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Polarization Converting Bianisotropic Metasurfaces
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Abstract—We provide a detailed discussion on the electro-
magnetic modeling and classification of polarization convert-
ing bianisotropic metasurfaces. To do so, we first present a
general approach to compute the scattering response of such
metasurfaces, which relies on a generalized sheet transition
conditions based susceptibility model. Then, we review how
the fundamental properties of reciprocity, energy conservation,
rotation invariance and matching may be expressed in terms of
metasurface susceptibilities and scattering parameters, and show
how these properties may affect and limit the polarization effects
of metasurfaces. Finally, we connect together the metasurface
susceptibility model to the structural symmetries of scattering
particles and their associated polarization effects. This work thus
provides a detailed understanding of the polarization conversion
properties of metasurfaces and may prove to be of particular
interest for their practical implementation.

Index Terms—Metasurface, Susceptibility tensor, Generalized
Sheet Transition Conditions (GSTCs), Polarization conversion,
Symmetry, Matching, Energy conservation.

I. INTRODUCTION

Bianisotropic metasurfaces are electrically thin periodic
arrays of scattering particles engineered to provide compact,
efficient and advanced electromagnetic wave control capa-
bilities [1]–[3]. Some of their most remarkable features are
enabled by bianisotropy, which is a property requiring cou-
pling between an electric (magnetic) excitation and a magnetic
(electric) induced response, that is instrumental to the design
of certain metasurface transformations such as polarization
rotation via chirality [4], [5], and perfect refraction via asym-
metric matching [6], [7].

In the context of this work, we are mostly interested
in the polarization converting capabilities of metasurfaces,
which, in recent years, have led to a plethora of metasurface
concepts and applications, such as, for instance, collimating
lense for circularly polarized waves [8], polarization dependent
excitation of surface waves [9], chiral based electromagnetic
absorber [10], chiral polarization control [11], full-stokes
imaging polarimetry [12], tunable polarization rotation [13]
and optical spin routing [14]. Meanwhile, several metasurface
synthesis techniques, specifically aimed at polarization control,
have been developed to provide guidelines and optimized
implementation procedures for the practical realization of
efficient metasurfaces [15]–[19]. These techniques describe
how polarization conversion in metasurfaces may be modeled
using effective material parameters such as polarizabilities or
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impedances. They also provide design strategies to realize
these metasurfaces using specific types of metallic or dielectric
scattering particles. On the other hand, several studies have
investigated how the shape of the scattering particles, and
their related structural symmetries1, may affect the scatter-
ing response and associated polarization effects of meta-
surfaces [20]–[22]. However, a general discussion connect-
ing together the structural symmetries of scattering particles
and their scattering effects to a bianisotropic electromagnetic
model of metasurfaces is still missing in the literature.

This work thus aims at filling this gap by providing a
detailed discussion on the fundamental properties of polar-
ization converting metasurfaces. For this purpose, we extend
the metasurface modeling framework based on bianisotropic
susceptibility tensors developed in [23], [24], which is based
on [16]–[18], by investigating how the fundamental properties
of reciprocity, energy conservation, rotation invariance and
matching, affect the polarization converting capabilities of
metasurfaces, and provide general relationships between the
susceptibilities, the structural symmetries of scattering parti-
cles and their polarization effects.

This paper is organized as follows. Section II reviews the
general modeling procedure for bianisotropic metasurfaces and
shows how the susceptibilities of a spatially uniform metasur-
face may be related to its scattering parameters. Section III
presents the fundamental properties of reciprocity, energy con-
servation, rotation invariance and matching, and provides the
associated conditions in terms of susceptibilities and scattering
parameters. Section IV investigates how the aforementioned
conditions may be combined with each other and, for each pos-
sible resulting case, derives a set of specific related conditions,
whose application is illustrated with a metasurface synthesis
example pertaining to polarization conversion. Then, Sec. V
describes how the structural symmetries of scattering particles
affect the polarization effects of metasurfaces. Finally, Sec. VI
concludes the discussion.

II. GSTC MODELING OF METASURFACES

We shall now review a metasurface modeling procedure
following the developments discussed in [16]–[18], [23]. Con-
sider a metasurface lying in the xy-plane at z = 0. The
interactions of the metasurface with the fields of incident
and scattered waves may be modeled using the zero-thickness

1Here, structural symmetries refer to the geometrical symmetries of the
scattering particles (unit cells) composing the metasurface.
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generalized sheet transition conditions (GSTCs) [25], [26], as2

ẑ×∆H = jωP‖ − ẑ×∇‖Mz, (1a)
ẑ×∆E = −jωµ0M‖ − ẑ×∇‖(Pz/ε0), (1b)

where ∆H and ∆E are the differences of the magnetic and
electric fields between both sides of the metasurface, P and
M are electric and magnetic surface polarization densities
induced on the metasurface and ‖ refers to components tan-
gential to the metasurface plane.

For a bianisotropic metasurface, the surface polarization
densities in (1) may be expressed in terms of surface sus-
ceptibility tensors as [26], [27]

P = ε0χee ·Eav +
1

c0
χem ·Hav, (2a)

M = χmm ·Hav +
1

η0
χme ·Eav, (2b)

where η0 and c0 are the impedance and speed of light in
vacuum, Eav and Hav are the average electric and magnetic
fields at the metasurface, and χee, χmm, χme and χem are
respectively the electric, magnetic, magnetic-to-electric and
electric-to-magnetic metasurface susceptibility tensors, which
are here 3× 3 matrices.

The most common applications of the GSTCs (1), along
with the constitutive relations (2), are the synthesis of metasur-
faces, which consists in expressing the metasurface suscepti-
bilities in terms of specified incident, reflected and transmitted
fields, as well as the analysis of metasurfaces, which consists
in computing the fields scattered by a metasurface with known
susceptibilities [1], [23], [28].

In this work, we are rather interested in investigating several
fundamental properties of metasurfaces and revealing how they
pertain to polarization conversion. For this purpose, we next
restrict our attention to uniform metasurfaces, i.e., metasur-
faces that do not change the direction of wave propagation3.
Moreover, we also limit our developments to the case of
normally impinging plane waves as a source of excitation.
Under these conditions of uniformity and normal plane wave
incidence, the spatial derivatives in (1) vanish and the presence
of normal polarizations may be ignored since they do not
contribute to metasurface scattering, as discussed in [24].

Substituting (2) into (1) and removing all spatial derivatives,
thus yields

ẑ×∆H = jωε0χee ·Eav + jk0χem ·Hav, (3a)
ẑ×∆E = −jωµ0χmm ·Hav − jk0χme ·Eav, (3b)

where k0 is the wavenumber in vacuum. Since we are now
ignoring the presence of normal polarizations, it follows
that the susceptibility components that induce those normal
polarizations may also be ignored. Therefore, the susceptibility
tensors in (3) are from now on reduced to 2 × 2 matrices
containing only tangential susceptibility components.

2The time dependence ejωt is assumed throughout.
3We consider that the metasurface is made of a subwavelength periodic

lattice of scattering particles so that all diffraction orders are suppressed except
for the 0th-order ones in reflection and/or transmission.

For convenience and simplicity, the system of equations (3)
is often cast into a matrix form as

∆Hy

∆Hx

∆Ey
∆Ex

 =


χ̃xxee χ̃xyee χ̃xxem χ̃xyem

χ̃yxee χ̃yyee χ̃yxem χ̃yyem

χ̃xxme χ̃xyme χ̃xxmm χ̃xymm

χ̃yxme χ̃yyme χ̃yxmm χ̃yymm

 ·

Ex,av
Ey,av
Hx,av
Hy,av

 , (4)

where the tilde susceptibilities have been scaled according to

χee = −jωε0N · χ̃ee ←→ χ̃ee =
j

ωε0
N · χee, (5a)

χmm = jωµ0N · χ̃mm ←→ χ̃mm = − j

ωµ0
N · χmm, (5b)

χem = −jk0N · χ̃em ←→ χ̃em =
j

k0
N · χem, (5c)

χme = jk0N · χ̃me ←→ χ̃me = − j

k0
N · χme, (5d)

with
N =

(
1 0
0 −1

)
. (6)

Now that we have established a relationship between the
fields interacting with a metasurface and its corresponding
susceptibilities with (4), we shall investigate how the afore-
mentioned fundamental properties generally affect the polar-
ization conversion capabilities of metasurfaces. This may be
accomplished most effectively by transforming (4) so as to
express the metasurface scattering parameters in terms of its
susceptibilities. Indeed, the scattering parameters provide a
direct and straightforward connection with polarization effects
since they are fully compatible with the Jones calculus for-
malism [29], [30].

Expressing (4) in terms of scattering parameters may be
achieved by specifying the incident, reflected and transmit-
ted fields as those of normally propagating plane waves.
For instance, a forward propagating (in the +z-direction) x-
polarized incident plane wave may generally be reflected and
transmitted as a superposition of both x- and y-polarized
plane waves. The corresponding electric fields are thus given
by Ei = x̂, Er = x̂Sxx11 + ŷSyx11 and Et = x̂Sxx21 + ŷSyx21 ,
respectively, where the subscripts 1 and 2 refer to the bottom
(z = 0−) and top (z = 0+) sides of the metasurface.
Similar relations may be obtained for a forward propagating y-
polarized, backward propagating x- and y-polarized incident
plane waves. Substituting these fields, along with their cor-
responding magnetic counterparts, in (4) and solving for the
susceptibilities, yields [1], [16]

χ̃ = 2

(
− N
η0

+ N·S11

η0
+ N·S21

η0
− N
η0

+ N·S12

η0
+ N·S22

η0

−A− A · S11 + A · S21 A− A · S12 + A · S22

)

·

(
I + S11 + S21 I + S12 + S22

J
η0
− J·S11

η0
+ J·S21

η0
− J
η0
− J·S12

η0
+ J·S22

η0

)−1
,

(7)

where I is the identity matrix, χ̃ is a 4×4 susceptibility matrix
corresponding to the one in (4) and

Sab =

(
Sxxab Sxyab
Syxab Syyab

)
, J =

(
0 −1
1 0

)
, A =

(
0 1
1 0

)
.

(8)
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Alternatively, it is possible to express the scattering parameters
in terms of the susceptibilities as

S =

 N
η0
− χ̃ee

2 +
χ̃em·J
2η0

N
η0
− χ̃ee

2 −
χ̃em·J
2η0

−A− χ̃me
2 + χ̃mm·J

2η0
A− χ̃me

2 −
χ̃mm·J
2η0

−1

·

 χ̃ee
2 + N

η0
+

χ̃em·J
2η0

χ̃ee
2 + N

η0
− χ̃em·J

2η0

χ̃me
2 + A + χ̃mm·J

2η0

χ̃me
2 − A− χ̃mm·J

2η0

 .

(9)

where

S =

(
S11 S12

S21 S22

)
. (10)

III. FUNDAMENTAL PROPERTIES OF METASURFACES

This section presents the fundamental properties of reci-
procity, conservation of energy, rotation invariance and match-
ing and shows how they may be expressed either in terms of
susceptibilities or in terms of scattering parameters. We shall
next review and provide the conditions associated with each
of these properties. Note that these conditions apply to the
very general case of an electromagnetic system and not only
to metasurfaces.

A. Reciprocity

A reciprocal electromagnetic system exhibits the same scat-
tering response when source and receiver are exchanged. From
the reciprocity theorem [27], [31], a metasurface is reciprocal
if all following conditions are satisfied:

χee = χ
T
ee, χmm = χ

T
mm, χme = −χT

em, (11)

where T is the transpose operation. The corresponding condi-
tions in terms of scattering parameters are [32]

S11 = S
T

11, S22 = S
T

22, S21 = S
T

12. (12)

Note that it is practically difficult to implement a nonrecip-
rocal electromagnetic system, as it requires the introduction
of a time-odd external bias, such as a static magnetic field as
the case for Faraday rotators [31]. Therefore, most common
electromagnetic systems are de facto reciprocal.

B. Conservation of Energy

Conservation of energy stipulates that all energy entering
a medium must be equal to the sum of the energy absorbed
within the medium and the energy that leaves it. If in addition
of being gainless, the medium is also lossless4, then the energy
leaving the medium is equal to the energy entering it. The
corresponding conditions in terms of susceptibilities may be
deduced from the bianisotropic Poynting theorem as [33]

χ
∗
ee = χ

T
ee, χ

∗
mm = χ

T
mm, χ

∗
me = χ

T
em. (13)

4Although lossless systems do not exist since dissipation is inevitable, ideal
design specifications may require losslessness for simplicity, convenience and
maximum efficiency.

where ∗ is the conjugate operation. The corresponding condi-
tions given in terms of scattering parameters, which have been
derived in Appendix A, are given by

S
T
· S
∗

= I. (14)

These conditions thus require that not only the amplitude of
the scattering parameters must be related to each other but
also their phase.

C. Rotation Invariance

In the context of this work, rotation invariance implies
that the scattering response of a system remains identical
irrespectively of its angular orientation in a plane transverse
to that of wave propagation.

A metasurface is rotation invariant if all of its susceptibili-
ties and scattering tensors, expressed as 2 × 2 matrices as in
Sec. II, satisfy the condition

M = R(φ) ·M · R
T
(φ) =

(
A B
−B A

)
, (15)

where M represents either a susceptibility or a scattering
matrix with A,B ∈ C and R(φ) is the rotation matrix defined
as

R(φ) =

(
cosφ − sinφ
sinφ cosφ

)
. (16)

Note that the direct connection between susceptibilities and
scattering parameters provided by relations (7) and (9) implies
that if χee, χmm, χme and χem all simultaneously satisfy the
condition (15), then S11,S22,S21 and S12 also satisfy it, and
vice versa.

D. Matching

Matching consists in canceling all reflection from a system.
Using the formalism developed in Sec. II, a matched metasur-
face is thus reflectionless, i.e.,

S11 = 0 and S22 = 0, (17)

which implies that certain conditions in terms of susceptibil-
ities be satisfied. These conditions may be derived by substi-
tuting (17) into (7), leaving S12 and S21 as free parameters,
and grouping the remaining terms together to obtain

χmm = −J · χee · J, (18a)

χme = J · χem · J, (18b)

which corresponds to a generalization of the Kerker conditions
for a bianisotropic metasurface [34]. Note that if the metasur-
face is also reciprocal, i.e., if conditions (11) are satisfied,
then (18b) reduces to

χem = −χT
me = κI, (19)

where κ is the chirality parameter. Note that for a purely bi-
isotropic medium, the chirality parameter κ does not influence
the impedance of a wave interacting with it [35].
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IV. COMBINED PROPERTIES AND THEIR EFFECTS ON
POLARIZATION CONVERSION

A. Susceptibility Conditions for Metasurfaces with Combined
Properties

This section explains how the fundamental properties pre-
sented in Sec. III may affect the design of a metasurface, for
instance, by restricting the type of electromagnetic transfor-
mations that it may accomplish. For this purpose, we shall
now derive and investigate the conditions, given in terms of
susceptibilities, so that a metasurface simultaneously satisfies
one or several of these properties. Note that because the
matching property strongly limits the breadth of applications
that a metasurface may realize, we will for now restrict our
attention to the properties of reciprocity, energy conservation
and rotation invariance.

Using different combinations of relations (11), (13)
and (15), we obtain the general Venn diagram presented in
Fig. 1. This diagram consists of 8 different regions, each
providing the conditions that a given metasurface must satisfy
to exhibit the corresponding properties. It follows that in
regions I, V and VII only one condition must be satisfied out of
the three considered, e.g., a metasurface is rotation invariant
in region I but it is simultaneously nonreciprocal and does
not satisfy energy conservation. In regions II, IV and VI two
conditions are satisfied, while in region III all conditions must
be satisfied. Finally, a metasurface that would be classified in
region VIII violates all three conditions.

The classification provided in Fig. 1 assumes that the
susceptibility matrices have the following generic form:

χ =

(
χxx χxy

χyx χyy

)
, (20)

where χ is either χee, χmm, χme or χem. The conditions
surrounded by a solid black line apply to χee and χmm, while
those surrounded by a dashed black line apply to χme and
χem. Note that at least one of these two types of conditions
must be satisfied for a metasurface to be classified within a
given region. Obviously, if a metasurface does not possess
bianisotropic susceptibilities, i.e., χem = χme = 0, then the
conditions that are surrounded by a dashed black line should
be simply ignored.

We emphasize that for a metasurface to be nonreciprocal,
it is sufficient that at least one of the conditions in (11) be
violated. The same applies to the energy conservation and
rotation invariance conditions (13) and (15), respectively. This
has the following important consequence: assume, for instance,
an anisotropic metasurface (χem = χme = 0), and consider the
condition on χee and χmm that Im{c} 6= 0 in region IV. The
purpose of this condition is to ensure that the metasurface
violates conservation of energy, thus classifying it in region
IV instead of region III. However, this condition needs not
necessarily apply on both χee and χmm simultaneously for
the metasurface to violate conservation of energy. Indeed, it
would be sufficient that either χee or χmm contains nonzero
imaginary parts for the metasurface to be classified in region
IV. Similarly, for a bianisotropic metasurface, assuming the
conditions on χem and χme in region IV are satisfied, then the

condition Im{c} 6= 0 on χee and χmm does not necessarily need
to be satisfied since Re{χem/me} 6= 0 already ensures that the
metasurface violates conservation of energy. This specificity
generalizes to all Re{·} 6= 0 and Im{·} 6= 0 conditions in the
diagram. On the other hand, the conditions · ∈ R, · ∈ I and
· ∈ I∗, that appear in regiones II, III, VI and VII, must be
satisfied.

B. Effect on Polarization Conversion

Now that we have established how the properties of reci-
procity, energy conservation and rotation invariance combine
with each other through the conditions in Fig. 1, we will illus-
trate how these conditions may affect the scattering response
of a metasurface. For this purpose, we next consider a series
of metasurface synthesis examples, where, for each region
in Fig. 1, we specify a desired set of scattering parameters
and solve (7) for the corresponding susceptibilities. To be
consistent with the specifications of uniformity and normal
incidence imposed to derive (7), we next restrict our attention
to synthesis examples corresponding to linear-to-linear and
linear-to-circular polarization conversions. For simplicity, we
also specify the synthesized metasurfaces to be reflectionless
so that relations (17) and (18) are satisfied. This reduces the
number of unknowns in the synthesis problems since we do
not have to specify specific values for the reflected fields and
only have to specify the transmitted ones.

We provide the following examples for each regions in
Fig. 1:

1) Example for region I: The transmission scattering ma-
trices are specified to be

S21 =

√
2

2

(
1 j
−j 1

)
= S12, (21)

which corresponds to a linear-to-circular nonreciprocal trans-
formation, as shown in Fig. 2. The corresponding susceptibili-
ties are obtained by substituting (21), along with S11 = S22 =
0, into (7), which yields

χee =
2

k0

(
j(
√

2− 1)
√

2− 2

2−
√

2 j(
√

2− 1)

)
, (22)

where the magnetic susceptibility tensor is omitted here for
convenience but may be computed using (18a) and χem =
χme = 0. It is straightforward to verify that (21) and (22)
both satisfy (15) making the metasurface rotation invariant,
while also violating both reciprocity (11) and energy con-
servation (13). Such a transformation may, for instance, be
implemented using a system similar to the one in [36].

2) Example for region II: The transmission scattering ma-
trices are specified to be

S21 =

(
cos θ − sin θ
sin θ cos θ

)
= S12, (23)

which corresponds to a linear-to-linear nonreciprocal rotation
of polarization, where θ is the polarization rotation angle, as
shown in Fig. 3. As before, the corresponding susceptibilities
are obtained from (7), as

χee =
2j

k0
tan

(
θ

2

)(
0 −1
1 0

)
, (24)
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Fig. 1: Venn diagram showing different associations of the conditions of reciprocity, energy conservation and rotation invariance.
Refer to Sec. IV-A for more details. Note that I and I∗ refer to the set of imaginary numbers including or not the value 0,
respectively.

x

y

z

L

R

Fig. 2: Polarization transformations according to (21). The
curved black arrow indicates that the metasurface is rotation
invariant.

which indeed satisfies the condition in region II since A = 0 ∈
R and B ∈ I∗. A well-known example of a system related to
this transformation is that of an optical isolator based on the
Faraday effect [37].

3) Example for region III: The transmission scattering
matrices are specified to be

S21 =

(
cos θ − sin θ
sin θ cos θ

)
= S

T

12, (25)

x

y

z

θ

θ

R
Fig. 3: Polarization transformations according to (23). The
curved black arrow indicates that the metasurface is rotation
invariant.

which corresponds to a linear-to-linear rotation of polarization,
similar to the one given in (23) but that is reciprocal since (25)
satisfies (11). An illustration of its scattering response is shown
in Fig. 4. The corresponding susceptibilities are

χem =
2j

k0
tan

(
θ

2

)
I, (26)
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x

y

z

θ

θ

R
Fig. 4: Polarization transformations according to (25). The
curved black arrow indicates that the metasurface is rotation
invariant.

where χee = χmm = 05 and χme is given by (19).
The susceptibilities (26) correspond to a chiral metasur-

face [15], [38], [39], which would rotate the polarization of a
linearly polarized incident wave by an angle θ irrespectively
of the angular orientation of the metasurface. Since such a
metasurface is reciprocal, reflectionless, lossless, gainless and
rotation invariant, it represents the most practical design for a
polarization rotation operation.

It is interesting to note that it is impossible to achieve
a liner-to-circular polarization conversion with a reciprocal,
reflectionless, lossless, gainless and rotation invariant meta-
surface. To demonstrate this, consider that for a reciprocal,
reflectionless and rotation invariant metasurface, the energy
conservation conditions in (14) reduce to

|Tco|2 + |Tcross|2 = 1, (27)

and
TcoT

∗
cross = T ∗coTcross, (28)

where Tco = Sxx21 = Syy21 is the co-polarized transmission
coefficient and Tcross = Sxy21 = −Syx21 is the cross-polarized
transmission coefficient. We now directly see that a linear-
to-circular polarization conversion, as the one specified by
the scattering matrix (21), would satisfy (27) but would
violate (28), implying that such a metasurface would require
active and/or lossy scattering particles.

4) Example for region IV: We now compute the suscep-
tibilities of a reciprocal, reflectionless and rotation invari-
ant metasurface that performs a linear-to-circular polarization
conversion, as shown in Fig. 5. The transmission scattering
matrices are specified to be

S21 =

√
2

2

(
1 j
−j 1

)
= S

T

12, (29)

which leads to

χee =
2j

k0
(
√

2− 1)I, (30a)

χem =
2

k0
(2−

√
2)I, (30b)

5While such an ideal case is physically impossible, it is still possible to
get close to it with well-optimized resonant scattering particles for which
χee = χmm ≈ 0 at a specific wavelength. Another option would be to add
an arbitrary phase shift to (25), which would relax the conditions on χee and
χmm and allow them to be nonzero [16].

x

y

z

L

L

R
Fig. 5: Polarization transformations according to (29). The
curved black arrow indicates that the metasurface is rotation
invariant.

which indeed violates conservation of energy, as explained
above. Chiral absorbers, which selectively absorb a given
type of circular polarization handedness without affecting
the opposite one, are typical examples of structures that are
reciprocal, rotation invariant and that do not satisfy the energy
conservation relations due to their lossy nature [40].

The 4 remaining examples consist of metasurfaces that are
rotation dependent meaning that their scattering and suscepti-
bility matrices do not satisfy (15).

5) Example for region V: We shall next consider the case
of a reciprocal linear-to-linear polarization conversion. This
time the scattering matrix is derived by considering that the
electric field of the incident and transmitted waves are Ei =
x̂ cos θi + ŷ sin θi and Et = x̂ cos θt + ŷ sin θt, respectively. It
follows that the scattering matrix relating these two fields is
simply given by

S21 =

(
sec θi cos θt 0

0 csc θi sin θt

)
= S

T

12. (31)

It can be easily verified that this transformation violates
conservation of energy. Indeed, by inserting (31) into (14), we
see that energy conservation is satisfied only in the trivial case
where | cos θi| = | cos θt|. An illustration of this transformation
is depicted in Fig. 6. The corresponding susceptibilities are

x

y

z

θi

θi

θt

θt

R

Fig. 6: Polarization transformations according to (31).

χee = −2j

k0

(
cos θi−cos θt
cos θi+cos θt

0

0 sin θi−sin θt
sin θi+sin θt

)
. (32)

This clearly shows that the susceptibilities are dependent on
the orientation of the fields and that rotation of the metasurface
would yield a different scattering response. Most plasmonic
birefringent metasurfaces used in the visible spectrum may be
classified in this region as they possess birefringent properties
with important optical losses [41]–[43].
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6) Example for region VI: We now consider the case of a
reciprocal quarter-wave plate metasurface oriented so that it
transforms an x-polarized incident wave into a right-handed
circularly polarized transmitted wave, as shown in Fig. 7. The

x

y

z

L

R

Fig. 7: Polarization transformations according to (33).

corresponding scattering matrix is [29]

S21 =

√
2

2

(
1 j
j 1

)
= S

T

12, (33)

and the associated susceptibilities are

χee =
2

k0
(1−

√
2)

(
0 1
1 0

)
. (34)

Birefringent metasurfaces that are based on low-loss dielectric
resonators may generally be associated with this region [44].

It is also interesting to note that, while a quarter-wave plate
is a birefringent medium that should be described in terms
of a susceptibility matrix with different diagonal components,
it is here given in terms of off-diagonal components. This is
due to the relative orientation of the metasurface with respect
to the incident field, i.e., its fast axis is oriented at 45◦ in
the xy-plane instead of being aligned along the x- or y-axis.
To demonstrate this, we next rotate the metasurface by 45◦ so
that its fast axis is oriented along the y-axis. Using the rotation
matrix (16), the scattering matrix (33) becomes

S21 = ej
π
4

(
−j 0
0 1

)
= S

T

12, (35)

and its susceptibilities are

χee =
2

k0
(1−

√
2)

(
−1 0
0 1

)
. (36)

Now that the slow and fast axes of this quarter-wave plate
metasurface are respectively aligned with the x- and y-axis,
the retrieved susceptibility matrix (36) is diagonal, as expected.
Note the important difference between (34) and (36), which is
due to the fact that the metasurface is not rotation invariant.

7) Example for region VII: We again consider the case of
a diagonally oriented quarter-wave plate metasurface with a
scattering matrix given by

S21 = ej
π
4

(
1 0
0 j

)
= −S

−1
12 . (37)

An illustration of the scattering response of this metasurface
is illustrated in Fig. 8 for a obliquely polarized incident plane
wave. Its susceptibilities are given by

x

y

z 45◦

45◦

R

R

Fig. 8: Polarization transformations according to (37) assum-
ing incident waves polarized at 45◦.

χee = −2
√

2

k0
I, (38a)

χem =
2

k0

(
0 1
1 0

)
. (38b)

In this example, χee does not satisfy the conditions given in
region VII (in black solid line), while χem and χme do satisfy
them. In fact, the susceptibility tensor χee, on its own, satisfies
the conditions of reciprocity, energy conservation and rotation
invariance. It follows that the bianisotropic metasurface given
by the susceptibility tensors (38) is classified in region VII
only because its χem and χme tensors violate the conditions of
reciprocity and rotation invariance.

8) Example for region VIII: Finally, we synthesize a nonre-
ciprocal, active and/or lossy and rotation dependent metasur-
face that rotates the polarization of a linearly polarized incident
wave. The corresponding scattering matrices are, from (31),
given by

S21 =

(
sec θi cos θt 0

0 csc θi sin θt

)
= S

−1
12 . (39)

The corresponding scattering response is shown in Fig. 9 and
its susceptibilities are

χee =
2j

k0

(
0 cos θt−cos θi

cos θi+cos θt
sin θi−sin θt
sin θi+sin θt

0

)
. (40)

x

y

z

θi

θi

θt

θt

R

Fig. 9: Polarization transformations according to (39).

Note that a system like the one presented in [45] may be
used to implement such a kind of nonreciprocal, active/lossy
and rotation dependent transformation. When properly tuned
so as to balance gain and loss, it may also be classified in
region VII.
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V. SYMMETRY BREAKING EFFECTS ON POLARIZATION

We have seen in Sec. IV-B several polarization convert-
ing metasurface designs, specified in terms of scattering pa-
rameters, and how their electromagnetic properties may be
classified according to the diagram in Fig. 1. We shall now
investigate how some of these metasurface may be practically
implemented in terms of actual scattering particles. For this
purpose, we will next restrict our attention to reciprocal
and gainless metasurfaces since nonreciprocal and/or active
metasurfaces are practically difficult to realize, especially in
the optical regime where fabrication technologies are more
limiting than those in the microwave regime. This implies that,
in practice, most metasurfaces may be classified within regions
III to VI in Fig. 1. Note that in terms of design specifications, a
metasurface is generally specified to be lossless6 to maximize
its efficiency even though it is ultimately fabricated with
materials that necessarily exhibit loss. It follows that most
ideal metasurface designs would be classified within regions
III or VI, while the corresponding physical structures would be
classified within regions IV or V due to their inherent Ohmic
or dielectric losses.

In order to design the scattering particles of a metasur-
face, we must understand how their shape is related to the
metasurface effective susceptibilities and, equivalently, to the
metasurface scattering response. As we shall next demonstrate,
it turns out that the structural symmetries of the scattering
particles are directly related to their effects on the state of
polarization of the waves that a metasurface scatters.

To illustrate the relationships between scattering particle
shape, susceptibilities and scattering response, we next con-
sider the scattering particles proposed in [20], [22] from
which we identify 7 types of distinct scattering responses that
we shall next investigate. Since the connection between the
structural symmetries of these scattering particles and their
corresponding scattering responses, given in terms of Jones
matrices, is already provided in [20], [22], we next limit
ourselves to establishing a connection between their provided
Jones matrix and their effective susceptibilities. To do so, we
assume a simplified scenario for convenience.

Let us therefore consider a reciprocal reflectionless7 bian-
isotropic gainless and lossless metasurface surrounded by
vacuum. Inserting the reflectionless conditions (18) and the
gainless and lossless conditions (13) into (9) and solving the

6In addition of being reciprocal and gainless.
7We again consider the case of relfectionless metasurfaces to simplify

the forthcoming analysis since relations (18) greatly reduce the number
of susceptibility unknowns without affecting the general result provided in
Fig. 10.

resulting system for the components of S21 yields

A =
k2
(
(χxyee )2 − κ2 − χxxee χ

yy
ee
)

+ 2jk(χxxee − χ
yy
ee )− 4

k2 (κ2 + χxxee χ
yy
ee − (χxyee )2)− 2jk(χxxee + χyyee )− 4

,

(41a)

B =
4jk(χxyee − κ)

k2 (κ2 + χxxee χ
yy
ee − (χxyee )2)− 2jk(χxxee + χyyee )− 4

,

(41b)

C =
4jk(κ+ χxyee )

k2 (κ2 + χxxee χ
yy
ee − (χxyee )2)− 2jk(χxxee + χyyee )− 4

,

(41c)

D =
k2
(
(χxyee )2 − κ2 − χxxee χ

yy
ee
)
− 2jk(χxxee − χ

yy
ee )− 4

k2 (κ2 + χxxee χ
yy
ee − (χxyee )2)− 2jk(χxxee + χyyee )− 4

,

(41d)

where (A,B,C,D) = (Sxx21 , S
xy
21 , S

yx
21 , S

yy
21 ) for compatibility

with the Jones matrix convention, and κ is the chirality
parameter from (19). The ABCD-matrix formed by the param-
eters (41) is thus the Jones matrix of the metasurface, whose
susceptibilities may be expressed by reversing (41), as

χxxee =
2j

k0

[
A−BC − 1 +D(A− 1)

A−BC + 1 +D(A+ 1)

]
, (42a)

χyyee = −2j

k0

[
A+BC + 1−D(A+ 1)

A−BC + 1 +D(A+ 1)

]
, (42b)

χxyee =
2j

k0

[
B + C

A−BC + 1 +D(A+ 1)

]
, (42c)

κ =
2j

k0

[
B − C

A−BC + 1 +D(A+ 1)

]
. (42d)

Remember that since relations (18) and (19) are satisfied, we
have that χxxmm = χyyee , χyymm = χxxee and χyxmm = −χxyee , and
κ = χxxem = χyyem = −χxxme = −χyyme.

The selected scattering particles along with their structural
symmetries as well as the associated Jones matrix and sus-
ceptibilities of the corresponding metasurface are presented
in Fig. 10, where the scattering particles are represented as
seen from a top-view above the xy-plane. Note that in order
to satisfy the reflectionless conditions (18), the structures
presented in Fig. 10 should be at least bi-layered (although
most are not presented as such for convenience) in order to
induce both electric and magnetic responses and hence cancel
reflection [34]. We now discuss these 7 cases individually.

1) Case a: These very simple structures typically present
mirror symmetries along both the xz- and yz-planes (σxz
and σyz) as well as rotation symmetry along the z-axis, CNz
with N > 2. In terms of susceptibilities, they correspond to
isotropic media where χxxee = χyyee . Therefore, the Jones matrix
of the corresponding metasurface is diagonal with identical x-
to-x and y-to-y responses. While the disk shaped scattering
particle exhibits a rotation invariant scattering behavior, it is
not the case of the square shaped one, which can only be
rotated by multiples of 45◦ to still yield the same effect.
Indeed, rotating it by a different angle would lead to an overall
metasurface with a lack of mirror symmetries along the xz-
and yz-planes, thus leading to a more complicated polarization
effect. Therefore, as they are represented in the figure, these
structures do not affect the polarization state of an x- or y-
polarized incident wave and thus χxyee = κ = 0.
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Fig. 10: Relationships between scattering particle shapes and their corresponding symmetries, Jones matrix and effective
susceptibilities. These apply to a metasurface made of a subwavelength periodic square lattice extending in the x and y
directions. For each case, we specify in which regions of Fig. 1 would the corresponding metasurface be classified. Note
that the susceptibilities shown here are only indicative and some susceptibility components may be missing, e.g., z-oriented
susceptibility components are not at all considered. Also note that only the Jones matrix of cases a and c are rotation invariant.

2) Case b: Generalization of the structures of case a, with
different dimensions along x and y implying that χxxee 6= χyyee

(birefringence). They exhibit both or only one of the mirror
symmetries along the xz- and yz-planes (σxz and σyz) and
a rotation symmetry along the z-axis, CNz with N ≤ 2.
Their corresponding metasurface Jones matrix is diagonal with
different x-to-x and y-to-y. They do not affect the polarization
of x- or y-polarized waves. However, if the incident wave
was diagonally polarized, or, equivalently, if the structure was
rotated within its unit cell, they would behave as those of case
f since

R(φ) ·
(
A 0
0 D

)
· R

T
(φ) =(

A cos2 φ+D sin2 φ (A−D) cosφ sinφ
(A−D) cosφ sinφ D cos2 φ+A sin2 φ

)
=(

A′ B′

B′ D′

)
,

(43)

which would result in polarization conversion effects. Note
that in the special case where φ = π/4, Eq. (43) reduces to

R(π/4) ·
(
A 0
0 D

)
· R

T
(π/4) =

1

2

(
A+D A−D
A−D A+D

)
=

(
A′′ B′′

B′′ A′′

)
,

(44)

which corresponds to the response of the structures of case e.
3) Case c: Structures exhibiting rotation symmetry so that

CNz with N > 2 may be used to create chiral media. The
first structure has a C3z rotation symmetry and exhibits no
σxz or σyz mirror symmetry, while the second one has a C4z

rotation symmetry as well as σxz and σyz . On their own,
these structure are not fundamentally chiral [46]. To create
a chiral medium out of the first structure, it is enough to
place it on top of a substrate. This would break the symmetry
of the system in the longitudinal direction resulting in an
overall chiral response [20], [46]–[48]. That strategy would
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not be sufficient for the second cross-shaped structure due to
its additional mirror symmetries. However, it is still possible
to create a chiral metasurface out of it by placing it on a
substrate and rotating the cross within its unit cell. It should
be rotated such that its arms are not aligned along the x and y
axes or at ±45◦ from them. Considering the square lattice of
the metasurface being on a xy grid, this rotation of the particle
within its cell would effectively cancel the overall σxz and σyz
mirror symmetries of the metasurface, hence making it chiral.
These two cases are illustrated in Fig. 11.

(a) (b)

Fig. 11: Metasurface made of a periodic arrangement of a
cross-shaped structure. (a) The arms of the crosses are aligned
with the main axes of the lattice leading to isotropic scattering
response like those of case a. (b) The arms of the crosses are
rotated with respect to the axes of the lattice leading to a
potential chiral response.

Breaking the longitudinal symmetry of the system may
also be achieved by cascading several of these structures and
changing their dimensions, composition and orientation. Note
that this strategy has also been used to create a stronger chiral
response [47].

This type of chiral medium exhibit a chiral parameter κ 6=
0, while χxyee = 0. These are the best type of structure for
polarization rotation since their effect is rotation invariant and
would accordingly be classified in region III in Fig. 1.

4) Case d: These structures, which possess a C2x or C2y

rotation symmetry, result in a generalized chiral response.
They induce a counter-rotating effect on the fields, i.e., the
metasurface Jones matrix is the negative of its own transpose,
like the chiral structures of case c but have different diagonal
components (χxxee 6= χyyee ) due to their different lengths in
the x- and y-directions. Because of that, their effect on
the polarization state of the scattered waves depends on the
angular orientation of the metasurface.

5) Case e: Structures that have a ±45◦ mirror symmetry
with respect to the xz- or yz-plane exhibit a nonzero x-
to-y and y-to-x coupling leading to polarization conversion
but not chirality. As explained in case b, such response can
be obtained by rotating a birefringent scatterer within its
unit cell by a ±45◦ angle. Note that such structures also
typically exhibit a mirror symmetry along the xy-plane, like
the structures of case a and case b.

The unit cell composed of 4 split-ring resonators does not,
on its own, exhibit a ±45◦ mirror symmetry with respect to
the xz- or yz-plane. However, when considering a metasurface
composed of a periodic repetition of this unit cell, we can show
that by reflecting the structure diagonally and shifting it by half
a period along x or y, we retrieve the original unit cell [20],

[49]. Implying that this structure still exhibit the same type of
response as the L-shaped one.

6) Case f: A generalization of the structures of case e with
different x-to-x and y-to-y responses due to their different
lengths in the x- and y-directions. They can either exhibit a
mirror symmetry with respect to the xy-plane, like the first
and third depicted structures, or an inversion symmetry (i),
like the second one. The same type of response can also be
achieved by rotating a birefringent structure by a given angle,
as explained in case b.

7) Case g: These structures present either no symmetry
(C1) or eventually a C2z rotation symmetry. They can be
used to perform any operation on the wave polarization state
providing that it does not violate the imposed conditions of
reciprocity and energy conservation.

VI. CONCLUSION

This works has presented the general electromagnetic prop-
erties of reciprocity, energy conservation, rotation invariance
and matching, and provided the associated conditions in terms
of susceptibilities and scattering parameters. It has then estab-
lished how metasurfaces may be classified according to the
various possible combinations of these conditions and how this
may affect the polarization converting capabilities of meta-
surfaces. Finally, it has connected the structural symmetries
of scattering particles to the corresponding metasurface Jones
matrix and susceptibilities.
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APPENDIX A
S-PARAMETER CONDITIONS FOR CONSERVATION OF

ENERGY

Consider a uniform gainless and lossless slab8 lying in the
xy-plane and surrounded by the same medium on both sides.
It is simultaneously illuminated by a normally incident plane
wave propagating in the +z-direction and one propagating in
the −z-direction, whose electric fields are E

(+)
1 and E

(−)
2 ,

respectively. The bottom and top sides of the slab are denoted
with subscripts 1 and 2, while propagation in the ±z-direction
is denoted with the superscripts (±), respectively. Following
the same convention, the fields reflected and transmitted by
the slab are(

E
(−)
1,x

E
(−)
1,y

)
= S11 ·

(
E

(+)
1,x

E
(+)
1,y

)
+ S12 ·

(
E

(−)
2,x

E
(−)
2,y

)
, (45a)(

E
(+)
2,x

E
(+)
2,y

)
= S21 ·

(
E

(+)
1,x

E
(+)
1,y

)
+ S22 ·

(
E

(−)
2,x

E
(−)
2,y

)
, (45b)

where the scattering matrices have the same form as in (8).

8In the context of this paper, it could be a metasurface.
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Since the slab is gainless and lossless, all incident energy
must be equal to all scattered energy, which may be expressed
as

|E(+)
1,x |2 + |E(+)

1,y |2 + |E(−)
2,x |2 + |E(−)

2,y |2 =

|E(−)
1,x |2 + |E(−)

1,y |2 + |E(+)
2,x |2 + |E(+)

2,y |2,
(46)

where the terms on the left-hand side are related to the
incident energy, while those on the right-hand side are related
to the scattered energy. Substituting (45) into (46) leads to
an equation that must be satisfied for any field values, as
explained in [50]. It follows that, by grouping similar terms
together, several conditions on the scattering parameters may
be derived leading to a total of 4 relations given in terms of
the scattering parameters magnitude and 12 relations in terms
of their complex values that are all given in (14).
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