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Abstract—The branch paralleling represents one of the avail-
able options with regards to the modular multilevel converter
power extension. In such a case, the main technical challenge
resides in the control domain, whereas a new set of possibili-
ties from the voltage modulation standpoint becomes available
along the way. This paper provides a thorough mathematical
analysis of the modular multilevel converter operating with
parallel branches and utilizing phase-shifted carrier modulation
to synthesize the desired voltage references. The influence of
the adjacent branches’ carriers shift on the voltages across the
terminals of the converter leg is presented in a comprehensive
manner. Detailed simulations confirm the derived mathematical
predictions and allow for the performance guided choice of
relevant modulator parameters.

Index Terms—modular multilevel converter, medium voltage
high power conversion, power extension, branch paralleling,
PWM, phase-shifted carriers

I. INTRODUCTION

The effortless fulfillment of an application voltage require-
ments, by means of stacking the so-called submodules

(SMs) in series, paved the way for the Modular Multilevel
Converter (MMC) in the field of High Voltage (HV) and
Medium Voltage (MV) conversion [1]–[3]. Fig. 1a depicts
the MMC phase leg comprising two branches, each consisting
of N series connected SMs, found most commonly in either
Half-Bridge (HB) or Full-Bridge (FB) configuration, and an
inductor Lbr. High-quality AC voltage waveforms can be
obtained, resulting in a very modest or even no additional
filtering requirements of the converter AC currents.

The essential part of any MMC design implies distinctly
defined SM ratings. For a fixed current rating of the SMs,
stacking more of them in series increases the MMC voltage
handling capabilities. As a result, the converter rated power
increase can be achieved as long as the application voltage
is to be freely chosen. Point-to-point UHVDC systems [4],
where substantial power ratings are achieved through rising the
transmission line voltages even above 1MV [5], can be said to
match such a power increase philosophy. However, the power
increase of a converter operating at the strictly defined voltage
class (e.g. 15kV) implies the boost of its current handling
capabilities. Hydro applications [6], where power ratings of
several hundreds of mega-watts are achieved at the voltage
level of approximately 25kV, owing to the generator voltage
limitations, can be considered a good example of such a case.

Fig. 1b demonstrates the change in the converter leg struc-
ture should paralleling of the branches be employed with the
aim of extending the power capacity of the converter [7]. In
order to retain the naming consistency, what has been referred
to as the branch in the conventional MMC will henceforth
be referred to as the Sub-Branch (SBR). A thorough analysis
of the control of the MMC operating in this structure was
conducted in [7]. An advantage of the power extension method
depicted in Fig. 1b refers to the quality of voltage generated
by a set of parallel SBRs as a whole. Compared to the
conventional MMC leg depicted in Fig. 1a, paralleling of the
SBRs introduces an additional degree of freedom from the leg
voltage generation standpoint. In case Phase Shifted Carrier
(PSC) modulation is used to synthesize the branch reference
voltages, introduction of the shift among the SBR carrier sets
affects the converter terminal voltages. This paper provides a
thorough mathematical analysis on this matter and its main
contributions can be summarized as:
• Complete mathematical derivation of the frequency com-

ponents appearing in the spectrum of both AC and
DC voltages of the MMC operating with an arbitrary
number of parallel SBRs is provided. As all the results
are presented in a general form, they are applicable to
any chainlink converter. Moreover, while the existing
literature present the spectral content analysis of the
conventional MMC featuring the open-loop control, this
paper, for the first time, considers the modulation index
generation in a closed-loop manner.

• Analysis of the available degrees of freedom at the
modulator level is conducted explaining the trade-offs
between the quality of voltage seen from the AC and
DC ports of an observed converter leg.

• A set of detailed simulation models confirms and vali-
dates the theoretical developments presented throughout
the paper.

II. THE AVAILABLE DEGREES OF FREEDOM

Henceforward, without the loss of generality, the use of HB
SMs will be assumed, whereas the operation relying on the use
of PSC modulation will be considered. At first instance, setting
the phase shift between two carriers modulating two adjacent
SMs within an observed (sub)branch as γc = 2π/N seems to
be natural and popular choice [8], [9]. Since the purpose of



(a)

upper branch lower branch

(b)

Fig. 1. (a) Leg of the conventional MMC; (b) Leg of the MMC comprising multiple parallel SBRs;

stacking the SMs in series is generating the multilevel voltage
waveforms, this phase shift will be considered fixed and not a
degree of freedom. To commence the analysis, one can observe
the conventional MMC leg, presented in Fig. 1a. According to
[8], [9], carriers of two identically indexed SMs belonging to
the upper and lower branch, respectively, can be phase-shifted
as

C(i)
p = C(i)

n (ωct− δ), (1)

where ωc = 2πfc denotes the carrier angular velocity, while
the subscripts ”p” and ”n” denote the upper and lower branch
quantities, respectively. The proper selection of angular dis-
placement δ, leads to a possible increase in the number of
voltage levels seen from the AC terminal of an observed leg,
however, at the expense of hindering the quality of the leg DC
voltage component [8].

The converter depicted in Fig. 1b comprises an arbitrary
number (henceforth denoted by M ) of parallel SBRs, whereas
the carrier signals modulating two identically indexed SMs
within two adjacent SBRs belonging to the same branch can
now be displaced as

C
(i)
p,k+1

(
ωct
)

= C
(i)
p,k

(
ωct− β

)
(2)

Additionally, the relationship between two carriers modulating
identically indexed SMs within two SBRs belonging to the
upper and lower branch can be established as

C
(i)
p,k

(
ωct
)

= C
(i)
n,k

(
ωct− δ

)
(3)

Compared to the conventional MMC, the additional degree of
freedom referring to the displacement among the SBR carrier
sets, denoted by β, provides new possibilities with respect to
shaping of the converter voltage content. Notice that Fig. 1b
contains a simple illustration of the angles definition provided
so far. It is noteworthy that, even if only two branches per leg
are considered (the regular MMC), effects of various carrier
positions depend on the parity of the number of SMs per
branch [8]. With addition of parallel SBRs into the system,
the number of possible combinations increases. Consequently,
effects achieved by utilizing the carrier positioning degrees
of freedom should be further investigated to come up with a
strategy ensuring a reduction in the Total Harmonic Distortion
(THD) of voltage seen from either of the chosen converter
terminals.

III. ASSUMPTIONS AND ADOPTED SIMPLIFICATIONS

In an MMC relying on the use of PSC modulation, the
same modulation index is passed to all the SMs within an
observed branch. Since all the SMs share the same current,
while synthesizing the same fundamental voltage components,
power oscillations at their terminals are ideally identical
should carrier frequency be properly selected [8]. Therefore,
all the SMs experience the same low frequency voltage oscil-
lations across their capacitors. However, not all the SMs are
identical in practice. Consequently, the local SM balancing
[10], implying corrections of modulation index on the SM
level, must be used, otherwise, individual SM voltages become
unbalanced showing the tendency of diverging from their
mean values over time. Nevertheless, these corrections should
not corrupt the branch terminals voltage to an unacceptable
extent, therefore they are normally negligible compared to
initially provided modulation index reference. Consequently,
(∀i ∈ [1, N ]) mi(t) = m∗(t). Further, according to [7], par-
alleling of the SBRs, presented in Fig. 1b, requires correc-
tions of modulation index corrections (∆m{p/n}) on the SBR
level to be performed. Nonetheless, these corrections can be
considered negligible during the forthcoming analyses. Thus,
the assumption of all the SMs receiving the same modulation
index remains valid. Yet, one should always be aware of
the practical importance the corrections performed on the
SBR/SM level have in the MMC control.

Phase-shift among the carriers within the same branch
(γc = 2π/N ) causes all the SMs to switch at different
time instants. Hence, their capacitor voltages are not exactly
the same. Nevertheless, capacitor voltage differences refer to
the oscillations occurring predominantly at high frequencies,
which are successfully constrained by the proper sizing of SM
capacitance [11], [12]. Thus, claiming that vC,k(t) ≈ vC(t)
can be considered a reasonable approximation.

Another observation relevant for the scope of this paper
refers to the oscillations of SM voltages. Namely, every branch
receives the reference voltage v∗{n/p} = V ∗br

(
1
2 ±

m̂
2 cos(ωot)

)
[13], where V ∗br denotes the reference of the total branch volt-
age average value, which is assumed to be properly maintained
through the control of branch energies. At this point, one might
expect to obtain the modulation index as



m∗{n/p} =
v∗{n/p}

V ∗br

=
1

2
± m̂

2
cos(ωot) (4)

However, as the total branch voltages v{p/n}Σ oscillate
[12], it can be shown that the use of (4) causes the voltage
produced by the branch to contain all the harmonics present
in v{p/n}Σ. This method of generating the modulation index
references is known as the direct modulation [14]. Even though
it features global asymptotic stability, unless the additional
controllers are employed, poor energy control dynamics is
obtained [13], [15], [16]. Therefore, closed-loop control [17],
implying modifications of modulation indices is adopted as (5)
in case lower branch of the converter is observed.

mΣ(t) =

(
1

2
+
m̂

2
cos(ωot)

)
︸ ︷︷ ︸

m∗(t)

· V ∗br

vbrΣ(t)︸ ︷︷ ︸
α

(5)

Normally, analyses of the modulation possibilities offered by
any converter require the assumption of a certain operating
point along with the knowledge of the modulation index used
to reach it. The averaged MMC model, thoroughly explained
in [18], provides a straightforward calculation of the total
branch voltage oscillations, allowing for the modulation index
mΣ(t) to be obtained in any of the reachable operating points.
Further, comparison of an arbitrary reference signal mΣ(t)
with a triangular carrier results in a pulse train p(t), meaning
that voltage across the terminals of an arbitrary SM equals

vSM(t) = p(t)
vbrΣ

N
(6)

It is clear from (6) that deeper analysis of the converter voltage
components requires the knowledge on the SM switching
function p(t) to be obtained. As the total branch voltage vbrΣ

comprises the oscillations at multiples of the converter AC
currents frequency, so does the modulation index obtained as
(5). Fig. 2 depicts the modulation index time and frequency
domain images for the converter operating with the parameters
from Tab. I. When compared with direct modulation (m∗),
closed-loop control of the MMC (mΣ) introduces additional
harmonics into the modulation index. Hence (7) can be estab-
lished should the most dominant components observed in the
frequency domain image of mΣ be taken into account.

mΣ(t) ≈ m0 + m̂1 cos(ωot+ ζ1)+

m̂2 cos(2ωot+ ζ2) + m̂3 cos(3ωot+ ζ3) (7)

TABLE I: Parameters of the converter utilized for verification of the expres-
sions derived herewith

Parameter Label Value

Rated power P 1MW

DC link voltage Vin 5.5kV

AC grid voltage vg 3.3kV

Number of SMs per SBR N 8

Number of SBRs per branch M 2

SM capacitance CSM 2.25mF

SBR inductance Lbr 5mH

SM switching frequency fc 285Hz

Grid inductance Lg 3.47mH

(a)

(b)

Fig. 2. Modulation index obtained in the manner characterizing the MMC
closed loop control in both time domain (top plot) and frequency domain
(bottom plot).

In [19], [20] a systematic approach towards deriving the
spectrum of a Pulse-Width Modulation (PWM) pulse train was
presented. It relies on the use of 1-D functions to obtain the
results already presented in [21], however, without the need for
utilizing the so-called double Fourier integrals. Having adopted
all of the above assumptions and after a set of mathematical
manipulations, one can obtain the SM switching function of
an arbitrary SM as

p(t) = m(t) +
2

π

∞∑
k=1

∞∑
z=−∞

∞∑
q=−∞

∞∑
n=−∞

(−1)k

k
×

Jz(kπm̂3)Jq(kπm̂2)Jn(kπm̂1) sin(kπm0 +
z + q + n

2
π)×

cos([kωc + (3z + 2q + n)ωo]t− kγc + (zζ3 + qζ2 + nζ1)),
(8)

where Jn(x) denotes the Bessel function of the first kind.

IV. ANALYSIS OF VOLTAGE COMPONENTS GENERATED BY
THE CONVERTER LEG

A. SBR voltage analysis

To obtain the SBR voltage, summation of expressions (8)
written for every individual SM can be performed as (9).
Without the loss of generality, SBRs belonging to the lower
branch of the converter phase A will be observed.

vSBR =
N∑
i=1

vSM,i (9)

By adopting γc(i) = (i−1)2π/N , while noticing that none
of the Bessel functions from (8) depends on the summation
index i, leads to (10). Notice that the sideband harmonics,
which are defined as components for which ωzqn 6= 0 in
the SBR voltage spectrum, appear around the multiples of
ωSBR = Nωc. Thus, ωSBR is referred to as the SBR apparent
switching frequency.



vSBR = m∗V ∗br︸ ︷︷ ︸
v∗n

+
2vnΣ

πN

∞∑
r=1

∞∑
z=−∞

∞∑
q=−∞

∞∑
n=−∞

1

r
Jz(rNπm̂3)×

Jq(rNπm̂2)Jn(rNπm̂1) sin

(
rNπ (m0 − 1)︸ ︷︷ ︸

≈− 1
2

+
z + q + n

2
π

)
×

cos([r Nωc︸︷︷︸
ωSBR

+ (3z + 2q + n)ωo︸ ︷︷ ︸
ωzqn

]t+ zζ3 + qζ2 + nζ1︸ ︷︷ ︸
θzqn

)

(10)

Calculation of the SBR voltage according to (10) introduces
the need to represent the SBR total voltage according to
(11). The oscillating components’ magnitudes (∆v̂1 and ∆v̂2),
along with their phase angles (Ψ1 and Ψ2), can be obtained
from the branch averaged models [18].

v{p/n}Σ = V ∗br ±
∆v∼1︷ ︸︸ ︷

∆v̂1 cos(ωt+ Ψ1)−
∆v∼2︷ ︸︸ ︷

∆v̂2 cos(ωt+ Ψ2)
(11)

In order to verify the effectiveness of (10), the averaged
simulation model of the MMC with parameters provided in
Tab. I was developed in PLECS. In accordance with the
converter averaged model presented in [18], the steady state
currents and voltages were calculated under the assumption
of the converter delivering the rated power to the grid with
unity power factor. Thereafter, these were used with the aim
of calculating the branch energy (voltage) variations. As can
be seen from Fig. 3, an excellent matching of the spectral
contents of the SBR voltage obtained with (10) and PLECS
simulations can be observed.

THD, defined in (12), represents a common way of express-
ing the amount of higher order harmonics within a certain
waveform. By combining (10) and (12) in MATLAB, THD of
the SBR voltage, under the conditions defined in Tab. I, was
estimated as THDcalc = 13.48%.

THD =
1

v̂1

√√√√ N∑
i=2

v̂2
i (12)

Simulated

Calculated

Fig. 3. Comparison between the SBR spectral contents obtained from the
analytic expressions (10) and (11) and simulations. For the sake of alleviating
the comparison in the visual sense, envelopes of both spectral contents are
provided. Since fundamental and DC components of voltage generated by a
SBR are not in the focus of this paper, the scale was adjusted such that higher
order harmonics can be presented to the best possible extent.

Also, THD relative error provides an illustrative gauge of
the mismatch between the simulated and calculated spectra
and in the case depicted in Fig. 3 it was calculated as
∆THD% = −0.77%. Consequently, the assumptions intro-
duced in Sec. III do not contribute to severe errors when
considering the possible reductions in the converter AC voltage
components. Additionally, it can be seen from both plots in
Fig. 3 that the first set of harmonics indeed appears centered
around the SBR apparent switching frequency, which in the
analyzed case equals 2280Hz. As will be demonstrated shortly,
introducing a proper time shift in the switching events of
parallel SBRs ensures cancellation of this harmonics set.

The switched model of the converter, with parameters
provided in Tab. I, was created in PLECS to present the time
domain voltages generated by the analyzed converter parts.
Fig. 4 presents one period of voltage generated by the SBR
analyzed above.

B. Branch voltage analysis

In case M SBRs are connected in parallel, and without any
SMs being temporarily/permanently bypassed (i.e. no faulty
SMs), the equivalent voltage seen from the lower branch
terminals can be expressed as (13).

vn =
1

M

M∑
j=1

vSBR,j (13)

As defined in Sec. II, the sets of carriers utilized to modulate
two adjacent SBRs can be shifted by an angle denoted by β.
On these terms, substitution of (10) into (13), followed by a
set of tedious mathematical manipulations, provides

vn = v∗n +
2vnΣ

πNM

M∑
u=1

N∑
i=1

∞∑
k=1

∞∑
z=−∞

∞∑
q=−∞

∞∑
n=−∞

(−1)k

k
×

Jz(kπm̂3)Jq(kπm̂2)Jn(kπm̂1) sin(kπm0 +
z + q + n

2
π)×

cos([kωc + ωzqn]t− k
[
(i− 1)

2π

N
+ (u− 1)β

]
+ θzqn)

(14)

By carefully analyzing (14) one can conclude that if
β = 2π/(MN) holds, (15) follows directly from (14). It is
noteworthy that such a selection of the angle β causes the
apparent switching frequency of the branch ωBR to increase

Fig. 4. Voltage produced by the SBR analyzed throughout this subsection.
Since shifting the carriers within an observed SBR causes its SMs to switch
at different time instants, up to N + 1 voltage levels can be observed.



M times compared to the apparent switching frequency of
a single SBRs. For the purpose of validating the correctness
of (15), PLECS simulations of the converter with parameters
provided in Tab. I were reused. Fig. 5 presents the branch
voltage spectral components obtained by means of analytic
expressions and simulations. With the aim of emphasizing
the effect of shifting the carrier sets modulating two adjacent
SBRs, the spectral components of an individual SBR voltage
(from Fig. 3) were intentionally included and shown in the
background (gray curves).

vn = v∗n +
2vnΣ

πNM

∞∑
p=1

∞∑
z=−∞

∞∑
q=−∞

∞∑
n=−∞

1

p
Jz(pMNπm̂3)×

Jq(pMNπm̂2)Jn(pMNπm̂1) sin

(
pMNπ (m0 − 1)︸ ︷︷ ︸

≈ 1
2

+

z + q + n

2
π︸ ︷︷ ︸

Φzqn

)
cos([pMNωc︸ ︷︷ ︸

ωbr

+ωzqn]t+ θzqn)

(15)

In contrast to the SBR voltage, the branch voltage does
not contain any spectral components centered around the
SBR apparent switching frequency. Conversely, all the side-
band harmonics are centered around the branch apparent
switching frequency ωBR, which in the analyzed case equals
ωBR = 4560Hz. As a result, the branch voltage THD, calcu-
lated as THDcalc = 6.58%, gets approximately halved when
compared to the THD of an individual SBR. To estimate the
correctness of the results obtained by means of (15), the rel-
ative THD error was calculated as ∆THD% = 0.64%. Thus,
an excellent matching between the simulated and calculated
branch voltage spectrum is achieved.

Fig. 6 depicts time domain waveform of the analyzed branch
voltage obtained through the switched model of the converter.
As can be seen, the above mentioned spectral components
cancellation manifests through an increase in the number of
voltage levels (MN + 1) compared to a single SBR voltage
(N + 1). As reduced voltage steps can be observed in the
branch voltage waveform, THD reduction becomes logical and
intuitive.

Simulated

Calculated

Fig. 5. Comparison between the branch spectral contents obtained from the
analytic analysis (15) and the simulations. To emphasize the change in the
branch voltage, an individual SBR voltage spectrum (v̂BR,h) was intentionally
included and colored in gray.

Fig. 6. Voltage produced by the branch analyzed throughout this subsection.
The number of voltage levels observed from the branch terminals gets
increased (MN + 1) compared to the case assuming a single SBR (N + 1).

C. Leg voltage analysis

Two voltage components being relevant for the MMC leg
can be calculated as v{c/s} = (vn ± vp)/2, where vc and
vs denote the DC and AC voltage components, respectively.
Derivation of the upper branch voltage starts with an arbitrary
SBR belonging to it, similarly to (10). However, there are two
differences with respect to (10). Firstly, observation of (16)
and (17) shows that all the components oscillating at ωo in
mn and mp are in the counter phase, whereas the opposite
is claimed for the components oscillating at 2ωo. Thus, it is
logical to state that the same applies to the spectral components
of their Fourier transformations, leading to (18) and (19).

mn =

{
1
2 + m̂

2 cos(ωot)

}
V ∗br

V ∗br −∆v̂1 cos(ωo + Ψ1)−∆v̂2 cos(2ωo + Ψ2)
(16)

mp =

{
1
2 −

m̂
2 cos(ωot)

}
V ∗br

V ∗br + ∆v̂1 cos(ωo + Ψ1)−∆v̂2 cos(2ωo + Ψ2)
(17)

{mp0, m̂p1, m̂p2, m̂p3} = {mn0, m̂n1, m̂n2, m̂n3} (18)
{ζp1, ζp2, ζp3} = {ζn1 − π, ζp2, ζp3 − π} (19)

Secondly, according to (1), the upper branch carrier sets can
be shifted with respect to their bottom branch counterparts by
an angle δ, leading to (20), where v∗p = V ∗br

(
1
2 −

m̂
2 cos(ωo)

)
.

vp = v∗p +
2vpΣ

πMN

∞∑
p=1

∞∑
z=−∞

∞∑
q=−∞

∞∑
n=−∞

1

p
Jz(pMNπm̂3)

Jq(pMNπm̂2)Jn(pMNπm̂1) sin(Φzqn −
pMNπ

2
)

cos([pMNωc + ωzqn︸ ︷︷ ︸
ωpzqn

]t− (pMNδ + (n+ z)π) + θzqn)

(20)

The AC voltage of the observed leg can be calculated as
vs = (vn − vp)/2, whereas correct derivation of its spectral
components, whilst utilizing previously derived results, re-
quires the total SBR voltages to be expressed in their complete
form (11). To make the following analyses more lucid, branch
voltages can be expressed as



vn = v∗n + gh,n(ω)vnΣ (21)
vp = v∗p + gh,p(ω)vpΣ, (22)

which yields

vs = m̂
V ∗br

2
cos(ωot)︸ ︷︷ ︸

fundamental component

+
V ∗br

2

[
gh,n(ω)− gh,p(ω)

]
−

∆v∼1
2

[
gh,n(ω) + gh,p(ω)

]
− ∆v∼2

2

[
gh,n(ω)− gh,p(ω)

] (23)

Similarly, the leg DC voltage can be obtained as

vc =
V ∗br

2︸︷︷︸
DC value

+
V ∗br

2

[
gh,n(ω) + gh,p(ω)

]
−

∆v∼1
2

[
gh,n(ω)− gh,p(ω)

]
− ∆v∼2

2

[
gh,n(ω) + gh,p(ω)

] (24)

An interesting fact regarding the terms describing the higher
order harmonics can be observed from (23) and (24). Namely,
the terms in the brackets multiplying the same voltage compo-
nents have the opposite signs. This indicates that cancellation
of a certain harmonic group in the AC voltage doubles the
same frequency component in the DC voltage of an observed
leg and vice versa. Thus, there is a certain trade-off that needs
to be considered and treated accordingly. To commence the
analysis on the possible use of the lower and upper branch
carrier sets displacement (δ), let one expand gh,n(ω)−gh,p(ω)
as (25), where δ = απ/(MN) was adopted.

gh,n(ω)− gh,p(ω) =
2

πMN
×

∞∑
p=1

∞∑
z=−∞

∞∑
q=−∞

∞∑
n=−∞

1

p
Jz(pMNπm̂3)Jq(pMNπm̂2)×

Jn(pMNπm̂1) sin(Φzqn −
pMNπ

2
) cos(ωpzqnt+ θzqn)×(

1 + (−1)q+p(α+MN)

)
︸ ︷︷ ︸

∆AC

(25)

From (25) the dependency ∆AC = f(p, q, α) is revealed.
Further analysis referring to the minimization of the leg AC
voltage spectrum requires one to assign some discrete values
to indices p and q. According to Fig. 5, the first group of
harmonics observed in the branch voltage spectrum appears
around the apparent switching frequency of the branch. There-
fore, cancellation of this harmonics set clearly contributes to
the reduction of the leg AC voltage THD. Hence, p can be
set as unity. For a fixed p, the Bessel function Jq(pMNπm̂2)
reaches its maximum for q = 0. Consequently, the cancellation
of harmonics for which p = 1 and q = 0, formulated as
∆AC|{p,q}={1,0} = 0, is expected to lead towards meeting
the criteria of the lowest leg AC voltage THD. In order to
satisfy ∆AC|{p,q}={1,0} = 0, the term α+MN must be odd
and values of the angle δ (please, recall that δ = απ/MN )
allowing for this goal to be obtained are presented in Tab. II.

TABLE II: Values of the angle δ leading to the desired cancelation of carrier
harmonics seen from the converter AC terminals

N

M
odd even

odd δ = 0 δ = π
MN

even δ = π
NM

δ = π
NM

To check the effects of the AC voltage THD improvement
upon the leg DC voltage component, the term ∆DC, given in
(26), can be used. Please notice that ∆DC + ∆AC = 2 holds.

∆DC = 1− (−1)q+p(α+MN) (26)

The cancellation of spectral components centered around the
branch apparent switching frequency can be conducted by
following the already presented logic, which ultimately results
in Tab. III. In order to validate the correctness of the analytic
expressions derived throughout this section, Figs. 7 and 8
present the comparison between the spectral contents of the
leg voltage components obtained in the analytic fashion and
simulations conducted in PLECS. Once again, the converter
with parameters defined in Tab. I was simulated. Fig. 7
presents the spectrum of both AC and DC voltage components
of the observed converter in case δ = 0. By comparing the
plots within the figure, one can conclude that an outstanding
matching between the harmonic values obtained by calcula-
tions and simulations tool is achieved. As the functionality of
analytic expressions derived above is confirmed, the analysis
of the effect obtained by setting the angle δ (phase-shift
between upper and lower branch carrier sets) to a non-zero
value can be conducted.

From Fig. 8a it can be seen that, when compared with
Fig. 7a, the density of the components centered around the
branch apparent switching frequency gets reduced. In turn,
these get shifted to the DC side as can be seen through the
comparison of Figs. 7b and 8b. To provide a quantitative
comparison between Figs. 7a and 8a, THD was calculated
according to (12) for both cases and results can be found
summarized in Tab. IV. As expected, the leg AC voltage THD
gets reduced with the introduction of non-zero displacement
between the branch carrier sets. The opposite applies to the
leg DC voltage THD. Also, the relative error of both THD
components confirms that excellent matching between the
analytic and simulation results is retained. It is noteworthy
that, although uncommon, THD of the leg DC voltage was
defined as (27) in order to provide the means for comparison
of spectral contents obtained by using different values of δ.

THDDC =
1

V ∗br

√√√√ ∞∑
i=1

v̂2
c,i (27)

TABLE III: Values of the angle δ leading to the desired cancelation of carrier
harmonics seen from the converter DC terminals

N

M
odd even

odd δ = π
NM

(δ = 0) ∨ (δ = π)

even (δ = 0) ∨ (δ = π) (δ = 0) ∨ (δ = π)



Simulated

Calculated

(a)

Calculated

Simulated

(b)

Fig. 7. Comparison of leg AC (left) and DC (right) voltage spectral contents
obtained by means of analytic expression and averaged simulation model in
case δ = 0. According to Tab. I, N = 8 and M = 2.

Last but not least, the question on whether the phase shifts
provided in Tabs. II and III are indeed optimal, meaning that
they lead to the highest possible minimization of THD at either
of the chosen leg sides, remains open. In order to provide the
proof regarding the validity of conclusions drawn during the
derivation of Tabs. II and III, THD was calculated for both
AC and DC voltage, with the angle δ being swept from 0
to 2π/MN . Fig. 9a presents the change in the leg voltage
components THD in case the converter parameters are un-
changed with respect to all the cases analyzed throughout this
section. Therefore, as M = 2 and N = 8, the product MN is
even. It can be noticed that the leg AC voltage THD decreases
until δ reaches the value corresponding to π/MN ↔ 11.25◦.
Please, notice the correspondence to Tab. II. On the other
hand, the lowest value of THDDC[%] is observed in case
δ = 0, confirming the correctness of information provided in
Tab. III. In contrast to the case considering the product MN
being even, Fig. 9b presents the same THD components in
case the converter operates with the same voltages and currents
taken into account so far, however, with M = 3 and N = 7.
As the displacement δ increases, so does the THD of the leg
AC voltage component, which is aligned with the proposal

TABLE IV: THD values for two different values of branch carrier sets shifts

δ THDAC[%] THDDC[%] ∆THDAC[%] ∆THDDC[%]

0 5.29 1.92 0.36 0.19

π/16 3.62 2.70 0.33 0.27

Calculated

Simulated

(a)

Calculated

Simulated

(b)

Fig. 8. Comparison of leg AC (left) and DC (right) voltage spectral contents
obtained by means of analytic expression and averaged simulation model in
case δ = π/MN . According to Tab. I, N = 8 and M = 2, therefore
δ = 11.25◦.

(a) case with even MN (M = 2 and N = 8)

0 5 10 15

0.5

2.5

4.5

(b) case with odd MN (M = 3 and N = 7)

Fig. 9. Variation of the leg voltage components THD depending on the value
of branch carrier sets displacement.

of δ from Tab. II. Additionally, once δ reaches π/MN , the
leg DC voltage THD reaches its minimum, which is expected
should Tab. III be observed. Consequently, the logic presented
throughout this paper ensures the highest possible reduction in
the THD seen from any of the chosen converter ports.



V. CONCLUSION

Apart from allowing for an effortless extension of the
MMC power capacity, paralleling of its branches offers the
outstanding flexibility when it comes to sythetization of its
reference voltages. When compared to the conventional MMC,
additional degrees of freedom from the modulation standpoint
are introduced. Therefore, the MMC utilizing parallel SBRs
features the extended possibilities of shaping the voltage
created across its terminals when compared to its conven-
tional counterpart. Throughout this paper, detailed mathemat-
ical analysis on the possibilities offered by the use of PSC
modulation within the converter operating with an arbitrary
number of SBRs, comprising an arbitrary number of SMs, was
conducted. Moreover, this work incorporates the corrections
of modulation index, characterizing the MMC closed loop
control, into the analysis making it unique and different
compared to the existing references, which focus mainly on the
operation implying the so-called direct modulation. As it was
shown, a suitable choice in the angular displacement between
the sets of carriers modulating two opposite branches of the
same leg, leads to the reduction of THD at either DC or AC
port of the converter. Nevertheless, there is always a trade-
off which one must be aware of. In other words, reduction
of the AC voltage THD implies shifting of a certain part of
its spectral energy (more precisely, the one being related to
the higher frequencies) to the DC side. The conclusion in the
opposite direction, of course, holds as well.
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