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A Unifying Framework for Signal Processing

Signals come in various forms:
f:10,---, N} — R Vectors, compactly-supported
or periodic sequences,
f:7 —R Generic sequences supported on Z,
f:10,7) — R Compact-support or periodic functions,
f:R—R Generic functions.
With the right abstraction, they can all be seen as vec-

tors in some Hilbert spaces, which can be manipulated
geometrically. Many advantages:

« Leverages “real world” geometric intuition.

« Unified understanding
of fundamental signal processing concepts.

« Can go faster and farther!
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Objectives and Reading Material

In this lesson we will:

1. Develop the basic geometric intuition central to Hilbert spaces,
2. Discuss linear operators —with a particular focus on projections— which generalise
finite-dimensional matrices.

Our aim is to extend Euclidean geometric insights to abstract signals. You will have to invest some effort
to see signals as vectors in Hilbert spaces, but believe us, the effort is well placed!

Reading Material

« Chapter 2, “From Euclid to Hilbert”, of [1], Sections 2.1to 2.4 (in particular 2.3.3 and 2.4)

« Appendix 2.B, “Elements of Linear Algebra”, of [1]. This is a review of basic concepts of linear
algebra.

o Download link: http://www.fourierandwavelets.org/FSP_v1.1_2014.pdf

TYou should be familiar with most of these concepts, but do not hesitate to refresh your memory as we will assume these notions to
be mastered!



Vector spaces

Vectors in RV can be added or scaled while staying in RY. This can serve as an inspiration for defining
abstract vector spaces:

Definition: (Vector Space)

A vector space over a field of scalars F (think R or C) is a set of vectors V, together with operations of
vector addition +: V x V — V and scalar multiplication - :Fx V — V.
For any x,y,z€ V and «a, §§ € F, these operations must moreover satisfy the following properties:

Commutativity: x+y=y+ux.

Associativity: (x+))+z=x+(y+2) and (a@f)x= a(Bx).

Distributivity: a(x+y)=ax+ayand (a+p)x=ax+ fx.

Additive identity: There exists anull0€ V,suchthat x+0=0+x=x, Vxe V.

Additive inverse: Vxe V,there exists a unique element —xin V, such that x+ (-x) = (-x) + x=0.
Multiplicative identity: ForeveryxinV,1-x=x.



Common Vector spaces

Examples of vector spaces

« C-valued finite-dimensional vectors: CV = {[xp x ... xn-1]|xn€C, ne{o,1,..., N-1}},
where vector addition and scalar multiplication are defined component-wise.
« C-valued sequences over 7: CZ = {xz [ X-1 X1 ] ‘ xp€C, ne Z}, where vector

addition and scalar multiplication are defined component-wise.

« C-valued functions over R: CR = {x| x(1) € C, ¢ R}, where vector addition and scalar multiplication
are defined point-wise.

X1t XIN
C-valued N x M rectangular matrices: CV*M = : o : Xnm€C, n< N, m< M j, Where

XN1  ct XNN
vector addition and scalar multiplication are defined element-wise.



Subspace & Span
A subspace is a set of vectors closed under vector addition and scalar multiplication:

Definition: (Subspace)

Sc Vis asubspaceif: Vx,yeS, a,B¢€F, ax+ ByeS.

Examples: the subspace of even/odd functions, the subspace of symmetric matrices.
Non example: the set of positive functions (not closed w.r.t. addition or multiplication).

It is possible to generate (span) subspaces from a collection of vectors:

Definition: (Span)

The span of (potentially infinite) set of vectors S< V consists in all finite linear combinations of vectors
inS:
N-1
span©)= { Y apy
k=0

ake[F,q)kESandNeN}.



Linear Independence & Dimension

Many different sets can have the same span. It can be of interest to find the smallest spanning set. This
leads to the dimension of a vector space, which depends on the concept of linear independence:

Definition: (Linear Independence)

S={pr}y < Vis said to be linerarly independent if:2

N-1
Y arpp=0= a;=0, Vk=0,..,N-1. ) H
k=0

If (1) does not hold, S is said linearly dependent.

A vector space V is said to have dimension N when it contains a linearly independent set with N
elements and every set with N+ 1 or more elements is linearly dependent. If no such finite N exists, V is
infinite-dimensional.

2If sis infinite, we need every finite subset to be linearly independent.



Extending Euclidean Geometric Notions

We wish to extend to abstract vector spaces some useful Euclidean
geometric notions:

Norm The norm of a vector x € R? can be interpreted as its

length:
lIxll = \/ 24 + 5.

Distance The distance between two vectors x,y € R? is the norm
of their difference:

d(x,y) = lx—yl =/ —y)? + (2~ 2.

Orientation Therelative orientation —orangle— between two vectors
x,y€R? is obtained via the inner product (x,y) = x1; +
X2y2:
(%, ) )

(x,y) = lIxlllyll cosOxy = 0 :arccos(—
v yheostay = Uay Iyl

<




Inner products

Inner products help us formalise the geometric notions of orientation and orthogonality. They measure
the linear resemblance between two vectors.

Definition: (Inner product)

An inner product for Viisamap (,,-) : V x V —F satisfying, for any x,y,ze Vand a €F,
1. Distributivity: (x+y,2) = (x,2) + (3,2
2. Linearity in the 15 argument : (ax,y) = a(x, )
3. Hermitian symmetry: (x, ) = (3, x)
4. Positive definiteness: (x,x) = 0and (x,x) = 0 iff x=0.
A vector space equipped with an inner product is called an inner product space or pre-Hilbert space.

Note that from Items 2 and 3 we get:3 (x, ay) = @(x, ).

3We say that the inner product is antilinear w.r.t. its 24 argument.




Standard Inner Products

Standard Inner Products for Common Vector Spaces
Ve (xy) =2, xyi=yx
VM x, vy =u(xyH) = £}, v X7 = vee()  vee(X).
C%: (xy)=Tiez Xi¥i- A

c®: (xy) = [rx®y@®dt. A

/\ Note that inner products must be finite. Hence, for the last two inner products to be valid, the infinite
sum/integral must converge! This restricts the set of sequences/functions on which we can operate.



Orthogonality

An inner product endows a space with geometric properties that arise from angles, such as
perpendicularity and relative orientation. An inner product being zero has special significance.

Definition: (Orthogonality)

Vectors x and y are said to be orthogonal when (x, y) = 0, written as x L y.
A set Sc Vis called orthogonal when x Ly Vx,y€ S, x# y.
A set Sc V is called orthonormal when it is orthogonal and (x,x) =1 Vxe€ S.

A vector x is said to be orthogonal to a set Sc V when x L s Vse S, written as x L S.
Two sets Sy < V and S c V are orthogonal —written as Sy L S;— if Vsp € Sy we have sy L Sy.
Given a subspace Sc V, the orthogonal complement of Sis the subspace S+ = {xe V| x L S}.

o R ONa

Note that vectors in orthonormal set {¢;} 1.z are linearly independent since 0 =Y jc 7 a @) implies:

0 =09 = < > “k‘/’k»(l’i> = ) ai{ppei) = ) aibik = a; YieX.
ke x ke ke &



Example of Orthogonal Functions on [-1, 1]

Figure: x(¢) = sin(x 1), x(1) = sin(571), {x,y) = f_ll sin(nf)sin(6rt)dt =0

EPFL 2020 | Mathematical Foundations of Signal Processing M. Simeoni & B. Bejar Haro



Norms

A norm is a function that assigns a length, or size, to a vector (analogously to the magnitude of a scalar).

Definition: (Norm)

A normon Vis a function | -|| : V — R satisfying, for all x,y€ V and a € F:
1. Positive definiteness: ||x]| =0 and | x| = 0 iff x=0,
2. Positive scalability: |ax| = |a|ll x|,
3. Triangle inequality: lx+ yll < llx] + llyl with equality iff y = ax.

A vector space equipped with a norm becomes a normed vector space.# A normed vector space is also
a metric space, since the norm can be used to define the induced metric® (or distance):

dx,y) =lx=yll, VxyeV.

4As with the inner product, we must exercise caution and choose the subspace for which the norm is finite.

5[1, Exercise 2.13] gives the axioms that a metric must satisfy and explores metrics that are not induced by norms.



Norms Induced by Inner Products

Any inner product induces a norm: || x| = V{x,x), VxeV.

Norms induced by Standard Inner Products

s lwlz = Vi = /LN | 1x12 = VaHx (¢5-norm).
CVM. X p= VX X) = \/tr (XXH) = \/z M M 1X; 12 = V/vec(X)H vec(X) (Froebenius norm).

cZ: lxllz = V% Yiez %12 A (¢2-norm)

C®: lxllz = V620 = \/ [p1x(D12dt A (Lz-norm)

/\ Note that norms must be finite. Hence, for the last two norms to be valid, the infinite sum/integral
must converge! This restricts the set of sequences/functions on which we can operate.



Properties of Norms Induced by Inner Products

Norms induced by inner products verify the following properties:

Pythagorean Theorem Cauchy-Schwartz Inequality?®

Let V be an inner product space with induced Let V be an inner product space with induced
norm | -|l. Then, we have norm | -|I. Then, we have
xLy=lx+yl*= Ixl? + Iyl (%, 1 < lIxll Iyl
) . 16
with equality when y = ax for some a € F. I
By induction, one can derive a more general form
of the Pythagorean theorem: The Cauchy-Schwartz inequality can be used to
) define the angle between two vectors:
xdkerorthogonal = | Y xill = Y gl x
ket ket Oy = am’s( iyl )

aSee [1, Exercise 2.11] for a proof.



Not all Norms are Induced by Inner Products

A necessary and sufficient condition for a norm to be induced by an inner product is the following:

Proposition: (Induced Norms and Parallelogram Law)

Let (V, |- I) be some normed vector space. The norm is induced by
an inner product on V iif the parallelogram law holds for any
vectors x,ye V: ———

-+ yI% + llx— yII? =

Notice that the forward direction® is easily obtained from properties of the inner product:

llx+y)? =g+(x,y)+(y,x> ) , , )
Q B _, .
[ |2 + ||J’||ﬂ/(x,y)g (y’x>'YJx+y“ +llx=yl (”x" + 1yl )

[try || <oty %+ 9>
es@ for the backward direction. = < Q(_[ ) 'f‘nL\A )ys + < Z)b>{\b(f

3




Norms Not Induced by Inner Products foo

Examples of Norms Not induced by Inner Products

s alp = {/EN, 1xi1P, pe 11,00\(2}, I¥lloo = max;-1,., v 1%l (¢,-norm)

CVM XNy = ¢/, T 1X 1P = I vec()lp, pe [1,00)\{2}, (¢p-norm) ’
1Xllp,q = supyy) <1 I1Xyllp (¢p,q Operator norm)
CZ: Nxllp= §/Ticz 1%IP, pe [1,00\2}, Ixlloo = supjez il A (¢,-n0rm)

cR. lxllp= C/f[R [x(D)|Pdt, pe [1,00)\{2}, | Xllco = ess superlx(9] A (Lp norm é(&) d,t

A\ Again, for the last two norms to be valid, the infinite sum/integral must converge and the
supremum/essential supremum’ must exist! This restricts the set of sequences/functions on which we
can operate.

7The essential supremum is the supremum of the function almost everywhere —i.e. except potentially on a set of measure 0.



<P Spaces

Definition: (27 Space)

Let K denote R or Z. Then £P(K) is defined as the subspace of vectors of C¥ with finite L,-norm:
EP(K)z{xECK:IIxIIp<+oo}, pe[l,+oa].

Note: For K = Z, the lower case notation ¢P(Z) is preferred.

« £P(K) is a normed vector space with the norm || - | .

o %2(K) is an inner product space with norm | - ||2 induced
by the standard inner product on C¥.

« Holder’s inequality generalises the Cauchy-Schwartz
inequality for conjugates p,ge [1,+o0) (1/p+1/g=1):

[ )] < llxyll < lIxllpllyllg < +o0,  Vx,ye LPK) x L9K).
[ S —

) s Y
Holder's inequality Figure: Unit balls of the #,, norms in R®.




Convergence in Normed Vector Spaces

When working in infinite-dimensional vector spaces, we will often manipulate infinite summations of
vectors. To make sense of such objects, we need a notion of convergence.8 The convergence of a
sequence of vectors is assessed via a metric, which we assume induced by a norm.

Definition: (Convergence in Normed Vector Spaces)

A sequence of vectors (x;) ,eny € VN in @ normed vector space V is said to converge to ve V if
limy_, o lv—xll = 0.

/\ Whether or not a sequence of vectors converges depends on the norm chosen on V!

The sequence (xi(1) = x(o,1/k (1) ey » CONVerges to the null sequence v =0 for the L,-norm, when
pe [1,+00), but does not converge for the Loo-norm.

8See [1, Appendix 2.A.2] for a review of convergence for sequences/series of numbers or functions.




@¢( Example: Convergence in Different Norms X
0, 13
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@¢( Example: Convergence in Different Norms x

0,1
xilnl = 7 if ne1,2,---, K}, 0 otherwise, keN,ae (0,1). e C ’)
Ypoo ) 0 €34 s b AE W
V) d’cl\.eS“\NkSQ

&&MI%M? -(b\C Ci—)).
-0)

X, = 1
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d@ 1)>0
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Closed Subspace
A subspace containing the limits of all its convergent sequences is said to be closed:

Definition: (Closed Subspace)

A subspace S of a normed vector space V is called closed when it contains all limits of sequences of
vectors in S. The closure Sis the set of all limit points of convergent sequences in S.°

The closure of a set is by definition always closed. Subspaces of finite-dimensional normed vector
spaces are also always closed, but this is not true in infinite dimension. In particular, the span of an
infinite set of vectors may not be closed.

The closure of the span of an infinite set of vectors is the set of all convergent infinite linear
combinations:

span ({¢rtkew) = { Y arpr | (@R rer €F* and the sum converges}.

ke &

9We have hence in particular S< S since the constant sequences belong to .



I 1 Exampleeeds Not Be Closed
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I @¢( Example: Span Needs Not Be Closed




Completeness

Completeness of a space is the property that ensures that any sequence that intuitively ought to
converge —i.e. Cauchy sequences- indeed does converge to a limit in the same space.

Definition: (Cauchy Sequence of Vectors)

A sequence of vectors (x,) ,en in @ normed vector space is called a Cauchy sequence if

Ve>0,3K:>0:  |xp—xm| < € Yk, m> K.

Since the elements of a Cauchy sequence eventually stay arbitrarily close to each other, it makes
intuitive sense that the sequence should converge. R is complete but @ is not:

From the Taylor expansion of e in zero we have that: /% 1/n! = e. Since (X1 1/n!) ., € @" and e¢ @,
the set Q is not complete.



Example: (¢([-1,1]), - l.) is not Complete

(€ ([-1,1]), - lI2) is not complete. Indeed, we know from
Fourier analysis that:

N

. . sin(mnt)
lim |[sgn(sin(n)) - Y ———| =0.
— 400 || N————— n=0 n

Square wave 2

The sequence of continuous functions

( N sin(nnt)) Y

)3

n=0 NeN

has hence for limit the square wave which is discontin- Figure: Approximation of tf}:]e Sgl';lgrf:t)wave with its
uous, showing that € ([-1,1]) is not complete w.r.t. ||-||,. truncated Fourier series y;_, =5 for
Note that it is however complete w.r.t. | - ||oo.10 N=2,10,150.

10This is because the limit of a uniformly convergent sequence of continuous functions is continuous.




Hilbert and Banach Spaces

Hilbert and Banach Spaces

Complete inner product vector
spaces are called Hilbert spaces.?
Complete normed vector spaces are
called Banach spaces.

« Finite-dimensional vector
space over R or C are Banach.

« All &P spaces are Banach.
In particular, #? is Hilbert.

e €(la, b)) is Banach with || - |-
Itis not Hilbert w.rt. |- |-

@Hence the alternative appellation “pre-Hilbert
space” sometimes used to denote a
non-complete inner product space.

Vector spaces

Normed vector spaces

Banach spaces

Inner product spaces

Hilbert
spaces

o CN
o (2(Z)
. 22(R)

Figure: Classification of standard vector spaces.



Linear Operators

Linear operators generalise finite-dimensional matrices to abstract vector spaces:

Definition: (Linear Operator)

A map A: Hy — H is a linear operator when V x,y € Hy, a € C the following hold:
Additivity: A(x+y)=Ax+Ay,
Scalability: A(ax) = a(Ax). .
29

Just like in finite dimension, we can define the null space and range of an operator as, respectively:
N (A) = (xe Hy| Ax=0}=A"1({op), R(A) = {Ax€ H1| x € Hop} = A(Hp).

Definition: (Operator Norm & Bounded Operator)

The operator norm of A, denoted by | Al, is defined as ||All = supjy=; I Axl. A linear operator is called
bounded when its operator norm is finite.



Linear Operators: illustration

-2 -2
T2 A=|1 =3
12
 —
ol = 1
Jan o
N

M. Simeoni & B. Bejar Haro

EPFL 2020 | Mathematical Foundations of Signal Processing



Adjoint of an Operator

The adjoint generalises the Hermitian transpose for finite-dimensional matrices.

Definition: (Adjoint)

The linear operator A* : Hy — Hy is called the adjoint of the linear operator A: Hy — H; when

(Ax,y) ; m for every xin Hy and y in Hj.

When A = A*, the operator A is cglled self-a{joint or Hermitian.

The angle between Ax and y in H; is the same as the angle between A*y and x in Hy.
o( 0 C - G,
P o
N\ -
@) —&@y) Vx,y€ H. Hence,@_@
Adjoint of a matrix #eCN*M. (Ax,y) = er\n/[:

J;Z’J:_l;m”nxln)y_m:Z’J:w(zx_l@m% @)\

forall (x,y) e CN x €M, Hence we'get A* =

Examples of Adjoints

Adjoint of a scalar aeC: Wehave



Adjoint Operator: illustration

N(A*) = R(A):

/] (5k. 2k, 8%)

[AT] = 11A]

EPFL 2020 | Mathematical Foundations of Signal Processing M. Simeoni & B. Bejar Haro



I @¢( Example: Local Averaging and its AdjOI
(Ax) = n’”ll/zzx(z)dt nez, xe Z5@®). /,t(é)z({-)d{-

<H%(— %) < 7{’/ 5556:(,“)




I @¢ Example: Local Averaging and its Adjoint

= <z, 879D

()



Example: Local Averaging and its Adjoint

(a) We start with a function x in
L2R).

(b) The local averaging operator A
gives a sequence in £2(2).

(c) yis an arbitrary sequence in
2 ().

(d) The adjoint A* is a linear operator
from ¢2(7) to £2(R) that uniquely
preserves geometry in that
(A% Y} p2(z) = (A" Y) o2 - The
adjoint of local averaging is to
form a piecewise-constant
function.

z(t)

(A™y)(?)
10
5 l-q_‘_\_‘_is

=5
-10

t




Properties of the Adjoint

Theorem: (Adjoint properties)

Let A: Hy — H; be a bounded linear operator. Then,
1. A* exists and is unique,

AN =4,
. AA* and A* A are self-adjoint,
1A* ]l = Al

If Ais invertible, (A~1)* = (4*)71,

B: Hy — H; bounded, (A+B)* = A* + B,
B: Hy — H» bounded, (BA)* = A*B*,
RAL = (A% and Z(A) = N (4H)LT

® NG A ®N

T4 and A* can be interchanged in these two relations. For the second relation, we must take the closure of the range since in infinite
dimension the range is not necessarily a closed subspace while the nullspace is always a closed subspace. Note that this will rarely
be a concern in practice since most of the operators we will work with will have closed ranges.



I @¢ Proof Sketch: points 2, 3 \
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I @ Proof Sketch: points 5, 6 ,7 x,2 € He
sl =1 — -A
s: (S - (/) CxZD = <A 27

6: (o) = A+ P7 = <fx, A2

s o<ox, @A)

-4~ 7
= A, b, Yy

= <z, (T-§9A)z2>=0
7'£‘6 ‘)")
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| - B




I @¢ Proof Sketch: point 8
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Generalised Inverse & Pseudoinverse

Definition: (Generalised Inverse & Pseudoinverse)

Let A: Hy — Hj be a linear operator. Consider a bounded linear operator A*: H; — Hy as well as the
Penrose conditions:

1. AA*A= 4,

2. Ataat = At

3. (aah* = a4t

4. (A*A)* = AFA.
Then, At is called: a generalised inverse if it satisfies 1, a reflexive generalised inverse if it satisfies 1 & 2,
the pseudoinverse' denoted by At if it satisfies 1to 4.

Generalised inverses are not necessarily unique. The pseudoinverse of an operator A with closed range
exists and is unique [2, Section 2].

12The pseudoinverse is also sometimes called the Moore-Penrose inverse after the pioneering works by Moore and Penrose.




Inverse

Definition: (Inverse)

A linear operator A: Hy — H; is said invertible if there exists a bounded linear operator B: H; — Hy such
that:

1. BAx=x, Vxe€ H,
2. ABy=y, VyeH.

In which case, Bis unique and is called the inverse of A, denoted by A~!. Moreover, Bis called a left
inverse if it satisfies 1 only, and a right inverse if it satisfies 2 only.

It is easy to see that when A is invertible, then the pseudoinverse and the inverse coincide. A left
(respectively right) inverse is moreover also a generalised inverse.



@¢ Example: Pseudoinverse of Matrices with Full Column Ranks

(4 ) Y
— he \R'l’”'“

¢ A s ) A
frA A A
- @R Y AbA- 7 j
< ,(.EH) = pf%wcﬂou\/er
@BC)H e V\\Yei'“SQ

A RATA = f (aYR) "e8A
= dfghat gt (ﬁ“ﬁ) A ¢ ZT

=a
2. (ARY = aAT 2 ATARE S @ W e

(e Y= @) - T g



Example: Pseudoinverse of Matrices with Full Row Ranks

— m —_
v — 5 (e

At _ A'Capn)
da%malowefse _
and A= A M (aat) =T
a rC}M: ANVLr e




Unitary Operator

Unitary operators are operators that preserve the geometry (angles and distances) when mapping one
Hilbert space to another.

Definition: (Unitary Operator)

A bounded linear operator A: Hy — H; is unitary when:
1. Aisinvertible,
2. Apreserves inner products: (Ax, Ay) g, = (x,)) H,, for every x,y € Hy.

Preservation of inner products implies preservation of norms since [|Ax||2 = (Ax, Ax) = (x,x) = || x||® Vx € Hp.

Theorem: (Characterisation of Unitary Operators)

A bounded linear operator A is unitary iff its inverse is its adjoint: A=1 = A*.



Best Approximation Problem

Let S be some subspace of a Hilbert space H. For a given x € H, we
define the best approximation problem™3 as:

X=argmin|x—s]. 2)
seS

Equation (2) tries to find an element of the subspace Sthat best approx-
imates —understand that is the closest to— the vector x€ H.

Our intuition from Euclidean geometry tells us that the solution to (2)
is unique and such that the residual x—x L S. We now generalise this
result to abstract Hilbert spaces.

1BWhen | - | is the canonical 2 norm, the best approximation problem is also called the least-squares problem.



Projection Theorem

Theorem: (Projection Theorem)

Let S be a closed subspace of Hilbert space H and let x€ H.

1. Existence: There exists x€ S such that || x— x| < ||x—s| for all s S,
Orthogonality: x—x L Sis necessary and sufficient to determine %,
Uniqueness: k is unique,

Linearity: x = Px where P is a linear operator,
Idempotency: P(Px) = Px for all x€ H,

o gk N

Self-adjointness: P= P*.

The effect of the operator P that arises in the projection theorem is to move the input vector xin a
direction orthogonal to the subspace S until Sis reached at x. We will see that P has the defining
properties of an orthogonal projection operator.




Example: Polynomial Approximation

Xt

Example: Polynomial Approximation

We want to approximate x(f) = cos(3nt/2) € £2([0,1]) by a degree 1
polynomial s(#) = ag + ay t € S = span{l, t}.

Using point 2 of the projection theorem we get that the =il
approximand x € S verifies:

-
0
—_

(a) Approximation of x(t) by a degree 1

1 polynomial.
. 2 a 47
(x—X,1) :f cos(3nt/2)—ap—aytdt=———ay— — =0,
0 3 2
1 4467 a X
(X=X, 1) :f cos(37rt/2)t—a0t—u112dt:———@——1:0, 1
0 9nz 2 3
8+4m
W =5 8+dr _ 16+12 ! 3 4!
np _ BHAT o 1 3
=  l6+12x and hence x(1) = o el 4 2 4
ay - 37_[2 ) -1

(b) Approximation of x(t) by a degree
K €11,2,3,4} polynomial.



Projection Operator

The operator P that arises from solving the best approximation problem is an orthogonal projection
operator:

Definition: (Projection Operator)

« Anidempotent!® operator P is an operator such that P2 = P.

« A projection operator is a bounded linear operator that is idempotent.
« An orthogonal projection operator is a projection operator that is self-adjoint.
« An oblique projection operator is a projection operator that is not self-adjoint.

Theorem: (Characterisation of Projection Operators)

Pis a bounded orthogonal projection operator < (x— Px, Py) =0, Vx,y € H.

14 An operator is idempotent when applying it twice is no different than applying it once.
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Projection via Generalised Inverses

Theorem: (Projection via Generalised Inverses)

Consider a bounded linear operator A: Hy — H; with closed range. Denote moreover by A* : H; — Hy
some reflexive generalised inverse of A and by At its pseudoinverse.!® Then,

1. AA*: Hy — Hj is a projection operator onto Z(A),
2. A*A: Hy — Hjy is a projection operator onto % (A*),

3. AAT: Hy — Hj is an orthogonal projection operator onto %(4),

4. ATA: Hy — Hy is an orthogonal projection operator onto 2 (A*).

We can deduce [1, Theorems 2.29 and 2.30] as corollaries of the above result (check it!):

« If Afis aleft inverse to 4, then AA¥ is a projection operator onto % (A),
« If A*Ais invertible, then A(A*A)~1A* is an orthogonal projection operator onto %(4),
« If AA* is invertible, then A* (AA*)~1Ais a orthogonal projection operator onto (A*).

1SWhich exists since A has closed range.
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Example: Projection onto a Subspace of R®

Let

Since Bis a left inverse of A, we know from the previous
theorem that P= AB s a projection operator:

1 1 -1
1
P =AB= 3 0 2 0 Figure: The two-dimensional range of the oblique
-1 1 1 projection operator P is the plane xp + x2 = x1.

It is easy to verify that P> = P. The two-dimensional range of this projection operator is the set of three-
tuples with middle component equal to the sum of the first and last.
Note that P # P*, so the projection is oblique.
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Example: Projection onto Piecewise-Constant Functlons +4/z

Figure: Given a function xe %2 (R), the function in the subspace of piecewise-constant functions A* ¢ () that is

closest to xin %, norm is the one obtained by replacing x(#), r€ [n—1/2, n+1/2), by its local average ;*11/22 x(1) dt.



Projections and Direct Sums ——

xrT

Projection operators generate direct sum decompositions.
xs

Definition: (Direct Sum)

(a) Decomposition
A vector space V is a direct sum decomposition of subspace S and
T (written V = Se T) when any nonzero vector x€ V can be written
uniquely as x= xg+ x1, where xge Sand xr € T.

Theorem: (Direct-sum Decomposition from Projection)

« A projection P on H generates direct sum decomposition
H=Se® T, where S=2(P) and T = ./ (P).

« If S, T are closed subspaces s.t. H= S T, then there exists a
projection Pon H s.t. S= 2 (P) and T = 4 (P).

(c) Oblique projection
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