agreement between the quantum and semiclassical spectra in
this simple but anharmonic model lends additional support to the full-dimensional ab
initio thawed Gaussian calculation of the phenyl radical spectra. The thawed Gaussian
approximation is a viable alternative to the costly or unfeasible exact quantum calculations
when low-dimensional models are insufficiently accurate to represent the full system.

The content of this Chapter has been adapted from Ref. [176]. I acknowledge Julien Roulet
for his help with the exact quantum simulations.

5.1 Introduction

The best-known experimental setup for measuring time-resolved spectra is the pump-probe
technique, consisting of a pump laser pulse, which initiates a dynamical process in the
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system, and a probe pulse, whose response is measured. Advances in the field, namely the
development of broadband setups, which use ultrashort optical pulses, led to the direct
observation of nuclear wavepacket dynamics in various systems [298–307]. These spectra
are commonly analyzed with fitting procedures to recover the kinetics [308, 309], with
Fourier transformation to determine the main frequency components [310], or with simple
low-dimensional models to simulate the vibronic features [302]. However, computationally
feasible full-dimensional methods for simulating vibrationally and time-resolved spectra of
large polyatomic molecules are lacking.

Here, we adapt the on-the-fly ab initio thawed Gaussian approximation to evaluate vi-
brationally and time-resolved electronic spectra, and compare it with the commonly used
adiabatic global harmonic approach, which approximates the two potential energy surfaces
to the second order about the corresponding minima. Furthermore, we propose and validate
a combined global harmonic/on-the-fly method, which approximates the ground potential
energy surface with a harmonic potential but propagates the nuclear wavepacket in the
excited state with on-the-fly ab initio thawed Gaussian approximation. The properties of
the wavepackets propagated using the on-the-fly, global harmonic, and combined approaches
are analyzed through the differences in the spectra they generate. In particular, we discuss
the effect of anharmonicity in both electronic states.

As a proof of principle, we apply the methods to the phenyl radical, a species studied
for its rich photochemistry induced by visible and ultraviolet light. Higher electronic
states of phenyl radical undergo photodissociation through multiple pathways, as shown
by various authors [311–313]. Here, we focus our attention on the first excited state, Ã2B1,
which does not undergo photodissociation and is responsible for the visible spectrum of
the phenyl radical. The n← π character of the Ã2B1 ← X̃2A1 transition from the ground
to the first excited state agrees with both experimental and theoretical studies [129, 314].
The high-resolution cavity ring-down spectroscopic study of the phenyl radical predicted
a planar geometry of the excited electronic state, involving an expansion of the carbon
ring, and an excited-state lifetime of 96 ps [314]. The vibronic band corresponding to this
transition, first characterized by Porter and Ward [315] and later by Radziszewski [316],
exhibits a rich structure arising from the considerable differences between the potential
energy surfaces of the ground and excited electronic states. Ab initio calculations [76, 129]
found strong coupling between the modes, which is also known as Duschinsky rotation
or mixing, and a large displacement of multiple normal modes [24, 173]. The two most-
displaced modes (see Fig. 5.1) correspond to the in-plane carbon ring vibrations. Due
to their significant displacement, the anharmonicity of the potential affects the dynamics
and the resulting spectrum, as demonstrated using the on-the-fly ab initio semiclassical
dynamics [24, 173]. In addition, in a prior recent study, we analyzed the Herzberg–Teller
contribution to the steady-state Ã2B1 ← X̃2A1 electronic spectrum of the phenyl radical
[24, 173]. By comparing the spectra evaluated using the Condon and Herzberg–Teller
approximations, we showed that the Herzberg-Teller correction to the transition dipole
moment did not affect the spectrum significantly. This justifies the Condon approximation,
which is employed below for the time-resolved spectra.
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Figure 5.1: Most displaced modes of the phenyl radical corresponding to the totally
symmetric in-plane vibrations; we show the eigenvectors of the excited-state Hessian
evaluated at the optimized geometry of the excited electronic state (ab initio method
described in Sec. 5.3). Left: Mode of frequency 924 cm−1. Right: Mode of frequency 590
cm−1. The full table of the ground- and excited-state frequencies, along with the relative
displacements of the corresponding modes can be found in the Supporting Information of
Ref. [173].

Because the time-resolved electronic spectra of phenyl radical are yet to be measured,
our calculations provide a prediction of the experimental signal corresponding to the
time-resolved stimulated emission (and ground-state bleach). Moreover, our calculations,
although not yet confirmed experimentally, suggest new ways of analyzing time-resolved
spectra. Spectra with low vibrational resolution can be described well by their position and
width, which are measured by the mean and standard deviation of the normalized spectral
lineshape [317, 318]. We show how the mean frequency and width of the spectra are directly
related to the properties of the thawed Gaussian wavepacket and can be evaluated using a
single classical trajectory on the excited electronic surface.

Clearly, the single-Gaussian ansatz imposes a severe constraint on the shape of the nuclear
wavepacket, rendering thawed Gaussian approximation susceptible to failure in the presence
of nonadiabatic effects or wavepacket splitting. In such situations, it is necessary to use
exact quantum methods or semiclassical methods based on multiple guiding trajectories.
In addition, the on-the-fly ab initio version of the thawed Gaussian approximation has
only been validated on linear spectra, which depend on the wavepacket autocorrelation
function. Such spectra, unless highly-resolved, can validate the time-dependent wavepacket
only in the Franck–Condon region because linear spectra depend weakly on the form
of the wavepacket outside this region. In general, the approximation is expected to be
qualitatively correct in single-well potentials, where the wavepacket does not split during
the short-time propagation needed to describe electronic spectra, as well as in the absence
of nonadiabatic couplings. Indeed, the time-resolved spectroscopic signals have previously
been successfully evaluated using thawed Gaussian approximation on such model potentials
[152, 319]. To justify our prediction of the time-resolved electronic spectra of the phenyl
radical, we construct a Morse potential corresponding to the single vibrational mode and
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evaluate the pump-probe spectra using both thawed Gaussian approximation and exact
quantum dynamics. The results imply that the thawed Gaussian approximation is rather
accurate at this level of anharmonicity and indicate that multi-dimensional calculations
are needed to reproduce the on-the-fly ab initio spectrum.

5.2 Theory

5.2.1 Third-order response function

The central object in all types of third-order electronic spectroscopy is the third-order
polarization [23, 320]

P (3)(t) =
∫ ∞

0
dt3

∫ ∞
0

dt2

∫ ∞
0

dt1R(t3, t2, t1)E(t− t3)E(t− t3− t2)E(t− t3− t2− t1), (5.1)

where E(t) is the electric field of light and

R(t3, t2, t1) =
(
i

~

)3 4∑
α=1

[Rα(t3, t2, t1)−Rα(t3, t2, t1)∗] (5.2)

is the third-order response function, expressed in terms of the three-time correlation
functions

R1(t3, t2, t1) = C(t2, t3, t1 + t2 + t3), (5.3)

R2(t3, t2, t1) = C(t1 + t2, t3, t2 + t3), (5.4)

R3(t3, t2, t1) = C(t1, t2 + t3, t3), (5.5)

R4(t3, t2, t1) = C(−t3,−t2, t1), (5.6)

and
C(τa, τb, τc) = Tr[ρ̂µ̂eiĤτa/~µ̂eiĤτb/~µ̂e−iĤτc/~µ̂e−iĤ(τa+τb−τc)/~]. (5.7)

In Eq. (5.7), we use the bold font to denote S × S matrices representing operators
acting on the electronic subspace and hat ˆ to denote operators acting on the nuclear
subspace; the trace is taken over both nuclear and electronic degrees of freedom. Hence,
ρ̂ = exp(−βĤ)/Tr[exp(−βĤ)] is the full molecular density matrix, Ĥ is the molecular
Hamiltonian, and µ̂ is the dipole moment matrix. Equations (5.3)–(5.7) can be easily
compared to those found in the literature, for example, with Eqs. (3.5a)–(3.6) of Ref. 321.

We now consider only three electronic states and invoke the following approximations:

1. Born-Oppenheimer approximation: Ĥ = diag(Ĥ1, Ĥ2, Ĥ3).

2. Resonance condition: Only transitions between states 1 and 2 or 2 and 3 are allowed:
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µ̂ =


0 µ̂21 0
µ̂12 0 µ̂23

0 µ̂32 0

 . (5.8)

3. The system is initially in the ground electronic state, i.e., the temperature effects on
the electronic subspace are neglected: ρ̂ = diag(ρ̂, 0, 0), where
ρ̂ = exp(−βĤ1)/Tr[exp(−βĤ1)].

Then, we take the trace over the electronic subspace in Eq. (5.7) to arrive at

C(τa, τb, τc) ≈ C1(τa, τb, τc) + C3(τa, τb, τc), (5.9)

where

Ci(τa, τb, τc) = Tr[ρ̂µ̂12e
iĤ2τa/~µ̂2ie

iĤiτb/~µ̂i2e
−iĤ2τc/~µ̂21e

−iĤ1(τa+τb−τc)/~], i = 1, 3.
(5.10)

Above, Ĥj are the vibrational Hamiltonians corresponding to the ground (j = 1) and
excited (j = 2, 3) electronic states, ρ̂ = exp(−βĤ1)/Tr[exp(−βĤ1)] is the vibrational
density operator at temperature T = 1/kBβ, and µ̂ij is the electronic transition dipole
moment between electronic states i and j. As we will see later, the correlation function
C1 corresponds to the stimulated emission and ground-state bleach processes, while C3,
which involves a higher excited electronic state, corresponds to the excited-state absorption.
Although the excited-state absorption term involves, in general, a sum over several higher
excited states (i ≥ 3), here, for brevity, we consider only one such state. Also, we did
not write explicitly the polarization vectors—otherwise, the transition dipole moment,
polarization (5.1), and electric fields must be indicated as vectors [e.g. ~̂µ or ~E(t)], while
the third-order response function and the related correlation functions are rank-4 tensors.
In an isotropic sample, in the end one has to average over all possible orientations of the
molecule with respect to the external electric fields.

5.2.2 Time- and frequency-resolved electronic spectroscopy

In a pump-probe experiment, the electric field consists of two components, corresponding
to the pump and probe pulses:

E(t) := Epu(t) + Epr(t), (5.11)

where

Epu(t) := Epu
e (t)δn(t+ τ) , (5.12)

Epr(t) := Epr
e (t)δn(t) . (5.13)

Here, Epu
e (t) and Epr

e (t) represent the rapidly changing factors of the pump and probe
electric fields (i.e., the factors that oscillate on the electronic time scale), whereas δn is a
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slowly varying envelope; the pump pulse is centered at −τ and the probe pulse is centered
at time zero, where τ > 0 is the delay between the two pulses. We assume that both
envelopes are the same and that the fields are linearly polarized.

Differential absorption cross-section, i.e., the time-resolved spectrum measured in the
pump-probe experiment, is the difference between the pump-on and pump-off spectra of
the probe pulse

σ(ω, τ) = σpu+pr(ω, τ)− σpr(ω) (5.14)

and can be expressed as [215, 322]

σ(ω, τ) = 4πω
c

Im[δP̃ (ω)Ẽpr(ω)∗]
|Ẽpr(ω)|2

, (5.15)

where
Ẽpr(ω) = 1

2π

∫ ∞
−∞

Epr(t)eiωtdt (5.16)

is the Fourier transform of the probe electric field and

δP̃ (ω) = 1
2π

∫ ∞
−∞

[P pu+pr(t)− P pr(t)]eiωtdt (5.17)

is the Fourier transform of the difference of the time-dependent polarizations with and
without the pump pulse.

Numerous approaches can be taken to evaluate the differential absorption spectrum, includ-
ing both perturbative and non-perturbative methods [23, 323]. Within the perturbative
approach [23, 30, 317, 324, 325], we assume

δP̃ (ω) ≈ P̃ (3)(ω) = 1
2π

∫ ∞
−∞

P (3)(t)eiωtdt, (5.18)

where P (3)(t) was defined in Eq. (5.1).

While higher-order perturbative expressions are simpler for the density operators, the
thawed Gaussian approximation relies on the wavefunction representation. The connec-
tion between the density-matrix and wavefunction formalisms is described, e.g., in the
monographs by Mukamel [23] and Tannor [30]; therefore, we only mention the relevant
approximations:

1. Nonoverlapping pulses—all interactions with the probe pulse follow all interactions
with the pump pulse.

2. Ultrashort pulse (or impulsive) approximation—the pulse envelopes δn are assumed
to be delta functions on the nuclear time scale, but long on the electronic time scale;
thus, we assume that the wavepacket is created only in one electronic state.

3. Phase matching—we consider only the signal in the direction of the probe pulse.
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Within these approximations, the third-order time-dependent perturbation theory ex-
pression for the pump-probe spectrum of a system with three electronic states is [23]

σ(3)(ω, τ) = −16π3ω

~3c
|Ẽpu(ω21)|2Re

∫ ∞
0

[CSE(t, τ) + CGSB(t, τ)− CESA(t, τ)] eiωtdt,
(5.19)

where
CSE(t, τ) := C1(τ, t, t+ τ) (5.20)

is the time-resolved stimulated emission,

CGSB(t, τ) := 1
2[C1(0, t+ τ, t) + C1(−t,−τ, 0)] (5.21)

is the ground-state bleach, and

CESA(t, τ) := C3(τ, t, t+ τ) (5.22)

is the excited-state absorption contribution to the pump-probe spectrum.

To derive the final and more specific expressions used in this Chapter, we also assume:

1. Zero-temperature limit—only the ground vibrational state of the ground electronic
state is initially populated, i.e., ρ̂ ≈ |1, g 〉〈 1, g|, and all other density matrix elements
are zero.

2. Condon approximation—the electronic transition dipole moment matrix elements
are independent of nuclear coordinates.

Then,

CSE(t, τ) = |µ21|4〈1, g|eiĤ2τ/~eiĤ1t/~e−iĤ2(t+τ)/~|1, g〉, (5.23)

CGSB(t, τ) = |µ21|4〈1, g|eiĤ1t/~e−iĤ2t/~|1, g〉 (5.24)

CESA(t, τ) = |µ21|2|µ32|2
〈

1, g|eiĤ2τ/~eiĤ3t/~e−iĤ2(t+τ)/~|1, g
〉
. (5.25)

The ground-state bleach is, within the given approximations, equal to the scaled continuous-
wave absorption spectrum. If the ultrashort pulse approximation is relaxed, the ground-state
bleach is better described as (impulsive) stimulated resonant Raman scattering [317, 326]
because the short-time dynamics in the excited state, which can proceed between the two
interactions with the pump pulse, creates a wavepacket in the ground electronic state.
However, the dynamics of such wavepacket is limited because it does not have time to
move far away from the Franck–Condon region during the short pump pulse. In contrast,
the stimulated emission signal can drift significantly from its original position because the
excited-state dynamics occurs during the delay time τ . Consequently, the effect of a finite
pump pulse can be safely neglected.
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Finally, the spectrum of Eq. (5.19) must be averaged over all possible orientations of the
molecule with respect to the electric fields. Within the Condon approximation, the averaging
leads to a constant scaling factor that depends on the angle between the polarizations
of the pump and probe pulses; the factor ranges from 1/15 for perpendicular to 1/5 for
parallel polarizations (see Appendix C.1).

5.2.3 Wavepacket approach to time-resolved stimulated emission

In the following, we concentrate on the time-resolved stimulated emission spectrum and only
in the final result we add the ground-state bleach. The stimulated emission contribution
to the correlation function can be rewritten in terms of a correlation function [23, 317],
sometimes referred to as fidelity amplitude [224, 327],

CSE(t, τ) = |µ21|4
〈
ψτ
∣∣∣eiĤ1t/~e−iĤ2t/~

∣∣∣ψτ〉 (5.26)

by defining a non-stationary wavepacket

|ψτ 〉 := e−iĤ2τ/~|1, g〉 . (5.27)

To evaluate Eq. (5.26), one must first propagate the nuclear wavepacket on the excited-state
surface for time τ [according to Eq. (5.27)], and then propagate it simultaneously on both
ground- and excited-state surfaces for time t. Because the nonstationary state ψτ depends
on the probe delay time τ , every choice of τ requires a new full t propagation on the two
surfaces and every t propagation must be long enough to obtain vibrational resolution. In
contrast, one or only several delays have to be considered, since τ is not related to the
frequency resolution of the spectra.

5.3 Computational details

Regarding the electronic structure calculations of energies, gradients, and Hessians, we
used density functional theory for the ground state and time-dependent density functional
theory for the excited electronic state, as implemented in the Gaussian09 [193] electronic
structure package, with B3LYP functional and SNSD basis set [76]. This ab initio method
was validated in a previous work [173].

The time step was 8 a.u. (≈ 0.194 fs). The time-resolved spectra of the phenyl radical
were computed for 65 equidistant probe delays with a time separation of 12 steps (≈ 2.3
fs), resulting in a total time of about 150 fs. The corresponding correlation functions
were computed according to Eq. (5.26); the wavepackets were propagated for 1500 steps
(≈ 290 fs) on the ground- and excited-state surfaces. The ab initio data needed for the
wavepacket propagation were acquired in the following way (see Fig. 5.2): First, a longer
“pump” classical trajectory was propagated in the excited electronic state to cover all probe
times, i.e., for time 150 + 290 = 440 fs. Then, 65 probe trajectories were run, each with its
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Figure 5.2: We first evaluate a long “pump trajectory” moving on the excited-state surface
and then use its snapshots as initial conditions for “probe trajectories” moving on the
ground-state surface and for evaluating the correlation functions (left panel), instead of
recomputing the pump trajectory for each probe delay time (right panel).

own initial conditions taken from the snapshots of the pump trajectory at the probe delay
times. Finally, the Hessians were evaluated in parallel for all trajectories every 8 steps of
the calculation. The described procedure avoids recomputing the same part of the pump
trajectory. Once the ab initio data were collected, the wavepacket was propagated in the
mass-scaled normal mode coordinates of the ground electronic state. The initial wavepacket
was taken as the ground vibrational state of the electronic ground-state potential energy
surface approximated by a harmonic potential, i.e., a Gaussian centered at the ground-state
minimum geometry with a width determined by the Hessian of the electronic ground-state
surface.

The population decay and the interactions with the environment were neglected during
the short-time excited-state dynamics, while the intramolecular nuclear dynamics was
fully accounted for with our full-dimensional wavepacket propagation method. We applied
a Gaussian broadening (half-width at half-maximum of 100 cm−1) of the spectra by
multiplying the correlation functions by a Gaussian decay function. Since no particular
choice of the pump field is taken, the absolute scaling of the spectrum is not well defined—all
spectra were rescaled as indicated in the corresponding figure captions.

5.4 Results and discussion

The time-resolved electronic spectrum of phenyl radical is evaluated as a sum of the
stimulated emission and ground-state bleach contributions. The stimulated emission term
determines the overall dynamics of the spectrum, whereas the ground-state bleach is, within
our assumptions, independent of time and proportional to the linear absorption spectrum.
We compare three methods for evaluating the spectra: the first employs the on-the-fly ab
initio thawed Gaussian approximation, which includes the anharmonicities of both ground-
and excited-state surfaces, the second—global adiabatic harmonic method—expands the
two potential energy surfaces to the second order about the corresponding minima, whereas
the third method combines the on-the-fly approach for the excited state with the global
adiabatic harmonic approach for the ground state.

To analyze a calculated spectrum in more detail, we evaluate the mean (i.e., the first
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moment)
〈ω〉τ :=

∫
ωσ0(ω, τ)dω (5.28)

and width, measured by the standard deviation (i.e., the second central moment)

∆ωτ :=
√
〈ω2〉τ − 〈ω〉2τ , (5.29)

of the normalized spectral lineshapes [317, 318]

σ0(ω, τ) = σ(ω, τ)/ω∫
(σ(ω, τ)/ω)dω (5.30)

as functions of the delay time τ . The two spectral moments are closely related to the
properties of the nuclear wavepacket and its dynamics on the excited-state surface. The
mean is determined by the expectation value of the difference ∆V̂ between the excited and
ground potential energies [317]:

〈ω〉τ = 1
~
〈ψτ |∆V̂ |ψτ 〉, (5.31)

whereas the standard deviation of the spectrum is given by the standard deviation of ∆V̂
[317]:

∆ωτ = 1
~

√
〈ψτ |∆V̂ 2|ψτ 〉 − 〈ψτ |∆V̂ |ψτ 〉2 (5.32)

at time τ .

Within the local harmonic approximation for the potential and assuming the thawed
Gaussian wavepacket, one can analytically evaluate Eq. (5.31) for the spectral mean, to
obtain

〈ω〉LHAτ = 1
~

[
∆Vτ + 1

2Tr(∆V
′′
τ · Σ2

τ )
]
, (5.33)

and Eq. (5.32) for the spectral width, to obtain

∆ωLHA
τ = 1

~

[
(∆V ′τ )T · Σ2

τ ·∆V ′τ

+ 1
2Tr(∆V

′′
τ · Σ2

τ ·∆V ′′τ · Σ2
τ )
] 1

2
, (5.34)

where Σ2
τ = (2ImAτ/~)−1 is the position covariance matrix introduced in Eq. (2.7) and we

introduced shorthand notation

∆Vτ = ∆V (qτ ), (5.35)

∆V ′τ = ∆V ′(qτ ), (5.36)

∆V ′′τ = ∆V ′′(qτ ). (5.37)

If the two potentials have similar curvatures, i.e. ∆V ′′τ ≈ 0, the mean of the spectrum
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corresponds to the energy gap evaluated at the center of the Gaussian wavepacket, i.e.,

〈ω〉approx.τ = ∆Vτ/~, (5.38)

while Eq. (5.34) for the width reduces to

∆ωapprox.
τ = 1

~

√
(∆V ′τ )T · Σ2

τ ·∆V ′τ , (5.39)

showing that the width of the spectrum depends both on the width of the nuclear wavepacket
and the gradient of the energy gap evaluated at the center of the wavepacket. Equa-
tions (5.33) and (5.34) are exact for general harmonic potentials, while Eqs. (5.38) and
(5.39) are exact for displaced harmonic oscillators with the same force constants. In
addition, the evaluation of the four expressions for the mean and width does not require
running any probe trajectories; all that is needed is the excited-state thawed Gaussian
propagation and the additional information on the ground-state potential evaluated along
the excited-state trajectory.

Finally, let us point out that the broadening of spectra introduced as a decay of the
correlation function can affect the width of the spectra in a nonlinear way. In particular,
for the Gaussian broadening of the form exp(−αt2), Eqs. (5.34) and (5.39) for the widths
must be modified to

∆ωk,ατ = 1
~

√
(∆ωkτ )2 + 2α, (5.40)

where k stands for either “LHA” or “approx.”, depending on the level of approximation.
Equation (5.40) is used in the calculations presented below. See Appendices C.2 and C.3
for the derivations of the expressions for 〈ω〉τ and ∆ωτ given here.

5.4.1 On-the-fly ab initio time-resolved electronic spectrum of phenyl
radical

0

0.5

1

0

0.5

1

Figure 5.3: Time-resolved stimulated emission spectrum (left) and the pump-probe spec-
trum including both the stimulated emission and ground-state bleach (right) of phenyl
radical evaluated with the on-the-fly ab initio thawed Gaussian approximation. Both
spectra were rescaled according to the maximum of the time-resolved spectrum in the right
panel.

The time-resolved stimulated emission spectrum (Fig. 5.3) shows oscillations over a broad
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range of frequencies—a 20000 cm−1 window has to be probed to capture all the features.
Although the absorption spectrum covers only about 5000 cm−1, the mean of the time-
resolved stimulated emission spectrum moves according to the energy gap between the two
electronic states [Eq. (5.31)], thus covering different frequency regions. These oscillations
reflect directly the dynamics of the wavepacket on the excited-state surface: As the
wavepacket leaves the Franck–Condon region, the energy gap decreases, shifting the
spectrum toward lower frequencies. Along with the oscillations in the mean frequency
of the spectrum, the vibrational resolution also changes periodically as a function of the
delay time. In particular, as the wavepacket moves away from the Franck-Condon region,
the spectra become broader and less resolved. The period of ≈ 36 fs observed in the
time-resolved spectrum corresponds to the frequency of the most-displaced mode in the
excited electronic state (924 cm−1). Similar observations, namely the high-amplitude
oscillations of the time-resolved stimulated emission spectra and nearly constant ground-
state bleach signal, have been found in calculations based on harmonic models [317, 326]
and in experiments [298, 302].

Spectra Local harmonic approximation □ ΔHessV≈ 0



























































0 50 100 150

5000

15000

25000

〈ω
〉 τ

[c
m

-
1 ]




































































0 50 100 150

2000

2500

3000

Time [fs]

Δ
ω
τ
[c
m

-
1 ]

Figure 5.4: Means (top panel) and widths (measured by the standard deviation, bottom
panel) of the time-resolved stimulated emission spectra: blue lines are computed from
the spectra, using the general definitions of the mean [Eq. (5.28)] and standard deviation
[Eq. (5.29)], the green dots are evaluated from the semiclassical trajectory within the local
harmonic approximation [Eq. (5.33) and Eq. (5.40) with k ≡ “LHA”], and the green empty
squares are evaluated from the semiclassical trajectory using Eq. (5.38) for the means and
Eq. (5.40) with k ≡ “approx.” for the widths.

The means and widths of the spectra can be reproduced directly from the parameters of the
wavepacket and the difference between the ground- and excited-state potentials. Figure 5.4
shows that the means and widths of the spectra are almost perfectly reproduced within
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the local harmonic approximation, while slightly larger errors are observed with further
approximating ∆HessqV ≈ 0. Since the spectra themselves are computed within the local
harmonic approximation, the means and widths evaluated from wavepacket properties
using Eqs. (5.33) and (5.40) with k ≡ “LHA” should, indeed, match exactly the means and
widths calculated from spectra [using Eqs. (5.28) and (5.29)]; however, slight numerical
errors result in differences of the order of 80 cm−1 for the means and 40 cm−1 for widths.
The errors due to neglecting the difference between the Hessians of the two potential
energy surfaces are an order of magnitude greater (≈ 800 cm−1 for the means and ≈ 300
cm−1 for the widths). Nevertheless, both the means and widths are well described even
within this additional approximation. Although the two moments do not represent the full,
vibrationally resolved spectra completely, they are very useful for describing low-resolution
electronic spectra or spectra, where the vibrational resolution is lost (e.g. in solution).
Finally, we show that including the difference between the Hessians of the two potentials
modifies the results only slightly; the main determinant of the time dependence of the
spectral means is the energy gap evaluated along the classical trajectory, while the spectral
widths require only the differences between the gradients of the two surfaces.

5.4.2 Comparison with the global harmonic methods

The on-the-fly approach is the most costly, but also the most accurate [148, 149, 173], of the
three methods discussed here. The least expensive of the three methods and also the most
commonly used approach for evaluating absorption and emission spectra is the adiabatic
harmonic approximation, in which the ground- and excited-state potentials are expanded
to the second order about the corresponding minima. When accurate, this approximation
reduces the computational cost by avoiding the evaluation of multiple Hessians. Since the
pump-probe spectrum is determined by the dynamics on both potential energy surfaces,
one can also consider combining the on-the-fly and global harmonic methods. For example,
if excited-state dynamics is not feasible due to the size of the system and/or if the excited-
state potential energy surface is well approximated by a harmonic potential, one can use
the on-the-fly method only for the ground-state dynamics. In contrast, if the number of
the ground-state trajectories is the bottleneck for evaluating the full time-frequency map,
the on-the-fly ab initio trajectory may be computed only for the excited state, and the
ground-state surface approximated by a harmonic potential. This “combined” approach is
the third of the methods whose merits are analyzed in Fig. 5.5.

The differences observed in Fig. 5.5 between the global harmonic and more accurate on-
the-fly spectra can be assigned to the anharmonicity effects, which play a role at all probe
delay times. When the wavepacket is far from the Franck–Condon region, the vibrational
resolution is lost, so the difference can be described by the means and widths of the spectra
(see Fig. 5.5, left panels, and Fig. 5.6). In contrast, when the wavepacket returns to the
initial position, the differences are in the relative intensities of the individual vibronic peaks
(see Fig. 5.5, right panels). This pattern is repeated over time and follows the oscillatory
motion of the wavepacket. The errors are, however, enhanced at later times due to
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Figure 5.5: Time-resolved stimulated emission spectra of phenyl radical, evaluated using
on-the-fly ab initio thawed Gaussian approximation (TGA), global harmonic, and combined
on-the-fly/global harmonic methods, are shown at different delay times τ of the probe
pulse. All spectra are scaled by the maximum of the on-the-fly spectrum at zero delay. In
addition, as done previously in Ref. [173], we introduce frequency shifts by matching the
absorption spectra with the experiment: −297 cm−1 for the global harmonic spectrum and
−437 cm−1 for the on-the-fly and combined on-the-fly/global harmonic spectra.

accumulation of the anharmonicity effects during the dynamics on the excited-state surface.
Nevertheless, the global harmonic approximation offers a decent description of the means
and widths of the spectra, but at a cost of losing the accuracy of the frequency-resolved
features. Interestingly, opposite results are obtained with the combined on-the-fly/global
harmonic approach (see Fig. 5.6), which fails to reproduce the on-the-fly means and widths
of the spectra at times when the wavepacket is far from the Franck–Condon region, while
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Figure 5.6: Means (top panel) and widths (bottom panel) of the time-resolved spectra
evaluated with the on-the-fly thawed Gaussian approximation (TGA), global harmonic,
and combined approaches.

describing almost perfectly the vibrationally resolved spectra when the wavepacket is in the
vicinity of the initial position. This can be understood easily: When the wavepacket returns
to the Franck–Condon region, it is near the ground-state minimum, where the ground-state
potential is well described by the global harmonic approximation. At the other turning
point, far from the Franck–Condon region, the lack of anharmonicity in the global harmonic
approximation of the ground-state potential leads to the underestimation of the energy
gap between the two surfaces, and, consequently, shifts the combined on-the-fly/global
harmonic spectrum toward lower frequencies. This does not happen when global harmonic
models are applied to both surfaces because the errors due to omitting anharmonicity in
both potential energy surfaces cancel out approximately.

5.4.3 Comparison with the exact solution of a one-dimensional model

Due to the Gaussian ansatz, the thawed Gaussian approximation can break down at the
turning points, where the wavepackets tend to become very asymmetrical and oscillatory.
Such effects are difficult to investigate using steady-state spectra, which are determined by
the autocorrelation function and, therefore, probe the wavepacket’s shape only near the
Franck–Condon region. Time-resolved spectroscopy poses another challenge to wavepacket
propagation methods: when the probe pulse at time τ sends the nuclear wavepacket
from the excited state back to the ground state, the wavepacket often reaches regions
of higher anharmonicity than in the case of linear, spontaneous or stimulated emission

71



Chapter 5. On-the-fly ab initio semiclassical evaluation of time-resolved
electronic spectra

spectroscopy. To investigate the accuracy of the thawed Gaussian approximation throughout
the wavepacket propagation, we constructed a simplified one-dimensional model based on
the ab initio data for the ground- and excited-state energies of the phenyl radical. The
model potential depends only on the most displaced vibrational mode, neglecting the
coupling to and dynamics in all other modes. Clearly, such a simplified model cannot
describe all spectral features; however, the goal of these calculations is to provide a similar
extent of anharmonicity—which is why we base it on the ab initio data—while allowing for
a simple interpretation of the results. Another motivation for the one-dimensional model
is the simple structure of the pump-probe spectra in Fig. 5.5 based on full-dimensional
calculations; at first sight, the single dominant progression suggests that only one degree
of freedom may be responsible for the major features of the spectra. Exact quantum
calculations for the one-dimensional model, whose details are available in Appendix C.4,
will help shed light on this apparent simplicity.
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Figure 5.7: Time-resolved spectra of the one-dimensional model of phenyl radical evaluated
using the exact quantum dynamics, on-the-fly thawed Gaussian approximation (TGA),
and global harmonic approach. Probe delay times are taken as to follow the wavepacket
motion during one period of ≈ 36 fs between the second and third recurrences.

Figure 5.7 compares the time-resolved spectra of the one-dimensional model evaluated with
the exact quantum dynamics, on-the-fly thawed Gaussian approximation, and adiabatic
global harmonic approach. The spectra are presented at the probe delay times which follow
the wavepacket during one period of oscillation between the second and third recurrences,
i.e., after a rather long anharmonic dynamics on the excited-state surface. The thawed
Gaussian approximation performs very well at this level of anharmonicity and for the given
time scales, almost perfectly reproducing the exact spectra at all probe delay times, even at
times when the wavepacket is far from the Franck–Condon region. Such accuracy requires
that the excited-state wavepacket be well described by a Gaussian—indeed, we find only
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minor difference between the exact and thawed Gaussian wavepackets (see Fig. C.2 of
Appendix C.5). In contrast to the thawed Gaussian approximation, the global harmonic
model fails to recover the exact result. Although the global harmonic model yields only
slightly incorrect peak intensities in the steady-state absorption spectrum (see Fig. C.3
of Appendix C.5), these differences are enhanced in the time-resolved spectra of Fig. 5.7,
confirming that pump-probe spectroscopy is a more challenging task for approximate
methods.
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Figure 5.8: Time-resolved spectra of the modified Morse potentials with increased anhar-
monicity, defined in Appendix C.6. Analogue of Fig. 5.7.

The spectra of Fig. 5.7 exhibit a similar pattern as the full-dimensional calculations in
Fig. 5.5, namely the periodic spreading and narrowing of the spectra, as well as the
time-dependent displacement of the spectra following the energy gap between the two
surfaces. Nevertheless, the spectral features differ substantially from those observed in the
full-dimensional calculation (Fig. 5.5). First, the one-dimensional model cannot reproduce
the loss of vibrational resolution at the delay times when the wavepacket is far from the
Franck–Condon region. Second, the broad baseline of the spectra computed using the
full-dimensional approach is missing. Third, the double-headed progression, found in the
steady-state absorption spectrum of the phenyl radical [316] and observed at some delay
times (e.g. at τ = 72 fs, see Fig. 5.5) does not appear in the one-dimensional results.

Finally, to probe the limits of the thawed Gaussian approximation, we constructed a
more challenging example, where the parameters of the Morse potential were modified in
order to enhance the anharmonicity. Whereas the resulting thawed-Gaussian spectra (see
Fig. 5.8) are still qualitatively correct, they do differ from the exact spectra due to the
increased anharmonicity. The thawed Gaussian approximation provides good estimates of
the center and width of the wavepacket evolving in the excited electronic state (see Fig. C.4
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of Appendix C.6); however, even the minor differences between the exact and thawed
Gaussian wavepackets affect the propagation on the ground-state surface. As expected, the
differences in the propagated wavepackets arise due to the inability of the thawed Gaussian
approximation to describe the asymmetric deformations of the wavepacket evolved in an
anharmonic potential. The time-resolved spectrum evaluated using the adiabatic harmonic
model fails completely, even though its linear absorption spectrum agrees with the exact
result at least qualitatively (see Fig. C.5 of Appendix C.6). In summary, these results
confirm that the thawed Gaussian approximation starts to break down much later than
does the global harmonic approach; in particular, the thawed Gaussian approximation
can remain valid in realistic anharmonic systems, in which the global harmonic approach
already fails even qualitatively.

5.5 Conclusion

To conclude, we presented an efficient on-the-fly ab initio method for computing the
vibrational structure of time-resolved electronic spectra. The method, based on thawed
Gaussian approximation, does not require expensive construction of potential energy
surfaces and is, therefore, applicable to high-dimensional problems. In addition, the method
avoids making assumptions about the global shape of the potential energy surfaces and
uses only local dynamical information. However, the inherent and severe approximation,
assuming a Gaussian form of the wavepacket, is expected to fail in more anharmonic
potentials. Therefore, we complemented our ab initio calculations of the time-resolved
spectra of the phenyl radical by comparing the thawed Gaussian approximation with the
exact solution of a one-dimensional model based on the most-displaced vibrational mode
of the phenyl radical. The one-dimensional results supported the ab initio calculations by
confirming (i) that the thawed Gaussian approximation remained valid in a one-dimensional
system with comparable anharmonicity and (ii) that the on-the-fly ab initio spectra could
only be reproduced by including multiple degrees of freedom and couplings between them.

To evaluate the effect of anharmonicity on the pump-probe spectra, we compared the on-the-
fly approach with two approximate methods based on the global harmonic approximation.
The results confirm that the anharmonicity of the excited-state potential has different effects
on the spectrum depending on the probe delay time. At delays for which the wavepacket
is near the Franck–Condon region, the anharmonicity influences the relative intensities of
well-resolved vibronic peaks. In contrast, for delays for which the wavepacket is located
far from the initial geometry, the vibrational resolution is lost and the anharmonicity
only modifies the mean and width of the spectrum. Interestingly, the two approximate
approaches—one assuming quadratic potential for both surfaces and the other using the
global harmonic approximation only for the ground electronic state—break down in different
regimes depending on the position of the nuclear wavepacket at the probe delay time. The
combined on-the-fly/global harmonic method presented here serves as a measure of the
anharmonicity effects in both potential energy surfaces; while the on-the-fly and global
harmonic approaches give qualitatively similar results, indicating only minor anharmonicity
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of the potential energy surfaces, the combined approach breaks down completely for time
delays when the wavepacket is far from the Franck–Condon point, thereby confirming
that the global harmonic approximation only works due to the cancellation of errors.
These insights, provided by the full-dimensional calculations based on the on-the-fly ab
initio thawed Gaussian approximation, can aid in building more computationally efficient
approaches to evaluating time-resolved spectra with high accuracy and minimal human
input.
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6 On-the-fly ab initio semiclassical
evaluation of third-order response
functions for two-dimensional
electronic spectroscopy

Ab initio computation of two-dimensional electronic spectra is an expanding field, whose
goal is to improve upon crude, few-dimensional models that are often employed to explain
experiments. Here, we extend the on-the-fly semiclassical approach of Chapter 5 to
compute full third-order response functions Rα(t3, t2, t1). By doing so, we develop an
accurate and computationally affordable approach to evaluate two-dimensional electronic
spectra. Importantly, the method is exact for arbitrary harmonic potentials with mode
displacement, changes in the mode frequencies, and intermode coupling (the Duschinsky
effect), but can also partially account for the anharmonicity of the potential energy surfaces.
We test its accuracy on a set of model Morse potentials and use it to study anharmonicity
and Duschinsky effects on the linear and two-dimensional electronic spectra of phenol.
We find that the anharmonicity effects are weak in this molecule, while the Duschinsky
rotation and changes in the mode frequencies must be included in accurate simulations.
In contrast, the widely used displaced harmonic oscillator model captures only the basic
physics of the problem but fails to reproduce the correct vibronic lineshape.

The content of this Chapter has been adapted from Ref. [328].

6.1 Introduction

To track the ultrafast photoinduced dynamics of molecules on femtosecond time scales, a
range of time-resolved and two-dimensional spectroscopic techniques have been developed.
The complex signals obtained in these experiments are, however, difficult to interpret
without the help of theoretical modeling [44, 329–339].

Most models for two-dimensional electronic spectra treat the electronic states as the
system and include nuclear dynamics only approximately, as bath effects. The simplest
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approach assumes that nuclear degrees of freedom induce a Gaussian-like or Lorentzian-like
broadening and completely neglects the coherent nuclear dynamics. Such models are
appropriate only if the coherent dynamics is strongly suppressed by the surrounding solvent
dynamics. To account for inhomogeneous (static) broadening, the energy gap between the
electronic states can be averaged over snapshots of different arrangements of the environment
[340–342]. Alternatively, a swarm of trajectories can be used in Kubo-type calculations,
where each trajectory is equipped with a phase obtained from the time integral of the energy
gap between the involved electronic states along the trajectory, and the correlation functions
are averaged over the full ensemble [221, 343–347]. These approaches are also known as
phase averaging [23], Wigner-averaged classical limit [348–350], or dephasing representation
[215, 351, 352]. Such methods are accurate when the curvatures of different potential
energy surfaces are similar and in the limit of strong dephasing (i.e., for short times).
However, even in such cases, if the on-the-fly dynamics is performed with ab initio electronic
structure methods, evolving the full ensemble of classical trajectories can quickly become
prohibitively expensive. The multimode Brownian oscillator model [23, 321, 353–355],
which considers a few primary harmonic modes coupled to a large number of low-frequency
bath oscillators, can be used to account for both intramolecular and intermolecular nuclear
dynamics in two-dimensional spectroscopy. In this model, the spectra can be computed
analytically; moreover, the parameters of the model can be computed efficiently from
a single ab initio classical trajectory, as demonstrated in Refs. [356, 357]. This allows
electronic structure computations to be performed at a high level of theory, using, for
example, post-Hartree–Fock multiconfigurational wavefunction methods. However, the
approach is limited to modeling the molecule as a set of uncoupled displaced harmonic
oscillators. Such a simple description is inadequate in systems that exhibit strong mode-
mode coupling, changes in the force constants between the ground and excited electronic
states, or anharmonicity effects. Fidler and Engel [358] used the approximate third-order
cumulant expansion to propose a generalization to a set of uncoupled harmonic oscillators
with both displacement and a possible change in the force constant. Recently, third-order
cumulant expansion was also studied as an approximate way of including the Duschinsky
effect in linear [359] and nonlinear [360] spectra.

There has been little development in the ab initio simulation of two-dimensional electronic
spectra beyond the standard semiclassical methods or displaced harmonic models. To
account for anharmonicity effects [44, 336] or more general coupled oscillators, compu-
tationally expensive exact quantum dynamics methods must be used [361–366], such as
different flavors of the multiconfigurational time-dependent Hartree method [367, 368] or
the hierarchical equations of motion [369, 370]. These methods require pre-computation
of the full potential energy surfaces and are not suitable for a first-principles on-the-
fly implementation. First-principles multi-trajectory semiclassical approaches [114, 118–
120, 211, 371–375] and direct quantum dynamics methods, which often use multiple
Gaussians [94, 100, 101, 103, 109, 111, 211, 376, 377] (also called coherent or Davydov
states [332, 378–380]) to represent the evolving wavepacket, are impractical due to the
large number of ab initio evaluations required.
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Here, we propose an efficient semiclassical method to evaluate vibrationally resolved
two-dimensional electronic spectra. The approach, based on Heller’s single-trajectory
thawed Gaussian approximation [150], accounts for intermode coupling, changes in the
force constants, and, at least partially, for the anharmonicities of the ground- and excited-
state potential energy surfaces. First, we study how the accuracy of the method depends
on the degree of anharmonicity in the one-dimensional Morse system. The results are
compared with the exact benchmark and the harmonic approximation, which neglects
the anharmonicity completely. Second, we analyze the effects of Duschinsky coupling and
anharmonicity on the linear absorption and two-dimensional spectra of phenol.

6.2 Theory

In Chapter 5, we introduced the third-order response function R(t3, t2, t1) [Eq. (5.2)] and
the associated three-time correlation functions [Eqs. (5.3)–(5.6)]. While the evaluation of
the impulsive pump-probe spectra requires only a cut through these correlation functions
at t1 = 0, here, for two-dimensional spectroscopy, we need R(t3, t2, t1 6= 0). In this Section,
we first show how these correlation functions can be computed with the wavepacket-based
thawed Gaussian approximation in the zero-temperature limit. Second, we outline the
main equations that relate impulsive two-dimensional electronic spectra to R(t3, t2, t1).

6.2.1 Zero-temperature limit: Wavepacket picture

In the zero-temperature limit, we assume that only the ground (“g”) vibrational state |1, g〉
of the ground electronic state is populated initially, i.e., ρ̂ = |1, g〉〈1, g|. Then, we may
rewrite Eq. (5.10) in terms of nuclear wavepackets:

Ci(τa, τb, τc) = 〈1, g|µ̂12e
iĤ2τa/~µ̂2ie

iĤiτb/~µ̂i2e
−iĤ2τc/~µ̂21e

−iĤ1(τa+τb−τc)/~|1, g〉 (6.1)

= 〈1, g|µ̂12e
iĤ2τa/~µ̂2ie

iĤiτb/~µ̂i2e
−iĤ2τc/~µ̂21|1, g〉e−iω1,g(τa+τb−τc) (6.2)

= 〈1, g|µ̂12e
iĤ′2τa/~µ̂2ie

iĤ′iτb/~µ̂i2e
−iĤ′2τc/~µ̂21|1, g〉 (6.3)

= 〈φ(i)
τb,τa
|φ(i)

0,τc〉, (6.4)

where ~ω1,g = 〈1, g|Ĥ1|1, g〉, Ĥ ′i = Ĥi − ~ω1,g, and

|φ(i)
τ,t〉 = e−iĤ

′
iτ/~µ̂i2e

−iĤ′2t/~µ̂21|1, g〉. (6.5)

The result (6.4) has an appealing interpretation in terms of bra and ket wavepackets, which
we represent pictorially for the (rephasing) ground-state bleach contribution C1(t1, t2+t3, t3)
in Fig. 6.1. The bra wavepacket is first evolved in the excited electronic state for a time
τa = t1 and then for a time τb = t2 + t3 in the ground state, where it is a non-stationary
wavepacket due to the initial t1 dynamics on the excited-state potential energy surface.
The ket wavepacket “waits” during the t1 and t2 times and is only evolved for a time
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Figure 6.1: Evolution of the bra (a, dotted line) and ket (b, solid line) wavepackets of
Eq. (6.4) with τa = t1, τb = t2 + t3, and τc = t3; their overlap (c) is the ground-state bleach
term C1(t1, t2 + t3, t3).

τc = t3 in the excited-state. This simple picture has been discussed in the literature in the
context of pump-probe [317] and two-dimensional [361] spectroscopy. In general, during
the t1 (coherence) and t3 (detection) times, the bra and ket wavepackets evolve on different
potential energy surfaces, i.e., the system is in a state of electronic coherence; during t2,
also called population or waiting time, both nuclear wavepackets are in the same electronic
state, i.e., the system is in an electronic population state [321].

The evaluation of Rα functions [Eqs. (5.3)–(5.6)] requires only one excited-state wavepacket
evolution up to time t1 + t2 + t3 and, in addition, wavepackets propagated in the ground
electronic state (for the stimulated emission and ground-state bleach terms) or in a higher
excited electronic state (for the excited-state absorption), starting from the snapshots
along the excited-state trajectory. Since such calculations would be difficult to perform
with multiple-trajectory direct dynamics methods, we employ the efficient, single-trajectory
thawed Gaussian approximation. As discussed in Chapter 5, we first compute a longer
excited-state trajectory and then run the “probe” trajectories in parallel (see Fig. 5.2).
However, in contrast to the impulsive pump-probe spectroscopy, where the delay between
the probes can be chosen arbitrarily and is not related to the frequency resolution of the
spectrum, in two-dimensional spectroscopy we must use small delays between the probe
trajectories; this is discussed in more detail in Sec. 6.3. In the following, we neglect the
excited-state absorption terms C3(τa, τb, τc) and focus only on the ground-state bleach and
stimulated emission contributions.

6.2.2 Two-dimensional electronic spectroscopy

A variety of different third-order experiments can be simulated through the computation
of the response function (5.2) [23]. For example, the full response function is needed
for evaluating transient absorption spectra with finite-duration pulses [326]. Here, we
assume the ultrashort and nonoverlapping pulse approximations, neglect the excited-state
absorption process, and focus on the rephasing and nonrephasing spectra [321],

S̃R(ω3, t2, ω1) = Re
∫ ∞

0
dt3e

iω3t3

∫ ∞
0

dt1e
−iω1t1SR(t3, t2, t1), (6.6)

S̃NR(ω3, t2, ω1) = Re
∫ ∞

0
dt3e

iω3t3

∫ ∞
0

dt1e
iω1t1SNR(t3, t2, t1), (6.7)
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which are defined through

SR(t3, t2, t1) = R2(t3, t2, t1) +R3(t3, t2, t1), (6.8)

SNR(t3, t2, t1) = R1(t3, t2, t1) +R4(t3, t2, t1). (6.9)

In a more general setting with finite pulses, the two-dimensional spectra are computed from
the time-dependent polarization (5.1), which involves explicitly the electric fields [321, 381].
In the results of this Chapter, we evaluate the spectra at zero time delay (t2 = 0); the
evaluation of spectra at t2 > 0 follows the same procedure as depicted in Fig. 6.1 (see
Chapter 7).

To analyze the accuracy of different approximate approaches, we introduce the spectral
contrast angle

cos θ = S(ref) · S
‖S(ref)‖‖S‖

, (6.10)

between the reference [S(ref)] and approximate (S) spectra, where

S(1) · S(2) =
∫
dω1

∫
dω3S

(1)(ω3, ω1)S(2)(ω3, ω1) (6.11)

is the inner product of two two-dimensional spectra and ‖S‖ =
√
S · S is the associated

norm.

6.3 Computational details

6.3.1 One-dimensional models: Harmonic and Morse potentials

An arbitrary one-dimensional harmonic potential,

VHarmonic(q;Veq, qeq, ω) = Veq + 1
2mω

2(q − qeq)2, (6.12)

is described by the equilibrium position qeq, energy at the minimum Veq, and frequency ω.
We set the mass m = 1 in all of our model calculations. Let us also define a one-dimensional
Morse potential,

VMorse(q;Veq, qeq, ω, χ) = Veq + ω

4χ [1− e−
√

2mωχ(q−qeq)]2, (6.13)

in terms of the anharmonicity parameter χ and the parameters Veq, qeq, and ω, which
relate to the harmonic potential (6.12) fit to the Morse potential at qeq.

We construct a set of one-dimensional systems composed of the ground-state harmonic
potential,

V1(q) = VHarmonic(q;V1,eq = 0, q1 = 0, ω1 = 1) (6.14)
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and the excited-state Morse potentials,

V2(q) = VMorse(q;V2,eq = 0, q2 = 1.5, ω2 = 0.9, χ), (6.15)

of variable anharmonicity χ ranging from 0.006 to 0.02. The initial vibrational state, i.e.,
the ground vibrational state of the ground electronic state, is a Gaussian due to the ground-
state harmonic potential. The exact two-dimensional electronic spectra are compared to
approximate spectra evaluated either with the harmonic approximation or with the thawed
Gaussian approximation. Within the harmonic approximation, the excited-state Morse
potential is replaced by the harmonic potential

V2(q) ≈ VHarmonic(q;V2,eq, q2, ω2). (6.16)

Note that the harmonic result does not depend on the anharmonicity parameter χ of the
Morse potential.

Next, we compare the harmonic and thawed Gaussian approximations for a one-dimensional
system composed of two Morse potentials

V1(q) = VMorse(q;V1,eq, q1, ω1, χ = 0.01), (6.17)

V2(q) = VMorse(q;V2,eq, q2, ω2, χ = 0.01), (6.18)

with the same degree of anharmonicity. The exact initial state is no more a Gaussian.
However, in the thawed Gaussian simulations, we approximate it by the vibrational ground
state of the harmonic potential (6.14) fitted to the ground-state Morse potential (6.17) at
its minimum. The harmonic approximation replaces both ground-state and excited-state
potential energy surfaces by the harmonic potentials; the result is the same as for the
harmonic-Morse system described above.

Wavepacket propagation was performed for 150 steps in both t1 and t3 times and with
a time step of 0.2. The transition dipole moment was set to 1 (Condon approximation).
Correlation functions R1, R2, R3, and R4 were multiplied by a Gaussian damping function
exp[−a(t21 + t23)] with a = 0.014427, resulting in the Gaussian broadening (half-width at
half-maximum of 0.2) of the spectra along both frequency axes. The exact spectra were
computed in the eigenstate representation, which is feasible for these one-dimensional
systems since both harmonic and Morse eigenfunctions are known [382]; the associated
Franck-Condon overlaps were computed numerically.

6.3.2 On-the-fly ab initio calculations

The electronic structure of phenol was modeled using the density functional theory with
the PBE0 functional and 6-311G(d, p) basis set, as implemented in the Gaussian 16
quantum chemistry package [294]. Excited-state calculations were performed with the time-
dependent density functional theory. This choice of electronic structure theory provides
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Table 6.1: Computational details and cost [in central processing unit (CPU) time] of ab
initio calculations in the ground and the first excited electronic states of phenol. At each
propagation step, Gaussian 16 program [294] was used to calculate the energy, gradient,
and Hessian. The excited-state trajectory was launched on 8 Intel Xeon W-2145 cores,
each running at 3.7 GHz, and the calculation finished within two days. Ground-state
trajectories were launched on a high performance computing cluster with nodes consisting
of two Intel processors (either two Xeon E5-2690 v4 or two Xeon 6132) running at 2.6
GHz with 14 cores each (a total of 28 cores per node). Each ground-state trajectory used 4
cores to perform ab initio calculations and the trajectories were launched in parallel on
multiple nodes. Overall, all ground-state calculations finished within two days.

Excited state Ground state

Number of trajectories 1 500
Number of steps 1000 500
Average CPU time per step 1270 s 415 s
Total CPU time 15 days 1200 days

ground-state frequencies similar to those computed at the MP2/aug-cc-pVDZ level (see
Table D.2 of Appendix D and Ref. [383]) and transition energies along the excited-state
trajectory that agree, up to an approximately constant shift (which results only in a
shift of the computed spectrum but does not affect its shape), to those evaluated at the
EOM-CCSD/6-311G(d, p) level (Fig. D.1 of Appendix D). A single ab initio excited-state
trajectory was run for 1000 steps starting from the ground-state optimized geometry;
subsequent ground-state classical trajectories were propagated for 500 steps. Overall, the
calculations allow the evaluation of the correlation functions with 500 steps in both t1 and
t3 delay times; t2 delay was set to zero. All dynamics simulations used a time step of
0.25 fs and a standard second-order Verlet integrator. The ab initio calculations evaluated
not only the energies and gradients at each step but also the Hessians of the electronic
energy (see Table 6.1 for a detailed computational cost analysis). These potential energy
data were transformed to ground-state normal mode coordinates and used to propagate
the 33-dimensional wavepacket according to Eqs. (1.24)–(1.27). After evolving the ground-
and excited-state Gaussian wavepackets, the correlation functions were computed using
Eqs. (5.3)–(5.6) and (6.4).

To construct the harmonic model, also known as the generalized Brownian oscillator
model [359], of phenol, an additional Hessian was computed at the optimized excited-state
geometry. This corresponds to the so-called adiabatic Hessian or adiabatic harmonic model
[26, 134]. Two more approximate models were also studied: The uncoupled harmonic model
was obtained by neglecting the off-diagonal terms of the excited-state Hessian expressed
in terms of the ground-state normal modes. The displaced harmonic oscillator model,
also called the Brownian oscillator model, was constructed by replacing the excited-state
Hessian in the adiabatic harmonic model by the ground-state Hessian; this specific way
of constructing the displaced harmonic oscillator parameters is called the adiabatic shift
approach [26, 134]. When applied to any of these different harmonic potentials, the
thawed Gaussian propagation is exact and enables an efficient evaluation of linear and
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two-dimensional spectra. Although explicit expressions are available for the evaluation
of linear absorption and emission spectra of harmonic systems [76], no such analytical
approaches have been presented for the two-dimensional spectra of arbitrarily shifted,
distorted, and rotated harmonic potentials.

Spectra simulations assumed Condon approximation for the transition dipole moment.
Linear absorption spectra were computed from the first 500 steps of the excited-state
wavepacket autocorrelation function (see Fig. D.2 of Appendix D, where the convergence is
confirmed, and Ref. [26] for more details) and were broadened by a Gaussian with half-width
at half-maximum of 120 cm−1; same broadening was used for the two-dimensional spectra
along both ω1 and ω3 frequency axes. Broadening due to direct system-bath interactions
was neglected. The system-bath coupling would be needed for spectra at later delay times
t2 > 0, as the system would have time to relax and dissipate energy to the environment; we
assume that the response functions with t2 = 0 and t1, t3 < 125 fs are only weakly affected
by the system-bath coupling.

Supporting data can be found in Ref. [384].

6.4 Results and discussion

6.4.1 Model potentials

Harmonic-Morse system

Two-dimensional spectra for the harmonic ground-state potential and Morse excited-state
potential are shown in Fig. 6.2. The exact nonrephasing spectrum appears only along the
diagonal, whereas the rephasing spectrum exhibits a characteristic checkerboard pattern
due to vibronic transitions that involve various ground- and excited-state vibrational states.
Already at first sight, it is clear that the spectra evaluated within the thawed Gaussian
approximation reproduce the exact spectra well, which is not the case for the harmonic
results. The nonrephasing harmonic spectrum flattens out at higher frequencies (spectral
region A indicated in the top right panel of Fig. 6.2), unlike the exact and thawed Gaussian
spectra, which exhibit clear vibronic peaks at these frequencies. Similar effects are seen
in the rephasing spectra, mostly in the spectral region labeled B (see Fig. 6.2, bottom
right). Again, the exact spectrum is composed of a long vibronic progression up to ω3 = 6,
which, in the harmonic approximation, is truncated around ω3 = 4. In the region C,
the harmonic spectrum is missing negative vibronic peaks, which are reproduced well
by the thawed Gaussian approximation. The thawed Gaussian approximation, however,
suffers from another form of error: as in linear spectroscopy (see, e.g., Ref. [149]), artificial
negative peaks may also appear in the two-dimensional spectra, which is most obvious in
the nonrephasing spectrum of Fig. 6.2 around (ω1, ω3) ≈ (−1,−1).

We now compare the exact and approximate spectra at different levels of anharmonicity
by measuring the error (see Fig. 6.3) through the spectral contrast angle [Eq. (6.10)].
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Figure 6.2: Exact, thawed Gaussian, and harmonic two-dimensional electronic spectra
for the harmonic-Morse system described in Sec. 6.3.1 with the anharmonicity of the
excited-state Morse potential χ = 0.01. Spectral regions A, B, and C, discussed in the text,
are indicated on the harmonic spectra.

The thawed Gaussian approximation exhibits smaller errors in the computed spectra
than the harmonic approximation at all levels of anharmonicity and for both rephasing
and nonrephasing spectra. As expected, the accuracy of both approximate approaches
deteriorates as the anharmonicity of the system increases.

Morse-Morse system

Two-dimensional rephasing spectra of the system composed of two Morse potentials, both
with the anharmonicity parameter χ = 0.01, are shown in Fig. 6.4. As in the harmonic-
Morse system, the errors of the harmonic spectrum are observed in the spectral regions
B and C; the accuracy of the thawed Gaussian spectrum is not much affected by the
additional anharmonicity in the ground-state potential surface. To analyze further the
two approximate methods, we inspect one-dimensional cuts of the two-dimensional spectra
along two different values of ω1 frequency (Fig. 6.5). We see clearly that the thawed
Gaussian approximation recovers the positions and intensities of the vibronic peaks both
at low ω1 ≈ 1 and high ω1 ≈ 4 frequencies. Harmonic results recover qualitatively the
spectral cut at the lower ω1 frequency (Fig. 6.5, top) but fail to recover the vibronic peaks
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Figure 6.3: Errors of the thawed Gaussian and harmonic spectra of the harmonic-Morse
system, measured by the spectral contrast angles [Eq. (6.10)] at different values of the
anharmonicity parameter χ.

Figure 6.4: Exact, thawed Gaussian, and harmonic rephasing spectra of the Morse-Morse
system described in Sec. 6.3.1 (anharmonicity χ = 0.01).
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at the higher ω1 frequency (Fig. 6.5, bottom). Notably, the negative peak at ω3 ≈ −1
is missing in the spectrum calculated within the harmonic approximation. Such errors
could, in practice, seriously affect the interpretation of the experiments. One of the main
challenges in two-dimensional electronic spectroscopy is to assign spectral features to either
vibrational or electronic degrees of freedom [385–387]. If the simulation, for example,
based on a model harmonic potential, cannot reproduce the vibronic peaks found in the
experimental spectra, these peaks might end up incorrectly assigned to another electronic
state or another excitation process.
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Figure 6.5: One-dimensional cuts of the two-dimensional spectra of Fig. 6.4 at ω1 ≈ 1 (top)
and ω1 ≈ 4 (bottom).

6.4.2 Two-dimensional electronic spectrum of phenol

Phenol is an ultraviolet chromophore present in proteins as the residue of the naturally
occurring amino acid tyrosine. Recently, accurate electronic structure methods were
employed to simulate its two-dimensional electronic spectrum [390, 391] in an attempt to
explore theoretically the capabilities of this spectroscopic technique to resolve the features
specific to chromophore-chromophore interactions in oligopeptides and, more generally,
in proteins [341, 392]. These recent calculations included multiple electronic states but
neglected the vibronic structure of the individual electronic transitions. Here, we present a
complementary result: we focus only on the ground and first excited electronic states, i.e.,
we neglect the excited-state absorption process, but study in detail the vibronic lineshape
of the ground-state bleaching/stimulated emission signal. The methods we use neglect
the nonadiabatic effects; this is an acceptable approximation for the dynamics in the first
excited state of phenol, as demonstrated by the exact quantum simulations performed on a
vibronic-coupling Hamiltonian model of phenol [383].
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Figure 6.6: Experimental linear absorption spectrum of Ref. [388] (data extracted with
WebPlotDigitizer [389]) and the spectra computed with the on-the-fly ab initio thawed
Gaussian approximation, harmonic approximation, uncoupled harmonic model (“Uncou-
pled”), and displaced harmonic oscillator (DHO) model. For ease of comparison, the
computed spectra are shifted in frequency and scaled in intensity so that they all match at
the maximum of the experimental spectrum (see Sec. D.4 of Appendix D for details).

The linear absorption spectrum of phenol was computed with four different approximate
methods: the on-the-fly ab initio thawed Gaussian approximation, harmonic approximation,
uncoupled harmonic model, and displaced harmonic oscillator model (Fig. 6.6). Harmonic
and on-the-fly thawed Gaussian spectra (Fig. 6.6, top) are similar in accuracy for this
specific system: while the thawed Gaussian propagation results in more accurate intensities
of the low-frequency peaks, namely, the 0–0 transition at ≈ 36350 cm−1 and the shoulder at
≈ 36800 cm−1, the harmonic approximation gives a better estimate of the high-frequency
region and the tail of the spectrum. One of the main disadvantages of the thawed Gaussian
approximation, the appearance of artificial negative spectral intensities, shows up clearly
in the absorption spectrum of phenol. Although the simulated harmonic and thawed
Gaussian spectra resemble the experiment, there are remaining differences, most notably
in the intensities of the spectral peaks. These errors could be either due to anharmonicity
effects not captured by the approximate thawed Gaussian wavepacket propagation or
due to the errors in the potential energy data evaluated with an approximate electronic
structure method. Relatively small difference between the harmonic and thawed Gaussian
spectra suggests that the anharmonicity effects are weak and that the remaining errors
in our simulation are due to the inaccuracies of the electronic structure theory. In the
bottom panel of Fig. 6.6, we show the results of two more approximate approaches—the
uncoupled harmonic and displaced harmonic oscillator models. These spectra clearly
deviate from the experiment, indicating the importance of both mode distortion (changes
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in mode frequencies) and intermode couplings (Duschinsky effect). When going from the
displaced harmonic model, which neglects mode distortion, to the uncoupled harmonic
model, which includes mode distortion, the peaks broaden but still exhibit inaccurate
intensities. Additional inclusion of the Duschinsky effect, which is achieved by moving to
the (coupled) harmonic model, improves the intensities.

Figure 6.7: Rephasing [S̃R(ω3, 0, ω1), Eq. (6.6)] two-dimensional electronic spectra of
phenol at t2 = 0 computed with the on-the-fly ab initio thawed Gaussian approximation,
harmonic approximation, uncoupled harmonic model, and displaced harmonic oscillator
(DHO) model. Computed spectra were shifted along both frequency axes and scaled in
intensity as in Fig. 6.6.

The two-dimensional spectra simulated with different approximate methods are shown in
Fig. 6.7. Again, the uncoupled harmonic and displaced harmonic oscillator models predict
spectra that differ substantially from the harmonic and thawed Gaussian results, which are,
in turn, similar to each other. Therefore, based on both linear and two-dimensional spectra
simulations, we may conclude that the anharmonicity effects are truly weak in the ground
and first excited states of phenol, at least in the region explored by the nuclear wavepacket
for short time after the photoexcitation. More precisely, the anharmonicity effects are
much weaker than the effects of the Duschinsky rotation and frequency changes, which
are, in contrast, significant, as demonstrated by the simulations based on the uncoupled
or displaced harmonic models. The anharmonicity could, however, play a role at longer
simulation times, needed, for example, to simulate high-resolution spectra. We note
that most simulations supporting experimental results are nowadays performed with the
simplified displaced harmonic oscillator model, which captures the basic physics of the
problem, but is inadequate in certain cases, such as the presented example of phenol.

Interestingly, the spectrum spans a broad range of frequencies in both ω1 and ω3, which is
in stark contrast with the simulations of Ref. [390]. More specifically, the broad vibronic
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ground-state bleach/stimulated emission spectrum is expected to overlap strongly with
the excited-state absorption signals of phenol and even with the signals of other amino
acid residues (compare our results with those for a noninteracting benzene-phenol dimer
in Fig. 3 of Ref. [390]). Hence, an accurate treatment of vibronic effects is needed to
simulate realistic spectra and to help explain these overlapping, unresolved spectral features.
Our results also support indirectly the concluding part of Ref. [390], where a two-color
ultraviolet-visible experiment is proposed to resolve transitions to charge-transfer states
(see Fig. 6 of Ref. [390]), which appear only when the two chromophores are close to each
other. In the visible region of frequency ω3, there are fewer spectroscopic transitions and
these charge transfer states could be easily distinguished from the states of the individual
chromophores even with broad vibronic features included.

6.5 Conclusion

We presented a new method for simulating vibrationally resolved two-dimensional electronic
spectra that is exact for any shifted, distorted, and coupled harmonic model and that, in
addition, can approximately account for anharmonicity effects. The method, based on the
thawed Gaussian approximation, is shown to be superior to the harmonic approximation
for a series of Morse models of varying anharmonicity. Using phenol as an example,
we show that intermode couplings and changes in mode frequencies, both of which are
frequently neglected in simulations, can be crucial for recovering the correct vibronic shape
of the two-dimensional electronic spectra. In this specific case, the anharmonicity is shown
to be weak, which invites further studies on the nonlinear spectra of phenol based on
the harmonic approximation. The results of the present study could be augmented by
constructing harmonic models with more accurate electronic structure methods to simulate
excited-state absorption signals. For systems that exhibit anharmonicity effects, we propose
the on-the-fly ab initio thawed Gaussian approximation as a computationally affordable
approach beyond harmonic approximation.
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7 Finite-temperature, anharmonic-
ity, and Duschinsky effects on
two-dimensional electronic spectra

As discussed in Chapter 6, current state-of-the-art methods for simulating two-dimensional
electronic spectra often neglect the typical vibrational-electronic effects that occur in
molecular systems, such as anharmonicity, different curvatures of the ground- and excited-
state potential energy surfaces, or mode-mode mixing (Duschinsky rotation). In contrast,
quantum dynamics methods [212, 328, 361, 362, 368, 393] are well suited to describing
the evolution of nuclear wavepackets but often neglect temperature effects. To avoid the
impractical Boltzmann averaging over the initial states, several alternative strategies for
including temperature in wavepacket-based methods have been proposed [227, 228, 230–
232, 394, 395]. Following the approach presented in Chapter 3, we turn to the thermo-field
dynamics [233, 234], which transforms the von Neumann evolution of a density matrix
into a Schrödinger equation with a doubled number of degrees of freedom. Here, we show
how it could be used to compute two-dimensional vibronic spectra. Importantly, the final
result is analogous to the zero-temperature expression of Chapter 6 and lends itself to the
intuitive wavepacket-based interpretation (Fig. 6.1). Furthermore, an efficient method for
computing finite-temperature two-dimensional spectra is obtained by combining the exact
thermo-field dynamics approach with thawed Gaussian approximation for the wavepacket
dynamics, which is exact for any displaced, distorted, and Duschinsky-rotated harmonic
potential but which also partially accounts for anharmonicity effects in general potentials.
The approach is presented through the example of stimulated emission and ground-state
bleach signals of azulene. Finally, the method allows us to directly relate a symmetry
violation of the two-dimensional signal to the deviation from the conventional Brownian
oscillator picture.

The content of this Chapter has been adapted from Ref. [396].
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7.1 Theory

In Chapter 6, we have introduced an intuitive and simple wavepacket picture for comput-
ing the third-order response function, which is used for computing different third-order
spectroscopic signals. We now address the question “Is it possible to retain the simple
wavepacket picture without neglecting finite-temperature effects?” To answer this question
in the affirmative, we employ thermo-field dynamics, which maps the evolution of a density
operator at finite temperature to the evolution of a wavefunction with a doubled number of
coordinates. In the thermo-field dynamics theory [233], the thermal vacuum is defined as

|0̄(β)〉 = ρ̂1/2∑
k

|kk̃〉, (7.1)

where |kk̃〉 = |k〉|k̃〉 is the basis vector of the tensor-product space obtained from the
physical (with basis {|k〉}) and “fictitious” (with basis {|k̃〉}) Hilbert spaces. We note that
physical operators (denoted only by hat ,̂ such as ρ̂ or µ̂) act only on the physical subspace.
With these definitions, Eq. (5.10) can be rewritten as

Ci(τa, τb, τc) = 〈φ̄(i)
τb,τa
|φ̄(i)

0,τc〉, (7.2)

where
|φ̄(i)
τ,t〉 = e−i

ˆ̄Hiτ/~µ̂i2e
−i ˆ̄H2t/~µ̂21|0̄(β)〉 (7.3)

is the analogue of |φ(i)
τ,t〉 from Eq. (6.5),

ˆ̄Hj = Ĥj − ˆ̃H1 (j = 1, 2, 3) (7.4)

is the Hamiltonian acting on the full, tensor-product space, and ˆ̃H1 is the ground-state
vibrational Hamiltonian acting on the fictitious space only. The proof of Eq. (7.2) goes as
follows:

Ci(τa, τb, τc) = 〈0̄(β)|µ̂12e
i ˆ̄H2τa/~µ̂2ie

i ˆ̄Hiτb/~µ̂i2e
−i ˆ̄H2τc/~µ̂21|0̄(β)〉 (7.5)

=
∑
k1,k2

〈k1k̃1|ρ̂1/2µ̂12e
i(Ĥ2− ˆ̃H1)τa/~µ̂2ie

i(Ĥi− ˆ̃H1)τb/~µ̂i2e
−i(Ĥ2− ˆ̃H1)τc/~µ̂21ρ̂

1/2|k2k̃2〉 (7.6)

=
∑
k1,k2

〈k1|ρ̂1/2µ̂12e
iĤ2τa/~µ̂2ie

iĤiτb/~µ̂i2e
−iĤ2τc/~µ̂21ρ̂

1/2|k2〉〈k̃1|e−i
ˆ̃H1(τa+τb−τc)/~|k̃2〉

(7.7)

=
∑
k1,k2

〈k1|ρ̂1/2µ̂12e
iĤ2τa/~µ̂2ie

iĤiτb/~µ̂i2e
−iĤ2τc/~µ̂21ρ̂

1/2|k2〉〈k2|e−iĤ1(τa+τb−τc)/~|k1〉

(7.8)

=
∑
k1

〈k1|ρ̂1/2µ̂12e
iĤ2τa/~µ̂2ie

iĤiτb/~µ̂i2e
−iĤ2τc/~µ̂21e

−iĤ1(τa+τb−τc)/~ρ̂1/2|k1〉 (7.9)

= Tr[ρ̂µ̂12e
iĤ2τa/~µ̂2ie

iĤiτb/~µ̂i2e
−iĤ2τc/~µ̂21e

−iĤ1(τa+τb−τc)/~]. (7.10)
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Equation (7.5) is obtained from Eq. (7.2) by inserting the definition (7.3) of φ̄(i)
τ,t, while

Eq. (7.6) results by substituting relation (7.1) for |0̄(β)〉; in going from Eq. (7.6) to (7.7)
we used the fact that operators acting in different subspaces commute; in going from
(7.7) to (7.8) we used the conjugation rules (3.16) and (3.17) relating the physical and
fictitious spaces. Resolution of identity and commutation of ρ̂1/2 with Ĥ1 were used to
obtain Eq. (7.9), and the definition and cyclic property of the trace to get Eq. (7.10).

Remarkably, the result (7.2) has exactly the same form as the zero-temperature expression
(6.4) and can be interpreted as in Fig. 6.1. It also allows finite-temperature effects to be
included in regular wavefunction-based codes, by modifying only the definition of the initial
state and the Hamiltonians under which this state is evolved. In Appendix E.1, we prove
that the same wavepacket picture can be justified even beyond the Born–Oppenheimer
approximation. To avoid exponentially scaling exact quantum methods on precomputed
potential energy surfaces [364–367] or computationally demanding multiple-trajectory
[94, 100, 101, 103, 108, 109, 111, 114, 211, 215, 371, 372, 377, 397, 398] approaches, we
propose using the simple, yet efficient, single-trajectory thawed Gaussian approximation,
which can be interfaced with on-the-fly ab initio evaluation of potential energy information
[26].

The details of evolving the thermo-field Gaussian wavepacket with the thawed Gaussian
approximation were given in Sec. 3.1.3. Remarkably, the thermo-field dynamics under
the Hamiltonian ˆ̄Hj [Eq. (7.4)] requires exactly the same classical trajectory—in the
electronic state j—as the conventional, zero-temperature thawed Gaussian propagation
with the Hamiltonian Ĥj [27]. No further ab initio evaluations are needed for the finite-
temperature implementation, meaning that, within the thawed Gaussian approximation, the
temperature effects can be included almost for free. The only difference in the computational
cost is in solving the equations of motion with 2D rather than D coordinates, which is
approximately 23 = 8 times more expensive due to the roughly cubic scaling of the involved
matrix operations, including matrix-matrix multiplication and matrix inverse. This cost is,
however, negligible compared to the cost of electronic structure calculations.

To further reduce the computational cost associated with the electronic structure calcula-
tions, in this Chapter we employ the single-Hessian method (Chapter 2) which approximates
V ′′(qt) ≈ V ′′(qref) in Eq. (1.26), where qref is a reference geometry at which the Hessian of
the excited-state potential surface is evaluated once and reused during the excited-state
dynamics. Since the center of the wavepacket still follows the fully anharmonic classical
trajectory, the single-Hessian version partially includes anharmonicity effects. Here, we
chose qref as the excited-state minimum. The ground-state potential surface was assumed
to be harmonic in all simulations.

To analyze the effects of the excited-state anharmonicity, we compare the anharmonic
calculations, based on the on-the-fly single-Hessian thawed Gaussian approximation for the
excited-state propagation, with the harmonic model (also called the generalized Brownian
oscillator model), where the excited-state potential surface is approximated by a harmonic
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potential fitted to the surface at its minimum (so-called adiabatic harmonic or adiabatic
Hessian scheme). In the mass-scaled normal mode coordinates of the ground state, the
excited-state force constant is a symmetric, non-diagonal matrix, whose off-diagonal terms
reflect intermode couplings, also known as Duschinsky mixing. To study the effects
of the difference between the excited- and ground-state force constants on linear and
two-dimensional spectra, we construct the displaced harmonic model (also called the
Brownian oscillator model), where the excited-state force constant is approximated by the
force constant in the ground electronic state. This model neglects mode distortion and
Duschinsky effects. The two-dimensional spectra can be computed exactly with the thawed
Gaussian propagation, as described above, for both harmonic and displaced harmonic
oscillator models. Whereas the exact solution to the displaced harmonic oscillator model
is available in the form of the second-order cumulant expansion [23], to the best of our
knowledge, no method has been published for computing exactly the two-dimensional
spectra of the global harmonic (or generalized Brownian oscillator) model [360].

7.2 Results and discussion

We discussed azulene in Chapter 4, as a well-known example of a Kasha-violating molecule
[263], as it emits light from the second, rather than first, excited electronic state. Among
others, this property makes azulene one of the key building blocks in the synthesis of novel
optoelectronic materials [399]. Although nonadiabatic couplings between the ground and
first excited states play an important role in the photoinduced dynamics of azulene [217],
they do not affect its vibrationally resolved S1 ← S0 absorption spectrum. Indeed, the linear
absorption spectrum can be reproduced using adiabatic, Born-Oppenheimer approaches
that neglect nonadiabatic effects [57, 125, 217]. Here, we also ignore the nonadiabatic
effects on the two-dimensional spectra, which we compute only at short t2 delay times.

The ground electronic state of azulene was modeled at the second-order Møller–Plesset
(MP2) perturbation theory level; the first excited state was modeled using the second-order
Laplace-transformed density-fitted local algebraic diagrammatic construction [LT-DF-
LADC(2)] scheme [289, 400–402], as implemented in the Molpro 2015 package [288].
cc-pVDZ basis set was used throughout (see Ref. 217). We first evaluated the Hessians in
the ground and excited states at the respective optimized geometries. Then, starting from
the minimum of the ground state, an on-the-fly ab initio classical trajectory was evolved in
the excited electronic state for 1130 steps with a time step of 8 a.u.≈ 0.19 fs (total time
≈ 219 fs).

Linear spectra were computed by Fourier transforming the first 500 steps of the wavepacket
autocorrelation function (see Chapter 4). Regarding the simulation of two-dimensional
spectra, t1 and t3 times were propagated up to ≈ 106 fs (500 steps); t2 delays ranged
from 0 to 25 fs (130 steps), in intervals of 5 fs or 26 steps. Condon approximation, which
was justified for the S1 ← S0 absorption of azulene in Ref. 217, was employed. Gaussian
broadening with a half-width at half-maximum of 90 cm−1 was used in both linear and
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two-dimensional spectra. Linear spectra were shifted in frequency and scaled in intensity
to match at the maximum intensity peak of the experiment; two-dimensional spectra were
shifted by the same frequency shifts as the linear absorption spectra and scaled according
to the maximum of the fully absorptive two-dimensional spectrum [Eq. (7.11)]. Additional
supporting data can be found in Ref. [403].

In the results, unless explicitly written otherwise, we show the absorptive two-dimensional
spectrum [404, 405]

S(ω3, t2, ω1) = SR(ω3, t2, ω1) + SNR(ω3, t2, ω1), (7.11)

which is the sum of the rephasing and nonrephasing spectra, and focus only on the ground-
state bleach and stimulated emission contributions [see Eqs. (6.8) and (6.9)]. According
to the oscillator strengths of the S1 − S0 (0.009)[272, 406] and S2 − S1 (≈ 10−5)[272]
transitions, the excited-state absorption S2 ← S1 is expected to be about three orders of
magnitude weaker than the ground-state bleach and stimulated emission signals. Transient
absorption spectra of Foggi et al. [270] suggest that no other highly excited states contribute
significantly to the excited-state absorption at frequencies lower than 23 000 cm−1.

7.2.1 Temperature effects

In Fig. 7.1 (top), we compare linear absorption spectra simulated at 300K and 0K with
the experimental spectrum recorded at room temperature. One of the main effects of
temperature is the broadening of the spectral features, which also affects the relative
intensities of vibronic peaks, namely, those at 14 300 cm−1 and 15 800 cm−1. These in-
tensities are overestimated in the zero-temperature spectrum, but are corrected by the
finite-temperature treatment.

Non-zero temperature has an even stronger effect on the two-dimensional spectrum (Fig. 7.1,
bottom). The zero-temperature spectrum is composed of sharp vibronic peaks, which are
broadened and less resolved in the spectrum computed at 300K. As in the linear spectrum,
the temperature effects modify not only the resolution of the spectrum but also the relative
intensities of the peaks. However, in contrast to the linear absorption spectrum, where
these differences affect only a few peaks and could still be considered acceptable, the
two-dimensional spectrum is strongly affected due to the increased complexity of spectral
features.

7.2.2 Anharmonicity and Duschinsky effects

To investigate the effects of anharmonicity, mode distortion, and mode-mode coupling,
we first compare the linear absorption spectra computed using three models of different
accuracy (see Fig. 7.2). The spectrum computed with the displaced harmonic oscillator
model displays a highly regular intensity pattern—as opposed to the irregular intensities
found in the experiment—and overestimates the frequency spacing between the peaks. The
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Figure 7.1: Top: S1 ← S0 absorption spectra of azulene computed with the on-the-fly ab
initio single-Hessian thawed Gaussian approximation at zero temperature (red, dashed)
and at 300K (blue, dotted), compared with the experimental spectrum (black, solid)
recorded at room temperature in cyclohexane [217]. Bottom: Two-dimensional electronic
spectra [Eq. (7.11)] at zero delay time (t2 = 0), computed at zero temperature (left) and at
T = 300K (right). Each spectrum shows the sum of the ground-state bleach and stimulated
emission terms [see Eqs. (6.8) and (6.9)] corresponding to the S1–S0 electronic transition
in azulene. See Fig. E.1 of Appendix E.2 for the rephasing and nonrephasing contributions
to these spectra and Figs. E.3 and E.4 of Appendix E.3 for the spectra at delays t2 > 0.

results are largely improved by including Duschinsky coupling and changes in the mode
frequencies through the global harmonic model. However, the harmonic approximation
suffers from an overly broad tail in the high-frequency region. This is further corrected by
accounting for the anharmonicity effects with the on-the-fly thawed Gaussian approximation.

The corresponding two-dimensional spectra (Fig. 7.3, top) exhibit similar differences, which
we can conveniently analyze in the time domain (see Fig. 7.3, bottom, for |SR(t3, 0, t1)| and
Fig. 7.4 for |SNR(t3, 0, t1)|). The displaced harmonic oscillator model results in stronger
recurrences after 45 fs (in t1, t3, or in both t1 and t3) than the harmonic or anharmonic
approaches. This translates into sharper peaks in the two-dimensional spectrum. The
anharmonic spectrum extends less into the high frequency region, compared to the harmonic
and displaced harmonic oscillator models, because the thawed Gaussian propagation gives
a slower initial decay (for t1, t3 < 6 fs) in the time domain than the models that neglect
anharmonicity (see Fig. E.5 of Appendix E.4). Subtle differences between the harmonic
and anharmonic excited-state dynamics affect the peak intensities in the region between
15 000 and 18 000 cm−1.
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Figure 7.2: S1 ← S0 absorption spectra of azulene computed with the on-the-fly ab initio
single-Hessian thawed Gaussian approximation (“Anharmonic”, blue, dotted), harmonic
approximation (red, dashed), and the displaced harmonic oscillator (DHO) model (green,
dash-dotted) at 300K, compared with the experimental spectrum (black, solid) recorded
at room temperature in cyclohexane [217].

Figure 7.3: Top: Two-dimensional electronic spectra [Eq. (7.11)] at zero delay time (t2 = 0),
computed with the on-the-fly ab initio single-Hessian thawed Gaussian approximation
(“Anharmonic”, left), harmonic approximation (middle), and the displaced harmonic
oscillator (DHO) model (right) at 300K. Each spectrum shows the sum of the ground-state
bleach and stimulated emission terms [see Eqs. (6.8) and (6.9)] corresponding to the
S1–S0 electronic transition in azulene. See Fig. E.2 for the rephasing and nonrephasing
contributions to these spectra and Figs. E.3 and E.4 of Appendix E.3 for the spectra at
delays t2 > 0. Bottom: First 60 fs of |SR(t3, 0, t1)| [Eq. (6.8)]. See Fig. 7.4 for |SNR(t3, 0, t1)|.
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Interestingly, for the displaced harmonic oscillator model, |SR(t3, 0, t1)| is symmetric with
respect to the diagonal (Fig. 7.3, bottom right), which does not hold when mode distortion,
rotation, and anharmonicity are included (Fig. 7.3, bottom left and middle). In contrast,
the absolute value of the nonrephasing signal SNR(t3, 0, t1) at t2 = 0 is symmetric with
respect to the diagonal t1 = t3 for all three—anharmonic, harmonic, and the displaced
harmonic oscillator—models (Fig. 7.4). Indeed, if we assume the Condon approximation
(µ̂21 ≈ µ = const.) and include only the ground-state bleach and stimulated emission
contributions, the nonrephasing signal at t2 = 0 can be rewritten as a function of t1 + t3:

SNR(t3, 0, t1) = C1(0, t3, t1 + t3) + C1(−t3, 0, t1) (7.12)

= 2|µ|4Tr[ρ̂eiĤ1(t1+t3)/~e−iĤ2(t1+t3)/~] (7.13)

= SNR(t1, 0, t3) (7.14)

and is, therefore, symmetric with respect to the exchange of t1 and t3. In going from
(7.12) to (7.13), we used the definition of C1 [Eq. (5.10)], the Condon approximation, the
fact that ρ̂ commutes with the ground-state vibrational Hamiltonian Ĥ1, and the cyclic
property of the trace. The same, however, does not hold for the rephasing contribution:

SR(t3, 0, t1) = 2C1(t1, t3, t3) (7.15)

= 2|µ|4Tr[ρ̂eiĤ2t1/~eiĤ1t3/~e−iĤ2t3/~e−iĤ1t1/~] (7.16)

6= 2|µ|4Tr[ρ̂eiĤ2t3/~eiĤ1t1/~e−iĤ2t1/~e−iĤ1t3/~] (7.17)

= SR(t1, 0, t3). (7.18)

Yet, within the displaced harmonic oscillator model, the symmetry is recovered for the
absolute value of SR(t1, 0, t3). Moreover, in the following we show that this (incorrect)
symmetry of |SDHO

R (t3, 0, t1)| with respect to the diagonal t1 = t3 is, more generally,
imposed by the second-order cumulant approximation [23], which is exact for the displaced
harmonic oscillator model and is employed regularly to model two-dimensional spectra
[356, 357, 391, 407].

Within the second-order cumulant method [23], assuming only two electronic states (i.e.,
neglecting the excited-state absorption) and the Condon approximation (µ̂21 ≈ µ = const.),
the components Rα(t3, t2, t1) of the third-order response function (5.2) are approximated
as

R1(t3, t2, t1) = |µ|4e−iω21t1−iω21t3e−g(t3)∗−g(t1)−f+(t3,t2,t1), (7.19)

R2(t3, t2, t1) = |µ|4eiω21t1−iω21t3e−g(t3)∗−g(t1)∗+f+(t3,t2,t1)∗ , (7.20)

R3(t3, t2, t1) = |µ|4eiω21t1−iω21t3e−g(t3)−g(t1)∗+f−(t3,t2,t1)∗ , (7.21)

R4(t3, t2, t1) = |µ|4e−iω21t1−iω21t3e−g(t3)−g(t1)−f−(t3,t2,t1), (7.22)

where
ω21 = 1

~
Tr[(V̂2 − V̂1)ρ̂] (7.23)

98



7.2 Results and discussion

Figure 7.4: Absolute value of the nonrephasing time-domain signal (|SNR(t3, 0, t1)|) at zero
time delay (t2 = 0), computed with the on-the-fly ab initio single-Hessian thawed Gaussian
approximation (“Anharmonic”, left), harmonic approximation (middle), and the displaced
harmonic oscillator (DHO) model (right) at 300K.

is the thermally averaged electronic energy gap, V̂i are the potential energy operators in
the ground (i = 1) or excited (i = 2) electronic states,

g(t) = 1
~2

∫ t

0
dτ2

∫ τ2

0
dτ1Tr[eiĤ1τ1/~∆V̂ e−iĤ1τ1/~∆V̂ ρ̂], (7.24)

∆V̂ = V̂2 − V̂1 − ~ω21, and

f−(t3, t2, t1) = g(t2)− g(t2 + t3)− g(t1 + t2) + g(t1 + t2 + t3), (7.25)

f+(t3, t2, t1) = g(t2)∗ − g(t2 + t3)∗ − g(t1 + t2) + g(t1 + t2 + t3). (7.26)

For simple systems, such as a pair of harmonic potentials, exact quantum-mechanical g(t)
can be found analytically [23, 360]. The second-order cumulant expansion is exact only
in the special case of the displaced harmonic (Brownian) oscillator model. For general
potentials, efficient classical approximations to g(t) can be employed, at the price of
introducing additional approximations in the evaluation of the response function (5.2).
Remarkably, it is easy to show that, no matter how g(t) is computed, the symmetry
relationship

|Rα(t3, t2, t1)| = |Rα(t1, t2, t3)|, α = 1, . . . , 4, (7.27)

holds for the four second-order cumulant expressions (7.19)–(7.22). For example, for R3
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we have

|R3(t3, t2, t1)|2 = R3(t3, t2, t1)∗R3(t3, t2, t1) (7.28)

= e−g(t3)∗−g(t1)+f−(t3,t2,t1)e−g(t3)−g(t1)∗+f−(t3,t2,t1)∗ (7.29)

= e−2Re[g(t3)+g(t1)−f−(t3,t2,t1)] (7.30)

= e−2Re[g(t1)+g(t3)−f−(t1,t2,t3)] (7.31)

= |R3(t1, t2, t3)|2, (7.32)

where (7.31) follows from (7.30) because

f−(t3, t2, t1) = f−(t1, t2, t3). (7.33)

Similar procedure can be followed for other Rα functions, where we also need to use the
relation:

Ref+(t3, t2, t1) = Ref+(t1, t2, t3). (7.34)

Since the exact Rα for the displaced harmonic oscillator model can be written in the form
of Eqs. (7.19)–(7.22), the proof holds in this special case as well.

Equation (7.27) implies that the symmetry with respect to exchanging t1 and t3 is present
for arbitrary delay t2. However, in experiments, one cannot measure individual components
of the response function but only their linear combination. For example, the signal measured
in the rephasing phase-matching direction is [321]

|SR(t3, t2, t1)|2 = |R2(t3, t2, t1)|2 + |R3(t3, t2, t1)|2 + 2Re[R3(t3, t2, t1)∗R2(t3, t2, t1)]
(7.35)

6= |SR(t1, t2, t3)|2 (7.36)

because

R3(t3, t2, t1)∗R2(t3, t2, t1) = e−g(t3)∗−g(t1)+f−(t3,t2,t1)e−g(t3)∗−g(t1)∗+f+(t3,t2,t1)∗ (7.37)

= e−2g(t3)∗−2Re[g(t1)]+f−(t3,t2,t1)+f+(t3,t2,t1)∗ (7.38)

= e−2g(t3)∗−2Re[g(t1)]+2g(t2)−2g(t2+t3)−2Re[g(t1+t2)]+2Re[g(t1+t2+t3)]

(7.39)

6= e−2g(t1)∗−2Re[g(t3)]+2g(t2)−2g(t1+t2)−2Re[g(t2+t3)]+2Re[g(t1+t2+t3)]

(7.40)

= e−2g(t1)∗−2Re[g(t3)]+f−(t1,t2,t3)+f+(t1,t2,t3)∗ (7.41)

= R3(t1, t2, t3)∗R2(t1, t2, t3). (7.42)

Nevertheless, the equality is restored at t2 = 0 because R2(t3, 0, t1) = R3(t3, 0, t1):

|SR(t3, 0, t1)|2 = 4|R3(t3, 0, t1)|2 = 4|R3(t1, 0, t3)|2 = |SR(t1, 0, t3)|2. (7.43)

As demonstrated in Eqs. (7.15)–(7.18), this is not true in general. Hence, the second-order
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cumulant method cannot account for the asymmetry induced by the deviation from the
displaced harmonic oscillator model. This erroneous qualitative behavior was difficult to
study in the past, partly due to the absence of practical methods that could easily go
beyond the second-order cumulants or Brownian oscillators.

7.3 Conclusion

To conclude, we derived a general and exact expression for computing finite-temperature
vibrationally resolved two-dimensional electronic spectra with wavefunction-based methods.
The inclusion of temperature is key to simulating the spectra of larger systems or solvated
molecules due to the multitude of low-frequency modes that are thermally excited at room
temperature. By combining the exact expression with the thawed Gaussian approximation,
we developed a practical and efficient method for computing two-dimensional spectra
beyond zero temperature and beyond the displaced harmonic oscillator model. With the
help of the newly developed method, we identified an asymmetry in the time-domain signal
that could serve as evidence for the changes in mode frequencies, mode-mode coupling,
or anharmonicity. This asymmetry cannot be described with the conventional and widely
used second-order cumulant approach.

101





8 On-the-fly ab initio semiclassical
evaluation of electronic coherences
in polyatomic molecules

Irradiation of a molecular system by an intense laser field can trigger dynamics of both
electronic and nuclear subsystems. The lighter electrons usually move on a much faster,
attosecond time scale, but the slow nuclear rearrangement damps ultrafast electronic
oscillations, leading to the decoherence of the electronic dynamics within a few femtoseconds.
In this Chapter, we show that the thawed Gaussian approximation can evaluate the
electronic coherence time in polyatomic molecules accurately by demonstrating excellent
agreement with full-dimensional quantum calculations. In contrast to numerical quantum
methods, the semiclassical method reveals the physical mechanism of decoherence beyond
the general blame on nuclear motion. In propiolic acid, the rate of decoherence and
the large deviation from the static frequency of electronic oscillations are quantitatively
described with just two semiclassical parameters—the phase-space distance and signed
area between the trajectories moving on two electronic surfaces. Finally, we derive the
thermo-field dynamics expression for the electronic coherence and use it to analyze the
effect of non-zero temperature on the decoherence process. A qualitative semiclassical
analysis predicts a strong finite-temperature effect on the decoherence rate and a weak
effect on the oscillation frequency.

Parts of this Chapter have been adapted from Ref. [408], which was published in collabora-
tion with Nikolay V. Golubev. The content of the Chapter focuses on my contribution to
this joint work, including the phase-space interpretation of the decoherence (Sec. 8.4.2) and
the comparison with the variational multiconfigurational Gaussians method (Sec. 8.4.3).
The discussion of finite-temperature effects (parts of Sec. 8.2 and complete Sec. 8.4.4) is
my original unpublished work.

8.1 Introduction

Recent advances in coherent light sources have facilitated the creation of sub-femtosecond
laser pulses with remarkably well-controlled parameters [409]. State-of-the-art lasers can
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be used to initiate and probe processes driven solely by the electron correlation [410].
Therefore, electron dynamics can be studied and manipulated on its natural time scale.

Experimental measurements of the electron motion in isolated atoms have been previously
reported [411, 412], whereas direct evidence of ultrafast electron dynamics in molecules
is contentious [413]. In particular, there are contradictions between recent experimental
studies [414, 415] that claim to have observed ultrafast electronic processes in molecules
and theoretical investigations [416, 417] performed on systems of similar complexity. The
disagreement is centered around the question on how strong is the influence of the slow
nuclear motion on the dynamics of electronic density. Extensive ab initio calculations for
several molecules [416, 417] have demonstrated that nuclear dynamics leads to decoherence
of the electronic wavepacket on the time scale of a few femtoseconds, which can render
experimental observations of the electronic motion impossible.

To study the process of nuclei-induced decoherence, theorists have used exact quantum
dynamics methods, such as the multiconfigurational time-dependent Hartree [83, 416, 418–
420], or trajectory-based approaches, including the mixed quantum-classical Ehrenfest
[421–424] and the quantum-mechanical variational multiconfigurational Gaussians approach
[82, 417, 425–427]. Here, we employ the on-the-fly ab initio thawed Gaussian approximation
to evaluate the influence of nuclear motion on ultrafast electronic dynamics and to find a
simple, yet detailed mechanism of decoherence, which is not available in basis set methods.

We simulate coupled electron-nuclear dynamics taking place after outer-valence ionization
of the propiolic acid (HC2COOH). Previous calculations of the ionization spectrum of
propiolic acid showed [420, 428] that, due to the electron correlation, the ground and
the second excited ionic states of the molecule are a strong mixture of two one-hole
configurations: an electron missing in the highest occupied molecular orbital (HOMO)
and an electron missing in the HOMO–2. Therefore, the sudden removal of an electron
either from HOMO or HOMO–2 creates an electronic wavepacket, thereby initiating charge
migration oscillations [429, 430] between the carbon triple bond and the carbonyl oxygen
with a period determined approximately by the energy gap between the first and the third
cationic states [428]. Due to the planar geometry of propiolic acid and the large energy gap
between remaining ionic states, the indicated superposition can be obtained experimentally
through an appropriate orientation of the molecule with respect to the laser polarization.
Importantly, propiolic acid provides a perfect system for validating the semiclassical thawed
Gaussian approximation because the electronic coherences in this molecule have been
recently calculated using exact quantum dynamics [420]. The precomputed potential
energy surfaces [420] of cationic propiolic acid are used to compare the thawed Gaussian
result with those obtained from the exact multiconfigurational time-dependent Hartree
and variational multiconfigurational Gaussians methods.
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8.2 Theory

The starting point of our investigation is a neutral molecule in its ground electronic and
vibrational states. The ionization of the system performed by the ultrashort laser pulse
can bring the molecule to a non-stationary superposition of ionic states, thus launching a
coupled dynamics of electronic and nuclear wavepackets. Within the Condon and ultrashort
pulse approximations, a matrix element of the density operator describing the system right
after the interaction with the laser pulse can be written as

ρ̂ij = aia
∗
j ρ̂, (8.1)

where ai = 〈i|ϕ〉 are the coefficients in the expansion of the electronic state |ϕ〉 of the
ionized molecule in an electronic basis {|i〉}, ρ̂ = exp(−βĤ(0))/Tr[exp(−βĤ(0))] is the
thermal vibrational density matrix, and Ĥ(0) is the vibrational Hamiltonian of the ground
electronic state of the neutral molecule. The expectation value of an operator Ô is

O(t) = Tr[Ôρ̂(t)] (8.2)

=
∑
i,j

Tr[Ôij ρ̂ji(t)], (8.3)

where the bold font indicates that the operator is a matrix in the electronic basis {|i〉},

ρ̂(t) = e−iĤt/~ρ̂eiĤt/~, (8.4)

and Ĥ is the molecular (nuclear and electronic) Hamiltonian of the cationic species. If the
matrix elements Ôij depend only weakly on the nuclear degrees of freedom, Eq. (8.2) can
be further simplified as

O(t) ≈
∑
i,j

Oijχij(t), (8.5)

where we introduced
χij(t) = Tr[ρ̂ji(t)], (8.6)

which represent the populations of electronic states when i = j and the electronic coher-
ences [416, 417, 420] when i 6= j. Equation (8.5) shows that the factors χij(t) provide the
only source of the observable’s time dependence and thus can serve as convenient properties
to quantify the decoherence time. Electronic coherence evaluated as χij(t) is a special
case of fidelity amplitude (also called Loschmidt echo), a quantity measuring sensitivity of
quantum dynamics to perturbations [327, 352, 431–436].

Within the Born–Oppenheimer approximation, Eq. (8.6) simplifies to

χij(t) = a∗i ajTr(e−iĤjt/~ρ̂eiĤit/~), (8.7)

where Ĥi is the vibrational Hamiltonian in the electronic state i of the cation. Then, the
populations χii = |ai|2 remain constant and only the coherences χij (i 6= j) evolve in
time. To obtain an intuitive wavepacket picture, we now assume the zero-temperature
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approximation, ρ̂ = |ψ〉〈ψ|, where |ψ〉 is the ground state of Ĥ(0). Then,

χij(t) = a∗i aj〈ψi(t)|ψj(t)〉, (8.8)

where
|ψi(t)〉 = e−iĤit/~|ψ〉. (8.9)

In words: The initial vibrational wavepacket |ψ〉 is “placed” in the initially populated elec-
tronic states i of the ionized molecule. In these states, it evolves into different wavepackets
|ψi(t)〉, whose overlaps 〈ψi(t)|ψj(t)〉 cause the time dependence of the observable O(t). In
particular, when the nuclear wavepackets move far apart due to the differences in the
involved potential energy surfaces, causing their overlaps to vanish, the measured observable
becomes constant and equal to that of a statistical mixture of electronic states:

O(t) =
∑
i

|ai|2Oii. (8.10)

Once again, we can use the concept of thermo-field extended Hilbert space to recover the
intuitive wavepacket picture at finite temperature. Following the derivation of Chapter 3
[Sec. 3.1.1, Eqs. (3.2)–(3.9)] in position representation, we have:

Tr[e−iĤjt/~ρ̂eiĤit/~] = Tr[e−iĤjt/~ρ̂1/2eiĤ
(0)t/~e−iĤ

(0)t/~ρ̂1/2eiĤit/~] (8.11)

=
∫
dqdq′〈q|e−iĤjt/~ρ̂1/2eiĤ

(0)t/~|q′〉〈q′|e−iĤ(0)t/~ρ̂1/2eiĤit/~|q〉 (8.12)

=
∫
dq̄ψ̄i(q̄, t)∗ψ̄j(q̄, t) (8.13)

= 〈ψ̄i(t)|ψ̄j(t)〉. (8.14)

In Eq. (8.11), we inserted the identity as exp(iĤ(0)t/~) exp(−iĤ(0)t/~), where we conve-
niently chose the ground-state vibrational Hamiltonian Ĥ(0) of the neutral species. Formally,
any other Hamiltonian could be used in place of Ĥ(0). In going from (8.11) to (8.12), the
trace is expressed in position representation and another identity

∫
dq′|q′〉〈q′| is inserted to

separate the terms involving Ĥi and Ĥj . In the next step, we introduced

ψ̄i(q̄, t) = e−H̄i(q̄)t/~ψ̄(q̄), (8.15)

where q̄ = (q, q′)T , ψ̄(q̄) = 〈q|ρ̂1/2|q′〉, and H̄i(q̄) = Hi(q)−H(0)(q′), in analogy with the
derivation of Sec. 3.1.1. In going from (8.13) to (8.14), we used ψ̄i(q̄, t) = 〈q̄|ψ̄i(t)〉 to
obtain a representation-free expression. The construction of the initial state and the details
of its propagation within the thawed Gaussian approximation were discussed in detail in
Sec. 3.1.3. Here, we reiterate only the final result: To evolve the initial wavefunction ψ̄(q̄)
with the Hamiltonian H̄i(q̄), a single ab initio classical trajectory in the state i is needed,
together with the Hessians along this trajectory. Consequently, the computational cost
associated with the electronic structure calculations is the same as in the zero-temperature
approach.
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8.3 Computational details

Electronic structure of the ionized propiolic acid was modeled with the third-order adiabatic
diagrammatic construction scheme [437]. Standard double-zeta plus polarization (DZP)
basis set [438] was employed to construct the non-correlated reference state. Ground-
state geometry of the neutral molecule was optimized using the density functional theory
[439] with the B3LYP functional [440]. The optimization was done with the Gaussian 16
package [294].

We focused on the coherence χ13 between the first (ground) and third (second excited)
electronic states of the ionized molecule. For convenience, the initial state was an equal
superposition of the first and third electronic states (a1 = a3 = 1/

√
2). We performed

the computations both on the precomputed potential energy surfaces and by using the
on-the-fly ab initio evaluation of the potential energy.

The calculations on the precomputed potential energy surfaces of Ref. [420] were performed
at zero temperature. The system was described as a 4-state vibronic coupling Hamiltonian
in diabatic basis:

Ĥ = Ĥ(0)I4 + Ŵ, (8.16)

where Ĥ(0) is the ground-state Hamiltonian described by a harmonic potential, I4 is a
4-dimensional identity matrix, and the components of 4× 4 matrix Ŵ are defined as

Ŵjj = Ej + κTj · q̂ + 1
2 q̂

T · Γj · q̂ (8.17)

Ŵjk = λTjk · q̂, j 6= k. (8.18)

In Eq. (8.17), Ej is the ionization energy, κj is a D-dimensional vector, and Γj is a diagonal
D×D matrix specific to a cationic state j. Vector κj controls the displacement between the
potential surfaces of the ground neutral state and the cationic state j, while the elements
of Γj modify the vibrational frequencies in state j. Because Γj are diagonal matrices, the
model neglects the Duschinsky effect. In Eq. (8.18), D-dimensional vector λjk controls
the diabatic coupling between states j and k. The exact result was obtained from the
multiconfigurational time-dependent Hartree simulations, similar to those of Ref. [420].
Variational multiconfigurational Gaussians calculations were performed in the Quantics
v1.2 package [441, 442]. Default options in Quantics were used for the initial positions and
widths of the Gaussian basis functions: shells in position space with the central Gaussian
fitting exactly the initial state (widths of all Gaussians were equal to the width of the
initial state). To evolve the nuclear wavepackets with the thawed Gaussian approximation
in the first and third cationic states, we assumed the Born–Oppenheimer approximation.
This was done in two ways: (i) by neglecting the off-diagonal terms (diabatic coupling)
in the vibronic coupling model and (ii) by diagonalizing the potential energy matrix and
neglecting the nonadiabatic coupling. Let us note that in the former case, the potential
energy surfaces were harmonic and the thawed Gaussian propagation was exact.
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Figure 8.1: Electronic coherence measured by the time-dependent overlap χ13(t) of the
nuclear wavepackets propagated on the first and third cationic states of propiolic acid after
removal of a HOMO electron. Dynamics was performed with the exact multiconfigurational
time-dependent Hartree method (“quantum”) or with the semiclassical vertical-Hessian
thawed Gaussian approximation (“semiclass.”), and either with the vibronic coupling
(“VC”) or on-the-fly (“OTF”) Hamiltonian. All simulations except the “quantum VC”
calculation employed the diabatic approximation (“diab.”), which neglects nonadiabatic
couplings between the diabatic states, or the adiabatic approximation (“adiab.”), which
neglects nonadiabatic couplings between adiabatic states.

For the on-the-fly ab initio simulations, we used the single-Hessian version of the thawed
Gaussian approximation, where we chose the vertical, Franck–Condon point as the reference
geometry at which the Hessians were evaluated. The single-Hessian approximation was well
suited to our current problem. First, the electronic structure method was computationally
expensive and, in addition, we only had access to the electronic energies, whereas the
gradients and Hessians were computed by finite difference. Hence, the single-Hessian scheme
drastically reduced the computational cost. Second, the approximation was acceptable
because we were interested in very short times, during which the wavepacket remained
close to the initial geometry (at which we computed the reference Hessian). Two ab initio
trajectories were propagated in the ground and second excited electronic states of the
ionized molecule, starting from the equilibrium geometry of the neutral molecule. Time
step was 12 a.u. (0.29 fs) and the total time was 29 fs (100 steps). χ13 was computed at
three temperatures: 0, 400, and 700K.

8.4 Results and discussion

8.4.1 Electronic coherence induced by ultrafast ionization of the propiolic
acid molecule

Figure 8.1 shows the electronic coherence evaluated by five different schemes. The full
quantum-mechanical calculations within the vibronic coupling model (red solid line in
Fig. 8.1) demonstrate that the electronic oscillations are strongly influenced by nuclear
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motion—the coherences are completely suppressed within first 15 fs [420].

The thawed Gaussian simulation combined with the adiabatic potential energy surfaces
derived from the vibronic coupling Hamiltonian (without the nonadiabatic coupling) shows
(blue dashed line in Fig. 8.1) that on the short time scale the semiclassical method gives
results almost identical to the full quantum calculations. The small deviations start to
appear at longer times due to the nonadiabatic effects, which are neglected in the thawed
Gaussian approximation. As mentioned above, the thawed Gaussian method is exact
within the vibronic coupling model when the diabatic potential energies are not coupled to
each other, and, therefore, provides results identical to the exact simulations performed on
such vibronic coupling Hamiltonian (yellow solid line in Fig. 8.1).
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Figure 8.2: Classical trajectories followed by the centers of Gaussian wavepackets propagated
on the fly (“OTF”, dashed lines) or using the vibronic coupling Hamiltonian (“VC”, solid
lines) on the potential energy surface associated with the first (red color) or third (blue
color) cationic state. Normal mode coordinates of these trajectories are shown only for
the fastest (top panel) and slowest (bottom panel) modes of the propiolic acid molecule.
The fast mode, despite its richer dynamics, has a very limited effect on the decay of the
coherence because the nuclear wavepackets exhibit almost identical dynamics in both states.
In contrast, the wavepackets propagated in the two states move in opposite directions
along the slow mode, which leads to decoherence.

We also performed semiclassical calculations with on-the-fly evaluation of the electronic
structure at the same ab initio level of theory as that used in the construction of the vibronic
coupling Hamiltonian (green dash-dotted line in Fig. 8.1). In this case, the wavepacket
can potentially evolve beyond a simple model used for fitting the potential surfaces. In
particular, vibronic coupling Hamiltonians typically use a rather primitive approximation
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of potential energy surfaces for nuclear configurations formed by superposition of normal
modes. Allowing the wavepacket to evolve according to the exact Hamiltonian computed
on the fly makes it possible to visit nuclear regions inaccessible within the vibronic coupling
model and, thus, to take anharmonicity effects into account. This is reflected in our on-the-
fly calculations, which predict a faster decay of the electronic coherence than within the
vibronic coupling model. Remarkably, because the effect of using the on-the-fly potential
is much larger than the effect of including the nonadiabatic couplings, the semiclassical
on-the-fly result is most likely more accurate than the exact quantum result within the
vibronic coupling model.

To further rationalize the observed effects, in Fig. 8.2 we show trajectories followed by
the centers of Gaussian wavepackets propagated on two surfaces associated with the two
electronic states involved in the dynamics. The top and bottom panels of the figure
show evolution of classical trajectories along the fastest (high frequency) and slowest (low
frequency) normal modes of the system, respectively. The fast mode has almost no effect on
the overall decoherence because the trajectories propagated on the two involved surfaces are
almost the same, regardless whether the calculation uses the vibronic coupling or on-the-fly
approach. The situation is different for the slow mode (see bottom panel of Fig. 8.2), where
trajectories on the two surfaces move in opposite directions, resulting in fast decoherence of
nuclear wavepackets propagating in the two states. Because the two on-the-fly trajectories
diverge faster than the corresponding trajectories in the vibronic coupling model, the
decay of electronic coherence is faster in the case of on-the-fly propagation than for the
precomputed vibronic coupling Hamiltonian. Similar analysis can be repeated for all modes
and explains the slightly faster decay of overall coherence in the on-the-fly calculation
observed in Fig. 8.1.

8.4.2 Phase-space description of decoherence

To obtain a simple analytical semiclassical expression for the time-dependent coherence,
which yields an intuitive phase-space interpretation of the effect of nuclear dynamics on the
decay rate and frequency of electronic coherence oscillations, we now assume the width of
the Gaussian wavepackets to be fixed. This is equivalent to choosing the reference Hessian
of the single-Hessian thawed Gaussian approximation as the ground-state Hessian of the
neutral molecule (the “initial Hessian” scheme discussed in Chapter 2); we denote this
Hessian by K. Then, the parameters A1 = A3 = im1/2 · Ω ·m1/2 of the two Gaussian
wavepackets (1.19) are constant, with Ω =

√
m−1/2 ·K ·m−1/2 (see Sec. 1.2.3). The overlap

χij(t) = 1
2

∫
dqψi(q, t)∗ψj(q, t), (8.19)

is, in general, given by Eq. (1.65) of Sec. 1.2.4 but simplifies for the case of two frozen
Gaussian wavepackets

ψi(q, t) = det
(
m · Ω
π~

)1/4
e−

1
2~ (q−qi)T ·m1/2·Ω·m1/2(q−qi)+ i

~p
T
i ·(q−qi)+

i
~γi , (8.20)

110



8.4 Results and discussion

x0

xi

xj

d
Sred

q

p

Figure 8.3: Geometric interpretation of Eq. (8.36): The reduced action Sred is the gray
phase-space area enclosed by the curve C consisting of the classical trajectory propagated in
state i with potential energy Vi and connecting xi with x0 (blue curve), classical trajectory
propagated in state j with potential energy Vj and connecting x0 with xj (red curve),
and a straight (black) line connecting xj with xi. The correct sign of Sred is obtained by
taking the curve integral along C in the direction indicated by the arrows. The phase-space
distance between the final points xj and xi, given by the length d of the black line segment,
determines the coherence decay [i.e., the decay of |χij(t)|], while the reduced action Sred,
equal to the gray area, affects the frequency of oscillations of the coherence χij(t).

where, for convenience, we drop the explicit time dependence of the Gaussian parameters
qi ≡ qi(t), pi ≡ pi(t), and γi ≡ γi(t). By integrating Eq. (1.27) for γ̇i, we obtain

γi = Si −
~
2Tr(Ω)t (8.21)

for the time-dependent phase of the wavepacket, where Si is the classical action along the
classical path connecting x0 = (q0, p0) and xi = (qi, pi). Before computing the overlap
χij(t) explicitly, we introduce mass- and frequency-scaled coordinates and momenta

q′ := Ω1/2 ·m1/2 · q, (8.22)

p′ := Ω−1/2 ·m−1/2 · p, (8.23)

(and immediately drop the prime superscripts for simplicity) to write the wavepacket as

ψi(q, t) = (π~)−D/4 exp
{
− 1

2~(q − qi)2 + i

~
pi(t)T · (q − qi) + i

~
γi

}
. (8.24)

The overlap is then given analytically as

χij(t) = 1
2e
−d(t)2/4~eiS(t)/~, (8.25)

where
d(t) = |xi(t)− xj(t)| =

√
|qi − qj |2 + |pi − pj |2 (8.26)

111



Chapter 8. On-the-fly ab initio semiclassical evaluation of electronic
coherences in polyatomic molecules

is the phase-space distance between the centers of the two Gaussian wavepackets and

S(t) = (Sj − Si)−ΠT ·∆q, (8.27)

Π = 1
2(pi + pj), (8.28)

∆q = qj − qi. (8.29)

We now rewrite the action Si on each surface as

Si(t) =
∫ t

0
Lidτ (8.30)

=
∫ t

0
(pTi · q̇i −Hi)dτ (8.31)

=
∫ qi(t)

q0
pTi · dq − tVi(q0). (8.32)

Li is the Lagrangian evaluated along the classical path xi, Hi(xi) = Hi(x0) because the
Hamiltonian is a constant of motion, and Hi(x0) = Vi(x0) because p0 = 0. Then,

S(t) = Sred(t)−∆Et, (8.33)

where
∆E = Vj(q0)− Vi(q0) (8.34)

is the energy gap at q0 and

Sred(t) =
∫ qj(t)

q0
pTj · dq −

∫ qi(t)

q0
pTi · dq −ΠT ·∆q (8.35)

=
∮
C
pT · dq (8.36)

is the reduced action equal to the signed area within the closed curve C consisting of the
two classical paths connecting x0 with xk (k ∈ {i, j}) and a straight line connecting xi and
xj (see Fig. 8.3) [435].

The analytical expression (8.25) provides a simple, semiclassical interpretation of the
effect of nuclear dynamics on electronic coherence (see Fig. 8.4): The diverging nuclear
trajectories affect not only the absolute value of χij(t), which, as expected, decays as
a Gaussian function of the phase-space distance d(t), but also frequency of electronic
oscillations. In the absence of nuclear motion, the electronic coherence would oscillate with
frequency ∆E/~, but now, due to nuclear dynamics, the phase of electronic oscillations
at time t is modified by the area Sred(t) divided by ~ [see Eqs. (8.25), (8.33), and (8.36)].
It is easy to see that if the potential energy surfaces are simply vertically shifted, i.e., if
Vj = Vi + ∆E, then xi = xj and d = Sred = 0, implying that the electronic coherence χij(t)
is not affected by nuclear dynamics.
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Figure 8.4: Semiclassical analysis of the electronic coherence χ13(t) from Fig. 8.1. Compari-
son of the coherence computed with the on-the-fly version of thawed Gaussian approximation
(green dash-dotted line), analytical semiclassical expression (8.25) (red solid line), factors
describing the decay (blue solid line) and oscillations (gray solid line) of coherence in the
presence of nuclear motion, and the undamped coherence in the absence of nuclear motion
(gray dashed line).

8.4.3 Comparison with variational multiconfigurational Gaussians

Although trajectory-based direct dynamics methods were previously used to estimate
electronic coherences in various polyatomic molecules [417, 427], converged results typically
required a large number of trajectories. The variational multiconfigurational Gaussians
used in these studies take into account nonadiabatic transitions and tunneling effects, but
require solving rather complicated equations of motion and make interpreting obtained
results less intuitive than the simple picture provided here in Eq. (8.25) and Figs. 8.3 and
8.4.

The performance of the variational multiconfigurational Gaussians method in the vibronic
coupling model of propiolic acid was compared with the exact quantum benchmark and the
thawed Gaussian results. Both single-set ansatz (where only one set of Gaussian functions
is used for all electronic states) and multi-set ansatz (where the Gaussians on different
states evolve separately) were considered. In contrast to the application of the variational
Gaussians in Refs. [417, 427], our implementation of the thawed Gaussian approximation
uses a “multi-set” approach, where a single Gaussian function with a flexible width is
used for every involved electronic state. By approximately taking into account quantum
properties of the wavepacket, such as its width and phase, the thawed Gaussian evolution
captures the dephasing mechanism while maintaining sufficient accuracy, especially at short
time scales.

Figure 8.5 shows that the single-set variational Gaussians approach used previously in
Ref. [417] (Gaussian functions with frozen parameters, the center of each Gaussian follows
non-classical variational equations of motion) cannot reproduce the exact benchmark results
even with a rather large number of basis functions, whereas the multi-set methods perform
better already with a single Gaussian function per state. Interestingly, using more Gaussians
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Figure 8.5: Electronic coherence in the full-dimensional vibronic coupling model of the
propiolic acid. Comparison between the exact quantum (MCTDH) benchmark, the thawed
Gaussian (TGA) result, and variational multiconfigurational Gaussians (vMCG) calcula-
tions with variable number of frozen Gaussian basis functions. Top panel: Single-set vMCG
calculations with 1, 16, and 31 Gaussians. Bottom panel: Multi-set vMCG calculations
with 1, 5, and 8 Gaussians per state.

in the multi-set variational multiconfigurational Gaussians method converges only very
slowly to the exact quantum nonadiabatic result. Multi-set calculations with more than 8
Gaussians per state were failing—further convergence of these results would require careful
tuning of the initial parameters of the Gaussian functions (see, e.g., Ref. [427]). Remarkably,
the thawed Gaussian approximation, which uses only a single classical trajectory (for each
of the two states), yields in this system better results than the single-set version of the
variational Gaussians method with 31 variational trajectories and as good results as the
multi-set version with 8 variational trajectories.

As for the cost of the calculations, the single-set approach is computationally advantageous
when a very large number of electronic states is considered—however, there is no guarantee
that the method will converge within a feasible number of basis functions. In contrast, the
multi-set methods employ a different Gaussian basis for each involved electronic state and,
therefore, much fewer basis functions per state are needed. According to Fig. 8.5, one can
expect that using only one Gaussian per surface provides a good estimate of the short-time
electronic coherence. In systems with stronger anharmonic effects and larger differences
between surface curvatures, an additional degree of accuracy can be achieved by using
the thawed Gaussian approximation, which allows the Gaussian wavepacket to spread or
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contract, but requires additional Hessian evaluations (one per surface in the single-Hessian
version).

8.4.4 Temperature effects on the decoherence process

It is expected that the nuclei-induced decoherence of electronic dynamics is enhanced
with increasing temperature. Therefore, the experiments should be, ideally, performed at
lower temperatures. However, to obtain sufficient gas phase density of the molecules under
study, the sample is often heated [443]. Indeed, recent experiments have used samples at
temperatures higher than 400K [414, 444]. Therefore, it is necessary to include the effects
of non-zero temperature in the theoretical modeling. Mixed quantum-classical approaches,
such as the Ehrenfest trajectory-based method, can efficiently include temperature effects,
but at the cost of neglecting nuclear quantum effects. Using the thermo-field dynamics
formulation, presented in Sec. 8.2, we can now include temperature effects within any
wavepacket-based approach, and, in particular, within the on-the-fly ab initio thawed
Gaussian approximation.

Figure 8.6 (top, left) shows electronic coherence in the ionized propiolic acid at three
different temperatures. As expected, the decay of the electronic coherence is faster at
higher temperatures (see also Fig. 8.6, middle, left). However, this is not the only effect
of temperature—the period of electronic oscillations changes, though only weakly, as
demonstrated in the bottom, left panel of Fig. 8.6.

Following our discussion in Sec. 8.4.2, we now assume the frozen Gaussian ansatz to derive a
simple phase-space picture that includes the effects of temperature. The frozen thermo-field
Gaussian wavepacket, expressed in the mass- and frequency-scaled coordinates [Eqs. (8.22)
and (8.23)], reads

ψ̄i(q, t) = (π~)−D/2 exp
{
− 1

2~(q̄ − q̄i)T · ḡ · (q̄ − q̄i) + i

~
p̄i(t)T · (q̄ − q̄i) + i

~
γ̄i

}
, (8.37)

where

ḡ =
(

coth(β~Ω/2) sinh(β~Ω/2)−1

sinh(β~Ω/2)−1 coth(β~Ω/2)

)
. (8.38)

Analogously to the zero-temperature picture, the coherence at arbitrary temperature

χij(t) = 1
2e
−dβ(t)2/4~eiSβ(t)/~, (8.39)

can be written in terms of a scaled distance

dβ(t) =
√

(q̄i − q̄j)T · ḡ · (q̄i − q̄j) + (p̄i − p̄j)T · ḡ−1 · (p̄i − p̄j) (8.40)

in the doubled phase space and

Sβ(t) = (S̄j − S̄i)− Π̄T ·∆q̄. (8.41)
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Figure 8.6: Real part (top), absolute value (middle), and the undamped oscillatory
component Re(χ13)/|χ13| (bottom)] of the electronic coherence in the ionized propiolic acid
computed at three different temperatures. Left: Vertical-Hessian thawed Gaussian result.
Right: Frozen Gaussian result, evaluated analytically with Eqs. (8.39), (8.41), and (8.44).

The expressions are further simplified by noting that the second half of coordinates in q̄i
exhibit no dynamics:

q̄i =
(
qi

q0

)
, p̄i =

(
pi

0

)
. (8.42)

Then,

dβ(t) =
√

(qi − qj)T · coth(β~Ω/2) · (qi − qj) + (pi − pj)T · coth(β~Ω/2) · (pi − pj)
(8.43)

=
√

(xi − xj)T · coth(β~Ω2D/2) · (xi − xj), (8.44)

where we used

ḡ−1 =
(

coth(β~Ω/2) − sinh(β~Ω/2)−1

− sinh(β~Ω/2)−1 coth(β~Ω/2)

)
(8.45)
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and defined

Ω2D =
(

Ω 0
0 Ω

)
. (8.46)

Because coth(β~ωk/2) > 1 holds for all eigenvalues ωk of Ω, we have dβ(t) > d(t) at all
times and for all temperatures T > 0, and dβ→∞(t) = d(t). In contrast to the decay of the
coherence, the part describing the oscillation period does not depend on temperature:

Sβ(t) = S(t). (8.47)

Equations (8.44) and (8.47) are confirmed numerically in Fig. 8.6 (middle and bottom,
right panels), where we plot

|χ13| =
1
2e
−dβ(t)2/4~ (8.48)

and
Re(χ13)/|χ13| = eiSβ(t)/~. (8.49)

Although propagating a single frozen Gaussian does not necessarily provide a quantitatively
accurate result, it can describe qualitatively the finite-temperature effects on the decoherence
process. Indeed, the results computed with the thawed Gaussian propagation (left panels of
Fig. 8.6) exhibit the same qualitative behavior as predicted by the closed-form expressions
(8.44) and (8.47) based on the frozen Gaussian ansatz: a strong temperature dependence
of the coherence decay and a weak dependence of the electronic oscillations.

Propiolic acid is a relatively small molecule and contains only few low-frequency modes that
could be affected by the increase of temperature. In practice, an appreciable gas density of
the propiolic acid sample could probably be achieved even at lower temperatures, which
further justifies the current interest in this molecule. However, in larger molecules, both of
these aspects become problematic: First, higher temperatures, e.g., as high as 400–500K
might be needed for experimental reasons. Second, more modes are susceptible to temper-
ature effects, rendering electronic coherence even less measurable. Therefore, modeling
of temperature effects will be required to reproduce or accurately predict experimental
signals.

8.5 Conclusion

In conclusion, we employed the simple and efficient on-the-fly semiclassical thawed Gaussian
approximation to understand the effects of nuclear motion on electronic coherence in
molecules. This practical computational method was validated by comparing the results
with full-dimensional quantum calculations performed using the multiconfigurational time-
dependent Hartree and variational multiconfigurational Gaussians methods. As suggested
in Fig. 8.1, neglecting the nonadiabatic couplings by the thawed Gaussian approximation
may not be a severe approximation because, even in systems with strong couplings, the
nonadiabatic effects typically only begin to play a significant role at times longer than
the ultrashort decoherence time scale. Finally, as the thawed Gaussian approximation
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neglects nonadiabatic coupling, wavepacket propagations in different electronic states
are independent and can be performed in parallel; furthermore, only the states that
are populated initially must be considered, which makes the calculations highly efficient.
Overall, due to its efficiency in large molecules, this technique could help quickly preselect
[445, 446] molecules suitable for further experimental investigation and support theoretically
recent experimental observations of attosecond electron dynamics in realistic molecular
systems.
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9 Conclusions and outlook

In this thesis, I presented several improvements to state-of-the-art ab initio computational
methods for linear and nonlinear electronic spectra. The modularity and efficiency of
the developed approaches allowed the study of Duschinsky, anharmonicity, Herzberg–
Teller, and finite-temperature effects at an affordable computational cost. The underlying
approximations were carefully validated and benchmarked against exact spectra of model
systems and experimental spectra of molecules.

The accuracy of the single-Hessian version was shown to be similar to that of the original
thawed Gaussian approximation. The single-Hessian method proved useful on several
occasions, for example, in the computation of absorption and emission spectra of azulene
or the electronic coherences in ionized propiolic acid, where we had to use advanced
electronic structure methods with no access to analytical Hessians. Unlike thawed Gaussian
approximation, the single-Hessian approach conserves the effective energy and can be
mapped to a classical Hamiltonian system. This technique has also attracted attention in the
mathematical physics community [169] because it is a conceptually different approximation
rather than a computational algorithm for approximating Hessians.

By borrowing the concept of a doubled configuration space from the thermo-field dynamics
approach, we could justify the well-known wavepacket autocorrelation picture [74] of
electronic spectroscopy beyond the zero-temperature limit. The theory is exact and could
be easily combined with any quantum dynamics method. However, it is advantageous
when coupled with those that scale favorably with the number of degrees of freedom.
Remarkably, when combined with the on-the-fly ab initio thawed Gaussian approximation,
the temperature effects come at almost no additional computational cost.

The results on pump-probe and two-dimensional spectra are among the first to treat the
mode distortion and Duschinsky effects exactly in many-dimensional molecular systems.
In our work, we went one step further by including, at least partially, the anharmonicity
effects on the spectra through the ab initio thawed Gaussian approximation. We then
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generalized the wavepacket-based strategy beyond the zero-temperature approximation,
thereby solving one of the outstanding challenges that has previously prevented the use of
efficient quantum dynamics methods in the simulation of realistic time-resolved spectra.
Moreover, the method offers an intuitive and straightforward interpretation of decoherence
in state-of-the-art attosecond experiments. As proposed by Scheidegger and Golubev
[445, 446], its efficiency could be exploited to identify molecules that exhibit long-time
electronic coherences.

Of course, this thesis does not provide the ultimate answer. Some relevant effects were
either entirely neglected (e.g., nonadiabatic effects) or were treated only approximately
(e.g., the anharmonicity of the potential energy surface or the dependence of the transition
dipole moment on nuclear coordinates). Nevertheless, the developed strategy could serve
as a basis for more accurate semiclassical or quantum dynamics methods. For example,
Hagedorn wavepackets [151, 160, 161], which are of the “Gaussian times a polynomial”
form, are a natural extension beyond thawed Gaussian approximation. Hagedorn’s method
could be made exact in systems of high anharmonicity or used to model systems with
second- or higher-order Herzberg–Teller corrections. Notably, some concepts developed
through our work on the thawed Gaussian approximation, such as the finite-temperature
treatment of linear and nonlinear spectra, are fully transferable to any quantum dynamics
approach. Indeed, many efficient Gaussian-based methods [94, 101, 107, 108, 181, 375]
could easily adopt the thermo-field dynamics formulation to include finite temperature
effects in accurate wavepacket simulations.

At the beginning of the twenty-first century, it was clear that on-the-fly ab initio quantum dy-
namics methods provided an efficient alternative to grid-based methods on pre-constructed
potential energy surfaces [447]. With the accessibility of machine learning and artificial
intelligence tools and their ever-increasing presence in chemistry and chemical modeling
[448], the advantages of the on-the-fly dynamics have begun to blur. If an efficient neural
network [449] or a genetic algorithm approach [450] can construct a high-dimensional po-
tential energy surface with a few hundred or a thousand potential energy evaluations, why
should we insist on developing on-the-fly dynamics approaches? This is, of course, an exag-
geration. Artificial intelligence algorithms must be trained on the initially sampled set of
geometries, which, for dynamics, must coincide with the dynamically relevant region of the
configuration space. Evolving trajectories or wavepackets using on-the-fly machine-learning
of the potential energy appears to be a promising template for next-generation quantum
dynamics methods [451–456]. The single-trajectory thawed Gaussian approximation fits
perfectly into this framework of merged on-the-fly evaluation and fitting of potential energy
surfaces.

Special attention is today given to systems in the condensed phase, e.g., molecules in solution
[457–460], in solids [461], or at surfaces [462, 463], where the effects of the environment
are essential [370, 464–466]. While in linear spectroscopy, these effects can be modeled
phenomenologically through a simple broadening, this is not possible in time-resolved
spectroscopy. Hence, our current set-up is applicable only to short delay times during which

120



system relaxation is negligible. System-bath coupling could be included within the present
methodology in several ways. For example, the bath degrees of freedom could be treated
as a large number of harmonic oscillators coupled to the molecular vibrational modes,
in the spirit of the multimode Brownian oscillator model [23] or Tanimura’s hierarchical
equations of motion [370]. A few hundred bath coordinates could be easily included in the
simulations based on thawed Gaussian approximation. In addition, static, inhomogeneous
broadening could be treated by sampling the initial configurations from an equilibrium
molecular dynamics simulation of both the system (e.g., the molecule of interest) and bath
(solvent). Similar strategies have recently been proposed for linear vibronic spectroscopy
[359, 360, 467–469]. The effects of finite pulse duration must also be included to ensure
a quantitative comparison with the experimental time-resolved spectra [470]. Efficient
methods for evaluating the costly triple-time integral are available [381] and could be
easily employed to transform the third-order response function, which we evaluate with
the thawed Gaussian approximation, into the experimentally observed signals.

Our current methodology is aimed specifically at experiments that can induce and measure
coherent vibrational wavepacket dynamics [302, 305, 471, 472]. Understanding the spectral
features associated with such dynamics is key to disentangling complicated signals appearing
in biological multi-chromophore systems, such as light-harvesting proteins [473–476], which
typically exhibit both vibrational and electronic dynamics. Therefore, it is instructive to
study isolated molecular chromophores, for which the ab initio methods, including those
discussed in this thesis, are feasible; doing so could help understand both steady-state and
time-resolved experiments of complex systems. Specific applications include ubiquitous
protein cofactors, such as heme-related metalloporphyrins [477], and pigments [457–459],
such as carotenes or chlorophylls.

It should be emphasized that the findings of this thesis are not only of fundamental
interest for physical chemists and theoreticians but are also of practical importance to
the computational design of new materials. For example, in the case of azulene, we saw
that most of S2 absorption and emission intensities were due to the Herzberg–Teller effect.
Therefore, when new molecules are screened for application in light-emitting devices, where
a high oscillator strength is one of the key constraints [478–480], non-Condon effects should
be considered. At present, there are no electronic structure codes with analytical derivatives
of the transition dipole moments, which precludes a high-throughput screening scheme
that would include the effect of Herzberg–Teller coupling on the oscillator strength.

To conclude, the results of this thesis could have broad implications for molecular modeling,
dynamics, and spectroscopy. The advances in the ab initio studies of experimentally
observable signals, in our case linear and nonlinear electronic spectra, are expected to
facilitate and inspire new and exciting research.
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A Generalization of Eqs. (1.47)–
(1.49) to arbitrary Q0

Auxiliary matrices Qt and Pt, defined by Eqs. (1.28) and (1.29), satisfy the relations
[161, 172]

QTt · Pt − P Tt ·Qt = 0, (A.1)

Q†t · Pt − P
†
t ·Qt = 2iQ†0 · ImA0 ·Q0. (A.2)

The former is obtained from P Tt · Qt = (QTt · Pt)T using Eq. (1.28) for Pt, the latter by
showing that the time derivative of the left hand side is zero and by confirming the relation
at time zero—by realizing that

P †0 ·Q0 = (Q†0 · P0)† = (Q†0 ·A0 ·Q0)† = Q†0 ·A
∗
0 ·Q0. (A.3)

Equations (1.47) and (1.48) of Sec. 1.2.3 follow from (A.1) and (A.2) if Q0 = (ImA0)−1/2.

Equation (2.24) of Sec. 2.1.4 can be deduced from Eqs. (A.1) and (A.2):

2iIm(Pt ·Q−1
t ) = Pt ·Q−1

t − P ∗t · (Q∗t )−1 (A.4)

= (Q†t)−1 · [Q†t · Pt −Q
†
t · P ∗t · (Q∗t )−1 ·Qt] ·Q−1

t (A.5)

= (Q†t)−1 · [Q†t · Pt − P
†
t ·Q∗t · (Q∗t )−1 ·Qt] ·Q−1

t (A.6)

= 2i(Q†t)−1 ·Q†0 · ImA0 ·Q0 ·Q−1
t . (A.7)

Equation (A.6) follows from Eq. (A.5) because Q†t ·P ∗t = (QTt ·Pt)∗ = (P Tt ·Qt)∗ = P †t ·Q∗t ,
where we used Eq. (A.1), and Eq. (A.7) follows from (A.6) by applying Eq. (A.2). In
Hagedorn’s convention [159–161], Q0 = (ImA0)−1/2, relation (2.24) reduces to Eq. (1.49)
of Sec. 1.2.3.
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B Derivation of the initial-state
parameters in the thermo-field
dynamics approach

Here, we derive expressions (3.35)–(3.38) for the Gaussian parameters of ρ1/2(q, q′). First,
recall that the matrix element ρ(q, q′) of the thermal density operator in a one-dimensional
harmonic oscillator

Ĥ = p̂2

2m + 1
2mω

2q̂2 (B.1)

with mass m and frequency ω is [481]

ρ(q, q′) =

√
mω tanh(β~ω/2)

π~
e−

mω
2~ [(q2+q′2) coth(β~ω)−2qq′/ sinh(β~ω)]. (B.2)

Using Eq. (B.2), we now derive the expression for the matrix element ρ(q, q′) in a D-
dimensional coupled harmonic oscillator

Ĥ = 1
2 p̂

T ·m−1 · p̂+ 1
2(q̂ − qeq)T ·K · (q̂ − qeq), (B.3)

where m and K are D ×D symmetric mass and force-constant matrices, respectively, and
qeq is the equilibrium position at which the potential energy has its minimum.

The first step consists in transforming q to the mass-scaled normal-mode coordinates
Q = OT ·m1/2 · (q − qeq), where O is the orthogonal matrix diagonalizing the mass-scaled
force-constant matrix, i.e., OT ·m−1/2 ·K ·m−1/2 ·O = Ω2

diag with a real diagonal matrix
Ωdiag. This leads to the uncoupled Hamiltonian

Ĥ = 1
2 P̂

T · P̂ + 1
2Q̂

T · Ω2
diag · Q̂ =

D∑
i=1

Ĥi, (B.4)

where Ĥi = 1
2 P̂

2
i + 1

2ω
2
i Q̂i

2 and ωi are the diagonal elements of Ωdiag. The density matrix

125



Appendix B. Derivation of the initial-state parameters in the thermo-field
dynamics approach

element of this uncoupled D-dimensional harmonic oscillator is

ρ(Q,Q′) = 〈Q|e
−βĤ |Q′〉

Tr(e−βĤ)
(B.5)

=
D∏
i=1

〈Qi|e−βĤi |Q′i〉
Tr(e−βĤi)

(B.6)

=
D∏
i=1

ρi(Qi, Q′i) (B.7)

=
D∏
i=1

√
ωi tanh(β~ωi/2)

π~
e−ωi[(Q

2
i+Q

′ 2
i ) coth(β~ωi)−2QiQ′i/ sinh(β~ωi)]/2~ (B.8)

=

√√√√ D∏
i=1

(
ωi tanh(β~ωi/2)

π~

)
e
− 1

2~
∑D

i=1[ωi(Q2
i+Q

′ 2
i ) coth(β~ωi)−

2ωi
sinh(β~ωi)

QiQ
′
i] (B.9)

=

√
det[Ωdiag · tanh(β~Ωdiag/2)]

πD~D
exp

{
i

2~
(
Q, Q′

)
· Āβ,diag ·

(
Q

Q′

)}
, (B.10)

where

Āβ,diag = iΩ̄diag ·
(

coth(β~Ωdiag) − sinh(β~Ωdiag)−1

− sinh(β~Ωdiag)−1 coth(β~Ωdiag)

)
, (B.11)

Ω̄diag =
(

Ωdiag 0
0 Ωdiag

)
(B.12)

are 2D × 2D matrices composed of D ×D diagonal sub-matrices.

Transformation back to the original coordinates q yields

ρ(q, q′) =

√
det[m · Ω · tanh(β~Ω/2)]

πD~D
exp

[
i

2~(q̄ − q̄0)T · Āβ · (q̄ − q̄0)
]
, (B.13)

with

q̄ =
(
q

q′

)
, q̄0 =

(
qeq

qeq

)
, (B.14)

Ω = O · Ωdiag ·OT =
√
m−1/2 ·K ·m−1/2, (B.15)

Āβ = L̄ · Āβ,diag · L̄T = i

(
Aβ Bβ
Bβ Aβ

)
, (B.16)

L̄ =
(
m1/2 ·O 0

0 m1/2 ·O

)
, (B.17)

Aβ = m1/2 · Ω · coth(β~Ω) ·m1/2, (B.18)

Bβ = −m1/2 · Ω · sinh(β~Ω)−1 ·m1/2. (B.19)
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To find ρ1/2(q, q′), we rewrite it as

ρ
1/2
β (q, q′) = Tr(e−βĤ/2)√

Tr(e−βĤ)
ρβ/2(q, q′), (B.20)

and hence, the initial value Ā0 needed for extended thawed Gaussian propagation is given
by Āβ/2, where Āβ is defined by Eqs. (B.16), (B.18), and (B.19), which proves Eqs. (3.35)–
(3.37). To find the initial value γ̄0, we can avoid computing the traces in Eq. (B.20)
explicitly and instead recognize that ρ1/2(q, q′) must be normalized as∫

dqdq′[ρ1/2(q, q′)]2 = Tr[(ρ1/2)2] = Tr(ρ) = 1. (B.21)

Therefore, γ̄0 can be computed from Ā0 in analogy to Eq. (1.64) for the wavepacket (1.19),
i.e.,

γ̄0 = −(i~/4) ln[det(ImĀ0/π~)] (B.22)

= −(i~/2) ln[det(m · Ω/π~)] (B.23)

= −(i~/4) ln[det(m ·K/(π~)2)], (B.24)

where we used that the initial width matrix Ā0 is Āβ/2 and that

det(ImĀβ) = det(m · Ω)2 = det(m ·K)

(in particular, the determinant is independent of ~ and temperature!) because

det(ImĀβ) = det(Aβ) det(Bβ) det(Aβ · B−1
β − Bβ ·A−1

β ) (B.25)

= det(m · Ω)2

× det[coth(β~Ω)] det[− sinh(β~Ω)]−1

× det[− sinh(β~Ω)2 · cosh(β~Ω)−1] (B.26)

= det(m · Ω)2 = det(m ·K). (B.27)

In this derivation, we used the relation [482]

det
(
A B
B A

)
= det(A) det(B) det(A · B−1 − B ·A−1) (B.28)

valid for arbitrary invertible matrices A and B, the relation

Aβ · B−1
β − Bβ ·A−1

β = −m1/2 · Ω ·
[
cosh(β~Ω)− cosh(β~Ω)−1

]
· Ω−1 ·m−1/2

= −m1/2 · Ω · sinh(β~Ω)2 cosh(β~Ω)−1 · Ω−1 ·m−1/2

satisfied by matrices Aβ and Bβ from Eqs. (B.18) and (B.19), and the definition (B.15) of
Ω in the last step.
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C Supporting information for Chap-
ter 5

C.1 Orientational averaging of pump-probe spectra

Here we derive the constant scaling factors for the time-resolved spectrum of Eq. (5.19)
arising from averaging over all possible orientations of molecules in an isotropic sample.
We first consider a rank-4 three-dimensional tensor ←→σ (ω) related to the spectrum by

σ(ω) = εpuI ε
pr
J ε

pr
K ε

pu
L
←→σ IJKL(ω), (C.1)

where Einstein’s summation convention was used (i.e., a sum over I, J,K,L = 1, 2, 3 is
implied). For fixed polarization vectors of the pump (~ε pu) and probe (~ε pr) pulses in the
laboratory frame, one can easily evaluate the spectrum from Eq. (C.1). However, the
spectrum tensor is a molecular property, and as such, is more naturally given in the
molecular frame as ←→σ ijkl(ω), where lowercase indices are used to distinguish the molecular
from laboratory frame. Tensors in the two frames are related by

←→σ IJKL(ω) = λIiλJjλKkλLl
←→σ ijkl(ω), (C.2)

where the coefficients λIi, λJj , ... represent the cosines of angles between the laboratory
and molecular axes indicated in the subscript. The orientational average of ←→σ IJKL(ω) is
obtained by averaging the coefficients λIiλJjλKkλLl. Following the procedure of Craig and
Thirunamachandran [483], but using a slightly more general expression from Ref. [484],
one obtains the average

λIiλJjλKkλLl = 1
30


λIJλKL

λIKλJL

λILλJK


T

·


4 −1 −1
−1 4 −1
−1 −1 4

 ·

λijλkl

λikλjl

λilλjk

 . (C.3)

Now we fix the laboratory frame so that the pump pulse is polarized along the Z-axis, and
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let the probe pulse be polarized along an axis, denoted α, tilted by an angle α with respect
to the Z-axis. Then the sum (C.1) reduces to a single term

σ(ω) =←→σ ZααZ(ω). (C.4)

The molecular frame is set so that the z-axis is parallel to the transition dipole moment
vector. Within the Condon approximation, only one component of the spectrum tensor in
the molecular frame is nonzero and the Eq. (C.2) simplifies to

←→σ ZααZ,CA(ω) = λZzλαzλαzλZz
←→σ zzzz,CA(ω). (C.5)

In general, the transition dipole moment is a complicated function of the geometry and
can change its orientation during the probe delay time, which gives rise to other nonzero
spectrum tensor elements. The reorientation of the transition dipole moment can also
occur due to the rotation of the molecule, which is, however, neglected here because of the
ultrashort time scales involved. Applying Eq. (C.3) gives:

λZzλαzλαzλZz = 1
30


cos2 α

cos2 α

1


T

·


4 −1 −1
−1 4 −1
−1 −1 4

 ·


1
1
1

 (C.6)

= 1
30(4 cos2 α+ 2) (C.7)

= 1
5 cos2 α+ 1

15 sin2 α. (C.8)

Thus, the orientationally averaged time-resolved spectrum is 5 to 15 times weaker than the
spectrum that would be obtained if the polarizations of both the pump and probe electric
fields were aligned with the transition dipole moment of the molecule—the exact ratio
depends on the angle α between the pump and probe polarization vectors. Within the
Condon approximation, the orientation average is needed only for absolute cross sections; if
only relative cross sections are required, the orientational averaging is unnecessary because
the effect of averaging is equivalent to a scaling of the spectra by a constant factor.

C.2 Derivation of the expressions for the means and widths
of the time-resolved stimulated emission spectra

Let a, κ, κ1, and κ2 be D ×D real symmetric matrices and let a be positive definite; in
our setting, D denotes the number of degrees of freedom. In this Appendix, we will use
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the following analytical expressions for three Gaussian integrals [111, 482, 485]:

I0(a) :=
∫
dDqe−q

T ·a·q =
(
πD

det a

) 1
2

, (C.9)

I2(a, κ) :=
∫
dDq(qT · κ · q)e−qT ·a·q

= 1
2I0(a)Tr(κ · a−1), (C.10)

I4(a, κ1, κ2) :=
∫
dDq(qT · κ1 · q)(qT · κ2 · q)e−q

T ·a·q

= 1
2I0(a)

[1
2Tr(κ1 · a−1)Tr(κ2 · a−1) + Tr(κ1 · a−1 · κ2 · a−1)

]
. (C.11)

Within the local harmonic approximation, the difference between the effective time-
dependent potentials of the two surfaces is

∆Veff(q, τ) = ∆Vτ + (∆V ′τ )T · (q − qτ ) + 1
2(q − qτ )T ·∆V ′′τ · (q − qτ ), (C.12)

where we used definitions (5.35)–(5.37) of ∆Vτ , ∆V ′τ , and ∆V ′′τ . To evaluate the mean of
the normalized time-resolved stimulated emission spectrum (5.30), we start from Eq. (5.31)
and insert the expression for the potential difference (C.12):

〈ω〉LHAτ = ~−1〈ψτ |∆V̂eff(τ)|ψτ 〉. (C.13)

Within the thawed Gaussian approximation the probability density |ψτ |2 is even, so the
terms containing odd powers of (q − qτ ) vanish in the integral over all space and the
expression reduces to

~〈ω〉LHAτ = ∆Vτ + 1
2

∫
dDq|ψτ |2(q − qτ )T ·∆V ′′τ · (q − qτ ). (C.14)

We now trivially transform the integration over q to integration over (q − qτ ) and use
Eq. (C.10) to obtain Eq. (5.33).

As for the spectral widths, we first have to evaluate the second moment of the normalized
spectral lineshape, which is given by [317]

〈ω2〉τ = ~−2〈ψτ |∆V̂ 2|ψτ 〉. (C.15)

Inserting the effective local harmonic potential into Eq. (C.15) and dropping terms with
odd powers of (q − qτ ) yields

~2〈ω2〉LHAτ = ∆V 2
τ +

∫
dq|ψτ |2{[(∆V ′τ )T · (q − qτ )]2

+ (q − qτ )T ·∆V ′′τ · (q − qτ )∆Vτ

+ 1
4[(q − qτ )T ·∆V ′′τ · (q − qτ )]2}. (C.16)
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Evaluating the integral using Eqs. (C.10) and (C.11) gives

~2〈ω2〉LHAτ = ∆V 2
τ + (∆V ′τ )T · Σ2

τ ·∆V ′τ

+ ∆VτTr(C) + 1
4 (TrC)2 + 1

2Tr(C
2) (C.17)

= ~2(〈ω〉LHAτ )2 + (∆V ′τ )T · Σ2
τ ·∆V ′τ + 1

2Tr(C
2) (C.18)

where Σ2
τ is the position covariance matrix (2.7), C := ∆V ′′τ · Σ2

τ , and where we employed
Eq. (5.33). Equation (5.34) then follows directly from Eq. (C.18).

C.3 Modification of the Eqs. (5.31) and (5.32) for the spec-
tral width when a broadening function is applied to the
spectrum

Here we derive expression (5.40) for the spectral width, used in our calculations instead
of Eqs. (5.34) and (5.39) due to the presence of a broadening function. We follow closely
the derivation of Pollard et al. [317], with the exception that our σ0 is already normalized
so that its zeroth moment is 1. The final expressions for the first and second moments
without broadening are equal to those from Ref. [317] up to constant factors which vanish
after dividing by the zeroth moment.

The nth moment of the normalized spectral lineshape σ0(ω, τ) at a probe delay time τ is
given by the derivative of the corresponding correlation function evaluated at time zero:

〈ωn〉 = Re[in d
n

dtn
C(t′, τ)|t′=0]. (C.19)

We now take our correlation function to be the stimulated emission correlation func-
tion (5.26) multiplied by a decay function f(t′) responsible for the phenomenological
broadening of the spectra. Then the expression for the nth moment of the normalized
spectral lineshape reads

〈ωn〉 = Re

 n∑
j=0

in
(
n

j

)
dn−j

dt′n−j
CSE(t′, τ)|t′=0

dj

dt′j
f(t′)|t′=0

 . (C.20)

Before continuing, we note that for the commonly used exponential decay, which results in
the Lorentzian broadening of the spectral lines, the standard deviation of the spectrum is
not defined. We, therefore, used the Gaussian decay function f(t′) = exp(−αt′2). Since
f(0) = 1 and f ′(0) = 0, the first moment is not affected by this decay function. However,
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the second moment changes to

〈ω2〉 = Re

− 2∑
j=0

(
2
j

)
d2−j

dt′2−j
CSE(t′, τ)|t′=0

dj

dt′j
f(t′)|t′=0

 (C.21)

= Re
[
− d2

dt′2
CSE(t′, τ)|t′=0 −

d2

dt′2
f(t′)|t′=0

]
(C.22)

= 1
~2 〈ψτ |∆V̂

2|ψτ 〉+ 2α. (C.23)

To obtain Eq. (C.23) from Eq. (C.22), we used the result of Pollard et al. for the first term,
and the second derivative of the Gaussian function,

d2

dt′2
f(t′)|t′=0 = (4α2t′2 − 2α)f(t′)|t′=0 = −2α, (C.24)

for the second term.

C.4 A one-dimensional ab initio model: details of the poten-
tial fit and exact quantum dynamics calculations

For the model, we chose the excited-state vibrational mode of frequency 924 cm−1. The
ab initio data was obtained by computing the ground- and excited-state potentials at
the geometries displaced from the excited-state minimum along the vibrational mode of
interest. Then, the data was fitted to a Morse potential

V (q) = V0 + d[1− e−a(q−q0)]2. (C.25)

The fitting parameters for the two states are given in Table C.1 and the potentials are
shown in Fig. C.1.

The initial state was obtained as the ground vibrational state of the harmonic fit to the
ground-state Morse potential, i.e., it was a Gaussian with the initial position corresponding
to the ground-state minimum (ground-state q0 in Table C.1), zero initial momentum, and
standard deviation σq = 14.42 (in atomic units).

Table C.1: Parameters (in atomic units) for the Morse potentials [Eq. (C.25)] of the ground
and excited electronic states.

V0 q0 a d

Ground state -231.57171 -31.47 0.003215 1.11757
Excited state -231.49832 0.03757 0.003173 0.88029

We note that the vibrational modes experience significant coupling and that the chosen
coordinate is not a vibrational mode of the ground-state potential; a multi-dimensional
model would be required to accurately describe the dynamics of the phenyl radical.
Therefore, the initial wavepacket discussed here, which is obtained from a harmonic fit to

133



Appendix C. Supporting information for Chapter 5

-100 -50 0 50

-231.56

-231.52

-231.48

q [a.u.]

P
ot
en
ti
al

[a
.u
.]

Figure C.1: Ab initio data (blue points) and the fitted Morse potentials (blue lines) of the
ground and excited electronic states of the phenyl radical along the excited-state vibrational
mode of frequency 924 cm−1; zero position is the minimum of the excited-state potential
energy surface (obtained by the ab initio geometry optimization).

the ground-state model potential, is not physical, i.e., it does not correspond to any of
the degrees of freedom of the full-dimensional initial wavepacket. Nevertheless, the goal
of this calculation was to present the accuracy of the thawed Gaussian approximation in
moderately anharmonic systems by comparing it to the exact dynamics—we did not aim
to recover the spectrum of the phenyl radical. Yet, our model was based on the ab initio
data, and so has a realistic extent of anharmonicity.

Exact quantum dynamics was performed using the second-order split-operator method;
the same time step and total propagation times were used as for the thawed Gaussian
propagation (see Section 5.3). The spatial grid consisted of 16384 equidistant points
between -200 and 160 atomic units.
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C.5 Excited-state wavepacket and absorption spectrum of
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Figure C.2: Probability density of the excited-state wavepacket at two different probe
delay times τ .
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Figure C.3: Linear absorption spectrum of the Morse model described in Appendix C.4
evaluated using the exact quantum dynamics, on-the-fly thawed Gaussian approximation
(TGA), and global harmonic approach.

C.6 Excited-state wavepacket and absorption spectrum of
the model with increased anharmonicity

Here, we compare the thawed Gaussian approximation with the exact result for a more
challenging Morse potential, which is constructed from the ab initio model described in
Appendix C.4 by increasing the anharmonicity. This is accomplished by modifying the
a and d parameters so that the product 2da2, equal to the force constant of the global
harmonic approximation at the minimum of the true potential, remains unchanged. In
this example, we multiply the ground- and excited-state a parameters by 2 and divide the
d parameters by 4 (the original parameters are given in Table C.1).
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Figure C.4: Probability density of the excited-state wavepacket at two different probe
delay times τ . Analogue of Fig. C.2, but for the modified Morse potentials with increased
anharmonicity.
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Figure C.5: Linear absorption spectrum of the modified Morse model with increased
anharmonicity, described in this Appendix. Analogue of Fig. C.3.
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D Supporting information for Chap-
ter 6

D.1 Ground- and excited-state optimized geometries, fre-
quencies, and relative displacements

Table D.1: Optimized geometries (in Å) of the ground and first excited electronic states of
phenol at the PBE0/6-311G(d, p) level of theory.

S0 S1
X Y Z X Y Z

C -0.000 0.940 0.000 -0.930 0.038 -0.008
C -1.199 0.232 0.000 -0.298 -1.235 -0.019
C -1.183 -1.158 0.000 1.120 -1.261 0.037
C 0.021 -1.849 0.000 1.831 -0.039 0.010
C 1.215 -1.134 0.000 1.190 1.218 -0.036
C 1.212 0.252 0.000 -0.230 1.264 0.006
O 0.049 2.296 0.000 -2.269 0.119 0.002
H -0.848 2.639 0.000 -2.630 -0.770 0.097
H -2.146 0.767 0.000 -0.882 -2.132 -0.199
H -2.123 -1.700 0.000 1.656 -2.201 0.062
H 0.031 -2.933 0.000 2.917 -0.072 0.018
H 2.163 -1.662 0.000 1.773 2.129 -0.061
H 2.134 0.822 0.000 -0.787 2.185 0.126
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Table D.2: Ground- and excited-state frequencies and dimensionless relative displacements
between the two states. Frequencies are given in cm−1. Dimensionless displacements
are defined as |

√
ωi/~q2,i|, where ωi is the i-th ground-state frequency and q2,i is the

excited-state position in the mass-scaled normal mode coordinate i of the ground state.
Both ground- and excited-state frequencies are listed in the descending order.

Mode S0 frequencies S1 frequencies Displacement

1 3889 3806 0.012
2 3222 3242 0.127
3 3216 3232 0.041
4 3201 3225 0.079
5 3192 3193 0.066
6 3171 3182 0.165
7 1682 1579 0.215
8 1668 1499 0.077
9 1544 1492 0.143
10 1511 1468 0.027
11 1388 1439 0.085
12 1361 1340 0.082
13 1314 1320 0.553
14 1207 1181 0.016
15 1190 1159 0.035
16 1175 1148 0.028
17 1100 1022 0.113
18 1055 996 0.587
19 1015 987 0.708
20 989 854 0.081
21 969 822 0.360
22 890 678 0.044
23 840 631 0.819
24 825 608 0.724
25 766 542 0.174
26 702 527 0.079
27 631 519 0.113
28 536 498 0.972
29 519 400 0.003
30 421 345 0.893
31 409 297 0.111
32 352 187 0.357
33 232 117 0.218
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D.2 Equation-of-motion coupled cluster singles and doubles
(EOM-CCSD) transition energies along the excited-state
trajectory
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Figure D.1: The energy gaps between the excited and ground electronic states of phenol
evaluated along the first 500 steps of the excited-state ab initio trajectory at the PBE0/6-
311G(d, p) level of theory, compared to the transition energies computed using the
EOM-CCSD/6-311G(d, p) method. The nearly constant shift in the transition energies
induces only a constant frequency shift in the computed spectra, but does not affect their
shape.
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D.3 Wavepacket autocorrelation function for the linear ab-
sorption spectrum
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Figure D.2: Top: Undamped (red, dashed) and damped (blue, solid) wavepacket au-
tocorrelation function 〈1, g|e−iĤ′2t/~|1, g〉, evaluated with the on-the-fly ab initio thawed
Gaussian approximation, and the damping (black, dotted), which is a Gaussian function
exp(−t2/2σ2

t ) with σt =
√

2 ln 2/HWHM, where HWHM is the half-width of half-maximum
of the broadening Gaussian function in the frequency domain (HWHM= 120 cm−1, as
reported in Chapter 6). Bottom: Absorption spectra computed as the Fourier transforms
of the first 500 (blue, solid) or 1000 (red, dashed) steps of the damped autocorrelation
function (blue, solid line in the top panel). For the given damping, 500 steps (125 fs) of
the autocorrelation function are sufficient to obtain a converged absorption spectrum, as
demonstrated by the comparison of simulated spectra in the bottom panel.

D.4 Shifts in frequency applied to the calculated spectra of
phenol

To facilitate the comparison between the calculated and experimental spectral lineshapes,
we shift the simulated spectra along the frequency axis and scale their intensity so that
all spectra match at the maximum of the experimental spectrum. To reproduce the exact
position of the spectrum, one would need to predict accurately the vertical excitation
energy, which is difficult even with fairly accurate electronic structure methods. As shown
in Table D.3, values obtained at different levels of theory vary greatly. For example, the
method used in this work, PBE0/6-311G(d,p), predicts the vertical excitation energy
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of 5.25 eV, multiconfigurational complete active space self-consistent field (CASSCF)
method gives 4.85 eV, whereas the second-order perturbation theory restricted active space
(RASPT2) method reduces the excitation energy to 4.47 eV. Based on the frequency shift
that we employed to overlap the simulated thawed Gaussian and experimental spectra
(see Table D.4), we propose the value of 4.83 eV as the most accurate prediction of the
vertical excitation energy. Note that this quantity cannot be deduced from the experimental
spectrum. Some authors, e.g., in Ref. [390], incorrectly compared their results with the
0–0 transition energy (36350 cm−1 ≈ 4.51 eV), which is typically much lower than the
vertical energy gap at the Franck–Condon geometry; others, e.g., in Ref. [486], compared
their prediction with the transition energy of the maximum-intensity peak of the spectrum
(4.61 eV), which is not necessarily equal to the vertical excitation energy. Our prediction
is, in fact, far from those values, emphasizing the importance of simulating full vibronic
spectra for the accurate estimation of the vertical excitation energy.

By neglecting anharmonicity, Duschinsky rotation, or mode distortion, one inevitably
modifies the estimated zero-point energy in the excited electronic state, which, in turn,
affects the overall position of the absorption spectrum. Therefore, the spectra computed
with different anharmonic and harmonic methods differ not only in shape but are also
shifted differently. To compare fairly the spectral lineshapes, we translate each simulated
spectrum with its own value of the frequency shift.

Table D.3: Vertical excitation energies ∆E for the phenol S1 ← S0 electronic transition
evaluated at different levels of theory. Standard notation M1/B1//M2/B2 is used to denote
the excitation energy evaluated with method M1 and basis set B1 at the ground-state
minimum optimized with method M2 and basis set B2. For brevity, we do not list all values
found in the literature and refer the reader to Refs. [486–491] for more computational
results.

Electronic structure method ∆E (eV)

PBE0/6-311G(d, p)//PBE0/6-311G(d, p) 5.251
EOM-CCSD/6-311G(d, p)//PBE0/6-311G(d, p) 5.111
CASSCF(10,10)/aug-cc-pVDZ//MP22/aug-cc-pVDZ 4.853
MRCI44/aug-cc-pVDZ//MP2/aug-cc-pVDZ 4.755
RASPT2(0,0/8,7/2,12)/ANO-L(432,21)-aug//CASSCF(8,7)/ANO 4.476

1 This work.
2 Second-order Møller-Plesset perturbation theory.
3 Ref. [492].
4 Multireference configuration interaction.
5 Ref. [493].
6 Ref. [390]. See also other values reported therein.
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Table D.4: Overall frequency shifts (in cm−1) introduced into the calculated linear and
two-dimensional spectra of phenol. Same shifts were used along both frequency axes in
two-dimensional electronic spectra.

Method Shift

On-the-fly ab initio thawed Gaussian approximation -3380
Harmonic approximation -3440
Uncoupled harmonic approximation -3760
Displaced harmonic oscillator model -4740
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E Supporting information for Chap-
ter 7

E.1 Thermo-field dynamics expression for C(τa, τb, τc) beyond
the Born-Oppenheimer approximation

In the main text, we invoked the Born–Oppenheimer approximation so that the thermo-
field dynamics expression could be easily combined with the thawed Gaussian wavepacket
dynamics. Of course, in many systems of interest, such as excitonic or multichromophoric
systems, or photochemically active molecules, the coupling between electronic states must
be included in the calculations. Here, we present the result beyond the Born-Oppenheimer
approximation.

As in Eq. (7.1) of the main text, we define the thermal vacuum, now in the extended
molecular (electronic and vibrational) Hilbert space:

|0̄(β)〉 = ρ̂1/2∑
k

|kk̃〉. (E.1)

In other words, the state |0̄(β)〉 is described not only by a doubled number of vibrational
coordinates, but also a doubled number of electronic degrees of freedom. Following similar
steps as in the derivation of the main text, we can rewrite Eq. (5.7) as

C(τa, τb, τc) = 〈φ̄τb,τa |φ̄0,τc〉, (E.2)

where
|φ̄τ,t〉 = e−i

ˆ̄Hτ/~µ̂e−i
ˆ̄Ht/~µ̂|0̄(β)〉 (E.3)

and ˆ̄H = Ĥ − ˆ̃H. The result (E.2) accounts for coupled electronic states and thermal
population of excited electronic states. Importantly, Eq. (E.2) justifies the thermo-field
wavepacket picture even beyond the Born–Oppenheimer approximation.
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E.2 Rephasing and nonrephasing two-dimensional spectra

In Figs. E.1 and E.2, we show separately the rephasing and nonrephasing contributions
to the total absorptive spectra of the main text. The rephasing spectrum exhibits a
“checkerboard” pattern[342, 357], whereas the nonrephasing peaks appear only along the
diagonal [328]. The interesting nodal structure of the nonrephasing spectrum at t2 = 0 is a
consequence of the broadening. As discussed in Refs. [404] and [321], the peak lineshape
exhibits a “phase twist” due to the so-called dispersive component of the broadening
function. In the nonrephasing spectrum, the negative intensities about a peak centered
at (Ω1,Ω3) appear at (ω1 > Ω1, ω3 > Ω3) and (ω1 < Ω1, ω3 < Ω3) [see, e.g., Fig. 3(b)
of Ref. 321]. By simple addition, these negative features become enhanced in between
the diagonal peaks (see Fig. E.2, bottom). Contrary to general knowledge, this nodal
structure does not disappear when we sum the rephasing and nonrephasing spectra (see,
e.g., Fig. E.3, top). Due to coherent vibrational dynamics, the nonrephasing and rephasing
spectra are different. More precisely, the diagonal peaks of the nonrephasing spectrum
are much stronger than the same peaks in the rephasing spectrum and, therefore, their
dispersive contributions do not cancel out completely in the total spectrum [321, 404].
Consequently, the total spectrum, given by the sum of the rephasing and nonrephasing
spectra, is not necessarily composed of purely absorptive peaks. Similar pattern can be
seen, for example, in Fig. 4 (leftmost panels showing spectra at t2 = 0) of Ref. [336].

Figure E.1: Rephasing (top) and nonrephasing (bottom) contributions to the two-
dimensional spectra from Fig. 7.1 of the main text at zero temperature (left) and at
T = 300K (right).
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Figure E.2: Rephasing (top) and nonrephasing (bottom) contributions to the two-
dimensional spectra from Fig. 7.3 of the main text, computed with the on-the-fly ab
initio single-Hessian thawed Gaussian approximation (“Anharmonic”, left), harmonic ap-
proximation (middle), and the displaced harmonic oscillator (DHO) model (right).
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E.3 Two-dimensional spectra at t2 > 0

Figure E.3: Two-dimensional electronic spectra [Eq. (7.11) of the main text] at delay times
t2 = 0, 5, 10 fs, computed with the on-the-fly ab initio single-Hessian thawed Gaussian
approximation (“Anharmonic”) at 0K (first column) and 300K (second column), harmonic
approximation at 300K (third column), and the displaced harmonic oscillator (DHO) at
300K model (fourth column). Each spectrum shows the sum of the ground-state bleach
and stimulated emission terms [see Eqs. (6.8) and (6.9) of the main text] corresponding
to the S1–S0 electronic transition in azulene. At zero delay, the ground-state bleach and
stimulated emission contributions are indistinguishable. However, already after 5 or 10 fs,
the stimulated emission signal moves away from the diagonal, whereas the ground-state
bleach spectrum remains close to the diagonal. At later t2 delays (see Fig. E.4), the
stimulated emission starts returning toward the diagonal, reflecting coherent wavepacket
dynamics in the excited electronic state. Indeed, the period of about 20–25 fs corresponds
to the fastest displaced modes (see Table E.1). However, the recurrence is incomplete due
to the slower dynamics in the other highly displaced modes.
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E.3 Two-dimensional spectra at t2 > 0

Figure E.4: Same as Fig. E.3 but for delay times t2 = 15, 20, 25 fs.

Table E.1: The most displaced modes of azulene. Ground-state frequencies ωi of the normal
modes are reported in terms of the wavenumber. The dimensionless displacements are
defined as ∆i = |

√
ωi/~q2,i|, where q2 is the excited-state minimum geometry expressed

in the mass-scaled normal mode coordinates of the ground electronic state and q2,i is its
component along mode i. Only the modes with ∆i > 0.25 are shown.

Wavenumber / cm−1 Displacement
1660 0.92
1490 0.83
1425 1.22
1304 0.68
834 1.44
677 0.78
403 0.49
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E.4 |SR(t3, 0, t1)| at short t1 and t3 times

Figure E.5: First 6 fs of |SR(t3, 0, t1)| (see Fig. 7.3 of the main text) computed with the on-
the-fly ab initio thawed Gaussian approximation (“Anharmonic”), harmonic approximation,
and the displaced harmonic oscillator (DHO) model.
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