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Abstract

In this paper we study stationary graphs for functionals of geometric nature defined on currents
or varifolds. The point of view we adopt is the one of differential inclusions, introduced in this
context in the recent papers (De Lellis et al. in Geometric measure theory and differential
inclusions, 2019. arXiv:1910.00335; Tione in Minimal graphs and differential inclusions.
Commun Part Differ Equ 7:1-33, 2021). In particular, given a polyconvex integrand f, we
define a set of matrices Cy that allows us to rewrite the stationarity condition for a graph
with multiplicity as a differential inclusion. Then we prove that if f is assumed to be non-
negative, then in C s there is no Tz/v configuration, thus recovering the main result of De Lellis
et al. (Geometric measure theory and differential inclusions, 2019. arXiv:1910.00335) as a
corollary. Finally, we show that if the hypothesis of non-negativity is dropped, one can not
only find T, configurations in C s, but it is also possible to construct via convex integration
a very degenerate stationary point with multiplicity.

Mathematics Subject Classification 35B65 - 49Q15 - 49Q20

1 Introduction

In this paper we continue the study started in [5,26] of functionals arising from geomet-
ric variational problems from the point of view of differential inclusions. The energies we
consider are of the form

Eq;(T)i/EW(T(x))G(x)dH’"(x), (1.1)
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defined on m-dimensional rectifiable currents (resp. varifolds) 7 = [E, f, 0] of @ x R",
where @ C R™ is a convex and bounded open set, and the integrand W is defined on the
oriented (resp. non-oriented) Grassmanian space. In order to keep the technicalities at a
minimum level, we defer all the definitions of these geometric objects to Section A. The
main interest is the regularity of stationary points for energies as in (1.1) satisfying suitable
ellipticity conditions. From the celebrated regularity theorem of Allard of [2], it is known that
an e-regularity theorem holds for stationary points of the area functional, namely the case
in which W = 1. Since then, the question of extending this result to more general energies
has been an important open problem in Geometric Measure Theory, see [1] for a result in
this direction and [6,8,9] for more recent contributions. On the other hand, the situation is
more understood for minimizers of energies of the form (1.1), where similar partial regularity
theorems are known, see for instance [11, Ch. 5], [22].

In [5], the second author togheter with C. De Lellis, G. De Philippis and B. Kirchheim
already approached this regularity problem through the viewpoint of differential inclusions.
The theory of differential inclusions has a rich history, we refer the reader to [17] for an
overview and to [18,19] for more recent results. Since this work is also based on that view-
point, let us briefly explain what this means. The strategy of [5] consisted first in rewriting
(1.1) on a special class of geometric objects, namely multiplicity one graphs of Lipschitz
maps, and study the differential inclusion associated to the system of PDEs arising from
the stationarity condition. Namely, it can be shown that, see [5, Sec. 6] or Sect. A.5, to a
CK integrand W as the one appearing in (1.1), one can naturally associate a C* function
f: R — R with the property that

) = fQ F(DuG)dx = Sy (Ty), (1.2)

where 7, = [T, §u, 1] is the current associated to the graph of u i.e. if v(x) = (x, u(x)) is
the graph map we have 7, = v4[<2]. In particular, it is possible to prove, see [5, Prop. 6.8]
that 7, is stationary for the energy (1.1) if and only if u solves the following equations:

f (Df(Du), Dv)dx =0, Yve CC] (Q,R") (1.3)
Q
and
/ (Df(Du), DuD¢)dx — / f(Du)divg dx =0, V¢ e Ccl.(Q, R™). (1.4)
Q Q
The Euler—Lagrange equation (1.3) corresponds to variations of the form
d le=0Ef(u+¢ev) =0
— = ev) =
de e=01 (U >
usually called outer variations, and (1.4) corresponds to variations of the form

d
Tl (o (x +£®) =0,
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called inner (or domain) variations. The second step is to study (1.3) and (1.4) from the point
of view of differential inclusions. This amounts to rewrite (1.3)—(1.4) equivalently as

Du X
A | eky={CeREmHmxm. = Df(X) : (1.5)
B XTDF(X)— f(X)id

for A € L*®°(Q,R"™™), B € L*°(2, R™) with div(A) = 0, div(B) = 0.

This paper focuses on the same problem as [5], i.e. regularity of stationary points for
geometric integrands, but with the addition of considering graphs with arbitrary positive
multiplicity. This of course enlarges the class of competitors and might allow for more
flexibility in the regularity of solutions. In particular, we consider polyconvex functions f,
ie.

f(X) =g(X, (X)),

where g € C!'(R¥) is a convex function and ® : R"*™ — R is the vector containing all the
minors (subdeterminants) of order larger than or equal to 2 of X € R"*™. In analogy with
(1.3)—(1.4), we will be interested in the following system of PDEs

/ (Df(Du), Dv)Bdx =0 Vv e CH(Q, RY)
Q
(1.6)
/ (Df (Du), DuD$)B dx —f f(Du)divgp dx =0 V¢ € CH(Q, R™).
Q Q

for a Lipschitz map u € Lip(2, R"), and a Borel function 8 € L® (2, R"). The study of
objects with multiplicity is rather natural in the context of stationary rectifiable varifolds or
currents. When dealing with these objects, one is interested in showing a so-called constancy
theorem, see [23, Theorem 8.4.1]. A constancy theorem in the sense of [23, Theorem 8.4.1]
asserts that if a stationary (for the area) varifold of dimension m has support contained in a
C? manifold of the same dimension, then the varifold must be given by a fixed multiple of
the manifold, so that in particular the multiplicity must be constant. In [10], it was shown that
instead of C2, even Lipschitz regularity of the manifold is sufficient to guarantee the validity
of the Constancy Theorem. This is connected to the following algebraic fact. If a C> map
u solves (1.3), then it necessarily solves also (1.4), hence the system (1.3)-(1.4) reduces to
equation (1.3). Nonetheless, if u € C 2 and solves (1.6) for a bounded multiplicity B, then it
is not anymore true that u automatically solves the first. One therefore would like to show a
priori that the multiplicity is constant and subsequently one is again in the situation given by
(1.3)-(1.4). As for regularity theorems, no general constancy result is known at the moment
for general functionals, except for the codimension one case, see [7].
As said, the tools we use are the same as the ones of [5], namely we rewrite (1.6) as

Du X
A |ecy=CerCrmxm. c = BDf(X) , forsome 8 >0},
B BXTDf(X) - Bf(X)id

(1.7)

again for A € L®(Q,R"™™), B € L*°(Q, R™) with div(A) = 0, div(B) = 0. Our result
is twofold. First, we will show that, if f is assumed to be non-negative, then the same result
as [5, Theorem 1] holds, namely in C s there are no 7, 1(, configurations. Secondly, we show
the optimality of this result by proving that if we drop the hypothesis on the positivity of f,
one can not only embed a special family of matrices in C 7, but one can actually construct a
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stationary current for the energy give in (1.1) whose support lies on the graph of a Lipschitz
and nowhere C! map. In order to formulate properly these results, we need some terminology
concerning differential inclusions.

Differential inclusions are relations of the form

M(x) € K CR"™" ae.in Q (1.8)

for M € L*®°(Q, R™™) satisfying «# (M) = 0 in the weak sense for some constant coeffi-
cients, linear differential operator <7 (-). To every operator </ (-), one can associate a wave
cone, denoted with A ./, that is made of those directions A in which it is possible to have
plane wave solution, i.e. A € A if and only if there exists & € R™ such that

o (h((x,£)A) =0, VheC'(R).

In this work, we will not need to consider various differential operators, as we will only work
with the mixed div-curl operator introduced in (1.5). In that case, we denote the cone with
Ag4c and we will introduce it in detail in Sect. 2.1. Due to the connection of the wave-cone
to the existence of oscillatory solutions of (1.8), a very first step to exclude wild solutions of
(1.8) is to check that

A—B¢Ay, VYA BeK. (1.9

This is usually quite simple to verify, and indeed we will show in Proposition 3.1 that, if f
is positive, then (1.9) holds with A,; = Ay4e and K replaced by Cy. Property (1.9) is in
general not sufficient to guarantee good regularity properties of solution of (1.8). Indeed, in
[20], S. Miiller and V. Sverék constructed a striking counterexample to elliptic regularity for
solutions of

Dv(x)eK}i{CGR“XZ:C:(Dfi(X)J)}CR4X2, (1.10)
where the function f € C*® (RZX 2) is quasiconvex (for the definition of quasiconvex function,
we refer the reader to [20]), and J is a matrix satisfying J = —J 7 and J? = — id. In particular,
they were able to show that there exists a Lipschitz and nowhere C! function v :  C R? -
R* satisfying the differential inclusion (1.10). Their strategy was subsequently improved by
L. Székelyhidi in [24] showing that f can be chosen polyconvex. In both cases, K } does not
contain rank one connections, i.e.

rank(A — B) =2, VA,Be K/,

and this can proved to be equivalent to (1.9) in the case </ = curl. Their strategy was based
on showing that in K } other suitable families of matrices could be embedded, the so-called
Tn configurations. In our situation, since we are dealing with mixed div-curl operators, we
need to consider a slightly different version of T configurations, that we have named Ty,
configurations in [5]. We postpone the definition of T and 7’5, configurations to Sect. 2, but
we are finally able to formally state our main positive result:

Theorem If f € C'(R"*™) is a strictly polyconvex function, then C r does not contain any

set {Ay, ..., Ay} C REHMXm wpich induces a Ty, configuration, provided that f(X1) >
0,.... f(Xn) =0, if
X;
Ai: Yl s X,',Y,'ERnxm,Z,'ERmxm,ViE{l,...,N}.

Zi
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This result, as [5, Theorem 1], shows that it is not possible to apply the convex integration
methods of [20,24] to prove the existence of an irregular solution of the system (1.6). This
theorem is stronger than [5, Theorem 1], in the sense that we are able to show [5, Theorem 1]
as a corollary:

Corollary If f € CL(R™™) is a strictly polyconvex function (not necessarily non-negative),
then K ¢ does not contain any set {Ay, ..., Ay} which induces a Ty, configuration.

Finally, in Sect. 4, we show the optimality of the hypothesis of non-negativity of the
previous theorem by proving the following:

Theorem There exists a smooth and elliptic integrand \V : AZ(R4) — R such that the asso-
ciated energy ¥ admits a stationary point T whose (integer) multiplicities are not constant.
Moreover the rectifiable set supporting T is given by a graph of a Lipschitz map u : Q — R?
that fails to be C' in any open subset V C Q.

The last Theorem is obtained by embedding in the differential inclusion (1.7) what has
been named in [13] large Ty configuration. Following the strategy of [24], we do not a
priori choose a polyconvex f € C % (R%*2), but rather we construct it in such a way that C ¢
already contains this special family of matrices. Once the polyconvex function f has been
built, we prove an extension result for f to the Grassmanians, thus obtaining the integrand
W of the statement of the Theorem. The extension results are quite simple and might be
of independent interest. The construction of our counterexample can not be carried out in
the varifold setting. The reason is quite elementary, as the integrand ¥ we would need to
construct in the varifold case should be even, convex and positively 1-homogeneous, hence
positive. We refer the reader to Remark 5.6 for more details. Moreover, let us point out that
positivity of the integrand is a necessary assumption when studying existence of minima, but
to the best of our knowledge there is no available example for it to be a necessary assumption
also when studying regularity properties of stationary points.

The paper is organized as follows. In Sect. 2, we recall the statements of our main results
in the case of non-negative integrands f and we collect some crucial preliminary results
of [5]. The proof of the main results in the positive case, i.e. Proposition 3.1, Theorem 3.3
and Corollary 3.4, will be given in Sect. 3. In Sect. 4, we provide a counterexample to
regularity when dropping the hypothesis of positivity of the integrand. Some lemmas of
Sect. 4 concerning the extension of polyconvex functions to the Grassmaniann manifold can
be easily extended to general dimension and codimensions. Therefore, we give the proof of
these general versions in Sect. 5. Finally, the appendix contains a concise introduction to the
tools of geometric measure theory used along the paper.

2 Positive case: absence of Ty configurations

In this section we collect some preliminary results proved in [5], that will be essential for the
proofs of the next section.

2.1 Div-curl differential inclusions, wave cones and inclusion sets

In this subsection, we explain how to rephrase the system (1.3)—(1.4) as a differential inclu-
sion. As recalled in the introduction, the Euler—Lagrange equations defining stationary points
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for energies It ¢ are the couple of equations (1.3), (1.4), that can be written in the classical
form:

div(Df(Du)) =0

div(Du” Df (Du) — f(Du)id) =0

Thus we are lead to study the following div-curl differential inclusion for a triple of maps
X,Y € L®(Q,R"™)and Z € L*®(Q,R™™):

curl X =0, divY =0, divZz =0, 2.1)
X X

W=|Y|eky=]AeREHmxm. 4— Df(X) , (2.2)
4 XTDf(X) — f(X)id

where f € C!'(R"™™) is a fixed function.
Moreover, we also consider the following more general system of PDEs, for u €
Lip(©2, R") and a Borel map 8 € L*(2, (0, +00)):

/ (Df (Du), Dv)Bdx =0 Yo e CL(Q, R")

@ (2.3)
/ (Df (Du), DuD¢)Bdx — / f(Du)div ¢ dx =0 ¥¢ € CL(Q, R™).

Q Q

This system is equivalent to the stationarity in the sense of varifolds of the varifold V =
[Ty, B], where T',, is the graph of u. This is discussed in Sect. A.5. The div-curl differential
inclusion associated to this system is, again for a triple of maps X, Y € L% (2, R"*™) and
Z e L®(Q, R™™M):

curl X =0, divy=0, divZ=0, (2.4)
X
w=|rv|ecy (2.5)
z
where
X
Cr=1CeREHmxm. C— BDf(X) , forsome B >0%, (2.6)

BXTDf(X) — Bf(X)id

This discussion proves the following

Lemma2.1 Let f € C'(R"™™). A map u € Lip(2, R") is a stationary point of the energy
(1.2) if and only if there are matrix fields Y € L®°(Q, R"*™) and Z € L*° (2, R"™*™) such
that W = (Du, Y, Z) solves the div-curl differential inclusion (2.1)—(2.2).

Moreover, the couple (u, B) € Lip(2,R") x L*°(, (0, +00)) solves (2.3) if and
only there are matrix fields Y € L*(Q,R"™™) and Z € L*®°(Q,R™ ™) such that
W = (Du, Y, Z) solves the div-curl differential inclusion (2.4)—(2.5).

Finally, we introduce here the wave-cone associated to the mixed div-curl operator that is
relevant for us.
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On the constancy theorem for anisotropic... Page 7 of 52 86

Definition 2.2 The cone Ay, C R MM congists of the matrices in block form

X
Y
zZ

with the property that there is a direction £ € S~ ! and a vector u € R”" such that X = u ®&,
Y¢ =0and Z£& = 0.

2.2 Ty configurations and T}, configurations

We start defining T configurations for classical curl-type differential inclusions.

Definition 2.3 An ordered set of N > 2 distinct matrices {X i}f»v= | C R™™ is said to induce

a Ty configuration if there exist matrices P, C; € R"*™ and real numbers k; > 1 such that:

(a) each C; belongs to the wave cone of curl X = 0, namely rank(C;) < 1 for each i;
(b) Z,’ C; =0
(¢) X1,..., XN, Pand Cyq, ..., Cy satisty the following N linear conditions

X] =P +k]clv
Xo =P+ C1+kyC2,
2.7

XN=P+Ci+---+knCn.
In the rest of the chapter we will use the word T configuration for the data
P,Cy,....,CN,ki,...kyn.

We will moreover say that the configuration is nondegenerate if rank (C;) = 1 for every i.

As in [5], we give a slightly more general definition of T configuration than the one
usually given in the literature (cf. [20,24,25]), in that we drop the requirement that there
are no rank-one connections between distinct X; and X ;. We refer the reader to [5] for
discussions concerning 7 configurations.

Adapted to the div-curl operator we introduce T}, configurations, originally introduced in

(5].
Definition 2.4 A family {A;,..., Ay} C R®"M>X"M of N > 2 distinct
Xi

induces a Ty, configuration if there are matrices P, Q, C;, D; € R™™ R, E; € R"™*™ and
coefficients k; > 1 such that

X,’ P C] C,‘_l Ci
Yi |=1Q|+|D1|+-+|Di1 | +ki | Di (2.8)
Z; R Eq E;i_ E;

and the following properties hold:
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86 Page 8of52 J. Hirsch, R. Tione

(a) each element (C;, D;, E;) belongs to the wave cone A4, of (2.1);
() >yCe=0,>yD¢=0and ), E; =0.

We say that the T, configuration is nondegenerate if rank (C;) = 1 for every i.
We collect here some simple consequences of the definition above.

Proposition 2.5 Assume Ay, ..., Ay induce a Tl(, configuration with P, Q, R, C;, D;, E;
and k; as in Definition 2.4. Then:

(i) {X1,..., Xn}induce a Ty configuration of the form (2.7), if they are distinct; moreover
the Ty configuration is nondegenerate if and only if the Ty configuration induced by
{X1,..., XN} is nondegenerate;

(ii) For each i thereisann; € S" ' and a u; € R" such that C; = u; @ n;, Din; = 0 and
Eil’l,’ = O,’
(iii) tr CI D; = (C;, D;) = 0 for every i.

2.3 Strategy
Before starting with the proof of the main result of this chapter, it is convenient to explain the
strategy we intend to follow. In order to do so, let us consider here thecasen = m =2, N = 5.

Suppose by contradiction that there exists a strictly polyconvex function f : R>*? — R,
f(X) = g(X,det(X)) and a T configuration A1, Az, A3, Ay, As,

A=y, vien,....s),

where X;, Y;, Z; fulfill the relations of (2.8), i.e.

Xi P Cq Ci_1 C;
Yi |=\Q|+|Di|++|Di-1 | +ki| Di
Zi R E; Eiy E;

We will see below that we can without loss of generality assume that P = 0. The first part of
the strategy follows the same lines of the one of [5]. Indeed, we think the relations A; € C,
Vi, where C ; has been defined in (2.6), as two separate pieces of information:

X; r_ 4x2 . 4 _ X 2x2
(Y,-)e f_{AeR 'A_<,3Df(X)>’ﬂ>O’X€R } 2.9

Zi=X!Y - Bif(Xp)id. (2.10)

and

Let us denote with ¢; = f(X;). Asin [5], we use (2.9) to obtain inequalities involving X;, ¥;
and quantities involving f. These are deduced from the polyconvexity of f, analogously to
[24, Lemma 3]. In particular, (2.9) is rewritten as

1
E(Yi,xj_xi)_didet(xi_Xj)<0, (2.11)
ford; = 0y;g(y1, ¥2, ¥3, ¥4, ¥5)|(x; det(X;))- This is proved in Proposition 2.9. The final goal
is to prove that these inequalities can not be fulfilled at the same time. Asin [5], we can simplify
(2.11) using the structure result on 7 configurations in R2%2 of [25, Proposition 1]. This

¢ —c¢j+
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asserts, in the specific case of the ongoing example, the existence of 5 vectors (t{ e, té), i€
{1, ..., 5} with positive components, such that
5
Y thdet(X; — X)) =0, Vie(l,....5). (2.12)
j=1

If we use this result in (2.11), we can eliminate from the expression the variable d;, thus
obtaining

5
. ; 1
Vi = Zt; (C,' —Cj + E(Yi Xj — X,') —d,' det (X,' — Xj))
j=1 !
. 1 .
= t}(c,‘—c‘j—i-E(Yi,Xj—X,')><0, Vie{l,...,5},
j=1 '

compare Corollary 2.10. In [5], [25, Proposition 1] was extended to T configurations in
R™™ 5o that relations (2.12) remain true in every dimension and target dimension. This
extension is recalled in Proposition 2.8. Despite being very useful, the last simplification
can not conclude the proof. Indeed, up to now we have exploited (2.9) and the fact that
{X1,..., X5} induce a Ts configuration, but, if §; = 1, Vi, this is the exact same situation
of [24]. Since from that paper we know the existence of 75 configurations in K }., clearly we
can not reach a contradiction at this point of the strategy. This is where the inner variations
come into play. We rewrite (2.10) using the definition of TS/ configuration and, after some
manipulations, we find that the numbers

5
wi =Y (X = X, Vi) = Bici + Bjcy)
=1

must all be 0. For the index [ such that 8; = min; f;, and essentially using the positivity of
cj, we find that

which is in contradiction with the negativity of v;.

2.4 Preliminary results: Ty configurations
To follow the strategy explained in Sect. 2.3, we need to recall the extension of [25, Proposi-

tion 1] proved in [5]. Here we will only recall the essential results without proof, we refer the
interested reader to [5] for the details. First, it is possible to associate to a set 7y -configuration
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86 Page 10 0f 52 J. Hirsch, R. Tione

of the form (2.7), i.e.
X, =P+kCy,

Xo =P+ C| +kyCy,

Xy=P+Ci+---+knCy,
a defining vector (A, ) € RN+ gee [5, Definition 3.7], defined as follows:
ki...k ki... ki
= Lo BN and A; = LRl . (2.13)
ki =1 ...(ky — 1) =Dk =D...tki-y = 1)
These relations can be inverted, in fact one can express

_ MAL A A A Ay AN

W

ki (2.14)
’ (1 = D
Since k; > 1,Vi € {1,..., N}, (2.13) implies that A; > 0, Vi, u > 1 and also
Z)\i =1.
i
As in [25, Proposition 1], we define N vectors of R" with positive components
. 1
= g—(,u)»l, cees MA—1, Ay oo AN), fori e {1,..., N}, (2.15)
i

where & > 1 are normalization constants chosen in such a way that ||7/||; = 1. For a vector
v=(v,...,VN) e RV,

N
ol =" lvjl.
j=1

The importance of these vectors ' comes from [25, Proposition 1], where it is proved that,
for a Ty configuration of the form (2.7) in R?>*2,

N
Y X =P+Ci++Ciy (2.16)
j=1

Moreover, the following relation holds for every i:

N N
det [ Y rix; | =) ridet(X)). (2.17)
j=1 j=1

We need to state the generalization of the previous relations for Ty configurations of any
size. In [5, Lemma 3.10] it was proved this general Linear Algebra result:

Lemma 2.6 Assume the real numbers u > 1, A1, ..., Any > 0andk, ..., ky > 1arelinked
by the formulas (2.13). Assume v, vi, ..., UN, W1, ..., Wy are elements of a vector space
satisfying the relations

w;, =v+v+...+v_1+kiv (2.18)
O=vi+...+un. (2.19)
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On the constancy theorem for anisotropic... Page 11 of 52 86

If we define the vectors t' as in (2.15), then

Zt;wj=v+v1+...+vi_1. (2.20)
J

This lemma allows to generalize (2.16) and (2.17), compare [5, Proposition 3.8]. To state
this result, we need some notation concerning multi-indexes. We will use / for multi-indexes
referring to ordered sets of rows of matrices and J for multi-indexes referring to ordered sets
of columns. In our specific case, where we deal with matrices in R"*" we will thus have

I =(y,...,10), 1<iip<---<ir<n,
and J =01, js), I1<ji<---<js<m
and we will use the notation |/| = r and |J| = s. In the sequel we will always have r = s.
Definition 2.7 We denote by A, the set
A ={U, D) |I|=|J|=r}, 1 <r < min(n, m).

For a matrix M = (m;;) € R"*"™ and for Z € A, of the form Z = (I, J), we denote by MZ
the squared r x r matrix obtained by M considering just the elements m;; withi € I, j € J
(using the order induced by / and J).

We are finally in position to state [5, Proposition 3.8].

Proposition 2.8 Let {X|,..., Xy} C R™™ induce a Ty configuration as in (2.7) with
defining vector (., ). Define the vectors t', ... tN as in (2.15) and for every Z € A, of
order 1 < r < min{n, m} define the minor S : R"™™ 5 X > S(X) = det(X?) € R. Then

N N
Yodsxp=8[Y x| =S(P+Ci+-+Ci). 2.21)
j=1 j=1

and A’ék =0.

It is clear that the previous result extends (2.16) and (2.17) to all the minors.

2.5 Preliminary results: inclusion set associated to polyconvex functions

Asin [5, Section 4], we write a necessary condition for a set of distinct matrices A; € R2nxm

(X
A= ( Y,- ) , 2.22)

to belong to a set of the form

K} = {(Df’ix)> ‘X e R"X'"} (2.23)

for some strictly polyconvex function f : R"*™ — R.First, introduce the following notation,
that is the same as in [5]. Let f : R"*” — R be a strictly polyconvex function of the form
f(X) = g(®(X)), where g € C 1(]Rk) is strictly convex and & is the vector of all the
subdeterminants of X, i.e.

qD(X) = (X7 vl(X)9 M} Umin(n,m)(X))7
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and
Vs (X) = (det(Xz)), ..., det(Xz#AS))

for some fixed (but arbitrary) ordering of all the elements Z € A. Variables of R¥, and
hence partial derivatives in R¥, are labeled using the ordering induced by ®. The first nm
partial derivatives, corresponding in @ (X) to X, are collected in a n x m matrix denoted with
Dxg. The j-th partial derivative, mn + 1 < j < k, is instead denoted by dzg, where Z is
the element of .4, corresponding to the j-th position of ®. Let us make an example in low
dimension: if n = 3, m = 2, then k = 9, and we choose the ordering of ® to be

D (X) = (X, det(X(12,12)), det(X (13,12)), det(X (23,12)))-
In this case, y € R has coordinates

¥ = (V11, Y12, Y21, Y225 Y31, 32, ¥(12,12)» Y(13,12), ¥(23,12))-

The partial derivatives with respect to the first 6 variables are collected in the 3 x 2 matrix:

0118 0128
Dxg = | 0218 0228
0318 0328

The partial derivatives with respect to the remaining variables are denoted as 9(12,12)8,
0(13,12)¢ and 9(23,12)g, i.e. following the ordering induced by ®. Finally, for a matrix
A € R™", we denote with cof (A) the matrix defined as

cof(A);j = (=1)'/ det(M;; (A)),

where M ;(A) denotes the (n — 1) x (n — 1) submatrix of A obtained by eliminating from
A the j-th row and the i-th column. In particular, the following relation holds

cof (A)A = Acof (A) = det(A)id, .
We are ready to state the following:

Proposition 2.9 Let f : R — R be a strictly polyconvex function of the form f(X) =
g(® (X)), where g € C is strictly convex and ® is the vector of all the subdeterminants of
X, i.e.

O (X) = (X, vi(X), .., Umin(n,m) (X)),
and
vs(X) = (det(Xz,), ..., det(XZ#AS))

for some fixed (but arbitrary) ordering of all the elements Z € A;. If A; € K} and A; # A;
fori # j, then X;, Y; = Df(X;) and ¢; = f(X;) fulfill the following inequalities for every
i#j:

min(m,n)
G- H VX —X)— Y Y d ((eof(X,.Z)T, X% — x7) - det(x?) + det(Xl-Z)> <0,
r=2 ZeA,

(2.24)
where dé = 0z8(P(X))).
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This result was proved in [5, Proposition 4.1]. We now introduce the set

X
BDf(X)

Notice that C/f is the projection of C s on the first 2n x m coordinates. We immediately

C}i{C/eRZ"X’":C’:< ), forsomeﬁ>0}.
obtain from the previous proposition and the definition of C } that
A; EC/f, Viell,...,N}

if and only if there exist numbers 8; > 0, Vi, such that

1 min(m,n) )
et g X = X) = Y Y df ((eof XA, X7 — X7) = det(X7) + det(X?)) < 0
r=2 ZeA,
(2.25)
The expressions in (2.25) can be simplified when the matrices X1, ..., X induce a Ty
configuration:
Corollary 2.10 Let f be a strictly polyconvex functionandlet Ay, . .., Ay bedistinct elements

ofK} with the additional property that {X 1, ..., Xn} induces a Ty configuration of the form
(2.7) with defining vector (i, 1). Then,

Zt i — Y,,C,»><0, Vie{l,...,N}, (2.26)

where the t'’s are given by (2.15).

This corresponds to [5, Corollary 4.3], and concludes the list of preliminary results needed
for the results of this paper.

3 Positive case: proof of the main results

Before checking whether the inclusion set C ¢ contains Ty or T}, configurations, we need to
exclude more basic building block for wild solutions, such as rank-one connections or, as in
this case, Agc-connections in C . It is rather easy to see, compare for instance [24], that if
f is strictly polyconvex, then for A, B € K it is not possible to have

A — B € Age.

Indeed the same result holds even considering K } To prove this, it is sufficient to observe
thatif X, Y € R"™™ are rank-one connected, i.e. for some u € S"~!
X-Y)=0, Vv L u, 3.1

and
(Df(X) — Df(¥Y)u =0, (3.2)

then
(DfF(X) —Df(Y),X—Y)= Z((Df(X) = Df()ui, (X — Y)u;)

i=1

D (prx) - D@ x -y o
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where {uy, ..., u,} is an orthonormal basis of R™ with #; = u. On the other hand, since f
is strictly polyconvex, it is easy to see that

(Df(X)=Df(Y), X =Y) >0

if rank(X — Y) = 1. The first result of this section shows that this result holds also for C,
provided f is positive.

Proposition 3.1 Let f be strictly polyconvex. If

X X’
A=|Y |, B=|Y|e€ Cy,
V4 A
and f(X) >0, f(X') >0, then
A—B ¢ Age.

Proof Suppose by contradiction that there exist

X X' X+cC
A=y |ecy, B=|Y |=|r+D|ecy,
z VA Z+E

withc = f(X) > 0,¢ = f(X’') > 0, and there is a vector § € R” with ||&|| = 1 such that
forevery v L &,

Cv=0, DE =0, E& = 0.

Now we can use the so-called Matrix Determinant Lemma 3.2 to see that the expressions

found in (2.25) evaluated at
X X+C
Al_(Y)’ Az_(Y+D>’

yield the following inequalities:
c—c —=(X-X,Y) <0, (3.3)
d—c——(X'=X,Y) <. (3.4)
Moreover by assumption (Z' — Z)§ = 0, i.e.
(Z =2 =0=X")'YE-X"YE - (B —cPE.
Thus, using (Y — Y)&§ =0,

0= =X)"Y'E— (B —cP)§ = (C,Y)§ — (B — cB)E,

that yields, since ||£]| = 1,
(C,Yy=cB —cB. (3.5)

In the previous lines we have used the fact that

&X' -=x)Tv'e=cT(v + D¢ =cTrg,
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and, since C is of rank one with Cv =0, Vv L &,
cTye =(C,v)E.

Exploiting (3.5), we rewrite (3.3) as

c—c'—%(X—X/,Y):c—c/—i-%(C,Y):c—c/+%(c/ﬂ'—cﬂ)<0, (3.6)

and (3.4) as

c’—c—%(C,Y)=c’—c—%(c’ﬂ’—c,3)<0 3.7)

From (3.6), we infer

pe— B + (B —cp) <06 (B —p) <0
and from (3.7)

B'e'—pB'c— (B —cp)<0% c(B—p)<0.
Since ¢ > 0 and ¢’ > 0, we get a contradiction. O

Let us recall the Matrix Determinant Lemma used in the proof of the last proposition:
Lemma3.2 Ler A, B be matrices in R™*™, and let rank(B) < 1. Then,
det(A + B) = det(A) + (cof (A)”, B).

Now that we have excluded A ;.-connections, we can ask ourselves the same question
concerning T, configurations. In particular we want to prove the main Theorem of this part
of the paper:

Theorem 3.3 If f € C'(R"*™) isastrictly polyconvex function, then C  does not contain any

set {Aq, ..., Ay} C RET™Xm which induces a Ty, configuration, provided that f(X1) >
0,..., f(Xn) =0, if
Xi
A,‘: Y; s X,',Yl'E]Rnxm,ziERmxm,ViE{l,...,N}.
Z;

At the end of the section we will show the following

Corollary 3.4 If f € C'(R™™) is strictly polyconvex, then K f does not contain any set
{Ay, ..., AN} which induces a TI(, configuration.

Let us fix the notation. We will always consider T, configurations of the following form:
A,’ = Yl‘ s X,’,Y,‘ GRnxm,Zl’ eRmxm, (38)

with:
i1 i—1 i-1
Xi=P+)Y Ci+kCi, Yi=0+» Dj+kD;, Zi=R+» Ej+kkE;. (39
j=1 j=1 j=1
and we denote with n; € S”~! the vectors such that

Dinj =0,Ein; =0,Civ=0, Vv _Ln;, V1<i<N.
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3.1 Idea of the proof

Before proving the theorem, let us give an idea of the key steps of the proof. First of all, in
Lemma 3.5, we will see that without loss of generality we can choose P = 0. As already
explained in Sect. 2.3, we want to prove that the system of inequalities

vi = Bici — Y Bitic; —ki(Y;, Ci) <0, Vi, (3.10)
j

cannot be fulfilled at the same time. This gives a contradiction with Corollary 2.10. In
particular, we show that for the index o such that 8, = min; g;,

vy > 0.

To do so, we prove that the quantities

i = —Bici + Y Bitic; + ki(Yi, Ci) 3.11)
J

equal to O for every i. Then, choosing o as above and exploiting the positivity of c;, Vj, we
estimate

0=—pe = Boco — Zﬁjtfcj — ko (Yo, Co) < BoCo — Zlgot;‘rcj —ko (Y5, Co) = V5.
J J

(3.12)
This will then yield the required contradiction. In order to show u; = 0,V1l <i < N, we
consider N matrices M; defined as

M; = u Z OlejTDj +ZajCJ»TDj,
j=<i—1 j=i

where u > 1 is part of the defining vector of the Ty configuration {Xi,..., Xy},
compare 2.13, and «; are real numbers. We prove that for numbers &; > 0, a subset
Zi C &1, ..., Evun} is made of generalized eigenvalues of M;, see (3.24). This is
achieved thanks to Lemma 3.6. Since M; is trace-free, as can be seen by the structure of
Cj and D;, we will find N relations of the form

D iy =0.
§jmj€l;

This can be read as the equations for the kernel for a specific matrix N x N matrix, W.
Proving that W has trivial kernel will yield &;u; = 0,V, and thus p; = 0 since &; > 0.
The proof of the invertibility of W is the content of the last Lemma 3.10.

3.2 Proof of Theorem 3.3

Lemma 3.5 If f is a strictly polyconvex function such that A; € Cy, V1 < i < N and
f(Xi) = 0,V1 <i < N, then there exists another strictly polyconvex function F such that
the Ty, configuration B; defined as
Xi—P
B; = Y;
Z; — Py,

satisfies B; € CF, forevery 1 <i < N and moreover F(X; — P) > 0, Vi.
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Proof Simply define the new polyconvex function F'(X) by F(X) = f(X + P). Clearly the
newly defined family {Bj, ... By} still induces a T}, configuration, and it is straightforward
that B; € Cp. Moreover, this does not affect positivity, in the sense that F(X; — P) =
fXi—P+P)= f(X;)>0. |

Lemma3.6 Suppose A; € Cy, Vi, and P = 0. Then, for everyi € {1,..., N}:

N N

. i 3.11 .
E kj(kj—l)t}cerjn,‘z (k,'(C,‘,Y,‘)—ﬂ,‘C,'-i- E ﬂjt}Cj) nj = wuin;, Yi=1,...,N,
= j=1

where t' is the vector defined in (2.15).

Proof We need to compute the following sums:
D odhzp = tixTy; =) tieip;id. (3.13)
i J 7
Let us start computing the sum fori =1, 3, A; X jT Y;. First, notice that
SoaXTyy =Y XTI -+ Y rxFo=> 1,XI ;- 0.
J J J J

since, by Lemma 2.6 or (2.21),
Y xxfo=rro=o0.
J

We rewrite it in the following way:

D MX[Y =3 hX[ (=0
J J

N
=Z‘x_,~( > cIpy+k; Y cIpj+k Y. CJTD,,+k§cITDj)
j=1

1<a,b<j—1 I<a<j-—-1 1<b<j-1

=Y &;C/' D,
i.J

(3.14)
where we collected in the coefficients g;; the following quantities:

g = hiki+ 30 b i
Y Mk + N A i =
Using (2.14), we have, if i # j:

N
w
gij = 8ji = Miki + Z Ar:iﬂ—ll
r=i+1
On the other hand, again using (2.14),
Al ©
gii = k7 ki + Z Ar = ki(ki = DAj + ——.
r=i+1 n—1
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Using theequalities } 5, C¢ = 0 =}, Dy, thenalso}; ; CI'D; = 0,andso Diz CcI'D; =
> Cl.T D;. Hence, (3.14) becomes

Zg,»jciTDj = ﬁ ZC,-TDJ' + Z (k,-(ki — D + ﬁ) cI'p; = Zk,-(ki — )aCID;.
Lj i#] i ;

We just proved that
> xixTyp = kjtk; — DA;CI D;. (3.15)
J J

Recall the definition of #, namely

. 1
= g(ukl,...,ulpl,li,...,?»N)'
1

By the previous computation (i = 1), it is convenient to rewrite (3.13) using (3.15) as

i—1

i—1
1 o
R+Y Ej= Z D kjtkj = DA CID 4+ (=1 1 XTIy | =) rie;pyid.
j=1 j j

Jj=1
(3.16)
In the previous equation, we have used the equality
N i—1
Y tiz;=R+> E;. Vie{l,....N}, (3.17)
j=1 j=1

that easily follows from Lemma 2.6. Once again, let us express the sum up to i — 1 in the
following way:

i—1 i—1 i—1 i—1 i—1
YoaxTy; =3 axTo+ Y axTa; -0 =Y axT0+ > syClD;.
= = = =1 oy

A combinatorial argument analogous to the one in the previous case gives

see =kihe+ -+ sy
= (k2 — ke)he +kehe + -+ Aio1,
Saﬂ=ka}\a+"'+ki—ls a#p

Now

i—1 N
QT M)+ i A

kpdy + oo+ Ao =
n—1

and so

(=D A +1 -
krhr + -+ Aio1 = =t = §i =:bi_1
u—1 u—1
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Hence

i—1 i—1
D MXjY =) MXjQ
=1 =1
i—1 i—1 i—1

-}—ZS/(jCkTD]’ = Z)‘jXJTQ + b1 ZC[D]'
k,j j=1 k,j
i1

+> kj(kj — Dr;CTD;.

j=1
We rewrite (3.16) as
i—1 i—1
R+ E;= Zk(k DA CIDj+&Y ¢lD
j=1 k.j

i—1
+(u = 1) > kjtk; — D2, CTD; +1;X70)
j=1

— > Bjtic;id
i

(3.18)

Now we substitute (3.18) in the definition (3.9) of Z; in order to compute E;:

1 i—1 i—1
+s(§ kjkj — DA CID;+&Y CIDj+(u—1)) (kj(kj — D2;CI D+, X1 Q)
&
J

k.j j=1

= > Bjticjid = X]'¥; — Biciid.
J
Multiply by n; the previous expression and recall that E;n; = 0 to find:

i—1 i—1

S(Zk(k DA CIDjn; +& Y CIDjni + (w— 1)y (kj(kj — ;€ D,n,-+AjXJTQni))

k,j j=1
— Zﬁjljc‘jni = Xi Yin; — Bicin;.
J
(3.19)

Now notice that, since D;n; = 0,

i—1 i—1 i—1
Xl-TYl-n,' = XiTQn,- + ZC{Djni + k; ZCiTDjn[ + k; ZCfDini +ki2CiTD,'I’l[

J-k Jj=1 j=1
i—1 i—1

= XiTQn,- + ZC{D/I’U + k; ZCiTDJ‘n[.
J-k Jj=1
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Thus (3.19) becomes

| i—1
5 > kjtkj = Da;CTDjni + (u—1) Y (kj(kj — DA;C] Djni +1jX] Ony)
A j=1
. i—1
— Zﬂjt}cjn,- = Xl-T on; + k; ZCiTDjn,' — Bicin;.
J Jj=1
(3.20)
Now we need to compute
i—1 i—1
D oaXj =Y yCj.
j=1 j=1
and
& . .
yj=kjhj+-trioi=—— Vjefl,....i -1}
n—1
Using this computation, (3.20) reads as:
| i—1
: > kjtkj = DA CIDjni + (u—1) Y kjlkj — DA;CT Djn;
N\ j=1
i—1 '
+ZCJ<TQI’£{ —Z,Bjt}cj'l’li = (3.21)
Jj=1 J
i—1
XZT on; + k; Z CiTDjI’li — Bicin;.
j=1

Exploiting the definition of t;, we see that we can rewrite

i—1

1 T T i ~T
5 (ij(kj — DA CIDjn; + (= 1)) kj(kj — Da;C] Djn,-) = kjlkj = DtiCTDjn;,

j j=1 j
and

i—1 i—1
XiTin‘ + ki ZCiTDjl’li — ZC]TQni
j=1

j=1
i—1 i—1 i—1
= CJTQH,' + kiClTQni + ki ZCiTDjni — ZCJTQI’!,' = k,‘CiTY,'n,‘.
=1 =1 =1

Thus (3.21) becomes

i—1
ij(kj - l)t;CJTDjni - Z,Bjtj'cjni =k; ZC,'TYini — Bicin;.
J J Jj=1
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Since C;v = 0, Vv L n;, we have Cl.T Yini = (Ci, Y;)n;, and we finally obtain the desired
equalities:

N N
> kjkj = DEECTDjng = | ki(Ci, Vi) — Bici + Y Bjtic; | mis Vi=1,....N.
j=1 j=1

We are finally in position to prove the main Theorem.

Proof of Theorem 3.3 Assume by contradiction the existence of a T, configuration induced
by matrices {Ay, ..., Ay} of the form (3.8) which belong to the inclusion set Cy of some
stictly polyconvex function f € C'(R™™) and f(X;) > O for every i. We can assume,
without loss of generality by Lemma 3.5, that

P=0.

Using Lemma 3.6, we find

N N
ij(kj - 1)I;CJTDjni = | ki(C;, Y;) — Bici + Zﬂjﬁ-@' n; = uin;, Vi. (3.22)
=1 =1

Define aj = kj(k; — DA; > 0, and
Mi=p Y a;CID;+Y a;CID;.
j<i—1 jzi
fori € {1,..., N}. Also set
M; =uM;_y, VYie{N+1,...,2N}.
Then, (3.22) can be rewritten as
Min; =& uin;, Vie{l,...,N}. (3.23)

We define ny = ns_y, fors € {N 4+ 1,...,2N}. As explained in Sect. 3.1, the idea is to
show that a subset of the vectors n; are generalized eigenvectors and a subset of &; 1 are
generalized eigenvalues of M;. In particular, for every i € {1, ..., N}, we want to show the
following equalities:

Minita = &ivali+alita + Vias ifa:i<i+a=<N (3.24)
Mini+azﬂgi+aﬂi+ani+a+vi,aa ifa:N+1<i+as<N+i-1, .
where v; , € span{n;, ..., njy,—1}. From now on, we fix i € {1, ..., N}. To prove (3.24),
first we rewrite
Miniyg = (Mi — Miya)niva + Mitahita, (3.25)

and then we use (3.23) to obtain

Eivalli+aliva + (Mi — Miyg)niyq, ifi +a <N,

(M; — M )n; + M;. n; — o
' el rrativa MEitali+ali+a + Mij — Miyg)nitq, ifi +a > N.

To conclude the proof of (3.24), we only need to show that
(M; — Miio)njqy € spanf{n;, ..., njtrq—1}, VYa€{0,...,N —1}. (3.26)
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To do so, we compute M; — M;,. Let us start from the case 1 <i +a < N:

M; — M+, =,LLZO[1'CJ<TD]'+ZO(]'C]TD]'—M Z O[jC]TDj— Z OlejTDj

j<i Jj=i j<i+a Jj=i+a
— .cTp. _ cTp.
= > «CIDj—pu Y «;ClD;

i<j<ita i<j<ita

On the other hand, if N +1 <i+4+a <i+ N — 1, then
M — Mg =M; —uM; s n

:/LZO[]'CJ-TDJ'-FZO[]'C]‘TDJ'—MZ Z OlejTDj—/L Z OéjCjTDj

j<i j=i j<i+a—N j=i+a—N
_ cTp. — cTp. cTp._ 2 cTp.
=u Z oszj D; uZa]CjD]-i-ZaJCj Dj—p Z oszj D;
j=i+a—N j<i j=i j<i+a—N
_ cTp. .cTp. 2 Tpn.
=nYy o;CID;+> a;CID;—p* Y a;C]D;.
Jj=i j=zi j<ita—N

Now the crucial observation is that, due to the fact that C;v = O for every v L n, the image
of C/.T Dj is contained in the line span(n ;), for every j € {1, ..., N}. Therefore, the previous
computations prove (3.26) and hence (3.24). Now we introduce

Vi = {1, M1, ity oo o s AN AN« - s ANGi—1 )
We can extract a basis for span(V;) in the following way. First, choose indexes
S;=f{k:k=iori <k <N+i—1,ng¢span(n;,...,ng_1)}. (3.27)
Then, consider the basis B; = {n : k € S;} for span(V;). Since
span(B;) = span({ny, ..., ny}), Vi,

then #S; = C < min{m, N}, Vi. Indexes in S; lie in the setjl, ..., 2N}. For technical
reasons, we also need to consider the modulo N counterpart of S;, that is

S;i={kefl,...,N}:keS;ork+ N € 8§;}. (3.28)

In S;, consider furthermore S! = §; N {i,..., N}, S” = S; N {1,...,i — 1}. If necessary,
complete B; to a basis of R" made with elements y; orthogonal to the ones of B;. Note that,
since Im(CiT D;) C span(n;), then Im(M;) C {ny,...,ny}. Then, the associated matrix to
M; with respect to ; is

ar; x ok ... %k
0 ay ... %
Do T (3.29)
0 0O0...ac;
0m—C,C ‘Om—C,m—C

We denoted with 0, 4 the zero matrix with ¢ rows and d columns, with T the C x (m — C)
matrix of the coefficients of M;y; with respect to {ny : s € S;}, and with * numbers
we are not interested in computing explicitely. Finally, we have chosen an enumeration
§] <S§3<--- <8 <--- < sc of the elements of S;, and we have defined

a = Eso sy if 5p € Sl./,
= .
UEs—NUs,—N, ifsg—N €S/
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The triangular form of the matrix representing M; is exactly due to (3.24). Now, tr(M;) =
0, Vi, since C iT D; is trace-free for every i. This implies that the matrix in (3.29) must be
trace-free, hence:

C
0=t(M) =) ai=) Eatati ) Eolts. (3.30)
=1

aes; bes;

We have thus reduced the problem to the following simple Linear Algebra statement: we
wish to show that, if W is the N x N matrix defined as

1, ifjes,
Wij =3u, ifje Si”’
0, ifj¢Si,

then, Wx = 0 = x = 0. By (3.30), the vector x € RY defined as xj=§&juj, V1 <j <N,
is such that Wx = 0, thus if the statement is true we get §;u; = 0,V1 < j < N, and since
& > l,alsouj; = 0,V1 < j < N. By (3.12), this is sufficient to reach a contradiction.
Therefore, we only need to show that Wx = 0 = x = 0. This proof will be given in
Lemma 3.10. O

Before giving the proof of the final Lemma, let us make some examples of possible
matrices W arising from the previous construction. For the sake of illustration, let us take N
to be as small as possible, i.e. N = 4.

Example 3.7 Consider the case in which C = 2. This corresponds, for instance, to the case
m = 2. Then, by Proposition 3.1 and (3.27), the only possible form of W is

1 1 0 O X1+ x2
o 1 10 o+ |
=10 01 1]""=| si4x |=°
nw 0 0 1 ux1 + x4

Let W; be the i-th row of W. We notice that fori = 1, 2, 3, W, differs from W; by exactly
two elements, while Wy does not differ with W; by only two elements. It does, though,
with wWj. Hence we rewrite equivalently the system Wx = 0 as (W; — W;41,x) = 0,
(Wqg — uWip,x)=0:

X1 — X3
X2 — X . 1, ifh(i) > i,
0= 2 4 , Le. Xj = aiXp(@), ai = . . .
X3 — (X . ifh(@) <i,
X4 — [1X2
For a function & : {1,...,4} — {1,...,4}. Since u > 1, this immediately implies x; =

0, Vi.

Example 3.8 Consider the case in which C = 4, corresponding to ny, ny, n3, ns linearly
independent. Then,

X1+ X2+ X3+ x4
UX1 4 X2 +x3 + x4
HX1 4 ux2 + X3 + X4

ux1 + pux2 + pux3 + x4

, Wx = =0.

—

1
1
1
n

TEE -
TE -
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As in the previous example, for i = 1,2, 3, W;4 differs from W; by exactly one element,
while Wy does the same with « W1 . Thus as before we rewrite equivalently the system Wx = 0
as (Wi — Wiy1,x) =0, (Wg — uWy,x) =0:

(= Dxy
- 1, ifh(@ B
0 (o = Dxz ,Le x; = aixpiy, ai = 1 (l.) - l
(n—1)x3 w, ifh@) <i,
(1 — Dxa
In this case, h(i) =i, Vi € {1, ..., 4}. Clearly also in this case u > 1, implies x; = 0, Vi.

Finally, let us show a less symmetric example:

Example 3.9 Consider the case in which C = 3. Then, a possible matrix is:

1101 X1+ x2+ x4
o111 _ X2 + x3 + x4 .
W= w011 > Wr = UX1 + x3 + x4 =0
up0l ux1 + pxz + x4

First, let us comment on the fact that this is a possible matrix appearing in the proof of
the previous Theorem. Indeed, let us consider the first two lines:

1101
0111)/"

The fact that W13 = 0 means that n3 € span(n, ny), since 3 ¢ Sj. On the other hand,
Proposition 3.1 ensures that n3 is not a multiple of n;, hence n3 € Sy, and Woz = 1 # 0.
For this reason, the matrix

would for instance have been non-admissible. Now, in order to prove Wx =0 = x = 0, we
work as in the previous examples, by noticing that for i = 1, 2, 3, W; differs from W; by
at most two elements, while W4 must be compared with ©W;. Thus we write W; — W, ,
Wy — uWy:

X] — X3
_ 1, ifh(@i) >1i,
o= "7 H L e Xi = aiXp(i), @i = . (.) .
X3 — X2 w, ith@)<i.

(1 — Dxs

It is an elementary computation to show that x; = 0, Vi.

Even though the examples we have given are too simple to appreciate the usefulness of
the function 4 such that x; = a;xj(;), this will be crucial in the proof of the Lemma.

Lemma 3.10 Let W be the matrix defined in the proof of Theorem 3.3. Then, Ker(W) = {0}.

Proof Throughout the proof, we always consider a given vector x € R" such that Wx = 0.
The proof, partially suggested by the previous examples, consists in the following steps. First,
we show that the rows of W, W; and W; (if i = N, we compare Wy with u W) differ for
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at most two elements, and one of them is always x;. This immediately yields the existence
ofafunctionh : {1,..., N} — {1,..., N} such that x; = a;x;(;). We will then use this and
the crucial fact that u > 1 to conclude that x; = 0, Vi. Let us make the following claims,
and see from them how to conclude the proof of the present Lemma. We will use freely the
notation introduced at the end of the proof of Theorem 3.3.

Claim 1: Leti € {1,..., N}. Then S; differs from S; 1 (ifi = N, S;11 = S1) of at most
two elements, in the sense that
SiASit1 =S\ Six1USiq1\ S
contains at most 2 elements. Moreover, if S;AS;y; # @, then S;AS; 41 = {i, I(i)}, with
ieSi\Si+1,and I(i) € Six1\ S;.
Claim 2: Let i € {1,..., N — 1}. The couple of rows W;,W;;; and uW;, Wy dif-
fer at most by two elements, in the sense that if W; = (W;y,..., W;y) and W,y =

(Wit - -+, Wir)n), then there are at most two indexes ji, j2 suchthat W;;, — W1y, #
0 and W;j, — W(it1yj, # 0 (and analogously for u Wy and Wy).

Finally, with this claim at hand, we are going to prove

Claim 3: There exists a function 2 : {1,..., N} — {1,..., N} and numbers a;,i €
{1, ..., N}, such that
Xi = A Xp(i) (3.31)

with the property

1, ifh() > i,
a; =
! w, ifh() <i.

Let us show how the proof of the Lemma follows from Claim 3, and postpone the proofs
of the claims. Fix i € {1, ..., N} and use (3.31) recursively to find

Xi = QiAp(i) - - - o= ) Xpo (i) s

where A" denotes the function obtained by applying A to itself n times. We also use the
notation 2 to denote the identity function: 2 (i) =i, Vi € {1, ..., N}. By the properties
of aj, we have, Vr € {1, ..., n},

1, ifh36) > =),

0w = it A7) (i) < hCD ).

Fixk e N,andletr € {k+1,...,k+ N + 1}. Then, 1 (i) > h" V(i) can occur at most
N times in this range, since otherwise we would find
1 <h®@) <D0 < h* D6y <0 < f*FNFD Gy < N,

and this is impossible since we would have N + 1 distinct elements in the set {1, ..., N}.
Now clearly this observation implies that for every fixed / € N, there exists s € N such that

Xi = ,u’xh(.y)(,-), for some 1 > .
This can only happen if x; = 0. Since i is arbitrary, the conclusion follows. O

Let us now turn to the proof of the claims.
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Proof of claim 1: To prove the claim, we need to use the definition of S;. Let us recall
the definition of S;, given in (3.27). To build S; what we do is consider the ordered set
{ni,nit+1,...,ni;1—n} and select from it a basis of span{ny, ..., ny} starting from n; and
then at step 1 < k < N — 1 deciding whether to insert the vector n;4, in our collec-
tion based on the fact that it is linear dependent or not from the previous ones. Recall also
that S; is the modulo N version of S;, see (3.28), and that we define nj = nj_y, for
je{N+1,...,2N}. Hence now fix i € {1,..., N} and consider S;. If S; = {1, ..., N},
then #S; = N, thus §; = {1,..., N},Vl < j < N and the claim holds. Otherwise, let
i+1<1I=1(@)<i+ N —1bethe first element in (S;)¢. There are two cases:

(1) ny e span(n;,...,n;—1) \ span(m;yy,...,n71);
(2) ny € span(njt1, ..., n1—1).

At the same time, consider what happens in S;;: the span in the (i + 1)-th case starts
with one vector less than the one of the i-th case, simply because the collection of indexes
in S; starts from n;,1. Hence, since / is the first missing index in S;, I is also the first
possible missing index for S;, 1. Therefore, consider the first case

ny € span(n;, ...,nyj—1) \ span(nj41, ..., n7—1).

This implies that / € S;,|. Moreover, we are now adding n; to the set of vectors
nitl,...,nj—1, and ny € span(n;,...,ny—_1) \ span(n;+,...,n7—1), hence n; adds to
the previous vectors the component relative to n;, in the sense that

span(#n41,...,ny) = span(n;, ..., ny_1).

This moreover implies that j € 3,;@ Jj € Siy1, VI < j < N +1i — 1. Since n; €
span(nq1, ..., ny), i ¢ S,'H.;Fhus Siand S;+1 differ by at most two elements, and we have
ieSi\Siyrand I =1() € Si41\ Si. This concludes the case

ny € span(n;, ...,nyj—1) \ span(nj4+1, ..., n7—1).

If instead n; € span(n;4q,...,n7—1), then we see that [ ¢ §i+1, and we can iterate this
reasoning from there, in the sense that we look for the next index I’ such that I’ ¢ S; and
divide again into the two cases above. Clearly, for the indexes i + 1 < j < I]’ , we have
j € Siy1 and j € S;. Either this iteration enters in case 1 of the previous subdivision for
some element / ¢ S;, or we conclude §; = §,~+ 1- This concludes the proof of the claim. O

Proof of claim 2: Note that nonzero elements of W; are found in positions corresponding to
elements of S;. Hence now fixi € {1,..., N — 1} and consider W; and W, 1. If S; = Si 41,
then W;; = 0 & W(11); = 0. Moreover, we introduce the modulo N counterpart of the
number /(i) found in Claim 2, i.e. I'(i) = 1(i) if I(i) € {1,...,N},and I'(i) = I (i) — N
if I(i) € {N +1,...,2N}. Thus using the definition of W, we can deduce, if S; = S;+1,

W(i+l)j=Wij=0’ lf]¢S,
Wity =Wy =un, ifjes,j<i (3.32)
Wit = Wij =1, ifjesS,j>i

Witni =, Wis =1,
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and the claim holds in this case. Finally, if S; AS; 11 = {i, I'(i)}, then:

Wit =W =0, ifj ¢S j#1'(0)
Wisnj =1L W; =0, ifj=I()>i+1
Wivnj =m, Wij =0, if j=1'() <i+1

e . (3.33)
W(i+1)j:Wij:/“L! lfJGSi,] <1
W(iJrl)j:Wij:l, iijS,‘,j>l'
Wisni =0, W = 1.
This concludes the proof of the claim if i € {l,..., N — 1}. If i = N, then we need to

compare Wy with u W, and we obtain two cases, in analogy with the previous situation:

uWij = Wy; =0, if j ¢ Sy
if SyAS| =0, then : uWi; = Wyj =pu, ifjeSy,j<N (3.34)
uWin = u, Wyny =1, otherwise,

and
PWi =Wy =0, ifj ¢ Sy.j # I'(N)
Wi =p Wy =0, ifj¢Sy.j=I(N

if SyAS) = (N, I'(N)}, then: | /71 = # N L) ¢Sn. =T 55
uWij = Wyj = u, ifjeSy,j<N

uWiny =0, Wyny =1, otherwise.

Proof of Claim 3: Fix i € {1, ..., N}. We consider the equations given by
Wiy1 —Wi,x) =0, ifief{l,...,N—1}, and (Wy — uWyp, x) =0.

If we consider i € {1,..., N — 1}, we see from (3.32) and (3.33) that

N
0=W; —=Wii,x) = Z(le — Wit j)x;
=1
(1= wxi, ifSiAS_; =9
= VX —X13), ifSiAS,_ =, 'O}, I'G) >i+1
Xi— pxpgy. ESAS = (i, I'()). I'G) <i—1

and from (3.34) and (3.35) we infer

| — Wy, ifSyAS =0
0= (Wy — Wy, x) = | 7% TSvAS ,
xy — uxpyy, i SyAS = {N, I'(N)}.

From these equations we see that (3.31) holds with the choice h(i) = I’(i), when i is such
that S;ASi4+1 # @, and h(i) = i otherwise. ]
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3.3 Proof of Corollary 3.4

We end this section by showing that Theorem 3.3 implies Theorem 3.4. Assume by contra-
diction that there exists a family of matrices

{A1,..., AN} C Kf

inducing a T, configuration of the form (3.8). We show that then there exists another T},
configuration {Bj,..., By} such that B; € Kr C Cfp,Vl < i < N for some strictly
polyconvex F' with

F(X))>0,Vl<i<N,

if
Bi=|Y |, Vl<i<N.

This is a contradiction with Theorem 3.3. To accomplish this, it is is sufficient to define
F(X) = f(X)—min; f(X;). This function is clearly strictly polyconvex, since f is. More-
over, we define

l

X, =X;, Y =Yand Z] = Z; —|—mjinf(Xj)id.
In this way, B; is still a Tl(, configuration. Moreover, B; € Kr, V1 <i < N. To see this, it
is sufficient to notice that, since A; € K,
Y =Y = Df(X;) = DF(X}), VI <i <N,
and
Zl=27Zi + min f(X;) id = x'y; — f(Xp)id+min £(X;)id = XHTy! — F(X))id.

This finishes the proof.

4 Sign-changing case: the counterexample

In this section, we construct a counterexample to regularity in the case in which the hypothesis
of non-negativity on f is dropped. Let us explain the strategy, that follows the one of [24]. First
of all, we consider the following equivalent formulation of the differential inclusion of div-
curl type considered in the previous sections. Indeed, due to the fact that fora € Lip (R?, R?),

div(a) = curl(aJ),

0—1
J=<10 )

one easily sees that (2.3) holds if and only if

if

curl(Df (Du)J) = 0,
curl(Du” Df (Du)J — f(Du)J) =0,
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in the weak sense. Since 2 is convex, the latter allows us to say that (2.3) holds for u €
Lip(£2, Rz) if and only if there exist wy, wy : Q — R? such that

u
w=| w;
w2
solves a.e. in Q:
X
DweCp=1CeREmxm. C— BDf(X)J , for some g > 0

BX"Df(X)J = Bf(X)J
4.1
From now on, we will always use this reformulation of the problem. Let us also introduce

o Q2n+m)xm . — X
Cy HCGR :C (IBDf(X)J>,forsomeﬂ>O}.

In order to construct the counterexample, we want to find a set of non-rigid matrices
(A1, Aa, A3, Ay, As), A; € RO*2 Vi satisfying

Ai=|Y | eCy. 4.2)

Roughly, non-rigidity means that there exists a non-affine solution of the problem
Dw e {Ay,..., As},
see Lemma 4.3. The integrand f is of the form
f(X) =eA(X) + g(X, det(X)), 4.3)
for some convex and smooth g : R> — R and
A(X) = a(X, det(X)), where a(X,d) =1+ |X|?+d2, (4.4)

is the area function. As in [24], f is not fixed from the beginning, but rather becomes another
unknown of the problem. In particular, in order to find f, it is sufficient for the following
condition to be fulfilled:

Condition 1 There exist 2 x 2 matrices {Xi,...,Xs}, {Y1,...,Ys}, real numbers
c1,...,¢5,dy,...,ds and positive integers By, ..., 85 such that for Q;; = ¢; —¢; +

1
didet(X; — X;) + ﬁ—(Xi — X, Y;J), one has
i

Qij <0,Vi # j. 4.5)
If this condition is satisfied, then one has
Xi 7 . . a. .
v, € Cf, ie. Y; =BiDf(Xi)J. 4.6)
1

The construction of f is the content of Lemma 4.2. Moreover, we will be able to build f in
such a way that for some large R > 0,

g =MJ1+|zI2—=L=Ma(iz) —L, VzeR’ |z| >R, 4.7)
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and constants M, L > 0. The non-rigidity of Ay, ..., As stems from the fact that we choose
{X1,..., X5} forming a large Ts-configuration, in the terminology of [13]. Therefore we
introduce:

Condition2 {X, X», X3, X4, X5} form a large T5 configuration, i.e. there exists at least
three permutations oy, 02,03 : {1,2,3,4,5} — {1,2,3,4,5} such that the ordered set
[Xo:(1)> Xo;2)s - --» Xo;(5)] is @ T5 configuration and moreover {Cy, (i), Coy(i), Cos(i)} are
linearly independent for every i € {1, ..., 5}.

Once this condition is guaranteed, by [13, Theorem 1.2], we find a non-affine Lipschitz
map u : Q C R? — R? such that

Du e {X1, X2, X3, X4, X5}

almost everywhere in 2. Furthermore, we can choose u with the property that for any subset
V C 2, Du attains each of these matrices on a set of positive measure. This is proved in
Lemma 4.3.

In order to find Lipschitz maps wy, ws : Q — R2 such that

u
w=| w; ‘Q — R
w2

satisfies
Dw € C‘f a.e.in Q,

we simply consider w; = Au + B, wo = Cu + D, for suitable 2 x 2 matrices A, B, C, D.
We therefore get our last

Condition 3 Y; and Z; can be chosen of the form
Yi=AX;+B, Z;=CX;+ D,

and Z; = XiTYi — BiciJ, where ¢; = f(X;).

In Sect. (4.1), we will give an explicit example of values such that the Conditions 1-2-3 are
fulfilled.

Once this is achieved, we need to extend the energy IE s to an energy defined on integral
currents of dimension 2 in R*. Some of the results we present in this section in our specific
case can be easily generalized to more general polyconvex integrands. Therefore, we defer
their proofs to Sect. 5.

In order to extend our polyconvex function f to a geometric functional, we first recall
(4.3),1.e.

J(X) = eA(X) + g(X, det(X)),

for g : R — R convex and smooth, and introduce the convex function / : R’ — R:

h(z) = e/ 1 + |zlI* + g (2).

We consider the perspective function of h:

Gz, 1) = yh (5> . VZeRS, y>0. (4.8)
y

@ Springer



On the constancy theorem for anisotropic... Page 31 of 52 86

It is a standard result in convex analysis that G is convex on R> x R as soon as & is convex
on R, compare [4, Lemma 2]. Property (4.7) reads as

h(z) =M +e)y/1+zI> — L, Vze B{(0), 4.9
therefore we also find that the recession function of G is

h*(z) = 1ir€+ Gz, 1) = M|z||, VzeR.
y—)

Hence, G can be extended to the hyperplane y = 0 as
G(z,0) = h*(2).

In Lemma 4.4, we will prove that G(z, ) admits a finite, positively 1-homogeneous convex
extension G to the whole space R®. We are finally able to define an integrand on the space
of 2-vectors of R*, A»(R*). For a more thorough introduction to k-vectors, see Sect. A.1.
Recall that

AZ(R4) = span{v; A vy : V], V3 € R4}.

A basis for AZ(R4) is given by the six elements e; Ae;, | <i < j <4, where ey, ez, e3, e4
is the canonical basis of R*. Recall moreover that this vector space can be endowed with a
scalar product that acts on simple vectors as

(v1 A va, wi A wy) = det (

(v1, wy) (vy, wz))

(v2, wi) (v2, w2)
where (u, v) denotes as usual the standard scalar product of R*. The integrand
WA RY - R,
is thus defined as, for T € AZ(R4),
W(t) = G((1,e3Ae2), (T, eaner), (T, e1Ne3), (T, e1 Nea), (T, e3Aes), (T, e1Aer)). (4.10)

Consequently, we define an energy on 7, (R*) as
(1) = / V(T (2)0@)dH (2),
E

if T = [E, T, 0]. For the notation concerning rectifiable currents and graphs, we refer the
reader to Sect. A.4. The energy defined in this way satisfies Almgren’s ellipticity condition
(A.11), as we will prove in Lemma 4.5. Finally, in Lemma 4.6, we will prove that the current

Tup = [Tus &4 0] 4.11)

is stationary for the energy X. The definition of stationarity for geometric functionals is
recalled in Sect. A.5. In (4.11), ', is the graph of u, &, is its orientation, see (A.5), and 6(y)
is a multiplicity, defined as 6 (x, u(x)) = B; if x € Q is such that

X Xi
Dwx)=1[Y | = BiDf (Xi)
Z; BiXI'Df(X)J — Bi f(Xi)J

This discussion constitutes the proof of the following:
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Theorem 4.1 There exists a smooth and elliptic integrand W : A>(R*) — R such that
the associated energy ¥ admits a stationary point T whose (integer) multiplicities are not
constant. Moreover the rectifiable set supporting T is given by a graph of a Lipschitz map
u:Q— R? that fails to be C' in any open subset V C Q.

Lemma 4.2 There exists a smooth function f : R>*? > R of the form
f(X) = eAX) + g(X, det(X))

with g : RS — R convex and smooth, such that

(1) (4.6) is fulfilled;

(2) g(X) = MA(X) — L for constants M, L > 0, if | X|| > R.

Proof We will follow roughly the strategy of [24, Lemma 3]. At first we construct the function
g inseveral steps. Let {(X;, Y;, Z;, ,Bl-)}f=1 the set of admissible matrices. For ¢ > 0 consider
for each i the perturbed values

Yf =Y J —efiDAX;)J
cf = ¢ — e AX)) 4.12)
df =d; — dya(X;, det(X;))

where a(X,d) = /1 + |X|? +d? and A(X) = a(X, det(X)), as defined in (4.4). Further-
more we introduce the perturbed matrix

1
?j icf —C; +dfdet(X,' —Xj)+ E(Xl - X, Yis.]).

Thanks to the strict inequality in (4.5) we can fix ¢, 0 > 0 such that Q‘f j < —0o < Oforall

i, j. Let us define the linear functions

L(X,d) = c§ — é()fﬁj, X — X;) +d; ((cof(Xi)T, Xi—X)+d— det(Xl-))

and the convex function

g1(X,d) = lmaxs i (X,d).

Note that [; (X ;, det(X;)) = cj and
li(Xj, det(Xj)) = C? + ng] < Cj .

Hence there is § > 0 such that [;(X,d) < [j(X,d) for all (X,d) € Bs(X;, det(X)) for
all i # j which implies that g; = [; on Bs(X, det(X;)). Choosing a radial symmetric,
non-negative smoothing kernel on R, pe, 0 < & << § we have that go = p g satisfies

(1) g2 is smooth and convex
(2) g2 =1; in a neighbourhood of (X, det(X;)) forall j € {1, ..., 5}.
3) 1g20X,d)| < C|(1, X, d)| forall (X, d) for some C > 0.

We choose any R > 2maxi<;<s5{|| X;|| + [det(X;)|}, and any M > C. Now we may choose
L > 0 such that
F(X,d)=Ma(X,d)— L < g(X,d) on Bg. (4.13)

Since M > C we have that

F(X,d)=M|(1,X,d)| —L>g(X.,d) (4.14)
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for all (X, d) ¢ Bg,, for some R, > R. Now let us fix a smooth approximation of the max
function, say

m(a, b) = (¢p.+xmax)(a, b),

where ¢, is a radial symmetric, non-negative smoothing kernel in R?. Note that m(a, b) =
max(a, b) outside a neighborhood of {a = b}. In particular if we choose ¢ sufficiently small
we can ensure that

8(X,d) =m(F(X,d), g2(X,d))

agrees with g> on B¥ by (4.13), and that it agrees with F (X, d) outside Bag, by (4.14). It
remains to check that g(X, d) is still convex. First note that d,m > 0 and dpm > 0 since
0gmax = 1yg=p) > 0, 9, max = 154 > 0. Now it is a direct computation on the Hessian
to see that if f1, f» € C2(RN) are two convex functions and /i € C2(R?) is convex with
dogm(a, b), pm(a, b) > 0, then the composition k(x) = m(f1(x), f2(x)) is convex. Thus we
conclude that g is convex. Let us summarize the properties of g and the related polyconvex
integrand f1(X) = g(X, det(X))

(1) g is a smooth, convex function;
(2) g = M a — L outside a ball B,
(3) g = g2 onaball Bg,, that implies that f1(X;) = ¢ and g; Df1(X;)J = Y/ foralli.

In particular from the last conditions and (4.12) we conclude that 2(X,d) = ea(X,d) +
g(X,d) is convex, f(X) = e A(X) + f1(X) is smooth, polyconvex and satisfies the desired
properties, in particular f(X;) = ¢;, BiDf(X;)J = Y; foralli and f = (¢ + M)A — L
outside a ball centered at 0. ]

Lemma 4.3 Given a large Ts configuration {X1, ..., X5} C Sym(2), where Sym(2) is the
space of symmetric matrices of R?*2, there exists a map u € Lip(£2, R?) such that

Du € {X1, ..., X5} (4.15)
and such that for every openV C L,

Hx e Q:Dulx)=X;}NV|[>0, Vie{l,...,5}. (4.16)

Proof This statement is well-known, so we will only sketch its proof and give references
where to find the relevant results. As shown in [13, Theorem 2.8], if K = {Xy,..., X5}
forms a large 75 configuration, then there exists an in-approximation of K inside Sym(2).
This means, compare [13, Definition 1.3], that there exists a sequence of sets {Uy }xeN, open
relatively to Sym(2), such that

e supycy, d(X, K) — Oask — oo;

o Uy C U, Yk eN.

For a compact C C szz’ the rank-one convex hull is defined as

C" = {P e R>*?: f(P) <0,V rank-one convex such that sup f(X) < 0},
XeC

where f : R**? — R is said to be rank-one convex if

FAA+ (1 —0)B) <if(A)+ (1 —1)f(B), VA,BeR>? det(A—B)=0,1€[0,1].
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For an open set U C R2%2,
Ure = U cre
CcCU,C compact

In this way, if U is open, then U"¢ is open as well. The existence of a in-approximation for
K implies the existence of a non-affine map u such that Du € {X1, ..., X5}, hence (4.15).
This is proved in [13, Theorem 1.1]. To show (4.16), there are two ways. Either, one can
use the same proof of [20, Theorem 4.1] or [24, Proposition 2] to show that the essential
oscillation of Du is positive on any open subset of €. Since there is rigidity for the four
gradient problem, see [3], this implies (4.16). Another way to show (4.16) is to use the Baire
Theorem approach of convex integration as introduced by Kirchheim in [16]. In particular,
in [16, Corollary 4.15], it is proved the following. Define

U= U Urc7

keN

we fix A € U, and we also set
P = {v € Lip(Q, R?) : Dv € U, v piecewise affine, v|sq = A},
then the typical (in the sense of Baire) map
u e Pl

has the property that Du € K. Then, we can use [26, Lemma 7.4] to show that actually the
typical map is non-affine on any open set, hence again by the rigidity for the four gradient
problem, we conclude (4.16). ]

Lemma4.4 Let G : R> x R0 — R be the convex function defined in (4.8). Then, there
exists a positively 1-homogeneous, convex function G € C °°(R6 \ {Oh N Lip(R6) such that

Gz, 1) = G(z,1),

ifzeR, 1t eR,.

Proof To prove the statement, it is sufficent to notice that the convexity of & and (4.9) tells
us that & has property (P), see the beginning of Sect. 5, and therefore we can simply apply
Proposition 5.2. The smoothness is a consequence of the smoothness of &, property (4.9) and
Corollary 5.3. O

Lemma 4.5 The energy Ty satisfies the uniform Almgren ellipticity condition (A.11).
Proof By construction, it is immediate to see that also

Ge(2.1) = Gz 1) = SV + I
is still convex and positively 1-homogenous. Define W, as in (4.10) by substituting G, to

G. By the general Proposition 5.5, we see that Xy, satisfies Almgren condition, hence Xy
satisfies (A.11) with constant 5. m}

Lemma4.6 The current T, 9 = [Ty, §u, 0] defined in (4.11) is stationary in Q x R? for the
energy L.
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Proof A direct computation shows that f and W fulfill
f(X) = W(W(X)AX), VX € R¥*2,

where W(X) = MY (X) A M?(X) and M" are the columns of the matrix

MX) = (1(;(,”)

Once this is checked, the proof is entirely analogous to the one of [5, Proposition 6.8], and
will be sketched in the appendix, see Proposition 5.8. O

4.1 Explicit values

The following values were found using Maple 2020. Define the following quantities:

(B1. B2, B3, Ba, Bs) = (2,5, 10, 1, 2);

, 1204 —1309 —10097
(di,da,d3,ds, ds) = | — ,0, , ,0);

828115 454800° 2546380

( )= (0.0, 2029 5233 33
€263 ) =00 T 1137000° 1137007 15160 )

The large 75 configuration is given by:

8 8 2
§ -2 § 2 Z 0
8 8 18
-2 3 2 5 0 -3
8 7361 8 7361 0 —-959
1137 454800 . 1137 454800 454800
A= Ay = s Az = ;
267 8 267 8 907 0
151600 1137 151600 1137 151600
—3361 3361 3361 3361 0 _.loos3
227400 284250 227400 284250 379000
4801 4801 4801 4801 4801 0
284250 — 227400 284250 227400 1137000
18
-5 0 500
2
0 5 o 3
0 5441 6001
Ay = 454800 | | As = 0 =m0
9121 0 ’ 2161
454800 7o Y
0 2 0 goag00
1137000
4801
14403 0
379000 0 606400
Define X;, Y;, Z; € R%*2 through the relations
Xi
Yi = Al
Zi
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The matrices A, B, C, D appearing in Condition 3 are given by:

0 4 0 4801 0 331

= 113 . - 454 . - 454 -

A—<_4 07>’B—(3361 5(?00>7C—<4801 5800>»D—0~
1137 354300 754300

These values fulfill Conditions 1, 2, 3. In particular, the three permutations in the definition
of large T5 configuration of Condition 2 are: [1, 2, 3, 5,4],[1,2,4,5,3],[1,2,5,3,4].

5 Extension of polyconvex functions

Let ® : R"*™ — R¥ be the usual map that, to a matrix X € R"*" associates the vector of
the subdeterminants of ®. Consider a polyconvex function

J(X) = h(®(X)),

h:RF 5> R being! C!. The purpose of this section is to generalize the arguments of the
previous section to arbitrary n, m, and hence to prove some of the lemmas of that section.
Consider the following set of assumptions

(i) h is convex;

(ii) A has linear growth, i.e. |h(2)| < A||z|| + B,Vz € R¥, for A, B > 0:
(i) A = inf{h(z) — (Dh(2),2) : z € R} > —o0;
(iv) (Dh(z2),22 —21) < h(z) +h(z2), Va1, 22 € RE.

If A fulfills (i)-(ii)-(iii), we will say it has property (P). If, in addition, & satisfies (iv), we will
say that & fulfills property (PE).

Remark 5.1 Notice that (iii) is a consequence of (iv), indeed if (iv) holds we can write, for
z1=0andforany zp =z € R*:

(Dh(z2),2) < h(0) + h(2),
hence
—h(0) < h(z) — (Dh(z2),2), VzeR¥,
that implies (iii).

We denote with h* the recession function of h:
* . : X k
h*(x) = lim yh(—), VxeR"
y—0+t y

It is not difficult to prove that the limit above always exists and is finite for a function &
satisfying (P). To show it, one can use the fact that the function

y = yh (f)
y

defined for y > 0 is convex for every fixed x € Rk, see [4, Lemma 2].

! This hypothesis on the regularity of / is not necessary, and one could simply consider /2 € Lip(]Rk). Indeed,
all the results of this section would work with simple modifications in the Lipschitz case. Nonetheless, we
prefer to assume C ! regularity in order to avoid further technicalities.
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As above, we define the perspective function

G(x,y) = yh (%) , ify>0.
We consider the smallest convex extension of G to the whole R¥*!:
Gz 1) = sup{G(x, y) + (DG(x, y), (z. 1) — (x, 1)) : (x, ) € R* x (0, +00)}.
By 1-homogeneity of G, we can write
G(z.1) = sup{(DG(x, ), (z. 1)) : (x,y) € R* x (0, +-00)} (CRY)
First, we prove

Proposition 5.2 Let G be defined as in (5.1). Then, if h satisfies (P), G

(1) is convex and extends G on R¥ x 0, +00);
(2) is positively 1-homogeneous;
(3) is finite everywhere.

Conversely, if there exists a function G that fulfills (1)—(2)—(3), then h fulfills (P).

Furthermore, we can prove the following characterization of G:

Corollary 5.3 Let h fulfill property (P), and let G be defined as in (5.1). Assume further that
there exists ./ € R and R > 0 such that

h(z) =h*(z) + A/, for|zll > R. (5.2)
Then, M = A and fort < 0, we have
Gz, 1) = h*(2) + \'t,
where ) is the quantity appearing in (iii).

Before starting with the proof of the proposition, we need to recall some results concerning
the notion of subdifferential at x € RY of a convex function f : RN — R.

5.1 Subdifferentials

The subdifferential of f at x, denoted with 9 f (x), is the collection of those vectors v € RN
such that

W,y —x) < f(y) — f(x), ¥yeR.

We will use the following facts concerning the subdifferential. For a convex function with
finite values, 8 f(x) # @ atall x € RY, see [21, Theorem 23.4]. Conversely, if f : RY > R
is such that 3 f (x) # @ at every x € R", then f is convex, since in that case

f(&x)= sup sup {(v,x —y)+ f(M}
yeRN ved f(y)

As can be seen from the definition of subdifferential,

[f(x) = fOI =< max{ sup [vll, sup ||w||} lx — ¥l
ved f(x) wed f(y)
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This, together with the fact that if K is compact, then d f (K) = |, ¢ 9 f (x) is compact, see
[12, Lemma A.22], yields the fact that every convex function is locally Lipschitz. Moreover,
if f is positively 1-homogeneous, a simple application of the definition of subdifferential
shows that

veEIf(x) & vedf(lx), ViA>0,xeRV. (5.3)

In particular, combining (5.3) with the local Lipschitz property of convex functions, we infer
thatif / : RY — R is convex and positively-1 homogeneous, f must be globally Lipschitz.
Furthermore, using the definition of subdifferential and (5.3) for f convex and positively-1
homogeneous, it is easy to see that the following generalized Euler’s formula holds

(v,x) = f(x), Yveaf(x),VxeRV. (5.4)

Finally, we recall that at x, the convex function f : RN — R is differentiable if and only if
9 f(x) ={Df(x)},

see [12, Lemma A.20-A.21] and references therein. We can now start the proof of the propo-

sition.

5.2 Proof of Proposition 5.2

First we assume that £ has property (P). G is convex since it is supremum of linear functions.
Moreover, the convexity of £ yields the convexity of G on R¥ x (0, +00). Having established
that G is convex, the fact that G as in (5.1) extends G is a classical fact. This proves (1). Since
G was positively 1-homogeneous, we have that G is as well homogeneous. Therefore (2) is
checked, and we only need to prove (3). By (5.1) we see that in order to conclude we only
need to show that, for fixed (z, t) € Rk+l,

(DG(x,y), (z.1)) < L <400, ¥(x,y) € RF x (0, +00),

where L possibly depends on (z, ). Let us compute DG. Firstly we have that

85, G(x,y) = oy h (f)
y

Now, exploiting the convexity of #, we can choose any v € R¥ with lv] = 1 and write
h —h
(Dh(x), v) < M7 Vs € RT.
s

Using the linear growth of £, i.e. (ii), we bound:

Allx +sv| + B + Alx|| + B

(Dh(x),v) <
s
Letting s — 400, the previous expression yields
(Dh(x),v) < A, Vx,veR" |v|=1. (5.5)

Thus, if we can show that 3, G (x, y) is uniformly bounded, then we conclude the proof. We
compute explicitly, for every (x, y) € R¥ x (0, +00)

9,G(x,y) =h (f) - <Dh <f> , f) .
y y Yy
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We are therefore left to study the boundedness (from below) of the function z — h(z) —
(Dh(z), z), but this is a consequence of (iii) of property (P).
Finally, let us show the necessity of (P). If G is convex and extends G, then in particular

Gz, 1) =G(z, 1) = h(z), VzeRK

hence & is convex. By the discussion of Sect. 5.1, we know that G is globally Lipschitz with
constant L > 0. Since

G(z,1) = h(z), VzeRk,

we infer that /# has linear growth, i.e. it enjoys property (ii). Finally, we need to show (iii).
Since G extends G in the upper half-space, we obtain

19yG(x, )| < L, V(x,y) € RF x (0, +00).
By the definition of G, we deduce
19yG(z, )| = |h(z) — (Dh(z),2)| < L, Vze R,

hence (iii).

5.3 Proof of Corollary 5.3

First we show that A = A’. To see this, consider for any z # 0 the auxiliary function
g(t) =h(tz) — (Dh(tz), tz), for t > 0. Then, g is non-increasing. Indeed,

1
8 <;) =0,6(z, 1),

and we can use that G is convex to deduce that ¢ — 0,G(z, t) is non-decreasing, hence that
t +— g(t) is non-increasing. Now, for any ¢ sufficiently large, by assumption (5.2), we have
that

h(tz) — (Dh(1z),1z) = A'.
This shows that

A= tligloo[h(tz) — (Dh(12),12)] = }gg[h(tz) — (Dh(tz),t2)] = A.

In particular, notice that 2(0) = lim,_, ¢+ g(¢) > 1". To show the equality between A and A/,
consider now a sequence z, € R¥ such that a,, = h(z,) — (Dh(zn), z,) — Aasn — oo. If
z, = 0 for infinitely many n, we can write A = lim,_, oo a, = h(0) > A" and the proof is
concluded. Otherwise, by the computation above, we have, for every r > 1

an > h(tzy) — (Dh(tzy), tzp).
By choosing ¢ in dependence of z,,, we can ensure through assumption (5.2) that
h(tzn) — (Dh(tz,), tzn) = .
Therefore,
A =lima, >\
n

and the proof of the first part of the Corollary is finished.
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Now we wish to show the characterization of G. Fix (z,¢) € R¥ x (—00,0). Let (x, y) €
RF x (0, 400). Then, using the definition G(x, y) = yh (f)

X X x\ x
oot = (o0 (2)-2) - (1 () (00 (). ))e 0
y y y y
By (iii), we get
f(5)- (e (5):5) =
Yy y y

(DG(x,y), (z,1) < (Dh <§> ,z) + At.

(Dh (%) ,z) < h*(2). 5.7)

Leta, b € R, r > 0. Then, using the convexity of A,

0< <Dh(a) — Dh (é> ,a — é)
r r
b
0< (Dh(a) — Dh <;> ,ra — b) . (5.8)

To conclude (5.7), we might use assumption (5.2), but let us use a slightly more general
argument in order to use the same inequality below. By (5.5), we have that

()]

is an equibounded family of vectors, hence up to subsequences it admits a limit

hence, since t < 0, then

We now show that

or

lim; o Dh (%) =we Rk, where lim;_, o r; = 0. Hence,

0 < lim <Dh(a) — Dh <rﬁ> Jrja — b> = —(Dh(a) — w, b). (5.9)

]—00

J

Now, w € dh*(b), in fact using the convexity of 4 we can write

(#(2):5-2)=4(:) (),

Multiplying by ; and letting j — oo, we find that w € d4*(b). By (5.4), (5.7) now follows
from (5.9). Therefore, we can conclude that, for < 0,

G(z, 1) < h™(z) + At.

To conclude the assertion, we consider for any ¢ > 0:

s en=(0(3) )+ 3)-((3)))

If we choose y sufficiently small (in dependence of z), once again using (5.2), we see that

(DG(z,y), (z,1)) = h*(2) + Mt = h*(2) + At,
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the latter being true by the first part of the proof. This concludes the proof of the corollary.

5.4 Symmetric extension

Now we show the link between (PE) and a symmetric extension. Notice that imposing that &
admits a 1-homogeneous and even extension such that G(z, 1) = h(z) forces this extension
to have the form

GGz = Itlh (7) (5.10)

fort # 0. If we require that G is convex too, then it is continuous, hence it becomes uniquely
determined on {(x, y) : y = 0} as G(z,0) = h*(z). Therefore, instead of considering a
general convex extension as in (5.1), we are going to work with the function G obtained in
(5.10).

Proposition 5.4 1 satisfies (PE) if and only if G : R S R defined as

vlh (). iy #0

) (5.11)
h*(z), ify=0

Gz, 1) = :

is even and convex.

Proof Assume that 4 satisfies (PE). First we prove that G is even. This amounts to show that

h(tz) h(—tz)

h*(z) = lim = lim = h*(—2). 5.12
@ t—0t 1 t—0t t =2 ( )
To see this, we simply evaluate (iv) at z; = _TZ and 7o = f for any z € R* ¢ > 0 to find

2(01(3). ) <1 () 00 ()

We now use the same argument to prove (5.7) to see that for a sequence of positive numbers
{tj}jen with lim £; = 0, 1imj ., Dh (5) = w € 9h*(z). Therefore, multiplying by ¢ in

(5.13) and passing to the limit along this subsequence, we get
2(w, z) < h*(z) + h*(=z), Vze Rk
By (5.4), (w, z) = h*(2), and in this way we see that, using the last equation,
2h*(z) < h*(2) + h*(—2) = h*(2) < h*(—2), Yz eRK,

that implies (5.12).
Now we show that G is convex. We rely on the results of Sect.5.1, and we aim to show
that at every point p = (z, ) € RF1,

aG(p) # 0.

Let first # > 0. Since at p the function is differentiable, the only possible candidate for an
element of the subdifferential is v = DG(p). Notice moreover that by the 1-homogeneity of
G, (DG(p), p) = G(p). Thus we have, for any ¢ = (x, y) € R

(DG(p),q — p) =G(q) —G(p) & (DG(p),q) < G(q). (5.14)
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If we establish (DG(p), ¢) < G(q) forany y # 0, then we can use the pointwise convergence

lim G(x,y)= lim yh <{> =h*(x) =G(x,0)
y—0t y—0t y

to infer that the inequality holds also for y = 0. We therefore compute, for any y # O:

060 = (9 (2).x) 5 ()= (91 (2). D)y [n(5) = (00 (2) £ 2)]

Using (5.14), v = DG(p) is a supporting hyperplane if and only if

(DG(p).q) =y [h (5)- (Dh (5).=- ;)] = 6(). (5.15)

Following the same argument of the beginning of Proposition 5.2, since & is convex, G is
convex on R¥ x (0, +00). Thus (5.15) is surely fulfilled if y > 0. If y < 0, (5.15) becomes

- ()15 s0-n(3)

that can be rewritten as
h (5) - (Dh (5) i f) > _h (f> V(z, 1) € RE x (0, +00), (x, y) € R¥ x (=00, 0).
t t/ 7ty y

The last condition is equivalent to (iv). Now we need to prove that also for points p = (z, 1)
with < 0 an element in the subdifferential exists. This is anyway a consequence of the
evenness of G and the proof above, indeed the evenness of G yields

DG(p) = —DG(—p), Vp e R* x (R\ {0}).
Therefore, for any ¢ = (x, y) € RF 1,
(DG(p), q — p) = =(DG(=p),q — p) = (DG(=p), p = q) = (DG(=p), =¢ — (=p))
<G(—q) —G(=p)=G(q@) — G(p),

where we exploited the fact that DG(—p) € dG(—p), as proved above. Finally, we need to
produce an element in the subdifferential at points p = (z, 0). To do so, we again use the
fact that for any p’ = (z,t) with7r > 0, ¢ = (x, y) € RAHT

(DG(P),q —p) <G(g) —G(P).

We only need to observe that { DG(z, t)};~0 is an equibounded family of vectors. This allows
us to choose a sequence ¢; > 0 convergent to 0 such that {DG(z,?;)}en converges to a
vector w € R Since lim,_, o+ G(z,t) = G(z, 0), we have

(w,qg — p) = jli)n;O(Dg(pj), q—pj) =< jli)ngo(g(q) —-G(pj) =6@@) —G(p).

where p; = (z,t;),Vj € N. To show the equi-boundedness of {DG(z, t)};~0, we observe
that

D.G(z,1) = Dh (%) ,
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that is equibounded in z and ¢ by (5.5). Exactly as in the proof of Proposition 5.2, we use
(iii) to say that

A <8,G(z,1), V(z,1t) € R¥ x (0, +00).

Hence we only need to provide a bound from above. To show it, we use the convexity of &
to estimate

t5e0=1(2)- (). )5 () ()5
=i () +hO) () =ho).

that provides the desired bound. This finishes the proof of the convexity of G.

To conclude, we need to show the converse statement, i.e. that if G is even and convex, then
h fulfills (PE). The fact that £ fulfills (i)-(ii)-(iii) can be proved in a completely analogous way
as in Proposition 5.2. By Remark 5.1, one could also infer (iii) as a corollary of (iv). Finally,
to see (iv), one can simply follow the chain of logical equivalences of the previous part of
the proof. This proves that (PE) is also necessary to the existence of the even extension. 0O

5.5 Extension to geometric functionals

Consider an orthonormal basis of A, (R™*"), denoted with Eq, ..., E (") where
Ei=e N Nepy,
as done in (A.1). We define, for every 7 € A, (R"™™")
v(t) =Gz, Ea), ..., (1, E(m+n ), (T, E1)), (5.16)

and consequently the energy
Zu() = [ WEp@H" )
forT = [E, f, 6] € R, (R"T™). For convenience, let us denote
o(r) = ((‘L’, Ej), ..., (1, E(m;n)), (t, El)) .
We have

Proposition 5.5 Let G be positively-1 homogeneous and convex, and define V as in (5.16).
Then, Ly fulfills Almgren’s condition (A.10).

Proof Let R, S € R,,(R"*™), R = 35, spt S is contained in the vectorsubspace of R"
associated with a simple m vector So of R", and S (z) = So for || S||-almost all z. Since
dR = 4S5 we have that

/ﬁann = f Sd|Sll = M(S) o,
compare [11, 5.1.2]. Note that this implies by the linearity of ¢ that

/¢01§d||R|| =/¢o§d||5|| = M(S) ¢ o So.

@ Springer



86 Page 44 of 52 J. Hirsch, R. Tione

Now we may use Jensen inequality and the 1-homogeneity of G to deduce that
[wekari=[GopeRairi=o( [ soRkair) =6 (mis)eo5)
=M(S)Gogo S =/q>o§d||5||,
where we used again in the last line that G is 1-homogeneous. O

Remark 5.6 1f G is even, then Xy is a well-defined energy on varifolds. Notice that in this
case, G is convex, even and 1-homogeneous. A simple computation in convex analysis shows
that this imposes for G to be positive. This observation is what makes it impossible to extend
an integrand f as the one constructed in Sect. 4 to an integrand defined on varifolds using
the methods introduced here.
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Appendix A. Currents, varifolds and geometric functionals

In this section we give the main definitions concerning currents and varifolds we have used
throughout the paper. One can give more general definitions, namely flat, normal currents
and general varifolds, see for instance [11,23], but we limit ourselves to rectifiable currents
and varifolds in order to keep the exposition as concise as possible.

A.1. Multilinear algebra

Letn € N,m > 0. We denote with A,,(R"*™) the space of m-vectors of R"*™ i.e. the
vector space given by finite linear combinations of elements of the form

VIA- Ay, v €RV VI <i<m.

We also let A3, Ry < A, (R"T™) be the space of non-zero simple m-vectors, i.e. all
elements T € A,, (R"") such that

T=UVU A AUy

for vi,...,um € R". We define a canonical basis of A,,(R**™) as follows. Let
el, ..., entm be the vectors of the canonical basis of R"*". Consider any multivector of
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length m, I = (i1, ....im), with 1 <ij < -+ < iy < n+ m. There are ("}"™) of these
multivectors, and each one defines a simple m-vector

n+m
E,':e,'l/\---/\e,'m, jE{l,...,( )}
’ m

It is easy to check that {El, el E(n+m)] is a basis for A, (R"™). We also set

Ei=eAN---Ney, (A.l)

while the ordering of the other indexes is arbitrary (but fixed).
The vector space A, (R"™™) can be endowed with a scalar product that is defined on
simple vectors as

(WA AUy, WL A A Wy) = det(X),

where X € R™ is defined as X;; = (v;, w;). We define a norm on Ay (R"T™) by
setting ||7]| = +/(t, 7). Analogously, one introduces the space of m-covectors of R
A (R™™) as the linear space generated by the wedge product of m covectors of R"*. An
element n € A}, (R"™™) acts by duality on elements of A, (R"*") in the following way. Let
n=n'A--An"and T = v A--- A vy (the general case follows by linearity). Then,

n(r) = det(Y),

where ¥ € R"*™ is the matrix defined as ¥;; = n;(v;), V1 <i, j < m.
With these definition at hand, we can consider the space D™ (R"*™) as the space of smooth
m-forms of R"™ with compact support, namely

Dm (RrH-m) - CSO(R’H_m, A;; (R”er)).

We endow A, (R"T") with a norm given by

) [(n, T)I
Inll = sup _,
reas, @+ 1T

hence we can consider on D" (R"*™) the norm

@l = sup [lo)l.
xeRrH—m

A.2. Planes and rectifiable sets

We denote with G (m, n + m) the space of unoriented m-planes of R"™" In [5], we used the
identification of G (m, n + m) with the space of orthogonal projections on m-planes

[P € RUmxntn) . p — pT p2 _ p rank(P) = tr(P) = m} .

It is not difficult to show that A$, (R"™") can be identified with the space of oriented m-
dimensional planes of R™*" see [14, Section 2.1]. It is thus natural to introduce the two-to-
one map

£ ARy — G(m, n + m) (A2)

that takes vy A~ - - Avy € AS, (R"™) to the projection on the m-plane spanned by vy, . . . , V.
Notice that f is not injective since f(t) = f(—1), YT € A5, (R"T™).
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We recall that a set E ¢ R is called rectifiable of dimension m if

E=E Ul F(E).
jz1

where H"(Eo) = 0, F; € CY(R™,R"™™), and E; C R™*" is Borel. To such a set E it is
possible to associate naturally a notion of approximate tangent plane, i.e. a map

x> T E € G(m,n + m).

For the definition of T E, we refer the reader to [23, Sectlon 3.1]. An orientation x +— T(x)
of Ty E isaBorelmap T € L®(E, AS,(R"™)) with | T (x)|| = 1 for H"_E a.e. x € R"*",

and T(x) € f~UTE), for H"LE ae. x € R"™™ where f is the map defined in (A.2).

A.3. Varifolds
A m-dimensional rectifiable varifold V is a measure on R"*™™ x G(n + m, m) given by
V(g) = / g(x, TeE)O(x)dH™ (x), Vg e R"™ x G(n + m,m) (A.3)
E

where E is m dimensional rectifiable set and 8 € L'(E; H"_E). The varifold is called
integer rectifiable if in addition 6 has values in N \ {0}. The notation for the varifold V
defined as in (A.3) is

= [E. 0].

A.4. Currents

A rectifiable current of dimension m, denoted by T, is a linear functional over D™ (R"+™)
represented as:

T(w)i/E(w(X),T(X))G(X)de(X),

where E is an m-rectifiable subset of R*™™", i"(x) is an orientation of 7\ E, and 6 €
LY(E; H™_E). Such a current T is denoted as

T =[E,T,0].
The mass of the current 7T is defined as

M(T) = /E 10 (o) ldH™ (x),

and we introduce the notion of boundary d7 of arectifiable current 7" as the m — 1 dimensional
current

0T (w) =T (dw).

We restrict our attention to the space of integer rectifiable currents of dimension m,
R (R"T™), defined as the space of m-dimensional rectifiable currents T with finite mass
and for which 6 has values in N \ {0}.
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Given T = [E, T, 6] and an injective vector-field X € C'(R"" R"*™), we define the
pushforward of T as the current X#(T) € R, (R"™™) defined by

X4(T) = [X(E),&,0 0 X~ ],

where DX .
E(X(x) = DA ADX@U ) (A4)
IDX(x)vi(x) A A DX(X)v, (x)]|

if f’(x) = v1(x) A -+ A vy (x). Analogously, for a varifold V = [E, 6],
X4V = [X(E), 00X '].

Notice that to every current T € R, (R"T™) one can associate an integer rectifiable varifold
Vr in the obvious way

Vr(g) i/Eg(x,f(f(X)))G(X)de(X),

where f is the map defined in (A.2).

Let us explain how to give to a graph of a Lipschitz map a structure of current, hence also
of varifold. We essentially follow the theory developed in [14,15]. We also refer the reader to
[5], where this discussion was made for giving the graph a structure of varifold. Let 2 C R™
be open and bounded and let u € Lip(€2, R"). Then, the graph of u defined as

Iy, ={(x,ulx)):x e Q}

is m-rectifiable. Furthermore, as proved in [14, Sec. 1.5, Th. 5] its approximate tangent plane
is, at a.e. xo € €2, given by the orthogonal projection on

7 (x0) = span{dy (x, u(x))|x=xps - - - » I (X, (X)) x=x,}
= span{(f1, d1uxo)". ..., (fm: Imu(x0))"},
where fi,..., fin are the elements of the canonical basis of R”. Define v;(x) =

(fi, du;i(x))T. The orientation we define on 7 (x¢) is the natural one:

ViI(X) A A vy (x)
[or () A Ao ()]

gu (x) = (A.5)

Given a Borel function 8 € LY(I',; H™.T,), we define the current Tuo = [Tu, Eu, 0] and
B(x) = 6(x, u(x)). Through the area formula, see for instance [5, Proposition 6.4], we have

M(T.1.6) Z/QA(DM(X)),B(X)dx,

where

.A(X) = \/det(idRmxm + XTX) (A6)

is the area function. Notice that in the case n = m = 2, A has the form (4.4). In particular,
by the definition of norm of a m-vector, we notice that

A(Du) = ||lvy A+ Avgll, (A7)

where we have used the notation of (A.5).
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A.5. Geometric functionals

Given a smooth and 1-homogeneous funcﬁion ¥ A (R™™) — R, we can define the
functional on rectifiable currents 7 = [E, T, 0]

zmnﬁLW@mmeWm=/W@mwm (A8)

as done in (1.1). On varifolds, given a smooth integrand F : G(m,n + m) — R, the
counterpart of the previous energy has the form

E}(V)i/ F(T E)0(x)dH™ (x), (A.9)
E

if V = [E, 6]. In particular, any even integrand ¥ : A;(R"™") — R as above allows us to
define a functional on varifold too. The minimal hypotheses that one requires on an integrand
W to get lower semicontinuity of the energy Xy, see [11, Section 5.1], is that W has positive
values and it satisfies Almgren’s ellipticity condition, i.e.

Yy (T) - ¢ (Q) =0, (A.10)

whenever 3T = dQ, Q has support contained in an m subspace of R"™" whose orienting
m-vector is T = vy A - -- A v, and the orientation of Q is given by 7. We say it satisfies a
uniform Almgren ellipticity condition if there exists & > 0 such that

Ty(T) — 2w (Q) = e(M(T) — M(Q)). (A1)

We give now the definition of stationarity in the sense of currents (or varifolds). Fix an energy
Yy and let i/ € R™*" be open. Given any function g € cxr, R, we define the flow
X (x) = yyx(g), where yy is the solution of the ODE

"ty = t
y'(1) =gy @) (A.12)
y(0) = x.
We define the variation of 7" with respect to the vector field g € C Cl U; Ry ag
Yy ((Xe)sT) — 2y (T
50 T1(g) = lim =2 {Xe)T) = 2 (T) (A.13)
£—0 &

Finally, the current T is said to be stationary in U if [8¢ T1(g) = 0, Vg € Clu; R™™).
With obvious modifications, this definition holds for varifolds as well.

A simple computation shows the following characterization of the first variation of a
geometric functional

Lemma5.7 Let T = [T,7,0] withT = 11 A -+ A Ty and |T(x)|| = 1. For any, g €
clu,R™,

[bwT](g) = Z/E(d\lf(?(x», T () A ADGR)T(X) A -+ ATy (x))0 (x)dH™ (x).
i=1
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A.6. Functionals on graphs

It was shown in [5, Section 6] that from a functional defined on varifolds, one can define
a functional on graphs, simply using the area formula. To do so, we introduced the map
B R ]R(n+m)><(n+m) defined as

hX)=MX)SX)MX)T

where )
M(X) = (ﬁ") and S(X)=MX)"MX)™", (A.14)
or, more explicitely,
[ s | sxoxT
hX) = [XS(X)XS(X)XT]' (A-15)

This represents the orthogonal projection on the plane
7(X) = span{M (X)) er, ..., M(X)  epim}.

and is the parametrization of one chart of G(m, n + m). If F is an integrand as in (A.9), we
can define
F(X) = F(h(X)A(X), (A.16)

where A is the area element defined in (A.6). The following holds
2r(Vue) :/ f(Du(x))B(x)dx, (A.17)
Q

for every V, 9 = [y, 0], where B(x) = 0(x,u(x)). In [5, Proposition 6.6], we proved
the previous equality in the case 8 = 1, but the case with multiplicity holds with the same
proof. One can do the same for functionals defined on currents in the following way. Let
W e C®(AS, (R"™)) and associate, to X € R"*™ the simple vector

WX)=M'X)A- AM"(X),
where M (X) denotes the i-th column of the matrix M (X) defined in (A.14). If we define
J(X) =¥ (W(X)AX), (A.18)

the area formula once again yields the equality
Yy (Typ) = / f(Du(x))B(x)dx, (A.19)
Q

forevery 7,0 = [y, g?u, 0], where B(x) = 0(x, u(x)).

Finally, let us discuss the link between stationarity for geometric objects and stationarity
in the graph sense. We refer the interested reader to [5, Proposition 6.8] for a more precise
statement in the case of multiplicity 1 graphs.

Proposition 5.8 Let F : G(m,n +m) — Ror W : A5, (R"™™) — R be given and define f
through formula (A.16) or (A.18), respectively. Let Q be a Lipschitz, bounded, open subset
of R" and B € L'(Q2, R"). A map u € Lip(Q2, R") satisfies

/ (Df(Du), Dv)B(x)dx =0 Vv e CHQR")

Q

/ (Df(Du), DuD¢(x))B(x)dx —/ f(Du) div(¢)B(x)dx =0 Vo € CL(Q.R™),
Q Q
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if ang only if the rectifiable varifold V, 9 = [Ty, 0] or the rectifiable current T, 9 =
[Tu, &, 0], where 6(x,y) = B(x),V(x,y) € R™" are stationary with respect to T},
or Ly, respectively.

Proof Since the proof is essentially the same of [5, Proposition 6.8], we only sketch it. In
[5, Proposition 6.8], only the varifold case was considered, hence let us consider the case of
functionals defined on currents here.
Step 1: Reduction to special vector fields.

Define, for any g € CC1 (2 x RYR™™), ¢ = (g1,..., gnem, ), two fields g! =
(81, 8m,0,...,0) and g2 = (0,0, gmtt, ..., Zntm), so that g = g' + g2. From now
on, consider g fixed. From Lemma 5.7, we see that the first variation [§y T'] (see the notation
introduced in (A.13)) enjoys the following properties:

BT 1(8) = [BuTul(g") + [BuTu1(8>). (A20)
and
[BuTu)(@) = [BwT(h), Vg, h e CHQ xR R™™), glsur,) = hlspir,) - (A21)
(A.20) is trivial, while to show (A.21), simply notice that if
8lsptr,) = hlsprry)s
then
Dg(x,u(x))w = Dh(x,u(x))w, fora.e.x € Qand w € T(x yx)lu- (A.22)

By exploiting the explicit form of the first variation written in Lemma 5.7, (A.21) follows at
once. From (A.21) we conclude that it suffices to consider the first variation of the current
T, for vector fields g of the form

g(x,y) = x(»G(x, u(x)), (A.23)

forG € CHQxR", R"™) and x € C°(R"), x(y) = 1on By (0) C R" and x(y) = Oon
B3p41(0), where M = maX,x (spu(G)) lu()|l. 7 : R™*" _ R™ here denotes the projection
T(x,y) =x,V(x,y) e R"™ x e R" y e R".

Step 2: Inner variations.
We let X, be the flow generated by g, for g as in (A.23). It is easy to see that

Xe(x, u(x)) = (Ze(x), u(x)), Vx € Q,

where Z, is the flow generated by the field x — G'(x, u(x)). Using this information, one
readily checks that

(Xe)#Ty = [Xe(TW), T, 0 0 (Xe) ™' ] = [Tuoz () Guozr 0 0 G, Zoe (D] = Tuoz_, 00072 o ()-

Through formula (A.19), we see that
Yw(Tuoz_.00(,7_c()) = / fDWwoZ ¢))BoZ ((x)dx
Q

:f J(Du(x)DZ_(Ze(x))) B(x) det(DZe) dx .
Q
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By taking the derivative at ¢ = 0 of the previous expression, we get

BuTlgh) = /Q (Df (Du), DuD(G" (x, u(x)))) B(x)dx — /Q F(Du)div(G! (x, u(x)) B (x)dx

(A.24)

Step 3: Outer variations.

Similarly to the case above, consider the flow ¥; generated by g2, for g as in (A.23). Then,
one checks that

Ye(x, u(x)) = (x, u(x) + £G*(x, u(x)),

and hence

(Ye)sTy = [Ye(Tw), Te, 0 0 Y_p] = [Ty, &y, 0 0 Yoo = Ty, oy,

By (A.19), we write

S((V)sTy) = / F(Du + eD(G*(x. u(x))B dx.,
Q

whose derivative at ¢ = 0 yields

[BuT1(s%) = / (Df (Du), D(G*(x, u(x))) B(x)dx. (A.25)
Q
Now the Proposition follows at once from (A.20)-(A.21)-(A.24)-(A.25). O
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