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Abstract
We present a numerical model for the simulation of 3D mono-dispersed sediment dynamics

in a Newtonian flow with free surfaces. The physical model is a macroscopic model for the

transport of sediment based on a sediment concentration with a single momentum balance

equation for the mixture (fluid and sediments). The model proposed here couples the Navier-

Stokes equations, with a volume-of-fluid (VOF) approach for the tracking of the free surfaces

between the liquid and the air, plus a nonlinear advection equation for the sediments (for the

transport, deposition, and resuspension of sediments).

The numerical algorithm relies on a splitting approach to decouple diffusion and advection

phenomena such that we are left with a Stokes operator, an advection operator, and depo-

sition/resuspension operators. For the space discretization, a two-grid method couples a

finite element discretization for the resolution of the Stokes problem, and a finer structured

grid of small cells for the discretization of the advection operator and the sediment deposi-

tion/resuspension operator. SLIC, redistribution, and decompression algorithms are used for

post-processing to limit numerical diffusion and correct the numerical compression of the

volume fraction of liquid.

The numerical model is validated through numerical experiments. We validate and bench-

mark the model with deposition effects only for some specific experiments, in particular

erosion experiments. Then, we validate and benchmark the model in which we introduce

resuspension effects. After that, we discuss the limitations of the underlying physical models.

Finally, we consider a one-dimensional diffusion-convection equation and study an

error indicator for the design of adaptive algorithms. First, we consider a finite element

backward scheme, and then, a splitting scheme that separates the diffusion and the convection

parts of the equation.

Keywords: Finite elements, finite volumes, finite differences, particle flow, sediment

transport, mixture model, free-surface flow, operator splitting, VOF, advection, Navier-Stokes.
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Résumé
Nous présentons un modèle numérique pour la simulation 3D de la dynamique de sédiments

mono-dispersés dans un écoulement Newtonien à surfaces libres. Le modèle physique est un

modèle macroscopique de transport de sédiments basé sur une concentration de sédiments

satisfaisant une equation d’équilibre dynamique pour le mélange (fluide et sédiments). Le

modèle proposé ici couple les équations de Navier-Stokes, avec l’approche du volume de fluide

(VOF) pour le suivi de la surface libre entre le liquide et l’air, et une équation d’advection non

linéaire pour les sédiments (pour le transport, la déposition et la resuspension des sédiments).

L’algorithme numérique repose sur un algorithme à pas fractionnaires (splitting) pour décou-

pler les phénomènes de diffusion et d’advection et ainsi obtenir un opérateur de Stokes, un

opérateur d’advection et des opérateurs de déposition/resuspension. Pour la discrétisation

spatiale, une méthode à deux grilles couple une discrétisation par éléments finis pour la réso-

lution du problème de Stokes, et une grille structurée de petites cellules pour la discrétisation

de l’opérateur d’advection et et les opérateurs de déposition/resuspension.

Des algorithmes SLIC, redistribution et décompression sont utilisés pour le post-traitement

afin de limiter la diffusion numérique et corriger la compression numérique de la fraction

de liquide. Le modèle numérique est validé par des expériences numériques. En premier

lieu, nous validons et comparons le modèle avec les effets de déposition uniquement pour

certaines expériences spécifiques, en particulier des expériences d’érosion. Ensuite, nous

validons et comparons le modèle lorsque nous introduisons les effets de resuspension. Après,

nous discutons des limites sous-jacentes du modèle physique.

Enfin, nous considérons une équation de diffusion-convection unidimensionnelle et

étudions un indicateur d’erreur utilisé pour la conception d’algorithmes adaptatifs. Tout

d’abord, nous considérons un schéma d’éléments finis explicite, puis un schéma de splitting

qui sépare les parties diffusion et convection de l’équation.

Mots clés : éléments finis, volumes finis, différences finies, flux de particules, trans-

port de sédiments, modèle mixte, flux à surface libre, approche de splitting, VOF, advection,

Navier-Stokes.
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1 Introduction

The modeling of sediment transport in rivers, lakes, or shores is relevant in hydraulic engineer-

ing. Sediments influence structural damages, operations efficiency, and management, but

also influence the efficiency of energy production in dam retention lakes. Moreover, the accu-

mulation of river sediments modifies the natural environment, which might have significant

consequences for hydraulic energy production [1] or environmental regulations.

Our goal is to numerically model and simulate fluid flows with free surfaces and sediment, in

three space dimensions. Ultimately, we want our model to cover a wide range of environmental

and industrial applications for sediment transport. Since sedimentation is a complex physical

phenomenon, in the literature, it has been investigated and simulated using several different

approaches yielding different trade-offs between robustness, speed, stability, and accuracy of

the proposed models. In the first part of this chapter, we give a brief introduction to sediment

dynamics [2, 3]. In the second part, we present a state of the art of sediment models and an

overview of our model.

1.1 Introduction to sediment dynamics

Sediment transport is the movement of solid particles (called sediments), typically due to a

combination of the gravity force acting on the particles, and/or the movement of the fluid

within which the sediment is carried [2–6]. Sediment dynamics occur in various natural

systems such as rivers, lakes, seas, and oceans. The sediment particles can be sand, gravel,

clay, or boulders [5]. In an aquatic environment, sediments can be suspended (when they float

in the water column) or bedded (when they settle at the bottom of the waterbody). Physicists

usually refer to sediments in a waterbody by the stream load. A stream load consists of the

wash-load (or the dissolved load), the suspended load, and the bed load, as illustrated in

Figure 1.1 [7, 8].

1



Introduction

Figure 1.1 – There are three types of stream load in an aquatic environment:
the washload load, the suspended load and the bed load. Image downloaded
from https://www.fondriest.com/environmental-measurements/parameters/hydrology/
sediment-transport-deposition. Last visited on February 26,2020

- The bedload: The bedload is the portion of sediments that maintain intermittent con-

tact with the stream bed. These particles can move by rolling, sliding, or bouncing along

the bed. However, their movement is not necessarily continuous neither uniform [2, 6].

This type of movement that we refer to by bedload transport happens when the force of

the water flow is strong enough to overcome the weight and cohesion of the particles.

These particles typically do not move as fast as the water around them, though, since the

flow rate is not big enough to fully suspend them [3, 9]. For smaller particles, bedload

transport can occur during slow flows. For larger particles, faster flows are required. As

a result, in situations where the flow rate is high enough, some of the smaller bedload

particles can be pushed up into the water column and become suspended [2, 3, 6, 10].

- The suspended load: The suspended load is the amount of sediment particles that are

carried within the water column by the water stream [2, 3, 6, 11]. Suspended loads don’t

exist if there is no flow. The water stream creates small currents. Those currents help

uplift the particles above the bed. The size of the particles that can be suspended usually

depends on the flow rate. However, in most streams, the suspended load consists of

smaller-sized particles. On the other hand, unless the flow rate rises, bigger particles are

likely to fall through the currents down to the bottom. Moreover, suspended sediments

themselves can become part of the bedload when the flow rate slows down [2, 3, 6, 9, 11].

2
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1.2. Physical modeling of sediment dynamics

- The washload: The washload is a subset of the suspended load. It consists of the small-

est particles among those suspended. Typically their diameter is smaller than 10−3 [mm].

As opposed to suspended load, the washload particles remain permanently suspended

even when there is a slow flow or even more, when no flow exists any longer. These

particles are small enough to bounce off the water molecules and float. Nevertheless,

the dissolved load and the suspended load are hard to tell apart during flow periods.

The washload is then carried along the stream without deposition [2, 3, 10, 11].

Many parameters affect the movement of sediments. For a start, whether they are part of

the suspended load or the bedload, the sediments’ movement is particularly linked to the

fluid flow. When the near-bed fluid velocity rises to a certain level, some sediment particles

begin to move non-continuously. The higher the fluid velocity, the more sediment particles

are involved in this movement. For instance, a particle in the bedload would move according

to complex dynamics such as [3, 10, 12]:

• Suspension: the particles float in the liquid mass and remain in suspension, when the

lift force balances that of gravity.

• Sliding: the particles move smoothly (slide) on the stream bed.

• Rolling: the coarser particles can roll instead of sliding. Their size and shape allow them

to rotate.

• Saltation or resuspension: the particles can move on the stream bed through jumps.

The interaction between the lift and drag forces help remove these particles from the

bed and be carried by the fluid, before being transported back to the surface [13].

When a particle is finally suspended, it can continue to move when there is enough flow.

However, when the fluid velocity drops below a certain level, sediments settle down on the sea

or the river bed as an example [3, 6, 8]. Other parameters that affect the sediment movement

are the force of gravity and the size and characteristics of the sediments as well as the fluid.

The gravity acts to move the particles down along the surface on which they are resting. The

grain size is an important factor in determining the settling velocity of granular sediment

particles. Heavier grains may settle quickly, while small grains like silts and clays may stay

in the water column for a longer time. Stokes law is normally used to calculate the settling

velocity of fine particles [3, 7, 12, 14].

1.2 Physical modeling of sediment dynamics

In the past decades, numerical models have been playing an essential role in assessing sedi-

ment transport problems in coastal and river engineering. Over time, much research has been

directed to the development and improvement of existing models. In the next subsections,

3



Introduction

we discuss some of the popular physical representations of the recent models, as well as the

numerical methods used for the approximation of such models.

Among the simplest and earliest mathematical models that can be applied to problems of

suspended sediment motion in river-engineering is the so-called classical diffusion model

[15, 16]. The basic assumptions for such a model are fine sediment particles and very low

concentrations. Navier-stokes equations are used to describe the water motion while an

advection-diffusion equation is used to describe the sediment motion. Applications of this

model have been reported in [17–20]. These studies, however, indicated that phenomena like

local scour, flow-induced erosion, or landslide-induced water waves are difficult to model with

such classical techniques. To represent these phenomena, proper treatment of the physical

behavior of the sediment, as well as the sediment-water interaction, is necessary.

In recent decades, the modeling of sediment transport in a flow began to rely on a multiphase

model. A very widespread model is to treat the liquid and the sediment as two distinct phases

and is referred to as the two-phase model. Each phase can be classified as continuous or

disperse. Based on this classification, a two-phase model can be classified into Lagrangian-

Lagrangian, Eulerian-Eulerian, and Eulerian-Lagrangian models.

¦ Eulerian-Lagrangian models: An Eulerian-Lagrangian model treats the water phase as

a continuum while tracking the movement of each sediment particle at the microscopic

scale [21–24]. For macroscopic two-phase flow applications, where macroscopic par-

ticles are dispersed in a continuous fluid, interface-resolved simulation methods are

commonly used. This class of two-phase applications is also referred to as particle-laden

flows. The interface-resolved methods directly compute the hydrodynamic force on

the dispersed particles and therefore are also called DNS (Direct Numerical Simulation

methods). Various DNS methods exist, including the arbitrary Lagrangian-Eulerian

method [25], the lattice Boltzmann method [26], and the fictitious domain method

[27]. In the fictitious domain approach, the complex geometry is embedded in a larger,

simpler domain. The discretization is performed in this larger domain and Lagrange

multipliers are used to enforce the correct boundary conditions at the (fluid/solid)

interfaces. Moreover, in non-macroscopic but dilute situations, methods where the

disperse phase is microscopically modeled by an additional concentration are used and

are well-validated at low concentration levels [28, 29]. However, when applied to high

concentration problems, these models require a very large number of particles to track

the dispersed phase and are therefore very time and resources consuming.

¦ Lagrangian-Lagrangian models: A Lagrangian-Lagrangian model (also called discrete

particle model) depicts both phases as particles (disperse). The motion of the liquid

phase is often described with the SPH (Smoothed Particle Hydrodynamics) [30–32] or

MPS (Moving Particle Semi-implicit) [33, 34]. In contrast, the sediment motion may be

determined by using a particle-tracking scheme or the DEM (Discrete Element Method)

[35–37]. The Lagrangian-Lagrangian models are the least used because they are the

4



1.2. Physical modeling of sediment dynamics

most computationally expensive.

¦ Eulerian-Eulerian models: They are very frequently adopted in the literature [38–43].

They consider both phases (liquid and sediment) as a continuous phase. The Eulerian-

Eulerian approach can be further classified into mixed or separated-fluid approaches

[43]. The separated-fluid approach assumes that both the fluid (the carrier) and the

particles (the dispersed phase) comprise two separate continua (immiscible phases).

Therefore, in the case of a two-phase flow, two sets of momentum equations are required:

one for the continuous phase and the other for the dispersed phase. The separated fluid

method is also often called the two-fluid method, since two sets of PDEs and two sets of

velocity fields are required (one for each phase) [43]. On the other hand, the mixed-fluid

approach assumes that the relative velocities, and temperatures between the two phases

are small compared to the overall flow variaton. It distinguishes only the mass fractions

of the particle and fluid phases in a mixed volume (miscible phases). This results in

having a single set of momentum conservation equations for the flow mixture [43]. The

mixed-fluid approach allows more simplicity and can generally handle both dispersed

and dense conditions.

An overview comprising most of the above-mentioned approaches and methods for hydro-

dynamics and sediment transport is given in [44]. For the sake of completeness, we want to

mention that stochastic approaches in sedimentation engineering are becoming increasingly

popular [45–48]. In these models, stochastic partial differential equations, where variables

in the deterministic equations are made random with prescribed probability distributions

are being used and investigated [45–48] . Stochastic models are particularly relevant when

turbulence is a prominent feature of the bedload flow. To account for the random nature of

turbulence and sediment movement, researchers developed approaches which describe and

quantify an observable state of motion. The bed shear stress for example, can be modeled

according to a probability distribution to obtain realistic bedload transport rates at incipi-

ent motion, instead of the conventional threshhold criterion such as Shields model [45–48] .

Furthermore, turbulence models based on the Reynolds-Averaged Navier-Stokes equations

(RANS), are being applied in hydraulic engineering practices and sedimentation dynamics.

Other existing turbulence models such as the Detached Eddy Simulation (DES) and the Large

Eddy Simulation (LES) are now being applied to sedimentation problems[49–51].

In our model, we rely on an Eulerian-Eulerian mixed-fluid (miscible) approach that we de-

scribe further on in the sequel. Thus, we quickly present a hierarchy of models within the

Eulerian-Eulerian frame. In a "full" two-fluid model, the liquid and the sediment are treated

as two immiscible continuous phases. The models consider the fluid and the sediment as two

fluids with distinct properties [52–55]. They use a second liquid field for the dilute sediment

phase, with a different momentum equation in addition to that of the liquid field. Models of

this kind include two-way coupling, i.e., the momentum exchange between the fluid and the

sediment, and vice versa. Another more recent intermediate model that uses variables for

the mixture of sediment and water with an algebraic equation for the slip velocity between

5



Introduction

the phases is the Partial Two-Fluid Model PTFM [56–58]. This model has extended in [59].

However, it was found that it cannot provide good results, particularly under non-dilute condi-

tions. A complex Two-Fluid Model (CTFM) [56] has been deployed to improve the accuracy in

non-dilute conditions but was shown to have large computational time as opposed to PTFM.

More recently, the mixture model has been introduced [56]. This model directly deals with the

sediment-water mixture. The basic equations of the model include the mass and momentum

conservation equations for the sediment-water mixture, and the mass conservation equation

for sediment. The velocity of the mixture is solved for a single momentum equation. For each

phase, an individual continuity equation is solved to obtain its volume fraction. Various meth-

ods have been studied, e.g., in [56–58, 60], to model the relative motion between the fluid and

the sediment, but most of the formula proposed are either valid only for the gravity-induced

settling or only in limited ranges of concentrations or grain sizes.

Overview of our physical model: The model we propose here is a three-dimensional two-

phase (mixture) model with an Eulerian-Eulerian approach. We investigate a miscible model

based on a sediment concentration with a single momentum balance for the mixture (sedi-

ments and liquid). The present work is, therefore, aimed to establish a general (and not just for

non-diluted situations) valid mixture model with the expectation of promoting computation

efficiency. We aim to have a broader range of applicability than just gravity-settling situations

or fluid-flow induced motion of the sediments, by introducing resuspension effects. Our

model is built to have a continuous concentration taking into account dilute and non-dilute

situations and that can be extended to various grain sizes (poly-dispersed).

We focus here on sediments in suspension or accumulated in a Newtonian fluid. Moreover,

the Newtonian fluid is at contact with air, and we refer to the liquid/air surface with the

notion of free surface. From the brief introduction to sediments and sediment dynamics in

the subsection above, we retain a few key facts that helped us sample our model:

- Suspended sediment concentration in a stream varies from the water surface to the

bottom and laterally across the stream.

- The concentration generally increases from a minimum at the water surface to a maxi-

mum at or near the bed (at the bottom).

- The motion of sediments is a result of the flow velocity, the lift, and the settling velocities.

- The grains’ characteristics affect their motion.

The concentration of sediments takes values between zero and a maximal concentration,

which allows us to describe the different states in which the sediments can be. For instance, the

bedload zone corresponds to the region where the concentration is very close to the maximum,

i.e., packed sediments. On the other hand, low values of the concentration describe the regions

where the mixture sediments/fluid is very dilute. As explained above, many parameters affect

the motion of the sediments. These parameters include the fluid flow, the bed slope, as well as

6



1.3. Numerical methods for sediment dynamics

the fluid and the sediment characteristics themselves. In our model, as illustrated in Figure

1.2, we consider that the sediment is subject to three main forces:

- The flow velocity

- The gravity force (deposition)

- The bed shear-induced force (resuspension)

This means that a particle velocity is nothing but a composition of the fluid, the deposition

and the resuspension velocities [61].

Resuspension
Fluid velocity

Deposition

Figure 1.2 – Sediment dynamics in our model: sediments move according to three velocities,
the fluid velocity, the deposition velocity and the resuspension velocity.

1.3 Numerical methods for sediment dynamics

The governing equations are transformed into a discretized form corresponding to an appro-

priate numerical method. Numerical methods can be classified into mesh-based methods

(for the Eulerian-Eulerian approaches) and particle methods (for the Lagrangian-Lagrangian

and the Eulerian-Lagrangian approaches).

• Particle methods:

For particle methods, a set of particles is used. An overview of some standard particle

methods is in [62–64]. Smoothed particle hydrodynamics (SPH) is probably the most

popular mesh-free method [65–68]. Since its invention, the SPH method has been

extended to a vast range of fluid mechanics applications, where the Navier-Stokes equa-

tions need to be solved. The Lagrangian form of the Navier-Stokes equations for a weakly

compressible viscous fluid corresponds to a system of ordinary differential equations. In

SPH, field variables can be obtained by approximating the governing equations on a set

of particles. The particles interact with each other, controlled by a smoothing function,

and carry physical properties, such as mass, momentum, density, pressure, and velocity.
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More details are provided in [30–32]. SPH methods are very flexible in handling complex

fluid phenomena such as splashes, breaking waves and topological changes [69–73].

SPH is also famous for the investigation of wave propagation and wave breaking, e.g.,

[31, 74]. Because of the Lagrangian nature of SPH, advection is treated exactly, and

tracking of the phase interface is simple. Although SPH can be a powerful method for

many flow and sediment simulations, improvements are still needed to use SPH, mainly

due to the high computational demand. SPH is, in comparison to mesh-based methods,

more computationally expensive, especially for large scale simulations. When applied

to high concentration problems, a vast number of particles must be tracked. In such a

case, parallel programming is required, and supercomputers are needed.

• Mesh-based methods:

In the literature, three main mesh-based methods are used to solve the fluid mechanics

PDEs: the finite differences method, the finite volumes method, and the finite ele-

ment method. These three methods have been applied to solve sedimentation models’

governing equations.

The Finite Differences Method (FDM) [75] has been widely applied to conservation

equations. In [59], first and second-order schemes have been used to solve the governing

equations for a mixture model. For the discretization of the computational domain,

structured grids are required. However, the application of FDM can be difficult when

complex geometries are involved.

Another widely used method for computational sediment dynamics is the Finite Vol-

umes Method (FVM) [76, 77]. The computational domain is subdivided into control

volumes (tetrahedrons, cubes, etc), and the governing equations are applied to each

control volume. Due to the possibility of having an unstructured grid, the FVM is more

suitable than the FDM for representing complex geometries (see [53] as an example of

two-phase models solved with FVM techniques).

Furthermore, the Finite Elements Method (FEM) is commonly used in fluid dynamics,

where also unstructured grids and discrete volumes in terms of finite elements are used.

The main difference is that the equations are multiplied by a weight function before

they are integrated over the domain. However, FEM must be carefully formulated to be

conservative [52, 55, 78].

One of the main challenges of mesh-based methods arises when movable or free bound-

aries have to be simulated. We remind that a free boundary is a segment of the domain

which is moving/changing (unknown) over time. As an example of a free-boundary

problem we cite bubble and droplet deformation within a fluid. Both aspects are very

common in hydraulic and river engineering. The hydraulic structures have a rather

complex surface geometry, and the flow in rivers is characterized by its free surface.

Besides, when sediment transport is considered, the interface fluid/sediment becomes

a movable/diffuse boundary. Thus, movable boundaries have to be handled appropri-

ately.
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1.3. Numerical methods for sediment dynamics

Two main approaches for the simulation of movable boundaries are distinguished:

surface-tracking and volume-tracking (also called interface capturing).

– For surface-tracking methods, the deformation of the interface is explicitly de-

scribed. Thus, the interface consists of discrete points. This approach is sometimes

used for the simulation of Fluid-Structure Interaction (FSI) problems in combi-

nation with an adaptive finite-element method [79]. Another approach where

the surface points are not connected to the computational grids is the immersed

boundary method [80, 81].

– In the volume-tracking approaches, the interface is captured based on a scalar

marker quantity that changes according to the motion or deformation of the

material, e.g., the fluid. A very popular interface capturing method for fluid in-

terfaces of two-phase flows is the Volume-Of-Fluid (VOF) method [82, 83], where

the marker quantity describes the volume-fraction of one fluid phase relating to

a computational cell. Thus, the interface lies in cells where the volume-fraction

is between 0 and 1. An alternative to volume tracking method is the level-set

method intorduced by Osher and Sethian [84, 85] and being applied for various

physical applications ever since [86–88]. In level-set methods, the marker quantity

corresponds to a function describing the distance from the interface. It relies on

an implicit formulation of the interface, represented through a time-dependent

initial-value partial-differential equation. The zero-level set of this associated level-

set function, gives the location of the propagating interface. Another method is

the Marker-And-Cell (MAC) method as proposed in [89] and applied in [90], where

marker particles are used to identify different phases. Because the advection of the

marker particles is computationally expensive, this method is not commonly used.

An overview of volume-fraction techniques is given in [91].

These methods are particularly performant in large scale applications. Covering low and

high concentration levels is done without exponentially affecting the computational

time, which is the case for mesh-free methods.

Current implementations of these methods support steady vs unsteady flows, specific phys-

ical properties and can be single or multi-dimensional. A review of one-dimensional, two-

dimensional, and three-dimensional models is given in [92]. Before we proceed with describ-

ing our numerical method, for the sake of completeness, we give a quick overview of some of

the most known software (academic and commercial).

• Delft3D:

Delft3D is an open-source modeling system used for hydrodynamics, sediment trans-

port, and morphology. It has various sub-models for different processes. The (FLOW)

module is the core of Delft3D and is a multi-dimensional (2D or 3D) hydrodynamic
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simulation program for non-steady flow and transport phenomena [93]. It solves the

Navier-Stokes equations for an incompressible fluid, under the shallow water and the

Boussinesq assumptions. The sediment transport and morphology (MOR) module

supports both bedload and suspended load, transport of non-cohesive sediments, and

suspended load of cohesive sediments.

For the "bedload" fraction, the suspended load advection-diffusion equation is not

solved. Delft3D is meant to model flow phenomena of which the horizontal length and

time scales are significantly larger than the vertical scales [93]. We refer to [94–96] for

examples of applications and limitations.

• Flow3D: (based on an Eulerian/Eulerian approach with VOF )

FLOW-3D is a commercial simulation software developed by FlowScience, Inc. for

hydrodynamic applications [97]. FLOW-3D’s hydrodynamic solver is fully coupled with

a sediment transport module that simulates bedload and suspended sediment transport,

entrainment, and erosion for non-cohesive soils [97, 98]. It uses the volume of fluid

(VOF) method for tracking the free surface. The solid geometry is represented using

a cell porosity technique called the FAVOR method. All empirical relationships used

in bedload, entrainment, and settling processes are fully customizable, and up to 10

different sediment species (with different properties such as grain size, mass density,

and critical shear stress) can be defined. FLOW-3D is ideal for simulating local scour

over short episodic time scales. We refer to [99–101] for examples of applications and

limitations.

• OpenFoam: (based on an Eulerian/Eulerian approach with VOF )

OpenFOAM is a freely available open-source platform containing several libraries and

applications that numerically solve continuum mechanics problems. In OpenFOAM, a

three-dimensional two-phase flow solver, SedFoam, is presented for sediment transport

applications. The solver is based on the "twoPhaseEulerFoam" module available in

the official release of the open-source CFD software OpenFOAM. In this approach, the

sediment phase is modeled as a continuum, and constitutive laws have to be prescribed

for the sediment stresses [102, 103]. We refer to [104–106] for examples of applications.

• Fluent: (based on an Eulerian/Eulerian approach with VOF but offers an Eulerian/La-

grangian approach)

FLUENT is a Computational Fluid Dynamics (CFD) package from the American com-

pany Ansys. In FLUENT, sediment transport is modeled using an Euler-Lagrange ap-

proach. The flow of the fluid phase is calculated by solving the discretized Reynolds

equations. The discrete phase (the sediment particles) is solved by tracking the particles

through the calculated flow field: a Lagrangian approach. It also deals with a free surface

for the fluid flow with the volume-of-fluid VOF method [107]. In [108], a comparison

was run between Delft3D and FLUENT for several applications. In [109], the same is

done for OpenFoam and FLUENT.
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More softwares are described and compared in [92]. The choice of a certain model for solving

a specific problem depends on the nature and complexity of the problem itself. As of today,

most of the existing models have specific scopes of applications and no model has proven to

be superior in all applications, yet.

Overview of our numerical method:

Our numerical method is mesh-based. The mixture model that we propose here couples the

Navier-Stokes equations, with a volume-of-fluid (VOF) approach for the tracking of the free

surfaces between the water and air, plus a nonlinear advection equation for the sediments

dynamics. A mathematical model for the simulation of Newtonian fluids with free surfaces and

without sediments has been presented and validated in [110–113]. The addition of sediments

has a direct effect on the density and viscosity of the flow, resulting in a modified set of

Navier-Stokes equations of the following form

ρm( fs)
(∂v

∂t
+ (

v ·∇)
v
)
−2∇·

(
µm( fs)D(v)

)
+αm( fs)v+∇p = ρm( fs)g,

∇·v = 0,

where fs is the solid fraction used to track the sediments in a continuous (diffusive) manner

and ρm and µm are respectively the density and the viscosity of the liquid and the sediments

mixture. This equation is penalized with a Darcy-like reaction coefficient αm , modeling the

porous solid matrix [114, 115]. These terms will be explicitely detailed through the dissertation.

The volume fraction of liquidϕ is introduced to track the fluid volume. This is done by defining

a characteristic function ϕ that takes zero values outside the liquid, and one inside, as for the

VOF method. The volume conservation leads to the advection of this characteristic function,

which is given by the equation below

∂ϕ

∂t
+v ·∇ϕ= 0,

where v is the velocity of the fluid. Apart from the modifications that apply to Navier-Stokes

equations, the additional sedimentation equation reads as follows:

∂ fs

∂t
+v ·∇ fs +∇· (Fd

(
fs

)+Fr
(

fs
))= 0, (1.1)

where Fd
(

fs
)

and Fr
(

fs
)

are respectively deposition and resuspension fluxes, describing

sediment dynamics. The deposition part consists of a convex flux allowing the deposition

of sediments along the gravity vector. The resuspension part is a degenerate-flux allowing

the resuspension to occur on the direction of the gradient of fs . The details will follow in the

dedicated chapters.

The resolution of the whole set of equations relies on a splitting algorithm and a two-grid

method. The time-splitting algorithm is used to decouple different physical phenomena,

precisely the diffusion, and the advection. The two-grid method consists of two meshes: a
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coarser non-structured mesh (finite elements) and a finer structured mesh. By introducing the

additional finer structured grid, we aim at improving the accuracy of the approximation of the

free-surface (between the air and the liquid). The finite element grid remains a good option to

solve the Navier-Stokes equations while the Cartesian structured grid is used for fluid tracking.

We do not reconstruct any interface between the sediment and the water since we allow a

continuous distribution of the sediment. Since Eulerian methods are numerically diffusive,

to precisely track and reconstruct the interface (the free surface) we rely on a Simple Line

Interface Calculation (SLIC) algorithm first introduced in [116]. It consists in reconstructing

the interface with axis-aligned segments (in 2D) or rectangles (in 3D). The VOF solver was

introduced in [117] for fixed structured grids and has successfully been used to simulate bub-

bles with surface tension computation [111] and viscoelastic fluid flows [110] when coupled

with the mass and momentum equations. In [118], a dynamic adaptive meshing was used

to introduce an octree-scheme with the same VOF approach. To summarize, finite elements

are used to solve diffusion problems (that is, the diffusion part of Navier-Stokes equation),

whereas characteristics methods adapted to advection problems are used to solve transport

parts on the Cartesian grid. Interpolation operators between the two grids are put into place.

We wanted to build a computationally and physically efficient sedimentation model that

merges with the existing set of equations. As a result, the novelty of our approach does not

only come from the uniqueness of the chosen physical model, as much as from the choice of a

dedicated numerical method proposed to solve this multiphysics model coupled with free

surfaces.

So far, the advocated splitting algorithm efficiently decouples the various physical phenomena.

Following the same approach, we split the sedimentation equation into a transport part and

a deposition/resuspension part. This allows us to address each equation with dedicated

techniques: finite elements are used for the Stokes equation and the characteristics method for

transport equations. In addition, for the sedimentation part, we propose various approaches.

The first approach is to solve the remaining part ∂ fs

∂t +∇ · (Fd
(

fs
)+Fr

(
fs

)) = 0 with a finite

volumes method. The second approach is to split the remaining part into resuspension

and deposition operators. This allows us to use a Riemann solver with Godunov scheme

[76] for the deposition part, and to use a higher order finite difference scheme to solve the

resuspension part. The choice of the adequate approach is always a trade-off between accuracy

and efficiency. More details will be given in the following chapters. This model has proven to

be good enough for a range of applications. Specifically, it works very well for experiments

with deposition, flushing, and scouring effects. However, it lacks precision when it comes to

experiments with a lot of turbulence.

1.4 Thesis outline

The thesis is structured as follows: In Chapter 2, we describe the physical and mathematical

model that will be used for sedimentation dynamics. In essence, we present a macroscopic
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model for the transport of sediment based on a sediment concentration with a single momen-

tum balance for the mixture (fluid and sediments). We introduce the full set of equations that

we use to describe such a physical problem.

In Chapter 3, we explain the numerical methods used to solve the equations introduced in the

first chapter. We rely on a splitting approach [117, 119] to decouple diffusion and advection

phenomena such that we are left with a Stokes operator, an advection operator, and deposi-

tion/resuspension operators. For the space discretization, a two-grid method couples a finite

element discretization for the resolution of the Stokes problem, and a finer structured grid of

small cells for the discretization of the advection operator and the sediment deposition/resus-

pension operator.

In Chapter 4, we present the numerical results that we used to validate the chosen physical

model as well as the numerical approach. The validation is done in two steps: In the first

part, we validate and benchmark the model with deposition effects only for some specific

experiments. In the second part, we validate and benchmark the model when we introduce

resuspension effects. At the end of Chapter 3, we discuss the limitations of the underlying

physical model.

Finally, in Chapter 5, we consider a one-dimensional diffusion-convection equation and study

a posteriori error estimate for the design of adaptive algorithms. First, we consider a finite

element backward scheme, and then, a splitting scheme that separates the diffusion and the

convection parts of the equation.
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2 A mathematical model for sediment
dynamics with free surface flows

In this chapter, we introduce a macroscopic model for the transport of sediment based on

a sediment fraction with a single momentum balance for the mixture (fluid and sediments).

A mathematical model for the simulation of Newtonian fluids with free surfaces, without

sediment transport, has been presented and validated in [110–113], and has been applied to

hydraulic engineering situations in [120]. It is extended here to include sediment transport

along with resuspension effects, thus extending the method described in [121].

The model proposed here couples the Navier-Stokes equations, with a volume-of-fluid ap-

proach for the tracking of the free surfaces between liquid and air, plus a nonlinear advection

equation for the sediment migration within the fluid. Since both dilute and undilute sediment

concentrations in the liquid need to be described, a model able to describe not only the two

phases but also the migration of the sediments and the resulting density variations is chosen.

This requires a miscible model as opposed to an immiscible multiphase flow model [122]. We

consider a mono-dispersed model (a model with a single particle population) for the miscible

sediment in the liquid.

2.1 Mathematical model

Let Λ ∈ R3 be the bounded computational domain containing the fluid (the mixture of the

liquid and sediments) and the ambient air and let T > 0 be the final time of the simulation. For

any given time t ∈ (0,T ), letΩt ⊂Λ be the domain occupied by the fluid so that the remaining

part of the domainΛ is occupied by the ambient air (which is assumed to not influence the

fluid).

Let QT denote the space-time domain containing the liquid, that is QT =
{(x, t ) : x ∈Ωt ,0 < t < T }. Let ΓT be the free surface between the liquid and the air and

defined by ΓT = {(x, t ) ∈ ∂QT \
(
∂Λ× (0,T )

)
}.
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Chapter 2. A mathematical model for sediment dynamics with free surface flows

First let us introduce the set of unknowns:

- We use a volume-of-fluid method (VOF) [91, 117] to track the fluid volume. This is

achieved by introducing a characteristic function of the liquid ϕ : Λ× (0,T ) → {0,1},

which implies that QT = {
(x, t ) ∈Λ× (0,T ) :ϕ(x, t ) = 1

}
andΩt =

{
x ∈Λ :ϕ(x, t ) = 1

}
.

- The velocity field v : QT →R3 and the pressure field p : QT →R.

- The sediment concentration is defined in the liquid domain as fs : QT → [0, fsC R ] where

fsC R is the maximal sediment solid fraction. In fact, the presence rate of the sediment

in the liquid domain is denoted by the solid fractions fs . The sediment fraction is

a percentage of solid sediment in a given volume. The total amount of sediment is

actually limited by a critical maximum value fsC R < 1 (i.e the solid fraction of the packed

sediments). This critical value is essentially related to grains’ size and shape. For

example, if we consider a single population of non-moist spherical fine sand particles

and without consolidation, this value is approximately equal to 0.61. Moreover, in our

model, the sediment particles are spherical, and only exist in the liquid (and not in the

air).

A sample sketch of the domain and the unknowns, in two space dimensions, is illustrated in

Figure 2.1. The set of corresponding equations is detailed here below.

Λ

Γt �
�
�
�
��3

Air

Liquid

Washload

Suspended load

Packed sediment ϕ= 1

ϕ= 1

ϕ= 0

0 ≤ fs < fsC R

fs = fsC R

HH
HHj

HH
HHj

v

v

Figure 2.1 – 2D sketch of the computational domain for sedimentation. The cavity Λ contains
the air and the liquid. The liquid domain is separated from the ambient air by the liquid-air
interface Γt , the liquid domain is described by its characteristic function ϕ, while the solid
fraction of the sediment fs ranges between zero and a critical value fsC R .
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2.1. Mathematical model

2.1.1 The volume-of-fluid equation

In order to describe the kinematics of the free surface, ϕ :Λ× (0,T ) →Rmust satisfy (in a weak

sense):
∂ϕ

∂t
+v ·∇ϕ= 0 inΛ× (0,T ). (2.1)

This equation corresponds to the fact that the fluid particles move at velocity v, more precisely,

ϕ(X(t ), t ) =ϕ(X(0),0), where X(t ) is the trajectory of a fluid particle starting from X(0) at time

t = 0, thus X′(t ) = v(X(t ), t ).

The characteristic function of the liquid domainϕ is given at initial time, which is equivalent to

defining the initial liquid regionΩ0 = {x ∈Λ :ϕ(x,0) = 1}. Boundary conditions are given for ϕ

on the inlet part of ∂Ωt (the part of the boundaries with an inflow, if any: {x ∈ ∂Ωt∩∂Λ;v·n < 0}).

2.1.2 Navier-Stokes equations with sediment dynamics

We assume that the liquid mixture velocity and pressure v : QT →R3 and p : QT →R satisfy:

ρm( fs)
(∂v

∂t
+ (

v ·∇)
v
)
−2∇·

(
µm( fs)D(v)

)
+αm( fs)v+∇p = ρm( fs)g in QT , (2.2)

∇·v = 0 in QT . (2.3)

Here D(v) = 1/2(∇v+∇vT ) is the symmetric deformation tensor, g denotes the gravity field.

The density ρm is given by a linear weighted combination of the individual densities ρl and ρs

ρm( fs) = ρl (1− fs)+ρs fs , (2.4)

where ρl (resp. ρs) is the fluid density (resp. the density of sediment). The viscosity µm ,

represents the apparent viscosity of the fluid with the suspended particles. It is modeled with

the so-called Ishii and Zuber law for particle flows [123]:

µm( fs) =


µl

(
1− fs

fsC R

)−2.5 fsC R , if fs < fsCO ,

µl

(
1− fsCO

fsC R

)−2.5 fsC R , otherwise,
(2.5)

where µl is the Newtonian dynamic viscosity of the fluid and fsCO is a cohesion threshold

parameter to be calibrated. In fact, when fs is large ( fs → fsC R ), µm is large (µm →∞). The

choice of (2.5) is validated in the literature for small values of the sediment fraction fs [123].

Moreover, the velocity in the Navier-Stokes equations is penalized with a Brinkman term using

Carman-Kozeny empirical law, which represents the coupling with Darcy flow in porous media
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Chapter 2. A mathematical model for sediment dynamics with free surface flows

[114, 115]. The reaction coefficient αm =αm( fs) in (2.2) is given by:

αm( fs) = K
µl f 2

s

d 2∗( fsC R − fs)3 +ε , (2.6)

where K = 1 in practice, and ε is a constant to be calibrated and d∗ is the mean sediment

particle diameter.

Note that, practically, the parameter ε is small and avoids a division by zero when fs = fsC R

in (2.6). The Navier-Stokes equations (2.2)-(2.3) are completed with initial and boundary

conditions. The initial conditions for the velocity are

v(0) = v0 in Ω0,

For the boundary of the liquid domain that is in contact with the boundary of the cavity

∂Λ, various options for the boundary conditions are possible. We can impose slip or no-slip

boundary conditions on the cavity walls. The no-slip condition is the homogeneous Dirichlet

condition that imposes all three velocity components to be zero. The slip condition imposes

zero normal velocity and tangential stress on the boundary. Moreover, we can impose inflow

and outflow boundary conditions. The inflow condition translates into a non-homogeneous

Dirichlet condition while the inflow can either be a non-homogeneous Dirichlet, or a free

outflow condition, which translates into a homogeneous Neumann condition (zero normal

derivatives of the velocity on the boundary).

Surface tension effects on the liquid-gas interface are not taken into account, and the ambient

air is supposed to not influence the liquid and is treated as a vacuum. The boundary conditions

on the liquid-gas interface are thus given by the no-force boundary condition:

−pnΓ+2µm( fs)D(v)nΓ = 0 on Γt , (2.7)

with nΓ the external normal vector to Γt .

2.1.3 The sedimentation equation

The sediment fraction fs : QT →R satisfies:

∂ fs

∂t
+v ·∇ fs +∇· (Fd

(
fs

)+Fr
(

fs
))= 0, (2.8)

where Fd
(

fs
)

is a deposition flux and Fr
(

fs
)

is a resuspension flux.
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The deposition flux

Various multiphase models for the deposition of sediments flux exist in the literature. Here,

we consider a parabolic model given by:

Fd
(

fs
)= fs

(
1− fs

fsC R

)(
kvStokes

g

‖g‖
)
, (2.9)

where k is a positive parameter independent from fs and vs is the maximal sediment velocity

given by the Stokes’ law:

vStokes =
d∗2‖g‖(ρs −ρl )

18µl
,

We remind that d∗ is the mean sediment particle diameter. The flux (2.9) vanishes when fs = 0

(no sediments) and when fs = fsC R , (packed sediments), see, e.g., [124, 125]. With such a flux,

the maximum principle (i.e fs ∈ [0, fsC R ]) holds [126]. Moreover, we illustrate later the benefit

of this (convex) parabolic flux for our numerical method [76]. Other models for settling fluxes

can be found in, e.g., [127, 128].

The resuspension flux

The resuspension of particles is taken into account through the resuspension flux given by

Fr
(

fs
)=− fs

(
1− fs

fsC R

)
A( fs ,v)∇ fs , (2.10)

where based on [129], A( fs ,v) is given by:

A( fs ,v) = Kr

(τ( fs ,v)−τC R

τC R

)
+,

where Kr is the resuspension constant [m2/s], (v)+ = max(v,0) and τ( fs ,v) [N/m2] is given by

the tangential part of the stress tensor:

τ( fs ,v) = 2µm( fs)‖D(v)n( fs)− (D(v)n( fs) ·n( fs))n( fs)‖, (2.11)

where n( fs) = ∇ fs

‖∇ fs‖
for ∇ fs 6= 0, τ( fs ,v) = 0 otherwise. Given (2.10), note that equation (2.8) is

degenerate parabolic. In the expression of the resuspension flux, three key assumptions are

made:

• The resuspension does not occur if the sediment is packed ( fs = fsC R ), or if there is no

sediment ( fs = 0). This is assured by virtue of fs

(
1− fs

fsC R

)
• The shear induced motion of sediments happens in the opposite direction of ∇ fs .

• The resuspension occurs only when there is enough shear on the sediment bedload i.e.
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Chapter 2. A mathematical model for sediment dynamics with free surface flows

when τ( fs ,v) is above some critical shear value τC R . This is assured in the expression of

A( fs ,v).

The sediment particles are then allowed to move as a viscous fluid [61]. Practically, typical

critical shear values vary in a range 0.02 to 0.5 [130]. Our model supports two configurations

of the critical shear:

- Constant critical shear: in this case we consider a constant critical shear value τC R ∈
[0.02,0.5] (see [130]).

- Shields shear: in this case, based on [131, 132], we define the critical shear as:

τC R ( fs ,v) = θ( fs ,v)
(
ρs −ρl

)‖g‖d∗,

where θ( fs ,v) is given by:

θ( fs ,v) =
0.010595 ln(Re∗( fs ,v))+ 0.110476

Re∗
+0.0027197 for Re∗ ≤ 500,

0.068 for Re∗ > 500.

The shear Reynolds number Re∗( fs ,v) [133, 134] is given by:

Re∗( fs ,v) = u∗( fs ,v)d∗
νl

,

where νl is the kinematic viscosity of the fluid and

u∗( fs ,v) =
√
τ( fs ,v)

ρl
,

is the shear velocity.

The use of a constant shear proved to be sufficient in most applications. It is important to note

that, when Kr = 0, the sedimentation model given by equation (2.8) reduces to the deposition

model described in [121].
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3 A numerical method for sediment
dynamics with free surface flows

In the previous chapter, a mathematical model for the simulation of a free surface flow with

sediment dynamics has been presented. In this chapter, we present the numerical methods

that we used to solve the equations (2.1)–(2.3) and (2.8).

In [117], an operator splitting approach [119] was proposed to solve (2.1)–(2.3), we use the

same approach here to addionally incorporate (2.8). The splitting scheme decouples the

equations as follows:

• Step 1: modified Stokes operator (2.2) without the advection terms and (2.3),

• Step 2: deposition/resuspension operator in (2.8),

• Step 3: advection operator, transport terms in (2.1), (2.2) and (2.8).

For the space discretization, two grids are used: a finite element unstructured mesh for

the resolution of the modified Stokes problem, and a finer structured grid of small cells for

the discretization of the advection operator and of the sediment deposition/resuspension

operator. Thus, we solve the modified Stokes problem using finite element techniques, a

characteristics method is then used to approximate the transport problems on the structured

grid. Various approaches are presented to solve the deposition/resuspension problem namely

finite volumes, finite differences and finite elements. Moreover, the interpolations between

the two grids and other post-processing algorithms will also be detailed in this chapter.

3.1 Time discretization : operator splitting

In order to solve equations (2.1), (2.2), (2.3) and (2.8), a splitting scheme is used. This scheme

has been successfully used in [110–112, 117, 120, 135, 136]. without sediment dynamics but in

other multiphysics problems; it allows us to decouple the advection from diffusion, deposition
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Chapter 3. A numerical method for sediment dynamics with free surface flows

and resuspension.

Let 0 = t 0 < t 1 < t 2 < . . . < t N = T be a subdivision of the time interval [0,T ] and ∆t n =
t n+1 − t n , n = 0,1,2, . . . , N −1 be the time step. Let ϕn : Λ→ R and Ωn = {x ∈ Λ : ϕn(x) = 1}

be the approximate liquid region at time t n . Let vn : Ωn → R3, pn : Ωn → R, f n
s : Ωn → R be

approximations of ϕ, v, p, fs respectively available at time t n .

The approximations ϕn+1, vn+1, pn+1, f n+1
s at time t n+1 are computed by means of the follow-

ing splitting algorithm.

1. Modified Stokes step: A discretized time-dependent Stokes problem is solved to obtain

a prediction of the velocity vn+1/2 and the pressure pn+1 in the liquid domainΩn .

2. Deposition and resuspension step: The equation (2.8), that describes the vertical de-

position (along the gravity field) and the resuspension of the sediments, is solved to

predict the solid fraction f n+1/2
s inΩn .

3. Advection step: The predicted velocity vn+1/2 is used to transport the volume fraction

of liquid ϕn , the solid fraction f n+1/2
s , and the velocity vn+1/2. From the new volume

fraction of liquid ϕn+1, the new liquid domainΩn+1 is then obtained so as corrections

of the velocity vn+1 and solid fraction f n+1
s inΩn+1.

These steps are illustrated in Figure 3.1,
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3.1. Time discretization : operator splitting

Λ
ϕn(x) = 0

vn

f n
s (x) = 0ϕn(x) = 1

0 < f n
s (x) < fsC Rf n

s (x) = fsC R

time t n

Λ

vn+1/2, pn+1

Modified Stokes

Λ

f n+1/2
s

Deposition/resuspension

Λ
ϕn+1(x) = 0

vn+1, f n+1
s

ϕn+1(x) = 1

Advection

time t n+1

Figure 3.1 – Operator splitting algorithm (from left to right, top to bottom from t n to t n+1). A
modified Stokes problem is solved to obtain the predicted velocity vn+1/2 and the pressure
pn+1 in the liquid domain Ωn = {x ∈ Λ : ϕn(x) = 1}. Second, the sediment deposition and
resuspension problems are computed to obtain a predicted sediment fraction f n+1/2

s inΩn .
Finally, advection problems are solved to determine the new approximation of the characteris-
tic function ϕn+1 (and thus the new liquid domainΩn+1 = {x ∈Λ :ϕn+1(x) = 1}), the corrected
velocity vn+1 and solid fraction f n+1

s inΩn+1.

3.1.1 Modified Stokes step

The approximation f n
s in Ωn allows us to define the approximations ρn

m = ρm( f n
s ), µn

m =
µm( f n

s ) and αn
m = αm( f n

s ) of the density ρm( fs), viscosity µm( fs) and reaction coefficient

αm( f n
s ), respectively following (2.4), (2.5) and (2.6). Given v(t n) = vn , we solve inΩn×[t n , t n+1]

ρn
m
∂v

∂t
−2∇·

(
µn

mD(v)
)
+αn

mv+∇p = ρn
mg, (3.1)

∇·v = 0, (3.2)

We use zero force condition on the liquid-air interface and no-slip, slip, inflow or outflow

conditions on the boundary of the cavityΛ. An implicit Euler scheme can be used

ρn
m

vn+1/2 −vn

∆t n −2∇· (µn
mD(vn+1/2)

)+∇pn+1 +αn
mvn+1/2 = ρn

mg,

∇·vn+1/2 = 0.

(3.3)
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Chapter 3. A numerical method for sediment dynamics with free surface flows

3.1.2 Deposition and resuspension step

We solve inΩn × [t n , t n+1]

∂ fs

∂t
+∇·

(
fs

(
1− fs

fsC R

)(
kvstokes

g

‖g‖ − A( fs ,vn+1/2)∇ fs

))
= 0, (3.4)

with initial condition fs(t n) = f n
s . We denote f n+1/2

s the solution obtained at t n+1.

3.1.3 Advection step

We solve inΩn × [t n , t n+1]

∂ϕ

∂t
+vn+1/2 ·∇ϕ= 0, (3.5)

∂ fs

∂t
+vn+1/2 ·∇ fs = 0, (3.6)

∂v

∂t
+ (vn+1/2 ·∇)v = 0, (3.7)

with initial conditions ϕ(t n) = ϕn , fs(t n) = f n+1/2
s , v(t n) = vn+1/2. We set ϕn+1 = ϕ(t n+1),

f n+1
s = fs(t n+1), vn+1 = v(t n+1)

These equations are solved with the characteristics method [137–139]. For all x ∈Ωn , we have

ϕn+1(x+∆t nvn+1/2(x)) =ϕn(x), (3.8)

f n+1
s (x+∆t nvn+1/2(x)) = f n+1/2

s (x), (3.9)

vn+1(x+∆t nvn+1/2(x)) = vn+1/2(x). (3.10)

The new liquid domainΩn+1 is then defined asΩn+1 = {x ∈Λ;ϕn+1(x) = 1}.

3.2 Space discretization

The splitting algorithm allowed diffusion, advection, and deposition/resuspension phenom-

ena to be decoupled. In order to take advantage of this situation, two different prescribed

grids are used for space discretization following [111–113, 117]. Since finite element tech-

niques are well suited for solving (3.3) in domains with complex shapes, an unstructured finite

element mesh is used. On the other hand, structured grids are well suited for solving the

advection problem with the characteristic method. The two grids are illustrated in Figure 3.2

(in two space dimensions): a regular grid of small structured cells (left) is used to solve the
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3.2. Space discretization

deposition/resuspension problem (3.4) and the advection problems (3.8) (3.9) (3.10) while an

unstructured tetrahedral finite element mesh (right), is used to solve the diffusion problem

(3.3). The structured grid is always chosen to be finer than the finite element grid, aiming to

increase the accuracy of the approximation of the free surfaces (by reducing the numerical

diffusion of the approximation ϕn+1 in (3.8)), while keeping reasonable the computational

cost of solving the modified Stokes problem. Adaptive techniques for both grids have been

investigated in [112, 140] but are not discussed here.

Figure 3.2 – The two grids used (2D sketch): the advection problems and the deposition/re-
suspension problems are solved on a structured grid of small rectangular cells (left), and the
modified Stokes problem is solved on a coarser unstructured finite element mesh (right). The
size h of the structured grid and the size H of the mesh satisfy H ' 3h −5h.

Let TH be a finite element tetrahedral discretization ofΛ, with typical size H . The cavityΛ is

embedded into a parallelipipedic box discretized into a structured Cartesian grid Ch , which

is made out of small cells whose dimensions are denoted by (∆x,∆y,∆z), with a typical size

h := max{∆x,∆y,∆z}. We label each cell by the indices (i j k), and denote by Ci j k a generic

cell of Ch . Following [117], we typically advocate H ' 3h −5h in the numerical experiments

presented in the next chapter. Since the characteristics method is used to solve the advection,

CFL numbers larger than one can be used.

3.2.1 Modified Stokes step

Letϕn
H be the constant piecewise linear approximation of the volume fraction of liquid at time

t n . The liquid regionΩn
H is defined by the union of all tetrahedra of the finite element mesh

TH having (at least) one of its vertices P with a value ϕn
P > 0.5.

Let us define the finite element spaces:

V n
H =

{
vH ∈C 0(Ωn

H ) : vH |K ∈PB
1 , ∀K ∈ TH ,K ⊂Ωn

H

}
, (3.11)

Qn
H =

{
qH ∈C 0(Ωn

H ) : qH
∣∣
K ∈P1, ∀K ∈ TH ,K ⊂Ωn

H

}
, (3.12)
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Chapter 3. A numerical method for sediment dynamics with free surface flows

where PB
1 is the classical space of polynomials of the first degree on K enriched with a bubble

function [141].

Let us define ρn
H , µn

H and αn
H the piecewise constant approximations of ρn ,µn and αn on each

tetrahedron, respectively. The finite element approximation of (3.3) consists in finding the

velocity vn+1/2
H ∈ (V n

H )3, satisfying the essential boundary conditions on ∂Ωn
H , and the pressure

pn+1
H ∈Qn

H such that:

∫
Ωn

H

(
ρn

H

vn+1/2
H −vn

H

τn ·w+2µn
H D(vn+1/2

H ) : D(w)+αn
H vn+1/2

H ·w

)
dx

−
∫
Ωn

H

pn
H∇·wdx−

∫
Ωn

H

q∇·vn+1/2
H dx =

∫
Ωn

H

ρn
H g ·wdx, (3.13)

for all w ∈ (V n
H )3 and q ∈ Qn

H the velocity and pressure test functions, compatible with the

essential boundary conditions on ∂Ωn
H . The corresponding linear system is solved with a

sequential preconditioned GMRES method of the IML library.

3.2.2 Interpolation on the structured grid

The velocity vn+1/2
H onΩn

H is interpolated at the center of each cell Ci j k to obtain values vn+1/2
i j k

on the structured grid Ch (i.e. a piecewise constant approximation). For each liquid cell Ci j k

(i.e. a cell such that ϕn
i j k > 0), whose center belongs to the element K , the field is interpolated

by a geometric distance-based interpolation [142]. Denoting by PJ , J = 1, . . . ,4 the vertices of K ,

by P0 the barycenter of K , and by vn+1/2
H ,J the values of the velocity at point PJ for J = 0, . . . ,4,

the interpolation operator consists in computing a weighted average

vn+1/2
i j k =

4∑
J=0

vn+1/2
H ,J dist(Ci j k ,PJ )−2

4∑
J=0

dist(Ci j k ,PJ )−2

, (3.14)

where dist(·, ·) denotes the Euclidean distance. When the cell center coincides exactly with a

node P of a tetrahedron K , we set vn+1/2
i j k = vn+1/2

H (P ). The same formula is used to interpolate

the volume fraction of fluid and the solid fraction on the structured grid.

3.2.3 Deposition and resuspension step

In order to solve the deposition-resuspension equation (3.4), three methods are proposed:

• A finite volume method which consists in solving (3.4) on the grid Ch , using a time-

explicit finite volume method, namely the Godunov scheme [76] or the Engquist-Osher
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3.2. Space discretization

scheme [143].

• A splitting method with finite volumes and finite differences which consists in split-

ting the equation (3.4) into two parts: the deposition part and the resuspension part:

∂ fs

∂t
+∇·

(
k fs

(
1− fs

fsC R

)
vStokes

g

‖g‖
)
= 0, (3.15)

∂ fs

∂t
−∇·

(
fs

(
1− fs

fsC R

)
A( fs ,vn+1/2)∇ fs

)
= 0. (3.16)

The model already described in [121] only consisted of the deposition part (3.15). We

solve it on the rectangular cells using a finite volumes method. To solve (3.16), we use

an explicit finite difference scheme on Ch .

• A splitting method with finite volumes and finite elements which corresponds to solv-

ing (3.16) using a semi-implicit finite elements scheme on TH instead of the finite

difference scheme on Ch .

In the numerical results chapter, we show results using all three methods. But we rely on the

second method for the benchmarking phase. Before we explain these methods, it is important

to specify the approximation of the boundaries of the computational domain on the structured

grid Ch , especially if the computational domain is not a box.

In a three-dimensional cartesian coordinates
(
Ox,O y,Oz

)
, let Nx , Ny and Nz the number

of cells in the directions of Ox, O y and Oz respectively. Moreover, from now on and for all

numerical experiments presented in Chapter 3, the gravity g is assumed to be aligned with

Oz. We have already mentioned that the structured grid englobes the computational domain,

however, practically, we have to detect the boundaries.

• A cell Ci j k , 1 ≤ i ≤ Nx , 1 ≤ j ≤ Ny , 1 ≤ k ≤ Nz is active if its center is inside the

computational domain (defined through the finite elements mesh). Only the active cells

are involved in the computation. We denote byΩn
h the set of active cells at time t n .

• A cell Ci j k , 1 ≤ i ≤ Nx 1 ≤ j ≤ Ny 1 ≤ k ≤ Nz is a boundary cell if it is located next to a

non-active cell (i.e. if a cell sharing a face is non-active).

The boundary on the structured grid is defined by all the boundary cells. An example is illus-

trated in Figure 3.3 in two dimensions. The computational domain in this case is cylindrical.

The purple cells illustrates the boundaries of the structured grid in this case.
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Chapter 3. A numerical method for sediment dynamics with free surface flows

Figure 3.3 – An illustration of boundary definition on the structured grid in two dimensions:
The cells intersecting with the finite elements boundary, represented in purple, define the
boundary cells of the structured grid.

Assume that the values of
(

fs
)n

i j k are known for all active cells. We need to compute the

approximations
(

fs
)n+1/2

i j k from (3.4). In order to compute approximations of A( fs ,v) on the

structured grid cells, we first compute τn
i j k the approximation of the tangential stress defined

by (2.11) at cell i j k at time t n :

τn
i j k = 2µm(( fs)n

i j k )‖Dn+1/2
i j k nn

i j k −
(
Dn+1/2

i j k nn
i j k .nn

i j k

)
nn

i j k‖, (3.17)

where Dn+1/2
i j k and nn

i j k are approximations of D(v) and n( fs) computed using centered finite

differences. The second order tensor Dn+1/2
i j k at cell i j k in the matricial form is denoted by:

Dn+1/2
i j k =


(
Dxx

)n+1/2
i j k

(
Dx y

)n+1/2
i j k

(
Dxz

)n+1/2
i j k(

Dy x
)n+1/2

i j k

(
Dy y

)n+1/2
i j k

(
Dy z

)n+1/2
i j k(

Dzx
)n+1/2

i j k

(
Dz y

)n+1/2
i j k

(
Dzz

)n+1/2
i j k

 ,

The velocity vector (resp. the normal vector) at cell i j k is defined by its three components(
vx

)n+1/2
i+1 j k ,

(
vy

)n+1/2
i+1 j k and

(
vz

)n+1/2
i+1 j k at time t n (resp.

(
nx

)n
i j k ,

(
ny

)n
i j k and

(
nz

)n
i j k at time t n ) in

directions Ox, O y and Oz, respectively.

For example, the component
(
Dxx

)n+1/2
i j k is given by

(
Dxx

)n+1/2
i j k =

(
vx

)n+1/2
i+1 j k − (

vx
)n+1/2

i−1 j k

2∆x
,
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3.2. Space discretization

and the component
(
nx

)n
i j k is given by

(
nx

)n
i j k =

( fs)n
i+1 j k − ( fs)n

i−1 j k

2∆x√√√√(
( fs)n

i+1 j k − ( fs)n
i−1 j k

2∆x

)2

+
(

( fs)n
i j+1k − ( fs)n

i j−1k

2∆y

)2

+
(

( fs)n
i j k+1 − ( fs)n

i j k−1

2∆z

)2
.

Similar definitions are used to compute the other components. On the boundaries, instead of

using the centered differences, we use left-sided or right-sided second order finite difference

schemes [144], depending on the boundary side. For example, for i = 0, we use

(
Dn+1/2

0 j k

)
xx =

−3
(
vx

)n+1/2
0 j k +4

(
vx

)n+1/2
1 j k − (

vx
)n+1/2

2 j k

2∆x
,

and

(
nn

0 j k

)
x =

−3( fs)n
0 j k +4( fs)n

1 j k − ( fs)n
2 j k

2∆x√√√√(−3( fs)n
0 j k +4( fs)n

1 j k − ( fs)n
2 j k

2∆x

)2

+
(

( fs)n
0 j+1k − ( fs)n

0 j−1k

2∆y

)2

+
(

( fs)n
0 j k+1 − ( fs)n

0 j k−1

2∆z

)2
.

The finite volume method

We first split (3.4) in directions Ox,O y and Oz

∂ fs

∂t
+ ∂

∂x

(
− fs

(
1− fs

fsC R

)(
A( fs ,vn+1/2)

∂ fs

∂x

))
= 0,

∂ fs

∂t
+ ∂

∂y

(
− fs

(
1− fs

fsC R

)(
A( fs ,vn+1/2)

∂ fs

∂y

))
= 0,

∂ fs

∂t
+ ∂

∂z

(
− fs

(
1− fs

fsC R

)(
kvStokes + A( fs ,vn+1/2)

∂ fs

∂z

))
= 0.

Each of these equations can be written as an instance of a generic one-dimensional nonlinear

conservation law. We use Godunov type schemes [76] to solve each equation:

( fs)
n+ 1

6

i j k = ( fs)n
i j k −

∆t n

∆x

(
(FV X )n

i+ 1
2 j k

− (FV X )n
i− 1

2 j k

)
, (3.18)

( fs)
n+ 1

3

i j k = ( fs)
n+ 1

6
i j k − ∆t n

∆y

(
(FV Y )

n+ 1
6

i j+ 1
2 k

− (FV Y )
n+ 1

6

i j− 1
2 k

)
, (3.19)
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( fs)
n+ 1

2

i j k = ( fs)
n+ 1

3

i j k − ∆t n

∆z

(
(FV Z )

n+ 1
3

i j k+ 1
2

− (FV Z )
n+ 1

3

i j k− 1
2

)
. (3.20)

The numerical fluxes are defined by:

(FV X )n
i+ 1

2 j k
=


max

( fs )n
i j k≤ fs≤( fs )n

i+1 j k

[
− fs

(
1− fs

fsC R

)(
An

i+ 1
2 j k

GX
n
i+ 1

2 j k

)]
if ( fs)n

i j k ≤ ( fs)n
i+1 j k

min
( fs )n

i+1 j k≤ fs≤( fs )n
i j k

[
− fs

(
1− fs

fsC R

)(
An

i+ 1
2 j k

GX
n
i+ 1

2 j k

)]
if ( fs)n

i+1 j k < ( fs)n
i j k

(3.21)

(FV Y )
n+ 1

6

i j+ 1
2 k

=


max

( fs )
n+ 1

6
i j k ≤ fs≤( fs )

n+ 1
6

i j+1k

[
− fs

(
1− fs

fsC R

)(
An

i j+ 1
2 k

GY
n+ 1

6

i j+ 1
2 k

)]
if ( fs)

n+ 1
6

i j k ≤ ( fs)
n+ 1

6

i j+1k

min
( fs )

n+ 1
6

i j+1k≤ fs≤( fs )
n+ 1

6
i j k

[
− fs

(
1− fs

fsC R

)(
An

i j+ 1
2 k

GY
n+ 1

6

i j+ 1
2 k

)]
if ( fs)

n+ 1
6

i j+1k < ( fs)
n+ 1

6

i j k

(3.22)

(FV Z )
n+ 1

3

i j k+ 1
2

=


max

( fs )
n+ 1

3
i j k ≤ fs≤( fs )

n+ 1
3

i j k+1

[
− fs

(
1− fs

fsC R

)(
kvStokes + An

i j k+ 1
2
GZ

n+ 1
3

i j k+ 1
2

)]
if ( fs)

n+ 1
3

i j k ≤ ( fs)
n+ 1

3

i j k+1

min
( fs )

n+ 1
3

i j k+1≤ fs≤( fs )
n+ 1

3
i j k

[
− fs

(
1− fs

fsC R

)(
kvStokes + An

i j k+ 1
2
GZ

n+ 1
3

i j k+ 1
2

)]
if ( fs)

n+ 1
3

i j k+1 < ( fs)
n+ 1

3

i j k

(3.23)

where,

GX
n
i+ 1

2 j k
=

( fs)n
i+1 j k − ( fs)n

i j k

∆x
,

GY
n+ 1

6

i j+ 1
2 k

=
( fs)

n+ 1
6

i j+1k − ( fs)
n+ 1

6

i j k

∆y
,

GZ
n+ 1

3

i j k+ 1
2

=
( fs)

n+ 1
3

i j k+1 − ( fs)
n+ 1

3

i j k

∆z
,

and An
i j k = Kr

(
τn

i j k −τC R

τC R

)
+

.

Moreover, zero-flux conditions are imposed on the boundaries. For example, if we consider the

vertical direction, the fluxes at the top and at the bottom of each column are set to zero. This

means (FV Z )i j 1
2
= (FV Z )i j Nz+ 1

2
= 0. We apply the same approach to compute the boundaries

in directions Ox and O y .

Remark: Even though we relied on the Godunov scheme [76] to solve the deposition-

resuspension conservation law in most experiments, we implemented another conservative

scheme, namely the Engquist-Osher scheme [143], capable of solving the same equations. For
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instance, the numerical schemes in equations (3.18)–(4.11) are in this case replaced by:

(FV X )n
i+ 1

2 j k
= 1

2

[
FX (( fs)n

i+1 j k )+FX (( fs)n
i j k )

−
∫ ( fs )n

i+1 j k

( fs )n
i j k

∣∣∣∣ d

d fs

(
− fs

(
1− fs

fsC R

)(
An

i+ 1
2 j k

GX
n
i+ 1

2 j k

))∣∣∣∣d fs

]
, (3.24)

(FV Y )n
i j+ 1

2 k
= 1

2

[
FY (( fs)n

i j+1k )+FY (( fs)n
i j k )

−
∫ ( fs )n

i j+1k

( fs )n
i j k

∣∣∣∣ d

d fs

(
− fs

(
1− fs

fsC R

)(
An

i j+ 1
2 k

GY
n
i j+ 1

2 k

))∣∣∣∣d fs

]
, (3.25)

(FV Z )n
i j k+ 1

2
= 1

2

[
FZ (( fs)n

i j k+1)+FZ (( fs)n
i j k )

−
∫ ( fs )n

i j k+1

( fs )n
i j k

∣∣∣∣ d

d fs

(
− fs

(
1− fs

fsC R

)(
kvStokes + An

i j k+ 1
2
GZ

n
i j k+ 1

2

))∣∣∣∣d fs

]
,

(3.26)

instead of (3.21), (3.22) and (3.23) respectively. In fact, in (3.24) (resp. in (3.25) and (3.26)), in

order to evaluate the integrals, we do not need to explicitly compute the derivatives but we

rather need to evaluate their signs. For example, if we look at equation (3.24), we can evaluate

the sign of
d

d fs

(
− fs

(
1− fs

fsC R

)(
An

i+ 1
2 j k

GX
n
i+ 1

2 j k

))
,

by looking at the convexity of

− fs

(
1− fs

fsC R

)(
An

i+ 1
2 j k

GX
n
i+ 1

2 j k

)
,

which is mainly determined by the sign of An
i+ 1

2 j k
GX

n
i+ 1

2 j k
. Details are given in [143].

A comparison is done in one-dimensional cases between both schemes and results are shown

in the numerical results section.

The splitting method with finite differences for the resuspension

First, we solve (3.15) as in [121] to obtain f n+1/4
s , using finite volumes scheme:

( fs)
n+ 1

4

i j k = ( fs)n
i j k −

∆t n

∆z

(
(FV Z )n

i j k+ 1
2
− (FV Z )n

i j k− 1
2

)
, (3.27)
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where the Godunov flux applied to (3.15) is given by

(FV Z )n
i j k+ 1

2
=


max

( fs )n
i j k≤ fs≤( fs )n

i j k+1

[
− fs

(
1− fs

fsC R

)
kvStokes

]
if ( fs)n

i j k ≤ ( fs)n
i+1 j k ,

min
( fs )n

i j k+1≤ f ≤( fs )n
i j k

[
− fs

(
1− fs

fsC R

)
kvStokes

]
if ( fs)n

i j k+1 < ( fs)n
i j k .

(3.28)

Second, we solve the equation (3.16) to obtain f n+1/2
s on the structured grid cells using the

following explicit finite differences scheme:

( fs)
n+ 1

2

i j k − ( fs)
n+ 1

4

i j k

∆t n = (F D X )
n+ 1

4

i j k + (F DY )
n+ 1

4

i j k + (F D Z )
n+ 1

4

i j k . (3.29)

For simplification purposes, we denote Fl ( fs) := fs

(
1− fs

fsC R

)
. The numerical fluxes are given

by:

(F D X )
n+ 1

4

i j k =
A

n+ 1
4

i+ 1
2 j k

F
n+ 1

4

i+ 1
2 j k

− A
n+ 1

4

i− 1
2 j k

F
n+ 1

4

i− 1
2 j k

∆x2 ,

(F DY )
n+ 1

4

i j k =
A

n+ 1
4

i j+ 1
2 k

F
n+ 1

4

i j+ 1
2 k

−F
n+ 1

4

i j− 1
2 k

A
n+ 1

4

i j− 1
2 k

∆y2 ,

(F D Z )
n+ 1

4

i j k =
A

n+ 1
4

i j k+ 1
2

F
n+ 1

4

i j k+ 1
2

− A
n+ 1

4

i j k− 1
2

F
n+ 1

4

i j k− 1
2

∆z2 ,

where,

F
n+ 1

4

i+ 1
2 j k

= Fl

 ( fs)
n+ 1

4

i+1 j k + ( fs)
n+ 1

4

i j k

2

(
( fs)

n+ 1
4

i+1 j k − ( fs)
n+ 1

4

i j k

)
,

F
n+ 1

4

i j+ 1
2 k

= Fl

 ( fs)
n+ 1

4

i j+1k + ( fs)
n+ 1

4

i j k

2

(
( fs)

n+ 1
4

i j+1k − ( fs)
n+ 1

4

i j k

)
,

F
n+ 1

4

i j k+ 1
2

= Fl

 ( fs)
n+ 1

4

i j k+1 + ( fs)
n+ 1

4

i j k

2

(
( fs)

n+ 1
4

i j k+1 − ( fs)
n+ 1

4

i j k

)
.

Similar definitions are used to compute F
n+ 1

4

i+ 1
2 j k

, F
n+ 1

4

i j− 1
2 k

and F
n+ 1

4

i j k− 1
2

. Note that A
n+ 1

4

i j k =

Kr

(τn+ 1
4

i j k −τC R

τC R

)
+ with τ

n+ 1
4

i j k being the approximation of τ
(
( fs)n+1/4

i j k ,vn+1/2
i j k

)
computed by
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3.2. Space discretization

(3.17). We want to implement Neuman conditions on the grid boundaries :

fs

(
1− fs

fsC R

)
A( fs ,v)∇ fs ·n = 0. (3.30)

Let us suppose we want to compute the scheme in a cell at the boundary. Looking back

at the scheme (3.29), F D X , F DY and F D Z represent fluxes in the directions Ox,O y and Oz

respectively. Thus, we can compute the fluxes on the boundaries by considering the normal

vector in each direction separately : depending on the flux we want to compute, n is either

in the direction of Ox,O y or Oz To better understand this, we consider a simplified example,

illustrated in Figure 3.4. We denote by ib the index of the rightmost horizontal position of the

cells on the boundary where n = ex. On the blue surface, illustrated in Figure 3.4, implementing

(3.30) yields

( fs)ib+1 j k = ( fs)ib j k .

for any 0 ≤ j ≤ Ny and 0 ≤ k ≤ Nz . We apply the same method in order to compute F DY and

F D Z at the boundaries.

Oz

Ox O y

cib j k

Figure 3.4 – The blue interface represents the boundary where n = ex. The cells with a blue
interface are positioned at i = ib and the flux F D X through this interface is set to zero.

Stability condition: The stability of this explicit scheme is assured under the following condi-

tion [145]: ∣∣∣∣∣∣∣∣
∆t n max

i , j ,k

(
A

(
( fs)n+1/4

i j k ,vn+1/2
i j k

))
h2

∣∣∣∣∣∣∣∣≤
1

6
, (3.31)

where h = min(∆x,∆y,∆z). This has been verified through various tests.
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Chapter 3. A numerical method for sediment dynamics with free surface flows

Time step for the resuspension using finite differences: If Kr 6= 0, the resuspension

step comes after the deposition step. For every cell (i j k), i = 1, . . . , Nx , j = 1, . . . , Ny ,

k = 1, . . . , Nz , we solve the resuspension equation. The stability condition (3.31) for the

resuspension equation can be very restrictive. Thus, we don’t change the overall time step ∆t n

but we implement a sub-stepping approach:

• We compute ∆tr such that it fits the stability criterion. If ∆t n <∆tr , ∆tr =∆t n , other-

wise, we compute

Nr = b(∆t/∆tr c+1,

∆tr =∆t n/Nr ,

where b(∆t/∆tr c is the integer portion of (∆t n/∆tr )

• We solve the resuspension equation for each substep i = 1. . . Nr .

The splitting method with finite elements for the resuspension

Like in the second method, between t n and t n+1, we solve the equation (3.15) using finite

volumes to predict a solution f n+1/4
s . Then we solve (3.16) using continous piecewise linear

finite elements. The semi-implicit scheme writes:

f
n+ 1

2
s − f

n+ 1
4

s

∆t
−∇·

(
Fl ( f

n+ 1
4

s )A( f
n+ 1

4
s ,vn+ 1

2 )∇ f
n+ 1

2
s

)
= 0, (3.32)

Let fs
n+ 1

4
H ∈QH be a piecewise linear approximation of fs

n+ 1
4 using the finite element space

QH defined by (3.12). The resuspension problem is solved with P1 finite elements. It consists

in finding the solid fraction fs
n+ 1

2
H ∈QH satisfying the Neumann conditions and such that:

1

∆t

∫
ΩH

fs
n+ 1

2
H f dx+

∫
ΩH

Fl H ( fs
n+ 1

4
H )AH ( fs

n+ 1
4

H ,v
n+ 1

2
H )∇ fs

n+ 1
2

H ·∇ f dx = 1

∆t

∫
ΩH

fs
n+ 1

4
H f dx (3.33)

for all f ∈QH and where AH and Fl H are defined by

AH ( fs
n+ 1

4
H ,v

n+ 1
2

H )

∣∣∣∣
K
= 1

4

4∑
J=1

A( fs
n+ 1

4
H (PJ ),v

n+ 1
2

H (PJ )),

and

Fl H ( fs
n+ 1

4
H )

∣∣∣∣
K
= 1

4

4∑
J=1

Fl ( fs
n+ 1

4
H (PJ )),

where PJ , J = 1, . . . ,4 are the vertices of the element K of the finite element mesh. The sediment

fraction fs
n+ 1

2
H is then interpolated on the structured grid Ch , as described in Subsection 3.2.2,

to obtain values
(

fs
)n+1/2

i j k .

In all cases, the deposition and resuspension step allows us to obtain a prediction
(

fs
)n+1/2

i j k of
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3.2. Space discretization

the sediment fraction, which is corrected in the advection step below.

3.2.4 Advection step

Equations (3.8)–(3.10) are implemented on the structured grid Ch as in [117], using constant

values within each cell Ci j k . The advection step for a cell Ci j k consists in advecting all the

quantities in the cell along∆t nvn+1/2
i j k , which means that the quantitiesϕn

i j k , f n+1/2
si j k

and vn+1/2
i j k

are transported from the center xi j k of Ci j k to the point xi j k +∆t nvn+1/2
i j k . However, since

the final position of the cell trajectory does not necessarily coincide with a cell’s center, we

conservatively redistribute the transported quantities into the overlapped cells (proportionally

to the volume intersected by the transported cell and the overlapped cells). An example

of cell advection and projection is presented in Figure 3.5 in two space dimensions. This

method can be interpreted as a forward characteristics method with projection and therefore

is unconditionally stable (no Courant-Friedrichs-Lewy (CFL) condition) and convergent.

ϕn
i j

xi j

∆t nvn+1/2
i j

1
8ϕ

n
i j

1
8ϕ

n
i j

3
8ϕ

n
i j

3
8ϕ

n
i j

Figure 3.5 – An example of two-dimensional advection ofϕn
i j by∆t nvn+1/2

i j (left) and projection
on the grid (right). The advected cell is represented by the dashed lines. The four cells
containing the advected cell receive a fraction of ϕn

i j according to the position of the advected
cell (i j ).

Since the volume fraction of liquid ϕ is a step function, numerical diffusion is introduced

when the values contained in the advected cells are projected on the grid. In order to reduce

the numerical diffusion, we use a variation of the heuristic SLIC (Simple Linear Interface

Calculation) algorithm inspired by [116]. Details can be found in [117]. Moreover a post-

processing procedure avoids the numerical (artificial) compression induced by two cells
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Chapter 3. A numerical method for sediment dynamics with free surface flows

arriving at the same place or the loss of liquid/sediment mass due to cells transported outside

the cavityΛ. More details are given in the next subsection.

3.2.5 Redistribution and decompression algorithms

Two situations can occur after the advection:

1. A cell can be advected outside the computational domain. The carried quantities ϕ and

fs are lost consequently.

2. Two cells can arrive at the same position. If this happens, after the projection, the

destination cell can end-up with values ϕ> 1 and/or fs > fsC R .

In order to assure the conservation of ϕ and fs , we perform two post-processing algorithms:

1. Redistribution of lost quantities, inside the computational domain.

2. Decompression techniques, related to global and local repair algorithms [146], to pro-

duce final values ϕn+1 (resp. f n+1
s ) which are between zero and one (resp. zero and

fsC R ).

In order to describe these techniques, we denote that,

ϕ= fs + fl ,

where fl is the liquid fraction. Moreover, we define the following apellations: an inflow surface,

is a surface from which sediment and/or fluid can enter the computational domain. An

outflow surface, is a sufrace from which sediment and fluid are allowed to exit the domain.

Redistribution algorithm

As already mentioned, the goal of this algorithm is to redistribute the quantities that are lost

outside the domain. Lost quantities belong to cells that have been wrongly convected outside

the computational domain. We refer to these cells by lost cells in the sequel.

The algorithm is the following: For each lost cell cout we first construct a cube ζcout ⊂Ωn+1
h of

its neighbouring cells. The neighbouring cells, at the first level, are the twenty-six cells that

are adjacent to cout in all three space directions (including corners). The neighbours are then

reduced to those admissible (i.e. the neighbours inside the domain, and containing some

fs). We distribute the lost quantities ( fs and ϕ) on these cells, recursively. If no admissible

cells were found, or if there is some fs left to be distributed, the level of redistribution can

be extended to neighbours of neighbours or more. In Figure 3.6, we illustrate the described

algorithm in two dimensions.
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Ωn+1
h Ωn+1

h

Figure 3.6 – Neighbours distribution in two dimensions. On the left: The algorithm constructs
a square of neighbouring cells around the lost cell, marked in orange. The first neighbours are
marked in gray, and the neighbours of neighbours are marked in light gray. On the right: The
admissible neighbours, marked in purple, receive some quantity from the lost cell.

For instance, in two dimensions, as illustrated in Figure 3.7, in the level two distribution, the

neighbouring cells are the eight adjacent cells and the 16 subadjacent cells, making up a total

of 34 neighbours. The maxium level of redistribution is defined by a variable levelm and is

generally chosen to be 4.

c i j

ci j−2

Figure 3.7 – Neighbours distribution in two dimensions around a cell ci j , 0 < i ≤ Nx , 0 < j ≤ Ny .
The neighbours of ci j are marked "1", the neighbours of neighbours are of ci j are marked "2".

The steps are also summarized in Algorithm 1 hereafter.
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Chapter 3. A numerical method for sediment dynamics with free surface flows

Algorithm 1 Neighbour-based redistribution

bs ,bl ← 0 { buffer is initially empty}
for all cell cout lost outside do
ϕd = f n+1

s (cout )+ f n+1
l (cout ) { ϕd is the total lost value to distribute, liquid and sediment }

fsd = f n+1
s (cout ) { Save the quantity of sediment to distribute in fsd }

fld = f n+1
s (cout ) { Save the quantity of liquid to distribute in fld }

while ϕd > 0 and level < levelm do { level is the current neighbours level, l evelm is a
preset maximal distribution level}

ζcout ← {c ∈Ωn+1s.t c is a neighbour of cd } {Construct a cube of neighbouring cells}
Scout ← {c ∈ ζcout s.t 0 < f n+1

s (c) < fsC R , } {Restrict neighbouring cells to admissible
neighbouring cells, sediment-wise}

Lcout ← {c ∈ ζcout s.t 0 < f n+1
l (c) < 1,} {Restrict neighbouring cells to admissible neigh-

bouring cells, liquid-wise}
if fsd > 0 then

for all neighbour c in Scout do
add min( fsd , f n+1

s (c)− fsC R ) to f n+1
s (c)

add min( fsd , f n+1
s (c)− fsC R ) to ϕn+1(c) { If fs increases, so does ϕ}

fsd ← fsd −min( fsd , f n+1
s (c)− fsC R )

ϕd ←ϕd −min( fsd , f n+1
s (c)− fsC R )

end for
end if
if fld > 0 then

for all neighbour c in Lcout do
add min( fld , f n+1

l (c)−1) to f n+1
l (c)

add min( fld , f n+1
l (c)−1) to ϕn+1(c) { If fl increases, so does ϕ}

fld ← fld −min( fld , f n+1
l (c)−1)

ϕd ←ϕd −min( fld , f n+1
l (c)−1)

end for
end if
level ← l evel +1 { Increase distribution level}

end while
bs ← bs + fsd { Keep non-distributed sediment loss in buffer bs}
bl ← bl + fld { Keep non-distributed liquid loss in buffer bl }

end for
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The algorithm stops when we have either redistributed all the lost quantities or when we have

reached the maximal level of redistribution. The latter case happens when the CFL number

is very large, or in experiments where the boundaries are curved and/or not very regular. If

this happens, we store the remaining quantities in a buffer to deal with after we perform the

decompression algorithms, in order to ensure the conservation.

Decompression algorithms

Examples of heuristic decompression algorithms used to accomplish this task for ϕn+1 , are

given in [118] and [117]. They consist of choosing a priority function θ : Ωn+1
h → R then

redistributing the total excess of fluid to the cells in the domain, in the decreasing order of

their θ values. In Algorithm 2, we formally describe this process.

Algorithm 2 Decompression algorithm with priority function θ

Initialization: b ← 0 {b is the buffer }
for all cell c inΩn+1

h do
if ϕn+1(c) > 1 then

b ← b + (ϕn+1(c)−1)V (c) { V is the volume of the cell c}
ϕn+1(c) ← 1

end if
end for
Ac ← {c ∈Ωn+1

h s.t 0 <ϕn+1(c) < 1} {Admissible receiver cells}
while do

choose c in Ac which maximizes θ(c)
remove c from Ac

s ← 1−ϕn+1(c)
ϕn+1(c) ← min(1,ϕn+1(c)+ b

V (c) )
b ← max(0,b − sV (c))

end while

In [117], θ is chosen equal toϕn+1. This means redistributing the fluid first to cells with highest

ϕn+1 values. In [118], θ is chosen to be a smoothed version of ϕn+1. In other words, the excess

fluid is distributed on the cells which have the highest ϕn+1 values and whose neighbours also

have high values.

In our case, we have an additional quantity fs to decompress. Our decompression algorithm

has thus, two main steps, executed in the following order:

1. The decompression of the solid fraction fs , for which we use a different heuristic algo-

rithm, described below.

2. The decompression of ϕ, for which we use the same algorithm as in [117].

We present here two heuristic variations of decompression algorithms used to decompress fs .

39



Chapter 3. A numerical method for sediment dynamics with free surface flows

The first variation is the one we use as default. It has proven to be very efficient in most cases.

However, an additional (problem-dependent) variation (variation 2) has been developed.

This variation is used when we have a lot of symmetry for an experiment, or if we have a

considerable mass loss due to curved boundaries, provided the gravity follows the vertical

direction (See example in Subsection 4.2.6). It provides a faster and less random effect of the

distribution.

- Variation 1: For every cell cd such that fs is above the maximal value fsC R , we construct

a cube ζc ⊂Ωn+1
h of its neighbouring cells. This is done the same way as in the redistribu-

tion part. The difference is that we now randomize these neighbours. Then, we restrict

the randomized neighbours to the admissible ones (neighbours that have fs < fsC R ). We

finally distribute the excess value from the cell c into its neighbours. If we are unable

to distribute all excess in current neighbours, we can increase recursively the level of

distribution to two (to include neighbours of neighbours) or more. The higher the level

of distribution is, the higher the chances are we distribute all excess. Algorithm 3 is a

pseudo-code of the process.

Algorithm 3 Neighbour-based decompression

for all cell cd inΩn+1
h do

if f n+1
s (cd ) > fsC R then

d ← ( f n+1
s (cd )− fsC R ) { d is the excess value from the cell c}

f n+1
s (cd ) ← fsC R

ϕn+1(cd ) ←ϕn+1(cd )−d { Since ϕ= fs + fl , the decompression of fs help the decom-
pression of ϕ.}

end if
while d > 0 and l evel < levelm do { l is the current distrubution level, lm is a preset

maximal distribution level}
ζcd ← {c ∈Ωn+1s.t c is a neighbour of cd } {Construct a cube of neighbouring cells}
Acd ← {c ∈ ζcd s.t 0 < f n+1

s (c) < fsC R , } {Restrict neighbouring cells to admissible neigh-
bouring cells}

for all neighbour c in Acd and d > 0 do
add min(d , f n+1

s (c)− fsC R ) to f n+1
s (c)

d ← d −min(d , f n+1
s (c)− fsC R )

end for
level ← l evel +1 { Increase distribution level}

end while
bs ← bs +d { Keep non-distributed excess sediment in buffer bs}

end for

- Variation 2: In this variation of the decompression of fs , we do not rely on the neigh-

bours distribution. Instead, we proceed with the following: The first step is to collect the

excess sediment quantity over all active cells in a buffer bs . Then, in a three-dimensional

setup, where the gravity is along the vertical axis, we consider that the cells at position

z = 0 are prioritary for the distribution. Thus, we start by distributing the quantities to
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3.2. Space discretization

these cells homogeneously. This means that all cells should receive the same quantity of

liquid/sediment. This is why we name this process the Homogeneous distribution. We

present here a pseudo-algorithm for the distribution of the sediment in Algorithm 4.

Algorithm 4 Homogeneous distribution

{bs contains the sediment quantity to be distributed }
while z < Nz and bs > 0 do {z is the vertical position of a cell c }

Find the minimal solid fraction available m fs in level z
if (m fs is 0 {No cell is available to receive quantity } then

z ← z +1 {Go to next level }
else

Compute uniform value to distribute u fs ← bs
na

{na is the number of available cells}
d fs = min(m fs ,u fs ) {d fs is the quantity to distribute}
for all cell c in level z do

fs ← fs +d fs

bs ← bs −d fs

end for
end if

end while

We emphasize the fact that, when looking for the minimum fs available, we consider

that the available quantity is given by fsC R − fs . This garantees that fs ∈ [0, fsC R ]. When

applying the same algorithm for the liquid distribution, the available quantity is 1−ϕ.

After the decompression of sediments, we proceed with the decompression of the liquid

using Algorithm 2. As already mentioned earlier, under very specific conditions (large CFL,

non-regular domains) the total decompression and/or redistribution are not guaranteed. We

proceed with additional conservation algorithms: In this case, the initial sediment buffer bs

contains the sediment remainders of the redistribution and the decompression parts. The

remaining quantities are distributed homogeneously on all admissible cells, using Algorithm

4. The same is done to distribute the remaning liquid quantity (if any), where the initial liquid

buffer bl contains the liquid remainders of the redistribution and the decompression parts.

3.2.6 Projection on the finite elements triangulation

Once the values ϕn+1
i j k , f n+1

si j k
and vn+1

i j k have been computed on Ch , the approximated fields are

interpolated at the vertices (and also at the barycenter when projecting the velocity) of each

tetrahedra K of the mesh TH , in order to restart the next time step with the Stokes problem.

The volume fraction of liquid at any vertex P is computed by considering all the cells whose

41



Chapter 3. A numerical method for sediment dynamics with free surface flows

barycenter is in the tetrahedra that are adjacent with P :

ϕn+1
H (P ) =

∑
K∈TH
P∈K

∑
Ci j k∈K

ϕn+1
i j k ·dist(Ci j k ,P )−2

∑
K∈TH
P∈K

∑
Ci j k∈K

dist(Ci j k ,P )−2 . (3.34)

Figure 3.8 illustrates, in the two-dimensional case, the cells to be considered when projecting

on node P . If the point considered is the barycenter of a tetrahedron K , the formula is modified

to account only for the element K and not the adjacent tetrahedra.

When the values of ϕn+1
H are available at the vertices of TH , the liquid regionΩn+1

H is defined

as follows: an element of the finite element mesh TH is said to be liquid if (at least) one of its

vertices P has a value ϕn+1
P > 0.5. The computational domainΩn+1

H is defined as the union of

all liquid elements.

P

K

Figure 3.8 – All tetrahedra (here triangles) in TH containing the vertex P are shown. The cells
whose barycenter is intersecting with these tetrahedra, shown in light yellow, are involved in
the interpolation.

The approximations ρn+1
H ,µn+1

H and αn+1
H are computed on the finite element mesh in order

to solve (3.13). More precisely, those quantities are first computed on the structured grid Ch

following (2.4) (2.5) and (2.6), based on the piecewise constant approximations of the sediment

fraction that are obtained on the grid of cells after the advection step. These values are then

interpolated on the finite element mesh to obtain piecewise constant approximations of the

physical properties. For instance, the approximation of the density is given by:

ρn+1
H

∣∣
K =

∑
Ci j k∈K

ρn+1
i j k ·dist(Ci j k ,B)−2

∑
Ci j k∈K

dist(Ci j k ,B)−2 , (3.35)
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3.2. Space discretization

where B is the barycentric center of element K . Similar relationships apply for µn+1
H and αn+1

H ,

to obtain piecewise constant approximations of those quantities on the finite element mesh

TH .

3.2.7 Additional remarks and global algorithm flowchart

Computation of the inflow/outflow mass rates

In order to verify the mass conservation for the sediments, an algorithm has been imple-

mented in order to compute the mass of the liquid and the sediment flowing in and out of the

computational domain as well as the mass staying inside the domain.

Before we introduce the algorithms, we formally give the physical definitions of the volume

and the mass flow-rate: The volumic flow rate Q (in [m3/s]) through a surface Γwith velocity

v is given by:

Q =
∫
Γ

vdΓ,

The mass flow-rate Qm (in [kg /s]) is given by:

Qm =
∫
Γ
ρs fs vdΓ.

Thus, in order to compute the total mass m (in [kg ]) that flew through a surface S over a period

of time [0,T ], we integrate Qm over time:

m =
∫ T

0
Qmd t .

In practice, we have two options in order to compute the flow rates. The first option is to

directly use the definitions above, by computing the rates on the finite elements. However,

since the advection step is completed on the structured grid cells, we choose to compute the

rates on the grid. This allows us to avoid unnecessary interpolation errors. The computation

of the inflow and outflow mass rate is implemented along the advection part. This means that

for each time step t n of the global algorithm, t 0 = 0 ≤ t n ≤ t N = T , after the advection step, we

compute the convected mass (the mass carried by the convected cells).

We denote mi n(t n) as the sediment mass flowing into the domain between t n and t n +∆t ,

mout (t n) as the sediment mass flowing out of the domain between t n and t n +∆t and mt n as

the sediment mass inside the domain at time t n , n = 0. . . N . We have some balance if:

N∑
n=0

mi n(t n)+mt 0 =
N∑

n=0
mout (t n)+mt N (3.36)

Apart from checking the conservation, we can use (3.36) for other applications such as measur-
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Chapter 3. A numerical method for sediment dynamics with free surface flows

ing the mass of sediments that settle down through the computational domain over a period

of time.

Global Algorithm flowchart:

The code for free-surfaces flow with sediment dynamics has been created based on the notions

and algorithms described before. The steps of computation are summarized in the algorithm

flow chart illustrated in Figure 3.9.
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3.2. Space discretization

Reading mesh and data

Initialization
Mapping between Cells and FE

Modified Stokes step (Sub. 3.1.1 and 3.2.1)

Stokes solver

Interpolation FE → Cells

Deposition and resuspension step (Sub. 3.1.2 and 3.2.3)

Advection step (Sub. 3.1.3 )

Advection resolution (Sub. 3.2.4)

Redistribution and decompression (Sub. 3.2.5)

Projection cells → FE (Sub. 3.2.6)

Post-processing

Time interval [0,T ] = t 0 < t 1... < t N ∆t n ,Ωn , n = 0, · · · , N −1

vn+1/2
H , pn+1

H

vn+1/2, pn+1,ϕn , f n
s

vn+1/2, pn+1,ϕn , f n+1/2
s

vn+1, pn+1,ϕn+1, f n+1
s

vn+1
H ,ϕn+1

H , fs
n+1
H

Figure 3.9 – Flow chart for the resolution steps
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4 Numerical results

In the previous chapters, we have presented the mathematical model for sediment dynamics,

along with the numerical methods to solve it. In this chapter, we present numerical results in

order to validate the numerical approach as well as the physical model by:

• Performing convergence studies.

• Performing sensitivity analyses of the model parameters.

• Benchmarking the computational results with real experimental results.

This is done in two steps: First, in section 4.1, we validate and benchmark the model with

deposition effects only. In fact, we consider processes with pure sedimentation or with erosion

and impinging jets, where resuspension effects are not essential. Most of Section 4.1 results

have already been published in [121]. Second, in Section 4.2, we validate and benchmark the

full model (with deposition and resuspension effects). Finally, we discuss the limitations of

the underlying physical model. We recall that the sedimentation equation is

∂ fs

∂t
+v ·∇ fs +∇·

(
− fs

(
1− fs

fsC R

)(
kvStokes

g

‖g‖ +Kr

(τ( fs ,v)−τC R

τC R

)
+∇ fs

))
= 0, (4.1)

and choosing Kr = 0 cancels the resuspension effects.

4.1 Results of sedimentation with deposition only

The steps of this part are as follows:

1. Validation of the Finite volume scheme

2. Validation of the deposition model with analytical and experimental data
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Chapter 4. Numerical results

4.1.1 Engquist-Osher and Godunov schemes: a comparison in the one-
dimensional case

The main goal of this part is to validate the finite volumes implemented schemes for the

deposition equation: the Godunov scheme and the Engquist-Osher scheme. Moreover, the

Godunov being known as exact [76] when the conservation equation flux is convex (such is

the case of the deposition flux), we wanted to see how the Engquist-Osher scheme compares

to it. We consider the parabolic flux (2.9), and the corresponding analytical prototypical (and

one dimensional) problem for fs ∈
[
0, fsC R

]
,

∂ fs

∂t
+ ∂

∂z

(
α fs

(
fs − fsC R

))= 0, in R, (4.2)

with α= kvStokes/ fsC R , and with a discontinuous initial solution that reads (Riemann prob-

lem):

fs(t = 0) =


fs+, z ≥ z0

fs−, z0 ≥ z ≥ z−

fsC R , z− ≥ z.

We consider fs+ = 0, fs− = 0.48, fsC R = 0.6, z0 = 0.055 and z− = 0. The notations defined

in previous chapters remain valid. We denote by T the final time. Let us denote FD ( fs) =
kvStokes fs

(
1− fs

fsC R

)
as the deposition flux function.

The finite volumes scheme used to solve (4.2) writes as follows:

( fs)n+1
i = ( fs)n

i − ∆t n

∆z

(
(FV Z )n

i+ 1
2
− (FV Z )n

i− 1
2

)
, 1 ≤ i ≤ Nz (4.3)

where (FV Z ) is the numerical flux given by:

Godunov scheme [76]

(FV Z )n
i+ 1

2
=


max

( fs )n
i ≤ fs≤( fs )n

i+1

[−FD ( fs)
]

if ( fs)n
i+1 ≥ ( fs)n

i , 1 ≤ i ≤ Nz

min
( fs )n

i+1≤ f ≤( fs )n
i

[−FD ( fs)
]

if ( fs)n
i+1 < ( fs)n

i . 1 ≤ i ≤ Nz

(4.4)

Engquist-Osher scheme [143]

(FV Z )n
i+ 1

2
= 1

2

[
FD (( fs)n

i+1)+FD (( fs)n
i )−

∫ ( fs )n
i+1

( fs )n
i

|F ′
D ( fs)|d fs

]
. (4.5)

In such a case (Riemann problem), an analytical solution fs e of the problem (4.2) can be

obtained explicitly [76] and at t = T the exact solution is given by:

fs(z, t = T ) =
{

0.6 if (x ≤ 0.044) ,

0 otherwise.
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4.1. Results of sedimentation with deposition only

where T ' 1180 [s]. In Figure 4.1, we show the exact solution at time T along with the numerical

solutions for Godunov and Engquist-Osher schemes when we vary the mesh size ∆z.

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
0

0.1

0.2

0.3

0.4

0.5

0.6

f s

0.0415 0.042 0.0425 0.043 0.0435 0.044 0.0445 0.045 0.0455 0.046

0.48

0.5

0.52

0.54

0.56

0.58

0.6

f s

Figure 4.1 – Numerical and exact solutions for Godunov and Engquist-Osher schemes: un-
zoomed (top) and zoomed for z ∈ [0.041,0.046](bottom). We take ∆t =∆z.

Figure 4.1 shows that the solutions given by both schemes are very similar, the Godunov

scheme being slightly better. In order to further assess this, we define the relative error E1R by

E1R =

Nz∑
i=1

| fsi − fs(zi ,T )|
Nz∑

i=1
| fs(zi ,T )|

. (4.6)

Figure 4.2 illustrates the convergence order for the relative error (defined by (4.6)) for the

Godunov and the Engquist-Osher schemes, along with the line corresponding to convergence

order one.
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3 4 5 6 7 8 9 10

10
-4

10
-4

10
-3

10
-2

Figure 4.2 – Error (E1R ) comparison for Godunov and Engquist-Osher schemes.

As expected, both schemes are of order 1. Moreover, we know that the Godunov scheme is

exact for Riemann problems with convex fluxes [76, 77]. Thus, since the deposition flux FD

is strictly convex, the Godunov scheme gives better results than the Engquist-Osher scheme.

The latter, however, shows appropriate convergence properties.

4.1.2 Sedimentation of polystyrene particles in a still fluid

The goal of this experiment is to further validate the numerical treatment of the sediment

operator in a simplified multiphysics problem, and confirm the convergence of the method

when the discretization parameters tend to zero.

In order to do so, let us consider the sedimentation of suspended, monodisperse, polystyrene

particles in a tank of silicon oil. The particles properties are d∗ = 290 [µm] and ρp = 1.05 [g

cm−3]; the silicon oil has µl = 0.02 [Pa s] and ρl = 0.95 [g cm−3]. The dimensions of the tank

are 2.5×0.05×10 [cm3]. A mixing procedure is used to obtain a well-mixed, very dense, liquid

mixture of uniform distribution fs(0) = 0.48 in the bottom half of the domain (z ≤ 5.55 [cm]).

The maximal solid fraction is fsC R = 0.6, the cohesion parameter is fsCO = 0.599, ε= 10−9, and

K = 1.

This sedimentation process has been investigated in [127] with a comparison between a 1D

model and experimental results, and in [147] with a multiphase 2D model. We consider the

equation (4.2) with the same initial conditions as the ones given in Subsection 4.1.1. We recall

that α= kvStokes/ fsC R .

As mentioned earlier, in such a case, an analytical solution can be obtained explicitly, and we

obtain the development of two shockwaves, with shock speeds respectively equal to −0.12
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4.1. Results of sedimentation with deposition only

and +0.48. The intersection of the two shocks takes place at (t?, z?), with

z? = z−+α0.48t? =α(−0.12)t?,

which leads to (t?, z?) = (1084.0,0.044) in the case of this particular experiment.

Figure 4.3 shows the snapshots of the sediment concentration at different times for our model

with the parabolic flux (κ= 1). The numerical results show indeed the evolution of the two

interfaces: one that separates the clear fluid at the top and the mixed fluid and another

one between the mixed fluid and the fluid saturated with sediments at the bottom. Figure

4.4 illustrates the positions of these interfaces with, in particular: i) a comparison with the

analytical solution derived previously, and ii) the evolution of the positions of these interfaces

when the discretization parameters tends to zero. For the convergence study, we consider

three discretizations, respectively, with:

(i) Coarse mesh: H = 0.006638 [m], h = 0.001 [m], and ∆t = 0.01 [s]

(ii) Intermediate mesh:H = 0.004978 [m], h = 0.00075 [m], and ∆t = 0.0075 [s]

(iii) Fine mesh:H = 0.003319 [m], h = 0.0005 [m], and ∆t = 0.005 [s]

These results show not only a very good agreement of the computational results with the

analytical ones but also the convergence of the method when the discretization parameters

tend to zero.

Figure 4.3 – Numerical simulation of the sedimentation of polystyrene particles. Snapshots of
the solid fraction fs .
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Chapter 4. Numerical results

Figure 4.4 – Numerical simulation of the sedimentation of polystyrene particles. Time evo-
lution of the two interfaces, including i) a comparison with the analytical solution, and ii) a
convergence study when the discretization parameters tends to zero.

In order to quantitatively assess the convergence of the approximated solutions, we define two

error estimates. The first estimate is based on the approximation error on the time trajectories

of the interfaces (and the final time); the second is based on the L1 error on the solution of the

hyperbolic equation. Namely:

E1 = ||z1 − z1h ||L2(0,t?) +||z2 − z2h ||L2(0,t?) +
∣∣t?− th

∣∣ ,

E2 = ∣∣∣∣ fs − fsh

∣∣∣∣
L1(Λ) ,

where z1(t) = z−+α0.48t (resp. z2(t) = α(−0.12)t) denote the time evolution of the lower

and upper interfaces, z1h , z2h their respective numerical approximations, and t? the exact

time of intersection of the two trajectories. The position of the interfaces z1h(t ) and z2h(t ) are

computed on the grid Ch as follows. The position z1h(t ) is given by the vertical position of the

center of the first cell (swept from bottom to top) such that f n+1
si j k

> fsC R −εP , where εP = 10−5.

Also, the position z2h(t) is given by the vertical position of the first cell (swept from top to

bottom) such that f n+1
si j k

< εP . Figure 4.5 illustrates the convergence of these estimates when

the discretization parameters h, H and ∆t n tend to zero, and shows an appropriate first order

convergence order.
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Figure 4.5 – Numerical simulation of the sedimentation of polystyrene particles. Convergence
study when the discretization parameters tend to zero. Convergence of the error estimates E1

(left) and E2 (right) when h → 0.

4.1.3 Erosion by an impinging liquid jet

In order to validate the numerical algorithm for the multiphysics model, we consider the

benchmark simulation of the erosion of an immersed granular bed by an impinging liquid jet

perpendicular to the surface of the consolidated sediment. We consider this erosion process

as described in [148, 149]. The experiment consists of a bed load of non-cohesive sediments,

initially at rest at the bottom of a parallelipidedic domain of size He ×We ×W = 0.495×0.032×
0.2 [m3], as illustrated in Figure 4.6. The bed load on non-cohesive sediment is composed by

sand (with particles of diameter 4.0 ·10−4 [m]); the dry density of the sand particles is 2500 [kg

m−3], while the bulk density is that of water, i.e. 1000 [kg m−3]. The computational domain is

actually smaller than the physical domain, and formed by a parallelipidedic domain of size

0.2×0.004×0.135 [m3]. The initial conditions consist of a domain entirely filled with liquid.

The sediment concentration is maximal (i.e. fsC R = 0.63) when z ≤ 0.05 [m] and zero otherwise.

The water is vertically injected on the top of the domain with a velocity following a Poiseuille

profile

v =

 0

0

1.85 ·105(x −0.102)(x −0.098)

 [m/s],

on the inlet of size 0.004×0.004 [m2] (so that the maximal velocity is 7.4 ·10−1 [m/s]). This

corresponds to a Reynolds number of Re ' 630, where Re = ρlUJ b
µl

, and UJ denotes the mean

velocity of the inflow velocity, b is the diameter of the injection tube, and µl (resp. ρl ) is the

pure water viscosity (resp. density). The liquid can exit at the top of the domain (to compensate

for the liquid injected), so that the domain is full at all times. The boundary conditions on

the remaining part of the boundary of the domain are homogeneous Dirichlet boundary

conditions, except for slip boundary conditions on the lateral walls along the pseudo-2D
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direction. The water jet erodes the sand bed to create a hole of width D , and depth Hb . This

numerical experiment is used to study the properties of the algorithm, to validate the mesh

convergence of the algorithm, and to calibrate the numerical parameters of the model.

e

Figure 4.6 – Erosion by an impinging liquid jet. Sketch of the geometrical domain and numeri-
cal setup.

First, let us consider the grids containing 267,520 finite elements and 48,132 vertices in TH ,

and 1,071,360 cubic cells in Ch . We calibrate the value of the time step to define a CFL number

for the simulation that both allows us to maintain stability conditions, and minimize the

computational effort. Numerical experiments have shown that a CFL number equal to 6

(∆t = 0.003 [s]) is appropriate to balance those effects. Figure 4.7 illustrates that this value

leads to a less diffusive solution than when the CFL number is equal to 8.

Figure 4.7 – Erosion by an impinging liquid jet. Effect of the CFL number on the solution.

Figure 4.8 shows the time evolution of the depth Hb and width D of the eroded hole respec-

tively, and confirms that the erosion process has reached a stationary state after roughly
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4.1. Results of sedimentation with deposition only

T = 6 [s]. We will use T = 6 [s] for all simulations in the sequel.
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Figure 4.8 – Erosion by an impinging liquid jet. Left: time evolution of the numerical approxi-
mation of the hole width D . Right: time evolution of the numerical approximation of the hole
depth Hb .

In order to study the convergence of the solution when the discretization parameters tend to

zero, we consider three discretizations:

(i) Coarse mesh: 157,052 finite elements and 28,115 vertices in TH (H = 0.00135 [m]), and

634,880 cubic cells in Ch (h = 0.00054 [m]), ∆t = 0.01 [s]

(ii) Intermediate mesh: 490,866 finite elements and 86,051 vertices in TH (H = 0.0009 [m]),

and 2,142,720 cubic cells in Ch (h = 0.00036 [m]), ∆t = 0.006 [s]

(iii) Fine mesh: 1,133,868 finite elements and 196,506 vertices in TH (H = 0.000675 [m]),

and 5,079,040 cubic cells in Ch (h = 0.00027 [m]), ∆t = 0.005 [s]

Figure 4.9 illustrates the profile of the water-sand interface after T = 0.8 [s], and shows a

convergence of the numerical approximations when the mesh sizes tend to zero.
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Figure 4.9 – Erosion by an impinging liquid jet. The convergence of the approximated solution
when the discretization parameters tend to zero. Illustration of the sediment-water interface.

From now on, we consider the intermediate mesh, illustrated in Figure 4.10 and proceed to

the calibration of the parameters involved in the model. The calibration of the model relies on

determining the values of the numerical parameters ε (the regularization parameter in the

Carman-Kozeny coefficient), and fsCO (the cohesion threshold).

Figure 4.10 – Erosion by an impinging liquid jet. Intermediate mesh: Finite elements (left) and
structured grid (right).

Numerical experiments, reported in Figures 4.11 and 4.12, have shown that optimal values

are given by ε= 10−9 and fsCO = 0.62. The choice of these values is based on the best fit (in

terms of the sediment profile height) with experiments provided in [148, 149], as illustrated in

the sequel for these optimal values. The results in Figures 4.12, ?? and 4.14, are presented in

the same fashion as in [149], namely by expressing the normalized quantities D/(L−λ) and

Hb/(L−λ), where λ= 10b is a suggested correction of the distance L between the inlet and the

sand interface, to account for the virtual origin, spreading angle and decay of the submerged
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4.1. Results of sedimentation with deposition only

plane jet, as explained in [148], as a function of the erosion number Ec defined as

Ec =UJ (b/(L−λ))1/2
((
ρs

ρl
−1

)
||g||2d∗

)−1/2

.

0.05 0.1 0.15

0.04

0.05

0.06

Figure 4.11 – Erosion by an impinging liquid jet. Sediment profile at t = 3.5 [s] for various
values of the penalization parameter ε (UJ = 0.28 [m/s], fsCO = 0.62). For all cases, K = 1.
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Figure 4.12 – Erosion by an impinging liquid jet. Numerical approximation of the width D and
depth Hb of the eroded hole, as a function of the inlet velocity magnitude for various ε values;
the regression lines are extracted from [149]. (λ= 10b, UJ = 0.28 [m/s], fsCO = 0.62).

Figure 4.13 illustrates snapshots of the solution, in particular, the sediment profile at various

times for UJ = 0.28 [m/s], and illustrates the stationary regime of the flow velocity. The

numerical results obtained with the proposed method are compared with experimental results

from [148, 149]. Figure ?? illustrates the values of the width D and depth H of the eroded

hole as a function of the inlet velocity magnitude. In agreement with [149], we consider

inflow velocities inducing Reynolds numbers between Re = 630 and Re = 1890. Results in

Figure 4.14 show that the higher the Reynolds number, the deeper and wider the eroded
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hole. The regression lines D/(L −λ) = 0.55+ 1.4(E − 1) and Hb/(L −λ) = 0.7(E − 1), which

are illustrated on the figures, are extracted from [149], compare well with the computational

results, and validate our approach for such experiments. Furthermore, it was mentionned

in [149] that data points remain close to the master curves for λ= 10b. Figure 4.15 shows

the results when λ= 10b is taken as the correction factor, which shows the sensitivity of the

post-processed results with respect to post-processing choices.

58



4.1. Results of sedimentation with deposition only
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Figure 4.13 – Erosion by an impinging liquid jet. Snapshots of the numerical solution (sediment
position and velocity field) at times t = 0,0.45 and 4.0 [s], for UJ = 0.45 [m/s].
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Figure 4.14 – Erosion by an impinging liquid jet. Numerical approximation of the width D
(top) and depth Hb (bottom) of the eroded hole, as a function of the inlet velocity magnitude;
the regression lines and experimental data (red crosses) are extracted from [149]. λ= 5b.
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Figure 4.15 – Erosion by an impinging liquid jet. Numerical approximation of the width D
(top) and depth Hb (bottom) of the eroded hole, as a function of the inlet velocity magnitude;
the regression lines are extracted from [149]. λ= 10b.
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4.1.4 Plunge pool scouring

The second experiment is the time evolution of plunge pool scour, caused by an inclined

impinging jet of water on a sediment bed. The impact of the inclined jet into the sediments

creates a pool scour and a ridge with the transported sediments. As highlighted in [150–152],

such jets provoke turbulence in the flow but eventually converge to steady-state conditions

for the scour depth and ridge height. Experimental results have been presented in [151, 152],

while simulations with Flow3D have been validated in [150].

We consider the full 3D numerical setup used in [150] and illustrated in Figure 4.16. The

experiment consists of a bed load of non-cohesive sediments, initially at rest at the bottom

of a parallelipidedic domain of size W ×we ×L = 1.9×0.5×0.65 [m3]. Let us consider three

discretizations:

(i) Coarse mesh: 29,882 finite elements and 5336 vertices in TH , and 483,840 cubic cells

(H = 0.065 [m], h = 0.0036 [m]), with ∆t = 0.012 [s] .

(ii) Intermediate mesh: 42,433 finite elements and 7536 vertices in TH , 689,920 cubic cells

(H = 0.04 [m], h = 0.0024 [m]), with ∆t = 0.01 [s] .

(iii) Fine mesh: 76,380 finite elements and 13,549 vertices in TH , and 1,267,200 cubic cells

in Ch (H = 0.025 [m], h = 0.0016 [m]), with ∆t = 0.0085 [s] .

Figure 4.16 – Plunge pool scouring by an inclined impinging liquid jet. Sketch of the geometri-
cal domain and numerical setup.

The bed load of non-cohesive sediment is composed of nearly uniform particles of diameter

d∗ = 0.00125 [m]; the dry density of the particles is ρs = 1400 [kg m−3], while the bulk density

is that of water, i.e. ρl = 1000 [kg m−3]. The initial conditions consist of a domain entirely

filled with liquid, with zero velocity. The sediment concentration is maximal (i.e. fsC R = 0.6)

when z ≤ 0.3 [m] and zero otherwise. The cohesion threshold is given by fsCO = 0.599, and

ε= 10−9.
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4.1. Results of sedimentation with deposition only

The water is injected from the top of the domain with a jet dimension b = 0.035[m] and a jet

impact angle α = 45°. The jet discharge Q is 3.5 [L/s]. This results in a diagonally injected

water jet with velocity ui n = (4.04, 0, −4.04)T [m/s]. The water level h0 is kept such that the

ratio Tw = h0
b (referred to by tail-water i.e. the average water depth )is equal to 5.9.

The boundary conditions on the remaining part of the boundary of the domain are homoge-

neous Dirichlet boundary conditions, except for slip boundary conditions on the symmetry

plane as illustrated in Figure 4.17.

Figure 4.17 – Plunge pool scouring by an inclined impinging liquid jet. The symmetry wall is
where slip conditions are imposed. Wall conditions are imposed on the rest of the surfaces
(except the inflow).

We introduce the dimensionless time τ = (g ′d∗)
1
2 (t/b) where t denotes the time [s] and

g ′ = ||g||2(ρs −ρl )/ρl denotes the reduced gravitational acceleration, and d∗ denotes the

sediment particles diameter. The end of the calculations is not that of the experiments but

whenever the steady-state of the scour characteristics is observed. Figure 4.19 illustrates

snapshots of the solution obtained with the intermediate mesh, in particular, the sediment

profile at various times. The scour depth D and the nearby ridge Hb are developing until a

state where they only vary mildly after about 40 [s]. Figure 4.18 illustrated the intermediate

mesh.

Figure 4.18 – Plunge pool scouring by an inclined impinging liquid jet. Intermediate mesh:
finite elements (top), structured grid (bottom).
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Figure 4.19 – Plunge pool scour by an inclined impinging liquid jet. Snapshots of the numerical
solution (sediment position and velocity field) at times t = 5,10 and 30 [s] (top to bottom).

Figure 4.20 illustrates the time evolution of the stationary dimensionless depth Dd = D/b,

and the dimensionless ridge height Hd = Hb/b, as a function of the dimensionless time τ.

Results are post-processed as in [150], and compared with experimental results. We observe

that, albeit some numerical diffusion appears (especially for coarser meshes, which is not

surprising for 3D calculations), the slope of the graph is adequately reproduced; furthermore,

the numerical results improve when the mesh discretization parameters tend to zero.
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4.1. Results of sedimentation with deposition only

Figure 4.20 – Plunge pool scour by an inclined impinging liquid jet. Comparison of the time
evolution of dimensionless scour depth Dd and ridge height Hd derived from the experiments
and those derived from numerical simulations for a coarse, intermediate, and fine meshes.

4.1.5 Sediment flushing

We discuss a last numerical experiment, in order to define the range of capability of the physical

model with deposition only, but also illustrate its limits. We consider a flushing process as

described in [153] (and references therein). The importance of flushing techniques has been

described, e.g., in [154], for both industrial applications in dams and natural configurations in

rivers and lakes. The experiment consists of a bed load of non-cohesive sediments, initially at

rest at the bottom of a channel, as illustrated in Figure 4.21. It is realized in a laboratory flume

of width 0.2 [m]. The bed load of non-cohesive sediment is composed by sand (with particles

of diameter d∗ = 7.6 ·10−4 [m]); the dry density of the sand particles is ρs = 2650 [kg m−3],

while the bulk density is ρl = 1750 [kg m−3]. Under vertical gravity forces, the liquid flows out

of the domain via the valve on the right, and the sediment is flushed by the rapid flow.

Figure 4.21 – Flushing of sediments. Sketch of the geometrical domain and numerical setup
(similar as in [153]).

No inflow condition is enforced, but an outflow condition, by imposing a discharge of q0 =
0.0079 [m3/s] on the bottom right part of the domain (which corresponds to an outflow velocity
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of 0.132 [m/s]). A free surface between liquid and air lies at the top of the domain, such that

the domain is initially full but the liquid level decreases as the liquid flows out. Slip boundary

conditions are imposed everywhere else. Initially, the liquid and sediments are at rest.

We first evaluate the convergence of the numerical method, when the discretization parame-

ters (time step and mesh size) decrease. In order to do so, we run a simulation over 2.5 [s]. We

consider three discretizations:

(i) Coarse mesh: 5592 elements, 1,144 nodes, 646,800 cells (H = 0.03 [m], h = 0.0058 [m])

and ∆t = 0.01 [s]

(ii) Intermediate mesh: 32,710 elements, 6,237 nodes, 5,174,400 cells (H = 0.01 [m],h =
0.002 [m]) and ∆t = 0.003 [s]

(iii) Fine mesh: 218,554 elements, 39,430 nodes, 41,395,200 cells (H = 0.005 [m],h =
0.001 [m]) and ∆t = 0.001 [s]

Figure 4.22 shows the convergence of the solution when the time step and mesh sizes decrease.

The top figure illustrates the sediment profile after T = 2.5 [s] for the three meshes, while the

bottom figure visualizes the position of the sediment front (position of the first particle of sand

flushed to the right) for the three meshes. Based on both figures, numerical experiments show

some convergence of the numerical solution, for both the sediment profile and the position of

the front, when the discretization parameters tend to zero.

In a second step, numerical results are compared with experimental results in [153]. We extend

the simulation until T = 48.0 [s]. Figure 4.23 illustrates a comparison between computed and

measured sediment profiles. Computed results do not provide profiles with exactly the same

slope for the sediment bed as that of experimental results.
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4.1. Results of sedimentation with deposition only

Figure 4.22 – Sediments flushing. Convergence of the numerical solution when the discretiza-
tion parameters tend to zero. Top: sediment profiles at time T = 2.5 [s] for various mesh sizes.
Bottom: time evolution of the position of the sediment front.

3.4 3.6 3.8 4 4.2
0

0.1

Figure 4.23 – Sediments flushing. Comparison of sediment profiles at time T = 42.0 [s] between
the computed solution for various ε and fsCO = 0.46, and the experimental results from [153].
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We infer that this difference comes from the limited physical model considered here, which

does not include the resuspension effects of the sediments in the liquid. These effects have

been highlighted in [153], when considering the so-called Shields model, and have been

deemed to be necessary to match experimental results. This is when the resuspension effects

become necessary. In fact, a sensitivity analysis study has been performed without resuspen-

sion effects for this experiment, but we elect to illustrate the results with resuspension effects

in Subsection 4.2.4. The sensitivity analysis shows that the model with deposition effects alone

does not suffice for this experiment.

To conclude this part, the operator splitting strategy, and the appropriate mix of finite el-

ements, finite volumes, and structured grids, has proved to be very flexible to incorporate

various numerical solvers. In this first part, the model has been calibrated versus experi-

ments. The numerical results agree with experimental measurements for pure sedimentation,

erosion processes, and impinging jets. However, a more complete physical model for the

sediment resuspension is missing to adequately model flushing experiments for instance.

Future computational results will thus include the extension of the model with the resuspen-

sion of cohesive particle bed. In the next section, we validate the numerical methods used to

solve the full sedimentation equation (including the resuspension) then we proceed with the

benchmarking process through numerical experiments.
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4.2. Results of sedimentation with deposition and resuspension

4.2 Results of sedimentation with deposition and resuspension

Our goal is now to validate the resuspension flux Fr in (2.8). It includes the following steps:

1. To validate the computation of the shear stress.

2. To validate and compare the methods proposed to solve the complete model. (first with

resuspension only, then with deposition and resuspension effects)

3. To validate the complete physical model with experimental data.

The goal is to better match some physical phenomena that require resuspension effects, for

instance the sediment flushing experiment discussed in Subsection 4.1.5.

4.2.1 Validation of the shear stress computation

As specified in (2.10), the resuspension only takes place when the bedload shear stress τ( fs ,v)

is larger than a critical value τC R . This makes the computation of shear stress crucial in the

resuspension model. In this section, we want to validate the computation of the shear stress,

and, to do so, we consider a simplified situation:

- We consider a rectangular domain of size (Lx ,Ly ,Lz ) = (0.05,0.005,0.025), initially full of

water (with viscosity µl = 10−3 [Pa.s]).

- We impose a velocity profile such that v = 6zex as illustrated in Figure 4.24,

- In the expression of the shear stress (2.11), we take n( fs) = ez.

- We consider fs = 0 (no sediments), which leads to many simplifications: Indeed, when

fs = 0, the mixture viscosity µm( fs) given by (2.5) is equal to the liquid viscosity µl ,

and the penalization parameter αm( fs) given by (2.6) becomes zero. This also means

that we end-up not solving the sedimentation equation (4.1), but we still compute the

expression of the shear stress for validation purposes.

- In this domain, we solve the volume-of-fluid equation (2.1) (the volume fraction of

liquid being one everywhere) and the Navier-Stokes equations (2.2), (2.3) as described

in Section 2.1.2.

Using the simplifications above (v = 6zex [m/s]) and the shear stress expression (2.11), we can

compute the exact value of the shear stress which is constant and equal to 6×10−3 [N/m2].

This value is compared to the computed one. Figure 4.25 shows that the computed shear stress

magnitude oscillates around the exact value.
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Figure 4.24 – Imposed velocity profile : v = 6zex [m/s].

Figure 4.25 – Shear stress magnitude displayed on the strctured grid cells such that v =
6zex [m/s], when the velocity is computed (interpolated from the finite elements to the
cells grid). The exact value is 0.006 [N/m2].

In order to confirm that these oscillations are due to numerical errors, we run a similar test

case with the same velocity values. The only difference is that we impose the exact values

of the velocity on the cells using the expression v = 6zex , instead of using the interpolated

values from the finite elements. We can observe in Figure 4.26 that, in this case, the shear

stress magnitude is precisely the expected constant.

Figure 4.26 – Shear stress magnitude values when the velocity on the cells is imposed instead
of interpolated from the finite elements.
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Then, we run the experiment on three different meshes to perform a convergence study:

(a) Coarse mesh: 540 elements, 218 nodes (Average size H = 0.00586), 4000 cells (h =
0.00083) and ∆t = 0.016.

(b) Intermediate mesh: 4121 elements, 1612 nodes (Average size H = 0.00275), 32000 cells

(h = 0.00038) and ∆t = 0.008.

(c) Fine mesh: 32590 elements, 11360 nodes (Average size H = 0.0015), 256000 cells (h =
0.000212) and ∆t = 0.004.

In Figure 4.27, we plot the shear stress values for the three meshes over the vertical line (at

x = xmax /2 and y = ymax /2). We illustrate the snapshots of the shear stress on each mesh in

Figure 4.29. In Figure 4.28, we plot the L2 error for the coarse, intermediate and fine meshes.

These figures show that, even though refining the mesh does not reduce much the shear stress

oscillations, the error indeed decreases with a convergence order equal to one.
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Figure 4.27 – Shear values along the vertical axis at x = xmax /2 and y = ymax /2) for the coarse,
intermediate and the fine meshes. The exact solution is constant and represented by a black
line at 0.006.
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Figure 4.28 – L2 error of the shear stress computation for the coarse, intermediate and fine
meshes.

(a)

(b)

(c)

Figure 4.29 – Snapshots of the shear stress on a : (a) Coarse mesh, (b) Intermediate mesh and
(c) Fine mesh.
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As a result, we implemented an algorithm to smooth the shear stress and reduce these oscilla-

tions. In order to smooth the shear stress τn
i j k , computed using (3.17), we consider the shear

stress quantities from the twenty-six neighboring cells i.e. we consider a cube of twenty-seven

cells, where the center of the cell Ci j k is the center of the cube. Then, we make a local average

over the twenty-seven cells with different weights. The weights are attributed such that, the

closer the neighbouring cell is to Ci j k , the more significant the weight is. This results in the

restriction operatpr (4.7) to compute a smoothened shear τn
si j k

(we refer to [155, pages 64-65].

We illustrate the described process in a two-dimensional setup in Figure 4.30.

4
16

2
16

2
16

2
16

2
16

1
16

1
16

1
16

1
16

Ci j

Ci j+1

Ci j−1

Ci−1 j Ci+1 j

Ci−1 j+1

Ci+1 j−1Ci−1 j−1

Ci+1 j+1

Figure 4.30 – An illustration of the shear stress smoothing process in two dimensions. The
smoothened shear stress at cell Ci j is an averaged quantity using the illustrated neighbouring
cells with the specified weights.

τn
si j k

= 1
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[
8τn

i j k +4
(
τn

i j−1k +τn
i j+1k +τn

i j k−1 +τn
i j k+1 +τi−1 j k +τi+1 j k

)
+2

(
τn

i+1 j k+1 +τn
i+1 j k−1 +τn

i−1 j k−1 +τn
i−1 j k+1 +τn

i j+1k+1 +τn
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+τn
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i−1 j−1k +τn

i−1 j+1k )+
(
τn

i+1 j−1k+1 +τn
i+1 j−1k−1 +τn

i+1 j+1k−1

+τn
i+1 j+1k+1 +τn

i−1 j−1k−1 +τn
i−1 j−1k+1 +τn

i−1 j+1k+1 +τn
i−1 j+1k−1 ) ] . (4.7)

In two space dimensions (as illustrated in Figure 4.30), the formula becomes:

τn
si j

= 1

16

(
4τn

i j +2
(
τn

i j−1 +τn
i j+1 +τn

i+1 j +τn
i−1 j

)
+

(
τn

i−1 j−1 +τn
i+1 j−1 +τn

i+1 j+1 +τn
i−1 j+1

))
.

On the boundaries i = 0, i = Nx , j = 0, j = Ny or k = 0,k = Nz , we use a modified smoothing
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formula that requests values from available neighbouring cells only. For example, for i = 0,

τn
s0 j k

= 1

12

(
4τn

0 j k +2τn
0 j k+1 +2τn

0 j k−1 +2τn
1 j k +τn

1 j k+1 +τn
1 j k−1

)
(4.8)

Furthermore, if we want to enhance the smoothing effect, we can apply recusively the de-

scribed process more than once.

In Figure 4.31, on the intermediate mesh, we plot the exact shear values as well as the

smoothened shear stress when we apply the smoothing process once, twice, and three times.

We can perceive that the smoothing process reduces the oscillations around the exact values.

However, we can quickly observe that the effect of smoothing decreases after smoothing twice.

Later on, in the benchmarking phase, we smooth the shear stress on average only once.
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Figure 4.31 – Shear values along the vertical axis atx = xmax /2, y = ymax /2 on the intermediate
mesh: effect of multipe times smoothing in comparison with the exact values.

4.2.2 Deposition and resuspension: one-dimensional test examples

In this part, we want to test the numerical methods that we used to solve the sedimentation

problem (which we presented in Subsection 3.2.3). The deposition has already been tested

earlier in this chapter. Thus, we dedicate this part to validate the resuspension in a simplified

one-dimensional setup. First, we consider a resuspension problem (without deposition

effects).

We look for fs ∈ [0, fsC R ] solution of

∂ fs

∂t
+ ∂

∂z

(
fs

(
1− fs

fsC R

)(
−γ∂ fs

∂z

))
= 0, (4.9)
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where γ is a positive constant playing the role of resuspension. To solve (4.9), we first use a

finite differences scheme, then a finite volumes scheme. We already described the schemes in

Subsection 3.2.3, but we recall them here for this simplified case (we use the same notation

introduced in Chapter 2):

The finite differences scheme We denote Fl ( fs) = fs

(
1− fs

fsC R

)
. The scheme writes

( fs)n+1
i − ( fs)n

i

∆t n = (F D Z )n
i , 1 ≤ i ≤ Nz , (4.10)

where

(F D Z )n
i =

γF n
i+ 1

2

−γF n
i− 1

2

(∆z)2 ,

and

F n
i+ 1

2
= Fl

( ( fs)n
i+1 + ( fs)n

i

2

)(
( fs)n

i+1 − ( fs)n
i

)
, 1 ≤ i ≤ Nz .

The finite volumes scheme The scheme writes

( fs)n+1
i = ( fs)n

i − ∆t n

∆z

(
(FV Z )n

i+ 1
2
− (FV Z )n

i− 1
2

)
, 1 ≤ i ≤ Nz (4.11)

where the numerical flux (FV Z ) is given by:

Godunov scheme:

(FV Z )n
i+ 1

2
=


max

( fs )n
i ≤ fs≤( fs )n

i+1

[
− fs

(
1− fs

fsC R

)(
γGZ

n
i+ 1

2

)]
if ( fs)n

i+1 ≥ ( fs)n
i , 1 ≤ i ≤ Nz ,

min
( fs )n

i+1≤ f ≤( fs )n
i

[
− fs

(
1− fs

fsC R

)(
γGZ

n
i+ 1

2

)]
if ( fs)n

i+1 < ( fs)n
i , 1 ≤ i ≤ Nz ,

(4.12)

where GZ
n
i+ 1

2
= ( fs)n

i+1 − ( fs)n
i

∆z
.

Engquist-Osher scheme:

(FV Z )n
i+ 1

2
= 1

2

[
FR (( fs)n

i+1)+FR (( fs)n
i )−

∫ ( fs )n
i+1

( fs )n
i

|F ′
R ( fs)|d fs

]
, 1 ≤ i ≤ Nz , (4.13)

where FR ( fs) = fs(1− fs

fsC R

)
(
−γGZ

n
i+ 1

2

)
, for all 1 ≤ i ≤ Nz .

We would like to study these algorithms on simple test cases. In order to do so, we
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construct the appropriate right-hand side g such that an exact solution to

∂ fs

∂t
+ ∂

∂z

(
fs

(
1− fs

fsC R

)(
−γ∂ fs

∂z

))
= g (z, t ),

is:

- Example 1: fsexact (z, t ) = z2 + t

2
.

- Example 2: fsexact (z, t ) = sin2(ω1πz)sin2(ω2πt ), with ω1,ω2 > 0.

We start with Example 1. First, we use the finite differences method and start by conducting a

mesh convergence study. For every variation of Nz , ∆t is also updated accordingly in order to

verify the stability condition stated in Section 3.2.3, which is

∆t ≤ ∆z2

2
.

In Figure 4.32 (left), we show the exact solution and the computed solutions at t = 150s,

for various meshes. On the right, we show the same plots zoomed in the region where z ∈
[0.5985,0.6015]. We observe that the solution converges when the discretization parameters

go to zero.
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Figure 4.32 – Example 1: Exact solution and approximated solutions computed using the
finite differences method at t = 150 [s], for various discretizations. Unzoomed (left), zoomed
around z = 0.6 [m] (right).

For the same example, with the finite volumes approach, the first observation is that, Godunov

and Engquist-Osher schemes give exactly the same results. In fact, the flux is no more convex,

and the Godunov scheme is not more accurate than the Engquist-Osher scheme anymore. In

Figure 4.33, we plot the relative error (as defined by (4.6)) for the finite volumes method along
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with the first order convergence slope as well as the relative error for the finite differences

method along with the second order convergence slope.

We can see from the figures and from Table 4.1 that the finite differences method is better than

the finite volumes method in terms of accuracy. The error is not only smaller, but also, the

order of convergence of the finite differences scheme is higher than that of the finite volumes

method.

Table 4.1 – Example 1: - Errors for finite volumes and finite differences methods while varying
the number of grid points.

Nz = 1/∆z 10 20 40 80
Error for finite volumes method 10−5 ×61.79 10−5 ×22.98 10−5 ×8.351 10−5 ×2.99319

Error for finite differences method 10−5 ×21.26 10−5 ×5.66 10−5 ×1.46 10−5 ×0.37
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Figure 4.33 – Example 1: Finite volumes method: the scheme order is closer to 1. Finite
differences method: the scheme order is closer to 2.

We now consider Example 2 and run a mesh convergence study while varying ω1 and ω2. We

report the results in Table 4.2. Looking at the results in Table 4.2, we can see that the finite

volumes method seems to fail to give any apparent order. This is true, essentially when the

solution is oscillatory in both time and space. On the other hand, the finite differences method

seem to perform very well: they still exhibit the order 2 for convergence, with considerably

lower error values.
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Table 4.2 – Example 2 - Errors for Finite volumes and Finite differences.

∆z Error for finite differences Error for finite volumes

0.050000 0.000179 0.004255
ω1 = 1,ω2 = 1 0.025000 0.000057 0.004065

0.012500 0.000015 0.002108
0.006250 0.000004 0.001604
0.050000 5.530749 4.459744

ω1 = 10,ω2 = 1 0.025000 0.270610 0.261377
0.012500 0.082205 0.151226
0.006250 0.027722 0.138018
0.050000 0.014813 0.047236

ω1 = 1,ω2 = 10 0.025000 0.005425 0.042571
0.012500 0.002121 0.035003
0.006250 0.000815 0.027735
0.025000 0.191291 1.057347

ω1 = 10,ω2 = 10 0.012500 0.062620 0.787782
0.006250 0.013769 0.43352
0.003125 0.002156 0.42101

After testing the resuspension part alone, we want to do the same when we add the deposition

effects. We look for fs ∈ [0, fsC R ] solution of:

∂ fs

∂t
+ ∂

∂z

(
fs

(
1− fs

fsC R

)(
−kvstokes −γ

∂ fs

∂z

))
= 0 (4.14)

where γ> 0. We want to compare the no-splitting method with finite volumes, and the splitting

method with finite differences for the resuspension part (as described in Subsection 3.2.3) on

this simplified one-dimensional case. We remind these methods briefly:

No splitting: Finite volumes method: We solve (4.14) with the finite volumes method (either

Godunov or Engquist-Osher schemes).

Splitting: Finite differences method for the resuspension: We split the equation (4.14) into:

∂ fs

∂t
+ ∂

∂z

(
fs

(
1− fs

fsC R

)(
−kvstokes

))
= 0 (4.15)

and
∂ fs

∂t
+ ∂

∂z

(
fs

(
1− fs

fsC R

)(
−γ∂ fs

∂z

))
= 0 (4.16)

We use the finite volumes method to solve (4.15) and the finite differences method to solve

(4.16). However, since we want to see the effect of the splitting, we try an additional method for

comparison purposes. This third method consists in splitting the equation (4.14) into (4.15)

and (4.16), and using the finite volumes method to solve each equation separately. In order to

78



4.2. Results of sedimentation with deposition and resuspension

simplify the illustration of the results, we refer to these methods, respectively, by No-splitting,

splitting FV-FD, and splitting FV-FV.

Example 1: time-dependent exact solution

We construct a source term g1 such that a solution to

∂ fs

∂t
+ ∂

∂z

(
fs

(
1− fs

fsC R

)(
−kvstokes −γ

∂ fs

∂z

))
= g1(z, t ),

is fsexact (z, t) = t . In this case, the solution is only a function of time. Thus, when we do not

split the equation, we get the exact solution as a final result. We now want to see the effect

of splitting the equation into (4.15) and (4.16). We add the source term to (4.16). In Figure

4.34, we can see that both methods give more or less the same error: the error curves are

superimposed. Since the solution depends only on time, the error that we see is the splitting

error.

Example 2: space-dependent exact solution

We construct a source term g2(z, t ) such that a solution to

∂ fs

∂t
+ ∂

∂z

(
fs

(
1− fs

fsC R

)(
−kvstokes −γ

∂ fs

∂z

))
= g2(z, t ),

is fsexact (z, t) = z2. In Figure 4.35, we plot the L2 errors for Example 2 for each method. We

observe that using the finite differences method with a splitting scheme leads to a better

solution that using the finite volumes method with a splitting scheme or without. The second

order of the finite differences method in space is the reason behind this.
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∆zFigure 4.34 – Example 1: Errors for the splitting methods (FV-FD and FV-FV): the yellow and
the green lines are superimposed.

79



Chapter 4. Numerical results
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Figure 4.35 – Example 2: Errors for the No-splitting method (Finite volumes) and the splitting
method (FV-FD and FV-FD). The green and the orange lines are superimposed.

Example 3

We construct a source term g3 such that a solution to

∂ fs

∂t
+ ∂

∂z

(
fs

(
1− fs

fsC R

)(
−kvstokes −γ

∂ fs

∂z

))
= g3(z, t ),

is fsexact (z, t ) = (z2+ t )/2. In Figure 4.36, we illustrate the exact and the approximated solutions

for different meshes.
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Figure 4.36 – Example 3: Numerical and exact solution when we solve the deposition with
finite volumes, then the resuspension with finite differences: zoomed (right), non-zoomed
(left). The source term is taken into account in the resuspension step.
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In Figure 4.37, we plot the L2 errors for Example 3 for each method. In fact, for the chosen

discretization parameters, the splitting error has a big effect. However, even though the second

order of the finite differences scheme is no longer observed, the splitting scheme with the

finite differences method for the resuspension, is still better.
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Figure 4.37 – Example 3: Errors for the no-splitting scheme, splitting scheme with the finite
differences method for the resuspension (Splitting fv-fd) and the additional method (Splitting
fv-fv).

Remark: Figure 4.38 shows that there is roughly no effect of the resolution order after the

splitting, as well as of the equation where the source term is placed.
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Figure 4.38 – Error comparison when we change the order of operators after the splitting, and
when we change the placement of the source term g3.
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Example 4

We construct a source term g4(x, t ) such that a solution to

∂ fs

∂t
+ ∂

∂z

(
fs

(
1− fs

fsC R

)(
−kvstokes −γ

∂ fs

∂z

))
= g4(z, t ),

is fsexact (z, t) = sin2(ω1πz)sin2(ω2πt) where ω1,ω2 > 0. We vary ω1 and ω2 and display the

results in Tables 4.3, 4.4 and 4.5.

Table 4.3 – Example 4: Errors for splitting and no splitting schemes for ω1 = 1,ω2 = 1.

∆z No splitting Splitting, FV-FV Splitting, FV-FD

0.100000 0.000996 0.000913 0.000959
0.050000 0.000263 0.000353 0.000211
0.025000 0.000118 0.000144 0.000097
0.012500 0.000043 0.000062 0.000035
0.006250 0.000016 0.000023 0.000013

Table 4.4 – Example 4: Errors for splitting and no splitting schemes ω1 = 1,ω2 = 10.

∆z No splitting Splitting, FV-FV Splitting FV-FD

0.100000 0.006029 0.007229 0.004215
0.050000 0.002270 0.002803 0.001123
0.025000 0.001011 0.001252 0.000344
0.012500 0.000398 0.000513 0.000128
0.006250 0.000152 0.000201 0.000049

Table 4.5 – Example 4: Errors for splitting and no splitting schemes ω1 = 10,ω2 = 1.

∆z No splitting Splitting, FV-FV Splitting FV-FD

0.050000 0.212366 0.211758 0.850920
0.025000 0.006373 0.006475 0.006864
0.012500 0.001865 0.001978 0.001057
0.006250 0.000854 0.000915 0.000237

We observe that the splitting effect on the results is negligeable. Moreover, since the finite

differences scheme is of order two in space, when the solution is more dependent on the space

discretization, the order is roughly two, such is the case in Table 4.4.
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4.2.3 Deposition and resuspension of polysterene particles in a still fluid

In this experiment, the goal is to qualitatively check the resuspension effect on a similar setup

to that described in Subsection 4.1.2. We look for fs = fs(z, t ) by solving (4.14) while varying

the resuspension constant γ. The stationary solution obtained in Subsection 4.1.2 is the initial

condition that we consider here:

fs(z, t = 0) =
{

f +, z ≥ z∗

f −, 0 ≤ z < z∗ (4.17)

with f + = 0, f + = 0.6 and z∗ = 0.044. We show the effect of the resuspension constant γ on the

final solution in Figure 4.39. When γ= 0, only the deposition part is taken into account. The

solution in this case remains the same over time. On the other hand, when the resuspension

constant becomes large (in this case, γ= 10−2), the final solution is homogeneous, i.e., all of

the particles are in suspension.
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Figure 4.39 – Effect of resuspension constant on the stationary solution to the equation (4.14)
at t = 50 [s].

After validating the method on simplified one dimensional cases, we now consider the one-

dimensional case solution as a reference solution and want to validate the solution on the full

3D model where:

• The rest of equations are involved (i.e. Modified Stokes and convection equations.

• In the resuspension flux of the sedimentation equation, we take Kr

(
τ( fs ,v)−τC R

τC R

)
+ = γ.

We consider a rectangular domain of 0.08 [m] height and 0.01 [m] width and a tranversal depth
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of 0.005 [m]. We run the experiment for the initial condition (4.17) and γ= 10−5. The expected

solution is stationary starting from t = 50 [s]:

fs(t = 50) =


fs = 0, z ≥ z+

0 < fs < fsC R , z+ ≤ z < z−

fs = fsC R , 0 ≤ z < z−

with z− = 0.028 and z+ = 0.06. The reference solution, is visualized in Figure 4.40. The

numerical solution, illustrated in Figure 4.41, shows the same solid fraction repartition and

validates the model.
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Figure 4.40 – Solid fraction repartition at
t = 50s for γ= 10−5 using the finite differ-
ence method.

Figure 4.41 – Numerical solution: solid
fraction snapshot at t = 50 [s] for γ= 10−5

on the cells, using the finite differences
method.

A comparison between methods: We consider the following initial condition:

fs(z, t = 0) =
{

f + z ≥ z∗

f −, 0 ≤ z < z∗ (4.18)

with f + = 0, f − = 0.6 and z∗ = 0.003. The solution in this case is stationary starting from

t = 10 [s].

Let us inverstigate the effect of the interpolation FE/Grid-cells when using the finite elements

to solve the resuspension equation. When we solve the resuspension equation using the

finite elements method, we first need to interpolate the solid fraction values on the finite

elements, and then we have to interpolate the computed solution back on the structured

grid cells. Thus, we need to evaluate the interpolation effects on this method. For γ= 0 and

the initial condition (4.18), we show the results in Figure 4.42. The solution for this case is
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expected to remain constant over time. Furthermore, in the same figure, we show the effect

of finite-elements/grid-cells ratio H/h on the solution. First, we vary the ratio from H/h ' 3

to H/h ' 5, then H/h ' 10 and observe the difference. Figure 4.42 (right), shows that there is

numerical diffusion caused by these interpolations no matter what the ratio is. The questions

we would like to answer are: how much this diffusion penalizes the desired results, and if there

is a way we can reduce it.

In Figure 4.43, we show the stationary solution when using the finite elements method for all

three ratios and γ= 10−5. We observe that, even though the numerical diffusion still exists, the

induced error is negligible due to the higher resuspension γ.
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Figure 4.42 – Finite elements for resuspension, γ = 0: effect of the interpolations Finite-
elements/Grid-cells on the solution for various ratios H/h (3 cells per element means H/h = 3).
Left: snapshot of the solution for H/h = 3, right: solid fraction values along the vertical axis, at
position (x, y) = (0.005,0) at t = 10 [s] for various ratios H/h.
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Figure 4.43 – Finite elements for resuspension, γ= 10−5 : solid fraction values along the vertical
axis, at position (4.18) at t = 10 [s] and with different ratios H/h (3 cells per element means
H/h = 3).

In the sequel, we take H ≈ 5h. We compare the methods while varying the resuspension value,

γ. For γ= 10−6, γ= 10−5 and γ= 10−4, we show the snapshots of the solid fraction at t = 10 [s]

for the three methods in Figure 4.44, Figure 4.46 and Figure 4.48, respectively. For all methods,

at t = 10 [s] , we plot the sediment profile over the vertical axis at position (x, y) = (0.005,0) for

γ= 10−6, γ= 10−5 and γ= 10−4 respectively in Figure 4.45 , Figure 4.47 and Figure 4.49.

(a) (b) (c)

Figure 4.44 – Snaphots of the solution of (4.14) with the initial condition (4.18) at t = 10 [s]
using: (a) the finite differences method, (b) the finite volumes method and (c) the finite
elements (γ= 10−6).
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Figure 4.45 – Solid fraction at t = 10 [s] along the vertical axis at position (x, y) = (0.005,0)
with the finite differences method, the finite volumes method and the finite elements method
(γ= 10−6).

(a) (b) (c)

Figure 4.46 – Snaphots of the solution of (4.14) with the initial condition (4.18) at t = 10 [s]
using: (a) the finite differences method, (b) the finite volumes method and (c) the finite
elements (γ= 10−5).
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Figure 4.47 – Solid fraction at t = 10 [s] along the vertical axis at position (x, y) = (0.005,0)
with the finite differences method, the finite volumes method and the finite elements method
(γ= 10−5).

(a) (b) (c)

Figure 4.48 – Snaphots of the solution of (4.14) with the initial condition (4.18) at t = 10 [s]
using: (a) the finite differences method, (b) the finite volumes method and (c) the finite
elements (γ= 10−4).
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Figure 4.49 – Solid fraction at t = 10 [s] along the vertical axis at position (x, y) = (0.005,0)
with the finite differences method, the finite volumes method and the finite elements method
(γ= 10−4).

While the finite elements method for the resuspension is not restrictive on the time step

compared to finite differences or finite volumes, it remains very numerically diffusive. How-

ever, the higher the resuspension parameter is, the less apparent the diffusion due to the

interpolation is. For instance, in Figure 4.45, where γ= 10−6, the finite element method gives

a solution that is worse than both the finite difference and the finite volume solutions. This is

not the case when γ= 10−4 as shows Figure 4.49. This means that, for experiments where we

have enough physical diffusion (resuspension), the finite elements can still be suitable. This

will be further studied in the next sections.

4.2.4 Sediment flushing

In Subsection 4.1.5, we have illustrated the limits of the physical model for sedimentation

dynamics with deposition effects only. For the flushing experiment mentioned and described

in [153], resuspension effects were inferred to be necessary. Thus, we revisit the results here,

after including the resuspension effects to our model. The experimental setup is the same as

that described in Subsection 4.1.5. Except for the transversal dimension that is about twice

as small as that considered in Subsection 4.1.5. We first evaluate the convergence of the

numerical method, when the discretization parameters (time step and mesh size) decrease.

To do so, we run the experiment with a final time T = 3 [s]. We consider three discretizations:

1. Very coarse mesh: 2991 elements, 1144 nodes, 23760 cells (H ' 0.07 [m], h ' 0.015 [m])

and ∆t = 0.009 [s]

2. Coarse mesh: 6684 elements, 2446 nodes, 51480 cells (H ' 0.045 [m], h ' 0.01 [m]) and

∆t = 0.006 [s]

3. Intermediate mesh: 26079 elements, 9124 nodes, 205920 cells (H ' 0.025 [m], h '
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0.005 [m])and ∆t = 0.003 [s]

4. Fine mesh: 45600 elements, 15772 nodes, 369600 cells (H ' 0.02 [m], h ' 0.003 [m])

and ∆t = 0.0022 [s]

Figure 4.50 illustrates the numerical results obtained with and without resuspension effects

for the coarse, intermediate and the fine meshes. Figure 4.51 and Figure 4.52 illustrate the

snapshots of the sediment profile at t = 3 [s] for the coarse, the intermediate and the fine

mesh, with resuspension (Kr 6= 0) and without resuspension (Kr = 0), respectively. These

figures show the convergence of the method. Furthermore, from Figures 4.51 and 4.52 we can

already observe that the sediment profile with and without resuspension effects are different:

resuspension effects promote the flushing of the sediments.
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Figure 4.50 – Sediment flusing. Mesh convergence at t = 3 [s]. Top: without resuspension
effects (Kr = 0). Bottom: with resuspension effects (Kr 6= 0), using the finite differences method
for the resuspension.
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(a)

(b)

(c)

Figure 4.51 – Sediment flushing. Snaphots of sediment profite at t = 3 [s] for (a) coarse mesh
(b) intermediate mesh (c) fine mesh, when Kr = 0 (no resuspension).
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(a)

(b)

(c)

Figure 4.52 – Sediment flushing. Snaphots of sediment profite at t = 3 [s] for (a) coarse mesh
(b) intermediate mesh (c) fine mesh, when Kr 6= 0 (with resuspension).
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For the rest of the computations, we consider the so-called intermediate mesh. Moreover,

unless mentioned otherwise, we rely on the splitting method with the finite differences ap-

proach, described in Subsection 3.2.3 for the sedimentation equation resolution. First, we set

the resuspension constant Kr = 0 and the sediment cohesion parameter fsCO = 0.4699. We vary

the penalization parameter ε that appears in (2.6). By setting the resuspension constant to

zero, we are only allowing the deposition to occur. As explained in [121], this was not enough

to acquire the desired bedload in comparison to the experiment. By omiting the resuspension

effects first, we want to find another optimal penalization parameter, ε so that we can adjust

the resuspension parameters (Kr and τC R ) in order to match the experimental results. Snap-

shots of the obtained results with several values of ε are illustrated in Figure 4.53. For ε= 10−9

(top figure), the penalization in the sand is too low that the bedload level decreases very fast

over the 40 seconds of the experiment. When ε decreases, numerical results are getting in

better agreement with experimental ones. With ε= 10−11 (bottom figure), the penalization is

high enough to keep the sand stable in the necessary regions. Thus, in the following tests, we

consider ε= 10−11.

ε= 10−9

ε= 10−10

ε= 10−11

Figure 4.53 – Sediment flushing. Solution at t = 40 [s] for Kr = 0 and various penalization
values (ε). Plotted dots represent the experimental results.

Setting ε = 10−11, we introduce the resuspension effects by taking Kr 6= 0. For Kr = 10−1

and τC R = 0.05 [N/m2], we display the snapshots of the shear stress on the structured cells

for various times t in Figure 4.55. It shows that the shear stress appears in the slope where

the sediments are expected to be flushed over time. Figure 4.55 shows the sediment profile

with Kr = 10−2 and various τC R . It shows that the optimal value for τC R is between 0.01

and 0.05 [N/m2]. In Figure 4.56, we display the resuspension velocity in [m/s], computed as

A( fs ,v)∇ fs at various times. In Figure 4.57 we show the sediment bedload at t = 40 [s], with

93



Chapter 4. Numerical results

τC R = 0.05 [N/m2] and Kr = 10−3 (top figure), Kr = 10−2 (middle figure) and Kr = 10−1 (bottom

figure). We observe that, with Kr = 10−3, we do not have enough resuspension effects and the

numerical results do not match the experiment. The results with Kr = 10−2 and Kr = 10−1 are

very similar and close to the experimental results, at the stationary state. Figure 4.58 illustrates

snapshots of the numerical solution (sediment bedload) and the experimental results over

time for Kr = 10−2 and τC R = 0.05 [N/m2]. It shows that our numerical results compare well to

the experimental ones over time, and not just in the stationary state. Figure 4.59 compares the

numerical solution obtained with and without smoothing. They both show that the results

with smoothing are very similar to those without smoothing.

(a) (b)

(c) (d)

Figure 4.54 – Sediment flushing. Snaphots of the shear stress at: (a) t = 2.5 [s], (b) t = 5 [s], (c)
t = 10 [s], (d) t = 20 [s].
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Figure 4.55 – Sediment flushing. Sediment profile at t = 40 [s], for Kr = 10−2 and various values
of τC R [N/m2].
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(a) (b)

(c) (d)

Figure 4.56 – Sediment flushing. Snaphots of the resuspension velocity, given by A( fs ,v)∇ fs ,
at: (a) t = 3 [s], (b) t = 6 [s], (c) t = 12 [s], (d) t = 20 [s].
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Kr = 10−3, τC R = 0.05 N/m2]

Kr = 10−2, τC R = 0.05 [N/m2]

Kr = 10−1, τC R = 0.05 [N/m2]

Figure 4.57 – Sediment flushing. Sediment profile at t = 40 [s] for Kr 6= 0, ε= 10−11 and various
resuspension parameters. Plotted dots represent the experimental results [153].
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(a) (b)

(c) (d)

Figure 4.58 – Sediment flushing. Snaphots of the sediment profile at (a) t = 10 [s], (b) t = 20 [s],
(c) t = 30 [s], (d) t = 40 [s] with Kr = 10−2 and τC R = 0.05 [N/m2]. Plotted dots are the
experimental results.
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Figure 4.59 – Sediment flushing. Numerical solution (sediment bedload) at t = 40 [s]: Shear
stress smoothing effect.

Once calibrating the parameters with an appropriate fit with the experimental results, we

conduct an error analysis: we run the simulation for Kr = 10−2 and τC R = 0.05 [N/m2] on

the meshes presented previously. Figure 4.60 displays the sediment profile for t = 10 [s]

obtained in the experiment as well as the numerical solution for all used meshes and shows,

qualitatively, the convergence of the method.
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Figure 4.60 – Sediment flushing. At t = 10 [s]: Sediment bedload for the very coarse mesh, the
coarse mesh, the intermediate mesh and the fine mesh in comparison with the experimental
bedload profile.

We want to compute the error for the sediment profile between the experimental and the

numerical solutions for each mesh. Let us denote zexp the experimental bedload height. In

fact, zexp represents the experimental data points (assuming they are numbered from 1 to N ):(
x1, zexp1

)
, . . . ,

(
xN , zexpN

)
where x1 < ·· · < xN ∈ I where I = [3.4,3.85]. On the other hand, let

us denote by zh the numerical bedload height. The numerical bedload is postprocessed such

that, for each position x (defined by the cell positions on the horizonal axis (Ox)), we associate

a vertical position of the bedload giving a piecewise constant approximation. In order to

compute the error, we first interpolate the numerical solution zh on the x1, . . . , xN such that

the interpolated solution zh is given by the points (x1, zh) , . . . ,
(
xN , zh N

)
. We compute the L2

error between the numerical solution and the experimental solution:

‖zh − zexp‖L2(I ) =
(

N−1∑
k=1

(xk+1 −xk )

(
zh k+1 − zexp k+1

)2 + (
zh k − zexp k

)2

2

)1/2

. (4.19)

Furthermore, we denote by zr e f the reference solution, which is the numerical solution

obtained on the fine mesh. Denote by h1, h2 and h3 the cell size for the very coarse mesh,

the coarse mesh and the intermediate mesh, respectively. We want to compute the L2 error

between the reference solution and the solution obtained on each mesh i for i = 1,2,3. The

structured grid sizes corresponding to these meshes are h1 = 0.02027 , h2 = 0.013515, h3 =
0.00675757 respectively. For instance, to compute the error between the numerical solution

on the very coarse mesh and the reference solution, we first interpolate zr e f on the very coarse
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mesh, to obtain Zr e f . Then we use the following formula:

‖zh −Zr e f ‖L2(I ) =
(

Nx∑
k=1

h1

(
zh k+1 −Zr e f k+1

)2 + (
zh1 k −Zr e f k

)2

2

)1/2

, (4.20)

where Nx is the number of the horizontal grid points on the very coarse mesh. Figure 4.61

shows the L2 error between the experiment and the numerical solutions (computed with

(4.19)) while Figure 4.62 shows the L2 error between the reference solution and the rest of

the numerical solutions (computed with (4.20) for the very coarse mesh and similarly for

the other meshes) . We observe that our numerical scheme converges with an order that is

approximately equal to one when the discretization parameters go to zero.
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Figure 4.61 – Sediment flushing. L2 error (computed as (4.19)) between the experiment and
the numerical sediment heights for various meshes at t = 10 [s].
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Figure 4.62 – Sediment flushing. L2 error (computed as (4.20)) between the reference solution
and the solutions for various meshes at t = 10 [s].

After comparing our numerical solution when we use the finite differences scheme for the

resuspension with experimental results, we want to check the obtained results when we use

the finite volumes approach and then the finite elements approach. To do so, we run the same

experiment (using the same resuspension parameters Kr = 10−2 and τC R = 0.05 [N /m2]) for

each method. We plot the bedload profile obtained with the finite differences method and the

finite volumes method in Figure 4.63, where the methods show very similar solutions.
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Figure 4.63 – Sediment flushing. At t = 40 [s]: snaphot of the sediment profile when we smooth
the shear once (left), plot of the sediment profile with and without smoothing of the shear
stress (right)

In Table 4.6, for each of the previously defined meshes, we present the average CPU time

(in [s]) per time step ∆t for this experiment, for each operator: the Stokes operator, the

deposition/resuspension operator, and the advection operator.
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4.2. Results of sedimentation with deposition and resuspension

Table 4.6 – Sediment flushing. Average CPU time per time step in [s] for each operator, for the
coarse mesh(∆t = 0.006 [s], intermediate mesh (∆t = 0.003 [s]) and fine mesh (∆t = 0.0022 [s])
all defined earlier. The results are given for the chosen parameters ε= 10−11, Kr = 10−2 and
τC R = 0.05 [N/m2] and over a computation time of 42 [s].

Stokes step Deposition + resuspension
step

Advection step

Deposition Resuspension Advection Decomp +
SLIC

Coarse 0.38 0.06 0.42 0.17 0.11
Intermediate 5.2 0.94 6.32 2.66 1.57

Fine 25.8 4.65 31.2 13.2 7.85

We can observe that the resuspension is time costly. The reason behind this is the strict stability

condition given by (3.31). Thus, substeps have to be taken in order to solve the resuspension

step: in this case, for each time step, 5 susbsteps are used to solve the resuspension, in average.

Remark: On this particular experiment, using the finite elements method instead of the finite

differences to solve the resuspension equation (4.16) was proven to be very diffusive as Figure

4.64 shows. The diffusion is amplified by the fact that, for this particular experiment, because

of the high values of the velocity (especially around the outlet), a very small time step is used

(to ensure a small CFL number).

Figure 4.64 – Sediment flushing. Snapshot of the bedload profile at t = 4 [s] on the intermediate
mesh, when we use the finite elements method to solve the resuspension. Numerical diffusion
has a very large effect.

4.2.5 Wall-jet scouring

Now we consider a scouring experiment. This experiment, described in [156], is performed in a

glass-walled horizontal flume of 0.74 [m] width and 0.2 [m] depth and a transversal dimension

equal to 0.02 [m]. In the experimental setup, a rigid plate is installed in the flume to create an

artificial reservoir on the left side of the setup. The water height in the reservoir is equal to

0.15 [m]. Between the liquid reservoir and the rest of the domain, is a gate of height 0.05 [m].
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Chapter 4. Numerical results

Opening the gate creates a bottom outlet for the reservoir. A layer of non-cohesive sand

particles of diameter d∗ = 0.85×10−3 [m] is laid downstream on the right side of the setup. The

dry density of the sand particles is ρs = 2650 [kg m−3], while the bulk density is ρl = 1750 [kg

m−3]. At t = 0, the gate is opened, and a scouring process is observed. We illustrate the

computational domain in Figure 4.65. Free outflow conditions are applied on the top right

part of the domain. Slip boundary conditions are applied on the lateral surfaces, and at the

top surface, while no-slip boundary conditions are applied on the surfaces in contact with

sediment. After about 3.5 [s], the formation of a scour hole and a ridge becomes stationary.
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Figure 4.65 – Wall-jet scouring. Sketch of the geometrical domain and numerical setup (similar
as in [156]).

We compare the experimental results and the numerical results over time by comparing the

sand profiles and the water levels as well as the evolution of the scour hole diameter, illustrated

in Figure 4.66, over time. For the sedimentation equation, we rely on the splitting method with

the finite differences method for the resuspension.

D

Figure 4.66 – Wall-jet scouring. Illustration of the scour hole diameter D .

First, we evaluate the convergence of the numerical method when the discretization param-

eters decrease (time step and mesh size). We take Kr = 10−3 and τC R = 0.03 [N/m2]. We

consider three discretizations:

(i) Coarse mesh: 6750 elements, 2442 nodes, 19500 cells (H ' 0.037, h ' 0.0043) and

∆t = 0.05

(ii) Intermediate mesh: 25956 elements, 9028 nodes, 81900 cells (H ' 0.02, h ' 0.0025)

and ∆t = 0.025

(iii) Fine mesh: 102888 elements, 35040 nodes, 319800 cells (H ' 0.011, h ' 0.0014) and

∆t = 0.0125
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4.2. Results of sedimentation with deposition and resuspension

Figure 4.67 illustrates the sediment and the water profiles for each mesh at t = 1 [s] and shows

the convergence of the method. The convergence is also observed for larger times. Figure 4.68

shows convergence results through the snapshots of the solution at 1.5 [s] for these meshes.
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Figure 4.67 – Wall-jet scouring. Convergence of the numerical solution when discretization
parameters go to zero: sediment and water profiles at t = 1 [s] for various mesh sizes.
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(a)

(b)

(c)

Figure 4.68 – Wall-jet scouring. Snaphots of sediment profiles at t = 1.5 [s] for (a) Coarse mesh
(b) Intermediate mesh (c) Fine mesh.

We consider the intermediate mesh for the rest of the computations. In a second step, we run

the same experiment, without allowing the resuspension effects (Kr = 0). In Figure 4.69, we

show a snapshot of the numerical solution at the final time t = 3.5 [s]. It shows that, without

resuspension, the scouring does not occur. Instead, the liquid leaves the reservoir towards

the outflow region, without carrying the sediment along. Thus, in this kind of experiment,

resuspension effects are necessary to observe such phenomena. We introduce the resus-
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4.2. Results of sedimentation with deposition and resuspension

pension effects again by taking Kr = 10−3, fsCO = 0.6099 and ε= 10−11, on the intermediate

mesh and running the experiment with a constant critical shear τC R = 0.05 [N/m2]. In Figure

4.70, we illustrate a snapshot of the smothed shear stress at t = 1.5 [s]. In Figure 4.71 we

show the results for the constant critical shear model at t = 1.5 [s] and t = 3.5 [s]. We observe

that, the numerical results are comparable with the experimental results (described in [156])

in the stationary state (at 3.5 [s]). However, in the intermediate stage (e.g. at 1.5 [s]), the

numerical solution does not match well with the experiment. We denote D f i nal as the final

scour-hole diameter of the experiment. In Figure 4.72 we show the variation of the scour hole

diameter over time normalized by D f i nal . It shows that the stationary state is obtained, but

that the transition is faster than the actual experiment. In fact, the issue observed with our

constant shear model was also observed in the results obtained with the Colomb-shear model

mentionned in the same article [156].

Figure 4.69 – Wall-jet scouring. Snapshot of the sediment profile at t = 3.5 [s] without resus-
pension ( Kr = 0 ).

Figure 4.70 – Wall-jet scouring. Snapshot of smoothed shear stress at t = 1.5 [s].
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Figure 4.71 – Wall-jet scouring. Numerical results with the constant critical shear model:
Sediment and water profiles in comparison with the experimental results. At t = 1.5 [s] (top)
and at t = 3.5 [s] (bottom).

0.5 1 1.5 2 2.5 3 3.5

-0.5

0

0.5

1

1.5

2

D
/D

fi
n

a
l

Figure 4.72 – Wall-jet scouring. Scour-hole width over time: numerical results with a constant
critical shear model in comparison with the experimental results.
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4.2. Results of sedimentation with deposition and resuspension

In an attempt to improve the result, especially during the intermediate phases, we developed

a model to include the Shields shear, inspired by [156] (see Subsection 2.1.3 ). We run the

experiment on the intermediate mesh with the Shields critical shear. Figure 4.73 shows the

sediment and liquid profiles for the numerical results with the Shields critical shear and the

experiment. Figure 4.74 illustrates that the maximal diameter of the scour hole varies the

same way over time for both the experimental and the numerical solutions. In Figure 4.75,

the snapshots at various times illustrate that the scouring process is simulated better with the

Shields model. However, we can see that there is always an overestimation of the liquid level

at all times. The same issue was also observed in the numerical results presented in [156] with

respect to the experimental ones.
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Figure 4.73 – Wall-jet scouring. Numerical results with the Shields critical shear model: Sedi-
ment and water profiles in comparison with the experimental results. (a) At t = 1.5 [s] (b) At
t = 3.5 [s] .
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Figure 4.74 – Wall-jet scouring. Scour-hole width over time: numerical results with the Shields
critical shear model in comparison with the experimental results.
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(a)

(b)

(c)

(d)

Figure 4.75 – Wall-jet scouring. Snaphots of sediment profiles at (a) t = 0.3 [s] (b) t = 1.5 [s]
(c) t = 2.7 [s] and (d) t = 3.5 [s] with the Shields critical shear model, with Kr = 10−3, fsCO =
0.6099 and ε = 10−11. The yellow (resp. the light blue) dots represent the experimental
sediment level (resp. liquid level).

Furthermore, we want to evaluate the convergence order of the numerical order for the

sediment profile. First, we run the experiment, with the Shields critical shear, on the fine mesh.

In Figure 4.76, we illustrate a snapshot of the numerical solution on the fine mesh at t = 3.5 [s].

We show the sediment and water profiles on the intermediate and the fine meshes in the same

figure. Then, for each of the previously introduced meshes, we compute the error defined in

Subsection 4.2.4 by (4.19) for both times: t = 1.5 [s] and t = 3.5 [s]. Respective mesh sizes are

h1 = 0.005 [m],h2 = 0.0022 [m] and h3 = 0.0014 [m] for the coarse, the intermediate and the

fine meshes. We plot the computed error along with the first-order slope in Figure 4.77. It

shows the proper order of convergence one. Finally, in Figure 4.78, we show the numerical

sediment and liquid profiles for the finite volume method, the splitting method with the finite
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differences approach, and the splitting method with the finite elements approach. The results

are very similar in this setup, even with the finite elements approach.

(a)
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(b)

Figure 4.76 – Wall-jet scouring. Results with Shields critical shear model on the intermediate
and the fine meshes at t = 3.5 [s]: (a): Snapshot of the numerical solution on the fine mesh,
the yellow (resp. the light blue) dots represent the experimental sediment level (resp. liquid
level) - (b): Plot of sediment and water levels on the intermediate and the fine meshes.
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Figure 4.77 – Wall-jet scouring. L2 error between the experiment and the numerical sediment
heights for various meshes at t = 3.5 [s](computed as (4.19)).
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Figure 4.78 – Wall-jet scouring. Plots of sediment and liquid profiles on the intermediate
mesh with different methods to solve the sedimentation equation. The results displayed are
obtained on the intermediate mesh at t = 3.5 [s].

In Table 4.7, for each of the previously defined meshes, we present the average CPU time

(in [s]) per time step ∆t for this experiment for each operator: the Stokes operator, the deposi-

tion/resuspension operator, and the advection operator.
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Table 4.7 – Wall-jet scouring. Average CPU time per time step in [s] for each operator, for the
coarse mesh (∆t = 0.05 [s], intermediate mesh (∆t = 0.025 [s]) and fine mesh (∆t = 0.0125 [s])
all defined earlier. The results are given for the chosen parameters ε= 10−11, Kr = 10−3 and
τC R = 0.05 [N/m2] and over a computation time of 3.5 [s].

Stokes step Deposition + resuspension
step

Advection step

Deposition Resuspension Advection Decomp +
SLIC

Coarse 0.34 0.021 2.76 0.14 0.13
Intermediate 5.24 0.32 43.8 2.18 1.98

Fine 83.1 5.1 700.2 34.5 32.5

We remind that substeps have to be taken in order to solve the resuspension step, respecting

(3.31): in this case, for each time step, 27 susbsteps are used to solve the resuspension, in

average.

4.2.6 Viscous resuspension in a cylindrical rheometer

In this experiment, based on the work done in [157], the objective is to further test the resus-

pension of particles in a viscous fluid within a domain with curved boundaries. As shown in

Figure 4.79, the experiment setup consists in having a fluid and a layer of sediment sit in a gap

of 5 [mm] between two cylinders. The interior cylinder with a radius Ri = 19 [mm] is rotating

with rotating velocity Ω [tr/min] along the vertical axis ez . The exterior cylinder of a radius

Re = 24 [mm] is fixed. The height of both cylinders is 10.4 [cm].
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4.2. Results of sedimentation with deposition and resuspension

Figure 4.79 – Resuspension in a cylindrical rheometer. Setup of the real experiment: the
particles are suspended in the fluid in the gap between the interior rotating cylinder and the
exterior fixed cylinder. Image exctracted from [157].

The sediment particles’ diameter d∗ is approximately 2.84×10−4 [m]. The dry sediment has

a density ρs = 1190 [g/m3]. The fluid has a density ρl = 1060 [g/m3] and a viscosity equal

to 0.34 [Pa/s]. Initially, the sediments are packed at a fraction fs ≈ 0.587 of a height equal

to 5 [mm]. As the velocity in the sediments is much lower than the velocity above the level

of sediments, this creates a vertical shear that causes the resuspension of these particles.

The experiments consist in varying the rotation velocity and observing the final state of

the resuspended particles, i.e, different velocities results in different final fractions fs and

different heights at which the particles settle in a stationary state. The process is very slow,

but experiments estimate that after about 120 [s], the state for all of the considered rotational

velocitites is stationary.

Qualitative study

Before we proceed with running the actual experiment, we first conduct a qualitative study.

For computational effort reasons, we consider a smaller domain such that Ri = 10 [mm], Re =
12 [mm] and both cylinders’ height is 0.005 [m]. We consider an initial sediment height equal

to 0.00125 [m]. The reason behind considering a smaller domain is mainly to decrease the

computational time. Figure 4.80, shows the current finite element domain and the structured

grid. We consider a time step∆t such that the CFL number is smaller than 1. Moreover, we run

the experiment until T = 10 [s]. In Figure 4.81, we show the initial condition of the qualitative

experiment. Each rotational velocityΩ is inferred by imposing a Dirichlet BC for the velocity

on the inside lateral surface cylinder surface. Slip boundary conditions are applied on the

outside lateral surface and the top surface while no slip boundary conditions are applied on
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the bottom surface. For Ω= 5 [rpm], the velocity profile is displayed after a few seconds in

Figure 4.82.

Figure 4.80 – Resuspension in a cylindrical rheometer - qualitative results. Left: Finite elements
triangulation, right: structured grid cells.

Figure 4.81 – Resuspension in a cylindrical rheometer - qualitative results. Initial condition;
the sediment, displayed in red, is packed at the bottom of the domain. The domain is initially
full of liquid.
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Figure 4.82 – Resuspension in a cylindrical rheometer - qualitative results. Velocity profile for
Ω= 5 [rpm]

Effect of the rotation velocity and the resuspension constant First, for a constant resuspen-

sion constant Kr , we vary the rotational velocity,Ω, and see how it affects the results. Second,

we vary the resuspension constant Kr and check the result for a fixed rotational velocity ofΩ.

In order to display snapshots of the results, a surface clip is in the plane (xz) is used (as shown

in Figure 4.83). In Figure 4.84, for Ω= 0 [rpm], Ω= 1 [rpm], Ω= 5 [rpm] and Ω= 10 [rpm]

and Kr = 10−7 we show the effect of the rotational velocity on the sediment resuspension.

On the left, we show the average height reached by the sediment over time. On the right, we

illustrate the average solid fraction fs per vertical position z. The level of sediments rises when

the velocity increases, as expected. Snapshots of the results forΩ= 1 [rpm] andΩ= 10 [rpm]

are illustrated in Figure 4.85. On the other hand, Figure 4.86 shows, for Ω= 1 [rpm] , the effect

of Kr on the particles resuspension. The higher the resuspension constant Kr , the higher the

vertical height reached by the sediments. For Kr = 10−4, a snapshot is illustrated in Figure 4.87

and show that all sediment is roughly in resuspension.

Figure 4.83 – Resuspension in a cylindrical rheometer - qualitative results. Display of the
surface clip used to illustrate the result snapshots.
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Figure 4.84 – Resuspension in a cylindrical rheometer - qualitative results: effect of the rota-
tional velocity. Left: Average sediment height over time, right: Average solid fraction value per
vertical position.

Figure 4.85 – Resuspension in a cylindrical rheometer - qualitative results: Snapshots of
sediments at t = 10 [s], for Kr = 10−7 andΩ= 1 [rpm](left) andΩ= 10 [rpm] (right).
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Figure 4.86 – Resuspension in a cylindrical rheometer - qualitative results: Effect of Kr on the
sediment resuspension forΩ= 1 [rpm]

Figure 4.87 – Resuspension in a cylindrical rheometer - qualitative results: Snapshots of
sediments at t = 10 [s], forΩ= 1 [rpm] and Kr = 10−4.

Numerical tests and comparison with experiments

After displaying qualitative results that allowed us to test the effect of the resuspension param-

eters as well as the velocity on the sediment behavior, we consider the experiment detailed

in [157]. Due to numerical limits (especially computational CPU time), the height of the

cylinders is roughly twice as high as the initial sediment height. This gives enough space for

the resuspension to occur. Figure 4.88 illustrates the computational domain that we use for the

benchmarking phase. The sediment displayed in red, is initially packed at the bottom. We use

the same boundary conditions described in the qualititave phase. We consider two rotational

velocititesΩ= 20 [rpm] andΩ= 0.5 [rpm] and we run the experiments up to T = 120 [s] where

the solution is expected to have reached stationnarity [157].
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Figure 4.88 – Resuspension in a cylindrical rheometer: Numerical setup. The cylindre’s height
is 1 [cm], whereas the sediment (in red), is of initial height 0.5 [cm].

Sensitivity analysis with respect to the CFL number Since the boundaries are curved in

this experiment, the choice of the time step is very important. More specifically, if the time

step is very large, we might advect the computed quantities, including the sediment, outside

the domain. As explained in the previous chapter (in Subsection 3.2.5), this results in excessive

post-processing, to conserve the mass of sediments. These algorithms ensure the mass con-

servation, but can be time consuming, especially if the lost quantities are very big. They also

cause a lack of accuracy. Our goal is to find a range of CFL numbers that minimize the loss of

advected quantities, to prevent the latter. In order to do so, we run the experiment with differ-

ent CFL numbers and check the sediment loss percentage over time without post-processing

algorithms (decompression and redistribution algorithms). We display the obtained results in

Table 4.8.

Table 4.8 – Resuspension in a cylindrical rheometer. CFL effect on sediment loss over time
without decompression and redistribution algorithms.

CFL number Average loss of sediment (loss per time step) Loss after 100 [s]
22 30% 100%
4.7 2.62 % 40 %

1.15 0.268 % 17.8 %
0.45 0.14 % 23 %
0.1 0.034% 21.27 %

From these results, we quantify how having a very big CFL results in a massive loss. On the

other hand, having a CFL number smaller than one is not necessarily better as shown in Table
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4.8 (since it results in more interpolations between the two grids). A compromise between a

CFL that is small enough to prevent a lot of quantity loss per time-step, yet, big enough for the

quantity loss not to accumulate over time, is necessary. A CFL number that roughly equal to 1

is the best choice for our case. Having chosen the optimal CFL number, we now activate the

post-processing algorithms again.

Mesh convergence We evaluate the convergence of the numerical method, when the dis-

cretization parameters (time step and mesh size) decrease. In order to do so, we run a simula-

tion over 5 [s] on three different discretizations:

1. Coarse mesh: 1344 elements, 384 nodes, 27000 cells (H ' 0.004, h ' 0.0014) and

∆t = 0.035

2. Intermediate mesh: 12960 elements, 2880 nodes, 198000 cells (H ' 0.002, h ' 0.0007)

and ∆t = 0.0175

3. Fine mesh: 123120 elements, 23560 nodes, 1584000 cells (H ' 0.001, h ' 0.0035) and

∆t = 0.00875

For all the simulations, we takeΩ= 20 [rpm] and Kr = 10−7. In order to simplify the illustration

of the results, from now on, we choose to display the snapshots on a slice of the cylinder in

the x y plane, as illustrated in Figure 4.89. The left figure shows the plane position of the slice,

and the right figure shows the obtained slice. Furthermore, we will illustrate the snapshots

on the left side of this slice. To simplify the description of the results later on, we will refer to

this view by view of the left side. In Figure 4.90 we show snapshots (view of the left side) of

the solid fraction on all three meshes. In Figure 4.91, we show the average solid fraction per

vertical position z on all three meshes. Both figures show the convergence of the method.
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Left side Right side

Figure 4.89 – Resuspension in a cylindrical rheometer - Display of the slicing surface used for
the snapshots of the solid fraction. Top: the slicing surface position. Bottom: The obtained
slice, snapshots are displayed on the left surface of this slice.
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Figure 4.90 – Resuspension in a cylindrical rheometer - Snapshots (view of the left side) of the
solid fraction on the coarse mesh (left), intermediate mesh (middle) and the fine mesh (right).
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Figure 4.91 – Resuspension in a cylindrical rheometer. Average solid fraction value per vertical
position for a coarse, and intermediate and a fine mesh.
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Comparison Using the intermediate mesh, we run the experiment for Ω = 20 [rpm] then

Ω= 0.5 [rpm] respectively, and compare the results with theoretical predictions from [158] and

experimental results obtained in [157]. Figure 4.92 shows the obtained results for Kr = 10−6

and τC R = 0.1N /m2.
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Figure 4.92 – Resuspension in a cylindrical rheometer. Real experiment: Average fs per vertical
position z at t = 100s forΩ= 20 [rpm] andΩ= 5 [rpm] with Kr = 10−6 and τC R = 0.1 [N/m2].
Experimental data is extracted from [157] and theoretical data is extracted from [158].

Furthermore, the choice of the resuspension parameter Kr is justified through a sensitivity

analysis, as illustrated in Figure4.93. It shows the effect of the resuspension parameter Kr for

the case where Ω= 20 [rpm]. We can see that for Kr = 10−7, there is not enough resuspension

to suspend the sediments as desired, whereas for Kr = 10−5, the sediments are suspended

more than desired. For Kr = 10−6 on the other hand, we obtain a better approximation.
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Figure 4.93 – Resuspension in a cylindrical rheometer. Real experiment: Average fs per vertical
position z at t = 100s forΩ= 20 rpm with τC R = 0.1 [N/m2] and different Kr values.

We illustrate the average sediment height obtained over time, forΩ= 20 [rpm] in Figure 4.94. It

shows that the maximal height is almost obtained in the first 30 seconds. The process becomes

slow, and homogenization in the whole domain, through the resuspension effects, is done

slowly. In Figure 4.95, we show snapshots of the solid fraction, at the stationary state for both

rotational velocities.

In Figure 4.95, we show snapshots of the solid fraction, at the stationary state for both rotational

velocities. In general, our results show good agreement with theoretical and experimental

expectations, especially forΩ= 0.5 [rpm]. However, in the theoretical and the experimental

profiles, it is observed that the concentration is almost constant in the resuspended layer

and drops to zero quite sharply, even for the highest angular velocity. However, in our case,

we observe that the transition between the resuspended layer and the zero concentration is

smoother. This is especially the case for the higher velocity (Ω= 20 [rpm]). It is known that

numerical diffusion causes this smoothening effect of sharp interfaces. Furthermore, when

the rotational velocity is higher (for Ω= 20 [rpm]), our results show that the sediments are

slightly more packed than expected. The post-processing algorithms (the decompression and

the redistribution) become more relevant as the velocity increases to ensure mass conserva-

tion. As explained in Subsection 3.2.5, in this particular case, we rely on the homogeneous

redistribution of the quantities advected outside the domain (shown in Algorithm 4). Thus,

the algorithm slows down the resuspension.
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Figure 4.94 – Resuspension in a cylindrical rheometer. Real experiment: Sediment height over
time forΩ= 20 [rpm], with Kr = 10−6 and τC R = 0.1 [N/m2] .

Figure 4.95 – Resuspension in a cylindrical rheometer. Real experiment: Snapshots (view of
the left side) of the solid fraction forΩ= 5 [rpm] (left), and forΩ= 20 [rpm] (right) at t = 100 [s],
with Kr = 10−6 and τC R = 0.1 [N/m2].

Remark: Post-processing technique by averaging

The averaging technique is quite common in such experiments. The experimental results that

we used to benchmark from [157] are also obtained by averaging the results over approximately

10000 images of decorrelated frames. A frame is the intersection between the laser sheet

(shown in Figure 4.79) and the cylinder. It is, in fact, similar to what we named a view of the

left side. In our case, in order to compute the average solid fraction at the vertical position
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4.2. Results of sedimentation with deposition and resuspension

zk = k hz , 1 ≤ k ≤ Nz , we do the following:

1. We compute the total solid fraction at position zk , denoted by fsk : for all cell Ci j k ,

1 ≤ i ≤ Nx and 1 ≤ j ≤ Ny , fsk := fsk + fsi j k

2. We divide the obtained value by the total number of cells at position zk . The obtained

value is the average solid fraction at the current position.

In order to compute the average sediment height at time t :

1. For each column of cells, we compute the sediment height in that column (the sediment

height is computed by summing the number of cells in the vertical direction that contain

a significant amount of sediment).

2. We divide the sum of obtained heights by the number of columns, to obtain the average

sediment height.
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4.2.7 River stream simulation

The main goal of this experiment is to qualitatively show our model’s capacity for displaying

self-generated bedforms (dunes) in sediment bed rivers. It also allows us to show that the mass

conservation when introducing sediments into the domain by an inflow surface, is guaranteed.

Due to the importance of dunes in river mechanics as well as their complex physical ascetics,

studying them has generated much attention recently. Even though we do not quantitatively

compare our results with experimental data, we base our numerical setup on the description

given in [159]. The reason behind this is that ripples and dunes form under a relatively limited

range of flow conditions, and specific conditions need to be put in place. The domain’s typical

size, the size of the particles, the velocity (hence the shear stress and the Reynolds number)

are some of the parameters that are crucial when simulating such phenomena. In [159] and

references therein, more details are given. As explained in [159], there exist various situations

for the bedforms. As illustrated in Figure 4.96, bedforms are typically characterized by their

heights and wavelengths [160, 161]. In the lower flow regime, the natural progression is from a

flat bedform to sediment movement, then to ripples. As the velocity increases, slightly larger

dunes are obtained. In the upper flow regime, the dunes start to flatten out and are completely

washed out when the velocity rises even further [160, 161].

Figure 4.96 – An illustration of various bedforms.

The geometrical domain of horizontal, vertical and transversal dimension respectively denoted

by Lx , Lz and Ly , is illustrated in Figure 4.97. A sediment layer of height Hb = 0.005 [m] is

placed at the bottom of the domain. A thin upper layer of these sediments is free, and the rest

are fixed (zero velocity). The sediment particles diameter is d∗ = 0.5×10−3 [m]. The dry density

of the sediment particles is ρs = 2500 [kg m−3], while the liquid density is ρl = 1000 [kg m−3]

and the liquid kinetic viscosity is 1.5×10−6 [m2/s]. An inflow is imposed on the left surface

of the domain and free outflow conditions are allowed on the right surface. Slip boundary
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4.2. Results of sedimentation with deposition and resuspension

conditions are allowed on the top surface and the lateral surfaces (above the fixed sediment

height).

Figure 4.97 – River-stream simulation. A layout of the experimental setup: The light brown
particles are moving particles; the dark brown particles are fixed.

Given the described setup, bedforms generated in experimental studies [159–161] fall into

four cases, summarized in Table 4.9. Ripples are obtained for the first case. For the case 2,

dune patterns are observed. For the third and the fourth cases, the dunes are flattened and

washed out.

Table 4.9 – River-stream simulation. Bedform expectations based on the mean-velocity and
the numerical setup.

Case 1 Case 2 Case 3 Case 4
Description Ripple Large dune Washing out Washed out

Reynolds number Reb = 2Ub Hb/ν 6000 8000 10000 12000
Mean velocity Ub[m/s] 0.39 0.52 0.65 0.78

We want to simulate cases 1 and 2 to check if our model is capable of self-generating

bedforms with physically meaningful heights and wavelengths. For the inflow velocity

ui n = (ux (z),0,0)1z>Hb , we consider a logarithmic velocity profile:

ux (z) = Q (1+2.5ln(1+ z))

Ly (2.5(1+ (Lz −Hb)) ln(1+ (Lz −Hb))−1.5(Lz −Hb))

where Q is the volumic flow rate, computed such that the mean inflow velocity is within the test

case range. Such profile assures zero value at the bottom, and increasing values as z increases.

The simulations are run on a sufficiently fine mesh, and the discretization parameters are the

following: 15276 elements, 4149 nodes (Average size H = 0.001), 75000 cells (h = 0.0002) and
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the time step is chosen such that the CFL number is approximately 5 (∆t = 0.0025 for the first

case, and ∆t = 0.002 for the second case). We consider a resuspension constant Kr = 10−6 and

a constant shear model with critical shear stress τC R = 0.1 [N/m2]. On this setup, we run an

experiment up to T = 24 [s]. In Figure 4.98, we illustrate the computational domain (the finite

elements mesh). In the same figure (bottom figure), we illustrate the velocity profile at time

t = 3 [s] for the second case. We consider the penalization parameter ε= 10−11 for all cases.

Figure 4.98 – River-stream simulation. Top: An illustration of the finite element grid. Bottom:
An illustration of the velocity profile at time t = 3 [s].

To facilitate the presentation and compare with results in [159], the physical time t is nor-

malized by the constant Hb/Ub and the resulting non-dimensional time is denoted as

t∗ = t/(Hb/Ub). We show snapshots of the sediment profile for cases 1 and 2 in Figure 4.99

and Figure 4.103, respectively. In Figure 4.101, we display snapshots of the smoothened shear

stress over time. It shows that the shear stress appears where the sediments are expected

to be resuspended and convected to form dunes. To further investigate the stability of the

bedform, the profiles of the bed surfaces obtained in each both cases during t∗ ∈ [600,800] are

plotted in Figure 4.100 for Case 1 and Figure 4.104 for Case 2. This time interval is selected

because the bedforms fully develop during this time. The figures are plotted using the relative

longitudinal location X = x −Ud t , normalized by the sediment diameter d∗, where x is the

fixed downstream direction, and Ud is the bedform migration velocity, introduced in [159].

When the bedform is stable, bedform surface profiles are overlapping when plotted in the

moving-frame. We can see that the self-generated bedforms in Case 1 and 2 are stable as

the bed surface profiles are highly overlapping. In Figure 4.102, we show snapshots of the

sediment profile for Case 1 when Kr = 0 (i.e. no resuspension effects). From this figure, we

observe that the additional beforms do not appear. In fact, the ripples appear as a result of

shear-induced motion.

Furthermore, we run an additional test for a mean velocity that is slightly smaller that that first

considered in Case 1 and show the results in Figures 4.105 and 4.106. They show that, since

the velocity is smaller, smaller ripples have the time to develop before being washed away. In
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4.2. Results of sedimentation with deposition and resuspension

Figure 4.107, we present the bedform variation over time for Case 4. We note that the dune

structure at a given time is highly unstable and significantly less dune-like than the bedforms

in Cases 1 and 2. The shear stress of the fluid flow is large enough for the bedforms to wash

out almost immediately after they appear.

Figure 4.99 – River-stream simulation. Case 1, top to bottom: snapshots of sediment profiles
for t = 5 [s],t = 10 [s],t = 15 [s] and t = 20 [s] (Kr = 10−6).
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Figure 4.100 – River-stream simulation. Case 1, the surface of the bed when t∗ ∈ [600,800].
The x-axis is the relative longitudinal location X /d∗, X = x −ud t . x is the horizontal direction
ud is the migration velocity of the bedform (Kr = 10−6).

Figure 4.101 – River-stream simulation. Case 1, top to bottom: snapshots of smooth shear
stress for t = 5 [s],t = 10 [s]and t = 12.5 [s]. Resuspension occurs when the shear stress is above
τC R = 0.1 [N/m2].
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4.2. Results of sedimentation with deposition and resuspension

Figure 4.102 – River-stream simulation. Case 1, top to bottom: snapshots of sediment profiles
for t = 5 [s],t = 10 [s]and t = 15 [s] (Kr = 0).

Figure 4.103 – River-stream simulation. Case 2, top to bottom: snapshots of sediment profiles
for t = 5 [s],t = 10 [s],t = 12.5 [s] and t = 15 [s] (Kr = 10−6).
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Figure 4.104 – River-stream simulation. Case 2, the surface of the bed when t∗ ∈ [600,800].
The x-axis is the relative longitudinal location X /d∗, X = x −ud t . x is the horizontal direction
ud is the migration velocity of the bedform (Kr = 10−6).

Figure 4.105 – River-stream simulation. Case 1, with smaller mean velocity, top to bottom:
snapshots of sediment profiles for t = 5 [s],t = 10 [s],t = 15 [s] and t = 20 [s] (Kr = 10−6).
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Figure 4.106 – River-stream simulation. Case 1 with smaller mean velocity, the surface of the
bed when t∗ ∈ [600,800]. The x-axis is the relative longitudinal location X /d∗, X = x −ud t . x
is the horizontal direction ud is the migration velocity of the bedform (Kr = 10−6).

Figure 4.107 – River-stream simulation. Case 4, top to bottom: snapshots of sediment profiles
for t = 3 [s],t = 4.5 [s],t = 5 [s] and t = 6.5 [s] (Kr = 10−6).
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Figure 4.108 – River-stream simulation. Case 3, the surface of the bed when t∗ ∈ [600,800].
The x-axis is the relative longitudinal location X /d∗, X = x −ud t . x is the horizontal direction
ud is the migration velocity of the bedform. The red dune is at t∗ = 600 and the blue dune is
for t∗ = 700 (Kr = 10−6).

In a second stage, we now consider the same experimental setup, but we introduce sediments

along with the liquid through the inflow surface: the inflow mean velocity is 0.35 [m/s] and

the sediment inflow concentration is 0.025×2500 [kg/m3] . We run the experiment up to

90 [s], with Kr = 0 then with Kr = 10−6 . Free outflow conditions are still applied on the right

boundary surface of the domain. We observe the sediment profile as well as the conservation

of the sediment mass over time (the mass is conserved if the final mass inside the domain is

equal to the total intorduced mass over 90 [s] added to the initial mass, minus the total mass

that flew out of the domain 90 [s]). In Tables 4.10 and 4.11, we show the expected and obtained

final masses. The expected mass is computed as:

Final mass (expected) =
N∑

n=0
mi n(t n)+mt 0 −

N∑
n=0

mout (t n),

whereas the final mass is the sediment mass that actually exists inside the domain at the

final time. The notations are introduced in the last section of Chapter 2. Both tables show

that the expected and the final sediment mass are roughly equal. This confirms the mass

conservation of our algorithm. In Figures 4.109 and 4.111, we illustrate the inflow and the

outflow masses over 90 [s] with and without resuspension respectively. However, we can

see that the final mass obtained without resuspension is slightly bigger than that obtained

with resuspension, which is expected. From these figures, we observe that, until roughly

50 [s] without resuspension (and 30 [s] with resuspension) the outflow mass is minimal, and

increases afterward. In Figures 4.110 and 4.112, we show snapshots of the sediment profile
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4.2. Results of sedimentation with deposition and resuspension

over time with and without resuspension respectively.

Table 4.10 – River-stream simulation with sediment inflow without resuspension (Kr = 0).
Sediment mass (in [kg]) conservation. The final time is T = 90 [s]. The notations are introduced
in the last section of Chapter 2.

mi n(tn) m0 Final mass (expected) Final mass (obtained)
2.5356×10−7 0.0028598 0.00509348 0.00518815
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Figure 4.109 – River-stream simulation with sediment inflow without resuspension (Kr = 0).
Sediment inflow and outflow masses over time.
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Figure 4.110 – River-stream simulation with sediment inflow without resuspension (Kr = 0).
Top to bottom: snapshots of the sediment profile for t = 5 [s],t = 15 [s],t = 30 [s], t = 50 [s] and
t = 90 [s].

Table 4.11 – River-stream simulation with sediment inflow with resuspension (Kr = 10−6).
Sediment mass (in [kg]) conservation. The final time is T = 90 [s]. The notations are introduced
in the last section of Chapter 2.

mi n(tn) m0 Final mass (expected) Final mass (obtained)
2.53562×10−7 0.00285985 0.00429016 0.00429011
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Figure 4.111 – River-stream simulation with sediment inflow with resuspension (Kr = 10−6).
Sediment inflow and outflow masses over time.

Figure 4.112 – River-stream simulation with sediment inflow. Top to bottom: snapshots of the
sediment profile for t = 5 [s],t = 15 [s],t = 30 [s], t = 50 [s] and t = 90 [s].

4.2.8 Remarks and conclusion

We revisit the erosion by an impinging liquid jet experiment, introduced in Subsection 4.1.3

when we introduce the resuspension effects. Using the intermediate mesh, also presented in

Subsection 4.1.3, we run the experiment with resuspension effects (Kr = 10−4 and ε= 10−11)

137



Chapter 4. Numerical results

and compare it to the results without resuspension (ε = 10−9), for the mean velocity UJ =
0.28 [m/s]. In Figure 4.113, we show a snapshot at t = 3.5 [s] and in Figure 4.114, we show a plot

of the sediment profile, with and without resuspension. The results with resuspension slightly

differ from those without resuspension effects (and lower penalization effects). However,

the resuspension promotes the scouring effect, even with higher ε values. Furthermore, in

Figure 4.115 we illustrate the values of the width D and depth H of the eroded hole as a

function of the inlet velocity magnitude, with and without resuspension. We observe that the

results with resuspension effects, and higher penalization, still fit around the regression lines

and experimental results from [148, 149].

Figure 4.113 – Erosion by an impinging liquid jet. Snapshot of the sediment profile at t = 3.5 [s]
for UJ = 0.28 [m/s]. Top: without resuspension (ε= 10−9, Kr = 0). Bottom: with resuspension
(ε= 10−11, Kr = 10−4, τC R = 0.2 [N/m2]).
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Figure 4.114 – Erosion by an impinging liquid jet. Sediment profile at t = 3.5 [s] with and
without resuspension effects (UJ = 0.28 [m/s], fsCO = 0.62).
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Figure 4.115 – Erosion by an impinging liquid jet. Numerical approximation of the width
D and depth H of the eroded hole, as a function of the inlet velocity magnitude with and
without resuspension effects; the regression lines are extracted from [149] (λ = 10b, (UJ =
0.28 [m/s], fsCO = 0.62).

To summarize, from all of the numerical experiments that we have studied, it appears that

for regimes where the main physical phenomenon is vertical erosion, deposition effects only

are enough, and the optimal parameters would be ε= 10−9 and fsCO = fsC R −0.1. On the other

hand, for experiments where horizontal erosion and flushing are the main phenomena, the

introduction of the resuspension effects is necessary. In this case, the optimal parameters are

ε= 10−11 (same or larger fsCO ) and τC R between 0.05 and 0.4 [N/m2]. The resuspension value
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Kr is often chosen between 10−2 (for flushing experiments) and 10−4 or smaller (otherwise).
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5 Error indicators for the 1D diffusion-
convection equation
In Subsection 3.1 of Chapter 3, we presented the splitting scheme that we used to solve the

set of equations of the presented problem. In this chapter, we consider the 1D diffusion-

convection equation and aim to study an error estimate for a splitting scheme. First, we study

an a posteriori error estimate for a finite element backward scheme used to discretize and

solve the equation. We use the error indicator to apply an adaptive algorithm to the same

scheme. Second, we write a splitting scheme that separates the diffusion and the convection

parts of the equation. For the splitting scheme, we write an a posteriori error indicator and

use the latter for the adaptive algorithm. We consider the following 1D diffusion-convection

equation: Given f : C 0[0,1] → L2(0,1) and u0 ∈C 0[0,1], find u : [0,1]× [0,T ] →R such that

∂u

∂t
(x, t )−ε∂

2u

∂x2 (x, t )+ c
∂u

∂x
(x, t ) = f , 0 ≤ t ≤ T, 0 < x < 1, (5.1)

where T,ε,c > 0 and with u(x,0) = u0(x), u(0, t) = 0 and u(1, t) = 0. Let 0 = t0 < t1 < ... < tN <
tN+1 = T be a discretization of [0,T ] with time steps ∆t n = tn+1 − tn , n = 0,1, ..., N and ∆t =
max

n
∆t n . Let 0 = x0 < x1 < ... < xM < xM+1 = 1 be a discretization of [0,1], let hi = xi+1 −xi for

i = 0, ..., M , and h = maxi hi . Let Vh be the finite dimensional space Vh = span(ϕ1,ϕ2, ...,ϕM ),

where the M affine shape functions ϕi , i = 1, ..., M , are defined by:

ϕi (x) :=


x −xi−1

xi −xi−1
for x ∈ [xi−1, xi ]

xi+1 −x

xi+1 −xi
for x ∈ [xi , xi+1]

0 otherwise.

We initialize u0
h := Πhu0 (the interpolant of u0 on Vh) and compute un

h the finite element

approximation of the solution u at time tn , n = 1, ..., N .
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5.1 The backward Euler scheme:

The fully discretized problem with backward Euler scheme reads: for n = 0,1, ..., N , knowing

un
h ∈Vh , find un+1

h ∈Vh such that

∫ 1

0

un+1
h −un

h

∆t n vh +ε
∫ 1

0

dun+1
h

d x

d vh

d x
+ c

∫ 1

0

dun+1
h

d x
vh =

∫ 1

0
f (tn+1)vh ∀vh ∈Vh . (5.2)

Setting vh =ϕi , i = 1, ..., M , in (5.2), we obtain:

1

∆t n

M∑
j=1

un+1
j

∫ 1

0
ϕ jϕi− 1

∆t

M∑
j=1

un
j

∫ 1

0
ϕ jϕi+ε

M∑
j=1

un+1
j

∫ 1

0
ϕ′

jϕ
′
i+c

M∑
j=1

un+1
j

∫ 1

0
ϕ′

jϕi =
∫ 1

0
f (tn+1)ϕi ,

(5.3)

Thus, the differential system writes as:

1

∆t
D

(
~un+1 −~un)+ A~un+1 +B~un+1 = ~f n+1, (5.4)

where: un+1
i = ui , Di j =

∫ 1
0 ϕ jϕi , Ai j = ε

∫ 1
0 ϕ

′
jϕ

′
i , Bi j = c

∫ 1
0 ϕ

′
jϕi and f n+1

i = ∫ 1
0 f (tn+1)ϕi . We

precice that un+1 is well defined as solution to (5.4) whatever c and ∆t .

5.1.1 A posteriori error estimate

Let us define the approximation uh∆t of u on each subinterval [tn , tn+1], n = 0, ..., N , by

uh∆t (x, t ) := t − tn

∆t n un+1
h (x)+ tn+1 − t

∆t n un
h (x),

Thus
∂uh∆t

∂t
= un+1

h −un
h

∆t n . Setting e = u −uh∆t , In order to compute an a posteriori error

estimate, we start from:∫ 1

0

∂e

∂t
e +ε

∫ 1

0

(
∂e

∂x

)2

+ c
∫ 1

0

(
∂e

∂x

)
e︸ ︷︷ ︸

=0

=
∫ 1

0

(
f − ∂uh∆t

∂t
− c

∂uh∆t

∂x

)
e −ε

∫ 1

0

∂uh∆t

∂x

(
∂e

∂x

)
, (5.5)

We can rewrite (5.2) as∫ 1

0

∂uh∆t

∂t
vh + ε

∫ 1

0

∂uh∆t

∂x

(
∂vh

∂x

)
+ c

∫ 1

0

(
∂uh∆t

∂x

)
vh =

∫ 1

0
f vh +

∫ 1

0
( f (tn+1)− f )vh

+ε
∫ 1

0

∂(uh∆t −un+1
h )

∂x

∂vh

∂x
+ c

∫ 1

0

∂(uh∆t −un+1
h )

∂x
vh ∀vh ∈Vh .
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We get:∫ 1

0

∂e

∂t
e +ε

∫ 1

0

(
∂e

∂x

)2

=
∫ 1

0

(
f − ∂uh∆t

∂t
− c

∂uh∆t

∂x

)
(e − vh)−ε

∫ 1

0

∂uh∆t

∂x

∂(e − vh)

∂x

+
∫ 1

0

(
f − f (tn+1)

)
vh −ε

∫ 1

0

∂(uh∆t −un+1
h )

∂x

∂vh

∂x

−c
∫ 1

0

∂(uh∆t −un+1
h )

∂x
vh ,

which leads to:∫ 1

0

∂e

∂t
e +ε

∫ 1

0

(
∂e

∂x

)2

=
M∑

i=0

[∫ xi+1

xi

(
f − ∂uh∆t

∂t
− c

∂uh∆t

∂x
+ε∂

2uh∆t

∂x2

)
(e − vh)

−
[
ε
∂uh∆t

∂x
(e − vh)

]x=xi+1

x=xi

+
∫ xi+1

xi

(
f − f (tn+1)

)
vh (5.6)

−ε
∫ xi+1

xi

∂(uh∆t −un+1
h )

∂x

∂vh

∂x
− c

∫ xi+1

xi

∂(uh∆t −un+1
h )

∂x
vh

]
,

for any vh ∈Vh . Assuming that u is sufficiently smooth, and choosing vh = Rhe, with Rh being

the Lagrange interpolant, the jump terms vanish. We then use the interpolation results:

1

hi
‖e −Rhe‖+

∥∥∥∥∂Rhe

∂x

∥∥∥∥
L2(xi ,xi+1)

≤C

∥∥∥∥∂e

∂x

∥∥∥∥
L2(xi ,xi+1)

, (5.7)

where C is a constant independent of h, ∆t and u.

Let R = (
∂e

∂t
,e)+ε

∫ 1

0

(
∂e

∂x

)2

. Applying Cauchy-Schwarz inequality to (5.6) we get:

R ≤
M∑

i=0

∥∥∥∥ f − ∂uh∆t

∂t
− c

∂uh∆t

∂x
+ε∂

2uh∆t

∂x2

∥∥∥∥
L2(xi ,xi+1)

‖e −Rhe‖L2(xi ,xi+1)

+
M∑

i=0

∥∥∥∥( f − f (tn+1))− c
∂

∂x
(uh∆t −un+1

h )

∥∥∥∥
L2(xi ,xi+1)

‖Rhe‖L2(xi ,xi+1)

+
M∑

i=0
ε

∥∥∥∥ ∂

∂x
(uh∆t −un+1

h )

∥∥∥∥
L2(xi ,xi+1)

∥∥∥∥∂Rhe

∂x

∥∥∥∥
L2(xi ,xi+1)

.

Using (5.7) and the Poincaré inequality, there exists C independent of h and u such that

R ≤C

((
M∑

i=0
η2

S,i

)1/2

+
(

M∑
i=0

η2
T,i

)1/2)∥∥∥∥∂e

∂x

∥∥∥∥2

L2(0,1)

where

η2
S,i =

1

ε

(
hi

∥∥∥∥ f − ∂uh∆t

∂t
− c

∂uh∆t

∂x
+ε∂

2uh∆t

∂x2

∥∥∥∥
L2(xi ,xi+1)

)2
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and

η2
T,i =

1

ε

(∥∥∥∥( f − f (tn+1))− c
∂

∂x
(uh∆t −un+1

h )

∥∥∥∥
L2(xi ,xi+1)

+ε
∥∥∥∥ ∂

∂x
(uh∆t −un+1

h )

∥∥∥∥
L2(xi ,xi+1)

)2

Using Young’s inequality we get:

R ≤C̃
M∑

i=0
η2

S,i +
ε

4

∥∥∥∥∂e

∂x

∥∥∥∥2

L2(xi ,xi+1)
+ C̃

M∑
i=0

η2
T,i +

ε

4

∥∥∥∥∂e

∂x

∥∥∥∥2

L2(xi ,xi+1)

Finally we get:

1

2

d

d t
‖e‖2

L2(0,1) +
ε

2

∥∥∥∥∂e

∂x

∥∥∥∥2

L2(0,1)
≤C̃

M∑
i=0

(
η2

S,i +η2
T,i

)
we multiply integrate between tn and tn+1 to obtain:

‖e(tn+1)‖2
L2(0,1) +ε

∫ tn+1

tn

∥∥∥∥∂e

∂x

∥∥∥∥2

L2(0,1)
≤‖e(tn)‖2

L2(0,1) + C̃
M∑

i=0

∫ tn+1

tn

(
η2

S,i +η2
T,i

)
For later use we define the error as:

Error =
(
‖e(T )‖2

L2(0,1) −‖e(0)‖2
L2(0,1) +ε

∫ T

0

∥∥∥∥∂e

∂x

∥∥∥∥2

L2(0,1)

)1/2

the estimator as:

Estimator = (
η2

S +η2
T

)1/2

where

ηS =
(

N∑
n=0

M∑
i=0

∫ tn+1

tn

η2
S,i

)1/2

, (5.8)

ηT =
(

N∑
n=0

M∑
i=0

∫ tn+1

tn

η2
T,i

)1/2

, (5.9)

The effectivity index is:

e I = Estimator

Error
.

5.1.2 Numerical results

To test the numerical scheme presented above and check the sharpness of the a posteriori

error indicators, we proceed with some numerical experiments. We construct the function f

such that the exact solution is:

(a) u(x, t ) = si n(ω1πx),

(b) u(x, t ) = si n(ω1πx)si n(ω2πt ), where ω1,ω2 are positive parameters.
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5.1. The backward Euler scheme:

Unless specified differently, the final step for which we display the results is T = 1.55 [s].

Effectivity indices with respect to h and∆t . Before we observe the effect of h and ∆t on the

effectivity index, we want to check the sharpness of the time-estimator ηT separately from the

space-estimator ηS . In order to do this, we consider first the case (a) with ω1 = 1 then the case

(b) with ω1 = 1 and ω2 = 10. We take ε= c = 1. For the sharpness of ηS , we consider the case

(a). In this case, the error in time is negligible. The values of ηT in Table 5.1 confirm this. The

error due to time discretization is very small and the effectivity index of the space estimator is

roughly a constant equal to 3.46. Similarly, for the sharpness of ηT , as we can see in Table 5.2,

that the error due to the space discretization is very small. The effectivity of the time indicator

is somewhere between 13 and 15. To further assess the sharpness of ηT , we consider the same

case, but we take h =O(∆t 2). The results in Table 5.3 show that the effectivity index converges

to 15.

In order to obtain an effectivity index close to one, we divide ηS by Cs and ηT by Ct , where

Cs = 3.46 and Ct = 15. We denote the normalized error estimator ηN :

ηN =
√

(ηS)2

C 2
s

+ (ηT )2

C 2
t

,

and the normalized effectivity index is

ẽ I = ηN

Error
.

We vary ω1 and ω2 and check the normalized effectivity indices and the errors when we vary

the discretization parameters h and ∆t . We take ε= c = 1. The results are illustrated in Tables

5.4 to 5.8. The first observation is that the effectivity for all cases remains between 1 and 2.

Furthermore, we examine the two opposite scenarios: in Table 5.5 we show the results when

ω1 = 1 and ω2 = 10, whereas in Table 5.6 ,we illustrate the results when ω1 = 10 and ω2 = 1.

Looking at Table 5.5, where the error mainly comes from time discretization: we observe that

the true error halves only when the time step halves. We can see that ηT follows the true error,

whereas ηS does not, every time the time step is divided by two. Similar observations are

made, looking at Table 5.6. We can see that the true error divides by two when h divides by

two. However, when we divide ∆t by two, the true error barely changes. In fact, in this case,

the error mainly comes from the space discretization. As we can see, ηS follows the true error,

whereas ηT does not. However, when h and ∆t are both divided by two, we can observe the

proper order of convergence for both cases. In Tables 5.7 ands 5.8, we consider the cases where

ω1 =ω2. The first observation is that, for the same discretization parameters, the true error is

higher when ω1 =ω2 = 10 than it is when ω1 =ω2 = 1. In Figure 5.1, we show that for ∆t = 0.1,

the error is too big for any of the results to be significant, no matter what h is. For ∆t = 0.05,

we plot the same results in Figure 5.2. The second observation that we can make looking at

both tables is that, the spatial estimator ηS halves when h halves, and the time estimator ηT

halves when ∆t halves. Furthermore, in Table 5.6, we can see that as h and ∆ converge to zero,

the effectivity index converges to 1, even though it takes longer than previous cases.
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Chapter 5. Error indicators for the 1D diffusion-convection equation

Table 5.1 – Case (a) with ω1 = 1, ε= c = 1

h ∆t Error Estimator e I ηS ηT

0.050000 0.050000 0.119450 0.413928 3.465272 0.413927 0.000632
0.025000 0.050000 0.061180 0.211942 3.464249 0.211942 0.000166
0.012500 0.050000 0.030966 0.107270 3.464118 0.107270 0.000042
0.006250 0.050000 0.015579 0.053967 3.464103 0.053967 0.000011
0.050000 0.025000 0.119452 0.413927 3.465233 0.413927 0.002846
0.025000 0.025000 0.061180 0.211942 3.464238 0.211942 0.001458
0.012500 0.025000 0.030966 0.107270 3.464115 0.107270 0.000738
0.006250 0.025000 0.015579 0.053967 3.464102 0.053967 0.000371
0.050000 0.012500 0.119452 0.413927 3.465214 0.413927 0.001491
0.025000 0.012500 0.061180 0.211942 3.464233 0.211942 0.000764
0.012500 0.012500 0.030966 0.107270 3.464114 0.107270 0.000387
0.006250 0.012500 0.015579 0.053967 3.464102 0.053967 0.000195
0.050000 0.006250 0.119453 0.413927 3.465204 0.413927 0.000768
0.025000 0.006250 0.061180 0.211942 3.464230 0.211942 0.000393
0.012500 0.006250 0.030966 0.107270 3.464113 0.107270 0.000199
0.006250 0.006250 0.015579 0.053967 3.464102 0.053967 0.000100
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5.1. The backward Euler scheme:

Table 5.2 – Case (b), ω1 = 1, ω2 = 10, ε= c = 1

h ∆t Error Estimator e I ηS ηT

0.020000 0.020000 0.246757 3.486445 14.129063 0.288260 3.474508
0.010000 0.020000 0.249795 3.477145 13.919976 0.145530 3.474098
0.005000 0.020000 0.251404 3.474751 13.821388 0.073123 3.473982
0.002500 0.020000 0.252231 3.474141 13.773656 0.036652 3.473947
0.001250 0.020000 0.252650 3.473987 13.750197 0.018349 3.473938
0.000625 0.020000 0.252861 3.473947 13.738570 0.009180 3.473935
0.020000 0.010000 0.127089 1.852024 14.572673 0.304407 1.826836
0.010000 0.010000 0.128266 1.833102 14.291427 0.153680 1.826648
0.005000 0.010000 0.128999 1.828222 14.172329 0.077218 1.826590
0.002500 0.010000 0.129403 1.826984 14.118572 0.038705 1.826574
0.001250 0.010000 0.129614 1.826672 14.093187 0.019377 1.826569
0.000625 0.010000 0.129722 1.826594 14.080873 0.009694 1.826568
0.020000 0.005000 0.065265 0.968869 14.845179 0.311453 0.917444
0.010000 0.005000 0.065060 0.930731 14.305696 0.157236 0.917353
0.005000 0.005000 0.065229 0.920721 14.115297 0.079005 0.917325
0.002500 0.005000 0.065382 0.918171 14.043116 0.039601 0.917316
0.001250 0.005000 0.065477 0.917528 14.013062 0.019825 0.917314
0.000625 0.005000 0.065528 0.917367 13.999571 0.009919 0.917313
0.020000 0.002500 0.034911 0.556868 15.951184 0.314750 0.459385
0.010000 0.002500 0.033250 0.486048 14.618082 0.158901 0.459340
0.005000 0.002500 0.032923 0.466214 14.160840 0.079841 0.459327
0.002500 0.002500 0.032896 0.461062 14.015941 0.040020 0.459322
0.001250 0.002500 0.032917 0.459758 13.967245 0.020035 0.459321
0.000625 0.002500 0.032936 0.459430 13.949057 0.010024 0.459321
0.020000 0.001250 0.021236 0.391007 18.412736 0.316341 0.229816
0.010000 0.001250 0.017739 0.279840 15.775112 0.159703 0.229794
0.005000 0.001250 0.016784 0.243395 14.501893 0.080245 0.229787
0.002500 0.001250 0.016561 0.233279 14.085741 0.040222 0.229785
0.001250 0.001250 0.016519 0.230665 13.963562 0.020136 0.229784
0.000625 0.001250 0.016516 0.230005 13.926594 0.010074 0.229784
0.020000 0.000625 0.016081 0.337307 20.975869 0.317121 0.114933
0.010000 0.000625 0.010769 0.197074 18.300918 0.160097 0.114923
0.005000 0.000625 0.008943 0.140276 15.686439 0.080443 0.114919
0.002500 0.000625 0.008432 0.121787 14.443195 0.040321 0.114918
0.001250 0.000625 0.008306 0.116677 14.047555 0.020186 0.114918
0.000625 0.000625 0.008277 0.115361 13.936720 0.010099 0.114918
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Table 5.3 – Case (b), ω1 = 1, ω2 = 10, ε= c = 1 with h =O(∆t 2)

h Error Estimator e I ηS ηT

0.010000 1.788253 23.761076 13.287313 0.185731 23.760350
0.005000 1.096090 15.668035 14.294472 0.076069 15.667850
0.002500 0.824558 12.514550 15.177287 0.044613 12.514471
0.001250 0.602547 9.090158 15.086226 0.024714 9.090125
0.000625 0.439415 6.749185 15.359473 0.013208 6.749172
0.000313 0.316370 4.833476 15.277937 0.006877 4.833471
0.000156 0.226767 3.451718 15.221415 0.003528 3.451716

Table 5.4 – Case (a), ω1 = 1, ε= c = 1

h ∆t Error Estimator ηS ηT ẽ I

0.100000 0.100000 0.081661 0.284834 0.284806 0.004010 0.996477
0.050000 0.100000 0.042880 0.148779 0.148775 0.001099 0.991303
0.025000 0.100000 0.021973 0.076144 0.076144 0.000288 0.990112
0.012500 0.100000 0.011123 0.038534 0.038534 0.000074 0.989832
0.100000 0.050000 0.091343 0.318378 0.318370 0.002288 0.995834
0.050000 0.050000 0.047948 0.166330 0.166328 0.000627 0.991121
0.025000 0.050000 0.024567 0.085130 0.085130 0.000164 0.990064
0.012500 0.050000 0.012436 0.043082 0.043082 0.000042 0.989820
0.100000 0.025000 0.091356 0.318397 0.318395 0.001234 0.995777
0.050000 0.025000 0.047950 0.166332 0.166332 0.000338 0.991104
0.025000 0.025000 0.024567 0.085131 0.085131 0.000089 0.990059
0.012500 0.025000 0.012436 0.043082 0.043082 0.000023 0.989819
0.100000 0.012500 0.091362 0.318408 0.318407 0.000647 0.995744
0.050000 0.012500 0.047951 0.166334 0.166334 0.000177 0.991094
0.025000 0.012500 0.024567 0.085131 0.085131 0.000047 0.990056
0.012500 0.012500 0.012436 0.043082 0.043082 0.000012 0.989818
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5.1. The backward Euler scheme:

Table 5.5 – Case (b), ω1 = 1,ω2 = 10, ε= c = 1

h ∆t Error Estimator ηS ηT ẽ I

0.050000 0.050000 0.568149 8.166865 0.562830 8.147448 0.997975
0.025000 0.050000 0.585300 8.148026 0.288027 8.142934 0.938335
0.012500 0.050000 0.594449 8.142624 0.145758 8.141319 0.915784
0.006250 0.050000 0.599170 8.141212 0.073327 8.140882 0.906486
0.050000 0.025000 0.297041 4.491089 0.680912 4.439171 1.196480
0.025000 0.025000 0.305374 4.450912 0.348393 4.437256 1.023283
0.012500 0.025000 0.310071 4.440094 0.176298 4.436592 0.967937
0.006250 0.025000 0.312555 4.437289 0.088690 4.436403 0.949814
0.050000 0.012500 0.154569 2.391624 0.731128 2.277129 1.683309
0.025000 0.012500 0.157033 2.306676 0.374055 2.276145 1.186475
0.012500 0.012500 0.158999 2.283663 0.189280 2.275806 1.014357
0.006250 0.012500 0.160171 2.277691 0.095220 2.275700 0.962653
0.050000 0.006250 0.083298 1.371364 0.753238 1.145981 2.769745
0.025000 0.006250 0.080831 1.208568 0.385352 1.145488 1.670644
0.012500 0.006250 0.080843 1.161800 0.194994 1.145320 1.173885
0.006250 0.006250 0.081189 1.149460 0.098095 1.145266 1.003155
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Figure 5.1 – Case (b), ω1 = ω2 = 10 and ε = c = 1 - Exact and approximated solutions for
∆t = 0.1, ε= c = 1.
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Figure 5.2 – Case (b), ω1 = ω2 = 10 and ε = c = 1 - Exact and approximated solutions for
∆t = 0.05, ε= c = 1.

Table 5.6 – Case (b), ω1 = 10, ω2 = 1, ε= c = 1

h ∆t Error Estimator ηS ηT ẽ I

0.100000 0.050000 11.892154 4.498250 34.943735 40.503470 0.879075
0.050000 0.050000 5.375384 8.162049 18.258351 39.894531 1.099332
0.025000 0.050000 2.704819 15.054156 9.346258 39.631621 1.396967
0.012500 0.050000 1.362103 29.222831 4.730099 39.522454 2.179258
0.100000 0.025000 11.913302 3.391628 34.952880 20.270655 0.855512
0.050000 0.025000 5.384178 5.025614 18.263140 19.965882 1.011037
0.025000 0.025000 2.708996 8.094180 9.348711 19.834298 1.110427
0.012500 0.025000 1.363959 14.910757 4.731340 19.779659 1.392755
0.100000 0.012500 11.918894 3.053602 34.955164 10.137703 0.849511
0.050000 0.012500 5.386535 3.864387 18.264335 9.985276 0.987744
0.025000 0.012500 2.710151 5.029629 9.349323 9.919467 1.026459
0.012500 0.012500 1.364529 8.036129 4.731650 9.892140 1.112645
0.100000 0.006250 11.920439 2.963094 34.955737 5.069151 0.847994
0.050000 0.006250 5.387197 3.514776 18.264634 4.992932 0.981824
0.025000 0.006250 2.710481 3.904728 9.349476 4.960025 1.004367
0.012500 0.006250 1.364697 5.015856 4.731727 4.946360 1.030812
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5.1. The backward Euler scheme:

Table 5.7 – Case (b) for ω1 =ω2 = 1, ε= c = 1

h ∆t Error Estimator ηS ηT ẽ I

0.100000 0.050000 0.100818 0.643616 0.489334 0.418084 1.429774
0.050000 0.050000 0.056661 0.488642 0.256002 0.416213 1.394631
0.025000 0.050000 0.036067 0.435716 0.131078 0.415532 1.301239
0.012500 0.050000 0.028432 0.420572 0.066342 0.415306 1.184534
0.100000 0.025000 0.099922 0.533599 0.490669 0.209697 1.426099
0.050000 0.025000 0.053250 0.330868 0.256699 0.208757 1.417539
0.025000 0.025000 0.029174 0.246399 0.131435 0.208416 1.386470
0.012500 0.025000 0.018163 0.218668 0.066523 0.208303 1.305812
0.100000 0.012500 0.099969 0.502340 0.491248 0.104981 1.421955
0.050000 0.012500 0.052571 0.277439 0.257002 0.104510 1.419103
0.025000 0.012500 0.027395 0.167936 0.131590 0.104339 1.411296
0.012500 0.012500 0.014811 0.123736 0.066601 0.104283 1.381793
0.100000 0.006250 0.100104 0.494314 0.491516 0.052520 1.419529
0.050000 0.006250 0.052477 0.262403 0.257142 0.052284 1.417769
0.025000 0.006250 0.026986 0.141631 0.131661 0.052198 1.415966
0.012500 0.006250 0.013900 0.084630 0.066637 0.052170 1.407993

Table 5.8 – Case (b), ω1 =ω2 = 10, ε= c = 1

h ∆t Error Estimator ηS ηT ẽ I

0.100000 0.012500 11.215607 110.830745 33.640520 105.601939 1.070288
0.050000 0.012500 5.076077 105.488744 17.542406 104.019898 1.692331
0.025000 0.012500 2.561485 103.725779 8.977862 103.336515 2.873940
0.012500 0.012500 1.305783 103.153331 4.543451 103.053222 5.356618
0.100000 0.006250 11.359347 62.831589 33.646167 53.063584 0.910950
0.050000 0.006250 5.133734 55.133439 17.544632 52.267408 1.198453
0.025000 0.006250 2.582849 52.694208 8.978980 51.923573 1.675013
0.012500 0.006250 1.301855 51.979935 4.544015 51.780938 2.837058
0.100000 0.003125 11.402969 42.870651 33.647787 26.565375 0.866857
0.050000 0.003125 5.152401 31.504281 17.545247 26.166468 1.040785
0.025000 0.003125 2.591626 27.501401 8.979288 25.994220 1.204101
0.012500 0.003125 1.304904 26.318014 4.544170 25.922738 1.663414
0.100000 0.001563 11.417449 36.176701 33.648292 13.287065 0.855287
0.050000 0.001563 5.158831 21.888897 17.545428 13.087465 0.997405
0.025000 0.001563 2.594882 15.800716 8.979379 13.001284 1.054426
0.012500 0.001563 1.306407 13.738792 4.544216 12.965513 1.203508

For ε= 1 and c = 10, we first run a few tests for numerous values of ∆t as illustrated in figures

5.3. We can see that the choice of ∆t really affects the results. Thus, from now and further, we

take ∆t = h/2 (unless specified otherwise), in order to assure enough accuracy.

Effectivity index with respect to ε and c. Now, we want to study the performance of the

error indicator and check the effectivity index as we vary the equation parameters ε and c . We

display the corresponding error and estimator results in Table 5.9, for the case (a). We observe
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Figure 5.3 – Case (b) - Exact solution and approximated solutions with ω1 =ω2 = 10, c = 10,
ε= 1 and various time steps ∆t at T = 1.55s

that the effectivity index remains nearly constant (= 1) for several discretization parameters

and different values of ε and c. In Figure 5.4, we show the exact and approximated solutions

for ε= 1, c = 0.1.
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Figure 5.4 – Case (a) with ω1 = 1 - Exact and approximated solutions for ε= 1, c = 0.1 - Left
unzoomed, right zoomed. h = 0.025 and ∆t = 0.5h
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5.1. The backward Euler scheme:

Table 5.9 – Case (a) with ω1 = 1 , a posteriori error estimate results for the finite elements
method to solve equation (15) - ∆t = 0.5h.

h Error Estimator ηS ηT ẽ I

0.050000 0.022483 0.078076 0.078076 0.000032 1.003661
(ε,c) = (0.1,0.1) 0.025000 0.011522 0.039938 0.039938 0.000004 1.001796

0.012500 0.005833 0.020208 0.020208 0.000001 1.001337
0.006250 0.002935 0.010166 0.010166 0.000000 1.001223
0.050000 0.022515 0.080621 0.080615 0.000988 1.034819

(ε,c) = (0.1,1.0) 0.025000 0.011527 0.040284 0.040284 0.000136 1.010050
0.012500 0.005834 0.020254 0.020254 0.000018 1.003450
0.006250 0.002935 0.010172 0.010172 0.000002 1.001757
0.050000 0.022571 0.209947 0.202121 0.056788 2.593575

(ε,c) = (0.1,10.0) 0.025000 0.011533 0.063782 0.063081 0.009430 1.581736
0.012500 0.005834 0.023805 0.023764 0.001397 1.177338
0.006250 0.002935 0.010649 0.010647 0.000194 1.048543
0.050000 0.071134 0.246545 0.246545 0.000169 1.001717

(ε,c) = (1.0,0.1) 0.025000 0.036441 0.126247 0.126247 0.000023 1.001274
0.012500 0.018446 0.063899 0.063899 0.000003 1.001201
0.006250 0.009280 0.032147 0.032147 0.000000 1.001189
0.050000 0.071139 0.246626 0.246625 0.000340 1.001972

(ε,c) = (1.0,1.0) 0.025000 0.036442 0.126258 0.126258 0.000047 1.001344
0.012500 0.018446 0.063900 0.063900 0.000006 1.001220
0.006250 0.009280 0.032147 0.032147 0.000001 1.001193
0.050000 0.071258 0.253912 0.253819 0.006856 1.029497

(ε,c) = (1.0,10.0) 0.025000 0.036458 0.127239 0.127234 0.001091 1.008637
0.012500 0.018448 0.064027 0.064027 0.000158 1.003092
0.006250 0.009280 0.032164 0.032164 0.000022 1.001667
0.050000 0.224991 0.779403 0.779402 0.001100 1.001201

(ε,c) = (10.0,0.1) 0.025000 0.115244 0.399196 0.399196 0.000170 1.001136
0.012500 0.058331 0.202061 0.202061 0.000024 1.001166
0.006250 0.029346 0.101658 0.101658 0.000003 1.001179
0.050000 0.224991 0.779406 0.779405 0.001199 1.001201

(ε,c) = (10.0,1.0) 0.025000 0.115244 0.399196 0.399196 0.000185 1.001136
0.012500 0.058331 0.202061 0.202061 0.000026 1.001166
0.006250 0.029346 0.101658 0.101658 0.000004 1.001180
0.050000 0.225008 0.779654 0.779651 0.002274 1.001443

(ε,c) = (10.0,10.0) 0.025000 0.115246 0.399230 0.399229 0.000355 1.001202
0.012500 0.058331 0.202065 0.202065 0.000051 1.001183
0.006250 0.029346 0.101658 0.101658 0.000007 1.001184

We move back to the case (b). The results for various values of ω1 and ω2 are reported in

Tables 5.10, 5.11, 5.12 and 5.13. Figure 5.5 shows the exact and approximated solutions for

ω1 =ω2 = 1 for ε= c = 1. We observe that:
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- The effectivity index values are close to one for all considered values of ε and c

- The appropriate order of convergence is obtained
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Figure 5.5 – Case (b), ω1 = ω2 = 1 and ε = c = 1, exact and approximated solutions for h =
0.00625, ∆t = 0.5h.
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5.1. The backward Euler scheme:

Table 5.10 – Case (b), ω1 = 1,ω2 = 10, a posteriori error estimate results for the finite elements
method to solve equation (15) - ∆t = 0.5h.

h Error Estimator ηS ηT ẽ I

0.050000 0.419310 6.830061 1.009364 6.755066 1.279648
(ε,c) = (1.0,0.1) 0.025000 0.221511 3.497553 0.551415 3.453812 1.264167

0.012500 0.113846 1.759673 0.286818 1.736141 1.250517
0.006250 0.057711 0.881824 0.146092 0.869639 1.242769
0.050000 0.415250 6.828586 1.008446 6.753711 1.291631

(ε,c) = (1.0,1.0) 0.025000 0.220841 3.496179 0.551078 3.452475 1.267423
0.012500 0.113970 1.759204 0.286718 1.735682 1.248786
0.006250 0.057906 0.881679 0.146065 0.869495 1.238373
0.050000 0.372832 6.887295 0.972220 6.818329 1.433334

(ε,c) = (1.0,10.0) 0.025000 0.232035 3.433148 0.533258 3.391480 1.179265
0.012500 0.132715 1.730641 0.280870 1.707697 1.053563
0.006250 0.071445 0.872481 0.144404 0.860448 0.992927
0.050000 0.541869 7.739608 0.647744 7.712455 1.009811

(ε,c) = (10.0,0.1) 0.025000 0.252717 3.978298 0.338209 3.963896 1.114918
0.012500 0.121215 2.005826 0.172583 1.998387 1.173593
0.006250 0.059256 1.006494 0.087138 1.002715 1.205519
0.050000 0.541310 7.739866 0.647755 7.712713 1.010886

(ε,c) = (10.0,1.0) 0.025000 0.252542 3.978345 0.338211 3.963943 1.115704
0.012500 0.121164 2.005835 0.172583 1.998397 1.174089
0.006250 0.059241 1.006496 0.087138 1.002717 1.205824
0.050000 0.532899 7.754675 0.648890 7.727479 1.028786

(ε,c) = (10.0,10.0) 0.025000 0.249350 3.981376 0.338494 3.966961 1.130856
0.012500 0.119965 2.006520 0.172654 1.999078 1.186245
0.006250 0.058759 1.006651 0.087156 1.002871 1.215917
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Table 5.11 – Case (b), ω1 = 10, ω2 = 1, a posteriori error estimate results for the finite elements
method to solve equation (15) - ∆t = 0.5h.

h Error Estimator ηS ηT ẽ I

0.050000 5.384156 27.046707 18.254876 19.957051 1.010585
(ε,c) = (1.0,0.1) 0.025000 2.710019 13.629419 9.348191 9.918285 1.026386

0.012500 1.364674 6.844912 4.731580 4.946208 1.030798
0.006250 0.685380 3.430843 2.380456 2.470649 1.032179
0.050000 5.384178 27.058801 18.263140 19.965882 1.011037

(ε,c) = (1.0,1.0) 0.025000 2.710151 13.631055 9.349323 9.919467 1.026459
0.012500 1.364697 6.845124 4.731727 4.946360 1.030812
0.006250 0.685383 3.430870 2.380475 2.470669 1.032183
0.050000 5.502962 28.237847 19.068831 20.826802 1.032795

(ε,c) = (1.0,10.0) 0.025000 2.727056 13.789214 9.458704 10.033710 1.032020
0.012500 1.366957 6.865588 4.745948 4.961075 1.032200
0.006250 0.685675 3.433473 2.382289 2.472537 1.032529
0.050000 17.024014 85.481341 57.537531 63.217815 1.007700

(ε,c) = (10.0,0.1) 0.025000 8.569696 43.077876 29.471541 31.418651 1.023553
0.012500 4.315515 21.634281 14.917838 15.668447 1.027976
0.006250 2.167381 10.843548 7.505266 7.826463 1.029363
0.050000 17.023589 85.481724 57.537793 63.218095 1.007730

(ε,c) = (10.0,1.0) 0.025000 8.569682 43.077928 29.471577 31.418689 1.023556
0.012500 4.315515 21.634287 14.917842 15.668451 1.027976
0.006250 2.167381 10.843549 7.505266 7.826464 1.029363
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5.1. The backward Euler scheme:

Table 5.12 – Case (b), ω1 =ω2 = 1, a posteriori error estimate results for the finite elements
method to solve equation (15) - ∆t = 0.5h.

h Error Estimator ηS ηT ẽ I

0.050000 0.053295 0.330752 0.256623 0.208667 1.415927
(ε,c) = (1.0,0.1) 0.025000 0.027410 0.167916 0.131575 0.104325 1.410348

0.012500 0.013905 0.084626 0.066634 0.052168 1.407377
0.006250 0.007004 0.042485 0.033533 0.026087 1.405822
0.050000 0.053250 0.330868 0.256699 0.208757 1.417539

(ε,c) = (1.0,1.0) 0.025000 0.027395 0.167936 0.131590 0.104339 1.411296
0.012500 0.013900 0.084630 0.066637 0.052170 1.407993
0.006250 0.007002 0.042486 0.033534 0.026088 1.406273
0.050000 0.052740 0.339451 0.261806 0.216066 1.460480

(ε,c) = (1.0,10.0) 0.025000 0.027102 0.169283 0.132446 0.105426 1.436004
0.012500 0.013753 0.084854 0.066791 0.052336 1.426397
0.006250 0.006929 0.042527 0.033564 0.026115 1.422276
0.050000 0.165928 0.951041 0.594769 0.742110 1.078036

(ε,c) = (10.0,0.1) 0.025000 0.085042 0.479856 0.304660 0.370735 1.075416
0.012500 0.043056 0.241085 0.154214 0.185311 1.074207
0.006250 0.021664 0.120844 0.077586 0.092647 1.073613
0.050000 0.165928 0.951044 0.594771 0.742113 1.078039

(ε,c) = (10.0,1.0) 0.025000 0.085042 0.479857 0.304661 0.370735 1.075418
0.012500 0.043056 0.241086 0.154214 0.185311 1.074207
0.006250 0.021664 0.120844 0.077586 0.092647 1.073614
0.050000 0.165936 0.951322 0.594960 0.742318 1.078326

(ε,c) = (10.0,10.0) 0.025000 0.085042 0.479896 0.304688 0.370764 1.075505
0.012500 0.043056 0.241091 0.154218 0.185315 1.074238
0.006250 0.021664 0.120844 0.077587 0.092648 1.073628
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Table 5.13 – Case (b), ω1 =ω2 = 10, a posteriori error estimate results for the finite elements
method to solve equation (15) - ∆t = 0.5h.

h Error Estimator ηS ηT ẽ I

0.050000 3.440788 57.333992 11.878495 56.089999 1.288362
(ε,c) = (1.0,0.1) 0.025000 1.744012 28.611470 6.079916 27.958019 1.287499

0.012500 0.880196 14.288253 3.077021 13.952997 1.284152
0.006250 0.442440 7.140734 1.548011 6.970921 1.281858
0.050000 3.440996 57.359250 11.883777 56.114699 1.288855

(ε,c) = (1.0,1.0) 0.025000 1.744111 28.614906 6.080648 27.961376 1.287581
0.012500 0.880213 14.288706 3.077118 13.953440 1.284169
0.006250 0.442442 7.140794 1.548024 6.970980 1.281862
0.050000 3.518194 59.813386 12.397185 58.514537 1.314815

(ε,c) = (1.0,10.0) 0.025000 1.755023 28.945746 6.151160 28.284615 1.294396
0.012500 0.881691 14.332198 3.086463 13.995916 1.285913
0.006250 0.442641 7.146512 1.549258 6.976563 1.282309
0.050000 10.910631 181.788142 37.188856 177.943580 1.278838

(ε,c) = (10.0,0.1) 0.025000 5.524378 90.712271 19.046886 88.690091 1.279573
0.012500 2.785981 45.299187 9.640890 44.261378 1.277222
0.006250 1.399754 22.638451 4.850370 22.112743 1.275498
0.050000 10.910377 181.788947 37.189025 177.944367 1.278873

(ε,c) = (10.0,1.0) 0.025000 5.524370 90.712379 19.046909 88.690197 1.279576
0.012500 2.785981 45.299201 9.640893 44.261392 1.277222
0.006250 1.399754 22.638453 4.850370 22.112744 1.275498
0.050000 10.910423 181.869428 37.205944 178.023051 1.279443

(ε,c) = (10.0,10.0) 0.025000 5.524633 90.723212 19.049229 88.700778 1.279670
0.012500 2.786027 45.300604 9.641196 44.262761 1.277241
0.006250 1.399760 22.638632 4.850409 22.112919 1.275502

5.1.3 A space-time adaptive algorithm

After using various solutions to test the method and the estimators on non-adapted meshes

and constant time-step configurations, we implement an adaptive algorithm in time and

space. The goal of this algorithm is to control the exact error at time T . Given a pre-scripted

tolerance, T OL, we want to build meshes and time steps satisfying the following goal:

0.75T OL ≤
(
η2

S +η2
T

T

) 1
2

≤ 1.25T OL. (5.10)

In order to verify this, it is enough to ensure that, for n = 0, . . . , N −1,

0.752T OL2∆t n

2
≤

∫ tn

tn

M∑
i=0

η2
S,i ≤

1.252T OL2∆t n+1

2
, (5.11)
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0.752T OL2∆t n

2
≤

∫ tn

tn

M∑
i=0

η2
T,i ≤

1.252T OL2∆t n

2
. (5.12)

for all n = 1, . . . , N .

Uniform refinement:

For each time step ∆t n , we need to verify if the conditions (5.11) and (5.12) hold. If the

conditions (5.11) do not hold, we have to refine or coarsen the mesh. If the conditions (5.12)

do not hold, we have to make the time step either bigger or smaller. For the space refinement

or coarsening, the simplest is to do so uniformly. This means, for example, if we want to refine

the mesh, we can multiply the number of nodes M by two. We refer to this as the uniform

refinement in space. We give more details in the Algorithm 5 below.

Algorithm 5 Uniform refinement in space in order to satisfy (5.10)

1: Initialization of the parameters: M , ∆t 0, T , t 0 = 0, n = 0.
2: repeat
3: t n+1 = t n +∆t n {Increment the time }
4: Compute un+1

h solution of (5.4)
5: Compute ηS and ηT according to (5.8) and (5.9)
6: if η2

S and η2
T verify (5.11) and (5.12) respectively then

7: Accept the time step: n = n +1, un
h = un+1

h , t n = t n+1

8: else
9: if (5.11) is not satisfied then

10: if
∫ tn+1

tn

M∑
i=0

η2
S,i >

1.252T OL2∆t n

2
then

11: M ← 2M {refine the mesh}

12: else if
∫ tn+1

tn

M∑
i=0

η2
S,i <

0.752T OL2∆t n

2
then

13: M ← M/2 {coarsen the mesh}
14: end if
15: Interpolate un

h on the new mesh.
16: end if
17: if (5.12) is not satisfied then

18: if
∫ tn+1

tn

M∑
i=0

η2
T,i >

1.252T OL2∆t n

2
then

19: ∆t n ← ∆t n

2 {time step too big}
20: else
21: ∆t n ← 2∆t n {time step too small}
22: end if
23: end if
24: end if
25: until t n < T

We run Algorithm 5 for the case (b), with ω1 =ω2 = 1 and present the results for various values

of T OL in Table 5.14. M corresponds to the number of grid points at final time T .
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Table 5.14 – Case (b), ω1 = 1, ω2 = 1, Algorithm 5 for different T OL values.

T OL Error N M

1 0.0615 11 10
0.5 0.03 18 20

0.25 0.012 36 40
0.125 0.054 72 80

0.0625 0.028 143 160
0.03125 0.017 287 320

0.015625 0.0083 540 640

We observe that:

- The error at the final time is approximatively divided by 2 when T OL is divided by 2.

- The total number of points M at final time doubles as the tolerance is divided by 2.

- The total number of time steps N is multiplied by two as the tolerance divides by 2.

These observations confirm the first-order convergence of the error and estimators.

Non-uniform refinement:

As we already mentioned, Algorithm 5 only uses uniform refinement or coarsening in space.

We can though, exploit the local nature of the space estimator ηS . The goal is to satisfy (5.11).

A first possibility is to require that

0.752T OL2∆t n

2

1

M
≤

∫ tn

tn

η2
S,i ≤

1.252T OL2∆t n

2

1

M
∀i = 0, . . . , M −1. (5.13)

The criterion (5.13) imposes the equidistribution of the error, enforcing a comparable value

of the local error estimator on each subinterval regardless of its length. Another sufficient

condition for (5.11) is to impose that

0.752T OL2∆t n

2
(xi+1 −xi ) ≤

∫ tn+1

tn

η2
S,i ≤

1.252T OL2∆t n

2
(xi+1 −xi ) ∀i = 0, . . . , M −1.

(5.14)

In the condition (5.14), the re-partition of the error is weighted by (xi+1 −xi ) . We rely on the

condition (5.14) for the adaptive procedure that finds a (non-uniform) partition of D, given

in Algorithm 6. The idea is, for each time-step, we need to check that for each subinterval

[xi , xi+1], i = 0, . . . , M −1, of the current partition that the criterion (5.13) or (5.14) is verified.

If it is too large, then we should refine the interval [xi , xi+1], for instance, by adding its mid-

point, while a coarsening is done if it is very small.
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Algorithm 6 Non-uniform refinement in space in order to satisfy (5.10)

1: Initialization of the parameters: M , ∆t 0, T , t 0 = 0, n = 0.
2: repeat
3: t n+1 = t n +∆t n {Increment the time }
4: Compute un+1

h solution of (5.4)
5: Compute ηS and ηT according to (5.8) and (5.9)
6: if η2

S and η2
T verify (5.11) and (5.12) respectively then

7: Accept the time step: n = n +1, un
h = un+1

h , t n = t n+1

8: else
9: if (5.11) is not satisfied then

10: for i = 0, . . . , M −1 do

11: if η2
S,i > (xn

i+1 −xn
i )

1.252T OL2∆t n

2
then

12: add the mid-point
xi +xi+1

2
to the mesh

13: else if η2
S,i < (xn

i+1 −xn
i )

0.752T OL2∆t n

2
then

14: remove the endpoint xi+1 from the mesh
15: end if
16: end for
17: Project un

h on the new mesh.
18: end if
19: if (5.12) is not satisfied then

20: if
M∑

i=0
η2

T,i >
1.252T OL2∆t n

2
then

21: ∆t n+1 ← ∆t n

2
22: else
23: ∆t n+1 ← 2∆t n

24: end if
25: end if
26: end if
27: until t n < T
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Remark: We have also implemented Algorithm 7, similar to Algorithm 6 but with goal to satisfy

0.75T OL ≤

 η2
S +η2

T∫ T

0

∥∥∥∥∂uh∆t

∂x

∥∥∥∥2

L2([0,1])


1
2

≤ 1.25T OL.

Instead of (5.10). Then (5.11) and (5.12) can be replaced by:

0.752T OL2
∫ tn+1

tn

∥∥∥∂uh∆t
∂x

∥∥∥2

L2([0,1])

2
≤

∫ tn+1

tn

M∑
i=0

η2
S,i ≤

1.252T OL2
∫ tn+1

tn

∫ tn+1
tn

∥∥∥∂uh∆t
∂x

∥∥∥2

L2([0,1])

2
, (5.15)

0.752T OL2
∫ tn+1

tn

∥∥∥∂uh∆t
∂x

∥∥∥2

L2([0,1])

2
≤

∫ tn+1

tn

M∑
i=0

η2
T,i ≤

1.252T OL2
∫ tn+1

tn

∥∥∥∂uh∆t
∂x

∥∥∥2

L2([0,1])

2
, (5.16)

If we look for a non-uniform partition for which (5.15) holds, for each time step we would have

to verify the following criterion,

0.752T OL2
∫ tn+1

tn

∥∥∥∂uh∆t
∂x

∥∥∥2

L2([0,1])

2

xi+1 −xi

|D| ≤
∫ tn+1

tn

η2
S,i

≤
1.252T OL2

∫ tn+1
tn

∥∥∥∂uh∆t
∂x

∥∥∥2

L2([0,1])

2

xi+1 −xi

|D| ∀i = 0, . . . , M −1.

(5.17)

In Algorithm 7, we give an adaptive algorithm where we rely on the condition (5.17) to adapt

the space partition.
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Algorithm 7 Non-uniform refinement in space (goal 2)

1: Initialization of the parameters: M , ∆t 0, T , t 0 = 0, n = 0.
2: repeat
3: t n+1 = t n +∆t n+1 {Increment the time }
4: Compute the solution un+1

h at time t
5: Compute ηS and ηT according to (5.8) and (5.9)
6: if η2

S and η2
T verify (5.15) and (5.16) respectively then

7: Accept the time step: n = n +1, un
h = un+1

h , t n = t n+1

8: else
9: if (5.15) is not satisfied then

10: for i = 0, . . . , M −1 do

11: if
∫ tn+1

tn

η2
S,i > (xn

i+1 −xn
i )

1.252T OL2
∫ tn+1

tn

∥∥∥∂uh∆t
∂x

∥∥∥2

L2([0,1])

2
then

12: add the mid-point
xi +xi+1

2
to the mesh

13: else if
∫ tn+1

tn

η2
S,i < (xn

i+1 −xn
i )

0.752T OL2
∫ tn+1

tn

∥∥∥∂uh∆t
∂x

∥∥∥2

L2([0,1])

2
then

14: remove the endpoint xi+1 from the mesh
15: end if
16: end for
17: Project un

h on the new mesh.
18: end if
19: if (5.16) is not satisfied then

20: if
∫ tn+1

tn

M∑
i=0

η2
T,i >

1.252T OL2
∫ tn+1

tn

∥∥∥∂uh∆t
∂x

∥∥∥2

L2([0,1])

2
then

21: ∆t n ← ∆t n

2
22: else
23: ∆t n ← 2∆t n

24: end if
25: end if
26: end if
27: until t n < T
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We now run Algorithm 6. In Table 5.15 and Table 5.16 we show the result for the case (a) with

ω1 = 1 then ω1 = 10 respectively. The first observation is that the time-steps number required

to reach T did not change for both cases. However, the number of grid points did change:

it is larger when ω1 = 10, as we would have expected. The second observation is that, with

the non-uniform space adaptation, we were able to get an error that is three times smaller

than the same error obtained with 160 grid points (if we compare Table 5.1 and Table 5.15),

with only 119 points. We show the results for the case (b) with ω1 =ω2 = 1 and ω1 =ω2 = 2 in

Tables 5.18 and 5.19 respectively. In Figure 5.6, for ω1 = ω2 = 2, we show the exact and the

adapted solution for T OL = 0.2. We can see that the space adaptation results in adding more

points around the oscillations for a better accuracy. Results of the case (b) with ω1 = 1, ω2 = 2

then ω1 = 1, ω2 = 10 are illustrated in Tables 5.20 and 5.21 respectively. Finally, for for the case

(b) with ω1 =ω2 = 10, we show the results in Table 5.22. From Tables 5.16 and 5.17, we can

notice that the more space-dependent the solution is, the more grid points are required for

the same T OL. The same applies to the time-dependency, as we can see in Table 5.21, (where

ω2 is the largest), the number of time-steps becomes very large as we decrease T OL.

When it comes to effectivity indices, the normalized effectivity is close to one. It is

particularly the case when the space-error takes over, as we can see in Tables 5.15, 5.16, and

5.17. We can make the same observations that we made for the uniform adaptation:

- The number of points M roughly doubles when T OL is divided by two.

- When time adaptivity is important (i.e., when the solution has time dependency), the

number of time steps N doubles when T OL doubles.

- The adaptive schemes allow having smaller effectivity indices since our grid parameters

go to zero.

Table 5.15 – Case (a) with ω1 = 1, Algorithm 6 for different T OL values.

T OL N M Error Estimator ηS ηT ẽ I

1 14 119 0.003038 0.010713 0.010713 0.000006 1.007639
0.5 14 234 0.001656 0.006075 0.006075 0.000006 1.048172

0.25 14 472 0.000784 0.002737 0.002737 0.000004 0.997879
0.125 14 943 0.000396 0.001371 0.001371 0.000004 0.990471

164



5.1. The backward Euler scheme:

Table 5.16 – Case (a) with ω1 = 10, Algorithm 6 for different T OL values.

T OL N M Error Estimator ηS ηT ẽ I

1 14 555 0.066327 0.227791 0.227791 0.000004 0.981248
0.5 14 1108 0.033034 0.113389 0.113389 0.000001 0.980694

0.25 14 2207 0.016318 0.056389 0.056389 0.000000 0.987307
0.125 14 4399 0.008280 0.028575 0.028575 0.000000 0.986061

0.0625 14 8795 0.004128 0.014244 0.014244 0.000000 0.985813

Table 5.17 – Case (b) with ω1 = 10 and ω2 = 1, Algorithm 6 for different T OL values.

T OL N M Error Estimator ηS ηT ẽ I

1 794 622 0.005689 0.026200 0.019538 0.017456 0.992070
0.5 1535 1252 0.001983 0.009249 0.006897 0.006163 1.004776

0.25 3134 2363 0.000723 0.003312 0.002494 0.002179 0.996316
0.125 6248 4610 0.000253 0.001169 0.000880 0.000770 1.002616

0.0625 12533 9293 0.000089 0.000413 0.000311 0.000272 1.004473

Table 5.18 – Case (b) with ω1 =ω2 = 1, Algorithm 6 for different T OL values.

T OL N M Error Estimator ηS ηT ẽ I

0.25 5 10 0.117901 0.144175 0.136402 0.046701 1.222848
0.125 6 16 0.078218 0.105162 0.093813 0.047520 1.344476

0.0625 9 31 0.044930 0.063788 0.055290 0.031811 1.419704
0.03125 19 57 0.022083 0.031047 0.027791 0.013842 1.405947

0.015625 28 133 0.011888 0.015286 0.012228 0.009173 1.285906
0.0078125 63 249 0.005830 0.007546 0.006349 0.004077 1.294197

Table 5.19 – Case (b) with ω1 =ω2 = 2, Algorithm 6 for different T OL values.

T OL N M Error Estimator ηS ηT ẽ I

0.25 19 33 0.126420 0.186576 0.140626 0.122617 1.475840
0.125 35 69 0.069164 0.098253 0.070035 0.068911 1.420582

0.0625 74 137 0.032870 0.605002 0.037989 0.032741 1.525750
0.03125 140 271 0.019898 0.323095 0.019141 0.017537 1.304668

0.015625 278 539 0.009565 0.160304 0.009504 0.008701 1.347073
0.0078125 562 1077 0.004450 0.078819 0.004720 0.004276 1.431043
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Figure 5.6 – Case (b) with ω1 = ω2 = 2. Exact solution and adapted numerical solution for
T OL = 0.2

Table 5.20 – Case (b) with ω1 = 1,ω2 = 2, Algorithm 6 for different T OL values.

T OL N M Error Estimator ηS ηT ẽ I

0.25 6 10 0.201029 0.203262 0.158372 0.127413 1.011111
0.125 7 17 0.168490 0.129244 0.086022 0.096458 0.767070

0.0625 19 54 0.056265 0.051611 0.034996 0.037934 0.917289
0.03125 33 71 0.040733 0.029803 0.021536 0.020602 0.731685

0.015625 63 191 0.017179 0.015575 0.010847 0.011177 0.906657
0.0078125 141 371 0.007881 0.007606 0.005768 0.004957 0.965091

Table 5.21 – Case (b) with ω1 = 1, ω2 = 10, Algorithm 6 for different T OL values.

T OL N M Error Estimator ηS ηT ẽ I

0.25 60 50 0.192042 0.218386 0.167188 0.140501 1.137179
0.125 134 71 0.098575 0.106893 0.085930 0.063578 1.084378

0.0625 203 139 0.070611 0.769249 0.047125 0.041684 0.891019
0.03125 457 424 0.025810 0.342845 0.017555 0.018721 0.994333

0.015625 1020 860 0.012118 0.155646 0.007953 0.008499 0.960553
0.0078125 1558 1690 0.007020 0.098785 0.004504 0.005414 1.003100

166



5.1. The backward Euler scheme:

Table 5.22 – Case (b) with ω1 = 10, ω2 = 10, Algorithm 6 for different T OL values.

T OL N M Error Estimator ηS ηT ẽ I

1 374 221 0.688965 0.893016 0.685728 0.572063 1.296171
0.5 742 438 0.310613 0.455141 0.342145 0.300149 1.465297

0.25 1483 867 0.156150 0.229754 0.171309 0.153101 1.471368
0.125 2965 1583 0.079664 0.114987 0.086595 0.075652 1.443402

0.0625 5908 3436 0.039815 0.057917 0.043272 0.038496 1.454650

In order to further test the adaptive algorithm, we consider the following brutal solution in

time and space:

u(x, t ) = 100

π

(
arctan

(
x −x0

εx

)
−arctan

(
x −x1

εx

))
(
arctan

(
t − t0

εt

)
−arctan

(
t − t1

εt

))
(5.18)

We run the algorithm with T = 0.55 [s], x0 = L
3 , x1 = 2L

3 , t0 = T
3 , t1 = 2T

3 , εx = 0.01 and εt = 0.15.

We illustrate the results in Table 5.23. In Figure 5.7, we show the exact and the adapted

solutions for some T OL values.

Table 5.23 – Exact solution (5.18), Algorithm 6 for different T OL values.

T OL N M Error Estimator ηS ηT ẽ I

10 32 96 8.297362 7.387390 5.108976 5.335906 0.890330
5 63 175 3.418831 3.280637 2.301518 2.337862 0.959579

2.5 122 334 1.555447 1.948801 1.442779 1.310044 1.252888
1.25 245 652 0.842753 0.944091 0.723408 0.606621 1.120247

0.625 339 1287 0.502159 0.501230 0.377402 0.329848 0.998151
0.3125 461 2556 0.293027 0.273138 0.193324 0.192951 0.932127

We see that the values of error are divided by two when the tolerance is. Since this is a brutal

solution in space and in time, we observe that we need numerous points and time steps to

reach an acceptable range of error values. Without adaptation, it seems hard to obtain the

same results with a fixed number of points. Moreover, the effectivity index is roughly equal to

1 for all chosen T OL. Finally, we consider the following initial condition:

u(x,0) = 0.2

(
arctan

(
x −0.15

0.001

)
−arctan

(
x −0.45

0.001

))
, (5.19)

that we display in Figure 5.8. In this test case situation, our goal is not to compare with an

exact solution (Thus, there is no source term in the resolution scheme). Instead, we want to

see the behavior of our solution and the way it exhibits the characteristics of the diffusion

and convection terms, whilse using the adaptive algorithm. We use various ε and c and we
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Figure 5.7 – Exact solution for the initial condition (5.18) and adapted numerical solutions for
T OL = 1.25 and T OL = 0.3125

consider the final time T = 0.15. First, we rely on Algorithm 6 and show the results in Table

5.24.

Then, we rely on Algorithm 7 and show the results in Table 5.25, we illustrate the corresponding

results. In Figures 5.13 and 5.10 we show the results for (ε,c) = (0.1,1) and (ε,c) = (0.1,2)

respectively. The solution is transported to the right (more in Figure 5.10) but also diffused

at the same time. For (ε,c) = (1,1), we hardly see the effect of the transport because of the

diffusion as illustrate Figures 5.11 and 5.12. Furthermore, we can observe the numerical

convergence of the solution as the values of T OL get smaller. From these results, we can still

see a convergence with roughly the expected order.
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5.1. The backward Euler scheme:

Table 5.24 – Results for the initial condition (5.19) with Algorithm 6 and various T OL values

T OL N M ηS ηT

7.812500e-03 113 42 0.095412 0.015891
(ε,c) = (0.1,1) 3.906250e-03 230 112 0.051061 0.008234

1.953125e-03 454 233 0.021524 0.004710
9.765625e-04 901 478 0.012483 0.002381
7.812500e-03 24 18 0.015733 0.003517

(ε,c) = (1,0.1) 3.906250e-03 32 84 0.008975 0.001761
1.953125e-03 98 59 0.004571 0.000981
9.765625e-04 191 124 0.002147 0.000541
7.812500e-03 41 45 0.024351 0.005487

(ε,c) = (1,1) 3.906250e-03 84 92 0.015012 0.002691
1.953125e-03 166 182 0.0087023 0.000987
9.765625e-04 340 341 0.0045123 0.000427
1.562500e-02 78 57 0.125733 0.021971
7.812500e-03 152 103 0.068912 0.012393

(ε,c) = (0.1,2) 3.906250e-03 312 211 0.007123 0.001667
1.953125e-03 601 405 0.017031 0.003941
9.765625e-04 1155 689 0.008756 0.001581

Table 5.25 – Results for the initial condition (5.19) with Algorithm 7 and various T OL values

T OL N M ηS ηT

7.812500e-03 259 127 0.028638 0.003547
(ε,c) = (0.1,1) 3.906250e-03 473 226 0.014764 0.001667

1.953125e-03 805 380 0.008150 0.000933
9.765625e-04 1371 676 0.004787 0.000586
7.812500e-03 55 27 0.007523 0.001893

(ε,c) = (1,0.1) 3.906250e-03 99 84 0.004427 0.000852
1.953125e-03 178 145 0.002915 0.000388
9.765625e-04 311 250 0.001633 0.000224
7.812500e-03 70 61 0.009704 0.002350

(ε,c) = (1,1) 3.906250e-03 127 115 0.005826 0.001026
1.953125e-03 229 153 0.003488 0.000469
9.765625e-04 393 324 0.002132 0.000268
1.562500e-02 134 84 0.070989 0.009498
7.812500e-03 259 127 0.028638 0.003547

(ε,c) = (0.1,2) 3.906250e-03 473 226 0.014764 0.001667
1.953125e-03 805 380 0.008150 0.000933
9.765625e-04 1371 676 0.004787 0.000586
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Figure 5.8 – The initial condition given by (5.19)
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Figure 5.9 – (ε,c) = (0.1,1). Left: Initial condition and solution at T = 0.15. Right: Zoom on the
solution at T = 0.15.
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Figure 5.10 – (ε,c) = (0.1,2). Solution at T = 0.15
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Figure 5.11 – (ε,c) = (1,1). Left: Initial condition and solution at T = 0.15. Right: Zoom on the
solution at T = 0.15.
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Figure 5.12 – (ε,c) = (1,0.1). Left: Initial condition and solution at T = 0.15. Right: Zoom on
the solution at T = 0.15.

5.2 The time-splitting scheme:

We now want to check the results when we deal with the same equation but with a splitting

scheme. This means that we solve the equation in two steps, with the finite element method.

The scheme splits the diffusion and convection effects. The problem reads: knowing un
h ∈Vh ,

find un+1/2
h ∈Vh such that,

∫ 1

0

un+1/2
h −un

h

∆t
vh + c

∫ 1

0

dun+1/2
h

d x
vh = 0 ∀vh ∈Vh , (5.20)

then find un+1
h ∈Vh such that

∫ 1

0

un+1
h −un+1/2

h

∆t
vh +ε

∫ 1

0

dun+1
h

d x

d vh

d x
d x =

∫ 1

0
f (tn+1)vh ∀vh ∈Vh . (5.21)

We write both equations (5.20) and (5.21) in the matrix: set vh =ϕi , i = 1, . . . , N , where ϕi are

the affine shape functions defined in section 3. We get:

1

∆t

M∑
j=0

un+1/2
j

∫ 1

0
ϕ jϕi − 1

∆t

M∑
j=0

un
j

∫ 1

0
ϕ jϕi + c

M∑
j=0

un+1/2
j

∫ 1

0
ϕ′

jϕi = 0, (5.22)

1

∆t

M∑
j=0

un+1
j

∫ 1

0
ϕ jϕi − 1

∆t

M∑
j=0

un+1/2
j

∫ 1

0
ϕ jϕi +ε

M∑
j=0

un+1
j

∫ 1

0
ϕ′

jϕ
′
i =

∫ 1

0
f (tn+1)ϕi . (5.23)

Finally we get the following differential systems that we need to solve:

1

∆t
M

(
~un+1/2 −~un)+B~un+1/2 =~0,
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1

∆t
M

(
~un+1 −~un+1/2)+ A~un+1 = ~f n+1.

where ~un+1 = (u1, . . . ,uM )T , Mi j = ∫ 1
0 ϕ jϕi , Ai j = ε

∫ 1
0 ϕ

′
jϕ

′
i , Bi j = c

∫ 1
0 ϕ

′
jϕi and f n+1

i =∫ 1
0 f (tn+1)ϕi .

5.2.1 A posteriori error estimate

We remind that the approximation uh∆t of u on each subinterval [tn , tn+1], n = 0, ..., M , is

defined by:

uh∆t (x, t ) := t − tn

∆t
un+1

h (x)+ tn+1 − t

∆t
un

h (x).

In order to compute an a posteriori error estimate, we start from (e = u −uh∆t ):

(
∂e

∂t
,e)+ε

∫ 1

0

(
∂e

∂x

)2

+ c
∫ 1

0

(
∂e

∂x

)
e︸ ︷︷ ︸

=0

=
∫ 1

0

(
f − ∂uh∆t

∂t
− c

∂uh∆t

∂x

)
e −ε

∫ 1

0

(
∂uh∆t

∂x

)(
∂e

∂x

)
, (5.24)

Using the equations (5.20) and (5.21) we can write:

∫ 1

0

∂uh∆t

∂t
vh =

∫ 1

0

un+1 −un

∆t
vh =

∫ 1

0
f (tn+1)vh −ε

∫ 1

0

dun+1
h

d x

d vh

d x
− c

∫ 1

0

dun+1/2
h

d x
vh

Thus,∫ 1

0

∂uh∆t

∂t
vh + ε

∫ 1

0

(
∂uh∆t

∂x

)(
∂vh

∂x

)
+ c

∫ 1

0

(
∂uh∆t

∂x

)
vh =

∫ 1

0
f vh +

∫ 1

0
( f (tn+1)− f )vh

+ε
∫ 1

0

(
∂(uh∆t −un+1

h )

∂x

)
∂vh

∂x
+ c

∫ 1

0

(
∂(uh∆t −un+1/2

h )

∂x

)
vh ∀vh ∈Vh .

Using this in equation (5.24), we get:

(
∂e

∂t
,e)+ε

∫ 1

0

(
∂e

∂x

)2

=
∫ 1

0

(
f − ∂uh∆t

∂t
− c

∂uh∆t

∂x

)
(e − vh)

−ε
∫ 1

0

∂uh∆t

∂x

∂(e − vh)

∂x
+

∫ 1

0

(
f − f (tn+1)

)
vh

−ε
∫ 1

0

∂(uh∆t −un+1
h )

∂x

∂vh

∂x
− c

∫ 1

0

∂(uh∆t −un+1/2
h )

∂x
vh ,

which leads to:

(
∂e

∂t
,e)+ε

∫ 1

0

(
∂e

∂x

)2

=
M∑

i=0

∫ xi+1

xi

(
f − ∂uh∆t

∂t
− c

∂uh∆t

∂x
+ε∂

2uh∆t

∂x2

)
(e − vh)

−
[
ε
∂uh∆t

∂x
(e − vh)

]xi+1

xi

+
∫ xi+1

xi

(
f − f (tn+1)

)
vh

−ε
∫ xi+1

xi

∂(uh∆t −un+1
h )

∂x

∂vh

∂x
− c

∫ xi+1

xi

∂(uh∆t −un+1/2
h )

∂x
vh ,
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for any vh ∈ Vh . Since e ∈ H 1
0 (0,1), v ∈ C 0([0,1]) and we can choose vh = Rhe, the Lagrange

interpolant. Doing so, the jump terms vanish. We site the interpolation results:

• ‖e −Rhe‖ ≤ hi Ca

∥∥∥∥∂e

∂x

∥∥∥∥
L2(xi ,xi+1)

≤ C̄ hi

∥∥∥∥∂e

∂x

∥∥∥∥
L2(xi ,xi+1)

,

•

∥∥∥∥∂Rhe

∂x

∥∥∥∥
L2(xi ,xi+1)

≤Cb

∥∥∥∥∂e

∂x

∥∥∥∥
L2(xi ,xi+1)

≤ C̄

∥∥∥∥∂e

∂x

∥∥∥∥
L2(xi ,xi+1)

,

• ‖Rhe‖L2(xi ,xi+1) ≤Cc

∥∥∥∥∂e

∂x

∥∥∥∥
L2(xi ,xi+1)

≤ C̄

∥∥∥∥∂e

∂x

∥∥∥∥
L2(xi ,xi+1)

,

where Ca ,Cb and Cc are positive constants and C̄ = max(Ca ,Cb ,Cc ).

Denote

Rs =
M∑

i=0

∫ xi+1

xi

(
f − ∂uh∆t

∂t
− c

∂uh∆t

∂x
+ε∂

2uh∆t

∂x2

)
(e − vh)+

∫ xi+1

xi

(
f − f (tn+1)

)
vh

−ε
∫ xi+1

xi

∂(uh∆t −un+1
h )

∂x

∂vh

∂x
− c

∫ xi+1

xi

∂(uh∆t −un+1/2
h )

∂x
vh .

Applying Cauchy-Schwarz inequality on the integrals we get:

Rs ≤
M∑

i=0

∥∥∥∥ f − ∂uh∆t

∂t
− c

∂uh∆t

∂x
+ε∂

2uh∆t

∂x2

∥∥∥∥
L2(xi ,xi+1)

‖e −Rhe‖L2(xi ,xi+1)

+
M∑

i=0

∥∥∥∥( f − f (tn+1))− c
∂

∂x
(uh∆t −un+1/2

h )

∥∥∥∥
L2(xi ,xi+1)

‖Rhe‖L2(xi ,xi+1)

+
M∑

i=0
ε

∥∥∥∥ ∂

∂x
(uh∆t −un+1

h )

∥∥∥∥
L2(xi ,xi+1)

∥∥∥∥∂Rhe

∂x

∥∥∥∥
L2(xi ,xi+1)

Using the inequalitites above, and applying Cauchy-Schwarz again we obtain:

Rs ≤ C̃

(
M∑

i=0

(
hi

∥∥∥∥ f − ∂uh∆t

∂t
− c

∂uh∆t

∂x
+ε∂

2uh∆t
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∂x
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Using Young’s inequality we get:

Rs ≤C̃
M∑

i=0
η2

S,i +
ε

4

∥∥∥∥∂e

∂x

∥∥∥∥2
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+ C̃
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η2
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ε
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where

η2
S,i =

1

ε

(
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∂t
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∂uh∆t

∂x
+ε∂
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and

η2
T,i =

1

ε

(∥∥∥∥( f − f (tn+1))− c
∂

∂x
(uh∆t −un+1/2

h )

∥∥∥∥
L2(xi ,xi+1)

+ε
∥∥∥∥ ∂

∂x
(uh∆t −un+1

h )
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L2(xi ,xi+1)

)2

Finally we get:

1

2

d

d t
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∂x
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η2
T,i +

ε

2

∥∥∥∥∂e
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L2([0,1])

we integrate between tn and tn+1 to obtain:

‖e(tn+1)‖2
L2([0,1]) +ε

∫ tn+1

tn

∥∥∥∥∂e

∂x

∥∥∥∥2

L2([0,1])
≤‖e(tn)‖2

L2([0,1]) + C̃
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(
η2

S,i +η2
T,i

)
.

We define the error as:

Error =
(
‖e(T )‖2

L2([0,1]) −‖e(0)‖2
L2([0,1]) +ε

∫ T

0

∥∥∥∥∂e

∂x

∥∥∥∥2

L2([0,1])

)1/2

and the estimator as:

Estimator =
(

N∑
n=0

M∑
i=0

∫ tn+1

tn

(
η2

S,i +η2
T,i

))1/2

.

For the effectivity index and the other quantities, we use the same notations introduced earlier.

We observe that the space-related estimator, ηS , remains the same obtained earlier without

the splitting.

5.2.2 Numerical results

We use the following cases to test the scheme:

(a) u(x, t ) = si n(πx),

(b) u(x, t ) = si n(ω1πx)si n(ω2πt ), where ω1,ω2 > 0.

Effectivity index with respect to h and ∆t . We start with testing the estimator results for a

fixed set of equation parameters (ε= c = 1), as we vary ∆t and h. First, we consider the case

(a) and check the sharpness of the space indicator. To reduce the time error (and the splitting

error) we consider time steps such that ∆t < h. We report the results in Table 5.26. The first

line of each block in Table 5.26 corresponds to cases where the space error is bigger than the

time error, particularly in the last block. That is why the effectivity index converges to the value

we obtained earlier without splitting for the space indicator. To confirm this, we consider the

same case (a) and we take time-steps that are very small compared to h. The error in time

is negligible compared to that in space and the values of ηT in Table 5.27 confirm this. We

observe that the effectivity index converges to 3.5. We illustrate the exact and approximated
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solutions for this case in Figure 5.13.
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Figure 5.13 – Case (a), exact and approximated solutions for the splitting scheme, unzoomed
(left), zoomed (right).

Table 5.26 – Case (a), ε= c = 1, Splitting scheme

h ∆t Error Estimator e I

0.050000 0.006250 0.116146 0.269223 2.317972
0.025000 0.006250 0.098876 0.163374 1.652314
0.012500 0.006250 0.094617 0.121452 1.283620
0.006250 0.006250 0.095533 0.110637 1.158102
0.050000 0.003125 0.085738 0.253072 2.951707
0.025000 0.003125 0.059402 0.136721 2.301610
0.012500 0.003125 0.050462 0.081965 1.624300
0.006250 0.003125 0.048109 0.060483 1.257201
0.050000 0.001563 0.075542 0.248568 3.290463
0.025000 0.001563 0.043620 0.129108 2.959822
0.012500 0.001563 0.030055 0.068921 2.293149
0.006250 0.001563 0.025497 0.041056 1.610226
0.050000 0.000781 0.072507 0.247271 3.410313
0.025000 0.000781 0.038490 0.127057 3.301026
0.012500 0.000781 0.022005 0.065231 2.964420
0.006250 0.000781 0.015119 0.034605 2.288837
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Table 5.27 – Case (a) with ω1 = 1 - Space effectivity index

h ∆t Error Estimator ηS ηT e I

0.100000 0.001000 0.062262 0.217708 0.217578 0.007512 3.496620
0.050000 0.000500 0.032610 0.113254 0.113192 0.003728 3.473023
0.025000 0.000250 0.016687 0.057859 0.057829 0.001860 3.467292
0.012500 0.000125 0.008441 0.029257 0.029242 0.000930 3.465873

For the sharpness of ηT we use the case (b) with ω1 = 1 and ω2 = 10. The results, illustrated in

Table 5.28 show that the spatial error is negligible compared to the temporal one. We can see

in each block (corresponding to a fixed ∆t) that the error does not follow h. The effectivity

index converges to 15, which now is the sharpness of the time error indicator.

Table 5.28 – Case (b) ω1 = 1,ω2 = 10, ε= c = 1, Splitting scheme

h ∆t Error Estimator ηS ηT e I

0.025000 0.025000 0.450673 6.917756 0.516581 6.898442 15.349850
0.012500 0.025000 0.455195 6.971403 0.261404 6.966501 15.315203
0.006250 0.025000 0.457631 7.226897 0.131504 7.225701 15.791977
0.003125 0.025000 0.458893 8.159885 0.065956 8.159618 17.781685
0.025000 0.012500 0.226783 3.568565 0.551436 3.525703 15.735628
0.012500 0.012500 0.228265 3.556741 0.279035 3.545778 15.581627
0.006250 0.012500 0.229270 3.623423 0.140373 3.620703 15.804178
0.003125 0.012500 0.229839 3.898653 0.070404 3.898017 16.962512
0.025000 0.006250 0.117721 1.861765 0.566818 1.773383 15.815017
0.012500 0.006250 0.116824 1.802818 0.286816 1.779857 15.431978
0.006250 0.006250 0.116864 1.806843 0.144287 1.801073 15.461092
0.003125 0.006250 0.117011 1.880487 0.072367 1.879094 16.071059
0.025000 0.003125 0.063835 1.057578 0.573906 0.888315 16.567358
0.012500 0.003125 0.060370 0.936993 0.290402 0.890855 15.520748
0.006250 0.003125 0.059543 0.909143 0.146090 0.897329 15.268723
0.003125 0.003125 0.059378 0.921587 0.073271 0.918669 15.520558

In order to attain an effectivity index that is close to 1, we divide the space indicator ηS by 3.5

and the time indicator by 15 in order to obtain the following normalized error indicator:√( ηS

3.5

)2
+

(ηT

15

)2
.

The corresponding effectivity is denoted by ẽ I . We examine the case (b) for ε = c = 1, and

different values of ω1 and ω2. The results are reported in Tables 5.29, 5.30, 5.31 and 5.32. The

expected order of convergence (1) is observed. If we look at the last line of each block of these

Tables, we can see that when ∆t and h are simultaneously divided by two, the error and the

estimator are both divided by two. Furthermore, the effectivity index is always close to one as

we vary h and ∆t .
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Table 5.29 – Case (b),ω1 = 1,ω2 = 10 , ε= c = 1, Splitting scheme

h ∆t Error Estimator ẽ I

0.025000 0.025000 0.450673 0.514868 1.142444
0.012500 0.025000 0.455195 0.503310 1.105702
0.006250 0.025000 0.457631 0.517519 1.130865
0.003125 0.025000 0.458893 0.583142 1.270758
0.025000 0.012500 0.226783 0.298029 1.314164
0.012500 0.012500 0.228265 0.265800 1.164434
0.006250 0.012500 0.229270 0.261784 1.141818
0.003125 0.012500 0.229839 0.279172 1.214641
0.025000 0.006250 0.117721 0.207081 1.759074
0.012500 0.006250 0.116824 0.151770 1.299142
0.006250 0.006250 0.116864 0.135238 1.157227
0.003125 0.006250 0.117011 0.135841 1.160926
0.025000 0.003125 0.063835 0.177591 2.782027
0.012500 0.003125 0.060370 0.105326 1.744662
0.006250 0.003125 0.059543 0.076752 1.289026
0.003125 0.003125 0.059378 0.068952 1.161224

Table 5.30 – Case (b),ω1 = 1,ω2 = 1 , ε= c = 1, Splitting scheme

h ∆t Error Estimator ẽ I

0.025000 0.012500 0.036442 0.044173 1.212130
0.050000 0.012500 0.057824 0.075912 1.312816
0.025000 0.012500 0.036442 0.044173 1.212130
0.012500 0.012500 0.027982 0.041473 1.482158
0.025000 0.006250 0.029891 0.039444 1.319611
0.050000 0.006250 0.054100 0.074690 1.380576
0.025000 0.006250 0.029891 0.039444 1.319611
0.012500 0.006250 0.018690 0.024618 1.317132
0.025000 0.003125 0.027812 0.038392 1.380424
0.050000 0.003125 0.053039 0.074416 1.403059
0.025000 0.003125 0.027812 0.038392 1.380424
0.012500 0.003125 0.015207 0.020510 1.348651
0.025000 0.001563 0.027201 0.038145 1.402368
0.050000 0.001563 0.052742 0.074360 1.409872
0.025000 0.001563 0.027201 0.038145 1.402368
0.012500 0.001563 0.014108 0.019567 1.386975
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Table 5.31 – Case (b) ω1 = 10,ω2 = 1,ε= c = 1, Splitting scheme

h ∆t Error Estimator ẽ I

0.025000 0.012500 2.731533 2.791806 1.022066
0.050000 0.012500 5.412469 5.327120 0.984231
0.025000 0.012500 2.731533 2.791806 1.022066
0.012500 0.012500 1.394919 1.553781 1.113887
0.025000 0.006250 2.718716 2.724547 1.002145
0.050000 0.006250 5.414626 5.290911 0.977152
0.025000 0.006250 2.718716 2.724547 1.002145
0.012500 0.006250 1.373163 1.414090 1.029804
0.025000 0.003125 2.717940 2.707752 0.996252
0.050000 0.003125 5.420791 5.281842 0.974367
0.025000 0.003125 2.717940 2.707752 0.996252
0.012500 0.003125 1.367891 1.379031 1.008144
0.025000 0.001563 2.719238 2.703569 0.994238
0.050000 0.001563 5.425205 5.279578 0.973157
0.025000 0.001563 2.719238 2.703569 0.994238
0.012500 0.001563 1.367084 1.370411 1.002433

Table 5.32 – Case (b) ω1 = 10,ω2 = 10, ε= c = 1, Splitting scheme

h ∆t Error Estimator ẽ I

0.050000 0.006250 5.166146 6.303154 1.220088
0.025000 0.006250 2.599412 4.537944 1.745758
0.012500 0.006250 1.321370 3.940030 2.981776
0.006250 0.006250 0.685034 3.774458 5.509887
0.050000 0.003125 5.185946 5.405633 1.042362
0.025000 0.003125 2.601284 3.193807 1.227781
0.012500 0.003125 1.311313 2.274739 1.734704
0.006250 0.003125 0.663751 1.971095 2.969632
0.050000 0.001563 5.195233 5.156628 0.992569
0.025000 0.001563 2.603965 2.756975 1.058760
0.012500 0.001563 1.309757 1.608315 1.227949
0.006250 0.001563 0.658886 1.139179 1.728947
0.050000 0.000781 5.199674 5.092499 0.979388
0.025000 0.000781 2.605693 2.636561 1.011846
0.012500 0.000781 1.309757 1.392928 1.063501
0.006250 0.000781 0.657725 0.807286 1.227392

Effectivity index with respect to ε and c. In this part, we focus on altering the equation

parameters ε and c for both cases (a) and (b). In Table 5.33, we show the results for case (a)

with ω1 = 1. We observe that the time error is very small (as indicates the time estimator

ηT , and that the effectivity index is always close to one, as obtained previously with the non-

splitting scheme. From Tables 5.34 5.35 and 5.36 and 5.37 we can see that, the effectivity index

is not very sensitive to the equation parameters, but rather the error is. The effectivity indices

remain close to one for all cases.
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Table 5.33 – Case (a), with ω1 = 1, splitting scheme, ∆t = h
10c .

h Error Estimator ẽ I

0.050000 0.071156 0.071255 1.001390
(ε,c) = (1.0,0.1) 0.025000 0.036445 0.036487 1.001156

0.012500 0.018447 0.018468 1.001154
0.006250 0.009280 0.009291 1.001169
0.050000 0.071813 0.071730 0.998842

(ε,c) = (1.0,1.0) 0.025000 0.036828 0.036953 1.003399
0.012500 0.018654 0.018923 1.014425
0.006250 0.009388 0.009735 1.036946
0.050000 0.094184 0.112511 1.194586

(ε,c) = (1.0,10.0) 0.025000 0.049698 0.069160 1.391610
0.012500 0.025703 0.045025 1.751747
0.006250 0.013100 0.030399 2.320518
0.050000 0.225001 0.225261 1.001154

(ε,c) = (10.0,0.1) 0.025000 0.115245 0.115375 1.001123
0.012500 0.058331 0.058399 1.001161
0.006250 0.029346 0.029381 1.001178
0.050000 0.224964 0.225276 1.001387

(ε,c) = (10.0,1.0) 0.025000 0.115242 0.115389 1.001282
0.012500 0.058334 0.058414 1.001361
0.006250 0.029349 0.029395 1.001573
0.050000 0.227342 0.226972 0.998374

(ε,c) = (10.0,10.0) 0.025000 0.116615 0.116902 1.002459
0.012500 0.059076 0.059852 1.013140
0.006250 0.029735 0.030788 1.035436
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Table 5.34 – Case (b), ω1 = 1, ω2 = 1, splitting scheme, ∆t = h
2c .

h Error Estimator ẽ I

0.050000 0.052615 0.074385 1.413750
(ε,c) = (1.0,0.1) 0.025000 0.026993 0.038100 1.411489

0.012500 0.013676 0.019286 1.410240
0.006250 0.006884 0.009703 1.409558
0.050000 0.054100 0.074635 1.379569

(ε,c) = (1.0,1.0) 0.025000 0.027812 0.038348 1.378835
0.012500 0.014108 0.019528 1.384213
0.006250 0.007106 0.009940 1.398747
0.050000 0.070037 0.098478 1.406077

(ε,c) = (1.0,10.0) 0.025000 0.036986 0.057750 1.561418
0.012500 0.019134 0.035924 1.877497
0.006250 0.009753 0.023461 2.405546
0.050000 0.166039 0.172364 1.038097

(ε,c) = (10.0,0.1) 0.025000 0.085057 0.088272 1.037793
0.012500 0.043056 0.044678 1.037681
0.006250 0.021662 0.022477 1.037618
0.050000 0.166163 0.172368 1.037345

(ε,c) = (10.0,1.0) 0.025000 0.085130 0.088279 1.036992
0.012500 0.043096 0.044687 1.036928
0.006250 0.021683 0.022487 1.037059
0.050000 0.167923 0.173149 1.031123

(ε,c) = (10.0,10.0) 0.025000 0.086142 0.089148 1.034900
0.012500 0.043640 0.045610 1.045119
0.006250 0.021966 0.023430 1.066642
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Table 5.35 – Case (b), ω1 = 10, ω2 = 1, splitting scheme, ∆t = h
2c .

h Error Estimator ẽ I

0.050000 5.393149 5.286860 0.980292
(ε,c) = (1.0,0.1) 0.025000 2.711785 2.706880 0.998191

0.012500 1.365085 1.369989 1.003592
0.006250 0.685490 0.689221 1.005443
0.050000 5.414626 5.289364 0.976866

(ε,c) = (1.0,1.0) 0.025000 2.717940 2.707037 0.995989
0.012500 1.367084 1.370044 1.002165
0.006250 0.686233 0.689387 1.004595
0.050000 5.803671 5.759122 0.992324

(ε,c) = (1.0,10.0) 0.025000 2.847113 2.879112 1.011239
0.012500 1.418879 1.458883 1.028194
0.006250 0.709507 0.747203 1.053129
0.050000 17.034264 16.664018 0.978265

(ε,c) = (10.0,0.1) 0.025000 8.571156 8.534033 0.995669
0.012500 4.315760 4.319434 1.000851
0.006250 2.167430 2.173072 1.002603
0.050000 17.040387 16.663333 0.977873

(ε,c) = (10.0,1.0) 0.025000 8.572829 8.533544 0.995417
0.012500 4.316259 4.319174 1.000675
0.006250 2.167598 2.172944 1.002467
0.050000 17.109086 16.646602 0.972969

(ε,c) = (10.0,10.0) 0.025000 8.590939 8.523489 0.992149
0.012500 4.321422 4.314363 0.998367
0.006250 2.169247 2.171028 1.000821
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Table 5.36 – Case (b), ω1 = 10, ω2 = 10, splitting scheme, ∆t = h
2c .

h Error Estimator ẽ I

0.050000 5.140180 6.149838 1.196425
(ε,c) = (1.0,0.1) 0.025000 2.593027 3.120218 1.203311

0.012500 1.306806 1.572226 1.203106
0.006250 0.656537 0.789292 1.202204
0.050000 5.166146 6.158164 1.192023

(ε,c) = (1.0,1.0) 0.025000 2.601284 3.123098 1.200599
0.012500 1.309757 1.573405 1.201296
0.006250 0.657725 0.789924 1.200995
0.050000 5.557237 5.542130 0.997281

(ε,c) = (1.0,10.0) 0.025000 2.725870 2.771183 1.016623
0.012500 1.358776 1.404211 1.033438
0.006250 0.679578 0.719092 1.058145
0.050000 16.265090 19.378156 1.191396

(ε,c) = (10.0,0.1) 0.025000 8.204539 9.833745 1.198574
0.012500 4.133768 4.955165 1.198704
0.006250 2.076400 2.487587 1.198028
0.050000 16.272180 19.378825 1.190918

(ε,c) = (10.0,1.0) 0.025000 8.206553 9.833751 1.198280
0.012500 4.134381 4.955063 1.198502
0.006250 2.076609 2.487512 1.197872
0.050000 16.391297 15.987872 0.975388

(ε,c) = (10.0,10.0) 0.025000 8.230753 8.185001 0.994441
0.012500 4.140290 4.142748 1.000594
0.006250 2.078335 2.084602 1.003015
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Table 5.37 – Case (b), ω1 = 1, ω2 = 10, ε= c, splitting scheme, ∆t = h
2c .

h Error Estimator ẽ I

0.050000 0.436544 0.536640 1.229291
(ε,c) = (1.0,0.1) 0.025000 0.222103 0.280062 1.260957

0.012500 0.114142 0.142387 1.247458
0.006250 0.058123 0.071731 1.234130
0.050000 0.443017 0.543742 1.227363

(ε,c) = (1.0,1.0) 0.025000 0.226783 0.283985 1.252233
0.012500 0.116824 0.144745 1.239004
0.006250 0.059543 0.073222 1.229731
0.050000 0.130421 0.422140 3.236744

(ε,c) = (1.0,10.0) 0.025000 0.069433 0.251937 3.628482
0.012500 0.036084 0.157264 4.358281
0.006250 0.018446 0.102621 5.563309
0.050000 0.560567 0.547198 0.976152

(ε,c) = (10.0,0.1) 0.025000 0.253452 0.281763 1.111701
0.012500 0.121392 0.142259 1.171897
0.006250 0.059624 0.071435 1.198103
0.050000 0.565762 0.548112 0.968804

(ε,c) = (10.0,1.0) 0.025000 0.257511 0.282240 1.096029
0.012500 0.123749 0.142560 1.152009
0.006250 0.060871 0.071631 1.176770
0.050000 0.201695 0.219918 1.090349

(ε,c) = (10.0,10.0) 0.025000 0.104922 0.119877 1.142530
0.012500 0.053544 0.067306 1.257014
0.006250 0.027052 0.039673 1.466574
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5.2.3 A space-time adaptive algorithm

We use the normalized estimator for the adaptive algorithms. Here we use Algorithm 7

described in the previous section. First, we consider the case (b), that we recall:

u(x, t ) = si n(ω1πx)si n(ω2πt ), ω1,ω2 > 0.

We varyω1 andω2, and check the convergence of the result for different T OL values. The initial

time step ∆t = 0.0005 and the initial space step is h = 0.01. Results for (ω1,ω2) = (2,1) and

(ω1,ω2) = (2,2) with the adaptive algorithm, are plotted in Figures 5.14 and 5.15 respectively

for the final time T = 0.15 [s]. Note for all the numerical experiments presented below, we

consider the normalized error indicators:
ηS

3.5
,
ηT

15
and the corresponding effectivity index:

ẽ I =
√( ηS

3.5

)2 + (ηT

15

)2

Error
.

Results for (ω1,ω2) = (2,1) and (ω1,ω2) = (1,2) are given in Tables 5.38, and 5.39 respectively. In

Table 5.38, we observe that for a T OL = 0.0125, the number of grid points needed is 112, which

is bigger than that needed for a smaller T OL in the case where ω1 = 1, as shows Table 5.39.

This is expected since, the smaller ω1 is, the less the solution depends less on space. When it

comes the the time indicator, the same does not necessarily apply. In fact, more time steps

are needed when the solution depends more in space. This is because of the splitting scheme:

in order to reduce the splitting effect on the spatial distribution, more temporal precision is

required. On the other hand, for (ω1,ω2) = (2,2), more time and space steps are needed than

both previous cases for the same T OL values. For all cases, the effectivity indices remain close

to one.
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Figure 5.14 – Case (b), ω1 = 2, ω2 = 1: exact and approximated solutions for different T OL
values, with the splitting scheme.
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Figure 5.15 – Case (b),ω1 =ω2 = 2: exact and approximated solutions for different T OL values,
with the splitting scheme.

Table 5.38 – Case (b) with ω1 = 2 , ω2 = 1, Algorithm 7 for different T OL values.

T OL N M Error Normalized Estimator ηS/3.5 ηT /15 ẽ I

0.1 100 14 0.141423 0.484284 0.136180 0.097291 1.183419
0.05 156 26 0.053389 0.226658 0.064360 0.036734 1.388041

0.025 188 29 0.038677 0.151816 0.042493 0.032907 1.389588
0.0125 670 112 0.009742 0.041100 0.011507 0.008874 1.491592

Table 5.39 – Case (b) with ω1 = 1 , ω2 = 2, Algorithm 7 for different T OL values.

T OL N M Error Normalized Estimator ηS/3.5 ηT /15 ẽ I

0.0625 58 26 0.020236 0.130942 0.036090 0.019124 2.018358
0.03125 127 82 0.020410 0.072502 0.019589 0.012611 1.141453
0.0078 312 177 0.004284 0.022695 0.006150 0.003861 1.695187
0.0039 532 310 0.002208 0.012773 0.003473 0.002118 1.842023

Table 5.40 – Case (b) with ω1 =ω2 = 2, Algorithm 7 for different T OL values.

T OL N M Error Normalized Estimator ηS/3.5 ηT /15 ẽ I

0.1 132 24 0.112393 0.501841 0.144347 0.087320 1.501011
0.05 257 49 0.092175 0.378747 0.110194 0.046241 1.296485

0.025 376 34 0.047392 0.216704 0.062899 0.029176 1.463052
0.0125 636 69 0.023532 0.108163 0.031276 0.016480 1.502282
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Now, we consider the brutal solution (5.18) previously introduced in Subsection 5.1.3, that we

recall here:

u(x, t ) = 100

π

(
arctan

(
x −x0

εx

)
−arctan

(
x −x1

εx

))(
arctan

(
t − t0

εt

)
−arctan

(
t − t1

εt

))
We Initially start with ∆t = 0.0005 and h = 0.01, and the final time is T = 0.55 [s]. In Figure

5.16, we show the convergence of the approximated solution when we apply Algorithm 7 on

the splitting scheme for various T OL values. Table 5.41 illustrates the results of the algorithm.

It shows that, especially for smaller T OL, the estimators and the error follow the right order.

Moreover, the normalized effectivity converges to 1, as expected.
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Figure 5.16 – Exact and approximated solutions for the initial condition (5.18), for different
T OL values, with the splitting scheme.

Table 5.41 – Case (5.18) , Algorithm 7 for different T OL values.

T OL N M Error Normalized Estimator ηS/3.5 ηT /15 ẽ I

0.25 4770 79 7.458076 7.056316 3.473665 5.693511 0.894267
0.125 4801 140 5.829379 4.839279 1.697478 4.389688 0.807369

0.0625 9600 218 3.398597 2.660731 0.793294 2.484608 0.767428
0.003125 19200 342 1.121451 1.270290 0.524751 1.103228 1.089365

Finally, the same way we did with the non-splitting scheme, we consider the initial condition

(5.19) and eliminate the source term. The goal is to qualitatively check the behavior of our

solution by allowing the equation to convect and diffuse our initial solution. Thus, with the
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same adaptive algorithm Algorithm 7, and for T = 0.15 [s], we run multiple tests with different

values for the equation parameters, ε and c. The first observation is that all figures show the

right convergence behavior as T OL goes to zero. If we compare Figure 5.17, where (ε,c) = (1,1)

and Figure 5.18, where (ε,c) = (1,0.1), we observe that for the first case, the initial solution is

not only diffused, but also is slightly transported to the right of the grid’s horizontal axis. For

the second case however, we can’t easily spot the convection effect after just 0.15 [s], which is

explained by the negligeable convection parametrer c of value 0.1. Similarly, we now reduce

the diffusion effect by taking ε= 0.1. We vary c by taking it 1 then 2. In Figure 5.19, we can first

observe that the initial condition is less diffused, as expected. On the other hand, for c = 2, we

can clearly see the convection effect on Figure 5.20, in comparison to the case where c = 1.

Comparing the results with those obtained without splitting, for the same adaptive Algorithm,

we can see that the solution converges faster without splitting than when we use the splitting

scheme (i.e., converges for bigger T OL values), which is expected.
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Figure 5.17 – Results for the initial condition (5.19), (ε,c) = (1,1). Solution at T = 0.15
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Figure 5.18 – Results for the initial condition (5.19), for (ε,c) = (1,0.1). Solution at T = 0.15,
unzoomed (left), zoomed (right)
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Figure 5.19 – Results for the initial condition (5.19),(ε,c) = (0.1,1). Solution at T = 0.15
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Figure 5.20 – Results for the initial condition (5.19), (ε,c) = (0.1,2). Solution at T = 0.15
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Table 5.42 – Results for the initial condition (5.19) with Algorithm 7, various T OL values and
equation parameters ε and c.

T OL N M ηS ηT

1.562500e-02 416 19 0.068685 0.023186
7.812500e-03 1235 55 0.115269 0.033543

(ε,c) = (1,1) 3.906250e-03 1788 81 0.046367 0.014362
1.953125e-03 1444 110 0.006969 0.002148
9.765625e-04 2627 201 0.003996 0.001238
4.882812e-04 3908 198 0.001900 0.000539

5.000000e-03 1258 49 0.046759 0.013897
2.500000e-03 1513 81 0.012596 0.004166
1.250000e-03 1769 78 0.003814 0.001082

(ε,c) = (1,0.1) 6.250000e-04 3173 123 0.002153 0.000626
4.625000e-04 2167 183 0.001508 0.000429
3.422500e-04 2771 270 0.001187 0.000332
2.312500e-04 3798 285 0.000876 0.000243
1.572500e-04 5177 710 0.000640 0.000178

2.500000e-02 645 20 0.178530 0.025131
1.250000e-02 982 29 0.060902 0.008421
6.250000e-03 2015 73 0.037591 0.004692

(ε,c) = (0.1,1) 3.125000e-03 3199 106 0.020951 0.002221
3.125000e-03 3199 106 0.020951 0.002221
1.600000e-03 4608 170 0.010338 0.001175
8.000000e-04 8010 303 0.005999 0.000657

2.500000e-02 1490 37 0.244741 0.032455
1.250000e-02 3060 72 0.122202 0.015585

(ε,c) = (0.1,2) 6.250000e-03 3521 89 0.044326 0.004688
3.125000e-03 5839 151 0.022771 0.002456
3.125000e-03 5839 151 0.022771 0.002456
1.600000e-03 9595 254 0.012768 0.001363
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6 Conclusion

We have designed a three-dimensional numerical model for the transport, sedimentation and

resuspension of mono-dispersed particles within a Newtonian flow with free surfaces.

The operator splitting scheme proposed in [117] for the simulation of free surface flows

has been adapted to include sedimentation dynamics. The time-splitting strategy and the

appropriate mix of finite elements, finite volumes and structured grids, has proved to be

very flexible to incorporate various numerical solvers. Decompression and redistribution

algorithms first used in [117] have been improved and explained. A numerical method was

proposed to solve the sedimentation and resuspension problem. The method consists in

splitting the equation into two parts: a deposition equation and a resuspension equation. We

used a Godunov scheme [76] for the deposition operator, and a higher order finite difference

scheme to solve the resuspension operator.

The method has been first tested on simplified one-dimensional problems then benchmarked

with experimental results. On the first hand, we have calibrated the deposition model

versus experiments; the numerical results agree with experimental measurements for

pure sedimentation, erosion processes and impinging jets. On the second hand, the

complete model with resuspension effects has been calibrated in situations that include

shear-induced movement of the sediments such as sediment flushing and horizontal scouring.

The current model can be extended to include many sediment populations (poly-disperse

model) as explained in the Appendix. Validation with experiments is still required. Future

perspectives include the introduction of interactions between the sediment particles, and the

simulation of real-life 3D topographies. Furthermore, a turbulence model can be introduced.

Finally, a theoretical study of one-dimensional convection-diffusion equation has been

proposed. A posteriori error estimates in time and space have been developed and used

for an adaptive algorithm. This could be a first step to design an error indicator for the

sedimentation problem described above.
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A Extension of the monodisperse sed-
imentation model to polydisperse
model
In this appendix, we extend the proposed model for sediment dynamics into a poly-dispesed

model (a model with poly-dispersed particle populations) for the miscible sediment in the

liquid.

A.1 Mathematical model

LetΛ ∈R3 be the bounded computational domain containing the fluid (mixture of the liquid

and sediments) and the ambiant air and let T > 0 be the final time of the simulation. For

any given time t ∈ (0,T ), let Ωt ⊂Λ be the domain occupied by the fluid (mixture including

sediments), so that the remaining part of the domainΛ is occupied by the ambient air.

Let QT denote the space-time domain containing the liquid, that is QT =
{(x, t ) : x ∈Ωt ,0 < t < T }. Let ΓT be the free surface between the liquid and the air and

defined by ΓT = {(x, t ) ∈ ∂QT \
(
∂Λ× (0,T )

)
}. First let us introduce the set of unknowns:

- We use a volume of fluid (VOF) [91, 117] method to track the fluid volume. This is done

by introducing a characteristic function of the liquidϕ :Λ×(0,T ) → {0,1}, which implies

that QT = {
(x, t ) ∈Λ× (0,T ) :ϕ(x, t ) = 1

}
.

- The velocity field v : QT →R3 and the pressure field p : QT →R are assumed to satisfy

time-dependent, incompressible Navier-Stokes equations, with variable density and

viscosity coefficients, and an additional Darcy-like reaction term modeling the porous

solid matrix.

- Assuming M populations of sediments (differing by size and/or density and/or shape),

the presence rate of a sediment population is denoted by the solid fractions fsi for

i = 1, . . . , M , in the liquid domain. For the various classes of sediments, the sediment

concentrations are defined in the liquid domain as fsi : QT → [0, fsC R ] where fsC R is the

maximal sediment concentration.

The total amount of sediment

fs =
M∑

i=1
fsi
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is actually limited by a critical maximum value fsC R < 1 (i.e the solid fraction of the packed

sediments). This critical value is essentially related to grains’ size and shape.

A.1.1 The volume-of-fluid equation

In order to describe the kinematics of the free surface, ϕ :Λ× (0,T ) →Rmust satisfy (in a weak

sense):
∂ϕ

∂t
+v ·∇ϕ= 0 inΛ× (0,T ). (A.1)

This equation corresponds to the fact that the fluid particles move at velocity v, more precisely,

v(X(t), t) = v(X(0),0), where X(t) is the trajectory of a fluid particle starting from X(0) at time

t = 0, thus X′(t ) = v(X(t ), t ).

The characteristic function of the liquid domain ϕ is given at initial time, which is equivalent

to defining the initial liquid region Ω0 = {x ∈ Λ : ϕ(x,0) = 1}. The initial velocity field v is

prescribed inΩ0 (see below), and boundary conditions are given for ϕ on the inlet part of ∂Ωt

(the part of the boundaries with an inflow, if any).

A.1.2 Navier-stokes equations with sediment dynamics

We assume that the liquid mixture velocity and pressure v : QT →R3 and p : QT →R satisfy:

ρm

(∂v

∂t
+ (

v ·∇)
v
)
−2∇·

(
µmD(v)

)
+αmv+∇p = ρmg in QT , (A.2)

∇·v = 0 in QT . (A.3)

Here D(v) = 1/2(∇v+∇vT ) is the symmetric deformation tensor, g denotes the gravity field. All

physical coefficients depend on the sediment concentrations fsi , i = 1, . . . , M . More precisely,

the density ρm is given by a linear weighted combination of the individual densities ρi :

ρm = ρm( fs , fs1 , fs2 , . . . , fsM ) = ρl (1− fs)+
M∑

i=1
ρi fsi , (A.4)

where ρl (resp. ρi ) is the fluid density (resp. the density of sediment i ). The viscosity µm =
µm( fs , fs1 , fs2 , . . . , fsM ) is given by

µm( fs , fs1 , fs2 , . . . , fsM ) =


µl

(
1− fs

fsC R

)−2.5 fsC R , if fs < fsCO ,

µl

(
1− fsCO

fsC R

)−2.5 fsC R , otherwise,
(A.5)

where µl is the Newtonian dynamic viscosity of the fluid and fsCO is a cohesion threshold

parameter to be calibrated. Moreover, the velocity in the Navier-Stokes equations is penalized

with a Brinkman term using Carman-Kozeny empirical law, which represents the coupling

with Darcy flow in porous media. The reaction coefficient αm =αm( fs , fs1 , fs2 , . . . , fsM ) in (2.2)
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is given by:

αm( fs , fs1 , fs2 , . . . , fsM ) = K
µl f 2

s

d 2∗( fs)( fsC R − fs)3 +ε , (A.6)

where K and ε are constants to be calibrated and d∗ = d∗( fs , fs1 , fs2 , . . . , fsM ) is the local mean

particle diameter computed as

d∗( fs , fs1 , fs2 , . . . , fsM ) =
M∑

i=1

fsi

fs
di . (A.7)

In fact, we consider the sediment particles to be spherical and di to be the diameter of each

population i , i = 1, . . . , M .

Note that, practically, the parameter ε is small and avoids a division by zero when fs = fsC R

in (2.6). The Navier-Stokes equations (2.2)-(2.3) are completed with initial and boundary

conditions. The initial conditions for the velocity are

v(0) = v0 in Ω0,

slip or no-slip boundary conditions are imposed on the boundary of the liquid domain that

is in contact with the boundary of the cavity ∂Λ. Surface tension effects on the liquid-gas

interface are not taken into account, and the ambient air is supposed to have no influence on

the liquid, and is treated as vacuum. The boundary conditions on the liquid-gas interface are

thus given by the no-force boundary condition:

−pnΓ+2µmD(v)nΓ = 0 on ΓT , (A.8)

with nΓ the external normal vector to ΓT .

A.1.3 The sedimentation equation

For each population i = 1, . . . , M , the sediment concentration fsi : QT →R satisfies:

∂ fsi

∂t
+v ·∇ fsi +∇· (Fdi +Fri

)= 0, i = 1, . . . , M (A.9)

where Fdi = Fdi

(
fsi

)
is a deposition flux and Fri = Fri ( fs , fs1 , fs2 , . . . , fsM ) is a resuspension flux.

The deposition flux

Various multiphase models for the deposition of sediments flux exist in the literature. Here,

we consider a parabolic model given by:

Fdi

(
fsi

)= fsi

(
1− fsi

fsC R

)(
kvsi

g

‖g‖
)
, i = 1, . . . , M (A.10)
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where k is a positive parameter independant from fsi and vsi is the maximal sediment velocity

given by the Stokes’ law:

vsi = vsi ( fs , fs1 , fs2 , . . . , fsM ) = di
2‖g‖(ρi −ρl )

18µl
,

The resuspension flux

The resuspension of particles is taken into account through the resuspension flux given by

Fri ( fs , fs1 , fs2 , . . . , fsM ) =− fsi

(
1− fsi

fsC R

)
A( fs , fs1 , fs2 , . . . , fsM ,v)∇ fsi , (A.11)

where based on [129], A( fs , fs1 , fs2 , . . . , fsM ,v) is given by:

A( fs , fs1 , fs2 , . . . , fsM ,v) = Kr

(τ( fs , fs1 , fs2 , . . . , fsM ,v)−τC R

τC R

)
+,

where Kr is the resuspension constant [m2/s], (v)+ = max(v,0) and τ( fs , fs1 , fs2 , . . . , fsM ,v)

[N /m2] is given by the tangential part of the stress tensor:

τ( fs , fs1 , fs2 , . . . , fsM ,v) = 2µm( fs)‖D(v)n( fs)− (D(v)n( fs) ·n( fs))n( fs)‖, (A.12)

where n( fs) = ∇ fs

‖∇ fs‖
for ∇ fs 6= 0, τ( fs , fs1 , fs2 , . . . , fsM ,v) = 0 otherwise. Our model supports two

configurations of the critical shear:

- Constant critical shear: in this case we consider a constant critical shear value τC R ∈
[0.02,0.5] (see [130]).

- Shields shear: in this case , based on [131, 132], we define the critical shear as:

τC R ( fs , fs1 , fs2 , . . . , fsM ,v) = θ( fs , fs1 , fs2 , . . . , fsM ,v)
(
ρm −ρl

)‖g‖d∗( fs),

where θ( fs , fs1 , fs2 , . . . , fsM ,v) is given by:

θ( fs , fs1 , fs2 , . . . , fsM ,v) =
0.010595 ln(Re∗)+ 0.110476

Re∗
+0.0027197 for Re∗ ≤ 500,

0.068 for Re∗ > 500.

The shear Reynolds number Re∗ = Re∗( fs , fs1 , fs2 , . . . , fsM ,v) is given by [133, 134] :

Re∗( fs , fs1 , fs2 , . . . , fsM ,v) = u∗d∗( fs)

νl
,

where νl is the kinematic viscosity of the fluid and

u∗ = u∗( fs , fs1 , fs2 , . . . , fsM ,v) =
√
τ( fs , fs1 , fs2 , . . . , fsM ,v)

ρl
,
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is the shear velocity.
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