=Pr-L

Thése n°8123

Critical values in an anisotropic percolation on Z?

Présentée le 23 avril 2021

Faculté des sciences de base
Chaire de processus stochastique
Programme doctoral en mathématiques

pour I'obtention du grade de Docteur &s Sciences

par

Hao XUE

Acceptée sur proposition du jury

Prof. A. C. Davison, président du jury
Prof. T. Mountford, directeur de thése
Prof. M. E. Vares, rapporteuse

Prof. L. R. Fontes, rapporteur

Prof. J. Aru, rapporteur

m Ecole
polytechnique

fédérale
de Lausanne 2021






Love and freedom. ..






Acknowledgements

I am very grateful to my supervisor Prof. Thomas Mountford. In the past 4 years, as an
academic advisor, he is always open and patient for my questions even during the weekends.
I learnt a lot of mathematics and the way to think from his knowledge and experience. As a
friend, he is always by my side to offer encouragement and we are able to discuss almost all
the topics outside mathematics. I would like to express my gratitude for his guidance in maths
and of life.

I want to thank all the jury members of my thesis, Prof. Anthony Davison for organising the
defence, Prof. Juhan Aru and Prof. Luis Renato Fontes for very precious advices on the thesis.
I wish to thank of course Prof. Maria Eulalia Vares for all the discussions online and in Brazil.
She is almost like a co-advisor guiding me in maths and teaching me patiently about academic
writings. I would like to thank Prof. Robert Dalang and Prof. Stephan Morgenthaler for their
help and for participating my candidacy exam. I also want to thank Anna Dietler and Anne
Kolly for the complicated administrative works in EDMA.

I'would like to thank Ariane and Rosana for the administrative helps in PRST. I am very grateful
to colleague Jacques for correcting my french abstract and other colleagues of PRST: Zhe,
Ludovic, Tobias, Laure, Kamran and Gabriel for the discussions and happy times together with
other colleagues in the MATH building: Tomas R., Moritz, Rémy, Laya, Kartik, Jonathan, Tomas
M., Timmy and Zhengwei. I also want to thank the Chinese mathematicians at EPFL for their
selfless sharing of experience and help: Fei, Yongxiao and Han.

I am very grateful to all my friends for the funs, skiings, basketball games and card games in
these years, especially Shengquan and Haoqing, the two mathematicians for very precious
moments inside and outside the campus, and of course Weizhe, the friend throughout all my
6 years at EPFL for his invaluable support and uncountable amount of time.

At last, I want to thank Zhiwen for her love, understanding and company in my life, and my
parents whose energy always motivates me to move forward until the end of my PhD.

Berlin, November 29, 2020 Hao Xue






Abstract

In this thesis, we consider an anisotropic finite-range bond percolation model on Z2. On each
horizontal layer {(x, i) : x € Z} for i € Z, we have edges ((x, 1), (y,i)) for 1 < |x—y| < N with
N € N. There are also vertical edges connecting two nearest neighbor vertices on distinct layers
((x,1),(x,1+1)) for x,i € Z. On this graph, we consider the following anisotropic percolation
model: horizontal edges are open with probability A/(2N) with A = 1, while vertical edges
are open with probability € to be suitably tuned as N grows to infinity. This question is
motivated by a result on the analogous layered ferromagnetic Ising model at mean field critical
temperature (Fontes et al. (2015)).

We first deal with the critical case when A = 1. If ¢ = k N~2/%, we see a phase transition in
x: positive and finite constants Cj, C, exist so that there is no percolation if x < C; while
percolation occurs for x > C,. The derivation of the scaling limit is inspired by works on the
long range contact process (Mueller and Tribe (1995)). The proof relies on the analysis of
the scaling limit of the critical branching random walk that dominates the growth process
restricted to each horizontal layer and a careful analysis of the true horizontal growth process,
which is interesting by itself. A renormalization argument is used for the percolative regime.

We then deal with the supercritical case when A > 1. If e = eV

, we can also see a phase
transition in k. The horizontal and vertical edges can be discovered through subordinate
process in each regime. The proof is based on the analysis of supercritical branching random
walk but several levels of attritions are introduced to make sure the independent structure.
The comparison between our original percolation and the percolation on the inhomogeneous

square lattice is used in the renormalization scheme.

Keywords: Percolation, renormalization argument, branching random walk, critical scaling.
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Résumé

Dans cette these, nous considérons une percolation par arétes anisotrope et de portée finie
sur Z2. Sur chaque couche horizontale {(x,i) : x € Z}, avec i € Z, nous avons des arétes
((x,1), (y,0)) pour tous x, y € Z vérifiant 1 < |x — y| < N, pour N € N*. Il existe également des
arétes verticales reliant les sommets avec leurs deux voisins directs sur les couches verticales
{(x,1),(x,i+1)) pour x,i € Z. Sur ce graphe, nous considérons le modéle de percolation aniso-
trope suivant : les arétes horizontales sont ouvertes avec probabilité A/ (2N) avec A = 1, alors
que les arétes verticales sont ouvertes avec probabilité ¢ = ¢(N), qui sera convenablement
choisi lorsque N tend vers 'infini. Ce modeéle est motivé par un résultat sur le modele d’Ising
a couches analogues dans un champ moyen a température critique (Fontes et al. (2015)).
Nous étudions dans un premier temps le cas critique oi1 A = 1. Pour € = k N~?/%, nous mon-
trons I'existence d’'une transition de phase en « : il existe alors une constante C; > 0 telle que
la percolation n’'a pas lieu pour k¥ < C; et une constante Cy, a partir de laquelle la percola-
tion se produit (x > C,). La preuve repose sur ’analyse de la limite d’échelle de la marche
aléatoire branchante critique dominant le processus de croissance restreint a chaque couche
horizontale et une analyse minutieuse du véritable processus de croissance horizontal, qui est
intéressant en soi. Un argument de renormalisation est utilisé pour le régime percolatif et la
méthode utilisée pour dériver la limite d’échelle est inspirée des travaux de Mueller and Tribe
(1995) sur le processus de contact de longue portée.

Nous étudions aussi le cas surcritique avec A > 1. Les arétes horizontales et verticales peuvent
étre découvertes grace a des processus subordonnés dans chaque régime. Nous montrons,

dansle caotie = e ¥V

, existence d’une transition de phase en k. La preuve est basée sur
I'analyse de la marche aléatoire branchante surcritique munie de plusieurs niveaux d’attrition
assurant une structure indépendante. La comparaison entre notre percolation originale et la

percolation inhomogene sur Z? est utilisée dans le schéma de renormalisation.

Mots-clefs : Percolation, argument de renormalisation, marche aléatoire de branchement,
U'échelle critique.
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|§ Introduction

This thesis concerns an anisotropic percolation model and we will study some critical values
of this model. Our anisotropic percolation is an extension of classical percolation. Percolation
is a simple probabilistic model to study the behaviour of a certain fluid flowing in a random
porous medium. In the classical (bond) percolation, the medium is modelled by a graph [.2
on Z? with edges (x, y) connecting x, y € Z? that satisfy | x — yll; = |x; — y1] +|x2 — y2| = 1, and
the random structure equipped in this medium is to make the passing probability of the fluid
along each edge be p € [0, 1]. In higher dimensions, the medium can be modelled by a graph
L%, d = 2 on Z% with edges (x, y) connecting x, y € Z¢ that satisfy | x — y|l; = 1.

More generally, the medium can be an (infinite) graph G with a set of countable edges E and a
set of vertices V. Percolation can be either bond type (like the example above) or site type. In
the bond percolation, each edge e € E can be open or closed. We can encode a configuration
function w : E — {0,1}, where w(e) = 1 denotes the edge to be open, meaning that the fluid
passes through the bond e, and 0 if the edge is closed. The open edges form open clusters
which are random subgraph of G. Percolation occurs when there is an infinite open cluster
containing the origin for bond percolation. In the site percolation on G = (V, E), each vertex
v € V can be open or closed. We can then also define a state function w : V — {0, 1} with the
same meanings of 1 and 0 to be open and closed. v and v’ are connected if there exists a
finite path from v to v': there is a sequence of sites v; = v,-+-, v, = V' so that |v; —v;_1]| =1,
l1<i=nandw(v;) =1for1 <i < n. This partitions the vertex set into fully connected subsets.
Percolation occurs if the connected subset containing the origin is infinite.

The oldest bond percolation model can be traced back to the Bernoulli percolation introduced
by Broadbent and Hammersley (1957). In this model, a random environment is imposed on
the medium. Each edge is open with probability p, i.e. w(e), e € E are independent Bernoulli
random variables with parameter p. Let C c G be the collection of open edges and vertices
connected by the open edges containing the origin. Mathematicians are interested in studying
the connectivity structure of this random subgraph C.

A fundamental problem is for which values of p can we observe an infinite open cluster



Chapter 1. Introduction

(containing 0) as p increases on a multidimensional graph, e.g. Z%. A principal quantity in the
translation invariant system is the percolation probability, being the probability that there is
an infinite cluster C containing the origin,

0(p) =P, (IC| =00).
In fact, if 6(p) > 0, P,,(3 a unique infinite cluster) = 1.

On L4, the uniqueness of infinite cluster was first shown by Aizenman et al. (1987) and then
Burton and Keane (1989) used a beautiful trifurcation argument to prove this result. To see
0(p) = 0 when p is small, one simply observes that the probability that the origin is connected
to a site of L1-distance 7 is less than (2d p)" since there are less than (2d)” self avoiding paths
of length n. With the help of Peierl’s argument (Hammersley (1959)), one can also find that as
long as p sufficiently close to 1, 8(p) > 0. It is easily seen 8 (p) is monotone in p as in Figure 1.1.
This shows an existence of phase transition in p: for values p below a certain threshold, the
connected component containing 0 is finite and once p is above the threshold, this connected
component containing 0 is infinite with positive probability.

We define
pc(G) =supip:0(p) =0}.

By monotonicity, p. is critical in the following sense

=0 ifp<p,
0(p) ‘ P <Pc
>0 ifp>pc.

When G =11, it is of no interest, since whenever p < 1, there are infinitely many close edges
almost surely, and hence no infinite open cluster. This implies pc([l_l) =1. When d = 2,
we expect that the percolation probability behaves in the following manner 8(p.) = 0. The
behaviour of @ at criticality p. is unknown in general and we even do not know 8(p,) on L%
with 3 = d <10 (ref. Fitzner and van der Hofstad (2017)). But we can give some explicit answers
for bond percolation when d = 2.

For Bernoulli percolation on the square lattice Z?2, the lower bound of p.(Z?) was given by
Harris (1960) who showed that 6(1/2) = 0. In 1980, Kesten (1980) showed that the critical
probability on 72 is exactly 1/2 based on the Russo-Seymour-Welsh argument (Russo (1978)
and Seymour and Welsh (1978)). Lots of good properties hold in the Bernoulli percolation
on Z% which is invariant under rotation 77/2. First of all, the connection probability p is the
same regardless of the directions. This is what we call homogeneity. Most importantly, .2 has
a self-duality. Any configuration w on Z? is associated with a dual configuration w* on the

dual square lattice (Z2)* = 7 + (1

2 %) The configuration function

w*Ee*):=1-wle).
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Figure 1.1 — Percolation probability

Heuristically, the dual edge e* is open if the primal edge e is close. We can see that w*(e*) are
independent Bernoulli random variables with parameter p* := 1 — p. From here, it is natural
to guess that p, is the value when p = p* = 1/2. It is natural to consider the behaviour of the
percolation system at criticality. In general, it is very difficult to calculate the exact values
of p. except in several special cases. Since the eighties, thanks to the new tools like discrete
complex analysis, the explicit values for percolation and Ising model on the planar graph were
calculated from a new perspective.

Planar Bernoulli percolation and its criticality have been thoroughly investigated since the
eighties because of the good structure of square lattice or triangular lattice and the homo-
geneity of Bernoulli percolation. The conformal field theory suggested that at criticality, the
planar Bernoulli percolation is conformal invariant. In 2001, Smirnov (2001) gave an example
of conformal invariant property by showing Cardy’s formula for critical planar percolation on
the triangular lattice. Thanks to Cardy’s formula proved by Smirnov and Schramm-Loewner
evolution proposed by Schramm (1999), mathematicians are able to describe the scaling limit
of the interface between open and closed sites. The tool discrete complex analysis exploited
by Smirnov (2010) was used to prove many deep and beautiful results about the interface on
percolation, Ising model and generalized random cluster models.

However, mathematicians started to wonder what happens if we get rid of the good conditions
such as the opening probability of an edge p. is not a constant but depends on e € E. Suppose
the opening probability of edge e € E is p,. When p, # p but depends on the choice of e which
means that the model is inhomogeneous, we are interested in the connectivity properties in
this case. For instance, even though 6 (1) = 0, what happens if one vertical (or horizontal) line
on Z? breaks the homogeneity and there is a very strong preference to percolate on this line?
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One can think of a percolation model on Z?2 but for a fixed point x € Z,

px fy=wx),z=(@w+1,x), forvez,

Py,zy = .
p  otherwise.

It is clear that if p, = 1, then percolation occurs for any p. When p, < 1, it was shown by
Madras et al. (1994) that percolation does not occur when p < p. and by Barsky et al. (1991)
percolation occurs when p > p.. As long as py < 1, it does not change the result of Harris.

Theorem 1.1 (Zhang (1994)). On the square lattice 7%, for any0 < p, < 1, there is no percolation
atp=pc=73,ie 0(3)=0.

A similar model called Brochette percolation was introduced by Duminil-Copin et al. (2018).
Here, instead of along a certain vertical column E(x x Z), the configuration is inhomogeneous
on a collections of vertical columns E.; (A x Z) = {{(x1, x2), (X1, X2 + 1) : X1 € A, xp € Z}, A = Z.
The configuration {w(e), e € E(Z?)} with distribution ng 4 are then independent Bernoulli
random variables with parameters

p ife€E er(Ax2)
p =
g ife¢Ever(Ax2).
Suppose the columns of A are chosen randomly following a product probability measure v,
under which measure, column x x Z, x € Z is selected with probability p € [0, 1]. It was shown
that a small sub-criticality on g will not influence the existence of percolation if p > 1/2.

Theorem 1.2 (Duminil-Copin et al. (2018)). Foranye € (0,1/2] and p > 0, there exists 0 > 0 so
that
P20+£,pc—§(|c| =00) >0, v,— almostsurely.

This extends the result of Kesten (1982) about percolation on inhomogeneous square lattice.
The inhomogeneous percolation considered by Kesten is special case of Brochette percolation
when A = Z, then g is the opening probability of horizontal edges and p is the opening
probability of vertical edges. It was shown that8(p,q) >0if p+g>1and p+ g =1is called
informally 'the critical surface’. We emphasize that to find the critical value p in homogeneous
percolation or the critical relationship between p and g in inhomogeneous percolation is a
very sophisticated work.

In fact, anisotropy does exist in many fields of nature science. Liquid crystals are anisotropic
liquids and anisotropic magnet may occur in the plasma. However, the good property of
nearest-neighbour transition may not correspond to the nature. This issue arose in the Ising
model and a model was proposed by Kac et al. (1964) where the interaction between two
spins in a magnetic field was finite-range rather than only nearest-neighbour. This area seems
separate from percolation, but in fact, these two models can be coupled in Fortuin-Kasteleyn

4



percolation (introduced in detail later). Hence it is very natural to consider the finite range
interaction in percolation.

This was discussed by a series papers Kac et al. (1964) about Ising model when the distribution
of energy follows a finite-range law. To be more precise, consider a one-dimensional Kac-Ising
model as in Cassandro et al. (1993) which is a one-dimensional spin system with values +1.
The spin at site x € Z is 0. The system can be of infinite volume with x € Z or of finite volume
x € A c Z. The configuration space is then {1, +1¥ or{-1,+13A respectively. A Kac potential
is a L' (R) function Jy(r),y >0,r € Rsuch that J,(r) = yJ(yr) satisfies the following conditions:

Jry=0for|r|=1

Jiry>0for|ri<1

J(r)=J(=r)
e J(r)is continuousin [—1,1] and J'(r) is bounded in (-1,1)

e [J(rdr=1.
The Gibbs measure with Kac potential on finite graph A with free boundary condition is

1
exp (—H, (0)),

P} (0)=—
Y Z)//\

where Z)/,\ is the normalization factor and the Hamiltonian

H}No)=-p Y J(x-yDoso,. (1.1)
x#y and x,yeA

Suppose now we discard one more good property of percolation on I that the connection of
edges is no longer nearest-neighbour. Our model will be a finite-range and inhomogeneous
percolation on Z2. The transition inside each horizontal layer Z x i, i € Z follows a finite-range
law similar to that of Kac et al. (1964) and the transition between nearest layers Z x i and
7% x {i +1} is different from the horizontal layer. Intuitively speaking, we can imagine layers of
materials, the energy transitions inside the layer and between layers are different. Besides, we
allow the interaction inside a layer within a finite range.

Our aim is to find the critical relation between horizontal transition and vertical transition,
then get a much more complex relation than 'the critical surface’: p+ g =1.

Outline of the thesis

The thesis is structured as follows. Chapter 2 states the main results of this thesis and in-
troduces several important prerequisite tools and areas in the proof including stochastic

5



Chapter 1. Introduction

partial differential equations (SPDEs), the martingale problem (MP) and the renormalization
argument.

Chapter 3 and 4 study the finite-range anisotropic percolation on Z> when the horizontal
transition is critical. Chapter 3 shows the weak convergence of the horizontal movements to a
certain SPDE. An envelope process which dominates the horizontal process is introduced and
its weak convergence is also proved in Chapter 3. The relation between the two weak limits is
also discussed by a MP perspective.

After getting the weak limits of the envelope process and horizontal process, we then in Chapter
4 use the former one to find the upper bound behaviour of the critical relationship, above
which, percolation does occur. We then use the latter one and renormalization argument to
find the lower bound behaviour of the critical relationship, below which, we cannot observe a
percolation.

Chapter 5 investigates the case when horizontal transition is supercritical. The critical rela-
tionship between transition inside a layer and transition between layers is shown by renor-
malization argument and a meticulous treatment with the supercritical branching random
walk.



¥4 Results and Prerequisites

In this chapter, we first state our model including the anisotropic percolation we consider, the
horizontal process and the envelope process. We then review some tools that we will use in
the proof, such as SPDEs, weak convergence, martingale problems and renormalization (or
block) arguments.

2.1 The anisotropic percolation on 7>

We have seen the importance of inhomogeneity in percolation, hence we consider a percola-
tion model that is anisotropic in two ways:

* The horizontal interaction is finite-range but the vertical interaction is nearest-neighbour

* The connection probabilities along horizontal edges and vertical edges are different.

For this, we let Z2 = (V, E) be the graph with vertexset V = {v = (x,i) : x € Z,i € Z} and edge set
E={e=(vi,v2): v = (X, ir), k =1,2; either x; = xo,|i; —is] =10r iy =iz, 1<|x; — x2| < N}.

The edges are assigned in two senses: horizontal sense and vertical sense. Horizontally, we
can draw edge between two points within distance N. Vertically, we can draw edge between
two points within distance 1. The edge set can be then partitioned into two disjoint subsets
E = Ej UE,. Ej is the set of horizontal edges s.t. E, = {e = (vy,12) : i1 = i»} and E, is the set
of vertical edges s.t. E, = {e = (v, 12) : X1 = x»} (here (x, ix) corresponds to v, k =1,2). The
opening probability of each edge p. is inhomogeneous in the following sense. Each horizontal
edge is open with probability A/(2N), A > 0 and each vertical edge is open with probability
€(N), and they are all independent of each other.

A .
== ifee Ey,

pe={* (2.1)
e(N) ifeekE,.



Chapter 2. Results and Prerequisites

Horizontally, the opening probability % corresponds to the Kac-Ising model introduced in
Chapter 1 when the Kac potential J is uniform in [-1,1], the scaling factor y = ﬁ and the
inverse temperature § = 1. Two models can be coupled by the random-cluster measure
introduced later.

Remark. Notice that the A here does not have to be constant. The only thing that matters here
is that the expected number of edges connecting a certain site is bigger, equal or smaller than the
one which corresponds to supercritical, critical and subcritical branching random walk. This
criticality of the expected number of edges connecting with a certain site also relates to a more
general setting of ] in the Kac potential when f](r)dr >1,=1or<1.

Our main purpose is to find the criticality of (V) as N tends to infinity. A = 1 corresponds to
the critical horizontal mechanism and A > 1 corresponds to supercritical horizontal mecha-
nism. Heuristically speaking, if we only focus on one horizontal layer Z x i, A = 1 means that
the expected number of open horizontal edges connected from (x;, i) is 1. We will deal with the
critical case when A = 1 in Chapter 3 and 4 which is the main concern, then deal with the case
of A > 1 in Chapter 5, but the case when A < 1 is of no interest since percolation never appears
if € is small enough (depending on A but being uniform in N).

As was discussed in Chapter 1, one motivation of the finite-range comes from a series of works
Kac et al. (1964) and Kac and Helfand (1963), where the finite-range Kac-Ising model was
introduced. Addition of inhomogeneity to the Kac-Ising model was raised in Fontes et al.
(2015), where the authors investigated the existence of phase transition for an anisotropic
Ising spin system on the square lattice Z2. On each horizontal layer, {(x, i) : x € Z}, the {—1,+1}-
valued spins o (x, i) interact through a ferromagnetic Kac potential at the mean field critical
temperature. The distribution of configuration o on finite interval Ay = [-L, L] is

1
Py"*(0) = — exp (—Hy"*(0)),

where + correspond to +1 and —1 boundary conditions. H{,\ LE (0) is the Hamiltonian of the
configuration o as in (1.1),

Ho)=- )Y Jxyox oY Jxy=1,
x,yeAL y#x

where Jy(x,¥) = ¢cyy](y(x =) and one assumes J(r), r € R to be smooth and symmetric with
support in [-1,1], J(0) >0, f J(r)dr =1 and moreover Cy is the normalization constant (cy—1
as y — 0). To this one adds a small nearest-neighbour vertical interaction to H(o),

Hoo)=- ). Jyx,»oxio(y,i)—eoxi)o(x,i+]1).

(x,i)eA?

The authors proved that given any € > 0, for all y > 0 small p; # Iy, where p; , iy, denote the
Dobrushin-Lanford-Ruelle (DLR) measures obtained as thermodynamic limits of the Gibbs
measures with +1, respectively —1 boundary conditions (as L — co). The authors conjectured

8



2.1. The anisotropic percolation on 7>

that if € = e(y) = ky?'3, we shall see a different behaviour while varying .

The bridge between Ising model and percolation is connected through a big class of model
called Fortuin-Kasteleyn percolation (also called random-cluster model). The conjecture
in anisotropic Ising model above can help us to guess the vertical interaction €(N) in our
anisotropic percolation model (2.1). Conversely, the results in percolation can open a vision in
random cluster model which covers Ising and Potts model through FKG comparison theorem.

A random-cluster measure on G = (V,E), a sub-graph of Z¢ with boundary condition ¢ €
{0, 11E@\E and two parameters: p € (0,1) and g > 0 is defined on {0, 1}£ such that

1
(Pfg,q(w) = P { H pw(e)(l _ p)l—w(e) } qkf(‘“),

fd
;J,q ecE

where k(w) is the number of open clusters including isolated vertices in w U ¢ and Z,‘; q is the
normalization constant. The shape parameter g indicates a favour of clusters. g < 1 favours
fewer clusters and g > 1 favours more clusters.

Two extremal cases ¢ = 0,1 of special importance are the boundary configurations with all
edges close or all edges open respectively. ¢ = 0 denotes the free boundary condition when
Vee E(ZH\E, ¢(e) =0. ¢ =1 denotes the wired boundary condition which refer to the fact that
all the edges in E (Z*\E are connected together and only contribute 1 in k¢ (w).

To find the appearance of percolation in random-cluster model, which covers the appearance
of percolation in percolation model and appearance of phase transition in Ising model by
coupling, we need to define the limit measure as the sub-graph tends to Z¢.

Definition 2.1. Let p € [0,1] and q € (0,00). A probability measure ¢ on (Q,F) is called a
limit-random-cluster measure with parameters p and q if for some boundary condition € Q,
there exists a sequence (A, n=1,2,---) of boxes such that A, 1 7% asn — oo, and

= ¢ asn— oo.

4
(’b/\mpﬂ

The set of all such limit measures ¢ is denoted by #), 4.

It was shown (Grimmett (2009)) that for either b € {0, 1}, the weak limits

exist and are independent of the choice of (A;) ;1.

There is a second way to construct the infinite-volume random-cluster measure based on
Dobrushin-Lanford-Ruelle (DLR) Gibbs states.

Definition 2.2. Let p € [0,1] and q € (0,00). A probability measure ¢ on (Q, %) is called DLR

9



Chapter 2. Results and Prerequisites

random-cluster measure with parameters p and q if for all A€ & and finite boxes A < Z¢,
GAITN) = ¢, (A) forp-a.ed,

where T is the tail o -field generated by the states of edges on E(Z*)\E(A).

The special case g = 1 corresponds to percolation, g = 2 corresponds to Ising model and
q€1{2,3,---} corresponds to general Potts model with g local states. Here we give an example
to show how the random cluster model with g = 2 is coupled to the Ising model (Edwards and
Sokal (1988)).

Proposition 2.1. Suppose w ~ ¢p2. Sample an i.i.d. family of £1 random variables (o),
following Bernoulli(1/2) induced by the connected component ¢ of w. Seto y = o forany x € ¢
and 3 = —% log(1— p), then o ~ PS, which is the Ising measure with free boundary condition on
G.

Proof. Denote w ~ o if w(y,,) = 1 implies o = 0. The joint probability measure of w and o is
1 lwl
P(w,0)) = — (—p ) 2k@o—k@y
Zp,z l-p
Then sum over w,
1 o
o 5[
Zp,2 w~0 1- p

_ (1—P)_‘E‘ Z |w|(1_ |El-w 1 iy — .
=— p p) yletE(o)={e=xy:0x#0y}
Zp,z w~0
(1-p)H) ol |E\E(@)|~la]
=7 1-p)
Zp,z(l - p)'El we{o%E\E(d) P P

J

X

PIE|

= me—ﬂH(zﬂ since H(o) = —|E| +2|E(0)|.
p2l=p

O

The existence of phase transition in anisotropic Ising model can be formulated in terms of
existence of percolation for random-cluster measure with shape parameter g = 2 and edge
probabilities of {{vy, v2) € E: v1 = (X1, 1), V2 = (X2, i2)} to be

pUv1,v2) =1-e "N upery — e P, vyer,)-

Fontes et al. (2015) has shown that when € > 0 is a constant, there exists a phase transition.
To compare the measure ¢y, 4, and ¢, 4,, we need some basic definitions on the relation
between these two measures. The configuration space Q = {0, 1} is partially ordered: w; < w»

10



2.1. The anisotropic percolation on 7>

if w1(e) < w2(e),Ve € E. Arandom variable X : Q — R is called increasing if X(w1) < X(w>)
when w; < w,. For two probability measures p, u2 on Q, we say that y; is stochastically
smaller than p», noted as 1 <y p2 if By, (X) < E, (X) for all increasing random variables X on
Q.

Theorem 2.1 (Grimmett (2009) Chapter 3). Comparison inequalities:

* (/)pqul SngbPz,tiz ifch =42, 41 = 1 and p1 = pa.

; p p:
* Ppra ZstPpoge if 12 G2, L 2 1 and 5 = .

The probability of percolation for g = 2 is bounded from above by that when g = 1. As a
consequence, if there is no percolation when g = 1, we can conclude that there is no phase
transition for Ising model.

We suppose our €(N) =« N~?, b >0 and our aim in Chapter 3 and 4 is to find the critical value
of b when A =1 and show the different behaviours while x varies.

We first consider the behaviour at each single horizontal layer. For simplicity, we will consider
the horizontal behaviour on layer 0. With respect to layer 0, we denote ng as the cluster
containing 0 = (0,0):

<€5’ ={x:(0,0) =0 — (x,0) with all the edges along the path in Z x {0}},

where v; — v; means there is an open path from vertex v; to v». We can speak of generations
on each horizontal layer. x € <g(‘)) is of k-th generation if the shortest open path from (0,0) to
(x,0) is of length k. That means there are vertices v/, -, v;c such that v} = (0,0), v;c = (x,0) and
foranyl<i<k-1, (v;., v;.+1) € Ej, is open. Use Gz(x) € {0, 1} to indicate if the site (x,0) can be
reached from 0 at k-th generations, i.e. Gg(x) =1 indicates that (x, 0) is visited at generation
k. The sites of {Gg} k=0 form a process very close to a branching random walk starting from
0. The difference between {Gz}kzo and a critical branching random walk is the domain of
the state function. Denote {Gg}kzo as the critical branching random walk. At each time n,
particles at each occupied sites branch following Binomial(2N, 1/(2N)) and the offsprings
move to its 2N neighbours uniformly. The criticality means that the expected number of
offspring of each particle is one. Note that it is different from the model in Lalley (2009)
discussed in the next paragraph. The state function Gg(x) € Z, since it counts the number
of particles at an occupied site. However, the process {Gg}kzo only tells if the site is occupied
or not, hence Gg(x) € {0,1}. In Chapter 3, we will show that these two processes are not too
different on an appropriate time scale. This motivates us to consider the asymptotic density
on each horizontal layer and use it to derive the cumulated occupied sites over generations.
But the introduction of generations will cause a problem in the percolation system if we only
consider the branching random walk. Because we are interested in percolation, the vertical
connections should be considered only once over the generations. Therefore, the true process
we are considering is a branching random walk with attrition. Attrition is the rule that if any

11



Chapter 2. Results and Prerequisites

Figure 2.1 — Attrition sites noted by x

site has been visited during the propagation, it cannot be visited again. Figure 2.1 helps to
explain the problem occurrs because of generations. For example on the mid layer, since the
vertical interaction only happens once, if it has already generated an vertical arrow upward
after the 1 generation left movement from its right neighbour (blue leftward arrow from the
right-most site), then the red rightward arrow from the left-most site after 2 generations should
not be counted again.

The way of dealing with horizontal propagation is motivated by the work of Lalley (2009) on
the scaling limit of spatial epidemics on the one-dimensional lattice Z to Dawson-Watanabe
process with killings. There are two processes (the SIR epidemics and the SIS expidemics)
considered in Lalley (2009). At each site i, there is a fixed population (or village) of N individu-
als and each of them can be either susceptible, infected or recovered (in the SIR epidemics).
The model runs in discrete time; an infected individual recovers after a unit of time; in the
SIR epidemics, infected individuals recover and are immune from infection, while in the
SIS epidemics, infected individuals become again susceptible after recoverty. An infected
individual may transmit the infection to randomly selected (susceptible) individuals in the
same or in the neighbouring villages. Denote py (i, j) as the transmission probability between
any infected particle at site i and any susceptible particle at site j = i + e, where e =0 or 1.
For any pair (x;, u;) of infected and susceptible individuals located at i and j respectively with
|i — j| =1, the transmission probability is taken as
1

PN(l,])=3—N»

which makes it asymptotically critical as N — co. The evolution of this dynamics can be
studied with the help of a branching random walk envelope: any individual at site x and time
t lives for one unit and reproduces, placing a random number of individuals at a nearest
site (village) y with |y — x| < 1, where the random number is of law Binomial(N, 1/(3N)). An
infected individual will stay infected for one unit of time then get recovered and cannot get
infected again (immune). The individuals are categorized into Susceptible, Infected and
Recovered (SIR) among which the number of infected and recovered (immune) individuals at
site x € Z and time n € N are denoted by Y, (x) and RY (x). Lalley (2009) studied the scaling

12



2.1. The anisotropic percolation on 7>

limit (space factor NP2 and time factor N) of this system, namely

N (/NB
Y[Nﬁt]( NPx)
vV NP

Initially, the support supp(X™(0,-)) c J, where J is compact. As N — oo,

for xe Z/V NP,

XN, x) =

XN, x) = X(8,%)

where X (¢, x) is the density of a Dawson-Watanabe process X; with initial density X (0, x) and
killing rate 6(¢, x) depending on the choice of . When < 2/5, 8(t,x) =0 and when 8 =2/5,

I3
Q(t,x):f X(s,x)ds.
0

Heuristically speaking, when f < 2/5, the cumulation of immune individuals over a time
period [tNP] is negligible. However, when f = 2/5, the cumulated immune individuals will
make a significant contribution to the deduction of infected individuals.

To study the scaling limit of our process on horizontal level, we first need to perform space and
time rescaling on the approximate density. First, we have to scale the space with N, then the
movement of the edges from x will have a uniform displacement on (x + [-1,1]) n (Z/N)\{0}.
Then, to get the weak convergence, we will renormalize the space and time with N¢ and N 2a
respectively. The state of the process at time n € Z* is given by én ():Z/N*** - 40,11, fn x)=0
indicates that the site x is vacant and 5 »(x) = 1 indicates that the site x is occupied. Two sites
are neighbors in the scaled space, denoted by y ~ xif [x—y| < N"% (or j ~ i if|j—i| < N in
the unrescaled space). We are going to use the idea in Mueller and Tribe (1995) to derive the
asymptotic approximate density of

1
2N«

Y éw

y~x

Ad(x) =

and study its limit after the above mentioned time change.

Since we are considering the existence of percolation, to consider the infinite cluster contain-
ing (0, 0) is equivalent to consider 2 | N24| equally spaced particles on {— [N+ 0,..., N9 }
(so the distance between particles in Z is of order N 1= " Indeed, if we denote [-1, 7]y =
[—r,r1NZ/NY? as the rescaled discrete interval, to show percolation we may take an initial
condition f o with finite support, such that A(EO)(x) =1 for x € [-1,1], and whose linear in-
terpolation tends (as N — oo) to a continuous function f with compact support such that
f(x) =1for x € [-1,1]. For simplicity, we may take f to vanish outside [-1 -6, 1 + ] for some
0 >0 fixed, and linear in [-1-6,1] and [1,1 + d].

The method in Lalley (2009) is to calculate the log-likelihood function with respect to a branch-
ing envelope with known asymptotic density. However, we do not have the log-likelihood
function in our case. A more standard argument is to show the weak convergence of the
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Chapter 2. Results and Prerequisites

rescaled continuous-time particle system by verifying the tightness criteria as Ethier and Kurtz
(2009) like in Cox et al. (2000), Durrett and Perkins (1999) and Mueller and Tribe (1995). We will
mainly refer to the way of Mueller and Tribe (1995) dealing with long-range contact process
and long-range voter model and adapt it to our discrete (space) model to get the asymptotic
SPDE. Our strategy on the horizontal layer is to derive the asymptotic density of the branching
random walk without attrition dominating the true system, where the states are denoted by
&(x). We call this process without attrition the envelope process and the state function

En(x):ZINVT® S 7.

The mechanism of this envelope process is as follows. The number of particles at site x
will increase by 1 if one of its neighbours branches following Binomial (2N, 1/(2N)) and then
chooses x uniformly among the 2N neighbours. The number of particles at site x after n+1
steps is

En(y)
Ep1 () =) ) ¥ (),

y~x w=1

where (n %1 (35 X)) w,n,y,x is an i.i.d. sequence with distribution Bernoulli(1/(2N)).

The horizontal process ¢ is dominated by this envelope process in two senses: ¢,,(-) does not
allow multiple particles at one site and any site visited before cannot be visited again. At the
end of Section 3.1, we will show that the probability of multiple particles at one site is very
small, of order O(N?@~D) which is negligible when a < 1.

Section 3.1 considers the asymptotic behaviour (as N — co) of the approximate density func-
tion of the dominating envelope process

1

A o)) = 5o

> Sieneey ()
y~x

extended to R as the linear interpolation of its values on Z/N'*®. This is made precise in
Theorem 2.2 below.

Remark. The same interpolation is used when considering the approximate density of the
process €.

Setting ey (x) = eM* for A € R, we define
%€ = {f :R— [0,00) continuous with | f(x)e; (x)| — 0 as |x|] — 0o, VA < 0},
to which we give the topology induced by the norms (|| - [}, A < 0), where
Iflia= sup | f(x)exr(x)].

In the following convergences (Theorem 2.2 and Theorem 2.3), we consider the law of A(¢) or
A(®) in the space D([0,00), %), the space of €-valued paths equipped with Skorohod topology.

14



2.1. The anisotropic percolation on 7>

Theorem 2.2. Assume that as N — oo, A(g) converges in € to a continuous function f with
compact support. For any a >0, as N — oo, A(¢|;n2a)) (x) converges in law to u(x), which is
the solution to one dimensional Dawson-Watanabe process:

Ouy 1 A

St =zAus+/uWi(t,-)

ot 6 t t (22)
up = f,

where A is the Laplacian operator acting in the spatial coordinates and W is the space-time
white noise.

Regarding the real horizontal process, we have to deduct the attritions from the envelope
process in two ways: the state at each site can only be occupied or vacant and any site can
only be visited once (refer Figure 2.1). The state function is then

En(x) 1 ZINYT = {0,1}.

The mechanism can be expressed as

1 if Y ;&0 =0and ¥y sy00 M1 (%) 2 1,

0 otherwise,

1 () =

where Ay (x) ={y~x: fk(y) = 1} having cardinality N (x) = ZyNXgEk(y) and (Mg+1 (), X))k, y,x 1S
an i.i.d. sequence with distribution Bernoulli(1/(2N)).

Theorem 2.3. Assume that as N — oo, A(€y) converges in € to a continuous function f with
compact support. When a = 1/5, as N — oo, A(ELthaJ)(x) converges in law to ii;(x), which is
the unique in law solution to the following SPDE

8 R R R — .
%:%Au[_utfotusd‘g‘f‘ AV u[W(t)') (2 3)
o =f,

where W is the space-time white noise.

We will show Theorem 2.2 and Theorem 2.3 in Chapter 3. After giving some prerequisite
knowledge about the solutions to SPDEs, we will discuss the renormalization argument in the
later part of this Chapter. When adding the vertical interactions and showing percolation, by
a renormalization argument, we can reduce our layered system to an oriented percolation
model. We can define a site in the renormalized space (or a block in the primary space) as
open if its corresponding block has a certain amount of cumulated density, since we have
already taken into account the attrition in the real system. After building the renormalization
argument, we are able to use the criteria in Durrett (1995) to determine the existence of
percolation. The main result in the critical horizontal case i.e. when A =1 in (2.1) is the
following.
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Theorem 2.4. When A = 1, the critical values of the scaling and interaction factors are b =
2a = 2/5. That is there exist positive constants C, and C, not depending on N such that for
Kk < Cy, there is no percolation and for x > Cs, there is a percolation, wherex N~" is the opening
probability of vertical edges.

The critical value @ = 1/5 can be guessed by standard coupling as in Lalley (2009). Initially,
there are 2| N?%] particles with at most one on each site and they are distributed uniformly on
2| N'*@] sites in [—1,1] y. In the beginning, there are O(N%~!) particles at each site on average
or we can say that every site in [-1, 1] i has a chance of O(N®™!) to hold one particle. These
particles are partitioned into red particles and blue particles according to whether they are alive
or dead respectively. Initially, all the particles are red. Each individual produces offsprings
at their neighbourhoods (with in distance N or distance N~ in the renormalized space
[-1,1] ) following a Binomial distribution Bin(2N, 1/(2N)). In other word, each particle will
independently follows a law of critical branching random walk. Since the branching random
walk is critical, i.e. the expectation of offspring is exactly 1, the fact that there are O(IV a-1y
particles on each site will not change too much during the propagation. The branching
random walk will finally become extinct as we know from Athreya and Ney (2004). When we
introduce vertical connection as in Figure 2.1, the system contains a phenomenon of attrition
that one site can be visited at most once. The red particles are killed by attrition and become
blue particles. More precisely, the offsprings of blue particles are still blue and if a site x has
been visited in the past, then the offsprings of red particles that are produced at x become blue.
The critical branching random walk will last for O(N?2%) time units (generations) (ref. Athreya
and Ney (2004)). Up to extinction, the chance of dying for any particle caused by attrition
become O(N3¢71). Over this period of O(N?%) time units, the cumulated blue particles is
of magnitude O(V' -1y Hence if & = 1/5, the total attrition is O(1). The rigorous proof of
Theorem 2.4 is by using renormalization argument in Chapter 4.

The similar question about the critical exponent as in Theorem 2.4 arises when A > 1.

Theorem 2.5. Suppose A > 1 in (2.1), then the critical vertical interaction ise(N) = e *. That
is there exist positive constants Cy and C, such that when x < Cy, there is a percolation and
when x > Cy, there is no percolation.

The proof of Theorem 2.5 is based on properties of supercritical branching random walk and
renormalization argument. We will show them in Chapter 5. Before showing the results, in the
remaining part of this chapter, we will give a short introduction about the tools we use in the
proof.

2.2 Stochastic comparison

In many proofs, we use the terminology stochastically dominance. In this part, we will give
some background on stochastic comparison and the idea of coupling.
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Definition 2.3. Suppose X and Y are two real-valued random variables on (Q,%,P). X is
stochastically dominated by Y noted by X <Y if

P(X=zx)<P({Y =zx) foranyxeR.

For example, if X ~ Binomial(n,, p) and Y ~ Binomial(r,, p) where X, Y are independent and
n < nyp, itis easyto seethat X < Y.

Lemma2.1. X <Y ifand only if there is a coupling (X,Y) of X, Y such that

PEV (X <¥)=1.

The idea of stochastic dominance can be extended to the interacting particle system (ref.
Chapter II of Liggett (1985)). Suppose X is a compact metric space with a partial order. For
example, X can be {0, 115 or{0,1,---}5, where S is a finite or countable set. Let .# denote the
the class of monotone functions on X such that for f € .4, f(n) < f(n') whenn <7'.

Definition 2.4. Suppose (i1, |12 are two probability measures on X. py < uy if

[ s = [ rawe

forany fe .

A Feller process {1} ;>0 on X with semigroup S; is monotone or attractive if one of the following
two conditions hold:

a) fe/ implies S;f e 4 forall t=0.

b) py < uo implies p; Sy < pp Sy forall £= 0.

Using the same notations as in the Introduction, let {G}>¢ be the envelope process on
X =1{0,1,---}2. G(x) € Z* is the number of particles at site x € Z and at generation k € Z,.
G (x) € 10,1} is to indicate if the site x is occupied by particles or not. Hence Gy < Gy, given the
same initial condition. Now we start to construct the true horizontal process {Gi} =0 0N X.
Particles are partitioned into red (alive) and blue (dead). Gy and Gk are both the collections of
red particles at generation k. For Gy, each particle produces offsprings at their neighbourhood
within distance N following a Binomial distribution Bin(2N, 1/(2N)). However for Gk, after
each generation, multiple (red or blue) particles at site x, if any will emerge into one (red or
blue) particle and if there are blue particles, the emerged particle is blue. This is the first level
of attrition. The particles in Gy can be killed by the second level of attrition following the rule:
if site x at generation k has been visited by red particles in the previous generations, then the
offsprings of red particles that are produced at x become blue. The offsprings of each particle
inherit their colors. Given the same initial condition, Gy, is stochastically dominated by Gy
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because of these two attritions, merging and killing. Notice the initial condition allows the
existence of blue particles.

If we replace the state space S from Z to the rescaled space Z/N'*¢, this stochastic comparison
can be observed from the inductive construction of é ne

2.3 Stochastic partial differential equations

As we can see, the asymptotic densities in Theorem 2.2 and Theorem 2.3 are solutions to
some SPDEs with W being the space-time white noise. In this section, we will mainly refer
Walsh (1986) and the lecture series An Introductory Course on Stochastic Partial Differential
Equations given at EPFL by Marta Sanz-Solé in 2016 to give a rigorous meaning to the SPDEs.

Consider the following equation
Lu(x) = b(ux)) + o (ux)Wx), xe OcR™ (2.4)

satisfying certain initial conditions and (or) boundary conditions. Here b,0 :R — R, L is a
linear differential operators and W is a random turbulence. In our case, we only consider
when O = [0, T) x D (T can be infinity) which is any subset of R x R% and & = % —cA,ceR,
is the heat operator. We first want to make clear the meaning of the random turbulence W.

Suppose G is the Green function of £ such that

$G=5{0}.

For example, the Green function for &£ = % — A when d =1 is the heat kernel

2
e 4,

G(t,x) =

At

Then the unique solution to
Lu=f,

when f is a distribution with compact support, is given by convolution u = G * f. This helps

us to state the mild solution to (2.4) is of the form (ref. Chapter 3 of Walsh (1986))

t t
u(t,x)zlo(t,x)+f [dG(t—s,x—y)b(u(s,y))dsdy+f fdG(t—s,x—y)W(ds,dy), (2.5)
0 JR 0 JR
where ,
Io(t,x)sz G(t,x—=y)uo(y)dy
0 Jre

is the initial data. Our second objective is to give a meaning to the stochastic integral, i.e. the
last term in (2.5) which we will use to represent some quantities. For simplicity, we let b =0 in
the following argument.
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2.3.1 White noise

Let v be a o-finite measure on R* and @f(IR{k) = (B € B[R") : v(B) < oo} be the o-algebra
generated by finite Borel sets.

Definition 2.5. A white noise defined on probability space (Q, %,P) and based on v is a Gaus-
sian random field (W (A): A€ 9B f(IRk)} measurable with respect to F with mean E[W (A)] =0
and covariance E[]W (A)W (B)] = v(An B).

Suppose k =1 and v(dx) =Ig, (x)dx, then define white noise {W(A) : A€ B¢ (R)} based on v.
Notice that
Bt = W([O) t]), t=0

is Brownian motion.

Proposition 2.2. White noise on R* has the following properties.

1. IfAnB =, then W(A) and W (B) are independent.
2. fAnB=yg, then W(AuUB) = W(A) + W(B).

3. If An 1 Awith A, Ay € Bp(RF), Y n, then W(Ap) — W(A) in L*(Q, F,P).

Notice that these properties are very similar to those of Brownian motion when we replace A
or B by time interval [s, t] on R;.

For A€ % (R"), set
W) = W(A).

Then for any simple function h = Z?Zl cil4, where ¢; e R and A, ---, A, are disjoint, we can
define

n
W(h):=)_ c;W(A).
i=1

From this, for any 4 € L?(R¥,v), we can define W (h) in the terms of an integral:
W(h) = fk h(x)W(dx).
R

Proposition 2.3 (Wiener’s isometry). The Gaussian random field {W (h), h € L2(R*, )} are with
mean E[W (h)] = 0 and covariance E{W (h)W (g)] = (h, 8) [2(RE v)-

Notice that {W (h), h € L*(R¥,v)} can be extended to a stochastic process with index h € H,
where H is a real separable Hilbert space with inner product (., -) 7.

Definition 2.6. {W (h), h € H} defined on (Q), &, P) is an isonormal Gaussian process on H if for
anyh,ge H
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1. W(h) ~ A (0,1RI3).

2. EIWhW (@) =(h,8) H.

If H=L2R, xR, dt x dx), then
E[W(p)W (yv)] :fo dtqub(t,x)u/(t,x)dxz (O, V) H.

The Gaussian process induced by L?(R, x R?,dt x dx) is called space-time white noise in R%,

2.3.2 Walsh stochastic integral

The Walsh stochastic integral integrates a class of predictable processes with respect to a
martingale measure.

Definition 2.7. Predictable processes are defined in the following way.

* Denote B,(R?) the set of bounded Borel sets inR%. (Q, %, P) is a probability space with
increasing and complete filtration (%) 1= The o-field in [0, T] x R? x Q generated by

{(r,t] x Bx F: B€ B,[R%),F e F,}
is called the predictable o -field.

* A process measurable with respect to predictable o -field is called predictable process.

Definition 2.8. A stochastic process {M(A), A€ %b(Rd), t = 0} with values in L*(Q) is a mar-
tingale measure if

1. Mp(A)=0,Y A€ By[RY).
2. Foranyt >0, M;(-) is a o-finite L*>(Q) -valued measure in %;,([R%).

3. Forany A€ B,(RY), (M;(A), t >0) is a martingale.

The covariance functional of M is defined as
Qum([0, 1] x Ax B) = (M(A), M(B)),

for any A, B € %, (R%). (-,-) denotes the quadratic covariation of the martingale.

Let (W(¢), ¢ € L>(R, x R?, dt x dx)) be the space-time white noise. For A € %;,(R%) and t =0,
set
My (A) := WTjo,nxa) = W([O, £] x A).
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{M,(A),t=0,A€ By R} is then a martingale measure. The covariance functional is
Qm([0,£1 x Ax B) = t|{ANBI.
For elementary function g : R; x R? x Q — R of the form
8(s, X, ) =Ip,u (8) xTa(x) x X (w),
withO<r<u,Ac %Bp (R%) and X is a bounded random variable in Fr.
The stochastic integral of g with respect to a martingale measure is
g-M:R, x B,(RH)xQ—R

defined as
(§-M)¢(B) = X(w) (Miny(ANB) — Mpr (AN B)),

where t =0and B € %b([Rd). It has variance

El(g-M):(B)*]1 =E

t
f f 8(s,x)g(s,)Qum(ds,dx,dy)
0 JAnBJANB

=E[X?’l(unt—rAD|ANB.

Definition 2.9. A martingale measure M is worthy if there exists a o -finite measure Ky on
R, x RY x R satisfying:

1. Kp([0, t] x - x -) is symmetric and non-negative definite.

2. Forany A B¢ %b(Rd), {Kpm([0, ] x Ax B), t = 0} is predictable.

3. Forany T >0, E[Kp([O, £] x E;, x E;))] < coV n, where {Ey, n € N} is a partition of R4,
4. Forany A,B € 8,(R%) and t =0,

Qum([0,t] x Ax B) < Kp ([0, £] x Ax B), a.s.

We then use this dominating measure to define the norm || - ||+ s s.t.

||g||2+,M=EU0 fRdedIg(s,x)l-Ig(s,y)IKM(ds,dx,dy) ,

and the space
P, v =18 R, xR?, g predictable,, ||g ||+ < oo}

Theorem 2.6 (Walsh theorem). If M is worthy, (2« u, | - I|+,M) is a Banach space and the set of
elementary functions & is dense in 2, ;.
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Thanks to Walsh theorem, the stochastic integral of elementary functions can be extended to
any g € 22, ;. We use the following notation for integral:

t
(g'M)t=(g~M)t(Rd)=fo fRdg(s,x)M(ds,dx).

2.4 Martingale problems

We will represent the solutions to the SPDEs in Theorem 2.2 and Theorem 2.3 with a martingale
problem approach. In this section, we will give a short introduction to the martingale problem.

We start with the Lévy’s characterization of Brownian motion.

Theorem 2.7. Let M be a continuous local martingale with quadratic variation (M) = t. Then
M is a standard Brownian motion.

As aresult of Theorem 2.7 and the Doob decomposition, we can characterize Brownian motion
in a martingale problem way.

Corollary 2.1. Suppose M is a continuous local martingale and M?(t) — t is also a continuous
local martingale, then M is a standard Brownian motion.

This characterization can be extended to any Markov process. Let {X(¢),t = 0} be a time-
homogeneous Markov process on (Q2, &%, P) with values in E. For bounded function f, define
the semi-group {T'(t), t = 0} of {X(¥), t = 0}

T(Ofx) =E[f(X(s+ )| X(s) = x].

The (infinitesimal) generator of {X(?), ¢ = 0} is a linear operator o acting on a class of suitable
functions f : E — R such that

T f(x) - f(x) ~ lim E[f(X(8) | X(0) = x]
t £10 t )

o f(x) =1;ﬂ)1

The set of functions f for which the limit above exist is the domain of «/ denoted by D(«/).
When E = R?, the set of twice differentiable functions with compact support CE (R c D(<f).

Definition 2.10. X is a solution to the martingale problem for linear generator <f if and only if
X is{F}-adapted and

t
f(X(l‘))—f(X(O))—f0 o f(X(s)ds
is an {%}-martingale for any f € D(sf).
For a diffusion process on RY,
dX () =bX()dt+o(X(1)dB(t), (2.6)
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2.4. Martingale problems

where B is a m-dimensional standard Brownian motion and
b:R? - R? g :RY — R,

Denote a(x) = o (x)o T (x) € Rdx”l, then the generator of X is

1 0° 0
=_ i i1(%) ——— i () — , T 2(RY
o f(x) 215I.E'js”la](x)(3 7 jf(x)+1S§i$db (x)a if(x) or f € C,(RY)

which corresponds to the drift term of f(X(¢)) by Itd formula and as a result of which

t
FX @) - f(X(0)) _fo A f(X(s)ds

is a martingale. Notice that to characterize the solution to (2.6), one needs to describe the
drift term fot b(X(s))ds and the noise term fot o(X(s))dB(s). For the noise term, besides the
martingale property caused by {B(t), t = 0}, one also has to characterize the quadratic variation
of the noise as in the Lévy characterization. The generator « of X can catch these features
and equivalently if

t t
M(1) :X(t)—X(O)—/ b(X(s))ds and Mi(t)Mj(t)—f a;j(X(s)ds
0 0

are continuous local martingales, then X is a solution to the martingale problem for <.

To characterize the solutions to (2.2) and (2.3), we also need to maintain the martingale
property and the quadratic variation of the noise term. {u;(x), t € R;, x € R} is a solution to
(2.2)ifforany ¢ € CE (R) we have that

tr
my(¢p) =f¢(x)ut(x)dx—f¢(x)f(x)—fo fEAd)(x)us(x)dxds

is a continuous martingale and

t
m () - fo f G*(X)us(x)dxds

is also a continuous local martingale. The solution to (2.3) is characterized in a similar way,
but one more term is added. For any ¢ € C2(R),

t 1 t prs
() :f(,b(x)at(xdx)—fgb(x)f(x)dx—fo féAgb(x)zjs(x)dxds—fo fo f(/)(x)as(x)ar(x)dxdrds

is a continuous local martingale. The last term above is to eliminate the phenomenon of x in
Figure 2.1.

t
w2 () — fo f G* () ls(x)dxds

is also a continuous local martingale.
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2.5 Renormalization argument

In this part, we will introduce a different aspect of probability theory which is not related to any
stochastic integral but plays a very import role in the field of percolation. The block argument
is a tool to investigate the behaviour of percolation at criticality and in the supercritical case by
renormalizing the lattice on Z¢. Instead of dealing with every site on Z¢, the idea is to treat the
vertices on a renormalized lattice space, where every vertex represents a large block of Z¢ sites.
These blocks are disjoint with each other. In the renormalized lattice, we can define a block
to be good if the paths inside this block satisfy certain conditions. We can then compare the
percolation on the primitive space and the classic oriented percolation on the renormalized
space. The introduction of oriented percolation and the comparison argument in this section
mainly refers to Durrett (1995).

Let
Ly={(m,n)eZxZ,: m+ nisevenj.

%y is made into a graph by drawing oriented edges from (m, n) to (m+1,n+ 1) and to (m —
1,n+ 1). Random variables w(m, n) € {0, 1} whether indicates site (m, n) is open (w(m,n) = 1)
or closed (w(m, n) = 0). We say that there is an open path from (m, n) to (m’, n’) if there exists
a sequence of points x, = m,---,x,y = m’ so that |x;—x;_1|=1,n< < n’ and w(x;, 1) = 1 for
n <1< n'. This open path is denoted as (m, n) — (m', n’). Figure 2.2 shows an example of the
oriented percolation on %.

In the settings above, the state random variables w(m, n) are independent. However, in most
cases, it is very difficult to define completely disjoint blocks but the dependency within finite
blocks does not matter too much. To use the comparison argument, we need a more general
set-up by introducing dependencies between w(m, n).

Definition 2.11. w(m, n) are M-dependent with density at least 1 —y if the sequence of sites
(m;,n;y), 1 <i<Iwithl|(m;,n;)—(mj,nj)le > M fori # j satisfies

P(w(m;,n)=0forl<si<I) <y VI

To be consistent with the notations in section 2.1, given an initial condition Gy € 2Z = {m:
(m,0) € £}, we define a process

Gy :={m':(m,0) — (m/, n) for some m € Go}

which are the open sites at time (generation) n. We denote GY as the process when the initial
condition Gy = {0} and let
o ={(m,n):(0,0) — (m, n)}

be all the open sites that can be connected by an open path from (0,0) i.e. 6o = Upen GO x {n}.
%) is called the open cluster containing the origin. Percolation occurs when || = oo i.e.
the open cluster containing zero is infinite. One main result in oriented percolation says the

24
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(0,0

Figure 2.2 — Oriented percolation on %

relation between {|%6p| = oo} and the density y.

Theorem 2.8 (Durrett (1995)). Ify < 6~4CM*D’ hen

. 1
P(16y| < 00) < 55y 1/ @M+ o 50"

The idea to prove Theorem 2.8 is heuristically simple. Since the size of 4} is finite, there is a
contour of closed sites surrounding 6y and prevents it from percolation. The probability of
the occurence of such a closed contour of length n can be bounded by £(y)" where £(y) tends
to zero as y — 0. Moreover, the number of such contours of length 7 is bounded by 3" since
any site has at most 3 edges except the potential edge connected in the open cluster. Then

P(€lp<o0) < Y 3" e
n=4

Some meticulous work should be done to deal with the dependencies and estimate £(y).
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Comparison argument

The example in Durrett (1995) can help to make the comparison argument clear which is quite
similar as we will do in our renormalization argument. Suppose there is a translation invariant
finite-range process ¢; : 7% - 10,1},

Example (Contact model). Suppose (1) =0 is a continuous time Markov process on {0, l}Zd
with generator

AfE&) =) cxO(fEH-f©®),

xez4

where

» if y #
£ (y) = Sy 'lfy X
1-¢(y) ify=x

denotes the switch of state at x € 7% and c(x, &) is the transition rate.

When the transition rate

c(x,8) =

/12)/~x€(y) lf’f(x) =0
1 ifé(x) =1,

(& 1) =0 is called contact process with rate A > 0.

We now assume this process (¢ ;) ;>0 satisfies some good property (defined soon) for example
when the contact process has a supercritical rate A > A, and compare it with the oriented
percolation. The good collection of ¢ is defined as

Gs = {(50 (-1, L]d)| > K, supp (&) < [~4L,4L)% for ¢ € [0, T] and |§T (02210, [—L,L]d)( > K}

where 0 ,¢(x) = ¢(x + y) is the translation of ¢ by y. Suppose P(G¢) = 1 —7. In other words, G
means that if £ has a pile of K 1'sin [ L, L)% at time 0, then with probability more than 1 -7, ¢
has a pile of atleast K 1’sin [-L, L4+ 2Le; and [-L, L4 - 2Ley attime T. Figure 2.3 shows a
graphical representation of this good property.

Let M = 4 and the space-time regions
Rpn=(@mLe;,nT)+[-4L,4AL1% x [T, T.

correspond to points (m, n) € £. Under this renormalization, R, , and R, are disjoint if
n#n'Ym,m' or n=n'but|m—m'| > 4. If the good event G¢ happens in R, ,,, then we draw
an arrow from (m, n) to (m+1,n+1) and (m—1,n+1). More formally, let

X, = {m: (m,n) e %,

Enr (O‘gmLel [-L, L]d)| = K and ¢ is supported in Rm,n}.

We can then define random variables w(m, n) on £ so that {X,;} dominates an M-dependent
oriented percolation with density at least 1 —y. This means that if y < 649, then {w(m, n)}
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time

/gﬁ /gﬁ

¢ 2T

Ry,
e I
—2Y 6L
Ropo

/gﬁ

e 0

—4L —L L 4L

Figure 2.3 — Explanation of good property

percolates in % and hence ¢ survives with a cluster of infinite connecting 1’s
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Weak Convergence of Our Systems

This chapter is mainly to show Theorem 2.2, the weak limit of the envelope process and
Theorem 2.3, the weak limit of the true horizontal process. These two proofs refer the idea
in Mueller and Tribe (1995) by first defining the martingale problem of the discrete system,
doing several moments estimations and showing the final tightness criteria.

3.1 The envelope process

Since the proof of our main theorem involves the scaling limit of the process ¢, as in Lalley
(2009) we are led to consider first the situation of the corresponding branching random walk,
as our 'envelope process’, and we first study its scaling limit in Theorem 2.2. This result
should probably be contained in the literature, even if not stated exactly as convenient for the
consideration of our true model in Section 3.2; the ideas are contained in Mueller and Tribe
(1995).

Before studying the asymptotic behaviour of the process, we first study that of an envelope
process. In this section, we consider the state function &, (-) : Z/ N I+a _, 7. . The mechanism
of this envelope process is as follows. The number of particles at site x will increase by 1 if
one of its neighbours branches following Binomial(2 N, 1/(2N)) and then chooses x uniformly
among the 2N neighbours. It can be written as

<&y
§n+1(x) = Z Z 77,141}_,_1()/;35);

y~x w=1

where (17}, , (¥, X)) w,n,y,x isan i.i.d. sequence of random variables with distribution Bernoulli(1/(2N)).
The horizontal process &,(-) : Z/ N'** — {0,1} analysed in Section 3.2 is dominated by this
envelope process in two senses: &,(-) does not allow multiple particles at one site and any
visited site cannot be visited again. At the end of this section, we will show that the probability

of multiple particles at one site i.e. {,(x) > 1 is quite small, of order O(N?@=1) which is
negligible when a < 1.
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Chapter 3. Weak Convergence of Our Systems

The main result of this section is that the asymptotic density of the dominating envelope

AS|rnza)) (x) = 2N y;cfuNmJ ()
with initial condition A(¢p) converging to f in % follows the following SPDE (recall Theorem
2.2):

R = Laup+ Wt )
u0=f,

where f is continuous and compactly supported, and W is the space-time white noise. We
have already introduced the necessary ingredients like SPDE and space-time white noise in
Section 2.3.

The idea of the proof is to write the mechanism as a martingale problem, then introduce a
Green function representation (see (3.7)) to simplify the approximate density. The tightness
criteria in Ethier and Kurtz (2009) can be applied to get the weak convergence. We will follow
the blueprint of Mueller and Tribe (1995) to show the tightness.

Before starting the proof, we first explain the notation used in the following sections. For f, g
functions on our discrete space Z/ N'*%, we write, whenever meaningful

(f,8) = NM —= > fgw)
Similarly, for f, g defined in R, we write
(r.g)= [ reax

Define the discrete measure generated by ¢, as

n Nza an(x)6

and for a function f and measure v, we write
(= rav

for the integral whenever it is well defined. In Lemma 3.6, we will see that for any test function
f which is bounded with compact support

(f, A&p) = (f,v)) — 0in 2.
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3.1. The envelope process

We define the amplitude of a function around a neighbourhood as

D(f,0)(x) =sup{lf(y) — f(x)|: 1y — x| < b}. (3.1

3.1.1 Martingale Problem

Suppose ¢ (x) is deterministic and with a finite (depending on N) support. Rewriting the
mechanism of &, (x), we have

n(y
Epr1() =) ) (nn+1(y,x) ) Zén(y)
y~x w=1 2N y~x
= Z Z (Tln+1(%x) ) Z(fn()’) $n(X) +En(x).
y~x w=1 y~x

The first term will contribute to the space-time white noise part and the second term will
contribute to the Laplacian in the SPDE.

Take a discrete test function ¢™ (k, x) for x € Z/ N'*¢ (gbjly(x) =Nk, x)). pN(k,x) :Nx Z/ N+
satisfying the following conditions:

[TN?)

k; (Y —pp 1, 1) < oo,

1 LT%MJ (3.3)
= (PN +1p%1%,1) < co.

[TNZJ = k k
Summation by parts and (3.2) give
Y, oN) = N2a Y En(0ph (x)

N2a25n(x)(¢n (X) = 1 () + N2a25n(x)¢n 1 (%)
=N, o —n D+ Wh N )+ NMZ Y En1 () —En1 ()P (x)

y~x
$n1(y)

NzaZZ Z Al l(x)(nn(yyx) )

X y~x w=1

where we use the decomposition (3.2) in the last equality. Denote Ap f(x) = ];7—12\‘; Y yx( fy) -
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f(x)). Summing by parts again, we can obtain

WY M) = AL o) = vy =) + (Vi NT2¥Apgh )+

1 5;171(y) N w 1

X y~x w=1

= Vi, Pp — N 1)+, N2 Appy ) +dn (@),

where
1 fn—l (_V)

1
G = m L L L o (o= o). 5.4)

X y~x w=1

Summing up n from 1 to m, we get a semimartingale decomposition
m-1
WM — (AL, b)) = VI N =N D+ Y (WY, oY =N |+ N 22 Apd) + My (™), (3.5)
i=1

where we use the identity (vIV, N"2%Ap¢N + ¢V) = (A&, pN).

My (pN) = i di(¢"N) is a martingale with square variation

(MGM)ym =Y Exrdy

k=1

3 1 N 1
- kgl o N1+a ;;xfk—l(y)((l)k_l)z(x) (1 _ gv)

m . llo N (3.6)
= =1 2N1+4a ;J;ka_l(y)(nbk_l(x)

m i llo
- ]6231 (Ak-1, 1)

k=1

For any x € Z/NY let wf(x) > 0 be the solution to

vi-wi, =N Ay
yE(x) = 1x ~ 2).

The solution of this equation is % = N'**P(S,,; = x — z), where S, = * Y, with (V3) ii.d.
uniformly distributed on {i/ N'*%,|i] < N}. Ap can be seen as the generator of this symmetric

random walk S,, with steps of variance %N‘za and E[Y?] = 513‘4{1, where c3(N), cs(N) — 1.
% (x) behaves asymptotically as p(sf}—zta, z — x), where p(¢, x) is the Brownian transition proba-

bility density.

We apply (3.5) with test function ¢§€V =¥ ,— for k < n—1, so that the first drift term vanishes
and (vj,y NOE (v],y , 1//3) = A(&y) (x). Thus we obtain an approximation

ASn)(X) = Vo, W) + My (yry,_), 3.7

32



3.1. The envelope process

where My (yy,_) = Li_, dr(y; _,) and di(®) is as in (3.4). Proving tightness of A(§|;nza)) is
equivalent to proving that of M| py2«;. We first show some estimations on ¥, and the moments
of A(¢,), which will be used in the proof of tightness.

3.1.2 Estimations for showing tightness

Estimations of characteristic function

First, we need some bounds on the distribution function of S;. Recall that S; =Y le Y;, with
Y;’s i.i.d. uniformly distributed on {i/N'*%,|i| < N} and p(t, x) is the transition probability of
the standard Brownian motion.

Lemma 3.1. There exists m, such that for N=m and any t €N,

1+ _
N aP(St = y) - (3N2“

y)' <CN%t 3, (3.8)
where c3 is the constant in Section 3.1.1 that tends to 1 as N — oo.

The proof follows from Mueller and Tribe (1995) and Bhattacharya and Rao (1986), and the
inversion formula of characteristic function in Durrett (2019).

Proof. Ee!"St = p’(u), where p(u) = Ee'*Y .

1 —iuk
Z eN1+a +eN1+a
g (et e

;(gfos(;ifa))

czu? caut

=1- + r,|r|<1
21.3N2a  4].5N4a

This directly gives that for u < N%/2,

lp(u)] < ex (— Gsu* )
PRVT=E&XPI =15 N2a |

and for u= N%/2, |p(u)| < 23/24 for N large.

Moreover, with the help of Theorem 8.5 of Bhattacharya and Rao (1986), for u < N%/2,

c3tu? _ c3tu?
Pt(u) —€xp (_6]\]—2(1) <Ct 1eXp (— 6N2a ) .
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Follow the inversion formula Durrett (2019),

ﬂNl+a

N““P(St:y):gf v e'“pl(wdu,
—7T +a
c3t 1 P
plrat)= 5 e ¥

The difference satisfies

cyt 1 [ o Nt _an?
|N1+“P(st=y)_p(3]3ﬁ,y)|s—f e Svmdm;fo o' (u) — e~ o |du

T ”NH-a

1 (o] _03[u2 1 aN'te ‘ _03tu2
s—f e 6N du+—f lp" (W) +e @ du

7T JaN1+e T JNe/2

c: tu2

pt(u) —e &N [ duy

1 N?/2
+_f
T Jo

1 (S8 _c tu? 23 t 1 N%/2 ¢ tu?
s—f e on du+N1+“(—) +—[ e v du
T JNe/2 24 Tt Jo

_ _ gt _t _3
<Ctr 'N% 2 + N'*% 21 + CN%¢ "2,

N aP(:;[— ‘/)_l7 —2 ,‘/ <(:(N1 ae 24 l\lat 2).

Because of (a) in the next lemma and p(t, x) < t~Y2 we have

c3t

N'™P(S, = y) - p(3N—20‘

,y)‘sCN“t‘?

Estimations of %,
With the help of Lemma 3.1, we can get the estimations on 4.
Lemma 3.2. We have the following estimates on y?,:

@ Wi D=1lyillo<CN* Vk=0.

(b) (%U/fthaJ) =CWA, DNey(z) foro0<t<T.

© Iyl < CAer () Nk 2.

(d) For|x—-yl<1,
CWk 1 1 a 3
||1//)]g—1//%||,1 <C(A)en% gy (x) (Ix—ylik_iN“ + N2 k‘E).

@ Ny —wylx< C(A)e%e;t(y)N% (|k_ 12175 + k‘%),
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3.1. The envelope process

Proof. (a)

a

. 1 N 1
1) = N ot~z = —S1(x~z)=1.
(Wi, 1) Nlm; 51~ 2) ZN; (x~2)=1

The second statement is because P(Xj = y) < ¢/ N for any y.

(b)

1
(er, vy = N ; ey () (x)

=) eA(P(Sp1 = x-2)
<2e1(2)) €M P(Sp41 = 1)

<2e,(z)(EetV)*!

2 i+l

< Ze,l(z) (]. + W

A2(t+ 1))

<2e)(z)exp ( 3NZa

(c) By (3.8) and p(k, y) < Ck~'/2, we have

NP, = y) < C(N“k‘% +N“k‘3),

then,
0 a —,l a _3
wk(y)sC(N (k+1)72 + N*(k+1) z).
Therefore
lyZla < CA, Thea(2) N2,
(d) For |x| = 1,

P(S;p=x) < N UH9Pp(S, > x| - 1)
< N~ ® exp(—u(lx| — 1)Eexp(uXy)

< N0+ exp(— ] — 1) exp [ oK
< p(—u(|x exp| s |-

Hence, for |[x—z| =1,

; u’k
wk(z) < exp(—ulx — zl|) exp (m) .
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This gives that for |x — z| = 2,

i 2%k
Vi(2) + Y (2) < exp(~2A1x - z[) exp (—3N2a) -

From (3.8) and |p(¢t,x) — p(t,y)| < Ctlx- yl, we have
Iy —wllo < C(Ix—lez"‘k_l +N“k‘%).
So,

lyi—vyilia< sup Cllyi—v}lloer(z)

|x—2z|<2

Ck
+ sup min(HUIi—i//ZIIo,e N2a exp(—2/1|x—z|))e,1(z)
|x—2z|=2

ik 1
< C(V)e v ey (x) (nw’,g—u/{no + ||w;§—wi||5)

< CeCWHFIN" o (3) (|x-y|%k—%1v“ +N% k—%).

(e) By using |p(t,y) — p(s,y)| < C|t— s|s73/? and (3.8), we have
Iy —w]llo = C (k= 1172 N+ Nk~ + N®173 ).
Similarly as the argument in (d), we can get

y y CVk a 1.3 _3
) —w i < Che e e,l(y)NZ(Ik—ZIZI .y 4).

Moment estimations

Recall the Burkholder-Davis-Gundy (BDG) inequality for discrete martingale (see Beiglbock

and Siorpaes (2015)):

p
E(sup |M;|P) = C(p)EM)},

1<is<t

where (M), = Z,tC:lEk_l(d,%),dk = My — Mj_; and 1 < p < co. The notation E;_;(-) means

conditional expectation given Fy_;, where F =0 (¢, j < k).

We will use the discrete Gronwall inequality several times in the proof of moment estimations.

Lemma 3.3 (discrete Gronwall inequality). Let {y,}n=0,{fn}n=0 and {gn}n=0 be nonnegative
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3.1. The envelope process

sequences such that
n-1

Yn<fn+ Z gk Yk, forn=0. (3.9)
k=0

Then,
n-1 n-1
an+kagkeXp( > gj)- (3.10)
k=0

Jj=k+1

Proof. Define
n-1

Gn:=[]A+g)),
j=0

then following mathematical induction, we have

n-1

G,=1+ Z ngj,
=0

for n =0 and more generallyforO<k<n-1,
n-1
Gn=Gr+ ). g;Gj. 3.11)
j=k

Based on (3.11), we give the exact solution when the inequality in (3.9) is replaced by equality.
Suppose nonnegative sequence {x,},>o satisfies

n-1

Xn = fn + Z 8k Xk-
k=0

Then,

n—1 n—1
Xn=fo+ ) fegr [I Q+gp)=rfu+ Z fkgk (3.12)

k=0 j=k+1 Gk+

Simple proofis as follows. It is obvious that (3.12) holds when 7 = 0. Suppose that (3.12) holds
forany 0 < k< m—1, then

m—1
+ Z 8kXk
k=0

m-1 k-1 Gk
=fm+ ng(kaerjgjr
k=0 j= j+1
~1k-1
=fm+ Z 8kfi+ Z ngf]g]G
k=0 j=0
=fm+ 2: fkgk

Gk+
where we use (3.11) in the last equality. (3.12) follows by induction. If {y,},>0 satisfies (3.9),
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then by (3.12),

n-1 n-1
J’nsfn"‘kagk H (1+g).
k=0 j=k+1

We can conclude Lemma 3.3 by the fact that
1+gj=exp(g;)

forany j =0. O

We then have the following moment estimations.

Lemma 3.4. Suppose the initial condition A({y) whose linear interpolation converges in € to
f that is continuous and compact supported, then forT=0,p=2,1>0

@ E(supgeynes (v, e )P ) < CA, p, £, ).
@) v, ¥9HP <CA,p, fer,(2).

© IEAPE neaDl-ap=CA,p, f,T) fort < T.

Proof. (a) Plugging (,bf.v =e_, into (3.5) gives

n—-1
v, e_1) = (Aép,e_))+ Y (VY N"**Ape_y) + Mp(e_y).
i=1

Since Ape_j < C(A1)e_,, thanks to Holder inequality, we have

LtNZaJ_l p

E( sup (v)en)?)<CApN+CAPE| L W)Ne )| +CRE sup |Mye_pl?
k<|tN?®| ] k<IN
[eN2*]-1 »
<CW,p, N)+CA,p)tP N2 k; E(vy,e-2)” + C(DEM(e-)) [, pua,

The square variation in the last term satisfies

C(/l) LtNZaJ
(M(e-2)}tn2e) < NZa kX:1 (V];X_l,e—za)
LEN??)

<CWmg Y o1+ oy e
k=1
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3.1. The envelope process

Use Holder inequality again, we have

[tN?%) -1
E( sup (vfcv,e_l)”)sC(A,p,f)+C()L,p)t’”_1N_2“ Y EWNe P
k<|tN2«| k=1
p
LeN2) 2
+C(p,}L)E(—N2a k; R e p)?
[EN2%] -1
<CWL,p, /)+CA,p)TPIN~2 kz E(vy, e_n)”
=1
» [EN%2] -1
+CA,p) Tz 'N2* Y E(vy,e_p)?
k=1
[EN2%]—1
<CA,p f,1)+CA,p,f,IN kz E(vy,e_p)?
=1

The discrete Gronwall’s inequality (Lemma 3.3) concludes part (a)

E( sup (VkN,e_,x)p) <CWA,p f, 1.
k<|tN?2]

(b) Let 77 (x) = N' 9P(X; = x — 2). Since Y5 (x) = 55 ¥y~ ¥; (), Vi, ¥5) = (AR), ¥7). Ttis
directly by using (b) of Lemma 3.2 since

o, ¥ = (Aéo, )P
<I1AG)I”, er, wp)?
=CW, p, Nerp(2)

(c) By (3.7) and (b),

IECAP & snze )l -ap < CA, p, f, T) + C(DIEIM nze) (W sn2a) - )P 12 p-
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Chapter 3. Weak Convergence of Our Systems

For the second term above, by BDG inequality,
p
E |M|_[N2“J (u/LtNZOzJ__) | p < E(M('(,UUN20£J_.)> |_2tN2aJ

Y ly || :

[tN22]—k+1

SE( kz N2a (Afk—IIWLtNZ“J—k+1)
=1

LN | N2 — k4 1)72
SE( 5 | £N2%) |

pl2
z N (Afk_l,wL,NzaJ_kH)) (Lemma 3.2 (c))

LEN2T | | N2O ) — 1]z

<Cp,D Y o (EAg(fk_l),w[thaJ_kJrl) (Lemma 3.2 (a))
k=1
N | eNP ) k41072

<C(p,T) Y ~a IEAZ €k-Dll-1p (€Ap) ¥(in2a) k1)
k=1

LN | eN2O) — K+ 1]72
<C(p, T,Vexp(2) ). Na
k=1

IEAP (x-1) +1]-p (Lemma 3.2(b))

LN || EN2O) — k4 1]
sC(p,T,/l)e,lp(z)(1+ > L JNa |
k=1

IIE(Ap(fk—ﬂ)II—Ap)-

This gives that

LN || ¢ N2 | — k41|72
IEAP € enza)ll-ap < C p, f, T)(H k; N@

IIE(Ap(fk—l))II—Ap)-

The discrete Gronwall inequality (Lemma 3.3) completes this proof.

3.1.3 Tightness

In this section, we assume an initial condition so that the linear interpolation of A(¢() con-
verges to f in 6. To get the centred approximated density, by (3.7), let

A ) = A (x) — v, 9.
Lemma3.5. ForO0<s<t=<T, x,yEZN‘(”“), [t—sl<1,|lx—yl<1,A>0andp=2,

El A( o)) () = A spee) ) DIP < CA, p, f, T e p (1) (|x—y|§ +lt—slt +N‘“7”). (3.13)

Proof. We decompose this difference into space difference A(¢ LeNza)) (X) = A 1en2e)) (y) and
time difference A(&|;nze))(y) — A(E |sn2a)) (). First, we deal with the space difference. The
Burkholder-Davis-Gundy (BDG) inequality (discrete version recalled in Section 3.1.2) gives
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3.1. The envelope process

that
P
2

E|A(S | ev2a)) () = AG nea )DIP < BAMW, oo . = W) o D) [y

The constants C(A, p, f, T) in the following proof are generic constants. With a similar argu-
ment as in (3.6),

y
<M(w-|).CtN2aJ_. - thNZLlJ_.)> LthaJ

2a X —w)
NI o) gerr = Weneeg ka1 12

X y
= & N2a (Afk—le—l'thNzaJ—kn +thN2“J—k+1)

By Lemma 3.2 (d),

y
<M(wftN2’1J—' - thNZaJ_.D LeN2e)

LthaJ 2a -1 —a 1 _3a _ _3
< ¥ (LN -k DTENTOx -yl 4 NTE )
k=1

X y
(A'fk—le—/lr‘/’uNZaJ—k+1 +thN2“J—k+1)'
By using Lemma 3.2 (b) and Lemma 3.4 (c),

ElA( | 1n2a)) (X) = ACE | pyza )D)IP

I'thaJ 1 1 3a 3 g
<CAp f,Derp| Y (UN**|—k+1) N %x-yl2+N 2k 3
k=1

It is easily seen that

BIA 1) (0) = AG e YD)IP < CA, p, f, Theap () (1= Y1 T+ N7 ). (3.14)
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Chapter 3. Weak Convergence of Our Systems

For the time difference,

A | inpa)) (1) — A | snea)) ()
= M ¢nea) (WfthaJ_.) = M snea (U’fsNzaJ_.)

1 LN Sk (2) )
:W Z ZZ Z thNZ“J k+1(x)(nk(z x) N)

k=1 X z2~X w=

1 LsN% $k-1(2)
- X zZ,X
N2a k; ;sz le stNZ”‘J k1 )(nk( ) - ZN)
Ls V2] k1 (2) y
w
N2a k; ZZZX wzl Wz O =W ey gy (D) (nk(z'x)_ﬁ)
S TP 1
+— Y (%) (n (z,x) - )
N2e k=IsN2a|+1 X z~X w=1 LEN2e)—ke+1 k 2N
_ @ @ @
MLSNZ”‘J (MLtNZ“J MLSNZ“J)
where the two martingales are
W [sN2] $k-1(2) y y 1
M oy = N2a kz ZX:ZZX WZI (w[tNZO‘J k1 O =V onea) sy ) (nk(z,x)—gv)
and
@ 1 LsN>2] $k-1(2) y v 1
M ey = Nza k; ;;x P ¥ eneaj -1 ) (nk (Z*x)—ﬁ)
For M fli\ﬂa ) weuse the similar argument as (3.6), and get
SNy, — I
1 [tN22 ] —k+1 [sN2e|—k+1 ( y y )
(M) sN2a ) = = N2 ACk-1€- 1V nzay o1 TV (inee) ki1
I'SN2aJ a 3 1 3a 3
< Y (NTEUN® kDT e— sl NTE (LN —k+ 1))
k=1
y y
: (Aék_le_/l’w[tNZ“J—k+l + WLSNZ“J—]C+I) .
By BDG inequality,
1 0y
E[MO., | <BM ) e
[sN2)

[S1aS]

<C(p) Z (NE ANy = e+ 701512 + N7 F (LSNP = K+ 1) 77

[S1as

v v
E (Aék_le_)“thNZ“J—lﬁl +stN2“J—k+1)
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3.1. The envelope process

Writing e_», = e_s1p €3 and implementing Lemma 3.4 (c) give
2 2

||E(Ap/2(fk—1))||_3d7p <C,p,f,T).

Together with Lemma 3.2 (b), we get

(SIS

pl2 y y
SE((A (é‘k_l))e—lz—p’u/Lthaj—kﬁl+w|_sN2“J—k+l)

<CW, p,Deyp(y).

y y
E(A‘tk—le—ﬂ’wltNMJ—kﬂ +w[sN2“J—k+1)

Hence,
2a 2
1 p LsN"F) _a 2a _3 1 _3a 20 _3 :
E‘MBNMJ <CAp,f,Ner,W| Y N E(sN? | —k+ 175t —s|2 + N7 ([tN**] —k+1)75
k=1

<Cp, £, Terp) (1t=s15 + N~ F),
(3.15)
where the second inequality is because of the fact that
LsN?]

Y (IsN?* | —k+1)"% < C(T)N*.
k=1

@ @
ForMLtNZaJ MBNMJ,

p

(SIS

@ _A@
EMLINZ"‘J MLSNZ“J

<E((M@)|;n2a) — (M®P) |sy2a) )

Similar as the argument in (3.6),

LeN?e) g Il
EN2% | —f+1
<M(2)>|_t1\/7’lj - <M(2)>I_SN2“J = L]V+(Afk—le—lﬂl/[m2aj—k+1)
k=|sN?@|+1
LeN?] ~ ) 1 y
< Y (NN -k D7) (AGkre ¥ )
k=[sN2a|+1

Thanks again to Lemma 3.2 (b) and Lemma 3.4 (c),

[£N29] )2
ElM®  —m® P<cip, £, T N~ tN%] —k+1)"2
e = Msnea) | <CA D, £, Deap(y) k:&w (LEN) ) 3.16)
<CW,p, f, Dex, Wt — s’
Summarising (3.14)(3.15)(3.16), we can get (3.13). O

Tightness of { A(¢|;nze)), N = 1} follows from Lemma 3.5.
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Chapter 3. Weak Convergence of Our Systems

Lemma 3.6. For¢:Z/N'"% — [0,00) and A >0,

(v, @) — (AR, §)| < 1D, NN 2 (vy s e-n).

with D(¢p, N~ %) as defined in (3.1).

Proof.
1
(AC, D) = Tg 2 ACH D)
1
= — 2 ) S(P)
2N1+2 T %
1
= W;ygxék(y)@(x) P+ (v, ).
Therefore,

1
vy, ) = (ACg), P)| < STz 2 2 kD@, NI ()
X y~Xx

=Wy, D(¢,N™)
<D, N~ )2 (v}, e_p).

Lemma 3.6 together with (a) of Lemma 3.4 give that

E( sup ||(v55,¢)—(A(6k),<p)||”)sC(A,p,f,T)nD((p,N‘“)nZ.
1<k=<|tN2%2]

This implies the tightness of {(vg Neap ¢),N = 1} for each such test function and therefore the

LeNZa )’
probability one, for all T > 0,1 > 0, and test function ¢ € Cg (R) with compact support, we can

f\l]’NzaJ) and VIL\;NZ“J Such that

tightness of {VN N =1} as a measure-valued process under vague topology. Hence, with
have a subsequence of A(¢

sup [ A(¢{y yea)) = Ul -2 — 0, as N — oo,
t=T

— 0, as N — oo,

f POV |fy2a (dX) = f Px)vi(dx)

sup
t<T

From Lemma 3.6, we can see that v, is absolutely continuous with density v,(dx) = u;(x)d x.
By substituting (/)1,2’ =¢e Cg (R) as the test function with compact support in the decomposition
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3.1. The envelope process

(3.5), we can see that

LN
MY ya (@) = (V] e D) = (AE0), ) — k; ~za Vi Ap®)

is a martingale and every term on the right-hand side converges almost surely by Lemma 3.5.

N .
Hence M £ N2 (¢p) converges to a local martingale

tr
m; () =f¢>(x)vt(dx)—f(l)(x)vO(dx)—f f—Atb(x)vs(dx)ds
oJ 6 (3.17)

rri1
:fgb(x)ut(x)dx—f(j)(x)f(x)dx—[0 [EA(p(x)us(x)dxds,

which is continuous since every term on the right-hand side is continuous. Moreover, from
(3.6),

[EN?%] 1

(Mf\t]NZ“J)2 -2 N2a (Ak-1),¢) (1 - g\f)

is a martingale. As N — oo,

t
m2 () - f f G*(X)us(x)dxds (3.18)
0

is also a continuous local martingale. (3.17) and (3.18) prove that any subsequential weak limit
vi(dx) = us(x)dx solves (2.2). The uniqueness follows from Theorem 5.7.1 of Dawson (1993)
which finish the proof of Theorem 2.2.

3.1.4 Multiple particles at one site

In this subsection, we show the probability of multiple particles at one site is negligible in the
branching envelope. Then, the state function can be reduced from its number of particles to
that it is occupied or vacant. We will first show a property (see Lemma 3.7) that refers to the
weak limit of the envelope process. This is then used to deal with the discrete process.

Let X; denote the total mass of this system at time ¢, that is

Xi=Wy 1) = f u(x)dx.

We then have that

t
X,;=f f\/ us(x)Wids,dx),
0
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Chapter 3. Weak Convergence of Our Systems

and therefore its quadratic variation is (X); = fot J us(x)dxds. Hence

X, = [y VX:dB;s,
Xo =2.

For k =1, let T} denote the stopping time given by
t
Tk:inf{t>0:Xt22korf0 Xsdszzzk}: T AT,
where
t
T, = inf{t >0: X, > Zk}, T, = inf{f Xeds = 22k}.
0

Lemma 3.7. For a fixed initial condition f which is continuous and compact supported satisfy-
ing f(x) =1 for x € [-1,1], there exists constant C so that

P(Ty <o0)<C2 ¥ keN.

Proof. P(T} <o0) can be decomposed as

P(T} <o0) =P (T} <00, T} < T}) + P(T{ <00, T} < T})

(3.19)
<P(T. <o0)+P(T! < T}).

If we denote Hy = inf{¢ > 0 : X; = 0} as the first hitting time of zero then P(T' ,’C <o0) = P(T,’C < Hy),
hence the first term on the right hand side of (3.19) is simply

Xo
P(T]/€<oo)<§.
The event {T} < T} c uf;llA 7, where
T, 6. 92k
A;i =< T <00, ! X, du=—;.
J {1 T]'. u n(k—j)z

By using the Markov property of X;,

T 2k
/ Jj+1 .

J

The total mass satisfies

t
X — X5 :f V XudBu»
s
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3.1. The envelope process

then

E((Xt Xs) |Xs (f Xydu|X

)

Hence we can get
T, .
Ef " X, du<2?.
T
7

From this, the second term in (3.20) can be bounded by using Markov inequality

22k C(k_])Z
(f Xudu_ (k ])2 22(k—j) .
Therefore,
1 CXolk-j)*

P(A)) = 5 =

After plugging in P(T} < o0) < P(T,’C <o0) + Z?;ll P(A;), we have that,

C
P(Ti <00) < .

Corollary 3.1. Foranyt>0,

t
fut(x)dx cmdf fus(x)dxds
0

are finite with probability one.

Then for the discrete state function, we have:

Lemma3.8. ForanykeN andanyxe Z/N'*?,
PEr(x) > 1] Fr1) < (Ag1 (0)* N2,

where {Fy} o is the natural filtration Fi = o ({£;,0 < j < k}).

Proof. In the discrete system, we have

¢ (y)
=) Y n¥yx.

y~x w=1
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Chapter 3. Weak Convergence of Our Systems

Denote N' =Y, §r-1(y) = 2N*(Ady_1 (x)). Given {{x_1(y), y € Z/ N %}, we have

() £ Binomial(N, 1/2N)).
Note Pj_; (-) as conditional probability given Zj._;.

Pi1(k(x)22)=1-Pr_1(§(x) =0) = Pr_1 () =1)

1 N’ / 1 1 N,_l
=1-|1-—| -N—|1-—
2N 2N 2N
N'\?
=(5%)
2N
= N** 2 (A& 1 (x)2

The notation Py_; () means conditional probability given Zj_;. O

Since the branching envelope dominates the true horizontal process, this property will also
hold for the true horizontal process.

3.2 The true horizontal process

The true process we consider is dominated by the branching random walk in the preceding
section (ref. Figure 2.1 in Chapter 2), which means that at each time step, the particles will
move and reproduce following the mechanism of ;. But if the site x has been occupied by
some particle before, then it cannot be occupied again. We denote () €{0,1},keZ,,x€
Z/N'*%} as the mechanism of the true process. It can be expressed as

3 (x)—{l iijSkéj(x):Oandzye,/t/k(x)nk+1(y,x)21,
+1(x) =

0 otherwise,

where A% (x) ={y ~x: ék(y) = 1} having cardinality Ny (x) =%, é’k(y) and (Ng+1(y, X))k, y,x 18
an i.i.d. sequence with distribution Bernoulli(1/(2N)). &i+1(x) can be rewritten as

Srr1(x) = LS e o e (n0)21} (1 - fj(x))
j<k

= )Y MY (1 - éj(X)) + (I{zya,,kmnkﬂ(y,x)zu - TIk+1(J’»X)) (1 -3 &

)

YEN (%) j<k yeENM(x) j=k
m‘arin eI?l'rOI'
=( > 17k+1(y,x))(1— Y §j(x) |+ Ex(x).
VEN(X) j<k

(3.21)

48



3.2. The true horizontal process

The main goal of this section is to describe the limiting behaviour of the true horizontal process
(Theorem 2.3). Recall the SPDE that will be shown to govern the true horizontal process (2.3)
is

6A A A [PN A~ H
{ St =300 — 0y [y deds+/A,W(t,)
i

where f is continuous and compact supported, and W is the space-time white noise. Again,
the meaning of solution to this SPDE and space-time white noise is introduced in Section 2.3.

Remark. For the initial condition, as N — oo, A(€y) converges to a continuous function f
with compact support. Throughout the proof, we frequently choose f such that f(x) =1 for
xe[-rr],r>0.

The proof is given in the next two subsections: we first prove the tightness and that any weak
limit satisfies (2.3), and in Subsection 3.2.2 we prove the uniqueness.

3.2.1 Limit behaviour of the rescaled horizontal process

Similarly to (3.2) and by (3.21),

~ 1 o 1 a
Sk () = gvz'fk(yH > (nkﬂ(y,x)—ﬁ,))(l—zfjm + Ex (%)

YEN(X) j<k

1
—fk(x)+—2(£k(y) e+ Y (nk+1(y,x) ZN)

YEN ()

ZZék(y)fjm Y M1 x) -
2N

y~xj<k YEN(x)

Z &j(x) + Ex(x)

—fk(x)+—Z(fk(J/) o+ Y (nkﬂ(y,X)
yeN(x)

A Y Ej - Y (nk+1(y, x) -

j<k YEN(X)

2

Y &) + Ex ().

: al
N1-a 2N) .

Denote f/fcv = ﬁ e f ¢ (X)0 as the measure generated by f - Choose test function (,bN satisfy-
ing (3.3) and sum by parts,

@)~ 0l = (Y ,</>1,X —¢pl) + L, N2 Apgy )+ d (@)

Y ACkDd V) - a2 (@) + Ec @),
j<k-1

Nla

with the error term

Ex(@™) = —= Y Ex(x)¢} (x),

N2a
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Chapter 3. Weak Convergence of Our Systems

and martingale terms

1 1
dP M) = oY (x) (nk(y,x)——),
k N2a ; k-1 ye%l(x) N
1 1 ~
A2 N =—=Y o) Y (nk(y,x)——) Y, &,
N3 yeNo1(x) 2N j=k-1

Summing k from 1 to n, we can get a semimartingale decomposition

n—1
o) — (Ao), o) = W), o — i D+ Y (0, = + N 2*Apg™)
. k=t (3.22)

n 1 " R n
-y ¥ W(A(ékw’,j,v% + Ma(@d™) + Y Ex(¢™),
k=1j<k k=1

where the martingale M, (") = M’ (¢™) - MP (™) = X7_, (d,(cl) @N)—dP oV )) has square
variation

(M@0 = ];Ek_l @ (@™ - dP (pN))?

2
— - ; £ _ 3 N .2 ( _L)
_kX::l 2N1+4a2x:};xfk—1(y)(l (jSXk:_lfj(x)) )((pk_l) x) 1 N

3.23
n g llo . ) N (3.23)
Sk 1 2N1+4a Zyz C-1 (01— .Xk‘,léj(X) G- (X)
= == .
R T AR n ) A
=) L (A(ék_l),gb)—]'l;/fﬂ‘; kzl ;I(A(ék_l)qbiv_wf’)r
= = &

where we use the fact that ) <k f j(x) €{0,1} to get the first inequality. We first show that the
error term in (3.22) is negligible.

Lemma 3.9. When a <1/3, for t < T, the cumulative error term over time |t N?%|

1 [EN?%]

~E L Y Ex(x)¢y (x) = 0in L* as N — oo.
k=1 x

The test function (/)2’ (x) is chosen as the discrete approximation of ¢(t,x) : Ry x R — R by taking

GN(k,x) = ¢ (%, x) for x € ZI N ¥, where ¢ is compact supported and twice differentiable in
tand x.
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3.2. The true horizontal process

Proof. By Holder inequality,

2

1 LN N po LN MRS
i L SRR =1 2 BT AWl w)
k=1 X k=1 X
T Ly ’ Ny\2
S]\]205 Z ZE(I{Zyeﬂk(x]nk+l()’rx)21}_ Z nk+1(yrx) (()bk) (x),
k=1 x YEN (%)

where in the second inequality, we used the facts that |1 -y <k f j (x)| <1 and, given %,

1+
I{Zyswk(x)flkn(yyx)Zl} - Z T]k+1(y’ x),x€ZIN *
YEN(X)

are conditionally independent. Following similar reason as Lemma 3.8,

E[Nj(x)?]
E(I{Zyeﬂk(x)nkﬂ(yvx)zl}_ Z Ni+1(Y, X) SW'
YEN(X)

Ni(X) =Y y-x fk(y) can be written as 2N“A$k(x). Hence

N>

2
Y Y Ex(0¢y (x)

2a
N =3 =

LEN>?]

T .
E‘ < ch:"1 ;E(Afk(x))z(qbfcv)z(ﬂ

C(A, f, T) LN
= Nlia Z N2a(¢kN,e/1)2 (Lemma 3.4 (c)).

The result follows by using the properties of test functions in the assumption. O

Choosing (,bfc\’ =¥,k as in Section 3.1.1, we can obtain
n

- 1 i A 1
A =Wy -Y Y m(A(fk_l)w’,;_k,ﬁv)+Mn(w’,;_.)+ZEk(w;;_k). (3.24)
k=1j<k-1 k=1

Since é (%) is dominated by ¢ (x), the estimations in Lemma 3.4 also hold for é t(x). Asin
Section 3.1.3, we will use the estimations in Lemma 3.2 and Lemma 3.4 to get the tightness of
A€ 1tN2e)) (X). We assume that the linear interpolation of A(&o) converges to f under in € as
N — oo and let the centred approximated density be

A () = A () - (0, yy).

Lemma3.10. Whena =1/5,for0<s<t<T,x,y€ ZIN'™%, |t—s|<1,|x-y|<1,A>0and
p=2,

EI A o)) () = A spea)) )IP < CA, p, f, Teap (1) (|x—y|§ Fle—s|T+ N‘¥). (3.25)
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Chapter 3. Weak Convergence of Our Systems

Proof. We first deal with the error term and the remaining terms will be shown as in the proof
of Lemma 3.5, where we decompose this difference into space and time differences.

The error term is

1 LeN%)
Nea kZl Y 0 e DB, for z=xor y,
= x/

where
/
Ex(X) =Xy oy o mea(poz1) — Y e ().
YEN(X)

We can decompose Ey(x) = E,(Cl) (x') + E}CZ) (x'), where
E{Y(x) = BIEx (X)) | F,

satisfying

N2
SNk(x)

)E,(CD ) ) < e

y

1- —
2N

1‘( ; )Nk(x’)_Nk(x’)
2N

and
E? (x) = Ex(x) — E[E(x) | F.

With respect to the first term E,(Cl), we have

1 LtNZaJ p

E N2a Z wathaj—k(xl)E/(cl)(x,)
k=1 x

C(p, T) LN AL
= NZC[ Z E wathaJ—k(x’)Ek (x/)
X

Clp,T) NI

S]\]2(Jc+(2—2a)p Z E

p
& ;(Aék(x/))ZW@NZaJ_k(x,))

Clp,T) LA c : . Al
= N2a+G—2a)p kzl E ;(Afk(x NP eneag k() || W e (X
= xl
C(p, T)NI+@(p-1) LIN*]
<

E E
2a+2-2a)p
N2at ) k=1

Z(Aéck(x’))zl’wfﬂvw]_k(x')) (Lemma 3.2 (a))

x!

CA, p, f, )N+ (-1 LeN2)
< ’ ’ )
- N2a+(2—2a)p

(Z VN k(x,)e/lp(x,)) (Lemma 3.4 (c))
k=1 x'

<C,p,f, Dexp(2)N"13YP (Lemma 3.2 (b)).
Moreover,

1 n
M, = NZa kZ S Wik NES (x), n < [EN?).
=1x
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3.2. The true horizontal process

is a martingale. Hence,

LeN2] R
(M) ooy < 5032 kZl 2 (AC LD W oy (XD,
= X

By BDG inequality, we have

1 I_tN2aJ 14

@)
PNz kzl wafNQ"‘J—k(x,)Ek (x)
=1 x

p
2

Cp,7) LN . i
= N(]+a)p—2a(p/2—1) Z E g(Aé‘k(x/))z(ujl_tNZaJik(x/))z

CA, p, T)ey,(z) LN,
L L Derp() Y NT([tN**| - k) 5E

PUCITICD LA D e_u(X’)) (Lemma 3.2 (c))

Np+2a' =
a E_l
C,p, Teyp(2) W o v : ’
s—Npm" Y N7 (tN*) - k)" TE 2 (AP e ap XNy e O || W e ()
k=1 x x!
CA,p, fr T)er,(z) NO+O 7 LN*)
LLhrt Npi’;a Y N7 ([tN**] - k)~ (Lemma 3.2 (a), (b) and Lemma 3.4 (c))

k=1
<CA,pf, T)egp(z)N*kTaP,

where the third inequality is from the fact that (y7,1) = 1 and Lemma 3.4 (c). To get the
estimation of space difference, first we need to deal with

LEN%) 1 . ) N p
X ~
E| ) Z W(A(‘f’“‘l)(wtmmj—k"/’LtNZaJ_k)’Vj)
k=1 j<k-1
1 LN : . . 7
<CpfDeny® | mg 2 2 IN*I=k+D 72N x—ylz + N2 (LN —k+ 1)
k=1 j<k-1

<C@, p’f’ T)eM,(x) (N(5a’—l)p|x_ y|§ +N(4a—l)p)

< C,p, f, Therp () (Jx =y + N7},

where the last inequality is because of a = 1/5. Next, we will use BDG inequality to estimate

LeNze]”

p
2

@ x Y p @), x Y
E|MUN2aJ(WUN2aJ_. WLINZ“J~)| SE(M (WUNZIJJ_. WLINZD‘J’))
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Chapter 3. Weak Convergence of Our Systems

As the argument in (3.23),

2
(M( )(WT_CINZGJ_. - w{tNZ‘IJ—-» U‘Nzaj

1 L x y £ x y oN
= N1+a, Zl <§ lllwl_l’NZ“J—k+l_wl_thu‘Jfch”A(A(é-k_l)e_/l(w[szaJ—kﬁl+thN2“J—k+l)’vj)
= Jj<k—-
L0 -1 1 2a -1 g 2a -3
< Y Y (NTUx-yB N -k )i R+ N (LN~ k+ 1)k
k=1 j<k-1

¢ X y ~N
. (A(ék—l)e—A(WUNZQJ_k+1 + wl_th"‘J—k+l))’vj )

Using (b), (), (d) of Lemma 3.2 and (a), (c) of Lemma 3.4,

1
(A(ék_l)e—/lw)fthaj—k+1)’f/ﬁv) S ||Ap(§k—l)|| p/’Lp(le’NzaJ k+1) y)

1
Pt P ~N X
= ”A (Ek71)||—/1p sup (ef/lvvj )||w|_tN2“J—k+1”/l

1<j<|tN?@]

1
<IAPEDI?,, sup  (e-2, ¥ ea (N (LEN?Y] —k+1)72
Ap . e J
1<j<[tN?“]
(3.26)
Therefore, by using the fact that a = 1/5,

2) X Y P
E MI_tNZQJ (UJL[NMJ_. w[tNZ“J~)|

[NIRS]

LeN>7]
<C,p,f, Deypx)- ( Y N*lx-yl F(LEN2T ) —k+ 1) Yk NE L EN2Y) — k+1)” 4k)
k=1

< C,p, f,T)erp(0) (N5 Plx -yl + N5 P)

=CA,pf, T)e,lp(x) (|x—y|§ + _37‘1?) .

Similarly, for the time difference, we first deal with the drift term

LeN2e) 1 Ly SN 1 .
kgl js;lNl = (A(fk ﬂwUNZaJ k+1"’]) k; jS;lNl a (A(fk l)stNZ“J k+1’ j)
[sN?] 1 <N
= k;l szk:lNl a (A(‘tk 1)(thN2“J k+1 stNZ“J k+1) V])
L£N>)

1 N
+ ) Z Ni-@ (A(‘fk 1)1/’LrN2aJ k+1’V])
k=1sN?e)+1 j<k—1

By (b), (e) of Lemma 3.2, (c) of Lemma 3.4 and the fact that & = 1/5, the p-th moment of the
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3.2. The true horizontal process

first term above can be bounded by

LsN2%]

—1 £ A
k;l ]SZIC_I Nl—a (A(fk—l) (wftNZ“J—kﬁ-l _w{SNZ“J—kﬁ-l) ,ij)

E

p
5

LSNZO‘J 1 3 3 3
<C,p,f, Deapy) ( Y NI - sz (IsN* = k+1) ik + N2 N ([sN* - k+1) ik
k=1

<CA,p,f,Dexpy) (N(Sa—l)p|t_ s+ N(4a—l)p)

<CAp, £, Terp) (1t =s1% + N7).

By (b), (c) of Lemma 3.2, (c) of Lemma 3.4 and the fact that @ = 1/5, the p-th moment of the
second term above can be bounded by

Ltfﬂ Z 1 ( . y N) p
E —— AV, n2a| g Vi
k=|sN2e|+1 j<k-1 Nl-a [EN2e)—k+1" 7 ]
I_thaJ 1 p
=C,pf, T)e,lp(y)( Y N2l(eN2a) —k+1)2k)
k=|sN2@|+1

<CQ,p, f, Dexpy) (N(S“‘”Pu— s|§)

<C,p, f, Deap, (Mt —sl?.

. 2 2 .
To deal with the part of Mf rgvza | (1//)[ /NZa J_.) - M{sg\ﬂa | (V’Lyszvza J_.), we can separate it into two

parts and use BDG inequality.

. @) y Y . . .
The first partis M LsN?a ] (1//L inea)—.~ Visnza) _ ) with quadratic variation

2
<M( )(w{l’NZ“J—- - uji/sNZaJ_,)) LsIN2e)

DU, [ -y, I
LEN20)—k+1 ¥ [sN2%|—k+1 . y y N
= . N1+ (A(Ek—l)e—/l(‘/’umaj—k+1 Ve eV )
k=1 j<k-1
[sN2%] a .
<y (Nr1|t—s|%(LsN2“J—k+1)—%k+N—1‘é(LsN2“J—k+1)‘%k)
k=1

£ y y <N
. (A(gk—l)e—/l(wl_tNthJ_k_'_l + WI_SNZQJ_]C_'_I)’VJ' ) *
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Chapter 3. Weak Convergence of Our Systems

Inequality (3.26) gives us

@ y Y P
E MLSNZO‘J (U/LthaJ_, wLSNZaJ_,))

NS

LsNZe .
<C,p,f, Tex,(y)- ( Y N2 r— 2 ([sN? ] —k+ 1) i k+ N3 ([sN?® | —k+1) ik
k=1

< C(Lp, £, T)eap ) (N5 Ple—s| T+ NZE7)

< CLp, £, T)eap() (NFPIe= 5T+ N75P).

The second part is M®? ) with quadratic variation

Lenea) ¥ nea) ) LsNZa LW e

MO, ooy = Niewzey = MO W, ooy = Disnesy

L) ) I
LEN20 ) —k+1 N
= . T(A(Ek 1e- MI/UNMJ k+1,V])
k=[sN2@]+1 j<k-1
LeN2e]

< Y X NN -k D7 (AGk e a7
k=[sN2¢] j<k—1

Inequality (3.26) again gives us

y @ y p
E ‘M v W eneag ) = Moo (WLtNZ“J—-)’

[£N>?]

SC(A,p,f,T)e;Lp(y)( Y N“‘I(LtNZ“J—kH)‘lk)
k=[sN?%]+1

< CA,p, £, Terp () (N5 Ple=s1%)
<C,p, f, Deap (i —s|2.

Combining with Lemma 3.5, we get (3.25). O

The tightness of A((f |zn2e)) follows from Lemma 3.10, which means that we can find a subse-
quence with a limit #;. Since the true process is dominated by the branching envelope, we
easily see that Lemma 3.6 also holds for the true horizontal process. This implies the tightness
LtN2e] under vague topology. Let ¥; be a weak limit. By substituting ¢, = ¢ € Cg (R) in the
semimartingale decomposition (3.22) and Lemma 3.9, if « = 1/5, we can see that

of ¥N

. LEN2e) LEN2e]
MY\ (@) = (] oe ) ) = (AC0), ) - kzl (¥, App) - kzl ;1 NI a(A(ék 19),99) + O ~*)
= = Jj=<

is a martingale and every term on the right-hand side converges almost surely by Lemma 3.10.
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3.2. The true horizontal process

Hence MY

N2 (¢p) converges to a local martingale

N

1 t t
() = (e, ) = (Yo, ) — ~ f (¥5, Ad) s — f (v f arqb)ds
6 Jo 0 0

t t N
:f(p(x)ftt(x)dx—f(p(x)f(x)dx—éf fA(p(x)aS(x)dxds—f f f(p(x)ﬂg(x)ﬂr(x)dxdrds,
0 0 Jo
3.27)

which is continuous since every term on the right-hand side is continuous. Moreover, from
(3.23),

N LeN2®) . ) 1 LEN2a] 1 . N 1
(MLtNZ‘ZJ) - Z W(A(ék—l)’(P )(1_5\,)_ Z Z W(A(fk—l)(/) ’Vf)(l_ﬁ)
k=1 k=1 j<k-1
is a martingale. As N — oo,
t
EHOR fo f *(0) s (x)dxds (3.28)

is also a continuous local martingale. (3.27) and (3.28) prove that any subsequential weak limit
v¢(dx) = it;(x)dx solves (2.3).

3.2.2 Girsanov transformation. Proof of the uniqueness in Theorem 2.3

As is discussed in Section 3.1.3, the envelope measure v, solves the martingale problem:
Ve Cg (R) test function twice differentiable with compact support, the process

t

1
m¢(P) = (v, ) — (vo, P) — Ej(; (vs, Ap)ds

is a continuous local martingale with quadratic variation process

t
(m(@)); = fo (vs, ¢2)ds.

From this, we know that

t
e~ Wid) _ o= od) _ f

1
e~ Vo) (vs, —éAcp + (/)2) ds
0

is a continuous local martingale. Using the duality method in Section 4.4 of Ethier and Kurtz
(2009), we can choose triplet (h,0,0) on the space .#F x Cg, where .4 is the collection of finite
Borel measures and h(:,-) is defined as

hv,¢)=e .
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Chapter 3. Weak Convergence of Our Systems

Then
Eh(Vt,¢) = h(VO; u:‘))

where u; is the solution to the deterministic equation

ouy 1 * *\2
o =sdu — () (3.29)
Uy

:(/)_

{u}} =0 is the dual process of the solution to the martingale problem. The existence of solution
to (3.29) gives the uniqueness of {v¢};>g.

Let m(ds,dx) be the orthogonal martingale measure attached to u,(-), which means that
m(ds, dx) is of intensity

t
V{0, 1] x A) = f f () dsdx,
AJO

for any Borel measurable set A c R. Then the Radon-Nykodym derivative of the true process
with respect to the envelope is

4Q
ap

t t
=exp{—ff B(S,x)m(ds,dx)—%f (u3,0(3,~)2)ds}, (3.30)
t 0 0

where the drift term s
(s, x) = f ur(x)dr.
0

The uniqueness of {V;}>¢ follows directly from the uniqueness of {v;};>0. This completes the
proof of Theorem 2.3.
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Existence of Percolation

In the last chapter, we have shown that @« = 1/5 (in the sense of Theorem 2.3) is a critical
exponent for the horizontal process. The envelope process on each horizontal layer follows
the law with asymptotic approximate density given by the solution of (2.2). In the anisotropic
percolation model, the horizontal movement has an attrition compared to the envelope
process. The attrition comes from two parts:

» The envelope process is allowed to have multiple particles at each site. However, in the
true mechanism, we only consider if a site is occupied or not, hence the configuration at
each site can only take values in 0 or 1. Fortunately, the probability of multiple particles
is negligible when a = 1/5 (as we showed in Corollary 3.8).

* Aswas explained in the Introduction, the vertical interaction should be only considered
once for any site in the anisotropic percolation. When we consider the horizontal
movement, any site that has been visited before cannot be visited again. Under the
critical exponent « = 1/5, this attrition becomes significant and leads to the part

t
—Litf Usds
0

in the asymptotic approximate density which makes the true horizontal process non-
Markovian.

In this chapter we prove Theorem 2.4, by investigating the occurrence (or not) of percolation
when on each layer we have the true model, and the vertical bonds between neighbouring
sites are open with probability p, = k N~/ all independently.

4.1 Thecasex < C;

As we have discussed in the Introduction, the occupied sites at each layer follow a true
horizontal process with attrition whose asymptotic approximate density follows the SPDE
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Chapter 4. Existence of Percolation

(2.3). Here we abuse the notation by denoting € as the cluster starting from x at layer i in the
rescaled space Z/N%® x Z. The main theorem to show in this subsection is as follows.

Theorem 4.1. For the true horizontal process with attrition, there exists a constant L such that
the cumulated number of occupied sites (or the cluster size) starting from zero satisfies

E[I60|] < LN*P.

Before proving the main theorem, let us show how it implies that there is no percolation when
k < C; for C; small enough.

Corollary 4.1. Let p, = k N2/ denote the probability of a vertical edge being open. There exists
C such that forx < Cy, there is no percolation in the anisotropic percolation system for all N
large.

Proof of Corollary 4.1. Recall that the horizontal edges, i.e. edges between (x, i) and (y, i) for
some i and x ~ y, are open with probability 1/(2N), while the vertical ones between (x, i) and
(x, j) for some x and |j — i| = 1 are open with probability p,, all independently. We say that
there is a path from (x, i) to (y, k) denoted by (x,i) — (y, k) if thereis nand x;,i;,1 < j<nso
that (x1,11) = (x,1), (X, in) = (3, k) and V1 < j < n—1, the edge between (x;, i;) and (xj+1,7j+1)
is open.

We want to explore all sites that are connected to (0, 0), i.e. that can be reached by an open path
from (0,0). Once an open path reaches layer i, it can continue through vertical neighbours at
layers i + 1, moving upward or downward; we can count the number of connected sites with a
certain number of vertical movements from layer 0 rather than its layer number.

After n movements which contain m vertical movements (upward or downward), there is
a collection of open paths from the origin (xy, ip) = (0,0) — (x,1,). Let I, < 1,2,---,n be
the set of vertical movements such that |I,| = m and Vk € I,,|i} — ir-1] = 1, X} = Xr—1. For
ke{l,2,---,n}\I, i.e. the horizontal movement indices, iy = ir_1, Xy ~ X;—1. Denote %, as
the collection of points which are the ends of these paths from (0,0) to (x,, i;) (with the last
edge being vertical edge) from the origin after m vertical movements (but can last for n total
movements given n = m).

These sites (xg, ip), -, (xn, i) are possibly to be distributed on different layers. In the develop-
ment of {#};;} m=0, we consider the horizontal movements and vertical movements separately
at each time. More precisely (ref. Figure 4.1), we start with (0,0), and following the law <€(§) we
produce connected sites at layer 0. In the first vertical movement, these sites at layer 0 can
connect to sites at layer +1. Before the second vertical movement, these connected sites at
layers +1 will produce an horizontal cluster following the law of ng at its layer, which will then
connect to sites at layers +2 and 0. %, can be constructed inductively by considering the total
number of horizontal connected sites and then their vertical movements.
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4.1. Thecasex < C;

layer 2

layer 1 ‘ X

layer 0 § - i

layer-1__ Y ‘ i

layer -2 J

Figure 4.1 - Movement of %},

Due to attrition, in the horizontal connection we only consider a site to be occupied or not,
rather than the number of particles at each site, the cardinality {|.%,1} =0 is stochastically
dominated by a branching process {Z;,;} ;=0 following the law

Zm .
Il = Z Yn,i, where Yy, ; iid. Binomial(2.A4},,;, py) forl =i < Z,,
i=1

Nm,i isindependent of Z3,---, Z,, for each i, m and A}, ; iid. |‘€8|-

Theorem 4.1 gives the upper bound of E[|€|3] = E[.4},] for each i,m and p, = xN~%/5.
When « is small enough to make 2x L < 1, {Z;,,} ;>0 is a sub-critical branching process which
will die out (ref. Theorem A.5.1 of Athreya and Ney (2004)). Once Z,, dies out, there is no
percolation. Therefore, there exists positive constant C; = (2L) ! such that for ¥ < Cy, there is
no percolations in this layered system. O

We now move to the proof of Theorem 4.1. The idea is to find the stopping time when the
integrated mass can surpass the level O(N?/%) noted as T" (T" for the envelope process and
T" for the true horizontal process) or the total mass can reach level O(N 15 noted as T’
(T' and 1" respectively). It is difficult for the envelope to reach T’ A T" when the integrated
mass is O(N?/?) and so does the true horizontal process. Lemma 4.1 is to find the bound of
P(T' A T" < 0o) for the envelope process, which is easier to do by similar analysis as in Section
3.14.

Conditioned on the above stopping time for the envelope process, the estimation of P(T'AT" <
oo) for the true horizontal process help us to get the probability of the minor event afterward.

For this we will need two inequalities (Lemma 4.1 and Proposition 4.1 below) which concern
the following hitting times for the branching envelope and for the true horizontal process:

Tkzinf{n:25n(x) > 2 or szfi(x) 222k},

i=1 X
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Chapter 4. Existence of Percolation

which is just the discrete version of the hitting time T} in Section 3.1.4, and

n
Tk:inf{n:Zg‘n(x) > 2K or Y Y & 222k} =T AT,
X

i=1 X

where

on

Ty =infln: ) &n(0 224, T} = inf{ n:
X

Zéi(x)EZZk}.

i=0

Lemma 4.1. Supposey(x) =1 for x =0 and ¢y (x) = 0 otherwise, then we have
P(Ti <o0) < C27F,

Proposition 4.1. Let integer ko be defined by 2k < N?/> < 2k0+1 There exists M, large such that
foranyk = ko +log, My +r,r 20, we have

P(T) <oo| Tk0+10g2M1 <o0) < ?

Postponing the proofs of these estimates, we first see how they allow us to conclude the proof
of Theorem 4.1.

Proof of Theorem 4.1. The proof is given in the following steps. As we can see in the proof of
Theorem 2.3, the attrition part is negligible when a < 1/5 becomes significant when a = 1/5.
Because of attractiveness with respect to the whole population, we only need to consider the
attrition once the total mass is of order O(N%/°). So we consider a process that dominates
the horizontal process, which follows the pure branching random walk before the total mass
reaches M; N?/® for some M, large and includes the attrition part after that. We are first
interested in the crossing time of }_, ¢, (x) over level M; N 215,

The dominating process that we consider in this subsection follows {{(x)} before Tko+log2 M,
and follows {f ©(x)} after Tk0+10g2 M, - The reason of separating the time is as follows. The size of
cluster containing the origin satisfies

o0
El16) < Y 22K VP (T < 00)

k=0

k0+10g2M1

< Y 22BUp(Tr<o)+ Y 22FDp(Ty, <o0)
k=0 k2k0+10g2M1

k'()+10g2M1

< )y 22Deoky Y 22BUp(fy ) <o00)
k=0 k2k0+10g2M1

<8CMN**+ Y 22BUp(fy,, <o0).

k=ky+log, M,
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4.1. Thecasex < C;

The third inequality is by Lemma 4.1 and the fourth inequality is due to the fact that 2K < N?/5,
The last work is to bound the second term in the last inequality. By Proposition 4.1, the size of
cluster containing zero can be bounded by

E[l(g(())” < 8CM1N2/5 + Z 22k+2C2—k0—10g2 M18—(k—k0—10g2M1)
k2k0+10g2M1

<8CM,; N*® + 8C My N?/°.

This finishes the proof of Theorem 4.1. O
In the following part of this subsection, we will show Lemma 4.1 and Proposition 4.1.

Proof of Lemma 4.1. The proof is similar as in Lemma 3.7. It is followed by replacing the

)

corresponding part in the proof of Lemma 3.7 that

((Xt_Xs) |Xs (f Xudu

into the fact that

E((;fn(x) —;ém(x)) F

-l gl

Then we can use the similar martingale technique as the proof of Lemma 3.7 and the fact that

$n(y)

Zén+1(x) Zén(x)+ZZ > (nn+1(y,x) ) (4.1)

X y~x w=1

is a martingale. Denote the discrete mass as
Xn= Z En(X).
X
The desired probability can be decomposed as

P(Ti <00) =P(T} <00, T| < TV +P(T <00, T}/ < T})
<P(T; <o0) +P(T} < T}),

where as written above
n
T,’C =inf{n:) &p(x) = 2ky T,’C’ = inf{n DY Y &) = ZZk}.
X i=0 x
Denote Hy = inf{n: X, = 0} as the first hitting time of zero, then P(T} < co0) = P(T} < Hy), and

63



Chapter 4. Existence of Percolation

this is simply )

y % 1
P(Tk<00)52—k=2—k.

The event {T,’c’ < Tl’c} c Uj?;l Aj, where
_ ~j"+1 ~ 6'22k
Aj=1Ti<oo, Y Xiz———1.
] ] ) 1 _ 2
{ i:T]’.+1 (k=) }
For m < n, we have
E[(Xy—Xm)* | Xm)

n—1 2
=E ( (5(141—5(1‘)) If(m]

i=m

n-1

=E

(Xi+1— X2 Xm]

i=m

( 1)

=(1-—|E
2N

where the second equality is by the Markov property of {Xj};=o. Lettingn =T ]’ L and m= T ]’
gives that

n-1 B B
i=m

@I*2 —20)2 . (k- j)?

P(A)) < o :

by the Markov property of {X;};=o conditioned on T]’ Therefore,

k-1

5 1
P(Ti <o0) < it Z P(A))
j=1
C
<—.
<%

The above proof immediately yields

Corollary 4.2. Given a stopping time T with respect to the natural filtration of the {,,(x), n =
0,x € Z/N®"}, the stopping time T(k) =inf{n = T: ¥, &, (x) =28 or T2 _ ¥, Em(x) = 22K} sat-
isfies

P(T (k) <oco|lFr)<C2™"

on the set
~ T o~
Xp<2kr Y X, <272
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4.1. Thecasex < C;

for universal finite C (uniform in N) and integerr.

To show Proposition 4.1, we need two properties of the branching processes: on the large
deviations and the next one is on the population size of the critical branching process.

Lemma 4.2. For a sequence of random variables Y; Lid. Binomial(2N,1/(2N)),i=1,...,n, we
have fora> 1,

n an(2a-1)
P(Z(Yi—l)zn“)se_c” )

i=1

for universal constant ¢ > 0.

Proof. The proof follows from large deviation technique.

P

n
Z(Yl - 1) = na) = P(etzzlzl Yl > e(l’H‘I’l“)t)
i=1

“ el —1
<exp|—-(n+n“)t+2Nnlog 1+W ,VEeR,

by the Markov inequality. The right hand side reaches the minimum if ¢ satisfies
ne'

el—1
2N

=n+n<

1+

From this, ¢ =log(1 +n%!) —log(1 - %). If 3 <a<1, t~n%"'andhence

t

e
-(n+ n“)t+2anog(1 +
2N

) < —cn? 1,

Butfora=1, e’ =~ n% ! and

ef—1
—(n+n“)t+2anog(1+ 5 )s —cn?,

for universal constant ¢ > 0.

Lemma 4.3. Denote the critical binomial branching process as {Z)} n=0 with Z({V =1and
zy
N +1
Zn+1 = Z Ytn ’
i=1

where (Yl."“) ni is an i.i.d. sequence with distribution Binomial(2N,1/(2N)).
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Chapter 4. Existence of Percolation

(i) Givenany T >1,

N
2ZLtN2/5J

tN2/5

N

—X
LEN2I5 | >0 e

>x|Z

as N — oo uniformlyinte[1/T,T].

(ii) (tN?'5) -P(foNm | >0) —2as N — oo uniformlyint € (1/T,T).

Proof. We follow the argument in 1.10 of Harris (2002). The moment generating function of
ZN, fN(1) = E[t%] is given by

t—1)2N
@ =Ny, N =N = (1 + W)
with sup y (fN)"”(1) < co. N (e') is the characteristic function of ZY. Suppose 6y € (0, 7), then

for any s € C such that |s| <1 or|s|=1but s # 1 and -6y < args < 6y, | fV(s)| < 1. For such s € C
andanyn=1, If,iv(s)l < 1. Moreover,

Ny Ny
l—fN(s):1—s—(f)T(l)(l—s)2+(f)—(l)(l—s)S—e(s), 4.2)
where e(s) = o(1 - s)° since (fV)"”'(1) is bounded for any N. Denote a = w =1 and
b= UCN)#. From (4.2), since supN(fN)"’(l) < 00,
1 1
1=V 1= NN ()
B 1
1= N ) —al = N (972 +bs— [N (97 - e(fN, ()
N
1 2 N efil oy
- — b1 - f! R e . ,
l_fjg\_ll(s) vatia )t f]_l(S))+ (1_fj1\—]1(5))2 e (f]_l(S))
where ¢€'(s) = O(1 — ). Summing j from 1 to n gives
1 1 n-1 n-1 e(fN(s))
=—+na+@-b )Y Q- NN+ Y —L——+e(fN).
1-fNis) 1-s Jgo Jj ]-g()(l—ij(s))2 Jj
We can observe that 1 — fN(s) = O(1/n) uniformly in s. Hence
11 n(fMs)
l—f,]lv(s) =1 S + 5 + O(logn). (4.3)

The sis chosenfrom S={seC:|s|<1lor|s|=1buts#1,-0y < args < 0} and (4.3) holds for
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4.1. Thecasex < C;

any N. Letting s = 0 gives the conclusion (ii) since

M) = —ZN((ZZJ]\\’I)Z_ v 1as N — oo.

The characteristic function of 22/ (n(fN)" (1)) given ZY > 0 is

ir. 220
n(fFNY" (1)
" 27N Ele
Ele' oo 1ZN>o0| = —
P(ZY >0)
2it
I
1-£(0)
2it
When n is large enough, e"v™"0 € S. By (4.3),
; M
it-#’]‘,\[l N —"fz + O(logn)
Ele ™Mo |Zl’l >0 =1- n(fN)”(l) .
L—+ 25—+ 0(ogn)
1—enMN M)
As n — oo,
27N

E elt.gn(fN)”(l) |Z£IV>0

—

1-it’
which is the characteristic function of Exp(1). This concludes (i).

O

With the help of these two properties, we can prove Proposition 4.1 used in the proof of
Theorem 4.1.

We first show how Proposition 4.1 follows from the following.

Proposition 4.2. Suppose &y(x) = 1 for x = 0 and &y(x) = 0 otherwise, and 5 > 0, then there
exists M3 sufficiently large that
E()A(M3N2/5) <9,

forall N, where X,=X X f n(x) is the discrete mass of the true horizontal process.

Remark. To summarize the notations about the total mass, {X;} ;>0 denotes the total mass of
the envelope process in continuous time given the initial condition f to be continuous, f(x) =1
for x € [-1,1] and compact supported. {X,}n=0 and {X,}n=o represent the total mass of the
envelope process and the true horizontal process in discrete time given the initial condition to
be I{o} .

This Proposition will be proven later.
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Chapter 4. Existence of Percolation

Proof of Proposition 4.1. We note that it is sufficient to show that (with M; chosen sufficiently
large)

. A 1
P(Ty1 <oo|Ti <00) < 3

for k = ko. Lemma 4.2 shows that outside probability e 2", we have that X;, <2k 42253 and

Y R <22k 4 22K53,

2" < 1/32 supposing that

Let B; be the event that one of these two bounds fails (so P(B;) < e~
M, is sufficiently large). We fix § > 0 (to be specified when needed) and let M3 correspond
to 6 in Proposition 4.2. Let B, be the event that supj, _;_ 4, , a, n2/s X; = M32*. So by the
martingale properties of the envelope process P(B,\B;) < M% < 1/32 supposing, as we may
have that Ms is sufficiently large. We note that on the complement of B; U B, ZiTi(J)“MSN X ;<
22k 4 22k13 1 My N2/5 M2k < 22+1) /2 if M, is chosen so that M; > 8M? and N is sufficiently

large. Next we have by Proposition 4.2 and obvious monotonicity
E(XTHMaNHSI(BluBz)C) < 2k 4 2%k3ys

and so by the Markov’s inequality, the event Bs = {XTk +MyN2s (B lUBy)e = 2v/52F} has probability
bounded by V& < 1/32 if § was fixed sufficiently small. Finally we can apply Corollary 4.2 to
see that By = {T}+; < oo}\(B; U B, U B3) has probability P(B,) < 1/32 (again supposing 4 to
have been fixed sufficiently small). O

In the proof above, we have that at time 7T}, there are around 2¥ particles. For the process
starting from each single one, we want to show that after M3 N?/5 steps, some killing property
can help to reduce the quantity to be § small. It remains to prove Proposition 4.2.

Proof of Proposition 4.2. We suppose that X is coupled with a envelope process Z so that X,
is dominated by Z,, for each n. We suppose that § > 0 is fixed. We wish to partition Zppzis # 0
into sets B1, Bz, and Bj to show with Msj fixed large that foreach k=1,2,3, E(XM3N2/5IBk) <0/4.
Let

o =inf{n=N?*5/2: X, <eN*"}

where € is a small positive constant which remains to be fully specified. Let B; = {0 < N?/°}.
Then by the Strong Markov property applied at o and the martingale property for the envelope
of the process

E(Xy, n2i51p,) < P(Xnzislp, # O [E(Xy, neisIp, | Fg)]
< P(Xpeslp, # 0eN>®
<d/4,

if € was chosen sufficiently small by Lemma 4.3.

We next consider B, = {Rp2is < 1/€} where Ry2is is the maximal absolute displacement from 0
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4.1. Thecasex < C;

of the critical branching random walk Z by time N?/°, i.e.

R,,:I’}llgl({xEZ/NG“S :Em(x) # 0} (4.4)

Theorem 1.1 of Kesten (1995) showed that
P(Rpeis = 2| Zywisjy > 0) < Caz™ %, forany a >0, (4.5)

(Itis easy to check C, is uniform over N). Thus since Zyzis/ N?/° conditioned on being nonzero
is uniformly integrable (again using Lemma 4.3 ), we have that (again supposing that € is fixed
small)

E(Xy, n251,) < E(Zy,ne1p,) < 674

Finally we treat the complement B3. On the complement of B; U B, we can find an interval
with length 2¢e contained in (—1/¢, 1/€), which we denote as (x —¢€, x + €) such that

N2l5

Y Y & =eNYS, (4.6)

Ye(x—€,x+€) j:N2’5/2

(B1 U B»)€ make sure that we have sufficient number of visited sites in (x —¢, x + €). Denote
V={yex—-ex+e):3N" 2= j<N?5¢& (=1}

as the set of visited sites between N2/%/2 and N?/5. Without loss of generality, we assume that
x = 0. For y € (—¢,¢), consider a random walk {S;};>¢ starting from Sy = y and each step it
moves to one of its neighbourhood z (|y — z| < N~!/5) with probability 1/(2N). Observe that
EIS; - Si 11> = 55 Let Toc = inffi > 0: S; € [-2¢,2€]°}.

36> N?® < E[1] <3662 N?/°.

Since there are 2e N%/° sites in (—€,€). Hence for any z € (—¢,€), there are positive constants
c] < ¢y such that

c1e N~ < PY(S; hits z before 7o) < coe N2, 4.7
Let

T2¢

Ny =) Igev.
i=1
Then by (4.6) and (4.7),

E[Ny] = Z PY(S; hits z before T5,)

zeV
> S NA/5. cleN_4/5

= 0164.
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Chapter 4. Existence of Percolation

Moreover,
E[NZ]= Y PY(S; hits z,z’ before 75)
z,2'eV
2
<E[Ny]+ C—j(E[NV])Z.
1
By Lemma 4.4,
E[Ny])?
P(Ny >0) > %
E[NZ]
= . (4.8)
G2+ (E[Ny) ! :
1
>
cgcl_2 +(c1ehH1

For any y € (—¢,¢), let {S;}i>0 be the random walk starting from y with the same law above.
Define
oo =inf{i >0:S; € [—€/2,¢e/2]},0( = inf{i > 0¢: S; € [-2¢,2¢]},

and inductively
op=inf{i >0} _,:S;€[-€/2,e/2]},0, =inf{i >0, : S; € [-2¢,2¢]}.

We say that S; visits n times to interval [—€/2,e/2] in M3 N?/5 steps if 0, < M5N25 < G p41.
Denote N/, to be this number of times of visiting to [—€/2,e/2] before M3 N?/°.

Once a particle starting from (—¢, €) visits V, it is killed with probability P(Ny > 0). Hence,
each time a particle visit the interval (—€/2,€/2), it can survive with probability 1 —P(Ny > 0).
If the particle visits R times to (—€/2,¢/2), the probability of surviving will be small. If we have
a big time horizon M3 N?/%, we can make sure that the particle can visit (—¢/2,€e/2) more than
R times.

The probability that {S;};>¢ starting from y does not hit V until M3 N?/5

P’ (S; ¢ Vforany0<i< Mz— N*°)
<PV (Nez < R)+P(S; ¢ V forany 0 <i < M3N*°| Nejp > R).

By (4.8) and the Markov property of {S;};>0,
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4.1. Thecasex < C;

if R is chosen large enough compared to e . Notice that

R
{Nej2< R} < {Uo +) (Op—0p-1)= M3N2’5}.

n=1

!

n-1

o' _)1=n<r follow the same distribution and so do (¢0”,_; =0 ;-1)1<n<g. Since E[S; = S; 12 ~

3€2N2/5
4

We canwrite 0, — 0,1 =05 — a’n_l +0' _, —0y,-1. The sequence of random variables (o, —

1
3Nz We have E[ogg] <

andforanyl<n<R,
6¢*N*"® <Elo,—0),_,1,El0),_; —0,-1] <166 N>,

Hence,

R
P'(Nej2<R)<PY|0g+ Y (0n—0p1) = M3N?*®

n=1
<P’ (R(o1 - 0¢) + 09 = M3N*)
33¢’R
<
M;s
<0/2,

if M3 is chosen large compared to R. This concludes that
E[XM3N2’5] < 5,

since the initial condition is Ip;. O

Lemma 4.4. Suppose X is a non-negative random variable with finite second moment, then
foranyce(0,1),
(1 - 0E[X])?

P(X > cE[X]) = ELX]

Proof. By Cauchy-Schwarz inequality,

E[XIxscgx)] < (BIX?DY?P(X > cE[X])'/2.

Hence 5
E[XI
P(X > cE[X]) = (BIXDx>cni])”
E[X?]
Since
E[XIx>cg(x)] = E[X] —Ellx<cgx]]
> (1-c)E[X],
which concludes the proof. O
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Chapter 4. Existence of Percolation

Remark. Notice that without considering the attrition, we can have the probability P(T} <
o0) < C27X. This is not enough in the proof of Theorem 4.1. However, for the proof we are helped
by the attrition: sites that were visited cannot be visited again. Even in a very small killing zone
(x —€,x+¢€) in the proof above, many particles will be killed in a finite but large time period.

4.2 Thecasex > C,

In this case, we will prove some properties of the true process, and then lead to an oriented
percolation construction. The first step is to show that the difference between the solution to
(2.3) and the solution to deterministic heat equation is quite small for small times. Suppose
under Q, u(t, x) is the solution to (2.3) and under P, u(t, x) is the solution to (2.2). The Radon-
Nykodym derivative of Q with respect to P is (3.30). Let the initial condition f be continuous,
compactly supported and f(x) =1 for x € [-1,1]. We can regard the initial condition as I|_j 1
plus some nonsignificant term. To show the existence of percolation, we need a lower bound
for u(t, x) (under Q). Define the difference

N(t,x) = u(t,x)— G f(x),

with G; f(x) = E[f(x + By3)], where (By) s>¢ is a standard Brownian motion. By Lemma 4.2 of
Shiga (1994) (also ref. Lemma 4 of Lalley (2009)),

P(IN(t, x)| = V8e @D for some ¢ < 6% and x € IR) < C167 V2 exp(—Cr67 V4.

The bound of the difference under Q:

Lemma 4.5. Denote
As = {IN(t, x| = Ve @ =0l forVt<8° andVxe [R}.

If under Q, u(t, x) is the solution to (2.3) given the initial condition f satisfying f(x) =1 for
€[-1,1], f(x) =0 forxe [-1-6,1+6] and f is linear in the other parts, then

Q(As)=1- 36712 for all 6 > 0 small enough.

Proof. As € Z45, hence

_[ 4Q
Q4s) = fA B

>(1-6"% f dP
A50{%‘y§521—6’”2}
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4.2. The case x > C,

Since for & small enough, P(As) =1 - 67/, we only need to show that

P(d—Q >1-6""%145|=1-6"2.

dP |z

|

5° 6°
f f@(t,x)m(dt,dx)+1 (us,0(t,)Hdt
0 2 Jo

By (3.30),
55
p(d_Q

5° 1
>1-6"2)A; f f@(t,x)m(dt,dx) 5| o, )dt| <67 As
0 0

Fss

ap

By Chebyshev’s inequality,

|
2 & 2

267/2|A§

2
|As

65
+E(( (ur,0(t,)3)dt
0

|

Given Ag,

~(@°-1)lxl 3 [% st
u(t, x) < Voe + fe 2 f(y)dy.
2wt J-2

By Holder inequality,

3

55
E( (us,0(1,)°)d 1] As dx|As
0

55
sE(f (f u(t,x)dt
0

55
sial"ff E(u(t, %)% As)dtdx
0

& 8°
< 1s10 363’2ff e—s(as_n|x|+£ff fz e—%f(y)dydtdx
4 0 vantd Jo J-2

< %623/2 +361°,

Similarly,
8 2
E(( (u;,0(t,)%)de| 145 | < Co%.
0
Therefore,
&° 1 5°
P f f@(t, x)m(dt,dx) + 5 (ug,0(t,))dt| = 8% A5 | < 692,
0 0
and we have the expected result. O
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Chapter 4. Existence of Percolation

The previous result helps to get a lower bound for the total density in a small time period
which is our first desired property.

Corollary 4.3. Let f be the function given as: f(x) =1 forx e [-r,r] withr =1, f(x) =0 for
x€[-r—06°2%r+6%2° and f is linear in the other parts, then there exists constants L (r) <
Ly(r) < oo,

65
P(Vxe [-r-26%2%r+25%%,L,8° sf ﬁt(x)dtsté‘s) >1-6"2,
65/2
foralld >0 small.

Proof. By Lemma 4.5, we know that out of probability §7/2,
|t (x) - G, f(x)| = V8,Y1 € [0,6°].
For any x € [-r —26%2,r +26%2] and any ¢ € [6°/2,6°], given that § is small enough,

Gif(x) 2 Ggsli_y.py(r +26°?)
>2L,(r)

for some constant L; (r) > 0. Hence, for any x € [—r —258%2,r +26%2] and any t € [6°/2,6°],
:(x)=2L;.

The upper bound L,5° follows from the same reason as the lower bound. O
In our original percolation model, the edges are not directed. However, it suffices to show
percolation in the related model where the vertical edges are directed upward. For this we

shall build a block argument, reducing the analysis to that of an oriented percolation model.
Here, we keep the notation as in Durrett (1995). Let

So={(m,n)eZx7Z,:m+ niseven}.

% is made into a graph by drawing oriented edge from (m, n) to (m—1,n+1) or (m+1,n+1).
Random variables w(m, n) € {0, 1} are to indicate whether (m, ) is open (w(m, n) = 1) or close
(w(m, n) = 0). We say that there is a path from (m, n) to (m’, n') if there is a sequence of points
Xp=m,...,xp=m'sothat|x;—x;_;|=1forn<l<=n' andw(x;, ) =1forn=<l<n'. Let

Co ={(m,n):(0,0) — (m, n)}
be the cluster containing the origin.

The following steps are to construct the blocks which are considered as sites in the renormal-
ized graph, to define when a renormalized site (block) is open and to define when an edge is
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4.2. The case x > C,

open in the renormalized graph. We can then use the comparison theorem in Durrett (1995).
The definition of renormalized sites being open demands a more refined treatment of the
approximate density, i.e. one needs to look at a smaller scale, and for those purposes N=3/10 is
adequate.

Definition 4.1. For a closed interval I = [a, b), € is said to be (1,8, N)-good if for the continuous
function f satisfying f(x)=1forxe I, f(x) =0 forxe[a—6,b+6]° and f is linear in the other
parts,

Y 8 = LFGN"¥ 1O NL10)

xej

for any interval ] I of the form [iN7310 (j + 1) N~3/10) butforJnI°# o, er]rf(x) =0.

Corollary 4.3 and Lemma 4.5 immediately give the following result for the discrete horizontal
process.

Corollary 4.4. There exists 0y >0 so that given1 <r <2 and0< 6 <y, iffo is ([-r,1],6%2, N)-
good on Z/ N®'3, then for N large, outside of probability 5572, for each x € [—r —25°'%,r +25°'],
Aér(x) = L /2 foreach 6°N?5/2 < k < 6> N?/.

Definition 4.2. Suppose & is ([a, b], %2, N) -good. Let a |a, b]-subordinated process on certain
horizontal layer (& (x)}o<<ssn2/s be (x(X)}o<pessnzs Killed on [a—1/2,b+1/2]¢, i.e. for0 <
k< 55N2/5
z 1 ifY <0 =0and ¥ye o0 Mke1 (%) = 1
Sk+1(%) = .
0 otherwise,
where N.(x) ={y ~ x: Ek(y) =1} and g1 (1, x) =0 if x € [a—1/2,b+ 1/2]° but over x,y €

[a=1/2,b+1/2], Ar+1()s X)) k,y,x is an i. i.d. sequence of random variables with distribution
Bernoulli(1/(2N)).

Note that this killing property means that no new particles are generated outside [a—1/2,b+
1/2] and it is to guarantee an independent structure in the renormalization argument. The
[a, b] will not appear when we use the subordinated process since it will always be clear from
the context.

Corollary 4.5. There exists 6o > 0 so that under the conditions of Corollary 4.4, for0 < d <
N large, outside probability 657/2,f0r each x € [-r —28°%2,r +26°%2], Afk(x) > L,/2 foreach
ON?PP12 <k <6°N?5.

Proof. We suppose {,}g<p<s5n2/s is coupled with a true process {€ ;) o< ,<g5n25 and an enve-
lope process {¢ }g<n<s5N2/5- FOr any starting site z such that &y(z) = 1, let {Z be the envelope
process with initial condition I;. For any 0 < n < §° N%/, we have

En(x) =) E5(x),
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Chapter 4. Existence of Percolation

where the sum is over the initial condition that is ([-7, r],6%/2, N)-good. The event
{3xe[-r—1/2,r +1/2] and 8°N?5/2 < k < 6°N*/3 : &;.(x) = 0 but & (x) = 1} 4.9)

has probability bounded by

ZZP R§5N2/5 >1/2] Z€§5N2/5/2(x) > 0) P (Z€§5N2/5/2(x) >0],
Z X X
where the sum is over the initial condition that is ([-r, r],5°/2, N)-good and
RZ =max{x€Z/N°5: &, (x) 0} - 2
m=<n

is the maximal displacement of ¢# at time n. By (ii) of Lemma 4.3 and Kesten’s result (4.5), we

have 4

P(RE s > 1/2) < PN Cy6°°
for any a > 0. Hence the probability of event (4.9) can be bounded by 8C,6°“~! and we can
conclude the proof by choosing a > 2. O

For our block argument the result above provides many sites at level 1 that are connected to
sites occupied by ¢ at level 0. This by itself is insufficient since we require these (level 1) sites
to be ([-r — %2, r +6%/?],6%2, N)-good. The following is an important step in this direction.

Lemma 4.6. Let &, be as in Corollary 4.5 and J be a fixed interval of length N=3/1° in [—r —
26°%2 1 +26°%2). Then the event that

55N2/5
min Y Aék(x) = L6°N?5/a. (4.10)
X€[-r—2652,r+26%2] k=85N2/5/2

but
55N2/5
Y Y & <Lis®VNI32,

x€] k=6°N?/5/2

has probability less than e cO°VN for universal ¢ > 0.

Proof. Let y be the midpoint of J and let

k
T:inf{k255N2/5/2: Y Afj(y)2L155N2/5/4}.
j=65N2/5/2

For N large enough the event {T < §° N?/%} is contained in event that (4.10) happens. For

the proof we note that for every z within N~1/°

of y (the range of random walk {S;} start-
ing from y), there are at least N%/'°/2 points of J in [z— N~'/%,z+ N~1°] and so while
zxejzgj/;gfsﬁslz Er(x) < L16°V/N/4, each such (z, k) pair with i(2z) = 1 represents a prob-
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4.2. The case x > C,

ability
N10/5 _1,8°VN/4
2N

of yielding a fresh occupied site for & in J at time k + 1. The result now follows from standard
L13°N%/5 N9“°/2—65\/N/4)
7 .

tail bound (Lemma 4.7 below) of Binomial ( , N

The following standard tail bounds of Binomial distributions are frequently used in the proof
above and in the following.

Lemma4.7. Suppose S ~ Binomial(n, p). Then there exists constant c > 0 not depending on p
so that
P(S < %) <e P
2

Proof. S has mean np and variance np(1 — p). We have

S_
P(SSnp/Z):P( np_ " )

Vnp(d-p) ~ 2\/np(l-p)
_ (_tﬂ N _tL)

Vnp(=p)  2y/np(d-p)

_ S—-np
Sexp(_n—m)E e t\/nn(lfp)
2y/np(1-p)

t n
exp(zn—pt) (1+p(e Vre=p) —1))

Vnpd-p)

= exp{n—pt + nlog(l +p (e_v""“‘m - 1))}
2y/np(1-p)

By taking the derivative with respect to ¢, we find that the RHS of the inequality above attains
its maximum when ¢ = j satisfying

o

Vnpl-p)

NIRS

e
___ o !
1+p(e m_l)

i.e. when
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With this #y, we have

exp

3
=

(2(2 Pz))}
)

p? 2
p p-p
P(S<np/2)<exp{ 7 ( — )+nlog 1+p(2_p2—1))}
p? 2
np p-pr°_
R e R
& {

»hl»—*

Let (¢ 2}05 r<s5n2/5 be the subordinate process after killing at level i € N, where the initial
configuration will be recursively defined as indicated at the end of Proposition 4.3 and the
subordination effect indicated by the corresponding interval where the configuration is good.

With the same initial condition, {& 2}05 r<s5n2s follows the same distribution on any vertical
level i. We will first discuss how the vertical connections behave between layer 0 and layer
1 as follows. Suppose & is ([-r,7],6%%, N)-good. Until §°N?/5 time steps, there is a certain
amount of sites x’s such that & 2(x) = 1. The opening probability of a vertical edge is k N2/,
in the following proposition, we will show that with large probability, the open vertical edge
((x,0), (x,1)) can make the initial profile at layer 1 be ([-r — §°/2, r + §°/2],6°'2, N])-good.

Proposition 4.3. Given 1 <r <2 and § < 8y, there exists vertical connection constant Cy, so
that forx > Cy and N large enough, if & is ([-r,7],6%'%, N)-good on Z/ N®'® x {0}, then outside
0fpr0babilily667/2, onlayerl, 5(1) is ([—=r—06°2,r+6°%2],6%2%2 N) -good on ZIN®5 x {1}, gg(l)(x) =1
implies thatf%(x) =1 for some k € [6°N?%/5/2,5° N?'3] and vertical edge {(x,0), (x,1)) is open.

Remark. This vertical connection constant C, means the threshold, x above which, we can
observe percolation in our original anisotropic percolation.

Proof. By Corollary 4.5 and Lemma 4.6, outside of probability 657/2 (for N large enough), we
have that for every interval J = [iN73/10 (; + 1) N~3/10) contained in [—r — 26%/2, r + 26°/2], we

have
65N2/5
Y oY & = Lis°VNI32.

xe] k=§°N?/5/2

We simply require that the vertical connection probability C, be greater than 64/(L15°). Then
by standard tail bound (Lemma 4.7) of Binomial (L16°v/N/32,64/(L,5%) N~2/%), there exists
universal ¢ > 0 so that outside probability 2e=¢V " NSI5 for every such interval J, the number
of x € J so that for some k € [6°N?/%/2,6° N?/%],&(x) = 1 and ((x,0), (x, 1)) is open is greater

than N1/10, O
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4.2. The case x > C,

Initially, 58 is ([-1,1],6°'2, N)-good. By Proposition 4.3, with probability 1 — 6672, 5(1) is ([-1—-
85/2,1+6°21,652, N)-good. We can define recursively {} }o<g<ss s for 0 < i <872 (from
here toward the end, we take § < §, and 6-°/? € N. By FKG inequality, with probability

1-6587220"" = 1-126,

52675/2
65N2/5 .
[-3,—1] and [1,3]. We run over two processes {¢}}o<g<ssneis,267>'% < i < 4675/2 starting

from layer 26~%/2 with initial conditions to be ([-3,-1],6%2, N)-good and ([1,3],6°'%, N)-
good. Recursively, given 5(2)”6_5/2 is 2m + [~1,1],6%2, N)-good, then outside of probability
126, E0D9°% §s (2(m +1) + [1,11,6%2, N)-good and (2(m —1) + [~1,1],6%2, N)-good.

is ([—3,3],6°'2, N)-good. We then split and only consider the particles in two intervals

Note that the particles from &2 with initial conditions (2(m — 1) + [1,1],6%2, N)-good
and 2(m+1) +[-1,1],6°%, N)-good will meet in [-1,1] +2m at layer 2(n + 1)6~%2. We will
only inherit the particles with lower m index, i.e. the particles from those with initial condition
@2(m-1)+[-1,1],6%2, N)-good.

Now we can do the renormalization. The renormalizaed regions are defined as
Rinn = [-4,41 x 0,26 %1 + 2m,2n6 %)

and
I, =[-1,11+2m.

The renormalized site (m, n) corresponds to the block Ry, ,,. The random variables w(m, n) €
{0, 1} is to indicate that the renormalized block (site in the renormalized graph) is open or close.
w(m,n) =1if 53"5_5/2 is 2m +[~1,1],6%2, N)-good in R, , and we say that R, , is good. The
event that w(m, n) is open or not is measurable with respect to the graphical representations in
Ry, n by the definition of {fk}OSks(gst on a certain level. For an edge e = ((m, n),(m+1,n+1))
or e =((m,n),(m—1,n+1)), denote y(e) as the state of the edge. For e = ((m, n), (m+1,n+1)),
w(e) =1if (m,n) and (m+ 1,n+ 1) are open sites in the renormalized graph. The definition of
y(e) for e = ((m,n),(m—1,n+1)) is similar. Let the probability of an edge being open in the
renormalized graph be P(y(e) =1) =1-126 and P(y(e) = 0) = 126.

Therefore, the renormalized space is £, = {(m, n) € 7% : m+ niseven,n = 0} and make %,
into a graph ¢4 = (¥, &) by drawing oriented edges from (m, n) to (m=+1,n+1). The percolation
process ((e))qc¢ is called d-dependent percolation with density p if for a sequence of vertices
vi = (my,n;y), 1 <i<Iwith|v;-vjle >d,i# j connected by a sequence of edges e;, 1 <11,

Py(e)=0,1<si<I-1)<1-p) L

Proposition 4.4. The percolation process (Y (e))cce is a 1-dependent oriented percolation with
density 1 —126.

The initial condition is w(0,0) = 1. By using the comparison argument Theorem 4.3 in Durrett
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Chapter 4. Existence of Percolation

layer 46~°/2

layer 2675/

layer 0
-1 1

Figure 4.2 — Oriented percolation construction

(1995), we have the following result.

Theorem 4.2. If there exists a percolation in the renormalized space £y just defined, then there
is a percolation in our anisotropic percolation process.

The theorem of existence of percolation for d-dependent oriented percolation (Theorem 2.8)

shows that if 126 < 6%, there is a percolation.

Remark. Figure 4.2 shows this renormalization construction.
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5] Supercritical Horizontal Movements

This chapter considers the anisotropic percolation on Z? with supercritical horizontal move-
ments. We continue to use the same notations as in the preceding three chapters. Each edge
is open with probabilities (ref. (2.1)):
A
2N

Pe= .
e(N) ifeckE,.

ifeEEh

We have shown Theorem 2.4 that the critical exponent of e(N) when A = 1is e(N) = k N~2/°.
This chapter aims to show the critical exponent of (V) when the horizontal movements are
supercritical, i.e. A > 1. Here we restate Theorem 2.5, the objective of this chapter.

Theorem 5.1 (Theorem 2.5). Suppose A > 1 in (2.1), then the critical opening probability for
vertical edges is e(N) = e N there exist positive constants C) < C, such that whenx < Cy, there

is a percolation and when x > C,, there is no percolation (for N large).

To show this phase transition in x, we follow a similar strategy as in Section 4.2 to show the
existence of percolation when x < C; for some C; > 0.Besides careful analysis dealing with the
attritions in the previous chapters, we will introduce more levels of attritions to kill the true
horizontal process to guarantee an independent structure. The case when x > C, is easy to
prove by direct estimation of the number of sites occupied by the envelope process in certain
intervals. We do not need to rescale the space into Z/ N%/5 in this chapter since we no longer
need the scaling factor a = 1/5 to obtain the convergence of the true horizontal process.

The horizontal edges can be reviewed as a discovery process along generations. With respect
to layer 0, denote %é) as the cluster containing the origin,

‘68 ={x:(0,0) — (x,0) with edges along the path in Z x {0}},

where v; — v, means there is an open path from vertex v; to v. We can introduce generations
on each horizontal layer. x € ng is of k-th generation if the shortest open path from (0, 0)

to (x,0) is of length k. There are vertices v},---, v) such that v} = (0,0), v} = (x,0) and for
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Chapter 5. Supercritical Horizontal Movements

any 1 <i<k-1,(v},v;,,) € Ey is open. Let é(k, x) € {0, 1} denote the state of site (x,0) at
generation k € Z,. ¢(k,x) = 1 indicates that (x,0) is visited at generation k. For z € Z, let
{€%(k, x) € {0,1}, k € Z, x € Z} be derived through this discovery process starting from z € Z on
each horizontal layer:

EZ(k+ l,x) — { 1 if ZjSku(j’X) =0and Zy€%Z(x) T]Z(k+ 1’y, x)’

0 otherwise,

where A7(x) = {y ~ x: &%(k, y) = 1} be the available neighbourhood of x (y ~ x means 1 <
|x =yl = N) at time k having cardinality Ni(x) = ¥~ ¢*(k, y) and (0°(k, y, X))k,y,x is an L.i.d.
sequence with distribution Bernoulli(1/(2N)) indicating the new edge linking y to x at time k.
&% is stochastically dominated by the supercritical branching random walk, which we call the
envelope process, {{%(k,x) e N,k € Z,, x € 7} defined as follows:

&k, y)
Ek+Lx)=) Y nik+1,yx,

y~x w=1

where 1%, (K, ¥, X)) w,k,y,x is an i.i.d. sequence with distribution Bernoulli(1/(2N)) indicating
the new particle distributing from y to x at time k. By the definitions of % and &%, we can
observe the two levels of basic attritions:

e Itis not allowed to have multiple particles at one site in the true horizontal process.

* Any site that has been visited before cannot be visited again by the true horizontal
process.

We will introduce subordinate processes discovering horizontally and vertically based on the
envelope process by excluding several levels of attritions. Outside of negligible probability,
multiple particles are not allowed at one site. To give an independent structure, we need to
introduce killing regions for the true horizontal process and the process killed by attritions
is subordinated to the true horizontal process. After carefully analysing the probabilities of
these attritions, we can build a block argument with independent structure based on the
subordinate process. First, in the next section, we deal with the horizontal movements of the
subordinated process.

5.1 Horizontal bond

In this section, we focus on one horizontal layer and construct the horizontal bond in the
renormalized space. The block with the following form will be the site in the renormalized
lattice.

H;=[(iK-1)N,(iK+1)N]nZ,

where K is a large constant not depending on N to be fixed later.
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5.1. Horizontal bond

Take the initial condition Iy to be that there are e N occupied sites in Hy = [-N,N]nZ (no
matter where they are), where ¢ is a small value depending on A and K to be chosen later.
Our objective of this section is to show that on one layer, if there are e N in H;, then after
certain generations, there are also ¢ N sites in H;,;. Mathematically, we want to estimate the
probability of the following event:

E((k+1)ng,x) =eN 5.1)
> )

z€ly xeHj.y

given the information of & %(kngy), where #%(m) = o (éz(k, ),0<k< m) and

Y Y EF(kng,x)=eN

zely xeH;

with some rg € N chosen later.

However this conditional probability (5.1) is very difficult to estimate and moreover, we cannot
guarantee an independent structure only with the estimation of (5.1). We will analyse step by
step by first showing that €7 is not too much different from ¢# and then imposing some killing
regions to ¢* to give an independent structure.

It is enough to consider the case when i = 0, i.e. the propagation from H, to H;. Since
the subordinate process will be built on the envelope process. We now clarify some basic
construction related to the branching random walk i.e. the envelope process. For a branching
random walk {{?(n, -)} 20 starting from z, denote {T7(n)},>0 as the vertex set that {{%(n, )} ;=0
canreach, i.e.

T*(n) ={x:&*(n,x) > 0}.

Notice that for the envelope process, multiple particles can occupy one same site but we
will show that this is of negligible probability. Any particle in {{?(n, -)};20 can be recorded by
an n-tuple i, = (ip, i1, , i) with iy € [0,2N — 1] n Z, where iy = 0 is the origin, and i, is the
offspring of i,_; with i, being the index of offspring in the n-th generation (ref. Figure 5.1).
For the site with multiple particles, for example (0,0,0, 1), it is regarded as the offspring with
ancestor with lower index. The red particle on the top visits the site visited by (0,0, 0), so it is
killed. The event of occurrence of red sites is of negligible probability (shown later).

For any particle (i,,) »>0, at each step n, we first generate a random variable
N(i,,—1) ~Binomial(2N, 1/(2N))

indicating the number of offsprings ofi,,—; = (ip, -, in—1). Let Soy be the permutation group of
([-N,NInZ)\{0} and ((1),---,7m(2N)) € So is a uniform random permutation. If N(i,—;) >0,
take

(X (g, *+,in-1,0),--, X (g, "+, in-1, N(ip-1) — 1)) = (1), -+, w(N(in-1)))

to be the placements of the N(i,,—;) offsprings at generation n. In the following argument, we
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Chapter 5. Supercritical Horizontal Movements

killed by (0,0,0)

Figure 5.1 — Branching random walk

will only consider the particle (i) ;>0 satisfying
vn,i,€{0,---,N@{,-1)—1}.

The random path of (i,;) 5> starting from z can be formulated as

S*n) =z+ ) X(ip),
k=1

where (X (ir))x>1 is an i.i.d. sequence with distribution

1
P(X(ik):j):gv, forj=-N,---,-1,1,---,N.

(5.2)

We will use the following lemma frequently to estimate the density of particles in a certain

interval.

Lemma5.1. Foranyze Iy, let
N*(n)= ) &(n,x)

XeZ
be the total mass at generation n. Then,

E[N*(n)] =A".
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5.1. Horizontal bond

Moreover, forany Hc Z,

E| ) &(n,x)

xeH

=A"P(S%(i,) € H).

The second moment

z 2 A 2n
EI(N(m)*] < 7= %",

Proof. N*(n) can be written as
N*(n-1)
Z _ n
N*(n) = ,2:1 Y/,

where (Yj”) n,j is an i.i.d. sequence with distribution Binomial (2N, A/ (2N)).

N#*(n-1)
E[N*(n)]=E |E Yj"INZ(n—l)”
i=1
= AE[N*(n-1)]
=",

which concludes (5.3) by induction. Denote o%= Var(Yll) =AQ-A/2N)) < A.

N4(n-1)
Y. Y'IN:(n-1)
j=1

= A" 162 + A?Var(N?(n—-1))

< A"+ A*Var(N?(n-1))

n

N?(n-1)

Var(N?(n)) = E| Var +Var|E

j=1

|
—

An+j

IN
.
~ I

A%,

IA

~

-1

Hence,

E[(N?(n))?] = Var(N*(n)) + (EIN?(m)])?

1

< A2 4 )2

~
> |
—_

— AZI’Z‘

~
—_

This concludes (5.4).

Y. Y'IN‘(n-1)

(5.4)

O

Denote {5 (n, )} =0 ({EZ (1, )} n=0) as the right (left) biased branching random walk. For the

right biased branching random walk {¢% (1, )} 20,

iy
Em+1,0=) )Y n¥m+l,y0,

y~x w=1
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Chapter 5. Supercritical Horizontal Movements

where (Y (1, ¥, X)) 5,y,x is anii.d. sequence with distribution:

nf(n, ¥, x) ~ Bernoulli(A1/(2N)) for y < x,
nY(n,y,x) ~Bernoulli(1/(2N)) for y > x.

Intuitively speaking, any particle will give birth to its right side with probability ﬁv and will
give birth to its left side with probability m The left biased branching random walk can
be defined similarly. {¢ i (n,)}n=0 also have corresponding vertex set {TJ_f(n)} n=0 and random
paths {Sf_r (in)}n=0- By similar construction of (S*(i,)) =0, the right biased random path is
defined as ,
ST =2+ ) X (ip),
k=1

where (X (ix)) 1 is ani.i.d. sequence with distribution

A forj=1,---,N

P(X (g =)= “ PN , (5.5)
A+DN for]:—N,'--,—l.

The left biased random path can be defined similarly. For the biased branching random walk,
we have similar results as Lemma 5.1 by identical reason.

Corollary 5.1. Forany z€ Iy, let

Ni(m) =) &(n,x)

xXeZ
be the total mass at generation n. Then,
. A+1)"
EINZ(m)=|~—] -

Moreover forany Hc Z,

A+1\"
E|Y :(T) P (5% ) € H).
xeH
The second moment
E((NZ(m)?) < 21 (E)Z
* “A-1( 2 :

Based on the preceding settings, we can see that {¢ f_r(n, )}n=0 are each stochastically dom-
inated by {{*(n,)},=0. In the following argument, we will use {{% (n,-)} ;>0 to construct the
subordinate process dominated by the true horizontal process {¢% (1, )} n=0. Similar argument
holds for the left biased branching random walk.

Suppose initially, there are e N open sites in Hy denoted by Iy (no matter where they are in
Hy). List the e N particles in Iy as zj, -+, 2.y (with € suitably chosen to make €N an integer).
We now start to build the attritions. We first want to bound the cumulative N7 (n). For z € Iy,
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5.1. Horizontal bond

denote
I
A% (ng) = { PIHGE noKe(’“”K}.
k=1

This upper bound is for the further use of the Azuma’s inequality.
Lemma 5.2. Letng = ZK;E—’_ITD (K suitably chosen to make ny an integer), then
P(A{(ng)) < L
1 nO — K3 )

forany z € I.

Proof. Let

k J
Ay = {Z NZ(i) = noKe?* VK put Y Ni() < noKe** VX for j < k}.
i=1 i=1

Since Ay are disjoint and Zle NZ(i) is increasing in k,

no 2 noy no 2
E (ZNf(i)) = (ZNf(i)) dap
i=1 k=1Y4r \i=1

no k 2
=3 ( Nf(i)) dpP
k 1

=1Y Ak \j=

A 2 &
> (noKe( +”K) P(Ay)
k=1

2 [
> (noKe(“”K) P(Z NE(i) = noKe(“”K).
i=1

The second moment in Corollary 5.1 gives that

o /1+1()L+1)2i

ny 2
(B [=2£

E -
2
At ()L+1)2”°
= nog| —— .
A-17°\"2

Hence,

A+l 2(A+1)K
297 noe

(noKe+1K)?
1

<

K3

1oy
P(Z N%(i) = noKe(“”K) <
i=1
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Chapter 5. Supercritical Horizontal Movements

The second attrition comes from multiple visits to one site (the red sites in Figure 5.1).
If one site is visited more than once by {{%(n,-)},>0, it means that there are two particles
(in) n=0, (i) n=0 starting from two sites z, z’ € Iy whose paths are {S% (i)} >0 and {Sfr’ i)} n=0
and they meet with each other at certain moment (may not be the same time). This refers to:

* Asite visited before is visited again.

* There are multiple particles at one site.

This is a global attrition over all z;,- -+, z;. Let
Ay (ng) = {az, 2 € Io, (2, (in) p=0) # (2, () n=0) and 31 < k, k' < 1o, s.t. S%(ix) = S7 (i’k,)},

where (i,) ;>0 and (n’) ,>¢ are two particles starting from z and z'. z and z’ in Az(ny) may be
identical and two paths starting from z coalesce later.

Lemma 5.3. Let K be chosen large so that K™' < A—1 and ng = %ﬁ” Then,

P|A2(mo) | [ (A5 (n0))° | < €2 (A + D2K22A DK,

z€ely

for e small and N large enough.

Proof. Denote A% (m) as the total number of visited sites of {¢% (1, )}o<n<n, until step m < ny,
ie.

AL(m)= ) Y &k, x).

ksm X

We have

A% (ng) < ngKe DK

<21+ 1)K?eM DK
since K~! < A — 1. The initial condition has |Iy| = €N, so

Y A%(ng) <2e(A+1)KeM VKN,

z€ly

Hence,
P(A, (1)) < €2(A + 1)2K22A+DK,
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5.1. Horizontal bond

Now we remove the paths belonging to the event A% (ng) and A»(ng) to get {{'*(n,)}o<n<n,
defined strictly as follows,

e 1 i Y e, Xj<né? (,x)=0and ¥yey,ons(n+1,y,%) 2 1
T(n+1,x)=
0 otherwise,

where A, (x) = {y ~ x: f’f’(n, y) =1 for some z’ € Iy} and

* n.(j,y,x)=0forany y,xand j = k ifZi.czl Yicz &%k, x) = ngKe* VK for some k < no;
e otherwise, (n’f(n, ¥, X)) n,y,x is an i.i.d. sequence with distribution:
n'.(n,y,x) ~Bernoulli(1/ (2N)) for y < x,

T]’Jr(n, ¥, x) ~ Bernoulli(1/(2N)) for y > x.

Denote {S'?(in)}o<n<n, with S7(,) = z + ZZZIXL (ir) and X (ir) the same distribution as
(5.5) be the random paths of {¢'Z(n, }o<n<n,- From the construction above, we can see that
{¢'2(n, )}o<n=n, is subordinated to the true horizontal process {fz(n, Vo<n<ng-

We now introduce the next level of attritions of {7 (k, )}o<k<n,-

(A1) The right-biased walks {S'?(ix),0 < k < ng}, z € Iy do not visit beyond the left bound
1
—>KN.
2

(A2) The right-biased walks {S'Z(ix),0 < k < ny}, z € Iy do not visit beyond the right bound
2KN.

To summarise, let

Ag(no) = {30 <k< no,Slf(ik) €

1 [
—EKN,ZKN] }

2K(A+1)

Lemma 5.4. Let ng = =5, then there exists c(A) > 0, so that for any z € I,

P(A%(ng)) < e WK,

for K and N large enough.

Proof. The proof follows from the reflection principle and the large deviation principle. Since

- A-D((N+1)
R T+
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Chapter 5. Supercritical Horizontal Movements

for any z € Iy,
E[S5 (in,)] € Hy = [(K—-1)N,(K+1)N].

Without loss of generality, we only need to show the bound for
P(3j < no,S%(i;) > 2KN).

By reflection principle,

1
. 0 s 0 (s
P(3j = no,S3G)) > 2KN) < £ X )= O)P(S+(lno) >2KN)
A+1

== P(S(iy,) > 2K N).

Forc>0,
P(Sg (inO) >2KN) =P (S?' (iﬂo) - E[Sg (ino)] > KN)
<E [ec(SE(ino)—E[sﬂ(ino)])] o~ CKN

= ¢ ¢KN (E [eC(X+ (il)—E[X+(i1)])])"0 ,
since (X4 (ix))1<k<n, is an ii.d. sequence. If we pick ¢ = ¢/ N with some 0 < r <1,
et B D < 1 4 ¢ (X, (1) — EIX, (1)) + 2¢° (X4 (1) - E[X ()D?,
as c|X,(;) —E[X,({]l <1. Hence

E [e¢ =B GID] < 1 4 26%E [(X4 (i) — E[X+ (i1)])?]

< 2 E[(X4 () -ELX, ()])’]

2
<es”,

D=

because

(N+1)2N+1) A-=123(N+1)?

Var (X, (ix)) =

6 4(A+1)2
~ (E_M)NZ
3 4(A+1)2
1 2
<—N~-,

12

as N large enough. Therefore,

P(S° (i) > 2K N) < &~ K*5°0

A+1DK (2
— o Kt

_3-1)
< e 1+ K,
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5.1. Horizontal bond

3A-1) O

if we ple t= 240"

Remark. Notice that A, (ny) is a global attrition over all initial site z € Iy and Af(no), Ag(no)
are local attritions of the related process starting from z € I.

Now we remove further the paths belonging to A§ (np) to get {¢ ’f (n,)}o<n<n, defined strictly

as follows,

if Y per, Xjenét? (j,x) =0and ¥ ye s, ni(n+1,y,0 21

0 otherwise,

m+1,x) =

where A}, (x) ={y~ x: f”z/(n,y) =1 for some z' € Iy} and

e 7l(n,y,x)=0ifxe [-XN 2Kk N]
e 7'/(j,y,x)=0forany y,x and j = kif ¥ e 7 &"#(k, x) = Ke** VK for some k < ny;
* otherwise, (1)’ (1, ¥, X)) p,),x is an i.i.d. sequence with distribution

n'l(n,y,x) ~Bernoulli(A/(2N)) for y < x,

n'l(n,y,x) ~Bernoulli(1/(2N)) for y > x.

Let {S*(ix)}o<k<n, With S{*(in) = z+ X} _, X! (ix) and X! (ix) the same distribution as (5.5) be
the random path of {¢'/?(n,)}o<n<n,. It is easy to see that {{'/*(n,)}o<n<n, is subordinated to
the true horizontal process (E%(n, Vo<n< no- The events Af(ng), A2(ng) and A% (ng) are shown
in Figure 5.2 (in the figure ¢; (A, K), ¢2(A, K) < e ¢WK),

H;y

é{illed by attiition

killed with prob. ca()\, K)

killed with prob. ¢1 (A, K)| ¢

Figure 5.2 — Right-biased movements with attritions
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Chapter 5. Supercritical Horizontal Movements

Corollary 5.2. Forany z€ Iy, let

1"
N (n9) = ) _igrz(ny 0101
X

21{/{—’31) and K is chosen so that K™ < A —1, then

[A+1 |1
E[NZZ(I’Z())] > e(;L+1)K (1 _ /1_ 1 F + 82(& + I)ZKZeZ(;L+1)K + e—C(/l)K ,

for K and N large enough.

where ng =

Proof. Suppose N%(nyp) is as in Lemma 5.1. Then by coupling,

N7 (ng)
N{%(ng)= ) Y,
i=1

(Y3);i>1 is ani.i.d. sequence satisfying Y; = 0 if one of the events A{(ny), A2(ng), A5(no) happens
and 1 otherwise. Then

E[N}*(no)] = E[N% (n9)] — E[NZ (no)l;y, =0y

= E[N7 (n9)] — \/E[(NZ(n9))?] v/ P(Y1 = 0)( by Cauchy-Schwarz inequality)

N A+1)\" A+1(A+1)\%™
- 2

-1
A+1K A+l J1 2 k2 2(A+ DK 4 p—c(MK
>e 1-1/——1\/ = +€2(A +1)2K2e2A+DK 4 g=c(DK |
A-1V K3

V/PUAE (10)) + P(Az(ng)) + P(AZ(ny)

O

Remark. Because we exclude the paths in A, (ng) (a global attrition over all z € 1), the sequence
(Nﬁr’z(no)) zel, are not independent. We can only have the lower bound rather than the exact
value which depends on the order of initial particles z € I.

The number of open sites in H; at generation ny = %’};” moved from Hj through the

subordinate discovery process {¢'/?(n,)}o<n<n, is

N{(no, H1) = ) Lis_¢7(ny,0)>0)-

xeH,

The main result of this section is the following lemma which shows that outside of small
probability, the subordinate process {¢/%(n, )}o<n<n, can transfer e N particles from H; to H;.
Here it is enough to consider the case when i = 0.
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5.1. Horizontal bond

Lemma 5.5. Suppose there are e N occupied sites in [N, N] noted by Iy and ny = %’}J{D, then
there exist K > 0 large and € > 0 small enough so that

" —%EN
P(N/ (ng, Hy) =eN)=1—¢ t0k™ ",

Proof. As we have seen in the proof of Lemma 5.4 that

A-DIN+1)

p=EIX, ) =

, 1< k<n;gp.

Hence, we choose
_2K(A+1)

T
For any z € Iy, E[S%(in,)] € H.

Suppose the sites in Iy are ranked as z; < zp < --- < z.n. N/ (ng, H;) can be coupled as

N (ng, H) Z Ly . 72 (ng,2)>0)

xeH,

eEN |
Y Yi(ng),

xeH, i=1

where

l. 1 if Y{(ng) =0 forany j<iand " (ng,x) >0
Yy (no) = i
0 otherwise.

Note that we cannot write

N (no, H1) = Z Z Lz (ng,x)> 01

zely xe Hy

which does not exclude the paths belonging to A, (ny).

By Corollary 5.1, we have forany 1 <i <¢N,

E| Y Yl (no)| = EIN/% (no)IP(S/% (i) € Hy).

x€H,

By the local central limit theorem, the last probability above satisfies

1z e 1 A-12% b1 e
V1oP(S; (1n0)€H1)—>\/§—4(A+1)2f_1 2”e z dx,
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Chapter 5. Supercritical Horizontal Movements

as ng tends to infinity. If ng is large enough (K large enough), we have

P(S"% 1
(847 (iny) € H1) = (5.6)
67’10

Hence by Corollary 5.2, forany 1 <i < €N,
S gM+DK /1"’ 1 /1 —+ £2(L+ 1)2K2e20+DK 4 g=cDK
12K(/1 +1)

> 1 e(/1+1)K
(A+1K? ’

if K is large and ¢ is small enough. By the definition of A}’ (1), we know forany 1 < i <¢N,

Y Ying)

xeH;

(5.7)

Y Yi(ng) < Ke*VK,

x€H,

The probability we want to prove is

eN .
P(N}(ng, H}) <eN)=P (Z Y. Ying) < gN)

1xeH,

eN . . eN .
(Z Y Ying)-E| ) Yi(np )SEN—ZE Y Yin) )
i=1\xeH, xeH, i=1 xeH,
Forl<n<eN, take
n . .
Mim)=) | ) Yi(ng)-E| ). Y;(no)lgﬁ(i—l)]),
i=1\xeH; xeH;
where
Fli)=0| ) Y{(no),jzl,---,i).
xeH;

We can see that {M’/ (n)}1<p<¢n is @ martingale with |[M} (n) - M} (n-1)| < KeA*DK by the
definition of Afi (np). Since (5.7) does not depend on the order of 1 < i < &N, (5.7) also holds
for E[Y yep, Yi(no) | F1(i—1)] forany1<i<eN.
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5.2. Vertical bond

By Azuma'’s inequality,

! U ]'
P (N} (ng, H)) <eN)<P (M+ (eN) < sN(l - /meuﬂm))

2
1 1, ,(A+DK _ 2 \72
(\/—M”(e 1) e“N

< _
=exp e NK2g2A+1DK

-1
—e W+DK? EN_

This finishes the proof of Lemma 5.5. O

We now finish the construction of the first subordinate process on the horizontal layer. Let
H], =[(mK—-1)N,(mK +1)N] x {n}.

Suppose on each horizontal layer 7, the bonds discover the horizontal space Z x {n} following

f’i(k, -). After every ny steps, f’l(k, -) transfer e N particles from H}, to H" In the next

m+1*
section, we find another subordinate process to transfer the e N particles from H”, to H""*!.

5.2 Vertical bond

To show the existence of percolation when x < Cj, it is enough to show that for the subordinate
process. The subordinate process in the horizontal sense is {¢//?(n, )} ;>0 which is dominated
by the true horizontal process {f %(n,)}n=0. Some attritions were introduced in the previous
section to ensure an independent structure.

In the previous section, we have already seen how the horizontal subordinate process moves
from Hy, to H] ., on a given layer. To investigate the existence of percolation, we also need
to analyse the vertical movement from H” to H;*!. Several levels of attritions will be intro-
duced to construct the vertical subordinate process which can also guarantee an independent
structure.

Consider the square lattice with nearest-neighbour edges L? and let p = (py, py) € [0,1]? be the
opening probabilities for horizontal and vertical edges to be open. We will use the following
theorem (Theorem 11.115 in Grimmett (1999)]) shown by Kesten.

Theorem 5.2 (Kesten). Supposep is such that0 < py, py < 1. We have that

=0 ifpp+pyrs1
>0 ifpp+pv>1,

0(p) =

where 6(p) is the percolation probability defined on page 2.
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Chapter 5. Supercritical Horizontal Movements

Suppose there are e N open sites in H}},. We have shown (Lemma 5.5) that outside of probability
e_mm, the subordinate process will generate e N open sitesin H) ;. 1— e_mdv can
be regarded as py,. In this section, we will find p,, which depends on N and k. We will show
that there exists C; > 0 so that when x < C1, pj, + py > 1, hence percolation occurs.

The vertical movements can be decomposed into two steps. The first step is to transfer M
particles from H" to H**!, and the second step is to reproduce these M particles to e N. The
event to transfer M particles from H” to H;"! is simply

&N . _ &N eEN —-kxkNq _ ,~kNyeN-k
P(Y BizM|= ) e N1 -e)
i=1 K=m\ k
-MxN

(5.8)

=e

where (B;j)1<i<en is ani.i.d. sequence with distribution Bernoulli(e(NV)),e(N) = e N Let these
M sites noted as I":'! be the initial condition for the reproduction. The second step is to
reproduce these M particles to e N particles in n’ generations.

Instead of dealing with the discovery of sites é7 on layer n, as in the previous section, we
construct a subordinate process step by step to finalise the reproduction and guarantee an
independent structure.

Separate the horizontal reproduction at layer n + 1 into n;, = log, (%) big steps. In each big
step, we evaluate the probability of reproducing from 2! M to 2/*! M particles in H™! where
0 << ny—1. In one big step, pick 2! M particles in H"*! then these particles reproduce
following a subordinate process constructed below, with the number of steps nj = %K . Let
n' = nyng be the total number of steps.

Remark. Notice that in the following argument, during each big step1 < | < nj— 1, some of the
particles are killed by attritions (introduced later) and so do their paths. We want to show that
2! M will reproduce more than 2!*' M particles with significant probability. The starting points
Zj,j=1,--- ,2! M in the following are different in each big step [ =1,---, ny — 1. We abuse the
notations {z1,- -, zo1)s} for each big step. After each big step l, the initial condition is reset by
randomly choosing 2! M particles in H™ ! for the next big step.

Without loss of generality, we consider the case when m = n = 0. Suppose initially, there are M
open sites connected by vertical bonds to the e N open sites in Hg . Denote these M particles
in H& as I&. Similar as Af(ny), the first attrition for the reproduction process is regarding the
mass. During each [ big step, let zj, -, 2,1, as the initial condition for the /-th big step and

Na((I+Dn) = Y &5 (1 +1)ng, x).

xeZ
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5.2. Vertical bond

For z1,--+, zy1), define

‘ (I+Dny
Af’(l):{ Y sz((l+1)n(’)')2n(’)’Ke’lK},Oslsn(’)—l,lstZIM.

k=Inj+1

Lemma 5.6. Suppose n; = %K (K suitably chosen to make n an integer), then

z 1
P(AY (D) = B
Proof. It follows similarly as for Lemma 5.2. O

Similarly, as in the previous section, the second attrition comes from the multiple visits to
one site. This is a global attrition over the M initial open sites in Ié and over the time period
n' = nyng. Let

Ay(n') = {3z, 2 €1}, (ip)n=0) # (2, (i) n=o) and 31 < k, k' < 1, S(if) = S (i;C,)},
where (i) ;>0 and (i},) ;>0 are particles starting from z,z’ € I&

Lemma 5.7. Suppose n;, = log,(e/ M) and nj = %K are chosen as above. Let K be chosen
large so that K~! < A — 1 (with K suitably chosen to make ng, g integers). If in each big step
1<l<nj,andanyzj1<j=<2'M,

(+ny
Y N+ Dny) < njKe'k,
k=Ing+1

then

- no—12!M ~z: c

A (n) 1 N (Al’(l)) )seZAZKGe”K.
1=0 j=1

P

(=)
~.

Proof. We can consider this probability in each big step. Denote
_ (+Dng 2l R
Amh= Y 3 Y &6,

i=lng+1j=1 *

as the number of generated particles in /-th big step, 0 < I < n;, — 1. By the assumption on the
cumulative mass,

Al(nf) < nf2! MK

< 22! MK3 MK,
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Chapter 5. Supercritical Horizontal Movements

Summing over 7, big steps gives

ny—1 ~ ny—1
Y Al < Y a2l Mr3er
1=0 1=0

< AK3eMeN.

Hence,
P(Ay(n)) < €212 K8 e?MK,

We now introduce the next level of attritions. In the following argument, when we consider
zj,l=j< 2! M, that is to consider the initial 2! M particles at big step /.

(AD) {S% (i)} iy <k=qanyny 1< J < 2! M do not move outside [-1KN,3KN] in nj steps. Let

(A2) The number of particles generated after each n(’)’ steps is less than K MK Let

Let
—zi 1 1
Agf = {—EKNS inf S% (i) < sup S% (i) < EKN}'

Ing<k<(l+1)ng Inf<k<(+1)n!

By similar reason as the proof of Lemma 5.4, we have the following result fo A;j .

Lemma 5.8. Under the conditions of Lemma 5.7, there exists ¢(A) >0, so that forany1 < j <
2! M in the I-th big step,
P(A; () < e MK

for K and N large enough.

We remove the paths belonging to A, (n’) and in each big step, the paths belonging to Aff 0)
and Ay (1),1= j <2'M,1=<1< n to get {&€ (1, )} 1y <p=iennt-

if lejslestngzj (k,x)=0and ¥ e 4,0 (n+1,y,x) =1

0 otherwise,

Ei(n+1,x) =
where A, (x) = {y ~ x:&%(n,y)=1forsomel<i SZ’M} and

e (n,y,x)=0if x € [-KN/2,KN/2]¢;
* 7(i,y,x)=0forany y,xand i = kif Y., £% (k, x) = Ke" for some k < (I + Dng;
* otherwise, (7](n, y, X)) n,y,x is an i.i.d. sequence with distribution Bernoulli(1/(2N)).
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5.2. Vertical bond

Let {$% (i)} nr<k=q+ny With §%(in) = zj + X}, X(ix) and X(ix) the same distribution as
(5.2). We can observe that {&% (n,-)}; n<n=(i+1)n is subordinated to the true horizontal process

&% (1, Wy <nsenyng-

Corollary 5.3. Under the conditions of Lemma 5.7, let
NZi(l) = ;I{ggzj((lﬁmg,mo},

forlsjsleandOSlSn(’), then

E[N% ()] = V7 | — \/ —5 +E2A2K8e2AK 4 g=CIK ||

for K and N large enough.

Proof. We follow the proof of Corollary 5.2 and have

E[N% (D)] = A" — \/ —/12”0 \/— +E2A2KB2AK 4 g=¢(VK
‘/ \/_+£2/12K6921K+e ENK |

The number of opensites in Hy at generation n’ = nn; reproduced by (&% (n, Wing<ns+nl 1<
j=2!'M0<l<n)-1is
N, Hy)= Y 1
° xélg {ZZ 07 g (g, X)>0}

which is the number of particles reproduced in the last big step n; — 1.

Lemma 5.9. Suppose there are e N open sites in HC, then there exist n' € N, K, M large so that
PN (', H)) = eN) = (1 - 2¢” e ) MW,

Ifwe pick M = 2A°K*,

P(N(n, HY) = eN) = e # VKN,

Proof. In the beginning of this section, we have seen (5.8) that outside of probability e"M*V,

we have M initial particles in H&. In each big step 1 < I < nj — 1, where n;, = log(e N/ M),
rank the sites as zj < --- < z,1;,. Note that these 2/ M open sites are different in each big step
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Chapter 5. Supercritical Horizontal Movements

1= 1l<n{. N((I+1ny,H}) can be coupled as

N " 1y _
N+ D, Ho) = 2 Tisotus ey 111y0g,0050)

x€H;
2'm
=Y Y ViUI+Dny),
xeH; i=1

where

1 if 17){((1+ 1)n}) =0 forany j <iand &% ((I+1)ny,x) >0
0 otherwise.

By Lemma 5.1, we have forany 1 < i <2!M,0<lI< n6 -1,

E| Y YiU+Dng)

1
XEH,

= B[N (D1P (5% i) € Hy ).

With the same reason as (5.6), we have

1

6nl/’

P(Szi () € H&) z
0

for n; large enough (K large enough). Hence by Corollary 5.3,

- A-1 A 1 -
Z Y;((l+l)n6’) > e/lK 1— \/__,’_62/121(682/1](4_6—6‘(/”1(
, 6AK 1-1VK
xeH,
> /LA
“VoakzT

if K is large and ¢ is small enough. By the definition of Aff (1), we know that forany 1 <i <
2!'M0<l=n)-1,

E

Y v+ Dnf) < ket

1
x€H,

For 1 <i<2'Min the i-th big step, take

M) =),
j=1

(Z v+ n)-E

1
XeH,

Y Y,Z((l+1)n’0’)|9(j—1)”,

1
xeH,

where

j(j):a( Y Yx"((l+1)ng),k=1,---,j).

1
X€H,

Note that {M (i)} <;<pp and {F (i)}, ;<o are different in each big step . We can see that
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5.2. Vertical bond

{M(i)}mql A is @ martingale with |M(i) — M(i — 1)| < Ke*X by the definition of A% (I),1 <
j <2'M. Since the lower bound of E [erHl Y]((l +1)n| )] does not depend on the choice
of 1 < j < 2!M, this lower bound also holds for E
ZALOSIsnO—L

2 eH! Yj((l+1)n ) F (- 1)] forl<js<

By Azuma'’s inequality, for the /-th big step

2lM
- 1
P|Y Y Vid+Dn)) <2 M| <P|M((I+1)ng) <2'M|2
L 2/11(2
(2- /o™ (2 'M)?
=exp| - ZIMKZeZ/IK
< e_ﬁle.
Over the n6 big steps, we have
ny-1 .
P(N(n/, HY) = eN) = ]‘[ (1- ez
>1-2e 2/12K4 M.
Combining with (5.8) finishes the proof. O

We now finish the construction of the second subordinate process in the vertical sense. With
the help of Lemma 5.5 and Lemma 5.9, we now show Theorem 2.5 by renormalization argu-
ment.

Proof of Theorem 2.5. We want to compare our original percolation system with the perco-
lation on the inhomogeneous square lattice ([I_2,p =(pnpv). Let £={m,n)eZx2}. £Lis
made into a graph (¥, &) by drawing oriented edges from (m, n) to (m +1, n) or (m,n+1). Ran-
dom variables y (e) € {0, 1} are to indicate the bonds e are open ((e) = 1) or closed (¥ (e) = 0).
We say that there is a path from (m, n) to (m’, n’) denoted by (m, n) — (m’, n’) if there is [ and
(xj,yj),1< j<lsothat (x,y1) = (m,n),(x;,y) = (m',n) and ((xj_1,yj-1), (xj,¥)) € & for any
1<j=<l Let
Co = {(m,n) : (0,0) — (m, n)}

be the cluster containing the origin.
Definition 5.1. H}, = [(mK—1)N,(mK + 1)N] x {n} is (¢, N)-good if there are e N open sites in

The renormalized site (m, n) € £ corresponds to the block H}},. w(m,n) = 1if H}}, is (¢, N)-
good. We explore the edges in £ via a discovery algorithm. Initially, Hg is (¢, N)-good.
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Chapter 5. Supercritical Horizontal Movements

Horizontally, H] is connected to HY denoted by H) — HY if the horizontal subordinate process
{¢%(n,)}o<n=n, (With €N sites randomly chosen in Hg) transfer e N particles to H?. Similarly,
we can define Hg — H91 if the horizontal subordinate process {¢Z (n,-)}o<n<p, transfer eN
particles from Hg to Hgl. Inductively, we can define H}}, — Hr’,’1 11
renormalized graph ej, = ((m, n), (m + 1, n)) € &y, the state of edges y(ey) = 1 if the horizontal
subordinate process transfer ¢ N particles from Hy, to H), | (Hy, — H; ) so that both Hy,
and H,’jlil are (&, N)-good and ¥ (ey,) = 0 otherwise. By Lemma 5.5, we have

For horizontal edges in the

1
prn=Pylep)=1)=1-e (/1+1)1<4€N'

Vertically, Hg is connected to H& denoted by Hg — H& if M = 2A?K* (K suitably chosen
to make M an integer) vertical edges in the original graph ({((x,0), (x,1)),x € Hg) are open
(with probability e™*"V) and these M particles reproduce to e N particles in H& following the
subordinate process {EZ(n, )}o<n<n (the sites of these M particles do not matter). Similarly,
we can define H) — H,! and inductively we can define H?, — HJ'*!. For vertical edges in
the renormalized graph e, = ((m, n), (m,n £ 1)) € &,, the state of edge y(e,) = 1 if first M =
2AK* particles are transferred from H, to H**! and these M particles reproduce following
{E%(n, Vo<n<nw in HX! so that both H and H"*! are (¢, N)-good and v (e,) = 0 otherwise. By
Lemma 5.9, we have

pu=P(y(ey) = 1) = e WVKN,
Notice that Hy}, can be (¢, N)-good with two possibilities, when H _, is (¢, N)-good and the
horizontal subordinate process ¢’/ transfer e N particles from H). |, when H . is (¢, N)-good
and the horizontal subordinate process ¢{” transfers e N particles from H)! ., or when HL
is (g, N)-good and the open vertical edges transfer M particles from H;};l to H}! and then
reproduction following & happens in H]!. In this case, we will only inherit the e N particles
from H) _,. This mechanism is shown in Figure 5.3.

reproduction to e N particles reproduction to e N particles reproduction to e N particles
(n + 1)-th layer
M particles M particles M particles
eN particles
H;\M_/’Hg . Hs,,  n-th layer

Figure 5.3 - Renormalized blocks H

On each horizontal layer n, the processes starting from Hy, and H) _ ,,

dent. The random variables (y/(ey))¢,eg, has joint law pj, such that py(y(ep) = 1) = pj, and

n .
HJ, ., are not indepen-

the connections between (m, n) and (m/, n) follow the horizontal discovery algorithm above.
By the definition of A% (no), (m,n) and (m’', n) can be joined only if |m — m/| < 2. However
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5.2. Vertical bond

thanks to the argument of Liggett et al. (1997), we can find a product measure 7, on &, with
7Ty, (W(ep) =1) = pp and (¥ (ep))e,es, being independent so that 7, is dominated by uj,.

Let Z. be the graph with vertex set Z in which two vertices m, m' are joined by edge if [m—m'| <
k. So Zy(p) consists of k-dependent measures on subsets of Z of density at least p.

Theorem 5.3 (Theorem 1.5 of Liggett et al. (1997)). Letp,a,r €[0,1], letk=0andletq=1-p.
Suppose that
1-a)1-nf=gq

and
1-a)ar= q.

Ifu€e Zi(p), then mg, < p. In particular, if g < k*/ (k + 1)**1, then Ty < W, where
1/(k+1)
_|,_4 _ 1/(k+1)
p= (1 Jek! (k+1) ) (1 (qk) )

S
Inourcase k=2and g<e @+x! N, By Theorem 5.3, the measure uj on each horizontal layer
Z x {n} stochastically dominates the product measure 7, with

_ 1
pp=1—e wmxr N,

Moreover,

S -
Ph+py=1—e 400Kt eN oA KN

If we choose k small enough compared to eK~8, percolation occurs by Theorem 5.2.

The other direction is easy to show. Let I = [kN, (k+ 1)N]nZ, k € Z. The probability that no
edges generated from I} (in 1 step) is

qN:P(Z NZ(1)=0)

z€iy

1— —
2N

AN

- ( A )ZN'N (5.9)

=ze
Let .4} be the total number of occupied sites at layer i.

ElAo]< Y (k+ 1N -qgn*qn

k=0
N (5.10)
qN
= NeMV.
If k > A, E[4;] - ¥V < 1 and there is not percolation. This concludes Theorem 2.5. O
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