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a b s t r a c t

In this study, the physics and effectiveness of active yaw control under various wind conditions are
investigated systematically, based on wind tunnel experiments and a new analytical wind farm model.
The power and wake velocity measurements of a three-row miniature wind farm reveal that the peak
power gain (18%) is reached in partial-wake conditions, when the wind direction is misaligned with the
turbine column by 2e4�. In contrast, the power gain in the full-wake condition (5.4%) is a local minimum.
For a single-column wind farm, the optimal yaw angle distribution always exhibits a decreasing trend
from upstream to downstream, which can be associated with the secondary wake steering effect.
Analytical model predicts that with increasing number of rows, both the peak power gain and the
leading-turbine yaw angle increase asymptotically. The maximum value of the yaw angle is mainly
determined by the cosine exponent of the thrust coefficient (p). With a typical value of p ¼ 1:8, the
maximum yaw angle value is approximately 30�. Turbulence intensity and streamwise spacing have
similar effects on active yaw control. When these two parameters increase, the relative power gain
decreases monotonically.

© 2021 Elsevier Ltd. All rights reserved.
1. Introduction

For large wind farms consisting of dozens of wind turbines ar-
ranged closely in an array, the power losses resulting from inevi-
table wake interactions are significant, reaching up to 30e40%
when the wind direction is aligned with turbine rows or columns
[1,2]. To mitigate the wake-induced power losses, several wake
redirection strategies have been proposed, including tilt angle
adjustment, individual blade pitch control, and active yaw control
(AYC). Tilt angle adjustment, although capable of elevating the
vertical wake centre by approximately 0:2D (D denotes the rotor
diameter), is not a controllable feature for utility-scale wind tur-
bines [3]. Individual blade pitch control is easy to implement but
less effective in mitigating wake effects. Moreover, it induces a
substantial increase in the blade loading (>100%), which adversely
affects the life span of the major turbine components [3,4]. As a
comparison, AYC not only induces appreciable wake deflections as
large as 0:6D [5] but also has less impacts on the structural loads
[6], thus gradually recognised as the most promising wake
.

redirection strategy. Actually, several of the recent tests in com-
mercial wind farms have already confirmed the effectiveness of AYC
in power optimization [7e9].

Pivoting around how much power can be gained by AYC and
what is the optimal yaw angle distribution, extensive studies have
been carried out, involving mainly wind tunnel experiments and
analytical model developments. The earliest experimental study of
AYC is traced back to Ref. [10]; where an imaginary pentagon wind
farm is considered. Due to the special layout, the wake interaction
only occurs between two turbines, which allows the total power
production to be derived from the power and wake velocity mea-
surements of a stand-alone yawedwind turbine. As a result, turbine
spacing (Sx) and the cosine exponent of the power coefficient (q)
are identified as the two factors that significantly affect the power
gain in AYC. For a typical range of 3D � Sx � 5D and 2 � q � 3, the
relative power gain averaged over all wind directions is 1.5e3%.

In [11,12]; twominiaturewind turbines aligned in the streamwise
direction are set up in the wind tunnel, and the effectiveness of AYC
is validated by direct power measurements. Due to the different
turbine spacing (3D vs. 2D) and incoming flow type (laminar vs.
turbulent), the peak power gain achieved in these studies differs by a
factor of two, being 12% and 6% respectively. Particularly [12], noticed
that when the hub-height turbulence level reaches 18%, no power
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improvement can be obtained by active yawing any more. Recently
[13], applied AYC to a column of up to five miniature wind turbines.
These turbines are spaced uniformly at 5D in the streamwise direc-
tion and submerged in a turbulent boundary layer developed natu-
rally on thewind-tunnel wall (hub-height turbulence level: 6.5%). As
a result, the relative power gain increases linearly with the number
of rows, reaching 17% for five rows. The optimal yaw angle distri-
bution is demonstrated to be a decreasing trend from upstream to
downstream, with a maximum value of 30�.

Although the results obtained in wind tunnel experiments are
encouraging, the two fundamental questions proposed earlier on
(power gain and optimal yaw angle) remain unaddressed. To
instruct the practical implementation of active yaw control in wind
farms, computationally-cheap analytical models are highly
demanded. Currently, two suchmodels have been developed. In the
one proposed by Ref. [14]; the streamwise variation of the peak
wake velocity deficit is given by the Jensen-Park wake model [15],
and the lateral wake deflection caused by yaw is integrated from
the wake skew angle [16]. Applying this model to different sizes of
wind farms, the authors concluded that the relative power gain
from AYC increases monotonically with the number of wind tur-
bines, consistent with the trends obtained in Ref. [13]. However, the
maximum power gain is predicted to be achieved in the full-wake
condition, which severely goes against the experimental results
shown in Refs. [4,10]. Furthermore, it is also abnormal that, in their
results, the optimal yaw angle of a wind turbine located in the
centre is always the same as that in the front row (25�).

In [17]; the original top-hat wake model from Ref. [15] is
modified by separately considering the wake expansion in three
zones, and a similar parametric model for active yaw control
(FLORIS) as that proposed by Ref. [14] is derived. When this model
is applied to a three-row wind farm, a relative power gain of up to
13% is achieved at a turbulence intensity of 6%, which is close to the
experimental value reported by Ref. [13]. Nevertheless, FLORIS
predicts a maximum yaw angle of 40� at the second turbine row,
which contradicts the decreasing trend of the optimal yaw angle
distribution observed in experiments. Recently [18,19], derived a
reduced-order wake model capable of capturing the secondary
wake steering effect and the curled wake profile. They tested the
performance of this model on a one-column wind farm, and found
that the prediction accuracy of the optimal yaw angle distribution is
noticeably improved with respect to FLORIS [19]. However, it has to
be pointed out that the time this reduced-order model takes to
compute the wind farm wake flow is three orders of magnitudes
higher than the analytical models, i.e. several minutes for a wind
farm with tens of wind turbines, thus inappropriate for parametric
studies and online power optimization purposes.

In this study, wind tunnel experiments and analytical models
are effectively combined to address the issue (i.e. accurate predic-
tion of the relative power gain and optimal yaw angle distribution),
hindering the practical implementation of AYC. In the experimental
part, a three-row miniature wind farm is constructed, and the
effectiveness of AYC at different wake conditions is investigated by
power and wake velocity measurements. Details of the equipment
and test schemes are described in Section 2. The trends of the
measured wind farm efficiency and optimal yaw angle distribution
are interpreted in section 3. Based on the physics learnt from ex-
periments, a new analytical wind farm model is developed in sec-
tion 4, which incorporates the recent progress in yawed wind
turbine wakes and wake superposition principles. With this
analytical model, a systematic study of the effectiveness of AYC is
pursued (section 5), covering the influence of the number of rows/
columns, turbulence intensity and streamwise spacing. Subse-
quently, the proposed model is applied to the Horns-Rev wind
farm, and the corresponding results are presented in section 6.
1229
Section 7 concludes this study with a short summary.

2. Experiments setup

The experiments are carried out in the boundary layer wind
tunnel at the WIRE laboratory of EPFL. This wind tunnel is a low-
speed closed-loop wind tunnel, with a maximum free-stream ve-
locity of 30m/s and a typical turbulence level of 0.5%. The boundary
layer originating from the contraction part develops naturally on
the bottom wall of the test section under approximately zero
pressure gradient. The length, width and height of the test section
are 28 m, 2.6 m and 2 m, respectively. At 20 m downstream of the
leading edge of the test section, a model wind farm consisting of
three miniature wind turbines (WIRE-01, originally designed by
Ref. [20] is constructed, as shown in Fig. 1. The rotor diameter and
hub height of the WIRE-01 turbine are D ¼ 0:15 m and Zh ¼ 0:125
m, respectively. The streamwise spacing between neighbouring
wind turbines is fixed to five rotor diameters, i.e. Sx ¼ 5D, and the
spanwise spacing between adjacent wind turbines (Sy) can be
adjusted to create either full-wake or partial-wake conditions. A
coordinate system is established at the centreline of the test sec-
tion, with its origin aligned with the tower of WT1. The x� , y� ,
and z� axes follow the streamwise, spanwise and wall-normal
directions, respectively. For the purpose of this study, the time-
averaged wind speed at the hub height (denoted as Uh) and the
corresponding turbulence intensity are kept at 4.9 m/s and 7.1%.
The boundary layer thickness at the wind farm inlet is approxi-
mately 0.3 m .

Seven different wake conditions are selected to test the feasi-
bility of active yaw control, with the spanwise spacing between
adjacent wind turbines ranging from �1D to 1D in a step of D=3. In
each wake condition, to search for the optimal yaw angle combi-
nation that leads to the maximum power production, the yaw an-
gles of WT1 and WT2 (denoted as b1 and b2) are swept discretely
from �40 to 40� in a step of either 5 or 10�, while the yaw angle of
WT3 is always kept at zero. The procedure of power measurements
follows that detailed in Ref. [20]. Specifically, every time the yaw
angle ofWTi is adjusted, the free rotation speed is measured in-situ,
and the optimal rotation speed is interpolated from a pre-calibrated
table. Once all the wind turbines are set, the output currents of the
generators are recorded by a data acquisition board (National In-
struments, PXIe-6358) for a duration of 180 s, at a sampling rate of
1 kHz. Based on the measured output current and rotation speed,
the mechanical power extracted from the wind by each wind tur-
bine (referred to as the mean power production hereinafter) can be
calculated. The power measurement uncertainty evaluated from
the standard deviation and the effective number of samples is less
than 0.4% [21].

To reveal the physics of wake deflection, a high-resolution par-
ticle imaging velocimetry (PIV) system is deployed to measure the
wake velocity fields at the hub level (i.e. z ¼ Zh). For each of the
seven wake conditions, several yaw angle combinations are
selected to execute PIV measurements, including but not limited to
the baseline case of b1 ¼ b2 ¼ 0, and the optimal case where the
power production is maximized. The PIV system consists of a
camera (LaVision-sCMOS, sensor size 2560� 2160 pixels), a
double-pulse Nd:YAG laser (Litron, Nano TRL 425-10), and a pro-
grammable timing unit (LaVision, PTU-v9). The laser beam emitted
from the laser head is shaped into a thin sheet parallel to the wall,
by a combination of spherical and cylindrical lenses. The thickness
of the laser sheet is adjusted to be 5 mm, as a compromise between
the velocity measurement certainty and the spatial resolution.
Olive oil particles of several microns in diameter are generated by
an array of atomizers and released near the leading-edge of the test
section to trace the flow. An objective of 50 mm in focal length is



Fig. 1. Sketch of the model wind farm (not to scale): (a) top view, and (b) side view. The green rectangles in the top view indicate the field of views (FOVs) in PIV measurements.
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fitted in front of the camera, resulting in a field of view (FOV) of
approximately 5D� 4:2D. In order to capture the entire wake
evolution in the model wind farm, the camera and laser optics are
mounted on a traversing stage, and three sets of FOVs are arranged
in the streamwise direction, covering an area of 15D� 4D, as
shown in Fig. 1. For each FOV, 500 image pairs are acquired to get
statistically converged mean velocity fields and turbulent quanti-
ties. During the post-processing of these images, the size and
overlapping ratio of the interrogation window in the final pass of
cross-correlation are selected as 16� 16 and 75%, respectively,
leading to a spatial resolution of 0.8 vector/mm.

In this study, the finite sample size and the peak locking error
are identified as the two main sources of velocity measurement
uncertainty. Following the approach described by Ref. [22]; the
total measurement error for the time-averaged streamwise velocity
and the kinetic energy are determined as 1.5% and 6.3%,
respectively.
3. Experimental results and analysis

Prior to the presentation of experimental results, it is necessary
to make a convention on the symbol usage. U and V are the time-
averaged velocity in the streamwise and spanwise directions,
respectively; b denotes the yaw angle; Pi, Ci

p, and Ci
t are the power

production, power coefficient and thrust coefficient of the ith tur-
bine (i ¼ 1;2;…N), respectively; h is the overall wind farm effi-
ciency defined as follows,

h¼ 1
NP0

X
i

Pi (1)

where N denotes the number of wind turbines in the wind farm; P0
is the power production of a stand-alone wind turbine. Other
symbols will be introduced during their first occurrence
1230
3.1. Full-wake condition

Under the full-wake condition, the relative variation of the wind
farm efficiency (denoted as dh) is plotted in Fig. 2 (a) as a contour
map. This contour map exhibits approximate odd symmetry with
respect to the yaw angles, i.e. dhðb1;b2Þzdhð� b1; � b2Þ, indicating
that positive and negative yaw are equivalent for wake redirection
purposes. Most of the power improvements are found in the first
and third quadrants, where WT1 and WT2 are yawed towards the
same direction. The peak power gains achieved in these two
quadrants are 5.4% and 3.1%, corresponding to a yaw angle distri-
bution of ½b1; b2� ¼ ½25+;15+� (Case A) and ½b1; b2� ¼ ½�25+;�20+�
(Case B), respectively. This decreasing trend of the optimal yaw
angle distribution is consistent with the observations in
Refs. [13,19].

Fig. 2 (b) shows the nondimensional power distributions in
three representative cases. For the baseline non-yawed case, WT2
and WT3 suffer severely from the wake effects of WT1, and the
resultant power losses reach more than 60%. This value is even
higher than that observed in large offshore wind farms (40e50%,
e.g. Horns-Rev and Nysted) [23], largely because of the narrow
turbine spacing (5D). In cases A and B,WT1 sacrifices approximately
20% of its own power production to yaw, in exchange for steering
the wake away from the downstreamwind turbines. As a result, the
wake-induced power losses experienced by WT2 and WT3 are
reduced significantly, and the amount of power gained (30%e35%
of P0) overweights that sacrificed byWT1, resulting in a net increase
of the wind farm efficiency.

The hub-height velocity fields measured by PIV are shown in
Fig. 3 for the aforementioned three cases. Wake-centre trajectories
extracted by fitting the spanwise wake velocity profiles with a
Gaussian function [24], are indicated as dash-dot black lines. In the
non-yawed case, the middle-hub wake velocity contour exhibit a
strict symmetrywith respect to the x� axis, and nowake deflection
can be identified at 0< x=D<15. This observation echoes with the
odd symmetry shape of the power map shown in Fig. 2 (a).
Therefore, the 2.3% difference in power production between cases A
and B is most probably caused by the distinct wake shapes formed



Fig. 2. (a) Relative power gain in the full-wake condition. The solid while line represents the contour line of dh ¼ 0. Symbols ‘A’ and ‘B’ indicate the peak locations in the first and
third quadrants, respectively. (b) Non-dimensional power distributions in three representative cases.

Fig. 3. Time-averaged wake velocity contours obtained from PIV measurements. (a) Baseline non-yawed case; (b) case A: b1 ¼ 25+ ;b2 ¼ 15+; (c) case B: b1 ¼ � 25+ ;b2 ¼ � 20+ .
The trajectories of wind turbine wakes extracted by fitting the spanwise velocity profile with a Gaussian function are superimposed as dash-dot black lines.
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in positive and negative yaw [24,25], rather than the non-zerowake
deflection at zero yaw angle postulated by Ref. [3] in a large-eddy
simulation (LES) study of yawed wind turbine wakes. Alterna-
tively speaking, if there does exist a non-trivial wake deflection in
the non-yawed condition, the magnitude of the yaw angles in cases
A and B would differ noticeably, and the contour line of dh ¼ 0 in
Fig. 2 (a) would be pinched from the middle since only one yawing
direction is favourable for power improvement at the origin.

In Fig. 3 (b� c), WT1 is yawed at a magnitude of 25�, and the
resultant wake deflections at a downstream distance of 4:5D is
0:28D. As a comparison, the wake deflection induced by WT2 at a
smaller yaw angle (i.e. 15-20�) reaches 0:4D, even higher than that
of WT1. This phenomenon, termed as the ‘secondary wake steering
effect’ by Ref. [26]; is most obvious for WT3, which exhibits a sig-
nificant wake deflection (z0:4D at x ¼ 15D) even though the rotor
disk is not yawed [19]. pointed out that without a proper imple-
mentation of this effect, the maximum power gain and the optimal
yaw angle distribution predicted by the analytical model of AYCwill
be incorrect. Since the root of wake deflection lies in the transverse
velocity, a viable way to reproduce the secondary wake steering is
to incorporate the transverse velocity induced by upstream yawed
wind turbines into the calculation of the wake trajectory of a
downstream wind turbine. In other words, wake deflection super-
position is required, analogous to the wake velocity deficit
1231
superposition [27,28].
Fig. 4 shows the spatial distributions of the turbulence intensity

(Iu) measured at the hub height. For all the three cases, a high
turbulence intensity is observed in thewake edges and shear layers,
where the production rate of the turbulent kinetic energy (TKE) is
much higher than the dissipation rate. The overall turbulence level
in the wind farm accumulates in the streamwise direction, and an
equilibrium state is reached after the third turbine row, which
agrees well with the LES results reported by Ref. [29]. Since tur-
bulent entrainment directly affects the wake recovery rate, it is not
surprising that, in the baseline situation, the near-wake lengths
(z2D) of the downstream wind turbines are significantly short-
ened, with respect to the leading turbine

Compared to the non-yawed baseline case, the added turbu-
lence levels in the yawed cases are relatively lower, as a result of the
decreasing thrust coefficient [30]. Additionally, it is also noticed
that, when the wind turbines are yawed or subjected to a partial
wake condition (e.g. WT3 in cases A and B), the turbulence intensity
distribution across the wake becomes asymmetry. This will lead to
uneven wake recovery rates in the two sides of the wake, and
consequently an asymmetric wake velocity deficit profile in the
spanwise direction. For future studies, the significance of this
asymmetry in the power prediction of wind farms should be
investigated, and if necessary, included in the analytical models of



Fig. 4. Turbulence intensity distribution measured by PIV at the hub height. (a) Baseline non-yawed case; (b) case A: b1 ¼ 25+;b2 ¼ 15+; (c) case B: b1 ¼ � 25+;b2 ¼ � 20+ .

Fig. 5. (a) Relative variation of the total power production of WT1 and WT2 at different yaw angle combinations. The two symbols indicate the two peaks found in the second and
fourth quadrants. The solid while line represents the contour line of dh ¼ 0. (b) The non-dimensional power production of WT2 at b1 ¼ �20+ and 20+ .
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wind turbine wakes.
Before ending the present section, the authors would like to

point out a minor flaw in the current yaw control strategy, i.e. the
last wind turbine is maintained non-yawed to produce the
‘maximum’ power. Recall from the analysis of Fig. 3 that when the
upstream wind turbines are yawed, a non-vanishing transverse
velocity is induced in the wake. As a direct consequence of this
transverse velocity, the local wind direction perceived by the
downstreamwind turbines are no longer along the x-axis, and thus,
to capture the most wind power, the last wind turbine should also
be yawed.

The above conjecture can be validated by only considering the
first twowind turbines in the model wind farm. Fig. 5 (a) shows the
relative variation of the total power ofWT1 andWT2, at various yaw
angle combinations. Contrary to the power map shown in Fig. 2 (a),
positive power improvements are mainly found in the second and
fourth quadrants. To achieve the maximum wind farm efficiency
(peak ‘C’: dh ¼ 4%, peak ‘D’: dh ¼ 2:9%), WT1 and WT2 should be
yawed in opposite directions. Without yawing the second wind
turbine, the peak power production achieved by AYC would be 1%
less. Fig. 5 (b) further shows the power production of WT2 in cases
of b1 ¼ �20+ and 20+. Based on the centre shift of these two curves,
it can be inferred that, due to the transverse velocity induced by the
first wind turbine, the local wind direction perceived by the last
wind turbine is altered by 10�. For wind farms with large row
1232
spacing, this value is expected to be smaller, since the transverse
velocity decays with increasing downstream distance .

In the present investigation, WT3 is kept non-yawed, mainly to
keep the workload of seeking the optimal yaw angle list within an
acceptable level. Otherwise, the number of variables will increase
from two to three, and the experimental data points needed to
construct a complete power map will be increased by approxi-
mately 10 times.

3.2. Partial wake condition

As mentioned earlier, six partial wake conditions are tested in
thewind tunnel experiments, with Sy ¼ ±D=3, ±2D=3 and ±D. After
detailed examination, the authors found that the power maps and
the wake velocity fields measured under these six conditions are
morphologically similar. Thus, it becomes largely unnecessary to go
over all of these cases and interpret the results tediously. Instead, in
this section, the authors will only analyse the power map and the
wake velocity fields in a representative case of Sx ¼ D=3, and then
focus on the influence of spanwise offset on the optimal yaw angle
distribution and the maximum power production.

Fig. 6 (a) shows the relative variation of the wind farm efficiency
at a spanwise offset of Sy ¼ D=3. In contrast with the full-wake
condition (Fig. 2 a), the power map obtained in the partial wake
condition exhibits only one peak. Depending on the sign of the



Fig. 6. Experimental results pertaining to a partial wake condition of Sy ¼ D=3. (a) Contour map of the relative variation of the wind farm efficiency. The red triangle (‘E’) indicates
the peak location. The solid white line is the contour line of dh ¼ 0. (b) Power distributions in the baseline condition and Case E. (c� d) Time-averaged wake velocity contours in the
baseline condition and Case E. The wake trajectories of wind turbines are indicated by the dash yellow lines.
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spanwise offset (positive for the scenario sketched in Fig. 1 a), this
peak is located either in the first quadrant or in the third, which is
reasonable as only one yawing direction can redirect thewake away
from the downstream wind turbines. The maximum power gain
(14.6%) achieved at a spanwise offset of Sy ¼ D=3 is much higher
than that achieved in the full wake condition (5.4%), which agrees
with the results reported by Refs. [4,10,31]. The optimal yaw angle
combination (peak ‘E’) determined in a grid spacing of 5� is b1 ¼
b2 ¼ 20+ (denoted as case E hereinafter). The power distributions
for this optimal case and the baseline scenario are compared in
Fig. 6 (b). As a result, in case E, the leading turbine produces 15% less
power due to yaw, whereas each of the downstream turbines har-
vest 20%� 30% more power thanks to wake manipulation. In
reference to the full wake condition, the gain to pain ratio seems to
be boosted .

The mechanisms behind the performance change of AYC can be
briefly interpreted by thewake velocity contours shown in Fig. 3 (a)
and Fig. 6 (c� d). Specifically, without spanwise offsets, the
downstreamwind turbines are fully immersed in thewakes of their
upstream wind turbines. Since the most power losses occur in the
wake centre, deflecting the wakes sidewards by 0:3� 0:4D does not
dramatically increase the power productions of downstream wind
turbines. As a comparison, in the baseline situation of Sy ¼ D= 3,
1233
the wake centres of the upstreamwind turbines are already located
near the rotor edges of the downstream wind turbines. Therefore,
an additional wake deflection of 0:3� 0:4D by AYC becomes suffi-
cient to pull the downstream wind turbines out of the high power
loss region (i.e. wake centre), leading to significant power
improvements.

Additionally, it is noticed from Fig. 6 (c) that the wake centre of
WT3 gradually drifts towards the negative y� direction during the
downstream propagation. This phenomenon has nothing to do the
secondary wake steering effect detailed in section 3.1, as none of
the upstream wind turbines are yawed. Rather, it is a consequence
of the spanwise wind shear, which gives rise to an uneven wake
recovery rate between the two sides of the wake.

Fig. 7 shows the absolute values of the optimal yaw angle dis-
tributions (denoted as

��bi;opt��) at different spanwise offsets. Note
that these values are obtained by fitting the exact peak locations of
the measured power maps with a two-dimensional Gaussian
function, thus no longer limited to the discrete measurement grid
values. For all the cases tested, the optimal yaw angle distribution
shows a decreasing trend of b1;opt � b2;opt � b3 ¼ 0, consistent
with the observations in Ref. [13]. As the spanwise offset (

��Sy��) in-
creases,

��b1;opt�� decreases monotonically, indicating the need for
wake manipulation is reduced.

��b2;opt�� roughly follows the trend of



Fig. 7. (a) The optimal yaw angles (bi;opt ) at different spanwise offsets. Note that only the absolute values of the yaw angles are plotted, and the signs are positive (negative) in cases
of Sy � 0 (Sy <0). (b) Left axis: variation of the wind farm efficiency with spanwise offset. Right axis: the relative power improvement brought by AYC.

Fig. 8. (a) The near-wake velocity deficit profiles measured behind a stand-alone non-yawed wind turbine. (b) The streamwise variation of the spanwise wake width at x= D< 4:5.

Fig. 9. Variation of (a) the power coefficient and (b) the thrust coefficient with yaw angle. The red dash lines indicate the linear fits: Ct ¼ Ct0,ðcosbÞ1:8 and Cp ¼ Cp0, ðcosbÞ3.
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��b1;opt��, whereas its peak value is reached at (see Fig. 8)Sy ¼ D= 3.
The wind farm efficiencies with and without implementation of

AYC are plotted in Fig. 7 (b). These curves, as well as those shown in
Fig. 7 (a) are approximately symmetric with respect to Sy ¼ 0,
which once again illustrates that there is no significant difference
between the wake flow fields created at positive and negative yaw,
at least from the power production perspective. As

��Sy�� increases,
the relative power improvement (dh) first rises and then drops.
1234
Particularly, at a spanwise offset of
��Sy�� � 1, the baseline wind farm

efficiency is close to 1 and there is no room left for AYC to improve.
The peak value of dh (18%) is achieved at amoderate spanwise offset
of Sy ¼ � D=3, essentially, the situation where the maximumwake
velocity deficits induced by the upstreamwind turbines are located
close to the rotor edges of the downstream wind turbines (refer to
Fig. 6 d). If the wind turbine row direction is taken as the zero
reference for all the cases, the data displayed in Fig. 7 can also be
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plotted against the wind direction (denoted as q): q ¼ atanðSy =SxÞ.
As a result, the power losses caused by wake interactions mainly
occur in thewind sector of 0±10+, and AYC is most effective at qz ±
4+.

In [17]; a parametric wake model (FLORIS) is employed to
optimize the power production of a three-row two-column wind
farm (streamwise spacing: 7D). In contrast with our experimental
observations, the highest yaw angle computed from their model
occurs in the second wind turbine row, with a value as high as 40�.
The discrepancy can be ascribed to the facts that the secondary
wake steering effect is not accounted for by FLORIS [19], and the
wake deflection expression used in their analytical model is the one
proposed by Ref. [16]; which is known to overestimate the mag-
nitudes of wake deflection [25,32]. Apart from these deficiencies,
FLORIS manages to reproduce the decreasing trend of the optimal
yaw angles with the increasing spanwise offset.

4. Analytical model development

A new analytical wind farm model for AYC is developed in this
section, which reflects the recent progress in yawed wind turbine
wakes and wake superposition principles. In reference to the pre-
vious analytical models for active yaw control [14,17], significant
improvements are made in the following aspects:

1. A more accurate expression of the wake deflection is used,
incorporating the influence of near-wake length and turbulence
intensity.

2. The secondary wake steering effect on a downstream wind
turbine is reproduced by superimposing the transverse veloc-
ities induced by all its upstream yawed wind turbines.

3. A novel momentum-conserved wake superposition principle is
implemented to combine thewakes of individual wind turbines.
4.1. Wake expansion and deflection

The Gaussian wake model proposed by Ref. [33] is used to
describe the streamwise evolution of individual turbine wakes. To
enhance the model’s performance in the near-wake region, the
thrust coefficient in the original expression is multiplied by an error
function to simulate the effect of streamwise pressure gradient
[34], as follows

uis
ui0

¼
0
@1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Ci

tð1þ erfðx=DÞÞ
16sysz

.
D2

vuut
1
A

,exp

 
�
�
y� yic

�2
2s2y

�ðz� zhÞ2
2s2z

! (2)

where ui0 is the mean wind speed experienced by WTi at the hub

height, and uis is the wake velocity deficit; yic represents the span-
wise location of the wake centre (i.e. lateral wake deflection); sy
and sz denote respectively the wake widths in the spanwise and
vertical directions, which are typically modelled as quasi-linear
functions of the streamwise coordinate [34]:8>><
>>:

sy
D

¼ 0:35cosbþ kwln
h
1þ exp

�x� xth
D

�i
sz
D

¼ 0:35þ kwln
h
1þ exp

�x� xth
D

�i (3)

where, kw, and xth denote the wake growth rate and the near-wake
length, respectively.
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According to equation (3), the wake width is approximately
constant in the near-wake and only starts to grow at x> xth. This
may sound odd to the readers, since, even in the near-wake region,
the wake velocity deficits recovers as a result of turbulent
entrainment. To resolve this concern, Fig. 8 shows thewake velocity
deficit profiles measured behind WT1 at zero yaw, as well as the
streamwise variation of the spanwise wake width. Although the
velocity profile changes non-trivially in the near-wake region, the
majority of thewake velocity deficit is still confined in the spanwise
range of jy =Dj � 0:5D, resulting in a marginal growth of the wake
width at x=D<3:5. Therefore, it is safe to set the initial value in
equation (3) as 0:35D, which approximately equals to the experi-
mental wake width at x ¼ xth. For detailed expression of the near-
wake length (xth), please refer to Ref. [35]

The asymptotic wake spreading rate (kw) is commonly written
as a function of the turbulence intensity at the hub height (denoted
as Ih) [2]:

8<
:

kw ¼ ka,Ih þ kb

Ih ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I20 þ I2þ

q (4)

where, ka and kb are two coefficients; Iþ denotes the added tur-
bulence level brought by the upstream wind turbines, which is
associated with the induction factor, ambient turbulence intensity
and streamwise distance [30].

In [28]; only the influence of the nearest upstreamwind turbine
(say, WTj) is considered, and the following expression of the added

turbulence intensity is used: Iþ ¼ 0:73a0:83j I0:030 ðlx=DÞ�0:32f ðlyÞ,
where lx and ly denotes respectively the streamwise and spanwise
distance betweenWTi andWTj; f ðlyÞ is an implicit top-hat function
related to the overlapping area between the wake and the turbine.
As a minor improvement to the original expression, f ðlyÞ is directly
written as a Gaussian function of the wake width in the present

study, and an additional factor of uj0=U∞ is added to account for the
different reference wind speeds used by the wind turbines, as
follows

Iþ ¼0:73a0:83j I0:030

�
lx
D

	�0:32

, exp

 
� l2y
2s2y

!
,
uj0
U∞

(5)

By performing a linear regression on the wake spreading rates
obtained from LES, the two coefficients in equation (4) are deter-
mined as ka ¼ 0:38 and kb ¼ 0:004 in Ref. [28]. Nevertheless, ac-
cording to the field measurement data in Ref. [36]; the best fit for
equation (4) is ka ¼ 0:35 and kb ¼ 0:0. The discrepancy in these
values, seemingly small, can significantly affect the results of the
present analytical model. Ideally, a priori calibration of the two
parameters against some known values of kw (e.g, those fitted from
PIV measurements) should be carried out, to minimize the power
prediction error. However, the experimental data available in this
study are ineligible for such purpose, because of the interference of
downstream wind turbines and the long near-wake length (z4D).
As an alternative, a posteriori tuning of the two parameters against
the power measurement data presented in section 3 are executed,
and the final values adopted by the present analytical model are
ka ¼ 0:35 and kb ¼ 0:004, respectively.

With the efforts made above, the only unknown remaining in
equation (2) is the lateral wake deflection (yic), which can be inte-
grated from the slope of the wake trajectory, as follows
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yic ¼
ð
dyic
dx

dx ¼
ð
Vi
cðxÞ
ui0

dx (6)

where, the secondary wake steering effect is accounted by defining
Vi
c as the total transverse velocity induced at the wake centre of

WTi, by not only itself but also all its upstream partners. Note, in
practice, the pivoting point of wind turbines in yaw motion is not
exactly located at the centre of the rotor disk, and a small lateral
shift of the rotor disk centre will occur inevitably due to yaw. This
physical shift, which is non-trivial for the WIRE-01 turbine (0:1D at
b ¼ 30+), should be set as the initial value for wake deflection
integration.

According to the wake deflection superposition method devel-
oped by Ref. [37]; the total transverse velocity is a weighted sum of
the individually induced transverse velocity (denoted as vj):

Vi
cðxÞ¼

X
j

uj0
ui0

vj
�
x; yic

�
(7)

where, j loops through all the wind turbines involved.
Currently, four analytical models are available to compute the

transverse velocity induced by a stand-alone yawed wind turbine
[16,25,32,34]. Except for the one proposed by Ref. [16] which has
been demonstrated to overestimate the experimental values of
wake deflection [32], all the other three models can reasonably
reproduce the wake trajectories of yawed wind turbines with a
typical error of less than 0:1D, thus equivalent in performance. For
the sake of simplicity, the following expression adapted from
Ref. [34] is used:

vjðx; yÞ¼ �Cj
tu

j
0sinb

8sysz


sy0sz0

,
h
1þ erf

�x
D

�i
,exp

0
@�

�
y� yjc

�2
2s2y

1
A

(8)

where, sy0 and sz0 represent the initial wake width in the spanwise
and the wall-normal directions, respectively. Compared to the
original expression, two modifications are made. One is the drop-
out of cosðbÞ2 term due to the different definitions of Ct . The
other is the addition of a Gaussian function, which is intended to
spread the transverse velocity in the spanwise direction and thus
extend the applicability of the model to partial wake conditions.

Additionally, it should be noted that, although the experimental
results in section 3.1 have demonstrated that the transverse ve-
locity induced by an upstream yawed wind turbine will slightly
alter the local wind direction perceived by the downstream wind
turbines, this effect is deemed small and thus not accounted for in
the present model.
4.2. Wake superposition and power production

To compute the total wake velocity deficit (Uc), the momentum-
conserving wake superposition method proposed by Ref. [37] is
invoked,

Usðx; y; zÞ¼
X
i

uicðxÞ
UcðxÞu

i
sðx; y; zÞ (9)

where, uic and Uc denote respectively the characteristic convection
velocity of the individual and the combined wakes, given by
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8>>>><
>>>>:

uicðxÞ ¼
∬
�
ui0 � uis

�
uisdydz

∬ uisdydz

UcðxÞ ¼ ∬ ðUh � UsÞUsdydz
∬Usdydz

(10)

Equation (9) and equation (7) share a similar form. Both state
that during the combination of individual wakes, the one associ-
ated with a higher hub velocity shall be represented by a larger
weight, which is reasonable because the streamwise momentum
deficit (spanwise momentum) carried by an individual wake is
proportional not only to the wake velocity deficit (transverse ve-
locity) but also to the mean wake convection velocity [38]. Addi-
tionally, it should be noticed that the convection velocity for the
combined wake (Uc) remains unknown prior to the wake super-
position stage, and thus several iterations are needed to solve the
total wake velocity deficit out of equations (9) and (10) (refer to
Ref. [37] for more information).

Based on the total wake velocity deficit, the non-dimensional
available power at the location of each wind turbine ðxit ; yitÞ can
be computed [24],

f iAP ¼ ∬
G
ðUh � UsÞ3dydz

,
∬
G
U3
hdydz

G :
�
y� yit

�2 þ ðz� zhÞ2 � D2
.
4

(11)

For yawed wind turbines, it is a common practice to write the
thrust and power coefficients as cosine functions of the yaw angle
[10,12], resulting in the following two equations:

8<
:Ci

t ¼ Ct0,ðcosbiÞp
Ci
p ¼ Cp0,ðcosbiÞq

(12)

where, Ct0 and Cp0 denote the thrust and power coefficients at zero
yaw (0.82 and 0.31 for the WIRE-01 turbine used in study); p and q
are the cosine exponents related to the decay rates of the thrust and
power coefficients at increasing yaw.

In Fig. 9, the experimental values of Ct=Ct0 and Cp=Cp0 reported
by Refs. [11,12,25] are plotted against cosðbÞ in the logarithmic
scale. Note that all these data points are extracted at the optimal tip
speed ratios of the wind turbines. As a result, an approximate linear
relationship is exhibited between the normalized coefficients and
the cosine value of the yaw angle in the range of 0 � b � 40+. By
performing a linear regression on these datasets, the values of p and
q are determined to be 1.8 and 3, respectively. These two values,
which will be used throughout this study, are under no means
universal. The control scheme (variable-speed or dual-speed) and
the blade geometry, particularly the lift-drag characteristics of the
airfoil used in design, should be accounted during the selection of
these two values. For variable-speed wind turbines designed with
an airfoil exhibiting a high lift-to-drag ratio in awide range of angle
of attack (AOA), their power coefficients are likely to remain high in
yawed conditions, thus resulting in a small q value. However, for
dual-speed wind turbines that are optimized at a specific operating
point of the airfoil, a high value of q is expected .

Additionally, it should be noted that in the present analytical
model, the incoming wind profile is assumed to be homogenous,
and the time-averaged wind speed at the hub height (Uh) is taken
as the reference velocity to compute the wake velocity deficit. In
order to incorporate the influence of vertical wind shear in field,
two modifications can be made. First, in equation (11), while
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computing the available power, the hub-height wind speed (Uh,
constant) can be replaced by the spatially-dependent wind profile
(denoted as Uin, as a function of the vertical coordinate z). Second,
the expression of the turbine power coefficient, i.e. equation (12),
should be corrected to reflect the adverse effects induced by wind
shear. Specifically, with wind shear, the local wind speed perceived
by the blades varies with azimuthal angle, leading to a periodical
variation of the tip speed ratio in one cycle. Since the peak power
coefficient can only be reached at a particular tip speed ratio, the
time-averaged power production in the case of non -uniform wind
condition is expected to be lower than that in uniform inflow.
4.3. Power optimization and model validation

With the efforts made in the previous two sub-sections, we are
able to predict the power production of a wind farm at any yaw
angle distribution. To optimize the total power production, a
gradient ascent algorithm is used in this study. Although this al-
gorithm tends to be stuck in the local peak, the authors expect that,
by specifying an appropriate yaw angle distribution as the initial
condition, the local peak found by the algorithmwill be close to the
global peak. For regular-layout wind farms in rhomboid or rect-
angular shapes, such a favourable yaw angle distribution is given by
the following equation,

bi ¼±bmax
i
N

(13)

where bmax is the maximum yaw angle value interpolated from
Fig. 7 (a), as a function of the wind direction; i is the index of the
wind turbine, numbered from upstream to downstream. The sign of
yaw angle should be selected in such a way that the resultant wake
deflection adds up to the existing spanwise offset. During the
search of the optimal yaw angle distribution, the initial step size is
set as 5�, and this step size is reduced by a factor of 2 each time the
total power computed in the current step is lower than the previous
step (i.e. scenario of running over the peak). The search is termi-
nated when the step size drops below 0.1�.

Fig. 10 (a) shows the full-wake power maps obtained from the
experiments and the analytical wind farmmodel. Since these maps
are approximately odd functions of the yaw angle distribution, only
the right half is compared. Overall, the model prediction results
agree quite well with the experimental data, with the positive
power improvement region correctly reproduced and the optimal
yaw angle combination successfully captured. The maximum po-
wer improvement predicted by the analytical model is 6.9%, slightly
higher than the experimental value (5.4%). Fig. 10 (b) further
Fig. 10. (a) Comparison of the full-wake power maps obtained from the experiments (left ha
0. (b) Model predictions of the relative power improvement at different spanwise offsets.
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compares the relative power improvement at different spanwise
offsets. As illustrated, all the experimental data collapse on the
smooth dual-peak curve computed by the analytical model,
resulting in a mean prediction error of less than 2% .

5. Parametric studies of AYC

The parameters influencing the effectiveness of AYC include but
are not limited to the wind direction (spanwise offset), number of
rows/columns, streamwise spacing, and turbulence intensity.
Except for the wind direction which has been investigated experi-
mentally in section 3, the effects of other parameters on AYC still
remain unknown and thus will be explored sequentially in the
following section using the proposed analytical model.

5.1. Number of rows

A single-column wind farm working in full-wake condition is
considered. The turbulence intensity (7.2%), the streamwise spacing
(5D) and the thrust coefficient under non-yawed conditions (0.82)
are kept the same as those in the experiments, leaving the row
number (denoted as Nx) as the only independent variable. The left
row of Fig. 11 shows the optimal yaw angle distributions predicted
by the analytical model at Nx ¼ 5, 10 and 15. In all these cases, the
optimal yaw angle distributions show similar trends. Specifically,
the leading and the last wind turbines are yawed at approximately
30� and 0�, respectively. For the turbines in between, their yaw
angles are maintained at about 20 decrease, decreasing slightly
while moving downstream. These observations are consistent with
the experimental data reported in section 3 and [13].

The power distributions in the baseline and optimal cases are
compared in the right row of Fig. 11. Without yaw, the second wind
turbine produces the least power, as a result of the high wake ve-
locity deficit and the low wake recovery rate behind WT1. Further
downstream, the wake growth rate increases gradually because of
the added turbulence intensity, and an equilibrium state of power
production is reached at turbine row numbers larger than 3. In
reference to the baseline case, the power distribution curves in the
optimal cases seem to be lifted by 0.1 as a whole, excluding the first
wind turbine whose power production is reduced due to yaw. For
the present settings of the turbulence intensity and streamwise
spacing, the equilibriumvalues of Pi=P0 for the baseline and optimal
cases are 0.38 and 0.47, respectively.

Fig. 12 (a) shows the optimal yaw angle of the leading turbine
(b1;opt) and the relative power improvement in the range of
2 � Nx � 15. As the row number increases, both b1;opt and dh in-
crease asymptotically. The limit value for the leading-turbine yaw
lf) and the analytical model (right half). The solid white lines are contour lines of dh ¼



Fig. 11. Left column: from top to bottom, optimal yaw angle distributions at Nx ¼ 5, 10, and 15 respectively. Right column: from top to bottom, comparison of the power distri-
butions between the baseline non-yawed case and the optimal case at Nx ¼ 5, 10, and 15 respectively. The experimental data plotted in the top-left corner are extracted digitally
from Ref. [13].
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angle is approximately 32� and can be explained theoretically from
the relation between yaw angle and wake deflection. Specifically,
substituting equation (12) into equations (8) and (7), themagnitude
of wake deflection for a stand-alone wind turbine can be written as
a function of the yaw angle,

yc ¼F,Ct0cosðbÞpsinðbÞ (14)

where F denotes the remaining terms (wake width, error function,
etc) dependent mainly on the streamwise coordinate. By treating F
as a constant and equating the derivative of equation (14) to zero,
the critical yaw angle which gives the maximum wake deflection
(bcr) can be solved:
Fig. 12. (a) Variation of the leading-turbine yaw angle and the relative power improvement
without implementation of active yaw control.
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bcr ¼ atanð1 = ffiffiffi
p

p Þ (15)

Themeaning of this critical yaw angle is obvious: in the practical
implementation of AYC, under no circumstance, should the yaw
angle of any wind turbine exceed the critical value. Once this crit-
ical value is exceeded, the wind turbine not only loses more power,
but also induces less wake deflection. For a typical value of p ¼ 1:8,
bcr is estimated to be 29�. This value is lower than the value shown
in Fig. 12 (z32+), largely because F is assumed to be a constant
during the derivation of equation (15). Strictly speaking, this
assumption does not hold. Except for the trigonometric term (i.e.
cosðbÞpsinðbÞ), the spanwise wake width hidden in the term F (see
equation (3)) is also associated with the yaw angle, albeit weakly.
with the number of turbine rows. (b) Comparison of the wind farm efficiency with and
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The asymptotic growth of the relative power improvement at
increasing number of rows can be best interpreted from Fig. 12 (b),
where the wind farm efficiencies with and without AYC are plotted.
In both cases, a monotonic decrease of the wind farm efficiency is
observed, with the lower limit set by the equilibrium values of Pi=
P0 shown in Fig. 11. Based on the relative difference between the
two equilibrium values (0.38 and 0.47), the upper limit of dh at
infinite number of rows is inferred to be 24%. For small values of Nx,
the relative power improvement is less, due to the high baseline
wind farm efficiency. Particularly, at Nx ¼ 5, the present model
predicts a relative power improvement of 11%, which is lower than
the experimental value (17%) reported by Ref. [13]; as a result of the
different turbulent intensities used in this and their studies
(rounded to two-digit accuracy: 7.2% vs. 6.5%).
5.2. Number of columns

The main difference between AYC in single-column and
multiple-column wind farms is that in the latter case, as the up-
stream wind turbines yawed, their wakes have a possibility to hit
the wind turbines in nearby columns, which will counteract part of
the benefits earned bywake steering. To investigate how significant
this effect is to active yaw control, a five-row wind farm, where the
wind turbines are spaced uniformly in the streamwise and span-
wise directions at 5D distance, is considered. Fig. 13 shows the
variations of the baseline wind farm efficiency and the relative
power improvement in the wind sector of 0+ � q � 15+, for three
different column numbers (Ny¼1, 3, 5). As a result, the effect of
increasing column number can only be felt at q>10+, when the
wake created by the first wind turbine in a column starts to inter-
sect the last wind turbines in the adjacent columns (i.e. qz
atanð1 =NxÞ). This column-to-column wake interaction leads to a
noticeable decrease in the baseline wind farm efficiency by up to
10% at q ¼ 15+. In contrast, the influence of column interaction on
the relative power improvement achieved by AYC is negligible,
which can be ascribed to the fact that when column-to-column
wake interaction occurs (i.e. q>10+), the wakes of upstream wind
turbines are no longer interfering or at least weakly interfering the
wind turbines in the subsequent row. In such a situation, there is
little room for AYC to improve, regardless of the number of columns
.

Additionally, the authors want to stress that the magnitude of
wake deflection in the far downstream is a bounded value deter-
mined by the rotor diameter, yaw angle, thrust coefficient andwake
growth rate. This value can be integrated from equation (8), as
follows
Fig. 13. Variations of (a) the baseline wind farm efficiency and (b) the relative power im
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Ct0sz0sinbðcosbÞp

4kw
(16)

where, the error function is discarded during the derivation, and
the wake widths in both the spanwise and vertical directions are
simplified as a linear function of the streamwise coordinate, i.e.
sz0 þ kwx. Plugging the typical values of the parameters used in this
study into equation (16), the asymptotic wake deflection at b ¼ 30+

is estimated to be 0.8D. This value is far less than the typical column
spacing of 5� 7D in large wind farms, which, further justifies our
previous conclusion that column-to-column wake interactions
have negligible influence on the effectiveness of AYC .
5.3. Turbulence intensity

A five-row single-columnwind farm (streamwise spacing: 5D) is
used as a test bench to examine the effect of turbulence intensity on
active yaw control. The wind farm efficiency and the relative power
improvement are plotted in Fig. 14 for three representative turbu-
lence levels (low: 5%, medium: 7.2%, and high: 10%). As expected, in
the baseline condition, a high turbulence level is beneficial to the
improvement of wind farm efficiency, due to the high wake re-
covery rate. However, this benefit is limited to the wind sector of
0� 6 degrees, beyond which the power production starts to
decrease slightly with increasing turbulence level. To reveal the
mechanism behind this inversion, the velocity deficit experienced
by the second wind turbine in partial wake conditions is analysed,
which, according to equation (2), can be written as follows

Us

Uh
z

0
@1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Ct0D2

16s2y
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A,exp
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where the spanwise distance between WT1 and WT2 (i.e. Sxtanq) is
approximated by Sxq. Evidently, the impact of turbulence intensity
(wake growth rate) on power production is introduced by the wake
width. With increasing turbulence intensity, the wake width also
increases, whereas the wake velocity deficit does not necessarily
decrease, since equation (17) is only a monotonic function of the
wake width in full-wake conditions (q ¼ 0+). For partial wake sit-
uations where qs0+, the first and the second terms in the right side
of equation (17) vary oppositely, i.e. one decreasing and the other
increasing with the wake width. The final trend of the wake ve-
locity deficit depends on the competition of these two terms. At
provement in the wind sector of 0+ � q � 15+ , for three different column numbers.



Fig. 14. Variations of (a) the wind farm efficiency and (b) the relative power improvement in the wind sector of 0+ � q � 15+ , at three representative turbulence levels.
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large values of q, the exponential term dominates, leading to a
slightly increasing trend of the wake velocity deficit and thus a
decreasing power production, as illustrated by Fig. 14 (a).

When active yaw control is applied, the wind farm efficiency at
the three turbulence levels are boosted approximately to the same
values, and the relative power improvement is inversely propor-
tional to the turbulence intensity, indicating that AYC is more
effective in low-turbulence environments. Actually, this is largely
expected from equation (14), where the asymptotic wake deflection
in the far downstream is demonstrated to decrease with the
increasing wake growth rate.

Additionally, it is noticed that the peak location of dh shifts from
q ¼ 1:5+ to q ¼ 4+, when Iu increases from 5% to 10%. This shift can
be explained by considering a two-turbine wind farm operating in
different wind direction. When AYC is applied to this wind farm,
WT1 loses its power production to yaw, in exchange for a certain
amount of wake deflection. Now, let us take a unit wake deflection,
and investigate in which wind direction the second turbine would
gain the most power. Mathematically, this is a sensitivity problem,
and the answer depends on the spanwise velocity gradient at the
hub level of WT2. Going back to equation (17) and taking the de-
rivative of Us with respect to jqj, the following equation can be
derived,

dUs

dðjqjÞzJ,jqjexp
 

� q2

2s2y
.
S2x

!
(18)

where J denotes the remaining terms that are independent of q.
Equation (18) has three extremes, one minimum at q ¼ 0+ and two
maxima at q ¼ ±

ffiffiffi
2

p
sy=Sx. The minimum point explains the low

effectiveness of AYC in full-wake conditions, whereas the two
maxima corresponds to the partial wake conditions where the peak
power improvement is reached (see Fig. 7 b). These partial wake
conditions have a spanwise offset of Sy ¼ ±

ffiffiffi
2

p
sy. In connection

with Fig. 14 (b), we can conclude that the peak location shift is
mainly due to the increasing wake width at the high turbulence
level.
5.4. Streamwise spacing

The effects of streamwise spacing are treated in a similar fashion
as that of turbulence intensity. Three typical values of Sx (i.e. 5D, 7D,
and 9D) are studied, and the corresponding active yaw control re-
sults are compared in Fig. 15. With increasing streamwise spacing,
the baseline wind farm efficiency is improved in a wide range of
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wind sector (0+ � q � 15+), unlike the increase of turbulence in-
tensity, whose benefits are limited to the wind sector of 0� 6 de-
grees (Fig. 14 a). This difference, once again, originates from the
exponential term in the right side of equation (17), expð�
ðSxqÞ2 =2s2yÞ. As can be easily demonstrated, when thewake growth
rate/turbulence intensity is fixed, this exponential term varies
marginally with the streamwise spacing, leaving equation (17) as a
monotonic function of Sx, irrespective of the value of q

Since the streamwise spacing modifies the strength of wake
interactions in the baseline condition, it is not surprising to notice
from Fig. 15 (b) that, as the streamwise spacing increases, the
relative power improvement decreases. Particularly, in the case of
Sx ¼ 9D and q ¼ 0+, active yaw control completely loses its effec-
tiveness. Moreover, we notice that the peak locations of dh seem to
be insensitive to the variations of streamwise spacing, at least in the
range of 5D< Sx <9D. Referring to the theoretical analysis made in
the previous section, themaximum power gain in AYC is attained at
a wind direction of q ¼

ffiffiffi
2

p
sy=Sx. Since the wake width sy is a

quasilinear function of the streamwise distance Sx, the peak loca-
tion determined by the ratio of these two parameters is roughly a
constant, dependent only on the wake growth rate/turbulence in-
tensity .
6. Application to Horns-Rev wind farm

In the previous section, we have investigated how various
parameter could affect the effectiveness of active yaw control. In
this section, the proposed analytical model is further applied to the
Horns-Rev wind farm [23]. As sketched in Fig. 16, this offshorewind
farm has a rhomboid layout, consisting of 80 wind turbines ar-
ranged in 10 rows (R1, R2, R3…) and 8 columns (C1, C2, C3…). The
turbine spacing is 7D along both row and column directions. For the
purpose of baseline efficiency validation, major parameters perti-
nent to power production are inherited from the LES study of [29].
Specifically, the wind speed and the ambient turbulence level are
kept as 8 m/s and 7.7%, respectively. The thrust coefficient of the
wind turbine at zero yaw is fixed to 0.8, and the streamwise dis-
tance between the turbine tower and the rotor disk centre is
assumed to be 0.1D. Other parameters, e.g. p, q, ka and kb, remain
the same as in section 4 .

Fig. 17 (a) shows the wind farm efficiencies at different wind
directions. In the baseline situation, significant power losses up to
30%e40% are observed in the four wind directions indicated in
Fig. 16 (q ¼ 173+; 222+; 270+; 312+), where full-wake interactions
occur within a streamwise distance of 10D. The baseline efficiency



Fig. 15. Effects of streamwise spacing on (a) the wind farm efficiency and (b) the relative power improvement in the wind sector of 0+ � q � 15+ .

Fig. 16. Sketch of Horns-Rev wind farm. Wind turbines are represented by dark circles.
Solid lines indicate the wind directions involving full-wake interactions within a
streamwise distance of 10D.
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obtained from the analytical wind farmmodel agreeswell with that
predicted by LES [29], and the mean error between these two
datasets is less than 3%. When active yaw control is deployed, the
power production of the wind farm is improved noticeably.
Nevertheless, this power improvement is confined in the vicinity of
the four wind directions mentioned earlier on. For other wind di-
rections, the wake interactions are rather weak, and the relative
power improvement achieved by AYC can be neglected (< 1%, see
Fig. 17 b). Comparing the values of dh for different wind sectors, we
can see that the conclusions drawn in section 4 still hold. Namely,
the maximum power improvement always occurs in the partial
wake conditions (e.g., 222+±3+, 270+±4+), and the peak value of dh
is inversely proportional to the streamwise distance between two
interacting wind turbines.

The relative variation of the annual power production can be
computed as follows,

Dh¼

ð2p
0

gðqÞðhA � hBÞdqð2p
0

gðqÞhBdq
(19)

where gðqÞ denote the probability density function of the wind
direction; hA and hB are the wind farm efficiencies with and
1241
without active yaw control. Considering a simple case where the
turbulence intensity is always 7.7% and the wind direction is
distributed uniformly in a year, the annual power improvement
brought by active yaw control is estimated to be 1.8%. In practice,
this value is highly unlikely to be reached, as wind farms are usually
designed in such a way that the power losses associated with the
dominant wind directions are minimised. Nevertheless, it gives us
an idea of what we can expect from active yaw control.

The optimal yaw angle of the leading wind turbine in the wind
farm (b1;opt) is shown in Fig. 17 (c) for cases with noticeable power
improvement (criterion: dh � 1%). Consistent with the theoretical
analysis performed in section 5.1, the maximum value of b1;opt is
always below 30�, i.e. the threshold value dictated by equation (15).
As the wind direction departs from the directions involving full-
wake interactions (e.g, 173+/181+, 270+/280+), the optimal
yaw angle of the leading wind turbine exhibits an approximately
decreasing trend, which agrees well with the experimental results
shown in Fig. 7. Comparing the peak values of b1;opt in different
wind sectors, it seems that the streamwise spacing between two
interacting wind turbines has no explicit influence on the magni-
tude of the optimal yaw angle.

Fig. 18 shows the optimal yaw angle and power distributions in
two representative cases, i.e. q ¼ 271+ and 274+. For the first case
(dh ¼ 4:7%), the row-averaged yaw angle decreases linearly from
28+ in R1 to 0+ in R10. Within a row, the yaw angle difference be-
tween columns is insignificant, which echoes well with the ob-
servations in section 5.2. As a result of this yaw angle distribution
pattern, the wind turbines in the second and the last three rows
produce less power than the rest rows. In the case of q ¼ 274+ (dh ¼
15:7%, local peak), the optimal yaw angles for R1-R9 are roughly
the same, pivoting around a median value of 14�. This yaw angle
pattern leads to a rather uniform power production across thewind
farm (expect for R1, which obviously delivers the highest power). A
further check of the yaw angle and power distributions at the other
peaks of dh indicate the appearance of similar patterns. Recall the
analysis in section 5.3 that the maximum power improvement is
usually reached in the partial wake conditions, where a high
spanwise velocity gradient is experienced by the downstreamwind
turbines. Actually, the spanwise extent of the high-velocity-
gradient region is rather narrow. If a high yaw angle is applied
and the resultant wake deflection exceeds this spanwise extent, the
extra power gained by the downstream wind turbines is minimal.
As a result, to maximize the overall power production of the wind
farm at q ¼ 274+, a moderate yaw angle (wake deflection) should
be sustained across the wind farm. In addition, it is interesting to
note that the turbine located at the top-right corner yields more



Fig. 17. (a) Impact of active yaw control on Horns-Rev wind farm efficiency. The baseline condition is abbreviated as BL in the legend. The LES data of the baseline wind farm
efficiency is extracted digitally from Ref. [29]. (b) Relative power improvement at different wind directions. Symbols indicate the cases of dh>1. (c) The optimal yaw angle of the
leading wind turbine in the cases of dh>1.
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power than those in the same row, largely because at q ¼ 274+,
half of its rotor disk is exposed directly to the free stream and
suffered little from the wake effects.

7. Summary

In this study, wind tunnel experiments and analytical models
are effectively combined to explore the full potential of active yaw
control (AYC) in wind farm power optimization. In the experi-
mental part, a three-row miniature wind farm with a fixed row
spacing of 5D is constructed, and the power production and wake
velocity fields of this wind farm are measured at various yaw angle
distributions, for both full-wake and partial-wake conditions. Based
on the physics learnt from the experiments (e.g. wake width vari-
ation, secondary wake steering effect), a new analytical wind farm
model is developed, incorporating the recent progress in yawed
wind turbine wakes and wake superposition principles. Using this
analytical model, a parametric study of the effectiveness of AYC is
pursued, covering the influence of the number of rows/columns,
turbulence intensity and streamwise spacing. Themain conclusions
drawn from these analyses are recapped as follows.

Experimental results indicate that, regardless of the wake con-
dition (full wake or partial wake), the optimal yaw angle distribu-
tion always exhibits a decreasing trend from upstream to
downstream. This decreasing trend is rooted in the secondary wake
steering effect. Specifically, due to the non-vanishing transverse
velocity induced by an upstream yawed wind turbine, the wakes of
the downstream wind turbines convect sidewards naturally, and
thus less yawing is needed for them to achieve the same amount of
wake deflection. The power map measured in the full-wake con-
dition shows an approximate odd symmetry with respect to the
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yaw angle distribution, which together with the zero wake
deflection exhibited by a wind turbine at zero yaw, justifies that
positive and negative yaw are equally efficient in wake steering, at
least for the neutral boundary layers investigated in this study. The
relative power improvement in AYC varies noticeably with the
spanwise offset between adjacent turbine rows, manifesting two
maxima (>15%) in the partial wake conditions and a local mini-
mum (5.4%) in the full-wake condition. Particularly, when the
spanwise offset exceeds 1D, the extra power earned by AYC be-
comes negligible. These variations can be explained from the
different spanwise velocity gradients experienced by downstream
wind turbines.

Parametric studies based on the analytical model show that,
among all the parameters considered, the number of columns has
the least influence on the effectiveness of AYC, which is due to the
fact that the maximum wake deflection at infinity is a bounded
value (z0:8D) that is much smaller than the typical spacing be-
tween turbine columns. For a single-column wind farm operating
in full-wake conditions, the relative power improvement (dh) in-
creases asymptotically with the number of rows, as a result of the
almost constant yaw angle distribution in the middle part of the
wind farm. The optimal yaw angle of the leading wind turbine is
limited by a critical yaw angle determined mainly by the cosine
exponent of the thrust coefficient (p). For a typical value of p ¼ 1:8,
this critical yaw angle is approximately 30�. Turbulence intensity
and streamwise spacing have similar impacts on the effectiveness
of AYC, since both of them modify the strength of baseline wake
interactions, and thus the margin in power optimization. As these
two parameters increase, the relative value of dh reduces mono-
tonically. The peak location of dh is only sensitive to the variation of
turbulence intensity and roughly independent of the streamwise



Fig. 18. Optimal yaw angle and power distributions in Horns-Rev wind farm at (a) q ¼
271+ and (b) q ¼ 274+ .
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spacing.
In the last section of this study, the proposed model is further

deployed to evaluate the potential of AYC in the Horns-Rev wind
farm. At a typical turbulence level of 7.7% and wind speed of 8 m/s,
significant power improvements up to 15.7% are achieved in the
four wind sectors involving full-wake interactions within a
streamwise distance of 10D. The relative variation of the annual
wind farm efficiency is estimated to be 1.8%. For future studies, the
variability of wind speed and direction should be taken into ac-
count during the power optimization process, and the impact of
active yaw on the life spans of the major turbine components
should be carefully evaluated.
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