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Abstract

The nonlinear KdV equation in a bounded interval equipped with the Dirichlet boundary condition and
the Neumann boundary condition on the right is considered. It is known that there is a set of critical lengths
for which the solutions of the linearized system conserve the L2-norm if their initial data belong to a finite
dimensional space M. We show that all solutions of the nonlinear system decay to O at least with the rate
1/ #1/2 when dim M = 1 or when dim M is even and a specific condition is satisfied, for sufficiently small
initial data. Our analysis is inspired by the power series expansion approach and involves the theory of
quasi-periodic functions. Consequently, we rediscover all known results by a different approach and obtain
new results. We also show that the decay rate is not slower than In(¢ 4 2)/¢ for all critical lengths.
© 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
1.1. Introduction and statement of the main results

We consider the nonlinear Korteweg-de Vries (KdV) equation in a bounded interval (0, L)
equipped with the Dirichlet boundary condition and the Neumann boundary condition on the
right:
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we(t,x) +ux(t,x) + uxx (£, x) +ut, x)uc(t,x) =0 fort € (0,+00), x € (0, L),
ut,x=0=u(t,x=L)=u,(t,x=L)=0 fort € (0, +00), (1.1)
M(t:()v )ZUO in (07 L)»

where ug € L?(0, L) is the initial data. The KdV equation has been introduced by Boussinesq
[2] and Korteweg and de Vries [13] as a model for propagation of surface water waves along
a channel. This equation also furnishes a very useful nonlinear approximation model including
a balance between a weak nonlinearity and weak dispersive effects and has been studied exten-
sively, see e.g. [22,16].

Regarding (1.1), Rosier [18] introduced a set of critical lengths A/ defined by

(k2 + kil + 12
N:={2n %;k,leN* ) (1.2)

This set plays an important role in both the decay property of the solution u of (1.1) and the
controllability property of the system associated with (1.1) where u, (¢, L) is a control instead of
0.

Let us briefly review the known results on the controllability of (1.1) where u, (¢, L) is a
control:

ut(t’x)+ux(tax)+uxxx(tax)+u(t’x)ux(t’x)=0 fort € (07 +OO), X € (07 L)a

u(t,x=0)=u(t,x=L)=0 for ¢ € (0, +00), 3
(1.3)
uy(-,x = L) : is a control,

u(t=0,)=ug in (0, L).

For initial and final datum in LZ(O, L) and controls in LZ(O, T), Rosier [18] proved that system
(1.3) is small-time locally controllable around O provided that the length L is not critical, i.e.,
L ¢ N. To this end, he studied the controllability of the linearized system using the Hilbert
Uniqueness Method and compactness-uniqueness arguments. He also established that when the
length L is critical, i.e., L € N, the linearized system is not controllable. More precisely, he
showed that there exists a non-trivial finite-dimensional subspace M (= M) of L?(0, L) such
that its orthogonal space in L?(0, L) is reachable from 0 whereas M is not. To tackle the control
problem for the critical length L € A/, Coron and Crépeau introduced the power series expansion
method [9]. The idea is to take into account the effect of the nonlinear term uu, absent in the
linearized system. Using this method, they showed [9] (see also [8, section 8.2]) that system (1.3)
is small-time locally controllable if L = m2m for m € N, satisfying

Bk, 1) € N, x N, with k> + kI + 1> =3m? and k #1, (1.4)
with initial and final datum in L2(0, L) and controls in L2(0, T). In this case, dimM = 1 and
M is spanned by 1 — cos x. Cerpa [4] developed the analysis in [9] to prove that (1.3) is locally

controllable at a finite time in the case dim M = 2. This corresponds to the case where
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(k2 4kl +12
L =2 %

for some k, I € N, with k > [, and there is no (m, n) € N, x N, with m > n and m%+mn+n?=
k2 + kI +12. Later, Crépeau and Cerpa [6] succeeded to extend the ideas in [4] to obtain the local
controllability for all other critical lengths at a finite time. Recently, Coron, Koenig, and Nguyen
[10] prove that when (2k +1)/3 ¢ N,, one cannot achieve the small time local controllability for
initial datum in H3(0, L) and controls in H! (in time). We also establish the local controllability
for finite time of (1.3) for some subclass of these pairs (k,/) with initial datum in H 3(0, L)
and the controls in H'(0, T). This is surprising when compared with known results on internal
controls for system (1.1). It is known, see [3,15,17], that system (1.1) is locally controllable using
internal controls whenever the control region contains an arbitrary open subset of (0, L).

We next discuss the decay property of (1.1). Multiplying the equation of u (real) with u and
integrating by parts, one obtains

L t L

/|u(t,x)|2dx+/|ux(s,())|2ds=/|u(0,x)|2dx for all 1 > 0. (1.5)
0 0 0

As a consequence of (1.5), one has
L L
/|u(t,x)|2dx§/|u(0,x)|2dx forall > 0. (1.6)
0 0

In the case L ¢ A/, Menzala, Vasconcellos, and Zuazua [15] proved that the solutions of (1.1)
with small initial datum in L?(0, L) decay exponentially to 0. Their analysis is based on the
exponential decay of the linearized system for which it holds, see [18, Proposition 3.3],

t L
/ lux (s, 0)>ds > ¢; / [u(0, x)|* for all £ > 0. 1.7
0 0

When a local damping was added, they also obtained the global exponential stability using the
multiplier technique, compactness arguments, and the unique continuation for the KdV equa-
tions. Related results on modified nonlinear KdV equations can be found in [19,14]. It is known
from the work of Rosier [18] that for ug € M, the solution u of the linearized system satisfies

t
flux(s,0)|2ds:0f0rallt>0, (1.8)
0

which implies in particular that (1.7) does not hold for any ¢ > 0. The work of Menzala, Vascon-
cellos, and Zuazua naturally raises the question whether or not the solutions of (1.1) go to 0 as
the time goes to infinity (see [15, Section 4] and also [17, Section 5]). Quite recently, progress
has been made for this problem. Concerning the decay property of (1.1) for critical lengths, when
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dim M = 1, Chu, Coron, and Shang [7] showed that the solution u(¢, -) goes to 0 as t — +o0 for
all small initial data in L2(0, L). Moreover, they showed that there exists a constant C depending
only on L such that

C
||M(t, .)”LZ(O,L) < — fort > 0. (19)

NG

It is worth mentioning that the set of L € N such that dim M = 1 is infinite [9]. When k =2
and / = 2 (the smallest length for which dim M = 2), Tang, Chu, Sang, and Coron [20] also
established the decay to O of the solutions by establishing an estimate equivalent to (1.9) (see
[20, (1.20) in Theorem 1.1]). The analysis in [7,20] is based on the center manifold theory in
infinite dimensions, see e.g. [12], in particular the work [21]. To this end, the authors showed
the existence and smoothness of a center manifold associated with (1.1), which have their own
interests.

In this paper, we show that all solutions of (1.1) decay to O at least with arate 1/¢"/~ provided
their initial data in L(0, L) is small enough when dim M = 1 or when condition (1.14) below
holds (this requires in particular that dim M is even). Given a critical length L, condition (1.14)
can be checked numerically, a scilab program is given in the appendix (see Corollary 1.1 for a
range of validation). Our approach is inspired by the spirit of the power series expansion due to
Coron and Crépeau [9] and involves the theory of quasi-periodic functions.

Before stating our results, let us introduce some notations associated with the structure of
M, see e.g. [18,9,5]. Recall that, for each L € N, there exists exactly n; € N, pairs (k, L) €
N, x N, (1 <m <np) such that k,, > [,,,, and

[K2 4 kol + 12
L =27 % (1.10)

(ka + lm)(km - lm)(ZIm + km)
= p(km,lm) = , (1.11)
Pm = P\Km,lm 3«/§(k,27l+kmlm+ly2n)3/2

1/2

For1 <m <njy, set

and denote
PLz{pm givenby(l.ll);lfmgnL}. (1.12)
For L e N and 1 <m < ny with p,;, #0, let ojm (1 < j <3) be the solutions of
03 = 3(kZ + kil +12)0 + 22k + L)l + ki) (k. — L) =0,
and set, with the convention 643, =0, for j > 1,
3
S =5 Ckis bn) 7= 3 07 (Gj2.m — O 1m) @weh“’m +e—2”""fvm) S 113)
j=1
We are ready to state the main result of the paper:
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Theorem 1.1. Let L € N. Assume that either dim M =1 or

pm#0 and s,#0 foralll <m<np. (1.14)

There exists g9 > 0 depending only on L such that for all (real) ug € L*(0, L) with |lug lz200.0) =
&0, the unique solution u € C([O, +00); L2(0, L)) nL? ([0, +00); H'(0, L)) of (1.1) satisfies

loc

lim [lu(z, )l z2¢0,1) = 0. (1.15)
t—0
More precisely, there exists a constant C depending only on L such that, for t > C/||M0||iz(0 L
and |[uoll 20,1y < €0, it holds
1
lut, 2,0 < 5”14(07 M2,z (1.16)
As a consequence, we have
(e, I 200y < ¢/t fort =0, (1.17)

for some positive constant ¢ depending only on L.

Remark 1.1.Let L € N. Condition p,, # 0 for all 1 <m < ny, is equivalent to the fact that
dim M is even, see e.g. [5].

Remark 1.2. Note that s,, is a antisymmetric function of (o1, 02,m, 03,») and hence the con-
dition (1.14) does not depend on the order of (o1 n, 02.m, 03,m)-

Remark 1.3. When p,,, # 0 forall 1 <m <ny, the condition s, # 0 forall 1 <m < ny is almost
equivalent to the fact that the second order approximation of solutions with initial conditions in
M, decays (the first oder approximation conserves the L2-norm as shown by Rosier).

Remark 1.4. Assume (1.14). Applying Theorem 1.1, one derives from (1.6) that 0 is (locally)
asymptotically stable with respect to L(0, L)-norm for system (1.1).

Remark 1.5. Assume that (1.16) holds. By the regularity properties of the KdV equations, one

derives that the same rate of decay holds for 7 > 1 when || - [ ;2(o 1) is replaced by || - | #m(0,L)
form > 1.

Condition (1.14) can be checked numerically. For example, using scilab (the program is given
in the appendix), we can check s,, # 0 for all (k;,, ) € Ny with 1 <1, <k, < 2000. As a

consequence, we have

Corollary 1.1. Let L € N. Assume that either dimM =1 or 1 < ky,, 1,, < 1000 for some 1 <
m <ny. Then (1.17) holds if p;, #0 forall 1 <m <np.

We thus rediscover the decay results in [7,20] by a different approach and obtain new results.
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Remark 1.6. Concerning (1.14), we expect that s,, # 0 holds for all L € N but we are not able
to show it.

Remark 1.7. In Appendix C, we show that s, 7 0 for a class of (k,, [;,).

The optimality of the decay rate 1/¢!/2

following result for all critical lengths.

given in (1.17) is open. However, we can establish the

Proposition 1.1. Let L € N. There exists ¢ > 0 such that for all & > 0, there exists ug € L>(0, L)
such that

||”0||L2(O,L) <e and |u(t, ')||L2(0,L) > cln(t 4+ 2)/t for some t > 0.

It is natural to ask if the decay holds globally, i.e., without the assumption on the smallness
of the initial data. In fact, this cannot hold even for non-critical lengths. More precisely, Doronin
and Natali [11] showed that there exist (infinite) stationary states of (1.1) for any length L, which
is critical or not.

1.2. Ideas of the analysis and structure of the paper

The key of the analysis of Theorem 1.1 is to (observe and) establish the following fact (see
Lemma 5.1): Let L € NV. Under condition (1.14) or dim M = 1, there exist two constants Ty >
0 and C > 0 depending only on L such that for T > Ty, one has, for all ug € L?(0, L) with
lluoll 120, 1) sufficiently small,

(T, 20,0y = Mol 20,1 (1= Cllwol22q 1, ) for T = To, (1.18)

where u is the unique solution of (1.1).

To get an idea of how to prove (1.18), let us consider the case ug € M \ {0}, which is somehow
the worst case. The analysis is inspired by the spirit of the power expansion method [9]. Let
be the unique solution of

Up(t,x) + Uy x(t,x) + Upxxx(t,x) =0 fort € (0, +00), x € (0, L),
171(t,x=O)=i71(t,x=L)=ﬁlyx(t,x=L)=O for ¢t € (0, +00), (1.19)
a‘] (t = 0’ ) = MO/S in (0’ L)7

with & = [luoll12(9,) > 0, and let 15 be the unique solution of

ﬁz,f(tvx) +ﬁ2,x(tvx) +ﬁ2,xxx(t,x) +ﬁl,x(t’x);[1(t3x) :O fOrt € (07 +OO), X e (07 L)s
h(t,x=0) =T, x =L) =iir,(t,x =L) =0 for t € (0, +00),

r(t=0,)=0 in (0, L).
(1.20)
By considering the system of €ii; + £2%i» — u, we can prove that, for arbitrary 7 > 0,
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(et + &2ty — w)x (-, 0)ll 120.¢) < Cr&”, (1.21)

for some ¢; > 0 depending only on 7 and L, provided that ¢ is sufficiently small. Since (¢, -) €
M for all ¢ > 0, one can then derive that

i1, 0)=0fors>0.

Thus, if one can show that, for some 7¢ > 0 and for some ¢y > 0

2 (-, 0)”L2(O,r0) = €0, (1.22)

then from (1.21) one has, for ¢ small enough,

||ux('7 O) ||L2(O_"[0) 2 0082'

This implies (1.18) with Ty = 19 by (1.5).
To establish (1.22), we first construct a special solution W of the system

Wl(tsx)+ Wx(tax)+ Wxxx(tvx)+El,x(tvx)ﬁl(t1x) :O fort € (09 +OO), X € (09 L)’

Wi, x=0=Wt,x=L)=W,(t,x=L)=0 for ¢ € (0, +00),
(1.23)
via a separation-of-variable process. Moreover, we can prove for such a solution W that

W is bounded by ||u1(0, -) 220,y up to a positive constant,

and W,(-, 0) is a non-trivial quasi-periodic function. (1.24)

The proof of this property is based on some useful observations on p,, and the boundary con-
ditions considered in (1.1), and involves some arithmetic arguments. It is in the proof of the
existence of W and the second fact of (1.24) that assumption (1.14) or dim M =1 is required.
Note that, for all § > 0, there exists T > 0 such that it holds, for T > Ty,

yx G O z2(r,20) < Sllyoll 20,2 (1.25)

for all solution y € C([0, +00); L2(0, L)) N L

loc

([0, +00); H'(0, L)) of the system

yl(lwx) + Yx(t,x) + yxxx(tax) = 0 fort € (Ov +OO)7 X € (Os L)v
yit,x=0)=y(t,x=L)=y,(t,x=L)=0 fort e (0,+00).

Combining (1.24) and (1.25), we can derive (1.22) after applying the theory of quasi-periodic
functions, see e.g. [1].

The proof of Proposition 1.1 is inspired by the approach which is used to prove Theorem 1.1
and is mentioned above.

The paper is organized as follows. The elements for the construction of W are given in Sec-
tion 2 and the elements for the proof of (1.24) are given in Section 3. The proof of Theorem 1.1
is given in Section 5 where (1.18) is formulated in Lemma 5.1. The proof of Proposition 1.1 is
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given in Section 6. In the appendix, we reproduce a proof of a technical result, which is obtained
in [10], and provide the scilab code.

2. Construction of auxiliary functions

Let us begin with recalling and introducing some useful notations motivated by the structure
of M, see e.g. [18,9,5]. For L € N/ and for 1 <m < ny, denote

2mwi Qkyy + 1)

NM,m = — 3L
2mi 2mi(ky, — Ly)
n2.m=MN1,m+ Tkm = #a 2.1
_ n Znil _ 2mi(km + 2ly)
N3,m =MN2,m L m = 3L .
Set
— 3 . —n. Nj+2,mXx 0.L
Ym (x) = Z]=1(77]+1,m n],m)e ’ orx €[0, L], 2.2)
Wy (1, ) = P (x) for (r,x) € R x [0, L], '
(recall that py, is defined in (1.11)). It is clear from the definition of n; ,, in (2.1) that
eMml — gmml — ;mml (2.3)
This property of n; , associated with L is used several times in our analysis.
Remark 2.1. One can check that 7}, are the solutions of the equation
A+ A —ipnr=0.
This implies in particular that p,,; # pm, if (ki In;) 7 (Kmy, ny) as observed in [4].
It is known that W, is a solution of the linearized KdV system; moreover,
‘I/m,x('v O) =0,
1.€.,
Wit (8, %) + Wiy x (8, X) + Wi xoxx (1, x)=0 for t € (0, +00), x € (0, L), 2.4)
W, (2,0) =W, (¢, L) = \Ijm,x(ta 0)= “I’[m,x(t’ L)=0 fort € (0, +00). .
These properties of W, can be easily checked. It is known that, see e.g. [5],
M= span{ (U o: 1 =m = b U {3@ 0o 1 =m = ni . 2.5)

Here and in what follows, for a complex number z, we denote Nz, Jz, and 7 its real part, its
imaginary part, and its conjugate, respectively.
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In this section, we prepare elements to construct the function W mentioned in the introduction.
Assume that ug € M\ {0} and let e = ||“0||L2(0,L)~ By (2.5), there exists (am);’f:l C C such that

1 ot
—ug =" {Zamwm(o,x)}. (2.6)

m=1

The function ] defined by (1.19) is then given by

nr ny
T, x) =N { Z U Wy (2, x)} =N { Z e Pl (x)} )

m=1 m=1

Using the fact, for an appropriate complex function f,

1 1 _
M fele 0 = 3 (O @0?) =2 ((FE0D + (P27, +20 700 ).
we derive from (2.2) and (2.6) that

nr np

00 = 30D (ememe O g, 0) @)

mi=1mp=1

np nr

+% Z Z (am105m2€_i(pm'+pm2)t¢m|(x)wmz(x))x

mi=1my=1

ny  np

+% Z Z (aml&mZe_i(pml_pmz)tl/jml(x)ll_/mz(x))

.
mi=1my=1

Motivated by (2.7), in this section, we construct solutions of system (2.12)-(2.13) and system
(2.33)-(2.34) below.
We begin with the following simple result whose proof is omitted.

Lemma 2.1. Let L e N and 1 <my,my <ny. We have, in [0, L],
/
(¥m1¥ms)

3 3
= Z Z(nj+l,m1 - nj,ml)(nk+1,m2 - nk,mg)(nj—i-Z,ml + ﬂk+2,m2)e("j+2””1 +77k+2,m2)x’ (28)
j=lk=1

and
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_ /
(Yiny ¥imz) )
3 _
=Y Oty = Mjm) @it tmy = emy) (Mjr2amy + Tikg2,my)ei2m Fhezm)¥ - (2.9)
j=1k=1

We next introduce

Definition 2.1. For z € C, let A ; = 1 ;(z) (1 < j < 3) be the roots of the equation

M Hr—iz=0, (2.10)
and set
1 1 1
0@)=| ML el oMl |, Q2.11)

A]eA.IL )\.2€)L2L )\.3€)L3L
Remark 2.2. Some comments on the definition of Q are in order. The matrix Q is antisymmetric
with respect to A; (j =1, 2, 3), and its definitions depend on a choice of the order of (A1, A2, 13).
Nevertheless, we later consider either the equation det Q = 0 or a quantity depending on Q in
such a way that the order of (A1, A2, A3) does not matter. The definition of Q is only considered

in these contexts.

Remark 2.3. The definition of A (z) in Definition 2.1 is slightly different from the one given in
[10] where iz is used instead of —iz in (2.10).

Remark 2.4. It is known that if z € Py, for some L € A/, then

Aj=mnjmforsomel <m=<ng.

Hence, by (2.3),

Remark 2.5. Note that (2.10) has simple roots for z # +2/ (3+/3). Thus, a general solution of
the equation

y"(x) +y'(x) —izy(x) =0in [0, L],

is of the form 23:1 aje)”f(Z)x when z # £2/(3+/3). For z = £2/(3+/3), equation (2.10) has
three roots

M =F2i/v/3 and Ay =i3=%i/V3.
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We now recall a useful property of solutions of the equation det Q = 0 which is established in
[10] (a consequence of [10, Remark 2.7]).

Lemma 2.2. Let z € R. Then det Q(z) = 0 if and only if either z = +2//3 or (L € N and
z € Pr). Moreover,

[£2/V3}NPL=@forall LeN.

The proof of Lemma 2.2 is reproduced in the appendix for the convenience of the reader.

Let L € N and 1 <mj,my < ny. As mentioned above, we are interested in constructing a
solution of the system

/
1Py + Pns) Py ms () + Py iy ) + @, 1y (O (Y Y ) () =01n (0, 1), (2.12)
and
Omymz (0) = @y my (L) = @y, 1y (L) =0. (2.13)
We have

Proposition 2.1. Let L e N and 1 <my,m> <np. Let »j = X;(pm, + Pm,) and Q = Q(ipm, +
iPm,) where ). j and Q are defined by (2.10) and (2.11). When pp,, # 0 and pp, # 0, set

3 3
D=D _ Z Z (77j+1,m1 - 77j,m1)(77k+1,m2 - 77k,mz) (2.14)
e j=1k=1 30 j+2,m Nk+2,ma ’

and

3 3
(anr],ml - ﬂj,ml)(ﬂk+l,m2 - r)k‘mz) . + .
X””’”Q(x):_zz 30 j42.my Mk+2 eUis2m F M2 jn [0, L],
j=1k=1 J+2,my k+2,ma

(2.15)
We have

1) Assume that pp, # 0, pm, #0, and py, + pm, ¢ Pr U {2/(3«/5)}. The unique solution of
system (2.12)-(2.13) is given by
3
Pty () = Xomymy (%) + Y ajei™, (2.16)
j=1
where (a1, ay, a3) is uniquely determined via (2.13), i.e.,
Qar, az,a3)" = D(1, eMmFmm)k )T, 2.17)
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2) Assume that py, # 0, pm, 70, and py, + pm, € PL. A solution of system (2.12)-(2.13) is
given by (2.16) where (a1, a2, a3) satisfies

ai+ay+ay=D and Aay+ lay+ Azaz =0. (2.18)
3) Assume that ppy, #0, pm, #0, and py, + pm, = 2/(3+/3). Consider the convention
M=-2i/"/3 and rr=r3=i/V3. (2.19)
System (2.12)-(2.13) has a unique solution given by
Py (V) = Yomy oy (¥) +a1€1* + (a2 + azx)e’?, (2.20)

where (a1, ay, a3) is uniquely determined via (2.13), i.e.,

Qi(ar, az,a3)" = D(1, eMmFmm)L )T (2.21)
where
1 1 0
Q1= ML Ml Le*2L . (2.22)

aeth et QL + 1)tk

4) Assume that pp, = pm, =0 and thus m; = my = m. A solution of system (2.12)-(2.13) is

1 1
Om.m(x) =4 (L sinx + 6 xsinx — 3 cos(2x)> . (2.23)

Proof. We proceed with the proof of 1), 2), 3), and 4) in Steps 1, 2, 3, and 4 below, respectively.
Step I: Proof of 1). Since n =1n; , (1 < j < 3) is aroot of the equation

n +n—ipm=0,
it follows that

Njmy 7 —Nk,my

(since otherwise p;,, = — pm, Which is impossible), and

(Uj,ml + r)k,mz)?’ + (flj,ml + nk,mz) - i(pml + pmz) = 37)j‘m1 Nk,my (ﬂj,ml + nk,m2)~
Since p, # 0 and p,,, # 0, we derive from Lemma 2.1 that x,,;, m, is a solution of (2.12).
Since a general solution of the equation & + &' = i(pm, + pm,)E is of the form Z;zl ajeti*

by Remark 2.5, it follows that
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3
a general solution of (2.12) is of the form ), m, (x) + Z aj Mt (2.24)
j=1
We have
(2.3) (2.3)
— Xm0 =D, =y my (L) = DeMomHm)l = and  — y (L) =70, (2.25)

It follows that a function of the form X, m, (x) + Z§:1 aj ei* satisfies (2.13) if and only if

3 3 3
Zaj =D, Zaje)»jL — De(nl,ml"l‘rll,mz)l" Zaj)vje}\jL =0,
J=1 J=1 J=1

which is equivalent to (2.17). Since py, + pm, ¢ P U {2/(3\/5)} and pp,, + pm, > 0, it follows
from Lemma 2.2 that det @ # 0. Therefore, one obtains 1).

Step 2: Proof of 2). A solution of (2.12) is of the form x,u,,m, (x) + Z§=1 aj; e*i* . This function
satisfies (2.13) if and only if, by Remark 2.4 (recall that p,,, + pm, € Pr),

3 3 3
23 23
E aj=D, Mh E aj (=)De(’“~’”1+”‘-’"2)L, E ajhj D,
j=1 j=1 j=1

This system has a solution if
e)llL Ze(nl.ml+771.m2)L’ (226)

and a solution is given by (2.16) where (a1, az, a3) satisfies (2.18).
It remains to prove (2.26). Assume, for some p,,, € P, that

Pmy + Pmy = Pms- 2.27)
To establish (2.26), it suffices to prove that, by (2.3) and Remark 2.4,
e2m Tn2m)L _ gn2ms L
which is equivalent to the fact, by (2.1),

km3 _lm3 _ km] _lml _ kmg _lmz GZ.
3 3 3

(2.28)

From (2.27) and the definition of p,, in (1.11), we have

(km3 - lm3)(2km3 + lmg)(zlmg + km3)

= (kml - lml)(kal + lml)(zlml + kml) + (kmz - lmz)(zkmg + lmz)(ZZmz + kmz) (229)
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Since

(kmj _lmj)(kaj +lmj)(21mj +kmj) zlmj _km‘

J

mod 3,
it follows from (2.29) that
kmy — lmy = kmy — I, + (km2 — lmz) mod 3,

which yields (2.28). The proof of Step 2 is complete.

Step 3: Proof of 3). A solution of (2.12) is of the form ), m,(x) + a1e** + (az + azx)e*>*.
This function satisfies (2.13) if and only if, by (2.25),

aj+ar=D, a1t + ape’?t + azLe*t = pemitim)L
and
airet + ardae?t +az(nL + et =0,
which is equivalent to (2.21).
Hence, it suffices to prove that Q is invertible. Replacing the third row of Q; by itself minus

Ao times the second row, we obtain

1 1 0
Q)= eML el pell || (2.30)

(A1 —rp)etl 0 etk
We have
det @y = €L — (1= L(A) — Ap))eM122L,
Using (2.19), we derive that det @ = 0 if and only if
el =14 3,L.

Since the equation e* =1+ ix has only one solution x = 0 in the real line, one derives that
det Q5 # 0. Therefore, Q) is invertible. The proof of Step 3) is complete.

Step 4: Proof of 4). Since p,, =0, it follows that k,,, =[,,;, and L = 27 k,,. One then has
Mm=—1, Mmm=0, mm=i
It follows from the definition of v, in (2.2) that
Ym(x) = 2i(cosx — 1). (2.31)
This implies
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(1//,,21(x))x = 8(cosx — 1) sinx.

A straightforward computation gives the conclusion.

The proof of Proposition 2.1 is complete. O

Remark 2.6. In the case, p,,, =0 and p,,, # 0, one cannot construct a solution of (2.12)-(2.13)
in general. In fact, one can check that

3
(nj+1,m1 - nj,m1)(’7k+1,m2 - nk,mz) .
Xomymo (X) = — Z Z eUji2,my F0k42,my )X
T 30 j42,my Me+2.m2

3
_ Z (nl,ml — N3,m )(’7k+1,m2 - 77k,m2)’7k+2,m2 xe”"”’"zx (232)

377k+2,m22 + 1

k=1

is a solution of (2.12). However,

Xy (0) 7 €72y s (L)
since, in general,
3

Z Mk+1,mr — 77k,r£tg)’7k+2,m2 20,
377k+2,m2 +1

k=1

Hence one cannot find (a1, as, a3) € C3 such that the function Xmy,my (X) + Z§=1 aj e*i* | with
Aj =Aj(pm,), verifies (2.13).

Let L € N and 1 <my,my < ny. We are next interested in constructing a solution of the
system

—i Py = P By my () + Bl (X) + Bl () + (wmu/'fmz)/(m —0in(0,L), (233)
and
By (0) = By (L) = By (L) =0, (2.34)
We have

Proposition 2.2. Let L € N and 1 <my,my <ny. Let A; = A;(pm, — Pm,) and Q = Q(ipm, —
ipm,) where A ; and Q are defined by (2.10) and (2.11). When p,, # 0 and py, # 0, set

3 3 i n
B By = 303 Wt = i) Gty = ) (235)
my,my e 30 42,m Nk+2,m,
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and

3 03 _ _

~ Mj+1my = Mjmy) Mkt Lmy — Mhkeoma) (., ; .

Xomy .o (x) — _ Z Z J mj 37] .] ’2"1 ﬁk 5 myp mj e(ﬂ]+2,m|+7/k+2,m2)x in [0, L]
j=1k=1 JH2m k2, my

(2.36)
We have

1) Assume that py, #0, pmy # 0, pmy # Pmy, and pm, — pm, ¢ Pr. The unique solution of
system (2.33)-(2.34) is given by
3 ~
By () = Tomymy (6) + Y @i, (2.37)
j=1
where (a1, az, az) is uniquely determined via (2.34), i.e.,
a1, az,a3)" = D(1, eMmtim)t )T, (2.38)

2) Assume that pm, # 0, Pm, # 0, Dmy 7 Pmy» a0d Py — Pm, € Pr. A solution of system
(2.33)-(2.34) is given by (2.37) where (ay, a2, az) satisfies

ay +ay+az = 5 andxlal +X2a2 +’)\:3a3 =0. (2.39)

3) Assume that py, = pm, 7 0 and thus m; = my = m. System (2.33)-(2.34) has a unique
solution

3 3 — _
G () = — Z Z Mj+1,m — 0jm) Te1,m — nk’m)e(’?j+2,m+ﬁk+2,m)x

i 301 2.mMk+2,m

3 _ _
Z (nj+1,m - nj,m)(nk+1,m - nk,m)

+ —
3nj42,mNk+2,m

3

j=lk=1

4) Assume that p,,, = pm, = 0 and thus m| = my = m. A solution of system (2.33)-(2.34) is

1 1
Gmm(x) =—4 <L sinx + e xsinx — 3 cos(2x)> . (2.40)

Proof. We proceed with the proof of 1), 2), 3), and 4) in Steps 1, 2, 3, and 4 below, respectively.

Step 1: Proof of 1). The proof is similar to Step 1 in the proof of Proposition 2.1. One just notes
that

(77j,m1 + ﬁk,mz)3 + (nj,m| + ﬁk,mz) - i([’m] - sz) = 377j,m1 ﬁk,mz (77j,m1 + ﬁk,mz)y

and
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77j,m| + ﬁk,mz # 0

since pm, 7# Pm,-

Step 2: Proof of 2). The proof is almost the same as Step 2 in the proof of Proposition 2.1. The
details are omitted.

Step 3: Proof of 3). One can check that ¢,, ,, is a solution of (2.33)-(2.34). The uniqueness
follows from the fact that equation (2.10) has simple roots for z = 0.

Step 4: Proof of 4). The conclusion is from 4) of Proposition 2.1 by noting that
[ (0 = =0 () i iy =0.
The proof is complete. O
3. Properties of auxiliary functions
The main goal of this section is to establish, for L € A" and 1 <m < ny with p,, # 0, that

Opm(0) £0 3.1

provided (1.14) holds (see Proposition 3.1) where ¢,, ,, is determined in Proposition 2.1. We
begin with

Lemma 3.1. Let L € N and 1 <m < ny with py, #0. Set

3
E, :ZZ Nj+1,m ﬁ],m. 32)
i—1 Nj+2.m
J
We have
1 2
Dy = _Xm,m(o) = gEm, 3.3)
and

2Tkl G+ )
(kan + 2) ki + ) (kg — L)

E, = £0. (3.4)

Proof. It is clear to see from (2.15) that
[
Dm,m = _Xm,m(o) = gEm

With the notation y; ,, = Ly, /(2mi), we have

2k + Ly k= ln _ kn 421y,
3 ’ V2,m - 3 k) ]/3,m —_ 3 .

Yim = — (3.5
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It follows that

3
E. — Z Yi+l.m — Vjm _ 3k . 3l _ 3km + 1)
m < Yitom km + 2L 2km +ln ki — I

Since
km(2km + lm)(km - lm) - lm(km + 2lm)(km - lm) - (km + lm)(km + 2lm)(2km + lm)
= 2(kp, — L) (kin — L) = (ki + L) (kg + 20) (ki + L)
= (km + zm)(zkfn — Akl + 2k2 — 22 — 212 — Skmlm) = — %kl (ki + L),

we derive that

E, —— 2Tkl (ki + L) £0.
(km + 2ln1)(2km + lm)(km - lm)

The proof is complete. O

We next show in Lemmas 3.2 and 3.3 below that for L € N and for 1 <m < ny with p,, #0,
it holds

2pm #2/(33) and  2p, ¢ Pr.
As a consequence ¢y, , is constructed via 1) and 4) in Proposition 2.1. We begin with
Lemma 3.2. Let L e N and 1 <m <ny. Then
2pm #2/(BV3).
Proof. We first claim that there is no k, ! € N, with k > [ such that
Qk+1DQL+k)(k —1) = (k> + 1> + k)*/2. (3.6)
We prove this by contradiction. Assume that there exists such a pair (k, /). Set
H= {(k, I) e N, x Ny, k >, and (3.6) holds}.

Set

h:min{k+l; (k, 1) eH} > 0.
Fix (k,l) € H such that k + [ = h. Since

Qk+DQRI+k)(k—1)is even,
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it follows from (3.6) that k2 + I2 + kI is even. Hence both k and [ are even. We write k = 2k; and
| =21, for some k1, [; € N,. Itis clear that

ky > 1y,
and
Qky + 1) QL+ k) — 1) = (3 413+ ki11)>%,
This implies
(k1,11) € H.
We have

ki+lhi=Gk+D/2=h/2 and h>0.
This contradicts the definition of /. The claim is proved.

We are ready to derive the conclusion of Lemma 3.2. Since 2p,, =2/ (3+/3) for some 1 <
m <ny and for some L € AV if and only if, by the definition of p,, in (1.11),

Qi 4 ) R — L) oy + k) = (k2 + 12 + ki) >/?,
the conclusion follows from the claim. O
We next prove
Lemma 3.3. There is no quadruple (ky,11, k>, 12) € Ni satisfying the system

kl >11, k2 >l2,
K2+l + 12 =k + kb +12, 3.7
(2ka + )2l + ko) (ka — 1) =22k +11) (211 + ky) (k1 — 11).

Consequently, for L e N and 1 <m < np, we have

2pm & PL if pm #0. (3.8)

Proof. We prove the non-existence by contradiction. Assume that there exists a quadruple
(k1,11, k2, o) € N satisfying (3.7). Set

G= {(lq,ll,kz,lz) e N* (3.7) holds}, (3.9)
and let

g=min [k +11 +ka + 125 (k1. [i. ko, b) € G > 0. (3.10)
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Fix (k1,!1,k2,12) € G suchthatky + 11 + ky + 1, = g. Set
A=k + kil +13=k3 4+ kylp + 15 (by the second line of (3.7)). (3.11)
Since, for (k, 1) € R,
Qk+DQl+k)=2k*>+kl +1>)+3kl and (k—0)°>= (k> +ki+1*) —3kl,

it follows from the square of the last line of (3.7), with

x1=3kil; and x;=3kyly, (3.12)
that
(2A+x2)*(A — x2) =4QA +x1)* (A — x1).
This implies
(443 —3Ax3 — x3) =4(4A% —3Ax7 — x}), (3.13)
or equivalently
12A% =3A(4x7 — x3) + 4x; — x3. (3.14)

Using (3.12), we derive that A3 =0 mod 3, which yields
A=0 mod3.
Putting this information into (3.14) and using again (3.12), we obtain
x} —x3 =0 mod 3*.
We deduce from (3.12) that
(ki11)? = (kal2)> =0 mod 3. (3.15)
By writing k1/; under the form kI, + 3g 4+ r with g € Z and r € N with 0 <r <2, we have
(k1l1)? = (kala)® = 3k3133q +r) + 3kalaB3q +1)? + (3q +1)°. (3.16)
Combining (3.15) and (3.16) yields that r = 0. Putting this information into (3.14), we obtain
A*=0 mod 3*.
This implies
A=0 mod9.
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We deduce from (3.11) that
ki=0 mod3, [;=0 mod3, k=0 mod3, [,=0 mod?3.
Let 121 , fl , 122, fz € N, be such that
ki =3k, L=3h, k=3k, Lh=3b.
One can easily check that (121, I 1, 122, fz) € G and
b+l +k+h=g/3<g.
We obtain a contradiction. The non-existence associated with (3.7) is proved.
It is clear that (3.8) is just a consequence of the non-existence by the definition of L and p,,
as a function of &, and [, in (1.10) and (1.11). The proof is complete. O
We are ready to state and prove the main result of this section:
Proposition 3.1. Let L e N and 1 <m <ny. Then
Pm(0) =47 L = —¢}, ,, (0) if pm =0, (3.17)
and, if pn # 0 and s, # 0 then
P (0) #0. (3.18)

Proof. Assertion (3.17) follows immediately from 4) of Propositions 2.1 and 2.2. We next con-
sider the case p,, # 0. By Lemmas 3.2 and 3.3, we have

P (©0) =0
only if, with = e2manl and A=A 2pn),
Yi_ixja;j=0 (=g, (0) since x,, ,(0)=0),
Yo_iajetita;j=0 (=g}, , (L) since x;, ,(L) =0), (3.19)
Y@t —a)a; =0 (=—=xmm(L) +&xmm(0) since xpmm(L) = xm.m(0)).

Since E,;, # 0 by Lemma 3.1, one has a non-trivial solution (ay, az, a3) of this system. This
implies

A Ao A3
detK1 =0 where K| := rerl ppetrl pseMl . (3.20)
e).]L —a e)»zL — e)»}L —«

Set
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Aj=AjL
Condition (3.20) is equivalent to
Moo he s
detKr, =0 where Kj:= ileil 3\263‘2 5»365“3 . (3.21)
M —g e —a e g
A computation yields
3 ~ A~ ~ ~
det K, = Z)‘f (()\j+1 — Ryt (et — )~j+2€M+2)),
Jj=1
which implies
3 ~ ~
det Ky =Y (i1 = Ajya) (¢7 +aeh). (3.22)

j=1

Here we used the fact Z;zl ):j =L Zj‘:l A j = 0. From the definition of 1 ; = X;(2p,,) given in
Definition 2.1, we have

AMAr+r3=0,
Aho 4 AAz + Aoky = L2,
5»15\2):3 =2ime3.
Define o, by

)A»j _ 2mioj ,
3
We then have

Olm+02,m + 03, = 0,
O1,mO2,m + 01,m03,m + 02 m03,m = _3(kr2n + 131 + kinlm),

01,m02,m03,m = =22k + L)l + ki) (ki — Im),
where in the last identity, we used the fact
3 1 3
pmL” = E(ZN) Qb + 1) Clin + k) ki — L)

It is clear that det K» = 0 if and only if (1.14) holds. The proof is complete. O
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4. Useful properties related to quasi-periodic functions

In this section, we derive some properties for W, (-,0) given in the introduction using the
quasi-periodic-function theory. The main result of this section is Proposition 4.1. We begin with
its weaker version.

Lemmad4.l.Let{ €Ny, a; €C,q; >0for1 < j<{ and Mj, j;,,Nj j, €Cwithl < ji, jp <
L. Assume that

qjy #qj for 1 < j1# jo <¢,
M;;#0forl1<j<¢,

4.1)
(M jisrealand Nj ; #0) ifq; =0,
aj € iR l'qu =0,
and
¢
> laj? > 0. (4.2)
j=1
Set, fort € R,
g(1)
=2 (ajlajz Mj, e TR L G ap My, e TR 4 2a5,a;, N, e @i _qh))'
J1=1ja=1
4.3)
There exists t € Ry such that
g() #0. (4.4)

Proof. We prove (4.4) by recurrence in £. It is clear that the conclusion holds for £ = 1. Indeed,
if g1 # 0 then since €291t 0, and e—291" are independent, the conclusion follows. Otherwise,
g1 =0. Since M| is real and a; € iR, we have

g() =2la1’Ny,1.
The conclusion in the case £ = 1 follows since Ny 1 # 0.

Assume that the conclusion holds for £ > 1, we prove that the conclusion holds for ¢ + 1.
Without loss of generality, one might assume that

0<qi<qr<--<qe<qes1. 4.5)
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We will prove (4.4) for £ + 1 by contradiction. Assume that there exist a; and g; > 0 with
1<j<€+1,Mj j,, Nj j, €Cwith 1< ji, jo <+ 1 such that (4.1), (4.2), and (4.5) hold,
and, forall t e Ry,

41 €+1
Z Z (a.ila.izMjl,jzeil(q'il )" +&jl&sz./l,jzel(qj'+qj2)t + 2@/’1‘_lij./lJzeﬂ(qJl 7q.,~2)> =0.
J1=1 =1

(4.6)
Since the function e~%9¢+1? defined in R ; does not belong to the space

span({e_”(qfl"’qfé); I<j<e+11<) SZ},
[eranrmii<jiser1i1=pse+1),

[erranmii<jiser s psesn)),
for t € Ry by (4.5), we have

2
ag 1 Meyr,041=0.

This yields, since My ¢+1 # 0,

ag+1=0.
It follows from (4.6) that

¢ ¢
Z Z (ajlaszjl,jze_i(q-/l +ap)t + ah aszjlyjzei(qjl_'_qu)t + 2aj1aj2Nj1vJ'Ze_i(qjl _qj2)> =0.
J1=1ja=1
4.7
We now can use the assumption on the recurrence to obtain a contradiction. The proof of (4.4) is
complete. O

Using Lemma 4.1 and the theory of quasi-periodic functions, see e.g. [1], we can derive the
following useful result for the proof of Theorem 1.1.

Proposition 4.1. Let £ € Ny, aj € C, gj >0 for 1 < j < ¥, and Mj, j,,Nj, j, € C with 1 <

J1, jo < L. Assume that (4.1) holds and denote g by (4.3). For all 0 < y| < y» there exist yy > 0
and to > 0 depending only on y\, y2, £, qj, Mj, j,, and N}, j, such that if

¢
yi <Y lajl> <m, (4.8)
j=1

then

”g”Lz(r,Zr) > yo forall T > 7. 4.9
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Proof. Instead of (4.9), it suffices to prove

lgllLoer,2r) = o for T = 79 (4.10)

by contradiction since |g'(¢)| < C in R. Assume that for all n € N, there exist (aj,n)ﬁ-:l ccC
and (¢,) C R such that y; < lej-:l |a.,~,,,|2 <y, t, >n,and

lgnllLoe(,,260) < 1/1, 4.1D

where g, is defined in (4.3) where a;, and aj, are replaced by a;, , and aj, ,. Without loss of
generality, one might assume that

lim aj,=a;€C
n—+o00

and y; < Zj-v:l laj |> < y». Consider g defined by (4.3) with these aj. We have

n—

fim llgn — gll(®) = 0. (4.12)
Since g is an almost-periodic function with respect to ¢ (see e.g. [1, Corollary on page 38]), it
follows from the definition of almost-periodic functions, see e.g. [, Section 44 on pages 32 and

33], that for every ¢ > 0, there exists £, > 0 such that every interval (o, « + L) containing a
number 7 (g, @) for which it holds

lg(t+t(e,)) — gt)| <eforallt e R. (4.13)

The proof is now divided into two cases.

Case 1: liminf,_, g L, < 4+00. Denote Ly = liminf,_,o L,. We claim that g is T-periodic for
some period T < Lo + 1. Indeed, by (4.13) applied with & = 1/2, there exists a sequence (t,) C
(1/2, Lo + 1) such that, for large n,

lg(t+1,) —g(t)| <1/nforallt € R.
By choosing T = liminf,,_, 4 » 7, We have

gt+T)=g() forallz e R.

The claim is proved.
Since g is T -periodic, we have

gl ooy, tutT+1) = I€llLc 0,741y for n € Ny,

and since g is analytic and g # 0 by Lemma 4.1, we obtain

lgllLe,7+1) > 0.
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This contradicts (4.11) and (4.12). The proof of Case 1 is complete.

Case 2: limg_,g L, = +00. Set

p=lgllL=o,1)- (4.14)
It follows from Lemma 4.1 that g is not identically equal to 0. Since g is analytic, we derive that
p>0. (4.15)
Let ng > 2 be such that
llgn — gllLo®) < p/4,  llgnllLoe,,20,) < p/4 for n > ng.
Such an ng exists by (4.11), (4.12), and (4.15). We have, for n > ny,

lgllLoo,,26) < llgn — &llLoo(t,,260) + 18nll Lo, 20) < /4 + p/4=p/2. (4.16)

Fix 0 < & < p/4 and fix n > ng such that 1 < £, <1t,/2. Such a number n exists since t, > n. It
follows from the definition of 7 (¢, t,,) that

(e, ty) € (ty, ty + L) C (ty, 31, /2), 4.17)
and
lg(t+ (e, 12)) — g(1)| < eforallz e R. (4.18)

This yields

“.17) (4.18)
gl 20y = NgllLoiem),cem+) = lgllLewo1) —e=p—p/4=3p/4.  (4.19)

Combining (4.16) and (4.19) yields a contradiction since p > 0 by (4.15). The proof of Case 2 is
complete. O

5. An upper bound for the decay rate - Proof of Theorem 1.1

This section containing two subsections is devoted to the proof of Theorem 1.1. The main
ingredient is given in the first section and the proof is presented in the second one.

5.1. A key lemma
In this section, we prove

Lemma 5.1. Let L € N. Assume that dim M =1 or (1.14) holds. There exist ¢y > 0, C > 0,
and Ty > 0 depending only on L such that for all (real) ugy € L2(0, L) with luollL2¢0,) < €0, the
unique solution u € C([O, +00); L%(0, L)) nL? ([O, +00); H'(0, L)) of system (1.1) satisfies

loc

(T, 20,1 = Mol 20,1 (1= Cllwol2agq 1, ) for T = To. (5.1)
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Proof. We first collect several known facts. Let 77 > 0 be such that

1
lvx ¢, Ol 20,0 = EHU(O, M r20.1) forr =T, (5.2)

for all solutions v € C ([0, 4+00); L2(0, L))N L?

loc

([0, +00); H'(0, L)) of the system

{ Ve(t, x) + v (£, X) 4+ Uy (£, x) =0 in (0, +00) x (0, L),
5.3)

v(t,x=0)=v({t,x=L)=v,(t,x=L)=0 in (0, +00),
with v(0, ) € L%(0, L) satisfying the condition
v(0,) L M
(the orthogonality is considered with respect to L2(0, L)-scalar product). The existence of such

a constant 77 follows from [18].
There exist two positive constants g and ¢; such that if [lugll 2o,y < €0, then

||M||c([o,T,];L2(o,L)) + ||M||L2((0,T]);H1(05L)) =<c ||MO||L2(0,L) 5.4

(see e.g., [9, Proposition 14]). ~
There is a positive constant ¢, such that if &y € L?(0, L), f € L'((0, Ty); L?(0, L)), and
y e C([0,T1); L*(0, L)) N L2([0, T1); H'(0, L)) is the unique solution of the system

~

;It(t’x)+ﬁx(t’x)+gxxx(t’x):f in(O7T])X(07L)’
Ht,x=0)=0(t,x=L)=0,(t,x=L)=0 in (0, T}), (5.5)
Ut =0,) =i in (0, L),

then

i (. Ol 20,77y + Wdll e go.713:220.2)) F 141l 220, 7): 11 0.1))

< (Il 20,0y + L1 0.ni 0.7 (56)
There exists a positive constant ¢3 depending only on L such that, forall T > 0,

2
||§Ex ”Ll ((O,T);LZ(O,L)) =c3 ”‘i: ”LZ((O,T);HI (O,L)) (57)

(the constant c3 is independent of T').
We now decompose uq into two parts:

uo =uo,1 +up2in (0, L), (5.8)
where
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ug,1 = Projection y uq
with respect to L2(0, L)-scalar product.
The proof is now divided into two cases, with 0 < & = |ju| L20,1) < €0 (the conclusion is

clear if ¢ =0),

. 2 2
o Case 1: [luo2llz20,2) = Be” = Blluoll 2 1
o Case 2: |luo2ll 20,y < B&* = Blluol2aq ;s

where
B =4cicrcs. (5.9)
Case I: Assume that
luo2ll 20,1y = Be™ = Blluoll 72, 1 (5.10)
Let it € C([0, T1); L*(0, L)) N L*([0, Ty); H'(0, L)) be the unique solution of

iy (t, x) + iy (t, %) + lxex (£, x) =0 in (0, 1) x (0, L),

u(t,0)=u(t,L)=1u,(t,L)=0 1in (0, T}), (5.11)
(0, ) =uo in (0, L).
Then
R (5.6) (5.4),(5.7) )
1 — u)x (-, O)HLZ((),TI) < colluuy ||L1((0,T1);L2(0,L)) < cjcc3en. (5.12)

Let ii; € C([0, T1); L*(0, L)) N L2([0, T1); H'(0, L)) with j = 1, 2 be the unique solution
of

ﬁj,t(tvx)"i‘ﬁj,x(lsx)+’2j,xxx(tsx) =O fort € (07 T)v X € (O, L)v

wj(t,0)=u;t,L)y=i;,(t,L)=0 forte(0,T), (5.13)
(0, =uo,; in (0, L).
Then
=i +1uin [0, T7] x [0, L].
We have

U1,x(-,0)=0in[0, T1], (5.14)
and, by the choice of 77 via (5.2),
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. 1, 1
N2, G0 z20,1y) = EHUZ(O, M2,y = §||M0,2||L2(0,L)- (5.15)

It follows from (5.10) that

i€ Ol 20 = 586> (5.16)
From (5.12) and (5.16), we obtain
fluxC, O)||L2(O,T.) > i 0)||L2(0,T|) — I — @) 0)”L2(0,T1)
> (%,3 — c%czcg) &2 (529) c%czqsz.
In other words,
lix . Ol 200,77) = EeacslluollZayg 1 - (5.17)
Case 2: Assume that

luo2ll 20,2y < Be® = BlluollFa g, 1 - (5.18)
Since

2 2 2 2
”uO,l ||L2(0,L) + ||u0,2||L2(()’L) = ||u0”L2(O,L) =&,

by considering ¢ sufficiently small, one can assume that

Ilee0,1 ||L2(O,L) >¢e/2.

Let a,,, € C (1 <m < np) be such that

luo,lzm{Zam\Pm(O,x}}. (5.19)

&
m=1

Since up,; € M, such a family of (ocm)ZL=1 exists. Since
1
1/2 < ||EM0,1 2200,y =1

and (lllm (O, -)) is orthogonal in L2(0, L) (with respect to the complex field), one can assume in
addition that

nr
0<y1 <) lanl* <p2.

m=1
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for some constants y;, y» depending only on L. Moreover, since W, (0, x) € iR for x € [0, L]
(by (2.31)) if p;, =0 (see e.g. (2.31)), one can also assume that a,, € iR if p,, =0.

Let 9 > 0 and 79 > O be the constants given in Proposition 4.1 with £ = ny, y; and y»
determined above, g,, = p,,, given by (1.11),

1 1

—_ 4
1,m2 my, a 1,m2 mi,my ’ .
Muny.my = 3¢ my(0) and Ny, = 8¢ 0) (5.20)

where ¢y, 1, and @y, , are defined in Proposition 2.1 and Proposition 2.2, respectively; in the
case the definition of ¢, u, and ¢, u, in Proposition 2.1 and Proposition 2.2 are not unique,
we fix a choice of @, 1, and @y i, -

By Proposition 3.1, we have

Mpm #0,
and
(M, is real and Ny, ,, # 0) if p,, = 0.

Then, by Proposition 4.1, for all a; € C (1 < j < N) satisfying y; < Z?’zl |aj|2 <y, it
holds

gl 2(z.27) = vo forall T > 7o, (5.21)
where
npy npy
8O =3 3 (s My e 0
mi=1mp=1
+ Ay Gy My e’ PP 2am1c‘zmszl,mze"'“""l"’mz)). (5.22)

Define

nr nr np np
A=B+2>" D lemmllizon +2 Y. D Ibmmllizo,L)- (5.23)

mi=1my=1 mi=1mp=1
and set
cs=1/(2A). (5.24)

Let 75> > 21( be such that

yx G, O 227y 2, 75) < €avolly(0, )20, 1) (5.25)

for all solutions y € C([0, +00); L*(0, L)) N L}

loc

(10, +00); H'(0, L)) of
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I Ve (t, x) + ye(t, X) + Yexx (£, x) =0 fort € (0, +00), x € (0, L), 526)

y(t,0) =y, L)=y,(t,L)y=0 fort e (0, +00),

with y(0, -) € L2(0, L). Note that T5 is independent of y(0, -). The existence of 7> can be proved
by decomposing y(0, ) = y1(0,-) + y2(0, ) with y;(0, ) € M, and noting that (5.25) holds
for the solution with initial data being y»(0, -) since the solution is exponential decay, and the
contribution for yy (-, 0) from the solution with initial data is y{ (0, -) is O.

Let @i, @i, € C([0, +00); L2(0, L)) N L2 ([0, +00); H'(0, L)) be the unique solution of

loc

ﬁl,l(tax) +ﬁl,x(tax) +ﬁl,xxx(t7x) =O fOrt € (07 +OO), X € (07 L)9
7@t,0) =0, L)y =11, L)=0 fort e (0, +00),

(5.27)
~ 1 .
u1(0,-) = —uo,1 in [0, L],
&
and
Ez,t(tax) + ﬁZ,x(tax) + ﬁZ,xxx(t7x) +”Zlﬁl,x = 0 fort € (Os +OO)7 X € (07 L)v
Ur(t,0) =1r(t, L) = (t,L) =0 for z € (0, +00), (5.28)
~ 1 .
u2(0,-) = —2H0.2 in [0, L].
Set
npy
V(t.x)=) anWn(t,x) and Ut x)=RV(t,x).
m=1
We have
U(t7-x) + U.)C(tﬂ‘x) + Uxxx(t»x) = O fOI't € (Oa +OO), X € (Oa L)a
Ult,x=0)=U(lt,x=L)=U(t,x=L)=0 fort e (0, 4+00), (5.29)
1
Uit=0,)=-uo1 in [0, L].
&
This implies
11 =U in (0, +00) x (0, L).
Define
nr nr )
VI, X) =) ) Oy @y ()€ PPt (5.30)
mi=1my=1
and
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nr ny

Va(t,x) =Y > Oty oy iy my (x) e P mPm)" (5.31)

mi=1mp=1
Then, by the construction of @, ,

{ Vl,f(tv-x) + Vl,x(t’x) + Vl,xxx(tax) + (V([,X)V(t,x))x =0 fort € (07 +OO)7 X € (07 L)’

Vit,0)=Vi(t,L)=Vi,(t,L)=0 for ¢ € (0, +00),
(5.32)
and, by the construction of ¢y m,,

{wﬁmxr+wwmx»+%J”aJ0+0V0Jm%x=0fmreax+mxxe(QLx

Vao(t,0) =Va(t,L) =Va,(,L)=0 for t € (0, +00).
(5.33)
Set
1 — .
W= g(vl YVt 2V2) in (0, 4-00) x (0, L). (5.34)
It follows from (5.22) that W, (¢, 0) = g(¢) in R and hence, by (5.21),
|| Wx (t, 0) ||L2(‘[,2‘E) =Y for all T > 10. (535)

Since

(Ve 0V, %) + (Ve 0V x), +2(1V(e,x0)%), =8Ut, x)Ux(t, x),
we derive from (5.34) that

{ Wt(t’x)+Wx(t,x)+ Wxxx(tax)+U(t,x)Ux(tax) =0 fOI't € (Oa +OO)7 X € (Oa L)7

W(t,0)=W(t, L) =Wy(t,L)=0 for ¢ € (0, +00).
(5.36)

Let W e C([0, +00); L2(0, L)) N L ([0, +00); H' (0, L)) be the unique solution of

loc

Wi (1, x) + Wi (1, x) + Worx (2, x) =0 for r € (0, +00), x € (0, L),
W(t,00=W(t, L) =W, (t,L)=0 fort e (0,+00), (5.37)
W(0,-) =12(0,-) — W(0,-).

Then
i, =W + W in (0, +00) x (0, L). (5.38)
We have
N 5.38) ~
2, O 22,1 = IWxC O 2y 2,79 — W G O 22¢7 /2,7 0 (5.39)
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- (5.25) ~
IWe Ol z2(y 2,1 = cavoll WO, Iliz20,1) (5.40)
and, since T» > 19,
(5.35)
Wi Ol 20,0 = Vo (5.41)

Since, by (5.30), (5.31), and (5.34)

nr ngp

SW(O,.X): Z Z amlamz(pml,mz(x)

mi=1mp=1

nr np nr np

+ Z Z &ml&mzﬁbml‘mz(x) +2 Z Z aml&m2¢m1,m2(x)’
mi=1mp=1 mi=1my=1
it follows that
nr nr nr nr
IWO. M 200 <2 D> Y Memmlizon +2 D Y Idmmlizon. (542
mi=1mp=1 mi=1mp=1

By the definition of A in (5.23), we obtain from (5.18) and (5.42) that

- (538) ~
A= [0, 20,0 + IWO, 200 = 1WO, 201 (5.43)

Combining (5.39), (5.40), (5.41), and (5.43) yields
12,2 ¢ Ol 27, /2, 15) = Y0 — car0A.
Since ¢4 = 1/(2A) by (5.24), we obtain
2, C, Ol 2275 2,75) = V0/2. (5.44)
Set
ug =&ty + &%h — u in (0, +00) x (0, L),
and
fa =uuy — 211, in (0, +00) x (0, L). (5.45)
We have, by (5.27) and (5.28),

ud,t(tv-x) + ud,x(tax) + Md,xxx(tax) = fd(t7-x) fort S (Oa +OO), X € (Oa L)a
ug(t,x =0)=uyg(t,x=L)=uy(t,x=L)=0 fort e (0, 4+00), (5.46)
uqg(t=0,)=0 in (0, L).
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It is clear that

2
||fd||L1((o,T2);L2(0,L)) <Ce¢",

where C is a positive constant depending only on 7> and L. It follows that

2
luallc(o,my:L20,0) T uall 20,1 m10,)) = €&

This in turn implies that
3
||fd||L1((0,T2);L2(0,L)) <Ce¢,
and therefore,
a0l 20,7 < CE. (5.47)
Combining (5.44) and (5.47), and noting that & (¢, 0) = 0 yield

lex OVl L2z p2,75) = CE™. (5.48)

The analysis of Step 2 is complete.

The conclusion now follows from Case 1 where one obtains (5.17) and Case 2 where one
obtains (5.48) by choosing Top = max{77, 7>} and using (1.5). The proof is complete. O

We are ready to give
5.2. Proof of Theorem 1.1

By Lemma 5.1, we have
(T2, 20,y = 10000, 20,1y (1= (0,9 ) )-

This yields, with ||« (0, ~)||L2(0’L) =¢ > 0 and p being the largest integer less than 1/(2C82),

1
lu(pTa, HliL20.0) < 5””(07 M2,z

Here we also used (1.5). Using (1.5) again, it follows that, for 7 > C/||u(0, -)||iz(0 Ly

1
lu(T, 20,0y < EIIM(O, M r200,1)-

This implies, by recurrence, that

n—1

(T, Il 20,2y < 27" luoll 20,1y for T = € Y~ 2°7 /1u(0, ) 1720 4,
p=0
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since [[u(?, -) [l 2o, 1) 18 @ non-increasing function with respect to ¢. In particular, we obtain, since
lu(z, )20,z 1s @ non-increasing function with respect to z,

e, )l z20,0) < C/112. (5.49)
The proof is complete. O
6. A lower bound for the decay rate - Proof of Proposition 1.1
Fix 1 <m <ny and o, € C with |«,,| = 1 such that
N (0t @m,m (x)) is not identically equal to 0 in [0, L].

Let i) € C([0, +00); L2(0, L)) N L2

loc

([O, +00); H'(0, L)) be the unique solution of

ﬁ],l(tvx) +;[1,x(t’x) +ﬁ],xxx(tax) = 0 fort € (Oa +OO), X € (Oa L)’
W (t,x=0)=u (t,x=L)=u),(t,x=L)=0 fort e (0, +00), (6.1)
ﬁl(os ) = R(@n@m,m)-

Set
Vi(t, x) = @2 @ (x)e2Pmt, (6.2)
Va(t, x) = lam > bm.m (), (6.3)
and denote
~ 1 - .
W = g(vl TV zvz) in (0, +00) x (0, L). (6.4)

Since ¢y, is real by 3) of Proposition 2.2, it follows that V; is real and hence so is u5.
As in the proof of Lemma 5.1, we have

(1) = 0@ (D)),
and

;[Z,l(tv'x) +272,x(t7x) +;[2,xxx(tax) +l’71 (tvx)ﬁl,x(tax) =0 fort € (07 +OO), X € (07 L)a

Ur(t,x=0)=ur(t,x=L) =y, (t,x=L)=0 for ¢ € (0, +00).

Let u € C([0, +00); L?(0, L)) N L}

2 (10, +00); H'(0, L)) be a (real) solution of (1.1) with
u (0, )20,y =T,

where
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[ = sup [[u1 (¢, )l 20,2y + 1-
t

Set
ur(t,x) = W(t, x)in (0,400) x (0, L),
ug = ey + &%%r —u in (0, +00) x (0, L),
fua = uuy — 210, in (0, +00) x (0, L).
We have

ug  (t,x) +ug(t,x) +ug oxx(t,x) = fy(t,x) fort e (0,+00), x € (0, L),

ug(t,x =0)=uyg(t,x=L)=uys(t,x=L)=0 fort e (0,+400), (6.5)
ug(t=0,)=0 in (0, L).
Denote
ga = &> (Wiin,x + a1 ) + et x. (6.6)

We write f; under the form
_ ~ 2~ ~ 2~ ~ 2~
Ja =@ —euy — e ur)uy + (cuy +&“uz) (U — guy — £°U2)x + gd
_ ~ 2~
= —uquy — (U1 +&7U)uq x + &4

Multiplying the equation of u4 with u4 (which is real), integrating by parts in (1, ¢) x (0, L), and
using the form of f; just above give

t

L L L
/|ud(r,x>|2dxs/|ud(1,x>|2dx+2f/|ud|2|ux|dxds
0 0 1 0

t t

L L
+//<s|m|+sz|ﬁz|)x|ud|2dxds+2/f|gd||ud|. (6.7)
1 0 1 0

Since
L L
/|u(r,x)|2dx§/|u(0,x)|2§C8 fort >0,
0 0

and the effect of the regularity, one has
lu(t, x)| + |ux(t,x)| < Cefort>1, x €[0, L]. (6.8)

284



H.-M. Nguyen Journal of Differential Equations 295 (2021) 249-291

Let a be a (small) positive constant defined later (the smallness of a depending only on L).
Let g € [1, a/e] be such that

L L
/lud(to,x)|2dx: max /lud(t,x)|2dx.
tell,a/el
0 0

Combining (6.7) with t =ty and (6.8) yields

aje L

L L L
/|ud<ro,x>|2dxs/|ud<1,x)|2dx+0a/|ud(zo,x>|2dx+//s*‘|gd|2dx.
0 0 0 1 0

This implies, if a is sufficiently small,

L L
/ lua(to, )|> dx dx < c/ lug(1, x)|>dx + C&*
0 0
by (6.6).
On the other hand, one has

L L
/|ud(t, I dxdx §Cf|ud(0,x)|2dx+C84 for 1 € [0, 1].
0 0

We have just proved that, for a sufficiently small,

sup g, ) 20,1y = € (a0, Ml 20,1, + %)
tel0,a/¢e]

Continuing this process, we obtain

n
sup  [lua(t. ) 2000y < C"ua(©. )l 20,y + D CFe?. (6.9)
tel0,an/e] k=1

We now consider u with
u(0, ) =€ (0, ) + &212(0, -).
Thus

ug (0, ) =0. (6.10)
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Fix y > 0 such that
L
inf/ 717, x))? dx > 4y. 6.11)
teR
0

With n being the largest integer number such that C"**! < ye~! (we assume now and later on
that C > 2), we derive from (6.9) and (6.10) that

sup  lua(t, )llz20,0) < Ve
te[0,an/e]

Since
o 2
Ug==¢€uU1+€euy—u,
by the choice of y, we have, for ¢ sufficiently small,
lutan/e, 20,1y = ve.
We deduce that, with t =an/e ~ ¢ 'lne~! (hence e ! ~ t/In7),
lu(z, 20,y =ve=Cylnt/z.
The proof is complete. O
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Appendix A. Proof of Lemma 2.2
Let L € A and z € Pr. Then, from [18], z = p,, for some 1 <m < ny and
Aj=Njm-

One can then check that det @ = 0. On the other hand, if z # 4+2/(3+/3) and det Q(z) = 0, it
follows that there exists (a1, a2, a3) € C3 \ {0} such that the function £ defined by

3
E(x)= Z:aje)\f(z”C
=1

satisfies
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£(0)=&(L)=¢&"(L)=0.
Since £ + &' =iz, by an integration by parts, one has
£(0) = 0if z is real.

Hence, from [18],if z € R\ {j:2/(3\/§)} and det Q(z) =0, then L € A and z = p,, for some
1 <m < nr. We finally note that, {:|:2/(3\/§)} NP =@ forall L € N since, fork>1>1,

Qk+Dk—DQI+k)  Qk+D(K>+kl —20%) 2k +1) 2
< = < < .
3VBUKE+KL+1232  3VBUE kI +12)32 33U+ kI +1D)12 33

The proof is complete. O

Appendix B. Scilab program for checking s(k, ) # 0

clc
N=2000;
t=100;
a=0;
b=0;
for k=2:N
for 1=1:k—1
hl = 3 % (kxk + Ix1 + kx1);
hO= 2 * (2xk + 1)*x (2%1 + k)x(k—1);
p = poly([hO —hl 0 1],’x’,’¢c’);
r = roots(p);
c=exp(4 * %pi * %i *x (k—=1)/3);
al= cx*x exp(2 * %i * %pi xr(l) /3)
+ exp(—2 x %1 * %pi *x r(1)/3);
a2 = cx exp(2 x %i *x %pi xr(2) /3)
+ exp(—2 x %i *x%pi * 1r(2)/3);
a3=cx exp(2 *x %i * %pi *r(3) /3)
+ exp(—2 * %1 *x %pi *x r(3)/3);
s =r1(l)*x (r(3) — r(2))* al
+ 1 (2)*% (r(l) — r(3))x a2
+ r(3)x (r(2) — r(l1))* a3;
if abs(s) < t then t=abs(s); a=k; b=l;
end
end
end

disp(a, b, t);

The outcome is t = 0.0000164, a = 736, and b = 611. This means
min{|s(k, Diil<l<k=< 2000} =1t =0.0000164

and
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5(736,611) =1¢.
Appendix C. A range of k and [ for which s(k, 1) # 0
In this section, we prove

Proposition C1. There exists a constant C > 1 such that for k,l € N, satisfying the conditions
that k > 1, k + 1 is odd, and

Ck —1)? <k,
we have

sk, 1) #0.

Proof. Instead of proving s(k, ) # 0, we will prove the following equivalent fact, by (3.22),

S(k,D) #0,
where
3
Sk, 1) = Z)‘j()‘jﬂ _ )Lj_i_l)(eanLeML I e—x,-L>7 1)
j=1
where A ; are the solutions of
A4+ r=2ip

with p = p(k,[), and ny = ny(k, 1) =2mi(k —1)/(3L).
We have

K>+ kl+1%2=3k>+3k(l — k) + (I — k)?,

which implies

I—k (l—k)2>1/2

L=2nk(14+ —+ —-—
n(+k+3k2

Using the fact, for small x,
1/2 1 1, 3
(1+x) :1+§x—§x + 0(x7),

we derive that
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B I—k (I—k)? 303

L =2nk <1+7+Tk2+0((k—l) /k )) (C2)
AV

=7 <k+z+(112']§) +0((k—l)3/k2)). (C3)

Here and in what follows for a number a, we denote O (a) the quantity which is bounded by C|a|
for some positive constant C independent of k and /.

Set
M=Mk1)=Qk+DQl+kk—1).
Then
M =k? <3+ %) <3+ 2(lk_k)> (k—1)=9%>(k — 1) (1 + % + 0((k—l)2/k2)> .
(C4)
We have
_ 27\ 3 (€2).(C4) 1 l—k 2,0
p—<3—L) MmO 3—k(k—l)(1—7+0((k—l) /k )) (C5)
1
- ﬁ(k—l)(leO((k—l)/k)). (C6)

From the definition of A j, we obtain

.. 3ip? 3 . 3 o 3ip? 3
AM=—i—ipt+——+0(p"), A=2ip+0(p’), I=i—ip———+0(@p). (C7)
2 2
It follows from (C1) that
St 1) = (=i —ip +3ip?/2)(i —3ip —3ip?/2) (e*ML n eZ"ZLeML)
+2ip(=2i + 3ip?) (e 72k 4+ ePrL it )
+ (i —ip—3ip*/2)(i +3ip —3ip?/2) (e*m + e2"2Le*3L) +0(p?). (C8)

We have

ML — L' D2 +3ip>) L + 0(p*L)

CUY 2+ i — % +3ip’L + 0(p*L)

'2),(C6 3
LD 5k + Dymi — Zisz +3ip*L + 0(p3L)
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9
=20k +Dmi + Zisz +0(p°L). (C9)

Here in the third identity, we used the fact that

27 (k —1)2
p2L=—n( )

o(pL).
o & +O(p°L)

_N\2
+ 0k =D/ = 2—”%

9

It follows from (C9) that

9.2 3 9.2 3
efk3L +62n2Le)L3L 267A|L+11p L+0O(p°L) +62n2L€A1L711p L+0O(p’°L)

=e M1+ Zisz) +e?mlehlp — gisz) +0(p*L?).
Since
(=i —ip+3ip?/2)(i —3ip —3ip*/2) + (i —ip —3ip*/2)(i + 3ip — 3ip*/2)
=—4p+6p° +0(p"),
and
(i —ip—3ip*/2)(i +3ip —3ip*/2) = —1 = 2p + O(p?),

we derive from (C8) that
S, 1) = (=4p + 6pH) (e 7HE 4 ePrEH L)

9
— Zisz(l +2p) (e_)‘lL - 92”21‘6)‘11‘) + 4p— 6p3)<e_}‘2L + €2n2L€A2L> +0(p*L?.
(C10)

Here we also used the fact p> = O(p3L). Note that

7 . 3ip2L

ML —iL—ipL+ =E= 4 0P E -

n(k+1)i —mL + O(p*L),
and

(€2),(Co)

2 9ip’L 472
aL 2mL + O((k—1) /k)=2772L—T+0(p L?).

From (C10), we obtain
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S, 1) =2(=4p + 6pP)eEem T (4p — 6p) (7L 4 oL )
+ 0(p*L?) (since &L =1)
=2(—4p+ 6P3)€"2L(6”(k+l)i — 1) + 0(p4L2) (since 3L =1).
The proof is complete. O
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