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A transverse feedback system can effectively mitigate the emittance growth caused by injection
oscillations and machine noise in hadron beams. However, as its action on the beam depends on beam
position measurements of finite accuracy, it introduces additional noise on its own. The machine noise is in
general strongest at low frequencies. Hence, the feedback is less needed at high frequencies. In this paper,
two theories for the reduction of the machine noise induced emittance growth rate, with a bunch-by-bunch
feedback, have been extended to a multibunch feedback. The extended theories show quantitative
agreement with sophisticated macroparticle simulations. The emittance growth caused by the beam
position measurement noise is numerically found to be only weakly dependent on the feedback’s cutoff
frequency, while it is strongly dependent on the single-bunch gain. The ultimate goal of this study is to find
the optimal transverse feedback bandwidth and gain, determined by the minimization of the total emittance
growth rate. The optimum depends on the ratio between the amplitudes of the beam position measurement
error and the machine noise, the power spectrum of the machine noise, the response of the feedback filters,
and the magnitude and details of the detuning. For the illustrative case of the Large Hadron Collier during
collision in run 2, the optimum is found at the currently lowest possible cutoff frequency of 0.5 MHz, with a
single-bunch damping time of approximately 270 turns. Using a chromaticity of 15 units, the minimal
emittance growth rate at this cutoff frequency is 72% lower than with a bunch-by-bunch feedback. If the
beam position measurement error can be reduced relative to the machine noise, the optimum will shift to
larger single-bunch gains, or equivalently shorter single-bunch damping times.

DOI: 10.1103/PhysRevAccelBeams.24.011003

I. INTRODUCTION

The beams in synchrotrons perform many revolutions
during their lifetimes. They also oscillate transversely
around their ideal path with a finite amplitude because
of injection errors, self-induced forces, such as wakefields,
and various sources of external noise. The machine noise
is typically strongest at low frequencies due to self-
inductance in the electromagnets. In some machines, the
beam screen also shields the beams from high frequency
field variations [1]. That is, in general, also true for other
sources of external noise, such as the ground motion [2].
From here on, all of these forces are referred to as the
machine noise. In the Large Hadron Collider (LHC),

machine noise may be dominated by fluctuations in power
converters, which are currently understood to be strongest
at frequencies below 10 kHz [3]. Such a low-frequent (LF)
machine noise will kick all particles in a bunch equally,
both those in the head and in the tail. Furthermore, such an
LF machine noise can only excite multibunch modes of
equally low frequencies.
Transverse beam oscillations can both lead to emittance

growth and self-amplified instabilities, reducing the beam
quality in either case. To minimize these oscillations, it is
common to act on the beams with transverse bunch
feedback systems [4,5], sometimes referred to as dampers,
reducing the transverse momentum of a bunch by a gain
every turn. Transverse feedbacks can be used to minimize
rigid-bunch oscillations, but also intrabunch head-tail
motion [6]. The use and capabilities of the feedback depend
on the beam requirements.
Since the beams can have speeds close to the speed of

light, one cannot act on a bunch at the same turn as the
measurement of the transverse displacement. This requires a
prediction of where the bunch will be at a later turn, which is
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based on the assumed tune. If the prediction is sufficiently
wrong, and/or the feedback gain is too large, the feedback
system may destabilize the beams [7]. The tune acceptance
will not be studied in this paper. A key parameter when
considering the stability of the feedback loop is the group
delay of the feedback filter [8]. Much work has been put into
designing optimal multiturn filters, damping a bunch based
on the measurements from more than one turn. Different
filters have different stability limits [9].
The transverse oscillations are measured by a beam

position monitor (BPM), often using electromagnetic
pickups that have finite accuracy and precision. The error
between the measured position and the actual position of a
bunch will from here on be referred to as the BPM error.
This error consists both of a systematic and a stochastic
part. The systematic BPM error depends on the beam
position in the pickup. It is not relevant within the scope
of this paper because the turn-by-turn measurements are
notch-filtered to suppress the closed orbit and thereby also
the systematic error. The main sources of the stochastic
BPM error in the LHC are the pickup measurement noise
and the intrinsic noise of the analog-to-digital conversion
process. The quantization noise due to the digitization of
the signal is negligible in comparison.
The BPM error is fed back into the beam by the feedback

and causes additional degradation of the beam quality. The
unwanted kicks from the feedback will be referred to as the
BPM noise. It has been postulated that the impact of the
BPM noise may be reduced by damping a bunch based on
the measurements of both itself and its closest neighbors,
corresponding effectively to operating the feedback in a low-
bandwidth (LBW) setting with an upper cutoff frequency
fcutoff smaller than the bunch repetition frequency. An LBW
feedback should also be more efficient at damping the
multibunch modes driven by LF machine noise.
An optimal feedback minimizes the emittance growth

rate, driven by the BPM noise and the machine noise, and
maintains beam stability. In this paper, we introduce a
model of an LBW feedback and search for the optimal
cutoff frequency and gain. The optimum will depend on the
machine noise, the BPM noise, the feedback filter, and the
feedback stability limit.
Note that there are two main sources of emittance growth

in a hadron beam [10]: (i) Single-particle kicks, e.g., caused
by intrabeam scattering; (ii) Dipolar kicks, affecting all
particles in the same longitudinal slice equally. If one
neglects stochastic cooling, a feedback can only reduce the
emittance growth caused by the dipolar kicks.

II. THEORY

A. Emittance growth with ideal
bunch-by-bunch feedback

An ideal bunch-by-bunch feedback works by measuring
the transverse position of bunch b at either multiple

locations or multiple turns, to have an accurate estimate
of its normalized phase space coordinates ðxb; pbÞ at the
location of the feedback actuator, where the momentum is
reduced by a gain g as

pb → pb − gpb ¼ pbð1 − gÞ: ð1Þ

The feedback kick has to be performed at a later turn due to
special relativity. This feedback corresponds to a damping
time of τg ¼ 2=g, in number of turns.
The expressions for the suppression of the emittance

growth rate with an ideal bunch-by-bunch feedback that
will be introduced in this section, were originally derived
under certain assumptions on the noise. First of all, the
noise was considered to affect all particles in a bunch
equally. This requires the noise to be negligible at frequen-
cies similar to or higher than the inverse bunch length.
This requirement is met in the LHC, where the noise is
negligible at frequencies ≳1 GHz [4]. Secondly, the power
spectral density of the noise is assumed to be flat over
the bunch spectrum. The width of the bunch spectrum is
typically small, often making this a valid assumption. On
the other hand, if there are narrow spectral lines in the noise
spectrum that overlap with the bunch spectrum, that is not
covered by this theory. This can occur, if care is not taken,
due to the 50 Hz lines observed in the LHC [3]. Finally,
the derivation assumes small noise kicks, keeping only the
lowest-order terms. If these assumptions are met, what
matters is the power spectral density of the noise at the
bunch’s betatron frequency and corresponding alias
frequencies. The exact histogram of the small kicks, be
it, e.g., Gaussian or a box function, does not matter. In this
section, the noise is represented by a flat power spectrum
up to a half-integer multiple of the revolution frequency
frev, with a variance per single kick per turn of σ2Noise,
representing the quadratic sum of the machine noise
amplitude normalized to the beam divergence at the
location of the noise sources.
If the decoherence is caused by incoherent detuning, as

that created by Landau octupoles, the emittance growth rate
per turn in either transverse plane is given by [11]

_ε

ε0
¼ σ2Noise

2

� ð1 − g
2
Þ24π2ΔQ2

ðg
2
Þ2 þ ð1 − g

2
Þ4π2ΔQ2

�
; ð2Þ

where ε0 is the initial emittance, the angle brackets signify
an average over the bunch distribution, and ΔQ is the
detuning of a single particle relative to the average tune in
the considered plane of all the particles in the bunch, not
relative to the bare machine tune. The horizontal detuning
due to Landau octupoles [12], relative to the average tune of
all the particles, can be given as

ΔQx ¼ axðJx − hJxiÞ þ bxðJy − hJyiÞ; ð3Þ
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where ax and bx are the in-plane and cross-plane detuning
coefficients, respectively, later assumed to be equal in both
planes, and Jj is the normalized action in plane j ∈ fx; yg.
The root-mean-square (rms) tune spread is

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2x þ b2x

p
,

assuming a Gaussian bunch distribution.
If the detuning is driven by a single coherent head-on

beam-beam interaction per turn, in a configuration with
round and symmetric beams, the emittance growth rate per
turn without chromaticity is given by [13]

_ε

ε0
≈
1 − s0
2

σ2Noise
2

�
1þ g

2πξtot

�
−2
; ð4Þ

where s0 ≈ 0.645 is a constant determined numerically for
the case of round beams, and ξtot is the total beam-beam
parameter that characterizes the maximum tune shift of the
particles in the center of the bunch. For round beams, the
beam-beam parameter of one head-on interaction is given
by [13]

ξ ¼ nPrP
4πεn

; ð5Þ

where nP is the number of protons per bunch, rP is the
classical proton radius, and εn is the normalized transverse
emittance, which is assumed equal in both planes. The rms
tune spread is approximately 0.168ξtot [14]. Since the
incoherent tune spectrum due to beam-beam interactions
does not contain the coherent σ- and π- beam-beam modes,
the beam-beam driven decoherence is less effective than
that of incoherent detuning sources. As a result, shown in
more detail in Sec. III, the emittance growth rate is smaller
with a coherent beam-beam interaction than with octupole
detuning of the same rms tune spread.

B. Real LBW feedback

Due to the finite accuracy of the BPMs, the measured
positions are not exact, leading to an error between the
predicted momentum pbp at the feedback actuator and the
actual momentum pb. Therefore, the effect of the ideal
bunch-by-bunch feedback in Eq. (1) changes to

pb → pb − gpbp ¼ pbð1 − gÞ þ gδbp; ð6Þ

where gδbp is the BPM noise kick. The stochastic BPM
error will be modeled as drawn from a centered normal
distribution, δbp ∼N ð0; σ2BPMÞ. This assumption is not
essential to the key results. The possible additional error
due to the prediction is neglected. The emittance growth
rate caused by the BPM noise can be found by exchanging
σNoise in Eqs. (2) and (4) by gσBPM. It cannot be reduced by
increasing the feedback gain.
A multibunch/LBW feedback works by acting on

multiple bunches based on the measurement of one bunch,
or equivalently acting on one bunch b based on the

measurements of multiple bunches b0. This can be
written

pb → pb − g
X
b0
ϵb0wbb0pb0p; ð7Þ

where the coefficient

ϵb0 ¼
�
1; bunchb0 exists

0; otherwise;
ð8Þ

marks the bunches and wbb0 is the response function of the
complete transverse feedback filter, from the position meas-
urement to the feedback kick experienced by the bunches,
normalized so that wbb ¼ 1. The complete transverse feed-
back filter consists of the combined response due to several
individual digital filters, the high power tube amplifiers, and
the kicker parameters in the signal processing chain.
Response functions for two types of low-pass feedback

systems, with various cutoff frequencies fcutoff , are visu-
alized in Fig. 1(a). The corresponding transfer functions are
displayed in Fig. 1(b). The extended bandwidth (Ext. BW)
is for all intents and purposes a bunch-by-bunch feedback.
The response function for the exponential filter (“EXP”) is
the exponential function,

wEXP
bb0 ¼ expð−2πfcutoffΔtjb − b0jÞ; ð9Þ

where Δt is the bunch separation. The response functions
labeled “ADT” include all the filtering in the digital signal
processing and the analogue chain frequency response of
the LHC transverse feedback, assuming known bunch
measurements [5]. In addition to the measured center
bunch, the response extends symmetrically over the 32
closest bunch slots on either side of this bunch. The lowest
reasonable cutoff frequency for the LHC transverse feed-
back is 0.5 MHz. However, this can be reduced further if
found necessary. The additional high-pass filter required to
make a bandpass filter is not relevant in this paper.
The LBW feedback is most valuablewhen the beam tends

to oscillate with low-frequency modes. To appreciate the
effect of an LBW feedback, the transverse beam oscillation
at the BPM can be decomposed into the sum of a multi-
bunch mode pbm¼Amcosð2πfmtbþϕ0mÞ≡AmcosðϕbmÞ,
denoted by the subscriptedm, and an individual momentum
pbi ∼N ð0; σ2i Þ per bunch. By inserting this decomposition
and expanding the cosine in pbm, Eq. (7) can be rewritten as

pb→pb−g
X
b0
ϵb0wbb0 ðpb0mþpb0i−δb0pÞ

¼pbmð1−gbmÞþpbið1−gÞþgδbΣiþgδbΣp

þgAm sinðϕbmÞ
X
b0
ϵb0wbb0 sin½2πfmΔtðb0−bÞ�; ð10Þ

where
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gbm ¼ g
X
b0
ϵb0wbb0 cos½2πfmΔtðb0 − bÞ� ≤ gÑ; ð11Þ

δbΣi ¼ −
X
b0≠b

ϵb0wbb0pb0i ∼N ð0; ðÑb − 1Þσ2i Þ; ð12Þ

δbΣp ¼
X
b0
ϵb0wbb0δb0p ∼N ð0; Ñbσ

2
BPMÞ; ð13Þ

Ñb ¼
X
b0
ϵb0wbb0 ; ð14Þ

Ñ ¼
X
b0
wbb0 : ð15Þ

The individual single-bunchmotionwill be dampedwith the
single-bunch gain g as before. The multibunch motion will
be damped with an effective multibunch gain gbm. The
individual motion results in a kick gδbΣi per turn and the
BPM errors result in a kick gδbΣp per turn, both acting as a
noise with the same spectrum as the feedback. The last
term in Eq. (10) originates in the multibunch motion of
the beam, pbm. It can lead to an emittance growth if not
suppressed. It can be minimized by: (i) reducing g;
(ii) reducing Am, which requires a large gbm; (iii) reducing
the summands, which requires fm ≪ fcutoff , which is also
required to get a large gbm; (iv) using a symmetric filter so
that the summands cancel. If the bunches are gathered in
trains of consecutively filled bunch slots, separated by
multiple empty slots, for which ϵb0 ¼ 0 [15], the last
alternative does not work for the bunches at either end of
a train.
If the cutoff frequency is larger than the multibunch

mode frequency, fcutoff ≫ fm, the multibunch gain will be
larger than the single-bunch gain, gbm ¼ gÑb ≥ g. The sum
of the peak-normalized response function is illustrated for
various cutoff frequencies with both considered filter types
in Fig. 1(c). Since this is the maximum ratio between the
multibunch gain and the single-bunch gain, maxðgbm=gÞ, it
can be seen from this figure that reducing from the Ext. BW
to standard operation of the ADT with fcutoff ¼ 20 MHz
may already lead to a significant increase of the effective
multibunch gain. The same change of bandwidth will only
have a marginal impact when using the EXP filter.

C. Emittance growth with LBW feedback

The motion of the beam can more accurately be
modeled as a sum of multibunch modes. For a revolution
frequency frev, the horizontal multibunch modes have
frequencies

fm ¼ frev · jmþQxj; m ∈ Z; ð16Þ

where Qx is the fractional horizontal tune. Due to
aliasing, the only modes of interest are those with frequen-
cies fm ∈ ½0; frf=2�, where frf ¼ Mfrev is the bunch
slot frequency, and M is the number of equidistant bunch
slots.
Noise at a certain frequency f ∈ ½0; frf=2�, will only

excite multibunch motion at that frequency. The reduction
of the emittance growth rate with incoherent detuning in
Eq. (2) becomes a sum over the multibunch modes

_εb
ε0

¼
X
m

SNoiseðfmÞ
2

� ð1 − gbm
2
Þ24π2ΔQ2

ðgbm
2
Þ2 þ ð1 − gbm

2
Þ4π2ΔQ2

�
: ð17Þ

(a)

(b)

(c)

FIG. 1. Response functions of two types of filters in time
domain in (a) and in frequency domain in (b), assuming a bunch
separation of Δt ¼ 25 ns. The sums of the response functions in
time domain, over all neighbors maximally 32 slots away, are
given in (c). The EXP filter is an exponential filter, while the ADT
filter replicates the transverse feedback in the LHC, both of which
are fully symmetric in time in the range jb − b0j ≤ 32, although
only b0 − b ≥ 0 is shown here.
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Equivalently, one gets a new expression for the reduction of
the emittance growth rate with a beam-beam interaction
given by Eq. (4) as

_εb
ε0

≈
1 − s0
2

X
m

SNoiseðfmÞ
2

�
1þ gbm

2πξtot

�
−2
: ð18Þ

Here, gbm is the effective gain in Eq. (11), which depends
on fm and the distribution of neighbors, and SNoise is the
power spectral density of the noise.
If the noise spectrum is flat up to an upper frequency

fmax, the power spectral density of the noise is, by the
Plancherel theorem [16] and our convention of normali-
zation, related to the noise spread in time as

SNoiseðfÞ ¼
�
σ2Noise

frev
2fmax

; f ∈ ½0; fmax�
0; otherwise:

ð19Þ

In the case of a single bunch (M ¼ 1) affected by white
noise, the effective noise has fmax ¼ frev=2, since the
bunch only samples the noise once per turn. As a
consequence, one gets SNoiseðf ≤ fmaxÞ ¼ σ2Noise. In the
case of M evenly spaced bunch slots and a flat noise
spectrum up to fmax¼frf=2, one gets SNoiseðfÞ¼σ2Noise=M.
For an ideal Ext. BW feedback, gbm ¼ g, Eqs. (17) and (18)
are reduced to Eqs. (2) and (4), respectively, as the sum will
be over M multibunch modes. Note that only the machine
noise is considered in Eq. (19). The BPM noise will be
filtered by the LBW filter, and cannot therefore be included
in this manner.

III. RESULTS

Simulations have been run with the tracking code COMBI

[17–19] to study the emittance growth rate driven by both
LF machine noise and BPM noise, while being damped by
various LBW feedbacks. The standard numerical setup is
summarized in Table I. Variations to this setup are
addressed in the text. All bunches in a beam are grouped
together in a single train, filling consecutive bunch slots.
The tune spread is caused by Landau octupoles, given by
Eq. (3), unless stated otherwise. The prediction of the
momentum after the feedback group delay always assumes
the bare machine tunes (0.31,0.32). The LF machine noise
used has a flat power spectrum up to fmax, being an integer
multiple of frev. The noise signal has been generated by
filtering the Fourier transform of finite length signals of
Gaussian white noise, whereupon the signals have been
concatenated in such a way as to erase the transition
[20,21]. The noise is typically strongest at the lowest
betatron sideband frequency, which varies between
machines. The specific choice of frev does not have a
direct impact on the results. The BPM error is added to the
phase space measurement before being used to calculate the
response on the various bunches. The emittance growth rate

is presented in units of a reference emittance growth rate.
Unless stated otherwise, this reference is the emittance
growth rate per turn expected with full decoherence,

_εref
ε0

¼ σ2Noise
2

: ð20Þ

A. Dependence on feedback filter, cutoff frequency,
noise type, and source of detuning

The emittance growth rate of all 128 bunches, occupying
consecutive bunch slots in one train, that are kicked by an
LF noise and damped with a single-bunch gain g ¼ 0.01,
is presented in Fig. 2. The agreement with the theory in
Eq. (17) is equally good for the Ext. BW feedback as after
the extension of the theory to an LBW feedback. The
bunches at either end of the train do not benefit maximally
from the LBW configuration, due to the lack of neighbors,
and thus have a smaller effective multibunch gain. Note that
the ADT filter improves significantly more than the EXP
filter when going from Ext. BW to fcutoff ¼ 20 MHz. This
result was expected based on the sums of the normalized
response functions displayed in Fig. 1(c).
The emittance growth rate has been calculated with

fcutoff ∈ f0.5; 1; 2; 5; 10; 20g MHz, in addition to the Ext.
BW. The average emittance growth rate of all 128 bunches,
kicked only by either LF noise or BPM noise, is displayed
as a function of fcutoff in Fig. 3. For the cases with only
BPM noise, the reference emittance growth rate per turn is
_εref=ε0 ¼ ðgσBPMÞ2=2. The emittance growth rate driven
by LF noise is reduced significantly by reducing fcutoff , and
the different dependence on fcutoff for the two filter types is
unmistakable. The emittance growth rate driven by BPM

TABLE I. Numerical parameters used in the simulations.

Parameter Unit Value

Bunches per beam [1] 128
Macroparticles per bunch [p/b] 106

Number of turns [1] 105

Bunch spacing, Δt [ns] 25
Revolution frequency, frev [kHz] 11.245
Fractional horizontal tune, Qx [mod 1] 0.31
Fractional vertical tune, Qy [mod 1] 0.32
Synchrotron tune, Qs ½10−3� 1.9
RMS momentum spread, σδ [1] 10−4

Linear chromaticity, Q0 [1] 0
Octupole in-plane coeff., ax

a ½10−3� 1.09
Octupole cross-plane coeff., bx

a ½10−3� −0.761
Beam beam parameter, ξtot ½10−3� 7.9
Single-bunch gain, g ½1=turn� 0.01
Feedback group delay [turn] 4
Machine noise amplitude, σNoise

b ½σpturn−1
2� 10−3

Upper noise frequency, fmax ½frev� 1
aEqual also in the vertical plane.
bNoise given in units of the rms beam divergence.
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noise also depends on fcutoff , but to a lesser extent. The
main approach to reduce BPM noise driven emittance
growth is to reduce the single-bunch gain.
The average emittance growth rate with LF noise, of

various maximum frequencies fmax, is displayed in Fig. 4.
As long as fmax ≤ 1 MHz, there is only a marginal increase
in the emittance growth rate for the tested values of fcutoff .
As a rule of thumb, reducing the cutoff frequency of the
feedback only reduces the emittance growth rate as long as

it still covers the power spectrum of the noise. Note that
the power spectrum is flat for all values of fmax in these
simulations. The noise in a machine will in general be
weaker at higher frequencies.
The average emittance growth with a beam-beam inter-

action, in comparison to octupole detuning, is displayed in
Fig. 5. The agreement with the theory for a beam-beam
interaction in Eq. (18) is equally good as the theory for
octupole detuning in Eq. (17). The emittance growth
rate with a beam-beam interaction and zero chromaticity
Q0 ¼ 0 is significantly lower than with octupole detuning.
However, with the introduction of chromaticity, the emit-
tance growth rate increases substantially. In comparison,
the emittance growth rate increases more due to the
introduction of chromaticity in addition to a beam-beam
interaction, than in addition to octupole detuning. This is
due to a shift of the coherent beam-beam modes due to
chromaticity, as was discussed in greater detail in [22].

B. Optimal feedback in the LHC

The goal of this section is to find the optimal cutoff
frequency and gain for the LHC in collision, both now and
in the future. In the LHC as of 2018, the ratio between the
BPM error and LF noise was in both planes of both beams
σBPM=σNoise ≈ 50 [22]. In this section, the emittance growth
rate will be presented in units of _εref=ε0 ¼ σ2Noise=2, the

(a)

(b)

FIG. 2. Emittance growth rate for all 128 neighboring bunches
affected by only LF noise, using the EXP filter in (a) and the ADT
filter in (b). The solid lines are the expected emittance growth
rates, calculated with Eqs. (11) and (17).

FIG. 3. Average emittance growth for 128 neighboring
bunches, affected by either LF noise or BPM noise, using the
EXP filter and the ADT filter. The solid lines are the expected
emittance growth rates due to LF noise, calculated with Eqs. (11)
and (17).

(a)

(b)

FIG. 4. Average emittance growth for 128 neighboring bunches
affected by LF noise of various fmax, using the EXP filter in (a)
and the ADT filter in (b). The solid lines are the expected
emittance growth rates, calculated with Eqs. (11) and (17).
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relative rate expected due to the LF noise with full
decoherence, also for the simulations with only BPM noise.
The source of detuning will always be beam-beam inter-
actions, as we want to minimize the emittance growth rate in
the LHC in collision. For the same reason, all simulations are
run with the ADT filter. Note that we use a simplified model
of the LHC with a single head-on interaction per turn, not
multiple as was studied for the bunch-by-bunch feedback in
[22], and not including long-range interactions. This is an
acceptable choice in this paper, since the main focus is the
impact of the feedback bandwidth on the emittance growth
rate, and the main impact of the beam-beam interactions
on the feedback efficiency is through the rms tune spread.
Until further notice, the total beam-beam parameter remains
at ξtot ¼ 0.0079.
The simulated average emittance growth rate of

128 bunches, with Q0 ¼ 0 and either only LF noise or
BPM noise or both, is presented as a function of both the
feedback’s cutoff frequency and the single-bunch gain in
Fig. 6. The emittance growth rate caused by the LF noise is
as expected reduced by either increasing g or reducing
fcutoff . The emittance growth rate caused by the BPM noise
is strongly dependent on g. The emittance growth rates in
the simulations with both types of noise are equal to the
sum of the growth rates found with each type of noise

separately, with a standard deviation of the relative error
of 4.3%. The optimal gain is in general smaller for a smaller
cutoff frequency. The minimal emittance growth rate at the
optimal gain for cutoff frequencies 0.5 MHz, 20 MHz, and
Ext. BW are gathered in Table II.
The scan of the average emittance growth rate of

128 bunches has been repeated with Q0 ¼ 15, which is
presented in Fig. 7. The trends are the same as withQ0 ¼ 0,
except for a larger emittance growth rate, as was also found
in Sec. III A. Especially the emittance growth rate driven
by the LF noise alone has increased. Furthermore, some
configurations that were unstable have been stabilized with
the introduction of the chromaticity. The emittance growth
rates in the simulations with both types of noise are equal to
the sum of the growth rates found with each type of noise
separately with a standard deviation of the relative error of
3.0%. The minimal emittance growth rate and optimal gain
for three bandwidths are gathered in Table II. It has been

(a)

(b)

FIG. 5. Average emittance growth for 128 neighboring bunches
affected by LF noise, using the EXP filter in (a) and the ADT
filter in (b). The solid lines are the expected emittance growth
rates, calculated with Eq. (11) and either Eq. (17) for octupole
detuning or Eq. (18) for beam-beam interactions.

TABLE II. Minimal emittance growth rate and corresponding
optimal gain for a given cutoff frequency, beam-beam parameter,
noise ratio, and chromaticity.

ξtot ¼ 7.9 × 10−3, σBPM ¼ 50σNoise

Q0 ¼ 0 Q0 ¼ 15

fcutoff g½10−2� _ε½_εref � g½10−2� _ε½_εref �
Ext. BW 0.67 0.165 1.41 0.523
20 MHz 0.92 0.095 0.94 0.225
0.5 MHz 0.70 0.070 0.75 0.149

ξtot ¼ 7.9 × 10−3, σBPM ¼ 25σNoise

Q0 ¼ 0 Q0 ¼ 15

fcutoff g½10−2� _ε½_εref � g½10−2� _ε½_εref �
Ext. BW 2.83 0.130 4.58 0.293
20 MHz 2.07 0.049 2.01 0.105
0.5 MHz 1.00a 0.031 1.83 0.054

ξtot ¼ 2.2 × 10−2, σBPM ¼ 50σNoise

Q0 ¼ 0 Q0 ¼ 15

fcutoff g½10−2� _ε½_εref � g½10−2� _ε½_εref �
Ext. BW 0.33 0.200 0.76 0.358
20 MHz 0.55 0.161 0.62 0.267
0.5 MHz 0.37 0.147 0.39 0.245

ξtot ¼ 2.2 × 10−2, σBPM ¼ 25σNoise

Q0 ¼ 0 Q0 ¼ 15

fcutoff g½10−2� _ε½_εref � g½10−2� _ε½_εref �
Ext. BW 1.79 0.179 1.63 0.306
20 MHz 1.88 0.107 1.72 0.194
0.5 MHz 1.00a 0.085 1.25 0.161

aDid not consider gains larger than the largest stable gain in
simulations.
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tested to operate the LHC with Ext. BW, but it was found
that this led to a significantly increased emittance blow-up
[23], in agreement with these results. Therefore, the LHC
was in run 2 operated with fcutoff ¼ 20 MHz when in
collision.
The transverse feedback system in the LHC is being

upgraded during the current long shutdown, in part to
reduce the BPM error [23,24]. The system will use 4
instead of 2 pickups per plane per beam. The signals from

the pickups will be treated differently, to reduce effects
caused by long ð> 700 mÞ transmission lines between the
tunnel and the surface building. The main improvement
should come from a new generation radio-frequency front-
end, a more advanced sampling scheme, and utilization of
additional signal-processing features in the digital domain
before the measured beam position is sent to the transverse
feedback loops. The goal is to reduce the BPM error by a
factor 3 or more.

(a)

(b)

(c)

FIG. 7. Average emittance growth rate for 128 bunches sep-
arated by 25 ns, due to LF noise in (a), BPM noise in (b), and both
in (c), in a configuration with a beam-beam interaction and
Q0 ¼ 15. The black crosses mark the simulations. The area
marked gray contains configurations ðfcutoff ; gÞ for which the
feedback loop is unstable. The configurations at the edge of the
gray area were stable. The white curves are contours of constant
maximum multibunch gain gÑ.

(a)

(b)

(c)

FIG. 6. Average emittance growth rate for 128 bunches sep-
arated by 25 ns, due to LF noise in (a), BPM noise in (b), and both
in (c), in a configuration with a beam-beam interaction and
Q0 ¼ 0. The black crosses mark the simulations. The area marked
gray contains configurations ðfcutoff ; gÞ for which the feedback
loop is unstable. The configurations at the edge of the gray area
were stable. The white curves are contours of constant maximum
multibunch gain gÑ.
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If one would achieve a halving of the BPM error, the
BPM noise driven emittance growth rate would be divided
by 4, leading to the emittance growth rates presented in
Fig. 8, with both Q0 ¼ 0 and Q0 ¼ 15. The values are
weighted sums of the corresponding simulations with only
one type of noise. The reduction of the BPM noise allows
for more optimal configurations with all bandwidths, and a
larger single-bunch gain in general, as seen by the minimal
emittance growth rates and optimal gains gathered in
Table II.
The simulations have been rerun with ξtot ¼ 0.022 and

Qs ¼ 0.0021. This is the total head-on beam-beam param-
eter in the High Luminosity LHC (HL-LHC). With a
larger tune spread, a larger gain is required to reduce the
emittance growth rate. The minimal emittance growth rate
and optimal gain for Q0 ¼ 0 and Q0 ¼ 15 are gathered in
Table II. With Q0 ¼ 0 and the current noise ratio,
σBPM ¼ 50σNoise, the Ext. BW is not able to reduce the
emittance growth rate. Note that the prediction without
chromaticity by Eq. (4) is _ε ¼ 0.175_εref . With this larger
beam-beam parameter, a chromaticity of 15 units increases
the emittance growth rate less. For the initial noise ratio as

in the LHC, σBPM ¼ 50σNoise, the emittance growth rate
is approximately flat up to g < 0.01, from where it
increases due to the BPM noise. The feedback is barely
able to reduce the total emittance growth rate, as was also
found experimentally [22].
If the goal of reducing the BPM error to σBPM ¼ 25σNoise

is achieved in the HL-LHC, the feedback does help, but
less than with the smaller beam-beam parameter, as listed
in Table II. This is because more noise energy will enter
discrete beam-beam modes that do not lead to emittance
growth. Assuming the same machine noise as in the LHC,
the noise in collision in theHL-LHC is σNoise ¼ 4.65 × 10−5

in units of the beam size [22,25], which causes a refere-
nce emittance growth rate with full decoherence of
_εref=ε0 ¼ 4.4%=h. Hence, with Q0 ¼ 15 in the model
simulated here, equivalent to two head-on beam-beam
interactionswith equal phases between the interaction points
(IPs) for the two beams, the optimal Ext. BW feedback,
with g ¼ 0.0163, reduces the emittance growth rate to
1.34%=h. The optimal LBW feedback, with g ¼ 0.0125
and fcutoff ¼ 0.5 MHz, manages to reduce it further to
0.70%=h. With a more realistic model of the machine,
featuring in particular long-range interactions and different
phases between the IPs for the two beams, the discrete beam-
beam modes are expected to reach the incoherent spectrum.
In these conditions the emittance growth rate can be larger
than predicted with the model discussed here by a factor up
to 2.5 [22].

IV. CONCLUSION

Transverse feedback systems are required in modern
hadron colliders to maintain beam stability and a small
beam emittance, and thereby a high luminosity. One main
source of emittance growth is the machine noise. Analytical
theories have been derived in the past to calculate the
reduction of the noise driven emittance growth rate with an
Ext. BW/bunch-by-bunch feedback. In this paper, these
theories have been extended to an LBW/multibunch feed-
back, for which a multibunch gain gbm has been found for
each bunch b within each multibunch mode of frequency
fm. The multibunch gain will in general be larger than the
single-bunch gain g, and thus further reduce the machine
noise driven emittance growth rate, if the cutoff frequency
of the feedback is larger than the multibunch mode
frequency, fcutoff > fm. The multibunch gain does not
fundamentally depend on the feedback cutoff frequency,
but on the discrete sum of the response function over the
neighboring bunches. Thus, different feedback filters with
the same cutoff frequency have different efficiencies gbm=g.
The extended theories agree quantitatively with heavy
macro-particle simulations. It still remains to accurately
include a linear chromaticity theoretically, even with the
bunch-by-bunch feedback. The predicted emittance growth
rates for various feedback systems depend on the noise
model used in the calculations and simulations. The power

(a)

(b)

FIG. 8. Average emittance growth rate for 128 bunches sep-
arated by 25 ns, after halving the BPM noise currently in the
LHC, in a configuration with a beam-beam interaction and
Q0 ¼ 0 in (a) and Q0 ¼ 15 in (b). The black crosses mark the
simulations. The area marked gray contains configurations
ðfcutoff ; gÞ for which the feedback loop is unstable. The configu-
rations at the edge of the gray area were stable. The white curves
are contours of constant maximum multibunch gain gÑ.
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spectrum of the machine noise is both expected by theories
and measured experimentally to be strongest at low
frequencies in general. In the LHC, the noise is currently
believed to mainly be below the revolution frequency. Such
a noise spectrum will tend to drive multibunch modes of
low multibunch mode frequencies, supporting the use of an
LBW feedback. However, measurements imply that we do
not fully understand the machine noise in the LHC.
Therefore, there are several ongoing projects that aim at
better describing the possible sources of noise in the
machine, both what they are and how much they affect
the beams. An update of the noise model will naturally
require an update of the predicted emittance growth rates.
In addition to the machine noise, the feedback introduces

additional noise on its own, due to BPM errors. The
corresponding emittance growth rate has been found to be
only weakly dependent on the feedback bandwidth, but
increases with the single-bunch gain g. When the BPM error
is non-negligible, LBW feedbacks are superior in limiting
the total emittance growth rate, as one can reduce fcutoff and
g simultaneously, while keeping gbm constant. This has been
found both in simulations and in experiments.
The ultimate goal of this paper was to find the optimal

configuration of a feedback, which is the value pair
ðfcutoff ; gÞ that minimizes the total emittance growth rate,
while keeping the beam stable. The optimum depends on
the amplitudes of the noise sources, the feedback type, the
source and magnitude of the detuning, and thereby the
machine. In the LHC in collision in 2018, both the machine
noise and BPM noise were non-negligible. It was found
experimentally advantageous to operate with an LBW
feedback with fcutoff ¼ 20 MHz, with respect to the Ext.
BW, a result which has been reproduced in this paper with a
simplified numerical model of the LHC. Yet, the optimal
feedback working point would have been an LBW feed-
back with the lowest possible fcutoff ¼ 0.5 MHz and
g ¼ 0.0075. This optimum would have achieved a reduc-
tion of the emittance growth rate of 72% compared to
the optimal Ext. BW feedback, and a reduction of 34%
compared to the optimum with fcutoff ¼20MHz. However,
this working point is close to the feedback stability limit,
which must be considered in more detail, both theoretically
and experimentally. Thus, this study does not encourage
efforts toward reducing the lowest possible cutoff fre-
quency of the LBW feedback in the LHC further below
0.5 MHz. The linear chromaticity did not strongly affect the
optimal feedback working point. However, it was found
that reducing the chromaticity both reduces the emittance
growth rate and affects the loop stability. Whether the
chromaticity should be changed in operation is first and
foremost a question of beam stability, and a possible
reduction would have to be investigated further with this
in mind. By reducing the BPM error, the emittance growth
rate will be more machine noise dominated, and the LHC
can be operated more optimally with a larger gain. Without

reducing the BPM error, the feedback in the HL-LHC will
only be able to marginally reduce the emittance growth rate.
The feedback will still be valuable in maintaining beam
stability.
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