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norm states; in particular, the O(n) currents belong to a staggered logarithmic multiplet.
Using a conformal bootstrap approach we trace how the negative norm states decouple at
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RG flow without tuning. Besides, we observe logarithmic correlators in the closely related
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1 Introduction

The critical O(n) model is one of the best studied examples of fixed points both in condensed
matter and high energy physics, and yet it keeps supplying us with new ideas. Our own
interest in these theories is triggered by the fact that, for some range of n, they give rise to
a family of strongly coupled Conformal Field Theories (CFTs), and as such they provide an
example of a line of fixed points parametrized by n. In this work we will focus on the two-
dimensional case, where such ‘conformal window’ spans the range —2 < n < 2. Interesting
Renormalization Group (RG) phenomena tend to happen in such situations, which are
expected to be quite generic and independent of the details of the microscopic theory.

The physics outside the conformal window is also interesting in its own right. In
particular, slightly ‘above’ the window, for n 2 2, one expects to find complex fixed points
and walking RG behavior, see [1, 2] and references therein for the detailed discussion. In
this paper, however, we will mostly study the theory in the conformal window, with special
interest for its upper end, n < 2. It turns out that a detailed study of this regime also reveals
a plethora of curious RG effects. For example, we will find that the two-dimensional O(n)
model is a logarithmic CFT at any point inside the conformal window, while for positive
integer values of n logarithmic multiplets recombine in a cumbersome way in order to form
a unitary non-logarithmic (ordinary) subsector. In case of n = 1 this subsector is just the
critical Ising model, while for n = 2 it is the Kosterlitz-Thouless fixed point [3, 4]. Before
we dive into the technical discussion of these effects, let us start with a brief introduction
into what is already known about the O(n) model.

First of all, let us remind the reader what is meant by the continuous-n O(n) model. In-
deed, for a person familiar with this model as a system of O(n) spins placed on some lattice,
or maybe a theory of O(n)-symmetric scalar fields, our claims may already appear strange.
Let’s start by a definition of the model as a spin system which works for integer n. Consider
a maximum degree three lattice (for example a honeycomb lattice), with a spin S;, which is
a n dimensional vector of unit norm, on every site coupled with the following Hamiltonian:

BH =—-> log(1+KS;-S;), (1.1)
(,9)
where (7, j) indicates nearest neighbor sites, and K is some coupling constant.
The spin partition function is

Zpins = / (H de> e PH :/ (H de> [[a+ks:-s;) (1.2)
z z (i,5)

and, by expanding the right hand side and doing the integral, it can be written as a loop
model (this was originally done in [5]; see for example [6] or section 7.4.6 of [7] for more

explanations)
Zloops — Z ¢ Miinks gy Noops , (1'3)

loops

where the sum goes over all possible configurations of self and mutually avoiding closed
loops on the lattice, Nk is the total number of links in all loops, and Njgps is the number
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Figure 1. A loop configuration on the honeycomb lattice. In this example we have Njpns = 40
and Nigops = 3.

of loops in a configuration. Here n is just a parameter which can take any real value, in
particular, the case n = 0, corresponds to self-avoiding random walks [8]. Moreover, as
was understood only very recently, so-defined loop model possesses a continuous-n O(n)
well-defined categorical symmetry [9], so it indeed can, with full honesty, be called an O(n)
model for any n. Importantly, n doesn’t run with the RG [9] and hence is a parameter of
the theory, not a coupling, and choice of lattice is not important for the presence of O(n)
Symmetry.

We can recover the spin formulation operators in the loop formulation by introducing
points at which a line of links can end, or by imposing some other geometrical constraints on
the loops [10, 11]. To give an example, the probability of spins S, and S, being correlated
in the spin formulation is related to the expectation value of a line of links starting at point
z and ending in y in the loop formulation. These lattice constructions are very interesting,
but they will not play a big role in our current investigation and we proceed to review the
continuum limit of these loop models.

It is well known that in 2d for some range of n and for a tuned value of K,' (1.3) has a
continuum limit which gives rise to a CF'T. The 2d loop model is equivalent to a solid-on-
solid model, which, in turn, at criticality renormalizes to a gaussian scalar field [14]. Thus,
for example, the torus partition function of the theory, and hence the operator content, is
known exactly for any n in the conformal window. This analysis (as well as Monte-Carlo
simulations [15]) reveals that in fact there are actually two O(n) fixed points, usually called
critical and low-temperature (low-T) fixed points.? As was first described in [19], at the up-
per end of the conformal window, n = 2, they merge and annihilate, in agreement with the
general fixed-point annihilation picture advocated in [1, 20]. The above-described lattice
construction assures that this picture is not just a formal analytic continuation in n, but for
any n the O(n) CFT arises as an IR limit of a loop model. Note that degree three lattices
also exist in 3 dimensions and corresponding loop models can also be constructed [21]. This
can be used to justify analytic continuation in n also of the 3d critical O(n) model.?

!The critical value of K on a honeycomb lattice is known exactly [12] and rigorously [13] to be K. =
2+v2—n)""%

2The loop model we describe here has another fixed point, namely the 7' = 0 fixed point described by
fully packed loops [16-18]. We will not consider this fixed point in our analysis.

3The more complicated case of the 3d cubic lattice can be found in [22].



There is also an RG flow from the critical to the low-temperature phase, meaning that
if we start from the critical point and we lower the temperature by a bit, we will flow to
a non-trivial CF'T in the IR, rather than a gapped phase. We will study this flow when it
becomes perturbative, for n < 2. Harmless as it seems, this RG flow is quite unusual. In
fact we will find that an IR fixed point contains a relevant singlet operator, so one would
expect that in order to approach it some relevant singlet should be tuned to zero in the
UV fixed point. However, the only relevant operator in the critical O(n) model is the
energy, which we do not tune. Instead the singlet which is relevant in the IR is irrelevant
in the UV.* This phenomena was discovered in the context of loop models in [23], where
it was pointed out that the IR phase of the O(n) models depends on the presence of loop
crossings. On the honeycomb lattice loop crossings are absent and the low-T fixed point is
achieved without tuning. In spite of this, we do not find any additional symmetry in the
CFTs that could correspond to the absence of crossing. In more phenomenological terms,
there is a hierarchy problem in the d = 2 O(n) model, which is resolved without tuning.
We will discuss this puzzle further in section 9.1.

In the bulk of this paper we study the critical fixed point for a generic value of n,
but with the aim of taking the n — 2 limit. The theory at generic n is known to be non-
unitary and contains an infinite set of primary operators, so unlike minimal models it is not
solved exactly, even though some quantities, like the dimensions of operators, are known
analytically for any n. It turns out, however, that even the two-point functions of primary
operators in this theory are not immediately determined from this spectrum. Indeed, in
ordinary CFTs, given the scaling dimension and spin of an operator, two-point correlation
functions are uniquely fixed by conformal invariance; however, as we already mentioned,
the O(n) model is a logarithmic CFT (logCFT). This implies that its correlation functions
depend on logarithms of distances that, even at the level of two-point functions, can take
one of many forms. As Cardy explained in [24], the n = 0 theory is generically logarithmic.
He also studied the O(n) model for other integer values of n (and in any dimension) [25]
and showed that certain operators also become logarithmic and their two-point functions
do not have a simple power-law form. In 2d it was proven in [26] that the O(n) model is
logarithmic for a discrete infinite set of n’s — those for which the central charge coincides
with that of unitary minimal models. What we will find is that, in addition to logarithmic
operators identified in the above papers, in two dimensions the model contains logarithmic
operators for any value of n. In particular, we will see that even the conserved O(n) current
is a part of the logarithmic multiplet.

Since logarithmic operators are often thought as a result of tuning (more on this in
section 5.1), their presence for a generic value of the model’s only parameter n may appear
surprising. At the moment, we do not understand an underlying physical reason for appear-
ance of logarithmic correlators; however, we would like to point out that similar situations
have been recently observed in high energy physics. An example that appears closest in the
spirit, is the worldsheet theory of strings propagating on a Zx orbifold [27]. As was shown

4Sometimes such operators are called “dangerously irrelevant”, although this term has several other
meanings as well.



in [28], analytic continuation of the annulus partition function in NN reveals the presence of
logarithmic operators in this theory for generic N.5 Similarly to what happens in the O(n)
model, when N — 1 the worldsheet CFT must become unitary, and consequently logarith-
mic operators should decouple. Another known family of logarithmic theories is provided
by the Fishnet theories [30]. It appears, however, that the nature of these theories is quite
different because the Fishnet CFT is complex, while the O(n) models that we study here
are non-unitary but real theories (see [1] for the distinction between the two). Finally, let
us mention that 2d @-states Potts model, which has many similarities in structure with
the O(n) model, also turns out to be a logarithmic theory for a generic value of Q). We
will provide some details related to logarithmic properties of this model in section 8.

Part of our motivation for studying the n < 2 critical O(n) CFT is that for n > 2
this CFT becomes complex and, as explained in [1, 2], controls the walking RG behavior
of a unitary massive theory for integer n = 2. This type of RG flows is of interest for
particle physics because they provide a natural way to generate a hierarchy of scales, and
at the same time they control weakly-first-order phase transitions [31] in certain condensed
matter systems. The n > 2 CFT can be obtained from the better understood n < 2 case
by analytic continuation in n, and, consequently, the study of singularities present in the
theory for n — 2, to which much of this paper is dedicated, is essential for performing this
continuation. In this paper we will touch upon the n 2 2 theory only briefly, deferring the
detailed study to a future publication. Our preliminary investigation suggests a possible
relation between these complex CFTs and periodic S-matrices recently discussed in the
context of the S-matrix bootstrap program [32, 33].

The outline of this paper is as follows. In section 2 we briefly introduce the main fea-
tures of logCFTs. Section 3 summarizes the results of [14] about the spectrum of the critical
O(n) model. These are used in section 4, where we impose crossing symmetry in order to fix
some of the OPE coefficients and four point functions of the theory, finding in the process
the smoking gun that proves that the critical theory is logarithmic. Section 5 is dedicated
to structures of logarithmic multiplets; in particular, we have several non rigorous examples
that helped us build intuition about them in subsection 5.1, which might be skipped by a
reader well acquainted with the topic. The RG flow that connects the critical fixed point to
the low-temperature fixed point is studied in 6 in its perturbative regime, n < 2. We check
in several cases that the conformal data for the critical fixed point, together with the rules
of conformal perturbation theory, reproduce the correct spectrum for the low-temperature
fixed point. In section 7 we show how logarithmic operators decouple and one recovers a
unitary subsector of the theory when we take the limit n — 2. Finally, we mention that
also the two-dimensional critical Potts model is logarithmic in section 8 and we recap and
address some open questions in 9. In particular, in section 9.1 we discuss the puzzles related
to the singlet operator relevant in the low-T fixed point, and in 9.2 the n > 2 regime.

®In the case of the O(n) model calculation of the annulus partition function, which was done in [29],
does not show logarithmic operators because all of them transform in non-trivial representations of O(n)
and have zero matrix elements with the boundary state picked in [29]. Torus partition function, instead,
contains these operators but does not exhibit any power-law features due to their logarithmic nature.



We summarize our main results here:

e The critical O(n) model and the low temperature fixed points are logarithmic CFTs
for any value of n in the range —2 < n < 2. This also applies to the two-dimensional
critical Potts model at generic values of @ for 0 < @ < 4.

e The currents are part of a logarithmic staggered module. This implies that, at generic
n, we don’t have factorization into holomorphic and antiholomorphic currents and
there is no enhancement of the symmetry, O(n) 4 O(n)r, x O(n)g.

e When we take the n — 2 limit, we recover a unitary subsector of the theory, whose
correlation functions are reflection positive and have no logarithms. This is a result
of highly non-trivial cancellations between operators.

2 Logarithmic CFTs recap

Let us very briefly mention some properties of logarithmic CFTs that will be most rele-
vant for our discussion. The field of logarithmic CFTs is significantly less developed than
that of ordinary CFTs, however, it is still contains many more results than we can quote
here. A very nice review is [34] and several original papers that were very useful for us
include [35-38].

A logCFT is a CFT where the action of the dilatation operator D cannot be diago-
nalized but can only be put into a Jordan block form. The simplest logarithmic multiplet
of dimension A consists of two fields A and B, of dimension A, which under dilatations

°(3)-(03)(5) o

In some appropriate normalization, the two fields have the following two point functions

transform as

among themselves:

o T 2,2
(A(@)A0)) = lg&’j)
(B(x) A(0)) = —‘xfm , (22)

(B(z)B(0)) = 0.

with 8 a constant to be determined. As it will be clear later, the operator B forms
an invariant submodule under the action of not only the dilation operator, but the whole
conformal group (or Virasoro group in the case of two dimensions), so the multiplet formed
by A and B is reducible. However, since we cannot write this as direct sum of invariant
submodules, it is also indecomposable [39]. Note also the appearance of the scale under
the log. This scale also cannot be removed, but it doesn’t have any physical meaning
because change in this scale can always be compensated by redefinition of A — A + aB,
which leaves (2.1) invariant. The two point functions (2.2) are left invariant under such
a transformation, and the same can be argued for higher point functions (section 2.6



of [34]). Because of this, logarithmic fields are well-defined operators, unlike for example
free massless bosons in 2d which also have logarithms in their two-point functions.

The structure of (2.1) can be generalized to the case where we have more than two
fields that transform in the same Jordan block; the size of the Jordan block is called rank of
the logarithmic multiplet. In the operators of the O(n) model that we’ve considered, we’ve
only encountered rank 2 logarithmic multiplets, so we focus on this case. To guide the
reader we will always denote by B the operator which has a vanishing two-point function
and by A the operator with the purely logarithmic two-point function.

The logarithmic multiplets we will encounter will not be the simplest possible ones; the
basic structure (2.1) will be the same, but the action of special conformal transformation
on A and B will be non trivial. The kind of logarithmic multiplets we will face are called
staggered modules, and a lot will be said about them in section 5. We will have to invoke
some guesswork (compensated by multiple cross-checks) to determine their structure. Some
amount of intuition about logarithmic multiplets can be gained from logarithmic free field
theories, see for example [40], as well as taking some limits of ordinary CFTs a la Cardy [25].

A fundamental property of logCFTs is non-unitarity. This can be seen, for example,
by computing the norm of states A and B in (2.1), and see that the Gram matrix has a
negative eigenvalue [34]. One can also think of a non-diagonalizable dilatation operator
as a non-diagonalizable Hamiltonian in radial quantization, which therefore cannot be
hermitian. One of the main topics we will address in this work is how these negative norm
states drop out of a sector of the theory when we need to recover a unitary theory for
n — 2, see section 7. We expect this mechanism to be rather generic. In particular, it
should operate in the critical model for n — 1.

3 Operator content of the 2d O(n) model

Let us start with describing the spectrum of operators present in the critical and low-T
O(n) models. For this purpose we can use the partition function on the torus, which was
calculated in [14] with the use of the Coulomb gas formalism. This discussion is very
similar to that in the Potts model, which we reviewed in some detail in [2], so we will be

2mwiT

brief here. As usual, let us parametrize the torus by g = e and q. Then the spectrum

can be read off from the expansion of the partion function in ¢ and ¢:

Zowmy = (qq) 21 Tr g0 gh. (3.1)

To summarize the result of [14] we need to introduce several quantities. First, we define
the coupling g,°

g = arccos (g) , (3.2)

where g € [1,2] and g € [0, 1] for critical and low-T theories correspondingly. In terms of
g the background charge eg is given by

eg=9g—1 (3.3)

6Since the theory is gaussian, the ‘coupling’ is really related to the radius of the free boson.
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Figure 2. Dimensions and multiplicities of light scalar operators as functions of n in the critical
(left) and low-T fixed points (right).

and the central charge of the O(n) CFTs reads

_676(2):1_6M_
g 9

c=1 (3.4)

Finally, we will need the weights =, Z, which are labeled by electric and magnetic charges

Tom: Fom — i(e/\/g + myg)2 (3.5)

In terms of these quantities, the expansion of the partition function reads [14]

o0

ZO(n) — i_ Z(qq)$50+gp,0 + i_ Z A(M, N) Z q$2P/N,M/2(752P/N,]VI/2' (3.6)
M pez m M,N=1 Pcz
N divides M PAN=1

Coefficients A(M, N) depend only on n and their definition is given in eq. (3.24) of [14].7

Note that nothing in (3.6) suggests anything about the logarithmicity of the theory,
but this should not be expected. Because of the trace, the torus partition function is not
sensible to off diagonal terms in the dilatation operator. One could hope to see signs of
logarithmicity by computing some twisted torus partition function or the cylinder partition
function with non-singlet boundary states.

For now we ignore the subtleties associated with the presence of logarithmic operators,
as well as of degenerate fields, which make distinction between primary and descendant
operators somewhat complicated. In general, we may expect that terms g%m g®em appearing
in the expansion will correspond to primaries, which we will denote as O ,,,. Dimensions
of those operators read

c—1

hzxem""ﬂ’ Bzfem"i‘

c—1
24

(3.7)

Here e and m are either rational numbers (for operators coming from the second term in
Zo(n)), or € = eg + 2P, with P € Z (the first term in Zp(,)).

For an illustration, we plot dimensions of the leading (for n < 2) scalar operators as
a function of n, and indicate their multiplicities, on figure 2. Non-trivial multiplicities

"An alternative way of computing these coefficients is presented in [41].



indicate that at least some of the operators with corresponding dimensions transform non-
trivially under O(n). In fact, as conjectured in [2] and proven in [9], O(n) symmetry
requires that all multiplicities correspond to dimensions of representations of O(n), not
necessarily irreducible.® Let us discuss this figure in some details. First, we identify the
energy operator ¢, indicated in green, which is the only relevant singlet at the critical fixed
point. It is irrelevant in the low-T theory and it corresponds to Oy, with e = ¢y — 2 and
m = 0. This operator will play a major role in our analysis. The most relevant operator in
both models is the spin operator o (e = 0, m = 1/2), with multiplicity n, which corresponds
to the vector representation of O(n). Note that in both models there are n(n — 1) marginal
scalar operators for any n. As we will see later, these is a pair of adjoint fields, related to
the conserved O(n) currents. These operators are not regular primaries.

Since ¢ is the only relevant singlet operator in the critical model, it should trigger
the RG flow to the low-T fixed point. Under this flow a set of operators denoted in blue
in figure 2 transitions from being irrelevant to being relevant. It is thus important to
determine whether any of these operators are singlets. This cannot be concluded just from
the multiplicity, as the decomposition into irreducible representations is far from unique.
However, by studying the n — 2 limit of the theory we will prove that exactly one of these
operators is actually a singlet. This is the “dangerously relevant” operator, mentioned
in the introduction and which properties we discuss in section 9.1. We note that equal
number of relevant singlet operators in the IR and UV fixed points is unusual from the
Morse theory viewpoint on the RG flows [42].

Other operators will also play a role in our discussion. Note that all operator dimen-
sions in two models merge at n — 2. In fact the operator dimensions in two theories go
into each other upon analytic continuation around n = 2.

4 OPE coefficients from crossing

Knowledge of the torus partition function gives us access to the spectrum of local operators
in the theory, but tells us nothing about OPE coeflicients. In this section, we will be using
crossing symmetry of several four point functions to get some of the OPE coefficients. We
will need these OPE coefficients in order to study the RG flow from the critical to the
low-T fixed point to lowest order in 2 — n, as well as to study the n — 2 recombination,
and, in principle, the n > 2 regime.

Another reason for studying four point functions of the theory is that it gives more
detailed information about the transformation properties of operators rather than the par-
tition function. Normally we are interested in the primaries of the theory, so what we should
do is expand the partition function in characters, rather than just in ¢ and g. However,
in a non-unitary theory operators can behave in a wilder way. For example, consider the
marginal operators indicated in orange in figure 2. In an unitary theory we would conclude
that these operators are primaries, since they cannot be descendants of the currents or of
the identity. By studying correlation functions of J and e, we will see instead that half of

8Tt implies that coefficients with which dimensions of irreducible representations appear are positive
n-independent integers.



these operators are descendants of the currents and have zero norm, while the other half
are neither primaries nor descendants; together they form a logarithmic multiplet.
We will work to lowest order in conformal perturbation theory in an expansion in 2 —n.
We will focus on the critical theory, although a very similar analysis can be performed for
the low-T theory. It will be convenient to use the parameter
0

m(n) = my (4.1)

for which the limit n — 2 corresponds to m — co, m ~ —Z=

V2—n
the counting parameter for minimal models: for example, the central charge of the critical

. This parameter reminds of

theory is now given by ¢ = 1 — which is the same relation that holds for the

)
M m+1 minimal models. While in unitary minimal models m only takes integer values,
here it takes continuous values in the range (1,00). Unlike the unitary minimal models,
O(n) CFT is not rational, that is it has infinitely many primary fields. Nevertheless, some
operators present in the O(n) theory are also present in the minimal models and some
properties carry over. For example, there are fields that are degenerate for any n, which
includes, in particular, the energy operator €. In this regard the situation is somewhat
similar to what happens in generalized minimal models [43], however, in our case the
theory is non-diagonal because we have primaries with spin. As we already explained in
the introduction, our theory has a microscopic formulation for any n, so the corresponding
CFT is not just a formal analytic continuation from integer m’s.

The main feature we will use is that the energy operator ¢ is degenerate and has a null
descendant. Following the seminal work of [44], this means that correlators of ¢ satisfy a
differential equation. Imposing this and crossing symmetry, we will be able to fix many of
the OPE coefficients we're interested in. Indeed, using (3.7) and (4.1) we see that h. = h; 3,
where we have defined the usual

b ((m+1)r—ms)?—1
nee dm(m +1)
An operator whose dimension is h, s for r,s € N has a zero-norm descendant at level rs.

(4.2)

However, since we are in a non-unitary theory, we need to make a distinction between
zero-norm states and null states. By zero-norm operator we mean an operator which has
zero two-point function with itself, while by null we mean an operator who, when inserted
in any n-point function, always gives zero. In unitary theories, a zero-norm vector must
also be null. The requirement of having strictly positive norms means that if we have a
zero-norm operator, we need to mod it out of the theory; we can do this consistently only if
any correlation function in which this operator is inserted is zero. In a non-unitary theory,
however, we can have zero-norm vectors which are not null; in our case, the simplest
example is operator B in (2.2), for which (BB) = 0 but (AB) # 0. Concerning the
energy operator, therefore, having h. = hy 3 by itself only guarantees that a descendant is
zero norm; we’d like to show that this descendant is actually null and therefore that the
correlation functions of ¢ satisfy some useful differential equation.

We will use our only tool so far, the torus partition function, to settle this question.
Our assumption is that, while zero-norm operators generically appear in the partition

~10 -



function, if an operator does not appear in the partition function for any n, it is not

present in the theory. So we expand the partition function and count how many terms
~ ghe—c/2Aghe+3—c/24

clude that one of the level three descendant of € is null. The situation is just a bit more

we have. If we were to find that the answer is two, we would con-

complicated, but the conclusion remains the same.

We find in fact that there are 3-+A(2,2) = 2—1—@ operators of dimension (he, h-+3).
This is the only decomposition of this multiplicity in terms of irreps of O(n) with non-
negative and n independent coefficients, property which is required by the categorical
O(n) symmetry [9]. Since we only have two operators with weight (he, he +2), which is the
right number of level-two primaries of £, we conclude that, at (he, he + 3), we have @
primaries, transforming in the antisymmetric of O(n), and two descendants of . One of
its level three descendant does not appear, and we conclude that it’s null.

One can check explicitly that this null descendant is

2(m+1) (m+1)2% 4
Loy 2T p o, T 8 )e=0 4.3
( 3T Bmtl 2 i Bm ) ¢ (43)

This means that correlators involving an insertion of the operator € satisfy the differential
equation [44]

m m 2
(L;p—ﬁm::?ﬁ]ET+2;@;£inﬁig(d@¢ﬁmy.¢m@@>:0 (4.4)

where

" [ (k—1)h; 1
Lot = Z <((Zz - 2)’“ B (2; — z)k—1 azi) ) (4.5)

i=1
Another reason for studying correlation functions of the operators ¢ is that, as already
mentioned, under perturbations by &, the critical point can flow to a IR low-temperature
fixed point. The flow is perturbative for n < 2, and in section 6 we will check that
the conformal data we have for the two fixed points agrees with conformal perturbation
theory. In order to do so, we need OPE coeflicients of operators with € at n = 2. We refer
to section 6 for the details.

4.1 The energy operator 4pt function

Let’s start by considering the correlator (eeee), and, for the moment, let’s focus on the
holomorphic dependence only.

1
R — 4.6
((ee()e(@)elo) = g f2), (4.6)
where z;; = z; — 2z, and z is the usual cross ratio
p = 12784 (4.7)
213224

Acting with the differential operator (4.3) on one of the operator insertions, we obtain the
following third order differential equation for f(z)

f"(2) + ea(2) 1" (2) + e1(2) f'(2) + co(2) f(2) = 0 (4.8)
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where the coefficients are explicitly given by

4(m —1)°m(z — 2)
(m+1)3(z—1)32
_2(m*4+m—06)z+2(m(3—2m)+3)z* —6m+6
alz) = (m+1)%(z —1)222 (4.9)
2((m+3)z+m —3)

(m+1)(z—1)z

co(z) =

co(z) =

We are after the Virasoro blocks of the operators exchanged in this four point function,
which are solutions to the differential equation (4.8).° For generic values of m, we cannot
find solutions to (4.8) in closed form. It will be enough to find the Virasoro blocks approx-
imately as a series expansion in z, by keeping a finite number of terms. We will see later
that in the m — oo limit (n — 2) we are able to solve the differential equation exactly.

The Virasoro block corresponding to the exchange of an operator ¢ with holomorphic
weight hy behaves as

Vy(z) = 2" Z ", co=1. (4.10)

n=0
We look for solutions to (4.8) who behave as /¢ for small z. Solving the indicial equation,
hz’,(m +1)% + hi (=5m?* — 2m + 3) + hy (4m® —6m +2) =0 (4.11)

we see that the allowed values of hyg are 0, he and h.r = hy 5. This is to be expected, as the
fusion of two operators with dimension h, s, with r, s positive integers, is known [44]. For
generic values of m, these three numbers do not differ by an integer, and it’s straightforward
to identify which solution of the differential equation is the Virasoro block for each operator.
We will see later on that when two roots of the indicial polynomial differ by an integer,
identifying the correct Virasoro block requires more work, and in some case we can obtain
solutions which are not series in 2z, but depend on log z as well.

Since we are looking at a four point function of scalars, the Virasoro blocks are the
same in the holomorphic and in the antiholomorphic channel. Therefore the four point
function in the s-channel will look like

(€(0)e(z, 2)e(1)e(00)) = (25% (Vi(2)Va(2) + AVe(2)Ve(2) + X2 Ver (2)Ver (2)) (4.12)
The primary operators we can exchange are the identity operator, the energy operator itself,
with weight (he, he), and another operator which we call ¢/, with dimension (h./, h.). They
all have spin zero. Notice that, since for generic values of m all the weights of the exchanged
operators differ by numbers which are not integers, we cannot exchange primaries with spin.

Since we are looking at the correlator of four identical operators, the t-channel expan-
sion of the four point function looks the same with z —+ 1 — z and Z — 1 — Z. At this

9Here we are using high energy terminology, which might be unfamiliar to more statistically mechanics
oriented readers: when considering a four point function {(¢1(0)¢2(z, Z)¢3(1)pa(c0)) by exchanged operators
in the s-channel we mean the operators that appear in both the ¢1¢2 and ¢3s¢4 OPE. Exchanged operators
in the t-channel are instead those appearing in both the ¢1¢4 and ¢2¢3 OPE.
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point we impose crossing symmetry in order to fix the OPE coefficients. In practice, for a
given value of m we compute the Virasoro blocks easily to the first few hundred orders in
z and then impose crossing symmetry by requiring that derivatives with respect to z and
Z at the crossing symmetric point z = zZ = 1/2 are the same in the s-channel and t-channel
expansion. This uniquely fixes the OPE coefficients to the usual diagonal minimal model
solution, originally obtained by [45] (see for example appendix A of [46] for more compact
expressions). This is to be expected: our theory is not a minimal model, but the oper-
ator € is part of the Kac table, and all operators exchanged in this correlation functions
are scalars, so crossing symmetry fixes the OPE coefficients to be the same of a diagonal
minimal model. We will see other correlation functions where we can exchange spinning
operators'® and where we cannot use directly results from the diagonal minimal models.
Nevertheless, most of the OPE coefficients we found are related to the minimal model ones
in some way, see appendix A for these relations.

We can also work in the m — oo limit, where the coefficients (4.9) take a simpler form.
We can solve equation (4.8) exactly, but now the roots of the indicial equation differ by
integers (they are 0, he = 1 and ho = 4). Let’s say for example that we are interested in
the Virasoro block of the identity. Requiring this to be have the form (4.10) does not fix the
block uniquely. We have two undetermined constants, which are related to the fact that we
can always add V. and V. to Vq and it will still satisfy (4.10). The way to fix this is to work
out the first coefficients (up to z*) of the identity block using the explicit action of the gener-
ators L_j, see for example formula (6.190) and (6.191) in [7]. Practically, this is quite com-
plicated to do, so it’s simpler to compute the first four coefficient of the identity block for
generic values of m, where h. and h. are not integers and no ambiguity is present, and then
take the limit m — oco. There is only one solution to the differential equations in the m —
oo limit which has this specific small z behavior, and this is the identity Virasoro block.

Explicitly, at n = 2, we have

_ 3—62+922 623+ 24

Valz) = 3(1— 2)2
B z(4—62+422 —23)
Vo(z) = i (4.13)
A
Ver(z) = =

and the OPE coeflicients turn out to be

4 V5
Mece = F— Ao = £22 (4.14)

V3 3
which agrees with the m — oo limit of the diagonal minimal model OPE coefficients.
The plus or minus ambiguity comes from the fact that this specific four point function is
dependent only on the squares of the OPE coefficients. We choose the plus signs, and we
would recover the minus signs by just redefining ¢ — —¢ and &/ — —¢’.

0By spinning operators we mean operators with nonzero spin, h # h.
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Besides working at m = oo, we can also obtain a closed form expression of a few
1
m
we did this to O ( #), and checked agreement with numerical results for large but finite m.

subleading corrections for the correlation functions in a = expansion. In the case of (ecee),

4.2 The spin operator

One of the most important operators of our theory is the spin operator o, and we are after
the A\yoe OPE coefficient. For generic values of n, ¢ is not a degenerate operator,'! but
we will look at the four point function (ooee) and use again the fact that € has a null
descendant at level three for all values of n. The situation here is a bit more complicated
than before because, when we look at (ooee), the s and t-channel expansion correspond to
two different OPEs, but the logic is the same as before.

One complication is that o transforms non-trivially under O(n). For integer n, this is
not a big deal since we can just put corresponding O(n) representation indices and con-
tract them in a necessary way in correlation functions, i.e. (¢%¢®) ~ §%°. For continuous
n such indices do not have a clear meaning. Using category theory, [9] developed a ma-
chinery which allows to deal with operators transforming non-trivially under continuous-n
O(n) symmetry in a rigorous way. In particular, they generalized the notion of operators
transforming in irreducible representations. For most of this work we will deal with cor-
relation functions that have two operators transforming in some irreducible representation
of O(n) and singlet correlators. Thus, independently of the channel in which we look at
the correlator, its categorical symmetry structure is the same and formally factors out in
all our equations. Based on this, in what follows we will simply not write any indices on
the operators. Naturally, we will keep trace of the fact that OPE of a singlet operator
with an operator in some irreducible representation can only produce operators in this
representation. Needless to say, a more detailed study of the continuous n theory would
require more usage of the machinery of [9].

Let’s work first at some generic value of m. In the s-channel, looking again at the

holomorphic part only,

(0(21)0(22)e(23)e(24)) = ﬁfs(@- (4.15)
212 %34

By acting with the differential operator (4.3) on, say, the energy operator at z3, we obtain
a differential equation for fs(z). The roots of its indicial equations are again 0, h. and h..
This was to be expected, since in the s-channel expansion we are doing the OPE between
€ and ¢, and we know this OPE from the previous section,

ere=1+e+¢e. (4.16)

Since the operator ¢ is not degenerate, the OPE o - o can contain, in principle, an infinite
number of primaries, but because of the simplicity of the €-& OPE, we only exchange three
operators in the s-channel.

1YWe have that hg = hm—1 m=+1, so o is degenerate only for odd values of m.
2 2
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In the t-channel expansion, we have

he—h he—h
1 Z34> o € <224> € o
o(z1)o(z9)e(z3)e(24 _— [ — — 1—2). 4.17
(o) eler) = e (2 207 T ha-a). @
and we get a different differential equation for f;(z). The roots of the indicial equation are

hy, hgr = hm S and hyr = hm-1 my1 It’s crucial to notice that h,» — hy = 1 for
2 2

2
all values of m makmg the process of 1dent?fy1ng the correct Virasoro holomorphic blocks
not as straightforward as before. Requiring the V, Virasoro block to be of the form (4.10)
fixes uniquely the corresponding c,,’s; the same works for o”. Getting the right V,: is
more complicated, since again we can always shift V,» by a term proportional to V,» while
preserving (4.10).

At this point, we are forced to look explicitly at the coeflicient of the first subleading
term of the V,,. After doing the computation,'? we find V,/(z) as the unique solution of
the differential equation that, for small z, behaves as

(ha’ +he — h€)2

Vi (z) = 2" |1+ o 24 ... (4.18)

While in the s-channel we cannot exchange spinning primaries, the same isn’t true
in the t-channel. We have to combine the holomorphic and the antiholomorphic blocks
so that we exchange only operators which are present in the theory. From the partition
function we can check that the theory contains, besides the operator o itself, a primary
operator V with dimension A = h,s + h,» = 2h, + 1 and spin 1, but no spinless primaries
with dimension A = 2k, or A = 2h,». We also notice that the multiplicity of V is n, and
is consistent with V being a vector of O(n) and with V' being exchanged in the ¢ - o OPE.
Now we impose crossing symmetry

<U(0)0'(Z, 2)5(1)5<OO)> - (ZZ])-QhU (V]l(z)vjl(z) + )\eae)\o'o'ave<z)va(2) + )\555’ )\aog’vg/(Z)VE/ (2))
1
N ((1—2)(1—2))h5+h Agas

+)\0'8V (V (1 _Z)Vcr”(l _2) +V0”(1 _Z)Vcr’(l _2))

Vo(1=2)Ve(1-2) (4.19)

We should not expect crossing to fix the OPE coefficients to be the same as the diagonal
minimal models, since we are exchanging fields with spin, and indeed it is not the case.'3
We can again do the computation in the m — oo limit, and find that

1 1 1

Moge = ——— 4 A = ————— i Ay =)=+ 4.20
T 8’3 < 24576v/5 oV 3 (420)

12YWe are lucky here because h,» — hy,s = 1. In general, if hy» — hyr = k, we would have to look at

the k-th subleading term in the small z expansion of the conformal block. The explicit computation of
these terms becomes complicated very quickly; for the case at hand formula (6.190) of [7] is enough, but
in general we found the function BlockCoefficient of the Mathematica package [47] useful. Notice that,
in formula (6.190) of [7] we need to put h1 = hs = he and ho = hz = h. because we are looking at the
t-channel expansion while they are doing a s-channel one.

BWe compute the OPE coefficients at several values of m and find that A,,- has a relative minus sign
compared to what one expects in the diagonal minimal models, see appendix A.
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The ambiguity in the last OPE coefficient follows again from the possibility of redefining
V — —V. The explicit formula of the n = 2 correlator is in appendix B.

4.3 The currents

Another important low-lying operator is the current J,,. It is in the adjoint representation
of O(n), as can be seen from its multiplicity n(n — 1)/2, but as indicated above we drop
corresponding indices. Since we will be looking at the four-point functions with two currents
and two singlets there is a unique O(n) tensor structure one can write for any n, and hence
a single function of coordinates which can be associated to this correlator. As always in 2d,
it is convenient to consider separately the components J and J; however, unlike in the usual
unitary theories, these components will not be holomorphic or anti-holomorphic. Instead,
we will find a single linear combination which is conserved. We will start by considering first
the (JJee) four point function. We repeat the by now usual procedure. In the s-channel
we again exchange the identity operator, ¢ and . The only exception is that, since the
operator J has spin, the holomorphic and antiholomorphic blocks are different and satisfy
two separate differential equation. The t-channel expansion, however, is more complicated.

Let’s start by taking the holomorphic differential equation for the t-channel. The roots
of the corresponding indicial equation are 0, 1 and h. 4+ 3. However, we can only find two
independent solutions as power expansions in z, which are V; and Vj_13. The novelty is
that the differential equation admits a logarithmic solution as well, of the form

o0
Vo=1+ Z(cn + dylog2)2" . (4.21)

n=1
Logarithms of the cross ratio appearing in a Virasoro (or conformal) block are related to the
exchange of a logarithmic operator [34, 35]. The same happens for the antiholomorphic
differential equation, whose indicial equation has roots 0, 1 and h.. The corresponding
solution is also of the form (4.21). We have again the ambiguity of identifying what is
the correct Virasoro block Vy, since we can always shift it by Vi, but now that we have
logarithms around, the procedure of finding the correct Virasoro block is more complicated.
The main reason is that, as we will explain in section 5, we can always shift one operator
in the logarithmic multiplet by the other, and different shift will correspond to different
definition of conformal blocks. This is why, for now, we denote a generic logarithmic

solution of the differential equation as 170.

The expansion of the correlator in the t-channel looks generically!'*
-1
Z)e(1 = 4.22
(01, 2)e(V() = e = oy (4.22)

By M we mean some linear combination of the marginal operators A and B, that will be
discussed in section 5.2. The meaning of the “tilde” on Aj.ps is the same as above: this

11t’s good to remember that we are dealing with a non-unitary theory. For example, the OPE coefficient
;7. would have to be zero in a unitary theory, unless h. = 1; this follows from imposing 8J = 0.J = 0.
However, in our case the theory is non unitary and 8J # 0, 9J # 0, and A 7. turns out to be non vanishing.
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quantity changes upon choosing a different solution 170. This ambiguity will be fixed in
section 5.2, while for now it suffices to use the schematic expression (4.22), which contains
the information about the dimensions of the operators exchanged.

In (4.22) we did not include a term VyVy, even though this would naively look fine,
given that it has integer spin. However, this would have terms like log(1 — z)log(1 — 2),
which are not single valued as we send z and z around 1 in opposite directions. We also
remark that in order to have single valuedness, we should be able to write all log terms
as log(1 — 2z)(1 — z). This will not happen for generic values of Ajj. and A; 7., but we see
that crossing naturally fixes these OPE coeflicients to values which make the four point
function single valued. N

Once we made an arbitrary choice for 170 and?o, crossing fixes all our OPE coeflicients
to a unique solution. Different choices of 170 and V) correspond to different values of Py JeM
but the resulting crossing symmetric four point function is invariant under this ambiguity.

We don’t expect to see logarithms at n = 2, and indeed one can check that, in the
n — 2 limit, the coefficients d,, go to zero. At n = 2 we can solve the differential equations
exactly, and we can solve our ambiguity in identifying the correct Vy, since we don’t have
logs around anymore. We find!®

— 0z Z2 — 23 Z4
(J(0)T(2)e(1)e(00)) = — 20 ;g . Z)S 240 (1> (1.23)

22 m

This allows us to read off the n = 2 OPE coefficients ;. and A; 7., among other. It can
be seen that, at this order, \jj. vanishes; since we're interested in the first non-vanishing

1
m

2 1 1 1
AjJe = @ +0 <?TL2> >\Jj€ = iﬁ +0 <m> (424)

Something else worth remarking about this correlation function is that, while

order, we can compute the O (=) correction to (4.23) explictily. We find

(JOJec) = 0 at n = 2, this is not true for generic n, meaning that dJ # 0. For ex-
ample, in the z,Z — 0 limit we have
1 _

(J(0)J(2)z(1)e(00) = — (_1 N W L ) (4.25)
and we’ve seen that both A... # 0 and Ajj. # 0 for generic values of n. Only in the n — 2
limit A\jj. vanishes and all the z dependence drops out of (JJee). This implies that, for
generic n, the holomorphic and the antiholomorphic currents are not separately conserved.
One linear combination of dJ and 9.J will be zero, since there is a conserved current J#,
but the orthogonal combination will be a non-trivial operator, which has zero norm but is

not null. We will discuss this in detail in the next section.®

5Throughout this work we normalize the currents to have a two point function (JJ) = —2~2 for every
n. In the O(2) model, the current is dp and it indeed has a two point function ~ —z~2. Another natural
normalization of the currents, which makes contact with the average area of loops, is given in [48].

16WWe note that non-holomorphicity of currents in closely related 2d logCFTs has been previously observed
in [41]. Adjoint marginal scalars are also present in these theories.
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One can also study the correlator (JJee). The only new feature of this correlator is
that nowhere we exchange the identity. In previous correlators, we would fix the overall
normalization by setting to one the coefficient in front of the identity Virasoro block. Here
we cannot do that, and therefore we will not get OPE coefficients from crossing, but only
ratios among them. In particular, it could always be that the four point function is zero.
We can check explicitly, however, that in the O(2) model this correlator is non zero. The
ratio of OPE coefficients we find from this correlation function is compatible with the values
of Aece, Ajje and Aj 7, found earlier, and provides an independent consistency check.

4.4 Op,/2 operators

Our theory contains a series of scalar operators Opy/o for k& € N, with dimensions
Qhka—l et These operators are called k-leg operators or watermelon operators, and
have a clear geometric interpretation in the loop formulation of the model as of an op-
erator which originates k lines, see for example [49] or [6]. For k = 1, this is the spin
operator we already discussed. We study the correlator (O /200 1 /2¢¢), and we find in
general that, for even k, the OPE Oy /5 - € contains logarithmic operators, while for odd k
it doesn’t (we checked this explicitely up to k = 6). For even k, the logarithms appear at
level k£ in some Virasoro block, i.e. the BPZ differential equation has a solution of the form

Vi, (2) = 2" (Z 2" + Z dpz" log z) (4.26)
n=0 n=~k

and

Notice that, based on its scaling dimension, we might expect this operator to have a null
descendant at level k. As it will be explained in the next section, this operator is not null
but zero norm, and this is closely related to the fact that logarithms appear at level k of
the Virasoro block. This happened as well for the (JJee), where we naively could expect

0J to be null and logs appear at level 1 in the Virasoro block of J.
k2

~575 (checked explicitly

Concerning the OPE coefficients, we find that )\Oo,k/QOO,k/Qa =
up to k = 6).

5 Some details about logarithmic operators

5.1 Logarithmic CFTs as limits

A standard way to get a logCFT is to take a family of ordinary CFTs, dependent on some
parameter -, such that for a given v = 7 some operators have the same scaling dimension.
Then, by carefully defining some observables, we find a logarithmic theory in the v — g
limit. This was shown to happen generically in any dimension when one takes, for example,
a Sg or O(n) symmetric theory, with @ or n playing the role of v, and then sends it to
some integer value [25, 50].

This is not what we expect to happen for the logarithmic operators we identified above,
since we have only one parameter, n, and the theories are logarithmic for all values of n.
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However, we can artificially deform the O(n) theory, by adding some extra parameter -,
such that for finite v our theory is not logarithmic, and for v — 0 we recover the O(n) model
and we see how logarithms arise. Clearly we should not rely too much on this procedure,
as in principle we don’t know if a consistent CF'T exists at finite values ~, but we will use
this approach to build intuition on what the logarithmic structure of our operators looks
like. Eventually, we will forget about the trick involving an extra parameter and obtain
the results more rigorously in section 5.2.

5.1.1 Ordinary modules

For now we work in a general number of dimensions and discuss the simplest example of
logCFT we know of, taken from [34]. Assume that we have an ordinary, non-logarithmic,
CFT with two primary fields, x1 and xo, with dimension A + v and A respectively. We
also take their two point function to be

E0) = oy Oee(O) = o (5.1

Clearly, nothing weird happens for v — 0, at least from the point of view of two point

functions of these operators, but we can build an operator that will be logarithmic in the
v — 0 limit. Let’s form the combination

Ay = \%(Xl + x2) By = —7x2- (5.2)

For non-zero vy, A, is not an operator of definite scaling dimension, but we are interested
in the v — 0 limit, where the two point functions look like

og |xr 2
() A0 = 2
(B(@)4(0)) = ~ (5:3)

(Bx(x)Bx(o» =0.

The dilatation operator D acts non diagonally on A

1
DA, = —(A+7)(x1 + x2) — VX2 o AAy + By

val
DB, = AB,

(5.4)

This shows that it’s possible to have logarithmic operators for v — 0.17 It’s good to
mention that we started with y; having negative norm, while xs has positive norm. This
was necessary in terms of continuity in -y, since, as we already mentioned, by computing
the Gram matrix of the logarithmic multiplet (A,, By ), we can see that we have a negative
and a positive norm state [34].

"The reader might wonder why we went through the effort of defining operators A, and B,, since
nothing weird happens to the fields x1 and x2 in the v — 0 limit. We use this example only because it’s
the simplest case we know of in which logs can arise. There are other examples, see for example [25], where
the two point functions we start from diverge for some value of v, and in order to have finite observables
we need to construct combinations such as A and B. In those cases, logs are forced upon us.
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5.1.2 Staggered modules

We'’ve given a simple example of logCFT, but this is not quite what we want yet. If we
look at some correlator in this theory where the fields A, and By, as defined in (5.2), are
exchanged, then we expect the conformal block to behave like

Ga ~ 2|2 (1 + alog|z)? + O(z, %)), (5.5)

and we see logs appearing at level zero. In the O(n) model we have something slightly
different. For example, the blocks of current operators have logs only from level one, while
Virasoro blocks of operator O, /5 have logs starting at level k.

We need a more complicated structure: staggered modules [36, 39]. Here we have a
primary operator 1 with dimension A which is not logarithmic, but the mixing happens
between By, a level k zero norm descendant of some primary field 1, and some unusual op-
erator Ay, which is neither a primary nor a descendant. Schematically, ignoring spacetime
indices, we have

By ~d"1  KBrp=0

K* Ay ~ Ay, # 0y

o ()= (*rF ald) ()

where K is the generator of special conformal transformations. In a four point function

(5.6)

where we exchange the operator v, we will find logarithms appearing from level k£ on-
wards.!®

As an example, we will show how to obtain a level 2 staggered module as a limit of
ordinary CFTs. Suppose that we have a theory with two different primary operators, 1
and 2. We take their dimension to be [¢)1] = A + v and [¢2] = A + 2. For v — 0 the
dimensions of the two operators differ by an integer, with the descendant [y having the
same dimension as 3. Can they form some sort of logarithmic multiplet? We will see that
the answer is positive if A is the dimension of a free field, so that the norm of [y is zero.

The two fields we start with have two point functions

-1 1
(1(2)¥1(0)) = PEEE] (1h2(x)1h2(0)) = PESE) (5.7)
and the two point function of [y is
e
(O @) 0)) = ~ ix (5:8)
with
NE=4(y+ A v+ A+1)(d -2y +A+1)(d—2(y+ A +2)). (5.9)
Now let’s build the combination
1
Ay =—(2+ NGO
v =TT (5.10)
By = =712

18This, along the property that A cannot be a primary, can be seen for example from the OPE of two
fields that exchange 1. We will work out the first terms of the J - ¢ OPE in section 5.2.
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and, in the v — 0 limit, we have

D Ay  [A+2 1 Ay
B,) ~\ 0 A+2/\B,
log |z|? + O(1)

(A () 40 0)) = 2 Sty (5.11)

(Bu(@)As0) = i

(By(2)By(0)) = 0.

The O(1) term in the two point function of A, can always be modified by redefining
Ay — Ay + aBy. This ambiguity in defining eigenvectors is usual when we have Jordan
blocks, and is always present in logarithmic multiplets.

Everything seems to work nicely so far. However, we also need to check that not only
the dilatation operator, but the rest of the conformal generators act nicely on Ay and By,
as well. Let’s look at the generator of special conformal transformation. It’s clear that

KMB =0, but
—1

K“Ad, = ./\\/;:%(4(A + v+ 1) — 2d)6“1p1 . (512)

For generic values of A, this diverges in the v — 0 limit. However, everything can
work out nicely if we choose A = % — 1+ O(7), meaning that in the v — 0 limit, v, is a
free field, and its descendant (Ji; has zero-norm (but is not null, as we will see promptly).

So let’s choose A = % — 1, and we find that the action of K* on A is finite

2
KFAy, = —————=0" . 5.13
¥ id=2) (1 (5.13)
Everything is well defined in this case. Apart from the primary field 1, we end up with
two fields Ay and By, who form a log multiplet. It’s clear that By, is a primary; it is also
a descendant, since!?

In unitary CFTs, an operator that is both a primary and a descendant is a null operator,
meaning that all of its correlators are zero. This is different here, where B, has norm
zero, but is not null. On the other hand, Ay is neither a primary, since K*Ay # 0, nor a
descendant, since we cannot write it as the derivative on any other operator of our theory.

This kind of structure is called a staggered module. Since the logarithmic mixing
begins at level two (it’s a level 2 staggered module), if we look at a four point function where
operator v is exchanged, we will find logarithms at level two. A very similar structure can
be found in the (0% theory in six dimensions [40]; a more complicated staggered structure
is shown by the triplet model [37].

In the first paper about logarithmic CFTs [35], staggered modules were considered in
the case of a chiral theory, albeit a different structure was proposed. Translated to our

""We could have also defined directly By, ~ Oty. The difference between this definition and By ~ /712
is of order vA and vanishes in the v — 0 limit.
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Figure 3. The structure of the staggered module for the currents (colors online). For simplicity we
only indicate the action of Ly and Li;. B is both a descendant and a primary, while A is neither
a descendant nor a primary.

example, the author suggests that operator A, is indeed not a primary, but that there is
some new primary operator 1, such that K*Ay ~ 0*,. In the O(n) model, our picture
looks simpler, since we can count the operators appearing in the torus partition function,
and, for a given staggered module, we see no trace of an operator playing the role of .
In all examples known to us the presence of a zero norm descendant is necessary
for the existence of staggered modules, and in the example above it is By ~ ). The
requirement that an operator has a zero norm descendant is a non-trivial constraint on
when it’s possible to have a staggered module. As explained in the next subsection (see
also figure 3), the O(n) conserved current J, is part of a staggered module: the Virasoro
block for the exchange of the current looks like z + 2z(a + blog |2|?) +. . ., see (4.21), so we
expect this logarithmic mixing to appear at level one. The operator d.J is indeed zero-norm,
but not null. The same happens for the logarithmic operators appearing in the € - O 1 /2
OPE for even k. These operators have one of their weight being hy, /99, so, for even k,
we have a zero-norm descendant at level k. Indeed we find that this exchanged operator
shows logarithmic mixing starting from level k. The condition of having a null descendant
is a very constraining condition to find staggered modules, but in the 2d O(n) model the
presence of degenerate operators guarantees the existence of zero norm descendants. We
comment on the unlikeliness of finding similar structures in higher dimension in section 9.

5.1.3 Currents

After these hopefully pedagogical examples, we go back to the O(n) model. We can now
discuss the staggered structure of the current Verma module. We will introduce an artificial
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deformation of the theory, and then take the limit to the O(n) model to see how logs arise.

The idea would be to change the dimension of the currents J slightly, for example
taking it to be (1 + ,7). However, one can check that the four point function (eeJ.J)
would not be crossing symmetric for nonzero . Therefore we assume that we have another
scalar primary operator ¢, with weights (v,7v) and negative unit norm, of which J is a
descendant. In the v — 0 limit, we can rescale operators appropriately so that we obtain
what we were looking for and J: — J. We also assume that we have a marginal operator
W, which will mix with 09¢. Let’s define

1

=um

Acz\}(W

1 1 =
= (W (27 - 2) aag) (5.15)

In the v — 0 limit the two point functions of these operators are

(Te(2)Te(0)) =~

(Ac(2)A(0)) = —lzigj) (5.16)
(Bl Ac(0) = 52

(B¢(2)Bc(0)) =0

and the action of the Virasoro algebra is

«(5) = (01) ()

LiJc=IL1J: =0

5.17
LiB;=0 (5:17)
L_1Jc=2B;
LIAC = j{ .

We see that the operator ¢ effectively decouples from the action of the algebra, and J;
becomes a primary for v — 0. This limit helped us getting some intuition on the structure
of our logarithmic multiplets, but we shouldn’t take it too seriously. One reason, already
mentioned earlier, is that we don’t know if there exist a consistent CFT (crossing symmetric
and modular invariant) for every value of . A second reason is that we could have taken
this limit differently, and some things would have changed. For example, if we assumed
that operator ¢ has dimension (2v,27v), we would have obtained a similar structure but
with different coefficients in the relation between operators. We will do everything more
carefully, without considering any v — 0 limit, assuming that L_1J ~ B and L1 A ~ J,
but without making any assumption about the coefficients. These coefficients will be
determined from necessary properties of correlation functions.
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5.1.4 Oy /2 operators

Here a similar procedure can shed light on the logarithmic structure of operators O,y /9,
which appear in the € - Op ;. /2 OPE. We will sketch the limit to take in the case of k = 2.
Rather than introducing some new parameter -y, it’s convenient to take k£ to be some
continuous parameter and then take the limit & — 2. All the caveats from before still hold:
our theory does not contain operators with real values of k, so we use this limit again just
as a way of building intuition about the logarithmic structure.

Operator Oy 1,/ has dimension

[Oa k2] = (hij2,—2, hij2,2) 5 (5.18)

We see that, in the kK — 2 limit, we expect a zero-norm descendant at level two. We cannot
continue this operator to generic values of k& because it would have non-integer spin. Let’s
assume that we have some scalar primary & with dimension (hy, /2,25 I /272), so that we have
a level two descendant which becomes zero-norm for k — 2, and another scalar primary 7,
with dimension (h1,—2, h1,—2) and negative norm. We can define our operators

Opymo L
R/

/
AkN

(Lo —al?))¢

N [+ B(L_3 — aL?;)(L_y — aL?)¢] (5.19)

B, ~Vk—2n

where a = is chosen so that Oy is a quasi primary for every k and § ~ ﬁ

3
2(2hy/2,2+1)
When taking the & — 2 limit we find the same sort of two point functions for A) and By

as we found in the previous section and we have
Ln>0021 = Ly>002,1 =0
Lo Al ~ O, LAY =0 (5.20)
(L —aL?,)O21 ~ By  LypsoBy=0

Again we have an operator B’ which is both a primary and a descendant, and A’, which is
neither.

5.2 Structure of the currents

We will assume that the previous exercise gave us the correct structure of the current
Verma module, but we’ve seen that many of the coefficients that we obtain depend on how
we take some fictitious limit. We’ll do things more cleanly here. As in the previous section,
we have a current .J and two dimension two scalars A, and B,?° which mix logarithmically.
We normalize them such that

(T(2)T0)) = - (5.21)
LoA=A+B (5.22)

_ log|2?
(440 = 2 (5.23)

20We will not use any indices on A and B for the current multiplet.

— 24 —



We then assume

LiA=sJ L_1J=wB, (5.24)
where we make no assumption on the coefficients w and s. We will see that w = —2s,
and we will be able to fix the value of s by looking at some four point function. In our
choice of normalization, we have 9J = 0J = wB, which fixed the combination of J and Jb
conserved to be 0J — 9.J = 0.

As mentioned earlier, a scenario proposed in [35] argued that when we have staggered
modules, L1 A ~ J', a different operator from J. However, if a J' exists, it does not appear
in the torus partition function, since by expanding it, we find only n(n — 1)/2 operators
with dimension one and spin one, and this is already J. We prefer to avoid a scenario
where we have some non-trivial operator who does not appear in the partition function,
and, building on the intuition of section 5.1, we assume that (5.24) holds.

5.2.1 Two point functions

Let’s start by fixing the two point functions. It’s clear that (BB) = 0 and (BJ) = 0,
since B ~ 0.J. In order to study two point functions involving A, it’s good to remember
that (5.22) and (5.24) imply an OPE

sJ(0) , A(0) +B(0) , DA()

23 22 z

T (5.25)

Let’s study the two point function (A(z1)X (22)), where X = B, J,J . The conformal Ward
identity, together with the previous OPE, imply

2
S —
D [hi€ (z0) + €(20)0,] (A(21) X (22)) + € (21) (B(21) X (22)) + 7€' (1) (J(21)X (22)) = 0
i=1
(5.26)
for € = 1, z, 22 and something similar for the antiholomorphic part. Solving these equations

and imposing 0J = wB, we find

(A(2)J(0)) = o=
o/ (5.27)
(ARBO) = 25

Finally, we look at the (AA) two point function. The conformal Ward identity looks like

2
[€'(2i) + €(20)0:,] (A(21)A(22)) + €' (21) (B(21)A(22)) + €/ (22) (A(21) B(22))  (5.28)

=1
+§ (€"(21) (J(21)A(22)) + €"(22) (A(21)J (22))) = 0,
and we find )
(A(2)A(0)) = —ifloi‘;' : (5.29)
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where we have chosen A so that we don’t have any O(1) term in the numerator. We set
w = —2s to have A normalized as in (5.23).2! Finally, denoting ¢ = (A, B) the operators
of the log multiplet, we have

(@:(2)6,0)) = 7 (l"g_ i ‘02) (5.30)

We are not able to fix the value of s by looking just at two point functions. We will be
able to fix it by looking at, for example, the (JJee) four point function, and we will see
that it is

§=—. (5.31)

We mentioned earlier that one can always redefine A — A + AB, thus changing the
value of any correlator where A is inserted. From now on, we will work in the canonical
form for which the two point function of A looks like (5.30), which removes any ambiguity
in the n-point functions of A.

5.2.2 Higher point functions and the J - € OPE

We can study the three point functions with insertions of A and B operators. The resulting
equations are a bit cumbersome and we put them in appendix C. For the three point
functions (¢;¢;e) we have three OPE coefficients, one being ;. and two new ones, A4 .
and Ag4c. In principle all of these can be fixed by crossing.

We are ready to work out what the J - & OPE looks like. Once we have this, we will
insert the OPE in the (JJee) four point function, and we’ll be able to fix s. The first terms
of the OPE are??

1

J(2)e(0) = Sgiom

[=Ajgezd — Ayj.2d + 22 (caA + cpB + ciog log 22B) + ... (0).
(5.32)
We can fix the coefficients ¢’s by looking at three point functions. We can compare this

OPE to (JJe) in the limit of one J being close to ¢, and we find
1
CpA = g)\JJehg . (5.33)
Doing the same with the (AJe) three point function (C.3), we get

Clog = €
log = ™4 (5.34)
cg = —2Xaje — 4sAjyche .

Let’s take now the (¢(0)J(z)J(1)e(c0)) four point function. In a small z, Z limit, we
have (this corresponds to the z — 1, Z — 1 limit in equation (4.22))

(e(0)J(2)J(1)e(o0)) = W (fioz+ fonz + fiizz 4+ gi1zzlog(2z) +...)  (5.35)

2!The parameter in front of the two point function (AB) is called indecomposability parameter in the
literature [26, 51]. This parameter has a unique value, but there are different convention in the literature.
For example, our convention looks different than that of [26], because we normalize (J.J) = —1.

22Notice that acting with Lo or L; on both sides of the OPE shows that terms such as log |z|A are not
allowed and A is not a primary.

— 96 —



By again inserting the ¢ - J OPE in the four point function, apart from the expected
fio0= —A?]Jg and fo1 = —/\3j€, we find the following relations

A
fl,l = _th)\JJE (Asja + hs/\JJ€>

1232 (5.36)
g1 = et Je .
’ 252
From these relations we get?3
e hod e — (5.37)
5= = , .
eNJJe /7291’1 /72m

exactly, and the OPE coefficient A4 j., of which we keep an expression only to first order

Age = jF\/fﬂL o(1), (5.38)

where A is defined so that it’s two point function is canonical (5.30). The ambiguity in

in 1/m

sign corresponds to the possibility of redefining J — —J in (5.24), so we will just choose
the upper sign for both s and A4 ..

We will not look explicitly at operators Oy 2 in this work, but the procedure to fix the
logarithmic structure and OPE coefficients is straightforwardly applicable to them as well.

5.3 Validity of the BPZ differential equations

Our approach to obtaining OPE coefficients relies on the fact that an operator has a null
descendant, and therefore correlation functions of this operator satisfy a BPZ differential
equation. However, these differential equations are sometimes modified in logarithmic
CFTs [52]. One then might wonder if our approach is self consistent, or if our differential
equation (4.4) needs to be somehow modified. We will show that everything is fine for the
correlators we considered in section 4.

We will first give an example a four point function, which we have not considered
in section 4, where differential equations would be indeed modified, i.e. the case of a
correlator where the field A is an external operator. Notice that A is not a descendant, so
we cannot find its correlators by acting with some differential operator on n-point functions
of primaries. The OPE T - A is

L,A(0) sJ(0) A(0)+ B(0) 0A(0)

T(2)A(0) => =3t = e (5.39)

The extra term with J is the least unusual one, and is there because A is not a primary;
the term with B instead is due to the logarithmic nature of A, (Ly — 1)A = B. Let us

ZIn order to fix s we do not need to impose crossing of the four point function, which we will instead
need for fixing Aaje. The reason behind this is that, from (4.22), logarithms arise only from Vy and Vo.

It’s enough to solve the BPZ differential equation and check that Vo = 1 — (?:J:ij;i zlogZ+ ... to conclude

2
that g1,1/fi1,0=— (7("7;_2);” Notice that we could have also used a different four point function to fix s.
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consider the correlator (eAO0203), and let us act with one L_,, on . We have

(L—ne(2)A(21)O2(22)O3(23)) = L_n (e(2) A(21)O2(22) O3(23))

n—1
+ =2 (e(2)B(21)O2(22)O5(z3)) (5.40)
s n(n—1)

205 — 2t (e(2)J(21)O2(22)O3(z3))
where L£,, is defined as (4.5), and h; = 1. Using this equation and the fact that ¢ has
a null descendant, we can get an differential equation for (eA030s3), but this will be
inhomogeneous and involve the correlators (eJO203) and (e BO203) as well. These extra
terms modify the BPZ differential equation.

If we consider instead a correlator with no insertions of A, such as (JJee), then the
differential equation (4.4) is unchanged. This is because if we act with L_,, on J, we do
not find any non-diagonal action, hence the T - J OPE looks ordinary and has no unusual
terms.?* In this work, we limit ourselves to study crossing equations for correlators without
insertions of A or other logarithmic operators such as O, /3, meaning that, for example,
we will not be able to fix from crossing the OPE coefficient Ag4.. We will still compute
this coefficient at leading order by studying the n — 2 limit.

6 The critical to low-T flow to first order

Now that we know both anomalous dimensions and OPE coefficients of some leading op-
erators we can come back to studying the RG flow from critical to low-T fixed point in
conformal perturbation theory. We follow the general recipe of [53] and work at leading
order in v/n —2 ~ % As we already discussed, the only relevant singlet in the UV theory
is the operator €, which must be responsible for triggering the RG flow to the low-T fixed
point. It has dimension

4
Ac=2F—+... (6.1)
m

where, for the rest of the section, the upper (lower) sign refers to the critical (low-T) fixed
point. We perturb the critical theory by

Serit +g/d2$5(1’) (6.2)
which gives a beta function

B(g) = (Agrit —2)g+ Theeeg® + ... . (6.3)

where by A\..c we mean the OPE coefficients taken at m = oo (n = 2). The IR fixed point
27A§rit

TAece

is at g* = , and it can be seen that the IR dimension of the energy field is

lelir =2+ B'(9%) :2+%+... (6.4)

24 As mentioned earlier, J and B are part of an invariant submodule under the Virasoro action.
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This, as usual in one loop conformal perturbation theory, is a trivial result, as it does not
depend on the value of Agee.

Now let’s consider other operators. For a non-logarithmic operator ¢ its coupling ug
has a beta function

,8¢(U¢) = (A¢ — 2)’LL¢ + 27r)\¢¢5u¢g (6.5)

where we have neglected higher order terms as well as terms which vanish at the fixed
point g = ¢* and ug = 0. The IR dimension for ¢ is

Agpe 1

6.6
Aece M ( )

[¢]IR =2+ 8u¢5¢‘g=g* = [¢]UV +8
ugy=0
Next we check the operators O /2, which correspond to the spin operator for k = 1.
Their dimension is
kK2 k2 6.7
O =—+—4... .
[O0.1/2] s tgn T (6.7)

This and (6.6) is consistent with the result found in section 4.4 for n — 2,

k‘2

Aoo,k/zoo,k/zs = —8\/§ . (6.8)

This provides a check for our bootstrap procedure. In this calculation we assumed that
the operators in question do not mix with any other fields under RG flow. While the spin
has no field with which it may mix, this is not true for general k. For example, operator
0,2 has dimension close to two, and could mix with the marginal operators A and B at
the leading order in CPT. In section 7.1.1 we will see that among operators Opo there
cannot be an adjoint of O(n) and consequently they cannot mix with A or B. Formula 6.8
strongly suggests that none of the Op /o mix with other operators, since mixing in general
would spoil the agreement of conformal perturbation theory with the spectrum of the low-
T theory. This can be checked explicitly for low values of £ by computing corresponding
OPE coefficients from bootstrap. In the next subsection we will see that operator mixing
is in fact present in other sectors.

An expected result is that the current does not renormalize. This is easy to see since
Ajje =0 at n=2.

6.1 Operators mixing

There are cases in which, instead, we need to consider mixing between operators. The
simplest example we found is the operator Os ;. This operator has a zero norm descendant
at level 2 which is a part of a logarithmic multiplet. However, the rules of one loop
conformal perturbation theory for O ; itself do not change.

We have

5
[O21] = 5

3
while the n = 2 OPE coefficient is

3v3

— (6.10)

)‘(92,1(’)2,18 =
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which leads to a mismatch. Consequently, we need to look at other operators with which
02,1 might mix. The only primary around with the right spin and dimension is operator
O1,2, who has dimension %i % +.... However, using crossing equations for the correlator
(01204 1€¢), it can be checked that (O 203 1¢) = 0.

There is, however, another quasi-primary around, the level two descendant of Og

Q= (Ly—al?)01, (6.11)

where « is chosen so that it’s a quasiprimary

3

. 6.12
2T+ ) (042
This descendant becomes zero norm as m — oo, as its norm is given by
8
(QQ) = —3,2 +. (6.13)

In the same manner, it can be checked that the three point functions involving €2 go to
zero when m goes to co. Note that for n < 2 this operator has a negative norm.
To determine the three-point functions we first use crossing equations for the correlator
(00,100,1¢¢), where Oy is exchanged in the t-channel. This allows us to determine
2

)‘(90,1(’)2,16 =4 3 + ..., (6.14)

The 51gn is unimportant, so we just choose the OPE coefficient to be positive. Next we
define Q = i 5 ﬂmQ so that the two point function of O has coefficient one.? Using the
operators (4.5) on the three point function it’s easy to see that,

)\502,15 = _i\/é)‘(’)o,1(92,16 =427

\ o 7 (6.15)
QQe — N00,100,18 — *27\/3'

Indeed we have a rather peculiar effect of mixing between the two different Verma modules.
Notice that the OPE coefficients of €2 operator now are finite in the m — oo limit.
Now we consider the beta function for the two operators

Bi = (Ai — 2)u; + 21 \ijeujg (6.16)

with the indices ¢, j taking values Oz and Q. At the fixed point we have

5_ 3 1 9  +idV3
o 1o g (32 1 6.17
ij + Ou: 3 ( 3+2}n>+m +idv/3 =7 (647
The eigenvalues of this matrix are the dimensions of our IR operators, and they are 5 — 5

and % + %; this agrees with the low temperature spectrum.

25The reason we are doing this rescaling is that we are used to do conformal perturbation theory for
operators normalized so that they have a two point function with coefficient one. A reader bothered by this
introduction of i could rework the rules of perturbation theory with a different normalization and would
arrive to the same result.

— 30 —



6.2 Logarithmic operators

We’ve seen, by checking explicitly at one loop, that the current does not renormalize; it is
natural to wonder what happens to the logarithmic multiplet formed by operators A and
B. We still expect a descendant of the current to have dimension 2 and spin 0 in the IR,
but it’s not clear what the fate of the other operator is.

If we consider two non logarithmic operators that have the same dimension in the
UV, we expect them generically to have different dimensions in the IR. This is because we
expect these operators to mix, and when we diagonalize the beta functions we expect to
find eigenvalue repulsion (unless there is a symmetry reason for this not to happen). So
intuitively, we would expect a logarithmic multiplet to be unstable against perturbations, as
the three point function (ABe) is non zero (C.3),%% so that the two operators mix. However,
we can see from the low-T partition function that operators A and B are marginal in the
IR as well, and by studying correlators such as (JJee) we can see that the logarithmic
structure survives.

Therefore there needs to be some more subtle way in which the logarithmic structure
is preserved. To check this explicitly, we would need to derive the rules of logarithmic
conformal perturbation theory. We leave this question for future work. Here we only
mention quickly which kind of divergences we expect to see. Let’s consider the first order
correction to the two point functions of the logarithmic multiplet, and use an analytic
continuation in 1/m in order to make the integral of the three point function finite. When
integrating an ordinary three point function we would find generically divergences linear in
m. However, OPE coefficients have their own m-dependence, which changes the structure
of divergences (see appendix C for the explicit form of the three point functions). In
particular, the integrated three point function (BBe) will give us no divergences, since
the OPE coefficient is order 1/m. The integral of (ABe) will give divergences of order
m; the m? divergence arising from the logarithmic term is made softer by its coefficient.
In the same way, we expect divergences of order m? from (AAe) since the m3 divergence
arising from the log? term has a 1/m coefficient. We see that logarithmic terms are prone
to produce higher order divergences and it remains non trivial to see why both A and
B remain marginal logarithmic operators in the IR fixed point; however, in our case, the
highest possible divergence is softened by the specific behavior of the OPE coefficients.

7 The n — 2 limit

We would like to make contact between what we've studied so far and the free boson
formulation of the O(2) model. The O(2) model describes the celebrated BKT phase
transition [4] and the corresponding CFT can be described by a compactified free boson
with radius R = 1/4/2 [54]. This theory is unitary and has an enhanced symmetry O(2) x
0O(2), while as we have seen the O(n) model for generic n is non-unitary, logarithmic, and
has no symmetry enhancement. In this section we will study how negative norm states
drop out of the theory and how logarithms drop out of correlation functions as n — 2.

26Notice that while we might redefine A — A + AB, the three point function (C.3) cannot be made zero.
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Let’s start by identifying the most important O(2) operators in the free boson formu-

lation. The theory has action
1

S=g /de(8M¢)2. (7.1)

The free field is the sum of a holomorphic and antiholomorphic component

¢(Zﬂ 2) - QO(Z) + 95(5) ’ (7'2)

and correlation functions can be built using the Wick theorem with the propagator

(6(2,2)6(0)) = — log]=[2. (7.3)

Apart from operators which we can build out of derivatives of ¢ and @, we can also build
vertex operators

Vit = V2 cos(pp + pp)
- : - (7.4)
Vim = V2sin(pp + pp)

P P
27 2

[

with dimension ( ), where n, m are integers and are related to p,p by

(p,p) = (\/in + 2\1/§m, V2n — 2\1/§m> , (7.5)
The theory contains other primary operators which schematically look like 8kg0Vn7m if v/2p
is integer, and similarly for the antiholomorphic part. One of such operators will be im-
portant for our discussion below. We can immediately identify the currents, since the only
dimension one vector operators are dp and 0@. These currents are conserved as a con-
sequence of the equations of motion d9¢ = 0. The two O(2) symmetries correspond to
independent shifts of ¢ and @, as well as the (¢, 9) = —(p, @) and (¢, p) — (P, @) trans-
formations. We can also immediately identify the spin as the only scalars with dimension
1/8, the vertex operators Vo“i. It is a bit harder to identify what is the energy operator &,
since there are five marginal operators: Vljfo, V(ﬁ and L = 0p0@. L is the exactly marginal
operator, adding which to the action corresponds to changing the radius of the boson.
At this point, it’s important we consider the question of symmetry for continuous n.
For n < 2, the symmetry group is O(n), while for n = 2 it’s enhanced to O(2) x O(2) at the
critical point. We assume that as n — 2, O(n) — O(2), C O(2) x O(2). The “physical”
O(2), is, in particular, still a symmetry away from the critical point, where we don’t expect
any symmetry enhancement. Below we will determine what O(2),, is in the free boson for-
mulation from various consistency requirements, being agnostic to its microscopic nature.
For example, the energy operator needs to be a singlet of O(n) for n < 2, so we expect it
to be a singlet under O(2),, only, rather than under the full O(2) x O(2) group. It’s clear
that the energy operator cannot indeed be a singlet of O(2) x O(2), since the only marginal
operator which is singlet under this group is L; L is an exactly marginal operator, meaning
that its three point function (LLL) vanishes, while we know that (cee) # 0 at n = 2.
This means that some of the operators Vlio and V(ﬁ have to be singlet under O(2),.
Let’s focus for the moment on the U(1), subgroup, U(1), C O(2),. The operators V; o are
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singlets only under the single combination of the two U(1)’s that leaves p+@ invariant, while
the operators Vj 4 are singlet under the combination that leaves ¢ — ¢ invariant. The re-
quirement of either of these two operators being a singlet under O(2),,, means that U(1), can
only be one of the two mentioned above. To decide among which one, we should remember
that the spin operator is Vj 1 and it must be charged under U(1),. This allows us to identify

Ulp:o—=o+a,o—0—a. (7.6)

It follows that the energy operator in this formulation must be a linear combination of L
and VliO We identify it by requiring A.e. = 4/v/3. The relevant OPE coefficients for the

O(2) model are®”

2
M, = (200 %) (7.7

and the only vertex operators appearing in the OPE of V;,, , and Vi, v is Vi s pynr and
Vin—m/n—n'- Imposing Aeee = 4/1/3 we have

1
em (<L bV bV)  with BB =2, (7.8)
/1403 + 0?2
Without the loss of generality we make the choice b = 0 and b4 positive (other choices

are related by the remaining O(2) rotation and only affect the definition of our physical
Z3), so we identify
1
——L+
V3

We will need some more information from the n < 2 theory to identify the action of the

2

physical Zs and we return to this question below.

1
83
Oo k2 = Voi for k = 2 and k = 3 based just on their dimensions. Corresponding OPE

We can check that, as expected, Asoe = — We can easily identify operators
coefficients, computed in the free boson formulation, also match nicely our results from
section 4.4, so the n — 2 limit is smooth and simple in this case; however, for higher
dimensions the limit is more subtle. The k = 4 case is discussed in details below.

7.1 Decoupling of negative norm states

We’ve seen that the critical O(n) model is non-unitary for generic values of n. For n — 1,2,
however, we need to recover in some way a unitary theory. This would mean that all
negative norm and logarithmic states have to drop out of the theory. We will illustrate
here how this process works, and give a few explicit examples that corroborate our scenario.
We will consider exclusively the n — 2 limit, but we conjecture that a similar scenario works
for the n — 1 limit as well.

What makes this issue tricky is that taking the limit n — 1,2 does not yield the
unitary theory at n = 1,2, as was already emphasized in [25]. In fact the n — 1,2 theory
always contains more operators. Operators of the unitary theory form a closed subalgebra,

*"Formula (2.14) in [54] is missing a minus sign.
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to which the n — 1,2 theories can be consistently truncated.?® To illustrate this subtlety,
consider an operator O1 o that we briefly mentioned in section 6.1. Its multiplicity is given
by n(n +1)2(n — 2) /4, which smoothly goes to zero at n = 2. At first thought one may be
tempted to simply ignore this operator, however, we will see momentarily that this is too
quick. Instead, multiplicity n(n 4 1)%(n —2)/4 does not correspond to the dimension of an
irreducible representation and there are several distinct operators with dimension of Oy 3.
Some of them are part of the unitary n = 2 subalgebra, while others decouple. Since the
total multiplicity is zero it means that decoupled operators have negative multiplicity, which
means that some operators with the same dimension and positive multiplicity additionally
decouple at n = 2. As we saw in 6.1 such operators are indeed present in the theory,
and moreover some of them have negative norm. We come back to this particular set of
operators in section 7.1.2, while we begin the discussion of this mechanism in the sector of
more important operators, namely with the currents logarithmic multiplet.

7.1.1 Logarithmic operators and the marginal sector

As we previously discussed, conserved O(n) currents are part of the logarithmic multiplet
which necessarily contains negative norm states. Clearly currents themselves must survive
in the n — 2 limit, while some of the logarithmic operators A and B must decouple. This
appears puzzling because the total number of marginal operators at n = 2 matches nicely
combined multiplicity of €, A and B and Og»:

1+n(n—1)+%n(n—1)2(n+2) o =5. (7.10)
The resolution of this puzzle was outlined just above. Some negative multiplicity operator
inside Op 2 should decouple and cancel the contribution to the partition function of a
negative-norm combination of A and B. In the course of this, logarithms will disappear
from the correlation functions of the currents and they will become holomorphic. Let us
see how this happens in some details.
We can combine A and B into the two operators

1 = @B — A mB + LmA (7.11)

r Jm T T m

where r is some constant yet to be determined. In the m — oo limit, we have the two
point functions

(b1 (2 )n (0)) = ‘; (o) (0))
(¥1(x)1h2(0))

Therefore, in the n — 2 limit, the two operators v; are orthogonal and their two point

-1
[t

0

(7.12)

functions are simply power laws, as in this basis logarithmic corrections are suppressed by
1/m. However, 11 has positive norm, whereas 1), has negative norm. We then expect 15 to
drop out of the unitary sector of the theory. We can check explicitly whether this happens

ZDiscrete values of n often lead to theories with some special properties. See, for example, [26, 55, 56].
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or not for some three point function in the n — 2 limit. Let’s consider (¢;Je): using (C.3)
and (4.24),% we get

(B(21)J (22)e(23)) _hey ]2 1
(Bl (z)e(z)) ~ P = 2577 3m+0<m>
(A(21)J (22)e(23)) __m

(A(z) T (m)e(as)) AT = \ﬁa +ow)

where we’ve introduced the notation (...) to indicate the usual coordinate dependence of

B
B (7.13)

~

—~

an ordinary three point function of primaries,

1 1

(O1(21)O2(22)O3(23) ) = (7.14)

hi23  h231 1132 _hi23 —ho31 —hiza
127 %237 21377 2197 293" %13

with hjjp = h; +hj — hy.. Notice that the coordinate dependence of correlation functions of
logarithmic operators can be quite complicated (see the explicit formulas of appendix C).
In the m — oo limit, the leading behavior of (AJe) takes a simpler form and looks like
that of an ordinary three point function of primaries.
Combining A and B in their linear combinations 11 and 5, we find
Ay Je = % ; + %
\ 12 T
PaJe = ; g - %

Requiring 5 to decouple from the unitary sector of the theory imposes r = 4+/2, and

(7.15)

implies Ay, e = :I:%. Therefore we have constructed a positive norm operator ¢; which is
part of the unitary sector of the theory, and a negative norm operator 19 which decouples
from the unitary sector of the theory. From here on, we will choose the plus sign for r.

We haven’t studied four point functions with A as an external operator since, as
explained in section 5.3, they satisfy a more complicated inhomogeneous equation, so we
have no access to the OPE coefficient A44.. We need it to diverge at most as m in order
for (yi1;€) to be finite. Let’s assume that’s indeed how it diverges

AAe = com + O(\/E) . (7.16)

We will now show that the value of ¢ needs to satisfy different constraints, and despite hav-
ing more equations than unknowns, there is one value of ¢y that satisfies all the constraints.
Using the formulas in appendix C, we have

(B(z1)B(22)e(z3)) _ 2 1 1

(B)B(z)e(zs)) ~ vam ~° (m)

(A(21)B(22)e(23)) _ Age(he — 1) he)gge i - L
(AG)Bee) — 25 1 as? +O<m) =0 <m) (7.17)
MDAl o

(A A ()~ Om T OVm).

29 As usual, we are considering A to be in its canonical form, (5.30).
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Therefore we have
+ 260

1
Agipie = ﬁ
1

A = —
P1oe /3
In order to have 12 decoupling from the unitary sector of the theory, we need it not to

1
2v/3°
The study of the four point function (AJee), for example, would allow us to study the

(7.18)
— 260 .

appear in any OPE of operators of the unitary sector. This means that we need ¢y =

OPE coefficient Ag4., thus allowing to get yet another constraint on cy.

Let us also mention however that if indeed ¢y = #, then
2
Agryre = 7 (7.19)

Next, let us identify the n — 2 limit of this operator with an operator in the O(2) the-
ory. For this we need to come back to identification of the physical Zs symmetry, a question
that we still owe to the reader. Operator v is in the adjoint representation of O(n) for a
generic n, hence at n — 2 it becomes a pseudoscalar of O(2); this leaves the only possible
identification ¢1 — Vi, and requires that V| transforms under Z; non-trivially (while
VJO must be a singlet).?0 This fixes the symmetry to act as (¢, @) — (—¢, —@). Using the
formulas collected in appendix B.1, it is easy to check that 7.19, as well as another three
tification ¢1 = V. Let us remark once more that what we’re doing here is more than just

point function which we also determined at n < 2, Ay, j. = is compatible with the iden-
guesswork: we have several constraints on cg, coming from different three point function,
so it’s highly non-trivial that there exist a value of ¢y which satisfies all the constraints.

Formulas (7.18) also imply that (i2t2e) # 0. There is no conflict between this result
and our statement that there is a closed subalgebra of positive norm operators: in the OPE
of a positive norm and a negative norm operator anything can appear, our statement only
concerns the OPE of two positive norm operators.

Let us now identify the remaining marginal operators in the free boson formulation
of the O(2) model with their n — 2 limits. Apart from e and v, we need another three
operators that can only come from operator Ops. Besides, two of this operator have to
match with some linear combination of Voj,t47 while the other has to match with the linear
combination of L and V1+0 that is orthogonal to . Since ¢ is a singlet under the physical
0(2), the same must be true for this operator. We will call this operator S for generic n
and for n — 2 we have S — \/%L + \/girO

The operator Op 2 has multiplicity M (n) = tn(n—1)?(n+2), which is 2 for n = 2. The
scenario we propose is that we can split the multiplicity in M(n) = f*(n) + f~(n), where
we have f(2) = 3 positive norm operators which do not decouple from the theory at n = 2
while f~(2) = —1 operators which do decouple, and cancel with 19 in the partition function.

The multiplicity M (n) indicates that the operators Op o transform in some reducible
representation of O(n). Our rule for decomposing it into irreps of O(n) is that any multi-

39Note that this Z2 leaves neither electric nor magnetic operators invariant.
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plicity should be a sum of multiplicities of irreps, with non-negative and n-independent co-
efficients [2, 9]; this by itself does not identify an unique decomposition in the case of M (n).
However, as we just explained at n = 2, the operators Op 2 have to give us a singlet S =

\/gL—F \/g Vf’ro, and two charge four operator Vo,i4- Notice that the OPE coefficients match:

2
Asse = )\Voivoia - _ﬁ (7.20)

agrees with
2

lim A = ——.
oy 00,200,2¢ \/g

Yet another consistency condition is that a decomposition of M (n) which satisfies the

(7.21)

property of having non-negative, n independent coefficient, which gives a singlet and a
charge 4 doublet at n = 2 exists. Turns out it is also unique:

Mm)=eo+[ | [ [ [+ {[[ |+~ : (7.22)

where we represented O(n) irreps by their Young tableaux (@ is the singlet). The four-
indexed irrep symmetric of O(n) gives charge 4 operators in the n — 2 limit and the
quantity in parenthesis has multiplicity —1 at n = 2.

Let us summarize the results of this subsection. We found that several nearly marginal
operators that exist in the n < 2 theory group together to form five positive norm oper-
ators in n = 2 theory, while remaining operators decouple. Purely from the OPE data,
consistency of n — 2 limit, and the requirements of O(n) symmetry we determined that
one of the operators O » is a singlet. These arguments hold both for the critical and low-T
fixed points and, importantly, in the latter Qg2 is relevant.

7.1.2 Decoupling of non-logarithmic operators

Let’s also consider, as we did in section 6.1, the spin two operators which have dimension g
in the n — 2 limit. We discussed the operator €2, which is a negative-norm quasi-primary,
defined as
8
Q= (L_y—al?)0g, with norm (QQ) = —32 +.... (7.23)
m
As we determined in section 6.1, this operator mixes with other operators in the theory in
the course of the RG flow from the critical to the low-T fixed point which implies that it
cannot simply decouple at n — 2. Instead we will see that a (negative norm) combination
of  and Oy 1 decouples, while another remains in the theory. Using the n — 2 results,

obtained from bootstrap at n < 2, we get

2 4 1
A0y 1051 — \/; Ae0p 10 — _%E (7.24)
we find that the OPE of ¢ with Qg contains
2 2 ( /3 V3
: 251 =3 5 —mfl | . 2
e-0p1 D 351 3 ( 202,1+ M ) (7.25)
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It can be seen that & has norm (£1£;) = 1. The orthogonal combination &,

1 3Im
=—091+ —0 7.26
7301 (7.26)

&2 1
has instead negative norm and drops out of this OPE, and is expected to drop out of any
OPE of operators belonging to the unitary closed subalgebra.

In the free boson formulation of O(2), what do these operators match to? We've
already seen that in the n — 2 limit Op; matches with V2. What about the dimension
5/2, spin 2 operators & and &7 It’s easy to identify the vertex operators Vljé, which
have the same dimension and spin. There is indeed another operator in the free boson

O(2) model, with the same dimension and spin, but it’s a bit trickier to identify it. The

1

operator Vp 2 is a scalar with dimension 3, and it has a null descendant at level two,

(Lo — L* Va2 =0. (7.27)
Therefore we have another primary operator of spin 2, with the same dimension as Og ;.
This is

1 1
NE = — [(9p)2VE £ —
7 (0¢) 02T 5

This is unit normalized, as can be seen by using formulas (B.9). Using (see equation (B.10))

*oVih| - (7.28)

1 1
ViVih T 3 )‘svogNi =3 (7.29)

(?Vé _ % Ni) (7.30)

and we can make the identification &; — @Vm — %N . Notice that also the OPE coefficients
match.

What about the orthogonal combination %Vé + @N +? Which operator matches it
in the n — 2 limit? And what is the fate of £,7 The answer is similar as before.

A

we find

+
5%723

[SSRIN )

For n < 2 we have a spin 2 operator O; 2, which has dimension 5/2 in the n — 2
limit. Its multiplicity is n(n + 1)%(n — 2)/4, which goes to zero as n — 2, and that again
we cannot decompose it into a unique direct sum of irreps. However, we expect that at
n = 2 we're left with a positive norm operator with multiplicity 2, which matches with
%Vé + @N * and some other operator with multiplicity —2 which cancels with &; in the
partition function. The requirement that O 2 can be decompose into a charge two operator
under the physical O(2), at n = 2 does not give a unique decomposition. An example of
decomposition that would work is

T+ N n . (7.31)
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As a check, we can see that some OPE coefficients match. In particular, as we determined
in 6.1,

(00,1012) = (V5 (;Vfg + \fNi)> =0. (7.32)
This doesn’t mean that O; 2 decouples from the theory — there are no reasons for it to —
but we did not compute explicitly its other non-zero OPE coefficients.

To summarize, we observed a very similar mechanism for decoupling of negative norm
states both in logarithmic and non-logarithmic sectors. It is tempting to conjecture that
this mechanism is quite generic and works for other operators, as well as at other integer
values of n. Let us mention that one can also consider an extended non-unitary theory
which includes the decoupled operators. Generically, this theory will be logarithmic [25].
Somewhat surprisingly, torus partition functions of the two theories are identical.

8 Logarithms in the two-dimensional Potts model

We gave several examples of logarithmic operator in the two-dimensional O(n) model. A
natural question to ask is how specific to this model is the existence of logarithmic operators.
Another interesting model, which shares many similarities with the O(n) one, is the critical
Potts model in two dimension, a model with Sg symmetry, where @ is a parameter that we
can change continuously. It has been studied intensively for decades, see for example [6, 10,
14, 57], and recently, by us [2]. It was shown that, analogously to the O(n) model, 2d Potts
is logarithmic for a discrete infinite set of @ [58], and it was suspected to be logarithmic for
every value of Q [59], however, to the best of our knowledge, this was not shown explicitly.3!
Now that we have more familiarity with logarithmic CFTs, we briefly look at the model
again and prove that the two-dimensional critical Potts is indeed a logCFT for generic Q.

We briefly mention our conventions, which can be found in table 1 of [2]. We look at the
Potts model for 0 < @ < 4, for which the CFT exists at real values of the coupling [63].3?
The central charge of the model is

6 2
ecp=1-——"  with mp=—T 1. (8.1)
mp(mp +1) cos™! (% - 1)
The energy operator has a null descendant at level 2, ep = ¢21, as can be seen

by expanding the torus partition function [14], and noticing that the partition function
contains the term ¢">1g"21%2 with multiplicity one.?® Therefore, its correlation functions
satisfy a differential equation similar to (4.8), with the difference that it will be second
order this time.

Then let’s consider the scalar operator Oy 1, following the notation of [14], which has di-
mension (hg 2, ho,2). This operator transforms in the two indexed symmetric representation

31Logarithmic operators were observed in a non rigorous manner, similar in spirit to our 5.1, for generic
values of @ in [60] by using Coulomb gases techniques. It is also worth mentioning that logarithmic operators
were also found explicitly in the case of @ =1 and @ = 2 with boundaries [61, 62].

32For Q > 4, see [1, 2].

33In this section b is still defined in the usual way (4.2), but with mp instead of m.
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Figure 4. The OPE Oy ¢ contains the field O ; which is part of a level two staggered module.
We plot here the OPE coefficient. In a small z, Z expansion, the (£(0)O¢.1(z,2)O0.1(1)e(00)) four
point function will have logarithms of zZ with prefactors proportional to /\?90 L0y 16

of Sg and has multiplicity M By imposing crossing on the correlator (Op10p 1¢¢),
we find that logarithmic operators are exchanged in the Op; - ¢ OPE. To be precise, we
find a level 2 staggered module for the operator Qg 1, which has dimension (hj2,h_12),
and has a zero norm descendant at level 2. Expanding the partition function we can check
that the number of operators is what is to be expected from the logarithmic structure.

We also mention that we expect the correlation function (OO ree), with k half
integer, k > 1, to exchange logarithmic operators in the t-channel, although we have not
checked explicitly what the implications of crossing symmetry are. Operators O, with
dimension (hq 2, h1,—2k), might be exchanged in this channel and we expect them to be
part of a level 2k staggered module. We show the value of the OPE coefficient of an
operator in a logarithmic multiplet in the range 1 < () < 4 in figure 4.

After this preprint was finished, the paper [64] appeared, in which it’s stated that
operators whose dimension is part of the Kac table, and that are not O(n) singlets, are ex-
pected to be in general logarithmic. This agrees with our identification of Oy ; as potential

candidates and with our explicit computation in the case k = 1.

9 Conclusions and open questions

Let us briefly summarize our findings and present a list of problems related to O(n) models
that remain unsolved. We have studied the critical and low-temperature O(n) models in
two dimensions for continuous n with n < 2, and found that they are logarithmic CFTs.
Using the knowledge of the torus partition function, as well as properties of the O(n)
categorical symmetry, we've determined that the energy operator is degenerate and has
null descendants. Hence correlation functions containing this operator satisfy third order
BPZ differential equations. This allowed us to fix some of the OPE coefficients of the
theory, as well as to identify several logarithmic multiplets. The most notable example is
the current J#, which is part of a level 1 staggered multiplet. Using the conformal data,
we’ve studied the RG flow from the critical to the low-T fixed point explicitly to first order
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in conformal perturbation theory, finding perfect agreement. Finally, we’ve studied how
logarithmic and negative norm operators drop out of the theory in the n — 2 limit, giving
rise to a unitary subsector, which corresponds to the BKT critical theory described by a
compact boson. By demanding the smoothness of the n — 2 limit we determined additional
CFT data at n < 2, and in particular O(n) quantum numbers of some of the low-lying
operators. Among these operators, we found an O(n) singlet, known to correspond to a
possibility of loop crossings in the related O(n) invariant loop models.

We now discuss several puzzles and possible future directions that we find interesting.
One natural question to ask at this point is which properties of the 2d O(n) model carry on
to higher dimensions. As we already mentioned, definition of corresponding loop models
for any n [21] is readily available in 3d for any n (see also [65] for other examples of 3d loop
models); generalizations to higher dimensions are also possible. For some integer values of
n the model is known to be logarithmic [25], while it is an open question if the same holds
for generic n. We don’t have anything to say about this at this point because we do not
have a proper understanding of the underlying reason for appearance of the logs even in 2d.
What we found is that the current operator is logarithmic and hence generic correlators of
charged operators will also be. Most operators in the loop formulation of the O(n) model
have a geometric meaning [10, 11]. It is thus tempting to develop a geometric intuition lying
behind these logarithms. One thing we would like to point out is that staggered modules
seem to be less likely to appear in higher dimensions. In a staggered module, we need to
have a zero norm descendant; in the case of the current module, for example, this operator
was B. This requirement is highly non-trivial, and in two dimensions it translates to having
an operator whose weight is part of the Kac table, see for example the operators Oy /5.

In higher dimensions, we have less operators that have a zero norm descendant, so it
looks harder to have a staggered module. However, this does not mean that it’s impossible:
for example, we know of an example of staggered module in d = 6 [40]. For what con-
cerns the currents in higher dimensions, we don’t expect them to be part of a logarithmic
multiplet: we only have one operator .J, rather than J and J, and we expect it to be
conserved, 9, J# = 0, in the same way as a linear combination of 9J and 0. is conserved in
two dimension. On the other hand, the structure of ordinary, non-staggered, logarithmic
modules do not seem to depend strongly on dimension.

Usually the presence of logarithmic terms in the theory is related to tuning of some
parameter. Since we found logs for a generic n, it could be that such parameter in our
case is dimensionality of space d. If this is the case, this brings another natural questions:
whether continuous-n O(n) models allow a natural extension to non-integer dimensions.
In the continuum limit such extension can be provided by the epsilon expansion around
d = 4, or d = 2, combined with analytic continuation in n. We note that the status
of such continuation is different from what we have in integer d, where the microscopic
theory is well-defined. Independently of this, it would also be interesting to see if for any
n and d other than 2 O(n) models have critical points analogous to the low-T phase, thus
completing the d — n phase diagram conjectured long time ago in [19].

We also note that theories either at non-integer n [9, 66] or at non-integer d [67, 68] are
necessarily non-unitary and contain negative-norm states. It is thus interesting to explore
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whether the mechanism of decoupling of these states at integer n and d is always similar
to the one studied by us in section 7.1.2 for non-logarithmic operators.

A question which we dodged in the present work concerns the stability of logarithmic
multiplets under perturbations. If we perturb a logCF'T by a weakly relevant perturbation
so that we flow to an IR CFT, does the logarithmic structure of the theory survive?
Intuitively, we expect non-logarithmic degenerate operators to acquire different anomalous
dimension under RG flows simply because of eigenvalue repulsion. However, we’ve seen by
direct inspection that the current (as well as the Oy j, /2 operators) is part of a logarithmic
multiplet in both the critical fixed point and in the low temperature fixed point, so the
logarithmic structure survives the RG flow. To answer this question one needs to set up
conformal perturbation theory even for logarithmic multiplets. We only made one step in
this direction by writing down the structure of logarithmic three-point functions for some
of our operators.

In this paper we only used the most basic constraints of the categorical O(n) symme-
try [9]. Naturally, one could study exploit many more of such constraints if one studied
correlation functions of operators transforming in more non-trivial representations of O(n).
This would require bootstrapping correlators without an insertion of . The same ques-
tions apply to the closely related ()-states Potts model which has categorical Sg symmetry.
Some steps in this direction were made in [69] (see also [59]).

Yet another avenue to pursue is to couple these models to 2-dimensional gravity [70—
72]. Tt is interesting to see if any of the novel features of the model that we discovered have
any implications in the gravitational case.

Finally, let us mention two open problems on which we were able to make at least

some progress.

9.1 “Dangerously irrelevant” singlet operator

In this section we summarize our findings related to the “dangerously irrelevant” O(n) sin-
glet operator present in our theory. This operator has dimension of Og 2, which for n close
to 2 reads 2 + 21/2 — n with + sign corresponding to the critical (UV) fixed point and —
to the low-T (IR) fixed point. That is, in the process of the RG flow this operator switches
from being irrelevant to relevant. The total multiplicity of the operator O 2 in the partition
function is M(n) = tn(n — 1)%(n + 2). In section 7, by matching all operators which be-
come marginal in the n — 2 limit to the known spectrum of the O(2) model, we determined
that one of the operators with dimension of Op2 must be a singlet of the categorical O(n)
symmetry, and the unique decomposition of M (n) into irreducible representations is given
by 7.22. We stress that the only assumptions that went into proving this statement were
O(n) symmetry, crossing relations and continuity of correlation functions in the n — 2 limit.
We also calculated the following OPE coefficient of this singlet operator, which we called S:

-2 —2V/2
Asse = 7 Asss = Vet Asee =0, (9.1)

up to O(v/2 — n) corrections.
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Let us now explain why this operator presents a puzzle. From all that is known, it is
singlet under all global internal symmetries of the theory, and usually such operators get
generated in the course of the RG flow. Given that it is relevant in the IR fixed point, this
would imply that it is unstable and one would need to tune some combination of operators
S and € near the UV fixed point in order to reach the IR. Nevertheless, this is not what
happens: the RG flow triggered just by e (with an appropriate sign of the deformation)
reaches the IR fixed point. At the leading order in conformal perturbation theory, this
follows from vanishing Ag.., however, this appears to be true non-perturbatively for finite
2 —n. In fact, genericity of the low-T fixed points holds not just for the RG flows from the
critical fixed point, but also for many classes of O(n) loop models, both on honeycomb and
square lattices [15, 73, 74], and is believed to hold as long as the loop model does not allow
loop-crossings. It is tempting to attribute this effect to some hidden symmetry, namely
that the operator S corresponds to the loop-crossing term in the lattice theory and that
both are protected by some hidden symmetry of the model.

Indeed, there are known examples of loop models with enhanced symmetry (often from
O(n) to U(n)) where the loop crossing terms breaks the enhanced symmetry [75-77]. It
was also shown in [41] that the low-T phase of the O(n) model for some integer n can be
represented as a U(n)-symmetric model with an addition of some topological defects. This
lead reference [23] to conjecture that for these integer n’s U(n) invariance also guarantees
the genericity of the low-T phase of the O(n) model. For this to be the case, of course,
U(n) symmetry must be the global symmetry not just in the low-T phase, but also in
the critical phase and of any lattice formulation of a non-intersecting O(n) model. It is an
interesting proposal for selected integer values of n, but, while a possibility, we would find it
surprising if it was the case for generic n for the following reason. We cannot simply fit any
additional continuous symmetry into the model because it would correspond to additional
conserved currents, while we have exactly n(n — 1)/2 of those in the theory. This means
that the extra currents must be completely hidden in the torus partition function because
of an exact cancellation between different topologically twisted sectors for any n. The
same cancellations must be present for other operators that form complete representations
of O(n) but not of U(n).

If, instead, there was some additional discrete symmetry, S would have to transform
in a one-dimensional representation (e.g. multiplication by a number), but this contradicts
having a non-zero OPE coefficient Aggg. We thus conclude that whatever is protecting
operator S cannot be a usual global symmetry, even as a categorical symmetry in a sense
of [9].34

One possible resolution lies in a fact that S is protected by a space-time symmetry re-
lated to integrability. Indeed, operator € commutes with a subset of Virasoro charges which
guarantees integrability of the RG flow triggered by it [78]. Operator S indeed breaks those
charges. This, however, is not enough to explain why multiple non-intersecting loop models

34There is an unlikely to us possibility that the O(n) symmetry of the model is somehow broken down
to a smaller subgroup, for example to U(n/2). This could allow S to transform non-trivially under this
smaller symmetry and thus be protected. We could not completely exclude this possibility, but we did find
multiple consistency checks of the presence of the O(n) symmetry in the model.
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also flow to the low-T fixed points. Some of those models can indeed be transformed to in-
tegrable vertex models, but it is not clear whether all non-intersecting loop models flowing
to the low-T fixed point are integrable and whether such integrability is sufficient to explain
the genericity of the low-T fixed point. At the same time, if a lattice model does allow loop
crossing, the partition function in terms of loops has extra terms [22] and it is not known
how to map it exactly to a vertex model. It would be interesting to investigate this further.

At this moment, the puzzle remains unresolved. Let us bring up a couple of examples in
the literature which appear to have some resemblance to our situation. A recent interesting
paper [79] studied several two-dimensional RG flows in which relevant operators are pro-
tected by so-called non-invertible topological defect lines. While invertible lines correspond
to usual global symmetries, non-invertible lines do not. Nevertheless, they are preserved by
RG and prevent local operators that do not commute with them from being generated. Sim-
ilar phenomena are present in 2d adjoint QCD with massless quarks, where one of the two
singlet four-fermion operators is also protected by such lines [80]. It is an exciting possibility
if, in addition to the categorical O(n) symmetry, lattice loop models without crossings and
the CFTs we studied in this work also contain some similar objects that protect operator S.

9.2 The n > 2 region, periodic S-matrices and complex CFTs

In this work we focused on the n < 2 regime, but part of our motivation to study two-
dimensional O(n) models was that for n > 2 they provide an example of walking RG flows.
Here we can think of the critical and the low-T fixed points as living at complex values of the
coupling, and being described by complex CFTs [1, 2]. We reserve detailed investigation of
this to future work, but as an invitation to the reader we show a potential relation with the
periodic O(n) symmetric S-matrix, a solution to Yang Baxter equation originally written
down in [81] and recently rediscovered in the S-matrix bootstrap program [32, 33].

Let us first review the known S-matrix which describes the massive integrable RG
flow from the critical n < 2 fixed point deformed by e, albeit with an opposite sign of
the coupling than we considered above. This S-matrix was defined in [82] and it has the
striking feature that forward scattering is not allowed in it. Particles can only “reflect”
or “annihilate” with each other. The non-crossing of particle worldlines reminds of the
mutually avoidance of the loops in the O(n) model. The S-matrix studied in [32, 33, 81] is
defined for n > 2 and has the same feature, which suggests that it may also have something
to do with the loop models, and hence with our complex CFTs. In the singlet channel it

takes the following form?’
_iro Ty Sinh[E(i0 — 20m)] sinh[k(if + (21 4 1)7)] arccosh2
Ssing = — ik6 = k= —2 . 9.2
& ¢ Z];II sinh[k(i6 + 2m)] sinh[k(i0 — (20 + 1)7)]’ i (92)

For n = 2 this S-matrices coincides with the n — 2 limit of the n < 2 one, however,
they are not related by a simple analytic continuation. Indeed this is not to be expected:

35Compared to eq. (35) of [32], we consider an overall minus sign in front of the S-matrix in order to
have this matching. This minus sign is innocuous but it does change physical properties of the theory. The
theory with the sign of [32] also appears to walk, but near a different value of c.
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(b) n > 2.

Figure 5. RG flows triggered by deformation of O(n) CFTs by €. Green — positive coupling,
flow studied in section 6; red — negative coupling, flow studied in [82]; blue — complex coupling
deformation of an n > 2 complex CFT.

n < 2 S-matrices possess a UV fixed point, while we do not expect this to be the case
for n > 2 theories. In fact, n > 2 S-matrices have a very unusual UV behavior: they are

n
2

implies periodicity in the logarithm of the energy scale. We thus conjecture that periodic

periodic under real shifts of the rapidity § — @ + 272 /arccosh?, which at high energies

S-matrices with n 2 2 “walk” for some long RG time between the complex O(n) fixed
points, but never reach them. In this walking regime the physics of the S-matrix theory
can be obtained from conformal perturbation theory around one of the complex CFTs,
deformed by operator € with a complex coupling, see figure 5. For integer values of n we
expect the deformation to restore unitarity, while for non-integer n deformed theory will
be real but non-unitary.

To test this proposal, we use the form-factor approach [83, 84] to compute the two

point function of © along the flow and infer from it the c-function of the theory [85, 86]:30

c(A) = 672 /loo dz (0(2)0(0)) = ea(A) + ... | (9.3)

A

where © is the trace of the stress energy tensor, and the dots represent higher particle
contributions which we are neglecting. This approach was used in [88] to compute the
same object in the n < 2 theory and was shown to produce very precise results. We report
the value of ¢(A) computed numerically for two values of n in figure 6. For n 2 2, we find
this quantity to be approximately constant in some range Ajg < A < Ayy. This is what
is expected from walking behavior, and we also checked numerically that log Ayy /AR ~

2

T
Vn—2
region n > 2 and using conformal perturbation theory at first order we can compute

. By analytically continuing the dimension of operators and OPE coefficients in the

2T 2

ImA.| ~ 2vn —2

We see that the power of v/n — 2 matches, however, the coefficient differs roughly by a
factor of two. The height of the plateau, in turn, should be compared to the real part of

log AUV/AIR = + 0(1) . (94)

the central charge of the complex CFTs, given by the analytic continuation of 3.4. We
show the comparison in figure 7 and observe a relatively good match. The most obvious
explanation of the mismatch in the range of walking comes from neglecting the higher

36See for example [87] for a propaedeutic explanation of the needed techniques.
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Figure 6. The value of ¢ along the RG flow. The mass m is the mass of the particles in the
fundamental of O(n).

L L L L L
22 24 26 28 3.0

n

Figure 7. The value of ¢(A) in the middle of the plateau (blue dots) compared with the real part
of ¢ at the complex fixed points (red line). The discrepancy is small for n close to 2, where the
complex CFTs are close to the real axis. As n increases, the complex fixed points move further
away from the real axis and the c-function of the walking theory starts to differ from the real part
of the central charge of the complex CFTs. At this point one needs to include corrections from
conformal perturbation theory.

particle form factors. Usually they play an increasingly important role in the UV and can
easily change the range of walking; we don’t expect, however, them to influence the value
of ¢(A) for which we have walking, since the plateau extends to the IR, where the two
particle form factor should be a good description of the theory. For example at n = 2,
where the UV fixed point still exists and A in (9.3) can be taken to infinity, two-particle
form-factors give cyyv &~ 0.98 and, since all higher-particle contributions must be positive,
none of them can be larger than 0.02. Above the walking region the central charge blows
up, and we don’t see any UV fixed point. In fact, once on the plateau, the S-matrix for
the physical values of the rapidity takes a relatively simple form:

Sking =~ —e k0, (9.5)

It remains unknown whether such UV behavior leads to a pathology, is specific to the model
at hand, or corresponds to a novel class of non-Wilsonian UV-completions in the spirit of
asymptotic fragility [89]. It would be interesting to understand better the physics of this
peculiar S-matrix, as well as test further our conjectured relation to the complex O(n)
CFTs by computing correlation functions of some other operators in the walking regime.
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There is, of course, a much better known O(n) invariant integrable S-matrix — the
O(n) sigma model [90]. It generically contains forward scattering and, consequently, cannot
correspond to a non-intersecting loop model. Neither this S-matrix exhibits any visible
signs of walking. Nevertheless, for n — 2 it coincides with the periodic one, and thus it
should also inhabit the vicinity of the theory space that we study.
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A Explicit formula of some OPE coefficients for generic n

We report here some of the OPE coefficients we found for generic n. We found these OPE
coefficients for several values of m and noticed that some of these formulas are the same as
in diagonal minimal models [45] while others have minor differences which we were able to
guess. The function C is defined in equation (A.5) of [46] (the order of indices is important)

Aece = C1,3),(1,3),(1,3)

Agoe = =C3) (mo1 mity (mo1 mia)
A0 /200 k/20e = = N C1,8).(Gm=1).5(m+1)).(G(m—1)g(m+1) (A.1)

Arge =101 3),(1,-1),(1,1)
he — 1
AjJe = Ta/\]je-

B Some n = 2 formulas

In this appendix, we list some explicit four point functions for the n = 2 theory. The
correlator of four energy operators and of two currents and two energy operators are already
given in section 4. The correlator of two spins and two energy operators at n = 2 is

<0’(0)O’(2’, 5)5(1)5(00» = (221)1/8 (V]l(Z)V]l(g) + )\esa)\aasvs(z)vs(g) + Aece’ Agoer Ver (Z>V€’ (2))

(B.1)
e Va(e) = 1 %(2—2)@—1— Si( —8+8)
Ve(z) = (B.2)
Ver(2) = 5 i . [64(z — 2)V1 — z + 16(2% — 82 + 8)]
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and crossing fixes the OPE coefficients to be

1 1

)\eaeAaaa = = )\685’/\006’ = ﬁ .

; (B.3)

The correlator of two currents of different helicity and two energy operators acquires
a rather simpler form,
_—— c
(J(0)J (2, 2)e(1)e(00)) = T— (B.4)
Just by considering crossing we cannot fix the overall normalization ¢, but this can be fixed
to be —4/3 by an explicit computation for the O(2) model.

(B.5)
B.1 Free boson OPE coefficients
We start with the action )
2 2
S=5r [ Eo@07. (B.6)
which gives the correlator
(6(2,2)6(0)) = —loglal. (B.7)
The three point function of a current and two vertex operators is
n _ 23 1
<8(p(x1)vn,m(m2)vn,m($3)> =P T 22 (BS)
13712 |wog|?P
where p is related to n,m by (7.5).
Acting with L? | and L_5 on a vertex operator gives
1
L—2Vni,m = _5 (8()0)2 Vni,m + p8290vn$,m (Bg)

L2—1an,:m = 7p2 (a(p)Z an,:m + p8290vn:',:m ’

which means that we can find correlation functions of (8¢)2Vn7m or 82¢Vn7m by acting with
some differential operator on correlations functions of V,, ,,.

The OPE coefficient of three vertex operators is

)\ —_
Vrth,:t’m/Vnttn/,m:tm/ \/i (B 10)

\ 1
_ _ + = :Fi
Vn’mvn/,mlvnin/,mim/ \/5

forn+n’ # 0 and m +m' # 0.

C Logarithmic three point functions

In this section we look at three point functions with up to two insertion of a logarithmic
field. Three point functions have logarithms only when A is inserted. By looking at the
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ordinary ones (no insertion of A), we find the following relations between OPE coefficients
simply by using the fact that B is a descendant of J, B = %Saj )

he

ABJe = ?AJJE
S
1— ho)he
ABBe = wAJJs (C.1)
he

AJje = e

where the last relation follows from the fact that B can be obtained both as a descendant
of Jand J, B = i&] = iaj. The large m value of Ay and A ;7. are in (4.24), and they
satisfy (C.1).

Let’s now look at three point functions with one insertion of A. These will be more
complicated, since A is not a primary and logarithms appear. For convenience, we will use
the short hand notation

(O1(21)Oa(22)O3(25)) = ——— !

C.2)
h123 h231 ,h132 _hia3 h231 _h132 ( )
f127 %237 F1377 2197 %237 213

to indicate the usual coordinate dependence one expects from an ordinary three point
function of primaries, where h;j;, = h; + hj — hi. In section 5.2 we obtained two point
functions by solving the associated conformal Ward identity (5.26); we repeat the same
procedure for the three point functions and find

(A(21)J (22)e(23)) < he 212 512) he e 219231 |2
— Aase — SA fl2 A2 1o ,
(AG1)T(z2)e(zs)) A o\ he =123 2 PR e,
(A(z1)B(22)e(23))  Aage(he — 1) heX e ( o212 2212) c
o 22— (C.3)
(A(z1)B(z2)e(z3)) 2s 4 s zo3  Zo3
ha(ha 1) 212213
+ T)\JJa -
Finally, the (AAe) three point function is
(A(21)A(22)e(23))
=\ +lo+ 1 +1
(A(z)A(z2)e(zg)) ~ 70T
1 2 2
ly = —; (1 — he) hodgge log | 2518 | 1o | 212723
452 213
)\AJe - s2+1
— AjJjehe
[ Jiehe—5 5=
21 Z1 2
+ 7h£)\JJe 1+ + —= log ’212| (04)
2 213723 213723
1 _ 2
+ *hs)\JJs <213 - Zﬁ + Zﬁ — 223> log zﬁ
2 Z93 213 223 713 213

213 | %23 | Z13 | 223
lo = s(Aaje + sAjse) ( + =+ =+ >
Z23 213 223 Z13

he _ 1 1
2+ 212212 — + -
h: —1 Z13%23 223713

+S2AJJ€
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We remind the reader that AAe OPE coefficients were not fixed by us uniquely from cross-
ing; however, the leading behavior was obtained by requiring a consistent n — 2 limit. We
always can shift A — A+ AB, and this would change the OPE coefficients A4 j. and Asa.
We keep A so that its two point function is in the canonical form (5.30), and this makes the
definition of both OPE coefficients unambiguous. The value of s and the large m behavior
of Agje can be found in (5.37) and (5.38). We also remind the reader that h. = 1+0O(1/m).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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