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Abstract
In this thesis we study various one-dimensional quantum spin systems with SU(2) and
SU(N) symmetry. We investigate the short-distance behavior of the SU(2) Heisenberg
model in the limit of large spin and show that there exists an extended regime where
perturbation theory, in the form of spin-wave theory, can be successfully applied.
The reason for this perturbative regime stems from the asymptotic freedom of the
nonlinear sigma model onto which the Heisenberg model can be mapped. When
considering observables which respect the rotational invariance of the model, we
observe a cancellation of infrared divergences in the perturbative expansions, leading
to a meaningful description of correlation functions. We then turn to the study of
SU(N) models. Building on the representation theory of the SU(N) group and on the
matrix product state (MPS) formalism, we introduce a generic method to construct
Affleck-Kennedy-Lieb-Tasaki (AKLT) models having edge states described by any self-
conjugate irreducible representation (irrep) of SU(N). A simple example is given by
a spin-1 AKLT model having spin-1 edge states. The phase transition between this
model and the original AKLT model is shown to be continuous and to correspond to a
topological phase transition described by the SU(2)1 Wess-Zumino-Witten conformal
field theory universality class. In addition we study an SU(3) AKLT model for the
3-box symmetric irrep at each site. We demonstrate that the edge states are adjoint
edge irreps, we extract its correlation length and provide a useful construction as an
optimal MPS. Finally, we develop a density matrix renormalization group algorithm
based on standard Young tableaus and subduction coefficients to make full use of
the non-abelian symmetry and to investigate the SU(3) Heisenberg model with 3-box
symmetric irrep at each site. We show that the model has a finite gap above the singlet
ground state, in agreement with an extension of the Haldane conjecture to SU(3) chains
in the fully symmetric irreps. We also argue that there are five branches of elementary
excitations living in four different irreps, each of which is gapped.

Keywords: condensed matter physics, one-dimensional quantum magnetism, Heisen-
berg model, nonlinear sigma model, SU(N) symmetry, Affleck-Kennedy-Lieb-Tasaki,
Young diagram, standard Young tableau, Haldane’s conjecture, density matrix renor-
malization group, spin-wave theory, asymptotic freedom.
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Résumé
Dans cette thèse, nous étudions différents modèles quantiques de spin avec symé-
trie SU(2) et SU(N). Tout au long de ce travail nous nous concentrons sur le réseau
unidimensionel. Nous étudions le comportement à courte distance du modèle de
Heisenberg SU(2) dans la limite de grand spin et démontrons qu’il existe un régime
étendu où la théorie des perturbations, sous la forme de théorie des ondes de spin,
peut être appliquée avec succès. Ce régime perturbatif trouve son origine dans la li-
berté asymptotique du modèle sigma non-linéaire qui décrit le comportement à basse
énergie du modèle de Heisenberg. De plus, nous démontrons que les divergences in-
frarouges qui apparaissent généralement dans les calculs perturbatifs à une dimension
se compensent exactement lorsque les observables considérées respectent la symétrie
de rotation du modèle. En conséquence, les résultats obtenus pour les fonctions de
corrélations fournissent une description précise du modèle à courte distance. Nous
nous penchons ensuite sur l’étude des modèles SU(N). Après avoir décrit en détails la
théorie des représentations du groupe, nous présentons une méthode générique pour
construire des modèles Affleck-Kennedy-Lieb-Tasaki (AKLT) ayant des états de bord
décrits par une représentation irréductible auto-conjuguée arbitraire de SU(N). Nous
illustrons cette méthode avec la construction d’un modèle AKLT de spin-1 ayant des
états de bord de spin-1. Nous étudions ensuite la transition de phase entre ce modèle
et le modèle AKLT original ayant des états de bord de spin-1/2. Nous démontrons
en particulier que la transition est continue et décrite par la classe d’universalité de
la théorie conforme des champs Wess-Zumino-Witten SU(2)1. Cette transition est, à
notre connaissance, le premier exemple concret d’une transition de phase topologique
dans les chaînes de spin. Nous présentons ensuite un modèle AKLT SU(3) pour la repré-
sentation irréductible à trois boîtes symétriques sur chaque site. Nous démontrons que
les états de bord sont des représentations irréductibles adjointes, nous extrayons la lon-
gueur de corrélation de l’état fondamental et introduisons une construction optimale
en termes d’état de produit de matrices. Finalement, nous développons un algorithme
de renormalisation du groupe de la matrice densité basé sur les tableaux de Young
standards ainsi que sur les coefficients de subduction. Cela nous permet d’implémen-
ter la symétrie SU(3) dans l’algorithme afin d’étudier le modèle de Heisenberg SU(3)
avec la représentation irréductible à trois boîtes symétriques sur chaque site. Nous
démontrons que le spectre du modèle a un gap fini entre l’état fondamental singulet et
le premier état excité, en accord avec une extension de la conjecture de Haldane aux
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Résumé

chaînes SU(3) dans les représentations irréductibles totalement symétriques. En nous
aidant du modèle AKLT associé, nous argumentons sur la présence dans le spectre
de cinq branches d’excitations élémentaires appartenant à quatre représentations
irréductibles différentes et donnant lieux à quatre gaps de Haldane distincts.

Mots-clés : physique de la matière condensée, magnétisme quantique unidimen-
sionnel, modèle de Heisenberg, modèle sigma non-linéaire, symétrie SU(N), Affleck-
Kennedy-Lieb-Tasaki, diagramme de Young, tableau de Young standard, conjecture de
Haldane, groupe de renormalisation de la matrice densité, théorie des ondes de spin,
liberté asymptotique.
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List of acronyms

Throughout this thesis, we will make use of the few following acronyms:

AKLT Affleck-Kennedy-Lieb-Tasaki
CFT conformal field theory
CGC Clebsch-Gordan coefficient
DMRG density matrix renormalization group
ED exact diagonalization
HP Holstein-Primakoff
IR infrared
IRF interaction-round-a-face
irrep irreducible representation
LLOS last letter order sequence
LSMA Lieb-Schultz-Mattis-Affleck
MPS matrix product state
NLσM nonlinear sigma model
NLSWT nonlinear spin-wave theory
OBC open boundary conditions
PBC periodic boundary conditions
QMC quantum Monte Carlo
SDC subduction coefficient
SPT symmetry-protected topological
SWT spin-wave theory
SYT standard Young tableau
UV ultraviolet
VBS valence-bond solid
VUMPS variational uniform matrix product state
WZW Wess-Zumino-Witten
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1 Introduction

The history of quantum spin models began in the late 1920’s and early 1930’s with
the work of Heisenberg, Bloch and Bethe who studied ferromagnetism in rigid one-
dimensional arrays of atoms with spin [1–3]. After nine decades of intense investiga-
tions, the Heisenberg model is still among the most prominent models in condensed
matter research. The main reason for this great success is the ability of the model
to actually describe accurately the low-energy behavior of a wide range of magnetic
compounds. In its simplest form, the Heisenberg model is simply given as an isotropic
interaction Hamiltonian between neighboring spins lying on a lattice. This interaction
stems from the overlap of the electronic wave functions which tend to align, or anti-
align, the dipole moments at each site. Alternatively the antiferromagnetic Heisenberg
model can be derived as the effective Hamiltonian in the Mott insulating phase of the
Hubbard model. This original isotropic form has been extended to more realistic and
sometimes more exotic systems making the interaction anisotropic, adding further
neighbor couplings or higher-order interactions, by putting the model in external fields,
by varying the spin value at each site or, more recently, by changing the symmetry
group defining the transformation laws of the local “spins”. All these modifications
are motivated, to some extent, by experimental realizations. In particular, the Heisen-
berg model and its numerous variants can describe different phases of matter, and
provide tools for understanding the relevant order parameters. Tackling analytically
the Heisenberg model is, however, a challenging problem, and exact solutions are only
known in very specific and limited cases, even on the simplest one-dimensional lattice.
In this respect, the Bethe ansatz remains one of the most famous exact solution in con-
densed matter physics [3]. Perturbation theory, field theory methods and bosonization
have proved to be extremely useful to tackle different aspects of the model. Besides
these approximation methods it appeared necessary to obtain exact, or nearly exact re-
sults, and to actually compute numerical values for some quantities. The spin models
thus nurtured the development of numerical methods such as exact diagonalization
(ED) [4, 5], quantum Monte Carlo (QMC) [6–8], density matrix renormalization group
(DMRG) [9–11] and, more generically, the tensor network based methods [12–14].

1



Chapter 1. Introduction

In this thesis, we study the Heisenberg model on the one-dimensional chain lattice.
Throughout the thesis we focus on isotropic models where the interaction between
spins respects the symmetry group under which these spins transform. The systems
under investigation can thus be called SU(2) symmetric, or SU(N) symmetric, when
the spin operators belong to irreducible representations (irreps) of the SU(2) or SU(N)
groups, respectively1.

The SU(2) symmetry appears as the natural symmetry for electronic spins in metallic
compounds. In particular, the SU(2) symmetric one-dimensional Heisenberg model
is realized to very good approximation for several values of the spin S. For instance,
CuSO4·5D2O is, above the Néel temperature where a transition to a three-dimensional
ordered state occurs, a very good realization of the isotropic spin-1/2 Heisenberg
model [15]. Ni(C2H8N2)2NO2(ClO4), also known as NENP, has been used to investi-
gate the Haldane spin-1 chain, in spite of a small crystal field splitting term [16–18].
Another spin-1 chain compound is given by CsNiCl3, but the zero-temperature one-
dimensional physics is inaccessible because of a relatively high Néel temperature [19–
22]. The “large spin” chains also have their experimental realizations: spin-3/2 chains
are realized by compounds such as CsVCl3, CsVBr3 or AgCrP2S6 [20, 23–26], the spin-2
chains by CsCrCl3 and MnCl3 [27–29] and, finally, spin-5/2 chains are obtained with
Mn2+ ions in SrMn2V2O8 [30]. The experimental investigation of the spin-S quasi
one-dimensional Heisenberg model became of major importance after Haldane con-
jectured that integer spin chains have a gap while half-odd integer spin chains are
gapless [31, 32].

Conversely, the SU(N) symmetry does not exist as a stable symmetry in condensed
matter systems. It can appear, however, as an emergent symmetry in SU(2) spin mod-
els. For instance it is well-known that the one-dimensional bilinear-biquadratic spin-1
chain has a high-symmetry SU(3) point at equal bilinear and biquadratic couplings, the
so-called Uimin-Lai-Sutherland point [33–36]. Similarly, the Kugel-Khomskii model,
which describes the interaction of spin and orbital pseudo-spin operators, can be
rewritten as a simple SU(4) Hamiltonian for the fundamental representation [37, 38].
The material α-ZrCl3 has recently been proposed to be a candidate realization for this
emergent SU(4) symmetry thanks to its strong spin-orbit coupling [39]. In fact, the
realization of SU(N) spin models now relies mostly on the manipulation of ultracold
atomic gases loaded in optical lattices [40–51]. Indeed when loaded in such lattices,
fermionic alkaline-earth atoms such as 173Yt or 87Sr can realize Mott insulating phases
of the SU(N) Hubbard model, whose low-energy physics is governed by the SU(N)
Heisenberg model. The emergence of the SU(N) symmetry with N up to 10 originates
from the decoupling of the nuclear spin I from the electronic angular momentum [43].
At 1/N filling the atomic gas in the Mott insulating phase realizes the SU(N) Heisen-
berg model withN 6 2I+1 for the fundamental irrep at each site. By using two-orbital

1In this thesis, by SU(N) we mean SU(N > 2).
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fermions, namely by exploiting the metastable 3P0 excited state of the atom it is possi-
ble to implement irreps described by a Young diagram with up to two columns. More
complicated irreps, such as symmetric irreps described by a Young diagram made of a
single row and more than two boxes should be under experimental reach by using the
method applied for generating SU(2) spin-S degrees of freedom out of spin-1/2 atoms
loaded in different orbitals of the same optical well [52].

The SU(N) models offer a rich playground for exotic physics ranging from quantum
spin liquids, Bose-Einstein condensation and superfluidity to symmetry-protected
topological (SPT) phases. Moreover, the versatility of the optical lattices makes it possi-
ble to study the models in different geometrical configurations and, in particular, in the
one-dimensional geometry. This prospect has motivated a recent quest for extending
Haldane’s conjecture to SU(N) chains, namely to discriminate between the models –
or, more precisely, the irreps – exhibiting gapless excitations from the ones where a
finite gap opens in the spectrum. The route followed to develop such conjectures is
essentially an adaptation of the work of Haldane for the SU(2) Heisenberg chain. From
a general perspective, the study of the one-dimensional SU(N) Heisenberg model
simply consists in adapting the techniques which worked for SU(2) to the SU(N) case.
This adaptation is, however, full of pitfalls. Numerically, the investigation of the SU(N)
models is complicated by the large local Hilbert space dimension carried by SU(N)
irreps. Moreover QMC is affected by the sign problem for N > 2 as soon as the number
of boxes in the Young diagram is larger than one. The DMRG, which was originally
specifically designed for one-dimensional systems, is the most promising method to
tackle SU(N) spin chains.

The thesis is organized in two independent parts. In the first part, Chapter 2, we
revisit the SU(2) Heisenberg model in the limit of large spin. Because of the Mermin-
Wagner-Coleman theorem, it is well-accepted that perturbation theory is useless in
one-dimensional spin systems with a continuous symmetry [53, 54]. We demonstrate
that the situation is less dramatic, and that meaningful results can actually be obtained
with perturbation theory, here in the form of spin-wave theory (SWT), in spite of the
absence of Goldstone bosons in one dimension. In a second part, Chapters 3-5, we
turn to the study of SU(N) models. In Chapter 3 we introduce a number of notions
related to the SU(N) group by building on its relationship with the permutation (or
symmetric) group Sn. This chapter simply aims at providing all tools required to
fully grasp the developments of the next two chapters, in particular Young diagrams,
standard Young tableaus (SYTs) and subduction coeffficients (SDCs). In Chapter 4
we present a generic way to construct SU(N) Affleck-Kennedy-Lieb-Tasaki (AKLT)
models using Young diagrams and the matrix product state (MPS) formalism. The
construction being absolutely general, we illustrate it with an SU(2) example: a spin-1
AKLT state having spin-1 edge states. In view of Chapter 5 we also present in details
an SU(3) AKLT model for the 3-box symmetric irrep at each site. Chapter 5 is devoted
to the development of a DMRG algorithm making full use of the SU(3) symmetry

3



Chapter 1. Introduction

to investigate the 3-box symmetric Heisenberg model, with the aim of confirming
Haldane’s conjecture stating that the p-box symmetric SU(3) chain is gapped when
p is a multiple of three. Given the heterogeneity of the thesis, we begin and close
each chapter with a specific introduction and conclusion. Finally, in Chapter 6 we
summarize our results and bridge the two parts of the thesis. We also give an outlook
oriented towards the rapidly evolving field of SU(N) physics.

The material presented in this thesis has been, to a large extent, published in the three
following articles:

Chapter 2 Ref. [55]
Chapter 4 Ref. [56]
Chapter 5 Ref. [57]

4



2 Asymptotic freedom in the SU(2)
Heisenberg chain

The Haldane conjecture put forward by Haldane in 1983 was a revolution for the
understanding of the one-dimensional SU(2) Heisenberg model [31, 32]. According to
Haldane, the long-distance (or low-energy) behavior of the model is different for integer
and half-odd integer spin: when the spin is an integer, the spectrum is gapped with
exponentially decaying correlation functions, but when the spin is half-odd integer,
the spectrum is gapless with power-law decay of correlations. Since Bethe’s calculation
on the spin-1/2 Heisenberg model and the calculation of the dispersion relation by
des Cloizeaux and Pearson, it was well known that the spin-1/2 Heisenberg model is
gapless [3, 58], and it was generally and erroneously thought that the gapless spectrum
would occur for any value of the spin. Through the mapping of the spin chain onto a
field theory, the O(3) nonlinear sigma model (NLσM) with a topological term, Haldane
argued that the value of the topological angle governs the structure of the spectrum. In
fact, while the gapped spectrum of the NLσM with vanishing topological angle was
known thanks to the work of the Zamolodchikov brothers [59], it was not known if
the NLσM with a topological term was gapped or gapless. The spin-1/2 chain allowed
Haldane to guess the result, which was finally proven nine years later [60].

The approach followed by Haldane to understand the low-energy physics of the Heisen-
berg model came as a way out from the dead-end in which the community had been
stuck for several decades. Indeed, perturbation theory, the most common and widely
used method of quantum mechanics, is plagued with infrared (IR) divergences. This
is a consequence of the Mermin-Wagner-Coleman theorem, which forbids the break-
ing of continuous symmetries in one-dimensional spin systems, or equivalently in
(1 + 1)-dimensional quantum field theories [53, 54]. Any perturbative treatment of
the isotropic Heisenberg model falls under the scope of the theorem: the classical
ground state being the Néel state, quantum fluctuations should be introduced around
this symmetry-breaking state. This is however forbidden, and the manifestation of
this illegal explicit breaking of the rotation symmetry appears under the form of IR
divergences in the calculation of observables of interest.
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Chapter 2. Asymptotic freedom in the SU(2) Heisenberg chain

A natural question arises in this situation: in light of Haldane’s conjecture and mapping
onto the NLσM to describe the physics of the Heisenberg chain, does the Mermin-
Wagner-Coleman theorem completely rule out the possible use of perturbation the-
ory ? In fact, as we will see in this chapter, there is something more to learn from
perturbation theory. We will show that perturbation theory can be reliably used in
the one-dimensional Heisenberg model, provided that we use it to answer a different
question than “what is the long-distance behavior of the spin chain ?”, and provided we
adopt a way of restoring the broken continuous symmetry. The developments rely on
a major property of the NLσM: it is asymptotically free [61–63]. Asymptotic freedom is
a concept more widespread in high-energy physics as it describes the weak interaction
of quarks at short distances. Here, we shall use the asymptotic freedom of the NLσM
to motivate the use of perturbation theory, and to show that the perturbative regime is
actually relevant to experiments.

The chapter is organized as follows. In Section 2.1 we illustrate the consequences of
the Mermin-Wagner-Coleman theorem on perturbative expansions in the spin chain
through a textbook example. We then present Haldane’s mapping of the Heisenberg
chain onto the NLσM and show that the model is asymptotically free by presenting
its renormalization group analysis. We further present Elitzur’s conjecture that rota-
tionnaly invariant quantities are IR finite in perturbation theory. We then turn to the
actual perturbative treatment of the spin chain in Section 2.2. We derive equal-time
(or instantaneous) and dynamical correlation functions using SWT. Finally, Section 2.3
contains a summary and an outlook of this chapter.

At this point one should mention that the dynamical structure factor was computed to
first order in perturbation theory by Takahashi using the modified SWT in Refs. [64,
65]. However neither the validity regime of the expressions was discussed, nor the
equal-time correlation functions and the cancellation of infrared divergences. The
content of the present chapter thus goes beyond Takahashi’s derivation, in particular
by understanding the consequences of asymptotic freedom on the spin chain.

2.1 Introduction

2.1.1 Failure of perturbation theory and the Mermin-Wagner-Coleman the-
orem

The Hamiltonian of the one-dimensional antiferromagnetic Heisenberg model with
spin S is given by

H = J
∑

i

Si · Si+1 (2.1)

where the coupling constant J > 0 and where the spin operators S = (Sx, Sy, Sz)T
are the generators of the su(2) Lie algebra in the spin-S representation satisfying

6



2.1. Introduction

S2 = S(S + 1). The classical ground state of Hamiltonian (2.1) is the Néel state where
nearest neighbor spins lie anti-parallel to each others. A perturbative treatment of the
quantum model consists in introducing small fluctuations around the classical ground
state. The Holstein-Primakoff (HP) transformation is a convenient way of introducing
such fluctuations with the use of bosonic operators, which generate the so-called
“spin-waves” [66]. We will go through this derivation in details in Section 2.2. Here,
let us simply illustrate what happens when computing, for instance, the staggered
magnetization. Choosing the z-axis as the quantization axis on which fluctuations are
introduced, one has Szi = S − a†iai for site i in the A sublattice and Szi = −S + a†iai
for site i in the B sublattice, where a†i (ai) is a creation (annihilation) operator of a
HP boson at site i, and where we assume the total number of bosons a†iai 6 2S. The
staggered magnetization reads

mstagg = 1
Ns

(∑

i∈A
〈Szi 〉 −

∑

i∈B
〈Szi 〉

)
(2.2)

where Ns is the number of sites. One obtains

mstagg = S − 1
Ns

∑

i

〈a†iai〉 . (2.3)

And here is the “catastrophe” [61]: the second term in Eq. (2.3) is postive and IR
divergent. The staggered magnetization obtained with this calculation is thus negative
infinity.

This textbook example shows the manifestation of the Mermin-Wagner-Coleman theo-
rem. The rotation symmetry of the spin chain was explicitly broken in the perturbative
approach, since we selected the Néel state as the unperturbed ground state on which
quantum fluctuations are introduced. As a result of this forbidden symmetry breaking,
which is artificial and does not actually happen in the spin chain, an IR divergence
occurs in the first order correction to the staggered magnetization1. Going beyond
the fact that the continuous symmetry of the spin chain was broken from the very
beginning, one can interpret the divergence of the staggered magnetization as an
indication of the absence of long-range order. Indeed, in the HP transformation, we
assumed that the number of bosons is small, namely that the ground state is mainly
described by the Néel state. But from the calculation, 〈a†iai〉 is actually IR divergent,
contradicting the initial assumption.

1The zeroth order is just the classical approximation.
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Chapter 2. Asymptotic freedom in the SU(2) Heisenberg chain

2.1.2 Mapping onto the O(3) nonlinear sigma model

Haldane showed that the spin chain Hamiltonian (2.1) can be mapped, in the limit of
large spin S, onto the O(3) NLσM with lagrangian density [31, 32]

L = v

2g

( 1
v2 (∂tφ)2 − (∂xφ)2

)
+ θ

8πε
µνφ · (∂µφ× ∂νφ) (2.4)

where the different parameters take the values2

g = 2
S
, v = 2JS, θ = 2πS (2.5)

and where φ is an O(3) vector satisfying

φ2 = 1. (2.6)

This constraint makes the first part of the lagrangian density (2.4) interacting, although
at first sight it looks like three independent scalar fields. The second term in Eq. (2.4) is
topological as it can be rewritten as a total derivative. In fact, after Wick rotation to
Euclidean space one has [67]

Stop =
∫

d2xLtop = iθQ (2.7)

whereQ is the Pontryagin index

Q =
∫

d2x εjkφ · (∂jφ× ∂kφ) ∈ Z. (2.8)

The fact that Ltop is a total derivative can alternatively be demonstrated by showing
that the variation of Stop vanishes under an infinitesimal transformation of the field φ.
As such, the topological term has no effect in perturbation theory. The conclusions
drawn by Haldane, however, are non-perturbative by essence. When the spin S is
integer, the topological angle is an integer multiple of 2π and the topological action is
thus trivial. Since the NLσM (2.4) has a massive one-magnon branch [59], the rotation
symmetry is preserved and Haldane argued that the integer spin-S Heisenberg chain is
gapped3. For half-odd integer spin S, the topological angle θ = π and, being aware of
the gapless spectrum of the spin-1/2 Heisenberg chain, Haldane conjectured a gapless
spectrum of the NLσM in this case. As a consequence, he assumed that the mapping
of the spin chain onto the NLσM was not only valid for large spin, but extended up to
the most quantum case of spin-1/2.

Let us now shortly discuss how the mapping can be obtained. A simple and intuitive

2The lattice spacing of the spin chain is set to unity throughout this thesis.
3“There are no Goldstone bosons in two dimensions” [54]. The continuous (rotation) symmetry is

preserved, or restored, by quantum fluctuations.
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2.1. Introduction

route is to decompose the spin operators into slowly varying fields which describe the
low-energy modes. These low-energy modes appear, in SWT, close to momentum 0
and π. We thus write [68]

Si ≈ (−1)iSφ+ l (2.9)

where φ is the staggered magnetization field and l is the conserved spin density and
can be obtained as

l = 1
vg
φ× ∂tφ. (2.10)

As a consequence, the field l remains always orthogonal to the order parameter φ.
Actually, a more accurate transformation is defined on two neighboring sites with [69]

φ(2i+ 1
2)√

1 + l2(2i+ 1
2 )

S(S+1)

= S2i − S2i+1
2
√
S(S + 1)

(2.11)

and
l(2i+ 1

2)√
1 + l2(2i+ 1

2 )
S(S+1)

= S2i + S2i+1
2 . (2.12)

These transformations have the advantage to implement correctly the constraint
S2
i = S(S + 1). Inserting these expressions into the Heisenberg Hamiltonian (2.1) and

performing a Legendre transform one obtains the lagrangian density of the NLσM in
Eq. (2.4).

Alternatively one can use a spin-coherent state path integral [67, 70]. The spin coherent
states |n〉 satisfy

〈n|S|n〉 = Sn (2.13)

and can be explicitly expressed in terms of Schwinger bosons. The field n is then
decomposed as a sum of the order parameter φ and l. Integrating out the field l one
ends up with the action of the NLσM.

2.1.3 Renormalization group analysis of the nonlinear sigma model

The renormalization group analysis of the O(3) NLσM is due to Polyakov [61] who
made use of Wilson’s renormalization group method [71] to get the leading order term.
At two-loop the β-function reads [61, 72]

β(g) = 1
2πg

2 + 1
(2π)2 g

3 +O(g4) (2.14)

where
dg

d lnL = β(g). (2.15)
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Chapter 2. Asymptotic freedom in the SU(2) Heisenberg chain

The positive sign in the β-function shows that the coupling constant g of the model
flows to large values at large length scales. In other words, the model is strongly
interacting at low energy and weakly interacting at short distance. This behavior,
known as asymptotic freedom, is also observed in quantum chromodynamics where
quarks confine at low energy but appear as nearly free particles at short distance [62,
63].

The crossover length scale ξ from the weakly interacting to the strongly interacting
regime can be obtained from the β-function of the model [32]. Denoting by g0 the
bare coupling constant, g1 = O(1) the coupling constant at scale ξ and integrating the
renormalization group equation (2.15) one has

ln ξ =
∫ g1

g0

dg
β(g) . (2.16)

Using the β-function in Eq. (2.14) one obtains

ξ ∝ g0e
2π/g0 (1 +O(g0)) . (2.17)

The proportionality factor is determined by the value of g1 and is a priori not known.
An expression containing the first few higher order terms is computed in Appendix A
based on the 4-loop β-function [73] of the NLσM. Equation (2.17), however, contains
the important information. Taking g0 = 2/S as the bare coupling one gets

ξ ∝ 1
S
eπS

(
1 +O(S−1)

)
. (2.18)

The crossover length scale ξ increases exponentially fast with the spin of the spin chain.
The corresponding energy scale ∆ = v/ξ reads

∆ ∝ JS2e−πS
(
1 +O(S−1)

)
. (2.19)

In the Heisenberg spin chain, the crossover length scale ξ and energy scale ∆ cor-
respond to the correlation length and the gap, respectively, of the model when the
spin is integer. Exponential decay of correlations, namely the signature of the strong
coupling regime of the spin chain, is only observed at length scales far larger than ξ, or
equivalently at energy scale far below ∆. Showing the existence of a finite gap in the
integer spin chain for a large value of the spin is thus a challenging way of confirming
Haldane’s conjecture [8, 74, 75].

Despite the absence of a gap and correlation length when the spin is half-odd integer,
the length scale ξ and energy scale ∆ are still well-defined quantities. They are the
characteristic crossover length scale and energy scale which define the transition from
the weak coupling regime to the strong coupling regime.
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Figure 2.1: Crossover (a) energy scale ∆ and (b) length scale ξ versus spin S and fit to
the scaling formulas derived in Appendix A. The fits are rather poor for small values
of the spin but the exponential scaling is already observed beyond S = 2. Values for
integer spin are taken from Refs. [8, 74–76] and are denoted by filled circles. The values
for half-odd integer spin S > 5/2 are extracted from the fit and are denoted by empty
circles.

The large-distance, low-energy, behavior of the spin chain is thus governed by the
strong coupling regime of the NLσM, where the topological term plays a crucial role,
and determines the exact scaling of correlation functions: exponential decay for integer
spin and power-law decay for half-odd integer spin. At short distance, or high energy,
however, the spin chain is in the weak coupling regime. Integer and half-odd integer
spin chains are thus expected to have a universal behavior described by this weak-
coupling regime. If there is a way to obtain meaningful results with perturbation theory
in the weak coupling regime then these results would describe the Heisenberg chain
for any value of the spin. Now recall that the crossover length scale ξ becomes very
large with increasing spin. For S = 2 it is ξ ' 49 while for S = 3 it is ξ ' 637 [8]. Thus
for S large enough, there is a large window of distances where the spin chain is in the
weak coupling regime. By contrast, for small values of the spin the crossover length
scale ξ is very short and the weak coupling regime is too narrow to have a chance to be
observed. Figure 2.1 summarizes the numerical values of the crossover length scale
and energy scale of the Heisenberg chain together with the scaling formulas found in
Appendix A.
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Chapter 2. Asymptotic freedom in the SU(2) Heisenberg chain

2.1.4 Infrared finite perturbation theory in the NLσM

Although the weak coupling regime of the NLσM extends to very small energies ac-
cording to Eq. (2.19), it sounds a priori unfeasible to actually perform perturbative
calculations in this regime because of the Mermin-Wagner-Coleman theorem. The
solution, conjectured by Elitzur and rigorously proved by David, is to focus on O(3) in-
variant quantities [77, 78]. This is actually a natural way to proceed ! From the Mermin-
Wagner-Coleman theorem one knows that the ground state wave function respects
the rotation symmetry of the Hamiltonian. Any expectation value of a non-rotational
invariant quantity will vanish in the ground state, and only the symmetry-preserving
observables are relevant. Elitzur’s conjecture can be stated as follows4:

In the O(3) NLσM the vacuum expectation value of any O(3) invariant
observable is IR finite to any order in perturbation theory.

The conjecture was built based on the IR finiteness of the two and four-point functions
up to third and second order, respectively [77].

Given the mapping from the spin chain onto the NLσM, the IR finiteness of rotationally-
invariant quantities in the field theory and the extended perturbative regime for spin
large enough and governed by asymptotic freedom, it is natural to ask whether per-
turbative expansions can be performed, using SWT, in the Heisenberg model directly
and if meaningful expressions for the short distance behavior of the spin chain can
be extracted. Adapting the perturbative expansions obtained by Elitzur in the NLσM
allows us to get good insight into the behavior of the spin chain, but the procedure fails
at extracting accurately the physics at very short distance. This is due to the fact that
the NLσM needs to be regularized in the ultraviolet (UV). By contrast, the details of the
lattice are implemented in SWT and the UV cutoff is thus incorporated naturally in the
method. In the next sections we perform a second order analysis of the equal-time and
dynamical correlation functions at zero and finite temperature using SWT and show
that the relevant quantities are IR finite in the perturbative regime set up by asymptotic
freedom.

2.2 Spin-wave theory

The material presented in this section has been exposed in great details in Ref. [55].
Here we follow closely this article, sometimes adapting the notations for more unifor-
mity throughout the thesis. Additionally we present an alternative method to derive
the equal-time correlation function from the ground state energy of a modified Hamil-
tonian.

4The conjecture actually applies to the O(n) NLσM where the order parameter φ is an n-dimensional
unit vector [77].
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2.2. Spin-wave theory

To perform perturbative expansions using SWT we first rewrite the Hamiltonian, using
the HP transformation, in terms of bosonic operators – the HP bosons. To simplify the
procedure we first operate a rotation of π along the x axis for all spins living on the B
sublattice. Denoting by S̃i the rotated spins, with S̃i = Si, i ∈ A for the spins of the A
sublattice, the HP transformation reads

S̃+
i =
√

2S fi(S) ai, (2.20)

S̃−i =
√

2S a†i fi(S), (2.21)

S̃zi = S − a†iai, (2.22)

where

fi(S) =

√

1− a†iai
2S (2.23)

and where the bosonic opertors ai, a
†
i satisfy

[ai, a†j ] = δij . (2.24)

Making the assumption of small fluctuations around the ordered Néel ground state
fi(S) can be expanded in powers of 1/S. To first order we have

fi(S) = 1− a†iai
4S +O(S−2). (2.25)

Hamiltonian (2.1) then becomes

H = H(0) +H(2) + V (2.26)

where
H(0) = −JNsS

2 (2.27)

is the classical ground state energy,H(2) is quadratic in bosonic operators

H(2) = JS
∑

〈ij〉

(
a†iai + a†jaj + aiaj + a†ia

†
j

)
(2.28)

where 〈ij〉 denotes nearest neighbor pairs of sites, while V contains all interacting
terms which are suppressed by higher orders in 1/S

V = H(4) +H(6) + ... (2.29)

withH(2k) an interaction which contains 2k bosonic operators and which isO(S2−k).
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Chapter 2. Asymptotic freedom in the SU(2) Heisenberg chain

In particular, the first order interactionH(4) = O(S0) is given by

H(4) = −J2
∑

〈ij〉

(
a†iaiaiaj + h.c.

)
− J

∑

〈ij〉
a†ia
†
jaiaj . (2.30)

In what follows we neglect all higher order terms in 1/S, namely we approximate

H = H(0) +H(2) +H(4) +O(S−1) ' H(0) +H(2) +H(4). (2.31)

We thus treat the model to first order in nonlinear SWT (NLSWT).

The quadratic Hamiltonian H(2) can be diagonalized with Fourier and Bogoliubov
transformations. The Fourier transformed HP bosons are given by

ak = 1√
Ns

∑

j

e−ikrjaj , a†k = 1√
Ns

∑

j

eikrja†j (2.32)

where rj = j is the position of the j-th spin. After Fourier transformation the Hamilto-
nian reads

H(2) =
∑

k

[
Ak a

†
kak −

1
2Bk

(
a†ka
†
−k + aka−k

)]
(2.33)

where
Ak = 2JS, Bk = −2JSγk, γk = cos k (2.34)

and

H(4) = 1
Ns

∑

k1,k2,k3

Ξ1(k1)
(
a†k1+k2+k3

ak1ak2ak3 + h.c.
)

+ 1
Ns

∑

k1,k2,k3

Ξ2(k1, k3)a†k1
a†k2

ak3ak1+k2−k3

(2.35)

with
Ξ1(k1) = −J2 γk1 , Ξ2(k1, k3) = −Jγk1−k3 . (2.36)

Performing the Bogoliubov transformation

(
αk
α†−k

)
=
(
uk vk
vk uk

)(
ak
a†−k

)
(2.37)

with coefficients uk and vk even functions of momentum k satisfying

u2
k − v2

k = 1 (2.38)

in order to ensure the commutation relations of the Bogoliubov bosons [αk, α†k′ ] = δk,k′
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one obtains
H(2) = δE(2) +

∑

k

εkα
†
kαk (2.39)

where
δE(2) = −JNsS + 1

2
∑

k

εk (2.40)

is the first order correction to the ground state energy and where

εk =
√
A2
k −B2

k = 2JS| sin k| (2.41)

is the linear SWT dispersion relation. The functions uk and vk read

uk =
√
Ak + εk

2εk
, vk = −sign(Bk)

√
Ak − εk

2εk
. (2.42)

To compute the first order correction to the dispersion relation one needs to rewrite the
first order interactionH(4) in the Bogoliubov basis. First let us define the two following
expectation values taken in the free theory

∆ = 〈aiaj〉 = − 1
Ns

∑

k

γkukvk, (2.43)

n = 〈a†iai〉 = 1
Ns

∑

k

v2
k. (2.44)

One sees that both ∆ (not to be confused with the gap) and n have IR divergences.
When computing the corrections to the ground state energy and to the dispersion
relation to first order, however, ∆ and n will always appear together as an IR finite
combination

κ = ∆ + n = 1
Ns

∑

k

vk (vk − γkuk) = 1
Ns

∑

k

| sin k| − 1
2 = 1

π
− 1

2 (2.45)

where, in the last equality, we have taken the continuum limit to compute the sum.

Using Wick’s theorem to decouple the interaction terms, the first order interactionH(4)

then reads
H(4) = δE(4) +

∑

k

δE(4)
k α†kαk+ : (4-bosons) : (2.46)

where
δE(4) = −JNsκ

2 (2.47)

is the correction to the ground state energy,

δE(4)
k = −2Jκ

[
(u2
k + v2

k)− 2γkukvk
]

= 2J |κ sin k| (2.48)
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renormalizes the dispersion relation and : (4-bosons) : denotes all normal-ordered
terms made of four Bogoliubov operators. Luckily, their exact expressions will not be
needed, as we will show below. The NLSWT dispersion relation is thus given by

Ek = εk + δE(4)
k +O(S−1) ' 2JS

(
1 + |κ|

S

)
| sin k|. (2.49)

Two observations are in order. First we have encountered the first occurences of can-
cellations of IR divergences as we computed the expectation value of the Hamiltonian
and the spectrum of spin-waves. Secondly, in Eq. (2.46) there are no anomalous terms
with two creation or two annihilation operators.

2.2.1 Equal-time correlation function

The equal-time (or instantaneous) spin-spin correlation function is defined by

Cij = 〈Ψ0|Si · Sj |Ψ0〉
〈Ψ0|Ψ0〉

(2.50)

where the expectation value is taken in the exact ground state |Ψ0〉. Both this wave
function and the operator Si ·Sj can be expanded in powers of 1/S. We thus write [55]

Oij = Si · Sj = S2
(
O(0)
ij + 1

S
O(1)
ij + 1

S2O
(2)
ij +O(S−3)

)
. (2.51)

Using the HP transformation we obtainO(0)
ij = (−1)i−j ,

O(1)
ij =

{
a†iaj + aia

†
j − a†iai − a†jaj for i− j even

a†ia
†
j + aiaj + a†iai + a†jaj for i− j odd,

(2.52)

and

O(2)
ij =





a†iaia
†
jaj − 1

4

(
aia
†
ja
†
jaj + a†iaiaia

†
j + a†ia

†
jajaj + a†ia

†
iaiaj

)
for i− j even

− a†iaia
†
jaj − 1

4

(
a†iaiaiaj + aia

†
jajaj + a†ia

†
iaia

†
j + a†ia

†
ja
†
jaj
)

for i− j odd.
(2.53)

Similarly the ground-state wave function in Rayleigh-Schrödinger perturbation theory
reads

|Ψ0〉 = |0〉+ 1
S
|Ψ(1)

0 〉+O(S−2) (2.54)

where |0〉 is the Bogoliubov vacuum and we take the normalization 〈0|Ψ0〉 = 1 which
implies 〈0|Ψ(i)

0 〉 = 0 ∀i . We thus have 〈Ψ0|Ψ0〉 = 1 + S−2 〈Ψ(1)
0 |Ψ

(1)
0 〉+O(S−3).
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Developing the correlation function in powers of 1/S one obtains

Cij = S2
(
C

(0)
ij + 1

S
C

(1)
ij + 1

S2C
(2)
ij +O(S−3)

)
(2.55)

where

C
(0)
ij = (−1)i−j (2.56)

C
(1)
ij = 〈0|O(1)

ij |0〉 (2.57)

C
(2)
ij = 〈0|O(2)

ij |0〉+ 〈0|O(1)
ij |Ψ

(1)
0 〉+ 〈Ψ(1)

0 |O
(1)
ij |0〉 . (2.58)

As we have mentioned above, the first order interactionH(4) in Eq. (2.46) does not have
anomalous terms with two bosons. Thus the first order correction |Ψ(1)

0 〉 is made of
four bosons. As a consequence one has

〈0|O(1)
ij |Ψ

(1)
0 〉 = 〈Ψ(1)

0 |O
(1)
ij |0〉 = 0 (2.59)

leading to
C

(2)
ij = 〈0|O(2)

ij |0〉 (2.60)

greatly simplifying the calculation of the second order term of the correlation function.
We have now presented all the necessary tools to extract the equal-time spin-spin
correlation function of the Heisenberg model to second order in 1/S using standard
Rayleigh-Schrödinger perturbation theory. In Appendix B we present an alternative
method relying on the Hellmann-Feynman theoream [79, 80] which allows us to extract
the correlation function from the ground state energy of a modified Hamiltonian. We
explicitly show in this appendix that the equal-time spin-spin correlation function is
given by [55]

〈S0 · Sn〉 = (−1)nS2
[
1 + 1

S

(
1− 2

π
Jα(n)

)
+ 1

4S2

(
1− 2

π
Jα(n)− δn,0

)2
+O(S−3)

]

(2.61)
where α = |n| (mod 2) and where the IR finite integrals J0 and J1 are given by

J0(n) =
∫ π/2

0
dk 1− cos(kn)

sin k , (2.62)

J1(n) =
∫ π/2

0
dk
( 1

sin k −
cos(kn)
tan k

)
. (2.63)

Up to second order, the O(3) invariant two-point function of spin operators is thus IR
finite. Let us look now at the long distance behavior of the integrals J0 and J1. We take
1� |n| but keep |n| � ξ in order to stay in the perturbative regime. One can show that
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(see Appendix C or Ref. [55])

J0(n) = ln 2 + γ + ln |n|+O(n−4) n even, (2.64)

J1(n) = ln 2 + γ + ln |n| − 1
2n2 +O(n−4) n odd (2.65)

where γ ' 0.577 is the Euler-Mascheroni constant. In the “large distance” regime
1� |n| � ξ one thus has

〈S0 · Sn〉 ' (−1)nS2
[
1− 2

πS
ln
( |n|
n0

)
+ 1

2πSn2 + 1
π2S2 ln2

( |n|
n0

)]
− S

2πn2 (2.66)

where n0 = eπ/2−γ/2 ' 1.35 plays the role of a UV cutoff. One recovers the logarithmic
term at first order occurring in the NLσM, and the ln2 term at second order [77]. The
1/n2 term in the staggered part of Eq. (2.66) comes from the fact that SWT breaks
Lorentz invariance away from k = 0, π. It is thus absent in the NLσM. By contrast the
1/n2 term of the uniform part corresponds to the two-point function of the l field in
the NLσM.

Equation (2.66) or, more precisely, Eq. (2.61), is expected to describe the short distance
behavior of the spin-S Heisenberg model, namely the behavior at distance |n| � ξ, for
integer spin and half-odd integer spin, provided the perturbative regime is sufficiently
extended. This is the case when the spin S is large enough. At length scale |n| ∼ ξ the
crossover between the weak and strong coupling regimes occurs and, for |n| � ξ the
behavior of the correlation function reveals the nature of the spin: exponential decay
for integer spin and power-law decay for half-odd integer spin.

Figure 2.2 shows the correlation function obtained in SWT and with QMC simulations
for spin S = 2 and S = 5/2. For S = 2 where the correlation length is ξ ' 49, the
perturbative regime is extremely restricted. However for S = 5/2 one observes an
extended regime where the perturbative calculation reproduces accurately the exact
numerical results. Spin-wave theory calculations at finite temperature are presented
in Appendix D.6.

2.2.2 Dynamical structure factor

More relevant to experimentalists than the equal-time spin-spin correlation function
computed above is the dynamical structure factor S(k, ω), which provides information
on the entire spectrum of the spin chain. The dynamical structure factor is essentially
the double Fourier transform of the real time, real space correlation function

Sab(k, ω) =
∑

j

e−ikrj
∫ ∞

−∞
dt eiωt 〈Saj (t)Sb0(0)〉 (2.67)
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Figure 2.2: Equal-time spin-spin correlation function of the Heisenberg chain for spin
(a) S = 2 and (b) S = 5/2 obtained with SWT and QMC. The dotted lines show that
the first order SWT calculation breaks down well before the crossover length scale
ξ ' 49, 160 for S = 2, 5/2, respectively. Figure (b) adapted from Ref. [55] with the
permission of the APS, c© 2020 American Physical Society.

where the expectation value is taken in the exact ground state |0〉with energy E0 of the
Hamiltonian. Going to the Lehmann representation and taking Sa = (Sb)† one obtains

Sab(k, ω) = 2π
Ns

∑

α

|〈α|Sak |0〉|2 δ(ω − Eα + E0) (2.68)
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Chapter 2. Asymptotic freedom in the SU(2) Heisenberg chain

where {|α〉} is a complete set of excited states having energy Eα and we have used

Sak =
∑

j

e−ikrjSaj . (2.69)

The dynamical structure factor is accessible with neutron scattering experiments:
the energy-momentum transfer from an incident neutron to the sample is given by
(ω, k). Experiments, however, usually run at finite temperature T = 1/β. The ex-
pectation value in Eq. (2.67) should then be understood by use of the density matrix
ρ = e−βH/Tr(e−βH). The dynamical structure factor can then be reexpressed in terms
of the retarded Green’s function F ab,R(k, ω;β) as [81]

Sab(k, ω;β) = − 2
1− e−βω Im

[
F ab,R(k, ω;β)

]
. (2.70)

At finite temperature it is convenient to compute Green’s functions in imaginary time,
and to perform an analytic continuation. One first computes the imaginary-time
ordered Green’s function of spin operators

F ab(k, iωn) = −
∫ β

0
dτ eiωnτ 〈TτSak(τ)Sb−k(0)〉 (2.71)

where ωn = 2nπ/β, n ∈ Z are the bosonic Matsubara frequencies, τ is the imaginary
time and Tτ is the time ordering operator. The analytic continuation of this Green’s
function simply reads

lim
iωn→ω+iη

F ab(k, iωn) = F ab,R(k, ω;β). (2.72)

In this section we compute the dynamical structure factor of the Heisenberg chain
in NLSWT at finite temperature. To perform the calculation we first compute the
imaginary-time ordered Green’s functions of HP operators

G(k, τ) = −〈Tτ
(
ak(τ)
a†−k(τ)

)(
a†k(0) a−k(0)

)
〉 . (2.73)

The free Green’s function is given by

G0(k, iωn) = 1
(iωn)2 − ε2k

(
Ak + iωn Bk

Bk Ak − iωn

)
(2.74)

where one goes from imaginary-time to imaginary frequency with

G0(k, iωn) =
∫ β

0
dτ eiωnτG0(k, τ). (2.75)
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2.2. Spin-wave theory

To first order in perturbation theory the Green’s functions read (see Appendix D)

G(k, iωn) = 1
(iωn)2 − ξ2

k


Ak

(
1 + |κβ |

S

)
+ iωn Bk

(
1 + |κβ |

S

)

Bk
(
1 + |κβ |

S

)
Ak
(
1 + |κβ |

S

)
− iωn


 (2.76)

where ξk is the NLSWT dispersion relation at finite temperature

ξk = 2JS
(

1 + |κβ|
S

)
| sin k| (2.77)

with

κβ = 1
Ns

∑

k

| sin k| coth
(
βεk
2

)
− 1

2 (2.78)

which is IR finite and which satisfies limβ→∞ κβ = κ.

Having given the tools to compute the dynamical structure factor at inverse tempera-
ture β we now present the final results. The actual calculation being rather tedious we
give some of its details in Appendix D. The longitudinal structure factor is given by [55]

Szz(k, ω;β) = 2π
1− e−βω

1
Ns

∑

q>0

[
T

(1)
k,q δ(ω − ξq − ξk+q) + T

(2)
k,q δ(ω + ξq + ξk+q)

+T (3)
k,q δ(ω − ξq + ξk+q) + T

(4)
k,q δ(ω + ξq − ξk+q)

]

(2.79)
where

T
(1)
k,q = 1

4

[
coth

(
βξq
2

)
+ coth

(
βξk+q

2

)] [1− cos q cos(k + q) + sin q − | sin(k + q)|
sin q | sin(k + q)| − 1

]
,

(2.80)

T
(2)
k,q = −1

4

[
coth

(
βξq
2

)
+ coth

(
βξk+q

2

)] [1− cos q cos(k + q)− sin q + | sin(k + q)|
sin q | sin(k + q)| − 1

]
,

(2.81)

T
(3)
k,q = −1

4

[
coth

(
βξq
2

)
− coth

(
βξk+q

2

)] [1− cos q cos(k + q) + sin q + | sin(k + q)|
sin q | sin(k + q)| + 1

]
,

(2.82)

T
(4)
k,q = 1

4

[
coth

(
βξq
2

)
− coth

(
βξk+q

2

)] [1− cos q cos(k + q)− sin q − | sin(k + q)|
sin q | sin(k + q)| + 1

]
.

(2.83)
and the transverse structure factor by

Sxx(k, ω;β) = Sπsign(ω)
1− e−βω

(
1− nβ

S

) ∣∣∣∣tan
(
k

2

)∣∣∣∣ (δ(ω − ξk) + δ(ω + ξk)) (2.84)
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Figure 2.3: Dynamical structure factor of the Heisenberg chain at inverse temperature
β = 10. The dashed lines represent the upper and lower thresholds obtained from
the dispersion relation ξk at finite temperature. Figure adapted from Ref. [55] with the
permission of the APS, c© 2020 American Physical Society.

where

nβ = − 1
Ns

∑

k

G0
22(k, τ = 0+) = 1

Ns

∑

k

u2
k + v2

ke
βεk

eβεk − 1 (2.85)

is positive and IR divergent.

Let us now analyze in details these results, which are illustrated in Fig. 2.3. First, at finite
temperature there is spectral weight at negative energy. This weight however becomes
exponentially small as the energy is lowered. Indeed, at finite temperature the ground
state is defined by the density matrix and is not only made of the Bogoliubov vacuum.
Transitions from a higher energy state to a lower energy state are thus possible.

More striking is the fact that the transverse structure factor in Eq. (2.84) is negative
along the single-magnon branch. Indeed the first order correction turns the weight
from finite and positive to infinite and negative. This is again a trace of the breakdown
of perturbation theory in one dimension. However, there are several important points
to recall. First, Sxx is not rotationally invariant and thus an IR divergence is expected to
occur in this quantity. It should be compensated by the divergence of the longitudinal
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2.2. Spin-wave theory

part. We shall come back to this later. More importantly, we see that the transverse
structure factor has spectral weight only along the one-magnon branch ω = ±ξk.
Coming back to the notion of asymptotic freedom, we see that this spectral weight is
not in this regime. We have insisted above that asymptotic freedom is encountered
in the spin chain at length scale |x| � ξ in the equal time, real space correlation
function. When treating energy-momentum-dependent quantities the relevant scale
is the crossover energy scale ∆ = v/ξ and the two-momentum (ω, k) must satisfy, in
analogy with the NLσM, |ω2 − ε2k| � ∆2. When |ω2 − ε2k| � ∆2, the behavior of the
spin chain is drastically different for integer and half-odd integer spin: for integer
spin, there is an opening of the gap at momentum π while the spectrum remains
gapless for half-odd integer spin. Spin-wave theory, however, is unable to describe
these behaviors: it always predicts a gapless spectrum. But these predictions are not in
the validity range of perturbation theory, and we shall completely ignore such results.

In the validity range of perturbation theory |ω2 − ε2k| � ∆2 the non-vanishing spectral
weight comes from the longitudinal part of the structure factor. One sees from Eq. (2.79)
that it is everywhere positive, and it is finite in the perturbative regime. The divergence
of the longitudinal structure factor on the threshold ω = ξk must cancel the divergence
of the transverse structure factor discussed above. However we do not trust the results
close to the threshold, but only sufficiently far away where Szz is finite.

Finally let us now discuss the T → 0 limit of these results. For the transverse part in
Eq. (2.84) the limit is taken straightforwardly and we end up with the contribution
along the positive single-magnon branch ω = Ek, which, anyways, we do not trust. For
the longitudinal part in Eq. (2.79) we observe that only the T (1)

k,q term remains and the
structure factor is thus given by

Szz(k, ω) = 1
2

∫ π

0
dq 1− cos q cos(k + q)

sin q| sin(k + q)| δ(ω − Eq − Ek+q) (2.86)

where we have taken the continuum limit. These results are consistent with Takahashi’s
expressions at first order [64, 65].

2.2.3 Equal-time structure factor

Another relevant quantity for experimentalists is the equal-time (or instantaneous)
structure factor, obtained by integrating the dynamical structure factor over energy5

Saa(k;β) =
∫ ∞

−∞

dω
2π S

aa(k, ω;β). (2.87)

Alternatively it can be obtained by Fourier transforming the equal-time spin-spin cor-
relation function. Since the rotationally invariant two-point function of spin operators

5At T = 0 the integral can naturally be restricted to positive energy.
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Chapter 2. Asymptotic freedom in the SU(2) Heisenberg chain

was IR finite and well defined, we can expect the structure factor S(k) to be well defined.
There are a few subtleties that we should still discuss. To first order, for instance, the
IR finiteness of the equal-time correlation function was obtained thanks to constant
terms coming from the transverse part 〈Sxi Sxj + Syi S

y
j 〉. This is traced back to the form

of the integrals Jα(n), α = 0, 1 in Eqs. (2.62)-(2.63). When Fourier transforming the
equal-time correlation function, these constant terms give divergent contributions
at k = π. As a consequence, the longitudinal part of the structure factor will also be
divergent at k = π. This is again a minor problem since k = π is not in the validity range
of perturbation theory set up by asymptotic freedom. To proceed, we shall simply
ignore the contribution at k = π. The transverse structure factor is easily obtained,

Sxx(k) = S

2

(
1− n

S

) ∣∣∣∣tan
(
k

2

)∣∣∣∣ . (2.88)

Proceeding similarly for the longitudinal part we obtain

Szz(k) = −1
4 + 1

4π

∫ π

0
dq 1− cos(q) cos(k + q)

sin(q)| sin(k + q)| . (2.89)

The longitudinal part of the equal-time structure factor is thus divergent whenever
the momentum k is different from zero. In Appendix E we show that the divergence of
Szz(k) is exactly canceled by the divergence of 2Sxx(k) leading to an IR finite result for
S(k), thus providing a meaningful description of the structure factor in the appropriate
window of momentum. The structure factor thus reads

S(k) = 2Sxx(k) + Szz(k)

=
(
S + 1

2

) ∣∣∣∣tan
(
k

2

)∣∣∣∣−
1
4

+ 1
4π

∫ π

0
dq 1

sin(q)

(1− cos(q) cos(k + q)
| sin(k + q)| − 2| tan(k/2)|

)
(2.90)

where we have used the definition of n in Eq. (2.44) and where the integral is convergent
and can be computed numerically.

2.3 Conclusion

In this chapter we have shown that perturbative calculations can actually success-
fully be applied to the antiferromagnetic Heisenberg chain. There is indeed a subtle
cancellation of IR divergences when considering O(3) invariant observables in SWT.
This is analogous to “Elitzur’s conjecture” claiming the IR-finiteness of O(3) invariant
quantities in perturbative calculations on the O(3) NLσM. To illustrate the situation
we have computed the equal-time spin-spin correlation function to second order in
perturbation theory and have compared it with QMC simulations. Spin-wave theory
provides, when the spin is large enough, a surprisingly accurate description of the cor-
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relation function at short distance, namely at distance |x| � ξ, where ξ is the crossover
length scale of the model which scales exponentially with the spin. For S = 5/2 we
have found that the SWT results actually reproduce the QMC data over a significantly
more extended region as the results remained very close up to distance |x| ∼ ξ/3.

The extended perturbative regime observed in the spin chain is a consequence of the
mapping of the model onto the NLσM and of an important property of its β-function.
The coupling constant of the NLσM flows to large values at large length scales, which
is commonly called asymptotic freedom. The length scale ξ is the length scale at
which the coupling constant changes from the weak to the strong coupling regime. At
distances much beyond ξ, the behavior of the spin chain is different for integer and
half-odd integer spin. Conversely, at distances much below ξ, integer and half-odd
integer spin chains behave similarly, as described by perturbation theory.

To provide a complete description of the physics of the Heisenberg chain with SWT,
we have also computed the dynamical structure factor. We have shown that in the
perturbative regime, namely far enough from the threshold of the spectral weight, the
dynamical structure factor is well defined. This analysis was motivated by the new
potential experimental studies of spin chains, in particular with neutron scattering.
Spin-5/2 chains were studied experimentally in the 1970’s, mainly focusing on the
determination of the quantum renormalization factor, namely the correction to the
dispersion relation of the lowest lying excitation with respect to SWT [82–84]. The
lack of deeper experimental studies can find its origin in the Haldane conjecture:
the large-S spin chains being more classical than their small-S counterparts, it was
more important to investigate properties of the latter. With the improvement of the
resolution of the neutron scattering experiments, illustrated for instance by the recent
detailed experimental investigation of the dynamical structure factor of the spin-1/2
chain, showing the existence of the two- and four-spinon continuua [15], we hope that
the complete description of the equal-time and dynamical properties of the large-S
spin chain will motivate new experimental investigations to confirm the observation
of the perturbative regime, and thus of asymptotic freedom, in the Heisenberg chain.

25





3 Elements of group theory

To proceed further into this thesis one needs to introduce some notions of group
theory before we dive into the physics of SU(N) spin models. While the representation
theory of the SU(2) group (or su(2) Lie algebra) is a standard topic in any introductory
quantum mechanics course and can be grasped rather easily in a very limited amount
of time1, it is not so true for SU(N > 2). First the theory by itself is more complex,
and is actually often misunderstood. For instance a common mistake is to associate
the fundamental irreducible representation (irrep) of su(3) to the spin-1 irrep of su(2),
because both have dimension three. A quick look at their weight diagrams reveals
that the structure of both irreps is actually completely different. It is quite remarkable,
however, that almost all that a physicist interested only in practical applications needs
to know about the representation theory of the su(N) Lie algebra is contained in the use
of the Young diagrams, which are nothing but labels for the different irreps, including
the rules for tensor products of irreps, the structure of the generalized Gell-Mann
matrices and the notion of Clebsch-Gordan coefficients (CGCs), which are known
to any physicists2. When the aim is to perform numerical calculations on SU(N)
spin models it appears however that the algorithmic complexity caused by the large
dimension of the local Hilbert space, as well as the structure of the algebra, prohibits
any “non-SU(N)-symmetric” approach and the actual implementation of the SU(N)
symmetry is necessary. A possible route to incorporating the SU(N) symmetry in a
numerical algorithm [86–89] then requires a number of additional notions, such as
the standard Young tableaux [90]. In fact, the standard Young tableaux were firstly
introduced in the study of the symmetric (or permutation) group and we shall follow
the same path in this chapter. Indeed, the representation theory of the SU(N) group
can be deduced from the representation theory of the permutation group thanks to
the Schur-Weyl duality.

1We assume that the reader is familiar with the basic theory of the SU(2) group and associated su(2)
Lie algebra.

2Unlike for SU(2) where the CGCs can be expressed in terms of other coefficients such as the Racah
coefficients, the 3j- or 6j-symbols for which explicit formulas are known, the calculation of SU(N) CGCs
in the general case is not a trivial problem, but it is a solved problem, see Section 3.3.5 and Ref. [85].
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The chapter is thus structured as follows. In Section 3.1 we go through the basics of the
representation theory of the permutation group. We follow Ref. [91] as well as the four
first chapters of the excellent book of Chen, Ping and Wang, Ref. [92], and adopt the
same definitions, notations and conventions. Although we try to keep it at a minimal
level the material in this section is rather technical, in particular when it comes to
the calculation of the subduction coefficients (SDCs). Section 3.1 is mainly useful for
Chapter 5 and can be omitted by readers only interested in Chapter 4. In Section 3.2
we present briefly the Schur-Weyl duality which interrelates the permutation group
and the SU(N) group. Section 3.2 thus gives a justification for our extensive discussion
of the permutation group in Section 3.1 while our ultimate aim is at developing the
theory of the SU(N) group and su(N) Lie algebra. Finally we turn to the representation
theory of the Lie algebra su(N) in Section 3.3. We introduce again the notion of Young
diagrams, discuss several choices of generators of the Lie algebra and present the
Itzykson-Nauenberg (or Littlewood-Richardson) rules which explain how to decom-
pose any tensor product of irreps into a direct sum of irreps. Section 3.3 is mainly
inspired by Refs. [93, 94].

3.1 The permutation group

3.1.1 Group definition

The permutation group (or symmetric group)Sn = Sn(1, 2, ..., n) wheren is an integer is
the group of all permutations of the set {1, 2, ..., n}. A permutation is a reordering of the
integers. The cardinal of the permutation group Sn is n!, corresponding to all possible
permutations of the n integers. Among all permutations, the 2-cycles, or transpositions,
are those which exchange only two elements. We denote them by (i, j), namely i is
exchanged with j. An adjacent transposition is a 2-cycle of adjacent numbers (i, i+ 1).
The generators of Sn are given by the n − 1 adjacent transpositions (i, i + 1), i =
1, 2, ..., n − 1. Indeed, any permutation can be rewritten as a product of adjacent
transpositions. Notice that the inverse of a transposition (i, j) is the transposition
itself.

The 2-cycle class operator is the sum of all transpositions3

C2(n) =
∑

16i<j6n
(i, j). (3.1)

This operator will be of major importance throughout the rest of the chapter. Indeed

3An element g1 of a group G is said to be conjugate to g2 ∈ G if it exists u ∈ G such that g1 = ug2u
−1.

A class is made of all group elements which are conjugate to each other. The set of transpositions forms a
class. A class operator is obtained by summing all elements of the class.

28



3.1. The permutation group

one can show that the 2-cycle class operator commutes with all group elements,

[C2(n), σ] = 0, ∀σ ∈ Sn. (3.2)

The 2-cycle class operator C2(n) thus corresponds to what physicists call a Casimir
operator. By Schur’s lemma, it is proportional to the identity and its eigenvalues can be
used to label the different representations of the group. However, as we will see below,
the sole eigenvalue of the 2-cycle class operatorC2(n) does not provide a satisfying label
for the representations of the permutation group as different irreps can have the same
eigenvalue (this is the case for conjugate representations). A complete set of commuting
operators (CSCO) in a space L is a set of commuting operators C = (C1, C2, ..., Cl)
such that all eigenvalues of C in the space L are non-degenerate. In other words, the
eigenvalues of C can be used to label uniquely all states of L:

Ci |ψλ〉 = λi |ψλ〉 , i = 1, 2, ..., l where λ = (λ1, λ2, ..., λl), |ψλ〉 ∈ L. (3.3)

3.1.2 Representations

The irreps of the permutation group can be labeled using either partitions or Young
diagrams. A partition of n is a splitting of n into a sum of integers νi,

n = ν1 + ν2 + ...+ νn,

ν1 > ν2 > ... > νn > 0.
(3.4)

We use [ν] = [ν1, ν2, ...] to denote a partition of n, and we shall keep only the non-zero
integers νi. The number of different partitions of n thus corresponds to the number of
irreps of Sn. A Young diagram is a graphical representation of a partition. It is an array
of boxes aligned on the left and containing νi boxes in the i-th row. Examples are given
in Fig. 3.1. Since νi > νi+1 the number of boxes in each row is non-ascending from top
to bottom. The eigenvalue of the 2-cycle class operator C2(n) of Sn of the irrep [ν] is
given by

λ
[ν]
2 = 1

2

(∑

i

ν2
i −

∑

i

(νTi )2
)

= 1
2
∑

i

νi(νi − 2i+ 1) (3.5)

where νTi is the length of the i-th column of the Young diagram [ν], or equivalently the
length of the i-th row of the transposed shape [νT ] obtained by converting each row of
[ν] into a column. The second expression can be obtained easily from inspection of
the Young diagram.

Before stating the key theorem which will allow us to classify states uniquely we shall
introduce a few more technical notions. The group chain Sn ⊃ Sn−1 ⊃ ... ⊃ S2 is
called a canonical group chain because S2 is abelian and because Sn−1 is a canonical
subgroup of Sn, namely for any irrep D[ν] of Sn, the subduced representation D[ν] ↓ Sn
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[2] [1, 1] [2, 1] [2, 2] [4, 2] [5, 3, 2, 2]

Figure 3.1: Examples of Young diagrams with the corresponding partition of Sn.

of Sn−1 obtained by restricting the irrep [ν] of Sn to the elements of Sn−1 is a reducible
representation of Sn−1, meaning that any irrep [µ] of Sn−1 appears at most once in the
decomposition of D[ν] ↓ Sn into irreducible parts. We write this as

D[ν] ↓ Sn =
∑

[µ]
⊕τ [ν]

[µ]D
[µ](Sn−1) (3.6)

where τ [ν]
[µ] = 0, 1. It is in practice very simple to obtain the decomposition of the

subduced representation D[ν] ↓ Sn of an irrep [ν] of Sn. A bottom corner is defined as
a box of a Young diagram which does not have any box below and does not have any
box on its right. Then the subduced basis D[ν] ↓ Sn is simply obtained by following the
branching law of Sn

D[ν] ↓ Sn =
∑

[ν′]
⊕D[ν′](Sn−1) (3.7)

where the sum in the right-hand side restricts to all irreps [ν ′] of Sn−1 having n − 1
boxes and obtained from [ν] by removing a box in all possible bottom corners. For
instance the irrep [ν] = [3, 2] has two bottom corners,

−→ ×
× (3.8)

and removing a box in these bottom corners leads to the following irreps,

×
× −→ and . (3.9)

Thus the subduced representation of the irrep [ν] = [3, 2] of S5 is given by

D ↓ S5 = D ⊕ D . (3.10)

The following theorem is the key to the classification of all states of Sn.

Theorem4: The (n− 1) 2-cycle class operators C = (C2(n), C2(n− 1), ..., C2(2)) of the
group chain Sn ⊃ Sn−1 ⊃ ... ⊃ S2 form a CSCO of Sn.

4See Ref. [92] page 127.
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Thus the eigenvalues of C, which can be easily computed using Eq. (3.5), can be used
to label uniquely the different states of the irreps of Sn.

3.1.3 Littlewood-Richardson rules

The tensor product of an irrep [ν1] of Sn1 with an irrep [ν2] of Sn2 is an induced reducible
representation of Sn with n = n1 + n2 denoted ([ν1]× [ν2]) ↑ Sn. The decomposition
into irreps of Sn reads

([ν1]× [ν2]) =
∑

[ν]
{ν1ν2ν} [ν] (3.11)

where {ν1ν2ν} is the outer multiplicity of the irrep [ν] in the tensor product of [ν1] and
[ν2]. The Littlewood-Richardson rules allow us to determine all the irreps [ν] for which
{ν1ν2ν} is non-zero [95]. The Littlewood-Richardson rules are as follows:

1. Select among [ν1] and [ν2] the most complicated Young diagram as the base5.

2. Fill the other Young diagram with a’s in the first row, b’s in the second row, c’s in
the third row, etc...

3. Enlarge the base diagram by moving the a’s to all possible positions satisfying the
two following constraints: i) two a’s should not stand in the same column; ii) the
diagram obtained at each step should be a valid Young diagram.

4. Perform similarly for all b’s with the following additional constraint: iii) when
going through the Young diagram from right to left and from top to bottom, the
total number of b’s should never exceed the total number of a’s.

5. Proceed similarly for all c’s, ... until the resultant diagrams all contain n boxes.

For a Young diagram [ν] appearing in the decomposition, the multiplicity {ν1ν2ν} is
given by the total number of obtained arrangements of the letters a, b, c, ....

3.1.4 Standard Young tableaus

A Standard Young Tableau (SYT) is a Young diagram filled with integers from 1 to n in
ascending order from left to right and from top to bottom. All SYTs of an irrep [ν] can be
obtained easily using the reducibility of the irrep [ν] of Sn with respect to its subgroup

5By “most complicated” Young diagram we mean either the one with the largest number of boxes, or
the one with the shape which is far from being purely symmetric (thus several rows) and far from being
purely antisymmetric (thus several columns). In any case, the tensor product of two irreps is abelian, and
the sole aim of selecting the “most complicated” diagram is to reduce the number of operations in the
Littlewood-Richardson rules. This could thus be used to define a posteriori what is the “most complicated”
Young diagram.
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Sn−1 and by iterating the procedure up to S1. We denote by Y [ν]
m , m = 1, ..., h[ν] the

SYTs associated to an irrep [ν] of Sn, where h[ν] is the dimension of the irrep [ν]. For
instance the five SYTs for the irrep [ν] = [3, 2] of S5 are given by

1 2 3
4 5

, 1 2 4
3 5

, 1 3 4
2 5

, 1 2 5
3 4

, 1 3 5
2 4

. (3.12)

We have sorted the SYTs from left to right in a specific order called the ascending order
of the last letter order sequence (LLOS) [96]. It is defined as follows. For two SYTs Y [ν]

m

and Y [ν]
m′ one looks at the location of the number n. If n appears in Y [ν]

m in a row below

the one in which it appears in Y
[ν]
m′ , then Y

[ν]
m < Y

[ν]
m′ . If n appears in the same row in

both SYTs, then one looks at the row of number n− 1 and proceed similarly, etc... Since
all SYTs differ from each other by at least one interchange of numbers, then this defines
an unambiguous order among SYTs6. We decide to label the SYTs with m = 1, ..., h[ν]

so as to correspond with the increasing order of the LLOS. This means that the SYT
Y

[ν]
1 is the smallest SYT in the LLOS and Y [ν]

h[ν] is the largest SYT in the LLOS. One can
also label SYTs using the Yamanouchi symbols. A Yamanouchi symbol r = (rn, rn−1, ...,

r2, r1 = 1) is such that ri is the row of number i in the SYT. For the shape [ν] = [3, 2] the
Yamanouchi symbols of the h[ν] = 5 SYTs given in Eq. (3.12) are

(2, 2, 1, 1, 1), (2, 1, 2, 1, 1), (2, 1, 1, 2, 1), (1, 2, 2, 1, 1), (1, 2, 1, 2, 1). (3.13)

We observe now that the ascending order of the LLOS corresponds to the descending
page order of Yamanouchi symbols. What is meant here is that the Yamanouchi
symbols define n-digit numbers when removing the separators between the different
entries ri, and the numbers are then in decreasing order. For our example, the sequence
is 22111 > 21211 > 21121 > 12211 > 12121.

The third labeling scheme for SYTs makes use of the last theorem of Section 3.1.2.
We define the eigenvalue λ = (λn, λn−1, ..., λ2) of the CSCO of Sn obtained using the
canonical group chain Sn ⊃ Sn−1 ⊃ Sn−2 ⊃ ... ⊃ S2. The eigenvalues λ can then be
obtained easily from the truncated branching diagram of the group Sn and with the
help of Eq. (3.5). An example for [ν] = [3, 2] is shown in Fig. 3.2. We thus extract the
eigenvalues λ (again the ordering of Eq. (3.12) is respected)

(2, 2, 3, 1), (2, 2, 0, 1), (2, 2, 0,−1), (2, 0, 0, 1), (2, 0, 0,−1). (3.14)

We observe that the ascending order of the LLOS corresponds to the decreasing page
order of the eigenvalues of the CSCO. Notice also that from the truncated branching
diagram one can easily obtain the SYTs by following the group chain

6Notice how algorithmically simple it is to generate efficiently on a computer all SYTs for an irrep [ν] of
Sn in the LLOS [97].
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[1]
(0)

[2]
(1)

[1, 1]
(−1)

[3]
(3)

[2, 1]
(0)

[3, 1]
(2)

[2, 2]
(0)

[3, 2]
(2)

Figure 3.2: Truncated branching diagram of the group S5. Only the relevant irreps
for [ν] = [3, 2] are shown. The number of possible paths to reach [1] from [ν] = [3, 2]
following the arrows corresponds to h[ν] = 5, the total number of SYTs for the irrep
[ν]. The eigenvalues λ2 of the 2-cycle class operator C2(f) of Sf (f = n, n− 1, ..., 2, 1) of
each irrep along the paths are given in parenthesis.

1 ← 1 2 ← 1 2 3 ← 1 2 3
4 ← 1 2 3

4 5

1 ← 1 2 ← 1 2
3 ← 1 2 4

3 ← 1 2 4
3 5

1 ← 1 2 ← 1 2
3 ← 1 2

3 4 ← 1 2 5
3 4

1 ← 1
2 ← 1 3

2 ← 1 3 4
2 ← 1 3 4

2 5

1 ← 1
2 ← 1 3

2 ← 1 3
2 4 ← 1 3 5

2 4
.

Finally I shall mention that, from a numerical point of view, it is convenient to label a
SYT Y [ν]

m by the reversed Yamanouchi symbol y obtained by flipping the Yamanouchi
symbol r [86]. Thus y = [y1 = 1, y2, ..., yn] is such that yi = ri is the row of number i.
Table 3.1 summarizes all labeling schemes presented above.

The total number of SYTs h[ν] for an irrep [ν] of Sn can be calculated easily from the
Young diagram of the irrep. Let us introduce the hook length of a box as the number
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m 1 2 3 4 5
Increasing
page order

Y
[ν]
m

1 2 3
4 5

1 2 4
3 5

1 3 4
2 5

1 2 5
3 4

1 3 5
2 4

Increasing
order of LLOS

r (2, 2, 1, 1, 1) (2, 1, 2, 1, 1) (2, 1, 1, 2, 1) (1, 2, 2, 1, 1) (1, 2, 1, 2, 1) Decreasing
page order

y [1, 1, 1, 2, 2] [1, 1, 2, 1, 2] [1, 2, 1, 1, 2] [1, 1, 2, 2, 1] [1, 2, 1, 2, 1]

λ (2, 2, 3, 1) (2, 2, 0, 1) (2, 2, 0,−1) (2, 0, 0, 1) (2, 0, 0,−1) Decreasing
page order

Table 3.1: Different labeling schemes for the SYTs of the irrep [ν] = [3, 2].

of boxes in the same row on the right of this box, plus the number of boxes below in
the same column, plus one for the box itself. Then the dimension of an irrep (Young
diagram) of Sn is given by,

h[ν] = n!∏
i li

(3.15)

where the denominator is the product of the hook lengths of all boxes in the Young
diagram [ν].

3.1.5 The Yamanouchi basis and the Young rules

To each SYT Y
[ν]
m we associate a Yamanouchi basis vector |Y [ν]

m 〉, m = 1, 2, ..., h[ν]. As
defined by Chen et al. (Ref. [92] page 121) “the symbol |Y [ν]

m 〉 stands for an irreducible
basis vector belonging to the irrep [ν], [ν ′], [ν ′′], ..., [1] of the groupSn,Sn−1,Sn−2, ...,S1.”
The chain is obtained by successively removing the largest number in the SYT. The SYT

for the irrep [ν(p)] is denoted Y [ν(p)]
m(p) . For instance,

Y [ν]
m = 1 2 4 6

3 7
5 8

→ Y
[ν′]
m′ = 1 2 4 6

3 7
5

→ Y
[ν′′]
m′′ = 1 2 4 6

3
5

→ Y
[ν(3)]
m(3) = 1 2 4

3
5

→ Y
[ν(4)]
m(4) = 1 2 4

3 → Y
[ν(5)]
m(5) = 1 2

3 → Y
[ν(6)]
m(6) = 1 2 → Y

[ν(7)]
m(7) = 1 .

(3.16)

Assume now that Y [ν]
m′ = (i, i+1)Y [ν]

m , namely the Young tableau Y [ν]
m′ (not to be confused

with Y [ν′]
m′ ) is obtained from the Young tableau Y [ν]

m by exchanging i and i+ 1. Then the
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following important relation holds [98–100]

(i, i+ 1) |Y [ν]
m 〉 = −ρ |Y [ν]

m 〉+
√

1− ρ2 |Y [ν]
m′ 〉 (3.17)

where ρ is the inverse of the axial distance to reach i+1 from i in the Young tableau Y [ν]
m .

The axial distance from i to i+ 1 is obtained by counting +1 (respectively−1) for each
step made downwards or to the left (respectively upwards or to the right) along any
rectangular path from i to i+ 17. A crucial corollary of Eq. (3.17) is that one should take
care of distinguishing a SYT from a Yamanouchi basis vector. Indeed as shown above
(i, i + 1)Y [ν]

m = Y
[ν]
m′ but (i, i + 1) |Y [ν]

m 〉 6= |Y [ν]
m′ 〉. Now assume that Y [ν]

m has numbers i
and i + 1 located in the same row (i and i + 1 are then necessarily adjacent to each
other). Then

(i, i+ 1) |Y [ν]
m 〉 = |Y [ν]

m 〉 . (3.18)

Conversely, if i and i + 1 are in the same column of Y [ν]
m (thus i + 1 appears directly

below i) then
(i, i+ 1) |Y [ν]

m 〉 = − |Y [ν]
m 〉 . (3.19)

Equations (3.17)-(3.19) are the Young rules8.

The Yamanouchi basis is also called the standard basis and the Yamanouchi basis
vectors are also denoted as

| [ν]
m 〉 ≡ |Y [ν]

m 〉 . (3.20)

This notation will be used when computing SDCs of the permutation group. As we
will see below, the SDCs are merely a unitary change of basis from the so-called non-
standard basis (to be introduced in the next section) to the standard (Yamanouchi)
basis.

3.1.6 The non-standard basis and the subduction coefficients

The basis vectors of the non-standard basis of Sn are denoted by

| [ν] , τ [ν1] [ν2]
m1 m2
〉, τ = 1, ..., {ν1ν2ν} , m1 = 1, ..., h[ν1], m2 = 1, ..., h[ν2]. (3.21)

7Notice the different convention between Ref. [92] (Section 4.4 page 122) and the convention adopted
in Refs. [57, 86–89], which corresponds to the one of Refs. [98–100]. In Refs. [92, 94], the axial distance is
counted positively when going upwards or to the right and negatively when going downwards or to the
left, leading to a positive sign in the first term of Eq. (3.17).

8One should now mention that the Young rules together with the decomposition of any permutation
into a product of adjacent transpositions and the Schur-Weyl duality is, in practical calculations, all what
is required to diagonalize the SU(N) Heisenberg model in specific SU(N) irreps [86].
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The number {ν1ν2ν} is equal to the multiplicity (or number of occurences) of the
irrep [ν] in the tensor product of the irreps [ν1] and [ν2], thanks to the Frobenius reci-
procity theorem [101]. {ν1ν2ν} can thus easily be computed by using the Littlewood-
Richardson rules for the permutation group given in Section 3.1.3.

The non-standard basis corresponds to the subduced basis belonging to the irrep [ν]
of Sn ⊃ Sn1 ⊗ Sn2 , n1 + n2 = n, where the subduction is denoted by

[ν] ↓ (Sn1 ⊗ Sn2) =
∑

ν

{ν1ν2ν} ([ν1], [ν2]). (3.22)

The [ν] ↓ ([ν1], [ν2]) subduction coefficients (SDCs) of Sn are the transformation coef-
ficients of the permutation group between the standard basis and the non-standard
basis of Sn

| [ν] , τ [ν1] [ν2]
m1 m2
〉 =

∑

m

| [ν]
m 〉〈 [ν]

m | [ν] , τ [ν1] [ν2]
m1 m2
〉. (3.23)

In the previous equation the summation is restricted to the Yamanouchi basis vectors
|Y [ν]
m 〉 such that the first n1 particles of Y [ν]

m are located in the same positions as the
particles of Y [ν1]

m1 . This is natural since, as we have explained above, the Yamanouchi
basis vector |Y [ν]

m 〉 of Sn is also an irreducible basis vector of the subgroup Sn1 . Now
one can easily convince oneself that the SDCs are independent of m1, and that [ν1]
can be determined from [ν], m and n2. In what follows, we shall nevertheless use the
notation

〈 [ν]
m | [ν] , τ [ν1] [ν2]

m1 m2
〉 (3.24)

but we keep in mind that a “minimalist” notation would make use only of [ν], m, τ ,
[ν2], m2. The SDCs should be chosen in order to satisfy the following orthogonality
relations

∑

τ,[ν2],m2

〈 [ν]
m | [ν] , τ [ν1] [ν2]

m1 m2
〉〈 [ν]

m′ | [ν] , τ [ν1] [ν2]
m1 m2
〉 = δm,m′ , (3.25)

∑

m

〈 [ν]
m | [ν] , τ [ν1] [ν2]

m1 m2
〉〈 [ν]

m | [ν] , τ ′ [ν1] [ν ′2]
m1 m′2
〉 = δ[ν2],[ν′2]δm2,m′2

δτ,τ ′ . (3.26)

The subduced basis is thus an orthonormal basis of Sn.
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3.1.7 Calculation of SDCs – the multiplicity-free case

In this section we focus on the case where the multiplicity index τ can take a single
value τ = 1 = {ν1ν2ν}, namely the problem is multiplicity-free.

Calculation of SDCs using the eigenfunction method

We follow Chen et al. and use the eigenfunction method to compute the SDCs [91, 92].
The calculation is easily done by diagonalizing the CSCO of Sn2 in the Yamanouchi
basis |Y [ν]

m 〉. In practice, we compute the kernel of an operator (see Eq. (8) of Ref. [91]
or Eq. (4-172) of Ref. [92])

∑

m′


〈 [ν]

m | C
′(n2)

C ′(s2) | [ν]
m′ 〉−

(
ν2
m2

)

δm,m′


〈 [ν]

m′ | [ν] , τ [ν1] [ν2]
m1 m2
〉 = 0 (3.27)

where (C ′(n2), C ′(s2)) = (C ′2(n2), C ′2(n2 − 1), ..., C ′2(2)) is the CSCO of Sn2(n1 + 1, ..., n).
More precisely C ′2(n2) is the 2-cycle class operator of Sn2(n1 + 1, ..., n) given by

C ′2(n2) =
∑

n1<i<j6n

(i, j) (3.28)

and similarly for C ′2(s2), s2 = n− 1, ..., 2. There are two sorts of phases that we need to
fix. First, there is an overall phase convention. If

〈 [ν]
m | [ν] , τ [ν1] [ν2]

m1 m2
〉 (3.29)

solves Eq. (3.27) then so does

−〈 [ν]
m | [ν] , τ [ν1] [ν2]

m1 m2
〉. (3.30)

Second, we should fix the relative phase convention between SDCs with different m2’s.

Phase conventions

The developments in this section correspond to Eq. (12)-(14) of Ref. [91] or equivalently
Eq. (4-173)-(4-174) of Ref. [92]9).

The Yamanouchi relative phase between SDCs with different m2’s is easily fixed thanks

9Notice that the definitions of T2 and T ′2 are exchanged between Ref. [91] and Ref. [92].
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to the following equation [91],

| [ν] , τ [ν1] [ν2]
m1 m′2
〉 = 1

D
[ν2]
m′2,m2

(T2)

(
T ′2 −D[ν2]

m2,m2(T2)
)| [ν] , τ [ν1] [ν2]

m1 m2
〉 (3.31)

where T ′2 = (i, i + 1) ∈ Sn2(n1 + 1, ..., n), T2 = (i − n1, i − n1 + 1) ∈ Sn2(1, 2, ..., n2),
D[ν2](T2) is the representation of T2 in irrep [ν2] of Sn2 and

T2Y
[ν2]
m2 = Y

[ν2]
m′2

. (3.32)

Then the SDCs with different m2’s are simply related with,

〈 [ν]
m | [ν] , τ [ν1] [ν2]

m1 m′2
〉 = 1

D
[ν2]
m′2,m2

(T2)
×

∑

m′

(
D

[ν]
m′,m(T ′2)−D[ν2]

m2,m2(T2)δm,m′
)〈 [ν]

m′ | [ν] , τ [ν1] [ν2]
m1 m2
〉.

(3.33)
The overall phase convention is fixed as follows (Chen et al., Ref. [91]):

“We remove all sign arbitrariness by requiring the absolute phase convention that the
first nonvanishing coefficient of a nonstandard basis vector (where the Yamanouchi
basis vectors are enumerated in decreasing page order) with m2 = 1 be positive.”

In other words, we first compute the SDCs for the state m2 = 1 (smallest in the LLOS)
and fix the phase by setting to positive value the first (in ascending order of the LLOS
– decreasing page order of Yamanouchi symbols) non-vanishing coefficient, namely
the coefficient of the smallest m. Then one computes the SDCs for the state m′2 using
Eq. (3.33). A complete example of calculation of SDCs is given in Appendix G.

3.1.8 Calculation of SDCs – the non-multiplicity-free case

We now treat the case where the multiplicity is {ν1ν2ν} = 2. The case of multiplicity
{ν1ν2ν} > 2 is a straightforward extension. We note that we could not find any details
on how to deal with non-trivial multiplicities in Chen et al.’s work [91, 92]. However
Table II.23 of Ref. [91] shows that the problem of multiplicity was actually handled by
the authors, and we shall explain here the method that we induced from these results.

Phase convention

Assume that we proceed to the calculation for the smallest SYT in the LLOS for the
irrep [ν2], thus m2 = 1. This SYT is the “reference” SYT which will be used to set the
Yamanouchi relative phases among the SDCs for the otherm2’s, as we have done in the
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case where {ν1ν2ν} = 1.

We proceed similarly to the multiplicity-free case. When solving Eq. (3.27) one obtains
two sets of SDCs which we label with τ = 1, 2 (the kernel of the operator in the square
braket is two-dimensional). The SDCs must satisfy the following orthogonality relation
(see Eq. (3.26) or Eq. (4) of Ref. [91])

∑

m

〈 [ν]
m | [ν] , τ [ν1] [ν2]

m1 m2
〉〈 [ν]

m | [ν] , τ ′ [ν1] [ν2]
m1 m2
〉 = δτ,τ ′ . (3.34)

Any orthonormal basis of the span of the two sets of SDCs will be a valid set of SDCs.
We fix the relative phase bewteen τ = 1 and τ = 2 as follows. One finds a rotation which
sets to zero the coefficient of the last non-zero coefficient (where the Yamanouchi
basis vectors are enumerated in decreasing page order) of the SDCs with τ = 1. One
then applies the same rotation to the SDCs with τ = 2. The overall phase of each set
is then fixed using the same convention as above: one ensures that the first non-zero
coefficient is positive, where again the Yamanouchi basis vectors are enumerated in
decreasing page order of Yamanouchi symbols.

Once this is done, the calculation of the SDCs form2 > 1 follows from Eq. (3.33) without
any ambiguity, since each τ now defines an independent set of SDCs.

Example

We consider the case given by Chen et al. in Table II.23 of Ref. [91]: [ν] = [3, 2, 1],
[ν1] = [ν2] = [2, 1]. We begin with the “reference” SYT Y

[ν2]
m2=1 corresponding to the

smallest in the LLOS:

Y
[ν2]
m2=1 ⇔ 1 2

3 ⇔ r = (2, 1, 1) ⇔ y = [1, 1, 2] ⇔ λ = (0, 1). (3.35)

Computing the kernel as in Eq. (3.27) one obtains two states. To simplify the notation
one defines two 6-dimensional vectors a and b such that

am = 〈 [ν]
m | [ν] , 1 [ν1] [ν2]

m1 1 〉, m = 1, ..., 6 (3.36)

bm = 〈 [ν]
m | [ν] , 2 [ν1] [ν2]

m1 1 〉, m = 1, ..., 6. (3.37)
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One has for instance:

a =




0.4456...
0.7719...
0.0468...
0.0605...
−0.2235...
−0.3871...




, b =




−0.1420...
−0.2459...
0.5283...
0.6820...
−0.2093...
−0.3625...




. (3.38)

Observe that
aTa = 1, bTb = 1, aTb = 0 (3.39)

namely the SDCs already satisfy the orthogonality relations. However no specific
relative phase is chosen. The two vectors a and b are merely two orthogonal random
vectors living in a specific plane embedded in R6.

We observe that a6 6= 0 and b6 6= 0. We will thus define a unitary transformation U such
that the last component of a′ = Ua is a′6 = 0. This rotation is trivial to obtain. Applying
the same rotation on b one ends up with

a′ = Ua =




1√
6

1√
2

− 1√
8

−
√

5
24

0
0




, b′ = Ub =




√
5
96√
5
32√
5
32√
25
96

−
√

3
32

−
√

9
32




. (3.40)

Now we note that a′1 > 0 and b′1 > 0, thus the overall phase for each set of SDCs is
already satisfied and no more unitary transformation needs to be operated. We thus
replace the SDCs in Eq. (3.38) by,

〈 [ν]
m | [ν] , 1 [ν1] [ν2]

m1 1 〉 = a′m, m = 1, ..., 6, (3.41)

〈 [ν]
m | [ν] , 2 [ν1] [ν2]

m1 1 〉 = b′m, m = 1, ..., 6. (3.42)

Now we compute the SDCs form2 = 2 by proceeding independently for each τ , starting
from the SDCs given in Eqs. (3.41)-(3.42) and using Eq. (3.33). All phases are already
fixed: the overall phase for each set (τ ) and the relative phase between both sets.

We can thus state the following rule to fix the relative phase convention between
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different sets of SDCs:

We fix the phase such that the SDCs with τ = 1 have a vanishing coefficient for the
largest possible m.

If the multiplicity {ν1ν2ν} > 2 we proceed in the exact same way as above, but fixing
the largest possible ({ν1ν2ν}−1) coefficients of the SDCs with τ = 1 to zero, then fixing
the largest possible ({ν1ν2ν} − 2) coefficients of the SDCs with τ = 2 to zero, etc ...

3.2 The Schur-Weyl duality

It is far beyond the scope of this thesis to discuss in full details the Schur-Weyl dual-
ity [96, 101]10. Here we adopt a very superficial description. The Schur-Weyl duality
essentially states that irreps of the symmetric group Sn are related to the irreps of the
special unitary group SU(N), which itself is closely related to the Lie algebra su(N), as
is described in Section 3.3.6. From a practical point of view, it follows that irreps of
the Lie algebra su(N) can be labeled by Young diagrams exactly as it was the case for
the symmetric group, but with the additional constraint that a Young diagram cannot
have more than N rows. Once this condition is imposed, the machinery developed
for the symmetric group applies directly to su(N). As we will see below, in a Young
diagram of an su(N) irrep, any column with N boxes can be removed. For su(2) for

instance, the irrep corresponding to a totally antisymmetric wave function made

of two particles, a singlet state such as |↑↓〉 − |↓↑〉 where {↑, ↓} are the two colors of
su(2), is simply represented as • since the column with 2 boxes can be removed from
the Young diagram. Thus, in compact form an irrep [ν] of su(N) is actually a set of
1 6 k 6 N − 1 non-ascending integers [ν] = [ν1, ν2, ..., νk].

However when using the technology of the symmetric group to study the represen-
tation theory of the SU(N) group (or su(N) Lie algebra) it is often useful to preserve
the columns of N boxes in the Young diagrams. Keeping these “totally antisymmetric
columns” corresponds actually to particle conservation. In a tensor product of two
irreps, for instance, one forces the conservation of the total number of boxes in the
decomposition. This is only necessary when interpreting an su(N) irrep as an irrep of
the symmetric group. In Chapter 5, while we will be treating the case of N = 3, we will
often encounter irreps [ν1, ν2, ν3] with row lengths ν1 > ν2 > ν3 > 0. This corresponds
to an irrep of Sn with n = ν1 + ν2 + ν3 having ν3 columns of three boxes, which is
reduced to [ν1 − ν3, ν2 − ν3] in the su(3) language. The Dynkin labels (to be introduced
below) in the su(3) language are then (ν1 − ν2, ν2 − ν3).

To convince the reader of the usefulness of preserving the columns of N boxes, let us
provide a simple example. Let us consider a chain (or actually any arrangement on a

10And even further beyond my abilities.
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lattice) of 6 spin-1/2 degrees of freedom, and ask the question: what is the dimension
of the singlet sector and the dimension of the quintuplet sector ? In other words, how
many singlets and how many quintuplets are there when decomposing the product
(S = 1/2)⊗6 as a direct sum of irreps ? These questions are of major interest in physics
because if the Hamiltonian of the 6 spins is SU(2) invariant and if one knowns a priori
that the ground state lives in the singlet sector, for instance, then the Hamiltonian only
needs to be diagonalized in this specific symmetry sector. The real difficulty is then
to find out what is the form of the Hamiltonian in this sector, and the answer to the
first question above simply provides the dimension of the effective Hamiltonian in
the singlet sector. The first route to answering the questions consists in performing
explicitly the tensor product (S = 1/2)⊗6 and reading the multiplicities. This method
actually answers a more general question since it provides the dimension of every
sector S = 0, 1, 2, 3. We indeed obtain

2⊗6 = 5× 1⊕ 9× 3⊕ 5× 5⊕ 7 (3.43)

where a spin-S has been denoted by its dimension 2S + 1. One reads out that there
are 5 singlets and 5 quintuplets in the tensor product of 6 spin-1/2’s. The complete
decomposition above, that we will call a Clebsch-Gordan series, can be checked by
dimensional-counting: 26 = 5+9×3+5×5+7. Another technique which answers the
questions above, and solely the questions above, is the following one. The total number
of singlets, respectively of quintuplets, in the tensor product of 6 spin-1/2 corresponds
to the total number of SYTs for the irrep [3, 3], respectively the irrep [5, 1] [86]. The SYTs
in each of these cases are given by

1 2 3
4 5 6 ,

1 2 4
3 5 6 ,

1 3 4
2 5 6 ,

1 2 5
3 4 6 ,

1 3 5
2 4 6 (3.44)

and

1 2 3 4 5
6 ,

1 2 3 4 6
5 ,

1 2 3 5 6
4 ,

1 2 4 5 6
3 ,

1 3 4 5 6
2 . (3.45)

Notice that the irrep [3, 3] is the singlet irrep since each column of 2 boxes could be
removed

≡ • → S = 0. (3.46)

In fact, for su(2), the spin S can be obtained from the Young diagram as S = (ν1− ν2)/2
where ν1 and ν2 are the lengths of the first and second rows, respectively, in the Young
diagram. It follows that the irrep [5, 1] is actually the quintuplet irrep,

≡ → S = 2. (3.47)

One thus concludes that one needs to preserve the total number of boxes between the
Kronecker product representation 2⊗6 and the decomposition into irreps to obtain
sensible results, in particular one needs to keep columns of N boxes in the Young
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diagram if one aims at performing calculations related to the theory of the symmetric
group. This conservation of boxes is a key aspect of the implementation of the SU(N)
symmetry in ED and DMRG codes [57, 86–89].

3.3 The su(N) Lie algebra

3.3.1 Preliminary definitions

A Lie algebra L (over a field K) is a K-vector space g with a bilinear operator [·, ·] :
g× g→ g such that:

1. [x, x] = 0, ∀x ∈ g,

2. the Jacobi identity is satisfied: [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0, ∀x, y, z ∈ g.

The bilinear operator [·, ·] is called a Lie product, a Lie bracket or a commutator. A
Lie algebra is said to be abelian if [x, y] = 0 ∀x, y ∈ L. A non-empty subalgebra
L′ of L is said to be proper if L \ L′ is not empty and it is said to be invariant if
[x, y] ∈ L′ ∀x ∈ L′, y ∈ L. Finally a Lie algebra is said to be simple if it is not Abelian
and if it does not possess a proper invariant Lie subalgebra. The Lie algebra su(N), on
which we should focus later on, is a simple Lie algebra11.

Here we will specialize to finite-dimensional Lie algebras, for which Ado’s theorem
holds.

Ado’s theorem: Every finite-dimensional Lie algebra L over a field K is isomorphic to
a Lie algebra of matrices with the Lie bracket being the usual matrix commutator.

Thus, in what follows one should simply study the matrix Lie algebra, for which explicit
calculations can be performed easily.

Let us introduce two more important concepts. A d-dimensional representation of a
Lie algebra L is a matrix representation R : L → Kd×d such that R(·) itself forms a
Lie algebra. A representation R of a Lie algebra is said to be irreducible if it cannot be
decomposed into a direct sum of representations. One can now state one of Weyl’s
theorems.

Weyl’s theorem on complete reducibility: Every finite-dimensional representation of
a semi-simple Lie algebra can be decomposed into a direct sum of irreps.

We are now equipped with the very basics requirred to understand sufficiantly deeply
the structure of the su(N) Lie algebra.

11The Lie algebra su(N) is actually a semi-simple Lie algebra, meaning that it is a direct sum of simple
algebras.
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3.3.2 The su(N) Lie algebra

The su(N) Lie algebra is the real algebra ofN ×N anti-hermitian matrices with vanish-
ing trace. Clearly the set of anti-hermitian matrices is aR-vector space, the commutator
is closed under the Lie braket and the Jacobi identity is satisfied. It is easy to see that
any traceless anti-hermitian matrix can be written as a linear combination (with real
coefficients) ofN2−1 basis elements. Thus the Lie algebra su(N) has dimensionN2−1.
The Lie algebra su(N) is a subgroup of the N2-dimensional Lie algebra u(N) which
does not have the condition of vanishing trace. Let us use Eij to denote the canonical
basis of square N-dimensional real matrices, which form a N2-dimensional real Lie
algebra, defined as

(Eij)k,l = δikδjl, i, j, k, l = 1, ..., N. (3.48)

The matrixEij has zeros everywhere except at row i and column j where it is (Eij)i,j = 1.
Then a possible basis for su(N) is given by the following matrices:

Eij + Eji, 1 6 i < j 6 N, (3.49)

−i(Eij − Eji), 1 6 i < j 6 N, (3.50)

and
Eii − Ei+1,i+1, 1 6 i < N. (3.51)

This indeed definesN2−1 independent elements of the Lie algebra. Notice thatN−1 of
them are diagonal, and we shall call this the rank of su(N) [102]. The diagonal elements
form the so-called Cartan subalgebra and are at the root of the weight diagrams often
used in high-energy physics to classify hadrons. Let us now denote by {ei}N

2−1
i=1 a

generic basis of su(N). We then define the following matrices,

λi = 2iei, i = 1, ..., N2 − 1. (3.52)

The λi’s are hermitian matrices, and, as such, they do not form a Lie algebra. We then
define the generators of su(N) as

ti = 1
2λi = iei, i = 1, ..., N2 − 1. (3.53)

The structure constants fijk are real coefficients which define the Lie algebra12,

[ei, ej ] = fijkek (3.54)

12The structure constants are real since the Lie algebra is closed under the Lie bracket.

44



3.3. The su(N) Lie algebra

where a sum over the repeated index is implicit. This equation can be reexpressed in
terms of the generators of the Lie algebra as

[ti, tj ] = ifijktk (3.55)

which is the usual form known by physicists for the commutation relations of the
generators of the su(N) Lie algebra. Observe that for su(2) the basis elements in
Eq. (3.49)-(3.51) indeed correspond to the usual Pauli matrices,

(
0 1
1 0

)
,

(
0 −i
i 0

)
,

(
1 0
0 −1

)
. (3.56)

For su(N) we shall replace the diagonal basis elements in Eq. (3.51) in order the follow-
ing trace condition to be satisfied,

Tr(λiλj) = 2δij , ∀i, j = 1, ..., N2 − 1. (3.57)

Indeed a convenient consequence of this trace condition is that the new structure
constants are totally anti-symmetric in all indices. For su(3) an appropriate set of
hermitian matrices λi = 2iei is given by the Gell-Mann matrices [93],

λ1 =




0 1 0
1 0 0
0 0 0


 , λ2 =




0 −i 0
i 0 0
0 0 0


 , λ3 =




1 0 0
0 −1 0
0 0 0


 , (3.58)

λ4 =




0 0 1
0 0 0
1 0 0


 , λ5 =




0 0 −i
0 0 0
i 0 0


 , λ6 =




0 0 0
0 0 1
0 1 0


 , λ7 =




0 0 0
0 0 −i
0 i 0


 ,

(3.59)

λ8 = 1√
3




1 0 0
0 1 0
0 0 −2


 . (3.60)

The matrices λi, i = 1, 2, 3 are simply obtained by embedding the Pauli matrices in
3×3 matrices. The matrices λi, i = 4, ..., 7 are obtained by putting 1 or−i at all possible
locations in the third column, except in the last row. Finally λ8 is simply obtained
by imposing the trace condition in Eq. (3.57). The same procedure can be followed
to derive the generalized su(N) Gell-Mann matrices from the su(N − 1) Gell-Mann
matrices when N > 3 [93]. The N-dimensional matrix representation ei = −iλi/2
where λi are the Gell-Mann matrices is called the defining representation, or the
fundamental representation of su(N). Thanks to the trace condition in Eq. (3.57) the
structure constants are totally antisymmetric in all indices and can be easily computed
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as follows
fijk = 1

4iTr ([λi, λj ]λk) . (3.61)

Another important representation that we can introduce without further notions is
the adjoint representation. It is the representation for which the generators are the
structure constants themselves,

(tadj
i )j,k = −ifijk. (3.62)

Obviously the dimension of the adjoint representation corresponds to the dimension
of the underlying Lie algebra, namely N2 − 1.

From the su(3) generators ti in the fundamental representation one can build three
sets of raising and lowering operators,

u± = t1 ± it2, v± = t4 ± it5, w± = t6 ± it7 (3.63)

where u− = (u+)†, v− = (v+)† and w− = (w+)†. For su(N) in general one defines
N(N − 1)/2 sets of raising and lowering operators by proceeding similarly. The remain-
ing operators are the N − 1 diagonal operators. We define the Cartan operators as,

h1 = t3, h2 = 2√
3
t8. (3.64)

The definition of raising and lowering operators allows us to circulate from one state
to the other, exactly as one circulates from one state to the other by applying S± in the
case of su(2). Moreover, since there areN−1 diagonal generators one can illustrate how
the operators act in the Hilbert space of states using a weight diagram. Figure 3.3(a)
shows the weight diagram of su(3) in the defining representation where we have used
the three “colors” A, B and C to denote the states of the irrep. The state A is called the
highest weight state since the application of any raising operator on A vanishes.

Now we will define a new set of generators widely used in physics and which will appear
to be “maximally symmetric”. Let us introduce the operators Sαβ where α, β = 1, ..., N
are the su(N) color indices. For the case of su(3) developed above we take S12 = u+,
S13 = v+, S23 = w+ as well as Sβα = (Sαβ)†. We further define the diagonal elements
Sαα, α = 1, ..., N using the Cartan generators,

ha =
N∑

α=1
(ha)α,αSαα, a = 1, ..., N − 1. (3.65)

Moreover, in order Sαβ, α, β = 1, ..., N to have the good number of elements we impose
the overall trace condition,

N∑

α=1
Sαα = 0. (3.66)
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(a) su(3),

t3

t8

B A

C

u−

v−w−

(b) su(3),

T3

T8

(c) su(3),

T3

T8

Figure 3.3: su(3) weight diagrams of (a) the fundamental irrep, (b) the 2-box symmetric
irrep and (c) the 3-box symmetric irrep. The generators for (b) and (c) are given in
Appendix F.

Inverting Eq. (3.65)-(3.66) one ends up with explicit expressions for the diagonal oper-
ators Sαα. For N = 3 for instance one has,

S11 = h1 + 1
2h2, S22 = −h1 + 1

2h2, S33 = −h2. (3.67)

The commutation relations satisfied by the generators Sαβ are easily obtained by direct
calculation and are given by

[Sαβ,Sµν ] = δµβSαν − δανSµβ. (3.68)

These commutation relations are called the su(N)-commutation relations as they are
true for any N . Because of the structure of Sαβ one observes also that the bilinear
operator is written as,

2 t · t ≡ 2
N2−1∑

i=1
titi = SαβSβα ≡ Tr (SS) (3.69)

where a sum over the color indices is implicit in the next to last expression.

3.3.3 Irreducible representations

The other irreps of the su(N) Lie algebra can be labeled with Young diagrams with
no more than N rows. This constraint comes from the fact that a column of p boxes
corresponds to p-particle states which are antisymmetric in the N colors. Thus, any
column of N boxes in a Young diagram can be safely removed since it corresponds
to a singlet state, a totally antisymmetric combination of N colors. We have already
encountered the fundamental irrep, which is denoted by a Young diagram with a single
box as well as the adjoint irrep. The Young diagram of the adjoint irrep is made of
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two columns, one with N − 1 boxes and one with a single box. For instance for su(3) it

is .

The dimension of an irrep can be obtained from the shape of the Young diagram. We
have already introduced the hook length li of a box defined as the number of boxes in
the Young diagram situated to the right of that box, plus the number of boxes situated
below that box, plus one for the box itself. We also define the algebraic distance γi of a
box as the the distance from the main diagonal to that box, counted positively when
going to the right and negatively when going downards [86]. Then, the dimension of
an su(N) irrep is given by

D =
∏

i

N + γi
li

(3.70)

where the product is over all boxes of the Young diagram. For instance, the dimension
of the fundamental irrep is D = N/1 = N as expected while the dimension of the
adjoint irrep is

D = N !(N + 1)
N(N − 2)! = N2 − 1 (3.71)

as expected. In fact, theD states of a given irrep can be constructed explicitly using the
fact that boxes in the same row of the Young diagram are symmetrized while boxes in
the same column are antisymmetrized. For instance, the states of the 3-box symmetric
irrep of su(3) corresponding to a Young diagram with three boxes in the first row, ,
are given by

|AAA〉

|BBB〉

|CCC〉

1√
3 (|AAB〉 + |ABA〉 + |BAA〉)

1√
3 (|ABB〉 + |BAB〉 + |BBA〉)

1√
3 (|AAC〉 + |ACA〉 + |CAA〉)

1√
3 (|ACC〉 + |CAC〉 + |CCA〉)

1√
3 (|BBC〉 + |BCB〉 + |CBB〉)

1√
3 (|BCC〉 + |CBC〉 + |CCB〉)

1√
6 (|ABC〉 + |ACB〉 + |BAC〉 + |BCA〉 + |CAB〉 + |CBA〉).

(3.72)

48



3.3. The su(N) Lie algebra

These states indeed correspond to all possible fully symmetric states with three parti-
cles (boxes) and three colors. From Eq. (3.70) we obtain the dimension of the 3-box
symmetric irrep,

D =
3 4 5

3 2 1
= 3×4×5

3×2×1 = 10
(3.73)

in agreement with the above wave functions. It is sometimes convenient to denote an
irrep by its dimension, which we write in boldface characters. For instance 10 ≡ .
However this notation is not ideal as different irreps can have the same dimension.
For instance, the (complex) conjugate irrep of an irrep has the same dimension13. The
Young diagram of the (complex) conjugate irrep of a given irrep is obtained as follows:
replace each column of length νTi of the irrep [ν] by a column with N − νTi boxes. Then
flip the obtained diagram around the vertical axis to obtain a valid Young diagram. For
instance one has, for su(3),

10 = . (3.74)

An irrep is said to be self-conjugate if it is conjugate to itself. The adjoint irrep, in
particular, is self-conjugate. For su(3), a self-conjugate irrep has as many columns
with two boxes as columns with one box. An alternative and convenient notation for
irreps of su(N) is through the Dynkin label, which counts the number of columns
with i boxes in the Young diagram. For an irrep [ν] the Dynkin label is thus given by
(ν1 − ν2, ν2 − ν3, ..., νN−1). For instance 10 ≡ ≡ (3, 0). The Dynkin label of the
conjugate irrep of an irrep is thus simply obtained by reversing the Dynkin label:

= (3, 0) −→ = (0, 3) (3.75)

and a self-conjugate irrep must then be invariant under this transformation of the
Dynkin label,

= (1, 1). (3.76)

To each irrep [ν] we associate a set of generators Ti, i = 1, ..., N2 − 1 which are D-
dimensional hermitian traceless matrices and which satisfy the same algebra as the
generators in the fundamental irrep, namely they satisfy Eq. (3.55) with the struc-
ture constants given in Eq. (3.61). Moreover we impose the following normalization
condition [103],

Tr (TiTj) = DC2
N2 − 1δij (3.77)

where C2 is the eigenvalue of the quadratic Casimir operator [104]

C2 = T ·T = 1
2


n

(
N − n

N

)
+
∑

i

ν2
i −

∑

j

(νTj )2


 (3.78)

13For su(N > 3) there are irreps not related by complex conjugation which do have the same dimension.
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and n is the total number of boxes in the the Young diagram of the irrep [ν]. The
normalization factor in Eq. (3.77) is called the Dynkin index of the irrep [ν] of su(N).

The D states of the irrep [ν] can be placed on a (N − 1)-dimensional weight diagram
according to the eigenvalues of the diagonal generators. For instance Fig. 3.3(c) shows
the 10 states of the irrep of su(3) given in Eq. (3.72) in their weight diagram. One
can again circulate from one state to the other by acting with the raising and lowering
operatorsU±, V ± andW± defined in the same fashion as in the fundamental irrep (see
Eq. (3.63)). Moreover one follows the same steps as in the fundamental irrep to define
the operators Sαβ . One thus has S12 = U+, S13 = V +, S23 = W+ and one should
replace Eq. (3.65) by

Ha =
N∑

α=1
(ha)α,αSαα, a = 1, ..., N − 1 (3.79)

where Ha is the Cartan generator defined as in the fundamental irrep. Explicit expres-
sions of the generators Ti, i = 1, ..., 8 of su(3) in the 2-box and 3-box symmetric irreps

and , respectively, are given in Appendix F.

3.3.4 The Itzykson-Nauenberg rules

Starting from the fundamental irrep, any irrep of su(N) can be constructed by adding
one box at a time until the obtained Young diagram has the right shape. For instance,
taking the tensor product of two fundamental irreps of su(3) one obtains two different
irreps,

⊗ = ⊕ . (3.80)

One can then obtain all irreps of su(3) with three boxes by multiplying the result with
another fundamental irrep,

⊗ ⊗ =
(
⊕

)
⊗ = • ⊕ 2 ⊕ (3.81)

where • denotes the singlet irrep of su(3) and corresponds to a Young diagram with
three boxes in a single column. Equation (3.81) can be checked with the use of
Eq. (3.70). We indeed have 3 × 3 × 3 = 1 + 2 × 8 + 10. We observe that the adjoint
irrep appears twice in the product of three fundamental irreps. In fact, the number of
times that an irrep [ν] with n boxes appears in the tensor product of n fundamental
irreps corresponds to h[ν] given in Eq. (3.15), the total number of SYTs for the irrep [ν]
of Sn [86].

More generally, two arbitrary irreps [ν1] and [ν2] of su(N) can be multiplied and decom-
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posed into a direct sum of irreps

[ν1]⊗ [ν2] =
∑

[ν]
(ν1ν2ν)[ν] (3.82)

where (ν1ν2ν) is the outer multiplicity of the irrep [ν] in the tensor product of [ν1] and
[ν2] [92]. The decomposition is called the Clebsch-Gordan series and is obtained by fol-
lowing the Itzykson-Nauenberg rules, which are slightly different from the Littlewood-
Richardson rules of the permutation group [105].

1. Select among [ν1] and [ν2] the most complicated Young diagram as the base.

2. Fill the other Young diagram with a’s in the first row, b’s in the second row, c’s in
the third row, etc...

3. Enlarge the base diagram by moving the a’s to all possible positions satisfying
the two following constraints: i) two a’s should not stand in the same column;
ii) the diagram obtained at each step should be a valid Young diagram for su(N),
namely it should have at most N rows, and row lengths are non-ascending from
top to bottom.

4. Perform similarly for all b’s with the following additional constraint: iii) when
going through the Young diagram from right to left and from top to bottom, the
total number of b’s should never exceed the total number of a’s.

5. If two diagrams are identical (same shape and same letters placed at the same
locations), then only one instance should be kept.

6. Proceed again to steps 4 and 5 for all c’s, d’s etc ... until the resultant diagrams
all contain n boxes. At each step, when counting from right to left and from top
to bottom, the total number of c’s should not exceed the total number of b’s, the
total number of d’s should no exceed the total number of c’s etc ...

7. Once all boxes containing letters are placed, keep all diagrams for which the
pattern of letters is different (if two Young diagrams have the same shape but the
pattern of letters is different, then both instances should be kept).

8. Remove all letters and remove all columns with N boxes.

When N = 2 the Itzykson-Nauenberg rules reduce to the simple rules for the multipli-
cation of angular momenta, j1⊗j2 = |j1−j2|⊕ ...⊕ (j1 +j2) where angular momentum
j corresponds to a Young diagram made of a single row with 2j boxes. When N > 2
however the rules are more sophisticated and, in particular, they allow for a non-trivial
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outer multiplicity: a given irrep [ν] can appear more than once in the tensor product of
two irreps [ν1] and [ν2]. For instance in su(3) one has

⊗ = • ⊕ 2 ⊕ ⊕ ⊕ . (3.83)

The adjoint irrep of su(3) appears twice in the tensor product of two adjoint irreps.

3.3.5 The Clebsch-Gordan coefficients

The CGCs are closely related to the Clebsch-Gordan series. Indeed according to
Eq. (3.82) the Kronecker product (or tensor product, or direct product) representation
[ν1]⊗ [ν2] is a reducible representation of su(N). The CGCs are thus the recombination
coefficients which allow us to pass from the tensor product representation to the differ-
ent irreps. Denoting by |[νi],mi〉 , mi = 1, ...,dim([νi]) for i = 1, 2 the states of the irrep
[νi] then the states |[ν],m, τ〉 of the τ-th irrep [ν] appearing in the decomposition (3.82),
τ = 1, ..., (ν1ν2ν), and m = 1, ...,dim([ν]), are given by14

|[ν],m, τ〉 =
∑

m1,m2

C
[ν],m,τ
[ν1],m1,[ν2],m2

|[ν1],m1; [ν2],m2〉 (3.84)

where |[ν1],m1; [ν2],m2〉 ≡ |[ν1],m1〉 ⊗ |[ν2],m2〉 and where C [ν],m,τ
[ν1],m1,[ν2],m2

are the CGCs.
The CGCs are merely a change of basis from the tensor-product basis to the irreducible
basis and one shall take the following normalization conditions,

∑

m1,m2

(C [ν],m,τ
[ν1],m1,[ν2],m2

)∗C [ν′],m′,τ ′
[ν1],m1,[ν2],m2

= δ[ν],[ν′]δm,m′δτ,τ ′ , (3.85)

∑

[ν],m,τ
(C [ν],m,τ

[ν1],m1,[ν2],m2
)∗C [ν],m,τ

[ν1],m′1,[ν2],m′2
= δm1,m′1

δm2,m′2
. (3.86)

Moreover, for su(N) the CGCs can be chosen to be real and we shall do so in what
follows. The explicit calculation of CGCs being a standard exercise for su(2) and being
well-documented for su(N > 2) we shall not provide further details [92, 106–113]. We
should also point out Ref. [85] which provides an efficient computer implementation
of the calculation of the CGCs for su(N).

Let us now shortly come back to the generators of su(N) in a specific irrep. Denoting by
T

[νi]
j , j = 1, ..., N2−1 the generators in the irrep [νi], i = 1, 2 of su(N), and assuming that

condition (3.77) is satisfied, the generators in the Kronecker product representation
[ν1]⊗ [ν2] can simply be obtained as

T
[ν1]⊗[ν2]
j = T

[ν1]
j ⊗ 1 + 1⊗ T [ν2]

j , j = 1, ..., N2 − 1. (3.87)

14If (ν1ν2ν) = 1 for a given irrep [ν] one often omits the index τ which can take a single value.
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The generators T [ν]
j in the different irreps [ν] appearing in the tensor product of [ν1] with

[ν2] are then extracted by performing the change of basis using the CGCs. This method
ensures that the new generators satisfy Eq. (3.77). As a consequence, a straightforward
procedure to obtain the generators of su(N) in a given irrep [ν] having n boxes in the
Young diagram with the good normalization convention in Eq. (3.77) is to start from
the generators in the fundamental irrep, which are obtained from the generalized
Gell-Mann matrices, and to perform n − 1 successive Kronecker products with a
fundamental irrep followed by a rotation given by the CGCs, and keeping only the
irreps in the chain leading from to [ν].

3.3.6 The relationship to the Lie group SU(N)

All over this section we have discussed the representation theory of the Lie algebra
su(N). However, physicists mainly talk about SU(N) Heisenberg models, for instance,
rather than su(N) Heisenberg models, so what is the relationship ? The special unitary
group SU(N) is the Lie group of N-dimensional unitary matrices with unit deter-
minant15. It is a group as it satisfies all properties of a group: closed under matrix
multiplication, associative, existence of an identity element (the unit matrix), and
existence of an inverse element for any element of the group. It is a Lie group because it
is a smooth manifold [101, 114]. It appears that the elements of SU(N) are then smooth
functions ofN2− 1 real parameters x = (x1, ..., xN2−1), the origin x = 0 corresponding
to the identity element U(x = 0) = 1. For any matrix U ∈ SU(N) one then has [93]

∂

∂xk

∣∣∣∣
x=0

Ui,j(x) = −i(tk)i,j , k = 1, ..., N2 − 1, i, j = 1, ..., N (3.88)

where tk, k = 1, ..., N2−1 are the generators of the Lie algebra su(N) in the fundamental
irrep, and we recall that−itk = ek forms the Lie algebra su(N) as defined in the above
sections. The generators of the Lie algebra thus span, or generate, the tangent space of
SU(N) at the identity16.

When looking at a spin Hamiltonian such as the standard Heisenberg model, one writes
the Hamiltonian in terms of the spin operators Sx, Sy and Sz which are the generators
of the Lie algebra su(2) in the spin-S irrep and which, through the exponential map,
generate infinitesimal SU(2) rotations. The Hamiltonian, denoted

H = S1 · S2 ≡
∑

α=x,y,z
Sα1 S

α
2 (3.89)

is then invariant under SU(2) rotations, and it sounds reasonable to call this model the
SU(2) Heisenberg model. We shall extend this model to su(N) (or SU(N)) by using the

15SU(N) is thus the subgroup of U(N) which is connected to the identity.
16The tangent space at the identity, TeSU(N) = Lie(SU(N)) actually defines a Lie algebra Lie(SU(N))

called the Lie algebra of SU(N) and denoted su(N).
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generators of su(N) in a given irrep [ν] and define the SU(N) Heisenberg model as

H = 2T1 ·T2 = Sαβ1 Sβα2 = Tr (S1S2) . (3.90)
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4 SU(N) AKLT models

The Affleck-Kennedy-Lieb-Tasaki (AKLT) model derived in 1987 has been of great im-
portance to understanding more deeply the structure of the spin-1 Heisenberg chain, in
particular the gapped spectrum and the topologically protected edge states [115, 116].
It was the first exactly solvable point in the phase diagram of the bilinear-biquadratic
spin-1 chain for which the existence of a finite gap could be rigorously demonstrated,
and as such was a key model to confirm Haldane’s conjecture on spin-S Heisenberg
chains [31, 32].

With the advent of the matrix product state (MPS) formalism, the AKLT wave function
could be reinterpreted in a very convenient fashion, making use of matrices of CGCs. In
particular, the existence of a finite gap follows from the finite correlation length which
can be extracted from the transfer matrix of the MPS, and the spin-1/2 edge states in
an open chain are nothing but traces of the building blocks of the wave function.

Given the usefulness of the AKLT wave function, it was extended in many different di-
rections, either by adapting the spin values, upgrading the lattice to higher dimensions
or changing the symmetry group of the local degrees of freedom. In this respect, and
motivated by the possible experimental realizations with ultracold atoms loaded in
optical lattices, the extension to the SU(N) group has been an active field of research
for several years [45, 117–121]. The protection of the edge states was studied and it was
shown that, on a one-dimensional chain, there are N − 1 gapped topological phases,
generalizing the “Haldane phase” in the SU(2) spin-1 chain [122]. More generally
the presence of an AKLT model gives insights on a possible gapped spectrum at the
corresponding Heisenberg point, provided the AKLT and Heisenberg points are close
enough. Deriving AKLT models for SU(N) spin chains is thus an excellent starting
point to understand the extension of Haldane’s conjecture to SU(N) chains [123].

In this chapter we present a practical method to construct SU(N) AKLT wave functions
and their parent Hamiltonians. We show that the variety of AKLT models is much
wider than what has been studied so far. In particular we demonstrate that for the
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same physical spin on each site one can derive several AKLT wave functions possessing
different types of edge modes. To provide an illustrative example we study in Section 4.2
a spin-1 AKLT chain having spin-1 edge states, and we show that it belongs to a trivial
phase separated from the Haldane phase by a continuous phase transition. We then
turn to the case of SU(N) and, in anticipation of Chapter 5 we look at an SU(3) AKLT
Hamiltonian for the 3-box symmetric irrep at each site. This model was first derived
in Refs. [117, 118] but we present here an optimal and useful representation of the
wave function. The new construction of the AKLT wave function will be key to the
understanding of the structure of the spectrum of the 3-box symmetric Heisenberg
chain in Chapter 5.

The material covered in this chapter was published in Ref. [56].

4.1 Generic construction of SU(N) AKLT models

4.1.1 AKLT states

An AKLT wave function is a valence-bond solid (VBS) state: the wave function is made
of singlets on every bond of the lattice. From now on, we focus on the one-dimensional
case, but most of the results can be extended to higher dimensions. To construct an
AKLT wave function with a physical irrep P on each site of the lattice, we select two
virtual irreps VL and VR such that the physical irrep belongs to the tensor product of
VL with VR. This ensures that, if one puts two virtual irreps VL, VR on each physical
site, one is able to project them onto the physical irrep. To impose the formation
of singlets on every bond, one must also ensure that the singlet irrep belongs to the
tensor product of VL with VR. This is indeed the case provided that VL and VR are
conjugate to each other. If the two virtual irreps VL, VR are not the same, then there
are two ways of combining the virtual irreps on neighboring sites into a singlet bond,
as shown in Fig. 4.1(a). This leads to two AKLT wave functions which break reflection
symmetry. In what follows we focus on the case where the virtual irrep is self-conjugate,
V ≡ VL = VR which ensures that the AKLT wave function does not break reflection
symmetry. The unique AKLT state with physical irrep P and virtual irrep V shown in
Fig. 4.1(b) is denoted

|AKLT〉 = |P,V〉 . (4.1)

There is an important subtlety, however, when considering the SU(N) group with
N > 2. Some irreps might occur with a nontrivial outer multiplicity in the tensor
product of the virtual irreps. Denoting by µP the outer multiplicity of the irrep P in the
tensor product of V ⊗ V , one can actually build µP AKLT states which we denote by

|P,V, τ〉 , τ = 1, ..., µP . (4.2)
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(a) (a)

(b) (b)

Figure 4.1: (a) Two AKLT states which break reflection symmetry when the virtual irreps
VL, VR, denoted by filled and empty circles, are different. (b) Unique AKLT state |P,V〉
for a self-conjugate virtual irrep V , here denoted by a filled circle. The ellipses denote
the projection of two virtual irreps onto the physical irrep P , and the thick lines joining
adjacent sites are singlets. Figure (b) taken and adapted from Ref. [56], c© 2019 Elsevier,
under CC BY license.

All AKLT states |P,V, τ〉 can be constructed explicitly using the CGCs associated to the
singlet and physical irreps in the tensor product of two virtual irreps. Let us denote by
[P] the Young diagram of the physical irrepP , [V] the Young diagram of the virtual irrep
V and [0] the Young diagram of the singlet irrep. To lighten the notations we define the
following matrices of CGCs (see Section 3.3.5),

Sa,b = C
[0]
[V],a,[V],b, a, b = 1, ...,dim(V) (4.3)

and

Mm,τ
a,b = C

[P],m,τ
[V],a,[V],b, m = 1, ...,dim(P), a, b = 1, ...,dim(V), τ = 1, ..., µP . (4.4)

The AKLT wave functions can now be explicitly written in terms of the matrices S and
Mm,τ of CGCs for the singlet and physical states. We have

|P,V, τ〉 =
∑

m

Tr (Mm1,τSMm2,τS...MmL,τS) |m1,m2, ...,mL〉 (4.5)

for a periodic chain of length L, where
∑
m denotes a summation over all states of the

tensor product basis |m1,m2, ...,mL〉 ∈ P⊗L. The AKLT wave functions are thus written
as MPS with virtual (or auxiliary) bond dimensionD = dim(V) and physical dimension
d = dim(P). Notice that the wave functions in Eq. (4.5) are neither normalized, nor
orthogonal to each other.

The correlation length of the MPS can be directly extracted from the MPS tensors.
Defining the matrices

Am,τ = Mm,τS (4.6)
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and the transfer matrix
T τ =

∑

m

Am,τ ⊗Am,τ (4.7)

as well as its eigenvalues λτi sorted in descending order of real parts, Reλτ1 > Reλτ2 >
Reλτ3 > ... the correlation length is given by

ξτ = 1
ln
∣∣∣ λτ1
Reλτ2

∣∣∣
. (4.8)

For SU(2) spin chains the construction described above goes beyond the widely known
AKLT states with physical spin S and virtual spin s = S/2 [115, 116, 124]. Indeed, for a
physical integer spin S one is now able to construct AKLT states with any virtual spin
s > S/2 [125]. In a similar fashion the construction of SU(N) AKLT states becomes
much richer than what has been done so far. Indeed, the usual construction consisted
in stacking fundamental irreps (or more generally antisymmetric irreps) and forming
several singlet bonds, if necessary, to achieve a given physical irrep. The construction
introduced here will prove to be very useful to characterize the structure of the edge
states on open chains, which remains unclear in the usual construction.

4.1.2 Parent Hamiltonians

Once the AKLT state is defined, the next step is to derive the associated parent Hamilto-
nian: an Hamiltonian for which the AKLT state is the unique ground state for periodic
boundary conditions (PBC), and such that the ground state degeneracy is D2 for open
boundary conditions (OBC). For instance the simplest parent Hamiltonian of the
original SU(2) spin-1 AKLT state is the following bilinear-biquadratic form1

HAKLT =
∑

i

(
Si · Si+1 + 1

3(Si · Si+1)2 + 2
3

)
(4.9)

where the constant term simply sets the ground state energy to zero [115, 116]. One
obtains this form very simply by inspection of the AKLT wave function on two neigh-
boring sites. Since there is a singlet between sites i and i+ 1, the total spin of the AKLT
wave function on these sites can be either zero or one, but not two. The kernel of a
valid parent Hamiltonian must thus be the set of all wave functions satisfying this
constraint of being either a singlet or a triplet on any pair of neighboring sites. The sum
of the projectors onto the spin-2 subspace on two neighboring sites clearly satisfies
this condition, and we write

HAKLT = 2
∑

i

PS=2
i,i+1 (4.10)

where the factor 2 is conventional and ensures the equivalence with Eq. (4.9).

1Throughout this chapter and for ease of notation, we remove the energy scale J from all Hamiltonians.
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This method to derive a valid AKLT Hamiltonian is not convenient for the more general
framework introduced in Section 4.1.1, and actually does not lead to any meaningful
result in many cases. For instance, let us consider again the spin-1 chain, but with
virtual spin-1. Obviously the two-site approach used for the original AKLT state does
not work here: since the physical and virtual irreps are the same, one would obtain
H = 0. The only way to solve this issue is to look at a three-site Hamiltonian. By
analogy with Eq. (4.10) a naive expression would be

H =
∑

i

PS=3
i,i+1,i+2 (4.11)

where PS=3
i,i+1,i+2 is the projector onto the spin-3 subspace on three neighboring sites.

Indeed, the spin S = 3 cannot be obtained from the tensor product of the two virtual
irreps, while it can be obtained from the tensor product of three physical irreps. In
fact, Hamiltonian (4.11) is not a valid parent Hamiltonian because its kernel is not only
made of the AKLT wave function. The origin of this larger ground state degeneracy is
the outer multiplicities of the spin-1 and spin-2 irreps in the tensor product of three
physical irreps.

We will now describe a generic method to find valid parent Hamiltonians for the SU(N)
AKLT states described in Section 4.1.1. We will then come back to the example above
and derive the complete family of valid parent Hamiltonians.

To begin, let us define a few useful sets. First we define the tensor product of two virtual
irreps

U = V ⊗ V (4.12)

and the decomposition of its content in terms of spaces transforming according to the
symmetry properties of Young diagrams

U = ⊕
[ν]∈U

U [ν] (4.13)

where U is the set of Young diagrams involved in the tensor product of the virtual
irreps. We also define the tensor product space of l physical spins and decompose it in
a similar fashion,

P⊗l = ⊕
[ν]∈A

V [ν]. (4.14)

The space V [ν] can itself be decomposed into a direct sum of µ[ν] copies V [ν]
i , i =

1, ..., µ[ν] if the irrep [ν] appears µ[ν] > 1 times in the tensor product of l physical irreps.

Given the spaces U and P⊗l one further defines their intersection

K = U ∩ P⊗l (4.15)
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as well as the complement of U in P⊗l,

Q = P⊗l \ U . (4.16)

The spacesK andQ can also be decomposed as direct sums of spaces transforming
according to irreps of the group,

K = ⊕
[ν]∈K

K [ν], Q = ⊕
[ν]∈Q

Q[ν] (4.17)

and the spaces K [ν] and Q[ν] can be further decomposed into direct sums of µ[ν]
K and

µ
[ν]
Q copies of spaces if the irrep [ν] appears µ[ν]

K > 1 or µ[ν]
Q > 1 times in the spaceK or

Q, respectively.

From now on, we assume that the space Q is not empty. In other words we assume
that l is large enough in order forQ to be non empty.

Before introducing the most general construction of the family of parent Hamiltonians
we discuss the construction of one particular parent Hamiltonian, which we call the
“MPS Hamiltonian”. Since we know the wave function of the AKLT state through its
exact expression in terms of an MPS with finite auxiliary bond dimension, one can
build a parent Hamiltonian as

h = 1− PMPS (4.18)

where PMPS is a projector onto the MPS manifold of AKLT wave functions. Dealing with
the entire wave function, however, is not so convenient and we aim at finding a local
Hamiltonian. To do so, we consider the MPS of the AKLT states on l sites with OBC,

|P,V, τ ; a, b〉 =
∑

m

(Mm1,τSMm2,τS...Mml,τ )a,b |m1, ...,ml〉 . (4.19)

The labels a, b = 1, ..., D of the unpaired virtual states at sites 1 and l, respectively, now
label the D2 AKLT states with OBC on l sites.

We choose l in such a way that all states |P,V, τ ; a, b〉 are linearly independent. One then
says that the MPS is injective on l sites2. The non-orthogonality of the D2 AKLT states
prevents us from using them straight away to build a local projector. Orthogonalization

2The injectivity length is the smallest length l such that the MPS is injective on l sites. There is a criteria
to find a length l such that the MPS is injective. Find the smallest l such thatD2 < dl. Then the MPS is
injective on l + 1 sites [126–130]. The injectivity length, however, can be smaller, as is illustrated by the
original AKLT model.
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can be obtained easily using the CGCs as

|P,V, τ ; [ν],m, ω〉 = 1
Norm

D∑

a,b=1
C

[ν],m,ω
[V],a,[V],b |P,V, τ ; a, b〉 , [ν] ∈ U , m = 1, ...,dim(U [ν]

ω ),

ω = 1, ..., µ[ν]
U

(4.20)
where µ[ν]

U is the multiplicity of the irrep [ν] in the space U = V ⊗ V and U [ν]
ω is the ω-th

copy of the invariant space with symmetry [ν] in U .

From the states in Eq. (4.20) one can form projectors onto the different components of
K,

Pτ
K

[ν]
ω

=
dim([ν])∑

m=1
|P,V, τ ; [ν],m, ω〉 〈P,V, τ ; [ν],m, ω| . (4.21)

The l-site local MPS Hamiltonian is then given by

hτMPS = 1− PτMPS (4.22)

where

PτMPS =
∑

[ν]∈K

µ
[ν]
K∑

ω=1
Pτ
K

[ν]
ω
. (4.23)

The Hamiltonian on a chain of length L is obtained as

HτMPS =
∑

i

τi(hτMPS) (4.24)

where τi(hτMPS) is the local MPS Hamiltonian in Eq. (4.22) acting on sites (i, i+ 1, ..., i+
l − 1).

So far we have found how to derive one particular parent Hamiltonian. However,
parent Hamiltonians of AKLT states are not unique and we shall find the entire family
of parent Hamiltonians acting on l sites, where l is the injectivity length defined above.
To do so we first compute, using the CGCs, all states of the tensor product of l physical
spins in definite symmetry sectors. The states are thus labeled by an SU(N) irrep [ν], a
state index m and a multiplicity index ω,

|[ν],m, ω〉 ∈ P⊗l. (4.25)

The key point is to ensure that the MPS states defined in Eq. (4.20) form a subset of
these states. One obtains this property using the gauge freedom in the CGCs: within an
irrep [ν] one can perform a rotation which ensures that the AKLT states labeled by the
irrep [ν] correspond precisely to the states |[ν],m, ω〉. One can now define projectors
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on all sectors belonging to P⊗l

P[ν]
ω =

∑

m

|[ν],m, ω〉 〈[ν],m, τ | . (4.26)

Moreover one can define additional operators which swap the states of different copies
of the same irrep,

X[ν]
ω,κ =

∑

m

|[ν],m, ω〉 〈[ν],m, κ| , 1 6 ω, κ 6 µ[ν], ω 6= κ. (4.27)

We call these operators the “intertwiners”.

The most general l-site local parent Hamiltonian is then given by

h =
∑

[ν]∈Q

µ
[ν]
Q∑

ω=1


c[ν]

ω,ωP[ν]
ω +

∑

κ6=ω
c[ν]
ω,κX[ν]

ω,κ


 (4.28)

where c[ν] is a symmetric positive definite matrix.

When taking c[ν] = 1, ∀[ν] ∈ Q, the Hamiltonian in Eq. (4.28) reduces to a projector
onto the space Q, and we recover the MPS Hamiltonian in Eq. (4.22). Tuning the
parameters c[ν] away, the Hamiltonian is not a projector anymore, but its kernel is still
the spaceK.

4.2 SU(2) AKLT model with spin-1 edge states

In this section we provide an illustrative example of the construction of AKLT states and
parent Hamiltonians discussed above: an SU(2) spin-1 AKLT state possessing spin-1
edge states. This model was initially introduced in Ref. [125] but in a somehow less
general framework.

4.2.1 Construction of the state

From the standard rules for the tensor product of two SU(2) irreps one has

3⊗ 3 = 1⊕ 3⊕ 5. (4.29)

One can thus use the CGCs to write the state of the singlet in terms of the spin-1 spins.
Taking {|1〉 , |0〉 , |−1〉} as the basis of states of a spin-1 irrep the singlet reads

1√
3

(|1〉 ⊗ |−1〉 − |0〉 ⊗ |0〉+ |−1〉 ⊗ |1〉) . (4.30)
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One then translates this onto the following singlet matrix

S = 1√
3




0 0 1
0 −1 0
1 0 0


 . (4.31)

Similarly the triplet states are given by

1√
2

(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉)
1√
2

(|−1〉 ⊗ |1〉 − |1〉 ⊗ |−1〉)
1√
2

(|−1〉 ⊗ |0〉 − |0〉 ⊗ |−1〉)

(4.32)

and the triplet matrices are thus

M1 = 1√
2




0 −1 0
1 0 0
0 0 0


 , M2 = 1√

2




0 0 −1
0 0 0
1 0 0


 , M3 = 1√

2




0 0 0
0 0 −1
0 1 0


 . (4.33)

Notice that we have removed the multiplicity index τ from Eq. (4.4) since no nontrivial
multiplicity occurs in the tensor product of two SU(2) irreps.

From these matrices one can build the AKLT wave function and extract its correlation
length ξ = 1/ ln 2 [125]. This is longer than the correlation length ξ = 1/ ln 3 of the
original AKLT state.

4.2.2 Parent Hamiltonians

Using Eq. (4.22) one easily derives an MPS parent Hamiltonian on l = 3 sites, which is
the injectivity length of the MPS.

While the Hamiltonian is written as a tensor it can be explicitly rewritten in terms
of SU(2)-invariant operators. There are three reflection-antisymmetric and eight
reflection-symmetric SU(2)-invariant operators which are invariant under time-reversal
and are purely real. A possible choice for these operators is [56]

A1 = 1
2 (S1 · S2 − S2 · S3) ,

A2 = 1
2
(
(S1 · S2)2 − (S2 · S3)2

)
,

A3 = ((S1 · S3)(S2 · S3)− (S1 · S2)(S1 · S3)) + h.c.

(4.34)
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P⊗3

K

Q

KS=0

KS=1 KS=2

QS=1
1

QS=1
2

QS=2 QS=3

Figure 4.2: Decomposition of the physical space P⊗3 ≡ 3⊗3 in irreps of SU(2), and
identification of the different sets K ≡ U andQ. Figure taken from Ref. [56], c© 2019
Elsevier, under CC BY license.

and
R1 = 1,

R2 = 1
2 (S1 · S2 + S2 · S3) ,

R3 = S1 · S3,

R4 = 1
2
(
(S1 · S2)2 + (S2 · S3)2

)
,

R5 = (S1 · S3)2,

R6 = (S1 · S2)(S1 · S3)(S2 · S3) + h.c.,
R7 = (S1 · S2)(S2 · S3) + h.c.,
R8 = ((S1 · S3)(S2 · S3) + (S1 · S2)(S1 · S3)) + h.c.

(4.35)

Expanding the MPS Hamiltonian on these operators one obtains [56]

hMPS = 2− 1
4S1 · S3 −

1
4(S1 · S3)2 − 5

8
(
(S1 · S2)2 + (S2 · S3)2

)

+ 3
8 ((S1 · S2)(S1 · S3)(S2 · S3) + h.c.) .

(4.36)

Let us turn now to the construction of the entire family of parent Hamiltonians. It is
useful to visualize the different spaces U ,K andQ in a Venn diagram, as in Fig. 4.2. In
this case where P ≡ V = spin-1 one has U ≡ K. The most general expression for a
hermitian parent Hamiltonian is then given by

h = cS=1
1,1 PS=1

1 + cS=1
2,2 PS=1

2 + cS=1
1,2 S + cS=2PS=2 + cS=3PS=3 (4.37)

where S ≡ XS=1
1,2 +XS=1

2,1 is the reciprocal (or hermitian) intertwiner acting on the spin-1
irreps ofQ and where the coefficients cS=2 > 0, cS=3 > 0 and cS=1 is symmetric positive
definite. Obviously Hamiltonian (4.37) is very different from the simple projector onto
the spin-3 subspace. In particular, its kernel is restricted to the space K, which is
generated by the MPS wave functions in Eq. (4.20).
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Building explicitly the states of the physical space on l = 3 sites one can construct the
different operators appearing in Eq. (4.37) and then re-express them in terms of the
SU(2)-invariant operators in Eq. (4.34)-(4.35). Choosing the phases of the states such
that PS=1

MPS ≡ PS=1
3 and PS=2

MPS ≡ PS=2
2 one gets

PS=0 = − 1
3

(
R1 +R2 − 1

2R
3 −R4 − 1

2R
5 + 1

2R
6 − 1

4R
8
)
,

PS=1
1 = 1

7

(
5R1 − 11

4 R
3 − 17

4 R
4 − 3

4R
5 + 11

8 R
6 + 1

2R
7 − 1

4R
8
)
− 1

7

(
A2 + 1

2A
3
)
,

PS=1
2 = 1

35

(
31R1 − 16R3 − 19R4 − 12R5 + 8R6 +R7 − 1

2R
8
)

+ 1
7

(
A2 + 1

2A
3
)
,

PS=1
3 = −R1 + 1

4R
3 + 3

4R
4 + 1

4R
5 − 1

8R
6,

PS=2
1 = 1

3R
1 − 1

3R
2 + 1

2R
3 − 1

6R
4 + 1

6R
5 − 1

12R
6 − 1

6R
7,

PS=2
2 = 1

3

(
R1 +R2 − 1

2R
3 + 1

2R
4 − 1

2R
5 − 1

4R
6 − 1

4R
8
)
,

PS=3 = 1
15R

1 + 1
3R

2 + 1
10R

3 + 1
15R

4 + 1
30R

5 + 1
30R

6 + 1
15R

7 + 1
20R

8.

(4.38)
Similarly

S = 1
7
√

10

(
−8R1 + 3R3 − 3R4 + 11R5 − 3

2R
6 + 2R7 −R8

)
+ 3

7
√

10

(
A2 + 1

2A
3
)
.

(4.39)

With Eq. (4.37)-(4.39) one can build explicit expressions of the entire family of three-
site local parent Hamiltonians of the spin-1 AKLT state with spin-1 edge states. There
are five parameters in total, but one of them is a scaling factor, and there is the addi-
tional constraint on the positive definiteness of cS=1. Tuning the parameters one can
thus search for particularly simple parent Hamiltonians. It is possible for instance to
derive a parent Hamiltonian which does not have a 6-spin interaction, at the price of
introducing 4-spin interactions. In what follows, however, we shall focus on the MPS
Hamiltonian which can simply be obtained by setting cS=2 = cS=3 = 1 and cS=1 = 1 in
Eq. (4.37).

4.2.3 Topological phase transition

The Haldane phase, in which the original AKLT Hamiltonian (4.9) lies, is a symmetry-
protected topological (SPT) phase. The spin-1/2 edge states on an open chain are
protected by Z2 ×Z2 symmetry, there is a string order parameter, and a bulk-boundary
correspondence [131–134].

By contrast, the AKLT Hamiltonian (4.36) is expected to lie in a trivial phase since
the edge states have integer spin. Since both Hamiltonians respect the translation
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and rotation symmetries they should be separated by a phase transition. The phase
transitions between Zn × Zn bosonic SPT phases has been extensively studied in
Ref. [135]. When n = 2 the transition has been predicted to be described by a critical
theory with central charge c = 1.

To study the phase transition from the SPT phase of the original AKLT model to the triv-
ial phase of the spin-1 AKLT model with spin-1 edge states we define the interpolating
Hamiltonian

Hλ = (1− λ)HAKLT + λHMPS, λ ∈ [0, 1] (4.40)

and study numerically the low-energy eigenstates on short chains. Figure 4.3 shows
the spectrum of Hamiltonian (4.40) for Ns = 15 sites. We find that the finite-size gap
extrapolates in the thermodynamic limit to zero when λ is tuned to λc ' 0.8259(1),
an indication that the transition is continuous. We further characterize the phase
transition using the standard approach based on conformal field theory (CFT). In
Fig. 4.4(a) we show the scaling of the ground state energy per site which we fit as

E0(Ns)
Ns

= ε0(∞)− πcv

6N2
s

+ o(N−2
s ) (4.41)

where ε0(∞) is the thermodynamic ground state energy per site, c is the central charge
of the CFT and v is the speed of light. To extract the central charge we further need
to determine the speed of light. We thus look at the excited state energy of the first
state having momentum 2π/Ns and non-vanishing Casimir which should satisfy the
following scaling formula for a critical theory

∆E1(Ns) = E1(Ns)− E0(Ns) = 2πv
Ns

+ o(N−1
s ). (4.42)

The velocity v is extracted using this formula in Fig. 4.4(b). We then obtain the central
charge c ' 1.00, in excellent agreement with a continuous phase transition described
by the SU(2)1 Wess-Zumino-Witten (WZW) CFT. This is further confirmed by the
analysis of the scaling dimensions of the primary fields associated to the singlet and
triplet excited states in Fig. 4.4(c). To come back to Ref. [135], the SU(2)1 WZW CFT
is indeed the most natural theory with central charge c = 1 to describe the transition
given the symmetry of the HamiltonianHλ.

4.3 SU(3) AKLT model with 3-box symmetric irrep

4.3.1 Original formulation with fundamental irreps

We now turn to the case of SU(3) and, more particularly, to the physical 3-box sym-
metric irrep 10 represented by a Young diagram with three boxes in its single row

. The AKLT model for this irrep will be of significant help when studying the
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Figure 4.3: Finite-size spectrum of the interpolation HamiltonianHλ for (a) PBC and
(b) OBC on Ns = 15 sites. In (a), the ground state is unique and is a singlet state.
In (b) the ground state is four-fold degenerate at λ = 0 and nine-fold degenerate at
λ = 1, corresponding to spin-1/2 and spin-1 edge states, respectively. Figure taken and
adapted from Ref. [56], c© 2019 Elsevier, under CC BY license.
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Figure 4.4: (a) Scaling of the ground state energy per site of the interpolation Hamilto-
nianHλ at λ = 0.8259. (b) Speed of light obtained from the first excited state at momen-
tum 2π/Ns and non-vanishing Casimir. (c) Scaling dimensions of the primary fields
corresponding to the singlet and triplet excited states, as well as ∆̄ = (3∆S=1 +∆S=0)/4
which is free of logarithmic corrections [136, 137]. Figure taken and adapted from
Ref. [56], c© 2019 Elsevier, under CC BY license.
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(a) (a)

(b) (b)

Figure 4.5: (a) SU(3) AKLT state of Greiter et al. for the 3-box symmetric irrep at each
site [117, 118]. The rectangles containing three fundamental irreps denote a projection
onto the physical irrep while the thick lines joining three neighboring sites
denote extended singlet bonds. (b) Reinterpretation of the AKLT state in (a) as an MPS
with bond dimension 9. The local projection onto the physical irrep is now denoted by
an ellipse. The singlets are obtained with Levi-Civita tensors which antisymmetrize
three fundamental irreps from three neighboring sites. Figure (b) is adapted from
Ref. [56], c© 2019 Elsevier, under CC BY license.

corresponding Heisenberg model in Chapter 5.

The model was first introduced in Refs. [117, 118] by Greiter et al., who built the
wave function out of fundamental irreps. On each site, three fundamental irreps
are projected onto the physical 3-box symmetric irrep while extended singlets are
made on three neighboring sites, as illustrated in Fig. 4.5(a). To rewrite this VBS state
as an MPS one uses the expressions of the fully symmetric combinations of three
colors given in Eq. (3.72). This allows us to build the local projector onto the physical
irrep. Moreover, to obtain a singlet out of three fundamental irreps we need to fully
antisymmetrize the three particles. The Levi-Civita tensor acts in the appropriate way,
and a representation of the MPS is given in Fig. 4.5(b). The local MPS tensor is obtained
through the contraction of the vertical auxiliary leg joining a Levi-Civita tensor to the
tensor of the projector onto 10. One thus ends up with an MPS having auxiliary bond
dimension D = 9, and correlation length ξ = 1/ ln 5.

Although the MPS structure is now clearly exhibited, the nature of the edge states on
an open chain remains unrevealed. The auxiliary bond dimension of the MPS is D = 9.
This corresponds to the tensor product of a fundamental irrep 3 and a conjugate irrep
3̄ for which the Young diagram is made of a single column with two boxes. This tells us
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4.3. SU(3) AKLT model with 3-box symmetric irrep

Figure 4.6: SU(3) AKLT state | , 〉. The edge degrees of freedom on an open
chain are, by construction, adjoint edge states. Figure adapted from Ref. [57] with the
permission of the APS, c© 2020 American Physical Society.

that the edge states are potentially made of a direct sum of an adjoint and a singlet,

⊗ = • ⊕ . (4.43)

To shine light on the exact structure of these edge states, we compute the reduced
density matrix ρ and obtain a caracteristic spectrum λi = 1/

√
8, 1 6 i 6 8 and λ9 = 0.

The singlet irrep at the edge thus does not carry any weight in the reduced density
matrix. It should then be possible to rewrite the wave function of the AKLT state as an
MPS with bond dimension D = 8, showing that the MPS in Fig. 4.5(b) is not optimal.

4.3.2 AKLT state with adjoint edge irreps

Since the physical irrep 10 appears in the tensor product of two adjoint irreps given by

⊗ = • ⊕ 2 ⊕ ⊕ ⊕ (4.44)

one can use the general method developed in Section 4.1.1 to construct an AKLT state
for the 3-box symmetric irrep made of adjoint virtual spins, as pictured in Fig. 4.6.
The correlation length of this state is readily obtained and corresponds to the one
obtained in the construction of Greiter et al., ξ = 1/ ln 5. The fact that the state
| , 〉 is exactly identical to the state in Fig. 4.5(a) can further be exhibited by the
spectrum of the reduced density matrix which is the same, except for the vanishing
eigenvalue which is obviously absent in the spectrum associated to | , 〉. The

MPS representation of the state | , 〉 given in Fig. 4.6 having bond dimension
D = 8 with a flat spectrum of the reduced density matrix, it is optimal in the MPS
sense.

4.3.3 Parent Hamiltonian

The parent Hamiltonian of the AKLT state above was first computed in Refs. [117, 118]
based on the construction of the wave function out of fundamental irreps (Fig. 4.5).
Here we derive the same Hamiltonian using the reinterpretation of the AKLT wave
function as a VBS with adjoint edge states (Fig. 4.6). The Hamiltonian can be derived
using the quadratic Casimir operator of SU(3). Indeed, the MPS is injective on two sites,
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and the virtual and physical irreps are different. The tensor product of two physical
irreps is given by

⊗ = ⊕ ⊕ ⊕ . (4.45)

Combining this decomposition with the tensor product of two virtual adjoint irreps in
Eq. (4.44) one sees that, on two neighboring sites, the state can be either a 10 ≡ [3, 3] or
a 27 ≡ [4, 2] irrep (these irreps appear both in Eq. (4.44) and in Eq. (4.45)). Thus a valid
local parent Hamiltonian must annihilate the states of the 10 and 27 irreps. One takes

h = 1
4
(
(T1 + T2)2 − C2(10)

) (
(T1 + T2)2 − C2(27)

)
(4.46)

where the eigenvalues of the quadratic Casimir C2 are obtained with Eq. (3.78). The
Hamiltonian in Eq. (4.46) has the right kernel and the spectrum is positive since the
eigenvalues of C2 are larger for the irreps [5, 1] ≡ 35 and [6] ≡ 28 than for the irreps 10
and 27. As a side remark we emphasize that h given in Eq. (4.46) is not strictly speaking
a projector, but rather a realization of Eq. (4.28). Developing Eq. (4.46) and using the
fact that C2(10) = 6 one obtains

h = (T1 ·T2)2 + 5T1 ·T2 + 6 (4.47)

where T are the generators in the physical irrep [3] ≡ 10. The Hamiltonian on a chain
is then given by

H =
∑

i

(
(Ti ·Ti+1)2 + 5Ti ·Ti+1 + 6

)
. (4.48)

A quick numerical study of Hamiltonian (4.48) shows that, on a periodic chain, the
ground state is unique with a finite gap to the first excited states and for OBC the
ground state is 64-fold degenerate. In that case the ground state wave functions live
in all irreps occuring in the right-hand side of Eq. (4.44), which further confirms the
equivalence of both formulations (Fig. 4.5 and 4.6) for the AKLT wave function.

4.3.4 Perspective on the p-box symmetric irrep of SU(3)

Let us now consider fully symmetric irreps of SU(3) represented by a Young diagram
with p boxes in the first row. The AKLT model discussed in the previous section is
thus the p = 3 AKLT model. One can obviously generalize this construction to any
symmetric irrep with p = 3n, n being an integer. For instance one can build a unique
AKLT model

| , 〉 (4.49)

for the 6-box symmetric irrep made of virtual self-conjugate [4, 2] irreps.
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4.4. Conclusion

On the contrary, one is not able to build AKLT models when p = 3n+ q with q = 1, 2.
This actually follows from a simple counting argument. Self-conjugate irreps of SU(3)
have a number of boxes which is a multiple of 3. Consequently all irreps appearing in
the tensor product of two virtual irreps have a number of boxes which is incompatible
with p = 3n+ q when q = 1, 2.

From a conceptual point of view, this has deep consequences. When p = 3n, one is
able to show rigorously the existence of a gapped VBS phase. When p = 3, the exactly
solvable AKLT model (Eq. (4.48)) has only an additional biquadratic term compared
to the pure Heisenberg model. Keeping apart any rigorous treatment for now, it is
already reasonable to guess that the 3-box symmetric, and more generally the 3n-box
symmetric SU(3) Heisenberg model is gapped. Moreover, from the absence of AKLT
models for p = 3n+ q when q = 1, 2, and from the Bethe ansatz solution of Sutherland
on the p = 1 model [35], one can conjecture a gapless phase of the SU(3) Heisenberg
model when p is not a multiple of three. This is nothing but a Haldane conjecture
for the SU(3) chain with p-box symmetric irrep. In Chapter 5 we will discuss more
deeply the different aguments leading to this conjecture, and will provide a numerical
confirmation when p = 3.

4.4 Conclusion

Since the derivation of the AKLT model realizing an exactly solvable gapped point in
the phase diagram of the bilinear-biquadratic spin-1 chain, and providing a strong
argument in favor of the gapped phase at the Heisenberg point conjectured by Haldane,
AKLT models have been recurrently used as a very useful tool to analyze phases of spin
chains. With the recent advent of experiments which engineer SU(N) spin models
using ultracold atoms tuned to the Mott insulating phase of the Hubbard model, the
AKLT models have been naturally generalized to the SU(N) group. From a theoretical
point of view the SU(N) AKLT models are of particular interest. They provide a first
indication of the existence of a gapped phase of the spin chain. Alternatively, if no
AKLT state is found for a given physical local irrep of SU(N) this potentially indicates
a gapless phase. The SU(N) AKLT models are thus valuable guides for elaborating a
Haldane-type argument for SU(N) Heisenberg chains [118]. They further give access
to a point in the phase diagram which is computationally easily accessible, despite the
generally large local Hilbert space dimension, thanks to their short correlation lengths.

In this chapter we have described a generic method to construct reflection-symmetric
AKLT states with SU(N) symmetry and their parent Hamiltonians. To impose the
reflection symmetry we work with “building blocks”, the virtual irreps, which are self-
conjugate. These irreps become the edge states on finite open chains, and thus dictate
the ground state degeneracy in this case. Moreover they allow us to argue if the AKLT
model lies in a SPT phase or in a trivial phase, by analyzing if the edge spins can
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merge with bulk excitations. The MPS form of the AKLT wave function proved to be
particularly useful both for visualizing the structure of the state and to construct parent
Hamiltonians. We have discussed how to actually build the entire family of local parent
Hamiltonians acting on l adjacent sites where l is greater than or equal to the injectivity
length of the MPS, namely the smallest length for which the MPS is an injective map
from the auxiliary degrees of freedom onto the physical space. This condition is the
most critical one: if one selects edge spins with a large dimension, the injectivity length
increases and the Hamiltonian becomes longer-ranged. Rewriting the Hamiltonian
in a compact form using spin operators becomes quickly intractable due to the large
number of rotation invariant operators on l sites.

As an example we have constructed a spin-1 AKLT model for which the ground state
wave function possesses spin-1 edge states. The entire familiy of parent Hamiltonians
has been derived. Thanks to the relatively small number of reflection-symmetric SU(2)
invariant operators we have rewritten these Hamiltonians in a compact form with spin
operators. Since the edge states of the wave function are of the same nature as the
bulk excitations, namely integer spin states, the model was expected to lie in a trivial
gapped phase. This was demonstrated by exhibiting a continuous phase transition
between that model and the original AKLT model which lies in the Haldane phase. The
topological phase transition was shown to be governed by the SU(2)1 WZW CFT, in
agreement with previous analytical predictions for such transitions [135].

Finally we revisited an SU(3) AKLT model for the physical 3-box symmetric irrep of
dimension 10 initially introduced in Refs. [117, 118]. Building on the spectrum of the
reduced density matrix we showed that the wave function has edge states belonging
to the adjoint irrep. These edge states are not expected to be protected by symmetry
as they are indistinguishable from bulk excitations. One possible parent Hamiltonian
of this AKLT state being simply made of bilinear and biquadratic interactions on
two neighboring sites it will be used in the next chapter to guide our study of the
corresponding pure Heisenberg model.
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5 The 3-box symmetric SU(3) chain

In 1975, Sutherland extended the Bethe ansatz to the SU(N > 2) Heisenberg model
with the fundamental irrep at each site, thus implicitly showing that, as is the case for
SU(2), the model is gapless [35]. This paved the way to an increasing interest of the
condensed matter community in the physics of SU(N) models. Indeed, before this
paper the SU(N) group appeared mainly as a playground for mathematical physics or
high-energy physics. It is well-known that the hadrons can be described to some extent
as SU(3) particles forming different irreps1. The excitement of the condensed matter
community, however, stayed rather limited in the beginning. The topic was quite
remote and the absence of obvious experimental realizations of such models at low en-
ergy refrained the community from giving all the attention that these models deserve.
The situation has considerably changed since then, with the advent of experiments
with ultracold atoms loaded in optical lattices which can realize Mott insulating phases
of the Hubbard model, thus giving access to the physics of the SU(N) models [40–51].
With the increasing interest, both experimental and theoretical, in the SU(N) models
the question of whether an SU(N) Heisenberg spin chain is gapped or gapless becomes
natural, and the situation is essentially the same as 37 years ago when considering
SU(2) spin chains: on the one hand, performing numerics on SU(N) models with
non-trivial irreps is a difficult task, in particular because of the large local Hilbert space
dimension associated to these systems. On the other hand, although progress has
been made constantly in the experimental realizations of SU(N) models with ultracold
atoms, they are still restricted to simple irreps, those with a Young diagram made
of two columns, and quite far from being able to extract thermodynamic quantities
and thus discriminate between gapped and gapless models. On top of this, asserting
which models are gapped or gapless for SU(N) looks a priori more complicated since
SU(N) irreps are labeled by N − 1 integers. The variety of irreps is thus bigger, and a
general claim about gaplessness must be less simple than for SU(2). Unlike in the 80’s
where the AKLT model was developed after the Haldane conjecture and could bring

1For instance the family of mesons can be described as the combination of an SU(3) quark corre-
sponding to the fundamental irrep with an SU(3) anti-quark corresponding to the conjugate irrep.
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it additional credit, the chronology was different for SU(N > 2). AKLT models were
developed first, providing hints on what would be a possible Haldane conjecture for
the corresponding Heisenberg chains [123]. Alternatively, for some irreps AKLT models
cannot be constructed, and this hints at a gapless spectrum. The path followed by Hal-
dane in 1983 [31, 32] was finally reproduced very recently for SU(3) and SU(N) models
in some specific irreps [138–141]. In particular, in Ref. [138], based on a mapping onto
a NLσM, it was argued that the SU(3) Heisenberg model in the symmetric irrep with
p boxes should be gapped when p is a multiple of three, and gapless otherwise, the
case p = 1 being in agreement with Sutherland’s result. From a numerical point of
view, results in favor of a finite gap in the p = 3 case were inconclusive for several
years. The model was claimed to be gapped in 2009 based on the saturation of the
entanglement entropy on a periodic chain of length 48 studied using DMRG [123]. The
saturation being observed over a very short characteristic length, it could be argued
from these results that the associated correlation length is rather short, of order 6− 8
sites, and thus that the gap is rather large. Later on, the model was studied using ED
on a 12-site periodic chain, and the results were in contradiction with the existence of
a short correlation length [87]. Moreover the calculated central charge was surprisingly
in agreement with a critical SU(3)3 WZW CFT universality class. However it had been
demonstrated that the SU(N) Heisenberg models should flow in the IR towards the sta-
ble SU(N)1 WZW CFT, except if finely tuned to some unstable integrable points where
the SU(N)k WZW CFT can be realized [142, 143]. These special points are actually
the generalization of the well known Takhtajan-Babudjian integrable points for SU(2)
spin chains [144, 145]. Although the results on the central charge reported in Ref. [87]
seemed in contradiction with the existence of a gap in the model, it was pointed out
that the thermodynamic regime was not achieved on a 12-site chain. This observation
was crucial in two respects. First, and most importantly, the critical behavior observed
at short length scale does not rule out the possibility of a gapped spectrum. The IR
behavior of the spin chain, namely the low-energy, or long-distance behavior must
be probed to determine the existence or absence of a gap2. Secondly, a critical read-
ing of the early DMRG results could be inferred. The correlation length that could
be extracted from the saturation of the entanglement entropy seemed significantly
underestimated, and it was argued that this saturation was actually due to a too se-
vere truncation of the Hilbert space in DMRG. The 3-box symmetric SU(3) chain, if
gapped, must then have a large correlation length which prevents the observation of
the IR behavior with ED. Quantum Monte Carlo being affected by the sign problem
for p-box symmetric irreps when p > 1, the only numerical technique which could
possibly probe the thermodynamic properties of the model is the DMRG, but the large
local Hilbert space dimension sounds prohibitive3. The confirmation of the Haldane

2This can be related to the material covered in Chapter 2, where the physics in the IR and in the UV
are, as often, drastically different, and where the characteristic length scale which specifies the transition
from one behavior to the other is a key parameter.

3Other tensor network based methods which probe directly the model in the thermodynamic limit,
such as the variational uniform matrix product state (VUMPS) algorithm are also promising, see Sec-
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conjecture, however, relies almost entirely on the demonstration that the p = 3 case
is gapped. It is indeed the “most quantum” case for which the conjecture predicts a
gap. As it is the case for SU(2) where the mapping from the spin chain onto the NLσM
is exact in the limit of infinite spin, and where the spin-1 chain is the most quantum
gapped spin chain, the mapping from the SU(3) spin chain becomes exact in the limit
of infinite p. One can thus trust more safely Haldane’s conjecture at large p than at
small p.

Not to our disappointment, and in a similar fashion as for SU(2) where it was shown
that the characteristic length scale of the spin-S Heisenberg chain scales as eπS/S, it
is expected that the characteristic length scale of the p-box symmetric SU(3) chain
scales as eαp/p, α > 0. The simplest model, meaning the model with the shortest
characteristic length scale, which is thought to be gapped is thus the p = 3 one, and the
attempt at demonstrating the presence of a finite gap in the p = 3 SU(3) spin chain is
the exact analogue of the search for a finite gap in the spin-1 chain in the early 80’s. For
the reason mentioned above, showing numerically rigorously the existence of a finite
gap in the 3-box symmetric SU(3) chain would be a very strong indication that the
Haldane conjecture for SU(3) spin chains in the p-box symmetric irrep applies when
p is any multiple of 3. The next step to strengthen Haldane’s conjecture would be to
probe the 2-box symmetric chain and to show the gaplessness of the spectrum.

The aim of this chapter is to present a numerical study of the p = 3 Heisenberg model,
using the group theory machinery developed in Chapter 3 to implement a DMRG
algorithm taking advantage of the full SU(3) symmetry, and to show evidence for the
existence of a finite gap in the model. The AKLT model and wave function presented in
Chapter 4 will prove to be valuable guides in our search for a tiny gap.

The chapter is organized as follows. In Section 5.1 we present Haldane’s conjecture
for the p-box symmetric SU(3) Heisenberg chain as developed in Refs. [138, 139]. We
then turn to the description of the numerical tool used for our analysis, a DMRG
algorithm with the implementation of the full SU(3) symmetry, making use of the SDCs
introduced in Chapter 3. We then numerically study the AKLT model with a biquadratic
interaction introduced in Refs. [117, 118] and extensively discussed in Section 4.3. We
then turn to the numerical investigation of the pure Heisenberg model in Section 5.6.
Finally, Section 5.7 gives some concluding remarks and an outlook of this chapter.

Part of the material presented in this chapter has been the object of Ref. [57]. More
precisely: Section 5.1 is mainly inspired from Ref. [138]. Sections 5.2 and 5.3 have been
presented in Ref. [57]. Section 5.4 goes beyond what has been provided in Ref. [57]
and gives a number of additional details adapted from Ref. [89] for the case of the
3-box symmetric irrep. Finally, the results presented in Secs. 5.5 and 5.6 are the core of
Ref. [57].

tion 5.7 [146].
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Chapter 5. The 3-box symmetric SU(3) chain

5.1 Haldane’s conjecture for symmetric SU(3) chains

5.1.1 Statement of the conjecture

Let us consider the antiferromagnetic SU(3) Heisenberg model with p-box symmetric
irrep at each site

H = 2J
∑

i

Ti ·Ti+1 (5.1)

where J > 0 is the antiferromagnetic coupling and Ti are the generators in the p-
box symmetric irrep. When p = 2, 3 the generators are given in Appendix F. This
Hamiltonian can be rewritten in terms of the operators Sαβ as

H = J
∑

i

Sαβi Sβαi+1 (5.2)

where a sum over the color indices is implicit. The Haldane conjecture is as fol-
lows [138]:

• when p is a multiple of three, the spectrum of Hamiltonian (5.1) is gapped;

• when p is not a multiple of three, the spectrum of Hamiltonian (5.1) is gapless.

5.1.2 Hints from AKLT construction and Lieb-Schultz-Mattis-Affleck theo-
rem

In Section 4.3 we have shown the existence of AKLT models for the p-box symmetric
chain when p is a multiple of three. In particular, when p = 3 the AKLT parent Hamil-
tonian was a bilinear-biquadratic form [117, 118]. When p is not a multiple of three,
however, we showed that no AKLT model can be constructed. This is a first hint of the
existence of a gapped phase for p = 3n and a gapless phase otherwise.

The case of p = 3n+q when q = 1, 2 can be treated with the Lieb-Schultz-Mattis-Affleck
(LSMA) theorem [147, 148]. In this case one can indeed show that either the ground
state is degenerate or the spectrum is gapless [138]. When p = 3n, however, nothing
can be extracted from the LSMA theorem. Finally, the case of p = 1, which is Bethe
ansatz solvable, corresponds to the gapless realization of the LSMA theorem.

The three arguments above (existence or absence of AKLT models, LSMA theorem, gap-
less spectrum for p = 1) already shape Haldane’s conjecture as stated in Section 5.1.1.
To complete and to fully ground the conjecture for symmetric SU(3) chains, it is nec-
essary to follow Haldane’s procedure for SU(2) chains, namely to map the spin chain
onto a low-energy theory and to derive consequences based on the structure of this
field theory [31, 32]. In the next section, we summarize this procedure which was
carried out in Refs. [138, 139].
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5.1.3 Mapping onto a nonlinear sigma model

This section summarizes step by step the mapping of the spin chain onto the NLσM
introduced in Ref. [138].

Following Haldane who mapped the SU(2) Heisenberg spin chain onto the O(3) NLσM
in the limit of large spinS, the idea is to look at the large-p limit. Examining the classical
limit one faces a first problem: the ground state of the Heisenberg Hamiltonian (5.2) is
degenerate. This is a major issue for developing a large-p semi-classical limit where
fluctuations are introduced around a unique classical ground state. The solution
consists in lifting this degeneracy by introducing further-neighbor couplings,

H′ = J
∑

i

Sαβi Sβαi+1 + J2
∑

i

Sαβi Sβαi+2 − J3
∑

i

Sαβi Sβαi+3. (5.3)

The antiferromagnetic and ferromagnetic couplings J2 and J3, respectively, are both
decreasing as p increases and are generated by quantum fluctuations in the Heisenberg
model, selecting one particular ground state, the three-sublattice state which is made
of the alternation of the three colors of SU(3), ABCABC.... It is thusH′, notH, which
will be mapped onto a NLσM. In fact, it would be sufficient to take only J2 or J3 to lift
the degeneracy, but for consistency with Ref. [138] we also keep both couplings here.

The mapping onto the field theory can be conveniently derived by writing the action
as a path integral over spin-coherent states at inverse temperature β as

S[~Φ, ~Φ†] =
∫ β

0
dτ


〈~Φ(τ)|H′|~Φ(τ)〉+ p

∑

j

~Φ(j, τ)†∂τ ~Φ(j, τ)


 (5.4)

where ~Φ(j, τ) is a 3-dimensional unit complex vector at site j and imaginary time τ ,
~Φ(j, τ)†~Φ(j, τ) ≡ ~Φ(j, τ)∗ · ~Φ(j, τ) = 1, ∀j, τ , and where |~Φ(τ)〉 is the spin-coherent state
of the entire chain at time τ ,

|~Φ(τ)〉 =⊗
j
|~Φ(j, τ)〉 (5.5)

where
|~Φ(j, τ)〉 = 1√

p!
(
Φµ(j, τ)b†µ(j)

)p
|0〉 (5.6)

and there is an implicit sum over the index µ = 1, 2, 3, Φµ(j, τ) being the µ-th compo-
nent of ~Φ(j, τ). In Eq. (5.6) |0〉 is the vacuum and the operator b†µ(j) creates a boson of
color µ at site j.

After some algebra, which essentially consists in introducing some quantum fluc-
tuations around the three-sublattice classical ground state (when J1, J2, J3 > 0) by
decomposing the ~Φ(j, τ) fields into the combination of a field describing the fluctua-
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tions inside a unit cell and a field describing the fluctuations between the unit cells,
taking the continuum limit and integrating out the slow motion within the unit cell
one ends up with (see Eq. (4.14) of Ref. [138])

S[{~φn}, {~φ†n}] =
3∑

n=1

∫
dxdτ 1

2g
(
|∂µ~φn|2 − |~φ∗n · ∂µ~φn|2

)

+ i
3∑

n=1

θn
2πi

∫
dxdτ εµν∂µ~φn · ∂ν~φ∗n

+ i λ2πi

3∑

n=1

∫
dxdτ εµν

(
~φ∗n+1 · ∂µ~φn

) (
~φn+1 · ∂ν~φ∗n

)
.

(5.7)

The fields ~φn, n = 1, 2, 3 are 3-dimensional unit complex vectors satisfying the unitarity
condition4

~φ†m~φn ≡ ~φ∗m · ~φn = δmn, m, n = 1, 2, 3 (5.8)

and, in the third line of Eq. (5.7), we take ~φ4 ≡ ~φ1. Notice that all over Eq. (5.7)
we have omitted the space-time variables (x, τ) on which the fields depend, ~φn ≡
~φn(x, τ). Although the first line of the action (5.4) looks like three independent field
theories, they are actually interacting through the unitarity condition. Each field theory
in the first line of (5.4) is called a CP2 field theory, and the action (5.7) is called an
SU(3)/[U(1)×U(1)] flag manifold NLσM [149, 150], SU(3)/[U(1)×U(1)] describing the
manifold of the 3-dimensional matrix U formed by staking the vectors ~φTn , n = 1, 2, 3
in its rows. The coupling constant g is the same for all copies of the CP2 theories as
a consequence of the lattice symmetries of the spin model, and the mapping gives
g−1 = p

√
J1J2 + 2J1J3 + 2J2J3/(J1 +J2). The second line in the action (5.7), where εµν

is the Levi-Civita tensor on two space-time indices, is a topological action made of three
terms with topological angles θn, n = 1, 2, 3, respectively. The associated topological
charges are actually not independent, and one can thus remove one of them from the
action. Moreover, thanks to the translational invariance, the two remaining topological
angles take the values ±2πp/3. Finally the third line of (5.7) is an interaction term
with coupling λ which can again be expressed in terms of J1, J2 and J3. It is non-
topological as it cannot be rewritten as a total derivative, unlike the second line of the
action. A renormalization group analysis shows that the theory in the first line of (5.7)
is asymptotically free, and that the λ-term is relevant in the IR [139, 151].

Classical Monte Carlo simulations on the model (5.7) when λ = 0 show that [138]: i)
when the two remaining independent topological angles vanish, corresponding to p
being an integer multiple of three, the model is gapped for all values of the coupling
constant g; ii) when the topological angles are chosen as ±2π/3, corresponding to

4Defining the matrix U such that its n-th row corresponds to the transposed vector ~φTn , then Eq. (5.8)
translates into the condition UU† = U†U = 1. The action (5.7) can also be compactly written in terms of
U(x, τ) and U†(x, τ), see Eq. (4.6) of Ref. [138].
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p = 1, 2, the model is gapped at strong coupling g > gc and gapless at weak coupling
g < gc.

These observations, together with lattice realizations of the SU(3) chain model, such as
the AKLT model extensively discussed in Chapter 4 for p = 3 [118] and the known results
on the p = 1 case when J2 = J3 = 0 [35], the Lieb-Schulz-Mattis theorem [147, 148]
and the apparent analogy with the SU(2) case naturally leads to the conjecture as
stated at the beginning of this section.

5.2 The Hamiltonian as a sum of permutations

To make full use of the representation theory of the permutation group presented in
Chapter 3 we need to rewrite Hamiltonian (5.2) in terms of permutations. To do so, we
first rewrite the operators Sαβi in terms of bosonic operators as follows (we keep N and
p since the developments are general)

Sαβi =
p∑

a=1
b†α,a,ibβ,a,i −

p

N
δαβ (5.9)

where the bosons satisfy the usual commutation relations

[bα,a,i, b†β,b,j ] = δαβδabδij (5.10)

and where the constraint of p bosons at each site is imposed

N∑

α=1

p∑

a=1
b†α,a,ibα,a,i = p, ∀i. (5.11)

The states of the irrep can be simply expressed in terms of the bosonic operators. For
instance, when N = 3 and p = 3 the expressions of the states are (omitting the site
index i)

|nA, nB, nC〉

A A A |3, 0, 0〉 b†
A,1b†

A,2b†
A,3 |0〉

B B B |0, 3, 0〉 b†
B,1b†

B,2b†
B,3 |0〉

C C C |0, 0, 3〉 b†
C,1b†

C,2b†
C,3 |0〉

A A B |2, 1, 0〉 1√
3

(
b†

A,1b†
A,2b†

B,3 + b†
A,1b†

B,2b†
A,3 + b†

B,1b†
A,2b†

A,3

)
|0〉

A B B |1, 2, 0〉 1√
3

(
b†

A,1b†
B,2b†

B,3 + b†
B,1b†

A,2b†
B,3 + b†

B,1b†
B,2b†

A,3

)
|0〉
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A A C |2, 0, 1〉 1√
3

(
b†

A,1b†
A,2b†

C,3 + b†
A,1b†

C,2b†
A,3 + b†

C,1b†
A,2b†

A,3

)
|0〉

A C C |1, 0, 2〉 1√
3

(
b†

A,1b†
C,2b†

C,3 + b†
C,1b†

A,2b†
C,3 + b†

C,1b†
C,2b†

A,3

)
|0〉

B B C |0, 2, 1〉 1√
3

(
b†

B,1b†
B,2b†

C,3 + b†
B,1b†

C,2b†
B,3 + b†

C,1b†
B,2b†

B,3

)
|0〉

B C C |0, 1, 2〉 1√
3

(
b†

B,1b†
C,2b†

C,3 + b†
C,1b†

B,2b†
C,3 + b†

C,1b†
C,2b†

B,3

)
|0〉

A B C |1, 1, 1〉 1√
6

(
b†

A,1b†
B,2b†

C,3 + ...
)

|0〉

where the first column contains the Weyl tableaux and in the second column |nA, nB, nC〉
is the occupation number of each color A, B, C. In the last line the ellipse denotes
all permutations of the three colors. These states are the ones already introduced in
Eq. (3.72).

Inserting Eq. (5.9) into the Hamiltonian one obtains

H = J
∑

i




N∑

α,β=1

p∑

a,b=1
b†α,a,ibβ,a,ib

†
β,b,i+1bα,b,i+1 −

p2

N


 . (5.12)

Now observe that the quartic form in bosonic operators can be rewritten as

p∑

a,b=1

N∑

α,β=1
b†α,a,ib

†
β,b,i+1bβ,a,ibα,b,i+1 =

p∑

a,b=1
Pa,i;b,i+1 (5.13)

where Pa,i;b,i+1 is the permutation operator which interchanges the state of the a-th
boson of site i with the state of the b-th boson of site i+ 1.

For the sake of simplicity, let us number the particles (boxes) from 1 to n within the
chain, with n the total number of boxes, and introduce the set Γi which contains the
particle’s numbers situated at site i. For instance, for an SU(3) chain with the 3-box
symmetric irrep at each site andNs = 6 sites in total, the numbering is given in Fig. 5.1.
The interaction Hamiltonian between two sites i and j then takes the simple form

H(i,j) = 2 Ti ·Tj = Sαβi Sβαj =
∑

k∈Γi

∑

l∈Γj
Pk,l −

p2

N
(5.14)

where Pk,l interchanges particle k with particle l.

In what follows we shall remove the constant term in this expression and consider the
following permutation Hamiltonian,

H = J
∑

i

∑

k∈Γi

∑

l∈Γi+1

Pk,l. (5.15)
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i =

Γi =

1 2 3 4 5 6

1 2 3 4 5 6 7 8 9 101112 131415 161718

{1, 2, 3} {4, 5, 6} {7, 8, 9} {10, 11, 12} {13, 14, 15} {16, 17, 18}

Figure 5.1: Numbering of particles (boxes) within a chain with Ns = 6 sites. Γi is the
set of particles living at site i in a global numbering of particles.

5.3 Dealing with the edge states

Since we expect the pure Heisenberg Hamiltonian (5.1) with p = 3 and the AKLT
Hamiltonian (see Eq. (4.48) or Eq. (55) of Ref. [118])

H = 5J
∑

i

(
Ti ·Ti+1 + 1

5(Ti ·Ti+1)2 + 6
5

)
(5.16)

to lie in the same Haldane phase, for OBC Hamiltonian (5.1) is expected to have low-
lying edge states. The nature of the edge states at the AKLT point has been extensively
discussed in Section 4.3, and we shall extend the discussion to the case of the Heisen-
berg model. From a numerical point of view the edge states could be removed by using
PBC. However from the perspective of the DMRG, the choice of using PBC has deep
consequences: for a given chain length convergence is much more difficult, preventing
the study of large systems. For OBC, the presence of edge states is also critical. First,
convergence is affected because the edge modes couple to each other between the
left and right end of the chain. Secondly the bulk gap is not obtained by accessing the
lowest energy state in a given symmetry sector, but the second or the third5. Indeed,
from Fig. 4.6 we expect the edge states to be adjoint edge modes. This edge modes
recombine into all irreps given in Eq. (4.44) . When the chain length Ns is a multiple
of three, the ground state is the singlet wave function, and the five other states are
low-lying excited states. Thus, to access the singlet-adjoint bulk gap, for instance, one
needs to compute the third lowest energy state in the adjoint sector, since the first two
lowest energy adjoint states are low-lying and collapse on the ground for increasing
system size6.

5If the different symmetry sectors cannot be targeted, for instance by the use of a standard DMRG code
without implementation of the SU(3) symmetry, one needs to access the 64-th excited state to actually
compute the bulk gap from the ground state.

6Notice that this is analogous to the SU(2) spin-1 chain. For OBC, the spin-1/2 edge states couple
and form a singlet (ground state) and a low-lying triplet which collapses on the ground state in the
thermodynamic limit. To compute the singlet-triplet bulk gap, one thus needs to compute the second
lowest energy state in the spin-1 sector, or, if one cannot access the different spin sectors separately, the
fourth excited state. The only difference between the SU(2) and SU(3) cases, besides the fact that the
SU(3) edge irreps have significantly larger dimension (8 versus 2 for SU(2)), is that the edge modes can
only form a triplet excitation on top of the singlet ground state, while in the SU(3) p = 3 case, the adjoint
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Jend J J J J J Jend

Figure 5.2: Structure of the 3-box symmetric SU(3) chain, with the adjoint edge spins
coupled antiferromagnetically with Jend > 0 to their neighbor [57]. The Heisenberg
Hamiltonian corresponding to this chain is given in Eq. (5.17). Figure adapted from
Ref. [57] with the permission of the APS, c© 2020 American Physical Society.

There is however a way to lift the edge states with OBC, and this is again inspired from
the VBS structure of the AKLT state in Fig. 4.6, as well as from what has been done in
SU(2) spin chains [152–156]. We add adjoint edge spins at both ends of the chain, and
couple them antiferromagnetically with their 3-box symmetric neighbor in order to
form a singlet bond. Figure 5.2 shows the structure of the chain. For any chain length,
the ground state lies in the singlet sector, and any excited state is then a bulk excited
state. Introducing the end coupling Jend > 0 the Hamiltonian becomes

H = Jend
(
H(1,2) +H(Ns−1,Ns)

)
+ J

Ns−1∑

i=2
H(i,i+1) (5.17)

where Ns is still the total number of sites, including the adjoint edge spins, and where
the interaction is given by

H(i,i+1) =
∑

k∈Γi

∑

l∈Γi+1

Pk,l. (5.18)

One can now guess the structure of the lowest energy excited states, which, if the model
is gapped, will all be separated from the ground state by a finite gap. Building again
on our understanding of the SU(2) spin-1 chain and on Eq. (4.44) one postulates the
existence of five branches of elementary excitations. Indeed, the simplest excitations
are obtained by breaking one singlet bond in the VBS. The two unpaired adjoint irreps
can recombine and form an adjoint irrep (two times), a 3-box symmetric irrep, its
conjugate or a [4, 2] irrep. Defining the Haldane gap as the bulk gap from the singlet
ground state to the elementary excitation, one thus has five Haldane gaps in the model,
corresponding to the five elementary excitations.

edge modes can form 5 low-lying excitations.
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5.4. Density matrix renormalization group with SU(3) symmetry

5.4 Density matrix renormalization group with SU(3) symme-
try

5.4.1 Non-abelian symmetries in DMRG

As discussed above, obtaining the bulk gap of Hamiltonian (5.1) without the trick of
adding adjoint spins at both ends of the open chain with a standard DMRG code which
does not make use of any symmetry would require the calculation of the ground state
and of 64 excited states, since the first 63 excited states are low-lying. This is obviously
prohibitive. The adjoint edge spins reduce the total number of wave functions to
compute to two. However, the dimension of the full Hilbert space, which is 64× 10Ns−2

for aNs-site chain, is a limiting factor. The scaling is the one corresponding to an SU(2)
spin-9/2 chain and only extremely short chains could be studied, or longer chains
at the price of a severe truncation of the Hilbert space which forbids any controlled
extrapolation.

The implementation of the full SU(3) symmetry in the DMRG code seems to be the
only viable solution to tackle Hamiltonian (5.1) numerically. The route of the imple-
mentation of the non-abelian symmetry is usually avoided by DMRG practionners
performing simulations on SU(2) models. At least three reasons can be found. First, the
implementation of the U(1) (charge conservation, or magnetization conservation) sym-
metry is standard (it was implemented in the original DMRG papers of White [9, 10])
and already leads to a significant speed-up [11, 157–160]. The other reason is that
implementing a non-abelian symmetry is more technical, and, in the most common
case of SU(2) spin systems, the trouble to deal with such technicalities is not strictly
necessary. Indeed the algorithmic gain (memory and operation complexity) is largely
compensated by the use of more powerful clusters. Finally, the full rotational invari-
ance of the spin model is restrictive as it forbids the study of the effects of anisotropies
and external fields, of great importance both theoretically and experimentally. Never-
theless, the SU(2) symmetry has been successfully implemented in DMRG algorithms,
with a significant speed-up as long as the total number of DMRG states kept is large
enough, as is illustrated for instance in Ref. [161].

The SU(2) symmetry was first implemented in DMRG using an interaction-round-a-
face (IRF) approach for the spin-1/2 chain, where the symmetry is naturally factorized
out, and where the fusion rules of SU(2) are incorporated by the use of Bratelli dia-
grams [162]. The method was then extended to higher spins, where the benefit of the
factorization of the symmetry really comes in [156, 163], and the incorporation of edge
spins was carried out in Ref. [156]. In the IRF method, the Wigner-Eckart theorem is
used to factorize the matrix elements of the interaction as a product of a “reduced
matrix element” and a CGC [164]. The IRF weights, namely the matrix elements of the
interaction, are then expressed in closed form in terms of Wigner 6j symbols. Since
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Chapter 5. The 3-box symmetric SU(3) chain

exact analytical expressions are known for such coefficients, their calculation can be
performed at a very limited cost. However the drawback of this method is that the total
number of coefficients which need to be computed increases with the system size and
with the local spin at each site.

To overcome this issue, and to provide a more general setup for DMRG with non-
abelian symmetries, McCulloch and Gulácsi devised an algorithm again based on
the Wigner-Eckart theorem where the blocks themselves transform as irreps of the
symmetry group, and where the Clebsch-Gordan series is used to target a specific irrep
for the entire chain [165]. By the use of an appropriate density matrix the truncation
of the Hilbert space ensures that the total spin is conserved at each step. The method
being adaptable to any symmetry group7, provided one knows how to compute the
associated CGCs, it was used for SU(2) spin chains but also for systems with SO(4) and
U(1)× SU(2) symmetries [158, 165–167]. Interestingly the SU(3) case was claimed to
be under investigation in Ref. [165] but no results were later reported by the authors.

With the advent of the new formulation of the DMRG algorithm in terms of matrix
product states [11, 168], the SU(2) symmetry was introduced in the representation of
the tensors [161, 169–171]. The Wigner-Eckart theorem translates into the factorization
of each symmetric tensor into the product of a “degeneracy tensor” and a “structural
tensor”, the latter containing the CGCs [161, 170]. Implementing the symmetry directly
in the tensors makes their use extremely versatile. The different tensor network based
methods can then directly incorporate these symmetric tensors and perform the
optimizations on the “degeneracy tensors” [170, 171]. In Ref. [171] Weichselbaum
described this framework in a generic way, opening the door to the implementation
of SU(N > 2) symmetric tensors to be used in variational algorithms such as the new
formulation of the DMRG.

In the first studies of SU(N)-symmetric spin models [123, 172], the non-abelian sym-
metry was kept aside because it was considered “inconvenient” [123], and only po-
tentially “useful” [173]. In 2018, two papers made full use of the SU(N) symmetry
for the fundamental irrep at each site, one of them being based on Weichselbaum’s
construction [171] and being used to study SU(N) spin ladders with N 6 6 [51]. The
ladder geometry in this paper brings an additional level of complication and increases
at the same time the real need for the non-abelian symmetry to be implemented.
The other paper introduced a new DMRG algorithm based on SYTs and SDCs of the
symmetric group, and provides numerical results on the SU(N) Heisenberg chain for
N up to 8 [89].

In this section, we shall extend the latter construction to the case of the 3-box symmet-
ric irrep of SU(3) at each site. In fact, the generalization applies to the p-box symmetric

7In fact, the algorithm simply reduces to the standard formulation of White when the symmetry group
is reduced to the U(1) abelian group [10].
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irrep of SU(N) with p and N being general, up to minor changes but at the cost of an
increasing algorithmic complexity. We will in particular show how one computes the
reduced matrix elements of the interaction using the SDCs of the permutation group,
avoiding the need of the more common CGCs. The construction relies on the original
formulation of the DMRG by White [9, 10].

5.4.2 Description of the algorithm

The DMRG algorithm has been extensively discussed in Ref. [89] for the case of the
fundamental irrep of SU(N) at each site. The structure of the algorithm for the case of
the symmetric irrep at each site is exactly the same, up to minor changes. We need in
particular to incorporate the adjoint edge states (or any other sort of edge states), and
to adapt the genealogy of irreps. This is of course trivial using the Itzykson-Nauenberg
rules.

The algorithm is based on the idea of McCulloch [165]: the left and right blocks in
DMRG must transform as irreps of the symmetry group. The first truncation of the
Hilbert space thus consists in selecting a finite number M of irreps to describe the
left and right blocks. For the case of antiferromagnetic chains, the ground state is
expected to live in the irrep with the lowest quadratic Casimir compatible with the total
number of boxes and with the local constraints. We thus choose the M irreps to be the
irreps with the lowest quadratic Casimir. For instance, Fig. 5.3 shows the first M = 22
irreps for SU(3), together with their eigenvalue of the Casimir, as given in Eq. (3.78).
We define the ordered list

IM =
{
•, , , , ...

}
(5.19)

containing these M irreps. Notice that several of these irreps will never show up in
the calculation when considering the 3-box symmetric irrep at each site. This is for
instance the case of the irrep ∈ IM=22 because it has two boxes, which is not a
multiple of three. Notice further that in the list IM we have taken the irreps without
the columns of N = 3 boxes. When considering a given block of length L in DMRG,
one can simply add columns of N boxes in order that the total number of boxes is
conserved.

Denoting by [βi] the irrep at the i-th site and considering now a left block made of L
sites, the relevant irreps are all irreps appearing in the tensor product

L⊗
i=1

[βi] =
∑

[ν]
µ[ν][ν] (5.20)

where the right hand side is a direct sum of irreps [ν] with outer multiplicities µ[ν]. The
second truncation consists in keeping m[ν]

L < µ[ν] states to represent the block in the
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• 0

4
3

3
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3

16
3

6
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25
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3

34
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40
3

15

Figure 5.3: List of the first M = 22 irreps of lowest quadratic Casimir for SU(3). The
eigenvalue of the quadratic Casimir corresponding to Eq. (3.78) is given beside the
irrep(s). Two irreps having the same Casimir are conjugate to each other.

irrep [ν], where [ν] appears in the list of M irreps IM . We denote these states by

{
|ξ[ν]

1 〉 , |ξ
[ν]
2 〉 , ..., |ξ

[ν]
m

[ν]
L

〉
}
. (5.21)

The total number of states kept at step L is then simply given by

mL =
∑

[ν]
m

[ν]
L . (5.22)

We apply a truncation procedure such that mL 6 m at each step. Actually we fix m
beforehand and choose the most appropriate distribution of states, namely we choose
the m[ν]

L ’s in order to minimize the total discarded weight while satisfying mL 6 m.

Initialization

To grow the chain up to its final length Ns, we use the infinite-size DMRG algorithm.
Observe that the right block is mirror symmetric to the left block. Denoting byHL the
Hamiltonian on the firstL sites, andH [ν]

L a matrix representation in the global [ν] sector

in a basis which respects the SU(N) symmetry, one starts by constructing H [ν]
L=2 in all

relevant sectors [ν], namely all irreps appearing in [β1]⊗ [β2]. How to construct these
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matrices has been extensively discussed in Refs. [86–88]. In our case where [β1] =
and [β2] = one has 4 relevant sectors

⊗ = ⊕ ⊕ ⊕ . (5.23)

Notice that we have preserved the number of boxes, and that all irreps in the right
hand side belong to the list IM=22 when columns of N = 3 boxes are removed.

We denote by ILM the list of irreps kept at stepL, and defineML = card(ILM ) the number
of such irreps. The index M in ILM keeps track of the fact that there is a truncation over
the M irreps listed in IM , namely ILM must be a subset of IM . Here one has

IL=2
M=22 =

{
, , ,

}
⊂ IM=22. (5.24)

We have removed all columns of N boxes in the elements of ILM . Indeed, we know that
at step L, the total number of boxes is

∑L
i=1 pi where pi = ∑

k β
i
k since the irrep at site i

is [βi] ≡ [βi1, βi2, ...]. One can thus easily restore all columns when necessary.

In the example of Eq. (5.23) there is no non-trivial outer multiplicity, namely each irrep
in the right hand side appears only once. Thus one has m[ν]

L=2 = 1, ∀[ν] ∈ IL=2
M=22 and

the matrices H [ν]
L=2 are made of a single number.

Selecting the new states

Now let us consider the more general case where the left block has L > 2 sites, and
the HamiltonianHL on these L sites is described by the matrices H [ν]

L , [ν] ∈ ILM where
ILM ⊂ IM . To increase the system length by 2 sites one needs to incorporate one site to
the left block, and then compute the superblock Hamiltonian. The total Hamiltonian
for the chain of length 2L+ 2 is given by

H2L+2 = Hleft
L+1 +H(L+1,L+2) +Hright

L+1 (5.25)

whereHright
L+1 is the Hamiltonian on sites L + 2, ..., 2L + 2 and is mirror symmetric to

Hleft
L+1 whileH(L+1,L+2) joins the left and right blocks. The HamiltonianHleft

L+1 ≡ HL+1
is itself given by

HL+1 = HL +H(L,L+1) (5.26)

where H(L,L+1) is the interaction Hamiltonian between sites L and L + 1 and HL is
the Hamiltonian on the previous L-site block, see Fig. 5.4. The Hamiltonian HL is

represented by matrices H[ν]
L ∈ Rm

[ν]
L ×m

[ν]
L in the different sectors [ν] ∈ ILM and their
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...

HL

1 2 3 ... L L + 1

H(L,L+1)

Figure 5.4: The Hamiltonian on the new left block of length L+ 1 is made of the Hamil-
tonianHL on the previous left block of length L and of the interaction Hamiltonian
H(L,L+1) between sites L and L+ 1.

matrix elements are simply given by

(
H

[ν]
L

)
i,j

= 〈ξ[ν]
i |HL|ξ

[ν]
j 〉 , 1 6 i, j 6 m[ν]

L (5.27)

where |ξ[ν]
j 〉 is the j-th eigenstate of the previous reduced density matrix in the sector

[ν] (see below), and the associated eigenvalues are

{
λ

[ν]
1 , λ

[ν]
2 , ..., λ

[ν]
m

[ν]
L

}
≡ Λ[ν]

L . (5.28)

Let us introduce some vocabulary. We say that an irrep [χ] is a descendant of an irrep
[ν] with respect to an irrep [β] if [χ] ∈ [ν]⊗ [β]. Conversely we say that an irrep [σ] is an
ascendant of an irrep [ν] with respect to an irrep [β] if [ν] ∈ [σ]⊗ [β]. We can thus form
the genealogy of an irrep [ν] by identifying all its ascendants and all its descendants.
We denote by n[ν]

asc the total number of ascendants of the irrep [ν] and n[ν]
desc the total

number of its descendants. Figure 5.5 shows the genealogy of the irrep [ν] = [4, 2] of
SU(3) with respect to the irrep [β] = [3].

When adding site L+ 1 to the left block, the possible irreps for the new block of length
L + 1 are then all the descendants of the irreps [ν] ∈ ILM with respect to irrep [βL+1].
We define this ensemble as ĨL+1

M :

[χ] ∈ ĨL+1
M ⇔∃[ν] ∈ ILM such that [χ] ∈ [ν]⊗ [βL+1]

([χ] is a descendant of [ν] ∈ ILM ).
(5.29)

By definition, ĨL+1
M might contain (and actually does contain as soon as L is larger

than a few sites) irreps which do not belong to the list of M irreps IM . For instance
in Fig. 5.5 the descendant [7, 2] does not belong to IM=22. We thus define the list of
relevant irreps for the new block of length L+ 1 as

IL+1
M = ĨL+1

M ∩ IM . (5.30)
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5.4. Density matrix renormalization group with SU(3) symmetry

Figure 5.5: The genealogy of the irrep [4, 2] of SU(3) with respect to the irrep [3]. The
irrep [4, 2] has n[4,2]

asc = 2 ascendants and n[4,2]
desc = 8 descendants.

Equation (5.30) is the actual realization of the truncation over the irreps, and we define
ML+1 = card(IL+1

M ).

Now that we have identified the relevant irreps at step L+ 1 one needs to distribute the
mL+1 6 m states among theML irreps. One proceeds as follows. We find all ascendants
[ν[χ]
j ], 1 6 j 6 n

[χ]
asc of each irrep [χ] ∈ IL+1

M with respect to the irrep [βL+1] and form
the lists

A[χ]
L =

{
[ν[χ]

1 ], [ν[χ]
2 ], ..., [ν[χ]

n
[χ]
asc

]
}
, [χ] ∈ IL+1

M . (5.31)

If the irrep [ν[χ]
j ] belongs to ILM then it points to a set Λ[ν[χ]

j ]
L of eigenvalues of the reduced

density matrix in sector [ν[χ]
j ]. One thus build the list of eigenvalues

K[χ]
L+1 =

⋃

[ν]∈A[χ]
L ∩ILM

Λ[ν]
L . (5.32)

Finally the listKL+1 defined as

KL+1 =
⋃

[χ]∈IL+1
M

K[χ]
L+1 (5.33)

contains all relevant eigenvalues coming from step L, with possible repetitions. Since
the cardinal of KL+1 is larger than mL the truncation on the states then consists in
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selecting the mL+1 = min {card(KL+1),m} states corresponding to the mL+1 largest
elements inKL+1. Since each element λ ∈ KL+1 is labeled by an irrep [ν] ∈ ILM and an
index 1 6 j 6 m[ν]

L and since the irrep [ν] is itself an ascendant of an irrep [χ] ∈ IL+1
M ,

one can easily distribute m[χ]
L+1 states to the irrep [χ], and one keeps track of the origin

of these states. One further defines m[ν]
[χ],L+1 as the number of states attributed to the

irrep [χ] coming from the irrep [ν] and one has

∑

[ν]
m

[ν]
[χ],L+1 = m

[χ]
L+1. (5.34)

Knowing the distribution of the states in the different irreps [χ] one introduces two
new quantities. First, we define the set of irreps containing at least one state

J L+1
M,m =

{
[χ] ∈ IL+1

M |m[χ]
L+1 > 0

}
. (5.35)

Second, one defines the total number of effective states

meff =
∑

[χ]∈JL+1
M,m

dim([χ])m[χ]
L+1. (5.36)

From J L+1
M,m one can verify that the truncation of the Hilbert space does not depend

on M , but only on m. Indeed, if M is chosen large enough, and since we look at
antiferromagnetic chains, only the card(J L+1

M,m)� card(IL+1
M ) irreps with the smallest

quadratic Casimir will be “occupied”. This is illustrated in Fig. 5.6.

The total Hilbert space on the left block is thus described by the decomposition

H left = ⊕
[χ]∈JL+1

M,m

m
[χ]
L+1[χ] (5.37)

and the Hilbert space on the right block H right is the same during this part where the
chain length grows up to its final size.

For each irrep [χ] one can separate all the elements ofK[χ]
L+1 into two setsK[χ],kept

L+1 and

K[χ],disc
L+1 such that card(K[χ],kept

L+1 ) = m
[χ]
L+1 andK[χ],kept

L+1 ∪ K[χ],disc
L+1 = K[χ]

L+1.

The discarded weight W [χ]
L+1 at step L+ 1 in sector [χ] is then simply defined as

W
[χ]
L+1 = g

[χ]
[βL+1]

∑

λ∈K[χ],disc
L+1

λ (5.38)
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Figure 5.6: Typical distribution of m = 4000 (blue) and m = 8000 (blue and orange)
states in the different irreps [χ]. The irreps are sorted in ascending order of quadratic
Casimir from left to right. For readability, only the self-conjugate irreps are labeled,
and we have shown the first 36 irreps only, while M was chosen much larger (M = 300)
to ensure that the truncation does not depend on M . After a few starting steps, the
distribution m[χ]

L+1 of states in the different irreps does not change significantly with
respect to L. The effective number of states kept associated to these distributions are
meff = 195268 and meff = 412420, respectively.

where the symmetry factor g[χ]
[βL+1] is

g
[χ]
[βL+1] = dim([χ])

dim([βL+1]) (5.39)

and the total discarded weight is8

WL+1 =
∑

[χ]∈JL+1
M,m

W
[χ]
L+1. (5.40)

As a side remark, one observes that the selection of states described above does actually
not minimize the discarded weight. To actually minimize the discarded weight one
would first need to multiply all the elements ofKL+1 by the correct symmetry factor
g

[χ]
[βL+1] and then select the largest elements. Proceeding this way would in general

8Notice that this is equivalent to Eq. (6) of Ref. [89].
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[σ[ν2]
1 ] [σ[ν2]

2 ] [σ[ν2]
3 ] ... [σ[ν2]

n
[ν2]
asc

] A[ν2]
L−1

[ν[χ]
1 ] [ν[χ]

2 ] [ν[χ]
3 ] ... [ν[χ]

n
[χ]
asc

] A[χ]
L

[χ]

Figure 5.7: Ascendance tree of the irrep [χ]. The first level ascendants are all the irreps
[ν[χ]
j ] ∈ A[χ]

L and the second level ascendants are all the ascendants of the ascendants
of [χ]. We have only shown the second level ascendants stemming from the ascendant
[ν[χ]

2 ] ≡ [ν2] and forming the setA[ν2]
L−1, for readability.

lead to a different selection of states leading to a lower total discarded weight. How-
ever we have observed that this selection scheme is in practice less optimal for the
minimization of the energy.

Hamiltonian on the left block

Now that the relevant states have been selected one can build the new left block of
length L + 1. To build the matrix H [χ]

L which represents the Hamiltonian HL in the

sector [χ] ∈ J L+1
M,m one simply needs to concatenate the restrictions to the first m[ν]

[χ],L+1

states of the matrices H [ν]
L for [ν] ∈ A[χ]

L . The matrix H [χ]
L is thus a block-diagonal

matrix, each block being of dimension m[ν]
[χ],L+1.

The construction of the matrix representation of the new left block follows by con-
structing the matrix representation H [χ]

(L,L+1) of the HamiltonianH(L,L+1). We do this
with the help of the genealogy of irreps. Indeed, since H(L,L+1) acts only on sites L
and L + 1, namely on the last pL + pL+1 particles, the goal is to find all the states
corresponding to irreps which are identical at step L− 1. For any [χ] ∈ J L+1

M,m ⊂ IL+1
M

one has already introduced the set of ascendantsA[χ]
L . One further introducesA[ν[χ]

j ]
L−1 ,

[ν[χ]
j ] ∈ A[χ]

L with 1 6 j 6 n[χ]
asc the set of all ascendants of the irrep [ν[χ]

j ] which is itself
an ascendant of [χ]. This leads to an ascendance tree as pictured in Fig. 5.7.
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5.4. Density matrix renormalization group with SU(3) symmetry

From the ascendance tree one can identify branches with a common second level
ascendant, as shown in Fig. 5.8(a) in the general case, and Fig. 5.8(b) for a concrete
example. The matrix elements of the interaction H [χ]

(L,L+1) then follow using the tech-
nology developed in Refs. [87, 88], considering that the irreps with the colored boxes
are representants of equivalence classes of SYTs9. For the case illustrated in Fig. 5.8(c),
for instance, one has

〈 | H(L,L+1) | 〉 = 73
20 ,

〈 | H(L,L+1) | 〉 = 4
√

6
5 ,

〈 | H(L,L+1) | 〉 = 4
√

6
5 ,

〈 | H(L,L+1) | 〉 = 33
5 .

Construction of the superblock

To construct the Hamiltonian of the entire chain of length Ns = 2L + 2 we select a
target sector (or global sector) [γ] in which we build its matrix. One thus first needs to
combine the left and right blocks constructed in the previous step in order to reach
the global sector, and then construct the matrix of the interaction between the left and
right blocks, as in Eq. (5.25). To identify all contributing sectors one simply defines the
following set,

J̄ L+1
M,m =

{
[χ] ∈ J L+1

M,m|∃[χ′] ∈ J L+1
M,m such that [γ] ∈ [χ]⊗ [χ′]

}
. (5.41)

One thus has J̄ L+1
M,m ⊆ J L+1

M,m and all irreps belonging to the complement of J̄ L+1
M,m in

J L+1
M,m can be removed since they do not allow to access the global [γ] sector. One thus

restricts the Hilbert space of the left block to these irreps (compare to Eq. (5.37))

H̄ left = ⊕
[χ]∈J̄L+1

M,m

m
[χ]
L+1[χ] (5.42)

9An equivalence class of SYTs is an ensemble of SYTs satisfying some local constraints, translating into
the fact that particles of a given site occupy the same boxes. All SYTs of the same equivalence class are
thus related by permutations of particles within each site [87, 88].

93



Chapter 5. The 3-box symmetric SU(3) chain

(a) (b)

(c)

[σ]

[ν] [ν ′]

[χ]

Figure 5.8: (a) Two branches of the ascendance tree of the irrep [χ] which have a
common second level ascendant [σ]. (b) A concrete example where the ascendance is
with respect to the 3-box symmetric irrep , namely along each arrow there is a
tensor product with the irrep . (c) The two branches corresponding to (b), where
we have kept track of the positions of the particles added at each level.

and similarly for the right block. For each couple of irreps in J̄ L+1
M,m one defines a

multiplicity matrix

M
[γ]
[χ],[χ′] = ([χ][χ′][γ]), ∀[χ], [χ′] ∈ J̄ L+1

M,m (5.43)

containing the outer multiplicity of the irrep [γ] in the tensor product of the irreps [χ]
and [χ′], and the associated boolean matrix

B
[γ]
[χ],[χ′] = Bool(M [γ]

[χ],[χ′]) =
{

1 if M [γ]
[χ],[χ′] > 0

0 otherwise
∀[χ], [χ′] ∈ J̄ L+1

M,m. (5.44)

In the rest of this chapter, and this is one of the main limitations in the algorithm in its
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5.4. Density matrix renormalization group with SU(3) symmetry

current state, we restrict ourselves to the irreps [γ] such that

M
[γ]
[χ],[χ′] = B

[γ]
[χ],[χ′], ∀[χ], [χ′] ∈ J̄ L+1

M,m. (5.45)

In other words we only consider global irreps [γ] which can appear at most once in the
tensor product of two irreps. For SU(N) with N > 2 this is clearly a limitation since
outer multiplicities do occur. In particular, for the study of the chain illustrated in
Fig. 5.2 we avoid the global adjoint sector, since its multiplicity in the tensor product of
an adjoint from the left block and an adjoint from the right block, for instance, is two.
In the outlook of this chapter we argue that this limitation can be overcome in light of
Section 3.1.8.

The total Hilbert space on Ns = 2L+ 2 sites is then given by

H = H̄ left ⊗ H̄ right (5.46)

and the matrices of the left and right blocks in this space are obtained as (see Eq. (12)
of Ref. [89])

H
left,[γ]
L+1 = ⊕

B
[γ]
[χ],[χ′]=1

H
[χ]
L+1 ⊗ 1

[χ′]
L+1 (5.47)

and
H

right,[γ]
L+1 = ⊕

B
[γ]
[χ],[χ′]=1

1
[χ]
L+1 ⊗H

[χ′]
L+1. (5.48)

In Eqs. (5.47) and (5.48) the identity matrices 1[χ′]
L+1 and 1

[χ]
L+1 are of dimension m

[χ′]
L+1

and m[χ]
L+1, respectively, and one must of course take care of respecting the structure of

H when building the matrices of the left and right blocks in this space.

The basis states of the Hilbert space in Eq. (5.46) are labeled by two irreps and two
integers,

|ξ[χ]
i 〉left ⊗ |ξ

[χ′]
j 〉right

≡ |ξ[χ]
i ; ξ[χ′]

j 〉 , [χ], [χ′] ∈ J̄ L+1
M,m, 1 6 i 6 m[χ]

L+1, 1 6 j 6 m[χ′]
L+1.

(5.49)
The last thing to be constructed is the matrix of the interactionH(L+1,L+2) between the
left and right blocks (see Eq. (5.25)) in this basis. We shall argue that the solution is
provided by the SDCs. There are three important reasons for this:

• The matrix elements ofH(L+1,L+2) can only be computed easily in the standard
basis of SYTs for the global irrep [γ], by use of the Young rules.

• In the standard basis, namely in a basis made of SYTs corresponding to the
global irrep [γ], the matrix elements ofH(L+1,L+2) only depend on the locations
of particles corresponding to sites L+ 1 and L+ 2.
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• The positions of the particles of siteL+1 andL+2 in the irreps [χ], [χ′] ∈ J̄ L+1
M,m ⊂

IL+1
M can be retrieved since we have kept track of the genealogy of each state. For

instance in Fig. 5.8(c) these positions are indicated by green boxes for the irrep
[χ] = [6, 2, 1].

The procedure is now natural: we shall rewrite the basis states in the standard basis,
because one can then compute easily the reduced matrix elements using the Young
rules. Furthermore, the reduced matrix elements will only depend on the positions of
the particles of sites L+ 1 and L+ 2. Thus the reduced matrix elements can be written

〈 [γ] , [χ3] [χ4]
l3 l4
|H(L+1,L+2)| [γ] , [χ1] [χ2]

l1 l2
〉 (5.50)

where lk identifies the locations of the particles of site L+ 1 (respectively L+ 2) in the
irreps [χ1] and [χ3] (respectively [χ2] and [χ4]), and where we have indicated that the
reduced matrix elements are computed in the global [γ] sector. We have purposely
used a notation similar to the one used for the basis elements of the non-standard (or
subduced) basis of Sn in Eq. (3.21). There are two differences: first, we have replaced
mk, the identifier of a SYT for the irrep [νk] by lk which only gives the locations of
the particles of site L + 1 or L + 2. This is because H(L+1,L+2) only acts on these
particles. Secondly, there is no multiplicity index τ in Eq. (5.50). This is because
we have restricted ourselves to a global sector [γ] satisfying Eq. (5.45). Thus, the
multiplicity index is implicitly τ = 1. The ket and the bra in the matrix elements (5.50)
are then actually some representative of a basis vector of the non-standard basis. The
SDCs allow us to rewrite these representative in the standard basis and to use the
Young rules to compute the reduced matrix element of the interaction between the left
and right blocks. In the next part, we explain how to do this using the technology of
Section 3.1.7.

Calculation of the reduced matrix elements of the interaction

We denote by n the total number of particles in the irrep [γ] when all columns of N
boxes are kept, and nk the number of boxes in the irrep [χk] in Eq. (5.50). In the case
of the chain illustrated in Fig. 5.2, for instance, one has n = 3Ns = 6(L + 1) where
Ns = 2(L + 1) is the length of the entire chain, and there are three particles per site.
The particles living on site L + 1 and L + 2 are indexed by the elements of ΓL+1 and
ΓL+2 (see Fig. 5.1) which take the values

ΓL+1 = {n1 − pL+1 + 1, n1 − pL+1 + 2, ..., n1}, ΓL+2 = {n1 + 1, n1 + 2, ..., n1 + pL+2}
(5.51)

where pi is the total number of particles at site i.
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To keep track of the positions of the pL+1 and pL+2 last particles in the irreps [χk] in
Eq. (5.50) one can for instance take lk to be the rows of the bottom corners occupied
by these particles. For instance, if in the irrep [χ1] = [4, 2] the last three particles are
situated at the positions of the crosses in

× ×
×

(5.52)

then one simply takes l1 = (1, 1, 2) which are the rows of each cross in the irrep [χ1].

Let us now define [χ′1] to be the irrep obtained from [χ1] by removing the boxes at the
bottom corners l1 ([χ′1] is thus an ascendant of [χ1] with respect to the irrep [βL+1]).
We construct a SYT Y

[χ1]
m1(l1) for the irrep [χ1] as follows. We begin by positioning the

pL+1 last numbers in descending order in [χ1] from the lowest bottom corner of l1 to

the highest. We then fill the remaining irrep [χ′1] such that Y
[χ′1]
m1(l1)′ corresponds to the

smallest SYT in the LLOS. For instance,

([χ1], l1) = × ×
× −→ 4 5

6 −→ 1 2 4 5
3 6 =: Y [χ1]

m1(l1). (5.53)

The actual choice of the SYT Y
[χ′1]
m1(l1)′ is not important, because the SDCs are indepen-

dent of m1 and because the interaction H(L+1,L+2) does not involve these particles.
In other words, we could equally well have chosen the largest SYT in the LLOS for

Y
[χ′1]
m1(l1)′ , or any other SYT for the irrep [χ′1]. Conversely, it is crucial to position the

last pL+1 particles from top to bottom because this corresponds to our choice of the
representative SYT of the equivalence class [87].

For the right block, we proceed similarly. For instance,

([χ2], l2) = × ×
× −→ 4 5

6 −→ 1 2 4 5
3 6 =: Y [χ2]

m2(l2). (5.54)

Now we have actually formally defined the ket in the reduced matrix element (compare
to Eq. (3.21))

| [γ] , [χ1] [χ2]
l1 l2
〉 ≡ | [γ] , [χ1] [χ2]

m1(l1) m2(l2) 〉 (5.55)

where the right hand side is strictly speaking a basis vector of the non-standard basis
since m1(l1) and m2(l2) are proper SYTs for the irreps [χ1] and [χ2], respectively.

One can now expand this basis vector of the non-standard basis onto the standard basis.
There is one subtlety, however. When constructing the CSCO of Sn in the eigenfunction
method, one needs to remember that the pL+2 largest numbers in Y

[χ2]
m2(l2) actually

correspond to the numbers in ΓL+2 and, as such, are the smallest in the right block.
One can thus renumber the boxes in Y [χ2]

m2(l2) such that number j is mapped onto n−j+1.
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For the example above (where n1 = n2 = 6, n = 12) the renumbering is

Y
[ν2]
m2(l2) = 1 2 4 5

3 6 −→ Ỹ
[ν2]
m2(l2) = 1211 9 8

10 7 . (5.56)

The tableau Ỹ [ν2]
m2(l2) is not strictly speaking a SYT, but it is convenient to work with this

object rather than with Y [ν2]
m2(l2) when computing the CSCO of Sn. We shall put a star on

the SDCs to remember this subtlety when computing the CSCO of Sn,

〈 [γ]
m | [γ] , [χ1] [χ2]

m1(l1) ∗m2(l2) 〉. (5.57)

If Y [χ2]
m2(l2) is not the first SYT in the LLOS for the irrep [χ2] then we need to deal with

the Yamanouchi relative phase as explained in Section 3.1.7, starting with the first SYT
m2 = 1 and acting with a sequence of operations which transform Y

[χ2]
m2=1 into Y [χ2]

m2(l2)
10.

Once this is done we have an expansion of the basis vector of the non-standard basis
onto the standard Yamanouchi basis,

| [γ] , [χ1] [χ2]
m1(l1) ∗m2(l2) 〉 =

∑

me.c.

| [γ]
me.c.
〉〈 [γ]

me.c.
| [γ] , [χ1] [χ2]

m1(l1) ∗m2(l2) 〉. (5.58)

Now the important point is that |Y [γ]
me.c.〉 itself should be understood as a linear com-

bination of SYTs in order to implement the local symmetry at sites L + 1 and L + 2.
This is the major difference with the case of one particle per site treated in Ref. [89].
The SYT Y [γ]

me.c. in Eq. (5.58) is actually the SYT of an equivalence class in the language of
Ref. [87]. Since there is only one state per equivalence class in the symmetric case, it is
easy to find out the exact expression of the state by using the appropriate projector
which symmetrizes particles of sites L+ 1 and L+ 2. Finally,

| [ν] , [ν1] [ν2]
m1(l1) ∗m2(l2) 〉 =

∑

m

F
[γ],[χ1],[χ2]
m1(l1),∗m2(l2)| [ν]

m 〉 (5.59)

where F [γ],[χ1],[χ2]
m1(l1),∗m2(l2) is a combination of SDCs and of coefficients which implement

the symmetrization with respect to sites L+ 1 and L+ 2, and where |Y [γ]
m 〉 are now the

SYTs for the irrep [γ].

Once the same steps have been followed for the bra in Eq. (5.50), the matrix element of
the interaction can straightforwardly be computed using the Young rules. From this
procedure one deduces a few simple rules:

10Notice that in Eq. (5.54) we could have used the last SYT in the LLOS for the irrep [χ′2] obtained from
[χ2] by removing the boxes in the bottom corners described by l2. When fixing the Yamanouchi relative
phase, one should then check if the obtained SYT Y [χ2]

m2(l2) corresponds to the last SYT in the LLOS for the
irrep [χ2]. This will lead to a different, yet fully equivalent, set of SDCs.

98



5.5. The SU(3) AKLT model with 3-box symmetric irrep

1. (trivial) If the multiplicityM [γ]
[χ1],[χ2] = 0 then the reduced matrix element vanishes.

2. If the ascendant irreps of [χ1] and [χ3] are not the same, then the reduced matrix
element vanishes.

3. If the ascendant irreps of [χ2] and [χ4] are not the same, then the reduced matrix
element vanishes.

Appendix H provides a complete example of calculation of a reduced matrix element
of the interaction [57].

Reduced density matrices

The Hamiltonian of the chain of lengthNs = 2L+ 2 can be diagonalized and we obtain
a ground state wave function

|Ψ〉 =
∑

[χ],[χ′]

∑

i,j

Ψ[χ],[χ′]
i,j |ξ[χ]

i 〉 ⊗ |ξ
[χ′]
j 〉 . (5.60)

For each sector [χ] one can define a reduced density matrix ρ[χ] with matrix ele-
ments [89]

ρ
[χ]
i,j = 1

dim([χ])
∑

[χ′],k
(Ψ[χ],[χ′]

i,k )∗Ψ[χ],[χ′]
j,k . (5.61)

The full diagonalization of each reduced density matrix leads to a new set of eigen-
values Λ[χ]

L+1 and of eigenstates |ξ[χ]
j 〉. These eigenvectors are then used to rewrite the

Hamiltonian matrices H [χ]
L+1 in the new basis. Moreover one can extract the entangle-

ment entropy from the eigenvalues of the density matrices [89]

S = −
∑

[χ]∈J̄L+1
M,m

dim([χ])
∑

i

λ
[χ]
i ln(λ[χ]

i ). (5.62)

5.5 The SU(3) AKLT model with 3-box symmetric irrep

The AKLT model of Greiter and Rachel is a good starting point for a numerical analysis
of the Heisenberg model. The Hamiltonian can be written in terms of permutations
using the general AKLT construction presented in Chapter 4 and Section 5.2. We obtain

HAKLT = Jend
(
H(1,2) +H(Ns−1,Ns)

)
+ J

Ns−2∑

i=2

(
H(i,i+1) + 1

4H
2
(i,i+1) + 3

4

)
(5.63)
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Figure 5.9: Finite-size gaps of the AKLT model in the symmetry sectors corresponding
to the elementary excitations and in the 6-box symmetric sector for PBC. DMRG data
in the themodynamic limit in the [3], [3, 3] and [6] sectors are indicated. Figure adapted
from Ref. [57] with the permission of the APS, c© 2020 American Physical Society.

where the interactionH(i,i+1) is given in Eq. (5.18) and where we have incorporated
the Heisenberg exchange to the adjoint edge spins. In what follows, all results are for
Jend/J = 1.

We first investigate the gap using ED. Indeed the correlation length ξ = 1/ ln 5 is short
and we expect to be able to see signs of convergence on small chains. Moreover one is
not limited to some specific sectors as it is the case for DMRG. Figure 5.9 shows the gap
of the AKLT Hamiltonian with PBC versus inverse chain length in the symmetry sectors
corresponding to the so-called elementary excitations, and in the 6-box symmetric
sector. All sectors show a good convergence towards a finite value, with a smallest gap
in the adjoint sector.

The adjoint sector, however, is not reachable using the DMRG algorithm developed
in Section 5.4 in its current state. One studies instead the [3], [3, 3] and [6] sectors in
Fig. 5.10. In the two former cases, a good accuracy can be obtained with a very limited
number of states. In the latter case, although we have kept only the first M = 76 irreps,
one sees a good convergence towards a value ∆[6] = 2∆[3]. This shows that the first [6]
excitation is not an elementary excitation but a composite excitation made of two [3]
excitations which repel each other.

This nature can be exhibited by computing the bond energy along the chain, which is
readily obtained in the DMRG. Figure 5.11 shows the bond energy along the chain in
the three same sectors as Fig. 5.10. For the irreps [3] and [3, 3] the bond energy displays
a single peak structure, showing that these excitations are elementary, while in the [6]
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Figure 5.10: Gaps of the AKLT model from the singlet sector to (a) the 3-box symmetric
sector [3], (b) its conjugate sector [3, 3] and (c) the 6-box symmetric sector [6]. Figure
adapted from Ref. [57] with the permission of the APS, c© 2020 American Physical
Society.

sector one observes a double peak structure, corresponding to the two elementary
excitations which repel each other [174].

These numerical results are in agreement with the structure of the spectrum that we
proposed in Section 5.3. The singlet ground state is separated from the first elementary
excited states by finite gaps, and these elementary excitations are all those coming from
the tensor product of two adjoint irreps. More complicated excitations are obtained by
combining elementary excitations, which can be in the [2, 1], [3], [3, 3] and [4, 2] sectors.
For instance, the [6] excitation studied above comes from the combination of two [3]
elementary excitations.

5.6 The SU(3) Heisenberg model with 3-box symmetric irrep

5.6.1 Haldane gaps

We turn now to the study of the pure Heisenberg model. Figures 5.12(a)-(b) show
the singlet-[3] and singlet-[3, 3] gaps versus inverse chain length obtained by DMRG.
Although the gap curves do not show a convergence in the system size, as it was
obviously the case for the AKLT model, we clearly see that the gaps will extrapolate
towards strictly positive values. From the finite-m data, we proceed as follows to extract
an estimate of the gaps in the thermodynamic limit. First we extrapolate the lowest
energy in each sector (singlet, [3] and [3, 3]) with respect to the discarded weight. This
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Figure 5.11: Bond energy along the AKLT chain in the (a) [3], (b) [3, 3] and (c) [6] sectors.
The double peak structure in (c) together with the gap value show that the first [6] exci-
tation is made of two [3] excitations. In each plot we have subtracted the contribution
of the ground state (singlet sector). Figure adapted from Ref. [57] with the permission
of the APS, c© 2020 American Physical Society.

leads to the black curves labeled m =∞ in Fig. 5.12(a)-(b). The extrapolation to the
thermodynamic limit is obtained by following Schollwöck in Ref. [154]. Extrapolation
of the m = ∞ curves in a linear way leads to lower bounds for the gaps. Since these
curves clearly extrapolate to strictly positive values, the model has a finite gap in the [3]
and [3, 3] sectors. For each sector an upper bound can be obtained from the scaling of
the gap at large length scale. Indeed for a gapped system, at length scale Ns � ξ where
ξ is the correlation length and we take the lattice spacing a = 1, the gap should behave
quadratically with respect to the inverse chain length,

∆(Ns) = ∆∞ + v2π2

∆∞N2
s

(5.64)
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Figure 5.12: (a)-(b) Finite-size gap from the singlet sector to the 3-box symmetric
sector and [3, 3] sector. (c)-(d) Extrapolation of the minimum of each finite m curve
with respect to the total discarded weight. Figure adapted from Ref. [57] with the
permission of the APS, c© 2020 American Physical Society.

where ∆∞ is the thermodynamic gap and v = ξ∆∞. There is thus a crossover between
the linear regime and the quadratic regime. Since we do not see the emergence of the
quadratic regime in our data, we assume that it develops at length scale just larger than
the largest system size that we have investigated. This is indicated by the red circles in
Fig. 5.12(a)-(b), and we fit a parbola tangent to these points, leading to an approximate
upper bound for the gap in each sector.

One observes that the gap curves at finite m in Fig. 5.12(a)-(b) go through a minimum
and then increase to large values as the system size increases. This is a purely nu-
merical effect [154–156]. At the minimum, the accumulated error on the gap due to
the truncation becomes larger than the decrease of the gap due to the increase of
the system size. We thus use the value at the minimum as the smallest estimate of
the gap at this specific value of m. One uses these minimal values of the gap at finite

103



Chapter 5. The 3-box symmetric SU(3) chain

m and perform an extrapolation with respect to the total discarded weight, which is
the sum of the discarded weights in the singlet and in the [3], or [3, 3] sectors [156].
Figures 5.12(c)-(d) show these extrapolations, and one sees that the thermodynamic
gaps, reported as blue diamonds in Fig. 5.12(a)-(b) lie between the lower and upper
bounds derived above.

5.6.2 Entanglement entropy

The results presented in Fig. 5.12 are already showing unambiguously the existence of a
gap in the [3] and [3, 3] sectors, and, as a consequence, in all other sectors of elementary
excitations, as we will see below, thus showing that the Heisenberg Hamiltonian is
gapped. To bring one more evidence we have studied the curvature of the entangle-
ment entropy in the singlet sector. For a critical model the entanglement entropy
follows the Calabrese-Cardy formula [175]

S(x) = c

6 ln
(2Ns

π
sin
(
πx

Ns

))
+ c1 (5.65)

where c is the central charge of the associated CFT and c1 is a non-universal constant.
For critical SU(N) spin chains, the CFT describing the low-energy behavior is the
SU(N)k WZW model with central charge

c = k(N2 − 1)
N + k

. (5.66)

The critical SU(N) Heisenberg models are expected to flow to the stable SU(N)1 fixed
point, except if finely tuned to the integrable points [142, 143]. For the SU(3) chain with
3-box symmetric irrep at each site, the smallest possible central charge compatible
with an SU(3)k WZW CFT is the level one CFT giving c = 2. In Figure 5.13(a) one shows
the entanglement entropy of a chain with Ns = 300 sites. Despite the large system size,
there is no evidence for a clear plateau. A plateau in the entanglement entropy would
rule out the possibility of a gapless spectrum. However, the curvature – or “central
charge” obtained by fitting the Calabrese-Cardy formula in the middle of the chain –
yet non-zero, is smaller than c = 2, and is compatible with a vanishing curvature in
the thermodynamic limit, as shown in Fig. 5.13(b). The analysis of the entanglement
entropy in the singlet ground state thus shows that the spectrum of the Heisenberg
chain is gapped. This is in agreement with the finite gaps found in the [3] and [3, 3]
sectors, but goes beyond these results. Indeed, the flat entanglement entropy in the
thermodynamic limit tells us that all symmetry sectors are gapped, in particular all
symmetry sectors associated to the elementary excitations. This information thus
compensates for our unability to study the adjoint and [4, 2] sectors with DMRG. In
the next section, we give another argument for a gapped spectrum in all sectors of
elementary excitations.
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Figure 5.13: (a) Entanglement entropy of the ground state in the singlet sector for a
chain of length Ns = 300 sites. (b) Extrapolated central charge versus inverse chain
length. The three series q = 0, 1, 2 correspond to the central charge cq obtained by
fitting the Calabrese-Cardy formula over the points x = 3n+ q with n an integer. Figure
adapted from Ref. [57] with the permission of the APS, c© 2020 American Physical
Society.

5.6.3 Analysis of the spectrum

To summarize we have shown that the antiferromagnetic Heisenberg model has a
finite gap from the singlet ground state to the 3-box symmetric irrep, ∆[3]/J ≈ 0.04,
and also a finite gap to the conjugate sector [3, 3] of the same order. Moreover, an
analysis of the entanglement entropy in the singlet ground state has shown that the
“central charge” obtained by fitting the Calabrese-Cardy formula is smaller than c = 2
and it thus incompatible with any SU(3)k WZW CFT. In addition, for sufficiently large
chains the central charge is even smaller than c = 1, providing one more argument for
a gapped spectrum.

If the spectrum is gapped, however, one expects the smallest gap to be in the adjoint
sector, based on ED results on small chains and on the AKLT results presented in
Fig. 5.10. One can actually find a lower bound for the singlet-adjoint gap, or for the
smallest Haldane gap of the model. Indeed, as we have argued above, the spectrum is
made of five branches of elementary excitations, which come from the tensor product
of two adjoint irreps: two adjoint excitations and one excitation of each of [3], [3, 3]
and [4, 2] irreps. Since the 3-box symmetric irrep appears in the tensor product of two
adjoint irreps, then the adjoint elementary excitations cannot be low lying. If it were,
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this would contradict the existence of a finite gap in the 3-box symmetric sector, since
one could create a composite excitation in the 3-box symmetric sector made of two
adjoint irreps, which would then be a low-lying excitation. The same reasoning applies
to the [4, 2] irrep. Thus the smallest Haldane gap of the Heisenberg model must be at
least twice as small as the 3-box symmetric gap, ∆ > ∆[3]/2. Taking the lower bound
for ∆[3] one finally concludes that the gap ∆ of the 3-box symmetric Heisenberg chain
given by Hamiltonian (5.17) satisfies

∆/J > 0.017. (5.67)

5.7 Conclusion and outlook

Despite being almost the simplest possible SU(3) chain for which a gap was expected11,
showing rigorously the existence of a finite gap in the 3-box symmetric spin chain
took us on a long journey starting from the implementation of the full SU(3) symmetry
into the DMRG algorithm, studying the associated AKLT model and then turning to
the Heisenberg model. The results obtained in this chapter are in agreement with the
extension of Haldane’s conjecture to SU(3) chains, and is thus a first confirmation of its
validity. Although it has never been really debated whether the 3-box symmetric spin
chain was gapped or gapless, in contrast to the spin-1 chain, our results shine light on
the early DMRG and ED results on the model [87, 123]. First, the value of the gap is tiny,
∆/J > 0.017, presumably corresponding to a correlation length of several hundred
sites. It would thus be very difficult to extract thermodynamic properties using ED,
or even DMRG on small chains, unless sophisticated – and potentially uncontrolled –
extrapolation methods are used [75]. Secondly reliable results were obtained using an
extensive number of states in the DMRG algorithm, and this was only possible thanks
to the direct implementation of the non-abelian symmetry and an efficient calculation
of the group theory coefficients.

There are several directions in which the results presented here should be extended.
First of all, to provide a complete and accurate answer about the smallest Haldane
gap, the model should be studied in the adjoint irrep. Indeed we expect the lowest
excitation to lie in this sector. We have not considered the adjoint and also the [4, 2]
sectors as they lead to nontrivial outer multiplicities in the calculation of the reduced
matrix elements of the interaction. These multiplicities need to be handled carefully
to construct the Hamiltonian on the superblock. Since we have explained a method
to deal with the outer multiplicities at the level of the SDCs it should be possible to
incorporate consistently the outer multiplicities in the DMRG, and thus to compute
directly the gaps in the adjoint and [4, 2] sectors.

11The SU(3) adjoint spin chain is also expected to be gapped, and the local Hilbert space dimension is
8. From this point of view, it is simpler than the the 3-box symmetric spin chain studied here.
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We have shown that the spectrum of the 3-box symmetric SU(3) Heisenberg chain is
gapped. According to Haldane’s conjecture, it is reasonable to extrapolate this result
to the 3n-box symmetric chain, with n an integer. Indeed the mapping from the spin
chain onto the NLσM becomes exact in the limit of an infinite number of boxes in the
symmetric irrep. Since the conjecture applies for n = 1, then we can expect it to apply
for n > 1. While the gap has been extracted for SU(2) spin chains with integer spin
S up to 6 [8, 74, 75], confirming every time the original Haldane conjecture, it seems
that it would be difficult with the technique presented above to extract the gap of the
6-box symmetric SU(3) chain. Indeed the SU(3)/[U(1)×U(1)] NLσM is asymptotically
free [138, 151, 176], and the crossover length scale thus increases exponentially with the
number of boxes in the Young diagram. Extracting the gap becomes thus exponentially
more complicated for bigger irreps.

There is a more promising way to further confirm Haldane’s conjecture, however. The
2-box symmetric SU(3) chain is expected to be gapless, with low-energy excitations
described by the SU(3)1 WZW CFT [138, 142, 151, 176, 177]. The analysis of this model
should follow the exact same lines as described in this chapter. In particular, we expect
the entanglement entropy to satisfy the Calabrese-Cardy formula with a central charge
c = 2 provided the chain length is larger than the crossover length scale. If the chain
length is smaller than this crossover length scale, there is no physical reason to observe
a c = 2 critical theory. The model being asymptotically free, the strong coupling limit is
only present in the IR. The results obtained in Ref. [87], in particular the central charge
compatible with the SU(3)2 WZW CFT simply show that the model was not probed at
an appropriate length scale, because of the intrinsic limitations of ED. To really observe
more exotic critical theories one must add higher order interactions and fine-tune
them at the integrable points derived by Johannesson [143]. At these unstable fixed
points the critical theory is the SU(3)p WZW CFT where p is the number of boxes in the
symmetric irrep.

We have mentioned several times the importance of the crossover length scale in the
Heisenberg model, and its scaling with the number of boxes in the Young diagram.
However we have not extracted a precise estimate of this crossover length scale in
the case of the 3-box symmetric irrep. Indeed, computing two-point functions in
the traditional DMRG language is an expensive calculation. In this respect, it would
be interesting to investigate how to translate the DMRG algorithm presented in this
chapter “to the age of matrix product states” [168], where the calculation of correlation
functions is more transparent and economical. An estimate of the correlation length
could also be obtained using a different algorithm, such as the variational uniform
matrix product state (VUMPS) algorithm, which optimizes a single tensor for a transla-
tionally invariant wave function, and extracts the correlation length from the gap in
the associated transfer matrix [146, 178]. It seems however that the traditional route
consisting in implementing the SU(N) symmetry by use of CGCs is not the appropriate
one, as the number M of irreps that can be handled is significantly smaller than with
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the technique presented in this chapter [146]. It would thus be particularly interesting
to investigate how to implement a VUMPS algorithm making use of SDCs, to avoid
both the use of CGCs and the trouble of working with finite-sized chains.
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6 Summary and outlook

Despite nine decades of intense investigations, the one-dimensional spin models
are still a major subject in condensed matter physics. A remarkable aspect of this
field of research is the intricate effort of the experimental, theoretical and numerical
communities to bring a deeper understanding of the various phenomena exhibited by
spin systems. With the advent of experiments with ultracold atoms which realize the
SU(N) Hubbard model, and thus the SU(N) Heisenberg model at low energy, it is now
not only a matter of theoretical curiosity to study these models, which generalize, but
also complexify, the SU(2) models. In this thesis we have studied three different aspects
of one-dimensional quantum spin chains with full SU(N) symmetry. The thesis was
organized in two independent parts, the first one focusing on the SU(2) Heisenberg
model and the second part discussing SU(N) models with generic values of N , and, in
particular, N = 3.

In Chapter 2 we revisited the SU(2) Heisenberg chain in the limit of large spin S and
showed that perturbation theory, in the form of SWT, can provide meaningful and
accurate results, in spite of the Mermin-Wagner-Coleman theorem. When considering
observables which respect the symmetry of the model, namely rotationally invariant
observables, the IR divergences which plague the usual perturbative expansions pre-
cisely cancel each other between the longitudinal (symmetry-breaking direction) and
transverse parts. In addition, we argued that the perturbative regime is of significant
interest as it is the relevant one at short distance. Indeed, Haldane mapped the spin
chain onto the O(3) NLσM, which is asymptotically free. The short distance, weak
coupling regime thus extends up to a length scale of order eπS/S. For the realistic and
experimentally relevant case of S = 5/2, the crossover length scale is ξ ∼ 160. The
perturbative regime should be observable experimentally at distance |x| � ξ, as was
demonstrated by comparing with QMC simulations. In this regime the spin-spin corre-
lation function shows a logarithmic decay, in contrast to the strong coupling regime
where the decay is exponential for integer spin and algebraic for half-odd-integer spin.
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Chapter 3 was devoted to the exposition of elements of group theory related to the
SU(N) group. This chapter did not go beyond the material presented in standard
textbooks. Nevertheless, a rather detailed presentation was necessary in anticipation
of Chapter 4, and, especially, of Chapter 5. The chapter was mainly focused on the
representation theory of the permutation group. Indeed, by the Schur-Weyl duality
one can apply the machinery of the symmetric group to the SU(N) group. We have
introduced the important notions of Young diagrams, which are convenient graphical
representations of the irreps of the group and which are intensely used throughout
Chapters 4 and 5, standard Young tableaux, which are Young diagrams filled with
integers, and the Itzykson-Nauenberg (or Littlewood-Richardon) rules, which are the
rules for decomposing the tensor product of two arbitrary SU(N) irreps into a direct
sum of irreps.

In Chapter 4 we introduced a generic construction for AKLT models with SU(N) sym-
metry and arbitrary self-conjugate edge states, building on group theory notions
introduced in Chapter 3, and on the MPS form of the AKLT states. This allowed us to
build, for instance, a spin-1 AKLT model having spin-1 edge states. Unlike the original
AKLT model, this model was shown to lie in a trivial gapped phase, separated from
the Haldane phase by a continuous phase transition with central charge c = 1, in
the SU(2)1 WZW universality class, in agreement with previous predictions for such
a topological phase transition. When generalizing the construction to SU(N > 2) the
new feature is the possibility for non-trivial outer multiplicities of irreps in the tensor
product of two irreps. With the method presented in this chapter we showed how
to build AKLT parent Hamiltonians having a unique ground state. From a practical
point of view, however, the construction becomes intractably complicated when the
edge irreps have a larger dimension than the physical irreps. Indeed, to ensure the
uniqueness of the ground state one must deal with an injective MPS. The only way to
enforce this injectivity condition is to enlarge the MPS. As a consequence, the parent
Hamiltonians become longer ranged. The construction was applied to revisit the SU(3)
model with physical 3-box symmetric irrep at each site. In particular, we could show
that the edge states belong to the adjoint sector. In the original construction, the nature
of the edge states remained mysterious, and the AKLT wave function was not optimal
in the MPS sense. The new construction for this AKLT state became an extremely
valuable guide for our study of the associated Heisenberg model in Chapter 5. The
construction of AKLT states described in this chapter also gives a hint on what AKLT
models could lie in SPT phases.

Finally in Chapter 5 we investigated numerically the SU(3) Heisenberg model with
completely symmetric irrep made of three boxes at each site, and showed that it has a
finite gap. This result comes as a confirmation of the recent Haldane-type argument for
a gapped spectrum when the number p of boxes in the symmetric irrep is a multiple of
three and gapless excitations when p is not a multiple of three. To unambiguously show
the opening of a gap in the p = 3 case, the simplest case where a gap was expected,
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we developed a DMRG algorithm making full use of the SU(3) symmetry of the model.
The core of the algorithm is the calculation of the so-called reduced matrix elements
of the interaction between the left and right blocks in DMRG, using the SDCs of SU(3)
which are in one-to-one correspondence with the SDCs of the symmetric group. The
SU(3) AKLT model with 3-box symmetric irrep at each site, which we presented in
Chapter 4 as a model made of virtual adjoint irreps, proved to be extremely useful for
the analysis of the spectrum at the Heisenberg point. We argued that there are actually
four Haldane gaps in the model, corresponding to five elementary excitations, two
of them being adjoint excitations. Based on ED results at the AKLT point we argued
that the smallest Haldane gap is the adjoint gap. The weakness of our analysis is the
fact that we could not, for technical reasons, directly access the singlet-adjoint gap.
Nevertheless, based on the nature of the elementary excitations we argued that if one
of the elementary excitation is gapped then all the others should also be gapped.

The search for a gap in the 3-box symmetric SU(3) chain was motivated by the recent
mapping of the spin chain onto a NLσM. As the O(3) NLσM relevant in the SU(2) case,
the SU(3)/[U(1)×U(1)] flag manifold NLσM is asymptotically free. This means that the
opening of a gap is only seen at length scales larger than the crossover length scale ξ
which scales as eαp/p, α > 01. The value of the gap that we found, ∆[3]/J = 0.040±0.006
brings us to a very large correlation length, of order several hundreds sites, although
we have not attempted to evaluate precisely this length scale. In any case one sees
that the weak coupling regime is significantly more extended in the SU(3) model
than in the SU(2) spin chain. It would be very interesting to extend the perturbative
calculations presented in Chapter 2 to the SU(3) case. Since experimental realizations
of SU(N) models deal with a limited number of atoms loaded in the optical lattice,
the analytical predictions of flavour-wave theory, the analogue of SWT for N > 2,
would be particularly relevant [179–183]. Performing such perturbative calculations,
however, would be a rather technical challenge given the difficulties encountered in
recent progress on the methods for more than one particle per site [140, 184, 185].
These difficulties arise already at linear order with the presence of zero-energy modes
in the flavour-wave spectrum. Even when the flat modes are lifted we expect the linear
order to be a rather poor approximation of the spin chain, as we have seen in the SU(2)
case, and it would be necessary to take interactions into account to obtain an accurate
description of the model.

Showing the existence of a finite gap in the p = 3 SU(3) chain was conceptually equiva-
lent to the quest for a finite gap in the spin-1 chain in the 1980’s. To confirm further
the SU(3) Haldane conjecture, it would be crucial to demonstrate that the model with
p = 2 is gapless, and lies in the SU(3)1 WZW universality class. A possible route is the
investigation of the entanglement entropy with the Calabrese-Cardy formula. For the

1The β-function of the coupling g being known only at order g2, the scaling of the crossover length
scale is, to this order, ξ ∼ eαp. However it is unlikely that the unknown g3 term vanishes.
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p = 3 case we showed that the central charge decreases as the system size increases
and becomes ultimately smaller than one, a sign for a gapped spectrum. For the
p = 2 model, the analysis should show a saturation of the central charge converging to
c = 2 from above. It has already been shown by ED that, on small systems, the central
charge was compatible with the SU(3)2 WZW universality class, but such a behavior is
prevented in the thermodynamic limit since this fixed point is unstable.

Finally, let us mention that the recent development of Haldane’s conjectures for the
different irreps of SU(N > 2) motivates further numerical investigations. For the SU(2)
Heisenberg model, the existence of a gap has been confirmed up to spin S = 6,
validating every time Haldane’s argument. In fact, the study of the long-distance
behavior of the large-spin Heisenberg chain is mainly motivated by the challenging
numerical difficulty of extracting a tiny but finite gap rather than being motivated by
the need of confirming Haldane’s conjecture, which is well established. In this respect,
the demonstration of the existence of a gap in the spin-1 chain was the strongest
argument in favor of the validity of the conjecture. Indeed, the mapping from the
spin chain to the NLσM becomes exact in the large spin limit. It is thus both more
complicated and less necessary to show the existence of a gap for the large integer spin
models. Conversely the numerical confirmation of SU(N > 2) Haldane’s conjectures is
at its premises, where, by opposition, we look at the simplest models, namely the most
quantum ones, to confirm their low-energy behavior ! The DMRG algorithm is, at the
time of writing this thesis, essentially the only viable numerical method adapted to
tackle such models. It is very likely that more sophisticated methods based on tensor
networks, such as the promising VUMPS, will permit a more systematic and somehow
less troublesome study of SU(N) spin chains in the relevant lowest dimensional irreps,
and will thus provide confirmations of the Haldane conjectures. In any case, given
the large local Hilbert space dimension associated with non-trivial irreps of SU(N > 2)
and the intrinsic structure of the group, it appears evident that the implementation of
the non-abelian SU(N) symmetry in the numerical techniques is not only useful but
absolutely necessary to obtain reliable results with classical computers.
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A Crossover scale of the NLσM

In this appendix we derive the higher-order corrections to the crossover length scale
ξ in Eq. (2.17) and Eq. (2.18) based on the 4-loop β-function of the NLσM derived in
Ref. [73]. We then deduce the corrections to the crossover energy scale ∆ in Eq. (2.19).

The 4-loop β-function reads [73]

β(g) = g2

2π + g3

(2π)2 + 5g4

4(2π)3 + 23g5

12(2π)4 +O(g6)
( dg

d lnL = β(g)
)
. (A.1)

To simplify a bit the notation we define the coefficients {ai}5i=2 of the expansion of the
β-function in powers of g,

β(g) =
5∑

i=2
aig

i +O(g6). (A.2)

Integrating the renormalization group equation we obtain,

ln ξ =
∫ g1

g0

dg
β(g) (A.3)

where g0 is the bare coupling and g1 is an arbitrary coupling at length scale ξ, which is
g1 = O(1).

Now we perform the integral in the right-hand side. We define

f(g) = β(g)
a2 g2 − 1 = a3

a2
g + a4

a2
g2 + a5

a2
g3 +O(g4) (A.4)

and obtain
∫ g1

g0

dg
β(g) = 1

a2

∫ g1

g0
dg 1

g2
1 + f(g)− f(g)

1 + f(g) = 1
a2

( 1
g0
− 1
g1

)
− 1
a2
J1 (A.5)
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where

J1 =
∫ g1

g0
dg 1

g2
f(g)

1 + f(g) . (A.6)

We rewrite J1 as

J1 =
∫ g1

g0
dg 1

g

f(g)/g
1 + f(g) = a3

a2

∫ g1

g0
dg 1

g

1 + f(g)− f(g) + a4
a3
g + a5

a3
g2 +O(g3)

1 + f(g) (A.7)

leading to

J1 = a3
a2

ln
(
g1
g0

)
+ a3
a2

∫ g1

g0
dg 1

g

a4
a3
g + a5

a3
g2 − f(g) +O(g3)
1 + f(g) . (A.8)

One has now
J1 = a3

a2
ln
(
g1
g0

)
+ a4
a2
J2 (A.9)

where

J2 =
∫ g1

g0
dg

1 + a5
a4
g − a3

a4
1
gf(g) +O(g2)

1 + f(g) . (A.10)

This can be rewritten as

J2 =
∫ g1

g0
dg d0 + d1g +O(g2)

1 + f(g) (A.11)

where

d0 = 1− a2
3

a2a4
, d1 = a5

a4
− a3
a2
. (A.12)

Since f(g) = O(g) we can develop

1
1 + f(g) = 1− f(g) +O(g2) = 1− a3

a2
g +O(g2). (A.13)

Defining c1 = −a3/a2 the coefficient of the linear term in g in the expansion of
(1 + f(g))−1 the integral J2 is given by

J2 =
∫ g1

g0
dg
(
d0 + (c1d0 + d1) g +O(g2)

)
(A.14)

leading to

J2 = K2 − d0 g0 −
1
2(c1d0 + d1)g2

0 +O(g3
0) (A.15)

where K2 = d0 g1 + (c1d0 + d1)g2
1/2 is not relevant as it depends on the unknown

coupling g1 at scale ξ.
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We thus end up with

ln ξ = const + 1
a2g0

− a3
a2

2
ln
(
g1
g0

)
+ a4d0

a2
2
g0 + a4(c1d0 + d1)

2a2
2

g2
0 +O(g3

0) (A.16)

where the first constant term contains all terms depending only on g1.

We now define

λ1 = a4d0
a2

2
and λ2 = a4(c1d0 + d1)

2a2
2

(A.17)

and exponentiate Eq. (A.16),

ξ ∝ ga3/a2
2

0 e(a2g0)−1 exp
(
λ1g0 + λ2g

2
0 +O(g3

0)
)
. (A.18)

Expanding the last exponential and replacing the coefficents by their exact values one
finally has

ξ ∝ g0e
2π/g0

(
1 + g0

8π + 23g2
0

384π2 +O(g3
0)
)
. (A.19)

Taking g0 = 2/S as the bare coupling constant this formula translates into

ξ ∝ 1
S
eπS

(
1 + 1

4πS + 23
96π2S2 +O(S−3)

)
. (A.20)

The crossover energy scale is given by ∆ = v/ξ where v = 2JS is the spin-wave velocity.
One thus has

∆ ∝ JS2e−πS
(

1− 1
4πS −

17
96π2S2 +O(S−3)

)
. (A.21)

Figure 2.1 in the main text shows the numerical values of the gap ∆ and correlation
length ξ obtained by numerical diagonalization together with fits to expressions (A.20)
and (A.21) as well as the interpolated values for half-odd-integer spin.
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B Equal-time correlation function
from the Hellmann-Feynman theo-
rem
B.1 Introduction

The aim of this appendix is to derive the equal-time spin-spin correlation function
using a modified Hamiltonian and the Hellmann-Feynman theorem [79, 80].

We consider the following Hamiltonian,

H̃(λ) = H+W(λ) (B.1)

whereH is the Heisenberg Hamiltonian given in Eq. (2.1) and which we recall here for
completeness

H = J
∑

i

Si · Si+1

and
W(λ) = λJ(−1)n+1∑

i

Si · Si+n (B.2)

where the distance n is fixed and λ is a (small) positive dimensionless parameter. The
factor (−1)n+1 ensures thatW(λ) does not frustrate the model.

By the Hellmann-Feynman theorem we obtain

(−1)n+1

JNs

∂Ẽ0(λ)
∂λ

∣∣∣∣∣
λ=0

= 〈Si · Si+n〉H (B.3)

where Ẽ0(λ) = 〈H̃(λ)〉H̃(λ) is the ground state energy of H̃(λ) and where 〈·〉H denotes
an expectation value in the ground state of the original Heisenberg HamiltonianH.
The equal-time spin-spin correlation function can thus be obtained by computing the
ground state energy of the modified Hamiltonian H̃(λ) to second order in perturbation
theory. To proceed further one needs to treat separately the case of even and odd
distance n.
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Appendix B. Equal-time correlation function from the Hellmann-Feynman
theorem

B.2 Odd distance

We take n odd. Thus (−1)n+1 = 1 andW(λ) comes with an overall positive sign.

B.2.1 HamiltonianW(λ)

We write an expansion ofW(λ) in powers of 1/S in the following way

W(λ) =W(0)(λ) +W(2)(λ) +W(4)(λ) +O(S−1) (B.4)

where the first terms take the values (compare to Eq. (2.27), (2.28) and (2.30), respec-
tively)

W(0) = −JNsS
2λ, (B.5)

W(2)(λ) = JSλ
∑

k

[
2a†kak + γk(n)

(
a†ka
†
−k + a−kak

)]
(B.6)

with
γk(n) = cos(kn) (B.7)

and

W(4)(λ) = −Jλ2
∑

〈〈ij〉〉

(
a†iaiaiaj + h.c.

)
− Jλ

∑

〈〈ij〉〉
a†ia
†
jaiaj . (B.8)

In Eq. (B.8) we have used the notation 〈〈ij〉〉 to denote all the couples (i, j) which are
separated by a distance n. In other words we have

∑

〈ij〉
O(i,j) =

∑

i

O(i,i+1) = 1
2
∑

i

∑

δ=±1
O(i,i+δ) (B.9)

and ∑

〈〈ij〉〉
O(i,j) =

∑

i

O(i,i+n) = 1
2
∑

i

∑

δ=±n
O(i,i+δ). (B.10)
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B.2. Odd distance

Equation (B.6) is easily obtained from Eq. (2.52),

W(2)(λ) = JSλ
∑

i

O(1)
i,i+n

= JSλ
1
2
∑

i

∑

δ=±n
O(1)
i,i+δ

= JSλ
1
2
∑

i

∑

δ=±n

[
a†ia
†
i+δ + aiai+δ + a†iai + a†i+δai+δ

]

= JSλ
1
2
∑

δ=±n

∑

k

[
2a†kak + eikδ

(
a†ka
†
−k + a−kak

)]

= JSλ
∑

k

[
2a†kak + cos(kn)

(
a†ka
†
−k + a−kak

)]
.

(B.11)

B.2.2 Hamiltonian H̃(λ)

The total Hamiltonian H̃(λ) has the following expansion

H̃(λ) = H̃(0)(λ) + H̃(2)(λ) + H̃(4)(λ) +O(S−1) (B.12)

where H̃(k)(λ) = H(k) +W(k)(λ). The classical ground state energy is given by

H̃(0)(λ) = −JNsS
2(1 + λ), (B.13)

and the quadratic Hamiltonian by

H̃(2)(λ) =
∑

k

[
Ãka

†
kak −

1
2B̃k

(
a†ka
†
−k + a−kak

)]
(B.14)

where we defined

Ãk = 2JS(1 + λ), B̃k = −2JSγ̃k(n), γ̃k(n) = γk + λγk(n). (B.15)

In Eq. (B.15) and throughout this appendix we should keep in mind that quantities
with a tilde depend explicitly on the parameter λ, although this dependence is removed
in the notations to lighten the expressions.

The first order interaction H̃(4)(λ) of H̃(λ) is given by

H̃(4)(λ) = − J

2
∑

〈ij〉

(
a†iaiaiaj + h.c.

)
− J

∑

〈ij〉
a†ia
†
jaiaj

− Jλ

2
∑

〈〈ij〉〉

(
a†iaiaiaj + h.c.

)
− Jλ

∑

〈〈ij〉〉
a†ia
†
jaiaj .

(B.16)
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Appendix B. Equal-time correlation function from the Hellmann-Feynman
theorem

B.2.3 Bogoliubov transformation

Performing a Bogoliubov transformation on the Hamiltonian H̃(2)(λ) given in Eq. (B.14)
as explained in the main text we obtain the coefficients

ũk =

√
Ãk + ε̃k

2ε̃k
and ṽk = −sign(B̃k)

√
Ãk − ε̃k

2ε̃k
(B.17)

with the dispersion relation

ε̃k =
√
Ã2
k − B̃2

k

= 2JS
√

1 + λ2 + 2λ− γ̃2
k(n)

= 2JS
√

1− γ2
k + 2λ+ λ2 − 2λγkγk(n)− λ2γ2

k(n).

(B.18)

The quadratic Hamiltonian then reads

H̃(2)(λ) = δẼ(2) +
∑

k

ε̃kα
†
kαk (B.19)

where
δẼ(2) = −JNsS(1 + λ) + 1

2
∑

k

ε̃k (B.20)

is a first order correction to the ground state energy.

B.2.4 First order interaction

We can now proceed to the treatment of the first order interaction H̃(4)(λ). The solution
consists in applying Wick’s theorem. It is important to recall that expectation values
are taken in the Bogoliubov vacuum of H̃(λ), not the Bogoliubov vacuum ofH ! Thus,
even thoughH(4) does not explicitly involve λ, the coefficients of its expansion in the
Bogoliubov basis do.

We obtain

H(4) = δE(4) +
∑

k

[
δE(4)
k α†kαk + 1

2 B
(4)
k

(
α†kα

†
−k + α−kαk

)]
+ : (4-bosons) : (B.21)

where : (4-bosons) : denotes normal ordered terms with four Bogoliubov bosonic
operators and where all vertices δE(4), δE(4)

k , B(4)
k , ... depend on λ. Notice in particular

that the vertex B(4)
k was vanishing in the case of λ = 0 treated in the main text. The
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B.2. Odd distance

vertices have the following expressions

δE(4) = −JNs

{
(ñ+ ∆̃)2 + m̃(m̃+ δ̃)

}
,

δE(4)
k =

(
ũ2
k + ṽ2

k

)
δAk − 2ũkṽkδBk,

B
(4)
k =

(
ũ2
k + ṽ2

k

)
δBk − 2ũkṽkδAk,

(B.22)

and

δAk =− J
[
2(∆̃ + ñ) + γk(δ̃ + 2m̃)

]
, (B.23)

δBk =− J
[
m̃+ 2(∆̃ + ñ)γk

]
, (B.24)

where the coefficients ∆̃, δ̃, m̃ and ñ are defined as (j being nearest neighbor of i and
the expectation values are taken in the Bogoliubov vacuum of H̃(λ))

∆̃ = 〈aiaj〉 = − 1
Ns

∑

k

γkũkṽk, (B.25)

δ̃ = 〈ai2〉 = − 1
Ns

∑

k

ũkṽk, (B.26)

m̃ = 〈a†iaj〉 = 1
Ns

∑

k

γkṽ
2
k, (B.27)

ñ = 〈a†iai〉 = 1
Ns

∑

k

ṽ2
k. (B.28)

Now we turn to the treatment of the first order interaction ofW(λ), namelyW(4)(λ).
The only difference withH(4)(λ) is the fact that i and j are not nearest neighbor any-
more, but are separated by a distance n. So we should simply replace γk by γk(n). We
define, for those (i, j) (notice the similarity with ∆̃ in Eq. (B.25) and m̃ in Eq. (B.27))

Ω̃ = 〈aiaj〉 = − 1
Ns

∑

k

γk(n)ũkṽk (B.29)

and
p̃ = 〈a†iaj〉 = 1

Ns

∑

k

γk(n)ṽ2
k. (B.30)

We can now rewrite ourW(4)(λ) as

W(4)(λ) = δF (4) +
∑

k

[
ω

(4)
k α†kαk + 1

2 D
(4)
k

(
α†kα

†
−k + α−kαk

)]
+ : (4-bosons) : (B.31)

121



Appendix B. Equal-time correlation function from the Hellmann-Feynman
theorem

where
δF (4) = −JλNs

[
(ñ+ Ω̃)2 + p̃(p̃+ δ̃)

]
,

ω
(4)
k =

(
ũ2
k + ṽ2

k

)
δCk − 2ũkṽkδDk,

D
(4)
k =

(
ũ2
k + ṽ2

k

)
δDk − 2ũkṽkδCk,

(B.32)

and

δCk =− Jλ
[
2(Ω̃ + ñ) + γk(n)(δ̃ + 2p̃)

]
, (B.33)

δDk =− Jλ
[
p̃+ 2(Ω̃ + ñ)γk(n)

]
. (B.34)

RegroupingH(4) andW(4)(λ) we end up with

H̃(4)(λ) = δẼ(4) +
∑

k

[
Ẽ(4)
k α†kαk + 1

2 B̃
(4)
k

(
α†kα

†
−k + α−kαk

)]
+ : (4-bosons) : (B.35)

with

δẼ(4) = −JNs

[{
(ñ+ ∆̃)2 + m̃(m̃+ δ̃)

}
+ λ

{
(ñ+ Ω̃)2 + p̃(p̃+ δ̃)

}]
, (B.36)

Ẽ(4)
k =

(
ũ2
k + ṽ2

k

)
δAk − 2ũkṽkδBk, (B.37)

B̃(4)
k =

(
ũ2
k + ṽ2

k

)
δBk − 2ũkṽkδAk (B.38)

and

δAk = δAk + δCk

= − J
[
2(∆̃ + ñ) + γk(δ̃ + 2m̃) + λ

{
2(Ω̃ + ñ) + γk(n)(δ̃ + 2p̃)

}]
,

(B.39)

δBk = δBk + δDk

= − J
[
m̃+ 2(∆̃ + ñ)γk + λ

{
p̃+ 2(Ω̃ + ñ)γk(n)

}]
.

(B.40)

At this order the Hamiltonian reads

H̃(λ) = H̃(0) + δẼ(2) + δẼ(4)

+
∑

k

(
ε̃k + Ẽ(4)

k

)
α†kαk +

∑

k

1
2 B̃

(4)
k

(
α†kα

†
−k + α−kαk

)

+ : (4-bosons) : .

(B.41)
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B.2. Odd distance

The ground state energy of H̃(λ) is thus given, to second order in perturbation theory,
by

Ẽ0(λ) = H̃(0) + δẼ(2) + δẼ(4) +O(S−1). (B.42)

Using Eq. (B.3) one can obtain the correlation function from this expression. We
perform the derivation separately at first and second order.

B.2.5 Analysis at first order

We focus on the two first terms in Eq. (B.42). First observe that

∂ε̃k
∂λ

∣∣∣∣
λ=0

= 2JS 1− γkγk(n)√
1− γ2

k

. (B.43)

One has
∂H̃(0)

∂λ

∣∣∣∣∣
λ=0

= −JNsS
2 (B.44)

and
∂δẼ(2)

∂λ

∣∣∣∣∣
λ=0

= −JNsS + 1
2
∑

k

∂ε̃k
∂λ

∣∣∣∣
λ=0

. (B.45)

We thus obtain

1
JNs

∂Ẽ0(λ)
∂λ

∣∣∣∣∣
λ=0

= − S2 − S + S

Ns

∑

k

1− γkγk(n)√
1− γ2

k

+O(S0)

= − S2 − S + S

2π

∫ π

−π
dk 1− γkγk(n)√

1− γ2
k

+O(S0)

= − S2 − S + S

2π

∫ π

−π
dk 1− cos(k) cos(kn)

| sin(k)| +O(S0)

= − S2 − S + S

π

∫ π

0
dk 1− cos(k) cos(kn)

sin(k) +O(S0)

= − S2 − S + 2S
π

∫ π/2

0
dk
[ 1

sin(k) −
cos(kn)
tan(k)

]
+O(S0)

= − S2 − S + 2S
π
J1(n) +O(S0)

= − S2
[
1 + 1

S

(
1− 2

π
J1(n)

)
+O(S−2)

]

= 〈Si · Si+n〉 up to first order, n odd

(B.46)

where J1(n) is given in Eq. (2.63).
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B.2.6 Analysis at second order

The second order contribution is obtained with the calculation of

1
JNs

∂

∂λ

∣∣∣∣
λ=0

δẼ(4) (B.47)

and δẼ(4) is given in Eq. (B.36). We need to pay attention to the fact that everything
depends on λ since ũk and ṽk depend on λ. We have

∂

∂λ
δẼ(4) = − JNs

[{
2(ñ+ ∆̃)(∂λñ+ ∂λ∆̃) + ∂λm̃(m̃+ δ̃) + m̃(∂λm̃+ ∂λδ̃)

}

+ (ñ+ Ω̃)2 + p̃(p̃+ δ̃) + λ {...}
]
.

(B.48)

Observe that the two last terms in the second line vanish when we set λ = 0 because
δ̃(λ = 0) = m̃(λ = 0) = p̃(λ = 0) = 0. The derivative at λ = 0 is finally expressed as

∂

∂λ

∣∣∣∣
λ=0

δẼ(4) = −JNs

[
2(n+ ∆)(∂λñ|λ=0 + ∂λ∆̃

∣∣∣
λ=0

) + (n+ Ω)2
]

(B.49)

where all quantities in the right-hand side are evaluated at λ = 0 (thus we have removed
the tildes on the factors which do not have a λ-derivative).

Let us compute all these quantities. From Eq. (B.15)

∂

∂λ
Ãk = 2JS and

∂

∂λ
B̃k = −2JSγk(n). (B.50)

Using now the definitions in Eq. (B.17) and (B.18) we obtain

∂λũk = 1
4

√
2ε̃k

Ãk + ε̃k

(∂λÃk + ∂λε̃k)ε̃k − ∂λε̃k(Ãk + ε̃k)
ε̃2k

(B.51)

and

∂λṽk = −2δ(B̃k)∂λB̃k

√
Ãk − ε̃k

2ε̃k
−1

4 sign(B̃k)
√

2ε̃k
Ãk − ε̃k

(∂λÃk − ∂λε̃k)ε̃k − ∂λε̃k(Ãk − ε̃k)
ε̃2k

.

(B.52)
The first term in this expression vanishes at λ = 0 because

√
(Ak − εk)/(2εk) vanishes

when Bk = 0. We then obtain

∂λñ|λ=0 + ∂λ∆̃
∣∣∣
λ=0

= 1
Ns

∑

k

[2vk ∂λṽk|λ=0 − γk(∂λũk|λ=0 vk + uk ∂λṽk|λ=0)]

= 0.
(B.53)
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B.3. Even distance

As a consequence only the last term in Eq. (B.49) survives. It is given by

n+ Ω = 1
Ns

∑

k

vk (vk − γk(n)uk) (B.54)

and is IR finite. Applying Eq. (B.3) we get

C
(2)
i,i+n = 1

JNs

∂

∂λ

∣∣∣∣
λ=0

δẼ(4)

= − (n+ Ω)2

= −
(

1
Ns

∑

k

vk (vk − γk(n)uk)
)2

= − 1
4
(
C

(1)
i,i+n

)2

= − 1
4

(
1− 2

π
J1(n)

)2

(B.55)

where J1(n) is given in Eq. (2.63).

The final expression for the correlation function to second order in perturbation theory
is thus given by

〈Si · Si+n〉 = −S2
[
1 + 1

S

(
1− 2

π
J1(n)

)
+ 1

4S2

(
1− 2

π
J1(n)

)2
+O(S−3)

]
, nodd.

(B.56)
This corresponds to Eq. (2.61) obtained in standard Rayleigh-Schödinger perturbation
theory with n odd.

B.3 Even distance

We take now n even and strictly positive (the case n = 0 is trivial), leading toW(λ) with
an overall minus sign,

W(λ) = −λJ
∑

i

Si · Si+n, λ > 0. (B.57)

B.3.1 HamiltonianW(λ)

We write the same expansion

W(λ) =W(0)(λ) +W(2)(λ) +W(4)(λ) +O(S−1) (B.58)

and we have
W(0)(λ) = −JNsS

2λ (B.59)
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and
W(2)(λ) = 2JSλ

∑

k

(1− γk(n)) a†kak. (B.60)

The first order interactionW(4)(λ) is expressed by

W(4)(λ) = −Jλ
∑

〈〈ij〉〉
O(2)
ij (B.61)

whereO(2)
ij is given in Eq. (2.53) (first line), leading to

W(4)(λ) = Jλ

2
∑

〈〈ij〉〉

(
a†ia
†
iaiaj + h.c.

)
− Jλ

∑

〈〈ij〉〉
a†ia
†
jaiaj (B.62)

where the notation 〈〈ij〉〉 denotes again all couples (i, j) separated by a distance n.

B.3.2 Hamiltonian H̃(λ)

The procedure is exactly the same as above. We obtain

H̃(0)(λ) = −JNsS
2(1 + λ), (B.63)

H̃(2)(λ) =
∑

k

[
Ãka

†
kak −

1
2 B̃k

(
a†ka
†
−k + a−kak

)]
(B.64)

with
Ãk = 2JS (1 + λ(1− γk(n))) and B̃k = −2JSγk (B.65)

and

H̃(4)(λ) = − J

2
∑

〈ij〉

(
a†iaiaiaj + h.c.

)
− J

∑

〈ij〉
a†ia
†
jaiaj

+ Jλ

2
∑

〈〈ij〉〉

(
a†ia
†
iaiaj + h.c.

)
− Jλ

∑

〈〈ij〉〉
a†ia
†
jaiaj .

(B.66)

B.3.3 Bogoliubov transformation

The Bogoliubov transformation is performed as above. In particular Eq. (B.17) holds
with the definitions of Ãk and B̃k given in Eq. (B.65). One obtains the dispersion
relation

ε̃k =
√
Ã2
k − B̃2

k = 2JS
√

1− γ2
k + 2λ (1− γk(n)) + λ2 (1− γk(n))2. (B.67)
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B.3. Even distance

The quadratic Hamiltonian then reads

H̃(2)(λ) = δẼ(2) +
∑

k

ε̃kα
†
kαk (B.68)

where
δẼ(2) = −JNsS(1 + λ) + 1

2
∑

k

ε̃k. (B.69)

B.3.4 First order interaction

We only need to look at the first order interaction coming fromW(λ) since we have
already treatedH(4)(λ) above.

Proceeding in a similar fashion as for n odd we obtain the constant term

δF (4) = −JλNs

[
(ñ− p̃)2 + Ω̃(Ω̃− δ̃)

]
(B.70)

where Ω̃ and p̃ are defined according to Eq. (B.29) and (B.30), respectively, but with
i− j even.

Bringing the contribution ofH(4) and the one ofW(4)(λ) leads to

H̃(4)(λ) = δẼ(4) + (2-bosons) + (4-bosons) (B.71)

with

δẼ(4) = −JNs

[{
(ñ+ ∆̃)2 + m̃(m̃+ ∆̃)

}
+ λ

{
(ñ− p̃)2 + Ω̃(Ω̃− δ̃)

}]
. (B.72)

The ground state energy of H̃(λ) is thus given by

Ẽ0(λ) = H̃(0) + δẼ(2) + δẼ(4) +O(S−1) (B.73)

and one is ready to use Eq. (B.3) to derive the correlation function 〈Si · Si+n〉 at even
distance n.

B.3.5 Analysis at first order

Observe that
∂ε̃k
∂λ

= 2JS 1− γk(n) + λ (1− γk(n))2

ε̃k(λ)/(2JS) . (B.74)
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Appendix B. Equal-time correlation function from the Hellmann-Feynman
theorem

The equal-time correlation function up to first order is thus given by

− 1
JNs

∂Ẽ0(λ)
∂λ

∣∣∣∣∣
λ=0

= S2 + S − S

Ns

∑

k

1− γk(n)√
1− γ2

k

+O(S0)

= S2 + S − S

2π

∫ π

−π
dk 1− γk(n)√

1− γ2
k

+O(S0)

= S2 + S − S

2π

∫ π

−π
dk 1− cos(kn)

| sin(k)| +O(S0)

= S2 + S − S

π

∫ π

0
dk 1− cos(kn)

sin(k) +O(S0)

= S2 + S − 2S
π

∫ π/2

0
dk 1− cos(kn)

sin(k) +O(S0)

= S2 + S − 2S
π
J0(n) +O(S0)

= S2
[
1 + 1

S

(
1− 2

π
J0(n)

)
+O(S−2)

]

= 〈Si · Si+n〉 at first order, n even

(B.75)

where the integral J0(n) is defined in Eq. (2.62).

B.3.6 Analysis at second order

The derivative of δẼ(4) is given by

∂

∂λ
δẼ(4) = − JNs

[{
2(ñ+ ∆̃)(∂λñ+ ∂λ∆̃) + ∂λm̃(m̃+ δ̃) + m̃(∂λm̃+ ∂λδ̃)

}

+(ñ− p̃)2 + Ω̃(Ω̃− δ̃) + λ {...}
]
.

(B.76)

The first part which is in the curly braket { } is exactly the same as in the case of
odd distance, Eq. (B.48). It vanishes when we set λ to zero. The next to last term,
Ω̃(Ω̃− δ̃) = 0 because Ω̃(λ = 0) = δ̃(λ = 0) = 0. Thus after setting λ to 0 we are left with

∂

∂λ

∣∣∣∣
λ=0

δẼ(4) = −JNs(n− p)2 (B.77)

where we have remove the tildes. We have

n− p = 1
Ns

∑

k

v2
k (1− γk(n)) (B.78)
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which is IR finite. Applying Equ. (B.3) gives

− 1
JNs

∂

∂λ

∣∣∣∣
λ=0

δẼ(4) = (n− p)2

=
(

1
Ns

∑

k

v2
k (1− γk(n))

)2

= 1
4
(
C

(1)
i,i+n

)2

= 1
4

(
1− 2

π
J0(n)

)2
.

(B.79)

Dealing with the peculiar case of n = 0 we obtain the final expression of the equal-time
spin-spin correlation function at even distance

〈Si · Si+n〉 = S2
[
1 + 1

S

(
1− 2

π
J0(n)

)
+ 1

4S2

(
1− 2

π
J0(n)− δn,0

)2
+O(S−3)

]
.

(B.80)
This equation corresponds again to Eq. (2.61) obtained in standard Rayleigh-Schrödinger
perturbation theory for n even.

B.4 Summary

Bringing together Eq. (B.56) and (B.80) we obtain a generic expression for the equal-
time spin-spin correlation function of the Heisenberg chain to second order in pertur-
bation theory

〈Si · Si+n〉 = (−1)nS2
[
1 + 1

S

(
1− 2

π
Jα(n)

)
+ 1

4S2

(
1− 2

π
Jα(n)− δn,0

)2
+O(S−3)

]

(B.81)
where α = n (mod 2) and the integrals J0(n) and J1(n) are defined in Eq. (2.62)
and (2.63), respectively. This shows the equivalence of both approaches to extract
the equal-time two-point function of spin operators, the direct perturbative expan-
sion of 〈Si · Sj〉 in powers of 1/S using standard Rayleigh-Schrödinger perturbation
theory and the derivation of the correlation function from the ground state energy of a
modified Hamiltonian using the Hellmann-Feynman theorem.
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C Asymptotic form of the integrals
J0(n) and J1(n)

In this appendix we show that the long distance behavior of the integrals J0(n) and
J1(n) defined in Eq. (2.62) and (2.63), respectively, and which we rewrite here

J0(n) =
∫ π/2

0
dk 1− cos(kn)

sin k n even,

J1(n) =
∫ π/2

0
dk
[ 1

sin k −
cos(kn)
tan k

]
n odd

is given by

J0(n) = ln 2 + γ + ln |n|+O(n−4) n even, (C.1)

J1(n) = ln 2 + γ + ln |n| − 1
2n2 +O(n−4) n odd (C.2)

where γ ' 0.577 is the Euler-Mascheroni constant. Equation (C.1) has been shown
in great details in Ref. [55]. Here we focus on Eq. (C.2), but the procedure is exactly
similar. Before proceeding to the proof of Eq. (C.2) we derive a useful result.

Proposition: Taking n even the integral

In =
∫ π/2

0
dk cos(nk)

( 1
sin k −

1
k

)
(C.3)

satisfies

In = 4(−1)n/2
π2n2 +O(n−4). (C.4)

Proof: The proof of this result is given in Ref. [55]. We follow the same steps. First we
write

f(k) = 1
sin k −

1
k

= 1
k

( 1
sinc k − 1

)
(C.5)
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and write its Taylor expansion as

1
sinc k =

∞∑

p=0
k2p

[ ∞∑

m=0

(−1)m
(2m+ 3)!k

2m
]p

(C.6)

which is valid since k ∈ [0, π/2]. One has then

f(k) =
∞∑

m=0
amk

2m+1 for k ∈ [0, π/2] (C.7)

where the coefficients are expressed in terms of the first Bernoulli numbers B2l as

am =
2(−1)m(22m+1 − 1)B2(m+1)

(2m+ 2)! . (C.8)

The integral In is thus given by

In =
∞∑

m=0
amJm(n) (C.9)

where

Jm(n) =
∫ π/2

0
dk k2m+1 cos(nk). (C.10)

These integrals can be expressed in terms of the generalized hypergeometric function

pFq(a; b; z) as

Jm(n) = 1
2

(
π

2

)2m+2 1
m+ 1 1F2

(
a; b;−n

2π2

16

)
(C.11)

with
a = m+ 1 and b = (1

2 ,m+ 2). (C.12)

The integral J0 for n integer is given by

J0(n) =





(−1)n/2−1
n2 for n even,

− 1
n2 + (−1)(n−1)/2π

2n for n odd.
(C.13)

Using Eq. (C.13) and integration by parts it can be easily proved by recurrence that [55]

|Jm(n)| = O
( 1
n2

)
for n even. (C.14)

The proof actually follows from the important relation

Jm(n) = (−1)n/2 2m+ 1
n2

(
π

2

)2m
− 2m(2m+ 1)

n2 Jm−1(n), m > 0. (C.15)

To compute the O(n−2) term in In we make use of Eq. (C.15) and of the form of the
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derivative of f
df(k)

dk = 1
k2 − cot k csc k =

∞∑

m=0
am(2m+ 1)k2m (C.16)

leading to

(−1)n/2
n2

df(π/2)
dk = 4(−1)n/2

π2n2 =
∞∑

m=0
am(−1)n/2 2m+ 1

n2

(
π

2

)2m

=
∞∑

m=0
amJm(n) +O(n−4).

(C.17)

This proves Eq. (C.4).

�

Now we proceed to the proof of Eq. (C.2). Without loss of generality we take n positive.
We begin by rewriting the integrand in J1(n) as

g(k) = 1
sin k −

cos(nk)
tan k

= 1
sin k −

1
k

− cos k cos(nk)
( 1

sin k −
1
k

)

− cos k cos(nk)− 1
k

.

(C.18)

The integral J1(n) thus decomposes into three parts

J1(n) =
∫ π/2

0
dk g(k) = I1 − I2 + I3. (C.19)

The integrals I1 and I3 are easily computed

I1 =
∫ π/2

0
dk

( 1
sin k −

1
k

)
= ln

( 4
π

)
(C.20)
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and

I3 =−
∫ π/2

0
dk cos k cos(nk)− 1

k

= − 1
2

(∫ π/2

0
dk cos(k(n− 1))− 1

k
+
∫ π/2

0
dk cos(k(n+ 1))− 1

k

)

=− 1
2

(∫ (n−1)π/2

0
dt cos t− 1

t
+
∫ (n+1)π/2

0
dt cos t− 1

t

)

= − 1
2 (−2γ − ln((n− 1)π/2)− ln((n+ 1)π/2) + Ci((n− 1)π/2) + Ci((n+ 1)π/2))

= γ + ln(π/2) + 1
2 (ln(n− 1) + ln(n+ 1)− Ci((n− 1)π/2)− Ci((n+ 1)π/2))

= γ + ln(π/2) + ln
(√

n2 − 1
)
− 1

2 (Ci((n− 1)π/2) + Ci((n+ 1)π/2))

= γ + ln(π/2) + ln
(√

n2 − 1
)

+ 2(−1)(n−1)/2

π2

( 1
(n− 1)2 −

1
(n+ 1)2

)
+O(n−4)

(C.21)
where Ci is the Cosine integral which satisfies

∫ x

0
dt cos t− 1

t
= Ci(x)− γ − ln(x). (C.22)

In the last line of Eq. (C.21) we used the asymptotic behavior of this function given by

Ci(mπ) ∼ sin(mπ)
mπ

− cos(mπ)
m2π2 +O(m−4) = (−1)m+1

m2π2 +O(m−4), m ∈ Z (C.23)

and the fact that since n is odd, n± 1 is even.

The second integral I2 is expressed as

I2 =
∫ π/2

0
dk cos k cos(nk)

( 1
sin k −

1
k

)

= 1
2

(∫ π/2

0
dk cos((n− 1)k)

( 1
sin(k) −

1
k

)
+
∫ π/2

0
dk cos((n+ 1)k)

( 1
sin(k) −

1
k

))

= 1
2 (In−1 + In+1) .

(C.24)
where In−1 and In+1 are defined in Eq. (C.3) (n± 1 are even). Using Eq. (C.4) we obtain

I2 = 2(−1)(n−1)/2

π2

( 1
(n− 1)2 −

1
(n+ 1)2

)
+O(n−4). (C.25)

Expanding the logarithm in Eq. (C.21) as

ln
(√

n2 − 1
)

= lnn+ ln
(√

1− n−2
)

= lnn− 1
2n2 +O(n−4) (C.26)
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we finally obtain

J1(n) = ln 2 + γ + lnn− 1
2n2 +O(n−4). (C.27)

�

To show Eq. (C.1) we proceed similarly. We rewrite the integrand of J0(n) as

g(k) = 1− cos(nk)
sin k

= 1
sin k −

1
k

− cos(nk)
( 1

sin k −
1
k

)

− cos(nk)− 1
k

(C.28)

and define the three following integrals

I1 =
∫ π/2

0
dk
( 1

sin k −
1
k

)
= ln

( 4
π

)
, (C.29)

I3 =
∫ π/2

0
dk cos(nk)− 1

k
= Ci(nπ/2)− γ − ln(nπ/2) (C.30)

and

I2 =
∫ π/2

0
dk cos(nk)

( 1
sin k −

1
k

)
(C.31)

such that
J0(n) = I1 − I2 − I3. (C.32)

We note that I2 ≡ In given in Eq. (C.3). Using Eq. (C.4) and the asymptotic behavior of
the Cosine integral in Eq. (C.23) one obtains the desired result.

�
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D Calculations at finite temperature

In this appendix we provide details on the calculation of the dynamical structure factor,
of the equal-time structure factor and of the equal-time correlation function of the
Heisenberg chain to second order in perturbation theory at inverse temperature β. The
calculation relies on the imaginary-time (or imaginary frequency) Green’s functions of
HP bosons. We shall first derive these Green’s functions and then turn to the dynamical
structure factor. The material contained in this appendix has been reported in Ref. [55],
although with significantly less details.

D.1 Free Bogoliubov Green’s function

We begin by computing the free Green’s function of Bogoliubov bosons defined as

G 0(k, τ) = −〈Tτ αk(τ)α†k(0)〉0 = −Tr
(
ρ0 Tτ αk(τ)α†k(0)

)
(D.1)

where ρ0 is the free density matrix defined as

ρ0 = 1
Z0
e−βH

(2)
(D.2)

with Z0 = Tr
(
e−βH

(2)
)

. The Green’s function in Eq. (D.1) is easily computed

G 0(k, τ) = − e−εkτ

eβεk − 1
(
eβεkθ(τ) + θ(−τ)

)
. (D.3)

Introducing the bosonic Matsubara frequencies ωn = 2nπ/β the Matsubara Green’s
function is given by

G 0(k, iωn) = 1
iωn − εk

(D.4)

which is indeed the generic form of a free bosonic propagator at finite temperature.
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D.2 Free HP Green’s functions

With Eq. (D.3) one can now extract the free Green’s functions of HP operators

G0(k, τ) = −Tr
(
ρ0Tτ

(
ak(τ)
a†−k(τ)

)(
a†k(0) a−k(0)

))
(D.5)

using the inverse Bogoliubov transformation

ak = ukαk − vkα†−k, a†−k = ukα
†
−k − vkαk. (D.6)

For instance the first diagonal Green’s function reads

G0
11(k, τ) = − 〈Tτ ak(τ)a†k(0)〉0

= − 〈Tτ (ukαk(τ)− vkα†−k(τ))(ukα†k(0)− vkα−k(0))〉0
= − u2

k 〈Tτ αk(τ)α†k(0)〉0 − v2
k 〈Tτ α†−k(τ)α−k(0)〉0

= u2
k G 0(k, τ) + v2

k G 0(−k,−τ).

(D.7)

Moreover, G0
22(k, τ) = G0

11(k,−τ) and G0
12(k, τ) = G0

21(k, τ) are obtained in a similar
fashion

G0
12(k, τ) = −〈Tτ ak(τ)a−k(0)〉0 = −ukvk

(
G 0(k, τ) + G 0(k,−τ)

)
. (D.8)

The frequency Green’s functions are then

G0(k, iωn) = 1
(iωn)2 − ε2k

(
Ak + iωn Bk

Bk Ak − iωn

)
. (D.9)

D.3 Perturbative expansion for the HP Green’s functions

We illustrate the calculation of the Green’s functions of HP bosons in SWT with the
case of the diagonal G11. We have

G11(k, τ) = − 〈Tτ ak(τ)a†k(0)〉
= − Tr

(
ρ Tτ ak(τ)a†k(0)

)

= − Tr
(
ρ0Tτ ak(τ)a†k(0) exp

(
−
∫ β

0
dτ1 V(τ1)

))

= G0
11(k, τ) +

∫ β

0
dτ1 〈Tτ ak(τ)a†k(0)V(τ1)〉0 + ...

(D.10)

Approximating V ' H(4) given in Eq. (2.35) and using Wick’s theorem one ends up with
an expansion of the Green’s function with a first order correction. The truly important
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point is that we then use Dyson’s equation to define the interacting Green’s function in
a compact way

[G(k, iωn)]−1 =
[
G0(k, iωn)

]−1
− Σ(k, iωn) (D.11)

where Σ(k, iωn) is the self-energy and is extracted from the expansion of the Green’s
function using H(4) as the interaction. In particular, to this order the self-energy is
independent of the frequency and is given by

Σ(k) = −2Jκβ
S

(
1 γk
γk 1

)
. (D.12)

This leads to the Green’s function given in Eq. (2.76).

D.4 Longitudinal structure factor

The longitudinal part of the dynamical structure factor will exhibit a two-magnon
continuum, as can be seen from the HP transformation. Keeping only these two-
magnon terms one has

S̃zk(τ)S̃z−k(0)→ 1
Ns

∑

p,q

a†q−k(τ)aq(τ)a†k+p(0)ap(0). (D.13)

It is indeed convenient to perform all calculations with the rotated spin operators and
to shift momentum by π at the very end.

Taking the expectation value of this term and using Wick’s theorem we have

〈Tτa†q−k(τ)aq(τ)a†k+p(0)ap(0)〉 = 〈Tτa†q−k(τ)a†k+p(0)〉 〈Tτaq(τ)ap(0)〉
+ 〈Tτa†q−k(τ)ap(0)〉 〈Tτaq(τ)a†k+p(0)〉
+ ...

(D.14)

where ... denotes terms where operators are contracted at equal time and thus simply
give constant contributions. We can rewrite this using our definitions of the thermal
Green’s functions,

〈Tτa†q−k(τ)aq(τ)a†k+p(0)ap(0)〉 = δq−k,−(k+p)δq,−pG21(q − k, τ)G12(q, τ)

+ δq−k,pδ−q,k+pG22(q − k, τ)G11(q, τ)
+ ...

(D.15)

Observe that formally we should have used G0
jl in this expression since we only need to

compute this expectation value in the free theory. However in doing so we would ignore
the correction to the dispersion relation. Using the interacting Green’s functions Gjl is
thus necessary to incorporate consistently the first order corrections to the energy. We
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thus obtain

F zz2-magnon(k, iωn) = −
∫ β

0
dτeiωnτ 1

Ns

∑

q

[G12(q − k, τ)G12(q, τ) + G22(q − k, τ)G11(q, τ)] .

(D.16)
Performing the τ-integral this becomes

F zz2-magnon(k, iωn) = − 1
Ns

∑

q

1
β

∑

m

[G12(q − k, iωn − iωm)G12(q, iωm)

+ G22(q − k, iωn − iωm)G11(q, iωm)] .
(D.17)

Now we begin with the computationally intensive parts. We rewrite F zz2−magnon(k, iωn)
as

−F zz2-magnon(k, iωn) = X1(k, iωn) +X2(k, iωn) (D.18)

where
X1(k, iωn) = 1

Ns

∑

q

1
β

∑

m

G12(q − k, iωn − iωm)G12(q, iωm) (D.19)

and
X2(k, iωn) = 1

Ns

∑

q

1
β

∑

m

G22(q − k, iωn − iωm)G11(q, iωm). (D.20)

Inserting the expressions of the Green’s functions given in Eq. (2.76) one obtains

X1(k, iωn) = 1
Ns

∑

q

p2
βBq−kBq S1(k, q, iωn) (D.21)

and
X2(k, iωn) = 1

Ns

∑

q

pβAq (pβAq−k − iωn)S1(k, q, iωn)

+ 1
Ns

∑

q

(pβ(Aq +Aq−k)− iωn)S2(k, q, iωn)

+ 1
Ns

∑

q

S3(k, q, iωn)

(D.22)

where we defined

pβ = 1 + |κβ|
S

(D.23)

and where the Matsubara sums Sl(k, q, iωn), l = 1, 2, 3 are given by

S1(k, q, iωn) = 1
β

∑

m

1
(iωm)2 − ξ2

q

1
(iωm − iωn)2 − ξ2

k−q
, (D.24)

S2(k, q, iωn) = 1
β

∑

m

iωm
(iωm)2 − ξ2

q

1
(iωm − iωn)2 − ξ2

k−q
, (D.25)
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S3(k, q, iωn) = 1
β

∑

m

(iωm)2

(iωm)2 − ξ2
q

1
(iωm − iωn)2 − ξ2

k−q
. (D.26)

Let us now explicitly compute the Matsubara sum S1(k, q, iωn) to illustrate the proce-
dure. First we rewrite it as

S1(k, q, iωn) = 1
β

∑

m

1
(iωm − ξq) (iωm + ξq)

1
(i(ωm − ωn)− ξk−q) (i(ωm − ωn) + ξk−q)

.

(D.27)
Defining

f1(z) = 1
(z − ξq)(z + ξq)(z − iωn − ξk−q)(z − iωn + ξk−q)

(D.28)

we have
S1(k, q, iωn) = 1

β

∑

m

f1(iωm). (D.29)

The function f1(z) has simple poles at

zA = ξq, zB = −ξq, zC = iωn + ξk−q, zD = iωn − ξk−q. (D.30)

We also define the Bose-Einstein distribution

nB(z) = 1
eβz − 1 (D.31)

which has poles along the imaginary axis at z = iωm = i2πm/β,m ∈ Z.

In order to compute the Matsubara sum S1 we use Cauchy’s theorem. Choosing the
contour C depicted in Fig. D.1 we obtain

∮

C

dz
2πi f1(z)nB(z) = 0 (D.32)

leading to ∑

m

Res(f1 · nB, iωm) = −
∑

j=A,B,C,D
Res(f1 · nB, zj). (D.33)

The residue at iωm can be computed easily and are simply given by

Res(f1 · nB, iωm) = 1
β
f1(iωm). (D.34)

Thus
S1(k, q, iωn) = −

∑

j=A,B,C,D
Res(f1 · nB, zj). (D.35)
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z

zAzB

zCzD

C

Figure D.1: Integration contour for the calculation of the Matsubara sum S1(k, q, iωn).
The poles along the imaginary axis are located at z = iωm where ωm are the bosonic
Matsubara frequencies.

The residues at the poles of f1 are also easily obtained:

Res(f1 · nB, ξq) = nB(ξq)
2ξq(iωn − ξq − ξk−q)(iωn − ξq + ξk−q)

, (D.36)

Res(f1 · nB,−ξq) = −nB(−ξq)
2ξq(iωn + ξq − ξk−q)(iωn + ξq + ξk−q)

, (D.37)

Res(f1 · nB, iωn + ξk−q) = nB(ξk−q)
2ξk−q(iωn − ξq + ξk−q)(iωn + ξq + ξk−q)

, (D.38)

Res(f1 · nB, iωn − ξk−q) = −nB(−ξk−q)
2ξk−q(iωn − ξq − ξk−q)(iωn + ξq − ξk−q)

. (D.39)

One can now use the following identity satisfied by the Bose-Einstein distribution

nB(−z) = −eβznB(z) (D.40)

which leads to

nB(z) + nB(−z) = −1, nB(z)− nB(−z) = coth
(
βz

2

)
(D.41)

to rewrite the residues as

Res(f1 · nB, ξq) + Res(f1 · nB,−ξq) =
coth

(
βξq
2

) (
(iωn)2 + ξ2

q − ξ2
k−q
)
− 2iωnξq

2ξq
[
(iωn)2 − (E+

k,q)2
] [

(iωn)2 − (E−k,q)2
] (D.42)
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and

Res(f1 · nB, iωn + ξk−q) + Res(f1 · nB, iωn − ξk−q) =

coth
(
βξk−q

2

) (
(iωn)2 − ξ2

q + ξ2
k−q
)

+ 2iωnξk−q
2ξk−q

[
(iωn)2 − (E+

k,q)2
] [

(iωn)2 − (E−k,q)2
]

(D.43)

where
E+
k,q = ξq + ξk−q, E−k,q = ξq − ξk−q. (D.44)

Finally,

S1(k, q, iωn) = s1(k, q, iωn)[
(iωn)2 − (E+

k,q)2
] [

(iωn)2 − (E−k,q)2
] (D.45)

with

s1(k, q, iωn) = −

(
(iωn)2 + ξ2

q − ξ2
k−q
)

coth
(
βξq
2

)

2ξq
−

(
(iωn)2 − ξ2

q + ξ2
k−q
)

coth
(
βξk−q

2

)

2ξk−q
.

(D.46)

The Matsubara sums S2(k, q, iωn) and S3(k, q, iωn) are obtained in the exact same way,
using f2(z) = zf1(z) and f3(z) = z2f1(z), respectively. One gets

Sl(k, q, iωn) = sl(k, q, iωn)[
(iωn)2 − (E+

k,q)2
] [

(iωn)2 − (E−k,q)2
] , l = 2, 3 (D.47)

with

s2(k, q, iωn) = − iωn
2ξk−q

[
2ξqξk−q coth

(
βξq
2

)
+
{

(iωn)2 − ξ2
q − ξ2

k−q
}

coth
(
βξk−q

2

)]

(D.48)
and

s3(k, q, iωn) = − 1
2ξk−q

[
ξqξk−q

{
(iωn)2 + ξ2

q − ξ2
k−q
}

coth
(
βξq
2

)

+
{
−(2iωnξk−q)2 + [(iωn)2 + ξ2

k−q][(iωn)2 − ξ2
q + ξ2

k−q]
}

coth
(
βξk−q

2

)]
.

(D.49)

Coming back to the 2-magnon part of the longitudinal structure factor one has

−F zz2-magnon(k, iωn) = 1
Ns

∑

q

(Pk,q − iωnQk,q)S1(k, q, iωn)

+ 1
Ns

∑

q

(Rk,q − iωn)S2(k, q, iωn)

+ 1
Ns

∑

q

S3(k, q, iωn)

(D.50)
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where we defined the functions Pk,q, Qk,q and Rk,q as

Pk,q = p2
β(AqAk−q +BqBk−q), (D.51)

Qk,q = pβAq, (D.52)

Rk,q = pβ(Aq +Aq−k). (D.53)

The next step is the analytical continuation to real frequency, followed by taking the
imaginary part of the expression. The analytical continuation is defined by

iωn → ω + iη and (iωn)2 → ω2 + i sign(ω)η (D.54)

while Sokhotsky’s formula is useful for extracting the imaginary part

1
x± iη = PV

1
x
∓ iπδ(x) (D.55)

where PV denotes the principal value.

Let us illustrate the calculation with the third line of Eq. (D.50). The analytical continu-
ation reads

S3(k, q, iωn) −→ s3(k, q, ω)[
ω2 − (E+

k,q)2 + i sign(ω) η
] [
ω2 − (E−k,q)2 + i sign(ω) η

] . (D.56)

Taking now the imaginary part of this expression one obtains (we omit here the factor
s3 in the numerator as it is purely real after the analytical continuation)

Im


 1[
ω2 − (E+

k,q)2 + i sign(ω) η
] [
ω2 − (E−k,q)2 + i sign(ω) η

]


 = −πsign(ω)P(k, q, ω)

(D.57)
where

P(k, q, ω) = PV
1

ω2 − (E−k,q)2 δ(ω
2 − (E+

k,q)
2) + PV

1
ω2 − (E+

k,q)2 δ(ω
2 − (E−k,q)

2). (D.58)

The delta functions can be rewritten as

δ(ω2 − (E+
k,q)

2) = 1
2E+

k,q

(
δ(ω − E+

k,q) + δ(ω + E+
k,q)

)
(D.59)

and

δ(ω2 − (E−k,q)
2) = 1

2|E−k,q|

(
δ(ω − E−k,q) + δ(ω + E−k,q)

)
. (D.60)

We have used the fact that E+
k,q is positive, unlike E−k,q, to remove the absolute value in
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D.4. Longitudinal structure factor

the prefactor of Eq. (D.59).

Thus the third line of Eq. (D.50) becomes

Im

[
lim

iωn→ω+iη

1
Ns

∑

q

S3(k, q, iωn)
]

= −πsign(ω)
Ns

∑

q

s3(k, q, ω)P(k, q, ω). (D.61)

We can now compute the four terms appearing in the right-hand side of this expression.
The first one is given by

−πsign(ω)
Ns

∑

q

s3(k, q, ω)× PV
1

ω2 − (E−k,q)2 ×
1

2E+
k,q

× δ(ω − E+
k,q). (D.62)

Since the delta function vanishes unless ω = E+
k,q this can be rewritten as

− π

Ns

∑

q

s3(k, q, E+
k,q)× PV

1
(E+

k,q)2 − (E−k,q)2 ×
1

2E+
k,q

× δ(ω − E+
k,q) (D.63)

where we used the fact that sign(E+
k,q) = 1. Now the principal value is well defined and

one obtains

− π

Ns

∑

q

s3(k, q, E+
k,q)×

1
4ξqξk−q

× 1
2E+

k,q

× δ(ω − E+
k,q). (D.64)

Doing the algebra we finally obtain for this contribution

π

Ns

∑

q

ξq
[
coth

(
βξq
2

)
+ coth

(
βξk−q

2

)]

8ξk−q
× δ(ω − E+

k,q). (D.65)

The three other contributions are evaluated in a similar way and we obtain

− π

Ns

∑

q

ξq
[
coth

(
βξq
2

)
+ coth

(
βξk−q

2

)]

8ξk−q
× δ(ω + E+

k,q), (D.66)

− π

Ns

∑

q

ξq
[
coth

(
βξq
2

)
− coth

(
βξk−q

2

)]

8ξk−q
× δ(ω − E−k,q), (D.67)

and

π

Ns

∑

q

ξq
[
coth

(
βξq
2

)
− coth

(
βξk−q

2

)]

8ξk−q
× δ(ω + E−k,q). (D.68)
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Finally the third line of Eq. (D.50) is given by

Im

[
lim

iωn→ω+iη

1
Ns

∑

q

S3(k, q, iωn)
]

= π

Ns

∑

q

ξq
[
coth

(
βξq
2

)
+ coth

(
βξk−q

2

)]

8ξk−q

[
δ(ω − E+

k,q)− δ(ω + E+
k,q)

]

− π

Ns

∑

q

ξq
[
coth

(
βξq
2

)
− coth

(
βξk−q

2

)]

8ξk−q

[
δ(ω − E−k,q)− δ(ω + E−k,q)

]
.

(D.69)

This expression has a form suitable for numerical integration. We should then multiply
this quantity by 2(1 +nB(ω)) to obtain the contribution of the S3 term to Szz(k, ω;β)1,2.

For completeness we write the contributions of the second line of Eq. (D.50)

Im

[
lim

iωn→ω+iη

1
Ns

∑

q

(Rk,q − iωn)S2(k, q, iωn)
]

= − π

Ns

∑

q

1
8ξk−q

[{
coth

(
βξq
2

)
+ coth

(
βξk−q

2

)}{(
Rk,q − E+

k,q

)
δ(ω − E+

k,q)

+
(
Rk,q + E+

k,q

)
δ(ω + E+

k,q)
}
−
{

coth
(
βξq
2

)
− coth

(
βξk−q

2

)}
×

{(
Rk,q − E−k,q

)
δ(ω − E−k,q) +

(
Rk,q + E−k,q

)
δ(ω + E−k,q)

}]

(D.70)
and of the first line

Im

[
lim

iωn→ω+iη

1
Ns

∑

q

(Pk,q − iωnQk,q)S1(k, q, iωn)
]

= π

Ns

∑

q

1
8ξqξk−q

[{
coth

(
βξq
2

)
+ coth

(
βξk−q

2

)}{(
Pk,q − E+

k,qQk,q
)
δ(ω − E+

k,q)

−
(
Pk,q + E+

k,qQk,q
)
δ(ω + E+

k,q)
}
−
{

coth
(
βξq
2

)
− coth

(
βξk−q

2

)}
×

{(
Pk,q − E−k,qQk,q

)
δ(ω − E−k,q)−

(
Pk,q + E−k,qQk,q

)
δ(ω + E−k,q)

}]
.

(D.71)

The final expression in Eq. (2.79) is obtained from these equations by trivial algebra.

1Notice that Eq. (D.69) shoud not be multiplied by −2(1 + nB(ω)) because the minus signs from
Eq. (2.70) and (2.71) cancel each other.

2Momentum should still be shifted by π to take into account the rotation of spin operators along the x
axis that we performed in the very beginning.
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D.5 Transverse structure factor

The calculation of the transverse part of the dynamical structure factor is significantly
easier. We first use the HP transformation and write

S̃xk (τ)S̃x−k(0) = S

2
(
ak(τ)a−k(0) + ak(τ)a†k(0) + a†−k(τ)a−k(0) + a†−k(τ)a†k(0)

)

− 1
8Ns

∑

p,q

(
ak(τ)a†p+q+k(0)ap(0)aq(0) + a†p+q−k(τ)ap(τ)aq(τ)a−k(0)

+ ak(τ)a†p(0)a†q(0)ap+q−k(0) + a†p+q−k(τ)ap(τ)aq(τ)a†k(0)

+ a†−k(τ)a†p+q+k(0)ap(0)aq(0) + a†p(τ)a†q(τ)ap+q+k(τ)a−k(0)

+ a†−k(τ)a†p(0)a†q(0)ap+q−k(0) + a†p(τ)a†q(τ)ap+q+k(τ)a†k(0)
)

+O(S−1).
(D.72)

Looking at the leading order contribution given by the first line of this expression one
obtains

F xx(k, iωn) = S

2
∑

j,l

Gjl(k, iωn). (D.73)

The analytic continuation is now trivial and we obtain

Sxx(k, ω;β) = −2Spβ(Ak +Bk)
1− e−βω Im

[
1

ω2 − ξ2
k + iηsign(ω)

]
. (D.74)

Using Sokhotsky’s formula in Eq. (D.55) one can develop the imaginary part as

Sxx(k, ω;β) = 2Sπpβ(Ak +Bk)sign(ω)
1− e−βω δ(ω2 − ξ2

k)

= 2Sπpβ(Ak +Bk)sign(ω)
1− e−βω

1
2ξk

(δ(ω − ξk) + δ(ω + ξk))

= Sπsign(ω)
1− e−βω

∣∣∣∣tan
(
k

2

)∣∣∣∣ (δ(ω − ξk) + δ(ω + ξk)) .

(D.75)

We observe that the transverse structure factor is positive for negative and positive
frequencies, and gives contributions only along the single-magnon branch ω = ±ξk.

Now let us look at the first order correction to this result, given by the 4-boson terms in
Eq. (D.72). As an example, the expectation value of the first term,

〈Tτak(τ)a†p+q+k(0
+)ap(0)aq(0)〉 (D.76)
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is treated as follows with Wick’s theorem

〈Tτak(τ)a†p+q+k(0
+)ap(0)aq(0)〉 = δp,−qG0

11(k, τ)G0
12(p, 0) + δk,−pG0

12(k, τ)G0
22(q, 0+)

+ δk,−qG0
12(k, τ)G0

22(p, 0+).
(D.77)

We have used the free Green’s function G0
jl(k, τ) since the contribution isO(S0). How-

ever we will soon replace them by the interacting Green’s functions to consistently take
into account the correction to the dispersion relation due to the first order interaction
in the Hamiltonian. After summing over p and q we get

1
Ns

∑

p,q

〈Tτak(τ)a†p+q+k(0
+)ap(0)aq(0)〉

= G0
11(k, τ)

(
1
Ns

∑

q

G0
12(q, 0)

)

︸ ︷︷ ︸
=0

+2G0
12(k, τ)

(
1
Ns

∑

q

G0
22(q, 0+)

)

︸ ︷︷ ︸
=nβ

= 2nβG0
12(k, τ).

(D.78)
Performing the same steps for all 4-boson terms in Eq. (D.72) and performing then the
Fourier transform we obtain the following contribution

S

2

(
− 1

4S

)
4nβ

∑

j,l

G0
jl(k, iωn). (D.79)

Now we see that if we were to perform the analytic continuation on this equation,
followed by the use of Sokhotsky’s formula, we would end up with a single-magnon
branch at ω = εk. This is of course forbidden since the magnon dispersion relation
is given by ξk, which incorporates the first order temperature-dependant correction
generated byH(4). To avoid this issue, we simply replace G0(k, iωn) by G(k, iωn). This
replacement only affects order S−1 or smaller. The contribution is then precisely of
the same form as the one coming from the 2-boson terms. We thus end up with

Sxx(k, ω;β) = Sπsign(ω)
1− e−βω

(
1− nβ

S

) ∣∣∣∣tan
(
k

2

)∣∣∣∣ (δ(ω − ξk) + δ(ω + ξk)) . (D.80)

D.6 Real-space correlation function

Let us turn now to the calculation of the real-space equal-time correlation function at
finite temperature. To perform this calculation, we rewrite each term of the operator
Si · Sj in Eq. (2.51) in Fourier space. For even distance |i− j| one has

O(1)
ij = 1

Ns

∑

k1,k2

[
e−ik1ri+ik2rj + e−ik1rj+ik2ri − e−i(k1−k2)ri − e−i(k1−k2)rj

]
a†k1

ak2 (D.81)
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and
O(2)
ij = 1

N2
s

∑

k1,k2,k3,k4

f (2)(k1, k2, k3, k4; ri, rj) a†k1
a†k2

ak3ak4 (D.82)

with

f (2)(k1, k2, k3, k4; ri, rj) = e−ik1ri−ik2rj+ik3ri+ik4rj

− 1
4
(
e−ik1rj−ik2rj+ik3ri+ik4rj + e−ik1ri−ik2rj+ik3ri+ik4ri

+e−ik1ri−ik2rj+ik3rj+ik4rj + e−ik1ri−ik2ri+ik3ri+ik4rj
)
.

(D.83)

Now we give a positive imaginary time 0+ to all creation operators in order to respect
the ordering, and evaluate all expectation values using Wick’s theorem. The first
expectation value is given by

〈a†k1
ak2〉 = 〈a†k1

(0+)ak2(0)〉 = −δk1,k2G22(−k1, 0+) = −δk1,k2G11(k1, 0−). (D.84)

The first order term thus reads

〈O(1)
ij 〉 = − 2

Ns

∑

k

(γk(r)− 1)G11(k, 0−). (D.85)

Similarly the expectation value of the string of operators in Eq. (D.82) is given by

〈a†k1
(0+)a†k2

(0+)ak3(0)ak4(0)〉 = δk1,−k2δk3,−k4G12(k1, 0)G12(k3, 0)
+ (δk1,k3δk2,k4 + δk1,k4δk2,k3)G11(k1, 0−)G11(k2, 0−).

(D.86)
This leads to

〈O(2)
ij 〉 =

(
1
Ns

∑

k

(γk(r)− 1)G11(k, 0−)
)2

+
(

1
Ns

∑

k

γk(r)G12(k, 0)
)(

1
Ns

∑

k

(γk(r)− 1)G12(k, 0)
)
.

(D.87)

To evaluate these expressions, we use the Green’s functions obtained after using Dyson’s
equation. This has the advantage of taking self-consistently into account the first order
correction to the dispersion relation coming from H(4). The Green’s functions then
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simply read

G11(k, 0+) =− u2
ke
βξk + v2

k

eβξk − 1 , (D.88)

G11(k, 0−) =− v2
ke
βξk + u2

k

eβξk − 1 , (D.89)

G12(k, 0±) =ukvk coth
(
βξk
2

)
(D.90)

and G22(k, 0±) = G22(k, 0∓). With this, one observes that the second line in Eq. (D.87)
vanishes.

Let us now give the expressions for odd distance |i− j| between the spins. In Fourier
space, the first order term of the correlator reads

O(1)
ij = 1

Ns

∑

k1,k2

(
e−i(k1−k2)ri + e−i(k1−k2)rj

)
a†k1

ak2

+ 1
Ns

∑

k1,k2

e−i(k1ri+k2rj)
(
a†k1

a†k2
+ ak1ak2

) (D.91)

leading to

〈O(1)
ij 〉 = − 2

Ns

∑

k

G11(k, 0−)− 2
Ns

∑

k

γk(r)G12(k, 0). (D.92)

The second order termO(2)
ij in the correlator is given by

O(2)
ij = − 1

N2
s

∑

k1,k2,k3,k4

e−ik1ri−ik2rj+ik3ri+ik4rja†k1
a†k2

ak3ak4

− 1
4N2

s

∑

k1,k2,k3,k4

(
e−ik1ri+ik2ri+ik3ri+ik4rj + e−ik1rj+ik2ri+ik3rj+ik4rj

)
a†k1

ak2ak3ak4

− 1
4N2

s

∑

k1,k2,k3,k4

(
e−ik1ri−ik2ri−ik3rj+ik4ri + e−ik1ri−ik2rj−ik3rj+ik4rj

)
a†k1

a†k2
a†k3

ak4 .

(D.93)
After some algebra one gets

〈O(2)
ij 〉 = −

(
1
Ns

∑

k

(
G11(k, 0−) + γk(r)G12(k, 0)

)
)2

. (D.94)
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E Cancellation of divergences in the
equal-time structure factor

In this appendix we demonstrate that the divergences occuring in the transverse
and longitudinal parts of the equal-time structure factor cancel each other when
considering the O(3) invariant structure factor defined as

S(k) = 2Sxx(k) + Szz(k). (E.1)

The structure factor is given in Eq. (2.90). We shall here focus on the last term which
contains the integral. Our aim is to show that this integral is IR finite.

We define

f(k, q) = 1
| sin(q)|

(1− cos(q) cos(k + q)
| sin(k + q)| − 2 tan(k/2)

)
. (E.2)

This is the integrand in Eq. (2.90) up to two minor changes. First we have put an
absolute value on the prefactor 1/| sin q|. This has no effect on S(k) since integration is
on q ∈ [0, π], but will prove to be useful later. Second we have removed the absolute
value on the last term. This is allowed since we take k ∈ [0, π]. Our aim is to show that

I(k) =
∫ π

0
dq f(k, q) (E.3)

is IR finite. Observe that f(k, q) is π-periodic in q thanks to the additionnal absolute
value on the sin q factor. Defining

g(k, q) = f(k, q + k), h(k, q) = f(k,−q − 2k) (E.4)

it is then trivial to show that

I(k) =
∫ π

0
dq g(k, q) =

∫ π

0
dq h(k, q) (E.5)

if the integral is convergent. The important point is that both g(k, q) and h(k, q) are
divergent for q = π − 2k, π − k if 2k < π or for q = 2(π − k), π − k if 2k > π. Now let us
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rewrite I(k) as

I(k) = 1
2

(∫ π

0
dq g(k, q) +

∫ π

0
dq h(k, q)

)

= 1
2

∫ π

0
dq (g(k, q) + h(k, q))

=
∫ π

0
dq G(k, q)

(E.6)

where

G(k, q) = 1− cos(k + q) cos(2k + q)− tan(k/2) (| sin(2k + q)|+ | sin(k + q)|)
| sin(2k + q)| | sin(k + q)| . (E.7)

There are two q points which require some attention, because the denominator in
G(k, q) vanishes for q = π − 2k, π − k if 2k < π or for q = π − k, 2(π − k) if 2k > π. We
study the behavior of G(k, q) close to these points (we consider the case π − 2k > 0).

We begin by taking q = π − 2k − δ with δ > 0. We obtain

G(k, π − 2k − δ) = 1− cos(δ) cos(k + δ)− tan(k/2) (| sin(k + δ)|+ | sin(δ)|)
| sin(k + δ)| | sin(δ)| . (E.8)

Taking δ > 0 sufficiently small we can remove all absolute values in this expression,
and expand the trigonometric functions in δ in order to keep all singular terms in δ as
well as terms of orderO(δ−1) andO(δ0). We then obtain

G(k, π − 2k − δ) = 1
δ sin(k) (1− cos(k)− tan(k/2) sin(k))

− 1
sin(k) (sin(k)− cos(k) tan(k/2)− tan(k/2))

+O(δ)
−→ 0 when δ → 0.

(E.9)

The 1/δ term and the constant term cancel because we have the two following trigono-
metric identities

1− cos(k)− tan(k/2) sin(k) = 0, (E.10)

sin(k)− (1 + cos(k)) tan(k/2) = 0. (E.11)

In other words
lim
δ→0+

G(k, π − 2k − δ) = 0 (E.12)

such that G(k, q) is everywhere well-defined for q ∈ [0, π − 2k[ and is not divergent
when q → π − 2k from below.

Now we take q = π − 2k + δ with δ > 0, namely we study the right neighborhood of
π − 2k. Again we can take δ sufficiently small and remove the absolute values. We
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obtain

G(k, π − 2k + δ) = 1− cos(k − δ) cos(δ)− (sin(k − δ) + sin(δ)) tan(k/2)
sin(δ) sin(k − δ) . (E.13)

After the same sort of algebra we get

G(k, π − 2k + δ) = 1
δ sin(k) (1− cos(k)− sin(k) tan(k/2))︸ ︷︷ ︸

= 0

− 1
sin(k) (sin(k)− cos(k) tan(k/2) + tan(k/2))︸ ︷︷ ︸

= 2 tan(k/2)

+O(δ)

−→ −2 tan(k/2)
sin(k) when δ → 0.

(E.14)

Thus G(k, q) has a well-defined limit on the right of q = π − 2k,

lim
δ→0+

G(k, π − 2k + δ) = −2 tan(k/2)
sin(k) . (E.15)

From Eqs. (E.12) and (E.15) we see that G(k, q) has a discontinuity at q = π − 2k, but
the derivative of G(k, q) with respect to q is well defined in the neighborhood of π − 2k.

We look now at the neighborhood of the second singularity of G, namely q = π − k.
Taking q = π − k − δ, δ > 0 we see that G(k, π − k − δ) has the exact same form as in
Eq. (E.13). This is easily justified as follows. Observe that if we restore the absolute
value on the tan(k/2) factor in G(k, q) then we can change variables and define

u = 2k + q, v = k + q (E.16)

and
Ḡ(u, v) = G(k(u, v), q(u, v)). (E.17)

Then Ḡ is even under permutation of u and v, Ḡ(u, v) = Ḡ(v, u). Thus G(k, q) has a
well-defined limit on the left of π − k,

lim
δ→0+

G(k, π − k − δ) = −2 tan(k/2)
sin(k) . (E.18)

Finally we take q = π − k + δ, δ > 0 and, for the same reason as above, G(k, π − k + δ)
has the exact same form as Eq. (E.8). Thus G(k, q) has a well-defined limit on the right
of π − k,

lim
δ→0+

G(k, π − k + δ) = 0. (E.19)

We have thus found a function G(k, q) everywhere well defined except at π − k and
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Appendix E. Cancellation of divergences in the equal-time structure factor

π − 2k or π − k and 2(π − k) where it is discontinuous, but where the derivative on the
left and on the right are well defined, such that

I(k) =
∫ π

0
dq G(k, q) (E.20)

thus showing that the integral itself is well defined in the sense that the divergences of
f(k, q) for q ∈ [0, π] cancel each other and lead to a finite result. We can thus compute
I(k) by integrating exactly G(k, q) numerically.
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F su(3) generators in the symmetric
irreps

F.1 2-box symmetric irrep

The generators of su(3) in the 6-dimensional symmetric irrep are given by the
following expressions, where T3 and T8 are diagonal:

T1 =




0 1/
√

2 0 0 0 0
1/
√

2 0 0 1/
√

2 0 0
0 0 0 0 1/2 0
0 1/

√
2 0 0 0 0

0 0 1/2 0 0 0
0 0 0 0 0 0




T2 = i




0 −1/
√

2 0 0 0 0
1/
√

2 0 0 −1/
√

2 0 0
0 0 0 0 −1/2 0
0 1/

√
2 0 0 0 0

0 0 1/2 0 0 0
0 0 0 0 0 0




T3 = diag
(

1, 0, 1
2 ,−1,−1

2 , 0
)
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Appendix F. su(3) generators in the symmetric irreps

T4 =




0 0 1/
√

2 0 0 0
0 0 0 0 1/2 0

1/
√

2 0 0 0 0 1/
√

2
0 0 0 0 0 0
0 1/2 0 0 0 0
0 0 1/

√
2 0 0 0




T5 = i




0 0 −1/
√

2 0 0 0
0 0 0 0 −1/2 0

1/
√

2 0 0 0 0 −1/
√

2
0 0 0 0 0 0
0 1/2 0 0 0 0
0 0 1/

√
2 0 0 0




T6 =




0 0 0 0 0 0
0 0 1/2 0 0 0
0 1/2 0 0 0 0
0 0 0 0 1/

√
2 0

0 0 0 1
√

2 0 1
√

2
0 0 0 0 1

√
2 0




T7 = i




0 0 0 0 0 0
0 0 −1/2 0 0 0
0 1/2 0 0 0 0
0 0 0 0 −1/

√
2 0

0 0 0 1
√

2 0 −1
√

2
0 0 0 0 1

√
2 0




T8 = diag
( 1√

3
,

1√
3
,− 1

2
√

3
,

1√
3
,− 1

2
√

3
,− 2√

3

)
.

They satisfy the normalization condition (see Eq. (3.77))

Tr (TiTj) = 5
2δij .
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F.2. 3-box symmetric irrep

F.2 3-box symmetric irrep

The generators of su(3) in the 10-dimensional symmetric irrep are given by the
following expressions, where T3 and T8 are diagonal:

T1 =




0
√

3/2 0 0 0 0 0 0 0 0√
3/2 0 0 1 0 0 0 0 0 0
0 0 0 0 1/

√
2 0 0 0 0 0

0 1 0 0 0 0
√

3/2 0 0 0
0 0 1/

√
2 0 0 0 0 1/

√
2 0 0

0 0 0 0 0 0 0 0 1/2 0
0 0 0

√
3/2 0 0 0 0 0 0

0 0 0 0 1/
√

2 0 0 0 0 0
0 0 0 0 0 1/2 0 0 0 0
0 0 0 0 0 0 0 0 0 0




T2 = i




0 −
√

3/2 0 0 0 0 0 0 0 0√
3/2 0 0 −1 0 0 0 0 0 0
0 0 0 0 −1/

√
2 0 0 0 0 0

0 1 0 0 0 0 −
√

3/2 0 0 0
0 0 1/

√
2 0 0 0 0 −1/

√
2 0 0

0 0 0 0 0 0 0 0 −1/2 0
0 0 0

√
3/2 0 0 0 0 0 0

0 0 0 0 1/
√

2 0 0 0 0 0
0 0 0 0 0 1/2 0 0 0 0
0 0 0 0 0 0 0 0 0 0




T3 = diag
(3

2 ,
1
2 , 1,−

1
2 , 0,

1
2 ,−

3
2 ,−1,−1

2 , 0
)
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Appendix F. su(3) generators in the symmetric irreps

T4 =




0 0
√

3/2 0 0 0 0 0 0 0
0 0 0 0 1/

√
2 0 0 0 0 0√

3/2 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1/2 0 0
0 1/

√
2 0 0 0 0 0 0 1/

√
2 0

0 0 1 0 0 0 0 0 0
√

3/2
0 0 0 0 0 0 0 0 0 0
0 0 0 1/2 0 0 0 0 0 0
0 0 0 0 1/

√
2 0 0 0 0 0

0 0 0 0 0
√

3/2 0 0 0 0




T5 = i




0 0 −
√

3/2 0 0 0 0 0 0 0
0 0 0 0 −1/

√
2 0 0 0 0 0√

3/2 0 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 −1/2 0 0
0 1/

√
2 0 0 0 0 0 0 −1/

√
2 0

0 0 1 0 0 0 0 0 0 −
√

3/2
0 0 0 0 0 0 0 0 0 0
0 0 0 1/2 0 0 0 0 0 0
0 0 0 0 1/

√
2 0 0 0 0 0

0 0 0 0 0
√

3/2 0 0 0 0




T6 =




0 0 0 0 0 0 0 0 0 0
0 0 1/2 0 0 0 0 0 0 0
0 1/2 0 0 0 0 0 0 0 0
0 0 0 0 1/

√
2 0 0 0 0 0

0 0 0 1/
√

2 0 1/
√

2 0 0 0 0
0 0 0 0 1/

√
2 0 0 0 0 0

0 0 0 0 0 0 0
√

3/2 0 0
0 0 0 0 0 0

√
3/2 0 1 0

0 0 0 0 0 0 0 1 0
√

3/2
0 0 0 0 0 0 0 0

√
3/2 0
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F.2. 3-box symmetric irrep

T7 = i




0 0 0 0 0 0 0 0 0 0
0 0 −1/2 0 0 0 0 0 0 0
0 1/2 0 0 0 0 0 0 0 0
0 0 0 0 −1/

√
2 0 0 0 0 0

0 0 0 1/
√

2 0 −1/
√

2 0 0 0 0
0 0 0 0 1/

√
2 0 0 0 0 0

0 0 0 0 0 0 0 −
√

3/2 0 0
0 0 0 0 0 0

√
3/2 0 −1 0

0 0 0 0 0 0 0 1 0 −
√

3/2
0 0 0 0 0 0 0 0

√
3/2 0




T8 = diag

(√
3

2 ,

√
3

2 , 0,
√

3
2 , 0,−

√
3

2 ,

√
3

2 , 0,−
√

3
2 ,−

√
3
)
.

They satisfy the normalization condition (see Eq. (3.77))

Tr (TiTj) = 15
2 δij .
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G Example of calculation of subduc-
tion coefficients

In this Appendix, the calculation of SDCs is illustrated with a simple example. We take
[ν] = [4, 4, 3], [ν1] = [3, 3, 1] and [ν2] = [2, 1, 1] (thus n1 = 7, n2 = 4 and n = n1 +n2 = 11).

First, we build all SYTs for the irrep [ν] which are compatible with the irrep [ν1]. To
perform the calculation of the SDCs, we take the largest SYT Y [ν1]

m1=h[ν1] but this choice

is arbitrary since the SDCs do not depend on m1. The 6 relevant SYTs Y [ν]
m ordered in

ascending order of the LLOS are given by

1 4 6 8
2 5 7 9
3 1011

,
1 4 6 8
2 5 7 10
3 9 11

,
1 4 6 9
2 5 7 10
3 8 11

,
1 4 6 8
2 5 7 11
3 9 10

,
1 4 6 9
2 5 7 11
3 8 10

,
1 4 6 10
2 5 7 11
3 8 9

. (G.1)

These SYTs define the Yamanouchi basis |Y [ν]
m 〉 , m = 1, ..., 6 in which the CSCO of Sn2

will be solved.

There are 3 SYTs Y [ν2]
m2 associated with the irrep [ν2] (again in ascending order of the

LLOS from left to right)
1 2
3
4

,
1 3
2
4

,
1 4
2
3

. (G.2)

We shall begin with the calculation of the SDCs for the smallest SYT m2 = 1 and then
derive the other SDCs using Eq. (3.33).

To solve the CSCO of Sn2 in the Yamanouchi basis |Y [ν]
m 〉 we compute the quadratic

161



Appendix G. Example of calculation of subduction coefficients

Casimir of the canonical group chain of Sn2 associated to Y [ν2]
m2=1. One has:

1 2
3
4

: C ′2(n2 = 4) = P8,9 + P8,10 + P9,10 + P8,11 + P9,11 + P10,11 = λ
[ν2]
2 = −2

1 2
3 : C ′2(n2 − 1 = 3) = P8,9 + P8,10 + P9,10 = λ

[ν′2]
2 = 0

1 2 : C ′2(n2 − 2 = 2) = P8,9 = λ
[ν′′2 ]
2 = 1

(G.3)
where Pi,j ≡ (i, j) is the permutation operator which interchanges i with j and where

λ
[ν]
2 is the eigenvalue of the quadratic Casimir operator given in Eq. (3.5).

The goal is now to find the state

| [ν] , 1 [ν1] [ν2]
m1 1 〉

written in the basis of Eq. (G.1), which satisfies the three equations in (G.3) simultane-
ously (we have kept m1 arbitrary, but the calculation is performed with m1 = h[ν1], as
discussed above). This state will thus be expressed as

| [ν] , 1 [ν1] [ν2]
m1 1 〉 =

∑

m

| [ν]
m 〉〈 [ν]

m | [ν] , 1 [ν1] [ν2]
m1 1 〉 (G.4)

where the multiplicity index is τ = 1.

To lighten a bit the notation, we use

|Φ1〉 ≡ | [ν] , 1 [ν1] [ν2]
m1 1 〉. (G.5)

From a numerical point of view it is useful to reduce as much as possible the number
of operators in the equations. One thus rewrite Eq. (G.3) as

(P8,9 − 1) |Φ1〉 = 0
(P8,10 + P9,10 + 1) |Φ1〉 = 0

(P8,11 + P9,11 + P10,11 + 2) |Φ1〉 = 0.
(G.6)

One then builds the operatorO defined as

O = (P8,9 − 1)2 + (P8,10 + P9,10 + 1)2 + (P8,11 + P9,11 + P10,11 + 2)2 (G.7)
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and finds its kernel in the basis of SYTs for the irrep [ν] given in Eq. (G.1). We find

|Φ1〉 ≡ | [ν] , 1 [ν1] [ν2]
m1 1 〉 =

√
15
8 |

1 4 6 8
2 5 7 10
3 9 11
〉+ 5

8| 1 4 6 9
2 5 7 10
3 8 11
〉− √5

8 |
1 4 6 8
2 5 7 11
3 9 10
〉

− 5
8
√

3
| 1 4 6 9

2 5 7 11
3 8 10
〉+ 1√

6
| 1 4 6 10

2 5 7 11
3 8 9
〉.

(G.8)

The coefficients in this expression are the SDCs. Notice in particular that the coeffi-
cient of the first SYT in the expansion is chosen positive to satisfy the overall phase
convention.

We can now compute the SDCs associated to the other SYTs for the irrep [ν2].

Let us consider the second SYT (in ascending order of the LLOS) m2 = 2. We first find
the sequence of permutations which brings Y [ν2]

1 onto Y [ν2]
m2=2:

Y
[ν2]

1 =
1 2
3
4

(2,3)−→
1 3
2
4

= Y
[ν2]
m2=2. (G.9)

The axial distance from 2 to 3 in the SYT Y
[ν2]

1 being +2 we obtain, using the Young
rules in Eq. (3.17),

P2,3| 1 2
3
4
〉 = −1

2|
1 2
3
4
〉+

√
3

2 |
1 3
2
4
〉. (G.10)

One then defines the operator T2 ∈ Sn2(1, ..., n2) as

T2 =
P2,3 + 1

2√
3/2

(G.11)

which is such that

|Y [ν2]
m2=2〉 = | 1 3

2
4
〉 = T2| 1 2

3
4
〉 = T2 |Y [ν2]

1 〉 . (G.12)

Now we apply on the state |Φ1〉 the operator T ′2 ∈ Sn2(n1 + 1, ..., n) obtained from
T2 by transforming the permutation Pi,j acting in Sn2(1, ..., n2) onto the permutation
Pi+n1,j+n1 acting on the irrep [ν]. This defines the state |Φ2〉 which will contain the

SDCs associated to Y [ν2]
m2=2,

|Φ2〉 = T ′2 |Φ1〉 =
P9,10 + 1

2√
3/2

|Φ1〉 . (G.13)
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Appendix G. Example of calculation of subduction coefficients

Using again the Young rules to extract the action ofP9,10 in the Yamanouchi basis |Y [ν]
m 〉

we finally obtain

|Φ2〉 ≡ | [ν] , 1 [ν1] [ν2]
m1 2 〉 = 1

3

√
5
2|

1 4 6 8
2 5 7 9
3 1011
〉+ 5

√
5

24 |
1 4 6 8
2 5 7 10
3 9 11
〉− 5

8
√

3
| 1 4 6 9

2 5 7 10
3 8 11
〉

−
√

15
8 |

1 4 6 8
2 5 7 11
3 9 10
〉+ 3

8|
1 4 6 9
2 5 7 11
3 8 10
〉.

(G.14)

Finally let us consider the last SYT Y [ν2]
m2=3. The sequence of operations which transforms

Y
[ν2]

1 onto this SYT is

Y
[ν2]

1 =
1 2
3
4

(2,3)−→
1 3
2
4

(3,4)−→
1 4
2
3

= Y
[ν2]
m2=3. (G.15)

We then define the operator

T2 =
P3,4 + 1

3√
8/3

P2,3 + 1
2√

3/2
(G.16)

which is such that

|Y [ν2]
m2=3〉 = | 1 4

2
3
〉 = T2| 1 2

3
4
〉 = T2 |Y [ν2]

1 〉 . (G.17)

Defining T ′2 as

T ′2 =
P10,11 + 1

3√
8/3

P9,10 + 1
2√

3/2
(G.18)

one gets

|Φ3〉 ≡ | [ν] , 1 [ν1] [ν2]
m1 3 〉 = T ′2 |Φ1〉

=
√

5
3 |

1 4 6 8
2 5 7 9
3 1011
〉− 1

3

√
5
2|

1 4 6 8
2 5 7 10
3 9 11
〉+ 1√

6
| 1 4 6 9

2 5 7 10
3 8 11
〉. (G.19)

The method presented above for the calculation of the SDCs, although being con-
venient because extremely simple, is not ideal in actual calculations when the total
number n of boxes increases. Indeed, the number of SYTs for the irrep [ν] compatible
with the irrep [ν1] increases dangerously with n and n2. Thus it becomes more and
more difficult to build the operator O in Eq. (G.7), and to extract its kernel. To over-
come this issue, a “shortcut” has been devised in Ref. [89]. Instead of seeing [ν2] as a
tensor product of fundamental irreps one interprets the irrep [ν2] as being obtained
from the tensor product of fully antisymmetric irreps. Actually, one can also interpret
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it as being obtained from a tensor product of fully symmetric irreps. This trick allows
us to drastically reduce the algorithmic complexity and it is absolutely necessary to
implement it when SDCs for bigger irreps need to be computed. We shall not repeat
here the details of the procedure as it can straightforwardly be obtained from the
development above and following Ref. [89].
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H Example of calculation of a re-
duced matrix element

In this appendix we illustrate the procedure to compute the SU(3) reduced matrix
element of the interaction

〈 [γ] , [χ3] [χ4]
l3 l4
|H(L+1,L+2)| [γ] , [χ1] [χ2]

l1 l2
〉 (H.1)

when
([χ1], l1) = × ×

× , ([χ2], l2) = × ×
× , (H.2)

([χ3], l3) =
×

×
×

, ([χ4], l4) =
×

×
×

(H.3)

and the global singlet irrep

[γ] = . (H.4)

This example was provided in Ref. [57]. We give here a number of additional details on
this calculation.

We will show that

〈 [γ] , [χ3] [χ4]
l3 l4
|H(L+1,L+2)| [γ] , [χ1] [χ2]

l1 l2
〉 = 2

√
6

5 . (H.5)

The multiplicity index τ takes a single value τ = 1 because the target irrep [γ] appears
only once in the tensor products [χ1]⊗ [χ2] and [χ3]⊗ [χ4], and is thus ignored in the
basis elements of the non-standard basis.
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Appendix H. Example of calculation of a reduced matrix element

First, we proceed to the following replacements

([χ1], l1) = × ×
× −→ 4 5

6 −→ 1 2 4 5
3 6 =: Y [χ1]

m1(l1), (H.6)

and
([χ2], l2) = × ×

× −→ 4 5
6 −→ 1 2 4 5

3 6 =: Y [χ2]
m2(l2). (H.7)

Solving the CSCO we obtain that the ket is expressed with a single term,

| [γ] , [χ1] [χ2]
l1 l2
〉 = | 1 2 4 5

3 6 7 10
8 9 1112
〉 ≡ | 〉. (H.8)

We have of course dealt with the Yamanouchi relative phase since Y [χ2]
m2(l2) is not the first

SYT in the LLOS for the shape [χ2].

The Young tableau in the middle of Eq. (H.8) is the representative of the equivalence
class given in the right. In other words, it is a representative of a state satisfying the
local symmetry at sites L+ 1 and L+ 2. In order not to confuse it with a Yamanouchi
basis vector, we should use the Young diagram (not the Young tableau) with the color
scheme to denote this state. The colors allow us to keep track of the positions of the
particles at sites L+ 1 and L+ 2. Notice that in general, in Eq. (H.8) we would obtain a
linear combination of representatives of equivalence classes. One must now rewrite
Eq. (H.8) in the Yamanouchi basis. This is easily done using Ref. [87]. We obtain

| [γ] , [χ1] [χ2]
l1 l2
〉 = | 〉

= 1
9 |

1 2 4 5
3 6 7 10
8 9 1112
〉+

√
2

9 |
1 2 4 6
3 5 7 10
8 9 1112
〉+ 1

3

√
2
3 |

1 2 5 6
3 4 7 10
8 9 1112
〉

+
√

2
9 |

1 2 4 5
3 6 8 10
7 9 1112
〉+ 2

9 |
1 2 4 6
3 5 8 10
7 9 1112
〉+ 2

3
√

3
| 1 2 5 6

3 4 8 10
7 9 1112
〉

+ 1
3

√
2
3 |

1 2 4 5
3 6 9 10
7 8 1112
〉+ 2

3
√

3
| 1 2 4 6

3 5 9 10
7 8 1112
〉+ 2

3 |
1 2 5 6
3 4 9 10
7 8 1112
〉.

(H.9)

We can now apply the interactionH(L+1,L+2) on this expansion using the Young rules
(in the right-hand side of the following equation, each SYT should be written in a ket;
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we omit the ket to lighten the notation)

H(L+1,L+2)| [γ] , [χ1] [χ2]
l1 l2
〉 =

− 1
45

1 2 4 5
3 6 7 10
8 9 1112

−
√

2
45

1 2 4 5
3 6 8 10
7 9 1112

− 1
15

√
2
3

1 2 4 5
3 6 9 10
7 8 1112

−
√

2
45

1 2 4 6
3 5 7 10
8 9 1112

− 2
45

1 2 4 6
3 5 8 10
7 9 1112

− 2
15
√

3
1 2 4 6
3 5 9 10
7 8 1112

− 1
15

√
2
3

1 2 5 6
3 4 7 10
8 9 1112

− 2
15
√

3
1 2 5 6
3 4 8 10
7 9 1112

− 2
15

1 2 5 6
3 4 9 10
7 8 1112

+ 1
40

√
3
2

1 2 4 7
3 5 8 10
6 9 1112

+ 3
40
√

2
1 2 4 7
3 5 9 10
6 8 1112

+ 3
40
√

2
1 2 4 8
3 5 7 10
6 9 1112

+1
8

√
3
10

1 2 4 9
3 5 7 10
6 8 1112

+ 1
8

√
3
10

1 2 4 8
3 5 9 10
6 7 1112

+ 3
8
√

10
1 2 4 9
3 5 8 10
6 7 1112

+ 3
40
√

2
1 2 4 7
3 6 8 10
5 9 1112

+ 3
40

√
3
2

1 2 4 7
3 6 9 10
5 8 1112

+ 3
40

√
3
2

1 2 4 8
3 6 7 10
5 9 1112

+ 3
8
√

10
1 2 4 9
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(H.10)

We have clustered the SYTs into two groups. The first 9 SYTs obviously belong to the
equivalence class that we have already encountered,

(H.11)
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while the 36 last SYTs belong to another equivalence class,

. (H.12)

Looking at Eq. (H.9) (or performing the change of basis explicitly) one rewrites Eq. (H.10)
as

H(L+1,L+2)| [γ] , [χ1] [χ2]
l1 l2
〉 = −1

5 | 〉+ 2
√

6
5 | 〉. (H.13)

Now we look at the bra in Eq. (H.1). We proceed to the following replacement

([χ3], l3) = ×
×

×
−→ 4

5
6

−→ 1 2 4
3 5
6

=: Y [χ3]
m3(l3), (H.14)

and
([χ4], l4) = ×

×
×

−→ 4
5

6
−→ 1 2 4

3 5
6

=: Y [χ4]
m4(l4). (H.15)

Solving the CSCO we get that the bra is expanded in terms of a single state

〈 [γ] , [χ3] [χ4]
l3 l4
| = 〈 |. (H.16)

One can now compute the overlap between Eq. (H.13) and (H.16)

〈 [γ] , [χ3] [χ4]
l3 l4
|H(L+1,L+2)| [γ] , [χ1] [χ2]

l1 l2
〉 = 2

√
6

5 . (H.17)

We shall note now that this matrix element will occur when the chain length Ns =
2(L + 1) satisfies L = 3q + 1 where q is any positive integer. Thus, once the number
of irreps M has been fixed, there is a finite number of reduced matrix elements to
compute.
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