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Abstract

We prove an asymptotic formula for the second moment of a product of two Dirichlet L-
functions on the critical line, which has a power saving in the error term and which is
uniform with respect to the involved Dirichlet characters. As special cases we give uniform
asymptotic formulae for the fourth moment of individual Dirichlet L-functions and for the
second moment of Dedekind zeta functions of quadratic number fields on the critical line.
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1 Introduction

Moments of L-functions are a central topic in analytic number theory, not only due to their
many important applications, but also because they give insight into the behaviour of L-
functions in the critical strip.

One of the most famous and best-studied examples in this regard is the fourth moment of
the Riemann zeta function
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The first asymptotic formula for (1.1) goes back to Ingham [22], who proved that
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1

It was not until several decades later that Heath-Brown [18] was able to improve on this
estimate. His result, which marked a major advance in the subject, states that
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where P is a certain polynomial of degree 4. Further progress came with the development of
methods originating in the spectral theory of automorphic forms, in particular the Kuznetsov
formula [32]. Zavorotnyi [49] was thus able to lower the exponent in the error term in (1.2)
and show that

T
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Motohashi [38, Theorem 4.2] established an explicit formula which expresses a smooth
version of the fourth moment (1.1) in terms of the cubes of the central values of certain
automorphic L-functions. His result is significant, as it allows a much deeper understanding
of (1.1) than a mere asymptotic estimate, in addition to having many remarkable applications
(see e.g. [24,25]). The best estimate for (1.1) to date is due to Ivi¢ and Motohashi [25,
Theorem 1] who, by making use of the explicit formula, were able to replace the factor 7T°¢
in (1.3) by a suitable power of log T'.

In this article, we are interested in the analogous problem for Dirichlet L-functions. Nat-
urally, the fourth moment can here be taken in two different ways: on the one hand, we
can look at an individual Dirichlet L-function and take the average along the critical line as
in (1.1). On the other hand, we can focus on the central point s = 1/2 and take the average
over a suitable subset of Dirichlet characters, most typically the set of all primitive Dirichlet
characters of a given modulus ¢.

The latter case has probably received most of the attention. The first result goes back to
Heath-Brown [20], who proved an asymptotic formula for those ¢ with not too many prime
factors, which was later extended by Soundararajan [43] to all ¢. Young [47] achieved a major
breakthrough when he proved, for g prime, an asymptotic formula with a power saving in
the error term. His result states that

> ’L(%’X)r‘=¢*(4)P(logq)+0(q“%+5), (1.4)
x mod g

where the * on the sum indicates that the sum is restricted to primitive Dirichlet characters,
where ¢*(g) denotes the number of primitive characters mod ¢, and where P is a certain
polynomial of degree 4. As in the works of Zavorotnyi [49] and Motohashi [38], his proof
relies crucially on methods coming from the spectral theory of automorphic forms. The
exponent 5/512 in the error term was later improved to 1/20 by Blomer, Fouvry, Kowalski,
Michel and Miliéevic [3.,4].

A few results are also available if an additional average over ¢ is included. Rane [42]
showed that

« 2T
) / IL(L +ir )| df = C@)e* @) T (loggT)*
ymodg?T (1.5)

+0(2°@¢*(g)T (loggT)* (log log 3¢)° ),
where w(q) denotes the number of prime factors of ¢, and where C(gq) is a certain constant
depending on ¢. This is an asymptotic formula in certain ranges of ¢ and 7. Bui and Heath-

Brown [10] sharpened the error term in (1.5), and established an asymptotic formula when g
goes to infinity. Another result is due to Wang [46], who proved that, forg < T,
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X%q/ ‘L +it, x ‘ dt=<p*(q)TPq(logT)+O(min{qu%"‘f,qT%ﬂ})’
(1.6)

where P, is a certain polynomial of degree 4 with coefficients depending on g.
The direct analogue of (1.1), thatis the fourth moment of an individual Dirichlet L-function
on the critical line

r 4
/ |L(5 +ir, x)| dt, (1.7)
1

has received much less attention. If yx is considered fixed, then a simple asymptotic formula
for (1.7) can be obtained by classical methods, although this has not been worked out explicitly
in the literature. It is a much more difficult problem to obtain estimates uniform in y and
comparable in strength to what can be achieved for ¢ (s). It is this latter problem which we
want to address here.

Our main result is as follows.

Theorem 1.1 Let ¢ > 0. Let x mod q be a primitive Dirichlet character. Then we have,
forT > 1,

T T
/1 |L(%+it,x)|4dt=/l Pylogndr+ 0(q ¥ 750+ 4 qTi+), (18)

where Py is a polynomial of degree 4, whose coefficients depend only on q, and where the
implicit constant depends only on €.

Here 6 denotes the bound in the Ramanujan—Petersson conjecture (see Sect. 3.1 for a
precise definition). By the work of Kim and Sarnak [30] it is known that 6 = 7/64 is
admissible, and with this value our asymptotic formula is non-trivial in the range ¢ <
723/107=¢ The polynomial P, appearing in the main term can be described fairly explicitly
in form of a residue (see (5.11)). In particular, its leading coefficient is given by

1 ¢(g)? 2
e (-5 0)

rlq

This constant also appears as leading coefficient in the polynomials in (1.4) and (1.6), and is
identical to the constant C(g) in (1.5). With a couple of minor technical modifications in the
proof, Theorem 1.1 can be extended to all Dirichlet characters.

A similar formula holds if we replace the sharp integration bounds in (1.7) by a smooth
weight function.

Theorem 1.2 Lete > 0. Letw : (0, 0c0) — C be a smooth and compactly supported function.
Let x mod q be a primitive Dirichlet character. Then we have, for T > 1,

/|L +ir. x)| w(%>dt=/P (logt)w< )dt+0( 2- 39T%+9+£),

where Py is the same polynomial as in (1.8), and where the implicit constant depends only
on w and €.

An interesting generalization of (1.7) concerns the mixed moment
T 2 2
/ |L(5 +ir, x1)|7|L (5 +it, x2)|dt, (1.9)
1
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where x| and x; are two different primitive Dirichlet characters. In general, it is expected that
the behaviour of the two Dirichlet L-functions L(s, x1) and L(s, x2) on the critical line is
uncorrelated, which should also find its expression in a slightly different asymptotic behaviour
of (1.9) compared with (1.7). Specifically, heuristical considerations suggest that the mixed
moment (1.9) should have a leading term of the order of 7 (log T)? instead of T (log T)* (see
[33] for a discussion of this phenomenon in a more general context).

This is indeed the case as our next result confirms.

Theorem 1.3 Let ¢ > 0. Let x1 mod q1 and x2 mod g3 be two different primitive Dirichlet
characters, and let

gt = (q1. ™) /(q1.q2)  and 45 = (g2, 1)/ (q1. q2)- (1.10)

Then we have, for T > 1,
T 5 1 5
/ |L(5 +ir, xa)|7|L(5 +it, x2)|"de
1
T
=/ Py, .x,(logt) dt (1.11)
1

1 3 341 . N 1,2
+ 0((qfq1 + 392 (q1g) T2 (gt + 4592) 7 (q192)3 TW),

where Py, y, is a quadratic polynomial, whose coefficients depend only on x| and x, and
where the implicit constant depends only on €.

As before, the polynomial Py, ,, appearing in the main term can be stated explicitly
(see (5.12) and (5.13)). Its leading coefficient is given by

6 — pe@De(g2) ( : )
° L, rrrse e
— 1L, X)) 0(q192) pllq_llqz e

On a side note, this result also shows that for a given primitive, non-real Dirichlet character x
there is no correlation between the functions L(1/2 + it, x) and L(1/2 — iz, x).
The analogue of Theorem 1.3 for the smooth moment reads as follows.

Theorem 1.4 Lete > 0. Letw : (0, 00) — C be a smooth and compactly supported function.
Let y1 mod q1 and x» mod q3 be two different primitive Dirichlet characters, and let g7 and g3
be defined as in (1.10). Then we have, for T > 1,

LG i, )L + i ) [Pw( = ) dr
T

t
= v/Pm.xz(lOg’)w(?) dr

1 3 3p.1
+0<(611*611 +992)2(q192)* 29T2+0+8),

where Py, y, is the same polynomial as in (1.11), and where the implicit constant depends
only on w and e.

A certain special case of Theorem 1.3 deserves its own mention. If K is a quadratic
number field with discriminant D, then itis well-known that the Dedekind zeta function ¢ (s)
associated to K has the form

Tk (8) = E()L(s, xp)s
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where xp is a certain real primitive Dirichlet character of modulus |D|. Hence, by apply-
ing Theorem 1.3 on this product of Dirichlet L-functions, we get the following asymptotic
formula for the second moment of {g on the critical line.

Theorem 1.5 Let ¢ > 0. Let K be a quadratic number field with discriminant D. Then we
have, for T > 1,

T 1 2 T 5_ 39149 2 2
/ ek (5 +1it)] dt=/ PK(logt)dz+0(|D|Ti T2t +5+|D|§T§+8),
1 1
(1.12)

where Pk is a quadratic polynomial, whose coefficients depend only on the field K, and
where the implicit constant depends only on ¢.

This improves on previous results by Motohashi [35], Hinz [21] and Miiller [39]. With the
current best value for 6, the asymptotic formula is non-trivial as long as |D| « T°%/139=¢,
The leading constant of Pk is

6 2 1
?|L(1,XD)| 1_[(1 - m)

p|D
We also want to formulate the analogue of Theorem 1.5 for the smooth moment.

Theorem 1.6 Lete > 0. Letw : (0, 00) — C be a smooth and compactly supported function.
Let K be a quadratic number field with discriminant D. Then we have, for T > 1,

d t
/|§K(% +i’)|2w<;> dr = /Pk(logt)w(?> dr + 0<|D|%*%9T%+9+5),

where Pk is the same polynomial as in (1.12), and where the implicit constant depends only
on w and .

We did not attempt to establish explicit formulae of the type Motohashi established for ¢ (),
as this would have further complicated many of the already complicated estimations done
in the proof. Nevertheless, it would certainly be interesting to develop such identites for
the moments considered here, in particular for the fourth moment of Dirichlet L-functions.
In fact, for the second moment of Dedekind zeta functions of quadratic number fields, an
explicit formula has been worked out by Motohashi [36,37] (see also [6,8,9] for other related
results).

We now proceed to give an overview of the proof of our results, focusing here on Theo-
rem 1.1. For the most part, we follow rather classical paths, taken in similar forms in many
of the works cited above. By the use of a suitable approximate functional equation for the
square L (s, )2, we express the quantity |L(1/2 + it, )()l4 as a finite double Dirichlet series
of roughly the form

3 X)X ()T ()7 (12) (nz>

3 n
nina<qT (n1ny)2 1
: xm)x ()t (T (n) .
+ory (% + it) Z . ().
nina&qT (n1n2)2

where 7 (n) denotes the usual divisor function and where o, (s) is given by

ay(s) == L(s, x)*/L(1 — 5, 7).
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Once this is established, we simply integrate term-wise over ¢. This operation has a localizing
effect on the sum on the left, in the sense that only those terms remain where n; and n, are
not too far apart, all other terms becoming negligibly small due to the oscillation in ¢. The
sum on the right effectively disappears as a whole because of oscillatory effects coming from
the two factors oy (1/2 + i) and (n1n)".

Eventually, two different sums remain which we need to estimate. On the one hand, we
have the contribution coming from the diagonal terms n| = n,, which takes the shape

T(n)?
Z o (1.13)

nkqT
(n.q)=1

and which can be evaluated rather easily, giving rise to the first two leading terms in the
final asymptotic formula (1.8). On the other hand, we have the contribution coming from the
off-diagonal terms, which—ignoring here any remaining oscillatory factors—roughly look
as follows,

3 x(n)x (n2)t(ni)t(n2)

1
nima<qT (n1n2)? log(na/n1)
0<|nj—na| T3

It also contributes to the main term in the end, although only to the lower order terms. It is,
however, considerably harder to analyze than (1.13), and its evaluation forms the actual core
of the proof of Theorem 1.1.

After reordering the terms according to the value of & := ny —n1, we arrive at the following
type of sums,

> XX+ WTm)T(n + h), (1.14)
nkqT

where the parameter 4 can be as large as 7''/3. This is an instance of the so-called shifted
convolution problem, which comes up regularly in the study of the analytic behaviour of
L-functions. Similar sums also appeared for instance in the works of Heath-Brown [18] and
Young [47] cited above. In our case, it is the presence of the Dirichlet characters which
complicates the analysis considerably, leading to several technical difficulties down the road,
in particular with regard to the application of spectral methods.

The crucial point in the evaluation of (1.14) comes after a couple of initial transformations,
when we encounter sums of Kloosterman sums of roughly the following form,

Y x@xm—a) Y S@h,a;q)S@h,m;c)F (o), (1.15)

a mod ¢ (c,q)=1

where m is an integer and where F(c¢) is some weight function. Ideally, at this point one
would like to estimate the sum of Kloosterman sums over ¢ via the Kuznetsov formula, while
also exploiting the cancellation in the character sum over a. However, already the first task
brings serious difficulties, as it is not clear in which form—if there is any—the Kuznetsov
formula might be applicable here.

The route we take to solve this problem is to write the first Kloosterman sum in terms of
Dirichlet characters as follows (assuming for simplicity that # and g are coprime),

1 2 2
> Y (ha)G (), (1.16)

S@h,a;q) = —
9@ e,
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where the sum runs over all Dirichlet characters mod ¢, and where G () denotes the Gauf}
sum associated to 1. The idea underlying this approach goes initially back to Blomer and
Milicevié [7], and was used in similar forms also in other works (see [41,45,48]). It allows
us to separate the two variables a and c in (1.15), while at the same time bringing the sum of
Kloosterman sums into a form susceptible to the use of the Kuznetsov formula.

Of course taking this route comes with a cost: encoding the Kloosterman sum via Dirichlet
characters introduces an additional factor of the size of ¢'/2, which we cannot get rid of
afterwards and which inevitably turns up in the error term in Theorem 1.1.

We suspect that there should be a more direct way to employ the Kuznetsov formula on
the sum (1.15), which avoids the rather artificial detour via (1.16) taken here. This might not
only lead to an improvement of the error term in Theorem 1.1 in the g-aspect, but would also
prove extremely useful when trying to establish an explicit formula of Motohashi type for
the fourth moment of Dirichlet L-functions (see also the comments in [38, pp. 182—-183] on
this matter).

Plan

The article is organized as follows. In Sect. 2, we introduce the basic notation used throughout
the article, and state some technical results related to Dirichlet L-functions. In Sect. 3, we
briefly present the needed tools from the spectral theory of automorphic forms. In Sect. 4, we
consider the shifted convolution problem lying at the heart of the proof of our results. Finally,
in Sect. 5, we proof Theorems 1.1-1.6. The last two sections can be read independently of
each other.

2 Background on Dirichlet L-functions

The aim of section is to introduce the basic notation used in the following, and state a couple
of technical lemmas related to Dirichlet L-functions.

2.1 Notation

We will use the convention that ¢ denotes a positive real number which can be chosen
arbitrarily small and whose value may change at each occurrence. We write A < B to
mean A < B < A.

We denote the Gaull sum associated to the Dirichlet character y mod g by

h
Go.h= Y. x(a)e<a—>,
a mod ¢ q

where as usual e(§) := exp(2mi&). We set G(x) := G(x, 1). Other frequently occurring
exponential sums are the Ramanujan sums and Kloosterman sums, for which we will use the
notations

\ _

= Y e(i): > u(L)a and sonnig= Y (u)
a mod g 4 d|(h,q) a mod g q
(a.q)=1 (a,q)=1

where @ indicates a solution to aa = 1 mod q.
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Let x; mod ¢ and x> mod g, be Dirichlet characters, which throughout the article will
be assumed to be primitive. We denote the product of the two Dirichlet L-functions L(s, x1)
and L(s, x2) by Ly, x, () := L(s, x1)L(s, x2). For Re(s) > 1, this function can be written
as a Dirichlet series,

o0
Ty 2 (M) . n
Lyn() = 30 220 with v )= ) xi@ixe(5)-
n=1 " dln
Moreover, it satisfies the following functional equation (see e.g. [28, Theorem 4.15]),
Ly (8) =y, Ly (1 = 5),

with oy, 4, (s) given by

Oy, 5o (8) 1=

G(x)G(x2) ( 4n*
a2+ 0e) \ g 1q,

) sin(%(s +K00) sin(%(s +KOED)I = 9)2,
where we have set

k(xi) =1 = xi(=1)/2. 2.0

2.2 Estimates for @y, y,(s)and Ly, . (s)

We will need rather precise estimates for o, 4, (s) on the critical line. By using a suitable
approximation for the gamma function (see e.g. [1, Chapter 5, (38)]) we can write this
quantity, for |t| > 1, as

G G t 2
g o (b ir) =i KIGU) e(— log(i»fxm, (2.2)
(_])K(Xl)+K(X2) /q192 T /9192

where A : R — C is a certain smooth function whose derivatives are bounded by

AV (1) « |17V for v > 0.
Note that we also have
|y (3 +it)| =1 for 1eR. 2.3)

In the critical strip, the following simple estimate will suffice,

layy (0 +i0)] = 1772 (g1g2) 20 for o €[0.1], 1] > 1. (2.4)

Concerning Ly, 4, (s), we have the following hybrid upper bound, which is an immediate
consequence of a result by Heath-Brown [19] and the convexity principle.

Theorem 2.1 Let ¢ > 0. We have, for o € [0, 1]and t € R with |0 +it — 1| > ¢,

3(1—0)

. 3(-0)
Ly (0 +it) K (q1q2)” 5 (| + D77 T,

where the implicit constant depends only on €.

We will also need upper bounds for the first moment of L, ,,(s) in the critical strip. In
this regard, the following result will be helpful.
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Theorem 2.2 Let ¢ > 0. We have, foro € [0, 11and q1,q2 < T,

T
/ |Lyy (0 +in)|dr < T + (q1g2) 2o T2+,
1
where the implicit constant depends only on €.

Proof For o = 1/2, this is an immediate consequence of a result by Gallagher [16, (17)].
His proof can easily be adapted to cover also the range o > 1/2, and the result foro < 1/2
then follows from the functional equation and (2.4). m]

2.3 Voronoi summation for 7,, ,,(n)

Here we want to develop a summation formula of Voronoi type for 7, ,, (n).
Before stating the result we need to introduce some notation. Let ¢ and ¢ > 0 be coprime

integers. We set
N ( a) 1
T n; — )=
X1:X2 -

- 1 1
[c, 511]7 [c, (]2]j niny=n

2 Xl(bl)xza&)e( Tl T 2])’
b1 mod [c,q1] , q1 .2

by mod [c,q2]

where [c, g;] denotes the least common multiple of ¢ and g;. We also define

~2mYo(dn€) if xi(=1) = pa(=1),

+ —

Pre®) = [—2nifo(4ns> it (1) # xa(=1), @
By (&) =200 (=1) + xa (1) Ko(4m&). (2.6)

Finally, we define IT,, ,,(X; c, a) to be the polynomial in X, which in the case x; = x2 is
given by

UG ) a
HXI,XZ(X,C,LZ).—X1<(c’ql)>X1<(c7ql)>G(Xl)Z y (X+2y+210g(cd))7

dlq1

and which otherwise is equal to the constant

. . ¢ — q2 _
[y, (Xsc,a) == x1 <(C’ q2)>X2<(c, q2)>G(X2, a)L(1, x1x2)

+m< < )m( 1! )G(m,a)L(l,mz).
(¢, q1) (c, q1)

The Voronoi formula for 7, 4, (n) now reads as follows.

Theorem 2.3 Let f : (0,00) — C be a smooth and compactly supported function. Let
a and ¢ > 1 be coprime integers. Let x1 mod q1 and x> mod g, be primitive Dirichlet
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characters. Then
Z f(n)f)(hxz(n)e(%)
1
- fnx,,xzaogs; c.a) f (6) dé

00 1
+
+ 722% %2 (n a) /Bixz<("(§)21)f(s)ds.
lc.q1]12[c, q2]7 "X ¢ [e, q1]2]c, q2]2
2.7

Proof The proof of this result follows standard paths (see e.g. [29, Chapter 1]), although a few
additional technical difficulties arise from the fact that the parameters c, g1 and g, may have
possible common factors. To simplify the notation we set ¢1 := [c, ¢1] and ¢3 = [c, ¢2]-

As the Hurwitz zeta function will occur frequently in what follows, we want to start by
giving a brief overview of its most important properties (see [2, Chapter 12] and [15, Chap-
ter 1.10] for proofs). Remember that the Hurwitz zeta function ¢ (s, «) is defined forRe(s) > 1
and o € (0, 1] as

ad 1

L(s, @) == Zis
n=0 (n+a)

In the first variable, it can be continued meromorphically to the whole complex plane with a
simple pole at s = 1. Its Laurent series expansion around s = 1 has the form

1
(s, 0) = —— —yY(@)+ 0@ —1), (2.8)

where i denotes the digamma function. Furthermore, for an integer 1 < b < c, it satisfies
the following functional equation,

b ra-—-s) im(l x) bd d
= 1—s,—|. 2.9
o(57) = s Zdz e(1-5.5 29)
In order to the prove Theorem 2.3, we will work with the following two Dirichlet series,

a g (n) san a ey (ng)
> 7 X1, X2 \""»

Lxl,m(s; 7) = E vk e(—) and LX|!X2<S; 7) = E s g
c ns c c ns

A straightforward calculation shows that these two series can be expressed in terms of the
Hurwitz zeta function as follows,

a 1 abi by by by
L) = s 5 nmeeae( 2 )e(s. 2 e ). @0

1<bi=c|
I<by<c

and

A a 1 di d>
Lan(02) = ooy 2 wm,m(dl,dz,a;c)c(s,—);(s,g), @.11)

C
1<d) <c| !
1<dr=c;
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where we have set

1
Tl dyaic) = ——— Y xi(bn)xa(b)e
(c1c2)2 I<bi<ci
1<by<c;

abb bid bord
( 12+11+22>'
cl 2

Thus we see that both Ly, ,,(s; a/c) and L x1,%2 (85 a/c) can be continued meromorphically
to the whole complex plane with at most one possible pole at s = 1 of degree not larger
than 2.

Our next aim is to deduce a functional equation for Ly, 4,(s; a/c). Starting from the
representation (2.10) and then using (2.9) we get

Il — 5)2 d d
LXI,XZ(S’ ﬂ):(—s)l Z ;(1—s, i)((l—s,i)
c (4r2)1=5(c1cn)2 l<di<c “l @
1<d)<c;

Ay (—di. da, a; ¢) + @y, 4, (d1, —da, a; ©)
+e Mg wd da,as ) + e Vo (—di, —da, as 0)).
At this point we observe that the following relations hold,
Wy, (—di,da,a;¢) = xi (=D @y, v, d1, d2, —a; c),
Dyl —da, a; ¢) = xo(=D@y, x, (d1, d2, —a; ©),
Dy, (—d1, —da, a; ©) = x1x2(=Dwy, x, (d1, d2, a; ©).

Using these, together with (2.11), we then arrive at the following identity,

1
a T(1—s)? [ 42\ "2 N . a
Lxm@(s; ;) -— (oo 2%%2(1 —s)LX,,Xz(l — 5 i;), (2.12)

with

T _ xixa(=1)e™s 4 e - _xi(=D+ x2 (=1
() = 5 and i, (5) = S

‘We now turn to the actual proof of Theorem 2.3. Here we first express the sum on the left
hand side in (2.7) via Mellin inversion as

S s e(F) = 5 [ SO (51 )

where f denotes the Mellin transform of f. After moving the line of integration to Re(s) =
—1, using the functional equation (2.12), and expanding the L-functions back into Dirichlet
series, we arrive at

PIRCLTS (me( =) = Res (f(s)LX],X2 (%))
ZZTXI x2<” )Ii( )s

(6102)2 + =1

where

TN 00 + c1c2
I = o i 1G (1—9)f()ds with GF(s) =25 ()T (s) ( n).
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The integral / %(n) can be evaluated by observing that the functions G*(s) and G~ (s) are
the Mellin transforms of certain Bessel functions (see [17, 17.43.16—18]). By the Mellin
convolution theorem we thus have

I£(m) = /B; m( (HS)i)f(E)dE,

(c1c2)?

with B;El %2 (&) as defined in (2.5) and (2.6).
It remains to evaluate the residue, which essentially amounts to determining the Laurent
series expansion of Ly, ,,(s;a/c) around s = 1. To this end we first use (2.10) together

with (2.8), and get

a 1 a 1 a
— @ (M
Lyi.xa (S’ ;) T - )2)“)(1,)(2 <7> Ts—1 (k)m.xz (;)

13, (5) 1ogteren)) + 00,

with

@ (ay.__ b abby
)‘X1,xz(c>~— 1o Z Xl(bl)Xz(bz)e< )

1<b)=<c;
1<by<cp
a 1 1b2 b] b2
Ma(%) = > xl(bl)mbz)e( )(w(ﬁ + I/,<f>>,
c ciep ¢ c1 p.
1<bi=<c
I<by<c>

In the remaining part of the proof we will show that, if x; = x» then

W u(5) = %Xl((?)m(af)G( 1)¢(Q1) 2.13)
k;‘,)xz(g) = —%m(q )m(a—)G(x )% Dogqr +y —logd),  (2.14)
and otherwise
)‘5(21))(2<a> =0, (2.15)
)‘§<ll)><2(a) = —%<X1<;2)X2(a*>G(X2)L(1 X1X2)
+ﬂ(acc—_‘)xz<q—i)6<xm(1,mz>). (2.16)

Theorem 2.3 follows immediately from these identities.

Fori =1, 2, let
h 1
3) . § (P
)\Xz <C> - g Xt(bz)e<

b; mod ¢;

hb;
)

c=c*c® with (¢*,g;) =1 and ¢°| ¢,

If we fix i and decompose ¢ as
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then we clearly have

h i(c* hb* hb°
£(0)-22 5 AN 2 o)

b¥ mod ¢* by mod [c®,g;]
Lemma 2.6 below shows that the sum over b; is zero 1f ) t h, and otherwise is given by
hb; h(c®, qi) qi c®
> )e( )-m(—o’ —— )G
c® (e q) (c®, qi)

b? mod [c°,q;]

Hence we see that A (h /c) vanishes unless ¢; | ¢ and | h, in which case we have

)\(3)(ﬁ> :ﬁ(hqi)G(Xi)'
i \e ¢/ g

We first turn towards the evaluation of Ag(zl) x2(a/c). We have
a abl
A (7) b )»(3) b )\(3) '
s Zm( D bZI x2(b2)
2

It follows from what we have shown above that Ag(zl) x»(a/c) vanishes unless both g1 and g
divide ¢, in which case we have

G
kﬁ)xz(g)—xz(wm(@) V2l S .

€42 1<bi<q

Clearly, for this expression to be non-zero we must have (c, g1g2) = g2. By symmetry, we
also must have (c, g1g2) = q1, and thus in fact g1 = ¢>. However, by orthogonality of
Dirichlet characters, the sum over b; can then only be non-zero if x; = x2. In summary, we
see that )»&21)7 2 (a/c) vanishes unless the conditions

C
X1=x2, q1]c and <f,q1> =1,
q1

are all met, in which case it is given by

1
12,6(2) = o (S m@oon 0.

The identities (2.13) and (2.15) now follow immediately from these considerations.

Next we consider )\g(ll), x2(a/c), which we write as

a 1 ab
We(f) =0 X xl<b1>1/f< )m(?)

I<bi=ci

1 b
+ > X2(b2)1/f< )M(“i)

I<by<c;
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Using what we have shown above on A( )(h /c¢), this expression becomes

[q1.92]

A<1>€:1(<>fg b( )
Xl,xz(c) cla1. 0] xz(a ) ()(2)}92l xixz(b)y (21, 001
! (2.17)
[91.92]
+X2<q >X1(a*)G(X1) > )(1)(2(172)1/f<[q1 q21)>

by=1

In order to evaluate the sum over b;, we note that

lg1.92] lq1.92]
> X1X2(b1)1ﬁ( > = lim ( _— > xaxaby) = lq1, gL, Xlﬁ)),

1 \s
bi=1 = bi=1

[q1. g2]

as can be seen by writing L(s, x1x2) in terms of the Hurwitz zeta function,

1 [q1.42] by
L(s, x102) = b
(s, x1x2) a1, 20] Z:] x1x2( 1)C< a1 0 ]>

and then using (2.8). Hence, if x1 = x2,

lg1.92] w(d)
> X1X2(b1)¢< ) =—lg1.q21)

bi=1 dlq1

(loggi +y —logd),
[q1, g21

while otherwise,

lq1.92]
> Xle(b1)1ﬁ<

) = —[q1, q2]L(1, x1x2).
bi=1

1, q2]

The sum over by can be evaluated analogously. After inserting the resulting expressions
into (2.17), we eventually get (2.14) and (2.16). This concludes the proof of Theorem 2.3. O

As an immediate corollary of Theorem 2.3, we can deduce a summation formula
for 7, ,(n) in arithmetic progressions. If we set

()t ).

a mod ¢

(a,c)=1

‘ I

Ty, 5o (05 ¢, h) =

D=

c

then the result reads as follows.

Theorem 2.4 Let f : (0,00) — C be a smooth and compactly supported function. Let h
and ¢ > 1 be integers. Let x1 mod g and x» mod gy be primitive Dirichlet characters. Then

—h
> Ty i) = ZCO > ( “O) [HXI,Xz(IOgS;Co,ao)f(%')df

n=h mod ¢ colc ag mod co
(ag,co)=

1 00

+EZLZZTM 1o (3 o, £h)

cole [€0s q112[co, q212 " 5
'/Bi,m(mg)>f@)ds
[co, q112[co, q212
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Proof The formula follows by encoding the congruence condition via additive characters and
then applying Theorem 2.3. O

Concerning the Bessel function B; 0 (&), we want to note the following technical lemma,
which describes its behaviour for large & (see [44, Lemma 2.3]).

Lemma 2.5 If& > 1, then Bx1 2 (§) can be expressed as
XI Xz(g) - ZRe(e(ZE)WXI Xz(g))

where Wy, y, : (0,00) — C is a certain smooth function whose derivatives satisfy the
bounds

W (&) <ET for vz 0.

We finish this section with the following result on Gaufl sums, which is a special case of
[34, Lemma 5.4]. We already made use of it in the proof of Theorem 2.3, but it will also
prove useful later when evaluating the sums 7, 4, (n; c, h).

Lemma 2.6 Let y mod g be a Dirichlet character induced by the primitive character x mod q,
and let a be an integer. Assume that § | ¢°°. Then G (X, a) vanishes unless G /q divides a, in
which case we have

G(x, a)—x< )G( )f
q

2.4 Approximate functional equations for Ly, ,,(s)

Last but not least we want to state the following smooth approximate functional equation
for Ly, y,(s) which generalizes [23, Theorem 4.2] to Dirichlet L-functions.

Theorem 2.7 Lete > 0. Let V : (0, 00) — [0, 00) be a smooth function satisfying

VE) +VE ) =1 for €€ (0,00).

Lets =o+it € Candx,y > 1 be suchthat1/2 <o < 1,q1,q2 < tand47r2xy = qlqztz.
Then

Ly xa(s) = er%f(n)V( )+O‘X1 Xz(S)ZTX' z(”) (y)

n=1

F Ry (85X, ¥), (2.18)
where Ry, ,(s; x, y) satisfies the following individual bound,

*ff ) _ 1430
—5 T€

Ry o (s5x,y) K (q192) " (2.19)

as well as, for T > max{q1, q2}, the following bound on average on the critical line,

/ ’Rm xz( +ir; ,’qu;qz)‘dt LT (2.20)

The implicit constants depend at most on 'V and ¢.

Proof In the special case g1 = g» = 1, this result is proven in [23, Theorem 4.2]. The proof
can be adapted to our situation without any difficulties via Theorems 2.1 and 2.2. O
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A similar approximate formula holds for the second sum on the right hand side in (2.18).

Theorem 2.8 Lete > Oand p > 1. Let V : (0,00) — [0,00), s € Cand x,y > 1 be as in
Theorem 2.7. Then

Ay, Xz(S)Z TX] Xz(n) (y)
Ty, (n)
—Z T () (n) (px)

+ay,, XZ(S)Z T’“ Xz(”) (y)v(py”> + R, (six,y),

where RX1 Y (s; x, y) satisfies the bounds (2.19) and (2.20).
Proof As above, this formula can be proven by adapting the proof given in [23, Theorem 4.2].
O

3 Background on automorphic forms

The aim of this section is to briefly present the tools coming from the spectral theory of
automorphic forms needed in the treatment of the shifted convolution problem in Sect. 4.
Apart from the well-known Kuznetsov formula, this in particular includes a certain variant
of the large sieve inequalities for Fourier coefficients of automorphic forms.

For a general account of the theoretic background we refer to [14,27]. In our specific
situation we will however rely mainly on the results worked out in [13].

3.1 Fourier coefficients of automorphic forms

Let g and go be positive integers such that go | ¢. In the following, { will always denote a
Dirichlet character mod gg. Let « (1) be defined as in (2.1). Furthermore, it will be convenient
to set

. _ . _ cz+d _fab
i(y,2):=cz+d and j(y,2):= oz d] for y= (C d) € GLy(R).

Let 6x(g, v) be the dimension of the space of holomorphic cusp forms of weight k
with respect to 'y (q) and with nebentypus . Note that this space is empty unless k =
k() mod 2. Let f i 1 < j < 6k(q, ¥), be an orthonormal basis for this space. Given a

singular cusp a with associated scaling matrix o4, we write the Fourier expansion of f;pk
around a as

k o0
. (4m)>2 v kel
i(0q,2 042 —_— AL (n,a)n 2 e(nz).
(0, )" 4 (0a2) = (k_l)!gj,k( T e(nz)
Next, let u;/f j = 1, be an orthonormal basis of the space of Maall cusp forms of

weight « () with respect to I'g(g) and with nebentypus . We can assume that each u}p is
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either even or odd. We denote the corresponding spectral parameters by t}/f, and we write the

Fourier expansion of u']// around a singular cusp a as

00,2 (042) = Jeosh(ri!) S pY (1. n I W, ) v @rlnly)e(n),
0 W 2ol
where W (&) denotes the Whittaker function as defined in [27, (1.26)]. Note that we can
choose the spectral parameters in such a way that either t}b € [0, 00) or it}p € [0, 00).
The spectral parameters which satisfy the latter condition are called exceptional. It is widely
believed that Maal} cusp forms with exceptional spectral parameter do not exist, although
this has not been proven so far. Let 6 € [0, co) be such that it'./j < 6 for all exceptional t‘.//,
uniformly for all levels g and any nebentypus . By the work of Kim and Sarnak [30], we
know that the value
0=
64
is admissible.
Lastly, we write the Fourier expansion of the Eisenstein series E;ﬂ (z;1/2 + it) of
weight « () with respect to I'g(¢) and with nebentypus v, associated to the singular cusp c,
around a singular cusp a as

ja. )P EY (0421 § +it)
= @y 4y
1
+y/cosh(rt) Z <p2/ft (n, a)n”2 Wﬁ I (4m|nly)e(nx).
n#0 "

Note that the normalization of the Fourier coefficients used here differs from the one used
in [13,45], from where we will cite some results further below.

3.2 Bounds for Kloosterman sums

Let a and b be cusps of I'g(g) which are singular with respect to all characters ¥ mod gy,
and let o4 and o} be their associated scaling matrices. For m,n € Z and ¢ € (0, c0) the
Kloosterman sum associated to a and b is defined as

d
Sfb(m,n;c) = Z Y(aa<ccl Z)(rb_l>e<mg +n7>,
d mod cZ ¢ ¢

where the sum runs over all d mod c¢Z for which there exist a and b such that

b _
(Z d> € 0a 'To(q)0p.

Note that this definition depends on the particular choice of the associated scaling matrices.
Furthermore, depending on the choice of ¢ the sum may well be empty.

Of particular importance are the sums with a = b, as they come up in the proof of the
large sieve inequalities. In the following, we will focus on a particular set of cusps a, namely

A = {oo} U {u/w ceQ:iu,weZs, w,wy=1, wlq, (w,q/w)= 1},
since they are easier to work with from a technical point of view, and since they cover all the

cases we need. Note that all the cusps in 2 are singular with respect to all characters mod gg.
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As can be deduced from [13, Lemma 4.1], the sum Sa‘/’Cl (m, n; c¢) for a € A is non-empty
exactly when c is an integer divisible by ¢, in which case we have

Sfa(m,n;c)' = |S¢,(m,n;c)|, (3.1)

where Sy, (m, n; ¢) is the usual twisted Kloosterman sum,

ma + na
S 1C) = — ).
y (m, n; ) Zw(me( ; )
a mod ¢
(a,c)=1

Concerning upper bounds, we know by (3.1) and [31, Theorem 9.2] that

S¥a(m, n;¢) < (m,n, c)%(qoc)%ﬂ,

The factor go'/? appearing on the right hand side is unfavorable, but in general cannot be
omitted (see [31, Example 9.9]). However, it effectively disappears if we include a further
averaging over all characters v mod ¢o.

Lemma 3.1 Let ¢ > 0. Let ¢ and qq be positive integers such that qo | ¢, let m,n € Z and
let a € 2. Then

1
®(qo0)

2
> ‘Séba(m,n; 6)‘ < (m,n,c)c' ™, (3.2)
¥ mod qo

where the implicit constant depends only on ¢.

Proof By (3.1)itis enough to consider the case of usual twisted Kloosterman sums. Moreover,
by twisted multiplicativity of Kloosterman sums (see e.g. [31, Proposition 9.13]) it is enough
to consider the case when ¢ and gq are powers of a prime p. Hence, let ¢ = p® and g = p®
with £9 < £, and let k be the largest integer such that pk | (m,n).

If £g < £ — k, then by [31, Propositions 9.7 and 9.8] we have

Sy(m,n; c) K p%“ = (m,n, c)%c%‘”'g,
and (3.2) follows immediately. If ¢p > £ — k, then we have by orthogonality of Dirichlet

characters,
1 ay —ax)m—+ (ay —ax)n
_ Z ‘Sy,(m,n;c)‘z Z e(( ! 2) . (@ 2) )
¥ mod go ay,a; mod ¢

®(qo0)
aj=az mod qo

> o

ay,ap mod ¢
aj=a; mod qo

so that
! 2 ey - e
®(q0) Z Sy (m. n: 0)] S%ZP <p7 = (m,n, o,
¥ mod qo
and we see that (3.2) also holds in this case. O
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3.3 The Kuznetsov formula

Let f : (0,00) — C be a smooth and compactly supported function. Given a Dirichlet
character ¢ mod qo, we define the following integral transforms of f,

. 2mireV) oo dn

. . _(_1\k(¥) . il
Fo =S | (i = o ) rop < (3.3)
. R d
f() == 8" cosh(rr) /O Kzu(ﬁ)f('?)#7 (3.4)
. 00 d
F) = 4iF /0 OO (3.5)

Note that these integral transforms depend on the parity of the character ¥, even though we
do not indicate this in the notation.
The Kuznetsov formula then reads as follows (see [45, Theorem 2.3]).

Theorem 3.2 Let f : (0, 00) — C be a smooth and compactly supported function, let a, b €
U, let  mod qo be a Dirichlet character, and let m, n be positive integers. Then

SY, (m, n; ©
» ab(mc n c)f<47'r “/ZTH) =Y "7« o) m. a)p! (n.b)

j=1

+ Z / f(t)gﬂc l(m a)(Pc z(n b) df

¢ sing.
+ > f0AY R (b,
k> (¥r)
k=« (¢) mod 2
1<j=<6k(q.¥)
and
Sup(m, —n: ©) > «
XC: . fl4 Z ),0] (m, a),o (—n, b)
+ 2 o / F0o? . g, (—n. b) dr,

¢ sing.

where ¢ runs over all positive real numbers for which S p (M, £n; ) is non-empty.

Assume that g is of the form ¢ = rs for positive coprime integers r and s with gg | r. If
we consider the cusps a = oo and b = 1/s, together with associated scaling matrices

O = (1 i) and oy = (s\\//;F \/;1—1)7

then the left hand sides of the two formulae in Theorem 3.2 Concerning equation (3.6):

s(m +n;c) /mn +ns —  S(m, £nr; sc) Jmn
001/ O, R, 08T
§ : f<471 c > _e< p >(C§) 11/f(C) Jrsc f(471 ﬁsc)'

(3.6)

It is in this specific form that we will use the Kuznetsov formula in Sect. 4.
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3.4 Large sieve inequalities

The aim of this section is to deduce a variant of the large sieve inequalities for Fourier
coefficients of automorphic forms adapted to our specific setting. We could in principle use
[13, Proposition 4.7], however the factor go!/? appearing there is disadvantageous in our
situation. As we will show, this factor can be removed by averaging over all ¥ mod ¢q.

Leta € A and N > 1. For each ¥ mod g, let a,ll# be a sequence of complex numbers
supported in N/2 < n < N, and set

V. V2
layll == Z max |a,; |
N/2an<y ¥ mOd 90
Furthermore, let
si= Y @l Tleni= Y aleliEn o),
N/2<n<N N/2<n<N
Y= Y alal o).

N/2<n<N

Then the following variant of the large sieve inequalities holds.

Theorem3.3 Lete > 0. LetT,N > 1and a € . Let a:’,b be as described above. Then

N1+e
YooY a+ |)i”<¢”\2‘”i(/>\ < (T2+ p )ua%u,

¥ mod qo |t/ |<T

T 2 N1+£
> Z/ (1+|t|)i“("’"25”,i(c,t)‘ dr < (T2+T>||a,‘$||,
-T

¥ mod qq ¢ sing.

1+¢
ooy > \Eg”(j,k)\2<<(T2+N )na}’;n,

Y mod qo «k(Y)<k<T 1<j<6k(q,¥)
k=« () mod 2

<P(40)

fﬂ(é]o)

<P((10)

where the implicit constants depend only on €.

Proof The proof is in large parts identical to the proof of the original large sieve inequalities
as given by Deshouillers and Iwaniec [12, Theorem 2], and its generalization to arbitrary
nebentypus as worked out by Drappeau [13, Proposition 4.7]. We will therefore restrict
ourselves to pointing out the main differences.

Let kg € {0, 1}, % € (0, o0) and A € [0, 00), and set

Z Z nlanz XWSIP (n1, n276’)€( nclnzl?)-

¥ mod go N/2<n1 <N
k(Y)=ko N/2<n,<N

Bs(\, v, ¢c,N) =

‘/’(CIO)

Then we have the following bounds for this expression,

1Ba(h, 9. ¢, N)| < 2PN lab]), 3.7)
|Ba(h, 9, ¢, N)| < (¢ + N + VdeN) [all, (3.8)
1Ba(h, #, ¢, N)| < 97 2cINTH ol (for9 <2andc < N),  (3.9)
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with all the implicit constants depending at most on &. Here the first bound (3.7) is a direct
consequence of Lemma 3.1, while (3.8) and (3.9) are proven in [13, Lemma 4.6].

From this point on we can follow the proof of [13, Proposition 4.7], always taking into
account the extra summation over . We leave the details to the reader. m]

When taking care of the exceptional eigenvalues, the following weighted large sieve
inequality will be useful.

Theorem 3.4 Lete > 0. Let 1 < N < g° and a € 2. Let a;{/ be as described above. Then

2 Z( ) \E LD <at N,

¥ mod qo l//

<P(40)

where the implicit constant depends only on ¢.

Proof Thisresultis adirect consequence of the Cauchy—Schwarz inequality and the following
estimate,

1//
Z Z ( ) |P}/f(:|:n, a)|2 < (qn)e(q,n)%,

¥ mod qo ;Y oy
Kk (Y)=Ko e

co(qo)

where ¢ € {0, 1}. It can be proven in the same way as [28, (16.58)] with the difference that
in order to bound the Kloosterman sums, Lemma 3.1 has to be used instead of Weil’s bound.
m]

4 A shifted convolution problem

In this section, we consider the shifted convolution problem which is at the heart of the proof
of Theorems 1.1-1.6.

As usual, let x; mod g1 and x2 mod g be primitive Dirichlet characters, and set g} :=
(g1, 92°°) and g3 := (g2, q1™°). Furthermore, let § > 0 be a fixed constant, leto, N, H > 1
be real numbers satisfying the condition

2 1-8
a3H <N °, 4.1
and let f : (0, 00) x R — C be a smooth weight function, compactly supported in either

supp f C [N/4,2N] x [H/4,2H] or  supp f C [N/4,2N] x [—2H, —H /4],

and with derivatives satisfying the bounds

gity

——fE K

1
DEV I N for vy, v, > 0. 4.2)

We are then interested in the following shifted convolution sum

! h
Dy f o) = Z 7 Z T M Tam® +h) f(n, h)e(a;),

h n

and our aim will be to prove the following asymptotic formula.
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Proposition 4.1 Let §,¢ > 0. Let f, o, N, H be as described above. Then

1 h
Dy o (fs @) :ZE/Qxl,Xz(IOgévlog(s +h);h)f(€,h)e<ozg> dg
h

1
1—4 1—4 2 1 g 1
+0((qT g+ 43 qu) [q1, g2]2 2/ N2HOTE

1

1
1 11 H?2
+ (g1 ¢ +CI§Q2)2[6]1,(]2]2NZ+8<1 +a7>),

where Qy, y, (X1, X2; h) is a polynomial in X1 and X, of degree at most 2 with coefficients
depending only on x1, x2 and h. The implicit constant depends at most on 8, € and the implicit
constants in (4.2).

Remember that 6 denotes the bound in the Ramanujan-Petersson conjecture (see Sect. 3.1).
Here we are only concerned with the evaluation of the sum over n, while we will take care
of the remaining sum over % at a later stage. Nevertheless, the additional average over & will
simplify some of the estimations in the proof.

The polynomial Q,, 4, (X1, X2; h) can be stated in fairly explicit terms. Let

d 0
v =Y 2,0 @D ad A= @)
dlq

z=0

Then, if x; = x», it is the quadratic polynomial given by Concerning equation (4.4)

o0

2 rq, (h) re(h)
QXLXz(IOgél’lOgg"Z; h) = AZlAzz‘glNl&zzqu (ZZI)ZID(ZZZ) q;l Z Cﬂ-gzﬁ’
c=1
(c,q1)=1

4.4)
while if x1 # x2, it is simply a constant, namely, in the case ¢; = ¢2,
o0
. . — 2r[11(h) re(h)
Qo (X1, Xa: ) 1= 2L )= >
c=1
(c.q1) =1
G(ix2, ) o re(M (i x2)* ()
n L(l,ﬂxz)z X1X2» Z ¢ X12X2
GC(x1G(x2) o ¢
GOuxa, h) = re(h)(x172)?
L 53) (aixa, b Zrc( )(X12X2) (C),
G(x1G(x2) 5 ¢
and, in the case q1 # g2,
[e.e] o0
_ Teq, (h) _ Tegq, (h)
QX1 X ) = IL(L 7 ) “5—=+IL @l Y -5
c=1 g2 —1 c°q1
(c,q1)=1 (c,q2)=1
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4.1 Initial transformations

Let u : (0,00) — [0, 1] be a smooth and compactly supported weight function which
satisfies the conditions

suppu C [1/2,2] and Zu(i) =1 for & € (0, 00). 4.5)

27
JEZL

We set

o 8 e 8 .
uo(€) '_Z”<2iﬁ) and u,(s)_u<2jﬁv> for j > 1.

i<0

We start the proof of Proposition 4.1 by opening the divisor function 737 3; (n) and localizing
the two new variables in dyadic intervals via the smooth partition of unity defined above.
This way our original sum Dy, ,,(f, ) is split up into the sums

Dj = Y X)X Ty 5 (102 — )

ni,na,h

(4.6)

uj (n)uj,(n2) A —

f(nlnz—h,h)< h )
e|oa N

with ji and j, ranging over 0 < ji, j» < log N. Note that Dy ¢ is empty.
Since the expression (4.6) is symmetric in n; and n,, we can assume without loss of
generality that j, > 1. The variables n| and n; are then supported in the ranges

ny < N; and ny <X N> with Ny = 2j273N1/2, Ny :=N/N,,

and we have N; <« N2 « N,.
In Dj, j, we split the variable n; into residue classes modulo g3, so that the sum becomes

Djj =Y wm) Y Tala) > T2 () 8y (),

ni,h ap mod g2 m=nia;—h mod niqz

with

+h &, h) h
g () = uj,<n1)uj2($n—l)fi e<ag>.

At this point, we use Theorem 2.4 to evaluate the sum over m, and get

+3T . 437

Dj.jp= Jl i 1.2 jij2’

where 2? i takes the form
. Xl(”) aoh - ng
Bamg D AR Y L X oY o(e )

C
n,h clnqz ao mod ¢
(ap,c) =1

: /nxl,xz(logg; c, aO)gn,h(é) dés

A.7)
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and where the other two sums are given by

Xl(n) (CCI2) K* (m,n, h,c)
1112:_*2 ZZ XIXZ
clngy m=1 [c. QI]Z[C 42]
./B;sm((mg))gn n(§)d§,
[c, q1]12[c, q2]2
with
] —
Lo xz(’” n,h,c)i=— Z X2(a2) Ty, 4, (m; ¢, £(naz — h)). (4.8)

q2 2 az mod ¢

As we will show in Sect. 4.5, the contribution coming from the terms EO 2 together forms
the main term in Proposition 4.1. We will however first focus on the other two sums Zi

Once more it will be advantageous to localize the variable m in a dyadic interval, so mstead
of looking at these sums directly, we will consider

£ — X (n) BKE (o)
SE M) =3, B () S, ST
q22[c,q112 [c,q2]12

Bii,m(%)g #(E) de,

[e.q1]12[c.q2]2

with the weight function u as defined in (4.5).

4.2 Evaluation of K;,Xz (m, n, h, c)

Before going any further, we first need to evaluate the exponential sum (4.8) and express it
in terms of Kloosterman sums. This will allow us afterwards to make use of the Kuznetsov
formula.

We decompose the moduli ¢; and ¢, as follows,

at = (q1.02%). @ = (2.q1®) and ¢} =qi/q}. 45 :=q/q;.
and accordingly write the Dirichlet characters x; and x» as
xi = x/x; with x/ mod ¢’ and x mod g;.
Note that the characters x|, x7, x5 and x; are all primitive. We also set
h=h*h® with h*:=(h,q5) and h°:=h/h".
Furthermore, we define the quantity

%/ .0 _oO o_o G(XOF
Kyrn o= X1 X5 @73 X3 xz([qi‘,qi*])ﬁ,
192

as well as the exponential sum

V(a745)G W) 3 K x5 )G (xfx3 ¥, my)
V4 ;/h* mipmay=m q2[ql q2]
> UK @x3(a+m),

a mod g3

Exip(mi ) =
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The fourth moment of individual Dirichlet L-functions...

where ¥ is a Dirichlet character mod g5 /h*.
With the necessary notation set up, we can now state the main result of this section.

Lemma4.2 The sum KT _(m,n, h, ¢) vanishes unless (c, q192) = q2, in which case we

X1,X2
have
qi‘% 1
Km0 = GO 00 2r s Y Baoanid)
h*2 ¥4 W mod g3 /h*
S(Fh*h°, g3lq1. q31m: ¢/q3)
VT (2 )wz( ) BT R
7 (c/q3)?

where y runs over all Dirichlet characters mod q5 /h*.

Proof Remember that (n, g1) = 1. Since ¢ | nqa, the sum over a; in (4.8) is simply a Gauf}

sum mod g7, which can be evaluated directly. Hence K* XX (m,n, h, c) becomes

(mon.h.c) = (jF@)G(ﬁ) Ky o (mi,my, h, c)

K 1 1 I T 4.9)
422 mym=m c2lc,q1]2[c, q2]2

with
Kpopmimy, fooyi= Y Y xibnxalab)

a mod ¢ by mod [c,q1]
(a,0)=1 b, mod [c,q2] (4.10)

e(a(blbz + f) m1by maby >
¢ le,q1]  [e.q2])
In particular, we see that the sum vanishes unless ¢» divides c. Moreover, we have the

condition (¢/q2, q1) = 1.
In view of this, we write the variable ¢ as

c=cocaqx with ¢ :=(c/q2,q2>) and co:=c/(c, 2.

Note that with these definitions we have (cp, g192) = (c2, g1) = 1. We write the variables
a, by and b; inside (4.10) accordingly as

a = apcaqr + axco with  ap mod ¢g and ap mod c2¢>2,
by =dicalgr, g2] +uicg with dy mod ¢ and u; mod c3(q1, g2],
by = dycrgr + uaco with  dr, mod ¢y and uy mod c2¢;3.

so that I€X1,X2 (my, my, f,c) takes the form

Kyp(mima, f.0) = xix2*(c)KY KD (4.11)
with
0 2 qalqi, gplaodids + fag +midi + mads
SIS S o - ,
ao mod co di mod cq
(ag,co)=1 d> mod cq
2
~ coazuiu + faz + mauo miug
K@ = Xl(ul)xz(azuz)r?( + )
X1sX2 Z o c2lq1, q2]

ap mod c2q2
uy mod ¢2(q1,921
up mod c2q2
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B. Topacogullari

In K )((11) x2» We evaluate the sum over d; and the whole expression immediately simplifies
to

Ig)((l])’xz = coS( —2q; f, c2q51q1, qalmymy; co). (4.12)

In K ;21) x2» We evaluate the sum over u via Lemma 2.6 and get

2
- __{(co“au; +my ap miu
KD =aGi) Y. Xz(az)X1(u1)X2<67>e<f— + 7>

C C
ap mod ¢3¢ 2 292 2[q1, q2]

ui mod ¢2[q1,42]
azulz—%zmz mod ¢

Here we write the variables ay and u; as
ay =a*caqy +a°q5  and  uy =u'qiq5cr +vlgy, qaler +ullqr, g5 1,
with

a® mod c¢5, a*modg; and u°® mod cagy, vmodgy, u* mod (g}, q5]

so that
K® =X m)x;(ela. 2D xi (c2a793) x5 (@3) x5 (@Fco’q3) @i
GONGRE,RE,.
with
0,0 o 2 %[, %1,,0
F(2a) ._ of onTof G U +m2 fa®+mico=q51q1, g5 1u
KX]?Xz = Z X2 (a )Xz( o e g ,
a®,u® mod c2q5 2
a°u°=—mjy mod ¢
¢ — fai(cocaqs)?a*\ [ myu*
Kie = 2 xi“(u*)xﬁ‘(a*)x;m*u*+m2>e( [0 o (1),
q> [6117QQ]

a* mod g5
u* mod [g{,q5]

In the first sum K )((21?;2, we make the substitution u° — a°(u° — m>), which leads to
K™ = x3m)xs(co’q3lar. a3 DG(x3)S(—=Co f . coqilqr. g5 mima; c2g3). (4.14)

In order to evaluate the second sum K )(ﬂ);z, we factorize f as follows,

f=f"f° with f*:=(f.q7) and f°:=f/f"
and then express the first exponential in terms of Dirichlet characters mod g5/ f*,

e(qu(000245)20*> _ 1
q; g5/ f*)

> U= foq7(coc2g3)?a*) G ().

¥ mod g3/ f*

This way we get Concerning equation (4.15):

i g3lq}. 4312 v E
R = LHLD Ny g (00299 E gy o iy, i ), (4.15)
5293/ F*) y mod g3/
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The fourth moment of individual Dirichlet L-functions...

with

Exl,)(z(mla mj; 1#) =

G(XIXQW m])G(W) Z wxg(a)g(a+m2).
(QQ/f*)zq g}, 4312 a mod g3

Eventually, the lemma follows from (4.9)—(4.15). ]
We conclude the section with the following bound for E,, , (m; V).
Lemma 4.3 We have
|E1 0 (ms )| < (m, q192)T(m).
Proof This is a direct consequence of the fact that
GOExEY . m)| = om. giad a3,

as can be seen from [34, Lemma 5.4], and the bound

1Ll
< (m2,q5)2q5?

> VX @x3(a+my)

a mod g3

proven in [40, Theorem 2.2]. O

4.3 Technical preparations

Now that we have expressed the sum Zﬁ h (M) as a sum of Kloosterman sums, the next step
would be to apply the Kuznetsov formula. However, before we can do so, some technical
preparations need to be done first.

Let ¢y := 1 or ¢p := —1 depending on whether 4 is supported on the positive or negative
real numbers. Using Lemma 4.2 we write the sum Eji X (M) as

ZE 00 = G0 Y Y TR ),

h*lgs no
where
gt .
=t ]2(M) ! (h*) Z Z 1'[/(:FLOh)EXI Xz(m \[’)
Y mod h*  h,m
(h,h*)=1
-3 S(Fwoh, h*[q1, g51m; cq3) o [4n hm
DR A NG T G e
(c.q)=1 V451491, q2 a5lq1, 42
with

FiE, ) = /B;i m(f )Uh (. $)€<L0§2) de,
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and
&n |hlgi,qa] (m 2G4
U JE) = — | ————— <7 h2 oh-2
(M, &) [027_[ q;‘hm u M)f § h* to h*
ng hm nEX+w) [haiqalar, a2
‘Mj] 47[7 * 0 ujZ * .
n\ h*q;lq1, 921 4mng h*m
We also set
h*H Ny
E = > C:=—,
q> no
and

h*N N 4 HM
Fy = : , X=y—, Y =— |———, Z:=XY.
¢IHC H C \ q20q91, 921

With this notation, the sums over 4, m and ¢ are supported in the intervals
|h| € [E/4,2E], m e [M/4,2M], ce[C/9,9C],
while the variables & and 7 are of the size
& €[X/3,3X], nelY/120,120Y],

provided that N is sufficiently large. Also, note that the summation variable ng is bounded
by ngp < Ny, and that C K N2,

We next want to show that the sums Ejl:, h (M) become negligibly small when M is in
certain ranges. Let &9 > 0 be an arbitrarily small but fixed constant, and set

2

_ 92191, q2] + . q@lgi.ql ,(aH
My = N‘?Oic and My = ——7—C —_— .
0 1672N 0 1672N N

If M satisfies the bound M > M, which is equivalent to saying that Z > N ¢/2 then by

well-known properties of the Ko-Bessel function (see e.g. [27, (B.36)]), we have
B N60/4M1/2
Fh,m(n) < Fyexp (—T>

Hence the contribution coming from the sums X (M) for such large M is negligible. By
consequence, when looking at Ej_l, i (M) we can safely assume that M < M, .
Similarly, if M > M, then we can express Fh+m (n) by Lemma 2.5 as

F;j:m(n) = /(WXL)(z (%)Uh,m(nv 5)6<L§7§[ + %Z)

+WX1,X2<%>Uh,m(77, 5)9<L§7§{ - %))dé

If we now make the additional assumption that
aX? >10°Y or aX "} <107°y, (4.16)

then
d Y
RO A I AP B P
dE\ 2T 2m £3 7 4nm 104
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The fourth moment of individual Dirichlet L-functions...

so that by integrating by parts over & repeatedly it follows that, for any v,

() <€ FoZ™" &« FoN~v/4p=v/2,

h m

Hence we see that the contribution coming from those sums >t i jz(M ) where M satisfies

both M > M, and (4.16) is negligible. When looking at 2;: j, (M) we can therefore assume

that M is either bounded by M < My, or that it satisfies the two conditions M > M,

and Y = aX 3. Note that the latter condition ¥ =< aX 3 is equivalent to saying that M =
+

MO : . . . . . .
Due to technical reasons it is necessary to separate the variables 4 and m via Fourier

inversion. To this end, we define

1
G, () = Y / / Fif, (me(—ph — xm) dhdm
P.A

with
0 . EM
G,O,)L = 37 3 o
(14 p?E*)(1 + A2M?)
so that
Jl Jz(M) //Gﬂl (h*) Z Z VY (Foh)e(ph)Ey, x, (m; Yr)e(im)
¢ mod h*  h,m
(h,hH)=1
— S(Fuoh. Tt o m: cq® 4 p
. Z 720) (Fwoh, h*[q1, g3 1m Cq2)Gi/\ dm | hm
(caqn=1 eyh*q31q1, 4] P h*q3lq1. 4]

Last but not least, we need estimates for the integral transforms of G;E’ , asdefinedin (3.3)-
(3.5). Note that in our case it suffices to consider the integral transforms associated to even
characters.

We start with the case M < M, .

Lemma 4.4 Assume that M < My, . Then we have, for any v > 0,
G* (i), GF, G Fo 0<t<1/4 4.17
o (), G5 (i) K T2 for 0 <t <1/4, (4.17)

- . . NENY
G, 0.6, 1,65, < N8F0<T> for t>0. (4.18)
Proof 1t is clearly sufficient to look directly at the function F, fm (n) and its first two partial
derivatives in & and m. Noting that Y <« 1, and that
supp Fif,, C [¥/120,120Y] and  F, () < N*Fo(N®/Y)" for v >0,

we apply [5, Lemma 2.1] on F}fm(n) and its partial derivatives in h and m, and
(4.17) and (4.18) eventually follow. ]

Next, we consider the case M > M, , which requires a more delicate analysis. As argued
above, this only involves the function F; ; (1), and we can assume that M < Mar . Remember

that now we also have Z > N0/2,
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B. Topacogullari

Lemma4.5 Assume that M > M, and M = Ma'. Then we have, for any v > 0,

Gt (), G (i Fo 0<r1<1/4 4.19
py)‘(ll)s ,)\(1[) <<m Jor 0 <1 <1/4, (4.19)

~+ e+ . & z\’
G 0.6, 6,0 <N 22< ) for t>0. (4.20)

Proof As before, it is enough to consider the function F; h+ (M) and its first two partial deriva-

tives in & and m. We will restrict our attention here to F; ;r () itself, since the analogous
bounds for its derivatives can be derived similarly. Moreover, we will make the additional
assumption (g = —1, since the other case (g = 1 can be treated almost identically.

We start by using Lemma 2.5 to write F;m (n) as

Ff,)=0Ta)+070)  with  &F () = / v;w)e(—? + %’Z) dé,

where Vgr(n) and Vg (n) are given by

&n - &n
V;(ﬂ) = W)(],xz (E)Uh,m(nv &) and Vg (n) = W)(],xz (E

)Uh,m(nv S)

Note that
supp Vi C [¥/120,120Y]  and V() « FoXT'Z73Y ™ for v > 0.
Furthermore, the assumption (4.1) ensures that ¥ <« N—°. Hence we can apply [44,
Lemma 2.6] on the function Véi(n)e(:l:(Zn)’lén), and get
dF (ir), d*(ir) « FoN™" for 0<t<1/4,
dE(1), D), dE(r) « N Foz~2(Z/1)" for 1 > 0.

This proves the first bound (4.19), but also the second bound (4.20) in the range ¢t > N¢Z.
It thus remains to estimate the integral transforms of OE(n) fort « N¢Z.In dH(n), we
integrate by parts over £ once and then apply one more time [44, Lemma 2.6]. This gives

Ot (1), dH(r), DT (1) « N°Foz™>? for 1 >0, 4.21)

which is sufficiently small. Unfortunately, we cannot repeat this procedure to get bounds for
the integral transforms of &~ (1), since the argument of the exponential in @~ () may vanish.
Instead, we will estimate the integral transforms manually via a stationary phase argument,
and show that

D (1), (1), D (r) « N°FoZ™% for 1> 0. (4.22)

We begin with &~ (7). It will be convenient to have a smooth bump function of a certain
shape at hand. To this end, we let vg : R — [0, 1] be a smooth and compactly supported
function such that

vo(§) =1 for [§|<1 and wo(§) =0 for [§] =2,

and furthermore define v{(£) := 1 — vo(§). B
Assume first that r < N¥. Using [17, 8.411.11], we write ®~ () = It + I~ with

/// (21 arcosh ) Ye O @ _Enn )ddd
cos(2t arcosh ¢ ﬁ<_ T 0 T cdndé.
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Integrating by parts over 7 repeatedly shows that the integral /™~ is arbitrarily small. We split
the other integral into two parts I ™ = IO+ + 1 1+ with

— \%
f// cos(2t arcosh;)v1(§/1;> 4;2(77) e(_‘;% B % Zn)did i,
n

In7 1+ , we integrate by parts over n repeatedly to see that its size is negligible. In I(;“ , we
observe that ¢ < X and integrate by parts over ¢ repeatedly to see that this integral is also
negligibly small. Hence (4.22) is certainly true.

Now assume N¢ « t <« N¥Z. Since Y <« N~¢, we can use [27, (B.28)] to express the
Bessel function Ji; (1) inside the integral transform (3.3) as

Joir (1) = T Qit + D~ ' Wi (),
where W, (1) is a certain complex-valued function which, uniformly in ¢, satisfies the bounds
W) <0V for v>0.
It follows that
(1) < 1L+ L),
with

1
£ [[etiemve (n)wi,(mﬂ nd AFE =Bl 2

£ 2m’
Integrating by parts over n repeatedly shows that L~ is negligibly small. By the same reason-
ing we see that L™ too is negligible, unless # is of the size ¢ =< Z which we will henceforth
assume.

We split the double integral L™ via the weight functions vy and v| defined above into four
parts Lt = L{{O + L]‘jo + L(-)F,l + LT’I, where

ArE. ) A2(8, ) déd n
Lt . :// AT E M)y, [ : Vo (W,
J1h2 6( 0 n))v]1<N€(X/Y)5>U (NS(Y/X) ) € mW:(n) 7

with

P . = a2
Al = AGE ) = - and Ao = g AT = - o

Integration by parts, either over & or over 1, shows once more that Lfo, L(J)r | and L1+1 are all

of negligible size, so that we can focus on the remaining integral L(J{ 0-
Here we make the substitution

En =y, o) with Y&, &) = (a0 + &, 2t + &1 +2780) ),

where we have set ag := (2w a)'/2:~1/2. Note that ag < X and (ag + ¢1) < X. This gives

A1(¥ (&1, 82)) A2(Y (&1, £2))
Ly, << // LALTIR < v ;1 d1dgy.
Ne(X/Y)? Ne(Y/X)?
As we will show below, the two integration variables ¢; and ¢» are both supported in {1, £ <K

N¢(X/Y)!/2. As a consequence, it follows that L], < N®FyZ~*/2, which in turn directly
leads to (4.22).
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Concerning A1 (¥ (1, £2)), we have

A1(Y (&1, 02)) = &2,

which immediately confirms that the variable ¢ is bounded by N®(X/Y)!/2. Concern-
ing A2 (1 (¢1, £2)), a quick calculation shows that

181 ag + ¢1) 24t
m(ap+41)3 (o + o) (ao+ 81 +278)

Ax(Y (81, 62)) = —

Since the second summand on the right hand side is bounded by N¢(Y /X)!/2, we see that
for the expression A> (¥ (¢, £2)) to be bounded by N¢(Y /X)1/2, we must have

1
t£1(81 + 2e0) NEYZ

(&1 + ap)? X3

’

which is possible only if ¢; <« N(X/Y)/2.

The integral transform o~ (t) can be treated similarly by using suitable integral represen-
tations for the Bessel function K»j; (1), for example [17, 8.432.4] and [27, (B.32) and (B.34)].
Finally, in order to bound the integral transform (1), we express the Bessel func-
tion Jx—1(n) via the integral representation [17, 8.411.1] and then integrate by parts repeatedly
over 7, which already gives the desired bound. This finishes the proof of Lemma 4.5. O

4.4 Use of the Kuznetsov formula

We are finally ready to apply the Kuznetsov formula on the sums Ei o (M). Specifically,
we will use Theorem 3.2 in the form (3.6) with parameters

Vo=v2 Goi=h*, Fi=h'[q, 43, §:=q5, G:=h"[q1,ql

We will give the details only for E ]] i (M) and assume that () = —1, since the other sums
and cases can all be treated in the same manner.
Using the Kuznetsov formula as described above leads to

11 il // A(E1+ B2+ E3)dpda,

where E1, E, and E3 are given by

S G )ik,

¥ mod h* j>0

> 2 / O NSy (e 0 dr,

¥ mod h* ¢ sing.

1 -

=@ > > GIATRIAATNON
¢ ¥ mod h*  k>2, k=0 mod 2

1<j <0k (h*[q1.42).9%)

1]

<p(h*)

[l
)

<p(h*)

6]
%)
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with
2 2
hi =Y Al Wp! (h o), Sh) =y, AYmp) (m 1/g5),
E/4<h<2E M/4<m<2M
2 2
shen= Y Alme! (h.oo).  Ehe.n:= Y AYme!, (m. 1/45).
E/4<h<2E M/4<m<2M
2
SLG0= Y Alwali oo SLG = Y AYGmAY, (m.1/g5).
E/A<h<2E M [A<m<2M
and

_asm
h*lq1, 45

We first consider the case M < M,;". We split the sum E into three parts,

AY (h) =T (hye(—ph),  AY(m) := Ey, 5 (m; w)e(xm)e<—

B = ¢(h*) Z (. h*) Z (. h*) Z (..) =B+ Ep+ Eic
mod h* w mod h* v mod h*
l}ll <N¢ J >N t] exc.

By Lemma4.4 it is clear that the contribution coming from Ep, is negligible. Concerning E1,,
we make use of the bound (4.18) and apply Cauchy—Schwarz, so that

> |k (1)\)

I/f mod A* 1./’2<N€

> X | (j)\z)z(

Ela < N° Fo(
¥ mod h* }//2<N€

(h*)

Applying Theorem 3.3 on the sums inside the two factors then leads to

=
l—

M

E3 M3
Ela K N°Fp| 1+ 1+ - |E
(h*[q1, 21?2 (h*[q1, q2])?2

11
L (@ qalgr, )2 N2HE.

Note that we have made here implicitly use of the fact that, for a given Dirichlet charac-
ter ¥ mod h*, there are at most #*¢ many Dirichlet characteres ¥ mod A* such that > = .
For &1 the same approach leads, for H > h*g5[q1, q2]2, to

0
Eie < (@a2la1, @2 (%) Nite,
(g5[q1. q2]
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For H < h*q3(q1, ¢>]* we make use of Theorem 3.4 instead of Theorem 3.3 to estimate the
sum over &, which gives

2 1
= N¢FyE? ( ( ql,qz > v )
(a5 E

te < (Yh*[q1, @217 \ @ (h*) Z Z ’ la (1)’

Y mod h* ¢2
/j

1
(5, %, ZItol)
¥ mod h* y2

0
1 N 1
< (q*CIZ[QIvﬂ])f(i) N2t
2 (@3q1, 2))2

The two other sums E; and E3 can be estimated similarly, except that there are no exceptional
eigenvalues to be taken care of. The upper bound we get for these two sums is the same as
the one for E1,.

Next we look at the case where M > My and M = Mar . As before we split the sum &
into three parts,

1
= 2 O <p<*> 2 G Z(

¥ mod h* mod h* mod h*
2 2
t}/' <N°Z l}l’ >N*Z tt.lf exc.

[1]

1

=: Ela+ Eip + Bie.

By Lemma 4.5 we see that the contribution coming from both the terms Ejp and Ej. is
negligible. For E1, we get in the same way as above, using (4.20), Cauchy—Schwarz and
Theorem 3.3,

NéFy E? M3
B — (2 —— |2+ ———|F
(h*[q1, q21)2 (h*[q1, g21)2

1
1 1 H?2
L N (g3 qlqn, 612])21\’2*8(1 +a>.

=
Bl

M

N

The same bound also holds for E; and E3, as can be deduced analogously.
Putting everything together we arrive at

H? N
B . (M) K (q 512[611,q2])2N2+6 1+a— -
S ? @la1, )% )

This eventually leads to the error term stated in Proposition 4.1
4.5 The main term

It remains to evaluate the main term, which is formed by summing over all the terms (4.7),
and which takes the following form,

1 1 [ X1(©)A2(c) Ba(c) + %2 (c) A1 () By (c) h
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with

1 ha \ ——
Aile)i=— Y x,~(a)e(;)G(x»nm,m(logs;cqi,a>,
! a mod cg; qi
(a,cqi)=1

o . -
B = Y 2y Mo(Cn))<1 = u{%)) Ba(0) = Bi(o).

n

In the case x1 = x», the expression A; (c) simplifies to
Ai(©) = @17 X1(Oreq (W) Az £ Zg, 2z1)e
while B;(c) can be evaluated via a standard counter integration argument, leading to
Bi(0) = Aqy(§ + W) Zyy Qz)e 2 4+ 0! N2,

Put together this immediately leads to the expression stated in (4.4). The other case x1 # x2
can be handled similarly.

5 Proof of Theorems 1.1-1.6

In this section, we want to prove our main results, Theorems 1.1-1.6. The general outline of
the proof follows the approach described in [23, Chapter 4].
As before we assume x; mod g and x> mod g7 to be primitive Dirichlet characters. Let

qf = (q1.02%). 45 = (q2. 1) and qo := J/q192.

Instead of looking directly at (1.7) and (1.9), it will be advantageous to look at their smooth
analogues. Hence, let § > 0 be a fixed constant, let 7y and €2 be positive real numbers such
that

gomax{gi, g2} < TJ™0  and o3y P <Q <1,
and let w : (0, 0c0) — [0, 00) be a smooth weight function, which is compactly supported in
suppw C [To/4, 2To],
and whose derivatives satisfy the bounds

w (1) < (QTy) ™" for v >0, (5.1

and
/ lw® ()| dr <« (QTp)' ™" for v>1. (5.2)
Our principal object of study will then be the smoothed moment

. 1, -2
Iy (W) = /‘Lxuxz (i 'quot)

Compared with the original expressions (1.7) and (1.9), we use a different normalization in ¢
here, as this will lead to simpler formulae during the proof.
Our aim is to prove the following asymptotic formula.

2
w(t)dt.
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Proposition 5.1 Let §, & > 0. Then

Ly o (W) = /me(z <log<%>)w(l‘) dr + O(TOSEthz(TOv Q))’

where Py, y, is a polynomial of degree at most 4 whose coefficients depend only on x1 and x>,
where Ey, y,(To, 2) is the quantity defined as

CIO%TO%
2
(611,512) 1 s (53)
_ _ 3 1
+ (a0 a3 )
(91, 92)2

and where the error depends only on 8, € and the implicit constants in (5.1) and (5.2).

1
1 _\ @i +a5q0)2
Ey x(To, 2) := <q02 +Q 2)%

The polynomial Py, ,, which appears in the main term is the same polynomial as in
Theorems 1.1-1.6 (we set Py := P, ,). We will evaluate it explicitly at the end in Sect. 5.5.

Applying Proposition 5.1 with Ty = (27)"!¢oT and @ = 1 immediately gives Theo-
rems 1.2, 1.4 and 1.6. In order to prove the other results, we again set 7y = (Zn)_lqu, and
then choose two smooth and compactly supported weight functions w=, w™ : (0, 00) —
[0, 1], such that the first satisfies

w () =1 for 1 e[(1+DTp/2, (1 —DT], w ()=0 for t ¢ [Ty/2, Tol,
and such that the second satisfies

wr@) =1 for te[Tp/2, Tol, whr@E) =0 for r¢[(1—Q)To/2, 1+ Q)Tpl.
Then

27 _ T L2 27
Ly o (w )Sf Ly 0o (3 +i0)|"dt < =T, o (w™),
q0 T/2 q0

so that after applying Proposition 5.1 on both sides, we arrive at the following asymptotic
formula,

T T
N2 E T,Q
/ |Lyy 00 (3 +11)] dt:/ PXI,X2(1ogt)d;+o<M+QT).
T/2 T/2 q0

Now Theorems 1.1, 1.3 and 1.5 follow with the choice

_l,y %\ 11
Q=(q1.92) 3 (qfq1 + ¢542)* (q192)3T 3.

5.1 An approximative formula for |L,  ;, (s)|?

As a first step towards the proof of Proposition 5.1, we will develop here an approximative
formula for Ly, ,,(s) |2 on the critical line.

In order to state the exact result, we first choose a smooth weight function V : (0, o) —
[0, 1] which satisfies the conditions

VE+VE =1 for £>0 and V(E) =0 for &> 2. (5.4)

Then the formula reads as follows.
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Proposition 5.2 Let §, ¢ > 0 and p > 1. Then we have, for TRELIN qgomax{qi, ¢},

Ly (4 +i@)‘2 =2Re (50 () + 22 (1) + Ry, 1 (0)
X1.X2\ 2 q0 X1,X2 X1:X2 X1, X2 ’

where E)((ll),xz (t) and E)((Zl),xz (t) are given by

o0
T n1) Ty 75 (n t n n n
=0 (1) = Z x1,x2 (1) Xl;)(z( 2)e<—log( 2))W1,p( 1772)’
ny,ny=1 (nlnz)7 490 m
) (t) == l+.@ i .7 (M) T3 (n2)
xie\ = %\ T 1
ny =1 (n1n2)?

t | ( ) \w (n] nz)
-e| — log(nin —, ,
20 g(nny 2,p P

with the weight functions Wy , and W» , defined as

Wi,EL &) =VED(1 - V(E )V (ee™)).
W2, 081, 82) == V(ENV (&) V (p2),
and where Ry, 4, (t) is bounded by

To

1 3
Ry () K qot 5 and f IRy 0] dt < qoTos™,
/2

To

for To'=% > go max{q1, g2}. The implicit constants depend at most on V, p, 8 and e.

(5.5)

Proof Proposition 5.2 is essentially a direct consequence of the approximate functional equa-

tions stated in Sect. 2.4.

We open the square and apply Theorem 2.7 twice with 0 = 1/2 and x = y = t. After

taking account of (2.3), this gives

2
[Lrre (3 1) = 2Re(E10) + Z2(0 + Ri0) + Ro(0) + Rs(0),

with
> Ty M) T () [t n n n
i) = Z xi.x2 (1 X102 2 e<—10g<—2>)V<*l)V(*2),
nl,n2=1 (nlnz)f qO nl t t
— o0
(1) = axn,xz(%"'i%) Z TX]’XZ(HI)TXZXZ(M)
ni,na=l1 (I’l]l’lz)Z
1
.e(—flog(nlnz)>V(nl)V(Q)7
q0 t t
and
> (n) t n
Ri(0) = gy (3 + 120 ) Ry o (5 +i25 0, 0) D0 %e(——logn>V<f),
n=1 n2 QO t
>\ Tyy. (1) ' n
Ry(1) := RX.,XZ(% +i%l g, t) > %e(——logn)v(—),
n=1 n2 490 !

. 1 -2t 2
Ry(1) == RXl-xz<i+quv”’)
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Next, we use Theorem 2.8 with o = 1/2 and x = y =t to express X,(¢) as
(1) = y(1) + Ty (1) + Ra(0),
with

= 30 e () GO () ()

1
ny,ny=l1 (n]n2)2

S o0
Mo o 1, 27t Ty1,x2 M) Typ, 30 (12)
(@) '—aXth(i + 1,70) > T
ny,na=1 (nln2)2

(G (2 (22),

and
g (n) t n
Ra(t) = Ry o (3 125 0,0) 3 %e(—— logn>V(7).
el n2 q0 t

The terms X (), Eé (t) and Eé’ () together form the two main terms in (5.5). Furthermore,
it follows immediately from the bounds (2.19) and (2.20) that

To

Ry()) < go* 3% and / Rs(1)]di < qo*Ty ™+,
To/2

0/

for To % > qo max{q1, g2}. In order to estimate the other error terms we first note that

o0

13
3 Lf(”)({_f 1ogn)v(f) < it
q0 t

n=1 n2

as can be shown by a standard counter integration argument using Theorem 2.1. Together
with the bound (2.19), we thus get, fori =1, 2, 4,

To
Ri(1) < qol_%ﬂ and / |R; ()| dt < QOT0%+8,
To/2
for Tp! = > qo max{q1, g2}. This finishes the proof of Proposition 5.2. O

5.2 A preliminary formulafor I, ,, (w)

Next, we will use Proposition 5.2 to prove a preliminary formula for 7, ,, (w) which reduces
its estimation to the estimation of certain divisor sums.

Before stating the result, it is again necessary to fix a smooth weight functions of a certain
shape. Let U : R — [0, 0o) be a smooth and compactly supported function such that

UE) =1 for [E]<qQ 'y 8,  UE =0 for |g]>2q0Q 'To7 78,
and such that its derivatives satisfy
UM ) < g™ for v =>0. (5.6)

Then we have the following formula for 7, ,, (w).
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Proposition 5.3 Let §, ¢ > 0. Then we have

3
D (W) = ZRG(M)((II)XZ (w) + M)(<21),xz (w)) + O(quos"‘E),

where

)((ll)xz(w) /Z ’TX] XZ(n)’ ( )W(t)dl

2) . Z Ty (D) T 5 (n2)
MXI xz(w) T L
ny,na>1 (l’l]}'lz)z
n1#ny

t ny nyp ni
-e<q—0 1og(a>)U(E - 1>v(7)w(t) dr.

The implicit constant depends at most on 'V, §, € and the implicit constants in (5.1), (5.2)
and (5.6).

Proof We apply Proposition 5.2 with p = 8 on the integrand in /,, ,, (w) and then integrate
over ¢. This leads to

3
Luew) =2Re(J1 + 2) + 0<qu0§+8),

with
o0
T n1)T 5 (n ny n t n
him Y DenlUEED [y (1 22) (—log<i>>w(t)dt,
ny,ny=1 (n1n2)2 q0 nj
Ty () T () nona
I = Z X1 X2 X1ixz “xl,xz(%"‘ zm)W28<t 7)
ny,ny=1 (nln2)2

e(L log(nlng)) w(t) dr.
q0

We split the sum J; into three parts as follows,

VEIDDRCPESSS ( )( )+ Z( (——1))<...>

ny,np>1 ny,ny>1 ny,na>1
np=nj ny#ny ni#ny

=:Jia + Jip + Jic.

As we will see, the contribution coming from the sums Jj. and J> is neglible, while both
J1a and Jiy, contribute to the main term.
We start with Ji.. In this sum we have, by definition of U,

log( )'>>m1n{1 2 H>>min 1, q07 ,
nj ni QTys

and by integrating by parts over ¢ repeatedly, we see that the integral in Ji. gets arbitrarily
small. Hence the contribution of Jj. is indeed negligible.
Next, we consider J>. Using the approximation (2.2), we can write the integral in J; as

/am,m (3 +iZ)was(=H @>e<qio 10g(n1n2)>w(t) dr = /e(Fl () Fa(0) dt,

t
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with

2
1 e“niny
Fi(t) := —log( 3 )
q0 t

.G(xG(x2) , (27t ni na
= A s oo

The function W5 g(¢) vanishes unless both the conditions
t

and — >4,
np

t
ni

=

NSRR

are met, which means that

2
t 1
> max -n 16 > 2.
niny 4ny’

This leads to the following lower bound for F' 1’ (1),

1 1ns 1
Fl(t) = —1og( )> =
q0

and integrating by parts repeatedly shows that the integral gets arbitrarily small. We thus see

that the contribution of J> too is neglible.
Finally we turn towards the two remaining terms Ji, and Jip. In both these terms, it is
certainly true that 2n; > nj, at least for Ty sufficiently large. Since the integrand vanishes
unlessny < 2¢,thisimplies thatn, < 4¢. By consequence, the weight function W g simplifies

to
(T 7) = V(T
ot t
This finishes the proof of Proposition 5.3. m}

In order to prove Proposition 5.1, it thus remains to evaluate the two sums inside
)((11) 5o (w) and M Xl 52 (w). The evaluation of the former is fairly easy and will be done

in Sect. 5.3, where we will prove the following asymptotic formula.

Proposition 5.4 Let ¢ > 0. Then
1 1
MY (w) = /P;})Xz (logHw(t) dr + 0<q02 T02+5)7 (5.7)

where P)g,)xz is a polynomial of degree less or equal to 4 whose coefficients depend only
on x1, x2 and V. The implicit constant depends at most on V, € and the implicit constants
in (5.1) and (5.2).

The evaluation of the other sum is far more difficult, and it is here that the shifted con-
volution problem considered in Sect. 4 comes up. The final result, proven in Sect. 5.4, is as
follows.

Proposition 5.5 Let e > 0. Then

M2 (w) = /P)E?)xz (log Hw (1) dt + O(To® Ey,y 1, (To, Q). (5.8)

where P)g,)xz is a polynomial of degree less or equal to 2 whose coefficients depend only
on x1, x2 and V, and where Ey, ,,(To, 2) is the quantity defined in (5.3). The implicit
constant depends at most on 'V, ¢ and the implicit constants in (5.1), (5.2) and (5.6).
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These two results, applied on the preliminary asymptotic estimate stated in Proposition 5.3,
eventually give Proposition 5.1. The polynomials, which appear in (5.7) and (5.8), both
depend on the specific choice of the weight function V. However, as one would expect, all
the terms containing V cancel out at the end, and the polynomial P,, ,, appearing in the
main term in Proposition 5.1 is of course independent of V. We will show this also explicitly
in Sect. 5.5, where we will evaluate P, ,, and express it as a residue.

. 1
5.3 Evaluation of M P (w)

In order to prove Proposition 5.4, we only need to evaluate the sum over » inside M )((11) xo (W),
which we can do by a standard contour integration argument.
An elementary calculation shows that, for Re(z) > 0,

0 2
T L |Tx1,xz(”)|
ae@ =)
n=1

_ V(@) V¥ (2)¢ (1 + 22 L+ 2, X1 x2) L(1 + 2, x1%2)
Y142:(9192)¢ 2 + 22) ’

with ¥, (¢) as defined in (4.3). By Mellin inversion we thus have

i“[x1,x2(n)‘2v<n)_ 1 / ‘7( )T, ( )tzd
n i/ 27 ) Dt &
n=1
After moving the line of integration to Re(z) = —1/2 + ¢ and using the following bound,

valid in the critical strip,

_ 1-Re(z)
Ty (@) € qo' RO+ | Imz) 2 T,

we get
00 2
T n
) PGl V(ﬁ) =P (logn + O(qo%t—%“),
el n t >

where P)E},)Xz is the polynomial defined by
P{Dy(log1) = Res (?(@TM,X2 (z)ﬁ). (5.9)

This proves Proposition 5.4.

: )
5.4 Evaluation of M P (w)

We start by introducing a new variable 4 := n, — n; and splitting the ranges of & and n;
into dyadic intervals via the dyadic partition of unity defined in (4.5). This way My, , (w)

is split up into sums of the form

DE(N.H) ==Y 1y, o WTgr.55(n + h) /fi(n, h; t)e(qt—o log(l + %))w(t)dt,

h,n
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with

1) = S Sl ENu(= Vo (M v(E
Femn =ttt u<N)thH)U<S)v<I>

Integrating by parts over ¢ repeatedly shows that D* (N, H) becomes negligibly small unless

. 1 . . .
Similarly, we can assume that 7p2 <« N < Ty, since otherwise D*(N, H) is either empty
or can be included in the error term in (5.8).
Next, we write the oscillating factor in the integral over ¢ as

h h h
(o) o (5 2) ot
q0 n qon qo n

10

L
«amav(s ea%“)
HEROEDY > ,
= yal Pt k+2

with

and then integrate by parts over 7, so that
+ + / + w(r)
D™(N,H) = | D{,(N, H)w'(t)dt + | Dy (N, H)Tdt—i—O(l),

where th(N, H) is given by

1 th
Dl‘j,:z(N, H) = Z Z Z Tx1. 52 (I’l)fﬂ,ﬁ(l’l + h)fl:ﬁ(n, h)g(q()in)7

h n
with
+ 908 oy 4 + 0
fi &)= —%f (€. n,t)g<qfo,*> and 57 (§,7m) -=t5f1,t(§, ).
Here we use Proposition 4.1 with o« = 7/go to evaluate the two sums Df, (N, H)

and D;fl (N, H). After reversing the integration by parts in the appearing main term, we
get

D*(N,H) = /M,i(N, H)w(t)dt + O(To° Ey,, 1, (To, ).

where E, 4, (Tp, 2) is as defined in (5.3), and where

— 1 t & th
M{E(N, H) = */Q log&. log(€ + h): h) fE (. h: (—,7> (—)d.
i ( ) Zh:h xi.xo(log§,1og(§ +h); h) f=(5, h; D)g pog e - £
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Integration by parts over & shows that M,i(N , H) becomes negligibly small if H >
goN'"teTo~!, while for H < goN'T¢ Ty~ it simplifies to

N 1 [(+h
=33 ()

/ <QX1 12 (log(t€), log(t&); h)§u< S)V(g§)>e<i> d&
] q0é

+ 0 <T077+8).

Finally, we sum over all H < goN I+e,~! and To% &« N <« Ty, and then complete the
sum over h and the integral over £ trivially. This gives

MY (w) = / P®. (logtyw(t) dt + O(To Eyy 1o (To, Q).

with Concerning equation (5.10):

h
P (logt) := ‘;“ > — / % (Qx1.x2 (l0g(t8), log(t§); MEV (£))e <q05>ds,

heZ\{0}
(5.10)

which is what we wanted to show.

5.5 The main term

Here we want to evaluate the polynomial P,, ,, which appears in Proposition 5.1 and which

is given by
qot
Py . (logt) =2 Re(P)g)X2 <log ) + p)(“2>x2 <1og —))

where P)E})Xz and Pg) x> are the polynomials coming up in Propositions 5.4 and 5.5. Our
treatment follows closely the path set out by Conrey [11].

We will focus on the case x; = x». Since the Laurent series expansion of v (z) around z =
0 is given by

V=1 - i S
D=2 G [, V@©ee s,

=0

we immediately see by (5.9) that

Z (z) t
P @ = Re < i )
o (080 =R o @+ 20 &

1 Zg (24 2\ [
T2 (wmz(qil);(z 122) ?3> /0 V') og )" ot
1 1/f0(611)4
24 91(q)E ()
with Z,(z) and ¥ (g) as defined in (4.3).

V/(£)(log £)* d&,
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The evaluation of the other polynomial Pg?m proves more difficult. By (5.10) we can
write it as

A(z1 + 22)
P)EIZ)X] (logt) = Az Ay Yo(q1) Zg, (221) Z 4, (222) 24, (221 + 222)’Z]+Z2 43(21 ¥
with
g (h) e re(h)
A(2) 5=¢1+2z(611)§‘(2+2Z)};q7;T X_j rer
B (c.qn=1
* 9 h
. V(§)E!t: (2 —)d
/0 5z (V@) sin( 27 - ) .
and

B(2) = ¥142:(q1)5 (2 + 22)Y0(q1) Z4, (22).

Note that the expression A(z) converges in a neighbourhood of z = 0, and thus defines a
holomorphic function in this region. A simple calculation then shows that

2

d A(2)
P)E?))m (logr) = 972 (qu (Z)4tz )
7=

B(z) B(z) 3

~ 2Res (qu (A tz)

In order to evaluate P)g) 1> we therefore need to determine the first three terms in the Taylor
expansion of A(z) around z = 0.

In order to avoid unnecessary convergence issues, we will assume in the following trans-
formations that z > 0 . Using

oo

a re(h) ! !
rq, (h) = E (—)d and E = E )
o drn — B Y (g 2+ 22) 1+
I(q1.h) e=1 hilh
(c,q1)=1 (h1,q1)=1

we can write A(z) as

wd) 1 /ooa It ( h1h2>

AR) = Y — | —(v 27 T2 ) e

(2) Ihlzl %}; 2 2 iy Jo 35( ()& ) sin( 27 i £
(h1,91)=1

Since the sum over /5 is boundedly convergent (see [26, p. 4]), we can exchange summation
and integration. By [26, (1.5)] we then get

o0

X e (v (e ) (1)
A = — V| — _ _
@) (h;:);lhlﬂ%dlﬂ T dE ) e+ §— 5] dé,
»q1)=
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where [£] denotes the integer part of £. The integral over £ can now be evaluated via the
Euler—-Maclaurin summation formula, which gives

1u(d) A © I\ 1
Alr) = Z thde(Z (m)ﬁ_fo V<dé§>£:l+zd$>

(h,hq|)1=l d|qy n=1
o0
1 h Yo(q1)Zg, (22) ~
= Z — V|- —————V(@).
(hn)l+z 2z
h,n=1
(hn,q1)=1

By (5.4) the double sum on the last line becomes

> 1 h —— 1 h n Zg (2)?
X e ) =2 Z (G () -

1+z
h,n=1 (hn) h,n=1
(hn,q1)=1 (hn,q1)=1
Hence

Zg (% Y0(q1)Zg (22) A
S aa % V(2),

A(x) =

which eventually leads to the following expression for Pﬁ)m ,

Zg (2)° I
PO —Re ( a
xin Q08 R @) 2y 2202+ 22) &
_ Zlh(z)4 ﬁ)
Vi42:(q1)C (2 +22) 22

1 Z4 (2)* t2>/°° 5
—R a4 — V(&) d
2% <w1+zz(q1)§(2+2z) 2/ Jo () log&)7ds

1 Yolq* [, :
— 07U v@)ad dg.
WY@ Jy @t
All in all, we end up with
z 6 6
Py, X,(logt)_Res< 7Y:q1) ¢d+2) z1>. (5.11)
Yolg) V2 (q)¥1+2:(q1) Cm)¢ (1 +22)8(2 + 22)

Remember that 1/,(g) was defined in (4.3). The cases where x; # 2 can be evaluated in
the same manner. If x| # x> but g = g2, we get
z 4
Py (log) Res ( q1°¥:(q1)
Vo@D V¥1+2:(q)¥2:(q1)
CU 420+ 2 Tix) LA + 2, x172) t1>
Q2m)rc (1 +22)¢ (24 22)
(G(XI)G(XZ) L(, xx)!
+ Re —3
q1 L2, (x1%2)*)

GOGOm L, T )
—1
DT T TG G

(5.12)
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while if g1 # q2, we get

Py, .y, (logt) =Res
z=0

( 2q192)°¥:(91)* V= (g2)*
(Wo(q2)q1*¥2:(q1) + Yo(q1)q2°¥2:(2))¥1+2:(9192)
c1+2* L0+ 2, X)L+ 2, x172) .

' Qm)7c(1422)(2 4 22) )

(5.13)

Note that the second term on the right hand side in (5.12) disappears if x; and x do not have
the same parity.
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