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We investigate the time evolution of the mean location and variance of a charged particle subject to random
collisions that are Poisson-distributed. The particle moves on a plane and is subject to a magnetic field
applied perpendicular to the plane, so it is constrained to move in circles in the absence of collisions. We
develop a procedure that yields analytic expressions of the mean and variance. These results are valid for
arbitrary times after the start of the walk, including early on when, on average, less than one collision is
expected. As an example of their applicability, we use these expressions to model experimental results and
simulations of suprathermal ions propagating in a turbulent plasma in TORPEX.

I. INTRODUCTION

Transport of charged particles across magnetic field
lines is a classic problem in physics. Already in 1915,
Townsend1 estimated diffusion coefficients of ions in
gases. By the 1960s, experiments using magnetized low
temperature plasmas had confirmed many theoretical
predictions of diffusive behavior, although only under re-
stricted conditions2. This prompted a series of investi-
gations, like those of Taylor3 and Kurşunoğlu4,5. They
obtained expressions for the mean square displacement
(MSD) of plasma particles across magnetic field lines in
the limit of long times, t → ∞. In 1970, Furuse6 found
more general expressions valid for all times. Most of these
studies used a Langevin7–9 approach where the dynam-
ics of the particles is determined by the Lorentz force,
a random driving force (usually white noise7,8,10) and a
friction term (usually the Stokes force7). However, mem-
ory kernels that generalize friction can be introduced7,8

as well as non-gaussian noise8,9. These ideas have given
rise to entire fields of research that are still actively pur-
sued.

One such field is fractional Lévy motion11, which
is used in models of particle transport featur-
ing a non-diffusive character. In the TORoidal
Plasma EXperiment12,13 (TORPEX), we have used this
approach8,14–16 to describe transport of suprathermal
lithium-6 ions across magnetic field lines in a turbulent
plasma. Through appropriate choices of parameters, the
Lévy motion models have been shown to reproduce re-
sults from simulations and experiments8,15 and their evo-
lution over extended periods of time in certain cases14,
most recently by including truncation effects for particle
jumps16.

In this work, we study transport without resorting to
a random forcing in the form of noise, a friction term,
or a memory kernel. Instead, we use a persistent ran-
dom walk17–19 (PRW) approach where particles feature
continuous trajectories and finite propagation velocities
that lead to correlations in location at short time scales.
The random dynamics arises from random instantaneous
velocity changes, or collisions, which follow a Poisson
distribution with constant rate. This velocity jump pro-

cess was studied by Othmer20 in the context of biological
dispersal studies. Here, however, we include an external
force to account for the effect of the magnetic field in the
inter-collision motion. We use a method similar to the
one developed in Ref. 19 to obtain analytic expressions
of particle location statistics, such as the mean and the
variance, valid for all times t ≥ 0 of the random walk.

We consider a 2D system of a charged particle moving
on a plane and a magnetic field applied perpendicular to
it. The particle is a random walker undergoing elastic
collisions in a 2D PRW. In Sec. II we describe the model
and the transport equation that determines the time evo-
lution of the system. In Sec. III, we obtain general ex-
pressions for the mean and the variance of the walker
location along one axis of motion and then, in Sec. III C,
we focus on isotropic initial conditions and symmetric
collisions. We compute a complete analytic expression
of the variance, valid for all time. Together with results
obtained for anisotropic initial conditions (Sec. III D),
we investigate the suitability of the formalism to model
suprathermal ion transport in TORPEX (Sec. IV). A
summary of the main results, as well as an outlook of
future studies, is given in the conclusions, Sec. V.

II. THEORETICAL FRAMEWORK

A. Transport equation

The walker is a particle of charge q and mass m moving
in a magnetic field, so it is subject to the Lorentz force.
The field B is applied in the z direction, perpendicular
to the plane of motion xy, so that the walker dynamics
is 2D (Fig. 1) and can be well described by a location
r = (x, y) and a velocity v = (vx, vy). Collisions do not
change the magnitude of v and are assumed to generate
instantaneous velocity changes with no z-component.

The existence of collisions makes the walker location
random. Let p(r, t) be the probability density function
(PDF) of the random location ρ(t) = (χ(t), ψ(t)) of the
particle at time t in the xy plane. Furthermore, let
p(r,v, t) be the PDF of the walker location and veloc-
ity. We note that
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FIG. 1. Depiction of the system dynamics at different times
t1 < t2 < t3. A particle with q < 0 moves in the xy plane
subject to Bz > 0. At t1 the particle has velocity v(t1) and
follows a circular trajectory (light gray dotted line). A col-
lision occurs at time t2 which instantaneously changes the
direction of motion by a random angle Φ. The particle then
follows a different circular trajectory (dark gray dotted line)
that takes it to a new location at t3.

p(r, t) =

∫
p(r,v, t) dvx dvy ≡

∫
p(r,v, t) dv .

For collisions which are distributed Poisson(t/τ) with
constant mean collision time τ , one can generalize the
transport equation in Ref. 19 to

(
∂

∂t
+ v · ∇r + a · ∇v + γ

)
p(r,v, t)

= γ

∫
f(u,v) p(r,u, t) du

(1)

where the symbols ∇r and ∇v are shorthand for
(∂/∂x, ∂/∂y) and (∂/∂vx, ∂/∂vy), respectively, γ ≡ 1/τ
is the collision rate, and f(u,v) is a kernel giving the
probability that, upon a collision, a walker moving with
velocity u transitions to a velocity v. Similarly as in
Ref. 19, f needs to fulfill the normalization condition∫
f(u,v) dv = 1 for all u to conserve probability. The

acceleration a is given by a = (q/m)v ×B = v × (Ω ẑ),
where

Ω =
q

m
Bz , (2)

and ẑ is the unitary vector in the direction of z (perpen-
dicular to the xy plane). The values of q and Bz can be
negative, so Eq. (2) allows in general for negative values
of Ω. The quantity |Ω|/2π is the cyclotron frequency of
the particle.

In all that follows, it is convenient to change the veloc-
ity coordinates to the polar representation

v = (vx, vy) = v (cos(β), sin(β))

while nevertheless keeping Cartesian coordinates for po-
sition (Fig. 1). A straightforward calculation then shows
that

a · ∇v = −Ω
∂

∂β
, (3)

independent of v.
In a collision (Fig. 1), a velocity u = u (cos(η), sin(η))

transitions to v by changing the original direction η by
a random angle Φ such that β = η + Φ. The angle Φ
is distributed h(φ), with φ ∈ (−π, π ]. The PDF h must
fulfill certain conditions (see Sec. II B) but is otherwise
arbitrary. The collisions do not alter the speed, so v = u.
Then

f(u,v) =
1

v
δ(v − u)h(β − η) =

1

v
δ(v − u)h(φ) ,

noting that
∫
f(u,v) dv =

∫ ∫
f(u,v) v dv dβ = 1 for all

u, as required. With this definition of f , the right hand
side (RHS) of Eq. (1) becomes

∫
f(u,v) p(r,u, t) du

=

∫ π

−π
h(φ) p(r, v cos(β − φ), v sin(β − φ), t) dφ .

(4)

The Lorentz force and the collisions do not change v,
so v is expected to remain constant throughout the walk.
We use the ansatz

p(r,v, t) = p(r, β, t)
δ(v − v0)

v
(5)

in Eq. (1), replace the results in Eqs. (3, 4), multiply both
sides by v and integrate throughout the velocity space to
find the transport equation

(
∂

∂t
+ v0 cos(β)

∂

∂x
+ v0 sin(β)

∂

∂y
− Ω

∂

∂β
+ γ

)
p(r, β, t)

= γ

∫ π

−π
h(φ) p(r, β − φ, t) dφ

(6)

that determines the time evolution of the probability
p(r, β, t), which does not depend on v. The speed v0 > 0
of the particle is now a constant parameter. We use ini-
tial conditions of the form

p(r, β, t)|t=0 = g(r) d(β) , (7)
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where g and d are PDFs in 2D position space and angle,
respectively. The initial direction of motion, distributed
d, is therefore assumed to be independent21 of the ran-
dom initial location ρ0 = (χ0, ψ0), distributed g.

B. Transforms

The function p(r, β, t) is periodic in β, so it can be
expressed22 as

p(r, β, t) =

∞∑
n=−∞

pn(r, t) eı n β

with pn(r, t) =
1

2π

∫ π

−π
p(r, β, t) e−ı n β dβ .

(8)

Furthermore, we assume that p(r, β, t) can be Fourier-
transformed in r and Laplace-transformed in t, according
to

p(r, β, t)
F−→ p(κ, β, t) ≡

∫ ∞
−∞

p(r, β, t) e−ıκ· r dr ,

p(r, β, t)
L−→ p(r, β, s) ≡

∫ ∞
0

p(r, β, t) e−s t dt ,

where κ = (κx, κy) and s are the conjugate variables of
the transforms, so that

p(r, β, t)
F,L−−−→ p(κ, β, s) =

∞∑
n=−∞

pn(κ, s) eı n β . (9)

Using these definitions, we Fourier- and Laplace-
transform Eq. (6). We then use Eq. (9) to expand
p(κ, β, s) and obtain (see Appendix A for details)

g(κ) dn = (s− ı nΩ + γn) pn(κ, s)

+
v0
2

(ıκx + κy) pn−1(κ, s)

+
v0
2

(ıκx − κy) pn+1(κ, s) ,

(10)

for all n ∈ Z, where

dn =
1

2π

∫ π

−π
d(β) e−ı n β dβ ,

γn = γ

(
1−

∫ π

−π
h(φ) e−ı n φ dφ

)
,

(11)

assuming that the integrals in the last expressions exist.
Evaluation at κ = (0, 0) ≡ 0 leads to

pn(κ, s)|κ=0 =
dn

s− ı nΩ + γn
(12)

since g(κ)|κ=0 =
∫
g(r) dr = 1 (as g is a PDF). Since

d0 = 1/(2π) and γ0 = 0 (h is also a PDF), evaluation of
Eq. (12) at n = 0 yields pn(κ, s)|κ=0, n=0 = 1/(2πs),
which implies

∫
p(r,v, s) dr dv =

∫
p(r, β, s) dr dβ =

2π pn(κ, s)|κ=0, n=0 = 1/s or, performing the inverse
Laplace transform,

∫
p(r,v, t) dr dv = 1. Thus, proba-

bility is conserved for all t ≥ 0.
The transformed function pn(κ, s) allows us to com-

pute exact analytic expressions for the moments of
χ(t) without inverse-transforming to the original (r,v)
space19,21. For example,

∂

∂κx
pn(κ, s)

∣∣∣
κ=0
n=0

=
∂

∂κx

(
1

2π

∫
p(r, β, s) e−ı (κ· r+nβ) dr dβ

)∣∣∣
κ=0
n=0

= − ı

2π

∫
x p(r, β, s) dr dβ

= − ı

2π

∫
x p(r, β, s)

δ(v − v0)

v
dr v dv dβ

= − ı

2π

∫
x p(r,v, s) dr dv = L

{
− ı

2π
µχ(t)

}
,

where µχ(t) is the mean value of the walker location along
x. We can compute the second derivative in a similar way
and obtain

µχ(t) = L−1
{

2π ı
∂

∂κx
pn(κ, s)

∣∣∣
κ=0
n=0

}
σ2
χ(t) = L−1

{
−2π

∂2

∂κ2x
pn(κ, s)

∣∣∣
κ=0
n=0

}
− [µχ(t)]2

(13)

for the mean and variance of the particle location along
x. Similar results are found for moments of ψ(t), such
as the mean location along y or the variance, by instead
performing the derivatives with respect to κy. Higher
order moments of χ(t), such as the skewness and kurtosis,
can be computed in similar ways.

III. MEAN AND VARIANCE OF WALKER LOCATION

A. General expression for mean

We now differentiate Eq. (10) with respect to κx and
evaluate at κ = 0. Rearranging terms, we obtain

∂

∂κx
pn(κ, s)|κ=0 = − ı µχ0 dn

s− ı nΩ + γn

−
ı v0

(
pn−1(κ, s)|κ=0 + pn+1(κ, s)|κ=0

)
2 (s− ı nΩ + γn)

.

(14)

Here, µχ0
=
∫
x g(r) dr = 〈χ0〉, the average initial posi-

tion in x. Upon evaluating at n = 0 and using Eq. (12)
to evaluate pn(κ, s)|κ=0,n=±1, we use Eq. (13) to obtain
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µχ(t)− µχ0 = L−1
{
v0
s

Re

(
2π d1

s− ıΩ + γ1

)}
. (15)

In this equation, Re(·) is the real part of the expression in
parentheses without considering s as a complex variable.
Then, for example, Re(s + ıΩ) = s (since Ω is real). In
general, d1 and γ1 may have a nonzero imaginary part, so
the evaluation of Eq. (15) may be nontrivial when Ω = 0.

B. General expression for variance

We differentiate Eq. (10) a second time with respect
to κx and evaluate at κ = 0. Rearranging terms,

∂2

∂κ2x
pn(κ, s)|κ=0 = −

(σ2
χ0

+ µ2
χ0

) dn

s− ı nΩ + γn

−
ı v0

(
∂
∂κx

pn−1(κ, s)|κ=0 + ∂
∂κx

pn+1(κ, s)|κ=0

)
s− ı nΩ + γn

,

where σ2
χ0

is the variance of χ0, the initial location in x.
We then evaluate this expression at n = 0, using Eqs. (12,
14) to find the value of the derivatives on the RHS. Fi-
nally, we use Eq. (13) to obtain the general expression
for the variance of the walker

σ2
χ(t)− σ2

χ0
+ [µχ(t)− µχ0

]2

= L−1
{
v20
s2

Re

[
1

s− ıΩ + γ1

(
1 +

2π d2 s

s− ı 2Ω + γ2

)]}
.

(16)

The function Re(·) follows the same convention as in
Eq. (15).

As a straightforward example of the applicability of
Eq. (16), we consider a case with no B-field but γ 6= 0.
Every time the particle undergoes a collision, it reverses
its direction of motion, h(φ) = δ(φ−π). The initial loca-
tion is x = 0 with complete certainty, so g(r) = δ(r),
and the initial direction of motion is parallel to the
x-axis and with equal probability of going either side,
d(β) = (1/2)(δ(β) + δ(β − π)). Using the definitions in
Sec. II B, one can establish the values of the different
parameters appearing in Eqs. (15, 16), such as Ω = 0,
d1 = 0, d2 = 1/(2π), γ1 = 2γ, γ2 = 0, µχ0 = 0 and
σ2
χ0

= 0. Equation (15) then straightforwardly leads to
µχ(t) = 0 for all t ≥ 0. Equation (16) leads to

σ2
χ(t) =L−1

{
v20
s2

Re

(
2

s+ 2γ

)}
=

v20
2γ2

[(2γ t− 1) + e−2γ t] ,

a result consistent with expected results in 1D PRW19,20.

C. Isotropic initial conditions and symmetric collisions

If any direction of motion on the xy plane is equally
probable at t = 0, the initial motion is isotropic. In that
case,

d(β) =
1

2π
for all β ∈ (−π, π ] . (17)

A direct computation shows that this choice of d yields
dn = 0 for all n 6= 0. Equation (15) then shows that
µχ(t) = µχ0

for all t ≥ 0, independent of the B-field,
collisions, and h.

If h(φ) = h(−φ) for all φ ∈ (−π, π), collisions are
symmetric, having equal probabilities of deviating the
trajectory to either side with respect to the pre-collision
direction of motion. In that situation, Eq.(11) leads to
Im(γ1) = 0. For example, if

h(φ) =

{
1

2φM
if φ ∈ (−φM , φM ),

0 otherwise,
(18)

where φM ∈ (0, π) is a constant parameter, then

γ1 = γ

(
1− sin(φM )

φM

)
≈ γ φ2M

6
(if φM < 1).

(19)

The last line is an approximation when scattering angles
are small. In that case, there can be an interpretation
of γ1 as an angle change (squared), due to collisions, per
unit time. A larger value of γ1 can be obtained by either
an increase in γ or larger σM . On the contrary, if φM → π
(isotropic post-collision direction PDF) then γ1 → γ.

Assuming isotropic initial conditions and symmetric
collisions, Eqs. (15, 16) yield

σ2
χ(t)− σ2

χ0
= L−1

{
v20
s2

Re

(
1

s+ γ1 − ıΩ

)}
=

v20 γ1
γ21 + Ω2

t+ v20
Ω2 − γ21

(γ21 + Ω2)2

+
v20 e

−γ1t

(γ21 + Ω2)2
[
(γ21 − Ω2) cos(Ω t)− 2 Ω γ1 sin(Ω t)

]
.

(20)

This expression is independent of the sign of Ω.
In the limit γ1t � 1, Eq. (20) leads to diffusive be-

havior characterized by σ2
χ ∼ tλ with λ = 1. Indeed,

σ2
χ(t)/t ≈ (v20 γ1)/(γ21 + Ω2), as expected from the known

result by Taylor3. At early times of the walk, when
t � |Ω|−1 and t � γ−11 , σ2

χ(t) ≈ σ2
χ0

+ (v20/2) t2. Pro-
vided σχ0

� v0/|Ω|, the motion will instead be ballistic,
with λ = 2.
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FIG. 2. Evolution of σ2
χ(t) for different values of γ1/Ω.

In the case of no collisions (γ = 0), Eq. (20) shows
that σ2

χ(t) = σ2
χ0

+ (v0/Ω)2(1− cos(Ω t)), a non-decaying
oscillatory motion with angular frequency Ω. If, instead,
we take Bz = 0 but γ1 6= 0, then we obtain σ2

χ(t) =

σ2
χ0

+ (v0/γ1)2[(γ1t − 1) + e−γ1t], similar to 1D PRW
(see Sec. III B) but at a slightly slower pace (notice the
different factor preceding the square brackets). The case
γ = 0, Bz = 0, can be computed as a limiting situation
of Eq.(20), but is easier to obtain from Eq. (16). It yields
σ2
χ(t) = σ2

χ0
+ (v20/2) t2, identical in value to early stages

of the walk at arbitrary γ1 and Bz (as seen before), but
valid for all time t ≥ 0.

If Bz 6= 0, Eq. (20) can be used to express
(Ω2/v20)(σ2

χ(t)−σ2
χ0

) in terms only of Ω t and γ1/Ω. This
means that the functional form of the time evolution only
depends on the ratio of γ1 to Ω and not on the individual
values. Figure 2 shows the evolution of the variance for
different γ1/Ω. Whenever γ1/|Ω| <∼ 1, oscillations occur
up to |Ω| t ≈ 3 |Ω|/γ1 with no significant increment of
the amplitude. Then, the variance transitions to having
a linear dependency with time19, recovering the diffusive
behavior expected from the preceding discussion. When
γ1/|Ω| >∼ 1, no oscillations are visible and an initial slope
of value 2 (ballistic) in the plot transitions smoothly to
1 (diffusive).

Interestingly, given a particular choice of γ1/Ω, the
long term value of (Ω2/v20)σ2

χ(t) is approximately equal

to the one obtained using the reciprocal, (γ1/Ω)−1. This
is because

(
Ω2

v20

)
σ2
χ(t)

γ1t�1−→

Ω2 γ1
γ21 + Ω2

t =
(γ1/Ω)

1 + (γ1/Ω)2
(Ω t) =

(Ω/γ1)

(Ω/γ1)2 + 1
(Ω t) .

Then, whenever γ1 = |Ω|, one obtains a maximum
variance3 for given Ω and v0. This result can be veri-
fied in Fig. 2 in the region where |Ω| t >∼ 10.

All these results are in good agreement with numerical
simulations performed in MATLAB (see Appendix B).

D. Anisotropic initial conditions and isotropic collisions

Collisions become isotropic by letting φM → π in
Eq. (18). Equation (11) then shows that γn = γ for
all n 6= 0.

We now consider anisotropic initial conditions gener-
ated with a von Mises23 distribution, defined as

d(β; β0, c) =
ec cos(β−β0)

2π I0(c)
,

with mean angle β0 and width set by the parameter c ≥
0. In is the modified Bessel function of the first kind22

of order n ≥ 0. If c = 0 then we recover an isotropic
distribution (Eq. (17)). If c � 1, then d(β; β0, c) is
approximately Normal with mean β0 and variance 1/c.
From the characteristic function23 it is straightforward
to show that

dn =
In(c)

2π I0(c)
e−i n β0 ,

valid for n ≥ 0.
Replacing γ1 and d1 in Eq. (15) leads to a complicated

analytic expression for the mean of χ for arbitrary values
of β0. Evaluation at β0 = 0 yields an example with the
simpler expression

µχ(t)− µχ0
=

I1(c)

I0(c)

v0
γ2 + Ω2

[
Ω e−γt sin(Ω t) + γ

(
1− e−γt cos(Ω t)

)]
.

The case c = 0 recovers µχ(t) = µχ0 as expected from
Sec. III C.

The situation is still more complicated for the variance.
Replacement of γ1, γ2, d2 and µχ(t) in Eq. (16) yields
analytic results that are cumbersome to present explic-
itly. The results are nevertheless plotted in Fig. 3 for
β0 = 0, π/2, where the biases in initial direction are seen
to have an impact on the evolution of σ2

χ. Interestingly,

transport can behave supraballistically, with σ2
χ ∼ t3, in

certain situations. The reason for this is likely a diffu-
sion of velocities along x caused be early collisions, as
explained in Ref. 19. The effect is more clearly seen at
large values of c since, for those cases, the distribution of
initial velocities has smaller width.

IV. APPLICATION OF MODEL TO SIMULATIONS OF
SUPRATHERMAL IONS IN TORPEX

A. Suprathermal ion studies in TORPEX

As an example of application of the results of Sec. III,
we consider the case of suprathermal ion transport in
TORPEX (Fig. 4).
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FIG. 3. Evolution of σ2
χ(t) for γ/Ω = 0.1 and different values

of the width parameter c. Solid lines correspond to β0 = 0
and dotted lines to β0 = π/2 (same color coding). The case
c = 0 yields an isotropic result compatible with the model of
Sec. III C. Notice the large slope at |Ω t| <∼ 1 for the curves
with c >∼ 10.

FIG. 4. Suprathermal ions in TORPEX. We use a magnetic
configuration with open helical lines (depicted with the solid
purple line). Lithium-6 ions are injected in a turbulent hy-
drogen plasma using a miniature source. As they propagate,
the ions spread in the perpendicular direction (xy plane). A
detector measures the ions arriving at different (x, y) loca-
tions. The toroidal distance between source and detector can
be changed to resolve different propagation times.

TORPEX12,13 is a basic toroidal plasma physics device
located at the Swiss Plasma Center in Lausanne, Switzer-
land, of major radius 1 m and minor radius 20 cm. In the
typical Simple Magnetized Torus (SMT) configuration,
where a small vertical field Bv ≈ 2 mT is superposed on
a dominant toroidal field Bφ ≈ 74 mT, hydrogen plasmas
of densities ne = 1015 − 1017 m−3, electron temperatures
Te ≈ 1− 5 eV and plasma potentials Vp = 10− 20 V, are
produced which exhibit turbulent behavior24. Plasma
structures, elongated along the B-field, can detach from
the main plasma and propagate radially outward13,25,26,
giving rise to so called “blobs”.

In these conditions, a beam of lithium-6 ions (6Li+) is
injected with an energy much larger than Te (see Fig. 4).

These suprathermal ions have no effect on the plasma or
the fields (they act as tracers). They propagate mostly
parallel to the helical B-field lines, but the existence of
a non-zero curvature and ∇B leads them to drift across
field lines. Furthermore, the ions interact with the elec-
tric field produced by the fluctuating Vp. Plasma struc-
tures are B-field aligned13, so Vp has negligible gradients
parallel to the field. The 6Li+ are then subject to a fluc-
tuating force that affects their perpendicular motion and
leads to 2D transport on the xy plane (Fig. 4).

Extensive studies8,13,15 of this setup have been per-
formed experimentally and with simulations. The sim-
ulations use the GBS code27 to generate the turbu-
lent electric field where particles are traced. The re-
sults show non-diffusive perpendicular transport features
which change with 6Li+ propagation time and with ion
injection energy.

B. Simulations and PRW model

The PRW formalism developed in Secs. II, III can be
used to model the perpendicular motion of the 6Li+ by
replacing the effect of the fluctuating potential with ran-
dom changes in direction on xy. Since the model assumes
a constant B-field perpendicular to xy, we look only at
location statistics along x to avoid complications arising
from the drifts (directed along y, see Fig. 4) caused by
the 3D spatial variation of B. Furthermore, the model as-
sumes no changes in ion kinetic energy, even though some
heating may occur due to large electric field gradients28.
3D effects arising from plasma variations along B-field
lines are also neglected, since they are expected not to be
important (see Sec. IV A). The formalism is admittedly
a simplification, but it does capture some of the main
features of experiments and GBS simulation results, as
described next.

We consider pre-existing and well analyzed experimen-
tal data and simulations8,13,15 of suprathermal ions with
injection energies ≈ 30 eV and ≈ 70 eV. In both cases,
the injection is performed at an angle of 5.7o± 4.6o with
respect to the B-field lines. The angle spread, as well as
variations in the initial energy, give rise to a spread in
initial perpendicular velocities.

Figure 5 shows experimental data of measured vari-
ance against |Ω|t. The value of σ2

χ and the error bars are

computed as the square of the measurements of 6Li+ ion
beam width versus toroidal propagation distance (i.e.,
separation between source and detector) in Refs. 8 and
15. The initial location spreading σ2

χ0
≈ (0.3 cm)2 =

0.09 cm2 is determined from the same observations. The
mapping to |Ω|t is performed using Ω/2π = 188 kHz8,15

and 6Li+ velocities 4.70 × 104 m/s and 3.08 × 104 m/s
in the direction parallel to B, for 70 eV and 30 eV, re-
spectively. There is a small uncertainty in the average
value of |Ω|t of the ions detected at a given detector dis-
tance, due mainly to the spread in experimental injection
energies8, which is estimated to be < 5 %. Figure 5 also



7

FIG. 5. PRW model (lines), experimental data (squares) and
GBS simulations (bands) of 6Li+ location variance (along x)
for 30 eV (top) and 70 eV (bottom). Data error bars are the
1σ uncertainties corresponding to the square of the 1σ errors
in Refs. 8 and 15. Dashed lines correspond to isotropic ini-
tial conditions and solid lines to injection biased in the +x
direction. See text for a discussion on parameter values. Ini-
tially, transport is ballistic with λ ≈ 2, while at long times
(|Ω| t >∼ 100) it is diffusive (λ ≈ 1). A subdiffusive (λ < 1)
regime is observed in the 70 eV case in the region between
vertical dotted lines.

shows the GBS-simulated evolution of the spreading of
6Li+ along x for the two injection energies. The shaded
bands represent ranges of simulation results consistent
with experimental uncertainties.

To model the 30 eV case (see Fig. 5), we choose
γ1/Ω = 0.6 (see Sec. III), as it exhibits a rapid tran-
sition between ballistic (σ2

χ ∼ t2) and diffusive (σ2
χ ∼ t)

regimes. With isotropic initial conditions (Sec. III C), a
value v20/Ω

2 = 0.13 cm2 yields good agreement with ex-
periments. Compared to the simulations there is, how-
ever, an initial overestimation of the variance that can
be reduced by assuming an injection biased in the +x
direction (c = 1.8, γ/Ω = 0.6, Sec. III D). This choice
cannot reproduce the simulated variance oscillations at
times 3 <∼ |Ω| t <∼ 30. Actually, no choice of parameters
was found that could accomplish this, suggesting that the
simplicity of the PRW model may make it unsuitable to
capture this effect in the 30 eV case.

To model the 70 eV simulations, we choose v20/Ω
2 =

0.39 cm2 consistent with the fact that these simulations
include energies up to ≈ 75 eV, a factor of 3 larger
than the ≈ 25 eV that can be found in the 30 eV case.
We also choose γ1/Ω = 0.03 as it allows for oscilla-
tions of σ2

χ until |Ω|t ≈ 100. The biased injection (with
c = 1.8, γ/Ω = 0.016) yields a better fit to the simula-
tions than the isotropic one (Fig. 5), especially at early

times |Ω| t <∼ 1, but both the isotropic and biased cases
capture the main features of the experimental data, with
a superdiffusive character at early times that becomes
subdiffusive and, afterwards, progressively transitions to
diffusive.

A physical interpretation of these results can be made
by focusing on isotropic injection (Sec. III C). According
to Eqs. (11, 18, 19), the value of γ1/Ω can be regarded,
approximately, as an average cumulative deflection angle
per gyro-cycle, provided the deflection angle per collision
is small (� 1). Then, the results above suggest that the
effect of the turbulent electric field on the transport of
6Li+ ions may be similar to a collection of random, small
angle, changes in direction with fixed total expected de-
flection per gyro-cycle. The higher value of γ1/Ω of the
30 eV case (see Fig. 5) suggests a larger cumulative de-
flection compared to 70 eV, an observation possibly con-
sistent with gyro-averaging8,15 of Vp structures.

V. CONCLUSIONS

We have developed a 2D persistent random walk model
of a charged particle in a magnetic field. The particle is
subject to elastic collisions which are distributed Poisson
with constant rate.

Using a procedure similar to the one in Ref. 19, we ob-
tain general expressions for the mean and variance of the
particle location. The formalism developed in Secs. II-
III can be straightforwardly used to compute higher order
moments if desired. Under the assumption of isotropic
initial conditions and symmetric collisions (Sec. III C),
we compute an exact analytical expression of the vari-
ance (along the x axis), valid for all time t ≥ 0, that has
been tested against numerical simulations (Appendix B).
We also investigate anisotropic initial conditions (with
isotropic collisions, Sec. III D) and show that differences
in initial conditions can have an impact on the properties
of transport.

The results are used to model the time evolution of
the variance in experiments and simulations of suprather-
mal ions in TORPEX (Sec. IV B). The model is seen to
capture the main features of transport across magnetic
field lines as well as the evolution of the character of
transport over time. While other models based on Lévy
motion14,16 can describe asymmetrical and non-diffusive
behavior in a single regime at all times, the presented
PRW model is successfully able to incorporate a variety
of transitions between different transport regimes, while
always converging to diffusion in the long term limit.
The PRW model therefore offers a consistent method to
describe transient non-diffusive transport, without the
requirement of invoking non-markovian or non-local as-
sumptions. The PRW and Lévy motion approaches can
therefore complement each other, depending on the spe-
cific system and time frames under investigation.

The model has been developed in the context of plasma
physics and may find further applications in this field, for
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example in studies of particle confinement in tokamaks.
It may also be relevant in studies of any 2D system where
particles undergo random elastic collisions and in biology,
for example in studies of cell motion29.
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Appendix A: Transforming the transport equation

The Fourier and Laplace transform of Eq. (6) yields

(
s+ ı κxv0 cos(β) + ı κyv0 sin(β)− Ω

∂

∂β
+ γ

)
p(κ, β, s)

= g(κ) d(β) + γ

∫ π

−π
h(φ) p(κ, β − φ, s) dφ .

(A1)

The first term on the RHS corresponds to the initial con-
ditions appearing from the transform of (∂/∂t) p(r, β, t).

The function p(κ, β, s) can be expressed as a Fourier
series (Eq. (9)). Replacing it in Eq. (A1) yields, first,

[ı κxv0 cos(β) + ı κyv0 sin(β)] p(κ, β, s)

=

∞∑
n=−∞

pn(κ, s) [ı κxv0 cos(β) + ı κyv0 sin(β)] eı n β

=
v0
2

∞∑
n=−∞

pn(κ, s) (ı κx + κy) eı(n+1)β

+
v0
2

∞∑
n=−∞

pn(κ, s) (ı κx − κy) eı(n−1)β

=
v0
2

∞∑
n=−∞

pn−1(κ, s) (ı κx + κy) eı nβ

+
v0
2

∞∑
n=−∞

pn+1(κ, s) (ı κx − κy) eı nβ .

(A2)

The third line follows from the basic identities cos(β) =
(1/2)(eıβ + e−ıβ) and sin(β) = (1/2 ı)(eıβ − e−ıβ). Next,

Ω
∂

∂β
p(κ, β, s)

=

∞∑
n=−∞

pn(κ, s)

(
Ω

∂

∂β

)
eı nβ

=

∞∑
n=−∞

pn(κ, s) (ı nΩ) eı nβ ,

(A3)

where we have assumed that it is possible to differentiate
the series term by term. A similar assumption is made
for the second term on the RHS of Eq. (A1), this time
regarding the integrals. We have

γ

∫ π

−π
h(φ) p(κ, β − φ, s) dφ

= γ

∫ π

−π
h(φ)

[ ∞∑
n=−∞

pn(κ, s) eın(β−φ)

]
dφ

=

∞∑
n=−∞

pn(κ, s)

(
γ

∫ π

−π
h(φ) e−ınφ dφ

)
eı nβ .

(A4)

which, together with Eqs. (A2, A3) and using the expan-
sion of d(β) in a Fourier series (Eq. (11)), leads to the
complete expanded form of Eq. (A1)

0 =

∞∑
n=−∞

[
(s− ı nΩ + γn) pn(κ, s) +

v0
2

(ıκx + κy) pn−1(κ, s) +
v0
2

(ıκx − κy) pn+1(κ, s)− g(κ) dn

]
eı n β .
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Here γn is defined as in Eq. (11). This series can only
yield zero if all the coefficients accompanying the expo-
nentials are zero, so the term in brackets is zero for all
n. This result is equivalent to Eq. (10).

Appendix B: Numerical tests

We test the main results of Sec. III C by comparing
them with numerical estimates obtained with a MAT-
LAB code19. The code generates N = 105 initial con-
ditions distributed g and d, and uses them to integrate
N random trajectories with discrete time steps ∆t =
(103 max(γ, |Ω|))−1. For each trajectory n = 1, 2, ..., N ,
the location (xn(t), yn(t)) and the direction of motion
βn(t) is updated according to

xn(t+ ∆t) = xn(t) + v0 ∆t cos(βn(t))

yn(t+ ∆t) = yn(t) + v0 ∆t sin(βn(t))

βn(t+ ∆t) =

{
βn(t)− Ω ∆t if no collision happens,

βn(t) + Φn if there is a collision.

(B1)

The random angle Φn is generated with a symmetric PDF
h as defined in Eq. (18). The motion is initially isotropic,
with d as in Eq. (17). We choose g to be 2D Normal21

with mean 〈ρ0〉 = 0, zero x-y correlation (circular shape)
and σ2

χ0
= σ2

ψ0
= (10−4 v0/Ω)2. The estimation of the

mean and variance at time t is computed using the ap-
propriate sample statistics of the N locations at t. The
implementation of Poisson collisions, the choice of ∆t
and more details of the code are described in Ref. 19.

Figure 6 shows a comparison of simulation results
(markers) to predictions based on the theory of Sec. III C
(solid lines). The purple x-markers correspond to the
simulation parameters v0 = 10 m/s, Ω = 2π rad/s, γ =
31.42 s−1 and φM = π, which lead to γ1/Ω = 5; blue
triangles to v0 = 5 m/s, Ω = −5π rad/s, γ = 22.44 s−1

and φM = 3π/4 (for γ1/Ω = −1); blue-green crosses to
v0 = 2 m/s, Ω = 8π rad/s, γ = 6.91 s−1 and φM = π/2
(for γ1/Ω = 0.1); and yellow circles to v0 = 1 m/s,
Ω = −11π rad/s, γ = 0.35 s−1 and φM = π (for γ1/Ω =
−0.01). These cases, which reproduce situations with
differing transport features, show very good agreement
with the theoretical curves of the mean and the variance
along x.
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